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Abstract

In my thesis, I examine charged black holes in two contexts. The first part
covers the formation of something analogous to event horizons for a class of
Lorentz-Violating theories which allow for signals to travel faster than light.
In particular, the focus is put on the construction of horizons for the limiting
case where the signal travels infinitely fast called a universal horizon. An ex-
plicit construction for a metric containing a massive collapsing charged shell
is presented followed by an extension into rotating systems using a geometric
argument. The latter context is Randall Sundrum model of gravity applied
to higher dimensions. The research begins with a general ansatz and restricts
parameter space using the equations of motion and junction conditions created
by brane on which some charge is trapped. Some examination of the available
solutions follows, and an analysis of the entropy relations for large and small
black hole solutions concludes the results.
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Overview

The following is a collection of work conducted during my time as a Masters
student a the University of Waterloo. Although the two independent projects
are quite disparate in scope both broadly look at alternative theories of gravity
and some of their consequences. Chapter 1 is the contents of published paper
(1) that will cover the formation of universal horizons, a structure that will
be explained below, first in the context of a collapsing charged massive shell,
and then examining an eternal spinning system. Chapter 2 will address ex-
tremal Randall-Sundram black holes of arbitrary dimension and examine how
the entropy of the bulk and brane systems are related.

The earlier chapter is motivated by models which contain a preferred frame
such as k-essence, Cuscuton or Hor̆ava-Lifshitz. K-essence is a special type of
quintessence theory with a non-canonical kinetic term. Quintessence theory
was proposed in (2) to attempt to solve part of the cosmological constant prob-
lem. The cosmological constant problem occurred because, despite changing
at drastically different rates, matter and dark energy have the same scale of
energy density throughout the universe in modern times. This coincidence is
quite troubling, as when we only use Λ-CDM we would require the initial energy
density of dark energy to be 100 orders of magnitude smaller than matter in
the earlier universe. Because of this peculiarity, the problem is known as the
cosmological coincidence problem (3). Quintessence theories attempt to solve
this by having a scalar field which follows the energy density of radiation until
radiation-matter equality where its behaviour changes to match dark energy.
However, the non-canonical kinetic terms in K-essence, result in signals which
can propagate faster than light. This property causes a lot of pause for those
researchers concerned about causality. However in (4), we are assured that
causality can be preserved by some metrics and those that do not would be
considered physically unreasonable, much like how we consider metrics which
would create close timelike curves in 4-D general relativity non-physical. If we
take the speed at which these signals travel in k-essence and allow them to go
infinitely fast, we lose dynamic degrees of freedom but gain constraints on the
dynamic sector in such a way that creates behaviour like modified gravity(5).
This limiting case is known as Cuscuton theory. It is an interesting limit to look
at as it is also the low energy limit of the chief motivation for the first chap-
ter, Hor̆ava-Lifshitz gravity (6). Hor̆ava-Lifshitz attempts to make progress in
quantum gravity by fundamentally breaking the equivalence of time and space
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at high energies. Because of this symmetry loss, Hor̆ava-Lifshitz gravity features
a singular foliation for a given geometry. All of these theories feature an action
of the form the scalar field φ is

S =

∫
d4x
√
−gL(X,φ)

where X = 1
2g
µν∇µφ∇νφ. The theories of interest have a Lagrangian density

of the form
L = aXn − V (φ)

which was concisely shown in (7) to have as speed of sound of

c2s =
1

2n− 1

where n → 1
2 corresponds to Cuscuton and the low energy sector of Hor̆ava-

Lifshitz we are interested.
Following the lead of (7), we are interested in seeing if these theories can

be applied to other classic black hole solutions. Signals which travel arbitrarily
fast could cause problems for the idea of a shielded singularity. However, it has
been seen that an analogous structure to an event horizon, called a universal
horizon form for signals which could travel infinitely fast. This structure is then
the limiting case for theories which feature superluminal but finite speeds of
sounds. The focus primarily is to find this horizon for spherically symmetric
charged collapsing shell. We will utilize the standard metric for this system
and solve for the lines of constant time that are defined by the preferred frame.
Some thoughts of how to extend the analysis to more general problems and an
application to the classic Kerr solution are then presented.

In the second chapter we approach a horizon solution using a theory which
was proposed to explain a different problem. The hierarchy problem of forces
asks why gravity is comparatively so weak compared the forces which govern
the standard model of particle physics. Lisa Randall and Raman Sundrum
(RS) proposed in 1999 a mechanism which attempts to solve this problem (8).
The initial mechanism had the standard model constrained to a brane inside a
higher dimensional bulk. In the original mechanism the space was bookended
by another brane where gravity would be strong. The model we are interested in
only requires a single brane to where particles are restricted. This so called RS
II model is especially interesting as it is an AdS bulk which has desirable physics
on a codimension-1 subspace which might be of keen interest for those studying
the AdS/CFT correspondence. A reconstruction of low energy RS II can be seen
from this perspective in (9). RS II is able to recover perturbation Newtonian
gravity at low energies for distances large compared to the bulk AdS radius. In
order to see if this would be able to recover the known properties of general
relativity, previous work has endeavoured to find black hole solutions. These
have proven difficult to find but in 2009 Kaus and Reall(KR) found means to find
extremally charged black hole solutions(10). In previous work before them (11),
there had been found solutions which would require that RS’s model inherently
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CHAPTER 0. OVERVIEW

takes account for quantum corrections to general relativity. If RS’s model took
account of these correction a static solution would be impossible to find bar for
some specific cases. Hence their choice of extremally charged black holes. In the
extreme limit the charged ReissnerNordstr om black hole has zero temperature,
allowing for the restoration of an assumption of a static evolution.

Curious to see if these approaches are robust enough to be carried to higher
dimensions, we take RS’s second model and raise it up into higher dimensions.
Following KR’s approach, we start with the near horizon structure and attempt
to solve the equations of motion for the full space. Israel junction conditions are
imposed and the possible solutions are examined. Comparisons to the expected
value from a higher dimensional Einstein-Hilbert action conclude the chapter.
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Chapter 1

Universal Horizons in
Charged and Spinning
Spacetimes

1.1 Introduction

The theory of general relativity (GR) has been successful in describing a wide
range of phenomena, from solar system to cosmological scales. In addition to
being consistent with various experiments, the mathematical elegance of the
theory is very appealing. Diffeomorphism invariance, at the core of GR, gives a
straightforward constructive way of building the theory.

From an observational point of view, there is no reason to abandon this
theory. GR is compatible with a wide variety of experimental constraints1. On
the other hand, many attempts have shown so far that modifying GR is a tricky
task, and one often faces physically unacceptable results, e.g. the appearance of
the Boulware-Deser ghost in massive gravity (12) and ghost degrees of freedom
in quadratic gravity (13).

However, studying non-GR theories of gravity is still valuable, and the main
reason stems from quantizing gravity. GR, while being a very successful classical
theory, has failed to cope with quantum mechanics. Therefore, one approach to
quantum gravity has been to abandon diffeomorphism invariance, as e.g., done
in the celebrated Horava-Liftshitz gravity (14). However, the strict empirical
constraints on violations of the equivalence principle requires observable devia-
tions from Lorentz symmetry to be limited to high energies, which provides a
challenge for the construction of these theories (e.g., (15)).

1Although there have been various attempts to solve the problems of dark matter and dark
energy with GR modifications, simple solutions to these problem in the context of GR exist.
In other words, there is no apparent observational contradiction with GR which necessitates
GR modifications.
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CHAPTER 1. UNIVERSAL HORIZONS IN CHARGED AND SPINNING
SPACETIMES

In different examples of theories with broken Lorentz invariance, superlu-
minal degrees of freedom appear (see (16; 17)). The existence of superluminal
excitations (SLE) points out that a different causal structure exists in these
theories compared to GR, even when the back-reaction of these excitations on
the geometry is negligible. This property is especially significant for black hole
(BH) solutions. While potentially SLE can escape the traditional Killing hori-
zon of a BH and make the classical theory unpredictable (18), it has been shown
in many examples (19; 20; 21; 22; 23; 24; 25; 26) that a notion of horizon (called
universal horizon) still exists in these theories. Moreover, universal horizons
(UH) thermally radiate and satisfy the first law of horizon thermodynamics2

(27; 28; 29; 30) (but also see (31)). Studying the notion of universal horizons
and its temperature and entropy is important since it guides us to better un-
derstanding the structure of the UV theory.

In this chapter, we study the universal horizon formation in dynamical or
stationary spacetimes with an inner killing horizon, in the limit of infinite sound
speed for excitations (i.e. incompressible limit). In order to do so, we make use
of the fact that surfaces of global time (defined by the background field), in the
incompressible limit of Lorentz violating theories, coincide with constant mean
curvature (CMC) surfaces of the spacetime (6). Furthermore, the backreaction
of the incompressible field on the spacetime geometry is negligible as long as
the event horizon is much smaller than the cosmological horizon (7). In the
next section, we show how the universal horizon forms in a dynamical setting,
in the collapse of a charged shell, and we derive a formula for the radius of the
universal horizon in terms of the charge. In Section 1.3.1, we propose a geometric
definition for universal horizons. This allows us to study the universal horizon
for spinning black holes. In 1.3.2, we show that there are three axisymmetric
surfaces that satisfy the conditions of a universal horizon. This means that
two families (with infinite numbers) of axi-symmetric universal horizons in the
Schwarzschild case exist. Section 1.4 concludes the chapter.

1.2 Universal Horizon in Dynamic Reissner–Nordstrom
Geometry

We start this section by finding CMC slicing of dynamic Reissner–Nordstrom
(RN) geometry. As mentioned earlier, CMC surfaces of this spacetime are the
constant global time surfaces of the background incompressible field, and they
define the new causal structure imposed by this field (see the analysis in (7)).
Once we derive the CMC slicing, we focus on the (universal) horizon formation
in this geometry.

2so far only for spherically symmetric solutions
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1.2. UNIVERSAL HORIZON IN DYNAMIC REISSNER–NORDSTROM
GEOMETRY

1.2.1 CMC Surfaces in a Dynamic Reissner–Nordstrom
Geometry

In order to examine the formation of the universal horizon in a dynamic Reissner–
Nordstrom geometry, one must first describe surfaces of constant mean curva-
ture for a collapsing charged massive spherical shell. An examination of CMC
surfaces has been similarly looked at in the restricted case of maximal surfaces
(K = 0) (32). The dynamics of the collapse itself is well known and described
by Israel (33). Describing the metric in the standard way has the geometry
inside the shell as flat and the RN spacetime outside. We write this geometry
as:

ds2 = f−(r)dt2− − f−(r)−1dr2 − r2dΩ2 (r < R)

ds2 = f+(r)dt2+ − f+(r)−1dr2 − r2dΩ2 (r > R)

where f−(r) = 1 and f+(r) = 1− 2M
r + Q2

r2 in G = c = 1 units. The parameters
are the gravitational mass M and shell’s charge Q. For simplicity we will often
use relative charge q = Q/M . While the spherical coordinates are shared be-
tween the inner and outer regions, the time coordinates t− and t+ correspond
to the Minkowski and RN time respectively.

Let the family of spacelike CMC surfaces be denoted by ΣK(tg) where tg is
a global time coordinate that is constant for each surface. The timelike normal
vector to this surface is labelled vµ. The CMC condition implies ∇µvµ = K,
resulting in:

∂

∂t±
vt± +

1

r2
∂

∂r
r2vr = K (1.1)

If we denote B ≡ −r2vr and use the normalization condition vµv
µ = 1 then:

r2vt± = ±f±(r)−1
√
B2 + f±r4. (1.2)

For now we use the ’+’ case so that vt > 0 for r �M . Additional explanation
and the cases where ’−’ is relevant will be seen in Section 1.2.4. Combining this
result with (1.1) we get

B

f±(r)
√
h(r,B)

∂

∂t±
B − ∂

∂r
B = Kr2 (1.3)

with h(r,B) = B2 + f±r
4. The characteristic equations of (1.3) are simply:

dt±
ds

=
B

f±(r)
√
h(r,B)

,
dr

ds
= −1, and

dB

ds
= Kr2, (1.4)

for some parameter s. Using the second equation of (1.4) to integrate the first
and third equations results in:

t± = (t±)0 −
∫ r

r0

Bdr

f±(r)
√
h(r,B)

, and B =
K

3
(r3 − r30) +B0, (1.5)

3



CHAPTER 1. UNIVERSAL HORIZONS IN CHARGED AND SPINNING
SPACETIMES

where (t±)0, r0, andB0 are integration constants. In order to fix these constants,
we examine the internal and external cases separately.

1) Inside the shell: If r0 = 0 then B(r = 0) = B0. If B0 6= 0 this would lead
to a contradiction, as vr = −B

r2 should be finite in the flat geometry. Therefore
with r0 = 0, the equation reduces to:

t− = (t−)0 +

∫ r

0

Kr3dr

3
√

(Kr
3

3 )2 + r4
andB =

K

3
r3 (1.6)

2) Ouside the shell: Let r0 = R((t+)0). We can determine B0 by looking
at the boundary between the flat and RN spaces. Projecting the vector vµ

along the shell should give us continuous observable values. The shell’s timelike
path comes from S = R(t±) − r = 0 which creates the unit normal vector and
tangent vector labelled as nµ and uµ respectively. If we choose the sign of the
normalization factors such that ur < 0 , the vectors take the form:

nµ− =
gµν

N−
(∇−)νS =

1

N−
(

dR

dt−
, 1, 0, 0), (1.7)

uµ− =
1

N−
(1,

dR

dt−
, 0, 0), (1.8)

N2
− = 1− (

dR

dt−
)2, (1.9)

inside the shell, while outside takes the form:

nµ+ =
gµν

N+
(∇+)νS =

1

N+
(f−1+

dR

dt+
, f+, 0, 0), (1.10)

uµ+ =
1

N+
(1,

dR

dt+
, 0, 0), (1.11)

N2
+ =

f2+ − ( dR
dt+

)2

f+
. (1.12)

We wish to find functions C(R) and D(R), such that:

vµ− = Cnµ− +Duµ−. (1.13)

From inside the shell vµ(R) = (1, 0, 0, 0) which means C = −1
N−

dR
dt−

and D = 1
N−

.

Requiring projections (C and D) to match at the boundary, we get:

B0 = −R2(C(n+)r +D(u+)r) =
R2

N+N−

(
dR

dt+
− f+

dR

dt−

)
. (1.14)

So, if we specify the dynamics of the shell dR
dt±

, all the parameters are fixed.
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1.2. UNIVERSAL HORIZON IN DYNAMIC REISSNER–NORDSTROM
GEOMETRY

Figure 1.1: h(r,B) with sub-critical, post-critical and critical B for Q = 0.

The description of the radial velocity comes from Israel and De La Cruz
(33): (

dR

dt−

)2

= 1− R2

(εR− b)2
, (1.15)(

dR

dt+

)2

= f2+ −
f3+R

2

(εR− b− m
ε )2

, (1.16)

where ε = M
M and b = M(ε2q2−1)

2ε with M denoting the total rest mass. We can

use (1.15) and (1.16) to reduce N+ = Rf+
εR−b−Mε

and N− = R
εR−b . Note that N+

changes signs to enforce ur < 0, becoming negative only when dR
dt±

flips signs.

These choices simplifies B0 to:

B0 =
M

ε

√
(εR− b)2 −R2. (1.17)

1.2.2 Horizon Formation

Following the analysis of (7), we examine the properties of t+. The behaviour
of t+ heavily depends on h(r,B). While B is large, which corresponds to large
R, h(r,B) is never vanishing. However when a critical value Bc is reached,
h(r,Bc) has double root at a particular value of r labelled rh (see Figure 1.1).
Something interesting will occur when rh is larger than the radius of the shell
for which Bc occurs, named Rlc or the radius of last contact (B(Rlc) = Bc). A
signal sent out from the shell at Rlc will proceed out to rh but takes infinitely
long time to ever reach this radius. In fact, signals sent just outside Rlc will

5



CHAPTER 1. UNIVERSAL HORIZONS IN CHARGED AND SPINNING
SPACETIMES

Figure 1.2: The outer, inner, and universal horizons for K = 0 and varying Q

form an envelope around rh staying at this radius longer and longer, as Rlc is
approached, before escaping to infinity (see Figure 1.3). The values of Bc and

rh can be found by finding the solutions to h(r,B) = ∂h(r,B)
∂r = 0. We examine

this equation in two different cases.

Case 1: K = 0

Equations for the double root reduce to:

r4h − 2Mr3h +Q2r2h +B2
c = 0 (1.18)

2r3h − 3Mr2h +Q2rh = 0 (1.19)

to which the solutions with non-negative real Bc are the trivial rh = Bc = 0
and

rh =
3M

4
+
M

4

√
9− 8q2 (1.20)

Bc = rh

√
−r2h + 2mrh −Q2 = r2h

√
−f+(rh). (1.21)

It is of interest to note that the asymptotic radius of the UH is always
between the inner and outer killing horizons of the metric (see Figure 1.2).

6



1.2. UNIVERSAL HORIZON IN DYNAMIC REISSNER–NORDSTROM
GEOMETRY

Case 2: K 6= 0

Equations for the double root are written as:

K2

9
r6h + r4h + (

2KBc
3
− 2M)r3h +Q2r2h +B2

c = 0,

K2

3
r5h + 2r3h + (KBc − 3M)r2h +Q2rh = 0.

The non-trivial solution for Bc is:

Bc = rh

√
−r2h + 2Mrh −Q2 − Kr3h

3
= r2h

√
−f+(rh)− Kr3h

3
, (1.22)

however as Bc is dependant on rh the solution for rh must be perturbatively
expanded in K. To linear order the solution is:

rh = r0h −K
(r0h)3

√
−f+(r0h)

M
√

9− 8q2
+O(K2), (1.23)

where r0h = 3M
4 + M

4

√
9− 8q2. Assuming that the expansion of the background

field is negligible (for example fixed by cosmology, as K = 3×Hubble constant),
in the region of interest 0 < r < 2M the effect of terms containing K are
insignificant. From here we set K = 0 as its effect will only come into play
when looking at the causal structure when R is very large.

The last unknown of the universal horizon is where it begins before it asymp-
totes to rh. To solve for Rlc we use that B(Rlc) = Bc and it results in either:

Rlc =
b

2
− B2

c

2bM2
, (1.24)

for ε = 1 or

Rlc =
εb+

√
ε2(ε2 − 1)B2

c/M
2 + b2

ε2 − 1
, (1.25)

for ε > 1.
We take the larger of the solutions to the quadratic, as the first instance of

Bc will create the behaviour desired.

1.2.3 Inside the Universal Horizon

The foliation can be extended for B < Bc, however some subtleties arise. Denote
the unit tangent vector of the CMC surfaces at the point the surface intersects
the shell as sµ which in components can be written as:

sµ =
1

Ns
(T ′cmc(R), 1, 0, 0), (1.26)

N2
s =

1− f2+T ′2cmc
f+

=
R4

h(R,B(R))
, (1.27)

7



CHAPTER 1. UNIVERSAL HORIZONS IN CHARGED AND SPINNING
SPACETIMES

Figure 1.3: The universal horizon formation for Q = 0 in Schwarzschild coordi-
nates. The blue lines represent CMC surfaces, the lowest brown line where the
CMC lines originate from is the shell’s surface, the red line and the boundary
of the shaded region is the universal horizon (UH).
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1.2. UNIVERSAL HORIZON IN DYNAMIC REISSNER–NORDSTROM
GEOMETRY

(a) The universal horizon formation for
Q = 0 in Kruskal-Szekeres coordinates.
The lines/region have the same mean-
ing as Figure 1.3, additionally ,the dotted
black is the radius that UH asymptotes
to, the thick black line represents the null
horizons, and the dashed line the singu-
larity.

(b) The Penrose diagram for a Q = 0 col-
lapsing shell depicting the UH horizon.
The lines/region have the same meaning
as Figure 1.3 with the inclusion of sub-
UH CMC surfaces in blue.

Figure 1.4: Surfaces for constant global time and formation of the universal
horizon in Kruskal-Szekeres coordinates and Penrose diagram for Q = 0.
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SPACETIMES

where the last equality comes from using the derivative of (1.5). In general
h(r,B(R)) is a quartic that can not easily be factored, however when restricted
to the surface of the shell it can be factored to:

h(R,B(R)) =

(
R2 −MR+

Mb

ε

)2

. (1.28)

Thus one can write the normalization factor as:

Ns =
R2

R2 −MR+ Mb
ε

. (1.29)

As a result, between the zeroes of 1/Ns at M
1±
√

1−4b/ε
2 we get sr < 0. In

particular this means that rather than increasing in r the CMC surfaces that
intersect between these two roots will have a strictly decreasing r coordinate.
Moreover it is precisely at these points where st switches signs corresponding
to the second solution for T ′cmc which comes from the ’-’ solution to r2vt+ .

The second complication occurs when R does not lie between the roots of
Ns while still being less than Rlc. Here the CMC surface increases its radial
coordinate initially only to encounter a zero of h(r,B(R)) at rturn. The integral
for t+ can carried out since T ′cmc only depends on the square root of h(r,B(R))
and, by construction, rturn is only a first order zero of h(r,B(R)). After this
point T ′cmc switches signs and the r coordinate begins decreasing, flipping the
direction of the integration taking the surface from rturn to 0.

Now that these subtleties are understood, we are ready to examine the struc-
ture of the complete foliation.

1.2.4 Foliation Structure

We will break up the discussion into several sections. For all our analysis we
consider the shell to be dropped from infinity thus ε ≥ 1 (33), in particular the
inward velocity of the shell at infinity is exactly

√
ε2 − 1. There are 4 cases of

interest:

Case 1: Q = 0

When restricted to Schwarzschild, b = −M
2ε making it strictly negative. In

particular the value of ε is only relevant to the radius of last contact, and so
without losing any depth of examination we set ε = 1. Figures 1.3 and 1.4a
illustrate the foliations created by the CMC surfaces for R > Rlc and the final
well defined CMC surface that creates the universal horizon in Schwarzchild
and Kruskal-Szekeres coordinates. Once a conformal compactification has been
performed the casual structure is clear in Figure 1.4b with the additional sub-
UH CMC surfaces (which end in a singularity, rather than the space-like infinity
i0).

10



1.2. UNIVERSAL HORIZON IN DYNAMIC REISSNER–NORDSTROM
GEOMETRY

Figure 1.5: The Penrose diagram for Q = 0.99M and ε = 1 collapsing shell
depicting the UH. The lines/region have the same meaning as Figure 1.3

with the inclusion of sub-UH CMC surfaces in blue.

Case 2: Q 6= 0 & b ≤ 0

For ε small enough such that the numerator of b remains negative, the shell
is unable to rebound before collapsing to a singularity. Schwarzchild and the
charged generalization of Kruskal-Szekeres remain almost identical in their anal-
ogous charts. The causal structure in Figure 1.5 reveals the distinction from
case 1. The collapse ends in the coordinates, colloquially called the parallel
universe.

Case 3: Q 6= 0 & 0 < b < b/ε+ 1/ε2

For the range of ε such that 0 < b < M
ε2 , the shell rebounds at the radius

of b
ε−1 but in the parallel coordinates that distinguish it from the next case.

In particular this means that t(R) has a stationary point between r+ and r−.
Figure 1.6 shows the collapse and the corresponding causal structure for this
case.

Case 4: Q 6= 0 & b ≥ b/ε+ 1/ε2

Subsequently for b > M
ep shell rebounds at the radius of b

ε−1 in the original
coordinate charts or exactly where the original and parallel coordinates meet .

11



CHAPTER 1. UNIVERSAL HORIZONS IN CHARGED AND SPINNING
SPACETIMES

Figure 1.6: The Penrose diagram for Q = 0.99M and ε = 1.1 values. These
parameters make b/(ε−1) < b/ε+1/ε2. The lines/region have the same meaning
as Figure 1.3 with the inclusion of sub-UH CMC surfaces in blue.
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1.2. UNIVERSAL HORIZON IN DYNAMIC REISSNER–NORDSTROM
GEOMETRY

Figure 1.7: The Penrose diagram for Q = 0.99M and ε set to make b/(ε− 1) =
b/ε + 1/ε2. The lines/region have the same meaning as Figure 1.3 with the
inclusion of sub-UH CMC surfaces in blue.
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SPACETIMES

Figure 1.8: The Penrose diagram for Q = 0.99M and ε = 3/2 values. These
parameters make b/(ε − 1) > b/ε + 1/ε2. Coloured lines/region have the same
meaning as Figure 1.3 with the inclusion of sub-UH CMC surfaces in blue.
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1.3. SPINNING BLACK HOLES: A TALE OF THREE HORIZONS

In particular this means that t(R) has a stationary point at or inside r−. The
Schwarzchild and Kruskal-Szekeres coordinates are again nearly indistinguish-
able from case 1 except when the placement of Rlc requiring that the UH being
in a second charts however this does not reveal any new structure. Figure 1.7
and 1.8 represents paths within this case, b = b/ε + 1/ε2 and b > b/ε + 1/ε2

respectively. In this final case Rlc < r− resulting in the the UH piercing the
r−. Nevertheless, the singularity and the parallel interior horizon, which is
considered to be unstable (34) is still hidden within the UH.

1.2.5 Censorship in Reissner-Nordstrom

Ultimately, in all the above cases, the UH shields any singularity from being
probed even using superluminal signals and preserves a sense of cosmic cen-
sorship in Lorentz violating theories. It is apparent from the structure that
every CMC is terminated at i0, i+, i−

′
,i0
′

or the singularity. We would posit
an analogous, although informally made, statement to the original weak cosmic
censorship conjecture: the set of points which can be connected to i0 with CMC
surfaces (an analogous property of being in the causal past of I+) is distinct
from the set of points which can be connected to the singularity. Moreover, the
boundary between these two sets will exactly be the universal horizon.

Even though we have plotted the maximal foliation of spacetime beyond
the universal horizon, one can argue that the self-consistent evolution of the
Lorentz-violating theory (including, e.g., backreaction or quantum effects, which
we have ignored) stops at the universal horizon, which can be viewed as the
boundary of classical spacetime (see Sec. VI in (7) for more discussions).To see
this more explicitly, note that the CMC surfaces beyond universal horizon end
in singularity. Therefore, arbitrarily fast communication along these surfaces
leads to a breakdown of initial value formulation in this region. The fact that
both curvature singularity and the (potentially unstable) inner killing horizon
(34) lie beyond the universal horizon, further suggests a notion of strong cosmic
censorship.

Note that in the cases where a parallel universe exists, a second UH acts as
a white hole horizon for superluminal signals.

1.3 Spinning Black Holes: A Tale of Three Hori-
zons

1.3.1 Geometrical Definition of Universal Horizon

In the previous section, we discussed the formation of universal horizon in a
dynamic RN geometry. Before moving on to the spinning black hole case, it
would be illuminating to acquire more intuition about the geometric nature of
the universal horizon. We start by asking the following question: is there a way
of finding the universal horizon in the final geometry (after collapse completed)
without knowing the details of collapse?
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Let’s consider the Schwarzschild case (Q = 0 collapse). CMC surfaces in
the thin shell collapse geometry describe the surfaces of constant global time.
As we discussed earlier, as long as we are interested in the behaviour of these
surfaces near the black hole (small radii) we can treat them as maximal surfaces
(K = 0). Maximal surfaces in this geometry inside the Schwarzschild radius
asymptote to r = 3

2M before escaping to infinity. This suggests that r = 3
2M

itself should be a maximal surface. In fact, one can simply verify that r = r∗ is
a maximal (space-like) surface in Schwarzschild spacetime, only if r∗ = 3

2M .

This observation suggests a geometrical definition for an (asymptotic) uni-
versal horizon in stationary spacetimes; it is a maximal space-like hypersurface
which is invariant under the flow of a time-like killing vector. Let’s discuss each
element of this definition.

First of all, a UH has to be a maximal surface as we described earlier. It also
has to be space-like, since it describes a constant global time surface. Secondly,
it is invariant under time translation, as it is the asymptotic surface of the
maximal slicing.

We will show later explicitly that this definition does not pick a unique
hypersurface. However, this should not be surprising, since the position of
universal horizon depends on the behaviour of the background incompressible
fluid (which defines the global time), unlike the killing horizon where its position
is independent of the behaviour of the background fields (7; 4). Again, let’s
consider Schwarzschild spacetime. If we use the given definition of UH with
the additional assumption of spherical symmetry, there is a unique solution of
r = 3

2M . However, there are many non-spherical UHs in the same geometry.

Before moving to the spinning case, let’s find the spherical UH of RN ge-
ometry using the definition given above. Assume r = rh to be the universal
horizon and vµ the unit normal vector to this surface. Solving

∇µvµ = 0, (1.30)

we get

f ′(rh) = −4f(rh), (1.31)

with f(r) = 1− 2M
r + Q2

r2 . Eq. (1.31) has a unique solution, which coincides with
our previous result for a universal horizon (1.20), and is plotted in Figure (1.2).
One can also directly check that (1.31) is equivalent to system of equations
(1.18) and (1.19).

1.3.2 Universal Horizon in Kerr geometry

In this section, we find the asymptotic universal horizon of the Kerr metric.
Given our definition above, it is a static axisymmetric3 (space-like) maximal

3we assume that the background incompressible field obeys the axial symmetry of Kerr
geometry.
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1.3. SPINNING BLACK HOLES: A TALE OF THREE HORIZONS

surface. We express the Kerr metric in the following coordinates:

ds2 =

(
1− 2mr

ρ2

)
dt2 − ρ2

∆
dr2 − ρ2dθ2 − 4mra sin2 θ

ρ2
dtdφ

−
(
r2 + a2 +

2mra2 sin2 θ

ρ2

)
sin2 θdφ2 (1.32)

where

ρ2 = r2 + a2 cos2 θ, (1.33)

∆ = r2 − 2mr + a2. (1.34)

The inner (r−) and outer (r+) killing horizons are the solution to ∆ = 0.
UH is the surface

r = rh(θ) (1.35)

which satisfies

∇µvµ = 0 (1.36)

where vµ is the (time-like) normal vector to the universal horizon. In other
words,

vµ =
1

N
(0, 1,−r′h, 0) (1.37)

where ′ is the derivative w.r.t θ and N is the normalization factor

N2 = − 1

ρ2
(
∆ + r′2h

)
. (1.38)

Equation (1.38) leads to the following conclusion: demanding the UH to be a
space-like surface (vµ to be time-like) requires the UH to be positioned between
the inner and the outer killing horizons

N2 > 0→ ∆ < 0→ r− < rh(θ) < r+. (1.39)

Now on to finding rh(θ): Equation (1.36) takes the form

2(rh −m) +
rh(r

2
h−2mrh+a

2)

r2h+a
2 cos2 θ

− (rh−m)(r2h−2mrh+a
2)

r2h−2mrh+a2+r
′2
h

=
r′h

tan θ + r′′h − r′h
[
a2 sin θ cos θ
r2h+a

2 cos2 θ
+

r′hr
′′
h

r2h−2mrh+a2+r
′2
h

]
. (1.40)

One way to find the solution of this differential equation is to expand rh(θ) in
powers of a

rh(θ) = m
∑
n=0

an

mn
r(n)(θ) (1.41)

and solve the differential equation order by order. At zero order (a = 0), we
expect r(0) = 3

2 . At any higher order, we find a Legendre differential equation.
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(b) a = 0 (Schwarzschild)

Figure 1.9: Polar plot r(θ)
m . Green curve is the UH solution of (1.41). Blue

curves are additional numerical solutions to (1.40) and shaded region is the
region between inner and outer killing horizons. The outer (inner) UH is tangent
to the outer (inner) killing horizon at θ = π

2 .

Requiring a finite solution at θ = 0 and θ = π, this gives us a unique solution
at any order. Here is the solution up to the order a4:

r(2n−1) = 0, n ∈ {1, 2, · · · }

r(0) =
3

2

r(2) = − 1

36
cos2 θ − 13

36

r(4) =
49

10692
cos4 θ +

29

4752
cos2 θ − 1057

14256
.

Surprisingly though, upon solving (1.40) numerically, we have found two more
solutions that are different from (1.41) and do not approach to rh = 3

2m as
a→ 0 (see Figure 1.9).

The case of a = 0 is interesting, since the background geometry is spherically
symmetric, and yet we have found two axisymmetric UHs. Moreover, we can
always perform a rotation and get two other axisymmetric UHs. This means
that there are two families (with infinite number in each family) of axisymmetric
UHs in Schwarzschild spacetime.

1.4 Conclusion

In the incompressible (or infinitely fast propagation speed) limit of many Lorentz-
violating theories of gravity, surfaces of constant mean curvature define the pre-
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ferred foliation (7) (for a careful study of theories with infinite sound speed see
(22)). For such theories, one may worry that superluminal signal propagation
may lead to naked singularities. In this chapter, we have shown that a uni-
versal horizon always forms when a charged spherical shell collapses to form
a Reissner–Nordstrom black hole. Evidence that causal horizon formation will
take place in Lorentz-violating theories supports a conjecture similar to cosmic
censorship in General Relativity.

We see that the universal horizon acts almost like an extension of i+, since
any observer approaching the UH will pass through all future CMC surfaces
outside the UH. Consequently, the analysis conducted here is likely only valid
in the classical regime (ignoring quantum effects like the evaporation of black
holes). As a result the region close to the UH is potentially where non-classical
effects will begin to become relevant. Making claims past this region may require
the full UV theory or a closer examination of the classical consequences of
Lorentz violating theories.

We have also presented a geometric definition for the UH which provides a
tool for finding generic solutions in non-spherically symmetric geometries. This
tool is additionally valuable as the full evolution of the system up to the point
of UH formation is not needed to be explored. In particular, we show how the
definition can be applied to the Kerr geometry, revealing a family of solutions
in a non-spherical geometry.

Slowly rotating black hole solutions of Einstein-Aether theory have been
studied in (35). Specifically, in the limit that the spin-0 mode of an Aether
propagates infinitely fast, slowly rotating black hole solutions of Einstein-Aether
and Horava-Lifshitz are the same and they possess a universal horizon. Correc-
tions to the location of the universal horizon do not appear in the first order of
rotation parameter (Equation (104) in (35)) which is consistent with our result
in the previous section.

Additional horizon solutions may be real and the result of different (possi-
bly more generic) collapse histories; or just an artifact of our definition which
does not single out the correct universal horizon. Since the spherical universal
horizon in Schwarzschild case is suspected to become singular (26) by aspherical
perturbations, the outermost universal horizon (that we have found) can poten-
tially shield this singularity and save cosmic censorship. This further motivates
numerical dynamical studies of non-spherical collapse in Lorentz-violating grav-
itational theories.

Gravitational dynamics within real black holes may yet have more surprises
in store for us!
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Chapter 2

Higher Dimensional
Charged Randall Sundrum
Black Holes.

2.1 Introduction

In (8) Randall and Sundrum proposed a novel approach to add extra unexperi-
enced dimension for use in quantum gravity by considering a 4 + 1 dimensional
world where non-gravitational physics is constrained to a 3 + 1 hypersurface (or
brane), while gravitational effects are allowed to propagate through a bulk 5
dimensional AdS spacetime. At low energies, the theory reduces to 4D general
relativity at distances large compared with the AdS length `.

One is interested to find localized black hole solutions to find whether RS
model is capable of recovering strong field predictions of general relativity for
bulk dimension N > 4 (36). While a considerable amount of numerical work
suggests such solutions exist (at least for small black holes) (37), there is still
no analytic solution, except in (2 + 1) dimensions (11). However it is known
that there are no black hole solutions to General Relativity in (2+1) dimension
spacetime, leading to the conclusion that the existence of this solution is due to
quantum corrections from the dual Conformal Field Theory. These corrections
turn what would be a conical singularity classically into a regular horizon (38).
While inducing a negative cosmological constant on the brane yields braneworld
black hole solutions that are similar to those of (2 + 1) dimensional AdS general
relativity (39), large black holes are not localized on the brane.

In an attempt to make progress on this issue, Kaus and Reall (KR) (10),
considered an extreme black hole charged with respect to an electromagnetic
field on the brane. By examining the extremal solution KR can take advantage
of symmetries of the near horizon geometry in the bulk solution . This approach
has the bulk equations reduce to ordinary differential equations that integrate

20



2.2. THE EQUATIONS OF MOTION

to yield a 1-parameter family of solutions. Solving the Israel junction conditions
to obtain the gravitational effect on the brane yields a relationship between this
parameter and the charge on the brane, which then serves to label this family
of solutions.

In this chapter, we seek to find extremal black hole solutions in N = (n+ 1)
bulk dimensions that contains an electromagnetic field on an n-dimensional
brane. We seek to determine whether the structure exhibited by the (4 + 1)
dimensional extremal black hole is unique to that dimension of the brane and
whether pathologies exist in higher dimensional braneworld theories. We do this
by considering a sphere of dimension D (as opposed to 2 in KR) and solve the
resulting field equations. By solving the Israel junction conditions on the brane
we are able to determine the gravitational affect of the brane on the overall
geometry. For D = 2 the structure of the Israel junction conditions determine
the specific geometry of the spacetime, k = −1 (10). These arguments can
then be continued to higher dimensions to again restrict to branes of the form
AdS2 × SD.

The work will first use an ansatz to find equations of motions that can
be solved with a single parameter family of solutions. The electromagnetically
charged brane will then be used to put junctions conditions on to which of those
solutions are permissible. We will then look at the possible solutions in greater
depth and delve into uncovering the structural relations between the charge and
radius of the black hole. We see how the entropy measured in the brane and
bulk differ and then construct an argument to find that for higher dimension
than 5 the scaling of the entropy of small black holes is fundamentally different.

2.2 The Equations of Motion

The near horizon geometry of a static extreme black hole can be written in the
warped product form (40)

ds2 = A(z)2(k)2dΣ2 + dz2 +R(z)2dΩ2
D (2.1)

with dΣ2 = −dt2 +S(k)2dr2 where S(0) = 1, S(−1) = sin(t) and S(1) = sinh(t)
. Both t and r have been made unit less by using either ` the (A)dS radius for
k = ±1 or some arbitrary length scale for k = 0. The co-ordinate z is the
co-ordinate that moves us through the bulk, and dΩ2

D is the line element on
SD, with N − 1 = D+ 2 the dimension of the brane, and N = D+ 3 the overall
dimension of the bulk.

The corresponding bulk Einstein field equations are given by

Rµν = − (D + 2)

`2
gµν (2.2)
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and inserting the black hole ansatz (2.1) into the field equations yields

k

A2
− A′2

A2
− DA′R′

AR
− A′′

A
= − (D + 2)

`2

2A′′

A
+
DR′′

R
=

(D + 2)

`2
(2.3)

(D − 1)

R2
− (D − 1)R′2

R2
− 2A′R′

AR
− R′′

R
= − (D + 2)

`2

which reduce to the 5-dimensional version of (10) with D = 2. By denoting
R = ` ρ(z/`) and A = ` α(ρ/`) we can re-write the equations above as

k − α′2

α2
− Dα′ρ′

αρ
− α′′

α
= −(D + 2)

2α′′

α
+
Dρ′′

ρ
= (D + 2) (2.4)

(D − 1)(1− ρ′2)

ρ2
− 2α′ρ′

αρ
− ρ′′

ρ
= −(D + 2)

The Hamiltonian constraint is given by combining these three equations to elim-
inate the second order derivatives.

2(k − α′2)

α2
− 4Dα′ρ′

αρ
+
D(D − 1)(1− ρ′2)

ρ2
= −(D + 2)(D + 1) (2.5)

Since the horizon is compact in the bulk, the D- sphere of the geometry must
contract to a point. As a result ρ(z/l) must vanish somewhere; this location can
be chosen to be z = 0 without loss of generality. Requiring that the equations
of motions are smooth at z = 0 then implies that.

α(z/`) =

√
β

D + 2
+
β + k

D + 1

(
D + 2

β

)1/2 (z
`

)2
+
β + k

D + 1

(
(D − 1)β − (3D + 5)k

(D + 1)(D + 3)

)(
D + 2

β

)3/2 (z
`

)4
. . . (2.6)

ρ(z/`) =
z

`
+

(D − 1)β − 2k

D(D + 1)

(
D + 2

β

)(z
`

)3
+

(
D3 +D2 + 19D + 3

)
β2 + 4

(
5D2 + 16D + 3

)
kβ + 4

(
6D2 + 13D + 3

)
k2

D2(D + 1)2(D + 3)

(
D + 2

β

)2 (z
`

)5
. . .

(2.7)

where α(0) =
√

β
D+2 for some positive β

2.3 Junction Conditions

The n = N − 1 dimensional brane action is given by

Sbrane =

∫
dnz
√
−h
(
−σ − 1

16πGn
FijF

ij

)
(2.8)
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where hij is the induced metric on the brane, σ is the brane tension, Gn is
Newton’s constant on the brane, and F is the electromagnetic field on the
brane. The tension of the brane is given by σ = (N − 2)/4πGN ` and Gn =
(N − 3)GN/2`(39). The action results in an energy-momentum tensor of

Tab =
1

4πGn
FaiFb

i − hab
(
σ +

1

16πGn
FijF

ij

)

T = − N − 5

16πGn
FijF

ij − (N − 1)σ

Thus from Israel junction conditions (32) as derived in the appendix and as-
suming that the brane located at z = z0 is Z2 symmetric about z0 and thus
Kab(z

+
0 ) = −Kab(z

−
0 ) we find

Kab(z0) =
8πGN

2

(
1

N − 2

(
− N − 5

16πGn
FijF

ij − (N − 1)σ

)
hab +

−1

4πGn
FaiFb

i

+ hab

(
σ +

1

16πGn
FijF

ij

))
=
−4πGNσ

N − 2
hab +

GN
Gn

(
3

4(N − 2)
habFijF

ij − FaiFbi
)

=
−1

`
hab +

2`

N − 3

(
3

4(N − 2)
FijF

ijhab − FaiFbi
)

(2.9)

which up to a sign convention reduces down to the N = 5 case of (10). We
assume the electromagnetic field to be spherically symmetric and purely electric,
yielding

?nF = QDdΩD (2.10)

where ?n is the Hodge dual in n dimensions, F is the Faraday differential form,
and dΩD is the volume form on a D sphere. Given that for a 2−form on a
Lorentzian manifold ω the Hodge dual satisfies ?n ?n ω = −ω one finds that the
electromagnetic field strength is given by

F = − ?n ?nF = −QD ?n (dΩD) = −QD
S(k)A(z0)2

R(z0)D
dt ∧ dr (2.11)

We can use the definition of extrinsic curvature on our chosen metric and normal
vector to write Kab = −1

2 ∂z(gab)
∣∣
z=z0

. Thus the junction conditions (2.9) can
be simplified to

−1

2
∂z(gab)

∣∣∣∣
z=z0

=
−1

`
hab +

2`

N − 3

(
3

4(N − 2)

−2Q2
D

R(z0)2D
hab −

Q2
DA(z0)2

R(z0)2D
(
δtaδ

t
b − S(k)2δraδ

r
b

))
=⇒ 1

2
∂z(gab)

∣∣∣∣
z=z0

=
1

`
hab +

2`

N − 3

(
3

2(N − 2)

Q2
D

R(z0)2D
hab +

Q2
DA(z0)2

R(z0)2D
(
δtaδ

t
b − S(k)2δraδ

r
b

))
(2.12)
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These equations create two independent constraints which after some rearrange-
ment become

A′(z0)

A(z0)
=

1

`
− 2N − 7

(N − 3)(N − 2)

`Q2
D

R(z0)2D
R′(z0)

R(z0)
=

1

`
+

3

(N − 3)(N − 2)

`Q2
D

R(z0)2D
.

(2.13)

These can be rewritten in term of the α and ρ defined above as

α′(z0/`)

α(z0/`)
= 1− 2N − 7

(N − 3)(N − 2)

q2D
ρ(z0/`)2D

ρ′(z0/`)

ρ(z0/`)
= 1 +

3

(N − 3)(N − 2)

q2D
ρ(z0/`)2D

.

(2.14)

where qD = Q/`D−1. These conditions can be combined and rearranged to
where we can obtain the following conditions

3
α′(z0/`)

α(z0/`)
+ (2D − 1)

ρ′(z0/`)

ρ(z0/`)
= 2(D + 1) qD = ρ(z0)D

√
D

2

(
ρ′(z0)

ρ(z0)
− α′(z0)

α(z0)

)
(2.15)

The Hamiltonian constraint can also be evaluated at z = z0 to give

7D − 2

d2(d+ 1)

q4

ρ(z0/`)4D
+

2(D − 2)

D

q2

ρ(z0/`)2D
+
D(D − 1)

ρ(z0/`)2
=

−2k

α(z0/`)2
(2.16)

and as each term on the right hand side is positive individually we find that
k = −1, eliminating the other choices.

2.4 Solutions

We can now restrict ourselves to k = −1 which affords us two exact solutions.
We will first look at the properties of the two exact solutions and then explore
the remainder of the parameter space.

The two analytic solutions are a generalization of those found in (10). For
the first case sets β = D + 2 or α(0) = 1 and results are

α(z/`) = cosh(z/`)) ρ(z/`) = sinh(z/`) (2.17)

However this would require z0/` = arctanh
(
1
3 (2d− 1)

)
or z0/` = arctanh(1) =

∞ neither of which are real for d ≥ 2. Some may find interest in the z = ∞
solution, but the meaning of the junction conditions becomes unclear here. If
one could make sense of these conditions in this limit a re-examination of k = 0, 1
may be in order. The numerically observed behaviour of α and ρ for these values
of k both tend towards being proportional ez/` for the large z limit leading to
(2.15) and (2.16) holding.
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Figure 2.1: Plots of the behaviour of ρ(z/`) (curves starting at 0) and α(z/`)
(curve starting at finite value). D runs from 2 to 5 running across first then
down. β takes the values of 1/2 (solid blue), 1 (Dot-Dashed black) and 2 (Dashed
Purple).

The second exact solution sets β = 1 which results in α being constant

α(z/`) =
1√
D + 2

ρ(z/`) =

√
D

D + 2
sinh

(√
D + 2

D

z

`

)
. (2.18)

Using the Israel junction conditions, we find that we can express qD, ρ0 exactly
as

z0 =

√
D

D + 2
arccoth

(
2D + 2

2D − 1

√
D

D + 2

)
(2.19)

qD =

√
2D + 2

2D − 1

(
(2D − 1)

√
D

4D2 + 11D − 2

)D
(2.20)

For general values of β, we will rely on numeric techniques. As our equations
of motion are singular at 0, we must rely on the expansions (2.6) and (2.7) taken

to O(
(
z
`

)22
) which can be evaluated at z = 10−16` to generate initial conditions.

In general, we find two kinds of behaviour surrounding the case of constant α
which can be seen in figures (2.1). For β > 1 =⇒ α(0) >

√
1/(D + 2) we

find that α and ρ tend towards being proportional to ez/` for large z, see figure
(2.2). While for β < 1 we see new behaviour where α monotonically decreases
to 0, for some finite z1, at which point ρ also diverges. A calculation of the
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Figure 2.2: ρ′/ρ (upper curves) and α′/α (lower curves ) of β = 1.1, 2 for
D = 2, 3, 4, 5, 6. This behaviour persists for all β > 1 tested. We conclude
α(z/`), ρ(z/`) ∝ ez/`. For constant β lines move left as D increases. Holding D
constant while increasing β also causes curves to tend to the left.

Kretschmann scalar indicates that there is a curvature singularity at z1. This
singularity would be naked if the brane , and therefore the Z2 flip across it was
not placed before it. In all our simulations we find z0 < z1 meaning the area of
the solution is not reached in the full RS model.

While the equations of motions always have solutions, the junctions condi-
tions eliminate more of the parameter space. When D = 2 in (10), they found
that the limiting case was the first analytic solutions described above. For all
α(0) < 1, solutions were found, however for D > 2 this is no longer the case.
We find that the value of the upper bound of α(0) is not easily characterized.
In figure (2.3) we plot z0/` for various values of α(0) and we can see that z0
seems to diverge for some value of α(0) which decreases with D, see table (2.1)
for the value of the bounding α(0). Below this bound, we find that solutions
exist for all positive α(0) with z0 ∝ α(0) for small initial values.
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Figure 2.3: The location of the brane z0/` of differing initial radii of the AdS2

space for various spherical dimensions.

Spherical Dimension (D = N − 3) Bounding α(0)
2 1
3 ≈ 0.66
4 ≈ 0.53
5 ≈ 0.46
6 ≈ 0.42
7 ≈ 0.38
8 ≈ 0.35
50 ≈ 0.14
100 ≈ 0.10

Table 2.1: The bounding value of α(0) of higher bulk dimension
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We now switch to a parametrisation in terms of the more physically natural
parameter of charge, qD to find the behaviour of α(z0), ρ(z0) for large z0. We
can use the scaling of qD with ` to guess that

α(z0) = γ(α,D)q
1/D−1
D ρ(z0) = γ(ρ,D)q

1/D−1
D for qD >> 1 (2.21)

where γ(α,D) and γ(ρ,D) are constants dependant on dimension. Figures (2.4)
demonstrate this behaviour for the first few dimensions and figure (2.5) shows
the behaviour of the numerically found constants. We note that for extremely
small qD both α(z0)/q1/(D−1) and ρ(z0)/q1/(D−1) diverge, but the scale is in-
credibly small.

2.5 Entropy of Large Black Holes

The Bekenstein-Hawking entropy of the black hole is given as

SD+3 =
2π

GD+3

∫ z0

0

dz R(z)D =
2π`D

GD+3

∫ z0

0

dz ρ(z/`)D

When z0 � `, we find ρ is dominated by the term near z = z0 and thus Figure
(2.2) suggest that it is safe to treat ρ(z/`) ≈ ρ(z0/`)e

(z−z0)/l. Thus the bulk
entropy is

SD+3 ≈
2π`D

GD+3
ρ(z0/`)

De−Dz0/`
∫ z0

0

dz eDz/` ≈ 2π`D+1

DGD+3
ρ(z0/`)

D for large z0.

Recalling that ρ(z0/`) = γ(ρ,D)q
1/(D−1)
D , qD = QD/`

D−1 and GD+2 = DGD+3/`
we can simplify this to

SD+3 ≈
2π`D+1

DGD+3
γD(ρ,D)q

D/(D−1)
D =

2π`

DGD+3
γD(ρ,D)Q

D/(D−1)
D =

π

GD+2
γD(ρ,D)Q

D/(D−1)
D for large z0.

We can then compare this to the n-dimensional entropy expected on the brane

SD+2 =
π(D+1)/2

2GD+2Γ((D + 1)/2)
Q
D/(D−1)
D

Thus we find

SD+3

SD+2
=

2Γ((D + 1)/2)

π(D−1)/2 γD(ρ,D) =
4π

AD+1
γD(ρ,D) for large z0,

where AD+1 is the coefficient describing surface area of a unit (D+ 1)sphere. It
is interesting to note that for large D, the surface area of a unit sphere vanishes
quickly with D meaning that unless γD(ρ,D) shrank faster, the ratio between the
two entropies diverges. However, as can be seen 2.5 γ(ρ,D) seems to recover after
its minimum at D = 4, in fact we numerically find that (γ(ρ,D) → 1 for large D.
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Figure 2.4: The ratios between α(z0/`) (lower blue curves) and ρ(z0/`) (upper

magenta curves) to q
1/(D−1)
D . The dimension of the hypersphere D run from 2

to 6 starting in the top left then proceeding across and then down. It is worth
noting that only in the already studied D = 2 case both ratios converge to unity.
In all others the ratios differs from unity. The converged ratio is denoted γ(α,D)

and γ(ρ,D) respectively
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Figure 2.5: Numerically found ratio between α(z0/`) and ρ(z0/`) and q
1/(D−1)
D

for large qD

2.6 Entropy of Small black holes

Figure (2.3) suggest that for small z0, z0 ∝ α(0). As such by their expansions
(2.6) and (2.7) to first order α(z0) and ρ(z0) all scale as α(0). From the second

relation of (2.15), we find that ρ(z0) ∝ q
2/(2D−1)
D in the regime of small z0

where ρ′(z0) ≈ 1 and α′(z0) = 0. Consequently, by transitivity z0, α(z0), α(0) ∝
q
2/(2D−1)
D . Thus α(z0)/q

1/(D−1)
D ∝ q

−1/(2D−1)(D−1)
D which demonstrates the

divergence of that ratio for qD → 0. The identical scaling applies to ρ(z0) and
accounts for the similar behaviour of its ratio for small qD. We then find

SD+3 ∝
∫ z0

0

dzρD(z/`) ≈ `

D + 1
ρ(0)D+1 ∝ `q2(D+1)/(2D−1)

D

Unlike the specific case of D = 2, general D do not satisfy D
D−1 6=

2(D+1)
2D−1 and

as a result we find that our entropy scaling changes at the scale of small z0.

2.7 Discussion

In this chapter, we looked for extremally charged black hole solutions for a higher
dimensional Randall Sundrum model. We found, much like the work of (10) for
N = 5, that, while the equations of motion for the near horizon geometry allow
for the space to have a subspace which is any 2D Lorentzian manifold, only the
choice of AdS2 allow for satisfaction of the junction conditions.
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2.7. DISCUSSION

When looking to compare with the expected observations of entropy for
the black holes of a standard GR model, we find that black holes which are
large compared to the AdS radius retain an identical scaling dependence. There
is also an argument made for small black holes that expected scaling is not
maintained. This discrepancy leaves room for inquiry of how these new scaling
relations affect the geometry in a dynamical system.

This change in entropy scaling may be expected as the RS model can only
recover perturbative Newtonian gravity when at scales that are large compared
to `. In KR’s work it may just be a coincidence that there is matching when
they begin to look at smaller black holes.

Furthermore, if work could be done to overcome the challenges of non-static
systems, questions could arise as to whether the numerically found coefficients
for entropy are dimensionally dependent or if they are a feature of each specific
spacetime.
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Appendix

Junction Condition

We generalize the Junction conditions made for N=5 bulk in (36) to bulks of
arbitrary dimension. We make use of Israel’s technique and break up our N
dimensional bulk into a family of N − 1 dimensional sub-manifolds described
by the coordinates xa, and a normal distance from a particular surface z. To
distinguish between tensors which lie in the full space or only on the hypersur-
faces, we will use Greek for the former and Latin for the latter. Let the metric
in the bulk take the form

ds2 = hab(x, z)dx
adxb + dz2

where hab lies in the tangent space of the sub-manifolds which encapsulates the
information in the intrinsic metric. We can also bring h into the full space to act
as a projection metric to find the surface parallel components of tensors in the
tangent space of the bulk. To bring h up, let us define nµ = δµz which describes
the direction normal to each surface. The projection tensor thus takes the form

h̃µν = gµν − nµnν

We will use the tilde to bring an element of the tangent space of the N − 1
dimensional structure into the tangent space of the N dimensional space via an
inclusion map. The data encoded in h could be employed to find the intrinsic
curvature on the surface, but we have more interest in connecting the bulk’s
curvature to the h. In order to do this connection, we need a means to measure
the bending of the surface in the larger space. This bending is measured using
the extrinsic curvature

Kµν = h̃αµh̃
β
ν∇αnβ

which clearly is tangential to the hypersurface, and although subtle in this form,
it can be shown to be symmetric. There are a few results which also follow from
our choice of the Gauss Normal gauge. The first uses that nµn

µ = 1 for all
coordinates which implies that 0 = 1

2∇α(nµn
µ) = nµ∇α(nµ) . Consequentially,

Kµν = h̃αµh̃
β
ν∇αnβ = h̃αµ(δβν−nβnν)∇αnβ = h̃αµ(∇αnν−nνnβ∇αnβ) = h̃αµ∇αnν .

(22)
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which allows us to not need the second projection. In fact, because nµ = δµz
implying ∂µn

ν = 0 and gzµ = δzµ one can conclude

nµ∇µnν = nµ
(

1

2
∂zgµν

)
=

(
1

2
∂zgzν

)
= 0.

As a result of this property, we can further simplify the extrinsic curvature to
require no projections

Kµν = h̃αµ∇αnν = (δαµ − nµnα)∇αnν = ∇µnν . (23)

Finally, we make note of two identities

∇µh̃βα = −Kµαn
β −Kµ

βnα (24)

which follow from (23) and the Leibniz rule, and another for the Lie derivative
of the extrinsic curvature

LnKµν = nλ∇λKµν +Kλν∇µnλ +Kµλ∇νnλ = nλ∇λKµν + 2KµλKν
λ. (25)

With these tools outlined, we proceed to prove the Gauss-Codazzi relation. The
derivation begins with the relation between the surfaces, Riemann tensor and
the commutation of the tangential covariant derivative

R̃
(N−1)µ

λαβv
λ = [∇̃α, ∇̃β ]vµ.

where v lies in the tangent space of the hypersurface. The entire expression
must be projected after each derivative to restrict the effect to what would be
intrinsic to the surface. For clarity, we will look at the first term of commutation
on its own first.

∇̃α∇̃βvµ = h̃α
′

α h̃
β′

β h̃
µ
µ′∇α′

(
h̃β
′′

β′ h̃
µ′

µ′′∇β′′
(
vµ
′′
))

= h̃α
′

α h̃
β′

β h̃
µ
µ′ h̃

µ′

µ′′∇β′′
(
vµ
′′
)
∇α′

(
h̃β
′′

β′

)
+ h̃α

′

α h̃
β′

β h̃
µ
µ′ h̃

β′′

β′ ∇β′′
(
vµ
′′
)
∇α′

(
h̃µ
′

µ′′

)
+ h̃α

′

α h̃
β′

β h̃
µ
µ′ h̃

β′′

β′ h̃
µ′

µ′′∇α′∇β′′v
µ′′

= h̃α
′

α h̃
β′

β h̃
µ
µ′∇β′′

(
vµ
′
)(
−Kα′β′n

β′′ −Kα′
β′′nβ′

)
+ h̃α

′

α h̃
β′

β h̃
µ
µ′∇β′

(
vµ
′′
)(
−Kα′µ′′n

µ′ −Kα′
µ′nµ′′

)
+ h̃α

′

α h̃
β′

β h̃
µ
µ′∇α′∇β′v

µ′

= −Kαβn
β′′ h̃µµ′∇β′′v

µ′ −Kα
µh̃β

′

β nµ′′∇β′v
µ′′ + h̃α

′

α h̃
β′

β h̃
µ
µ′∇α′∇β′v

µ′

.
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The first term is symmetric in α and β and will disappear in the commutation
while the other two remain. Thus we have

R̃
(N−1)µ

λαβv
λ = Kβ

µh̃α
′

α nµ′′∇α′vµ
′′
−Kα

µh̃β
′

β nµ′′∇β′v
µ′′ + h̃α

′

α h̃
β′

β h̃
µ
µ′

(
∇α′∇β′vµ

′
−∇β′∇α′vµ

′
)

=
(
Kβ

µh̃ρα −Kα
µh̃ρβ

)
nλ∇ρvλ + h̃α

′

α h̃
β′

β h̃
µ
µ′R

µ′
λα′β′v

λ

=
(
Kβ

µh̃ρα −Kα
µh̃ρβ

) (
∇ρ
(
nλv

λ
)
− vλ∇ρnλ

)
+ h̃α

′

α h̃
β′

β h̃
µ
µ′R

µ′
λα′β′v

λ

= −
(
Kβ

µh̃ρα −Kα
µh̃ρβ

)
Kρλv

λ + h̃α
′

α h̃
β′

β h̃
µ
µ′R

µ′
λα′β′v

λ

=
((
Kα

µh̃ρβ −Kβ
µh̃ρα

)
Kρλ + h̃α

′

α h̃
β′

β h̃
µ
µ′R

µ′
λα′β′

)
vλ.

(26)

We can then read off the Gauss-Codazzi relation

R̃
(N−1)µ

λαβ =
(
Kα

µh̃ρβ −Kβ
µh̃ρα

)
Kρλ + h̃µµ′ h̃

λ′

λ h̃
α′

α h̃
β′

β R
µ′
λ′α′β′ . (27)

The λ projection in the second term is needed as v, being tangent to the surface,
can only probe the tangential information. Taking the trace of the first and third
indices of (2.7) creates

R̃
(N−1)

αβ = KKαβ −Kβ
λKαλ + h̃λµh̃

α′

α h̃
β′

β R
µ
α′λβ′

= KKαβ −Kβ
λKαλ + h̃α

′

α h̃
β′

β

(
Rα′β′ − nλnµRµα′λβ′

)
.

(28)

The third term can be replaced with the energy momentum tensor using Ein-
stein’s equation

Rµν = 8πGN

(
Tµν −

1

N − 2
Tgµν

)
− N − 1

l2
gµν (29)

and the 4th can be simplified by a second application of the commutation iden-
tity of the Riemann tensor

h̃α
′

α h̃
β′

β n
λnµR

µ
α′λβ′ = −h̃α

′

α h̃
β′

β n
λ[∇λ,∇β′ ]nα′

= −h̃α
′

α h̃
β′

β n
λ (∇λKβ′α′ −∇β′Kλα′)

= −h̃α
′

α h̃
β′

β

(
nλ∇λKβ′α′ −∇β′

(
nλKλα′

)
+Kλα′Kβ′

λ
)

= −h̃α
′

α h̃
β′

β

(
nλ∇λKβ′α′ +Kλα′Kβ′

λ
)

= −
(
nλ
(
∇λ
(
h̃α
′

α h̃
β′

β Kβ′α′

)
−Kα′β′∇λ

(
h̃α
′

α h̃
β′

β

))
+KλαKβ

λ
)

= −
(
nλ∇λKβα +KλαKβ

λ
)
.

(30)

The second term in the penultimate line disappears as it can be decomposed
into extrinsic curvatures which are orthogonal to the normal vector with which
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it is contracted. Replacing the first term of (30), with use of (25), we can then
use (28) to write

LnKαβ = R̃
(N−1)

αβ+2Kα
λKβλ−8πGN h̃

α′

α h̃
β′

β Tα′β′+

(
N − 1

l2
+

8πGN
N − 2

T

)
h̃αβ .

(31)
Thus, if we posit that there exists a infinitesimal surface of non zero energy
momentum, we can treat Tαβ as the distribution δ(z)Tαβ . Integrating z from
(−ε, ε), under the reasonable assumption of a finite discontinuity for all other
terms, we find in the limit as ε tends to 0

Kαβ(z = 0+)−Kαβ(z = 0−) = 8πGN

(
1

N − 2
T h̃αβ − h̃α

′

α h̃
β′

β Tα′β′

)
(32)

which constitute the Israel junction conditions.
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