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CHAPTER 1

Introduction

In this thesis we will discuss some of the tools used in the study of the number of
primes in short intervals. In particular, we will discuss a large sieve density estimate
due to Gallagher and two classical differential delay equations arising in number theory,
namely the Buchstab function and the Dickman function. We will also show how these
tools have been used by Maier and Stewart to prove a new result in this area.

In chapter 2, after giving a brief introduction to Dirichlet characters and L-functions,
we will discuss developments of Linnik’s large sieve method and of density theorems for
L-functions. Finally, we will give Gallagher’s result and show how it can be applied to
study the number of primes in arithmetic progressions.

In chapter 3 and 4 we give some of the known results on the Buchstab function and
the Dickman function respectively. In chapter 5 we show how values for these functions
may be computed and we use these values to compute values for and graph a function
introduced by Maier and Stewart in the paper mentioned above.

First, we start by giving a brief summary of some of the results on the distribution

of prime numbers.

1.1. The prime number theorem

Over the last century and a half, there has been significant progress in the study of
the distribution of the primes. The most important result to date is the prime number
theorem which tells us that the number of primes less than or equal to x, denoted by
7(x), is asymptotic to x/logx as x — oo. This was first conjectured in 1792 by Gauss.

More precisely, he conjectured that 7(z) ~ Li(x) where Li(x) is the logarithmic integral
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of x defined by
) Todt
2 108

Around 1850, Tschebycheff was able to prove with elementary methods that there exists

constants ¢ and ¢; with 0 < ¢ < 1 < ¢; such that

T T

c <7(z)<a

log = log z’
for all x > 2. Moreover, he computed values for ¢ and ¢; which are close to 1. The prime
number theorem was finally proven in 1896 independently by de la Vallee Poussin and
Hadamard. Both proofs relied heavily on the determination of a large zero-free region
for the Riemann zeta function ((s) = > " ,(1/n®) which is defined on the half plane
Re s > 1, but can be analytically continued to the whole complex plane (see Apostol
[1] chapter 12).

As usual we let p,, denote the n-th prime number and d,, = p,+1 — p,. The prime
number theorem tells us that the average size of d, is logp, and the density of the
primes in the interval (x,z + cx) is asymptotic to 1/logz for any positive constant

c. This leads us to ask two questions: how much can the size of d,, deviate from the

average, and for which functions ®(x) do we have

P(x),
logz’

(1.1.1) m(z+ @(z)) — w(x) ~

1.2. Small gaps and the twin prime conjecture

A natural question to ask in the study of smaller than average gaps between prime

numbers is what is the value of

FE = liminf dn )
"o log py

Trivially by the prime number theorem we have that £ < 1. In 1940, Erdds [28] obtained

the first non-trivial unconditional result (previous results by Hardy and Littlewood and
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later by Rankin [72,74] were conditional to the Extended Riemann Hypothesis) by
showing that £ < 1. Subtle improvements on the upper bound for F were made by
Rankin [73] in 1947 who proved E < 57/59, by Ricci [79] who showed E < 15/16 in
1954, and by Wang Yaun, Xie Sheng-gang, Yu Kun-rui [87] in 1965 who gave E < 29/32.
A major breakthrough was made by Bombieri and Davenport [7] in 1966. They used
the large sieve to get £ < (2 +/3)/8. Many slight improvements on their result were
made by Pilt’jai [69], Huxley [45] and by Fouvry and Grupp [31]. Fouvry and Grupp in
fact showed that d,, < 0.4342logp,, holds for a positive proportion of the primes. The
best value of E obtained to date is by Maier [58] in 1988 who showed that £ < 0.248.

We actually expect that £ = 0 and one method of showing this would be to prove
the twin prime conjecture. That is to prove that d, = 2 for infinitely many n. When
d, = 2 we say that the pair p,, and p,_; are twin primes. These pairs were characterized
in 1949 by Clement [20]. He showed that the positive integers n and n + 2, n > 2, are

twin primes if and only if
4(n—=1)!+1)4+n=0 (mod n(n+2)).

Let my(x) denote the number of primes p such that p < x and p+ 2 is also prime. In
1919, Brun [10] proved there is an effectively computable integer o such that if z > x

then
100x

log?z’

() <

Brun [11] also proved in 1919 the convergence of the sum

(),

where the sum is taken over all primes p such that p + 2 is also prime. This shows
that if there are infinitely many twin primes then they are extremely sparse among the

primes since we know that the > 1/p taken over all primes p is divergent.
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In 1966, Bombieri and Davenport [7] used sieve methods to prove that

logl
() < 40— (1+0(°g g:”))
log” x log x

where C' is the twin prime constant given by

(-t

p>2

The value C' = 1.32032. .. was computed by Wrench [90] in 1961.

Improvements to Bombieri and Davenport’s result were made by Fouvry and Iwaniec
[32] in 1983. They proved that 4 could be replaced by 34/9 + €. In 1986, Bombieri,
Friedlander and Iwaniec [9] show that this could be further improved to 3.5 + € for any
€ > 0. The best result to date is by Jie Wu [89], in 1990, who proved that

mo(z) < 3.418C— >
log” x

However, this is far off Hardy and Littlewood’s conjecture that

Cx
log? z’

()

Renyi [76], expanding on work of Brun, was able to attack the twin prime problem
in a new way. He showed, in 1947, that there are infinitely many primes p such that
p+2 has at most k factors. Buchstab [14] proved in 1967 that one could take k = 3, and
Chen [18,19] announced in 1966 (published in 1973; 1978) that one could take k = 2.

(2)

For the number 7y~ (z) of primes p < z where p + 2 has at most 2 prime factors,

Chen proved that for large values of = we have

7r§2) (x) > aC

log?z’
where a = 0.67. In 1978, Chen [19] improved the constant a to a = 0.81 and the best

result to date is from 1990 by Wu [89] who showed the result for a = 1.05.
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1.3. Large Gaps

We will now look at results on when the size of d,, is greater than the average. The
first main result in this area was by Backlund [2] in 1929. He proved for any € > 0 there

are infinitely many n such that

Pny1 — Pn > (2 - E) logpn
In 1930, Brauer and Zeitz [4] were able to prove that (2—¢) could be replaced by (4 —¢).
Then in 1931 Westzynthius [88], was able to prove that, for infinitely many n,

2¢7 log p,, logs pp
log, pn

Pnt1 — Pn >

I

where v = 0.5772 - - - denotes FEuler’s constant and where we have adopted the notation
that log, = indicates k iterations of the logarithm (for example log, x = loglog ). This
is a remarkable result as it shows that the size of d,, exceeds the average by a factor
which tends to infinity.

Improvements on Westzynthius’ result were made in 1934 by Ricci [79] who showed,

for a positive number ¢; there are infinitely many n such that

Pn+1 — Pn > C1 1ngn 10g3 Pn-

Erdés [27] made further improvements in 1935 by proving the following theorem.

THEOREM 1. For a positive number co there are infinitely many n such that

co log py log, pp
(10g3 Pn)2

Pn+1 — Pn >
We will now give Erdos’ proof of this result. We start with the following lemmas.

LEMMA 2. If Ny is the number of integers m < p,, log p, whose greatest prime factor

18 less than p}@/m log2Pn) 4hem No = o(pn/ log? Dn)-
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LEMMA 3. We can find a constant ¢ so that the number of primes p less than
cpn log pn/(logy pn)? and such that p+1 is not divisible by any prime between log p,, and

i/ FO1O8220) g less than p, /A 10g py.

He proved Lemma 2 on considering the number of different prime factors of the
integers m, and Lemma 3 is a direct application of Brun’s method. The following

lemma follows directly from Lemma 2 and 3.

LEMMA 4. Let T be the set of primes t satisfying p,/2 < t < p, and let R denote
the set of primes r such that logp, < r < p}/(ZOlogﬁ"). Denote by A = {ay,aq, ..., a1}
the union of the set of integers less than or equal to p,log p, whose prime factors are
all in R and the set of primes p with p, /2 < p < cpy, log p,/(logy pn)? and not congruent

to —1 to any modulus r € R, where c is the constant found in Lemma 3.

Then for p, sufficiently large, |T'| > |A|.

Proof of Theorem 1: (Erdos [27])

Let S be the set of primes s satisfying
and let R, T"and A be defined as in Lemma 4. We then find an integer z which satisfies

0<z<pip2--pn,

2=0 (modgq), z=1 (modr), z=0 (mod s),

z4+a; =0 (modt) (1<i<k),

for all primes g with 1 < ¢ <logp,,t € T, r € R and s € S. We see that the last
congruence is possible since by Lemma 4 there are more t’s than a’s.
Consider the integers

z, 2+ 1, ., 241,
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where [ is a positive integer which satisfies | < c3p, log p,/(log, p,)?. We will prove the
result by showing that z + b is not relatively prime to pips - - - p, for all positive integers
b < l. To do this we will show that each b falls into one of the following classes:
(1)b=0 (mod q), for some ¢
(11)b= —1 (mod r), for some r
(i1i) b= 0 (mod s), for some s
(iv) b is an a;, for some i.

To see this, first observe that b can not be divisible by an r € R and by a prime

greater than —é Pn since then for Sufﬁciently large n we would have
b> —1 > —1 lo > [
nT n n .
2]? 2]9 gp

Thus, if b does not satisfy (i) or (iii), it is either a product of primes from R or b is not
divisible by any r € R, s € S or primes ¢ with ¢ < logp,. In the former case, we see

that b satisfies (iv), while in the latter case, b must be a prime, since otherwise

for sufficiently large n. But then, we have

C3Pn log Dn

_pn
(10g2 pn)2

2

and hence b either satisfies (i7) or (iv).

Thus, z + b is not relatively prime to pips - - pa.

Additionally, if pi,po, ..., p, are the primes less than or equal to x then it follows
from the above argument and Bertrand’s postulate, p,, > x/2, that z+b is not relatively
prime to p1ps - P if b < cyzlogw/(log, x)?, where ¢4 is a constant independent of .

Let z = %log Pn. By the prime number theorem we see that, for sufficiently large

n, the product of primes not exceeding z is less than %pn. Thus, since b < %pn, we can
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find
cqlog py, log, py,
(1Og3 pn)2

consecutive integers less than p, which are each divisible by a prime less than %log Dn-

k:

Y

Hence there are at least k — % log p,, > %k consecutive composite integers and the result
follows. 0J

In 1938, Chang [16] obtained a simpler proof for Erdos’ result by eliminating the
need to use Brun’s method. Shortly after, Rankin [71] was able to slightly improve

Erdos’ result by sharpening Lemma 2 to be the following.

Lemma 2'. If N(e") is the number of positive integers not exceeding e which contain

( ulog, u)
exp :
alogu

u

no prime factors greater than

then

N(et) < —<

ua—l—el
for any fixed e; > 0 and for u > ug(ey).

Taking e* = p,logp, and a = 5 in Lemma 2’ and replacing

p}l/ (201logy pn) by pfgs pn/(5logs pn)

and
pnlogpn | pplogpnlogs pa
(logy pn)? Y (logy pn)?

in Erdos’ or Chang’s proof, Rankin proved that

Y

c3 log py log, pp
(10853 pn)2

(1.3.1) DPrnil — Pn > log, pn-

With some further slight modifications of Chang’s proof he also obtained that for any
e > 0, we may take c3 = (1/3 —¢).
Since 1938, the only new results on the lower bound of the size of d,, have concerned

improvements of the coefficient ¢ in Rankin’s result. In 1963, Rankin [75] proved
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that we can take c3 = (€7 — ¢€) for each ¢ > 0. Using advanced techniques and a
combinatorial argument Maier and Pomerance [59] improved Rankin’s constant ¢ by a
factor of 1.31256 - --. In 1996, Pintz [68] refined Maier and Pomerance’s combinatorial

argument and showed that we may take c3 = 2(e? — €).

1.4. Consecutive large gaps between primes

In 1949, Erdos [29] decided to look for chains of large gaps between primes. He

proved that

lim sup(min(d,,, d,,1+1)/logn) = oo

and asked if for a fixed k£ does
lim sup(min(dy41, - . ., dnyr)/logn) = c0?

n—oo

Maier [56] proved in 1981 that we in fact have

in(dpi1, ..., dy,
(1.4.1) lim sup min(dy+1 1)

> 0.
n—oo logmnlog,nlog,n/logsn

In particular, this extends Rankin’s result (1.3.1) from single gaps to k consecutive
gaps.

He proved this result using the Erdos-Rankin method with the modification that he
needs to find such an interval with k gaps instead of one. To obtain this result he first
calls an integer ¢ > 1 a "good” modulus if the Dirichlet L-function L(s,x) # 0 for all

characters Y mod ¢ and all s = o + it with
o>1—ci/log(q(]t| + 1)),

and he notes that if ¢; is sufficiently small then for all ¢ > 1 either ¢ is good or, by
Page’s theorem, there is a unique exceptional real zero of some quadratic character mod

q. From this definition Maier proved the following two lemmas, where P(x) denotes
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the product of all primes p < z, and 7(z; ¢, a), as usual, denotes the number of primes

p < z such that p = a (mod q).

LEMMA 5. There exists a constant ¢ > 0 such that there exist arbitrarily large values

of x for which the modulus P(x) is good in terms of c.

LEMMA 6. If q is a good modulus and x > ¢, where the constant D depends only

on the value of ¢ in Lemma 5 then

m(%;¢,a) > x/(4(q) log x),

uniformly for (a,q) =1 where ¢p(x) denotes the FEuler ¢ function.

Lemma 6 is deduced from work of Gallagher, see chapter 2, and gives us that we
have exceptionally regular distribution of primes in arithmetic progressions mod P(z).
Maier then proved some sieve arguments and an upper bound for prime pairs p, p + ¢

for ”"small” ¢ to prove the result.

1.5. Density of primes in small intervals

In 1943, Selberg [83] considered the density of primes in "small” intervals of the form

(x,x + ®(x)) for functions ®(z) which are positive, increasing and have the following

properties:

(I)(;) is decreasing for x > 0,
(1.5.1) @xx) —0asz — 00

d(x) — o0.

Previous to this, functions of the form ®(z) = ¥ had already been considered. In

particular, Hoheisel [42] showed in 1930 that if we take § = 1 — 1/33000 + ¢, for any
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e > 0, then for sufficiently large x

w(x +2%) — 7(x) = (1 + O(1))

loga

In 1937, Ingham [47] sharpened the result to § = 5/8 + €. Further improvements were
made by Montgomery [62] in 1969, who showed we may take § = 3/5 + ¢ and Huxley
[44] in 1972 proved we could take §# = 7/12 + e. Using developments on the linear
sieve and analytic information on the Riemann zeta function, Iwaniec and Jutila [48]
gave in 1979 the value 6 = 13/25 + ¢ which was quickly improved to § = 11/20 + € by
Heath-Brown and Iwaniec [38]. The best result to date is by Baker, Harman and Pintz
[3] in 2001 who showed the result for § = 0.525.

On the other hand, we see that Rankin’s result (1.3.1), shows that (1.1.1) is false

for ®(z) = hfozof)?f log, x, and so Selberg asked what restrictions need to be imposed
on ®(x) so that (1.1.1) holds. He observed that under the assumption of the Riemann

hypothesis that one could prove that (1.1.1) holds if

()
Vrlogx

and he proved, assuming the Riemann hypothesis, that for functions ®(x) satisfying

— 00 as r — OQ.

(1.5.1) equation (1.1.1) holds for all x, except possibly if x belongs to an exceptional

set S where the Lebesgue measure of S, = SN (0,y) is

mis,) < 4 (BE0) Q-

for an absolute positive constant A.
In 1985, Maier [57] was able to show that these exceptions in Selberg’s result do
occur for functions ®(z) growing faster than log® z. In particular, he proved that for

®(x) = log* ¥, A > 1 that

lim sup m(x+ ®(x)) — w(x)

> 1
J ®(z)/logx
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and

(1.5.2) lim inf T+ @) = (@)

1.
T—00 ®(x)/logx <

For the proof, which is quite similar to the proof of (1.4.1), he used Lemma 6 and that
m(z) = Li(z)(1 4 O(e™VIe™))
(see Narkiewicz [66] chapter 5) to prove:

LEMMA 7. Let q be a good modulus, v/2 < h < z and x > q® where logqg > D > D,

for a positive constant Dy which depends only on the constant ¢ in Lemma 5. Then

iq,a) — m(w; aL:L i(x — Li(x e—eD 4 o—Viogz
m(x + h;q,a) — 7(z;q, a) d)(q)(L( +h) — Li(z))(1 + O(e™P + ),

for (a,q) = 1, and where the constant implied by O( ) also depends only on c.

He also used results on the Buchstab function w(u), see chapter 3. In particular,
that the function F(u) = w(u) — e~ changes sign in every interval of length 1, and
Buchstab’s result that, for A > 1,

lim v é(u?, u) = ew(u) H(l - 1)7

U—00
p<u p

where
¢(x,y) ={n <z :(n,Ply) =1}
1.6. Recent Results

Maier and Stewart [60] recently expanded on Maier’s result, studying equation
(1.1.1) where
®(z) = (log )+

for non-increasing functions s(z) defined on the positive real numbers which satisfy

s(z)™" = O(logy x/ log, @),



1.6. RECENT RESULTS 13
s(x) — s(2x) = o(1/ log, x),
and

s(x) = s(2*?) = o((s(x))*"?).

To state their result we must first define the following functions. Let w(u) denote

the Buchstab function defined as the unique, positive, continuous function satisfying

1
wlu) =—, 1<u<2,
u
(uw(u)) = w(u—1), u> 2,
and let p(u) denote the Dickman function defined as the unique, continuous solution of
pluy=1,if0<u<1
up' (u) = —p(u—1), ifu>1
(see chapter 3 and chapter 4 respectively). For u, v non-negative real numbers, let
f(u,v) =v(log(l+ u) + p(v(1l + u)).
As proved in chapter 5, there exists a unique positive real number 6 for which
. _
min f(0,v) = €/2,

and it can be computed that § = 0.500462161.... We then define a function g(y) on

the non-negative real numbers by

inf,>1 f(y,v) for A < 6
9(y) =
inf,>, e'w(l+u) fory>46

Using these definitions they proved the following theorem.

THEOREM 8. For any € > 0 there are arbitrarily large integers x such that

m(z 4+ (logz)'™@) — 7(z) < (1 + €)g(s(z))(log z)*®.
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They observed that if we take s(z) = A, A € Rt we obtain Maier’s result (1.5.2).
From properties of g(y), see chapter 5, they also deduced that, for € > 0 and functions
s(z) as above which also satisfy zh_)rgo s(z) = 0, there are arbitrarily large integers = with
s(z)log(1/s(x))

loglog(1/s(x))

Hence that if we take s(z) = log; 2/ log, x we get Rankin’s result (1.3.1). In particular,

m(z 4 (logz)'*@) —7(z) < (1 +¢) (log )%™,

we see that this result interpolates between Rankin’s result and the result of Maier.

We now sketch Maier and Stewart’s proof starting with the following lemmas.

LEMMA 9. Let € be a positive real number and let x and y be real numbers. If

u=logx/logy < (log x)%_e then

U(z,y) = zp(u)(1 + o(1))

as x — 00, where Y(x,y) denotes the number of positive integers at most x with all

prime factors less than or equal to y, and p(u) is the Dickman function.

This result is due to de Bruijn [24], see also Lemma 3.20 in Norton [67]. In Chapter 4
we will discuss further properties of the Dickman function and prove a slightly stronger

result than Lemma 9 due to Hildebrand.

LEMMA 10. Let ¢(x,y) denote the number of positive integers < x with no prime
factors less than y and let w(u) be the Buchstab function. Further let x and y be real
numbers and put u =logz/logy. If u is fired and u > 1 then, as x — oo, we have

o(z,y) = ze'w(u) H (1 — ;) (14 o0(1)).
P<y
This is a result of Buchstab [12] which we will prove in Chapter 3 along with other

properties of the Buchstab function.
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Proof of Theorem 7: (Maier and Stewart [60])

Let € be a real number with 0 < € < 1 and let 6 = §(¢) be a real number which is
dependent on e and satisfies 0 < § < 1. Further, let D = D(4) be a positive integer
which depends on §. As above, 6 is the real number for which g(6) = €7/2 and we let
B = lim, .o s(z). Pick vy > 1.7 such that f(s((2]],<, p)P),v) is minimized at vy. For

each sufficiently large positive integer z put

HZl/UUSpgzp lf ﬁ < 9

P(z) =

and A(z) = P(2)P.
We now choose our interval length, denoted by U, depending of the value of 3 and

a real number A which is dependent on (. In particular, we choose for a suitable

- (14 8)zD)1+), if 3>60and A > [

(14 6)zD)H+3AED) - otherwise.
Let R denote the set of positive integers < U which are coprime with P(z), and let
S denote the number of primes of the form P(z)k + [ with P(2)P~! < k < 2P(2)P!
and 1 <[ < U. For each integer | we use Lemma 7 to estimate S.
We find that for z and D sufficiently large, there is some £ such that the number of
primes in the interval [P(2)k + 1, P(z)k + U] is at most

(1.6.1) (1+6)$ 11 (1—1%)_ .

p| P(2)

To estimate the size of || we put
M) = {1 <n <U: the greatest prime factor of n is less than zl/”o}, and

Ry = {1 <n < U :nis divisible by a prime p with p > z},

so that R C Ry U A;.
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We now use Lemma 9 and the fact that the Dickman function p(u) is non-decreasing

to prove that for sufficiently large z we have
9] < Up(vo(1 + 5(A(2)))) (1 + of1)).

We may estimate the size of Ry from above by

Ro| <U D %.

z<p<lU

Using the fact that there exists a positive constant B such that

1 1
Z—zloglogz+B+O( >,
P log 2

p<z

and that for z sufficiently large we have A(z) < exp(2zD) we get
[PRa] < U(log(1+ s(A(2)))(L + o(1)).
This gives us
[R] < Up(vo(1 + s(A(2))))(1 + o(1)) + U(log(1 + s(A(2)))(1 + o(1)),

and the result in this case follows from the way we defined U and s(z) and by selecting
0 sufficiently small and z sufficiently large.
For # > 0 we use Lemma 10 to get
1
Rl <(1+0)U ] (1 — —) w(l+ N).
p
p| P(z)
Thus, by (1.6.1), the number of primes in the interval [P(2)k + 1, P(2)k + U] is at most

(140)° e'w(l+ A).

U
log(P(2)")
Again, the result follows for sufficiently large z from the way we defined U, s(z) and

by selecting an appropriate d. U



CHAPTER 2

Density Estimates

2.1. Dirichlet Characters and L-functions

We start by giving some basic definitions and properties of Dirichlet characters and

L-functions.

Definition. A complex-valued function y defined on Z is a Dirichlet character modulo
q if it satisfies the following three properties.

(i) x(n) = 0 if and only if (n,q) > 1,

(i) x(n + q) = x(n),

(iii) x(nin2) = x(n1)x(n2).

The character which takes a value of 1 for all n with (n, ¢) = 1 is called the principal

character and is denoted by xo.

Definition. Let d be a divisor of ¢ and y a character modulo d. We say the character

x1 mod ¢, defined by

x(n) if (n,q) =1
xi(n) =
0 otherwise,

is induced by xy mod d and that x; mod ¢ is imprimitive if d is a proper divisor of q.
A character which is not induced by any character modulo d for any divisor d > 1 of ¢
is called a primitive character. The smallest d for which y mod d induces x; mod q is

called the conductor of y.

17
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An important property of Dirichlet characters is their orthogonality relation which
is given by

¢(q) ifn=1modq

> x(n) =

0 otherwise,
where the summation runs over all ¢(q) characters modulo g.

We now define, for each character y to the modulus ¢, the Gaussian sum 7(x) by

q

7(x) = Y _ x(m)e(m/q)

m=1
where e(x) denotes ™. In the following two lemmas we prove a few properties of 7(x)

which we will require below.

LEMMA 11. We have

(2.1.1) ZX e(na/q), for (n,q) =1,
and
(2.1.2) TP =q.

Proof: (Davenport [21])
If (n,q) =1 then

Putting mn =1 (mod q) we get

(s}

Je(a/q),

a=1

and (2.1.1) follows.

Now observe that from (2.1.1) we have

Ix(n)?|7(x Z Z (a1)x (n(ar — a2)/q).

a1=1as=1
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If we now sum over a complete set of residues modulo ¢ then the sum of |y (n)|? is ¢(q)
by the orthogonality relation and unless a; = ay (mod ¢) the sum of the exponentials

is 0 . Hence
AT =¢>_ Ix(a) = q6(q),

as required. O

LEMMA 12. Let (a,), be a sequence of complex numbers where a, = 0 if n has

any prime factor < ). Then

2 2

(2.1.3) S TIFOP D anx(n)] =d(g) > D ane(a/q)
X y (a(?;l:l y

Proof:
From (2.1.1) we have

T(X) Y anx(n) =) (Y(a) Y ane(na/ q)) :

Yy a=1 Yy
The result follows on taking the square of the modulus of both sides and summing over
X- 0
Dirichlet, in his study of the distribution of primes in arithmetic progressions, de-

fined an L-function as follows.

Definition. An L-function is a series of the form

L=1L(s,x) =) xn),

nS

n=1
for complex s with Re s > 1.

Since |x(n)| < 1 it is easy to see that L(s, x) is analytic in the half-plane Re s > 1.
We in fact can prove (see Apostol [1] Theorem 12.5) for the principal character x;
modulo ¢, L(s, x) is analytic everywhere except for a simple pole as s = 1 with residue

®(q)/q. For x # x1, L(s, x) is an entire function.
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It also can be proved (see Karatsuba [52] Chapter 8) that L-functions satisfy the

Euler product

L =] (1 B X(p)>_1.

S
» p

Furthermore, logarithmic differentiation on the Euler product gives us

L'(s,x) _ i A(n)x(n)

L(s, x) n

n=1

where

() logp if n = p® for some prime p and positive integer o
A(n) =

0 otherwise

2.2. The Large Sieve

In 1941, Linnik introduced the large sieve. He considered how many of the residue
classes modulo a prime p are represented among an arbitrary, finite set of integers. Let
N be a natural number and let A/ be a non-empty subset of the set of positive integers
< N. Let Z denote the cardinality of A and let Z(a,p) denote the number of elements
of NV falling into the congruence class a modulo p, so that

Z(a,p) = Z 1.

neN

n=a mod p
For each prime p, we measure the regularity of the distribution of the elements of A/
among the residue classes modulo p by the variance
p—1 7\ 2
D) =3 (2en - 2)
a=0 p
Improving on Linnik’s method, Renyi [77] proved in 1950, for X > 2,

ZPD(Z?) < Z2/3N4/3X1/3,

p<X
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provided X < N3/5. In addition to this, using a new method, he was able to prove that
> pD(p) < Z(N + X?).

p<X
Roth [82] further improved on these results by proving that if N > 2 and X >
N'/2(log N)~'/2 then

ZpD(p) < ZX?log X.

p<X

Bombieri [6], in 1965, not only extended Roth’s result but also gave the following
generalization of the large sieve. Let a,, be an arbitrary sequence of complex numbers
and define the exponential sum S(«) as

y+z

= Z ape(na).

THEOREM 13. We have

y+z
> Z 1S(a/q)]> < (Q* + z) Z\an|2
q<Q(aaq)1

Proof: (Gallagher [33])
Let F' be any complex-valued function with continuous derivative and period 1. We

average the inequality

«

Fla/q)| < |F(a)] + / dF(B)

a/q
over the interval I(a/q) of length 1/Q? centered at a/q to get

1
Pl <@ [ @it [ @

The intervals I(a/q) with 1 < a < ¢, (a,q) = 1 and ¢ < @ do not overlap, modulo 1.

Hence

303 rFa/q\<@2/|F )l + /|F’ )|dg.

q<Q (aaq)l 1
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If we put F' = S? then the first integral on the right is ZZ“ la,|? and the second

integral is
/0 S(B)S(8)1d8 < ( / 1S(B)ds- / 1|S’<6>|2d5)1/2.

Observe that the first integral is again Zzﬂ la,|?. Before estimating the second integral,
we may first multiply S(3) by e(—m/) for a suitable m so that the range for n becomes

In| < 3z, since this leaves |S(8)| unchanged. The exponential function satisfies

1 1 ifn=0
/ e(nz)dr =
0

0 otherwise,

and hence the second integral is

y+2
Z 127in - a,|? < (ﬂz)22|an|2.
In|<z/2 Y
Thus we get
q y+z

YD IS(a/a)lP < (Q°+72) ) laal,

q<Q (a(,lcﬁlzl Y
as desired. U

2.3. Density Theorems

Let L(s,x) be any Dirichlet L-function with a character y to modulus ¢ > 2 and

let Ny (o, T) denote the number of zeros of L(s, x) in the rectangle
a<o<l, [t<T,

where 1/2 < o < 1. Linnik [54] proved, using a complicated method, that for A €
[0,1og q] and T' = min(A'*, log® q))

(2.3.1) D N1 =)/logq, T) < e,
X
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for a positive constant ¢;. Linnik used this theorem to prove that the least prime p(l, k)

in the arithmetic progression

L1+ k142K, ...

for 0 <l <k, (I,k) =1, k > 3, satisfies p(l, k) < k° for an absolute constant c,.
Rodosskii [81] gave a simpler proof for (2.3.1) but only for T = e*/logq. The

method was further refined by Knapowski [51] in 1962 and Jutila [50] in 1970.
Expanding on this, Fogels [30] used ideas from Linnik’s paper and Turan’s power

sum method (see Turan [85]) to prove

(2.3.2) D> Ny(a,T) < 707,

X
for c3 is a positive constant and T° > ¢. Fogels applied this theorem to produce an
improved result on the number of primes in an arithmetic progression.

The following ”large sieve” density theorem was proved by Bombieri [6] in 1965 and

was the first of its type.

THEOREM 14. Let N be a finite set of positive integers and let

M = maxgq, and
qeEN

D =
max d(q),

where d(q) denotes the number of divisors of q. Then

1
> 517 Do IRV (o, T) < DT(M? 4 MT) =02 log ®(M 4 7)
qeN X

uniformly with respect to N, for 1/2 < a <1, T > 2.

Jutila [49] and Montgomery [63] simultaneously generalized the classical density

theorems and the large sieve density theorem of Bombieri. They proved ”hybrid”



24 2. DENSITY ESTIMATES
density theorems by sieving over x and ¢ instead of just one or the other. They obtained
results of the form

(2.3.3) 3N N(a T) < (QT) =1 10g"(QT),

<Q X

for a positive constant ¢, and where Z indicates that the sum is taken over the

X
primitive characters modulo q.

Moreover, Montgomery has shown that
Ny(o, T) < T3~ Jog" T,

where c5 can be taken to be % This is a remarkable result, as if we could take c5 = 2
in (2.3.3) we would largely have the same result as can be deduced from the Riemann

Hypothesis, and so this case has become known as the ”density hypothesis”.

2.4. A Large Sieve Density Estimate

We will now proceed to prove a large sieve density estimate and application due
to Gallagher [34]. In particular, we will prove that for any b > 0 there exists positive
numbers a and cg such that

SN T) < T (T2 1),
q<T x

and

>3

<Q x

> x(p)logp

r<p<z+h

log x
< h exp <_a10gQ> ,

for 2/Q < h < x and exp(log"/?z) < Q < a’.
Following Gallagher’s proof, we will prove a general mean value estimate for expo-
nential sums, a large sieve estimate for character sums with prime argument due to

Bombieri and Davenport, and we will give an application of Turan’s power sum lemma.
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Let

(2.4.1) S(t) = cv) - e(vt)

be an absolutely convergent exponential sum with complex coefficients and where the

frequencies v run over an arbitrary sequence of real numbers.

LEMMA 15. Let 6 = O/T, with 0 < © < 1. Then

2

(2.4.2) /_Z\S(t)]2dt<<@ /_OO 6t Z c(v)| dz.

o \v—x|§%6

Proof: (Gallagher [34]) Let

Cs(x)=6" > c(v)

\U—x|§%6

so that we may write the integral on the right of (2.4.2) as

| (et

[e.9]

We now put Fy = 6" if |z| < 14, otherwise we put Fs5 = 0 so that we have

Cs(x) =Y c(v)Fs(x — v).

Taking Fourier transforms of Cp,

@m:/wqmwmm

= Z c(v) /00 Fs(z —v)e(xt)dx
= Z c(v)e(vt) /_OO Fs(x —v)e((x —v)t)dx

= S(t)Fy(t).
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Since the series (2.4.1) converges absolutely, Cs is a bounded integrable function, and

hence is square integrable. By Plancherel’s theorem,

/fu%uﬂ%xz/fLﬂwmuWw.

The result now follows since

for |t| <T. O

We now define

(2.4.3) S(t) = amn"

to be an absolutely convergent Dirichlet series, and we apply Lemma 15 to obtain:

THEOREM 16. We have

(2.4.4) /z |S(t)|*dt < T? /OOO

Proof: (Gallagher [34])

yt

2
2
Y

d
—y, with t = e'/T
Y

Taking © = 1/(27) in (2.4.2) we have

[ soe< [7

Making the substitution logy = 27z, we get

[Q<P<W/mz%

where t = /7, O

x40

orT Z an

We now apply Theorem 16 to sums of the form

(2.4.5) S(t) = anx(n)n'.
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Let
S(x) = Zanx(n), and S(a) = Zane(na).

We now prove a large sieve estimate due to Bombieri and Davenport [8].

LEMMA 17. Assume a, = 0 if n has any prime factors < Q. For T > 1 we have

(2.4.6) > log(Q/q) Z

q<Q

Proof: (Gallagher [34])

y+z

< (@ +2)) lal.
Yy

y+z

Z anx(n)

)

From Lemma 11 we have, for (n,q) =1,

X) :Z Je(na/q).

Since a,, = 0 if n has a prime factor < @), we get for ¢ < Q)

T()S(x) =Y x(a)S(a/q).

Squaring the absolute value of both sides and using the othogonality relation of y we

get

> Ir (@S Z 1S(a/q)|?

(M) 1

Hence, by Theorem 13, we get

Ytz

(2.4.7) Z¢ Z\T )2 < (Q*+ 2) Z\an\z

9<Q
If f is the conductor of y, then ¢ = fr, and |7(X)|> = f or 0 depending on whether
is square-free and prime to f or not (see Davenport [21] page 148). Also, S(x) = S(¥)
where v is the primitive character to modulus f which induces x since a,, = 0 if n has

any prime factors < (). Hence the left side of (2.4.7) is

y+z 2

(2.4.8) Z¢ 7 Z ’“‘ Ss >ZZIQQ§(Q/Q)Z* > " anx(n)

r=Q <Q/f mod f q<Q
(rf)=
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since we have (see van Lint and Richert [55] Chapter 1)

2
20 o)
2o 50 =S
(7"7-5:1
U
THEOREM 18. Using the same assumptions as in Lemma 17 we have
(2.4.9) > log(Q/q) Z / SOt < ) (QT +n)lay .
q<Q
Proof: (Gallagher [34])
By Theorem 16, we have that
o0 yt 2 dy
S log(Q/a) Z / (o t)Pdt < TS log(Q/q) Z | )|
<@ q<@Q 0 Y 4
Now applying Lemma 17 we find this is
yt d
<<T2/ (@ +y(t—1)) Z| anl*~; 3
0
Observe that the coefficient of |a,|? is
n d n
T2Q2/ R . 1)/ dy =TQ* +T*(t—1)(1 —t )n < Q*T + n,
n/t Y n/t
provided T" > 1. O

Let L(s,x) be an L-function to modulus < 7" and let w = 1 + iv with |v| < T'. If

X = Xo we also assume that |v| > 2. Put £ =logT and let

S,y (00 ZX logp

We now show by Turan’s method that if L has a zero near w then S, is large for

suitable x, y.
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THEOREM 19. Let ro, A, and B be positive numbers. If L(s,x) has a zero in the
disc |s —w| < r, with £ = logT satisfying L™ < r < ry, then there erists a positive
number C' such that for each x > T4, we have
B
’ dy —Cr 2
(2.4.10) |52,y (X, v)|— > 27" log” z.
x Y
Proof: (Gallagher [34]) We have
L/
f(sa X) = Z

where p runs over the zeroes in the disc |s — w| < 1. By Cauchy’s inequality it follows

1
oL —w| < =
00, Is-wl<s,

that
Dk L 1 1
- = = (=1)F S 4k —w| < =,
0 = (DY o O, s —wl <

We choose s = w+1r and estimate the contribution of the terms with |p—w| > A, where
r < A < 1. These are < 2/\L terms with 27\ < |p — w| < 2771\ and each of these
terms is < (2/2)~*+1. Hence for k > 1, the contribution is < Y -,(2/X) "L < A7FL.
Thus for L7} <r <\ < 1/4, we have

D* I

(2.4.11) HI(S’X) = (—1)’?2' ﬁ +O\*FL),

where ’ indicates that p now runs over the zeros with |p — w| < A. By Linnik’s density
lemma (Prachar [70] pg 331) there are < A; AL such zeros, and by the assumption,

min |s — p| < 2r. It follows by Turan’s second power-sum theorem (Turan [85] §9) that

i

for some integer k € [K,2K], provided K > A;\L. Choosing A = AyDr, with A,y

> (DT)—(I@—H)

sufficiently large and D a positive constant, the sum in (2.4.11) then dominates the
remainder since for any constant Cy, we have (Dr)~*+) > Cy(A,Dr)~%L provided

Ai > CoDrL; and this holds for k > A; A; DrL for large A,, since r£ > 1. Thus we get

Dk [/
ﬁf(‘guX) > (Dr)~*+Y
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for some integer k € [K,2K], provided K > ErL for a positive constant E. Here we

must assume r < rg, since we had A\ < 1/4. Rewriting this gives

(2.4.12) > ka(r logn) > D~*/r,

where py.(u) = e %u*/k!. There are constants B;, Bs such that py(u) < (2D)7*, for
u < Bk, and pi(u) < (2D)"Fe™/2 for u > Byk. In fact, putting v = vk and using
k!> (k/e)*, we get pp(u) < (vel™)*, from which these inequalities follow easily.

Given x > T4, with A = B\E, put K = B;'rlogz, so that K > ErL. Let
k € [K,2K] satisfy (2.4.12). We have, with B = 2B,/ By,

> Mpk(r logn) < (2D)™* )" # < (2D)*k/r,

nw

n<x n<x
A(n)x(n) - A(n) _
Z Tpk(rlogn) < (2D) kz e < (2D)7*/r.
n>xB n<zx
It follows that
B
— A()x(n) k
2.4.13 — 1 D
( ) Z T pr(rlogn) > /T

T

for suitable large k. We note that we can ensure a large enough £ by picking a suitably
large A. Since py, < 1, the contribution to (2.4.13) of the prime powers n = p” with v > 2
is < 2712 and therefore may be ignored. Putting S(y) = S,,(x,v), the remaining

sum 18

B B

/x pi(rlogy)dS(y) = pi(rloga®)S(z”) — /m S(y)p.(r logy)r%.

Now observe that

Aln)

pr(rlog 25)S(2P) < (2D)7* Z < (2D) *k/r,

n<axB
and, since pj, = pr—1 — pr < 1,
B

v d
/ IS(y)Igy > D7F/rt > 2% log? x.
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The result now follows. O
We now have the tools to prove the following large sieve density estimate of Gallagher

[34] which is a generalization of equation (2.3.2).

THEOREM 20. We have

(2.4.14) S S N (o, T) < T

g<T x

Proof: (Gallagher [34])

We first note that since N, (a, T') < T'log T for ¢ < T, it suffices to prove our result
for 1 — « sufficiently small. Furthermore, since the left side is a decreasing function of
« and the right side is essentially constant for 1 — o < L£7!, if suffices to prove our
result for 1 — o > £71. We also note that since the right side is > 1, we may ignore
the boundedly many zeros of ((c +it) (¢=1)in0<o <1, |t| <2

Let 1+ iv with |v| < T with the additional constraint that |v| > 2 if x = xo. Put
r = 2(1 —a). We may assume that £_; < r < rg. By Theorem 19, if L(s, x) has a zero
in the disc |s — w| < r, then for z > T, (2.4.10) holds. We choose x = T™#(45) By
the Schwarz inequality, we get, with ¢ = 4C - max(A4, 5).

B

- d
peti=o) 3 / Saa(x L > 1.

Since, there are < rL zeroes in the disc |s — w| < r, and each zero 5 = 3 + iy with
B > a and |y| < T is detected in this way over a v-interval of length > r in |v| < T,

we get

:EB T d
Ny(a,T) < T0-) 2 / / 1S, 00 0)Pdo ™Y
x -T y

and hence, for some y € [z, 2],

(2.4.15) S ST N T) < 7Lty YT /T S (x; v) *d.
-T

q<T x q<T x
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Using Theorem 18 we get,

2 « [T 2 > 5 logzp _2
S log(12/g) S / ey 0Py < S(T° 4+ p) 22 P £,
_T z

2
q<T? X p

since x > T°. Hence the double sum on the right of (2.4.15) is < £, and the left side

is < T ag required. O
We will now present Gallagher’s proof of a useful application of Theorem 20.
There is a constant ¢; > 0 such that at most one primitive L-function to modulus

< T has a zero in the region

1

2.4.1 1-—
( 6) o> g T

t| < T.

If there is an exceptional zero, it is real, simple and unique.
Denoting the exceptional zero by 1 — §, Knapowski [51] shows that, for ¢ > 0, as

dlogT — 0, the zero-free region in (2.4.16) may be widened to

Co eCq
4.1 1— 1
(2.4.17) s logT o8 <5logT> ’

with 1 — 9 still the only exception.

THEOREM 21. For z/Q < h <z and exp(logl/2 7) <Q < 2°, we have

(2.4.18) S5 < h-exp <—a logx) .

9<Q x log @

> x(p)logp

rz<p<z+h

The term q = 1 must be read as
> logp—h,
z<p<z+h
and if there is an exceptional zero 1 — § of L(s, x’), with dlog@ < d, then the corre-
sponding term must be read as

> X (p)logp+h(™,

r<p<z+h
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for some ¢ € [z, + h]. In the latter case, the bound on the right of (2.4.18) may be

reduced.

Proof: (Gallagher [34])
For ¢ < T < x'/2, we have (Davenport [21] Chapters 17,19)

P 1 2
ZX —(51’—2%—1—0(9607%%)

n<x

where d, = 1 or 0 according as x = xo or not, and the sum on the right is over the
zeros of L(s,x) in 0 <o <1, |t| <T. The terms with n = p¥, v > 2 contribute < /2
to the sum, and therefore may be absorbed into the remainder. Since

(@ +h)y af _ /Hh vty < ha”

P P x

for Q < T and 8 = Re(p) we get, using z/h < Q and logz < log® Q,

Z X(p)logp < h (Zmﬁ Ly Qz/T)

z<p<z+h

where, if ¢ = 1 or x = \/, the left side must be read as indicated in the statement of
the theorem, and the sum on the right is over non-exceptional zeros. Hence

(2.4.19) > Z > X(p)logp| < h (Z Z > 2l 1+Q4/T>

q<Q X z<p<z+h 9<Q x

Using Theorem 20, and assuming 7°¢ < z'/2, we find that the triple sum on the right is

(g ) [ g e g e

q<Q X 9<Q x <@ X

1-n(T)
< / 2@ V2 og zdo + 72
0
< :L»_U(T)/Q’

where 1—n(T) is either the bound (2.4.17) or the bound (2.4.16) according to as whether

there is an exceptional zero or not.
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Choose T' = Q5. If there is no exceptional zero, then the parenthesis on the right of

(2.4.19) is
log x

< exp (—c ) + Q' <exp (_alogx)
log Q logQ /)

If there is an exceptional zero, the parenthesis is, using Siegel’s estimate, 6 < T~¢ for

each € > 0,

log Cs 1
_ 1
< eXp( “ogQ %8 (5logQ)> +@

< (dlogQ)® logz/log@ (0log Q)QQ’l/Q,

log x
2 —
< (dlog Q)” exp ( alogQ) .

O

Finally, we will prove the following result of Maier [56], mentioned in Chapter 1,

which he deduced from Theorem 21. We first recall from Chapter 1 that an integer ¢ > 1

is called a ”good” modulus if the Dirichlet L-function L(s, x) # 0 for all characters x
mod ¢ and all s with

o >1—c/log(q(lt| + 1)),

for ¢; > 0.

LEMMA 22. Let q be a good modulus then

v
¢(q) loga’

uniformly for (a,q) = 1 and z > q”. The constant D depends only on the value c;

m(z;q,a) >

defining q.

Proof: (Maier [56])

Counsider
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We now put

Yla,x) =Y x(n)A(n),

n<x

so that we have, see Davenport [21] Chapter 20,
1
V(@5 q,a) = — ) Xla)v(z, x).
( ) ) zx: (a)y(z, x)

We now estimate this sum using Theorem 21, but we must handle the case n = 1,
corresponding to principal character, separately. In this case, we get ¥ (z, xo) > x/¢(q),
Davenport [21] Chapter 20. For n > 2 we take Q = 2%/ and h = z in Theorem 21 to
estimate the sum as (z/¢(q))-exp(—alogz/log Q). Since D = log x/log @), we can make
the last term arbitrarily small by taking D large. Hence we have that ¢(z;q,a) > %
and it immediately follows that

X

7(x;q,a) > m.






CHAPTER 3

The Buchstab Function

3.1. Introduction

Buchstab [12], in 1937, considered the number of terms in arithmetic progression
< x and coprime with all numbers less than 2t for a > 2. He was able to prove the

following theorem.

THEOREM 23. Let ®,(x;k,1) denote the number of terms < x with no prime factors

<y wn the arithmetical progression

L1+ K1+ 2k, -

with | <k, (I,k) = 1. Then for all given a > 2,

1 T T
D nl(xkl) = —— - )
ot/o (@5 K1) o(k) logx (a)+0<1ogx>’

where,

d a—1z1 fld d a—1 z1—-1 Z[a]—2*1d d J

z zZ1az 2129+ * - AZ[q]—

v e Tt L
2122 2122 " "t Zla]-1

and ¢(x) is Euler’s ¢ function.

Restated, Theorem 23 gives us a formula for counting the number of uncancelled

1/a

terms in the sieve of Eratosthenes after the numbers 2 < m < /% have been removed.

37
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In 1950, de Bruijn [23] introduced the Buchstab function w(u), which is defined as

the unique, positive, continuous function satisfying the differential delay equation

(3.1.1) w(u) = %, 1<u<2,
(3.1.2) (uw(u)) = w(u — 1), u> 2,

and reformulated Buchstab’s result as

(3.1.3) lim ®(y",y)y " logy = w(u),
Y—00

where ®(z,y) denotes the number of positive integers < z which have no prime factors
< y. Using Merten’s formula, we may rewrite (3.1.3) as

lim ®(y",y) = Qw(wz [ J(1-1/p).

y—00

P<y
Hence we see that Buchstab’s result shows that ®(z,y) oscillates by a factor of eYw(u)
from its expected value of x [] (1 — 1/p). Therefore, we should expect that w(u) tends
p<y

to e as u — oo. In fact, de Bruijn proved that w(u) converges to e~ faster than

exponentially. This result was quickly improved by Hua [43] who showed that

|w(u> . 6—')/| < e—u(logu+log2u+(10g2 u/logu)—l)—i—O(ulogu)‘

As mentioned in Chapter 1, Maier [56] used the Buchstab function to prove a re-
markable result on the number of primes in short intervals. In particular, Maier showed
that the function w(u) — e™7 changes sign in any interval of length 1. Expanding on
Maier’s work, Cheer and Goldston [17] proved some interesting properties of w which
we prove along with Maier’s result below. Additionally, Cheer and Goldston computed
values for w(u) with 1 <« < 11 to provide numerical constants for Maier’s result. Val-
ues for w(u) with u < 500 were extremely accurately computed by Marsaglia, Zaman

and Marsaglia [61], and we will discuss their method in Chapter 5.



3.2. PROPERTIES OF w 39

3.2. Properties of w

We will start by proving Theorem 23 and showing how w may be derived from this

result. Let
m(x; k1) = Z 1
p<z
p=l mod k
and

) =3,

p<n
for primes p and observe that

D 12(x; k1) = m(z; k1) + O(Vx).

To prove Theorem 23 we require the following lemma.

LEMMA 24. Let u and v be values depending on x which satisfy 2 < u < v < A for
some constant A. Then

1 1 -1 1
Z logv —i—O( )
u—1

T 2
/v <p<al/u p IOg p IOg X IOg X

Proof: (Buchstab [12]) We know there is a constant B such that r(n) = loglogn +
B + O(1/logn). Using this, we see that

pl/u
svepemn P08 ST log &

B TR N S O | I )
N Y log log

z T x T
n=[z1/v]+1 IOg n log n+1 zl/u41 /vl

[:)31/“] 1
log(1+ 1 log1 Ju
-y loglognlog( +1/n) | logloglal/*]

z z T
n lOg n+1 lOg log[z1/%]+1

log(1 4+ 1
40 L _log{1+3) +o( ! >

log —1og[xf/v]+1 n:[§]+1 lognlog % -log -5 log? x

n=[z1/v]+1

21/

log log[z/?]
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But
= og(1+1/n)  Z8  logl 1
> st S 0 ()
S 087 "O8AT v 08 108 W log™ x
=] log logn 1
- Z log Z)2 +0 log? =
oo ™ (108 ) g
" Noglog 2 1
_ / gigzdzw( : )
otz (log L) log™x
1 1 1 -1
_ vogv_uogu_logv n
logz \ v—1 u—1 u—1
—u)logl 1
(v —u)loglogx L0 ),
(v—1)(u—1)logzx log® x
log log[ L/u] _ log log[ /%] loglogz!/® _ loglog /v 1
]'Og 1/u+1 log xl/v+1 B logl‘l_l/u logl‘l_l/v 10g2 xz
~ (v—u)loglogx
(v—1)(u—1)logx
1 vlogu wulogu 1
+ sl ) 1o (——),
loge \ v—1 u—1 log® x
and
o) 1 log(1+ 1) 1 %] 1 1
o X o s | =0 s 2 s D] =0 ().
" logn logg-logn—Jrl log” x " n log”
n=[zv]+1 n=[zv]+1
Finally we get,
1 1 v—1 1
1 O
12 plog— logx Ogu—1+ (long)7
a:v<p<$u
and the lemma follows. 0

Proof of Theorem 23 : (Buchstab [12])
Let, 2 < B < o and Py, Pyt - - - Prim be the primes between z'/* and z'/#, so that
we have

371/a S Pr <DPrg1 < < Prgm < xl/ﬂ-
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If p; [k then we have

(3.2.1) D, (k1) = @p,, (@3 K, 1) + Dy, (5 kps,y l;i),
where [;, < kp; and [, =0 (mod p;). If p; | k& then

(3.2.2) P, (z; k1) = @y, (z3k,1).
Consecutive applications of (3.2.1) and (3.2.2) gives

D ja(ws by l) = @ouys (s b, 1) + Z Dy, (25 kpi 1),

at/o<p;<at/P
pi Nk
hence
(3.2.3) Op(ws k1) = Dok, )+ > By (z/pik,1y,),
at/o<p;<at/P
pi |k

since @y, (z; kpy, I,.) = ®p, (2 /pis k, Ip,), where I, = I, /p; < k, because every term of the
form I}, + kp; - v = pi(lp, + k- 7).

We will first prove the result for the interval 2 < o < 3. We will give = arbitrary
values greater than k* except if & = 3 then we do not let 2 be the cube of a prime.
However, this restriction is not essential for our goal. Then for every a (2 < a < 3),
D 1/0 (25 ky 1) and @ a2 (x; k, 1) distinguish from each other only on the number of terms

in arithmetic progression (3.1.1) of form pg where p, ¢ are primes such that,
e/ <p<a'? p<y,

and for every given p all numbers ¢ make progression with difference k since from

pq = l(mod k) follows that ¢ = A\,(mod k) where A\, < k.
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Opja(ws k) = Ppp(zsk, )+ ) >

zl/a<p<gl/2 p<g<z/p
q=Xp mod k

= (I)Il/2<.%'; ]{, l) + Z Z 1-— Z Z 1,

al/esp<al’? | [o/p<q<a/p al/asp<al/? | frjp<q<p

q=Xp mod k g=Xp mod k
but
> Yoooi= > Axlx/pik, ) — 7 (Va/pik N}
zl/a<p<yl/2 \/%ngx/p zl/a<p<gl/2
q=Xp mod k
= Z m(z/p;k, \y) + O(x/log® x),
zl/a<p<gl/2
since

VT
S WAk < Y Vel < vaY 1 - 06

zl/a<p<yl/2 zl/a<p<yl/2

We also have

XX =0l ¥ oo

logp
Il/a§p<xl/2 /:E/p<q<p xl/a§p<zl/2

NG
=0 logx' Z 1

zl/a<pcsl/2

x
=0
()
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so that
D 1/a (s k1)

= m(z; k, 1) + Z m(z/p; k, \p) + O(z/log® x)

wl/a§p<x1/2
1 T T x T
L ) o L) o(n)
(k) ml/ang plog . log = xl/ag@m plog . log” x
1 T T
= — 1+log(a—1)}+ O ,
(k) gz (L T los(@ = 1)} (10g2 x)

using known estimates for m(x; k,l) and Lemma 24 with v = o and u = 2. We have for

2<a<3
1 T T
D ija(r;kl)=—— Ol —,
z1/ (QZ' ) ¢(l€)10gl’ (Oé)+ (10g2l’>
where
a—ld
(3.2.4) Bla) =1+ 5

We will use induction to build the function ®(«) for all & > 2. Let N be any integer
greater than 2 and suppose that for all coprime k£ and [ and for all o, where o depends

on x such that N — 1 < a < N, we have

1 =z T
(3.2.5) D1/a (s ki) = %logxq)(a) +0 (W)

where 7y = 37—, and ®(«) a continuous increasing function of . We will prove that
in this case (3.2.5) holds and for all values N < a < N + 1, and if in (5) we change 7y

to Tn1, then in this new interval

O(a) = B(N) + / (I)(Zz)dz.
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where

N<a<N+1

and

1 (log ZB)%TN <n < cy(log x)%m.
1
For primes p such that zus+1t1 < p < wﬁ, with s =0,1,2,...n — 1, we have,

_ log(z/p)

N-1<u
log p

<Us+1 SN

o= > Pa/pkl)= Y @y (z/pk )

(x/p) log(z/p)

1 1 I 1
2 Us+1TT <p<zusTI o UsH1 T <p<zusTI

1 log(z/p)\ =
oK) 2 1 ¢( logp ) plog(e/p)

1
x“5+1+1 <p<z us+1

il D PR

1
Vs 1Tl <p<gus I

_¢(775) z X —1
“om) = potn O\ Gmam 2 pla

g Us+1tl §p<xus+r g Us+1tl Sp<xus+1

-

where us < ns < ugyq, or , using Lemma 24,

I S S S G
(3.2.6) =20 1ogx¢(7’5) log = +O((logx)1+m)‘
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But we have,

n—1

S (D) — Oun)}log " < 3 {B(uanr) — B}

U
s s=0

Ust+1 — Us

Us

< ﬁ i{¢(us+l - ¢(us)}

dla—1)—g(N - 1)
n(N —1)

and consequently,

= Us+1 " o 1
;cb(ns)log - / é(2)d(log 2) _o<(7>,

T
NS log )2

Now we get, summing (3.2.6) over s,

n—1
Z P, (z/p; k1) = @,
zl/a<p<gt/N s=0
1 :vnz_lqs( o u5+1+0n x
= —¢(k> logx £ Ts g Ug (log x)l-‘r‘l‘N

a—1
1z o(2) x
(k) logx / s BT ((bgff)””v“) ’
N-1

since

T 1 n nx
ot ) o (=) o (i)

1

—TN — TN—H-
2

because
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Using (3.2.3) with 8 = N and x > k* and using (3.2.5) with a = N, by our inductive
hypothesis, we get

Opja(ws k) = Do (b, )+ Y Bya/pik, 1)

zl/a<p<gl/N

a—1

N-1

hence that

1 T T
1/ ' = ——@ _—
BT D) = G g T O ((1og:c>1+w+l)
(N <a< N+ 1)

where

(3.2.7) O(a) = B(N) + /

But it is easy to see that (3.2.7) guarantees that function ® in the new interval is
continuous and has positive derivative and the theorem follows.
O
It is now easy to show that ®(z)/z satisfies (3.1.1) and (3.1.2) and hence that
w(z) = ®(x)/x. First, we see from (3.2.7) that for N > a < N+1, N > 2,

a—1
aw(a) = Nw(N) + / Zw(z)dz,
z
N-1
and differentiating both sides gives us
- (a(w(@) = wla— 1)
da B ’

as required. From Theorem 23 we see that

a—1 d
aw(a) =1 —|—/ iz)dz =1+ log(a — 1),
1

for 2 < o < 3. Hence, using (3.1.2), we see that w(a) = 1/a for 1 < a < 2.
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Following the argument of de Bruijn [23], we will show that w(u) ~ e, where

v denotes Euler’s constant, by first showing that there exists a constant A such that
wu)=A+OT Hu+1)) and then that A =e™.

Rewrite (3.1.2) as uw'(u) = —w(u) + w(u — 1), and observe that for u > 2,

/ < —1 / )
) <u! e (0/(2)

Hence w'(u) is bounded for u > 2. Let M (u) denote the upper bound of |w'(t)| for
u < t < oo and notice that for © > 3 we have
M(u) <u*M(u—1).

Hence

M) <ut(u—1)""M(u—2)

< (u!)*M(1).

Using I'(u + 1) = u! we find that M(u) < ¢(I'"!(u + 1)) for some constant ¢ > 0 and
our result follows.
Thus we have lim w(u) = A and it just remains to show that A = e~7. To do this

U—00

de Bruijn defined the following adjoint equation h(u) of w(u). Let

o] x e—t —1
h(u) = exp | —ux —x + dt | dz,
0 o ¢

which is analytic for u > —1. Now observe that h(u) ~ + as u — oo and h(u) satisfies

(3.2.8) uh'(u —1) + h(u) = 0.
Consider

(3.2.9) f(a) = / : w(u)h(w)du + aw(a)h(a — 1),
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Differentiating and using (3.1.2) and (3.2.8) we see that
f'(a)=0 fora>2,

and hence the value of f(a) does not depend on a. So evaluating (3.2.9) as a — oo and
at a = 2 gives us

a

lim w(u)h(u)du + aw(a)h(a — 1) = /1 w(u)h(u)du + 2w(2)h(1).

—00
a a—1

Since as a — oo we have w(a) — A and h(a) ~ a~! we get, by 3.2.8, that

A:h(l)—/2h’(u—1)du

JR— 3 / -
= ulir& uh'(u — 1)
, Tet—1
=—limu [ exp| —ux —x+ dt +logz | dz
u—0t 0 t
0
= e_ﬂ/7

since

xr _—t _ 1
lim (/ ¢ dt + log x) = —7.
T—00 0 t

Hence A = e™7 and therefore lim, o w(u) = e™7.

To study the behaviour of w(u) around e~ we define
W(u) = w(u) —e .
Hence we can restate Hua’s result mentioned in 3.1 as

|W(U)| < e—u(logu—l—logz u+(logg u/logu)—l)—&—O(ulogu)‘

In addition to rapidly converging to e™7, we see from results by Maier and by Cheer
and Goldston that w(u) has extraordinarily regular behaviour around e™?. We will first

prove the following lemma due to Maier.
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LEMMA 25. W(u) changes sign in every interval of length 1.

Proof: (Maier [56])

Using h(u) and f(a) defined as above, we also define
gla) = /a1 h(u)du + ah(a —1).
Differentiating g(a), as we did f(a), gives us
g(a)=0 fora>0.

Since h(u) ~ % as u — oo we have g(a) — 1 as a — oo. Hence, since f(a) = e, we

find that

/al W(u)h(u)du + aW(a)h(a — 1) = 0.

Thus in the interval [a — 1, a] we must have either w(u) = e™” or W (u) changes sign.
But w(u) = e on [a — 1,a] contradicts the values of w(u) on 1 < u < 2. Hence we

have our result.

We now define

M, (v) = max W (u), M_(v) = min W (u).

u>v u>v

In light of (3.1.2), W (u) clearly satisfies
(3.2.10) uW'(u) = =W (u) + Wi(u —1).

We can also infer from Maier’s result that W (u) contains a critical point in every interval
of length 1 since W (u) is continuous for u > 2. Now, let us denote the zeros of W (u)
in increasing size by Aj, Ag,.... Let ¢; = 2 and denote the critical points of W (u) in
increasing size by co, c3,.... Cheer and Goldston, expanding on Maier’s results, proved

the following two theorems.
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THEOREM 26. For v > 2, we have

M. (v) = max W(u), M_(v) = min W(u).

v<u<v+2 v<u<v+2

Proof: (Cheer and Goldston [17])
W (u) satisfies, (Hua [43]),

(3.2.11) uh(u — )W (u) = — / W (t)h(t)dt,

where h(u) is defined as above. We will prove the result for M, (v) and note that the
proof for M_(v) is similar.

To do this we first show that if ¢ > 3 is a positive relative maximum, then there will
be a value d’ with ¢ —2 < d' < ¢ such that W(d") > W (c).

By (3.2.11) and the mean value theorem for integrals there exists a value d with

c—1<d < c¢such that
W(d)h(d) = —ch(c — 1)W(c).

Applying (3.2.11) to W(d) we get a number d’ with d — 1 < d' < d such that
W(d'h(d') = —dh(d — 1)W(d),

and hence

W(d) = cdh(c —hl()dlgglcéd—/)l)W(c) > cdW(c),

since h(u) is positive and decreasing.

Thus the result holds for all v > ¢ — 2 and hence for all v > 2 since we can verify
by computation, see [17], that the first and second positive relative maximums are at
co =2.76322... and ¢4 = 4.21753. .. and w(ca) > w(cy). O

Thus we see that the maxima and minima of W (u) get smaller in intervals of length

greater than 2.
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THEOREM 27. In each interval [u,u + 1], u > 2, W (u) has at most two zeros and

at most two critical points. Furthermore, we have \y < ¢; < Ao < ---, where the
co are relative mazima with w(co) — e~ > 0, and the cop—1 are relative minima with

w(egp-1) — e < 0.

Proof: (Cheer and Goldston [17])

We first observe that the theorem is true for 2 < u < 3 since w(u) = (log(u—1)+1)/u
in this range. We will now proceed to prove the theorem by induction.

To do this, we suppose the theorem is true up to ¢, k£ > 2 which is a positive
maximum of W (u). We further assume that the only other critical point of W (u) in
the interval [c, — 1,¢x] is the negative minimum c¢,_;. Hence W (U) has precisely two
zeros Ag_1, A in this interval. We will now prove that W (u) duplicates this behaviour
in the next interval [cy, ¢jya].

Differentiating (3.2.10) find that «uW"”(u) + W'(u) = —W'(u) — W'(u — 1). So,
if ¢ is a critical point which is not a relative maximum or relative minimum, then
W'(c) = W"(c) = 0 and hence W/(¢ — 1) = 0. Thus, a critical points which is also an
inflection point can only occur at u = ¢ if u = ¢ — 1 is also a critical point. Therefore,
since we assumed that the only critical points in [, — 1,¢;] are at ¢x—; and ¢, we see
that the only possible critical points which are not extrema in [cg, ¢, + 1] are at ¢x_1 + 1
or ¢, + 1. We will deal with these cases later.

Writing (3.2.10) as

(3.2.12) (WW (w)) = W(u— 1),

we see the sign of W (u) in the interval [cy—1, ¢ determines whether uWW (u) is increasing
or decreasing in the interval [k, ¢, + 1]. We further observe that since u > 0, ulW (u)

and W (u) have the same sign and the same zeros.
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Thus we see that

uW (u) has a zero at u = Ay,

ulW(u) > 0 for A\, < u < ¢,

uW (u) increases for ¢, < u < A\,_1 + 1, and

ulW (u) decreases for A1 +1 <u < Ay + 1.

Since W (u) has a zero in every interval of length 1, W (u) must have a zero, Ag41 in
(Ak, A + 1), and hence W (u) and uW (u) have a unique zero at \gi1. We also see that
Aer1 > A1+ 1, so that A\gpp — A1 > 1 and W(A, 4+ 1) < 0.

Next, ulW (u) will increase for A\ +1 < u < Agy1 + 1 and there must be a zero Agio
in this interval since the interval has length 1. Further, Agio > Ap+1, 80 A\pyo — Mg > 1,
and W (g1 +1) > 0.

We now observe that if ul¥ (u) decreases and W (u) > 0 in an interval, then W (u)
also decreases in that interval. Similarly, if uWW(u) increases and W(u) < 0 in an
interval, then W (u) increases in that interval. Therefore W (u) decreases in (Ap_1 +
1, A\g+1) and increases in (g + 1, A\gi2).

We now want to show that W (u) decreases for ¢y < u < Ay_1 + 1. Let o and 3 be
any two numbers in this interval with a < 4. On integrating (3.2.12), we have

51

BW(3) — aW(a) = W (t)dt

a—1

<(f-a)W(a—-1),

since, by our hypothesis, W (t) is positive and decreasing in the interval (a—1,5—1) C
(¢ — 1, A\k_1). Hence we have
BW(B) = W(a)) = W (B) — aW(a) = (6 — a)W(a)
<(f-a)(W(a—-1)-W(a))

= (8 — a)aW(a),
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which gives

g

(3.2.13) aW'(a) > 5 a

(W(B) = W(a)).

From this we W (u) decreases in (¢, \g—1 + 1), since W (u) initially decreases and if
there were a value a where W'(«) = 0, then (3.2.13) would imply W (3) < W(«a) for
all 6 > «. Hence a would not be a relative minimum, and there are no critical points
which are inflections in this interval. Furthermore, W (u) > 0 in (cgx, Ak—1 + 1), because
uW (u) > 0 in this interval.

Thus, if we define ¢ as the next relative minimum of W (u) for u > A\¢. 1, we have
that W (u) decrease in (Agi1, Cri1)-

Next consider the interval (cxi1, Ax + 1). We note that cx1 # Ay, since equality
would imply Agy1 — 1 = Mg or A\p_1. But, this is impossible because in the first case we
have the interval (Ag, Ag11) of length one has no zeros, and the second case contradicts
M1 > A+ k—14+1.

We now prove c;_1 + 1 < cxyq. For if not, then either c;1 < cx1 + 1, or cxpq =
ck—1 + 1. In the first case let ¢xy1 < B < ¢x—1 + 1. Then, since W (t) is negative and
decreasing in (¢ — 1, c,-1),

B-1

ﬁW(ﬁ) — Ck—f—lW(Ck-i—l) = / W(t)dt

Ck+171
< (B—cr)W(ert1 — 1)
= (B — crr1)W(Ccrs1),
where we used the fact that, for ¢, > 2, we have
W(Ck - 1) == W(Ck)7

due to (3.2.10). Hence, W () < W (cg41) for any 5 > c¢y1, contradicting the fact that

Ck+1 is a relative minimum. In the case cx11 = cx—1 + 1, we have W (cpy1) = Wicr_1),
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and for A\p11 < B < g1 = -1 + 1,

Ccrp+1—1
_BW(B) + coraw(Cran) = /ﬁ W

> (cky1 — B)W (g — 1)
= (Chy1 — ﬁ)W(Ck-i-l)a

implying W () < W (cgy1), which is impossible if ¢4 is a relative minimum. This

argument also shows that c;_; + 1 is not an inflection point as mentioned earlier.
Next, we prove that W (u) increases in (cgi1, A + 1). Let @ and 3 be any numbers

satisfying c41 < a < 8 < A\; + 1. Using the same method we used to prove (3.2.13),

we have

s
0 —«

If W (u) did not increase through this interval, then there is a point u = a in the interval

aW'(a) < (W(B) = W(a)).

where W'(a) = 0. Letting o = a implies W (8) — W («) > 0 for any 8 > «, which shows
that W (u) increases. Let cxio be the next relative maximum of W (u) for u > Agio.
Then W (u) increases in (Agio,Cri2). The proof that cxyo > ¢ + 1 is the same as the
previous argument that ¢, > cx_1+1, which also shows that ¢, +1 is not an inflection.

The result now follows by induction.



CHAPTER 4

The Dickman Function

4.1. Introduction

Let ¢(a,x) denote the number of positive integers ¢ < z with a prime factor p > t*

and let

f(a) = lim vla,7)

T—00 x
denote the probability that the greatest prime factor of an integer ¢ will be greater than
t*. In 1930, Dickman proved:

THEOREM 28. For each n > 1 and for each a with %H <a<i putfula) = f(a).

Then we have

(4.1.1) fi(a) = =t

_ 1 sl Y r
(412) fn(a)—fn—l(n>+/ay(1 fn_1<y_1)>dyf 23,

Letting ¢ (z,y) denote the number of positive integers < z with no prime factors

> y, we can reformulate Dickman’s result as

lim 4(z, /%) = pla)a,

T—00

where p(u), called the Dickman function, is defined on the non-negative real numbers

as the unique continuous solution of the differential-difference equation,

(4.1.3) plu)=1,if0<u<1

(4.1.4) up'(u) = —p(u—1), if u> 1.

55
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In 1949, Buchstab [13] was the first to use the differential-difference equation form
of the Dickman function as he studied the function B;(n,z,y) defined as the number of
positive integers m < x such that m = [ (mod n) has no prime factors greater than y.

He proved that

Bi(n, z,2"") = n7 p(u)x + O (x(logz)~?),
for (I,n) =1, w > 1 and x > 1. Furthermore, he proved that, for u > 6,
p(u) > exp(—u(logu + loglogu + 6loglog u/log u)).

In 1951, de Bruijn [25] improved this estimate to

log1 1 log®1
p(u) =exp | —u ( logu +loglogu — 1 4+ 008t _ + O o 2ogu )
log u log u log”u

for w > 3. A similar result was proved by Hildenbrand and Tenenbaum [41] in 1993.

They proved for u > 1,

p(10) = exp (—u (logar+ loglogu-+2) — 1+.0 (“EEL TN ) ).

de Bruijn [25], also in 1951, introduced the function A(z,y) defined by

* (logx —logt\ ,[t]
o= [ (210
(z,y) o oz ;

and he improved Dickman’s result by proving that, for x > 0 and y > 2,

[W(z,y) — A(z,y)| < cxu’R(y)

where R(y) is approximately the order of |7(y) — Li(y)|/y and c is a positive constant.
In proving this result, de Bruijn also obtains an asymptotic estimate for ¢ (z, /)

where u is allowed to vary with z. In particular, he showed that for 0 < u < (log z)3/%~¢

(a, 2" ~ ap(u).
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Maier extended the range to 0 < u < (log x)l_e, and this result was further improved to

1 < u < logx/(loglogx)®3+< by Hildebrand [39] in 1986. We shall prove Hildebrand’s
result below.

In 1988, Goldston and McCurley [35], generalized the function ¥ (z, y) to the function

Y(x,y,Q) defined as the number of positive integers < x that have no prime factors

from a set of primes Q that exceed y. To study this function they introduce the modified

Dickman function ps(u) defined by

where 0 < 6 < 1. Observe that p;(u) = p(u). Using this function they proved that for

any 9,0 < <1 and u = logx/logy,

ol @ =) (140 (),

uniformly for u > 1 and y > 1.5.

4.2. Properties of p

We will start by giving Dickman’s proof of Theorem 28.
Proof: (Dickman [26])
Let p denote the greatest prime factor of ¢ and let ¢ = ¢/p. If p > t* then ¢q < t'7,
hence
1 1
pa >1 > ql-a,
and therefore

(4.2.1) p>qia.

We will first consider the case when 1/2 < a < 1. Observe from (4.2.1) that each

l1-a

integer of the form ¢t = pq, for positive integers ¢ < =z and where p is a prime
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satisfying qﬁ <p< %, is an integer less than or equal to x with a prime factor greater
than t*. Since a > 1/2 the integers t created this way are unique. Hence

(4.2.2) $la,x) = ) W(g)— > ”(qﬁ)

q<1‘1_a 2§q<x1_a
since 7 <§> - <qﬁ) is the number of primes satisfying the given condition.
So, using the prime number theorem, we get

ZW(E)@%

g<zl—a g<zl—a

>

q<x1 a

q(logz — log q)

1—a

/ e
~ T )
1 qlogx(l—loﬂ>

logx

Let y =1— logq so that dy =

log 1
y= =1
log x
and the upper bound is
| log(x™)
B logz
Thus we get
()5
> (2) v [ -2
gaia q 1 Y
[
a Y
1
= xlog —.
a

If a < b < 1, then for each integer ¢ with 2'7° < ¢ < '~ we have

a

m(q7) ~
log g2
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Since the number of integers ¢ < 2!~ is of a lower order of magnitude than the number

of integers ¢ < x'7* we have that

1—
2§q<$17a 2<q<x1*“ 1Og q “
_a
1—a Z qgl-e
o lo
2<g<zl—a &4
1—a a

Taking z = qﬁ we get

2<g<zl—2
l—a =
a logx
Thus from (4.2.2) we have
1 1-
¢(a,z) ~ xlog— — i ~ xlog —
a a logx a
Therefore

1

fi(a) = lim ¢(a,7) = log —

T—00 T a

To prove (4.1.2) we proceed by induction. Assume the result holds for n — 1. We
again consider the integers of the form ¢ = pq, for positive integers ¢ < '~ and where
p is a prime satisfying qﬁ <p< %, is an integer less than or equal to x with a
prime factor greater than t®. If all the integers t generated in this way were unique the

argument for the case n = 1 would hold and we would have

1 1/n y
(4.2.3) fnla) = log P logn +/ e
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However, it is possible that an integer ¢ contains a prime factor p’ > p. Assuming p = t¥

for some y with a <y < %, we get ¢ = t'7Y. Thus p = ¢° where z = %y Observe that

and
5> n+1 —

-1 L

n+1

1
n

so by our inductive hypothesis the probability that ¢ has a prime factor greater than p

Y

is
1
st s (122).
z 1—y

( 1%) . Therefore
Yy

Thus we need to multiply the integrand of (4.2.3) by 1 — f,_1

fula) = log% —l—/
O

as required.

Clearly for a > 1 the probability that an integer ¢ has a prime factor greater than

t* is 0 and hence we put f; = 0. Observe that with fy = 0 that (4.1.3) coincides with

(4.1.4).
It is easy to deduce that p(u) =1 — f(1/u). Since fo =0 for 0 < u < 1, we have
that f(u) = 0 and hence that p(u) = 1 in this range. Further from (4.1.4) for a < 1,

we put u = é so that
1
- L)) dy.

() () (o

u
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Taking x = i so that dr = —%, we get

(@) ()

Hence

for u > 1.

Using this derivation it is easy to prove some basic properties of p. First we observe
that by definition 0 < f(u) < 1 for all > 0 and hence 0 < p(u) < 1. Using this fact
and (4.1.4) we see that p(u) is strictly decreasing for u > 1. Differentiating (4.1.4) gives
us

up'(u—1)—pu—1)  plu—2)+p(u—1)

/! . —
p (u> - U2 - uQ > O

for u > 2. Therefore p(u) is concave up for u > 2.
For u < 4, p can be written in terms of simple functions. Since p(u) =1 — f(1/u)

we see from (4.1.1) that for 1 <wu <2, we have

(4.2.4) p(u) =1—logu.
Let

. — "

Lig(x) = ; e

We then have, due to Chamayou [15],

p(u) =1 —logu + 1/21log® u + Lig(1/u) — Liy(1/2) — 1/2log®2, for 2 <u < 3,



62 4. THE DICKMAN FUNCTION

and for 3 <u <4

p(u) =1 — logu + (% log? 1+ Lin(1/u) + LiQ(—l)) - {i [Lig G) - Liy ((u : 1)2”

1

- g(log?’(u —1) —log®2) + (log (u — 1) logu — log®2log 3)
. 1 u .

+L12< _1)log 1—L12 (—)

g) ST
1

) 1
+ Lig(—1)log(u/3) + V1 — 22V2 +- }
where
1 u—2 1 1
Vl_lOg§_10gu—l+§_u—1
and

1 1 1
Vp+1zvp+p+1 (2p+1 B (u_l)erl)'

Our next aim is to prove a uniform asymptotic relation for ¥(z, 2'/*) due to Hilde-
brand [39]. To do this, we first need to prove several lemmas containing further prop-

erties of the function p.

LEMMA 29. The function p satisfies

(i) up(u) = [,y p(D)dt, w1,
(i) p'(u)/p(u) < log(ulog’u), u > e*
(iil) p(u —t)/p(u) < (ulog?(u + 1))t uniformly for u > 1 and 0 <t < u.

Proof: (Hildebrand [39])
(i) We see that the result holds for u = 1 since p(1) = 1 for 0 < u < 1. Taking

derivatives on both sides of () for v > 1, we find that

(up(u))" = p(u) + up'(u) = p(u) — pu—1) = (/u: p(t)dt)/-

Hence both sides have the same derivative for v > 1, so (i) holds for all u > 1.
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(ii) Let g(u) be the logarithmic derivative of 1/p(u), hence for u > 1

_ P plu—1)
9=~ = wpw)

Since p(u) = 1 for 0 < u < 1 we see from (i) that 0 < p(u) < 1 for u > 0 hence

g(u) > 0. Also by (i) we have for u > 2,

Y AU
o=
= /_1 exp(log p(t) — log p(u))dt

(4.2.5) _ / ul exp! /t " g(s)ds)dt

We now claim that g is increasing for © > 1. To see this we observe that, by equation

(4.2.4), for 1 < u < 2 we have

plu—1)

g(u) = up ()

)

which is a strictly increasing function on 1 < u < 2. For v > 2 we have by (4.2.5) that

i = ey = (- [ o)
- /u: exp (— /:—1 g(s)ds) dt
= /01 exp (— /uu:Htg(s)ds) dt.

Taking derivatives on both sides, we get

g'(u) _ /01 exp <_ /uu_l+tg(3)ds) (g(u—1+1) — glu—1))dt.

9*(u) -1

Since g(u) is continuous for v > 1 and strictly increasing on (1, 2], it follows that

g'(u) > 0 for u € (2,24 0] with some § > 0. Therefore g(u) is strictly increasing in the
interval (1,2 + 0]. Further, we can inductively repeat the argument and hence g(u) is

increasing for u > 1.
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From (4.2.5) and the fact that f is non-decreasing, we find that for u > 2,

u > /u_l exp((u—t)g(u—1))dt = I

Thus

g(u—1) <log((u—1)log*(u — 1)),
for u > e* + 1. The result follows since the function h(z) = (e* — 1)/x is increasing for
x> 0 and for u > e* + 1 we have

h(log(u — 1)log*(u — 1))) = IS;(_(:)_K;?; l(oug;(ul)__l)l)

(w—1)log*(u—1) — 1

- 3log(u —1)
4(u—1)log(u—1)—1
- 3log(u—1) -

(iii) We first observe that for 0 < u < e, p(u) is bounded from above and below by

absolute positive constants. For u > e* the result follows from (7). O
LEMMA 30. Uniformly fory > 1.5 and 1 < u < /y we have
/ p(u —t)y~tdt < p(u)/logy.
0

Proof: (Hildebrand [39])

By part (4ii) of Lemma 29 and that 1 < u < ,/y we have

p(u)™! /Ou plu—t)ytdt < /Ou (M)tdt

Y

VI (1og2(7+1) )
</ ( N )dt

< (logy)™,

as required. O
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LEMMA 31. Uniformly fory > 1.5 and 1 < u < y'/* we have
log p log p™
> —arlu- < p(u).
p logy

y<p"<y"
p<y

Proof: (Hildebrand [39])
We may suppose y > y, for some fixed constant yy > 1.5 since for 1.5 < y < yg and
1 < u < y'/* the assertions holds.

By part (4i7) of Lemma 29 we have

1 lo log p™ 1
p(u)logy 2 p;g“pp (u_ l(f;gpy ) <2 pr—a)’
y<p™<y“ P>y

p<y p<y

where

 log(u log?(u + 1))
B logy ‘

If 4o is sufficiently large, then the hypotheses y > yo and v < y'/* imply o < 1/3 and

then we have

1 1
Z pm(lfa) < Z W

P>y p" >y
p<y p<y

<> 2/3+ . 2 s zm/g

p<\f VY<ply m>2
< 2—/3 + Z 4/3
\f<p
<y V<« —
logy’

as required. O
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LEMMA 32. For every € > 0 and uniformly fory > 1.5, u > 1 and 0 < 0 <1 we

have

log p ( logpm)
> mrlu-
pm logy

~ logy / p(t)dt + 0. (p(u) {1 + ulog?(u + 1) exp(—(log y)>)}).

Proof: (Hildebrand [39])
Let S denote the left-hand side of the above equation. Then by partial summation

we have
o d
S = m(O)p(u—6) ~ [ m(b)y' G plu ~ )
0
where

mt) == 3" logp = 1+ O(exp(—t(log y)**~))

y pm <yt

by the prime number theorem. Put V = logy and insert the last estimate into the

formula for S Separate the main term and error term, we get

S=M+R
where
0
M= =)= [y Gt o)
0
— plu—6) + / {9 (u— 1)+ Voly — t)}dt
=V /u—9 p(t)dt + p(u)
and

R <. p(u — 0) exp(—(0V)*/~) + /0 {6/ (w =) + Vply — 1)} exp(—(tV)*> ).

Let

U = log(log®(u + 1))
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then by (i7) and (zii) of Lemma 29 we get
1
R <, p(u)exp(0U — (OV)*°7) + p(u)(U + V) / exp(tU — (tV)*57¢)dt.
0
Clearly the first term on the right-hand side is of the desired order. Further, for
1
< = 3/5—¢
U< 2‘/

we have that

U+V

)
< plu)—;

1 ) .
p(u)(U+V) / exp(tU — (¢V)*°=)dt < p(u)(U + V) / exp (—5(751/)3/5—6) dt
0 0
/OO < 1 3/5—6)
exp ( —5t dt
0 2
< p(u),
where the last estimate holds if, 0 < € < 1/2, as we may suppose. Finally, in the case
1 3/5—¢
U > 2V :

we have

1 1 1 3/5—¢ 1/2
/ exp(tU — (tV)3¥/5~9)dt < / exp <tU — (51/) ) dt + / eVt
0 1/2 0

1 3/5—6 1 U)o
< U exp + ﬁe

3/5—6 1 1
+ 7 eXP <U — ZV3/56>

3/5—2¢
Lo —— U v exp(U -V ),

as required. 0

We now prove the following theorem due to Hildebrand.
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THEOREM 33. For any € > 0,

(i, ) = zp(w) (1 + 0. (ﬁlog x))

holds uniformly in the range v > 3, and 1 < u < log x/(loglog x)*/3*¢.

Proof: (Hildebrand [39])
Let, for y > 1 and u > 0, A(y, u) be defined by

Yy, y) =y p(u)(1+ Ay, u)).

For u > 1/2 put

A*(y,u) = sup |A(y,u)],

1/2<u/<u

and

A*(y,u) = sup |A(y,u')|.

0<u/<u

We will now show that the estimate
(4.2.6) A*(y,u) < log(u+1)/logy
holds uniformly in the range

(4.2.7) y > 1.5, < u < exp(logy)®/°¢

DO | —

for any fixed € > 0.

First, we remark that in the range 0 < u < 1 we have (y") = [y*] and p(u) = 1

and hence

Ay, u)] <y
This implies
(4.2.8) A™(y,u) < 14 A%(y,u)

for every u > 1/2 and shows that (4.2.6) holds for 1/2 <wu < 1.
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Moreover, if 1 < u < 2, the p(u) =1 —logu and

s =w- ¥ 7]

y<p<y" p

_— (1 ~logu+0 (@»
= y"p(u) (1 +0 (lo;?)) .

Thus (4.2.6) holds in the range y > 1.5, 1/2 < u < 2. We will now use this inital

condition and the identity

Y(t,y)
t

420)  voga= [ CWd s S wap plosp. (o= 1)

mgx
p<y

to prove the result for the entire range. Let D(n) denote the largest prime factor of n.

To prove (4.2.9) we evaluate the sum

in two different ways. First we have

Z logn = Z Zlogp

n<x n<zr pm<z
D(n)<y D(n)<y
=Y 31
pm<z n<x
D(n)<y
p™|n
X
= v (—m,y> log p.
pnlgm p
p<y

On the other hand, partial summation yields

B “Y(t,y)
Z logn = ¢(z,y) logzx—/l ; dt,

n<x

D(n)<y

and (4.2.9) follows easily.
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We now fix y > 1.5 and u > 1.5 and rewrite (4.2.9) with z = y* in terms of p(u)

and A(y,u). After dividing both sides by p(u)y*logy*, we get

1 v log log
s = () (1 ()
) p(w)y*logy® J; logy logy

1 1 log p" log p"
—1—72 ngp(u— o8P )<1+A<y,u— o8P ))
plu)logy" = pm logy logy

Py

Noting that, by part (i) of Lemma 29,

1 u 1 u—1/2
L= ) // PO+ / p(t)di

= a(u) + (1 = a(u)),
say, we infer

|A(y7u)‘ S(l + A**(yau))(R1<y7u) + RQ(?/?“)) + R3<y7u) =+ R4(y7u)+
1 log p log p™
Ly e (b
plu)logy® < 5 P logy
| | m
+A*<y,u—1/2)p; Z ogpp (u_ ogp )

(w)logy" o=, D logy

4

< A(y u)a(u) + A (y,u = 1/2)(1 = a(w) + (1 + A% (y,u)) Y Ri(y, u),

i=1
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where
g pupm— — )
Ri(y,u :—/ p(logt/logy)dt,
1 p(w)y“logy" J,
1 log p log p™
Ro(y,u) = () log > —» (u— " :
plu)logy" £~ . p gy
Py
1 log p log p™
R3(y,u) = o) log " Z m /J(U—W — a(u)],
P Yy Py Yy
1 logp log p™
Ry(y,u) = () log 5 > o P\ Togy — (1= auw)].
P VY<p™<y

By Lemma 30 and Lemma 31, the error terms R;(y,u) and Ry(y,u) are of order
O(1/ulogy) in the range 1 < u < y'/* and hence also in range (4.2.7), since for y > v,
Yo being a sufficiently large constant, (4.2.7) implies 1 < u < y'/4, and for y < yo
and u satisfying (4.2.7) the estimate holds trivially. We also can see that R3(y,u) and
Ry(y,u) are of order O.(1/ulogy) for y and u satisfying (4.2.7) by applying Lemma 32
with 6 = 1/2, 6 = 1 and € replaced by €/2.

Therefore, by (4.2.8), for y and w satisfying (4.2.7), we have

1+ A*(y, u)
ulogy '

4

(1+ A% (,u) S Rily,u) = O, (

i=1

Observe that

1 w 1 w 1
) = o) // it < s [ o=,

since p(u) is non-increasing for v > 0 and by part (i) of Lemma 29. From this we see

that the quantity

% (A*<y,u> +A7 (y“ N %» B (Q(u)A*(w) T =a(w)a” <y’u - %))

_ (% _ a(u)) (A*(y,u) N (y,u - %)) ,



72 4. THE DICKMAN FUNCTION
is nonnegative since A* is a non-decreasing function of w.

We therefore obtain the estimate

A < 3 (8w + 2 (a3 ) ) +o, (FEEL)

uniformly for every fixed € > 0 and w, y satisfying (4.2.7), v > 1.5.
If we now suppose, in addition to (4.2.7), u > 2 and let u — % < v < u, then we
can apply the above estimate with «’ in place of u and get, using the monotonicity in

u of the function A*(y,u),

/ 1 * !/ * !/ 1 1+A*(y7u,)
< = _Z = \h7)
Al < g (& 48 (= 5) ) w0 (Fr

1 1 1+ A*(y,u)
< — [ A A* — = ———
_2< (y,u) + (yu 2>)+Oe( oz s
The last estimate holds trivially for s<u <u-— 5, since then
1 1 14+ A*(y, u)
A*(y,u) = sup |A(y, v —<A* , —i—A*(,u——))—l—Oe(—’
A= s (A< g (88 (g o

and hence
A*(y,u) < A* (y,u — %) + O, (%)
uniformly for every fixed € > 0 and w, y satisfying (4.2.7), u > 2.
[terating this inequality, we get

log u

A 0) < () + O (12414 &) )

for some wg satisfying 1.5 < wy < 2. Since, we have already established that (4.2.6)
holds in the range % < u <2, we deduce

logu + 1
logy
and hence (4.2.6) holds for the whole range (4.2.7).

A*(y,u) <. (1+ A%y, u))



CHAPTER 5

Computations

5.1. Computation with the Buchstab function

To compute values of the Buchstab function w(u) we use the following power series
method of Marsaglia, Zaman and Marsaglia [61]. A.Y Cheer and D.A. Goldson [17]
independently derived this method with the exception that they choose to take their
power series about an end point of the interval. As we show below, taking the power
series about the midpoint gives more rapid convergence. We also note that there seems
to be some errors in Marsaglia, Zaman and Marsaglia’s formula for the coefficients of
the next interval. These have been corrected below.

From Theorem 23 we have that
m+1+2)whn+1+2)= (n+1)w(n+1)+/ w(n +y)dy
0

and hence

z

(n+g+z)w(n+g+z):(n+1)w(n+1)+/ w(n—i—%—i—y)dy

N

forn € Z+, —% <z< % Thus if we have a power series expansion ag + a2 + a2 + - - -

around the midpoint of the interval n — 1 < z < n we can find a recursive formula for

the coefficients of the power series expansion in the next interval. Let by + b1z +--- be

the power series expansion around the midpoint of the interval n < z < n + 1 then we

73
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see that

3 z
(n_i___'_z) (b0+blz+...):(n—’—l)(ao_i_ﬂ_'_%_i_...)_i_/ (a0+a1y+...)dy

2 2 2 22 1
B ay g a1 o g
Hence we see that
1 1, a; (—1)7 . a, 3
by = 14 = 1—)=—=4+... 1 AT Z
0 ((n+ +2)a0—|—(n—|— 4) +-+(n+ +2j+2)2j+ )/(n+2>

and for all # > 1 we have

(5.1.1) b = (ai: - bH) / (n + g) .

Let a;(n) denote the i-th coefficient of the power series expansion for w around the

midpoint of the interval [n,n + 1]. Thus we have that a;(1) = (=1)(2/3)"", i > 0,
since w(u) = 1/u for 1 < u < 2. We will now show by induction that |a;(n)| < (2/3)"!
for:>0and n > 1.

Observe that ag(n) = w(n + 3/2) hence ag(n) > 0 and thus

|ao(n)| <

Wl o

)

since w(1.5) = 3/2, w(2.5) = 0.56218 and by Theorem 28.
For i > 1 we find, using our inductive hypothesis,

G+ (2/3)
n+1/2

a;(n) <

as required.
Thus, since |z| < 1/2 the i-th term of our of power series is less than (1/3)", and

hence our power series converges very rapidly.
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The values of w(u) for 2 < u < 10 were computed by programming this method

in C4++ using my own multi-precision floating point number class. We initialized the
coefficient array with the first fifty coefficients for the power series expansion of w(u) =
1/u about 1.5. In each iteration, we computed the first fifty coefficients for the next
interval [n,n+ 1], ensuring an accuracy of greater than twenty decimal places, and used
this power series to compute values n 4 i/10000 for 1 < i < 10000, ¢ € Z. Figure 1

shows some of these values.

Figure 5.1: values of w(u)

u w(u) u w(u) u w(u)

2 0.5 3.0 10.56091 ... ] 4.0 0.56145. ..
2.1]0.52157... | 3.1 0.56267... | 4.1 |0.56150...
2.210.53741...13.2|0.56164... || 4.2]0.56152. ..
2.310.54885... | 3.3|0.56109... || 4.3 | 0.56151...
2.410.55686 ... 3.4 0.56086... || 4.4]0.56150...
2.510.56218... | 3.5 0.56082... || 4.5 |0.56148. ..
2.6 |0.56538 ... 3.6 | 0.56091... | 4.6 | 0.56147 ...
2.710.56689... | 3.7 0.56106... || 4.7 | 0.56146. ..
2.810.56706... | 3.8 |0.56121 ... || 4.8 |0.56145. ..

2.910.56615...1{3.9|0.56135...||4.9]0.56145. ..
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5.2. Computation with the Dickman function

In 1962, Bellman and Kotkin [5] computed values of the Dickman function p(u)
for 1 < uw < 20. In 1969, van de Lune and Wattel computed p(u) for values up
to u = 1000, discovering that Bellman and Kotkin’s calculations were inaccurate for
u > 9. Chamayou [15] demonstrated the probabilistic aspect of p(u) by computing
values for 1 < u < 6 using the Monte-Carlo method. The best result are due to
Marsaglia, Zaman, and Marsaglia [61] who used the same power series method as they
did with the Buchstab function to compute values of p(u) for 2 < u < 2000.

For our computations of p(u) we again use Marsaglia, Zaman, and Marsaglia’s power
series method.

Observe that

pinty)

v+ 1+2)= v~|—1—/7
p( ) = p( ) ity

satisfies equation (4.1.4). Hence

3 “pn+L+y)
5.2.1 v+ =+4+2)=plv+1 —/ —2 Zdy.
(5.2.1) plo+ 5 +2)=plv+1) L niiiy
Thus if we have the power series expansion ag + a;z + - -+ for p(z) around n + %
then we wish to iteratively obtain a power series by + b1z + - - - for p(z) around n + %

Substituting our power series into (5.2.1) and differentiating we get

ap + a1z + agz? + - - -

by + 2b s =

L n+3/2+2
Hence

ao

5.2.2 by = —
( ) 1 n+%
and, for ¢ > 2,
(5.2.3) p— Gt (= Dby
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To get a formula for by we first put

Qo
Co =
3
and
c Gy — G
7 3
n+§

for ¢ > 1. Then we have

n+1i+ ag + ayz 4 - -
pnt+3+y) _ata N S

n+3+y n+3+y
Substituting this into (5.2.1) we find that
(5.2.4) bo—(a0+%+%+---)—(%o—% 3?23—---).
We have p(u) = 1—logu for 1 < wu < 2 and hence if we let a;(n) denote i-th coefficient
of the power series expansion in the midpoint of [n,n + 1) then ao(1) = 1 — log(3/2)
and a;(1) = (—1)° (%)Z fori =1,2,3,... . We will now show that |a;(n + 1)| < (%)l

Since ag(n) = p(n+1/2) < 1 for n > 1, we see from (5.2.2) that
- 2
37

1
jaa(n+ 1} < - 1/2

for n > 1. Using (5.2.3), for i > 1, we have
_ laii(n)] +ilai1(n +1)|
i+ D = T DT 1)
i—1 . gyi-1
@7 i)
(i4+1)(n+1/2)

_ @ @

n+1/2

and the result follows by induction.
Thus, we once again have rapid convergence of our power series since |z| < 1/2 and

hence the i-th term of our of power series is less than (1/3)".
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To compute values of p(u) for 2 < u < 10 this method was programmed in C++
using my own multi-precision floating point number class. We initialized the coefficient
array with the first fifty coefficients for the power series expansion of p(u) = 1 — logu
about 1.5. In each iteration, we computed the first fifty coefficients for the next interval
[n,n + 1], ensuring an accuracy of greater than twenty decimal places, and used this
power series to compute values n + i/10000 for 1 <14 < 10000, i € Z. Figure 2 shows

some of these values.

Figure 5.2: values of p(u) = c(u) - 1074®

u c(u) d(u) || u c(u) d(u)
2 10.30685...| 0 |[3.6]0.12875...| 1
2.110.26045...| 0 | 3.7(0.10172...| 1
2.210.22035...| 0 | 3.8]0.80068...| 2
2.3]0.18579...1 0 |39]0.62803...| 2
2410.15599...| 0 |4.0]049109...| 2
2510.13031...] 0 |4.1]0.38285...| 2
2610.10827...| 0 [42]029754...| 2
2.710.89418...| 1 4.310.23050...| 2
2.810.73391...| 1 4.410.17799... 2
291059878...| 1 |45]0.13701...| 2
3.010.48608...| 1 4.610.10514...| 2
3.110.39322...| 1 4.710.80455...| 3
3.21031703...| 1 4.810.61395...| 3
3.310.25464... ] 1 4.91046727...| 3
3.41020371...| 1 5.010.35472...| 3
3.5010.16229...| 1 5.1]0.26857...| 3
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5.3. Computing g(y)

Recall that g(y) is defined by

inf,>1 f(y,v) fory < 6
9(y) =
inf,>, e'w(l4+u) fory>46

where
fu,v) = v(log(1 + u) + p(v(1 + u))

for non-negative real numbers u,v and 6 is the unique positive real number for which

min, > f(0,v) = €7/2. Observe that for v(1 4+ u) > 1 we have

Of (u,v)
ov

= log(1 +u) + p(v(1 +u)) = v(1 + u)p'(v(1 +u))
=log(1 +u) + p(v(l +u)) + plv(l +u) —1).

Hence for 1 < v(1+u) < 2,

of (u,v)
ov

=log(14+u)+1—log(v(l+u))—1=—loguv.

Further, for v(1 + u) > 2,

02 f(u,v)

2 =(1+u)p (vl +u)—1+u)p (vl +u)—1)

v 14+u

:( - )p<v<1+u>—2>—§p<v<1+u>—1>>o,

since p(u) > p(u+ 1) for all u > 0. Hence for each u > 0 there is a unique real number

v' =v'(u) > 1 for which
(5.3.1) log(1+u) + p(v'(1 +u)) — p(v'(1 +u) —1) =0,
and

(5.3.2) inf f(u,v) = min flu,v) = f(u,v").

v>1
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Observe that for u > 0, v > 1

8f((;: v _ —— 0 (vl + )
= (1= plo(L+u) = 1))
>0

since p(u) <1 for all w > 0. Thus f(u,v’(u)) is an increasing continuous function of u

and hence there is a unique real number 6 such that
f(0,0'(0)) =e€7/2.
We now put, for t > 1,
(5.3.3) h(t) = p(t — 1) — p(t).

Observe that h(t) is strictly decreasing for ¢ > 2 since p(u) is concave for u > 2. Hence
h(2) = log?2 and for each t > 2 there is a unique real number u, with 0 < v < 1, such

that
(5.3.4) h(t) =log(1 + u).

Thus by (5.3.1)

, t
v{u) = 14+u
Further
fu,v'(u)) = v'(log(1 4+ u) + p(v'(1 +u))
= ——(h(t) + plt)
(5.3.5) - - j —p(t— 1),

Hence u and v’ are determined by ¢, so we wish to find a real number ¢’ such that

t' = (14 0)v" and h(t') = log(1 + 0). Taking ¢t = 2.6 we find, using (5.3.3),(5.3.4) and
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(5.3.5), that f(u,v") = 0.90384... < €7/2 and taking ¢t = 2.7 we find that f(u,v") =

0.86670... > ¢7/2. Thus we see that 2.6 <t < 2.7 and hence we have

t 1 1 2
3. h(t) =1 —(Zlog®t +Liy [ =) — — ).
(5.3.6) (t') = log (t’—l) (2 og”t + Lip (t’) 12)

From (5.3.5) we obtain

t/
1+06

(1 —log(t'— 1)) =¢€"/2.

On taking logarithms and simplifying using (5.3.4) and (5.3.6) we obtain

™

1., (1 e 2
log(t' — 1) +log(1 — log(t' — 1)) + 5 log”t" + Liy (9) = log <§) + 5

Using MAPLE, Maier and Stewart calculated that ¢ = 2.637994987 ..., which gives us
0 = 0500462161 ... and v'(0) = 1.758121634.. . .

By equation (5.3.2), we see that f(y,v") = g(y) for y < 6. Hence we only need to
compute values for the Dickman function p and then we can use equations (5.3.3),(5.3.4)
and (5.3.5) to calculate values for g(y). In the other case, we first observe that since
w(u) is continuous, the lim, ., w(u) = e~ and w(u) —e~7 changes sign in every interval
of length 1, we have

inf e"w(1l + u) = mine"w(1 + u).
u>y u>y

Further since M_(v) = min,<,<,+2 W(u) we see that for y > 6

g(y) = min Fw(l+u)=e"M_(y+1)+1
u>y

=1+4+¢ min W(u).
y+1<u<y+3

Hence we only need to find the minimum value of w(u) with y +1 <u < y+3. We
observe that the minimum must occur at either u = y + 1 or at a critical point ¢, of
w in the interval. Also observe that if ¢; is a local minimum then from (2.2) we have
w(ek) = w(cg — 1). Moreover, since there are at most two critical points in each interval

of length 1, a local minimum and a local maximum, w(c; —1+€) > w(c) for 0 < e < 1.
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Thus, we find that if y + 1 < ¢ < y + 2 then the minimum is at ¢;. Otherwise, the
minimum occurs at u =y + 1.

Thus, to compute g(y) for y > 0, we just need to compute all the local minima of
w. To do this assume we know the local minimum c,_, and we wish to compute the
local minimum ¢;. We will apply Newton’s method to w’(u) to find w'(u) = 0. Since

uw'(u) = w(u — 1) — w(u), we have

and hence we just need to pick a starting point uy. We know by Hildebrand’s result, see
Chapter 3, that as k — oo ¢, —cx_1 — 1. Hence for large k we could take ug = ¢_o+ 2,
however for smaller k this puts ug near an inflection point, and hence we get more rapid
convergence with Newton’s method by taking ug = cx_o + 1.7.

In this manner we find that, for y > 0,

(

@w(2) = 0.89053 ... h<y<1
log(y)+1
67% 1 <y<1.46974...

9(y) = { Ow(3.46974...) = 0.998866 ... 1.46974... <y < 2.46974 ...

w(y +1) 246974 ... <y < 2.99493 . ..

ke%u(4.99493 ...)=10.999991... 2.99493... <y < 3.99493. ..

In Figure 3 we give some of our values for ¢ > 6 and in Figure 4 we give a graph of

g(y) for 0 <y < 4 plotted in MAPLE.
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Figure 5.3: g(y) for y < 6

t y g(y) t y g(y)
2.6510.49295... | 0.88612... | 3.65 | 0.09091...(0.32946...
2.7 10.46221...|0.86670... | 3.7 |0.08247...10.30564 ...
2.7510.43234 ... 0.84550... || 3.75 1 0.07471 ... | 0.28288...
2.8 10.40329...10.82279... | 3.8 ]0.06756...|0.26123...
2.8510.37503...10.79759... || 3.85 | 0.06103... | 0.24071 ...
2.9 10.34752...10.77076 ... (| 3.9 | 0.05506...|0.22133...
2.9510.32074 ... 10.74193 ... || 3.95 | 0.04961 ... | 0.20313...
3.0 [0.29465...(0.71104... (4.0 |0.04466...|0.18612...
3.0510.27001...]0.67907... || 4.05 | 0.04018... | 0.17029...
3.1 10.24742...10.64713 ... 4.1 |0.03613...0.15560...
3.15 ] 0.22668 ... | 0.61537... || 4.15]0.03246 ... | 0.14198 ...
3.2 10.20762...10.58390... (4.2 ]0.02914...|0.12938...
3.25(0.19007... ] 0.55285... || 4.25 1 0.02614 ... | 0.11886...
3.3 [0.17390...10.52230... || 4.3 |0.02342...|0.10699...
3.35(0.15899...10.49236... || 4.35 | 0.02097... | 0.09709...
3.4 [0.14524...10.46310... (4.4 |0.01876...|0.08798...
3.45 1 0.13255...10.43460... || 4.45 | 0.01676... | 0.07962 ...
3.5 [0.12085...0.40693... (4.5 |0.01497...10.07195...
3.55( 0.11005... | 0.38015... || 4.55] 0.01335...|0.06494 ...
3.6 [0.10009...(0.35431...(4.6 |0.01189...|0.05853...
Figure 5.4: Graph of g(y)
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