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Abstract

Modern parcel logistic networks are designed to ship demand between given origin, destina-
tion pairs of nodes in an underlying directed network. Efficiency dictates that volume needs
to be consolidated at intermediate nodes in typical hub-and-spoke fashion. In practice, such
consolidation requires tracking packages in both space and time (temporal network design),
as well as parcel sortation.

In the first half of the thesis, we study solution methods for temporal problems arising
in consolidated networks. While many time-dependent network design problems can be
formulated as time-indexed formulations, the size of these formulations depends on the dis-
cretization of the time horizon and can become prohibitively large. The recently-developed
dynamic discretization discovery (DDD) method allows many time-dependent problems to
become more tractable by iteratively solving instances of the problem on smaller networks
where each node has its own discrete set of departure times.

There are two design elements of existing DDD algorithms that make it problematic for
use in region-based hub-and-spoke networks. First, in each iteration, all arcs departing a
common node share the same set of departure times. This causes DDD to be ineffective for
solving problems where all near-optimal solutions require many distinct departure times
at the majority of the high-degree nodes in the network, an aspect characteristic of region-
based networks. A second challenge is handling static storage constraints without leading
to a weak relaxation in each iteration.

To mitigate these limitations, an arc-based DDD framework is proposed in Chapter 3,
where departure times are determined at the arc level instead of the node level. We apply
this arc-based DDD method to instances of the service network design problem (SND).
We show that an arc-based approach is particularly advantageous when instances arise
from region-based networks, and when candidate paths are fixed in the base graph for
each commodity. Moreover, our algorithm builds upon the existing DDD framework and
achieves these improvements with only benign modifications to the original implementa-
tion. Additionally, Chapter 4 introduces bounds on additional storage required in each
iteration, expanding the applicability of DDD to problems with bounded node storage,
such as the universal packet routing problem. Our arguments rely solely on the structure
of the standard map, µ, from the original formulation to the smaller relaxed formulations.

In order to maintain consistent operations, some models stipulate that the implemented
transportation schedule must be repeated each day. In Chapter 5 we present a DDD model
for solving a version of SND with cyclic constraints. We show that these cyclic constraints
require new conditions on the time discretization at each node, leading to larger partial
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networks. We then highlight challenges in reducing the size of partial networks as they grow
over each iteration of DDD. We demonstrate that certain policies for removing departure
times in each iteration can cause the iterations in DDD to repeat, preventing termination.

In the second half of this thesis, we study parcel sortation, an aspect of routing that has
previously been left unaddressed from a theory perspective. Warehouses have limited sort
points, the physical devices tasked with handling packages destined for a particular down-
stream warehouse. We propose a mathematical model for the physical requirements, and
limitations of parcel sortation. We then show that it is NP-hard to determine whether a
feasible sortation plan exists. We consider two natural objectives: minimizing the maxi-
mum number of sort points required at a warehouse, and minimizing the total number of
sort points required in the network.

In Chapter 6, we consider the problem of minimizing the maximum number of sort points
required at a warehouse. We discuss several settings, where (near-)optimality of a given
sortation instance can be determined efficiently. The algorithms we propose are fast and
build on combinatorial witness set type lower bounds that are reminiscent and extend those
used in earlier work on degree-bounded spanning trees and arborescences. In Chapter 7,
we present algorithms for minimizing the total number of sort points required in a network.
In contrast to the min-degree setting, it is not known if this min-cardinality setting is NP-
hard. In progress towards answering this question, we present fast combinatorial algorithms
for solving in-tree, out-tree, and spider instances. Our algorithms are based on reduction,
decomposition, and uncrossing techniques that simplify instances.
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Chapter 1

Introduction

Modern parcel logistic networks are designed to ship demand between given origin, des-
tination pairs of nodes in an underlying directed network. This physical (flat) network
can be expressed as a directed graph D = (N,A) with the node set N representing the
warehouse locations, and the arc set A representing the available transportation legs be-
tween locations. In less-than-truckload (LTL) transportation, shipments are small in size
relative to the capacity of the trailers. As a result, transportation costs incentivize the
consolidation of shipments onto shared trailers.

1.1 Consolidation in logistics

<latexit sha1_base64="KTfjluTE5zL7s7WwqYrlSj/ZTTg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3vX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABDyNmw==</latexit>s1

<latexit sha1_base64="zYfK+tz1trKoAFOxq7kfOxSeL4M=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatap3WfXuLyr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4ABcCNnA==</latexit>s2

<latexit sha1_base64="XvuyLgZLnfBtUZy8mtsUl8tA9Rw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg/Y9/rlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdWrVb37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz8Fwo2c</latexit>

t1

<latexit sha1_base64="m/HYMpqOXO/01VcQB+byWg6fP0g=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg/Yr/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWtWtW7rHr3F5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AB0aNnQ==</latexit>

t2

<latexit sha1_base64="V0Ww8+7W1ZF75WowDbRA/3IUvNU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zV6yZG/v2J0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopQfsnffKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDaz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3WfXuLyq1mzyOIhzBMZyCB1dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4ACMqNng==</latexit>

t3

<latexit sha1_base64="9IsoLnLhWInposB9WGjYIQd7v8A=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqZH2yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A+HXjPk=</latexit>u

Figure 1.1

In order for two packages to be consolidated at a ware-
house, they must be able to depart the warehouse at
the same time, on the same leg. For instance, con-
sider Figure 1.1, and suppose there is 1/3 truck load
of packages that must shipped from si to tj for each
i ∈ {1, 2}, j ∈ {1, 2, 3}. Rather than send a truck di-
rectly from si to tj for each pair, we instead consolidate
the packages at node u, as shown in Figure 1.1. Five
trucks will be required to ship the packages, provided
that for each arc, all packages using that arc are scheduled to traverse it at the same time.

The flat network D is often designed in a way that permits opportunities for consolidation.
For instance, many low-cost and efficient networks follow a region-based structure. A hub-
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and-spoke network is a common network structure used in airline and fulfillment networks
including the distribution networks of FedEx and UPS [4, 32]. In a hub-and-spoke network,
locations are divided into regions and each region has a designated hub. Shipments that
have origins and destinations in two different regions must travel between regions via the
hubs, resulting in high-degree nodes that have significant throughput. In Figure 1.2, hubs
are indicated as gray squares and only arcs for inter-region shipments are shown.

Figure 1.2: Hub-and-spoke network

To determine package routes and schedules that take advantage of consolidation opportu-
nities to minimize shipment costs, package flows must be modelled in both space and time.
These considerations are captured by temporal network design, a class of problems in-
volving the optimization and planning of network infrastructure that operates dynamically
over time. Unlike traditional network design problems that focus on static configurations,
temporal network design considers the time-varying aspects of network behavior, such as
arc transit times, and shipment release times and deadlines. Temporal network design
problems are often modelled using time-indexed formulations which have variables and
constraints indexed by each time point a decision could be made [2]. However, as the time
discretization becomes fine, the size of the corresponding formulation becomes unreason-
ably large and cannot be solved by even state-of-the-art solvers in a reasonable amount
of time. Significant work has focused on improving solution methods for these problems
[2, 18, 63].

In addition to the problem of routing and scheduling shipments, the “under-the-roof”
processes in a warehouse capture the need for parcel sortation in networks with consol-
idation. Each package is labelled with its origin and destination, as well as its assigned
route through the network. In the simplest model, at each warehouse, packages are un-
loaded from inbound trailers, and sorted and loaded onto outbound trailers based on their
assigned route. To improve efficiency, packages are grouped into containers, which are in
turn loaded onto trailers. Each container is labelled with the warehouse at which it is
loaded, the warehouse at which it is unloaded, and its assigned path between these two
warehouses. At each intermediate warehouse along this path, rather than unloading and
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sorting the packages in the container, the container bypasses the sortation process and is
loaded directly onto an outbound trailer. This process is depicted in Figure 1.3.

<latexit sha1_base64="AFMPy4bm6a63RQ6V3jjDMgWRI3U=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjworcI5gHJGmZnJ8mQeSwzs2pY8h9ePCji1X/x5t84SfagiQUNRVU33V1Rwpmxvv/tLS2vrK6tFzaKm1vbO7ulvf2GUakmtE4UV7oVYUM5k7RumeW0lWiKRcRpMxpeTfzmA9WGKXlnRwkNBe5L1mMEWyfdd0SknrIbGalUxuNuqexX/CnQIglyUoYctW7pqxMrkgoqLeHYmHbgJzbMsLaMcDoudlJDE0yGuE/bjkosqAmz6dVjdOyUGPWUdiUtmqq/JzIsjBmJyHUKbAdm3puI/3nt1PYuw4zJJLVUktmiXsqRVWgSAYqZpsTykSOYaOZuRWSANSbWBVV0IQTzLy+SxmklOK8Et2flajWPowCHcAQnEMAFVOEaalAHAhqe4RXevEfvxXv3PmatS14+cwB/4H3+ABSskuM=</latexit>

Inbound
<latexit sha1_base64="fjw7BkzOhb5jzRI6IDakw++v/PA=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjUHwFGZE1GPAizcjmAWSIfT09CRNehl6EeOQL/HiQRGvfoo3/8ZOMgdNfFDweK+Kqnpxxqg2QfDtrayurW9slrbK2zu7exV//6ClpVWYNLFkUnVipAmjgjQNNYx0MkUQjxlpx6Prqd9+IEpTKe7NOCMRRwNBU4qRcVLfr/R4LB/zW2tiaUUy6fvVoBbMAJdJWJAqKNDo+1+9RGLLiTCYIa27YZCZKEfKUMzIpNyzmmQIj9CAdB0ViBMd5bPDJ/DEKQlMpXIlDJypvydyxLUe89h1cmSGetGbiv95XWvSqyinIrOGCDxflFoGjYTTFGBCFcGGjR1BWFF3K8RDpBA2LquyCyFcfHmZtM5q4UUtvDuv1utFHCVwBI7BKQjBJaiDG9AATYCBBc/gFbx5T96L9+59zFtXvGLmEPyB9/kDe0+Tnw==</latexit>

Outbound

<latexit sha1_base64="m7y2B0G8ajHWCUzBiU5ResBTJqc=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9eAh4MVjBPOAZAmzs5NkyDzWmdlgWPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2srq1vbBa2its7u3v7pYPDhlGpJrROFFe6FWFDOZO0bpnltJVoikXEaTMa3k795ohqw5R8sOOEhgL3Jesxgq2Two6I1FOWSq5wPOmWyn7FnwEtkyAnZchR65a+OrEiqaDSEo6NaQd+YsMMa8sIp5NiJzU0wWSI+7TtqMSCmjCbHT1Bp06JUU9pV9Kimfp7IsPCmLGIXKfAdmAWvan4n9dObe86zJhMUkslmS/qpRxZhaYJoJhpSiwfO4KJZu5WRAZYY2JdTkUXQrD48jJpnFeCy0pwf1Gu3uRxFOAYTuAMAriCKtxBDepA4BGe4RXevJH34r17H/PWFS+fOYI/8D5/AHbfkok=</latexit>

unload

<latexit sha1_base64="VgM4aw00ZIxj/UBNYW33exHMKqs=">AAAB9HicbVA9SwNBEN2LXzF+RS1tFoNgFe5E1MIiYGMZwXxAcoS9vblkyd7uubsXDEf8GzYWitj6Y+z8N26SKzTxwcDjvRlm5gUJZ9q47rdTWFldW98obpa2tnd298r7B00tU0WhQSWXqh0QDZwJaBhmOLQTBSQOOLSC4c3Ub41AaSbFvRkn4MekL1jEKDFW8rtxIB8zIUOYPKW9csWtujPgZeLlpIJy1Hvlr24oaRqDMJQTrTuemxg/I8owymFS6qYaEkKHpA8dSwWJQfvZ7OgJPrFKiCOpbAmDZ+rviYzEWo/jwHbGxAz0ojcV//M6qYmu/IyJJDUg6HxRlHJsJJ4mgEOmgBo+toRQxeytmA6IItTYnEo2BG/x5WXSPKt6F1Xv7rxSu87jKKIjdIxOkYcuUQ3dojpqIIoe0DN6RW/OyHlx3p2PeWvByWcO0R84nz+YJpKf</latexit>
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sort points

Figure 1.3: Sample intra-warehouse procedure.

When packages are unloaded at a warehouse, they are sorted, based on the package label,
into containers. We refer to the physical device tasked with packages destined for one
specific downstream node as a sort point, shown in Figure 1.3. A natural problem that
arises is to determine a sort point assignment throughout the fulfillment network in order
to ship all packages, given limited sort point space at each warehouse. This problem and
related questions have thus far been left unaddressed from a theory perspective.

This thesis is split into two parts. The first part focuses on temporal network design and
solution methods for problems arising in consolidated networks. We focus specifically on
the recent algorithmic approach of dynamic discretization discovery (DDD), introduced by
Boland, Hewitt, Marshall, and Savelsbergh [2]. The DDD framework was first applied to
the service network design (SND) problem, a fixed-charge problem that is frequently used
to model the coordination of the physical route of the shipments as well as the departure
time for each leg of the journey. We present a new arc-based DDD approach that results in
smaller iterations for many graph structures, including hub-and-spoke networks, allowing
the algorithm to terminate more quickly. We also present modelling enhancements that
broaden the application of DDD to problems with static node storage and cyclic constraints.
Background on DDD and an overview of our contributions is presented in Sections 1.2 and
1.3.

The second part of this thesis considers parcel sortation. We present an abstract model for
sortation and introduce two natural objectives to consider when allocating sort points. We
prove that given a fixed sort point capacity at each warehouse, determining whether or not
there is a feasible sort point allocation is NP-hard. We then consider particular instance
classes and present exact and approximation algorithms. Our model for sortation, along
with an overview of our contributions, is provided in Sections 1.4 and 1.5. The goal
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underpinning the work in both Parts I and II is to improve theoretical understanding and
algorithmic approaches for problems arising in networks with consolidation.

1.2 Temporal network design and DDD

The first focus of this thesis is the advancement of the DDD framework, a paradigm which
applies to a broad class of temporal network design problems. In this section we provide
an introduction to time-indexed formulations for temporal network design and the DDD
paradigm. A more detailed and technical introduction is given in Chapter 2.

1.2.1 Temporal network design

There are two main model types used to solve temporal network design problems: contin-
uous formulations and time-indexed formulations. Continuous formulations have a con-
tinuous variable for each commodity and arc pair, and its value is equal to the time the
commodity traverses the arc. Practical temporal problems are solved over some specified
time horizon T with an associated time discretization [T ] := {0, 1, . . . , T} indicating the
times at which decisions can be made (ex. the times at which trucks can depart ware-
houses). Time-indexed formulations have variables and constraints indexed by each time
point in [T ] [57].

Time-indexed formulations were first introduced by Ford and Fulkerson [19, 20] in the
context of network flow theory. The authors demonstrated that these problems can be
reframed as static network flow problems in the corresponding (fully) time-expanded net-
work, DT , which has copies of each node and arc in D for each time t ∈ [T ]. We refer
to nodes and arcs in DT as timed nodes and timed arcs respectively. While continuous
formulations are have fewer variables and constraints than time-indexed formulations, they
require “big-M” constraints in order to enforce binary decisions such as fixed costs. As a
result, these formulations often have slow solve times due to large branch-and-bound trees
[39]. Time-indexed formulations have stronger linear relaxations, but these formulations
become impractical to solve for fine time discretizations since the number of variables (and
size of DT ) grows linearly in T [19, 20]. Moreover, many natural multicommodity flows
problems are NP-hard in the temporal setting [27].

Since these time-indexed formulations are often impractical to solve directly with a mixed-
integer programming solver, significant work has focused on alternative methods for achiev-
ing exact and approximate solutions. Fleischer et al. [17, 18] provide guarantees on the
cost increase of the optimal solution when we allow a coarser network and only include
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node copies for every ∆ units of time. In this ∆-condensed approach, each node shares
the same set of departure times {0,∆, 2∆, . . . , T}, as opposed to a partially time-expanded
network in DDD, where the departure times available to each node is non-uniform.

In a similar vein of working with a reduced time discretization, Wang and Regan [64]
show that iteratively refining a time window discretization for the travelling salesman
problem with time windows will converge to an optimal solution. Similarly, Dash et al. [13]
iteratively refine a set of time periods based on a preprocessing scheme. A key improvement
of the DDD approach of Boland et al. over the previous iterative approaches is that it refines
a time discretization by using information from solutions to the lower bound formulations
[2].

1.2.2 Dynamic Discretization Discovery

While an optimal solution may require a large number of departure times in the network,
it may be the case that each individual node only requires a small number of departure
times. The recently developed dynamic discretization discovery (DDD) method of Boland
et al. [2] allows many time-dependent (minimization)1 problems to become more tractable
by taking advantage of this observation. A DDD algorithm solves a series of mixed-integer
programs (MIPs) defined on smaller partially time-expanded networks, denoted DS, that
include only a subset of the timed nodes in the fully time-expanded network along with
shortened timed arcs. The partially time-expanded networks and corresponding MIPs are
constructed to ensure that they provide a lower bound on the optimal value of the original
problem. If a solution to the MIP defined on the partially time-expanded network can be
converted to a solution to the original instance of equal cost, then an optimal solution has
been found. Otherwise, the partially time-expanded network is refined by adding timed
nodes and timed arcs based on the current solution, and the process is repeated. In effect,
each node begins with a coarse time discretization which only permits a small subset of
departure times in [T ]. In each iteration the time discretization is refined at each node
non-uniformly until an optimal solution is found. When a time discretization is refined at
a node, departure times from [T ] are added to the existing set of permissible departure
times from that node. Thus, the DDD framework has the potential to determine which
time points are needed at each node in an optimal solution, without ever constructing the
fully time-expanded network.

There are two design elements of existing DDD algorithms that make it problematic for

1The DDD framework applies to both minimization and maximization problems. Without loss of
generality we will consider minimization problems in this thesis.
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use in region-based hub-and-spoke networks. First, in each iteration, all arcs departing a
common node share the same set of departure times. This causes DDD to be ineffective for
solving problems where all near-optimal solutions require many distinct departure times
at the majority of the high-degree nodes in the network. Region-based networks are one
such structure that often leads to many high-degree nodes, and their increasing popularity
underscores the importance of tailoring solution methods for these networks. A second
challenge is handling static storage constraints without leading to a weak relaxation in
each iteration. The process of consolidation necessitates the ability to store packages and
carts in a warehouse, since packages must remain in a warehouse until an appropriate
outbound truck is scheduled for departure.

1.3 Contributions for DDD

In this thesis we address each of these challenges. We develop a new arc-based DDD
approach that results in smaller formulations for many graph structures. We also prove
bounds on the additional storage that must be permitted at each timed node, which gen-
eralizes the application of DDD to problems with static node capacity constraints. A
description of each of these contributions is given in Sections 1.3.1 and 1.3.2.

In order to maintain consistent operations, some models stipulate that the implemented
transportation schedule must be repeated each day. We present a DDD model for solving a
version of SND with cyclic constraints used to enforce this assumption. We show that these
cyclic constraints require new conditions on the time discretization at each node, leading
to larger partial networks. We then highlight challenges in reducing the size of partial
networks as they grow over each iteration of DDD. A recently-proposed strategy for such
a reduction was to remove timed nodes when they are no longer required in a high-quality
solution [54]. We present a concrete roadblock in this approach, by showing that certain
policies for removing timed nodes from the current partial network can prevent a DDD
algorithm from terminating. These contributions are described in Section 1.3.3.

1.3.1 Arc-based DDD

For many problems, while each node may require a large number of departure times in a
near-optimal solution, each arc may only require a small number of departure times. For
these problems, an optimal solution can be expressed on a time-expanded network with a
small number of timed arcs relative to the arc set in the full time-expanded network. With
this sparsity in mind, we enhance the DDD paradigm by developing an approach where
the set of departure times are determined on the arc level rather than the node level.
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Our arc-based DDD approach broadens the application of the DDD paradigm to problems
that require a large number of departure times at each node but not each arc. We apply
this arc-based approach to the problem of SND-RR, which is a variant of service network
design where each commodity has a designated feasible network in space through which
it must be routed. We show that this arc-based approach offers speed-up for region-
based networks following a hub-and-spoke structure. We also demonstrate that our arc-
based DDD algorithm offers improvement over the node-based approach when applied to
problems where shipment paths are fixed in the flat (physical) network, as was the case
in [40]. Moreover, our algorithm builds upon the existing DDD framework and achieves
these improvements with only simple modifications to the original implementation.

Our main contributions are as follows:

1. We develop an arc-based DDD approach that decreases the size of the formulation
solved in each iteration for many network structures.

2. We prove that the arc-based DDD approach generalizes the node-based approach
(Theorem 3.6). Specifically, given any initial partial network and refinement process
defining a node-based DDD algorithm, there is a corresponding initial partial (aux-
iliary) network and refinement process for the arc-based DDD approach which leads
to the same algorithm.

3. We implement an arc-based DDD algorithm for the problem of SND-RR and apply
the algorithm to families of instances based on the original construction outlined in
[2]. We consider three sets of instances:
(a) SND-RR with designated paths: each commodity has a designated path in the

flat (physical) network;
(b) SND on hub-and-spoke networks: the flat network has a hub-and-spoke struc-

ture and commodity routes are unrestricted;
(c) SND with critical times: the flat network is randomly chosen as in [2], com-

modity routes are unrestricted, and each node has a set of critical times (release
times and deadlines).

Our computational results are summarized in Table 1.1, where the variable and
constraint counts are with respect to the lower bound formulation in the final iteration
of each DDD algorithm. Each entry indicates the average percentage reduction in
that field when solving an instance with the arc-based DDD approach compared to
solving the instance with the node-based DDD approach.
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Family of instances runtime variable count constraint count
SND-RR with designated paths 57% 45% 40%
SND on hub-and-spoke networks 42% 34% 31%
SND with critical times 12% 20% 19%

Table 1.1: Average % decrease for arc-based DDD over node-based DDD.

The implementation of the arc-based and node-based DDD approaches as well as the
benchmark instances can be found at https://github.com/madisonvandyk/SND-RR.

1.3.2 Node storage

Many of the original applications of DDD were for problems with no storage capacity
constraints at nodes. In turn, the proofs for the correctness of the lower bounds rely on the
freedom of unlimited storage so that flow arriving “early” does not lead to infeasibility. This
need for unlimited node storage has previously prevented the DDD model from addressing
many real-world problems, such the dynamic scheduling problem considered by Lara et
al. for which only heuristic techniques are known for large instances [40]. Removing DDD’s
reliance on unbounded zero-cost storage was noted as an important direction of future
research by Boland and Savelsbergh [3]. In Section 1.3.4 we provide an overview of related
work that has made progress in this direction.

While DDD is often applied to continuous problems without a prespecified discretization,
many practical routing problems are in fact discrete in nature, such as the dynamic schedul-
ing problem considered by Lara et al. [40]. Hewitt and Crainic [12] also state that in many
applications, continuous problems are modelled as discrete problems the time granularity
is chosen based on the application at hand. With this in mind, we address the relaxation
of static node storage constraints for problems with discrete time discretizations. We prove
upper bounds on the storage that must be permitted at each timed node based on the cur-
rent time-expanded network and the arc and storage capacities in the underlying network.
Our arguments rely only on the standard map µ from timed arcs in the fully time-expanded
network to timed arcs in the partially time-expanded network. As a result, they generalize
to fixed-charge problems, including the service network design problem.

We demonstrate our techniques in the case of the classical universal packet routing (UPR)
problem. In an instance of UPR, we are given a directed graph where each arc has a
transit time and throughput capacity, and each node has a storage capacity. Given a set
of source-sink pairs (packets), the objective of UPR is to route all packets through the
network in order to minimize the makespan of the schedule, while respecting arc capacities
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and node storage levels at every point in time. This problem is NP-hard, and even the
special case where node capacities are zero is as hard to approximate as vertex colouring
[5]. Focusing on UPR allows us to clearly present the extension of the DDD method to
a problem with bounded node storage without complicating constraints already addressed
by previous work.

The contributions in this work are both algorithmic and theoretical. The main ingredients
of our contributions are as follows:

1. We develop and implement a lower bound model and refinement process for time-
indexed problems with bounded node storage;

2. To prove that the lower bound model is in fact a relaxation, we present arguments
relying on structural observations of the map from the fully time-expanded network
to the partially time-expanded network;

3. We prove that with our lower bound and refinement process, the algorithm terminates
with an optimal solution in at most |N |T ∗ iterations, where N is the set of nodes in
the base graph and T ∗ is the minimum makespan;

4. We implement and test our DDD algorithm on two classes of instances: one based on
the population centres of the United States, and the other based on social networks.
We demonstrate that our DDD algorithm completes in an average of 53% of the time
of solving the full time-indexed formulation when the known upper bound is 2T ∗ for
a class of geographic instances, and 49% of the time for a class of geometric instances.

1.3.3 Additional DDD contributions

In many practical networks, commodity demands and network operations often have a
repetitive structure. That is, the origin-destination flow and corresponding trajectories
of packages released on day one are roughly repeated each subsequent day. As a result,
it is often desirable to implement routing operations that repeat each day since they are
consistent and easier to manage. While in reality day-to-day operations are not always
exactly the same, such an assumption is at times made in the planning stage of network
design [6, 40]. With these assumptions, the problem of computing the optimal operation of
a network simplifies to finding an optimal daily operation, while taking into consideration
the flow released over the course of the whole time horizon.

To compute an optimal daily network operation while incorporating all flow throughout
the time horizon, Lara et al. [40] incorporate cyclic capacity constraints. For each arc a ∈ A
and hour t ∈ [24], a cyclic constraint for arc a at time t combines flows departing arc a
at time t during any day. In the implementation of this constraint, we use the modulo
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operation. In Chapter 5 we present a DDD algorithm for SND with cyclic constraints.
We introduce a new condition on the set of timed nodes that ensures an optimal routing
through the partial network provides a lower bound. We observe that cyclic constraints
lead to larger sets of timed nodes required in partial networks.

Since the set of timed nodes in the partial networks increases significantly in each iteration,
we investigate the proposed strategy of Scherr et al. [54] to remove timed nodes and timed
arcs from the current partial network if they are no longer required for obtaining high-
quality solutions. An initial strategy for removing timed nodes would be to remove any
timed node that is not used in the current solution to the lower bound model defined on
the partial network, provided that properties of the lower bound model can still be satisfied
with the remaining timed nodes. However, we prove that this strategy can lead iterations
to repeat, preventing the DDD algorithm from terminating.

Our contributions are summarized as follows:

1. We define conditions on the timed node set that ensure an optimal routing through
the partial network provides a lower bound given cyclic capacity constraints;

2. We provide a DDD framework that can be applied to SND with cyclic constraints;
3. We show that the policy of removing timed nodes when they are not used in the

current feasible solution can cause iterations to cycle.

1.3.4 Related work

We now provide an overview of related work on DDD and UPR.

Dynamic discretization discovery

Initial applications of the DDD framework addressed connectivity problems such as the
shortest path problem [28] and the travelling salesman problem with time windows [62].
In the case of SND [2] where trucks have capacities, there is no bound on the number
of trucks that can travel along a specified arc at any given time. The same assumption
is made by Scherr et al. [54] and Hewitt [31] when applying DDD to variants of SND.
These assumptions avoid complicating capacity constraints that can be problematic when
mapping a solution from the fully time-expanded network to the partially time-expanded
network, and vice versa. For a complete presentation of the DDD framework for connec-
tivity problems, we refer the reader to the survey of Boland and Savelsbergh [3].

More recently, DDD has been applied to problems with warehouse capacity constraints
and costs. He et al. [29] consider a variant of SND where each warehouse has a given
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loading capacity and unloading capacity. The authors assume that trucks can traverse a
transportation leg slower than its stated transit time without incurring any penalty. As a
result, the partial networks they use differ from the standard construction. Additionally,
this variant of warehouse capacity can be modelled as an arc capacity constraint by working
with an auxiliary graph that has an “unload” copy and a “load” copy for each warehouse.
Similarly, in the scheduling problem with time-dependent durations and resource consump-
tions constraints considered by Pottel and Goel [50], the resource constraints at warehouses
can be encoded using arc capacities.

Lagos et al. [39] consider the continuous inventory routing problem (CIR), in which a
company manages the inventory of its clients, and delivers product from a single facility.
The authors also encode two different storage capacity constraints. While each client has
a storage limit, the authors assume that products that arrive at a client location do not
impact the storage level unless a delivery is scheduled. In many problems, including UPR
and SND, all stationary flow must count towards the storage level at some node. This
aligns more closely with the constraint of Lagos et al. [39] that at most one vehicle can
visit a fixed client at any point in time. The results in [39] do not extend to the node
storage constraints considered in this thesis since they rely on structural results unique to
CIR.

Shu et al. [55] apply DDD to the problem of SND where each node has a per-unit-of-
demand-and-time holding cost. The relaxation of holding costs differs from the relaxation
required for the static node storage constraints of UPR. In the case of holding costs, the
relaxed storage cost incurred is computed independently for each commodity. In contrast,
the relaxed node storage capacity must consider all commodities for each timed node. This
treatment of all commodities simultaneously is also central to the tightened constraints
presented in Section 4.2.2 (See Lemma 4.5).

Strategies to improve the DDD algorithm focus on limiting the number of iterations until
termination, as well as speeding up each individual iteration. Marshall et al. [45] introduce
the interval-based dynamic discretization discovery algorithm (DDDI) which was demon-
strated to find solutions to instances of SND faster than traditional DDD. In DDDI, the
time discretization in each iteration is interpreted as a set of time intervals at each node,
rather than the set of departure times at each node. This interpretation allows for a more
effective refinement strategy so that in each iteration, the current optimal flat solution in
the partial network (set of physical paths and consolidation of commodities onto arcs) is
infeasible in the subsequent iteration. Scherr et al. [54] suggest removing timed nodes if
they are no longer required for a high quality solution. However, no removal strategy has
been implemented or studied in the literature. Hewitt [30] explores speed-up techniques
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for DDD which include enhancements such as a two-phase implementation of DDD and
the addition of cutting planes to strengthen the relaxed model in each iteration.

Despite noteworthy improvements to the DDD paradigm, all of the previously proposed
algorithm enhancements maintain the structure that all arcs departing a common node
share the same set of departure times in each iteration. This is true even in the case of
DDDI, where all arcs departing a common node share the same set of time intervals. While
in DDDI each commodity has its own partial network, these networks are constructed by
removing timed arcs that could not be used by that commodity in any solution. However,
the issue of large partial networks remains in DDDI when most timed arcs could be used in
a feasible solution, and thus cannot be removed. As a result, even with these enhancements,
the DDD framework is ineffective for problems where all near-optimal solutions require a
large number of departure times at the majority of the nodes in the network. For this
reason, our work tackles a previously unaddressed issue. Since our arc-based approach
is orthogonal to the previously proposed improvements to DDD, our experimental results
compare to the original DDD implementation for SND presented in [2]. We note that the
same arc-based approach naturally extends to the setting of DDDI.

Packet routing

Packet routing in the literature refers to a broad range of problems, closely related to our
definition of UPR in this paper. In store-and-forward packet routing (SF-PR), arcs can
only accommodate a single packet at any given time, and transit times are unit length.
Additionally, each packet has a specified path it must follow in the underlying network. The
congestion C denotes the maximal number of paths using a single arc in the base graph,
and the dilation D denotes the maximal length of a path along which a packet must be
routed. An O(C +D) approximation for SF-PR was originally developed by Leighton et
al. [43, 44]. Building upon these initial results, various papers have established polytime
approximation results for SF-PR with arbitrary arc capacities and transit times [49, 53].
However, the constants in these guarantees remain large for general graphs [49] (39(C+D)
for general graphs, and 23.4(C +D) when there are unit transit times and arc capacities).
SF-PR was proven to be NP-hard by Di Ianni [15]. Peis et al. [48, 49] generalized SF-
PR to include arbitrary arc capacities and transit times and proved that this problem is
APX-hard. We note that our UPR problem is more general since we add node storage
constraints. In this paper, we refer to the variant of UPR where each packet is given a
designated path in the base network as the problem of universal packet routing with fixed
paths (UPR-FP).

Current approximation strategies for packet routing problems (with variable paths) involve
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converting the problem to an instance of UPR-FP by selecting an appropriate path for each
packet. Busch et al. [5] consider the bufferless packet routing problem, in which once a
packet is injected into the network, it cannot be stored at any node. The authors prove that
this problem is not only NP-hard, but as hard to approximate as vertex colouring. Vertex
colouring is hard to approximate within Ω(n1−ϵ) for any ϵ > 0, assuming NP ⊊ ZPP,
where n denotes the number of vertices in the graph [16]. In order to ensure that a feasible
solution to an instance of UPR is indeed contained in some time-indexed formulation, we
must allow time-indexed variables for times up to some known upper bound on the min
makespan, T ∗. By our previous discussion, it is not reasonable to expect that we know an
upper bound T on T ∗ where T ≈ T ∗. This motivates the importance of applying DDD
to solve this problem, since we find that the upper bound provided has much less of an
impact on the runtime of DDD compared to solving the full time-indexed formulation.

1.4 Sortation

In Part II we examine a model for allocating sort points in a fulfillment network. As
input, we are given a fulfillment network represented as a directed graph D = (N,A), and
a collection of commodities {(sk, tk)}k∈K, consisting of pairs of source and sink nodes in
N . Furthermore, each commodity k comes with a directed sk, tk-path, Pk, along which
all packages associated with commodity k must travel. This assumption is often made in
practical applications, as discussed in [40]. Note that while ok and dk are standard for
representing the source and sink in temporal network design, we use sk and tk in our work
on sortation since these are standard for connectivity problems. Let n and m represent
the number of nodes and arcs in D, respectively.
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Figure 1.4

In the simplest setting, each package that travels
from sk to tk via some internal node u must be sorted
at u for its subsequent downstream node. In Figure
1.4, packages arrive at node u from nodes s1, . . . si and
travel on to downstream nodes v1, . . . , vj. This re-
quires sortation at node u to sub-divide the stream
of incoming parcels between the j possible next stops.
We refer to the physical device tasked with packages
destined for one specific downstream node as a sort
point. If all of the traffic on arc uv1 arrives at u from s1, then we could sort the volume
at s1 destined for v1 into containers at s1 to be unloaded at v1 rather than to be unloaded
at u. These containers are not opened at the intermediate node u, instead, they are cross-
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docked, an operation that is significantly faster and less costly than the process of sorting
all individual parcels [58, 67].

Figure 1.4 illustrates the containerization of s1, v1 volume at s1 by replacing the two dashed
arcs s1u and uv1 by one red dashed arc s1v1. Note that the arc s1u would need to remain
if any packages at s1 need to be delivered to any of u, v2, . . . , vj. Sort points are required
at each node, for each outgoing arc. Hence, the arc replacement operation in Figure 1.4
reduces the number of required sort points at node u, but increases the number of sort
points required at s1 by 1. Since sort point capacity is often limited, determining the
maximum number of sort points required at any warehouse to route all commodities is
important in both short- and long-term planning.

1.4.1 Formal model for sortation

Let K be a set of commodities, where each commodity k ∈ K has a source sk, sink tk, and a
designated directed path Pk in D. Let the transitive closure of digraph D, denoted cl(D),
be the graph obtained by introducing short-cut arcs vw whenever w can be reached from
v through a directed path in D. An example is shown in Figure 1.5.
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cl(D)

Figure 1.5: Digraph D and its transitive closure cl(D).

We say that a subgraph H of cl(D) is feasible if for each commodity k ∈ K, there is an
sk, tk-dipath in H ∩ cl(Pk).

We assume without loss of generality that D is weakly-connected (there is a path between
each pair of nodes in the underlying undirected graph), the commodity set is non-empty,
all commodities are non-trivial (sk ̸= tk) and unique, and all nodes with no out-arcs in D
serve as the sink for some commodity. Any instance can be reduced to a (set of) equivalent
instances that satisfy these assumptions, by solving the instance defined on each weakly-
connected component independently, and removing trivial and repeated commodities. Let
S = {sk : k ∈ K} be the set of sources, and T = {tk : k ∈ K} be the set of sinks. For each
node v ∈ N , let T (v) = {tk : (v, tk) ∈ K} and S(v) = {sk : (sk, v) ∈ K}.
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Two natural objectives are to (a) minimize the maximum number of sort points required
at a warehouse; and to (b) minimize the total number of sort points required in the
network. Objective (a) is essential to determining feasibility, or near-feasibility, of routing
a given set of commodities through the network given fixed sort point capacities at the
warehouses. Additionally, determining the maximum number of sort points required at
a warehouse is important in planning the design of future warehouses or modification of
existing warehouses. Objective (b) captures the fact that installing and running a sort point
requires capital investment as well as personnel in day-to-day operations. Additionally, the
number of sort points relates to dwell time and fill rate at warehouses. As the number of
sort points increases in the network, we would expect the average time a package sits in
a container that is waiting to be filled to increase, and the number of non-full containers
shipped to increase. Thus, minimizing the total number of sort points is a natural goal in
both theory and practice.

We define the min-degree sort point problem, min-degree-SPP, as follows.

min-degree-SPP: given a directed graph D and commodity set K, find a feasible subgraph
H of cl(D) with minimum max out-degree.

Given a graphH, let ∆+(H) denote the maximum out-degree of a node inH. Let ∆∗ denote
the minimum max out-degree in any feasible subgraph. In the corresponding decision
version of the problem, we are given a positive integer target, T , and the problem is to
determine whether or not ∆∗ ≤ T .

We define the min-cardinality sort point problem, min-cardinality-SPP, as follows.

min-cardinality-SPP: given a directed graph D and commodity set K, find a feasible
subgraph H of cl(D) with the fewest arcs.

We say that an instance I = (D,K) of min-degree-SPP or min-cardinality-SPP is a tree
instance if the underlying undirected graph of D is a tree. More generally, for any class of
graphs, X , we say that I = (D,K) is an X instance if the underlying undirected graph of
D is in X . In this thesis, we focus on tree instances of sort point problems. For this class
of instances, it suffices to ensure that a subgraph H of cl(D) contains an sk, tk-dipath for
each k ∈ K due to the following lemma.

Lemma 1.1. If I = (D,K) is a tree instance, then any sk, tk-dipath in cl(D) is an sk, tk-
dipath in cl(Pk), where Pk is the unique sk, tk-dipath in D.

Proof. Since I is a tree instance, each arc uv in cl(D) corresponds to a unique u, v-
dipath in D. As a result, any sk, tk-dipath in cl(D), Q, corresponds to an sk, tk-dipath in
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D formed by concatenating the dipaths in D between the endpoints of the arcs in Q. Since
there is a unique sk, tk-dipath in D, all the intermediate u, v-dipaths must be subpaths of
Pk. Therefore all arcs in an sk, tk-dipath are in cl(Pk) as required.

As a result, a tree instance is uniquely determined by its graph D and set of source-
sink pairs. Moreover, the visual presentation of an instance simplifies. In this thesis,
when (tree) instances are given in figures, the digraph D is given and the closure is to
be inferred. The nodes are numbered, and each node v is labelled with the set of indices
of nodes in S(v). For example, the instance presented in Figure 1.6 has commodity set
{(v1, v2), (v1, v5), (v2, v5), (v3, v6)}.

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2
<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="fGs8RmU5jweRDy0Bi7ellzWy8JI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisYGyhCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkQ1Ci7RN9wIbKcKaRwJbEWj26nfekKleSIfzDjFMKYDyfucUWMlP8jPg0m3WnPr7gxkmXgFqUGBZrf6FfQSlsUoDRNU647npibMqTKcCZxUgkxjStmIDrBjqaQx6jCfHTshJ1bpkX6ibElDZurviZzGWo/jyHbG1Az1ojcV//M6melfhzmXaWZQsvmifiaIScj0c9LjCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d177Lu3V/UGjdFHGU4gmM4BQ+uoAF30AQfGHB4hld4c6Tz4rw7H/PWklPMHMIfOJ8/o2GOjQ==</latexit>{3}

Figure 1.6: Sample tree instance.

Note that an analogous undirected version of Lemma 1.1 does not hold. Specifically, it is
not the case for tree instances that all sk, tk-paths in the underlying undirected graph of
cl(D) are sk, tk-paths in the undirected graph of cl(Pk). This observation highlights the
importance of working with directed paths even in the case of tree instances.

1.5 Contributions for sortation

1.5.1 Min-degree sort point problem

First, we prove that min-degree-SPP is NP-hard, even when we restrict to the set of star
instances.

Theorem 1.2 (See Theorem 6.1). min-degree-SPP is NP-hard, even when restricted to
star instances.

In order to certify the (near)-optimality of feasible solutions, we construct combinatorial
lower bounds that are motivated by the witness set construction for undirected min-degree
spanning trees [21]. Specifically, we define a function LB such that for all W ⊆ N and
K′ ⊆ K, LB(W,K′) ≤ ∆∗. We show that in instances with a single source, this construction
is the best possible. We develop an exact polynomial-time local search algorithm for
single-source instances and certify its optimality by determining values of W and K′ such
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that LB(W,K′) = ∆+(H) for the graph H returned. Note that the single-source setting
reduces to the problem of finding a min-degree arborescence in a directed acyclic graph.
This problem can be solved via bipartite b-matching in O(n2/3m log n) time [22] or by a
local search algorithm in O(nm log n) time [66]. Our approach uses the structure of the
transitive closure, and allows us to obtain a very simple algorithm that offers a significant
improvement in runtime. Moreover, it motivates our other algorithms in more complex
settings that cannot be modelled as min-degree arborescence problems.

Theorem 1.3 (See Theorem 6.9). There is an O(n log2 n)-time exact algorithm for tree
instances of min-degree-SPP with a single source.

When there is a single source and the undirected graph of D is a tree, each node has at
most one entering arc in D. We refer to tree instances in which each node in D has at most
one entering arc as out-tree instances. We prove that maxW⊆N,K′⊆K LB(W,K′) ≥ ∆∗ − 1
for out-tree instances, by showing that there is a polynomial-time algorithm that returns
a solution with out-degree at most one greater than the best lower bound. We also show
that there are out-tree instances where maxW⊆N,K′⊆K LB(W,K′) = ∆∗ − 1.

Our algorithm for multi-source out-tree instances is again combinatorial in nature, but
the details are significantly more involved. In the algorithm for the single-source setting,
in each iteration an arc vw is exchanged for an arc uw, where u is on the path between
the root (the unique source) and v in D. However, in the multi-source setting, the same
action is not sufficient to ensure a high-quality solution is found. We instead define an
algorithm for min-degree-SPP on out-trees which takes as input a target T , and returns a
feasible solution H with ∆+(H) ≤ T whenever ∆∗ ≤ T − 1. The additional input of the
target as well as a careful selection of which arcs to fix in each iteration prevent the need
to backtrack. In the proof of the performance of this algorithm, we provide an explicit
construction of the lower bound certificate with value at least ∆∗ − 1.

Theorem 1.4 (See Theorem 6.17). There is a polynomial-time additive 1-approximation
algorithm for out-tree instances of min-degree-SPP.

The analysis of the out-tree algorithm is tight, in that there are instances of min-degree-
SPP where the algorithm does not produce an optimal solution. Moreover, the performance
of the algorithm is bounded against a lower bound that has an inherent gap matching the
proven performance. The algorithmic approach for the out-tree setting cannot easily be
extended to more complex graph structures, such as stars, since an optimal solution is
no longer guaranteed to be acyclic and our current algorithm heavily relies on this fact.
Furthermore, the lower bound construction weakens significantly for star instances.
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We also give a framework for obtaining approximation results for arbitrary tree instances.
As a first step, we give an efficient 2-approximation when D is a star.

Theorem 1.5 (See Theorem 6.21). There is a polynomial-time 2-approximation for star
instances of min-degree-SPP, and for any ϵ > 0 there is a star instance of min-degree-
SPP where maxW⊆N,K′⊆K LB(W,K′) = 2

3
∆∗ + ϵ.

A generalization of the class of star instances is the class of junction trees. A tree instance
is a junction tree instance if there is some node r in D such that r is a node in Pk for all
k ∈ K. Our framework for obtaining an approximation result for general tree instances
builds on the approximability of junction tree instances.

Theorem 1.6 (See Theorem 6.23). Given a polytime α-approximation algorithm for junc-
tion tree instances, there is a polytime α log n-approximation algorithm for tree instances
of min-degree-SPP.

1.5.2 Min-cardinality sort point problem

Similar to the case of min-degree-SPP, when an instance has a single source, the problem
of min-cardinality-SPP is polytime solvable. When there are multiple sources, we do not
know whether or not tree instances of min-cardinality-SPP can be solved in polynomial
time.

First, we show that an optimal solution cannot be obtained directly from solving the
linear relaxation of a natural formulation. Specifically, we show that the relaxation has an
integrality gap of at least 4/3 − ϵ for each ϵ > 0, even for path instances. Let C = {C ⊆
N : ∃k ∈ K such that sk ∈ C, tk /∈ C}. Since we focus on tree instances, any sk, tk-dipath
in cl(D) is a dipath in cl(Pk). As a result, we obtain the following formulation for tree
instances of min-cardinality-SPP.

min x(cl(D))
s.t. x(δ+cl(D)(C)) ≥ 1, ∀C ∈ C

x ∈ {0, 1}
(IP-MCSPP)

Theorem 1.7 (See Theorem 7.7). Formulation (IP-MCSPP) has an integrality gap of at
least 4/3− ϵ for any ϵ > 0 on path instances.

In progress towards finding an exact algorithm for tree instances, we first present simple
and efficient combinatorial algorithms for in-tree, out-tree, and star instances.

18



Theorem 1.8 (See Theorems 7.23 and 7.28). In-tree, out-tree, and star instances of min-
cardinality-SPP can be solved in polynomial time.

There are two key components to our combinatorial algorithms. The first component
is the partitioning of an instance I into a collection of weakly-connected subproblems,
{I1, I2, . . . , Iℓ}, defined on the set of source and sink nodes that must be in the same
weakly-connected component in any feasible solution. We prove that in each of the settings
considered, the union of optimal solutions to each subproblem forms an optimal solution
to the original instance I. We also present an example showing that in general, this union
does not necessarily form an optimal solution.

The second component is an efficient procedure that reduces the size of any tree instance
until all Steiner nodes (nodes that are neither sources nor sinks) have in-degree and out-
degree at least two in D. After executing this procedure on in-tree and out-tree instances,
no Steiner node remains. In the case of star instances, at most one Steiner node remains af-
ter the reduction procedure. With this simplified structure we prove that optimal solutions
can be determined efficiently for in-tree, out-tree, and star instances.

A byproduct of this reduction procedure is that we can bound the number of Steiner nodes
remaining in a tree instance by a function of the number of source and sink nodes. As a
result, we prove that the digraph obtained by running the reduction procedure has at most
3 times the number of arcs as an optimal solution.

Theorem 1.9 (See Theorem 7.13). There is a polytime 3-approximation algorithm for tree
instances of min-cardinality-SPP.

A digraph D = (N,A) is a merged-tree if it is obtained by merging an in-tree, T in =
(N in, Ain), and an out-tree, T out = (N out, Aout), at their root nodes. Let r denote the
merged node in D, which we refer to as the join. A junction tree instance of min-
cardinality-SPP is a merged-tree instance where the unique commodity path Pk includes
the node r for each k ∈ K. We prove that in order to solve a merged-tree instance
I = (D,K), it suffices to find optimal solutions to a set of in-tree instances, a set of out-
tree instances, and a junction tree instance. Moreover, all of these instances have the same
base graph, D, and can be constructed in polynomial time.

In the following theorem, given an instance I, G(I) is a graph where the set of nodes
in the same connected component are sources and sinks in I that must be in the same
weakly-connected component in any feasible solution. Given a partitioning N of N , the
function ϕN (I) maps a given junction tree instance to a junction tree instance on the same
graph where all sources and sinks are moved to the node in the same part in N that is
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nearest to r in D. These functions are defined formally in Chapter 7.

Theorem 1.10 (See Theorem 7.34). Let I = (D,K) be a merged-tree instance of min-
cardinality-SPP with join r. Let IL = (D,KL) and IJ = (D,KJ ) where

KL = {k ∈ K : r /∈ Pk} and KJ = {k ∈ K : r ∈ Pk}.

Let N = {N1, N2, . . . , Nℓ} be the node sets of the maximally-connected components in
G(IL). If H1 and H2 are optimal solutions for IL, and ϕN (IJ ) respectively, and H1 is
minimally-crossing, then H1 ∪H2 is an optimal solution for I.
As in the case of min-degree-SPP it remains open to find a “good” algorithm (possibly an
exact algorithm in this case) for junction tree instances. We present an efficient algorithm
for the special case of spider instances.

Theorem 1.11 (See Theorem 7.46). Spider instances of min-cardinality-SPP can be
solved in polynomial time.

The proof of correctness relies on working with minimally-crossing solutions. We say that
two arcs v1w1 and v2w2 in cl(D) are crossing if the unique v1, w1- and v2, w2-dipaths
in D share an arc. We present uncrossing operations that allow us to move from one
optimal solution to another, potentially with fewer crossing arcs. As a byproduct of the
additional structure of minimally-crossing solutions, we prove that it is equivalent to solve
an instance with additional commodities. By adding a particular set of commodities to
spider instances, we show that the resulting spider instance decomposes into instances IL
and ϕN (IJ ) that can be solved by the in-tree, out-tree, and star algorithms.

1.5.3 Related work

Degree-bounded network design problems are fundamental and well-studied combinato-
rial optimization problems. A prominent example is the minimum-degree spanning tree
problem which asks, given an undirected, unweighted graph, for a spanning tree with
minimum maximum degree. Fürer and Raghavachari [21] introduced the problem and
presented a local-search based polynomial-time algorithm for computing a spanning tree
with maximum degree which is at most 1 larger than the optimal maximum degree. Their
combinatorial arguments rely on witness sets chosen from a family of carefully-constructed
lower bounds [9, 65].

Various techniques have been employed in subsequent work on the weighted setting, e.g.,
[24, 34, 36, 51, 8, 7, 52], culminating in the result that one can compute a spanning tree of
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minimum cost that exceeds the degree bound by at most 1 [56]. Since then, generalizations
have been studied such as the degree-bounded Steiner tree problem [35, 42], survivable
network design with higher connectivity requirements [41, 42] and the group Steiner tree
problem [14, 25, 37].

Directed (degree-bounded) network design problems are typically substantially harder
than their undirected counterparts. Among the few nontrivial approximation results are
quasipolynomial-time bicriteria approximations (with respect to cost and maximum out-
or in-degree) [25] for the degree-bounded directed Steiner tree problem and approximation
results for problems with intersecting or crossing supermodular connectivity requirements
[1, 47].

A special case in directed degree-bounded network design is the min-degree arborescence
problem where, given a directed graph and root r, the goal is to find a spanning tree rooted
at r with minimum max out-degree. This problem is NP-hard [1, 21, 41] in general, and
polytime solvable in directed acyclic graphs [66].

1.6 Organization

Part I focuses on solving temporal network design problems via the solution technique
of dynamic discretization discovery (DDD). In Chapter 3 we present a DDD framework
where the set of departure times is determined on the arc level rather than the node level.
We apply this arc-based DDD method to instances of the service network design problem
(SND). We show that an arc-based approach is particularly advantageous when instances
arise from region-based networks, and when candidate paths are fixed in the base graph
for each commodity.

In Chapter 4, we present bounds on the additional storage that must be permitted in
each iteration. Our arguments rely solely on the structure of of the standard map, µ,
from the original formulation to the smaller relaxed formulations. Since our analysis only
relies on µ, it generalizes to fixed-charge problems, including the service network design
problem. We demonstrate our techniques in the case of the classical universal packet
routing (UPR) problem in the presence of bounded node storage. Focusing on UPR al-
lows us to clearly present the extension of the DDD method to a problem with bounded
node storage without complicating constraints already addressed by previous work. We
also present computational results demonstrating the effectiveness of DDD when solving
universal packet routing.

In Chapter 5 we present a DDD model for solving SND with cyclic constraints. In this
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process, we define a new condition on the set of timed nodes required in a partial network
in each iteration of DDD. We also show that certain policies for removing timed nodes
from the current partial network can result in iteration cycling.

Part II focuses on the selection of sort points required to route a given set of commodities
with designated routes.

In Chapter 6 we provide exact and approximation polynomial time algorithms for the min-
degree sort point problem. When the underlying network is acyclic, we propose algorithms
that are fast and build on combinatorial witness set type lower bounds that are reminiscent
and extend those used in earlier work on degree-bounded spanning trees and arborescences.

In Chapter 7 we present exact and approximation polynomial time algorithms for the min-
cardinality sort point problem. We introduce reduction, decomposition, and uncrossing
techniques that simplify input instances. Using these techniques, we present fast combi-
natorial algorithms for solving in-tree, out-tree, and spider instances. We show that the
natural LP relaxation has an integrality gap of at least 4

3
− ϵ for any ϵ > 0, as well as a

3-approximation algorithm for tree instances.

In Chapter 8 we present a summary of the contributions in this thesis as well as a set of
open problems.
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DDD
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Chapter 2

Preliminaries

The first focus of this thesis is the advancement of the DDD framework, a paradigm which
applies to a broad class of temporal network design problems. The DDD framework was
first applied to the service network design (SND) problem, a problem that is frequently used
to model the coordination of the physical route of the shipments as well as the departure
time for each leg of the journey. In practical applications, there are often additional
restrictions on the physical routes of each shipment. We will refer to SND with the addition
that each commodity has a designated feasible subgraph in space as service network design
with restricted routes (SND-RR). We will introduce the DDD paradigm by presenting a
generic DDD algorithm for SND-RR.

Time-expanded networks

A time-indexed formulation for a (discrete-time) temporal problem is obtained by express-
ing the temporal problem as a static problem in the corresponding time-expanded network.

Let D = (N,A) be a directed graph with nodes N and arcs A, along with arc transit
times τ . Let T be the time horizon under consideration. The corresponding (fully) time-
expanded network, DT = (NT , AT ∪ HT ), consists of a copy of each node v ∈ N for each
time point t ∈ [T ] := {0, 1, . . . , T}. The movement arcs, AT , consist of a copy of each arc
in A for each departure time, and the holdover arcs, HT , connect each node copy to the
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next consecutive copy. Specifically,

NT := {(v, t) : v ∈ N, t ∈ [T ]},
AT := {((v, t), (w, t+ τvw)) : (v, t) ∈ NT , vw ∈ A, t+ τvw ≤ T}, and

HT := {((v, t), (v, t+ 1)) : v ∈ N, t ∈ [T − 1]}.

An example is presented in Figure 2.1. We will often refer to arcs and nodes in a time-
expanded network as timed arcs and timed nodes respectively. We will write timed nodes
with their associated times as (v, t), and the corresponding node in the base graph is v.
Similarly, we write timed arcs as ((v, t), (w, t′)), and the corresponding arc in the base graph
as vw. Additionally, we will refer to paths in the time-expanded network as trajectories.
We will often refer to paths in D as flat paths.

1
3
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<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

<latexit sha1_base64="KIN36bONTqscZ/gHr6NLX6uh/zY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8N9I2j</latexit>v4
<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2
<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1

<latexit sha1_base64="vce36HbId1rKkEGGF+RFflPqwTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/So418</latexit>

t = 1

<latexit sha1_base64="h4AxrWHK00jivFaR5mC+o2h4pTw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/RH417</latexit>

t = 0

<latexit sha1_base64="QNFY1DU/35/egngJOCW6DMS23XQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDraq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind/Xq7d5HEU4BhO4Aw8uIQa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/UJ419</latexit>

t = 2

<latexit sha1_base64="b/P0y6bt/GWX+71QMnO6B7ueVJs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDX571yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/XL41/</latexit>

t = 4

<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

<latexit sha1_base64="vce36HbId1rKkEGGF+RFflPqwTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/So418</latexit>

t = 1

<latexit sha1_base64="h4AxrWHK00jivFaR5mC+o2h4pTw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/RH417</latexit>

t = 0

<latexit sha1_base64="QNFY1DU/35/egngJOCW6DMS23XQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDraq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind/Xq7d5HEU4BhO4Aw8uIQa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/UJ419</latexit>

t = 2

<latexit sha1_base64="b/P0y6bt/GWX+71QMnO6B7ueVJs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDX571yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/XL41/</latexit>

t = 4

<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

<latexit sha1_base64="KIN36bONTqscZ/gHr6NLX6uh/zY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8N9I2j</latexit>v4
<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2
<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1

<latexit sha1_base64="KIN36bONTqscZ/gHr6NLX6uh/zY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8N9I2j</latexit>v4
<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2
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DT

Figure 2.1: Base graph D and the construction of DT when T = 4.

A temporal network design problem with time horizon T can be modelled as a static net-
work design problem on DT after assigning appropriate costs, capacities, and demands.
However, while time-indexed formulations have strong linear relaxations, these formula-
tions become impractical to solve for fine time discretizations since the number of variables,
reflected in the size of DT , grows linearly in T [19, 20].

Service Network Design

In an instance of service network design (SND), we are given a directed graph D = (N,A)
with node set N and arc set A, and a set of commodities K. We refer to D as the flat
network. Each arc vw ∈ A has an associated transit time τvw ∈ N>0, a commodity-
dependent per-unit-of-flow cost ckvw ∈ R>0 for each k ∈ K, a fixed cost fvw ∈ R>0, and a
capacity uvw ∈ N>0. We interpret uvw as the capacity of trucks scheduled on arc vw, and
fvw as the per-truck-cost on vw. Each commodity k ∈ K has a source ok ∈ N and sink
dk ∈ N , along with a demand qk that must be routed along a single trajectory from ok to dk
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(i.e. it is unsplittable). Let rk denote the time commodity k becomes available at its origin
(its release time) and let lk denote the deadline for commodity k. Let T = maxk∈K lk be
the latest deadline among the commodities. We may assume that the earliest release time
is time 0 by shifting the time horizon. An ok, dk-trajectory in DT is feasible for commodity
k if it departs ok no earlier than rk and arrives at dk no later than lk. The goal of SND
is to determine a feasible trajectory in DT for each commodity in order to minimize the
total fixed and variable cost of the resources required to ship the commodities along the
trajectories.

We define service network design with restricted routes (SND-RR) as the problem of SND
with the additional input of a designated subgraph Dk ⊆ D for each commodity k ∈ K. In
SND-RR, an ok, dk-trajectory Q in DT is feasible for commodity k if it departs ok no earlier
than rk, arrives at dk no later than lk, and the flat path corresponding to the trajectory Q
is fully contained in Dk.

Time-indexed formulation for SND-RR

We now define a time-indexed formulation for SND-RR analogous to the formulation for
SND presented by Boland et al. in [2]. For each k ∈ K, let Dk

T = (Nk
T , A

k
T ∪ Hk

T ) denote
the time-expanded network for Dk with time horizon T . For each commodity k ∈ K and
each timed arc a ∈ Ak

T ∪Hk
T , let x

k
a be a binary variable which is equal to 1 if commodity

k is scheduled to travel along timed arc a in its assigned trajectory. For each a ∈ AT ,
let ya denote the number of trucks scheduled along timed arc a. For each timed arc
a = ((v, t), (w, t′)) ∈ AT , let ua := uvw, ca := cuv, and fa := fuv.

Let δ+DT
(v, t) and δ−DT

(v, t) denote the outgoing and incoming timed arcs at (v, t) in DT .
That is, δ+DT

(v, t) = {a ∈ AT ∪HT : a = ((v, t), (w, t′))}, and δ−DT
(v, t) = {a ∈ AT ∪HT :

a = ((w, t′), (v, t))}.
The following integer program (IP) models SND-RR.
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min
∑
a∈AT

faya +
∑
a∈AT

∑
k∈K

ckaqkx
k
a (SND-RR(DT ))

s.t. xk(δ+
Dk

T
(v, t))− xk(δ−

Dk
T
(v, t)) =


1 (v, t) = (ok, rk)

−1 (v, t) = (dk, lk)

0 otherwise

∀k ∈ K, (v, t) ∈ Nk
T (2.1)

∑
k∈K

qkx
k
a ≤ uaya ∀a ∈ AT (2.2)

xk
a ∈ {0, 1} ∀k ∈ K, a ∈ Ak

T ∪Hk
T (2.3)

ya ∈ N≥0 ∀a ∈ AT (2.4)

Constraint (2.1) ensures that each commodity is assigned a feasible trajectory. Constraint
(2.2) ensures that for each timed arc there is sufficient capacity purchased to accommodate
the trajectories scheduled to traverse that timed arc. The objective function optimizes for
the total fixed and variable cost. Note that when Dk = D for all k ∈ K, this is the same
as the timed-indexed formulation for SND in [2].

2.1 Generic DDD framework

The downside to modelling temporal problems with time-expanded networks is that this
time-expansion often makes the resulting static problem impractical to solve since the
network grows linearly in T [19, 20]. In an effort to avoid solving these large time-indexed
formulations, a DDD algorithm solves a series of mixed-integer programs (MIPs) defined
on smaller partially time-expanded networks that appropriately underestimate the transit
times of the arcs in AT .

Definition 2.1. A partially time-expanded network with respect to D and T is any directed
graph DS = (NS, AS ∪HS) where NS ⊆ NT ,

AS ⊆ {((v, t), (w, t′)) : (v, t), (w, t′) ∈ NS, vw ∈ A, t′ ≤ t+ τvw},

and HS connects each node copy to its next copy in NS.

We will refer to fully time-expanded networks and partially time-expanded networks as
full and partial networks respectively. In this paper, DT = (NT , AT ∪HT ) denotes the full
network with time horizon T , and DS = (NS, AS ∪HS) is any partial network.
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In general, a DDD algorithm aims to solve a instance I of a minimization problem P defined
on DT , with a corresponding mixed integer program (MIP), IP(DT ). Partial networks are
constructed so that an optimal solution to the MIP induced by DS, denoted IP(DS),
provides a lower bound on the optimal value of IP(DT ). Moreover the partial networks are
constructed and refined in such a way that they are sparse relative to the full network.

Algorithm 1: Generic-DDD(I, DT )

Input: Instance I of problem P defined on DT

1 Initialization: DS ← D0, where IP(DS) provides a lower bound for IP(DT )
2 while not solved do
3 Lower bound: Solve IP(DS) and obtain a solution x̂ in DS

4 Upper bound/termination: determine if x̂ can be converted to a solution to
IP(DT ) with equal cost

5 if yes then
6 Stop. An optimal solution has been found for IP(DT ).

7 Refinement: update DS while ensuring IP(DS) provides a lower bound for
IP(DT ).

2.2 Generic DDD for SND-RR

In the context of SND-RR, we denote the lower bound formulation corresponding to a
partial network DS as SND-RR(DS). We define SND-RR(DS) so that it is the formulation
corresponding to routing the commodities in DS rather than DT , with the same induced
costs.

Let I be an instance of SND-RR with base graph D = (N,A), commodity set K, and
designated subgraph Dk = (Nk, Ak) ⊆ D for each k ∈ K. Let DS = (NS, AS ∪ HS) be a
partial network. For each k ∈ K let Dk

S be the subgraph of DS with node set

Nk
S := {(v, t) ∈ NS : v ∈ Nk},

and arc set Ak
S ∪Hk

S where

Ak
S := {((v, t), (w, t′)) ∈ AS : vw ∈ Ak} and Hk

S := {((v, t), (v, t′)) ∈ HS : v ∈ Nk}.

For each timed arc a = ((v, t), (w, t′)) ∈ AT , let τa := τvw. The following formulation is
analogous to the lower bound formulation presented in Boland et al. [2].
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min
∑
a∈AS

faya +
∑
a∈AS

∑
k∈K

ckaqkx
k
a (SND-RR(DS))

s.t. xk(δ+
Dk

S
(v, t))− xk(δ−

Dk
S
(v, t)) =


1 (v, t) = (ok, rk)

−1 (v, t) = (dk, lk)

0 otherwise

∀k ∈ K, (v, t) ∈ Nk
S (2.5)

∑
k∈K

qkx
k
a ≤ uaya ∀a ∈ AS (2.6)∑

a∈Ak
S

τax
k
a ≤ lk − rk, ∀k ∈ K. (2.7)

xk
a ∈ {0, 1} ∀k ∈ K, a ∈ Ak

S ∪Hk
S (2.8)

ya ∈ N≥0 ∀a ∈ AS (2.9)

Constraint (2.5) ensures that each commodity is assigned a feasible trajectory in DS.
Constraint (2.6) ensures that for each timed arc there is sufficient capacity purchased
to accommodate the trajectories scheduled to traverse that timed arc. The addition of
constraint (2.7) enforces that each commodity is assigned to traverse a flat path in D with
a feasible transit time (at most lk − rk). The objective function is analogous to that of
(SND-RR(DT )).

If a solution to the partial network cannot be converted to a solution to the original instance
of equal cost, the partial network is refined by adding timed nodes and timed arcs based
on the current solution. An overview of this method is presented in Algorithm 2.
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Algorithm 2: Generic-DDD(D,K)
Input: Base network D = (N,A), commodity set K with subgraph Dk for each

k ∈ K
1 Initialization: DS ← D0, where SND-RR(DS) provides a lower bound for

SND-RR(DT )
2 while not solved do
3 Lower bound: Solve SND-RR(DS) and obtain a solution (x̂, ŷ) in DS

4 Upper bound/termination: determine if x̂ can be converted to a solution to
SND-RR(DT ) with equal cost

5 if yes then
6 Stop. An optimal solution has been found for SND-RR(DT ).

7 Refinement: update DS while ensuring SND-RR(DS) provides a lower bound
for SND-RR(DT ).

We now describe the specific initialization, lower and upper bound, and refinement steps
in the original DDD implementation for SND presented in [2]. The only change is that
instead of solving SND(DS) in each iteration, we solve SND-RR(DS). Note, SND(DS)
is equivalent to SND-RR(DS) when Dk = D for all k ∈ K. We will refer to this DDD
algorithm as the node-based DDD approach.

Initialization and lower bound

When Dk = D for all k ∈ K, Boland et al. prove that so long as the partial network DS

satisfies the following two properties, an optimal solution of SND-RR(DS) provides a lower
bound on the optimal value of SND-RR(DT ) (Theorem 2 in [2]).

(P1) Timed nodes: For all k ∈ K, (ok, rk) and (dk, lk) are in NS;
For all v ∈ N , (v, 0), and (v, T ) are in NS;

(P2) Arc copies: For all vw ∈ A, for all (v, t) ∈ NS with t + τvw ≤ T , we have
((v, t), (w, t′)) ∈ AS where t′ = max{r : r ≤ t+ τvw, (w, r) ∈ NS}.

Note that property (P2) gives a natural method to construct DS given NS. In its standard
implementation, in the first iteration of a DDD algorithm the partial network is initialized
to be the network consisting only of the timed nodes stated in (P1). Throughout this
thesis we will assume that any partial network has no additional arcs beyond those stated
in (P2). Thus, the partial networks we work with are completely determined by the flat
network and the set of timed nodes.
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The following generalization of Theorem 2 in [2] follows directly from a restatement of the
proof and the observation that physical routes of each commodity are unchanged.

Theorem 2.2. Let I be an instance of SND-RR with base graph D = (N,A), commodity
set K, and designated subgraph Dk ⊆ D for each k ∈ K. Let DS = (NS, AS ∪ HS) be
a partial network that satisfies properties (P1) and (P2). Then an optimal solution to
SND-RR(DS) provides a lower bound on the optimal value of SND-RR(DT ).

Proof. Let µ : AT → AS be the map defined so that for each timed arc a ∈ AT ,

a = ((v, t), (w, t′)) → µ(a) = ((v, t̂), (w, t̂′)), (2.10)

where t̂ = max{s : s ≤ t, (v, s) ∈ NS}, and t̂′ = max{s : s ≤ t̂ + τvw, (v, s) ∈ NS}. Note
that µ is well-defined since (P1) ensures that there is a timed copy of each node in N
at time 0, and (P2) ensures that there is a (unique) copy of each arc in A departing the
selected timed node. Moreover, this timed arc underestimates the correct transit time.

Examples of the map µ are given in Figure 2.2, where Figure 2.2a shows the original timed
arcs on a subgraph of DT , and Figure 2.2b shows the resulting timed arcs after applying
µ, given a partial network with the timed node set as shown.
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<latexit sha1_base64="X6deCahrqDrQ44hzPbasroDGQtg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlB+yd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3Lqnd/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfxR42N</latexit>e3

<latexit sha1_base64="olIQCwMP+fmF8MqGfVgKIcJlYsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPenPfKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3UfXuzyu16zyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1pWNfQ==</latexit>

t = 4

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

(a) Two trajectories in DT .

<latexit sha1_base64="RBdaBcUGFf5AApmF5st0+pBuppA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPeeL1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtOo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/SCY16</latexit>

t = 1

<latexit sha1_base64="fYBzyMQsrNonM5J0UndYfLBLr5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPeuL1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtOo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/QhY15</latexit>

t = 0

<latexit sha1_base64="xv8LmDgJEJFdaYTKufWnYifIDlM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aBQ8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6QFvqr1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mp07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdoQvMWXl0mzWvEuKt79ebl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/TjY17</latexit>

t = 2

<latexit sha1_base64="h0u0lNkdd44hc23xA4SgS6UERTU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoNUHA4/3ZpiZFyRSGHTdL6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1ybUSsHnCccD+iAyVCwSha6R6vT3vlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvvOrdnVVqV3kcRTiAQzgGDy6gBrdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgG1RGNfA==</latexit>

t = 3

<latexit sha1_base64="olIQCwMP+fmF8MqGfVgKIcJlYsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPenPfKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3UfXuzyu16zyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1pWNfQ==</latexit>

t = 4

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="U75LuUnDAKZDZxFj9XzYOE3J0f0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lEVDwVvHisYD+gDWWznbRLd5O4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWMbqd+6wmV5nH0YMYJ+pIOIh5yRo2V2l2ZVrDnnfVKZbfqzkCWiZeTMuSo90pf3X7MUomRYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYGlGJ2s9m907IqVX6JIyVrciQmfp7IqNS67EMbKekZqgXvan4n9dJTXjtZzxKUoMRmy8KU0FMTKbPkz5XyIwYW0KZ4vZWwoZUUWZsREUbgrf48jJpnle9y6p3f1Gu3eRxFOAYTqACHlxBDe6gDg1gIOAZXuHNeXRenHfnY9664uQzR/AHzucPDMOPTA==</latexit>

µ(e1)

<latexit sha1_base64="7PRdxnLdlrm6zTcG2TgnEMff8vw=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoMQL2E3iIqngBePEcwDkiXMTnqTITOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0w408bzvp3c2vrG5lZ+u7Czu7d/UDw8auo4VRQbNOaxaodEI2cSG4YZju1EIREhx1Y4up35rSdUmsXywYwTDAQZSBYxSoyV2l2RlrFXPe8VS17Fm8NdJX5GSpCh3it+dfsxTQVKQznRuuN7iQkmRBlGOU4L3VRjQuiIDLBjqSQCdTCZ3zt1z6zSd6NY2ZLGnau/JyZEaD0Woe0UxAz1sjcT//M6qYmugwmTSWpQ0sWiKOWuid3Z826fKaSGjy0hVDF7q0uHRBFqbEQFG4K//PIqaVYr/mXFv78o1W6yOPJwAqdQBh+uoAZ3UIcGUODwDK/w5jw6L86787FozTnZzDH8gfP5Aw5Ij00=</latexit>

µ(e2)

<latexit sha1_base64="T47takpM4fl9FNRlwx/jo8ZTJBM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXRcVTwIvHCOYByRJmJ51kyOzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanXCpIzd89NuseRW3BnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7N4JObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmz5MeV8iMGFtCmeL2VsKGVFFmbEQFG4K3+PIyaZxVvMuKd39Rqt5kceThCI6hDB5cQRXuoAZ1YCDgGV7hzXl0Xpx352PemnOymUP4A+fzBw/Nj04=</latexit>

µ(e3)

(b) Corresponding trajectories in DS .

Figure 2.2

Let (x̄, ȳ) be a feasible solution to (SND-RR(DT )) with cost C, and let Q = {Qk}k∈K
denote the corresponding set of trajectories. Fix k ∈ K. The set of ordered movement arcs
in Qk is {a1, a2, . . . , aqk}, where each ai = ((vi, t

out
i ), (vi+1, t

in
i+1)) for each i ∈ [qk− 1]. Since

Qk is feasible, the following statements are true:
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(S1) v1 = ok, and tout1 ≥ rk
(S2) vqk = dk, and tinqk ≤ lk
(S3) tini+1 = touti + τvivi+1

for all i ∈ [qk − 1]
(S4) tini ≤ touti for all i ∈ {2, 3, . . . , qk − 1}
Consider the ordered set of timed arcs {µ(a1), µ(a2), . . . , µ(aqk)} in AS, where µ(ai) =
((vi, t̂

out
i ), (vi+1, t̂

in
i+1)) for each i ∈ [qk − 1].

Claim 1: t̂ini ≤ t̂outi for all i ∈ {2, 3, . . . , qk − 1}.
Fix i ∈ {2, 3, . . . , qk− 1}. By definition, t̂ini = max{t : t ≤ t̂outi−1+ τvi−1vi , (vi, t) ∈ NS} where
t̂outi−1 = max{t : t ≤ touti−1, (vi−1, t) ∈ NS}. Thus,

t̂ini ≤ max{t : t ≤ touti−1 + τvi−1vi , (vi, t) ∈ NS}

Similarly, t̂outi = max{t : t ≤ touti , (vi, t) ∈ NS}. Since tini = touti−1 + τvi−1vi , and tini ≤ touti , it
follows that

t̂outi ≥ max{t : t ≤ touti−1 + τvi−1vi , (vi, t) ∈ NS},
which gives the desired result that t̂ini ≤ t̂outi .

Thus, we can obtain trajectories Q̂ = {Q̂k}k∈K in DS by mapping each movement arc
a ∈ AT to µ(a) ∈ AS, and forming trajectories by adding holdover arcs. Figure 2.2 shows
two examples of this map from trajectories in DT to DS.

Furthermore, the map µ preserves the underlying arc, and so since Qk is a trajectory in
Dk

T , it follows that Q̂k is a trajectory in Dk
S. By (S1) and (S2), it follows that t̂out1 ≥ rk

and t̂qk ≤ lk. Therefore Q̂k is feasible in DS for commodity k.

Finally, the underlying paths in the flat network for Q̂ and Q are the same for each
commodity, and any pair of commodities k, j traversing the same timed arc a ∈ AT now
traverse the same timed arc µ(a) ∈ AS. Therefore the cost incurred when routing Q̂ in DS

by each arc in A is at most the cost incurred by that arc when routing Q in DT , and so
the cost of Q̂ is at most C.

Upper bound and refinement

Let (x̂, ŷ) be an optimal solution to SND-RR(DS) with corresponding trajectories Q =
{Qk}k∈K in DS, and paths P = {Pk}k∈K in D. We obtain a feasible solution to SND-
RR(DT ) with the same flat paths P (and hence same variable cost as Q) by specifying a
departure time for each arc in Pk, for each commodity k ∈ K, that satisfies the release time
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and deadline of k and respects the actual transit time of the arcs. The feasible solution
also has the same fixed cost as Q if every pair of commodities dispatched together on an
arc vw in Q still shares a common departure time for arc vw. In this case, the truck
assignment on each arc vw for Q can be shifted in time to route all flow on vw in the new
feasible solution. Thus, the paths P along with a set of departure times that satisfies the
aforementioned feasibility and consolidation requirements provides an optimal solution to
SND-RR(DT ).

Due to the inclusion of the path transit time constraint, Constraint (2.7), there is a set of
departure times that is feasible for the set of paths P proposed in each iteration (satisfies
release times, deadlines, and actual transit times). That is, for each trajectory Qk there is
a feasible trajectory in DT with the same underlying path in the flat network.

The continuous formulation presented in [2] has a variable tkv for each commodity k ∈ K and
each non-destination node v in Pk that models the departure time for k on the arc leaving
v in Pk. The feasibility of the departure times is captured in the following constraints,
where for fixed k ∈ K, vp is the pth node in Pk.

tkvp + τvpvp+1 ≤ tkvp+1
∀k ∈ K, p ∈ [|Pk| − 1] (2.11)

rk ≤ tkok ∀k ∈ K (2.12)

tv|Pk|−1
+ τv|Pk|−1dk ≤ lk ∀k ∈ K, (2.13)

For each arc vw ∈ A, let Jvw denote the set of pairs of commodities that traverse arc vw
at the same time in Q (i.e. use the same timed copy of vw in Q), and let J := {Jvw}vw∈A.
Boland et al. introduce a variable δk1k2vw for each pair of commodities (k1, k2) ∈ Jvw, for each
arc vw ∈ A, along with the following set of constraints.

δk1k2vw ≥ tk1v − tk2v ∀(k1, k2) ∈ Jvw,∀vw ∈ A (2.14)

δk1k2vw ≥ tk2v − tk1v ∀(k1, k2) ∈ Jvw,∀vw ∈ A. (2.15)

Observe that δk1k2vw must always be non-negative, and if δk1k2vw is zero then the departure
times for commodities k1 and k2 on arc vw are the same. Thus, if there is a vector (t̄, δ̄)
that satisfies constraints (2.11)-(2.15) with δ̄ = 0, then we have found an optimal solution
to SND-RR(DT ). If not, then the current partial network, DS, must be modified.

To update the partial network, we want to add a small number of timed nodes that correct
the current set of infeasible trajectories. Boland et al. stipulate that in the continuous
formulation, the departure times for commodities with feasible trajectories in Q (those
that consisted only of timed arcs with transit times equal to the transit times of the
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corresponding flat arcs), are unchanged. Let KF ⊆ K denote the set of commodities with
feasible trajectories in Q, and let T F = {Tk}k∈KF where Tk = {t̄kvp}p∈[|Pk|−1] is the set
of departure times for the arcs in Pk given by Q. The following constraints ensure the
trajectories for the set KF are unchanged.

tkvp = t̄kvp , ∀k ∈ KF , p ∈ [|Pk| − 1] (2.16)

In total, the continuous formulation presented in [2] is as follows.

min
∑
vw∈A

∑
(k1,k2)∈Jvw

δk1k2vw (LP-UB(P ,J ,KF , T F ))

s.t. (2.11)− (2.16)

Due to the addition of constraint (2.7), in each iteration there is a feasible solution (t̄, δ̄) to
the continuous formulation LP-UB(P ,J ,KF , T F ), which corresponds to a feasible solution
(x̄, ȳ) to SND-RR(DT ). If δ̄ = 0, then (x̄, ȳ) is an optimal solution to SND-RR(DT ).
Otherwise, a non-empty subset of the δ-variables have positive value. For each such variable
δk1k2vw with positive value, one of k1 and k2 must be a trajectory in DS which has a short
timed arc by construction of KF and the addition of constraint (2.16). Let

C := {k1 ∈ K \ KF : ∃vw ∈ A, k2 ∈ K, δ̄k1k2vw > 0}

capture this set of commodities. We see that C is a non-empty set, and each commodity
in C has a trajectory in DS defined by x̂ with a short timed arc. In the refinement step,
for each k ∈ C a timed node is added to lengthen the short timed arc with the earliest
departure time in the trajectory Qk.

2.3 Limitations of the construction of DS

The goal in designing a DDD algorithm is that an optimal solution can be found in less
time that it would take to solve the full time-indexed formulation. A DDD algorithm
is likely to perform well if there are not too many iterations until termination, and the
corresponding formulations are (very) small compared to the size of the full time-indexed
formulation. A reasonable proxy for the size of the lower bound formulation solved in each
iteration is the size of the partial network, DS.

In the existing DDD framework, in each iteration, all arcs departing a common node share
the same set of permissible departure times. This is problematic for temporal problems
where all near-optimal solutions require a large number of departure times at many nodes
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in the network. For such problems, in the final iteration of DDD, DS must contain a
large proportion of the timed nodes in DT . Thus, in the current implementation of DDD
this leads to a final formulation with a size close to that of the time-indexed formulation
on the fully time-expanded network. Region-based networks are one such structure that
often leads to many high-degree nodes, and their increasing popularity underscores the
importance of tailoring solution methods for these networks.

A second challenge is handling static storage constraints without leading to a weak relax-
ation in each iteration. Since packages destined for the same outbound truck leaving a node
u may arrive at different times, consolidation often necessitates the storage of packages at
warehouses. Thus, bounding the additional storage required at a timed node in a partial
network is essential to defining a valid lower bound.
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Chapter 3

Arc-based DDD

In the current implementation of DDD, in each iteration all arcs departing a common node
share the same set of permissible departure times. This causes DDD to be ineffective for
solving problems where all near-optimal solutions require many distinct departure times
at the majority of the high-degree nodes in the network. We develop a DDD framework
where the set of departure times is determined on the arc level rather than the node level,
and apply our approach to instances of SND. Our algorithm builds upon the existing DDD
framework and achieves these improvements with only simple modifications to the original
implementation. We show that an arc-based approach is particularly advantageous when
instances are defined on hub-and-spoke networks, and when candidate paths are fixed in
the base graph for each commodity.

3.1 Auxiliary graph and formulation for SND-RR

We first present examples demonstrating how the node-based DDD approach can lead
to dense partial networks with large corresponding formulations. We then highlight the
challenges in creating sparser partial networks using the existing construction of partial
networks. Finally, we present a new auxiliary network and model for SND-RR that serves
as the base for our sparser DDD approach in Section 3.2.

Consider a problem for which all optimal solutions require many departure times at a large
number of nodes. For such a problem, in order to express an optimal solution on a partial
network DS = (NS, AS ∪ HS), NS must include a large portion of NT . In each iteration,
the partial network DS is constructed given the set NS according to property (P2):
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(P2) For all vw ∈ A, for all (v, t) ∈ NS with t + τvw ≤ T , we have ((v, t), (w, t′)) ∈ AS

where
t′ = max{r : r ≤ t+ τvw, (w, r) ∈ NS}.

Since this construction results in a timed copy of each arc in vw ∈ A for each timed copy
of v in NS, when NS is large, this forces AS to be large as well. As a result, solving
the lower bound formulation in the final iteration would be comparable to solving the full
time-indexed formulation in the first place.
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Figure 3.1

For example, consider the graph structure in Figure 3.1 with
m arcs departing a node v, all with unit transit times. For
each i ∈ [m], suppose there is a commodity k with origin v,
destination vi, and release time i. Due to the current structure
of partial networks, the initial partial network D0 = (N0, A0∪
H0) would have a copy of node v at all times in [m]. As a
result, D0 would have a copy of each arc for each departure
time in [m]. Thus, we would have A0 ≈ AT , and so the size
of SND-RR(DS) is approximately the same as SND-RR(DT ).
However, observe that an optimal solution can be expressed on a small subgraph of DT :
include a single copy of arc vvi departing v at time i for each i ∈ [m]. This simple instance
highlights the issue with high-degree nodes in the network and the current construction of
partial networks. Extensions of the original node-based DDD algorithm in [30, 45] consist
of refinement processes that can lead to similar problematic structures.

The refinement procedure in the generic node-based DDD algorithm also contributes to
dense partial networks. Consider an instance where a subgraph of the flat network is given
as in Figure 3.2a, and a subgraph of the initial partial network is given in Figure 3.2b.
Suppose an optimal routing through DS assigns commodity 1 to travel along the trajectory
formed by the dotted red timed arcs, and commodity 2 to travel along the trajectory formed
by the dashed blue timed arc. Observe that the trajectory for commodity 1 includes the
timed arc ((v1, 0), (v2, 0)) which has an overly-optimistic transit time. A DDD algorithm
tightens the relaxation and makes this trajectory infeasible by adding the timed node
(v2, 1). Note that adding this timed node leads to a new timed copy for arcs v2v3 and v2v4,
as shown in Figure 3.2c. However, no timed copy of arc v2v4 was used by an infeasible
trajectory in the previous lower bound solution. Thus, we would prefer an approach that
does not add ((v2, 1), (v4, 3)) to the partial network.
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(a) Base graph D
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<latexit sha1_base64="vce36HbId1rKkEGGF+RFflPqwTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/So418</latexit>

t = 1

<latexit sha1_base64="h4AxrWHK00jivFaR5mC+o2h4pTw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/RH417</latexit>

t = 0

<latexit sha1_base64="QNFY1DU/35/egngJOCW6DMS23XQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDraq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind/Xq7d5HEU4BhO4Aw8uIQa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/UJ419</latexit>

t = 2

<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

(b) A partial network DS .

DS

<latexit sha1_base64="vce36HbId1rKkEGGF+RFflPqwTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/So418</latexit>

t = 1

<latexit sha1_base64="h4AxrWHK00jivFaR5mC+o2h4pTw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/RH417</latexit>

t = 0

<latexit sha1_base64="QNFY1DU/35/egngJOCW6DMS23XQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDraq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind/Xq7d5HEU4BhO4Aw8uIQa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/UJ419</latexit>

t = 2

<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

(c) Updated partial network.

Figure 3.2

3.1.1 Towards arc-dependent departure times

We want to modify the family of partial networks and corresponding lower bound formu-
lations so that permitting d departure times at a node v does not lead to d timed copies
of each arc departing v. In the current DDD approach, each iteration is fully determined
by the flat network and a time discretization on the node set, denoted TN = {Tv}v∈N ,
where Tv ⊆ {0, 1, . . . , T}. Specifically, the partial network in each iteration has a timed
copy of arc vw for each time t ∈ Tv. Instead, we would like the partial network in each
iteration to have timed arcs with departure times according to a time discretization on the
arc set, TA = {Tuv}uv∈A, where Tuv ⊆ {0, 1, . . . , T} is the set of departure times for arc
uv. Moreover, we need to construct the partial network so that routing the commodities
through it still gives a lower bound on the optimal solution. One key consideration is
ensuring that each directed flat path in D with transit time at most T is the projection of
some trajectory in the partial network. In other words, the partial network preserves all
feasible flat paths.

A natural first attempt to obtain a sparser partial network is to remove a subset of timed
arcs from the standard construction of DS. We will show that this approach does not
guarantee that routing through the resulting partial network gives a lower bound, since it
does not preserve all feasible flat paths. Specifically, removing a timed copy of arc vw may
cause a flat path containing vw to no longer be the projection of any remaining trajectory.
We then show that we can introduce an additional timed arc entering v to recover these
flat paths. Moreover, we show that for certain instances, the additional timed arc entering
v will not lead to additional variables in the corresponding formulation.

Returning to the example in Figure 3.2, suppose we remove timed arc ((v2, 1), (v4, 3)) from
Figure 3.2c, as shown in Figure 3.3a. Observe that in the resulting graph, there is no
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trajectory with flat path v1, v2, v4 since the copy of arc v1v2 arrives at v2 later than the
copy of v2v4 departs v2. If we replace timed arc a = ((v1, 0), (v2, 1)) in Figure 3.3a with
a′ = ((v1, 0), (v2, 0)) to form DS as in Figure 3.3b, then the partial network preserves
all feasible flat paths. However, adding a′ also returns the red dotted trajectory (Figure
3.2b) to the partial network – precisely the infeasible trajectory which adding timed node
(v2, 1) was meant to remove. Moreover, adding a′ made the timed arc ((v2, 1), (v3, 3))
redundant for most commodities: any trajectory using ((v2, 1), (v3, 3)) (not originating at
v2) must arrive at v2 at time 0, and so such a trajectory includes timed arcs ((v2, 0), (v2, 1))
and ((v2, 1), (v3, 3)). This pair of timed arcs can be replaced with ((v2, 0), (v3, 2)) and
((v3, 2), (v3, 3)), without incurring any additional cost.

DS

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="vce36HbId1rKkEGGF+RFflPqwTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/So418</latexit>

t = 1

<latexit sha1_base64="h4AxrWHK00jivFaR5mC+o2h4pTw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/RH417</latexit>

t = 0

<latexit sha1_base64="QNFY1DU/35/egngJOCW6DMS23XQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDraq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind/Xq7d5HEU4BhO4Aw8uIQa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/UJ419</latexit>

t = 2

<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

(a) The v1v2 arc is
a = ((v1, 0), (v2, 1)).

DS

<latexit sha1_base64="vce36HbId1rKkEGGF+RFflPqwTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/So418</latexit>

t = 1

<latexit sha1_base64="h4AxrWHK00jivFaR5mC+o2h4pTw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/RH417</latexit>

t = 0

<latexit sha1_base64="QNFY1DU/35/egngJOCW6DMS23XQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDraq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind/Xq7d5HEU4BhO4Aw8uIQa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/UJ419</latexit>

t = 2

<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

(b) The v1v2 arc is
a′ = ((v1, 0), (v2, 0)).

DS

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="vce36HbId1rKkEGGF+RFflPqwTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/So418</latexit>

t = 1

<latexit sha1_base64="h4AxrWHK00jivFaR5mC+o2h4pTw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oXVe/+vFK7yeMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/RH417</latexit>

t = 0

<latexit sha1_base64="QNFY1DU/35/egngJOCW6DMS23XQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aIUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDraq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind/Xq7d5HEU4BhO4Aw8uIQa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/UJ419</latexit>

t = 2

<latexit sha1_base64="W4o+BNEPiK4Rc6e+Y+5zteWdw/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuser01654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r3p3Z5XadR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqSOfZeXPe560FJ5/Zh19wPr4B1auNfg==</latexit>

t = 3

(c) Both timed arcs are in-
cluded.

Figure 3.3

To summarize, in the partial network we require a′ so that paths containing arc v2v4 are
preserved, and a so that no copy of v2v3 is redundant. Specifically, a is permitted if the
next arc taken is v2v3, and a′ is permitted if the next arc is v2v4. Overall, we see that
allowing different sets of departure times for arcs in δ+(v2) introduces additional timed
copies of arcs in δ−(v2). This seemingly does not fix the density issue, since in order to
decrease the number of variables corresponding to timed arcs leaving node v, we increased
the number of variables corresponding to timed arcs entering v.

The core problem with partial networks with many timed arcs is that this often leads
to many variables in the corresponding formulation. However, we can avoid introducing
variables for each of the timed arcs entering v2 if each commodity can use at most one arc
departing v2 in a feasible solution. Specifically, if for all k ∈ K, |{v2v3, v2v4} ∩ Dk| ≤ 1,
then there must be a flow variable for at most one of (k, a) and (k, a′). In this case, while
the partial network includes additional timed arcs incoming to v2 this does not increase
the number of variables for commodity k. Note that if there is some commodity k with
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|{v2v3, v2v4} ∩Dk| = 2, then we would require variables for both (k, a) and (k, a′) if v2v3
and v2v4 have different departure times.

This observation motivates the partitioning of the arc set presented in Section 3.1.2, where
for each k ∈ K, all arcs in δ+

Dk(v) are in the same part. We then use this arc partition to
build an auxiliary flat network, denoted G, based on the original flat network D. In Section
3.1.3 we model SND-RR on the corresponding full network of G, denoted GT , and modify
the consolidation constraints in order to correct for lost consolidation when additional
arc copies are introduced. In Theorem 3.6, we prove that the resulting formulation is
equivalent to the original formulation SND-RR(DT ). In Section 3.2, we present a DDD
algorithm that uses time-indexed formulations on the auxiliary graph G which often leads
to smaller formulations than generic DDD.

3.1.2 Auxiliary graph G

Let I be an instance of SND-RR with base network D = (N,A), time horizon T , and
designated flat network Dk ⊆ D for each commodity k ∈ K. For each node v ∈ N , we
partition the set of arcs in δ+D(v) into arc sets Av = {A1, A2, . . . , Ar} so that for each
commodity k ∈ K, δ+

Dk(v) ⊆ Ai for some Ai ∈ Av. That is, the arcs departing v that can
be used by a fixed commodity in a feasible solution must be contained in a single set in
the partition. Using this arc partition, in Section 3.2 we define a DDD approach so that
arcs in different sets in Av can have different sets of permissible departure times in each
iteration of DDD.

Definition 3.1. A partition A = {Av}v∈N of the arcs in D = (N,A) is valid with respect
to the instance I if for each v ∈ N ,

1. Av = {A1, . . . , Ar} is a partition of δ+D(v), and
2. for each commodity k ∈ K, δ+

Dk(v) ⊆ Ai for some Ai ∈ Av.

For each node v ∈ N , let V(v) := {vi : v ∈ N, i ∈ {0, 1, . . . , |Av|}} denote a set of nodes
obtained by creating a copy of v for each set Ai ∈ Av, along with a copy v0 which we
refer to as the terminal copy. Given a valid partition of the arcs, A, and flat network D,
we construct an auxiliary graph where we create a copy of each node v for each part in
the partition of δ+(v). The arc set is constructed so that there is a copy of each arc vw
departing the node copy representing the part containing vw, for each copy of w. This
construction is stated more precisely in the following definition.
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Definition 3.2. Given a flat network D and a valid partition of the arc set A, the auxiliary
flat network G(D,A) has node set

V :=
⋃
v∈N

V(v), and arc set E = {viwj : vw ∈ Ai ∈ A, wj ∈ V(w)}.

When the base graph D and arc partition A are clear from context, we simply write G
rather than G(D,A). In Figure 3.4b we provide the auxiliary flat network when D is the
flat network in Figure 3.4a and the arc partition is A = {vw}vw∈A (each arc is in its own
part). Observe that for each node v in D, the corresponding copy v0 in G has no outbound
arcs, and will only be used by commodities with destination at v.

e1

e2

e3

e5

e4

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1

<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="rzUyQFIPSqxdBzydUVOvmybeAt0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BD3iNpA==</latexit>v5

<latexit sha1_base64="KIN36bONTqscZ/gHr6NLX6uh/zY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8N9I2j</latexit>v4

(a) A flat network D.

<latexit sha1_base64="mOHqAzpy8No/e9zjYYT86bPwRxM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYNpCG8tmu2mXbjZhd1Iopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHDZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8mY4vJv5zRHXRiTqEccpD2LaVyISjKKV/FHXe3K75Ypbdecgq8TLSQVy1Lvlr04vYVnMFTJJjWl7borBhGoUTPJpqZMZnlI2pH3etlTRmJtgMj92Ss6s0iNRom0pJHP198SExsaM49B2xhQHZtmbif957Qyjm2AiVJohV2yxKMokwYTMPic9oTlDObaEMi3srYQNqKYMbT4lG4K3/PIqaVxUvauq93BZqd3mcRThBE7hHDy4hhrcQx18YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ACzrjkI=</latexit>

v0
1

<latexit sha1_base64="fC4XqTibOubm+UIDD3mwBAP5SIE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqCcpePFYwbSFNpbNdtMu3WzC7qZQQn+DFw+KePUHefPfuE1z0NYHA4/3ZpiZFySCa+O6305pbX1jc6u8XdnZ3ds/qB4etXScKso8GotYdQKimeCSeYYbwTqJYiQKBGsH47u5354wpXksH800YX5EhpKHnBJjJW/Sx0+4X625dTcHWiW4IDUo0OxXv3qDmKYRk4YKonUXu4nxM6IMp4LNKr1Us4TQMRmyrqWSREz7WX7sDJ1ZZYDCWNmSBuXq74mMRFpPo8B2RsSM9LI3F//zuqkJb/yMyyQ1TNLFojAVyMRo/jkacMWoEVNLCFXc3oroiChCjc2nYkPAyy+vktZFHV/V8cNlrXFbxFGGEziFc8BwDQ24hyZ4QIHDM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AS5vjkM=</latexit>

v1
1

<latexit sha1_base64="/og8/L9UZ8rqQEqfvVe1XFY4KqU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFYwdRCG8tmu2mXbjZhd1Iopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8sdweDvzH0dcG5GoBxynPIhpX4lIMIpW8kdd76nWLVfcqjsHWSVeTiqQo9Etf3V6CctirpBJakzbc1MMJlSjYJJPS53M8JSyIe3ztqWKxtwEk/mxU3JmlR6JEm1LIZmrvycmNDZmHIe2M6Y4MMveTPzPa2cYXQcTodIMuWKLRVEmCSZk9jnpCc0ZyrEllGlhbyVsQDVlaPMp2RC85ZdXSbNW9S6r3v1FpX6Tx1GEEziFc/DgCupwBw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5Ay/zjkQ=</latexit>

v2
1

<latexit sha1_base64="GY6ekwSsOd3zF9jDcDEhZdx0FbY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFYwdRCG8tmu2mXbjZhd1Iopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8sdweDvzH0dcG5GoBxynPIhpX4lIMIpW8kfd2pPbLVfcqjsHWSVeTiqQo9Etf3V6CctirpBJakzbc1MMJlSjYJJPS53M8JSyIe3ztqWKxtwEk/mxU3JmlR6JEm1LIZmrvycmNDZmHIe2M6Y4MMveTPzPa2cYXQcTodIMuWKLRVEmCSZk9jnpCc0ZyrEllGlhbyVsQDVlaPMp2RC85ZdXSbNW9S6r3v1FpX6Tx1GEEziFc/DgCupwBw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5Ay5xjkM=</latexit>
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2

<latexit sha1_base64="cAb/oYGRVvPXs1ZlZpIOnnFQO3k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFYwdRCG8tmu2mXbjZhd1Iopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8sdweDvzH0dcG5GoBxynPIhpX4lIMIpW8kfd2pPXLVfcqjsHWSVeTiqQo9Etf3V6CctirpBJakzbc1MMJlSjYJJPS53M8JSyIe3ztqWKxtwEk/mxU3JmlR6JEm1LIZmrvycmNDZmHIe2M6Y4MMveTPzPa2cYXQcTodIMuWKLRVEmCSZk9jnpCc0ZyrEllGlhbyVsQDVlaPMp2RC85ZdXSbNW9S6r3v1FpX6Tx1GEEziFc/DgCupwBw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5Ay/1jkQ=</latexit>

v1
2

<latexit sha1_base64="XUyb0kIlG/Uh3u45tz3NWex5mug=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48VTFtoY9lsJ+3SzSbsbgql9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbBa2its7u3v7pYPDuk4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB3dRvDFFpnshHM0oxiGlP8ogzaqzkDzsXT26nVHYr7gxkmXg5KUOOWqf01e4mLItRGiao1i3PTU0wpspwJnBSbGcaU8oGtIctSyWNUQfj2bETcmqVLokSZUsaMlN/T4xprPUoDm1nTE1fL3pT8T+vlZnoJhhzmWYGJZsvijJBTEKmn5MuV8iMGFlCmeL2VsL6VFFmbD5FG4K3+PIyqZ9XvKuK93BZrt7mcRTgGE7gDDy4hircQw18YMDhGV7hzZHOi/PufMxbV5x85gj+wPn8AS/3jkQ=</latexit>

v0
3

<latexit sha1_base64="3qljJ1OTJdb3KVWX0TjSVO1ZNGI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48VTFtoY9lsJ+3SzSbsbgql9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbBa2its7u3v7pYPDuk4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB3dRvDFFpnshHM0oxiGlP8ogzaqzkDzsXT16nVHYr7gxkmXg5KUOOWqf01e4mLItRGiao1i3PTU0wpspwJnBSbGcaU8oGtIctSyWNUQfj2bETcmqVLokSZUsaMlN/T4xprPUoDm1nTE1fL3pT8T+vlZnoJhhzmWYGJZsvijJBTEKmn5MuV8iMGFlCmeL2VsL6VFFmbD5FG4K3+PIyqZ9XvKuK93BZrt7mcRTgGE7gDDy4hircQw18YMDhGV7hzZHOi/PufMxbV5x85gj+wPn8ATF7jkU=</latexit>

v1
3

<latexit sha1_base64="kuh785kpoGE9MTbdfTtLDhc0Cmk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWUU9S8OKxgtsW2rVk02wbms0uSbZQlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0gE18ZxvlFhbX1jc6u4XdrZ3ds/KB8eNXWcKso8GotYtQOimeCSeYYbwdqJYiQKBGsFo7uZ3xozpXksH80kYX5EBpKHnBJjJW/cu3iq9coVp+rMgVeJm5MK5Gj0yl/dfkzTiElDBdG64zqJ8TOiDKeCTUvdVLOE0BEZsI6lkkRM+9n82Ck+s0ofh7GyJQ2eq78nMhJpPYkC2xkRM9TL3kz8z+ukJrzxMy6T1DBJF4vCVGAT49nnuM8Vo0ZMLCFUcXsrpkOiCDU2n5INwV1+eZU0a1X3quo+XFbqt3kcRTiBUzgHF66hDvfQAA8ocHiGV3hDEr2gd/SxaC2gfOYY/gB9/gAy/45G</latexit>
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3

<latexit sha1_base64="WOSsAc4kJAJ5wesQK0Nh0Lmb71M=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dZKCF48VTFtoY9lsJ+3SzSbsbgql9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbBa2its7u3v7pYPDuk4yxdBniUhUM6QaBZfoG24ENlOFNA4FNsLB3dRvDFFpnshHM0oxiGlP8ogzaqzkDzuXT26nVHYr7gxkmXg5KUOOWqf01e4mLItRGiao1i3PTU0wpspwJnBSbGcaU8oGtIctSyWNUQfj2bETcmqVLokSZUsaMlN/T4xprPUoDm1nTE1fL3pT8T+vlZnoJhhzmWYGJZsvijJBTEKmn5MuV8iMGFlCmeL2VsL6VFFmbD5FG4K3+PIyqZ9XvKuK93BRrt7mcRTgGE7gDDy4hircQw18YMDhGV7hzZHOi/PufMxbV5x85gj+wPn8ATMDjkY=</latexit>

v0
5

<latexit sha1_base64="272nBLBUg+p7wN85HvHBPxyE978=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwdRCG8tmu2mXbjZhd1Iopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLRrZAaLoXiPgqUvJVqTuNQ8sdweDvzH0dcG5GoBxynPIhpX4lIMIpW8kfd2pPbLVfcqjsHWSVeTiqQo9Etf3V6CctirpBJakzbc1MMJlSjYJJPS53M8JSyIe3ztqWKxtwEk/mxU3JmlR6JEm1LIZmrvycmNDZmHIe2M6Y4MMveTPzPa2cYXQcTodIMuWKLRVEmCSZk9jnpCc0ZyrEllGlhbyVsQDVlaPMp2RC85ZdXSfOi6l1WvftapX6Tx1GEEziFc/DgCupwBw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5AzF9jkU=</latexit>

v0
4

(b) G(D,A) when A = {vw}vw∈A

Figure 3.4: Construction of the auxiliary flat network

We assign the fixed and variable costs as well as the transit time for each arc copy in E
to be the same as its underlying arc in A. The format of the auxiliary network allows us
to store the set of available departure times at the node copy vi for each set of arcs in
part Ai ∈ Av, rather than forcing all arcs departing a fixed vertex to have the same set of
departure times in each iteration of DDD.

3.1.3 Modelling SND-RR on GT

Recall that in the problem of SND-RR, each commodity has a designated feasible subgraph
Dk of D through which it must be routed. That is, the physical route of commodity k
must be a path from ok to dk in Dk. In order to create a time-indexed formulation where
the flat network is the auxiliary graph G, we first define the designated subgraph Gk in G
for each commodity k ∈ K. We then assign the origin and destination for each commodity
in G.
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Mapping Dk to Gk

Let A = {Av}v∈N be the valid arc partition, and for each k ∈ K let Dk = (Nk, Ak)
denote the designated subgraph for commodity k. For each k ∈ K, we may assume that
δ+
Dk(dk) = ∅, and for all v ∈ Nk \ dk, δ+Dk(v) ̸= ∅ as otherwise Dk could be reduced without
losing any optimal solutions.

For each set Ai ∈ A, let K(Ai) denote the set of commodities that could traverse an arc in
Ai in a feasible solution. That is, for each v ∈ N and each set of arcs Ai ∈ Av, let

K(Ai) := {k ∈ K : ∅ ≠ δ+
Dk(v) ⊆ Ai}.

By definition of a valid partition, for each commodity k ∈ K, at each node v ∈ Nk \ {dk}
there is a single copy of node v inG that has outgoing arcs that could be used by commodity
k. More precisely, there is a single set Ai ∈ Av such that k ∈ K(Ai). For the destination
dk, we assign the corresponding node to be d0k in G.

For each commodity k ∈ K we define the designated subgraph Gk in G as the graph with
node set

V k := {vi : v ∈ Nk, Ai ∈ Av, k ∈ K(Ai)} ∪ {d0k},
and arc set

Ek := {viwj : vw ∈ Ak, vi ∈ V k, wj ∈ V k}.
Observe that there is a single copy of the origin and destination nodes, ok and dk, in V k.
Let o′k and d0k denote these node copies respectively.

We provide an example of this construction in Figure 3.5, where we continue with the flat
network D and auxiliary network G(D,A) from Figure 3.4. In Figure 3.5a we show the
subgraph Dk in purple dashed lines, for a commodity with origin v1 and destination v4.
In Figure 3.5b the subgraph Gk is presented in purple dashed lines, and we see the origin
and destination in Gk are o′k = v21 and d0k = v04 respectively.
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<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1

<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="rzUyQFIPSqxdBzydUVOvmybeAt0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BD3iNpA==</latexit>v5
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(a) A flat network D and feasible subgraph Dk.
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(b) The corresponding subgraph Gk in G.

Figure 3.5: Map from Dk to Gk when Dk is a single path.

Lemma 3.3. For each commodity k ∈ K, Gk has the same number of nodes and arcs as
Dk.

Proof. Let k ∈ K. First, we show that there is a one-to-one correspondence between the
nodes in Dk and the nodes in Gk. Let v ∈ Nk, and suppose v ̸= dk. Since A is a valid
partition of the arcs and δ+

Dk(v) ̸= ∅, k ∈ K(Ai) for a single set Ai ∈ Av. By definition of
V k there is a single copy, vi, of v in V k. Suppose instead that v = dk. Then δ+

Dk(v) = ∅
and so k /∈ K(A) for all A ∈ Av. As a result, the only copy of v in G is d0k. Thus, the
number of nodes is the same in Dk and Gk.

Since there is a single node in V k for each node in Nk, there is one copy viwj in Ek of each
arc vw in Ak. Therefore the number of arcs in each graph is also the same.

Furthermore, there is a natural bijection between the set of dipaths in the flat networks D
and G(D,A). Let PD denote the set of dipaths in D, and let PG denote the set of dipaths
in G which end at a terminal node. We define a map ϕ : PD → PG so that for any dipath
P ∈ PD with node sequence {v1, v2, . . . , vj+1} and arc sequence {a1, a2, . . . , aj}, then ϕ(P )

is the unique dipath in G with the node sequence {vi11 , vi22 , . . . , v
ij
j , v

0
j+1}, where for each

ℓ ∈ [j], al is in Ail ∈ A. We think of ϕ as both as a map of the vertices and arcs of a
trajectory. Let ϕ−1 denote the inverse of ϕ. That is, ϕ−1 takes a path P in G and projects
each arc (node) copy in G down to its corresponding arc (node) in D.

Fact 3.4. |PD| = |PG|, and ϕ is a bijection between PD and PG.

Given a time horizon T , let GT = (VT , ET ∪ FT ), denote the full network with respect to
G and T , where ET denotes the movement arcs and FT denotes the holdover arcs. Let Gk

T

denote the full network corresponding to Gk. Fact 3.4 naturally extends to the following
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analogous statement for DT and GT . Let QD denote the set of trajectories in DT , and let
QG denote the set of trajectories in GT that end at a timed terminal node.

We define the map ϕT : QD → QG as follows (again, we will think of ϕT as mapping
both timed arcs and timed nodes). Let Q ∈ QD be a trajectory in DT and let P be the
corresponding flat path in D. Note that any trajectory in DT is is fully determined by its
physical path in D along with a departure time for each arc in the path. We define ϕT (Q)
as the trajectory in GT defined by the path ϕ(P ) along with the departure times of Q. Let
ϕ−1
T denote the inverse of ϕT . That is, ϕ−1

T takes a trajectory Q in GT and projects each
timed arc (timed node) copy in GT down to its corresponding timed arc (timed node) in
DT .

Fact 3.5. |QD| = |QG|, and ϕT is a bijection between QD and QG.

These bijections allow us to argue that the following formulation for SND-RR is correct.

The formulation SND-RR(GT )

In the definition of G, there are multiple copies of the same arc vw ∈ A. Suppose two
commodities k and k′ traverse the arc vw at the same time, but then travel along arcs
departing w in different parts according to the partition A. As a result, while it was
possible for each commodity to traverse the same timed copy of vw in DT , it is no longer
possible in GT . To capture the ability to consolidate flow in GT , we define subsets of timed
arcs in GT which have the same departure time and underlying arc in D (as opposed to
G). That is, for each timed arc a = ((v, t), (w, t′)) ∈ AT , we define the set

ET (a) := {((vi, t), (wj, t′)) : vw ∈ Ai ∈ Av, w
j ∈ V(w)}.

We now present a formulation for solving instances of SND-RR, denoted SND-RR(GT ),
which is defined on the time-expanded network GT . We will continue to use a to denote
timed arcs in DT , and will use e to denote timed arcs in GT . Note that there are a few key
differences between SND-RR(DT ) and SND-RR(GT ). First, GT is a larger graph, even in
the case where A is the trivial partition, {δ+(v)}v∈N , in which case GT is roughly double
the size of DT (there are two copies of each node – the copy with departing arcs, and
the terminal copy). We also restrict commodities to the designated subgraphs Gk

T in GT

rather than in DT . Finally, we capture the consolidation onto different arc copies through
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modifying constraint (3.2) for all a ∈ AT by summing over each timed arc copy in ET (a).

min
∑
a∈AT

faya +
∑
k∈K

∑
e∈ET

ckeqkx
k
e (SND-RR(GT ))

s.t. xk(δ+
Gk

T
(v, t))− xk(δ−

Gk
T
(v, t)) =


1 (v, t) = (o′k, rk)

−1 (v, t) = (d0k, lk)

0 otherwise

∀k ∈ K, (v, t) ∈ V k
T (3.1)

∑
k∈K

∑
e∈ET (a)

qkx
k
e ≤ uaya ∀a ∈ AT (3.2)

xk
e ∈ {0, 1} ∀k ∈ K, e ∈ Ek

T ∪ F k
T (3.3)

ya ∈ N≥0 ∀a ∈ AT (3.4)

However, despite working with a larger graph GT , the number of variables and constraints
are the same in SND-RR(DT ) and SND-RR(GT ).

Theorem 3.6. SND-RR(DT ) and SND-RR(GT ) have the same number of variables and
constraints, and are equivalent.

Proof. By Lemma 3.3, for each k ∈ K, Dk and Gk have the same number of nodes and
arcs. This implies that Dk

T and Gk
T also have the same number of timed nodes and timed

arcs since the transit time of an arc in G is the same as the corresponding arc in D. Thus,
the number of variables and constraints in SND-RR(DT ) and SND-RR(GT ) is the same.

We now prove that there is a cost-preserving bijection between feasible solutions in SND-
RR(DT ) and feasible solutions in SND-RR(GT ). Let (x̄, ȳ) be a feasible solution in SND-
RR(DT ) with corresponding trajectories Q = {Qk}k∈K in DT and paths P = {Pk}k∈K in D.
For each k ∈ K, consider the set of trajectories ϕT (Q) = {ϕT (Qk)}k∈K. Since the physical
path of Qk is ϕ(Pk), and Pk ⊆ Dk, it follows from the definition of Gk that ϕ(Pk) ⊆ Gk.
Additionally, ϕ(Pk) has origin o′k and destination d0k. Finally, since the departure times are
the same for arcs in Pk and their corresponding arc copies in ϕ(Pk), it follows that ϕ(Qk)
is feasible for commodity k in SND-RR(GT ).

It remains to argue that the cost of ϕT (Q) in SND-RR(GT ) is the same as the cost of Q
in SND-RR(DT ). Since arc copies in G are assigned the same costs as the underlying arcs
in D and ϕ(P ) simply assigns each arc in P to one of its copies in G, the variable cost for
each trajectory is the same for Q and ϕT (Q). We now consider the fixed cost for timed
arc a ∈ AT . Since Q and ϕT (Q) have the same set of departure times and ϕ maps each
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arc in the flat path to one of its copies in G, it follows that the same set of commodities
k appear in the capacity constraint for timed arc a in SND-RR(DT ) and SND-RR(GT ).
Therefore the fixed cost of ϕT (Q) in SND-RR(GT ) is also the same as the fixed cost of Q
in SND-RR(DT ). The reverse direction is analogous.

Thus, in order to solve SND-RR(DT ), we can instead solve SND-RR(GT ). As previously
mentioned, moving to SND-RR(GT ) has no advantage over SND-RR(DT ) if we are solving
the formulations directly with a MIP solver since they are isomorphic. However, we will
show that the DDD paradigm can be improved when applied to the base graph G rather
than D. Note that even if Dk = D for some (or all) k ∈ K, the auxiliary network still
splits each node in D into two nodes (one for departing arcs, and the other denoting the
terminal copy).

3.2 Arc-based DDD approach

We now define a new DDD algorithm based on a lower bound formulation for SND-RR(GT ).
We describe the lower bound formulation, upper bound, and refinement processes required
for a complete DDD algorithm. We will refer to the DDD algorithm based on the auxiliary
network as an arc-based DDD algorithm, and the original approach as a node-based DDD
algorithm. The arc-based DDD approach is not simply the standard DDD algorithm
applied to this new auxiliary network. Instead, the approach must be modified to ensure
costs continue to capture all possible consolidation opportunities.

The advantage of using the auxiliary network is that in the corresponding DDD algorithm,
each set of arcs in the same part of the arc partition has its own set of departure times.
As a result, in each iteration fewer variables and constraints need to be added in order
to improve the current network while maintaining a guaranteed lower bound. Specifically,
when lengthening a short arc ((v, t), (w, t′)), we can now add the departure time t+τvw to a
subset of the arcs departing w, rather than the entire set. In Section 3.3, we highlight two
particular applications where the arc-based approach has the potential to generate smaller
iterations than the node-based approach.

In this section we assume A is a valid partition of the arc set A, and G = G(D,A) is the
corresponding auxiliary network. Furthermore, each commodity k ∈ K has a designated
networkDk ⊆ D, and designated network Gk ⊆ G. Additionally, the origin and destination
of commodity k in G are denoted o′k and d0k respectively.
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3.2.1 Lower bound model

Just as in the case of applying DDD to the base graph D = (N,A), we require restrictions
on the structure of a partial network of G = (V,E), denoted GS = (VS, ES ∪FS), and also
require an accompanying formulation. We first begin with restrictions on GS.

Properties to guarantee a lower bound

We will prove that when a partial network GS = (VS, ES ∪ FS) satisfies the following two
properties, the optimal value of the corresponding formulation SND-RR(GS) defined in
Section 3.2.1 gives a lower bound on the value of SND-RR(GT ). These properties are
analogous to properties (P1) and (P2) introduced in Section 2.2. Recall that for each
v ∈ N , V(v) denotes the set of copies of v in G.

(P1′) Timed nodes:
For all k ∈ K, (o′k, rk) ∈ VS and (d0k, lk) ∈ VS;
For all v ∈ N , (v0, T ) ∈ VS and (u, 0) ∈ VS for all u ∈ V(v);

(P2′) Arc copies:
For all vw ∈ E, for all (v, t) ∈ VS with t+τvw ≤ T , we have ((v, t), (w, t′)) ∈ ES

where t′ = max{r : r ≤ t+ τvw, (w, r) ∈ VS};
We define FS to be the set of holdover arcs connecting VS. Given GS = (VS, ES ∪ FS),
for each k ∈ K we obtain Gk

S = (V k
S , E

k
S ∪ F k

S ) where V k
S = {(v, t) ∈ VS : v ∈ V k},

Ek
S = {((v, t), (w, t′)) ∈ ES : vw ∈ Ek}, and F k

S is the corresponding set of holdover arcs.

Notation

Let DS(GS) = (NS, AS ∪ HS) denote the partial network with respect to D with timed
nodes

NS = {(v, t) : (u, t) ∈ VS for some u ∈ V(v)},
and AS constructed according to (P2). Similar to the definition of ET , for each timed arc
a = ((v, t), (w, t′)) in AS, let ES(a) denote the set of timed arc copies of vw with departure
time t. That is,

ES(a) := {((vi, t), (wj, t′′)) ∈ ES : wj ∈ V(w), vw ∈ Ai ∈ Av}.

We may have e = ((vi, t), (wj, t′′)) where t′′ ̸= t′ due to rounding down transit times in GS.
Note that each timed arc e ∈ ES is in a set ES(a) for exactly one timed arc a ∈ AS.
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Lower bound formulation

We now state the lower bound formulation defined on valid partial auxiliary networks
GS. The set AS in the formulation is the set of timed movement arcs in DS(GS). In the
following formulation, for e = ((v, t), (w, t′)) ∈ ES, τe denotes the transit time of arc vw
rather than t′ − t.

min
∑
a∈AS

faya +
∑
k∈K

∑
e∈ES

ckeqkx
k
e (SND-RR(GS))

s.t. xk(δ+
Gk

S
(v, t))− xk(δ−

Gk
S
(v, t)) =


1 (v, t) = (o′k, rk)

−1 (v, t) = (d0k, lk)

0 otherwise

∀k ∈ K, (v, t) ∈ V k
S (3.5)

∑
k∈K

∑
e∈ES(a)

qkx
k
e ≤ uaya ∀a ∈ AS (3.6)

∑
e∈Ek

S

τex
k
e ≤ lk − rk ∀k ∈ K. (3.7)

xk
e ∈ {0, 1} ∀k ∈ K, e ∈ Ek

S ∪ F k
S (3.8)

ya ∈ N≥0 ∀a ∈ AS (3.9)

Constraint (3.5) ensures each commodity k is assigned a feasible trajectory in Gk
S. Con-

straint (3.6) is similar to the capacity constraint (3.2) in SND-RR(GT ), with the additional
relaxation that flow can consolidate onto a common truck if it departs along some copy
of the base arc in D at the same time. Observe that when GS = GT , it follows that
SND-RR(GS) is the same as SND-RR(GT ).

We now prove that properties (P1′) and (P2′) are sufficient to ensure that SND-RR(GS) is
a relaxation of SND-RR(GT ). The proof of this result is similar to the proof of Theorem 2
[2], when given the base graph G instead of D. However, careful attention is taken to track
the consolidation of flow, which is pointed out near the end of the proof. In the following
proof, while we are working with nodes in VT and VS, we drop the superscripts denoting
the copy of the node in D for ease of notation until the end of the proof.

Theorem 3.7. When GS satisfies properties (P1′) and (P2′), the optimal value of (SND-
RR(GS)) provides a lower bound on the optimal value of (SND-RR(GT )).

Proof. Let (x̄, ȳ) be a feasible solution to (SND-RR(GT )) with cost C, and let Q =
{Qk}k∈K denote the corresponding set of trajectories. Let µ : ET → ES be the map
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defined so that for each timed arc e ∈ ET ,

e = ((v, t), (w, t′)) → µ(e) = ((v, t̂), (w, t̂′)), (3.10)

where t̂ = max{s : s ≤ t, (v, s) ∈ VS}, and t̂′ = max{s : s ≤ t̂ + τvw, (v, s) ∈ VS}. Observe
that t̂′ is dependent on t̂ rather than t′. Furthermore, µ is well-defined since (P1′) dictates
that there is a timed node for each non-terminal node in V with time 0, and (P2′) ensures
that there is a (unique) copy of each arc in E departing the selected timed node that
underestimates the correct transit time. Examples of the map µ are given in Figure 3.6,
where Figure 3.6a shows the original timed arcs on a subgraph of GT , and Figure 3.6b
shows the resulting timed arcs after applying µ, given a partial auxiliary network with the
timed node set as shown.

<latexit sha1_base64="RBdaBcUGFf5AApmF5st0+pBuppA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPeeL1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtOo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/SCY16</latexit>

t = 1

<latexit sha1_base64="fYBzyMQsrNonM5J0UndYfLBLr5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPeuL1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtOo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/QhY15</latexit>

t = 0

<latexit sha1_base64="xv8LmDgJEJFdaYTKufWnYifIDlM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aBQ8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6QFvqr1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mp07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdoQvMWXl0mzWvEuKt79ebl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/TjY17</latexit>

t = 2

<latexit sha1_base64="h0u0lNkdd44hc23xA4SgS6UERTU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoNUHA4/3ZpiZFyRSGHTdL6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1ybUSsHnCccD+iAyVCwSha6R6vT3vlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvvOrdnVVqV3kcRTiAQzgGDy6gBrdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgG1RGNfA==</latexit>

t = 3

<latexit sha1_base64="8Kgnt6vUeLBqIfdTFABUvNWWc9E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqAcPBS8eK5i20May2W7apZtN2N0USuhv8OJBEa/+IG/+G7dpDtr6YODx3gwz84JEcG1c99spra1vbG6Vtys7u3v7B9XDo5aOU0WZR2MRq05ANBNcMs9wI1gnUYxEgWDtYHw399sTpjSP5aOZJsyPyFDykFNirORN+vgJ96s1t+7mQKsEF6QGBZr96ldvENM0YtJQQbTuYjcxfkaU4VSwWaWXapYQOiZD1rVUkohpP8uPnaEzqwxQGCtb0qBc/T2RkUjraRTYzoiYkV725uJ/Xjc14Y2fcZmkhkm6WBSmApkYzT9HA64YNWJqCaGK21sRHRFFqLH5VGwIePnlVdK6qOOrOn64rDVuizjKcAKncA4YrqEB99AEDyhweIZXeHOk8+K8Ox+L1pJTzBzDHzifPy3VjkE=</latexit>

v1
1

<latexit sha1_base64="VHtHeHvuZAn3BWsnOQo8jsI3qPg=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyghcDyRn2NnvJkr29Y3cuEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTDPus0QmuhVSw6VQ3EeBkrdSzWkcSv4YDm9n/uOIayMS9YDjlAcx7SsRCUbRSv6oW3vyuuWKW3XnIKvEy0kFcjS65a9OL2FZzBUySY1pe26KwYRqFEzyaamTGZ5SNqR93rZU0ZibYDI/dkrOrNIjUaJtKSRz9ffEhMbGjOPQdsYUB2bZm4n/ee0Mo+tgIlSaIVdssSjKJMGEzD4nPaE5Qzm2hDIt7K2EDaimDG0+JRuCt/zyKmnWqt5l1bu/qNRv8jiKcAKncA4eXEEd7qABPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwAvW45C</latexit>

v1
2

<latexit sha1_base64="YyHnx0TiWa2Fr8c6OX0rgdaZ1bU=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyghcDyRn2NnPJkr29Y3cvEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEquDau++0U1tY3NreK26Wd3b39g/LhUVMnmWLos0QkqhVSjYJL9A03AlupQhqHAh/D4e3Mfxyh0jyRD2acYhDTvuQRZ9RYyR91a0+1brniVt05yCrxclKBHI1u+avTS1gWozRMUK3bnpuaYEKV4UzgtNTJNKaUDWkf25ZKGqMOJvNjp+TMKj0SJcqWNGSu/p6Y0FjrcRzazpiagV72ZuJ/Xjsz0XUw4TLNDEq2WBRlgpiEzD4nPa6QGTG2hDLF7a2EDaiizNh8SjYEb/nlVdKsVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDfGDA4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAw345D</latexit>

v2
2

<latexit sha1_base64="yCF/i2crp90+fHx84331FosfTVQ=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp2KWlgEbCwjeEkgOcPeZi5Zsrd37O4FQshvsLFQxNYfZOe/cZNcoYkPBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3RwWNdJphj6LBGJaoZUo+ASfcONwGaqkMahwEY4uJv6jSEqzRP5aEYpBjHtSR5xRo2V/GHn4sntlMpuxZ2BLBMvJ2XIUeuUvtrdhGUxSsME1brluakJxlQZzgROiu1MY0rZgPawZamkMepgPDt2Qk6t0iVRomxJQ2bq74kxjbUexaHtjKnp60VvKv7ntTIT3QRjLtPMoGTzRVEmiEnI9HPS5QqZESNLKFPc3kpYnyrKjM2naEPwFl9eJvXzindV8R4uy9XbPI4CHMMJnIEH11CFe6iBDww4PMMrvDnSeXHenY9564qTzxzBHzifPy9djkI=</latexit>

v0
3

<latexit sha1_base64="lDnBX+aS2FuS5MPYvYitw1cYIp0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyghcDyRn2NnvJkr29Y3cuEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTDPus0QmuhVSw6VQ3EeBkrdSzWkcSv4YDm9n/uOIayMS9YDjlAcx7SsRCUbRSv6oW3tyu+WKW3XnIKvEy0kFcjS65a9OL2FZzBUySY1pe26KwYRqFEzyaamTGZ5SNqR93rZU0ZibYDI/dkrOrNIjUaJtKSRz9ffEhMbGjOPQdsYUB2bZm4n/ee0Mo+tgIlSaIVdssSjKJMGEzD4nPaE5Qzm2hDIt7K2EDaimDG0+JRuCt/zyKmleVL3Lqndfq9Rv8jiKcAKncA4eXEEd7qABPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwAw445D</latexit>

v0
4

<latexit sha1_base64="iomNsvcqO/JywMqlZrwXVkfFsOk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6t6t1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHuP42L</latexit>e1

<latexit sha1_base64="7/PgheEiPXyeSKYJPzR7QFR6ABM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqt5l1bu/qNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPvw42M</latexit>e2

<latexit sha1_base64="X6deCahrqDrQ44hzPbasroDGQtg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlB+yd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3Lqnd/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfxR42N</latexit>e3

<latexit sha1_base64="28D6Ry99n/TCLW/RMX4JI4UsE04=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqHgqePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD9iv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPyy42O</latexit>e4

<latexit sha1_base64="olIQCwMP+fmF8MqGfVgKIcJlYsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPenPfKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3UfXuzyu16zyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1pWNfQ==</latexit>

t = 4

(a) Two trajectories in GT .

<latexit sha1_base64="RBdaBcUGFf5AApmF5st0+pBuppA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPeeL1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtOo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/SCY16</latexit>

t = 1

<latexit sha1_base64="fYBzyMQsrNonM5J0UndYfLBLr5w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00gPeuL1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVL3780rtOo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/QhY15</latexit>

t = 0

<latexit sha1_base64="xv8LmDgJEJFdaYTKufWnYifIDlM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9aBQ8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6QFvqr1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mp07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdoQvMWXl0mzWvEuKt79ebl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/TjY17</latexit>

t = 2

<latexit sha1_base64="h0u0lNkdd44hc23xA4SgS6UERTU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoNUHA4/3ZpiZFyRSGHTdL6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1ybUSsHnCccD+iAyVCwSha6R6vT3vlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvvOrdnVVqV3kcRTiAQzgGDy6gBrdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgG1RGNfA==</latexit>

t = 3

<latexit sha1_base64="8Kgnt6vUeLBqIfdTFABUvNWWc9E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU8mKqAcPBS8eK5i20May2W7apZtN2N0USuhv8OJBEa/+IG/+G7dpDtr6YODx3gwz84JEcG1c99spra1vbG6Vtys7u3v7B9XDo5aOU0WZR2MRq05ANBNcMs9wI1gnUYxEgWDtYHw399sTpjSP5aOZJsyPyFDykFNirORN+vgJ96s1t+7mQKsEF6QGBZr96ldvENM0YtJQQbTuYjcxfkaU4VSwWaWXapYQOiZD1rVUkohpP8uPnaEzqwxQGCtb0qBc/T2RkUjraRTYzoiYkV725uJ/Xjc14Y2fcZmkhkm6WBSmApkYzT9HA64YNWJqCaGK21sRHRFFqLH5VGwIePnlVdK6qOOrOn64rDVuizjKcAKncA4YrqEB99AEDyhweIZXeHOk8+K8Ox+L1pJTzBzDHzifPy3VjkE=</latexit>

v1
1

<latexit sha1_base64="VHtHeHvuZAn3BWsnOQo8jsI3qPg=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyghcDyRn2NnvJkr29Y3cuEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTDPus0QmuhVSw6VQ3EeBkrdSzWkcSv4YDm9n/uOIayMS9YDjlAcx7SsRCUbRSv6oW3vyuuWKW3XnIKvEy0kFcjS65a9OL2FZzBUySY1pe26KwYRqFEzyaamTGZ5SNqR93rZU0ZibYDI/dkrOrNIjUaJtKSRz9ffEhMbGjOPQdsYUB2bZm4n/ee0Mo+tgIlSaIVdssSjKJMGEzD4nPaE5Qzm2hDIt7K2EDaimDG0+JRuCt/zyKmnWqt5l1bu/qNRv8jiKcAKncA4eXEEd7qABPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwAvW45C</latexit>
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t = 4

(b) Corresponding trajectories in GS .

Figure 3.6

We obtain trajectories Q̂ = {Q̂k}k∈K by mapping each movement arc e ∈ ET to µ(e) ∈ ES,
and forming trajectories by adding holdover arcs. Figure 3.6 shows two examples of this
map from trajectories in GT to GS. We now describe this process more precisely, and
prove that the resulting trajectories are well-defined and feasible in GS. Let Qk be the
trajectory induced by x̄ for commodity k. Then the set of ordered movement arcs in Qk

is {e1, e2, . . . , eqk}, where ei = ((vi, t
out
i ), (vi+1, t

in
i+1)) for each i ∈ [qk − 1], and since Qk is

feasible, the following statements are true:

(S1) v1 = o′k, and tout1 ≥ rk
(S2) vqk = d0k, and tinqk ≤ lk
(S3) tini+1 = touti + τvivi+1

for all i ∈ [qk − 1]
(S4) tini ≤ touti for all i ∈ {2, 3, . . . , qk − 1}
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We apply the map µ to each movement arc and obtain the ordered set of movement arcs
{µ(e1), µ(e2), . . . , µ(eqk)} in ES, where µ(ei) = ((vi, t̂

out
i ), (vi+1, t̂

in
i+1)) for each i ∈ [qk − 1].

By an analogous argument to the proof of Claim 1 in the proof of Theorem 2.2, t̂ini ≤ t̂outi

for all i ∈ {2, 3, . . . , qk − 1}. As a result, we can add holdover arcs to form trajectories
for each k ∈ K. Observe that each Q̂k is contained in Gk

S, and by property (P1′) along
with (S1) and (S2), we see that t̂out1 ≥ rk and t̂qk ≤ lk. Therefore Q̂k is feasible in GS for
commodity k.

It remains to show that the cost of Q̂ in GS is at most the cost of Q. Since the underlying
paths in the flat network for Q̂ and Q are the same for each commodity, the variable cost
of Q̂ and Q is the same. Additionally, all trajectories in Q̂ have flat paths with feasible
total transit time (at most lk − rk for each k ∈ K).
We now prove that the fixed cost of Q̂ is at most the fixed cost of Q. Observe that and
any pair of commodities k, k′ traversing the same timed arc e ∈ ET now traverse the same
timed arc µ(e) ∈ ES. It remains to prove that if two distinct timed arcs e and e′ in ET are
in ET (a) for some timed arc a ∈ AT , then µ(e) and µ(e′) are in ES(a′) for some a′ ∈ AS.

Suppose e and e′ are in ET (a) for some a = ((v, t), (w, t′)) ∈ AT , and vw ∈ Ai ∈ Av.
Then e = ((vi, t), (wj, t′)) and e′ = ((vi, t), (wp, t′′)), where wj, wp ∈ V(w). It follows that
µ(e) = ((vi, t̂), (wp, t̂′)) and µ(e′) = ((vi, t̂), (wp, t̂′′)). Therefore, µ(e) and µ(e′) are in the
set ES(a′), where a′ = ((v, t̂), (w, t̂+ τvw)). An example is given in Figure 3.6 for the timed
arcs e1 and e3. Observe that e1 and e3 are in the set ET (a) for a = ((v1, 0), (v2, 1)) ∈ AT ,
and µ(e1) and µ(e3) are in the set ET (a′) where a′ = ((v1, 0), (v2, 1)). Thus, the fixed cost
of Q̂ is at most the fixed cost of Q.

Observe that when GS = GT , SND-RR(GS) is equal to SND-RR(GT ). To fully define
the DDD approach, it remains to outline the upper bound/termination procedure and the
refinement procedure.

3.2.2 Upper bound and refinement

Let (x̂, ŷ) be an optimal solution to SND-RR(GS) with corresponding trajectories Q in GS.
In each iteration, we provide a feasible solution to SND-RR(DT ) as well as a set of timed
nodes to add to GS if the feasible solution is not optimal. As in the case of the original
node-based DDD approach, the generation of the feasible solution in each iteration is found
by solving a continuous formulation whose input is defined by the solution (x̂, ŷ) to the
lower bound model. Both the arc-based DDD and node-based DDD approaches solve the
same continuous formulation, LP-UB(P ,J ,KF , T F ), and the methods only diverge in the
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definition of the inputs to the formulation. We want to define the input (P ,J ,KF , T F ) so
that when LP-UB(P ,J ,KF , T F ) has an optimal solution (t̄, δ̄) with value 0, then (t̄,P)
defines an optimal solution to SND-RR(DT ).

The first difference from the node-based approach is that the physical paths for Q are in G
rather thanD. In order to apply the continuous formulation from the node-based approach,
the paths in G are projected down to the original flat network D via the map ϕ. The second
difference is in the definition of the sets in J = {Jvw}vw∈A, which capture the savings in
fixed costs due to consolidation. In the original node-based DDD approach, the set of
commodities that contribute to the same (fixed charge) capacity constraint of timed arc
a ∈ AS in SND-RR(DS) are all commodities that traverse a. In SND-RR(GS), commodities
contribute to the same capacity constraint for timed arc a = ((v, t), (w, t′)) ∈ DS(GS) if
they depart along any copy of arc vw at the same time. The construction of the input
(P ,J ,KF , T F ) in each iteration is presented in Algorithm 3.

Algorithm 3: UB-input(D,GS, DS(GS), (x̂, ŷ))

Input: flat network D = (N,A), partial (auxiliary) network GS = (VS, ES ∪ FS),
corresponding partial network DS(GS) = (NS, AS ∪HS), and optimal
solution (x̂, ŷ) to SND-RR(GS)

1 Let Q = {Qk}k∈K denote the set of trajectories in GS given by x̂
2 P ← {Pk}k∈K, where Pk = ϕ(P ′

k) ∈ D and P ′
k is the underlying path of Qk in G

3 for vw ∈ A do
4 Jvw := {(k1, k2) : ∃a = ((v, t), (w, t′)) ∈ AS,∃f1, f2 ∈ ES(a) such that

x̂k1
f1

= x̂k2
f2
}.

5 J ← {Jvw}vw∈A
6 KF := {k ∈ K : ∀f = ((v, t), (w, t′)) ∈ AS such that x̂k

f > 0, t′ = t+ τvw}
7 for k ∈ KF do
8 Tk = {t̄kvp}p∈[|Pk|−1], where t̄kvp := {t : ∃u ∈ V(vp), x̂k(δ+ES

(u, t)) > 0}. ie, the time
commodity k leaves a copy of vp in x̂.

9 T F ← {Tk}k∈KF

10 return (P ,J ,KF , T F )

As in the case of the node-based approach, there is an optimal solution, (t̄, δ̄), to LP-
UB(P ,J ,KF , T F ) in each iteration and so a feasible solution (x̄, ȳ) to SND-RR(DT ) is
obtained in each iteration from t̄ and P . When δ̄ = 0, we see that (x̄, ȳ) is an optimal
solution for SND-RR(DT ), since it has the same variable and fixed cost as (x̂, ŷ). When
the optimal value to LP-UB(P ,J ,KF , T F ) is not equal to 0, we need to refine the partial

51



network GS. The refinement process is again analogous to the node-based approach. When
the optimal (t̄, δ̄) solution has non-zero value, δ̄ defines a set of commodities, C, with
infeasible trajectories. This process is presented in Algorithm 4, and we formally state this
result in Theorem 3.8.

Algorithm 4: UB(D,GS, DS(GS), (x̂, ŷ))

Input: flat network D = (N,A), partial (auxiliary) network GS, partial network
DS(GS), and optimal solution (x̂, ŷ) to SND-RR(GS)

1 (P ,J ,KF , T F )← UB-input(D,GS, DS(GS), (x̂, ŷ))
2 Let (t̄, δ̄) denote an optimal solution to LP-UB(P ,J ,KF , T F )
3 Let Q̄ be the trajectories in GT defined by P , t̄ and let (x̄, ȳ) be the corresponding

solution to SND-RR(GT ).
4 C = {k1 ∈ K \ KF : ∃vw ∈ A, k2 ∈ K, δ̄k1k2vw > 0}
5 return (x̄, ȳ), C

Theorem 3.8. Given an optimal solution (x̂, ŷ) to SND-RR(GS) with corresponding tra-
jectories Q in GS, Algorithm 4 either finds an optimal solution to SND-RR(DT ), or pro-
vides a feasible solution to SND-RR(DT ) along with a nonempty set C of commodities with
infeasible trajectories in GS.

Similar to the node-based approach, in the refinement step, a timed node is added to VS to
lengthen the earliest-departing short timed arc in each trajectory Qk where k ∈ C. Since
the timed nodes are added to VS rather than NS, the increase in size of the subsequent
lower bound formulation is typically less than the increase in size if the timed nodes were
added to NS.

3.2.3 Pseudocode for the arc-based DDD approach

The following algorithm states the overall arc-based DDD approach for solving SND-RR.
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Algorithm 5: SND-RR-arc-disc(D,K)
Input: Base network D = (N,A), commodity set K with time horizon T

1 Initialization
2 Let G = (V,E) be the auxiliary network of D
3 VS ← V0, where V0 is the minimal set of timed nodes satisfying (P1′)
4 while not solved do
5 Lower bound
6 Construct GS given updated VS using property (P2′).
7 Solve SND-RR(GS) and obtain a solution (x̂, ŷ) to SND-RR(GS).
8 Upper bound/termination

9 Solve UB(D,GS, DS(GS), (x̂, ŷ)) for the set C and upper bound solution (x̄, ȳ).
10 if the cost of (x̄, ȳ) is equal to the cost of (x̂, ŷ) then
11 Stop. (x̄, ȳ) is an optimal solution to SND(DT ).

12 Refinement
13 For each k ∈ C, lengthen the short timed arc ((v, t), (w, t′)) ∈ Qk with the

earliest departure time (t), by adding (w, t+ τvw) to VS.

Theorem 3.9. The arc-based DDD algorithm, Algorithm 5, terminates with an optimal
solution.

Proof. The algorithm terminates when line 11 is executed. Since the cost of (x̂, ŷ) gives
a lower bound on the optimal value of SND-RR(GT ) (Theorem 3.7) and since (x̄, ȳ) is
feasible for SND-RR(GT ) (Theorem 3.8), if line 11 is executed then (x̄, ȳ) is an optimal
solution.

It remains to bound the number of iterations until line 11 is reached. If in an iteration line
11 is not reached, then the set C is nonempty (Theorem 3.8) and consists of commodities
with trajectories in GS with at least one short timed arc. As a result, in each iteration at
least one timed (auxiliary) node is added to VS. Thus, the algorithm terminates with an
optimal solution in at most |V | · T iterations, where |V | ≤ 2|A|.

3.3 Applications

The arc-based DDD approach has greater potential to outperform the traditional node-
based approach when the instance admits a fine arc partition. In this section, we examine
how both individual route restrictions on commodities, and global restrictions determined
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by graph structures, permit fine arc partitions. In particular, we examine settings where
paths are designated in the base graph for each commodity, and where the base graph has
a region-based structure. We also present an algorithm for determining arc partitions in
arbitrary digraphs.

3.3.1 SND with designated paths

First, we consider the problem of SND-RR where the designated flat network Dk for
commodity k ∈ K is a single path Pk in D. This structure allows each arc to have an
independent set of departure times in each iteration, as stated in the following Theorem.

Theorem 3.10. For all instances I of SND-RR where Dk is a single path for each com-
modity k ∈ K, the arc partition A where each set A ∈ A is a single arc is valid for I.

Proof. Since each commodity has a designated path, for each node v ∈ N and each k ∈ K,
|δ+

Dk(v) ∩ δ+D(v)| ≤ 1. Thus, any partition of the arc set A is valid.

The partition of the arc set into singletons is the ideal scenario, since it allows each arc to
have its own set of departure times in each iteration of arc-based DDD. The advantage of
this fact can be seen already in the initial partial network. Consider the graph structure
in Figure 3.7, presented previously in Section 3.1. For each i ∈ [m], suppose there is a
commodity k with origin v, destination vi, and release time i. We previously showed that
the initial partial network for the node-based DDD approach would have a copy of node v
at all times in [m]. As a result, D0 would have a copy of each arc for each departure time
in [m]. Thus, we would have A0 ≈ AT , and so the size of SND-RR(DS) is approximately
the same as SND-RR(DT ). However, in the arc-based approach, G0 only requires a single
copy of arc vvi departing v at time i for each i ∈ [m]. Thus, the resulting formulation
SND-RR(GS) is a factor m smaller than SND-RR(DS).
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Figure 3.7

In Section 3.4, we compare the performance of the arc-based and node-based DDD algo-
rithms on a class SND-RR instances where each commodity has a designated path.
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3.3.2 Hub-and-spoke networks

We now consider hub-and-spoke, a popular region-based construction used in fulfillment
and airline networks including FedEx and UPS [4]. In a hub-and-spoke network, locations
are divided into regions where each region is represented by a hub. Packages that have
origins and destinations in two separate regions must travel between regions via the hubs.
In Figure 3.8, hubs are indicated as gray squares and only arcs for inter-region shipments
are shown.

Figure 3.8: Hub-and-spoke network

In fulfillment networks, it is often the case that packages have cut-off times in order to reach
their destination warehouse for the next day. As a result, many intra-region arcs leaving
a hub will only require a subset of the departure times, namely, those departure times
closely preceding the cut-off time. This points to the utility of allowing different departure
times for arcs leaving hub nodes. To demonstrate that the arc-based DDD approach has
advantages over the traditional node-based DDD approach, we generate a valid partition
A of the arc set. First, we require additional notation.

In a hub-and-spoke network, the node set N is partitioned into a set of regions, R =
{R1, R2, . . . , Rℓ}, with corresponding hubs H = {h1, h2, . . . , hℓ} where hub hi is in region
Ri for each i ∈ [ℓ]. We refer to arcs as regional if they connect two vertices within the
same region, and national if they connect two nodes in different regions (which must be
hub nodes). Let RA and NA denote the set of regional and national arcs in A respectively.
Let R(v) denote the region of the node v, and let H(v) denote the hub node of the region
containing v.

For each commodity k ∈ K, there is a natural restriction of the flat network when variable
and fixed costs are nonnegative. Most notably, commodity k will only potentially use
regional arcs in R(ok) and R(dk). Furthermore, commodity k will not use any national
arc departing H(dk) or entering H(ok), or any regional arc departing H(ok). Let Dk ⊆ D
consist of the regional arcs in R(ok) and R(dk), as well as all national arcs except those in
δ+D(H(dk)) and δ−D(H(ok)). As discussed, restricting the route of commodity k to Dk does
not increase the cost of an optimal solution.
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This definition of Dk for each k ∈ K gives a natural partitioning of the arcs in δ+D(h) for
each hub h ∈ H.

Theorem 3.11. Let I = (D,K) be an instance of SND-RR where D = (N,A) has a
hub-and-spoke network structure with hubs H, national arcs NA, and regional arcs RA.
Let A = {Av}v∈N be the arc partition where

1. Ah = {Ah
1 , A

h
2} where Ah

1 = δ+D(h) ∩RA and Ah
2 = δ+D(h) ∩NA for all h ∈ H

2. Av = {δ+D(v)} for all v ∈ N \ H,
Then A is a valid partition of A for I.

Proof. Let k ∈ K, and consider a hub h ∈ H. We may assume that Dk is minimal in the
sense that all arcs that cannot be used by commodity k in an optimal solution have been
removed. First suppose H(ok) = H(dk) = h. In this case, commodity k will not use any
national arcs departing h, and so δ+

Dk(h) ⊆ Ah
1 and δ+

Dk(h
′) = ∅ for all h′ ∈ H \ {h}.

Suppose instead that H(ok) ̸= H(dk). For any hub h ∈ H \ H(dk), δ+Dk(h) ⊆ Ah
2 since

commodity k will not use any regional arc departing h. If h = H(dk), then similarly
commodity k will not use any national arc departing h, so δ+

Dk(h) ⊆ Ah
1 .

We demonstrate the impact of this arc-discretization approach in Section 3.4.

3.3.3 General SND instances

When implementing an arc-based DDD algorithm, we would like to work with the mini-
mally granular arc partition, defined as follows.

Definition 3.12. An arc partition A = {Av}v∈N is minimally granular if subdividing any
part in A into two parts is no longer a valid partition.

In general, the minimally granular arc partition may be simply the partition A = {Av}v∈V ,
where Av = δ+D(v). However, the modified DDD approach still has potential to offer
speed-up over the original implementation since each node will still have two copies in the
auxiliary network – one representing the departing arcs, and the other representing the
destination node. For settings where nodes serve as destinations for some commodities
and intermediate nodes for others, this still allows additional freedom in the selection of
departure times, reducing the size of the partial networks in the DDD algorithm.

We also note that given sets Dk ⊆ D for each commodity k ∈ K, the minimally granular
valid partition of the arc set can be computed efficiently. The following algorithm gives
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the pseudocode for this process.

Algorithm 6: arc-partition(D, {Dk}k∈K)
Input: Base network D = (N,A), and subgraph Dk for each commodity k ∈ K

1 Av ← {{a} : a ∈ δ+D(v)} for all v ∈ N
2 for k ∈ K do
3 for v ∈ N do
4 A′

v ← {Ai ∈ Av : δ
+
Dk(v) ∩ Ai ̸= ∅}

5 Merge all sets in A′
v and update Av

6 A ← {Av}v∈N

Standard preprocessing approaches can be used to generate the subgraph Dk for each
k ∈ K. For example, all arcs in δ+D(dk) can be removed from D for commodity k. Similarly,
every arc vw can be removed from D for commodity k if D contains no w, dk-dipath. In the
same vein, arcs vw can be removed from D for commodity k if D contains no ok, v-dipath.

3.4 Computational Results

In this section we compare the performance of the arc-based DDD approach to the origi-
nal node-based DDD approach. The two algorithms are applied to a variety of SND-RR
instances in order to gain a better understanding of the factors that impact the compar-
ative performance. The instances considered fall into three classes: SND-RR where each
commodity has a designated flat path (Section 3.4.2), SND where the flat network is a
hub-and-spoke network (Section 3.4.3), and SND on random flat networks where release
times and deadlines are restricted to a set of critical times (Section 3.4.4). The latter two
settings are instances of SND-RR where there are no restrictions on the physical route
taken by a commodity.

In Section 3.4.1 we provide an overview of the construction of the SND instances used in [2],
which we use for our instances of SND with designated paths, and instances of SND with
critical times. The instances on hub-and-spoke networks require a different construction of
the flat network which we present in Section 3.4.3. Each algorithm was coded in Python
3.6.9 with Gurobi 8.1.1 [26] as the optimization solver. The running time limit was set to
10,800 seconds (three hours) using the deterministic option of the solver and the instances
were solved on three cores to within 1% of optimality. The instances were run in a 64 cores
2.6GHz Xeon Gold 6142 Processor with 256GB RAM, running a Linux operating system.
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The generated instances as well as the implementation of the arc-based and node-based
DDD approaches can be found at https://github.com/madisonvandyk/SND-RR.

3.4.1 SND baseline instances

We generate the instances as constructed by Boland et al. [2]. These temporal instances
were modified from the flat instances of Crainic et al. [10, 11] that are frequently used
as benchmarking instances for static SND. In this construction, arcs (A) and origin-
destination pairs forming commodities (K) are chosen randomly. The capacities (u), de-
mands (q), and fixed and variable costs (f and c) are then chosen independently at random
from uniform distributions. Afterwards, these values are scaled so that the specified cost
ratio, F , and capacity ratio, C, are achieved where Q is the total demand and

F := |K|
∑
ij∈A

fij
Q
∑

k∈K
∑

ij∈A ckij
and C :=

|A|Q∑
ij∈A uij

.

The values of these ratios considered in [10, 11] are F ∈ {0.01, 0.05, 0.1} and C ∈ {1, 2, 8}.
The parameters chosen to generate flat instances in our experiments are presented in
Sections 3.4.2, 3.4.3, and 3.4.4, and differ due to the varying difficulty of each family
of instances. For example, when a physical path is designated for each commodity, this
significantly decreases the number of variables, and so the number of nodes, arcs, and
commodities are increased in order to obtain instances that are sufficiently large. For the
precise construction of the flat instances see [10].

Boland et al. [2] create timed instances by assigning transit times τ to arcs, and generating
release times and deadlines for the commodities. The arc transit times are simply a scaling
of the fixed costs. Given the transit times τ , they compute the average transit time of
the shortest commodity path, L. The release times are then chosen according to a normal
distribution with mean L and standard deviation σr. The deadline is set to be rk+L+ pk,
where pk is the level of flexibility and is chosen from another normal distribution with
mean µp and standard deviation 1

6
µp. While various discretization levels, ∆, are studied

in [2], we use only ∆ = 1 since our computational study compares runtime and iteration
sizes rather than the degradation of the optimal value in coarser discretizations. Again,
the parameters considered vary for each instance family, and so they are presented in the
beginning of each subsection.
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3.4.2 SND with designated paths

For each set of parameters in Table 3.1 we generate a flat instance. Then, for each of
the 32 flat instances, we create 6 SND-RR instances according to the parameters in Table
3.2, for a total of 192 instances. To create instances of SND-RR where each designated
subgraph Dk is a single path Pk, for each commodity k ∈ K we assign the path Pk to be
the a shortest ok, dk-dipath by transit time. We note that while variable costs could be
removed from the model when paths are fixed, higher variable costs relative to fixed costs
allow the algorithms to terminate earlier, and so this comparison is still valuable.

|N | |A| |K| F C
20 230, 300 150, 200 0.05, 0.1 1, 8
25 360, 480 250, 300 0.05, 0.1 1, 8

Table 3.1: Flat instance parameters.

Normal distribution µ σ
For generating rk L 1

3
L, 1

6
L, 1

9
L

For generating pk
1
4
L, 3

8
L 1

6
µ

Table 3.2: Timed instance parameters.

Computational results

In Table 3.3 we present the deciles for the runtime of each algorithm, and for deciles where
the algorithms did not terminate within the time limit, we instead compare the optimality
gap found after terminating the algorithms after three hours. For each decile we see that
the arc-based DDD approach offers a significant improvement over the traditional node-
based DDD approach. The majority of the instances (182 out of 192) were solved to
within 1% of optimality within three hours by both the arc-based and node-based DDD
algorithms. Among these instances, the arc-based DDD approach completed in 42.6% of
the time of the node-based approach, representing an improvement of 57.4% in runtime.

ave. total runtime (s) ave. optimality gap

Decile arc-based node-based % improvement arc-based node-based % improvement
0.1 42 138 69.2% < 1% < 1% N/A
0.2 75 239 68.5% < 1% < 1% N/A
0.3 128 437 70.6% < 1% < 1% N/A
0.4 173 629 72.4% < 1% < 1% N/A
0.5 250 833 70.0% < 1% < 1% N/A
0.6 451 1,188 62.0% < 1% < 1% N/A
0.7 727 1,832 60.3% < 1% < 1% N/A
0.8 1,252 3,328 62.4% < 1% < 1% N/A
0.9 3,142 7,247 56.6% < 1% < 1% N/A
1 10,800 10,800 N/A 5.87% 8.49% 30.8%

Table 3.3: Runtime and optimality gap comparison for designated path instances.
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The fraction of the instances solved over time is presented in Figure 3.9, and we again
observe a consistent improvement of the arc-based approach over the node-based approach.
In Table 3.4 we present the iteration statistics of each algorithm considering only the 182
instances which were solved within the time limit for both algorithms. The table reports
the average number of iterations until termination, and the average number of variables
and constraints in the final iteration. The ratio for each field is the arc-based value to
the node-based value. While the arc-based approach terminates after on average 18%
additional iterations of DDD, the runtime decreases since the formulation solved in each
iteration in the arc-based approach is smaller; on average there are only 55% the number
of variables and 60% the number of constraints in the final iteration compared to the
node-based DDD approach.

Figure 3.9: Instances solved over time.

arc-based node-based ratio
# iterations 24.1 20.4 1.18
# variables 41,640 75,112 0.55
# constraints 28,375 47,567 0.60

Table 3.4: Iteration comparison.

It is worth noting that we report the number of variables and constraints in the formula-
tion in the final iteration for each approach, rather than the number of timed nodes and
timed arcs in the final partial network. The size of the partial networks are not directly
comparable due to the increased number of arcs in the auxiliary network G compared to
the flat network D. In contrast, the variables and constraints are comparable and have an
impact on the time required to solve the corresponding formulation.

Figures 3.10 and 3.11 demonstrate the performance of the two algorithms over the itera-
tions. Figure 3.10 shows the average number of variables in the lower bound formulation
solved in each iteration for both the node-based and arc-based DDD algorithms. Similarly,
Figure 3.11 shows the average percentage gap between the upper and lower bounds for each
iteration. The data includes all instances for which each algorithm terminated within the
time limit. In each iteration, the average size of the (lower bound) formulation solved in
the arc-based DDD approach is significantly smaller than that of the node-based approach.
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This difference is more significant than the difference between the average percentage gap
between the lower bound and upper bound in each iteration for the two algorithms. Ob-
serve that for all percentage gaps, the size of the formulation in the iteration that achieves
that gap is smaller in the case of the arc-based approach.

Figure 3.10: Ave. variable count per iteration. Figure 3.11: Ave. percentage gap per iteration.

Since the formulation sizes are significantly smaller, it takes less time for the arc-based
approach to reach a fixed percentage gap between the lower and upper bounds. A char-
acteristic instance is provided in Figure 3.12. Observe that the horizontal steps (the time
for each iteration) are much shorter than the time for the node-based iterations.

Figure 3.12: Percentage gap between upper and lower bounds over time.
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3.4.3 SND on hub-and-spoke networks

In hub-and-spoke networks, regions are typically formed by selecting a hub for nearby nodes
[4]. The flat networks constructed by Crainic et al. do not allow for consistent distance-
based assignment of nodes to hubs to form regions since the arc distances are selected
uniformly at random. For this reason, we instead form flat networks using a geometric
approach. A similar method is used to study the relaxation of node storage constraints in
Section 4.4.2.

In this geometric approach, n nodes are randomly chosen from an l× l grid (l = 30). Then
from this set of nodes, h nodes are randomly selected and designated as hubs. LetH denote
the set of hubs. Regions are formed by assigning each node to the nearest hub by L1-norm
distance. We add all arcs between hub nodes and the remaining |A|− |H|(|H|−1) regional
arcs are selected at random. We assign the transit time of the arcs in the network to be
equal to the L1-norm distance between the endpoints. Note that the number of possible
arcs decreases as we move to a hub-and-spoke network since all arcs are either regional
or core arcs. In Section 3.4.1, the values for |A| were chosen so that instances had either
approximately 60% or 80% of the total possible arcs. In keeping with this density, the
following arc counts are chosen so that the number of arcs chosen as either 60% or 80% of
the expected total possible arcs in the hub-and-spoke network. The fixed costs, variable
costs, and commodities are chosen as in Section 3.4.1 to form flat instances. For each of
the 32 flat instances with parameters in Table 3.5, we create 6 instances of SND-RR with
the parameters in Table 3.6 for a total of 192 instances.

|N | |H| |A| |K| F C
20 3 70, 95 100 0.05, 0.1 1, 8
20 4 55, 75 100 0.05, 0.1 1, 8
20 5 50, 65 100 0.05, 0.1 1, 8
20 6 45, 60 100 0.05, 0.1 1, 8

Table 3.5: Flat instance parameters.

Normal distribution µ σ
For generating rk L 1

3
L, 1

6
L, 1

9
L

For generating pk
1
4
L, 3

8
L 1

6
µ

Table 3.6: Timed instance parameters.

Computational results

For hub-and-spoke instances we also observe a significant improvement in runtime when
using the arc-based DDD approach. In Table 3.7 we present the deciles for the runtime and
optimality gap of each algorithm after three hours. The majority of the instances (139 out
of 192) were solved to within 1% of optimality within three hours by both the arc-based
and node-based DDD algorithms. Among these instances, the arc-based DDD approach
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completed in 58.2% of the time of the node-based approach, representing an improvement
of 41.8% in runtime.

ave. total runtime (s) ave. optimality gap

Decile arc-based node-based % improvement arc-based node-based % improvement
0.1 29 62 54.0% < 1% < 1% N/A
0.2 83 232 64.2% < 1% < 1% N/A
0.3 154 404 61.8% < 1% < 1% N/A
0.4 307 832 63.1% < 1% < 1% N/A
0.5 463 1,514 69.4% < 1% < 1% N/A
0.6 1,310 4,096 57.3% < 1% < 1% N/A
0.7 4,219 7,249 41.8% < 1% < 1% N/A
0.8 10,727 10,800 N/A 1.03% 11.0% 90.6%
0.9 10,800 10,800 N/A 19.4% 42.1% 53.9%
1 10,800 10,800 N/A 50.4% 62.6% 19.4%

Table 3.7: Runtime and optimality gap comparison for hub-and-spoke instances.

The fraction of the instances solved over time is presented in Figure 3.9, and we again
observe a consistent improvement of the arc-based approach over the node-based approach.
In Table 3.4 we present the iteration statistics of each algorithm considering only the 139
instances which were solved within the time limit for both algorithms. The arc-based
approach terminates after on average 2% more iterations, and on average there are only
66% the number of variables and 69% the number of constraints in the final iteration
compared to the node-based DDD approach.

Figure 3.13: Fraction of instances solved.

arc-based node-based ratio
# iterations 23.4 22.9 1.02
# variables 17,102 26,088 0.66
# constraints 8,835 12,715 0.69

Table 3.8: Iteration comparison.

The comparative performance is consistent with the performance on the designated path
instances. Figures 3.14 and 3.15 show the average number of variables in the lower bound

63



formulation, and average percentage gap between the upper and lower bounds, respectively,
for each iteration. The data includes all instances for which each algorithm terminated
within the time limit.

Figure 3.14: Ave. variable count per iteration. Figure 3.15: Ave. percentage gap per iteration.

We see that in general it takes less time for the arc-based approach to reach a fixed
percentage gap between the lower and upper bounds. A characteristic instance is provided
in Figure 3.16.

Figure 3.16: Percentage gap between upper and lower bounds over time.

3.4.4 SND with critical times

In many practical LTL instances, freight is available in batches due to employee shift
rotations. For instance, freight may be released at a fixed warehouse at 7pm, and due
by 9pm at another warehouse. The instances in this section reflect the reality that many
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release times and deadlines fall into a subset of critical times. To create instances with
critical times, we introduce a parameter, α, which is the number of intervals the time
horizon is split into evenly. Then, for each node, a critical time is chosen uniformly at
random from each of the intervals. We then modify the release times and deadlines of
each commodity so that release times are rounded down to the closest critical time at
that node, and deadlines are rounded up to the nearest critical time at that node. This
construction allows us to capture node-dependent critical times which add structure to the
SND instances. In total, we create 16 flat instances according to Table 3.9 and for each
flat instance we create 12 SND instances according to the parameters in Table 3.10 and
α ∈ {5, 10}.

|N | |A| |K| F C
20 230, 300 150, 200 0.05, 0.1 1, 8

Table 3.9: Flat instance parameters.

Normal distribution µ σ
For generating rk L 1

3
L, 1

6
L, 1

9
L

For generating pk
1
4
L, 3

8
L 1

6
µ

Table 3.10: Timed instance parameters.

Computational results

For instances with critical times we observe a moderate improvement in runtime when
using the arc-based DDD approach. In Table 3.11 we present the deciles for the runtime
and optimality gap of each algorithm after three hours. 174 out of 192 instances were solved
to within 1% of optimality within three hours by both the arc-based and node-based DDD
algorithms. Among these instances, the arc-based DDD approach completed in 87.6% of
the time of the node-based approach, representing an improvement of 12.4% in runtime.
While the gap in the final row is larger in the arc-based approach, this decile only captures
the maximum value. Since all the previous deciles consistently show that the arc-based
approach improves over the node-based approach, we do not find this entry a convincing
argument against the arc-based approach.
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ave. total runtime (s) ave. optimality gap

Decile arc-based node-based % improvement arc-based node-based % improvement
0.1 72 91 20.6% < 1% < 1% N/A
0.2 117 153 23.6% < 1% < 1% N/A
0.3 192 247 20.0% < 1% < 1% N/A
0.4 312 375 16.7% < 1% < 1% N/A
0.5 420 485 13.4% < 1% < 1% N/A
0.6 701 867 19.2% < 1% < 1% N/A
0.7 1,131 1,256 10.0% < 1% < 1% N/A
0.8 2,330 2,775 16.0% < 1% < 1% N/A
0.9 7,328 7,469 1.9% < 1% < 1% N/A
1 10,800 10,800 N/A 44.6% 36.3% -22.9%

Table 3.11: Runtime and optimality gap comparison for instances with critical times.

In Table 3.12 we present the iteration statistics of each algorithm considering only the
174 instances which were solved within the time limit for both algorithms. The arc-based
approach terminates after on average 17% more iterations, and on average there are only
80% the number of variables and 81% the number of constraints in the final iteration
compared to the node-based DDD approach.

Figure 3.17: Fraction of instances solved.

arc-based node-based ratio
# iterations 18.4 15.7 1.17
# variables 34,794 43,697 0.80
# constraints 17,696 21,934 0.81

Table 3.12: Iteration comparison.

Figures 3.18 and 3.19 show the average number of variables in the lower bound formulation,
and average percentage gap between the upper and lower bounds, respectively, for each
iteration. The data includes all instances for which each algorithm terminated within
the time limit. The comparative performance is consistent with the performance on the
designated path instances, albeit less pronounced. This is not surprising, since when the
arc partition is not particularly fine, the arc-based and node-based approaches are more
similar.
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Figure 3.18: Ave. variable count per iteration. Figure 3.19: Ave. percentage gap per iteration.

A characteristic instance is provided in Figure 3.20. Observe that the arc-based DDD
approach still outperforms the node-based approach for the majority of the gap targets,
but not all.

Figure 3.20: Percentage gap between upper and lower bounds over time.

3.5 Summary and observations

Prior to our work, DDD was ineffective for solving problems where all near-optimal solu-
tions require a large number of departure times at many nodes in the network. In this work,
we present a novel algorithmic approach for generating smaller lower bound formulations
in each iteration of DDD. This reduction in iteration size is accomplished by allowing an
arc-dependent set of departure times, rather than a fixed set of departure times for each
node. Moreover, the approach presented builds upon the original DDD paradigm so that
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the modifications required to build the arc-based DDD algorithm from a node-based DDD
algorithm are minimal. The experimental results highlight the effectiveness of this DDD
approach, as well as introduce important design considerations for future benchmarking
instances such as regional networks and grouping release times and deadlines using critical
times at nodes, which model real-world instances more closely.

The arc-based DDD approach presented in this chapter offers the most improvement over
the original node-based DDD approach when the arc partitioning is fine. However, for
certain problems with unrestricted routes, such a fine partition of the arc set is unlikely.
The discussion in the opening of Section 3.1 points to trade-offs in allowing independent
departure times for arcs in δ+(v) in the flat network. Namely, without allowing indepen-
dence of arc departure times through a valid arc partition, this splitting would result in
additional timed copies of arcs in δ−(v). When δ−(v) = ∅, there is no downside and the
definition of a valid arc partition can be relaxed for these nodes. It is possible that when
the in-degree at a node v is smaller than the out-degree, allowing arc-dependent depar-
ture times is advantageous even when it results in commodities with variables for multiple
copies of the same arc. Moreover, it is possible that an arc partition that changes over
each iteration of DDD improves the performance of the algorithm. Characterizing when
these design choices should be made is an interesting research direction.

Finally, there are many problems for which all near-optimal solutions require a large number
of departure times for the majority of the arcs. That is, solutions can only be expressed
on large subgraphs of the full time-expanded network. For such problems, even the arc-
based DDD approach presented here is unlikely to be find an optimal solution more quickly
than solving the full time-indexed formulation. However, many temporal problems exhibit
cyclic and repetitive behaviour. An interesting direction of research would be to incorporate
repetitive flows into the DDD framework, without leading to an increased formulation size.
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Chapter 4

Node storage

In this chapter we present a DDD algorithm for a problem with static node storage con-
straints. We present efficiently computable bounds on the required storage increase at
each timed node, given the input instance and the current partial network. Moreover we
establish these bounds in a problem-agnostic way, ensuring that they are broadly applica-
ble to problems with static node storage. We also demonstrate the importance of finding
tight bounds; simpler analytical arguments may yield bounds, but these weaker bounds
can cause a DDD algorithm to require many more iterations until terminating.

4.1 Problem statement and background

In this section we introduce the problem of universal packet routing along with a time-
indexed formulation for the problem. Note that for this and remaining chapters, we work
with the generic node-based DDD approach.

4.1.1 Universal packet routing

Let D = (N,A) be a directed graph which we will call the flat or base network. Each arc
vw ∈ A has an associated transit time τvw ∈ N, and a capacity uvw ∈ N which denotes the
maximum number of packets that can depart along arc vw simultaneously. Let K denote
a set of packets and for each packet k ∈ K, let ok and dk denote its associated origin and
destination respectively. We say that a packet is active if it is not located at its origin
or destination. Additionally, each node v ∈ N has a storage level of bv ∈ N, meaning
that it can store at most bv active packets at any time. The makespan of a schedule is
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the latest arrival time of any packet at its destination. The objective of universal packet
routing (UPR) is to send each packet along a single trajectory in D∞, the infinite fully
time-expanded network where T =∞, that minimizes the makespan of the schedule while
respecting arc capacity and node storage. We let T ∗ denote the minimum makespan. Note,
the abstract notion of D∞ is only used to define the packet routing problem.

We note that the techniques presented in this chapter extend to the setting where packet
sizes are also of arbitrary size, as well as the setting where packets have varying release
times. In this chapter, all packets become available at the start of the time horizon.

Full time-indexed formulation

In order to map an instance of UPR to a finite time-expanded network, we need to know
some upper bound T on the value of the minimum makespan, T ∗. Unfortunately, UPR
is at least as hard to approximate as vertex colouring [5]. Thus, in practical applications
we are forced to use a relatively large value of T as an upper bound to ensure a solution
can be found in the corresponding fully time-expanded network DT . We show in Section
4.4 that this can greatly increase solving time, partly due to the introduction of additional
symmetries in the corresponding MIP as T increases. When solving an instance of UPR
that arises from a practical application, we may have solved similar instances in the past
and as a result know a good upper bound T on T ∗, where T = (1+α)T ∗ for a small value
of α ≥ 0. In contrast, if the instance is unknown to us, the upper bound we can produce
would likely require a large value for α. In our computational experiments, we therefore
test the proposed algorithm with upper bounds of T ∗, 1.5T ∗, and 2T ∗ to understand the
performance of DDD compared to the traditional MIP as the strength of the known upper
bound varies.

Recall that for each node v ∈ N , only commodities whose origin and destination are not
equal to v contribute towards the storage level at v. That is, only active commodities at v
contribute to storage. For each v ∈ N , let Kv denote the set of commodities that are active
at v. That is, Kv = {k ∈ K : ok ̸= v, dk ̸= v}. Note that the commodities in K \ Kv do
not contribute to storage levels at node v, since they are either at their origin or at their
destination. We emphasize that Kv is not time-dependent.

Let T be an upper bound on the value of T ∗, which we will assume is given to us. We would
like to determine trajectories in DT that minimizes makespan while obeying the capacity
limitations. First, note that since all input data is integer, the decision times of an optimal
solution are in [T ]. For each packet k ∈ K and each timed arc e ∈ AT ∪ HT , we have a
binary variable xk

e which is equal to 1 if packet k is scheduled to travel along timed arc e
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in its assigned trajectory in DT . We assign the timed arc capacities in DT directly from
the arc and node capacities in D. Specifically, for each timed arc e = ((v, t), (w, t′)) ∈ AT ,
we define ue := uvw. Similarly, for e = ((v, t)(v, t′)) ∈ HT , we define be := bv.

Let δ+DT
(v, t) and δ−DT

(v, t) denote the outgoing and incoming timed arcs at (v, t) in DT .
That is, δ+DT

(v, t) = {e ∈ AT ∪ HT : e = ((v, t), (w, t′))}, and δ−DT
(v, t) = {e ∈ AT ∪ HT :

e = ((w, t′), (v, t))}. The following IP models UPR when we are given the upper bound T .

min T̄ (UPR(DT ))

s.t. t′ · xk
e ≤ T̄ ∀k ∈ K, ∀e = ((v, t), (w, t′)) ∈ AT (4.1)

∑
e∈δ+DT

(v,t)

xk
e −

∑
e∈δ−DT

(v,t)

xk
e =


1 (v, t) = (ok, 0)

−1 (v, t) = (dk, T )

0 otherwise

∀k ∈ K, (v, t) ∈ NT (4.2)

∑
k∈K

xk
e ≤ ue ∀e ∈ AT (4.3)∑

k∈Kv

xk
e ≤ be ∀ e ∈ HT (4.4)

xk
e ∈ {0, 1} ∀k ∈ K, ∀e ∈ AT ∪HT . (4.5)

Constraint (4.1) encodes that the time horizon is equal to the latest arrival time among
all packets. Constraint (4.2) ensures that the set of trajectories satisfies flow conservation.
Finally, constraints (4.3) and (4.4) ensure that the trajectories satisfy arc capacities and
node storage constraints respectively.

In addition, we will add the following constraint to strengthen the linear relaxation. This
turns out to be essential when applying the two-phase DDD approach presented in Section
4.6. For each k ∈ K, let Afinal

T,k = {((v, t), (w, t′)) ∈ AT : w = dk} be the set of timed move-
ment arcs entering the destination of packet k. Since each packet has a single trajectory
in a feasible integer solution, we have the following constraint.∑

e=((v,t),(w,t′))∈Afinal
T,k

t′ · xk
e ≤ T̄ ∀k ∈ K. (4.6)

In the application of DDD to solve TSP with time windows [62], the authors also consider
a makespan objective, encoded analogously to constraint (4.6) for a single commodity. The
remainder of our lower bound, upper bound, and refinement are not comparable due to
the addition of the arc and node capacity constraints in UPR.
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4.1.2 DDD for universal packet routing

A sketch of the overall DDD algorithm for universal packet routing is as follows. We
present the precise algorithm at the end of Section 4.3.2.

Algorithm 7: UPR-DDD(D,K, T )
Input: Base network D = (N,A), packet set K, an upper bound, T , on the

optimal makespan
1 Initialization: DS ← D0, where UPR(DS) provides a lower bound for UPR(DT )
2 while not solved do
3 Lower bound: Solve UPR(DS) and obtain a solution x̂ in DS

4 Upper bound/termination: determine if x̂ can be converted to a solution to
UPR(DT ) with the same makespan

5 if yes then
6 Stop. An optimal solution has been found for UPR(DT ).

7 Refinement: update DS while ensuring UPR(DS) provides a lower bound for
UPR(DT ).

As described above, the key components of the DDD approach are the lower bound model,
the upper bound/termination step, and the refinement step. In the lower bound model,
partial networks are constructed with properties (P1) and (P2) (see Section 2.1) so that arc
transit times are underestimated and every trajectory in DT can be mapped to a trajectory
in DS with the same underlying path, albeit with shortened timed arcs. In Section 4.2
we present two additional properties on the relaxation of arc and node storage capacities
required to ensure UPR(DS) is a relaxation of UPR(DT ). In Section 4.3, we describe
the upper bound model and augmentation steps. Computational results are presented in
Section 4.4.

4.2 Lower Bound Model

One of the key components of the DDD iterative approach is the lower bound model.
Specifically, given an appropriate subset of timed nodes NS, we want to obtain a partial
network DS = (NS, AS ∪HS) along with a formulation UPR(DS) which has optimal value
at most that of UPR(DT ). As is standard in DDD, we construct AS according to (P1) and
(P2). For universal packet routing, we will assume we are given an upper bound, T , on
the minimum required makespan, and we set rk = 0 and lk = T for all k ∈ K.
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(P1) Timed nodes: For all k ∈ K, (ok, rk) and (dk, lk) are in NS;
For all v ∈ N , (v, 0), and (v, T ) are in NS;

(P2) Arc copies: For all vw ∈ A, for all (v, t) ∈ NS with t+ τvw ≤ T , we have
((v, t), (w, t′)) ∈ AS where t′ = max{r : r ≤ t+ τvw, (w, r) ∈ NS}.

Note that these properties alone do not ensure that an optimal routing of the packets
through DS provides a lower bound on the optimal routing through DT , due to the arc
and node capacity constraints. For example, if the timed arcs in DS were all given the same
capacity as their underlying arc in D, then DS would have a smaller total arc capacity than
DT . We now state the lower bound formulation corresponding to a partially time-expanded
network DS, and define u′ and b′ in Sections 4.2.1 and 4.2.2. The techniques presented in
this paper can easily be extended to the setting where rk and lk vary, as well as the case
where commodities have non-unit demands and flow for a single commodity can be sent
fractionally along multiple trajectories. In this chapter, rk = 0 for each commodity k ∈ K.

min T̄ (UPR(DS))

s.t. (t+ τvw) · xk
e ≤ T̄ ∀k ∈ K, ∀e = ((v, t), (w, t′)) ∈ AS (4.7)∑

e=((v,t),(w,t′))∈Afinal
S,k

(t+ τvw) · xk
e ≤ T̄ ∀k ∈ K. (4.8)

∑
e∈δ+DS

(v,t)

xk
e −

∑
e∈δ−DS

(v,t)

xk
e =


1 (v, t) = (sk, 0)

−1 (v, t) = (tk, T )

0 otherwise

∀k ∈ K, (v, t) ∈ NS (4.9)

∑
k∈K

xk
e ≤ u′

e ∀e ∈ AS (4.10)∑
k∈Kv

xk
e ≤ b′e ∀e ∈ HS (4.11)

xk
e ∈ {0, 1} ∀k ∈ K, e ∈ AS ∪HS. (4.12)

In addition to modifying the arc and node capacities, we replaced constraints (4.1) and
(4.6) in UPR(DT ) with (4.7) and (4.8). Observe that in a partially time-expanded network,
we may have t′ < t + τvw for some ((v, t), (w, t′)) ∈ AS. Therefore, constraints (4.7) and
(4.8) are tighter than constraints (4.1) and (4.6). In Section 4.3.2, we will prove that
constraint (4.7) ensures that throughout DDD, so long as τa ≥ 1 for all a ∈ A, we never
add a timed node (v, t) with t > T ∗.

We need to assign the arc capacities and node storage levels in DS to ensure that UPR(DS)
is a relaxation of UPR(DT ). As is standard, to prove that the optimal value of UPR(DS) is
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at most that of UPR(DT ), we use the map µ (equation 2.10), as defined in Section 2.2, to
map feasible solutions of UPR(DT ) with makespan T̄ to those of UPR(DS) with makespan
at most T̄ .

Recall from (2.10), for any timed arc e = ((v, t), (w, t′)) ∈ AT , µ(e) = ((v, t̂), (w, t̂′)) where
t̂ = max{s : s ≤ t, (v, s) ∈ NS} and t̂′ = max{s : s ≤ t̂ + τvw, (v, s) ∈ NS}. With this
map µ in mind, we will show how to define u′, and b′ so that UPR(DS) is a relaxation of
UPR(DT ). Let x̄ be a feasible solution to UPR(DT ). We define x̂ as the binary vector
such that for all e ∈ AS and k ∈ K,

x̂k
e = max{x̄k

f : µ(f) = e}.

That is, for all e ∈ AS and k ∈ K, x̂k
e = 1 if µ(f) = e for any timed arc f ∈ AT with

x̄k
f = 1. By abuse of notation, x̂ obtained from x̄ in this manner is denoted by µ(x̄) in this

paper.

In the seminal work of Boland et al. first introducing the DDD method, the authors prove
the following lemma for problems with flow conservation constraints (Theorem 2 in [2]).
This proof is shown in the proof of Theorem 2.2 in Chapter 2.

Lemma 4.1. If x̄ is a vector that satisfies the flow and integrality constraints in UPR(DT )
(constraints (4.2) and (4.5)), then x̂ = µ(x̄) satisfies the analogous constraints in UPR(DS)
((4.9) and (4.12)).

4.2.1 Arc capacities

Techniques to incorporate arc capacities into the DDD framework were presented in [39]
and [50]. We present our work in full in this section for clarity, and for use in the novel
work in Section 4.2.2.

In the example provided in Figure 4.1, we assume there are unit arc capacities. Observe
that µ will map each of the two u → v → w trajectories (represented with dashed blue
lines) to the same trajectory in DS, which exceeds the original unit capacities. Thus, it
is necessary to add to properties (P1) and (P2) in order to provide a lower bound for
problems with arc capacities.
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Figure 4.1: Two trajectories in DT are mapped to the same trajectory in DS via µ.

For each timed node (v, t) ∈ NS, let nS(v, t) be the time of the first appearance of v after
t in NS. That is,

nS(v, t) = min{t′ : t′ > t, (v, t′) ∈ NS}.

Let e = ((v, t), (w, t′)) ∈ AS. Then µ maps f = ((v, t1), (w, t2)) ∈ AT to e when t1 ∈
{t, t+ 1, . . . , nS(v, t)− 1}. To capture the length of this interval, we define

mS(v, t) := nS(v, t)− t,

which is the number of time units until the next appearance of v in NS. Observe that for
any (v, t) ∈ NT , nT(v, t) = t + 1 and mT(v, t) = 1. Note, we will later use the fact that
mS(v, t) is well-defined even if (v, t) /∈ NS. For any timed arc ((v, t), (w, t′)) ∈ AS there are
mS(v, t) timed arcs in AT that are mapped to ((v, t), (w, t′)) according to the map µ. This
proves that the following property, (P arcs), is sufficient in order for x̂ to satisfy the arc
capacity constraints of UPR(DS).

(P arcs) For any arc e = ((v, t), (w, t′)) ∈ AS, u
′
e = ue · mS(v, t)

Specifically, we have proven the following lemma. We include a brief formal proof for
completeness.

Lemma 4.2. Let DS be a partial network that satisfies properties (P1), (P2) and (P arcs),
and let x̄ be a solution to UPR(DT ). Then x̂ = µ(x̄) satisfies constraint (4.10).

Proof. Let e = ((v, t), (w, t′)) ∈ AS, and consider
∑

k∈K x̂k
e . If x̂

k
e = 1 for some commodity

k ∈ K, then x̄k
a = 1 for a timed arc a = ((v, t̄), (w, t̄ + τvw)) ∈ AT with µ(a) = e. By

definition of the map µ, we know that t̄ ∈ {t, t + 1, · · · , nS(v, t) − 1}. Thus, the set
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{a ∈ AT : µ(a) = e} has size mS(v, t). Therefore,∑
k∈K

x̂k
e ≤

∑
a∈AT :
µ(a)=e

∑
k∈K

x̄k
a ≤ ua · mS(v, t),

where the final inequality holds since x̄ was a feasible solution for UPR(DT ). The result
follows since ue = ua.

4.2.2 Storage limits

First, we describe the difference between the storage constraints in universal packet routing
and the storage constraints dealt with in the work of Lagos et al. [39] when solving the
continuous time inventory routing problem (CIR). In the CIR problem, a company manages
the inventory of its clients, and delivers product from a single facility with a set of at most
m vehicles. Lagos et al. add the restriction that only a single vehicle can be at a given
client location at any point in time. In essence, this is a hard storage capacity at the
parking lot for the client. They prove that in each iteration, the yard capacity must be
increased to be at most m. In our setting we are bounding the number of packets instead
of vehicles (and in SND this would be the number of packages). As a result, flow balance
constraints already imply the limit of m at each node in UPR and SND, making such an
upper bound redundant. While Lagos et al. are able to prove stronger bounds for the
problem of CIR, these results do not extend to UPR. For example, Proposition 13 in [39]
states that if all timed arcs incoming to a timed node (v, t) have the correct length, then
no additional storage is required at (v, t). However, this is not true for UPR, nor for SND,
and does not follow by use of the map µ alone.

Similar to the case of arc capacities, we cannot simply assign the node capacities from the
base graph to the nodes in NS. In this section, we will show how to assign holdover arc
storage b′e to each timed arc e ∈ HS to ensure that UPR(DS) is a relaxation of UPR(DT ).
We first identify settings in which the original storage constraint at a timed node (v, t) must
be relaxed. To obtain a relaxation, for each such timed node (v, t) we could completely
remove the storage constraint. However, this will result in weak relaxations and increase
the number of iterations required until termination for DDD. We then proceed to tighten
this bound in Lemmas 4.3 - 4.7. In Section 4.5, we show that without this tightening, there
are instances where DDD takes Ω(T ) iterations, whereas with our tighter relaxation DDD
terminates in a single iteration.

Recall the definition of mS(v, t), which is the number of time units until the first appearance
of v after time t in NS. Note, mS(v, t) is well-defined even if (v, t) /∈ NS. For the following
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discussion, we look at the neighbours of a timed node in DS. For (v, t) ∈ NS, let N
−
S (v, t)

be the incoming neighbours of (v, t) in DS. Specifically,

N−
S (v, t) = {(w, t′) : ∃ e = ((w, t′), (v, t)) ∈ AS}.

Let x̄ be a feasible solution to UPR(DT ), and let x̂ be the vector we obtain via the map
µ : AT → AS as stated at the beginning of this section. We would like to understand how
the map µ could impact the storage required at some timed node (v, t) ∈ NS.

For all k ∈ K , let Qk be the trajectory in DT that packet k travels along according to x̄. Qk

consists of an ordered set of movement timed arcs, {ek1, ek2, . . . , eklk}, along with additional
holdover arcs. Let Pk be the corresponding path in the underlying graph D. We define
t̄k,outu and t̄k,inv so that ((u, t̄k,outu ), (v, t̄k,inv )) = ekj , and we define t̂k,outu and t̂k,inv analogously.
That is,

e = ((u, t̄k,outu ), (v, t̄k,inv )) → µ(e) = ((u, t̂k,outu ), (v, t̂k,inv ))

Consider two consecutive movement timed arcs in DT , euv = ((u, t̄k,outu ), (v, t̄k,inv )) and
evw = ((v, t̄k,outv ), (w, t̄k,inw )) along the trajectory Qk. The flow on euv and evw is mapped to
µ(euv) = ((u, t̂k,outu ), (v, t̂k,inv )) and µ(evw) = ((v, t̂k,outv ), (w, t̂k,inw )) respectively.

Let (v, t) be a timed copy of v in NS. The following straightforward facts will be used to
understand how the map µ impacts the storage of packet k at (v, t).

(F1) t̂k,outl = max{t : t ≤ t̄k,outl , (l, t) ∈ NS} for l ∈ {u, v};
(F2) t̂k,inv = max{t : t ≤ t̂k,outu + τuv, (v, t) ∈ NS};
(F3) t̂k,inv ≤ t̄k,inv and t̂k,outv ≤ t̄k,outv .

(F1) follows by definition of µ (equation (2.10)), and (F2) follows from (F1) along with
the fact that there is a uv timed arc departing (u, t̂k,outu ) in AS that is as long as possible
(property (P2)). (F3) follows from (F1) and (F2), along with the fact that t̄k,inv = t̄k,outu +τuv.

If packet k was previously stored at (v, t) according to x̄ (t̄k,inv ≤ t < t̄k,outv ), then µ cannot
introduce additional storage of packet k. So suppose packet k is not stored at (v, t) in x̄.
If t̄k,inv ≤ t, then since the packet is not stored at (v, t), we also have that t̄k,outv ≤ t. In
this case, by fact (F3) it follows that t̂k,outv ≤ t̄k,outv ≤ t, and so packet k is not stored at
(v, t) in x̂. However, the storage of packet k could increase at (v, t) if t̄k,inv > t, and packet
k arrives at v earlier according to x̂ than it is scheduled to arrive according to x̄. That is,
t̂k,inv < t̄k,inv . This can happen if either:

1. Flow departs u at the same time (t̂k,outu = t̄k,outu ), but (v, t̄k,inv ) /∈ NS. For example, in
Figure 4.3 shows a partially time-expanded network where (u, 1) ∈ NS, but (v, 2) /∈
NS, so µ((u, 1), (v, 2)) = ((u, 1), (v, 1));
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2. Flow is forced to depart early from the preceding node (t̂k,outu < t̄k,outu ). For example,
in Figure 4.4 shows a partially time-expanded network where (u, 1) /∈ NS, so flow
must depart u early and µ((u, 1), (v, 2)) = ((u, 0), (v, 1)).
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<latexit sha1_base64="cPwWTACxRxGAzvlm+oKicZGIza0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqeH2yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A3lDjLQ=</latexit>

0

<latexit sha1_base64="B60AAp+CGPRia+QJX53KH+kkjrs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdfAQ8OIxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWql/2SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvKuKV78oV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB4DXjLk=</latexit>

5

Figure 4.2: Trajectory

<latexit sha1_base64="wQKNk/X8bny9Q7gmXh62msI8a3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqeH1yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A3rHjLU=</latexit>

1

<latexit sha1_base64="rmaosOLJlQ0anDQs7cH94btBNzw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1av1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1WveZFpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3xLjLY=</latexit>

2

<latexit sha1_base64="3ujrpqNGt+vdbnjdVog1/588FBE=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2KWlgEbCwTMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWql/0SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvKuKV78sV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB33PjLc=</latexit>

3

<latexit sha1_base64="Tmbldghes4Wk2T71HV9vhyeO9Mg=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR68FDwYvHCvYD2lA220m7drMJuxuhhP4CLx4Ur/4mb/4bt20O2vpg4PHeDDPzwlRwbTzv2yltbG5t75R33b39g8Ojinvc1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkbu53nlFpnshHM00xiOlI8ogzaqz0cDWoVL2atwBZJ35BqlCgOah89YcJy2KUhgmqdc/3UhPkVBnOBM7cfqYxpWxCR9izVNIYdZAvDp2Rc6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMy/JkOukBkxtYQyxe2thI2poszYbFwbgr/68jppX9b865pfbdwWYZThFM7gAnyoQwPuoQktYIDwAm/w7jw5r87HsrHkFBMn8AfO5w8U8YuO</latexit>

4

<latexit sha1_base64="cPwWTACxRxGAzvlm+oKicZGIza0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqeH2yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A3lDjLQ=</latexit>

0

<latexit sha1_base64="B60AAp+CGPRia+QJX53KH+kkjrs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdfAQ8OIxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWql/2SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvKuKV78oV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB4DXjLk=</latexit>

5

<latexit sha1_base64="QsfOoqgfp9bMn4GyZNvITlP0ytk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGdn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVW9m6rXuK7UankcRTiDc7gED26hBg9QhyYwQHiGV3hznpwX5935WLYWnHzmFP7A+fwB5I+M/g==</latexit>v<latexit sha1_base64="t5lbjNApiRRc6d5F4q+KiIcp6kk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4wuM/Q==</latexit>u <latexit sha1_base64="cKNkt6AXYnRZD8RhVTyNNlTrMrY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1WvcVmp1fI4inACp3AOHlxDDe6gDk1ggPAMr/DmPDgvzrvzsWgtOPnMMfyB8/kD5hOM/w==</latexit>w

Figure 4.3: Scenario 1

<latexit sha1_base64="wQKNk/X8bny9Q7gmXh62msI8a3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqeH1yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A3rHjLU=</latexit>

1

<latexit sha1_base64="rmaosOLJlQ0anDQs7cH94btBNzw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1av1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1WveZFpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3xLjLY=</latexit>

2

<latexit sha1_base64="3ujrpqNGt+vdbnjdVog1/588FBE=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2KWlgEbCwTMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWql/0SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvKuKV78sV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB33PjLc=</latexit>

3

<latexit sha1_base64="Tmbldghes4Wk2T71HV9vhyeO9Mg=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR68FDwYvHCvYD2lA220m7drMJuxuhhP4CLx4Ur/4mb/4bt20O2vpg4PHeDDPzwlRwbTzv2yltbG5t75R33b39g8Ojinvc1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkbu53nlFpnshHM00xiOlI8ogzaqz0cDWoVL2atwBZJ35BqlCgOah89YcJy2KUhgmqdc/3UhPkVBnOBM7cfqYxpWxCR9izVNIYdZAvDp2Rc6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMy/JkOukBkxtYQyxe2thI2poszYbFwbgr/68jppX9b865pfbdwWYZThFM7gAnyoQwPuoQktYIDwAm/w7jw5r87HsrHkFBMn8AfO5w8U8YuO</latexit>

4

<latexit sha1_base64="cPwWTACxRxGAzvlm+oKicZGIza0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqeH2yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A3lDjLQ=</latexit>

0

<latexit sha1_base64="B60AAp+CGPRia+QJX53KH+kkjrs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdfAQ8OIxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWql/2SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvKuKV78oV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB4DXjLk=</latexit>

5

<latexit sha1_base64="QsfOoqgfp9bMn4GyZNvITlP0ytk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N4US+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHstHM03Qj+hQ8pAzaqzUmPTLFbfqLkDWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xaKmmE2s8Wh87IhVUGJIyVLWnIQv09kdFI62kU2M6ImpFe9ebif143NeGdn3GZpAYlWy4KU0FMTOZfkwFXyIyYWkKZ4vZWwkZUUWZsNiUbgrf68jppXVW9m6rXuK7UankcRTiDc7gED26hBg9QhyYwQHiGV3hznpwX5935WLYWnHzmFP7A+fwB5I+M/g==</latexit>v<latexit sha1_base64="t5lbjNApiRRc6d5F4q+KiIcp6kk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4wuM/Q==</latexit>u <latexit sha1_base64="cKNkt6AXYnRZD8RhVTyNNlTrMrY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3btZhN2N0oJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1WvcVmp1fI4inACp3AOHlxDDe6gDk1ggPAMr/DmPDgvzrvzsWgtOPnMMfyB8/kD5hOM/w==</latexit>w

Figure 4.4: Scenario 2

Let K(v) denote the set of packets that travel along a trajectory that includes a timed
copy of v according to x̄. Let K1

x̂(v) denote the set of packets in K(v) that depart the node
preceding v at the same time in x̂ and x̄. Similarly, let K2

x̂(v) denote the set of packets in
K(v) that depart the preceding node earlier in x̂ than in x̄. Note, K(v) = K1

x̂(v) ∪ K2
x̂(v).

Let e = ((v, t), (v, t′)) be the timed arc in HS departing (v, t), and let f = ((v, t), (v, t+1))
be the timed arc in HT departing (v, t).

Lemma 4.3. If DS satisfies properties (P1) and (P2), then any packet k ∈ K1
x̂(v) that

was not stored at v in x̄ is not stored at v in x̂ = µ(x̄).

Proof. Suppose packet k ∈ K1
x̂(v) is not stored at v in x̄. That is, t̄k,inv = t̄k,outv . Let u be

the preceding node along the path Pk in x̄. Since k ∈ K1
x̂(v), we know that t̂k,outu = t̄k,outu .

Thus, in DS, packet k travels along some arc ((u, t̄k,outu ), (v, t̂k,inv )). By fact (F2),

t̂k,inv = max{t : t ≤ t̂k,outu + τuv, (v, t) ∈ NS}.

Similarly by fact (F1),

t̂k,outv = max{t : t ≤ t̄k,outv , (v, t) ∈ NS}.

Since t̄k,outv = t̄k,outu + τuv and t̂k,outu = t̄k,outu we see that t̂k,inv = t̂k,outv . Thus, no additional
storage of packet k was introduced at v and x̂k

e = x̄k
f = 0.
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We first establish a simple bound on the additional storage needed at (v, t) to accommodate
packets in K1

x̂(v) in Lemma 4.4. We then tighten this argument in Lemma 4.5. In Section
4.5 we show that this tightening can prove essential to the effectiveness of DDD for certain
problem instances.

Lemma 4.4. If DS satisfies properties (P1) and (P2), then∑
k∈K1

x̂(v)

x̂k
e ≤

∑
k∈K1

x̂(v)

x̄k
f + (mS(v, t)− 1)bv.

Proof. Suppose packet k was stored at v in x̄ (t̄k,inv < t̄k,outv ), but not at time t. We
know that as in Figure 4.4, storage could be introduced at (v, t) if t̂k,inv ≤ t < t̄k,inv .
Since packet k departs the preceding node at the same time in x̄ and x̂, it follows that
t̄k,inv ∈ {t + 1, t + 2, · · · , nS(v, t) − 1}. Thus each packet in K1

x̂(v) that introduces storage
at (v, t) must have previously been stored at v at one of the times in this interval, which
has length mS(v, t)− 1. Therefore,

∑
k∈K1

x̂(v)
x̂k
e ≤

∑
k∈K1

x̂(v)
x̄k
f + (mS(v, t)− 1)bv.

In the following lemma we observe that this bound can be significantly tightened. This
tightening relies on the argument that if two packets j and k in K1

x̂(v) where not stored at
v at the same time in x̄, then the same is true in x̂.

Lemma 4.5. If DS satisfies properties (P1) and (P2), then∑
k∈K1

x̂(v)

x̂k
e ≤ bv.

If in addition, nS(v, t) = t+ 1, then∑
k∈K1

x̂(v)

x̂k
e ≤

∑
k∈K1

x̂(v)

x̄k
f .

Proof. Suppose packet k was stored at v in x̄ (t̄k,inv < t̄k,outv ). Again, storage could be
introduced if t̂k,inv < t̄k,inv . However, we will show that if commodities k and j in K1

x̂(v) were
not stored at the same time at v according to x̄, then the same holds for x̂. This would
prove that

∑
k∈K1

x̂(v)
x̂k
e ≤ bv since x̄ was feasible.
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<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v

j

k

<latexit sha1_base64="wQKNk/X8bny9Q7gmXh62msI8a3Q=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqeH1yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A3rHjLU=</latexit>

1

<latexit sha1_base64="rmaosOLJlQ0anDQs7cH94btBNzw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1av1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1WveZFpX6Tx1GEEziFc/DgCupwBw1oAQOEZ3iFN+fReXHenY9Fa8HJZ47hD5zPH3xLjLY=</latexit>

2

<latexit sha1_base64="3ujrpqNGt+vdbnjdVog1/588FBE=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2KWlgEbCwTMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWql/0SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvKuKV78sV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB33PjLc=</latexit>

3

<latexit sha1_base64="Tmbldghes4Wk2T71HV9vhyeO9Mg=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR68FDwYvHCvYD2lA220m7drMJuxuhhP4CLx4Ur/4mb/4bt20O2vpg4PHeDDPzwlRwbTzv2yltbG5t75R33b39g8Ojinvc1kmmGLZYIhLVDalGwSW2DDcCu6lCGocCO+Hkbu53nlFpnshHM00xiOlI8ogzaqz0cDWoVL2atwBZJ35BqlCgOah89YcJy2KUhgmqdc/3UhPkVBnOBM7cfqYxpWxCR9izVNIYdZAvDp2Rc6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMy/JkOukBkxtYQyxe2thI2poszYbFwbgr/68jppX9b865pfbdwWYZThFM7gAnyoQwPuoQktYIDwAm/w7jw5r87HsrHkFBMn8AfO5w8U8YuO</latexit>

4

<latexit sha1_base64="B60AAp+CGPRia+QJX53KH+kkjrs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdfAQ8OIxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/lgxkn6Ed0IHnIGTVWql/2SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhjZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvKuKV78oV2/zOApwDCdwBh5cQxXuoQYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB4DXjLk=</latexit>

5

<latexit sha1_base64="cPwWTACxRxGAzvlm+oKicZGIza0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqeH2yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A3lDjLQ=</latexit>

0

Figure 4.5:
Disjoint storage

Without loss of generality, we may assume t̄k,outv ≤ t̄j,inv , as in
Figure 4.5 (t̄k,outv = 3 and t̄j,inv = 3), since one packet must have
departed node v no later than the arrival time of the other. We
claim that t̂k,outv ≤ t̂j,inv .

Suppose t̂j,inv ≥ t̄k,outv . Then since t̂k,outv ≤ t̄k,outv by (F3), it follows
that t̂k,outv ≤ t̂j,inv . Alternatively, suppose t̂j,inv < t̄k,outv . By (F1),

t̂k,outv = max{t : t ≤ t̄k,outv , (v, t) ∈ NS}.

Let u be the node that packet j visits before v according to x̄. By
(F2) and since t̂j,outu = t̄j,outu (S1),

t̂j,inv = max{t : t ≤ t̂j,outv + τuv = t̄j,inv , (v, t) ∈ NS}.

Since t̂j,inv < t̄k,outv and t̄k,outv ≤ t̄j,inv , it follows that t̂k,outv = t̂j,inv

= max{t : t ≤ t̄k,outv , (v, t) ∈ NS} as required. This proves that x̂1

satisfies storage constraints at all (v, t) ∈ NS.

Finally, when (v, t + 1) ∈ NS, then the set of packets in K1
x̂(v) stored at (v, t) in x̂

are precisely those that are stored at (v, t) in x̄. Therefore, if nS(v, t) = t + 1, then∑
k∈K1

x̂(v)
x̂k
e ≤

∑
k∈K1

x̂(v)
x̄k
f .

We now bound the storage of packets in K2
x̂(v). In order to be stored at v at time t, a

packet must arrive at v by time t. This gives an upper bound on the time the packet could
have departed the previous node in DS, which implies a corresponding upper bound on
the time the packet could have departed the previous node in x̄. Similarly, we identify a
lower bound on the time a packet in K2

x̂(v) could depart the previous node in DT if it was
not stored at (v, t) in x̄, but is stored at (v, t) in x̂.

For ease of notation, we introduce an additional definition. Given partially and fully time-
expanded networks DS and DT respectively, for each e = ((v, t), (v, t′)) ∈ HS we define

Ue(DS, DT ) :=
∑

(w,t′)∈N−
T (v,t)∪N−

S (v,t)

uwv · (mS(w, t′)− 1).

We write Ue when DS and DT are self-evident.

Lemma 4.6. If DS satisfies properties (P1) and (P2), then∑
k∈K2

x̂(v)

x̂k
e ≤

∑
k∈K2

x̂(v)

x̄k
f + Ue.
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Proof. Let w ∈ N−(v). We know that multiple timed arcs of (w, v) in AT are mapped
to the same timed arc ((w, t1), (v, t2)) in AS as discussed in Section 4.2.1 which could
introduce additional storage at v. Throughout this proof we will consider Figure 4.6. The
missing nodes are marked with white squares, and the dashed gray arc shows the arc we
would obtain if (w, t− τwv) was in the current partially time-expanded network (which it
may or may not be).

Suppose k is a packet in K2
x̂(v) where w is the node it visits immediately before v according

to the solution x̄. That is, packet k travels along a timed arc ((w, t̄k,outw ), (v, t̄k,inv )) in DT .
First, consider the case where t̄k,inv ≤ t. If packet k was originally stored at (v, t) in x̄, then
the storage needed at (v, t) for packet k in x̂ cannot exceed the level in x̄. If instead packet
k was not stored at v, then t̄k,outv ≤ t and so t̂k,outv ≤ t as well. As a result, packet k would
not stored at (v, t) in x̂.

<latexit sha1_base64="4CexkD1E5DpgnpQ8sb8D0MBhlgI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoioh6LXjxWMG2hDWWz3bRLN5uwOymU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n2yqsrW9sbhW3Szu7e/sH5cOjpo5TRZlHYxGrdkA0E1wyDzkK1k4UI1EgWCsY3c/81pgpzWP5hJOE+REZSB5yStBIXnV8gee9csWpOXPYq8TNSQVyNHrlr24/pmnEJFJBtO64ToJ+RhRyKti01E01SwgdkQHrGCpJxLSfzY+d2mdG6dthrExJtOfq74mMRFpPosB0RgSHetmbif95nRTDWz/jMkmRSbpYFKbCxtiefW73uWIUxcQQQhU3t9p0SBShaPIpmRDc5ZdXSfOy5l7X3MerSv0uj6MIJ3AKVXDhBurwAA3wgAKHZ3iFN0taL9a79bFoLVj5zDH8gfX5A+j1jhk=</latexit>

(v, t)

<latexit sha1_base64="Cu9BT/YtVvvPPnVoKVDJ+gypfNY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5q2NAQ==</latexit>w <latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v

<latexit sha1_base64="aXjrwIwX65Fxao06pGLcvyfwSeE=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBHqpSQi6rHoxWMF+wFtKJvtpl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkayFGwdqIZiUPBWuHoduq3npg2XMkHHCcsiMlA8ohTglZqVrrE4FmvVPaq3gzuMvFzUoYc9V7pq9tXNI2ZRCqIMR3fSzDIiEZOBZsUu6lhCaEjMmAdSyWJmQmy2bUT99QqfTdS2pZEd6b+nshIbMw4Dm1nTHBoFr2p+J/XSTG6DjIukxSZpPNFUSpcVO70dbfPNaMoxpYQqrm91aVDoglFG1DRhuAvvrxMmudV/7Lq31+Uazd5HAU4hhOogA9XUIM7qEMDKDzCM7zCm6OcF+fd+Zi3rjj5zBH8gfP5A+cPjrE=</latexit>

(⇤)

<latexit sha1_base64="tVF4ZlyvI1QnBH28nKYNtfhOLpQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUsioi6LblxWsA9oQ5hMJ+3QyYOZm9YS8ituXCji1h9x5984bbPQ6oELh3Pu5d57vFhwBZb1ZRRWVtfWN4qbpa3tnd09c7/cUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsb3c789phJxaPwAaYxcwIyCLnPKQEtuWa5OjnFgM9wD0jippNxduKaFatmzYH/EjsnFZSj4ZqfvX5Ek4CFQAVRqmtbMTgpkcCpYFmplygWEzoiA9bVNCQBU046vz3Dx1rpYz+SukLAc/XnREoCpaaBpzsDAkO17M3E/7xuAv61k/IwToCFdLHITwSGCM+CwH0uGQUx1YRQyfWtmA6JJBR0XCUdgr388l/SOq/ZlzX7/qJSv8njKKJDdISqyEZXqI7uUAM1EUWP6Am9oFcjM56NN+N90Vow8pkD9AvGxzcxHJNE</latexit>

(w, t� ⌧wv)

<latexit sha1_base64="rbSNgFWfbB8xx02LatWY612bv88=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lE1GPRi8cK9kPaUDabSbp0dxN2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekHKmjet+Oyura+sbm6Wt8vbO7t5+5eCwrZNMUWjRhCeqGxANnEloGWY4dFMFRAQcOsHodup3nkBplsgHM07BFySWLGKUGCs91vohiWNQZ4NK1a27M+Bl4hWkigo0B5WvfpjQTIA0lBOte56bGj8nyjDKYVLuZxpSQkckhp6lkgjQfj47eIJPrRLiKFG2pMEz9fdEToTWYxHYTkHMUC96U/E/r5eZ6NrPmUwzA5LOF0UZxybB0+9xyBRQw8eWEKqYvRXTIVGEGptR2YbgLb68TNrnde+y7t1fVBs3RRwldIxOUA156Ao10B1qohaiSKBn9IreHOW8OO/Ox7x1xSlmjtAfOJ8/FO2P8Q==</latexit>

(†)

<latexit sha1_base64="qZnC+cVs2HAF8CMSlT9GEDZY9Qc=">AAACCnicbVDLTgIxFO3gC/GFunRTJSaQKJkxRl0S3bjEKI8EyKRTCjR0OpP2DoRMWLvxV9y40Bi3foE7/8YOsFDwJE1Oz7k3997jhYJrsO1vK7W0vLK6ll7PbGxube9kd/eqOogUZRUaiEDVPaKZ4JJVgINg9VAx4nuC1bz+TeLXBkxpHsgHGIWs5ZOu5B1OCRjJzR7mhye46RPoAcTSvR8nfzhtAonceDgYFwpuNmcX7QnwInFmJIdmKLvZr2Y7oJHPJFBBtG44dgitmCjgVLBxphlpFhLaJ13WMFQSn+lWPDlljI+N0sadQJknAU/U3x0x8bUe+Z6pTJbW814i/uc1IuhctWIuwwiYpNNBnUhgCHCSC25zxSiIkSGEKm52xbRHFKFg0suYEJz5kxdJ9azoXBSdu/Nc6XoWRxodoCOURw66RCV0i8qogih6RM/oFb1ZT9aL9W59TEtT1qxnH/2B9fkDywuZtA==</latexit>

(w, nS(w, t� ⌧wv))

Figure 4.6

Thus, it is only possible to introduce storage at (v, t) in x̂ for
packet k when t̄k,inv > t and t̂k,inv ≤ t. The first condition is
equivalent to t̄k,outw > t− τwv.

We now consider the second condition, t̂k,inv ≤ t. First observe
that if t̄k,outw < nS(w, t− τwv), then t̂k,inv ≤ t. Thus, it could be
the case that

t̄k,outw ∈ {t− τwv + 1, t− τwv + 2, · · · , nS(w, t− τwv)− 1}.

This interval has length mS(w, t− τwv)−1, and we mark these
departure times with (†) in Figure 4.6. Note that (w, t−τwv) ∈
N−

T (v, t).

Alternatively we could have t̄k,outw ≥ nS(w, t − τwv), and if
t̂k,inv ≤ t, property (P2) implies that t̂k,inv = t. That is,
µ(((w, t̄k,outw ), (v, t̄k,inv ))) is an incoming timed arc at (v, t) in
DS. Thus, (w, t̂

k,out
w ) ∈ N−

S (v, t). This set is marked with (∗)
in Figure 4.6.

Thus, the additional storage needed at (v, t) to accommodate packets in K2
x̂(v) is at most

∑
(w,t′)∈N−

T (v,t)∪N−
S (v,t)

uwv · (mS(w, t′)− 1) = Ue.
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Thus, we introduce the following property. The proof of Lemma 4.7 follows from Lemmas
4.3, 4.5, and 4.6 along with the fact that for each e ∈ HS,

∑
k∈Kv

x̂k
e =

∑
k∈K1

x̂(v)
x̂k
e +∑

k∈K2
x̂(v)

x̂k
e .

(P storage): For any e = ((v, t), (v, t′)) ∈ HS,

b′e ≥
{
bv + Ue if (v, t+ 1) ∈ NS

2bv + Ue if (v, t+ 1) /∈ NS

Lemma 4.7. Let DS be a partially time-expanded network that satisfies properties (P1),
(P2), and (P storage), and let x̄ be a solution to UPR(DT ). Then x̂ = µ(x̄) satisfies con-
straint (12).

Finally, we prove the following theorem that UPR(DS) is indeed a lower bound.

Theorem 4.8. If DS satisfies properties (P1), (P2), (P arcs), and (P storage), then the ob-
jective value of an optimal solution to UPR(DS) is at most the objective value of an optimal
solution to UPR(DT ).

Proof. Let x̄ be a solution to UPR(DT ), and let x̂ = µ(x̄). By Lemma 4.1, x̂ satisfies the
flow and integrality constraints of UPR(DS). By Lemmas 4.2 and 4.7, x̂ satisfies the arc
capacity and storage capacity constraints of UPR(DS). Finally, since µ maps trajectories
in DT to trajectories in DS that underestimate the original length, the objective value of
x̂ in UPR(DS) is at most the objective value of x̄.

It is important to note that when NS = NT , UPR(DS) is equivalent to UPR(DT ). Fur-
thermore, the objective value of UPR(DS) is non-decreasing as we add timed nodes to NS.
However, we would ultimately like to solve UPR(DT ) without having to use NS = NT . In
the following sections, we will describe how to detect when a solution to UPR(DS) can
be converted to a solution of UPR(DT ) of equal makespan, and if not, how we select the
timed nodes to add to NS. The minimal set of timed nodes satisfying (P1), (P2), (P arcs),
and (P storage), is the set of all nodes at times 0 and T . We begin the algorithm with this
set of timed nodes.
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Algorithm 8: Generate-Initial-NS(D = (N,A),K, T )
1 Input: Base network D = (N,A), packet set K, and upper bound, T , on the

optimal makespan
2 NS ← ∅
3 for v ∈ N do
4 NS ← NS ∪ (v, 0) ∪ (v, T )

5 return NS

In Algorithm 9 we take as input the current set of timed nodes and generate the timed
arcs AS and HS along with capacities u′ and b′ so that DS = (NS, AS ∪HS), u

′, b′ satisfies
(P1), (P2), (P arcs), and (P storage). We define the capacities so that they satisfy (P arcs)
and (P storage) with equality.

Algorithm 9: Generate-AS ∪HS(NS, D,T )

1 Input: Base network D = (N,A), and a set of timed nodes, NS

2 for (v, t) ∈ NS do
3 e← ((v, t), (v, nS(v, t)))
4 Ue(DS, DT )←

∑
(w,t′)∈N−

T (v,t)∪N−
S (v,t) uwv · (mS(w, t′)− 1)

5 b′e :=

{
bv + Ue(DS, DT ) if (v, t+ 1) ∈ NS

2bv + Ue(DS, DT ) if (v, t+ 1) /∈ NS

6 If t < T , add timed arc e to HS with storage capacity b′e
7 forall vw ∈ A do
8 Add timed arc f = ((v, t), (w, t′)) with capacity u′

f = uvw · mS(v, t) to AS

where t′ is the largest value such that (w, t′) ∈ NS and t′ ≤ t+ τvw

9 return AS, HS

In Section 4.4.2 we observe that the DDD algorithm performs comparatively better on
sparse instances – instances where each node has low degree in the flat network. This is
perhaps unsurprising given the nature of the relaxation for node storage given a partial
network DS = (NS, AS). While the relaxed arc capacity on a timed arc ((v, t), (w, t′)) only
relies on the timed copies of v included in NS, the relaxed node storage capacity at a timed
node (v, t) relies on the timed copies of v in NS, as well as the timed copies of each node
in N−

D (v). When the graph is sparse this set of incoming neighbours is small for each node
and fewer timed nodes must be added in the augmentation procedure.
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4.3 Upper bound model and augmentation

In this section we define the upper bound and refinement procedures, and state the full
DDD algorithm for UPR.

4.3.1 Upper bound model

Given a solution to the lower bound model, we want to determine if it can be converted to
an optimal solution of UPR(DT ). Suppose we are working with a partially time-expanded
network DS = (NS, AS ∪HS) that satisfies (P1), (P2), (P

arcs), and (P storage). Let x̂ be an
optimal solution to UPR(DS) with value T̂ . We would like to know if x̂ can be converted
to a solution to UPR(DT ) with the same value (i.e. makespan).

Observe that x̂ specifies a trajectory in DS for each packet, each of which corresponds to
a path in the underlying static graph D. Additionally, we are given a candidate makespan
T̂ . Thus, we can generate an upper bound for UPR(DT ) if we solve UPR in DT with
the added the restriction that packets follow the underlying paths in D specified by x̂.
Specifically, we have an instance of UPR-FP where for each k ∈ K, Pk is the path in D
induced by x̂ for packet k. Let Ak

T , and Hk
T denote the set of timed arcs that could be used

for a trajectory with underlying path Pk. That is, for each k ∈ K,

Ak
T = {((v, t), (w, t′)) ∈ AT : vw ∈ A(Pk)} and Hk

T = {((v, t), (v, t′)) ∈ HT : v ∈ N(Pk)}.

While this instance of UPR-FP can still be solved more quickly than the original UPR
instance with the same time horizon T , it is still NP-hard [48]. Thus, we forfeit the ability
to obtain an upper bound in each iteration, and instead we will restrict the time horizon
to be T ′ = ⌈(1 + δ)T̂ ⌉ for some δ ≥ 0 (we used δ = 0.01 for our computations). This
restriction of the time horizon allows us to detect if x̂ can be converted to a solution to
UPR(DT ) with value at most T ′. Let DT ′ = (NT ′ , AT ′ ∪HT ′) be the fully time-expanded
network with time horizon T ′. We now present the following upper bound formulation.
Note that the arc capacities and node storage levels match the values given in the original
UPR(DT ) instance.
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min T̄ (UPR-FP({Dk
T ′}k∈K, DT ′))

s.t. t′ · xk
e ≤ T̄ ∀k ∈ K, ∀e = ((v, t), (w, t′)) ∈ Ak

T ′ (4.13)∑
e=((v,t),(w,t′))∈Ak,final

T ′,k

t′ · xk
e ≤ T̄ ∀k ∈ K (4.14)

∑
e∈δ+

Dk
T ′

(v,t)

xk
e −

∑
e∈δ−

Dk
T ′

(v,t)

xk
e =


1 (v, t) = (sk, 0)

−1 (v, t) = (tk, T
′)

0 otherwise

∀k ∈ K, (v, t) ∈ NT ′ (4.15)

∑
k∈K

xk
e ≤ ue ∀e ∈ AT ′ (4.16)∑

k∈Kv

xk
e ≤ be ∀e ∈ HT ′ (4.17)

xk
e ∈ {0, 1} ∀k ∈ K, e ∈ Ak

T ′ ∪Hk
T ′ . (4.18)

This gives the following upper-bound procedure. Algorithm 10 takes as input an optimal
solution x̂ to the current partially time-expanded network with makespan T̂ . We also take
as input the optimality factor tolerance δ ≥ 0 and the current best-known upper bound on
T ∗, denoted UB. x̂ defines a trajectory Q̂k for each k ∈ K, and projecting this down to the
base graph defines a path Pk for each k ∈ K. We then solve the UPR problem with fixed
paths with an upper bound of T ′ = ⌈(1+ δ)T̂ ⌉, where each k ∈ K must follow a trajectory
with underlying path Pk. If the problem is feasible, the we check if the value V is less
than our current best upper bound and output the current feasible solution. Otherwise we
return the original upper bound.
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Algorithm 10: Compute-UB(D, x̂, T̂ , δ, β)

1 Input: Base network D = (N,A), an optimal partial network solution x̂ with

value T̂ , and parameter δ ≥ 0, and a current upper bound on the value of T ∗,
denoted β

2 T ′ = ⌈(1 + δ)T̂ ⌉, and x̄ = ∅
3 DT ′ = (NT ′ , AT ′ ∪HT ′)

4 Let Q̂ = {Q̂k}k∈K denote the set of trajectories given by x̂

5 For each k ∈ K let Pk denote the underlying path in D of trajectory Q̂k

6 Ak
T ′ = {((v, t), (w, t′)) ∈ AT ′ : vw ∈ A(Pk)}

7 Hk
T ′ = {((v, t), (v, t′)) ∈ HT ′ : v ∈ N(Pk)}

8 Dk
T ′ = (NT ′ , Ak

T ′ ∪Hk
T ′)

9 Solve UPR-FP({Dk
T ′}k∈K, DT ′)

10 if UPR-FP({Dk
T ′}k∈K, DT ′) is feasible and has optimal value T̄ ′ then

11 Let x̄ be an optimal solution to UPR-FP({Dk
T ′}k∈K, DT ′)

12 UB = min{β, T̄ ′}
13 else
14 UB = β

15 return UB, x̄

4.3.2 Augmentation step

We now consider the case where the partial solution x̂ cannot be converted to a solution of
UPR(DT ) of equal cost using the upper bound model. In this section, we will detail how
to augment the set NS.

Due to our relaxation procedure, we know that x̂ may not be convertible to a solution to
UPR(DT ) with equal makespan due to shortened arcs in DS, relaxed arc capacities, and
relaxed node storage levels.

Let e = ((v, t), (w, t′)) ∈ AS ∪ HS be a timed arc in the support of x̂. There is a well-
established method to correct short arcs in AS [2]:

if t′ < t+ τvw, we add the timed node (w, t+ τvw).

We now proceed to deal with arcs exceeding arc and storage capacities. For each timed arc
e = ((v, t), (w, t′)) ∈ AS ∪HS, let x̂e be the total active flow assigned to arc e according to
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x̂. That is,

x̂e =

{∑
k∈K x̂k

e e ∈ AS∑
k∈Kv

x̂k
e e ∈ HS

If e ∈ AS and x̂e > ue, then by construction of u′, (v, t + 1) /∈ NS. Thus, we will add
(v, t+ 1) to NS.

If instead e ∈ HS and x̂e > be, by definition of b′e and mS(v, t), it follows that for some
(z, t̄) ∈ N−

T (v, t) or (z, t̄) ∈ N−
S (v, t), we have mS(z, t̄) > 1. For each (z, t̄) ∈ N−

S (v, t) with
mS(z, t̄) > 1, we add (z, t̄+1) to NS. We also add (v, t+1) to NS if it is not yet in the set,
which then ensures N−

S (v, t) ⊆ N−
T (v, t) in the next iteration.

Algorithm 11 on the following page restates each of these procedures.

Algorithm 11: Augment-NS(DS, D,K, x̂)
1 Input: Current partially time-expanded network DS = (NS, AS ∪HS), base graph

D = (N,A), packet set K, and an optimal solution x̂ to UPR(DS)
2 N ′

S ← NS

3 for e = ((v, t), (w, t′)) ∈ supp(x̂) := {e ∈ AS ∪HS : x̂e > 0} do
4 if e ∈ AS then
5 Compute the flow assigned to timed arc e according to x̂, x̂e :=

∑
k∈K x̂k

e .
6 if t′ < t+ τvw then
7 N ′

S ← N ′
S ∪ {(w, t+ τvw)}

8 if x̂e > ue then
9 N ′

S ← N ′
S ∪ {(v, t+ 1)}.

10 if e ∈ HS then
11 Compute the relevant flow assigned to timed arc e according to x̂,

x̂e :=
∑

k∈Kv
x̂k
e .

12 if x̂e > bv then
13 for (z, t̄ = t− τz,v) ∈ N−

T (v, t) : mS(z, t̄) > 1 do
14 N ′

S ← N ′
S ∪ {(z, t̄+ 1)}.

15 N ′
S ← N ′

S ∪ {(v, t+ 1)}.

16 return N ′
S

Proposition 4.9. Given an instance of UPR with minimum makespan T ∗, Algorithm 11
only adds timed nodes (v, t) to NS with t ≤ T ∗ + 1.
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Proof. In any iteration, the optimal solution T̂ of UPR(DS) is at most T ∗ since UPR(DS)
is a relaxation of UPR(DT ). When correcting an arc e = ((v, t), (v, t′)) ∈ HS due to
exceeded storage capacity, we know that t′ ≤ T ∗, since v is not the destination for the
commodities contributing to x̂e, and by constraint (4.7). Furthermore, we add nodes (w, t)
with t ≤ t′ + 1 for this correction since τ ≥ 0.

Now consider the correction of an arc ((v, t), (w, t′)) in AS. If the arc exceeds capacity u,
then we add node (v, t+1) to NS. Since t ≤ T ∗, clearly t+1 ≤ T ∗+1. Finally, if the arc is
too short, then we add the node (w, t+ τvw) to NS. Due to our replacement of constraint
(4.1) with constraint (4.7), we see that t+ τvw ≤ T̂ ≤ T ∗.

Following along the lines of the proof, we easily obtain Corollary 4.10.

Corollary 4.10. Given an instance of UPR with minimum makespan T ∗ with τa > 0 for
all a ∈ A, Algorithm 11 only adds timed nodes (v, t) to NS with t ≤ T ∗.

Proposition 4.9 points to the strength of the DDD approach over solving UPR(DT ) when
the upper bound T given ends up being much larger than T ∗. The DDD approach will
maintain a much smaller time-expanded network throughout the algorithm.

In the original application of DDD to SND [2], the solution to the upper bound model
dictated which timed arcs were to be corrected in the augmentation step. However, in our
model, we correct every timed arc in the support of the optimal solution to UPR(DS) that
is too short, or has exceeded the original arc and storage capacities. As a result, it is not
necessary to run the upper bound procedure in each iteration, and instead it may save
time to only run the procedure when the makespan reported by two consecutive iterations
is similar. While we solved the upper bound model in each iteration in our experiments,
it would be worthwhile testing this alternative approach.
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Algorithm 12: UPR-DDD(D,K, T, δ)
1 Input: Base network D = (N,A), commodity set K, an upper bound, T , on the

optimal makespan, and an optimality parameter δ ≥ 0
2 NS ← Generate-Initial-NS(D,K, T )
3 x̄ = ∅
4 UB← T
5 LB← 0
6 gap = (UB− LB)/UB
7 while gap > δ or x̄ ̸= ∅ do
8 AS, HS ← Generate-AS ∪HS(NS, D, T )
9 DS ← (NS, AS ∪HS)

10 Solve UPR(DS), and let x̂ be an optimal solution, with value T̂

11 LB← max{LB, T̂}
12 UB, x̄← Compute-UB(D, x̂, T̂ , δ, UB)
13 gap = (UB− LB)/UB
14 if gap ≤ δ and x̄ ̸= ∅ then
15 Stop. An solution within δ of optimal has been found for UPR(DT ).
16 return x̄, UB

17 else
18 NS ← Augment-NS(DS, D,K, x̂)

We now prove correctness of our algorithm as well as bound the number of iterations. It
is important to note that we can bound the number of iterations in terms of T ∗ and not
just T .

Theorem 4.11. The algorithm UPR-DDD(D,K, T, δ) terminates with solution that has
makespan at most an (1 + δ)T ∗in at most |N |T ∗ iterations.

Proof. First recall that since all input data is integral, and we are given that T ∗ ≤ T , the
decision times of an optimal solution are in [T ].

Consider an iteration of the algorithm where the partially time-expanded network is DS =
(NS, AS ∪ HS) and the relaxed capacities are given by u′ and b′. Let Q̂ be the set of
trajectories in DS that gives a min makespan routing. For each k ∈ K, let Q̂k denote the
trajectory for packet k in Q̂. Let T̂ denote the makespan of Q̂ in DS. Let Q̄ be the set of
trajectories we obtain by solving the corresponding upper bound, and suppose the factor
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gap between the two makespans is greater than δ.

It follows that we could not obtain trajectories in DT with the same underlying paths
as Q̂ while satisfying the original capacities u and b, given a time horizon of (1 + δ)T̂ .
Specifically, it must have been infeasible to simply assign each packet the trajectory Q̂k

in DT . Thus, it must be that some timed arc in Q̂ was too short, or exceeded the arc
capacity or node storage level. Therefore, in each scenario there must have been a timed
node (v, t) ∈ NT \NS that we can add to NS.

Furthermore, we proved in Proposition 4.9 that our algorithm only adds timed nodes (v, t)
to NS with t ≤ T ∗ + 1. Since in each iteration we add at least one timed node and in
the first iteration we have at least one copy of each node, the DDD algorithm terminates
within |N |T ∗ iterations.

Corollary 4.12. The algorithm UPR-DDD(D,K, T, δ = 0) terminates with an optimal solu-
tion in at most |N |T ∗ iterations.

4.4 Computational results

To demonstrate the effectiveness of our DDD algorithm, we compare the runtime of the
DDD algorithm and the original full integer program UPR(DT ) when applied to geographic
and geometric instances. For the geographic instances, we base the node and arc selection
on the population centres in the United States. Our geometric instances are constructed
to model social networks.

For each problem instance, we initially solve the DDD instance with a sufficiently large
time horizon T so that T ∗ < T . This initial solve gives us the value of T ∗. Then to compare
the solve time for DDD and the full IP, we run each algorithm with the time horizon upper
bound of T ∗, 1.5T ∗, and 2T ∗ for up to two hours. Thus, in total we solve each instance
seven times. Note, we use upper bounds T as factors of T ∗ only for analysis purposes. In
practice, we would select a value of T that is sufficiently large so that all packets could be
routed within time T . Each algorithm was coded in Python 3.6.9 with Gurobi 8.1.1 [26]
as the optimization solver. The running time limit was set to 7200 seconds (two hours)
using the deterministic option of the solver and the instances are solved to within 1% of
optimality. The instances were run in a 64 cores 2.6GHz Xeon Gold 6142 Processor with
256GB RAM, running a Linux operating system. Each instance was run with a limit of 5
cores. The generated instances can be found at https://github.com/madisonvandyk/UPRlib.
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4.4.1 Geographic instances

Dataset

For the base graph, we use the locations of the top n most populated cities in the USA.
We randomly select m arcs to form A, and set τa to be the distance in hundreds of miles,
rounded up to the nearest integer. We compute the shortest directed path between each
pair of vertices. We then select k random origin-destination pairs from the digraph D
such that there is dipath from the origin to the destination, and the shortest path has at
least δ arcs and length at most a factor γ times the max shortest path length of any pair.
We construct the origin-destination pairs in this way to ensure that min makespan is not
simply the max length of the shortest path. For arc and node capacities, we follow a discrete
version of the approach of Crainic et al. [10, 11] that was developed as a rigorous test set
for SND. This dataset construction has since been modified to analyze the performance
of DDD algorithms [2, 39], which were the instances used in Chapter 3, Section 3.4. We
restate the overall construction here.

We select capacities from a discrete uniform distribution with endpoints [α1, α2] and [β1, β2]
for node storage. Crainic et al. [10, 11] introduced the capacity ratio C = |A|k/∑e∈A ue.
As C approaches 1, the network is lightly capacitated, and the congestion level increases
as C increases. Crainic studied scenarios with C ∈ {1, 2, 8} when solving SND. However,
since in UPR we are not incentivized to consolidate packet flow as is the case of SND, we
need much more restrictive congestion to generate problems of interest (minimal congestion
would allow all packets to be routed along shortest paths, using no node storage). We now
list our set of parameters.

Parameters

• n = 20 – number of nodes;
• m ∈ {30, 45, 60} – number of arcs;
• k ∈ {200, 250, 300} – number of packets;
• (α1, α2) ∈ {(1, ⌈0.01k⌉), (1, ⌈0.0175k⌉), (1, ⌈0.025k⌉)} – bounds for arc capacity;
• (β1, β2) ∈ {(0, ⌈0.01k⌉), (0, ⌈0.0175k⌉), (0, ⌈0.025k⌉)⌉} – bounds storage capacity;
• δ = 3, γ = 0.90.

The choices for α1, α2, and β1, β2 allow for a range of congestion levels, while ensuring that
the resulting instance is always feasible. The graph sparsity levels and capacity levels rel-
ative to the number of commodities were chosen by running computational tests to ensure
that the capacities increased the optimal makespan over the uncapacitated instances. The
three values of m are selected to ensure we examine the DDD algorithm on networks of
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varying connectivity, while maintaining that the instances are capacitated – overly dense
graphs would allow for many vertex pairs to be connected via few arcs, decreasing the
congestion. Similarly, the range of values of k allows us to analyze the effectiveness of our
DDD algorithm on various densities.

We offer a quick overview of how the above parameters impact the optimal time horizon
T ∗ as well as the overall solve time for UPR(DT ), holding all other parameters constant.
As m increases, T ∗ decreases since packets can travel via shorter direct paths, and fewer
packets are forced to overlap. While larger m would imply that the UPR(DT ) takes
longer to generate, since T ∗ decreases significantly the overall solve time decreases in our
experiments. Naturally, as k increases, T ∗ increases. As expected, as α and β increase, T ∗

decreases.

Results

We first present the average runtime (in seconds) among all settings of α, β, when T , m,
and k are fixed. We note that the “ratio” column denotes the average ratio of the runtimes,
rather than the ratio of the average runtimes. Averages marked with ∗ indicate that there
was at least one instance that did not terminate within the time limit.

k = 200 k = 250 k = 300

UB UPR(DT ) DDD ratio UPR(DT ) DDD ratio UPR(DT ) DDD ratio
T ∗ 267 878 2.82 288 693 2.02 674 1,463∗ 1.98

1.5T ∗ 709 1,293 1.85 1,582 1,135 0.67 1,761 1,602∗ 0.88
2T ∗ 1,891∗ 959∗ 0.85∗ 2,714∗ 1,368∗ 0.42∗ 2,879∗ 1,838∗ 0.51∗

Table 4.1: Average runtime for m = 30.

k = 200 k = 250 k = 300

UB UPR(DT ) DDD ratio UPR(DT ) DDD ratio UPR(DT ) DDD ratio
T ∗ 144 303 2.08 210 338 1.73 219 345 1.68

1.5T ∗ 406 467 1.25 882 734 0.93 975 814 0.79
2T ∗ 1,491 580 0.40 2,232 652 0.34 3,100∗ 1,024 0.42∗

Table 4.2: Average runtime for m = 45.
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k = 200 k = 250 k = 300

UB UPR(DT ) DDD ratio UPR(DT ) DDD ratio UPR(DT ) DDD ratio
T ∗ 135 315 2.25 152 320 2.13 189 467 2.44

1.5T ∗ 390 517 1.41 485 652 1.27 800 1,958 2.04
2T ∗ 1,374 532 0.55 1,513 726 0.55 2,814∗ 2,162∗ 0.76∗

Table 4.3: Average runtime for m = 60.

Across all scenarios we see a clear trend that as the upper bound T increases relative to T ∗,
the increase to the runtime to UPR(DT ) is much greater than the increase to the runtime of
DDD. This result is intuitive, since as T increases, UPR(DT ) becomes larger and additional
symmetries are introduced in the network – most packets will have an increasing number
of possible trajectories in an optimal solution. Since the partially time-expanded networks
are sparse, many of these additional symmetries are avoided.

Figures 4.7 - 4.12 report the runtime of the experiments when T = 1.5T ∗ and T = 2T ∗.
Each plot presents the number of instances solved within a given time limit. These figures
demonstrate the same findings as the tables above. The performance of DDD becomes
increasingly advantageous over the full IP as m decreases and T increases.

Figure 4.7: m = 30, T = 1.5T ∗ Figure 4.8: m = 30, T = 2T ∗
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Figure 4.9: m = 45, T = 1.5T ∗ Figure 4.10: m = 45, T = 2T ∗

Figure 4.11: m = 60, T = 1.5T ∗ Figure 4.12: m = 60, T = 2T ∗

Iteration sizes

When T = T ∗, UPR(DT ) performs better than DDD. This is not surprising since while
DDD solves smaller IPs than UPR(DT ), we still require reasonably dense partially time-
expanded networks in order for the algorithm to terminate. The following table presents
the average number of iterations required until DDD terminates, as well as the average
size of the final timed node set compared to the full timed node set.
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m = 30 m = 45 m = 60

factor iterations |Nfinal
S |/|NT | iterations |Nfinal

S |/|NT | iterations |Nfinal
S |/|NT |

T ∗ 9.67 0.43 7.00 0.60 6.93 0.72
1.5T ∗ 9.85 0.31 6.93 0.40 6.78 0.47
2T ∗ 9.89 0.23 7.07 0.31 7.07 0.37

Table 4.4: Average number of iterations, and relative size of Nfinal
S .

The average number of iterations decreases as the number of arcs, m, increases. This is
not surprising since a larger number of arcs allows for packet trajectories with fewer timed
arcs, and thus DDD generates feasible trajectories in fewer iterations. At the same time,
the average ratio of |Nfinal

S |/|NT | increases with m, which explains why we do not see
better performance for DDD for higher values of m. One reason this ratio is higher is due
to the refinement process for storage capacity, since when correcting exceeded storage at a
node v, the number of timed nodes added partly depends on the degree of v. We explore
the impact of sparsity on the performance of DDD further in Section 4.4.2.

Refinement trends

In each iteration we solve the integer program defined on the partially time-expanded
network and obtain a solution x̂. If x̂ cannot be converted to an optimal solution in DT ,
there must be timed arcs in the support of x̂ that are either too short, or exceed the
original throughput or storage levels. In the following figures, we examine how each of
these violated constraint types influences the refinement process in each iteration.

In Figure 4.13 we present the average proportion of the infeasible arcs in the support of x̂
that are short, have exceeded throughput, or exceeded storage in each iteration. In Figure
4.14, we present the average proportion of the timed nodes added to correct each violated
constraint type in each iteration. We included the test instances where DDD took at least
7 iterations before terminating, and only looked at the first 7 iterations. We see below that
this turns out to be sufficient to observe clear trends.

Observe that there are no timed arcs in the support of x̂ exceeding storage capacity in the
first iteration. This is not surprising since no storage is necessary if there are no (or at least
no restrictive) throughput capacities. For the same reason, it is natural that there would
be more timed arcs with exceeded throughput than timed holdover arcs with exceeded
storage in each iteration. As the iterations progress, the support of x̂ increases in size and
spreads the flow of packets along a larger number of timed arcs. Thus, it is natural that the
proportion of infeasible timed arcs with exceeded throughput decreases. In Figure 4.20,
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Figure 4.13: Infeasible timed arcs. Figure 4.14: Cause of adding timed nodes.

we see that the proportion of timed nodes added due to exceeded storage overtakes those
added due to exceeded throughput. This is due to the fact that when correcting exceeded
throughput, we add a single timed node, whereas when correcting exceeded storage at a
node v, we may add up to degD(v) + 1 timed nodes.

4.4.2 Geometric instances

Dataset

Our instances consist of random geometric graphs which have been used widely to model
human social networks [33, 46]. We begin by selecting n nodes randomly from an l× l grid.
We then connect each ordered pair of nodes with an arc if their L1-norm distance is at
most p. This is a discrete version of a random geometric graph. Since social networks have
low diameter, we augment our arc set according to the popular construction of Kleinberg
[33]. That is, for each of the nodes v ∈ N , we add q “long-range” arcs (v, w) chosen
independently at random, where the ith directed arc from v has endpoint w with probability
proportional to ||v−w||−r

1 . For each of the arcs generated to form A, we assign the transit
time to be equal to the L1-norm distance between the endpoints.

We then select k random origin-destination pairs from the digraph D according to the same
process as in the geographic instances. As was the case of our geographic instances, we
select capacities from a discrete uniform distribution with endpoints (α1, α2) and (β1, β2)
for arc capacity and node storage respectively. We now list our set of parameters.
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Parameters

• l = 25 – grid length and width;
• n = 20 – number of nodes;
• k ∈ {200, 225, 250} – number of packets;
• p ∈ {3, 4} – radius for local connections;
• q ∈ {1, {1, 2}} – number of long-range connections for each node;
• r = 0.5 – scaling factor to select long-range connections;
• (α1, α2) ∈ {(1, ⌈0.01k⌉), (1, ⌈0.02k⌉)} – bounds for arc capacity;
• (β1, β2) ∈ {(0, ⌈0.01k⌉), (0, ⌈0.02k⌉)⌉} – bounds storage capacity.

When q = {1, 2}, for each node we select 1 or 2 long distance arcs with equal probability.
We select p and q to be sufficiently small so that the instance is capacitated while still
allowing for differing levels of local and global connectivity. In Figure 4.15 we see a sparse
network obtained using n and l as stated, with r = 0.5, p = 3, and q = 1. In contrast,
Figure 4.16 shows a dense network obtained with parameters r = 0.5, p = 4, and q = {1, 2}.
In each figure the placement of the nodes corresponds to the location in the l × l grid.

Figure 4.15: Locally and globally sparse Figure 4.16: Locally and globally dense

When r = 0, the long-range connections are chosen uniformly at random, and when r = 1,
the connections are chosen with probability proportional to the inverse distance. Since we
would like some level of global connectivity, but long-distance connections are less common
than short distance connections in social networks, we use r = 0.5. As stated, we require
higher congestion in UPR than in SND to generate interesting problems. The choices for
α1, α2, and β1, β2 allow for a range of congestion levels, while ensuring that the resulting
instance is feasible.

We offer a quick overview of how the above parameters impact the optimal time-horizon T ∗

as well as the overall solve time for UPR(DT ), holding all other parameters constant. As
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p and q increase, T ∗ decreases since packets can travel via shorter direct paths, and fewer
packets are forced to overlap. As the arc and storage capacities increase, T ∗ decreases since
the network can accommodate a higher number of active packets.

Results

Overall, we see that DDD is faster than solving the full IP when T = 2T ∗, and faster for
slow sparse instances when T = 1.5T ∗. On average, we find that when T = 2T ∗, DDD
completes in 49% of the time it takes to run UPR(DT ). Note, this is an overestimate since
when running UPR(DT ), some of the instances did not complete within the allowed time.

Figure 4.17: Cumulative solved, T = 1.5T ∗ Figure 4.18: Cumulative solved, T = 2T ∗

To examine the results more closely, we divide the instances into groups based on the level
of local and global connectivity of the underlying network. Again, the “ratio” column given
is the average of the ratio between the runtime of UPR(DT ) and DDD. Again, averages
marked with ∗ indicate that there was at least one instance that did not terminate within
the time limit. As a result, the ratio in the same row could be lower if all instances were
run until termination.
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Low local and low global connectivity

k = 200 k = 225 k = 250

UB UPR(DT ) DDD ratio UPR(DT ) DDD ratio UPR(DT ) DDD ratio
T ∗ 363 1,946 6.17 477 1,069 2.17 651 1,921 4.41

1.5T ∗ 2,705 3,220 1.18 5,066∗ 2,702 1.15∗ 3,644 1,523 0.47
2T ∗ 6,780∗ 3,084 0.44∗ 6,191∗ 3,188 0.79∗ 5,791∗ 1,663 0.27∗

Table 4.5: Average runtime, (p = 3, q = 1).

Low local and high global connectivity

k = 200 k = 225 k = 250

UB UPR(DT ) DDD ratio UPR(DT ) DDD ratio UPR(DT ) DDD ratio
T ∗ 234 821 3.20 285 550 2.97 245 893 4.09

1.5T ∗ 1,205 768 0.87 2,465∗ 1,235 2.13∗ 1,029 2,672 3.61
2T ∗ 2,803 2,904∗ 0.75 3,591∗ 1,391 0.59∗ 6,284∗ 1,584 0.37∗

Table 4.6: Average runtime, (p = 3, q = {1, 2}).
High local and low global connectivity

k = 200 k = 225 k = 250

UB UPR(DT ) DDD ratio UPR(DT ) DDD ratio UPR(DT ) DDD ratio
T ∗ 186 478 2.48 248 734 2.76 281 791 2.70

1.5T ∗ 1,343 1,581 1.48 1,092 1,263 1.23 1,728 1,687 1.05
2T ∗ 4,726∗ 2,538∗ 0.40∗ 3,776∗ 1,867 0.49∗ 5,926∗ 1,880 0.40∗

Table 4.7: Average runtime, (p = 4, q = 1).

High local and high global connectivity

k = 200 k = 225 k = 250

UB UPR(DT ) DDD ratio UPR(DT ) DDD ratio UPR(DT ) DDD ratio
T ∗ 152 318 2.23 187 382 2.12 202 438 2.20

1.5T ∗ 868 533 0.82 796 539 0.82 590 834 1.41
2T ∗ 2,502 1,093 0.58 3,925∗ 624 0.31∗ 1,803 896 0.52

Table 4.8: Average runtime, (p = 4, q ∈ {1, 2}).

Overall, we draw the same conclusions as in Section 4.4.1. As the upper bound increases
relative to T ∗, the performance of DDD improves over the the full integer program. For
sparse instances, DDD outperforms UPR(DT ) even when T = 1.5T ∗ (DDD terminates in
an average of 93% of the time of the full IP). In the following table we see that when
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the underlying graph is sparser, this increases the average number of iterations until DDD
terminates (“iter.” column). Despite this increase in average iteration count, the aver-
age ratio of |Nfinal

S |/|NT | decreases and so DDD still performs comparatively better on
sparser instances. A future direction of research would be to examine how local and global
connectivity impacts the performance of the DDD algorithm in general.

p = 3, q = 1 p = 3, q = {1, 2} p = 4, q = 1 p = 4, q = {1, 2}
factor iter. |Nfinal

S |/|NT | iter. |Nfinal
S |/|NT | iter. |Nfinal

S |/|NT | iter. |Nfinal
S |/|NT |

T ∗ 9.75 0.57 8.42 0.64 7.33 0.64 6.17 0.66
1.5T ∗ 8.42 0.37 8.58 0.45 7.50 0.44 6.25 0.46
2T ∗ 8.58 0.28 8.25 0.34 7.67 0.34 6.58 0.35

Table 4.9: Average number of iterations, and average value of |Nfinal
S |/|NT |.

Refinement trends

We observe the same trends as in Section 4.4.1 for the refinement step in DDD. As the
iterations progress, correcting violated storage constraints increases in its impact on the
refinement process, whereas there are fewer violated throughput constraints. Correcting
short arcs continues to dominate the reason why most timed arcs are infeasible, while the
cause of added timed nodes is split between correcting short timed arcs and correcting
exceeded storage arcs.

Figure 4.19: Infeasible timed arcs. Figure 4.20: Cause of adding timed nodes
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4.5 Importance of a tight storage bound

To demonstrate the importance of tightening the storage relaxation in the discrete-time
setting we will look at the problem of SND with the addition of hard arc and node capaci-
ties. We restate the definition of SND for reference. In a discrete-time instance of SND, we
are given a directed graph D = (N,A), where each arc vw ∈ A has an associated transit
time τvw ∈ N≥0, a commodity-dependent per-unit-of-flow cost ckvw ∈ R≥0 for each k ∈ K,
a fixed cost fvw ∈ R≥0, and a capacity uvw ∈ N>0. In addition, we add hard node and arc
capacities. Specifically, we are given a limit of hvw trucks that can be sent along vw at any
(integer) point in time, and each node v ∈ N can store at most bv units at any time.

Let K denote a set of commodities, each with an origin ok ∈ N and destination dk ∈ N ,
along with a demand qk that must be routed along a single trajectory from sk to tk. Let
rk and lk be the release time and deadline for commodity k ∈ K respectively. An ok, dk-
trajectory is feasible for commodity k if it departs ok no earlier than rk and arrives at dk
no later than lk. The goal of SND is to determine a feasible trajectory for each commodity
in order to minimize the total fixed and variable cost, ensuring that the hard node and arc
capacities are satisfied.

We construct our instance of SND as follows. The base graph, D, is the directed graph
depicted in Figure 4.21. Each arc in the figure is also labelled with its transit time and
truck capacity. The nodes v and w are labelled with their storage capacity, and the nodes
s and t have no storage limit. Let T ≥ 4.

• fa = 1 and ha = 1 for all a ∈ A;
• cka = 0 for all a ∈ A, k ∈ {1, 2};
• (o1, d1) = (o2, d2) = (s, t);
• qk = 50, rk = 0 and lk = T for k ∈ {1, 2}.

(1, 50)

0 (2, 50)

(1, 100) (1, 100)

20
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Figure 4.21

Observe that while we would like to purchase only a single truck on each of arcs sv and
wt, this is not possible since the two vw arcs have differing transit times and there is
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insufficient storage capacity at v and w to hold the units travelling along the quicker route.
Thus, the minimum cost of a solution is 5.

Consider an iteration of DDD which includes all timed copies of s, all copies of v, and
copies of the node w only at times 0, 1, 2, and T . Note that it is not hard to make this the
minimal set of timed nodes permitted in a partial network by adding commodities with
restrictive release times and deadlines.

Without the analysis justifying the property (P storage), the storage constraint would need
to be fully removed at (w, 2) since (w, 3) /∈ NS, leading to a solution in the partial net-
work with cost 4. With this weaker relaxation approach, the DDD algorithm would only
terminate once Ω(T ) copies of w are added to the solution since every feasible time that w
could be reached via commodities 1 and 2 must be included, as well as the following hour
to prevent a relaxation of the storage capacity. This would result in Ω(T ) iterations for
the DDD algorithm.

Furthermore, without the proof of Lemma 4.5, the combination of Lemmas 4.4 and 4.6
would result in the following weaker (in terms of strength of the relaxation) relaxed capacity
property:

(P storage−relaxed): For any e = ((v, t), (v, t′)) ∈ HS,

b′e ≥ mS(v, t) · bv + Ue,

where
Ue =

∑
(w,t′)∈N−

T (v,t)∪N−
S (v,t)

uwv · (mS(w, t′)− 1).

However, this storage relaxation gives a similarly poor bound on the number of iterations
in a DDD algorithm. Since each timed copy of the neighbouring node v is included in
NS, Ue = 0 and so we can set the storage capacity of timed node (w, t) to be mS(w, t) · bw.
Whenever mS(w, t) ≥ 3, the storage will be at least 50, allowing the partial network to
permit commodities 1 and 2 to overlap on sv and wt. Thus, the DDD algorithm will
only terminate once each copy of w that could be reached via commodities 1 and 2 has
mS(w, t) ≤ 2 and so the algorithm would still required Ω(T ) iterations.

With the tighter storage limit given by (P storage), the capacity at (w, 2) is only 40, and
thus prevents the infeasible solution. As a result, with storage capacities selected according
to (P storage) the DDD algorithm terminates after a single iteration.
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4.6 Two-phase DDD for geographic setting

The two-phase DDD approach was introduced recently by Hewitt [30] as a method to
speed-up the initial iterations of DDD. In the first phase, the DDD paradigm solves the
LP relaxation of the mixed-integer program. In each iteration in this phase, the LP relax-
ation of the MIP defined on the partially time-expanded network is solved rather than the
MIP itself, in order to save on computation time. The first phase then terminates with an
optimal solution to the LP relaxation and a final partially time-expanded network, DLP

S .
In the second phase, DDD solves the original MIP with the partially time-expanded net-
work initialized to be DLP

S . This two-phase method was demonstrated to produce optimal
solutions more quickly than the single-phase DDD approach for variants of SND [30, 54].

While two-phase DDD is a promising speed-up strategy, one downside of this approach
is that the support of an optimal solution to the LP relaxation may be larger than the
support of an optimal solution to the MIP, resulting in iterations with larger partially time-
expanded networks compared to the partially time-expanded networks of the single-phase
approach.

In this section we present computational results comparing a two-phase approach and the
original DDD approach on the set of geographic instances presented in Section 4.4.1. For
the lower bound in each iteration, we solve the LP relaxation induced by DS and obtain a
solution x̂ to UPR(DS) with value T̂ . Note that the final arrival time of a timed movement
arc in the support of x̂, denoted final(x̂), could exceed T̂ when solving the LP relaxation
due to the allowance of fractional variables. Thus, instead of setting T ′ = ⌈(1 + δ)T̂ ⌉ as
in the original DDD approach, we set T ′ = ⌈(1 + δ)final(x̂)⌉ in phase one. Furthermore,
packets are no longer forced to travel along a single trajectory in the LP relaxation. Let
Q̂k = {Q̂1

k, · · · , Q̂rk
k } be the set of trajectories for packet k in the support of x̂, and let

Pk = {P 1
k , · · · , P rk

k } be the corresponding set of paths in D. For each k ∈ K we redefine
Ak

T and Hk
T as

Ak
T = {((v, t), (w, t′)) ∈ AT : vw ∈ P i

k ∈ Pk}, and

Hk
T = {((v, t), (v, t′)) ∈ HT : v ∈ N(P i

k), P
i
k ∈ Pk}.

The proof of correctness for the first phase now follows directly from the proof of correctness
for the original DDD approach. However, we note that Corollary 4.10 no longer holds for a
two-phase approach and instead in the first phase timed nodes (v, t) may be added where
t > T ∗+1. However, we still observe that for any added timed node (v, t), it must be that
t ≤ T , the provided upper bound. It follows that the maximum number of iterations in
phase 1 is at most |N |T (a weakening of Theorem 4.11 and Corollary 4.12).
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Overall we found that a two-phase DDD approach was on average slower than solving the
instance with the original single-phase DDD approach. Specifically, on average the two-
phase DDD algorithm was 20.4% slower than the original DDD algorithm. As previously
mentioned, there are a few reasons this is not entirely surprising. While the initial iterations
can be solved more quickly if we only solve the LP relaxation, these iterations have very
sparse partially time-expanded networks, and so naturally the later iterations dominate
the runtime of the algorithm. In the following tables, we see that on average the 2-
phase approach requires a total of 8.72 iterations, whereas the single-phase DDD approach
terminates after an average 7.91 iterations. Additionally, we find an increase of 10% in the
average value of |N final

S |/|NT | (the final timed node set over the full timed node set) when
using the two-phase approach.

Results

In Tables 4.10 and 4.11 we compare two-phase and single-phase DDD (original) in terms
of their runtime, total number of iterations, and average value of |N final

S |/|NT |.

average runtime (s) average |N final
S |/|NT |

UB original 2-phase
2-phase
original

original 2-phase
2-phase
original

T ∗ 569 616 1.08 0.58 0.63 1.08
1.5T ∗ 1,019 1,206 1.18 0.39 0.44 1.13
2T ∗ 1,094 1,422 1.30 0.30 0.33 1.10

Table 4.10: Average runtime and average value of |N final
S |/|NT |.

Across all upper bound factors (T ∈ {T ∗, 1.5T ∗, 2T ∗}), on average the original DDD ap-
proach terminates more quickly than the two-phase approach. One contributing factor is
the fact that on average, the size of the final timed node set is larger when running two-
phase DDD, resulting in slower final iterations. Additionally, in Table 4.11, we see that the
total number of iterations increases when running the two-phase approach. After solving
the LP relaxation with DDD, the two-phase approach required an average of approxi-
mately 2 iterations in the second phase. Since the later iterations dominate the runtime of
DDD and the two-phase approach resulted in slower final iterations, this explains why the
two-phase approach does not offer improvement over the original DDD approach for this
particular problem and DDD implementation.
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two-phase DDD original DDD

UB phase 1 phase 2 total total
T ∗ 6.62 2.04 8.65 7.86

1.5T ∗ 6.63 2.27 8.90 7.85
2T ∗ 6.57 2.04 8.60 8.01

Table 4.11: Average number of iterations in each phase.

The following figures present the cumulative instances solved whe T = 1.5T ∗ and T = 2T ∗.

Figure 4.22: T = 1.5T ∗ Figure 4.23: T = 2T ∗

The following tables provide a breakdown of the performance of the two-phase DDD for
each value of m, the number of arcs in the base graph. Each entry in the table is equal to
the average value of that feature for the two-phase approach divided by the average value of
the feature for the original single-phase DDD approach. For example, among the instances
where m = 30, k = 200, and T = T ∗, the average number of iterations for two-phase DDD
was 11.44 and the average number of iterations for the original DDD approach was 10.56,
giving a ratio of 11.44/10.56 = 1.08.
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k = 200 k = 250 k = 300

UB time iterations
|Nfinal

S |
|NT | time iterations

|Nfinal
S |
|NT | time iterations

|Nfinal
S |
|NT |

T ∗ 0.69 1.08 1.06 0.89 1.00 1.03 1.12 1.15 1.38
1.5T ∗ 0.88 1.10 1.05 1.56 1.15 1.27 1.20 1.24 1.14
2T ∗ 1.89 1.02 1.10 1.46 1.09 1.24 1.27 1.19 1.06

Table 4.12: Average runtime when m = 30.

k = 200 k = 250 k = 300

UB time iterations
|Nfinal

S |
|NT | time iterations

|Nfinal
S |
|NT | time iterations

|Nfinal
S |
|NT |

T ∗ 1.34 1.12 1.07 1.36 1.14 1.08 1.43 1.19 1.11
1.5T ∗ 1.23 1.07 1.08 1.58 1.17 1.13 1.75 1.20 1.20
2T ∗ 1.01 1.03 1.07 2.03 1.17 1.15 1.32 1.10 1.10

Table 4.13: Average runtime when m = 45.

k = 200 k = 250 k = 300

UB time iterations
|Nfinal

S |
|NT | time iterations

|Nfinal
S |
|NT | time iterations

|Nfinal
S |
|NT |

T ∗ 1.08 1.02 0.99 1.51 1.20 1.10 1.08 1.05 1.00
1.5T ∗ 1.14 1.06 1.12 1.52 1.15 1.12 0.66 1.05 1.11
2T ∗ 1.16 0.98 1.08 1.15 1.02 1.06 0.90 1.05 1.12

Table 4.14: Average runtime when m = 60.

Consistently we see that the average number of iterations and the average value of |N final
S |/|NT |

increases for the two-phase DDD approach. The same can be said for the number of iter-
ations.

Note that the two-phase approach is not necessarily well-defined even if the DDD algo-
rithm is well-defined for a given MIP. Specifically, without the addition of constraint (4.8),
adding timed nodes to DS could cause the value of the LP relaxation to decrease for UPR.
Furthermore, it could be the case that the refinement procedure impacts the effectiveness
of a two-phase approach, since an aggressive refinement process that corrects all short arcs
in the support of a solution may add more timed nodes when given a fractional solution
with larger support. Therefore it would be interesting to understand how the formulation
and the refinement process can impact the effectiveness of a two-phase DDD approach.
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4.7 Summary and observations

In this work, we study the universal packet routing problem and develop a novel DDD
algorithm for solving this problem exactly. We prove bounds on the relaxation required
for storage constraints for UPR, which extend to the setting of SND with node storage.
Moreover, our lower bound arguments rely solely on the structure of the standard map
µ from the fully time-expanded network to the partially time-expanded network that is
frequently used in the DDD literature. For this reason, the results apply more broadly to
any problem with bounded fixed bounded node storage.

We present an implementation along with illustrative computational results. In both our
geographic and geometric instances, we observe that the runtime of the full IP increases
more than the DDD algorithm as a function of the upper bound, T , provided. In many
problems to which DDD has been previously applied, the support of an optimal solution
is small compared to the fully time-expanded network. In UPR, this is no longer the case
since the arc capacity and storage levels increase the size of the support of a solution.

Finally, we observe that the performance of the full IP deteriorates as the upper bound
provided increases relative to T ∗. While continuous formulations are commonly said to
perform more poorly than time-indexed formulations [39], this will likely no longer be
the case for some value of upper bound T ≫ T ∗. Furthermore, it is possible that con-
tinuous formulations are more effective when paths are given in advance, such as is the
case for the UPR-FP. Potential future work would be to study the comparative runtime
between continuous formulations and time-expanded formulations for problems when we
add designated paths in the underlying static graph. Understanding this trade-off between
continuous and time-indexed formulations may be of interest and could be used to improve
upper bound and augmentation steps in DDD algorithms.
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Chapter 5

Additional contributions to DDD

In this chapter we present additional contributions to the development of DDD algorithms.
We present a DDD model for solving a version of SND with cyclic constraints, often used to
ensure operations are consistent and repeat each day. We show that these cyclic constraints
lead to larger sets of timed nodes required in partial networks.

We also address the proposed strategy of reducing formulation sizes by removing timed
nodes from the current partial network if they are no longer required in an optimal solution.
We show that such a removal strategy must be designed carefully, since straightforward
strategies can result in the iterations in DDD to repeat, preventing termination. These
results highlight the importance of the arc-based DDD approach presented in Chapter 3.

5.1 Modelling cyclic constraints with DDD

In many practical networks, commodity demands and network operations often have a
repetitive structure. That is, the origin-destination flow and corresponding trajectories of
packages released on day one are roughly repeated each subsequent day. In addition, the
operation of the network is also often repeated each day. For example, often a similar
number of trucks are installed on a fixed arc at the same time each day. While in reality
day-to-day operations are not exactly the same, such an assumption is at times made
in the planning stage of network design [6, 40]. With these assumptions, the problem
of computing the optimal operation of a network simplifies to finding an optimal daily
operation, while taking into consideration the flow released over the course of the whole
time horizon.
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To compute an optimal daily network operation while incorporating all flow throughout
the time horizon, Lara et al. [40] incorporate cyclic capacity constraints. For each arc a ∈ A
and hour t ∈ [24], a cyclic constraint for arc a at time t combines flows departing arc a
at time t during any day. In the implementation of this constraint, we use the modulo
operation. We present these cyclic constraints explicitly in Section 5.1.1. In this section
we present a DDD algorithm for SND with cyclic constraints.

5.1.1 SND with cyclic constraints

First, recall the inputs to an instance of SND defined in Section 2. The input consists of
the flat network D = (N,A) and commodity set K. Each arc vw ∈ A has a transit time
τvw, commodity-dependent per-unit-of-flow cost ckvw ∈ R>0 for each k ∈ K, a fixed cost
fvw ∈ R>0, and a capacity uvw ∈ N>0. Each commodity k ∈ K has a source ok ∈ N , sink
dk ∈ N , demand qk, release time rk, and deadline lk. T = maxk∈K lk. The goal of SND
is to determine a feasible trajectory in DT for each commodity in order to minimize the
total fixed and variable cost of the resources required to ship the commodities along the
trajectories within their available time windows.

In an instance of SND with cyclic constraints, we are additionally given a discretization,
M , of a day, and T is some multiple of M . The task is to find a min cost feasible routing
of the commodities, subject to cyclic constraints.

For each timed arc a = ((v, t), (w, t′)) ∈ AT , let dep(a) denote the departure time of a.
That is, dep(a) = t. Let A(a) := vw. i.e., A(·) projects timed arcs down to the base graph.

To precisely state the constraints, we adopt the same notation as in Section 2. For each
commodity k ∈ K and each timed arc a ∈ Ak

T ∪ Hk
T , let x

k
a be a binary variable which is

equal to 1 if commodity k is scheduled to travel along timed arc a in its assigned trajectory.
For each a ∈ AT , let ya denote the number of trucks scheduled along timed arc a.

The capacity constraints for traditional SND were as follows.∑
k∈K

qkx
k
a ≤ uaya ∀a ∈ AT

Let ytvw denote the total number of trucks schedules on arc vw, at any time t̄ where t̄ ≡ t
(mod M). When capacity constraints are cyclic, we instead have the following (often
smaller) set of constraints.∑

k∈K,a∈AT :A(a)=vw,
dep(a)≡t (mod M)

qkx
k
a ≤ uvwy

t
vw ∀vw ∈ A, t ∈ [M ]
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The full time-indexed formulation is restated as follows. For each timed arc a = ((v, t), (w, t′)) ∈
AT , let ua := uvw, and ca := cuv.

min
∑
vw∈A

∑
t∈[M ]

fvwy
t
vw +

∑
a∈AT

∑
k∈K

ckaqkx
k
a (SND-cyclic(DT ))

s.t. xk(δ+DT
(v, t))− xk(δ−DT

(v, t)) =


1 (v, t) = (ok, rk)

−1 (v, t) = (dk, lk)

0 otherwise

∀k ∈ K, (v, t) ∈ NT (5.1)

∑
k∈K,a∈AT :A(a)=vw,
dep(a)≡t (mod M)

qkx
k
a ≤ uay

t
vw ∀vw ∈ A, t ∈ [M ] (5.2)

xk
a ∈ {0, 1} ∀k ∈ K, a ∈ AT ∪HT (5.3)

ytvw ∈ N≥0 ∀vw ∈ A, t ∈ [M ] (5.4)

We will present a lower bound, upper bound, and refinement procedure for solving the
problem of SND with cyclic constraints with DDD. The key challenge is in accommodating
the relaxation for the cyclic constraints in the lower bound and refinement steps.

5.1.2 Lower bound model

The following formulation is analogous to the lower bound formulation presented in Section
2.2 for SND. For each timed arc a = ((v, t), (w, t′)) ∈ AS, dep(a) = t and A(a) = vw.

min
∑
vw∈A

∑
t∈[M ]

fvwy
t
vw +

∑
a∈AS

∑
k∈K

ckaqkx
k
a (SND-cyclic(DS))

s.t. xk(δ+DS
(v, t))− xk(δ−DS

(v, t)) =


1 (v, t) = (ok, rk)

−1 (v, t) = (dk, lk)

0 otherwise

∀k ∈ K, (v, t) ∈ NS (5.5)

∑
k∈K,a∈AS :A(a)=vw,

dep(a)≡t (mod M)

qkx
k
a ≤ uvwy

t
vw ∀vw ∈ A, t ∈ [M ] (5.6)

∑
a∈AS

τax
k
a ≤ lk − rk, ∀k ∈ K. (5.7)

xk
a ∈ {0, 1} ∀k ∈ K, a ∈ AS ∪HS (5.8)

ytvw ∈ N≥0 ∀vw ∈ A, t ∈ [M ] (5.9)
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Recall that in the case of SND, SND-RR(DS) provides a lower bound on the optimal value
of SND-RR(DT ), so long as the partial network DS = (NS, AS) satisfies the following two
properties.

(P1) Timed nodes: For all k ∈ K, (ok, rk) and (dk, lk) are in NS;
For all v ∈ N , (v, 0), and (v, T ) are in NS;

(P2) Arc copies: For all vw ∈ A, for all (v, t) ∈ NS with t + τvw ≤ T , we have
((v, t), (w, t′)) ∈ AS where

t′ = max{r : r ≤ t+ τvw, (w, r) ∈ NS}.

However, in the case of SND with cyclic constraints, these properties are not sufficient to
guarantee a lower bound. Consider the following instance with base graph D as given in
Figure 5.1 with unit transit times. The other inputs are listed below.
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Figure 5.1

Transit times and capacities:
• τa = fa = 1, ua = 2
• cka = 0 ∀a ∈ A,∀k ∈ K;
• M = 2 and T = 4.

Commodities:
• k1 : (o1, d1) = (v1, v3), r1 = 0, l1 = 4;
• k2 : (o2, d2) = (v2, v3), r2 = 0, l2 = 1;
• q1 = q2 = 1.

Observe that since M = 2 and T = 4, we can think of the time horizon as two days, and
the time discretization as half-day increments. With this interpretation, each arc has a
transit time of 12 hours (one half day).

Figure 5.2 provides the full network, and in Figure 5.3 the dashed arcs form a feasible
solution for the instance. Observe that the cost of this solution is 2, since the two timed
arcs ((v2, 0), (v3, 1)) and ((v2, 2), (v3, 3)) contribute to the same capacity constraint since
1 ≡ 3 (mod 2). Note that the support is not necessarily cyclic since the model only
includes each commodity once, rather than each day. The cyclic behaviour is captured by
the capacity constraints rather than repeating the commodities each day in the model. The
partial network presented in Figure 5.4 satisfies both property (P1) and property (P2).
However, since the deadline for commodity 2 is time 1, the only feasible routing through
DS has cost 3. Note that even though DS had no short timed arcs, routing through partial
network does not guarantee a lower bound when cyclic constraints are present.

111



<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="dflqXt6VNYPLHCsLjc4Tq8sPDGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlxHxBcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QqMPBh7vzTAzL0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDPz24+oNI9lw0wS9CM6lDzkjBorPdz2G/1yxa26c5C/xMtJBXLU++XP3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkxCoDEsbKljRkrv6cyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt++S9pnVW9i6p3f16pXedxFOEIjuEUPLiEGtxBHZrAYAhP8AKvjnCenTfnfdFacPKZQ/gF5+Mb8Z+Njw==</latexit>

DT

Figure 5.2:
Full network DT .

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="dflqXt6VNYPLHCsLjc4Tq8sPDGw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlxHxBcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QqMPBh7vzTAzL0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDPz24+oNI9lw0wS9CM6lDzkjBorPdz2G/1yxa26c5C/xMtJBXLU++XP3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkxCoDEsbKljRkrv6cyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt++S9pnVW9i6p3f16pXedxFOEIjuEUPLiEGtxBHZrAYAhP8AKvjnCenTfnfdFacPKZQ/gF5+Mb8Z+Njw==</latexit>

DT

Figure 5.3:
Solution on DT .

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="FrPPQ5+3lqvuYeJDDxs1cD9PkYo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlJOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFRp9MPB4b4aZeUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335EpXksH8wkQT+iQ8lDzqixUuO23+iXK27VnYP8JV5OKpCj3i9/9gYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolJ1YZkDBWtqQhc/XnREYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy39J66zqXVS9+/NK7TqPowhHcAyn4MEl1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f8BuNjg==</latexit>

DS

Figure 5.4:
Partial network DS .

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>
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<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>
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<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>
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<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>
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<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>
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<latexit sha1_base64="FrPPQ5+3lqvuYeJDDxs1cD9PkYo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlJOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFRp9MPB4b4aZeUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335EpXksH8wkQT+iQ8lDzqixUuO23+iXK27VnYP8JV5OKpCj3i9/9gYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolJ1YZkDBWtqQhc/XnREYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy39J66zqXVS9+/NK7TqPowhHcAyn4MEl1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f8BuNjg==</latexit>
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Figure 5.5:
Solution on DS .

We will prove that adding the following property is sufficient to ensure that routing through
DS provides a lower bound on the cost of routing in DT . Specifically, we show that it if the
time points included for each node with non-zero out-degree are closed under the modular
operation in DS, then the optimal value of SND-cyclic(DS) provides a lower bound on the
optimal value of SND-cyclic(DT ). We refer to a node v as non-terminal if deg+D(v) > 0.

(P3) Cyclicity: For all v ∈ N with deg+D(v) > 0, if (v, t) ∈ NS then (v, t′) ∈ NS for all
t′ ∈ [T ] with t′ ≡ t (mod M).

The partial networks in Figures 5.6 and 5.8 each satisfy property (P3). The corresponding
optimal routings with cost 2 are given in Figures 5.7 and 5.9.
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<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>
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<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>
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<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="FrPPQ5+3lqvuYeJDDxs1cD9PkYo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlJOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFRp9MPB4b4aZeUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335EpXksH8wkQT+iQ8lDzqixUuO23+iXK27VnYP8JV5OKpCj3i9/9gYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolJ1YZkDBWtqQhc/XnREYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy39J66zqXVS9+/NK7TqPowhHcAyn4MEl1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f8BuNjg==</latexit>

DS

Figure 5.6:
Partial network DS .

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3
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<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="FrPPQ5+3lqvuYeJDDxs1cD9PkYo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlJOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFRp9MPB4b4aZeUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335EpXksH8wkQT+iQ8lDzqixUuO23+iXK27VnYP8JV5OKpCj3i9/9gYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolJ1YZkDBWtqQhc/XnREYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy39J66zqXVS9+/NK7TqPowhHcAyn4MEl1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f8BuNjg==</latexit>

DS

Figure 5.7:
Solution on DS .

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="FrPPQ5+3lqvuYeJDDxs1cD9PkYo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlJOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFRp9MPB4b4aZeUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335EpXksH8wkQT+iQ8lDzqixUuO23+iXK27VnYP8JV5OKpCj3i9/9gYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolJ1YZkDBWtqQhc/XnREYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy39J66zqXVS9+/NK7TqPowhHcAyn4MEl1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f8BuNjg==</latexit>

DS

Figure 5.8:
Partial network DS .

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="FrPPQ5+3lqvuYeJDDxs1cD9PkYo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIioIVlJOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFRp9MPB4b4aZeUEiuDau++UUVlbX1jeKm6Wt7Z3dvfL+QUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH45uZ335EpXksH8wkQT+iQ8lDzqixUuO23+iXK27VnYP8JV5OKpCj3i9/9gYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolJ1YZkDBWtqQhc/XnREYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy39J66zqXVS9+/NK7TqPowhHcAyn4MEl1OAO6tAEBkN4ghd4dYTz7Lw574vWgpPPHMIvOB/f8BuNjg==</latexit>

DS

Figure 5.9:
Solution on DS .

112



In the proof of the following theorem, we use the standard map µ from timed arcs in AT

to timed arcs in AS. The only change in the proof compared to the proof of Theorem 2.2
is the consideration of the cyclic constraint and the corresponding cost.

Theorem 5.1. Let I be an instance of SND-cyclic. Let DS = (NS, AS ∪HS) be a partial
network that satisfies properties (P1)−(P3). Then an optimal solution to SND-cyclic(DS)
provides a lower bound on the optimal value of SND-cyclic(DT ).

Proof. Let µ : AT → AS be the map defined so that for each timed arc a ∈ AT ,

a = ((v, t), (w, t′)) → µ(a) = ((v, t̂), (w, t̂′)), (5.10)

where t̂ = max{s : s ≤ t, (v, s) ∈ NS}, and t̂′ = max{s : s ≤ t̂ + τvw, (v, s) ∈ NS}. Again,
µ is well-defined due to (P1) and (P2).

Let (x̄, ȳ) be a feasible solution to SND-cyclic(DT ) with cost C, and let Q = {Qk}k∈K
denote the corresponding set of trajectories. Fix k ∈ K. The set of ordered movement arcs
in Qk is {a1, a2, . . . , aqk}, where each ai = ((vi, t

out
i ), (vi+1, t

in
i+1)) for each i ∈ [qk− 1]. As in

the proof of Theorem 2.2, we obtain feasible trajectories Q̂ = {Q̂k}k∈K in DS by mapping
each movement arc a ∈ AT to µ(a) ∈ AS, and forming trajectories by adding holdover
arcs. Note that the underlying paths in the flat network for Q̂ and Q are the same for
each commodity, so the variable costs are the same.

It remains to argue that the fixed costs for Q̂ are no larger than those of Q. Let k and
j be two commodities that contribute to the same capacity constraint corresponding to
arc vw ∈ A and time t ∈ [M ]. That is, k traverses timed arc a1 = ((v, t1), (w, t

′
1)) and

j traverses timed arc a2 = ((v, t2), (w, t
′
2)), where t ≡ t1 ≡ t2 (mod M). The function µ

maps a1 and a2 to timed arcs µ(a1) = ((v, t̂1), (w, t̂
′
1)) and µ(a2) = ((v, t̂2), (w, t̂

′
2)), where

t̂1 ≡ t̂2 (mod M) by property (P3). Therefore commodities k and j continue to contribute
to the same capacity constraint for arc vw, potentially with a different time t̂ ∈ [M ] where
t̂ ≡ t̂1 (mod M). Therefore the fixed cost incurred when routing Q̂ in DS for each base
arc in A is at most the cost incurred when routing Q in DT , and so the cost of Q̂ is at
most C.

5.1.3 Upper bound and refinement considerations

Let (x̂, ŷ) be an optimal solution to SND-cyclic(DS) with corresponding trajectories Q =
{Qk}k∈K in DS, and paths P = {Pk}k∈K in D. A feasible solution to SND-cyclic(DT ) with
the same flat paths P is obtained by specifying a departure time for each arc in Pk, for
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each commodity k ∈ K, that satisfies the release time and deadline of k and respects the
actual transit times.

In the case of SND, this feasible solution has the same cost asQ if every pair of commodities
dispatched together on an arc vw in Q still shares a common departure time for arc vw.
However, this is not true in the case of SND with cyclic constraints, since two commodities
that traverse different timed copies of an arc vw ∈ A can still contribute to the same
capacity constraint if their departure times are congruent. Due to this difference, the
continuous formulation presented in Section 2.2 no longer applies. One choice for an upper
bound procedure would be to solve a formulation with the additional restriction that each
commodity traverses the flat path dictated by Q, analogous to the approach presented in
Section 4.3.

If an optimal solution to the upper bound formulation matches the cost of Q, then an
optimal solution to SND-cyclic(DT ) has been found. Otherwise, the current partial network
contains short timed arcs and must be modified.

Standard update procedures consist of lengthening the earliest-departing short timed arc
in each trajectory in Q, or lengthening all short timed arcs. Let a = ((v, t), (w, t′)) ∈ AS

be a timed arc in the support of x̂ that is short. Recall, the standard method to correct
short arcs in AS [2]:

if t′ < t+ τvw, add the timed node (w, t+ τvw).

In the case of SND with cyclic constraints, the set of timed nodes in the partial network
must be updated so that it continues to satisfy property (P3). Thus, for any timed arc cho-
sen to be lengthened, the following update procedure in Algorithm 13 must be completed
when lengthening a timed arc where the head node has departing arcs in D.

Algorithm 13: Augment-NS(e)

1 Input: A short timed arc a = ((v, t1), (w, t2)) with deg+D(w) > 0.
2 for t ∈ {s ∈ [T ] : s ≡ t1 + τvw (mod M)} do
3 NS ← NS ∪ (w, t)

4 return NS

5.2 Removing timed nodes

A DDD algorithm often performs well when there are not too many iterations until ter-
mination and the corresponding formulations are (very) small compared to the size of the
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full time-indexed formulation. Since a reasonable indicator of the size of the lower bound
formulation solved in a DDD is the size of the partial network, DS, we are motivated to
maintain small partial networks throughout the algorithm.

In traditional DDD approaches, in each iteration the size of the partial networks grows. In
order to maintain small partial networks, Scherr et al. [54] propose the idea of removing
timed nodes and timed arcs from the current partial network if they are no longer required
for obtaining high-quality solutions. While this general strategy has been proposed, there
is little understanding on how it should be implemented, and whether or not it would be
successful.

An initial strategy for removing timed nodes would be to remove any timed node that is
not used in the current solution to the lower bound model defined on the partial network,
so long as properties of the lower bound model can still be satisfied with the remaining
timed nodes. However, we prove that this strategy can lead to cycling in DDD.

To demonstrate the potential for this strategy to create cycling, we examine a simple SND
instance where the base graph is a cycle. See Section 2 for the definition of SND and
Section 2.2 for a standard DDD algorithm for SND.

Recall that a partial network DS = (NS, AS) corresponds to a valid lower bound model so
long as properties (P1) and (P2) are satisfied. In terms of the timed node set, NS, the only
requirement is that (ok, rk), (dk, lk) ∈ NS for all k ∈ K. That is, each node v is included at
any time point at which a commodity with origin v has its release time, or a commodity
with destination v has its deadline. In the refinement step for the SND model, short timed
arcs are lengthened if the solution to the partial network cannot be mapped to a solution
to the full network.

We construct an instance of SND as follows. The base graph, D, is the directed triangle
depicted in Figure 5.10.
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Figure 5.10: Base graph D.

Transit times and capacities:

• τa = fa = 1, ua = 2 for all a ∈ A;
• cka = 0 for all a ∈ A, for all k ∈ K.

Commodities:
• (o1, d1) = (v1, v3);
• (o2, d2) = (v2, v1);
• (o3, d3) = (v3, v2);
• qk = 1, rk = 0 and lk = 4 for all k ∈ K.
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Observe that there is a unique path in the base graph for each commodity. Any pair of
commodities can be scheduled to travel along their shared arc at the same time, incurring
only the fixed cost of that arc once. However, at least one arc in D must be traversed by
the commodity set at more than one time. Thus, the minimum cost is 4.

We now consider the execution DDD algorithm if we were to remove all timed nodes that
are not in the current solution in each iteration, provided that (P1) remains satisfied. In
this case, we simply need to ensure (ok, 0) and (dk, 4) remain in DS for each k ∈ K. In
Figure 5.11 we present the partial network in each iteration of the DDD algorithm, along
with an optimal solution to the lower bound formulation marked in the dashed timed arcs.
In each iteration, the lower bound value is 3, and the refinement process lengthens all short
timed arcs. When we remove timed nodes that are not in the current optimal solution, we
see that iterations 2 and 5 are identical. Thus, removing unused timed nodes causes the
DDD iterations to cycle.
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<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1

<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2
<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="zSuLjwX5ZbfQxPrBYkA1xGEYztM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD6pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHqXVe++Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcH3I2f</latexit>r4
<latexit sha1_base64="O1ZBX5HcBK3rj35Cn6HcOLABnzM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPejeRa9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVe/+vFK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8JYI2g</latexit>r5

<latexit sha1_base64="7RcF/nOyFyQqSafOQHeANqwqA7U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD6pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcE1I2d</latexit>r2
<latexit sha1_base64="DI4MAxvWGBX1bsumEZQPRZxRwI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPejeea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVe/+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8GWI2e</latexit>r3

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4
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Figure 5.11: DDD algorithm with node removal.

Even in the case where a refinement process only corrects a single timed arc, the same
cycling can occur. Figure 5.12 demonstrates that iteration i > 1 in Figure 5.11 will be
repeated in iteration 3i− 2 of the DDD algorithm that corrects a single timed arc in each
refinement step.
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1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="hpDk+Ezp1xSzfFK2XU89COwBkyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fe2GMtw==</latexit>

1

<latexit sha1_base64="999uSPMzQcQ9Kkd9NSYy0igixYw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHzljLg=</latexit>

2

<latexit sha1_base64="EY5BRrsz2A2AurbqYcyhP4Ut9Do=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/aJXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/IzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVW8+mW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fmmMuQ==</latexit>

3

<latexit sha1_base64="F6QIniCSw71QixXxBJW4gXzuX34=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR60kKXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf1/xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwAVh4uQ</latexit>

4

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0

<latexit sha1_base64="MwahirpAbnz/cv/0D7PgZMTgd1o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD6rv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMDUI2c</latexit>r1
<latexit sha1_base64="zSuLjwX5ZbfQxPrBYkA1xGEYztM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD6pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHqXVe++Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcH3I2f</latexit>r4

<latexit sha1_base64="7RcF/nOyFyQqSafOQHeANqwqA7U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD6pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcE1I2d</latexit>r2
<latexit sha1_base64="DI4MAxvWGBX1bsumEZQPRZxRwI4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPejeea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVe/+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8GWI2e</latexit>r3

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3
<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1

<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2
<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3

<latexit sha1_base64="mhBnW6QFbkvE7vJQIU+WSjgx9gU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8JaI2g</latexit>v1
<latexit sha1_base64="51YIe+JCmTpwnSDmzNwWnKoMw5Q=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8K7I2h</latexit>v2

<latexit sha1_base64="HnXKCqc/2ZnNjB/j0GfWLIGDBr0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDHCNog==</latexit>v3
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Figure 5.12: DDD algorithm with node removal, with refinement step correcting a single arc.
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Thus, while a timed node removal strategy may be helpful, the procedure must be chosen
carefully in order to avoid cycling.

5.3 Summary and observations

In this chapter we presented examples demonstrating that an aggressive timed node removal
strategy can cause iterations to repeat, preventing termination. We also introduced a DDD
approach for the problem of SND with cyclic constraints. Most notably, we proved that so
long as the time the discretization for each non-terminal node is cyclic (the same each day)
and satisfies previous standard properties, an optimal routing though the partial network
provides a lower bound on the optimal value.

Each of these results highlights the challenge of maintaining small partial networks in
the generic DDD paradigm. The former suggests challenges in removing timed nodes,
and the latter results in an increased number of timed nodes to maintain a valid lower
bound formulation. Future work could be to implement a DDD algorithm for SND with
cyclic constraints and consider heuristic timed node removal strategies. Another interesting
consideration would be to find a continuous formulation for the upper bound step of SND
with cyclic constraints.
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Part II

Sortation
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Chapter 6

Minimum degree sort point problem

In this section we consider the problem of min-degree-SPP, and we prove that it is NP-hard
to determine if there is a feasible allocation of sort points given a degree bound. We discuss
several settings, where (near-)feasibility of a given sortation instance can be determined
efficiently. The algorithms we propose are fast and build on combinatorial witness set type
lower bounds that are reminiscent and extend those used in earlier work on degree-bounded
spanning trees and arborescences.

See Section 1.4 for the definition of min-degree-SPP and relevant notation.

6.1 Hardness

In this section we prove that min-degree-SPP is NP-hard, even in the setting where the
underlying undirected graph of D forms a star. To prove this result, we will exhibit a
reduction from the NP-hard problem of Hitting-set [23], defined as follows.

Hitting-set: Let Σ = {e1, e2, . . . , em} be a set of m elements, let S = {S1, S2, . . . , Sn} be
a set of n non-empty subsets of Σ, and let b ∈ N be a budget. The hitting set problem
asks if there is a subset R ⊂ Σ of cardinality at most b such that R∩ Si ̸= ∅ for all i ∈ [n].

Theorem 6.1. min-degree-SPP is NP-hard, even when restricted to star instances.

Proof. Let H = (Σ,S, b) be an instance of Hitting-set, where Σ = {e1, e2, . . . , em},
S = {S1, S2, . . . , Sn} is a set of n non-empty subsets of Σ, and b ∈ N. The hitting set
problem asks if there is a subset R ⊂ Σ of cardinality at most b such that R ∩ Si ̸= ∅ for
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all i ∈ [n]. We will construct a corresponding instance I = (D,K) of min-degree-SPP such
that H is a YES instance if and only if ∆∗ ≤ c, for some fixed integer c, where I and c are
polynomial in the size of H.
First, we construct a digraph D′ = (N ′, A′) with node and arc sets

N ′ = {si : i ∈ [n]} ∪ {v} ∪ {tj : j ∈ [m]},
A′ = {siv : i ∈ [n]} ∪ {vtj : j ∈ [m]},

as shown in Figure 6.1a. For each i ∈ [n] and ej ∈ Si, we add a commodity with source si
and sink tj to form a set K′. That is, K′ = {(si, tj) : i ∈ [n], ej ∈ Si}.
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<latexit sha1_base64="zJSSZyiIji97F2RTlYT/bt2ZF/I=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZMTGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRnczvzVGpXksG2aSoB/RgeQhZ9RY6bHRG/fKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ip5uqh6V1Xv4bJSu83jKMIJnMI5eHANNbiHOjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPPZaNwQ==</latexit>

Tv

<latexit sha1_base64="KTfjluTE5zL7s7WwqYrlSj/ZTTg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3vX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABDyNmw==</latexit>s1

<latexit sha1_base64="zYfK+tz1trKoAFOxq7kfOxSeL4M=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatap3WfXuLyr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4ABcCNnA==</latexit>s2

<latexit sha1_base64="84HXsvgNYNDYz7eWu5HX6zGCJKI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3Zb9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWRdWrVb37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9gsI3Y</latexit>sn

(b)

Figure 6.1: Digraphs D′ and D.

We build on the instance I ′ = (D′,K′) to form instance I = (D,K). Let c = max{b,maxi |Si|}.
For each i ∈ [n], we add a set of nodes, denoted Ti, of cardinality c− |Si| to N ′. Addition-
ally, we add a set of nodes Tv with cardinality c− b. The arc set A is formed by adding an
arc from v to all the nodes in N \N ′. That is,

N = N ′ ∪ Tv ∪ {Ti : i ∈ [n]}
A = A′ ∪ {vt : t ∈ N \N ′}.

The digraph D is given in Figure 6.1b, where the square nodes indicate a set of nodes
rather than a single node. Additionally, arcs entering a square node denote a set of arcs
with same shared tail and differing heads – one for each node in the set represented by the
square node.

We add commodities to K′ to form the set K. For each i ∈ [n], we add the commodity
(si, t) for all t ∈ Ti, and the commodity (si, v). Additionally, for each node t ∈ Tv we define

120



a commodity (v, t). Specifically,

K = K′ ∪ {(si, v) : i ∈ [n]} ∪ {(si, t) : t ∈ Ti, i ∈ [n]} ∪ {(v, t) : t ∈ Tv}.

Observe that I and c are polynomial in the input of H. Furthermore, there are c + 1
distinct commodities with source si for each i ∈ [n], and any feasible subgraph H must
contain the arc set E = {siv : i ∈ [n]} ∪ {vt : t ∈ Tv} (the red dashed arcs in Figure 6.1b).
We now claim that the hitting set instance H is a YES instance if and only if ∆∗ ≤ c.

First, suppose the hitting set instance H is a YES instance. Let R be a set of at most
b elements such that R ∩ Si ̸= ∅ for all i ∈ [n]. Up to reordering, we may assume that
R = {e1, e2, . . . , ep} where p ≤ b. We form a feasible solution H as follows. First, let
H1 be the subgraph containing the edge set E along with the set {vti : i ∈ [p]}, as
shown in Figure 6.2. We define the digraph H2 as the subgraph of cl(D) with arc set
{sit : t ∈ Ti, i ∈ [n]} ∪ {sitj : ej ∈ Si \R, i ∈ [n]}. See Figure 6.2 for an example of H2.

v

<latexit sha1_base64="Wcv8NYP5tsQKSWUrHo3MswwEYyc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvPRY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKD/W+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaV2m8dRhBM4hXPw4BpqUIcGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/DRY1y</latexit>

H1

<latexit sha1_base64="zJSSZyiIji97F2RTlYT/bt2ZF/I=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZMTGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRnczvzVGpXksG2aSoB/RgeQhZ9RY6bHRG/fKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ip5uqh6V1Xv4bJSu83jKMIJnMI5eHANNbiHOjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPPZaNwQ==</latexit>

Tv
<latexit sha1_base64="XvuyLgZLnfBtUZy8mtsUl8tA9Rw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg/Y9/rlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdWrVb37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz8Fwo2c</latexit>

t1

<latexit sha1_base64="zyCNePbf2xkql8XuUgYKao9zwbg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg/YT/rlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdWrVb37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz9lPo3b</latexit>

tp

<latexit sha1_base64="KTfjluTE5zL7s7WwqYrlSj/ZTTg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3vX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABDyNmw==</latexit>s1

<latexit sha1_base64="zYfK+tz1trKoAFOxq7kfOxSeL4M=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatap3WfXuLyr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4ABcCNnA==</latexit>s2

<latexit sha1_base64="84HXsvgNYNDYz7eWu5HX6zGCJKI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3Zb9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWRdWrVb37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9gsI3Y</latexit>sn

<latexit sha1_base64="m/HYMpqOXO/01VcQB+byWg6fP0g=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg/Yr/XLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWtWtW7rHr3F5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AB0aNnQ==</latexit>

t2

<latexit sha1_base64="V6PDI7a7I0PduvXAimjXEivs/Zo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mkmCfkSHkoecUWOlh3q/2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXhXFe/+sly7zeMowCmcwQV4cA01qEMDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w/EyY1z</latexit>

H2

<latexit sha1_base64="KTfjluTE5zL7s7WwqYrlSj/ZTTg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3vX654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8ABDyNmw==</latexit>s1

<latexit sha1_base64="zYfK+tz1trKoAFOxq7kfOxSeL4M=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3a/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatap3WfXuLyr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4ABcCNnA==</latexit>s2

<latexit sha1_base64="84HXsvgNYNDYz7eWu5HX6zGCJKI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH3Zb9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWRdWrVb37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz9gsI3Y</latexit>sn

<latexit sha1_base64="FY+1OpXr1nwJ/rHAIcH/LH1vTyc=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMgCOFORC0sAjaWEYwJJCHsbfaSJXt7y+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz80IthUXf//YKK6tr6xvFzdLW9s7uXnn/4NEmqWG8wRKZmFZILZdC8QYKlLylDadxKHkzHN1O/eYTN1Yk6gHHmndjOlAiEoyik5rYy/RZMOmVK37Vn4EskyAnFchR75W/Ov2EpTFXyCS1th34GrsZNSiY5JNSJ7VcUzaiA952VNGY2242O3dCTpzSJ1FiXCkkM/X3REZja8dx6DpjikO76E3F/7x2itF1NxNKp8gVmy+KUkkwIdPfSV8YzlCOHaHMCHcrYUNqKEOXUMmFECy+vEwez6vBZTW4v6jUbvI4inAEx3AKAVxBDe6gDg1gMIJneIU3T3sv3rv3MW8tePnMIfyB9/kDA3aPVw==</latexit>

tp+1

<latexit sha1_base64="P6SkxmuU+KzdPLb+a66B/FSE6Pw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0ZhAcoS9zV6yZHfv2J0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0qlsOj7315hZXVtfaO4Wdra3tndK+8fPNokM4w3WCIT04qo5VJo3kCBkrdSw6mKJG9Gw5up33zixopEP+Ao5aGifS1iwSg66R67qluu+FV/BrJMgpxUIEe9W/7q9BKWKa6RSWptO/BTDMfUoGCST0qdzPKUsiHt87ajmipuw/Hs1Ak5cUqPxIlxpZHM1N8TY6qsHanIdSqKA7voTcX/vHaG8VU4FjrNkGs2XxRnkmBCpn+TnjCcoRw5QpkR7lbCBtRQhi6dkgshWHx5mTyeVYOLanB3Xqld53EU4QiO4RQCuIQa3EIdGsCgD8/wCm+e9F68d+9j3lrw8plD+APv8wdgso3Y</latexit>

tm
<latexit sha1_base64="dBj/ZIt9cIU6l6QRSE0CvwRQdtk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZMV+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8d3Mbz9xbUSsGjhJuB/RoRKhYBSt9Njoe/1yxa26c5BV4uWkAjnq/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/U8418</latexit>

T1
<latexit sha1_base64="oPrBc3L0R8XfS7rzwablrgC64Fw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGzBckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWPZMJME/YgOJQ85o8ZKj41+tV8quxV3DrJKvJyUIUe9X/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dUrOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdoQvOWXV0mrWvGuKt7DZbl2m8dRgFM4gwvw4BpqcA91aAKDITzDK7w5wnlx3p2PReuak8+cwB84nz/Wd419</latexit>
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Figure 6.2: Digraphs H1 and H2.

Let H = H1∪H2. We claim that H is feasible and ∆+(H) ≤ c. Let k ∈ K. If sk = v, then
tk ∈ Tv and H1 contains an sk, tk-dipath. Otherwise, sk = si for some i ∈ [n]. If tk = tj for
some ej ∈ Si ∩ R or tk = v, then similarly, H1 contains an sk, tk-dipath. The final case is
if tk = tj for some ej ∈ Si \R or tk ∈ Ti, in which case H2 contains an sk, tk-dipath. Thus,
H is feasible.

It remains to argue that ∆+(H) ≤ c. For each i ∈ [n],

deg+H(si) = 1 + deg+H2
(si) = 1 + |Ti|+ |Si \R| = 1 + c− |Si|+ |Si \R| ≤ c,

where the inequality follows since R ∩ Si ̸= ∅ for all i ∈ [n]. Additionally, we have

deg+H(v) = p+ |Tv| ≤ b+ (c− b) = c.

121



We now prove the reverse direction. Suppose H ⊆ cl(D) is a feasible subgraph for instance
I, with ∆+(H) ≤ c. We may assume that H is minimal in the sense that removing any arc
results in an infeasible solution. This minimality ensures that for each i ∈ [n], the heads of
arcs with tail si in H must be in the set v ∪ Ti ∪ {tj : ej ∈ Si}, which has cardinality c+1.

Let B be the set of arcs in H from v to some node in {Ti : i ∈ [n]}. We will argue that
we may assume this set is empty. Suppose B ̸= ∅. That is, H contains an arc vt for some
t ∈ Ti for some i ∈ [n]. By minimality, H − vt is infeasible, and so H does not contain the
arc sit. If deg+H(si) < c, then H − vt+ sit is a minimal feasible solution with one fewer
node in B. Otherwise, deg+H(si) = c. This implies that H contains an arc stj for some
ej ∈ Si, since the set Si is non-empty. Then H ′ = H − vt − sitj + sit + vtj is a minimal
feasible solution with one fewer arc in B. By repeating this argument, we see that we may
assume B = ∅.
Since H must contain the arc set E, and deg+E(v) = |Tv| = c− b, H contains at most b arcs
from the set {vtj : j ∈ [m]}. Furthermore, for each i ∈ [n] there are c + 1 commodities
(each with a distinct sink) which have si as the source. Since degH(si) ≤ c, at least one of
these commodities must be routed by a path of length two. That is, for each si there is
some commodity with source si and sink t where vt is an arc in H. Since B = ∅, H must
contain an arc vtj for some ej ∈ Si. Therefore, R = {ej : vtj ∈ H, j ∈ [m]} forms a hitting
set of S of cardinality at most b.

6.2 Combinatorial lower bounds

In this section we present a family of lower bounds, defined by a set of nodes W and set
of commodities K′, which we refer to as a witness set.

Let D = (N,A) be a digraph, and consider a subset U ⊆ N . We define δ+D(U) as the set
of arcs in D leaving U . That is, δ+D(U) := {vw ∈ E : v ∈ U,w /∈ U}.
Consider a subset W ⊆ N such that sk ∈ W and tk /∈ W for some k ∈ K. It follows
that any feasible subgraph H must contain some arc in δ+

cl(D)(W ). Specifically, due to the

given-path structure, we know that H must contain some arc in δ+
cl(Pk)

(W ). In Figure 6.3,

consider the node set W = {s, v} along with the commodity with source s and sink t1. On
the left is the base graph D, and on the right is the transitive closure. Since s ∈ W and
t1 /∈ W , it follows that any feasible solution H must have a non-empty intersection with
the set {st1, vt1}.
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Figure 6.3: A tree instance with k commodities {(s, ti) : i ∈ [k]}.

We combine disjoint cuts for a fixed node set W to obtain lower bounds on the value of
∆∗. To simplify the set of cuts considered, we prove the following lemma to work with cuts
in D rather than in its closure.

Lemma 6.2. Let I = (D,K) be a tree instance and W ⊆ N . For any k, j ∈ K,
δ+Pk

(W ) ∩ δ+Pj
(W ) = ∅ if and only if δ+

cl(Pk)
(W ) ∩ δ+

cl(Pj)
(W ) = ∅.

Proof. Suppose δ+Pk
(W ) ∩ δ+Pj

(W ) = ∅ and for a contradiction, suppose there is an arc

vw ∈ δ+
cl(Pk)

(W ) ∩ δ+
cl(Pj)

(W ). Then v ∈ W , w /∈ W , and both Pk and Pj contain a v, w-

dipath. Since the underlying undirected graph of D is a tree, it follows that Pk and Pj

contain the unique v, w-dipath in D. Furthermore, since v ∈ W and w /∈ W , there is some
arc xy on the v, w-dipath where x ∈ W and y /∈ W . As a result, xy ∈ δ+Pk

(W ) ∩ δ+Pj
(W ), a

contradiction.

The reverse direction immediately follows from the observation that δ+F ⊆ δ+
cl(F ) for any

directed graph F . Thus, δ+Pk
(W ) ∩ δ+Pj

(W ) ⊆ δ+
cl(Pk)

(W ) ∩ δ+
cl(Pj)

(W ).

As is standard in proving bounds on the min-max degree [21, 65], we observe the following:
if ℓ distinct arcs must leave a set W of nodes in any feasible solution, then ∆∗ ≥ ⌈ℓ/|W |⌉.
The following lower bound construction shows that we can argue that such a disjoint arc
set can be derived by looking at disjoint cuts of the form δ+Pk

(W ) for some k ∈ K. Further,
we show that this lower bound can be strengthened since we must also have connectivity
within W in order to allocate the arcs departing W to different nodes in W .

Lemma 6.3. Let I = (D,K) be a tree instance of min-degree-SPP. Let W ⊆ N such that
D[W ] is weakly-connected and suppose ∅ ̸= K′ ⊆ K such that sk ∈ W and tk /∈ W for all
k ∈ K′, and δ+Pk

(W ) ∩ δ+Pj
(W ) = ∅ for all distinct k, j ∈ K′. Then

∆∗ ≥
⌈ |K′|+ |W | − |S(K′)|

|W |

⌉
,
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where S(K′) denotes the set of sources for commodities in K′.

Proof. Let F be a feasible subgraph of cl(D), and let W,K′ be given as in the statement.
Let H be the subgraph of F where arcs are removed from F if the remaining subgraph
remains feasible for the commodity set K′. That is, H is a minimal subgraph of F that
contains an sk, tk-dipath for each commodity k ∈ K′.

Since sk ∈ W and tk /∈ W , for each k ∈ K′ it follows δ+
cl(Pk)

(W ) ∩H ̸= ∅. Since δ+Pk
(W ) ∩

δ+Pj
(W ) = ∅ for all distinct k, j ∈ K′, Lemma 6.2 implies that for all distinct k, j ∈

K′, δ+
cl(Pk)

(W ) ∩ δ+
cl(Pj)

(W ) = ∅. Thus, any feasible subgraph must have at least |K′| arcs
in δ+

cl(D)(W ), and so

∆∗ ≥
⌈ |K′|
|W |

⌉
.

If for any commodity k ∈ K′ there is no arc sku ∈ δ+
cl(Pk)

(W )∩H, then since H is feasible,

there is an arc vku ∈ δ+
cl(Pk)

(W ) ∩ H along with an sk, vk-dipath in H. Since D[W ] is
weakly-connected and I is a tree instance, any sk, vk-dipath only uses arcs between nodes
in W .

Let A′ be a set of at least |K′| arcs in δ+
cl(D)(W ) ∩ H, where A′ ∩ δ+

cl(Pk)
(W ) ̸= ∅ for all

k ∈ K′. Moreover, select the arcs in A′ so that for each k ∈ K′, either an arc sku ∈ A′ or
vku ∈ A′ where H has an sk, vk-dipath. Thus, if there are ℓ ≥ 1 nodes in W with departing
arcs in A′, H contains at least ℓ− |S(K′)| arcs with both endpoints in W . Therefore,

∆∗ ≥ min
|S(K′)|≤ℓ≤|W |

⌈ |K′|+ ℓ− |S(K′)|
ℓ

⌉
=

⌈ |K′|+ |W | − |S(K′)|
|W |

⌉
.

This follows from the fact that f(x) = α+x
x

is non-increasing for α ≥ 0, x ≥ 1.

We define the functions LB and LBw, where for each W ⊆ N and K′ ⊆ K,

LBI(W,K′) :=

{⌈
|K′|+|W |−|S(K′)|

|W |

⌉
if W,K′ satisfy conditions of Lemma 6.3 for I

0 otherwise

LBwI (W,K′) :=

{⌈
|K′|
|W |

⌉
if W,K′ satisfy conditions of Lemma 6.3 for I

0 otherwise

We will drop the subscript I when the instance is clear from context. Note that LBw is a
weaker bound, in that it does not include any arcs due to connectivity within W . Since it
holds |W | − |S(K′)| ≥ 0 for all inputs W and K′, we have the following corollary.
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Corollary 6.4. Suppose I = (D,K) is a tree instance. For all W ⊆ N and K′ ⊆ K,

∆∗ ≥ LBw(W,K′).
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Figure 6.4: Out-tree instance where
LBw(W,K′) = ∆∗ − 1.

In the single-source setting, we will prove that for each
instance I, ∆∗ is equal to maxW⊆N,K′⊆K LB(W,K′).
(With a single source, D necessarily forms an out-tree
with root s.) A natural next step is to ask if the lower
bound construction is also exact for multi-source out-
tree instances. However, this is not the case, since
there are instances of min-degree-SPP on out-trees
where maxW⊆N,K′⊆K LB(W,K′) = ∆∗ − 1. Consider
the out-tree instance on the right, where there are two
sources s1 and s2. The remaining nodes are sinks la-
belled with each of the corresponding indices of sources that are matched to it. That is, a
node v labelled with {1, 2} indicates that there are commodities (s1, v) and (s2, v). In this
instance, ∆∗ = 3, whereas maxW⊆N,K′⊆K LB(W,K′) = 2.

While the witness set construction is not exact, it remains strong for out-tree instances.
We prove in Section 6.4 that for any (multi-source) out-tree instance, even the weaker
bound has a gap of at most one:

max
W⊆N,K′⊆K

LBw(W,K′) ≥ ∆∗ − 1.

We establish this result by presenting a polynomial-time algorithm for out-trees with mul-
tiple sources that returns a feasible solution with max out-degree at most one more than
optimal. The single-source and multi-source algorithms are purely combinatorial and the
analysis relies on bounds via witness sets.

6.3 Simple algorithm for single-source setting

In this section we present a fast combinatorial algorithm for the single-source setting. We
first show that this setting reduces to the problem of min-degree arborescence in a directed
acyclic graph, which can be solved by bipartite b-matching in O(n2/3m log n) time [22] or
a local search algorithm in O(nm log n) time [66]. We then present, in detail, the simple
and fast combinatorial algorithm for single-source tree instances of min-degree-SPP that
performs in linear time ignoring log factors. Moreover, we show that for each single-source
instance I, ∆∗ = maxW⊆N,K′⊆K LB(W,K′). While our algorithm has similarities to the one
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presented in [66], we can exploit the structure of transitive closure to reduce the number of
arc swaps. We show that an efficient implementation of our approach runs in O(n log2 n)
time, a significant improvement over previous results.

Lemma 6.5. Single-source tree instances of min-degree-SPP reduce to the problem of
finding a min-degree arborescence in a directed acyclic graph.

Proof. Let I = (D,K) be a tree instance of min-degree-SPP with a single source, s. Note
that D is an out-tree rooted at s, and cl(D) is a directed acyclic graph. We may assume
that each leaf node in D is a sink for some commodity, as otherwise this node could be
removed.

It suffices to prove that there is an optimal solution that contains an s, v-dipath for each
node v ∈ N . Let H be an arbitrary optimal solution. Certainly if v ∈ T , then an s, v-
dipath is enforced by feasibility. So consider some node v /∈ T and suppose there is no
s, v-dipath in H. Then we may assume v has no out-arcs in H as otherwise they could be
removed while maintaining feasibility.

Let Tv be the subtree in D rooted at v. Since each leaf is a sink for some commodity, there
is some arc e = uw in δ+H(N \ V (Tv)). We obtain an optimal solution with an s, v-dipath
by removing arc uw and adding arcs uv and vw. Repeating this process gives an optimal
solution that is an s-arborescence.

In a directed acyclic graph, the min-degree arborescence problem can be cast as a b-
matching problem in a bipartite graph. We create two copies of each node v in N , placing
one copy, vout, in a set A and the other copy, vin in a set B. The arc set is formed by adding
an arc voutwin for each arc vw in cl(D). Given a bound T on the maximum out-degree, we
set the degree bound bv to T for each node v ∈ A, and 1 for each node v ∈ B. Since D is
acyclic, for a given value of T , the corresponding b-matching problem has a solution E of
size n− 1 if and only if the corresponding edges in cl(D) form an arborescence with max
out-degree T . To obtain an optimal solution, we can run a black-box b-matching algorithm
for log n many candidate values of T , since ∆∗ ≤ n− 1. Since b-matching can be solved in
O(n2/3m) time [22], this gives a solution in O(n2/3m log n) time.

In the remainder of this section, we describe the simple combinatorial algorithm that solves
single-source instances. First, we show that in the single-source setting, we can simplify
the construction of witness sets. This set of lower bounds allows us to look at the base
graph D rather than keeping track of the commodity set. Specifically, we show that we can
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replace |K′| with |δ+D(W )| in Corollary 6.3 by recalling that all nodes v in D with δ+D(v) = ∅
must be the sink of some commodity.

Corollary 6.6. Suppose I = (D,K) is a tree instance and |S| = 1. Let W ⊆ N such that
s ∈ W and D[W ] is weakly-connected. Then

∆∗ ≥
⌈ |δ+D(W )|+ |W | − 1

|W |

⌉
.

Proof. It suffices to show that for any such node set W , there is a set of commodities K′

with cardinality |δ+D(W )| such that for each k ∈ K′, tk /∈ W , and for all distinct k, j ∈ K′,
δ+Pk

(W ) ∩ δ+Pj
(W ) = ∅.

Consider an arc e ∈ δ+D(W ). Since each node v with deg+D(v) = 0 is a sink for some
commodity k ∈ K, there must be a commodity k such that e ∈ Pk, and more specifically,
e = δ+Pk

(W ). For each arc e ∈ δ+D(W ), let ke denote an arbitrary commodity such that
e = δ+Pke

(W ), and let K′ =
⋃

e∈δ+D(W ){ke}. Observe that for each pair of edges e and f in

δ+D(W ), δ+Pke
(W ) ∩ δ+Pkf

(W ) = ∅. Thus, K′ satisfies the desired conditions.

Let I = (D,K) be an instance of min-degree-SPP. Recall that for eachW ⊆ N andK′ ⊆ K,

LBI(W,K′) :=

{⌈
|K′|+|W |−1

|W |

⌉
if W,K′ satisfy the conditions of Lemma 6.3 for I

0 otherwise

We define the following function.

LBI(W ) :=

{⌈
|δ+D(W )|+|W |−1

|W |

⌉
if W satisfies the conditions of Corollary 6.6 for I

0 otherwise

Again, when the instance I is clear from context, we drop the subscript. Observe that
the two families of lower bounds have equal strength since for any choice of W ⊆ N , the
subset K′ that maximizes the value of LB(W,K′) has size |δ+(W )|. That is,

max
W⊆N,K′⊆K

LB(W,K′) = max
W⊆N

LB(W ).

We will prove that for single-source instances, ∆∗ is equal to maxW⊆N LB(W ) (Proposition
6.7). Moreover, we will prove that argmaxW⊆NLB(W ) can be found in polynomial time as
a byproduct of a exact polytime algorithm for min-degree-SPP in the single-source setting.
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6.3.1 Single-source algorithm

In the single-source setting, D is a directed out-tree rooted at the source s. The algorithm
can be described as follows. We begin with the feasible subgraph H0 set to D. Let Hi

denote the feasible subgraph obtained in iteration i. In iteration i, we identify a node in
Hi−1 with the highest out-degree, denoted v∗. We then attempt to shift an arc v∗w in Hi−1

to instead depart a node along the s, v∗-dipath in D with out-degree at most ∆+(Hi−1)−2
in Hi−1. If such a node exists, we let u denote the nearest such node to v∗ in D, and define
Hi as the subgraph obtained from Hi−1 by replacing arc v∗w with arc uw. If no such node
exists, the algorithm terminates with H = Hi−1. This procedure is restated in Algorithm
14, where Puv is used to denote the unique dipath in D from u to v. In the following
algorithm, we define a topological ordering, ⪯, as an ordering of the nodes so that for any
arc uv ∈ A, u ≺ v.

Algorithm 14: Local search algorithm for the single-source setting.

1 Assign a topological ordering ⪯ to the nodes
2 H0 ← D
3 i = 1
4 while True do
5 Let v∗ ∈ argmaxv∈N deg+Hi−1

(v)

6 Let v∗w ∈ δ+Hi−1
(v∗)

7 R← {u ∈ V (Psv∗) : deg
+
Hi−1

(u) ≤ deg+Hi−1
(v∗)− 2}

8 if R ̸= ∅ then
9 Let u ∈ R such that y ⪯ u for all y ∈ R

10 Hi ← Hi−1 \ {v∗w} ∪ {uw}
11 else
12 return H = Hi−1

13 i = i+ 1

Figure 6.5 demonstrates the steps of the algorithm when the base graph D is as provided
in Figure 6.5a, and T is the set of leaves. The square node is the selected max out-degree
node in each iteration. Observe that in iteration 3, the set R is empty and so the algorithm
terminates.
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(e) Iter. 2: v∗w shifted.
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(f) Iter. 3: v∗ identified.

Figure 6.5: Execution of local search algorithm for single-source setting.

The following observations are used in arguing for the efficiency and optimality of the local
search algorithm.

(1) If a vertex u has deg+Hi
(u) ≥ ∆+(Hi) − 1 in iteration i, then in each subsequent

iteration j ≥ i, deg+Hj
(u) ≥ ∆+(Hj)− 1;

(2) Subgraph Hi is an s-arborescence in each iteration.

The first statement holds since in each iteration, the only node that decreases in out-
degree is the identified max out-degree node. Roughly, (1) states that once a node has
high out-degree relative to other nodes in some iteration, it may decrease in out-degree,
but it remains a high out-degree node relative to the other nodes in each iteration. The
second observation follows from the fact that D is directed tree, and in each iteration H
remains a single connected component without increasing the number of arcs.

Proposition 6.7. Algorithm 14 returns a feasible subgraph H with ∆+(H) = ∆∗ given an
instance with a single source in O(n2 log n) time.

Proof. First, we argue that the algorithm terminates in polynomial time.
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In each iteration, the out-degree of some maximum out-degree node is reduced by 1. Given
a maximum out-degree of ∆, there are at most ⌊n−1

∆
⌋ iterations until the maximum out-

degree is reduced to ∆ − 1. Since in the first iteration ∆ ≤ n − 1, the total number of
iterations is upper bounded by

n−1∑
∆=1

⌊
n− 1

∆

⌋
≤ n

n∑
∆=1

1

∆
= O(n log n).

Since each iteration can be implemented in O(n) time, the algorithm runs in O(n2 log n)
time.

It remains to argue that the subgraph H produced by the algorithm is both feasible and
∆+(H) = ∆∗. The feasibility of H follows from the observation that in each iteration, for
each node v ∈ N , the current subgraph contains an s, v-dipath.

We now prove that ∆+(H) = ∆∗, by presenting a witness setW such that LB(W ) = ∆+(H).
Let v∗ be a max out-degree node in H. We iteratively construct W as follows. First,
W = V (Psv∗). Note that for all v ∈ V (Psv∗), deg

+
H(v) ≥ ∆+(H) − 1 since the algorithm

terminated. Then, while there is a node u /∈ W such that in some iteration an arc uw was
exchanged for an arc vw where v ∈ W , we add V (Psu) to W . Note that if such an exchange
of arcs occurred, u was a max out-degree node in some iteration i, and all nodes along the
v, u-dipath, excluding v, had out-degree at least ∆+(Hi)−1 in Hi. By observation (P1), it
follows that each such node has out-degree at least ∆+(H)− 1 in H. Thus, for each node
v ∈ W , deg+H(v) ≥ ∆+(H)− 1. Figure 6.6 shows the node set W obtained for the instance
solving in Figure 6.5.
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Figure 6.6: The set W certifies optimality of H from Figure 6.5f.

Observe that D[W ] is weakly-connected since W is formed by adding the node set of
dipaths from s in D. As a result,

|δ+H(W )| ≥ (∆+(H)− 1)|W |+ 1− (|W | − 1) = (∆+(H)− 2)|W |+ 2.
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Furthermore, W contains s and δ+D(W ) ̸= ∅, so W satisfies the conditions of Corollary 6.6.
Thus, it suffices to show that |δ+D(W )| ≥ |δ+H(W )|, since then

LB(W ) =

⌈ |δ+D(W )|+ |W | − 1

|W |

⌉
≥

⌈
(∆+(H)− 2)|W |+ 2 + |W | − 1

|W |

⌉
≥ ∆+(H)

Let vw ∈ δ+H(W ). This arc corresponds to the unique arc entering w in D, i.e., uw (where
possibly u = v). By the iterative construction of W , u ∈ W , and so uw ∈ δ+D(W ).
Furthermore, no two arcs in δ+H(W ) correspond to the same arc in δ+D(W ) since throughout
the algorithm, the feasible subgraph remains an arborescence (and hence the total number
of arcs is unchanged). If a pair of arcs in δ+H(W ) were obtained via exchanges of arcs
originating at the same arc uw in δ+D(W ), then at some point in the algorithm the number
of arcs would have decreased. Thus, |δ+D(W )| ≥ |δ+H(W )| as required.

To obtain a more efficient algorithm for the single-source setting, we can reduce the number
of operations by assuming we are given a target max out-degree, T . Consider a node v with
more than T nodes in N+

D (v), and let αv = |N+
D (v)| − T denote the number of excess nodes.

If there is a solution with ∆+(H) ≤ T , at least αv nodes in the set N+
D (v) must instead be

reached by arcs departing a predecessor of v in D. We divide the set N+
D (v) into a set of

fixed nodes, Fv, of cardinality min{|N+
D (v)|, T}, and the remaining nodes Rv = N+

D (v)\Fv.
We then generate a solution H, if T ≥ ∆∗, so that H contains an arc vw for all w ∈ Fv,
and an arc uw for all w ∈ Rv, for some predecessor u of v in D.

We store the set of descendant nodes of a node v that have not yet been allocated in a set
Dv, which is built throughout the algorithm. In other words, Dv is the set of remaining
nodes that v inherited from its descendants that have not yet been allocated to a node.
Moving from the leaves towards the root, s, we shift any remaining nodes in Rv and Dv,
to the set Dp(v), where p(v) denotes the parent of v in D. If we encounter a node with
fewer than T nodes in Fv, we then take a maximum of −αv nodes from the set Dv and
allocate them to v. Note that −αv = T − |N+

D (v)| > 0 and Rv = ∅ for such nodes. Since
the arcs departing the max out-degree nodes in Algorithm 14 were chosen arbitrarily, the
correctness of the algorithm implies that this procedure will produce a feasible solution H
with ∆+(H) ≤ T , so long as T ≥ ∆∗. For the root node in D, s, let p(s) := s.
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Algorithm 15: Target algorithm for the single-source setting.

Input: A target T ∈ Z≥1, and a single-source instance of min-degree-SPP,
I = (D,K), where D = (N,A) with root s.

1 V ← {s = v1, v2, . . . , vn}, in topological order
2 Fv ← min{|N+

D (v)|, T} nodes from N+
D (v) ∀v ∈ N

3 Rv ← N+
D (v) \ Fv ∀v ∈ N

4 Dv ← ∅ ∀v ∈ N
5 αv = |N+

D (v)| − T for all v ∈ N
6 for i = n to 1 do
7 v ← vi
8 if αv < 0 then
9 Let U be a set of min{|Dv|,−αv} nodes from Dv

10 Dv ← Dv \ U
11 Fv ← Fv ∪ U

12 Dp(v) ← Dp(v) ∪Rv ∪Dv

13 if Ds ̸= ∅ then
14 return ∅
15 else
16 return H = {vw : w ∈ Fv, v ∈ N}

Proposition 6.8. Algorithm 15 runs in O(n log n) time, and returns a solution H with
∆+(H) ≤ T whenever T ≥ ∆∗.

Proof. The correctness of the algorithm follows directly from that of Algorithm 14.

In the first step, the topological ordering can be computed in O(n) time. In this process,
for each node, we create an object that stores the parent node. The sets of nodes Fv, Rv,
and Dv as well as the value of αv are computed in O(n) time. Producing H given the
sets Fv also takes O(n) time. It remains to argue that the for-loop can be executed in
O(n log n) operations.

This can be argued via union-find type arguments (e.g., see Lecture 10 in [38]). We store
the sets Fv, Rv, and Dv as linked lists, with each element storing both a pointer to the next
element, as well as a pointer to the head of its list. The union of two lists of length LA

and LB takes O(min(LA, LB)) time, by splicing the shorter list into the longer list. Then,
each element x has its head pointer updated at most log n times.
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Our algorithm has the added complication that elements are removed. Since we remove an
arbitrary set of nodes for a fixed size, −α, this can be done in O(−α), since we can select
the first −α nodes after the head of the list (or the entire list). Furthermore, each node is
deleted at most once, and so the total operations for deletion is O(n).

To maintain that element x has its head pointer updated at most log n times in the union
operations, instead of splicing the shorter of the two sets into the larger one, we measure
the lengths of the sets as though no deletions have occurred. Therefore the runtime of the
algorithm is O(n log n) as claimed.

Theorem 6.9. There is an O(n log2 n)-time exact algorithm for tree instances of min-
degree-SPP with a single source.

Proof. By executing Algorithm 15 for log n many possible target values, we determine the
smallest value of T for which Algorithm 15 gives a feasible subgraph H with ∆+(H) ≤ T .
Since Algorithm 15 did not return a feasible subgraph for the target T − 1, ∆∗ ≥ T .
Therefore, ∆+(H) = ∆∗.

6.4 Additive 1-approximation algorithm for out-trees

First, we describe how the multi-source setting differs from the single-source setting, mak-
ing an extension of Algorithm 14 non-trivial. Consider the instance given in Figure 6.7a.
The sinks are the set of leaves, and each sink t is labelled with the set of indices of sources
for which there is a commodity with that source and sink t. Observe that we can no
longer select departing arcs to shift arbitrarily: the arc vw cannot be shifted since there
is a commodity with source v and sink w, while the other arcs departing v can be shifted.
Furthermore, it is no longer the case that in order to decrease the degree of the highest
node, we only need to shift a single arc. In Figure 6.7b we see that in the potential second
iteration of Algorithm 14, no arc can be moved from v since s2 has out-degree 3, and all
arcs departing v serve commodities with source s2.

133



{1} {1}
{1}
{1}

{2}

{2}

{1}

{2}

{2,3}

<latexit sha1_base64="eZha0fx0BWYAlzGPlCophbkzAKE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7rv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QME1o2d</latexit>s1
<latexit sha1_base64="c+LuFKP3WHKQloGM/x0C2wqwGC4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcGWo2e</latexit>s2

<latexit sha1_base64="LdMkES0E6VeHRdfZdhkX+5iS5/w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCwTMB+QHGFvM5es2ds7dvcC4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6H7mt8aoNI/lo5kk6Ed0IHnIGTVWqo97pbJbcecgq8TLSRly1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBpsZtqTCgb0QF2LJU0Qu1n80On5NwqfRLGypY0ZK7+nshopPUkCmxnRM1QL3sz8T+vk5rw1s+4TFKDki0WhakgJiazr0mfK2RGTCyhTHF7K2FDqigzNpuiDcFbfnmVNC8r3nXFq1+Vq3d5HAU4hTO4AA9uoAoPUIMGMEB4hld4c56cF+fd+Vi0rjn5zAn8gfP5A+NbjPo=</latexit>v
<latexit sha1_base64="3UvxVADL2azYozgrj06WRlN8Uh8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1JMUvHisYD+gDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWalRM7+KsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezYCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGN34mVJIiV2y+KEwlwZhMPyd9oTlDObaEMi3srYQNqaYMbT5FG4K3+PIyaZ5Xvauq93BZrt3mcRTgGE6gAh5cQw3uoQ4NYCDgGV7hzVHOi/PufMxbV5x85gj+wPn8Ac4ZjgQ=</latexit>

(s3)

<latexit sha1_base64="nez684+BZS0ku9e9wfMDbyqGr88=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbRfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8f4nGM+w==</latexit>u

<latexit sha1_base64="QiZQtxqDK78ady+bNfYq4bTCRys=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCyjmA9IjrC32UuW7O0du3OGcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw9up33zi2ohYPeI44X5E+0qEglG00sNo1C2V3Yo7A1kmXk7KkKPWLX11ejFLI66QSWpM23MT9DOqUTDJJ8VOanhC2ZD2edtSRSNu/Gx26YScWqVHwljbUkhm6u+JjEbGjKPAdkYUB2bRm4r/ee0Uw2s/EypJkSs2XxSmkmBMpm+TntCcoRxbQpkW9lbCBlRThjacog3BW3x5mTTOK95lxbu/KFdv8jgKcAwncAYeXEEV7qAGdWAQwjO8wpszdF6cd+dj3rri5DNH8AfO5w++pY18</latexit>ww

(a) Out-tree instance

{1} {1}
{1}
{1}

{1}
{2}

{2}
{2}

{2,3}

<latexit sha1_base64="eZha0fx0BWYAlzGPlCophbkzAKE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7rv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QME1o2d</latexit>s1
<latexit sha1_base64="c+LuFKP3WHKQloGM/x0C2wqwGC4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcGWo2e</latexit>s2

<latexit sha1_base64="LdMkES0E6VeHRdfZdhkX+5iS5/w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCwTMB+QHGFvM5es2ds7dvcC4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6H7mt8aoNI/lo5kk6Ed0IHnIGTVWqo97pbJbcecgq8TLSRly1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBpsZtqTCgb0QF2LJU0Qu1n80On5NwqfRLGypY0ZK7+nshopPUkCmxnRM1QL3sz8T+vk5rw1s+4TFKDki0WhakgJiazr0mfK2RGTCyhTHF7K2FDqigzNpuiDcFbfnmVNC8r3nXFq1+Vq3d5HAU4hTO4AA9uoAoPUIMGMEB4hld4c56cF+fd+Vi0rjn5zAn8gfP5A+NbjPo=</latexit>v
<latexit sha1_base64="3UvxVADL2azYozgrj06WRlN8Uh8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1JMUvHisYD+gDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWalRM7+KsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezYCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGN34mVJIiV2y+KEwlwZhMPyd9oTlDObaEMi3srYQNqaYMbT5FG4K3+PIyaZ5Xvauq93BZrt3mcRTgGE6gAh5cQw3uoQ4NYCDgGV7hzVHOi/PufMxbV5x85gj+wPn8Ac4ZjgQ=</latexit>

(s3)

<latexit sha1_base64="nez684+BZS0ku9e9wfMDbyqGr88=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbRfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8f4nGM+w==</latexit>u

<latexit sha1_base64="QiZQtxqDK78ady+bNfYq4bTCRys=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCyjmA9IjrC32UuW7O0du3OGcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw9up33zi2ohYPeI44X5E+0qEglG00sNo1C2V3Yo7A1kmXk7KkKPWLX11ejFLI66QSWpM23MT9DOqUTDJJ8VOanhC2ZD2edtSRSNu/Gx26YScWqVHwljbUkhm6u+JjEbGjKPAdkYUB2bRm4r/ee0Uw2s/EypJkSs2XxSmkmBMpm+TntCcoRxbQpkW9lbCBlRThjacog3BW3x5mTTOK95lxbu/KFdv8jgKcAwncAYeXEEV7qAGdWAQwjO8wpszdF6cd+dj3rri5DNH8AfO5w++pY18</latexit>ww

(b) Terminal stage for alg.

{1} {1}
{1}
{1}

{1}
{2}

{2}
{2}

{2,3}

<latexit sha1_base64="eZha0fx0BWYAlzGPlCophbkzAKE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7rv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QME1o2d</latexit>s1
<latexit sha1_base64="c+LuFKP3WHKQloGM/x0C2wqwGC4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcGWo2e</latexit>s2

<latexit sha1_base64="LdMkES0E6VeHRdfZdhkX+5iS5/w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCwTMB+QHGFvM5es2ds7dvcC4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6H7mt8aoNI/lo5kk6Ed0IHnIGTVWqo97pbJbcecgq8TLSRly1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBpsZtqTCgb0QF2LJU0Qu1n80On5NwqfRLGypY0ZK7+nshopPUkCmxnRM1QL3sz8T+vk5rw1s+4TFKDki0WhakgJiazr0mfK2RGTCyhTHF7K2FDqigzNpuiDcFbfnmVNC8r3nXFq1+Vq3d5HAU4hTO4AA9uoAoPUIMGMEB4hld4c56cF+fd+Vi0rjn5zAn8gfP5A+NbjPo=</latexit>v
<latexit sha1_base64="3UvxVADL2azYozgrj06WRlN8Uh8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1JMUvHisYD+gDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWalRM7+KsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezYCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGN34mVJIiV2y+KEwlwZhMPyd9oTlDObaEMi3srYQNqaYMbT5FG4K3+PIyaZ5Xvauq93BZrt3mcRTgGE6gAh5cQw3uoQ4NYCDgGV7hzVHOi/PufMxbV5x85gj+wPn8Ac4ZjgQ=</latexit>

(s3)

<latexit sha1_base64="nez684+BZS0ku9e9wfMDbyqGr88=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbRfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8f4nGM+w==</latexit>u

<latexit sha1_base64="QiZQtxqDK78ady+bNfYq4bTCRys=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCyjmA9IjrC32UuW7O0du3OGcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNkycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw9up33zi2ohYPeI44X5E+0qEglG00sNo1C2V3Yo7A1kmXk7KkKPWLX11ejFLI66QSWpM23MT9DOqUTDJJ8VOanhC2ZD2edtSRSNu/Gx26YScWqVHwljbUkhm6u+JjEbGjKPAdkYUB2bRm4r/ee0Uw2s/EypJkSs2XxSmkmBMpm+TntCcoRxbQpkW9lbCBlRThjacog3BW3x5mTTOK95lxbu/KFdv8jgKcAwncAYeXEEV7qAGdWAQwjO8wpszdF6cd+dj3rri5DNH8AfO5w++pY18</latexit>ww

(c) Solution (∆∗ = 3).

Figure 6.7: Challenges in extending the single-source algorithm to multiple sources.

Definition 6.10 (S(a)). Let D = (N,A) be an out-tree, and let a ∈ A. The set of
sources that require a, denoted S(a), is the set of sources sk for which a is on the unique
sk, tk-dipath in D. That is, S(a) := {sk : a ∈ A(Pk), k ∈ K}.

Definition 6.11 (Blocking source). Let D = (N,A) be an out-tree and let a = vw be an
arc in A. The blocking source of a, denoted b(a), is the unique source s in S(a) such that
the s, v-dipath in D has the fewest arcs.

Consider the instance in Figure 6.8, where nodes wi for i ∈ [5] are sinks, and each is
labelled with the corresponding set of indices of sources. For each arc a in D, the chart on
the right indicates the set S(a) and value of b(a).

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r
<latexit sha1_base64="KpRxFqvzhMdu6gBuo5H4rAD47/c=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnohYWARvLCF4SSI6wt5lLluztHbt7Qgj5DTYWitj6g+z8N26SKzTxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR02dZIqhzxKRqHZINQou0TfcCGynCmkcCmyFo7uZ33pCpXkiH804xSCmA8kjzqixkl/VPe+8V664NXcOskq8nFQgR6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzYKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdBNMuEwzg5ItFkWZICYhs89JnytkRowtoUxxeythQ6ooMzafkg3BW355lTQvat5VzXu4rNRv8ziKcAKnUAUPrqEO99AAHxhweIZXeHOk8+K8Ox+L1oKTzxzDHzifP8p1jgA=</latexit>

(s1)
<latexit sha1_base64="kTKHbWJlbFDw+NNT564uEoesRI8=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AXRC0sAjaWEbwYSI6wt5lLluztHbt7Qgj5DTYWitj6g+z8N26SKzTxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIqhzxKRqHZINQou0TfcCGynCmkcCnwMR7cz//EJleaJfDDjFIOYDiSPOKPGSn5V9+rnvXLFrblzkFXi5aQCOZq98le3n7AsRmmYoFp3PDc1wYQqw5nAaambaUwpG9EBdiyVNEYdTObHTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmX1O+lwhM2JsCWWK21sJG1JFmbH5lGwI3vLLq6RVr3mXNe/+otK4yeMowgmcQhU8uIIG3EETfGDA4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDL+o4B</latexit>

(s2)

<latexit sha1_base64="9IsoLnLhWInposB9WGjYIQd7v8A=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqZH2yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A+HXjPk=</latexit>u <latexit sha1_base64="LdMkES0E6VeHRdfZdhkX+5iS5/w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCwTMB+QHGFvM5es2ds7dvcC4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6H7mt8aoNI/lo5kk6Ed0IHnIGTVWqo97pbJbcecgq8TLSRly1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBpsZtqTCgb0QF2LJU0Qu1n80On5NwqfRLGypY0ZK7+nshopPUkCmxnRM1QL3sz8T+vk5rw1s+4TFKDki0WhakgJiazr0mfK2RGTCyhTHF7K2FDqigzNpuiDcFbfnmVNC8r3nXFq1+Vq3d5HAU4hTO4AA9uoAoPUIMGMEB4hld4c56cF+fd+Vi0rjn5zAn8gfP5A+NbjPo=</latexit>v
<latexit sha1_base64="ru6ruQdqIvuFZMP6wFDpUAi5ppY=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhBiE+5U1MIiYGMZwXxAcoS9zV6yZG/v2J0TwpHfYGOhiK0/yM5/4ya5QhMfDDzem2FmXpBIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO6mfuuJayNi9YjjhPsRHSgRCkbRSo2K6V2c9Uplt+rOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5sdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MbPhEpS5IrNF4WpJBiT6eekLzRnKMeWUKaFvZWwIdWUoc2naEPwFl9eJs3zqndV9R4uy7XbPI4CHMMJVMCDa6jBPdShAQwEPMMrvDnKeXHenY9564qTzxzBHzifP81/jgI=</latexit>

(s3)

<latexit sha1_base64="eiSfInXJmRdtVX6VdIVFCGDMt/A=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvs5cs2ds7dueUcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tr9orld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsduqEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2naINwVt8eZk0qxXvouLdnZdr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDC9iNoA==</latexit>w2
<latexit sha1_base64="ZmFv89l8jmiynSK9bHEFaGUoSFg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwu1FK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekCleSzvzThBP6IDyUPOqLHS3WPvtFeuuFV3BvKXeDmpQI56r/zZ7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oQcWaVPwljZkobM1J8TGY20HkeB7YyoGepFbyr+53VSE176GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsv/yXNk6p3XvVuzyq1qzyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDDfaNow==</latexit>w3
<latexit sha1_base64="/rjX4LtQ39gxkwbWRrEOPdZHY7M=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J1TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XItRGxesBxwv2IDpQIBaNopfun3nmvXHGr7gxkmXg5qUCOeq/81e3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2akTcmKVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/EyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadEo2BG/x5WXSPKt6F1Xv7rxSu87jKMIRHMMpeHAJNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPDuCNog==</latexit>w4

<latexit sha1_base64="g+D6zma8TYnY8n1xXd748l/CX3E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N1TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqtx5RaR7LBzNO0I/oQPKQM2qsdP/U83rlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezUyfkxCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwVt8eZk0z6reRdW7O6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDClSNnw==</latexit>w1

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}
<latexit sha1_base64="GDJ9/2kADZcrkENwquzPL44VA3M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERcVTwYvHCvYDmlA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxaodUo+ASG4Ybge1EIY1Cga1wdDf1W0+oNI/loxknGER0IHmfM2qs1PIz7+zCn3TLFbfqzkCWiZeTCuSod8tffi9maYTSMEG17nhuYoKMKsOZwEnJTzUmlI3oADuWShqhDrLZuRNyYpUe6cfKljRkpv6eyGik9TgKbWdEzVAvelPxP6+Tmv5NkHGZpAYlmy/qp4KYmEx/Jz2ukBkxtoQyxe2thA2poszYhEo2BG/x5WXSPK96V1Xv4bJSu83jKMIRHMMpeHANNbiHOjSAwQie4RXenMR5cd6dj3lrwclnDuEPnM8ffTSO/g==</latexit>{1, 3}
<latexit sha1_base64="fGs8RmU5jweRDy0Bi7ellzWy8JI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisYGyhCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkQ1Ci7RN9wIbKcKaRwJbEWj26nfekKleSIfzDjFMKYDyfucUWMlP8jPg0m3WnPr7gxkmXgFqUGBZrf6FfQSlsUoDRNU647npibMqTKcCZxUgkxjStmIDrBjqaQx6jCfHTshJ1bpkX6ibElDZurviZzGWo/jyHbG1Az1ojcV//M6melfhzmXaWZQsvmifiaIScj0c9LjCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d177Lu3V/UGjdFHGU4gmM4BQ+uoAF30AQfGHB4hld4c6Tz4rw7H/PWklPMHMIfOJ8/o2GOjQ==</latexit>{3}
<latexit sha1_base64="fGs8RmU5jweRDy0Bi7ellzWy8JI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisYGyhCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkQ1Ci7RN9wIbKcKaRwJbEWj26nfekKleSIfzDjFMKYDyfucUWMlP8jPg0m3WnPr7gxkmXgFqUGBZrf6FfQSlsUoDRNU647npibMqTKcCZxUgkxjStmIDrBjqaQx6jCfHTshJ1bpkX6ibElDZurviZzGWo/jyHbG1Az1ojcV//M6melfhzmXaWZQsvmifiaIScj0c9LjCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d177Lu3V/UGjdFHGU4gmM4BQ+uoAF30AQfGHB4hld4c6Tz4rw7H/PWklPMHMIfOJ8/o2GOjQ==</latexit>{3}
<latexit sha1_base64="aLQLNdmDmFSGPefwiFwBuKYGaCE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4rmLbQhLLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6IaBZfoG24EdlKFNI4EtqPx3cxvP6HSPJGPZpJiGNOh5APOqLGSH+T1YNqrVN2aOwdZJV5BqlCg2at8Bf2EZTFKwwTVuuu5qQlzqgxnAqflINOYUjamQ+xaKmmMOsznx07JuVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj8ynbELzll1dJq17zrmrew2W1cVvEUYJTOIML8OAaGnAPTfCBAYdneIU3RzovzrvzsWhdc4qZE/gD5/MHoduOjA==</latexit>{2}<latexit sha1_base64="faVI8pt3Plpw8Mlu9nKZTjqIcdc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8ysEpZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0gE18Z1v5zC0vLK6lpxvbSxubW9U97da+o4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD31Ww+oNI/lvRkn6Ed0IHnIGTVWunvsnfXKFbfqzkD+Ei8nFchR75U/u/2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QI6v0SRgrW9KQmfpzIqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5b+keVL1zqve7WmldpXHUYQDOIRj8OACanADdWgAgwE8wQu8OsJ5dt6c93lrwcln9uEXnI9vEGSNow==</latexit>w5

a S(a) b(a)
ru {s1} s1
uv {s1, s2} s2
vw1 {s1, s2} s2
vw2 {s1, s3} s3
vw3 {s3} s3
vw4 {s3} s3
vw5 {s2} s2

Figure 6.8: Example of blocking sources

We will present an algorithm that takes as input a target, T , and returns a feasible solution
H with ∆+(H) ≤ T whenever T ≥ ∆∗+1. We now define the contraction subroutine used
to generate sub-instances of min-degree-SPP.
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Contraction of an instance for target T

Let I = (D,K) be a feasible out-tree instance of min-degree-SPP with root r, and let
T ∈ Z>0. For any node v ∈ N , let N+

D (v) be the set of nodes reached by arcs departing v
in D.

Suppose there is more than one non-leaf node. Let v be a non-leaf node where all nodes
in N+

D (v) are leaves. That is, the subgraph of D rooted at v is a claw, denoted Cv.
Such a node can be found efficiently by starting at r and moving to a descendant that
is not a leaf. For any pair of nodes v, w ∈ N , let d(v, w) denote the number of edges
in the unique path between v and w in D. Breaking ties arbitrarily, let AT

v denote the
min{T, |δ+D(v)|} arcs a ∈ δ+D(v) with the smallest values of d(b(a), v). Let BT

v = δ+D(v)\AT
v .

We write Av and Bv when T is clear from context. In the example in Figure 6.8, we
see that Cv is a claw, and when T is 3, Av = {vw2, vw3, vw4} and Bv = {vw1, vw5}
since b(vw2), b(vw3), b(vw4) = s3 = v and b(vw1), b(vw5) = s2 which is further from v.

By definition, for any pair of arcs a ∈ Av and a′ ∈ Bv, b(a) is on the unique path in D
between b(a′) and v. Let V (Av) denote the heads of the arcs in Av and let V (Bv) denote
the heads of the arcs in Bv. For the same example and target, V (Av) = {w2, w3, w4} and
V (Bv) = {w1, w5}.
We define the instance obtained from I by contracting v for target T , denoted ITv =
(DT

v ,KT
v ) as follows. For all v ̸= r, let p(v) denote the parent node of v in D.

Definition 6.12. The instance obtained from I by contracting v for target T is ITv =
(DT

v ,KT
v ), where

E := {p(v)w : vw ∈ Bv},
DT

v :=
(
D \ δ+D(v)

)
∪ E,

and the commodity set is KT
v = {(sk, t′k) : k ∈ K} where

t′k =

{
v, if tk ∈ V (Av)

tk, otherwise.

An example of this contraction process is given in Figure 6.9. The instance is given on the
left, where the sinks are only labelled for the nodes in the claw Cv, since this is the only
set of commodities impacted by the contraction of v. I3v is given on the right.

Recall that for a node v ∈ N , T (v) denotes the set of sinks among commodities with source
v. That is, T (v) = {tk : (v, tk) ∈ K}.
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<latexit sha1_base64="zY82o5NG7+u+3zXqVypra1wpfmg=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF71VsLaQhrLZbtulm03YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6SGS6F4CwVK3kk0p1EoeTsc3+R++4lrI2L1gJOEBxEdKjEQjKKV/G5EccSozO6mvWrNrbszkGXiFaQGBZq96le3H7M04gqZpMb4nptgkFGNgkk+rXRTwxPKxnTIfUsVjbgJslnkKTmxSp8MYm2fQjJTf29kNDJmEoV2Mo9oFr1c/M/zUxxcBZlQSYpcsflHg1QSjEl+P+kLzRnKiSWUaWGzEjaimjK0LVVsCd7iycvk8azuXdS9+/Na47qoowxHcAyn4MElNOAWmtACBjE8wyu8Oei8OO/Ox3y05BQ7h/AHzucPfm6RZQ==</latexit>I
<latexit sha1_base64="fP7YmsfCnYS8soOQBPXNWU1gC20=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9eCh4MVjBdMWmlA222m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0oF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6kRUo+ASfcONwE6qkMaRwHY0vpv57SdUmify0UxSDGM6lHzAGTVW8oO8Hkx7lapbc+cgq8QrSBUKNHuVr6CfsCxGaZigWnc9NzVhTpXhTOC0HGQaU8rGdIhdSyWNUYf5/NgpObdKnwwSZUsaMld/T+Q01noSR7Yzpmakl72Z+J/XzczgJsy5TDODki0WDTJBTEJmn5M+V8iMmFhCmeL2VsJGVFFmbD5lG4K3/PIqadVr3lXNe7isNm6LOEpwCmdwAR5cQwPuoQk+MODwDK/w5kjnxXl3Phata04xcwJ/4Hz+AKJ1jo4=</latexit>{2}

<latexit sha1_base64="fP7YmsfCnYS8soOQBPXNWU1gC20=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9eCh4MVjBdMWmlA222m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0oF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6kRUo+ASfcONwE6qkMaRwHY0vpv57SdUmify0UxSDGM6lHzAGTVW8oO8Hkx7lapbc+cgq8QrSBUKNHuVr6CfsCxGaZigWnc9NzVhTpXhTOC0HGQaU8rGdIhdSyWNUYf5/NgpObdKnwwSZUsaMld/T+Q01noSR7Yzpmakl72Z+J/XzczgJsy5TDODki0WDTJBTEJmn5M+V8iMmFhCmeL2VsJGVFFmbD5lG4K3/PIqadVr3lXNe7isNm6LOEpwCmdwAR5cQwPuoQk+MODwDK/w5kjnxXl3Phata04xcwJ/4Hz+AKJ1jo4=</latexit>{2}

<latexit sha1_base64="/Lvq9aGrGD0f6ltXip/q6psm2PY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1IOHghePFYwtNKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Y6oRsEl+oYbge1UIY0jga1odDv1W0+oNE/kgxmnGMZ0IHmfM2qs5Af5eTDpVmtu3Z2BLBOvIDUo0OxWv4JewrIYpWGCat3x3NSEOVWGM4GTSpBpTCkb0QF2LJU0Rh3ms2Mn5MQqPdJPlC1pyEz9PZHTWOtxHNnOmJqhXvSm4n9eJzP96zDnMs0MSjZf1M8EMQmZfk56XCEzYmwJZYrbWwkbUkWZsflUbAje4svL5PGs7l3WvfuLWuOmiKMMR3AMp+DBFTTgDprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB6P7jo8=</latexit>{3}

<latexit sha1_base64="/Lvq9aGrGD0f6ltXip/q6psm2PY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1IOHghePFYwtNKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Y6oRsEl+oYbge1UIY0jga1odDv1W0+oNE/kgxmnGMZ0IHmfM2qs5Af5eTDpVmtu3Z2BLBOvIDUo0OxWv4JewrIYpWGCat3x3NSEOVWGM4GTSpBpTCkb0QF2LJU0Rh3ms2Mn5MQqPdJPlC1pyEz9PZHTWOtxHNnOmJqhXvSm4n9eJzP96zDnMs0MSjZf1M8EMQmZfk56XCEzYmwJZYrbWwkbUkWZsflUbAje4svL5PGs7l3WvfuLWuOmiKMMR3AMp+DBFTTgDprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB6P7jo8=</latexit>{3}

<latexit sha1_base64="LBhUkfjP6TFE0yvvPb/8bs2F07o=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFORS0sAjaWEcwH5I6wt5kkS/b2jt09IRz5ETYWitj6e+z8N26SKzTxwcDjvRlm5oWJ4Nq47rdTWFldW98obpa2tnd298r7B00dp4phg8UiVu2QahRcYsNwI7CdKKRRKLAVju6mfusJleaxfDTjBIOIDiTvc0aNlVp+5p1d+JNuueJW3RnIMvFyUoEc9W75y+/FLI1QGiao1h3PTUyQUWU4Ezgp+anGhLIRHWDHUkkj1EE2O3dCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ud1UtO/CTIuk9SgZPNF/VQQE5Pp76THFTIjxpZQpri9lbAhVZQZm1DJhuAtvrxMmudV76rqPVxWard5HEU4gmM4BQ+uoQb3UIcGMBjBM7zCm5M4L8678zFvLTj5zCH8gfP5A33OjwA=</latexit>{1, 3}

<latexit sha1_base64="6TsrfsDMZiMXUHCcnw3uCQOSN9I=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuiFpYBGwsI5gPyB1hbzNJluztHbt7QjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsTwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoh1Si4xKbhRmAnUUijUGA7HN/N/PYTKs1j+WgmCQYRHUo+4IwaK7X9zLuo+dNeueJW3TnIKvFyUoEcjV75y+/HLI1QGiao1l3PTUyQUWU4Ezgt+anGhLIxHWLXUkkj1EE2P3dKzqzSJ4NY2ZKGzNXfExmNtJ5Eoe2MqBnpZW8m/ud1UzO4CTIuk9SgZItFg1QQE5PZ76TPFTIjJpZQpri9lbARVZQZm1DJhuAtv7xKWrWqd1X1Hi4r9ds8jiKcwCmcgwfXUId7aEATGIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AXxIjv8=</latexit>{1, 2}

<latexit sha1_base64="mON3nnyOsQsp7FjdVjtrJYPd4Xs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3eWM+A==</latexit>r
<latexit sha1_base64="nez684+BZS0ku9e9wfMDbyqGr88=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbRfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8f4nGM+w==</latexit>u <latexit sha1_base64="OeGTesKJpVGgytQB+AX3o2eBtcM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxrite/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4/WM/A==</latexit>v

<latexit sha1_base64="bB2b0H7gkTYjku8SOgDEwwx2nic=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiop6k4MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/Krueee9csWtuXOQVeLlpAI5Gr3yV7efsCxGaZigWnc8NzXBhCrDmcBpqZtpTCkb0QF2LJU0Rh1M5sdOyZlV+iRKlC1pyFz9PTGhsdbjOLSdMTVDvezNxP+8Tmaim2DCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8surpHlR865q3sNlpX6bx1GEEziFKnhwDXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AcsPjgI=</latexit>

(s1)
<latexit sha1_base64="JBvgZbw4LgJydp4O9x4Gzb/c0Es=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD1JwYvHCqYW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4GM4up35j0+oNE/kgxmnGMR0IHnEGTVW8qu6Vz/vlStuzZ2DrBIvJxXI0eyVv7r9hGUxSsME1brjuakJJlQZzgROS91MY0rZiA6wY6mkMepgMj92Ss6s0idRomxJQ+bq74kJjbUex6HtjKkZ6mVvJv7ndTITXQcTLtPMoGSLRVEmiEnI7HPS5wqZEWNLKFPc3krYkCrKjM2nZEPwll9eJa16zbusefcXlcZNHkcRTuAUquDBFTTgDprgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB8yUjgM=</latexit>

(s2)
<latexit sha1_base64="3UvxVADL2azYozgrj06WRlN8Uh8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1JMUvHisYD+gDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWalRM7+KsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezYCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGN34mVJIiV2y+KEwlwZhMPyd9oTlDObaEMi3srYQNqaYMbT5FG4K3+PIyaZ5Xvauq93BZrt3mcRTgGE6gAh5cQw3uoQ4NYCDgGV7hzVHOi/PufMxbV5x85gj+wPn8Ac4ZjgQ=</latexit>

(s3)

<latexit sha1_base64="DKDFxCfpTBu7YF4+IGnGBDNyIGM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWznbRLN5uwu1FK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81g+mHGCfkQHkoecUWOl+6ee1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt7deaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8K7o2h</latexit>w1
<latexit sha1_base64="EMXxrvx6qao6akn/ymUeLMAvnNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsN+3SzSbsTpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7p961V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXFe/uvFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx8Mco2i</latexit>w2
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Figure 6.9: Example for contraction process.

Lemma 6.13. If T ≥ |T (v)|, then ITv is a feasible instance of min-degree-SPP.

Proof. We need to show that for each commodity k ∈ KT
v , there is an sk, t

′
k-dipath in DT

v .
If t′k /∈ V (Cv), then t′k = tk, and (sk, tk) was a commodity in I. The sk, tk-dipath in D did
not use any nodes in Cv and so it remains in DT

v .

If t′k = v, then there is some commodity (sk, tk) in I where tk ∈ V (Cv). Since sk ̸= tk, the
sk, tk-dipath in D consists of an s, v-dipath as a subpath. This dipath is unchanged in DT

v .

Finally, suppose t′k ∈ V (Cv) \ v. By construction, tk ∈ V (Bv). Then t′k = tk, and (sk, tk)
is a commodity in I, and D contains an sk, tk-dipath consisting of an sk, v-dipath along
with the arc vtk. However, when forming DT

v we remove the arc vtk and replace it with
the arc utk, and so the same dipath will not suffice. However, since T ≥ |T (v)|, it follows
that sk ̸= v. Thus, the sk, v-dipath is non-trivial and consists of an sk, u-dipath along with
the arc uv. Then, the sk, u-dipath along with the arc utk forms an sk, tk-dipath in DT

v as
required.

Algorithm

For a given target T , our algorithm returns a feasible solutionH with ∆+(H) ≤ T whenever
T ≥ ∆∗+1. To guarantee the performance of the algorithm if no such solution is produced
(the algorithm outputs the empty set), we show that in this case there is a witness set
W,K′ such that LBw(W,K′) ≥ T .

When there is a single non-leaf node, r, either the graph itself is the desired solution with
max out-degree at most T , or the set W = {r},K′ = K is a witness set certifying that
∆∗ ≥ T . Otherwise, we find a node, v, with only leaves as descendants. Then either the
subtree rooted at v already provides a witness set, or we apply the target algorithm to the
instance ITv . If the algorithm produces a feasible solution Hv to ITv with ∆+(Hv) ≤ T ,
we then extend this subgraph to a feasible solution H for I with ∆+(H) ≤ T by simply
adding back the arcs in the set Av. The pseudocode is presented in Algorithm 16.
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Algorithm 16: out-tree(I, T )
Input: A target T ∈ Z≥1, and an out-tree instance of min-degree-SPP, I = (D,K)

1 L← {v ∈ N : δ+D(v) = ∅}
2 I ← N \ L
3 if |I| = 1 then
4 if |L| > T then
5 return ∅
6 return D

7 Let v be a non-leaf where N+
D (v) ⊆ L

8 if |T (v)| > T then
9 return ∅

10 Hv ← out-tree(ITv , T )
11 if Hv = ∅ then
12 return ∅
13 else
14 return Hv ∪ Av

If Algorithm 16 returns the empty set, we argue by induction that there is a witness set
Wv,K′

v for the instance ITv such that LBw
IT
v
(Wv,K′

v) ≥ T . We then extend this pair to a
witness set W,K′ for I such that LBw

I (W,K′) ≥ T . Note that we cannot necessarily set
W = Wv and K′ = K′

v, since the commodity paths may differ in I and ITv . For each
commodity k, the corresponding source-sink pair is (sk, tk) in I and (sk, t

′
k) in ITv . Let Qk

denote the unique sk, t
′
k-dipath in DT

v , and recall that Pk denotes the unique sk, tk-dipath
in D. The following lemmas relate the cut sets in I and ITv for a fixed commodity and
node set.

Lemma 6.14. Let X ⊆ N \ {v} such that D[X] is weakly-connected, and let k ∈ K. If
sk ∈ X and t′k /∈ V (Bv), then δ+Pk

(X) = δ+Qk
(X).

Proof. If tk = v, then t′k = tk and Pk did not contain any arc from Av or Bv. Therefore,
Pk and Qk are the same, and so δ+Pk

(X) = δ+Qk
(X). The same argument holds when t′k ̸= v.

Otherwise, t′k = v and tk ̸= v. It follows that tk ∈ V (Av) and so Qk is a subpath of Pk,
giving δ+Qk

(X) ⊆ δ+Pk
(X). Since v /∈ X and sk ∈ X, δ+Qk

(X) ̸= ∅. Moreover, |δ+Pk
(X)| ≤ 1

in general, so δ+Pk
(X) = δ+Qk

(X).
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Lemma 6.15. Suppose |T (v)| ≤ T . Let X ⊆ N such that D[X] is weakly-connected,
and let k ∈ K. If sk ∈ X, t′k ∈ V (Bv), and t′k /∈ X, then either δ+Pk

(X) = δ+Qk
(X) or

δ+Qk
(X) = p(v)t′k.

Proof. Since |T (v)| ≤ T and t′k ∈ V (Bv), sk cannot be equal to v. Therefore, each of Pk

and Qk contain the same sk, p(v)-dipath in D, denoted R, as a subpath. An example is
shown in Figure 6.10, for the commodity with source r and sink w1. The solid edges form
Pk, and the dashed lines form Qk. The subpath R is the dipath that is shared by Pk and
Qk (the single arc ru in this case).
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<latexit sha1_base64="KpRxFqvzhMdu6gBuo5H4rAD47/c=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnohYWARvLCF4SSI6wt5lLluztHbt7Qgj5DTYWitj6g+z8N26SKzTxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR02dZIqhzxKRqHZINQou0TfcCGynCmkcCmyFo7uZ33pCpXkiH804xSCmA8kjzqixkl/VPe+8V664NXcOskq8nFQgR6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzYKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdBNMuEwzg5ItFkWZICYhs89JnytkRowtoUxxeythQ6ooMzafkg3BW355lTQvat5VzXu4rNRv8ziKcAKnUAUPrqEO99AAHxhweIZXeHOk8+K8Ox+L1oKTzxzDHzifP8p1jgA=</latexit>

(s1)

<latexit sha1_base64="g+D6zma8TYnY8n1xXd748l/CX3E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N1TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqtx5RaR7LBzNO0I/oQPKQM2qsdP/U83rlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezUyfkxCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwVt8eZk0z6reRdW7O6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDClSNnw==</latexit>w1

<latexit sha1_base64="54C5J/m2qKIcXHGgh9SRTC4sb7Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1IOHghePFUxbaELZbKft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCgVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1YmoRsEl+oYbgZ1UIY0jge1ofDfz20+oNE/ko5mkGMZ0KPmAM2qs5Ae5F0x71Zpbd+cgq8QrSA0KNHvVr6CfsCxGaZigWnc9NzVhTpXhTOC0EmQaU8rGdIhdSyWNUYf5/NgpObNKnwwSZUsaMld/T+Q01noSR7Yzpmakl72Z+J/XzczgJsy5TDODki0WDTJBTEJmn5M+V8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3Uvau693BZa9wWcZThBE7hHDy4hgbcQxN8YMDhGV7hzZHOi/PufCxaS04xcwx/4Hz+AKDvjo0=</latexit>{1}

(a) δ+R(X) ̸= ∅

<latexit sha1_base64="LdMkES0E6VeHRdfZdhkX+5iS5/w=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCwTMB+QHGFvM5es2ds7dvcC4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6H7mt8aoNI/lo5kk6Ed0IHnIGTVWqo97pbJbcecgq8TLSRly1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBpsZtqTCgb0QF2LJU0Qu1n80On5NwqfRLGypY0ZK7+nshopPUkCmxnRM1QL3sz8T+vk5rw1s+4TFKDki0WhakgJiazr0mfK2RGTCyhTHF7K2FDqigzNpuiDcFbfnmVNC8r3nXFq1+Vq3d5HAU4hTO4AA9uoAoPUIMGMEB4hld4c56cF+fd+Vi0rjn5zAn8gfP5A+NbjPo=</latexit>v<latexit sha1_base64="9IsoLnLhWInposB9WGjYIQd7v8A=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqZH2yxW36s5BVomXkwrkqPfLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV1Uvauq17is1G7zOIpwAqdwDh5cQw3uoQ5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A+HXjPk=</latexit>u<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r
<latexit sha1_base64="KpRxFqvzhMdu6gBuo5H4rAD47/c=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnohYWARvLCF4SSI6wt5lLluztHbt7Qgj5DTYWitj6g+z8N26SKzTxwcDjvRlm5oWp4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR02dZIqhzxKRqHZINQou0TfcCGynCmkcCmyFo7uZ33pCpXkiH804xSCmA8kjzqixkl/VPe+8V664NXcOskq8nFQgR6NX/ur2E5bFKA0TVOuO56YmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzYKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdBNMuEwzg5ItFkWZICYhs89JnytkRowtoUxxeythQ6ooMzafkg3BW355lTQvat5VzXu4rNRv8ziKcAKnUAUPrqEO99AAHxhweIZXeHOk8+K8Ox+L1oKTzxzDHzifP8p1jgA=</latexit>

(s1)

<latexit sha1_base64="g+D6zma8TYnY8n1xXd748l/CX3E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N1TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqtx5RaR7LBzNO0I/oQPKQM2qsdP/U83rlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezUyfkxCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2nZINwVt8eZk0z6reRdW7O6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDClSNnw==</latexit>w1

<latexit sha1_base64="54C5J/m2qKIcXHGgh9SRTC4sb7Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1IOHghePFUxbaELZbKft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCgVXBvX/XZKa+sbm1vl7crO7t7+QfXwqKWTTDH0WSIS1YmoRsEl+oYbgZ1UIY0jge1ofDfz20+oNE/ko5mkGMZ0KPmAM2qs5Ae5F0x71Zpbd+cgq8QrSA0KNHvVr6CfsCxGaZigWnc9NzVhTpXhTOC0EmQaU8rGdIhdSyWNUYf5/NgpObNKnwwSZUsaMld/T+Q01noSR7Yzpmakl72Z+J/XzczgJsy5TDODki0WDTJBTEJmn5M+V8iMmFhCmeL2VsJGVFFmbD4VG4K3/PIqaV3Uvau693BZa9wWcZThBE7hHDy4hgbcQxN8YMDhGV7hzZHOi/PufCxaS04xcwx/4Hz+AKDvjo0=</latexit>{1}

(b) δ+R(X) = ∅

Figure 6.10: Comparison of δ+Qk
(X) and δ+Pk

(X).

If δ+R(X) ̸= ∅, then δ+Qk
(X) = δ+R(X) = δ+Pk

(X). So suppose δ+R(X) = ∅. Since t′k /∈ X, it

follows that δ+Qk
(X) ̸= ∅. The only arc in Qk \R is the arc p(v)t′k.

Proposition 6.16. For each T ∈ Z>0, Algorithm 16 either returns a solution, H, to
instance I with ∆+(H) ≤ T , or there is a witness set W,K′ such that LBw(W,K′) ≥ T ,
certifying that ∆∗ ≥ T .

Proof. Let I = (D,K) denote an instance of min-degree-SPP where D is an out-tree with
root r. Let T be a positive integer. We prove the result by induction on the number
of non-leaf nodes in D. Recall that we may assume that we are working with minimal,
non-trivial instances, in the sense that all k ∈ K have sk ̸= tk, K ̸= ∅, and any leaf node l
must be a sink for some commodity.

Suppose there is a single non-leaf node, r, as in Figure 6.11. Then each node in δ+D(r)
is a leaf. If |δ+D(r)| ≤ T , then the graph D is a solution with ∆+(D) ≤ T . Other-
wise, |T (r)| = |N+

D (r)| > T , and the witness set W = {r}, K′ = K gives the lower bound
LBw(W,K′) = ⌈|T (r)|/1⌉ ≥ T .
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<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

Figure 6.11: Single non-leaf node.

Suppose the result holds for all out-tree instances with at most d non-leaf nodes, and
consider an instance with d + 1 non-leaf nodes. Let v be a non-leaf node where all nodes
in N+

D (v) are leaves.

If |T (v)| > T , then setting W = {v} and K′ = {k ∈ K : sk = v} gives LBw(W,K′) >
T , so suppose |T (v)| ≤ T . Let Av, Bv, E, and ITv = (DT

v ,KT
v ) be defined as above,

where Av ∪Bv = δ+D(v) and for any pair a ∈ Av and a′ ∈ Bv, b(a) is on the unique path in
D between b(a′) and v. By Lemma 6.13, it follows that ITv is a feasible out-tree instance
with at most d non-leaf nodes. Let ∆∗

v denote the min-max degree of a feasible subgraph
of cl(Dv) for instance ITv . By induction, the algorithm either returns a feasible subgraph
Hv ⊆ cl(Dv) for ITv with ∆+(Hv) ≤ T , or there is a witness set Wv,K′

v certifying that
∆∗

v ≥ T .

Suppose the algorithm returns a feasible subgraph Hv ⊆ cl(Dv) for ITv with ∆+(Hv) ≤ T .
Let H = Hv ∪Av, as in the example in Figure 6.12. We claim that H is a feasible solution
for I with ∆+(H) ≤ T . Observe that deg+Hv

(v) = 0 and |Av| ≤ T , so ∆+(H) ≤ T . It
remains to argue that H is feasible. Let k ∈ K. If tk /∈ V (Av), then (sk, tk) is a commodity
in ITv , and so an sk, tk-dipath is present in Hv ⊆ H. Otherwise tk ∈ V (Av), and so there
is a commodity (sk, v) in KT

v . By feasibility of Hv, H contains an sk, v-dipath. With the
addition of arc vtk in Av we obtain an sk, tk-dipath in H. Therefore, H is feasible and
∆+(H) ≤ T .

<latexit sha1_base64="pTW/lTPCoieO5hnqTLo6MfTJZCQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48VrS20oWy2k3bpZhN2N4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoScepYthksYhVO6AaBZfYNNwIbCcKaRQIbAWju5nfGqPSPJaPZpKgH9GB5CFn1Fjpod4b98oVt+rOQVaJl5MK5Gj0yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FgqaYTaz+anTsmZVfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZn+TPlfIjJhYQpni9lbChlRRZmw6JRuCt/zyKnm6qHpXVe/+slK7zeMowgmcwjl4cA01qEMDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wctHI27</latexit>

Hv
<latexit sha1_base64="R7P1U+hePPBb6e8Xy2jElmY/qHE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBn3GM0g==</latexit>

H

<latexit sha1_base64="fP7YmsfCnYS8soOQBPXNWU1gC20=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9eCh4MVjBdMWmlA222m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0oF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6kRUo+ASfcONwE6qkMaRwHY0vpv57SdUmify0UxSDGM6lHzAGTVW8oO8Hkx7lapbc+cgq8QrSBUKNHuVr6CfsCxGaZigWnc9NzVhTpXhTOC0HGQaU8rGdIhdSyWNUYf5/NgpObdKnwwSZUsaMld/T+Q01noSR7Yzpmakl72Z+J/XzczgJsy5TDODki0WDTJBTEJmn5M+V8iMmFhCmeL2VsJGVFFmbD5lG4K3/PIqadVr3lXNe7isNm6LOEpwCmdwAR5cQwPuoQk+MODwDK/w5kjnxXl3Phata04xcwJ/4Hz+AKJ1jo4=</latexit>{2}
<latexit sha1_base64="3UvxVADL2azYozgrj06WRlN8Uh8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1JMUvHisYD+gDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWalRM7+KsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezYCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGN34mVJIiV2y+KEwlwZhMPyd9oTlDObaEMi3srYQNqaYMbT5FG4K3+PIyaZ5Xvauq93BZrt3mcRTgGE6gAh5cQw3uoQ4NYCDgGV7hzVHOi/PufMxbV5x85gj+wPn8Ac4ZjgQ=</latexit>

(s3)
<latexit sha1_base64="fP7YmsfCnYS8soOQBPXNWU1gC20=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9eCh4MVjBdMWmlA222m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0oF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6kRUo+ASfcONwE6qkMaRwHY0vpv57SdUmify0UxSDGM6lHzAGTVW8oO8Hkx7lapbc+cgq8QrSBUKNHuVr6CfsCxGaZigWnc9NzVhTpXhTOC0HGQaU8rGdIhdSyWNUYf5/NgpObdKnwwSZUsaMld/T+Q01noSR7Yzpmakl72Z+J/XzczgJsy5TDODki0WDTJBTEJmn5M+V8iMmFhCmeL2VsJGVFFmbD5lG4K3/PIqadVr3lXNe7isNm6LOEpwCmdwAR5cQwPuoQk+MODwDK/w5kjnxXl3Phata04xcwJ/4Hz+AKJ1jo4=</latexit>{2}

<latexit sha1_base64="6TsrfsDMZiMXUHCcnw3uCQOSN9I=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuiFpYBGwsI5gPyB1hbzNJluztHbt7QjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsTwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoh1Si4xKbhRmAnUUijUGA7HN/N/PYTKs1j+WgmCQYRHUo+4IwaK7X9zLuo+dNeueJW3TnIKvFyUoEcjV75y+/HLI1QGiao1l3PTUyQUWU4Ezgt+anGhLIxHWLXUkkj1EE2P3dKzqzSJ4NY2ZKGzNXfExmNtJ5Eoe2MqBnpZW8m/ud1UzO4CTIuk9SgZItFg1QQE5PZ76TPFTIjJpZQpri9lbARVZQZm1DJhuAtv7xKWrWqd1X1Hi4r9ds8jiKcwCmcgwfXUId7aEATGIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AXxIjv8=</latexit>{1, 2}<latexit sha1_base64="DKDFxCfpTBu7YF4+IGnGBDNyIGM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWznbRLN5uwu1FK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81g+mHGCfkQHkoecUWOl+6ee1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt7deaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8K7o2h</latexit>w1

<latexit sha1_base64="w+sbkS4kfn21RcW3w77HF4w76jc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20psMmZ1dZmaVsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekCleSzvzThBP6IDyUPOqLHS3WPvrFeuuFV3BvKXeDmpQI56r/zZ7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oQcWaVPwljZkobM1J8TGY20HkeB7YyoGepFbyr+53VSE176GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsv/yXNk6p3XvVuTyu1qzyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDEP6NpQ==</latexit>w5

<latexit sha1_base64="ipR4vxIsfHF98x5FHr3a0ek32Gc=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhAsQriLohYWARvLCOZDckfY2+wlS3b3jt09IRz5FTYWitj6c+z8N26SKzTxwcDjvRlm5oUJZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODls6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth6Pbqd9+okqzWD6YcUIDgQeSRYxgY6VHP/Mqtcq5P+mVym7VnQEtEy8nZcjR6JW+/H5MUkGlIRxr3fXcxAQZVoYRTidFP9U0wWSEB7RrqcSC6iCbHTxBp1bpoyhWtqRBM/X3RIaF1mMR2k6BzVAvelPxP6+bmug6yJhMUkMlmS+KUo5MjKbfoz5TlBg+tgQTxeytiAyxwsTYjIo2BG/x5WXSqlW9y6p3f1Gu3+RxFOAYTuAMPLiCOtxBA5pAQMAzvMKbo5wX5935mLeuOPnMEfyB8/kDWeuPcg==</latexit>{1, 2, 3}
<latexit sha1_base64="mON3nnyOsQsp7FjdVjtrJYPd4Xs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3eWM+A==</latexit>r

<latexit sha1_base64="nez684+BZS0ku9e9wfMDbyqGr88=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbRfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8f4nGM+w==</latexit>u
<latexit sha1_base64="OeGTesKJpVGgytQB+AX3o2eBtcM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxrite/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4/WM/A==</latexit>v

<latexit sha1_base64="bB2b0H7gkTYjku8SOgDEwwx2nic=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiop6k4MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/Krueee9csWtuXOQVeLlpAI5Gr3yV7efsCxGaZigWnc8NzXBhCrDmcBpqZtpTCkb0QF2LJU0Rh1M5sdOyZlV+iRKlC1pyFz9PTGhsdbjOLSdMTVDvezNxP+8Tmaim2DCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8surpHlR865q3sNlpX6bx1GEEziFKnhwDXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AcsPjgI=</latexit>

(s1)
<latexit sha1_base64="JBvgZbw4LgJydp4O9x4Gzb/c0Es=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD1JwYvHCqYW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4GM4up35j0+oNE/kgxmnGMR0IHnEGTVW8qu6Vz/vlStuzZ2DrBIvJxXI0eyVv7r9hGUxSsME1brjuakJJlQZzgROS91MY0rZiA6wY6mkMepgMj92Ss6s0idRomxJQ+bq74kJjbUex6HtjKkZ6mVvJv7ndTITXQcTLtPMoGSLRVEmiEnI7HPS5wqZEWNLKFPc3krYkCrKjM2nZEPwll9eJa16zbusefcXlcZNHkcRTuAUquDBFTTgDprgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB8yUjgM=</latexit>

(s2)

<latexit sha1_base64="3UvxVADL2azYozgrj06WRlN8Uh8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSLUS0lU1JMUvHisYD+gDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWalRM7+KsVyq7VXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezYCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGN34mVJIiV2y+KEwlwZhMPyd9oTlDObaEMi3srYQNqaYMbT5FG4K3+PIyaZ5Xvauq93BZrt3mcRTgGE6gAh5cQw3uoQ4NYCDgGV7hzVHOi/PufMxbV5x85gj+wPn8Ac4ZjgQ=</latexit>

(s3)
<latexit sha1_base64="mON3nnyOsQsp7FjdVjtrJYPd4Xs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3eWM+A==</latexit>r

<latexit sha1_base64="nez684+BZS0ku9e9wfMDbyqGr88=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbRfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8f4nGM+w==</latexit>u
<latexit sha1_base64="bB2b0H7gkTYjku8SOgDEwwx2nic=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiop6k4MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/Krueee9csWtuXOQVeLlpAI5Gr3yV7efsCxGaZigWnc8NzXBhCrDmcBpqZtpTCkb0QF2LJU0Rh1M5sdOyZlV+iRKlC1pyFz9PTGhsdbjOLSdMTVDvezNxP+8Tmaim2DCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8surpHlR865q3sNlpX6bx1GEEziFKnhwDXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AcsPjgI=</latexit>

(s1)
<latexit sha1_base64="JBvgZbw4LgJydp4O9x4Gzb/c0Es=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSRD1JwYvHCqYW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4GM4up35j0+oNE/kgxmnGMR0IHnEGTVW8qu6Vz/vlStuzZ2DrBIvJxXI0eyVv7r9hGUxSsME1brjuakJJlQZzgROS91MY0rZiA6wY6mkMepgMj92Ss6s0idRomxJQ+bq74kJjbUex6HtjKkZ6mVvJv7ndTITXQcTLtPMoGSLRVEmiEnI7HPS5wqZEWNLKFPc3krYkCrKjM2nZEPwll9eJa16zbusefcXlcZNHkcRTuAUquDBFTTgDprgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB8yUjgM=</latexit>

(s2)

<latexit sha1_base64="OeGTesKJpVGgytQB+AX3o2eBtcM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxrite/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4/WM/A==</latexit>v
<latexit sha1_base64="fP7YmsfCnYS8soOQBPXNWU1gC20=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9eCh4MVjBdMWmlA222m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0oF18Z1v5219Y3Nre3STnl3b//gsHJ03NJJphj6LBGJ6kRUo+ASfcONwE6qkMaRwHY0vpv57SdUmify0UxSDGM6lHzAGTVW8oO8Hkx7lapbc+cgq8QrSBUKNHuVr6CfsCxGaZigWnc9NzVhTpXhTOC0HGQaU8rGdIhdSyWNUYf5/NgpObdKnwwSZUsaMld/T+Q01noSR7Yzpmakl72Z+J/XzczgJsy5TDODki0WDTJBTEJmn5M+V8iMmFhCmeL2VsJGVFFmbD5lG4K3/PIqadVr3lXNe7isNm6LOEpwCmdwAR5cQwPuoQk+MODwDK/w5kjnxXl3Phata04xcwJ/4Hz+AKJ1jo4=</latexit>{2}

<latexit sha1_base64="/Lvq9aGrGD0f6ltXip/q6psm2PY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1IOHghePFYwtNKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Y6oRsEl+oYbge1UIY0jga1odDv1W0+oNE/kgxmnGMZ0IHmfM2qs5Af5eTDpVmtu3Z2BLBOvIDUo0OxWv4JewrIYpWGCat3x3NSEOVWGM4GTSpBpTCkb0QF2LJU0Rh3ms2Mn5MQqPdJPlC1pyEz9PZHTWOtxHNnOmJqhXvSm4n9eJzP96zDnMs0MSjZf1M8EMQmZfk56XCEzYmwJZYrbWwkbUkWZsflUbAje4svL5PGs7l3WvfuLWuOmiKMMR3AMp+DBFTTgDprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB6P7jo8=</latexit>{3}

<latexit sha1_base64="/Lvq9aGrGD0f6ltXip/q6psm2PY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1IOHghePFYwtNKFsttN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpQKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Y6oRsEl+oYbge1UIY0jga1odDv1W0+oNE/kgxmnGMZ0IHmfM2qs5Af5eTDpVmtu3Z2BLBOvIDUo0OxWv4JewrIYpWGCat3x3NSEOVWGM4GTSpBpTCkb0QF2LJU0Rh3ms2Mn5MQqPdJPlC1pyEz9PZHTWOtxHNnOmJqhXvSm4n9eJzP96zDnMs0MSjZf1M8EMQmZfk56XCEzYmwJZYrbWwkbUkWZsflUbAje4svL5PGs7l3WvfuLWuOmiKMMR3AMp+DBFTTgDprgAwMOz/AKb450Xpx352PeWnKKmUP4A+fzB6P7jo8=</latexit>{3}

<latexit sha1_base64="LBhUkfjP6TFE0yvvPb/8bs2F07o=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFORS0sAjaWEcwH5I6wt5kkS/b2jt09IRz5ETYWitj6e+z8N26SKzTxwcDjvRlm5oWJ4Nq47rdTWFldW98obpa2tnd298r7B00dp4phg8UiVu2QahRcYsNwI7CdKKRRKLAVju6mfusJleaxfDTjBIOIDiTvc0aNlVp+5p1d+JNuueJW3RnIMvFyUoEc9W75y+/FLI1QGiao1h3PTUyQUWU4Ezgp+anGhLIRHWDHUkkj1EE2O3dCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ud1UtO/CTIuk9SgZPNF/VQQE5Pp76THFTIjxpZQpri9lbAhVZQZm1DJhuAtvrxMmudV76rqPVxWard5HEU4gmM4BQ+uoQb3UIcGMBjBM7zCm5M4L8678zFvLTj5zCH8gfP5A33OjwA=</latexit>{1, 3}

<latexit sha1_base64="6TsrfsDMZiMXUHCcnw3uCQOSN9I=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuiFpYBGwsI5gPyB1hbzNJluztHbt7QjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsTwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoh1Si4xKbhRmAnUUijUGA7HN/N/PYTKs1j+WgmCQYRHUo+4IwaK7X9zLuo+dNeueJW3TnIKvFyUoEcjV75y+/HLI1QGiao1l3PTUyQUWU4Ezgt+anGhLIxHWLXUkkj1EE2P3dKzqzSJ4NY2ZKGzNXfExmNtJ5Eoe2MqBnpZW8m/ud1UzO4CTIuk9SgZItFg1QQE5PZ76TPFTIjJpZQpri9lbARVZQZm1DJhuAtv7xKWrWqd1X1Hi4r9ds8jiKcwCmcgwfXUId7aEATGIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AXxIjv8=</latexit>{1, 2}<latexit sha1_base64="DKDFxCfpTBu7YF4+IGnGBDNyIGM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWznbRLN5uwu1FK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81g+mHGCfkQHkoecUWOl+6ee1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqt7deaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8K7o2h</latexit>w1
<latexit sha1_base64="EMXxrvx6qao6akn/ymUeLMAvnNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsN+3SzSbsTpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqAccJ9yM6UCIUjKKV7p961V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXFe/uvFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx8Mco2i</latexit>w2

<latexit sha1_base64="ZmFv89l8jmiynSK9bHEFaGUoSFg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWznbRLN5uwu1FK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekCleSzvzThBP6IDyUPOqLHS3WPvtFeuuFV3BvKXeDmpQI56r/zZ7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oQcWaVPwljZkobM1J8TGY20HkeB7YyoGepFbyr+53VSE176GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsv/yXNk6p3XvVuzyq1qzyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDDfaNow==</latexit>w3
<latexit sha1_base64="QFS9rVx9ywpgN4E1GaaS5cUSnxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaD+gDWWz3bRLN5uwO1FK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVA44T7kd0oEQoGEUr3T/1znvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qHp355XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AD3qNpA==</latexit>w4

<latexit sha1_base64="w+sbkS4kfn21RcW3w77HF4w76jc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMaB6QLGF20psMmZ1dZmaVsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekCleSzvzThBP6IDyUPOqLHS3WPvrFeuuFV3BvKXeDmpQI56r/zZ7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oQcWaVPwljZkobM1J8TGY20HkeB7YyoGepFbyr+53VSE176GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsv/yXNk6p3XvVuTyu1qzyOIhzAIRyDBxdQgxuoQwMYDOAJXuDVEc6z8+a8z1sLTj6zD7/gfHwDEP6NpQ==</latexit>w5

Figure 6.12: Extending feasible Hv for I3v to a feasible solution H for I.

Suppose instead, there is a witness set Wv,K′
v with LBw

IT
v
(Wv,K′

v) ≥ T . That is, DT
v [Wv] is

weakly-connected, ∅ ≠ K′
v ⊆ KT

v such that sk ∈ Wv and t′k /∈ Wv for all k ∈ K′
v. Moreover,

for all distinct k, j ∈ K′
v, δ

+
Qk
(W ) ∩ δ+Qj

(W ) = ∅. Note that we may assume Wv does not
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contain any leaves in DT
v , since removing a leaf from Wv can only increase the lower bound.

So, Wv ⊆ N \ {v}.
We now construct a witness set W,K′ for I such that ∆∗ ≥ LBw

I (W,K′) ≥ T . Consider
the same set of nodes Wv and commodities K′

v in D instead of DT
v . Since no leaf node in

DT
v is in Wv, D[Wv] is weakly-connected. Moreover, for each k ∈ K′

v, it holds sk ∈ Wv and
tk /∈ Wv.

If δ+Pk
(W ) = δ+Qk

(W ) for all k ∈ K′
v, then it follows that W = Wv and K′ = K′

v gives
LBw

I (W,K′) = LBw
IT
v
(W,K′

v) ≥ T as required. So, suppose there is some commodity

k ∈ K′
v such that δ+Pk

(W ) ̸= δ+Qk
(W ). By Lemmas 6.14 and 6.15, it follows that there is a

commodity ℓ ∈ K′
v with t′ℓ ∈ V (Bv) and p(v) ∈ Wv.

Let W = Wv ∪{v}. Since p(v) ∈ Wv and D[Wv] is weakly-connected, it follows that D[W ]
is weakly-connected. Let K̄ = {(b(vtk), tk) : tk ∈ V (Av)}. By definition of K̄ and Bv, it
follows that sk is on the unique dipath between sℓ and v for all k ∈ K̄. Since D[W ] is
weakly-connected and contains both sℓ and v, it follows that sk ∈ W for all k ∈ K̄.

If there is a commodity k ∈ K′
v with tk = v, let kv denote this commodity, and otherwise

let kv denote the empty set. Let K′ = (K′
v ∪ K̄) \ kv. Then sk ∈ W for all k ∈ K′, and

tk /∈ W for each k ∈ K′ since kv was removed. We also claim that δ+Pk
(W ) ∩ δ+Pj

(W ) = ∅
for any k, j ∈ K′. If k ∈ K′ with tk ∈ N+

D (v), then δ+Pk
(W ) = vtk. Otherwise, tk /∈ V (Cv)

and δ+Pk
(W ) = δ+Qk

(W ) /∈ δ+D(v). Therefore, the disjointness of the cuts follows.

In order to prove that LBw
I (W,K′) ≥ T , it remains to argue that the cardinality of |K′| is

at least (T −1)|W |+1. Observe that by definition, if Bv ̸= ∅, then |Av| = T . By induction,
we have |K′

v| ≥ (T −1)|Wv|+1. Therefore, |K′| ≥ (T −1)|Wv|+T −1+1 = (T −1)|W |+1,
and so LBw

I (W,K′) ≥ T as required.

Theorem 6.17. There is a polynomial-time additive 1-approximation algorithm for out-
tree instances of min-degree-SPP.

Proof. By executing Algorithm 16 for all possible target values, we determine the smallest
value of T for which Algorithm 16 gives a feasible subgraph H with ∆+(H) ≤ T . Since
Algorithm 16 did not return a feasible subgraph for the target T − 1, there is a witness set
W,K′ with LBw(W,K′) ≥ T − 1 (constructible in polytime), certifying that ∆∗ ≥ T − 1.
Hence, ∆+(H) ≤ ∆∗ + 1.

As previously mentioned in the discussion of lower bounds, there are out-tree instances
of min-degree-SPP where maxW⊆N,K′⊆K LB(W,K′) = ∆∗ − 1. Furthermore, the analysis of
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Algorithm 16 is tight since there are out-tree instances for which the algorithm does not
return a solution with out-degree at most T , even if ∆∗ = T .

Consider the following instance in Figure 6.13a. A solution H with ∆+(H) = 2 is given in
Figure 6.13b.

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}

<latexit sha1_base64="eZha0fx0BWYAlzGPlCophbkzAKE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7rv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QME1o2d</latexit>s1
<latexit sha1_base64="c+LuFKP3WHKQloGM/x0C2wqwGC4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcGWo2e</latexit>s2

<latexit sha1_base64="rCWZYxdHPPtwljk7bkFaYrYoPS4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPZjeea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVe/+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8H3o2f</latexit>s3
<latexit sha1_base64="OeGTesKJpVGgytQB+AX3o2eBtcM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxrite/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4/WM/A==</latexit>v

<latexit sha1_base64="aLQLNdmDmFSGPefwiFwBuKYGaCE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4rmLbQhLLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6IaBZfoG24EdlKFNI4EtqPx3cxvP6HSPJGPZpJiGNOh5APOqLGSH+T1YNqrVN2aOwdZJV5BqlCg2at8Bf2EZTFKwwTVuuu5qQlzqgxnAqflINOYUjamQ+xaKmmMOsznx07JuVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj8ynbELzll1dJq17zrmrew2W1cVvEUYJTOIML8OAaGnAPTfCBAYdneIU3RzovzrvzsWhdc4qZE/gD5/MHoduOjA==</latexit>{2}
<latexit sha1_base64="aLQLNdmDmFSGPefwiFwBuKYGaCE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4rmLbQhLLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6IaBZfoG24EdlKFNI4EtqPx3cxvP6HSPJGPZpJiGNOh5APOqLGSH+T1YNqrVN2aOwdZJV5BqlCg2at8Bf2EZTFKwwTVuuu5qQlzqgxnAqflINOYUjamQ+xaKmmMOsznx07JuVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj8ynbELzll1dJq17zrmrew2W1cVvEUYJTOIML8OAaGnAPTfCBAYdneIU3RzovzrvzsWhdc4qZE/gD5/MHoduOjA==</latexit>{2}
<latexit sha1_base64="fGs8RmU5jweRDy0Bi7ellzWy8JI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisYGyhCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkQ1Ci7RN9wIbKcKaRwJbEWj26nfekKleSIfzDjFMKYDyfucUWMlP8jPg0m3WnPr7gxkmXgFqUGBZrf6FfQSlsUoDRNU647npibMqTKcCZxUgkxjStmIDrBjqaQx6jCfHTshJ1bpkX6ibElDZurviZzGWo/jyHbG1Az1ojcV//M6melfhzmXaWZQsvmifiaIScj0c9LjCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d177Lu3V/UGjdFHGU4gmM4BQ+uoAF30AQfGHB4hld4c6Tz4rw7H/PWklPMHMIfOJ8/o2GOjQ==</latexit>{3}

(a) Out-tree instance.

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}

<latexit sha1_base64="eZha0fx0BWYAlzGPlCophbkzAKE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7rv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QME1o2d</latexit>s1
<latexit sha1_base64="c+LuFKP3WHKQloGM/x0C2wqwGC4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcGWo2e</latexit>s2

<latexit sha1_base64="rCWZYxdHPPtwljk7bkFaYrYoPS4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPZjeea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVe/+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8H3o2f</latexit>s3
<latexit sha1_base64="OeGTesKJpVGgytQB+AX3o2eBtcM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxrite/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4/WM/A==</latexit>v

<latexit sha1_base64="aLQLNdmDmFSGPefwiFwBuKYGaCE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4rmLbQhLLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6IaBZfoG24EdlKFNI4EtqPx3cxvP6HSPJGPZpJiGNOh5APOqLGSH+T1YNqrVN2aOwdZJV5BqlCg2at8Bf2EZTFKwwTVuuu5qQlzqgxnAqflINOYUjamQ+xaKmmMOsznx07JuVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj8ynbELzll1dJq17zrmrew2W1cVvEUYJTOIML8OAaGnAPTfCBAYdneIU3RzovzrvzsWhdc4qZE/gD5/MHoduOjA==</latexit>{2}
<latexit sha1_base64="aLQLNdmDmFSGPefwiFwBuKYGaCE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4rmLbQhLLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6IaBZfoG24EdlKFNI4EtqPx3cxvP6HSPJGPZpJiGNOh5APOqLGSH+T1YNqrVN2aOwdZJV5BqlCg2at8Bf2EZTFKwwTVuuu5qQlzqgxnAqflINOYUjamQ+xaKmmMOsznx07JuVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj8ynbELzll1dJq17zrmrew2W1cVvEUYJTOIML8OAaGnAPTfCBAYdneIU3RzovzrvzsWhdc4qZE/gD5/MHoduOjA==</latexit>{2}
<latexit sha1_base64="fGs8RmU5jweRDy0Bi7ellzWy8JI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisYGyhCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkQ1Ci7RN9wIbKcKaRwJbEWj26nfekKleSIfzDjFMKYDyfucUWMlP8jPg0m3WnPr7gxkmXgFqUGBZrf6FfQSlsUoDRNU647npibMqTKcCZxUgkxjStmIDrBjqaQx6jCfHTshJ1bpkX6ibElDZurviZzGWo/jyHbG1Az1ojcV//M6melfhzmXaWZQsvmifiaIScj0c9LjCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d177Lu3V/UGjdFHGU4gmM4BQ+uoAF30AQfGHB4hld4c6Tz4rw7H/PWklPMHMIfOJ8/o2GOjQ==</latexit>{3}

(b) Solution with ∆+(H) = 2.

Figure 6.13

However, when T = 2 in the target algorithm, in the first step we generate the subproblem
given in Figure 6.14 by contracting node v for the target T = 2. The resulting problem
does not have a feasible solution with max out-degree at most 2. Thus, the algorithm
would not produce a feasible solution with max out-degree 2 for the original instance in
Figure 6.13.

<latexit sha1_base64="eZha0fx0BWYAlzGPlCophbkzAKE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7rv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QME1o2d</latexit>s1
<latexit sha1_base64="c+LuFKP3WHKQloGM/x0C2wqwGC4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD7pf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcGWo2e</latexit>s2

<latexit sha1_base64="rCWZYxdHPPtwljk7bkFaYrYoPS4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPZjeea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qXVe/+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8H3o2f</latexit>s3

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}

<latexit sha1_base64="OeGTesKJpVGgytQB+AX3o2eBtcM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG9zO/NUaleSwfzSRBP6IDyUPOqLFSfdwrld2KOwdZJV5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6L3VRjQtmIDrBjqaQRaj+bHzol51bpkzBWtqQhc/X3REYjrSdRYDsjaoZ62ZuJ/3md1IS3fsZlkhqUbLEoTAUxMZl9TfpcITNiYgllittbCRtSRZmx2RRtCN7yy6ukeVnxrite/apcvcvjKMApnMEFeHADVXiAGjSAAcIzvMKb8+S8OO/Ox6J1zclnTuAPnM8f4/WM/A==</latexit>v

<latexit sha1_base64="aLQLNdmDmFSGPefwiFwBuKYGaCE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4rmLbQhLLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6IaBZfoG24EdlKFNI4EtqPx3cxvP6HSPJGPZpJiGNOh5APOqLGSH+T1YNqrVN2aOwdZJV5BqlCg2at8Bf2EZTFKwwTVuuu5qQlzqgxnAqflINOYUjamQ+xaKmmMOsznx07JuVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj8ynbELzll1dJq17zrmrew2W1cVvEUYJTOIML8OAaGnAPTfCBAYdneIU3RzovzrvzsWhdc4qZE/gD5/MHoduOjA==</latexit>{2}
<latexit sha1_base64="E/45qOV06Pl3pSgb0MyvJZOe8sI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUfFU8OKxgv2AppTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv6rSdUmsfy0YwT7EZ0IHnIGTVWavlZ9fzCn/RKZbfizkCWiZeTMuSo90pffj9maYTSMEG17nhuYroZVYYzgZOin2pMKBvRAXYslTRC3c1m507IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeFNN+MySQ1KNl8UpoKYmEx/J32ukBkxtoQyxe2thA2poszYhIo2BG/x5WXSrFa8q4r3cFmu3eZxFOAYTuAMPLiGGtxDHRrAYATP8ApvTuK8OO/Ox7x1xclnjuAPnM8ffryO/w==</latexit>{2, 3}

Figure 6.14

It remains open whether or not out-tree instances are NP-hard. In Section 6.5, we relate
the hardness of these instances to that of a natural packing problem.
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6.5 Towards out-tree hardness

It remains open whether or not out-tree instances of min-degree-SPP are NP-hard. Es-
tablishing hardness for this setting would demonstrate that our additive 1-approximation
algorithm was the best possible in Section 6.4. Even in the seemingly simple case of broom
instances – instances in which the underlying undirected graph of D is a broom – appears
challenging. In this section we demonstrate that broom instances are at least as hard as
a particular packing problem, so long as its inputs are polynomially bounded. We believe
this packing problem is of independent interest, and establishing it is strongly NP-hard
is one avenue to proving that min-degree-SPP is NP-hard on brooms, and out-trees more
generally.

SIGNED-VALUES-BIN-PACKING (SV-BP): Given a set W = {w1, w2, . . . , wn} of n integers,
determine if there is a partition of [n] into sets N1, N2, . . . , Nℓ for some ℓ ∈ [n] such that
for each part i ∈ [ℓ],

∑
j∈Ni

wj ≤ 1.

Note that we may assume that none of the input integers are 0 or 1, since W is a YES-
instance if and only if W ′ = {wi : wi ∈ W , wi /∈ {0, 1}} is a YES-instance. In the proof
of Lemma 6.19, we establish that broom instances of min-degree-SPP are at least as hard
as the problem of SV-BP when the integers are bounded by a polynomial in n. Thus,
establishing that SV-BP is strongly NP-hard would prove that min-degree-SPP on brooms
(and thus out-trees) is NP-hard.

Open problem 6.18. Is SV-BP strongly NP-hard?

Lemma 6.19. Broom instances of min-degree-SPP are at least as hard as SV-BP with
weights that are polynomial in n.

Proof. We show that there is a reduction from SV-BP to broom instances of min-degree-
SPP, when the integers are polynomial in n. LetW = {w1, w2, . . . , wn} be the input integers
of an instance of SV-BP, where the integers are polynomial in n, w1 ≥ w2 ≥ . . . , wn. We
say that a partition of W is valid if each part sums to at most 1.

Let T ≥ 2. We will construct a broom instance of min-degree-SPP, with sets of sources
S1, S2, . . . , Sn, so that there is solution with max out-degree T if and only if the weakly-
connected sets of sources in an optimal solution corresponds to a valid partition of the
index set [n]. We construct a corresponding instance of the broom problem with target T
as follows.

Construction of broom instance, given T ≥ 2: we create a set of sources, Si, for each
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index i ∈ [n]. In this set, we generate αi + 1 sources, where αi is the smallest positive
integer such that wi + αi(T − 1) ≥ 0. Let βi := wi + αi(T − 1). We introduce βi + T − 1
sinks, Ti = {t1i , t2i , . . . , tβi+T−1

i }.
We construct a set Ki of commodities with sources in Si and sinks in Ti as follows. The
first source, s1i , is assigned βi sinks. The final source, s

αi+1
i is assigned the remaining T − 1

sinks. Finally, we ensure that each source in Si must have a path to a common sink node
by defining a commodity with source s and sink tβi+1−1

i for each source s ∈ Si. Specifically,
we have the following commodities.

• {(s1i , tji ) : j ∈ [βi]}
• {(sαi+1

i , tji ) : j ∈ [βi + T − 1] \ [βi]}
• {(sji , tβi+T−1

i ) : j ∈ [αi]}
Note that each node in {s2i , . . . , sαi

i } is the source of only a single commodity.

The corresponding broom instance I = (D,K) has the digraph D as depicted in Figure
6.15, with a dipath on the source sets S1 to Sn, and the sinks are the leaves. The commodity
set is K = ∪i∈[n]Ki.

<latexit sha1_base64="U4MUnaG2VGF0qz4iFn6ib7U4XVM=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8lY2IiqeCF48V3LbQriWbZtvQbHZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8MJXCWM/7Riura+sbm6Wt8vbO7t5+5eCwaZJMM+6zRCa6HVLDpVDct8JK3k41p3EoeSsc3U791hPXRiTqwY5THsR0oEQkGLVO8s0j6ZFeperVvBnwMiEFqUKBRq/y1e0nLIu5skxSYzrES22QU20Fk3xS7maGp5SN6IB3HFU05ibIZ8dO8KlT+jhKtCtl8Uz9PZHT2JhxHLrOmNqhWfSm4n9eJ7PRdZALlWaWKzZfFGUS2wRPP8d9oTmzcuwIZVq4WzEbUk2ZdfmUXQhk8eVl0jyvkcsaub+o1m+KOEpwDCdwBgSuoA530AAfGAh4hld4Qwq9oHf0MW9dQcXMEfwB+vwBKKGOPA==</latexit>

s1
1

<latexit sha1_base64="/wcKkgDmcOtS901xNqKi/TvNKBw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwbSFNpbNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4up35rSeujUjUA45THsR0oEQkGEUr+eax1vN65Ypbdecgq8TLSQVyNHrlr24/YVnMFTJJjel4borBhGoUTPJpqZsZnlI2ogPesVTRmJtgMj92Ss6s0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj62AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT4lG4K3/PIqadaq3mXVu7+o1G/yOIpwAqdwDh5cQR3uoAE+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/AConjj0=</latexit>

s2
1

<latexit sha1_base64="2gq59kjau7exQZGss7QpE1my9Qc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8tmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKbd2Xj5k37ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHq1qnd/Wanf5HEU4QRO4Rw8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w9LzI+F</latexit>

s1
n

<latexit sha1_base64="yEfi0PYmFBsVkuD/knsEn0Hu3lU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwX5AG8tmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWapu+esxq03654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6RVq3qXVe/+olK/yeMowgmcwjl4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx9NUY+G</latexit>

s2
n

<latexit sha1_base64="WeJ4cnk0WEiHjhhhbvL9sXVhpOY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwX5AG8tmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKbd2vPWa1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+7pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY7GXCFzIiJJZQpbm8lbEQVZcYmVLIheMsvr5JWrepdVr37i0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8A8WKPSg==</latexit>

s2
2

<latexit sha1_base64="WVUoFwIcjtQFQSv5zzab1xbfiI8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwX5AG8tmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKbd2vPWbetF+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0mrVvUuq979RaV+k8dRhBM4hXPw4ArqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz/v3Y9J</latexit>

s1
2

<latexit sha1_base64="F1GUaSt1OARmAKsI3EVWQpXC6zM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHis1H5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWajT6Xr9ccavuHGSVeDmpQI56v/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/S0415</latexit>

S1

<latexit sha1_base64="xG2/zXf8VH+Wa1f5qrsc5SFLq4Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4rtR/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrNRr9ar9UdivuHGSVeDkpQ456v/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdKqVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdmsBgCM/wCm+OdF6cd+dj0brm5DMn8AfO5w/UV416</latexit>

S2

<latexit sha1_base64="DpiCroXSYXOvGLpZKLnSghQq1kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHis1H5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKjUZf9ssVt+rOQVaJl5MK5Kj3y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL2rqvdwWand5nEU4QRO4Rw8uIYa3EMdmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcvVo22</latexit>

Sn

<latexit sha1_base64="SQJ/NRJMBKtBQv4Lmh8/4XwN7xY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8layIiqeCF48VTFtoY9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOd9Oyura+sbm6Wt8vbO7t5+5eCwaZJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHt1O/9cS1EYl6wHHKg5gOlIgEo2glH3vkkfQqVa/mzeAuE1KQKhRo9Cpf3X7CspgrZJIa0yFeikFONQom+aTczQxPKRvRAe9YqmjMTZDPjp24p1bpu1GibSl0Z+rviZzGxozj0HbGFIdm0ZuK/3mdDKPrIBcqzZArNl8UZdLFxJ1+7vaF5gzl2BLKtLC3umxINWVo8ynbEMjiy8ukeV4jlzVyf1Gt3xRxlOAYTuAMCFxBHe6gAT4wEPAMr/DmKOfFeXc+5q0rTjFzBH/gfP4AKiuOPQ==</latexit>

t11
<latexit sha1_base64="cQEigUWeDoKI2IN+r5rKYWMiOGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwbSFNpbNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4up35rSeujUjUA45THsR0oEQkGEUr+djzHmu9csWtunOQVeLlpAI5Gr3yV7efsCzmCpmkxnQ8N8VgQjUKJvm01M0MTykb0QHvWKpozE0wmR87JWdW6ZMo0bYUkrn6e2JCY2PGcWg7Y4pDs+zNxP+8TobRdTARKs2QK7ZYFGWSYEJmn5O+0JyhHFtCmRb2VsKGVFOGNp+SDcFbfnmVNGtV77Lq3V9U6jd5HEU4gVM4Bw+uoA530AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/K6+OPg==</latexit>

t21

<latexit sha1_base64="EnriNXcWDE/kpiMrXyz5c4VvkJU=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQBDHsiKh4CnjxGCEvSNZldjKbDJl9MNMrhCXgr3jxoIhXv8Obf+Mk2YMmFjQUVd10d/mJFBoc59sqLC2vrK4V10sbm1vbO/buXlPHqWK8wWIZq7ZPNZci4g0QIHk7UZyGvuQtf3g78VuPXGkRR3UYJdwNaT8SgWAUjOTZB+CRh6zrc6Aewae4js8wGXt22ak4U+BFQnJSRjlqnv3V7cUsDXkETFKtO8RJwM2oAsEkH5e6qeYJZUPa5x1DIxpy7WbT88f42Cg9HMTKVAR4qv6eyGio9Sj0TWdIYaDnvYn4n9dJIbh2MxElKfCIzRYFqcQQ40kWuCcUZyBHhlCmhLkVswFVlIFJrGRCIPMvL5LmeYVcVsj9Rbl6k8dRRIfoCJ0ggq5QFd2hGmoghjL0jF7Rm/VkvVjv1sestWDlM/voD6zPH0pUk7o=</latexit>

t�1+T�1
1

<latexit sha1_base64="dRqPQ9M2QgXvCxxt0P8hIEByiOU=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRBLEkRVQ8Fbx4rNAvaGPYbDft0s0m7E6EEgr+FS8eFPHq7/Dmv3Hb5qDVBwOP92aYmRckgmtwnC+rsLS8srpWXC9tbG5t79i7ey0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHawehm6rcfmNI8lg0YJ8yLyEDykFMCRvLtA/Cr91kvYED8Kj7FDXyG3Ylvl52KMwP+S9yclFGOum9/9voxTSMmgQqiddd1EvAyooBTwSalXqpZQuiIDFjXUEkipr1sdv4EHxulj8NYmZKAZ+rPiYxEWo+jwHRGBIZ60ZuK/3ndFMIrL+MySYFJOl8UpgJDjKdZ4D5XjIIYG0Ko4uZWTIdEEQomsZIJwV18+S9pVSvuRcW9Oy/XrvM4iugQHaET5KJLVEO3qI6aiKIMPaEX9Go9Ws/Wm/U+by1Y+cw++gXr4xtNd5O8</latexit>

t�2+T�1
2

<latexit sha1_base64="vzjDsEvq2gFwmmREb4d7emWTpT0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRBLEkIiqeCl48VugXtDFstpt26WYTdidCCQX/ihcPinj1d3jz37htc9DWBwOP92aYmRckgmtwnG+rsLS8srpWXC9tbG5t79i7e00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfB24rcemdI8lnUYJcyLSF/ykFMCRvLtA/DlQ9YNGBBf4lNcx2fYHft22ak4U+BF4uakjHLUfPur24tpGjEJVBCtO66TgJcRBZwKNi51U80SQoekzzqGShIx7WXT88f42Cg9HMbKlAQ8VX9PZCTSehQFpjMiMNDz3kT8z+ukEF57GZdJCkzS2aIwFRhiPMkC97hiFMTIEEIVN7diOiCKUDCJlUwI7vzLi6R5XnEvK+79Rbl6k8dRRIfoCJ0gF12hKrpDNdRAFGXoGb2iN+vJerHerY9Za8HKZ/bRH1ifPwm6lDQ=</latexit>

t�n+T�1
n

<latexit sha1_base64="4jBqac0WUyqJng0MHnJ2z7Xyo5Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwX5AG8tmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWamO/9pjVpv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0mrVvUuq979RaV+k8dRhBM4hXPw4ArqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz/y7I9L</latexit>

t22

<latexit sha1_base64="H5dtS7Y2QpNAMu1a9dmRiluRnK0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwX5AG8tmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWamO/9ph503654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6RVq3qXVe/+olK/yeMowgmcwjl4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx/xZ49K</latexit>

t12

<latexit sha1_base64="ybEB5jNAoTNrV9zNck/9HiUYxww=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFYwX5AG8tmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWamNfPWa1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqESjYEb/nlVdKqVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w9O24+H</latexit>

t2n

<latexit sha1_base64="8W49bgFtD8BYbF1x5RAoik40dd0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8tmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWamNfPWbetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVL1a1bu/rNRv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wdNVo+G</latexit>

t1n

<latexit sha1_base64="i3QR0ASKP+7UKaozZm+4hjby0HE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHis2C9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M72Z++4lrI2LVwEnC/YgOlQgFo2ilx0bf65crbtWdg6wSLycVyFHvl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+q6j1cVmq3eRxFOIFTOAcPrqEG91CHJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHUWY16</latexit>

T1

<latexit sha1_base64="2v7RnQtukJWFDPVnal4j1MQ2UXU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r9gvaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHsuGmSToR3QoecgZNVZ6bPSr/VLZrbhzkFXi5aQMOer90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindV8R4uy7XbPI4CnMIZXIAH11CDe6hDExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHV3Y17</latexit>

T2

<latexit sha1_base64="uAbEqCtSnuo4D20mWVqzYPn9btQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHis2C9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYNM0nQj+hQ8pAzaqz02OjLfrniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAw3I23</latexit>

Tn

<latexit sha1_base64="yBrKnmV8PwzKK6nxCse4ePk++jw=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCIIQdERVPAS8eI5gHJOsyO5lNhsw+mJkVw7K/4sWDIl79EW/+jZNkD5pY0FBUddPd5SeCK+0431ZpZXVtfaO8Wdna3tnds/erbRWnkrIWjUUsuz5RTPCItTTXgnUTyUjoC9bxxzdTv/PIpOJxdK8nCXNDMox4wCnRRvLsqvLwQ9YnIhkRD6NThHPPrjl1Zwa0THBBalCg6dlf/UFM05BFmgqiVA87iXYzIjWnguWVfqpYQuiYDFnP0IiETLnZ7PYcHRtlgIJYmoo0mqm/JzISKjUJfdMZEj1Si95U/M/rpTq4cjMeJalmEZ0vClKBdIymQaABl4xqMTGEUMnNrYiOiCRUm7gqJgS8+PIyaZ/V8UUd353XGtdFHGU4hCM4AQyX0IBbaEILKDzBM7zCm5VbL9a79TFvLVnFzAH8gfX5A0X/k0Q=</latexit>

s↵1+1
1

<latexit sha1_base64="rwq4KLD5zi865j4nB4EmSbEdg2I=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0UQhJIUUfFU8OKxgv2ANobNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7O0Vd7e2d3btw8qbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E45up33mkUrFY3OtJQr0IDwULGcHaSL5dUX79IetjnoywX0dnyM19u+rUnBnQMnELUoUCTd/+6g9ikkZUaMKxUj3XSbSXYakZ4TQv91NFE0zGeEh7hgocUeVls9tzdGKUAQpjaUpoNFN/T2Q4UmoSBaYzwnqkFr2p+J/XS3V45WVMJKmmgswXhSlHOkbTINCASUo0nxiCiWTmVkRGWGKiTVxlE4K7+PIyaddr7kXNvTuvNq6LOEpwBMdwCi5cQgNuoQktIPAEz/AKb1ZuvVjv1se8dcUqZg7hD6zPH0kbk0Y=</latexit>

s↵2+1
2

<latexit sha1_base64="szRlAqSlvtcEE79Hj0aaKogtNbY=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJRERMVTwYvHCvYD2hg22027dLMJuxuxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Syura+kZ5s7K1vbO7Z+9X2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxjdTv/NIpWKxuNeThHoRHgoWMoK1kXy7qnzxkPUxT0bYF+gUublv15y6MwNaJm5BalCg6dtf/UFM0ogKTThWquc6ifYyLDUjnOaVfqpogskYD2nPUIEjqrxsdnuOjo0yQGEsTQmNZurviQxHSk2iwHRGWI/UojcV//N6qQ6vvIyJJNVUkPmiMOVIx2gaBBowSYnmE0MwkczcisgIS0y0iatiQnAXX14m7bO6e1F3785rjesijjIcwhGcgAuX0IBbaEILCDzBM7zCm5VbL9a79TFvLVnFzAH8gfX5AwO6k74=</latexit>

s↵n+1
n

Figure 6.15: Digraph D for the broom instance.

We now prove that ∆∗ ≤ T if and only if there is a valid partition of W .

(⇒) Suppose there is a solution, H, to the instance I = (D,K) with ∆+(H) ≤ T . The
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solution splits into weakly-connected components, H1, H2, . . . , Hℓ. Recall that each set of
sources Si will be in the same weakly-connected component due to the shared sink, tβi+T−1

i .
For each component j ∈ [ℓ], let Nj = {i : Si ∈ Hj}. We will prove that N1, N2, . . . , Nℓ is a
valid partition of W .

Let Sj and Tj denote the set of sources and sinks in component Hj respectively. By
definition of Nj, it follows that Sj =

⋃
i∈Nj

Si and Tj =
⋃

i∈Nj
Ti. Furthermore, the node

set of Hj is Sj ∪ Tj. The fewest arcs possible for the subgraph Hj, since it is weakly-
connected, is |Sj| + |Tj| − 1. Since every arc in Hi departs a node in Sj, ∆+(Hj) ≤ T

implies that
|Sj |+|Tj |−1

|Sj | ≤ T . Therefore,

|Sj|+ |Tj| − 1 ≤ T |Sj|
⇐⇒

∑
i∈Nj

(αi + 1) +
∑
i∈Nj

(βi + T − 1)− 1 ≤ T
∑
i∈Nj

(αi + 1)

⇐⇒
∑
i∈Nj

αi + |Nj|+
∑
i∈Nj

(wi + αi(T − 1)) + (T − 1)|Nj| − 1 ≤ T
∑
i∈Nj

αi + T |Nj|

⇐⇒
∑
i∈Nj

αi +
∑
i∈Nj

(wi + αi(T − 1))− 1 ≤ T
∑
i∈Nj

αi

⇐⇒
∑
i∈Nj

αi +
∑
i∈Nj

wi + T
∑
i∈Nj

αi −
∑
i∈Nj

αi − 1 ≤ T
∑
i∈Nj

αi

⇐⇒
∑
i∈Nj

wi ≤ 1.

Since this holds for each j ∈ [ℓ], the partition N1, N2, . . . , Nℓ satisfies
∑

i∈Nj
wi ≤ 1 for each

j ∈ [ℓ].

(⇐) Suppose there is a valid partition, N1, N2, . . . , Nℓ, for W . We will form a solution H
to the broom instance I = (D,K), consisting of ℓ connected components, H1, H2, . . . , Hℓ,
where each component has maximum out-degree at most T .

Construction of Hj. Let j ∈ [ℓ] and let Sj =
⋃

i∈Nj
Si and Tj =

⋃
i∈Nj

Ti. First, Hj is

formed by taking the unique dipath in cl(D) on the nodes in Sj. Let Pj denote this path.
It remains to add arcs to each of the sinks in Tj so that there is an sk, tk-dipath for each
commodity k ∈ Ki, for each i ∈ Nj, while ensuring that ∆+(Hj) ≤ T .

Let {s1, s2, . . . , s|Sj |} be the set of sources in Sj, ordered so that there is an si, sj-dipath in
D whenever i ≤ j. Let {t1, t2, . . . , t|Tj |} be the set of sinks in Tj, ordered first by increasing
subscript, and then increasing superscript (top to bottom from Figure 6.15).
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We add arcs to Hj from Sj to Tj as follows. First we add an arc from s|Sj | to each of the
final T sinks in Tj. In decreasing order of sources, we continue to add arcs from the current
sink to the last T −1 sinks remaining in Tj, until no sinks remain, or we run out of sources.
Observe that the resulting graph, Hj, has ∆

+(Hj) ≤ T .

If |Tj| ≤ (T − 1)|Sj|+ 1, then Hj will include all sinks in Tj. This is indeed the case, since

|Tj| ≤ (T − 1)|Sj|+ 1 ⇐⇒ |Tj|+ |Sj| − 1 ≤ T |Sj| ⇐⇒
∑
i∈Nj

wi ≤ 1,

as proven in the previous direction.

Thus, it remains to show that for each commodity k ∈ K with sk ∈ Sj and tk ∈ Tj, there
is an sk, tk-dipath in Hj. We prove the following claims, and recall that we may assume
all weights wi are not equal to 0 or 1.

Claim 1: If wi ≥ 2, then |Ti| ≥ |Si|T .
Proof. If wi ≥ 2, then αi = 1 and |Si| = 2. Furthermore, it holds that βi =
wi + (T − 1) ≥ T + 1, and so |Ti| = βi + T − 1 ≥ 2T . Therefore, |Ti| ≥ |Si|T .

Claim 2: If wi ≤ 0, then |Ti| ≤ |Si|(T − 1).

Proof. If −(T − 1) ≤ wi ≤ 0, then αi = 1 and |Si| = 2. Furthermore, it must be that
0 ≤ βi ≤ T − 1 and so |Ti| = βi + T − 1 ≤ 2T − 2. Thus, it is |Ti| ≤ |Si|(T − 1).

If instead wi < −(T − 1), then αi ≥ 2, and |Si| ≥ 3. Furthermore, it holds βi ≤ T ,
and so |Ti| ≤ 2T − 1. Note that for all T ≥ 0, we have 2T − 1 ≤ 3(T − 1). Thus,
|Ti| ≤ 3(T − 1) ≤ |Si|(T − 1).

For a contradiction, suppose there is some commodity with source sp and sink tq (indices
from ordered nodes in Sj and Tj), such that Hj contains no sp, tq-dipath. Moreover, among
all commodities of this form, assume that p is the largest possible index. Since there is no
sp, tq-dipath, the arc from Sj to tq departs a node sr with r < p. Similarly, since there is
no sp, tq-dipath in Hj, it follows that

|
⋃
r≥p

T (sr)| > (|Sj| − p+ 1)(T − 1) + 1. (6.1)

Since |T (sri )| ≤ T − 1 whenever r ≥ 2, and p is the largest index such that there is no sp, t
dipath for some t ∈ T (sp), it follows that sp = s1i for some i ∈ Nj. Thus, an equivalent
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statement to (6.1) is ∑
r∈Nj :r≥i

|Tr| > 1 +
∑

r∈Nj :r≥i

|Sr|(T − 1). (6.2)

Due to the ordering of the sets S1 to Sn in D and by Claim 2, inequality (6.2) cannot be
satisfied if wi ≤ 0. Alternatively, wi ≥ 2. By Claim 1 and the ordering of the source sets,∑

r∈Nj :r<i

|Tr| ≥
∑

r∈Nj :r<i

|Sr|T. (6.3)

But then by combining inequalities (6.2) and (6.3), we see that |Tj| > |Sj|(T − 1) + 1, a
contradiction. Therefore, Hj is feasible as claimed, and ∆∗ ≤ T .

6.6 Arbitrary trees

In this section, we provide a framework for obtaining approximation results for arbitrary
tree instances. As a first step, we give an efficient 2-approximation when D is a star. Our
framework for obtaining an approximation algorithm for arbitrary tree instances builds on
the approximability of junction tree instances, a generalization of stars. We also highlight
the weakening strength of the witness set construction for more complex graphs.

6.6.1 Star instances

We have the following 2-approximate solution for star instances.

Proposition 6.20. Given a star instance, H = {sktk : k ∈ K} is a feasible solution with
∆+(H) ≤ 2∆∗.

Proof. Let H = {sktk : k ∈ K}. That is, H is the subgraph obtained by routing all the
commodities directly. The maximum out-degree of H, ∆+(H), is equal maxs∈S |T (s)|. Let
s∗ = argmaxs∈S |T (s)|. If s∗ = v, the center vertex, then W = {v} and K′ = {k ∈ K : sk =
v}, we obtain the following bound on ∆∗:

∆∗ ≥ LB(W,K′) =

⌈ |T (v)|+ 1− 1

1

⌉
= |T (v)|,
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which matches the maximum out-degree of H. Alternatively, s∗ ̸= v. Then when W =
{s, v} and K′ = {k ∈ K : sk = s∗}, we obtain the following bound on ∆∗:

∆∗ ≥ LB(W,K′) =

⌈
(|T (si)| − 1) + 2− 1

2

⌉
=

⌈ |T (si)|
2

⌉
.

Note that we have |T (si)| − 1 since it could be that some commodity k ∈ K′ has source s∗

and sink v, which falls within W . Thus, we have ∆H ≤ 2∆∗ as desired.

All of the algorithms presented rely on the lower bound formulation to certify the perfor-
mance of the algorithm. However, there are instances where the best lower bound of the
form provided in Lemma 6.3 is at most 2

3
∆∗. Thus, arguing that the performance of an

approximation algorithm for the star setting is better than a factor 3/2 cannot rely on
the current lower bound construction. Future work is to find hardness results for the star
setting, and to improve upon the factor 2 algorithm.

Consider the instance of min-degree-SPP in Figure 6.16, where there are 2n sinks (T ),
and m =

(
2n
n

)
sources (S). Consider the m subsets of T of size n, and order the subsets

arbitrarily as T1, T2, · · · , Tm. The commodity set is constructed so that each source must
route to one of the m subsets of n sinks. That is, K = {(si, t) : i ∈ [m], t ∈ Ti}.
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Figure 6.16

Observe that H = {sktk : k ∈ K} is one solution with ∆+(H) = n. Furthermore, if in any
feasible solution H we had that deg+H(v) ≤ n− 1, then this would imply that deg+H(s) ≥ n
for some source s, since v did not serve any of its corresponding sinks. Thus, ∆∗ = n. Now
consider the family of lower bounds from Lemma 6.3. It is not hard to see that the best
lower bound possible is when W = {si, sj, v} where Ti ∩ Tj = ∅, and K′ is the set of 2n
commodities with sources in {si, sj}. This gives a lower bound of ⌈(2n+ 1)/3⌉.

Theorem 6.21. There is a polynomial-time 2-approximation for star instances of min-
degree-SPP, and for any ϵ > 0 there is a star instance of min-degree-SPP where

max
W⊆N,K′⊆K

LB(W,K′) =
2

3
∆∗ + ϵ.
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6.6.2 Tree instances

A tree instance of min-degree-SPP is a junction tree instance if there is some node r in
D such that r is a node in Pk for all k ∈ K. Suppose we had an algorithm for junction
tree instances of min-degree-SPP, A, that returns feasible solutions with max out-degree at
most a factor α larger than optimal. In this section, we show how an algorithm for junction
tree instances can be used to obtain an approximation algorithm for tree instances.

Let I = (D,K) be a tree instance of min-degree-SPP and let ∆∗ denote the minimum max
out-degree of a feasible solution. For any node v in D, there is a set of commodities, Kv,
such that the dipath between the source and sink in D, Pk, includes v. That is,

Kv := {k ∈ K : v ∈ Pk}.

For each of the remaining commodities not in Kv, the path Pk is fully contained in one
of the components in D − v. Naturally, the union of a feasible solution to the instance
(D,Kv) and the instance (D,K \ Kv) is a feasible solution to the instance I. Moreover,
the two subproblems have a particular structure: (D,Kv) is a junction tree instance, and
(D,K \ Kv) is a set of tree instances – one defined on each component of D − v.

Let v ∈ N and let C be some connected component in D − v. Let K(C) denote the set of
commodities k ∈ K with sk, tk ∈ V (C). That is,

K(C) := {k ∈ K : sk, tk ∈ V (C)}.

Note that each of the tree instances in (D,K \ Kv) is the instance (C,K(C)) for some
component C ∈ D − v, and C has fewer nodes than D. For each instance (C,K(C)),
we again decompose the instance into a junction tree instance and a set of smaller tree
instances. We repeat this process until all sub-instances of I are either junction tree
instances, or defined on digraphs with a single node.

Suppose each node in D is in at most β of the junction tree sub-instances of I. Then,
applying the algorithm A to each of the junction tree instances and taking the union of
the solutions gives a feasible solution for I, with max out-degree at most α · β times ∆∗.
It is not hard to show that the node v in each iteration can be chosen so that β = log(n).
Specifically, we select the node v so that each connected component in D − v has at most
|N |/2 nodes.

We define the following algorithm for tree instances.
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Algorithm 17: tree-alg(I,A)
Input: A tree instance I = (D,K) of min-degree-SPP, where D = (N,A), and an

α-approximation algorithm, A, for junction tree instances.
1 if |N | = 1 then
2 return (N, ∅)
3 Let v be a node in N such that each connected component in D − v contains at

most |N |/2 nodes.
4 Hv ← A((D,Kv))
5 Let C = {C1, C2, . . . , Cℓ} be the set of connected components in D − v.
6 for C ∈ C do
7 HC

v ← tree-alg((C,K(C))

8 H ← Hv

⋃
C∈C H

C
v

9 return H

Proposition 6.22. Let I = (D,K) be a tree instance of min-degree-SPP. Given an α-
approximation algorithm for junction tree instances, Algorithm 17 returns a solution H for
I with ∆+(H) ≤ α log(n)∆∗

Proof. We first argue that the solution returned is feasible. Let k ∈ K. Observe that if
k /∈ Kv, then Pk must be fully contained in a component C in D − v. Thus, at any point
in the algorithm when a tree instance is decomposed into a junction tree instance and a
set of smaller tree instances, one of the instances contains the path Pk.

Furthermore, it is clear that the minimum max out-degree of any subproblem I ′ = (D′,K′)
generated by the algorithm provides a lower bound on ∆∗, since any solution to I must also
contain a subgraph H ′ ⊆ cl(D′) that is a solution for I ′. Finally, each node is contained in
at most log(n) of the subproblems on which algorithm A is executed. Therefore, ∆+(H) ≤
α log(n)∆∗ as required.

Thus, we have proven the following Theorem.

Theorem 6.23. Given a polytime α-approximation algorithm for junction tree instances,
there is a polytime α log n-approximation algorithm for tree instances of min-degree-SPP.
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6.7 Summary and observations

In this chapter, we prove that even in the case where the underlying undirected physical
network forms as tree, it is NP-hard to determine whether a feasible sort point allocation
exists. We focus on the natural objective of minimizing the maximum number of sort
points required at a warehouse.

We present a simple and efficient combinatorial algorithm for solving single-source tree
instances of min-degree-SPP with a quadratic speed-up over previous algorithms. We also
present a fast combinatorial additive 1-approximation algorithm for the out-tree setting.
Moreover we prove that our analysis is tight by exhibiting an instance where the algorithm
returns a solution that has max out-degree one greater than optimal. It remains open
whether or not out-tree instances are NP-hard.

We show that there is an inherent weakness of the family of lower bounds considered since
there is a gap of one between the best lower bound and the minimum max out-degree for
out-tree instances. For star instances of min-degree-SPP, there are instances for which
this gap is a multiplicative factor of 3/2. An improvement to the approximation guarantee
for the star setting, as well as a non-trivial approximation algorithm for junction tree
instances remain open problems. Finally, a challenging open problem lies in finding good
approximation algorithms for arbitrary graph structures.

Acknowledgements We thank Sharat Ibrahimpur and Kostya Pashkovich for valuable
discussions on lower bounds and the link to matroid intersection.
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Chapter 7

Minimum cardinality sort point
problem

In contrast to the minimum degree setting, it is not known whether or not the decision
version of min-cardinality-SPP is NP-hard, even for tree instances. We work towards
settling the question of the hardness by presenting exact combinatorial algorithms for
various graph structures including in-trees, out-trees, and stars. We then consider merged-
tree instances, which are instances defined on graphs obtained by merging an in-tree and
out-tree at their root nodes. We prove that merged-tree instances can be reduced to the
simpler class of junction tree instances. By taking advantage of uncrossing operations, we
show that spider instances, a subclass of merged-tree instances, can be solved efficiently.
Additionally, we present a simple 3-approximation algorithm for tree instances.

7.1 Introduction

There are two natural upper bounds on the minimum number of arcs required to route
all of the source-sink pairs, denoted m∗. The graph D itself is feasible, as is the arc set
formed by including a direct arc between each source-sink pair in the commodity set. Thus,
m∗ ≤ min{|A|, |K|}. As for lower bounds, m∗ is at least the size of the source set, S, since
each source must have an outbound arc in any feasible solution. Similarly, m∗ must be at
least the size of the sink set, T .

Fact 7.1. max{|S|, |T |} ≤ m∗ ≤ min{|A|, |K|}.
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As a result of this bound, we see that in the case of single-source instances and single-sink
instances of min-cardinality-SPP, an optimal solution is immediate.

Proposition 7.2. Single-source and single-sink instances of min-cardinality-SPP can be
solved in polynomial time.

Proof. Suppose there is a unique source, s. The subgraph of cl(D) with arcs {stk : k ∈ K}
is a feasible solution with |T | arcs, matching the lower bound. The single-sink setting is
analogous.

7.1.1 Weakly-connected components

When there are multiple sources, we do not know whether or not tree instances can be
solved in polynomial time. In progress towards answering this question, we present simple
and efficient combinatorial algorithms for special cases including in-tree and out-tree, star,
and spider instances. For each of these settings the algorithmic approach relies on splitting
the instance into a collection of weakly-connected subproblems based on the commodity
graph, defined as follows.

Definition 7.3 (commodity graph). The commodity graph for instance I, denoted G(I),
is the graph with vertex set S ∪ T and edge set {sktk : k ∈ K}.
An example is given in Figure 7.2 for the instance in Figure 7.1.
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<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}
<latexit sha1_base64="fGs8RmU5jweRDy0Bi7ellzWy8JI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisYGyhCWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkQ1Ci7RN9wIbKcKaRwJbEWj26nfekKleSIfzDjFMKYDyfucUWMlP8jPg0m3WnPr7gxkmXgFqUGBZrf6FfQSlsUoDRNU647npibMqTKcCZxUgkxjStmIDrBjqaQx6jCfHTshJ1bpkX6ibElDZurviZzGWo/jyHbG1Az1ojcV//M6melfhzmXaWZQsvmifiaIScj0c9LjCpkRY0soU9zeStiQKsqMzadiQ/AWX14mj2d177Lu3V/UGjdFHGU4gmM4BQ+uoAF30AQfGHB4hld4c6Tz4rw7H/PWklPMHMIfOJ8/o2GOjQ==</latexit>{3}

Figure 7.1: Sample tree instance I.

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6

Figure 7.2: Corresponding graph G(I).

Recall that we say an (undirected) graph G is connected if for each pair of nodes u and
v there is a path between u and v in G. A digraph is weakly-connected if its underlying
undirected graph is connected. We also define a notion of connectivity for instances of
min-cardinality-SPP.

Definition 7.4 (weakly-connected). We say that an instance I = (D,K) of min-cardinality-
SPP is weakly-connected if the corresponding commodity graph G(I) is connected.
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When an instance is weakly-connected, each node that serves as a source or sink must be
in the same weakly-connected component in any feasible solution. Thus, we obtain the
following improved lower bound when the instance is weakly-connected.

Lemma 7.5. If I is weakly-connected then m∗ ≥ |S ∪ T | − 1.

An instance I of min-cardinality-SPP can be partitioned into a set of weakly-connected
subinstances as follows. Suppose the commodity graph has ℓ maximally-connected com-
ponents. Let Ni denote the node set of the ith component, for each i ∈ [ℓ]. The ith
subinstance of I, denoted Ii = (D,Ki), is the min-cardinality-SPP instance with base
graph D and commodity set Ki = {k ∈ K : sk, tk ∈ Ni}. We refer to {I1, I2, . . . , Iℓ} as the
partition of I into weakly-connected subproblems. Note that Ni = Si ∪ Ti, where Si and
Ti denote the set of sources and sinks for the commodity set Ki. For each i ∈ [ℓ], let m∗

i

denote the minimum number of arcs in a feasible subgraph for instance Ii. Observe that
the following lemma holds, since

⋃
i∈[ℓ]Ki = K, and in any feasible solution for I, each

subset of nodes Ni must be in the same weakly-connected component.

Lemma 7.6.
∑

i∈[ℓ](|Ni| − 1) ≤ m∗ ≤∑
i∈[ℓ] m

∗
i .

In general, the union of optimal solutions to each weakly-connected subinstance is not
an optimal solution for the original instance. In particular, there are instances for which
m∗ <

∑
i∈[ℓ] m

∗
i . One such example is given in Figure 7.3. The node sets of the connected

components of G(I) are N1 = {v1, v2, v3, v9, v11, v12} and N2 = {v4, v5, v6, v8, v13, v14}.

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="4J/vAsq0xfNG4BvCtXpic545ThA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGW3ioqnghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGMExoIPJAsYgQbKz36mVepVc79Sa9UdqvuDGiZeDkpQ45Gr/Tl92OSCioN4VjrrucmJsiwMoxwOin6qaYJJiM8oF1LJRZUB9ns4Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/ed3URNdBxmSSGirJfFGUcmRiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLQheIsvL5NWrepdVr37i3L9Jo+jAMdwAmfgwRXU4Q4a0AQCAp7hFd4c5bw4787HvHXFyWeO4A+czx9ZUY9w</latexit>{1, 2, 3}

<latexit sha1_base64="vxF0A3Ql2Xno5zmx0V5p7s2kSnY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiV+MBTwIvHCOYB2SXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0wE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6pRsElNgw3AtuJQhqFAlvh6G7qt55QaR7LRzNOMIjoQPI+Z9RYqeVn1fNLf9Itld2KOwNZJl5OypCj3i19+b2YpRFKwwTVuuO5iQkyqgxnAidFP9WYUDaiA+xYKmmEOshm507IqVV6pB8rW9KQmfp7IqOR1uMotJ0RNUO96E3F/7xOavo3QcZlkhqUbL6onwpiYjL9nfS4QmbE2BLKFLe3EjakijJjEyraELzFl5dJ86LiXVW8h2q5dpvHUYBjOIEz8OAaanAPdWgAgxE8wyu8OYnz4rw7H/PWFSefOYI/cD5/AITYjwM=</latexit>{4, 5}

<latexit sha1_base64="zDkKuMo+nwV9I8/Giusl6mlswrs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Uqt4KnjxWMF+SHcp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6INeVM0qZhhtNOrCgWIaftcHw789tPVGkWyQcziWkg8FCyASPYWOnRT6vly3LNn/aKJbfizoFWiZeREmRo9Ipffj8iiaDSEI617npubIIUK8MIp9OCn2gaYzLGQ9q1VGJBdZDOD56iM6v00SBStqRBc/X3RIqF1hMR2k6BzUgvezPxP6+bmMF1kDIZJ4ZKslg0SDgyEZp9j/pMUWL4xBJMFLO3IjLCChNjMyrYELzll1dJ66Li1SrefbVUv8niyMMJnMI5eHAFdbiDBjSBgIBneIU3RzkvzrvzsWjNOdnMMfyB8/kDZxmPeQ==</latexit>{4, 5, 6}
<latexit sha1_base64="zDkKuMo+nwV9I8/Giusl6mlswrs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Uqt4KnjxWMF+SHcp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6INeVM0qZhhtNOrCgWIaftcHw789tPVGkWyQcziWkg8FCyASPYWOnRT6vly3LNn/aKJbfizoFWiZeREmRo9Ipffj8iiaDSEI617npubIIUK8MIp9OCn2gaYzLGQ9q1VGJBdZDOD56iM6v00SBStqRBc/X3RIqF1hMR2k6BzUgvezPxP6+bmMF1kDIZJ4ZKslg0SDgyEZp9j/pMUWL4xBJMFLO3IjLCChNjMyrYELzll1dJ66Li1SrefbVUv8niyMMJnMI5eHAFdbiDBjSBgIBneIU3RzkvzrvzsWjNOdnMMfyB8/kDZxmPeQ==</latexit>{4, 5, 6}

<latexit sha1_base64="4J/vAsq0xfNG4BvCtXpic545ThA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGW3ioqnghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGMExoIPJAsYgQbKz36mVepVc79Sa9UdqvuDGiZeDkpQ45Gr/Tl92OSCioN4VjrrucmJsiwMoxwOin6qaYJJiM8oF1LJRZUB9ns4Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/ed3URNdBxmSSGirJfFGUcmRiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLQheIsvL5NWrepdVr37i3L9Jo+jAMdwAmfgwRXU4Q4a0AQCAp7hFd4c5bw4787HvHXFyWeO4A+czx9ZUY9w</latexit>{1, 2, 3}

<latexit sha1_base64="mnVzkIjJf80hJjweQbIBi0oIM9o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EjIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1rqre/WWlfpPHUYQTOIVz8KAGdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEeaNpA==</latexit>v7

<latexit sha1_base64="UYzOyKDrGRKHLYmKlydXHDFmiWk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasKan3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ip5uqh6V1Xv/rJSv8njKMIJnMI5eHANdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPE2qNpQ==</latexit>v8

<latexit sha1_base64="BjB+838u6usDHCyLpmflDaa2gDU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+AAPAS8eI5oHJEuYnfQmQ2Znl5nZQFjyCV48KOLVL/Lm3zhJ9qDRgoaiqpvuriARXBvX/XIKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mb41RaR7LRzNJ0I/oQPKQM2qs9DDuXffKFbfqzkH+Ei8nFchR75U/u/2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SE6v0SRgrW9KQufpzIqOR1pMosJ0RNUO97M3E/7xOasIrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55b+keVb1Lqre/XmldpPHUYQjOIZT8OASanAHdWgAgwE8wQu8OsJ5dt6c90VrwclnDuEXnI9vFO6Npg==</latexit>v9

<latexit sha1_base64="5JU0JziKbL29/dGGltIYvEg3+Ac=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqAcPBS8eK9gPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqzvf3uFtfWNza3idmlnd2//oHx41DQq1ZQ1qBJKt0NimOCSNSy3grUTzUgcCtYKR3czvzVm2nAlH+0kYUFMBpJHnBLrpOa4l2F/2itX/Ko/B1olOCcVyFHvlb+6fUXTmElLBTGmg/3EBhnRllPBpqVualhC6IgMWMdRSWJmgmx+7RSdOaWPIqVdSYvm6u+JjMTGTOLQdcbEDs2yNxP/8zqpjW6CjMsktUzSxaIoFcgqNHsd9blm1IqJI4Rq7m5FdEg0odYFVHIh4OWXV0nzooqvqvjhslK7zeMowgmcwjlguIYa3EMdGkDhCZ7hFd485b14797HorXg5TPH8Afe5w88zI7k</latexit>v10

<latexit sha1_base64="dS9mwGFYrUHyRz0nHqfJrSkKDEI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqAcPBS8eK9gPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqzvf3uFtfWNza3idmlnd2//oHx41DQq1ZQ1qBJKt0NimOCSNSy3grUTzUgcCtYKR3czvzVm2nAlH+0kYUFMBpJHnBLrpOa4l2E87ZUrftWfA60SnJMK5Kj3yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URjdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R5UcVXVfxwWand5nEU4QRO4RwwXEMN7qEODaDwBM/wCm+e8l68d+9j0Vrw8plj+APv8wc+UY7l</latexit>v11

<latexit sha1_base64="0997vFDcytnudLogwlfLDgZi60c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUQ8eCl48VrC10C4lm2bb2GyyJNlCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3Fjf//YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWUbofEMMEla1puBWsnmpE4FOwxHN3O/Mcx04Yr+WAnCQtiMpA84pRYJ7XGvQzXpr1yxa/6c6BVgnNSgRyNXvmr21c0jZm0VBBjOthPbJARbTkVbFrqpoYlhI7IgHUclSRmJsjm107RmVP6KFLalbRorv6eyEhszCQOXWdM7NAsezPxP6+T2ug6yLhMUsskXSyKUoGsQrPXUZ9rRq2YOEKo5u5WRIdEE2pdQCUXAl5+eZW0alV8WcX3F5X6TR5HEU7gFM4BwxXU4Q4a0AQKT/AMr/DmKe/Fe/c+Fq0FL585hj/wPn8AP9aO5g==</latexit>v12

<latexit sha1_base64="e3frUUUhG9ulpChklHpeTMoqiHE=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsV9eCh4MVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfX9b29ldW19Y7OwVdze2d3bLx0cNoxKNWV1qoTSrZAYJrhkdcutYK1EMxKHgjXD4d3Ub46YNlzJRztOWBCTvuQRp8Q6qTHqZvhi0i2V/Yo/A1omOCdlyFHrlr46PUXTmElLBTGmjf3EBhnRllPBJsVOalhC6JD0WdtRSWJmgmx27QSdOqWHIqVdSYtm6u+JjMTGjOPQdcbEDsyiNxX/89qpjW6CjMsktUzS+aIoFcgqNH0d9bhm1IqxI4Rq7m5FdEA0odYFVHQh4MWXl0njvIKvKvjhsly9zeMowDGcwBlguIYq3EMN6kDhCZ7hFd485b14797HvHXFy2eO4A+8zx9BW47n</latexit>v13

<latexit sha1_base64="bvfPUTiwOkOzUcG+s3IqVWxTKmc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUQ8eCl48VrC10C4lm2bb2GyyJNlCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3Fjf//YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWUbofEMMEla1puBWsnmpE4FOwxHN3O/Mcx04Yr+WAnCQtiMpA84pRYJ7XGvQzXpr1yxa/6c6BVgnNSgRyNXvmr21c0jZm0VBBjOthPbJARbTkVbFrqpoYlhI7IgHUclSRmJsjm107RmVP6KFLalbRorv6eyEhszCQOXWdM7NAsezPxP6+T2ug6yLhMUsskXSyKUoGsQrPXUZ9rRq2YOEKo5u5WRIdEE2pdQCUXAl5+eZW0Lqr4sorva5X6TR5HEU7gFM4BwxXU4Q4a0AQKT/AMr/DmKe/Fe/c+Fq0FL585hj/wPn8AQuCO6A==</latexit>v14

Figure 7.3

Optimal solutions to instances I1 and I2 are given in Figures 7.4 and 7.5, respectively,
each with 7 arcs. By combining the subgraphs we obtain a solution for I with 14 arcs.
However an optimal solution for I, the digraph D itself, has only 13 arcs.
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<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}
<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="4J/vAsq0xfNG4BvCtXpic545ThA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGW3ioqnghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGMExoIPJAsYgQbKz36mVepVc79Sa9UdqvuDGiZeDkpQ45Gr/Tl92OSCioN4VjrrucmJsiwMoxwOin6qaYJJiM8oF1LJRZUB9ns4Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/ed3URNdBxmSSGirJfFGUcmRiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLQheIsvL5NWrepdVr37i3L9Jo+jAMdwAmfgwRXU4Q4a0AQCAp7hFd4c5bw4787HvHXFyWeO4A+czx9ZUY9w</latexit>{1, 2, 3}
<latexit sha1_base64="4J/vAsq0xfNG4BvCtXpic545ThA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGW3ioqnghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGMExoIPJAsYgQbKz36mVepVc79Sa9UdqvuDGiZeDkpQ45Gr/Tl92OSCioN4VjrrucmJsiwMoxwOin6qaYJJiM8oF1LJRZUB9ns4Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/ed3URNdBxmSSGirJfFGUcmRiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLQheIsvL5NWrepdVr37i3L9Jo+jAMdwAmfgwRXU4Q4a0AQCAp7hFd4c5bw4787HvHXFyWeO4A+czx9ZUY9w</latexit>{1, 2, 3}

<latexit sha1_base64="mnVzkIjJf80hJjweQbIBi0oIM9o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EjIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1rqre/WWlfpPHUYQTOIVz8KAGdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEeaNpA==</latexit>v7

<latexit sha1_base64="BjB+838u6usDHCyLpmflDaa2gDU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+AAPAS8eI5oHJEuYnfQmQ2Znl5nZQFjyCV48KOLVL/Lm3zhJ9qDRgoaiqpvuriARXBvX/XIKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mb41RaR7LRzNJ0I/oQPKQM2qs9DDuXffKFbfqzkH+Ei8nFchR75U/u/2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SE6v0SRgrW9KQufpzIqOR1pMosJ0RNUO97M3E/7xOasIrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55b+keVb1Lqre/XmldpPHUYQjOIZT8OASanAHdWgAgwE8wQu8OsJ5dt6c90VrwclnDuEXnI9vFO6Npg==</latexit>v9

<latexit sha1_base64="5JU0JziKbL29/dGGltIYvEg3+Ac=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqAcPBS8eK9gPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqzvf3uFtfWNza3idmlnd2//oHx41DQq1ZQ1qBJKt0NimOCSNSy3grUTzUgcCtYKR3czvzVm2nAlH+0kYUFMBpJHnBLrpOa4l2F/2itX/Ko/B1olOCcVyFHvlb+6fUXTmElLBTGmg/3EBhnRllPBpqVualhC6IgMWMdRSWJmgmx+7RSdOaWPIqVdSYvm6u+JjMTGTOLQdcbEDs2yNxP/8zqpjW6CjMsktUzSxaIoFcgqNHsd9blm1IqJI4Rq7m5FdEg0odYFVHIh4OWXV0nzooqvqvjhslK7zeMowgmcwjlguIYa3EMdGkDhCZ7hFd485b14797HorXg5TPH8Afe5w88zI7k</latexit>v10

<latexit sha1_base64="dS9mwGFYrUHyRz0nHqfJrSkKDEI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqAcPBS8eK9gPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqzvf3uFtfWNza3idmlnd2//oHx41DQq1ZQ1qBJKt0NimOCSNSy3grUTzUgcCtYKR3czvzVm2nAlH+0kYUFMBpJHnBLrpOa4l2E87ZUrftWfA60SnJMK5Kj3yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URjdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R5UcVXVfxwWand5nEU4QRO4RwwXEMN7qEODaDwBM/wCm+e8l68d+9j0Vrw8plj+APv8wc+UY7l</latexit>v11

<latexit sha1_base64="0997vFDcytnudLogwlfLDgZi60c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUQ8eCl48VrC10C4lm2bb2GyyJNlCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3Fjf//YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWUbofEMMEla1puBWsnmpE4FOwxHN3O/Mcx04Yr+WAnCQtiMpA84pRYJ7XGvQzXpr1yxa/6c6BVgnNSgRyNXvmr21c0jZm0VBBjOthPbJARbTkVbFrqpoYlhI7IgHUclSRmJsjm107RmVP6KFLalbRorv6eyEhszCQOXWdM7NAsezPxP6+T2ug6yLhMUsskXSyKUoGsQrPXUZ9rRq2YOEKo5u5WRIdEE2pdQCUXAl5+eZW0alV8WcX3F5X6TR5HEU7gFM4BwxXU4Q4a0AQKT/AMr/DmKe/Fe/c+Fq0FL585hj/wPn8AP9aO5g==</latexit>v12

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6
<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="UYzOyKDrGRKHLYmKlydXHDFmiWk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasKan3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ip5uqh6V1Xv/rJSv8njKMIJnMI5eHANdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPE2qNpQ==</latexit>v8

<latexit sha1_base64="e3frUUUhG9ulpChklHpeTMoqiHE=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsV9eCh4MVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfX9b29ldW19Y7OwVdze2d3bLx0cNoxKNWV1qoTSrZAYJrhkdcutYK1EMxKHgjXD4d3Ub46YNlzJRztOWBCTvuQRp8Q6qTHqZvhi0i2V/Yo/A1omOCdlyFHrlr46PUXTmElLBTGmjf3EBhnRllPBJsVOalhC6JD0WdtRSWJmgmx27QSdOqWHIqVdSYtm6u+JjMTGjOPQdcbEDsyiNxX/89qpjW6CjMsktUzS+aIoFcgqNH0d9bhm1IqxI4Rq7m5FdEA0odYFVHQh4MWXl0njvIKvKvjhsly9zeMowDGcwBlguIYq3EMN6kDhCZ7hFd485b14797HvHXFy2eO4A+8zx9BW47n</latexit>v13

<latexit sha1_base64="bvfPUTiwOkOzUcG+s3IqVWxTKmc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUQ8eCl48VrC10C4lm2bb2GyyJNlCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3Fjf//YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWUbofEMMEla1puBWsnmpE4FOwxHN3O/Mcx04Yr+WAnCQtiMpA84pRYJ7XGvQzXpr1yxa/6c6BVgnNSgRyNXvmr21c0jZm0VBBjOthPbJARbTkVbFrqpoYlhI7IgHUclSRmJsjm107RmVP6KFLalbRorv6eyEhszCQOXWdM7NAsezPxP6+T2ug6yLhMUsskXSyKUoGsQrPXUZ9rRq2YOEKo5u5WRIdEE2pdQCUXAl5+eZW0Lqr4sorva5X6TR5HEU7gFM4BwxXU4Q4a0AQKT/AMr/DmKe/Fe/c+Fq0FL585hj/wPn8AQuCO6A==</latexit>v14

Figure 7.4

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6
<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="vxF0A3Ql2Xno5zmx0V5p7s2kSnY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiV+MBTwIvHCOYB2SXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0wE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6pRsElNgw3AtuJQhqFAlvh6G7qt55QaR7LRzNOMIjoQPI+Z9RYqeVn1fNLf9Itld2KOwNZJl5OypCj3i19+b2YpRFKwwTVuuO5iQkyqgxnAidFP9WYUDaiA+xYKmmEOshm507IqVV6pB8rW9KQmfp7IqOR1uMotJ0RNUO96E3F/7xOavo3QcZlkhqUbL6onwpiYjL9nfS4QmbE2BLKFLe3EjakijJjEyraELzFl5dJ86LiXVW8h2q5dpvHUYBjOIEz8OAaanAPdWgAgxE8wyu8OYnz4rw7H/PWFSefOYI/cD5/AITYjwM=</latexit>{4, 5}

<latexit sha1_base64="zDkKuMo+nwV9I8/Giusl6mlswrs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Uqt4KnjxWMF+SHcp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6INeVM0qZhhtNOrCgWIaftcHw789tPVGkWyQcziWkg8FCyASPYWOnRT6vly3LNn/aKJbfizoFWiZeREmRo9Ipffj8iiaDSEI617npubIIUK8MIp9OCn2gaYzLGQ9q1VGJBdZDOD56iM6v00SBStqRBc/X3RIqF1hMR2k6BzUgvezPxP6+bmMF1kDIZJ4ZKslg0SDgyEZp9j/pMUWL4xBJMFLO3IjLCChNjMyrYELzll1dJ66Li1SrefbVUv8niyMMJnMI5eHAFdbiDBjSBgIBneIU3RzkvzrvzsWjNOdnMMfyB8/kDZxmPeQ==</latexit>{4, 5, 6}
<latexit sha1_base64="zDkKuMo+nwV9I8/Giusl6mlswrs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Uqt4KnjxWMF+SHcp2TRtQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6INeVM0qZhhtNOrCgWIaftcHw789tPVGkWyQcziWkg8FCyASPYWOnRT6vly3LNn/aKJbfizoFWiZeREmRo9Ipffj8iiaDSEI617npubIIUK8MIp9OCn2gaYzLGQ9q1VGJBdZDOD56iM6v00SBStqRBc/X3RIqF1hMR2k6BzUgvezPxP6+bmMF1kDIZJ4ZKslg0SDgyEZp9j/pMUWL4xBJMFLO3IjLCChNjMyrYELzll1dJ66Li1SrefbVUv8niyMMJnMI5eHAFdbiDBjSBgIBneIU3RzkvzrvzsWjNOdnMMfyB8/kDZxmPeQ==</latexit>{4, 5, 6}

<latexit sha1_base64="mnVzkIjJf80hJjweQbIBi0oIM9o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EjIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1rqre/WWlfpPHUYQTOIVz8KAGdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEeaNpA==</latexit>v7

<latexit sha1_base64="UYzOyKDrGRKHLYmKlydXHDFmiWk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasKan3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ip5uqh6V1Xv/rJSv8njKMIJnMI5eHANdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPE2qNpQ==</latexit>v8

<latexit sha1_base64="5JU0JziKbL29/dGGltIYvEg3+Ac=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqAcPBS8eK9gPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqzvf3uFtfWNza3idmlnd2//oHx41DQq1ZQ1qBJKt0NimOCSNSy3grUTzUgcCtYKR3czvzVm2nAlH+0kYUFMBpJHnBLrpOa4l2F/2itX/Ko/B1olOCcVyFHvlb+6fUXTmElLBTGmg/3EBhnRllPBpqVualhC6IgMWMdRSWJmgmx+7RSdOaWPIqVdSYvm6u+JjMTGTOLQdcbEDs2yNxP/8zqpjW6CjMsktUzSxaIoFcgqNHsd9blm1IqJI4Rq7m5FdEg0odYFVHIh4OWXV0nzooqvqvjhslK7zeMowgmcwjlguIYa3EMdGkDhCZ7hFd485b14797HorXg5TPH8Afe5w88zI7k</latexit>v10 <latexit sha1_base64="e3frUUUhG9ulpChklHpeTMoqiHE=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsV9eCh4MVjBfsB7VKyabaNzSZLki2Upf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfX9b29ldW19Y7OwVdze2d3bLx0cNoxKNWV1qoTSrZAYJrhkdcutYK1EMxKHgjXD4d3Ub46YNlzJRztOWBCTvuQRp8Q6qTHqZvhi0i2V/Yo/A1omOCdlyFHrlr46PUXTmElLBTGmjf3EBhnRllPBJsVOalhC6JD0WdtRSWJmgmx27QSdOqWHIqVdSYtm6u+JjMTGjOPQdcbEDsyiNxX/89qpjW6CjMsktUzS+aIoFcgqNH0d9bhm1IqxI4Rq7m5FdEA0odYFVHQh4MWXl0njvIKvKvjhsly9zeMowDGcwBlguIYq3EMN6kDhCZ7hFd485b14797HvHXFy2eO4A+8zx9BW47n</latexit>v13

<latexit sha1_base64="bvfPUTiwOkOzUcG+s3IqVWxTKmc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUQ8eCl48VrC10C4lm2bb2GyyJNlCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3Fjf//YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWUbofEMMEla1puBWsnmpE4FOwxHN3O/Mcx04Yr+WAnCQtiMpA84pRYJ7XGvQzXpr1yxa/6c6BVgnNSgRyNXvmr21c0jZm0VBBjOthPbJARbTkVbFrqpoYlhI7IgHUclSRmJsjm107RmVP6KFLalbRorv6eyEhszCQOXWdM7NAsezPxP6+T2ug6yLhMUsskXSyKUoGsQrPXUZ9rRq2YOEKo5u5WRIdEE2pdQCUXAl5+eZW0Lqr4sorva5X6TR5HEU7gFM4BwxXU4Q4a0AQKT/AMr/DmKe/Fe/c+Fq0FL585hj/wPn8AQuCO6A==</latexit>v14

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="BjB+838u6usDHCyLpmflDaa2gDU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+AAPAS8eI5oHJEuYnfQmQ2Znl5nZQFjyCV48KOLVL/Lm3zhJ9qDRgoaiqpvuriARXBvX/XIKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mb41RaR7LRzNJ0I/oQPKQM2qs9DDuXffKFbfqzkH+Ei8nFchR75U/u/2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SE6v0SRgrW9KQufpzIqOR1pMosJ0RNUO97M3E/7xOasIrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55b+keVb1Lqre/XmldpPHUYQjOIZT8OASanAHdWgAgwE8wQu8OsJ5dt6c90VrwclnDuEXnI9vFO6Npg==</latexit>v9
<latexit sha1_base64="dS9mwGFYrUHyRz0nHqfJrSkKDEI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqAcPBS8eK9gPaJeSTbNtbDZZkmyhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqzvf3uFtfWNza3idmlnd2//oHx41DQq1ZQ1qBJKt0NimOCSNSy3grUTzUgcCtYKR3czvzVm2nAlH+0kYUFMBpJHnBLrpOa4l2E87ZUrftWfA60SnJMK5Kj3yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URjdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R5UcVXVfxwWand5nEU4QRO4RwwXEMN7qEODaDwBM/wCm+e8l68d+9j0Vrw8plj+APv8wc+UY7l</latexit>v11

<latexit sha1_base64="0997vFDcytnudLogwlfLDgZi60c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUQ8eCl48VrC10C4lm2bb2GyyJNlCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDAR3Fjf//YKa+sbm1vF7dLO7t7+QfnwqGVUqilrUiWUbofEMMEla1puBWsnmpE4FOwxHN3O/Mcx04Yr+WAnCQtiMpA84pRYJ7XGvQzXpr1yxa/6c6BVgnNSgRyNXvmr21c0jZm0VBBjOthPbJARbTkVbFrqpoYlhI7IgHUclSRmJsjm107RmVP6KFLalbRorv6eyEhszCQOXWdM7NAsezPxP6+T2ug6yLhMUsskXSyKUoGsQrPXUZ9rRq2YOEKo5u5WRIdEE2pdQCUXAl5+eZW0alV8WcX3F5X6TR5HEU7gFM4BwxXU4Q4a0AQKT/AMr/DmKe/Fe/c+Fq0FL585hj/wPn8AP9aO5g==</latexit>v12

Figure 7.5

In Section 7.5 we prove that for many classes of instances, it is indeed the case that
m∗ =

∑
i∈[ℓ] m

∗
i .

7.1.2 Formulation

The algorithms presented in Section 7.5 are combinatorial in nature, since the linear relax-
ation of the natural formulation is non-integral. Let C = {C ⊆ N : ∃k ∈ K such that sk ∈
C, tk /∈ C}. Since we focus on tree instances, any sk, tk-dipath in cl(D) is a dipath in
cl(Pk) by Lemma 1.1. As a result, we obtain the following formulation for tree instances
of min-cardinality-SPP.

min x(cl(D))
s.t. x(δ+cl(D)(C)) ≥ 1, ∀C ∈ C

x ∈ {0, 1}
(IP-MCSPP)

The linear relaxation for this formulation is not integral, even for path instances. Consider
the following example with 2 sources and 2 sinks, where one source and one sink are internal
nodes (non-leaves). There are three commodities with source-sinks (v1, v3), (v1, v4), and
(v2, v3), where the commodity paths are the unique dipath given in Figure 7.6. While
any integer solution requires at least 3 arcs, we see in Figure 7.7 that there is a fractional
solution with value 2.5. We can use the same class of instances to obtain a gap that
converges to 4/3, as proven in the following theorem.
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<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3
<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1} <latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}

Figure 7.6: Base graph

<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2

<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4
<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

Figure 7.7: Fractional solution

Theorem 7.7. Formulation (IP-MCSPP) has an integrality gap of at least 4/3− ϵ for any
ϵ > 0 on path instances.

Proof. Let ℓ be a positive integer. Let D = (N,A) be the path given on the ordered set of
nodes {v1, v2, . . . , v2ℓ} in Figure 7.8. Let cl(D) = (N,E). Let K be the set of commodities
with source-sink pairs

⋃
j∈[ℓ]{(vi, vj+ℓ) : i ∈ [j]}, and uniquely determined designated paths.

Observe that each node in D is the source or sink node of some commodity in K and the
instance D,K is weakly-connected. Thus, any feasible solution has at least 2ℓ − 1 = 4ℓ−2

2

arcs.

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="UJDvU5Sfyl5dDuPm0dWF5Jy0AxI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1MIiYGMZwXxAcoS9zVyyZm/32N0LhCP/wcZCEVv/j53/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKllqig2qORStUOikTOBDcMMx3aikMQhx1Y4upv5rTEqzaR4NJMEg5gMBIsYJcZKzXGvi5z3yhWv6s3hrhI/JxXIUe+Vv7p9SdMYhaGcaN3xvcQEGVGGUY7TUjfVmBA6IgPsWCpIjDrI5tdO3TOr9N1IKlvCuHP190RGYq0ncWg7Y2KGetmbif95ndREN0HGRJIaFHSxKEq5a6Q7e93tM4XU8IklhCpmb3XpkChCjQ2oZEPwl19eJc2Lqn9V9R8uK7XbPI4inMApnIMP11CDe6hDAyg8wTO8wpsjnRfn3flYtBacfOYY/sD5/AGeE48k</latexit>v`

<latexit sha1_base64="gzBQ77fvVApRY42+rsa8NO83hUM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaG0hDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2ObqZ++wmV5ol8MOMUg5gOJI84o8ZK974X9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrte25qgpwqw5nASaWbaUwpG9EB+pZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif52cmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJo9nde+i7t2d1xrXRRxlOIJjOAUPLqEBt9CEFjAYwDO8wpsjnBfn3fmYt5acYuYQ/sD5/AHbzY1/</latexit>

[1]
<latexit sha1_base64="thFKSLsTxzyrdoWRnOdOS20CFHU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqHgqePFY0X5AGspmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDvz209cG5GoRxynPIjpQIlIMIpWevBrQa9ccavuHGSVeDmpQI5Gr/zV7Scsi7lCJqkxvuemGEyoRsEkn5a6meEpZSM64L6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z/MzjK6DiVBphlyxxaIokwQTMvub9IXmDOXYEsq0sLcSNqSaMrTplGwI3vLLq6RVq3qXVe/+olK/yeMowgmcwjl4cAV1uIMGNIHBAJ7hFd4c6bw4787HorXg5DPH8AfO5w/dUo2A</latexit>

[2]
<latexit sha1_base64="K3H75cHsEQvBP4+tLhLay9tqAYs=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPSUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHKmjed9Oyura+sbm6Wt8vbO7t5+5eCwpWWmKDap5FJ1IqKRM4FNwwzHTqqQJBHHdjS6nfrtJ1SaSfFgximGCRkIFjNKjJVaQRc5D3uVqlfzZnCXiV+QKhRo9Cpf3b6kWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ns2ol7apW+G0tlSxh3pv6eyEmi9TiJbGdCzFAvelPxPy/ITHwd5kykmUFB54vijLtGutPX3T5TSA0fW0KoYvZWlw6JItTYgMo2BH/x5WXSOq/5lzX//qJavyniKMExnMAZ+HAFdbiDBjSBwiM8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/cRuPBQ==</latexit>

[`]

<latexit sha1_base64="w+HC03NgqjS7a8ig9bAir08h4pQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE1IOHghePFewHtqFstpN26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCARXBvX/XZWVtfWNzYLW8Xtnd29/dLBYUPHqWJYZ7GIVSugGgWXWDfcCGwlCmkUCGwGw7up3xyh0jyWj2acoB/RvuQhZ9RY6WnUzTooxLk36ZbKbsWdgSwTLydlyFHrlr46vZilEUrDBNW67bmJ8TOqDGcCJ8VOqjGhbEj72LZU0gi1n80unpBTq/RIGCtb0pCZ+nsio5HW4yiwnRE1A73oTcX/vHZqwhs/4zJJDUo2XxSmgpiYTN8nPa6QGTG2hDLF7a2EDaiizNiQijYEb/HlZdK4qHhXFe/hsly9zeMowDGcwBl4cA1VuIca1IGBhGd4hTdHOy/Ou/Mxb11x8pkj+APn8wdBV5Cg</latexit>v`+1
<latexit sha1_base64="JAIdeoL1gHgfWz/HV5PaswrLyFA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3iHrwEPDiMYJ5YLKE2UknGTI7u8zMBsKSv/DiQRGv/o03/8ZJsgdNLGgoqrrp7gpiwbVx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGN3N/OYYleaRfDSTGP2QDiTvc0aNlZ7G3bSDQlxUpt1iyS27c5BV4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4LTQSTTGlI3oANuWShqi9tP5xVNyZpUe6UfKljRkrv6eSGmo9SQMbGdIzVAvezPxP6+dmP6Nn3IZJwYlWyzqJ4KYiMzeJz2ukBkxsYQyxe2thA2poszYkAo2BG/55VXSqJS9q7L3cFmq3mZx5OEETuEcPLiGKtxDDerAQMIzvMKbo50X5935WLTmnGzmGP7A+fwBQtyQoQ==</latexit>v`+2

<latexit sha1_base64="EZda91Xv4om4qaXAEBW1hZJAIfQ=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGMB+SHGFvM5cs2b07dvcC4civsLFQxNafY+e/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsEjbBhuBLYThVQGAlvB6G7mt8aoNI+jRzNJ0Jd0EPGQM2qs9DTuZdUuCjHtlcpuxZ2DrBIvJ2XIUe+Vvrr9mKUSI8ME1brjuYnxM6oMZwKnxW6qMaFsRAfYsTSiErWfzQ+eknOr9EkYK1uRIXP190RGpdYTGdhOSc1QL3sz8T+vk5rwxs94lKQGI7ZYFKaCmJjMvid9rpAZMbGEMsXtrYQNqaLM2IyKNgRv+eVV0qxWvKuK93BZrt3mcRTgFM7gAjy4hhrcQx0awEDCM7zCm6OcF+fd+Vi0rjn5zAn8gfP5A9idkGw=</latexit>v2`

Figure 7.8: Path instance with 2ℓ nodes.

Let x̄ ∈ RE be the vector such that x̄vivi+1
= 0.5 for all i ∈ [2ℓ− 1], and x̄vivℓ+i

= 0.5 for all
i ∈ [ℓ], and on all other arcs the value is zero. It follows that cost of x̄ is 3ℓ−1

2
. We claim

that x̄ is feasible for (IP-MCSPP).

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1
<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="UJDvU5Sfyl5dDuPm0dWF5Jy0AxI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1MIiYGMZwXxAcoS9zVyyZm/32N0LhCP/wcZCEVv/j53/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKllqig2qORStUOikTOBDcMMx3aikMQhx1Y4upv5rTEqzaR4NJMEg5gMBIsYJcZKzXGvi5z3yhWv6s3hrhI/JxXIUe+Vv7p9SdMYhaGcaN3xvcQEGVGGUY7TUjfVmBA6IgPsWCpIjDrI5tdO3TOr9N1IKlvCuHP190RGYq0ncWg7Y2KGetmbif95ndREN0HGRJIaFHSxKEq5a6Q7e93tM4XU8IklhCpmb3XpkChCjQ2oZEPwl19eJc2Lqn9V9R8uK7XbPI4inMApnIMP11CDe6hDAyg8wTO8wpsjnRfn3flYtBacfOYY/sD5/AGeE48k</latexit>v`

<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2

<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2
<latexit sha1_base64="o8w41KBcMSIkaTxaBoaURzEtFv8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg3dZ7ZfKbsWdg6wSLydlyNHol756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVilerePdX5Xotj6MAp3AGF+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBWZ40k</latexit>

1/2<latexit sha1_base64="w+HC03NgqjS7a8ig9bAir08h4pQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQklE1IOHghePFewHtqFstpN26WYTdjeFEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCARXBvX/XZWVtfWNzYLW8Xtnd29/dLBYUPHqWJYZ7GIVSugGgWXWDfcCGwlCmkUCGwGw7up3xyh0jyWj2acoB/RvuQhZ9RY6WnUzTooxLk36ZbKbsWdgSwTLydlyFHrlr46vZilEUrDBNW67bmJ8TOqDGcCJ8VOqjGhbEj72LZU0gi1n80unpBTq/RIGCtb0pCZ+nsio5HW4yiwnRE1A73oTcX/vHZqwhs/4zJJDUo2XxSmgpiYTN8nPa6QGTG2hDLF7a2EDaiizNiQijYEb/HlZdK4qHhXFe/hsly9zeMowDGcwBl4cA1VuIca1IGBhGd4hTdHOy/Ou/Mxb11x8pkj+APn8wdBV5Cg</latexit>v`+1
<latexit sha1_base64="JAIdeoL1gHgfWz/HV5PaswrLyFA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3iHrwEPDiMYJ5YLKE2UknGTI7u8zMBsKSv/DiQRGv/o03/8ZJsgdNLGgoqrrp7gpiwbVx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGN3N/OYYleaRfDSTGP2QDiTvc0aNlZ7G3bSDQlxUpt1iyS27c5BV4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4LTQSTTGlI3oANuWShqi9tP5xVNyZpUe6UfKljRkrv6eSGmo9SQMbGdIzVAvezPxP6+dmP6Nn3IZJwYlWyzqJ4KYiMzeJz2ukBkxsYQyxe2thA2poszYkAo2BG/55VXSqJS9q7L3cFmq3mZx5OEETuEcPLiGKtxDDerAQMIzvMKbo50X5935WLTmnGzmGP7A+fwBQtyQoQ==</latexit>v`+2

<latexit sha1_base64="EZda91Xv4om4qaXAEBW1hZJAIfQ=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGMB+SHGFvM5cs2b07dvcC4civsLFQxNafY+e/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsEjbBhuBLYThVQGAlvB6G7mt8aoNI+jRzNJ0Jd0EPGQM2qs9DTuZdUuCjHtlcpuxZ2DrBIvJ2XIUe+Vvrr9mKUSI8ME1brjuYnxM6oMZwKnxW6qMaFsRAfYsTSiErWfzQ+eknOr9EkYK1uRIXP190RGpdYTGdhOSc1QL3sz8T+vk5rwxs94lKQGI7ZYFKaCmJjMvid9rpAZMbGEMsXtrYQNqaLM2IyKNgRv+eVV0qxWvKuK93BZrt3mcRTgFM7gAjy4hhrcQx0awEDCM7zCm6OcF+fd+Vi0rjn5zAn8gfP5A9idkGw=</latexit>v2`

Figure 7.9: Fractional solution.

Let C ∈ C, and let k ∈ K such that sk ∈ C and tk /∈ C. It follows that sk = vi and tk = vℓ+j

for some j ≥ i. Let W = {sk = vi, vi+1, . . . , vq} be the maximal set of contiguous nodes in
W and Pk, starting at vi. If there is a node vp ∈ C ∩W with q + 1 < p < ℓ+ j, assume p
is the largest index of such a node. Then x̄(δ+cl(D)(C)) ≥ x̄vq ,vq+1 + x̄vp,vp+1 ≥ 1 as required.

Alternatively, there is no such node vp. If q < ℓ+i, then x̄(δ+cl(D)(C)) ≥ x̄vq ,vq+1+x̄vi,vℓ+i
≥ 1.

Otherwise, q ≥ ℓ+ i. As a result, vj ∈ W , and so x̄(δ+cl(D)(C)) ≥ x̄vq ,vq+1 + x̄vj ,vℓ+j
≥ 1.
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Therefore, the integrality gap is at least 4ℓ−2
3ℓ−1

. For any ϵ > 0, setting ℓ > 3ϵ+2
9ϵ

gives the
desired result.

7.2 Reduction techniques

In this section we introduce a procedure to reduce the size of tree instances by removing
Steiner nodes.

Definition 7.8 (Steiner node). Let I = (D,K) be an instance of min-cardinality-SPP,
with D = (N,A). A node v ∈ N is a Steiner node if v /∈ S ∪ T .
Let W denote the set of Steiner nodes. If a Steiner node v has in-degree or out-degree at
most one in the graph D, then we will prove that there is an optimal solution that does
not include v. We will use this procedure to generate a 3-approximation for tree instances
in Section 7.3) and as a sub-process for the exact algorithms in Section 7.5. We use two
methods to remove these Steiner nodes and reduce instance sizes: node deletion and arc
contraction.

Definition 7.9 (node deletion). Let I = (D,K) and let v ∈ N such that v /∈ Pk ∀k ∈ K.
The instance obtained by deleting node v, is I \ v := (D \ v,K), where D \ v denotes the
graph obtained from D after deleting node v.

Definition 7.10 (edge contraction). Let I = (D,K) and let e ∈ A. Then the instance
obtained by contracting arc e = uv, is I/e := (D/e,K/e), where D/e denotes the graph
obtained by contracting e in D, and K/e denotes the commodity set obtained by contracting
e in any commodity path in K, and replacing any source or sink in {u, v} with the new
merged node.

By iteratively applying these two reduction operations we can remove all Steiner nodes
with in-degree or out-degree at most one in D. This procedure is stated in the following
algorithm. Note that in each iteration, the instance I along with the digraph D changes,
and so the set of Steiner nodes with in-degree or out-degree at most one must also be
updated in each iteration.
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Algorithm 18: reduce(I)
Input: Instance I = (D,K) of min-cardinality-SPP.

1 W̄ ← {v ∈ W : max{deg+D(v), deg−D(v)} ≤ 1}
2 while W̄ ≠ ∅ do
3 Let v be in W̄
4 if min{deg+D(v), deg−D(v)} = 0 then
5 I ← I \ v
6 if deg+D(v) = 1 then
7 e = vw ← δ+D(v)
8 I ← I/e, labelling the merged node as w

9 else
10 e = uv ← δ−D(v)
11 I ← I/e, labelling the merged node as u

12 Update W̄
13 return I

A sample execution of the algorithm is given in Figures 7.10 - 7.12. Figure 7.10 provides an
instance which has Steiner node set {v4, v5, v6}. Since v5 has in-degree zero, it is removed,
resulting in the instance in Figure 7.11. Steiner node v4 has out-degree one, so arc v4v6 is
contracted, and the resulting instance is given in Figure 7.12. At this point the set W̄ is
empty, since the only remaining Steiner node has in-degree 3 and out-degree 2.

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8
<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="yqsPqhnS/8pqii9Hvw75byJX2NQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4rAeZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGRD8FZfXiftWtW7qXoP15VGPY+jCGdwDpfgwS004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AexSO+w==</latexit>{1, 2}

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6
<latexit sha1_base64="98iGdrrNppAsmFff/s1RsRnmJzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERXssePFYwX5AE8pmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt1PYz7+LKn/bKFbfqzkFWiZeTCuRo9Mpffj9macQVMkmN6XpugkFGNQom+bTkp4YnlI3pkHctVTTiJsjm507JmVX6ZBBrWwrJXP09kdHImEkU2s6I4sgsezPxP6+b4qAWZEIlKXLFFosGqSQYk9nvpC80ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWty6p3U/Ueriv1Wh5HEU7gFM7Bg1uowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AfJqO/A==</latexit>{1, 3}

Figure 7.10: Original instance.

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1
<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8
<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="yqsPqhnS/8pqii9Hvw75byJX2NQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiPZY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4rAeZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGRD8FZfXiftWtW7qXoP15VGPY+jCGdwDpfgwS004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AexSO+w==</latexit>{1, 2}

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6
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Figure 7.11: v5 removed.
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Figure 7.12: v4v6 contracted.

Lemma 7.11. Let I ′ be the instance returned by Algorithm 18. Any feasible solution for
I ′ is feasible for I. Moreover, any optimal solution for I ′ is optimal for I.

Proof. Let H ′ be a feasible solution for instance I ′, and let k ∈ K. Observe that the two
actions, node deletion and edge contraction retain the nodes sk and tk, as well as maintain
a path P ′

k in D′ that is an sk, tk subpath of cl(Pk). Since H ′ is feasible for I ′, there is
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an sk, tk-dipath in H ′ ∩ cl(P ′
k), and so the same dipath exists in H ′ ∩ cl(D). Therefore

H ′ is feasible for instance I. We now argue that an optimal solution for I ′ will indeed be
optimal for I.
LetH be a feasible subgraph of cl(D) for instance I. We will show thatH can be converted
to a feasible solution to I ′ with no additional arcs. Let {v1, v2, . . . , vt} be the ordered set
of Steiner nodes considered by Algorithm 18, and let Di be the digraph obtained after
removing the ith Steiner node via node deletion or arc contraction. Similarly, let Ii be the
resulting min-cardinality-SPP instance after removing the ith Steiner node. We proceed
by induction on t. If t = 0, the the result trivially holds. Suppose the statement holds
when t = ℓ for some ℓ ≥ 0, and consider the case where t = ℓ+ 1.

By induction, there is a subgraph Ht−1 that is feasible for It−1 with at most the number
of arcs as H. If deg+Dt−1

(vt) = 0 or deg−Dt−1
(vt) = 0, then Ht = Ht−1 \ vt is feasible for

It. Otherwise, suppose deg+Dt−1
(vt) = 1 and let et be the unique arc in δ+Dt−1

(vt). Then

Ht = Ht−1/et is feasible for It. An analogous argument holds when deg−Di
(vi) = 1. Since

each operation cannot increase the size of the subgraph, Ht is feasible for I ′ = It with size
at most that of H as required.

Even if a Steiner node has in-degree and out-degree at least two, it may not be used in any
optimal solution. In fact, perhaps surprisingly, even for tree instances it can be the case
that every optimal solution contains an (undirected) cycle and does not include Steiner
nodes. One such example is presented in Figure 7.13, with Steiner nodes v4 and v6. Let
H be a feasible solution. If both v4 and v6 are non-singleton in H, then H = D and has
7 arcs. If only v4 is non-singleton in H, then again H must have at least 7 arcs as shown
in Figure 7.14. The case where only v6 is in H is analogous. The only optimal solution is
given in Figure 7.15, which contains a cycle and no Steiner nodes.
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<latexit sha1_base64="E/45qOV06Pl3pSgb0MyvJZOe8sI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUfFU8OKxgv2AppTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv6rSdUmsfy0YwT7EZ0IHnIGTVWavlZ9fzCn/RKZbfizkCWiZeTMuSo90pffj9maYTSMEG17nhuYroZVYYzgZOin2pMKBvRAXYslTRC3c1m507IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeFNN+MySQ1KNl8UpoKYmEx/J32ukBkxtoQyxe2thA2poszYhIo2BG/x5WXSrFa8q4r3cFmu3eZxFOAYTuAMPLiGGtxDHRrAYATP8ApvTuK8OO/Ox7x1xclnjuAPnM8ffryO/w==</latexit>{2, 3}

Figure 7.13

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6

<latexit sha1_base64="mnVzkIjJf80hJjweQbIBi0oIM9o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EjIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1rqre/WWlfpPHUYQTOIVz8KAGdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEeaNpA==</latexit>v7

<latexit sha1_base64="UYzOyKDrGRKHLYmKlydXHDFmiWk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasKan3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ip5uqh6V1Xv/rJSv8njKMIJnMI5eHANdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPE2qNpQ==</latexit>v8

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2} <latexit sha1_base64="GDJ9/2kADZcrkENwquzPL44VA3M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERcVTwYvHCvYDmlA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxaodUo+ASG4Ybge1EIY1Cga1wdDf1W0+oNI/loxknGER0IHmfM2qs1PIz7+zCn3TLFbfqzkCWiZeTCuSod8tffi9maYTSMEG17nhuYoKMKsOZwEnJTzUmlI3oADuWShqhDrLZuRNyYpUe6cfKljRkpv6eyGik9TgKbWdEzVAvelPxP6+Tmv5NkHGZpAYlmy/qp4KYmEx/Jz2ukBkxtoQyxe2thA2poszYhEo2BG/x5WXSPK96V1Xv4bJSu83jKMIRHMMpeHANNbiHOjSAwQie4RXenMR5cd6dj3lrwclnDuEPnM8ffTSO/g==</latexit>{1, 3}

<latexit sha1_base64="E/45qOV06Pl3pSgb0MyvJZOe8sI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUfFU8OKxgv2AppTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv6rSdUmsfy0YwT7EZ0IHnIGTVWavlZ9fzCn/RKZbfizkCWiZeTMuSo90pffj9maYTSMEG17nhuYroZVYYzgZOin2pMKBvRAXYslTRC3c1m507IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeFNN+MySQ1KNl8UpoKYmEx/J32ukBkxtoQyxe2thA2poszYhIo2BG/x5WXSrFa8q4r3cFmu3eZxFOAYTuAMPLiGGtxDHRrAYATP8ApvTuK8OO/Ox7x1xclnjuAPnM8ffryO/w==</latexit>{2, 3}

Figure 7.14

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6

<latexit sha1_base64="mnVzkIjJf80hJjweQbIBi0oIM9o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EjIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1rqre/WWlfpPHUYQTOIVz8KAGdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEeaNpA==</latexit>v7

<latexit sha1_base64="UYzOyKDrGRKHLYmKlydXHDFmiWk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasKan3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ip5uqh6V1Xv/rJSv8njKMIJnMI5eHANdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPE2qNpQ==</latexit>v8

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2} <latexit sha1_base64="GDJ9/2kADZcrkENwquzPL44VA3M=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERcVTwYvHCvYDmlA222m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxaodUo+ASG4Ybge1EIY1Cga1wdDf1W0+oNI/loxknGER0IHmfM2qs1PIz7+zCn3TLFbfqzkCWiZeTCuSod8tffi9maYTSMEG17nhuYoKMKsOZwEnJTzUmlI3oADuWShqhDrLZuRNyYpUe6cfKljRkpv6eyGik9TgKbWdEzVAvelPxP6+Tmv5NkHGZpAYlmy/qp4KYmEx/Jz2ukBkxtoQyxe2thA2poszYhEo2BG/x5WXSPK96V1Xv4bJSu83jKMIRHMMpeHANNbiHOjSAwQie4RXenMR5cd6dj3lrwclnDuEPnM8ffTSO/g==</latexit>{1, 3}
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Figure 7.15
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7.3 3-approximation for tree instances

As a result of Section 7.2, we may assume that all Steiner nodes in tree instances have
in-degree and out-degree at least two in D. To obtain an approximation algorithm, we
bound the number of Steiner nodes that can be present in such an instance.

Lemma 7.12. Let I be a tree instance of min-cardinality-SPP. If each Steiner node has
in-degree and out-degree at least two, then |W| ≤ |S∪T |

2
− 1.

Proof. Let G be the underlying undirected graph ofD, with n vertices and n−1 edges. Let
n1 denote the number of source and sink nodes that are leaves in G, and let n2 denote the
number of sources and sink nodes that are not leaves in G. By definition, n1+n2 = |S ∪T |,
and n = n1 + n2 + |W|. Since the total degree of G is 2(n− 1) and each Steiner node has
degree at least four, we obtain the following inequality.

n1 + 2n2 + 4|W| ≤ 2(n1 + n2 + |W| − 1).

Rearranging gives
2|W| ≤ n1 − 2 ≤ |S ∪ T | − 2,

and so |W| ≤ |S∪T |
2
− 1.

Since the base graph itself is feasible for any instance, we obtain the following result.

Theorem 7.13. There is a polytime 3-approximation algorithm for tree instances of min-
cardinality-SPP.

Proof. Let I ′ = (D′,K) = reduce(I). By construction, S ′ ∪ T ′ = S ∪ T .
Let D′ be the base graph of I ′. By Lemma 7.12, |W ′| ≤ |S′∪T ′|

2
− 1 = |S∪T |

2
− 1. Thus, D′

is a feasible solution with at most

|S ∪ T |+ |W ′| − 1 ≤ |S ∪ T |+ |S ∪ T |
2

− 2 ≤ 3

2
|S ∪ T | − 2

arcs. Since m∗ ≥ max{|S|, |T |} and |S ∪ T | ≤ 2max{|S|, |T |} ≤ 2m∗, it follows that D′

has at most 3m∗ arcs, as required.

We obtain the following corollary by replacing the bound m∗ ≥ max{|S|, |T |} with the
bound m∗ ≥ |S ∪ T | − 1.
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Corollary 7.14. There is a 3
2
-approximation algorithm for weakly-connected tree instances

of min-cardinality-SPP.

Proof. By the same argument as above, the graphD′ = (N ′, A′) is feasible and has at most
3
2
|S ∪ T | − 2 arcs. Since I is weakly-connected, m∗ ≥ |S ∪ T | − 1. Thus, |A′| ≤ 3

2
m∗.

7.4 Uncrossing

We have discussed decomposing an instance into its weakly-connected subinstances, and
simplifying an instance by removing Steiner nodes of low degree. The final technique
central to the analysis and execution of the exact algorithms presented in Section 7.5 is
that of uncrossing.

Definition 7.15 (Crossing). Let I = (D,K) be a tree instance of min-cardinality-SPP.
A pair of arcs v1w1 and v2w2 in cl(D) are crossing if the unique v1, w1- and v2, w2-dipaths
in D share at least one arc.

Figures 7.16 to 7.18 show three examples of crossing arcs, where the straight arcs are those
that form D.
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Figure 7.16
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Figure 7.17
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Figure 7.18

The following uncrossing operations can be applied to a feasible solution H ⊆ cl(D) to
reduce the number of crossing arcs while maintaining feasibility.

Definition 7.16 (Uncrossing operations). Let H ⊆ cl(D). We refer to the following
operations as uncrossing operations.

1. If H contains arcs v1w ̸= v2w where v2 is on the unique path in D from v1 to w,
replace v1w with v1v2.

2. If H contains arcs vw1 ̸= vw2 where w1 is on the unique path in D from v to w2,
replace vw2 with w1w2.

Operation 1 is shown in the transition from Figure 7.19 to 7.20, and operation 2 is shown
in the transition from Figure 7.21 to 7.22.
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Figure 7.22

Observe that applying the uncrossing operations cannot increase the number of arcs in a
solution, and maintains feasibility.

Definition 7.17 (Minimally-crossing). Let I = (D,K) be a tree instance and let H ⊆
cl(D). We say that H is minimally-crossing if it is not possible to apply the uncrossing
operations to any pair of arcs.

Lemma 7.18 (Uncrossing Lemma I). Let H be a minimally-crossing subgraph of cl(D).
Then for any pair of nodes v1, v2, if there is a node w such that

• H contains both a v1, w-dipath and a v2, w-dipath, and
• v2 is on the unique v1, w-dipath in D,

then H contains a v1, v2-dipath.

Proof. For a contradiction, suppose H does not contain a v1, v2-dipath for such a pair v1
and v2. Let w be the node closest to v1 and v2 in D such that H has a vi, w-dipath for
each i ∈ [2]. Let Qi denote a fixed vi, w-dipath in H for each i ∈ [2] and let e1 = u1w and
e2 = u2w be the final arcs in Q1 and Q2 respectively.

By choice of w, it follows that u1 ̸= u2. Without loss of generality, u2 is on the unique
dipath from u1 to w since I is a tree instance. Therefore, uncrossing operation 1 can be
applied to the arcs u1w and u2w, a contradiction.

The following lemma is analogous, as is its proof; rather than applying uncrossing operation
1 we apply operation 2.
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Lemma 7.19 (Uncrossing Lemma II). Let H be a minimally-crossing subgraph of cl(D).
Then for any pair of nodes v1, v2, if there is a node w such that

• H contains both a w, v1-dipath and a w, v2-dipath, and
• v1 is on the unique w, v2-dipath in D,

then H contains a v1, v2-dipath.

Rather than solving an instance directly, it is often convenient to instead work with an
equivalent instance under uncrossing.

Definition 7.20. Let I1 = (D,K1) and I2 = (D,K2) be two instances of min-cardinality-
SPP defined on the same base graph. We say that I1 and I2 are equivalent under uncrossing
if any minimally-crossing subgraph H ⊆ cl(D) is feasible for I1 if and only if it is feasible
for I2.
Uncrossing Lemmas I and II imply the following lemma.

Lemma 7.21. Let I = (D,K) be tree instance of min-cardinality-SPP and suppose v
and v′ are a pair of nodes in D. If D contains a v, v′-dipath and

(S(v) ∪ T (v)) ∩ (S(v′) ∪ T (v′)) ̸= ∅,

then instances I and I ′ = (D,K ∪ {(v, v′)}) are equivalent under uncrossing.

Proof. Certainly any feasible solution for I ′ is feasible for I. Let H be a minimally-
crossing solution to I. We claim that H must contain a v, v′-dipath if D contains a
v, v′-dipath and there is a node w ∈ (S(v) ∪ T (v)) ∩ (S(v′) ∪ T (v′)).
Since D contains a v, v′-dipath and I is a tree instance, S(v)∩T (v′) = ∅. Therefore, there
exists a node w such that either w ∈ S(v)∩ S(v′), w ∈ T (v)∩ T (v′), or w ∈ T (v)∩ S(v′).
If w ∈ S(v) ∩ S(v′), then Uncrossing Lemma II implies that H contains a v, v′-dipath.
Similarly, if w ∈ T (v)∩T (v′), Uncrossing Lemma I implies that H contains a v, v′-dipath.
Finally, if w ∈ T (v)∩S(v′), then H contains a v, w-dipath and a w, v′-dipath, which forms
a v, v′-dipath. Therefore I ′ and I are equivalent under uncrossing as required.

The following algorithm takes as input a tree instance I, and repeatedly adds commodity
pairs that satisfy the conditions of Lemma 7.21. Note that the sets S(v) and T (v) are
updated in each iteration for all v ∈ N since K gains commodities.
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Algorithm 19: Augment(I)
Input: I = (D,K), a tree instance.

1 Let E be the arc set of cl(D)
2 while ∃vv′ ∈ E such that (S(v) ∪ T (v)) ∩ (S(v′) ∪ T (v′)) ̸= ∅ and (v, v′) /∈ K do
3 K ← K ∪ {(v, v′)}
4 return I

Since equivalence under uncrossing is transitive, we obtain the following corollary.

Lemma 7.22. Let I = (D,K) be a tree instance and let Imax = (D,Kmax) := Augment(I).
Then I and Imax are equivalent under uncrossing.

Since I and Imax are equivalent under uncrossing, and K ⊆ Kmax, given an instance I
it suffices to solve Imax. We call an instance I maximal if I and Imax have the same
commodity sets. In Section 7.5.4 we present an algorithm for spider instances that relies
on working with maximal instances.

7.5 Exact algorithms

In this section we first present exact combinatorial algorithms for solving in-tree, out-tree,
and star instances of min-cardinality-SPP. We define a merged-tree as the union of an
in-tree, T in, and an out-tree, T out, merged at the root nodes, r. We prove that merged-tree
instances can be reduced to junction tree instances. We then build upon this result to
prove that spider instances of min-cardinality-SPP can be solved in polynomial time. In
this section, we will assume all Steiner nodes with in- or out-degree at most one in D have
been removed.

7.5.1 In-tree and out-tree instances

Recall that D = (N,A) is an in-tree (out-tree) if for each node v ∈ N , deg+D(v) ≤ 1
(deg−D(v) ≤ 1). Since each Steiner node must have in-degree and out-degree at least two
after preprocessing, we may assume such instances have no Steiner nodes. It follows that if
I is weakly-connected, D itself is an optimal solution since it has |S ∪T |−1 arcs, matching
the lower bound in Lemma 7.5. By the same argument, each weakly-connected subinstance
Ii of I has a solution with |Si ∪ Ti| − 1 arcs. As a result, the union of optimal solutions
to the weakly-connected subproblems is in fact an optimal solution for I. Algorithm 20
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returns an optimal solution for any in-tree or out-tree instance of min-cardinality-SPP in
polynomial time.

Algorithm 20: in-out-tree(I)
Input: Instance I = (D,K) of min-cardinality-SPP, where D = (N,A) is an

in-tree or out-tree.
1 H ← (N, ∅)
2 Let {I1, I2, . . . , Iℓ} be the partition of I into weakly-connected subinstances
3 for i ∈ {1, 2, . . . , ℓ} do
4 I ′i = (D′

i,K′
i)← reduce(Ii)

5 H ← H ∪D′
i

6 return H

A sample execution of the algorithm is given in Figures 7.23 to 7.33. The input instance is
given in Figure 7.23, and the optimal solution obtained by Algorithm 20 is given in Figure
7.24.
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<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2} <latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}
<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="gxvZTZRhsfbZURkqj1cE9aaJAAQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGVXqvVY8OKxgv2Q7lKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6O2zpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E49uZ33miSrNYPphJQgOBh5JFjGBjpUc/q1WuKnV/2i+V3ao7B1olXk7KkKPZL335g5ikgkpDONa657mJCTKsDCOcTot+qmmCyRgPac9SiQXVQTY/eIrOrTJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xi810U2QMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZFW0I3vLLq6R9WfWuq959rdyo5XEU4BTO4AI8qEMD7qAJLSAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AFm0Y90</latexit>{4, 5, 7}

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}

Figure 7.23: In-tree instance.

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2}
<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="gxvZTZRhsfbZURkqj1cE9aaJAAQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGVXqvVY8OKxgv2Q7lKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6O2zpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E49uZ33miSrNYPphJQgOBh5JFjGBjpUc/q1WuKnV/2i+V3ao7B1olXk7KkKPZL335g5ikgkpDONa657mJCTKsDCOcTot+qmmCyRgPac9SiQXVQTY/eIrOrTJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xi810U2QMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZFW0I3vLLq6R9WfWuq959rdyo5XEU4BTO4AI8qEMD7qAJLSAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AFm0Y90</latexit>{4, 5, 7}

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}

Figure 7.24: Optimal solution.

The partition of I into weakly-connected subinstances gives the instances I1, I2 and I3 in
Figures 7.25 - 7.27.
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<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2}
<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="gxvZTZRhsfbZURkqj1cE9aaJAAQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGVXqvVY8OKxgv2Q7lKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6O2zpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E49uZ33miSrNYPphJQgOBh5JFjGBjpUc/q1WuKnV/2i+V3ao7B1olXk7KkKPZL335g5ikgkpDONa657mJCTKsDCOcTot+qmmCyRgPac9SiQXVQTY/eIrOrTJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xi810U2QMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZFW0I3vLLq6R9WfWuq959rdyo5XEU4BTO4AI8qEMD7qAJLSAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AFm0Y90</latexit>{4, 5, 7}

Figure 7.25: Instance I1.

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}
<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

Figure 7.26: Instance I2.

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}

Figure 7.27: Instance I3.

The contracted graphs (optimal solutions) are given in Figures 7.28 - 7.30, with the corre-
sponding arcs shown on the full node set of D shown in Figures 7.31 - 7.33.

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2}
<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="gxvZTZRhsfbZURkqj1cE9aaJAAQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGVXqvVY8OKxgv2Q7lKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6O2zpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E49uZ33miSrNYPphJQgOBh5JFjGBjpUc/q1WuKnV/2i+V3ao7B1olXk7KkKPZL335g5ikgkpDONa657mJCTKsDCOcTot+qmmCyRgPac9SiQXVQTY/eIrOrTJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xi810U2QMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZFW0I3vLLq6R9WfWuq959rdyo5XEU4BTO4AI8qEMD7qAJLSAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AFm0Y90</latexit>{4, 5, 7}

Figure 7.28: Digraph D′
1.

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}

Figure 7.29: Digraph D′
2.

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6
<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}

Figure 7.30: Digraph D′
3.

Combining the three subgraphs of cl(D) in Figures 7.31 - 7.33 gives the optimal solution
in Figure 7.24.

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2}
<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="gxvZTZRhsfbZURkqj1cE9aaJAAQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGVXqvVY8OKxgv2Q7lKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut7O2vrG5tV3YKe7u7R8clo6O2zpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E49uZ33miSrNYPphJQgOBh5JFjGBjpUc/q1WuKnV/2i+V3ao7B1olXk7KkKPZL335g5ikgkpDONa657mJCTKsDCOcTot+qmmCyRgPac9SiQXVQTY/eIrOrTJAUaxsSYPm6u+JDAutJyK0nQKbkV72ZuJ/Xi810U2QMZmkhkqyWBSlHJkYzb5HA6YoMXxiCSaK2VsRGWGFibEZFW0I3vLLq6R9WfWuq959rdyo5XEU4BTO4AI8qEMD7qAJLSAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AFm0Y90</latexit>{4, 5, 7}

Figure 7.31:
Arc set of D′

1 on N .

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}
<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

Figure 7.32:
Arc set of D′

2 on N .

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="HbN6mIzN8mUtpsZ84n9UP5wDUyA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDdUvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM9A==</latexit>r

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}

Figure 7.33:
Arc set of D′

3 on N .

Theorem 7.23. In-tree and out-tree instances of min-cardinality-SPP can be solved in
polynomial time.

Proof. We prove that Algorithm 20 returns an optimal solution for min-cardinality-
SPP given an in- or out-tree instance. By Lemma 7.11, every feasible solution to reduce(I)
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is also feasible for I. Let i ∈ [ℓ]. Since D′
i is feasible for instance I ′i, it is also feasible for

instance Ii. As a result, H =
⋃

i∈[ℓ] D
′
i is feasible for instance I. Additionally, Algorithm

18 returns an in-tree (out-tree) instance when it is given an in-tree (out-tree) instance as
input. Therefore for each i ∈ [ℓ], no Steiner node with respect to instance Ii remains in
D′

i, and so the number of arcs in D′
i is equal to |Ni| − 1. Therefore, |H| = ∑

i∈[ℓ](|Ni| − 1),
and so H is optimal since its arc count matches the lower bound stated in Lemma 7.6.

We obtain the following corollary.

Corollary 7.24. When I is an in-tree or out-tree instance, m∗ =
∑

i∈[ℓ] m
∗
i .

Additionally, we see that path instances of min-cardinality-SPP can be solved in poly-
nomial time, even though the natural formulation has an integrality gap of at least 4/3−ϵ
for all ϵ > 0 for path instances.

Corollary 7.25. When D is a directed path, min-cardinality-SPP can be solved in poly-
nomial time.

7.5.2 Star instances

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="QVheAb5qmzRIvCect0EGGFlPL7E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyojGB5Ah7m7lkyd7esbsXCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/Lh0ZOOU8WwyWIRq3ZANQousWm4EdhOFNIoENgKRrczvzVGpXksH80kQT+iA8lDzqix0sO4V+uVK27VnYOsEi8nFcjR6JW/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixVNIItZ/NT52SM6v0SRgrW9KQufp7IqOR1pMosJ0RNUO97M3E/7xOasJrP+MySQ1KtlgUpoKYmMz+Jn2ukBkxsYQyxe2thA2poszYdEo2BG/55VXydFH1alXv/rJSv8njKMIJnMI5eHAFdbiDBjSBwQCe4RXeHOG8OO/Ox6K14OQzx/AHzucPEGKNow==</latexit>v6

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="X42XPLYQDNZOpLn3duLktTTiSXU=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqAcPBS8eK1pbSEPZbLft0k027L4IJfRnePGgiFd/jTf/jZs2B20dWBhm3mPnTZhIYdB1v53Syura+kZ5s7K1vbO7V90/eDQq1Yy3mJJKd0JquBQxb6FAyTuJ5jQKJW+H45vcbz9xbYSKH3CS8CCiw1gMBKNoJb8bURwxKrP7aa9ac+vuDGSZeAWpQYFmr/rV7SuWRjxGJqkxvucmGGRUo2CSTyvd1PCEsjEdct/SmEbcBNks8pScWKVPBkrbFyOZqb83MhoZM4lCO5lHNIteLv7n+SkOroJMxEmKPGbzjwapJKhIfj/pC80ZyokllGlhsxI2opoytC1VbAne4snL5PGs7l3UvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYKnuEV3hx0Xpx352M+WnKKnUP4A+fzB4vSkWk=</latexit>S <latexit sha1_base64="NpSjvaGcoZ5vXa6WG31lJ9lRMug=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdeGi4MZlhb6gDWUynbRDJzNh5kYooZ/hxoUibv0ad/6NkzYLrR4YOJxzL3PuCRPBDXrel1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzkK1ks0I3EoWDec3uV+95Fpw5Vs4SxhQUzGkkecErRSfxATnFAistZ8WK15dW8B9y/xC1KDAs1h9XMwUjSNmUQqiDF930swyIhGTgWbVwapYQmhUzJmfUsliZkJskXkuXtmlZEbKW2fRHeh/tzISGzMLA7tZB7RrHq5+J/XTzG6CTIukxSZpMuPolS4qNz8fnfENaMoZpYQqrnN6tIJ0YSibaliS/BXT/5LOhd1/6ruP1zWGrdFHWU4gVM4Bx+uoQH30IQ2UFDwBC/w6qDz7Lw578vRklPsHMMvOB/fjVeRag==</latexit>T
Let I = (D,K) be a star instance, and let r denote the unique
non-leaf node in D = (N,A). Due to preprocessing, we may
assume each node v ∈ N \ r with out-degree (in-degree) one
in D is a source (sink). It follows that each arc vw ∈ cl(D)
has either v ∈ S or w ∈ T (or both). Intuitively, this ob-
servation suggests that each arc in cl(D) is “useful” only to
commodities that share a source or sink with an endpoint of the arc. This motivates the
following result.

Lemma 7.26. When I is a star instance m∗ =
∑

i∈[ℓ] m
∗
i .

Proof. LetH = (N,A′) be an optimal solution for instance I. Let {N1, N2, . . . , Nℓ} denote
the node sets of the maximally-connected components in G(I), and let {I1, I2, . . . , Iℓ} be
the partition of I into weakly-connected subinstances.

Let i ∈ [ℓ], and let Hi be the subgraph of H which includes all arcs with an endpoint in
Ni \ {r}. That is, Hi = (N,Ai) where Ai := {uv ∈ A′ : {u, v} ∩ (Ni \ {r}) ̸= ∅}. For each
commodity k ∈ Ki, the sk, tk-dipath in H consists of at most two arcs, each with at least
one endpoint in {sk, tk} which is not equal to r. Therefore Hi is feasible for instance Ii.
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Moreover, for each j ̸= i, if an arc uv is in Ai and Aj, then without loss of generality, u
is a source node in Ii and v is sink node in Ij, each not equal to r. However, such an arc
could be removed while maintaining feasibility. Thus since H is an optimal solution, no
such arc exists and Ai ∩ Aj = ∅. As a result, m∗ ≥∑

i∈[ℓ] m
∗
i , and by Lemma 7.6 we have

that m∗ =
∑

i∈[ℓ] m
∗
i .

Therefore, an optimal solution for I is the union of optimal solutions for each weakly-
connected subinstance, and it suffices to solve star instances that are weakly-connected.
Since there is at most one Steiner node, the node r, it follows that an optimal solution to a
weakly-connected star instance has at most |N | − 1 ≤ |S ∪ T | arcs (the base graph itself),
and at least |S ∪ T | − 1 arcs. If the base graph is not optimal, then we will show that the
arc set {sktk : k ∈ K} forms an optimal solution.

Lemma 7.27. Let I = (D,K) be a weakly-connected star instance. If D is not an optimal
solution, then {sktk : k ∈ K} forms an optimal solution.

Proof. Let H = (N,A′) be an optimal solution for instance I. For each commodity
k ∈ K, the only two possible sk, tk-dipaths in D are sk, r, tk or sk, tk. Since D is not an
optimal solution, r must be a singleton in H, as otherwise H has at least |N | − 1 arcs,
the same as D. Moreover, r /∈ S ∪ T and A′ ⊆ {st : s ∈ S, t ∈ T }. If there is an arc
e ∈ A′ \ {sktk : k ∈ K}, then e can be removed from H while maintaining feasibility,
contradicting that H was optimal. Therefore, A′ = {sktk : k ∈ K} as required.

By combining Lemmas 7.26 and 7.27, we see that the following Algorithm returns an
optimal solution given a star instance.
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Algorithm 21: star(I)
Input: A star instance I = (D,K) of min-cardinality-SPP, with center node r

and graph D = (N,A)
1 A′ ← ∅
2 {N1, N2, . . . , Nℓ} ← node sets of the maximal connected components in G(I)
3 {I1, I2, . . . , Iℓ} ← partition of I into weakly-connected sub-instances
4 for i ∈ [ℓ] do
5 if |Ni ∪ r| − 1 ≤ |Ki| then
6 A′ ← A′ ∪ {skr : k ∈ Ki} ∪ {rtk : k ∈ Ki}
7 else
8 A′ ← A′ ∪ {sktk : k ∈ Ki}

9 return H = (N,A′)

Theorem 7.28. Star instances of min-cardinality-SPP can be solved in polynomial time.

7.5.3 Merging in- and out-trees

A digraph D is a merged-tree if it is obtained by merging an in-tree, T in = (N in, Ain), and
an out-tree, T out = (N out, Aout), at their root nodes. Let r denote the merged node in D,
which we refer to as the join. A junction tree instance of min-cardinality-SPP is a merged-
tree instance where the unique commodity path Pk includes the node r for each k ∈ K.
In this section, we prove that the task of finding a polytime algorithm for merged-tree
instances reduces to the task of finding a polytime algorithm for junction tree instances.

The distinction between merged-tree and junction tree instances is depicted in Figures 7.34
and 7.35. In a merged-tree instance, the source and sink sets can contain any node in D,
whereas in a junction tree instance, the sources and sinks must be contained in the in-tree
and out-tree, respectively.
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<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="EoZIapo4i9kvS7YZz0jpdX6gvb0=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWlgEbCwsEjAfkBxhbzOXrNnbO3b3hHDkF9hYKGLrT7Lz37hJrtDEBwOP92aYmRckgmvjut/Oyura+sZmYau4vbO7t186OGzqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ79VtPqDSP5YMZJ+hHdCB5yBk1Vqrf90plt+LOQJaJl5My5Kj1Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aHTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpl+TPlfIjBhbQpni9lbChlRRZmw2RRuCt/jyMmmeV7zLile/KFdv8jgKcAwncAYeXEEV7qAGDWCA8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wejs4zQ</latexit>

L

Figure 7.34: Merged-tree.

<latexit sha1_base64="X42XPLYQDNZOpLn3duLktTTiSXU=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqAcPBS8eK1pbSEPZbLft0k027L4IJfRnePGgiFd/jTf/jZs2B20dWBhm3mPnTZhIYdB1v53Syura+kZ5s7K1vbO7V90/eDQq1Yy3mJJKd0JquBQxb6FAyTuJ5jQKJW+H45vcbz9xbYSKH3CS8CCiw1gMBKNoJb8bURwxKrP7aa9ac+vuDGSZeAWpQYFmr/rV7SuWRjxGJqkxvucmGGRUo2CSTyvd1PCEsjEdct/SmEbcBNks8pScWKVPBkrbFyOZqb83MhoZM4lCO5lHNIteLv7n+SkOroJMxEmKPGbzjwapJKhIfj/pC80ZyokllGlhsxI2opoytC1VbAne4snL5PGs7l3UvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYKnuEV3hx0Xpx352M+WnKKnUP4A+fzB4vSkWk=</latexit>S
<latexit sha1_base64="NpSjvaGcoZ5vXa6WG31lJ9lRMug=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdeGi4MZlhb6gDWUynbRDJzNh5kYooZ/hxoUibv0ad/6NkzYLrR4YOJxzL3PuCRPBDXrel1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzkK1ks0I3EoWDec3uV+95Fpw5Vs4SxhQUzGkkecErRSfxATnFAistZ8WK15dW8B9y/xC1KDAs1h9XMwUjSNmUQqiDF930swyIhGTgWbVwapYQmhUzJmfUsliZkJskXkuXtmlZEbKW2fRHeh/tzISGzMLA7tZB7RrHq5+J/XTzG6CTIukxSZpMuPolS4qNz8fnfENaMoZpYQqrnN6tIJ0YSibaliS/BXT/5LOhd1/6ruP1zWGrdFHWU4gVM4Bx+uoQH30IQ2UFDwBC/w6qDz7Lw578vRklPsHMMvOB/fjVeRag==</latexit>T

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

Figure 7.35: Junction tree instance.

We refer to maximally-connected subgraphs of D that do not contain the node r as legs
of the merged-tree, such as L indicated in Figure 7.34. Let L denote the set of legs of the
merged-tree.

The set of commodities can be decomposed into commodities whose source and sink are
on the same leg, denoted KL, and commodities whose source and sink are on different legs,
or have an endpoint equal to r, denoted KJ . Equivalently,

KL := {k ∈ K : r /∈ Pk} and KJ := {k ∈ K : r ∈ Pk}.

If a merged-tree instance has KL = ∅, then it is in fact a junction tree instance. Given
instance I, we define the subinstances IL and IJ as the instances on the same digraph
with commodity sets KL and KJ respectively. That is, IL := (D,KL) and IJ := (D,KJ ).
Observe that IL is the union of disjoint in-tree and out-tree instances, and IJ is a junction
tree instance. For example, given the instance I in Figure 7.36, the instances IL and IJ
are given in Figures 7.37 and 7.38.
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<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="mGmfo84RwUOL8jS/lsDonPbVb+I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DPvTXrniV/050CrBOalAjnqv/NXtK5rGTFoqiDEd7Cc2yIi2nAo2LXVTwxJCR2TAOo5KEjMTZPNrp+jMKX0UKe1KWjRXf09kJDZmEoeuMyZ2aJa9mfif10ltdBNkXCapZZIuFkWpQFah2euozzWjVkwcIVRzdyuiQ6IJtS6gkgsBL7+8SpoXVXxVxQ+XldptHkcRTuAUzgHDNdTgHurQAApP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwA8Mo7i</latexit>v10

<latexit sha1_base64="DIQDA9mfL4QgfEI2PWjZ9OtT8KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DONpr1zxq/4caJXgnFQgR71X/ur2FU1jJi0VxJgO9hMbZERbTgWblrqpYQmhIzJgHUcliZkJsvm1U3TmlD6KlHYlLZqrvycyEhsziUPXGRM7NMveTPzP66Q2ugkyLpPUMkkXi6JUIKvQ7HXU55pRKyaOEKq5uxXRIdGEWhdQyYWAl19eJc2LKr6q4ofLSu02j6MIJ3AK54DhGmpwD3VoAIUneIZXePOU9+K9ex+L1oKXzxzDH3ifPz23juM=</latexit>v11

<latexit sha1_base64="xwghj/vO4Zl85gUIoXVv3DpholM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6RVq+LLKr6/qNRv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QM/PI7k</latexit>v12
<latexit sha1_base64="cKzOSdzOzZt8Vbn8LVtxbD+zy8E=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsVFU8FLx4r2A9ol5JNs21sNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3wxeTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ+X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBAwY7l</latexit>v13

<latexit sha1_base64="OuYNXvWHv1AxY1KCr4Xleg3jg8g=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYn4wlXBjcsK9gHtUDJppo3NJEOSKZSh/+DGhSJu/R93/o1pOwttPXDhcM693HtPmAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3w5eTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ8X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBDy47n</latexit>v15

<latexit sha1_base64="jLclXAk3xTxYFzkhtL6bcJkMFRs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R1UcWXVXxfq9Rv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QNCRo7m</latexit>v14

<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2} <latexit sha1_base64="btf3/x5qgIkU4mvOkdq6aULovLk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REi3osePFYwX5AE8pmO22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnZBqFFxi03AjsJMopFEosB2O72Z++wmV5rF8NJMEg4gOJR9wRo2V2n7mXVz501654lbdOcgq8XJSgRyNXvnL78csjVAaJqjWXc9NTJBRZTgTOC35qcaEsjEdYtdSSSPUQTY/d0rOrNIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk9nvpM8VMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1Xvuuo91Cr1Wh5HEU7gFM7Bgxuowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ae2aO+A==</latexit>{1, 3}
<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2

<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}
<latexit sha1_base64="N/DStdpR24/k9Qu2jl9e21vHKsI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmWEjzLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jppX9W9m7r3cF1rXhdxlOEMzuESPLiFJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4AqTGOjA==</latexit>{8}

<latexit sha1_base64="cX2pM6q96czo2eHWs1IQgt7W1yc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8hvg2mvWnPr7hxklXgFqUGBZq/6FfQTlsUoDRNU667npibMqTKcCZxWgkxjStmYDrFrqaQx6jCfHzslZ1bpk0GibElD5urviZzGWk/iyHbG1Iz0sjcT//O6mRnchDmXaWZQssWiQSaIScjsc9LnCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu6d1X3Hi5rjcsijjKcwCmcgwfX0IB7aIIPDDg8wyu8OdJ5cd6dj0VrySlmjuEPnM8fqreOjQ==</latexit>{9}

<latexit sha1_base64="piuJsFLpdF3Migl4M7fhz3eI9c8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIsT0WvHisYD+gCWWz3bZLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTtolTzXiLxTLW3ZAaLoXiLRQoeTfRnEah5J1wcjf3O09cGxGrR5wmPIjoSImhYBSt1PGz2nXdn/VLZbfiLkDWiZeTMuRo9ktf/iBmacQVMkmN6XlugkFGNQom+azop4YnlE3oiPcsVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4rAeZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FZfXiftm4p3W/EequVGNY+jAOdwAVfgQQ0acA9NaAGDCTzDK7w5ifPivDsfy9YNJ585gz9wPn8AjDSPAw==</latexit>{7, 8}

<latexit sha1_base64="kVBVSjAr60eG0LVxauiJ1Jb2rJ0=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqCcpeNFbBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXduz+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AH06kWE=</latexit>I

<latexit sha1_base64="Q5eG9s4vkvZ9O/aSGiog2hN1X64=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLKpRT0WvHisYD+gu5Rsmm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFWVNGotYdQKimeCSNQ03gnUSxUgUCNYORnczvz1mSvNYPppJwvyIDCQPOSXGSr6X4UuEq7auvGmvVHYr7hxoleCclCFHo1f68voxTSMmDRVE6y52E+NnRBlOBZsWvVSzhNARGbCupZJETPvZ/OgpOrdKH4WxsiUNmqu/JzISaT2JAtsZETPUy95M/M/rpia89TMuk9QwSReLwlQgE6NZAqjPFaNGTCwhVHF7K6JDogg1NqeiDQEvv7xKWtUKvq7gh1q5XsvjKMApnMEFYLiBOtxDA5pA4Qme4RXenLHz4rw7H4vWNSefOYE/cD5/AOnskDQ=</latexit>{1, 12, 13}

Figure 7.36: Merged-tree instance I

<latexit sha1_base64="GtV2G1qBglxq1ooMUVH/GfLv9tw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoioq6k4EbBRQX7gDaEyXTSDp08mJkIJQQ3/oobF4q49Svc+TdO2iDaemDgzDn3cu89XsyZVJb1ZZQWFpeWV8qrlbX1jc0tc3unJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6DL32/dUSBaFd2ocUyfAg5D5jGClJdfc6wVYDQnm6XXmpj+fmyxzzapVsyZA88QuSBUKNFzzs9ePSBLQUBGOpezaVqycFAvFCKdZpZdIGmMywgPa1TTEAZVOOjkhQ4da6SM/EvqFCk3U3x0pDqQcB56uzHeUs14u/ud1E+WfOykL40TRkEwH+QlHKkJ5HqjPBCWKjzXBRDC9KyJDLDBROrWKDsGePXmetI5r9mnNvj2p1i+KOMqwDwdwBDacQR2uoAFNIPAAT/ACr8aj8Wy8Ge/T0pJR9OzCHxgf3zGAl+8=</latexit>IL

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="mGmfo84RwUOL8jS/lsDonPbVb+I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DPvTXrniV/050CrBOalAjnqv/NXtK5rGTFoqiDEd7Cc2yIi2nAo2LXVTwxJCR2TAOo5KEjMTZPNrp+jMKX0UKe1KWjRXf09kJDZmEoeuMyZ2aJa9mfif10ltdBNkXCapZZIuFkWpQFah2euozzWjVkwcIVRzdyuiQ6IJtS6gkgsBL7+8SpoXVXxVxQ+XldptHkcRTuAUzgHDNdTgHurQAApP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwA8Mo7i</latexit>v10

<latexit sha1_base64="DIQDA9mfL4QgfEI2PWjZ9OtT8KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DONpr1zxq/4caJXgnFQgR71X/ur2FU1jJi0VxJgO9hMbZERbTgWblrqpYQmhIzJgHUcliZkJsvm1U3TmlD6KlHYlLZqrvycyEhsziUPXGRM7NMveTPzP66Q2ugkyLpPUMkkXi6JUIKvQ7HXU55pRKyaOEKq5uxXRIdGEWhdQyYWAl19eJc2LKr6q4ofLSu02j6MIJ3AK54DhGmpwD3VoAIUneIZXePOU9+K9ex+L1oKXzxzDH3ifPz23juM=</latexit>v11

<latexit sha1_base64="xwghj/vO4Zl85gUIoXVv3DpholM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6RVq+LLKr6/qNRv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QM/PI7k</latexit>v12
<latexit sha1_base64="cKzOSdzOzZt8Vbn8LVtxbD+zy8E=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsVFU8FLx4r2A9ol5JNs21sNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3wxeTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ+X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBAwY7l</latexit>v13

<latexit sha1_base64="OuYNXvWHv1AxY1KCr4Xleg3jg8g=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYn4wlXBjcsK9gHtUDJppo3NJEOSKZSh/+DGhSJu/R93/o1pOwttPXDhcM693HtPmAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3w5eTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ8X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBDy47n</latexit>v15

<latexit sha1_base64="jLclXAk3xTxYFzkhtL6bcJkMFRs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R1UcWXVXxfq9Rv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QNCRo7m</latexit>v14

<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2}
<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2

<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}

<latexit sha1_base64="cX2pM6q96czo2eHWs1IQgt7W1yc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8hvg2mvWnPr7hxklXgFqUGBZq/6FfQTlsUoDRNU667npibMqTKcCZxWgkxjStmYDrFrqaQx6jCfHzslZ1bpk0GibElD5urviZzGWk/iyHbG1Iz0sjcT//O6mRnchDmXaWZQssWiQSaIScjsc9LnCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu6d1X3Hi5rjcsijjKcwCmcgwfX0IB7aIIPDDg8wyu8OdJ5cd6dj0VrySlmjuEPnM8fqreOjQ==</latexit>{9}

<latexit sha1_base64="ARrkGmCurMPnkaXNWg4f0+vK/1E=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBg5RNLeqx4MVjBfuB3aVk02wbms0uSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXWcKspaNBax6gZEM8ElaxluBOsmipEoEKwTjG9nfueJKc1j+WAmCfMjMpQ85JQYKz16Ga5dIHzpTfvlilt150CrBOekAjma/fKXN4hpGjFpqCBa97CbGD8jynAq2LTkpZolhI7JkPUslSRi2s/mF0/RmVUGKIyVLWnQXP09kZFI60kU2M6ImJFe9mbif14vNeGNn3GZpIZJulgUpgKZGM3eRwOuGDViYgmhittbER0RRaixIZVsCHj55VXSrlXxVRXf1yuNeh5HEU7gFM4BwzU04A6a0AIKEp7hFd4c7bw4787HorXg5DPH8AfO5w+2ho+Z</latexit>{12, 13}

Figure 7.37: IL

<latexit sha1_base64="PvvMqPAM8+VTw+OyuGK+F8DmUW0=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoioq6k4EZdVbAPaEOYTCft0MmDmYlQQnDjr7hxoYhbv8Kdf+OkDaKtBwbOnHMv997jxZxJZVlfRmlhcWl5pbxaWVvf2Nwyt3daMkoEoU0S8Uh0PCwpZyFtKqY47cSC4sDjtO2NLnO/fU+FZFF4p8YxdQI8CJnPCFZacs29XoDVkGCeXmdu+vO5yTLXrFo1awI0T+yCVKFAwzU/e/2IJAENFeFYyq5txcpJsVCMcJpVeomkMSYjPKBdTUMcUOmkkxMydKiVPvIjoV+o0ET93ZHiQMpx4OnKfEc56+Xif143Uf65k7IwThQNyXSQn3CkIpTngfpMUKL4WBNMBNO7IjLEAhOlU6voEOzZk+dJ67hmn9bs25Nq/aKIowz7cABHYMMZ1OEKGtAEAg/wBC/wajwaz8ab8T4tLRlFzy78gfHxDS50l+0=</latexit>IJ

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1
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Figure 7.38: IJ

We will prove that in order to solve a merged-tree instance I = (D,K), it suffices to find
an optimal minimally-crossing solution to IL, and an optimal solution to a junction tree
instance obtained from IJ by contracting arcs that are included in the minimally-crossing
solution to IL. We first show that in any minimally-crossing solution to IL, all nodes
in the same weakly-connected component have a path to (or from) the node in the same
component that is “closest” to r in D. We define a natural measurement of distance as
follows.

For any pair of nodes u and v, let d(u, v) be equal to the number of arcs in the unique
path between u and v in D. Let W ⊆ N . The representative node for W in D, denoted
repD(W ) is the node in W that is closest to r in D, breaking ties arbitrarily. That is,

repD(W ) = argminw∈Wd(w, r).

Let N = {r,N1, N2, . . . , Nℓ} be the node sets of the maximally-connected components in
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G(IL), along with the singleton r. Let R = {r, r1, r2, . . . , rℓ} denote the corresponding set
of representative nodes. For the instance IL given in Figure 7.37,

N = {r, {v1, v2, v4}, {v3, v5}, {v6, v8}, {v7}, {v9, v10}, {v11}, {v12, v13, v15}, {v14}}, and

R = {r, v4, v5, v8, v7, v9, v11, v12, v14}.

We will prove that in any minimally-crossing solution H for IL, each node has a path in H
to (or from) its representative node. First, we prove that this result holds in D. That is,
we prove that in an in-tree (out-tree) instance, each node has a dipath in D to (from) the
representative node in the same weakly-connected component. Then, we prove that when
H is a minimally-crossing subgraph of cl(D), if v and w are in the same weakly-connected
component in H and D contains a v, w-dipath, then H contains a v, w-dipath. We first
prove the following more general result regarding dipaths in D.

Lemma 7.29. Let D be in-tree (out-tree) and let H ⊆ cl(D). Let W be the node set
of a weakly-connected component in H and let r′ = repD(W ). For each node v ∈ W , D
contains a v, r′-dipath (r′, v-dipath).

Proof. We prove the result only for in-trees, since the out-tree case is analogous. For a
contradiction, suppose D does not contain a v, r′-dipath. Then certainly r′ is not equal
to the root node, r. By definition, D contains a unique v, r-dipath, Pv, and a unique
r, r′-dipath, Pr′ . Since there is no v, r′-dipath, then r′ is not in Pv and by definition of r′,
v is not in Pr′ . Since D is an in-tree, Pv and Pr′ share a maximal dipath Pw, which is a
path from a node w to r, as depicted in Figure 7.39.
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Figure 7.39

Let Cr′ and Cv be the components in D \ w containing r′ and v respectively. Since r′

and v are in the same weakly-connected component in H, there is some sequence of arcs
connecting the two nodes. However, the only arcs connecting the nodes in Cr′ and the
nodes in Cv to the rest of the graph must have an endpoint on the path Pw. Thus, N ′

must have a node along the path Pw, contradicting the designation of r′ as a representative
node, since d(w, r) < d(r′, r). Therefore D contains a v, r′-dipath.
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For each i ∈ [ℓ], let Li be the leg in L that contains the node set Ni. Note that we may
have Li = Lj for i ̸= j.

Corollary 7.30. For each i ∈ [ℓ],

• if Ni ⊆ T in, Li contains a v, ri-dipath for each v ∈ Ni, and
• if Ni ⊆ T out, Li contains an ri, v-dipath for each v ∈ Ni.

Proof. Let i ∈ [ℓ], and suppose Ni ⊆ N in. Let Hi := cl(Li)[Ni]. That is, Hi is the
subgraph of cl(Li) consisting of all arcs with both endpoints in the set Ni. By definition
of Ni, Hi is weakly-connected, and ri = repD(Ni). By Lemma 7.29 and since Li is an in-
tree, it follows that Li contains a v, ri-dipath for each v ∈ Ni. The case where Ni ⊆ N out

is analogous.

For in-tree and out-tree instances, we now prove that in any minimally-crossing solution
H, if two nodes v and w are in the same weakly-connected component in H and D contains
a v, w-dipath, then H must also contain a v, w-dipath.

Lemma 7.31. Let D be an in-tree or out-tree and let H be a minimally-crossing subgraph
of cl(D). If v and w are in the same weakly-connected component in H and D contains a
v, w-dipath, then H contains a v, w-dipath.

Proof. Suppose D is an in-tree, and that v and w are nodes in the same weakly-connected
component in H. Furthermore, suppose D contains a v, w-dipath. Since v and w are in the
same weakly-connected component, there is some minimal sequence of arcs e1, e2, . . . , ep in
H where v is an endpoint of e1, w is an endpoint of ep, and ei and ei+1 share an endpoint
for each i ∈ [p − 1]. Let ei = viwi for each i ∈ [p]. We proceed by induction on p. If
p = 1, then v1 = v and w1 = w, and the result follows. Suppose the statement holds for all
commodity sequences of length less than p = α for some α ≥ 1, and consider a sequence
of length p ≥ α + 1.

Suppose v = v1. Then D has both a v, w1-dipath and a v, w-dipath. Since the sequence
is minimal, w1 is equal to v2 or w2, and so w1 and w are connected by a sequence of arcs
of length p− 1. Since each node has out-degree one in D, either w is on the unique v, w1-
dipath in D, or w1 is on the unique v, w-dipath in D. If w is on the unique v, w1-dipath in
D, then by induction, there is a w,w1-dipath in H. Since H also contains a v, w1-dipath
Uncrossing Lemma I (Lemma 7.18) implies that H has a v, w-dipath. If instead w1 is on
the unique v, w-dipath in D, then by induction H contains a w1, w-dipath. Concatenating
the v, w1- and w1, w-dipaths gives a v, w-dipath in D.
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Otherwise, suppose v = w1. Then D contains a v1, w-dipath since it has a v1, w1-dipath
and a w1, w-dipath. Moreover, since D is an in-tree, v is on the unique dipath in D
between v1 and w. By minimality, v1 is equal to v2 or w2 and so by induction, H contains
a v1, w-dipath. By Uncrossing Lemma II (Lemma 7.19), H contains a v, w-dipath.

The case where D is an out-tree follows by an analogous argument, where instead of
considering the first arc in the sequence, we consider the final arc in the sequence.

Note that this lemma is not true for general digraphs, and relies on the fact that D is an
in-tree or out-tree. Consider the instance I = (D,K) given in Figure 7.40, as well as the
minimally-crossing solution H given in Figure 7.41. Despite the fact that nodes v2 and v4
are in the same weakly-connected component in H and that D contains a v2, v4-dipath, H
does not contain a v2, v4-dipath.

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}

Figure 7.40

<latexit sha1_base64="Y4YVXl5vNVlFh8SDDm5hZ28ndys=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0QtbAI2FhGNB+QHGFvM5cs2ds7dvcC4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6G7mt8aoNI/lk5kk6Ed0IHnIGTVWehz3qr1S2a24c5BV4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjjZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTtGG4C2/vEqa1Yp3VfEeLsu12zyOApzCGVyAB9dQg3uoQwMYDOAZXuHNEc6L8+58LFrXnHzmBP7A+fwBClKNnw==</latexit>v2

<latexit sha1_base64="r16tmnx84LZO1oo5VrdqDj1jauY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zV6yZG/v2J0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfmvMtRGxesJJwv2IDpQIBaNopcdxz+uVK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342P3VKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrO/SV9ozlBOLKFMC3srYUOqKUObTsmG4C2/vEqaF1Xvquo9XFZqt3kcRTiBUzgHD66hBvdQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBCM6Nng==</latexit>v1

<latexit sha1_base64="9kvhskVKQh11bdj8sPU3IhVX7LE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3znvlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/qJSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3C9aNoA==</latexit>v3

<latexit sha1_base64="u5qc+5ZRTeeYBrd8Z8vX/NfwUK0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZ0XxAcoS9zVyyZG/v2N0LhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs9DjuXfbKFbfqzkFWiZeTCuSo98pf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JmVX6JIyVLWnIXP09kdFI60kU2M6ImqFe9mbif14nNeGNn3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88ippXlS9q6r3cFmp3eZxFOEETuEcPLiGGtxDHRrAYADP8ApvjnBenHfnY9FacPKZY/gD5/MHDVqNoQ==</latexit>v4

<latexit sha1_base64="ryYgqlPOYbl1/SEKS/8e4sSAyo4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEc0DkiXMTnqTIbOzy8xsICz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5AIro3rfjmFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt8aoNI/lo5kk6Ed0IHnIGTVWehj3Lnrlilt15yB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYKmmE2s/mp07JiVX6JIyVLWnIXP05kdFI60kU2M6ImqFe9mbif14nNeG1n3GZpAYlWywKU0FMTGZ/kz5XyIyYWEKZ4vZWwoZUUWZsOiUbgrf88l/SPKt6l1Xv/rxSu8njKMIRHMMpeHAFNbiDOjSAwQCe4AVeHeE8O2/O+6K14OQzh/ALzsc3Dt6Nog==</latexit>v5

<latexit sha1_base64="tMiKy1QZiXVLFXQ5IxRCgyd1/dc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8i9YNqr1ty6OwdZJV5BalCg2at+Bf2EZTFKwwTVuuu5qQlzqgxnAqeVINOYUjamQ+xaKmmMOsznx07JmVX6ZJAoW9KQufp7Iqex1pM4sp0xNSO97M3E/7xuZgY3Yc5lmhmUbLFokAliEjL7nPS5QmbExBLKFLe3EjaiijJj86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHoFWOiw==</latexit>{1}

<latexit sha1_base64="Rk/742K7k5NKaWmwxixAwNoGn9U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkiIqnghePFewHNKFsttN26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mt59QaR7LRzNJMIjoUPIBZ9RYqe1n3kXNn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFNkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSqlW9q6r3cFmp3+ZxFOEETuEcPLiGOtxDA5rAYAzP8ApvTuK8OO/Ox6K14OQzx/AHzucPe66O/Q==</latexit>{1, 2}

Figure 7.41

Combining Corollary 7.30 and Lemma 7.31 allows us to prove the following result.

Lemma 7.32. Let H be a minimally-crossing solution for IL. For each i ∈ [ℓ],

• if Ni ⊆ T in, H contains a v, ri-dipath for each v ∈ Ni, and
• if Ni ⊆ T out, H contains an ri, v-dipath for each v ∈ Ni.

Proof. Let H be a minimally-crossing solution to IL. Let i ∈ [ℓ], and suppose Ni ⊆ N in.
By definition, the node set Ni is contained in the some weakly-connected component of
H ∩ cl(Li), a minimally-crossing subgraph of Li. By Corollary 7.30, Li contains a v, ri-
dipath for each v ∈ Ni. By Lemma 7.31, it follows that H contains a v, ri-dipath for each
v ∈ Ni. The case where Ni ⊆ N out is analogous.

We construct a new junction tree instance by shifting all sources and sinks to their cor-
responding representative node. Let ϕN ,R : N → R denote the function that maps each
node to its representative node. That is, for each v ∈ N , if v ∈ Ni, then ϕN ,R(v) = ri. As
a minor abuse of notation, let ϕN ,R(K) = {(ϕN ,R(sk), ϕN ,R(tk)) : k ∈ K}.
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Definition 7.33. Let IJ = (D,KJ ) be a junction tree instance of min-cardinality-
SPP with D = (N,A). Let N = {r,N1, N2, . . . , Nℓ} be a partition of N with corresponding
representative nodes R = {r, r1, r2, . . . , rℓ} in D. The instance obtained by merging IJ
according to partition N is ϕN (IJ ) := (D,ϕN ,R(KJ )).

For example, given the partition N and representative nodes from instance IL in Figure
7.37, N = {r, {v1, v2, v4}, {v3, v5}, {v6, v8}, {v7}, {v9, v10}, {v11}, {v12, v13, v15}, {v14}}, and
R = {r, v4, v5, v8, v7, v9, v11, v12, v14}, and junction tree instance IJ in Figure 7.42, we obtain
ϕN (IJ ) as shown in Figure 7.43.

<latexit sha1_base64="PvvMqPAM8+VTw+OyuGK+F8DmUW0=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoioq6k4EZdVbAPaEOYTCft0MmDmYlQQnDjr7hxoYhbv8Kdf+OkDaKtBwbOnHMv997jxZxJZVlfRmlhcWl5pbxaWVvf2Nwyt3daMkoEoU0S8Uh0PCwpZyFtKqY47cSC4sDjtO2NLnO/fU+FZFF4p8YxdQI8CJnPCFZacs29XoDVkGCeXmdu+vO5yTLXrFo1awI0T+yCVKFAwzU/e/2IJAENFeFYyq5txcpJsVCMcJpVeomkMSYjPKBdTUMcUOmkkxMydKiVPvIjoV+o0ET93ZHiQMpx4OnKfEc56+Xif143Uf65k7IwThQNyXSQn3CkIpTngfpMUKL4WBNMBNO7IjLEAhOlU6voEOzZk+dJ67hmn9bs25Nq/aKIowz7cABHYMMZ1OEKGtAEAg/wBC/wajwaz8ab8T4tLRlFzy78gfHxDS50l+0=</latexit>IJ

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="mGmfo84RwUOL8jS/lsDonPbVb+I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DPvTXrniV/050CrBOalAjnqv/NXtK5rGTFoqiDEd7Cc2yIi2nAo2LXVTwxJCR2TAOo5KEjMTZPNrp+jMKX0UKe1KWjRXf09kJDZmEoeuMyZ2aJa9mfif10ltdBNkXCapZZIuFkWpQFah2euozzWjVkwcIVRzdyuiQ6IJtS6gkgsBL7+8SpoXVXxVxQ+XldptHkcRTuAUzgHDNdTgHurQAApP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwA8Mo7i</latexit>v10

<latexit sha1_base64="DIQDA9mfL4QgfEI2PWjZ9OtT8KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DONpr1zxq/4caJXgnFQgR71X/ur2FU1jJi0VxJgO9hMbZERbTgWblrqpYQmhIzJgHUcliZkJsvm1U3TmlD6KlHYlLZqrvycyEhsziUPXGRM7NMveTPzP66Q2ugkyLpPUMkkXi6JUIKvQ7HXU55pRKyaOEKq5uxXRIdGEWhdQyYWAl19eJc2LKr6q4ofLSu02j6MIJ3AK54DhGmpwD3VoAIUneIZXePOU9+K9ex+L1oKXzxzDH3ifPz23juM=</latexit>v11

<latexit sha1_base64="xwghj/vO4Zl85gUIoXVv3DpholM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6RVq+LLKr6/qNRv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QM/PI7k</latexit>v12
<latexit sha1_base64="cKzOSdzOzZt8Vbn8LVtxbD+zy8E=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsVFU8FLx4r2A9ol5JNs21sNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3wxeTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ+X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBAwY7l</latexit>v13

<latexit sha1_base64="OuYNXvWHv1AxY1KCr4Xleg3jg8g=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYn4wlXBjcsK9gHtUDJppo3NJEOSKZSh/+DGhSJu/R93/o1pOwttPXDhcM693HtPmAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3w5eTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ8X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBDy47n</latexit>v15

<latexit sha1_base64="jLclXAk3xTxYFzkhtL6bcJkMFRs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R1UcWXVXxfq9Rv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QNCRo7m</latexit>v14

<latexit sha1_base64="btf3/x5qgIkU4mvOkdq6aULovLk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REi3osePFYwX5AE8pmO22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnZBqFFxi03AjsJMopFEosB2O72Z++wmV5rF8NJMEg4gOJR9wRo2V2n7mXVz501654lbdOcgq8XJSgRyNXvnL78csjVAaJqjWXc9NTJBRZTgTOC35qcaEsjEdYtdSSSPUQTY/d0rOrNIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk9nvpM8VMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1Xvuuo91Cr1Wh5HEU7gFM7Bgxuowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ae2aO+A==</latexit>{1, 3}
<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2

<latexit sha1_base64="N/DStdpR24/k9Qu2jl9e21vHKsI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmWEjzLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jppX9W9m7r3cF1rXhdxlOEMzuESPLiFJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4AqTGOjA==</latexit>{8}

<latexit sha1_base64="piuJsFLpdF3Migl4M7fhz3eI9c8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIsT0WvHisYD+gCWWz3bZLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTtolTzXiLxTLW3ZAaLoXiLRQoeTfRnEah5J1wcjf3O09cGxGrR5wmPIjoSImhYBSt1PGz2nXdn/VLZbfiLkDWiZeTMuRo9ktf/iBmacQVMkmN6XlugkFGNQom+azop4YnlE3oiPcsVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4rAeZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FZfXiftm4p3W/EequVGNY+jAOdwAVfgQQ0acA9NaAGDCTzDK7w5ifPivDsfy9YNJ585gz9wPn8AjDSPAw==</latexit>{7, 8}

<latexit sha1_base64="MsS1FSMCLncwvI/yqO9BFiOQ9HU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB7kXzPrVmlt3FyDrxCtIDQq0+tWvYJCwLEZpmKBa9zw3NWFOleFM4KwSZBpTyiZ0hD1LJY1Rh/ni2Bm5sMqADBNlSxqyUH9P5DTWehpHtjOmZqxXvbn4n9fLzPA2zLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jppX9W967r30Kg1G0UcZTiDc7gED26gCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+eh46F</latexit>{1}

Figure 7.42: IJ

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="mGmfo84RwUOL8jS/lsDonPbVb+I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DPvTXrniV/050CrBOalAjnqv/NXtK5rGTFoqiDEd7Cc2yIi2nAo2LXVTwxJCR2TAOo5KEjMTZPNrp+jMKX0UKe1KWjRXf09kJDZmEoeuMyZ2aJa9mfif10ltdBNkXCapZZIuFkWpQFah2euozzWjVkwcIVRzdyuiQ6IJtS6gkgsBL7+8SpoXVXxVxQ+XldptHkcRTuAUzgHDNdTgHurQAApP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwA8Mo7i</latexit>v10

<latexit sha1_base64="DIQDA9mfL4QgfEI2PWjZ9OtT8KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DONpr1zxq/4caJXgnFQgR71X/ur2FU1jJi0VxJgO9hMbZERbTgWblrqpYQmhIzJgHUcliZkJsvm1U3TmlD6KlHYlLZqrvycyEhsziUPXGRM7NMveTPzP66Q2ugkyLpPUMkkXi6JUIKvQ7HXU55pRKyaOEKq5uxXRIdGEWhdQyYWAl19eJc2LKr6q4ofLSu02j6MIJ3AK54DhGmpwD3VoAIUneIZXePOU9+K9ex+L1oKXzxzDH3ifPz23juM=</latexit>v11

<latexit sha1_base64="xwghj/vO4Zl85gUIoXVv3DpholM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6RVq+LLKr6/qNRv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QM/PI7k</latexit>v12
<latexit sha1_base64="cKzOSdzOzZt8Vbn8LVtxbD+zy8E=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsVFU8FLx4r2A9ol5JNs21sNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3wxeTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ+X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBAwY7l</latexit>v13

<latexit sha1_base64="OuYNXvWHv1AxY1KCr4Xleg3jg8g=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYn4wlXBjcsK9gHtUDJppo3NJEOSKZSh/+DGhSJu/R93/o1pOwttPXDhcM693HtPmAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3w5eTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ8X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBDy47n</latexit>v15

<latexit sha1_base64="jLclXAk3xTxYFzkhtL6bcJkMFRs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R1UcWXVXxfq9Rv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QNCRo7m</latexit>v14

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2
<latexit sha1_base64="N/DStdpR24/k9Qu2jl9e21vHKsI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmWEjzLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jppX9W9m7r3cF1rXhdxlOEMzuESPLiFJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4AqTGOjA==</latexit>{8}

<latexit sha1_base64="xDsZZRjDwYO9VX4w8xNKI8QLKC0=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoC0sioq6k4EZdSAX7gCaEyXTaDp1MwsxEKCFf4cZfceNCEbfizr9x0gaprQcGzpxzL/fe40eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3mjKMBSYNHLJQtH0kCaOcNBRVjLQjQVDgM9Lyh5eZ33ogQtKQ36tRRNwA9TntUYyUljzzyIkG1EucAKkBRiy5TdPK7+c6nXJu0vTQM8tW1RoDzhM7J2WQo+6ZX043xHFAuMIMSdmxrUi5CRKKYkbSkhNLEiE8RH3S0ZSjgEg3GZ+VwgOtdGEvFPpxBcfqdEeCAilHga8rsyXlrJeJ/3mdWPXO3YTyKFaE48mgXsygCmGWEexSQbBiI00QFlTvCvEACYSVTrKkQ7BnT54nzeOqfVq1707KtYs8jiLYA/ugAmxwBmrgCtRBA2DwCJ7BK3gznowX4934mJQWjLxnF/yB8fkD7oigdg==</latexit>

�N (IJ )

<latexit sha1_base64="N/DStdpR24/k9Qu2jl9e21vHKsI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmWEjzLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jppX9W9m7r3cF1rXhdxlOEMzuESPLiFJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4AqTGOjA==</latexit>{8}

<latexit sha1_base64="Qu/Zk9Zrp1T6NPdEYSsKlBYXUsk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuxMcx4MVjBPOA7BJmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSaCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdUKqUXCJTcONwE6ikEahwHY4vpv57SdUmsfy0UwSDCI6lHzAGTVWavtZ7eLKn/bKFbfqzkFWiZeTCuRo9Mpffj9maYTSMEG17npuYoKMKsOZwGnJTzUmlI3pELuWShqhDrL5uVNyZpU+GcTKljRkrv6eyGik9SQKbWdEzUgvezPxP6+bmsFtkHGZpAYlWywapIKYmMx+J32ukBkxsYQyxe2thI2ooszYhEo2BG/55VXSuqx611XvoVap1/I4inACp3AOHtxAHe6hAU1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHgwqO/Q==</latexit>{4, 5}

<latexit sha1_base64="bOourmUIDS1IuBLMCVsX8SonBBo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQtlst+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdjajhUijuo0DJu6nmNI4k70STu7nfeeLaiEQ94jTlYUxHSgwFo2glP8gbwaxfrbl1dwGyTryC1KBAq1/9CgYJy2KukElqTM9zUwxzqlEwyWeVIDM8pWxCR7xnqaIxN2G+OHZGLqwyIMNE21JIFurviZzGxkzjyHbGFMdm1ZuL/3m9DIe3YS5UmiFXbLlomEmCCZl/TgZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSvqp713XvoVFrNoo4ynAG53AJHtxAE+6hBT4wEPAMr/DmKOfFeXc+lq0lp5g5hT9wPn8AoxmOiA==</latexit>{4}

Figure 7.43: ϕN (IJ )

WhenN is the partitioning ofN into the node sets of the maximally-connected components
in G(IL), it follows that ϕN (IJ ) is also a junction tree instance since each node in N in is
mapped to a representative node in N in, and each node in N out is mapped to representative
node in N out. We now state the main result in this subsection: solving the merged-tree
instance I reduces to the problem of solving IL and ϕN (IJ ).

Theorem 7.34. Let I = (D,K) be a merged-tree instance of min-cardinality-SPP with
join r. Let IL = (D,KL) and IJ = (D,KJ ) where

KL = {k ∈ K : r /∈ Pk} and KJ = {k ∈ K : r ∈ Pk}.

Let N = {N1, N2, . . . , Nℓ} be the node sets of the maximally-connected components in
G(IL). If H1 and H2 are optimal solutions for IL, and ϕN (IJ ) respectively, and H1 is
minimally-crossing, then H1 ∪H2 is an optimal solution for I.
First, we prove the following lemma.

Lemma 7.35. H1 ∪H2 is feasible for I.
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Proof. Since IL and ϕN (IJ ) have the same base graph as instance I, we know that
H = H1 ∪ H2 ⊆ cl(D). Thus, it suffices to show that for each commodity k ∈ K, H
contains an sk, tk-dipath. If k ∈ KL, then by definition of instance IL and subgraph H1,
there is an sk, tk-dipath in H1 ⊆ H.

Otherwise, k ∈ KJ . Let N1 and N2 denote the node sets in N containing sk and tk respec-
tively, and let r1 and r2 denote the corresponding representative nodes. By construction,
ϕN (IJ ) has a commodity with source r1 and sink r2, and so H2 must contain an r1, r2-
dipath. By Lemma 7.32, H1 contains an sk, r1-dipath and an r2, tk-dipath. Concatenating
the three dipaths gives an sk, tk-dipath in H.

It remains to prove that H1 ∪H2 is in fact optimal. Let H ⊆ cl(D). For each L ∈ L let
H[L] be the subgraph of H induced by the nodes in L. That is, H[L] = H ∩ cl(L). Let
H|L be the union of the subgraphs H[L] over all L ∈ L, and let H|J = H \H|L. Note that
H|L consists of all arcs in H with both endpoints in the same leg, and H|J consists of all
arcs in H with either both endpoints in different legs, or an endpoint equal to r.

We will show that any feasible solution can be modified to decompose into optimal solutions
to IL and ϕN (IJ ). One of the main considerations is in the fact that an optimal solution
may have sets Ni and Nj in the same weakly-connected component in H|L. In the following
lemma, the third condition is not necessary for proving Theorem 7.34. However, it allows
us to further restrict the set of junction tree instances that must be considered, and will
be used when solving spider instances in Section 7.5.4.

Lemma 7.36. Let I = (D,K) be a merged-tree instance of min-cardinality-SPP with join
r. Let H1 be a minimally-crossing optimal solution to IL. There is an optimal solution H
for I, where

1. H1 ⊆ H,
2. H2 := H \H1 is an optimal solution to ϕN (IJ ), and
3. H|J ⊆ cl(D)[V ].

where V is the set of representative nodes of the maximally-connected components in H|L.

Proof. Let H be a minimally-crossing optimal solution to instance I, and let H1 be a
minimally-crossing optimal solution to instance IL. Let N = {r,N1, N2, . . . , Nℓ} be the
the node sets of the maximally-connected components in G(IL), along with the singleton
r. Let V = {r, V1, V2, . . . , Vp} be the coarsening of the partition N obtained by merging
node sets Ni and Nj if they are connected in H|L. That is, V is the partition of N into
node sets of the maximally-connected components in H|L, along with the singleton r. Let
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V = {r, v1, v2, . . . , vp} ⊆ R denote the corresponding representative nodes. An example
instance is given in Figure 7.34, and an example minimally-crossing solution H is given
in Figure 7.45, where the solid arcs form H|L, and the dashed arcs form H|J . The sets
N , R,V , and V are

N = {r, {v1, v2, v4}, {v3, v5}, {v6, v8}, {v7}, {v9, v10}, {v11}, {v12, v13, v15}, {v14}},
R = {r, v4, v5, v8, v7, v9, v11, v12, v14},
V = {r, {v1, v2, v3, v4, v5}, {v6, v7, v8}, {v9, v10}, {v11}, {v12, v13, v15}, {v14}}, and

V = {r, v5, v8, v9, v11, v12, v14}.
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<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}
<latexit sha1_base64="N/DStdpR24/k9Qu2jl9e21vHKsI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmWEjzLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jppX9W9m7r3cF1rXhdxlOEMzuESPLiFJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4AqTGOjA==</latexit>{8}

<latexit sha1_base64="cX2pM6q96czo2eHWs1IQgt7W1yc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8hvg2mvWnPr7hxklXgFqUGBZq/6FfQTlsUoDRNU667npibMqTKcCZxWgkxjStmYDrFrqaQx6jCfHzslZ1bpk0GibElD5urviZzGWk/iyHbG1Iz0sjcT//O6mRnchDmXaWZQssWiQSaIScjsc9LnCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu6d1X3Hi5rjcsijjKcwCmcgwfX0IB7aIIPDDg8wyu8OdJ5cd6dj0VrySlmjuEPnM8fqreOjQ==</latexit>{9}

<latexit sha1_base64="piuJsFLpdF3Migl4M7fhz3eI9c8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIsT0WvHisYD+gCWWz3bZLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTtolTzXiLxTLW3ZAaLoXiLRQoeTfRnEah5J1wcjf3O09cGxGrR5wmPIjoSImhYBSt1PGz2nXdn/VLZbfiLkDWiZeTMuRo9ktf/iBmacQVMkmN6XlugkFGNQom+azop4YnlE3oiPcsVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4rAeZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FZfXiftm4p3W/EequVGNY+jAOdwAVfgQQ0acA9NaAGDCTzDK7w5ifPivDsfy9YNJ585gz9wPn8AjDSPAw==</latexit>{7, 8}

<latexit sha1_base64="kVBVSjAr60eG0LVxauiJ1Jb2rJ0=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqCcpeNFbBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXduz+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AH06kWE=</latexit>I

<latexit sha1_base64="Q5eG9s4vkvZ9O/aSGiog2hN1X64=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLKpRT0WvHisYD+gu5Rsmm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFWVNGotYdQKimeCSNQ03gnUSxUgUCNYORnczvz1mSvNYPppJwvyIDCQPOSXGSr6X4UuEq7auvGmvVHYr7hxoleCclCFHo1f68voxTSMmDRVE6y52E+NnRBlOBZsWvVSzhNARGbCupZJETPvZ/OgpOrdKH4WxsiUNmqu/JzISaT2JAtsZETPUy95M/M/rpia89TMuk9QwSReLwlQgE6NZAqjPFaNGTCwhVHF7K6JDogg1NqeiDQEvv7xKWtUKvq7gh1q5XsvjKMApnMEFYLiBOtxDA5pA4Qme4RXenLHz4rw7H4vWNSefOYE/cD5/AOnskDQ=</latexit>{1, 12, 13}

Figure 7.44: Merged-tree instance I.

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="mGmfo84RwUOL8jS/lsDonPbVb+I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DPvTXrniV/050CrBOalAjnqv/NXtK5rGTFoqiDEd7Cc2yIi2nAo2LXVTwxJCR2TAOo5KEjMTZPNrp+jMKX0UKe1KWjRXf09kJDZmEoeuMyZ2aJa9mfif10ltdBNkXCapZZIuFkWpQFah2euozzWjVkwcIVRzdyuiQ6IJtS6gkgsBL7+8SpoXVXxVxQ+XldptHkcRTuAUzgHDNdTgHurQAApP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwA8Mo7i</latexit>v10

<latexit sha1_base64="DIQDA9mfL4QgfEI2PWjZ9OtT8KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DONpr1zxq/4caJXgnFQgR71X/ur2FU1jJi0VxJgO9hMbZERbTgWblrqpYQmhIzJgHUcliZkJsvm1U3TmlD6KlHYlLZqrvycyEhsziUPXGRM7NMveTPzP66Q2ugkyLpPUMkkXi6JUIKvQ7HXU55pRKyaOEKq5uxXRIdGEWhdQyYWAl19eJc2LKr6q4ofLSu02j6MIJ3AK54DhGmpwD3VoAIUneIZXePOU9+K9ex+L1oKXzxzDH3ifPz23juM=</latexit>v11

<latexit sha1_base64="xwghj/vO4Zl85gUIoXVv3DpholM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6RVq+LLKr6/qNRv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QM/PI7k</latexit>v12
<latexit sha1_base64="cKzOSdzOzZt8Vbn8LVtxbD+zy8E=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsVFU8FLx4r2A9ol5JNs21sNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3wxeTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ+X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBAwY7l</latexit>v13

<latexit sha1_base64="OuYNXvWHv1AxY1KCr4Xleg3jg8g=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYn4wlXBjcsK9gHtUDJppo3NJEOSKZSh/+DGhSJu/R93/o1pOwttPXDhcM693HtPmAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3w5eTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ8X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBDy47n</latexit>v15

<latexit sha1_base64="jLclXAk3xTxYFzkhtL6bcJkMFRs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R1UcWXVXxfq9Rv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QNCRo7m</latexit>v14

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2

<latexit sha1_base64="yL0+1EP5aTW5NMTxpRkBXSbDUMc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIepKClx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G9zO//YRK81g+mEmCfkSHkoecUWOlRq1fKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiXVe8xlW5epfHUYBTOIML8OAGqlCDOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fnj2Mzg==</latexit>

H

Figure 7.45: Minimally-crossing solution H

Let i ∈ [p] and let Li denote the leg containing Vi. By Lemma 7.29, if Vi ⊆ N in(N out),
then Li has a v, vi-dipath (vi, v-dipath) for each v ∈ Vi. By Lemma 7.31, it follows that if
Vi ⊆ N in(N out), then H|L has a v, vi-dipath (vi, v-dipath) for each v ∈ Vi.

Claim 1. H|J ⊆ cl(D)[V ].

For a contradiction, suppose there is an arc uw in H|J where u ∈ Vi and u ̸= vi. We
previously established that H contains a u, vi-dipath. Let ux be the first arc on this path.
Since u and x are on the same leg, and u and w are on different legs, it follows that x is
on the unique u,w-dipath in D. However, then Uncrossing operation 1 can be applied to
arcs ux and uw, contradicting that H is minimally crossing. The case where w ∈ Vi and
w ̸= vi is analogous. This establishes Claim 1.
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<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="mGmfo84RwUOL8jS/lsDonPbVb+I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DPvTXrniV/050CrBOalAjnqv/NXtK5rGTFoqiDEd7Cc2yIi2nAo2LXVTwxJCR2TAOo5KEjMTZPNrp+jMKX0UKe1KWjRXf09kJDZmEoeuMyZ2aJa9mfif10ltdBNkXCapZZIuFkWpQFah2euozzWjVkwcIVRzdyuiQ6IJtS6gkgsBL7+8SpoXVXxVxQ+XldptHkcRTuAUzgHDNdTgHurQAApP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwA8Mo7i</latexit>v10

<latexit sha1_base64="DIQDA9mfL4QgfEI2PWjZ9OtT8KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DONpr1zxq/4caJXgnFQgR71X/ur2FU1jJi0VxJgO9hMbZERbTgWblrqpYQmhIzJgHUcliZkJsvm1U3TmlD6KlHYlLZqrvycyEhsziUPXGRM7NMveTPzP66Q2ugkyLpPUMkkXi6JUIKvQ7HXU55pRKyaOEKq5uxXRIdGEWhdQyYWAl19eJc2LKr6q4ofLSu02j6MIJ3AK54DhGmpwD3VoAIUneIZXePOU9+K9ex+L1oKXzxzDH3ifPz23juM=</latexit>v11

<latexit sha1_base64="xwghj/vO4Zl85gUIoXVv3DpholM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6RVq+LLKr6/qNRv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QM/PI7k</latexit>v12
<latexit sha1_base64="cKzOSdzOzZt8Vbn8LVtxbD+zy8E=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsVFU8FLx4r2A9ol5JNs21sNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3wxeTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ+X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBAwY7l</latexit>v13

<latexit sha1_base64="OuYNXvWHv1AxY1KCr4Xleg3jg8g=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYn4wlXBjcsK9gHtUDJppo3NJEOSKZSh/+DGhSJu/R93/o1pOwttPXDhcM693HtPmAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3w5eTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ8X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBDy47n</latexit>v15

<latexit sha1_base64="jLclXAk3xTxYFzkhtL6bcJkMFRs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R1UcWXVXxfq9Rv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QNCRo7m</latexit>v14

<latexit sha1_base64="Xpe/S077vsfBashu/gKclOduyOE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY8OKxgv2AJpTNdtsu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxMpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuyE1XArFWyhQ8m6iOY1CyTvh5G7ud564NiJWjzhNeBDRkRJDwShaqeNn3lXNn/XLFbfqLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgW587IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvPfyUBozlBOLaFMC3srYWOqKUObUMmG4K2+vE7atap3XfUe6pVGPY+jCGdwDpfgwQ004B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8AeeCO9w==</latexit>{1, 2}
<latexit sha1_base64="btf3/x5qgIkU4mvOkdq6aULovLk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REi3osePFYwX5AE8pmO22XbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnZBqFFxi03AjsJMopFEosB2O72Z++wmV5rF8NJMEg4gOJR9wRo2V2n7mXVz501654lbdOcgq8XJSgRyNXvnL78csjVAaJqjWXc9NTJBRZTgTOC35qcaEsjEdYtdSSSPUQTY/d0rOrNIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk9nvpM8VMiMmllCmuL2VsBFVlBmbUMmG4C2/vEpal1Xvuuo91Cr1Wh5HEU7gFM7Bgxuowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4Ae2aO+A==</latexit>{1, 3}

<latexit sha1_base64="BPdkxXn0dQEO9Voc+wQlD8ukMTU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FLx4r2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/NUaleSyfzCRBP6IDyUPOqLHS47hX7ZXKbsWdg6wSLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCp8VuqjGhbEQH2LFU0gi1n81PnZJzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzP4mfa6QGTGxhDLF7a2EDamizNh0ijYEb/nlVdKsVryrivdwWa7d5nEU4BTO4AI8uIYa3EMdGsBgAM/wCm+OcF6cd+dj0brm5DMn8AfO5w8JuI2d</latexit>v2

<latexit sha1_base64="Z/qw3sAZKoUwDeEugoKNFgU4GNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqRlSj4BJ9w43AbqqQxpHATjS5nfudR1SaJ/LBTFMMYzqSfMgZNVbyg/wymPWrNbfuLkD+Eq8gNSjQ6lc/g0HCshilYYJq3fPc1IQ5VYYzgbNKkGlMKZvQEfYslTRGHeaLY2fkzCoDMkyULWnIQv05kdNY62kc2c6YmrFe9ebif14vM8ObMOcyzQxKtlw0zAQxCZl/TgZcITNiagllittbCRtTRZmx+VRsCN7qy39J+6LuXdW9+0at2SjiKMMJnMI5eHANTbiDFvjAgMMTvMCrI51n5815X7aWnGLmGH7B+fgGoZOOhw==</latexit>{3}

<latexit sha1_base64="+Ktu3CzSSpK+oDgSuZWgbuVqfSU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmeFtmHOZZgYlWy4aZoKYhMw/JwOukBkxtYQyxe2thI2poszYfCo2BG/15XXSvqp7jbr3cF1rXhdxlOEMzuESPLiBJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4ApiWOig==</latexit>{6}
<latexit sha1_base64="N/DStdpR24/k9Qu2jl9e21vHKsI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48VTFtoQtlsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVjahGwSX6hhuB3VQhjSOBnWhyN/c7T6g0T+SjmaYYxnQk+ZAzaqzkB3kjmPWrNbfuLkDWiVeQGhRo9atfwSBhWYzSMEG17nluasKcKsOZwFklyDSmlE3oCHuWShqjDvPFsTNyYZUBGSbKljRkof6eyGms9TSObGdMzVivenPxP6+XmWEjzLlMM4OSLRcNM0FMQuafkwFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jppX9W9m7r3cF1rXhdxlOEMzuESPLiFJtxDC3xgwOEZXuHNkc6L8+58LFtLTjFzCn/gfP4AqTGOjA==</latexit>{8}

<latexit sha1_base64="piuJsFLpdF3Migl4M7fhz3eI9c8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIsT0WvHisYD+gCWWz3bZLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTtolTzXiLxTLW3ZAaLoXiLRQoeTfRnEah5J1wcjf3O09cGxGrR5wmPIjoSImhYBSt1PGz2nXdn/VLZbfiLkDWiZeTMuRo9ktf/iBmacQVMkmN6XlugkFGNQom+azop4YnlE3oiPcsVTTiJsgW587IpVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4rAeZEIlKXLFlouGqSQYk/nvZCA0ZyinllCmhb2VsDHVlKFNqGhD8FZfXiftm4p3W/EequVGNY+jAOdwAVfgQQ0acA9NaAGDCTzDK7w5ifPivDsfy9YNJ585gz9wPn8AjDSPAw==</latexit>{7, 8}

<latexit sha1_base64="Q5eG9s4vkvZ9O/aSGiog2hN1X64=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLKpRT0WvHisYD+gu5Rsmm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFWVNGotYdQKimeCSNQ03gnUSxUgUCNYORnczvz1mSvNYPppJwvyIDCQPOSXGSr6X4UuEq7auvGmvVHYr7hxoleCclCFHo1f68voxTSMmDRVE6y52E+NnRBlOBZsWvVSzhNARGbCupZJETPvZ/OgpOrdKH4WxsiUNmqu/JzISaT2JAtsZETPUy95M/M/rpia89TMuk9QwSReLwlQgE6NZAqjPFaNGTCwhVHF7K6JDogg1NqeiDQEvv7xKWtUKvq7gh1q5XsvjKMApnMEFYLiBOtxDA5pA4Qme4RXenLHz4rw7H4vWNSefOYE/cD5/AOnskDQ=</latexit>{1, 12, 13}

<latexit sha1_base64="cX2pM6q96czo2eHWs1IQgt7W1yc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvHisYNpCE8pmO22XbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkQ1Ci7RN9wI7KQKaRwJbEfju5nffkKleSIfzSTFMKZDyQecUWMlP8hvg2mvWnPr7hxklXgFqUGBZq/6FfQTlsUoDRNU667npibMqTKcCZxWgkxjStmYDrFrqaQx6jCfHzslZ1bpk0GibElD5urviZzGWk/iyHbG1Iz0sjcT//O6mRnchDmXaWZQssWiQSaIScjsc9LnCpkRE0soU9zeStiIKsqMzadiQ/CWX14lrYu6d1X3Hi5rjcsijjKcwCmcgwfX0IB7aIIPDDg8wyu8OdJ5cd6dj0VrySlmjuEPnM8fqreOjQ==</latexit>{9}

<latexit sha1_base64="Wcv8NYP5tsQKSWUrHo3MswwEYyc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvPRY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKD/W+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaV2m8dRhBM4hXPw4BpqUIcGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/DRY1y</latexit>

H1

Figure 7.46: H1

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

<latexit sha1_base64="ZFWjmoGSGxwCk2+/zIZz65CyzXk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWz3bRLN5uwOymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVE04S7kd0oEQoGEUrPY57Xq9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5qVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmf1N+kJzhnJiCWVa2FsJG1JNGdp0SjYEb/nlVdK8qHpXVe/hslK7zeMowgmcwjl4cA01uIc6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w8INI2c</latexit>v1

<latexit sha1_base64="fVNk2VkySxxQfLzYDO918Lerl74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33itX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BCzyNng==</latexit>v3

<latexit sha1_base64="N/wq9Xj9qi+nIfU2//1wVJzQHL0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisaD+gDWWznbRLN5uwuymU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+a4xK81g+mUmCfkQHkoecUWOlx3HvsleuuFV3DrJKvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUrOrNInYaxsSUPm6u+JjEZaT6LAdkbUDPWyNxP/8zqpCW/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV0nzoupdVb2Hy0rtNo+jCCdwCufgwTXU4B7q0AAGA3iGV3hzhPPivDsfi9aCk88cwx84nz8MwI2f</latexit>v4
<latexit sha1_base64="wK80q0htxw1inPrWrfMAQuy7O2I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h30StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/9jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7rHr355XaTR5HEY7gGE7BgyuowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BDkSNoA==</latexit>v5

<latexit sha1_base64="whvJvYMOw5iY0iTmzeGaubxIU4Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AD8iNoQ==</latexit>v6

<latexit sha1_base64="h0kWYVj5g7ZBt2J8bfQxZlyewx8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE177GZdJalCyxaIwFcTEZPY36XOFzIiJJZQpbm8lbEgVZcamU7IheMsvr5Kni6p3VfXuLyv1mzyOIpzAKZyDBzWowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEUyNog==</latexit>v7

<latexit sha1_base64="Zn72ZzQTXNRM+xDk0vKNsWzs8ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtHgqePFY0dpCG8pmO2mXbjZhd1MooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PnnScKoZNFotYtQOqUXCJTcONwHaikEaBwFYwup35rTEqzWP5aCYJ+hEdSB5yRo2VHsa9Wq9ccavuHGSVeDmpQI5Gr/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+6pScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE9b8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWXV8nTRdW7qnr3l5X6TR5HEU7gFM7Bg2uowx00oAkMBvAMr/DmCOfFeXc+Fq0FJ585hj9wPn8AEtCNow==</latexit>v8

<latexit sha1_base64="lAgtAOR376YUDO/+VvsRdZOTUDY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DoFvHiMaB6QLGF20psMmZ1dZmYDYcknePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/NUaleSwfzSRBP6IDyUPOqLHSw7h33StX3Ko7B/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJa6qcaEshEdYMdSSSPUfjY/dUpOrNInYaxsSUPm6s+JjEZaT6LAdkbUDPWyNxP/8zqpCa/8jMskNSjZYlGYCmJiMvub9LlCZsTEEsoUt7cSNqSKMmPTKdkQvOWX/5LmWdW7qHr355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAEL/DqCOfZeXPeF60FJ585hF9wPr4BFFSNpA==</latexit>v9

<latexit sha1_base64="mGmfo84RwUOL8jS/lsDonPbVb+I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DPvTXrniV/050CrBOalAjnqv/NXtK5rGTFoqiDEd7Cc2yIi2nAo2LXVTwxJCR2TAOo5KEjMTZPNrp+jMKX0UKe1KWjRXf09kJDZmEoeuMyZ2aJa9mfif10ltdBNkXCapZZIuFkWpQFah2euozzWjVkwcIVRzdyuiQ6IJtS6gkgsBL7+8SpoXVXxVxQ+XldptHkcRTuAUzgHDNdTgHurQAApP8Ayv8OYp78V79z4WrQUvnzmGP/A+fwA8Mo7i</latexit>v10

<latexit sha1_base64="DIQDA9mfL4QgfEI2PWjZ9OtT8KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqHgqePFYwX5Au5Rsmm1js8mSZAtl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwY33/2yusrW9sbhW3Szu7e/sH5cOjplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upv5rTHThiv5aCcJC2IykDzilFgnNce9DONpr1zxq/4caJXgnFQgR71X/ur2FU1jJi0VxJgO9hMbZERbTgWblrqpYQmhIzJgHUcliZkJsvm1U3TmlD6KlHYlLZqrvycyEhsziUPXGRM7NMveTPzP66Q2ugkyLpPUMkkXi6JUIKvQ7HXU55pRKyaOEKq5uxXRIdGEWhdQyYWAl19eJc2LKr6q4ofLSu02j6MIJ3AK54DhGmpwD3VoAIUneIZXePOU9+K9ex+L1oKXzxzDH3ifPz23juM=</latexit>v11

<latexit sha1_base64="xwghj/vO4Zl85gUIoXVv3DpholM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kUUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6RVq+LLKr6/qNRv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QM/PI7k</latexit>v12
<latexit sha1_base64="cKzOSdzOzZt8Vbn8LVtxbD+zy8E=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4KhsVFU8FLx4r2A9ol5JNs21sNlmSbKEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3wxeTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ+X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBAwY7l</latexit>v13

<latexit sha1_base64="OuYNXvWHv1AxY1KCr4Xleg3jg8g=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYn4wlXBjcsK9gHtUDJppo3NJEOSKZSh/+DGhSJu/R93/o1pOwttPXDhcM693HtPmAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrW24FayWakTgUrBkO76Z+c8S04Uo+2nHCgpj0JY84JdZJjVE3w5eTbqnsV/wZ0DLBOSlDjlq39NXpKZrGTFoqiDFt7Cc2yIi2nAo2KXZSwxJCh6TP2o5KEjMTZLNrJ+jUKT0UKe1KWjRTf09kJDZmHIeuMyZ2YBa9qfif105tdBNkXCapZZLOF0WpQFah6euoxzWjVowdIVRzdyuiA6IJtS6gogsBL768TBrnFXxVwQ8X5eptHkcBjuEEzgDDNVThHmpQBwpP8Ayv8OYp78V79z7mrStePnMEf+B9/gBDy47n</latexit>v15

<latexit sha1_base64="jLclXAk3xTxYFzkhtL6bcJkMFRs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUfFU8OKxgq2FdinZNNvGZpMlyRbK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxvr+t1dYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0OySGCS5Z03IrWDvRjMShYI/h6HbmP46ZNlzJBztJWBCTgeQRp8Q6qTXuZbg27ZUrftWfA60SnJMK5Gj0yl/dvqJpzKSlghjTwX5ig4xoy6lg01I3NSwhdEQGrOOoJDEzQTa/dorOnNJHkdKupEVz9fdERmJjJnHoOmNih2bZm4n/eZ3URtdBxmWSWibpYlGUCmQVmr2O+lwzasXEEUI1d7ciOiSaUOsCKrkQ8PLLq6R1UcWXVXxfq9Rv8jiKcAKncA4YrqAOd9CAJlB4gmd4hTdPeS/eu/exaC14+cwx/IH3+QNCRo7m</latexit>v14
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Figure 7.47: H2

Let G be the digraph on N obtained by including an arc connecting each representative
node in N to its representative node in V . That is, G has arc set⋃

i∈[p]:Vi⊆N in

{rjvi : j ∈ [ℓ], Nj ⊆ Vi} ∪
⋃

i∈[p]:j∈[ℓ],Vi⊆Nout

{virj : Nj ⊆ Vi}.

Since p of these arcs will be loops, after removing loops G contains ℓ− p arcs.

LetH2 = G∪H|J . The subgraphH1 is shown in Figure 7.46, andH2 is given in Figure 7.47.
The solid arcs are those in G, and the dashed arcs are those in H|J . Let H ′ = H1∪H2. We
will prove that H ′ is the desired subgraph. By construction, the node sets of the maximal
connected components in H ′|L and H|L are the same. By Claim 1 and since H ′|J = H|J ,
it follows that H ′|J ⊆ cl(D)[V ].

It remains to show that H ′ is an optimal solution to I, and that H2 is feasible for ϕN (IJ ).
Note that by Lemma 7.35, since H1 is feasible for IL, in order to prove that H ′ is feasible
for I, it suffices to prove that H2 is feasible for ϕN (IJ ). In addition, we will show that
|H ′| = |H1|+ |H2| ≤ |H|, where the cardinality of a subgraph is equal to its arc count.

First, we claim that H2 = G∪H|J is feasible for ϕN (IJ ). Let k ∈ ϕN (KJ ), with source ri
and sink rj, where ri and rj are the representative nodes for a pair of sets Ni and Nj in N .
Moreover, by definition of ϕN (KJ ), there is some commodity k ∈ KJ such that sk ∈ Ni

and tk ∈ Nj, where Ni ⊆ N in and Nj ⊆ N out.

Let L1 be the leg that contains sk, and let L2 be the leg that contains tk. By feasibility
of H, there is a dipath from sk to tk in H, that must contain some arc uv where u ∈ L1

and v ∈ L2, or arcs ur and rv where u ∈ L1 and v ∈ L2. Note that by definition of
V , {sk, ri, u} ⊆ V ′ and {v, rj, tk} ⊆ V ′′ for some V ′, V ′′ ∈ V . Let v′ and v′′ be the
representative nodes of V ′ and V ′′ respectively.
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Observe thatG contains the (possibly trivial) arcs riv
′ and v′′rj. Additionally, H|J contains

the arc v′v′′ or the arcs v′r and rv′′. In either case, we obtain an ri, rj-dipath in H2 as
required.

It remains to prove that |H1| + |G| + |H|J | ≤ |H|. Recall that H decomposes into H|L
and H|J , and that H2 = G ∪H|J . Thus, it suffices to show that |H1| + |G| ≤ |H|L|. By
Corollary 7.24, |H1| =

∑
i∈[ℓ](|Ni| − 1) =

∑
i∈[ℓ] |Ni| − ℓ. Additionally, |G| = ℓ − p. By

definition of the partition V and since all nodes in a single part in N must be connected
in H|L, it follows that |H|L| ≥

∑
i∈[p](|Vj| − 1) =

∑
i∈[ℓ] |Ni| − p. Thus, |H1|+ |G| ≤ |H|L|,

as required.

Proof of Theorem 7.34. Let H1 and H2 be optimal solutions for IL, and ϕN (IJ ) re-
spectively, and suppose H1 is minimally-crossing. By Lemma 7.35, H1 ∪H2 is feasible for
I. By Lemma 7.36 it is in fact an optimal solution since there is an optimal solution for
instance I that decomposes into optimal solutions for IL and ϕN (IJ ).

7.5.4 Spider instances

The main take-away from Section 7.5.3 is that in order to solve a merged-tree instance, it
suffices to solve a union of disjoint in-tree and out-tree instances, IL, and a junction tree
instance ϕN (IJ ). We have presented an algorithm for solving in-tree and out-tree instances,
so it remains to find an algorithm for junction tree instances. For spider instances, a special
case of merged-trees, we present an efficient algorithm that solves ϕN (IJ ). One of the key
considerations is to work with only maximal spider instances, since these permit additional
structure on ϕN (IJ ). An example of the base graph for a spider instance is given in Figure
7.48.

<latexit sha1_base64="nr7M2dkqez1MN5UqBHXfWPoLRI4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqaH65Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6q3lXVa1xWard5HEU4gVM4Bw+uoQb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ad1LjPY=</latexit>r

Figure 7.48

We will present an algorithm for solving a special case of spider instances, defined as
follows.
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Definition 7.37. An instance I = (D,K) is a simple spider instance if it is both a spider
and junction tree instance, and satisfies the following conditions:
(K1) for all distinct s, s′ ∈ S \ {r}, ss′ ∈ cl(D)⇒ T (s) ∩ T (s′) = ∅;
(K2) for all distinct t, t′ ∈ T \ {r}, tt′ ∈ cl(D)⇒ S(t) ∩ S(t′) = ∅.

Recall that a tree instance I = (D,K) is maximal if for all pairs of nodes v, v′ for which D
contains a v, v′-dipath and (S(v) ∪ T (v)) ∩ (S(v′) ∪ T (v′)) ̸= ∅, it follows that (v, v′) ∈ K.
Moreover, given a tree instance I, Imax = Augment(I) (Algorithm 19) is a maximal in-
stance that equivalent under uncrossing to I. We will prove that any maximal spider
instance decomposes into instances IL and ϕN (IJ ), where ϕN (IJ ) is a simple spider in-
stance. Then we will present a polytime algorithm that solves simple spider instances.

As a preliminary result, we first show that the following commodities must be in any
maximal merged-tree instance.

Lemma 7.38. Let I = (D,K) be a maximal merged-tree instance. Let N = {N1, N2, . . . , Nℓ}
be the node sets of the maximally-connected components in G(IL) and let R = {r1, r2, . . . , rℓ}
be the corresponding set of representative nodes in D. For each i ∈ [ℓ],

1. if Ni ⊆ N in, (v, ri) ∈ K, and
2. if Ni ⊆ N out, (ri, v) ∈ K.

Proof. Let i ∈ [ℓ], and supposeNi ⊆ N in. Since v and ri are in the same connected compo-
nent inG(IL), there is some minimal sequence of commodity pairs (s1, t1), (s2, t2), . . . , (sp, tp)
such that v ∈ {s1, t1}, ri ∈ {s1, t1}, and |{si, ti} ∩ {si+1, ti+1}| = 1 for all i ∈ [p − 1]. By
definition of ri, it follows that tp = ri. For a contradiction, suppose p > 2.

Consider the final two commodities, (sp−1, tp−1) and (sp, tp). Since the sequence is minimal,
sp = sp−1 or sp = tp−1, and neither sp−1 nor tp−1 is equal to tp.

Suppose sp = sp−1. Then tp−1 is on the unique dipath between sp−1 and tp and tp−1tp ∈
cl(D). This scenario is shown in Figure 7.49. Since sp ∈ S(tp−1) ∩ S(tp), it follows that
(tp−1, tp) ∈ K. By minimality, either p = 2 and tp−1 = v or p > 2 and |{sp−2, tp−2}∩ tp−1| =
1. In either case, replacing (sp−1, tp−1) and (sp, tp) with (tp−1, tp) gives a smaller sequence
of commodities connecting v and ri in G(IL), a contradiction.
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Figure 7.49: sp = sp−1.
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Figure 7.50: sp = tp−1.

179



Suppose instead that sp = tp−1 (Figure 7.50). Then since sp−1tp ∈ cl(D) and sp ∈
T (sp−1) ∩ S(tp), there is a commodity (sp−1, tp) ∈ K. By minimality, either p = 2 and
sp−1 = v or p > 2 and |{sp−2, tp−2} ∩ sp−1| = 1. In either case, replacing (sp−1, tp−1) and
(sp, tp) with (sp−1, tp) gives a smaller sequence of commodities connecting v and ri in G(IL),
a contradiction. Therefore p = 1 and (v, ri) ∈ K as desired. The case where Ni ⊆ N out

follows by an analogous argument.

In the following lemma, the sets SJ and TJ represent the set of sources and sinks for
the instance ϕN (IJ ). Similarly, for all v ∈ N , SJ (v) = {s : (s, v) ∈ ϕN ,R(KJ )} and
TJ (v) = {t : (v, t) ∈ ϕN ,R(KJ )}.

Lemma 7.39. Let I be a maximal merged-tree instance. Let N be the node sets of the
maximally-connected components in G(IL) and let R be the set of representative nodes.
Then ϕN (IJ ) satisfies the following conditions.

1. for all distinct s, s′ ∈ SJ \ {r}, ss′ ∈ cl(D)⇒ TJ (s) ∩ TJ (s′) = ∅;
2. for all distinct t, t′ ∈ TJ \ {r}, tt′ ∈ cl(D)⇒ SJ (t) ∩ SJ (t′) = ∅.

Proof. Let s, s′ ∈ SJ \{r} be distinct nodes, and suppose ss′ ∈ cl(D). For a contradiction,
suppose TJ (s)∩TJ (s′) ̸= ∅. That is, there are commodities (s, t) and (s′, t) in ϕN (KJ ). By
definition of ϕN (KJ ), it follows that instance I contains commodities (s1, t1) and (s2, t2)
where ϕN ,R(s1) = s, ϕN ,R(s2) = s′ and ϕN ,R(t1) = ϕN ,R(t2) = t. Since I is maximal, by
Lemma 7.38, K contains the commodity pairs (s1, s), (s2, s

′), (t, t1), and (t, t2). Thus, the
graph cl(D) must contain all of the arcs in cl(D′), where D′ is given in Figure 7.51.
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t2

Figure 7.51

We have the following chain of commodities that must be in K, since (s1, t1), (s2, t2), (s1, s),
(s2, s

′), (t, t1), and (t, t2) are all in K.
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s1 ∈ S(s) ∩ S(t1), st1 ∈ cl(D)⇒ (s, t1) ∈ K
t1 ∈ T (s) ∩ T (t), st ∈ cl(D)⇒ (s, t) ∈ K
s2 ∈ S(s′) ∩ S(t2), s′t2 ∈ cl(D)⇒ (s′, t2) ∈ K
t2 ∈ T (s′) ∩ T (t), s′t ∈ cl(D)⇒ (s′, t) ∈ K
t ∈ T (s) ∩ T (s′), ss′ ∈ cl(D)⇒ (s, s′) ∈ K

However, (s, s′) ∈ K contradicts that s and s′ are in different connected components in
G(IL). Therefore the first condition holds. The second condition is analogous.

We obtain the following corollary for spider instances.

Corollary 7.40. Let I be a maximal spider instance. Let N be the node sets of the
maximally-connected components in G(IL). Then ϕN (IJ ) is a simple spider instance.

It follows that in order to solve spider instances of min-cardinality-SPP, it remains to find
an algorithm that solves simple spider instances. Recall that any subgraph H of cl(D)
when D is a merged-tree splits into H = H|L ∪ H|J . We will prove that simple spider
instances can be solved with the same approach as the algorithm for solving star instances.
This result relies on first proving that there is a solution H where H|L has no arcs, and
H = H|J .

Lemma 7.41. Let I = (D,K) be a simple spider instance. There is an optimal solution
H for I such that H = H|J .

Proof. Let I be a simple spider instance. Since I is also a junction tree instance, KL = ∅,
and the trivial graph H1 = (N, ∅) is an optimal solution for IL. By Lemma 7.36, there is
an optimal solution H where H|J ⊆ cl(D)[V ], where V is the set of representative nodes
of the maximally-connected components in H|L. Suppose H is an optimal solution of this
form with the fewest arcs in H|L. For a contradiction, suppose there is some non-singleton
component in H|L.
Let H ′ = (N ′, A′) be a maximally-connected component of H that contains a non-singleton
component in H|L. Let K′ ⊆ K be the set of commodities for which H ′ contains an sk, tk-
dipath. Since H ′ is weakly-connected, it has at least |N ′|−1 arcs. Let H ′′ be the subgraph
with arc set {sr : s ∈ S∩N ′}∪{rt : t ∈ T ∩N ′}. Observe that H̄ = H−H ′+H ′′ is a feasible
solution, and there are fewer arcs in H̄|L than inH|L. Additionally, H̄|J ⊆ cl(D)[V̄ ], where
V̄ is the set of representative nodes of the maximally-connected components in H̄|L. The
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number of arcs in H ′′ is |N ′| if r /∈ N ′, and |N ′| − 1 if r ∈ N ′. Thus, the number of arcs
in H ′ must be |N ′| − 1 and r /∈ N ′ by choice of H. Moreover, the underlying undirected
graph of H ′ forms a tree on N ′.

Let V = {V1, V2, . . . , Vp} be the node sets of the maximally-connected components in H ′|L.
For each i ∈ [p], let wi denote a node that is furthest from r in D, chosen arbitrarily. Note
that if vi ̸= wi, then wi must have degree one in H ′. An example is given in Figure 7.52,
where the solid arcs are those in D, and the dashed arcs make up the component H ′.
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f2

Figure 7.52

By choice of H ′, there is some non-singleton component in H ′|L with node set Vi, repre-
sentative node vi where vi ̸= wi. Without loss of generality, suppose Vi ⊆ N in. Then wi is
a source node, and there is a unique arc e = wiv incident to wi in H. By optimality, H \ e
is infeasible, so some commodity with source wi reaches its sink via an arc departing vi.
Let K1 = {k ∈ K′ : sk = wi} and let K2 = {k ∈ K′ : sk ∈ Vi \ wi}. We define the following
sets, A1 and A2, where

A1 = {f ∈ δ+H(vi) : H \ f has no sk, tk-dipath for some k ∈ K1}, and

A2 = {f ∈ δ+H(vi) : H \ f has no sk, tk-dipath for some k ∈ K2}.

That is, A1 is the set of arcs in δ+H(vi) that are required to route some commodity in K1,
and A2 is the set of arcs in δ+H(vi) that are required to route some commodity in K2. Let
Ā1 be the set obtained by mapping each arc in A1 to depart wi instead of vi. That is,
Ā1 = {wiv : uv ∈ A1}.
Let H̄ ′ be the graph obtained from H ′ by removing arcs A1 \A2 and e, and adding the set
Ā1. Observe that H̄ ′ is feasible for K′, H̄ ′|L has one fewer arc than H ′|L, and maintains
that all arcs in cl(D) ∩ H̄ ′ are between representative nodes of components in H̄ ′|L. If
|A1 ∩ A2| ≤ 1, then the graph (H \ H ′) ∪ H̄ ′ contradicts the choice of H as it would
also be optimal with the desired structure, and have fewer arcs from cl(D)|L. Therefore,
|A1 ∩ A2| ≥ 2. Thus, there are at least two arcs in δ+H(vi), required to route commodities
both in K1 and K2, as depicted by arcs f1 and f2 in Figure 7.52.
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That is, there are at least two node sets V1 and V2, with V1, V2 ⊆ N out, such that T (wi) ∩
Vj ̸= ∅ and T (Vi \{wi})∩Vj ̸= ∅ for each j ∈ [2]. Since instance I satisfies properties (K1)
and (K2), no pair of sources in Vi shares the same sink. As a result, |V1| and |V2| each have
cardinality at least 2. By an analogous argument, each of the representative nodes v1 and
v2 must have degree 2 in the graph H ′|J . Continuing in this manner forces there to be a
cycle in the graph H ′|J , contradicting that H ′ is acyclic. Therefore, H|L must only have
singleton components, and H = H|J as required.

Lemma 7.42. Let I = (D,K) be a simple spider instance of min-cardinality-SPP. There
is an optimal solution such that each component either has arc set {sktk : k ∈ K′}, or
{skr : k ∈ K′} ∪ {rtk : k ∈ K′} for some K′ ⊆ K.

Proof. For ease of notation, we will call a subgraph type I if it has arc set {sktk : k ∈ K′}
for some K′ ⊆ K, type II if it has arc set {skr : k ∈ K′} ∪ {rtk : k ∈ K′} for some K′ ⊆ K,
and type III otherwise.

Let H be an optimal solution such that H = H|J , which exists due to Lemma 7.41.
Moreover, let H be an optimal solution of this form with the fewest maximally-connected
components of type III. For a contradiction, suppose there is some component, H ′ =
(N ′, A′), that is of type III. Let K′ ⊆ K be the set of commodities served by H ′. By the
same logic as in the proof of Lemma 7.27, H ′ must have |N ′| − 1 arcs, and cannot contain
r. Otherwise, replacing H ′ in H with a subgraph of type II would give an optimal solution
with fewer type III components. Let uv be an arc in H ′. Since there are no arcs with both
endpoints on the same leg, H ′ cannot contain any arc uv where uv ̸= sktk for all k ∈ K, as
otherwise it could be removed while maintaining feasibility, contradicting the optimality
of H. Thus, H is in fact a type I graph, contradicting that it was type III.

The proof of the following corollary follows analogously to the proof that an optimal
solution to a star instance is equal to the union of optimal solutions to each weakly-
connected subinstance. We repeat the proof for completeness.

Corollary 7.43. Let I = (D,K) be a simple spider instance of min-cardinality-SPP.
Then m∗ =

∑
i∈[ℓ] m

∗
i .

Proof. Let H = (N,A′) be an optimal solution for instance I, such that each component
either has arc set {sktk : k ∈ K′}, or {skr : k ∈ K′} ∪ {rtk : k ∈ K′} for some K′ ⊆ K. Let
{N1, N2, . . . , Nℓ} denote the node sets of the maximally-connected components in G(I),
and let {I1, I2, . . . , Iℓ} be the partition of I into weakly-connected subinstances.
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Let i ∈ [ℓ], and let Hi be the subgraph of H which includes all arcs with an endpoint in
Ni \ {r}. That is, Hi = (N,Ai) where Ai := {uv ∈ A′ : {u, v} ∩ (Ni \ {r}) ̸= ∅}. For each
commodity k ∈ Ki, the sk, tk-dipath in H consisted of at most two arcs, each with at least
one endpoint in {sk, tk} which was not equal to r. Therefore Hi is feasible for instance Ii.
Moreover, for each j ̸= i, if an arc uv is in Ai and Aj, then wlog u is a source node
in Ii and v is sink node in Ij, each not equal to r. However, such an arc could be
removed while maintaining feasibility. Thus since H is an optimal solution, no such arc
exists and Ai ∩ Aj = ∅. As a result, m∗ ≥ ∑

i∈[ℓ] m
∗
i , and by Lemma 7.6 we have that

m∗ =
∑

i∈[ℓ] m
∗
i .

We now state the algorithm for solving simple spider instances. Observe that the algorithm
is in fact the same as the algorithm for solving star instances.

Algorithm 22: Simple-spider(I)
Input: I = (D,K), a simple spider instance of min-cardinality-SPP.

1 {N1, N2, . . . , Nℓ} ← node sets of the maximally-connected components in G(I)
2 {I1, I2, . . . , Iℓ} be the corresponding partition of I
3 A′ = ∅
4 for i ∈ [p] do
5 if |Vi ∪ r| − 1 ≤ |Ki| then
6 A′ ← A′ ∪ {skr : k ∈ Ki} ∪ {rtk : k ∈ Ki}
7 else
8 A′ ← A′ ∪ {sktk : k ∈ Ki}

9 return H = (N,A′)

Combining Lemma 7.42 and Corollary 7.43 gives the following result.

Proposition 7.44. Algorithm 22 returns an optimal solution given a simple spider instance
in polynomial time.

Therefore, the following algorithm returns an optimal solution given a spider instance in
polynomial time.
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Algorithm 23: Spider(I))
Input: I = (D,K), a spider instance of min-cardinality-SPP.

1 I = (D,K)← Augment(I)
2 IL ← (D,KL)
3 IJ ← (D,KJ )
4 N ← {N1, N2, . . . , Nℓ}, node sets of maximally-connected components in G(IL)
5 H1 ←

⋃
L∈L in-out-tree(IL[L])

6 H2 ← simple-spider(ϕN (IJ ))
7 return H1 ∪H2

Proposition 7.45. Algorithm 23 returns an optimal solution given a spider instance in
polynomial time.

Proof. Since instance I and Imax = AUGMENT(I) are equivalent under uncrossing, and
any feasible solution for Imax is feasible for I, it is sufficient to solve Imax. Thus, we may
assume I is maximal and otherwise we replace it with Imax. By Lemma 7.36, an optimal
solution to I is obtained by taking the union of a minimally-crossing optimal solution to
IL and an optimal solution to ϕN (IJ ). Note that H1 is an optimal solution for IL since
IL is the disjoint union of a set of in-tree and out-tree instances, each defined on a leg of
D. Moreover, by construction of Algorithm 20, H1 is minimally-crossing.

Since I is maximal, ϕN (IJ ) is a simple spider instance by Lemma 7.40. Additionally, by
Proposition 7.44, H2 is an optimal solution for ϕN (IJ ). Therefore the algorithm returns
an optimal solution for instance I.

Thus, we have proven the following theorem.

Theorem 7.46. Spider instances of min-cardinality-SPP can be solved in polynomial
time.

Additionally, we obtain the following proposition.

Proposition 7.47. Let I = (D,K) be a spider instance. Then m∗ =
∑

i∈[ℓ] m
∗
i .

Proof. Let {I1, I2, . . . , Iℓ} be the partition of I into weakly-connected subinstances. Note
that the algorithm AUGMENT only adds a commodity (v, v′) for pairs v, v′ that are in the
same connected component in G(I). As a result, G(I) = G(Imax), and the node sets
{N1, N2, . . . , Nℓ} of the maximally-connected components are the same. Let H be the
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optimal solution for I returned by Algorithm 23. By construction, for any arc uv in
H, either u, v ∈ Ni for some i ∈ [ℓ], or one of u and v are equal to r. It follows that
Hi = (N,Ai) where Ai := {uv ∈ A′ : {u, v} ∩ (Ni \ {r}) ̸= ∅} is feasible for instance Ii,
and Hi and Hj are disjoint whenever i ̸= j. Thus, m∗ =

∑
i∈[ℓ] m

∗
i as required.

It is not true that junction tree instances in general can be solved with the same algorithmic
approach. Consider the following junction tree instance that satisfies properties (K1) and
(K2). Algorithm 22 will not return an optimal solution for this instance. In particular,
while the instance is weakly-connected, D is not an optimal solution, nor is the arc set
{sktk : k ∈ K}. Instead, an optimal solution is presented in Figure 7.54.
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Figure 7.54

7.6 Summary and observations

In this chapter, we presented a simple 3-approximation algorithm for tree instances of
min-cardinality-SPP, as well as combinatorial algorithms for spider instances, and in-
and out-tree instances. We showed that solving merged-tree instances reduces to solving
the special case of junction tree instances. Similar to the min-degree objective, finding
good (potentially exact) algorithms for junction tree instances remains an open problem.
Overall, a natural open problem is to determine the hardness of min-cardinality-SPP on
general graphs, and for tree instances.
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Part III

Conclusion
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Chapter 8

Conclusion and Future Work

In this thesis we consider algorithms for addressing the temporal network design and sor-
tation problems arising in networks with consolidation.

8.1 DDD results

The first focus of this thesis is the advancement of the DDD paradigm. In particular,
we focus on improving DDD in its application to temporal problems in large, region-
based networks. In these networks, hub nodes often have trucks departing along different
outbound arcs at many times each day. In addition, consolidation often relies on utilizing
limited warehouse storage capacity effectively. While these applications are our primary
focus, the developments presented in this thesis have scope beyond problems defined on
these specific network structures.

We demonstrate that the generic DDD approach is ill-suited to solving problems where
near-optimal solutions require a large number of departure times at many high out-degree
nodes in the network. We present a new arc-based DDD approach that permits an arc-
dependent set of departure times to be maintained in each iteration, rather than a fixed
set of departure times for each node. As a result, the lower bound formulation in each
iteration is often smaller than the formulation solved in the original node-based DDD
approach. Moreover, the arc-based approach builds upon the original DDD paradigm,
and as a result, the modifications required to build the arc-based DDD algorithm from a
node-based DDD algorithm are minimal.

The arc-based DDD approach works particularly well when the problem permits a fine arc
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partitioning. However, not all problems permit a fine partitioning, even if arc departure
times are largely disjoint. Consider two arcs in δ+(v) that have independent departure times
in an iteration of DDD. If the arcs must be in the same part in any valid arc partition,
we saw that different departure times for the arcs would result in additional timed copies
of arcs in δ−(v). When δ−(v) = ∅, there is no downside to allowing disjoint departure
times for arcs departing v, and the definition of a valid arc partition can be relaxed for
these nodes. It is possible that when the in-degree at a node v is smaller than the out-
degree, allowing arc-dependent departure times is advantageous even when it results in
commodities with variables for multiple copies of the same incoming arc. Characterizing
when these design choices should be made is an interesting research direction.

Open problem 8.1. Is there a generalization of the arc-based DDD approach that permits
independent departure times for arcs in the same part of a valid arc partition? Can such
a policy out-perform the current arc-based DDD approach?

In this thesis we demonstrate the necessity to relax storage constraints in the lower bound
model when DDD is applied to problems with static node storage. Moreover, we highlight
the need to relax storage without leading to an overly weak relaxation in each iteration,
since this can cause DDD to run for many iterations before terminating. We present
bounds on the additional storage that must be permitted in each iteration, relying solely
on the structure of of the standard map, µ. As a result, the bounds presented generalize
to fixed-charge problems, including the service network design problem.

We also present conditions on the timed node set in a partial network when DDD is applied
to a problem with cyclic constraints. These conditions lead to denser partial networks. We
show that reducing the size of partial networks as they grow over each iteration of DDD
remains challenging. In particular, certain policies for removing timed nodes from the
current partial network can result in iteration cycling (iterations repeat). This leaves the
following open question.

Open problem 8.2. Is there a timed node removal policy that does not lead to iteration
cycling, and that improves the performance of DDD in practice?

Another strategy to reduce the number of large DDD iterations is to initialize the algorithm
with a partial network that results in a tighter lower bound formulation. The standard
approach in DDD is to initialize the timed node set NS to be the minimal set satisfying
the given node set properties. However, this often results in many iterations that have
weak relaxations. Ideally, the initial set NS would be small, while also resulting in a strong
relaxation. For instances in which there is a sufficient data, a promising approach would
be to use machine learning to predict the set NS in the final iteration of DDD.
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Open problem 8.3. Can we use machine learning to predict small timed node sets that
result in strong relaxations? Does initializing DDD with such a set result in a faster
algorithm than initializing DDD with the standard minimal set?

Our work on arc-based DDD as well as incorporating cyclic constraints all surrounds the
improvement of DDD to model problems where the size of the support of an optimal
solution is no longer a tiny fraction of the total timed arc set. Not only do many networks
behave cyclically, but in fact the flow on each arc is roughly constant for periods of the day,
i.e., they are temporally-repeating during periods of the day. As a result, solutions can
only be expressed on large subgraphs of the full time-expanded network. An interesting
direction of research would be to incorporate repetitive flows into the DDD framework,
without leading to large partial networks.

Open problem 8.4. Is there a DDD-type approach that can be applied to problems with
temporally-repeating flows?

It is possible that in order for a DDD approach to perform well on problems with large
supports, the upper bound procedure needs to be strengthened. One direction to improve
upper bounds is to study the strength of continuous formulations compared to discrete
formulations for various problems. The continuous upper bound formulation presented in
Chapter 2 no longer applies to packet routing, nor to SND with cyclic constraints. An
interesting question would be to develop a continuous formulation for these problems, and
compare its performance to standard discrete models.

Open problem 8.5. Are there upper bound and refinement procedures that when combined
with the lower bound model in Section 5.1.2 outperform the approach of solving the full
time-indexed formulation directly?

Finally, when faced with a temporal network design problem, ideally we would be able to
predict whether or not a DDD algorithm would outperform the approach of directly solving
the full time-indexed formulation, without having to implement and test both strategies.
One supporting measurement for this goal would be to bound the number of iterations
DDD could require until terminating. This suggests the following open problem.

Open problem 8.6. Can we develop bounds on the number of iterations required until
DDD terminates, based on the structure of the flat network D?
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8.2 Sortation results

The second focus of this thesis is the modelling and optimization of sortation requirements.
We present an abstract model defined on the transitive closure cl(D) of the physical net-
work D. We show that an assignment of sort points is expressed by a subgraph H of
cl(D), and the out-degree of a node in H is the number of sort points assigned to the
corresponding warehouse. We prove that it is NP-hard to determine whether a feasible
sortation plan exists given fixed sort point capacity limits at each warehouse. We consider
the natural problems of minimizing the max out-degree of a feasible solution, and mini-
mizing the number of arcs in a feasible solution. Our work focuses on tree instances for
each objective.

In Chapter 6, we consider the problem of minimizing the maximum number of sort points
required at a warehouse. We first present combinatorial lower bounds similar to those used
for degree-bounded spanning trees and arborescences in earlier work. We develop a fast
algorithm for solving single-source instances, and an additive 1-approximation algorithm
for multi-source out-tree instances. A natural open question remains.

Open problem 8.7. Can out-tree instances of min-degree-SPP be solved in polynomial
time?

For the multi-source setting, the lower bound formulation has an inherent gap of at least
one for out-tree instances. For the star setting, for any ϵ > 0, there is an instance for which
the largest lower bound is only 2

3
∆∗ + ϵ. In this thesis, we present a 2-approximation for

star instances and are left with the following question.

Open problem 8.8. Is there a polytime α-approximation algorithm for star instances of
min-degree-SPP for some α < 2?

We also present an approach for obtaining an approximation algorithm for tree instances
given an approximation algorithm for junction tree instances.

Open problem 8.9. Is there an O(1)-approximation algorithm for junction tree instances
of min-degree-SPP? An O(1)-approximation algorithm for tree instances?

In Chapter 7, we present algorithms for minimizing the total number of sort points required
in a network. One of the main questions remaining for this objective is the following.

Open problem 8.10. Is min-cardinality-SPP polytime solvable?

In this thesis we present combinatorial algorithms for in-tree, out-tree, and spider instances.
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We showed that in order to find an algorithm for merged-tree instances, it remains to find
an algorithm for junction tree instances.

Open problem 8.11. Is there a polytime algorithm for junction tree instances of min-
cardinality-SPP?

Each of the algorithms presented is combinatorial, and for each setting considered, the
union of optimal solutions for each weakly-connected subinstance is an optimal solution.
An interesting direction would be to consider instance classes for which this decomposition
no longer gives an optimal solution.

In practical applications, while often sparse, the network structure is likely to be more
complex than a tree. Furthermore, while the objectives considered in this thesis are nat-
ural initial choices for understanding the theory of sort point application, they are not
exhaustive. The procedures of sorting and cross-docking have different costs, and require
different amounts of time. Future work would be to find approximate and exact solution
approaches for sort point problems incorporating speed and cost, on general digraphs.
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