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Abstract

In this thesis we study several problems related to the representation of integers by
binary forms and counting rational points on algebraic varieties. In particular, we establish
an asymptotic formula for Rr(Z), the number of integers of absolute value up to Z which
can be represented by a binary form F' with integer coefficients, degree d > 3, and non-
zero discriminant. We give superior results when d = 3 or 4, which completely resolves the
cases considered by Hooley. We establish an asymptotic formula for the number of pairs
(z,y) € Z* such that F(z,y) is k-free, whenever F satisfies certain necessary conditions
and k > 7d/18. Finally, we give various results on the arithmetic of certain cubic and
quartic surfaces as well as general methods to estimate the number of rational points of
bounded height on algebraic varieties. In particular, we give a bound for the density of
rational points on del Pezzo surfaces of degree 2. These results depend on generalizations
of Salberger’s global determinant method in various settings.
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Chapter 1

Introduction

In this thesis we will record some progress made on several problems concerning binary
forms and counting rational points on certain algebraic varieties. A binary form is a ho-
mogeneous polynomial in two variables. We will describe progress made on answering
the following question: Given a binary form F' with integer coefficients, how many inte-
gers n in an interval [—Z, Z] can be written in the form F'(x,y) = n for some integers x
and y? If F(z,y) = n has a solution in integers = and y, we say that n is representable by F.

This question is difficult to answer. If instead we count the integers representable by F
with repetition, then Gauss was able to prove an asymptotic formula in the case of positive
definite binary quadratic forms. Let us write

Np(Z) = #{(z,y) € Z* : |F(z,y)| < Z, F(x,y) # 0}. (1.0.1)

Gauss showed that for any positive definite binary quadratic form F', there exists a
positive number A;(F') such that

Np(Z) ~ Ay (F)Z. (1.0.2)

Put
Rp(Z)=H#{n€Z:|n| < Z Ix,y) € Z* st. F(x,y) =n}. (1.0.3)

Landau showed that for a positive definite binary quadratic form F', there exists a positive
number Ay(F') such that
Rp(Z) ~ Ay(F)Z(log Z)~1/2.



Thus, most integers cannot be represented by F', but on average each integer represented
by F' has many representations.

Mahler showed in [79] that there is an analogous asymptotic formula to (1.0.2) for forms
of degree d > 3. He proved that for F' an irreducible binary form of degree d > 3, we have

Np(Z) = ApZi + Op (Zril) , (1.0.4)
where Ap denotes the area of the region
{(2,y) € B : |F(a,y)| < Z}. (1.0.5)

Erdés and Mahler showed in [10] that contrary to the size difference between Np(Z) and
Rp(Z) for positive definite quadratic forms, the size of Rp(Z) is not dramatically smaller
than Ngp(Z). They showed that there exist positive numbers Cy, Cy such that whenever
Z > (', we have

Rp(Z) > CyZ1,

A natural question to ask is whether an exact asymptotic formula holds for Rp(Z). It
would take almost thirty years after Erdés and Mahler’s paper before the first instance of
such an asymptotic formula was established. In [61], Hooley showed that for an irreducible
binary cubic form F' given by

F(z,y) = bya® + 3byx’y + 3bizy® + boy”,
where the discriminant A(F) of F' is not a square, the asymptotic formula
Rp(Z) = ApZ5 + Op (Z%(log log Z)*ﬁ)

holds. In [68], Hooley showed that an asymptotic formula holds for Rp(Z) when F' is a
binary quartic form of the shape

F(z,y) = ax®* + 2ba*y? + cy*.
In particular, he showed that

ApZ: + 0 (Z%“) if a/c is not a perfect 4th power of a rational,

RF(Z) :1

4 1
C L Y azh 0 (25%)  ifaje— atjce
(1 2AO> ArZ +O<Z ) if afc = A*/C* for A,C € N.
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Moreover, he mentioned that the value of A is given in terms of complete elliptic integrals
of the first kind. This point was expanded upon by M. A. Bean in [(].

In 2000, Hooley obtained in [(9] the asymptotic formula for Rp(Z) for binary cubic
forms
F(z,y) = bsz® + 3bya®y + 3by2y® + boy?

such that A(F) = k? with k a positive integer. In this case we need to consider the Hessian
qr(z,y) of F, which is given by

qr(z,y) = (b5 — b3b1)2” + (baby — bsbo)zy + (b7 — babo)y?,

and we set
A =b* — b3y, B = byby — bsby, C = b? — byby.
Put
k
m=——-————.
ged(A, B, 0)
Then Hooley showed in [09] that there exists a positive number 7 such that

Rp(Z) = (1 - %) ApZ5 40 (Z%(log Z)‘”) .

More specifically, he showed that Ap is given in terms of the discriminant A(F') of F' and
the Gamma function I'; see Chapter 3.

Following Hooley’s paradigm, one notices that in order to deduce an asymptotic formula
for Rp(Z) from Mahler’s theorem (1.0.4) one has to do two things. First, one has to show
that most integers represented by F' are essentially represented. We say an integer n is
essentially represented by F' if whenever F'(u,v) = F(u/,v") = n, there exists a matrix

t1 t
T = (t; tj) e GL,(Q)

r(2)= (),

F(tiz + oy, tax + tay) = F(x,y) (1.0.6)

such that

and



for all z,y € R. Whenever (1.0.6) holds, we say that T is in Aut F', the (GL2(Q)) auto-
morphism group of F. This is very difficult and the bulk of Hooley’s papers [64], [68], and
[69] are dedicated to show that this is true for the cases he considered.

The second component, which is the most novel aspect of Hooley’s second paper on binary

cubic forms [09], is to determine the influence of the structure of the automorphism group
Aut F on determining the asymptotic formula for Rp(Z). Part of the reason for Hooley’s
success in [04], [68], and [69] is that the group structures of those Aut F' he considered are

relatively simple. In general, this can be quite complicated.

Heath-Brown, in [53], provided a pathway to establish an asymptotic formula for Rp(2)
for all binary forms F' by treating the difficult problem of bounding non-essential represen-
tations in great generality. He showed that for all binary forms with non-zero discriminant
(in fact, his theorem even covers some cases where the discriminant vanishes) of degree
d > 3, 100% of the integers representable by F' are essentially represented. He did this
using a geometric argument and remarked that the p-adic determinant method, which he
introduced in the same paper for different purposes, can possibly be used to improve on
this bound. This improvement was achieved by Salberger in [93], where he used his global
determinant method in place of Heath-Brown’s geometric arguments. Salberger’s work
helped us achieve the results in Chapter 2.

Combining Heath-Brown’s argument to control the non-essentially represented integers
and by determining the exact relation between Aut F' and the asymptotic formula for
Rp(Z), C. L. Stewart and I in [100] were able to prove the following:

Theorem 1.0.1. Let d > 3 be an integer and let G be a finite subgroup of GL2(Q). Then
there ezists a positive number By < 2/d and a positive rational number Wg such that for
all positive numbers € > 0 and binary forms F of degree d, integer coefficients, non-zero
discriminant and Aut F' = G, the asymptotic formula

Rp(Z) = WgApZi + Op, (Z°4+)
holds.

The quantity 34 can be taken as in (2.0.7).

Observe that the number Wy depends only on the group G and not on F. If we put
the asymptotic formula in Theorem 1.0.1 as

Rp(Z) ~ CpZ1,
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then whenever F, F are two binary forms with integer coefficients and non-zero discriminant
such that Aut F' = Aut F, then the equality

Cp/Ap = Cr/Ar

holds. Note that we require equality of automorphism groups, not merely isomorphism.

Theorem 1.0.1 does not fully generalize Hooley’s results in [64], [68], and [69]. In
particular, we did not in [100] demonstrate a way to determine Aut F' given F'. We believe
that for d > 5 it is genuinely difficult to determine Aut F' for the generic binary form F
of degree d, much like the computation of the Galois group of an arbitrary binary form F.
In [106], we showed that one can fully generalize Hooley’s results when the degree of F is
3 or 4. Indeed, we proved the following:

Theorem 1.0.2. Let F' be a binary form of degree d = 3 or 4. Then one can compute
Aut F' explicitly in terms of the invariants and covariants of the GLy(Z)-action on F wvia
substitution. Moreover, the value of Ap in this case can be given explicitly in terms of the
Gamma function and complete elliptic integrals of the first kind.

Theorem 1.0.2 completely resolves the problem of finding asymptotic formula for Rp(Z2)
for degree 3 and 4. The covariants and invariants of binary cubic and quartic forms will
be discussed in detail in Chapter 3. For now, we shall note that the only invariant of cubic

forms is the discriminant A(F'), and that quartic forms have two basic invariants usually
denoted by I(F) and J(F).

The key to proving Theorem 1.0.2 is to find explicit generators of Autc F', the subgroup
of GLy(C) which fixes F' via substitution, and then determine when these generators lie
in GLy(Q). In doing so, we were able to prove the following result on certain cubic and
quartic surfaces defined by binary cubic and quartic forms:

Theorem 1.0.3. Let F' be a binary cubic or quartic form with integer coefficients and
non-zero discriminant. Let X be the surface in P? defined by the equation

F(zy,29) — F(x3,24) = 0.

Then we have:

(a) If F is a cubic form, then the 27 lines lying on X are all defined over a field of degree
at most 12 over Q.



(b) If F' is a quartic form, then X contains:

1. 32 lines if I(F'), J(F') are both non-zero;
2. 48 lines if J(F') = 0; and
3. 64 lines if I(F) = 0.

In all cases, the lines of the quartic surface X are all defined over a field of degree at
most 192 over Q.

The cubic case of Theorem 1.0.3 should be compared with the generic situation, where
the field of definition of the 27 lines on a cubic surface defined over Q has Galois group
isomorphic to the Weyl group of the Eg root system, which has order 51,840. In other
words, these cubic surfaces are extremely special. The quartic case should be compared
with the fact that the generic quartic surface contains no lines, so again, these surfaces are
very special.

A significant portion of our thesis work is devoted to improving Heath-Brown’s p-adic
determinant method, which he introduced in [53]. It is a powerful method which gives
good upper bounds for the density of rational points on algebraic varieties. It is especially
useful in cases where other approaches, such as the circle method of Hardy and Littlewood,
are of little use. Heath-Brown’s p-adic version of the determinant method is itself an ex-
tension of the original real-analytic determinant method of Bombieri and Pila, introduced
in 1989 in [11]. Heath-Brown’s version can be applied to arbitrary projective varieties (as
was shown later by Browning, Heath-Brown, and Salberger in [22]), whereas Bombieri and
Pila’s version seemed to rely heavily on the geometry of R? and resisted generalization to
higher dimensions. In [92] and [93], Salberger improved upon Heath-Brown’s p-adic deter-
minant method by introducing various machinery and language from algebraic geometry.
The so-called global determinant method, introduced by Salberger in [93], is a particularly
powerful improvement and is the most efficient version of the determinant method known
so far. Tt has had some striking consequences in diophantine geometry; see [103] for exam-
ple. Our contribution to the determinant method story is that we were able to generalize
the p-adic determinant method to certain weighted projective spaces. Since the statement
of these improvements are very technical and involved, we refer the interested reader to
Chapter 4 for the details and instead introduce the three most interesting consequences of
our improvements here.

The first consequence of our generalization of the p-adic determinant method is an im-
provement to the problem of proving that suitable binary forms F' take on k-free values



infinitely often. We begin by discussing the square-free case. A long standing problem,
dating back to Estermann [11], is the question of how often a given polynomial takes on
square-free values. Certainly, some trivial obstructions have to be cleared in order for the
question to be well-posed. We will say that a polynomial f(x1,--- ;) with integer coef-
ficients is admissible if for all primes p, there exists an integer k-tuple x, = (:vgp ). ,x,(cp ))
such that p* does not divide f(x,). There are only a few cases where it is known uncondi-

tionally that f takes on infinitely many square-free values, which we summarize below:

e If £ =1, then it is known that f(z) takes on infinitely many square-free values only
when each irreducible component of f has degree at most 3. The case f(z) = 2%+ 1

was done by Estermann in [11] and the general degree 2 case by Ricci in [90], while
the degree 3 case was first established by Erdés in [39] and later improved by Hooley
in [03].

e If £k = 2, then one can reduce to the single variable case by fixing one of  and y
in f(z,y). The cases where one can do better than the single variable case include
admissible binary forms F' such that each irreducible factor of F' has degree at most
6; this was done by Greaves in [18], and those binary polynomials f which splits
completely into linear factors over Q; this is due to Hooley in [70] and [71].

e If F'is a highly symmetric polynomial, that is, if F'is the discriminant polynomial of
certain algebraic number fields, then it is known that F' takes on square-free values
infinitely often. The case of discriminant polynomials for cubic, quartic, and quintic
fields is solved by Bhargava in [11].

Aside from the unconditional results noted above, it is known under the abc-conjecture
that admissible f takes on infinitely many square-free values due to the work of Granville
[17], Poonen [86], and Murty-Pasten [21]. Thus, the question is either resolved or widely
open depending on the status of Mochizuki’s purported proof of the abc-conjecture.

Nevertheless, we have made progress on a related and easier problem by considering
k-free values instead. In this direction, we have improved upon a series of results due
to Filaseta [13] and Browning [21]. In particular, we showed as a consequence of our
extension of the global determinant method to weighted projective spaces, the following
result concerning k-free values of binary forms:

Theorem 1.0.4. Let F(x,y) be a binary form with non-zero discriminant of degree D > 2
with integer coefficients. Let k > 2 be an integer. Suppose that for each prime p, there



exists a pair of integers (o, yo) such that p* does not divide F(xo,yo). Let d denote the
largest degree of an irreducible factor f of F' over Q. Then whenever

o {20 [4] 2} w0

there exists a positive number Cry, depending only on F' and k such that the number of
integer pairs (z,y) with max{|z|, |y|} < B such that F(z,y) is k-free is asymptotic to

B2
CriB*+ 0O ( ) , 1.0.8
ok 1og‘sB ( )

where 6 = 0.7043 if k =2,d =6 and 0 = 1 otherwise.

We were also able to extend a theorem of Stewart and Top in [99] in the cases where
Theorem 1.0.4 holds. Namely we proved the following:

Theorem 1.0.5. Let k > 2. Let F(x,y) be a binary form of degree D > 3 with integer
coefficients and non-zero discriminant, with no fixed k-th power prime divisor. Let d be
the largest degree of an irreducible factor of F' over Q and suppose that

7d |d
k ing—,|=|—2;.
>mm{18, M }

Then there exist positive real numbers Cy and Cy, which depend on F' and k, such that if
B > (Y4, then
Rpx(B) > C,BYP.

Theorem 1.0.5 can be thought of as an extension of the Erdés-Mahler theorem in [10]
as it asserts that a positive proportion of integers represented by F' are k-free, whenever an
analogous result to Mahler’s theorem (1.0.4) can be asserted. It would be of interest to es-
tablish a theorem analogous to Theorem 1.0.1 for k-free values represented by binary forms.

The last result we mention is unrelated to binary forms and is a consequence of our
weighted version of the p-adic determinant method. It was noted by T.D. Browning,
via personal communication, that our generalization of the p-adic determinant method
may have consequences on bounding the density of rational points on certain algebraic
surfaces, namely the so-called del Pezzo surfaces. It is known that del Pezzo surfaces
have degree between 1 and 9, and for those del Pezzo surfaces of degree 3 < d < 9, the



arithmetic information of rational points is fairly well understood, while knowledge of del
Pezzo surfaces of degree 1 and 2 is scarce. We shall note our improvement in the case of
degree 2 del Pezzo surfaces. By a del Pezzo surface of degree 2, we mean a surface defined
by

X 1y = f(x1, 29, 73), (1.0.9)

where f is a ternary quartic form. We shall define the height H(x) of a rational point
x = (y, 1, T, x3) on X to be max{H (xy), H(z2), H(x3)}, where H(q) is the naive height
of a rational number. We then have the following:

Theorem 1.0.6. Let X be a del Pezzo surface of degree 2 gwen by (1.0.9) for a ternary
quartic form f with integer coefficients and irreducible over Q. Then the number of rational
points x on X for which H(x) < B is at most

Oue (BY#7).

This is comparable to the result by Broberg [18], where he obtains the exponent 9/4,
and unpublished work of Salberger where he claims to have obtained the exponent 3/v/2.

Finally we mention that for the sake of brevity and thematic coherence we have made
a few choices to curate the content of this thesis. One particular piece of work that we
have done which did not make the final version of this thesis is our joint work with Dr.
Shuntaro Yamagishi in [107].

Our work on classifying the automorphism groups of binary quartic forms in Chapter
3 (see also [106]) has enabled us to count binary quartic forms whose automorphism group
contains an element which, up to scaling over C, has co-prime integer entries. This allows
us to count binary quartic forms whose Galois group is a subgroup of the dihedral group
D,. Currently, this is an active joint project with Dr. Cindy Tsang which we hope to
complete soon.

The content of Chapter 2 is roughly the same as that of our joint paper with Professor
C. L. Stewart [100], where we established the asymptotic formula for Rg(Z). Theorem
1.0.1 will be resolved there. Chapter 3 is devoted to binary cubic and quartic forms and
contains the proofs of Theorems 1.0.2 and 1.0.3. The content of Chapter 3 is roughly
the same as our preprint [106]. Chapter 4 contains expository material on the p-adic
determinant method and the statements and proofs of the main theorems of the global



p-adic determinant method for weighted projective spaces. Finally, Chapter 5 gives several
consequences of our generalization of the determinant method including consequences for

k-free values of binary forms and del Pezzo surfaces of degree 2. Much of the content from
Chapters 4 and 5 are in [105].
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Chapter 2

Representation of integers by binary
forms

The content of this chapter is joint work with my advisor Professor C. L. Stewart; see [100].

Let F' be a binary form with integer coefficients, non-zero discriminant A(F’), and
degree d with d > 2. For any positive number Z let Rp(Z) denote the set of non-zero
integers h with |h| < Z for which there exist integers z and y with F(x,y) = h. For any
set S, denote the cardinality of S by |S|, and put Rp(Z) = |[Rp(Z)|. There is an extensive
literature, going back to the foundational work of Fermat, Lagrange, Legendre, and Gauss
[15], on the set Rp(Z) and the growth of Rp(Z) when F' is a binary quadratic form; see
[24], [25], and [27] for more recent treatments of these topics. For forms of higher degree
much less is known. In 1938 Erdés and Mahler [10] proved that if F' is irreducible over Q
and d > 3, then there exist positive numbers ¢; and ¢y, which depend on F', such that

Rp(Z) > 1 Zi
for Z > cs.

Put
Ap = p({(z,y) € R? : [F(z,y)| < 1}) (2.0.1)

where p denotes the area of a set in R?. In 1967 Hooley [(4] determined the asymptotic
growth rate of Rp(Z) when F is an irreducible cubic binary form with discriminant which
is not a square. He proved that

11



Re(Z) = ApZ5 + 0 (Zﬁ(log log Z)*ﬁ) . (2.0.2)

In 2000 Hooley [69] treated the case when the discriminant is a perfect square. Suppose
that
F(z,y) = bsx® + byxy + biaoy® + boy®.

The Hessian covariant of F' is

where
A= bg - Sbgbl, ,B = b2b1 - 9b3b0, and C = b% - 3b2b0.
Put
A(F)
= ——— . 2.0.3
" 4d(4,5,0) (20

Hooley proved that if F'is cubic, irreducible, and A(F') is a square then there is a positive
number v such that

Rp(Z) = (1 - 3%) ApZ5 +0 (Z%(log Z)‘"Y) . (2.0.4)

We remark that if F'is a binary cubic form then

3r2(1/3)
1 T@/3) if A(F) >0,
[A(F)[sAp =
VBPA/3) APy <0,

I'(2/3)
where T'(s) denotes the gamma function. In [6] Bean gives a simple representation for Ap
when F'is a quartic form.
Hooley [09] also studied quartic forms of the shape
F(z,y) = az* + 2bx*y* + cy.
Let € > 0. He proved that if a/c is not the fourth power of a rational number then

A
Rp(Z) = S°2% + Or. (Z%+5) . (2.0.5)

12



Further if a/c = A*/C* with A and C co-prime positive integers then

Ap 1 1 18,
In addition to these results, Browning [21], Greaves [18], Heath-Brown [55], Hooley [65],
[66], [67], Skinner and Wooley [96] and Wooley [10] have obtained asymptotic estimates for

Rp(Z) when F(z,y) is of the form 2%+ y¢ with d > 3. Furthermore, Bennett, Dummigan,
and Wooley [9] have obtained an asymptotic estimate for Rp(Z) when F(z,y) = ax®+ by?
with d > 3 and a and b non-zero integers for which a/b is not the d-th power of a rational
number.

Put
12
3 if4<d<
Ba = @ 2vVa i3 if4<d<8 (2.0.7)
ﬁ ifd>9.
\ —

We shall prove the following result.

Theorem 2.0.1. Let F' be a binary form with integer coefficients, non-zero discriminant,
and degree d > 3. Let € > 0. There exists a positive number Cr such that

Rp(Z) = CpZi + Op. (2%%%) (2.0.8)

where By is given by (2.0.7).

Our proof of Theorem 2.0.1 depends on some results of Salberger in [93] and [9], which
are based on a refinement of Heath-Brown’s p-adic determinant method in [53], as well as
a classical result of Mahler [79]. Indeed Heath-Brown remarks in [53] that Theorem 8 in
[53] should enable one to deduce an asymptotic formula for Rp(Z).

13



Let A be an element of GLy(Q) with

A= (al QQ) .
a3 Qg
Put Fa(z,y) = F(a1x + asy, agx + aqy). We say that A fixes F if F4 = F. The set of
A € GLy(Q) which fix F' is the automorphism group of F' and we shall denote it by Aut F.

Let G and G5 be subgroups of GLy(Q). We say that they are equivalent under conjugation
if there is an element 7' € GLy(Q) such that G; = TG,T L.

The positive number Cr in (2.0.8) is a rational multiple of Ar and the rational multiple
depends on Aut F'. There are 10 equivalence classes of finite subgroups of GLy(Q) under
GL2(Q)-conjugation to which Aut F' might belong and we give a representative of each
equivalence class together with its generators in Table 1.

Table 1

Group Generators Group Generators

16 o o)

e (3 5) . (Vo) (5 4)
Cs (—01 —11> Ds <(1) é) ’ (—01 —11)
o |(4) oo (5 0)(4 o)
Sy oo (5 o) (40

Since the matrix —1 = _01 _01) is in Aut F' if and only if the degree of F' is even, we

see from an examination of Table 1 that if the degree of F'is odd then Aut F' is equivalent

14



to one of Cq, C3,D¢, and D3 and if the degree of F' is even then Aut F' is equivalent to
one of Cy, Cy, Cq, Do, Dy, and Deg.

Note that the table has fewer entries than Table 1 of [98] which gives representatives
for the equivalence classes of finite subgroups of GLy(Z) under GLy(Z)-conjugation since
for i = 1,2, 3 the groups D; and D; are equivalent under conjugation in GL(Q) but not
in GLy(Z). Further every finite subgroup of GLy(Q) is conjugate to a finite subgroup of
GL2(Z), see [31].

u

Let A be the sublattice of Z? consisting of (u,v) € Z?* for which A<
v

A € Aut F', and put

) is in Z2 for all

m = d(A), (2.0.9)

where d(A) denotes the determinant of A. Note that m = 1 when Aut F' is equal to either
C; or C,y. Observe that since C; and C, contain only diagonal matrices, their conjugacy
classes over GL2(Q) consist only of themselves.

When Aut F' is conjugate to D3 it has three subgroups G, Gy and G5 of order 2 with
generators Aj, As, A3, and one, G4 say, of order 3 with generator A,. Let A; = A(A;) be

the sublattice of Z? consisting of (u,v) € Z? for which A; (u> is in Z? and put
v

m; = d(A;) (2.0.10)

for i = 1,2,3,4. We remark that m, is well defined since, by (2.2.7), A4 does not depend
on the choice of generator Ay.

When Aut F' is conjugate to Dy there are three subgroups G, GGo, and G35 of order 2 of
Aut F/{+TI}. Let A; be the sublattice of Z?* consisting of (u,v) € Z?* for which A (:}L) is in
72 for A in a generator of G; and put

m; = d(A;) (2.0.11)
forv=1,2,3.

Finally when Aut F' is conjugate to Dg there are three subgroups Gi, G, and G3 of
order 2 and one, G4 say, of order 3 in Aut F'//{£I}. Let A; be in a generator of G; for
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i =1,2,3,4, let A; = A(A;) be the sublattice of Z?* consisting of (u,v) € Z? for which
A; (u) is in Z? and put

’ m; = d(A;) (2.0.12)
fori=1,2,3,4.

Theorem 2.0.2. The positive number Cr in the statement of Theorem 2.0.1 is equal to
WrAp where Ag is given by (2.0.1) and Wy is given by the following table:

Rep(F) | Wg Rep(F) | W
c, 1 D, - L
2m
1 1 1
- D 1= =
C 2 ? 2 ( Qm)
2 1 1 1 2 4
C 1—— D 1— - - - —
3 3m 3 2my 2mo  2ms  3my + 3m
1 1 1 1 1 1 3
C “(1-— D “(1- - - .
! 2 ( 2m> ! 2 ( 2my  2ms  2my 4m)
1 2 1 1 1 1 2 4
C —(1-= D “(1- - - - —
0 2 ( Sm) 0 2 ( 2my  2ms  2ms  3ms | 3m)

Here Rep(F) denotes a representative of the equivalence class of Aut F' under GL2(Q)
conjugation and m,my, ma, m3, my are defined in (2.0.9),(2.0.10), (2.0.11), and (2.0.12).

We remark, see Lemma 2.2.2, that if Aut F is equivalent to Dy then m = lem(my, mg, ms),
the least common multiple of mq, ms, and ms, and if Aut F' is equivalent to D3 or Dg then
m = lem(my, mg, ms3, my).

ax
as Qq

Observe that if F' is a binary form with F(1,0) # 0 and A = ( a2> is in Aut F

a1+ ag

then A acts on the roots of F' by sending a root a to . If A fixes a root « then

aso + aq

asa® + (ay — ar)a + ag = 0.
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If F'is an irreducible cubic then « has degree 3 and so

a3:a4—a1:a2:(),

10 -1 0
A—(O 1) orA—(O _1>.

10
0 1
which fixes a root of F'is the identity matrix I.

thus

But since F' has degree 3 we see that A = ) Therefore the only element of Aut F’

If A in Aut F' does not fix a root it must permute the roots cyclically and thus must
have order 3. Further, since any element in Aut F' of order 2 would fix a root of F, we find
that Aut I is GLy(Q)-conjugate to Cs, say Aut F' = TC3T ! with T € GLy(Q). Forms
invariant under C; are of the form

G(z,y) = ax® + bx*y + (b — 3a)zy* — ay®
with a and b integers; see (74) of [98]. Notice that
A(G) = (b* — 3ab + 9a*)*.
Then F = G for some G invariant under Cs and so
A(F) = (det T)°A(G).

We conclude that if F'is an irreducible cubic form with discriminant not a square then
Aut F is C; and so Wr = 1 and Hooley’s result (2.0.2) follows from Theorems 2.0.1 and

2
2.0.2. When Aut F is equivalent to C3 then Wr =1 — 3 where m is the determinant of
m

u

the lattice consisting of (u,v) € Z? for which A( ) is in Z? for all A € Aut F. By Lemma

(Y

u

2.2.2 it suffices to consider the lattice consisting of (u,v) € Z? for which A( ) is in Z? for

v
a generator A of Aut F.. Hooley has shown in [70] that the determinant of the lattice is m

and so (2.0.4) follows from Theorems 2.0.1 and 2.0.2.

Now if F(z,y) = az* + bz*y? + cy® and the discriminant of F is non-zero then Aut F
is equivalent to Dy unless a/c = A*/C* with A and C' coprime positive integers. In this
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1
case Aut F' is equivalent to Dy. In the first instance m = 1 and Wr = - and so we recover

Hooley’s estimate (2.0.5). In the second case m; =1 and my = mg =m = AC and so

1 1

which gives (2.0.6).

If follows from the analysis on page 818 of [98] that when F' is a binary cubic form with
non-zero discriminant Aut F' is equivalent to C, C3 or D3 whereas if F' is a binary quartic
form with non-zero discriminant Aut F is equivalent to C,, C4, Dy or Dy. In Chapter 3 we
will give a set of generators for Aut F' in these cases and as a consequence it is possible to
determine Wx explicitly in terms of the coefficients of F.

In the special case that F is a binomial form, so F(x,y) = ax?+by?, it is straightforward
to determine Aut F'; see Lemma 2.2.3. Then, by Theorems 2.0.1 and 2.0.2, we have the
following result.

Corollary 2.0.3. Let a,b and d be non-zero integers with d > 3 and let
F(z,y) = ax® + by®.

Then (2.0.8) holds with Cp = WgpAg. If a/b is not the d-th power of a rational number
then

1 ifd is odd,
Wp = |
1 if d is even.
a A\
If 7= (E) with A and B coprime integers then
1-— ! f d is odd
S[AB| if d is odd,
Wr=191 1
1= =—= if d is even.
4 2|AB|

Further if d is odd then

1 (2P —2/d)T(1/d)  T*(1/d)
Ar = Giap[7a ( TA—1/d) = T(2/d) )
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while if d is even
2 T?(1/d)

A p—
P dab|V4 T(2/d)

if ab >0

and

4 D1/ +2/d)

A p—
7 dlab|Vd T(1+ 3/d)

if ab < 0.

Finally we mention that there are other families of forms where one may readily de-
termine Wg. For instance let a,b and k be integers with a # 0, 2a # +b and k > 2 and
put

F(z,y) = ax® + ba*y" + ay®*. (2.0.13)

The discriminant of F' is non-zero since a # 0 and 2a # =4b. Further, D, is plainly
contained in Aut F' and there is no larger group which is an automorphism group of a
binary form which contains D4. Therefore D4 is Aut F. It now follows from Theorem 2.0.2
that Wr = 1/8 since m; = my = m3 =m = 1.

2.1 Preliminary lemmas

We shall require a result of Mahler [79] from 1933. For a positive number Z we put
Ni(Z) ={(z,y) € Z°: 0 < |F(z,y)| < Z}

and

Np(Z) = |Np(Z)].

Lemma 2.1.1. Let F' be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. Then, with Ag defined by (2.0.1), we have

Ne(Z) = ApZ% + Op (Zril) .

In fact Mahler proved this result only under the assumption that F' is irreducible.
However, Lemma 2.1.1 can be deduced as a special case of Theorem 3 in [102].
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Lemma 2.1.2. Let F' be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. Let Z be a positive real number and let v be a real number larger than
1/d. The number of pairs of integers (x,y) with

0<|F(x,y)| <Z (2.1.1)
for which
mas{Jz], g1} > 27
18 )
Or <Za log Z + ZHHW) .
Proof. We shall follow Heath-Brown’s proof of Theorem 8 in [53]. Accordingly put

S(Z;C) = {(x,y) € 720 < |F(z,y)| < Z,C < max{|z|,|y|} < 2C, ged(z,y) = 1}|

and suppose that C' > Z7. Heath-Brown observes that by Roth’s theorem S(Z;C) = 0
unless C' < Z?2. Further,

A
Put
SO(Z:C) = {(a,y) € 22 : 0 < |F(a,y)| < Z.C < max{|al, [y|}, ged(z,y) = 1}].

Therefore, on replacing C' by 2/C' in (2.1.2) for j = 1,2, ... and summing we find that

SW(Z;C) < log Z +

Z
ci-2
Next put
SP(2;0) = {(z,y) € 22 : 0 < |F(z,y)| < Z,C < max{|z], |y[}.
Then
SO(z;0) < > sW <%%)

hSZl/d

A
<K Z (logz+m>

h<z1/d

< Zi log Z +

Cd72
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and our result follows on taking C' = Z7.

We note that instead of appealing to Roth’s theorem it is possible to treat the large so-
lutions of (2.1.1) by means of the Thue-Siegel principle; see [15] and [98]. As a consequence
all constants in the proof are then effective. n

We say that an integer h is essentially represented by F' if whenever (x1,y1), (72, ¥2)
are in Z2 and

F(Schyl) = F(%yz) =h
then there exists A in Aut F' such that

6=
Y1 Y2
Observe that if there is only one integer pair (z1,y;) for which F(x1,y1) = h then h is
essentially represented since [ is in Aut F'.
Put

Nf(;l)(Z) ={(z,y) €Z*:0 < |F(x,y)| < Z and F(x,y) is essentially represented by F'}
and
N}S})(Z) ={(z,y) €Z*:0 < |F(x,y)| < Z and F(x,y) is not essentially represented by F'}.
Let NY(2) = \N9(2)] for i = 1,2.

Let X be a smooth surface in P? of degree d defined over Q, and for a positive number
B let Ni(X; B) denote the number of integer points on X with height at most B which do

not lie on any lines contained in X. Colliot-Thélene proved in the appendix of [53] that
if X is a smooth projective surface of degree d > 3 then there are at most O4(1) curves
of degree at most d — 2 contained in X. This, combined with Salberger’s work in [93] and

[94], implies that for any e > 0, we have

N\(X; B) = O. (B%“) if d =3 (2.1.3)
and ,
Ni(X;B) = O,. <Bﬁ+€ v BHE) it d > 4. (2.1.4)

We shall use (2.1.3) and (2.1.4) to prove the following result.
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Lemma 2.1.3. Let F' be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. Then, for each e > 0,

NP(Z) = Op. (7°0),
where By is given by (2.0.7).

Proof. Put
(1—79 if d=3,
nd:<d\/ﬁ—\§/ﬁ+3 if 4 <d<8,
\ﬁ ifd>9.

We will give an upper bound for N I(,z)(Z ) by following the approach of Heath-Brown in
his proof of Theorem 8 of [53]. We first split N, }2)(2 ) into two sets:

1. Those points (z,y) € NI(,Q)(Z) which satisfy max{|z|, |y|} < Z",
and

2. Those points (z,y) € N}Q)(Z) which satisfy max{|z|, |y|} > Z™.

We will use (2.1.3) and (2.1.4) to treat the points in category (1). Let us put
G(x) = F(x1,72) — F(x3,14).

We shall denote by X the surface defined by G(x) = 0. Notice that X is smooth since
A(F) #0.

Let No(X; B) be the number of integer points (z1, 79, z3,74) in R* with max |z;| < B
1S

for which (1, z9, 3, 24), viewed as a point in P, is on X but does not lie on a line in X;
here we do not require ged(z1, 9, x3,24) = 1. Then

No(X; B) < EB:Nl (X; E)

t=1 t
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and so, by (2.1.3) and (2.1.4),
No(X;B) = O. (B%E) ifd=3

and

No(X; B) = Oy, (B%+E + Bl+5> if d > 4.

Therefore
No(X; ZM) = Oy, (27079 (2.1.5)

It remains to deal with integer points on X which lie on some line contained in X.
Lines in P may be classified into two types. They are given by the pairs

UIT1 + UTo + UgT3 + Ugwy = 0,373 + V424 = 0,

and by
T1 = U1T3 + U2Xy, Tog = U3T3 + ULy

Suppose x = (x1,x2,23,x4) lies on the first type of line. Then one of vs,v4 is non-zero,
and we may assume without loss of generality that v3 # 0. We thus have

T3 = —XT4.
U3

Substituting this back into the first equation yields

—Uy U3Vg — V3U4g
UL + Uy = —U3—— Ty — ULy = —X4.
Vs Vs
Substituting this back into F(z1,25) = F(x3,x4) and assuming that ugvy — vsuy # 0, we
see that

F(zy,29) = F (—x4,a:4) = 29F(—vy/vs, 1)
U3

d
—Uy V3U1 UoV3
=F(—1 Ty + To ) .
U3 U3Vy — V3Uy U3V4 — U4U3

If F(—v4/v3,1) # 0, then we see that F' is a perfect d-th power, which is not possible
since A(F') # 0. Therefore we must have F(z1,22) = F(x3,24) = 0. Now suppose that

usvy = v3uy. We see that uq,us cannot both be zero. Assume without loss of generality
that u; # 0. Then

F(zy,1q) = ng(—UQ/ul, 1),
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which is not possible since A(F') # 0. Therefore we must have F'(—us/uy,1) = 0, so once
again F(xy,xs) = F(x3,24) = 0.

Now suppose that X contains a line of the second type. Suppose that ujuy = usus.
Since at least one of u,us and one of us,uy is non-zero, we may assume that u; and us
are non-zero. Then we have

U3T1 = ULU3T3 -+ UU3T4 = Uy ('LL3(I?3 + U4$4),

hence
T1 = U3T3 + Usly = Ta.

Thus, F(x1,2z2) = F(x3,x,) implies that
F(l‘g, 234) = Qf(fF(l, 1) = (Ugflfg + U4$4)dF(1, 1)

As before we must have F(xy,25) = F(x3,24) = 0.

The last case is a line of the second type and for which ujuy # usus. Such a line yields
the equation
F(x3,24) = Fujxs + usy, usts + usy).

If (z1,22) and (z3,x4) are in Nl(mz)(Z), then it follows that at least one of wuy, ug, u3 and uy
is not rational. Therefore, x = (21, x9, x3, 24) must lie on a line which is not defined over
Q and hence has at most one primitive integer point on it. Thus there are at most O (Z)
integer points whose coordinates have absolute value at most Z" which lie on it. Since
X is smooth it follows from a theorem of Colliot-Thélene [53], or from [17], that there are
at most Oy4(1) lines on X and so at most Oy4(Z") integer points whose coordinates have
absolute value at most Z"7¢ on lines on X which are not defined over Q. This, together
with (2.1.5), shows that the number of points in category (1) is at most

Oge (2°4F9).

By Lemma 2.1.2 with v = 7,4 the number of points in category (2) is at most O (Zﬂd)
and the result now follows. n

In [53] Heath-Brown proved that for each € > 0 the number of integers h of absolute
value at most Z which are not essentially represented by F is

OF,e (ng122:i;11+616+€> , (2.1.6)
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whenever F' is a binary form with integer coefficients and non-zero discriminant. This
follows from the remark on page 559 of [53] on noting that the numerator of the exponent
should be 12d + 16 instead of 12d. It follows from (2.1.6) that Lemma 2.1.3 holds, and
indeed Theorem 2.0.1 holds, with 3, replaced by the larger quantity given by the exponent
of Z in (2.1.6). To see this we denote, for any positive integer h, the number of prime
factors of h by w(h) and the number of positive integers which divide h by 7(h). By

Bombieri and Schmidt [15] when F is irreducible and by Stewart [98] when F' has non-zero
discriminant, if A is a non-zero integer the Thue equation
F(z,y) = h, (2.1.7)

has at most 2800d' (") solutions in coprime integers x and y. Therefore the number of
solutions of (2.1.7) in integers x and y is at most

28007 (h)d ™). (2.1.8)
Our claim now follows from (2.1.6), (2.1.8) and Theorem 317 of [19].

Lemma 2.1.4. Let F' be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. Then with Ar defined as in (2.0.1),

ND(Z) = ApZi 4 Op. (2°47)
where By is given by (2.0.7).

Proof. This is an immediate consequence of Lemmas 2.1.1 and 2.1.3 since 1/(d — 1) is less
than or equal to [y . O

2.2 The automorphism group of F' and associated lat-
tices

For any element A in GLy(Q) we denote by A(A) the lattice of (u,v) in Z? for which A (u)
v

is in Z2.

Lemma 2.2.1. Let F be a binary form with integer coefficients and non-zero discriminant.
Let A be in Aut F'. Then there exists a unique positive integer a and coprime integers

ai, as, as, ay such that
1
A== (al aQ) , (2.2.1)
a \d3 a4
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and
a=d(A(A)). (2.2.2)

Qg

Proof. If A = ( OQ) is in GL2(Q), we write

3 Oy

Q;
o = —

for i = 1,2, 3,4 where a is the least common denominator of the «;’s. This yields the form
given in (2.2.1). Then A(A) is the set of (u,v) in Z? for which

a1u~+ av =0 (mod a)

and
azu+ asv =0 (mod a).

For each prime p let k be the largest power of p which divides a. We define the lattice
AP (A) to be the set of (u,v) in Z? for which

a1t +ayw =0 (mod p") (2.2.3)
and
asu+aw =0 (mod p¥). (2.2.4)
Then
A(A) =(AP(A), (2.2.5)
P

where the intersection is taken over all primes p, or equivalently over primes p which divide
a.

Since ay,as, az and a4 are coprime at least one of them is not divisible by p. Suppose,
without loss of generality, that p does not divide a;. Then a;' exists modulo p*. Thus if
(2.2.3) holds then

u= —a;'av (mod p¥)

and (2.2.4) becomes
(aray — azas)v =0 (mod p"). (2.2.6)

But A is in Aut F' and so | det(A)| = 1. Thus

layay — asas| = a?
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and (2.2.6) holds regardless of the value of v. Therefore the elements of the lattice A®)(A)
are determined by the congruence relation (2.2.3). It follows that

d(AP(A)) = p"
and by (2.2.5) and the Chinese Remainder Theorem we obtain (2.2.2). O

Lemma 2.2.2. Let F' be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. If A is an element of order 3 in Aut F' then

A(A) = A(A?). (2.2.7)

If Aut F' 1s equivalent to D3, Dy or Dg then
AN Aj=A fori#j. (2.2.8)
Further m = lem(my, ma, m3) when Aut F is equivalent to Dy and m = lem(my, mo, ms, my)

when Aut F' is equivalent to D3 or Dg.

Proof. Let us first prove (2.2.7). Then either A or —A is conjugate in GL3(Q) to ( 01 )

-1 -1
-1 -1 :
or ( . 0 ) and since A(A) = A(—A) we may assume we are in the former case. Further,
then either A or A? is conjugate to ( 0 and we may assume we are in the former
case. Let T' be an element of GLy(Q) Wlth

([t to
T = (t3 t4), (2.2.9)

where t1, 1o, t3 and t4 are coprime integers for which

(0 1
A=T (_1 _1>T. (2.2.10)

Put ¢t = t1t4 — t2t3. Then

A L (taty + tots + L3ty 2+ 12 + toty
t \ —titg —t3 — 13 —tyty — t3ty — tity

and

42— 1 (—tity —tgty — ity —t3 —t] —toty
Tt 2+ t2Ftits ity + taty + Loty
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hence A(A) is the set of (u,v) € Z? for which
(tita + tots + tats)u + (85 + 13 + taty)v =0 (mod t)

and

(tits + 13 + 2 u + (tity + taty +tity)v =0 (mod t).

Similarly, A(A?) is the set of (u,v) € Z? for which
(tits + ity + tats)u + (15 + £+ taty)v =0 (mod ?)

and

(11 + 13 + tits)u + (tots + tsty + tits)v =0 (mod t).

(2.2.11)

(2.2.12)

(2.2.13)

(2.2.14)

On noting that t1t4 = tot3 (mod t) we see that the conditions (2.2.11) and (2.2.12) are

the same as (2.2.13) and (2.2.14), hence

A(A) = A(A2).

Suppose that Aut F' is equivalent to D, under conjugation in GLy(Q).

Then there

exists an element T in GLy(Q) given by (2.2.9) with t1,s,t3 and ¢4 coprime integers for
which Aut F' = T'D,T. Put t = t;t4 — tot3 and note that ¢ # 0. The lattices Ay, Ay and

A3 may be taken to be the lattices of (u,v) in Z? for which

T-'A,T (“) e 72,
v

0 1 0 1 10
(G (io) 4= )

Thus A; consists of integer pairs (u,v) for which

where

(tita +tst))u+ (3 +1t3)v =0 (mod t)

and
(t] +t3)u+ (tity +tst,)v =0 (mod ).

A, consists of integer pairs (u,v) for which

(tity — tsty)u + (12 —12)v =0 (mod t)
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and
(3 —t3)u+ (tity — tsty))v =0 (mod t)

and A3z consists of integer pairs (u,v) for which

2t2t3U + 2t2t42} =0 (Il’lOd t)

and
2t1t3u + 2t2t31} =0 (mod t),

where in (2.2.19) and (2.2.20) we have used the observation that

t1t4 = t2t3 (mod t)

(2.2.18)

(2.2.19)

(2.2.20)

For each prime p dividing ¢ we put h = ord,t. Define A?’) for i = 1,2,3 to be the
lattice of (u,v) in Z? for which the congruences (2.2.15) and (2.2.16), (2.2.17) and (2.2.18),
and (2.2.19) and (2.2.20) respectively hold with ¢ replaced by p" and define A® to be
the lattice for which all of the congruences hold. We shall prove that for some reordering

(1,7,k) of (1,2,3) we have
Agp) D A§P) — Al(cp)'

It then follows that
AP AAP = AP N AP N AP = AP

for any pair {r, s} from {1,2,3}. But since

(AP AAP) = A, N A, and (AP = A,
p

p

we see that (2.2.8) holds. Further

max{d (A&’”) d (Agp)> d (Agm)} —d (A(p))

and so d(A) is the least common multiple of d(A;), d(Az2) and d(A3).

It remains to prove (2.2.21). Put
g1 = ged(tity + tsta, 6 + 85,8 + £1,1),

g2 = ged(tyty — tsty, 15 — 15,15 — 15, 1)
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and
gs = ng(2t2t3, 2t2t4, 2t1t3, t)

We shall show that ged(gy, g2) is 1 or 2 and that

ged (g1, 92) = ged(g1, 93) = ged(g2, 93)- (2.2.24)

Notice that if p divides g; then t? = —2 (mod p) and 3 = —t2 (mod p) while if p
divides g then t? = ¢2 (mod p) and t2 = t2 (mod p) and if p divides g3 then p divides
otz, 2taty and 2t1t3. Thus if p divides ged(gy, g2) then p divides 2t3,2t2,2t2 and 2t%;
whence p = 2 since ged(ty, ta, t3,t4) = 1. Next suppose that p divides ged(g, g3). Then
p divides 2t5t, and t3 = —t3 (mod p) and p divides 2¢;¢3 and t3 = —¢2 (mod p). Since
ged(ty, ta, t3,t4) = 1 we find that p = 2. Finally if p divides ged(ge, g3) then, as in the
previous case, p = 2. Observe that

0= OI'dQ g1 = OI'dg go S Ol'dg gs (2225)

unless (t1, t9, t3,t4) is congruent to (1,0,1,0),(0,1,0,1) or (1,1,1,1) modulo 2 and in these
cases
1 = ordy g = ords g3 < ords gs. (2.2.26)

Thus (2.2.24) follows from (2.2.25) and (2.2.26).

For each prime p put h; = ord, g; for i = 1,2,3. Then, by (2.2.24), for some rearrange-
ment (4, 7, k) of (1,2,3) we have
As in the proof of Lemma 2.2.1, Al(p ) is defined by a single congruence modulo p"~" for
1 =1,2,3. We check that t divides the determinant of any matrix whose rows are taken
from the rows determined by the coefficients of the congruence relations (2.2.15), (2.2.16),
(2.2.17), (2.2.18), (2.2.19), and (2.2.20). Furthermore 2¢ divides the determinant of such
a matrix if (¢1,t, t3,t4) is congruent to (1,0,1,0),(0,1,0,1) or (1,1,1,1) modulo 2. Since
h; = hi we see that the congruences modulo p"~" define identical lattices Agp ) and A,(f ),

Further, since h; > h;, Ag.p ) is a sublattice of AZ(»p ) and (2.2.8) follows when Aut F' is equiv-
alent to Dy.

Suppose now that Aut F' is equivalent to D3 under conjugation in GL(Q). There exists
an element 7" in GLy(Q), as in (2.2.9), with ¢y, t5, 3 and ¢4 coprime integers for which

Aut F = T 'DsT.

30



Define t = tit4 — tot3. The lattices Ay, Ao, A3 and A4 may be taken to be the lattices of
integer pairs (u,v) for which

T-1AT <u) c 72
v

01 1 0 -1 -1 0 1
A1:<1 O)’Az:(—l _1>,A3:(O 1) andA4:(_1 _1>

Thus A; consists of integer pairs (u,v) for which

where

(tity — tsty)u+ (t3 —t3)v =0 (mod t) (2.2.27)
and
(12 — 12 u + (tity — tsty)v =0 (mod t). (2.2.28)

A, consists of integer pairs (u,v) for which

(tity + tots + tits)u + (15 + 2toty)v =0 (mod t) (2.2.29)

and
(t] + 2t1t3)u + (tita + tatz + titg)v =0 (mod ). (2.2.30)

A3 consists of integer pairs (u,v) for which

(tity + tots + tsty)u + 2oty +tHv =0 (mod t) (2.2.31)

and
(2t1ts + t3)u + (tity + tatz +taty)v =0 (mod t). (2.2.32)

A4 consists of integer pairs (u, v) for which

(trte + tots + tats)u + (5 + tots +13)v =0 (mod ?) (2.2.33)

and
(12 + tits + 13)u + (tity + tity +tsty)v =0 (mod t). (2.2.34)

For each prime p dividing ¢ we put h = ord,t. Define Agp) for : = 1,2,3,4 to be the

lattice of (u,v) in Z? for which the congruences (2.2.27) and (2.2.28), (2.2.29) and (2.2.30),
(2.2.31) and (2.2.32), and (2.2.33) and (2.2.34) respectively hold with ¢ replaced with p"
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and define A®) to be the lattice for which all the congruences hold. We shall prove that

for some reordering (i, j, k,1) of (1,2,3,4) we have
AEP) ) Agp) — A](cp) — Al(p)‘
It then follows that
AP QAP = AP AP N AP N AP = AW
for any pair {r, s} from {1,2,3,4}. But since

(AP AAP) = A, N A, and (AP = A,
p

p

we conclude that (2.2.8) holds. Further

Max {d (Agp)) d (Agm) d <A§f’)) d (Aip)>} — 4 (A®)

and so d(A) is the least common multiple of d(A;), d(As), d(A3) and d(Ay).

It remains to prove (2.2.35). Put
g1 = ged(tits — tata, 17 — 65,15 — 13, 1),

go = ged(tyty + tots + tity, 12 + 2t1ts, 15 + 2tyty, 1),
g3 = ged(tity + toty + taty, 2tits + £3, 2taty + 15, 1),

and
gs = ged(tity + tots + taty, 12 + tits + ta, t3 + toty + 15, 1).

(2.2.35)

(2.2.36)

(2.2.37)

Suppose that p is a prime which divides ged(gy, g2). If p divides ¢; then since p divides
2 — 12 we see that p divides t3. Similarly if p divides ¢, then since p divides 3 — 2 we see
that p divides t4. Since ty,t9,t3 and t, are coprime either p does not divide t; or p does
not divide ¢5. In the former case since p divides t% + 2t1t3 we find that p divides t; + 2t3.
Thus t? = 4t2 (mod p) and since 2 = t3 (mod p) we conclude that p = 3. In the latter
case since p divides t2 + 2tyt4 we again find that p = 3. In a similar fashion we prove that
if p is a prime which divides ged(g;, g;) for any pair {7, j} from {1,2, 3,4} then p = 3.

Denote by E the set consisting of the 4-tuples (1,1,1,1), (-1,—-1,—-1,-1), (1,—-1,1,-1),
(-1,1,-1,1), (1,0,1,0), (—=1,0,—1,0), (0,1,0,1) and (0,—1,0,—1). One may check that
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if (t1,t9,t3,t4) is not congruent modulo 3 to an element of £ then for some reordering
(,7,k,1) of (1,2,3,4) we have

0 = ords g; = ords g; = ordz g, < ords g;. (2.2.38)

If (1,19, t3,t4) is congruent modulo 3 to an element of E then there is some reordering
(4,7,k,1) of (1,2,3,4) such that

1 = ords g; = ords g; = ords g < ords g;. (2.2.39)

To see this we make use of the fact that
ords g < ords(#3 —t3), ords go < ords(t] + 2t1t3), (2.2.40)

ords g3 < ords(2t,t3 + t3) and ords gy < ords (] + tits + t3),

to deal with the first six cases. To handle the remaining two cases, so when (t1, to, t3,%,) is
congruent modulo 3 to (0,1,0,1) or (0,—1,0,—1), we appeal to (2.2.40) but with ¢; and
t3 replaced by t, and t4 respectively.

It now follows from (2.2.38) and (2.2.39) that ged(gy, g2) is 1 or 3 and

ged(g1, 92) = ged(g1, g3) = ged(g1, 94) = ged(ge, g3) = ged (g2, 94) = ged(gs, g4).  (2.2.41)

For each prime p put h; = ord, g; for i = 1,2,3,4. Then, by (2.2.41) for some reordering
(,7,k,1) of (1,2,3,4) we have
hi > h; = hy, = hy.

As in the proof of Lemma 2.2.1, Al(p ) is defined by a single congruence relation modulo p/~"i

and A§.p ),Agf ) and Al(p ) are defined by single congruences modulo p"~". We check that ¢
divides the determinant of any matrix whose rows are taken from the rows determined by
the coefficients of the congruence relations (2.2.27), (2.2.28), (2.2.29), (2.2.30), (2.2.31),
(2.2.32), (2.2.33), and (2.2.34) and that 3t divides the determinant of such a matrix if
(t1,t2,t3,t4) is congruent to an element of E. Then since h; = hy = h; we see that the
congruences modulo p"~" define identical lattices so

A§P) — A}(Cp) — Al(p)'

Further, since h; > h;, ASP) is a sublattice of AZ(-p) and thus (2.2.35) holds and (2.2.8) follows
when Aut F' is equivalent to Dj.
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Finally we remark that (2.2.8) holds when Aut F' is equivalent to Dg by the same
analysis we used when Aut F' is equivalent to Dj.

[]

Lemma 2.2.3. Let a and b be non-zero integers and let d be an integer with d > 3. Put
F(x,y) = ax® + by”.

If a/b is not the d-th power of a rational number then when d is odd

()
| {3 1)}

If S 2 with A and B coprime integers then when d is odd

b B
mer={(19). (0, 2))
Aut F = {(jgl i(]l) ) (j:lg/A i%/B) } '

(3
Uz Uy

be an element of Aut F'. Then wq, us, usz, uy are rational numbers with

and when d is even

and when d is even

Proof. Let

UrUg — UU3 = +1. (2242)
Since F(uix + ugy, usx + usy) = F(x,y) we see on comparing coefficients that
aud 4+ bul = a, aul +bu =10 (2.2.43)

and . . . .
adud = budui? (2.2.44)
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foryj=1,---,d—1.

Suppose that ujug # 0. Then by (2.2.44), we have uzuy # 0 as well. Therefore we may

write
d—1 2 d—2
U (1w () (s
(Ul) (Uz) _(U1> (U2> ’

which implies that wjuy — uguz = 0, contradicting (2.2.42). Therefore, ujus = 0 and
similarly uguy = 0. Further, by (2.2.42), either uyuy = +1 and us = uz = 0 or ugug = %1
and u; = uy = 0. In the first case, by (2.2.43), we have u{ = 1 and u$ = 1, hence if d is

odd we have uy = uy = 1 while if d is even we have u; = £1 and uy = 1. In the other

a
case, by (2.2.43), we have u$ = — and this is only possible if there exist coprime integers

A and B with ’

a Al

b B
In that case uy = A/B if d is odd and uy = £A/B if d is even. Thus, by (2.2.42), u3 = B/A
if d is odd and uz = £B/A if d is even. Our result now follows. O]

2.3 Proof of Theorems 2.0.1 and 2.0.2

If Aut F' is conjugate to C; then every pair (z,y) € Z? for which F(x,y) is essentially
represented with 0 < |F(x,y)| < Z gives rise to a distinct integer h with 0 < |h| < Z. It
follows from Lemma 2.1.3 and Lemma 2.1.4 that

Rp(Z) = ApZi + Op. (2°4%%)

and we see that Wy in this case is 1. In a similar way we see that if Aut F' is conjugate to

C, then p
RF(Z> = TFZ% + OF,€ (Zﬂd+€) .
Next let us consider when Aut F' is conjugate to C3. Then for A in Aut F' with A # [
we have, by Lemma 2.2.2, A(A) = A(A?) = A. Thus whenever F(x,y) = h with (z,y)
in N}”(Z) N A there are two other elements (x1,%), (22, y2) for which F(z;,y;) = h for
i = 1,2. When (x,y) is in Z? but not in A and F(z,y) is essentially represented then
F(z,y) has only one representation.
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Let wy,wy be a basis for A with w; = (a1,a3) and wy = (ag,a4). Put Fy(z,y) =
F(ai1x + agy, azx + agy) and notice that

INe(Z)NA| = N, (Z). (2.3.1)
By Lemma 2.1.1
Ni(Z) = Ap Zi + Op, (2M@D) (2.3.2)
Since the quantity |A(F)[Y/44=D AL is invariant under GLy(R)
IAF) VU0 A = [A(F) VU Ap, (2.3.3)
and we see that . A,
Ay = gy Ar = (2.3.4)
Therefore by (2.3.1), (2.3.2) and (2.3.4)
INE(Z)NA| = %Zi + Op (2471 (2.3.5)

Certainly N}Q)(Z) N A is contained in N}(f)(Z) and thus, by (2.3.5) and Lemma 2.1.3,
Ar

IN(Z2) N A| = HZ% + Op. (274%2) . (2.3.6)
Each pair (z,y) in NV, }1)(Z )N A is associated with two other pairs which represent the same
integer. Thus the pairs (z,y) in N}l)(Z) N A yield

Arzi 4 op (Z5+) (2.3.7)
3m :
integers h with 0 < |h| < Z. By Lemma 2.1.4 and (2.3.6) the number of pairs (z,y) in

N(Z) which are not in A is
1 2
(1 — —) ApZi + O, (ZP*°) (2.3.8)
m

and each pair gives rise to an integer h with 0 < |h| < Z which is uniquely represented by
F. It follows from (2.3.7), (2.3.8) and Lemma 2.1.3 that when Aut F' is equivalent to Cs

we have )
RF(Z) - (1 - 3_m) AFZ% + OF7€ (Zﬁd+€) .
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A similar analysis applies in the case when Aut F' is equivalent to D, Dy, C4 or Cg. These
groups are cyclic with the exception of Dy but Dy/{+£1} is cyclic and that is sufficient for
our purposes.

We are left with the possibility that Aut F' is conjugate to D3, Dy or Dg. We first
consider the case when Aut F' is equivalent to Dy. In this case, recall (2.3.6), we have
Ar

NG Z)NAl = =270+ Or (2°)

and since each h for which h = F(z,y) with (z,y) in ./\f}(,l)(Z) N A is represented by 8
elements of J\/}g)(Z) the pairs (x,y) of NJS})(Z) N A yield

Ap s
274 4 Op, (7P 2.3.9
8m ‘O ( ) ( )

terms h in Rp(Z). By Lemma 2.2.2 we have A; N A; = A for 1 < i < j < 3; whence the
terms (z,y) in Ay, Ay or Az but not in A for which (z,y) is in /\/}Eﬂl)(Z) have cardinality

111
(— +— - i) ApZi + Op, (Z°+) .

mq mo ms m

If (x,y) is in Ay, Ay or Az but not in A and h = F(x,y) is essentially represented then h
has precisely four representations. Accordingly the terms in

NYZ)na,1<i<3

which are not in A contribute

1/ 1 1 1 3
- (— + —+ — = —) AFZ% + Ope (Z/Bdﬁ) (2.3.10)
4\m ma m3z m

terms to Rp(Z). Finally the terms (z,y) in J\/}Q)(Z) but not in A; for i = 1,2,3 have
cardinality equal to

my mo ms m

r 1 12
(1 ————— — + —) ApZi + Op, (Z°+) .

Each integer h represented by such a term has 2 representations and therefore these terms
(z,y) contribute

1 1 1 1 2
- <1 _____ -+ _) ApZi + Op, (ZPte) (2.3.11)
ma Mo ms m
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terms to Rp(Z). It now follows from (2.3.9), (2.3.10), (2.3.11) and Lemma 2.1.3 that

1 1 1 1 3 2
Z = — 1 —_ — — - A Z7 c Zﬁd‘f'e
kr(2) =3 ( o 2my  2my 4m) P2t + Ore (277

as required.

We now treat the case when Aut F' is conjugate to D3. As before the pairs (z,y) of

NP(Z) N A yield

Ap s

L7404 Op, (7Pt 2.3.12
o6m tTor ( ) ( )

terms in Rp(Z). Since A; NA; = A for 1 <i < j <3 by Lemma 2.2.2, the pairs (z,y) in
N}l)(Z) N A; for i = 1,2,3 which are not in A contribute

1 1 1 3 2
— =V ApZi + Op, (ZP+¢ 2.3.13
(2m1 + 2m2 + 2m3 2m> F + B ( ) ( )

to Rp(Z). Further, the pairs (z,y) in ./\ff(?l)(Z) N A4 which are not in A contribute

1 1 2
— — — ) ApZi + Op, (ZPte 2.3.14
<3m4 3m> rZ7+ Op, ( ) ( )

terms to Rp(Z). Furthermore the pairs (z, y) in N}l) (Z) which are not in A; fori =1,2,3,4
contribute, by Lemma 2.2.2,

1 1 1 1 3
(1 ——————— — + —) ApZi + O, (ZP1) (2.3.15)

mi o ms my m

terms to Rp(Z). It then follows from (2.3.12), (2.3.13), (2.3.14), (2.3.15), and Lemma
2.1.3 that

1 1 1 2 4 2
Z)=|1- — - - — | ApZa ZPate
RF( ) ( 9 +3m> F d—i-OF,g( )

my  2mo  2ms  3my

as required.

When Aut F is equivalent to D¢ the analysis is the same as for D3 taking into account
the fact that Aut I’ contains —/ and so the weighting factor Wy is one half of what it is
when Aut F' is equivalent to D3. This completes the proof of Theorems 2.0.1 and 2.0.2.
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2.4 Proof of Corollary 2.0.3

We first determine Wr. By Lemma 2.2.3, if a/b is not the d-th power of a rational then
when d is odd Aut F' is equivalent to C; and, by Theorem 2.0.2, Wr = 1 while when d is

1
even Aut I is equal to Dy and so by Theorem 2.0.2 we have Wy = T Suppose that

a A

b Bl
with A and B coprime non-zero integers. If d is odd then Aut F' is equivalent to Dy by

Lemma 2.2.3. Notice that
0 A/B B L 0 A?
B/A 0 T AB\B? 0

and that A% and B? are coprime integers. Therefore by Lemma 2.2.1 we have m = |AB)|
and Wp =1 — ﬁ when d is odd. If d is even Aut F is equivalent to D, with m; =

1,my = mg = m = |AB| and by Theorem 2.0.2 we have

1 1
= (1-—).
we=3 (1= )

We now determine Ar. We first consider the case F(z,y) = az® + by?*, with a and b

positive. Then
Ap = / / dzxdy.
a:t%erkagl

Note that A is four times the area of the region with ax?* + by?* < 1 and with z and y
non-negative. Make the substitution az? = wu, by** = wv,u,v > 0. Then we see that

1
1 _ <[ 1 11 L1
ZAF—/O /0 —4k:2(ab)1/2kuk v2k dudv
1 Ul/?k’—l

Y
4he(ab)L/2 /0 1+ o)i/E

The above integral is B(1/2k,1/2k) where B(z,w) denotes the Beta function and thus, see
6.2.1 of [33],

1 T2(1/2k)
k(ab)/% T(1/k)

Ap =
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Next, we treat the case F(x,y) = ax?* — by** with a and b positive. The region
{(x,y) € R? : |F(x,y)| < 1} has equal area in each quadrant, so it suffices to estimate
the area assuming x,y > 0. We further divide the region into two, depending on whether

— by** > 0 or not. Let A Y denote the area of the region satisfying z,y > 0,0 <
F(m y) < 1. We make the Substltutlons az® = u, by** = uv with u,v > 0. Then

1
“Ap =AY =
SAF Ar /A<ax2k—by2k<l dedy

:t:y>

-1
/ / ey ab T Y dudv

L 1/2k-1
- k:(ab)l/%/o (1_U)1/kdv
1 I'(1/2k)(1 4 1/k)
Me(ab) 7% D(1+3/2k)

Next, we treat the case when F(z,y) = az?**! + by**t1. We put az?**! = u and
by?**+1 = uv. We thus obtain

J
ﬁ|ab|1/(2k+1) _ /Oo v do
) 2k + 1) ) (1+ o)2/@+n

1 0o —2k/(2k+1) g, L —2k/(2k+1) gy, 00 o —2k/(2k+1) 7y,
_ CTCTEE) (/0 (1 + 0)2/ @D "‘/0 (1 — v)2/@+D) "‘/1 = U)Q/(Qk—i—l))
e -
1 (F2 (zr1) | T T (50) . F(i?ﬁ)“zﬁ))

22k + 1) \ T (32) I (z57) I (z51)
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Chapter 3

Binary cubic and quartic forms

Let F' be a binary form with integer coefficients, non-zero discriminant A(F'), and degree
d at least 3. Let Rp(Z) denote the number of integers h with |h| < Z for which the Thue
equation

F(x,y)=h (3.0.1)
has a solution in integers x and y. It is an old question, dating back to at least Erdés and
Mahler [10], that there exists a positive number Cr for which the asymptotic formula

Rp(Z) ~ CpZi

holds for d > 3. In [100], together with C. L. Stewart, we proved that this conjecture is
true; see also the previous chapter.

One of the principal features of [100] is that we showed the constant Cr is a rational
multiple Wr of Ar, where Ap is the area of the region

{(z,y) e R*: |F(z,y)| < 1}.

T— (tl t2) € GLy(C).
ts Ly

Then T acts on F' via substitution, namely Fr(x,y) = F(tix + toy,tsx + tyy). Let
G C GL2(Q) be the subgroup consisting of matrices T' € GL2(Q) such that F' = Fr.
This group G is called the automorphism group of F' and we denote it by Aut F. More
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generally, for any subfield IF of C we can write Auty F' to be the subgroup of GLy(F) consist-
ing of T' € GLy(F) such that F' = Fr. We shall call Autg F' the F-automorphism group of F'.

It is known classically (see [35] for example) that a binary cubic form with non-zero
discriminant is GLy(C)-equivalent to the form

zy(z +y)
and when that a binary quartic form with non-zero discriminant is equivalent to
2 ury? + o

for some u € C. This immediately shows, given the work of Stewart [9%] and Lemma 3.2.1,
that Autc F' contains a subgroup isomorphic to the dihedral group D3 when F' is a binary
cubic form and Autc F' contains a subgroup isomorphic to the dihedral group D, when
F' is a binary quartic form. However, this classical approach is not explicit and does not
produce easy criteria to determine the exact elements of Aut F'. In [100] we showed that
the rational number Wg given by Cr = WrApr depends only on the automorphism group
Aut F. More precisely, we showed that one needs to know the exact elements of Aut F' in
order to compute Wy and not just the isomorphism class. In [100] we did not attempt to
determine Aut F' given F'. In general, this can be quite non-trivial.

Hooley, in [64], [68], and [70], showed that one can determine Aut F' explicitly for
irreducible binary cubic forms and certain binary quartic forms. Let

F(z,y) = byz® + box®y + bizy® + boy®
be an irreducible binary cubic form with integer coefficients and discriminant A(F"). Put
qr(z) = (b5 — 3bsby)z* + (baby — 9bsbo)x + (b7 — 3boby), (3.0.2)
for the Hessian covariant of F' and put
A = b3 — 3bsby, B = byb; — 9bsby, C = b — 3byby, (3.0.3)
with D = B?> — 4AC. Consider the matrix

’ _ 1 B\/—-3D — D 20\/—3D (3.0.4)
w—9p \ —24/-3D —BV/-3D-D)/" e
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Put C; = {Iox2}. Hooley proved in [64] and [70] that

Aut F — C, ?f A(F) ?s not a square; (3.0.5)
{Ioxo, Uy, U2} if A(F) is a square.
(3.0.5) is critical for Hooley’s determination of the asymptotic growth of Rp(Z) when
F' is cubic and irreducible in [64] and [70]. In addition to explicitly determining Aut F,
Hooley also obtained explicit values for Ag in his two papers. He proved
312(1/3)
—— i A(F) >0,
e A0
A Ax =

V3I2(1/3) .
B if A(F) <0,

where

is the I-function. If A(F) is a square, put

—A<F> (3.0.6)
ged(4, B, C)
where A, B, C are as in (3.0.3) and D is as in (3.0.4). Then in [0] and [70] Hooley proved
that there exists a positive number ~ such that

ApZ3 + 0 (Zg(log log Z)_7> if A(F') is not a square,
Rp(Z) = (3.0.7)
2 2 2
(1 - 3_m> ApZ3 40 <Z§(log Z)_V> if A(F) is a square.
In [68] Hooley considered bi-quadratic binary quartic forms of the shape

F(z,y) = ayx* + agz®y® + aoy*, asag # 0.

1 0 a; A .
Put Dy = ( —I54o, 0 —1)/) If palalrer for non-zero integers A, C, put
0

v = <A(/JC 06A>’ ;= (—/(1)/0 06A>'
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Hooley proved in [65] that

At F 2 if a4/ap is not the 4-th power of a rational number,
ut F' =
<Q§,1), gfﬁ)> if ay/ag = A*/C* is a perfect 4-th power of a rational number.

(3.0.8)
Using (3.0.8), Hooley showed that
Ar 1 18 . . .
TZZ + Op, <Zs7+€> if a4/ap is not the 4-th power of a rational,
Rp(Z) = )
1 .
TF <1 — m) 75 + Or. <Z%+5> if ay/ag = A*/C* for A,C € Z.
(3.0.9)

In this chapter, our main goal will be to explicitly determine Aut F' in terms of the
coefficients of F' when the degree of I’ is 3 or 4. Specifically, we improve upon Hooley’s
work when d = 3 by addressing the case when F' is reducible. For quartic forms, we will
determine Aut F' in all possible cases, generalizing Hooley’s result in [08]. We will actually
do more, namely we shall determine Autg F for any subfield F of C. Our result will depend
on certain algebraic covariants of F' when the degree of F'is 3 or 4. We shall prove:

Theorem 3.0.1. Let F' be a binary form with integer coefficients and non-zero discrimai-
nant with degree d, where d = 3,4. Then Autg F' can be given explicitly in terms of certain
algebraic covariants of F' for any subfield F of C.

As a consequence, we are able to refine Theorem 1.1 in [100] and thus extend Hooley’s
main theorems in [6], [68], and [70], given by (3.0.7) and (3.0.9):

Theorem 3.0.2. Let F(x,y) be a binary form of degree d with integer coefficients and
non-zero discriminant. Then there exists an a positive number Cr such that for all e > 0
we have

Rp(Z) = CFZ% + Op, (Z%+E>

if d =3 and
Rp(Z) = CrZ% + Op. (Z%+f)

if d = 4. Moreover, Cr can be explicitly determined from the coefficients of F.
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Our explicit characterization of automorphism groups of binary cubic and quartic forms
allows us to study lines on algebraic surfaces of the shape

X : F(xy,29) — F(23,24) = 0. (3.0.10)

It is a celebrated theorem of Cayley and Salmon that cubic surfaces contain exactly 27
lines over an algebraically closed field. For quartic surfaces, it is not known in general how
many lines they contain. In the course of proving Theorems 2.0.1 and 2.0.2 (see Theorems
1.1 and 1.2 in [100]), we had to study lines on the surface X defined by (3.0.10). It is a
consequence of Theorem 3.1 in [17] that this surface X contains exactly d(d + vp) many
lines, where vg is the number of automorphisms of F' in PGLy(C). We shall prove that
when d = 3,4 that the number of lines defined over C is positive, and that the field of
definition of these lines is very small.

Theorem 3.0.3. Let F' be a binary cubic or quartic form with non-zero discriminant and
integer coefficients. Let X be the algebraic surface defined by (3.0.10). Then

(a) for d = 3, X contains exactly 27 distinct lines over Q, and these lines are defined
over a field of degree at most 12 over Q.

(b) for d = 4, X contains evactly 32 distinct lines over Q if the J-invariant J(F) is
non-zero, and 48 lines when J(F) = 0, and 64 lines when I(F) = 0. Further, these
lines are defined over a field of degree at most 192 over Q.

For cubic surfaces, this shows that those X which arise from (3.0.10) are highly atyp-
ical. In particular, for the generic cubic surface defined over QQ, the Galois group of its
configuration of lines is isomorphic to W (Eg), the Weyl group for the Eg root system. This
is also the field of definition of these lines, and so for the generic cubic surface, the lines
are defined over a field of degree equal to #W (Es) = 51840. Ekedahl [38] found an explicit
example of a cubic surface which realizes this bound.

3.1 Statement of main results

In [100], our Theorem 1.2 shows that for each binary form F of degree d > 3, integer
coefficients and non-zero discriminant, there exists a positive rational number Wyr which
depends only on the automorphism group Aut F' such that
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We shall determine Wr when F' is a binary cubic form with integer coefficients and non-
zero discriminant in Theorem 3.1.4 and when F' is a binary quartic form with integer
coefficients and non-zero discriminant in Theorem 3.1.8. For the action of GLy(Z) on the
set of binary forms of a fixed degree d via substitution, we define a covariant of this action
to be a function ® which is a function of the coefficients of a binary form F' of degree d
and the variables x and y which satisfies

O(F; (z,y)) = (Fr; T (z,y)) (3.1.1)

for all T' € GLy(Z). When @ is a polynomial in = and y, we see at once that ® must be
homogeneous. We then say ® has degree k if it is a form of degree k in x and y.

The principal novelty of this work is the observation that for binary cubic and quartic
forms, the structure of the automorphism group GLy(C) is entirely determined by certain
quadratic covariants of the form which are not in general defined over Q. These covariants
were originally discovered by Julia in his thesis and used extensively by Cremona [31] in his
work on the reduction theory of binary cubic and quartic forms. Bhargava and Yang suc-
ceeded in using Julia’s quadratic invariant to count binary forms of arbitrary degree in [13].

Let f(z,y) = ax?® + bxy + cy? be a binary quadratic for with non-zero discriminant D.

We put
1 b 2c
My = NG (_2a _b> . (3.1.2)
Observe that this is always an element of finite order when f has real coefficients. Indeed,
this is an element of order 4 in GLy(R) if D < 0 and an element of order 2 with determi-
nant —1 when D > 0. Moreover, for any binary quadratic form f with real coefficients,
M € Autg F'. Since for a given binary form F' the elements of Autg F' also fix any covari-
ant of F', we see that quadratic covariants f of F' naturally give candidates for Autg F' via
the map f — M;.

Another way to associate a matrix to a binary quadratic form f(x,y) = az?+ bxy + cy?
with real coefficients of discriminant D # 0 is the following:

yo_ L bW—3D—-D  2cv/—3D (3.1.3)
F=9p\ —20v/=3D -by/—3D-D)" o

A quick calculation reveals that this matrix always has order 3 in GLy(C), and when D < 0,
this matrix has order 3 in GLy(R). Further, one checks that Uy € Autg f when D < 0 and
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Uy € Autc f otherwise.

If we consider the matrices in (3.1.2) and (3.1.3) not as elements in GLy(C) but elements
in PGLy(C), then we can remove the weighting factor. Put

. b 2
/\/lf = (—2@ —b> (3.1.4)
and

Ui = (b‘/_?’—D ~D 2/-3D ) . (3.1.5)

f —2a/-3D —by/-3D - D
We will show that certain explicit quadratic covariants of binary cubic and quartic
forms completely determines the structure of the automorphism group. The nature of

these quadratic covariants varies between the degree 3 and the degree 4 case, so we will
introduce them separately below.

3.1.1 Binary cubic forms

Suppose
F(z,y) = bsz® + byx*y + bioy® + boy®

is a binary cubic form with integer coefficients and non-zero discriminant. We shall assume,
after applying a GLy(Z)-action if necessary, that b3 # 0. The ring of polynomial invariants
of binary cubic forms under GLy(Z)-action is generated by a single element, which we can
take to be the discriminant given by

A(F) = b3b? — 4bsb? — 4b3by — 27b3bs — 18b3bybyby. (3.1.6)

There is a single rational quadratic covariant of F', given by the Hessian (3.0.2). However,
Julia identified three additional quadratic covariants with typically irrational coefficients
which depend on the roots 61,605,603 of F. We follow Cremona [31] and write the Julia
covariant with respect to the root 6 of F(x, 1) as follows:

Jo(z,y) = apx® + Boxy + Yoy?, (3.1.7)
where

Qg = 9b§02 + 6b3b20 + 6bgbl - bg,
By = 6b3bof? + 6(b3 — bsby )0 + 2b2by,
Yo = 3b3b16% 4 3(byby — 3b3bg)f + 26 — 3byby.

47



We will also require the so-called cubicovariant of F'; which we call F3(z,y), given by
Fy(z,y) = (2b + 27b3by — 9bsbaby )x® + 3(b3b1 + bsbyby — 6bsb] )’y — (3.1.8)
3(b2bT + 9b3biby — 6b3bo)xy® — (265 + 27b3bg — 9babiby)y°.
Cremona showed in [31] that the sextic covariant Fg(x,y), given by
Fila,y) = 5 (F} — 2TA(F)F?)
is the product of the Julia covariants. In particular, we have

Fﬁ(x7y) = J91(xay)‘]92(xay)‘]93(x7y>' (319)

An explicit calculation shows that each of the Julia covariants have discriminant equal to
12A(F).

Even though our principal interest is in studying Autg F', it is actually simpler to discuss
the problem in full generality. Indeed, we shall study the group Autpgr,(c) F', which is the
finite subgroup of PGL4(C) which fixes F' under the substitution action. Recall the Hessian
qr(x,y) from (3.0.2), with coefficients A, B, C. Define the element in PGLy(C) given by

B 2C
Hp =M, = (—2A —B)'

Similarly, for each Julia invariant Jy, consider the associated matrix in PGLy(C) given by

(3.1.10)

Ba 279)
=M; = . 3.1.11
Jo Jo (—2049 — By ( )
Put ]
To = _QDJG,HF'

We shall prove the following:

Theorem 3.1.1. Let F be a binary cubic form with complex coefficients and non-zero
discriminant. Suppose that the leading coefficient bs of F' is non-zero, and let 01,05, 03 be
the roots of F(x,1). Then the GLy(C)-automorphism group Autc F' of F is generated by
To, fori=1,2,3, wlyys where w is a primitive third root of unity, and

1y 1 B\/-3D — D 20v/—3D
w " 9op \ —24/-3D —Bv-3D—-D

with A, B,C given as in (3.0.3) and D = B* — 4AC.
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We shall call U, the Hooley matriz with respect to F'. Specializing to Autg [, we are
able to completely characterize when binary cubic forms F' with integer coefficients and
non-zero discriminant may have non-trivial rational automorphism groups in terms of the
reducibility and Galois structure of F'. Indeed, we shall prove:

Theorem 3.1.2. Let F be a binary cubic form with integer coefficients and mon-zero
discriminant. Then:

1. Aut F = Cy = {laxa} if and only if F is irreducible and A(F') is not a square.

2. Aut F' is generated by U,, € GL2(Q) and is isomorphic to Cs if and only if F is
irreducible and A(F') is a square.

3. Aut F' is generated by Ty for the unique rational root 0 of F(x,1) and is isomorphic
to Cy if and only if F' has exactly one rational linear factor over Q, corresponding to
the root 6.

Aut F = {Iyuo, Uy, Uy, Toy, Toy, Toy} = Ds
iof and only iof F' splits completely over Q.

Theorems 3.1.1 and 3.1.2 can be used to deduce the following interesting consequence
which characterizes Aut F' in terms of the reducibility of the degree 6 covariant Fg(x,y):

Theorem 3.1.3. Let F be a binary cubic form with integer coefficients and non-zero
discriminant. Then

1. Awt F = Cy = {Iyxa} if and only if Fs(x,y) is irreducible and the discriminant of
qr(z,y) is not —3 times a square;

2. Aut F' is generated by Uy, € GL2(Q) and is isomorphic to Cs is irreducible and the
discriminant of qr(x,y) is a square;

3. Aut F' is generated by Ty for the unique rational root 0 of F(x,1) and is isomorphic
to Cy if and only if Fs(x,y) has exactly one quadratic factor over Q equal to the Julia
covariant Jy; and

Aut F == {IQ><27 UqF,UqQF, 7;177;27 753} = D3
if and only if Fs(x,y) has three quadratic factors over Q.
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Theorem 3.1.2, combined with Theorem 1.2 of [100], has the following consequence.

can be checked that
BoB — 4Avg = —BpB + 40 C,

where A, B, C are as in (3.0.3) and ay, By, v are as in (3.1.7). Now put
ag = Bag + ABp, by = BBy — 4Avp,co = CBp — Yo B.

. 1 b@ 269
To = 2D (—2a9 —be> '

B 2D
o gcd(2a9, bg, 209) '

Now define mq, mq, m3, my as follows:

Then

If @ is rational, then write

me

It

1. If A(F) is not a square and F is irreducible over Q, then set m; = 1 for i = 1,2,3, 4.

2. If A(F) is a square and F' is irreducible over Q, then set m; = 1 for i = 1,2,3 and
set my as in (3.0.6).

3. If F has exactly one rational root, say 6;, then set m; = my, and m; = 1fori = 2,3, 4.

4. If F has three rational roots, then set m; = my, for i = 1,2, 3 and set my as in (3.0.6).

In all cases, put m = lem(myq, ms, msz, my). We then obtain the following theorem:

Theorem 3.1.4. Let F(x,y) be an integral binary cubic form with non-zero discriminant
A(F). Then

1. If F(z,y) is irreducible and the discriminant A(F) of F' is not a perfect square, then
Wr=1.

2. If F(x,y) is irreducible and A(F') is a square, then
2
Wp=1-——.
F 3m
3. If F(z,y) has exactly one rational linear factor, then
1
Wp=1—-—.
r 2m
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4. If F(z,y) has three rational factors, then

1 1 1 2 4
Wrp=1-— — — — —
E 2my  2me  2ms  3my + 3m

Cases (1) and (2) of Theorem 3.1.4 are due to Hooley in [61] and [70] respectively.

3.1.2 Binary quartic forms
For a binary quartic form
F(x,y) = asz” + asz®y + asx®y® + arvy® + agy’,

we may apply a GLy(Z) element if necessary to obtain an equivalent form with non-zero
leading coefficient. Therefore, we may factor F' over C as

F(x,y) = as(z — 61y)(x — b2y)(x — O3y)(x — Osy).

Define x(F) to be the number of real roots of F. We will label the roots of F' as follows:

(01>02>03>04, le(F):4,

01 > 0a,03 = 0,,3(03) > 0, if x(F) =2, (3.1.12)

01 = 05,05 = 0,3(61) > 0,3(63) <0, if x(F) = 0.

Here (2) refers to the imaginary part of the complex number 2.

It is known that binary quartic forms F' have two algebraically independent invariants,
known as the I and J invariants, defined by

I(F) = 12a4a9 — 3asa; + a3, and (3.1.13)

J(F) = T2a4aza¢ + 9azasa; — 27asal — 27apas — 2a;.

Write Qp(z) for the cubic resolvent of F', defined by

Qrp(z) =2 — 3I(F)z + J(F). (3.1.14)
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From the definition of Qr(x) we see that the roots §;’s of Qp(x) are given by
Br = 3a4 (6102 + 030,4) — as, (3.1.15)

Ba = 3a4(0105 + 020,4) — ao,

and
ﬁg = 3@4(9194 -+ 9293) — a9.

Furthermore, let us put

Dy = 4(6, — 05)(8; — 0.)(02 — 04) (0 — 04), (3.1.16)
Dy = 4(61 — 0:)(01 — 02) (05 — 0)(65 — 0),

and
D3 = 4(91 - (92)(01 - 93)(94 - 02)(94 - 93)

By (3.1.12), we see that £y, D; are real for x(F) = 0,2,4. If x(F) = 4, then clearly
Bi, D; are real for i = 1,2,3. If x(F) = 0, then by noting that

01— 05,05 —0,€R

and

01— 04 =0y — 03,0, — 03 =0y — 04,

we see that D; is real for ¢ = 1,2, 3. A similar argument yields that j; is real for ¢+ = 1,2, 3.
When x(F') = 2, we see that (35, f5, Do, D3 are not real.

Now put
Al = 81 + ‘92 — 03 — 94, B1 = 2(9304 — 6192), Cl = 9192(03 + 84) — 0364(91 + 82), (3117)

A2 = 91 =+ 03 — 92 — 94, BQ = 2(92&4 — 9193), 02 = 9103(82 + 04) — 9294(01 + 83),

and
Ag = 91 + 94 — 02 — 03, B3 = 2(92&3 — 9194), 03 = 9104(82 + 03) — 8203(91 + 94)
Cremona showed in [31] that the quadratic forms given by

¢i(z,y) = Aiw® + Bizy + Ciyf? (3.1.18)
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are covariants of F'. We shall call the &;’s Cremona covariants. Next put

U= Mg, = #< B 20’). (3.1.19)

Vb1 \-24: ~B,

Observe that det U; = —1 for any binary quartic form F' with real coefficients, and if
A(F) > 0, then Uy € GLy(R) and det Uy = 1. Moreover, U, is an element of order 4 in
GL2(R).

We now state our main theorem characterizing the automorphism group Autg F' for
binary quartic forms:

Theorem 3.1.5. Let F(x,y) be a binary quartic form with real coefficients and non-zero
discriminant. Then

(a) If A(F) >0, then Autg F' is generated by Uy, Uy, Us.
(b) If A(F) <0, then Autg F' is generated by Uy and —Isxs.

Over C, the group of automorphisms of a binary quartic form F' can be strictly larger
than over R. Indeed, whenever the I or J invariant of F' vanishes, the automorphism group
of F'in PGLy(C) is larger than when I(F)J(F') # 0. The case I(F) = 0 was studied by
Klein (see [8]), and these are called Klein forms of degree 4. In this case, it is known that
the PGLy(C)-automorphism group of F' is isomorphic to the alternating group A4. When
J(F) =0, the PGLy(C)-automorphism group of F' contains a non-trivial element of order
8 which we denote by Gr. We thus have:

Theorem 3.1.6. Let F(x,y) be a binary quartic form with complex coefficients and non-
zero discriminant. Then

Aut(cF = <U1, UQ,Ug, V —1- ]2><2>
if I(F) - J(F) #0 and
Aut(CF = <U17U27U3agF7 \Y% —1- ]2><2>

if J(F') =0. Moreover, when I(F) = 0 there exists an order 3 element in Autc F' and the
PGL4(C) automorphism group of F is isomorphic to the alternating group A,.
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We note that Cremona and Fisher’s work on equivalence of binary quartic forms in
[32] allows us to determine Autg F' completely by examining the bilinear factors of the

bihomogeneous form
F(CL’, y)F4(U, ’U) - F(“u U)F4(ZL', y)

However, their notion of an element in Autg F' being defined over a given field [F is coarser
than ours, and this is important for the present problem. A suitable refinement of Cremona
and Fisher’s work gives us another way to obtain Aut F'.

Theorem 3.1.5 allows us to determine Autg F' from Autgr F'. In the cubic case of a cubic
form F', the structure of Aut F' is heavily influenced by how F' factors over Q. We will show
that in the case of a quartic form F', it is not whether F' factors over Q that is critical but
rather the splitting properties of the cubic resolvent Qp(x). In order to state our results,
we will need to define several covariants of quartic forms F'.

The Hessian covariant of the binary quartic form F' is of degree 4, given by

Fy(z,y) = (3a3 — 8asas)r* + 4(azas — 6aga;) x>y + 2(2a3 — 24asag — 3asa;)r*y® (3.1.20)

+4(azay — 6azap)ry® + (303 — 8agag)y*
and the degree 6 covariant Fy(x,y) of F', is given by (see [31]):

Fs(z,y) = (a3 + 8aja; — dasazas)z’® + 2(16ajag + 2asasa; — 4asas + a3az)x’y  (3.1.21)
+ 5(8asazap + aza; — 4agaqsay)xty? + 20(a3ag — asai)z’y’
— 5(8agaya0 + asa® — 4asasag)r*y* — 2(16a4a3 + 2asa,a9 — 4aiag + azal)xy’

— (@} + 8azag — 4asayao)y®.
The Hessian covariant Fy(z,y), F(x,y) and Fg(x,y) satisfy a syzygy:
F} —3I(F)(—4F)*Fy + J(F)(—4F)® = 27F;. (3.1.22)
Let (1, s, B3 be the roots of Qp(x). Then (3.1.22) implies that
F(x,y) = (3.1.23)

(306 + 455 @) ) (5P ) + 52 ) ) (3Fo) + 4 ) ).

from (3.1.23).
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Indeed, each of the forms

5 (i) + 488 (2, )

is in fact a square of a quadratic form with complex coefficients. Moreover, we have the
equation

1
aiCi(z,y) = 3 (Fy(z,y) + 45 F(x,y)) (3.1.24)
with &;(z,y) given as in (3.1.18). Note that the right hand side of (3.1.24) need not have
non-negative leading coefficient, which means that it need not be the square of a real
quadratic form. Thus, the leading coefficient of &;(x,y) is either real or purely imaginary.

By multiplying by —1 we can take the right hand side of (3.1.24) to be the square of a
quadratic form with integer coefficients, say Q;(z,y). We have

Ol y) as@;(z,y), if the leading coefficient of €;(z,y) is real;
Y as/—1€;(x,y), if the leading coefficient of &€;(x,y) is purely imaginary.
(3.1.25)

We will write
Qi(z,y) = a,z° + bizy + ¢y,

and
DZ' = b? — 4aici.

Recall the roots f; of the cubic resolvent Qp(x) in (3.1.15). We may now state our
next main theorem:

Theorem 3.1.7. Let F be a binary quartic form with integer coefficients and non-zero
discriminant. Then U; € GL2(Q) if and only if 5; is an integer and [d;| is a square.
Moreover, we have:

1. Autg F = (Uy,Us,Us) = Dy if and only if U; € GLa(Q) fori=1,2,3;
2. Autg F' = (Us) = Cy if and only if Uy € GL2(Q) and Uy, Us & GLy(Q);

3. Autg F' = (U, Iaxa) or (Us, Iax2) and Autg F' = Cy x Cs if and only if there exists
exactly one index i € {1,3} for which U; € GLy(Q); and

4. Autg F' = Cy if and only if U; is not in GLo(Q) fori=1,2,3.
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Unlike the cubic case, the possibilities for Aut F' are not drastically different for re-
ducible forms. Indeed, all of the cases in Theorem 3.1.7 can occur for irreducible binary
quartic forms. We can use Theorem 3.1.7 to deduce the value of Wg for binary quartic
forms.

If B; € Z, then U; is given by

1 bz 2Ci
()
/o

ged(2a,, by, 2¢;)
is not a square, put m; = 1. Set m = lem(my, mg, m3). We then have:

If in addition |9, is a square, then put m; = . If B; is not an integer or |9;]

Theorem 3.1.8. Let F'(z,y) be a binary quartic form with integer coefficients and non-zero
discriminant A(F). We have the following:

1. If the cubic resolvent Qp(x) has three integral roots [y, B2, P35 and the absolute value
of the discriminant 9; of Q;(x,y) is a square for i = 1,23, then

1 1 1 1 3
Wep=2>(1- - 2.
r 2( 2my  2ms 2m3+4m)

2. If there is exactly one integral root 5 of Qp(x) such that |ds] is a square, then

1 1
Wr==>(1-=—].
F 2( 2m>

3. If Qp(x) is irreducible over Q or for all integral roots B of Qr(x) we have [0g| is not
the square of an integer, then

Wp =

NO| —

Hooley’s result (3.0.9) corresponds to case 1-(b) of Theorem 3.1.8 with m = 1, and
1-(a) of Theorem 3.1.8 with ms = 1 and m; = m3 = m = AC respectively.

Stewart provided many examples of binary quartic forms with large automorphism
groups in [98], as well as giving all finite subgroups of GLy(Z) up to conjugacy. We re-
mark however that the situation changes when we replace GLy(Z)-conjugacy with GLy(Q)-
conjugacy. Indeed, the groups D} and D, for ¢ = 1,2,3 in Stewart’s Table 1 are in fact
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GL2(Q) conjugate. See Table 1 of the present paper.

The final piece of the puzzle is the computation of the area Ap for binary quartic forms
F. M.A. Bean gave an elegant method for calculating the value of Ap for binary quartic
forms in [6]. Following [6], we label the roots as in (3.1.12). Bean stated his results in
terms of the cross ratio of the roots of F(z,1), given by

(01— 05)(02 — 64)
(01 — 04)(02 — 03)

Ap =

We then have
B3 — B

T BB

where, as we recall, 31, B2, B3 are the roots of the cubic resolvent Qp(x) of F' given as in
(3.1.15). Thus, the computation of Ar does not rely on finding the roots of F(z,1) but
only its resolvent cubic Qp(z).

Ap

We now introduce, as in Bean’s paper [0], the auxiliary quantity
'>\F7 if X(F)I4,
1 1+ R(Ar) ) B
Sp =142 (1 + 2 » EX(F) =2, (3.1.26)

if x(F) = 0.

G2

Here R(z) refers to the real part of a complex number z. Bean showed that if one orders
the the 6;’s in the manner as in (3.1.12), then the quantity 0 always lies in the interval
(0,1) in [06], so we will assume that 0 < 0p < 1.

The computation of Ag involves the evaluation of an elliptic integral. Indeed, it can
be shown that one can reduce the computation of Ap to evaluating an elliptic integral of
the first kind (see [20]). We will use the following representation for a complete elliptic
integral of the first kind, with parameter a:

! dt
Kle) = /0 N D)
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where o € (0,1). We now put

sa) =2aM5(1 — )Y (K (a) + K(1 — a)),
2(0) = 23a12(1 — ) YV2(K(a) + K(1 — ),
ola) =230 12(1 — o) PK (1 — a),

[ B N e ]

for a € (0,1).

Bean’s result in [0] can now be summarized as follows: for F' a binary quartic form with
real coefficients, we have

J 4
AR EAR = 0a(0r) i X(F) =2, (3.1.27)
J 0

In [100], we have proved a general theorem which shows that the constant C'r in Theo-
rem 3.0.2 is always a rational multiple of Ar, and this rational constant can be determined
explicitly as a function of Aut F'. Thus, the main novelty of this paper is to show that
Aut F' can be obtained explicitly when d = 3,4 and that there are simple criteria available
that enables one to check immediately whether Aut F' is trivial, and if it is not trivial,
explicitly obtain it.

One of the main technical advances in this area that we shall mention once more is
Heath-Brown’s Theorem 8 in [53]. In particular, he proved that given a binary form F of
degree d > 3 and such that no linear factor of F' has multiplicity exceeding d/2, that the
number of integers in a given interval [1, Z] which can be essentially represented, meaning
it has two representations which are not related by an element of Aut F', is sufficiently
small.

3.1.3 Lines on algebraic surfaces of degree 3 and 4 defined by
binary cubic and quartic forms

In [17], it is proved that the surface X defined by (3.0.10) contains exactly 4(4 + vr) many
lines when d = 4, where vp is the number of automorphisms of P!(C) which permutes the

roots of I'. We shall prove that vp is equal to 4 or 8 when d = 4. More precisely, we will
show that vp = 4 when J(F) # 0, vp = 8 when J(F) = 0, and vp = 12 when I(F) = 0.
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Further, our methods will show that vp = 6 for all binary cubic forms F' with non-zero
discriminant.

For a given binary cubic form F' with integer coefficients and non-zero discriminant,
write K for the field of smallest degree for which all lines contained in the surface X defined
by (3.0.10) is defined over K. We put F for the splitting field of F', and we shall denote by
w a primitive third root of unity. We will prove the following theorem for cubic surfaces
X defined (3.0.10) and a binary cubic form F(z,y):

Theorem 3.1.9. Let F be a binary cubic form with integer coefficients and non-zero
discriminant. Let X be the cubic surface defined by (3.0.10). Then

1. If F s irreducible and A(F) is a square, then [K : Q] = 6 and K is obtained by
adjoining a root of F(x,1) and w.

2. If F is irreducible with positive non-square discriminant, then [K : Q] = 12 and K
is obtained by adjoining all roots of F(x,1) and w.

3. If F is irreducible with negative discriminant, then [K : Q] = 6 or 12, depending on
whether or not the field K obtained by adjoining a root of F(x,1) is a pure cubic field
or not. If K is a pure cubic field then [K : Q] = 6 and if K is not a pure cubic field
then [K : Q] = 12.

4. If F has exactly one linear factor over Q and A(F) > 0, then [K : Q] =4 and K is
obtained by adjoining the roots of F(x,1) and w.

5. If F has exactly one linear factor over Q and A(F) < 0, then [K : Q] = 2 or 4
depending on whether the splitting field F of F' contains the third roots of unity. If
so, then K = Q(w) and if not, then K is obtained by adjoining the roots of F(x,1)
and w.

6. If F splits completely over Q, then K = Q(w).

For a given binary quartic form F' with integer coefficients and non-zero discriminant,
write K for the field of smallest degree for which all lines contained in the surface X defined
by (3.0.10) is defined over K. We put F for the splitting field of F'. We will prove the
following theorem for quartic surfaces X defined by (3.0.10) and a binary quartic form

F(z,y):
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Theorem 3.1.10. Let F' be a binary quartic form with integer coefficients and non-zero dis-
criminant. Let X be the quartic surface defined by (3.0.10). Then K = F(\/D1,v/Ds,~/D3,v/—1).
Further, the degree of K over Q is at most 384.

In Sections 3.2 and 3.3, we will determine all possible automorphisms of a real binary
cubic or quartic form respectively with non-zero discriminant in GLy(R) and determine
when these automorphisms lie in GLy(Q). As an immediate corollary to our arguments,
we will also be able to give a criteria to determine, for a given binary quartic form with real
coefficients and any sub-field F of R, the corresponding automorphism group Auty(F') in
GL2(FF). In Section 3.4, we will consider the arithmetical consequences of various possible
rational automorphism groups of binary quartic forms with non-zero discriminant.

3.2 Automorphism groups of binary cubic forms from
its quadratic covariants

In this section we shall prove that the PGLy(C)-automorphism group of a binary cubic form
F can be given explicitly as a function of its quadratic covariants: the Hessian gp(z,y)
and the Julia covariants Jy, for ¢« = 1,2, 3. We first prove a general result which holds for
binary forms of any degree.

The following lemma shows that equivalent binary forms have conjugate automorphism
groups:

Lemma 3.2.1. Let F,G be binary forms with complez coefficients which are GLy(C)-
equivalent, say Fr(z,y) = G(z,y). Then

Aute G = T H(Aute F)T.

Proof. Suppose that F,G are binary forms with complex coefficients and non-zero discrim-
inant which are GLy(C)-equivalent, say Fr(z,y) = G(z,y) with T' € GLy(C). Suppose
that U € Autc F'. Then

GTflUT(xa y) = FT(T*lUT) (1‘7 y)

= Fr(z,y)

= G(z,y),
hence Aute G C T~ (Aute F)T. The reverse inclusion follows from the fact that F'(z,y) =
Gr-1(z,y). O
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Our next result shows that under GLo(C) action, there is just one orbit of binary cubic
forms with non-zero discriminant. This follows from the fact that PGLy(C) is 3-transitive
on the projective line P!(C). However, we shall give an explicit and elementary proof here.

Lemma 3.2.2. Let F,G be two binary cubic forms with complex coefficients and non-zero
discriminant. Then there ezists T € GLy(C) for which G(z,y) = Fr(z,y).

Proof. 1t suffices to prove that every binary cubic form F with non-zero discriminant is
equivalent to Fy(z,y) = zy(z + y). Suppose that

F(z,y) = (12 — B1y)(agx — Boy)(azx — P3y), a4, 5; € C for i = 1,2, 3.
We first make the substitution
u=o1x — Py, v = aox — Pay. (3.2.1)
This transformation is invertible, since A(F) # 0. It follows that

(04352 - 04253)U - (04351 - a163)1)> .

04152 - 04251

F(u,v) = uv <

From here, setting
a3z — o33 azf — a1 B3
=————yand t=—"+——-
a1 By — asf a1y — s

shows that F' is equivalent to a form of the shape

(3.2.2)

F(z,y) = Azy(z +y)

for some non-zero complex number A. Finally, we can always normalize F by setting
w= A"3z v = A"1/3y, where the cube root can be taken with respect to any branch of
the logarithm over C. O

By Lemma 3.2.1 and the fact that Jy, for i = 1,2,3 and Hp are covariants of F, we
have reduced the proof of Theorem 3.1.1 to just a single binary cubic form, which we take
to be F(x,y) = zy(z + y). In this case, we see that A(F) = 1,

Fy(x,y) = 22° + 32%y — 3zy° — 2°,

gr(z,y) = 2* + zy + y°,
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and
Fs(x,y) = (x2 — 2y — 2y2)(2x2 + 2xy — 3/2)(:162 +4dxy + y2).

Thus, the Julia covariants are precisely
Ti(w,y) = 2° = 2xy — 29°, Jo(w,y) = 22° + 2zy — y°, Jy(x,y) = 2 + day +y°.

The associated matrices J, J2, J3 are then given by

—2 —4 2 -2 4 2
jl:(—z 2)"72:(—4 —2)’%:(—2 —4)'

Next, we note that the matrix associated to the Hessian, Hp, is given by

1 2
we= (1 %)

Moreover, by [98], we know that the automorphism group of F' even over C is given by

0 1 0 1
o= (% 1) (1 0)):
We then see that

1 1 0 1 1 1 1 0 1

EJ1HF = (_1 _1) ’6‘72HF = (O _1) ’EJ3HF = (1 0) -
A quick calculation shows that all of these lie in D3, as desired. Moreover, by Hooley
[64], we know that the order 3 element associated to the Hessian z? + zy + 32, equal to

(_01 _11>, lies in Aut F'. This completes the proof of Theorem 3.1.1.

We shall now prove Theorem 3.1.2. We first show that if a Julia covariant Jy of a
binary cubic form F' is rational, then the corresponding 7y is an element of GLy(Q) of
determinant —1 and order 2. Since the determinant of Jj is equal to the negative of the
discriminant of Jp, which by [31] has discriminant 12A(F), we see that the determinant
of Jp is —12A(F). Next, note that the determinant of Hp is equal to 3A(F). It then
follows that the determinant of JpHr is equal to —36A(F)?. Further, since the Hessian is
a rational covariant, Hp is always defined over Q. Therefore, we see that

1
75 = 6A—(H%HF
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is an element of determinant —1 and order 2 whenever 7, is defined over Q.

Now suppose that the roots 60y, 0,,03 of F(z,1) are all rational. Then it is clear that
the Julia covariants .Jy, are rational for ¢ = 1,2, 3. Observe that (3.2.1) and (3.2.2) are all
defined over the field Q(0y, 65, 05). We then see that F' is GLy(Q)-equivalent to a form of
the shape Azy(z 4 y) with A rational. Therefore, Autg F' is a rational conjugate of D3, so
AHtR F = AHtQ F= D3.

Next, we deal with the case when F'(x,y) has exactly one rational linear factor ax + Sy,
say
F(z,y) = (ax + By)(agz® + arzy + agy?)

where asx?® + ayzy + apy? is an irreducible quadratic form and «, 3, as, a1, ag are integers.
Put

u=uzx/a,v=uy/p. (3.2.3)
We then have
F(u,v) = (u + v)(ahu? + dyuv + apv?),

where a are rational. Observe that (3.2.3) is defined over Q. Put f(z,y) = ahr® + ajzy +
apy? = ax? + bry + cy*. We wish to find another transformation

t1 t
T = (t; tj) € GLy(Q)

such that fr(x,y) is symmetric while T" fixes the sum u + v. Moreover, we shall assume
that tit4 —tot3 = 1. These two conditions imply that there exist rational numbers s, such
that t; = s,t3 = 1 — s,y = t,t4, = 1 — t. Further, we deduce by our assumptions that
s =t+ 1. We then need to solve the equation

a(t +1)%b(t + 1)(—t) + ct® = at® + bt(1 — t) + c(1 — t)*.
Expanding both sides, we see that this is equivalent to
2at +a — bt = bt 4+ ¢ — 2ct.

Isolating for ¢, we have
2(a—b+c)t =c—a.
Observe that a — b+ ¢ # 0, otherwise f is reducible. Therefore we can put
c—a

20— 2b+ 2¢’
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Solving for T', we find that we can set

T 1 a—2b+ 3¢ c—a
20— 2b+ 2¢ a—c 3a —2b+c¢)

Therefore, we see that if F'(z,y) has exactly one rational linear factor, then it is GLy(Q)-
equivalent to a form of the shape

Flx,y) = (x + y)(ax® + bxy + ay?), (3.2.4)

which is symmetric, and hence is fixed by the matrix

(o)

We then note that when F' has exactly one rational linear factor it does not have square
discriminant, hence the Hooley matrix Up cannot be in GLy(Q). Further, the elements
Ty for the two irrational roots of F'(z, 1) are not rational, so Autg F' is conjugate to Dy = Cs.

If F(z,y) is irreducible, then the only possible non-trivial element in Autg £ is the Hoo-
ley matrix Up and Uz. The question is then completely answered by Hooley in [(4] and [70].

We move on to prove Corollary 3.1.3. Suppose first that Fy(z,y) is irreducible over Q.
Then in particular, none of the Julia covariants can be rational, since Fg is the product of
Julia covariants. Thus F' itself is irreducible and the determination of Autg F' goes back
to the work of Hooley in [64] and [70]. Now suppose that Fs(x,y) has exactly one rational
quadratic factor, say f(x,y). If f = Jy for some root 6 of F(z,1), then we are done by
Theorem 3.1.1. Otherwise, suppose f factors over a quadratic number field Q(\/E) as

f(x,y) = (az + by)(az + by)

where s denotes the conjugate of s in Q(\/E) Since f is not a Julia covariant, there must
exist distinct Julia covariants Jy, and Jy, of F' such that ax + by|.Jy, and @x + byl|.Jy,. This
shows that 61, 6, are not cubic irrationalities. Hence, by (3.1.7), we see that at least one of
the roots of F(z,1) is rational. Suppose that 6; is rational. Then since Jp, and f share a
common factor and are both rational, it follows that they are proportional. Moreover, this
would imply that Jy, and Jy, are proportional; which shows that Fg is singular. However,
by the proof of Theorem 3.1.1 we see that there is just a single GLy(C)-orbit of possible
F% such that F' has non-zero discriminant, and it is not singular. We have thus arrived at
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a contradiction and so 6; is irrational and thus must be a quadratic irrational. Likewise,
0 is irrational and is conjugate to ;. This implies that 65 is rational and thus Jp, is
rational. We have thus found another rational quadratic factor of Fy(z,y) distinct from
f, contradicting our hypothesis. Therefore, if Fg(x,y) has exactly one rational quadratic
factor, it must be equal to a Julia covariant.

Now, we address the case when Fy(z,y) has three rational quadratic factors. If these
factors are exactly the Julia covariants, then again we are done by Theorem 3.1.2. We have
shown in the previous case that if F has an integral quadratic factor f which is not a Julia
covariant, then in fact one of the Julia covariants co-prime to f, say Jy,, must be integral.
Suppose that the factors of f divide Jy,, Jy, as before, with 6,60, quadratic irrationals.
Note that the Galois group of F' acts on Fg/Jp, by permuting Jy, to Jy,. Moreover, the
Galois group of Fg/Jp, itself permutes the factors of Jy, and Jy, among themselves. Hence,
the Galois group of Fg/Jp, is at least order 4. Now suppose that

F6(x7 y) = J93f<x7 y)g(x7 y)
where ¢ is also a rational quadratic form. Put
g(x,y) = (ca + dy)(Cx + dy).

Notice that the linear factors of ¢ must divide either Jy, or Jy,. Without loss of generality,
suppose that cx + dy|Jy, so that

Jo, = (ax + by)(cx + dy).

If the splitting field of f and g are distinct, then either ac or bd must be a quartic irra-
tional, which is a contradiction on #; being a quadratic rational. Therefore the splitting
fields of f and g are the same. However, this implies that the Galois group of Fy/Jy,
has order 2, which is a contradiction. Hence if Fg has three rational quadratic factors,
they must be each equal to a Julia covariant. We then see that each Julia covariant is ra-
tional, hence F'is completely reducible and thus Theorem 3.1.3 follows from Theorem 3.1.2.

For the reverse direction, notice that if Aut /' = D3, then Theorem 3.1.2 asserts that
F splits over Q. Therefore, Fy is GLy(Q)-conjugate to the form

(2% — 2zy — 29°) (227 + 22y — v*) (2 + 4oy + y?)

which manifestly has three rational quadratic factors.
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If Aut F' = Cy, then Theorem 3.1.2 asserts that F' has exactly one rational linear factor
and is GLy(Q)-equivalent to a symmetric cubic form. It then suffices to check that the
degree 6 covariant of any symmetric binary cubic form has exactly one rational quadratic
factor. Indeed, let I’ be a symmetric cubic form, say

F(z,y) = ar® + bx®y + bry® + ay®.
Then A(F) = b* — 8ab® — 27a* — 18a?h* and Fs(x,y) is given by
Fsy(z,y) = (2b° + 27a® — 9ab®)2® + 3(b* + 9a®b — 6ab*) 2’y
—3(b* + 9a%b — 6ab*)xy* — (20° + 27a* — 9ab?®)y’.
Therefore, we have

Filay) = 5 (F3(e,y) ~ 27A(F)F*(z. )

= ((3a + b)2® + 4bxy + (3a + b)y*)G(z, y),

where G(z,y) is an irreducible quartic form.
The irreducible case follows the work of Hooley once again in [64] and [70)].

Now that we have determined Aut F', we can use the redundancy lemmas in Section
2.2. To justify Theorem 3.1.4. We will defer this to Section 3.5.

3.3 Automorphism groups of binary quartic forms over
subfields of R

In this section, our primary aim is to compute, given a binary quartic form F with real
coefficients and non-zero discriminant, the R-automorphism group Autgr F' and to deter-
mine when elements in Autg F' are defined over Q. In particular, we shall give proofs to
Theorems 3.1.5, 3.1.6. and 3.1.7.

We begin with the proof of Theorem 3.1.5. We shall show explicitly that Uy, Uy, Us €
Autg F' when A(F) > 0 and U; € Autg F' when A(F) < 0. We then note that Autg F'is a
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finite subgroup of GLy(R), and we show that all finite subgroups of GLy(R) are GLa(R)-
conjugate to a subgroup of the orthogonal group Os(R). We show that in each case, Autg F
does not contain any other elements.

We first classify possible finite subgroups of GLy(R). Let G C GLy(R) be a finite
subgroup, and let ¢(z,y) be a positive definite binary quadratic form with real coefficients.
Then for all U € G we have ¢(U(x,y)) is also positive definite. Moreover, the form given
by

t0(z.9) = 5 Y a(U.)

veG

is a positive definite quadratic form which is invariant under G. Let us put
qa(z,y) = ax® + bry + cy?, b* — 4ac < 0.

Then by writing
2
4ac — b*
oty

xT =alx+ —
qc\T, Y Yy A v,

2a
we see that go(z,y) is GLy(R)-equivalent to z% + y?, say
4(T(z,y)) = 2° +y’

for some T' € GLy(R). The form z*+y? is invariant under the orthogonal group O,(R), and
Oo(R) is in fact the maximal subgroup of GLy(R) which fixes z? + y. Moreover, T~'GT
fixes 22 + y*. Therefore, T"'GT C Oo(R). We summarize this as the following lemma:

Lemma 3.3.1. Let G be a finite subgroup of GLy(R). Then G is GLy(R)-conjugate to a
finite subgroup of the orthogonal group Oa(R).

It is well-known that all matrices in Oy(R) are of the form
cosf —sinf cosf) sinf
sinf  cos@ )’ \sinf —cosf)’
for some 6 € [0,27). The first type are rotations and the second type are reflections.

Therefore, all finite subgroups of Os(R) are either cyclic or dihedral. We use the symbol
C, to denote the cyclic group of order n and D,, to denote the dihedral group of order 2n.

We now prove the following lemma:
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Lemma 3.3.2. Let I’ be a binary quartic form with real coefficients and non-zero discrim-
inant. Then Autg I’ does not contain any elements of order different from 1,2,4. If we
further assume that A(F) < 0, then Autg F' does not contain any elements of order 4.

Proof. We first show that Autg F' does not contain any elements of odd prime order. By
Cauchy’s theorem, this implies that Autg F' does not contain any elements of order divisi-
ble by an odd prime.

For any

U= (“1 “2> € GL,(C),

Uz Uy
U acts on an element 8 € C via the action

u19 + U9

U:0~ )
uszl + uy

(3.3.1)

Suppose U € GLy(C) permutes the roots of F' via the action given in (3.3.1). Then
U necessarily has finite order. If p > 5 is a prime and U € Autg F' has order p, then for
a given root # of F, the orbit of # under U must have size dividing p. Since F' has at
most 4 distinct roots, it follows that each orbit has size one and U fixes each root of F. In
particular, for each root 6 of F'(x,1) we have

. 'LL19+U2
N 'LL39+U4.

Thus each root 0 of F' is a root of the quadratic polynomial
uzr® + (ug — uy)x — ug = 0.

If the coefficients us, uy — u1, —us are not all zero, then there are at most two choices for
0. However, the condition us = us = 0,u4 = wuq is only possible if uy = u; = £1, since
U € GLy(R) and has finite order. Since U has odd prime order, this is not possible, hence
there are at most two choices for . However F' has four roots, so each § must be a root
at least twice since there are only two non-parallel eigenvectors of U. This contradicts our
assumption that A(F) # 0.

If p = 3, then either U fixes all roots of F' or fixes exactly one root # of F. In the
former case, we again derive that A(F') = 0, contradicting our hypothesis. The latter is
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impossible if F' has real coefficients. This shows that Autg F' does not contain any elements
whose order is divisible by an odd prime p.

Now consider a positive integer k = 2! with [ > 1. Let F(z,y) be a binary quartic form
with real coefficients and non-zero discriminant such that Autg F' contains an element U of
order k. By Lemma 3.3.1, upon considering a GLy(R)-action if necessary, we may assume

_ (cos(2n/k) —sin(27/k)
U= (sin(27r/k:) cos(2m /k) > '

If U fixes each of the roots of F and [ > 2, then we may use the same argument to
obtain a contradiction. Therefore, U must move at least one root ¢ of F. The orbit of
0 under U has size at most 4 if U € Autg F'. Thus, U* fixes each root of F. If U* has
two distinct eigenvalues, then we again conclude that A(F) = 0. Hence, U* must have a
single eigenvalue, so U* = +15,9. If U* = Iy then U has order 1,2, 4, so we assume that
U* = —I545 and U has order 8. If the roots of F' do not lie in a single orbit under U, then
U? fixes all roots of F' and has distinct eigenvalues, so A(F) = 0 again. This implies that
we may assume, without loss of generality, that the roots of F' are
0—1 —1 1+4

0 — :
0+1760°1-6

Fla,y) = ala — 0y) (w_%y) (v+2) (“Z—% >

Therefore,

and

- -t i) (@0t )
%((1_9)x—y(1+8)) (x (Mil) _y<%>>
() () (G2 ()

_al=0)@)O+1)@0) (01 N[ 0-1
ERTCESV ISy (* )( y)

h—1" 6+1
0—1 Y
X <x——0+1y> <x+§>

= _F(x>y)'
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This shows that U fixes the roots of F' but not F', hence U ¢ Autg F', a contradiction.

Any pair of elements U, U’ € GLy(R) of order 4 are conjugate by Lemma 3.3.1. Thus,
if Autg F' contains an element of order 4, say U, then there exists T' € GLy(R) such that

(0 1
vt (5 Dz

By [98] and Lemma 3.2.1, it follows that F' is GLy(IR)-equivalent to a form F of the shape
Flz,y) = o* + brdy + ca’y? — bay® + y*.
The discriminant of F is equal to
(b — dc— 8)%(4b* + ¢ —dc+4) = (b* — 4c — 8)*(4b* + (c — 2)?).

Note that A(F) > 0. Thus, if A(F) < 0, then Autg F' does not contain any elements of
order 4. This concludes the proof. O

We now give a proof of Theorem 3.1.5.

Proof. (Theorem 3.1.5) By Theorem 8 of [53] we know that Autg F is a finite group. Thus
by Lemma 3.2.1, Lemma 3.3.1, and Lemma 3.3.2, we know that if A(F) > 0 then Autg F
is contained in a group isomorphic to D, and when A(F') < 0, we have Autg F' is contained
in a group isomorphic to Cy X Cs. It suffices to find explicit generators for Autg F' in both
cases to show that equality holds.

3.3.1 The case A(F) >0

We will show that Uy, Uy, Us € Autg F. We will use the following observation: if U &
GL2(R) permutes the roots of F' and fixes the leading coefficient of F', then U € Autg F.
Let us consider the action of Uy on 6, via the action in (3.3.1). We have

B0, +2C,

0 _—
Ul L —2A191 — Bl

Expanding using (3.1.17), we obtain

—292(01 — 93)(91 — 04)

—2(0, — 05)(01 — 01) 2.
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Next we see that
B16s + 2C4 B 20,(03 — 61)(03 — 65)

—2A193 — Bl n 2((93 — 91)(93 — 82)
A similar calculation shows that U; sends 0, to 6; and 04 to #5. This shows that U; per-
mutes the roots of F.

- 94.

Now we need to check that U; fixes the leading coefficient of F'. This is equivalent to
checking that

1
ﬁ (CL4B§1 + ang(—QAl) + CLQB%(—QAl)Q + CLlBl(—2A1)3 + ao(—2A1)4)
1

is equal to ay. Using the fact that as # 0 and the Vieta relations

B () + 0y + 05+ 04),
Q4
% = 0105 + 0105 + 0104 + 0205 + 050, + 050,
4
% = —(619283 + 916294 + Q19304 + 020304)7
4

and u
= = 0,6,050,,

Gy

this is equivalent to checking that
(0504 — 9192)4 + (01 + 02 + 05 + 04) (0304 — 9192)3(91 + 0y — 03— 0,y)
(0102 + 0105 + 0104 + 0205 + 0204 + 030,) (0504 — 0105)*(0, + 05 — 03 — 0,)*
+(6010205 + 010504 + 010304 + 020504) (0364 — 6105) (01 + 05 — O3 — 94)3
+9192(93¢94(91 + ‘92 — 93 — 84)4

is equal to
(01 — 03)%(01 — 04)*(02 — 03)% (0, — 04)°.

This can be done using any standard computer algebra package (in particular, we used
Sage). Thus U; € Autg F. The verification that Uy, Us € Autg F' follows similarly.

Finally, it is immediate that U7 = U2 = Ihye and U = —Iyxy. Thus, the group
(U1, Uy) = Dy and therefore must equal Autg F.
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3.3.2 The case A(F) <0

We can use the same argument to check that U; € Autg F' in this case as well, which shows
that Autg F' = (Uy, —Iax2) as desired.

This concludes the proof of Theorem 3.1.5. m

We move on to deal with Autc F' when F' has real coefficients. Certainly Autg F' is
contained in Autc F'. Moreover, we see that the generators Uy, Us, Us are always defined
over GLy(C) and thus Autc F' contains the subgroup generated by Uy, Us, Us, v/—1 - Ipyo.
We will show that in general, this is subgroup is equal to Autc F' unless J(F') = 0.

Proof. (Theorem 3.1.6) We first consider the case when J(F') = 0. By Theorem 3.1.5 and
its proof, we see that it suffices to consider the possibility that Autc F' contains an element
of order 8. Suppose that U € Autc F' is an element of order 8. Let w be a primitive 8-th
root of unity. Then U is GLy(C)-conjugate to

50

say via T" € GLy(C). We thus have, by the proof of Lemma 3.3.2, that

Flz.y) = Fr(z,y) = ax — 0y) (x - %y) (= + %) (x + zf—1y> .

Further, we see again from the proof of Lemma 3.3.2 that
Fv(z,y) = F(x,y),
so that V' is an element of order 8 contained in Autc F. Expanding F we see that
Flz,y) = az* + bx® — 6az’y* — bay® + ay*
for some b € C. Therefore the J-invariant of F is given by
J(F) = —432a* + 54ab® — 27ab* — 27ab®> — 2(—6a)® = 0.

Conversely, suppose that J(F) = 0. By [72], we know that F' can be written as the sum
of two perfect 4-th powers over C if and only if J(F) = 0. Therefore, there exist complex
numbers uy, us, ug, 4y such that

F(z,y) = (wir + ugy)* + (uzx + ugy)™.
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By setting s = ujx + ugy, t = usx + ugy we see that F' is GLy(C) equivalent to Fy(z,y) =
2% +y*. Finally, we note that

V-1 1 V-1 1

Fy (—x +—y, 1 — —y> =zt — 62y + 4,

V2 V2T V2 V2

so we see that Autc Fy contains an element of order 8.

Now we treat the case when F'is a Klein form. It is known that if F' is a Klein form,
then it is GLg(C)-equivalent to the form

F(z,y) = (2 +y°);
see [3]. We see that I(F) is given by
I(F) = 12(1)(0) — 3(0)(1) + 0* = 0.

We know from Klein [73] that Autc F indeed contains an element of order 3 and that
Autpar,c) F = Ay By Lemma 3.2.1, we see that all forms whose automorphism group
is isomorphic to A4 has [-invariant equal to zero. This completes the proof of Theorem
3.1.6. =

Finally, we move on to prove Theorem 3.1.7. If A(F) < 0, then the only element in
Autg F' aside from +I5,o which can be rational is U;. We have shown in the proof of
Theorem 3.1.5 that

1 bl 2C1
Ul a \/w (—2&1 —b1>7
where € (z,y) = Ajx*+ Byxy+C1y? is the Cremona covariant corresponding to the unique
real root () of Qp(z). By (3.1.25), it follows that U; is rational if and only if Q:(x,y)
is an integral quadratic form and a3D; = 0, is a square. Similarly, when A(F) > 0 we
have U; € GLy(Q) if and only if Q;(x,y) has integer coefficients and [9;] is a square. This
completes the proof of Theorem 3.1.7.

To prove Theorem 3.1.8 from Theorem 3.1.7 we will require some results from [100],
namely the so-called redundancy lemmas. We will state these lemmas in Section ?7 and
finish the proof of Theorem 3.1.8 in Section 3.4.
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In the course of proving Theorem 3.1.5, we have discovered the following differences
between conjugacy classes of finite subgroups of GL(Q) versus subgroups of GLg(Z) as
in Stewart’s Table 1 in [98]; there are redundancies on that table if we consider GLy(Q)
conjugacy. Indeed, we find that the groups

o= (1)) 2= (0 )

which are not GLg(Z)-conjugate are GLo(Q)-conjugate by the matrix <} _11) Indeed,

(6 2E D=6

This implies that the groups

p.= (o 0) (3 5) ) mi={( o) (5 4))

are also GL3(Q)-conjugate. By noting that

FEDGDE Y-

we see that the groups

o= (1 0)- (% 4) = (5 ) (5 4)
((
are GLa(Q)-conjugate.

We now prove that every finite subgroup of GLy(Q) is conjugate to a finite subgroup
of GLy(Z). This argument is due to David Speyer, posted on Mathoverflow; see also [?].
Suppose that G C GLy(Q) is a finite subgroup. Consider the lattice

A=Y 02 CQ.
oeg

Plainly, we have GA = A and Z? C A, since G contains the identity matrix. Therefore, we
must have that A is of rank 2. Let T' € GLy(Q) be a matrix that sends the standard basis
to a basis of A. Then TZ? = A, and T~'A = Z2. Now for all G € G, we have

T'GT(Z%) =T 'GA =T 'A = 72,
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whence
T7'GT C GLy(Z),

as desired. We state this as the following lemma:

Lemma 3.3.3. All finite subgroups of GL2(Q) are conjugate to a finite subgroup of GLa(Z).

3.4 Determining the value of Wy for integral binary
quartic forms

In this section, we prove Theorem 3.1.8 by determining the value of Wg for given a binary
quartic form
F(z,y) = ayx* + asz®y + apr®y® + arzy® + apy?,

with integer coefficients and non-zero discriminant. Much of what we do in this section
is covered in [100] for general binary forms of degree d > 3, so we will be brief in our
exposition here. We will recall the following definitions and lemmas. We say that an
integer n is essentially represented by F' if whenever F(z,y) = F(u,v) = n, then there
exists an element U € Aut F' such that

7(0)= ()
Yy v
We will denote by Rg)(Z ) the set of integers n with |n| < Z which are essentially repre-
sented by F. If F(x,y) is essentially represented for (z,y) € Z?, then we say that (z,y)
is an essential representative. We denote by N, l(wl)(Z) the set of essential representatives
(z,y) of F for which |F(z,y)| < Z. Put RY(2) = #RW(Z) and NP(2) = #N P (2)
respectively. We can now state the following lemma, which combined with the redundancy
lemmas in Section 2.2 and Theorem 3.1.7 allow us to prove Theorem 3.1.8.

Lemma 3.4.1. Let F' be a binary form of degree d > 3 with integer coefficients and non-
zero discriminant. Then there exists a number Bq which depends solely on d such that
0 < Bq < 2d7 ' such that for all € > 0, we have

NN(Z) = ApZi + Op. (2°4F).

Proof. This is essentially the content of Lemma 2.1.3; see Chapter 2. m
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Proof. (Theorem 3.1.8) We first suppose that the roots §; of Qp(x) are integral for i =
1,2, 3, and that the absolute value of the discriminant d; of Q;(z, y) is a square for i = 1,2, 3.
It then follows that Uy, Uy, Us are generators of Aut F'/{+1}, and from (2.0.11) we see that
the determinant of the lattices A; is equal to m; for i = 1,2,3. Let us denote by Sy(Z)
the set of points (z,y) € Z% in N\ (Z) which do not lie in A; for i = 1,2,3, 8;(Z) for the
set of points in N}”(Z) which lies in A; but not in A; for j # ¢, and S(Z) for the set of
points (z,y) € Z? in N}l)(Z) such that (z,y) € A; for i = 1,2,3. Put S(Z) = #8(Z) and
Si(Z) = #8;(Z) for i = 0,1,2,3. By the inclusion-exclusion principle, Lemma 2.2.2 and
Lemma 3.4.1 we have

1 1 1 2
5(2) = (1 ————— — + —) NY(Z) + Op. (2779)

mi mo ms m

L 1) yo Bar+
(Z)=(—-= )NV (z ZPate
Sz( ) (ml m) F ( )+OF7€( )’
and )
S(Z) = ENS)(Z) + Op. (Z°0F¢)
Let

S(Z)={n€eZ:|n|<Z3Izx,y) €S;st. Flz,y)=n}
fort=20,1,2,3 and

S(Z)={ne€Z:|n<Z3Ix,y) €S st Flr,y)=n}.
Put S{(Z) = #S(Z) for i =0,1,2,3 and S'(Z) = #S5'(Z). Then it follows that

Sy(2) = 350(2)

since for each n € &y there are exactly two pairs in Sy, namely (z,y) and (—x, —y) such
that F'(z,y) = F(—x, —y) = n. Similarly, we have

512) = 1542)

for i =1,2,3 and

Note that



It thus follows that

1 1 1 1 3
RY(zy==-(1- _ - 2 VYN Z) 4+ O, (ZPate)
r (Z) 2 om;  2my 2m3+4m r (Z)+ Ore ( )
Lemma 3.4.1 then yields that
1 1 1 1 3 )
RYzy==(1- - — 2 VApZi + Op, (ZPate
r (%) 2 2my  2me 2m3+4m pas+ F< )7

and so

1 1 1 1 3
[T (R HE E N

2 mi  2mo  2ms  4m

Next note that if there exist two integral roots, say (i, f2 of Qp(x) such that [9,], [02]
are squares, then it follows that Us € GL2(Q) as well from Theorem 3.1.5. This implies
that fs is integral and [93] is a square. We now consider the case when Qp(z) has exactly
one integer root, say 3, such that [9s| is a square. In this case we have

$o(Z) = (1 _ %) NU(Z) + Op. (2°°)

and ]
S(2) = —Np(Z) + Or. (2°0).

Further, we have

and

and therefore

and by Lemma 3.4.1, we have

1 1
A7) = 5 (1 ) 7+ One (727,

This shows that in this case, we have

1 1
= (1-—).
Wr 2( 2m>

7



Finally, if Qp(x) is irreducible over Z or if for any integer root 5 of Qp(x) we have |04|
is not the square of an integer, then Aut F' = C, and so each integer represented by F is
represented exactly twice. Therefore, we have

1
WF:§

as desired. ]

We now give examples of irreducible quartic forms which realizes each isomorphism
class of automorphism groups. This demonstrates a significant difference between quartic
and cubic forms. However, there is a connection between the automorphism group of F
and the Galois group Gal F' of the Galois closure of F'; see Corollary 3.4.10.

3.4.1 Examples of irreducible quartic forms which realizes each
possible automorphism group

By Theorem 3.1.7, the possible isomorphism classes of Aut F' are Dy, C4,Co X Co, and
Cy = C,. While for each possible isomorphism class it is possible to find an irreducible
form F' which realizes that class, we note that the discriminant plays a key role. In
particular, by Theorem 3.1.5 we see that Autg F' = Cy x Cy if A(F) < 0, so whenever
Aut FF = D, or C4, the discriminant of F' must be positive. Our examples show that this
is the only obstruction.

Example 3.4.2.
F(z,y) = 2" +y", x(F) = 0.

Note that F(z,1) is the 8-th cyclotomic polynomial, so it is irreducible. Also note that
Aut F' = Dy, as shown by Stewart in [98] in the proof of his Theorem 3.

Example 3.4.3.
F(x,y) = a* — 627y + y*, x(F) = 4.

It is quickly verified that F' is irreducible. Moreover, it can be seen to be fixed by Dy, as
argued by Stewart in [98].

We now show that there are forms F' with signature 0 and 4 such that Aut F' = C,. By
[95], all forms of the shape

F(z,y) = Az* + B2’y + C2*y* — Bay® + Ay* (3.4.1)
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are fixed by <_01 (1]) . Any such F will satisfy Aut F = C, as long as we can check that

Aut F contains no other elements except for those in Cy. If there exists U € GLy(Q) \ Cy
in Aut F', then Aut F = Dy, which implies that its cubic resolvent is completely reducible.
Thus the discriminant A(Qz) of the cubic resolvent Q must be a square. Moreover,
A(QF) = 27A(F). Therefore, if we find a form F of the shape (3.4.1) whose discriminant
is not thrice a square, then Aut F' = Cy.

Example 3.4.4.
F(z,y) = o* + 22y + 32%y* — 209 + 1

has x(F) = 0 and A(F') = 4352, which is not thrice a square in Q. Further, one can check
that F(z,y) is irreducible over Q. Hence, Aut F' 2 D, and contains Cy, so it is exactly
equal to Cy.

Example 3.4.5.
F(x,y) = 2* + 223y — 32%y* — 229® + 1.

Then x(F) = 4 and A(F) = 2624, which is not divisible by three. Again, it is easy to
check that F(z,y) is irreducible over Q. Hence Aut F' = C,.

Next we show that there exist forms with y(F') = 0,2,4 such Aut F' = Cy x Cs.

Example 3.4.6.
F(z,y) = ot 4 422y + Ty, X(F)=0.

By Stewart [08], we know that Aut ' contains Dy. Thus, the cubic resolvent Qp(x) will
have a rational root. To show that it is exactly Ds, it suffices to show that Q(z) has an
irreducible quadratic factor. We explicitly find the factor

2?4 8x — 236
of Qp(x). The quadratic formula yields the roots

-8+t V1
w = —4+ 263,

which are not rational. Therefore Aut F' = Ds.

Example 3.4.7.
F(a,y) = o' = T2°y* + 7y", x(F) = 4.
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In this case, we know that Aut F' contains Ds. The relevant quadratic polynomial is
z® — 14z + 203.

By Eisenstein’s lemma applied to the prime p = 7, we see that the above is irreducible,
whence Aut F' = D,.

Example 3.4.8.
F(z,y) = a* — 4y*, x(F) = 2.

We have Dy C Aut F'. The relevant quadratic polynomial is
x? 4 144,

which is irreducible by inspection since it has no real roots. Therefore Aut F' = Ds.

The generic binary quartic form will have Aut ' = Cs,. A concrete example is, for
instance,

Example 3.4.9.
F(x,y) = a* + 223y + 322y + day® + 5y

It can be checked directly that Hg, () is not well-defined over Q for ¢ = 1,2, 3. However,
we will adapt a more enlightened approach . It can be immediately verified using computer
algebra programs that the Galois group of the Galois closure of F' is isomorphic to Sy, the
full symmetric group on four letters. We may embed Aut F' into Sy = Gal F' via the action
of Aut F' on the roots of F'. Now let ¢ € Gal I’ be an element of the Galois group of the

Galois closure of F' and U = (Ul U2

B ) Then we see that for any root 6 of F', we have
3 Ug

-1
(U0 = o (um (0) + uz) Cwf g

uso1(0) +ug ) uzh +uy

since U € GLy(Q). Therefore, U = cUo ™! for all ¢ € Sy, which implies that U lies in the
center of S;. But &, has trivial center, so U = +15,9, as desired.

In fact, this last example leads to the following corollary:

Corollary 3.4.10. Suppose that F(x,y) is an irreducible binary quartic form with integer
coefficients. If Gal F' is Sy or Ay, then Aut F is trivial.

Proof. This is the same as the argument given in Example 3.5.9. O]
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3.5 Computing Wy for integral binary cubic forms

Much like in Section 3.4, we shall apply the redundancy lemmas in Section 7?7 which were
the main technical results in [100] to prove Theorem 3.1.4.

3.5.1 When F is irreducible and A(F) is not a square

In this case, we have shown in Section 3.2 that Aut F' = C;. Therefore, by Theorem 1.2
in [100] we see that Wr = 1.

3.5.2 When F is irreducible and A(F) is a square

Hooley showed that the Hooley matrix Up lies in GLy(Q) in this case and generates Aut F'.
Let A = Ay, be the lattice associated to Up. Then Lemma 2.2.1 shows that

d(A) =m,

as desired.

3.5.3 When F has exactly one rational root

We showed in Section 3.2 that Aut F' = Dy in this case. Moreover, Aut F' is generated by
the matrix

1
EJQHF
where 0 is the unique rational root of F. Lemma 2.2.1 applies and thus we are done by
Theorem 1.2 in [100].

3.5.4 When F' has three rational roots

In this case, Aut /' = D3. Then Lemma 2.2.2 and Theorem 1.2 in [100] shows that

1 1 1 2 4
Wrp=1-— — — — —
E 2my 2mo  2ms  3my + 3m

This completes the proof of Theorem 3.1.4.
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3.6 Proof of Theorems 3.1.9 and 3.1.10

3.6.1 Cubic surfaces

By the proof of Theorem 3.1 in [17], the lines contained in X are either of the form
L: s, 0;s,t, 0t (3.6.1)

where s,t are independent parameters and 6;,6; are two roots of F'(z,1) (not necessarily
distinct), or of the shape

L :[s,t,wj(us + ust), wj(uss + ust)] (3.6.2)

where s,t are independent parameters,

U= <U1 UQ) € Aute F,

Uz Ug

and wj; is a third root of unity. The lines (3.6.1) are defined over the splitting field F of F'.
By Theorem 3.1.1, it follows that U can be chosen to be defined over the splitting field F
of F'. Thus, the lines in (3.6.2) are defined over the field K = F(w), where w is a primitive
third root of unity. Since [F : Q] is 1, 2,3, or 6, the first part of Theorem 3.0.3 follows and
a careful analysis of the cases yields Theorem 3.1.9.

3.6.2 Quartic surfaces

By the proof of Theorem 31 in [17], there are precisely 4(4+vr) many lines contained in X.
However, we must interpret vp to mean the number of automorphisms of the roots of F' on
the projective line, which means that these automorphisms are defined over PGLy(C), not
GLy(C). By Theorem 3.1.6 and its proof, we see that every binary quartic form F' with
non-zero discriminant has exactly 4 automorphisms in PGLy(C) if J(F) # 0 and there are
8 automorphisms otherwise. There are thus 4 - 8 = 32 lines contained in X over C when
I(F)-J(F)#0,4-12 = 48 lines when J(F) = 0 and I(F) # 0, and 4 - 16 = 64 lines when
I(F)=0and J(F) # 0.

As before, we see that the lines L contained in X are of the shape

L: [s,@is,t,ﬁjt] (363)
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for two roots 6;,6; of F(z,1) and independent parameters s,t € C, or of the shape

L :[s,t,v;(urs + ust), vj(uss + ust)] (3.6.4)

where
U= <UI UQ> € Aute F

Uz Ug
and v; is a 4-th root of unity. The lines (3.6.3) are defined over the splitting field F
of F. By Theorem 3.1.6 and (3.1.19), we see that the lines in (3.6.4) are defined over
F(v/'Dy1,v/Da,+/D3). We have that [F : Q] < 24. Moreover, since a3y/DyDyDs = A(F),
it follows that F(y/Dy. /Dy, VD = F(v/Dr, vDy) so [F(v/Dr, /Dy, vVDs) < Q] < 96. Fi
nally, K = F(v/Dy,v/D,, /D3, /1), so [K : Q] < 192.

We now refine our estimates when F' has an almost rational stabilizer. In this case,
[K : Q] is much smaller. The lines from (3.6.3) are defined over F, which has either degree
4 or 8 over Q. Without loss of generality, we shall assume that

gL ( B, 201>
e \/€1D1 _2A1 _Bl

is almost rational, namely that the quadratic form A;2? + Biaxy + C1y? is proportional
over C to a quadratic form with integer coefficients. In this case the root 5; of the cubic
resolvent Qp(z) is an integer, thus all elements in Gal F' must fix 8;. One then sees that
Dy must be rational, since it is fixed under all elements in Gal F'. Moreover, we see that

64A(F) == CLngDQDg,

and so DyDj3 is rational. Thus we only need to adjoin one of v/Dy,+/Ds. Therefore,
[F(v/Di,vDs) : Q] <32 and [K : Q] < 64.

Finally, if F' is irreducible and has three almost rational stabilizers, then its Galois
group is isomorphic to Co x Cy. In this case, we claim that the lines in (3.6.4) are defined
over at most a degree 4 extension of F. To see this, observe that D?|A(F) for i = 1,2,3
and so for each prime factor p of D; which does not divide a4, either p?|D; or p|DyDs.
Thus we see that F(y/D1,v/Ds,+/Ds3) is at most a degree 4 extension of F. Thus, we see
that [K : Q] < 32.

We now give some examples of various K.
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Example 3.6.1. Let F(z,y) = * +y*. Then it is clear that F = Q(w) and Aut F' = Dy,
where w is a primitive 8-th root of unity. Moreover, in this case Dy = D3 = —1 and
D, = 1. Moreover, /=1 € F. Thus, in this case K = Q(w) and [K : Q] = 4, the smallest
possible value.

Example 3.6.2. Let F(x,y) = 2* + 36zy® + 63y*. Then the Cremona covariants of F are
given by

Ci(z,y) = 2% + 6xy + 3y%, Co(x,y) = 2% + 3wy + 6y%, and C3(z,y) = 2% — 22y — 9y°.

This gives rise to

1 (3 3 1 (3 12 1 (1 9
U =— U = —= , and U3 = —— .
Ve (—1 —3> YT (—2 —3) SVIO (1 —1>

This shows that D; = —6, D3 = —10, Dy = 15. One checks explicitly that F = Q(v/2, v/=3).
Thus, F(v/D1,vDa, vD3) = Q(v/2,vV/=3,v/—5). We see that this last field is missing v/—1,
so that K =F(y/—5,v/—1) and so [K : Q] = 16.
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Chapter 4

The p-adic determinant method

In this chapter we give an overview of what is known presently of the so-called determinant
method, originally formulated by Bombieri and Pila in [14] to bound the number of rational
points on plane curves. Bombieri and Pila’s original approach involved in a critical way
the geometric properties of the Euclidean plane R?, which prevented their method from
being generalized to higher dimensions for over a decade. In 2002, Heath-Brown found a
way to formulate the determinant method in terms of p-adic valuations as opposed to the
archimedean valuation in [53]. Heath-Brown’s version of the determinant method, now
known as the (local) p-adic determinant method, has proven to be immensely versatile
and useful in studying problems involving counting rational points on algebraic varieties.
One of the fantastic attributes of the determinant method is that the upper bound one
gets from applying it only depends on the degree and dimension of an algebraic variety X
and not on the coefficients of the polynomials defining X. Broberg and Salberger refined
Heath-Brown’s determinant method in [18] and [92] respectively, recasting Heath-Brown’s
argument in the language of algebraic geometry. Later, in [93], Salberger would give a
much more efficient version of the p-adic determinant method which is now known as the
global determinant method. Salberger gave a further refinement of the p-adic determinant
method in [941], which improves the determinant method in a fundamental way. We dub
this improvement the Salberger improvement to the p-adic determinant method.

We shall now briefly discuss the basic philosophy of the determinant method. Typically,
the difficulty of counting rational points on an algebraic variety X increases rapidly with
respect to the dimension of X. For instance, counting points on O-dimensional varieties is
almost trivial; since the count is bounded by the degree of the variety alone. Even the 1-
dimensional case is highly non-trivial, as enumerating rational points on curves of positive
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genus remains a challenging problem in general. Even though we have Faltings’ theorem
telling us that curves of genus at least two have only finitely many rational points on them,
effective results are difficult and sporadic. For dim X > 2 the problem of bounding the
density of rational points is almost entirely unsolved.

Following the basic concept that lower dimensional algebraic varieties are easier to deal
with, a reasonable strategy to count rational points on X of bounded height is to sort
them into lower dimensional subvarieties. The most straightforward way to do so is to
cut X using hyperplane sections. However, the number of hyperplanes needed to cover all
rational points of height up to B is large. One might hope that there might be a more
efficient way to count the points of height at most B if one allows coverings by subvarieties
of higher degree, and this is precisely where the determinant method succeeds.

To be more clear, the objective of the determinant method is to produce a relatively
small number of hypersurfaces Y7, Ys, -+ with respect to the parameter B such that the
set Y1 UY, -+ covers the rational points on X of height at most B. The argument has a
similar flavour to Roth’s theorem: if there are few rational points to begin with, then we
can trivially pick hypersurfaces in such a way that each hypersurface covers only one point.
If there are a lot of rational points, then we shall show that there is a certain repulsion
principle which prevents the existence of a greater number of points.

Heath-Brown [53], Broberg [158], and Salberger [92] [93] [91] worked in the setting of
projective spaces (Heath-Brown also proved a version of the determinant method for affine
spaces; see [51]). However, in order to study k-free values of binary forms or rational points
on del Pezzo surfaces of degree 2, it is more natural to work over certain weighted projective
spaces. Let K be a field. Then the projective space P% ! is given by the Proj construction.
In particular, the polynomial ring Kz, -+ ,z,41] is a graded ring with respect to the
degree. Moreover, there is a grading of the monomials provided by first comparing the
degree of two monomials, and then when there is a tie, we follow the lexiographic ordering
on o, - ,%y4+1; that is, x; precedes z; if ¢+ < j. We then have

P = Proj Klxg, - -, xy)].

We can carry out the same construction, but we can assign a different grading to the ring
K[xg,- - ,x.41]. Indeed, given an (r+2)-tuple of positive integers, say w = (wg, - -+ , Wy41),

we can define the weighted degree with respect to w, deg,,, of a monomial x* = z(" -+ - 2,7}

by
deg,, X* = woap + -+ - + Wyr1Q41.

86



This ordering turns Kz, ,x,41] into a graded ring, and the corresponding space is
called the weighted projective space with weight vector w, which we denote by Px(w).
We can define a similar monomial ordering < by first comparing the weighted degree, then
order zg, x1,- - ,x,41 lexiographically. The usual projective space is then a weighted pro-
jective space with weight vector equal to (1,1,---,1).

From now on we will assume that the underlying field is Q, unless otherwise stated. For
brevity we put P(w) = Pg(wo, - -+ ,w,4+1). We are not able to deal with general weighted
projective spaces. Indeed, our arguments require at least two of the weights be equal to 1.
We shall assume that wy = w; = 1. This will be made apparent in the proof of Theorem
4.2.1.

Let I be the weighted homogeneous ideal generated by a primitive weighted homogeneous
form
F(;p(),... ,$r+1) c Z[SL’O,--- 7:1;T+1]7

of weighted degree d, and let X be the corresponding hypersurface defined by F'. Let the
height of F', denoted by ||F||, be the largest absolute value of the coefficients of F'. Let < be
the monomial grading described earlier (see also Section 4.1), giving rise to the constants
aro, - ,ar.41 as in (4.1.4). Let B = (By, -+, B,11) € R™2 be an (r + 2)-tuple of real
numbers of size at least 1. Our goal is to count rational points x = (zg, -+ ,z,11) on the
hypersurface X, defined over P(w), such that

Let us write
w:wg...wr+17

V - BO c Br+17 (401)

and y
(1)

W= (B Bl (102)

Further, we will only be concerned with those rational points x € X with integral represen-
tation (zg, - ,z,41) satisfying ged(zg, z1) = 1. Note that any such integral representative
is necessarily primitive. Let us write X(Q; By, -, B,+1) = X(Q;B) for the set of ra-
tional points on X with an integral representative (xg, - ,z,41) satisfying |z;| < B; and
ged(xg, x1) = 1. Sometimes we will wish to count a subset of X (Q;B) satisfying a certain
set of congruence conditions. For each prime p, let us write X, for the hypersurface defined
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by reducing X modulo p, viewed as a variety over F,. Let P = {p1,--- ,pi} be a set of
primes, and let f = (Py,---, ), with P; € X,,,. Then we write

X(@B;P) ={xe X(@B):x=PF; (modp;),1<j<t}.

A hypersurface X C P(w) is geometrically integral if it is reduced and irreducible over the
algebraic closure of Q; see Hartshorne [50], p. 82 and p. 93.

We sketch the main ideas of the determinant method (and explaining its namesake)
before moving on to stating our next theorem. The key idea is as follows. Suppose that
X(Q;B,%) contains many S points. If S is small with respect to some a prior agreed
upon function of B, then we simply use S as a bound for #X(Q;B,B). Otherwise, we
choose a moderately large degree u and consider the set of monomials {x® : deg,, & = u}.
The dimension of the span of these monomials is strictly smaller than the total number
of monomials over X, since the vanishing of F' induces non-trivial linear relations on X.
We then consider the Hilbert function Hyxy(u) to be the number of linearly independent
monomials of degree u over I(X), the ideal generated by X (see the next section). We
choose a subset of monomials M, - -, My where s = Hy(x)(u), each of weighted degree w.
Our choice of u will be small enough so that s < S. Enumerate the points in X (Q; B, ) as
X1, -+ ,Xg. Now consider the s x S matrix M where the ij-th entry is M;(x;). If the rank
of M is less than s, then we can take a non-trivial vector g from its kernel with integer
entries which defines a form of weighted degree u vanishing on X (Q; B,B). By the linear
independence of the monomials M;, we see that this form cannot vanish identically on X,
so it gives rise to a hypersurface satisfactory for our purposes. In order to force the rank of
M to be less than s, we will show that every s x s sub-matrix of M has vanishing deter-
minant. The quality of this result depends heavily on the number of linearly independent
monomials we have available per degree u, a point which we will return to later when we
discuss Salberger’s improvement.

To show that the rank of any s x s sub-matrix of M is less than s, we use the fact
that the points in X (Q;B,) are congruent to each other modulo the primes pq,--- , p;.
This means that given any s X s sub-matrix, say M’, we can perform column operations
to show that the determinant of M’ is divisible by a large power of py,--- ,p;. The key
to the argument is that after performing column operations, one can reach a state where
there are few columns whose order of vanishing is small. This allows us a tremendous gain
over the trivial estimate where py,--- , p; divides each column to the first power only. This
in turn allows us to produce a very large divisor of det M’, and we recall that det M’ is
an integer. By imposing conditions on *J3 so that this divisor is large with respect to the

38



upper bound for det M’ imposed by the bounds B, we can force det M’ = 0 and since the
argument is uniform for any s x s sub-matrix M’ of M, we see that the rank of M is less
than s, as desired.

We now state our generalization of the main theorem of the global determinant method
to the case of weighted projective spaces where two of the weights are 1:

Theorem 4.0.1. Let B = (By, -, B,41) € R™2 be a vector of positive numbers of size
at least 1 and let w = (1,1, wsq,--- ,w,41) be a vector of positive integers. Let X be
a hypersurface in P(w) which is irreducible over Q and defined by a primitive weighted
homogeneous form F in Zlxg, - - , x,41] of weighted degree d with respect to w. Let I = (F)
be the weighted homogeneous ideal generated by F. Let P be a finite set of primes and put

o=1]][»

peEP

For each prime p in P let B, be a non-singular point in X, and put
B={P,:pec P}

(a) Let e > 0. If
WVeE< Q< WV

then there is a hypersurface Y (B) containing X (Q;B,P), not containing X and
defined by a primitive form G € Z[xo, -+ , x,11], whose weighted degree satisfies

deg G = Oy pwe(1), (4.0.3)
and whose height satisfies

log||G|| = Ogyw.e (logV). (4.0.4)
(b) If X is geometrically integral, then there exists a hypersurface Y (B) containing

X(Q;B,), not containing X and defined by a primitive form G € Zlxg, -+ , Try1],
whose degree satisfies

deg G = Oy ar ((1 + Q7 'W)log VQ) )

The second part of Theorem 4.0.1 is a generalization of Salberger’s Theorem 2.2 in [93]
to the case of weighted projective hypersurfaces, and the first part is a generalization of
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Salberger’s Lemma 2.8 in [93]. Lemma 2.8 in [93] is itself an extension of Heath-Brown'’s
Theorem 14 in [53]. In fact, both theorems are recovered if we set w = (1,1,---,1). We
note that, unlike earlier formulations when Q > WV¢ the dependence of the logarithm of
the height of GG on the degree d and the dependence of the degree of G on the degree d
of F' and the parameter ¢ is explicit with the remaining constant depending only on the
dimension r and the weight vector w.

M. Walsh was able to obtain an improved version of Theorem 1.1 of [93] in [103]. This cor-
responds to the case P = ) in Theorem 4.0.1. His improvement was to show that one can
obtain a saving of log(||F||+1)||F||=""* """ on the estimate for the degree of the form G.

We will complete the proof of Theorem 4.0.1 in the next few sections.

In [94], Salberger devised an even more powerful version of the determinant method
when the degree of X is small compared to its dimension 7. We have named this mod-
ification of the determinant method the Salberger improvement. We have noticed that
Salberger’s improvement can be applied to weighted projective spaces as well, which al-
lows us to obtain a stronger version of Theorem 4.0.1 in certain settings.

We will give a quick description of Salberger’s improvement here. As we mentioned
before, a bottleneck of the p-adic determinant method is finding many monomials which
are linearly independent over X. In general, one cannot do better than the Hilbert function
Hp(x)(u) for each degree u. However, Salberger, in [9], gave a brilliant construction which
yielded many more monomials in certain situations. In particular, he showed that whenever
the degree of the variety X is sufficiently small with respect to its dimension, then one can
construct more monomials than can be expected from the Hilbert function. We formalized
his ideas and formulated the so-called trading ratio (see Section 4.5) A\, which depends only
on the weight vector w. For a given weight vector w and w = wy - - - w,, 1 with associated
trading ratio A\, we put

S(d,n,w) = <%>l/n ((%) e (n—1)+ A) :

We shall prove:

Theorem 4.0.2. Let X be a weighted projective hypersurface in P(w) of degree 2 < d <
2"w. Let B = (By, -+, Byi1) € R™2 be a vector of positive numbers of size at least 1. Let
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e >0 and py,--- ,p; be distinct primes with
Q=py-p > Ws@nw Ve,

Foriv=1,---,t, let P, be a non-singular point on X,,. Then there exists a hypersurface
Y(B, Py, ,P) of degree bounded solely in terms of € which contains X(Q;B) but does
not contain X.

4.1 Hilbert functions on weighted projective varieties

In this section, we work out some basic notions of Hilbert functions and weighted homo-
geneous ideals needed for the rest of the paper. Salberger relied on the analogous results
in the projective case for his results in [92].

Let K be a fixed field of characteristic zero. We write &« = (o, - ,,41) to denote a
sequence of non-negative integers, and for x = (zg, -+ ,x,11) we write

Xa = xgo e x?_”:{l
Let w = (wp, -+ ,w,41) be a weight vector and let u be a non-negative integer. For a

monomial x* = x(° - - - 271!, define the weighted degree of x* with respect to w to be

oW = QoW+ -+ ¥ 1Wri1.

We say a polynomial F' € K[z, ,x,.1] is weighted homogeneous (with respect to w) of
weighted degree w if for each monomial x* that appears in F' with a non-zero coefficient,
the weighted degree of x* is equal to u. This allows us to define the degree of a hyper-
surface X in P(w), but not necessarily the degree of a subvariety of codimension greater
than one. This will not be an issue since in our main application, we will embed such
subvarieties explicitly into a lower dimensional weighted projective space, in which they
will have codimension equal to one and so the definition for the hypersurface case applies.
In other situations, we will rely on a pullback to a straight projective space where the
notion of degree is well understood.

Define the set K{[zg, - ,Zr4+1]wu to be the collection of weighted homogeneous poly-
nomials with weight vector w whose weighted degree is equal to u. We say that I C
K[z, - ,x.41] is a weighted homogeneous ideal (with respect to w) if I is generated
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by a set of weighted homogeneous polynomials with respect to the weight vector w. If
I C K[xg, -+ , 241w is a weighted homogeneous ideal with weight vector w, then the set
I, given by

Iu =1IN K[ZL’(), s ’xr—l—l]w,u

is a K-subspace of K[xg, -+ , T 41]wu. Like in the projective case, we can define the Hilbert
function of I to be
Hi(u) = dimg (K[xo, -+ Tryr)wu/Lu)-

We can define a graded order < on K{zg, - - , x,41] by the following: for ¢ = (g, -+ - , @ry1),
B=(Bo, ,Brs1) € ZLE? we have a > B if woag + - -+ + WpQp + Wyy1Qpp1 > wofo + - - +
Wy By + W1 Braq. If there is a tie, i.e. woap+---+ Wy 1Qy1 = WoPo + -+ + + Wypy1 811, then
we take a > 3 if a1 — Br1 > 0. If the weighted sums are equal and «,.1 = S,41, then
we compare «, and .. This continues until we break the tie, so this ordering is a total
order. Under this ordering, we can define the leading term of a given polynomial.

Definition 4.1.1. Suppose
F(.T(), T ax’l’-i-l) = Z C/BXB € K[l’o, e 71”1“+1}
w-B=u

is a weighted homogeneous polynomial with respect to the weight vector w of weighted
degree u. Suppose x® is a monomial which appears in F with non-zero coefficient and
which is maximal with respect to the total order <. Then, we say that x* is the leading
monomial of F'. If we include the coefficient ¢, of X%, then c,x® is the leading term of F
which we write as LT (F).

Write (LT(7)) to denote the ideal generated by the leading terms of polynomials in /.
Our first result is the following:

Proposition 4.1.2. Let I C Klzg, -+ ,%r11]w be a weighted homogeneous ideal. Then I
has the same Hilbert function as (LT(I)).

Proof. The argument is identical to Proposition 9 in Chapter 9 of [29]. O

Remark 4.1.3. The choice of the ordering < does not matter in Proposition 4.1.2. Indeed,
we will choose slightly different orderings when convenient.

We have
Hi(u) = Huo ().
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With this characterization, we can define for each ¢ € {0,1,--- ,r 4+ 1}

oa(w)= Y B (4.1.1)

From the definition of the Hilbert function, there are #;(u) many monomials that are not
the leading monomial of any polynomial in I,,. Thus, it follows immediately that

wooro(u) + -+ wror (W) + w1071 (w) = uH (w).

Now by Theorem 3.4.4 in [30], the Hilbert series of a hypersurface generated by a form
F of weighted degree d with respect to the weight vector w is given by
(1—a9)
(1 _ xwo) e (1 — xwr+1) ’

(4.1.2)

From here on, we shall assume that our weight vector w has the property that the ged of

any r + 1 of the weights is equal to 1. This distinction will be automatic in the relevant

weight vectors in our paper; see Theorem 4.2.1. Thus, by examining the poles of the

function above we conclude that there is only one pole of order r 4 1, we see that the u-th

coefficient is of the form
du”

M) = 00§ Oy (@ + ) =
rlwg - Wegq ’

du”

4 Oy (At 4.1.3
T Ows @), (113)

where the constant in front of the big-O term depends only on wy, - -- ,w,+; and 7.

The argument in the proof of our next result, Proposition 4.1.4, was inspired by a dis-
cussion on MathOverflow with Richard Stanley [97]. In particular, the construction of the
generating function used below was suggested by Stanley.

Proposition 4.1.4. Let K be a field of characteristic zero and < be the graded monomaial
ordering as before. Suppose F(xg, -, x,41) € K[xg, -+ ,x,11] has weighted degree d with
respect to w and leading monomial x*. Set I = (F'). Define oy ,,(u) as in (4.1.1). Then

orm(u) = armuH(u) + Ow ar(u”),

where p
— W,
= 414
a, (r+ Dwp,d ( )

form=0,1,--- r+1.
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Proof. Suppose that x? is a monomial of weighted degree u with respect to the weight
vector w. Then x? € (LT(I)) if and only if x*|x?. Hence, we need to count those

monomials x? = z,° - - xf:il of weighted degree u such that at least one of the exponents
B < ay. Write Z to indicate a summation taken over those 8 = (fy, - , Bri1) € ZSBQ

such that woBy + -+ + w,416,41 = v and that 3; < a; for some 0 < j < r + 1. Our goal,
then, is to evaluate the sum

orm(t) =Y B

for each 0 < m < r + 1. To do this, let us define:

To(w) = > B

B-w=u

5j<ozj
We want to emphasize that the evaluation of T7 (u) will vary based on whether j # m
or j = m. In fact, the terms 7" (u) will be negligible. We address the former situation.
Define the function

14+ y“ + - 4yl

Tezm (L = y0)](1 = ayom)

for j # m. We then take the derivative with respect to x and evaluate at x = 1 to obtain

Gj,m (%, y) =

(1 —+ ywj B y(aj_l)wj)ywm
Lz (X = y2)](1 — yom)?

Note that TY (u) is equal to the coefficient of y* in the series expansion of (4.1.5) around 0.
Since no r + 1 of the weights have a common factor, it follows that for each root of unity
¢, ¢ is a root of at most r + 1 factors in the denominator of (4.1.5). Hence there is a single
pole of order r + 2 at y = 1.Since the highest order pole in (4.1.5) is r + 2, its Laurent
series around 0 is given by

d
—Gim(7,)|e=1 = (4.1.5)

dx

Croy Pty 4

for complex coefficients ¢; € C. Using Cauchy’s integral formula, we can calculate the
coefficient ¢_,_o:
1 (1 —2)" (1 + 2% 4 - 4 2wl =1)) s

_ dz,
2mi A= Pt =)

and get that
@y

C_p 9= ——F v .
2 | |
Wy, t#j,m Wy
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Thus, T (u) is asymptotically given by
a; urJrl
Wi Tlizgm we (r 4 1)!

for j # m, as u — oo. We now examine the contribution to 77 (u) from other poles. From
(4.1.5), it follows that each pole is a root of unity. Recall that there are no other poles of
order r 4+ 2. The contribution from a pole ( of order k less than r + 2 is given by

1 ]{ (C—2)F 11+ 2% 4 - 4 2wl 1)) 20

i (= 2P T (1 — )

The evaluation of this integral will depend on whether ¢ is a w;-th root of unity for ¢ # j.
To help us evaluate the integral, define

dz.

1
feelz) = ¢ LA

1— zwe’

, ¢ #,
if (v = 1.

2mil

We now estimate f¢+(¢) in both cases. Put ( =e™ with ged(l,n) = 1. Then

1—(¢"=1-cos (Qthl) —isin <27rwtl)
n n
o (thl> < (7‘(‘th> , (muﬂ))
=2sin [ —— | | sin — icos .
n n n

The term in the parentheses on the right has absolute value one, and we have

n

2sin (thl> ‘ > 2sin(7/n).

Moreover, n > 2, and on the interval [0, 7/2] sin(z) satisfies

—~

2z

. S 2z

sin(z) > p
whence l A
2sin <7rwt )‘ > —.
n n

Therefore, in this case, we have
n
el < 2.
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In the second case, we put 7 for a primitive w-th root of unity, and put ¢ = n' for some
1 <!l <w;—1. Then we make the observation that

IT €—m)=nc.
lgssflwt

Thus, in this case, we have [f¢,(¢)| =n"'.

Next, we deal with the numerator g(z) = 1+ 2% + --- + z%(%~D We note that if
g(¢) # 0, then we can simply bound from above by the triangle inequality to obtain the
upper bound ;. Otherwise we make the observation that the contribution to the residue
is equal to evaluating

9(2)(z ="
at z = (, which is equivalent to evaluating g'(z) = w;2" ' + -+ + w;(a; — 1)z
wja(a; — 1)
2

wj(a;—1)—1
at z = (. The latter is readily seen to be bounded from above by

Combining these estimates, we see that order of magnitude of the residue does not ex-
ceed
wjoy(oy — 1)nr+2f2k
5 :
Therefore, the contribution to 77 (u) from each pole of order k is at most

wioy (o — 1)nr+272k yk

9 kU

Note that n is bounded above by the maximum of the w;’s and bounded from below by
the minimum of the w,’s and 2. Moreover, «; is bounded from above by d. We have thus
obtained an acceptable error term as stated in the proposition.

For the case j = m, we put

Lt ayn 4 - o (aym)or !

Gm7m<l’,y) = 9
Ht;ﬁm(l - ywt)
so that p o2 ( ) )
—|— _|_ “ e _|_ am _ om —
= G (@) omr = L — (4.1.6)
dx [Tizn (1 —y*)
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The pole at y = 1 is only of order r + 1 as opposed to r + 2. By examining the Laurent
series of (4.1.6) and evaluating the —(r 4 1)-th coefficient, we see that the contribution
from the pole of order (r + 1) is equal to

A (O, — 1) u”

[Tigmwe 7!

Observe that the coefficient is bounded from above by d?. The lower order poles can be
analyzed as before, so we omit this step.

We now consider sums of the form h
> B
i
where the symbol Z indicates the sum is taken over those 8 such that there exist at
least two indices ¢, j for which 8; < o; and ; < «j. Noting that o; <dfor 0 <j <r+1
we see that the contribution from these sums is at most C3(w,r)d*u”, where Cs(w,7r) is
a number which depends on w and 7 only. The existence of such a Cs(w,r) follows from

analyzing the order of poles as above and applying Cauchy’s integral formula as above.
Thus, by the inclusion exclusion principle, we see that for 0 <m <r 41

or m Z T] + Ow ,d,r ( )
0<j<r+1
_ 17«+1 <w0a0ur+1 Wt wmamu”l) - Ouan ()
Wy, [T120 we (r+1)! (r+1)! (r+1)!
d — wy, o, )u" .,
— ( )7"-‘1-1 + Ow.ar(u").
(r+ Dlwn, [T,
dur+l
Now, recall that uH(u) = ; HTH +Os ar(u"), and hence we have, for 0 < m < r+1,
t=0 Wt
d — Wy,
m — m=tm Ow , r )
o1 m(u) —(r n 1)wmdu7{1(u) + O ar (u”)
This completes the proof of Proposition 4.1.4. n

4.2 Large divisors of the determinant

Our next theorem produces a prime power divisor of a determinant of the form det(1;(§;)),
where My, .-+, M, are monomials of the same weighted degree and where &, € Z"2
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1 <[ < s are all congruent to a point P € X,. The additional assumption that these
tuples are congruent to some point P € X, as opposed to the weaker assumption that
they are merely congruent modulo p gives the extra geometric information that allows us
to produce a divisor which is larger. Indeed, if we assume only that & = §; (mod p)
for 1 < 5,1 < s, then by taking differences of columns we can produce a factor of p in
each column, thereby allowing us to conclude that p*~!|det(M;(€;)). However, our next
theorem shows that for sufficiently large s, we can produce a larger power of p which divides
det(M;(&;)). We aim to establish the following:

Theorem 4.2.1. Let w = (1,1,wy, -+ ,w,41) be a weight vector, p be a prime, X be a
hypersurface of degree d in P(w), and P be an F, point of multiplicity mp on X,,. Suppose
there are s distinct primitive (r + 2)-tuples of integers on X

517 e 758
with reduction P, such that gcd(&oy,&1) =1 for 1 <1 <s. If My,--- , M, are monomials
in (xg, -+ ,x.41) of the same weighted degree, then there exists a positive number k(d,r),

depending on d and r, such that the determinant of the s x s matriz (M;(&;)) is divisible
by p~, where

3=

|
N > (mr_p) '7“:—1 s = k(d,r)s.

If P is non-singular, so mp =1, then there exists a positive number /(r), depending only
on r, such that

N > (r!)l/’"ﬁsl% — K/'(r)s.

We will prove Theorem 4.2.1 by means of the next two propositions; corresponding to
Lemmas 2.3 and 2.4 respectively in [92]. We note here that for the proof of Theorem 4.2.1
we require that two of the weights be 1. This is the only part of the paper where we need
to make such an assumption.

We remark that this restriction can be removed if we a priori pick monomials whose
weighted degrees are a multiple of the least common multiple of all of the weights, and
indeed this opens up the possibility to extend the determinant method to all weighted
projective spaces. However the extra technical details take us too far afield in the present
paper. We would like to return to this issue in the future.

Proposition 4.2.2. Let w = (1,1, -+ ,w,41) be a weight vector, X a hypersurface of
weighted degree d in P(w), p a prime and P an Fy,-point of multiplicity mp on X,. Write
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A for the local ring of reqular functions at P and m for the maximal ideal of A. For each
positive integer t put gx p(t) = dimg g m'/m'*t. Then, we have

m tr—l B
gx.p(t) = (TP_ 1! + 04, (177).

If mp = 1, then we obtain the more refined assertion that

r—1

gX,p(t) = m + OT(tT_Q).

Proof. Write B = @(mt /m'™). By definition, the projectivized tangent cone at P is
£>0

defined to be the Proj(B), see Exercise I1I-29 in [37]. Since A/m = F, is a field, it follows
that gx p(t) is precisely the Hilbert function of the projectivized tangent cone at P, say
Wp. Note that Wp is a subvariety of the Zariski tangent space of X at P, which is iso-
morphic to P@p. Hence, we can consider the homogeneous ideal of Wp, which is generated
by Cy(d,r) many forms; see II1.3 of [30]. Note that this bound depends only on d and 7.
Following Lemma 1 of [18], we may choose a Groebner basis of forms of degree C5(d, 1)
for the homogeneous ideal of Wp. By Proposition 4.1.2, the Hilbert function does not
change if we replace this ideal with the ideal generated by its leading terms. Hence, there
are only finitely many candidates for Hilbert functions of Wp for points P of multiplicity
mp = Owaq(l). More precisely, the number of candidates is bounded by the number of
monomials in 7 — 1 variables of degree at most Cs(d,r). Thus, there are at most Cg(d, )
such functions.

Let us now fix a particular

m tr—l B
gxyp(t) = (TP— 1)' +OP7T(tT 2).

To obtain the estimate for the coefficient in front of the big-O term, one notes that there
exists a polynomial @Q(x) with integer coefficients with Q(1) # 0 such that the Hilbert
series of the projectivized tangent cone is given by

Q(x)
(1—=z)"

see Chapter 9 of [29]. From here we see from Proposition 4.1.4 that the error term is at
most an absolute constant times m’; ', Since mp = Oy 4(1), the claim follows.

99



If mp = 1, then it is known (see II1.3 in [80]) that the ideal of the tangent cone at P
is generated by a single polynomial of degree 1. Hence, we can replace Cy(d, ), Cs(d,r),
and Cg(d, ) with numbers that depend at most on r. O

We shall denote by Z, the ring of p-adic integers. Let R be a commutative noetherian
local ring containing Z, as a subring, R = R/pR, and m be the maximal ideal of R. We
then have the following proposition:

Proposition 4.2.3. Let (n,(R))2, be the non-decreasing sequence of integers t > 0, where
t occurs ezactly dimp /m m'/m*t times. Let rq,--- ,rs be elements of R and @1, , s be
ring homomorphisms from R to Z,. Then, the determinant of the s x s matriz (¢;(r;)) is

divisible by pA® for A(s) = ni(R) + --- + ns(R).
Proof. This is the same as the proof of Lemma 2.4 in [92]. O

Proof. (Theorem 4.2.1) Let R be the local ring of X over Z, at the point P with respect
to the weight vector w = (1,1, wso, -+ ,w,41) and R = R/pR. Since ged(xg, x1) = 1, there
exists some index j = 0,1 such that p { z;. Without loss of generality, suppose that p { x.
Then we can replace M;(zo, - ,z,41) with

Iy T2 Try1
M\l — = oy

without changing the p-adic valuation of det(A/;(§;)). These rational functions are elements
of R. We consider the evaluation maps at the points &, - - - , §,, which are homomorphisms
from R to Z,. Since Z,, C R, the conditions for the ring appearing in Proposition 4.2.3 is
satisfied. Thus it follows that

pA(s) | A.

It remains to estimate A(s). Let ¢ = gx p be as in proposition 4.2.2 and set G(t) =
g(0) +g(1) + -+~ + g(t). Since g(t) = mpt™/(r — V) + Oy, (t"2), it follows that

mpt"
G(t) = :, + Ogp (7).

By the definition of g and (n;(R)), it follows that

mptr—i-l
(r+1)(r—1)

AG(#) = g(1) + -+ tg(t) = i + Oar(t"),
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and explicitly we have

R

= + Og,(t").

S|

rl

141
mpt" T
< P +0M@TU>

Multiplying by r/(r + 1) gives

A = ()

mp

3=

(+57) o0t +ou (e,

r+1

since t" = Ow 4,(G(t)). The fact that

() () 00t

follows from the observation that if ¢ is the unique integer such that G(t — 1) < s < G(t),
then

mpt’”
(r—1)!

0 < A(G(1) — Als) < t(t) < £ 01 < s+ Oun(s7H),

and
0 < G(t)Hr — s <G — Gt —1)FF = Oy, (t7) = Og,(s).
If mp = 1, then by Proposition 4.2.2 the constants in front of the error terms may be

replaced with a number which depends on 7 only. O

We now proceed to give estimates for products of various ‘bad’ primes with respect to
a geometrically integral hypersurface X C P(w).

Definition 4.2.4. Let X be a geometrically integral hypersurface in P(w) of degree d. We
write my for the product of all primes p for which X, is not geometrically integral.

Let us denote by R,;1(d) the number of distinct monomials in xg, - - - , 41 of weighted
degree d with respect to the weight vector w = (1,1, wg, -+ , w,11).

The next lemma allows us to capture whether a given polynomial is irreducible over Q

or not by considering a finite set of universal polynomials. This was first proved by Sal-
berger in [92], and Lemma 4.2.5 below is essentially the same as Lemma 1.8 in [93], except
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over weighted projective space.

Denote by S, the set of vectors 8 € ZTZT)Q such that 3 -w = d. Note that
48, = Roan(d).

Let the elements in Sy be enumerated by By, -+, Bg ., (a)-

Lemma 4.2.5. Let d be a positive integer. Then there exists a finite set of universal forms

q)l(a’h e aaRr+1(d))7 e 7q)t(a17 o 7aRr+1(d))7

with the following property. Whenever the variables a; take values in a field K, the form

Rr11(d)
F(CC07 e 7*rr+1> - Z ajxﬁj
j=1
is absolutely irreducible over K if and only if ®;(a1,--- ,ag, @) # 0 in K for some

ie{l,---,t}.

Proof. First, we remark that weighted projective space can be realized as an abstract
projective scheme by considering a grading corresponding to its weight vector. See Miles
Reid’s course notes [33]. Thus, let Hj, denote the Hilbert scheme of degree k hypersurfaces
in P(w). Since these hypersurfaces are defined by polynomials of degree k, there is a
natural morphism between H, x Hy_, and Hy. Let vy denote this morphism. Then,

Rr+1(d)
F(I‘(), T 7'r7’+1) = Z a‘jxﬁj
=1

has a factor over K of degree k if and only if the corresponding K-point on Hy lies in
vg(Hg x Hy_x). Also, since Hy x Hy_ is a projective scheme, vy (Hy x Hy_x) must be a
closed subset of H; by the main theorem in elimination theory in Chapter 3, Section 1 of
[29]. The union of vp(Hy x Hy ) over k = 1,--- ,d — 1 must be a closed subset of Hy
defined by a finite set of forms

@1(0,1, e 7aRr+1(d))7 e aq)t(a'la U 7aRr+1(d))
over Z such that F' is absolutely irreducible over K if and only if ®;(a1,--- ,ar,, @) =0
for all 1 <4 <t in K. This completes the proof. m
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The next lemma gives an upper bound for mx in the case when X (Q; B) is not contained
in another hypersurface of the same degree as X.

Lemma 4.2.6. Let X C P(w) be a geometrically integral hypersurface of degree d and
B=(By, - ,Br11) € R’;Z. Then one of the following statements hold:

(a) X(Q;B) lies in a hypersurface Y # X of degree d,

(b) log 7x = Oyg (1+log V).

Proof. Let F(xg, - ,Tp41) = Zf;{l(d) a;xP be a primitive integral form defining X and

@1(@1,"' aaRr+1(d))7"' a@t(ala”' 7aRT+1(d)>

be the values of the universal forms in Lemma 4.2.5 of the coefficients a; of F. Then
®i(ar, -+ ,ar, @) # 0forsomei € {1,--- ¢}, as X is geometrically integral. By applying
Lemma 4.2.5 to I, which is I reduced modulo p, and setting K = IETp for the prime factors
p of ®;(ay, - ,ar,, (), we see that 7x is a factor of ®;(as,---,ar,.,@)). Note that the
degree D of ®; and the height ||®;|| are bounded in terms of d and . Write S = #X(Q; B)
and s = R,;1(d). Form the S x s matrix M, where the rows correspond to the points
X1, -+ ,Xg € X(Q;B) and the columns correspond to the monomials of weighted degree
d. Then the vector f € Z*® corresponding to the coefficients of F' satisfies Mf = 0, whence
the rank of M is at most s — 1. Let & < s — 1 denote the rank of M. Then, for any
(s'+1) x (s'+1) minor M’ of M, we have det M’ = 0, while there exists some s’ x s’ minor
M" of M such that det M” # 0. Without loss of generality, assume that M” consisting
of the first s columns and s’ rows of M is such that det M” # 0. Then, by taking the
(s"+1) x (s'+ 1) minor M’ consisting of the first s’ + 1 columns and s’ + 1 rows of M, we
have that

det M’ = 0. (4.2.1)

Expanding det M’ along the right most column of M’, we see that (4.2.1) implies that
there exists an integral vector g € Z*, whose entries are at most V%, such that Mg = 0.
Let G be the corresponding weighted form. Note that G is not the zero form and has
degree d. Further, G vanishes on X(Q;B). Hence, if (a) does not hold, G must be a
constant multiple of F'. Thus, it follows that

|F|| < (Ryy1(d))1V 1@ (4.2.2)
where the implied constant is absolute. Therefore, there exists C7(w, d, r) such that

‘(Di(ala T 7aRr+l(d))’ = OW,d,T(VC%(W’d’T))'
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Since 7x divides ®;(ay,--- ,ap,, (), we have
logmx = Ow,a,(1 +1logV)

if (a) does not hold, as desired. O

4.3 Proof of Theorem 4.0.1: Preliminaries

In the next two sections we complete the proof of Theorem 4.0.1. We have chosen to give

arguments similar to those given by Salberger to prove his Lemma 1.4 in [93], which is
stated as Lemma 4.3.1 below. The argument in the proof of Lemma 4.3.1 is essentially the
same as the proof of Lemma 1.4 in [93]; Walsh also proved a similar result in [103].

For a given point P on X, let mp denote the multiplicity of P. Next, let us write
n, = »_pmp, where the sum is over all points P € X,,.

Lemma 4.3.1. Let X be a geometrically integral hypersurface in P(w) of degree d defined
by a primitive form F, and let p be a prime for which X, is geometrically integral. Suppose
there exist s primitive (r + 2)-tuples of integers

617"' 7£s

representing elements of X (Q;B). Let My, -, Mg be monomials in (xg,- - ,T,y1) with
integer coefficients and the same weighted degree. Then, there is a positive number k(d,r)
which depends on d and r, such that the determinant of the s X s matrixz formed by the
entries M;(&,) is divisible by p" with

r SlJrl/r

r—+1 n}g/r

N > (rh)V/r — k(d,r)s.

Remark 4.3.2. The number £(d,r) is the same as in Theorem 4.2.1.

Proof. Let P be an F,-point on X,. Write Ip C {1,---,s} for the set of indices { such
that & + pZ"*? represents P, and write sp = #Ip. Then, by Theorem 4.2.1, there exists
a non-negative integer

Y 1+1/r
Np > (m—P> mSP—’_ / - I{(d, T)SP, (431)
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such that pNP] det(Mp), where Mp is a sp X sp submatrix of M with second indices
[ € Ip. By Laplace expansion, we can express A as follows:

A= Z sgn(Mp, M’) det(Mp) det(M%),

where the sum is over all sp X sp minors Mp along the indices in Ip and M/, is the
complementary minor of Mp. We can iterate this process with each M/’,, which consists
of rows with indices in the set {1,--- s} \ Ip. Each iteration yields a divisor of A which
is independent of p™¥7. Hence, we get that p™V|A, where

14+1/r

_ n1/r r Sp .
N ;Np > (r!) ) ; m}D/T k(d,r)s.

By Holder’s inequality, we get that

1/(r+1) 31+1/T r/(r+1)
P
Tes(gm) (2%)
P P p m

P

Re-arranging, we obtain
SLF/r glt1/r

P
Z 1/r = 1/r °
p Mp Np

Thus, we have that

1+1/r
1/r r s
N > (r!) R R k(d,r)s,
as desired. ]
We now draw on some results of Lang and Weil in [71] on the number of points of

algebraic varieties over finite fields. Let us define X, 4 ,s to be the singular locus of X,,.
or

Let X, ; be the zero locus of the partial derivative 5p. Over Fp. Then X, qne C X, N X,
j

for each j = 0,--- ,r + 1. In particular, X, gn, has co-dimension at least one in X, since

the partial derivatives of F' do not all vanish identically. By example 4 on page 130 of [7],

both X, and X, ; arise as quotients under the same action of hypersurfaces of degree d and

d — 1 respectively over P"*1(F,), thus the usual Bézout’s theorem gives an upper bound

for the number of components in X, g,s as well as its degree. Therefore, the sum of the

degrees of the irreducible components of X, sne is bounded in terms of d and r. Hence, by
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Lemma 1 in [74], we have # X, gng(Fp) = Ow.a,(p"'). Since the multiplicity of a point on
X, is bounded in terms of d, it follows that

> (mp—1) = Owar(p™).

P
Theorem 1 of [71] states that #X,(F,) = p" + O(d*p" /%) + Oy .4 (p" 1), hence

n, = pr + O(dzpr—l/z) + Ow,d,r (pr—l) '

More specifically, the implied constant is at most d* by the argument in [741]. Note
that for all real numbers a € Rsg, we have a — 1 = (a'/" — 1)(a""V/" 4 ... + 1), and so
/" — 1| < |a = 1]. Thus, ny/" = p + Ow.a4,(p"/?). We summarize this as a lemma:

Lemma 4.3.3. If X, is geometrically integral, then nll,/r =p+ Oy.ar(p'?).

We are now ready to complete the proof of Theorem 4.0.1.

4.4 Proof of Theorem 4.0.1: Completion

Let S = #X(Q;B;P), and let

€, ,€s € X(Q;B,%)

be primitive integral (r + 2)-tuples representing elements of X (Q;B;). Let I be the
weighted homogeneous ideal generated by F' in Z[xg, - ,z,41]. For a positive integer s,
let u be the positive integer such that H;(u — 1) < s < H(u). By (4.1.3), it follows that

du”
rlw

du”
rlw

s = + Owr (dr+2 + dQu’”’l) =

(14 Ow, (A u™" +du)),

hence

d

Let Cs(w, ) be a positive number that represents the coefficient in front of the big-O term
above. We now choose our s so that

. ‘ 1/7‘
(w r.) sV =y (1+ O (du™" + du_l))l/T .

u > 3Cg(w,r)(d+d). (4.4.1)
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Then
Cs(w,r)(d" M u™" +du™t) <

Wl N

Y

thus by the binomial theorem, we have

ol 1/r

(w d”) S = w4 Oy (@™ 4 d) (4.4.2)
which then becomes
w-r\ T

( y ) sV" = u+ Oy, (d) (4.4.3)

by (4.4.1). Rearranging, we obtain

AN

w= <w d") st + Oy, (d). (4.4.4)

Observe that

diu" — (u—1)")
rlw

Hy(u) — Hi(u—1) = 4 O (A2 4+ 20" ™) = O (d7F2 + d2u' ™),

hence by our choice of u with respect to s, we have

Hi(u) — s = Oy, (P +dPu).

Therefore,
(4.4.5)
w-r\ M
uH(u) = ( g ) s 4+ Owr(d) | (5 + O, (7T + d®u™))
w-rN\Y"
- ( y ) s'7 + Oy, (ds) .
Let My, Ms,--- , M, be distinct monomials of weighted degree u which are not leading

monomials of any element in [ = (F'). These monomials are linearly independent over Q,
and any Q-linear combination of them is not a multiple of F.

Set
M = (M;(&)))1<j<s-

1<i<S
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If S < s, then 91 has rank at most s — 1. Hence, 99t has a non-trivial kernel, so there exists
a vector g € Z° such that
Mg = 0.

Such a g gives rise to a form G such that for all x € X(Q; B;*R), we have G(x) = 0. Thus
G defines a hypersurface Y such that X(Q;B;) C Y and degY = w.

We now assume that S > s. If we can prove that for any s x s minor M of 9 has
determinant equal to 0, then 991 has rank at most s — 1. This is the goal we devote the
rest of this section to. We choose, as we may, M to be the s x s minor of 9t composed of
the first s rows, and consider

A = det M.

We estimate A from above as follows:

|A] < S!Bgm(“) ... BH{H(U),

where the o7 ;(u)’s are as in equation (4.1.1). By Proposition 4.1.4, this is equivalent to

A] < sl (B By ) Ty e D),

Taking logarithms and recalling (4.0.2), this bound becomes
log |A] < uM;(u)log(By™ -+ Byit™) + slog s + Ow, (A" + d*u")log V). (4.4.6)

We want to express everything in terms of s. By (4.0.2), (4.4.4), and (4.4.5), equation
(4.4.6) becomes, for some positive Co(w, 1),

log |A] < (r!)l/rr_?;—lsl“/r logW + slog s + Cy(w, r)dslog V. (4.4.7)

We proceed to prove the first part of the theorem. Let € > 0 be as in the theorem, and
recall the hypothesis
WVE< Q< WV,

5= [Cm(w, r) (% (1 +2e+ (2) 1/7«))7 11, (4.4.8)

where Cho(w,r) is a positive number which will be chosen later. For each prime p, write
|-, for the p-adic valuation on @, normalized so that |p|, = p~'. For convenience, let us
write

Choose s to be

P:{pla“' 7pt}
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and
;B:(Pla"‘apt)7

where P; is a non-singular point on X, for each 7, 1 <¢ <t¢. Theorem 4.2.1 gives that

NL/r
(7“-)_7”S1+1/T log p; — /'(r)slog p;.

—log|Al,, >

r+1
Observe that
i N/r
(r)Yrr 14+1/r /
— Z log|Al,, > PR log @ — k'(r)slog Q. (4.4.9)
r
i=1
By (4.4.7) and (4.4.9), there exists a positive number Ci;(w,r) such that
t
r(rh)i/r w
log|A| + ZZI log|Al,, < %31“/’" log 1) + Cri(w,r)dslogV Q. (4.4.10)
We choose Cho(w,7) to be Cpy(w,7)". Note that by (4.1.4), we have
r+1 fw\/r w\ Y/
. = < ([Z
iy <d> = (d) ’
for 0 < j <r+1, whence
w\ /7
logW < <E> log V.
By the assumption that @ > WV¢, the right hand side of (4.4.10) then satisfies
i W
%SI—H/T log 1) + Cy1(w,r)dslogVQ <
r(r)Yr w\ 1/
P G 10g Vo Oy (w,r)dslog V(14 26 + (—) ,
r+1 d
and upon dividing the right hand side by slog V' we have
r(r)Vr o w1/
— 7(«+)1 57+ Cp(w,r)d <1+25+ <E> ) (4.4.11)

If (4.4.8) is satisfied, then

r(rhHi/r w\ 1/
9 7(“_:1 3i>011(w77ﬂ)d(1+25+<5> ),
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whence (4.4.11) is negative. Therefore, we obtain
t
log|A| + Zlog|A|pi < 0. (4.4.12)

i=1
Hence, for WV < Q < WV? and s satisfying (4.4.8), we have

A =0.
This implies that X (Q; B, ) is contained in a hypersurface Y (Py,--- , P;) satisfying

degY = Ogw, (sl/r) = Ogw,re(1),

defined by a primitive form G. To estimate the height of G, we argue as in Lemma 4.2.6.
Let ' < s — 1 denote the rank of (M;(&;)). Then, from evaluating all (s’ + 1) x (s’ + 1)
sub-determinants by expanding along a row, we see that the height of GG is at most

max | det M|

where the maximum is taken over all s x s’ minors of (M;(§;)). This can be bounded just
as in (4.4.7), so by (4.4.8) and (4.2.2), we obtain

log||G|| = Og,w,e logV Q).

Further, since the monomials which appear in G with a non-zero coefficient are not leading
monomials of I, F' cannot divide G; and thus, X cannot be contained in Y (3). This
completes the proof of the first part of Theorem 4.0.1.

For the second part, suppose that X is geometrically integral. Set
s = [max { Q"W (1 +log VQ)“2(™47) (log QV)"}] + 1, (4.4.13)

where Cia(w,d,r) is a number which depends on d, w, and r, and will be specified later;
see (4.4.17). By (4.4.13), it follows that

U= Owa, ((Q7'W +1)logVQ). (4.4.14)

We now consider the two cases given by Lemma 4.2.6. If case (a) holds, we can produce a
hypersurface Y of degree d, distinct from X, which contains X (Q; B, ). This is sufficient
for the theorem. Thus, it remains to treat the case when mx = Oy 4., (1 + log V). In this
case, we have will have two separate divisors of A to estimate; one coming from the prime
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factors of Q, and one coming from primes which do not divide Qny.

We now estimate the contribution coming from primes which are co-prime to Qny. For
each prime p such that X, is geometrically integral, by Lemma 4.3.1 we have

i/ 1
(r!) P+ 08P

—log|Al, >
Og| |P— 7"“‘1 nzl)/r

(d,r)slogp.

We write the sum over the primes p for which p{ Qrx,p < s'/" as Z* By Lemma 4.2.6,

p<st/T
we have

3 98D _ 10g(1 4 10g V' Q) + Ospar(1). (4.4.15)

p|Qmx

Then, by applying Lemma 4.3.3 and the prime number theorem, we have, for some positive
numbers Ci3(w,d, 1), Ciq(w,d, ),

* )Yy «lo
—Z log|Al, > (T)—SIH/TZ % —k(d,7)s Z logp

pgsl/r + 1 pgsl/r np pgsl/r
/T *1
> L L S B G, d s
pgsl/r
L/ 1
> (r!) glt1/r log s — r Z ogp | Cha(w. d, T)81+1/7‘
r+1 PG P
(r)r 1+1 1+1
2 T8 T (log s — Og.gr(log(1 4 log VQ))) — Cru(w, d,r)s' /"

We invoke the bound from equation (4.4.7) and obtain the inequality

t
log|A| + Zlog]A pi T Z log|Al, (4.4.16)
=1 pgsl/r
| 1/r wr
< (:j)L ] st og [@] + Cis5(w,d,r) (sHl/r(log(l +1logVQ)) + slog VQ) ,

where C15(w,d,r) is a positive number which depends on d and r. Note that

log VQ < ar 8"
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by (4.4.13). We may thus choose a positive number Cio(w, d, r) such that

n/r
Cis(w,d,7) (s"™/" + slogV Q) < %sl“/rclg(w, d,r)log(1 +1ogV Q).  (4.4.17)

Then, equation (4.4.16) becomes

1+ log V Q)Crwdnpyr
Qs

¢ 1/r
log|A| + Zlog\A]pi + Z* log|Al, < Mslﬂ/r log (
=1 pgsl/r r+ 1
(4.4.18)
Hence,
A=0 (4.4.19)

whenever

s > max {Q—rwr(l + IOgVQ)Cm(W’d’T), (logVQ)’"} '

By our choice of s and Cio(w, d,r), this is satisfied.

When s is of this size, any set of s (r + 2)-tuples &, -+ , €, € X(Q;B; Py,---, P,) sat-
isfies

A =0,
so (M;(&;)) has rank less than s. This implies that (M;(§;)) has a non-trivial kernel,
whence we may find an auxiliary form G of degree u defining a hypersurface Y (Py,--- | F;)

such that
X(Q7B7P17 aPt)CY(Pla 7]315)

Further, since the monomials which appear in G with non-zero coefficient are not leading
monomials of I, it follows that F' cannot divide GG. Since X is geometrically integral, the
hypersurface Y (Py,--- , P,) satisfies the conditions of the theorem. This completes the
proof of Theorem 4.0.1.

4.5 Salberger’s Improvement to the Determinant Method

In this section we will establish an improved version of the determinant method for weighted
projective spaces. The main input is an improvement to the exponent of prime powers
which one can prove divides a certain determinant. This idea is due to Salberger; see [9].
Let us write, for a prime p,

Lpy = {% EQ:gcd(a,b)zl,p{b}.
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We will need the following result, which is the same as Lemma 2.1 in [94]:

Lemma 4.5.1. Let R be be a commutative noetherian regular local ring containing Z,) as
a subring. Let @y, , s be ring homomorphisms from R to Zg,) and I = ker p1. Write
A = Ry for the localization of R at the prime ideal I, and let m = I A be the mazimal ideal
of A. Letry,--- ,rs be elements of R and write W C A for the Q-vector space generated
by ri,--- ,rs. Write

v="> dimg(Wnmb).

k>1

Then the determinant of the s x s matriz (@;(r;)) is divisible by p”.

In the context of the p-adic determinant method, R will be the stalk of the structure
sheaf of a non-singular point x on X, and rq{,---,7s will be elements in a collection of
monomials of the same (weighted) degree u. The key to Salberger’s improvement is that
some times it is possible to consider a collection of monomials my,--- ,mg of degree less
than v and by multiplying these by a linear form defining a tangent plane at P, obtain
forms of degree u which vanish to high order at P. In the weighted projective setting, it
is not always possible to find such a linear form, due to the differences in weights of the
variables. However, it is still possible to find a form of low weighted degree (with respect to
the weight vector w) which vanishes to higher order than expected. We state this formally
as follows.

Definition 4.5.2. Let w = (1,1, ws, -+ ,w,41) be a vector of positive integers, and write
w = wy - wyy1. We say that a positive integer 7 is a trading degree of P(w) if the number

of monomials of weighted degree v exceed nry . We will refer to the trading degree as
n

the smallest positive integer with this property. If no such integer exists, we write v = +o0.

If the trading degree is finite, define the traditing ratio to be
7+ 1
-

A

Fortunately, the trading degree is always finite for weighted projective spaces.

Lemma 4.5.3. Let P(w) be as in Definition 4.5.2. Then v < c0.

Proof. Tt is known that the Hilbert function of P(w) satisfies

un+1

Hp(w)(u) = win 1) + Op(u™);
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see Dolgachev for example. Meanwhile, we have for a positive integer ¢

(n N t> -4 o),

n n!

Thus the desired inequality holds provided that u is taken to be large with respect to
w,n. L]

If a hypersurface X C P(w) has degree d exceeding the trading ratio 7(w), then the
monomials of weighted degree v will be Q-linearly independent over X. In particular,
Hx () is equal to the number of all monomials of weighted degree . Thus, for any non-
singular point P on X, we can find a form of weighted degree v which vanishes to order
v+ 1 at P. We make use of this fact in the following lemma, which is a generalization of
Salberger’s work in [94].

Lemma 4.5.4. Let w = (1,1, wa, -+ ,wy41) with w = ws -+ - wy12 be a vector of positive
integers. Let X be an integral hypersurface in P(w) defined by the primitive form F, and
for a positive integer u, write s = Hx(u) and consider monomials My, --- , My which are
Q-linearly independent over X. Let p be a prime, and let P be an IF,-point on X,,. Consider
a set of s of primitive (n + 2)-tuples

Ei = <§i,07 T 7§i,n+1) S Zn+2

which reduce to P modulo p. Write

&(d,n, w) = (%)Un ((%)WH) (n—1)+ A) .

Then the determinant of the s x s matriz (M;(§,)) is divisible by p~, where for some
positive number Cy(n) depending at most on n, N satisfies

(n!)!/m 141

N > G(d,n,w)n—Hs n —Cq(n)s.
Proof. By Proposition 2.4 in [105], we have
du” mn 2, n—1
s=Hx(u) = n!w+0n(d + d*u").
Since ged(xg, 1, T2, -+ , T, T,) = 1, we may assume without loss of generality that zo(P) #

0 (mod p). Therefore, if we replace the My, -- -, M, with

Mj(1>$1/$0,“' 7$n/x60naxn+1/xq(v)vn+l)>j = 17 y S
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without changing the p-adic valuation of det(M;(§;)). Thus, it suffices to deal with the
affine variety Y defined by the equation

‘F(lv .Tl/CE(), e 7xn/xg)n7 anrl/xE)UnJrl) =0.

Let P’ be the point on X; corresponding to P, and let R be the stalk of the structure sheaf
of Y at P'. Then it follows that M;/xf € R for j=1,---,s. Let ¢; : R = Zg), 1 <i<'s
be the local ring homomorphisms at P’ induced by evaluation maps by &, for 1 < i < s.
Let I = ker ;. Then A = Ry is the stalk of the structure sheaf of Y at the non-singular
rational point x defined by &;. It is thus an n-dimensional regular local ring with m = I A
as the maximal ideal and

) n+k k" ne
dlmQ(A/mk)—< I )—m-l-o(k Y,

where the constant in the big-O term is absolute. Let VW be the Q-subspace of A generated
by 71, -+ ,7rs. Then dimg(W) = s as M, --- , M, are linearly independent on X. Further,

dimg(W/W Nm*)) < dimg(A/m").

Hence, it follows that

dimg(W Nm*) = dimg(W) — dimg(W/(W Nnm*)) > s — (” Z k) : (4.5.1)

We now set

g(d,n,w) = (d/ w)/"=D, (4.5.2)

shall use (4.5.1) for the range 1 < k < g(d,n,w)u and establish a different estimate for
the range g(d,n,m)u < k < Au. Indeed, if we use (4.5.1) for the full range of k, we would
recover Theorem 4.2.1.

Let us write
1 g(d,n,w)

=—  —and f=—"—-"—"—.
“ )\—g(d,n,w)an p A —g(d,n,w)

Let us write @ = Q. (k) for the largest non-negative integer lesser than or equal to a(Au—k)

such that u — @ is a non-negative multiple of v. Our goal is to use Hx(Q) weighted forms

of degree Q to construct a family of Hx(Q) degree u forms which lie in m*. Let us write
u—Q

t01<k) = '7 9

(4.5.3)
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and v(k) = k — (v + 1)ta(k). Observe that t,(k),v(k) € NU{0}. Further, note that ¢, (k)

satisfies L () . L (3 .
ak — (A — )u—1<ta(k;)§a — (A — )u

g v

Likewise, we have

BAu— k) —v <wv(k) < B(Au—k).

Suppose we are given Gy, -+, Gy (o) forms of weighted degree () which are Q-linearly
independent over X. Let W, be the Q-subspace of A generated by G; /xOQ for 1 < 5 <
Hx(Q). Then, we have

dimg(Wo N m*®) > dimg(W,) — dimg(A/m**))
and for some number Cy(n, w) which depends only on n and w, we have

Q" vk)"

wn! n! ) — Cofn W)k

(da” - 5“) Qe—k A

dimg(W, N m*®) > (

w n!
=U(k).
Hence, there are linearly independent Q-linear combinations G, -+, Gy of the forms
G, Guy (@ such that G; /2§ € Wynm*®. Now, consider the monomials Hx () mono-

mials of weighted degree ~, which are Q-linearly independent over X. By our definition of
7, A, it follows that there exists a weighted form of degree v such that L/z] € m"™'. Now
consider the forms L'®G;. Since G;/z8 € m*®) it follows that

(L/a3)"=9)(Gy af) €m0

Let ®,---, ®ry®) be linear combinations of My, --- , M, such that ®; — Lta(k)Gj vanishes
on X. Then ®;/zy, -+, @[y /zy are Q-linearly independent elements of WNm*, whence
dimg(W Nm*) > U(k) (4.5.4)

for k € (g(d, n, w)u, Aul.

It remains to give an estimate for v. For 1 < k < g(d,n,w)u, we use (4.5.1). We

116



can approximate (4.5.1) with an integral, and see that for some positive numbers &,

depending at most on n, that

g(dn,w)u g(d,n,w)u n
T
E dimg(W Nm*) > / (s — —') dx — ku"
" 0 n!

du™t  (g(d,n, w)u)" ! "
Z g(dn, ) wn! (n+1)! —
n+1
_ dg(d,n,w)u - g(d,n,w)\ g
wn! A(n+1)

For the range g(d,n,m) < k < Au, we have the estimate, for some non-negative r”,

n Au
Z dimg(W Nm*) > L (da - B") / (A — z)"dx — £"u™
g

n! \ w
g(dn,w)u<k<iu (d,n,w)u

d _ n+1

> (/\ g(d’ n, W)) un+1 — &y

wAX — g(d,n,w))"H(n+1)!

_ 2, n+1

_ d()\ g(d,n, w))*u — &

Aw(n + 1)!
Combining these estimates, we obtain
k dun—i—l

k>1

We now give a proof of Theorem 4.0.2.

Proof. (Theorem 4.0.2 Much of the proof follows from the proof of Theorem 4.0.1, with the
exception that Theorem 4.2.1 has been replaced with Lemma 4.5.4. We write |-|, for the
p-adic valuation on Q, normalized so that |p|, = p~'. We write the analogous equations to

(6.6) in [105]:

log|A| < (n!)l/”nL_i_ls”% logW + slog s + Cy(n)dslogV,
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and observe that Lemma 4.5.4 implies

¢ 1N\1/n
— Z log|Al,, > &(d,n, W)%SIH/" log @ — C3(n)slog Q, (4.5.6)
n
i=1

By our hypothesis, (4.5.6) satisfies (upon adjusting the value of ¢ if necessary)

¢ N/
—) log|A|,, > &(d,n, w)%sln log (Wn/Sdnw)y€) — COy(n)slog VEW ™/ Sldmw)
n
i=1
(4.5.7)
Therefore, in order for A = 0 it suffices to insist that

n<n|>1/n 1+1 ety n/6(dn,w)

il ® nelogV > slog s+ Cy(n)dslogV + Cs(n)slog VW : (4.5.8)
n

By first choosing s to be large with respect to Cy(n)d and &, we see that the left hand side
of (4.5.8) can be made to be arbitrarily large compared to the second and third terms on
the right hand side. If s depends at most on n,d, ¢, then the first term on the right hand
side will be negligible when V' is made to be large. Recall that

s =Hx(u).

This shows that the degree u of our auxiliary polynomial can be bounded in terms of d, n, e
only. [

We will follow Salberger’s approach in [91] instead of his approach in [93] (which was the
method utilized in [105]). It seems that the argument in [91] avoids the issue of [F,-points
which have higher multiplicity more efficiently, but at the cost that the final estimate gains
an exponent of ¢ instead of a power of a logarithm. Salberger called this version of the
determinant method the semi-global determinant method. We will establish the following
theorem:

Theorem 4.5.5. Let X C P(w) be an integral hypersurface of degree 2 < d < 2"w. Let
B = (Bo, -, Bp, Buy1) € R"2 be a vector of positive numbers. Suppose that X is the
only hypersurface containing X (Q;B). Then for each € > 0 there exists a set Q(e,B) of
primes, depending on ¢ and B, and a set of surfaces

Y(Bapla"' 7Pt)

indezed by t-tuples (P, - - -, P) of non-singular IF,, -points P; on X,, for primespy,--- ,p, €
Q(e,B) with

Qt =Py Z 2Wﬂ/6(d,n,w)va
such that the following hold:
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(a) There exists a number Cy(e) which depends only on € such that whenever p € Q(e,B),
we have
Ve <p < Cyle)Ve.

(b) #Q(e,B) depends only on e.

(c) We have
X(QaBa-Pla 7Pt) CY(@7B7P17 aPt>

for each t-tuple (Py,--- , P;) as above, and each hypersurface Y (B, Py,--- , P;) has
the same degree D(e) which only depends on e.

(d) For each non-singular x € X (Q;B), we have one of the following alternatives:
1. There exist primes py < --- < py in (e, B) with
Do pr = O(5 (Wn/G(d,mw)Vf}a)

and

Do+ py = WHSEnWYE
such that x specializes to a non-singular F,, -point P; on X,, fori = 0,---,t
and where x lies on a component of X NY (B, Fy,---, P,_1) not contained in

XNY(B, R, -, P).
2. There exist primes pg < --- < py in (e, B) with

po---pr = O; (W"/G(dﬂvw)‘/?s)

such that x specializes to a non-singular Fy,-point on X, for 0 <i <t and that
there exists i € {0,--- ,t} with

Po PiciPisr - - pr = WHEEmIye,
we have x lies on a component of X NY (B, Py, -+, P;) not contained in
Y(B, Py, Pt P, o+, B).
3. There are primes p; < --- < p; in Qe, B) with
WS AnWE < L, = O, (WSR2

such that x to a non-singular ¥, -point on P; on X for 1 <i <t and a compo-
nent Z of XNY (B, P,---,P,) containing x where Z(Q;B) such that either x
is singular on Z or x specializes to a non-singular ¥, -point P; on Z,, for each
1<i<t.
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Proof. Consider a set of primes pq, - - -, p; such that
Py > Wn/G(d,n,w)vs

and for each set of non-singular points P, € X,.,1 < ¢ < t, choose a hypersurface
Y (B, Py, -, P,) not containing X as in Theorem 5.1.2. Then all Y/ (B, Py, --- , P;) have the
same degree, say D(¢). By the theorem of Bezout, the components Z of XNY' (B, Py, - , P,)
have degree at most dD.

For a non-singular point x € Z, let us write 7, for the product of all primes such that
x reduces to a singular point on Z. By the same argument as Lemma 4.7 in [?], except
replacing the universal polynomial with a partial derivative which does not vanish at x,
we see that either Z(Q;B) is contained in a hypersurface Y’ which does not contain Z as

a subvariety or
Tx = Ogne(1+1ogV);

and in particular, the bound is uniform for non-singular points on Z(Q;B). Let L be a
constant which depends only on d, n,e such that

T < VE

for all non-singular x € Z(Q;B). If we apply the same analysis to X, we can likewise
obtain a constant /C which depends only on d,n such that

e < VK
for all non-singular x in X (Q;B). Now let m be the smallest positive integer such that
py - p > VL Sldnw)yse
and Ve <p; <--- <p;. Let
Q=0(,B) ={p1, - ,pm}.

Observe that
DL Py < VLW n/Sdnw)ye < KA Lin /S (dnw)+e

by the minimality of m. Since we had imposed p > V¢ for all p € €, it follows that

V(m—?)a < VIC+L+n/G (d,n,w) ’
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whence

K+L+n/6(d,n,w)
+ - .
We can also approximate the size of primes in €2 crudely via Bertrand’s postulate; the
refinements on the maximize of prime gaps are not necessary for our application. We
therefore obtain

#Q=m <2

p <2MVE =0 (VF)
for p € 2. We have thusly justified items (a) to (c).
To prove (d), let x be a non-singular point in X (Q;B) and Q(x) C 2 be the subset

consisting of primes p such that x specializes to a non-singular F,-point on X,. We shall
also write, for square-free products

G =p1--pr> W/ S(dnw)y e

of primes in Q(x),
Y<X7 Qt) = Y(Ba Pla e 7-Pt)
where P; is the specialization of x in X,,. By the definition of 7y and K, we have

H p > Viwn/sdnwye (4.5.9)

PEN(x)
Now list the primes in ©(x) in increasing order and stop as soon as
Dyeopy > WS

Then
prec Py < WH/SEnWyE

with py---p,y = 1if t = 1. Let ¢; be the product p; ---p; of these primes and Z be a
component of X NY(x,¢q) containing x. Further, let Q(x;Z) be the subset of primes p
in Q(x) where x specializes to a non-singular F,-point on Z,. By (4.5.9) and the bound
7« < VE, we obtain the inequality

[T »=wretdnwye (4.5.10)
PEQx;Z)
We now define a finite sequence (Qy, -+ , Q,,) with ¢, = Qg of square-free integers recur-

sively as follows. If Z is not a component of X NY (x, Q;), we stop. If all prime factors of
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of Q; are in Q(x; Z) or if all primes in Q(x; Z) divide Q;, then we also stop. Otherwise,
we replace the largest prime factor p of Q; by the smallest prime p’ € Q(x; Z) which is not
a prime factor of Q; and let Q; 1 = Q;p'/p. Then Q; < Q4 for all i as the prime factors
of Qp are smaller than the other primes in Q(x). Further, Q;;1 < C4(¢)Q; by (a). Since

QO < Wn/G(d,n,w)Vspt < Cv4(€>V[/n/6(d,n,w)‘/257

we get that |
lcm(Qi—la Qz) < C4(€)Z+1W"/G(dvnaw)v3a
and |
Q; < C4(5)’+1W"/6(d,n,w)v25
for all © > 1.

This process will finish after at most ¢ < #€) steps and produce an integer Q,, with
Wn/G(d,n,w)V% < Qm < 04(€)t+1Wn/G(d,n,w)V2€

satisfying one of the following alternatives:

(i) m > 1 and Z is a component of X NY(x, Q,,_1), but not of X NY(x, Q,,),
(ii) Z is a component of X NY(x,9,,) and all factors of Q,, are in Q(x; 7).

(iii) Z is a component of X NY (x, Q,,) and Q,, is divisible by all primes in Q(x; 7).

Since lem(Q,,_1, Q) < Cy(e) LW n/Sdnw) /3 gl the conditions in (1) are satisfied if (i)
holds. If (ii) holds, then the conditions of (3) will hold.

If (iii) holds, then we define a new sequence (Q,.,: -, Qmiy) starting with Q,,. If Z
is not a component of X NY(x, Q,,1;) or if all factors of Q,,,; are in Q(x; Z), then we
stop. Otherwise, we let Q111 = Qum4j/p, where p is the largest prime factor p of Q,,;
which is not in (x; Z). This process will finish after less than ¢ steps and all integers in
the sequence will be divisible by all primes in Q(x; Z). By (4.5.10) we have that

Qm+u > Wn/G(d,n,w)Vs‘
The last integer Q,,.., will also satisfy Qi1y < Qm < Cy(e) T W/S[EnWIT/28 and one of

the following conditions:
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(iv) uw > 1 and Z is a component of X NY(x, Qyiy—1) but not X NY(x, Qpin)-

(v) Z is a component of X NY(x, Q,,1,) and all factors of Q,,, are in (x; 7).

If (iv) holds, then (2) will hold. If instead (v) holds, then (3) holds. This exhausts all
cases, so we are done. O

Remark 4.5.6. In the form given, Theorem 4.5.5 is not terribly useful because we have not
really addressed case (3) properly. In the case w = (1, -+, 1), then one can, after projecting
onto an appropriate hyperplane and then applying Theorem 5.1.2 to the corresponding
variety, show that Z(Q; B, P, --- , P,) is in fact contained in a co-dimension one subvariety
of Z. We do not know how to do this for general varieties in weighted projective space,
but we will use a specific argument that works for the varieties we are dealing with.

In the balance of this section we prove an extended version of Theorem 3.1 in [105] and
Main Lemma 3.2 in [93].

Theorem 4.5.7. Let X C P(1,1,ws, -+ ,wy11) be an integral hypersurface of degree d,
defined by the primitive weighted homogeneous form F(xo, -+ ,xny1). Let € be a positive
real number. Then the non-singular points in X (Q;B) is contained in the union

U U z@B,

j=12¢€l,

where T consists of co-dimension j subvarieties of X of degree at most Og,, ((logV')7),
and

#I'j = Ogpe (WIVF)
forg=1,--- n.

Proof. The main tool to carry out this argument will be Theorem 3.1 in [105], and indeed
is reminiscent of the argument given in Section 8 of [105]. It furnishes a hypersurface Y (()
with the property that X(Q;B) C Y(0)(Q), but X is not contained in Y'(@)). Further, it
satisfies

degY (D) = Oy, (WlogV).

We then consider a set of primes py,--- ,p;11 as in Section 8 of [105]. We then furnish,
for each point P, € X,,, a hypersurface Y (P;) such that X(Q; B, ;) C Y(P)(Q) but X
is not contained in Y (P;). We then examine the components Z; of X NY(()). Suppose
that Z; is a component of X N Y (() which contains a non-singular point x € X (Q;B).

123



Then x also lies in Y (P;), where x = P; (mod p;). Suppose that Z; is not a component of
X NY(P). Then x lies on a component Z of XN Y (0)NY (Py), which is a co-dimension
two subvariety of X. We then discard Z; and put Zél) in the set I. We then consider the
hypersurface Y (P, P,), where P, is such that x = P, (mod py). If Z; is not a component
of XNY (P, P,), then x lies on a co-dimension two subvariety ZéQ) of X which is contained

in XNY (P, P,). We then discard Z; and place Zf) in I'}. We repeat this process until we
end up with a collection I'y of co-dimension one subvarieties Z; of X, which are components
of XNY(0) and X NY (P, -+, P;) for j =1,---,t+ 1. In particular, we have

#I'1 < deg X deg Y (0),
and for each Z; € I'1, we have
degZy <deg X NY (P, -+, Pip1) = Ogp(logV).

Now we treat the co-dimension two subvarieties obtained in the above process. By con-

struction, all of them lie in
XNnY0)NnY(P),
and also
XNY@)NY(P,---,F)
for some j > 1. Again, since we have taken ZQ(j)’s as irreducible components, we can
ask the question whether it is contained in Y (P,---, Pj41). If not, then it intersects
Y (P, -+, Pj41) in a proper subvariety, which has co-dimension 3 in X. If this is the case,

we discard Zéj ) and put the corresponding co-dimension 3 subvariety in I';. Otherwise,
we continue to track ZQ(] ) and continue to ask whether it lies in Y(P,---, P) with k > 7,

terminating at k =t + 1 if it never intersects properly. If this happens, we put Zéj ) in [s.
Otherwise, it is put into Fg. We then examine I'y. Since for all Z; € I'y we have that Z,
is a co-dimension two subvariety of X lying in X NY(0) N Y (P,), it follows from Bezout’s
theorem and Theorem 3.1 of [105] that

#Ly = Ogp (pr ' W3(log V)?)
and since Zy is a component of X NY (Py,--- , P)NY (P, -+, Py1), it follows that
deg Z = Oy ((log V)Q) )

Continuing in this fashion, we see that we obtain sets I'y,--- ,I', with the following prop-
erties:
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1. T'; contains irreducible co-dimension j subvarieties of X; and

2. If Z; € I';, then deg Z; = Oq., ((log V)?).

The desired conclusion then follows.
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Chapter 5

Applications of the determinant
method

in this chapter we give some applications to the p-adic determinant method. The most
notable of which is our theorem which establishes that whenever F' is an admissible binary
form of degree d, then F' takes on the expected density of k-free values whenever k > 7d/18.
We shall also establish a bound for the density of rational points of bounded height on
del Pezzo surfaces of degree 2. Finally, we give an argument which bounds the density of
rational points on the open subset of a projective surface X of degree d consisting of the
complement of curves of degree k.

5.1 k-free values of binary forms

Let F(x,y) be a binary form with integer coefficients, non-zero discriminant, and degree
D > 3, such that the largest degree of an irreducible factor f of F' over QQ is d. We say
that an integer n is k-free if, for all primes p dividing n, we have p* { n. In general, when
k > 2, we expect that for a positive proportion of integer tuples (x,y), that F(z,y) is
k-free; unless there is a reason for it not to be k-free.

For any set S, we denote by #S the cardinality of S. Write

pr(m) = #{(i,5) € {0,--- ,m —1}*: F(i,5) =0 (mod m)} (5.1.1)
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and

Crr=]] (1 - pF(pk>) . (5.1.2)

2k
» p

As we will show in Section 5.1, and was shown by Filaseta in [13], the quantity pg (pk) <
p?~2, whence the product in (5.1.2) converges absolutely since k > 2. Further, write

Npi(B) = #{(z,y) € Z*N[1, B]* : F(x,y) is k-free}.

Suppose that there is no prime p for which p* divides F(x,y) for all (z,y) € Z* In
1992, Greaves [13] showed that as (z,y) takes on values in [1, B]> N Z?, the binary form
F(z,y) as above takes on, asymptotically as B tends to co, CrB? k-free values whenever
k > (d — 1)/2. Filaseta improved this for irreducible binary forms (in which case D = d
in the above notation) to k > (2v/2 — 1)d/4 in [43]. Hooley, in 2009, showed in [71] that
it suffices to take k > (d — 2)/2. This improvement is significant for small degrees. In
particular, it shows that suitable forms of degree 8 take on infinitely many cube-free val-
ues, a result unavailable until Hooley’s paper. In 2011, Browning [21] was able to apply
the so-called determinant method to obtain that irreducible binary forms satisfying the
necessary non-degenerate conditions are k-free as soon as k > 7d/16. The determinant
method was pioneered by Bombieri and Pila in [I1] and greatly extended by Heath-Brown
in [53]. The key to Browning’s improvement is the so-called global determinant method
introduced by Salberger in [93].

Granville showed, subject to the abc-conjecture, that appropriate binary forms F(z,y)
take on infinitely many square-free values in [17]. Poonen showed in [36] that general,
not necessarily homogeneous, binary polynomials F(z,y) with integer coefficients take on
infinitely many square-free values assuming the abc-conjecture.

For a real number ¢, let [t] denote the least integer uw such that ¢ < u. We obtain the
following theorem:

Theorem 5.1.1. Let F(x,y) be a binary form with non-zero discriminant of degree D > 2
with integer coefficients. Let k > 2 be an integer. Suppose that for each prime p, there
exists a pair of integers (wo,yo) such that p* does not divide F(xq,yo). Let d denote the
largest degree of a factor f of F' over Q. Then whenever

T4 [4] ), 618
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we have

B2
NF,]C(B) = CF,kBQ +0 (log6B> s (514)

where 6 = 0.7043 if k =2,d =6 and § = 1 otherwise.
For example, we have that F'(z,y) takes on infinitely many 6-free values for d < 15.

The value of ¢ in Theorem 5.1.1 for the case k = 2,d = 6 is due to Helfgott [59]. He
obtained a better error term in (5.1.4) for the cases k = 2 and d = 3,4,5 as well; see page
2 of [59]. The condition k£ > 7d/18 in (5.1.3) arises from the application of the global
determinant method, and represents the main contribution of this paper. The condition
k > [d/2] — 2 is equivalent to the condition d < 2k + 1, which is exactly the condition
required for Greaves’ theorem in [18]. This result is superior for small degrees.

Mazur and Gouvéa showed in [10] that the problem of counting square-free values of
binary forms can be applied to construct elliptic curves E that possess many quadratic
twists with large rank. They adapted methods introduced by Hooley in [03] to the context
of binary forms. They remarked in [10] that the sieve method developed by G. Greaves
in [18] is more efficient at counting square-free values of binary forms and can be used to
strengthen their result. Stewart and Top, in [99], were able to achieve this. In particular,
they proved as Theorem 1 in [99] that for F(z,y) a binary form with integral coefficients
of degree D > 3 and non-zero discriminant, there exists a positive constant C' for which F'
assumes at least CB%P k-free values in the interval [~ B, B], provided that k > (d —1)/2
or if £ = 2,d < 6. The condition k > (d — 1)/2 or if k = 2,d < 6 corresponds precisely
to the theorem of Greaves in [18]. The argument used to prove Theorem 1 [99] is mostly
independent of the arguments used in Greaves [13], whence we can improve Theorem 1 in
[99] by providing a better estimate for k-free values of binary forms. Analogous to [99], we
define the counting function Rp(B) as follows:

Rpy(B) =#{t € Z: |t| < B,3(w,y) € Z* such that F(x,y) = t,t is k-free}.
We then have the following result:

Theorem 5.1.2. Let k > 2. Let F(x,y) be a binary form of degree D > 3 with integer
coefficients and non-zero discriminant, with no fixed k-th power prime divisor. Let d be
the largest degree of an irreducible factor of F' over Q and suppose that

. [7d |d
k:>m1n{1—8, [5—‘ —2}.
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Then there exist positive real numbers Cy and Cy, which depend on F and k, such that if
B > (1, then
Rpi(B) > C,BYP.

There is an analogous question for polynomials of a single variable. Suppose that g(x)
is a polynomial with integer coefficients and degree d which is irreducible over Q and has
no fixed k-th power prime divisor. Then we expect that g(x) should take on infinitely
many k-free values for £ > 2. Indeed, this was established conditionally assuming the
abc-conjecture by Granville [17]; see also [81]. For larger values of k, the investigation goes
back to Ricci in 1933 [90], who established that g takes on infinitely many k-free values
for & > d. Erdés [39], in 1956, showed that k& > d — 1 suffices. However, Erdés only
gave a lower bound and not an asymptotic formula. Hooley was able to obtain the exact
asymptotic formula in terms of local densities in 1967 [63]. This point will be elaborated
below.

For cach positive integer m, define p,(m) to be the cardinality of the set {i € {0,--- ,m —
1} :g(i) =0 (mod m)}. Put

cor =] (1 - pg(fk)> , (5.1.5)

» p

which is well defined (that is, the product converges) when k > 2. It is non-zero precisely
when ¢ does not have a fixed k-th power prime divisor. Write

Nyiw(B) =#{1 <2 < B:g(x) is k-free}.

Then, one should expect that

Nng(B) ~ CngB. (516)

Indeed, this was the result obtained by Hooley, under the assumption that £ > d —1. A
similar asymptotic formula was obtained by all subsequent authors. Nair obtained (5.1.6)

under the assumption k > (\/_ — %) d in 1976 [32]. Heath-Brown obtained (5.1.6) under
the assumption that k£ > (3d + 2)/4 in 2006 [5], where he used the determinant method.
Browning improved Heath-Brown’s result to & > (3d + 1)/4 in [21]. We will give another

proof of Browning’s result in Section 5.2 as an illustration of our method.

It should be noted that Heath-Brown obtained (5.1.6) for irreducible polynomials of the
shape f(z) = 2¢ + ¢,c € Z assuming k > (5d + 3)/9 in [56]. His arguments are also
inspired by weighted projective spaces, defined below, but are materially different from the
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arguments presented in the present paper. It would be interesting to see whether Theorem
5.1.1 can be improved for diagonal forms of the shape F(z,y) = Az? + By

In order to prove Theorem 5.1.1 and Theorem 5.1.2, we utilize the p-adic determinant
method proved for the case of weighted projective spaces proved in the previous chapter.
We shall apply the determinant method mentioned above which applies to the weighted
projective space setting to the weighted projective surface X defined by the following
equation:

flz,y) = v, (5.1.7)

which is a surface in Pgy(1,1,d — 2k,2). Here f is an irreducible factor of degree d of the
binary form F' given in Theorem 5.1.1. Applying the determinant method in this way
allows us to deal with a dimension two subvariety X inside the weighted projective space
Po(1,1,d — 2k, 2). This leads to a stronger result than we would obtain by dealing with a
dimension three subvariety inside A* or working with a surface in A® by a priori fixing one
variable, which was Browning’s approach. We emphasize that viewing (5.1.7) as a surface
in weighted projective space is critical to our improvement.

We now make a remark regarding the choice of weights (1,1,d — 2k, 2). It seems a priori
that the better weight choice is (1,1,d — k, 1), which is similar to Heath-Brown’s approach
in [56]. However the weight vector (1,1,d — k, 1) does not take into account the progress
made by Greaves and will in fact produce results inferior to Greaves in [18]. Nevertheless,
in our proof of Theorem 5.2.1 we will use (1,1,d — k, 1), precisely because Greaves’ result
does not apply in this context.

Moreover, we remark that our approach does not seem to generalize in an obvious way
to subsequent work by Browning, Heath-Brown, and Salberger dealing with arbitrary pro-
jective varieties in [22], because we do not know how to deal with projections of arbitrary
weighted projective varieties onto a hypersurface in a weighted projective space of lower
dimension.

5.1.1 Preliminaries for dealing with binary forms
In this section and the next, we use our results from previous sections to prove Theorem

5.1.1. Suppose we have a binary form F(z,y) of degree D with integer coefficients. Notice
that if & > d/2, Theorem 5.1.1 follows from the work of Greaves [18]. Hence, we may
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suppose that £ > 2 is an integer which satisfies

7T k1
— < =< - 5.1.8
8 d "2 (5.1.8)
We turn our attention to the following central object
Npwp(B) = #{(z,y) € Z* : 1 < z,y < B, F(x,y) is k-free}. (5.1.9)

We assume that for all primes p, there exists a pair of positive integers (a,b), such that
p* does not divide F(a,b). Our strategy will be to show that subject to (5.1.8), we have
Npx(B) = CrpB? + O(B%*(log B)~°), where Cpy, is as in (5.1.2). This would show that
F takes on k-free values infinitely often. We also note the following observation, which
follows easily from the definition of the Mobius function:

1, if F(x,y) is k-free,
> u<b>={0 )

otherwise.
b*|F(z,y)

For any £ > 0, we write

My(B) = #{(z,y) € Z*: 1 <,y < B : p*|F(z,y) = p > &},
2

B
My(B) = # {<x,y> €T 1<ay<B:pHF(ry)=p>E&Tpe (5, @] st pkrm,y)} ,

and
2

M;3(B) = # {(x,y) €eZ7*1<z,y<B:3Ip> kfﬁ,v €Zst. Flx,y) = Upk}.
Note that by their definitions we have
My(B) — My(B) — M3(B) < Npx(B) < Mi(B),
so it suffices to show that M;(B) dominates the other two terms. Write
N(b,B) = #{(z,y) € Z* : |zl |y| < B,0*|F(z,y)}.

We have that
MB) = 3 uBN(, B)

beN
plb=p<E

B2 B
beN
plb=p<¢
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When b is squarefree, we have the bound

b<][p=exp <Z logp) < e*,

p<§ p<&

by Theorem 4 of [91]. It is clear that the function pg is multiplicative. Since F' is a
binary form, we see that if F(z,0) =0 (mod p), then apz” =0 (mod p), where ap is the
coefficient of z” in F. There can only be finitely many primes p such that p|ap, and for all
other primes we must have x = 0 (mod p). In other words, for all but finitely many primes,
0 is the only solution to F'(z,0) =0 (mod p). A similar argument applies for solutions of
the form (0,y). Now, suppose that (z,y) is a solution such that z,y Z 0 (mod p). Then,

F(z,y) =y”F(z/y,1) =0 (mod p),

and since y #Z 0 (mod p), it follows that this solution arises from a zero of F(v, 1) over the
field of p elements. However, there can be at most D roots to this polynomial, which implies
that pp(p) < p. For pp(p*), we refer the reader to Lemma 1 of [13] for the proof of the
bound pr(p*) < p?*~2. Hence, for any € > 0 and b square-free, we have pp(b*) <. b2F=2*e,
For k£ > 2, we have

mi(B) = B[] (1 - 02(222'“)) vo [ 3 (B g

p<¢ b<e2¢

1 (1 B pF(p’“))

2k
p<§ p

is a partial product of an absolutely convergent product, Crj, and is therefore positive.

Note that

1
By setting £ = — log B, we see that

2k
By = BT (1= 220 4 o (B2t
1(B) = H - o + :
p<E
We now consider My(B). We refer the reader to Lemma 2 in Greaves [18], where he

obtained the bound
M>(B) = O (B*(log B)™"),
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for k > d/2 and
My(B) = O (B*(log B)™'/?)

for k = 2,d = 6. Helfgott, in [59], obtained the error term
My(B) = O (B*(log B) %)

for 6 = 0.7034---. We note that the argument in [18] deals with essentially one prime
at a time, so it simultaneously deals with all numbers z divisible by some prime p in the
interval (¢, B?(log B)™']. An important feature of Greaves’ estimate which is not present
in the work of any subsequent author, except Hooley [70] [71], is that his estimate for
M,(B) is independent of any relationship between k and d. All further estimates obtained
by other authors require a relationship between k and d of the form k& > v1d + vo, where
0 <wv; <1/2and vy € R.

To complete the proof of the theorem, it will be enough to show that
M;3(B) < B*™"

for some 1 > 0, which will be the focus of the next section.

5.1.2 Application of the determinant method: proof of Theorem
5.1.1

We estimate the remaining term M3(B) via the generalization of Salberger’s global deter-
minant method (see [93]) in the weighted projective case established in earlier sections.
The argument given here is specialized for the binary form problem. We denote by

2

B
Séf)(B) = {(%Zﬁ €Z:1<z,y<B,Ip> @,v €EZst. f(z,y) :vpk}

for some irreducible factor f of F. Further, write Méf )(B) = #Séf )(B). Since F' has
non-zero discriminant, it follows that

MyB)< > MP(B).

fIF,f irreducible

Let us fix an irreducible factor f(z,y) € Z[z,y| of F, such that f has maximal degree, and
write d = deg f. Note that if p* > d|| f||B%, then p* > |f(x,y)| for all (z,y) € [1, B]> N Z2.
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Therefore, p* cannot divide f(x,y) unless (x,y) = (0,0). Hence, we may assume that

p < (d||f)"/* BY*. Thus, the relevant range of primes left to consider are
2

log B

Following Browning in [21] , we partition the above range into dyadic intervals of the form
(H/2, H] where

< p < d||f| BF.

B?/log B < H < d||f||BF.
Now write
R(f; H,B) = #{(z,y,v,2) € Z* : f(x,y) = v2", (x,y) € Sg(,f)(B), (5.1.10)
ged(z,y) =1, H/2 < 2 < H,v < B*/H", 2 prime, v # 0}.
Write H = B?, so B4/H* = B¥*. Summing over these dyadic intervals, we then obtain:
MY(B) < log B sup R(f; B’ B). (5.1.11)

Therefore, it suffices to examine the maximum size of a single R(f; B®, B), as in [21].
Diverging from Browning’s argument, we directly estimate R(f; B?, B) instead of passing
to the single variable case. We are then left to count the number of integral solutions to

Flz,y,0,2) = f(z,y) —v* =0 (5.1.12)
where (1,1, v, 2) is subject to the constraints in (5.1.10) with H = B".

Let us denote by X the surface given by (5.1.12). We consider possible singular points in
X (Q;B). First, note that our ambient space P(1, 1,2, d — 2k) has singularities at (0,0, 1, 0)
and (0,0,0,1). However, these points do not line in X(Q;B) since we are only counting
points whose first two coordinates are co-prime. Next recall that a point z = (zo, Yo, vo, 20)
on X is singular if

oOF oF oF oOF
Suppose that %(Z) = %(z) = 0, with z # 0. Then, by Euler’s formula, we have

0= (ﬂﬁo%:(z) + yo%—]y:(z))



Since f is irreducible over @, it has no integral zeroes except (0,0). Therefore, we see that
all points in X (Q; B) are non-singular, since it only counts those points where the first two
coordinates are co-prime.

Let
XP(@;B) = {x € X : x satisfies (5.1.10) }. (5.1.13)

In view of Proposition 4.1.4, we need to compute the constants a,, a,, a,, a, with respect
to the ideal I = (F). By (5.1.10), we have
B,=B,=B,B,=B"" B, = B".

Note that with respect to reverse lexicographic ordering, the monomial vz* is maximal in
F. Hence, it follows that

d— (d— 2k 2k
L d=(d=2k) _

3d(d—2k)  3d(d—2k)’

and
d—2(k) B d— 2k

3d(2) 6d

a, =

Thus, we have

1 2k(d—kpB) , B(d—2k)
B g gav o= — B3 (2 atamay )
T Y v z

Next, note that
o%(d—kB) Bd—2k) d—kB B
1 = el
T dd—2k) " 24 i—2k 2

whence it follows

2(d—2k) )1/2

_ 1/2 1
(BngZyBnggz)%(Q(dd%)) :(Bl+3_§f+§)2( ¢

Let us write

B B 1/2
b= % (1 + le—gi + g) (—2(d - Qk)) . (5.1.14)

Observe that BY corresponds to W in Theorem 4.0.1.
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It is clear that X is geometrically integral. Hence, by Theorem 4.0.1, there exists a surface
Y (D) c P(1,1,d — 2k, 2) not containing X such that

deg Y (0) = Oy (B¥™) (5.1.15)

and
XP(@;B) Cc X(Q;B) C Y(0).

We will now show that, in fact, X, is geometrically integral except for those primes p which
divide the coefficients of 2 and y¢ in f(z,y). Suppose that

Flx,y,v,2) = f(z,y) — vk

admits a factorization into two weighted forms Ji, F, over the algebraic closure of ]I‘Tp,
where p does not divide the coefficient of ¢ nor y¢ in f(z,y). By Lemma 8 in Chapter
2 of [29], it follows that the leading monomial of F is equal to the product of the leading
monomials of F;, F». Thus, under our ordering >, where vz* is the leading monomial of
F, this implies that F;, /> must take the forms

fl(x7yav72> - CL()UZI + gl<x7y7z>7
f2<x7y7vaz) = bOZk_l + gQ(‘ThyVZ)

for some non-negative integer [ < k, since Fi, F, are both weighted homogeneous with re-
spect to (1,1,d—2k,2). By considering different orderings which order x and y respectively
as the highest and applying Lemma 8 in Chapter 2 of [29], we see that

l d—2k+21 d—2k+21
F1($ayavvz) = oz +a1x + +a2?/ N +gi($7y72)a

Fo(,y,0,2) = bo2" '+ bra® 2 4 by 4 Gl(,y, 2)
where aq, as, by, by are non-zero in IE‘_p. The terms

2k—21 2k—21 d—2k+2lzk—l’ boagyd_%ﬁlzk_l

aobix vz, aoboy vzl, boax

must appear in F = F;F, with non-zero coefficient, which is plainly not the case. This
contradiction implies that X, is geometrically integral over [F, whenever p does not divide
the coefficients of ¢ and y?.

Recall the definition of mx (Definition 4.2.4) from Section 4.2. By the preceding argu-
ment, it follows that 7x < ||f||. Let 0 < e < 1/2 be a positive number, and let {p1, pa, - - }
be the increasing sequence of consecutive primes larger than max{|| f|,log B} for which

prepe < B <pre-pr (5.1.16)
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We now give an estimate for p;.1. Let

0(x) => logp,

p<z

and let us write Q; =p---p; for j =1,2,--- £+ 1, with @y = 1. By the Prime Number
Theorem, there exists some absolute constant C'¢ such that

Pry1 < Ci60(pes1) = Cis Z log p, (5.1.17)
P<Pt+1
hence
Per1 — Ciglogpry < Z logp + Z log p
p<max{| f||,log B} max{|| f||,log B}<p<p:

t
< #(log B) + Zlogp—l—Zlogp

plmx Jj=1

= 6(log B) + Z logp + log Q;
plmx

<log B+ ||/l

since we know that p; 1 > max{log B, || f||} and therefore we can, by choosing B sufficiently
large, make sure that C'glogp;i1 < %ptﬂ. Thus, we have

Q.41 = O(BY log B). (5.1.18)
Since the partial derivative
—_— =z
ov

is only divisible by primes > B?*(log B)™!, (5.1.17) implies that there is no point x €
X?(Q; B) which specializes to a singular point on Xp, for j =1,--- ¢+ 1. Hence, every
x € X?(Q; B) reduces to a non-singular point on X, for every prime j =1,--- ¢+ 1.

Our goal now is to construct a set of exceptional points £ and a collection of curves I'
which cover X?(Q;B). Consider an irreducible component D(@) of X N Y (M). For each
point x € D(0) N X?(Q;B), let Py(x) = P, be the F,,-point on X, such that x = P,
(mod p;). By Theorem 4.0.1, there exists a surface Y (P;) which contains X?(Q; B, P,).
Thus, there exists an irreducible component Dy(P;) of X NY(P;) which contains x. If
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D(0) # Dx(Py), then put x in a set Z(P;). Repeat this process for each irreducible com-
ponent D of X NY (D), to obtain sets Z(P;) for each P, € X,,. Note that a surface in
P(1,1,2,d—2k) of weighted degree d is the quotient of a certain action of a surface of degree
d in the straight projective space P3, therefore Bézout’s Theorem for straight projective
spaces provides an upper bound for the cardinality of the sets Z(P;). Theorem 4.0.1 then
shows that for each P, € X,,, we have

#2(P1) <aq (py'BY +1log Bp:) (BY + log B) (log B)®.

Write
Zip) = |J 2z

PreXp,

By Lang and Weil’s theorem, we have #X,, = Oq(p?), where it follows that
#Z(p1) = Oa (pi (py ' B* +log Bp1) (log B)*) = Oq (B*(log B)°) .

What remains are irreducible components C of X NY (@) which are also irreducible compo-
nents of X NY (P,) for some P; € X,,,. Call this collection of curves I'!). For each surface
Y (P)), suppose that Gp, is a primitive form which defines Y (P;). Then, from (5.1.12) we
see that we can substitute v = f(x,y)/2" into Gp, to obtain

Gp (x,y,v,2) = Gp, (x,y, f(j’cw,z) . (5.1.19)

If Gp,(7,y,v,2) has a v term, then we may replace the v’s with f(x,y)/2* to obtain
a form over P(1,1,2). If G does not have a term containing v, then no substitution is
necessary and we again obtain a form over P(1,1,2). Since Gp, is weighted homogeneous
with respect to (1,1,d — 2k, 2), it follows that each monomial that appears in Gp, with
a non-zero coefficient has the same weighted degree [ with respect to the weight vector
(1,1,d — 2k,2). Consider a monomial x®y*2v*2* that appears in Gp, with non-zero
coefficient. After the substitution, we obtain

a3
T (%) 2,

Expanding f(z,y) and recalling that f is a binary form of degree d, it follows that each
monomial which appears in the expansion f(x,y)* has degree das. Now, we multiply by
a large power of z, say 2%, so that

ZLGP1 <I7 Y, f(a?];y) ) Z)
z
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is a polynomial in x,y,z. Each monomial that appears in zlz®y®2(f(x,y)/2*)*2% has

weighted degree
2L 4+ aq + ag 4+ das — 2kag + 2a4 = 2L + 1,

so zLGp (z,y, f(x,y)/2", 2) is a polynomial over P(1,1,2). Further, if we choose L to be
minimal, then L < kl. We call the new polynomial Gp, (x,y, z). It is now clear that the
degree of Gp, is at most 2kl + [ = [(2k + 1), and thus Theorem 4.0.1 implies

degC = degGp, = Oy ((pl_le log B + log Bpl)) (5.1.20)

for each C € T, Observe that I'V is a collection of irreducible components of X NY ((),
hence
#T'W = 0, (BYlog B) .

We have thus obtained a relatively small set of points Z(p;) and a collection of curves I'¥
which together cover X?(Q; B). Moreover, the curves in '™ now have degrees bounded as
in (5.1.20) and the number of curves in '™ is bounded above by the degree of Y (). We
can continue this process to continue to separate points in X?(Q;B) into an exceptional
set or onto a curve of relatively small degree.

Suppose we have obtained Z(Q;) for 1 < ¢ < j up to some positive integer j. In particular,
Z(Q;) is the set of points x € X?(Q; B) such that x ¢ Z(Q; 1) and D(0) # Dx(Py,- -+, P,).
Notice that

#2(Qi) = 04 (QF (0 ' Q% B* +log BQ;)(log B)?) .

Similarly, suppose we have obtained I'@, 1 < i < j, where I'™ is the set of curves C of
degree

oF (Ql-_le log B + log BQZ-) ,

such that C € TG-Y and
C:D<®) :DX(P17 7PL>

for some (Py,---, P;). Observe that we have

XY@B)c |J cuz(Q).

cer®

We now construct Z(Q,11) given Z(Q;). Consider an irreducible curve C € I'Y). For each
point x € CN (X?(Q;B) \ Z(Q,)), we have

D()) = Dx(P1) = Dy(P1, Py) = - = Dx(Py,--- , P;) = C.
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There exists a point Pjy1 = Pjy1(x) € X,,,, such that x = Pj;; (mod p;;1). Hence, by

Theorem 4.0.1, there exists a surface Y (P, -+, Pj4q1) such that x € X NY (P, -+, Pij1),
and
degY(Py,---,Pjy1) = 04 (Q7,BY™ +1og BQj,1) .
g 1, y Lj41 d &1 g j+1

Set Dy (P, - -+, Pj+1) to be an irreducible component of XNY (P, - - -, Pj41) which contains
x. Put x in the set Z(Py,---, Pj41) if
Dx(Pla"' 7P]) #DX(PIV" 7]Dj+1)7

then repeat this process for every point x € CN(X?(Q;B)\ Z(Q,)) and for every curve in
') to obtain our sets Z(Py,- -+, Pj41) for P € X,,,i=1,---,j+1. By Bézout’s theorem,
we have

#Z(Pl, cee 7Pj+1) = Od (dng(Pl, cee ,F)]) deg Y(Pl, cee 7_Pj+1) (5121)
=04 (95" Q11 B +(Q;" + Q711)B¥ log BQ;11 +log” BQ;11)
= Oy (Qj_lew log B + log? BQ]-H)
Write Z(Q,41) as
Z(Qj+1): U Z(Plﬁ"' 7Pj+1>‘

PieXpi
1<i<j+1

By Lemma 4.3.3, we have
#X,, = p} + 0(d*p}"*) + Oulp)
for j=1,---,t+ 1. We write this as
#X,,/p; = 1+ 0(dp; *) + 0ulp™).

Therefore, for some number Cy7(d) > 0 depending on d, we have

j+1 j+1 Cr(d)
#Xz —-1/2
H 2p < H <1 +p; / ) )

i1 P i=1
hence
j+1 j+1 Cr7(d)
H #sz < Q§+1 (H (1 + pi_l/2)> .
i=1 i=1
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Since Q11 = p1---pry1 <K B¥*¥log B and p; > log B, there exists a positive number
C1s(d) such that
< Cis(d) log B

5.1.22
loglog B ( )
We now use the inequality
1+ov<e’
which is valid for all v > 0, to obtain
j+1 j+1
[T +p%) < TTexo (n7?).
i=1 i=1
Noting that p; > log B for i = 1,--- , 7 + 1, it follows that
1
[T+ w7 < exp ((G+ 1)(log B)2) .
i=1
Hence, by (5.1.22), we have
j+1
_ C1s(d)(log B)'/?
1 -1/2y 18
g( Fp ) s exp ( loglog B ’
so we obtain .
j+
Clg(d) (lOg B)I/Q
X, < Q? 5.1.23
where Clo(d) = C17(d)C15(d). By (5.1.21), (5.1.23), and Theorem 4.0.1, it follows that:
Cig(d)(log B)'/
#7(Qj11) = O4 ((B% + Q?H log” BQj 1) exp ( loglog B . (5.1.24)

We write TUTY to be the set of irreducible curves C € T'Y) which are common irreducible
components of X Y (Py,---,P;) and X NY (P, -+, Pjy1). For each curve C € TU+Y | we
have

degC = 04 (Q;},B"1og B +log BQ;41) -
By (5.1.18) and (5.1.24), we see that

/
#2(Q111) = Oa (Bera(log B)? exp <019(1601)g(11§§§)1 2)) (5.1.25)
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We write I' = T*D_ If C € T, then the hypothesis of the first half of Theorem 4.0.1
applies, whence

degC = O4.(1).
We put the sets Z(Qy),- - Z(Qs41) together to form the exceptional set:

t+1
=]z
j=1
Then (5.1.22) and (5.1.25) imply that:
#E = Oq (B>*¢ exp ((log B)"/?/ loglog B) (log B)?(loglog B) ") . (5.1.26)

We now turn our attention to the set I'. Since #I" does not exceed the number of irreducible
components of X NY(0), it follows from (5.1.15) that

#I' = Oqc (BYT). (5.1.27)
By construction, it follows that
R(f;B°,B) < #& +#| JC(@:B). (5.1.28)
cer
For C € T', C is a component of Y (Py,- -, P,yq) for some (P, -+, P11). Moreover, since

Qi1 = p1--- iy satisfies the hypothesis of part (a) of Theorem 4.0.1, it follows from
Bézout’s theorem that

degC < deg X -degY (P, -, Piy1) = Og(1). (5.1.29)

Let G* be a primitive form which defines Y (P, -+, Py1). By (5.1.16) and case a) of
Theorem 4.0.1, we also have

log|G™|| = log(H(Y (Py, -+ , Pis1))) = O (log B) .

By following the same substitution as in (5.1.19), we obtain a form over P(1,1,2) by
substituting (5.1.12) into G*. We call the new polynomial G(z,y, z). Observe that

log||G|| = log||G™[| + Oa (1 10g|| f1]) -

We may now suppose that B is chosen sufficiently large so that log]|f|| < log B. Then we
obtain

log||G|| = Og (log B) . (5.1.30)
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Note that the curve C corresponds naturally to a component C’ of the curve G(zx,y, z) = 0.
If C’ is reducible, we consider each irreducible component separately, noting that there are
at most Og (1) components by Bézout’s theorem and (5.1.29). Thus, we may consider each
irreducible component C” of C’. There are two situations. First, C” may be irreducible over
Q, but reducible over Q. In this case, the rational points on C” are preserved under the
all elements of Gal(Q/Q), but C” has a conjugate which is also a component of C’, whence
C"(Q) corresponds to the rational points in the intersection of two curves each of degree
Oa:(1); so by Bézout’s theorem, it follows that

#C”(Q) = Odﬁ(l)'

We suppose now that C corresponds to a Q-defined and geometrically integral component
of GG, which we call G. Hence we have

C+ G(x,y,2) =0.
By Proposition B.7.3 in [62] and (5.1.30), we have
log||gl| = Oy (log B).

We write
g(xaya Z) = G1<x7y) + ZGQ(xaya 2)7

where G(z,y) consists of all monomials in G which only contains x and y. Observe that
since G € P(1,1,2) that G; is homogeneous in z and y. We then consider several situations.

Let T'y denote the set of curves C € I' such that f(z,y) and Gy(z,y) are coprime. If
xy =0, say y = 0, then
f(2,0) = agz® = vz

Since we have assumed that z is a prime by (5.1.10), it follows that we must have z|agz?.
However, since we assumed that z > B?(log B)™' and B > || f||, this is not possible. It
follows that no point with xy = 0 can lie in X?(Q;B). Write f(z,y) = y?f(z/y,1) and
Gi(x,y) = y¥8G)G (x/y,1). Further, write h(z) = f(z,1) and g(x) = Gy(x,1). There
exist polynomials a(z), b(z) € Z[x] and such that

a(z)h(z) + b(x)g(x) = Res(h, g),
where Res(h, g) is the resultant of h and g, see [29]. Homogenizing the equation, we obtain
d'(z,y) f (@, y) + V'(z, y)Gi(z, y) = ny",
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where e is the least positive integer such that the left hand side is a binary form.

Since z|Gi(z,y) and z|f(z,y), it follows that z|ny®. However, recall from Section 5.1
that z is a prime not smaller than B?(log B)™!, and since y € [1, B], it follows that z|n.
The resultant Res(h, g) is bounded by

| Res(h,g)| < (d+deg G + D[ fI| - [G])"H=+.

Hence, the number of prime divisors dividing n of size at least B*(log B)™! is at most

o (g sl

o ) = 04 (1). (5.1.31)

We can now argue as in Greaves [18]. By (5.1.10), we have that z is in fact a prime. Thus,
there are at most d solutions to the congruence

flw,1)=0 (mod z).
By (5.1.7), we have

flz,y) =0 (mod 2),
and since xy # 0 (mod z), there exists w # 0 such that + = wy (mod z). For each such
w, Lemma 1 in Greaves [18] gives that there are at most

B; +0(B) = O(B)

such solutions. Thus for each z, there are at most d - O(B) = O4(B) many points in
X?(Q;B) corresponding to a point on a curve C € I';. Since there are O.(B¢) choices for
z and

Od,s (Bdf-&-s)
choices for C € I'y, it follows that
#XP(@B)N | € =04 (BT1). (5.1.32)
Cel'y

Next, consider the curves I'y C I' consisting of those C € T' such that f(x,y),Gi(x,y)
are not co-prime. As we have chosen f to be irreducible, this implies that f(z,y) divides
G1(z,y). By our choice of G, the degree of G is at least d and at most Ogz.(1). We write
| = degC = degG. We calculate the corresponding quantities a,, a,, a, with respect to the
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monomial ordering <. Suppose that x**y*¥ 2% is the leading monomial in G with respect
to reverse lexicographic ordering. In particular, we must have

oy + oy + 20, =1,

since G is a polynomial over P(1,1,2) of weighted degree [. Further, we have

| — ay
ay = :
2l
[ -«
RV
and
[ — 2,
a, = .
4l
Hence,
l<(4+6)l—2am—2ay—2ﬁaz>
By By By* = B* !
_ ph(emzeacon)
Write 5 |+ 90.(2
p= 2+H) +l20‘2( -5 (5.1.33)
Observe that the W in Theorem 4.0.1 corresponds to the quantity BY.
Now we argue as in [53]. If x € P(1,1,2) is a singular point on C, then x is a common zero

0
of G and a—g, hence x lies on the intersection
x
cnd,

. 0 : :
where C’ is the zero-locus of a—g By Bézout’s theorem, the number of singular points on
x

C is at most
Og (1) . (5.1.34)

It remains to consider non-singular points on C. Suppose z € C?(Q;B) is non-singular,
but reduces to a singular point modulo p for some prime p. Then, we must have p divides

oG og oG
%(Z%a—y(z),a(z)-
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However, z is non-singular, so one of the partial derivatives above is non-zero. We may
suppose, as we may, that 8_(Z> # 0. Since
x

oG

=) <alIGIB",

it follows that

0g Hog([|9]|B)
Ute . |27
#{p>B 'plﬁx(z)} “ log2 + Wlog B’

Choose Cy(d, ) to be a number which depends on d, e and gives an upper bound for the
inequality above. Now set

= | Enld,e)llog(||G] B)
log2 + Vlog B

—‘ < log B,

where the implied constant is absolute, and

G1 < <(n

to be the first n primes larger than BY**. Then there exists j with 1 < j < n such that
oG

q; 1 a—(z), so z will reduce to a non-singular point on C,;. By Theorem 4.0.1 and the
theorem of Lang-Weil [71], there exist
R =0(ng,) <ae BYte

forms Gy, - -+ ,Gg of degree O;.(1) = Oq.(1), defining curves )i, - - -, Vg, such that C ¢ Y,
forj=1,--- R, and

R
Cfon—singular«@; B) - U yj'
j=1
By Bézout’s Theorem, (5.1.34), and Theorem 4.0.1, we have the bound
#CH(QB) = O (BTH5747).

Further, we have

, loglogB _ . _d og(lfll)
log B k log B
If B > 2, then certainly
2— 6 g 07
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hence
20,(2 - ) <0,

so we obtain the upper bound
#CP(Q5B) = Ou. (BT,

and if 5 < 2, then
log log B

0<2-p8<
- p log B

Therefore, we obtain

20z (2-58) 20z (log log B/ log B)
12

02 B

IN

20y

(log B) 2
(log B)7,

o~

IA

as 2a, < [. This again implies that

#CH(QiB) = O (B1H).
Since [ > d and B < d/k + log(d|| f||)/ log B, it follows that

#C7(Q:B) = Oy (BHH+).
Since k > 2, it follows that

#CH(Q;B) = Oy (BETHH).
Combining these estimates, we obtain

#XP(@:B)N | J €= 0u (BwB%+%+€) . (5.1.35)

Cely

By (5.1.26), (5.1.27), (5.1.32), and (5.1.35), we have
BXP(QB) = Oy (B4 4 BI04 prtivies). (5.1.36)

Since we may assume d > 6 by Greaves [18], we obtain

#XP(Q;B) = Oy, (B> 4 BT . (5.1.37)
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It remains to show that if k/d > 7/18 and ( is in the range

, loglos B d  los((lf]d)
log B k log B
then one can choose ¢ so that ¢ < 1. Let us analyze the expression
d—kBs B
— 1.
71— ok + 5 (5.1.38)

as a function of . Its derivative is given by

—k 1 d — 4k

T FrTo)

d—2k

which is negative whenever k/d > 1/4. Therefore, by (5.1.8), (5.1.38) viewed as a function
of 3, is decreasing. Thus, for any

log log B
O<n< ———
g log B
with
we have

d— 2k d— 2k 2
kn
=2
ta— o
kloglog B

< —_—.
- (d —2k)log B

Choose B sufficiently large so that

<e (5.1.39)

d—2k)logB

(Q(d - 2k))1/2 kloglog B
d (

Let A = k/d. Then, by (5.1.39), we have

1 12 d—2k 2 3
~(2(1 -2 1 - — " VI—2\+e
5 (20123 (+d_2k+2 te= A+e
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To ensure that ¢ < 1, we are left to consider the inequality

3v1 — 2\
A
V2

This is equivalent to

2
1-2 < =
97

which gives
7
A>—.
18
Thus, whenever k/d > 7/18 and ¢ is sufficiently close to zero, we have ¢» < 1. This
completes the proof of Theorem 5.1.1, by virtue of (5.1.8).

5.2 Another proof of Browning’s theorem

In this section, we give another proof of Browning’s theorem in [21]. Tt illustrates the
differences between our approaches to the determinant method. In [21], Browning com-
bined elements of the “affine determinant method” introduced by Heath-Brown in [54] and
Salberger’s global determinant method in [93] to prove his result, which is stated below as
Theorem 5.2.1. Heath-Brown had already shown in [57] that his affine determinant method
could be applied to study integral points on the variety defined by

flz) =y,

where f(x) is a polynomial with integral coefficients of degree d. More specifically, for
irreducible f(z) € Z[z] of degree d with no fixed k-th power divisor, Heath-Brown proved
that f takes on infinitely many k-free values whenever k > (3d +2)/4. Browning improved
on this slightly by showing that Salberger’s arguments in [93] can be adopted to augment
the affine determinant method to sharpen the above result to k > (3d 4 1)/4.

We show that our version of the determinant method, detailed in Sections 4.1 to 5.1.2,
can also be used to obtain the same result. It is interesting that these two different ver-

sions of the determinant method lead to the same conclusion.

For convenience, we state Browning’s theorem again:
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Theorem 5.2.1. (Browning, 2011) Let f(z) € Z[z]| be an irreducible polynomial of degree
d > 3. Suppose that k > (3d+ 1)/4. Then, we have

#{neZn[l,B]: f(n) is k-free} ~ cs1,B
as B — oo, where ¢y, is defined as in equation (5.1.5).

We first establish some preliminaries analogous to Section 5.1. Recall that we stated,
in equation (5.1.6), the notation Ny (B) = #{1 <z < B: f(x) is k-free}. We define

N(f;b,B) = #{1 <z < B:V*|f(x)}.

From elementary properties of the Mobius function, we have

We also have the formula
B
V(. B) = p04) (3 + 0.

where as we recall, py(m) counts the number of congruence classes modulo m for which f
vanishes modulo m. Browning [21] obtains the estimate

pr(0") = O(¥°)

whenever b is square-free, and so we obtain

N(f;b,B) = Bpféfk) +O(b).

We thefore conclude that

Nu(B)=B Y 1(0)os (V) + Y w®)N(f;b,B) +o(B), (5.2.1)

b<Bl 3 b>B1-4

where ¢ is a small positive constant.

Define the quantity
EE) =#{x cZN[1,B]:3b > ¢ st b°|f(x) and p?(b) = 1}
for any £ > 1. Using the assumption of the theorem that k& > 3d/4 > 1, we find
Nti(B) = c; 1B+ o(B) + O(E(B*™)). (5.2.2)
We now proceed with the proof of Theorem 5.2.1.
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Proof. The discussion above essentially reduced the proof of Theorem 5.2.1 to obtaining a
satisfactory upper bound for the quantity F(B'~%). We first homogenize our polynomial
f to obtain a binary form F(z,y). As in the proof of Theorem 5.1.1, we write H = B,
where

1-6<B<d/k.

We then apply Theorem 4.0.1 with the weight vector (1,1,d — k,1) and the box B =
(B,1,H,O(B/H")) to the variety defined by

X F(x,y) —vzF =0.

Note that this is a weighted projective surface. By Theorem 4.0.1 we obtain that all points
counted by E(B'~?) lie on an auxiliary curve C of degree

Og,e (Bé(ﬁc)l/z(dd—karﬁ)#) )

which assumes its maximum value at § = 1 — d. Then, as per our analysis in the binary
form case in Section 5.1.2, we deduce that we can partition C N X into a collection of

EANV-YOR
0s, (B0 (005
geometrically irreducible curves I', and an exceptional set £ consisting of

Ouc (B(T)l/2(ddkk5+5)+€)

points. By [63], we may assume that d > 3, and as we have shown in Section 5.1.2, the
contribution from each irreducible curve D € I is no more than

Od,e <B%+E) )
hence it suffices to take d, k to satisfy
d—k\"* (d— kB
—_— 1

for 5 =1 — 6, with 6 > 0 approaching zero. This is satisfied when k/d > 3/4, which is
equivalent to k > (3d + 1)/4. This completes the proof of Theorem 5.2.1. O
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5.3 Representation of k-free numbers by binary forms

In this section, we give a proof of Theorem 5.1.2. Much of the argument remains unchanged
from that given in [99].

Let A be a positive real number. For any value 0 < # < 1 and for any non-zero integer

h, let us write
sthy= [ Inl,"

p<A?
|h|, t<A?
o

where D denotes the discriminant of f. Write U to be the set of pairs (a, b) € Z? such that
f(a,b) # 0 and the only primes dividing ged(a, b) are those that divide ©. Now, define

S0, A) = ][ s(f(a.b)).

(a,b)eU
One can estimate S(6, A) in exactly the same way as in [99] (note that in [99], they wrote
u instead of A). In particular, by Section 6 of Stewart-Top [99], we have the estimate

S(6, A) < A4

As a consequence, we see that the number of pairs (a,b) € U such that |s(f(a,b))| > A'/3
is at most 400dA?. Now, we may argue as in Lemma 2 of [10] that if & and b are integers
such that |h| < AY2 and 1 < b < A, then there are at most d integers a with f(a,b) = h.
Hence, the number of pairs of integers (a,b) with 1 < a,b < A and |f(a,b)| < AY? is at
most

3d A2,

Set 6 = Cf;/120d. Define T to be the set of integers (a,b) with 1 < a,b < A, f(a,b) is
k-free, |f(a,b)| > AY2, and s(f(a,b)) < AY8. By Theorem 5.1.1 and our choice of 6, we
have that there exist constants Css, Co3 > 0, which depend on f and k, such that whenever
A > (5, we have

1
#T > 5(123A2. (5.3.1)

We invoke the work of Stewart in [98] on estimating the number of solutions to Thue
equations. Recall that for any integer h, w(h) denotes the number of distinct prime factors
of h. Let h be an integer for which there exists (a,b) € T such that

fla,b) = h. (5.3.2)
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Write b = s(f(a,b))-g. Since by assumption we have s(f(a,b)) < AY® and | f(a, b)| > A2,
it follows that |s(f(a,b))| < |h|*/* and consequently, |g| > |h|3/%. If A is chosen to be greater
than |D|* and |h| > |D|'2, then choosing ¢ = 1/12 and applying Corollary 1 of [?] we
obtain that the number of solutions to equation (5.3.2) is at most

56004 (),
Observe that trivially we have the bound
|f(a,b)] < d| f]|A”. (5.3.3)

Note that by construction, the prime divisors of g either divide ® or satisty | f(a,b)|,* > A%
Hence, by choosing A so that A’ > d|| f||, we have

w(g) Sw(®) + (d+1)/6.

The second term on the right hand side in the above equation is from the worst case, where
each prime p such that |f(a,b)|, 1> A% divides f(a,b) with multiplicity one. If there are
more than (d + 1)/6 of such primes, then we will have |f(a,b)| > A%@FD/0 = A4+l which
yields a contradiction to equation (5.3.3) as we chose A > AY > d||f||. Hence, there exist
constants Cyy, Cos such that if A > Cyy, then the number of distinct pairs (a,b) € T is at
least CysA2.

To finish the proof of the theorem, let B be a real number with B > d||f||C¢, and write
A = (B/d||fID"". Note that A > Cy. With this choice of A, we have that whenever
(a,b) € T, we have |f(a,b)] < B. Hence,

Ri(B) = #T > Cys(B/d| f|)¥,

which completes the proof of Theorem 5.1.2.

5.4 Del Pezzo surfaces of degree 2

In this section, we will prove the first part of Theorem 1.0.6. The main tool used will be
Theorem 4.5.5. Recall that a del Pezzo surface of degree 2 is given by an equation of the
form

y* = f (21, 22, 73), (5.4.1)

153



where f is a quartic binary form. This variety naturally lives in the weighted projective
space Pg(1,1,1,2). Let us denote the surface defined by (5.4.1) by X. We consider the
vector

B = (B, B, B, B?)

for a positive real number B, which we think of as a parameter tending to infinity. We use
the monomial order induced by choosing y* as the largest monomial in (5.4.1). Then we
have

4—2(2))3(1)1/2

W:<B%B%B%B = — Bas.

Let us now compute the trading ratio. One observes that the monomials

ﬁi$3,$§,I1$2,$1$3,$2$37?/
are all of weighted degree 2, and they are QQ-linearly independent over X since the degree
of X is 4. Further, there are seven of them, which exceeds (2+2) = 6. Hence the trading

2
ratio is 3/2. We then have
4 4

9(47272) = W = ga

and
2 4 3 17

6(4,2,2) = <Z)1/2 <§(2 — 1)+ 5) =575

W2/6(422) _ gt

Hence we have

Observe that X is non-singular, by the Jacobian criterion. Hence, we may use Theorem
4.5.5, which counts non-singular points in X (Q;B), to count the number of all points in
X(Q;B). The subset X (Q;B) which consists of points in X (Q;B) satisfying (d)-(1) is
contained in the union of a collection ZM) of co-dimension two subvarieties of X, where if
Z € ZW then

deg Z < dD(¢)?

by the theorem of Bezout. Further, we have
#20 = 0. ((po-+-p)?) = O. (B¥ )

Therefore, it follows that

#XO@B) < # ) degz=0. (BF).

Zez1)
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The subset X (Q;B) consisting of points x € X (Q; B) satisfying (d)-(2) can be treated
similarly.

It remains to treat the subset X (Q;B) of X(Q;B) satisfying (d)-(3). In this case,
we consider two further sub-cases. In the first sub-case, we have x reduces to a singular
point on Z. This case is easy to address because then x is forced to lie on a co-dimension
one subvariety of Z, and the size of this set is bounded by deg Z < dD(¢). It suffices to con-
sider the second sub-case, where x reduces to a non-singular point P; on Z,, fori =1,--- ,¢.

Recall that Z is a component of XNY (B, Py, -, P;). Let us consider an equation defining
Y =Y(B,P, - ,P), say
G(z1,22,23,y) = 0. (5.4.2)
We can further assume that G is a primitive form. By making use of (5.4.1), we can write
(5.4.2) as
G(x1, 22, 73,y) = G1(21, T, T3) + YGa (1, T2, v3) = 0.

This can be re-arranged to give

G121, 22, 73) = —yGa(71, T2, 73),

and if we square both sides of the equation and make use of (5.4.1) again, we obtain an
equation of the form
g%(mlv T2, :C3) = g3(x17 T2, x3)7

which defines a curve in IP’(%Q. Therefore, we can think of Z as a component of this curve,
and so can be defined by a homogeneous equation. Indeed, suppose that Z is given by the
equation

G(%l, T, .CEg) =0. (543)

Again, we insist that G is a primitive form. Since deg Z is bounded solely in terms of ¢, we
can apply Theorem 4.5.5 to Z and see that Z(B, Py, --- , P;) is contained in another curve
7" which does not contain Z of degree bounded solely in terms of . By Bézout’s theorem,
it follows that

47(B Py, P) = 0.(1).

Therefore, it follows that

#XO@B) =0, [ (m--p)# J ZB,P,- 1) | = 0. (BE).

ZeZ(3)
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On re-adjusting our definition of ¢ if necessary, we therefore see that

w

Nx(B) = #XQB:Z XO(@;B) = 0. (B¥*).

156



References

1]

S. Akhtari, Upper bounds for the number of solutions to quartic Thue equations Inter-
national Journal of Number Theory, (2) 8 (2012), 335-360.

S. Akhtari, Representation of small integers by binary forms To appear in Q.J.Math,
Oxford.

T. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, 1998.

E. A. Bartolo, J. Martin-Morales, J. Ortigas-Galindo, @Q-Resolutions and intersection
numbers, Monografas Matemticas Garca de Galdeano vv, 1-10.

M. A. Bean, An isoperimetric inequality for the area of plane regions defined by binary
forms, Compositio Mathematica, (2) 92 (1994), 115-131.

M. A. Bean, The practical computation of areas associated with binary quartic forms,
Mathematics of Computation, (66) 219 (1997), 1269-1293.

M. Beltramettii, L. Robbiano, Introduction to the theory of weighted projective spaces,
Expo. Math, 4 (1986), 111-162.

M. A. Bennett, S. R. Dahmen, Klein forms and the generalized superelliptic equation,
Annals of Mathematics (1) 177 (2013), 177-239.

M. A. Bennett, N. P. Dummigan, T. D. Wooley, The representation of integers by
binary additive forms, Compositio Mathematica 111 (1998), 15-33.

M. Bhargava, Most hyperelliptic curves over @Q have mno rational points,
arXiv:1308.0395 [math.NT|, http://arxiv.org/abs/1308.0395, retrieved 03 Dec
2014.

157


http://arxiv.org/abs/1308.0395

[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

[19]
[20]

[21]
[22]

[23]

[24]

[25]

M. Bhargava, The geometric sieve and the density of squarefree values of invari-
ant polynomials, arXiv:1402.0031 [math.NT] https://arxiv.org/abs/1402.0031,
retrieved 07 Jun 2016.

M. Bhargava, A. Shankar, Binary quartic forms having bounded invariants, and the
boundedness of the average rank of elliptic curves, Annals of Mathematics 181 (2015),
191-242.

M. Bhargava, A. Yang, On the number of binary n-ic forms with bounded Julia in-
variant, arXiv:1312.7339 [math.NT] http://arxiv.org/abs/1312.7339

E. Bombieri, J. Pila, The number of integral points on arcs and ovals, Duke Mathe-
matical Journal, (2) 59 (1989), 337-357.

E. Bombieri, W. Schmidt, On Thue’s equation, Invent. Math. 88 (1987), 69-81.

E. Bombieri, J. Vaaler, On Siegel’s lemma, Inventiones Mathematicae, 73 (1983),
11-32.

S. Boissire, A. Sarti, Counting lines on surfaces, Ann. Scuola Norm. Sup. Pisa Cl. Sci.

(5) 6 (2007), 39-52.

N. Broberg, A note on a paper by R. Heath-Brown: “The density of rational points
on curves and surfaces”, J. reine angew. Math. 571 (2004), 159-178.

T. D. Browning, Fqual sums of two kth powers, J. Number Theory 96 (2002), 293-318.

T. D. Browning, Quantitative Arithmetic of Projective Varieties, Progress in Mathe-
matics, 277 (2009).

T. D. Browning, Power-free values of polynomials, Arch. Math. (2) 96 (2011), 139-150.

T. D. Browning, D. R. Heath-Brown, P. Salberger, Counting rational points on alge-
braic varieties, Duke Mathematical Journal, (3) 132 (2006), 545-578.

T. D. Browning, M. Swarbrick Jones, Counting rational points on del Pezzo surfaces
with a conic bundle structure, Acta Arithmetica 163 (2014), 271-298.

J. Buchmann, U. Vollmer, Binary Quadratic Forms: An Algebraic Approach, Springer-
Verlag, New York, Berlin, 2007.

D. A. Buell, Binary Quadratic Forms: Classical Theory and Modern Computations,
Springer-Verlag, New York, Berlin, 1989.

158


https://arxiv.org/abs/1402.0031
http://arxiv.org/abs/1312.7339

[26]

[27]

28]

[29]

[30]

[31]

32]

33]

[34]

[35]

[36]

[37]

[38]

[39]

P. F. Byrd, M. D. Friedman, Handbook of Elliptic Integrals for Engineers and Scien-
tists, Second Edition, Revised, Springer-Verlag 1971.

D. A. Cox, Primes of the form x? + ny*: Fermat, Class Field Theory and Complex
Multiplication, John Wiley and Sons, Hoboken, 1989.

D. A. Cox, J. B. Little, D. O’Shea, Using Algebraic Geometry, Revised Second Edition
(2005), Springer-Verlag.

D. A. Cox, J. B. Little, D. O’Shea, Ideals, Varieties, and Algorithms, Third Edition
(2007), Springer-Verlag.

D. A. Cox, J. B. Little, H. K. Schenck Toric Varieties, Graduate Studies in Mathe-
matics, 124 (2011), American Mathematical Society.

J. Cremona, Reduction of binary cubic and quartic forms, LMS J. Comput. Math. 2
(1999), 64-94.

J. E. Cremona, T. A. Fisher, On the equivalence of binary quartics, Journal of Symbolic
Computation, 44 (2009), 673-682

P. Davis, Gamma function and related functions, Handbook of Mathematical Func-
tions (M. Abramowitz and I. Stegun, eds.), Dover Publications, New York, 1965.

R. Dietmann, O. Marmon, The density of twins of k-free numbers, Bull. London
Math.Soc., 46 (2014), 818-826.

R. Dietmann, O. Marmon, Random Thue and Fermat equations, Acta. Arith., 167
(2015), 189-200.

L. Dolgachev, Weighted projective varieties, Group Actions and Vector Fields (1982),
Springer.

D. Eisenbud, J. Harris, The Geometry of Schemes, (2000), Springer-Verlag.

T. Ekedahl, An effective version of Hilbert’s irreducibility theorem, Seminaire de The-
orie des Nombres, Paris 1988-1989, 241-249, Progr. Math., 91, Birkhauser Boston,
Boston, MA, 1990.

P. Erdds, Arithmetical properties of polynomials, J. London Math. Soc. 28 (1953),
416-425.

159



[40]

[41]
[42]

[43]

[44]
[45]
[46]

[47]

[48]
[49]

[50]

[51]

[52]

[53]

[54]

[55]

P. Erdos, K. Mahler, On the number of integers which can be represented by a binary
form, J. London Math. Soc, 13 (1938), 134-139.

T. Estermann, Finige Satze uber quadratfeie Zahlen, Math. Ann., 105 (1931), 653-662.

J-H. Evertse, The number of solutions of decomposable form equations, Inventiones
Mathematicae 122 (1995), 559-601.

M. Filaseta, Powerfree values of binary forms, Journal of Number Theory 49 (1994),
250-268.

W. Fulton, Intersection Theory, Springer-Verlag 1984.
C. F. Gauss, Disquisitiones Arithmeticae, 1801.

F. Q. Gouveéa, B. Mazur, The square-free sieve and the rank of elliptic curves, Journal
of the American Mathematical Society (1) 4 (1991), 1-23.

A. Granville, ABC' allows us to count squarefrees, International Mathematics Research
Notices, 9 (1998).

G. Greaves, Power-free values of binary forms, Q. J. Math, (2) 43 (1992), 45-65.

G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, 5th ed.,
Oxford Univ. Press, 1979.

R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52 (1977),
Springer-Verlag.

R. Hartshorne, Deformation Theory, Graduate Texts in Mathematics 257 (2010),
Springer-Verlag.

D. R. Heath-Brown, Primes represented by x® + 2y3, Acta Mathematica 186 (2001),
1-84.

D. R. Heath-Brown, The density of rational points on curves and surfaces, The Annals
of Mathematics (2) 155 (2002), 553-598.

D. R. Heath-Brown, Counting rational points on algebraic varieties, Analytic number
theory, 5195, Lecture Notes in Math., 1891, Springer, Berlin, 2006.

D. R. Heath-Brown, Sums and differences of three k-th powers, Journal of Number
Theory, 129 (2009), 1579-1594.

160



[56]
[57]

[58]

[59]
[60]

[61]

[62]

[63]
[64]
[65]

[66]

[67]

[68]
[69]
[70]

[71]

D. R. Heath-Brown, Square-free values of n* + 1, Acta. Arith.,

D. R. Heath-Brown, Powerfree values of polynomials, Q. J. Math, (2) 64 (2013),
177-188.

D. R. Heath-Brown, B. Z. Moroz, Primes represented by binary cubic forms, Proc. Lon-
don Math. Soc. (2) 84 (2002), 257-288.

H. A. Helfgott, On the square-free sieve, Acta Arithmetica, 115 (2004), 349-402.

H. A. Helfgott, Power-free values, large deviations and integer points on irrational
curves, J. Thor. Nombres Bordeaux 19 (2007), 433-472.

H. A. Helfgott, Square-free values of f(p), f cubic, Acta Math. (1) 213 (2014), 107-
135.

M. Hindry, J. Silverman, Diophantine Geometry: An Introduction, (2000), Springer-
Verlag.

C. Hooley, On the power free values of polynomials, Mathematika 14 (1967), 21-26.
C. Hooley, On binary cubic forms, J. reine angew. Math. 226 (1967), 30-87.

C. Hooley, On the numbers that are representable as the sum of two cubes, J. reine
angew. Math. 314 (1980), 146-173.

C. Hooley, On another sieve method and the numbers that are a sum of two h*" powers,
Proc. London Math. Soc. 43 (1981), 73-109.

C. Hooley, On another sieve method and the numbers that are a sum of two ht* powers.
II, J. reine angew. Math. 475 (1996), 55-75.

C. Hooley, On binary quartic forms, J. reine angew. Math. 366 (1986), 32-52.
C. Hooley, On binary cubic forms: II, J. reine angew. Math. 521 (2000), 185-240.

C. Hooley, On the power-free values of polynomials in two variables, Analytic number
theory, 235-266, Camb. Univ. Press, 2009.

C. Hooley, On the power-free values of polynomials in two variables: II, Journal of
Number Theory, 129 (2009), 1443-1455.

161



[72]

[73]

[74]

[75]

[76]

[77]

78]

[79]

[30]

[81]

[82]
[83]

[84]

[85]

S. Janson, Invariants of polynomials and binary forms, arXiv:1102.3568 [math.HO],
http://arxiv.org/abs/1102.3568

F. Klein, Lectures on the Icosahedron and the Solution of Equations of the Fifth Degree,
Dover, New York, 1956 (revised edition).

S. Lang, A. Weil, Number of points of varieties over finite fields, American Journal of
Mathematics, (4) 76 (1954), 819-827.

O. Marmon, A generalization of the Bombieri-Pila determinant method, Proceedings

of the HIM trimester on Diophantine equations, Journal of Mathematical Sciences
171 (2010), 736-744.

O. Marmon, The density of integral points on hypersurfaces of degree at least four,
Acta. Arith. 141 (2010), 211-240.

O. Marmon, Sums and differences of four k-th powers, Monatshefte fur Mathematik,
(1) 164 (2011), 55-74.

D. MacLagan, Notes on Hilbert schemes, http://homepages.warwick.ac.uk/staff/
D.Maclagan/papers/HilbertSchemesNotes.pdf.

K. Mahler, Zur Approzimation algebraischer Zahlen. 1. (Uber den grossten Primteiler
binarer Formen), Math. Ann. 107 (1933), 691-730.

D. Mumford, The Red Book of Varieties and Schemes, Lect. Notes Math., 1358,
Springer-Verlag, 1988.

R. Murty, H. Pasten, Counting square free values of polynomials with error term,
International Journal of Number Theory, (7) 10 (2014), 1743-1760.

M. Nair, Power free values of polynomials, Mathematika 23 (1976), 159-183.

M. Nair, Power free values of polynomials II, Proceedings of the London Mathematical
Society (3) 38 (1979), 353-368.

M. Newman, Integral matrices, Pure and Appl. Math. (S. Eilenberg and P.A.Smith,
eds.), vol.45, Academic Press, New York, 1972.

P. J. Olver, Classical Invariant Theory, London Mathematical Society Student Texts
44, Cambridge University Press (1999).

162


http://arxiv.org/abs/1102.3568
http://homepages.warwick.ac.uk/staff/D.Maclagan/papers/HilbertSchemesNotes.pdf
http://homepages.warwick.ac.uk/staff/D.Maclagan/papers/HilbertSchemesNotes.pdf

[36]

[87]

[33]

[89]
[90]

[91]

[92]

93]
[94]
[95]

[96]

[97]

[98]

[99]

B. Poonen, Squarefree values of multivariate polynomials, Duke Math. J., (2) 118
(2003), 353-373.

J. Pila, Integer points on the dilation of a subanalytic surface, Q.J. Math., (2) 55
(2004), 207-223.

M. Reid, Graded rings and varieties in weighted projective space, http://homepages.
warwick.ac.uk/~masda/surf/more/grad.pdf.

T. Reuss, Power-free values of polynomials, preprint.

G. Ricci, Riecenche aritmetiche sui polynomials, Rend. Circ. Mat. Palermo 57 (1933),
433-475.

J. B. Rosser, L. Schoenfeld, Approximate formulas for some functions of prime num-
bers, Illinois J. Math., (1) 6 (1962), 64-94.

P. Salberger, On the density of rational and integral points on algebraic varieties,
J. reine angew. Math. 606 (2007), 123-147.

P. Salberger, Counting rational points on projective varieties, Preprint 2009.
P. Salberger, Uniform bounds for rational points on cubic hypersurfaces, Preprint 2015.

W. M. Schmidt, The number of solutions of norm form equations, Transactions of the
American Mathematical Society, (1) 317 (1990), 197-227.

C. Skinner, T. D. Wooley, Sums of two k-th powers, J. reine angew. Math. 462 (1995),
57-68.

R. Stanley, Some restricted weighted sums. MathOverflow, 2012. URL
(accessed on  2014-05-22): http://mathoverflow.net/questions/90381/
some-restricted-weighted-sums.

C. L. Stewart, On the number of solutions of polynomial congruences and Thue equa-
tions, Journal of the American Mathematical Society, (4) 4 (1991), 793-835.

C. L. Stewart, J. Top, On ranks of twists of elliptic curves and power-free values of
binary forms, Journal of the American Mathematical Society, (4) 8 (1995), 943-972.

[100] C. L. Stewart, S. Y. Xiao, On the representation of integers by binary forms,

arXiv:1605.03427 [math.NT], http://arxiv.org/abs/1605.03427 .

163


http://homepages.warwick.ac.uk/~masda/surf/more/grad.pdf
http://homepages.warwick.ac.uk/~masda/surf/more/grad.pdf
http://mathoverflow.net/questions/90381/some-restricted-weighted-sums
http://mathoverflow.net/questions/90381/some-restricted-weighted-sums
http://arxiv.org/abs/1605.03427

[101] A. Thue, Uber Annaherungswerte algebraischer Zahlen. J. reine angew. Math, 135
(1909), 284-305.

[102] J. L. Thunder, Decomposable form inequalities, Annals of Mathematics (3) 153
(2001), 767-804.

[103] M. Walsh, Bounded rational points on curves, Int Math Res Notices, (2014),
[104] T. D. Wooley, Sums of two cubes, Int. Math. Res. Notices. 4 (1995), 181-185.

[105] S. Y. Xiao, Power-free values of binary forms and the global determinant method,
arXiv:1505.05587 [math.NT| http://arxiv.org/abs/1505.05587.

[106] S. Y. Xiao, On binary cubic and quartic forms, Preprint.

[107] S.Y. Xiao, S. Yamagishi, Zeroes of polynomials in many variables with prime inputs,
arXiv:1512.01258 [math.NT| http://arxiv.org/abs/1512.01258.

164


http://arxiv.org/abs/1505.05587
http://arxiv.org/abs/1512.01258

	Introduction
	Representation of integers by binary forms
	Preliminary lemmas
	The automorphism group of F and associated lattices
	Proof of Theorems 2.0.1 and 2.0.2
	Proof of Corollary 2.0.3 

	Binary cubic and quartic forms
	Statement of main results
	Binary cubic forms
	Binary quartic forms
	Lines on algebraic surfaces of degree 3 and 4 defined by binary cubic and quartic forms

	Automorphism groups of binary cubic forms from its quadratic covariants
	Automorphism groups of binary quartic forms over subfields of R
	The case (F) > 0
	The case (F) < 0

	Determining the value of WF for integral binary quartic forms
	Examples of irreducible quartic forms which realizes each possible automorphism group

	Computing WF for integral binary cubic forms
	When F is irreducible and (F) is not a square
	When F is irreducible and (F) is a square
	When F has exactly one rational root
	When F has three rational roots

	Proof of Theorems 3.1.9 and 3.1.10
	Cubic surfaces
	Quartic surfaces


	The p-adic determinant method
	Hilbert functions on weighted projective varieties
	Large divisors of the determinant
	Proof of Theorem 4.0.1: Preliminaries
	Proof of Theorem 4.0.1: Completion
	Salberger's Improvement to the Determinant Method

	Applications of the determinant method
	k-free values of binary forms
	Preliminaries for dealing with binary forms
	Application of the determinant method: proof of Theorem 5.1.1

	Another proof of Browning's theorem
	Representation of k-free numbers by binary forms
	Del Pezzo surfaces of degree 2

	References

