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Abstract

This thesis shows that, for every positive integer n > 5, there exists a positive integer
N such that every b5—connected graph with at least N vertices has a minor isomorphic to
one of thirty explicitly defined 5—connected graphs Hi(n), ..., Hso(n), each with at least n
vertices.
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Chapter 1

Introduction

For every positive integer n, there exists, in each of the following cases, a positive integer
N such that

(i) every connected graph with at least NV vertices contains either a vertex of degree n or
a path of length n;

(ii) every 2—connected graph with at least N vertices either has a K5, —minor or contains
a cycle of length n;

(iii) every 3—connected graph with at least N vertices has either a K3, —minor or a mi-
nor isomorphic to a wheel of length n (proved by Oporowski, Oxley and Thomas

(I Ik

(iv) every 4—connected graph with at least N vertices has a minor isomorphic to one of
K4, and three other 4—connected graphs, each with at least n vertices (Figure 1.2)
(proved indirectly by Geelen and Joeris (| ]), and Oporowski, Oxley and Thomas

(I 1))

This thesis establishes a similar extremal result giving thirty explicitly defined 5—con-
nected graphs, each with at least n vertices, as unavoidable minors of every 5—connected
graph with at least N vertices.

For every positive integer 6, a graph G is said to be §—connected if at least 0 vertices
must be deleted from G in order to disconnect it, i.e., for each subset Y C V(G) with
Y| <6 —1,G\Y is connected.



Figure 1.1: Unavoidable minors of large internally 4—connected graphs and graphs with
large 4—connected sets.

A graph H is said to be a minor of another graph G if H can be obtained from a sub-
graph G’ of G by contracting connected subgraphs in G'—a graph obtained by contracting
a connected subgraph of G’ is one that is obtained by identifying all of the former’s vertices
into a single vertex and deleting all its edges. We say that G has an H—minor if there is
a minor of G that is isomorphic to H.

1.1 Two Proofs for Large 4—Connected Graphs

Unavoidable minors of “sufficiently large” 4—connected graphs are easily derived from the
results obtained in each of | ] and | ], both of which find unavoidable minors of
large graphs with slightly weaker but distinct connectivity properties. Incidentally, both of
them list graphs from the same four infinite families as unavoidable minors. These are Ky ,,
the 2n—spoke double wheel W(1,2,n), the n—wrung circular ladder L,, and the n—rung
Mobius ladder M,, (see Figure 1.1). We state the corollary describing avoidable minors of
sufficiently large 4—connected graphs after discussing these two results.

1.1.1 Large Internally 4—Connected Graphs

A separation in a graph G is a pair (G, Gs) of subgraphs of G such that G; UGy = G
and F(G1 N Gy) = ), the order of the separation being |V (G; N Gy)|. Note that, for every
positive integer @, a graph G is §—connected if there does not exist in GG a separation of
order # — 1 or less.



A graph is G said to be internally 4—connected if it is 3—connected and, for every
separation (G1,Gs) in G of order 3, one of V(G;) — V(G2) and V(Gs) — V(G1) contains
at most one vertex. Every 4—connected graph is internally 4—connected.

Oporowski, Oxley and Thomas show in (| ]) that every sufficiently large inter-
nally 4—connected graph has a minor isomorphic to one of Ky, W(1,2,n), L, and M,:

Theorem 1.1.1. For every integer n > 4, there is an integer Ni(n) such that every
internally 4— connected graph G with at least Ni(n) vertices has a minor isomorphic to one

of Ky, W(1,2,n), L, and M,,.

In particular, they prove, as an alternative statement of the above theorem, that every
graph with no minor isomorphic to any of Ky4,, W(1,2,n), L, and M, admits a tree-
decomposition of width at most Ny (n) and edge-width at most 3. A similar duality observed
by Geelen and Joeris (| ]) in the context of a graph containing a large highly connected
set is what forms the basis of our proof. We discuss tree-decompositions and the results
obtained by Geelen and Joeris in greater detail in Chapter 2.

Remark: The result describing unavoidable minors of sufficiently large 3— connected
graphs is observed as a corollary of the above theorem in [ .

1.1.2 Graphs with Large 4—Connected Sets

A O0—connected set in a graph G is a subset X of vertices such that, for all subsets Y, Z C X
with |Y| = |Z] < 0, there exist 0 vertex-disjoint (Y, Z)—paths in G. If G is f—connected,
then V(G) forms a f—connected set in G.

Unavoidable minors of graphs with sufficiently large §—connected sets is one aspect of
the duality that Geelen and Joeris observe in | |. We give a general graph construction
for these minors in the next chapter; for graphs with sufficiently large 4—connected sets,
these are Ky, W(1,2,n), L, and M, as the following corollary of the theorem by Geelen
and Joeris enumerates.

Corollary 1.1.2. For every integer n > 4, there is an integer No(n) such that every

graph G with a 4— connected set of size at least No(n) has a minor isomorphic to one of
Kyn,W(1,2,n), L, and M,.

Observe that each of K,,,W(1,2,n), L, and M, is internally 4—connected and has
a 4—connected set of at least n vertices. We denote by W(2,0,n) and TW(2,0,n) the

3



W(2,0,n) TW(2,0,n)

Figure 1.2: Unavoidable minors of large 4—connected graphs.

minors of Lo, and Ms, .o, respectively, shown in Figure 1.2. The following corollary then
follows directly from Thorem 1.1.1 and Corollary 1.1.2.

Corollary 1.1.3. For every integer n > 4, there is an integer N(n) such thatl every
4—connected graph G with at least N(n) vertices has a minor isomorphic to one of Ky,

W(1,2,n),W(2,0,n) and TW(2,0,n).

Proof. N(n) = min{ Ny(2n + 2), No(2n + 2) } suffices. O

1.2 Large 5—Connected Graphs: The Two Cases

We find, in this thesis, a set { H;(n) : i € {1,...,30 } } of unavoidable minors of sufficiently
large graphs that are 5—connected. Other than the complete bipartite graph Kj ,,, where
n > 5 is a postive integer, the said set includes the graphs depicted in the Figures 1.3,1.4
and 1.5. That each of these graphs is 5—connected is something that can be easily checked.
We give explicit constructions for these graphs in the appendix. Our main result is the
following.

Theorem 1.2.1. For each n € N with n > 5, there exists N € N such that, if G is
a 5—connected graph with at least N wvertices, then G has a minor isomorphic to Ks,,
W(1,3,n), W;(2,1,n), TW;(2,1,n), CWi(2,1,n), CWiw(2,1,n), W(2,2,n), TW(2,2,
n), Wi (3,0,n), TW; (3,0,n), WQ_(G)(S,O,n), WQ_(b)(S,O,n), TWQ_(G)(S,O,H), TWQ_(b)(?),O,n),
W(3,0,n) or TW;(3,0,n), wherei € { 1,2,3 },j € {1,2},ke{1,..,6}.

4
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Figure 1.4: Unavoidable minors of large 5—connected graphs (contd.).
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A similar result was claimed by Kawarabayashi in 2006 (see | ).

Geelen and Joeris prove in | ] (see Chapter 2 of this thesis for more details) that
a graph either contains a sufficiently large §—connected set (and, hence, one of a set of
unavoidable minors) or admits a tree decomposition of bounded width that has edge-width
at most # — 1. Our proof uses these results to find a complete set of unavoidable minors
of sufficiently large 5—connected graphs by combining two cases: when the said graph has
a large 6—connected set and when it does not.

The first case is straightforward as all of the unaovidable minors found in | | for
0 = 6 have, in turn, minors that are 5—connected. We find these minors in Chapter 2. For
the latter case, we use the dual result in | | which guarantees a tree-decomposition

of bounded width and edge-width at most 5 for graphs that do not contain a large
6—connected set:

(1) we find a set of possible rooted minors of the “smaller” side of a 5—separation in the
graph (Chapter 3) as well as

(2) one of the intersection of the “larger” sides of two non-crossing separations in the
graph (such an intersection is, in turn, separated by each one of a large family of
nested separations in the graph) (Chapter 4), and then

(3) patch members of the two sets together (Chapter 4).

Enumerating all possible triples of rooted minors, each containing one rooted minor of the
intersection of the larger sides and two rooted minors for the disjoint smaller sides of the
of the two non-crossing separations considered, then gives us the remainder of the set of
unavoidable minors mentioned in Theorem 1.2.1.

We conclude with a short proof of Theorem 1.2.1 in Chapter 5 that puts the two cases
together.



Chapter 2

Large /—Connected Sets

In this chapter, we review the results concerning large 6 —connected sets obtained by Geelen
and Joeris in | ].

2.1 Graphs with Large /—Connected Sets

The main result obtained in | | is an unavoidable-minor characterization of graphs
with sufficiently large 6—connected sets, for each positive integer 6 > 2.

Let r,¢,n € N with »r > 1 and n > 3. Now, let T be a tree with r vertices, let Z be
an {—element set, let = : V(T) — V(T') be a permutation, and let ¢ : Z — V(T') be a
function. Then the (r,¢,n)—wheel defined by (T, Z,m, 1) is the graph G constructed as
follows:

(1) Let G’ be the disjoint union of n copies of T', named 11, ..., T,, where, for each v € V(T')
and i € {1,...,n }, the copy of v in T} is labelled v;.

(2) Let G” be the graph obtained from G’ by adding an edge between v; and v, for each
veV(T)andeachie {1,..,n—1}.

(3) Let G" be the graph obtained from G” by adding an edge between v,, and 7(v); for
each v € V(7).

(4) Then G is obtained from G by adding Z as a set of isolated vertices (or hubs of the
wheel) and then, for each z € Z and each i € {1,...,n }, adding an edge between z
and 1(z);.
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Figure 2.2: Unavoidable minors of graphs with large 5—connected sets.

Figure 2.1 depicts a possible (4,2,12)—wheel. A (0;n)—wheel is an (r, ¢, n)—wheel where
2r + ¢ = 6. In any (0;n)—wheel W, every set of n vertices which contains exactly one
vertex from each of the trees 17, ..., T, forms a —connected set in W. Note that, in the
complete bipartite graph Ky, the set of vertices in the f-partition forms a 6—connected
set whenever n > 0.

Geelen and Joeris showed in [1] that (0;n)—wheels together with complete bipartite
graphs constitute a set of unavoidable minors of graphs with large #—connected sets. In
particular, they proved the following theorem.

Theorem 2.1.1. There exists a function fooo : N X N — N such that, for all ,n € N
with 0 > 2,n > 3, if G is a graph containing a 0— connected set of size at least fa22(0,n),
then G has a Kg,—minor or a (0;n)—wheel-minor.

For all /,n € N with n > 3, we denote the unique (1, ¢,n)—wheel by W(1,¢,n). For
0 = 5, we denote the two distinct (2,1,n)—wheels by W(2,1,n) and TW(2,1,n), as
depicted in Figure 2.2. For § = 6, we denote the four distinct (2,2, n)—wheels by W, (2,2,
n), TWi(2,2,n), Wa(2,2,n) and TW,(2,2,n), and the four distinct (3,0, n)—wheels by
W(3,0,n), TW1(3,0,n), TW5(3,0,n) and TW5(3,0,n), as depicted in Figure 2.3. Then,
for 8 = 5,6, Theorem 2.2.2 can be restated individually as follows.

Corollary 2.1.2. There exists a function fo12 : N — N such that, for all n € N with

n >3, if G is a graph containing a 5— connected set of size at least fo12(n), then G has a
minor isomorphic to Ky,,, W(1,3,n), W(2,1,n) or TW(2,1,n).

11
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Corollary 2.1.3. There exists a function fo13 : N — N such that, for all n € N with
n >3, if G is a graph containing a 6—connected set of size at least fo13(n), then G has a
minor isomorphic to Kg,,, W(1,4,n), Wi(2,2,n), TW1(2,2,n), Wa(2,2,n), TW2(2,2,n),
W(3,0,n), TW1(3,0,n), TWs(3,0,n) or TW3(3,0,n).

The latter directly accounts for the case when the said sufficiently large 5—connected
graph has a large 6—connected set and, as the following corollary shows, gives us our first
batch of the unavoidable minors of sufficiently large 5—connected graphs listed in Theorem
1.21:{ K5,, W(1,3,n), W(2,2,n), TW(2,2,n), W(3,0,n), TW1(3,0,n), TW(3,0,n),
TW;5(3,0,n) } (see Figure 1.3). Explicit graph constructions for W(2,2,n), TW(2,2,n),
W(3,0,n) and TW;(3,0,n), for each i € { 1,2,3 }, are given in the appendix (see A.1).

Corollary 2.1.4. For alln € N with n > 5, if G is a 5—connected graph that has a
6—connected set of size at least fo13(4n + 4), then G has a minor isomorphic to Ks,,
W(1,3,n), W(2,2,n), TW(2,2,n), W(3,0,n) or TW;(3,0,n), wherei € {1,2,3 }.

Proof. Let G be a 5— connected graph that has a 6—connected set of size at least fo1 3(4n+
4). The proof then follows from Corollary 2.1.3 and the observations that W (1,3,n) is a
5—connected minor of each of W(1,3,n), W(1,4,n), Wi(2,2,n) and TW;(2,2,n), and
Ks,, W(2,2,n), TW(2,2,n), W(3,0,n), TW1(3,0,n), TW5(3,0,n) and TW;5(3,0,n) are,
respectively, 5—connected minors of Kg,,, Wa(2,2,2n+2), TW5(2,2,2n+2), W(3,0,4n+
4), TW1(3,0,4n + 3), TW5(3,0,4n + 2) and TW3(3,0,4n + 2). O

2.2 Large /—Connected Sets as Obstructions to Tree-
decomposition

In this section, we review another general result obtained by Geelen and Joeris in [ ],
which establishes an important property about the structure of graphs without a large
f#—connected set. For the sake of completeness, we will revisit a few definitions in the
present context before we discuss the relevant result.

Earlier, we defined a separation in a graph G as a pair (G, G2) of subgraphs of G such
that G; UGy = G and E(G; N Gs) = 0. Observe that if G does not contain any isolated
vertices, a separation in G can be also defined as a bipartition (A, B) of E(G). The order
of such a separation (denoted A(A) or A(B)) is defined as the number of vertices v in G
that are incident with both an edge in A and an edge in B (the set U of such vertices v

13



is called the separating set of (A, B); we also say that U A(A)—separates V(A) — U from
V(B)—U and vice-versa). For any subset F' of E(G), let V(F') denote the set of all vertices
v in G such that v is an end of an edge in F. Then A\(A) = A\(B) = [V(A) NV (B)|.

For every positive integer 6, a separation of order at most @ is called a 6—separation, and
a graph G is 6—connected if, for every (6 —1)—separation (A, B) in G, either V(A) = V(G)
or V(B) =V(G).

A tree-decomposition of a graph G is a tree T such that the set of edges of G forms a
subset of the set of leaves of T'. For each vertex v € V(G), we define a subtree T, of T" as
the minimum subtree containing the set of leaves in 1" that correspond to the edges in G
incident with v. Each node ¢t € V(T'), then, corresponds naturally to a set of vertices in
G: the vertices v € V(G) for which t € V(7). We call this set of vertices the node-bag of
t and denote it by V(7T t). Similarly, each edge f in T' corresponds to the set of vertices
v € V(G) for which T, contains f. We call this set of vertices the edge-bag of f. Note that
f also corresponds to the separation in G given by (A;l), A;Q)), the bipartition of E(G)

induced by the leaves of the components 7)) and T® of T\ f. The order of this separation
equals the size of the edge-bag of f.

The node-width of a tree-decomposition T is the size of the largest node-bag of a node
in T. The tree-width of a graph G, denoted tw(G), is the minimum node-width of a tree-
decomposition of G minus 1. The edge-width of a tree-decomposition 7' is the size of the
largest edge-bag of an edge in T'. The degree of a tree-decomposition 7' is the largest degree
of a node in T'.

Robertson, Seymour and Thomas first observed in | | that the existence of a large
highly-connected set of vertices in a graph forces a large tree-width. This connection was
later refined by Diestel, Jensen, Gorbonov and Thomassen (] ]) who proved, for

each graph G and each 6 € N, that

(i) if G contains a (6 4 1)—connected set of size at least 30, then G has tree-width at least
0, and

(i) conversely, if G has no (6§ + 1)—connected set of size at least 36, then G has tree-width
less than 46.

In | ], Geelen and Joeris define a refinement of tree-width and relate it similarly to the
existence of a large highly-connected set in the graph.

For each 0 € N, a 0—tree-decomposition of a graph G is a tree-decomposition of G
that has edge-width at most 6; the 0—tree-width of G, denoted twy(G), is the minimum

14



node-width of a f—tree-decomposition of G minus 1. Geelen and Joeris prove the following
theorem in | ].

Theorem 2.2.1. For each integer 0 > 3, if U is a mazimum cardinality (0 4+ 1)—connected
set in a graph G, then

twy(G) < U] < ("{)e.

We combine Theorem 2.2.1 with the following theorem by Joeris ([ ]) to bound the
minimum degree of a f—tree-decomposition of a graph G (also called the 6—branch-degree
of G, denoted bdy(G)) which does not contain a large (6 + 1)—connected set. Corollary
2.2.3 states this bound explicitly.

Theorem 2.2.2. For each 0 € N, if G is a graph with bdg(G) > 3, then twy(G) < bdy(G)6
and bdg(G) < ({9,

Corollary 2.2.3. There exists a function foo3 : N X N — N such that, if G is a graph
that has no (0 + 1)—connected set of size n, then bdg(G) < fa23(0,n).

Proof. By Theorems 2.2.1 and 2.2.2, fo53(0,n) = (79‘) suffices. O

15



Chapter 3

Smaller Sides of Separations

In this chapter, we find different sets of unavoidable rooted minors of the “smaller” side of
a separation (A, B) in a sufficiently large 5—connected graph, each with each minor rooted
in the separating set of (A, B), that satisfy different prevailing conditions. As explained
earlier, pairs of such minors can be patched together with the unavoidable rooted minors
of the intersection of the “larger” sides of two non-crossing separations in the graph to get
a set of unavoidable minors for the complete graph.

3.1 2—Linkages in Graphs

Let (uq,us,v1,v2) be an ordered quadruple of distinct vertices in a graph G. A 2—linkage
defined by (uy,us,v1,v2) (also called a (uq,us, vy, ve)—linkage) in G is a pair of disjoint
paths P, and P, such that P, connects u; with v; for i = 1, 2.

Seymour (| ]) and Thomassen ([ |) independently gave complete characteriza-
tion of a graph G that does not contain a (u;, us, v1, vo)—linkage. Thomassen, in particular,
gave an exact structural description of a graph G which contains no (uy, us, y1, v2)—linkage
and is edge-maximal under this restriction. Under another added assumption about G,
his result can be stated as the following theorem which he observed as a corollary. The
theorem directly follows from a similar result obtained by Jung ([ D).

Theorem 3.1.1. Let uy,us, vy and vy be distinct vertices of a graph G. If G has no
(u1, ug, vy, vy)—linkage and there does not exist in G a 3—separation (A, B) with { uy,us, y1,
vy } CV(A) and |V(B) — V(A)| > 2, then G has a planar embedding with uy,us,v1 and
Vo, in cyclic order, on the boundary of the infinite face.

16



An immediate corollary of this theorem that will be useful in our proof is as follows.

Corollary 3.1.2. Let x1, x9, 23, x4 and x5 be distinct vertices of a graph G with |V (G)| > 6.
If G has no (x1,xa, x4, x5)—linkage and there does not exist in G a 4—separation (A, B)
with |{ x1, x9,2x3, x4,25 } — V(A)| + A(A) < 4, then G has a planar embedding with
x1, X9, T4 and xs, in cyclic order, on the boundary of the infinite face.

Proof. Tt suffices to observe that there does not exist a 3—separation (A’, B") with { x1, 2,
xg,25 } CV(A) and |[V(B') — V(A > 2. O

3.2 Non-crossing Separations

Two separations (A, B) and (C, D) in a graph G are distinct if A # C and A # D. They
cross if ANC # 0, AND # (), BNC # () and BND # (). The separations are non-crossing
if either ACCand DC B,or C C Aand B C D.

Given a pair ((4, B), (C, D)) of distinct non-crossing separations in G such that A C C'
and D C B, and A(A) > A(C), it is possible to slide from (A, B) to (C, D) if

(a) there exists an edge e = wv in C' — A, where V(C) = V(A) U {v} and V(B) =
V(D)U{ u},such that C' = AU{ e} (single-step slide), or

(b) for some r € N, where r > 2, there exists a sequence (Xg, Yp), ..., (X, Y,) of distinct
non-crossing separations in G, where (Xg, Yy) = (A, B) and (X,,Y,) = (C,D), such
that, for each i € {1,...,7}, X;-1 € X; and V; C Y, 1, AM(X;—1) > A(X;), and it is
possible to single-step-slide from (X;_1,Y; 1) to (X;,Y;) (multi-step slide).

TN —

When that is true, it is easy to show (by induction, if needed) that there exist A(C') pairwise
disjoint paths Py, ..., Py in G(V(B), B — D) such that each path meets V(A4) N V(B)
in one end and V(C) N V(D) in the other. If, additionally, A(C) = A(A), then V(B) =

(U V) UVD) - V(O

Proposition 3.2.1. If (A, B) is a separation in a graph G with |V(B) — V(A)| > 2, then
there exists a separation (C, D) in G, non-crossing with (A, B) and of order at most A(A),
such that A C C and D C B, it is possible to slide from (A, B) to (C,D), and either
V(D) CV(C) or, for each v € V(C)NV (D), |Ngwyn)(v) —V(C)| > 2.
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Proof. Let (A, B) be a separation in a graph G such that |V(B) — V(A)| > 2. If, for
each u € V(A) N V(B), |Newm),p(u) —V(A) > 2, then C = A and D = B, and we
are done. So we may assume that there exist v € V(A) N V(B) and v € V(B) — V(A)
such that New(p),p)(u) — V(A) = {v}. It is possible, then, to slide from (A, B) to
(AU{wuv },B — {wuv}) which has order at most A(A). Let (A’, B’) be a separation in G,
non-crossing with (A, B), for which A C A, B’ C B and A(A) > A(A’), such that it is
possible to slide from (A, B) to (A’, B’), and such that |V (B’) — V(A’)| is minimal and,
subject to that, |B— B’| is minimal. Then, either |V (B') =V (A’)| =0 and V(B') C V(A’),
or |V(B') = V(A")| > 2 and, for each v € V(A") NV (B’), |[Nawm,p)(uw') — V(A)| > 2.
Thus, C = A" and D = B'. O

3.3 Rooted Minors of Small Sides of Separations

The goal of this section is to find different sets of unavoidable rooted minors of one side of
a b—separation (A, B) in a 5—connected graph G. Each minor thus found is rooted in the
separating set { x1, xa, x3, 24, x5 } of (A, B), and different sets of unavoidable minors satisfy
different additional requirements. We give labeled graph descriptions of these minors below
in order to be able to match the roots in a minor to the roots in the graph directly.

Recall that W(1,1,5) (see A.1) is the unique (1,1,5)—wheel with V(W(1,1,5)) =
{ v1,v2,v3,v4, 05,05 },v, being the lone hub-vertex and vy, ...,v5 being the vertices of
the 5—cycle W(1,1,5)\ { vy } in that order; let WW(1,1,5) be the graph obtained from
W(1,1,5) by subdividing the edge vzvs with an additional vertex vg, adding the edge
vpVe, and splitting the vertex vy into adjacent vertices vy, , vy, such that Ny 15 (vp,) =
{v1,v2,v3, 06,05, } and Nyyw.1,5)(Vn,) = { 01,04, 05, 06,0, }. For i € {1,...,10 }, we de-
fine the graph G; as follows (see Figure 3.1):

G = (X, { v124, Toxy, Tow5 });

(a)

(b) Go:= Gy U {2324 };
(¢) Gz =Gy U{zz5 };
(

) G4 = (XU{U},{U.T1,U.ZU2,UI3,UZL’4,ULE57[E2I4 })a
(e) G5 :=GyaU{ a3y };
(f) G6 = G4 U { T4y };
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Figure 3.1: Rooted minors of one side of a 5—separation in a 5—connected graph.
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(g) Gr = (V(W(lv L, 5)) U X, E(W<1’ L, 5))U{ Up+1Tq4+1 - = DP5P5q € Zs }U{ Up+1Tg+1 -
q=p+1Lp,q€Zs});

(h) Gg = G7 U { 3Ty },
(1) Gg = G7 U { Tqy };

(i) Gio = (VOWW(1,1,5)) U X, EOWVW(1,1,5)) U {vps12g41:q=p;p,q € Z5 } U
{vp1Zg1 1 q=p+1;p,q € Zs } U{ vez4 });

Additionally, Ggia9) = Gs U { 2122 }; Gsys) = Gs U { 2125 }; Goraz) = Go U { z125 };
G9+(15) = GgU{ T1T5 } (see Figure 3.2). For each G € { G, ..., G, G8+(12), G8+(15), Gg+(12),
Go+(15) }, we denote by GUFD--Usk) wwhere jo, ky € {1,..,5} and jy # ky for each
s e€{1,..,s}(s €N), the graph obtained from G by switching, in order, the vertex labels

given by the pairs (z,, z, ), ..., (¥j,, Tg, ). Using this notation, we define the graphs G(724),

Gé13)(24)(25)’ G§24)(25)’ Gél3)(24)’ Gé24), GéZJ:L()H))’ Gé24)(25), Ggf()g?), G524) and Gg(;24)(25) as shown

in Figure 3.2. Finally, for each graph G described above, we denote by G(z) the graph G
with the vertex label z; replaced by z; for each i € { 1,...,5 }; thus, G(z) = G.

In the propositions and lemmas that follow we identify different subsets of the graphs
described above as sets of unavoidable rooted minors of a side of (A, B) under different
prevailing assumptions. One of these assumptions is a choice between the two possible
separations (C, D) identified in Proposition 3.2.1 that one must be able to slide to from
(A, B), while another considers the possibility of the side of (A, B) we’re looking at being
planar. Propositions 3.3.1 and 3.3.2 identify one such set each when it is possible to “slide
off” the graph starting from (A, B) (the case when V(D) C V(C)); Corollary 3.3.3 explains
why the planarity condition does not play any role in this case. Lemmas 3.3.4,3.3.5 and
3.3.6 then deal with the specific case when one cannot slide off the graph and the side
of (A, B) we're looking at is planar, coupled with different degree requirements at one or
more of the root vertices. Finally, Lemmas 3.3.7 and 3.3.8 treat the case when it is not
possible to slide off the graph without the planarity assumption and put the no-slide-off
case together in slightly differing details.

Proposition 3.3.1. If (A, B) is a 5—separation in a 5— connected graph G with V(A) N
V(B) = {x1, 22, x3,24,25 },|V(A) = V(B)| > 1 and |V(B) — V(A)| > 4, and there does

not exist a separation (C,D) in G, non-crossing with (A, B) and of order at most A(A),
such that

(i) ACC and D C B,
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(1) it is possible to slide from (A, B) to (C, D), and
(iii) for each v € V(C)NV (D), |Newm)p)(u) —V(C)| > 2,

then G(V(B), B) contains two disjoint connected subgraphs Hy and Hjy that span, respec-
tiely, either { 9, x4 } and { x1, 23,25 }, or { x4,25 } and { 1, 29,23 }.

Proof. Let (A, B) be a b—separation in a 5—connected graph G with V(A) N V(B) =
{ @1, 29,23, 24,25 } ,|V(A) =V (B)| > 1 and |V(B) —V(A)| > 2, and let it be the case that
there does not exist a separation (C, D) in G, non-crossing with (A, B) and of order at most
A(A), that has properties (i) — (4#i7) described above. Then, by Proposition 3.2.1, there
exist separations (C, D), (Cy, Ds), (C3, D3) and (Cy, D) in G, each non-crossing with the
other three and (A, B) and of order at most A(A), such that A C Cy C C3 C Cy C € and
D, C Dy C D3y C Dy C B, it is possible to slide from (A, B) to (Cy4, D4) and from (C;, D;)
to (Ci—1, D;—1) for each i € {2,3,4}, and |V(D;) — V(C;)| =i for each i € {1,2,3,4 }.
For each i € {1,2,3,4 }, since V(D;) — V(C;) # 0, we have that A(C;) = 5. Further, since
it is possible to slide from (A, B) to (Cy, D) and from (C;, D;) to (C;_1, D;—1) for each
i€ {2,3,4}, there exist five pairwise disjoint paths Py, Py, Ps, Py, P5 in G(V(B), B — Dy)
connecting the vertex-sets V(A) N V(B),V(Cy) NV (Dy), V(C3) NV (D3), V(Cy) NV (Dy)
and V(Cy) NV (Dy).

Let V(D;) — V(Cy) = {2z} and V(Dy) — V(Cy) = {z,y} so that y € V(Cy) N
V(D;). Then x is adjacent to every vertex in V(C;) NV (D), and y is adjacent to at
least four of the vertices in V(Cs) NV (Dy). Let V(Cy) NV (D2) = { y1,Y2, s, Y, Y5 },
and let Y7 := {y1, 92 },Y2 := {y3,u4,95 }, so that { y12,90y } C Ds, and, for each u €
Yo,{uz,uy } C D,. Further, let X := { z129, 23,24, 25 },Y" 1= { v, v5, ¥4, vy, ¥% }, where
Y’ =Y, sothat, foreachi € {1,...,5 }, P; connects z; with y,. Then, unless { v}, v}, vt } =
Ys, G(V(Ds), Ds) contains two disjoint connected subgraphs that span, respectively, either
{vh, vy }and { v}, 4, 9% }, or { v}, v } and { 1, v, ¥4 }, and we are done. So we may assume
that { vy, 94, v5 } = Ya. Now, if D3 N { y1y2, y19s, Y195, Yoo, Y2Ys, Ya¥s, Yays + # 0, then
G(V(Ds), D3) contains two disjoint connected subgraphs that span, respectively, either
{vh, v, Yand { v}, v5, u5 }, or { vy, vt Y and { ¥}, 5, v4 }, and we are done. So we may assume
that V(C3)NV(D3) = YU{ v} }—{ v} }, where ¥y, € D3—D>NPy, and that { yjy1, v,y } C
Ds. Then Dy O { y1y2, Y19, Y1Ys: Y2Yss Y2Yss YoYa, Yays + # O and G(V (D), Dy) contains
two disjoint connected subgraphs that span, respectively, either { v, v} } and { v;, v4, v5 },
or {yy,yt } and { v}, 95, v5 }. Consequently, G(V(B), B) contains two disjoint connected
subgraphs H; and H that span, respectively, either { x5, x4 } and { z1, 23,25 }, or { 4,25 }
and { zq, 9, 3 }. O
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Proposition 3.3.2. If (A, B) is a 5—separation in a 5—connected graph G with V(A) N
V(B) = { x1, 22, x3,24,25 }, |[V(A) = V(B)| > 1 and |V(B) — V(A)| > 2, and there does
not exist a separation (C,D) in G, non-crossing with (A, B) and of order at most \(A),
such that

(i) ACC and D C B,
(i) it is possible to slide from (A, B) to (C, D), and
(iii) for each v € V(C)NV (D), |Newm)p)(u) —V(C)| > 2,

then G(V(B), B) has a rooted G1— or Gy—minor. If, additionally, x4 has degree at least
3 in G(V(B), B), then G(V(B), B) has a rooted Gs—,Gs— or Gg—minor.

Proof. Let (A, B) be a b—separation in a 5—connected graph G with V(A) N V(B) =
{ @1, 29,23, 24,25 } ,|V(A) — V(B)| > 1 and |V(B) — V(A)| > 2, and let it be the case
that there does not exist a separation (C, D) in G, non-crossing with (A, B) and of order
at most A(A), that has properties (i) — (ii) described above. Then, by Proposition 3.2.1,
there exist separations (Cy, Dy) and (Cq, Dy) in G, each non-crossing with the other and
(A, B) and of order at most A\(A), such that A C Cy C C4 and Dy C Dy C B, it is possible
to slide from (A, B) to (Cy, Dy) and from (Cy, Ds) to (Cy, Dy), |V(Ds) — V(Cs)| = 2 and
[V(Dy) — V(Cy)| = 1, and, subject to that, |Cy — A| and |C; — Cy| are both minimal.
Clearly, it is possible to slide from (Cy, Dy) to (C1, D) in a single step. Since, for each
ie{1,2}, V(D;)=V(C;) # 0, we have that A(Cy) = A\(C}) = 5, and, since it is possible to
slide from (A, B) to (Cy, Dy), that there exist five pairwise disjoint paths Py, Py, Ps, Py, Ps
in G(V(B),B — Ds), each meeting V(A) N V(B) in one end and V(Cs) NV (D3) in the

other, such that V(B) = (LSJ V(P)) U (V(Dg) — V(Cy)). Let V(Dy) = V(Cy) = {z} and

=1
V(D) — V(Cy) = {z,y}. Then, y € V(Cy) NV (Dy), = is adjacent to every vertex in
V(C1)NV(Dy), and y is adjacent to at least four of the vertices in V(Cy) NV (D).

Let V(OQ) N V(DQ) = {ylvaay37y47y5 }’ and let Yi = {ylayZ } 7Y2 = {93794795 }7
so that {y1z,y2y } € D, and, for each u € Ys, {ux,uy} C Dy. Also, let X =
{129, 23, 24,25 } , Z :={ 21, 29, 23, 24, 25 }, where Z = Y, so that, foreachi € {1,....,5 }, P,

5
connects x; with z;. Contract all edges in |J F(FP;) to identify z; with z;, for each

i=1
i€ {1,..,5}, and, thus, reduce G(V(B), B) to G(V(D3),Ds U F), where V(F) C Y.
In the case when x4 has degree at least 3 in G(V(B), B), we have that |F| > 1 with
24 € V(F)
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Case 1: z4 € Y]. Then, if 2, € Y], contract the edges y1x, y2y to reduce G(V (D), Ds) to
the graph G U{ x1x9, xox3, £324, 2475 }, a supergraph of both Go, Gis; otherwise if z; € Y5,
contract the only edge e € D incident with z4 to reduce G(V(Dz), Ds) to a supergraph of
one of G5,Gg with v ={z,y} —V({e}).

Case 2: zy € Yy and 2z € Y], Then, if z; € Y; and F # { 2324 }, contract the only
edge e € D, incident with z5 to reduce G(V(D,), Dy U F) to a supergraph G’ of G4 with
v=A{x,y}—V({e}). In the case when x4 has degree at least 3 in G(V(B), B), either
{ 2324, 2425 } N F # () so that G’ is also a supergraph of one of G5, G, or F = { 2124 } so
that G’ can be made a supergraph of G5 by contracting vzs. If z5 € Y7 and F = { 2924 },
contract the only edge f € Dy incident with z5 to reduce G(V(D3), DoUF') to a supergraph
of G. If, on the other hand, z5 € Y5, contract the only edge e € D5 incident with z5 and the
edge uzy € Do, wherew = { z,y } =V ({ e }), to reduce G(V (D), D) to a supergraph of G
(contracting e alone reduces G(V(Ds3), Ds) to G4 U { zox5, €' }, where €' € { zox1, 2923 }).

Case 3: 2z, € Y5 and 29 € Y5, Then, if z5 € Y7, contract the only edge f € D, incident
with z5 ( and the edge uzq € Dy, where u = {z,y } — V({ f }), to reduce G(V (D3), D3)
to a supergraph of GGz, otherwise if z5 € Y5, contract the edges uzy,u'zo € D5, such that
uz; € Dy is the only edge incident with 2z and v’ = { z,y } —{ v }, to reduce G(V (Ds), D3)
to a supergraph of Gj.

[]

Corollary 3.3.3. If (A, B) is a b—separation in a 5—connected graph G with V(A) N
V(B) = {x1,x9,23, 24,25 },|V(A) — V(B)| > 1 and |V(B) — V(A)| > 2, such that
G(V(B), B) has a planar embedding with x1, xa, x3, T4, 5, in cyclic order, on the boundary
of the infinite face, then there does not exists a separation (C, D) in G, non-crossing with
(A, B) and of order at most N(A), such that A C C,D C B, it is possible to slide from
(A, B) to (C,D), and such that V(D) C V(C).

Proof. Suppose there does exist a separation (C, D) in addition to the separation (A, B)
in a 5— connected graph G as described above. Then, by Proposition 3.3.2, G(V(B), B)
has a rooted G;— or Gy—minor, a contradiction to the hypothesis that G(V(B), B) has
a planar embedding with 1, x2, 3, 24, x5, in cyclic order, on the boundary of the infinite
face. O

Remark: In subsequent proofs, for any subset U of vertices of a graph G, we denote by

E(U) the set of all edges f in G such that f has both ends in U.
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Lemma 3.3.4. If (A, B) is a 5—separation in a 5— connected graph G with V(A)NV(B) =
{ @1, 29,23, 24,25 } ,|V(A) =V (B)| > 1 and |V(B) =V (A)| > 2, such that G(V(B), B) has
a planar embedding with x1,xs, x3, T4, x5, in cyclic order, on the boundary of the infinite

face, then G(V (B), B) has a rooted Gz—minor.

Proof. Let (A, B) be a 5—separation in a 5—connected graph G with V(A) N V(B) =
{ @1, 29,23, 24,25 } ,|V(A) =V (B)| > 1 and |V(B) —V(A)| > 2, such that G(V(B), B) has
a planar embedding with x1, x9, x3, T4, 5, in cyclic order, on the boundary of the infinite
face. By Corollary 3.3.3 and Proposition 3.2.1, there exists a 5—separation (C, D) in G,
non-crossing with (A, B) such that A C C,D C B, it is possible to slide from (A, B)
to (C, D), and such that, for each v’ € V(C) NV (D), |Newoy,p)(u') = V(C)| > 2. Let
Y :={y1,y2,93,ys,y5 } = V(C)NV(D); notice that G(V (D), D)\Y" is connected for every
Y’" C Y. There also exist five pairwise disjoint paths Py, P, P3, Py, Ps in G(V(B), B — D)
such that, for each i € {1,...,5 }, P, connects y; with z; and meets G(V (D), D) only in y;,
5

and such that V/(B) = (U V(F))U(V(D) = V(C)). Then, since G(V(B), B) has a planar

embedding with xq, xs9, x3, 24, x5, in cyclic order, on the boundary of the infinite face, we
have that

3.3.4.1. G(V(D), D) has a planar embedding with yi, Y2, Y3, Y, Y5, in cyclic order, on the
boundary of the infinite face.

Moreover, |V (D) — V(C)| > 2, for otherwise G(V (D), D) contains a copy of Ky3 as a
subgraph with the larger partition contained in Y and the smaller partition formed by
V(D) —V(C), a contradiction to the fact that Ks3 does not have a planar embedding with
all the vertices in the larger partition on the boundary of the infinite face.

3.3.4.2. G(V(D),D)\Y is 2—connected.

Proof of claim. Suppose that the planar graph G(V (D), D)\Y contains a 1—separation
(C', D) such that V(C") = V(D) # 0, V(D) — V(C") # (. Then, since G is 5—connected,
[Now(n).0)(V(C) = V(D) NY[ = 4 and [Noww)p)(V(D') = V(C) NY[ > 4. Let
Vi := Nawp),0)(V(C") = V(D)) VY N New (n),0)(V(D') = V(C")), Va := {¢,d }, where
ce V(GV(C') =V(D), E(V(C") = V(D)) E(V(C) = V(D')),d € V(G(V(D') = V(C),
E(V(D')— V(C')/E(V(D)— V(C'): [Vi| > 3. Then G(V(D). D)/(E(V(C") — V(D) U
E(V(D'")—V(C"))) contains a copy of K» 3 as a subgraph with the larger partition contained
in Vi and the smaller partition formed by V5, and it has a planar embedding with every
vertex in V; on the boundary of the infinite face, a contradiction. m
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Thus, G(V(D), D)\Y is a planar graph with the infinite face bounded by a cycle S.
3.3.4.3. |V(9)| > 5.

Proof of claim. Suppose, for some u' € V(S), |Ngwm),p)(v') NY| > 3. Then G' :=
G(V(D),D)/(E(V(D)—-Y —{u})) contains a copy of Ks3 as a subgraph with the larger
partition contained in ¥ and the smaller partition formed by V(G’)—Y, and it has a planar
embedding with vy, 2, y3, ¥4, y5 on the boundary of the infinite face, a contradiction. Thus,
for each v’ € V(S), |Newo),p)(v') N Y| < 2. The claim then follows from the fact that,
for each i € { 1,...,5 }, [New),p) (i) — V(C)| > 2 established above. O

Since G is 5—connected, we also have from the proof of 3.3.4.3 that N (p),p)(v') =Y —
V(S) # 0, for each v’ € V(S). If G(V(D), D)\(Y U V(S)) is connected, then we are done
since we can reduce (G(V(B), B) to a supergraph of G by contracting G(V (D), D)\(Y U
V(S)) to a single vertex vy, S to a 5—cycle with vertices vy, vq, v3, v4, v5 such that, for each
pe{l,..5},g€{p—1 (mod 5),p (mod 5)},wv, is adjacent to y,11, and each of the paths
Py, Py, P3, Py, Ps to a single vertex. So we may assume that G(V (D), D)\(Y U V(S)) is
not connected and, hence, that there exists a 2—separation (S, Ss) in G(V(D), D)\Y such
that V(S1) — V(S2) # 0,V (Sy) — V(S1) # 0, and such that V(S;) NV (S2) = { s1, 2 },
where 51,5, € V(S). Again, since G is 5—connected, we have that |Ngw (p),p)(V (S1) —
V(S2))NY| >3 and |Ngw(p),p)(V(S2) — V(S1)) NY| > 3, and that at least one of these
holds with equality, for otherwise G’ := G(V(D),D)/(E(V(S1) — V(S2)) U E(V(S2) —
V(S1))) contains a copy of K3 as a subgraph with the larger partition contained in V; :=
Newo),0)(V(S1) = V(S2)) N Y N Newpy,p)(V(S2) — V(S1)) and the smaller partition
contained in V(G') =Y — { s1, 89 }, and it also has a planar embedding with every vertex
in V; on the boundary of the infinite face, a contradiction.

Without loss of generality, let | Nov(p),p)(V (S1) — V(S2)) NY| = 3 so that (C', D) :=
(E(G) — F, F) is a b—separation in G, where F' := U dcvpy,py(u'). Let Y :=
u' eV (S1)—V(S2)
{yL, Yo us, v ys = V(C)NV(D') so that |[Y' NY| =3 and Y —Y = { s, s2 }; notice
that G(V(D'), D")\Y"” is connected for every Y” C Y’. Further notice that there exist two
disjoint paths between Y’/ —Y and Y — Y’ in G(V/(D) — (V(S1) — V(S2)), D — D') which
meet G(V(D'), D’) only in Y' — Y. That, together with 3.3.4.1, gives us that

3.3.4.4. G(V/(D"),D’) has a planar embedding with vy, vh, ys, Yy, Ys, in cyclic order, on
the boundary of the infinite face, where, for each i € {1,..5}, there exists a path Q; in
G(V (D), D) (possibly of zero length) connecting y; with y; which meets G(V (D'), D") only
in y; and is disjoint with the path Q;, for each j € {1,...,5},j # 1.
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Also, since | N (py,p)(V(S1) =V (S2)) NY| = 3 and, for each u' € V(S), |New (p),p) (') N
Y| < 2, we have that |V(D') — V(C")| > 2. Then, by Corollary 3.3.3 and Proposition
3.2.1, there exists a 5—separation (C”,D") in G, non-crossing with (C’'D’), such that
C' CC", D" C D' it is possible to slide from (C’, D) to (C”, D"), and such that, for each
W € V(C") O V(D) [Nowom pm(t) — V(C| > 2. Let Y = { gl gl ol il } =
V(C") NV (D"); notice that G(V(D"), D")\Y" is connected for every Y"” C Y". There
also exist five pairwise disjoint paths @}, @5, @5, Q}, Q% in G(V(D'), D" — D") such that,
for eachi € {1,...,5 }, Q) connects y; with y; and meets G(V(D"), D") only in y;. Notice
that the path Q7 := Q) U @Q; connects y; with y;, for each i € {1,...,;5}, and is disjoint
with the path @7, for each j € {1,...,5},j # i. As before, that, together with 3.3.4.4,
gives us that

3.3.4.5. G(V(D"),D") has a planar embedding with vy, vy, ys,y4,ye on the boundary of
the infinite face.

Consider such a separation (C”,D") in G with |D”| minimal. Then we have, as we
did with (C, D), that |[V(D") — V(C")| > 2, that G(V(D"), D")\Y" is 2—connected, that
G(V(D"),D")\Y" is a planar graph with the infinite face bounded by a cycle S” such
that [V(S”)| > 5, and that, for each v’ € V(S”), Nawom,pm (W) —Y" = V(S") # 0.
Suppose, now, that G(V(D”), D")\(Y” U V(S")) is not connected so that there exists a
2—separation (S7,S5) in G(V(D"), D")\Y" such that V(S7) =V (SY) # 0,V (S§) =V (SY) #
0, and such that V(S7) NV (Sy) C V(S9"); let X1 := {s},s5} = V(S))NV(Sy), Xz :=
(Newom),pon(V(SY) = V(S5)) NY"). Then, (assuming, without loss of generality, that
‘X’l 3) (A/ B/) — (E(G) - H, H), where H := U (5@(V(D//)7D//)(u/), is a

WV (ST -V(S))
b—separation in G, with V(A") N V(B') = X| U X}, such that |V(B') — V(A")| > 2 and
G(V(B'), B') has a planar embedding with ', x4, 2%, 2, x%, in cyclic order, on the boundary
of the infinite face, where { 2/, 2}, 2%, ), 2L } = X]UXJ; the last property is due to 3.3.4.5,
the two disjoint paths between X| and Y — X/ in G(V(D") — (V(SY) =V (SY%)), D" — B’)
which meet G(V(B'), B’) only in X{, and G(V(B’), B')\X"” being connected for every
X" C X{uX). By Corollary 3.3.3 and Proposition 3.2.1, there exists another 5—separation
(A", B") in G, non-crossing with (A’, B'), such that A" C A" B” C B’, it is possible to slide
from (A’, B') to (A", B"), and, for each u’ € V(A”)HV(B”) |Nawv (s, B”)( u) =V (A" > 2;
let X" = {af, o, o5 o) 2l } = V(A") N V(B"); notice that G(V(B"), B")\X" is con-
nected for every X" C X”. There also exist five pairwise disjoint paths between X"
and X' in G(V(B'),B" — B”) connecting =} with 2 and, hence, with y! (and, ulti-
mately, with y;), for each ¢ € {1,....,5}. That, together with 3.3.4.5, gives us that
G(V(B"), B") has a planar embedding Wlth xy,xy, x4, o), x¥, in cyclic order, on the bound-
ary of the infinite face. But |B”| < |D"|, a contradiction to the minimality of |D”|. Thus,
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G(V(D"), D")\(Y"UV(S")) is connected and, for some v, € V(D") =YY" =V (S5"),{ v1, v,
v3,v4,v5 } C V(S”),G(V(D"),D") has a rooted G7(y")—minor; let U” C V(D"), F" C D"
be such that G(V(D"), D"\U"/F" 2 G%. Then G(V(B), B)\(U' UU")/(F' UF") 2 G,
where U := V(D) — V(D" — U V(@Q").F:= | E@Q'UP). O

Lemma 3.3.5. If (A, B) is a 5—separation in a 5—connected graph G with V(A)NV(B) =
{z1, 29,23, 24,25 }, |[V(A) =V (B)| > 1,|V(B) = V(A)| > 2 and | N (B),5)(r4)| > 3, such
that G(V(B), B) has a planar embedding with xi,xs,x3, 24,5, in cyclic order, on the
boundary of the infinite face, then G(V(B), B) has a rooted Gs— or Gg—minor.

Proof. Let (A, B) be a b—separation in a 5—connected graph G with V(A) N V(B) =
{z1, 29,23, 24,25 },|V(A) = V(B)| > 1,|V(B) = V(A)| > 2 and |[Ngw),p)(21)| > 3,
such that G(V(B), B) has a planar embedding with x1, z9, 23, x4, 5, in cyclic order, on
the boundary of the infinite face. By Corollary 3.3.3 and Proposition 3.2.1, there exists a
5—separation (C, D) in G, non-crossing with (A, B) such that A C C, D C B, it is possible
to slide from (A, B) to (C, D), and such that, for each v’ € V(C)NV (D), | N (py,p)(w') —
V(C)| > 2. Let Y :={y1,y2,93,ys,y5 } = V(C)NV(D); notice that G(V (D), D)\Y’ is
connected for every Y/ C Y. There also exist five pairwise disjoint paths Pi, Py, P3, Py, Ps
in G(V(B),B — D) such that, for each i € {1,...,5}, P, connects y; with x; and meets

G(V (D), D) only in y;, and such that V(B) = (L5J V(F,))U (V(D) —V(C)). Then, since

G(V(B), B) has a planar embedding with x1, 25, x3, 24, x5, in cyclic order, on the boundary
of the infinite face, we have that

3.3.5.1. G(V(D), D) has a planar embedding with yi, Yo, Y3, Y, Ys, in cyclic order, on the
boundary of the infinite face.

5
Contract all edges in |J E(F;) to identify x; with y;, for each ¢ € {1,...,;5}, and, thus,

i=1

reduce G(V(B),B) to G(V(D),D U F), where V(F) C Y. Notice that, by Lemma
3.3.4,G(V(D), D) already has a rooted G7(y)—minor. Further, since |Ngw (py,5)(74)| > 3,
we may assume that |Ng v (py,p)(y4) =V (C)| > 3 for otherwise | N (p),p)(ya) =V (C)| = 2
and, hence, [(D U F) N { y3ys,yays5 } | > 1, and we are done. By the proof of Lemma 3.3.4,
we have that G(V (D), D)\Y is a 2—connected planar graph with the infinite face bounded
by a cycle S such that |Ngw (p),py(u) NY| < 2, for each u € V(S); since, for each u €
V(C) N V(D), ‘NG(V(D),D) (u) — V(C)| > 2, and, additionally, |NG(V(D),D) (y4) - V(C>| > 3,
we have that [V(S)| > 6. Consider such a separation (C, D) with |D| minimal.
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3.3.5.2. If (A", B’) is a 5—separation in G, non-crossing with (C, D) and with V(A") N
V(B') = { o, x4, a%, &y, af }, such that

(i) C'C A, B C D, (A, B) #(C,D),
(ii) |V(B') = V(A)] = 2,

(i1i) there exist five pairwise disjoint paths Py, PQ’, P, P, P in G(V(D),D — B') such
that, for each i € {1,...,5}, P! connects i with y; and meets G(V(B’), B") only in

3
/
x;, and

() |Now s (@) = 3,
then G(V(B), B) has a rooted Gg— or Gog— minor.

Proof of claim. Let (A’, B') be a b—separation in G, non-crossing with (C, D) and with
V(A) NV (B') = {2, 2, o}, o), x% }, such that it has the properties (i) — (iv) described
above; let X' := { o, 2, x}, o), xf }. Since G(V(B'), B')\X" is connected for every X" C
X', we have, by (7ii) and 3.3.5.1, that G(V (B’), B’) has a planar embedding with 2/, 2, 2%,
xy, x% on the boundary of the infinite face. By Corollary 3.3.3 and Proposition 3.2.1, there
exists another 5—separation (A”, B”) in G, non-crossing with (A’, B’) and with V(A”) N

V(B") = {af,af, x4, a4, z¢ }, such that A C A", B” C B’, it is possible to slide from
(A, B') to (A” B”), and, for each u € V(A”) N V(B”), |Newsr,sm(u) = V(A")] > 2; let
X" = {2, xf, af, af] ¥ } notice that G(V(B"), B”)\ X" is connected for every X" C X".
There also exist five pairwise disjoint paths P/, Py, Py, P/, P! in G(V(B'),B" — B")
such that, for each i € {1,...,5}, P/ connects z/ with 2 and meets G(V(B"), B”) only
in a7; notice that the path P/ U P! connects x/ with y;, for each ¢ € {1,....,5}. As
before, that, together with 3.3.5.1, gives us that G(V(B"), B”) has a planar embedding
with o, 2}, 2, 2/, ¥ on the boundary of the infinite face. Clearly, |B"| < |D| and, hence,
|Naovsny,sn(zy) — V(A" = 2, for otherwise (A”, B") contradicts the minimality of |D|.

Delete all vertices in V(D) — U V(P! U P!) and contract all edges in U E(P/ U P/

K3
1=

to identify z; with zf, for each i € {1,..,5}, and, thus, reduce G(V (D ) DUF) to

G(V(B"),B"UF'UF), where V(F)U V(F’) C X”. Then we are done, since, by Lemma
3.34,G(V(B"),B" U F' U F) already has a rooted G7(z")—minor, and [(B" U F' U F)N
{afa el }| > 1 0

Without loss of generality, let Gp be a plane graph embedding G(V (D), D) in the
plane with y1, y2, y3, ¥4, y5, in clockwise order, on the boundary of the infinite face. For
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any two vertices u,u’ € V(5), we denote by S [u,u'] the set of all vertices v € V(.S) such
that v is seen while traversing S from u to «’ (both inclusive) in clockwise direction in Gp
without repeating any vertices; correspondingly, S [u,u') := S [u,v/] = {u' },S(u,v] =
Su, '] —{wu},S(u,u):= 85 [u,u]—{wu,u }. Weuseidentical notation for analogous sets of
vertices in a path P in G p, only, unlike a cycle, for any two vertices u, v’ € V(P), P(u,u') =
P(u',u). Foreachi € {1,...;5}, let y; ,y;" denote the vertices in V' (5) N Ng,, (y;) such that
no vertex in S(y; ,y;") has a neighbor y € Y,y # y;. Since |Ngw(p),p)(ya) — V(C)| > 3,
we have that S(y;,v)) # 0.

Suppose there does not exist a path between S(y,, vy, ) and S(y;,vys) in Gp\Y that
is internally disjoint with S. Let w be a vertex in S(y;,y,). There exists a vertex
a € S[ys,ys5) which is connected to w by a path in Gp\Y that is internally disjoint with
S. Consider such a vertex a for which |S[ys,a)| is minimal. Similarly, consider a vertex
b € S(ys ,y; ] which is connected to w by a path in Gp\Y that is internally disjoint with S,
and for which |S(b, y; ]| is minimal. Notice that { a,b } 2—separates Gp\Y as (S, S2) with
V(Sl) — V(Sz) 7é @,V(Sz) - V(Sl) 7é @ and V(Sl) N V(SQ) = {a,b}; let w € V(Sl) In
turn, (C', D) := (E(G) — H, H), where H := U dcv(py,p)(u), is a b—separation

u€V(S1)—V(S2)

in G, non-crossing with (C,D) and with V(C") N V(D') = {a,ys,ys,ys,b}, such that
C C D C D,|Newoynpy(ys) —V(C')| > 3 (and, hence, |V (D) -V (C")| > 3), and such
that there exist two disjoint paths in G(V (D), D — D') connecting a with yo and b with g
that meet G(V(D'), D’) only in a and b, respectively, and we are done by 3.3.5.2. So we may
assume that there exists at least one such path Q with ends w € S(y;, v ), q € S(y;, v ),
and one for which both |S(y; ,w]| and |S[q, y3 )| are minimum. Moreover, we may assume
for any such path @ that { w,q } does not 2—separate Gp\Y (proof follows) and, hence,
that [V(Q)| > 3.

3.3.5.3. {w,q} does not 2—separate Gp\Y .

Proof of claim. Suppose that { w, g } 2—separates Gp\Y as (S, S2) so that V' (S;)NV (Ss) =
{w,q}. Without loss of generality, let y; € V(S1),y; € V(Ss). Then, assuming that g €
Slys,vs) (the case when g € S(y;, ;") is symmetrically analogous), (C", D’) := (E(G) —
H,H), where H := U dc(v(py,py(u), is a 5—separation in G, non-crossing with
ueV (S1)—-V(S2)
(C, D) and with V(C")NV(D") = { q,y2, Y3, ys,w }, such that C C C", D" C D |V (D') —
V(C")| > 2, and such that G(V(D’),D’) has a planar embedding with ¢, ys, y3, v, w, in
cyclic order, on the boundary of the infinite face; the last property is due to 3.3.5.1 com-
bined with the facts that G(V(D’), D')\Y" is connected for every Y’ C { q, y2, Y3, ys, w },
and there exist disjoint paths P, and P, in G(V (D), D — D’) connecting w with y; and ¢
with y;, and meeting G(V(D’), D’) only in w and g, respectively, such that v} € V(P,).
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By Lemma 3.3.4, G(V/(D),DUF)\(V(D)-V(D") -V (P,) -V (F,))/(E(P,)UE(F,)) has
a rooted G7(y)—minor which, together with the edge y4ys, gives us a rooted Gg—minor in
G(V(B), B). O

Now suppose that there exists another path Q" between S(y;,v;) and S(y;,y5) in
Gp\Y, with ends w’ € S(y;,v)),q¢ € S(yy,vs), which is internally disjoint with S, Q, and
which lies in the face of Gp bounded by the cycle formed by the vertices V(Q) U S(w, q)
(the case when it lies in the face of Gp bounded by the cycle formed by the vertices
V(Q) U S(q,w) is symmetrically analogous). Consider such a path @' for which both
|S[w', )| and |S(y;,q]| are minimum. By 3.3.5.3, there exists a path @Q; between
Q'(w',q") and Sly;,y;], with ends ¢} € Q'(w',¢) and ¢1 € S[yS,y; ], that is internally
disjoint with S, Q’. We may assume that ¢, € S(ys ,y; ], for otherwise ¢; € S[y),y5] and,
unless S(y;,y; | is 4—separated from the rest of the graph by { y5,vs,v1.¢ } S(ys,y1 ],
¢ € S(y3,y3); in this case, { y1,y2, ¢, y5 ,y5 } forms the separating set of a 5—separation
(A, B') in G with V(A)NV(B') = {z,...,25 } (where 2} = y1,2, = yo, 2% = ¢, 2, =
ys vt = ys) and Slys,y,| € V(B') — V(A’), such that G(V(B’), B') has a planar em-
bedding with yi,v9,¢,y5, 95, in cyclic order, on the boundary of the infinite face, so
that, by Lemma 3.3.4,G(V(B'), B’) has a rooted G7(z')—minor which, together with
the path between ¢’ and y; along S using the edge y;ys, the path between y; and y,
along S using the edge y;ys and the path between ys; and y, along S using the edges
ysys and y; y4, ensures that G(V(D), D) has a rooted Gg(y)—minor and we are done.
In turn, there exists another path Qs between S[y;,q1) and Q'(w', ¢;] U Q1lq}, ¢1), with
ends ¢ € Q'(w',q] U Q1lq},q1) and g5 € S[yS,q1), that is internally disjoint with S, Q’
and @, for otherwise { W', y4, ys, ¢1 } 4—separates S(w', q;) from the rest of the graph G.
Similarly, there exists a path Qo between Q(w,q) and Slys, vy ), with ends ¢ € Q(w, q)
and ¢, € S[yy, 3 ), that is internally disjoint with S, Q, and a path Q3 between S(q2, y; |
and Q(w, g5] U Q2[g5, ¢2), with ends g5 € Q(w, 5] U Q2[gh, ¢2) and g3 € S(gz,yy], that
is internally disjoint with S, @ and (),. By 3.3.5.3, there also exists a path Q" between
Q(w,q) and Q'(w',¢') that is internally disjoint with S, @, Q’. Contract the edges in S to
identify S[q1,y; | into vs, S(y; ,y5 ) into vy, S[yy , go] into ve, S(g2, vy ] into vs, S(yy , yi ) into
v, S[yi, q1) into vy, the edges in Q, Qs, Qs to identify Q(w, q) U Q2(qa, g5] U Qs(gs, g5] into
Up,, and the edges in @', Q1, @5 to identify Q'(w’, ¢ )UQ1(q1, ¢1]UQ5(gs, ¢5] into vy, . Finally,
contract all but one edges in Q" to get a graph that contains Gy as a subgraph, and we
are done because the latter has a rooted Gg— as well as a rooted Gg—minor (e.g. contract
vqrh and vy to identify the respective vertex-pairs and relabel vy, , vg, v, as vp, vy, Vs,
respectively, to get Gg from Gg). So we may assume that there do not exist two internally
disjoint paths between S(y; ,ys) and S(y;, vy ) in Gp\Y that are both internally disjoint
with S.
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Since S bounds the infinite face of Gp\Y, there do not exist four pairwise inter-
nally disjoint paths between S(y;,ys) and S(y;,vys) in Gp\Y, and, hence, there ex-
ists a 3—separation (S,52) in Gp\Y such that V(S1) NV (S2) = {z,a,b}, where z €
Qw,q),a € Sly3,ys 1,0 € Slys yr ], S(wa.uf) € V(S1), and S(y;,y5) € V(S). It
cannot be that a € Slys,y;] and b € S[yS,y: ], for otherwise { a,y4,b, z } 4—separates
S(yy,ys) from the rest of the graph G. Suppose a € S[y5,y;] and b € S(y5,y;]. Then
(" D) = (E(G) — H,H), where H := U dc(v(py,py(u), is a 5—separation

ueV (S1)—V(S2)

in G, non-crossing with (C, D) and with V(C") N V(D') = {a,va,ys,b, 2}, such that
ccc,D CD,|V(D)=V(C)| > 2, and such that G(V(D'), D) has a planar embedding
with a,y4,ys,0, z, in cyclic order, on the boundary of the infinite face; the last property
is due to 3.3.5.1 combined with the facts that G(V(D’), D')\Y”’ is connected for every
Y' € {q,92,y3,ys,w }, and that there exist disjoint paths P,, P,, P, in G(V(D),D — D’),
connecting a with y3, b with y;, z with ys, that meet G(V(D’), D) only in a,b, z, respec-
tively. If @ = y,, then, by Lemma 3.3.4,G(V(D),D U F)\(V(D) — (D’) — V(Pa) -
V(P,) — V(P,))/(E(Ps) U E(F,) U E(P,)) has a rooted G7(y)—minor which, together
with the edge ysys, gives us a rooted Gg—minor in G(V(B), B). If, on the other hand,
a € S[ys, 5 ), then |New py,py(ya) =V (C")| > 3 and we are done by 3.3.5.2. So we may as-
sume that a € S[y; ,y4 ). Similarly, we may assume that b € S(ys,y; |. Then, (C',D’) is a
6—separation in G, non-crossing with (C, D) and with V(C")NV(D') = { a,ys, y4, ys5, b, 2 },
such that C' C C', D" C D, |Ngw ), (ya) = V(C')| > 3,G(V(D'),D’) has a planar em-
bedding with a, y3, y4, y5, b, z, in cyclic order, on the boundary of the infinite face, and such
that there exist disjoint paths P,, B, P, in G(V (D), D — D’) connecting a with y,, b with
Y1,z with S(y;,y5) that meet G(V(D'), D) only in a, b, 2, respectively.

Consider such a separation (C’, D’) with |D’| minimal. Notice that |Ng, (w) — V(S) —
{ys}| > 2 so that there exists a vertex z” € Ng,(w) — V(S) — { ys,2 }. Analogous to
3.3.5.3, we may assume that

3.3.5.4. {w, 2z } does not 2—separate Gp(V(S1),S1), where w € S(y; ,y)) such that there
exists a path between w and z in G(V(D'), D) disjoint with S.

For otherwise, if (57, %) is a 2—separation in Gp(V(Sy), S1), with V(S))NV(S}) = { w, z },

such that y; € V(S5) and {yf,2”} C V(S}), then (C",D") = (E(G) — H',H'),

where H' := U dcv(pny,pn(u), is a 5—separation in G that is similar to
ueV(S)) -V (S5)—{bv}

the b—separation (C’, D) observed when a = y, and b € S(y;,y; | and, thus, yields a
rooted Gs—minor in G(V(B), B), and we are done (likewise, when { y;, 2" } C V(S}) and
yi € V(S}), we get a 5—separation (C”, D") that is similar to the 5—separation (C’, D) ob-
served when b = y; and a € S[y; ,y4 ) and, thus, yields a rooted Gg—minor in G(V (B), B),
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and we are done again). Continuing with the analogy, suppose, now, that there exists an-
other path Q' between S(y; ,y; ) and z in Gp(V(S1), S1), with w’ € S(y; ,y)) as its other
end, which is internally disjoint with S,Q (the subpath of Q between S(y;,y;) and z,
including w, may be chosen differently for this purpose, if required), and which lies in the
face of Gp bounded by the cycle formed by the vertices V(Q) U S(w, q) (the case when
it lies in the face of Gp bounded by the cycle formed by the vertices V(Q) U S(q,w)
is symmetrically analogous). Consider such a path @ for which |S[w’,y;)| is mini-
mum. Then, by 3.3.5.4, there exists a path Q; between Q'(w',z) and S[y;,b] with
ends ¢ € Q(w',z) and ¢; € S[yf,b]. We may assume that ¢, € S(ys,b], for oth-
erwise {z,b, Y3, Y, Yy } forms the separating set of a 5—separation (A’, B’) in G with
{w}USlys, vy, ] € V(B') — V(A') which satisfies the hypotheses of 3.3.5.2 and we are
done. In turn, there exists another path Qs between S[y;, q1) and Q'(w', ¢}] U Q:1[d}, ¢1)
with ends ¢f € Q'(w',¢}] U Q1[d),q1) and ¢5 € Sy, q1), that is internally disjoint with
S, Q" and Q1, for otherwise { w’, y4, ys, 1 } 4—separates S(w’, ¢;) from the rest of the graph
G. Similarly, there exists a path Qs between Q(w, z) and S|a, y3) with ends ¢} € Q(w, 2)
and ¢y € S[a,y7), and a path Q3 between S(qz,y;] and Q(w, ¢4 U Q2[gh, ¢2) with ends
¢ € Q(w, gyl U Q2dh, q2) and g3 € S(go,y,|. Finally, by 3.3.5.4, there also exists a
path Q" between Q(w,z) and @Q'(w’,z) which, together with the paths Q1, @5, Q2, Q3
and the paths P,, P,, P,, yields a rooted Gijp—minor in G(V(B),B) and we are done
again. So we may assume that there does not exist such a path Q' and, hence, that,
for some 2 € Q(w,z2),d € Sla,y3),V € S(ys,b],{ 2/,a',t/ } 3—separates Gp(V(S;),5)
as (S7,5%) such that V(S)) NV (Sy) = {2/,a, 0 },S(y,,yf) € V(S]),z € V(S,). Then,
(C",D") = (E(G) — H',H'"), where H' := U dc(v(p),py(u), is a 6— separation
eV (S -V(Sg)
in G, non-crossing with (C, D) and with V(C")NV(D") = { d', y3, ys,y5, ', 2’ }, such that
C CC" D" CD, |Newwry, pry(ys) =V(C")| = 3,G(V(D"),D') has a planar embedding
with ', ys3,y4,ys5, 0, 2/, in cyclic order, on the boundary of the infinite face, and such that
there exist disjoint paths P,/, Py, P, in G(V (D), D—D") connecting a’ with ys, b’ with y, 2’
with S(y;, vy ) (using paths P,, P, P, as subpaths, respectively) that meet G(V (D"), D")
only in @/, b, 2/, respectively. But |D”| < |D’|, a contradiction. O

Corollary 3.3.6. Let (A, B) be a 5—separation in a 5—connected graph G, with V(A) N
V(B) = {1‘1,1‘271‘3,1’47]35 } ) |V(A> - V<B)’ > 1, |V(B) - V(A)| 22, |NG(V(B)7B)(J:4>| > 3,
such that G(V(B), B) has a planar embedding with x1, xa, x3, T4, T5, in cyclic order, on the
boundary of the infinite face. If, additionally, |Now (s),p)(2")| > 3, for some 2’ € { x1, 25 },
then G(V(B), B) has a rooted Ggi 12—, Gsa5—, Goraz— or Goyas)—minor when o' =
x1, and a rooted Ggi 5 — or Gog—minor when &' = 5.

33



Proof. Let (A, B) be a 5—separation in a 5—connected graph G, with V(A) N V(B) =
{ r1,X9,T3,T4,Ts }, such that |V(A> —V(B>’ > 1, ‘V(B) —V(A>’ > 2, ‘NG(V(B),B)<:E4>’ > 3,
and such that G(V(B), B) has a planar embedding with x1, x5, 3, 24, T5, in cyclic order, on
the boundary of the infinite face. By Corollary 3.3.3 and Proposition 3.2.1, there exists a
5—separation (C, D) in G, non-crossing with (A, B) such that A C C, D C B, it is possible
to slide from (A, B) to (C, D), and such that, for each v’ € V(C)NV (D), |Ngwv (p),p)(v') —
V()| > 2. Let Y :={y1,y2,93,ys,y5 } = V(C)NV(D); notice that G(V (D), D)\Y’ is
connected for every Y/ C Y. There also exist five pairwise disjoint paths Pi, Py, P3, Py, Ps
in G(V(B),B — D) such that, for each i € {1,...,5}, P, connects y; with z; and meets
5

G(V(D), D) only in y;, and such that V(B) = (L:Jl V(P))UV(D)=V(C));lety € {y1,ys5 }

be the other end of the path P’ € { P, ..., Ps } that has 2’ as one of its ends. Then, since
G(V(B), B) has a planar embedding with 1, s, x3, 24, 5, in cyclic order, on the boundary
of the infinite face, we have that

3.3.6.1. G(V(D), D) has a planar embedding with yi, ya, Y3, Y, Y5, in cyclic order, on the
boundary of the infinite face.

5
Contract all edges in | E(F;) to identify x; with y;, for each ¢ € {1,...;5}, and, thus,

=1

reduce G(V(B),B) to G(V(D),D U F), where V(F) C Y. Notice that by Lemma
3.3.4,G(V(D), D) already has a rooted G7(y)—minor. Further, since |Ng v (p),p)(2")] > 3,
we may assume that |Negw(p),p)(y') — V(C)| > 3: if [Newmy,p)(y') — V(C)| = 2, then
either [(D U F) N {yiy2, 1195 | = 1y = y1) or [((DUF) N {yys, yays | = Ly = y5);
if, additionally, |NG’(V(D),D)(y4) - V(O)| = 2, then, since |NG(V(B),B) (ZE‘4)| Z 3, |(D U F) N
{ysys,yays }| > 1 and we are done; on the other hand, if |Ngw (py,p)(ya) — V(C)| > 3,
then, by Lemma 3.3.5,G(V (D), D) has a rooted Gg(y)— or Gg(y)—minor, and we are
done again. Similarly, we may assume that |Ngv(py,p)(ys) — V(C)| > 3. By the proof
of Lemma 3.3.4, we have that G(V(D),D)\Y is a 2—connected planar graph with the
infinite face bounded by a cycle S such that, for each u € V(S), |Naw (p),p)(u) N Y| < 2;
since |Ngwpy,p)(y') — V(C)| > 3 and |Ngw(py,p)(ya) — V(C)| > 3, and, additionally,
|Nawv(py,py(uw) =V (C)| > 2 for each u € V(C') NV (D), we have that [V (S)| > 6. Consider
such a separation (C, D) with |D| minimal.

3.3.6.2. If (A, B’) is a 5—separation in G, non-crossing with (C, D) and with V(A") N
V(B/) = {xi,w’g,xé,xil,xg }, such that

(i) C C A,B' C D,(A, B % (C,D),
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(i) [V(B) = V(A)] = 2,

(iii) there exist five pairwise disjoint paths Py, PZ’, P, P, P in G(V(D),D — B') such
that, for each i € {1,...,5}, P! connects z, with y; and meets G(V(B'), B") only in
x,

(w) |Naw iy, (ry)| >3, and,

(v) |[New),p) (@")| > 3, where x” € { o', x5 } is the other end of the path P" € { P{, ..., P} }
that has y' as one of its ends,

then G(V(B), B) has a rooted Ggi12)—, Gs+a5—, Goraz— or Goyas)—minor when &’ =
71, and a rooted Ggy (15— or Gg—mmor when ¥’ = xs.

Proof of claim. Let (A’, B') be a 5—separation in G, non-crossing with (C, D) and with
V(AYNV(B') = {2, a4, 2, 2 }, such that it has the properties (i) — (v) described
above; let X' := { 2,2}, 2%, o), xf }. Since G(V(B'), B')\X" is connected for every X" C
X', we have, by (i7i) and 3.3.6.1, that G(V(B’), B') has a planar embedding with ', 5, x5,
@, x5 on the boundary of the infinite face. By Corollary 3.3.3 and Proposition 3.2.1, there
exists another 5—separation (A”, B”) in G, non-crossing with (A’, B’) and with V(A”) N
V(B") = {af, a8, %, af, af }, such that A’ C A", B” C B’, it is possible to slide from
(A/ B/) (AN B”), and for each u € V(AH) N V(B”), ’NG B”),B”)( ) (A”)| > 2, let
X" = {2, alf, af, aff, ¥ } notice that G(V(B"), B")\X"" is connected for every X" C X".
There also exist five pairwise disjoint paths P/, Py, Pj, P/, P! in G(V(B'),B" — B")
such that, for each i € {1,...,5}, P/ connects z/ with 2 and meets G(V(B"), B”) only
in z; let 2 be the other end of the path P” € { P/,..., P/} that has 2" as one of
its ends. Notice that the path P/ U P/ connects x/ with y;, for each i € {1,...,5}.

(2

That, together with 3.3.6.1, gives us that G(V(B”), B”) has a planar embedding with
xl,xz,x3,x4,x’5’ on the boundary of the infinite face. As before, we may assume that
|Nav s, (@") —V(A")] > 3 and |Ngwsr),pr)(z]) — V(A")| > 3, for otherwise we are

done. But now |B”| < |D|, a contradiction to the minimality of |D|. O

Without loss of generality, let Gp be a plane graph embedding G(V (D), D) in the
plane with vy, y2,y3, Y4, y5, in clockwise order, on the boundary of the infinite face. For
each i € {1,....5}, let y;,y;" denote the vertices in V(S) N Ng, (y;) such that no vertex
in S(y;,y;") has a neighbor y € Y,y # y;, where S(y; ,y;") is defined as before. Since
|Newp),p)(ya) — V(C)| > 3, we have that S(y;,ys) # 0. Similarly, either S(y;,y;") #
O(z" = 1) or S(ys,y3) # 0(a' = =s).
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Suppose there does not exist a path between S(y;,y;) and S(y;,y; ) in Gp\Y that
is internally disjoint with S. Let w be a vertex in S(y;,y,). There exists a vertex
a € S[ys,y4) which is connected to w by a path in Gp\Y that is internally disjoint with
S. Consider such a vertex a for which |S[ys ", a)| is minimal. Similarly, consider a vertex
b € S(ys ,y; ] which is connected to w by a path in Gp\Y that is internally disjoint with S,
and for which |S(b, y; ]| is minimal. Notice that { a,b } 2—separates Gp\Y as (S, .S2) with
V(Sl) — V(SQ) 7é @,V(SQ) - V(Sl) 7é (D and V(Sl) N V(Sg) = {a,b}, let w € V(Sl) In
turn, (C", D) := (E(G) — H, H), where H := U dcv(py,p)(u), is a b—separation

ueV (S1)—V(S2)

in G, non-crossing with (C, D) and with V(C") N V(D') = { b,a,ys,vy4,y5 }, such that
C C D C D,|Ngwoypy(ys) — V(C')| > 3 (and, hence, |V(D') — V(C")| > 3), and
such that there exist two disjoint paths in G(V(D), D — D’) connecting a with y (using
the edge yoy5 ) and b with y; (using the edge y;y; ) that meet G(V(D’),D’) only in a
and b, respectively; let v; = b,vyh = a,v5 = ys,y, = ys and y, = ys. Further, there
exists a path connecting y; with gy, (using the edges y15 and 3,y ) in G(V(D), D — D)
that meets the first two paths only in yo and y, respectively. Now, if b & S(ys,v7]
and ' = x5, then (C’, D’) satisfies the hypotheses of 3.3.6.2 and we are done; if, on the
other hand, b € S(ys,y:], then, by Lemma 3.3.5, G(V(D’), D) has a rooted Gg(y')— or
Go(y')—minor which, together with the three paths and the edge ysy2 yields in G(V(B), B)
a rooted Ggy12)— or Goy12)—minor when 2’ = 1, and a rooted Gg(15— or Gg—minor
when 2/ = x5. So we may assume that there exists at least one such path ) with ends
w € S(y;,yi) and ¢ € S(y;,vy), and one for which both |S(y;,w]| and |S[q, v )| are
minimum. Moreover, we may assume for any such path @ that { w, ¢ } does not 2—separate
Gp\Y (proof follows) and, hence, that |[V(Q)| > 3.

3.3.6.3. {w,q} does not 2—separate Gp\Y .

Proof of claim. Suppose that { w, ¢ } 2—separates Gp\Y as (51, S2) so that V(S1)NV(Sy) =
{w,q}. Without loss of generality, let y, € V(S)),yf € V(S2). If ¢ € S[y],y5), then
(C" D) := (E(G) — H,H), where H := U dc(v(py,py(u), is a b—separation in
u€V (S1)—-V(S2)
G, non-crossing with (C, D) and with V(C") N V(D') = { q,vy2,y3,ys,w }, such that
CCC,D CD,|V(D)=V(C")| > 2, and such that G(V(D’), D’) has a planar embedding
with ¢, y2, y3, ¥4, w, in cyclic order, on the boundary of the infinite face; the last property
is due to 3.3.6.1 combined with the facts that G(V(D'), D’)\Y" is connected for every
Y' € {q,y2,93,ys, w }, and there exist two disjoint paths in G(V (D), D — D’) connecting
w with ys (using the edge ysys and the vertex y; ) and ¢ with y; (using the edge y19; ), and
meeting G(V(D’), D’) only in w and ¢, respectively; let ¥§ = ¢, ¥4 = Y2, Y5 = Y3, Yy = Ua
and y5 = w. Further, there exists a path connecting y; with ys (using the edges y,y; and
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ysya ) in G(V(D), D — D') that meets the first two paths only in y5 and y;, respectively.
By Lemma 3.3.4, G(V(D’), D') has a rooted G7(y')—minor which, together with the three
paths and the edge ysy; yields a rooted Gg(15—minor in G(V(B), B).

Similarly, if ¢ € S[y;",y5) then, with H := U S (py,py(u), (C',D') =

ueV (S2)—V(S1)

(E(G)—H, H) is a 5—separation in G, non-crossing with (C, D) and with V(C")NV(D’) =
{y1,q,w,ys,ys }, such that C C C', D' C D,|V(D")—V(C")| > 2, and such that G(V (D’),
D') has a planar embedding with ¢, w, y4, ys, y1, in cyclic order, on the boundary of the infi-
nite face; the last property is due to 3.3.6.1 combined with the facts that G(V(D'), D")\Y’
is connected for every Y C { y1, ¢, w, ys, y5 }, and there exist two disjoint paths in G(V (D),
D — D’) connecting w with y3 (using the edge ysy; and the vertex y;) and ¢ with
Y2 (using the edge yoys5 ), and meeting G(V(D’),D’) only in w and ¢, respectively; let
Y =Y, Y = q,y5 = w,yy = ys and yL = ys. Further, there exists a path connecting y,
with y3 (using the edges yoys and yzy; ) in G(V(D), D — D’) that meets the first two paths
only in y3 and ys, respectively. By Lemma 3.3.4, G(V (D), D) has a rooted G7(y')—minor
(or, by Lemma 3.3.5, a rooted (G7(y') U{ 14t })— or Go(y')—minor, when 2’ = x5) which,
together with the three paths and the edges 31y, and 4y, , yields in G(V(B), B) a rooted
(Gs U { 125, 2122 })—minor when 2/ = 1, and a rooted (Gg U { z122, xox3, X314 })— OF
(Gs U { z125, 129, x93 })—minor when o’ = x. O

Now suppose that there exists another path Q' between S(y;,y;) and S(y;,y5) in
Gp\Y, with ends w’ € S(y;,yi),qd € S(y;,ys ), which is internally disjoint with S and @Q,
which lies in the face of Gp bounded by the cycle formed by the vertices V(Q) U S(w, q)
(the case when it lies in the face of Gp bounded by the cycle formed by the vertices
V(Q) U S(g,w) is symmetrically analogous), and for which both |S[w’,y;)| and |S(y; , ¢']|
are minimum. Then, by the proof of Lemma 3.3.5, G(V(B), B) has a rooted Gjp—minor
which, in turn, has a rooted (Gg U { 223 })—minor as well as a rooted Gy, 15 —minor,
and we are done. So we may assume that there do not exist two internally disjoint paths
between S(y; , v, ) and S(y;,vys) in Gp\Y that are both internally disjoint with S.

Since S bounds the infinite face of Gp\Y, there do not exist four pairwise inter-
nally disjoint paths between S(y; , vy} ) and S(y;,v;) in Gp\Y, and, hence, there exists a
3—separation (S1,.S2) in Gp\Y such that V(S1)NV(Ss) = { z,a,b }, where z € Q(w, q),a €
Slysya )b € Slyd,yr |, S(ya,ud) € V(S1), and S(yy,y5) € V(S2). It cannot be that
a € Slys,y;] and b € SlyS, y5 |, for otherwise { a,y4, b, 2 } 4—separates S(y; ,y; ) from the
rest of the graph G. Suppose a € S[y3,v;],b € S(y5,y;]. Then (C', D) := (E(G)—H, H),
where H = U dc(v(p),py(u), is a 5—separation in G, non-crossing with (C, D)

ueV(S1)—V(S2)
and with V(C") N V(D') = {a, 4, ys5,b, 2}, such that C C C", D' C D, |V(D")-V(C")| > 2,
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and such that G(V(D’), D) has a planar embedding with a, y4, y5, b, z, in cyclic order, on
the boundary of the infinite face; the last property is due to 3.3.6.1 combined with the
facts that G(V(D'), D’)\Y’ is connected for every Y' C {b,z,a,vs,y5 }, and there exist
pairwise disjoint paths P,, P, and P, in G(V (D), D — D') connecting a with y3 (using the
edge y3y5),b with y; (using the edge y1y; ) and z with y, (using the edge yoy5 ), that
meet G(V(D'),D’) only in a,b and z, respectively; let y; = b,y) = 2,94 = a,y; = y4 and
yt = y5. Further, there exists a path connecting y» with y3 (using the edges yoy; and ysy3 )
in G(V(D),D — D') that meets the paths P, and P, only in y3 and ys, respectively. If
a =y, , then we are done since, by Lemma 3.3.4, G(V(D'), D') has a rooted G7(y')—minor
(or, by Lemma 3.3.5, a rooted (G7(y") U{ vyt })— or Go(y')—minor, when 2’ = z5 and
b ¢ S(ys,ys]) which, together with the four paths and the edges y4y; and vy, (and ysys
when ' = x5 and b € S(y; , y4 |), yields in G(V(B), B) arooted (GgU{ x179, z573 })—minor
when 2/ = z1, and a rooted (GoU{ z129, zox3, z324 })— or (GsU{ 2125, T129, X235 })—minor
when 2’ = z5. If, on the other hand, a € S[y3, vy ), then |[Ngw (oo (ya) — V(C')| > 3; if,
now, ' = z5 and b € S(ys ,y-], then we are done by 3.3.6.2; otherwise, by Lemma 3.3.5,
G(V(D'),D’) has a rooted Gs(y')— or Go(y')—minor which, together with the four paths
and the edge(s) y1y] (and ysys when 2’ = x5 and b € S(y; ,y+]), yields in G(V(B), B) a
rooted (Gg U { 2122, xox3 })— or (Gg U { x122, zax3 })—minor when 2’ = x;, and a rooted
(Gs U { 2129, xox3, 2125 })— or (G U { x129, xox3, x125 })—minor when o’ = x5 and b €
S(ys ,y ], and we are done again. So we may assume that a € S[ys,vy5 ). Similarly, we may
assume that b € S(y; ,y; |, for otherwise G(V(B), B) has a rooted (Gg U { x1x9, 125 })—
or (Gg U { 129, x125 })—minor and we are done again. Then, (C’, D') is a 6—separation
in G, non-crossing with (C, D) and with V(C") N V(D') = { a,ys,y4, Y5, b, z }, such that
C C ', D" C D,|Ngwy,py(ys) — V(C")| > 3,G(V(D'),D’) has a planar embedding
with a,ys,v4, Y5, 0, 2, in cyclic order, on the boundary of the infinite face, and such that
there exist pairwise disjoint paths P,, P, and P, in G(V(D),D — D') connecting a with
Yo (using the edge yoy5 ), b with y; (using the edge y1y; ) and 2z with S(y;,vs) that meet
G(V(D"),D’) only in a,b and z, respectively.

Consider such a separation (C”, D) with |D’| minimal. Notice that |[Ng,(w) —V(S) —
{ys}| > 2 so that there exists a vertex z” € Ng,(w) — V(S) — { ys,2 }. Analogous to
3.3.6.3, we may assume that

3.3.6.4. { w, z } does not 2—separate Gp(V(S1), S1), where w € S(y; ,y)) such that there
exists a path between w and z in G(V(D'), D) disjoint with S.

For otherwise, if (57, %) is a 2—separation in Gp(V(Sy), S1), with V(S1)NV(S}) = { w, 2 },
such that y; € V(S%) and {yf,2”} C V(S]), then (C",D") := (E(G) — H',H'),
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where H' := U dcv(pny,pn(u), is a 5—separation in G that is similar to
WV (S))—V(Sp)~{b}
the 5—separation (C’,D’) observed when a = y; and b € S(y;,y,] and, thus, yields
in G(V(B), B) a rooted (Gg U { x1x9, zox3 })—minor when ' = x;, and a rooted (Gg U
{ X129, Tow3, X374 })— Or (G U{ 2175, T179, Tox3 })—minor when z’ = x5, and we are done
(likewise, when { y;, 2" } C V(S]) and y € V(S53), we get a 5—separation (C”, D") that
is similar to the 5—separation (C’, D) observed when b = yi and a € S[ys,y5) and,
thus, yields a rooted (Gg U{ 129, z125 })— or (Go U{ z122, 125 })—minor in G(V(B), B),
and we are done again). Continuing with the analogy, suppose, now, that there exists
another path Q" between S(y;,v)) and z in Gp(V(S)),S1), with w' € S(y,,y)) as its
other end, which is internally disjoint with S, Q (the subpath of @ between S(y; ,y; ) and
z, including w, may be chosen differently for this purpose, if required), and which lies
in the face of Gp bounded by the cycle formed by the vertices V(Q) U S(w,q) (the case
when it lies in the face of Gp bounded by the cycle formed by the vertices V(Q) U S(q, w)
is symmetrically analogous). Consider such a path @' for which |S[w’,yf)| is minimum.
Then, as in the proof of Lemma 3.3.5, G(V(B), B) has a rooted Gjp—minor which, in
turn, has a rooted (Gg U { 223 })—minor as well as a rooted Gy, (15 —minor, and we are
done. So we may assume that there does not exist such a path @’ and, hence, that, for
some 2’ € Q(w,z),a € Sla,yf),V € S(y;,b],{7,d,V } 3—separates Gp(V(S1),51) as
(S1,8%) such that V(S)) NV (Sy) ={2,a,0 },S(ys,y) CV(S;) and z € V(S}). Then,
(C",D") .= (E(G) — H',H'), where H' := U dc(v(py,py(u), is a 6—separation
ueV (S7)-V(53)
in G, non-crossing with (C, D) and with V(C")NV(D") = { d, ys,y4,y5, b, 2’ }, such that
C - C”, D" - D, ‘NG(V(D”), D”)(y4) - V(C”)| > 3, G(V(D”),D/) has a planar em-
bedding with a’, y3,y4, y5, V', 2/, in cyclic order, on the boundary of the infinite face, and
such that there exist disjoint paths P, Py, P, in G(V (D), D — D") connecting a' with
Yo, b with yy, 2’ with S(y;,v5) (using paths P,, P, P, as subpaths, respectively) that meet
G(V(D"),D") only in o', V', 2/, respectively. But |D"| < |D’|, a contradiction. O

Lemma 3.3.7. If (A, B) is a b5—separation in a 5—connected graph G, with V(A) N
V(B) = {x1, 22,23, 24,25 }, such that |V(A) — V(B)| > 1 and, for each u € V(A)N
V(B),|Naw),p)(u) —V(A)| > 2, then G(V(B), B) has a rooted G1—, G4— or Gz—minor.
If, additionally, x4 has degree at least 3 in G(V(B),B), then G(V(B), B) has a rooted
Go—,G3—,Gs—, Gg—, Gg— or Gg—minor.

Proof. Let (A, B) be a 5—separation in a 5—connected graph G, with V(A) N V(B) =

{ 21,29, 23,24, x5 }, such that |V (A) = V(B)| > 1 and |Ngw (s),p)(u) — V(A)| > 2 for each
u € V(A)NV(B). Since G is 5—connected, there does not exist a separation (C, D) in
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G(V(B), B) such that | { x1, x2, x3, 24,25 } —V(C)|+A(C) < 4, and, hence, G(V(B), B)\x3
is 2—connected.

If G(V(B), B)\z3 does not have an (z1, xq, x4, 5)—linkage, then, by Corollary 3.1.2,
G(V(B), B)\z3 has a planar embedding with x1, x5, 4, x5, in cyclic order, on the boundary
of the infinite face. Without loss of generality, let Gz be a plane graph embedding
G(V(B), B)\z3 in the plane with x1, xs, x4, x5, in clockwise order, on the boundary of the
infinite face. Since G(V(B), B)\z3 is 2—connected, the infinite face in Gz* is bounded by
a cycle S™. Suppose, now, that Ng (s)p)(23) € V(S™3).

If there exists a vertex b € Ngv(p),p)(23) N S™"(x5,21), then there exist in G5™
two internally disjoint paths between { b} and { 3,24 } such that the path between b
and xy is disjoint with S™*3[z4,b) U { z3 } U S7*3(b, 1] and the path between b and x4
is disjoint with S™*3(b,zo] U { x5 } U S™[x5,b); as a result, G(V(B), B) has a rooted
G¢—minor and we are done. Similarly, G(V(B), B) has a rooted Gg—minor if there exists
a vertex b € NG(V(B),B)<1:3) N S‘”(a:l,xg). If NG(V(B),B)(x?)) — V(A) - S_x3(l‘2,l’4),
then G(V(B), B)\ { z123, x3x5 } has a planar embedding with zq, xs, 23, x4, x5, in clock-
wise order, on the boundary of the infinite face and, by Lemma 3.3.4, has a rooted
Gr—minor; if, additionally, x4 has degree at least 3 in G(V(B),B), then, by Lemma
3.3.5,G(V(B), B) has a rooted Gg— or Gg—minor and we are done again. Similarly, if
Newp),p)(x3) — V(A) C S73 (x4, 25), then G(V(B), B)\ { 123, x9x3 } has a planar em-
bedding with 1, x9, x4, 3, x5, in clockwise order, on the boundary of the infinite face and,
by Lemma 3.3.4, has a rooted G(734)—min0r which, in turn, has a rooted Gs—minor.

So we may assume that there exist a,b € Ngv(p),5)(73) such that a € S™ (x4, 24) and
b€ S (x4, 25). Then there exist in Gz™ two internally disjoint paths between { b } and
{ @1, 5 } such that the path between b and x, (say F,,7?) is disjoint with S7%3 [z, b)U{ 23 }U
S7#3(b, z5] and the path between b and x5 is disjoint with S™%3[xy, b) U { z3 } U S™3(b, 2]
We may assume that P,_** is disjoint with S(zy,22), for otherwise G(V(B), B) contains
a rooted Gs—minor and we are done. There also exists a path P >* in G™ between
b and x5 disjoint with { a,z; }, for otherwise { a,x; } separates x5 from b in Gz and
Naws),)(72) € { a, 21,23 }, a contradiction. If there exists such a path £,7* that is also
disjoint with S™*3(a, 4], then G(V(B), B) contains a rooted Gs—minor and we are done;
so we may assume that that is not the case. Let ¢ be the first vertex in S™*%(a, x4 that
P,.7? meets going from xy to b. Then P **[xs, c] is disjoint with S™%3[xy, x1] U P, "*[b, 1].
Now, there exist in Gz two internally disjoint paths between { a } and { z1, 25 } such
that the path between a and x; is disjoint with S™%3[x9,a) U { x5 } U S™"3(a, z5| and the

path between a and x5 (say P2®) is disjoint with S™™[z1,a) U { 25 } U S™"(a, z4). Since
V(PL2) N (Ppa?[re, ¢) — S™™[w1,a)) # 0, there exists a path between b and x5 contained
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in P U P2 U B ™ that is disjoint with { a, 2 } U S™3(a, z4], a contradiction.

ars

So we may assume that Negw(p),p)(z3) € V(S7*2). If there exists a vertex v €
Newp),p)(xs) — V(S™), then there exist in Gz** four pairwise internally disjoint paths
between { v } and { 1, ¥, x4, x5 } such that the paths between { v } and { z1, x2 } are both
disjoint with S™3[xy, z5] U { 23 } and, hence, G(V(B), B) has a rooted Gg—minor and we
are done.

So we may assume that there exists an (xy, x2, 24, v5)—linkage in G(V(B), B)\z3. Re-

peating the argument with an (x1, z9, x5, x4) — linkage, we may assume that G(V(B), B)\x3

(45) Gé45) B

or G§45)—minor, each of which, in turn, has a rooted G3—minor and we are done. Since the
two linkages together ensure a rooted G;—minor, we will also assume for the remainder of
the proof that x4 has degree at least 3 in G(V(B), B).

has an (21, e, x5, v4)— linkage as well, for otherwise G(V(B), B) has arooted Gy

Let P4, Pi5 be the disjoint paths connecting zo with x4 and x; with x5, respectively,
in a (z1, s, 5, x4)—linkage in G(V(B), B)\z3. Then, for some ), € Pylry,x4),2) €
Poy (2, x4], 2 € Pislxy, x5), 2% € Pis(x), x5], there exist disjoint paths P4, Pos in G(V(B),
B)\x3, connecting 2 with 2/, and 2/, with z%, respectively, each of which meets the paths
Pyy4, Py5 in exactly two of the four vertices o), 2}, 2/, x%. The paths P4, Pi5, Pag, Pas together
ensure a rooted Gji—minor in G(V(B),B). Now consider such a set of four paths for
which |Py5[zy, 2])| is minimal. If there exists a path in G(V(B), B) between { x5 } and
Poy (2, 4] U Piy(2, 2] that is disjoint with Poy[zo, 25] U Pys(xh, L) U Pis[xy, x5] , then
G(V(B), B) has a rooted Go—minor and we are done. So we may assume that no such
path exists. Similarly, we may assume that there does not exist a path in G(V(B), B)
between Poy(x, x4] U Piy(a), )] and Poy|xe, 24) U Pos(2h, xt] U Pi5(x), x5 that is disjoint
with Pz, 2)] U { 2}, 23 }, for otherwise G(V(B), B) has a rooted Gz—minor and we are
done again. There cannot exist a path in G(V(B), B) between Pay (x4, 4] U Pi4(2), 2] and
P51, 2)) (when Pis[zq, 2}) # 0) that is disjoint with Poy[xo, 25| U Pys[xh, zL]U Pys|x), 5] U
{ x5}, for otherwise we can identify a path P, in G(V(B), B)\z3 connecting z/] with
xY, where 2z € P15[:c1, xh), xf € Poy(xh, x4, disjoint with the path Py;, and meeting paths
Pi5, Py in only 2f, 2], respectively, such that | P/z[z1, 2)| < |Pis[x1, 2])|, a contradiction to
the minimality of |Py5[xy, 2])|. So we may assume that { 2/, 2}, } 2—separates G(V(B), B)
as (S1,5,), with S1 NSy = { 2,2} }, such that { xy,x9,x3,25 } C V(S)) and x4 € V(S,);
but then { 7,25 }N{ 1, ...,25 } =0,V (Sy) = { 21, 2%, x4 } and N (p),p)(21) = { 2}, 2% }
a contradiction if x4 has degree at least 3 in G(V(B), B).

Lemma 3.3.8. If (A, B) is a 5—separation in a 5—connected graph G, with V(A)NV(B) =
{ 1,29, 23, 24,25 }, such that, for each uw € V(A) NV (B),|Nawm),p(u) — V(A)| > 2,
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then, either there exist two disjoint connected subgraphs Hy, Ho C G(V(B), B) such that,
for some © € {xo,x5},{xg, 2} C V(Hy) and { z1,29,23,25 } — {x} C V(Hy), or
G(V(B), B) has a rooted G(724)— or G$24)(25)—m2'n0r. If there do not exist such subgraphs
Hy and Hy and, for someY C {xy,25},Y # 0, |New (s, (y)| > 3 for eachy € Y, then
G(V(B), B) has a rooted Gé%)—, G.((324)—, Ggﬁ)(%)— or Géls)(%)—mmor whenY ={ 22}, a

rooted Gé24)—, Gélg)(24)(25)—, Gé24)(25)— or Gé24)(25)—mm07" when Y = { x5 }, and a rooted

aey ng4)_ QY@ ~(24)(25)

8+(15) -

8+(15) 5 —minor when Y = { xq, x5 }.

Proof. Let (A, B) be a 5—separation in a b—connected graph G, with V(A) N V(B) =
{ 1, %2, 23,24, %5 }, such that, for each u € V(A) N V(B), |Naw®),p (u) — V(A)| > 2. It
suffices to prove the theorem for such a separation (A, B) with |B| minimal in the sense
that there does not exist another 5—separation (A’, B’) in G, non-crossing with (A, B)
and with V(A") N V(B’") = { v1,v2, Y3, Vs, Ys }, such that A C A" B C B and, for each
u € V(A)NV(B'),|Nawp)sy(u) — V(A)| > 2. If there exists a 5—separation (A’, B')
in G, non-crossing with (A, B), as described, then there exist in G(V(B), B — B’) five
pairwise disjoint paths connecting V(A) NV (B) with V(A") NV (B’) (say one connecting
x; with y;, for each ¢ € {1,...;5}); in such a case, if there exist two disjoint connected
subgraphs Hj, Hy C G(V(B'), B') such that, for some ' € {y2, 95 },{ys, 2" } C V(H})
and { y1,%2,v3,y5 } — {2’} C V(H)), they can be extended to form the subgraphs H;
and Hy, respectively; similarly, each of the planar graphs Ggw(y), G$24)(25) (v), GéM) (y),
G5 ), G5 (), GH), GV, GEVP ), Gl () and G (),
if found to be a rooted minor of G(V(B’), B'), ensures a corresponding rooted minor of
G(V(B), B). As before, since G is 5—connected, there does not exist a separation (C, D) in
G(V(B), B) such that |{z1, z2, 23, 24, x5} — V(C)|+ A(C) < 4, and, hence, G(V(B), B)\x3
is 2—connected.

If G(V(B), B)\z3 does not have an (1, zs, x5, x4)—linkage, then, by Corollary 3.1.2,
G(V(B), B)\z3 has a planar embedding with x1, 25, x5, 24, in cyclic order, on the boundary
of the infinite face. Without loss of generality, let Gz be a plane graph embedding
G(V(B), B)\z3 in the plane with z1, xq, x5, 24, in clockwise order, on the boundary of the
infinite face. Since G(V(B), B)\z3 is 2—connected, the infinite face in Gz** is bounded by
a cycle S™*3. Suppose, now, that Nev(p),p)(2s) C V(S7*3).

If there exists a vertex b € Ngv(p),p)(w3) NS~ (x4, x5), then let Hy 1= G[S[xs5, 24]]
and H, := G|V (B) — V(H,)|, and we are done. If Ngw (g p)(z3) — V(A) C 57 (x5, 24),
then G(V(B), B)\{ z1x3,xox3 } has a planar embedding with zy, x9, 5, x3, 24, in clock-
wise order, on the boundary of the infinite face and, by Lemma 3.3.4, has a rooted
G(724)(25)—min0r; if, additionally, |N¢(v(s),5)(x2)| > 3, then, by Lemma 3.3.5,G(V(B), B)
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has a rooted G§24)(25) or Gél?’)(%) minor. Similarly, if [Ngw (s),s)(25)] > 3, then, by
Lemma 3.3.5, G(V(B), B) hasarootedG CHE_ o Gé%)(zs) —minor; if | Ne v (s),5)(z2)| > 3

and |Ngv(),p)(25)| > 3, then, by Corollary 3.3.6, G(V(B), B) has a rooted G;ﬁ 1§5)
G§24)(25)—minor, and we are done again, in each case.

So we may assume that N (p),p)(zs) € V(S7). If there exists a vertex v €
Neaws),p)(r3) — V(S7), then there exist in Gz™ four pairwise internally disjoint paths
between { v } and { 1, o, x4, x5 } such that the paths between { v } and { 21, x5 } are both
disjoint with S™"3[z5, x4]U{ x3 }; again, let H; := G|[S[x5, x4]] and Hy := G[V(B)—V (H,)],

and we are done.

So we may assume that there exists an (xy, x9, x5, v4)—linkage in G(V(B), B)\z3. Re-
peating the argument with an (5, 22, 24, r1)— linkage, we may assume that G(V(B), B)\x3
has an (w5, x9, x4, x1)— linkage as well, for otherwise, either there exist two disjoint con-
nected subgraphs Hy, Hy C G(V(B), B) such that { zo,24 } C V(H;) and { z1, 23,25 } C
V(Hs), or G(V(B), B) has a rooted G 24)—minor in the case when there do not exist such
subgraphs H; and H, and, for some Y C {:BQ,xg)} Y # 0,|Naws),n)(y)| > 3 for each

y € Y, G(V(B),B) has a rooted GéM or G —minor when Y { x5}, a rooted

GgQ4)_ or Ggl?))(24)(25)

—minor when Y = {z5}, and a rooted G r G§24)—minor

when Y = { 25, x5 }, and we are done.

8+ 15)

Let P4, P15 be the disjoint paths connecting x, with x4 and x; with x5, respectively,
in a (xy, s, x5, x4)—linkage in G(V(B), B)\z3. Then, for some z, € Pylxs,x4),2) €
P24(I/2, .%'4], (L’ll c P15[l’1, .%'5),%{5 S P15<I/1, ]35], there exist dlSJOll’lt paths Plg, P45 in G(V(B),
B)\x3, connecting = with 2/, and 2/, with z%, respectively, each of which meets the paths
Py, Py5 in exactly two of the four vertices o), 4, 2/, #%. Consider such a set of four paths for
which | Py (), 24)| + | Pis[x1, )| is minimal. If there exists a path in G(V(B), B) between
{ x5} and Pplx), z}) U Pys(xly, 2t] U Pis|xy, z5] that is disjoint with Poy[z, 24], then let
H, := P,y and Hy := G[V(B) — V(H,)], and we are done. Similarly, if there exists a path
in G(V(B), B) between { x3 } and Pio[z), 4] U Pay[xo, 2)) U Pis[zy, z) that is disjoint with
P24[l‘£1, CL’4]UP45[IL‘£L, I%]Upm[l‘g, iL’5}, then let H1 = G[P24[l‘ﬁl, I4]UP45[ZE£L, $/5]UP15[[L'£—), ZL‘5]] and
H, := G|V (B)—V(H,)], and we are done again. So we may assume that there does not exist
a path in G(V(B), B) between { x3 } and Pys[x], 25| U Poy[xg, ) U Pys (), x5] U Pis[z1, x5]
that is disjoint with Py, z4]. Since |Nev(p),p)(23) — V(A)] > 2, we may also assume
that there exists a path in G(V(B), B) between { x3 } and Py(, x4) that is disjoint with
Pio[2!, 24) U Poy[xg, )] U Pys[aly, 2] U Pis[xq, x5) U { 24 } and, hence, that Pyy(x), x4) # 0.

If there exists a path in G(V(B), B) between Poy(z), 4] and Pi5(2, x5)UPys (2], %] that
is disjoint with { z3 } U Pay[xo, o)) U Pio(2), 25| U Pys|xy, ), then we can choose a new path
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Py connecting z] € Pyy(x),x4] and z¥ € Pi5(x), x5] such that |Pay(z], x4)| + |Pis[z1, 2})]
< | Pyy(xy, x4)| + | Pis[x1, 2))|, a contradiction. So we may assume that such a path does not
exist. Similarly, we may assume that there does not exist a path in G(V(B), B) between
P24<J]£1, 1'4] and P24[ZL’2, xﬁ) U Plg(xll, .17/2] that is dlSJOlIlt with { T3 }UP15[ZL'1, 5(75] UP45(CC£1, Ig]
If Pisxy, 7)) # 0, we may assume by a similar logic that there does not exist a path in
G(V(B), B) between Pys|xy, ) and Pyy[xe, xly) U Pio(2, 25] U Pys(xly, 5] U Pi5(2), 5] that
is disjoint with { x5 } U Pay(x), x4]. Thus, { 2}, 2} } 2—separates G(V(B), B) as (B—D, D),
with V(B — D)N V(D) = { 2,2} }, such that { x9,25 } C V(B — D) and { 1,235,224 } C
V(D), and, as a result, {2,z } N {xy,...,25} = 0, V(B — D) = {2,29,2), 25 },
NG(V(B),B)($2) U { Ts } = { ZL‘II,ZEZ,IE } and Ng(v(B)7B)(ZL‘5) U { T } = { l'll,xg,l‘ﬁl }

Now, if |V(B) — V(A)| > 6, then (C, D) is a 5—separation in G, where C' := AU
(B — D), and, by Proposition 3.2.1, either there exists a 5—separation (A’, B’) in G,
non-crossing with (C; D) (and, hence, (A, B)), such that C C A''B" C D and, for
each v € V(A") NV(B'),|Naww),py(u) — V(A)| > 2, contradicting the minimality of
|B|, or we are done by Proposition 3.3.1. So we may assume that |V(B) — V(A) —
{,z} }| < 3. Since, either there exists a vertex v € V(B) — V(A) — { 2}, 2} } which
is connected to { xy, 2!, x3, x4, 2] } via five paths contained in G(V (D), D) and pairwise
sharing only the vertex v, or { xjx,z\xs, )z, 2jx3 } C D, we may also assume that
Newoy,py(zs) N {2}, 2} } = 0 and, hence, that |V(B) — V(A) — {z},2, }| > 2, for
otherwise there exist two disjoint connected subgraphs H{, H, C G(V(D), D) such that,
for some o’ € {2}, 2}, {xy,2 } C V(H]) and { 21,2}, 23,2, } — {2’} C V(H)), and
they can be extended to form the subgraphs H; and Hs, respectively. Let {a,0} C
New),py(®s) — {z1,23 }. Then there exist in G(V(D), D) two disjoint paths P, and
P, disjoint with { 1, 23,24 } and connecting, respectively, a and b with {2/, }, for
otherwise {a,b} is 4—separated from the rest of the graph G. If there exists a vertex
ceV(B)—-V(A) — {x],2),a,b} such that ¢ & V(P,) UV (P,), we may assume that ¢
is adjacent to at least one of a and b (say a, without loss of generality) for otherwise ¢
is adjacent to every vertex in { x, 2!, x3, 4,2 } and we can find two disjoint connected
subgraphs H{ and H} in G(V(D), D) that can be extended to form the subgraphs H;
and Ho, respectively, as described earlier. Let P, := P, U {ac} if there exists such
a vertex ¢ and P, := P, otherwise (assuming, without loss of generality, that if there
exists a vertex ¢ € V(B) — V(A) — {z},2),a,b} such that ¢ € V(F,) U V(FB,), then
¢ € V(P,)). If each of z; and x3 has a neighbor in either P, or P, then we are done
since we can find two disjoint connected subgraphs Hj and H) in G(V(D), D) that can
be extended to form the subgraphs H; and Hs, respectively, as described earlier. So we
may assume, without loss of generality, that x; does not have a neighbor in P, and z3

does not have a neighbor in P/. Then each of 2z} and z/ is adjacent to b and has a
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neighbor in { a,c }, for otherwise either b or { a,c} is 4—separated from the rest of the
graph G. As a result, if 2f € V(P)) then there exist two disjoint connected subgraphs
Hi, H) C G(V(D), D) such that { zy,a,c,z3,2 } CV(H{) and { 24,0, 2 } C V(H)), and
if #} € V(B,) then there exist two disjoint connected subgraphs Hi, H) C G(V(D), D)
such that { z1,a,¢,z3,27 } C V(H]) and { z4,b, 2 } C V(H)). In either case, H| and H)
can be extended to form the subgraphs H; and Hs, respectively. O
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Chapter 4

Nested Separations in the Larger
Sides of Separations

In this chapter, we find a set of unavoidable rooted minors of the intersection of the
“larger” sides of two non-crossing separations in a 5—connected graph which itself, in turn,
is separated by each one of a large family of nested separations. As before, each minor
that we find is rooted in the separating sets of the two non-crossing separations considered.
These minors are then patched together with the unavoidable rooted minors of the smaller
sides of the two separations to construct a set of unavoidable minors of the complete graph
- the remaining unavoidable minors of large 5—connected graphs mentioned in Theorem
1.2.1. We start by defining nested separations and proving an observation that relates a
family of these to a bounded-degree tree-decomposition.

4.1 Nested Separations

Recall that two separations (A, B) and (C, D) in a graph G cross if ANC #£ 0, AND #
0, BNC # 0 and BND # (. For each tree-decomposition T" of G, the separations (A, By)
corresponding to the edges f of T' form a family of (pairwise) non-crossing separations:
for every e, f € E(T), either A, C Ay and By C B,, or Ay C A, and B. C By. In
particular, if fi, fo,..., fo € E(T) form a path P of length ¢ in that order in 7', then
either Afl Q Af2 Q Q Afe and Bfé Q g Bf2 Q Bfe? or Bfl Q Bf2 g Q sz
and Ay, C ... C Ay, C Ay,, and the family { (Af, By) : f € E(P) } is said to be one of
nested separations. As before, the separations in a family are distinct if, for every pair of
separations ((A., Be), (A, Bf)) in the family, A, # Ay and A, # By.

46



Proposition 4.1.1. There exists a function fi11 : N X N X N — N such that, for all
0,6,n € N withd >0, 6 >0, 6d #2, n>0, if T is a 0—tree-decomposition with degree
0 of a graph G with |V(G)| > f11.1(6,0,n), then G contains a family of distinct nested
0—separations of size at least n.

Proof. Let fi111(0,0,n) =5 6" 0. Let T be a —tree-decomposition with degree ¢ of a
graph G with |V(G)| > f11.1(0,6,n). We may assume that |V(T')| and |E(T')| are both
minimal so that, for each internal node x € V(T'),T\z contains at least three components
each containing a distinct edge of G. By Theorem 2.2.2, twy(G) < 6 §. If T does not have
a path of length at least n, then |[V(T)| < 26" and |[V(G)| <2 6" (twy(G)+1) < 446714,
a contradiction. The result then follows from the observation that each edge in any path
of length at least n in T corresponds to a distinct separation in G. O

4.2 Unavoidable Minors in the Absence of Large
6—Connected Sets

The goal of this section is to find a set of unavoidable minors of every sufficiently large
5—connected graph that does not contain a large 6—connected set by finding a set of
unavoidable rooted minors of the intersection of the “larger” sides of two non-crossing
separations in the graph. Labelled graph descriptions and figures (Figures A.1 and A.2)
of these rooted minors (G*, G1@ G'®) G G2 G etc.) and other intermediate struc-
tures can be found in the appendix (see A.2) where we give explicit graph constructions
for the unavoidable minors we find in this section — the remaining unavoidable minors of
large 5—connected graphs mentioned in Theorem 1.2.1 (which were not accounted for in
Corollary 2.1.4).

Lemma 4.2.1. There exists a function fi21 : N — N such that, for alln € N with n > 5,
if G is a b—connected graph that contains a family of distinct nested 5—separations of size
at least fi0.1(n) but does not have a minor isomorphic to the graph W (1,3,n), then, G has
a minor isomorphic to W;(2,1,n), TW;(2,1,n), Wi (3,0,n), TW (3,0,n), W2_(a)(3,0,n),
Wz_(b)(?),(],n), TWQ_(Q)(?%O,”), TWQ_(b)(S,O,n), CWi)(2,1,n) or CWiy(2,1,n), where j €
{1,2} and k€ {1,...,6 }.

Proof. Let fi01 = 11(8+5%48n%2(3n+10)*12%2(20n+14)(12n+13)(32n+71)) < 234n5.
Let G be a 5—connected graph that contains a family F of distinct nested 5—separations
of size at least f121(n) but does not have a minor isomorphic to the graph W(1,3,n). In
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particular, let F :={(A4,,B;):j€{1,..,N }}, where N > f;5:(n), such that A;, C A;,
and Bj, C B;, whenever j; < jo. Thus, we may also treat F as a sequence of separations
ordered by the containment relation on the set of first partitions of the separations in F.
We will abuse the notation slightly in this way by treating a family of distinct nested
5—separations in G both as a set and as a sequence.

Since any set of 12 distinct nested b—separations contains at least two H—separations
such that the separating set of either is not contained in that of the other, there exists a
subsequence F; C F with |Fi| > ||F|/11] — 8 such that the separating sets of any two
b—separations in Jj differ in at least one vertex. Upto relabeling of separations, we may
assume that 7y = {(A;,B;):j€{1,...,N; } }, where N; > |N/11| — 8. Additionally,
we may assume that |V(A;) — V(By)| > 4,|V(By,) — V(An,)| > 4| and, since G is
5—connected, that |V (A;) NV(B;)| =5, for each j € { 1, ..., Ny }. We may further assume
that, for each j € {1,..., Ny —1},V(4;)NV(B,) is connected to V(A,+1) NV (Bj11) by a
set of 5 disjoint paths each of which is contained in G(V(B; N Aj41), Bj N Aj11); the union
of all such sets of paths gives us 5 disjoint paths P, ..., P5 that connect V(A;) N V(By)
with V(Apn,) N V(By,). Then there exists a subsequence F; C F; with |Fj| > |F1/5]
such that, for some P’ € { P, ..., P5 }, the separating sets of any two 5—separations in
F| meet V(P') in distinct vertices. Without loss of generality, let P’ = P;. Again, upto
relabeling of separations, we may assume that 7| = { (4;,B;):j € {1,...,N] } }, where

N{ > |N:1/5]. Foreach j € {1,...,N] },let V(A;))NV(B;)N P = {Ug-l) }

Consider now, for some j/ € {1,..,N; —12n+ 1}, a subsequence { (Aj;, Bj4+;) :
j € {0,1,..,12n—1} } C F] of 12n distinct nested 5—separations in G. For each
j € {0,1,...,12n — 1}, suppose that the separating set of (A;.;, Bj1;) meets V(D)
in the same vertex u;, for each i € {2,...,5}. Then, for each j € {0,3,....12n — 3 },
there exist 3 (internally) disjoint paths connecting P, (ug,lij,ug}lj o) With some 3—subset
{ a) b)) } of { ua, us, ug, us }, each contained in G(V(BjijNAj1j42), BjrjNAjijia)
and each disjoint with { ug, uz, uy, us } — { a ) c0) }, for otherwise Pl(ui-,lij, uﬁrjﬁ)
is 4—separated in G. For some { ji,...,5, } € {0,3,...,12n — 3 },aVV) = ... = aUn) b0V =
. = bUn) and U = .. = ¢ln); without loss of generality, let { al), 600, ) b = { uy, us,
uy }. Since wj is connected with ug.,lJ)rjl by a path (say Q') in G(V(Ajy,), Ajrvjy) and
with u§}ljn+2 by a path (say Q") contained in G(V (Bji4j,+2), Bjrtj.+2), G can be reduced
to a W(1,3,n)-minor where us, uz and uy form the three hubs and P, U Q" U Q" forms
the rim, a contradiction. Thus, we may assume that in every subsequence of 12n distinct
nested b—separations contained in F, there exist at least two whose separating sets meet

at least one of the sets V(P,), V(Ps),V(F,) and V(Ps) in distinct vertices. Then, as be-
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fore, there exists a subsequence F, C F, with |Fy| > | F|/(12n % 4)| such that, for some
P € { P, ..., Ps }, the separating sets of any two 5—separations in JF, meet both V(P;) and
V(P’) in distinct vertices. Without loss of generality, let P' = P,. Upto relabeling of sepa-
rations, we may assume that Fo = { (4;,B;) :j € {1,..., N2 } }, where Ny > [ N{/(48n)].

For each i € {1,...,5},j € { 1,.., N }, let V(4) nV(B;) N P = { u }

J

Suppose, for some 5 € {1,..., Ny — 3n + 1 }, there exists a subsequence { (A1, Bjr+;) :
je{0,1,. 3n — 1} } € F of 3n distinct nested 5—separations in G such that, for each
j€{0,3,. — 3 }, there does not exist a path in G(V(Bjr; N Aj4ji2), Bjrj N Ajrsjse)

bft)ween P, [ug,i],u(/}rﬁg] and P, [ug,l],u(lfljﬁ] that is disjoint with P. whenever ug )ﬂ +

Uiy iyo and uy,)lj + u],ﬂH, fo? any a,b € {1,..,5},a # b,c € {1,...5} —{a,b}.
Then, for each i € {3,4,5},u§3) = .= u(,)+3n 1, and, for each j € {0,3,...,3n — 3},
there exist in G(V(Bji1; N Ajyjia), Byy; N Ajiijio) two sets of three (internally) disjoint

paths — one connecting {u(é),u(/),u(?) } with Py ( glj u(.}ijﬁ) and the other connect-

5 . 2
5)’@5/)’ 5) } with P2(u§"—)}—j>u§"—)&-j+2) for otherwise one of Py( §)+]7u§f)+g+2) and

Pg(u(-aj, ug»?lﬂ?) is 4—separated from the rest of the graph G, for some j € {0,3,...,3n —
1) (2)

3}. Since two dlsJ01nt paths (say Q" and Q" respectively) connect uj;’ with u;’ in

G(V(Aj),Aj) and u' ,+3n | with u(,) in G(V(Bjr43n-1), Bj+an—1), G can be reduced,

+3n—1
in this case, to a W(1,3,n)-minor with u!¥ ut}

VR
P [u(,l), u(,l?m JU P, [u@, u(,lgn JuU Q’ Q" forming the rim, a contradiction. So we may

assume that, for some j € {0,3,. — 3}, there exist aj, by € {1,...,5},a; # by,

such that U§+]) 7 “§a13)+27“§bi; 7 “;bi;w’ and Py, [u ;aﬂ) ’“§a+ly)+2] and Py, [u §+;’“§l’)ﬁ+2]
are connected by a path that is contained in G(V(Bj4+; N Ajiyjv2), Bjrgj N AJ +j+2) and is
disjoint with P,, for each ¢ € {1,...,5} — { aj,b; }. Then, as before, there exists (upto
relabeling of separations) a subsequence F3 = { (4;,B;) : j € {1,...,2N5} } C F
with N3 > |Ny/(3n % 10)] such that, for some a,b € {1,...,5}, where a 7£ b, and
for each j/ € {1,2,..., N3}, we have that |Pa[u2j,_1,ué§)]| > 3,|Pb[u2j,_1,u2j]| > 3,

and P, [ug‘;g_l,ugp] and Pb[ug;-),_l,ug;),] are connected by a path Q;ﬁlb) that is contained in
G(V(Bgji—1 M Agjr), Baji—1 N Ayjr) and is disjoint with P, for each c € {1,...,5} —{a,b }.
Without loss of generality, let a = 1 and b = 2.

ing {u

and uﬁ?) forming the three hubs and

For each j' € {1 2,..., N3 }, at least one of Pl[ugy_l,ug] and PQ[UQJ/_l,ué])] is also

connected to P, [u2],71,u2]] for some ¢ € {3,4,5}, via a path that is disjoint with the
other and with P., for each ¢ € {3,4,5} — { }, and is contained in G(V(Byj—1 N

Ayjr), Baji—1 N Agjr) for otherwise Py (ug?_l, u%?) U P2(ugj3_1, uga) is 4—separated from the
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rest of the graph G. Note that such a path is also disjoint with QE}?), for each j”
{1,2,..,N3} — {j}. Thus, there exists (upto relabeling of separations) a subsequence
Fi={(A;,B)):je{1,...,2N, } } C F3 with Ny > |N3/(6*2)] such that, for some
Ve{l1,2},ce€{3,4,5} and for each j' € {1,2,..., N, }, we have that \Pl[ungl,ugm >

\Pg[ug?_l,ué ]| > 3, and Py [ug;,)_l,ug;)] is connected with both P, [uéc;,) 1,ugc;.,)] a/nd
P [ugj),_l,UQJ] where ' € { 1,2} — { V' }, via (internally) disjoint paths Q ) and Q;l,) ),
respectively, both contained in G(V (Bgji—1 N Agjr), Baj—1 N Agjr), where Qﬁ./ is disjoint
with P! for each ¢ € {3,4,5 } and Qg-l,)/c) is disjoint with P! for each ¢ € {1,....,5}—{b,c }.
Without loss of generality, let ' = 1,0/ =2 and ¢ = 3.

Case 1: Suppose, for some ¢’ € {4 5}, C{1,2,....,N; }, Where J =3 g s o s
J1 < gh < ...< jb., and for each j" € J', there exists a path Q <) connecting P, [u;} 1 uéj)]
with P [ug],)_l,u% | that is disjoint with P, for each d € {1,3,4,5} — { ¢}, and is
contained in G(V (Bgji_1 N Asjr), Bajo—1 N Agjr). Then, as before, G can be reduced to a
W(1,3,n)-minor with the three hubs formed by contracting segments of the paths P, Ps
and Py contained in G[V (Bayj 1 N Agjy ), Baji—1 M Agjy ], and the rim formed (in part) by
the segment of the path P, contained in G[V(BjS,l F‘IA%"), Bgﬁ,lﬂA%n], a contradiction.

Case 2: Suppose, forsomed € {4,5},J C{1,2,..., Ny }, where J' := { J1s 085 s Jémas } ,
g < jy < .. < Jinis and for each j° € J', there exists a path Qg-}c/) connecting
P [u%) 1 ué])] with P [ug;/,)_l, ug;l,)] that is disjoint with Py, for each d € {2,3,4,5}—{ },
and 1s contamed in G(V(Baji—1 N Agj) Byj_1 M Agjr). Say ¢ = 5. Observe that if

|P[ 2], 1,u2 , ]| > 1 then, either u!* has degree at least 3 in G[V(A,), A,], for some

T < 25045 — 1 or ul” has degree at least 3 in GV (B,), B,], for some r > 25, .,. By Propo—
sitions 3.2.1 and 3.3.2 and Lemma 3.3.7, G[V(A,), 4,] (or G[V(B,), B,], whichever u{* has
degree at least 3 in) can be reduced to one of the graphs Gs, G3, G5, Gg, Gg and Gg; sim-
ilarly, each of G[V/(Agj 1), Agji 1], G[V(Bajy . ,): By, 1, GIV(Agy, 1), Agjy 1] and
G[V(Bayy,. ), Bajy, ] can be reduced to one of the graphs Gi,G4 and Gr. Since each
of G[V(ngi,l N A2j2n+4)7 BQﬁ*l N A2j4lln+4] and G[V(ngin%,l N A2jén+8)7 B2j41m+5*1 N AQjén+8]
can be reduced to the graph G'®), G contains a minor isomorphic to either C' Wi (2,1,n)
or CWiwy(2,1,n), forsome k € { 1,...,6 }. The case when ¢’ = 4 is identical upto relabeling
the paths P, and Ps.

Case 3: Suppose, forsome j' € {1,..., Ny, — 12n — 12 }, Pg[uzjz_l,ué?a +12n+12)] { u(gj’)

Additionally, suppose, for each j € { 0,1,...,12n + 12 },{d", 0"} = {1,2},{ c”,d”} =
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{ 4,5}, there does not exist a path connecting P, [ué(;)ﬂ) u;(j )ﬂ)] with P [ué(j) )

ué(] +])] that is disjoint with Py, P3 and Py and is contained in G[V (Bayjryj)—1 N Agjr +j)),
(2) @ 2 (1)
Bagjr+-1 N Asiraj), S(‘ID) that { 1(‘12)<j'+j)71’ 2= “j’(;) Ua(jrg) o)
G as (Cy, Dj) with Prluge, o s sy YU Paltgr gy 15 sy 3] € V(Cy). Then, by Propo-
sitions 3.2.1 and 3.3.2 and Lemma 3.3.7, for eachj e {1,3,..,12n+ 11 },GIV(C)),C}]

can be reduced to one of G, G4 and G7, with u2 Grg) -1 u%,ﬂ)_l, ugf?)? u%,ﬂ.) and uél(;,ﬂ)
forming the vertices x1, x9, x3, 24 and x5, respectively, and for some { ji, jo, ..., Jont2 } C
{1,3,...,12n+ 11}, G[V(C},), C; ] can be reduced to the same graph G¢ for each j, €
{j1;j27 ooy J2n42 }, where G¢ € { G1,G4, Gy } When G¢ = G7, G[V(BQj'—1 ﬂAQ(j’+12n+12))7
Bsjr—1 N Ag(jry12n412)] can be reduced to the graph G'®; similarly, when G¢ € { G4, G },
GV (Bgji—1 N Ag(jr412n412))s Bajr—1 N Az(j/+12n+12)] can be reduced to the graph G'(@ (the
case when G = (G requires swapping the labels ugg, o)t and u%, o)t for each
rel,2,..,n+1,i€{0,1,....2(J2r — j2r—1) }). As a result, since, by Propositions 3.2.1

and 3.3.2 and Lemma 3.3.7, { ugl), u§2) } is connected with { ug ), u§5) } via two disjoint

) } 5—separates

paths, each disjoint with P3 and contained in G(V(A;), A;), and {ug\), ,ug\), } is con-

nected with { ug‘j&4, u% } via two disjoint paths, each disjoint with P; and contained in

G(V(Ban,), Ban,), G contains a minor isomorphic to either W;(2,1,n) or TW;(2,1,n), for
some j € {1,2}.

Case 4: Suppose, for some j' € { 1,..., Ny, —2(12n + 13)(32n 4+ 71) + 1 } and for each j €
{0,1,...,2(12n + 13)(32n + 71) — 1} {a” vy ={12}.{,d"} = {4,5}, there does
not exist a path connecting P, [ué( ,)ﬂ) 1,u;(] )ﬂ)] with P [u (( ,)ﬂ) 1 uéc( ,)ﬂ)] that is dis-
joint with Py, Py and Pyr and is contained in GV (Ba(jr45)-1MNAa(r45))s Bagri)—1NAsgris]-

Additionally, suppose, for each j € {0,1,...,(12n 4+ 13)(2(32n + 71) — 1)}, ]P;g[ugg,ﬂ)fl

ué?@ rpit1ans12))| > 1, so that, for some J" € {j’, ;' +1,....j’ —i— 2(12n+ 13)(32n+ 71)—1},

where J' := { j1, 5}, -, Jhonir Jod1 < Gy < o < Jhonirts uzj, | F uzj,, for each j. € J',
and u,; ¢ . F ué?ﬂ_l, for each j. € J' — {j32n+71 }. Then, either for some J” C J', where
|J"| > 16n—|— 16, and for each j/. € J", P; [ugz 15 ug)] is connected with one of P [ug‘j), 11 ugj)]
and Ps [ué? 1 u(zi)] via a path that is disjoint with the other and with P, and P,, and that is

contained in G[V (Baj —1 N Agjr ), Bajr—1 N Agjr], or for some J” C J', where |J"| > 161+ 56,

and for each j. € J”, there does not exist such a path between Pg,[ug} 1,u$ | and ei-

ther of P4[ugj2_1,ug?] and P; [u§j2_1,u§j2]. In the former case, for some J” C J”, where
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|J"| > 8n+8, P3 [ué‘? _15 ué‘?] is connected with the same P [ué?l,)_l, ué?l,)], where ¢ € { 4,5},
for each j;. € J”, and, hence, G contains a minor isomorphic to either CWy,(2,1,n) or
CWiw(2,1,n), for some k € {1,...,6 } (similar to Case 2, upto relabeling the paths). In
the latter case, for some J” C J" where |J"”| > 4n + 14, not only does there not exist
a path between Pg[ugz l,ug)] and either of P4[ugj2 1,ugj ] and Ps [u2 . 1,u2 i )], for each
j. € J" but there also exist j/,j, € J”, with j, < j. < j/ for each j/ € J”, such that,
for some j” € {25, — 1,25, — 2}, 4 € {2j;,25; + 1}, either u(.il,) has degree at least 3 in
G[V(Ajy), Ajy] or u; ,,) has degree at least 3 in G[V(B;r), Bjr], and either u; ,,) has degree
at least 3 in G[V(A]S ), Aji] or u(,,) has degree at least 3 in G[V(B;y), Bj] (proof follows).

4.2.1.1. There exists a triple (J", j., j;) as described above.

Proof of claim. Let J" := {ji’,...,j{’6n+5ﬁ , where j7... < jlsnise, and let j! = 71,5/ =

Jenase- 1f each of ug?/fl and ug?,fl has degree at least 3 in G[V (Agjr_1), Agju_1], or each

(4)

of uy ;i and ugz, has degree at least 3 in GV (By;r), Byjr], then we're done. Suppose each of

uéj‘.z,_l and “g;")g—l has degree at most 2 in G[V (Agjr_1), Asju_1], and each of ug;z, and %),

274
has degree at most 2 in G[V/(By;r), Bajr] (x). Then, if each of ué ), and u?),

Jstant1a—l 2Js+4n+14_1
. !
has degree at most 2 in G[V(Agr,, 1), AQJS“HM 1], we're done with 5. = j” and

Ji = Jurans1s- S0 we may assume that for some j7, 57 € J", 3 > j7 19,441, €xactly one of
ug?/fl and ug?,fl has degree at least 3 in G[V (Agjr_1), Azjr_1] (a similar argument holds for
the case when exactly one of ug;z, and ugz, has degree at least 3 in G[V/ (Byy), Bajy]). This is
also true when (x) does not hold. Without loss of generality, let u§52, n have degree at least
3in G[V (Agjr_1), Agjr_1]. Then, for each j;' € J”, where i > s+4n+14 u2],, )

at most 2 in G[V/(Byjr_»), Byjr_»] and ugj.)(,_l has degree at most 2 in G[V (Byjr_1), Bajr_1]

has degree

for otherwise we're done. In turn, for each j” € J”, where k > s+8n+28, ué‘:’.g, , has degree
at most 2 in G[V'(Byjy—2), Bajy—»] and u! has degree at most 2 in G[V(Byjy 1), Bajy—1]
for otherwise we're done again. But then each of ugjz,_l and ugi%,_l has degree at least 3
in G|V (Agjr—1), Agjr_1], where r = s 4+ 8n + 28, and we're done with j, = j’,j; = j/. O

2”1

By Propositions 3.2.1 and 3.3.1 and Lemma 3.3.8, either G[V(Agjl_l),Agjg_l] can be re-
duced to G', where G’ € { GgM), G§24)(25 } if each of u2 , _, and u2 , _, has degree at most

2 in G[V(Asj_1), Agjr_1] and G' € { G813)(24 25)’G§(3 )(24),Gé24) G24 G(24 )(25) G(24 )(25)

8+(15) 8+(15)
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G5(924),Gg24)(25) } otherwise, with the vertices u(1)y; 1, u(2)y; 1, u(3)y; 1 u(4)y; ; and
U(5)2]/ | identified with x;, x4, 3, 22 and zs, respectiévely, or GG V(Agjl_lj Agjr 1] contains
two disjoint connected subgraphs H; and H such that, for some u € { u(4)y; 1, u(5)q;; },
{ u(1>23g71au<3)23g71>u(4)2gg717u( )2;;4 p—{u}C V(Hl) and { u(2 )23' 17“ }C V(H2)
in the latter case, G[V(Ayji42)); Aa(jr+2)] can be reduced to one of the graphs Gs U

{ 5wy, X129, X223, 375 } and GéA“r’) U{ x4, 129, T2T3, T34 }, With the vertices u(l)z( 19
u(2)2(jg+2), u(3)2(jé+2), u(4)2(jé+2) and u(5)20, +9) identified with z1, za, z3, 24 and 5, respec-
tively. Likewise with the graphs G[V(Bayj;), Byjr] and G[V (Bayji—2)-1), Ba(j;—2)-1]- Then,
since GV (Ba(jr43)-1 N Aaji—s)), Bagj13)-1 N Ag(ji—3)] can be reduced to the graph G2, G
contains a minor isomorphic to one of Wy (3,0, n), TW{ (3,0,n), W) (3,0,n), WQ_(b)(S, 0,n),
TWiy(,y(3,0,n) and TWy, (3,0, n).

Finally, since Ny > 2(20n + 14)(12n + 13)(32n + 71), either, for some j' € { 1,..., Ny —
2(12n+13)(32n+71)+1 } and for each j € { 0,1, ..., 2(12n + 13)(32n + 71) — 1 }, { a”, " }

={1,2},{,d"} ={4,5}, there does not exist a path connecting P, [ué‘g)ﬂ) . ué‘z;')ﬂ)]

with P [ué(a)ﬂ) 17Ué(j ) ] that is disjoint with Py, P; and Py and is contained in the

graph G[V (By; +j y—1MAgjr +j ))s Bagjr+jy—1MAg(jr1 )], or, for some J' C { 1,2, ..., Ny }, where
J = G dhs s Jhonaa b JL < Jh < o < j20n+14, and for each j' € J', there exists a path
connecting Py, [U;jf )1,Ug;jl)] with Ee, [u2j, )l,uéj | that is disjoint with By, Py and Py,

and is contamed in G(V (Bgjr—1NAs; ) Byj_1NAyj), where { aj, b } ={1 2} { iy, dj, }
= {4,5}. In the latter case, for some J” C J', where |J”\ > 16n + 16, and for
each j' € J" a5 = 1 and we're done by Case 2, for otherwise we are in Case 1, a
contradietion. In the former case, if, for each j € {0,1,...,(12n + 13)(2(32n + 71) —

1)}, |P3[ ] Gid) 17U%/+]‘+12n+12)]| > 1 then we’re done by Case 4, otherwise we're done by

Case 3. O
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Chapter 5

Unavoidable Minors

We conclude by giving a short proof of Theorem 1.2.1 that puts the two cases together and
mentioning a deterrent to this approach being extended to higher connectivities.

5.1 Proof of Theorem 1.2.1

Proof of Theorem 1.2.1. Let

N = max { 25(]02.2‘3(6, f2,1_3(4n + 4)))f4‘2'1(n)+1, f2.1_3(47l + 4), fg.l.g(n) }

and let G be a 5—connected graph with at least IV vertices. We may assume that G does
not contain a 6—connected set of size at least fy;3(4n + 4), for otherwise we're done by
Corollary 2.1.4. Similarly, by Corollary 2.1.2; we may assume that G' does not have a minor
isomorphic to W (1,3,n). Then, by Corollary 2.2.3,bd5(G) < fo23(6, fo13(4n +4)) — 1,
and, since |V (G)| > 25(f2.0.3(6, fo13(4n+4))—1)f+21(0+1 by Proposition 4.1.1, it contains
a family of distinct nested 5—separations of size at least fi21(n). The rest of the proof
follows from Lemma 4.2.1. O

5.2 A Deterrent

It is easy to see that the two cases underlying this approach do not both trivially extend
to large 6—connected graphs for § > 6.
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In particular, the first case, when the large §—connected graph under consideration
also has a large (6 + 1)—connected set, does not trivially produce a §—connected minor for
each of the unavoidable minors of graphs with large (6 + 1)—connected sets proposed by
Geelen and Joeris in | ], as was true for § = 5. This is clear from the fact that the set
of unavoidable minors proposed by Geelen and Joeris invariably contains a planar graph
which cannot have a §—connected minor for any 6 > 6.

It is also understandable that the second case, which covers large §—connected graphs
that do not contain a large (6 4+ 1)—connected set, will possibly entail, for § > 6, the
discovery of a larger number of unavoidable rooted minors both for the intersection of the
larger sides of two non-crossing separations in the graph and the smaller sides of these
separations, as well as the identification of the different conditions in which the two can be
patched together. The sheer number and complexity of these unavoidable rooted minors
could make finding an explicit set of unaoidable minors in this case a much taller order
than it was for 6§ = 5.
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Appendix A

Graph Constructions

A.1 Unavoidable Minors from the First Case

This is the case when the said sufficiently large 5—connected graph contains a large
6—connected set. We give here graph constructions for W(1,3,n), W(2,2,n), TW(2,2,n),
W(3,0,n) and TW;(3,0,n), for each i € { 1,2,3 } (see Figure 1.3).

W(1,¢,n) and the (1,¢,n)— wheel W(1,¢,n) are both one and the same graph. Each
of the graphs W (2,2,n) and TW (2,2,n) can be constructed using n — 1 disjoint copies of
the homogenous (1, 1,5)—wheel W(1,1,5) as follows.

(a) For each 7 € {1,...,n—1}, let v%j),véj),véj),vf),véj),v}(j) denote the vertices of the
j—th copy W(1,1,5)V), with v,(f) as the lone hub, such that v\’ ..., 0% form the vertices
of the 5—cycle W(1,1,5)W\ { v,gj) } in that order; let u be an additional disjoint vertex.

Let G’ be the graph obtained by identifying the vertex-pairs (véj), vgjﬂ)), (vflj), v,gj+1)),

(véj), v§j+1)) and (v,(f),véjﬂ)), and adding the edges (u,v%j)) and (u,véj+1)), for each
je{l,..,n—2}

(b) Then W(2,2,n+1) is obtained from G’ by adding another vertex v along with the edges
(v, u), (v,v%l)), (v,vél)), (v,vfln_l)), (v,vén_l)) and (vél),vin_l)), whereas TW (2,2, n)
is( okl))tained from G’ by adding only the edges (v§1),v§”‘1)), (vél),vén_l)) and (vél),
v ).
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Each of the graphs W (3,0,n) and TW;(3,0,n), where i € { 1,2,3 }, on the other hand,
can be constructed using n disjoint copies of W(1,1,5) as follows.

(a) For each j € {1,....,n}, let vy),vé]),vé]),vy),vé ,vh denote the vertices of the j—th

copy W(1,1,5)1), with v}(Lj) as the lone hub, such that vl e 5 ) form the vertices of
the 5—cycle W(1,1,5)0)\ { ’ug) } in that order. Let G’ be the graph obtained by iden-

tifying the vertex-pairs <'Uz(1j)> Uéﬁl)) and <U5 ,UEJH)), and adding the edge (U:S,j), U:(gjﬂ))a

foreach j € {1,...,.n—1}.

(b) Then W (3,0,n) is obtained from G’ by taking another copy W(1,1,5)" 1 (with ver-
tices labeled vinﬂ), ...wénﬂ),v}(lnﬂ), as described in (a)) of W(l, 1,5), identifying the
vertex-pairs (vgl),vénﬂ)), (vél),vfln“)), (W™, 00" ) and (vl 0") | and adding the
edges (vél), U§"+1)) and (v3 ), é )) TW1(3 0,n) is obtained from G’ by adding another
vertex v along with the edges (v, ) (v, vél)), (v, vé")), (v, vi")), (v, vén)), (v§1),v§”)),
(v§ ), vén)) and (112 ),vén)), W2(3 O ,n) is obtained from G’ by adding only the edges
(v§ ),vén)), (vg),vi )), (vé ), (n )), (vél),vén)) and (vé ),vé ); and TW3(3,0,n) is ob-
tained from G’ by adding only the edges (vgl),vén)), (v%l),vé )) (vé ),vin)), (vél),vé”))

and (v3 b, vfln)).

A.2 Unavoidable Minors from the Second Case

This is the case when the said sufficiently large 5—connected graph does not contain a large
6—connected set. We give here graph constructions for W;(2,1,n), TW;(2,1,n), Wy (3,0,
n), TWy (3,0,n), Wy, (3,0,n), Wy, (3,0,n), TWy,(3,0,n) and TW;, (3,0, n), for each
Jj € {1,2} (see Figure 1.4), as well as for CWy)(2,1,n) and CWy4)(2,1,n), for each
ke{l,..6} (see Figure 1.5).

For each i € { 1,...5 }, let P;(n) be a path containing the vertices vii), s o in order;

to the union Py(n) U ... U Ps(n) add the edges v](-l)vf) and v§2)v§3), for each j € {1,...,n },
to form the graph G(n). Let G' be the graph formed from G(2n + 2) by identifying the

vertices v( ) .. UéerrQ into v, for each i € { 3, 4 5 }, G* be the graph formed from G(4n+8)

by 1dent1fy1ng the vertices v§ ), . vfl72+8 into v, for each i € {4,5}.

(a) Let G'@ be the graph formed from G! by identifying the vertex-pair (vé;)_l, v%)) into

;.(1) and adding the edge v;(l)v(?’), for each j € {1,..,n+ 1}, and identifying the
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Figure A.1: G(n),G' and G
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Figure A.2: Rooted minors of the intersection of the sides of two non-crossing
5—separations in a 5—connected graph.
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vertex-pair (vg) Q,US) 1) into U;(2), for each j € {2,..,n+1 };v1(2) = v?),vﬁé =

v, 5. Then W1(2, 1,n) is obtained from G'@ by adding the edges VM) i Py®),

U;L(Jlr)lv(‘r’), vﬁ) v and then contracting each of them except v} "Wy ), while TW1(2, 1,n)
is obtained from G'(@ by adding the edges U1 M) v, U1(2) @) :fi)l (4 ), Uqﬁ)Q and then

(1)

n+1

v™® along with v[ v\

contracting each of them except v
Let Gy be the j—th of n + 1 disjoint copies of G, having vertices vy, ..., Us(j), Un(j),

T1(j)s -+ Ts(j)- Let G be the graph formed from G! by deleting the edges vé;)_lvg-),

vg),lvg), and identifying the vertex-pairs (xl(j), vé}ll), (z2(j), Ug)q% (:Eg(j),v(?’)),
(4 ~),v§§)) (w55, 1}2])> for each j € {1,..,n+ 1}, and identifying the vertex-pairs
(US) Q,US) ,) and (1)2]) Q,Ué2)_1) into vj( ) and 1/ @ respectively, for each j € {2 ..,
n+1}; v/(l) : vg ),vi(z) = vf),vﬁ)z = vé}l)ﬂ,vﬁ)z = véi)+2 Then W5(2,1,n +
1) is obtained from G'® by adding the edges v v®), v{Zp® v( ) v) vﬁ)Qv(‘l) and
contracting each of them, while TV[/2(27 I,n+1)is obtamed from Gl by adding the

/(1)1)(5),1}1(2)1}() () (4) U/()

edges v; ) and contracting each of them.

Let G2 be the graph formed from G? by identifying the vertices 'US-)_?), US) 9, vg) , and

US-) to form the vertex v;(l), for each j € {1,...,n+ 2}, the vertex-pair (vg)q, vg) 1)

to form the vertex U;@), for each j € {2,...,2n+ 4}, the vertices vg’) 5,1}4(5) 4,vg’) 3

and 1)43_2 to form the vertex 1);(3), for each j € {2,...,n+ 2}, and the vertex-pairs

(v§ ), vég)) and (v4n) 7 vﬁ) g) to form the vertices o1 and v,’li)g, respectively, and then

contracting the edges v( )v/(2),v/1( )112(3),1)22141)2(,&5 and vn +)21)n(i)3 (note that vl(z) =

v§2), v;(jlg) = Z(m)JrS) Let G’ be a graph formed from G*¢ and two disjoint copies of

K4 by identifying the first copy with the vertices vl(l), 1(2), ) and v® and the second
copy with the vertices vll(l), 2/1(2), v® and v(5) Then W, (3,0,n + 1) is obtained from
G’ by adding the edges v} )y and U, (3) , while TW7 (3,0,n + 1) is obtained from

G’ by adding the edges v} ®)56) and v )31)( )

Let G” be a graph formed from G*) and two disjoint copies Ggl) and G(72) (contain-
ing vertices :c( ) ceey xél) and xf), ceey xf), respectively) of G by identifying the vertex-
pairs (2, 1l), @, 5®), (o, o1, (20,09, (@0, 0), (o2, 1Dy, (o2, o),
@080, (2P, v®) and (z1?, v®). Then Wiay(3,0,m + 1) is obtained from G” by
adding the edge v™®v®) | while Wi (3,0,n+1) is obtained from G” by adding the edges

0106 and v/Pv®. Let G” be a graph formed from G2© and two disjoint copies G(71)
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and Gg (containing vertices x( ) o xgl) and x(2) . a:?), respectively) of G by iden-

tifying the vertex-pairs (xgl), Ul( )),( (D 1@, (xé ),01(3)), (a:f),v(‘l)), (xél),v(‘r’)), (ac?),
U;L(Jlr)Q)a (Ig)? Ug&@)a (I(Q),U;(i)g) (ZE'( : U(E) ) and ( E"’))7 “ )) Then TWQ_(Q)(3707n + 1) is
obtained from G" by adding the edge vYv®) while TWQ_(b)(B,O,n + 1) is obtained
from G” by adding the edges v/ Vv® and v[®Pv®.

Let Gl be the graph formed from G'® by replacing the edge v Yy® with the
edge v» , for each j € {1,...,n+1}. Let, for each &k € {1,.. 6} with Hf €
{Gl,G4,G7} contalmng vertices xl(l), xlg and HY € {Gy,G,4,G7} containing
vertices 28 .. 25®), CW), be the graph obtained from G, H¥ and H¥ by identifying
the vertex-pairs (1", o), (25", i), (25, 0®), (@, o), (25", v®), (2},
1 k(2 2 k(2 k(2 k(2

v)s (@3, o), (@3 0®), (@5, o®) and (257, o), where (H}, H}) := (G,
Gl)ﬂ (H12> H2) . (G4> G4>7 (Hfa HS) = (G77 G7> (Hf> H24> = (G1>G4)> (H157H25) =
(G1,G7) and (H?, HS) := (G4, G7). Then, for each ke{l,.,6},CWyu(2,1,n+1)
is obtained from C'W}, by addlng the edge v®v® and CWi, (2, 1,n 4+ 1) is obtained
from CW}, by adding the edge v v®).
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