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Abstract

The thesis addresses the stability, input-to-state stability (ISS), and stabilization prob-
lems for deterministic and stochastic hybrid systems with and without time delay. The
stabilization problem is achieved by reliable, state feedback controllers, i.e., controllers
experience possible faulty in actuators and/or sensors. The contribution of this thesis is
presented in three main parts.

Firstly, a class of switched systems with time-varying norm-bounded parametric uncer-
tainties in the system states and an external time-varying, bounded input is addressed. The
problems of ISS and stabilization by a robust reliable H,, control are established by using
multiple Lyapunov function technique along with the average dwell-time approach. Then,
these results are further extended to include time delay in the system states, and delay sys-
tems subject to impulsive effects. In the latter two results, Razumikhin technique in which
Lyapunov function, but not functional, is used to investigate the qualitative properties.

Secondly, the problem of designing a decentralized, robust reliable control for deter-
ministic impulsive large-scale systems with admissible uncertainties in the system states
to guarantee exponential stability is investigated. Then, reliable observers are also consid-
ered to estimate the states of the same system. Furthermore, a time-delayed large-scale
impulsive system undergoing stochastic noise is addressed and the problems of stability and
stabilization are investigated. The stabilization is achieved by two approaches, namely a
set of decentralized reliable controllers, and impulses.

Thirdly, a class of switched singularly perturbed systems (or systems with different
time scales) is also considered. Due to the dominant behaviour of the slow subsystem,
the stabilization of the full system is achieved through the slow subsystem. This approach
results in reducing some unnecessary sufficient conditions on the fast subsystem. In fact,
the singular system is viewed as a large-scale system that is decomposed into isolated,
low order subsystems, slow and fast, and the rest is treated as interconnection. Multiple
Lyapunov functions and average dwell-time switching signal approach are used to establish
the stability and stabilization. Moreover, switched singularly perturbed systems with time-
delay in the slow system are considered.
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Chapter 1

Introduction

The term "Hybrid" has been widely used recently. Generally, it means a composite of
heterogeneous sources, while, mathematically, a hybrid system is a dynamical system hav-
ing behaviours modelled by differential equations describing the continuous evolution, and
difference equations representing the discrete events. This coexistence of the continuous
and discrete dynamics is frequently encountered in practice which makes it the focus of
researchers’ attention for the last few decades. Some typical examples that exhibit both

continuous and discrete dynamics in their behaviour are listed as follows

e Bouncing ball, in which an abrupt changes occur to the velocity direction. The
state variables are continuous during the discrete events of the instance changes (the

impacts with the surface) [136].

e Biological systems, in which sudden changes (discrete events) occur during a

continuous state, such as periodic vaccinations or treatments in epidemic models



107, 155).

Classical mechanics, in which the velocities of a multi-body system are disturbed
by sudden changes either due to an external force, a stop object [162], or a collision

or due to change in the length (in a constrained pendulum case) [37].

Communication systems, in which the communications can be achieved by abrupt
impulses. The process implies that, at discrete times, the receiver’s state is updated
by sampling all state variables together and sending them from the transmitter to

the receiver [77,78].

Power converter, where in the boost circuit with clamping diode, there are four
modes and two switch positions that are on and off. The transitions from a mode to
another between the on and off switches are controlled, but the transitions from a

section to another of the diode remain unknown [162].

Water level monitor, in which two continuous and two discrete variables are pre-
sented. The continuous variables are the water level y(¢), and the time passed since
last signal z(t). the discrete variables are the pump status P(t) € {on, off}, and the
last sent signal from the monitor S(t) € {on, off}. When the water reaches specific
levels, the sensor will send a signal to the pump to switch it on or off, and these

dynamics represent a hybrid system [3].



Hybrid systems have found applications in various areas such as mechanical and elec-
trical engineering, industrial robotics, aerospace industry and traffic control, population
dynamics, epidemic disease models, control systems, neural networks, secure communica-
tions and much more. Further examples and references in hybrid systems can be found

in [4,24,25,54,91] and the references therein.

The combination of continuous and discrete behaviours leads to more valuable and
significant dynamical phenomena that can not be achieved by exclusively continuous or
exclusively discrete dynamics [54]. This combination commonly arises in two contexts:
either a family of subsystems and a logic-based discrete law to jump amongst them or a
continuous system to experience some abrupt changes or sudden jumps. The first class
is known as switched systems and the latter one is known as impulsive systems.
Impulsive switched systems are another type of hybrid systems where jumps occur

whenever switchings occur.

1.1 Switched Systems

Switched systems describe phenomena that are characterized by a finite number of dy-
namical subsystems (modes) and a logic-based switching rule (signal) that governs the
switchings between the modes to achieve a desired performance of the system. Switched
systems appear in two frameworks. Either by the nature of the system as many natural

and engineering systems natures are changing dynamics according to certain environmental



factors, or by controlling the system as many continuous systems are stabilized by several

control signals.

T<70. turn furnace off
@ turn furnace on
- - -
OFF OFF OFF
—> - > -
T>75. ON ON ON

Figure 1.1.1: Automatic Heater Control.

Example 1.1.1. [63] An automatic heater control which is controlled by a furnace is
designed to respond to different temperatures, e.g. 70 < T < 75, and is an example of the
first framework described earlier. The switching is determined by environmental factors

(the temperature). Here we have two modes g = {ON,OFF}, see Figure 1.1.1.

Example 1.1.2. [63] An example of the second framework is the supervisory switching
control system which is shown in Figure 1.1.2. The stability of the process is achieved by
several controllers each of them is designed to accomplish a specific task. In this case, the

supervisory control organizes the switching among them.

Example 1.1.3. (Manual Transmission Gear Control) [113] Consider a car with a manual
four gear transmission. The motion is determined by the position of the car x(t) and the
velocity v(t). The system has two control signals, the gear gear € {1,2,3,4} and the

position of the accelerator pedal w. x(t),v(t) are both continuous state variables while

4



Switching Signal

Controller 1 —<

Controller 2

»| Controller 3

Figure 1.1.2: Logic-based supervisory switching control.

the gear gear is discrete. Fvery gear represents a mode, and the driver is the decision
maker who takes the action of switchings between the gears (modes). See Figure 1.1.3 for

tllustration.

v=a(u,v) v =a(u, V)

Figure 1.1.3: Gear Shift Control.

Many real world applications are modelled as switched systems. Applications include
automotive industry, aircraft control, switching power converters and many other fields

(see for example [93,94,124,147,162| and the references therein).

A remarkable feature of switched systems is that the stability properties are not inher-



ited. In other words, even if all the subsystems are stable, the switched system may not
be stable. However, stability of such system can be attained if a proper switching rule is
applied. The stability of switched systems has received much attention, and been stud-
ied using either common Lyapunov function method [44, 132, 166], or multiple Lyapunov
function method [35,188]. A number of authors discussed the stability using the first ap-
proach, but due to complexity, restrictions, or even nonexistence of the common Lyapunov
function, the latter one is more convenient and practical to handle switched systems [93].
The main focus of stability study is to design a suitable switching rule that guarantees the
stability property. In [131], it has been shown that the stability of the switched system
composed entirely of stable subsystems can be preserved if the dwell-time 74, the time
between any two consecutive switchings, is sufficiently large, i.e. every subsystem must be
activated for at least 7, time. From practical perspective, the latter dwell-time condition
may not hold in some situations, such as aging systems or systems with finite escape time.
However, one can get the same stability result if the average dwell time 7, is satisfied [64].
These two switching rules were utilized to fulfil the stability purpose for switched systems
involving some unstable modes among the subsystems [66,94, 189]. Intuitively, to restrain
the growth effect of the unstable modes, the stable ones must be activated longer. A
more general switching law, Markovian switching, has also been used where the switchings
between the system’s modes follow a random rule [94,120]. The dwell-time and average
dwell-time approaches have been intensively exploited in literature to obtain stability crite-

ria for large class of, linear, nonlinear switched systems, with and without time-delay, with



and without the perturbation effects, and switched systems with control. For the review of
the switched system literature, see [4,26,33,35,40,54,67,91,93-95,129,147,192-194, 197|

and the references therein.

1.2 Impulsive Systems

In practice, many dynamical processes encounter some abrupt jumps (impulses) at certain
moments during the continuous physical evolutions. These systems are referred to as
impulsive systems, a special type of hybrid systems, in which the durations of these jumps
(impulses) are often negligible and thus can be approximated as instantaneous impulses.

Motivation examples of impulsive systems include

Example 1.2.1 (Optimal control). [13//

Suppose an optimal control problem that represents a certain physical process and given

by
= f(t, x,u) (1.1)
The problem is to choose u in a given set of controls such that the solution x has a desired
behaviour in a time interval [tg, T'| to minimize some cost functional. If this control function
has to be chosen from a set of integrable functions defined on [to, T, then the solution x of

the control system may have discontinuities (impulses).

Example 1.2.2 (A bouncing ball). [136] Consider a bouncing ball that is jumping on

a horizontal surface (Fig. 1.2.1). Here, Newton’s law of motion governs the continuous

7



motion of the falling ball, which is dropped from an initial height hy. We consider the ball

as a point mass. The friction of the surface decreases the ball’s energy p. This process is

2N

Figure 1.2.1: A bouncing ball

modelled by a second order differential equation

d*x
where m is the ball’s mass, F' = —mg, s the force, and g is the acceleration. When the ball

reaches the surface, its vertical velocity rv reversed and decreased, where v is the incoming

velocity before an impact, and 0 < r < 1. The dynamics of this process are given by
Ty =Xy, Ty = —g, T3 =" (1.3)

where x1 represents the wvertical position of the ball, x5 the vertical velocity, and xs the
horizontal position of the ball with initial condition 7 = (x1, 9, x3) = (ho,0,0), and the
impulse condition

IF = (21, —ps, as), for u(x) = a1 = 0 (1.4)



FEach bounce displays continuous motion while at each tmpact the wvelocity undergoes a

sudden change .

Example 1.2.3 (Price expectations and governmental price adjustments in marketing).

[55] Consider market model with n merchandises. The vectors QT = (Q1,...,Q7), QT =
(Qh,...,Q") and PT = (P!, ..., P") represent the supply, demand, and price, respectively.
Assume that

Qs = S(tv P(t)7pl(t)7p//(t))

and

Qd = D(t,P(t),P/@f)?P”(t))

where P'(t), P"(t) are the changes of prices and the expectation of the price rising respec-

tively. Assume that the price adjustment process is given by

P = g(QS:Qd)

Solving for P" gives

P" = F(t,P(t), P'(t))

So, the dynamics of the prices remain continuous, but at certain times, say, 0 < t; <
to < ... <t, <T, the government will adjust the prices, according to certain law, creating
impulses (sudden jumps in the prices) during the continuous evolution at which the price
P(t) is replaced by the new price I,(P(tx)), k = 1,2,...,n. This will also affect the actual

changes of the price P'(t) and replace it by Ly(P(ty), P'(t,k)) creating another jumps.



Example 1.2.4 (Insulin treatment). For diabetics, the sugar level in the blood should be
maintained in a certain interval, say [a,b]. During the day, due to having foods, the sugar
level increases slowly in the blood (this is the continuous evolution) approaching the upper
bound of the interval b, say b—e. So, at certain times during the day, say, 6 am, 2 pm, and
10 pm, the insulin should be injected to keep the sugar level under b. So, at these times,

the sugar level suddenly jumps to some value near a, say, a + € creating impulses.

Y4

A 4

6 am 2 pm 10 pm

Impulsive systems have many applications in control systems [31, 100], population dy-
namics [36, 101, 103], neural networks [88, 108], secure communications |77, 78|, physics,
biology, robotic industry, aeronautics, and many others. The stability of impulsive sys-
tems have received a great deal of attention, and have been intensively investigated in the

literature [2,27,28,32,85,91, 100,167, 183].

Impulses have , sometimes, a significant role in maintaining the continuation of the

solutions of the models [85] or stabilizing the system in some unstable non impulsive sys-

10



tems [99, 100]. Theoretically, dealing with impulsive systems is more challenging than the
one of classical continuous ordinary differential equation systems, that is the solution is
piecewise continuous which leads to a number of difficulties. In some cases, impulses are
considered as a disturbance to the system, and stable systems may lose stability due to
impulsive effects. On the other hand, if impulses are applied to unstable systems logically,
they may stabilize them. Consequently, the classical qualitative properties such as exis-
tence, continuous dependence on initial data, stability results on the continuous systems
may be violated and/or need some extra conditions or even a totally new interpretation.
Moreover, in the state-dependent impulses, a beating phenomenon, pulses are happening

infinitely many times on a hyper-surface, could arise.

1.3 Impulsive Switched Systems

Switched systems with impulsive effects generate a wider class of applications that are rich
of significant dynamical phenomena. Stability analysis of these systems has attracted many
authors in the last three decades (see, e.g. [91,92,175,180,186]). The applications include
biological systems since there are continuous changes in the regular operations and abrupt
changes occur caused by the impulse factor. Further examples in population dynamics can
be found in [36]. The following are simple examples where this combination of switchings

and impulses occurs

Example 1.3.1 (Population control). [91] Suppose that the state vector X (t) is the pop-

11



ulation of a country, and U(t) is the policy of that country which is the control. Let 2
indicates the whole set of the population, and is divided into n subsets. The problem can
be described as

U(t) = K;(X(t)), where X(t) € Q. (1.5)

It means that if a country is in need of population, the policy will encourage people to have

more children, and the reverse is true.

Example 1.3.2 (A switched Server System with Arrival Rate Less than Service Rate).
[91] Consider a system of four buffers and one server, After the server removes the work
from any buffer i = 1,2, 3,4, it switches to the next buffer with a positive reset time t that
the server removes work at a unit rate and gives work to next buffer at a constant rate
of pi (Si_ypi < 1). The switching process between the buffers forms a cycle which repeats

itself in a closed-loop manner. This system is composed of five continuous variable systems

(CVS) given as follows

Xl(t>:p1_1 Xl(t) =D Xl(t):pl
Xo(t) = po Xo(t) =p2—1 Xo(t) = p2
CVS1 = . ,CVS2 = . ,CV 83 = . ,
X3(t) = ps X3(t) = ps X3(t) =ps —1
X4(t) = D4 X4(t) = P4 X4(t) = P4
Xi(t) = p X1(t)=p1
XQ(t) = P2 X2<t> = P2
CVS4 = . ,CVS = . ,
X?,(t) =D3 X3(t) =D3
Xy(t) =ps—1 Xy(t) = ps

where CV' St (i = 1,2,3,4) denotes the process that the server removes work from buffer

i, and CV'S denotes the process that the server switches from one buffer to another, X;(t)

12



denotes the work in buffer ¢ at time t. Then, the relation between these C'VSs can be seen

in Figure 1.5.1.

Figure 1.3.1: The Switchings between the buffers

1.4 Hybrid Systems with Time-Delay

The classical stability results of hybrid systems used ordinary differential equations
(ODEs), which depend on the present states only ignoring any information from their his-
tory. As a matter of fact, many real world phenomena and man-made plants are subject to
some time-delay. Namely, the past information contribute in forming a better idea about

the future system behaviour. This class of equations is referred to as delay differential

13



equations (DDEs). Since time-delay is unavoidable in practice, considering time-delay
in hybrid systems is more realistic and practical. Time-delay in secure communication
systems, population dynamics, ship stabilization and many other application has an im-
portant role and has motivated many researchers to implement time-delay in the models
under study. Stability analysis of DDEs, compared with the stability analysis of ODEs, is
more challenging. For instance, the presence of a small time-delay may cause undesirable
behaviour such as discontinuities, loss of uniqueness, chaos. On the other hand, delay
can improve the performance [38]. Fortunately, some of useful tools such as Lyapunov-
Razumikhin technique, Lyapunov Krasovskii functional (LKF) method, Ha-
lanay inequalities have been developed to deal with a large class of hybrid systems with
time-delay. A considerable progression has been achieved in this field since 1980’s and
up until now, for more readings, one may refer to [8,38,51,55,59-61, 71, 84] and many
references therein. Implementing time-delay to hybrid systems, gives rise to three classes
of delayed hybrid systems, which are switched systems with time-delay, impulsive
systems with time-delay, and switched tmpulsive systems with time-delay. Some
applications of switched delay systems are epidemic disease models and consensus in dy-
namical networks. Moreover, many significant applications have motivated researchers
to consider impulsive delayed systems. The most interesting applications include secure

communications and cellular neural networks (CNNs).

Stability criteria for dynamical systems has attracted researcher’s attention for a long

time. The universally most efficient used stability tool is Lyapunov second method,

14



which is named after Aleksandr Lyapunov (1892). A feature of this method is that one
may analyze the stability of the systems without any knowledge of the solution. Later,
another stability concept, bounded-input, bounded-output (BIBO), was developed for
linear systems. This technique implies that the boundedness of the output of the system
is maintained if a bounded input is applied to the system states. The connection between
these two stability methods is known as input-to-state stability (ISS), which was first
introduced by Sontag in 1989, in which an input function is included in the system model
and no measured output is present. The ISS notion deals with the system response to a
norm (particularly Ls)-bounded disturbance when the unforced system is asymptotically
stable. ISS is an efficient tool to investigate stability-like criteria of nonlinear systems that
are subject to input disturbance, which is frequently encountered in practice. As a result,
it becomes important in the modern nonlinear control theory and design. When that input
disturbance is identically zero, ISS concept reduced to the conventional Lyapunov stability
of the system. For further readings and applications on ISS property, one may consult
[151-154, 160, 161]. Numerous research works have discussed the ISS criteria of hybrid
systems with and without time-delay. In [169], the ISS property for switched nonlinear
systems with time-delay has been achieved using piecewise LKF approach and average
dwell time scheme. Furthermore, the delay was considered in the state and the switchings,
i.e., in system switchings and controller switchings. Later in [171], a new piecewise LKF
was constructed for the nonlinear switched systems with time-varying input delay to satisfy

ISS assuming that the Lyapunov function for the nominal system is available and using a
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mode-dependent average dwell-time scheme. ISS for impulsive systems has gained much
attention in the literature |21,42,43]. The authors in [42] have used Razumikhin-type
technique to guarantee ISS for impulsive systems with time delay. They have considered the
situation when the continuous dynamics are ISS but the discrete dynamics are not and the
converse case. In [43], the same authors addressed the problem of ISS for networked control
systems by an impulsive system method. Here, the system was viewed as an interconnected
system of impulsive subsystems and the method of LKF was adopted, and thus, sufficient
conditions, based on linear matrix inequalities (LMI), were derived to guarantee ISS for
the proposed systems. Sufficient conditions to achieve ISS property for impulsive switched
systems with time-delay were stablished in [98]. A number of papers addressed the problem

of ISS for stochastic hybrid systems (see e.g. [17,19,21,158,191]).

1.5 Reliable Control

The reliable control is the controller that tolerates actuator and/or sensor failures while
maintaining a desired performance. The control components failure is frequently encoun-
tered in reality, yet the immediate repair may not be available such as in aerospace or
submarine vehicles. Therefore, designing a reliable controller to guarantee an acceptable
level performance becomes crucial. The trend to design reliable controllers has increased,
see for instance [46,143,163,165,182|. In most of the available results about reliable control,

the faulty actuators are modelled as outages i.e., the output is assumed to be zero. In [182],
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a more general failure model was adopted which consists of a scaling factor with upper and
lower bounds to the control action. In [19,112,143,165], the output signal is considered as a
disturbance signal with bounded magnitude that is augmented with the system disturbance
signal. Many research articles have addressed the problem of reliable control for a various
types of systems. For switched systems, [67] handled the problem of designing robust Hy,
reliable control for uncertain switched systems using Schur’s complement and LMI, while
for positive switched systems with time-delay where both stable and unstable modes are
involved, LKF approach and LMI together with average dwell-time signal were employed
in [174] to accomplish exponential stability via reliable control. The latter approach was
also adopted in [139] for uncertain mechanical systems to guarantee asymptotic stability.
Recently, robust reliable control for neutral-type systems with time-delay was considered
in [123,142|. There are also many results of reliable control of deterministic and stochastic

systems, one may refer to [50,52,56,65,69,116,173| and the references therein.

1.6 Large-Scale Systems (LSS)

In real world systems, it has been realized that for many control systems, either the sys-
tem is naturally modelled as an interconnected system or the system cannot be analyzed
via the known simple approaches due to its complexity. This complexity may be due to
high dimensionality, delays, uncertainties, or data structure restrictions. The notion of

LSS! represents a dynamical system that is characterized by several dynamics, or a system

! Also known as interconnected or composite systems.
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that needs to be split up into independent manageable subsystems. There are mainly two
structures of LSS, multi-channel systems, and interconnected systems (see Figure 1.6.1).
Motivating applications arise in interconnected power systems, computer and telecommuni-
cation networks, economic systems, nuclear reactors, mobile robotics, multiagent systems,

traffic systems, to name a few [22,23,75,117,144, 187].

Interconnectlon

I\

u (1) xz(f) ur(t) x1(0)  w@) x2()  up(t) x,(2)

a) n-channel System. b) interconnected Systems.
i y

up (1)

Figure 1.6.1: Large-Scale System.

A common approach to analyze the stability of LSS is to decompose the system into
lower order, isolated subsystems and establish the stability of each subsystem ignoring the
interconnection part. Then, this available information is used together with the intercon-
nection, which is treated as a perturbation, to get a conclusion about the stability of the
interconnected system. LSS problem has received a great deal of attention over the past

few decades. Interested readers may refer to [16,29,48 57,70,72,79,97,102,106, 115,122,
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126, 128, 140, 148, 185]. In [97], robust exponential stabilization of large-scale uncertain
impulsive with coupling time delay was studied, and Lyapunov method and Razumikhin
technique where used to design controller in terms of linear matrix inequalities. In [102], a
comparison method was used to discuss robust stability of large-scale dynamical systems
of ODEs. This method was developed later in [106] to study the same problem with time

delay.

1.7 Singularly Perturbed Systems (SPS)

Systems involving multiple time-scale dynamics arise in a large class of applications in
science and engineering such as celestial mechanics, many-particle dynamics, and climate
systems, mechanical systems, and many other areas [190], and known as singularly per-
turbed systems. They can be viewed as a class of LSS in which two or more time-scale
dynamics are coexisting and interacting. They are characterized by small parameters mul-
tiplied by the highest derivatives. The stability problem of these systems has attracted
many researchers; see [5,7-9,76,81,82,104, 135,137,138, 141] and some references therein.
The exponential stability for linear and nonlinear singularly perturbed systems with time-
delay and uncertainties has been addressed in [76]. In this work, the KLF method has
been employed to prove the exponential stability. In [90], the global asymptotic stability
criteria for a class of impulsive singularly perturbed systems were proved using the KLF

and free weighting approach. The sufficient conditions were formulated in terms of LMIs.
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Motivated by what have been discussed earlier, the focus of the present thesis is on
studying the stability properties of the presented types of hybrid systems with and without

time-delay via reliable feedback control technique.

The contents of this thesis is outlined as follows: Chapter 2 has the basic definitions and
problem formulations. The rest of this thesis is displayed in three parts. In Part I, the prob-
lem of robust and reliable H., control and ISS has been introduced for uncertain switched
systems with and without time delay. The same problem for the impulsive systems with
time-delay and for the impulsive switched systems with time-delay is investigated. Part II
addresses the exponential stability criteria for the Impulsive LSS via robust and reliable
feedback control and the state estimation problem. In part III, the stability analysis of
switched singularly perturbed systems with and without time-delay is illustrated. Chapter

7 has the stochastic one. Conclusions and some future study directions.

1.8 Summary of Contribution

The research contribution of the present thesis is shown below

¢ Robust and reliable H,, control and ISS for uncertain hybrid systems with
and without time-delay (Part I): The novelty here is to develop new sufficient
conditions that guarantee the input-to-state stabilization and H, performance of the
hybrid system in the presence of the disturbance, state uncertainties, and nonlinear

lumped perturbation not only when all the actuators are operational, but also when
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some of them experience failure. To accomplish this goal, we assume that every single
mode is input-to-state stabilized by a robust reliable controller. The methodology of
multiple Lyapunov functions and average dwell-time signals are used to analyze the

input-to-state stabilization.

For the systems with time-delay, i.e., switched system, impulsive systems, and im-
pulsive switched systems, Razumikhin type technique is employed to obtain the ISS

results.

Robust and reliable control for impulsive LSS (Part II) This part addresses
the problem of exponential stabilization of impulsive large-scale systems (ILSS) with
admissible uncertainties in the system states via a robust reliable decentralized con-
trol. Furthermore, reliable observers are also considered to estimate the states of the
system under consideration. The faulty actuator/sensor outputs are assumed to be
zero. Moreover, the input-to-state stability via reliable controller and stabilization
via impulses problems are considered for the stochastic ILSS with time delay. The

results are achieved using a scalar Lyapunov function.

Reliable control stabilization of switched singularly perturbed systems
(Part IIT) The exponential stability for a class of switched singularly perturbed
systems not only when all the control actuators are operational, but also when some
of them experience failures is discussed. Multiple Lyapunov functions and average

dwell-time switching signal approach are used to establish the stability criteria for
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the proposed systems. A full access to all the system modes is assumed to be avail-
able, though the mode-dependent, slow-state feedback controllers experience faulty
actuators of an outage type. The system under study is viewed as an interconnected
system that has been decomposed into isolated, lower order, slow and fast subsys-
tems, and the interconnection between them. Moreover, time-delay is considered for
this system. Halanay inequalities are utilized to prove the exponential stability result

for the delayed systems.
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Chapter 2

Mathematical Background and

Formulations

In this chapter, we present some basic materials that will be needed in the rest of this

thesis.

2.1 Preliminaries and Basic Concepts

Denote by N the set of all natural numbers, R, the set of all non-negative real numbers,
R" the n-dimensional Euclidean space and its norm [|z|| = /3., 7 for every z € R",
R™ ™ the set of all n x m real matrices. Let C([a,b], D) (PC([a,b], D)) denote the space of
continuous (piecewise continuous) functions mapping [a, b], with a < b for any a,b € Ry,
into D, for some open set D C R". Also, denote by C?(R, x R™; R, ) the space of all real-
valued functions V' (¢, z) defined on R, x R™ such that they are continuously differentiable

once in t and twice in x.
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Consider the following system of time-variant ordinary differential equations (ODE),

2(t) = f(t,2(t)), (2.1)

where x € R*, t € Ry, and f : I x D — R" is continuous on /I x D with I C R, and
D C R"™ such that it contains the origin. For a given (ty,zo) € I X D with zq = x(to), the

corresponding initial-value problem (IVP) related to equation (2.1) can be written as

{ i(t) = f(t,z(t)), (2:2)

Z(](to) = Xop-

A continuously differentiable function ¢(¢) defined on an interval I C R such that ¢(t) € D
for all ¢ € I is said to be a solution of the IVP (2.2) if ¢(t) = f(t,$(t)) for all t € I, and

(b(to) = 29 with to el

Theorem 2.1.1. If f is continuous on I X D, then for any (to, xo) € I x D there exists at

least one solution of the IVP (2.2) in I.

Definition 2.1.2. A function f(t,z) defined on I x D is said to be locally Lipschitz in x
iof there exists a constant L > 0, called Lipschitz constant, such that

[ (£, 21) = f(£,22) || < L2y — 22
for any points (t,x1) € I x D and (t,z3) € I x D. Moreover, if this inequality holds for all

x € R, then f is said to be globally Lipschitz in x.

Theorem 2.1.3. If f(t,x) is continuous with respect to first variable and locally Lipschitz
continuous with respect to second variable, then for any (to,zo) € I x D there exists a

unique solution of the IVP (2.2).
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A point z., € R" is said to be an equilibrium point of the differential equation in (2.1),
or trivial solution of system (2.2) if f(¢,z,,) = 0 for all t > ¢,. Since any equilibrium
point can be shifted to the origin, throughout this thesis we will deal z., = 0 (or = 0, for

simplicity of notation). In the following, we state the definitions of some stability concepts.

Definition 2.1.4 (Stability). Let z(t) = z(t,to, zo) be the solution of IVP (2.2) for any

t > tg, then the trivial solution x = 0, is said to be

(i) stable if, for any € > 0 and ty € Ry, there exists a § = 6(to,€) > 0 such that

[zoll <& implies (¥l <€ forany > t;

(17) uniformly stable if (i) holds with § = 0(¢);

(111) asymptotically stable if (i) holds and there exists a positive constant § = 0(tg)
such that

l|lzol| < 0 implies lim x(t) = 0;

t—o00

(iv) globally asymptotically stable if (izi) holds with an arbitrary large constant ¢,

(v) uniformly asymptotically stable if it is uniformly stable and there is a positive
constant 9, independent of ty, such that, for all ||xo|| < 0, im0 z(t) — 0, uniformly
in to; that is, for any n > 0, there is T = T(n) > 0 such that, for all ||zo| < 9,

lz()|| <, Vt>to+T;
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(vi) globally uniformly asymptotically stable if (v) holds with an arbitrary large

constant ¢;

(vii) exponentially stable if there exist positive constants §, k and A such that

|z(t)|| < k||zo|le ), whenever ||xo|| < 9§, and t > ty;

(viii) globally exponentially stable if (vii) holds with an arbitrary large constant o;

(iz) unstable if (i) does not hold.

In the following, we define some important classes of function that will be used in rest

of the thesis.

Definition 2.1.5. Let D C R"™ be an open set containing x = 0. A function W : D — R
is said to be positive-definite on D if it is continuous on D, W(0) = 0, W(z) > 0 for
x € D\{0}; it is said to be radially unbounded if it is positive-definite and W (z) — oo

as ||z|| — oo.

Definition 2.1.6. The upper right-hand Dini derivative of V (t,x) that is continuous in t

and locally Lipschitz in x along the solution of (2.1) is defined by

D*V(t,x) = lim sup % [V(t+h,x+ hf(t,z)) = V(L z)].

h—0t

Furthermore, if V (t,x) has continuous partial derivatives with respect to t and x, This

derivative becomes



where V,V (t,x) is the gradient vector of V' with respect to x.

Definition 2.1.7. A continuously differentiable function V. : D — R is said to be a

Lyapunov function if it is positive-definite and non increasing in its domain, i.e.,
V(0)=0, V(z) >0, for x€D\{0} andV <0 in D. (2.3)

The following theorem provides sufficient conditions to guarantee stability and asymp-

totic stability of the autonomous system
i(t) = f(x), (2.4)

Theorem 2.1.8. Let x = 0 be an equilibrium point of (2.4), and V' : D — R where D
contains © = 0 be a continuously differentiable function satisfying (2.3). Then, x = 0 is

stable. It is said to be asymptotically stable if
V<0 in D\{0}.
Consider the positive-definite function V(z) = 2T Pz, where P is a positive-definite
matrix. Then, the following inequalities hold
Amin(P)|2]]* < 2" P < Aax(P) |12 (2.5)

where Apin(P) and Apax(P) are the maximum and minimum eigenvalues of P, respectively.

Consider the linear system

(2.6)



where x € R™ and A € R™", The stability properties can be analyzed by Lyapunov
stability theory as follows. Define V(z) = z’ Pz as a Lyapunov function candidate of

system (2.6), where P is a positive-definite matrix satisfies the Lyapunov equation
ATP + PA=—-Q

with @ being a positive-definite matrix. Then, the derivative of V'(z) along the trajectories

of (2.6) is given by
V =i"Px 4+ 2"Pi = 2T(ATP + PA)x = —2TQz < 0,

which implies that the equilibrium point of system is asymptotic stable.

In practice, transforming physical phenomena into mathematical models often includes
uncertain factors due to modelling mismatches, linearization, approximations or measure-
ment errors, etc. It has been realized that considering such uncertainties results in more

accurate systems; see for instance [16,46,57,97,176]. Consider the uncertain system

(2.7)

{ T =(A+ AA)r, t >t
Q?(to) = T,

where AA is a piecewise continuous function representing parameter uncertainty with

bounded norm, we always assume the following assumption holds throughout this thesis

Assumption A. The admissible parameter uncertainties are defined by
AA(t)=DU(t)H, VteR,,
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with D, H being known real matrices with appropriate dimensions that give the structure
of the uncertainty, and U(t) being unknown real time-varying matrix representing the

uncertain parameter and satisfying [|U/(?)] < 1.

To further analyze the stability properties of nonlinear systems, the following class

functions, also known as comprison functions, are needed [79).

Definition 2.1.9. A function o € C([0,al,R,) is said to be in class K if a(0) =0, and it
is strictly increasing. It is said to be in class Ko if it is in class K, a = 00, and a(r) — oo

asr — O0.

Definition 2.1.10. A function 8 € C([0,a] x Ry, R.) is said to belong to class KL if
B(-,s) € K for each fizred s, (r,-) is decreasing for each fixed v, and [(r,s) — 0 as

S — OQ.

Assume that x = 0 of the nonlinear system (2.2) is asymptotically stable. If this system
undergoes a bounded-energy disturbance input w € PC(R,,R™), what can be said about

the qualitative behaviour of the output x of the forced system

i @8

where f : [0,00) X R" x R™ — R" is piecewise continuous in ¢ and locally Lipschitz in x

and w. The input w(t) is a piecewise continuous bounded function of ¢ for all ¢ > 0.

The following definition gives an answer to this question.
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Definition 2.1.11 (Input-to-State Stability [79]). System (2.8) is said to be 1SS if there
exist functions € ICL and v € K such that, for any xo and w, the solution x(t) ezists for

all t >ty and satisfies

[z < B(llzoll,t = to) +~( sup_[lw(s)])- (2.9)

to<s<t

Clearly, for a large enough ¢, 5 — 0 and the solution will eventually be bounded by
a class IC function v, which depends on the input. One can easily notice that if input
w(t) = 0, for all t > ¢y, the ISS property reduces to the classical asymptotic stability of

the trivial solution of the corresponding unforced system.

To analyze the ISS of (2.8), one can use Lyapunov-type theorem to provide a set of

sufficient conditions as follows:

Theorem 2.1.12. [79] Let x(t) = z(t,to, zo) be the solution of (2.8). Let V : [0,00) X
R™ — R be a continuously differentiable function such that the following conditions hold

for any (t,x,w) € Ry x R" x R™
ar([lz]]) < V(¢ z) < as([|]) (2.10)

oV (t,x) N oV (t,x)
ot Oz

ft ) < =W(x), V| = p(fwl]) >0 (2.11)

for all (t,x,w) € [0,00) X R™ x R™ where ay, ay are class Ko functions, p is a class K
function, and W (x) is a continuous positive definite function on R™. Then, system (2.8)

is 1SS with v = a7 ' o ay 0 p.
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2.2 Switched Systems

Consider the following control system

{ &= f(t,z) + u(t), (2.12)

x(to) = Xy,

where u : R, — R™ is the control input given by
u(t) =Y Bila()l(t),
k=1

where By is the control gain matrix and [;(+) is the ladder function defined by

B 1, Tp1 < <71
(t) = { 0, otherwise.

Then, u(t) can be written as
U(t) = Bk<x(t))7 te [Tk—lv Tk)? k€ N7

that is the controller changes its values at each time instant ¢ = 75, which means that u is

a switched controller. Therefore, the closed loop system (2.12) takes the form

= f(t,x) + Brx(t), t € [mh1,7), k€N,
QT(tQ) = T,
This system is called a switched system. Generally, a non-autonomous switched system

may take the form

{ j:fg(t)(twr)a t > to,

[E(tg) = T,
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where f,) : Ry xD — R" represents a family of non-autonomous ODEs, ¢ is the switching
signal which is a piecewise constant function defined by ¢ : [tg,00) = S = {1,2,--- , N},
for some N € N. The role of g is to switch among the system modes. For each i € S, f; :
Ry x D — R", and {f; : i € S} is a family of sufficiently smooth functions. The index
set S is assumed to be finite in the present thesis. The switching moments {7 }7° , satisfy
To<T <--- <7 <--- with limy_,, 7, = 0o. It is worth mentioning that there are three
types of switching signals: time dependent [64,131], state dependant, including the initial
state [17], Markovian switching [94]. In the present thesis, we are mainly concerned with

the time-dependent switching signals.

The switched system can be rewritten as

{ i=fi(t,x), i€S, t€n1,m), (2.13)

l’(to) = T, k € N.

The solution of system (2.13) evolves according to the continuous dynamics of the active

continuous mode, while at the switching moments 7, the switching rule changes from
f@('rk—l) in [kalaTk) to fQ(Tk) in [TvakJrl)-

In the time-dependent switching case, the existence and uniqueness results of (2.13)
are analogous to those from the fundamental theory of ODEs with the method of steps,

where the initial value for each mode operating on the subinterval |7y, Tx41) is (7%).

On the other hand, the stability properties of switched systems are not inherited from

the single-mode systems. As mentioned in Chapter 1, the stability properties of system

32



modes is neither sufficient nor necessary unless the activation times of the modes follow
a certain switching law. In fact, in analyzing the stability or stabilization of switched

systems, there are three main problems [94], namely
1. Stability under Arbitrary Switching.
2. Stability under Slow or Constrained Switching.
3. Stability under Switching Control.

In the present thesis, we are mainly concerned about the stability under constrained switch-
ing. As mentioned earlier, the stability of a switched system is not inherited, i.e., a switched

system may be unstable even if all the individual subsystems are stable.

The method of common Lyapunov function, i.e., a single Lyapunov function whose
derivative decreases along the solutions of all the individual subsystems of (2.13), has been
firstly used to analyze the stability of the switched system, yet it is found to be very
restrictive because finding one Lyapunov function for all modes may be difficult to find or
even does not exist. Another useful tool can be used here, known as multiple Lyapunov
function approach. The idea of the latter notion is to have a decreasing Lyapunov function
along the solution of each mode and, moreover, these Lyapunov functions form a decreasing
sequence at the switching moments, i.e., Vii1(z(t)) < Vi(x(t)). Adopting this approach,
stability of a switched system composed entirely of stable subsystems can be guaranteed
if the switching between the subsystems is sufficiently slow. This is known as dwell-

time (7,) switching, in which the time between any two consecutive switching moments
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is sufficiently large [131], i.e., inf{tys1 —tx : k € Z,} > 74, fore a given 7, > 0. From
a practical perspective, the dwell-time condition might be restrictive and might not hold
in some physical situations, such as aging systems or systems with finite escape time.
However, one can get the stability result if the more general concept called the average
dwell-time 7, is satisfied [64]. If the number of switches N(to,t) in the interval (¢g,t) for

a finite ¢ satisfies

t—to

Ta

Ni(to,t) < Ny + (2.14)

where Ny is the chatter bound, then the switching signal o is said to satisty the average
dwell-time condition 7,. The average dwell-time condition (2.14) allows fast switchings on
some intervals and compensate for it by dwelling more on some other intervals. For more

information on the stability of switched systems under slow switchings, see [39,64,93,147].

2.3 Impulsive Systems

An impulsive system, which is another type hybrid systems, describes phenomena that
experience abrupt changes in the system state during the system continuous evolution.

Consider the control system

{ i = f(t,x) + u(t), (2.15)

I(to) = 2o,
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where u : R, — R" is the control input given by
ut) =Y Iu(@(t)8(t — 7),
k=1

with Ij, being the impulsive effects and 0(-) being the Dirac delta function defined by

5(t—7k)—{ 0, t#m

oo, t=Tg.

The sequence of times {74}, also known as impulsive moments, is a strictly increasing se-
quence with limg_,, 7, = 0o. Moreover, when t # 73, the system has continuous dynamics,

while at 7;’s, the system evolution encounters instantaneous changes (impulses).

Integrating (2.15) over |7y, 7, + h], for a small A, yields

o(7 + h) — () = / e ( F(s,2(s)) + i Lo(x(1)5(t — Tk))ds

Tk
This implies that, as h — 0T,
Ax(t)]y, = 2(7") — 2(n) = L(z(7h)),

where z(7,") = limy,_,o+ (7% + h), and x(7;) = (7}, ), i.e., the solution is assumed to be

left-continuous. Thus, (2.15) can be written as

T = f(t, ), t # 1, (2.16a)
Ax(t) = I(z(t)), t =T, (2.16Db)
z(to) = xo, ke N. (2.16¢)
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where f: Ry x D — R" and D C R” is an open set. System (2.16) is referred to as an
impulsive system. A function ¢(t) = ¢(t, to, x9) on some interval I containing ¢, is said to

be a solution of (2.16) if [28]

L. if (to,z9) € Ry X D, then ¢(ty) = zo and (¢, ¢(t)) € Ry x D for all t € I;

2. fort € I and t # 7y, ng(t) = f(t,o(t));

3.att=m, €1, ¢(ri) = d(1) + I1(¢(7%)), and ¢(¢) is continuous from the left.

In fact, the solution of the impulsive systems evolves as follows: Let ¢(t) = ¢(t, to, xo)
be the solution of ¢ = f(t, ¢) starting at the initial point (to, x¢), the point P;(t, ¢(t)) starts
the motion, governed by the ODE (2.16a), from the initial point (¢, o) along the solution
curve {(t,¢) : t = to, ¢ = ¢(t)} until the time ¢t = 71 > to. At this moment (i.e., at t = 1),
the evolution undergoes a sudden jump by some amount I (z(t)), given by the deference
equation (2.16b), transferring the point P, = (71, ¢1 = ¢(71)) to the point Py = (t, 7 (1)).
Then, the point P; continues its movement along the solution curve ¢(t) = ¢(t,t1,¢]) in
the same way as previous starting from the initial point (¢, ;) until the second impulsive
moment at ¢ = 75, then another jump occurs transferring P, to the point PT; and the

process proceeds in the same manner as long as the solution exists.

Definition 2.3.1 (Existence and Uniqueness). [28] If the function f € C'(R, xD;R"™)
and x + I(x(t)) € D for each x € D and k € N, then the IVP (2.16) has a unique solution

for each (to,z0) € Ry x D.
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Based on the impulsive moments types, impulsive systems can be classified as follows

1. Systems with impulses at fixed times, i.e., t = 7.
2. Systems with impulses at variable times, i.e., t = 75(x).

3. Systems with impulses satisfying the spatio-temporal relation (t,z) = 0.

In the case of fixed-time impulses, the solutions starting at different initial time jump at
the same impulsive moments. Other than this case, a challenge that might arise is that
solutions evolving from different initial times/states jump at different impulsive moments
Furthermore, a “pulse phenomena" in which the solution hits a hyper-surface infinitely
many times, or a “confluence" in which different solutions merge after some time may be
encountered in the systems with variable time impulses. In the present thesis, we are

mainly concerned with systems experience impulsive actions at fixed times.

2.4 Delay Differential Equations (DDEs)

For r > 0, let C, be the space of all continuous functions that are defined from [—r, 0]
to R". For any t € Ry, let z(t) be a function defined on [ty,00). Then, we define a
new function z; : [—r,0] — R" by z4(s) = z(t + s) for all s € [—r,0], and its norm by

||| = sup;_,<p<; [|[2(0)]]. The positive r represents the time delay.
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A general nonlinear functional differential equation may have the form

= f(t,a), (2.17)

where, for D C C,, the functional f : R, x D — R".

Given ty € Ry and an initial continuous function ¢(s), the corresponding IVP is given

by

i = f(t,x),
{ Ty, (5) = ¢(s), s € [-r,0]. (2.18)

A function z(t) = x(t, to, ¢) is said to be a solution of (2.18) on [ty — r,tg + a) for a > 0 if
x € C([to — 7, to + a),R™), z(t) satisfies (2.18) for t € [ty,to + a) and z(tg + s) = ¢(s) for
s € [=r,0]. In (2.18), the delay is finite. In this case, the continuity of = on [tq — r,to + a

implies the continuity of z; on [to, ty + a] for a > 0.

Theorem 2.4.1 (Existence). If f € C(Ry x D;R"™) where D C C, is an open set, then

for any (ty, ) € Ry x D there exists at least one solution of the IVP (2.18).

Definition 2.4.2. A function f(t,x) defined on Ry x D is said to be Lipschitz in 1 if

there exists a constant L > 0 such that

||f(t7¢1) - f(tﬂwDQ)H < LH¢1 - ¢2||7“ fO’f’ all (t7,¢1)7 (tvdj?) S R-ﬁ- x D.

Theorem 2.4.3 (Uniqueness). If f is continuous in t and Lipschitz in 1, then, for any

(to, ) € Ry x D, there exists a unique solution of the IVP (2.18).
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In the following, we state the definitions of the stability notions of delay systems.

Definition 2.4.4 (Stability). Suppose f(t,0) = 0 for all t € R,. The trivial solution

x(t) =0 of IVP (2.18) is said to be
(1) stable if, for any ¢ > 0 and ty € R, there exists a 0 = 6(tg, €) > 0 such that
ol <6 implies |lx(t)|| <€ forany t>ty—r;
(11) uniformly stable if (i) holds with § = 0(¢);

(i11) asymptotically stable if (i) holds and there exists a positive constant § = 0(tg)

such that

o]l <6 implies tlgg z(t) = 0;
(iv) globally asymptotically stable if (izi) holds with an arbitrary large constant o,

(v) uniformly asymptotically stable if it is uniformly stable and there is a positive
constant §, independent of ty, such that, for all||¢||, < &, limy_o z(t) — 0, uniformly

in to; that is, for any n > 0, there is T = T(n) > 0 such that, for all ||¢]|, < 0,
lx@)[ <n, — Vt>to+T;

(vi) globally uniformly asymptotically stable if (v) holds with an arbitrary large

constant ¢ ;
(vii) exponentially stable if there exist positive constants §, k and A such that
lz(t)|| < k||| e ), whenever |||, <0, and t > to;
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(viii) globally exponentially stable if (vii) holds with an arbitrary large constant o;

(iz) unstable if (i) does not hold.

There are two main methods to analyze stability of delay systems. One is called
Lyapunov-krasovskii functional method, which uses Lyapunov functional, and the other
method is Razumikhin type technique, which uses Lyapunov function. In the present the-
sis, Razumikhin method is adopted to analyze the stability of delay systems. Razumikhin
approach deals with the delay by assuming the delay terms are bounded by some non delay

terms which leads to cases similar to those of ODEs.

2.4.1 Razumikhin-Type Theorem

The contents of this subsection are taken from [84]. Razumikhin-type theorem is an ef-
fective method to analyze the stability of DDEs. It explores the possibility of using the
derivative of a function on R” to generate sufficient conditions that guarantee stability. A
powerful feature of this approach is to have a control on the relationship between |z(t)||

and ||z(t + s)||, s € [-r,0].
Let V : R" — R be a positive definite continuously differentiable function. Then, its
derivative along the solution of (2.17) is given by

_ oV(a(t))

Via(t) = S

S () (2.19)

In order for V(x(t)) to be nonpositive, it is required that z(t) dominates z(t + s). In fact,
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by the uniform stability definition, if x; is initially in a ball B = B(0,¢) in C'. Then, in
order to leave this ball, it has to reach the boundary of B at some time t*. Thus, at time
t*, we have [|z(t*)|| = d, and ||z (t*+s)|| < § for s € [—r,0), and so d/dz||z(t*)|| > 0. Thus,

one can get the stability result by showing this is impossible.

Theorem 2.4.5. Suppose f : R x C — R"™ maps R x (bounded sets of C') into bounded
sets of R", u, v, w: Ry — Ry are continuous, nondecreasing functions satisfying u(0) =
v(0) = w(0) =0, and u(s), v(s) are positive for s > 0. Assume that there is a continuous

function V : R x R" — R such that
u(llz]]) < V(tz) <o(llzl), teR, zeR” (2.20)

The following statements are true:

(1) the solution x=0 of (2.17) is uniformly stable if

V(t,z(t)) < —w(|x(t)|) whenever V(t+s,x(t+s)) < V(t,z(t)), se€[-r,0 (2.21)

(i1) the solution x=0 of (2.17) is uniformly asymptotically stable if w(s) > 0 for s > 0

and there is a continuous decreasing function p(s) > s for s > 0 such that

V(t,z(t)) < —w(|z(t)]) whenever V(t+s,z(t+s)) < p(V(t,z(t))), s€[-r0]

(2.22)

If u(s) = 00 as s — oo, then x = 0 is globally asymptotically satble.
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2.5 Hybrid Systems with Time Delay

Considering a time delay in the switched system (2.13) leads to the so-called switched

system with time delay, which may have the form

&= filt, z), i€,
{ Ty (s) = ¢(s), s € [-n,0], (2.23)

where f; : R,y XD — R” for all i, and ¢ € C([—r, 0], D). A special class of (2.23) is obtained
when s = —r. In this case, we have z; = x(t — r). Accordingly, the delayed differential

equation becomes
&= fi(t,z(t —r)), ieS. (2.24)

Assumption A, mentioned earlier, can be adjusted to suit the switched systems with time

delay. Consider the linear switched systems with time delay

{ = (Ai + AA)x + (A + AA)a(t —7), (2.25)

x,(8) = o(s), se€[-r0, r>0

Assumption A. For any 1 € S and Vt € R,

with D;, H;, D;, H; being known real matrices with appropriate dimensions, and 2;(t), U; (t)
being unknown real time-varying matrices and satisfying
l26(6)] <1 and |Ui(1)] < 1.
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Similarly, considering a time delay in the system state and impulsive function of the

impulsive system (2.16) leads to the impulsive system with time delay

T = f(t, ), t#1, keN (2.26a)
Ax(t) = I(t, ;- ), t =Tk, (2.26Db)
Ty, (s) = &(s), s € [-r,0]. (2.26¢)

where f : Ry x PC([-r,0;D) — R™ and ¢ € PC([—r,0];D) equipped with the norm
[Pl = sup_,.<,<o [|@(s)]| with PC being a class of piecewise-continuous function stated in
the following definition. We should mention that the solution of (2.26) is assumed to be

right-continuous, and the impulsive function in (2.26b) is taken to be time-varying.

Definition 2.5.1. [30] For any a,b € R with a < b and for some set D C R™, define the

following classes of functions

PC([a,b], D) = {@D :la,b] = Dw(t) = (t),Vt € [a,b); ¥(t7) exists in D, Vt € (a,b];

and ¥(t™) for all but at most a finite number of points t € (a, b]},

PC([a,b), D) = {w :la,b) = DIw(t*) =(t),Vt € [a,b); ¥(t™) exists in D, Vit € (a,b);
and Y(t™) for all but at most a finite number of points t € (a, b)},
and

PC([a,),D) = {¢ :la,00) = D|Ve>a, Pl € PC([a,c],D)}.
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In this definition, on a finite interval, the jump discontinuities form a finite set, while

they form a countably infinite set on an infinite interval.

In the following, we state the definitions of some stability concepts of impulsive systems

with time delay.

Definition 2.5.2 (Stability). [30] Let x(t,to,¢) be any solution of (2.26). The trivial

solution x(t) = 0 of IVP (2.26) is said to be

(1) stable if, for any e > 0 and to € R, there exists a 6 = §(to,€) > 0 such that if
ol <6 with ¢ € PC([—r,0], D)

implies

|z(t, to, @)|| <€ forany t>ty—r;
(ii) uniformly stable if (i) holds with § = 6(¢);

(111) asymptotically stable if (i) holds and for each to € Ry there exists a positive

constant 6 = d(to) such that
l6l, <6 with ¢ € PC((r0], D)

implies

tliglo I’(t, th (b) = 07

(iv) globally asymptotically stable if (izi) holds with an arbitrary large constant ¢,
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(v) uniformly asymptotically stable if it is uniformly stable and there is a positive

constant 0, such that for any n > 0, there is T =T(n,d) > 0 such that, if
ol <o with ¢ € PC([—r,0],D)
implies
(¢, to, @) < m, Vt >t + T

(vi) globally uniformly asymptotically stable if (vi) holds with an arbitrary large

constant 6 ;

(vii) exponentially stable if there exist positive constants §, k and X such that, if
ol <9 with ¢ € PC([—r,0],D)
implies
lz ()] < Klloll-e 70t > to;
(viii) globally exponentially stable if (vii) holds with an arbitrary large constant 6;

(iz) unstable if (i) does not hold.

In the same manner, one can define the impulsive switched systems with time delay as

follows:

o(t) = fi(t, zy), t#1, 1€S8,
Al’(t) =1, (t7 l’t—), t = Ty, (2.27)
Ito(s) = ¢ 8)7 ENS [_Ta 0]7

where f; : Ry x PC([—r,0]; D) — R"™ for any i € S, and ¢ € PC([—r,0]; D).
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2.6 Interconnected or Large-Scale Systems (LSS)

Due to complexity, some systems are characterized by LSS, which is an interconnection of
lower order subsystems. A LSS also known as an interconnected system or a composite
system. A common way to analyze such high order systems is by decomposing them into
isolated subsystems and establish the stability of each subsystem ignoring the interconnec-
tion part. Then, this available information is used together with the interconnection, which
is treated as a perturbation, to get a conclusion about the stability of the interconnected
system. For the LSS to be (exponentially) stable, it is required that the degree of stability
of the isolated subsystems as a whole be greater than the interconnection strength. This
type of relation is represented by the so-called M-matrix. The results in this section are

taken from [79]. Consider the following nth order interconnected system

/U.Ji :fz<t7wz> +gi(t7w17w27 e 7wi7 e 7wl>

wh (o) =, (2.28)
where i = 1,2,--- 1, w' € R™ is the ith subsystem state, such that ¥!_n; = n, and
2T = (w' w?™ - w'"). Assume that the trivial solution 2 = 0 is an equilibrium point of

system (2.28), i.e.,
fi(t,0) =0, g:(t,0) =0, Vt >0, and Vi.
The corresponding [ isolated subsystems are given by

W' = fi(t,w'), i=1,2,---,1 (2.29)
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To analyze the stability of (2.28), assume that all these systems have uniformly asymptoti-
cally stable equilibrium points, and there are [ corresponding Lyapunov functions V(t, w").

For 3; > 0, define
l
= BVt (2.30)
=1

as a composite Lyapunov function candidate for the interconnected system. Then, the

derivative of V (¢, z) along the trajectories of (2.28) is given by

Zﬁz[aa‘j avl t,w ] Zﬁza ZgZ (t,x) (2.31)

Since the isolated subsystems are assumed to be uniformly asymptotically stable, the
first term in the right hand side of (2.31) is bounded above by a strictly negative term.
Thus, the second term, which is indefinite, is assumed to be bounded by some nonnegative

upper bound.

Now, assume that for ||z|| < ¢ with ¢ > 0, V'(¢,w") and g;(¢, z) satisfy the following

conditions
ovi V¢
) B > 0
(i) 6t+8uﬂf<tw> a; ¢ (w') for t > 0;

(w');

(i) |

(iil) |gi(t, ) |<Z%ﬂ¢ﬂ ), fori=1,2,--- land t >0,
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where a; and b; are positive constants, ¢; is a positive-definite function, and ~;; are non-

negative constants. From (2.31), one gets

th’ S i [ az¢2 ] Zﬂz z%j¢l ¢](w7)

which can be written as

Vit,z) < —%¢T(BS +8TB)¢

where ¢ = (1, ¢2, -+, )T, B =diag(Bi, B2, -+, 31), and S = [s;;] is an [ x [ matrix such

that

ai — by, 1=7
Sy = ., 2.32
! { —bivij, T F ] (2:32)

According to Lyapunov stability theory, the asymptotic stability of the composite system

(2.28) can be achieved if there exists a matrix B such that
BS+S8TB > 0. (2.33)

The following lemma gives a sufficient condition to guarantee the existence of matrix B

Lemma 2.6.1. There exists a diagonal matriz B > 0 satisfying (2.33) if and only if S is

an M-matriz; that is, all its leading successive principle minors are positive, i.e.,

S11 S12 0 Sik
S21 S22t S2k

det >0, k=1,2---.L
Skl Sk2 0 Skk

48



The M-matrix has an important role here. The diagonal elements represent the stability
degree for the isolated subsystems, while the nonpositive off-diagonal elements represent

the strengths of the interconnections.

Theorem 2.6.2. Consider the LSS (2.28). Suppose that for all t > 0 and ||z| < ¢ with
c >0, Vi(t,w') and g;(t,z) satisfy the conditions (i)-(ii), where Vi(t,w') is a positive-
definite decrescent Lyapunov functions for the ith isolated subsystem. Suppose further that
the matriz S defined in (2.32) is an M-matriz. Then, the trivial solution is uniformly
asymptotically stable. It is, moreover, globally uniformly asymptotically stable if all as-

sumptions hold globally and V*(t,w") are radially unbounded.

2.7 Singularly Perturbed Systems (SPS)

Systems involving multiple time-scale dynamics are known as SPS. They can be viewed as
a class of LSS where the multi time-scale subsystems are the isolated subsystems, and the
interaction between them is the perturbation to the system. SPS are characterized by small
parameters multiplied by the highest derivatives creating the fast and slow subsystems.
The contents of this section are taken from [79] unless otherwise specified. Consider the
following autonomous SPS

T = f(x,z2), (2.34a)

ez =g(x,z), (2.34b)
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where x € R™, z € R" are, respectively, the system slow and fast states, 0 < e < 1, and f
and g are locally Lipschitz in a domain containing the origin. Assume that (z,z) = (0,0)

is an isolated equilibrium point. Thus, we have

f(0,0)=0,  ¢(0,0) =0.

In order to analyze the stability properties, we set ¢ = 0. This reduces the dimension of
the system from m + n to m because the differential equation (2.34b) declines into the
following algebraic equation

0=g(x,z2).

The foregoing equation is assumed to have the isolated real root

z = h(zx).

For simplicity, we shift the equilibrium point to the origin by considering the transformation

y =z — h(x).
Then, the SPS is
&= f(z,y+ h(zx)), (2.35a)
. oh
ey = g(@,y+ Mx)) — e flz,y + h(z)). (2.35b)

The corresponding slow reduced subsystem is

&= f(x,h(x)) (2.36)
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has an equilibrium x = 0, and

dy
i g(x,y + h(x)),

where s = t/e, and z is treated as a fixed parameter, has an equilibrium point at y = 0.
Sufficient conditions for SPS (2.34) to be asymptotically stable have been provided in the

following theorem.

Theorem 2.7.1. Consider the SPS (2.34). Assume there exist two Lyapunov functions
V(z) and W (x,y) for the slow and fast subsystems respectively, positive-definite functions

Wy, Yo, W1, Ws, and positive constants ay, as, by, ba, v such that the following conditions

hold

L e (@) < ~ari (o)

0
G_‘Z/g(% y+ h(z)) < —axvd(y);

Wi(y) < W(z,y) < Wa(y);

?)_Z [f(x, y+ h(x)) — f(z, h(m))] < byapr (7)Y (2);

oW OW Oh
Ty ga) S+ R() < bt (@) +030)
Then, there is a positive constant € = — N2 guch that the origin (z,z) = (0,0) is
ar?y + blbg

asymptotically stable for all 0 < e < €*.
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2.8 Reliable Control

The contents of this section are taken from [149,165]. Consider the linear control system

(2.37)

i = Az + Bu,
$(t0) = Xy,

where x € R” is the system state, u € RY is the control input of the form v = Kx with
K € R?7" being the control gain matrix, A € R™ " is a non Hurwitz! matrix, B € R"*9,
The matrix pair (A, B) is assumed to be stabilizable (i.e., A + BK is Hurwitz). The

closed-loop system is

{ t = (A+ BK)z, (2.39)

x(ty) = wp.

To analyze the reliable stabilization with respect to actuator failures, let v € RY. The

g control actuators are divided into two sets. X C {1,2,..., ¢} the set of actuators that are
susceptible to failure, i.e., they may occasionally fail, and ¥ C {1,2,...,q} — X the other
set of actuators which are robust to failures and essential to stabilize the given system.
The elements of ¥ are redundant in terms of the stabilization but necessary to improve
the system performance, while the elements of ¥ are required to stabilize the system and

assumed that they never fail, i.e., the pair (A, By) is assumed to be stabilizable.

Consider the decomposition of the control matrix

B = By + Bx,

! A Hurwitz matrix is a matrix in which all eigenvalues have negative real parts.
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where By and By are the control matrices associated with ¥ and ¥, respectively, and
By, and By are generated by zeroing out the columns corresponding to ¥ and ¥, respec-
tively. Let o C ¥ corresponds to some of the actuators that experience failure. Then, the

decomposition becomes

B =B, + B,

where B, and Bz have the same definition of By, and By, respectively. The closed-loop

system with reliable control becomes

i@ = (A + B,K)z,
2.39
{ .I'(to) = Xop- ( )
Consider the following input/output system
i(t) = Az(t) + Bu(t) + Guw(t),
z(t) = Cx(t) + Fu(t) (2.40)

l’(to) = Xy,

where w is an external disturbance such that w(t) = K,xz(t), and the control input is of
the form u(t) = K,z(t). In analyzing the system output behaviour using the H,,— norm,

we are mainly interested in an optimization problem of the form

inf sup J(u, w) < oo, (2.41)
where
J(u,w) = / (272 — y*wTw)dt (2.42)
to
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for some positive constant . Then, by the definitions of v and w, we get

J(u, w) = / 27 (CTC, — VKL K,)xdt, (2.43)

to
where C. = C + FK,,.

Consider

d(z" Pr) = (27 Pz + 2" Pi)dt (2.44)

=2"[(A+ BK, + GK,)" Plx + 2" [P(A + BK, + GK,)]z

where P is a symmetric matrix.

Adding and subtracting d(z” Px) to J leads to

J(u,w) = / 2T [(A + BK, + GK,)TP + P(A+ BK, + GK,) + CTC, — szng] wdt

to

— 2(00)" Px(00) + 27 (tg) Px(to)

If we assume that A + BK, + GK,, is stable, z(c0) = 0. Then
J(u,w) = a7 (to) Pz (to) (2.45)

where P satisfies the Riccati-like equation

(A+ BK,+GK,)"P+ P(A+ BK, +GK,)+CrC, — KL K, = 0. (2.46)

The maximization condition for J with respect to K, in (2.45) is

Vi, P =0, (2.47)

where the gradient Vi, P is defined as follows:

(Vi,P)ij = (2.48)

0K,
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So that, from the Ricattti-like equation, we have

(A+ BK,+GK,) 'V, P+G"P+G"P+ Vg, P(A+ BK, + GK,) — 2v*K,, = 0.

(2.49)
By (2.47), we get
1
K, =—G"P. (2.50)
8
Similarly, the minimization condition of .J is
Vg, P=0. (2.51)
So that, one can get
K,=-B'P (2.52)
Substituting K, and K, in the Ricatti-like equation gives
1
ATP+PA+C!C.— P(B"B— —=G"G)P =0. (2.53)
8

The H,, has received a great deal of attention in control theory [68, 69,80, 143, 156,
176,177,179,180]. It is a useful measure used to guarantee the performance of the plant
when dealing with control problems that involve robust design. However, in the event of
control component failures, the stability or performance of the plant may not be achieved
by such designs. Therefore, it would be advantageous if it is associated with a reliable
control design to handle such failures when they occur. As a result, many researchers
have considered the robust reliable H,, control since 1992 up until now. Interested readers

may refer to [67,112,143,182|. In [143], the authors discussed uncertain linear systems
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with disturbances where the norm-bounded uncertainty occurs in the system state. The
main objective was designing a robust feedback-reliable controller so that the system is
quadratically stabilized with an acceptable performance level not only when the actuators
are operational, but also when failure occurs in some control components; moreover, a
state feedback control design was used in that work. In [112], a more general design was
established for uncertain switched linear systems with norm-bounded uncertainties in both
the system state and the output. The authors used the linear matrix inequality approach
and convex combination technique to design a robust reliable H., controller and a switching
rule so that the system maintains the global quadratic stability with a good performance

not only when the actuators are operational but also for the faulty case.

2.9 Stochastic Differential Equations

In this section, we present some basic concepts that will be used later.

Definition 2.9.1. Let I C R, and 2 be a sample space of an experiment. A Stochastic
process X (t,w) (or X(t), for notation simplicity ) is a family of random variables { X;(w) :

tel andw € Q}.

Definition 2.9.2. Let (Q, F,P) be a complete probability space. An almost surely (a.s.)
continuous stochastic process W (t) for allt € Ry is said to be Wiener (or Brownian motion)

process if

1. P{w: W(0) =0} =1;
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2. for any 0 < s <t < o0, the increment W (t) — W (s) is independent of W (s) — W (u)

for all 0 < u < s;

3. for allt € Ry and h > 0, the increment W (t + h) — W (t) is Gaussian (or normally)
distributed with
E[W(t +h) = W(t)] = ph;

E[(W(t + h) — W(t))?] = o?h,

2

where the mean p € R and the variance o is a positive constant.

Particularly, W is said to be a standard Wiener process if u =0 and 0% = 1.

A typical nonlinear stochastic systems with time delay or systems with stochastic func-
tional differential equations may be defined by

{ dr(t) = f(t,z)dt + g(t,x)dW (L), t € [to, T,

Tio(8) = P(s), s€[=r0), (2.54)

for any ¢y, € R, with T" > ty, where x € R™ is the delayed system state, W (t) =
(Wi(t), Wa(t), -, Wn(t))T is an m—dimensional Wiener process, f : R, x R" — R™ is
the drift coefficient of the process x, f : Ry x R® — R™ is the diffusion coefficient of the

process x, and ¢ : [—r,0] — R is the initial function process.

The stochastic integral equation corresponding to the IVP in (2.54) is

x(t) :gb(O)—i-/t f(s,xs)dsnL/ g(s,z5) dW (s), (2.55)

t
to
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where ¢ > ty. The first integral is a Riemann integral almost surely (a.s.) and the second

one is called an It6 integral satisfying

E[/tg(s,xs) dW(s)} =0,

to

t 9 t
B [ gz aw) = [ Blgts.zlf ds
to to

Considering impulse effects in (2.54) leads to the following stochastic impulsive systems

with time delay (SISD)
dz(t) = f(t,x)dt + g(t, x¢) AW (t), t # T, (2.56)

Ax(t) = Z(t, x4-), b= Ty,
x,(8) = ¢(s), se€[-r0],

where 7, represents an impulsive moment, for £k = 0,1,2,---, and satisfies 0 = 79 < 71 <

Ty < -+- and limy_ o 7, = 00.

It6 formula. For any ¢ty € R, and ¢t > t, assume that z(t) is an R"-dimensional stochastic

process satisfying

da(t) = f(t,x(t))dt + g(t, x(t))dW (1), (a.s.), (2.57)

Let V € C1?(R, x R R, ). Then, for any t > ty, V is a stochastic process satisfying
AV (t,x) = LV (t,x) f(t, z)dt + V,(t,2)g(t, x)dW (1), (a.s.)

where operator £ (or LV as a single notation) is defined by

LV (t,x)=V(t,x)+ V.(t,x)f(t,z) + %tr[gT(t, )V (t, 2)g(t, x)],
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where “tr” stands for the trace of a matrix.

In the above formula, C'?(R, x R";R,) denotes the space of all real-valued functions
V(t,z) defined on R, x R™ such that they are continuously differentiable once in ¢t and

twice in x. For instance, if V (¢, z) € CY*(R, x R™"; R, ), then we have

V() OV (t,x) OV (t,z)\T 0V ()
%(th) - 8t 7%(t7x) - ( 8(131 ) ) 8xn ) >%z(tux> - ( axzaxj )an’

Definition 2.9.3. Let x = x(t,ty, ¢) be the solution of system (2.56). The trivial solution
x = 0 is said to be locally exponentially stable in the pth moment if there exist positive

constants A, A and ¢ such that
E[la(®)|P] < AE[[lglF]e™ ), vt > ¢,

for any initial function ¢ such that IE[HQﬁHfE] < ¢, and ty € Ry. It is said to be globally

exponentially stable if ¢ is chosen arbitrarily large.
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Part 1

Robust Reliable H~, Control and
Input-to-State Stabilization for
Uncertain Hybrid Systems
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This part discusses input-to-state stabilization (ISS) of a class of hybrid systems with
time-varying norm-bounded parametric uncertainties in the system states. The main ob-
jective is to design a robust reliable H,, control that guarantees ISS not only when all
the actuators are operational, but also when some of them experience failure. The faulty
actuator output is assumed to be nonzero, which is treated as a disturbance signal that is

augmented with the system disturbance input.

The input disturbance of the system is assumed to be time varying with norm-bounded
energy. The faulty output can be treated either as an outage (i.e., zero output) or a non-
zero disturbance that augmented with the system input disturbance. The latter case is
more practical because most of the control component failures occur unexpectedly, and at
the same time an immediate repair may not be feasible. Therefore, designing a reliable
controller to guarantee an acceptable level of performance becomes crucial. We also assume

the system jumps amongst a finite set of modes.

Thus, new sufficient conditions have been developed here to guarantee the input to
state stabilization and H., performance of the hybrid system in the presence of the input
disturbance, state uncertainties, and nonlinear lumped perturbation not only when all the

actuators are operational, but also when some of them experience failure.

To achieve this result, we assume that every individual subsystem is input-to-state
stabilized by a robust reliable controller. As well known, a peculiar phenomenon of a

switched system is that the stability or boundedness of each individual mode does not
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guarantee the boundedness of the switched system unless the switching moments are ruled

by a logic-based switching signal.

The methodology of multiple Lyapunov functions is used to analyze the input-to-state
stabilization. This approach results in solving a finite number of Riccati-like matrix equa-
tions to obtain the feedback control laws for each mode, which includes some tuning pa-
rameters to reduce the conservativeness of the control design. Simultaneously, to properly
orchestrate the jump among the system modes, the dwelling times or switching moments
are evaluated by the average dwell-time switching rule, where it is ensured that the aver-

aged dwell times of all modes should be sufficiently large.

Finally, some numerical examples with simulations are presented to clarify the theoret-

ical results.
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Chapter 3

Switched Systems

The main contribution of this part is designing a robust reliable H,, control that guar-
antees exponential input-to-state stabilization of uncertain hybrid systems. The system
under study is a switched system that has a time-varying, norm-bounded uncertainty in
the system state, a nonlinear term that is linearly bounded, and a disturbance that belongs
to Ls[0, 00). Two cases of the control actuators have been considered which are operational
actuators and faulty actuators. In the latter case, the output is treated as a disturbance
signal that is augmented with the system disturbance. In addition, multiple Lyapunov
functions, which lead to solving Riccati-like equations, and the average dwell-time con-
dition are used to provide sufficient conditions to guarantee ISS property of the system.
An illustrative numerical example with simulation is presented to show both cases. The

material of this chapter forms the basis of [10].
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3.1 Problem Formulation and Preliminaries

Ls[to, 00) denotes the space of square integrable vector-valued functions on [tg, 00) and || - |2

denotes Lalty, 00)-norm (i.e., w € La[ty, 00) means [[w|3 = [ [w(t)[|*dt < oo).
Consider a class of uncertain switched systems given by

& = (Agry + AdAygt))T + Byuyu + Goyw + fou) (),
zZ = Cg(t).% + Fg(t)u, (3.1)
l’(to) = Xy,

where x € R" is the system state, u € R? is the control input, w € RP is an input
disturbance, which is assumed to be in Ls[tg, o0), and z € R" is the controlled output. o
is the switching law which is a piecewise constant function defined by o : [tg,00) = S =
{1,2,--- ,N}. The role of g is to switch among the system modes. For each i € S, A;
is a non Hurwitz matrix, K; € R?7*" is the control gain matrix such that uv = K;x, where
(A;, B;) is assumed to be stabilizable, f;(x) € R™ is some nonlinearity, 4;, B;, G;, C; and F;
are known real constant matrices, and AA; is a piecewise continuous function representing

parameter uncertainty with bounded norm. For any ¢ € §, the closed-loop system is

@ = (A + AA; + BK)x + Giw + fi(z),
z = Cjx, (3.2)
.T(tg) = T,
where C;. = C; + F,K;.
As mentioned in Chapter 2, for the reliability analysis, we have

B; = Bis + Biz.
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Furthermore, the augmented disturbance input to the system becomes

F

where u;

€ RY is the failure vector whose elements corresponding to the set of faulty
actuators o, and F' here stands for "failure". Since the control input u is applied to the

system through the normal actuators, and the outputs of the faulty actuators are assumed

to be arbitrary signals, the closed-loop system becomes

j} = (Az + AAZ + BigKi)JZ —|— GZ'CU)CI: —f- fz(l‘)7 Z - S = {]_, 2, ceey N},
z = C.x, (3.3)
$(t0) = T,

where G;. = (G; Bi,). In the following, we define the concept of ISS.

Definition 3.1.1 (Exponential Input-to-State Stability). System (3.2) is said to be robustly
globally exponentially 1SS if there exist positive constants X\, X and a function p € K such
that

]| < Mlaolle™ %+ p( sup_[Jw(r)ll), ¥t = t,

to<t<t
for any solution x(t) = x(t,to, o) of (3.2).

Definition 3.1.2 (input-to-state stability with an H.- norm (ISS-H,)). Given a constant
v >0, system (3.2) is said to be ISS-H, if there exists a state feedback law u(t) = K;x(t),
such that, for any admissible parameter uncertainties AA;, the closed loop system (3.2) is

globally exponentially ISS, and the controlled output z satisfies

218 = [ el dt < Pl + mo

to
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for some positive constant my.

Lemma 3.1.3. [6] For any arbitrary positive constants &, i = 1,--- ,6, and a positive

definite matriz P, we have

(i) 227 P(AA)z < 2" (&PDDTP + ¢ H"H)x.

(ii) 227 PGw < 2T(&,PGGT P)x + éwTw.

(iii) 22" Pf(x) < 2" (&P? + £01)x such that || f(2)[|* < d|j«||* with & > 0.

Moreover, if x(t —r) € C,, ||z(t —7)||? < q||z||* with ¢ > 1, then

(i) 22T PAx(t —r) < 2" (EPA(A)'P + E1)x.

(v) 22T P(AA)z(t —7r) < 27 (&sPDDTP + é||H||2)$

(vi) 22T Pf(x(t — 7)) < 2T (&P? + édq[)m, where § > 0 such that ||f(z(t —r))||* <

Ozt —r)II7.

3.2 Main Results

In this section, we present and prove two theorems. The first theorem discusses the robust
reliable H,, controller for system (3.2) to guarantee the globally exponentially ISS when
all the actuators are operational while the second theorem deals with the faulty actuator

case, namely, system (3.3).
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Theorem 3.2.1. Let the controller gain K; and the constant v; > 0 be given, and assume
that Assumption A holds. Then, the switched control system (3.2) is robustly globally
exponentially ISS with an H.,-norm bound ~y if the average dwell-time condition holds, and
there exist positive constants &y, &9, €34, and a positive definite matriz P; satisfying the

Riccati-like equation

1
(A + BiKi)TPi + P,(A; + BiK;) + fliPiDz‘DiTPi + —HZTHi + C?;Cic + £2i1:)iGiGZTf)i

1i
1

Esi

+ & PP +

where 0; 1s a positive constant such that

Ifi(@)* < oillx]|*. (3:5)

Proof. Let x(t) = x(t,ty,z0) be the solution of system (3.2). For any ¢ € S, define
Vi(z) = 2T Px as a Lyapunov function candidate for the ith mode. Then, the derivative

of V;(x) along the trajectory of (3.2) is
Vi(z) = " Px + 2" P

1
< ZUT[(Az‘ + BiKi)TPi + P,(A;, + B,K;) + fliPiDiDiTPi + £2iPiGiG@TPi + —HiTHi

17

1 1
+ fgipf + —51-1']x + —wlw
537: 522'

1
< —aVi(x) + —w'w,

€2
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where we used (3.5) and Lemma 3.1.3 in the second bottom line, and condition (3.4) in

the last line. Hence, for each subinterval [t;_1, ) we have

; 1
Vilz) < —(ai = 0)Vi(z) — 6:iVi(z) + g—wTw
2i
_ 1 T
= —a;Vi(z) — 0;Vi(z) + —w'w,
&2i
where
a; =a; —0; and 0<6; <.

The foregoing inequality implies that
Vi(z) < —a;Vi(z), forall t€ [ty ty),

provided that

1
Vilx) > w 2,
() > el
by (2.5),
el > 1l . (ol
92‘62521'

Then, for all t € [ty_1,t),
Vi(a(t)) < Vi(a(ty-))e ™% provided that [lz]| > p([lwl),

where
p(llwll) = maxipi(flwl)}-
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From (2.5), we have for any i,j € S
Vi(z(t)) < pVi(z(t), n=—, (3.8)

where ¢; = min;es{ Amin(F;)} and ¢y = max;es{ Amaz(F;) }
Activating modes 1 and 2 on the first and second intervals, respectively, we have
Vi(z(t)) < Vi(zo)e @)t € [to, ;) provided that |z|| > p(|jw]|)

and

Va(z(t)) < Vi(x(ty))e @271t € [ty t,) provided that |z]| > p(|jw]|)
< uVi(a(t))e ™) provided that [lz] > p(]lu])

< pett @ity (1) provided that ||z|| > p(||lw]]).

Generally, for i € S and t € [ty_1, k), we have
‘/;(Zb(t)) < Iuk?_le_ai(t_tk—l)e_aifl(tk—l_tk—2) . 6—51(151—750)‘/1(1.0)

provided that ||z|| > p(]|w]|).
Letting o = min{@;; ¢ € S}, one may get
Vi(z(t)) < plem 0V (ap)

= elk=DInp=a(t=to)y/ () provided that |z| > p(||w]]).

Using the average dwell-time condition with Ny = T, = 2L (v < o), for some

.
Inp’ a*—v
arbitrary positive constant 7, we get

Vi(z(t)) < eV () provided that ||z| > p(||w]]).
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This implies by Theorem 2.1.12 that

]| < bllarolle™ =2 45 sup [w (7)), t = to,

to<t<t
where b = y/eca/cr, and y(s) = | /&p(s). This completes the proof of exponential ISS.

To prove the upper bound on the output magnitude ||z||, for any ¢ € S, we introduce

the performance function
o0
J; = / (272 — v wlw)dt.
to

Then,

Ji= [Tty e [ Vide = Vigoo) + Vit

to to

§/ (272 — v wTw) dt + / V; dt + Vi(xo)

to to

< / (sz - %szw) dt + Vi(zo) + / {ZBT[(AZ- + BiKi)TPi + P,(A; + BiK;)
to

to

1 1
+ &, PD;DI'P; + g—HiTH,- + & PP+ —6,1 — v, °P,G,G] P, + v, P,G,G] Pz

17 531’
+ 227 BGw} dt
o 1
to 14
1
&ai

+ £3z'Pi2 + 0; 1 + Vi 2P1,G1G?Pz + CE;Czc]x} dt

- / 22w — 72 CT Pa)T (w — G Py dt.

to

70



The last term is strictly negative, so, using condition (3.4) with ~,” 2 =&, we get
Ji < V(o) — i Py < Vi(o)

which leads to

12115 < A*llwll3 + mo,

where mg = max;es{V;(x)}, and v = max;es{7:}- O

Remark 3.2.2. Theorem 3.2.1 provides sufficient conditions to ensure robust global ez-
ponential ISS of uncertain switched systems with norm-bounded uncertainty in the system
state. The algebraic Riccati-like equation given in (3.4) is to guarantee the existence of
the positive-definite matrixz P; (for all i € S), which implies that the solution trajectories
of the subsystems are decreasing outside a certain neighbourhood of the disturbance w(t).
The role of average dwell time condition is to organize the switching among the system
modes which eventually guarantees the exponential ISS. Condition (3.5) is made to ensure
that nonlinear perturbation f is bounded by a linear growth bound. The positive tuning

parameters &1, & are presented to reduce the conservativeness of the Riccati equation.

Theorem 3.2.3 (Reliability). Let the constant v; > 0 be given. Assume that Assumption
A holds, the switched control system (3.3) is robustly globally exponentially ISS-H, if the
average dwell-time condition holds, the controller gain K; = —%eiBﬁPi, for some constants

¢; > 0, and positive definite matriz P;, and there exist positive constants £1;, £2;, E3i, €, and
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a positive definite matriz P; satisfying the Riccati-like equation

1
Al P+ PA; + Py(&;D:D] + &,GiG, — B BS + &1 )P+ —H H; + CLLC.

§1s
1
&si
where 0; 1s a positive constant such that
1f(@)II* < dll]*. (3.10)

Proof. Let x(t) = x(t,ty,z0) be the solution of system (3.3). For any ¢ € S, define
Vi(z) = 27 Pyx as a Lyapunov function candidate for the ith mode. Then, the derivative
of V;(z) along the trajectory of (3.3) is

Viz) = «"[AT P + PAi + 2R(AA) + (B K) P + PBigKilz + 22" PiGicw] + 227 P f(x)

= 2T[AT P, + P A; + 2P,(AA;) — €,P(Bi)(Biz)" Pz + 227 P,Giwk + 227 P f,(x)

1 1
< 2[AT P, + PA; + £,P,D; D] P, + &, PG, .GLP; + é—HiTHi + &5 P? + g—5if
1i 3i

1
— ¢,P(Bis)(Biz) Pz + % (wi) wk
21

1

1z

1 1
+ —8il)z + —(wh)Twk
Esi &2i

1
— — aWi(o) + o (E ).
21
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where we used (3.10) and Lemma 3.1.3 in the third bottom line, the fact that [143]

Bii(Bii)T < BiE(BiE)Tv

and condition (3.4) in the last line. Then, for all ¢ € [ty_1,tx), we have

Vi) < —aiv;<x>—eivi<x>+§i<w5>Tw5,
21

where @; = a; — 0; and 0 < 0; < «;. This implies that
Vi(z) < —a;Vi(z), forall t € [ty_q,t)
provided that
ol > Sl g
As done in Theorem 3.2.1, one may get
Vi(w(t)) < """V (zo)  provided that [lz]| > p(]Jwl]),

where p(J|w||) = max;es{pi(|]|w|])}. This also implies that

2] < bllzolle™ ") + 5 ( sup [lwl (T)]), t > to,
to<7<

where b = y/e"ca/cr, Y(s) = |/ 2p(s). This completes the proof of exponential ISS.

As for the upper bound on ||z||, one may follow the same steps in Theorem 3.2.1, where

J = / (72 — 2 (wh ) wl)dt,

to
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to obtain

12[15 < ¥*[lwg |5 + mao,
where mg = max;cs{V;(x)}, and v = max;es{7:}, which completes the proof.

Example 3.2.4. Consider system (3.2) where S = {1, 2},
0.2 0.1 -7 1 2 0.1 0.1 -2
Al_[o —61’31_{0.1 0.2}’01—{0 2}’5—{0.1 0}’

D, = H},le[o 1],Gy = H H,flzo.m[zﬁgli},z/ﬁ:sm(z),

6=2,61=02 v =01, a1 =2, & =72 &1 =1, and 6, = 1 with ty = 0.

From (3.5) one may get 61 = 0.01. As for the second mode, we take

9 0.2 01 05 10 01 0
AQ:[ 0 0.1}*32:{0.1 —8}’02:{0 0.5}’%:[—3 0.1}’

D, = {(1]],}]2:[1 0],Gy= H ?},fgz().()l[sm(xlg},L{gzsin(t),

sin(xq
€2 =05, £19 =03, 72 =0.15, ap = 2.5, &y = 75 2, &go = 1, and 6 = 1.5.

From (3.5), one may get that 05 = 0.01. Let the system input disturbance be defined by
| sin(?)
w(t) = [ sin(t) ] '
Case 1. [All the actuators are operational/
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When all the control actuators are operational, we have from Riccati-like equation,

p [ 16437 00149 ] [ 01633 0.0859
P71 0.0149 0.2499 |72 7 | 0.0859 0.2724 |

with C11 = )\min(Pl) = 02498, Cig = )\max(Pl) = 16439, Co1 = )\min(PQ) = 01161, Coo =
Amax (P2) = 0.3197, so, ¢; = 0.1161, ¢y = 1.6439, and the control gain matrices are

K, = 11.5047  0.0796 } Ky — { —0.0062 —0.0090

| —1.6467 —0.0649 0.1514  0.5342

[1x11 & p(lIwl])

o
3
T

Figure 3.2.1: Input-to-state stabilization: Operational actuators.

Thus, the matrices

—81.9796 —0.5220 —8.9249  0.4662

At Bilo= 1 o011 _g.o050 |0 At Bela=1 001
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are Hurwitz. The average dwell time is 17, = aln—_“ = 2.7898, with v = 0.05. Figure 3.2.1

14

shows the simulation results of ||x|| (top) and v(||w|) = \/ea/cip(||w]|) (bottom), where
p(s) = max{pi(s), p2(s)} and pi(s) = s/v/c20:8, and 74 = 3.

Case 2. [Failure in the second actuator in the first mode and first actuator in the second

mode

When there is a failure in the second actuator, i.e., Bix, = {2} and Byx = { (;I 8 } )

0 0.5

and Bas, = {1} and Bys = { 0 —g

} , we have from Riccati-like equation,

p_ 1.1265 —0.1913 P 0.1676 0.0980
YT 01913 0.3110 |72 | 0.0980 0.2436 |

with C11 — Amin(P1> = 02683, Cl2 = )\max(Pl) = 11691, Cy1 — 01005, Coo — 03107, SO

c1 = 0.1005, co = 1.1691, and the control gain matrices

7.9046 —1.3703 0 0
K= { 0 0 } K2 = [0.1751 0.4750 ] ‘

Thus, the matrices

—55.1320  9.6920

At Bk, = { 0.7905 —6.1370

} . and Ay + By Ky = [ —8.9125 0.4375 }

—1.4006 —3.7000

are Hurwitz, and 1, = 2.5834.
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[1xI1 & p(lIwl])

0.5H

Figure 3.2.2: Input-to-state stabilization: Faulty in the second actuator.

Figure 3.2.2 shows the simulation results of ||x|| (top) and ~(||w||) = \/c2/c1p(||w]])
(bottom), where p(s) = max{pi(s), p2(s)} and pi(s) = s/v/c20;ai, Ta = 3.

If we consider the system disturbance input

we get the same result, and this shows that the system state is decaying following the decayed
disturbance. The simulation results of ||x|| (top) and y(|Jw||) = /ca/c1p(||w]|) (bottom) are

shown in Figures 3.2.3 and 3.2.4.
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[1xI1 & p(lIwl])

05K

Figure 3.2.3: Input-to-state stabilization with a decaying disturbance: Operational case.

[1x11 & p(lIwl])

0.5H

Figure 3.2.4: Input-to-state stabilization with a decaying disturbance: Faulty actuators.
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3.3 Conclusion

This chapter has addressed the problem of designing a robust reliable H., controller that
guaranteed the global exponential ISS to uncertain switched systems. We have consid-
ered a time-varying parameter uncertainty in the system state, an L, norm-bounded input
disturbance, and a linearly bounded nonlinear term. The output of the faulty actuators
has been treated as a disturbing signal that has been augmented with the system distur-
bance. We have shown that, using the average dwell-time to organize the switching among
the system modes, and multiple Lyapunov functions, the switched system is exponentially
input-to-state stabilizable, when every individual mode is exponentially input-to-state sta-
bilized by a reliable feedback controller so long as the average dwell-time is sufficiently

large.
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Chapter 4

Switched Systems with Time Delay

In this chapter, time-delayed switched systems that is subject to external disturbance are
considered. The main focus is to establish the problem of ISS of the system, which is
analyzed by using Lyapunov-Razumikhin approach. The jump among the system modes
follow the average dwell-time switching law. Some numerical examples are considered to

illustrate the results of this Chapter. The contents of this chapter forms the basis of [156].

4.1 Problem Formulation and Preliminaries

Consider the following switched system

&= fow (e, w(t)),
{ o (s) (:) o(s), se€[-r0, r>0, (4.1)

where x € R" is the system state, and w € R? is an input disturbance, which is assumed to

be in Ly[tg, 00). For r > 0, let C, be the space of all continuous functions that are defined
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from [—r,0] to R™. For any t € R, let z(t) be a function defined on [ty, 00]. Then, we
define the function z; : [—r,0] = R™ by x4(s) = z(t + s) for all s € [—r, 0], and its norm by
||¢||r = sup;_,<g<; ||2(0)]|, where 7 > 0 is the time delay. o is the switching rule which is
a piecewise constant function defined by g : [tg,00) = S = {1,2,--- | N}. So system (4.1)
can be expressed as follows

&= fi(ze,w(t)), i€S
{ T, (s) = ¢(s), s€[-r0], r>0, (4.2)

Definition 4.1.1. System (4.2) is said to be globally exponentially ISS if there exist A >

0, A > 0 and a function v € K such that the solution x(t) exists ¥Vt >ty and satisfies

[l < Allgllre™ ) 44 ( sup [Jw(7)]]).

to<t<t

4.2 Main Results

In this section, we shall state and prove our main results. The following theorem gives

sufficient conditions of global exponential ISS property of the system.

Theorem 4.2.1. For any i € S, let K; and a differentiable class K function v be given.
Assume that there exist positive constants cy, ca, v, 3, and a continuously differentiable
function V; : R™ — R, such that

(i) c1||z]|* < Vi(z) < ||| for allt >ty —r;
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(ii) Vi((0)) < —AVi(y(0)) whenever Vi(¥(s)) < qVi(1(0)), and ~(supy,<p<y, [w(9)]) <

Vi(¥(0)) for ¢ € C,, s € [=,0] and t € [ty_1,tx), where ¢ = max{uh,e*} > 1 and

p=ca/ci;
(111) for all k, r <ty —tr_1 < [ and the average dwell time condition holds, and § > 0;

(w) for s e [—r0] and h > 1, Vi(z(t +s)) < hV;(z(t)) for any i,j € S and any t > t,.
Then, system (4.2) is globally exponentially ISS.

Proof. Let x(t,to,¢) be any solution of system (4.2) with x;, = ¢ and v;(t) = V;(x(t)).
First, we want to show that every mode is globally exponentially ISS using conditions ()

and (7). For any i € S, and k € N, t € [ty_1,tx), we shall show that

0i(t) < eal|wy, [12e A0 oy (sup [|w(s)]]). (4.3)
to<s<t
Let
Qi(t) = vi(t) = co| |z, _, |[Ze A1) — Y(supsy <<y |Jw(s)]]), t e tio1,te), kEN
' V() — ca||ay, || 2e A1) t e [to—r to).

We need to show that Q;(t) < 0 for all t > to — r. For t € [ty — r,to], it is clear that
Qi(t) < 0. By condition (i),

vi(t) <callz|?
<collay, |12

<eylmy || e M) since — A(t —tg) > 0 for ¢ € [tg — 7, o] (4.4)
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So, we have
Q(t) = v:(t) — caf|zyy |7 A7) <0

Step 1, for t € [to, t1), we need to show

Qi(t) = vi(t) — eollay 7T — 4 ( sup [w(B)]) < 0. (4.5)

to<O<t,
For any ¢ € S, let o; > 0 be arbitrary, and we show Q;(t) < «; for [tg,t1). If not, then
there would exist some ¢ € [to,t1) so that Q;(t) > «;. Let
t: =1inf{t € [to, t1) : Qi(t) > oy, i € S}.

We also have
Qi(to) < wilto) — callweo I < calll(to)lI” — lle, [I7) < 0.
Since we have Q;(t) < 0 < o for t € [tg — 7, to], then tf € (to,t1). Also, since Q;(t) is

continuous on [tg,t1), then we have

Qi(t;) =ca;  and Qy(t) < oy for [to — 7, 8],

K3 (2

Then, we have

vilt]) = Qi(t]) + eall [7e A7) 1y sup [w(6)]) (4.6)
to <0<ty

and for s € [—r, 0], we have
vty +5) =Qit] + ) + caflzg, [T 4y sup [w(9)]))

togegt;+s

< i + ol 7NN £y ( sup [lw(6)]])
togegt;‘
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<o+ callrg 27 +4( sup [fu(B)])]e
0V

< qui(t"), (4.7)

where from (4.6), we use

70 sup Jw(@)]]) < vi(t7).

to <0<ty

Thus, from condition (ii), we have

0i(t7) < —Avi(t5)

which implies

Qi(t]) = :(t]) + Acallwy, 77 — 5 ( sup [lw(6)])
to<O<t;

< = i(t]) + Aca |z [[7e T =4 sup w(6)]))

to<O<t;

< — )\[vi(t’-‘) — CQHIEtOHz@_)\(t:_tO) —( sup ||w(9)||)]

7
to<O<t;

Then, Q;(t) is decreasing at ¢ which contradicts it being increasing at ¢t* according to the
definition of ¢*. Thus, we get Q;(t) < «; for all ¢t € [tg,t1). Let oy — 01, then we have

Qi(t) <0 for t € [tg,t1).

84



Step 2, for any i € S assume Q;(t) <0 for all t € [ty_y,tx) for k=1,---m.

Qi(tm) =vitm) — eollzr,, 7 —7( sup  Jw(®)])

to<0<tm+1

<co([lo(tm)I* = llwe, [I7) = sup  [w(O)]])

to<0<tm+1

<0.
Step 3, we will show that Q;(t) <0 for all t € [t,,, t;ny1), i-€., we need to show that

vi(t) < eaffa,, [ 4y (sup [lw(s)]]).

to<s<

To do so, one needs to prove that Q;(t) < «; for all t € [t,,, t;y1) and any ¢ € S. If this
were not true, then there would exist some ¢ € [ty,, t,41) such that for any i € S we have
Qz(t) > ;. Let

t: =1inf{t € [tm,tms1) : Qi(t) > y, 1 € S}

by the continuity, we have Q;(t*) = oy and Q;(t) < «; for all t € [t,,,t?), i.e., Qi(t?) > 0.
Thus, we have

uty) = i + eol|z, e o (sup Jw(@)]). (4.9)

to<O<ty

We want to show v;(t; + s) < v;(t7) for s € [—r,0].
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Case 1. If 7 + s € [t;n, tims1), then we have for each 1 € S

vilt; +8) = Qi(t] + 8) + eal|ay,, [[2e T 4y sup [w(6)])
to<O<t;+s

< @i + ol [Fe NN 4y sup [w(B)]))
togegt:

< [ai + ol [[Fe M7 4y ( sup [Jw(9)])] e

toS@St:

= e Mui(t7) < qui(t)). (4.10)
Case 2. If ¢ + s € [t,, — 1, L) Then, since for any 7,5 € S and for any ¢t > tg —r,

wlt) S ylt), p=2 21 (4.11)

Then, we have from the foregoing inequality and condition (iv)
vi(t; +8) < p;(t; + )
< ph;(t7)

<qui(t7), (4.12)
where ¢ = max{e*, uh}. Also, from (4.9), we have that

v( sup [w(0)|]) < wvi(t7).
to <Ot

Thus, from condition (i7), we have
0i(t7) < —Avi(t7)
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which implies

Qi(t7) = 0:(t]) + Aczllae,, [ 7e ) — 5 sup [lw(8)]])

to<O<t:

< = Ai(t]) + Aoz, 7T — 5 sup [lw(9)])

to<O<tr

< = Moi(t)) = eallag,, e 2 — 4 sup lw(6)]])]

to<O<t;

Then, Q;(t) is decreasing at ¢ which contradicts it being increasing at ¢} according to the
definition of . Thus, we get Q;(t) < a; for all ¢t € [t,, t;y1). Let oy — 07, then we have
Qi(t) <0 for t € [t,, tms1). By induction, we have @Q;(t) < 0 for all t > ¢y — r. Thus, we

have for t € [ty_1, tx),

vit) < callzy,, [17e T 4 sup Jlw(s)]]): (4.14)

to<s<t

By condition (i), one can show

1 to<s<t

(- 1
2]l < Vllee,_lloe™ 07 + \/ —y( sup [fu(s)]) (1.15)

This proves that every mode is globally exponentially ISS. Second, we shall show that the
whole switched system is globally exponentially ISS. Since condition (4) is assumed to hold

for all t >ty — r, then we have from (4.14)

Vi(z(t)) < pVila(tiy — r)e M) 4 q(Csup Jlw(s)]]), (4.16)

to<s<t
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Activating modes 7, j and [ on the first, second and third intervals, respectively, we have
for t € [to,tl)

Vi(z(t)) < pVilg)e X7 44 sup [fw(s)]]),

to<s<ty

and for ¢ € [ty,1ts)

Vi(a(t)) < uVj(ze)e X +a( sup Jw(s)|])

to<s<ts

< 1PVl )e N 4y (Csup [fw(s)))

to<s<i2

<[ 2 Vil )e MO £ sup lw(s)[)] e M 4 sup [Jws)]])

C1 to<s<ty—r to<s<to

< PNV (g, ) e M e AT 2y (Csup [|w(s)|])e M

to<s<t1

+7( sup [Jw(s)]])

to<s<t2

<2 Vil )e M) 4 (1 4+ 1)y( sup w(s)]]),

to<s<ta

and for t € [ty t3)

Viz(t)) < uVilze, )e ™) + 4 sup [Jw(s)|])

to<s<ts

< HPVj(ag)e M b sup [Jw(s)]])

to<s<is

< P[P Vi(wiy ) e M) (1 + 1)y( sup [w(s)|)]e M) 4y ( sup [|w(s)]])

to<s<to—r to<s<ts
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< PPV () NN (122 4 )y sup[fu(s)|[Je )

to<s<to—r

+( sup Jw(s)||)

to<s<ts

<pPeP V(g )e M) - (it 4 p? + 1)y( sup JJw(s)])).

to<s<t3

Generally, for i € S and ¢ € [t_1, 1), we have

e
—_

Vila(t)) < p2 1m0V e 20 )+ (302 )y( sup [fuw(s)])

- to<s<t
g 05>k

Il
=)

< Pt ATO () + k(p®)* Ty ( sup fw(s)]])

to<s<ty

< () e MOV () + k(p?) My sup Jw(s)]])

to<s<ty

< P (o) e MOV () + k(1) y( sup JJw(s)]])

to<s<tg

< (o)t o™ e MOV (wey) + k(1) ( sup lw(s)l])

to<s<ty

S ekln(ug)—ln(g)—A(t_tO)‘/;(:pto) + F(t)a

where o0 = pe and T'(t) = k(p?)" 'y(sup; <.y, [Jw(s)|]) is class K function. Using the

average dwell-time condition with Ny = -, 7, = hj\(f 5), (0 < v < A), for some arbitrary

positive constant 7, we get

Vi(z(t)) < emtir Ve, ) + T(t)

< De 0|z, |17+ T(2)
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where D = copue”. This implies that
] < Bllzg [lre™ 2+ 5(2), ¢ 2 to,

where b = py/e", and 4(t) = /I'(t)/c; is class K. This completes the proof of exponential

ISS. ]

As a special case, consider the following uncertain switched systems with time delay

&= (Agey + AAyw)x + (Agy + AAyw)z(t — 1) + Byyu + Goyw + fon (x(t — 7)),
zZ= C’Q(t)x + Fg(t)u, (4.17)
Ty, (s) = ¢(s), se[-r0, r>0,

where z € R” is the system state, , u € R! is the control input, and w € RP is an input
disturbance, which is assumed to be in Ly[tg,00) and z € R" is the controlled output.
0: [ty,00) = S ={1,2,--- N} is the switching rule and r > 0 is the time delay. For each
i €S, A;is anon Hurwitz matrix, K; € R is the control gain matrix such that u = Kz,
where (A;, B;) is assumed to be stabilizable, f;(-) € R™ is some nonlinearity, A;, B;, G;, C;
and F; are known real constant matrices, and AA;, AA; are piecewise continuous functions

representing system parameter uncertainties. For any ¢ € S the closed-loop system is

i = (A; + AA; + BiKy)x + (A + AA)x(t — 1) + Gyw + fi(z(t — 1)),
CC'tO(S) = ¢(S)7 S [_T’ 0]7 r> 07

Thus, the closed-loop system in the faulty case becomes

T = (Az -+ AAZ + Bic—,Ki)ZE -+ (Az —+ AAJI(t — T’) -+ Gz-cwf -+ fz(l'(t — 7”)),
z = Cjex, (4.19)
Ty, (s) = ¢(s), se€[-r0], r>0,
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where G;. = (G; Bi,).

Then we have the following results

Corollary 4.2.1. For anyi € S, let K; and v; > 0 be given. Assume that Assumption A
holds and there exist positive constants §;; (7 = 1,2,4,5,6), o, a positive-definite matric
P; satisfying

(Ai + B;K;))" P, + P{(A; + BiK;) + P,(&:D:D} + &,G,GT + &4 Ai(A)" + &iDy(D;)"

1 i i 5 i
F&l) P BT H o (g g 4+ 2T o+ Ol asPi = 0 (4.20)
17 41 5t 61

where §; > 0 such that || f;(V)]|*> < &||0||?. Assume further that ||w||* < &yafVi(x) with
of < a; and for allk, r <ty —tx_1 < 5 where > 0, and the average dwell time condition

holds. Then, system (4.18) is robustly globally exponentially ISS-H .

Proof. For all t € [tg — r,00), let x(t) = x(t,ty,$) be the solution of system (4.18). For
any i € S, define V;(z) = 2" Pix as a Lyapunov function candidate. We need to check if

the conditions of Theorem 4.2.1 hold. It is clear that condition (7) holds as
Aumin (P [2]* < Vi(7) < Amax(P3)[|])*

and so

allz]* < Vi(z) < ea|z]”

where ¢; = minjes{Amin(F;)} and ¢o = max;es{ Amax(F;) }-
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For condition (i), we have
V;(a:) = [(A; + AA; + BiK))x + (A + AA)z(t —7) + Gow + fi(x(t — )] P
+ 2T P[(Ai + AA; + BiK)x + (A + AA)z(t — ) + Gow + fi(z(t — 1))
= 27 [(A; + BiK;)" P, + Pi(A; + BiK))]|x + 227 Pi(AA)x + 227 P,Gyw
+ 22T Bifi((t — 7)) + 22" Py(AA)x(t —r) + 207 P Az (t — 1)

< 2T [(A; + B;K)" P+ Pi(A; + BiK;) + Pi(£D; D] + £,GGT + €43 A:(Ay)T

1
Mz + —w'w

_ 1 i T 0iGi
+ &iDi(D)T + &) P+ —H] H; + (_q + | H,])* + 4 ¢
9

éli 541' 51 561'

1
< —aVi(z) + —wlw

£ai

< = AVi(z) < =AVi(),

where \; = a; — af, A = mines{\;} and we used Lemma 3.1.3, and condition (4.20).
Hence, condition (ii) holds. The rest of the proof is similar to the proof of Theorem 4.2.1.
Thus, we have

]| < Bllzg [l V2 +5(2), t > t,

where b = p/e, and 7(t) = \/T'(t)/c; is class K such that I'(s) = k(uz)k_lng—gj‘z and

& = minges{&y;a}. This completes the proof of globally exponentially ISS.
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To prove the upper bound on ||z]|, for any i € S, let J; = ftzo(sz — y2wTw)dt. Then,

Ji= [t ey e [ Vide = ViGoo) + Vidao

to to

o0

< / (272 — v wTw) dt + Vi(zo) + /

to to

{xT[(Ai + B;K;)" P, + P,(A; + BK;)

Pi€uD:DT + €4 Ai(A)T + €:D(Dy)" + &) P, éH?HZ-

qz

527, —
(e B2+ 28]+ 42 PG GT P — A2 PGLGT Pla + 227 BGiw

" ( 56@

dt

H—/

= Vi(zo) + / {iUT[(Az‘ + BiKi)TPi + P,(A; + B,K;) + Pz'(quiDiT + €4iAi(Ai)T

to

61 1 —
Bmz)? + 2+ 42PGGT P,

+ &5 D (D))" 4 &6i) P + mﬂ+( ‘.

§ 5 4i £5z

+ C’g;C’iC]x} dt — / %.2(w — %-_2GiTPZ-x)T(w — %-_2GiTPix) dt.

to

The last term is strictly negative, using (4.20) with ;2 = &, we get J; < Vj(z¢) which
leads to

12115 < ¥*[lwll3 + mo,

where mg = max;cs{V;(xo)}, and v = max;es{v:}- O

Remark 4.2.2. Corollary 4.2.1 provides sufficient conditions to ensure the robust global
exponential 1SS property. The algebraic Riccati-like equation in (4.20) is to guarantee

the existence of the positive-definite matriz P; (for all i € §), which implies that the
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solution trajectories of the subsystems are decreasing outside a certain neighbourhood of the
disturbance w(t). The role of the average dwell time condition is to organize the switching
among the system modes. &1, & are tuning parameters to reduce the conservativeness of

the Riccati-like equation.

Corollary 4.2.2 (Reliability). For any i € S, let the constant v; > 0 be given, and assume
that Assumption A holds and there exist positive constants &;;, (j = 1,2,4,5,6), €, o,
K, = —%QBZ;R, and a positive-definite matrixz P; such that the following algebraic Riccati-
like equation holds

AZ-TPz‘ + PA; + Pi(quz‘D;‘F + fQiGicGz; - EiBiEBZ% + &4 Ai(A)T + & Di(Dy)"

1
St

i i 0igi
q +q—y|Hi||2+ q

HealPt (ot g M+

)V + —HI'H; + CLCi + o, P = 0, (4.21)

where 6; > 0 such that || f;(¥)||* < &|[v||2. Assume further that |wk||* < &y Vi(z) with
of <oy and for allk, r <ty —tx_1 < [ where > 0, and the average dwell time condition

holds. Then, system (4.19) is robustly globally exponentially ISS-H,.
Proof. Let x(t) = z(t, o, ®) be the solution of (4.19). Vi € S, define V;(z) = 27 Pz as a

Lyapunov function candidate for the ith mode. Then, as shown earlier, condition (i) of

Theorem 4.2.1 is satisfied. For condition (iz), the derivative of V;(z) along the trajectory
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of (4.19) is given by
V;(x) < aT[A] P+ PA; + P(6;DiD] + £G:.GL + &4 Ai(A)T + &:Di(Dy)" — EiBif)B;%

+ &) P+ —HIH; + (2 + I B2 + 29 e+ — (wh) " wF
glz‘ 541‘ 5t 561’ §2i

< — V(o) + ()
< = AVi(z) < =AVi(w),
where \; = a; — of, A = min;es{\;} and we used Lemma 3.1.3, condition (4.21), and the
fact
BisBjs, < BizBy.
Thus, we have

2] < bl|ay, || e T2 £ (t), t >t

where b = pv/e7, and 5(t) = /T(£)/c1 is class K such that T'(s) = k(p2)k—tlue@I

& = minges{&y,a}. This completes the proof of globally exponentially ISS.

As for the upper bound ||z||, one can follow the same steps in Corollary 4.2.1, where

Ji= [t ) ek

to

Example 4.2.3. Consider system (4.18) with S = {1, 2},

02 0.1 -3 1 2 0.1 01 -2
Al_[ 0 —61’31_{0.1 0.2}’01—{0 2 ]’Fl—{(u 0 ]



- 0.1 0.1 1 = 0 -
Alz{w : },Dlz[o},m:[o 1},D1={1},H1=[1 0],

S R e ) R

€1 = 2, 511 = 027 Y1 = 017 o] = 27 521 = 7;2, 541 = 01, 551 = 03, 561 = 027 M1 =

2, =3, 0, =0.05 and 6, = 0.1. As for the second mode,
-9 0.2 [ 0.1 05 1 0 0.1 0
AZ‘{ 0 0.11’32_ | 0.1 —1}’02_ {0 0.5}’&_{—3 0.1}’

x 0.3 0.2 [0 ~ 1] 4
A2:|i0 01:|7D2: 1:|7H2:[]-0:|>D2:|:0:|7H2:|:01]7

Gy = [ o } fo=0.01 { :Eg;g - Bg } Uy = sin(t),

€y = 05, 512 = 03, Yo = 015, Qo — 25, 522 = 7;2, 542 = 02, 552 = 009, 562 =

0.1, My = 1.1, 6, = 0.15, and 5, = 0.01. The disturbance w” (t) = 1.2[sin(¢) sin(t)].

Case 1. When all actuators are operational, we have

p_ 0.7234 —0.0157 P 11.6224 —1.2007
Y7l —0.0157 05559 |7 | —1.2007 10.6159 |’

with C11 = /\min(Pl) == 981737 Ci1p = >\maX<P1) == 124211, Co1 — )\min(PQ) == 266962, Cop —

Amax (P2) = 54.1990, so, ¢; = 9.8173, ¢3 = 54.1990, and

K — { 34.9874 —4.6636 1 Ky = { —1.2381 —0.58121

—11.3823 —0.9225 —7.7135 7.3350

96



051

Figure 4.2.1: Input-to-state stabilization, ¢(s) =1 —s, s € [-1,0] : Operational case.

Thus, the matrices A; + B;K; (i = 1,2) are Hurwitz and 1, = Ny — 11783, with v = 0.5,

a*—v

the upper bound of the disturbance magnitude is 0.1031, and the cheater bound Ny = 0.5853.

Case 2. When there is a failure in the first actuator, i.e., Bixy = {1} and Bjs =

0.1 0

0 1
[O 0'2},andeg:{2} a”dez—{O.l O},wehcwe

P 11.7139 —3.1981 P 53.1251 —4.8927
71 31981 115155 |72 | —4.8927 27.3562 |’

with C11 = >\min<P1) == 84151, Ci2 = )\max(Pl) == 148144, Co1 = 264585, Coo = 540228, SO
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Figure 4.2.2: Input-to-state stabilization, ¢(s) =1 —s, s € [-1,0] : Faulty actuators.

c1 = 8.4151, ¢y = 54.0228, and the control gain matrices

35.4616 —10.7459 0 0
Ki= 0 0 }’KQ_{—TSGSS 7.4506 |

Thus, the matrices A; + B;K; (i = 1,2) are Hurwitz and 1, = 1.2823, the upper bound of

the disturbance magnitude is 0.1033, and the cheater bound Ny = 0.5378.

Figure 4.2.1 and 4.2.2 show the simulation results of ||z|| (top) and p(s) (bottom) for
both cases, where p(s) = max{pi(s), p2(s)} and p;(s) = s/\/c20: 2, T. = 3. The figures
show the input-to-state stability of the system where the state magnitude ||z|| is bounded

below by the system disturbance magnitude.
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When we consider the system disturbance input

we get the same result, and this shows that the system state is decaying as well. The

simulation results of ||xz|| (top) and y(||w||) = /ca/c1p(||w]|) (bottom) are shown in Figures
4.2.8 and 4.2.4.

1.5

|

o0 5 {:\ —1; 20 25

Figure 4.2.3: ISS with a decaying disturbance, ¢(s) = 1 —s, s € [—1,0] : Operational case.
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[1xI1 & p(lIwl])

051

Figure 4.2.4: 1SS with a decaying disturbance, ¢(s) =1—s, s € [—1,0] : Faulty actuators.

4.3 Conclusion

The system under investigation has been exponentially stabilized by state feedback robust
reliable controllers. The Lyapunov-Razumikhin technique along with average dwell time
approach by multiple Lyapunov functions has been utilized to fulfill our purpose, which
implies that the results are delay independent. The output of the faulty actuators has been

treated as a disturbing signal that has been augmented with the system disturbance.
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Chapter 5

Impulsive Switched Systems with Time
Delay

This chapter deals with the problem of exponentially input-to-state stabilization of im-
pulsive switched systems with finite time delay. To analyze this qualitative property of
each mode, we use the technique of multiple Lyapunov functions along with Razumikhin
condition, and to achieve the ISS property of the switched system, we use the average
dwell-time switching law. Some illustrative examples are presented to clarify the proposed

theoretical results. The contents of this chapter forms the basis of [11].

5.1 Problem Formulation and Preliminaries

Consider the following impulsive switched system with time delay given by

&= fouy(we,w(t)), t#t
Ax(t) = I(t,x-), t=ty, keN (5.1)
Ty, (8) = ¢(s), se€[-r0], r>0,
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where z € R" is the system state, fou), Ix,,, : R xPC([-r,0,R") = R", ¢ € PC([-r,0],R"),
the impulsive times t; satisfying tg < t1 < to < -+ < tgp < ---, with limy_. tx = o0,
Az(t) = z(t}) — x(t;) where z(t}) and z(t; ) are the right and left limits at ¢; respec-
tively, and w € RP is an input disturbance, which is assumed to be in Ls[tg, 00). For
r > 0, let C, be the space of all continuous functions that are defined from [—r,0] to
R"™. For any ¢t € Ry, let z(¢) be a function defined on [tg, oc]. Then, we define the func-
tions xy, ;- € PC([—r,0],R") are defined by z:(s) = x(t + s), z4-(s) = z(t~ + s) for all
s € [—r,0], respectively, and the linear space PC([—r,0],R") is equipped with the norm
||2¢||r = sup,_,<p<; ||2(0)]|, where r > 0 is the time delay. o is the switching rule which is
a piecewise constant function defined by o : [tg,00) = S = {1,2,---, N}. So system (5.1)
can be expressed as follows
&= fi(ze, w(t)), €S

Aﬂi(t) = [k(t,xt—), t=1x, keN (52)
2, (8) = é(s), se€[-r0], r>0,

Definition 2. A function V : R, x R™ — R" is said to belong to class v if

(i) V € C([tg—1,tx) x R",R™) and V (¢, x) is left continuous at each ty;

(ii) V(t,x) is continuously differentiable at all x € R™, and for all t > t,, V(¢,0) = 0.
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5.2 Main Results

In this section, we present our main results. The following theorem gives sufficient condi-

tions of global exponential ISS property of the proposed system.

Theorem 5.2.1. For any i € S, let K; and a differentiable class K function ~ be given.
Assume that there exist positive constants ci, ca, 7, 3, di,, and a class v function V; such

that

(i) ci||z||* < Vi(z) < collz||? for all t > to —r;

(ii) Vi(1(0)) < =AVi(4(0)) whenever Vi(y(s)) < qVi(1(0)), and y(supy,<pey, [w(9)]) <

Vi((0)) for ¢ € C., s € [-71,0] and t € [ty_1,tx), where ¢ = max{uh,e*} > 1 and

p=ca/cy;
(i1i) for all k, r <t —tr_1 < [ and the average dwell time condition holds, and 8 > 0;
(w) fors e [—r,0] and h > 1, Vi(z(t +s)) < hV;(z(t)) for anyi,j € S and any t > ty;
(0) Vi((t7) + T (0(t)) < (1+ di)Vi(6(t0)) for any ij € S and any t > to with
Y opey iy < 00, and dy, = 0.

Then, system (5.2) is globally exponentially ISS.

Proof. Let x(t,to, ¢) be any solution of system (5.2) with x;, = ¢ and v;(t) = V;(x(t)).

First, using conditions (i) and (ii), we show that every mode is globally exponentially ISS.
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For any i € S, and k € N, t € [t;_1, k), we show that

k-1

vit) < e [J(1+dy)

J=0

[ [[7e ) 1 (Csup [Jw(s)]]). (5.3)

to<s<t

Let

ot = £ 10 =TI dy)lle B — 3oy [, ¢ € s, ), € N
' Ul<t) - CQthoH?ﬂe_)\(t_to)a t € [to -, to)

We need to prove that Q;(t) < 0forall ¢ > to—r. It is clear that Q;(¢t) < 0 for t € [to—r, to].

From condition (i), we get

vi(t) <col|z|? (5.4)
<ol |2 (5.5)
<col|ay, [|Ze M), (5.6)

So, we have

Qi) = vilt) — ealy [ <0

Step 1, for t € [to, 1), we need to show

Qi(t) = vi(t) — callzyy 77 —4( sup [w(8)])) < 0. (5.7)

to<0<t1

For any ¢ € S, let o; > 0 be arbitrary, and we show Q;(t) < «; for [tg,t1). If not, then

there would exist some t € [ty,?;) so that Q;(¢) > ;. Let

t;k = mf{t € [to,tl) : Ql(t) >4, 1€ S}
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Qi(to) < vilto) — eallws [} < eallz(to)l* — llz[I7) < 0

Since we have Q;(t) < 0 < «; for t € [ty — r,ty], then tf € (to,t1). Also, since Q;(t) is

continuous on [tg,t1), then we have

Qi(t]) = o and Q;(t) < oy for [ty — 7, t7].

7 (e

Then, we have

vilt]) = Qi(t]) + eall [7e X7 4y (sup [w(6)])
to<O<t;

and for s € [—r, 0], we have

vilt; +5) = Qilt] + 5) + calla, [Ze T 4 ( sup Jw(6)]))
to<O<t:+s

<o+ CQHfUtoH?ﬁﬂ(tfitO)@M +( sup [w(8)])
to<O<t;

<[ai + collag e 44 ( sup [lw(B) )] e

to<O<t;
=M (t7)
S qu; (t*)7

where from (5.8), we use

v( sup [w(0)|]) < vi(t7).
to <Ot

Thus, from condition (i7), we have

(2 K3
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which implies

Qity) = 0,(t7) + Acalay, [[7e 7 =5 sup [w(9)])

to <Ot}

< = Av(t) + Acz g [[Fe T —4( sup [w(8)]))

Lo <Ot}

< — /\[vi(t’f) — Col|zg||Ze M) — 4( sup ||w(6’)||)]

7
to<O<t}

= — . (5.10)

Then, Q;(t) is decreasing at ¢ which contradicts how t* was defined. Thus, we get @Q;(t) <

«a; for all t € [t,t1). Let a; — 07, then we have Q;(t) < 0 for ¢ € [tg,t1).

Step 2, for any i € S assume Q;(t) < 0 for all t € [ty_q,tx) for k=1,---m.

Qiltm) =vi(tm) — e [ [(1 + dj) |, [IF = sup  [w(B)[])
=0 t0<O0<tm+1
m—1 B
< (1 dm) [0(t5) = 2 [T+ dj) s, e =m] — (- sup [Jw(B)]])
j:0 toﬁeﬁtm-ﬂ

= (1 +dm,)Q;(t,,) =7 sup  Jw(B)])

to Segtm+1

SO < ;.

Step 3, we will show that Q;(t) < 0 for all t € [t,,, tyny1), 1-€., we need to show that

e, |[Fe™ 2070 4 sup [Jw(s)]]).

to<s<t

vi(t) < e ﬁ(l +d;,)

We need to prove that Q;(t) < o for all ¢t € [t,,,t,,41) and any ¢ € S. If this were not true,
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then there would exist some t € [t,,,t,,+1) such that for any i € S we have Q;(t) > «;. Let
t; = 1inf{t € (tym, tms1) : Qi(t) >y, i € S}

by the continuity, we have Q;(t*) = a; and Q;(t) < o for all t € [t,,, ], i.e., Qi(t}) > 0.

Thus, we have

vilt]) = i+ e [ [(L+ )|z, 2625 + 4 sup [lw(8)]). (5.11)
i to<O<t;

We want to show v; (¢} + s) < v;(tf) for s € [—r,0].

Case 1. If tf + s € [t;n, tims1), then we have for each 1 € §

ity +8) =Qilt; + ) +eo [ J(L+ dj) g, [ZeXEF7) 5 sup  [lw(B)])

j=0 to<O<tf+s

<ai+ e [ [+ d)llae, 266 4 sup [lw(6)])

j=0 to<O<t;

<oy + e [ [+ ), [Fe 5 44 sup [w(0)])] e

=0 to<O<t;

=eMu(t7) < quilt)). (5.12)
Case 2. If ¢ + s € [t,, — 1, L) Then, since for any 7,5 € S and for any ¢ > tg —r,

wlt) S ylt), p=2 21 (5.13)
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Using the foregoing inequality and condition (iv), we get
vi(ty +5) < po(t7 + )
< phv;(t7)

< qui(t}), (5.14)
where ¢ = max{uh, e’ }. Also, from (5.11), we have that

70 sup Jw(@)]]) < vi(t7)-

to<O<tr
Thus, from condition (ii), we have
0i(t7) < —Avi(t])

which implies

Qi(t;) =0i(t7) + Aez [T+ dy) e, 126 — 5 sup Jw(8)]))
=0 to<O<t;
< = M(t) + Ao [T+ djy) e, |26 —5( sup [w(8)]))
iy to<O<t:
< = Aloilt]) — e [T + ) llze,, |26 —5( sup [w(®)])]
=0 to<O<t}
= — . (5.15)

Then, Q;(t) is decreasing at ¢ which is a contradiction. Thus, we get Q;(t) < «a; for all

t € [tm,tmy1). Let a; — 07, then we have Q;(t) < 0 for t € [t,,, tms1). By induction, we
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have Q;(t) <0 for all ¢t > tg — r. Thus, we have for ¢t € [t;_1, ),

k—1
vi(t) < e [ [+ didllza, |[Fe 070 + 5 sup [Jw(s)]]), (5.16)
=0 to<s<t
By condition (), one can show
k—1 1
loll < | T+ i)l e “/2*\/ —(sup [lw(s)ll).  (5.17)
j=0 €1 to<s<t

This proves the global exponential ISS for each subsystem. Second, we willshow that
the whole switched impulsive system is globally exponentially ISS. Since condition (7) is

assumed to hold for all t > t; — r, then we have from (5.16)

H 14 dj Vil (thy — 7))e 20D 4y (Csup [Jw(s)|]), (5.18)
7=0

to<s<t

Activating modes i, j and [ on the first, second and third intervals, respectively, we have
for t € [to,tl)

Vi(z(t)) < Vi(ai)e M7 4 ( sup [[w(s)]),

to<s<t1
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and for ¢ € [ty,ts)

1

Vi(a(t) < p [T+ dj)Vi(ze)e X 4+ 4( sup lw(s)l])

=0 to<s<tg

(14 dj)Vi(ze )e M 4 sup [Jw(s)]])

to<s<ts

—_

IA

2

<
Il
o

IN

2 (1+dji)[?%(xto)e*““’“t“’+’V( sup [Jw(s)|)]e M 4 sup |w(s)]])

1 to<s<ti—r to<s<tg

[e=]

.

—_

1
< T+ dj) e Vilag)e e 4 w2 TT(A 4 dg)y( sup [Jw(s)]])e 0

Jj=0 §=0 to<s<ty
+7( sup [lw(s)[])
to<s<ts
1 1
< [T+ dy)e Vitan Je X + a2 TL+ ) + D3 ( sup [fu(s)])
j=0 j=0 058502

and for ¢ € [ty, t3)

Vila(t) <a T+ diViGan)e ™ 4 4( sup (o))

to<s<ts

2
2T+ i)V (@) 4y sup [lws)]))
7=0

to<s<ts
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(1 + dji )ekrw(xto)e_)\(tz_r_m)

IN

t{o
;w

—

_|._
&
=
EP—‘

+ (P [JA+ ) + D7 sup lw(s)]]) [ 9 sup [Jw(s)]])

to<s<to—r to<s<ts

1
< MS(l + sz) H(l + dji)262/\rv;(xto)ef)\(tgfto)ef)\(tftg)

j=0
1 2
+ ()P (1+do) | |1+ d5) 1+d;, —At=t)
DT+ )+ [J 4 dy)a( sup [fo(s)l)e
J=0 J=0 -
+7( sup |[|w(s)|])
to<s<t3
1
W01+ da,) [T+ dj ) V(g )e )
j=0
1 2
(o) TTO+ 5 + 2 TIO+ di) +1)7( sup [fw(s)])).
— - to<s<is
7=0 7=0
Generally, for i € S and ¢ € [t_1, 1), we have
1 2 k—1
Vi(a(t)) <p e DM TT+dp) [T+ dy) -+ T[T+ dj)e 0wy,
j=0 j=0 j=0
1 2 k—1
IO+ d) [T +ds) - T+ dir( sup [Jw(s)]))
=0 =0 =0 to<s<ty
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= uF () 1 Ge MOV (24) + k(1) Gy ( sup  [|w(s)]])

to<s<tg

= ()" o' Ge WV (ay) + k(1) G ( sup [Jw(s)|])

to<s<tg

< ek In(pe)—In(e)+In G_’\(t_tO)Vz‘(%o) +T(t)
where ¢ = pe and T'(t) = k(p®)" ' Gy (supy <<y, |[w(s)]]) is class K function with G =
Hjl.:o(l +d;,) H?:O(l +d;,) - H?;S (1+d;,). Using the average dwell-time condition with

Ny = =L, 7, = ko (0 < v < A), for some arbitrary positive constant n, we get

ViCa(t)) < @O mV g, ) 4 T ()
< De "y |12+ T(2)
where D = coGpe’. This implies that
]l < bl llre™ 2 4 5(2), t > to,

where b = uv/Gen, and 3(t) = 1/I'(t)/c; is class K. This completes the proof. O

As a special case, consider the following uncertain impulsive switched systems with

time delay

(A (t) + AAg(t )[E ( + AA t)) (t - T) + Bg(t)u + Gg(t)w

+f9 ((t—?“)), t%t
Aalt) = Ty (2(t)) = Crpolt), =ty k=12 (5.19)
Ty, (s) = ¢(s), se€[-r0], r>0,

where x € R" is the system state, the impulsive times ¢, satisfying to < t; <ty < --- <t <
, with limy o0t = 00, Az(ty) = z(t)) — x(t; ) where z(¢;)(or x(t;))) is the state just
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after (or before) the impulse at tj, I} : R® — R" is the impulsive function, u = Kz € R! is
the control input, and w € RP is an input disturbance, which is assumed to be in Ly[tg, 00)
For each i € S, A; is a non Hurwitz matrix, K; € R is the control gain matrix such
that u = K;z, where (A4;, B;) is assumed to be stabilizable, f;(-) € R™ is some nonlinearity,
A;, B;, G; are known real constant matrices with proper dimensions, and AA4;, AA; are
piecewise continuous functions representing system parameter uncertainties with bounded

1norms.

For any 7 € § the closed-loop system is

= (A; + AA; + BiK)z + (A; + AA)x(t — 1) + Gaw + fi(z(t — 7)), t# t,
() I (x(t7)) = Ca(t™), t=ty, k=12, (5.20)
2, (8) = &(s), s€[-r0], r>0,

Assume that the output of faulty actuators is an arbitrary energy-bounded signal which
belongs to Ls|tg, o0). To analyze the reliable stabilization with respect to actuator failures,

for any ¢ € S, we write the decomposition

B; = Bis + Bis.

F

Furthermore, the augmented disturbance input to the system becomes w; = EYINT

(UO'

where uf

€ R is the failure vector whose elements corresponding to the set of faulty
actuators o, and F here stands for “failure". Since the control input u is applied to the

system through the normal actuators, and the outputs of the faulty actuators are assumed
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to be arbitrary signals, the closed-loop system becomes

T = (Az + AAZ + BiaKi)J? + (AZ + AAz)JI(t — T’) + Gicwf + fl(.%’(t — T’)),
Az(t) = I (z(t7)) = Cra(t™), t=ty, k=1,2,--, (5.21)
Ty, (s) = ¢(s), se€[-r0], r>0,

where G;. = (G; Bi,). Then we have the following results
Corollary 5.2.1. For anyi € S, let K; and v; > 0 be given. Assume that Assumption

A holds and there exist positive constants £;; (j = 1,2,4,5,6), a positive-definite matriz P,

such that
(A; + BiKi)TPZ' + P,(A; + B;K;) + Pz(quiDZT + fziGiGiT + €4iAi(Ai)T + fm’Di(Dz’)T

1 i i 0iGi
+ )P+ —HTH, + (L + L 72 + 229 4 0u P = 0 (5.22)
§1i ui 5 &oi
where 6; > 0 such that
1@ < &llvl2. (5.23)

Assume further that ||w||* < &yt Vi(z) with of < a; and for all k, r <ty —tp_1 < B where
B >0, the average dwell time condition holds, and Vi(x(t,) + I, (z(t;))) < dy, Vi(t;), 0 <
dy,, < e Mr1=t) < 1 for all k € N. Then, system (5.20) is robustly globally exponentially

ISS.

Proof. For all t € [ty — r,00), let x(t) = x(t,ty, ) be the solution of system (5.20). For
any i € S, define V(z) = 27 Pix as a Lyapunov function candidate. We need to check if

the conditions of Theorem 5.2.1 hold. It is clear that condition (7) holds as

Amin(P)|2]1* < Vi) < Anax (P) 2]
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and so
allzl* < Vi(z) < eafj2]®
where ¢; = minjes{Amin(F;)} and co = max;es{ Amax(F;) }-
For condition (7i), we have
V(z) = i"Pa + 2T P
=27 [(A; + BiK)" P, + Py(A; + BiK;)]x + 22" Pi(AA))x + 227 BGyw
+ 22T Bifi((t — 7)) + 22T Py(AA)x(t —r) + 207 B Ax(t — 1)

< 2T [(A; + B;K)" Py + Py(A; + BiK;) + Pi(€1:D; D] + €,GGT + €43 Ai(Ay)T

1
Mz + —w'w

_ _ 1 4 i — 51’ i
+ & Di(D)T + &) P+ —H H; + (q_ + q—||Hz||2 + 4 ¢
2

f 1z 541' 51 561‘

1
= —aVi(2) + —w'w
&ai

< — )\sz(@ < _)\‘/i(x)a

where \; = a; — af, A\ = mines{\;} and we used Lemma 3.1.3, and condition (5.22).
Hence, condition (77) holds. The rest of the proof is similar to the proof of Theorem 5.2.1.
Thus, we have

]| < Bllzg [l V2 +5(2), t > t,

where b = pvGen, and y(t) = y/I'(t)/c1 is class K such that I'(s) = k(uQ)k_lG”g—Z)*Hz and

& = minges{&y;a}. This completes the proof.
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Corollary 5.2.2 (Reliability). For any i € S, let the constant v; > 0 be given, and assume
that Assumption A holds and there exist positive constants &;;, (j = 1,2,4,5,6), €, o,
K; = —%eiBg(;Pi, and a positive-definite matrix P; such that the following algebraic Riccati-
like equation holds

ATP + PA + P(flzD DT + 521G20G — € zZBzz + 542 ( ) + 652 ( )T

0iq;
&6

1
VI +—H'H; + ;P = 0, (5.24)

+ éﬁz ) ( {1‘

H 2
Eai €5z|| I

where 6; > 0 such that || f;(¥)||? < &|[v||2. Assume further that |wk||? < & Vi(z) with
of < oy and for allk, r <ty —tx_1 < 5 where f > 0, and the average dwell time condition

holds. Then, system (5.21) is robustly globally exponentially ISS.

Proof. Let x(t) = w(t,to, ¢) be the solution of (5.21). Vi € S, define Vi(z) = 27 Pz as a
Lyapunov function candidate for the ith mode. Then, as shown earlier, condition (i) of
Theorem 5.2.1 is satisfied. For condition (i¢), the derivative of V;(z) along the trajectory
of (5.21) is given by

V;(.I) S xT[A?R + -PzAz + R(é-lzDzD@T + é-QZGchT + 541 ( ) + 551 ( ) GszZBlz

0iGi 1
HH 12+ =)z + —(wl) wl

1
—HI'H; + ITw?
( 561 522‘

+ &6l ) P 5

f 4i 551
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where \; = a; — af, A = min;es{\;} and we used Lemma 3.1.3, condition (5.24), and the
fact

B;sBL < BB

Thus, we have
]| < Bllzg [l V2 +5(2), t > t,

[

where b = puv/Gen, and 5(t) = 1/T'(t) /ey is class K such that I'(s) = k(,uQ)k_lG”wg% and

&a* = minges{€yal}. This completes the proof. L

Example 5.2.2. Consider system (5.20) where S = {1,2},

0.3 0.1
A= [0.2 —61’31

e[y ]ae [ R
212{0.6 0'1],1)1:[(1)],}11:[0 1]751:[(”,F1:[1 0],
6= [2 0] op—oa [t

e =22 &1 =01, v =01, ay =25, & =12 &u = 01, & = 0.03, & =

] Uy = sin(t),

0.25, M; = 1.5, and 6, = 0.05 with ty = 0. From (5.23) one may get 6; = 0.1.

As for the second mode, we take

—-9 0.2 1 02 1 0 0.1 0.2
Az‘[ 0 0.11’32—[0.1 —1}’02—{0 0.5]’F2—{—4 0.1]’
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ZQ:{;’ 8:?},1)2:{0},}12:[1 o],ﬁzz[l},ﬁgz[o 1],

Gy = { 0.5 0 sin(z(t — 1))

0 2 ] f2 =001 { sin(zg(t — 1)) ] Yo = sin(f),

e =05, &2 =02, 7 =015, oy = 2, &n = 77 & = 02, & = 0.09, & =
0.15, My = 1.1 and 0y = 0.15. From (5.23), one may get that 6o = 0.01. Let the system
imput disturbance be defined by

sin(t)

w(t) = Lin(t) ] .

Case 1. [All the actuators are operational/

0.8

0.6

0.4

021

Figure 5.2.1: Input-to-state stabilization: Operational actuators.
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When all the control actuators are operational, we have from Riccati-like equation,

P — { 0.6126  —0.0560 ] By = { 1.4169 —0.0746 ] ’

—0.0560 1.0827 —0.0746  0.5356

with ¢ = 0.5293, co = 1.4232, and the control gain matrices are

Ko 2.0832 —1.3757 K — —0.3524 0.0053
Y7l —0.3246 —0.2074 |72 T | —0.0895 0.1376 |-

Thus, the matrices

—6.1120 4.1235

At Bt = { 22183 —7.4172

} . and Ay + By Ky = [ —9.3703 0.2328 }

0.0543 —0.0371

are Hurwitz. The average dwell time is 1, = % = 2.7835 and 6 = 3.0543.

Figure 5.2.1 shows the simulation results of ||z|| (top) and v(||w||) = \/c2/c1p(||w]])

(bottom), where p(s) = max{pi(s), pa(s)} and p(s) = s/\/c20&, T, = 3, and the initial

function ¢(s) = cos(1 —s) for all s € [—1,0].
Case 2. [Fuailure in the first actuator in the first mode and second actuator in the second

mode| When there is a failure in the first actuator, i.e., ¥1 = {1} and Bjs = [ 0 0.5 } :

0 0.2

1

and 3o = {2} and Bys = {01 0

} , we have from Riccati-like equation,

P — { 0.6025 —0.0880

p_ [ 08166 —0.0619
—0.0880 1.0891 |’ 2 '

—0.0619 0.5317
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with ¢ = 0.5188, ¢y = 1.1046, and the control gain matrices

2.0849 —1.4884 0 0
ki=1"9 0 ]’K2_{—0.0563 0.1360 |

0.8

0.6

0.4

021

Figure 5.2.2: Input-to-state stabilization: Faulty actuators.

Thus, the matrices

_5.9547  4.5653 _9.0113  0.2272
At Bl =1 9009 _7agse |0 e At Bl =1 e 0360
are Hurwitz, and 7, = 2.4678.

Figure 5.2.2 shows the simulation results of ||z|| (top) and ~(||w||) = \/c2/c1p(||w]])

(bottom), where p(s) = max{pi(s), pa(s)} and p(s) = s/\/c20&, 17, = 3, and the initial

function ¢(s) = cos(1 —s) for all s € [—1,0].
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[1xI1 & p(lIwl])
N
T

Figure 5.2.3: ISS with a decaying disturbance: Operational actuators.

When choosing a vanishing disturbance such as

w(t) = 0 { sin(?) ] ,

sin(t)

the solution decays exponentially to zero in both cases as shown in Figures 5.2.3 and 5.2.4.
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351

251

[1xI1 & p(lIwl])
N
T

Figure 5.2.4: ISS with a decaying disturbance: Faulty actuators.

5.3 Conclusion

This chapter has discussed the problem of input-to-state stabilization via a robust and
reliable H,, controller of a class of uncertain impulsive switched systems with time delay.
The system under investigation has been input-to-state stabilized by the state feedback
controller. The Lyapunov- Razumikhin technique along with average dwell time approach
by multiple Lyapunov functions has been used to achieve the results. In addition, we have
considered a time-varying parameter uncertainty in the system state, and an Ls norm-
bounded input disturbance. The output of the faulty actuators has been treated as a
disturbing signal that has been augmented with the system disturbance. The results are

delay independent, and robust with respect to any admissible uncertainty.
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Part 11

Stability and Stabilization of Uncertain
Impulsive Large-Scale Systems (ILSSs)
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This part discusses the stability and ISS of a class of uncertain impulsive large-scale
deterministic and stochastic systems without and with time delay. In this part, we aim
to design a robust reliable control that guarantees exponential stability and ISS not only

when all the actuators are operational, but also when some of them experience failure.

The faulty output is treated as an outage (i.e., zero output in the case of exponential
stability analysis) and as a non-zero disturbance that augmented with the system input

disturbance (in the case of ISS analysis).

Thus, new sufficient conditions have been developed here to guarantee the exponential
stability and input to state stabilization of the considered LSS in the presence of the state
uncertainties, nonlinear lumped perturbation and input disturbance (in the case of ISS
analysis) not only when all the actuators are operational, but also when some of them

experience failure.

The methodology of scalar Lyapunov function (the linear combination of Lyapunov
functions of the isolated subsystems) is used to analyze the stability and ISS for the in-
terconnected system. Moreover, in the system with time delay, Lyapunov-Razumikhin

technique is adopted.

Finally, some numerical examples with simulations are presented to clarify the theoret-

ical results.
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Chapter 6

Robust and Reliable Control of
Uncertain ILSSs

The main objective of this chapter is to design a robust reliable control that guarantees
global exponential stability of uncertain ILSS. The faulty actuator /sensor output is treated
as an outage i.e., complete failure. Scalar Lyapunov function that is the linear combination
of the Lyapunov functions of the corresponding isolated subsystems is used to analyze the
stability of the LSS, and consequently, a Riccati-like equation is solved. For the ILSS to
be exponentially stable, it is required that the degree of stability be greater than the inter-
connection. This type of relation is represented by the so-called test matrix. Furthermore,
the state estimation to the large-scale system is also considered using the time-domain
approach. Moreover, in this work, Luenberger observer is used to estimate the states. The

material of this chapter forms the basis of [157].
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6.1 Problem Formulation and Preliminaries

Consider the interconnected system

w' = (A; + AA)w' + Byu; + fi(w?)

+gi(wt, w?, - wt e wh), t#
Aw'(t) = I,(w'(t7)) = Cpw'(t™), t=ty, k=1,2,--+,
wi<t0) = w(ih

(6.1)

where i = 1,2,---,1, w* € R™ is the ith subsystem state, such that 22:1 ni=mn, A; €
R™>*™ is not a Hurwitz matrix for each 7, the impulsive times ¢ satisfying ¢, < ¢; <
ty < +o0 <ty < oo+, with limye tp = 00, Aw'(ty) = w'(t)) — wi(t, ) where w(t])(or
w(t; ) is the state just after (or before) the impulse at ¢, and the function I : R™ — R™
is the impulsive function, u; = K;w' € R? is the control input for the ith subsystem,
where K; € R?7™ is the control gain matrix, f; : R™ — R" is some nonlinearity, g; :
R™ xR™ x -+ xR™ — R" is the interconnection. The functions f; and g; satisfy Lipschitz
condition. A;, B;, and Cj, are known real constant matrices with proper dimensions, and
AA; is a piecewise continuous function representing parameter uncertainty with bounded

norm.

System (6.1) can be written in the following form

t=(A+AAx+ Bu+ F(z) + G(x), t#t,
Ax(t) = I(z(t™)) = Cra(t™), t=ty, k=1,2,3,---, (6.2)
Q?(to) = Zog,

where



(A+AA)x)T = (((A1 + AANW)T (A% 4+ AA%)w?)" - (A AAl)wl)T),

(Bu)T = ((Blul)T (B22)T ... (Blul)T)7

(F@)” = (fiw)" L) fiwh"),

(Cp)T = <(C’1kw1)T (Copu?)T - (Clkwl)T>.
From (6.1), the corresponding isolated subsystems are

@ = (Ai 4 A’ + Bius + fi(w), t# b
Aw'(t) = Cyw'(t™), t=ty, k=1,2,---,
U)( )_w67

where 1 = 1,2,--- [, and the corresponding closed-loop system is

Aw'(t) = Cyw'(t™), t=ty, k= 1 2,
w'(to) = wy.

Then, the closed-loop systems for the faulty case becomes

W= (A + DA+ B Kw' + fi(w'), t 414,
Aw'()—C’mw(t ), t=ty, k=1,2,---,
(to)_wo

(6.4)

(6.5)

The main objective of this chapter will be discussed in two sections, namely, the reliable

control and the state estimation using Lunberger observer.
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6.2 Reliable Control

In this section, we present four theorems. Theorem 6.2.1 and Theorem 6.2.4 discuss the
robust controller for the impulsive isolated subsystems (6.3) to guarantee the global expo-
nential stability for the operational and faulty actuator cases respectively. Theorem 6.2.7,
and Theorem 6.2.9 deal with the interconnected system (6.2) without and with actuator

failures respectively.

Theorem 6.2.1. Let the controller gain K; be given, and assume that Assumption A
holds. Then, the trivial solution of system (6.4) is robustly globally exponentially stable if

the following inequality holds

Inag, — vi(ty —te—1) <0, k=1,2,---, (6.6)

where oy, = )‘m“"[(Hf"fﬁ)(TP],D;(HCi’“)], with P; being a positive-definite matrix satisfying the

Riccati-like equation

1
(Ai + BiK;)" P, + Pi(A; + BiK;) + &,P.D; D;" P, + é_HiTHi + &3 P
1

5.1
+ o —oiR=0 (6.7)

where &; and &3; are any positive constants, 0 < v; < —o;, 0; < 0, and ; s a positive
constant such that

Ifi(w') 1 < o flw|f*. (6.8)
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Proof. Let w'(t) = w'(t,ty,wy) be the solution of system (6.4). For all i = 1,2,--- 1,
define Vi(w') = w’ Paw' as a Lyapunov function candidate for the ith subsystem. Then,
Vi(w') = ' P’ + (w') P

= [(A; + AA; + BiK)w' + fi(w)]" Paw' + (w')T P[(A; + AA; + BiK;)w' + fi(w')]

' 1
< sz [(Az +BiK¢)TH + Pi(A; + B,K;) +§1z‘PiDz‘DiTP,- i 5_HZTHZ "‘531‘1'3@‘2

17

—i—%}wi

- Ulvz(wz>7

where we used (6.8) and Lemma 3.1.3 in the second bottom line, and condition (6.7) in

the last line. Then, for all ¢ € (tx_1,t], K = 1,2,---, one may have

Viw!(0) < VI (1 y))en &9)

At t = t}, we have

Vi (t) < Amax(La)w' (t)w!(t)

< agVi(w'(ty)), (6.10)

where o, = A/{“a?‘((%’“)), and Ly, = [I + Ci|T B[I + Ci).

From (6.9) and (6.10), we have for ¢ € [to, t1],

Viwi(t) < Vi{wh)en ),
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and for ¢ € (1, ta],

Vi (1)) < an Vi (wg)er ),
Viw'(t)) < Vi(w'(t]))em M),
which leads to

VZ(uﬂ(t)) < ailvi(wé)eai(tl—to)eai(t—tl)

= ailvi(wé)e"i(t_t()), for t € [to, ta].

Generally, for ¢t € (t;_1, 11|, we have
Vi(wi(t)) < Vi(wé) a1 Qo -+ - Qi eoi(t=to)

_ Vi(wé) O{ile_yi(tl_to) . aike_l/i(tk—tk—l)e(o'i+Vi)(t_t0)

< Vi(wé)e(”i+”i)(t_t°), t > to,

where 0 < v; < —0o; and we used condition (6.6) to get the last inequality. The foregoing

inequality implies that
o'l < yillwplletr o2 > g,

where ~; = i\‘“’j“;((g)). This completes the proof of globally exponential stability of w! =

0. [l

Remark 6.2.2. Theorem 6.2.1 gives sufficient conditions to ensure robust global exponen-

tial stability for each isolated impulsive subsystem (6.4) by a state feedback controller. The
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time between impulses has to be bounded, and this condition is summarized in (6.6). The
nonlinearity is assumed to be bounded by some linear growth bound. Condition (6.7) guar-
antees that the Lyapunov function is decreasing along the trajectory of system (6.4), that

1, the continuous system is stabilized by the feedback controller.

Remark 6.2.3. Condition (6.8) of Theorem 6.2.1 is assumed to hold globally, witch is
a strong requirement on the function f;(w'). If we just want local exponential stability,

condition (6.8) may be relazed to hold on a bounded region.

The following theorem, on the other hand gives sufficient conditions to ensure robust
global exponential stability for all the isolated impulsive subsystems when some control

components (actuators) experience failure.

Theorem 6.2.4 (Reliability for isolated subsystems). The trivial solution of system (6.5)
is robustly globally exponentially stable if Assumption A, and condition (6.6) hold with P;

being a positive-definite matrixz satisfying the Riccati-like equation

1 0,1

AP+ PA; + Pz'(quiDz’T — €1;Bis Bis" + &) P+ S_Hz'THi + f_ —o0;P, =0, (6.11)
li 3

where £1;, €1; and &s; are positive constants such that the controller gain K; = —%eh-Bic—,TPi,

0 <y < —0y, 0, <0, and 0; is a positive constant such that condition (6.8) holds.

Proof. Let w'(t) = w'(t, to, w}) be the solution of system (6.5). As done in Theorem 6.2.1,
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define Vi(w') = w’ Paw'. Then

Vl(wz) < wiT |:AiTPi + PA; + R(ﬁliDiDiT — €1;Bis Bis” + & D) Py

1 5T
&1 531}

<w[ATP+ PA + P(6uDiD” — eiBigBis” + &ul)P,

1 0,17 .
+ —[{ZT.[{Z + - UJZ
512’ 531}
= o, Vi(w'(t)),

where we used the fact B;sB;s’ < Bis(Biz)" in the second last line and condition (6.11)
in the last line. Following the same procedure as in the previous proof will show that the
trivial solution of the closed-loop impulsive system (6.5) is robustly globally exponentially

stable. =

Having established the stabilizability of isolated subsystem in Theorems 6.2.1 and 6.2.4,
we prove the same properties for the interconnected systems. The following definition is

needed.

Definition 6.2.5. System (6.4) (or (6.5)) is said to possess property A ( or B) if it satisfies

the conditions in Theorem 6.2.1(or 6.2.4).

Remark 6.2.6. Property A implies that all the impulsive isolated subsystems are robustly
globally exponentially stable in the normal actuators case, while Property B implies the

same result is hold in the faulty case.
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Theorem 6.2.7. Assume that system (6.4) possesses property A. Suppose further that, for

any i,7 = 1,2,--- 1, there exist positive constants b;; such that
!
2w’ Pgi(w',w?, - wh - wh) < | Y byllw (6.12)
j=1

and the test matriz S = [s;;]ix is negative definite where

| Bilof +by), 1=
T { 5 (Bibij + Bibji), i# 5 (6.13)

for some constant oF = 0 max(P;) < 0, and positive constant ;. Then, the trivial solution

of system (6.2) is robustly globally exponentially stable if the following inequality holds
Inay —o(ty —tp—1) <0, k=1,2,--+, (6.14)

for 0 < ¢ < 0 where 0 = —A““X?‘T;‘ES) with A = min{\pax(P) 1 i = 1,2,---,1} and B* =
min{f; : i =1,2,--- I}, ag = [max{)\max[(l + Ca)TB(I +Cy)] : i =1,2,--- ,l}]//\*,
with \* = min{ A\pin(P;) © i =1,2,--- ,1} and P; being a positive-definite matriz defined in

Property A.

Proof. Let x(t) = x(t,to, z9) be the solution of system (6.2). Define the composite Lya-

punov function

Via(t) = 3 8V (w)
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as a Lyapunov function candidate for interconnected system (6.2) where §; is a positive
constant, and V¢(w') is a Lyapunov function for the ith isolated subsystem. Then, along

the trajectory of (6.2), we have

l
V(z) = Z BV (w')

l
S Zﬁl{aleZHQ + 2wiTPigi(w17 w27 e 7wi> e ?wl)}
=1

l
< Y Biloallw! P + [lw|- byl |}
=1
= TSz,

where 27 = (||[w!|], [|w?|,- -, ||[w!]], - -, ||w']|]) and S is a negative definite matrix with the

maximum eigenvalue A\yax(S). Then, one can write
V(:z:) < =0V (x),

where 0 = —/\me?ﬁs) with A = min{A\pax(P) : 4 = 1,2,---,1} and 8* = min{B; : i =

1,2,--- ,l}. The last inequality implies that, for all ¢ € (¢5_1, tx],
V(x(t) < V(a(ty,))e ), (6.15)

and, at t =t}
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Z Biw' (1 + Cin) " Py(I + Cy)|w' (1)

l
< L) B’ ()w' (t)
=1

<% ZW
= oV (z(t)), (6.16)

*

L, L = max{Apax(Lag) + i =1,--+ 1} with Ly = [(I + Ca)"Pi(1 + Cyi)]

where oy, =

and \* = min{ A\ (P;) : i =1,--- ,1}. From (6.15) and (6.16), we have for ¢ € [to, 1],
V(x(t) < V(wg)e "),
and for t € (1, 1], we have
V(z(tf)) < anV(2(t1))
< aqV(mo)e 1),
and
V(x(t)) < V(a(t]))e "=
< OqV(:EO)e_@(tl_to)e_e(t_tl),
that is
Vi(z(t)) < ayV(ze)e U0t € [to, to).
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Therefore, for all t € (t5_1, tx],
V(x(t)) < V(JZO) a1 - Qg e—@(t—to)

< V(wo) age o) goe=9lta=t) .. o o= 9teti1) o= (0=9)(t—to)
< Vizg) e O=9=t) ¢ > ¢ (6.17)
where 0 < ¢ < 6. The forgoing inequality together with
Cllz||* < V(x) < C*|l=||?,

where C* = M\fg* and C** = \*g* with A\* = max{A\p.x(FP;) : i = 1,---,1} and

f** =max{f; : i =1,--- 1}, implies that

lz]| < Bllzo]| e” @02t > 4,

where B = (/<. That is, the trivial solution of the composite system (6.2) is robustly
globally exponentially stable. O

Remark 6.2.8. Theorem 6.2.7 shows that the interconnected system can be robustly ex-
ponentially stabilized by the controllers of the isolated subsystems in the case where all the
actuators are operational. Condition (6.12) estimates the interconnection, which is viewed
as a perturbation, by an upper bound. The test matrix is needed to guarantee that the degree

of stability is greater than the interconnection.

The following theorem shows that the proposed reliable controllers are robust even in
the presence of the interconnection effect. The proof is similar to that of Theorem 6.2.7,

and thus, it is omitted here.
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Theorem 6.2.9. Assume that system (6.5) possesses property B. Suppose that for any
i,j = 1,2,--- 1, there exist positive constants b;; such that the condition in (6.12) holds
and the test matriv S = [s;j]ix;, defined in Theorem 6.2.7, is negative definite, €; is a
positive constant such that K; = —%eliBia.TP,-. Then, the trivial solution of system (6.2) is
robustly globally exponentially stable if (6.14) holds with P; being a positive-definite matriz

defined in Property B.

Example 6.2.10. Consider the composite system with | = 2, and the following information

for the subsystems

[ o1 , [0 1 v [ -5 3 » [ 1 =3
A‘_—11 0}“4_{—10 0}’3_[—12}’3_{01 —4}’
1 —1 2 0 1 2 .

D' = O],D:L],H:[o 1], H*=[1 0],lh =U, =sin(t),

0 0 2 0 3 0
f1_0'5{sin(w2)}’f2_1'5{sin(w4)}’Clk_{0 2]’0%_{0 3]’
fOT’ all k = 1,2,"', o1 = —2, 09 = —25, 511 = 2, 512 = 05, 531 = 1, 532 = 1, €11 =
1, €12 = 07, 61 = 1, ﬁg = 2, b11 = 03, b22 = 15, b12 = 05, b21 = 0.3 and to =0. From

(6.8), one may get 6y = 0.25 and o9 = 2.25.

Case 1. When all the control actuators are operational, we have from Riccati-like equation,

pl_ 0.5427  —0.2419 p2_ 2.9461 —1.2229
| —0.2419 0.1955 |77 | —1.2229 0.7834 |’
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with Amin(P') = 0.0713, Amax(P?) = 0.6669, Amin(P?) = 0.2323, Amax(P?) = 3.4971, so

that \* = 0.0713, \** = 3.4971, and the control gain matrices are

Kl 1.2358 —0.5071 K2 —0.9883  0.4006
| —0.5722  0.1674 |’ | 1.3814 —0.1873 |-

Thus, A; + B;K; for i = 1,2, are Hurwitz, and the time intervals t;, — tx_1 > 2.3328 for

the first subsystem, and ty — tp_1 > 2.7421 for the second subsystem.

The test matriz here is given by

—1.0338 0.55

S = 0.55  —14.4855 |°

which is negative definite matriz, and t, — tp_1 > 4.4142 for the interconnected system.

IIw'||

i V
‘ l
ol . . . . . WA
[ 5 10 15 20 25 30 35 o 5

(a) Isolated subsystem 1. (b) Isolated subsystem 2.

Figure 6.2.1: Operational actuators.
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Figure 6.2.2: Interconnected system: Operational case.

Case 2. When there is a failure in the second actuator in the first subsystem and first

-5 0

2 _
1 0},and§] = {1} and

actuator in the second subsystem, i.e., X' = {2} and B = [

B% = [ 8 :i } , we have from Riccati-like equation,

pl_ 0.5806  —0.2330 p2_ 3.0616 —1.2448
| —0.2330 0.2008 |’° | —1.2448 0.7834 |’

with Amin(P1) = 0.0901, Amax(P1) = 0.6913, Amin(P?) = 0.2351, Amax(P?) = 3.6099, so

A*=0.0901, \** = 3.6099, and the control gain matrices are

. [1.3351 —0.4820 . [ 0 0
K _{ 0 0 =1 a9 —0.2103 |
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Thus, A; + Biz K; fori = 1,2, are Hurwitz, and the time intervals ty, — t,_1 > 2.2286 for

the first subsystem and t, — t,_1 > 2.7519 for the second subsystem.

(a) Isolated subsystem 1. (b) Isolated subsystem 2.

Figure 6.2.3: Faulty actuators.

Figures 6.2.1 and 6.2.3 show the isolated subsystems for both cases, while the inter-
connected system is shown in Figures 6.2.2 and 6.2./ for the operational and faulty cases

respectively.

If we consider

f1:0.5w§},f2:1.5[;”§ }

2 45

one can show that condition (6.8) is satisfied only inside the region D = {(wq, wq, w3, wy) €
RY: w €R, —2<wy <2, w3 € R, —1.5 < wy < 1.5}, Thus, x = 0 is locally exponen-
tially stable. The local stability and the instability of the trivial solution are shown in

Figures 6.2.5(a), and 6.2.5(b), respectively.
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Figure 6.2.4: Interconnected system: Faulty case.

*

[}

KRR R K K X x %

0 1 2 3 4 5 6 7 8 0 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9 1
t t

(a) (wiy,way, w3y, way) = (1,1.6,0.4,1.71). (b) (w1,,we,,ws,, ws,) = (1,1.6,0.4,1.751).

Figure 6.2.5: Normal case with f; = 0.5[w; (w9)?]T and f, = 1.5[ws (w4)?]7.
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6.3 State Estimation

To characterize the system state variables’ evolution, it is helpful to have access to all these
variables. However, this may not be the case due to complexity of output measurements
or high cost. Therefore, it is necessary to design an observer to estimate the system
output using the available information. This problem of state estimation has drawn much
attention. See [1,47,163,165,182] and many references therein. This section discusses the

state estimation of the ILSS. Consider the isolated subsystem

Aw'(t) = Cyw'(t™), t=ty, k=1,2,---,
wz(to) = w(l)a

(6.18)

where 3'(t) € R™ is the measured output vector. Define the Luenberger observer as follows

W= (A; + A + Byu; + fi(0") + Li(yf — Cod?),  t # ty,
Aw'(t) = Cyp"(t7), t=ty, k=1,2,---, (6.19)

where £, € R™*™ is the observer gain matrix. Define the state estimation error by

e! = w' — w'. Then, the closed-loop error system becomes

Aez(t) = Cik@i(t‘7>, t = tka k = 1; 27 Ty (620)
ez(to) = w(Z) - 11}6 = 667

Definition 6.3.1. The pair (A, B) is said to be detectable if there exists a matriz F' such

that A — F'B 1s Hurwitz.
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We will use the same stability analysis followed in the last section to establish the

observability problem of system (6.18).

Theorem 6.3.2. Let the observer gain L; be given, and assume that Assumption A holds,
and (A;, C;) be detectable. Then, the trivial solution of the error system (6.20) is robustly
globally exponentially stable if the following inequality holds

I, —vi(ty —te1) <0, k=1,2,--, (6.21)

)\max[(I+Cik)TPi (I+Czk)]
)\min(Pi)

where oy, = , with P; being a positive-definite matriz satisfying the

Riccati-like equation
1
(A; — £ici)TPi + P(A;, — L,C;) + fliPiDiDiTPi + E—HiTHi +a;l

1z

—0,P, =0, (6.22)
where &y; 15 any positive constants, 0 < v; < —o;, 0; <0, a; > 0 such that
iT i i i
2¢" B[ fi(w") — fi(@")] < aslle’||*. (6.23)

Proof. Let €'(t) = €'(t,to,e}) be the solution of the error system (6.20). For all i =

1,2,--- 1, define Vi(e') = T Pl as a Lyapunov function candidate for the ith subsystem.
Then,
Vie') = e [(A; — L:C)T P, + Pi(A; — L:C)|e' + 26" PAAe’ + 26" P fiel

; 1
< ezTKAi - EiCi)TPi + Pi(A; — L;C;) + fupz‘DiDiTPi + gHiTHi

1z

+ ail]ei = aiVi(ei),
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where we used (6.23) and Lemma 3.1.3 in the second bottom line, and (6.22) in the last
line. The last inequality implies that, for ¢ € (t5_1,t), k =1,2, -,
VI (1)) < VA (t,))em ), (6.:24)
and at t = 1y,
VI(E(t) < aaV'(e'(t)), (6.25)
where a;, = )‘/{“#%;5), and Ly, = [I + Ci|T B[I + Ci).

From (6.21), (6.24), and (6.25), we have for ¢ > 1,

Vz(el(t)) < Vi<€6)6(ai+yi)(t_t0),
where 0 < v; < —0;. The last inequality implies that

'] < yalleplle™ G002t > ¢,

where v; = ’\‘"L(PZ) Then, the trivial solution is globally exponentially stable which
7 Amnin ()
completes the proof. O

The following theorem gives sufficient conditions to ensure robust global exponential
stability for all the isolated impulsive subsystems when some control components experience

failure.

As done in the reliable stabilization, for 7 = 1,2, - -+ , [, consider the decomposition of the

observer matrix C; = Ciq + C;q, where Cjq, C;q are the observer matrices associated with
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Q, Q respectively, and C;q, C,q are generated by zeroing out the columns corresponding to
Q and €, respectively. For a fixed i € {1,2,---,1}, let w C Q corresponds to some of the
sensors that experience failure, and assume that the output of faulty sensors is zero. Then,
the decomposition becomes C; = C;, + C;5, where C,, and Cj; have the same definition

of Cin and C;q, respectively. The closed-loop impulsive error system for the faulty case

becomes

¢ = (A + AA; — LiC)e' + fi(w') — fi(@), t# by
Ai(t) = Cuel(t7), t=ty, k=1,2,- (6.26)
6( )—wé—l?]z):e%),

Theorem 6.3.3. The trivial solution of system (6.26) is robustly globally exponentially
stable if Assumption A holds, (A;,Ciz) is detectable, and condition (6.21) holds with P;

being a positive-definite matrix satisfying the Riccati-like equation

1
A" P, + P A; + P[6u;D;:D;" — e1,Ci0Cig" | P + f—Hz‘THz‘ +a;l —o; P =0, (6.27)
1

where &y, €1; are positive constants such that the observer gain L; = %eliC’mTPi, O<y <

—0y, 0; < 0, the matrices P;, Ciz are commutative, and a; > 0 such that (6.23) holds.

Proof. For all i = 1,2,--- .1, let €'(t) = €'(t,t,€}) be the solution of system (6.26). As

done in the previous proof, define Vi(e?) = (¢')T Pie’ as a Lyapunov function candidate for
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the ith subsystem. Then, one may have

Vi(eh) < e’ [(Az’ — L;C)' P, + P(A; — LiCy) + £uP,D;iD;" P,

1 )
+ —H,THz + CLZI] 43Z
ST

) 1
< e’ |:AiTB + PA, + R’(&z’Dz‘Dz’T + €1z'CiwCz'@T)Pi + S_HiTHi
1i

+ aif} e

. 1
<e’ |:AiTR + PA; + P(¢uDiD;" — €,CioCiq" ) Pi + g_HiTHi
1;

where we used the fact C;q(Ciq)T < Cin(Cis)?, in the second last line and condition (6.27)

in the last line. Following the same procedure as in the previous proof will show that

the trivial solution of the closed-loop impulsive error system (6.26) is robustly globally

exponentially stable.

Definition 6.3.4. System (6.20)(or (6.26)) is said to possess property C (or D) if it

satisfies the conditions in Theorem 6.3.2 (or 6.5.53).

Remark 6.3.5. Property C implies that all the impulsive error isolated subsystems are

robustly globally exponentially stable in the normal actuators case, while Property D implies

the same result is held in the faulty case.
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Considering the interconnection g; in system (6.18) results in the interconnected system

= (AZ +AA1)’LUZ + Bju; —i—fl(w’) —|—gi(w1’w2,... 7wl>7 t% te,
Aw(t) = Cypw'(t), t=ty, k=12,
yi(t) = Cao'(1),

(to) = wy,
Similarly, we define the response system as follows

Ibi:(Ai+AA )I?J Buz—i—fz( )+gz( ’ A2’ QZ)Z)
+£z( Z—CiQZ)), t%tk,
) = C'(t7), t=ty, k=12

Then the closed-loop error system becomes

= (A; + AA; — L;C)e + fi(w?) — fi(w?) + gi(wh, w?, -+ wh)
_gl<w ’U) 7wl>7 t#tlﬁ
Aé'(t) = Ce'(t ), t=ty, k=12

e'(to) = wy — g = €,
System (6.30) can be written in the following form

— (A4 AA = LOVeu + F(z) — F(3) + G(z) — G(3), ¢+ t,
Aec(t) = Ik(ec(t_)) - Ckec(t_)a = tka k= 1a 27 37 )
ec(to) = e,

such that

(6.28)

(6.29)

(6.30)

(6.31)



e. = (e

T oT T
Pt

(A+AA=LC)e)" = [[(A1+ Ak = £:C)e]” [(Az + Ay — £5C)e?])”
(At AA - ﬁlc,)el}T] ,

(Fa)” = (A7) £7(w?) - £ @),

(F(@)" = (A1) L@ - 7)),

(Chen)T = ((olk&)T (Coe?)T - - (C’lkel)T).

Theorem 6.3.6. Assume that system (6.20) possesses property C, and the observer gain
L is given. Suppose further that for any 1,7 = 1,2,--- |1, there exists a positive constant

bij such that
2€iTPi[gi(w17 ’LUQ, U >wl) - gi<w17 UA]27 e ’wl)] < HeiHEézlszHej”y (632)
and the test matriv S = [s;;]ix1 is negative definite where

Sij

_ | Bilof + bi), i=37
- { $(Bibij + Bibji), i#j (6.33)
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for some constant of = 0 Amax(P;) < 0, and a positive constant B;. Then, the trivial
solution of system (6.31) is robustly globally exponentially stable if the following inequality

holds

lHOék — ¢(tk — tk—l) S O, k= 1, 2, e, (634)
for 0 < ¢ < 6 where 0 = —Am;T;‘ES) with X = min{Apax(P) : i = 1,2,--- 1} and §* =
min{f; : i = 1,2,--+ 1}, = [max{Anax[(] + Cit)"Bi(I + Cip)] = i = 1,2,--- ,1}] /%,
with \* = min{ A\pin(P;) © i =1,2,--- ,1} and P; being a positive-definite matriz defined in

Property C.

Proof. Let e.(t) = e.(t,to,ex) be the solution of system (6.31). Define the composite

Lyapunov function
l
Vie(t) =D BV(e)
i=1

with V*(e') being the Lyapunov function for the ith isolated subsystem and 3; > 0. Then,

one may get after using property C and (6.32),

l
; i iT - “
Ve < X 8 aulle'l + 26" Plgs(w’, - ') = gi(ad”, - )] |
=1

l
< > Bl aillell® + el bl |
=1

=278z,
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where 27 = (|||, [|l€?]l,- -+, [|€']]). Then,
V(ec) < —0V(e.),

where 0 = —%@E‘S) with A = min{A\pax(P) : 4 = 1,2,---,1} and 3* = min{B; : i =
1,2,---,1}. The rest of the proof is similar to that of Theorem 6.2.7, thus, it is omitted

here. O

The following theorem shows that the proposed reliable sensors are robust in the pres-
ence of the interconnection effect. One can prove this result as done in the previous

theorem.

Theorem 6.3.7. Assume that system (6.26) possesses property D. Suppose further that
foranyi,j =1,2,--- 1, there exist positive constants b;; such that the condition in (6.32)
holds, and the test matriv S = [s;;]ixi, defined in theorem 6.5.6, is negative definite, €1; is
a positive constant such that L£; = %eliCmTPi, where P; and C;ig are commutative. Then,
the trivial solution of system (6.31) is robustly globally exponentially stable if (6.34) holds

with P; being a positive-definite matrix defined in Property D.

Example 6.3.8. Consider the composite system with | = 2, where

L [=407 » [5 0 L [15 0 . [3 0
a3 e= 10 Sle=Y S ]e=108 ]

Dlz{l],DQZ{?],le[O 1], H>=[1 0],lh =U, =sin(t),
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f120.5|:sin(w2):|,f2:1.5|:sin(w4):|>clk:|:O 2:|,02k:|:0 3:|7

fOT all k = 1,2,"', g1 = —2, 09 — —25, 611 = 2, 512 = 05, €11 — 1, €19 = 07, 61 =

1, By =2, b11 =1, byg = 1.5, bjg = 0.5, byy = 0.3. From (6.8), one may get §; = 0.25 and
5y = 2.25.

Case 1. When all the control sensors are operational, we have from Riccati-like equation,
1| 0.0416 0 > | 2.2800 0
P = [ 0 4.5182 P = 0 0.2512 |’

With Amin(PY) = 0.0416, Amax(P') = 4.5182, Apin(P?) = 0.2512, Amax(P?) = 2.2800, so,

A*=0.0416, \** = 4.5182, and the observer gain matrices are

rl— 0.0312 0 2 2.3940 0
N 0 3.3887 |’ 0 0.2638 |-

Thus, A; — L;C; fori= 1,2, are Hurwitz, and the time intervals t, — t,_1 > 3.6238 for the

first subsystem, and ty, — tx_1 > 2.4891 for the second subsystem.

Figure 6.5.1 shows the isolated subsystems while Figure 0.3.2 shows the interconnected

error system in the operational case.
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(a) Isolated subsystem 1. (b) Isolated subsystem 2.

Figure 6.3.1: Operational sensors.
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Figure 6.3.2: Interconnected system: Operational case.
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Case 2. When there is a failure in the first sensor in the first subsystem and second

sensor in the second subsystem, i.e., Q' = {1} and C§ = { 8 105 } , and Q* = {2} and

Oggz = [ g 8 } , we have from Riccati-like equation,

. [oo0411 0 , [22800 0
P‘{ 0 4.5182}’]3_{ 0 0.2942}’

with Amin(PY) = 0.0411, Apax(PY) = 4.5182, Amin(P2) = 0.2942, Amax(P?) = 2.2800, s0

A*=0.0411, \** = 4.5182, and the observer gain matrices

o o » 23940 0
E‘{o 3.3887}’£_{ 0 0]

Thus, A; + L;Ciy for i = 1,2, are Hurwitz, and the time intervals t — tx_1 > 3.6300,
and t — tp_1 > 2.4101 for the first and second subsystems respectively. For Case 1 and

Case 2, the test matriz is

S — —8.364 0.55
n 0.5 =84 |

Figure 6.3.3 shows the isolated subsystems while Figure 6.3.4 shows the interconnected error

system, ||e.|| for the faulty sensors case.
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(a) Isolated subsystem 1. (b) Isolated subsystem 2.

Figure 6.3.3: Faulty sensors.
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Figure 6.3.4: Interconnected system: Faulty case.
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6.4 Conclusion

This chapter has addressed the problem of designing a robust reliable controller that guar-
antees the global exponential stability of uncertain ILSS with fixed impulses. We have
analyzed the stability for such a complex system by decomposing the system into lower
order, isolated subsystems, and the interconnection was treated as a system perturbation.
The isolated subsystems were assumed to be globally exponentially stabilized by the state
feedback controllers and the interconnection was estimated by an upper bound that is
smaller than the stability degree of the isolated subsystems in order to guarantee the sta-
bility of the interconnected system. The scalar Lyapunov functions have been utilized to
fulfil our purpose, and this approach has led to solving a Riccati-like equation. In addition,
the output of the faulty actuators has been treated as an outage. As an application to
this result, the problem of state estimation has been considered, where scalar Lyapunov
functions (or time-domain) approach has been used. To the best of author’s knowledge,
this approach has not been used before where the frequency-domain approach has been
used instead in most of the available results [125,163,165,182]. To illustrate the theoretical

results, two examples have been discussed with simulations.

155



Chapter 7

ISS and Stabilization of LSSIS with
Time Delay

This chapter addresses the input-to-state stabilization of nonlinear large-scale stochastic
impulsive systems (LSSIS) with time delay. Scalar Lyapunov function is utilized to ana-
lyze ISS. Furthermore, the impulsive stabilization is discussed for LSSIS with time delay.
Lyapunov-Razumikhin approach is used to accomplish our goal. The materials of this

chapter form the basis of [12].

7.1 Problem Formulation and Preliminaries

Consider the following LSSIS with time delay

wy,(s) = ¢is), s €[-r0)
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where ¢ = 1,2,--- .1, w* € R"™ is the ith subsystem state, such that Zﬁzl n; = n, the
impulsive times t; satisfying to < t; < to < -+ < t < ---, with lim_,tx = o0,
Aw'(ty) = wi(t)) — wi(t,) where w(t))(or w(t,)) is the state just after (or before) the
impulse at tg, I : Ry x R™ — R™ is the impulsive function, f; : R, x R™ — R™ is
a nonlinear function, ¢° : Ry x R™ x R™ x ... x R™ — R" is the interconnection and
w; € RP is an input disturbance to the ith isolated subsystem, which is assumed to be in
Ls[tg, 00) and G; € R™*Pi where 22:1 pi = p. The functions f; and ¢° satisfy Lipschitz
condition. o : Ry x R™ — R™ " where o(t,z;) = (0 (t, w})), W; : Ry — R™.

System (7.1) can be written in the following form

de = F(t,zy + Gw)dt + o(t, z;)dW, t#t,, x€R"

Ax(t) = Li(t~,2-), t=1tx, keEN, (7.2)
Ty (s) = ®(s), s € [—r0]

where

x = (wlT w wlT)

() = (FEwh) faltwd)” - fittw)"),
g"(t,2) = (g1 (bae) gF (b) -+ gl (1))
F(t,a) = f(t.w) + g(t.20).
IE () = (Iltow)) Lot wd)” - Tultw)”).
W= (T LT e W) 0(s)” = (1(5) das) -+ n(s)).
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GT = (G\7 Gy - GiY), w” = (w" wy” - wT),
From (7.1), the corresponding isolated subsystems are

dw' = fi(t,w! + Gw;)dt + oy (t, w)dW;(t), t # ty,
Aw'(t) = L(t~,wj-), t=ty, keN, (7.3)
wéo (S> = ¢i(8)7 ERS [_Ta 0)7

where 1 =1,2,--- .

Definition 7.1.1. The trivial solution of system (7.2) is said to be robustly globally input-

to-state stable in the mean square if there exist positive constants \, X such that

EfJa(t)]?] < AE[|@[2]e ) + o sup Jw(D)]), Ve to,

to<t<t

for any solution z(t) = z(t, ty, ®) of (7.2), ® = (¢1 ¢o -+ )T € R, and ty € RT.

7.2 Input-to-State Stabilization via Reliable Control

In this section, we present the main objective of this chapter.

Theorem 7.2.1. Assume there exist positive constants a;, b, A\, « > r, 0; < 0 and a
positive-definite and decrescent function V*(t,1'(0)) for all (t,7(0)) € [to—r, 00)x PC([—r,0], R™).
Then, the trivial solution, w' = 0, of system (7.3) is ISS in the mean square if the following

conditions hold

(i) ciil|*(0)[]* < VP(t,4°(0)) < ol |90 (0) I
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(it) forallk € N, t #t and ' € PC([—r,0],R"), we have E[L;V(t,¢")] < o;E[||¢*(0)]]?]
provided that E [V (t+s,4")] < gE[V(t,4(0))] where ¢ > e** with A = max;es{—0:},
s € [=r,0], and y(sup, <.y, lwi(s)|) < E[Vi(t,gbi(()))] for ' € C., and t €

o1, i)
(111) for allt =ty, k € N,
E[V" (1, 01(0) + Lty , 0 (1)) ] < duB [V (1, 4(0))] (7.4)
where ¥'(07) = ¥(0), and dy, > 0;
() for allk € N, r < tp1 —tp < a, and In(dy,) + A < =AN(tpp1 — tr).
Proof. To prove the assertion of the theorem, we have the following claim
Claim. For any ¢ € [ty_1,t;), k € N, conditions (i) — (iv) imply that

E[V'(t,w'(t)] < ME[6i]7]e 70 +9( sup [lwi(s)]) (7.5)

tp—1<s<t

where A > 0 and M > 1.

Proof of the claim. Choose M > 1 such that
B [||6il17] < ME[||¢s]|2]e ") 4+ 5(t1) < qeaE[[1i]l7] (7.6)

where J(t) = y(sup; <,<;(||wi(s)[|)) and c; = max;— .. {czi}. Using the mathematical

induction method, we prove the claim for all &k € N. Let w® = w(t, to, ¢;) be the solution
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of the isolated subsystem (7.3).

Step 1, for k =1, i.e. t € [ty,t1), we show that
E[V'(t,w'(t))] < ME[||¢i][Z]e 27" +75(t1). (7.7)

From (7.6), we have for ¢t € [to — 7, to]

E[Vi(t,w'(1)] < eoB[|lw]|?]
< &E[|l¢il7]

< ME[||gi[[F]e~ 7% +5(t1). (7.8)

If (7.7) were not true, then for s € [—r, 0], there would exist ¢ € (¢o,?;) such that

E[V(#,w'(?))] > ME[[|¢]|7]e ")

> oE[[l¢:l7]

> E[V'(ty+ s,w' (to + 5))]. (7.9)
From the continuity, there exists t* € (to,t) such that
E[VI(t*,w'(t)] = ME[[l¢ill7]e ) + 7(t1) (7.10)
and for all ¢ € [ty — r,t*], we have
E[Vi(t,w'(t)] < ME[||gs]|?]e ") +-7(ty). (7.11)
Also, there exists t** € [ty,t*) such that

E[Vi(™, w (1)) = B[] (7.12)
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and for ¢ € [t**, t*]
E[V'(t,w'(t))] > E[|l¢ill7]- (7.13)
Hence, from (7.11), (7.6), and (7.13), for all t € [t**,t*], and s € [—r, 0], we have
E[VI(t+ s w'(t+5))] < E[6]7]
< ME[[lgill?]e™ 7 +5(t)

< qeE[[li]7]

< gE[V'(t,w'(1))].

Therefore, we have E[L;V(t,w})] < 0 for t € [t**,¢*]. By Ito’s formula over [t**, ], we

have

t*

-

which implies
E[V' (™, w'(t™))] > E[V (", w'(t"))]. (7.14)

By (7.10), (7.12) and (7.14), we have
cE[l6ill7] = ME[[lg:ll7]e ) +5(t1),

which is a contradiction, and so (7.5) is true when k = 1.

Step 2, assume (7.5) is true for k = 1,2,---  m, that is

E[Vi(t,w'(t))] < ME[||¢s]|7]e ) 44 ( sup [fwi(s)])s t € [tr-1,ta) (7.15)

to<s<t
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Step 3, we show (7.15) is true for k =m + 1, i.e.,

E[Vi(t,w'(t))] < ME[||¢;7]e 07 4 y( sup  wy(s)])), ¢ € [tmstmrr)  (7.16)

to<s<tm+1

If (7.16) is not true, we define

E=inf { € [, tsr) : E[VIEw'(8))] > ME[Jlgi][2)e =) 1 9( sup  [lw(s)])}.

to<s<tm+1
By the continuity of E[V(¢,w'(t))], there exists { € [t,,, ), such that

E[V'(,w'(f))] = ME[[|¢[7]e 7 +9( sup  Jwi(s)]) (7.17)

tOSSSt”mA»l

and

E[V(t,w'(t)] < ME[|l¢[7]e X7 4 9( sup  Jwi(s)), ¢ € [tm,E)  (7.18)

to<s<tm+1

Since, at t =t} we have

B[V (tm, w' (tm))] < dimB [V (£, 0 (t,))]
< dzm{MIE[HqﬁzH | e A(tm—to) +7(tm)}
< et =) AT 2] e ) 4 71(t) }

= e { ME[|lg,[[2] 7017 4 7 (1) emn =)}

< ME[||gi]|7]e 17000 4 77 (8, ) e Emr =t
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ME([[|;||2] e mer=10) 4 5(t,,)
< ME[||¢s]|2]e™2Em1750) 45 (t,,41)

< E[V'(t,w'(t))] (7.19)

ie., E[Vi(tm,wi(tm))} < _M{ME[”@“ ] A1 —to) ’Y(tmﬂ)} < ]E[Vi(f, wl(ﬂ)}a SO

that there exists t* € (¢,,, ) such that

E[Vi(#", w' ()] = e { ME[|]gs][2]e >+ 47(t 1) | and E[LFVIE, w'(t))] > 0.
(7.20)

We know t* + s € [t;,-1,t) for s € [—r,0].

By (7.15) and (7.20), we have

E[VI(t" +s,w'(t" +5))] < ME[||¢:])7]e ) +5(t,,)
— ME[||¢y]|?]e Ntmr1—t0)Mmei=tm) 4 m(p )
< A ME[|[ 7] e 4 5t
< @ ME[g:)[2] 70 + F(tmin) }
< RV, w' ()]
< qE[V(t", w'(t))]
where ¢ > ¢** > 1 and s € [—r,0]. Thus, from (i7), we have E[ L V*(t*,w'(t*))] < 0 which

contradicts (7.20). Thus, (7.5) must be true for K = m + 1. Hence, by the mathematical

induction, (7.5) is true for t € [tx_1,tx), k € N. O
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Remark 7.2.2. Theorem 7.2.1 gives sufficient conditions to ensure 1SS for each isolated
stochastic impulsive subsystem (7.3). The time between impulses has to be bounded, and
this condition is summarized in (iv). Condition (i1i) guarantees that the Lyapunov function
s decreasing along the solution trajectories of the system. We should remark that the pth
moment ISS can be proved with slight modifications in the proof and theorem statement by

replacing each || - ||* by || - |7

Having established the stabilizability of isolated subsystem in Theorems 7.2.1, we prove

the same properties for the interconnected systems.

Theorem 7.2.3. Assume that the composite system, system (7.2), satisfies the following

conditions:

(1) every isolated subsystem satisfies the conditions in Theorem 7.2.1.

(it) for anyi,j=1,2,--- 1, there exist positive constants b;; such that

9 (6, 0) Vi) (£,47(0)) < [|l4(0 HquW (7.21)

where q is defined in Theorem 7.2.1.

(iii) the test matriv S = [sij]ix is negative definite where

- Bi(oi + qbys), 1=
e { $(Bibij + Bibji), i#j (7.22)

for some constant o; < 0, and positive constant [3;.
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Then, the trivial solution of system (7.2) is ISS in the mean square.

Proof. Let x(t) = x(t, to, P) be the solution of system (7.2). Define the composite Lyapunov
function V (t,z(t)) = S2'_, BiVi(t, w') as a Lyapunov function candidate for interconnected
system (7.2) where f3; is a positive constant, and V(t,w") is a Lyapunov function for the
ith isolated subsystem. From (i) in theorem 7.2.1, for any i, there exist cy;,co; > 0 such
that

cil|w']? < VIt w') < egl|w’ || < eoi|wy )2

which implies

l l l
S Brewllwt 2 < 3 Vi w) < 37 Bicaillui?
=1 =1 =1

V(tz(t))
Clearly, V(t,z(t)) is positive-definite and decrescent function. Therefore, there exist

c1, co > 0 such that
allz@* <V (t,2(t) < eollzl* < ealely

Since, 0;;(t,w?’) = 0 for all i # j, the infinitesimal diffusion operator becomes
LVit,x) = LV (t,w') + g] (t, )V (t,w")

Thus, we have

E[LV(t,2)] =Y BE[LV(Lz)]

=1
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l

=Y BE[LVI(tw) + g (t,2) Vit w')]

=1

l l
< 3 B{ sl ?] + E[llw'l Y abis ] §
i=1 Jj=1
=28z,

where 2T = (E[||w1||],IE[||w2|H, L Efflwf]l] - ,E[||wl||}> and S is a negative definite

matrix with the maximum eigenvalue A\yax(S). Then, one can write

E[LV(E0)] < Anax(S) Y E[I0] < 0,

whenever E[V(t,xt))] < qE[V(t,xﬂ. Moreover, for each ¢' € C, and t € [ty_1,1;), we

have
v( sup  lwi(s)]]) < E[V(E,47(0))]

tp—1<s<ty

We know that
l
lwl]l <> ]
i=1
Then,

sup HwH<Z sup [Jwi]

te_1<s<tp i—1 tk 1<s<tg

So,

o~

v( sup lw]) < Z sup  [lwl])

tg—1<s<ig tp—1<s<ig
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which leads to

l

l
y(osup Jwl) <D ( sup ) SZ [Vi(t, wh)]

tp—1<s<ty tp—1<s<ty

Then, we have

l
7 sup  lw]]) < Biy( sup  flwl]) Z E[V'(t,w)]

tp_1<s<tg tp_1<s<ty

At t = ¢}, we have
l . .
E[V(t,=(t)] = Y BE[V(t . w'(t]))]
i=1

<Z@dkE Wty w' ()]

= GE[V(t;,x(t;))].

(7.23)

Thus, the conditions of Theorem 7.2.1 are all satisfied and so x = 0 is ISS in the mean

square.

]

Remark 7.2.4. Theorem 7.2.3 shows that the unperturbed interconnected system is ex-

ponentially stable when the isolated subsystems are stable. Condition (7.66) estimates the

interconnection, which s viewed as a perturbation, by an upper bound. The test matriz is

needed to guarantee that the degree of stability of the isolated subsystems is greater than

the interconnection.
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The following theorem shows that the interconnected system is ISS in the presence of

the stochastic perturbation.

Theorem 7.2.5. Assume that system (7.2) satisfies conditions (i) and (it) of Theorem

7.2.3 and the following conditions hold

(11i) for anyi,j =1,2,--- 1, there exist positive constants e; such that
E[(4") Vi) (5 ' (0) (4] < qeE[[ly*(0)]7], (7.24)
where y' = a(t,7), the ith row of the matriz o.
(iv) for any o(t,)7), i,j =1,2,--- 1, there exists d;; > 0 such that
E(lloy(t, ¢")|1°] < dyE[[l"(0)[|°]
(v) the test matriz S = [s;;]ixi is negative definite where

Bi(oi + abis) + 5 2oy s WBrerdri, i =j
51 — =1, ki = 7.25
’ { 5(Bibij + Bibji), i # j (7.25)

for some constant o; < 0, and positive constant [3;.

Then, the trivial solution of system (7.2) is ISS in the mean square.

Proof. Let x(t) = x(t, to, P) be the solution of system (7.2). Define the composite Lyapunov

function as in Theorem 7.2.3. The infinitesimal diffusion operator becomes

I
LVit,x) = LVt w') + g] (t, 2V (¢, w') + 5 g tr [0 (¢, w] ) Vi (8, 0oy (¢, w))]

i w
=1
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Thus, we have

E[LV(ta)] = D BE| LVt w) + g (1 a)Vis(t, ')

i=1

1 iNT i i j
b3 b0 [0 1) Vi 10 1)

i=1

l l
< 3 B Bl ] + E{llwf]] Y abis o]

Jj=1

-
I
N

l

1 |
P2 el )

J=Li#j

l l
< 3 B o [w]?] + B[l | Y abis 0]

i1 =1
1 < .
+ B Z 4q€idijE[Hw]H2}}
J=Ll,i#j

= ISz,

The rest of the proof is similar to the previous one and thus omitted here.

Consider the following interconnected system

dit = |(A; + AA)w' + (A; + AA)w! + Bu; + fi(w?)
Aw'(t) = I(w'(t7)) = Cypw'(t7), t=t, keN,
wéo(s) = ¢i(5)7 s € [—’l“, 0]7
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wherei = 1,2,--- 1, w’ € R™ is the ith subsystem state, such that X!_ n; = n, A; € R
is a non-Hurwitz matrix for each i, the impulsive times t satisfying to < t; <ty < --- <
ty < -+, with limg_yo0 &, = 00, Aw'(ty) = wi(t)) — w'(t,) where w(t})(or w(ty)) is the
state just after (or before) the impulse at t;, and I}, : R™ — R™ is the impulsive function,
u; = K;w' € R? is the control input for the ith subsystem, where K; € R?%" is the control
gain matrix, f; : R™ — R™ is some nonlinearity, ¢g; : R™ x R™ x ... x R" — R" is
the interconnection. f; and ¢* satisfy Lipschitz condition. A;, B;, and Cj;, are known real
constant matrices with proper dimensions, and AA; is a piecewise continuous function
representing parameter uncertainty with bounded norm. w; € R?¢ is an input disturbance

to the ith isolated subsystem, which is assumed to be in Ly[tg, 00) and G; € R™*Pi where
l
> i1 Pi =D

System (7.26) can be written in the following form

di = [(A+ AA)x + (A+ AA)z, + Bu+ f(zy) + g(z;) + Gu|dt + o(t, z,)dW, t # ty,
Az(t) = L(z(t7)) = Cra(t™), t=t5, keEN, (7.27)
Ty, (8) = P(s), s € [-r0],

where



(@) = (9@ 92(2)" -+ a@)"),
(Cp)T = ((01kw1)T (Cop?)T - -- (C’lkwl)T>.
GT — (GlT G2T leT)7 wT — (wlT w2T wlT)’

From (7.26), the corresponding isolated subsystems are

dit = [(A; + AA)w + (A; + AA)wi + B, + fi(wi) + Gw] dt
+ oyt wp)dWit), t# ty, (7.28)
Aw'(t) = Lp(w'(t™)) = Caw'(t™), t=1t,, k€N, '
wi, (s) = ¢z() s € [-r,0],
where 1 = 1,2,--- [, and the corresponding closed-loop system is
di = [(Ai + AA; + Biq)w' + (Ai + AAjwj + fi(w)) + Giwi] dt
+ 0t wy)dWi(t), t# ty, (7.29)
Aw'(t) = L(w'(t7)) = Cpw'(t7), t=tr, kEN, '
wy, (s) = di(s), s €[-r0]
To analyze the reliable stabilization with respect to actuator failures, fori =1,2,--- 1,

consider the decomposition of the control matrix B; = B,;, + B;z Then, the closed-loop

systems for the faulty case becomes

di = [(A; + AA; + BLK)w' + (A; + AA)wi + fi(w]) + Gaw;|dt
+ ot w))dWilt), t# t,

Aw'(t) = Li(w'(t7)) = Caw'(t7), t=tr, kEN,

wi(s) = di(s), s e[=r0]

(7.30)

Corollary 7.2.1. Let the controller gain K be given, and assume that Assumption A holds.

Assume further that there exist positive constants \, o > r, o; < 0 and a positive-definite
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and decrescent function V(t,4"(0)) for all (t,1(0)) € [ty —r,o0) x PC([—r,0],R™). Then,
the trivial solution, w' = 0, of system (7.29) is ISS in the mean square if the following

conditions hold

(i) Auin(P)[U ()] < E[V(,4°(0))] < Amax (P17 (0)[I;

(it) forallk € N, t # t), and ¢’ € PC([—r,0],R"™), we have E[L;V'(t,¢")] < o;E[||¢(0)]]?]
provided that E[V(t+s,¢")] < qE[V(t,¢'(0))], where ¢ > ** with A = max;es{—0;},
s € [=1,0], and y(sup,, <., Jwi(s)]) < E[Vi(t,¢'(0))] for ¥' € C,, and t €
tr-1,th);

(111) for allt =ty, k € N,

BV (tr, " (0) + Li(ti, ' (1)) 1] < diE[V' (8, 4(0))] (7.31)

where ¥ (07) = 1*(0), and d;, > 0;

(i) for all k € N, r <ty —tr < «, and In(dig) + Ao < —A(tgs1 — tx), where dy, =

Amax[(l+czk)TPl(I+Czk)]
)\min(Pl)

, with P being a positive-definite matriz satisfying

i i 17 i0; 1
(A; + BiK;)" P, + P{(A; + B;K;) + (g]_ + q_HH7,||2 + qg Y+ —HH; + viq: P,
44 51 67 12

+ P [fliDiDiT + £iGiG] + & Ai(A)T + &:DiDI + ¢eil| P — a; P, = 0 (7.32)

where £;;,7 = 1,---4, are any positive constants, 0 < v; < —ay, a; <0, v; and 6; are
positive constants such that
tr[o (8, w)) Pio(t, w})] < 2yig™” (0) P’ (0) (7.33)

172



and

Ifiwh)* < Gillw']|*. (7.34)

Proof. Let w' = w'(t, to, ¢;) be the solution of the isolated subsystem (7.29), and V*(¢, w'(t)) =

w'P;w® be a Lyapunov function candidate. Then,

LVt w') =w'" [(Ai + B,K;)" P, + P,(A; + BK;)|w' + 2w BAAw + 20 P AW

. _ , . ) 1 , ‘
+ 20" PAAw) + 20 Pofi(w)) + 20" PG’ + 3 trlol (1, w)) o (t, w))]

Claim. For any ¢ € [t;_1,t;), k € N, conditions (i) — (iv) imply that

E[V'(t,w'(t)] < ME[|¢:7]e™ " +9( sup_ [wi(s)l]) (7.35)

tp—1<s<ty

where A > 0 and M > 1.

Proof of the claim. Choose M > 1 such that
E[[16ill2] < ME[[|l¢:]17]e 7 +5(t1) < qeE[ll¢s7] (7.36)

where J(t) = y(supy, << ([|wi(s)]])) and c; = mazi—;,... {{Amax(F;)}. Using the mathemati-

cal induction method, one can follow the same proof of Theorem 7.2.1 to prove the claim
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for all £ € N. Thus, by the claim, Lemma 3.1.3, and condition (iv), we have

q:0;
561

qz
£ 44 551

LVi(t,w) < {(A 4 ByK)TP, 4 PA; + B + (L4 )2+ %

1
P;[&;D; D] + &,G,G] + € Ai(A)" + &:DiD] + &l | P —5 HIH;
13

, 1
+ %;quz}wZ + —w] w;
&2i

~ 1
= a;V'(t,w') + —w] w;

§22

Applying It6’s formula, and take the expectation gives

LEV(t,w")] < B[V (¢, w')] = 6E[V*(t, w')] + GE[V (1, w')] + giw wi, € (te-, t),

forallt=1,---1 and all ¢ # .

Then, we have for each subinterval ¢t € (t5_1,tx),

CE[VI(t w')] < TE[VI(t w')] — GE[V(E,w')] + éw w;,

where @; = «a; + 0;, and 0 < 0; < —«;. The forgoing inequality implies that
LE[V'(t,w")] < @E[V'(t,w")], forall t& (tp_1,tx),
provided that

. . 1
—O;E[Vi(t,w')] + g—wf w; < 0

2
that is

0:€ai

E[V'(t,w")] >
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This implies, by (7)

il

i)]2
E[Hw ” ] ~ 91‘52102

pi([[will),

where C2 = maX{)‘max(Pi) tl= ]-7 e 71}
At t = t;, we have

E[V(t,w'(t0)] < daB[V'(t, w' ()]

< diME||¢il[7]e 7 +y( sup  [wi(s)]))

t—1<s<tg

e Mt IME[[lg|[7]e ™7 +4( sup_fwi(s)]])

tr—1<s<tg

< ME[[|¢il[;]e ™ +4( sup [lwi(s)])

t—1<s<ig

Which implies

E[llw'l*] < ME[||gil|7]e~ + y( sup  flwi(s)l])

Amin(H) te_1<s<tp

where M = /\mf(Pi)' O

Corollary 7.2.2 (Reliability for isolated subsystems). The trivial solution of system (7.30)

s robustly 1SS in the mean square if all the conditions of Corollary 7.2.1 hold with replacing
(7.32) with
AT P, + PA; + P,[6;D:Df + €,GoGL, — €,Bis B + €4 Ai(A)T + &:D; D] + &1 P

i q:0; 1
+ (o L P + T+ = T H + 0P — 0P = 0 (7.37)
5 44 552 f 67 é 1é
such that the control gain matrixz k; = eZBTPZ, where ¢; > 0.
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Proof. Let w' = w'(t, to, ¢;) be the solution of the isolated subsystem (7.30), and V*(¢, w'(t)) =

w'Paw® be a Lyapunov function candidate. Then,

q:0;
561

vt w') < w{ATP o+ PA (2 B+ B0 L HTH, 4 P,
5t i

i & St

-Pi [SlzDzDzT + gQiGciG — € BZUBZU + 642 ( ) + 557,D D + 661 } z}wi

i0;

w{ AT P, + PA, +(q L) + 5 51+ —

1

St

[qu D +£22G01G — € ’LZBzZ +€4z ( ) +£5ZD D +€6z ] 1}wi

1
(wF>TwF

§ai

where we used the claim in Corollary 7.2.1, Lemma 3.1.3, condition (7.37), and the fact
BisBL < BizBL. The rest of the proof is similar to the proof of Corollary 7.2.1 and thus

omitted here. ]

Definition 7.2.6. System (7.29) (or (7.30)) is said to possess property A ( or B) if it

satisfies the conditions in Corollary 7.2.1(or 7.2.2).

Remark 7.2.7. Property A implies that all the stochastic impulsive isolated subsystems
are robustly ISS in the mean square in the normal actuators case, while Property B implies

the same result is hold in the faulty case.

Corollary 7.2.3 (Interconnected system (Normal Case)). Assume that the composite sys-

tem, system (7.27), satisfies the following conditions:
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(1) System (7.29) possess property A;

(it) for anyi,j=1,2,--- 1, there exist positive constants b;; such that

95 (6 0) Vi) (£, 27(0)) < [l (0 ||Zqzbw||wﬂ (7.38)

where q; is defined in Corollary 7.2.1;

(i1i) for anyi,j=1,2,--- 1, there exist positive constants e; such that
E[(4")" Voo (& ¥ (0) ()] < qeiE[[ly'(0)]%], (7.39)
where y* = a(t,7), the ith row of the matriz o.

(iv) for any o(t,p7), i,j =1,2,--- 1, there exists d;; > 0 such that
Elloy(t, v")|°] < dyE[[lW"(0)[°];

(v) the test matrix S = [s;]ix1 is negative definite where

1 . .
5ij = { Bi(oi + gbii) + 5 Zkzl,k# qBrerdyi, 1=7] (7.40)

2(Bibij + Bjbji), i# G

for some constant o; = a;Amax(P") < 0, and positive constant f3;.

Then, the trivial solution of system (7.27) is 1SS in the mean square.
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Corollary 7.2.4 (Interconnected system (Faulty Case)). Assume that system (7.30) pos-
sesses property B. Suppose further that the conditions (ii)-(iv) of Corollary 7.2.3 hold, and
€; is a positive constant such that K' = —%eiBgTPi where P; is a positive-definite matrix

defined in Property B. Then, the trivial solution of system (7.27) is ISS in the mean square.

The proof of Corollary 7.2.3(7.2.4) follows directly from the proof of Theorem 7.2.5.

7.3 Stabilization via Impulses
In this section, we state and prove a result on the exponential stabilization of the large-scale
stochastic system by Impulsive controller
Theorem 7.3.1. Assume there exist positive constants \, B, ci;, Cas, ¢; and Vi(t,"(0)) for
all (t,4%(0)) € [ty — 7, 00) x R™ with ¥*(0) € PC([—r,0],R") such that

(i) cull¥"(0)[]> < V'(t,4°(0)) < ol (0)]1%;

(it) forallk € N, t # ty and ' € PC([—r,0],R"), we have E[L;V(t,¥)] < E[Vi(t,¢7(0))]
provided that B'[V(t + s5,¢")] < qE[V(t,¢*(0))], where ¢ > ve* > 1, s € [—r,0],

with v > 1;
(117) for allt =ty, k € N,
E[V* (t, ¢'(0) + Li(ti;, o' ()] < daB[V' (85, %7(0))] (7.41)

where 0 < d;, < 1;
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(iv) for all k € N, In(di,) + (A + @) (tpp1 — t) <0, and y > eP+ati=to),

Then, the trivial solution, w* = 0, of system (7.3) is exponentially stabilizable in the mean

square.

Proof. To prove the assertion of this theorem, we have the following claim.

Claim. For any ¢ € [t;_1,t;), k € N, conditions (i) — (iv) imply that
E[V'(t,w'(1))] < ME[[|¢s]7]e ) (7.42)

where A > 0 and M > 1.

Proof of the claim. Choose M > 1 such that
0 < E[[|¢ill,] X7 < ME[[|s[17] < coveE[l|gill7], (7.43)

From (i), we have
E[Vi(t,w')] < eE[||lw]?]
< eE[]|¢4ll7]

< ME[|j¢[7]e 1)

< ME[g[7]e X0
That is, for all t € (to — 7, to],

E[Vi(t,w')] < ME[[|¢;]|7]e~ ") (7.44)
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We want to prove
E[Vi(t,w")] < ME[||¢]|2]e 7, t € [tei,t) (7.45)

Using the mathematical induction method, we prove the claim for all k € N. Let w’ =
w'(t, to, ¢) be the solution of the isolated subsystem (7.3) with w}, = ¢;(s).

Step 1, for k =1, i.e. t € [ty,t1), we show that
E[Vi(t,w'(t))] < ME[||¢;]|2]e ") (7.46)

If (7.46) were not true, then for s € [—r, 0], there would exist ¢ € [to, 1) such that
E[V'(E w'®)] > ME[[lg:|7] e~ (7.47)

Define

= inf{t € [to,t1) : E[V(t,w'(t))] > ME[||¢;]|2]e ")} (7.48)

From the continuity of E[V(t,w'(t))] over (to,t;), then t* € (to,t;) and
E[V'(t*,w'(t")] = ME[||¢;|7]e "~ (7.49)

and for all ¢ € [ty — r,t*], we have

E[Vi(t, w'(1))] < ME[Jjg[2)e 0w (7.50)
Define
£ = sup{t € [ty — 7,#") : B[Vi(t, w' ()] < e [[l64]12]} (7.51)
Then, t* € [to,t*) and
E[Vi(t, w'(t™))] = cE[64]] (7.52)
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and for t € (t**,t*]

E[V'(t,w'(t)] > B[]l 6ll7]
In fact, (7.52), and (7.53) imply that
E[Vi(t™, w'(t*))] < E[Vi(t,wi(t))]
Now, for all ¢ € [t**,t*], and s € [-7,0] and ¢ + s € [t™*,t*], we have
E[VI(t+s,w'(t+5))] < ME[|gi7]e "~
< CQVGM]E[H@H?}e_k(tl_tO)
< e B[4 )]
— YRV wi ()]
< GE[VI(t™, wi(t™))]

< qE[V'(t,w'(t))]

(7.53)

(7.54)

Therefore, we have E[V(t + s, w'(t + s))] < ¢E[V(t,w'(t))]. Thus, from (ii), we have

E[L;V'(t,w))] < cE[V'(t,w'(1))], t e [t t7).

By It6’s formula over [t**,t*] and the forgoing inequality, one may get
t*

E[Vi(t,w'(t*))] = E[V(*, w ()] + / E[£,V (s, ui)]ds

ok

< E[VI(#*, w' (t™))] + c/t** E[V'(s,w'(s))]ds

Then, by Gronwall inequality, we have
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B[Vt w'(t)] < B[V w'(t))]e )
= B [][g]|7] e~
< R [||g]2] et =)
< ME[[|y]|2]e~tr=)
=E[VI(t", w'(t"))] (7.56)

which is a contradiction, and so (7.45) is true when k = 1. Step 2, assume (7.45) is true

for k=1,2,--- ,m, that is
E[V/(t,0'(t))] < ME[|6]2)e™), t € [tes,t) (7.57)
Step 3, we show (7.57) is true for k =m+ 1, i.e.,
E[Vi(t,w'(t))] < ME[||gi||2]e mt1710) ¢ € [ty tinia). (7.58)

If (7.58) is not true, we define
t* :mf{t € [ty tmsr)  E[VI(t,w'(t))] > ME[||¢;]|2] e mer™ to)}

Since, at t =t} we have

E[V (tm, w' (tn))] < duE [V (t,, w'(t;,))]
< d ME[||¢;|2] e Am o)
< e —(A o) (tm+1—tm) ME[H¢1H } —A(tm—to0)

< ME[[jgy[Je = (7.59)
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Thus, at t = t,, we have E[Vi(t,,, w'(t,))] < ME[||¢;]|?]e *tm+17%) We know that

t* € (tm,tms1) and

B[V w' ()] = ME[gi[ e

and

E[Vi(t, w'(t)] < ME[||¢;||2]e mer710) ¢t € [t,,,t7)

Define
t* = sup{t € [to —r,t") :E[Vi(t,w (t ))} <d MIE[HQSZH } ~Altm—to)}
Then, t** € [ty,t*) and
B[Vt w'(#))] = dn ME[[jg 7] e

and for ¢t € (t**,t*]

E[Vi(t,w'(£)] > dME[||¢;]|?] e >Em )

By (7.63) and (7.64), we have

E[Vz(ﬁ, w’(t))] > E[Vl(t**, wz(t**))]

(7.60)

(7.61)

(7.62)

(7.63)

(7.64)

(7.65)

For ¢t € [t**,t*] and some s € (—7, 0], we have two cases. Either ¢t + s > t,,, or t + s < t,,.
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Case 1. When t + s > t,,, we have

E[Vi(t+s,w'(t+5))] < ME[|lgif[]e s
< ME[|jg[[F]e2¢)
< ME[||¢il|7]e e
< i ME[]| ][] m =06
< ,YBATE[Vi(t**’wi(t**))} < QE[Vi(t**7wz‘(t**))}
< qE[V'(t,w'(t))]

Case 2. When t + s < t,,, we assume that ¢t + s < [t;_1,], for some [ € N, and | < m,

then we have

E[Vi(t+s,w'(t+5))] < ME[|¢;]?]et—t0)
< ME[o, e

< qE [Vi(t, wz(t))}

In both cases we have for t € (¢**,t*), s € (—r,0], we have E[V'(t + s,w'(t + 5))] <

gE[V'(t,w'(t))]. Thus, we have
E[L;V'(t,w])] < B[V'(t, w'(t))]

As done in Step 1, we use [t6’s formula and Grownwall inequality to get a contradiction.
Thus, (7.45) must be true for £ = m + 1. Hence, by the mathematical induction, (7.45) is

true for ¢ € [ty_1,tx), k € N.
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From (i) and (7.45), one can get
Efllw|”] < AE[|¢7]e )t € [ter,ti), k€N

where \ = % O

Theorem 7.3.2. Assume that the composite system, system (7.2) with aij(t,wj) =0 for

all i # j,, satisfies the following conditions:

(1) every isolated subsystem is impulsively stabilized, i.e., every isolated subsystem satis-

fies the conditions in Theorem 7.3.1;

(it) for anyi,j=1,2,--- 1, there exist positive constants b;; such that

95 (t,0) Vi) (£,47(0)) < [l (0 ||quw||w (7.66)

where q is defined in Theorem 7.2.1;

(iii) the test matriz S = [s;j]ix1 is positive-definite where

| Bile + qby), =]
e { L(Bibij + Bjbyi), iFJ (7.67)

for some positive constant [3;.

Then, the trivial solution of system (7.2) is exponentially stable in the mean square.
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Proof. Let z(t) = xz(t, to, P) be the solution of system (7.2). Define the composite Lya-
punov function V(t,z(t)) = S, BiV(t,w’) as a Lyapunov function candidate for inter-
connected system (7.2) where 3; is a positive constant, and V*(¢, w") is a Lyapunov function
for the ith isolated subsystem. From (i) in Theorem 7.2.1, for any ¢, one can show that

there exist ¢;, co > 0 such that
allz@®* <V (t,2(t) < collzl* < eaflelly
Since, 0;;(t,w?’) = 0 for all i # j, the infinitesimal diffusion operator becomes
LVi(t,w') = LVt w') + g (t, 2) Ve (t, w')
Thus, we have

E[LV(t,z)] = Z BE[LV (L, )]

!
= Z BiE [EiVi(t, w') + g (t, x) Vi (¢, wz)}

i=1

l l
< > B{ B [lw' ] + E[l]| Y abylw’ll] }
i=1 j=1
=278z,

where 2T = (E[||w1||},E[||w2\|},--- E[[lwi]],--- ,E[lem) and S is a positive-definite
matrix with the maximum eigenvalue C' = A\p.x(S). Then, one can write

E[LV(t,2)] < CY E[|lw'|?],

=1
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whenever E[V (¢, 2,))] < qE[V (¢, 2)].

At t = ¢}, we have
!
E[V (), «(t)))] = ZB@'E Vit w'(50))]
=1

<ZﬁzdkE Wty w' ()]

= GE[V(t;,,x(ty))].

(7.68)

Thus, the conditions of Theorem 7.3.1 are all satisfied and so = = 0 is exponentially stable

in the mean square.

Theorem 7.3.3. Assume that system (7.2) satisfies conditions (i) and (ii) of Theorem

7.3.2 and the following conditions hold

(111) for anyi,j=1,2,--- 1, there exist positive constants e; such that

E[( )TVZ )i ( 0)(t W(O))(yl)} < qeiE[Hyi(O)HQ],

where y* = o (t,17), the ith row of the matriz o;
(iv) for any o(t,p7), i,j =1,2,--- 1, there exists d;; > 0 such that
E[lloy(t, 9P < diE[ [l (0)]1%];
(v) the test matrix S = [s;;]ixi is positive definite where

o { Bil@ + qbi) + 5 D ke pps WBerdri, 1=
L/ ‘I(
2

1(Bibij + Bjbji), i # g
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for some positive constant [3;.

Then, the trivial solution of system (7.2) is exponentially stable in the mean square.

Proof. Let z(t) = x(t,tp, ®) be the solution of system (7.2). Define the composite Lya-

punov function as in Theorem 7.3.2. The infinitesimal diffusion operator becomes

LVi(t,z) = LVit,w') + gL (t,z,)V! Ztr ot wl Vi (, wh) oy (£, w))]

Thus, we have

E[LV(t,z)]

l
= @E[ﬁﬁ%t, w') + g (t, z) Vi (8, w')

i=1

b S o ) Vit ) )]

l
< 3 s {aE[lw ] + E[jlw ||quw||w 1]
i=1

7=1

l
1 .
+3 3 aekllot Dl
=1,

l l
< 3 s{aB [l 2] + Bl Y gbislw’ ]
i=1 j=1

1 « |
+20 Y geidBle) }

=i

= TSz
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where 2T = (E[||w1||},E[||w2\|},--- E[[lwi]],--- ,E[leHD and S is a positive-definite

matrix with the maximum eigenvalue C' = A\,.x(S). The rest of the proof is similar to the

previous one and thus omitted here.

7.4 Conclusion

Throughout this chapter, we have addressed LSSISs. The focus has been on developing
some sufficient conditions to guarantee ISS and stabilization by reliable controller and im-
pulsive effects. To prove the qualitative properties, we have considered the decomposition

approach followed in Chapter 6 and used the Lyapunov-Razumikhin technique.

189



Part 111

Reliable Control Stabilization for
Singularly Perturbed Systems
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In this part, we address the switched control singularly perturbed systems (SCSPS)
without and with time delay where the controllers are subject to faulty actuators. The
continuous states are viewed as an interconnected system with two-time scale (slow and
fast) subsystems. Moreover, due to dominant behaviour of the reduced systems, the sta-
bilization of the full order systems is achieved through the controller of the slow reduced
order subsystem. This in turn results in lessening some unnecessary sufficient conditions
imposed on the fast subsystem. The stability analysis is obtained by multiple Lyapunov
function method after decomposing the system into isolated, lower order, slow and fast

subsystems, and the interconnection between them.

It has been observed that if the degree of stability of each isolated mode is greater than
the interconnection between them, the underlying interconnected mode of the switched
system is exponentially stable. Moreover, if switching among the system modes follows the
average dwell-time rule, then the SCSPS is also exponentially stable. Finally, numerical

examples and simulations are provided to justify the proposed theoretical results.
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Chapter 8

Switched Control Singularly Perturbed
Systems

In the present chapter, we aim to study the stability property of switched singularly per-
turbed systems via reliable controller for two cases, namely when all the actuators are
operational and when some of them experience failures. The faulty actuator output is
treated as an outage. The reduced system, which depends on the slow (dominant) system,
is used to design the stabilizing reliable controller. The Lyapunov function and average
dwell time condition argument are used to establish the exponential stability criteria. As
said, we have adopted the decomposition approach. The relationship between the stability
degrees of the isolated subsystems and the interconnection strength is usually formulated
by the so-called M-matrix. An illustrative example is provided to clarify the validity of

our results. The material of this chapter forms the basis of [13].
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8.1 Problem Formulation and Preliminaries

Consider the following system

T = Allg(t)x -+ Algg(t)z + Blg(t)u, (81&)
Eg(t)z = Aglg(t)l‘ + Aggg(t)z + ng(t)u, (81b)
x(to) = xo, 2(to) = 20, (8.1c)

where x € R™, z € R" are the system slow and fast states respectively, u € R' is the
control input of the form u = Kz for some control gain K € R™>™ o : [tg,00) — S =
{1,2,---, N} is a piecewise constant function known as the switching signal (or law). For
each © € §, Ay, € R™™, Ajy, € R™" Ay, € R™™, Ay, € R™™, are known real
constant matrices with Ay, is a nonsingular Hurwitz matrix, By € R™ ! By, € R™! and
0 < & < 1. Setting ¢; = 0 implies that z = h;(z) = — A, [As1,x + Bo,u]. Plug 2 into (8.1a)
gives the slow reduced subsystem s = Ay, x5 + Bo,u where Ay, = A1, — A12iA2_211'A21i7 and

By, = By, — AlgiAQ_;i Bs,. Choose u = Kx, such that (Ag,, Bo,) is stabilizable.

For simplicity of notation, we use x in lieu of x4 to refer to the slow reduced system.

Definition 8.1.1. The trivial solution of system (8.1) is said to be globally exponentially

stable (g.e.s.) if there exist positive constants L, and \ such that
=@+ =@ < Llleto)ll + [12(to) e, ¢ > 10 € Ry,
for all z(t) and z(t), the solutions of system (8.1), and any xy € R™, zy € R™.

193



8.2 The Main Results

In this section, we present our main results.

8.2.1 Normal Case

For any ¢ € S, the closed-loop system becomes

= (A, + B, Ki)x + Ajg,2,
€2 = (Ao1, + Bo, K;)x + Ago, 2,
.T(to) = Xy, Z(to) = 20-

(8.2)

Theorem 8.2.1. The trivial solution of system (8.1) is globally exponentially stable if the

average dwell-time condition holds, and the following assumptions hold

(1) Re[\(Ag,)] <0, and (A, By,) is stabilizable;

(1) there exist positive constants aj;, j =1,---,6 such that
207 P, Ajo, hi(z) < apx’ x, (8.3)
207 P Ay, (2 — hi()) < agr™x + azi(z — hi(2))" (2 — hy(2)), (8.4)
2(z — hi(2))T Py, Ry,w < agx’ x + asi(z — hi(2)) " (2 — hy(z)), (8.5)
(2 = hi(2)) Ra, (2 — hi(2)) < agi(z — hy(@))" (2 — () (8.6)
where hi(z) = —Ay (An, + Bo,Ki)z, Pu, is the solution of the Lyapunov equa-

n’

tion A;ZiPQi -+ PQ«LAZQ'L = —[Z

where I;, is an identity matriz, Ry, = Az (A2, +

Bs, K;)[Au1, + B1, K; — A12, A, (Ao, + By, K;)), and R, = 2Py, Ay (Asy, + Bo, K;) Ava, ;
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(111) there exist a positive constant €; such that —A; is an M -matriz where

AmaX(Ni) a3
A )\max(Plv) )‘min(P2~)
A; = asi agi _ (1—asiei) )

)\min(Pl,L-) Amin(PQ,Lv) Ei)\max(PQi)

where N; = —Q; + (ay; + ag;) I + MT P+ P,MT such that M = AlgiA521i(A21i + By, K;)

and (Ao, + Bo, K;)" P, + Py, (Ao, + By, K;) = —Q; for a given K;.

Proof. Let Vi(x) = 27 Py,x and W;((z—h;(2))(t)) = (2 —hi(2))T Py, (2 — hi(z)) be Lyapunov
function candidates for the slow and the fast subsystem, respectively. Then,
Vi(z) =" Px + 2" P
= [(Alli + Blsz)x + AlQiZ} Tplil’ + J:TPli[(Alli + Bl,Kz)x + AlgiZ]
= (L’T[(AHZ. + Blini)TPli + Pli (Alli + BlszL)]Jf + QITpliAlgiZ

= — LCTQiI + 21’TP12.A122, (Z — h,(:l:)) + 2Z’TP11,A12¢hi(I)

< 2" (=Qi + anl + anl)x + asi(z — hi(x))" (2 — hs(2))
= AAEX((;@VI))V(@ + #ﬁ}%)m((z — hi(@))(1)), (8.7)

where N; = —Q; + (a1; + ag)l + MTP; + P;M7T such that M = A12iA2_21i<A21i + By, K;) is
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negative definite. We also have

Wil(z = hi(2))(1) = (2 = hi(2))T Po,(2 = hi(@)) + (2 = hi(2))T Py, (2 — hi(x))
= [ (A + Ba) + Ann2) — h(a)] P(= — h(a))
+ (2 = (o)) PL((An + BoK )z + Anz) — h(z)

= (2 A (2 — hi(@)) — ha(@)TPo (2 — hi())

€;

+@—mwwﬁz%Amw—mm»—m@n

1 .

= ;(2 — hi(x))"[AL,, Po, + P2, Az (2 — hi(x)) — 2(z — hi(x))" Py, hi(x)
= — é(z — hi(2))" (2 = hi(x)) = 2(z — hi(x))" Py, hi(x)
< (a5 — %)(2 — hi(2))"(z = hi(x)) + (z — hi(2)) " Ra, (2 — hi(x))
+ CL4¢ITJI
<Oy [ LT Y ),
o )\min(pl ) ’ )\min(PQZ') ei)\max(PZ;) ’ '

(8.8)

where Ry, = 2Py, A3 (Ao, + B, K;)Ajs,. Combining (8.7) and (8.8), we get

* Amax(Ni) as;
. ‘/:L ('r) :| < )\max(Pli) )\min:zPQil)_ B |: ‘/Z(x)
Wiz =h()0) | = | iy sty — iy | LG = h@)®)
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Then, we have
asiq

|

)\max(N)
_‘ . )\max(Pl ) )\min(PZi)
AZ - aq; ag; _ _(A-asie)
Amin(Pli) >\min(P2i) Ei)\max(PQi)

Then there exists 17; = —Amax(A4;) > 0 such that for t € [t,_1, ),

Vi(z) < (‘fi(:v(tkfl)) +Wi((2 - hi(x))(tk,l)»efmaftk,l),

and
Wl((z - hZ('I))(t)) < (Vz(l’(tk—l)) + Wz((z — hi<$))(tk_1))>e_ni(t_t’“*1),

For any i,5 € S, M > 1, we have
Vi(z(t)) < mVi(z(t)),

Wi((2 = hj(2))(1)) < Wi ((2 = hi(z))(1)).-

Let p = max{p1, 12}, then we have
Vi(z(t)) < uVi(z(1)),

Wi (2 = hi(2))(1)) < uWi((z = hi(2))(1)).-
Starting with V;, we have for t € [to, 1)

Vi(z(t)) < [Vl(a:(to)) + Wi ((z — hl(x))(to))}e*m(t—to)

For t € [t1,t2), we have
(8.9)

Va(a(t)) < [Va(w(tr)) + Wa((z = hala)) () [ e )
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we know that for ¢ = ¢;, we have
Va(a(t)) < | Vi(a(te)) + Wi ((z = B (2)) (ko)) [ e
and similarly,
Wa(= = ha()) (1)) < [ Va(a(to)) + Wi (= = I (2))(t0)) ] 710,
Then for ¢ € [ty, t2), (8.9) becomes
Vala(t)) < 20 [Va(a(to)) + Wi (2 — hu(@)) (1)) | e MO0 emmie=t),

Then, for all ¢t > ty, we have

V;(%(t)) < QIue*Th(hfto) . 2ue*n2(t2*t1) .. 2,u€777k71(tk71*tk72)

X [Vl(a:(to)) + W (2 — hl(m))(to))] e (t=ten)

Let n =min{n; : j =1,2,--- ,k}. Then

Vi(z(t)) < (2m)*" [Vl(:c(to)) + Wi ((2 — hl(;,;))(to))} o—(t=to)

< [Vila(to)) + Wi ((= = ha(a)) 1)) |- D1mrrte-00),

where p = 2u. Applying the average dwell-time condition with Ny = ﬁ, 7 is an arbitrary

constant, 7, = (nlfg*) with n > n* leads to

Vi(z(t)) < [Va(a(to)) + Wi ((z — hl(z))(to))} ep—n(t=to)

198



and

Wi((z = ha()(1)) < [Vl (2(to)) + Wi ((z — hl(g;))(to))] )

This implies that there exists L > 0 such that

()] + 12(0)]] < L(ll2(to) ]| + [[2(to) )™ )72,

8.2.2 Faulty Case

To analyze the reliable stabilization with respect to actuator failures, for any ¢ € S, consider
the decomposition of the control matrix B; = B;,+ B;5. Since the control input w is applied

to the system through the normal actuators, the closed-loop system becomes

& = (A1, + Bis, Kiz)x + A1, 2, (8.10a)
EZ‘Z = (A211- + BQa—iKi5—>fL‘ + AQQZ.Z, (810b)
x(to) =0, 2(to) = 2o0. (8.10¢)

where K;5 = —%Bl-BT Pz, with Byiz = Bis, — AlziAz’Qling,i, and P, is a positive definite

Oic
matrix such that (Ao, + Bois Kiz)" Pis + Pis (Ao, + BoisKiz) = —I. Setting ¢; = 0, one
may get z = hiz(x) = —A2_211_ (A1, + Bos, Ki5)x. In the following theorem, we assume that

g; =

M

7.

Theorem 8.2.2. The trivial solution of system (8.10) is globally exponentially stable if the

average dwell-time condition and the following assumptions hold for any i € S
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(Z) R@[)\(AQQ,L)] < 0, and A{lipli + PliAlli -+ /B’LP].Z (Al2iA BZE B BlZ B )Pl +

7

o; 1 = 0;
(i) there exist positive constants aj;, j =1,---,6 such that
207 Py, Ay hysy(2) < apa’ x, (8.11)
207 Py, Ava, (2 — hys () < agiz” @ + asi(z — hys(2))T (2 — hysy()), (8.12)
2(z — hig(x))TPgiRliix < agx’ T + asi(z — his(2)' (2 — his(2)), (8.13)
(2 = his(2)) Ros, (2 = his(@)) < ai(z — his(2))" (2 = hig(z)), (8.14)

where his(z) = —Ag (As1, + Bos, Kis)x, Py, is the solution of AL, P, + P, Agy, =
]Zn7 Rl s A22 (A21 + BQE )[All + B1 K Alg A2_211 (A21i + B2SiKz'2)] where
Kis = Qﬂz P, and R22 = 2P, A22 (A21 + 25@322 (A12 AQ_QIZ')TPli)A12i -

1 _ T .
iﬁiBQEiBliipli )

(iii) there exist a positive constant €; such that —A;s, is an M-matriz where

Amax (N;5) asi
A _ )\max(Pli) )\mln P2
Aiz - ay4; Ez(a51+a6z’3 1

)\min(Pli) €; max(PQ )

Proof. Let Vi(z) = 2" Pz and W;((z — hg, (2))(t)) = (z — hs, ()" Py, (2 — hs,(2)) be
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Lyapunov function candidates. Then, we have

Vi(z) = iTPa+ 2T Py i

T
= |:<A11i + Bys, Kis)r + A12¢Z] PLa+a2" Py, [(Am + Bis, Kis)r + A12i2}

1 1
= o [(Au, = 5BiBis, Bl Ps) i, + Pr(Au, — 5AiBis, BlisPs) |

+ 25(]TP11.A121. (Z — ]’Li)(l’)) + QITpliAlgihig(I)
_— [AlTliPli + P Au, + 5Py, (Aio, A Bos BYy, — BlgiBlTii)Pli} -
+ 2$TP11.A121. (Z — hi)(!ﬂ)) + 2$TP1iA12ihig($)

< -I"T(—Oéi + ay; + agi)lx + azi (2 — hii(fﬁ))T(Z — his(z))

—Q; + Q1 + Ay

<
o /\max(Pli)

a3;

)\min (F)2Z )

Vi(z) + Wi((z = hs,(2))(t)) (8.15)

We also have

Wi((z = hs,(2))(1)) = (¢ = hig(2)) P, (2 = hig(2)) + (2 = by ()T Po, (2 — s ()

1 T

= [;((Ami + Bosy, Kisy)x 4 Agg, 2) — h,-g(x)] Py, (z — his(x))
1 .

+ (2= is(@)" P = (A, + Bys, Kis)ar + A 2) = his(e)

%

= — (2 = hig(2))(z — his(@)) = 2(2 = his(2))" Py s ()
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1

< (a5 = )z - hisi(2))" (2 = his (@) + aga’

N

+ (2 — hii(x»TRQii(Z — (7))

A4i ei(as; + ag) — 1 )
B )\min(Pli) V;(x) Ei)\max(PQi) WZ(<Z B hzg(ff))(t)), (816)

where Ryos, = 2P2iA521i (Az1, — %ﬁiBQEiBsziPh + %@BQ&Bngi(A12¢A521i)TP1¢)A12¢-

Combining (8.15) and (8.16), we get the M-matrix — A5, with

)‘max(Nii) as;
A _ )\max(Pl‘) Amin(PQ‘)
Ajg = as ei(asi+ag)—1
)\min(Pli) 6iAmax([_bi)

Proceeding as done in the proof of Theorem 8.2.1, we get the desired result

Example 8.2.3. Consider system (8.1) with S = {1,2},

-5 0 0.1 2 1 3 1 -2
Alll = |: O _10 :| 7A121 = [ 01 0 :| 7A211 = |: 2 1 :| 7A221 = |: :| )
-3 1 1 0 2 3 -2 1
A112 - |: O _6 :| 7A122 - |: 01 03 :| 7A212 - |: 1 1 :| 7A222 - [ :| I

~5 05 3 -1 4 5 2 -2
Bh_{o.l 0.15]’321_{1 4]’312_{0.51}’322_{ ]

€1 = 001, 51 = 05, ajp = 01, ag1 = 015, asy = 002, asg = 001, as] = 70, Ql = —4],

€y — 002, ﬁg = 025, 19 = 03, 99 — 02, 39 = 02, Q49 = 002, a5y = 30, and Qg =—1.
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351

251

[Ixl1&lzIl
N

Figure 8.2.1: Singularly perturbed switched system: Operational actuators.

Case 1. When all actuators are operational, we have

p_ [ 01025 002747 , _ [0.1697 0.0616
L7 0.0274 0.0615 |07 2 7 | 0.0616 0.1322 |

15 1 05 05
le_{ 1 1.75]7]321—{0.5 1}’

and

s _ [00217 000317 [ ~0.1638 —0.0869
L710.0840 0.0238 |72 7 | —0.1449 —0.0842 |-

Thus, the matrices Ao, + Bo,K; (i = 1,2) are Hurwitz and 7, = -2 = 1.8330.

a*—v
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Case 2. When there are failures in the first actuator of By,, and the second actuator of

By, for both modes, i.e.,

0 0.5 3 0 0 5 2 0
B121:|:0 0'15:|7B221:|:1 O:|7B122:|:O 1:|73222:[1 0:|7

we have

p_ [ 00993 0.0257 p _ [ 02828 0.1570
L 0.0257 0.0606 |07 2T | 0.1570 0.2145 |

Py, and Ps, are the same as for the normal case, and

s _ [ —01024 —0.0278 7 . [ ~0.1355 —0.0991
V7| —0.0134 —0.0055 |72 7 | —0.1964 —0.1249 |-

3.5

251

[IxI1&]IzIl

051

Figure 8.2.2: Singularly perturbed switched system: Faulty actuators.

Thus, the matrices Ao, + Bo,K; (i =1,2) are Hurwitz and 1, = oélff = 4.1498.

14
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Figures 8.2.1 and 8.2.2 show the simulation results of ||z|| (top) and ||z| (bottom) for the

normal and the faulty cases respectively.

8.3 Conclusion

This chapter has established new sufficient conditions that guaranteed the global exponen-
tial stability of SCSPS. The output of the faulty actuators has been treated as an outage.
We have shown that, using the average dwell-time condition with multiple Lyapunov func-
tions, the full order switched system has been exponentially stabilized by using the state
feedback control law v = K;r A numerical example has been introduced to clarify the

proposed results.
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Chapter 9

Switched Control SPS with Time Delay

In the present chapter, we extend the results of chapter 8 for switched singularly perturbed
systems with time delay via reliable controller when all the actuators are operational as
well as when some of them experience failures. An illustrative example is provided to

illustrate our results. The contents of this chapter form the basis of [14].

9.1 Problem Formulation and Preliminaries

Consider the following system

T = Allil’ + leifb(t — T1> + AlgiZ + ZlgiZ(t — 7"1) + Bliu, (91&)
62‘2 = Aglil’ + gglil'(t — 7“1) + AQQiZ + Bgiu, (91b)
T, (8) = 01(8), 21,(s) = ¢a2(s), s € [—r,0], r=max{ry,re,rs}, (9.1c)

where € R™, z € R" are the system slow and fast states respectively, u € R is the

control input, and Ak, Ak, j. k€ {1,2}, 1€ S={1,2,--- , N} are known real constant
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matrices with Asy, is a nonsingular Hurwitz matrix, and 0 < ¢; < 1. For r = max{ry, 79,73}
where r; = jry > 0 for all j = {1, 2,3}, let C, be the space of all continuous functions that
are defined from [—7,0] to R". For any ¢ € Ry, let z(¢) be a function defined on [ty, o).
Then, we define x; : [—r,0] = R" by x4(s) = x(t + s) for all s € [—r,0], and its norm by
|2e|lr = sup,_p<o<; |2(0)]], where r > 0 is the time delay. ¢:1(t), ¢2(t) € C,. K € R>" is

the control gain matrix such that v = Kz, where (Aj,, By,) is assumed to be stabilizable.

Setting €; = 0 turns (9.1b) into the algebraic equation
2= hi(a) = — AR [(Aa, + Bo, Ki)a + Agya(t — 1), (9.2)

and z, = z(t — r1) = —Ay [(Aar, + Bo, K)x(t — ) + Agy2(t — r2)]. Plug z and z into

(9.1a) gives the slow reduced subsystem
I'S = (AQZ + BQZKZ).CCS(t) + C()iil’s(t — 7”1) + Doixs(t — TQ), (93)

where Ay, = A, — A12iA2_21iA21i, By, = By, — AIQZ-AQ_QIZ.BQU Co, = gni - AlQiAg_gligmi -
1’4/1211427211, (A21i + BQiKZ'>7 and Doi = —ZlgiAgé_AVQli. Choose Kl such that Aoi + BOZKz is

Hurwitz.

Then, the closed-loop system becomes

T = (Alli + B11K1>ZE + ggzx(t — 7"1) + Algiz + 1/4/121.2(75 — T1>,
€2 = (Aa1, + Bo, Ki)x + Agya(t — 1) + Asa, 2, (9.4)
T, (8) = 01(8), 21,(s) = ¢2(s), s € [—r,0], r=max{ry,re,rs},

Definition 9.1.1. [105] The trivial solution of system (9.4) is said to be exponentially
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stable if there exist positive constants L, and X such that
lz @)1+ 121 < Lzl + 20 ll)e £ >t
for all z(t) and z(t), the solutions of system (9.4).

Lemma 9.1.2. [59] Consider the following differential inequality

y < —ay(t)+ 5 sup y(), tety,00), to >0
t—r<6<t

where o, and B are positive constants such that o« > 3 > 0. Then, there exists a positive

constant n such that y(t) < |lyoll,e™ "), t > to, where n is a unique positive solution of

g(n) = -—n+a— e =0.

9.2 The Main Results

In this section we introduce our main theorems and proofs.

9.2.1 Normal Case

Theorem 9.2.1. The trivial solution of system (9.4) is globally exponentially stable if the

following assumptions hold for each i € S

(i) Re[)\(A227,)] < 07 and (AOz + BOiKi) Pli + P]-i(AUi + BOz‘Ki) = _Qi;
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(1) there exist positive constants v, aji, Bji, j = 1,---,7 such that
207 Py, [Anihi(a:) + Ay hi(x(t — rl))} < ayl|z]]? 4 agil|z(t — )2,
+ agl|z(t —r2)|7,, (9.5)
27 Py, [Zuix(t — ) Ap, (2 = hi2))(8)) + Ap, (2 — ha(@))(t — 7’1))]
< agille|® + asillz = hi(@)[1* + agillo(t — )7, + anill (2 = hi(2)) (¢ = )7, (9.6)

(2 = hi(2))"Ra, (2 = hi(z)) < vllz = hi(@)|I?, (9.7)

(2 — hy(2)) T Py, [alx +ana(t — 1) + szt — o) + auz(t — r3)

+a5((z — hi(@))(t —m1)) + as((z — hi(2))(t - 7“2))]
< Buillzl|? + Ballz — ha(2)[|? + Bsillw(t — )17, + Ballz(t — r2)|7,

+ Bsillz(t = rs) |12, + Beill (2 — ha(2))(t — r)[2, + Brill (z — ha()) (t = r2) |7,
(9.8)

where h;(z) = —As, |:<A21i + By, Kz + Agya(t — 7’1)], P, is the solution of the
Lyapunov equation A, Py, 4+ Py, Ag, = —I;,, where I;, is an identity matriz, oq =
—Agzli(A21i + By, K;) [Ani + By, K; — AmiA;Qli (Ag1, + BQZvKi)], Qg = Aggli (Ag1, +
By, K;) [A12i/42_211.221i + 11121-142_211. (A2, + By, K;) — Z111-} — Ay, [A12, A% (Agy, + By, K;) —
(A11,-+BliKz‘)H a3 = Ay [[(Azh+B2iKz‘)gmi+221iA12i]A52£A21i+g21i [/NluiAz_gli(Ami-i—
BQiKi>_Z11¢]] ;g = Ag’iﬁzlﬁlziz‘%ﬁmi, a5 = —Ag’zﬁ. |:<A21i+B2iKi)Z12i+1121¢A12¢
and ag = —A;Qiggliglgi;
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/\max Ni 7 _ i 7 v+ i —1
(ZZZ) ,yli - /\max((Pli)) + kmiftpli) < 07 ")/21' B Ami(j?PQi) + Eeig\maf?;%) < 07 and _fyl = 5i7 whe/re

o ) ) L azitaei+PBsi _azi+Be: L a3i+Bai Bri
IY’L = max {7117 727'}’ 511 o maX{ )\min(Pli) ’ Amin(F>2i) }’ 621 = ax { Amin(Pli)’ Amin(PZL') ’

and 0; = 01; + 0g; + /\mifi);%) )

(iv) for each i € S, the average dwell-time condition holds.

Proof. Let Vi(x) = 27 Py,x and W;((z—h;(2))(t)) = (2 — hi(2))T Py, (2 — hi(z)) be Lyapunov
function candidates for the slow and the fast subsystem, respectively. Then, we have

M(:U) = QL"TPli:B + xTPlijc
= [(Ani + B, K;)z + gnix(t —1r) + Ajg,z + Zmiz(t — Tl)]TPhx
+ 2" P, [(An, 4 B Kz + Apa(t —r) + Az + A 2(t — r1)]
= —aTQur + 22T Py, [An,x(t — 1) + Avg,2 + Apg,2(t — 11)]
< & (=Qi + (a1 + awi) Dx + asl|z — hi(2)[|> + (a2 + aei) ||t — 1) |17,

+ azil|(z = hi(@)) (t = r1) |17, + asil|z(t — r2) |2,

< 20 0) WAl — B0 + 2R )
5y WG = @) =) + 5 el =72, (99)
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where N; = —Q; + (a1; + ag;)I is negative definite. We also have

Wil(z = hi(@) (1)) = (2 = hi(2))" Pe, (2 = hi(2)) + (2 = hi(2)) " Pa, (2 — ()

= (L Ao (2 — i) — ha(@)]T Py, (2 — ()

€;

+ (2 = b)) TPy [ g (= = ) — (o)

(2

= - l(z — hi(2))" (2 = hi(x)) = 2(2 = hi(2))T Py, hu(x)

€

< (B2 — El)(z — hi(2))" (2 = hi()) + (2 = hi(@))" Ra, (2 — ha(2))

+ Bul|z]|* + Baillx(t — ri) |12, + Bullx(t — r2)||1Z, + Bsillz(t — 73)[|12,

+ Beill (2 = hi(@))(t = ro)II7, + Brill (2 — ha(2)) (¢ = r2)II5,

< %Vi(z) - [GEVA:BE;;) Wiz = haa) )
+ Amf(g;%i) [Vi(z(t = r)llr + Amf&li) IVi(z(t = 12))ln,
* %&!M(x(t = 73))llrs + ﬁ%uqu — hi(@))(t = 71))[lr,
b WG = e = ) (.10

where Rli = 2P21A27211 (AQlZ. + B2,'Ki)A12i-
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Adding (9.9) and (9.21), we get

Ui(x) =Vi(z) + Wil(z = hi(2))(2))

- <>\max(Ni) L B ))Vi(mH(W)Hx@@(t_ﬁ))nn

/\maX(Pli) )‘min(Pli /\min(Pli)

R = )l + s Gt = )

(e + SRS Wi - h)(o)

Bz = o))t = ) + 5t TG = B} (e = e

< 3 (Vi) + Wiz = @) ) + 81, (Vi (t = r)l + Wil (z = Bal@)) (¢ = )|,

o b (Vi@ (t = 72)) s + Wil (2 = ha(@))(t = 72) )

Bsi
1 (Vi@ = 75l + Wil (2 = hal@))(t = 73)) )
Amin(Pli)
< vUi(x(t)) +d; sup U;(0) (9.11)
t—r<f<t
— Amax (Vi) B i € (v+Pai)—1 _ azitaeit+Bsi _aritBei
Where ryl = max { )\max(Pli) )\minépli) ) Amli?PQI) E'L)\max2(P2i) }7 612 = max { 2)\min?ljli):s ) )\n’;n(Pzz) }7

09; = max { /\anfﬂgﬁ), ,\mi’f&%) }, and 0; = 0y; + 09 + )\mif ?;li).
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Then, by Lemma 9.1.2, there exists 7; > 0 such that for t € [tx_1, tx),

Uz(t) S ||UZ($(tk_1 — T))”y-e_m(t_tk*l)

= Vi(z(ter — 7)) + Wi((z = hy(@)) (tg_y — )| e teD)

S(H‘/xx(tkfl - 7’))”7« + HVVZ((Z — hi(a:))(tk,l — r)) Hr> e Mi(t=tr—1)

which leads to

Vi(z) < Vi(x(t)) + Wil(z = ha(x))(1))

< (IViCa(tios =Dl + IWs((z = hal@)) by =) [ ) 075, (9.12)

Similarly,

Wi((z = hi(2))(t)) < (HVi(x(tk,l =)l + [IWi(z = hi(@)) (tr—1 — 7)) Hr> et
For any 4,5 € S, we have
Vi(z(t)) < mVi(z(t)),

Wi((z = hj(2))(1)) < Wi ((2 = ha(z))(1)).-

Let g = max{py, u2} > 1, then we have
Vi(z(t)) < uVi(z(1)),

Wi ((z = hi(@))(t) < pWi((z = hi(2))(1)).

Starting with V;, we have for t € [to, 1)

Vi(e(®) < [Vt =)l + IWa((z = ba(@)(to = ) e

213



For t € [t1,t2), we have

Va(w(®)) < [IValalts =)l + [Wa((z = ha@))(t =) | (9.13)
we know that for ¢ = ¢;, we have
Va(a(t)) < [ IVi(a(to = )l + WA (2 = Bua(@))(to — 1)l | e ).
Similarly,
Wa((z = ha(@))(t2)) < e[ [IVi(lto = )l + Wi (2 = A (@) (to = 1) [l | e
So that
IValwlts =)l < 1 IVi(ato = )l + WA (2 = Ba(@)) g — 1)) [ e =)
and
IWa((z = ha@))(tr =) I < i IVi((to = )+ (W2 (2 = b (@) (to = 1) ] | e 0.
Then, for ¢ € [to, t2), (9.13) becomes
Va(a(t)) < 26| [Vi(w(to = r)lls + W1 (2 = (@) (to — 1) | e 0emr ety
Generally, we have for ¢ € [ty_y, 1),

i—1

Vita(t)) < [ opeme-0en s [|[Vi(atty = )l + Wi (2 = @) (to — ) ] -0

=1
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Let n =min{n; : j =1,2,--- i}, and § = max{n; : j=1,2,--- ;i — 1}. Then

Vifa(t)) < ey [[Vaalta = )l + [Wa((z s @)t = ) . -
= (IIVi(z(to — 7)) lr + W1 ((z = ha(2))(to — 7)) [|,) e~ D ment=to)

where p = 2ue™. Applying the average dwell-time condition with Ny = ﬁ, v is an

arbitrary constant, 7, = (nlf—r’;*) with n > n* leads to

Vi(z(t) < (IVi(a(to — )l + Wi ((2 = hu(@)) (o — 7))||, ] e~ 1)

and similarly,

Wi((z = hi(@)) (1)) < (Vi (to =)l + Wi ((z = ha (@) (to — 7)) [|) e~ 1)
This implies that there exists L > 0 such that
lz @)+ 2@ < Llla(to — )l + ll2(to — )l )e™" 072,
which completes the proof. O]

Remark 9.2.2. Every subsystem in (9.4) is treated as an interconnected system. The ad-
equate approach to analyze the stability of this type of systems is to decompose it into lower
order subsystems ignoring the interconnection, study the stability of each mode. Then, use
this information with the interconnection to draw a conclusion about the stability prop-
erty. Condition (it) means that the perturbation part (the interconnection) is assumed to
be bounded. Condition (iit) is needed to guarantee the exponential stability property, which

needs the stability degree to be larger than the interconnection.
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9.2.2 Faulty Case

For any 7 € {1,2}, consider the decomposition of the control matrix B; = B;, + B;5. Then,

the closed-loop system becomes

T = (Alli + Bl&iKiE')x + leili(t — Tl) + Algiz + A/lgiZ(t — 7”1), (914&)
62‘2 = (AQli + BQ@.K@)I + 121/212.1’@ - Tl) + AQQZ.Z7 (914}3)
Ty (8) = d1(8), 21,(s) = ¢a(s), s € [—r,0], r>0, (9.14c¢)

where K;5 = —%@B&&Pw, with Byz = Bis, — AlQiA2_21iB26i7 and P;; is a positive definite
matrix such that (Ao, + Bois Kis)T Pis + Pis(Ao, + Bois Kiz) = —Qis. Setting ¢; = 0 turns

(9.14b) into an algebraic equation which has the following solution
Z = hzﬁ(m) = —A2_211[(A211 + BQC-,Z.KZ'(-,)JI + gglix(t — T1>] (915)

and 2, = z(t — r1) = — A3, [(As1, + Bag, Kiz)z(t — r1) + Agy z(t — 1)),

In the following theorem, we assume that all susceptible actuators have experience

failures, i.e. ¢ = X.

Theorem 9.2.3. The trivial solution of system (9.14) is globally exponentially stable if the

following assumptions hold for each i € S

(1) Re[\(Ag,)] <0, and
AL P+ PLAw, + 58Py (Avg, A, Bos, By, + (Awg, Agy, Bos Bl )" — 2Bis, B, ) P,

"‘OéZIZO
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(1) there exist positive constants aj;, Bji, j =1,---,7 such that
20" Py, [ Asz, s (@) + Arahus(a(t = 1)) Saullel® + azill(t = )l

+ ag | (t — )7 (9.16)

r27

227 Py, [Znﬂ“(t =) 4 Az, (2 = hus(2)) (1)) + Av, (2 = hag () (t - 7”1))}

< agil|z])* + asillz = his(@)|” + agillx(t = r)l7, + azill(z = his(2))(E = roll,

(9.17)

—2(z — hii(ﬂf))TPzihii(x) < 51zH$H2 + Baillz — hzi(x)HZ + Baillz(t — Tl)H?q
+ Bullz(t = r)lI7, + Bsillx(t — r3)|I7,
+ Boill (2 = P (2)) (¢ = )17,

+ Brill(z = hs (@) (t = 2) |12, (9.18)

where hs(z) = _A2_21i (A21; + Bog, Kis)x + ngix(t —r)| with Kis, = _%5iBOif)Pz‘f}>
and P», 1s the solution of the Lyapunov equation A2TQI_P21. + Py, Ao, = —1;,, where I;,

1S an identity matrix.

Amax (N5 i — i iB2i—1
(/”/Z) fyll = )\max((Plj:)) + Amlfzpll) < O’ 727{ - Amli?PQ'L) + eiimﬁaQX(PQi) < O’ and _F}/Z > 5i7 wher@

o ) ) L azitaei+Bsi _ari+Bei o a3i+0B4i Bri
Y; = max {71177%}7 511 = max{ Amin(P1;) 7 Amin(P2;) }; (521 = max{Amm(Pli), Amin(P2;) [’

and 0; = 01; + do; + )\miff();jl-).

(iv) for each i € S, the average dwell-time condition holds.
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Proof. Let V;(z) = 2" P,z and W;((z — hs,(2))(t)) = (2 — hs,(x)) P, (2 — hs,(x)) be

Lyapunov function candidates for the slow and the fast subsystem, respectively. Then, we

have

Vz(l") =T [(Ani + B1iiKii)TP1i + Py, (An, + BliiKii)} x + 233TP1iA12i(Z — his(x))

-+ 2.%'TP12.A12ihii(£C) —+ QITPhZHiSC(t — 7”1) —+ QITpliglgi (Z — hli(ﬁf))(t — 7’1)

+ 2ZCTPhJZin his(x(t —71))

1
=27 [AlThPh + P Ay, + 5[3;-1911. (A2, A%, Bos, Bls, + (A3, A Bos, Bis, )"

—2By5, B ) Py o+ 207 Py Ayt = 1) + Ava, (= = his(@)

+ Az, (2 — hys(2)(t — 11) + Az hys (2(t — 1) + AlQihiE(x)]

Amax (Nis:) @5i ag; + ag;
< ) + 5 W = his(@)0) + T Vet = )y
+ —Amjg;%) Wil (z = hus (@) (t = 71)) |, + —Amj?;h) Vit = o))l (9.19)
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where N5 = (—a; + a1; + ag;)I is negative definite.

Wil(z — hs,(2)(1)) = [+ ((Aor, + Bas, Kis) + Aar,o(t — 1)+ Am,2) = hus(a)] oz — his(@))

€;

1 _ .
+ (2 — his(2)) Py, [;((Azli + Bys, Kis)x + Aoy a(t — 1) + Ag,2) — hii(x)}

)

= [F i (=~ his(@) — his@)] Pa(z — hist@))

(2 = hus(@)) Pa [ A (2~ his(2) — hus(o)]

= e hs @)z = hig(@)) — 202 — his(2)) Paus ()

€;

< (Bai — ;)Hz — his (@)|I” + Buillzl|* + Baillw(t — ry)lI7,

7

+ Buillz(t = r2) |12, + Bsillz(t = rs) |12, + Beill (2 — has () (t —r1)]I17,

+ Brill(z = his(2))(t = )17,

< o) = SR~ @) 0)
b alt = )l + e tatt = )
b A = ol + 5o IV = i@t~ )
e Wil = (@)t = ) (9.20)
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Adding (9.19) and (9.20), we get

Uilw) < (iﬁi(fzif)) N Amf&h))‘/z‘@ + (Q—Uff) Wit =),
+ %IM@@ —72))|lr, + %Hw(x(t —73)Irs
b (5 + 2 W — b))
TP A(Gs = )t = )l + e Wil = Ao = 7))

< 3 (Vi) + Wiz = ha@))(0))) + 1,

Vi@ (t =)l + [[Wil(z = ha(2))(t = ﬁ))IIn)

+ 521'(!\%(93@ = 12y £ [IWil(z = ha(2))(2 - 7“2))||7~2>

Bsi
15 (et =)l + Wil (2 = Ba(@)) (¢ = 7))
)\min(Pli)
<7Ui(x(t)) + 6 sup Ui(0) (9.21)
t—r<f<t
_ Amax (N;5) B1i as; €ifB2i—1 _ azitaei+Bsi _arit+Bei
Where /Y’L = max { )\max(Plf) +)\minEPl,L-)’ )\min?PZi) +€i)\ma2x(P2i) }’ 5” = max { z)\min?PLL- )3 ) )\n)?in(PSi) }7

09; = max { )\arjﬂgﬁ), Ami’f@a%) }, and 0; = 0y; + 09 + )\mf ?3312-)'

Proceeding as done in the proof of Theorem 9.2.1, we get the desired result.

Example 9.2.4. Consider system (9.1) with S = {1,2},

-3 0 1 2 2 0.5 1.5 =2
A111_|i 1 _7:|7A121_|:0.1 0‘|7A211_|:1 1 :|7A221_|: 3 _3:|7



A= oz o [ An =] o5 Soa [ A= 5 O
T A S A R e P e
e [y 93] = [0 2 ) - 52 03],
311:{616 09'155}’321:{1:.35 _42]’312:{:; 1%5}’BQZZH _23

e = 0.01, By = 0.5, a3 = 0.1, ag = 0.15, ag; = 0.02, ayy = 0.15, as; = 2, ag
0.15, arp = 0.05, B11 = 0.1, By = 1, B3 = 0.01, By = 0.02, B5; = 0.015, B
0.2, Br1 =0.1, Q1 = —41. ¢ = 0.02, By = 0.25, a2 = 0.3, ase = 0.02, azs = 0.015, ays
0.2, aso = 0.3, aga = 0.01, ary = 0.4, B12 = 0.1, Pog = 0.5, B33 = 0.02, [4o = 0.02, Bso

sm(t)7 ¢2

0.25, B2 = 0.1, Bro = 0.01, Q2

cos(t +1).

Case 1. [All the actuators are operational] For the first mode, the closed loop system

given by
T —2.0074 —0.0059 1
o | | 09425 —7.0131 0.1
€z || 0.6941  0.6085 1.5
€29 2.6602  0.7528 3

—1I, and the wnitial conditions ¢,

2 T 1 04 -1
0 o 02 08 -05

) 2 -1 05 0

-3 2 —05 -1 0

221

0.1
—0.2
0
0
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For the second mode, the closed loop system is given by

i —5.7150 —0.2098 —2 0 1 1 03 001 —027] [a(t—m)
iy | | —0.2563 —3.4302 0.1 3 m|, |02 -1 —1 05 2ot — 11)
et | T | 16338 310903 -3 2 2 —2 05 0 0 2t —1)
€2 1.6898  0.4890 1.5 —2 | | z 05 05 0 0 2ot — 1)

Case 2. [Faulty actuators| For the first mode, assume we have faulty in the second actuator
of By,, and the first actuator of Bs,, and for the second mode, assume we have faulty in

the first actuator of both By, and B, i.e.,

—6 0 0 -2 0 4 0 -3
3121:[1 O:|7B2E1:[O 4:|7B122:|:0 1.5:|7B222:|:0 2:|7

The closed loop system s given by

i —3.6758 01850 1 2 1 -1 -04 -1 01 21 (t =)
iy | | 11126 —7.0308 0.1 0 mo| | 02 08 05 02 || ay(t—r)
e |~ | 10713 05768 15 —2 | | =z -1 05 0 0 2t —1)
€4 28574 08463 3 -3 || = —05 -1 0 0 2t — 1)

For the second mode, the closed loop system is given by

1 —5.6224 0.0651 1 2 i -1 -04 -1 0.1 x1(t —11)
T2 | | —0.2334 —-3.3506 0.1 O T2 | 02 08 —05 —-0.2 xo(t — 1)
€z | 1.9668  3.7012 1.5 -2 21 -1 0.5 0 0 21(t — 1)
€29 1.6888  0.5325 3 =3 29 -05 —-1 0 0 2o(t — 1)

Figure 9.2.1 shows the simulation results of ||z|| (blue) and ||z|| (red) when all the actuators
are operational. Figure 9.2.2 shows the simulation results of ||z|| (in blue) and ||z|| (in red)

when failure occurs.
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Figure 9.2.1: Singularly perturbed switched system with time delay: Operational actuators.

[IxI1&1zIl
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Figure 9.2.2: Singularly perturbed switched system with time delay: Faulty actuators.
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9.3 Conclusion

This chapter has addressed the global exponential stability problem of switched singularly
perturbed systems with time delay via reliable controller of the individual slow subsystems
under the average dwell-time signal law. The output of the faulty actuators has been
treated as an outage. Halanay inequality has been employed to achieve the desired results.
We have shown that, using the average dwell-time with multiple Lyapunov functions, the
switched system is exponentially stabilizable, when the slow subsystem is exponentially

stabilized by a reliable feedback controller.
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Chapter 10

Conclusions and Future Works

Throughout this thesis, the focus has been on studying some qualitative properties of
hybrid systems including switched systems, impulsive systems, and impulsive switched
systems. As stated in the early chapters, hybrid systems are very important in describing
many dynamical systems in engineering and sciences. These systems become more realistic
if a part of the system state history and some environment random processes are taken

into account, which results in the so-called stochastic hybrid systems with time delay.

Having introduced the definitions of hybrid systems and their usefulness, and provided
the background and preliminaries in Chapters 1 and 2, the contributions of this thesis and

some possible future works are summarized in this chapter.

In Part I, we have established some results on input-to-state stability and stabilization
(ISS) of switched, impulsive systems with and without time delay. The ISS analysis has
been achieved by multiple Laypunov functions and, to organize the switching among the

system modes, we have used the average dwell time switching law. As for the delay systems,
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Lyapunov-Razumikhin approach has been considered. So that, as a future work, one may
use Laypunov functional or La Salle’s Theorems. Moreover, throughout this part the
stabilization has been established by using state feedback control law with possible faulty

actuators. This may suggest considering systems with faulty sensors.

Part II deals with the stability and stabilization of large-scale systems with/without
random noise and with/without time delay. These systems have been decomposed into
smaller, low order subsystems. In fact, one may apply this approach to study some network
systems that are stabilized by decentralized controllers with possible failures in pre-specified

sets of actuators or sensors.

In Part III, the focus has been on developing some results regarding stability and stabi-
lization of singularly perturbed systems with/without time delay. The reliable stabilization
has been achieved through the slow subsystem due to their dominant behaviour. One may
study these systems with impulsive effects, or consider some external input disturbance and
establish the ISS properties. Furthermore, if these systems are subject to some random
noises, then one may conduct some researches on the stability and stabilization in certain

stochastic senses.
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