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Abstract

The maximum entropy formalism is used to predict the droplet size and
velocity distribution in a spray resulting from the breakup of a liquid sheet. The
physics of the process are described by s'imple conservation constr#ints for mass,
momentum, surface energy and kinetic energy. The predicted size distribution is
compared with four empirical distributions and found very similar to a Rosin -

Rammler distribution with the same parameters.

The predicted velocity distribution has a Gaussian cross section at any par-
ticular droplet diameter. The variance of the Gaussian decreases with increasing
droplet diameter, so that the velocity is nearly single valued for large droplets,

but varies widely for smaller droplets.

This size and velocity distribution is propagated downstream using a simple
physical model which assumes a uniform velocity air flow field, no evaporation,
and treats the droplets as solid spheres. Although this is a substantial simplifica-
tion, it shows that, in the absence of fluctuations in the air stream around the
droplets, droplet velocity distributions collapse towards single values. This pro-
cess takes place over distances which are short when compared to the scale of

common spray systems.

iv



Acknowledgements

This research has been made possible by the Natural Sciences and Engineer-
ing Research Council, through an operating grant to Dr. T.A. Brzustowski. I
would like to thank Dr. Brzustowski for his supervision of this project. He has
helped me discover many useful insights, and his editorial skills have substan-

tially improved this thesis.

I am grateful to my office mates, Alex Brena, John Rapanotti and Beth
Weckman, for their help and constructive criticism. My thanks also go to Dr.

H.K. Kesavan, Dr. M. Renksizbulut and Dr. D.R. Spink for their reading of this

thesis.

I would also like to acknowledge the contribution of my new son, Jamie. His
arrival delayed this work by a term, however his gummy smile has kept me
cheerful through some of the more tedious and frustrating phases of assembling

this thesis. He and my wife Peggy deserve substantial credit.



Table of Contents

ADSELBEE ..o e s ee s e s e e e e s s e e e e e s e e e e e e e rr b s b e e s v
Acknowledgements .............cooooiiiriiiiiiiiiiiicrreeree e v
Table of Contents ..........cooooriiiiiiiiiiiicrcrirrrrerrreerreereseeseeeeeeesesresesnsansnes vi
LiSt Of TADIES ......ooovveerienveieecteeereseeeseesses s sssssssssessssssssssssssssssssssasees xi
List Of FIGUPES .......oooiiiiiiiiiireticeccrteececcreee e rreee e cssaneseeeesesenssssesessennens xii
Nomenclature ...t eseeseeseeanens xiv
INtroduction ........ocoooiiiiiiiccrrrcrree e e e eeree e e e ee e reeeeeees s rr e s 1

Chapter One

THE MAXIMUM ENTROPY FORMALISM
AND ITS SOLUTION .....crrrericcsnenereesssssesssssseaeens 4

1.1. The Shannon Entropy .......cccccccceecmiiiiiviiinciiinnniniiecccieenesncceennn. 4

vi



1.2. Edwin Jaynes and Myron TEIDUS ceoooeeeereeeeeeeceeseresesessessseseseneen 5

1.3. The Maximum Entropy Formalism ..., 6

1.3.1. “Extension’” of the Maximum Entropy Formalism

to a Multi-Dimensional Solution Space ........................ 10

1.4. An Equivalent Continuous Formalism ............cccoeonninrinnnnnii. 12
1.4.1. The Meaning of a Non-Uniform Discretization ............. 15
1.5. Solution of the Equations in the Continuous Form .............. 16

1.5.1. Solution of Doubly Truncated Gaussian Distributions 21

Chapter Two

THE CASE OF SHEET BREAKUP:

CONSTRAINTS AND SOLUTION ... 23
2.1. The Model ...ttt cceeee st sanneee 23
2.1.1. Weighted Mean Diameters .............ccccevvnrniiiiinninniecennnnnn. 25

vil



2.1.2. The Solution Space ..........coeeerririiireecirrccereeccceee e, . 26

2.1.3. Conservation of Mass ........cccooeviiviiiiirveniiiieeierrrtieerenneeeennnes 26
2.1.4. Conservation of Momentum ........ccccoevvrveiirreeerrivererennereennn 27
2.1.6. Conservation of Energy ..........ccccccconvminnninnnnninnennnn, 27
2.1.5.1. The Kinetic Energy Constraint ............................. 29
2.1.6.2. The Surface Energy Constraint ........................ wee 30

2.1.6. The Source Terms .....cccoocoiiiiiiiiiiiiiniieriieeereenreestensestesessnens 31
2.2. The Formal SOItIion ......cooiiiivieiiiiieeeeiieeeeteeeeeeeesvvnneesevasesenes 32
2.3. The Numerical SoIution .......ccooiivniiriiiiieiiiierieietieeteeveeeeneranes 33
2.3.1. Constraints and Source Terms ..........occooeeeveeveeveereereerennnns 33
2.3.2. Description of the Solution Algorithm ............................ 35
2.4. The Resulting Distribution ............cccccooviiviiniiviiiiicceeee, 36
2.4.1. The Integrated Size Distribution ...............cccceirriiinnin. 37
2.5. Number Distributions versus Mass Distributions .................. 39

viii



2.6. Empirical Distributions ..............cccceiiiiiiiiiiiiiiii, 41

2.6.1. The Rosin - Rammler Distribution ................ccccccccciill 41

2.8.2. The Nukiyama - Tanasawa Distribution ...................... 43

2.6.3. The Log Probability Distribution ...........ccccccceevrieenennin 44

2.6.4. The Upper Limit Distribution ..........ccccocceeeeviinnnrnnnenennn. 45

2.6.56. A Basis for Comparing Distributions .......................oc... 47

2.7. Results and Discussion .........c.cccccccvieviiiiiiiieniiineecneccneees s 48

Chapter Three

DOWNSTREAM DEVELOPMENT OF THE

VELOCITY DISTRIBUTION ...t 58

3.1. Downstream Behaviour ............cccccciiiiiiniiiiiinrireeeeccceeeee e, 58

3.2. Downstream Velocity of a Single Droplet .............................. 59

3.3. An Initial Temptation ..........ccccccoeiiiiiiriiiiinirieereccce, 65

3.4. The Separation of Drop Sizes .............ccoovvvvvinrricnviiiinnnn, 66



3.4.1. Downstream Moments of a PDF .........ccociiiiiivniirrrrrnnneen. 67

3.5. Results and DiSCusSSION ........cocoviveiieviiiiiiiriiiriteertereeeereeennsersnneennes 70
CONCIUBION c..ooeeeeeeeeeeeeeeeeeeeeeceeeee st eeesseesessssesaeseaesessseesessnsesasssssasesssrsssennes 78
Recommended Future Work ...t 80
REFEIrENCES ... eeeeeeeeeeeeeesssaaens e eeerreeenrereseaeaaseesenneens 81
Appendix A

Detailed Numerical Results ........coooooviiveiieeieeeeeieeeceeeenee e 83
Appendix B

Commented Source Listing ..o 109



List of Tables

Table 2.1.

Parameters for the five distributions at different 7, values

X1

............................



List of Figures

Figure 1.1.

Matrix of linear equations used to solve for the Lagrange multipliers

.......................................................................................................................

Figure 2.1.

The sheet breakup system under consideration .........ccccccceceevvrnnnnneeeenenens

Figure 2.2.

Available transfer paths between energy modes .........cccoeccviicviniiccneinnnnne

Figure 2.3 (a).

Comparison of Number Distributions for 7, = 0.350 .......ccccveerreennnnnn.n.

Figure 2.3 (b).

Comparison of Mass Distributions for 7, = 0.350 .......cccccccirrinnnnnnnnen.

Figure 2.3 (c).

Comparison of Number Distributions for 7, = 0.375 ....ccccoeinieninnennns

Figure 2.3 (d).

Comparison of Mass Distributions for 7, = 0.375 .....cccccvnririinniinnnnni

Figure 2.3 (e).

Comparison of Number Distributions for 7, = 0.400 ..............ccceunnneen.e.

xii



Figure 2.3 (f).

Comparison of Mass Distributions for 7, = 0.400 ........ccccrvimnerninninnnnins 54
Figure 3.1.
A droplet in an air flow field. .....ccoceiiiiiiiniiii, 59

Figure 3.2 (a).

Downstream Mean Droplet Velocities for Ty = 0.350 ....coocvvivniviiininriinnnnnnn. 71

Figure 3.2 (b).
Downstream Variance of Droplet Velocities for Ty = 0.350 .........cccuvennennenn. 72
Figure 3.2 (c).
Downstream Mean Droplet Velocities for Ty = 0.375 ....ccoeeviviviiniinnnennn. 73
Figure 3.2 (d).
Downstream Variance of Droplet Velocities for Ty = 0.375 ...cccocvveeirennnn. 74
Figﬁre 3.2 (e).
Downstream Mean Droplet Velocities for Ty = 0.400 .......ccevvrerniiinnnnnne. 75

Figure 3.2 ().

Downstream Variance of Droplet Velocities for Ty = 0.400 ...........cc.con...... 76

xiil



Nomenclature

Aproj

a

b

2
I
fo

<9>
h()

projected surface area

coefficient for Upper Limit distribution
size parameter for the Nukiyama - Tanasawa distribution
constant of integration or proportionality
drag coefficient

general weighted mean diameter

surface mean diameter

mass or volume mean diameter

Sauter mean diameter

error function of the argument

drag force

general probability density function, or droplet number probabil-
ity density function over size and velocity space

droplet number probability density function over size space only
droplet mass probability density function over size space only

droplet number probability density function over velocity space

only
some function of location in solution space
the average or expectation value of ¢

arbitrary scaling function

Xiv



3 & ™ X

2

< c =

<

8|

proportionality constant

Boltzman constant

total mass in the system

cumulative mass fraction or mass of a droplet
total number of droplets in the system

cumulative number fraction

probability of a particular discrete event
constraint functional

dimensional source term (subscripted)

Reynolds Number

Shannon Entropy, or a dimensionless source term (subscripted)
constant exponent for the Upper Limit distribution
time, or a dummy variable for the error function
air velocity

sheet velocity

droplet velocity

independent dimension of solution space, or downstream spatial

dimension in the velocity solution
size parameter for the empirical distributions
log scaling function in empirical distribution equations

dummy variable

Xv



a Rosin - Rammler distribution exponent

B Nukiyama - Tanasawa distribution exponent
I'() the gamma function of the argument

~ Log Probability distribution exponent

6 droplet diameter

K Upper Limit distribution exponent

A arbitrary Lagrange multiplier

P density

o surface tension

T sheet thickness

¥ solution space (usually &y = dv,d§, )
Subscripts

a air

b base case for continuous form derivation

ke kinetic energy

[ liquid

m maximum, or mass for a PDF or a source term
mv momentum

new downstream value, usually in terms of the upstream values
r relative

xvi



0,1,2,...4,.,n

0,1,2,....5,...

Superscripts

!

surface energy

normalized by either Dyq in the case of a length or V in the case
of a velocity.

upstream and downstream in the velocity solution

association with a particular independent dimension of the solu-
tion space

association with a particular constraint number
association with a particular discrete state

free stream, i.e. U,

current guess of a quantity in an iterative solution

xvil



Introduction

Atomization is an essential process in the combustion of liquid fuels which
has been the subject of a great deal of research. Nevertheless, there remains a
large gap in the understanding of its essential features. This thesis is a step in

the direction of bridging that gap.

The research literature on atomization can be divided into two parts. The
first deals with the stability of liquid sheets and ligaments subject to some
specific forms of disturbances. This work begins with Rayleigh’s famous 1878
paper on the stability of cylindrical jetsl. It goes on to include the effects‘of
liquid viscosity (Weber, 1931)2, deformation wavelength and asymmetry (Levich,
1962)3, aerodynamic effects of relative gas-liquid velocity (Weber, Levich),
growth and breakup of surface waves (Mayer, 1961)%, liquid sheet breakup
(Dombrowski and Johns, 1963)° and secondary droplet breakup at very high
relative gas velocities (Hinze, 1948)8. These theoretical studies of various
mechanisms involved in the breakup of liquid sheets and ligaments are supported
by many experimental studies. However, such work does not yield any descrip-
tion of the spray produced beyond some expression for an average or maximum
drop diameter on the basis of the parameters of the disturbances which are most
readily amplified. The main features of this research are well summarized by

Rice’.

The remaining research literature on atomization deals with the description
of sprays. Papers in this area deal with models of droplet size distributions, with

their mathematical descriptions, and with the practical parameters such as the



Sauter mean diameter which can be derived from them. The experimental work
involves measuring droplet size distributions produced by practical devices and
their models, fitting the data with one of the canonical distributions, and relat-
ing the various mean quantities of these distributions to the design and operat-
ing parameters of the atomizers used. Much of the modern work of this kind
has been reported in the proceedings of the International Conferences on Liquid

Atomization and Spray Systems (ICLASS).

This work was undertaken to find out if the actual form of the droplet size
and velocity distribution in a spray could be predicted from first principles, given
only the parameters of a liquid sheet whose surface area has already been
increased to the maximum. The first principles are the conservation of mass,

momentum and energy.

What is sought is the solution to the following problem: given a certain
mass of liquid having a specified volume and momentum, as well as surface and
kinetic energy, what is the most likely distribution of droplet diameters when
this liquid is atomized? This problem statement is ideally suited to solution using
the maximum entropy formalism pioneered by Edwin Jaynes and Myron Tribus
which is described fully in Chapter One. This formalism is a tool of statistical
inference which is of growing importance in science and engineering. It is often
identified with statistical thermodynamics, but that identification is too limiting.
This work is not an application of thermodynamic principles to atomization in

the classical sense. It is an application of statistical inference in which some of



the constraints are expressed in terms of thermodynamic variables, e.g. surface

energy.

The approach taken here is similar in a fundamental way to that employed
by Kelly8 in his studies of electrostatic sprays, but differs from his work both in

purpose and in detail.



Chapter One

THE MAXIMUM ENTROPY FORMALISM
AND ITS SOLUTION

1.1. The Shannon Entropy

In 1948 Claude Shannon? proposed a definition of entropy as it relates to

communication theory as:
S =-k3 pjhp; ‘(1.1.1)

j ,

This entropy is a measure of the information present in a message. Consider a
communication line whose state (perhaps voltage) is varying with time so as to
transmit information. If the state remains constant then the minimum amount
of information is transmitted and the entropy from equation (1.1.1) is a max-
imum. Any deviation from a uniform state provides some information, either
message or noise, and correspondingly reduces the entropy. The more unlikely
the event (smaller probability), the greater the amount of information carried by

such an event.



If the entire signal is of interest, then both the noise and message com-
ponents of the signal provide information. The former provides information
about the noise sources in the system, while the latter provides information
about the message sent. However, the noise content is usually not of interest
and acts only to mask the message. The base, or maximum entropy, state must
then be taken as a constant null message state with a statistical representation
of the noise superimposed. In this case any message signals must be larger, or
contain greater redundancy, in order to be discernible from the noise. Only the
discernible portions of the message will provide any additional information, and

thus a reduction in entropy.

Shannon applied this idea to the design of communications hardware, calcu-
lating such things as the channel capacity of a communications link in the pres-
ence of different noise conditions. The effect of his work has, however, been felt

over a far wider range of subjects.

1.2. Edwin Jaynes and Myron Tribus

The work of Edwin Jaynes!? starting in 1957 builds on Shannon’s informa-
tion theory and shows that the methods of statistical mechanics are in fact a
special case of statistical inference based on the entropy measure of information.
Jaynes proposed a formalism for the maximization of entropy subject to con-
straints which can be applied in any type of problem with incomplete informa-
tion. Myron Tribus has done substantial work in applying this formalism and

making it available to the engineering profession as it relates to



thermodynamics!! as well as problems in design and resource management!2.
The following section presents the maximum entropy formalism in much the

same form as it is presented by Tribus in references 11 and 12.

1.3. The Maximum Entropy Formalism

The maximum entropy formalism is useful when the information available
describing the system under consideration is macroscopic in nature, describing
some average or moment of the system. Examples of this type of information

include:

® the temperature of a system of molecules as a statement of the average

kinetic energy of molecules in that system.

® the mean and variance of a part’s diameter over a production run as infor-

mation on a set of quality control measurements.

® any other measure which is the average of some property over all the ele-

ments in the system.

Any information of this type can be written as a constraint on the probability

distribution of the form

S pi9; = <9> (1.3.1)
j

where p; is the probability of some state j, g; is some function of state

evaluated at state j and <g¢> is the (known) expectation or average value of



the function g over the entire system. The summation is over some range of j so

that all possible states of the system are evaluated.

If a set of such constraints is combined with a normalization constraint
requiring the sum of the probabilities to be unity, this system of equations
results:

3 p=1 | (1.3.2)
-3

2 pjgi,j = <gz> ' = 19213) L ,ﬂ (133)
J

In cases of interest there are generally many more possible states than there are
constraints available, making this system of equations indeterminate. A method
is needed to choose the most appropriate solution which satisfies the constraints.

The Shannon Entropy provides the criterion.

If a solution is found to fit the constraints, then all the information that is
present in the constraints must be present in the resulting solution, for each of
the constraints may be obtained by taking the appropriate moment of the distri-
bution. By maximizing the entropy, subject to the constraints, one obtains the
distribution of probabilities containing the least amount of information, while
still containing all the information present in the constraints. This solution will
be the most appropriate because it conveys all the available information without

adding any unjustified bias in the form of additional information.



The solution of the system of equations which produces the maximum
entropy can be found using the method of Lagrange multipliers. Differentiation

of equation (1.1.1) with respect to the p; yields

dS = =k 3 (lnp; +1)dp; (1.3.4)
i

and setting dS = 0 for a maximum gives

2 (lnp; +1)dp; = 0 (1.3.5)
J

Similar differentiation of equations (1.3.2) and (1.3.3), noting that the <¢;> are

constant, yields

S dp; = 0 | (1.3.6)
i

E gmdp] =0 1 = 1,2,3, NS (137)
J

To obtain the solution the above n+1 equations are multiplied by some set of
arbitrary multipliers. For simplicity in solution the first equation is multiplied by
(A\o—1) and the rest by the set \; ; ¢ = 1,2,3,...,n. If these multiplied equa-

tions are then summed in combination with the previous equation the result is

n
i i i=1j

or, combining terms,



J im]

To ensure that this equation is satisfied for arbitrary dp;, the quantity within

the square brackets is set to zero.

n

i=]
so that, after dropping the state index 5
p = exp(—Xo—= N9 — Xofo— - =X, 9,) (1.3.11)

where values of the probability p and the functions g; vary with the state point
being evaluated and the \; are constant. Equation (1.3.11) is the solution to the
problem. It is the probability distribution which maximizes the entropy under
the given constraints. However, the Lagrange multipliers are still undetermined.

They must be chosen in such a way as to satisfy the constraint equations.

Substituting equation (1.3.11) into the normalization constraint equation

(1.8.2) gives
Sp =3exp(— = MI = Xofo— - =N\ 9,) =1 (1.3.12)
or with rearrangement

o = In [z exp(— Mgy — Nofp— - - - — x,,g,.)] (1.3.13)

which permits the direct evaluation of Ay, given the values of the other



10

multipliers. This is simply a restatement of the normalization constraint and A\
is a normalization parameter which alters only the magnitude of the probabili-

ties, not their relative distribution.

Since equation (1.3.11) can be used to replace p; in all the constraint equa-
tions the system is now a set of n+1 equations in n +1 unknowns. The equa-
tions are the n physical constraints derived from the problem and set in the
form of equation (1.3.3), plus the normalization constraint expressed as either
equation (1.3.2) or equation (1.3.13). The n +1 variables are the Lagrange multi-

pliers )\'o,kl,)\z, .. ,)\n.

These summation equations are not easily solved, except in trivial cases.
The problem can be simplified by translating these discrete summation equations
and their solution to some equivalent continuous form where the familiar

methods of calculus can be applied.

1.3.1. “Extension” of the Maximum Entropy Formalism

to a Multi-Dimensional Solution Space

It is easy to see how the previously derived formalism can be applied to a
one dimensional problem. One simply maps the state index j directly onto the
one dimensional variable in question. Many problems in thermodynamics involve
quantum states and are easily viewed as an ensemble of possible discrete states.
Even if the problem concerns a variable that is continuous in one dimension, it

can be readily discretized to match the formalism.
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It is important to note that in the derivation of the formalism there is no
assumption of the ‘“‘shape’ of the solution space. It is said only that the summa-
tions are over the set of possible state points and that each ¢; is some function
of which state point j is being considered. The ;5 is an index only, and need not
have any correlation with the physical parameters of the solution space. The
index j can map into a one, two, or even n dimensional solution space with
equal validity. The index need not map into the solution space completely, or
even in a contiguous manner. There may be states which are in general possible,
but which are excluded from a specific solution because of the nature of the
problem. These excluded states may be those beyond some maximum or
minimum bound, or they may be “forbidden” states which lie within the general

domain.

This can be verified by deriving the formalism with a different number of
index parameters. If the number of index parameters was significant one would
not obtain the same results using two parameters as one. However, the only
difference in results is that which was introduced explicitly: the requirement for

two index subscripts instead of one.
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1.4. An Equivalent Continuous Formalism

Many physical problems do not naturally lend themselves to solution in a
space consisting of a finite number of discrete states. On a macroscopic level the
physical variables are usually continuous rather than discrete. This can be han-
dled in two ways; either the continuous physical space can be discretized to give
a solution space which matches the formalism, or an equivalent formalism can
be developed for the continuous solution space. The latter is preferable both
because it provides a more natural representation of the physical problem and
because it leads to the more familiar continuous mathematics and integrals

rather than discrete mathematics and summations.

Consider a solution space having m dimensions represented by the indepen-
dent variables z,24,23, .. .,z,,. The solution space is discretized into elements
which are uniform with respect to some set of monotonically increasing or
decreasing functions h,(z,), ho(zs), h3(Z3), - . . ,h,,(2,,) so that for any mesh

element
h;(z; + Az;)— h;(z;) = a constant (1.4.1)
If Az, is small, one can make the approximation

oh;  hi(z; + Az;) = hy(z;)
oz, Az;

1] 1

(1.4.2)

which, in combination with equation (1.4.1), gives the relation
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A ah; )™ 1.4.3
. GC e
zi azi ( it )
Now define AY as a small element of the solution space ¢ so that
All’ = AzlA:L'zAZ':; ct Azm (144)

and define some base set of discretization volumes {Ay,;} to work from so that

AY,} = G
(A} = ahy ) (9hs ) (0hs ah,,
dar, 9z, az, o a9z,

where C} is a proportionality constant. A proportionality constant K is used to

(1.4.5)

define a corresponding set of smaller volumes with the same discretization shape

as {4y, }.

{ay} = {A:"} (1.4.6)
From application of the maximum entropy formalism over {Ay,}
P, = exp(—=Xop = AppIr— App92= *** — My 9y) (1.4.7)
is the _probability associated with a particular Ay, where ¢,,9,, . . ., 9, are func-

tions of location in Y. If the probability density is continuous and {Aw,} is fine

enough to resolve it, then
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{p,,}

{r}= (1.4.8)

is a good approximation for the set of probabilities associated with the smaller
volumes {Ay}. Substituting in equation (1.4.7) yields the following expression for
the probability.

p = exp(—(Nos + 1K) = Ay = Xgs 92— - - * — Ny 9,) (1.4.9)

Define a set of probability densities and rewrite the above equation for f, a pro-

bability density function or PDF, rather than p, a probability.

{p}

1.4.10
(rp= ke (1.4.10)
f = exp(—=(\os +InK +InAd) = X\ 39 — Aoy 92— - * = Ay 9y) (1.4.11)
Ay,

Recalling that K = A0 or InK = InAy; — InAy, the above expression can

be reduced to
f= exp( = Aoy = Mp91— A2 = "~ Ny 9n) (1.4.12)

Ay,

Substituting in from equation (1.4.5) and redefining the Lagrange multipliers as
Xo = Aop +1nC4; Ay = Ajgs X = Xgy - X, = Mgy, gives the final expression

for the equivalent continuous probability density function.
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dh, 3h, dhy  ah,
f= 3z, 8z, dz3 8z exp(=Xo= M9 = Ao — - - =N, 0,) (1.4.13)
m

If the original solution space was discretized uniformly over each of the

ah.
independent variables then each of the 3;'- will be constant over the solution

]

space. If these constants are absorbed into )y in the same way that C; was, the
result is an expression for the PDF over a continuous field, equivalent to a
discrete formulation with uniform discretization over each of the independent

variables.
f =exp(=Xg= N9 — X8 — - - =X, 9,) (1.4.14)

Examination shows that equation (1.4.14) gives the PDF f in the same
form that equation (1.3.11) gives the discrete probability p;. The only difference
is in the value of Xy, and this difference reflects a constant of proportionality
between p; and f which will depend on the magnitude of the grid used in the

discrete solution.

1.4.1. The Meaning of a Non-Uniform Discretization

In the previous section a continuous formalism was developed based on
some potentially non-uniform discretization of the solution space. What does it

mean to use a non-uniform discretization with the maximum entropy formalism?
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Discretization is the first task required in applying the formalism. It must
be done on some rational basis. What is the most reasonable way to divide a
continuous field? In the absence of information to the contrary, any field should
be divided into uniform elements based on the unit of measure being applied. To
do anything else would imply further information that allows one part of the
field to be differentiated from another on some basis other than the applied unit
of measure. If one has such information it would be preferable to apply it as a

constraint, through the usual means of the formalism.

In some cases, however, the field might best be described physically by some
other unit of measure, but for practical reasons it is desirable to represent it in
the chosen units. (i.e. it may be appropriate to consider specific kinetic energy as
the best physical description, rather than velocity, but velocity is the desired
scale for reasons of presentation.) In this one may apply a discretization which
is non-uniform in the scale units to provide a discretization which is uniform in

the units which are felt to be most physically representative.

In any event, the use of a non-uniform discretization implies prior informa-
tion of some sort which is not necessarily present in the constraints. In the
absence of all physical constraints each state is equally probable and a non-
uniformity of discretization puts more divisions, or states, in one area of the
field than another. This results in a non-uniform probability density which has

some information content beyond the minimum for the definition of the field.
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1.5. Solution of the Equations in the Continuous Form

The transformation to a continuous solution space yields a system of

integral equations which take the form

{fgodw = <G> (1.5.1 (a))

{fgld-b = <9,> (1.5.1 (b))

{fgéd‘b = <> (1.5.1 (c))

{fa,,dub = <4,> (1.5.1 (d))

f = exp(—XAg=A\91= N - —X\,9,) (1.5.2)
X = In [{exp(—xlg,—ngz— o=, 0,) d (15.3)

where g, and <g,> are defined as equal to one to put the normalization con-

straint equation in the same form as the other constraint equations.
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Agmon, Alhassid and Levinel3 give a method for solution of a discrete max-
imum entropy formalism problem. They dismiss the use of an iterative method
of the Newton - Rhapson type as generally non-convergent, even in a system
with only a single constraint. In this section a slightly modified solution method
of the Newton - Rhapson type is developed for the continuous problem. The

new method converges well, even in a system of four constraints.

The constraints can be rewritten as functionals 9,9,9, - - . ,9, with values
of zero.

% = ffgod‘b - <9%>=0 (1.5.4 (a))

¥
o= [ro,4 - <g>=0 (1.5.4 (b))

¥
9= ffggd‘b - <9>=0 (1.5.4 (c))

¢
0,= [19,86 - <9,> =0 (1.5.4 (d))

¥

Consider ¢; as a general constraint functional and a quantity
q; = q;(No, N, N, . . ., )\,) where the prime indicates values which are used as
a guess in the current iteration. Taking a first order Taylor series expansion

about ¢'; gives
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aq;
g = ; + (N x) +(x, M5 +
l

(x—x)fql+-~+(x M) (1.5.5)
2 2 axz n n ak” Ml
and setting ¢; equal to zero to satisfy the ¢* b constraint ylelds
a9; 8% | 09; N 09; o + i
g 0¥ M 1 Al N,
'+ax'+aqx'+aqx' ¢ 2 1.5.6
1 X o\ X, a, " (1.5.6)

Applying this approach to each of the constraints in turn gives a system of
n +1 linear equations in n +1 unknowns. This system is shown in Figure 1.1. As
the solution space, the g; values, and the expectation values are independent of

the Lagrange multipliers it is a simple matter to evaluate the derivatives.

q9; = ffg,'d‘b - <9;> (1.5.7)
¥
aq; _ af _
a)\j = 4 Oy = {fgjg;dlll (1.5.8)

q.
The derivatives aT‘ can be evaluated at ¢';. It would be convenient if this sys-

J
tem of equations converged nicely over a few iterations to a solution. However,
as observed by Agmon et al, this system is unstable and generally does not con-

verge without intervention.
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In fact, this system can be stabilized by using equation (1.5.3) after each
iteration to ensure that normalization is maintained. On reflection it is clear
that the definition of the PDF is fundamental, and that if normalization is not
maintained the system will fall apart. The Newton - Rhapson approach by itself

does not ensure normalization at all stages of solution.

1.5.1. Solution of Doubly Truncated Gaussian Distributions

- In cases where the mean and variance are known for a distribution of pro-
bability density over a finite range, entropy maximization yields a doubly trun-
cated Gaussian distribution. This distribution has the same mathematical form

as an unbounded Gaussian,
f = exp(—=X\g— M\ Z — \pz2) (1.5.9)

but the Lagrange multipliers are such as are necessary to fit the constraints

within the finite range.

If the rang\e is wide in relation to the variance and the mean is well away
from the limits of the range, then the truncated Gaussian will have a shape
nearly identical to the unbounded Gaussian. As the range is narrowed for the
same mean and variance the curve will become “flatter’” due to the encroach-
ment of the range limits on the practical limits of the distribution. For a cen-
trally located mean, the distribution will flatten out to a horizontal line as the
range is decreased and then will actually become concave to maintain the same

variance. Although the doubly truncated Gaussian often has the familiar
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appearance of the unbounded Gaussian, it can have almost any shape, with the

appropriate mean, variance and range.

The doubly truncated Gaussian is important in the downstream velocity
solution presented in Chapter Three. This distribution is discussed, and a spe-
cialized solution method presented by Tribus in reference 12 (pp. 141-144). This
method is applied in Chapter Three.



Chapter Two

THE CASE OF SHEET BREAKUP:
CONSTRAINTS AND SOLUTION

2.1. The Model\

In many atomization applications the nozzle produces a thin sheet of liquid
which subsequently breaks up into droplets. In the swirl jet nozzle, which is com-
monly used in moderate capacity oil burners, the fuel is given swirl by tangential
entry into a central chamber. The fuel exits through an orifice as a cylindrical
jet, but the swirl causes the jet to expand radially forming a conical sheet. As
this sheet moves out it is thinned by the radial expansion and will geherally
develop undulations. At some point the instability of the undulations and the
stretching of the sheet become critical and the sheet breaks up into ligaments of
fluid. These ligaments then break up into droplets, perhaps by the Rayleigh ins-

tability or a similar mechanism.

As noted in the introduction, the fluid mechanics of this problem are
extremely complex and have not yet provided anything close to a complete solu-
tion. This model applies only the constraints that one can feel reasonably sure of

and dismisses many of the complexities with the statement ‘“We have no

23
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information”. If these complexities are important to the results their importance
will be reflected in the differences between the predicted and observed distribu-

tions.

Consider the system shown in Figure 2.1. A sheet of liquid has been
stretched and has reached its breakup length. The location of the breakup, and
the amount of stretching that takes place before the sheet reaches that point are
functions of the atomizer parameters and the fluid properties, particularly sur-
face tension. This model presumes knowledge of the sheet properties at the

instant before breakup.

Figure 2.1. The sheet breakup system under consideration.
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The sheet has a certain streamwise velocity V, and thickness 7. At the
breakup length a process begins, which over a relatively short distance breaks up
the sheet into droplets of some characteristic size. It turns out that the mass
mean diameter Dy, is a useful measure of that characteristic size. This model
presumes no information about the process of breakup, except that it must obey
simple conservation constraints. Mass, momentum and energy must be con-

served.

2.1.1. Weighted Mean Diameters

The important features of drop size distributions have traditionally been

characterized by weighted mean diameters defined as

[reae

Di?) = L (2.1.1)
15w
Y

This allows description of the moments of a distribution using values such
as the mass mean diameter, Dyq, or the surface mean diameter, Dy;. Weighted
mean diameters can also be used to represent the ratio of moments of a distribu-
tion, as is done by the Sauter mean diameter, D3y, which characterizes the mass

to surface ratio.

In this work the mass and surface mean diameters appear in the constraints,
and general expressions for D, are given in the section on empirical distribu-

tions.
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2.1.2. The Solution Space

Parameters are non-dimensionalized by the mass mean diameter Dy, for
lengths and the sheet velocity V, for velocities. Non-dimensionalized parameters
are denoted by the subscript * The solution space is defined by droplet diameter
8, and velocity v, in their dimensionless forms, so that an element of solution

space is d = dé,dv,. The PDF is then defined by the relation

p=fdb= fdidv, (2.1.2)

2.1.3. Conservation of Mass

To ensure conservation of mass the system of droplets must be constrained
to have the same amount of mass as the corresponding portion of the sheet. If a
sample of N droplets resulting from the breakup of a section of sheet with a

total mass of M is considered, then:

_ prd®
M= ffo 5 ds,dv, + mass sources (2.1.3)
¥
. M _ pmDy’° iy
Noting that ~ - P and that §, = 6/D3,, rearrangement yields
fff&? ds,dv, =1+ S, (2.1.4)
L

The mass source term S,, represents any exchange of mass with the environ-

ment. The primary mechanism for this exchange would be evaporation.



27

2.1.4. Conservation of Momentum

Similarly, for momentum to be conserved from the sheet to the spray, the

following constraint must apply.
fffagv.db;dv. =148, (2.1.5)
v

The momentum source term S,,, accounts for any momentum transfer between

the liquid and its environment through such actions as aerodynamic drag.

2.1.5. Conservation of Energy

Initially, one would expect the conservation of energy to provide a single
constraint. However, this would leave out important information concerning the
irreversibility of certain energy transformations and the prior knowledge of the

energy distribution between various modes before breakup.

Figure 2.2 shows the possible energy modes which make up the total energy
of the system and the energy transfer paths between them. Note that there are
some paths which allow transfer in only one direction. This represents the com-
plete irreversibility of certain processes. In addition, some sets of transition
mechanisms act more strongly in one direction than the other. This is the case
for transitions which are subject to significant losses and aré therefore only par-
tially reversible. These losses may be energy reductions, or entropy increases
due to a loss of order or ‘‘directedness’, as in the transition from the kinetic

energy of a mean flow to undirected turbulent kinetic energy. This difference



28

Potential
(pressure)

I

Kinet’ic —ﬂ Surface

(directed) /
Kinetic
(turbulent)
Internal @ me———  Kinetic
/ (circulatory)

Interaction with
Environment

Figure 2.2. Available transfer paths between energy modes.
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has been emphasized in the figure by using lines of differing widths for the dif-

ferent paths.

For example, an element of liquid may easily be deformed by the action of
aerodynamic drag and new surface area formed as a result of the reduction in
velocity. However, the reverse process is not possible. This is because the
directed kinetic energy, part of which is transferred to the environment and part
of which is transformed to surface energy by the drag deformation, is more
ordered than the surface energy it has been transformed into. Even if the fluid
element snaps back and shatters, transforming a substantial portion of its sur-
face energy into kinetic energy, that energy will be undirected. The resulting

droplets will have velocities in a variety of directions. \

2.1.6.1. The Kinetic Energy Constraint

To conserve kinetic energy through the breakup region the value for the
droplet distribution must balance with the initial value for the moving sheet plus
any sources of kinetic energy in the breakup region. If the sheet is presumed to

have a uniform liquid velocity, V, then the kinetic energy of an element of the
sheet, having mass M, is simply %MVz. The corresponding quantity for the

spray may be obtained by by integration. Setting the two equal to each other

and including the source term yields
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ffo ’méa A -i-MV2 + kinetic energy sources (2.1.8)
3
: M  pDy
Noting, as before, that N = 5 , and that v, m v/V and 4, = 6/Dy, ,
rearrangement yields
_ [[rev2asan=1+s5, (2.1.7)

¥

where S;, is a dimensionless kinetic energy source term, analogous to the

momentum source term S,,, mentioned earlier.

2.1.5.2. The Surface Energy Constraint

If the surface tension, o, is taken as a constant, the conservation of surface
energy, oA, becomes equivalent to the conservation of surface area. The surface
area of an element of mass in the sheet just before breakup is 2M/(p7) , where 7
is the thickness of the sheet. Balancing this with the surface area of the resulting

droplets and a source term yields

f f Nf n6%dé,dv, = —i—\-/f- + surface area sources (2.1.8)

Rearrangement, as before, gives
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fff&?d&.dv,= 311 + S, (2.1.9)
d’ *

where S, is a dimensionless surface energy source term.

2.1.86. The Source Terms

It is important to note that, although they are all dimensionless, the source
terms cannot be directly compared. Consider R as a dimensional source term, on

a per droplet basis, equivalent to the dimensionless source term S.

pD4,°
Mass R, = __BQ—S"' (2.1.10 (a))
prD3o°
Momentum R, = 5 VS, .0 (2.1.10 (b))
. . p7l’D303 2
Kinetic Energy R, = 5 VS, (2.1.10 (c))
Surface Energy R, = o7D3,°S, (2.1.10 (d))

The mass, momentum and kinetic energy source terms each have very similar
dimensional parts, differing only by the order of the velocity element. The sur-
face energy source term, however, has a dimensional portion which is completely
different from the kinetic energy source term. This is particularly important, as
it means that transfers from kinetic energy to surface energy cannot be applied
simply as offsetting source terms of equal magnitude. They must be adjusted to

allow for the differing definitions of the dimensionless source terms.
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2.2. The Formal Solution

The four constraints developed for conservation of mass, momentum, sur-
face energy and kinetic energy are combined with a normalization constraint as

described in Chapter One, giving the following system of equations.

[[rase=1 (2.2.1 (2))
Y
2 _ 1
{ [rewm= -+, (2.2.1 (b))
[[r83d6.a=1+s, (2.2.1 ()
v
[[révasan=1+s,, (2.2.1 (4))
L]
[[rev2asan=1+s, (2.2.1 (¢))
v

Applying the formal solution of Chapter One to this system yields an expression

for the probability density
[ = exp(—Xo— M6Z = Mgb2 = N383v,— \83v,%) (2.2.2)

and for the normalization parameter A\ in terms of the other multipliers.
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Ao = In [ f f exp(— X602 = Ngb3 — N3b3v,— N 63v.7) db, dv, (2.2.3)
¢ .

2.3. The Numerical Solution

Having found the form of the solution, the Lagrange multipliers must be
determined numerically. This is done using the modified Newton - Rhapson tech-

nique developed in Chapter One.

2.3.1. Constraints and Source Terms

The mass and surface energy constraints are used in the solution in the
same form as they were developed. The source terms for both are set to zero.

The effects of this idealization are discussed later in this chapter.

If a velocity distribution is to be obtained, the source terms in the momen-
tum and kinetic energy equations cannot both be set to zero. This would result

in two constraints which say essentially:
® The first moment of the velocity distribution is one.
® The second moment of the velocity distribution is one.

The only distribution satisfying both of these constraints at any particular drop
size is a single valued velocity distribution. Conceivably, a more complex velocity
distribution, having different means for different diameters, could be obtained

which would satisfy the constraints. This, however, would imply more
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information than is present in the constraints. None of the constraints show any

reason for one size of droplets to have velocities different from others.

If solution of the system is attempted with the source terms in both the
momentum and kinetic energy constraints set to zero, the solution does not con-
verge. This is because the solution would require a delta function in velocity,
which can be thought of as a degenerate form of the Gaussian terms in the solu-
tion. For A3 and A\, very large, the distribution will become sharper and sharper
in velocity, until in the limit a delta function is obtained. Unfortunately, because
of the discontinuous nature of this solution, it is not readily obtainable from a

numerical model.

This problem is dealt with by arbitrarily setting the momentum source term
S,y to some small fraction of the initial expectation value. Typically a value of
-0.05 has been used, reducing the expectation value from 1.0 to 0.95. This
changes the variance of .the velocity from zero to some small amount for the sys-
tem, and allows a solution to be reached. The implications of this arbitrary

change are discussed in Chapter Three.
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2.3.2. Description of the Solution Algorithm

The solution algorithm for the initial distribution is described below. A list-

ing of the program, with comments, is provided in Appendix B.

1. Make an initial guess at the Lagrange multiplier values. For most cases it is
adequate to start with all zeroes, however a better guess will give faster
convergence. The results of previous runs can serve this purpose, as well as
allowing one to ‘‘work one’s way out’ to more sensitive cases which will not

converge from a zero guess.

2. Equation (2.2.3) is then used to calculate Ay from the values of the other
Lagrange multipliers. This ensures that the guessed distribution, being the
whole of which the multipliers are parts, meets the normalization con-
straint. Without this, the guess would be fundamentally, and not just quan-

titatively, wrong.

3. The values in the Newton - Rhapson matrix of Figure 1.1 are calculated by
performing the necessary integrals of the guessed distribution over the solu-
tion space. The integration is done using a simple summation over elements.
This method was originally chosen because of its similarity to the summa-
tions in the discrete formalism. It has been retained because the calculation
of the initial distribution does not represent a large part of the total execu-
tion time and because its simplicity does not introduce large errors for

integration of the smooth continuous surfaces involved.
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4. The matrix is solved for new values of \g, A;, Xg, A3 and \,. The solver is a

simple full matrix solver, translated from Fortran.

5. Again, equation (2.2.3) is used to calculate a new value for Ay which ensures
that normalization is maintained. As described in Chapter One, this is the

critical step for the solution to converge.

6. The change in the value of )\ is tested for convergence, and if the change is

significant processing returns to step 3.

7. If the convergence test was passed then the current \; values represent a

solution to the system of constraints.

2.4. The Resulting Distribution

As can be seen from equation (2.2.2), the PDF takes the form of a Gaussian
in velocity, with a higher order curve in drop size. The velocity distribution is
much broader (has a far larger variance) at small drop sizes than at large drop
sizes. This is due to the mass weighting of the momentum and kinetic energy
constraints. All other things being equal, the larger, more massive droplets con-
tribute a far greater portion to the constraint integrals than the smaller, lighter
droplets, and thus the constraint provides more information about the larger
droplets, narrowing the distribution in that area. The velocity distribution is dis-

cussed more fully in Chapter Three.
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2.4.1. The Integrated Size Distribution

Most of the published information in this area is empirical, and consists of
droplet size distributions, rather than combined size - velocity distributions such
as the one developed here. Accordingly, it is desirable to put the distribution in
this form for comparison. This can be done by integrating the distribution
described by equation (2.2.2) over the velocity domain, from zero to the max-

imum velocity, V.. If f; is a size PDF defined by p = f;d, then

v,

fs = ff dv, (2.4.1)
0

or, substituting in from equation (2.2.2),

Ve

fi= [ exp(=2o= M8Z = g = Agblv = \(85v2) dv, (2.4.2)
0

Rearranging this to express the velocity terms as the square of a sum, and bring-

ing the independent terms outside the integral yields



2¢6
36'

fi = exp|=2g—= N\6Z= 63 + e

Ven 2
f \/_3 + >‘36'3 dv
exp| - NGVt —— A
0 2 V k46,

Define a dummy variable ¢ as

Ag62

= Vi
! AVEW:

so that the integral portion of equation (2.4.3) can be rewritten as
VA& Ven + (0a8)/ 2V AE)

fe"g/\/ A 62 dt
(Ma£)/ (2V&)

Recalling that the error function is defined as

2 2
erf(z) m — | et dt
(=) \/;{

this integral becomes

38

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)
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1
_7 |2 A3 A3
42,63 erf | Vo, V )‘46,5 + ?'\/ 83| — erf —2-\/ 63/, (2.4.7)

When this is substituted back into equation (2.4.3) it becomes

1
T ? X3 X3
= o8] | Ve VB + SV EN | el Van | |*

exp | —No— 262 - 2—-4-;: 63 (2.4.8)

Equation (2.4.8) is a readily evaluable form of the combined distribution,
expressed as a function of droplet size alone. This can now be compared with
equivalent empirical distributions. This maximum entropy distribution of droplet

size will be referred to as the ME distribution in later sections.

2.5. Number Distributions versus Mass Distributions

The PDF f; is a number distribution, meaning that the resulting probability
is the proportion of the total number of droplets which lie in a particular size

range. If n is the cumulative number fraction, then

(2.5.1)

In the literature results have generally been reported in terms of a mass PDF

which relates to the proportion of the total mass lying in a particular size range.
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A mass PDF f,, can be defined in terms of m, the cumulative mass fraction as

(2.5.2)

Recalling that mass is proportional to number of drops multiplied by diameter

cubed gives the expression
dn
S 8o = ) (2.5.3)

The constant of proportionality can be evaluated by forcing normalization on
Jn- The integral of f,, over the drop size range must be one. Recalling from the
mass constraint and the definition of the mass mean diameter D3y that the
integral of 1:56,3 over the drop size range must also be one yields a proportionality

constant of unity, so that

Jm = J562 (2.5.4)

This simple relationship allows an easy transition between the two types of
PDF which is possible only when using the non-dimensional drop size, §,. The ME

distribution appears as a mass PDF in the form
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7r£53

[ e )b

x2

exp | —No— N\, 62— x2—4—)‘4— 83 (2.5.5)

only slightly different from the number distribution.

2.6. Empirical Distributions

A variety of empirical drop size distributions have been proposed in the
literature. Four of the more significant distributions are presented here in both

mathematical form and graphically for comparison.

2.6.1. The Rosin - Rammler Distribution

The Rosin - Rammler distribution!4 has been widely used to model sprays

from a variety of atomizers. It is commonly expressed as

dn a6 Dexp [— (6/ )°]
dé 3P - 3/a)

(2.6.1)

In addition, an equation can be derived for the general weighted mean diameter

of a Rosin - Rammler distribution.
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Fe-rp [‘1_3 + 1]

(a-») ?
D P = _ s (2.6.2)
1"[” + 1}
a
Recalling that
_dn _ dn d§ _ dn
i 5= a5 = 4548 ~ P%as (2.6.3)
and defining z, = z/D3, , equation (2.6.1) can be rewritten as
ab{* Yexp [(6/5.)0]
= e (2.6.4)
z, I'(1-3/a)
Equation (2.6.2) can be used to evaluate z,.
4 Y
r{®2 4+,
-3 5(3-0) \ a J
z,” = D.B=0) = 33 ; (2.6.5)
3 r + 1
| @ J
Simplification yields
1
z, = (r(1—3/a)] s (2.6.6)

Substitution into equation (2.6.4) gives a completely non-dimensionalized equa-

tion for the Rosin - Rammler distribution.
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a4 62
[1*(1—3101)]"/3 o [1‘(1—3/01)]"/3

fs = (2.6.7)

Note that by non-dimensionalizing the distribution equation the size parameter
7 has been eliminated. The remaining expression describes fully the shape of the

distribution, but does not locate it in an absolute size range.

2.6.2. The Nukiyama - Tanasawa Distribution

The Nukiyama - Tanasawa distributionl® is described by

dn _ 65b%°
ds  T(3/p)

exp(—b6%) (2.6.8)

and the general weighted mean diameter is

~552) T ((g+3)/6)
r ((p +3)/ﬂ]

Dy = b (2.6.9)
Applying a technique similar to that used for the Rosin - Rammler distribution

yields an expression for the non-dimensionalized PDF containing only the

exponent parameter f.

828 T(6/B) I‘(6/ﬂ)] ]
= —V—"— (2.6.10)
L (I‘(3/ﬁ)]2 °xp T'(3/5)
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2.6.3. The Log Probability Distribution

The Log Probability distributionl® is based on the premiss that the drop
size distribution is a simple one, but that the probability is traditionally distri-
buted over the wrong scale for droplet size. The Log Probability distribution is
a simple Gaussian distribution, but plotted over a logarithmic size scale y. The

equations describing the distribution are

d 2
n S— ——— —
- = exp [,,y — ] (2.6.11)

and
y = In(é/7) (2.6.12)

The prime advantage of this form is that it allows the use of “probability
paper” to graphically fit a distribution to a known set of data. It can be easily

recast as a distribution over drop size, rather than over y.

2
dn _dndy _ v N [ oo 3
= =~ exp[ [’rln(élz) + 27] ] (2.6.13)

dé  dy dé
D37 ’
f5 — _‘(ii_:;_ - 30 exp [_ [’)’ln(&/:t) + _—] (2.6.14)

The expression for the general weighted mean diameter for this distribution is
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- p+q—6
Dp=72 exp[ o (2.6.15)

which can be rearranged as before to show that

_ 3
T = Dagexp|l—= 2.6.16
30 €XPp 472 ] ( )

Substituting this into equation (2.6.14) and simplifying yields

2
= 7 - 3
= e eXp[ ['nna. + 47] ] (2.6.17)

This is the non-dimensionalized Log Probability distribution equation. Note that
it also depends on only a single parameter for shape, the size parameter having

been eliminated.

2.6.4. The Upper Limit Distribution

The Upper Limit distributionl? is a variation on the Log Probability distri-
bution which defines a new drop size scale over which probability is distributed.

For the Upper Limit distribution the scale is

82, ~&° 82 —6¢

. ab!
y = ln[ ad ] = In (2.6.18)

where 8 is a constant generally taken equal to one. The value a is a constant,

describing the relative location of the maximum drop size, such that
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8, =6
e =22 (2.6.19)
650

where §,, is the maximum droplet diameter and &5 is the volume median droplet
diameter. The Upper Limit distribution is expressed as a distribution of mass

fraction

‘fi—m = X exp(—«%y?) (2.6.20)
y T

which can be recast in terms of the non-dimensional variables as either a mass

PDF

_ x [1 1 [, ab )
fn = _ﬁ[—é—: + 6,,,,—6.] exp | —«° |In( 6,,,,—6,) (2.6.21)

or a size PDF

6 )
fs= 5.3:/; {% + 6.,,,1—5,] exp [— K2 [ln( 5:__ 5,)] ] (2.6.22)

Both equations describe only the shape of the distribution, but not the drop size

magnitudes associated with it.
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2.6.6. A Basis for Comparing Distributions

The basic descriptive parameter in the maximum entropy formulation is the
dimensionless sheet thickness 7, Applying the definition of Dy to the surface
energy conservation constraint yields an expression for 7, which can be evaluated

for other distributions where the mass and surface mean diameters are known.

. = 1 (2.6.23 (2))
3 ((D2o/ Do)~ 5, )
or, for S, set to zero,
D30/ Dyo)?
7, = L—“T”)— (2.6.23 (b))
Using equation (2.6.23 (b)) for the Rosin-Rammler distribution gives
1
(T - e ®
"= ~ST(i=Ta) (2.6.24)
For the Nukiyama - Tanasawa distribution
2 1
3 3
o)’ (rem)
r = (2.6.25)

3T(5/P)
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For the Log Probability distribution
T, = -!-exp -—1—] (2.6.26)

For the Upper Limit distribution

1
1 . 1 ) 9 )|3

1+ 3aexp|— | +3a“exp]l—|+a’exp]l—
p[4'°2] pn"2] p[4"2]]

4
1
Sil+aexp|—
P L4'°2]]

Given 7,, and for the Upper Limit distribution a, these expressions can be used

(2.6.27)

to define distributions which have the same essential characteristics as the
maximum entropy formulation. For the present work a has been taken equal to

one, as Mugele and Evans did in their work.

2.7. Results and Discussion

The parameters for each of the distributions at three different 7, values are
given in Table 2.1. Number and mass PDF's for each of the three conditions are
shown in Figures 2.3 (a-f). The ME distribution was evaluated for a momentum
source term S,,, = —0.05 as discussed earlier. A solution space having the
range 0 < §, =< 2.5 and 0 =< v, < 2.0 was used for the integrations. For more

detailed numerical results see Appendix A.



Figure 2.3 (a) Comparison of Number Distributions for Ty = 0.350
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Figure 2.3 (b) Comparison of Mass Distributions for 7Ty = 0.350
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Figure 2.3 (¢) Comparison of Number Distributions for 7. % = 0.375
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Figure 2.3 (d) Comparison of Mass Distributions for 74 = 0.375
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Figure 2.3 (¢) Comparison of Number Distributions for 7y = 0.400
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Figure 2.3 (f) Comparison of Mass Distributions for 74 = 0.400
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Maximum Rosin Nukiyama Log Upper
Entropy Rammler | Tanasawa | Probability Limit
Te a B gl K a Ourm
0.350 6.92 158.6 3.20 1.75 | 1.00 | 2.19
0.375 4.93 2.45 2.06 1.23 | 1.00 | 2.45
0.400 4.27 1.41 1.66 1.05 | 1.00 | 2.70
Table 2.1. Parameters for the five distributions at different 7, values.

As shown in Figures 2.3 (a-f), all five distributions have similar features.
The Rosin-Rammler and the maximum entropy distribution are particularly
close in shape, with only minor deviations in the magnitude and location of the

peak and in the behaviour of the distributions for diameters near zero.

The present work would not provide much, if any, advantage if its object
was to derive another distribution with which to correlate data. However, the
maximum entropy formulation has a fundamental analytical basis. The fact that
it is in reasonable agreement with certain empirical distributions lends legi-
timacy to those distributions. The analytical foundation of the ME distribution
also indirectly explains empirical distributions which differ from it. In this light,
such distributions reflect physical processes which are not included in the con-

straints which give rise to the ME PDF. The maximum entropy formalism
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provides a means for adding information about such processes and deriving the
PDF which corresponds exactly to the new information without the risk of inad-

vertently introducing any extraneous information, or bias.

The ME droplet size distribution derived in this work can be considered as
an ideal case. It represents the results of a loss-free atomization process in which
liquid mass, momentum, surface energy and kinetic energy are all conserved. For
a real atomization process these conditions would be approximations, more accu-

rate for some atomizers than for others.

For example, is it reasonable to assume conservation through the sheet
breakup region? If evaporation is small then mass conservation is a good approx-
imation. If drag losses and conversion to surface energy are small then conserva-
tion of momentum and kinetic energy are good approximations. Surface energy
is probably not conserved during breakup, but is lost since it is the reduction in
surface area which drives the breakup of liquid sheets and ligaments. In any
case, the change in the surface energy would likely be small in relation to the
overall kinetic energy for common atomizers, and so would not substantially
affect Si,. This change would be reflected in the source term S, which could

introduce the surface tension into the distribution.

As shown in equation (2.6.23 (a)), the link between the ME distribution and
the others is defined by the resulting surface to volume ratio. This can be
expressed as a combination of S, and 7. This ideal case where S, = 0 may be

unrealistic, however, the basis for comparison of distributions is still valid.
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If one were to combine the ME distribution with a “front end” calculation
which predicts some average droplet diameter as a function of the parameters of
the sheet and the properties of the liquid, the resulting distribution would be
over absolute size rather than relative size, and would show a dependence on

surface tension and other liquid properties.

Finally, the region in space whére the predicted PDF could be expected to
occur cannot be localized in relation to the atomizer, but it can be specified pre-
cisely. It is that region where the random processes governed by the original con-
straints have gone to completion, and no processes governed by different con-

straints have had a measurable influence.



Chapter Three

DOWNSTREAM DEVELOPMENT OF THE
VELOCITY DISTRIBUTION

3.1. Downstream Behaviour

As the processes represented by the atomization model of Chapter Two go
to completion, the relative importance of interactions with the surrounding gas
increases. These interactions will include changes in droplet velocities due to

drag, as well as a reduction in droplet size due to evaporation.

The model used here for the downstream development of the velocity distri-
bution is very simple. The air flow field is assumed to have a uniform and con-
stant velocity, with no turbulent dispersion of droplets taking place. Evaporation
is ignored so that droplets will retain their mass throughout the downstream
development. For drag calculations the droplet is treated as a solid sphere,
ignoring any effects due to internal circulation or deformation. Although these
are very substantial simplifications, this model provides some insight into the

importance of different factors to the downstream velocity distributions.
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3.2. Downstream Velocity of a Single Droplet

Before the downstream velocity behaviour of an arbitrary number of dro-
plets with distributed velocities can be modelled, a model of the behaviour of a
single droplet is needed. If the spray under consideration is not dense, then colli-
sions can be ignored and the behaviour of the droplets collectively will be the

sum of the behaviours of each of the individual drops in the spray.

-[JQo —— - V

- —Fp

o—

Figure 3.1 A droplet in an air flow field.

Consider the simple system pictured in Figure 3.1. A spherical droplet of
diameter 6 is moving in the positive z direction with some velocity v through an
air flow field of constant and uniform velocity U,. A relative air velocity can be

defined as
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U =U,-v (3.2.1)

so that it is positive for an air velocity greater than the droplet velocity. This

gives a signed Reynolds Number

U,é
Re = (3.2.2)
v
and a signed drag coefficient defined by the expression
P U2 roj
FD = CDL_';AP_” (3.2.3)

Fp is a drag force in the positive z direction. Fy, will have, from examination of
Figure 3.1, the same sign as U,. From the defining equations the signed Rey-
nolds Number and drag coefficient will also have that same sign. For example; if
the air velocity is lower than the droplet velocity, all four of these quantities will

be negative.

Equation (3.2.3) can be rewritten as

paTUZE

The droplet will experience an acceleration governed by Newton's Law.

F pTUZE g
X

dv D
—_—— = 3.2.5
dt m D 8 plﬂ'be ( )

Multiplying both sides by D3o/V? gives
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d (V/V ) _ 3Pa (Ur,v)ch

d(tV/Dg)  4p(6/Dgy) 1(3.2.6)
If dimensionless diameter, velocity and time are defined, respectively, as
o= T)%o- (3.2.7)
w= % (3.2.8)
t= % (3.2.9)

then equation (3.2.6) becomes an expression for a non-dimensional acceleration.

av,  3p,Cp_,

Y Uz, (3.2.10)

Noting that

du,, dU,., dv, dv,

dt, dt, dt, dt,

for U, constant (3.2.11)

equation (3.2.10) can be rewritten as

dUrv 3paCD 2
&= i U2, (3.2.12)

Integration yields
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3paCD -1
U, = [ a bt C] (3.2.13)

where C is a constant of integration.

This manipulation requires that (p,Cp)/(p,6,) be nearly constant with time.
This is approximation is valid when applied locally over a small increment in
time and distance, as is done in this model. For the drag coefficient this is simi-
lar to a fully developed flow assumption, and should be quite reasonable.
Assuming that the density ratio and drop size are constant requires that tem-

perature changes be small and that evaporation be negligible.

An expression for droplet velocity is obtained by expanding the relative

velocity.

3pdCD -1
* = Uxt— R t‘+ 3. .
v, [ 170, c | (3.2.14)

Applying the boundary condition that v, = v,, at time ¢, = 0 allows the evalua-

tion of the constant of integration C.

3¢:Cp 1 -
=U,,- |——t;,+ ———— 2.15
Vis + [ 4p16‘ 1 Uaa_voa (3 2.1 )

This can also be expressed as a spatial rather than temporal relation by defining

some average velocity V, as
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v, = — = for £, =0 (3.2.16)

where z, is a non-dimensionalized downstream distance, to yield

-1
3p,CprAz
Ve = Up,— | — "+ 1 (3.2.17)
4p,6,v, U, .

Note that U,q, is the initial relative velocity, U.,—v,. The average velocity v,

can then be approximated as a linear average of the two velocities.

_ Vit Vg,

- 3.2.18
e (3:2.18)
This is substituted into equation (3.2.17), and the result is rearranged as
3p,CpnAz,U_,, 3p,CnAz,U,,,
vi4 e Dol 2 DT iy =0 (3.2.19)
2pl6# 2[)16,

If the drag coefficient is taken to be a constant of some average value over the
distance Az,, then this expression can be evaluated from the general solution for

the roots of a quadratic equation.

3p,Cpdlz,U,,,
4pl 6¢

Vie = =

1
30,CpAz,U, o, 2+ 2y 3p,CpAz,U,,, 2
4p,6, 0 20,6, x*

(3.2.20)
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The term

3pa CDAI,Uro,
2pl 50

(3.2.21)

must always be positive, as Cp and U,,, are of the same sign and all other ele-
ments are positive. Then, by examination, equation (3.2.20) always gives one
positive root and one negative root for U,, > 0. If v, is also positive then the

negative root is absurd and the solution is

3paCDAx*Ur0a
vl‘ - 4pl6t
30,CpAz,U,q, ) 3p,CpAz U,o,
+ |vi+ 3.2.22
[ 4p,6, b 2p,6, (3:2.22)

This expression must be evaluated iteratively to be sure the correct value of

the average drag coefficient is used. The sequence is:

1. Evaluate Cp at vy, and use this value to obtain v,,.
2. Evaluate Cy, for a relative velocity based on v, = (v,,+v,.)/2.

3. Evaluate a new v,, based on the current Cp,. If v, has not converged then

return to step 2.

This procedure allows the evaluation of droplet velocity a short distance
Az, downstream. If desired this solution could be ‘“marched” downstream to get

the spatial velocity history of one drop over an extended distance.
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In this model the drag coefficient is evaluated from the relation

24 6 5
= ==+ +0. < 2x10 2.
Cp= ot T3Ro 04 O0<Res2xl (3.2.23)

which is given by White!8 as an empirical curve fit for drag coefficients of solid
spheres within the given range of Reynolds Numbers. Although this correlation
is less accurate than the use of several separate correlations, it is sufficient to

show the general behaviour of the model.

3.3. An Initial Temptation

One is initially tempted to apply the simple drag model of the previous sec-
tion in an integral fashion over the entire distribution. This will result in values
for the changes in total momentum and total kinetic energy for the entire sys-
tem. These changes could then be applied to obtain new expectation values for
the constraints, and the system could be re-solved for a new size-velocity distri-

‘bution.

This represents the same type of error as was discussed in Chapter Two, in
regard to comservation of energy. The simple approach outlined above ignores
known information about the physical behaviour of the system. If the spray is
not dense, and hence collisions unimportant, then the momentum and kinetic
energy lost by a droplet of a particular size are lost by that droplet alone. If the
results are integrated over the entire solution space and applied in an average

sense, then that information is lost.
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If calculations are actually carried out on this basis, the result is a down-
stream development that does not show the strong variations in behaviour with
droplet size that would be expected to occur. The physics of acceleration due to
drag make it clear that the velocities of small droplets will move toward the sur-
rounding gas velocity much more readily than the velocities of larger droplets.
Inherent in this physical model is the understanding that there is no momentum
transfer between droplets, except through the rather weak link of interaction
with the surrounding gas. When drag losses are applied in an average sense,
there is no expression of this localization of accelerations. The result is a model
that, in effect, permits momentum and kinetic energy transport between dro-
plets in order to maximize the entropy of the distribution. This is clearly not

realistic.

3.4. The Separation of Drop Sizes

The problem of excessive averaging may be eliminated completely By con-
sidering each droplet individually. This would require substantial computing
resources and, for this simple model, would not provide results of corresponding

accuracy.

A large part of the averaging error can be removed by considering each dro-
plet size range separately. The droplet size range is divided into 25 segments,
each of which is 0.14, wide, to cover the range from 4, = 0 to §, = 2.5. Calcula-

tions can then be made for each range separately, making the assumption that
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all the droplets have the same diameter, namely the arithmetic mean diameter

for that range.

3.4.1. Downstream Moments of a PDF

The information available from the initial solution for each size range is
limited. The number fraction of droplets falling into that size range may be
obtained from f;- The velocity distribution within the size range consists of a

doubly truncated Gaussian, which was discussed in Chapter One.

This doubly truncated Gaussian is fully described by three pieces of infor-
mation. These are the mean velocity, the variance of the velocity, and the range
of permitted velocities. If this distribution is to be propagated downstream it
would be unreasonable to expect the information content of the downstream dis-
tribution to be qualitatively higher than the original. Using this logic it is rea-
sonable to apply the drag model to obtain only new values of the mean and the

variance, from which the new distribution may be inferred.

The doubly truncated Gaussian distribution is of the form
fo = exp(=Xo= AYe— VD) (3.4.1)

The Lagrange multipliers are initially determined from the solution for the size-
velocity PDF f, and are subsequently determined from constraints on the expec-
tation values for v, and v,2. These constraints are expressions of the mean and

variance, respectively.
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Having obtained the current distribution f,, it is necessary to evaluate the
expectation values for the constraints which will define the distribution some

small distance Az, downstream. The constraints are

Vem
f fovedv, = <v,> (3.4.2)
0
and
ffvv,zdv, = <v2> (3.4.3)
0

Define v,,,,,,(V.) as the velocity that will be achieved by a droplet, having current
velocity v,, after it has moved Az, further downstream. The calculations
required for the function v,y,,,( ) are given in section 3.2. The expectation values
for the distribution at a position Az, further downstream may then be calcu-

lated as

Ven

<> = [ W) &, (3.4.4)
0

and
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Ven
o

<v,2>,m,, = ffv [v.mw(v,)] dv, (3.4.5)
0

Knowing the expectation values, a new solution can be found for the doubly
truncated Gaussian. This is done using a special solution method presented by
Tribus in reference 12 (pp. 141-144). Using this method one may obtain the new
velocity distribution for each of the drop size ranges in turn, and then repeat the

entire process to march the solution downstream by a further Az,.

In the numerical solution the integrations are made over the entire velocity
range if the distribution is broad. When the distribution narrows substantially
the integration bounds are also narrowed to maintain sufficient resolution in the
area of interest. The integration is then performed within a range of =3 stan-
dard deviations of the mean and the results are corrected based on the integral
of the PDF over the same range. If the standard deviation is less than one per-
cent of the mean, then the distribution is considered as a single valued velocity

and calculations are made accordingly.

Since the droplet velocities vary, the set of droplets passing one location at
any particular time will not all arrive at a downstream position at the same
time. If, however, the spray system is steady in time then this problem may be
ignored. The droplets passing any point will not share the same starting time
from the nozzle, but for steady flow they will have experienced the same inter-

mediate conditions, and thus the starting time will be immaterial.
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3.5. Results and Discussion

The results of this velocity solution are presented graphically in Figures 3.2
(a-f) for the same three cases as were presented in Chapter Two. These figures
are for a sheet having an initial velocity of 10 metres per second breaking up
and moving downstream in a uniform air flow field having a velocity of 5 metres
per second. The D3, is 100 microns and properties used are for number 2 fuel oil
in air at 20 degrees Celsius. Because all of the solutions show similar charac-

teristics, they will be discussed as a group.

The initial velocity distribution shows a near uniform mean velocity at just
less than the initial sheet velocity. This reduction is due to negative momentum
source term used to generate the distribution, as discussed in Chapter Two.
Also, as noted in Chapter Two, the variance is initially very high for the smaller

droplet sizes and lower for the larger droplet sizes.

As the solution is propagated downstream the mean velocity values behave
exactly as expected. All of the mean velocities move towards the air velocity.
The rate at which the mean velocity moves towards the air velocity is larger for
smaller drop sizes and larger relative velocities. This is explained by a simple

examination of the drag relation.

The behaviour of the variance values is much more interesting. The vari-
ances at all drop sizes show substantial reductions as the drops move down-
stream. This is easily explained for the very small droplets whose velocities are
collapsing quickly onto the air velocity, however the effect was not expected to

be so pronounced in the larger drop sizes. The phenomenon results from the
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Figure 3.2 (a) Downstream Mean Droplet Velocities for Ty = 0.350
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Figure 3.2 (b) Downstream Variance of Droplet Velocities for Ty = 0.350
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Figure 3.2 (¢) Downstream Mean Droplet Velocities for T4 = 0.375

€L



Variance
of v,

0.2 -
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dependence of the acceleration of a droplet in the air field on the square of the
relative velocity. Those droplets with velocities farther away from the mean
velocity move toward the mean at a greater rate than those with velocities
closer to the mean. This results in a narrowing of the distribution which is

reflected as a decrease in the variance.

For example, from Figure 3.2 (b), the variance associated with the 100
micron drop size is reduced by more than seventy percent by the time the spray
reaches the downstream point where z, = 512. This corresponds to an actual
distance of 5.12 centimetres downstream, only a small part of the overall length
of a typical spray. This result is typical of a wide range of drop sizes in each of

the three cases.

This result suggests that, whatever the initial droplet velocity distribution, a
substantial part of the identity of that initial distribution is lost over a distance
which is short in comparison with the length of a typical spray. This would
mean that for efficient atomizers, which produce small droplets, the velocity dis-
tribution in the flame zone wouldAbe much more strongly dependent on the
nature of the gas flow field in the vicinity of the spray than on the characteris-

tics of the initial velocity distribution.

This also calls into question the momentum source term used to force a dis-
tributed velocity. If the velocity distribution is affected this strongly it may be
unreasonable to apply this source term from the “knowledge’ that velocity is a
distributed variable, even right at the base of the spray. The question of a dis-

tributed velocity versus a single valued velocity requires further work.



Conclusion

It is possible to predict the droplet size and velocity distribution in a spray
from first principles. The Jaynes - Tribus maximum entropy formalism predicts
the most probable distribution under the constraints of constant liquid mass,

momentum, kinetic energy and surface energy.

The projection of this distribution on the size dimension is the ME distribu-
tion. It agrees quite well with with corresponding empirical distributions, partic-

ularly the Rosin - Rammler distribution.

The velocity distribution found is Gaussian in form. When the system is
propagated downstream using a simple drag model, the variance of the velocity
distribution drops substantially over distances which are short in relation to typ-
ical spray lengths. On this basis one may conclude that droplet velocity distri-
butions in sprays are strongly dependent on the surrounding gas stream, and
that the downstream development of the distribution is relatively insensitive to

the initial velocity distribution.

The use of the maximum entropy formalism provides a framework for
studying more complex distributions, since such distributions reflect processes
which are described by constraints which are more complex than the indepen-

dent conservation laws which produce the ME distribution. This added
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complexity could be introduced through the interactions between the different
energy modes, which have been neglected in this work, or through further con-

straints such as the additional momentum constraint arising from a two dimen-

sional spatial model.
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Recommended Future Work

The close fit with the Rosin - Rammler distribution underscores the poten-
tial of this approach in atomization modeling. Further work is required in this

area to fully explore that potential.

The weak link in the current work concerns the development of the velocity
distribution. In particular, the application of the momentum source term is
completely arbitrary. This area requires clarification and a better understand-
ing. Perhaps the consideration of an undulating sheet in a two dimensional velo-
city field would produce a distributed velocity from a more fundamental basis.

This approach should be explored.

The current work considers only a sheet breaking up through undulations
and ligament formation. Many practical sprays are formed from direct atomiza-
tion of a highly turbulent jet. It may be possible to model the breakup of a tur-
bulent jet based on the creation of surface energy from turbulent kinetic energy
at the liquid/gas interface. Further work in this direction would require some

complex modeling of the behaviour of a free liquid surface in a gas.
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Appendix A

Detailed Numerical Results
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Three sets of detailed numerical results from the programiare given on the
following pages. These results are presented graphically in Chapters One and

Two. ( Figures 2.3 (a-f) and 3.2 (a-f) )

The calculations were made using the following parameter values:

Air Velocity 5.0 m/s
Sheet Velocity 10.0 m/s
Kinematic Viscosity of Air ' 1.6X107° m%s
Mass Mean Diameter 1.0X10"% m
Liquid Density 860.0 kg/m?®
Air Density 1.2 kg/m?®
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Solution of Entropy Maximization
Drop Size Distributions

Constraints:
0 - normalization

1 - surface energy d**2

2 - mass d¥*3

3 - momentum d#%#3 x v

4 - kinetic energy d#%3 x y¥x2

Acceleration = 1.00
TSTAR = 0.3500

lambda 0 to 4 =

4.1410E0 -1.3187El

Equations
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delta, mean v#* and variance.

Initial Conditions
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2.00 delta, mean{v#), varivx), check and bounds.

curve plotted for this set of data.
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4.00 delta, mean{v*), var(uv#), check and bounds.

.Xstar

curve plotted for this set of data.
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8.00 delta, mean{u#*), var{v#*), check and bounds.

xstar

curve plotted for this set of data.
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16.00 delta, mean(v*), var{u*), check and bounds.

xstar

curve plotted for this set of data.
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32.00 deita, mean{v*), var{u*), check and bounds.

xstar

curve plotted for this set of data.
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delta, mean{(v#*), var{y*), check and bounds,

64.00
curve plotted for this set of data.
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delta, mean{v¥*), var(v#*), check and bounds.

xstar = 128.00

curve plotted for this set of data.
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xstar = 256.00 delta, mean(v#*), var(v*), check and bounds.

curve plotted for this set of data.
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512.00 delta, mean{v*), var{v*), check and bounds.

xstar

curve plotted for this set of data.
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xstar = 1024.00 delta, mean(v#*;, variv¥), check and bounds.

curve plotted for this set of data.
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xstar = 2048.00 delta, meani{v#*), var{(v%*), check and bounds.

curve plotted for this set of data.
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Solution of Entropy Maximization Equations
Drop Size Distributions

Constraints:
0 - normatization

1 - surface energy  dxx2

2 - mass d*%3

3 - momentum d*%3 x v

4 - Kinetic energy  d¥*3 x y*x*2

Acceleration = 1.00 1 =24
TSTAR = 0.3730 J =23

lambda 0 to 4 =

2.0563E0 ~-5.28%6E0 é.2975E0

-6.7083E0

DSMAX
VSMAX

Q3

3.5433E0



74

2.0603E0

dsm = 2.4512E0D
Upper Limit

Gamma

R.R, N.T. Log Prob

4.9348E0
Max Ent

Kappa = 1.2325E0

Alpha
dstar
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delta, mean v¥* and variance.

Initial Conditions
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delta, meaniv#*), var(v#%), check and bounds.

2.00
curve plotted for this cet of data.
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4.00 delta, mean{v¥*), var(yvx), check and bounds.

xstar =

curve plotted for this set of data.
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delta, mean{v%), var{u%*), check and bounds.

8.00
curve plotted for this set of data.
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16.00 delta, mean{v#*), variv#), check and bounds.

xstar

curve plotted for this set of data.
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32.00 delta, mean{v*), var(v*), check and bounds.
curve plotted for this set of data.
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delta, mean(v*), var(uv#*), check and bounds.

464.00
curve plotted for this set of data.
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xstar = 128.00 delta, mean(uv%), var(uv#*), check and bounds.

curve plotted for this set of data.
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xstar = 256.00 delta, mean{v#*), varf{v¥), check and bounds.

curve plotted for this set of data.
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xstar = 512.00 delta, mean{v#), var{(v#), check and bounds.

curve plotted for this set of data.
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1024.00 delta, mean{v*), var{v#*3, check and bounds.

xstar

curve plotted for this set of data.
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2048.00 delta, meaniv%), variv*), check and bounds.

xstar

curve plotted for this set of data.

OOOOOOO~MNTNOM M0 T <N
OOOOOOODVNOMN Q~INOTOoOMNNT 0T
OOOOOCOMOVGTONIIMNON I TN O 0N
COOOOOOOININSG 00 M I N 0000 00 00 00 00 00 00 00

OOOOODONINTAMNOWOIN~MOOT -0 00O
OCOOOOOOMONOM T ONONCOMO0 MO
OOOOOOORDN VO OVONOw-NTIN VDO

COOOOOOTITE T T TITITNNINWNINININD

QOOOoOOOOOOOOO0OODOO0OOOUOOOD0O

OO0OOOQOORIRGOOOOOODDOOOD
OOOOOOORKRCOO0OODOODOODO00
QOOOOOOCGAIACOOCOOOOOO0OO0OO0D
OOOOOQOrNr OO0 OOOOOODOD

OQOOOOOOOO R CI v vt vt vt vt vt ¥4 74 ¥4 vt 74 vt

.ﬂ.000000544433333333333333
[YRITERUUISNINRENT U N D I A O S S N U HN NS BN B [ |
00OOOUUEEEEEEEEEEEEEEEEEE
OCCOOOOOOININ v O NP OV TN INM T M
OOOOOOOOMINGOOON0 D00 I OINWD
OOOCROOE - TNNOCNMN O NN O T ~0 00 0000
....... OO VOMO v <NV O0INTMN
0000000 llllllllllllllllll

T vt T 00 vt et NN O N OO NN OO O

QOOO—INNOMOOE- TN G~ ONOO M
OOO0OO—OININNNTNAOMODM OO~ N~
QOO0 NTINMNONONT NN 00N = (N T I
INININNINININININININKINNO VOO0V O MMM

OOOOOO0OO0O0OOOOOOOO0OOOOODO00O

[m e omYom Yoo Lo Yo Tum Tom Yuw T o Tomn Tomw Yo Jow Tone Tove Jom oo Tome Fom Tome B oou T o Lome
[om Jome Joow Lo Yom Yuu F o Lom Yoo T Jom Jome Y om Yoo Fow Tuuw Tom Youm Yoo Yomu T Tom Tom Tom Toom
INININ W ININ N NINIGINN N N INWNIN WD NN NN IN DD
O MNOTNOVRDONO—NMTINONOOO— N T

OO OCI O ED CDED CI D vt vt ot vt vk vt vt vt vt s (G NI N O



Solution of Entropy Maximization Equations
Drop Size Distributions
Constraints:

0 - normalization
- surface energy d*%2

1

2 - mass dx*%3

3 - momentum d*%3 x v

4 - kinetic energy d%%3 x y*x2

Acceleration = 1.00 1 =24
TSTAR = 0.4000 J = 25

lambda 0 toc 4 =

1.3854E0D ~2.4787E0 4.0071E0D

~2.4504E0

DSMAX
VEMAX

101

2.8813ED
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1.6560E0

dsm = 2.7034ED

Gamma =

1.4057E0
1.0000E0

R.R. N.T. Log Prob Upper Limit

Max Ent

dstar
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delta, mean v#* and variance.

Initial Conditions
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delta, mean(v#*), var(v#*>, check and bounds.

2.00
curve plotted for this set of data.
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4.00 delta, mean(u#*), var(v#), check and bounds.

xstar =

curve plotted for this set of data.
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8.00
curve plotted for this set of data,
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16.00 delta, mean{v*), var(y#*), check and bounds.

xstar

curve plotted for this set of data.
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delta, meaniv¥), var(v#*), check and bounds.

32.00
curve plotted for this set of data.
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64.00 delta, mean{v¥), var(y%), check and bounds.

xstar

curve plotted for this set of data.
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delta, mean{v¥), var(v%), check and bounds.

128.00
curve plotted for this set of data.
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256.00 delta, mean(v*), var{v%), check and bounds.

xstar

curve plotted for this set of data.
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delta, mean{v*), var{v#*), check and bounds.

512.00
curve plotted for this set of data.
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1024.00 delta, mean(v*), var(v*), check and bounds.

xstar

curve plotted for this set of data.
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xstar = 2048.00 delta, mean{v#*), var(v#), check and bounds.

curve plotted for this set of data.
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The code on the following pages will perform the calculations for the origi-
nal size - velocity distribution and the velocity calculations for the downstream
flow. In addition, it calculates comparison values for the four empirical distribu-

tions.

The code is written in the C language and has been run using the DeSmet C
compiler on an IBM PC with an 8087 numeric coprocessor installed. The IBM
PC was chosen for this project both because there was one available for use, and
because it is the smallest machine that the code will run on with reasonable exe-
cution times. One run, taking the solution out to an z, value of 2048, requires
about 8 hours of computing. Without the 8087 the execution time would be on
the order of a week or more. If the program had been attempted in an interpre-
tive language such as BASIC the execution time could be on the order of

months.
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#include
#include
#include
#include
#include
#include

#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define

double
double
double
double
double
double
double
double
double
double

int
int
double
double

*stdio.h"
*math.h"”
"mathfns.h"
*drops.h”
"pix.h"
*pix.dcl®

I 24
IP 25
J 25
JP 26
NCON 4
NCONP 5
NDIM 5
PANELS 30
XPANELS 640
DSMAX 2.5
VUSMAX 2.
DUNIEXP 1.
VUNIEXP 1.
USE_EXP FALSE

/*
V4
/%
VL
/%
S
/%
VL
/%
VL
/%
/*
/%
/%

index for dstar space 0 -1
plus one

index {for vetar space 0 - J
plus one

# of physical constraints
plus one

array dimension for solver

# of panels for simpint
Xtra large # of panels

max value for dstar

max value for vstar
discretization exponent
discretization exponent

set faise if above 2 equal 1}

Tamnot() ,pdf(),cowhite(),vnew();

phinot(),dtgf(),dtgfp();

vhewl () ,vnewlp(),pdfv{),pdfvp();
fyun() ,fuvnp (), fuvn2() ,fyun2p();
fuu ) (Fuup () ,fuu2() ,fuuzp()}

me_fdt();

plot_me_fdt(),plot_rr_fd(),plotont_{d{) ,plot_lp_Ffd();
plot_ul_+dQ),plot_me_fmt () ,plot_rr_fm() ,plot_nt_+fm(D;
plot_Tp_fm(),plot_ul_+fm();

data_in{();

verbosity;
crcles;
dds;

dvs;

V]
Vs ;
S®
/*

output detail level
iterations between output
the dstar increment
the vstar increment

*/
*/
*/
*/
*/
*/
*/
*/
*/
*/
*/
*/
*/
*/
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main(){
double tambdal12] = { 1.3854, -2.4787, 4.0071, -5.4504, 2.8813 1;

double lamstore[IPl[3]; /% lambda storage area ®/
double nlamINCONP]; /% normalized lambda values */
double gINCONP]; /% expectation values */

double gcalINCONP];

double dstarllIP];

double wvstarlJPl;

double dvparmlIPILJPIINCONP]; /% conservation parameters %/

double +FC0LIPIIJP]; /% the field of PDF values ®/
double +dlIP]; /% the 1D size PDF field */
double wvbarlIPl[3]; /% avg of vs, vs*2 and variance ¥/
double converge = 0.00001; /% a convergence test value */
double con2z = 0.0001; /% a less demanding value */

double ol1d;
double cond;

double acc = {.; /% an acceleration parameter */
double tstar; /% the tau star value ®/
double wu_airg /% the air free stream velocity */
double wu_air_star; S non-dimensional ized ®/
double wv_sheet; /¥ ms sheet velocity */
double nu; /¥ m*2/s Kinematic viscosity of air ®/
double nu_star; /#* non-dimensionalized */
double d30; /¥ m mass mean diameter ®/
double rho_liq; /7% Kg/m*3 liquid density */
double rho_air; /¥ Kg/m*3 air density ®/
double dratio; /% density ratio air/liq */
double alphaj; /% Rosin Rammler exponent */
double beta; /% Nukiyama Tansawa exponent x/
double ogam; /% Log Probability exponent */
double Kkappaj /% Upper Limit exponent */
double a; /% Upper Limit parameter ®/
double dxstar = 2.0; /% the xstar increment */
double xstar = 0.; /% current xstar space location ¥/
double xs_max; /% maximum value for xstar */
double last_plot_xs = 0.; /% last xstar piotted */
double 1,d2; /% normalized mean and variance %/

double viow,vhigh,varhigh = 0.}
double lower,upper,range;

double x,x1; /% counters and stuf+ */
int iyd K3 /% counters and stuff */
int count; /% cycle counter ®/
int prcnt = 0 /% # of outputs printed */
int prflag = FALSE; /% output print flag */
int plotflag = FALSE; /% output plot flag */
int singlevlIP]; /% single velocity flag %/
int equalvlIPl; /% ye = u_air_star flag */

int infile;



verbosity = 1; /% initialization of externals
tycles = 1; /% # of cycles between outputs
count = cycles-1; /% to give output after cycles
dds = DSMAX/1P;
dvs = VUSMAX/JP;

forli=0;i{=l;i+4)¢{
singlevii] = FALSE;
equalvlil = FALSE;
?

/% Get some parameter values from the input file.

infile = fopen("ddrag_in.dta","r">;
tstar = data_inCinfile);

u_air = data_in(infile);

v_sheet = data_in(infile);

nu = data_in{infile);

d30 = data_in(infile);

rho_lig = data_in(infile);

rho_air = data_in(infile);

xs.max = data_in{infile);
fclose(infile);

/% Initialize and solve initial distribution.

u_air_star = u_air/v_sheet;
nu_star = nu/(v_sheet*d30);
dratio = rho_air/rho_liqg;

gl0ol = 1.3
gll] = 1./(3.%tstar);
gl21 = 1.3
gl31 = .95;
gl4]l = 1.3

iftverbosity > 0) prtheader{acc,I,DSMAX, tstar,J,VSMAX);

parminit(dvparm,dstar,vstar);
lambdal0l=1amnot{dvparm,lambda,dstar,vstar)
fsolve(lamnbda,dvparm,dstar,vstar,g,acc,converge);
f0cal{(dstar,vstar,dvparm,lambda,f0);

*/
*/
t 74

*/

*/
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/% Print Lagrange multiplier values, *®/

if{verbosity > O
fprintf(stdout,"\n\t42.4e\t/2.4e\t/2.4e \t%2.4e\t%2.4e\n\n"
ytambdaldl,lambdall]l,Tambdal2],1ambdal3],1ambdal41);
if{verbosity > 1) gcheck(g,gcal,f0,dvparmd;
if(verbosity > 0) fprintf{stdout,"\{");

/% Set up two graphics pages for mean and var of velocity., %/

pixinit<);

if{num_page < 1)¢{
fprintf{stderr,"Can‘t open 2 graphics pages. Run aborted");
exit(1);
}

compare{lambda, tstar);

/% Evolve the distribution downstream by increasing xstar. %/

taminit(lambda,lamstore,vbar,dds,dstar);/# initialize lamstore
varhigh = 0;
for(i=03i{=1i++>{
/% Caleulate and store fd values for the distribution. %/
fdlil=me_fd{(]lambda,dstarlil,V8MAX) ;

/7% Find targest variance for setting graph limits, */
varhigh = max(varhigh,vbarlill21);
3

/% Set high and low v limits for graphs and do set up. */

vhigh = max{1.,u_air_star);
viow = min{i.,u_air_star);
vel_graph_setup(viow,vhigh,varhigh);

/% Draw initial state lines on graphs., %/

pix—page(0);

for(i=03i < Iji++)
line{dstarlil,vbarlill0),dstarli+i],vbarli+1]L01);

pix-page(1);

for(i=03i < 1;it4)
line{dstar{il,vbarlill[2]),dstarli+1),vbarli+13[2]1);

lambdal3l=u_air_star; /7% Set the values of some fixed ®/
lambdal4l=dratio; /% arguments passed to functions */
Jambdalél=dxstar; /7% in the evolution phase of the ®/
lambdal7l=converge; /% program. lambdall no longer */

Jambdal8l=nu_star; /% contains initial dist‘n values. %/



/% WorK downstream, increasing xstar by dxstar each time. */

while(xstar (= xs_max){
xstar+=dxstar;

if{verbosity > 1) fprintf{stderr,
*Calculating values for xstar = “B.1f \tmax = Z8.1f\r",
xstar,xs.max); /% tracking to follow the program %/

/7% Plot each time xstar grows by a factor of 2. 74

if{xstar >= 2.¥last_plot_xs){
plotflag = TRUE;
fast_plot_xs = xstar;
}

else plotflag = FALSE;

/7% Do accounting on whether to print out this iteration %/

pr+41ag=FALSE;
itCverbosity > 2 {1} (verbosity > 1 &% count <= 0) i} piotflag){
if(xstar/dxstar >= {0%cycles) cycles*=2;
count=cycles;
prflag=TRUE;
prentt+;
if(even(prcnt)) fprintfi{stdout,'\f"); /% new page %/
fprintf(stdout,"\n\n\txstar = %£6.2",xstar);
fprintf{stdout,
"\tdelta, mean(v*>, var(v#*), check and bounds.\n\n");
if(plotflag) fprintfistdout,
“Ntcurve plotted for this set of data.\n\n");
H

/7% Separately for each drop size increment, */
for(i=0;i<=1;i++>{
/% Load the lambdas for the velocity distribution., #*/
tambdal0l=1amstorelill0];
lambdalll=lamstorelill1];

tambdal2l=1amstorelilL2];
lambda{Sl=dstarlil;



/7% Do calculations based on a single valued velocitys/
/% i¥ the variance has become small. */

if(singlevlil i sqrt(vbarlill2)) < vbarlill01/100)¢
vbar[ill2]1=0;
singlevli)=TRUE;

/% Check to see if droplet velocity has become %/
/% equal to the air yvelocity. ®/

iflequalvlil i}
fabs{{u_air_star-vbarlil{01)/u_air_star)
- { converge’{
equalvlil = TRUE;
vbarlill0] = u_air_star;
2
else vbarlillOl=vnewl(ybarl[il[0],lambda);

if{prflag) fprintf(stdout,
\t/8.4f ¥8.4f X12.4e /8.4f ¥48.4f X8.44\n",
dstarflil,vbarlillO],vbarlil{2],0,,0.,0.)}

3

/% 14 the variance is still significant do integral %/
/% calculations for new mean and variance. Integratex/
/% over 3 standard deviations on each side of the t 74
/% mean, */

else{
x=3*sqrt(vbarlill2]);
lower=max{vbarlill{01-x,0.);
upper=min(vbarliJ[0l+x,VSMAX);
range=upper-Ilower;

/% Need to divide through by the integral of the */
/% PDF to avoid normalization problems with the xS
/% truncated distribution. ’ */

x=simpint(pdfv,pdfvp,iower,upper ,PANELS,1ambda);
vbarlil[0J=simpint{(fvvn,fvunp,lower ,upper,
PANELS,1ambda)/x;
vbarlillll=simpint{(fvvun2,fyvn2p,iower ,upper,
PANELS,1ambda)/x;
vbarlill2]=vbarlillll-vbarlillO)#vbarlil[0];

if(prflag) fprintf(stdout,
"\tZ8.4f ¥B.4f Xi2.4e /B.44 4B.44 VB.4f\n",
dstarlil,vbarlili0],vbar[il[2],x,lower ,upper);



/% Use dtgsolve to get new distribution based on */
/% the new mean and variance. x/

Tambdal1J)=-vbarlil[01/vbarlill2];
lambdal{2)=.5/vbarlill[2];
nlamlil=(lambdal11+2*1ambdal2]%*1ower)*range;
nlaml{2]=]ambdal2]*range*range;
I=(vbarlili0]-Tower)/range;
d2=vbarlill2]l/(range%*range);
dtgsolve(l,d2,con2,nlam);

if{verbosity > 3)
fprintf(stdout,
"lambda 0-2 (geuss)\t/e\t¥Xe\t¥e\n",
0.,Yambdall]),lambdal2]);

/% Store lambda values back for use in next round. #/

lamstorelill2]l=1ambdal2l=nlam[2]/(range*range);
lamstorelill1]l=1ambdalil=nlanlil/range-
2x*) ambdal2]*iower;
lamstore[i1[0]=1ambdal0l=nlaml0]+log(range)-
lambdalll#lower-1ambdal2]%1ower*1ower;

if(verbosity > 3

fprintf{stdout,"lambda 0-2\t\tZe\tXe\tXe\n",

lambdal01,1ambdal1],lambdai21);
}

if(verbosity > 4)

fprintf(stdout,"check (1.0) =\tXe\n®,x1);
b]



/7% Plot lines on graphs. *®/

if{plotflag){

pix_page(0);

for(i=03i ¢ Iji+#)
line(dstarlil,vbarlil{0],dstarli+i1],vbarli+11[0]1);

pix_page(1);

for(i=03i < Iji+t+d
line(dstarlil,vbarlill2],dstarli+l],vbarli+1]L2]);

}

count--;
3
fprintf(stdout, "\f");

/% Print out graphs. ®/
pix—page(l>;

grfprtc);

pix_page(1);

grfprtd{);

3
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double data_in(infile)
/7% Takes a line from infile, trims leading alpha and space %/

/% chars, takes chars up next space and returns a double */
/% equivalent. Returns zero on error %/
int infiles;

{

extern doubie atof();
char lTine_in[81]),%p,%q;
if(!fgets(line_in,B80,infile)? return 0.;

/7% point to first non alpha non space character ®/
for{p = line_injisalpha(¥p) 1! isspace(#p);p++);

/7% end string at next space character L 74
for(gq = p3'isspace(*g)jq++);
*q:ﬂ;

/% set double from string x/
return atof(p);

3

prtheader{acc,i,dsmax,tstar,j,vsmax)
/% Print header information %/
double acc,dsmax,tstar,vsmax;
int i,J3
{
fprintf(stdout,

*\tSolution of Entropy Maximization Equations\n\n");
fprintf{stdout,*\tDrop Size Distributions\n\n");
fprintf(stdout,"\tConstraints:\n®);
fprintf(stdout,*\t0 - normalization\n');
fprintf(stdout,"\t1 - surface energy d*%2\n");
fprintf(stdout,*"\t2 - mass d¥x3\n");
fprintf(stdout,*"\t3 - momentum d*%3 x v\n");
fprint+(stdout,"\t4 - Kinetic energyr d**3 x v*¥2\n\n");
fprintf(stdout,

"\NtAcceleration = 4Z.2f\t\t\t] = JZd\t\t DSMAX = %2.44\n",
acc,i dsmax)

fprintf(stdout,
"\tTSTAR = Z2. 48\I\t\tJ = Ld\i\t VSMAX = %Z.44\n\n",

tstar,j,vsmax);
fprintf(stdout,"\tlambda 0 to 4 =\n\n");
3
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parminit(dvparm,dstar,vstar)
/% Initializes dvparm, dstar and vstar ®/
double dvparm[IP}[JPJINCONP],dstar[IP]l,vstarlJP];
£
double d,v,ix,ix,re;
int i,J;
for(i=03i<=lsi++){
ix=ij
detarlil=(ix/1P+.5/1P)*DSMAX;
H
for(j=03j<=J;j++){
Jx=jj
vetarljl=(jx/JP+.3/JP) ®¥SMAX;
3
for(i=03i (= [;i++){
for(j=0;j (= J;j++){
duparmlil[j1L0]=1;
dvparml{illjll1l=dstarlilxdstarlil;
dvparmlil{jll2)=dvparm{illjlli]*dstarlil;
dvparmlilljll3]=dvparmlilljl[2]%vstarljl];
dvparmlilljll4)=dvparm{illjll31%ystar(jl;

£
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fsolve(lanbda,dvparm,dstar,vstar,g,acc,converge)
/% Solve for the lambda values subject to constraints g %/
double lambdall,dvparmlIPILJPIINCONP] ,dstarl],vstarll;
double gll,acc,converge;
{
double sumINCONP]IINCONP] ,matINDIMIINDIM} ,bINDIM] ,workKINDIM];
double old,cond;
int ipvtINDIM],i,j,flag;
$1ag=0;
while{flag != 1)¢{
old=lambdal0];

/7% Calcylate the Newton Rhapson equation matrix */

integrate(sum,lambda,dvparm,dstar,vstar);
for(i=0;i(=NCON;i++){
blil=acc*(glil-sumLilLD1);
for(j=0;j<{=NCON;j++){
mat{illji=-—sumlillj];
blilJ-=sum{illjl*lambdaljl;
3
}

/% Solve the matrix for the new lambda values */
decomp (NCON,mat,cond, ipvt,work);
solve{NCON,mat,b,ipvt);

for(i=0;i{=NCON;i++) lambdalil=blil;

/% Calculate new lambdal0l to ensure normalization %/
lanbdal0l)=1amnot(dvparm,iambda,dstar,vstar);

/7% Test for convergence */
if(fabs({old-1ambdal01>/1ambdal0])<{converge) flag=1;
it{verbosity > 2

fprintf(stdout,"\tZ2.4eN\t3(2.4e\t/2.4e \t%2.4e\t/2.4e\n"
s lambdal0],1ambdal1],1ambdal2],1ambdal3]1,1ambdal41);
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integrate(sum,lambda,dvparm,dstar,vstar)
/% Performs integrations for constrained quantities L 4
double sum[NCONPIINCONPI,1ambdalNCONP],dvparm[IPI[JPIINCONP];
double dstar[IPl,vstariJPl;
{
double exponent,x,f;
int i,j,k,m;

fori=0;i(=NCON;i++)
for(j=0;j<=NCON;j++)
suml[il[jl=0.;
for(i=0;i<=lsi++){
for(j=0;j<=J;i++>(
t=pdf(dstar,vstar,dvparm,lambda,i,j);
for{k=0;K<{=NCON;k++){
x=f*xdvparmlilL[jllk];
for(m=K ;m(=NCON;m++) sumlKlIlml+=xxdvparmlilljllm);
3
}
3
fordi=1;i{=NCON;i++)
for(j=0;jCijj++)
sumliJ[jl=sumljI[il;
for(i=0;i<{=NCON;i++>
for(j=0;j<=NCON; j++)
sumlill jl*=ddsx*dvs;
3

double lamnot{(dvparm,im,dstar,vstar)
/% Returns tambdal0] for other lambda values based on
normalization requirement */

double dvparm[IPILJPIINCONP],Iml],dstar[],vstarl];
{

int i,Ji,k;
double xsum,exponent;

xsun=0.,;
for(i=0;i <= Ijit+)
for(j=03j <= Jjj++)
xsum+=pdf(dstar,vstar,dvparm,im,i,j);
return log{xsum¥dds*dvsx*exp(iml{01));
3



deconp(n,a,cond, ipvt,work)

/%

*/

decomposes a matrix to estimate its condition

n order of the matrix - 1| (zero base matrix)
a matrix to be solved. triangularized matrix on output
ipvt ouput pivot vector for use by solve

Converted from FORTRAN 84-03-11 by Rick Sellens

Converted for a zero base matrix 84-04-1%9 by Rick Sellens

int n,ipvtINDIMI;
double alNDIMIINDIM],cond,workKINDIMI;

double fabs();
double ek,t,anorm,ynorm,znorm;
int nml,i,j,K,kpl,kb,kmil ,m;
ipvtinl=1;
ifin !'= 0>¢
nmi=n-1;
anorm=0., ;
for{j=0;j<=n;jt+)(
t=0.;
for(i=0;i(=nji++) t=t+fabe(alilljl);
it(t < anorm) anorm=t;

3

for {k=0;K<=nmijk++){
kKpl=k+1;
meK;

for{i=kpl;i<=n;i++){
if(fabs(alillk1) > fabs{almllK1)) m=i;
}
ipvtlkI=m;
it(m '= K) ipvtinl=-ipvtinl;
=almllkl;
almlfk)=alkllkl;
alkllkl=t;
if(t '= 0){
for(i=Kplji¢=nsi++) alillkl=-alillkl/t;
for(j=Kpl;j{=n;j++>{
t=almlilj];
almlifjl=alkiljl;
alklljl=t;
if(t ‘= 0)¢

for(i=Kplii<=nji++d> alilljl+=alillK]*t;

3

123



}

else(

)

for(k=0jk<{=njk++>{

3

t=0.;
i<k = 0>¢
Kmi=k-1;
for(i=03i{(=Kmlji++) te+=alillkl*worklil;
}
ek=1.;
ifCt < 0.) ek=-1.;
if(alkllk]l == 0.)¢
cond=1.e32;
goto exit;
3
workK[k]=-(ek+t)/alk][kl;

for (Kb=13Kb<=n;Kb++){

3

k=n-kb;

t=0.;

kpl=k+1;

for(i=kpl;i<=nji++) t+=alillK)mworklKl;

worklkl=t;

m=ipvtikl;

ifim = K> (
t=workiml;
workiml=workikl;
worklkl=t;

}

ynorm=0. ;

for(i=0;ji(=n;ji++) ynorm+=fabs(worklil);
solvel(n,a,work,ipvt);

znorm=0., ;

for{i=0ji{=nji++) znormi=fabs(worklil);
cond=anorm¥znorm/ynorm;

it(cond < 1.) cond=1.;

cond=1.;

ifCal01{0] == 0.) cond=1.e32;

exit:return;

A
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solve(n,a,b,ipvt)

/%
solves the linear system a*x=b
n order of the matrix - 1 (zero base matrix)
a triangularized matrix output from decomp
b right hand side vector. solution on output
ipvt pivot vector output by decomp
Converted from FORTRAN 84-03-11 by Rick Sellens
Converted for zero base matrix 84-04-1% by Rick Sellens
2/
int n,ipytINDIM];
double alNDIMIINDIM],bINDIM];
{
int kb,kml,nm!i ,kpl,i,k,m;
double t;
if{n = 03¢(
nmi=n—-1;
for(k=0;k{(=nmljk++){
Kpi=Kk+1i;
m=iputikl;
t=biml;
bIml=blK]l;
blkl=t;
for{i=kpl;i<=nji++)> bLiJ+=alillkl*t;
3
for (Kb=1;kb<{=n;kb++){
kni=n-kb;
kK=kmi+1;
bikl=blkl/alk]lKl;
t=-blk];
for(i=0;i<=Kml;i++) blil+=alillk]l*t;
3
2
bl0I=bl01/al01[0];
return;
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t0cal(ds,vs,parms,im,f0)

/% Calculate a matrix of PDF values and return in 0 */
double dsL[1,vsl],parms{IPI[JPIINCONP]),Im[1,40[IPI[JP};

{

int i,j;

fori=0si{=1;i++)
for(j=0;j¢=Jd;j++)
f0Li1Lj)=pdf(ds,vs,parms,Im,i,Jj);

3
double pdf(dstar,vstar,dvparm,lambda,i,j)
/% Returns the value of the PDF at a given i,J x/
double dstarll,vstarl],dvparmlIPIIJPIINCONP],lambdall;
int i,Jjs
{
int K;

double exponent,f;

exponent=-1ambdal01];

for(k=1;K<=NCON;k++) exponent-=lambdalk)zdvparmlilljllk];
f=exp(exponent);

/% Only compile this line if the discretization is non uniform %/
#if USE_EXP

fex=pow(dstarl[il]l,DUNIEXP-1.)#powlvstarij] ,VUNIEXP-1,);
#endif

return ;
)



gcheck(g,gcal,f0,dvparm)
/% Calculate expectation values based on calculated PDF
values in f0 and print comparison figures. L 74

double gll,9calll,fOLIPIIJP],dvparmlIPILJPIINCONP];
{

int i,J4K;
for{i=0;i{=NCON;gcalli++1=0.);
for(i=0;i{=1;i++)
for(j=0;i(=Jds3j+4)
for (K=0;K<{=NCON;k++)
gcallkl+=40LiJljI*dvparmlilljllk];
for{i=03i{=NCON;i++){
gcallil*=DSHAX/IP;
gcalliJ*x=USMAX/JP;
3
fprintf(stdout,
*\tExpectations of constraints 0 to 4 <(set/calculatedi\n");
fprinti(stdout,"\t%2.4e\t}2.4e\t}2,.4e\1¥/2.9e\t/2.4e \n"
+0f01,0011,0123,9031,g04]);
fprintf(stdout, " \t%Z2.4e\t}(2.4e\1t/2.4e\t/2.4e\t%2.4e\n"

ygcalf0l,gcallll,gcall2),gcall3l,gcalldl);
3

compare(lambda,ts)
7% Calculates and graphs comparisons between the ME */
/% distribution and the empirical distributions. ®/
double lambdall,ts;
{ .
double alpha,beta,gam,a,kappa,ds,fdl81,fdt(8];
extern int squarell,open_squarell,oneil,twoll,threell,fourll;
extern int fivell,six[l,sevenf},eightll,ninell,zerol];
extern int decll,negll,plusll];

/% Set parameter vector lambda for passing to functions.®/

TambdalS] = VSMAX;

lambdalé] = aipha=rr_alpha(ts);
Tambdal?] = beta=nt_beta(ts);
lambdal8] = gam=1p_gamma(ts);

Tambdal10] = a=1.0;
tambdal?] = Kappa=ul_Kkappa(ts,ad;
lambdafll] = ul_dsm{a,Kappa);

fprintf(stdout,"\n\tAlpha = 42.4e\tBeta = %2.4e\t\tGamma = “2.4e\n"
salpha,beta,gam);

fprintf(stdout,"\tKappa = %2.4e\t a = Z2.4e\t\tdsm = %2.4e\n\n",
kappa,a,lambdaliil);

fprintf(stdout,"\tdstar Max Ent R.R. ");

fprintf(stdout," N.T. Log Prob Upper Limit\n\n");
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fdtl0)=fdtl1I=FdtI2]1=fdt[3])=¥dt[4]=0D;

for(ds=.05;ds<{=DSMAX;ds+=.05){
fdtl0l+=¥d[0I=me_fdt{1ambda,ds,VSMAX);
fdtl1l+=+dl1]=rr_fd(alpha,ds);
fdti2)+=fd[2]=nt_fd(beta,ds);
fdtL31+=4d[3)=1p_fd(gam,ds);
fdt{4]+=fdl[4]1=ul_+d(kappa,a,lanbdali1],ds);
fprintf(stdout,"\t/5.24%12.4e%12.4e7%12.4eX%12.4eX%12.4e\n",

ds,fdl0],fdl1],+dl(2],fd[3],+d[41);

3

fprintf(stdout,"\n\tTotal’12.4e”12.4e/12.4e%12.4e%12.4e\f",

fdti{0],fdt(1],4dt12],4dt13],fdtl41);

comp_graph_setup();
plot_fxp(plot_me_+dt,lambda,.01,2.5,0);
plot_fxp(plot_rr_fd,lambda,.01,2.5,0);
plot_fxp(plot.nt_+d,lambda,.01,2.5,0);
plot_fxp{plot_lp_fd,lambda,.01,2.5,0);
plot_fxp(plot_ul_+d,lambda,.01,.995%1ambdal111,0);
grfprt();

comp_graph_setup();
plot_{xp{plot_me_fmt,lambda,.01,2.5,0);
plot_fxp(plot_rr_fm,lambda,.01,2.5,0);
plot_¢xpi{plot_nt_+m,lambda,.01,2.5,0);
plot_fxp(plot_tp_fm,1ambda,.01,2.5,0);
plot_fxp(plot_ul_+m,lambda,.01,.995%1ambdal111,0);
grfprt(d;

3



comp.graph_setup{)
/% Draws up axes and stuff for the plots */
{
extern int squarell,open_squarell,onell,twcl],threel],fourl];
extern int fivell,six[1,sevenll,eightll,ninell,zeroll;
extern int decll,negll,plusli];
pix_page(0);
pixclr();
set_landscape();
window(-.8,-.6,3.,2.7);
axis¢0.,2.9,.5,9,0.,2.2,.5,9);
point(0,,-15.%¥ydot(),zero);
point(1l.-4*xdot(),-13.%ydot(),one);
point{(1.,-15.%ydot(),dec);
point(1.+5%xdot(),-15.%ydot(),zern);
point{2.-é¥xdot(),~-15.%ydot(), two);
point(2.,-15.%ydot() ,dec);
point{2,+3%xdot() ,-15.%ydot(),zero0);
point(-15,.%xdot(),0.,zero);
point(-23%xdot()>,1.,0ne)
point(-19*xdot(),1.,dec);
point{(-14%xdot(),1.,zero);
point(-25*xdot(),2.,two);
point(-19%xdot(),2.,dec);
point(-14¥xdot(},2.,zero);
3

double me_+dt{Im,ds,vsm)
/% returns 4d based on an analytical integration method */
double Iml{l,ds,vsm;
{
double x,x!1,x2,exponent,ds3;
ds3 = ipowids,3);
Xx = sqrt(ds3/Iml(41)*Im[31/2;
x1 = x+sqrt(Iml41%ds3) ¥vsm;
x2 = (erfi{xl)-erf(x))*sqrt(Pl/(4*Im[41%ds3));
exponent = -Iml0)-1ml1]l*ds*ds—-(Inl[2]1-1nl3I*%Im[3])/(4%I1ml4]))*ds3;
return x2%exp(exponent);
2
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laminit<lambda,lamstore,vbar,dds,dstar)
/% Initializes lamstore based on lanbda 0 - 4 from */

/7% initial distribution. Also calculates vbar by x/
/% integration. 74
double lambdall,lamstorelIPl[3]),vbar{1P][3],dds,dstar(];
{

int i;

double x,d3,dumlam[3];
if(verbosity > 0) fprintf{stdout,
"\n\tlnitial Conditions\tdelta, mean v* and variance.\n\n");
for(i=0;i<=1;i+4)(
d3=ipow(dstarlil,3);
dumliam{0l=lamstorelil[0l=1ambdal0l+lambdalil*dstar(il
#dstarlil+lambdal2]*d3+log(me_fd(Tambda,dstarlil,VSMAX));
dumlam{il=lamstorelillll=1anbdal3]1%d3;
dunlaml2]l=lamstorelil[2]J=1ambdal4]1%d3;
vbarlillDl=simpint{fvv,fvvp,D. ,USHAX ,XPANELS,dumlam);
vbarlillil=simpint{fvv2,fyv2p,0.,VSMAX ,XPANELS,dumlam);
vbariill2i=vbarlillil-vbarlill0l#vbarlill0];
if{verbosity > 0) fprintf(stdout,
"\t/B.4f YB.4f X1Z.4e\n",
dstarlil,vbarlill0],vbarlill2]);

3
3
vel_graph_setup(viow,vhigh,varhigh)
/% Draws up axes and stuff for the velocity plots */
double viow,vhigh,varhigh;
{

extern int squarell,open_squarell,onell,twol],threell,fourl];
extern int fivell,six[],sevenll,eightil,ninel),zerol];
extern int decll,negl],plusll;

/% set up mean velocity graph on page one ®/

pix_page<0);

pixcir(d;

set_landscape();

viow—=.,1;

vhigh+=.1;
window(-.7,vlow-(vhigh-vlow}/3.,3.,vhigh+(vhigh-viow)/3.)};
axis€0.,2.5,.5,5,viow,vhigh,.1,2);



(31

point(0.,viow-15.%ydot(),zero);

point(1.-4%xdot(),viow-15.%ydot(),one);

point{(l.,vlow-15,%ydot() ,dec);

point{1.+5%xdot(),viow-15.%ydot(),zero);

point(2.-é¥xdot() ,viow-15.%rdot(),two);

point(2.,vlow-15.%ydot() ,dec);

point{2.43%xdot() ,viow-13.%ydot(),zero);

if(vlow (= 0. && vhigh >= 0.) point{-13.#%xdot(),0.,zero0);

if{viow {= ,2 && vhigh »= .2)(
point{(-25%xdot(),.2,zero);
point(-19%xdot(),.2,dec);
point{-{4*xdot(}),.2,two);
3

if{viow {= .4 && vhigh >= .4>(
point{(~25%xdot(),.4,zero);
point(-19%xdot(),.4,dec);
point{-14%xdot(),.4,four);
}

if{viow (= .4 && vhigh »= .8)(
point(-25%xdot(),.é,zero);
point(-19%xdot(),.4,dec);
point(-14*xdot(),.&,5ix)}
}

if{vlow {= .8 && vhigh »>= .8)¢(
point(-25%xdot(),.8,zero);
point(~-19%¥xdot(),.8,dec);
point{-14x*xdot(),.8,eight’
}

if{viow {= 1. && vhigh »>= 1.,>{
point{-25%xdot(),1.,one’;
point{(-19%xdot(),1.,dec);
point{-14xxdot(),1.,zero);
3

ifviow (= 1.2 && vhigh = 1.2){
point{-25*xdot(),1.2,0ne);
point{(-19#%xdot(),1.2,dec);
point{(-14*xdot(),1.2, two);
3

if{viow {= 1.4 && vhigh = 1.4){
point{-25*xdot(),1.4,0ne);
point{-19%¥xdot()>,1.4,dec);
paint{-14x*xdot(),1.4,four);
}



if(vlow (= 1.6 && vhigh )= 1.6){
point{-25%xdot(),1.4,0ne);
point({-19%xdot(),1.6,dec);
point(-14%xdot(),1.4,six);

3

if{viow (= 1.8 && vhigh = 1.8){
point{-23*xdot(),1.8,0ne);
point(-19#xdot(),1.8,dec);
point(-14*xdot(),1.8,eight);
}

if{viow (= 2. && vhigh »>= 2.)¢(
point{-23%xdot(),2.,two);
point(-19%xdot(),2.,dec);
point(-i4x*xdot(),2.,zero);

3

/¥ set up velocity variance graph on page one

pix-page(l);
pixclr();
set_landscape()}
window(-.7,0.-varhigh/3.,3. ,varhigh%1.333);
varhigh»=1.1;
axis{0.,2.5,.5,5,0.,varhigh,.1,2);
point(0.,-15,.%ydot(),zero);
point{(l.-é#¥xdot(),~-15.%ydot{),one);
point(1.,-15.%ydot(),dec);
point{l.+3¥xdot(),-15,%ydot(),zero0);
point(2.-éxxdot(),-15.%ydot(),twod;
point(2.,-15.%ydot(),dec);
point{2.+5%xdot(),-15.#ydot(),zero);
point{-15.%¥xdot(),0.,2ero0;
if(varhigh »>= .1){
point{-25%xdot(),.1,zero);
point(-19#xdot(),.1,dec?;
point(-14*xdot(),.1,0ne);
3
if{varhigh »= ,2)¢
point{-25%xdot(),.2,zero);
point(-19¥xdot(>,.2,dec);
point{~{4*xdot(),.2,two);
}
if{varhigh >= .3)¢
point(-23%xdot(),.3,2ero0);
point{-19*xdot(),.3,dec);
point(-14¥xdot¢(),.3,three);
3

x/



double fuvi{vs,lambda)
/% Return the product of fv and vs based on the values
/% in the vector of doubles, lambdall.
double vs,lambdall;
{
return vs¥pdfv(vs,lambda);
3

double fvvp(vs,lambda)
/% Return d{fv*ys)/dvstar (fv¥vs prime) based on the
/% yalues in the vector of doubles, lanbdall.
double vs,lambdall;
{
return vs¥*pdfvp(vs,lambda)+pdfvivs,]lanbda);
3

double fvv2(vs,lambda)
/% Return the product of fv and vs*2 based on the
/% values in the vector of doubles, T1ambdall,.
double vs,lambdall];
{
return vs*vs¥pdfv(vs,lambda);
3

double fvy2pivs,lambda)
/# Return d({fv¥vs*2)/dvstar (fu*¥ys*2 prime) based on
/% the values in the vector of doubles, lambdall.
double vs,lambdall;
{
double x;
return vexys¥pdfyp(vs,ltambda)+2%pdfv(vs,lambda)*vs;
)

double pdfv(vs,lambda)
/% Return the value of fv(vs) based on the values
/% in the vector of doubies, lambdall.
double vs,lambdall;
{
return exp(-lambdal0l-lambdalll*vs-lanbdalZ]l*vs*vs);
3

double pdfup(vs,lambda)
/% Return d{(4v)/dvstar (fv prime) based on the values
/% in the vector of doubles, lambdall.
double vs,lambdall;
Iy .
return ~{lambdali]+2*lambdal2]%yg)#*pdfv(vs,lambda);
)

®/
®/

L 74
x/

®/
®/

*®/
*/

*/
x/

®/
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double

/% Returns the velocity of a droplet at dx

vnew(vO,uinf,dratio,delta,dx,converge,nu,cd)

on the initial velocity and simple drag relations.

vuinf must be a value greater than zero.
Will correctly return vl = v0 for v0 == uinf.
Tests correct 84-09-07 RWS */

double vO,uinf,dratio,delta,dx,converge,nu,{*cd){);

{

double x,K,vold=0,vi,vbar,ur;
x=1.O%dratio*dx*¥{uinf-v0)/delta;

vi=v0+0.0000001; /7% to make sure vnew !'= 0 ®/
if{verbosity > 9){

fprintfi(stdout,"\tIn vnew(), v0 = Ze \n",v0);

fprintf(stdout,"\tuinf, dratio, delta, dx, nu\n");

fprintfi(stdout,"\t¥e Xe e Ze Ze\n',
vinf,dratio,delta,dx,nu);

3

while{fabs((vi-void)/vi)}converge){

vbar=(vl+v0)/2;

voldsvl;

ur=uinf-vbar;

k=x#{%cd)(ur*del ta/nul;
vi=-k/2+eqr t(K*K/4+v0#yD+K*uinf);
it¢verbosity > 5

fprintf(stdout,"\tvbar = ¥e \t v1 = Xe\n",vbar,vi);

3

if{verbosity > 3) fprintfistdout,"\tvl = Ze\n\n",vi);
return vi;

3

double vneuwl(vs,lambda)
/% Return the new value of vstar based on the values

/®
/¥
VE ]
/¥
VL
/¥
/%
V4 3
/%
/¥

double vs,lambdall;

{

return vnew{(vs,lambdal3],1ambdal4],lambdal5],1ambdalé],

3

in the vector of doubles, lambdall.

lambdal0] = 1ambdal - multipliers for the
lambdal1] = lambdal doubly truncated
lambdal2] = 1ambda2 gaussian distribution.
lambdal3] = vastar - air velocity

lambdal4] = dratio - density ratio (air/liqg)
lambdal3] = dstar - drop size

lambdalé] = dxstar - X increment

lambdal7] = converge - convergence test value
lambdal8] = nustar - air viscosity

lanbdal71,1ambdal 8] ,cdwhite) ;

downstream based

L 74
1 74
*/
*®/
*/
®/
*/
*®/
*/
®/
*/
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double vnewlp{vs,lambda)

/% Return d{vnewl)/dvstar (vnewl prime> based on the */
/% values in the vector of doubles, lambdafll. ®/
doublie vs,lambdal]l;

{

double k2,x,vi,vb,ur0;

vi=yvnewl (vs, lambda);
x=1.5*%1ambdal4]%1ambdalé]l1*(1ambdal31-vs)/1ambdal3];
vb=(vltvs)/2;

ur0=lambdal3]-vs;

/% deal with case where relative velocity is about zero */
if(fabsCur0) < {1,E-10) return 0.;
KZ2=x#cdwhite((lambdal3]1-vb)*lambdal51/1anbdal81)/2;

return (vs+k2)*lambdal31/({v1+K2)*urD)-vi/url;

}

double cdwhite(re)
/% returns drag coefficient for a sphere 0 (= re (= 2Ze3 */
/% white — viscous fluid flow - eqn 3-2465 ®/
/% Tests correct 84-09-07 RIS */
double re;
{
double cd,sign=~1.;
if(re{0) re¥=sign;

else sign=1.}

if{re{.0001) re=.0001; /% to eliminate problems with re = 0%/
ca=sign*(24./ret+é./(1+sqriire)d+0.4);
if(verbosity > 5) fprintfi(stdout,"\tre = Ze \t cd = Xe\n",re,cd);
return cd;
3

double fvvn{vs,lambda)
/% Return the product of fv and vn based on the values #*/
/% in the vector of doubles, lambdall. ®/
double vs,!ambdall;
{
return vnewl(vs,ltambda)*pdfv{vs,]lambdaj;
3

double fvunp{vs,iambda)
/% Return d(fv*vnd/dvstar {fv*vn prime) based on the ®/
/% values in the vector of doubles, lambdall. */
double vs,lambdall;
{
return vnewl(vs,lambda)*pdfvp(vs,lambdal+

pdfu(vs,lambda)*vnewlip(vs,lambdaj;

3



136

double fvvn2(vs,lambda)
/% Return the product of fv and vn*2 based on the */
/% yalues in the vector of doubles, lambdall. ®/
double vs,lambdall;
{
return ipow(vnewl{(vs,lambda),2)*pdfv(vs,iambdal;
3

double fvun2Zp(vs,lambda)
/% Return d(fv*vn"2)/dvstar (fv#un*2 prime) based on ®/
/% the values in the vector of doubles, lambdall. */
double vs,lambdall;
{ -
double x;
=ynewl (vs,lambda);
return x¥x*¥pdfvp(vs,lambdal+
23pdfv(vs, lambda) ¥x*¥vnewlp(vs,Tambda);

2
dtgsolve(1,d2,con,1ambda)

/% BSolves for lambda values for a doubly truncated x/
/¥ Baussian distribution with limits x = 0 to 1 and 2/
/% mean = |, variance = d2. x/
/% con is a convergence criterion. */
/% Method from Tribus, Rational Descriptions, ®/
/% Decisions and Designs. pp 141 - 143, */
double 1,d2,con,lambdall;

{

double old,x,xi,x2,f,f1,¥2,q9,01,02,d0,phil5];

if(verbosity > 4){
fprintf(stdout,"L = e\t D*2 = Ze\n",1,d2);
fprintf(stdout,”In dtgsolve, phil0l, lambda 6-2 =\n");
}

if{lambdali] = 0) lambdalil=.1;

x2=1%1+4d2;

old=lambdal]11%2;

while(fabs((old-lambdal1])/1ambdal11) } con){
cld=lambdal1l;
philGl=phinot(]lambda);
if{verbosity > 4

fprintf(stdout,"\tphi0 Im0-2 X12.4e%12.4e%12.4e%12.4e\n",
phil0],1ambdal0],1ambdal1],1ambdal2]);



x=-exp(-lambdalil-1ambdal2]);
xi=1/(2*%1ambdal21);
philll=(1+x-Tambdalilxphil0])*x1;
phil2l=(x+phil01-1ambdal1I%phil[13)%x};
phil3l=(x+2%phil1]l-l1ambdal{l*phil2])#*x}{;
phil4l=(x+3%phi[2]-Tambdal1l#phil31)#*x1;
f=1#phil0l-philll;

o=x2%phil0l-phi[2];

fil=-1%phil1l+phil2];
t2=-1#phil21+phil3];
gl=-x2%phili1l+phil3];
g2=-x2%phil2]+phil4l;

do=f1%g2-f2%qgl;
Tanbdal1l-=(g2%f-f2%g)/d0;
lambdal2]+=(gi*f-f1%g)/d0;

3

lanbdal0l=log(phinot{(lambda));

3

double phinot(lambda)

/¥
Vs
/¥

Evaluates phil0]l as described in Tribus
phil0] = integral(0 to 1)

exp(-lambdalil*x-1ambdal2}#*x*2) dx

double lambdall;

{

return simpint{dtgf,dtgfp,0.,1.,PANELS,lambda);

3

double dtgf(x,lambda)
/7% function £ for phinot() and dtgsolve()

/% $(x,lambda) = exp(-lambdal1l#x-1ambdal2])*x*2)

double x,lambdall;

{

return exp(-lambdalil#x-lambdal2]#x%x);

3

double dtgfp(x,lambda)

/% function fp (df/dx) for phinot() and dtgsolve()
/7% fp(x,lambda) = (-lambdal1]l-2%1ambdal2]%x)#*

VE ;

*®/
*/

*/
t 74

*/
*/

exp(-lambdalil*x-lambdal2]l%x42) %/

double x,lambdall;

{

return (-lambdalil-2%lambdal2]#*x)#*

3

exp(-lambdalil*x-lambdal2]%x#x);

1S/



/% The following functions simply switch between a call
/% using the lambda parameter vector and discrete
/% parameters,

double plot_me_fdt(ds,lambda)
double ds,lambdall;
{
return me_fdt(lambda,ds,lambdal31);
3

double plot_rr_+fd(ds,lambda’
double ds,lambdall;
{
return rr_fd(lambdalé],ds);
3

double plot_nt_{d(ds,lambda)
double ds,lambdall;
{
return nt_fd(lambdal7],ds);
2

double plot_1p_fd(ds,lambda)’
double ds,lambdall;
{
return lp_fd(lambdal8],ds);
2

double plot_ul_+d(ds,lambda)
double ds,lambdall;
{
return ul_fd{lambdal?1,lambdal10],1ambdaliil,ds);
2

double plot_me_+mt(ds,lambda)
double ds,lambdall;
{
return ds*ds*dsxme_fdt(lambda,ds,lambdal51);
}

double plot_rr_+m(ds,lambda)’
double ds,lambdall;
{
return dsxds¥dsxrr_fd(lambdalé]l,ds);
2

*/
x/
*/
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double plot_nt_fm(ds,1ambda)
double ds,lambdall;
{

return dsxds*ds*nt_fd{lambdal?],ds);
3

double plot_lp_$m(ds,lambda)
double ds,lambdall;
{

return dsxds*ds*lp_fd(lambdalB8],ds);
3

double plot_ul_fmi(ds,lambda’
double ds,lambdall;
{

return ul_fm(lambdal?],1ambdal10],1ambdalil],ds);
3
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J*x%%%%% These functione are from the library drops.s sxszsxsss/

#include "etdic.h”
#include "math.h"
#include "mathfns.h"

double me_f14{3 me_flpiy,me_fpis ,me_F(i;

doubie me_fid{us,im?
doule ve,iml];

r
AS

return me_f{im,imiS],vs);

-
g

double me_flpluvs Im?
doubie ve,imiis

i
return me_fpiim,imiS),ved;y
2

double me_fopilim,ds,ve)
doubie Tmil,ds,ve;
{
doub:le di
d=ipowids, 37
return me_film,ds,ved*i -2 Imidl*edsve-Imi3ied);

*
o

double me_f<im,de,usl
double Tmll,ds,ve;

I's
L

double exponent,d;

expanent=-iml{0];

d=de%ds;

exponent-=Imi13#d;

d¥=ds;
exponent-=Imi{Z2]#d+Im{3]1%dsve+im{dlxdevesrug;
return expiexponent?;

'\

double me_+diim,ds,vem?
double Imll,ds,vem:
{
ImiSl=ds;
return simpintime_+1 me_flip,0.,vem, 30,1m2;
5
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double rr_alphaits) /% returne rosin rammier exponent alpha */
double ts; /% works +or tetar values between .334 & ,42#%7
{
double tt,t,alpha;
tt=ts/2;

alpha=4,;

t=rr_tstartalphal;

while{ftabsi{t-tsi tes > 0.000000013¢
alpha#=expiit-tsl) tti;
t=rr_tstarialphal;

return aiphay

K

double rr_tstarfalpha? /% returns tetar given r-r parameter aipha *-
double alphas
{
doubie t,u;
t=powigammaili-3/alpha’,0.333333)/({3%gamma’1-1 alphadi;
return t;

P
5

dout:le rr_fdi{alpha,ds?
double alpha,ds;

I3
A8

double r}
r=1.,/powigammali-3 alpha’,alipha’3i;

return alpha#r¥powids,alpha-4. #expi{-r¥powids,alphat);

3
<
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double nt_betaitss % returns nukivama tanasawa exponent beta %
double ts; A% works for tstar values between ,342 & .42%/
{
double tt,t,beta;
ti=tseissts;
beta=3.;
t=ni_tstaribeta’;
while{fabsi{t-te) tes > 0,GC000001<
betas=expilt-tss 110
t=nt_tstaribeta’;

)
o+
return beta;
3
double ntotstar({beta’ J#% returns tetar given n-t parameser bDeta #7
double beta:
£
"

doubie t;

t=powigammaié. betar,2/3.3;
t*=pow(gammai 3. beta’ i 3.7}

t/=gammal3./betai®3;
return t;
%
double ni_fdibeta,ds?
doubie beta,ds:
{
double exponent,arg,a,b:

exponent=-powigammald beta) gamma3 beta?,beta Ii%powide,betal;
arg=betaxgammals-beta)sdesds/powigammal 35 betalr 2.0

return arg*exp{exponent);



143

double ip_gammaits) /% returns Yog probability exponent gamma %
double ts; S% works for tetar values between .33234 & ,4Zs/
{
return powi2#log{3%tec),-0.5);
3

double Tp_fdigam,ds)
double gam,ds:
{
double exponent;
exponent=-powitabs{gam*iogids)+3, /4 4.%gami) 2.}
return gam ides¥sqrt(PI))*expiexponent);

",
E

.
.
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double ul_Kappaits,a) % returns upper limit exponent Kappa %75
double ts,a; £% works for tetar values between .334 & .42%/
i
double tt,t.kappa;
tt=ts;
ifits{.3%9) ttx=tg,
it{ts<.38) ttx=tg;

Kapoa=4,;

t=yl_tstari{Kappa,a’;

whileifabs(t-tsi/te » 0.000000013¢
Kappa¥=expi{i-tsi tt);
t=ul_tstar(Kappa,al;
3

return Kappa:

"

:

double ul_tstarikKappa,a’ 4% returns tetar given u 1 Kappa and & #~
double kKappa,a:
{
double t,KZ;
kKZ=i Kappa‘Kappa:
t=l+3%a%exn |  25%K2)+3%axavexp kI +axa*akexni 2, 205020
t=powi{t,0.333333);
S=3%dl+a%expl , 209%KE0 ),
return t;
double ul_dsmia,Kappad
A% Returns the dstar max walue for the upper Timit dist,
/% based on the values of parameters a and kKappa. *
doutie a. .Kappa:

double «,¥Z;

Kz = Vded*kdﬁ pas;
x = 1+3%a%exp! 25 7K2)+3%a%a*expi] K2V +a%axa®expl2.25/°K2);
return powix,.33333)

5
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double ul_+m(kappa,a,dsm,ds?

/% Returns the value of the mass based POF +for the upper *
4% 1imit distribution based on Kappa, &, dsm and ds. #,
double Kappa,a,dsm,ds:

{

double x3;

ifide »>= dsm’
return 0.
® = Kappa*logta%ds/idsm—ds)i;
return (1./ds+l./(desm-del)*kappassqrisFld®expi—x*xl,
3

double ul_fdi{kappa,a,dsm,ds)
S% Returns the vaiue of the number based PDF +or the upper %7
A% 1imit distribution based on Kappa, &, dem and de. %5
doubie Kappa.a,dsm,ds;

%,

return ul_fm{kappa,a,dsm,.ds) {de*de®ds);
3



SEEessx%x These functions are from the
double erfix) /% Returns
double »x3

{

double x22,num,den,sum,cld;
int n;

ifix23,) return 1.
if{x4{0,? return -erfi-xi;
PYYENE FE Y
num=3 3
den=1].
SUM=X}
cld=d;
n=
while{gld '= sum:{
old=sum;
Num*=xZZ2

den#%=n}
sum+=num-den:
nt+;
fit++;
J
sum*=2, /eqrti3,141552504  seup - ex)
return sumg
3
dousble gammaiz? ##% Returns
doubie z; F% lerrori{=Ze-7
1
double #,g.%x8,xr,0l%3;
int ni
fflz{=0 &% dintizi==z) return
xr=13
whilelz?2) wr¥=--z3 /% &ring intco
whitel{z{l) xr/=z++; /% formuias for

BI13=-0.5377191632;
bl 2)=0,9882058%1;
b[31=-0.8770354937;
BL41=0.91820483
B{51=-0.75 6’04078

[&1=0. 482195394:
BL7i=-0.193527818;
bLBI=0.035848343;

\J

g=xs=1}
®x=z-13
forin=iind=0in++2{
”5*- ot c
g+= ﬂLﬂ]*uS.
3

return g¥xur;

5

the error function

Vibrary math+ne.

the gamma function of
Abr. & Siegun e

1.,0e300;:

range 1=
gammaiz

z
G. &.1.35 %7

S XERXELXEXEXE,

of % %7

#

*/
&
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dint{z) /% Returns the truncated integer value of z %/ )H?’
double z;
¢
int i;
i=z;
return i
b

X

double simpinti{f,fp,a,b,n,lambdal

/% Does integration by Simpson’s Rule with end correction x/
7% on fi{x,lambda? between x=a and x=b using n {or the next #/

/% largest even inteqger? number of panels, t 7
J% fpix,lambda) = df/dx #
/% See Hornbeck - Wumerical Methods - Egqn. 8.32 */7
7% Rick Sellens 84-08-27 */

double a,b,(®f) (), (®fpiio;

double lambdall; S% a vector to pass on to (3 and fpi) %/
int n;
£

double suml,sumZ,ds,s,tot;
docuble sign = 1.3
int i,J1

ifla > b 4% make sure a {= b %
X=a3
a=b;
b=:x;
sign=-1; A% i switch thenm return negative value /7
3
ifla == b) return 0.3 J% integral = & for zeroc interval 5
sumi=sum2=0;
i=n/2; J% round noun to an even integer */

if{2%i!1=n) n++;
dx={b-ai/n;
¥=atdx
for{j=l;idin=-23;i+=22¢
suml+=(%$f2{x . lambday; /% internal odd point:values L4
xt=dx}
sumZ+=1 €+ 0%, Tambdai; S% internal even point vaiues : 74
Xx+=dx 3
3
suml+=(*fi(x,1ambdal;
tot={ 14.%i ({(#f){a,lambdar+{*xf>{b,lambda) ) 2.+sumZ 1+
l1é.#sumi+dx*({*fpiia,lambdar~{*fpr{b,lambdad? JIxdu 15,
return sign*tct;
3





