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Abstract

In this thesis, a full characterization of the sum-rate capacity for degraded interference networks with
any number of transmitters, any number of receivers, and any possible distribution of messages
among transmitters and receivers is established. It is proved that a successive decoding scheme is
sum-rate optimal for these networks. Moreover, it is shown that the transmission of only a certain
subset of messages is sufficient to achieve the sum-rate capacity for such networks. Algorithms are
presented to determine this subset of messages explicitly. The sum-rate expression for the degraded
networks is then used to derive a unified outer bound on the sum-rate capacity of arbitrary (non-
degraded) interference networks. Several variations of degraded networks are identified for which the
derived outer bound is sum-rate optimal. Specifically, noisy interference regimes are derived for
certain classes of multi-user/multi-message large interference networks. Also, network scenarios are
identified where the incorporation of both successive decoding and treating interference as noise

achieves their sum-rate capacity.

Next, by taking insight from the results for degraded networks, an extension to the standard cut-set
bound for general communication networks is presented which is referred to as nested cut-set bound.
This bound is derived by applying a series of cuts in a nested configuration to the network first and
then bounding the information rate that flows through the cuts. The key idea for bounding step is
indeed to impose a degraded arrangement among the receivers corresponding to the cuts. Therefore,
the bound is in fact a generalization of the outer bound for interference networks: here cooperative
relaying nodes are introduced into the problem as well but the proof style for the derivation of the
outer bound remains the same. The nested cut-set bound, which uniformly holds for all general
communication networks of arbitrary large sizes where any subset of nodes may cooperatively
communicate to any other subset of them, is indeed tighter than the cut-set bound for networks with
more than one receiver. Moreover, it includes the generalized cut-set bound for deterministic
networks reported by Shomorony and Avestimehr which was originally a special case of the outer

bound established for the interference networks by the author (2012).

Finally, capacity bounds for the two-user interference channel with cooperative receivers via
conferencing links of finite capacities are investigated. The capacity results known for this
communication scenario are limited to a very few special cases of the one-sided channel. One of the

major challenges in analyzing such cooperative networks is how to establish efficient capacity outer



bounds for them. In this thesis, by applying new techniques, novel capacity outer bounds are
presented for the interference channels with conferencing users. Using the outer bounds, several new
capacity results are proved for interesting channels with unidirectional cooperation in strong and
mixed interference regimes. A fact is that the conferencing link (between receivers) may be utilized to
provide one receiver with information about its corresponding signal or its non-corresponding signal
(interference signal). As an interesting consequence, it is demonstrated that both strategies can be
helpful to achieve the capacity of the channel. Lastly, for the case of Gaussian interference channel
with conferencing receivers, it is argued that our outer bound is strictly tighter than the previous one
derived by Wang and Tse.
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Chapter 1

Introduction

Fundamental capacity limits have been widely explored for various scenarios of multi-user
communication networks; however, our understanding regarding the nature of information flow in
large multi-message networks is still very limited [1]. A full characterization of the capacity region
for even most of simple network topologies, such as the two-user classical Interference Channel (IC),

is unknown.

A major category of communication networks in which each node is either a transmitter or a receiver
(without any interactive/relay node) is called single-hop networks. These networks are also referred to
as interference networks [1] because the essential feature which uniformly appears in all of them is
the interference element. The interference networks are useful models for a broad range of practical
communication scenarios, specifically for wireless networks. A detailed review of the existing
literature that deals with capacity bounds for interference networks is given in [1]. Moreover,
interesting similarities in the derivation of capacity bounds for the basic building blocks of the
interference networks, including the Broadcast Channel (BC), the classical IC, and the Cognitive
Radio Channel (CRC), are discussed in [1, 2] where some new capacity results are proved for the IC
and CRC as well.

In this thesis, in Chapter 2, we study the behavior of information flow in degraded interference
networks. Two types of degradedness are commonly recognized: the physical and the stochastical
degradedness. The physically degraded interference networks are those for which the receivers can be
arranged in a successive order from stronger to weaker such that the signal with respect to each
receiver is statistically independent of the input signals conditioned on the signal of a stronger
receiver. The stochastically degraded networks are those for which there exists an equivalent
physically degraded network, where the equivalency of two networks implies that the marginal
distributions of the transition probability function for both networks are identical. For interference
networks, since the two equivalent networks have the same capacity region, it is not required to make
a distinction between the two types of degradedness; hence, we generally refer to both of them as

degraded networks.

As a main theorem of this thesis, we provide a full characterization for the sum-rate capacity of

degraded interference networks with any arbitrary topologies, i.e., with any number of transmitters,
1



any number of receivers, and any distribution of messages among transmitters and receivers. First, we
establish an outer bound for the sum-rate capacity of the networks. This is indeed derived by subtle
techniques for calculation of mutual information functions towards establishing a single-letter bound
using the degradedness relations among the outputs. We then provide an interesting coding scheme to
achieve this outer bound which yields the exact sum-rate capacity for the degraded networks. We
show that for all degraded networks, a successive decoding scheme is sum-rate optimal. In this
decoding strategy, each receiver decodes its messages as well as all the messages corresponding to
the receivers weaker than itself in a successive order from weaker receivers to the stronger ones till its
own messages. Moreover, we show that to achieve the sum-rate capacity for degraded networks, only
a carefully picked subset of messages is required to be considered for the transmission scheme. To
this end, we present an order to expand the messages of a given arbitrary network over certain
directed graphs which we call them as plan of messages. The plan of messages clearly depicts both
the multiple access and broadcast natures included in a given interference network. These graphical
tools indeed play a central role in describing the behavior of information flow in large multi-message
networks as discussed in details in [3, 4]. Using the plan of messages, we explicitly determine those
messages which are required to be considered for the transmission scheme to achieve the sum-rate

capacity for degraded networks. Also, we provide examples to clarify our results.

In Chapter 3, we next make use of the sum-rate capacity result for the degraded networks to establish
a unified outer bound on the sum-rate capacity of general non-degraded interference networks. The
idea is to enhance a non-degraded network with artificial outputs to obtain a degraded network whose
capacity region includes that of the original network as a subset. Therefore, the sum-rate capacity of
the artificial degraded network would be an outer bound on the sum-rate capacity of the original non-
degraded network as well. By using of the derived outer bound, we obtain the sum-rate capacity for
several variations of degraded networks. Specifically, we introduce new network scenarios such as
Generalized Z-Interference Networks and Many-to-One Interference Networks and identify noisy
interference regimes for them. In this regime, treating interference as noise is sum-rate optimal. Also,
for the first time, we identify network topologies where the incorporation of both successive decoding

and treating interference as noise schemes achieves their sum-rate capacity.

To shed light on the importance of our capacity results for general degraded networks, we need to
emphasis that even for the very special case of multi-user interference channel, the sum-rate capacity

of the discrete degraded channel was already unknown (though for the Gaussian case, it is derived in



[5] by a rather complicated approach). In fact, available capacity results for interference networks
with more than two users, in particular the multi-user IC, are very limited [1]. The majority of
research on these networks has been devoted to study the degrees of freedom region by interference
alignment techniques [6, 7]. In general, our results provide a deep understanding regarding the nature
of information flow in general single-hop communication networks, specifically, those with degraded
structures. These results are also very important from the viewpoint of practical applications because
they do not depend on the network topology and one can apply them to a broad range of practical

communication systems. Such general results are indeed rare in network information theory [1, 8].

As a second major contribution of this thesis, by taking insight from the results for degraded
networks, in Chapter 5, we present an extension to the standard cut-set bound [8] for general
communication networks which we refer to as nested cut-set bound. This bound is derived by
applying a series of cuts in a nested configuration to the network first and then bounding the
information rate that flows through the cuts. The key idea for bounding step is indeed to impose a
degraded arrangement among the receivers corresponding to the cuts. This idea enables us to employ
the proof technique of the outer bound for degraded networks to establish a general outer bound on
the capacity region of all communication networks. Therefore, the bound is in fact a generalization of
our outer bound for interference networks: here cooperative relaying nodes are introduced into the
problem as well but the proof style for the derivation of the outer bound remains the same. The nested
cut-set bound, which uniformly holds for all general communication networks of arbitrary large sizes
where any subset of nodes may cooperatively communicate to any other subset of them, is indeed
tighter than the cut-set bound for networks with more than one receiver. Moreover, it includes the
generalized cut-set bound for deterministic networks reported by Shomorony & Avestimehr [9] which
was originally a special case of the outer bound established for the interference networks by the first
author [10, 11]. We finally illustrate the efficiency of the nested cut-set bound by some examples

including the well-known interference-relay channel.

Finally, in Chapter 6, we study capacity bounds for the two-user IC with cooperative receivers. The
feasibility of cooperation among different users that allows them to exchange information is an
important feature of many practical wireless systems. User cooperation has been shown to be a
crucial way of improving performance of communication networks [12]. Specifically, it is an

effective way to mitigate the interference in networks [13].



One of significant ways to set up cooperation among transmitters/receivers in a communication
network is the use of conferencing links of finite capacities. In particular, modern cellular systems
typically rely on some high capacity direct links between base-stations. Such configurations fall under
the umbrella of channels with conferencing transmitters and/or conferencing receivers. Cooperation
via conferencing links was first studied by Willems [14] for a Multiple Access Channel (MAC).
Willems characterized the capacity region of the two-user MAC with conferencing transmitters. In
the past decade, various communication scenarios with conferencing transmitters/receivers have been
studied in network information theory [15-26]. In this thesis, we consider the two-user IC with
conferencing receivers. This means, two clients, forming a two-user 1C, send data to their respective
base-stations, and the two base-stations are connected through links of given capacities. This scenario
has been previously considered in several papers. Specifically, the capacity region of the Gaussian IC
with conferencing receivers was established in [20] to within a constant gap. Other works in this
regard include [21-26]. Despite considerable work on the cooperative interference channels with
conferencing links, up to our knowledge, the available capacity results are limited to a very few
special cases of the one-sided IC with unidirectional conferencing between receivers [25, 26]. In fact,
the capacity of the two-user fully-connected IC with conferencing users was not previously known
even for any of the special cases where the capacity is known for the IC without cooperation, for

example, the strong interference channel [27].

Indeed, a major challenge to analyze cooperative networks in general and the IC with conferencing
users in specific is how to establish efficient capacity outer bounds. In literature, generally there exist
three types of outer bounds for cooperative interference networks: cut-set bounds, Sato type outer
bounds [28, 29], and genie-aided outer bounds [19, 20]. The cut-set bounds and Sato type outer
bounds are usually insufficient to derive capacity results or even to establish capacity to within a
constant gap (for Gaussian channels). The outer bounds derived by genie-aided techniques, similar to
[19, 20], are useful to establish constant-gap results for Gaussian channels; however, they are still
insufficient to derive exact capacity results. In this thesis, we present a novel outer bound for the two-
user IC with conferencing receivers. The derivation of our outer bound is indeed involved in subtle
applications of the Csiszar-Korner identity [30] for manipulating multi-letter mutual information
functions to establish consistent and well-formed single-letter constraints on the communication rates.
In fact, we derive our bound by extending the constraints of the outer bound established in [2] for the
IC without cooperation (which was shown to be useful to derive several capacity results) to the

conferencing settings as well as presenting constraints with new structures. Using our outer bound,
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we prove several new capacity results for the two-user (fully-connected) IC with conferencing users
for both discrete and Gaussian cases. In particular, we derive four capacity results for interesting
channels with unidirectional cooperation in mixed and strong interference regimes. It is a fact that a
conferencing link (between receivers) may be utilized to provide one receiver with information about
its corresponding signal or its non-corresponding signal (interference). As a remarkable consequence,
we demonstrate that both strategies can be helpful to achieve capacity for the IC with conferencing
receivers.

Lastly, for the case of Gaussian IC, we show that the derived outer bound can be made tighter by
introducing additional constraints which are derived by applying genie-aided techniques as well. As a
result, we obtain a new outer bound for the Gaussian IC with conferencing receivers, which can be
mathematically shown that is strictly tighter than the previous one obtained by Wang and Tse [20].
The results are illustrated by simulations.



Chapter 2

Preliminaries and Definitions

Throughout this thesis, we use the following notations: Random Variables (RVs) are denoted by
upper case letters (e.g. X) and lower case letters are used to show their realization (e.g. x). The range
set of X is represented by X. The Probability Distribution Function (PDF) of X is denoted by Py (x),
and the conditional PDF of X given Y is denoted by Pyy(x|y); also, when representing PDFs, the
arguments are sometimes omitted for brevity. The probability of the event A is expressed by Pr(A).
The notations E[.], |.|, .|| stand for the expectation operator, absolute value, and cardinality,
respectively. The set of nonnegative real numbers is denoted by R,.. The notation [1: K], where K isa

positive integer, represents the set {1, ..., K}. The function ¢ (x) is defined as: ¥(x) = %log(l + x),

for x € R,.

Definition: Let A = {A,, ..., Ag} be an arbitrary indexed set with K elements, where K € N. Let 2 be
an arbitrary subset of 4, i.e., 2 S A. The identification of the set (2, denoted by id,, is defined as

follows:
idy 2{l€[1:K]: A, € 0}
1)

2.1 General Communication Networks

A general discrete memoryless communication network with N communicating nodes denoted by
{1, . X, Y, o Yno Py, yyix,.xy) i @ network which is organized by N input-output
(transmitter-receiver) alphabet pairs {X;,Y;}l.; and a transition probability function
Py, vyix,..xy @15 0 Yn1x1, .o, xy) that describes the relation between the inputs and outputs of the

network. Thus, each input-output alphabet pair is corresponding to a specific communicating node as

shown in Fig. 1.

Encoding and decoding scheme: For the general communication network of Fig. 1, a length-n code
C"™(Ry, ..., Ry) is defined as follows: Let M; = [1:2™”!] for [ = 1, ..., K. Consider the independent
random variables My, ..., My with the range sets My, ..., M, respectively. The messages My, ..., Mk
are intended to be communicated over the network. Let I £ {M;, ..., Mk} and M £ {M,, ..., My }.
Also, let My, oy My, and My, oo, My, be nonempty arbitrary subsets of 9t such that:

6



Py, .yylxy .. Xy 1) o YN X1, ey XN)

Xj:Yj

Figure 1. General Communication Netwrok.

1 1

Mx. = U My, = EIR, MXinMyi = w, i= 1, ,N

i€[1:N] i€[1:N]
(2)
Define:
Mxié{Ml: lengi}, i € [1:N]
Myié{Ml: legmyi}, i €[1:N]
3)

The i" node, i € [1: N], is designed to encode the messages My, and transmit them over the network

as well as to decode the messages My,. To this end, the it" node is associated with a set of encoding

functions {(EM}::l and a decoder function D;, which operate as follows:

€ et My, X Y -X = Xy = @i,t(Mxi'Yit_l)
Ql’:MXi X Yl'n - MY]' = I\\//TIYE' = Di(IM:[XiJ Yln)
(4)



The rate of the code is the K-tuple (R4, ..., Rg). Also, the average probability of decoding, denoted by

PE" is given below:

pS" 2 pr U {®;(My,, ¥*) # My, }
i€[1:N]

We need to indicate that the above scenario indeed represents a general communication network in
which any subset of nodes may cooperatively send a message to any other subset of them. It is

assumed that the network is memoryless, i.e.,

P(xl, oo, x, v o Yulmy, ., mg)
n N

= 1_[ P(xi,t|m1' -, Mg, Yit_l) Py, yyix,..Xn ()’1,9 ')’N,tlxl,t' ey xN,t)

t=1 i=1

()

A general Gaussian communication network with real-valued input and output signals is also

formulated as follows:
Y;

L-N

where the parameters {aif}ij=1 y are (fixed) real-valued numbers, the RVs {X;};-; n and

.....

a1 - an][Xq Zq

_|_

ay1 - annl Xy Zy

(6)

{Y:}i=1,. v are input and output symbols, respectively, and the terms {Z;};—; _» are zero-mean unit-
variance Gaussian noises. The it" encoder is subject to an average power constraint as: IE[Xl-Z] <P,

where P, e R,,i=1,..,N.

Definition: A K-tuple rate (Ry, ..., Rx) € RX is said to be achievable for the general communication
network in Fig. 1 if for every e > 0 and for all sufficiently large n, there exists a length-n code

G"(Ry, ..., Rg) such that P&" < €.

Definition: The capacity region of the general communication network in Fig. 1, denoted by ¢, is

the closure of the set of all achievable K-tuple (R4, ..., Rg).



2.2 General Interference Networks

A part of the results of this thesis is specifically regarded to general single-hop communication
networks in which every node is either a transmitter or a receiver and there is no relaying or active
node. We generally refer to these networks as interference networks as the key feature of all of them
is the interference element. Figure 2 depicts a general interference network composed of K;

transmitters and K, receivers.

MXZ—% ENC-2

MXKI_’ ENC'K]_

Figure 2. General Interference Netwrok.

The general interference network of Fig. 2 can be derived as a special case of the general

communication network (given in Fig. 1) by setting N=K; +K;, Y; =Y, = =Yg, =0,
Xk, +1 = Xk 42 = - = Xk, 1k, = @, and then renaming the output signals Yy, 1, Yk, 42, -, Yk, 4, DY
Y1, Y5, o, Y, respectively?. The network transition probability function

Py, vy, XX, (%1, - ¥, | %1, .., XK, ) describes the relation between the inputs and the outputs.

In particular, some of the results of the thesis are for interference networks with outputs that are
statistically unrelated to some input signals. Clearly, for any interference network, connected and
unconnected transmitters with respect to a given receiver are defined based on the marginal

distributions of the network transition function as follows.

! Renaming the outputs Yy 41, Yk, 42, --» Yk, +k, OY Y1, Y2, ..., Yk, , respectively, is for notation convenience only.
9



Definition: Consider the general interference network in Fig. 1 with the marginal PDFs

th H . H .
Py, ;.. xk,2 = Py, %1 xi, - FOT the j*" receiver, j = 1, ..., K,, assume that Py |x,..xy, 1888 follows:

7)

where Xeoy; is a specific subset of {Xl, ...,XKI}. In other words, the following Markov chain holds:

XC-/-)Y]' - XC—>Y]' - Y]
(8)
where Xy, £ {Xy,...X Kl} — Xy, Inthis case, the connected transmitters of the receiver Y; are

XC_)Y]. and its unconnected transmitters are Xcﬁyj, j=1,..,K,.

2.3 Two-User Interference Channels with Conferencing Receivers

The two-user IC (as a special case of the general interference network shown in Fig. 2) is a
communication scenario where two transmitters send independent messages to their corresponding
users via a common media. The channel is given by the input signals X; € X; and X, € X, the
outputs Y; € Y; and Y, € Y,, and the transition probability function P(y,, y,|x;,x,). The Gaussian

channel is given in the following standard form;

Yl = a11X1 + a12X2 + Zl
Yz - a21X1 + a22X2 + ZZ
9)
where Z; and Z, are zero-mean unit-variance Gaussian RVs and ]E[Xiz] < P;,i = 1,2. For the two-

user Gaussian IC (9), the following notations are common in literature.

SNR; := |a11|2P1, SNR; := |a22|2P2, INR; := |a12|2P2, INR; := |a21|2P1
(10)

where SNR stands for singal to noise ratio and INR stands for interference to noise ratio.
Conferencing Decoders: The two-user IC with conferencing decoders is depicted in Fig. 3. For this

channel, a length-n code with L; conferencing rounds, denoted by C™(Lg4, Ry, R, D12,D51), iS

described as follows.

10



ENC-1

P(y1, y21x1, x7)

MZ—D{ ENC-2 XZ

Figure 3. Two-User Interference Channel with Conferencing Decoders.

The message M;, which is uniformly distributed over the set M; = [1: 2"R{], is transmitted by the i‘"

transmitter and decoded by the i*" receiver, i = 1,2. The code includes two encoder functions as:
Vi:Mi d Xin, X" = Vi(Mi)' i € {1,2}

Each transmitter encodes its message by the respective encoding function and sends the generated

codeword over the channel. The receiver Y; receives a sequence Y* € Y;*. Before decoding process,
. . . L
the decoders hold a conference. The code consists of two sets of conferencing functions {191z,z}lf1

and {1921,1}?:1 with the corresponding output alphabets {Vlz.l}lLil and {Vzu}lL:l, respectively, which

are described below.

. n
V120 Yi X Vo110 X e X Voq21 2 Vigp,
— n yl-1
Vig, = 1912,1(Y1 Va1 )'
. n
Vo110 Y XVigq X o X Vig1o1 2 Voy 1,

V21,l = 1921,1(Y2n' Vllz_l)

The conference is said to be (D;,, D, )-permisible if

Z log[Vaz,[| < nDsz, Z 10g|[V21,|| < nDy
=1 =1

(11)

The receivers exchange information by holding a (D,,, D,,)-permisible conference. After the

. . L
conference, the first receiver knows the sequence V,;* = (V21,1IV21,ZI---'V21,L d) and the second

11



. L . .
receiver knows the sequence V;,* = (V1z,1. ---;V12,Ld)- The code also includes two decoder functions

as follows:
L 7 L
Ay YR XV > My, My = A (Y x V¢
L i L
Ayt YR XVE > M, My =20,(Y x V2
Thus, each decoder decodes its message by the respective decoder function.

Lastly, the capacity region for the two-user IC with conferencing decoders is defined similar to that of

general communication networks.

12



Chapter 3

Degraded Interference Networks: Explicit Sum-Rate Capacity?

In this chapter, we derive a fundamental result regarding the nature of information flow in arbitrary
degraded interference networks. Clearly, we establish the sum-rate capacity for any degraded
interference network with arbitrary number of transmitters, arbitrary number of receivers, and
arbitrary distribution of messages among the transmitters and the receivers for both discrete and
Gaussian networks. In other words, the only constraint which we impose on the underlying network is

the degradedness. Let us first present a mathematical definition of degraded networks.
Definition: Degraded Interference Networks

The K;-transmitter/K,-receiver interference network shown in Fig. 2 is said to be physically

degraded if there exists a permutation A(.) of the element of the set [1: K, ] with:

]P)Yl...YK2|X1...XK1 (J’p = YK, |x1, e X;(l)
- PYA(1)|X1---XK1 (}’1(1)|x1. m'xKl)Pyl(Z)|yl(1) (y1(2)|y,1(1)) PYA(K2)|YA(K2—1) (y/l(Kz)b’A(Kz—l))
(12)
Equivalently, X;, ..., Xk, = Y3a1) = = = Yak,-1) = Yax,) forms a Markov chain. In this thesis,

without loss of generality, we consider the case of A(j) = j, for j € [1: K,].

A strictly larger class of interference networks, which behave essentially similar to the physically

degraded ones, is the stochastically degraded networks as given below.

Definition: The K;-transmitter/K,-receiver interference network shown in Fig. 2 is said to be
stochastically degraded if there exists a permutation A(.) of the element of the set [1: K,] and some
transition probability functions PYA(z)IYm)(3’/1(2)|y/1(1))' ...,]P’YMKZ)VMKZ_l)(YA(Kz)lyl(Kz—n) such

that:

[P)Y]-|X1...XK1 (yj |x1, e xKl) =

2 The content of this chapter was partially presented in IEEE ISIT 2014 [11].
13



Z IP)Y}.(l)le---XKl (y1(1)|x1' ---:xKl)IPYA(ZﬂYA(l) (yA(Z)lyﬂ(l)) X ..
Ya@) -»Ya@-1)

*Priltag-oMaag-), =2 K
(13)
It is known that the capacity region of all interference networks depends only on the marginal
distributions of the network transition probability function. Therefore, no distinction is required to be
made between stochastically and physically degradedness, and hereafter, we refer to both as the

degraded interference networks.
The degraded Gaussian interference networks are also characterized in the following lemma.

Lemma 3.1: The general Gaussian interference network is stochastically degraded provided that the

network gain matrix [aj;] is of rank one.
K1

Ky %
To see a proof of the above lemma, the reader may refer to [10].
Now we are at the point to present our main theorem for degraded interference networks.

Theorem 3.1: Consider the K;-Transmitter/K,-Receiver degraded interference network in (12) with

the message sets M, My, i=1,.., K, and I\\/J]Yj,j =1,...,K,. The sum-rate capacity, denoted by

c2e9 s given as follows:

sum?
Cavn = max (1 (My, Vo[ My,, oo, My, My, Q) + -+ 1 My, Vi, 1 My, ., Q)

& )

+1 (MYK2 Yy,

(14)

where P29 denotes the set of all joint PDFs Powm,y..myx, .. Xk, (q.my, ..., my, Xy, ..., X, ) satisfying:

PQMl---Mle---XKl == PQPM1 "'PMKPX1|MX1,Q ."PXK1|MXK1,Q
(15)
Also, the PDFs Py, 1 = 1, ..., K, are uniformly distributed, and Py, m, o € {0,1} fori =1,..., Ky, i.e,

X; is a deterministic function of (My,, Q).

14



Before presenting the proof of Theorem 3.1, first note that the sum-rate capacity expression (14) is

characterized by the following parameters:

1. The RVs representing the receivers signals, i.e., Yij=1,..,K;.
2. The auxiliary RVs representing the messages M 2 {M,, ..., Mg}.
3. The parameter Q which is the time-sharing RV.

In general, the auxiliaries My, ..., Mg are essential for representing the sum-rate capacity of degraded
networks, however, for many networks, the sum-rate capacity expression (14) can be considerably

simplified. We will later discuss this issue in details.

Proof of Theorem 3.1) The achievability of (14) in fact can be derived based on a simple coding
scheme. The essence of this coding scheme, which is a successive decoding algorithm, indeed can be
perceived by the structure of the expression (14). Clearly, consider the following random coding of
length n.

For encoding, all of the messages are encoded separately using independent codewords. Typically,

any message M € M is encoded using a codeword M generated i.i.d. based on Py, (my). Also, a
time-sharing codeword Q™ is generated independently based on P, (q) and is revealed to all parties.
Then, each transmitter X; € {X;, ..., X, } generates its codeword X7* as X' = f;({(M})": My €

My,},Q™), where f;(.) is an arbitrary deterministic function, and transmits it. At the receivers, the

respective codewords are decoded successively. At the weakest receiver Yy , the codewords {(Mk)" :

M, € MYKZ} are successively decoded (in any arbitrary order). The partial sum-rate due to this step

is:

o)

At the receiver Yy, _4, the codewords {(Mk)” : M, € MYKZ} are successively decoded first similar to

1(My,; Yy,

the receiver Yy, ; this step does not introduce any new rate cost because Yy, is a degraded version of

Yk,-1. Then, the codewords {(Mk)” ‘Mg €My,  — MYKZ} are decoded again successively. The

partial sum-rate due to this step would be the following:

I (MYKZ_l; YK2—1|MYK2v Q)

15



This process is followed at the other receivers step by step from the weaker receivers towards the

stronger ones. One can easily check that by this scheme the sum-rate (14) is achieved.

Next we present the converse proof. The derivation of the bound (14) indeed requires subtle
calculations as given in the following. Also, we need to emphasis that, in Chapter 4, we make use of a
similar proof style to derive the nested cut-set bound for general communication networks. Consider a
code of length n with the communication rates Ry, ..., R for the messages M;, ..., My, respectively.
Assume that the code has vanishing average error probability. Define the sets £;,j = 1,...,K;, as

follows:

L &My, —(My, U..UMy, ), j=1..K
(16)
where MIYK2+1 2 @. Let recall that in the following analysis, for a given subset of messages 2, the

notation id, denotes the identification of the set 2, as defined in (1). Now using Fano’s inequality,

we can write:

1
z R, < EI(LKZ; YR )+ €x,m
l€idyy,

n

1
= =3 1Lk ViV + €sm
t=1
n

1
< 1—12 1(Lk, Y Y ) + €xyn
t=1

(17)
where ex, , — 0 asn — o, and equality (a) holds because Ly, = I\VJIYKZ. Also, we have:

1 n
R = EI(LKZ—li YE_1) + €xymin

leldry, o

1
< ;1 (LK2—1; Yie,—1, Y, MYKZ) t+ €x,—1n

16



(@) 1
= EI(LKZ_l; YI?Z—I' YI?Z

MYKZ) + EKZ—I,n
n

1

;Z I (LK2_1: Yi,—1,60 Yi, ¢

n
®»m1
= Ezl (LK2—1F YK2—1,t|MYK ;YK2—1;Y ) teg,—1n

My, Y20V )"‘ €K,—1,n

(18)
where €x,_1, > 0 as n—oo; equality (a) holds because the elements in the set Ly, _, are

independent of those in MYKZ, equality (b) is due to degradedness property of the channel and

equality (c) holds because (MYK2_1 - LKZ_I) c MYKZ. Similarly, one can derive:

S

1 .
Z R, Sr—lZI(My] VLY My e My, Y YE ) € = 1Ky

STT t=1
(19)
where €;,, — 0 as n — oo. Define:
n
52l I(M vty |m M, vt YH)
= vp Y Y e My e My, Y0 Y
t=1
(20)
Now we have:
n n
S 4T =t I(M v Ly, +l IIMI Y, M fl)
K, Ky,—-1 _Tl Yg,? 'Ky 7 TKpt n Ykg,— 2—1' K,—-1,t Yk,
t=1 t=1
IV 1
—_ . t—1,
- ;Z 1(My,; Yi,e) + Ez 1Y Vi e My,
t=1 t=1

n
1
-1, t-1
+ ‘FLZ I (MYKz_l’ YKZ_lp YKZ_lJt|MYK2’ YKZ )
t=1

17



~
Q
~—

IA
S|
[M]=

n
t=

(0 i) 5 001 (0 Vi)
1

~+
Il
_

=1

S|
1=

n n
I(M Y, +l I M yil.y |M )
YK ) K2 n YK _1’ KZ—]J KZ ) Kz—lt YK
t=1 =1
(21)

Sir

where inequality (a) is due to the degradedness property of the channel. Moreover,

1My, YE2 Y Vi1 My, )

t=1
+‘% I (MYKZ—Z’ Ylgz__lzy YKZ_Z,t|MYK2_1P MYK , Y Y )
t=1
1 - 1 t
- 1_121 (My, 3 Vi, ) + 1—12 1My, Yiy-1.6[My,,)
t=1 t=1
+11l 1YY Yo e[ My, My, )

t—1 .
1My, Vi3 YoMy, My, VE2, YEY)

® 1 1%
< ZI(MYKZ;YKZ +;21 My, Yiy-1.6[My,, )

n
t=1

S|

t—1 t—1,
I (YK2—1: YKZ ’ YKZ—Z,t|MYK2_1' MYKZ)

t—-1 .
1My, ViS5 Vi [My, o My, YE2, YEY)

18



n n
= %Zl (MYKZ; YKZ,t) + %Z I (MYK2—1; YKz—l.t|MYK2)
t=1 t=1
n
+%ZI(MYK2-2’Y YK2_1,Y1§2 1'YK2—2 t|MYK2 1’MYK2)
t=1

(22)

where inequality (a) is obtained from (20) and (21), and (b) is due to the degradedness property of the

channel. By continuing the steps (21) and (22), one can derive:

ZKZ + ZKZ_l + ZKZ—Z + -+ 21

1% 1%
S;ZI(MYK Yt +EZI (My,, . Yiy-1.6[My,,)
t=1 t=1
n
1
+ Ez My, 3 Vig—a,e[My,,_, My, )+ +
t=1
n
1
+ Ez 1 (My,; Yye[My,, ... My, _, My, )
L
n
1
+;Zl My, Vi1, Y, Y ,Y1t|MIY2,.. My, .My, )
=1
@

1 n
1(My,; Yy ) +EZI (My,, . Yiy-1.6[My,,)

t=1

NgE

S|

~
1l
[y

I (MYKZ—Z; YKZ—Z,t|MyK2_1, MYKZ) ot

+
3
ip1=

=1

+
3

I (MYZ; Yz,t|MYa’ s My, oo MYKz)

D= IDM1-

+
3| m

I (My1; Y1,t|MY2: L] MYKZ—l' MYKZ)

~
Il
=

(23)

where equality (a) holds because:
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S

t—1 t—1 t—1.
ZI(Yl o YR YE Y [ My, My, My, My, )

n
t=1

n

= %z I L 2, Y Yy M) = 0

t=1

(24)
Thus, using (23), we can obtain:
ced :z z R | < ZZJ- +Zej,n
j=1 \l€id,; j=1 j=1
n n
1 1
< ;Z 1 (Mylj Yl,t|MY2' ey Msz—l’ Msz) + -+ EZ I (Msz_l; YKz—l,t|MYK2)
t=1 t=1
n K>
1
+ EZl (My,,: Yipe) + ) €jm
t=1 j=1 (25)

Finally, by applying a standard time-sharing argument and also by letting n tends to infinity, we

derive the outer bound (14). The proof is thus complete. l

Theorem 3.1 establishes the sum-rate capacity for all degraded interference networks with arbitrary
number of transmitters, arbitrary number of receivers, and arbitrary distribution of messages among
transmitters and receivers. However, the characterization of the sum-rate capacity for degraded
interference networks as given in Theorem 3.1 requires representing all messages by auxiliary
random variables. In fact, many of these auxiliaries may be redundant. Clearly, to achieve the sum-
rate capacity for degraded interference networks, it is always sufficient to consider only a certain
subset of messages for the transmission scheme. In what follows, we present an algorithm to
determine this subset of messages exactly. This algorithm indeed yields a considerably simpler
characterization of the sum-rate capacity as well. To present the algorithm, we need to discuss a plan

of messages as given in the following.

Plan of Messages: Consider an arbitrary interference network with the message sets M, My ,i =
1,..,K;, and I\\/J]yj,j =1,...,K, as shown in Fig. 2. Each subset of transmitters sends at most one
message to each subset of receivers. There exist K; transmitters and K, receivers. Therefore, we can

label each message by a nonempty subset of {1, ..., K;} to determine which transmitters transmit the
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message and also a nonempty subset of {1,...,K,} to determine to which subset of receivers the

message is sent. We represent each message of M as My, where Ac {1,..,K;}and VE {1, ..., K, }.
For example, M{{f‘g} indicates a message which is sent by Transmitters 1, 2 and 3 to Receivers 2 and

4. Now, for each A < {1, ..., K; } define:

M, & {Mj eM:LC{1, ...,KZ}}
(26)

Using this representation, we can arrange the messages into a graph-like illustration as shown in Fig.
4. The sets M, are positioned on K; columns as follows: M, is positioned in the column i if and only
if |4]l =i, i=1,..,K;. Then, considering column K; towards column 1, a set M, is connected to
M,, by a directed edge if and only if 4, < 4, and there is no nonempty M, so that 4, < 45 < 4,
i.e., there is no directed path connecting M, to M,,. Figure 4 shows the plan of messages for a

general interference network.

: {1,3,...K1} N?]{Kl_l} |:> X Kl -1
2,...K1} M{Kl} ——> TX K;
Column K; ColumnK; — 1 Column 1

Figure 4. Plan of Messages for an arbitrary interference network.
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The plan of messages indeed represents both the broadcast and multiple access features of
interference networks simultaneously. Let A be an arbitrary nonempty subset of {1, ..., K; }. According
to our representation, the messages M, given in (26) are broadcasted by the transmitters X;,i € 4
(meanwhile, no transmitter other than those in {X;,i € A} has access to these messages). By another
view, if the network has just one receiver, it reduces to a multiple access channel and therefore each
set M, ,A < {1,...,K;}, includes at most one message. In this case, the plan of messages indeed
represents the superposition coding scheme which achieves the capacity region of the channel: any
message at the beginning of an edge would be a cloud center and the message at the end of that edge
would be its satellite. A more detailed discussion in this regard can be found in [10]. The plan of
messages is indeed a very useful tool to describe and also to design achievability schemes for the

interference networks as well (see [3, 5]).

Now using the plan of messages, we explicitly determine which messages are sufficient to be
considered for the transmission scheme to achieve the sum-rate capacity of degraded networks. In
what follows, we illustrate the procedure for this goal and describe the philosophy behind its steps,
however, we do not provide a mathematical proof of it for brevity. A complete mathematical proof
can be found in [10].

First let consider a multi-receiver broadcast channel where a transmitter sends some messages to
some receivers. If the channel is degraded, it is not difficult to show that to achieve the sum-rate
capacity it is sufficient to transmit only a carefully picked message and ignore the others. Inspired by
this fact, one can prove that to achieve the maximum sum-rate in any degraded interference network,

for every A, it is optimal to transmit only one of the messages in M, and ignore the others. This
v
message is chosen as follows. Let M, = {MAvl, ...,MA”MA”}, where V; € {1, ...,K,}, L =1, ..., K,. For

any M, with ||M,|| = 1, define:

0 £ min {maxV: V € {1,..,K,}, My € M,} = min {max V,, ...,maxV”MA”}
(27)
Letalso 9, € {1, ..., |[M,||} be such that max V,y, = 6,. If there exist multiple choices for ¥, one is
selected arbitrarily. Now, to achieve the sum-rate capacity of degraded interference networks, it is
- . v .
sufficient to transmit only the message MA’9A out of the set M, and withdraw the others from

transmitting. By another point of view, one can show that a solution to the maximization (14) is to
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. ) v .
nullify all the random variables M, — {MAﬁA} for each A € {1, ..., K; }. Therefore, let define the sets

M, My, i=1,..,K;,and Myj,j =1,...,K,, as follows:

M2 M — (M, - {m,})
A STk}
| B, 2 My, — (s = {1,})
A <{1,..K}
MY} =My, - (MA B {MAVISA})
A STk

(28)
The sum-rate capacity of a degraded interference network with the message sets M, My,,i = 1, ... K;,
I\\/J]y].,j =1,..,K,, is the same as that of the network with the message sets M, IVIIXi,i =1,..K;,
I\\7J]y].,j =1,...,K,. Therefore, from now on, we consider the network with the new message sets given

by (28). To achieve the sum-rate capacity of the degraded network, still some of the messages M are
redundant and can be canceled. First, note that if we consider the plan of messages for M, each
vertices of the corresponding graph represents at most one message (by the definition (28)). For such
a plan of messages, we refer to the message at the beginning of any edge as a cloud center and the
message at the end of it as the satellite. For a while, let us consider a multiple access channel. As
mentioned before, for this channel the plan of messages represents the superposition coding which
achieves the capacity region. A fact is that to achieve the sum-rate capacity of a multiple access
channel with any arbitrary distribution of messages among transmitters, it is required to transmit only
a certain subset of messages. These messages are indeed those which are not satellite for any other
message. A proof of this result can be found in [10]. For example, for a two-user multiple access
channel with a common message between transmitters, the sum-rate capacity is achieved by
transmitting only the common message at its maximum rate and ignoring the private messages. Let
now return to the interference network with the message set M as given in (28). Inspired by what
stated for the multiple access channel, one can prove that to achieve the sum-rate capacity of the
degraded interference network, the optimal strategy is as follows: among the messages corresponding
to each receiver, those which are a satellite for the messages that should be decoded at either that
receiver or some stronger receivers are canceled and only the remaining messages are considered for
transmitting. Clearly, define:
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M- = By, - (Mymu UMYKZ), ji=1..K,

(29)
Note that NA/TI; ,j = 1,..., K,, constitute a partition for the set M, i.e.,
j
M = U MH_' Mf’ ﬂMH_ =0, JjuJ2 € [1:K3], J1#J2
j Yj Yj,
JEl1:K,]
(30)
Also, for j = 1, ..., K,, define:
M. é{MAV € M~ : There is no Mk € I\W[—(IW e U UM - ) withA;I“}
J Y; Yjya Yk,
X A TV _ *
(31)

According to the definition (31), the messages M;j are those of IVII};» which are not satellite for any
j

message in M — (M - U..UM - ) while M} are those of M~ which are a satellite for at least
Yitg Yk, J Yj

one message in M — (IVJ] - U..UM - ) In fact, given a certain message of M~ to determine
Yj+1 YKZ Yj

whether it belongs to M;‘,j or to I\VJI;;]., it is required to explore among all the messages in M —

(Myﬁ u.. UIVII; ) If there is no cloud center for the message (equivalently, the message is not a
Jj+1 Ky

satellite for any other message in M — (I\‘7leH U.. UI\‘7leH )), it belongs to M;}.; otherwise, it belongs
K3

j+1
to IMI;].. By using the plan of messages, the sets I\\/J];*,]_ and Mi,(j can be readily determined by inspection
as will be illustrated by examples later. To achieve the maximum sum-rate in the degraded

interference networks, it is optimal to transmit only the messages M’{,j out of the set M; and ignore
j

the others, i.e., IMI;]_, for all j € [1: K,]. In other words, if a message of I\VJI; has a cloud center which
j

should be decoded at the receiver Y; or a stronger receiver, the auxiliary random variable
corresponding to that message can be nullified in the sum-capacity expression (14). Therefore, let

define:
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M* = U M;,

JEl1:K3]
My, 2 My, — (MU ..UM ), i=1..K

(32)
where M;j, M[;(j,j =1,..,K,, are given by (31), and Mxi,i =1,...,K; is given by (28). The sum-rate
capacity of a degraded interference network with the message sets M, My, i = 1,..K;, My, j =
1, ..., K,, is the same as that of the network with the message sets M*, M;}i,i =1,..K;, M;}.,j =
1,..,K,.

We summarize the result of the above algorithm in the following theorem.

Theorem 3.2: Consider the K;-Transmitter/K,-Receiver degraded interference network given in (12)

with the message sets M, My ,i = 1, ..., K;, and My.j=1,..,K;. The sum-rate capacity is given by:

coeg, = max (1 (M3 VM, My My, Q)+ + 1 (M i ¥ia M, Q)

Psum
+1(M,. 5, [0))
(33)
where ?S‘fﬁ;‘j denotes the set of all joint PDFs as follows:
Py X 1_[ Pyp % 1_[ PXiIM}iQ
MYeM* i€[1:K; ]
(34)

also, the PDFs P M} € M* are uniformly distributed, and Px,my o € {0,1}fori=1,..,K,, i.e,
i

My’
X; is a deterministic function of (M}}i, Q). The messages M* are given in (32).
Remarks:

1. The sum-rate capacity result (33) holds also for the Gaussian degraded interference networks.
For these networks, one can easily solve the corresponding optimization. In fact, one can prove

that the Gaussian input distributions are always optimal as will be illustrated by some examples
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later. Nevertheless, providing a closed-form expression for the general case is not desirable due
to the high formulation and computational complexities.

2. Recall the coding scheme given in Theorem 3.1 to achieve the sum-rate capacity of degraded
networks. In that scheme, all messages are encoded separately using independent codewords. A
fact is that based on the algorithm described above for determining the messages which are
effective in computation of the sum-rate capacity for degraded networks, one can derive an
alternative achievability scheme using the superposition coding. Briefly, considering the plan of
messages for M* as given in Theorem 3.2, the messages are encoded at the transmitters by
superposition coding so that the message at the beginning of any edge is encoded by a cloud
center codeword and the message at the end of it by a satellite codeword that is superimposed
on the cloud center. For decoding, we can still use the successive decoding scheme. One can

easily show that such a coding scheme does successfully work and yields the sum-rate (33).

A significant point regarding the algorithm formulated in Theorem 3.2 is that it provides us a deep
insight regarding the nature of information flow in degraded networks because it explicitly determines
which messages are really required to be transmitted to achieve the sum-rate capacity for these
networks. In general, by using this algorithm, many of the messages (in fact auxiliary random
variables) are removed from the initial sum capacity expression given in Theorem 3.1. Therefore, the
maximization problem which is contained in the characterization of the sum-rate capacity is
considerably resolved. Moreover, the simplicity of our characterization in Theorem 3.2 is crucial
when we consider the Gaussian networks because the complexity in the explicit characterization of
the sum-rate capacity for these networks grows very rapidly with the number of messages. This
simplicity is also very helpful when considering the outer bound which will be derived later in

Chapter 4 for the sum-rate capacity of general interference networks.

In the rest of this chapter, we provide several examples to illustrate the results of Theorem 3.1 and
3.2. Note that for all of the following examples, we assume that the network is degraded in the sense
of (12).

Example 3.1: Consider a 4-transmitter/3-receiver interference network with the following message
set:

(3} (1,3} 5r{23} (2,3} 3,013} 51,2} 5,{1,3} 5,{2,3}
M{1,2,4}' M{1,2,4}’ M{1,2,4}' M{1,2}’ M{1,2} ’ M{3,4}' M{3,4} ’ M{3,4} ’

(13} 1023} 1s(3) 2,13} 102} 1 r(23) pr(1) pg(2) pp(12)
My Mi s, My, Mgy, My, Mgy, Mgy, Mgy, Mig;

(35)
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The network is depicted in Fig. 5. Note that according to the definition (26), the message set M in
(35) is partitioned into the following subsets:

Mig1,2,43, Miga,23, Mg A pec-t |—dn
M1 2,43, Mig1,2), M2y Py v, v, 1%, X, X5 X,
14y ) ENC-2 1121341424344
DEC-2 —MYZ

Mz, M{_” ENC-3

M1 2,43, Migz,43, Miggy

DEC-3 —M’@

ENC-4

Figure 5. A 4-transmitter/3-receiver interference network with messages in (35).

— (133 {1,3} {2,3}
Mi1,2,4) = {M{1,2,4]'M{1,2,4}' M{1,2,4}}

_ ({23} 5,{13} — (12} 5,{1,3} 5,{2,3}
Mi1,23 = {M{l,Z}’M{l,Z}}’ Mis,4y = {M{3,4}'M{3,4}'M{3,4}}

22 By s tap ey My
(36)

lMu} = {M{{llf}' M{{ff}},M{z} - {M{3} M{1'3}},M{3} — {M{s} M{2'3}},M{4} _ {M{l} M2 M{l,Z}}

As we see these subsets all have more than one element. Nevertheless, in order to achieve the sum-
rate capacity it is optimal to transmit only one (carefully picked) message from each set. Using the
definitions (27) and (28), we choose the desired messages as follows:

W = {mf)

23} 2,12 113} 203 1s(3) s(1)
zay Mia2y Mizlap My Mgy, Mz, M }

1y My My M
(37)

Therefore, according to (28), we have:
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(212 (13} (1)

My, = {M{3,4}’M{1} 'M{4}}

~ _ {2,3} {1,2}

MYz - {M{1,2}'M{3,4}}

|

(a3 (23) 213} 2,03} 1s(3)
\By, = {M{LZA}’ Moy My Mgy, M{z}}

(38)

The plan of messages corresponding to the set M given in (37) is depicted in Fig. 6.

No message

Column 4 Column 3 Column 2 Column 1

Figure 6. The plan of messages corresponding to the messages (37) for Example 3.1. To achieve the sum-rate capacity of

the degraded network, it is only required to transmit the messages denoted by a green star and ignore the others.

Also, based on (29), we have:

(a1}

(Mj‘{M{4}}

(12

iMZ_{M{M}}

(a3 223} 213} (3} p,(3)
M, = {M{1,2,4}' Mg 5y M 'M{z}'M{a}}

(39)
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Now we can determine the sets M;}l, M;}Z, and M*y3 as follows (see definitions (31, 32)). Considering

the plan of messages in Fig. 6,

1. The message M5, ,, is a cloud center for the messages M{-51, M3, M{3). Also, the message
{

My} is a cloud center for M) Therefore, from the set M- only the message M), ., belongs
to Mj,. Thus, M, = {M{{f,}m}}.

2. There is no cloud center for the message M{{gf}} in M — (Mg) = { {{312}} M{{i}}} Thus, My, =

ez)

3. The message M{,] is a satellite for both M, ,, and M{y2), but not for a message in M —

(MZ UMY:) = {M{{j}}} Thus, B}, = {M{{j}}}

In Fig. 6, we have marked the messages belonging to M* = My, UM;, UMy, by a green star and those
in M* = My UMy, UM, by a red multiplication sign. Based on Theorem 3.2, only those messages

which are denoted by green star are effective in computation of the sum-rate capacity. Therefore, the

sum-rate capacity of the degraded network is given by:

cai? = o (1 M ©) 1 (ks €)1 (k1)

(40)
where PEX 3-1 denotes the set of all joint PDFs as:

PoXP @ XP unXP oyXP @ XPop @  XP gz XP oo e a2
Q M{1,2,4} M{3,4} M{4} X1|M{1,2,4}'Q X2 M{1,2,4}'Q X3 M{3,4}'Q Xy M{4}'M{1,2,4}'M{3,4}Q

(41)

For brevity of notations, let denote the auxiliaries M'>% and M

(34) (12,4} DY U and V, respectively. Since

X, is a deterministic function of M{;}, M{>), .., and M{y2), the sum capacity expression (40) can be

indeed re-expressed as:

Coum " = max (Xa; KUV, Q) + (U 11V, Q) +1(V; 131Q))

(42)
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where PEX 3-1 denotes the set of all joint PDFs given below:
PoPyoPvioPx,voPx,vePxsluoPxvve:  Pxuvor Px,vo Pxyue € {0,1}
(43)

The expression (42) can be further simplified as follows:
Cim " = max (X Yi|U,V,Q) +I(U; 2|V, Q) +1(V; ¥51Q))

(a)
= ?I}l)?s),.(l(l(Xél-; YIIXI'XZ'X& U' V' Q) + I(XB' U; Y2|X1!X2! V! Q) + I(XIIXZI V; Y3 |Q))

= ma (I(X4-J Yl |X11 XZJ X3J U, V' Q) + I(X3J U! Y2|X1PX2I V' Q))
+I(V; Ys51X1, X5, Q) + 1(Xy, X2; Y5(|Q)

(2) max (I(X4’ Ylle'XZ’X3’ U’ V’ Q) + I(X3I U! Y2|X1P X2P VP Q))
+HI(V; Vo1 X1, X2, Q) + 1(Xy1, X5 Y3|Q)

~ pEX31
fPsum

EX31
Pstim

= Prlgl)?gg(l(X‘l'; YlleJXZJX3' U! V! Q) + I(X3, U! V; Y2|X1'X2' Q) + I(leXZ; Y3|Q))
sum

max (I(X4-I Yl |X1)X2IX3I U; V; Q) + I(U; V; Y2|X1FX2IX3F Q))
PEX31 +1(X3;Y21X1, X2, Q) + 1(X1, X2 Y3|Q)

(C) I(X4; Y1|X1;X2;X ) U; V; Q) + I(UI V: Y1|X1FX2IX ) Q)
< max ( 3 3
+1(X3; V2| X1, X2, Q) + 1(X1, X2; Y51Q)

— pEX31
Paim

= ?rg)?g_(l(l(xzp U, V;Y11X1, X2, X3, Q) + 1(X3; Y2 X1, X2, Q) + 1(X1, X35 Y3(Q))

= ?TQ)?§1(I(X4J Y11X1, X5, X3, Q) + 1(X3; Y| X1, X5, Q) + 1(Xq, X35 Y31Q))
sum
(44)

where equality (a) holds because X; and X, are given by deterministic functions of (V,Q), and X5 is
given by a deterministic function of (U,Q); also the inequalities (b) and (c) are due to the
degradedness of the network. Note that according to (43), conditioning on Q, the pair (X;,X,) is
independent of X5. On the other hand, it is clear that by setting U = X5 and V = (X, X;) in (42), the
expression at the right side of the last equality in (44) is derived. Thus, the sum-rate capacity is given
by:

EX 3.1 _
Csum -

max (I(X4; Y11X1, X5, X3, Q) + 1(X3; Y| X1, X5, Q) + 1(Xq, X35 Y31Q))

PoPx1x;10Px310P X41X1X2X3Q
(45)
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Now let us consider the Gaussian version of Example 3.1. The degraded network is formulated as
follows:
(Yl = a]_X]_ + azXz + a3X3 + a4X4 + Zl

v,= Ay +2

b, X2+

X3+ X4 +2Z,

b2 b2 bz 4 bZ'b3 2 1

a; as
— X+ —— X3+ ——X, + Z;

5= b, b4 b,bs b2b3

b2b3 byb, 1 T

(46)
where Z,,Z,,Z5 are Gaussian noises with zero mean and unit variance, and the input signals are

subject to power constraints IE[XL-Z] < P;,i=1,23,4. The channel (46) is in fact equivalent to the

following:
(?1 = Y1
~ 1 ~ ’ 1 =~
{Yzzzyl‘l' 1_b_2222
15 1 5
kY3——Y2+ 1—b—223
3 3

(47)

where Z,,Z; are independent Gaussian RVs (also independent of Z;) with zero mean and unit
variance. We now present an explicit characterization for the sum-rate capacity of the Gaussian
network in (46).

Proposition 3.1) Consider the multi-message interference network in Fig. 5. The sum-rate capacity of
the Gaussian network in (46) is given in the following:

CEXA~G _
sum
= (1asl + 1aule [2) Py
Y(ad(1- (@ +pD)P) +9|
E(l —(a?+p2))P, +1
max
a,fel0,1]
a?+p2<1 0 7 b2 (a2P, + aiP, + aZa?Py, + 2|a,a,|\/P1 P, + 2|layaqlay/P Py + 2|azaylay/P,P,)

bz—1b3z<(|a3| + |a4|.3\/i::) P; + a4(1 — (a? +,32))P4> +1

(48)
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Proof of Proposition 3.1) Let X;,X; and Z be independent Gaussian RVs with zero means and

variances Py, Pz, and 1, respectively. Moreover, define X, and X, as follows:

. P
{Xz 2 SIgn(alaz)\/P:le

{kXA; A sign(a1a4)a\/£:‘1*X1 + sign(a3a4)ﬁ\/§::X3 + J(l —(a?+ ﬁz))P4Z

(49)

where a, § € [0,1] are arbitrary real numbers with a? + 82 < 1; also, for a real number x, sign(x) is
equal to 1 if x is nonnegative and -1 otherwise. Then, by setting X;, X,, X3, and X, as given by (49)
and Q = @ in (45), we derive the achievability of (48). The proof of the optimality of Gaussian input

distributions is given in the Appendix A. m

Remark: The method of our proof presented in Appendix A for the optimality of Gaussian
distributions to achieve the sum-rate capacity of the Gaussian network of Example 3.1 can be adapted
to other scenarios. Nonetheless, as the network is degraded, by manipulating the mutual information

functions in (33), one may present other arguments for the optimality of Gaussian inputs.
Example 3.2: K-User Classical Interference Channel

Consider the K-User classical IC as shown in Fig. 7. In this network, each transmitter sends a

message to its respective receiver and there is no cooperation among transmitters.

M, M,
_ﬁ ENC-1 DEC-1 |—»
M M

Z—ﬁ ENC-2 pECc2 |—pM2
Py, .\ Yl X1, o .
M - U
K 3 EnCK DECK |—p K

Figure 7. The K-user classical interferecne channel.
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The sum-rate capacity of the degraded network is directly derived from Theorem 3.1, which is given

as follows:

ICe
Copmd = %32}(1(1\’11; Y1|My, ., Mg_1, Mg, Q) + -+ + I(Mg—q; Yi—1 | Mg, Q) + 1(My; Yic |Q))

sum

(50)
where ?Slfﬁleg is the set of all joint PDFs given by:
K
P 1_[ Pu,Pxiime
=1
(51)

Also, Py, im0 € {0,1},1 =1, ..., K; in other words, X; is a deterministic function of (M;, Q). In fact,

one can readily re-derive the sum-rate capacity as follows:

ICqe
Coum’ = max (I(X; V11X, oo, X1, Xi, Q) + o+ + T (Xg—1; Yie—1 [ X, Q) + I (Xi; Y Q)
PoIlj=1 Px;l0

(52)

It is remarkable that this is the first sum-rate capacity result for the K-user classical IC which is
derived for both discrete and Gaussian networks. The sum-rate capacity of the degraded Gaussian IC
was derived in [5] using a rather complicated approach (based on genie-aided techniques). It is not
difficult to show that for the Gaussian network, the optimal solution to the optimization (52) is

attained by Gaussian distributions.

Example 3.3: As we see from the expressions (45) and (52) for the scenarios of Examples 3.1 and
3.2, to describe the sum-rate capacity there is no need to make use of auxiliary random variables. One
may think that the same consequence holds for other networks. In fact, this is the case for many
network scenarios but not for the general case. Here, we provide an example where it is essential to
use auxiliary random variables. Specifically, consider the 2-transmitter/2-receiver interference
network shown in Fig. 8. In this network, two transmitters cooperatively send a message to the second
receiver, and also each transmitter sends separately a message to the first receiver. Using (32), one
can readily show that for this network M* = M. The plan of messages for this scenario is depicted in
Fig. 9.
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P(y1, y21%1, x2)

Figure 8. A 2-transmitter/2-receiver interference network.

Y, M, M
L DEC-1 ! 2
YZ MO
DEC-2 F—»

Column 2 Column 1

Figure 9. The plan of messages for the interference network of Fig. 8.

Based on Theorem 3.1 and 3.2, the sum-rate capacity of the degraded channel is given by:

CEX33 = max (I(My, My;Y1|Mo, Q) + 1(My; Y21Q))
?sh;/.}r(n3'3

where PEX 3-3 denotes the set of all joint PDFs of the form below:

PQPMOPMlpMZPX1|M0M1QPX2|M0M2Q

One can easily show that the sum-rate capacity can be re-written as follows:
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EX 3.3
csum

= max (I(X1, X33 V1 IW, Q) + I(W; Y,1Q))

PoPwiQPx wePx,iwe

max (I(X1, X Y1 |W) + I(W; Y5))

PwPx \wPx,jw

(55)

In general, none of the choices W =X;, W =X, or W = @ is optimal for the right side of (55).
Therefore, it is unavoidable to use the auxiliary random variable W to describe the sum-rate capacity.

Let us now consider the Gaussian channel which is formulated as follows:

{Yl =X1 +aX2 +Zl
Yz =bX1 +X2+Zz

(56)

where Z; and Z, are independent Gaussian random variables with zero means and unit variances. The
channel is degraded (Y, is a degraded version of Y;) provided that ab = 1 as well as |a| = 1. In this

case, the channel is equivalent to the following:

Y1=X1+aX2+Zl
?2=byl+m22

(57)
where Z, is Gaussian RV with zero mean and unit variance and independent of Z;. In the next

proposition, we derive the sum-rate capacity for this network.

Proposition 3.2) The sum-rate capacity of the Gaussian interference network (56) shown in Fig. 8

with ab = 1 and |a| = 1 is given below:

Y((1—a®)P, +a?(1 - p2)P,)

Coum > ™% = _ max_ o LR P+ 2baf./PP;
' b2(1 —a?)P, + (1 — 2P, + 1

(58)

Proof of Proposition 3.2) Let W, X;,X, be independent Gaussian RVs with zero mean and unit

variances. Define:

X1 é a\/P_lw + 1/ (1 - aZ)Pl)?l 1
Xzé.B\/P_zW‘F\/(l—ﬁz)Pz)Q, B
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By setting W, X; and X, in (55), we obtain the achievability. The converse proof is given in Appendix
B. N

Sum-rate capacity

0 | [ [ [ [ [ [ [ [ [
0 10 20 30 40 50 60 70 80 90 100

=)

Figure 10. The sum-rate capcaity of the Gaussian degraded interference network (56) of Fig. 8 in terms of P, where P =

Py =200P, anda =1/, = 15.

In Fig. 10, we have numerically evaluated the sum-rate capacity for the Gaussian degraded
interference network (56) of Fig. 8 in terms of P, where P = P; = 200P,. Also, we have depicted the
expression in the right side of (58) for « = 1 as well as for § = 1. As we see, both choices are sub-
optimal. Therefore, both W = X; and W = X, in (55) are suboptimal, verifying that the use of

auxiliary random variable is unavoidable to describe the sum-rate capacity.
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Chapter 4

General Interference Networks: Unified Outer Bounds

One of the origins of the difficulty in the analysis of the interference networks, specifically networks
with more than two receivers, is the lack of non-trivial capacity outer bounds with a satisfactory
performance. In this chapter, we directly make use of the general expression derived in Theorem 3.2
for the sum-rate capacity of degraded networks to establish a unified outer bound on the sum-rate
capacity of the general non-degraded interference networks in Fig. 2. We then present several classes
of non-degraded networks for which the derived outer bound is sum-rate optimal.

A main result of this chapter is given in the following theorem.

Theorem 4.1: Consider the K;-Transmitter/K,-Receiver interference network in Fig. 2 with the

message sets M, My ,i =1,..., Kj, and M[Yj,j =1,...,K,. The sum-rate capacity is outer-bounded

by:

C.EL{VAYIL = hax (1 (M;l; 171|IMI;;2’ e M;Kz—l’ M;Kz’ Q) toetd (M;Kz-i; 171'(2_1|M>;/K2' Q)

0))

sum

+1 (M, e,

(60)
where ¥,,1,, ..., Y, are given below:
V2 (Y, YY),  J=1..K,
(61)
also, PSIN denotes the set of all joint PDFs as:
Po % 1_[ Py % 1_[ Pximy,o
MXEMI* i€[1:K,]
(62)
Moreover, the PDFs Pyy, M} € M* are uniformly distributed, and Pylms o € {0,1} for i =
X

1,..,Ky, ie., X; is a deterministic function of (My,, Q). The messages M* are given in (31) and (32);
in other words, the messages are determined based on the procedure we developed to achieve the

sum-rate capacity of the degraded networks in Chapter 3.
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Proof of Theorem 4.1) The proof is easily understood from the structure of the outer bound as well as
the sum-rate capacity of the degraded networks given in Theorem 3.2. Consider an artificial network
with receivers Y,,Y,, ...,}=’K2 as given in (61). It is clear that the capacity region of this artificial
network contains that of the original network as a subset. Moreover, the artificial network is degraded
in the sense of (12). Therefore, according to Theorem 3.2, its sum-rate capacity is given by (60). The
proof is thus complete. B

Remark: Let A(.) be an arbitrary permutation of the elements of the set {1, ..., K,}. By exchanging
the indices 1, ..., K, with A(1), ..., A(K>) in (60), respectively, we indeed derive other outer bounds on
the sum-rate capacity. Although, it is very important to note that the messages M* and the

corresponding subsets My ,i = 1, ..., Ky, and M;j,j =1,...,K,, may vary by the permutation A(.);

for each permutation A(.), the messages M* should be discriminated from the set M based on the

order of the degradedness of the corresponding artificial network.

Let us provide an example. Consider the network of Example 3.1 shown in Fig. 5 but without the
condition of being degraded. Based on Theorem 4.1, the following constitutes an outer bound on the
sum-rate capacity:

IN-Fig. 5
sum

c

IA

max (U(X4; Y1, Y2, V31X, X5, X3, Q) + 1(X3; Y, V31X, X5, Q) + 1(Xq, X5; Y3]Q))

PoPx1X;1QPx310PX41X1X2X3Q

(63)

It is clear that the outer bound (63) is tighter than the standard cut-set outer bound. In fact, five other

bounds similar to (63) can be established on the sum-rate capacity.

In the following subchapter, we show that the outer bound (60) is indeed sum-rate optimal for many

different interference networks.

4.1 Multiple-Access-Interference Networks (MAIN)

As indicated by Example 3.3, to describe the bound (60) for the general interference network, the use
of auxiliary random variables is unavoidable. Nevertheless, in what follows, we will present classes
of networks for which one can derive a representation of the outer bound (60) without any auxiliary

random variable.
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Consider network scenarios where some groups of transmitters interested in transmitting information

to their respective receiver while causing interference to the other receivers. Clearly, consider an
interference network with K; = ijlyl transmitters and K, receivers, where uq, ..., ug, are arbitrary
natural numbers. The transmitters are partitioned into K, sets labeled Xj, ..., X, such that those in
X; = {Xj,l, ,XM].} send the messages My, to the receiver Y}, j = 1, ..., K5, but they have no message

for the other receivers; in other words, the message sets My, ..., My

k, are pairwise disjoint. Also, the

distribution of messages My, among the transmitters X; = {Xj,l' ...,Xj_”].} is arbitrary. The network

model has been shown in Fig. 11.

IPYl...YKZ X;..Xg,

My, =>X; = {X1,1, -, X1, } DEC-1

Hj
U MX]"i = MY]"j € [1K2]

=1

My,=—>X, = {X21, ...,Xz,ﬂz}

MYZ>XK :{XK 1""’XK }
Ky 2 2/ 21K, DEC-K,

Figure 11. The general Multiple-Access-Interference Networks (MAIN). For j = 1, ..., K, X; denotes a set of arbitrary

transmitters which send (in an arbitrary order) the messages My, to the receiver Y;.

These scenarios do not contain broadcasting messages to multiple receivers because each transmitter

sends information only to a single receiver. In fact, such networks are composed of several interfering

39



multiple access channels; hence, we call them as Multiple-Access-Interference Networks (MAIN). In
the following proposition, we prove that for the MAINSs, the outer bound (60) can be simply

represented by using only the input and output signals.

Proposition 4.1) Consider the general MAIN shown in Fig. 11. For this network the sum-rate outer

bound in (60) is simplified as follows:

CamlN < JIHW%V (I(Xﬁ 171|X2; o Xg,—1, Xk, Q) + -t I(XK2—1Z 171<'2—1|XK2:Q) + I(XKZ; 171r(2|Q))
?Sum

(64)

where ¥y, Y5, ..., Y, are given in (61), and PAAIN denotes the set of all joint PDFs which are induced

on the input signals Q, X4, Xy, ..., Xg, _1, Xk, , by the following PDFs:

Po X 1_[ Pyy X 1_[ Px;my 0

MY em* ie[l:Zﬁz1 m]
(65)

The messages M* are a subset of M which are determined using the algorithm we presented in
Chapter 3. In fact, considering the plan of messages, M* consists of those elements of Ml which are
not a satellite for any other message. Moreover, if the network transition probability function implies

the following Markov chains:

Xj - %,Xj_'_l, ...,sz g Yj+1,Y}'+2, ""YKZ' ] = 1, ...,K2 -1
(66)

then, the outer bound is further simplified as:

el < max (1(Xy; [z, o, Xigpm1, Xigyy @) + -+ 1(Xigy—1 Vigy—1[Xiy, Q) + 1 (X3 Y, Q) )
PUAN

(67)

Proof of Proposition 4.1) Consider the outer bound (60). For the MAIN scenario in Fig. 11, since the

message sets My, ..., My , are pairwise disjoint and also each of these sets are sent only to a single

K

receiver, the messages M* are those elements of M which are not a satellite for any other message
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(considering the plan of messages). Moreover, we have the following joint PDF for the inputs and

outputs:
K>
Py 1_[ PMX HPXjIMi‘z].Q PYl...YKZ X;..Xg,
M) eM* j=1

(68)
where PX;IM*Y.Q € {0,1}. One can readily check that the distribution in (68) implies the following
J

Markov relations:

My, - X;,Q > Yy, Ve, J=1.,K,
(69)

Therefore, for the argument of the maximization in (60), we have:

1 (M 7| My, My, My Q) + o+ 1 (M Ty [Mi @) + 1 (M, T,

o)

@ (! (X0, My 7 My, o My X, X, Q) + 1 (X My T M, o, My X, 0, X, Q)

4] (sz_l,M[;Kz_l; ?K2—1|M;K2'XK2'Q) +1 (XKZ'M*YKZ; 1=/K2 Q)

(b) - _ -
= I(Xy; 1 |X5, 0, Xi, -1, X, Q) + -+ + 1 (Xie,—15 Yie, -1 Xk, Q) + 1(X, 5 Y, | Q)

(70)

where equality (a) holds because the inputs X; are given by deterministic functions of (M;J., Q), and

the equality (b) is due to (68)-(69). Also, one can readily check that if the Markov relations (66) hold,

then each mutual information function in (64) is reduced to the corresponding one in (67). B
Remarks:

1. Note that no auxiliary random variable is given in the outer bound (64) for the MAIN of Fig.
11. Nevertheless, the joint PDF that is imposed on the input signals should be carefully
determined based on the arrangement of the messages M* among the transmitters. The plan
of messages is very helpful for this propose.

2. ltis clear that for the MAINSs which satisfy the degraded condition (12), the sum-rate capacity
is given by (67).
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We now intend to provide several classes of networks, other than the degraded ones, for which the
outer bound of Theorem 4.1 is sum-rate optimal. Specifically, we will introduce two new interference
networks coined as “Generalized Z-Interference Networks” and “Many-to-One Interference
Networks”. We identify noisy interference regimes for these networks. Also, for the first time,
interesting networks are introduced for which a combination of successive decoding and treating

interference as noise is sum-rate optimal. The results are given in the following subchapters.

4.1.1 Generalized Z-Interference Networks

Consider a special case of the MAINSs in Fig. 11 for which the transition probability function of the

network is factorized as follows:

]PY1---YK2|X1---XK2 = IP)Yl|X1IP)YZ|X1X2]P>Y3|X1X2X3 PYK2|X1X2X3---XK2

(71)

The network model is shown in Fig. 12. In this figure, each receiver has been linked to its connected
transmitters (see Chapter 2.2) by a dashed line.

N\

My, =>X1 = {X1,1, . X1} e _Yw DEC-1 ;MLY:L
AR
\‘\ ~ - R
’ .\. = ~
\‘\~ \,\.\
S s ~
3 A e
N ~
‘\ \'\ ~
MYz':D X, = {XZJ' ""XZ.#z}HV.._._._._._._._\.,._._._._._._._._._.:.>i> DEC-2 _Nﬂyz
< N
) .\\ . \'\ .
\.\ ‘\‘
~ N \.\
.. N
.\. ‘\.
.\.\ \‘\
'~ RN
‘.\ '\4
NN
NN, ~
MYK:>XK2 = {XKz,l' o Xk i } AU O My .
2 L N U PP UP SR PRPPEPREPRIRSL: % DEC-K, }—2

Figure 12. The Generalized Z-Interference Network. For j = 1, ..., K;, X; denotes a set of arbitrary transmitters which send

(in an arbitrary order) the messages My, to the receiver Y.
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Note that such networks can be considered as a natural generalization of the Z-interference channel,
i.e., the one-sided IC; hence, the name of “Generalized Z-Interference Network”. Now we derive a
sum-rate capacity result for these networks. Let the transition probability function of the network

satisfies the following degradedness condition as well:

]P)Yl...YK2|X1...XK2 = PY1|X1IPY2|Y1XZIPY3|Y2X3 IPYK2|YK2—1XK2

(72)

Note that the degradedness condition in (72) does not imply (12), and the networks in (71)-(72) in
general differ from those in (12). In the next theorem, we will prove that for the generalized Z-
interference networks given by (72), treating interference as noise achieves the sum-rate capacity.

Theorem 4.2) Consider the generalized Z-interference network in (71) with the degraded condition
(72). The sum-rate capacity of the network is given by the following:

max (1(X3;Y41Q) + 1(Xg5 Y,1Q) + ++ + 1(Xiey—1; Yiey—11Q) + (X, Yi, | Q)

MAIN
Psum

(73)

where PHAIN s given as in Proposition 4.1.

Proof of Theorem 4.2) The achievability is derived using a simple treating interference as noise
strategy: The messages M — M* are withdrawn from the transmission scheme where M* are those
elements of M which are not a satellite for any other message (considering the plan of messages). The
messages M* are encoded separately using independent codewords. The receiver Y;,j = 1,..., K,

jointly decodes its respective messages M’{,}. and treats all the other signals as noise; therefore, the

following rate is achievable:

0))

max (I(M’{/l; V|Q) + -+ 1 (M 5 Vigg—a|Q) + 1 (M, 5 Ve,
{PDFsin (65)}

(74)

Similar to the procedure in (70), one can simply show that (74) is equivalent to (73). For the converse
part, note that the degradedness condition in (72) implies the Markov relations (66). Therefore, (67)

constitutes an outer bound on the sum-rate capacity of the network. Furthermore, for the generalized

43



Z-interference network (71) shown in Fig. 12, the expression (67) is readily reduced to (73). The

proof is thus complete. l

Remark: The result of Theorem 4.2 indeed holds for all generalized Z-interference networks (71)
where the marginal distributions of their transition probability function are given similar to the
networks (72).

4.1.2 Many-to-One Interference Networks

We now discuss a special case of the generalized Z-interference networks in (71). Specifically,
consider the case where the transition probability function is factorized as follows:

IPYI'"YKzlxl'"XKZ = PY1|X1PY2|X2 PY3|X3 b PYK2_1|XK2_1]PYK2|X1X2X3...XK2
(75)
In other words, only one receiver experiences interference. Fig. 13 depicts the network model where

each receiver has been linked to its connected transmitters by a dashed line.

N

My, :X1={X1,1,...,X1,#1]\_>\ ....................................... _Ylﬁ DEC-1 ﬂyl
AY
\‘\
J/ ‘\.
\.\
3 N
\.
IM]Yz'::>X2={X2,1’ '"'XZ.MZ}x_><.._._._._._._._\:‘,' ..................... _L DEC-2 ’_iwiyz
\. Y
\.\ .\~
J N AN
\.\ .\:
S~ \‘\
. -
. N
S RN
SR
N RN
S N,
\‘\\‘\ ~
My, ==X ={X X } Y, Vi
YKz Kz R B | ‘.\’_xiﬂ DEC-K, |—?

Figure 13. The Many-to-One Interference Network. For i = 1, ..., K;, X; denotes a set of arbitrary transmitters which send

(in an arbitrary order) the messages My, to the receiver Y;.
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Note that the arrangement of messages among transmitters and receivers are similar to the generalized
Z-interference networks in Fig. 12. These networks are a natural generalization of the so-called
Many-to-One Interference Channel [31, 32] to the multi-message case. Hence, they are coined as the
“Many-t0-One Interference Networks”. In these networks many groups of transmitters send
information to their respective receivers (each group is concerned to one receiver) via a common
media such that all receivers, except one, receive interference-free signals. In other words, only one of
the receivers experiences interference, i.e., its received signal contains information regarding both
desired and non-desired messages. For the Gaussian Many-to-One classical IC, a noisy interference
regime was identified in [33] using the outer bounds derived based on the genie-aided techniques.
Here, we identify such a regime for the many-to-one interference networks in Fig. 13, for both
discrete and Gaussian networks. Specifically, consider a network with the following constraint:

IP)Yl...YK2|X1...X1,<2 = IP)Y1|X1IP)Y2|X2 PY3|X3 IP)YKZ—1|XK2—1IP)YK2|Y1---YK2—1XK2

(76)

For the networks in (76), conditioned on X , the output Yy, is a noisy (degraded) version of
Y1, ..., Yk,—1. In the next theorem, we prove that for such networks, treating interference as noise is

sum-rate optimal.

Theorem 4.3) Consider the many-to-one interference network in Fig. 13. If the transition probability

function satisfies the degradedness condition in (76), then the sum-rate capacity is given below:

Com = max (IX3;%1Q) +1(Xgi %1Q) + -+ + 1 (X1 ¥iey-1]Q) + 1 (Xigyi i |0))

?sum

(77)

*
where PMAIN s given as in Proposition 4.1.

Proof of Theorem 4.3) To achieve the bound (77), similar to the scenario of Theorem 4.2, each
receiver decodes its own messages and treats all the other signals as noise. For the converse part, note
that the degradedness condition (76) implies the Markov relations given in (66). Therefore, (67)
constitutes an outer bound on the sum-rate capacity of the network. The proof is completed by the
fact that for the many-to-one interference network (75) shown in Fig. 13, the expression (67) is
reduced to (77). &
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Remark: It should be remarked that the degradedness condition (76) is in general different from (72),
and the result of Theorem 4.3 cannot be deduced from Theorem 4.2. In fact, for all generalized Z-
interference networks (71), where their transition probability function implies the Markov chains

(66), treating interference as noise is sum-rate optimal.

Let us consider the special case of many-to-one classical IC which is derived from the network in Fig.
13 by setting K; = K, = K, i.e., there exists only one transmitter with respect to each receiver. The

Gaussian channel is formulated as follows:

{Yi:Xi-I_Zi' i=1.,K-1
YK = Clle + a2X2 + -4 aKXK +ZK

(78)

where Zy, ..., Zx are independent Gaussian noise with zero means and unit variances. Also, the input
signals are subject to power constraints: lE[XiZ] < P,i=1,..,K. In[33], the authors showed that if

the channel gains satisfy:
K-lg2 <1
(79)

then, treating interference as noise is sum-rate optimal. One can show that the channel with (79) is
(stochastically) degraded in the sense of (76). Thus, its sum-rate capacity is also derived from
Theorem 4.3.

4.1.3 Incorporation of Successive Decoding and Treating Interference as Noise

In Chapter 3, we proved that for all degraded interference networks (12), the successive decoding
scheme is sum-rate optimal. Also, in previous subchapters, we introduced classes of interference
networks for which treating interference as noise at the receivers achieves the sum-rate capacity. Now
we intend to present interesting scenarios for which a combination of these two schemes is optimal.
We identify classes of interference networks which are composed of two different sets of receivers so
that to achieve their sum-rate capacity, the receivers of one set apply the successive decoding strategy

while the receivers of the other set treat interference as noise and decode only their own messages.

Consider a class of MAINs shown in Fig. 11 with K, = n; + 7n,, where n; and n, are two arbitrary
natural numbers. Let the transition probability function of the network satisfies the following

factorization:
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Y1 Yo Va1 Yy [Xa X, Xy 1 X oy

]P)Yllxl HDYlez IP)YTI1—1|X7l1—1IP)Y7I1 |Y1"'YTI1—1X771

PYn1+1|Yn1Xn1+1"-Xn1+nz ]PYn1+2|Yn1+1 ]Pyn1+nz—1|yn1+nz-2 PYTI1+TIZ|Y711+712‘1
(80)
Note that the networks in (80) is neither degraded in the sense of (12) nor satisfies the Z-networks’
factorization (71). Therefore, they belong to none of the scenarios considered before. In fact, such
networks can be considered as a combination of the degraded networks in (12) and the many-to-one
networks in (76). In the next theorem, we establish the sum-rate capacity for these networks where we
show that treating interference as noise at the receivers Y3, ..., ¥; and the successive decoding scheme

at the receivers Y, .1, ..., Y, 4z, is Optimal.

Theorem 4.4) For the MAIN shown in Fig. 11 with K, = n; + n, if the transition probability function

of the network satisfies the degradedness condition in (80), the sum-rate capacity is given by:

1(X;Y11Q) + 1(Xg; Y21Q) + -+ 1(Xyy, _13 Yy, -1]Q) + 1(Xyy,5 Y, | Q)

?{?wii(lv +I(X711+1; Y771+1|X771+2’ 'XTI1+U2—1’XTI1+TI2' Q) +
s +I(X771+772—1; Y771+712—1|X771+772’ Q) + I(XTH"'TIZ; Y771+772 |Q)

(81)

where PHAIN s given as in Proposition 4.1.

Proof of Theorem 4.4) The achievability is derived using a combination of treating interference as
noise and successive decoding strategy: The messages M — M* are not sent, where M* are those
elements of M which are not a satellite for any other message (considering the plan of messages). The

messages M* are encoded separately using independent codewords. The receiver Y;,j =1,...,74,

jointly decodes its respective messages M;}j and treats all the other signals as noise. The decoding

scheme at the receivers Y, .q,..,Y; 4+, is the successive decoding scheme presented for the

degraded networks given in (12). The receiver Y, ., successively decodes its respective messages

My, . The partial sum-rate due to this step is
n1+n2

o)

* .
I (MYn1+772 ! Yn1+772
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At the receiver Y, ., _q, first the messages My, are successively decoded similar to the receiver
N1t72 n1+1m2

Y,

771+772;

Y,,+n,-1- Then, it successively decodes its respective messages MYn1+nz—

this step does not introduce any new rate cost because Y,

.47, 18 @ degraded version of

, using the received

sequence as well as the previously decoded codewords. For this step, successful decoding with the
following partial sum-rate is achievable:

* . *
I (MYTI1+712—1’ Y771+772_1|MY771+712' Q)

This successive decoding strategy is repeated at other receivers step by step from the weaker receivers

towards the stronger ones up to the receiver Y, .. This receiver also first decodes the messages

* M*
Yni+n’ © Ypgtnp-1’

due to this step is

.., Mly__ successively and then decodes its own messages My, . . The rate cost
ni1+2 n1+1

* . * * *
I (MYn1+1’ Y"1+1|MYn1+2’ o MYn1+nz—1’ Myn1+nz’ Q)

Therefore, by this scheme the following sum-rate is achieved:

(M3 14]Q) + 1(My,; Y5|Q) + -+ 1 (M, _5¥ @) +1 (M3, ¥y, Q)\

i k ! (M;n1+1; Y”1+1|M;ﬂ1+2’ e M;Vlﬁnz—i' Mi’nﬂnz’ Q) T )
{PDFsin (65)} . . )
+ (MY,,1+,72_1; Y’71+’72‘1|Myn1+112’ Q) +1 (Mynﬁnz; Yoy, Q)

(82)

Similar to the procedure in (70), one can show that (82) is equivalent to (81). For the converse part,
note that the degradedness condition in (80) implies the Markov relations (66). Therefore, (67)
constitutes an outer bound on the sum-rate capacity. Moreover, given the factorization (80), the

expression in (67) is reduced to (81). The proof is thus complete. B

In fact, many other scenarios could be identified for which the outer bound in (60) is sum-rate
optimal. Essentially, this outer bound is optimal for the degraded networks in (12) for which the
successive decoding strategy achieves the sum-rate capacity. The degradedness condition in (12)
implies that a weaker receiver, given a stronger receiver, is statistically independent of all the input
signals. Nonetheless, for certain networks with receivers statistically independent of some of the

transmitters, such as those introduced in this subchapter, it is always possible to somewhat relax the
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crucial degradedness constraint (12) and derive situations where the outer bound (60) is still sum-rate

optimal.
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Chapter 5
Nested Cut-Set Bound

Let us reconsider the outer bound established in Theorem 4.1 on the sum-rate capacity of general
interference networks. This bound is indeed derived by enhancing a general non-degraded network
with artificial outputs to obtain a degraded network whose capacity region includes that of the origin
network as a subset. The degraded structure (61) imposed on the network is in fact the fundamental
key which enables us to establish the single-letter outer bound (60). It should be noted that although
the outer bound (60) is given based on auxiliary random variables, one can easily re-derive another
bound (possibly weaker) which is only expressed based on the input signals. The approach to this end
is similar to what we derived in (44) (please notice how auxiliaries are removed in (44) step by step).
The resultant outer bound would be similar to (64) given for the MAINs. Another fact is that although
the outer bound (60) is established on the sum-rate capacity of the interference networks, one can
derive similar bounds on partial sum-rate capacities as well. As a result, we can obtain a unified outer
bound on the capacity region of all single-hop communication networks which is generally tighter
that the standard cut-set bound. This bound is indeed given in an early draft of a part of this research
due to 2012 [10]. In 2014, Shomorony and Avestimehr reported a general outer bound on the capacity
region of deterministic interference networks [9]. One can verify that their outer bound is in fact a

special case of the general outer bound established by the author in [10].

In this Chapter, we intend to go beyond interference networks and establish a general outer bound on
the capacity region of all communication networks. Clearly, by taking insight from our results for
degraded interference networks, we present an extension to the standard cut-set for general
communication networks of arbitrary large sizes, which we refer to as nested cut-set bound. The
derivation is in spirit identical to that of degraded interference networks. Given a general
communication network topology, we apply a series of cuts to the network to partition its nodes into
distinct subsets. Next, we collect the outputs in each subset and treat them totally as the output signal
corresponding to that subset. Finally, we impose a degraded structure similar to (61) on the output
signals of the subsets and then employ the proof technique developed for degraded interference

networks to derive a single-letter outer bound. The details are given as follows.
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Information flow

X1:Y X xy s oo Xn:Yy

Xl:Yl 3:Y3

Figure 14. A series of three cuts applied to the general communication netwrok.

Consider the general communication network as described in Chapter 2.1. Given any integer r, a
series of r cuts denoted by {(c,, ¢4, ..., ¢;-) is a partitioning of the nodes of the general communication
network into r + 1 distinct subsets so that i*" subset is denoted by c;, i € [0,r]. Figure 14 represents

a series of three cuts.

Fori =10,1,...,r, let define:

X 2{X: Xp€cit, Y 2{V: Y€}

My, £ U My,, My, = U My,

Xk€X; Yk€EY;

(83)

Therefore, X; and Y; are respectively the collection of input and output signals of the nodes in c;, and
My, and My, are respectively the set of messages which are transmitted and received by the nodes in

c;. Let also denote:

51



Mo & My — My, — My, — My, i=01,..,r

k>i k>i
(84)
The information rate which flows through the series of cuts (cy, ¢4, ..., ¢;-) is defined as follows:
R(CO'CIJ"'JCT> é z Rl
kel1,r] i
Ml-EMgO‘Cl""’Cr)
(85)

Now we are at the point to state our main result of this chapter as given in the following theorem.

Theorem 5.1) Consider a general communication network with N nodes as depicted in Fig. 1.
Assume that the network is cut by a series of r cuts denoted by (cy, ¢;, ..., ¢,-). The information rate
flowing through the cuts is bounded as follows:

R(CO,Cl,...,CT) < I(XO;YI'YZI ""lexliXZI "'in) + I(Xl;YZI ---rYr|X2r ---;Xr) + -

HI(Xp—2; Yo g, Yo X, Xp) + 1(X -1 Yo [XG)
(86)

For some joint distributions Py x, x, (x1,%X2, ..., Xy).

Proof of Theorem 5.1: As mentioned before, the proof is essentially similar to what we derived for
degraded networks in Chapter 3. As it is clear from the bound (86), the key is the following degraded

structure which we impose on the network using the series of cuts.
Xo,xl,XZ, ""XT - Yl,Yz, ""YT g Yz, "'!YT diii YT—l!YT b YT‘
(87)

Let describe the proof in details. Consider a length-n code €™ (R, ..., Rg) with vanishing average

error probability for the network. Using Fano’s inequality, we have:

1
Ry < —1 (M v, My, ) + 6,

i: MiEMI;CO'Cl'""Cr)

1
( ’ reen 7").
=E1(Mf°cl YR

MXT) +€rn
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n
1
( At S T).
ZEE 1 (Mmoo,

n
(@1 oy
= Ez I (Mico'cl' C );Yr,t

Y;':_l' MXT) + €rn

Xr,tv Yf‘_lr Mxr) + Er,n

n
1
Ez I (M(rco,cl,...,cr)' MXr' Yﬁ‘l; Yr,t

IA

Xr,t) + €rn

,.,
Il
Ju

IA

n
1
;z I (M(rco'cl""'cr). My , YL Y,

Xr,t) + €rn

t=1

© 1

< > (g0 My, Mg Y5 Vi [Xi ) +
t=1

(88)
where €,.,, = 0 as n — oo, equality (a) holds because X is a deterministic function of (Yﬁ‘l,MXT),

equality (b) holds because M(TC°'61""'CT>UM§r = My UMY , and inequality (c) holds because adding

information increases mutual information. Also, we have:

1
Rl nI (Mlicolc1 el Yr 1'MXT_1) + €r—1n

i s MpEeMcoLer)

IA

I (MI(CO'C1 e, Yr 1JY¥' MXr_l' MYr' MXT) t€-1n

M(Co»ﬁ “Cr), Yr 1JY;‘1

r—1 MYr' MXT) + €r—1,n

I

S|l S|I= S|k
—
VN

NgE

I (I\vﬂicolc1 <), Yr 1,t» Yr t

Yr 1'Yt ! MXT 1’MYT MXT) + €r—1,n

~
Il
ey

s
S
M=

(MY, Yo

Xr 1t'Xrt'Yr 1rYt ! Mxr 1'MYT Mxr)+6r 1n

i
1l
iy

I(Mic_o,lm .Cr) MXT 11Y7‘ 1,Yr—1,t'YT,t

t—1
Xr—l,t' Xr,t' Yr ) MYTI MX,) + Er—l,n

IA
Sl
1=

i
1l
iy
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n
(1

g t—1. t—1
S o) (M, M, VETE Y Vo [Xy 0 X VEL My Mg ) + €
t=1

1
t-1, t—1
< g I(Xr—z,t' MYr_lr MXr_l' Yr-1; Yr—1,1:r Yr,tlxr—l,t’ Xr,tv Yr MYW MXT) t €10

(89)

where €,_1 , = 0 asn — oo, equality (d) holds because X, _; ; and X, are deterministic functions of
(Yi3,My,_,) and  (YE',My ),  respectively, equality (¢) holds  because

Mf_‘”fl""'C”UMXr_lUMYTUM{XT:MYT_1UMXT_1UMYrUMXr, and inequality (f) holds because
adding information increase mutual information. By the same approach, for k =1, ...,r, one can

derive:

Ri < Zk + Gk'n

. (€0,C1,-Cr)
l: MiEMk

(90)

where €, — 0 asn — oo, and X is defined as follows:

1

t-1. t—1 t—1
EZI(X,(_LDMYVMXHYR Vit oo Yoo [ X oo, X, Vi3 ko YL, My, My, , ) -, My, My )
t=1

(91)
Then, we have:

n

1
By By = 2 0 (X My, Mg, YET5 ¥y [X )
t=1

n
1 1(X M M Yizl.y. Y, . |X X, ., Yi™1 My, , M
+n (Xy_20 Yy_p MIx, 0 Yym15 Womq 9 r,t| r—1,6 86 Xy 0, My, xr)
t=1
n n

1 1
= Ez I(Xr—l,t; YT‘,t|XT,t) + ;Z I(MYTJ MXT: Yf”_l; Y7",1:|X7"—1,t: Xr,t)

t=1 t=1
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il (X0 My, My YLV, Yy Xm0, X, YT, My, My )
n r=2,00 P8 "X Br—1 Br—100 Bt [Br-1,00 B B 0 PRY, X

n
1
= Ez I(Xr—l,t; Yr,t |Xr,t)
t=1

+2 ZI(Xr 20 My, Mg, My, Mg, VEZL YE5 ¥,y Y[y X )

(92)

Also, we can derive:

So4Z 45,

n

1

= ;Z I(Xr—ui Yr,t|Xr,lf)
t=1

- Zl(xr 2.0 My, M, My, Mg, YEL VAL Wy, Y[y X)

Xr—thXr 1t'XTt'YT 1'Yt 1>

n
1
F (X My, My, YETL Yy Yy V|2
nt—l T T ’ ' ' MYT—i’MXr—UMYr’ MXT
n n

1 1
= 1—12 I(Xpo1,65 Yy [Xpee) + 1—12 I(Xp—2,6 Yom1,0 Yo | Xp_g,6, Xs )

t=1 t=1

+= ZI(MYr M, My, Mg, YEL VALY, VoK X1 X)

n
1 Xr—2,60 Xro1,60 X, Y723, Y270,
+ E; I ( =3t MYT 2’ MXT 2’ YT 2 YT—Z,D YT—I,IZ! YT,IZ MYr_lp MXT_]_: MYTI MXT
n n
1 1
= 1—12 I(Xpo1,65 Yy [Xpee) + 1—12 I(Xp—,6 Yrm1,0 Yo | Xp 216, Xs )
t=1 t=1

n
+ 121 Kroso My, My, o My, oMy o0y
. t—1 wyt—1 wyt—1 y W2ty Wr—1ty Uyt
n MYr' MXr' Y2, Yio3, Y

X7‘—2,t' Xr—l,t' XT,t)
(93)

By continuing the steps (92) and (93), we can obtain:
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27« +2T—1 +2T—2 + +21

n

1 1<
= Ez I(Xr—l.t; Yr.t|Xr,t) + Zz I(Xr—Z,t;Yr—l,thr,t|Xr—1,t:Xr,t) + o
t=1 t=1
1 n
+ ;Z I(Xl,f; YZ,D 'YT,flxz,t' ey Xr,t)
t=1
X0 t MYI’ Mxll MYZ' MXZ' e
T2 Z My,, Mx,, Y77, Yr A 1 ’Yl't’ e Yo X gy oo, Ko
@ 1% 1<
g
= EZ I(Xr—l,t;Yht|Xht) + ;Z I(Xr—Z,t;Yr—l,thr,t|Xr—1,t; Xr,t) + o
t=1

t=1

1 n
F D (X Voo Vi [Xa e Xr)
t=1

(94)
where equality (g) holds because due to the memoryless characteristic of the network we have
n
;z I(My,, My, My,, My, ..., My, My , Yy, . VoL Y 5 Yo g o, Yt [Xo 6 X g o, X)) = 0
t=1
(95)
Thus, using (94), we conclude:
-
R(co,cl,...,cr) = Z Z R; < Z 2+ €kn
ke([1,r] i: k=1
MiEMgcCO'Cl""'CT)
n
1
< Ezl(xoﬁvlt' ---JYrt|X1tJ rt) +oeet = Zl(xr 260 Y160 Yo o [ Xy 1, rt)
t=1
+ = Zl(xr 1tr rthrt) + Z Ekn
(96)

The proof is now complete. B
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Remarks:

1.

It is clear that the nested cut-set bound (86) coincides with the standard cut-set bound if we
consider just one cut. For any network with more than one receiver, the nested cut-set bound
would be strictly tighter than the cut-set bound.

By comparing the proofs of Theorems 3.1 and 5.1, we see that the derivations for the nested
cut-set bound (86) are exactly similar to those of the sum-rate capacity for general degraded
interference networks. However, for degraded networks, we keep the messages in final
expression because they are needed to represent the sum-rate capacity. Instead for the nested
cut-set bound, we derive the final expression based on the input signals which yields a simple
computation of the bound.

Though the bound in (86) is given for all joint distributions on the input signals, for many
networks where some inputs are statistically independent of each other, e.g., the interference
channels, one can consider a more limited set of distributions. In this case, albeit one needs to
a time-sharing parameter for characterizing the bound. Thus, the outer bound (64) is indeed
the nested cut-set bound for MAINSs. This shows that, unlike the standard cut-set bound, the
nested cut-set bound is indeed optimal or sum-rate optimal for many large communication
networks.

The nested cut-set bound holds also for the general Gaussian communication networks (6).
Using the principle of “Gaussian maximizes the entropy”, one can simply show that Gaussian
inputs are always optimal for the bound. Therefore, it can be easily evaluated for any

Gaussian network.

We conclude this chapter by providing an example on the nest cut-set bound. Consider a two-user

interference channel with a relay as shown in Fig. 15 on the top of next page. In this network, two

transmitters send independent messages to their corresponding receivers while being assisted by a

relay. This scenario is called the interference-relay channel. For the interference-relay channel, the

standard cut-set bound is given as follows:

Ry < min{l(Xy, X;; Y1|X2, Q) I(Xy; Y1, Vi | Xy, X2, Q)
R, < min{l(Xy, X;; Y21Xy, Q), I(Xo; Yo, Vi | X, X1, @)}
Ry + Ry < min{l (X1, X2, X5 Y1, Y21Q), 1(X1, X2 Y1, Yo, Yr | X, @)}
(97)

for some joint PDFs Py Py, o Px, 0 Px, x,x,0-
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Figure 15. The interference-relay channel.

The nested cut-set bound includes the following constraints as well:

Ry + Ry < 1(Xy, Xy Y1, Y51X5, Q) + 1(X; Y21Q)

Ry + Ry < 1(X5, X5 Y1, V2| X1, Q) + 1(Xy; Y11Q)

Ri+ R, < I(Xy; Y1, Vo, Y| Xo, X5, Q) + 1(X3, Xi; Y2 | Q)

Ry + Ry < 1(X5; Y, Yo, Yol Xy, X, Q) + 1(Xy, Xi; Y11Q)

Ri+ R, S I(Xy; Y1, Yo, Vi | X, X, Q) + 1(Xy; Yo, V| X, Q)

Ri+ Ry < 1(X; Y1, Yo, Vi Xy, X, Q) + I (X5 1, Y| X, Q)

(98)

The above constraints are indeed derived by applying two cuts to the network. It is clear that the

nested cut-set bound is significantly tighter. The same conclusion can be derived for many other
networks.
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Chapter 6

Two-User Interference Channels with Conferencing Receivers

This chapter is divided into two parts. We present our results for the general two-user IC with
cooperative users in Chapter 6.1. Then in Chapter 6.2, we specifically consider the Gaussian channel
given in (9).

6.1 General Interference Channel with Conferencing Receivers

First of all, we present a novel outer bound for the general two-user IC with conferencing decoders.

Define RIC=CP as the union of all rate pairs (R, R,) € R2 such that

Ry = min{I(U, X1;Y11Q) + D21, 1(Xy; Y11X2, Q) + D21}
Ry < I(X1; Y11Y2, X35, V, Q) + 1(Xy; Y21 X3, Q)
Ry < 1(Xy; Y2lY1, X2, V, Q) + 1(X1; Y11X2, Q)
Ry < min{I(V, X3; Y2|Q) + D12, 1(X2; Y2|X1, Q) + D12}
Ry < 1(X2; YolY1, X1, U, Q) + 1(X3; Y11X1, Q)
Ry, < 1(Xy3; 1Yz, X1, U, Q) + 1(X3; V2| X1, Q)
Ry + Ry < IX; 11|V, X3, Q) + [(V, X5;Y2|Q) + Dip + Doy
Ry + R, < 1(X2; Y2|U, X1, Q) + 1(U, X1;Y1|Q) + D1z + Dy
Ry + Ry < I(Xy; 11Y2, X5, V, Q) + 1(X1, X35 Y2|Q) + Dy
Ry + Ry < 1(X3; Y21Y1, X1, U, Q) + 1(Xy, X35 Y11Q) + D2y
Ry + Ry < 1(Xy,X5; Y1, Y2|Q)
(99)

for some joint PDFs Py Py, |oPx, |0 Puv|x, x,o- The following theorem holds.

Theorem 6.1. The set RIC~CP constitutes an outer bound on the capacity region of the two-user IC

with decoders connected by the conferencing links of capacities D,, and D,, as shown in Fig. 3.
Proof of Theorem 6.1: The proof is given in Appendix C. B

Next, using the outer bound (99), we prove four capacity results for the IC with unidirectional
conferencing between receivers. We highlight that a conferencing link (between receivers) may be

utilized to provide one receiver with information about its corresponding signal or its non-
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corresponding signal (interference). Our following theorems reveal that both strategies can be helpful

to achieve the capacity of the channel.

Theorem 6.2. For the two-user IC with unidirectional conferencing between decoders, where D,; =
0, if
I(Xl; Y1|X2) < I(Xl; Ylez) for all PX1PX2
X, » Y, X, » Y, (Markov chain)
(100)

then, the outer bound (99) is optimal. The capacity region is given by the union of all (R;,R,) € R2
such that:

Ry < 1(X1;111X3,Q),
R, < min{l(X;; Y,1X1, Q) + D12, 1(X3; Y11X1, @)}
Ry + Ry < min{l(X1, X2; Y21Q) + D12, 1(X1, X2; Y11Q)}
(101)

for some joint PDFs PoPx,10Px,0-

Proof of Theorem 6.2: Let first prove the achievability of (101). Without loss of generality, assume
that the time-sharing variable is null Q = @. We present a coding scheme in which both messages are
decoded at both receivers. Consider the independent random variables M; and M, uniformly
distributed over the sets [1: 2"%1] and [1:2™Rz2], respectively. Partition the set [1: 2*R2] into 2"F12
cells each containing 2™(R2=Ri2) elements, where R;, = min{R,, D;,}. Now label the cells by c €
[1: 2"R12] and the elements inside each cell by k € [1: 2"(R2=R12)]. Accordingly, we have c(M,) = 6

if M, is inside the cell 8, and k(M,) = B if M, is the St element of the cell that it belongs to.

Encoding at the transmitters is similar to a multiple access channel. For decoding, the first receiver
decodes both messages M, and M,, by exploring for codewords X7* and X7' which are jointly typical
with its received sequence Y{*. This receiver then sends the cell index of the estimated message of the
second transmitter, i.e. c(lVIZ), to the receiver Y, by holding a (D,,, 0)-permissible conference. The
second receiver applies a jointly typical decoder to decode the messages, with the caveat that the cell
which M, belongs to is now known. Clearly, given c¢(M,), the second receiver detects the message

M; and k(M) by exploring for codewords X{* and X7' which are jointly typical with its received
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sequence Y;'. One can easily show that under the conditions (100), this coding scheme vyields the

achievability of the rate region (101).

Next, using the outer bound (99), we show that under the conditions (100), the achievable rate region

(101) is in fact optimal. Based on (99) for D,; = 0 we have:

R, < 1(Xy; Y,|Yy, X1, U, Q) + 1(X3; V11X, Q)
a
= 1(X2; V11X1,Q)

Ry + Ry < I1(X; 11V, X5, Q) +1(V, X2, Y21Q) + Dy

b
<I1X; V2|V, X5,Q) + I(V, X5, Y21Q) + Dy
=1(X1,X2;Y21Q) + Dyp

Ry + Ry < 1(X3;Y2|Y1, X1, U, Q) + 1(Xq, X35 Y11Q)
c
= I(Xl»X22Y1|Q)

where equalities (a) and (c) are due to the second condition of (100) (given X, Y, is a degraded
version of Y;), and inequality (b) is due to the first condition of (100) (see [2, 34, 35]). Note that the
other constraints of (101) are directly given by (99) when D,; = 0. The proof is thus complete. B

Corollary 6.1. Consider the following Gaussian IC with unidirectional conferencing between
decoders (D, = 0).

Yl = a11X1 + a12X2 + Zl
YZ = a21X1 + a22Y1 + Zz
(102)
where Z, and Z, are independent unit-variance Gaussian noises. If (a?; — a3,) < 2a,,a,10a,,, then
the capacity region is given by (101).

Proof of Corollary 6.1: First note that the channel (102) satisfies the second condition of (100) by
definition. Moreover, one can easily see that for this channel the first condition of (100) is equivalent

to (a?, — a3,) < 2a,,a,1a,,. Therefore, we can apply the result of Theorem 6.2. m

Based on Theorem 6.2, for the channel satisfying the conditions (100) the optimal scheme to achieve
the capacity region is to decode both messages at both receivers and the optimal cooperation strategy

is to provide one receiver with information about its corresponding signal via the conferencing link.
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In fact, the conditions (100) could be interpreted as a strong interference regime for the IC with
unidirectional cooperation between receivers. Note that if the channel satisfies (100), it will also

satisfy the standard strong interference regime [27] as well.
Theorem 6.3. For the two-user IC with unidirectional conferencing between decoders, where D,; =
0, if
I(V: Y2|X2) < I(V: YllXZ) for all PX1PX2PV|X1X2
X,» Y, XY, (Markov chain)

(103)
then the outer bound (99) is sum-rate optimal and the sum-capacity is given by
min {1(X12 Y11X2,Q) + 1(X2; Y2|Q) + D12,}
PoPx41QPx;l0 1(X1, X2 Y11Q)
(104)

Proof of Theorem 6.3: The coding scheme that achieves the sum-rate (104) is similar to that given in
the proof of Theorem 6.2, except for the decoding of the second receiver. Here, the second receiver
only decodes its own signal. Given c¢(M,), the second receiver detects k(M,) by exploring for
codewords X7 which are jointly typical with its received sequence Y;*. One can see that the sum-rate
(104) is achieved by this scheme. Now consider the outer bound (99) where D,; = 0. Under the
conditions (103), we have:

Ry + R, < I1(X1; V1|V, X5, Q) +1(V,X5;Y2|Q) + Dy
=I1(X; 11V, X5, Q) +1(V; Y2|X5, Q) + (X35 Y2|Q) + Dy

a
<IX NIV, X, Q) +1(V; YX,, Q) + 1(Xy; Y21Q) + Dy
= 1(X1; 111X2,Q) + 1(X3;Y21Q) + Dy

(105)
where inequality (a) is due to the first condition of (103). Moreover,
Ri+ R, < I(X3; Y2lY1, X1, U, Q) + 1(X1, X33 Y11Q)
b
= 1(Xy, X2; Y11Q)
(106)

62



where equality (b) holds because of the second condition of (103), i.e., given X, Y, is a degraded
version of Y;, and thereby the first mutual information on the left side of (b) is zero. Therefore, (104)

is in fact the sum-rate capacity of the channel and the proof is thus complete. B

Corollary 6.2) Consider the Gaussian IC given in (102) with unidirectional conferencing between

decoders, where D,; = 0. If (a?; — a3;) = 2a,,a,10a,3, then the sum-rate capacity is given by (104).

Proof of Corollary 6.2: The Gaussian channel (102) satisfies the second condition of (103) by
definition. Furthermore, for this channel the first condition of (103) is equivalent to (a?; — a3,) =

2a410,105,. Thus, we can apply the result of Theorem 6.3. m

According to Theorem 6.3, for the channel given in (103) the optimal scheme to achieve the sum-rate
capacity is to decode interference at the receiver which is the source of the conferencing link, and to
treat interference as noise at the receiver which is the destination of the conferencing link. Moreover,
the optimal cooperation strategy is to provide the receiver that treats interference as noise with
information about its corresponding signal via the conferencing link. The regime (103) could be
indeed interpreted as a mixed interference regime for the IC with unidirectional cooperation between
receivers. In fact, it is a special case of the mixed interference regime identified in [2, Th. 6] for the

IC with no cooperation.

In the next theorem, we derive another mixed interference regime for the channel where, unlike
Theorem 6.3, the optimal scheme to achieve the sum-capacity is to treat interference as noise at the
receiver which is the source of the conferencing link and to decode interference at the one which is
the destination of the conferencing link; also, the optimal cooperation strategy is to provide the
receiver that decodes interference with information about its non-corresponding signal (interference)

via the conferencing link.

Theorem 6.4) For the two-user IC with unidirectional conferencing between receivers, where D,; =
0, if

I(Xl, Y1|X2) < I(Xl, Y2|X2) fOI’ a.” PX1PX2
X, = Y, X, = Y; (Markov chain)
(107)

then, the outer bound (99) is sum-rate optimal and the sum-rate capacity is given by
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min {I(Xz: Y 1X1, Q) + 1(Xy; Y1|Q),}

PoPx,10Px,lQ 1(X1,X5;Y21Q) + Dy

(108)

Proof of Theorem 6.4: The achievability of (108) is indeed derived by treating interference as noise at
the first receiver and decoding interference at the second receiver. Moreover, the conferencing link is
used to provide information about the interference for the second receiver. Let assume Q = Q.
Consider two independent messages M, and M,, uniformly distributed over the sets [1: 2"R1] and
[1:27R2], respectively. Partition the set [1:27R1] into 2"Riz cells each containing 2"(Ri~Ri2)
elements, where R;, = min{R;, D;,}. Now label the cells by ¢ € [1: 2™F1z] and the elements inside
each cell by k € [1: 2"(R1‘R12)]. Accordingly, we have c¢(M,) = a if M, is inside the cell «, and

k(M) = B if M, is B element of the cell that it belongs to.

Encoding at the transmitters is similar to a multiple access channel. For decoding, the first receiver
simply decodes its own message by exploring for codewords XT* which are jointly typical with its
received sequence Y;*. This receiver then sends the cell index of the estimated message, i.e. c(1\711), to
the second receiver by holding a (D;,,0)-permissible conference. The second receiver applies a
jointly typical decoder to decode both messages with the caveat that the cell index which M, belongs
to is known. Clearly, given c(M;), the second receiver detects k(M;) and M, by exploring for
codewords X{* and X7 which are jointly typical with its received sequence Y;'. One can easily show

that this scheme yields the achievable sum-rate (108).

Next using our outer bound (99) we prove that under the conditions (107), the sum-rate capacity of

the channel is bounded by (108). Based on (99), when D, = 0, we have:

Ry + Ry < 1(X5; Yo |Y1, X1, U, Q) + 1(X1, X2, 111Q)
=1(X2; Y1, Y21X1, U, Q) — I(Xz: 111Xy, U, Q) + (X Y11Xy, Q) + 1(X1; 111Q)
=1(X3; 11, Y21X1,U,Q) + 1(U; 11X, Q) + 1(X1; Y11Q)
=1(X3; Y21X1, U, Q) + 1(X2; Y11Y2, X1, U, Q) + I(U; Y11 X1, Q) + 1(X1; 11Q)
= 1(X; 1%, U, Q) + [(U3 V11 X1, Q) + 1(X; Y11Q)
< 105 51X0,U,Q) + 1(U 51X, Q) + 1 (X1 1 1Q)
= 1(X3; Y21X1, Q) + 1(X1; 11Q)
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where equality (2) holds because by the Markov chain given in (107), the second mutual information
on the left side of (a) is zero; similarly, inequality (b) holds because the Markov chain in (107)
implies that I(U; Y;1X;, Q) < I(U; Y,|X4, Q). Moreover, we have:

Ri + R, < I1(X; 11|V, X5,Q) +1(V,X3;Y,2|Q) + Dy

C
<I1X; Y|V, X5, Q) + I(V, X5, Y2|Q) + Dyp = 1(Xq,X2; Y2|Q) + Dy

where inequality (c) is due to the first condition of (107), (see [2, 34]). The proof is thus complete. &

Corollary 6.3. Consider the following Gaussian IC with unidirectional conferencing between
decoders (D,1 = 0).
Y = a1 X +aYo + 74
Y, = an Xy +azX; + 2,
(109)
where Z, and Z, are independent unit-variance Gaussian noises. If (a2, — a?,) > 2a,,a,,a,5, then

the sum-rate capacity is given by (108).

Proof of Corollary 6.3: The Gaussian channel (109) satisfies the second condition of (107) by
definition. Moreover, for this channel the first condition of (107) is equivalent to (a3, — a?;) >

2a41a,104,. Thereby, we can apply the result of Theorem 6.4. m

It should be remarked that although for the IC with conferencing receivers the mixed interference
regimes (103) and (107) are different, for the channel with no cooperation both of them fall into the

mixed interference regime identified in [2, Th.6]°.

Finally, we characterize the capacity region of the one-sided IC with a unidirectional conferencing
link from the non-interfered receiver to the interfered one in the strong interference regime. The result

is given in the last theorem of this subchapter.

Theorem 6.5. Consider the two-user one-sided IC where P(yy, y2|x1,%2) = P(yq|x)P(ya|xq, x2).
For the channel with unidirectional conferencing between receivers, where Y; is connected to Y, by a
conferencing link of capacity D, , if

I(Xl, Y1|X2) < I(Xl, Y2|X2) for all PX1PX2
(110)

3 Note that to see the regime (107) is a special case of the mixed interference regime identified in [2, Th.6], one need to
exchange the indices 1 and 2 in (107) first.
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then the outer bound (99) is optimal and the capacity region is given by the union of all rate pairs
(R1,R,) € R? such that

Ry < 1(X1;111Q),
Ry < 1(X3;Y2|X1,Q)
Ry + R, < 1(X1,X3; Y21Q) + Dy
(111)
for some joint PDFs Py Py, o Px, o

Proof of Theorem 6.5: The achievability proof is similar to the one presented in Theorem 6.4. The
first receiver simply decodes its own message (as it does not perceive interference at all) while the
second receiver jointly decodes both messages. The conferencing link is utilized to provide
information about the interference (non-desired signal) for the second receiver. For the one-sided
channel, this scheme achieves the rate region (111). Then we prove the converse part. Based on (99),

when D,; = 0, we have:

R < I(X1J Y1|X2;Q) = I(X1i Y1|Q)

Ry < 1(X3; Y11Y2, X1, U, Q) + 1(Xy; V21X, Q)
a
= I(XziY2|X1,Q)

Ry + R, S I(X; 1|V, X5,Q) +I(V, X5, Y21Q) + Dy

b
<IX; 2|V, X5,Q) + I(V, X5, Y21Q) + Dy
=1(X1,X3;Y2|Q) + Dq;

where (a) holds because for the one-sided IC, the first mutual information on the left side of (a) is

zero; the inequality (b) is due to the condition (110). Thus, the proof is complete. l

Corollary 6.4. Consider the Gaussian one-sided IC which is given by a;, = 0in (9). If |ay¢| = a1,
then the capacity region of the channel with a unidirectional conferencing link from the non-

interfered receiver to the interfered one is given by (111). This recovers a result of [25, Th.1].

Let us summarize. For the scenarios considered in Theorems 6.2 and 6.3, the conferencing link is
optimally utilized to provide a receiver with information about its corresponding signal, while for
those considered in Theorems 6.4 and 6.5, it is optimally utilized to provide a receiver with

information about its non-corresponding signal (interference signal). This demonstrates that,
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depending on the statistics of the channel, any of these strategies can be helpful to achieve the
capacity region. In general, one may consider a combination of them as well. Clearly, one may design
achievability schemes where the conferencing link is utilized to provide a receiver with information
about its corresponding signal and its non-corresponding signal (interference) simultaneously. Indeed,
it would be an interesting problem for future study to analyze the performance of such complex
schemes.

6.2 General Interference Channel with Conferencing Receivers

The general outer bound (99) indeed holds for the Gaussian IC (9) with conferencing receivers as
well (the input power constraints should also be considered when evaluating the bound). In this
subchapter, we show that for the Gaussian channel, one can make the outer bound (99) tighter by
establishing additional constraints on the information rates using genie-aided techniques. As a result,
we obtain an outer bound which is strictly tighter than previous ones for all channel parameters.

Consider the two-user Gaussian IC in (9) with decoders connected by conferencing links of capacities

D,, and D,,. Define genie signals G, G, G;, and G, as follows:

112

where Z; and Z, are unit-variance Gaussian noises independent of other variables. Let R5\75”

denote the set of all rate pairs (R;,R,) € RZ which satisfy the constraints (99) as well as the

following:

Ry + Ry < 1(X1,X2;Y11Gy, Q) + (X1, X2; Y21Go, Q) + D12 + Dy
2R+ R, < I(X; 1|V, X5, Q) + I(V, X33 Y5|Ga, Q) + 1(X1, X33 Y1[Q) + D1z + 2Dy
Ry + 2Ry < 1(X; Y2|U, X1, Q) + I(U, X1; Y11Gy, Q) + 1 (X1, X35 Y2|Q) + 2D15 + Dy
2Ry + Ry < 1(Xs Y, V2|V, X3, Q) + 1(V, X35 Y2l G, Q) + 1(Xy, X2;Y11Q) + Dyz + Doy
Ry + 2R, < 1(X3; Y1, Y2|U, X1, Q) + I1(U, X1; Y11G1, Q) + (X1, X35 Y2|Q) + D13 + Dy
2Ry + Ry < I(X1, X3 Y1, Y2|Gy, Q) + 1 (X1, X5 Y41Q) + Dy

R, + 2R, < I(X1,X2; Y1.Yz|51, Q) +1(X1,X5;Y21Q) + Dy,
(113)
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for some joint PDFs Py Py, |oPx,|0Puv|x, x,0- The following theorem holds.

Theorem 6.6) The set R5',5> constitutes an outer bound on the capacity region of the two-user

Gaussian IC (9) with conferencing decoders.
Proof of Theorem 6.6) The proof is given in Appendix D. Il

We next present an explicit characterization of the outer bound given in Theorem 6.6. For this
purpose, we indeed apply several novel techniques to optimize the bound over its auxiliary random

variables. The result is given in the following theorem.

Theorem 6.7) Let R$/€~CP denote the set of all rate pairs (R,, R,) € R2 which satisfy the constraints
(114) given below for some a, B € [0,1]. The set RE/C~CP constitutes an outer bound on the capacity
region of the Gaussian IC (9) with decoders connected by the conferencing links of capacities D;,

and D,4, as shown in Fig. 3.

: SNR;+(1-a)INR,
R; < min {l,l) (aIN—RIH) + D,1,(SNRy) + D21}

(1-114)
) B SNR, B INR,
R, < min {1/) (ﬁ INR2+1) +Y(NRy), Y (5 SNR1+1) + lp(SNRl)}
(2-114)
. 1-B)INR,+SNR
R, < min {y (FIREEEE) + Dy, Y(SNR,) + Do)
(3-114)
. a SNR, a INR,
Rz < min {lp (a INR1+1) +Y(NRy), ¥ (a SNR2+1) + lp(SNRZ)}
(4-114)
1-B)INR,+SNR
Ry +R; < <¢(ﬂ SNR;) +1) (%ﬁ))mam <lan)
+y(NR; + SNR)1(|az | = |aqq]) + D1z + Dy
(5-114)
SNR; +(1-a)INR
Ri+R, < <¢'(“ SNR;) + v (%)) 1(lasz| < lazzl)
+¥(SNR; + INR)1(|asz| = |azz|) + Dyz + D2y
(6-114)
SNR
Ry + Ry <9 (Z25) + WANR, + SNRy) + Dy
(7-114)
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SNR
Ry + Ry <9 (FRpsy) + WSNR; + INR) + Dy
(8-114)
Ry + Ry < W(SNR, + INR; + INRy + SNR, + |@y1dzs — G12a51|2PyPy)
(9-114)
SNR; SNR,
Ri+ Ry < (INRy + )+ (INRy + 2 ) + D + Doy
(10-114)
SNR,
2Ry + Ry < ($(B SNRy) = (B INR))L(aza | < lass ) + 9 (INR, + o)
+(SNR, + INR,) + Dy, + 2D,
(11-114)
SNR,
Ry + 2R, < ((@ SNRy) = (e INRD)L(asz| < lazzl) + (INRy + i)
+yY(INR, + SNR,) + 2D;, + Dy,
(12-114)
(1-B)INR, SNR,
2Ry + Ry = 1/)([? (SNR, + INRZ)) ¥ ( 1+B INR, + (INR;+1)(1+8 INRZ))
+1(SNR; + INRy) + Dy, + Dy,
(13-114)
(1-)INR, SNR,
Ry +2R, < lp(a(INRl + SNRZ)) +y ( 1+a INR, (INR2+1)(1+aINR1))
+1(INR, + SNR,) + Dy, + D5y
(14-114)
INR; SNR; |a11022—=012021|*P1 P,
2R+ Ry =9 (SNRl + 1+INR; +INR, + 1+INR, + 1+INR; )
+1(SNR; + INR;) + Dy,
(15-114)
SNR; INR, la11022—a12021|°P1 Py
Ry +2R;, =9 (1+1NR2 +INR; + 1+INR, +5NR, + 1+INR, )
+(INR, + SNR,) + Ds,
(16-114)
(114)

Proof of Theorem 6.7) We need to optimize the outer bound established in Theorem 6.6 over the
auxiliary random variables U and V, which is indeed a complicated problem. To solve it, we apply

novel techniques including several subtle applications of the entropy power inequality. Let present
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our approach. First note that some of the mutual information functions given in (99) and (113) can be

re-written as follows:

[(X3; Y21Y1,X1,U,Q) = 1(X3; Y1, Y2|U, X1, Q) — (X35 Y1|U, X1, Q)
(X112, X1,U,Q) = 1(X3; Y1, YU, X1, Q) — 1(X3; Y2|U, X1, Q)
(X3 Y11Y2,X5,V,Q) = 1(Xy; Y1, YoV, X3, Q) — [(X1; YoV, X5, Q)
I(X; Y2|Y1, X2, V,Q) = 1(X1; Y1, V2|V, X2, Q) — 1(Xy; Y11V, X5, Q)

(115)

In general, it is difficult to directly treat expressions such as I(X;;V;,Y;|V,X,,Q) or

1(X,;Y,,Y,|U,X;,Q). To make the problem tractable, we apply the following technique. Let define

two new outputs ¥; and ¥, as follows:

o . aYitaY,  ajia;p +azap

2 = X\ +X,+2
laiz]? + laz;,|? laio|? + laz,|? ! !

N a11 +ax Y, 1012 T A210a2 o
a1l 22y g 112 2 X, + 2,
lai1]% + laz,| lai1]% + lazq|

where Z; and Z, are given as:

2,2
laiz|? + lay;|?

s, Q1121+ az1Z;
2 =T 2 L. 12
lay1|? + lazq]?

(116)

(117)

It is clear that the mapping from (¥;,Y;) to (¥;,Y;) and also to (Y3, ¥;) is one-to-one. Now we have:

o G31(a12071 — a11033)
Yl_a11Y2+ Ia |2+|a |2
11 21

X, + 7,

o a12(a12a31 —ag1a;;)

Yz = a22Y1 + Xl + Z=2
lai2]* + laz,|?

where
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5 a az1(az1Zy — ay1Z3)
laj11? + laz;|?

5 s a12(a12Z, — az22Z1)
las21% + |az,|?

(119)

One can easily check that Z; is independent of Z; and also Z, is independent of Z,. Therefore, the

following equalities hold:

(X3 Y1, 121U, X,,Q) = I(Xzi ?1;Y2|U;X1;Q) = I(Xzi?1

U,X1,Q)

[(X; 1, Y|V, X5,Q) = 1(X12Y1' 172|V;X2;Q) = I(X1; 172

V,X5,Q)
(120)

for any arbitrary input distributions. Next fix a distribution PyPx |oPx,1oPuvix,x,0 With E[X7] <
P;,i = 1,2. In what follows, we present the optimization for the auxiliary random variable U. The
optimization over V is derived symmetrically, and therefore we do not present the details to avoid

repetition.

Let divide the problem into two different cases. First consider the channel with weak interference at

the first receiver where

las2| < laz,l
(121)
It is clear that:
1
EIOgZT[e = H(Y2|U,X1,X5,Q) < HY,|U,X1,Q) = H(az X, + Z3|U, X1, Q)
1
< H(ay X, + Z,1Q) < Elog 2me(|lay,|?P, + 1)
(122)
Comparing the two sides of (122), one can deduce that there is @ € [0,1] such that:
H(Y;|U,X1,Q) = H(az X, + Z,|U, X4, Q)
1
= Elog 2me(|ay,|?aP, + 1)
(123)
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Then by considering (123) and also (115) and (120), one can easily verify that the optimization is
equivalent to maximize H(Y;|U,X;,Q) and minimize H(Y;|U,Xy,Q), simultaneously. For this
purpose, we apply the entropy power inequality. This inequality implies that for any arbitrary random

variables X, Z, and W, where X and Z are independent conditioned on W, the following holds:

exp(2H(X + Z|W)) = exp(2H(X|W)) + exp(2H(Z|W))
(124)

Therefore, assuming that H(Z|W) is fixed, given H(X + Z|W), one can derive an upper bound on
H(X|W), and given H(X|W), one can derive a lower bound on H(X + Z|W). This fact is the essence

of our arguments in what follows.

Let Z; be a Gaussian random variable, independent of all other variables, with zero mean and a

|a12|2
laiz|2+]az;|?

variance equal to . One can write:

H(?llU' X]J Q)

(a12Y1+a22Y2
laiz|?+|azz|?

U,X,,Q)

= H(X, + Z1|U, X1,Q)

. 1 )
= H(azzxz + azzzllU'Xl' Q) - Elog|a22|

a 1 o4 7 * % 1
< —log (exp (2H(azoX, + azoZy + ZiU, X41,Q)) — exp (2H (23 Q))) - 5 logla[?
p 1 1 )
= Elog (exp(ZH(a22X2 + Z,|U, X, Q)) —exp (ZH(Zl))) - Eloglazzl
= 11og (exp(log 2me(lag,|*aP, + 1)) — exp (log 2me <¢>>) - 1log|a22|2
2 las2|? + |az,|? 2
4 <2 P ! ))
—log| 2me | a
2 8 2 ¥ lai2]? + |az;|?

(125)

where (a) is due to the entropy power inequality, (b) holds because a,,Z; + Z; is a Gaussian random

variable with zero mean and unit variance (the same as Z,), and (c) is given by (123). Next let Z; be a

72



Gaussian random variable, independent of all other variables, with zero mean and a variance equal to

1222l _ 1 We have:

lasz|?

HY1|U, X1,Q) = H(ay2X; + Z1|U, X1, Q)

= H (ay:X, + 22 Z|UX Q)- lloglanlz
2242 1 1! |a12|2
a . 1. |agl?
=H(a22X2 +ZZ +Zle,X1,Q)_—10g 2
2 7lag,]
b1 . 1 lay, |
2 Elog(exp(ZH(aZZXZ + ZZ|U; Xll Q)) + eXp(ZH(ZZ|UIX1I Q))) - Elog |a |2
12

exp(log 2me(|ay,|?aP, + 1)) 1 Ja,l?
22

1

=1 az,|? —=1

2 %8 +exp<log2ne<| 22|2—1>> 2 0glalz|z
la,|

1
Elog(Zne(lalzlzaPz + 1))

(126)

where (a) holds because Z, + Z; is a Gaussian random variable with zero mean and a variance equal

|a22|
laszl?’

Thus, we applied the entropy power inequality twice: once to establish an upper bound on
H(Y,|U,X;,Q) as in (125) and once to establish a lower bound on H(Y;|U,X;, Q) as in (126). It is

to —%-, i.e., the same as Zl, (b) is due to the entropy power inequality, and (c) is given by (123).

important to note that one may also apply the principle of “Gaussian maximizes differential entropy”
to obtain an upper bound on H(¥; |U, X3, Q), however, the upper bound derived by that approach does
not necessarily relate to a (which is specifically determined by (123)) and thereby we cannot

establish a bound consistent to other entropy functions including the auxiliary random variable U.

Let again review the derivations in (126). One can easily see that all of the relations given in (126)
hold only for the channel with weak interference at the first receiver where |a;,| < |a,,|. Next, we

consider the Gaussian IC with strong interference at the first receiver where

laiz| = |az,]

(127)
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For this case, the derivations in (126) are no longer valid. The fact is that when |a,,| = |a,,|, by
fixing H(Y,|U, X;,Q) as in (123), we cannot establish a lower bound on H(Y;|U, X;,Q) using the
entropy power inequality because given X;, the output Y; is no longer a stochastically degraded
version of Y,. Therefore, we need to change our strategy for the optimization. For this purpose, first

note that the strong interference condition (127) implies the following inequality:

I(XZ;Y2|U,X1, Q) < I(XZ;YllU)XII Q) for all PDFs PQUX1X2

(128)
Considering (128), we can derive:
I1(X2;Y2|U, X1,Q) + 1(U, X1;Y11Q)
< IX;1|U X1, Q) + 1(U, X1 Y11Q) = 1(X4, X5 Y11Q)
(129)
I(XZ; Yle,Xl, Q) + I(Urxl; Y1|G1, Q)
< I(X3; 111U, X1, Q) + I(U, X1; Y11G1, Q) = 1(Xq, X2; Y11G1, Q)
(130)
Then, we evaluate H(¥;|U, X1, Q). We can write:
L <2 ( ! )) H(%1|U, X1, X2, Q)
=10 ne\vs~——— 1 5 = ) ) )
2 8 lai2]* + laz,|? ! vz
<H(%|U X, Q)
a12Y1+az,Y,
(|a12|2+|a22|2 U,XIJQ)
= H(X, + Z,|U, X1, Q)
< H(Xx +Z|Q)<1l (2 (P+ ! ))
< < —log| 2me —_—
2 2 %8 2 agzl? + lag|?
(131)
Comparing the two sides of (131), we can argue that there is a € [0,1] such that:
H(%|U, X4, Q) L (2 (P+ ! ))
, X1, =—lo me|a _—
! ! 2 %8 2 " agl? + lag|?
(132)
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Now by substituting (129-130) in (99) and (113), and considering (115) and (120), one can readily
verify that the optimization is reduced to minimize H(Y;|U,X,,Q) and H(Y,|U, Xy, Q),
simultaneously. Moreover, given X;, both Y; and Y, are stochastically degraded versions of ;.
Therefore, considering (132), one can successfully apply the entropy power inequality to establish
lower bounds on H(Y;|U, X;,Q) and H(Y,|U, X1, Q). Clearly, let Z¥ and Z% be two Gaussian random

|¢122|2

and we
laizl?(lagz|?+lazz1?)

variables, independent of all other variables, with zero mean and variances

|1112|2

have ,
lazz12(lasz12+]az21?)

respectively. We have:

H(Yl |U, Xl! Q)

= H(a12X; + 711U, X1,Q)

11
U,X1,Q) ~5logi—s

1
=H(|X —7
( 2+a12 ! laqz]?

a 5 . 1 1
=H(X,+Z, + Z7|U, X1, Q) — PRI P
12

U,X1,Q))) - %log;

b 1 5 A
= Elog (exp (ZH(XZ + Zl|U'X1' Q)) +exp (ZH(ZY lai,]?

og2ne (P2 + o)
eXp<0g TN T AL ay, P 1 1

|azz|2 )) 2 g|a12|2

las21%(las2|? + lazz]?)

Cc

log

N| =

+ exp <log 2me (

1
= Elog(Zne(lalzlzaPz + 1))

(133)
where (a) holds because Z; + Z¥ is a Gaussian variable with zero mean and variance %IZ i.e., the
12

same as aizl, (b) is due to the entropy power inequality, and (c) is given by (132). Similarly, we can
12

derive:

H(Y,|U, X1,Q)

= H(azX; + Z,|U, X4, Q)
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1

. 1
= H(x, t 2, U,X1,Q) - Slogi—s

|azz|2
“ S 1 1
:H(X2+Zl+Z1|U;X1!Q)_EIOgW
22
ill 2H(X, + Z,|U, X 2H(Z%U, x 11 1
_Eog<exp( (2+ 1| , 1,Q))+exp( (1 ) 1,Q)))—50g|a22|2

) |
/ exp (log 2me (aPz + a2+ |a22|2)> 1 1

| — =log——
|a,|? )) 27 ay,|?
+ exp | log 2me
\ p<g <|a22|2(|a12|2+|a22|2)/

1
= Elog(Zne(IazzlzaPz +1))

(134)

A AN . . . . . 1 .
where (a) holds because Z; + Z% is a Gaussian variable with zero mean and variance P i.e., the
22

same as aiZZ, (b) is due to the entropy power inequality, and (c) is given by (132). Therefore,
22

H(Y;|U,X;,Q) and H(Y,|U, X,, Q) are minimized by the right side of (133) and (134), respectively.
The proof is thus complete. B

As indicated earlier, an outer bound was also established by Wang and Tse in [20] for the Gaussian
IC with conferencing decoders. Indeed, by a straightforward comparison via simple algebraic
computations, one can verify that each of the constraints given in (114) is tighter than a corresponding
one of [20, Page 2920]. Thus, for all channel parameters, the outer bound R$/¢~CP given by (114) is
strictly tighter than that of [20, Lemma 5.1].

We conclude this chapter by providing some numerical results. In Fig. 16, 17, and 18, we compare
our new outer bound for the Gaussian IC with conferencing decoders and that of [20] in the weak,

strong, and mixed interference regimes, respectively.
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Figure 16. Comparison of the new outer bound for the Gaussian IC (9) with conferencing decoders and that of [20] in the

weak interference regime (P, = P, =1, Dy, = Dy =.5, aq1 = ay; = 100, ay, = a,; = 60).
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Figure 17. Comparison of the new outer bound for the Gaussian IC (9) with conferencing decoders and that of [20] in the

strong interference regime (P, = P, =1, Dy, = Dy = .5, ay1 = ay, = 60, a;5, = ay; = 100).
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Figure 18. Comparison of the new outer bound for the Gaussian IC (9) with conferencing decoders and that of [20] in the

mixed interference regime (P, = P, =1, Dy, = Dy =.5, a1 = az; = 60, aq, = a,, = 100).

As shown in these figures, for all cases our new outer bound is strictly tighter.
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Conclusion

In this thesis, we established a full characterization of the sum-rate capacity for degraded interference
networks with any number of transmitters, any number of receivers, and any possible distribution of
messages among transmitters and receivers. We proved that the sum-rate capacity of these networks
can be achieved by a successive decoding scheme. Moreover, using graphical algorithms, we clearly
identified those messages which should be considered in the transmission scheme to achieve the sum-
rate capacity. Next, we derived a unified outer bound on the sum-rate capacity of general non-
degraded interference networks. To this end, our idea was to enhance the non-degraded network with
artificial outputs to obtain a degraded network whose capacity region includes that of the original
network as a subset. Thus, the sum-rate capacity expression of the artificial degraded network would
be an outer bound on the sum-rate capacity of the original network as well. We proved that the
derived outer bound is sum-rate optimal for several variations of degraded networks. In particular, we
obtained sum-rate capacities for interesting scenarios such as generalized Z-interference networks and
many-to-one interference networks. Also, for the first time, we identified networks for which the
incorporation of both successive decoding and treating interference as noise achieves their sum-rate
capacity.

Next, by taking insight from the results for degraded networks, we presented an extension to the
standard cut-set bound for general communication networks which we refer to as nested cut-set
bound. To derive this bound, we apply a series of cuts in a nested configuration to the network first
and then bound the information rate that flows through the cuts. The key idea for bounding step is to
impose a degraded arrangement among the receivers corresponding to the cuts. Therefore, the bound
is in fact a generalization of the outer bound for interference networks: here cooperative relaying
nodes are introduced into the problem as well but the proof style for the derivation of the outer bound
remains the same. The nested cut-set bound, which uniformly holds for all general communication
networks of arbitrary large sizes where any subset of nodes may cooperatively communicate to any
other subset of them, is indeed tighter than the cut-set bound for networks with more than one
receiver.

Finally, we investigated capacity bounds for the two-user interference channel with cooperative
receivers via conferencing links of finite capacities. By applying new techniques, we presented novel
capacity outer bounds for this channel. Using the outer bounds, we proved several new capacity
results for interesting channels with unidirectional cooperation in strong and mixed interference

regimes. A fact is that a conferencing link (between receivers) may be utilized to provide one receiver
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with information about its corresponding signal or its non-corresponding signal (interference). An
interesting conclusion of our work was to show that both of these strategies can be helpful to achieve
the capacity of the channel. Lastly, for the case of Gaussian IC with conferencing receivers, we

argued that our outer bound is strictly tighter than the previous one derived by Wang and Tse.
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Appendix A

Converse Proof of Proposition 3.1

We show that the Gaussian distributions are optimal for the sum-rate capacity expression given in
(45). There are several ways to prove this result. Here, we make use of the entropy power inequality.
Consider the argument of the maximization (45). Fix a joint PDF Py Py, x,|0Px,10Px,|x,x,x50- W€

have:

1(X4; Y11X1, X3, X3, Q) + 1 (X35 V2| X1, X2, Q) + (X1, X2 Y5]Q)
= H(Ylle’X2’X3I Q) - H(Y2|X1,X2,X3, Q) + H(Y2|X15X25 Q) - H(Y3|X1,X2, Q)
+H(Y3 |Q) - H(Y1|X1,X2,X3,X4,, Q)

1 1 =~
= H(ay X4 + Z11X1,X5,X3,Q) — H (b_z (agXy +27Zy) + /1 2 Z; X1,X2,X3,Q)

4y 4 G _a(i(x, 4 -2
+H (b2X3+b2X4+Zz|X1,X2,Q) H(b3 (b2X3 )(4+Z2 +

+H (2

751X, X, 0

X+

as Ay
F Xt X + 25|Q) — H(Z)

b, b b b3

(A~1)

Next let X&,X$, X%, X¢ be jointly Gaussian RVs with a covariance matrix identical to that of

X1, X5, X3, X,. Thus, we can decompose X{ as follows:

P P
X§ = a\%Xf + ﬁ\/P:ng + J(1 — (a2 + p?))PZ

where a, 8 belong to the interval [—1,1] with a? + 82 < 1, and Z is a Gaussian RV independent of

(A~2)

X§,x%,x$ with zero mean and unit variance. Consider the expressions on the right hand side of

(A~1). For the first term, we have:

1
Elog(Zne) S H(Zy) < H(agXy + Z11X1, X2, X3, Q) < H(ayXy + Z11|X1, X3)

< H(a,X§ + Z,|XE, X§) = Slog (2me(a3 (1 — (@? + B2)Ps + 1))
(A~3)
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Comparing the two sides of (A~3), we deduce that there exists a A, € [0,1] such that:

1
H(@4Xy + 211X, X5, X5, Q) = 5 log (2me(L1a} (1 — (@® + )P, + 1))

(A~4)
Then consider the second term in (A~1). We can write:
H <;_2 (a4X4 + Zl) + 1’1 - b_].ZZ ZZ XI'XZ!X3; Q)
1 =~
1—= Z,1X;, X5, X5,
(a)—log (a4X4 +Z1)|X1,X2,X3,Q) N 22H< ’ bz Z2|A1 42, 43 Q)
®) 1 ) L
= —log 2”3 b? (/11%(1 —(@?+B?))P,+ 1) + 2me (1 = )
2
=3l 112(1—(0( +B)Ps+1)
(A~5)

where (a) is due to the entropy power inequality and (b) is due to (A~4). Thereby, from (A~4) and
(A~5) we obtain:

H(Cl4X4+Zl|X1,X2,X3,Q)—H( (a4X4_+Zl)+ 1
\] 2

= Tofu %2 %3, 0)

- 11 Maz(1—(a?+BH))P +1 (i) 11 aj(1—(a?+p?))P,+1
= 5 log 2 = Jlogl —
2NN (- @+ )P +1) 2 T\ ZB(1-(@2+ )P +1
2 2

(A~6)
where inequality (a) holds because the expression on its left hand side is monotonically increasing in
terms of A, (for the case where b, = 1).

Next we evaluate the third and the forth terms in (A~1). We have:

1
5log(2me) < H(Z,) < H (Z—jxg X+ ZZ|X1,X2, Q)

<H (Z—jx3 X+ ZZ|X1) <H (Z—zxgc + o XE + Zz|X1G)
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1

<log 2ne< (|a3| + |ayB| ) + Z—;E(l —(@?+BH))P, + 1)
(A~T7)

Comparing the two sides of (A~7), we deduce that there exists a 1, € [0,1] such that:

H (52X + 2 X0 + 2], X,,0)

2

1 1 P,
=—log| 2me| ;| | lasl + laBl | | +aZ(1—(a?+BH))P, |+1
2 b2 P3

(A~8)

Considering (A~8) and using the entropy power inequality, one can derive:

1 ~
H(b3( Xy + 2 X4+ZZ) /1—})—3223 Xl,XZ,Q>
/ 2

1 1 P,
> —log| 2me| ;5| | las| + la.B] +aZ(1—(a?+p?))P, |+1
2 b5 b3 P3

(A~9)

Now from (A~8) and (A~9), we obtain:

Gy 4% g (i(tay 4 s _ 1,
H(b2X3 + X, + Z,|X1, X2,Q) H(b3 (bzx3 +X, +2,) + /1 2 Zs
2
1 P,
o ((1ast 10t [2) + a1 @+ 4R 41 \
|

2 bz((la3|+|a4ﬁ| ) +a£(1—(a2+ﬁ2))P4)+1/

X1, X,,0)

<4 |/
_E og\

2
b221b32 <(|a3| + |a4ﬂ|\/llz—z) +a?(1- (a2 + ﬂz))&) 41

A
NS
N| =
P
o
[o)°]
A

(A~10)
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where inequality (a) holds because the expression on its left hand side is monotonically increasing in

terms of 1, (for the case where b,, b; > 1). Finally, consider the fifth term of (A~1). We have:

41 Q2 a3 Qs
H (b2b3 X1+ b,bs Xo + bybs X3 + b, bs Xy + Z3|Q)
a G az G as G Ay G
<
<H (b2b3 XE 42 XE xS X Z3)

a?P, + a3P, + a3P; + a2P,

< Zlog| 2me | | +2[a @ E[XF XS]] + 2|ay a,E[XF XE]| | + 1
P \42]aya,E[XS XS] + 2|asa, E[XEXE]|
/ a?P, + a3P, + a2P; + a3P, \
(i)%logl e # +2|ay @ E[XE XS] | + 2layaqal /P Py + r1|]
23
2|aza,aB[XE XS] i—‘l*+ 2|asa,Bl/PsP, /
a?P, + a3P, + a%P; + a3P,
) )

< %log 2me YT +2|a,a,|+/ PP, + 2|ajasa| /PPy + |+ 1
2%3

2|azasal\/PyPy + 2|agas B/ P3Py

(A~11)

where equality (a) is due to (A~2) and inequality (b) holds because E[X{X§]|<.PP,. By
substituting (A~6), (A~10), and (A~11) in (A~1), we derive the desired result. &
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Appendix B

Converse Proof of Proposition 3.2

We prove that the Gaussian inputs are optimal for (55). Consider the argument of the maximization

(55); we can write:
(X1, X 1 IW) + I(W; Y,)
=H(Xy + aX, + Z1|W) — H(b(X; + aX, + Z1) + V1 — b2 Z,|W) + H(bX; + X, + Z,) — H(Z;)
(A~12)
Define a and g as follows:

E[(E[X,[W])?] ge E[(E[X,|W1)?]
E[X?] a E[X5]

a = sign(b)
(A~13)
where sign(b) isequal to 1 if b > 0, and is equal to —1 if b < 0. Note that we have:
E[X?] - E[ELXIWD?] = E[E[X?|W] - (E[XWD?] = E[E*[X;|W]] = 0, i=12
(A~14)

where E2[X;|W] is derived from Definition 1.2 of [1]. Therefore, a? and 2 both belong to the

interval [0,1]. Then consider the expressions on the right side of (A~12). We have:

1
HX,+aX, + Z{ (W) = H(X; + aX, + Z,1X,, X, W) = Elog(Zne)
(A~15)

Also, using the “Gaussian maximizes entropy” principle, we can derive:
1 2
(@)
YE Elog(Zne(IEz[X1|W] + E?[aX,|W] + 1))]

(? | 2 2[m2
< Zlog (2me(E[E2[X,|W]] + a®E[E?[X,|W]] + 1))
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_1 E[E[X?|W] — (E[X,|W])?]
=log <2"e <+aZIE[E[X§|W] — (E[X,IWD?] + 1))

(c) 1

= ;log (Zne((l —a®)P; +a?(1 - AP, + 1))

(A~16)
where (a) is derived by Lemma I1.1 of [1], (b) is due to Jensen inequality, and (c) is derived by
(A~13). Based on (A~15) and (A~16), we deduce that there exist u, and pg with:

1
HX, +aX, + Z|W) = Elog (2ne ((1 — )Py +a?(1— ,u[;)Pz + 1)),

a?<pe <1, PE<pp<1

(A~17)
Now for the second expression of (A~12), using the entropy power inequality, we have:

H(b(Xy + aX, + Z1) + V1 — b2 Z,|W)

N %log <22H(b(X1 +aX, + Z)|W) , y2n(VI—Db? Zz|W))

2log (Zne (b2 (A1 = )Py + a?(1 = pug)P;) + 1)>

(A~18)
By combining (A~17) and (A~18), we obtain:
H(Xy + aX, + Z;\W) — H(b(Xy + aX, + Z;) + V1 — b2 Z,|W)
1 1—p )P +a?(1—pug)P, +1
< Elog ( :ua) 1 ( .u,B’) 2
b2((1 = pa)Pr + a?(1— ug)P;) + 1
(A~19)
Then, consider the following deterministic function:
o (A —p)P +a*(1—ug)P, + 1
f(ua, luﬁ) = 2 ”
b ((1 — u)P; +a?(1 - HB)PZ) +1
(A~20)
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It is easy to show that for the case of ab = 1,|a| = 1, the function f(u, ug) is monotonically

decreasing in terms of both u, and ug. Thereby, since a? < pg and B2 < g, We derive:

H(Xy + aX, + Z;|W) — H(b(X, + aX, + Zy) + V1 — b2 Z,|W)

- 11 (1—a®)P,+a*(1-p%)P, +1
=29 <b2((1 —a?)P, + a2(1 - B)Py) + 1)

(A~21)
Finally, for the third expression on the right side of (A~12), we have:
1

H(bX, + X, +Z,) < E10g(2ne(bzp1 + P, + 2bE[X; X,] + 1))

(@4

< 21og 2me(b?P, + P, + 21b|VEIER, W] EIED, WD?] + 1))

()

= 2log(2me(b2P, + P, + 2baf /PP, + 1))

(A~22)

where inequality (a) is due to Lemma 1.1 of [1] and equality (b) is due to (A~13). Now by
substituting (A~21) and (A~22) in (A~12), we obtain the desired result.

90



Appendix C
Proof of Theorem 6.1

Consider a length-n code with vanishing average probability of error. Define new auxiliary random

variables:

Ue 2 (My, Y34 Y 41)
Ve 2 (M, Y4, Y] ), for t=1,..,n
(A~23)

Let first derive some bounds on R;. By Fano’s inequality,
nRy < I(My; Y1, Vy2) + nel

— .yn .yLld|yn 1

= I(My; YY) + I1(My; V2| Y) + nep

a

< I(My; Y7 IMp) + H(V,5) + nel

b
< I(My; Y]*|M,) + nD,; + nek

< Z‘?:l I(Xl,t'; Yl,t|X2,t) + nD21 + nerll
(A~24)

where inequality (a) holds because conditioning does not reduce the entropy, and inequality (b) is due
to (11). Moreover,

nRy < I(My; Y1, Vi) + nel
= I(My; Y7 + 1(My; V2| Y1) + nel
S VP I(My; Yy | VTyr) + H(BE) + nel
< YR I(My, Yy, YL Xy 5 V) + H(GE) + nel

< 2?21 [(Ut’Xl,t; Yl,t) + TlD21 + TlE,ll
(A~25)

where inequality (a) holds because conditioning does not reduce the entropy. Next we derive some

bounds on R,. By Fano’s inequality we have:
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L
nR, < I(My; YV ) + ne
< I(My; Y, V34 Vi) + ne?
= I(My; Y14, Y5 + nE%

< I(My; Y, Y2 |M;) + ne?
(A~26)

where (a) holds because Vle‘i is given by a deterministic function of (¥{*,Y;'). Now consider the

mutual information function on the right side of the last inequality of (A~26). We can write:
I(My; Y1, Y3 [ My) = I(My; Y3H [My) + I(Mg; Y{*|Y5, M)
a
= Z?:l I(Xz,ti Y2,t|X1,t' M1)
+ Xt I(Xz,ti Yl,t|Y2,t'X1,t' My, Y5 Y, Y11?t+1)
= Z?:l I(Xz,ti Y2,t|X1,t' M1)
+ X I(Xz,ti Yl,t|Y2,t'X1,t' Ut, er,lt+1)
b n n
< Xte1 I(Xz,ti Y2,t|X1,t) + Xt I(Xz,ti Yl,t|Y2,th1,t' Ut)

(A~27)
where (a) holds because X;. is given by a deterministic function of M;; the inequality (b) holds
because conditioning does not reduce the entropy and also given the inputs X, ., X, ., the outputs
Y 1, Y2+ are independent of other variables. Similarly, we can derive:

[(My; Y, Y3 [ My) = I(My; Y* [My) + 1(My; Y73 |Y{", My)
S TP I(X e Yae|Xae) + 2tea I(Xo0 Yo Va0 X6 Ur)
(A~28)

Now by substituting (A~27) and (A~28) in (A~26), we obtain:
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f

l (X0 Vel Xae) + 1(Xai3 Vo | Vie X 0o U) J
t=1

1(X,65 Yae|X1,e) + 1(Xoe Yee|Yore X160 Ut ) :]

NIE

t=

=

nR, < min

NIE

(A~29)
Finally, we establish constraints on the sum-rate. Based on Fano’s inequality, one can write:
n(Ry + Ry) < I(My; Y1, V,50) + 1(My; Y3, V5E) + (el + €2)
< I(My; YY) + I(Mg; YY) + I(My; V2 [Y) + I(My; Vit | Y3 + el + €2)
< I(My; YY) + I(Mo; YR IMy) + H(V,2) + H(V3) + n(el + €2)
< I(My; YY) + 1(My; Y3 [My) + n(Dyp + Dyq) + ey + €7)
(A~30)

The sum of the two mutual information functions on the right side of (A~30) can be bounded as
follows:

I(My; Y] + [(My; Y| My)
= Nt I(My; Y| gr) + Dot I(Mo; Yo [My, Y5 7H)
<SS IV My Yy | V) — S TV Y| My, YY)
+ X IV, My Yy | My, YY)
= Y I My Y|V y) = S TV Yy e[ My, YY)
+ X0 (Vi g Yo My, YETY)
+ X I(My; Yy | My, YEL Y1)

= Xt=1 I(th_llMl; Yl,t|Y17,lt+1) + X I(Mzi Y2,t|M11 v; L Y1T,lt+1)

b
<Xt I(th_l» Y1, My; Yl,t) + Z?=1I(Mzi Yz,thszt_l' Y1T,lt+1)

=Yt I(Ut:XLt; Yl,t) + Z?=1I(X2,tF YZ,t|UtrX1,t)
(A~31)
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where (a) holds because due to the Csiszar-Korner identity the second and the third mutual
information functions on the left side of (a) are equal; (b) holds because conditioning does not reduce
the entropy. Then by substituting (A~31) in (A~30), we derive:

n(Ry + Ry) S Xy (U, X165 Vi) + b1 I(Xp5 Yo, |Ue, Xi.) + (D12 + Dyy) + (e + €2)
(A~32)
Also, we have:
n(Ry + Ry) < I(My; Y1, V,0) + 1(My; Y3, V5E) + n(el + €2)
.yn .yn yn yLd .yLld|yn 1 2

< I(My; YY) + 1(My; Y8 Y, Vi) + 1(My; V2 Y) + nen + €3)

a

< I(My; YY) + I(Mo; Y, V30 + H(V) + n(el + €2)

< I(My; YY) + I(My; Y, YIIMy) + nDyy + n(el + €2)

= I(My; YY) + I(My; YJIMy) + I(My; Y|V, My) + nDyq + n(el + €2)

b
< Z?=1I(UtrX1,t; Yl,t) + Xf=1 I(Xz,ti Y2,t|Ut'X1,t)
+ 3 [(Xat; Yl,t|Y2,t'X1,t' Up) + nDyy +n(ep + €2)
=Yt I(Ut'Xl,t; Yl,t) + I(Xz,ti Yie YZ,t|X1,t’ Ut) +nDyy +n(ey + €5)

= Xt=1 I(Ut'Xl,t; Yl,t) + X1 I(Xz,ti Yl,t|Ut'X1,t) + X1 I(Xz,ti Y2,t|Y1,tiX1,tf Ut)
+nD,; + n(el + €2)

= Xt=1 I(Xl,t'XZ,t; Yl,t) + Xi=1 I(Xz,ti YZ,t|Y1,t'X1,t’ Ut) +nDyy +n(eq + €3)
(A~33)

where the inequality (a) holds because VlLZd is given by a deterministic function of (¥{*,¥;") and also
conditioning does not reduce the entropy; the inequality (b) is derived by following the same lines as
in (A~31) and (A~27). Lastly, we can derive:

n(R; + Ry) < 1(M1,M2; Y'Y, Vled, Vlléd) +n(eq + €5)
< I(My, Mp; Y4, YY) + n(eh + €5)

< Yie I(Xl,t'XZ,t; Yie YZ,t) +n(ey + €5)

(A~34)
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where (a) holds because Vle‘i and Vle‘i are given by deterministic functions of (¥{*,Y;*). By collecting
(A~24), (A~25), (A~26), (A~29), (A~32), (A~33), (A~34) and applying a standard time-sharing
argument, we derive desired constraints of (99) including those given by the auxiliary random
variable U. The remaining constraints of (99) can be indeed derived symmetrically. The proof is thus
complete. H
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Appendix D

Proof of Theorem 6.6

Consider a length-n code with vanishing average error probability for the Gaussian IC (9) with
conferencing decoders. Consider also the auxiliary random variables defined in (A~23). We need to

derive the constraints in (113). Define the genie signals G, ;, G, ¢, G, +, and G, . as follows:

(Gy¢
J Gy
Gre

G,

Az1,tX1,t + 22t
A12,4X2¢ + 21t
ap1,eXie + 2oy
A12,¢X2¢ + Zl,t

(1L L (L |2

(A~35)

~ n = n . . . -
where {Z,,}_and {Z,,} _ are zero-mean unit-variance Gaussian random processes which are
Lth=1 2th=1

independent of all other random variables. Based on Fano’s inequality we have:
n(Ry + Ry)
< I(My; Y V58) + 1(My; Y3, Vi) + n(el + €2)
< I(My; VP, G VD) + I(My; Y3, G2 V) + (el + €2)
= 1(My; Y, GIY) + [(My; Y3, G) + I(My; V4|V, GT) + 1(My; V2| YR, GF) + n(el + €2)
< IXE YR G + (XY YR, G + n(Dyy + Dyy) +n(el + €2)
= I1(X]; G + I(XY; G + I(XE YRIGH) + 1(XE; Y2RIGH) + n(Dqy + Dyyp) +n(el + €2)

= H(G) — HGPIXD) + HOYPIGR) — HYPIXD) + H(GP) — H(GHXP) + H(Y|GP)
—H(Y;'1X3) + n(D1z + Dyq) + n(eq + €5)

H(GT') —H(Z}) + H(Y'|GT) — H(GZ) + H(GZ) — H(ZT) + H(YZ'|GZ)
—H(G]) + n(D1 + Dyq) + n(ey + €5)

HYTGT) — HOYIXTL XE) + H(YZGE) — H(YZIXT, X)) + n(Dyz + Day) + n(en + €7)

HY'|GE) — H(Y? IXT, X3, GT) + H(YZ'GZ) — H(YZ'|XT, X2, GZ)
+n(Dyy + Dyq) + n(e} + €2)

= I(XT, X2, Y |GT) + I(XT, X5 Y34 G) + Dy + Do) + n(eq + €7)
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<X I(Xl,t'XZ,t; Yl,t|Gl,t) + X1 I(Xl,t' Xot5 YZ,t|GZ,t) +n(D1z + Daq) + nefy + €3)
(A~36)

where equality (a) holds because G* — X{* = Y*,i = 1,2 forms a Markov chain, and equality (b)
holds because H (Y*|XT", X3) = H(Z["),i = 1,2. We next derive constraints on the linear combination

of the rates Ry + 2R,. We can write:
n(Ry + 2Ry) < I(My; Y3, Vi) + I(My; Y, V52) + I(Mg; Y3, Vi52) + n(el + 2€2)
= 1(My; V¥ + I(My; VS| V) + 1(My; YY)
HI(My; V2 [V + 1(My; Y3 + I(Mo; Vi | V3Y) + el + 2€2)

< I(My; Y7 My) + I(My; Y G + T(Mo; YoY)
+n(2D15 + Dyy) + n(e} + 2€2)

= [(My; Y3 |My) + I(My; Y'IGT) + I(XT; GTY) + 1(XZ; Y5Y)
+n(2D15 + Dyy) + n(e} + 2€2)
(A~37)

Then, for the first two mutual information functions on the right side of the last equality in (A~37) we

have:
I(M3; Y7 |My) + 1(My; Y1 |GT)
= H(Y;'|My) — H(Y{*|My) — H(Y3! My, M) + H(Y"|GT)
=¥, H(Y2,e|My, Y3~ Y iq) = SEeg H(Yye | My, Y7 Vi) — H(YZ My, Mp) + H(YP|GT)
< S H (Vo My, ¥ ¥) = Tl H (V| My, B0 ¥ )
— Yty H(Yae|[ My, Mo, Y71 Y 0) + X0 H(Yie|Gae)

= Z?:l [(Xz,ti YZ,t | Us, Xl,t) + I(Ut' X1,tF Yl,t | Gl,t)
(A~38)

where (2) is derived by [35, Lemma 2]; (b) holds because Y{‘{Y{}Hl - M;,M, -»Y,, forms a

Markov chain and conditioning does not reduce the entropy; (c) holds because X;, is given by a
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deterministic function of M; and G, —» U, X1 — Y, forms a Markov chain. Now by substituting
(A~38) in (A~37), we obtain:
n(R; + 2R,)
< Xf=1 I(Xz,ti YZ,tlUt'Xl,t) + I(Ut; X165 Yl,t|Gl,t)
+I(XT; G + 1(XE;Y9Y) + n(2D45 + Dyy) + n(el + 2€2)
= Y1 I(Xoe Yo |Us Xup) + I(Up, X165 Ye | Grye)
+H(GM) — HZY) + H(Y}) — H(G]") + n(2D15 + Dyq) + n(el + 2€2)
=X I(Xz,ti YZ,tlUtrXLt) + I(Utvxl,t; Yl,thl,t)
+I(XT, X3, YY) + n(2D15 + Dyyp) + n(el + 2€2)
S Y1 I(Xoe Yor|Us Xo ) + I(Up, X163 Yag|Guye)

+ Xt I(Xl,t'XZ,t; Yz,t) +n(2D13 + Dyy) + n(ey + 2€3)
(A~39)

We can also derive:
n(R, + 2R,)
< I(My; Y4 Vi) + 1(My; Y, Vsd) + I(My; Y3, Vi) + n(el + 2€2)
< I(My; YY) + I(My; YY) + T(My; VA YY) + 1(My; Y1) + 1(My; Vi Y3 + n(el + 2€2)
< I(My; Y, Y5 My) + I(My; Y, GT) + I (My; YY) + n(Dyp + Daq) + n(en + 2€5)
= I(M; Y{' Y3, My) + I(My; Y3 | My) + I(My; Y{*|GT)
+I(XT5 G + I(XS;Y3Y) + n(Dyy + Dyy) + n(el + 2€2)
% Nt 1(Xae; Yl,t|Y2,t: X160 My, Y; 7 Vg1, Vs
+ 20 [(Xo e Yo |Ue, X16) + 1(Ue, X165 it |G e)
+I(XT G + 1(X2 YY) + n(Dyy + Dyy) + n(e} + 2€2)

= Z?=1 I(Xz,ti Yl,t|Y2,t'X1,t' Us, er,lt+1) + Z?=1 I(Xz,ti YZ,tlUt'Xl,t) + I(Ut'Xl,t; Yl,t|G1,t)

98



+H(GT) — H(Z]) + H(Y7") — H(GT) + n(Dyz + Dz1) + n(en + 2€7)

b

< Xf=1 I(Xz,ti Yl,t|Y2,t;X1,t; Ut) + X I(Xz,ti YZ,t|UtIX1,t) + I(Utrxl,t; Yl,t|G1,t)
+ X1 I(X1,0 Xz Yo ) + D1z + Dpy) + n(ep + 2€7)

=20 (X Yie Yor|Ue Xag) + 201 T(Ue, X5 Vit | Gre) + Xben I (Xa0 X5 Yorr)

+n(Dyy + D) + n(el + 2€2)
(A~40)

where (a) is due to (A~38), and (b) holds because conditioning does not reduce the entropy. Lastly,

we can write:

n(Ry + 2R;) < I(My, My Y8 YR, VS VD) + 1(My; YL ViE) + n(el + 2€2)
= 1(My, My; Y, Y3) + [(My; Y3¥) + [(My; V52| Y3 + n(el + 2€2)
< I(XP X3 YL Y, G1) + 1(X%; Y3Y) + nDy, + n(es + 2€2)
= I(XP, X3 YL Y2|GT) + I(XT, X35 GT) + 1(X3; Y3 + Dy, + n(el + 2€2)
= I(X], X3 Y9, V2|6 + H(GY) — H(ZY)
+H(Y}') — H(GI') + nDy, + n(e} + 2€2)
= I(X1 X5 Y YR|GE) + 1(XT X35 YY) + nDy, + n(eh + 2€2)

< X I(Xl,t'XZ,t; Yie Y2,t|61,t) + Z?=1I(X1,t'X2,ti Y2,t) +nDy, + n(en + 2€3)
(A~41)
Finally, by applying a standard time-sharing argument to (A~36), (A~39), (A~40), and (A~41), we
derive 15¢,37¢,5t" and 7" constraint of (113), respectively. The remaining constraints of (113)

could be symmetrically derived (similar to (A~39), (A~40), and (A~41)). The proof is thus complete.
|
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