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Abstract

Broadly, this thesis lies at the interface of mapping class groups and covering spaces.
The foundations of this area were laid down in the early 1970s by Birman and Hilden.
Building on these foundations, there has been a plethora of results, especially in the context
of a particular family of branched covering spaces over the sphere. We call these covers
the hyperelliptic covering spaces.

One of the reasons the hyperelliptic covers provide such fertile ground for research is
that every homeomorphism of a marked sphere lifts to a homeomorphism of the covering
space. Rephrasing this, the liftable mapping class group coincides with the entire mapping
class group of a marked sphere. Since the mapping class group of a marked sphere is well
understood, this understanding can be lifted to help understand a particular subgroup of
the mapping class group of the covering space.

However, for a general covering space, the liftable mapping class group does not coincide
with the mapping class group of the base space. Instead, it is a finite index subgroup. This
thesis is devoted to studying the liftable mapping class group in contexts other than the
hyperelliptic covers.

Chapter 2 provides the necessary preliminaries for the rest of the thesis. Chapter 3
classifies cyclic branched covers of the sphere with the property that the liftable mapping
class group coincides with the mapping class group of the marked sphere. Chapter 4
studies the liftable mapping class group for a family of cyclic branched covers over the
sphere, called balanced superelliptic covers. We find an explicit finite presentation for the
liftable mapping class groups corresponding to the balanced superelliptic covers, compute
the indexes of the liftable mapping class groups, and compute their abelianizations.

In Chapter 5 we study an infinite family of cyclic branched covers over a torus. The
liftable mapping class groups corresponding to this family are all subgroups of the mapping
class group of a twice marked torus. We prove that the intersection of any two of these
liftable mapping class groups is also a liftable mapping class group, and the subgroup
generated by any two is again a liftable mapping class group. In a few special cases we
find a finite generating set, and for some of those, an explicit finite presentation.

Finally, in Chapter 6 we study the liftable mapping class group for covers of surfaces
with boundary. Given a covering space of a surface with boundary, we characterize the
corresponding liftable mapping class group by the action of its members on a particular
fundamental groupoid of the base surface.
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Chapter 1

Introduction

The mapping class group of a surface of genus g, is a group of symmetries of the surface
¥4. More formally, it is the group of orientation-preserving homeomorphisms of ¥, up to
isotopy. If the surface has boundary 0%, or marked points B, then the homeomorphisms
must preserve the set of marked points and fix the boundary pointwise. The mapping class
group will be denoted Mod(X,, 03,, B). The 0¥ and B may be omitted if they are empty
or if we do not require them to be fixed.

The study of mapping class groups began in the 1920s with the work of Dehn [19] and
Nielsen [39, 10, 11]. Today, mapping class groups are ubiquitous in mathematics. For a few
examples among many, they appear in 4-manifold topology through Lefschetz fibrations,
and 3-manifold topology through Heegaard splittings and mapping tori. Mapping class
groups are closely related to automorphism groups of free groups and right-angled Artin
groups, and are a generalization of the braid group. The mapping class group is also
the fundamental group of the moduli space of a Riemann surface, providing a bridge to
algebraic and complex geometry.

Broadly, this thesis studies the interplay of mapping class groups and finite-sheeted,
regular covering spaces. This particular story begins with the search for a presentation of
the mapping class group of a genus 2 surface, which was arrived at in the work of Birman
and Hilden [7].

Mapping Class Groups and Covering Spaces

The key insight of Birman and Hilden was to use covering spaces to relate the mapping class
group of the base surface to that of the covering surface. In [7], they study a particular
family of branched covers over the sphere which we will call hyperelliptic covers. The
hyperelliptic covers are constructed as follows. For each genus g > 1 there is a 2-sheeted



Figure 1.1: A hyperelliptic involution on X, and the hyperelliptic cover p, : ¥, — 3.

branched cover p, : X, — > of the sphere ¥ by a surface 3, of genus g, branched at 2g+2
points B C ¥y. The nontrivial deck transformation is a rotation by 7 about the axis shown
in Figure 1.1. Such a rotation is called a hyperelliptic involution and is denoted by ¢. See
Figure 1.1 for an illustration of the hyperelliptic covers. For a more formal construction
of the hyperelliptic covers, see the construction of the balanced superelliptic covers when
k = 2 in Section 4.1.

Birman and Hilden proved that for ¢ > 2, there is a surjective homomorphism
SMod,, (£,) — Mod (%, B) with kernel (¢). Here, SMod,, () is the hyperelliptic mapping
class group, and is equal to the centralizer of ¢ in Mod(X,). When ¢g = 2, () is equal to the
center of Mod(%,), so Mod(33)/(t) is isomorphic to Mod(Xy, B). At the time, presenta-
tions for Mod (%o, B) and (¢) were known (the latter is of course isomorphic to Z/27Z). As a
result, the first presentation for Mod(3;) was obtained (for example, by applying Lemma
2.4.2 below).

The results of Birman and Hilden were subsequently generalized. Assume the genus
of ¥ is at least 2. Let p : 3 — X be a regular, finite-sheeted, possibly branched covering
space with deck group D, branched at finitely many points B C X. Let SMod,(X) be
the subgroup of Mod(i) consisting of isotopy classes of fiber-preserving homeomorphisms,
called the symmetric mapping class group. Let LMod, (%, B) be the subgroup of Mod(%, B)
consisting of isotopy classes of homeomorphisms that lift to homeomorphisms of 3, called
the liftable mapping class group. B

Projecting fiber-preserving homeomorphisms of ¥ to homeomorphisms of ¥ induces a
surjective homomorphism SMod,(X) — LMod, (X, B) with kernel D. This result is known
as the Birman-Hilden theorem. Birman and Hilden proved the result in [9] for solvable



covers, and for unbranched covers in [8]. MacLachlan and Harvey proved it for all finite-
sheeted regular covers in [341]. A version of the Birman-Hilden theorem was proved by
Winarski in [17] for possibly irregular, fully-ramified covers, and by Aramayona, Leininger
and Souto in [1] for irregular unbranched covers.

For the hyperelliptic covers, the isomorphism SMod,,, (3,)/(¢) = Mod(Xy, B) has been
successfully exploited. For example, Bigelow and Budney [5] prove that the hyperelliptic
mapping class group, and in particular Mod(Xs), is linear. Brendle, Margalit, and Put-
man [11] find an explicit generating set for the kernel of the integral Burau representation.
Stukow classifies all the conjugacy classes of maximal finite subgroups of the hyperelliptic
mapping class group in [44], and proves that the hyperelliptic mapping class group is gen-
erated by two torsion elements in [15]. The homology and cohomology of the hyperelliptic
mapping class group has been extensively studied in the works of Bodigheimer-Cohen-Peim
[11], Cohen [17], Gries [25], and Kawazumi [31, 32] to name a few. The list goes on (see
the works of A’Campo [1], Ahara-Takasawa [2], Brendle-Childers-Margalit [13], Calegari-
Monden-Sato [16], Endo [21], Hain [26], Kasagawa [30], and Morifuji [38] to name a few
more). All of these results rely in some way on the Birman-Hilden theorem for hyperelliptic
covers.

One of the reasons the hyperelliptic covers have been fertile ground for research is that
LMod, (X2, B) = Mod (X, B). That is, every homeomorphism of 3, fixing the branch points
lifts to a homeomorphism of ¥,. Since Mod(Xy, B) is well understood, the Birman-Hilden
theorem can be used to understand the hyperelliptic mapping class group. In general, the
liftable mapping class group is a finite index subgroup of the mapping class group. This
thesis is concerned with understanding the liftable mapping class group for finite-sheeted,
regular, possibly branched covers.

Layout of the thesis

Chapter 2 is an overview of the preliminaries required for the rest of the thesis. Sections
2.1 and 2.2 cover the basic theory about lifting and projecting homeomorphisms. Section
2.3 introduces mapping class groups, including a section on the Birman-Hilden theory.
Finally, relevant results about group presentations relating to short exact sequences and a
review of the Reidemeister-Schreier rewriting process are presented in Section 2.4.

Chapters 3 and 4 are from joint work with Rebecca Winarski, and are essentially the
papers [241] and [23] respectively. Chapter 3 classifies cyclic branched covers of the sphere
with the property that every homeomorphism lifts. As a result Theorem 3.2.4 is proved,
which is a correction to Theorem 5 in [9] (see the erratum [10]).

In Chapter 4 we study the liftable mapping class group corresponding to a family of
cyclic branched covers of the sphere called the balanced superelliptic covers. The balanced



superelliptic covers are a natural generalization of the hyperelliptic covers, and provide ex-
amples of covers where the liftable mapping class group is a proper subgroup of the mapping
class group. We compute the index [Mod(X¢, B) : LMod, (2o, B)], find an explicit finite
presentation for LMod, (X, B), and compute the abelianization H;(LMod, (X0, B);Z). As
a corollary, we show that the abelianization of the symmetric mapping class group, called
the balanced superelliptic mapping class group, is a non-cyclic finite group.

A family of cyclic branched covers over a torus branched at two points is the focus
of Chapter 5. The family is indexed by integers k > 2, giving rise to a family of liftable
subgroups LModg (3, B) < Mod(Xy, B). Using the Reidemeister-Schreier rewriting process
and soliciting the help of the Sage code in Appendix A, we arrive at a finite presentation
for LMod (X4, B) for k = 2,3,4 and a finite generating set for £k = 5,6. We also prove
that the way the liftable subgroups live in Mod (31, B) is well behaved. Indeed, for integers
k,l>2,

LMOdk(El, B) N LMOdl<21, B) = LMOdlcm(kJ)(El, B)

and

LMOdk(Zl, B) LMOdl(Zl, B) = LMOdgcd(k,l) (21, B)

Finally, Chapter 6 looks at the liftable mapping class group for surfaces with boundary.
The chapter begins by surveying the relevant algebraic properties of groupoids. The main
result characterizes the liftable mapping class group by the action of its members on the
fundamental groupoid of the base surface. As a corollary we prove that, like the case for
surfaces without boundary, the liftable mapping class group is a finite index subgroup.



Chapter 2

Preliminaries

2.1 Notation and conventions for homeomorphisms of
surfaces

Let 3 be a compact orientable 2-manifold of genus ¢ with boundary 0% and finitely many
marked points B C ¥\ 0X. Let Homeo(X) be the homeomorphism group of ¥. Throughout
this thesis, the focus is on various subgroups of Homeo(X). If 9% appears in the argument
of Homeo, then we require homeomorphisms to fix 0¥ pointwise. If B appears, then we
require homeomorphisms to fix B setwise. If a + appears as a superscript, then we require
homeomorphisms to preserve the orientation of >. For example,

Homeo™ (X)) = {f € Homeo(X) : f is orientation preserving}
Homeo™t (3, B) = {f € Homeo™ (%) : f(B) = B}
Homeo(3, 0%, B) = {f € Homeo(X) : f(B) = B, f(z) = x for all z € 0¥}.

If 90X # () and f is a homeomorphism fixing d¥ pointwise, then f must be orientation
preserving. That is, Homeo™ (3, %) = Homeo(%, 9%).

Occasionally, it may be easier to remove the marked points and consider the result-
ing surface with punctures ¥° = ¥\ B. Since ¥ is Hausdorff and ¥° C ¥ is dense, any
homeomorphism in Homeo(X°) extends uniquely to a homeomorphism in Homeo(3, ).
Conversely, every homeomorphism in Homeo(3, B) restricts to a homeomorphism of 3°.
Therefore, an isomorphism Homeo(3, B) = Homeo(X°) arises by restricting homeomor-
phisms. We will go back and forth between punctures and marked points as is convenient.

If it is necessary to keep track of the genus g, the number of punctures n, and the
number of boundary components b of ¥, we will denote the surface > by Efm. If b or n are



0, then they will be omitted. If |B| = m and we wish to keep track of the number of marked
points, then we will write B = B(m). So, for example, Homeo™ (3, ,,) = Homeo™ (3, B(n)).

As a general rule, the group multiplication in homeomorphism groups and mapping
class groups will be performed right to left, so fg means perform g, then f. The exception
to this will be in Chapter 4, where the focus is on group presentations.

2.2 Lifting and projecting homeomorphisms

Let p : Y = Y hbea regular, finite-sheeted, possibly branched covering space branched at
finitely many points B C ¥\ % with deck group D < Homeo™ (X).

We say a homeomorphism f € Homeo+(§]) is fiber-preserving if whenever p(x) = p(y),
pf(z) = pf(y). Let SHomeo; (i) be the subgroup consisting of fiber-preserving home-
omorphisms. There is a homomorphism II : SHomeo, (X) — Homeo™ (X, B) given by
I(f)(z) = pf(&) for any & € p~'(z). It follows that ker(Il) = D. If TII(f) = f, then the
square

—>E

p

M(TM

L}E

commutes, that is pf = fp. It is true that SHomeo;r(i) is the normalizer of D in
Homeo* (X), and the justification is left to the reader.

We say a homeomorphism f € Homeo™ (%, B) lzfts if there exists a homeomorphism
f € Homeo* (Z) such that pf = fp. Note that such a f must necessarily be in SHomeo, (E)
Let LHomeo, (3, B) be the subgroup of Homeo™ (%, B) consisting of homeomorphlsms that

lift. Then the image of I is LHomeo (X, B) and SHomeo, (3)/D = LHomeo; (3, B).

2.2.1 Lifting and projecting with boundary

Suppose 5 and ¥ have non-empty boundary 9% and 9% respectively. We wish to lift and
project homeomorphisms that preserve the boundary pointwise, to homeomorphisms that

preserve the boundary pointwise.
Let SHomeop(Z %) = SHomeo, (X) N Homeo(X, O%).

Proposition 2.2.1. SHomeop(ZﬂZ) — C' N Homeo(S, 8%) where C is the centralizer of
the deck group D in Homeo™ (X).



Proof. 1t suffices to show that any homeomorphism f that fixes the boundary and is in the
normalizer of D is in the centralizer of D. Let € 8% and let d € D. Then d(z) € 3.
Since f fixes the boundary pointwise we have fUdf(x) = fd(z) = d(= ). Since f is in
the normalizer of D, f 'd f € D. Since the deck group acts freely on 82 f ) f = d,
completing the proof. [ |

Any fiber-preserving homeomorphism of S that fixes 9% pointwise must project to a
homeomorphism of ¥ that fixes 0¥ pointwise. Since the only element of D that fixes 9%
pointwise is the identity, restricting the domain of II gives us an injective homomorphism
IT: SHomeop(Z %) — LHomeo ' (3, B) N Homeo (X, 9%).

Define LHomeo, (3, 9%, B) = II(SHomeo, (3, 9%)). That is, the set of homeomorphisms
of ¥ fixing 0% pointwise that lift to a homeomorphism f of ¥ fixing % pointwise.

While it is tempting to define LHomeo, (3, 9%, B) as LHomeo, (X, B) N Homeo(X, 9%),
in Chapter 6 we will see that in general we only have the 1nclu51on

LHomeo, (3, 9%, B) < LHomeo, (X, B) N Homeo(, 9%).

Indeed, there may be a homeomorphism of X fixing 93 pointwise that lifts to a homeo-
morphism of 3, but none of the lifts fix 9% pointwise.

2.2.2 Branched versus unbranched covers

The theme running through this thesis is identifying when homeomorphisms lift in a
branched covering space. To do this, it is helpful to consider the unbranched covering
space obtained by deleting the branch points and their preimages. Let p : ¥ — ¥ be a
finite-sheeted, branched cover branched at B C 3. Let X° = X\ p~'(B) and ¥° = X\ B.
The restriction of p to 5° results in an unbranched cover p° L3 ¥°.

Conversely, suppose p : > — ¥ is a finite-sheeted unbranched cover, and Y has at least
one puncture. That is, there exists a surface ¥’ and a non-empty finite set B C X'\ 9%’

such that ¥ =3\ B. Then p can be completed to a (possibly branched) cover p : DSy
by filling in the punctures of ¥ with marked points B C ¥. To determine whether or not
q € B is a branch point of p, assume for simplicity that p is a regular cover with finite
abelian deck group A. Let € H;(X;7Z) be the homology class of a loop surrounding only
the puncture corresponding to g counterclockwise. The cover p is determined by the kernel
of a surjective homomorphism ¢ : Hy(3;Z) — A. The number of preimages of ¢ under p is
given by [p71(q)| = [A : {¢(x))]. In particular, ¢ is a branch point if and only if p(z) # 0.
For the formal definition of filling in branch points, and for proofs of the claims made in
this paragraph, see [10, §4.2].



As in Section 2.1 there is an isomorphism Homeo™ (¥, B) = Homeo™ (X°) given by
restricting a homeomorphism of 3 to a homeomorphism of ¥°. Similarly, since any fiber-
preserving homeomorphism of 3 must preserve the set p~'(B), there is an isomorphism
SHomeo;[(ZN]) x~ SHomeo;r(EN]").

It follows that a homeomorphism is in LHomeo; (33, B) if and only if its restriction to >°
is in LHomeo (X°). The same holds if 9% # (): a homeomorphism is in LHomeo, (%, 9%, B)
if and only if its restriction is in LHomeo,(X°, 0%°).

This observation motivates the general approach to identifying liftable homeomor-
phisms. If we want to identify liftable homeomorphisms for a branched cover, it suffices to
identify liftable homeomorphisms for the associated unbranched cover.

2.3 Mapping class groups

The mapping class group is the main object of study in this thesis. In this section we
introduce the basic definitions and results surrounding mapping class groups. For an in-
troduction to the subject along with proofs of the statements below, see Farb and Margalit’s
book [22] or Ivanov’s survey [29].

2.3.1 Basic definitions

Recall that two homeomorphisms fy, f1 : X — Y between topological spaces are isotopic if
there exists a continuous map H : X x [0, 1] — Y such that for all x € X, H(z,0) = fo(x),
H(z,1) = fi(z) and H(—,t) : X — Y is a homeomorphism for all ¢ € [0, 1].

Let X be a genus g surface with possibly empty boundary 0% and finitely many marked
points B C ¥\ 93. Define Homeoy(X, 0%, B) = {f € Homeo(X, 0%, B) : f ~ id}. Here,
f =~ id means f is isotopic to the identity via an isotopy that fixes 0% pointwise and B as
a set. Since B is discrete, any isotopy fixing B as a set must fix B pointwise.

Definition. The mapping class group Mod (32, 03, B) is defined to be
Mod(X, 0%, B) := Homeo™ (3, 0%, B)/ Homeoy (X, 03, B).

In this thesis, the mapping class group will always consist of isotopy classes of orientation-
preserving homeomorphisms. As in the notational conventions for homeomorphism groups,
the entries B and 0% in Mod (3, 0%, B) are optional. If B appears, elements of the mapping
class group are isotopy classes of homeomorphisms fixing B as a set, where the isotopies
must also fix B. If 0¥ appears, elements of the mapping class group are isotopy classes of



homeomorphisms fixing 0% pointwise, and the isotopies must also fix 0% pointwise. For a
homeomorphism f, let [f] denote its isotopy class in the mapping class group.

As was the case with the homeomorphism groups, marked points and punctures con-
tain the same topological information. Indeed, Mod(%} ,,0%0 ) = Mod (X! o, 9%, B) if
|B| = n.

The subgroup of the mapping class group consisting of isotopy classes of homeomor-
phisms that fix B pointwise, called the pure mapping class group, will play an important
role in Chapter 4. For simplicity, the next definition and the following short exact sequence
are stated without insisting 0% is fixed pointwise. However, they hold if we require 0% to
be fixed.

Definition. Let B # (). The pure mapping class group is defined as
PMod(3, B) := {[f] € Mod(2,B) : f(x) =z for all = € B}.

If |B|] = n, there is a short exact sequence

1 — PMod(Z, B) — Mod(Z, B) -2 S, — 1

where S, is the symmetric group on n letters and ¢ is given by the action of Mod (X, B) on
B. The map ¢ is surjective since any transposition can be obtained by taking a half twist
about an arc joining two marked points (see Section 2.3.2).

Throughout the thesis we may abuse notation and identify an element f € Mod(X)
with a representative homeomorphism.

2.3.2 Dehn twists and half twists

In this section we define two special elements of the mapping class group: Dehn twists and
half twists. Dehn twists are determined by an isotopy class of a simple closed curve, and
half twists are determined by an isotopy class of a simple arc.

A simple closed curve o on a surface Y is an embedding o : ST — ¥\ (BUJY). A
simple arc § is an embedding § : [0,1] — X\ 9% such that §~1(B) = {0,1}. We usually
identify simple closed curves and simple arcs with their images in X.

We will often identify a simple closed curve or simple arc o with its isotopy class [«]. If
« and [ are isotopic we write o >~ 5. We insist that isotopies cannot pass through marked
points. For arcs, we also insist isotopies fix the endpoints. In particular, if § and u are
isotopic simple arcs, then 6(0) = p(0) and 6(1) = p(1).

We now define Dehn twists and half Dehn twists. For a picture of both types of mapping
class group elements, see Figure 2.1.
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Figure 2.1: A Dehn twist about the curve a and a half Dehn twist about the arc 4.

On an oriented surface 3, a regular neighbourhood of a simple closed curve is homeo-
morphic to an annulus A = S* x I. Give A coordinates (s,t) where s = ¥ with § € [0, 27]
and ¢ € [0,1]. Define a homeomorphism 7" on A by T'(s,t) = (se™ ™ ).

Definition. Let N be a regular neighbourhood of a simple closed curve o on an oriented
surface . Choose an orientation-preserving homeomorphism ¢ : N — A. Define the Dehn
twist about o, denoted T, € Mod(X), as the isotopy class of the homeomorphism defined
by ¢~ 'T¢ on N and the identity on ¥\ N.

The element T, € Mod(X) is independent of the choice of N, homeomorphism ¢, and
isotopy class representative of [a]. If a is the isotopy class of «, we may also write T, as
the Dehn twist about «. Perhaps surprisingly, 7, is independent of the orientation of «.
That is, if —« is a curve isotopic to a with the opposite orientation, then T,, = T_,. Here
are some important facts about Dehn twists:

o T, =Tsif and only if a« >~ 8 or a >~ —f5.

e For any homeomorphism f, [f]To[f]™" = T

o T, (o) ~a.

e If o does not bound a disk or a once marked disk, then 7;, has infinite order.

Similar to a Dehn twist, we define a half Dehn twist about a particular isotopy class
of an arc. A regular neighbourhood of an arc is homeomorphic to the unit disc D? c C.
Define a homeomorphism H on D? by H(z) = e=2™zl2,

Definition. Let 0 be a simple arc on an oriented surface 3 such that §(0),0(1) € B. Let
F be a regular neighbourhood of § such that F'NB = {§(0),d(1)}. Choose an orientation-
preserving homeomorphism ¢ : F' — D? such that Fo(t) =t — % Define the half Dehn
twist or simply the half twist about §, denoted Hs € Mod(X, B), as the isotopy class of a

homeomorphism defined by ¢~'H¢ on F' and the identity on ¥\ F.
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As is the case with Dehn twists, the element Hs € Mod (X, B) is independent of choice
of F'; homeomorphism ¢, and isotopy class representative of [§]. Again, if y = —d, then
H, = H;. Here are some important facts about half twists:

e For any homeomorphism f, [f]Hs[f]™! = Hy(s).
o Hjs(d) ~ —6.
e H; switches the marked points §(0) and §(1).

e [? =T, where a is a curve isotopic to the boundary of a regular neighbourhood of

J.

Since both Dehn twists are independent of the orientation of the curve defining the
twist, we may define a Dehn twist by specifying (the isotopy class of ) an unoriented curve.
The same goes for arcs and half twists.

Dehn twists and half twists play an important role in the theory of mapping class
groups. In particular, PMod(X, 0%, B) is finitely generated by Dehn twists [18]. Since
finitely many transpositions generate the symmetric group S|/, and each half twist induces
a transposition that switches the endpoints of the arc, Mod (3, 93, B) is finitely generated
by Dehn twists and half twists.

2.3.3 The capping homomorphism

The short exact sequence associated to the capping homomorphism will play an important
role in arriving at a presentation for PMod (%, ) in Section 4.4.1. For a complete exposition
and proof, see [22, §3.6].

Suppose Y’ is a closed subsurface of 3 such that ¥\ ¥’ is a disk with one marked point
x and boundary 5. We say that ¥ is obtained from Y’ by capping ¥’ at 5. Note that ¥
has one more marked point than Y', and one less boundary component. Let B’ C ¥’ be
finitely many (possibly zero) marked points.

Since representatives for mapping classes must fix boundary components pointwise, the
inclusion X' < ¥ induces a homomorphism

Cap : PMod (¥, 0%, B') — PMod(X, 9%, B' U {z}).
We call this homomorphism the capping homomorphism.

Theorem 2.3.1 (The Capping Homomorphism). There is a short exact sequence
1 — (T) — PMod(X, 05, B) <8 PMod(S, 0%, B U {z}) — 1

where (B is a curve isotopic to the boundary component being capped.
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The capping homomorphism is also well defined on the mapping class group, not just
the pure mapping class group. In this case however, it is not surjective.

2.3.4 The Birman-Hilden theory

Given a branched or unbranched covering space p : I >, it is natural to ask how the
mapping class groups of ¥ and ¥ are related. What is now known as the Birman-Hilden
theory deals with this question. For a wonderful survey by Margalit and Winarski see [30].

Let p : ¥, — X} be a finite-sheeted, regular, possibly branched covering space with
deck group D < Homeo™ (3,), branched at finitely many B C %;,. Suppose g > 2.

Abusing notation, denote both the quotient maps by B : Homeo™ (3,) — Mod(%,) and
P : Homeo™ (¥, B) — Mod (X, B). As in Section 2.2, SHomeo} (X,) denotes the group
of fiber-preserving homeomorphisms, and LHomeOI'; (Xh, B) denotes the group of liftable
homeomorphisms.

Definition. Define the liftable mapping class group as
LMod, (24, B) = B(LHomeo, (34, B)).
Define the symmetric mapping class group as

SMod,(2,) = B(SHomeo (X,)).

p

Recall that there is a short exact sequence
1 — D — SHomeo, (%) RN LHomeo ) (3, B) — 1

where II is defined in Section 2.2. Furthermore, SHomeo, (¥,) is the normalizer of D in

Homeo™(X,). At first glance, there is no reason to expect that there is a corresponding
short exact sequence for mapping class groups. Remarkably, there is.

Since g > 2 and D is finite, B restricted to D is injective (see [22, Section 7.1.2]). We
will identify D with its image in Mod(X,). The next theorem was proved by Birman and
Hilden for the hyperelliptic covers in [7], for unbranched covers in [8], and for branched
covers with solvable deck group in [9]. Maclachlan and Harvey proved Theorem 2.3.2 as is
stated here in [31].

Theorem 2.3.2 (The Birman-Hilden theorem). Let g > 2 and let p : ¥y — X} be a
finite-sheeted, reqular, possibly branched covering space, branched at finitely many points
B C Xy,. Let D be the deck group. There is a short exact sequence

1 — D — SMod,(Z,) -5 LMod, (S, B) —> 1

12



where TI([f]) = [II(f)] for any f € SHomeo! (3,). Furthermore, SMod,(3,) is the nor-
malizer of D in Mod(%,).

The next theorem was proved by Birman and Hilden as an important ingredient in the
proof of Theorem 2.3.2. On the other hand, Machlachlan and Harvey deduce the next
theorem as a corollary of Theorem 2.3.2. Regardless of your point of view, it would be an
injustice not to include the statement.

We say symmetric homeomorphisms fy, f1 € SHomeo;(Eg) are symmetrically isotopic
if there is an isotopy H : ¥, x I — 3, such that H(—,0) = fy, H(—,1) = f; and
H(—,t) € SHomeo, (%) for allte]

Theorem 2.3.3. Let g > 2 and let p : ¥, — Xj, be a finite-sheeted, regular, possibly
branched covering space, branched at finitely many points B C ¥y,. If fo, f1 € SHomeo;(Zg)
are isotopic, then they are symmetrically isotopic.

Theorem 2.3.2 was initially proved to arrive at a finite presentation for Mod(%,). Let

9 : XNg — Yo be the hyperelliptic cover (see Chapter 1), which is branched at 6 points

B C ¥,. In this case, SMod,,(¥2) = Mod(3y) and LMod,(Xy, B) = Mod(X¢, B). By
Theorem 2.3.2 there is a short exact sequence

1 — (1) — Mod(X2) — Mod(X%g, B) — 0.

A presentation for Mod (X, B) was known at the time, as was a presentation for (1) = Z/27.
Using Lemma 2.4.2 below, Birman and Hilden were then able to arrive at a presentation

for Mod(2,) [7, Theorem 8§].

The Birman-Hilden theory with boundary

The Birman-Hilden theorem stated above is for surfaces without boundary. However, there
is a corresponding Birman-Hilden theorem for surfaces with boundary, which can be arrived
at using the techniques from [9]. An alternate proof due to Alan McLeay will appear in
upcoming joint work by myself and McLeay. His proof is of the same flavour as Winarski’s
proof of the Birman-Hilden theorem for a particular family of irregular branched covers in
[17].

Suppose 3. and ¥ have non- empty boundary. Let p : 3 — X be a finite- sheeted, regular,
possibly branched covering space, branched at finitely many points B C X\ ox.

Recall the definitions of LHomeo, (2, 9%, B) and SHomeo, (3, 9%) from Section 2.2.1.
As above, define the liftable mapping class group and symmetric mapping class group as

LMod, (2, 9%, B) = PB(LHomeo,(, 0%, B)) and SMod, (3, %) = B(SHomeo, (3, 85))

13



respectively. L

Recall the isomorphism I : SHomeo, (¥, 03) — LHomeo, (X, 0%, B) from Section 2.2.1
that arises by projecting homeomorphisms. Again, there is little reason to expect that
such an isomorphism transfers over to the setting of mapping class groups.

Theorem 2.3.4 (The Birman-Hilden theorem with boundary). The map
IT : SMod, (%, 0%) — LMod, (2, 9%, B)
given by TI([f]) = [TI(f)] is an isomorphism.

There are a few key differences with the theorem for closed surfaces. First, there is no
restriction on the genus of the surfaces involved. Second, there is no nontrivial kernel for
the map II since no nontrivial element of the deck group fixes the 9% pointwise.

We conclude this section with the following observation. Since homotopies always lift
in covering spaces [12, p. 140], if a homeomorphism lifts, then so does every isotopic home-
omorphism. Using the notation above, this means =" (LMod, (X4, B)) = LHomeo, (X, B)
and P~H(LMod, (X, 9%, B)) = LHomeo,(X, 93, B). However, this is not the case for the
symmetric mapping class group. That is, there exist representatives for elements of the
symmetric mapping class group that are not symmetric homeomorphisms.

2.3.5 A lifting criterion for abelian covers

Suppose > and ¥ do not have boundary. Let p : Y — % be a regular, finite-sheeted,
possibly branched covering space branched at finitely many points B C Y. Furthermore,
assume the deck group A is abelian. Let p° : 3° — X° be the associated unbranched cover.
Then p° is determined by the kernel of a surjective homomorphism @ : 7 (X°,2) — A. Let
O m(X°,2) — Hi(X°Z) be the Hurewicz homomorphism (see [12, p. 250]). Since A is
abelian, g = ¢® for a unique surjective homomorphism ¢ : H;(X°;Z) — A. Therefore
p° is determined by the homomorphism ¢. Conversely, two surjective homomorphisms
©, ¢ Hi(X°,Z) — A determine the same cover if and only if there is an autmorphism
1 € Aut(A) such that ¢ = 9¢.

For a mapping class f € Mod(3, B), let f. € Aut(H;(X°;Z)) be the automorphism
induced by the action of any representative of f on H;(3°;Z). The following lemma is an
application of the lifting criterion [27, Proposition 1.33], and will play an important role
in the rest of this thesis.

Lemma 2.3.5. Letp: Y > Nbea reqular, finite-sheeted, possibly branched covering space
branched at finitely many points B C 3 with abelian deck group A. Let ¢ : H1(X°;Z) — A
be a surjective homomorphism determining the cover. Then f € LMod,(X, B) if and only

if fo(ker p) < ker .
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Since A is finite, the condition f,(ker ¢) < ker ¢ is equivalent to f.(ker ¢) = ker ¢.

2.4 Combinatorial group theory

Group presentations play a central role in Chapters 4 and 5. In this section we survey
three results that will be heavily relied upon.

To set notation, suppose S is an alphabet, that is a list of symbols. Denote by S* the
set of words in the alphabet. More precisely, S* is the set of finite strings in the symbols
SU{s™':se S}. Denote the empty word by 1 € S*.

Given a presentation of a group, we may abuse notation and identify a word in the
generating symbols with the group element it represents.

2.4.1 Presentations from short exact sequences

To obtain various group presentations in Chapters 4 and 5, we use two well-known results
concerning short exact sequences and group presentations.

Lemma 2.4.1. Let
1—K-5%5G-5 H—1

be a short exact sequence of groups. Let (S | R) be a presentation for G where each symbol
s € S denotes a generator gs € G. Let K be normally generated by {kg} C K and for each
B, let wg € S* denote a(kg). Then H admits the presentation (S | RU{wg}) where s € S
denotes m(gs).

A proof of Lemma 2.4.1 can be found in [35, §2.1]
For Lemma 2.4.2, let
l— K-G0 -">5H-—1

be a short exact sequence of groups. Suppose K and H admit presentations (Sk | Ry) and
(Sp | Ry) respectively.

For each s € Sy, let hy € H be the corresponding generator. For each s € Sy, choose
gs € m 1(hs). Let Sy = {5: s € Sy} and assign the symbol s to g,. For each t € Sk, let
k: € K be the corresponding generator. Let Sk = {t:t € Sy} and assign t to a(k).

Let r = s{' -+ s € Ry where s; € Sy and ¢; € {£1}. Let 7 = 387" --- 8 € 5}} Then
7 denotes an element g € G such that w(g) = e, where e is the identity in H. By exactness,
g € a(K), so it is represented by some word w, € §}} Define the set of words

Ry = {fw, ' :r € Ry}.
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For every s € Sy and t € Sk, gsa(k)g;' € a(K). Let vy, € §}‘( be a word denoting
gsa(ky)gst. Define the set of words

Ry = {55 'v,;} it e Sk,5€ Sy}
For cach r = t7 -+ ¢ € Ry, let # = {7 ... i Define Ry := {F : r € R }.

Lemma 2.4.2. Let
1—wK-%5G-5 H—1

be a short exact sequence of groups. Then G admits the presentation
G (SkUSy | RyURyURg).

where §K, §H,R1, Ry, and ]?BK are defined as above.

This lemma is well known, however a proof is hard to come by in the literature. As
such, one is included here for completeness.

Proof. To set notation, for words v, u we write v ~ u if u can be obtained from v by adding
or deleting relators. For a word v = ] -+t € Sy, let © = #]* ---{ € S%. Similarly for
words in S and S}

By the definitions of R, Ry and ﬁK, each word in R; U Ry U EK is a relator for G. It
remains to show that if w € (Skx U Sy)* denotes the identity e € G, then w ~ 1 through
relators in R; U Ry U EK. B B

Using the relators from Ry we have that w ~ v, vy for some vx € S} and vy € S},. By
exactness, vy € S} denotes the identity e € H.  Therefore there are words

{vg}), vg), . ,vg)} C S} such that

UH:UETE)NUS)N~~~U%):1

through relators in Ry;. '
Suppose vgﬂ) is derived from vg) by inserting or deleting a relator r; € Ry or its

1 (i

or fiw;il € R; in the corresponding position in 511) and use
(i)

relators from Ry to group letters in Sy to the right. Thus v}/ is replaced by u"ﬁgﬂ) for

inverse r; 1 Insert wy, Ty

some v’ € Sk.

Therefore, using relators from Ry U Ry we have w ~ Ugvy ~ Uy where ug € g}k( Since
ug denotes the identity, so does ug and therefore ug ~ 1 through relators from Rg. Using
the corresponding relators in Ry, we have ug ~ 1, completing the proof. [
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2.4.2 The Reidemeister-Schreier rewriting process

The Reidemeister-Schreier rewriting process is an algorithm that, given a presentation for
a group G, produces a presentation for a subgroup H of G. Furthermore, if G is finitely
presented and H is finite index in G, then the presentation produced for H is finite. The
algorithm will be used in Chapter 5, and we describe the algorithm here without proof.
For a full proof see [35, §2.3].

Fix a presentation G = ({a,: € I} | {Rs: B € J}).

Definition. A right coset representative system for G mod H is a subset A C {a, : a € I}*
such that 1 € A and for each right coset of Hg in G, there exists a unique word W € A
such that W defines an element in Hg. A right coset representative system is called a
Schreier system for G mod H if whenever W € A, every initial segment of W is in A.

It is a convenient fact that a Schreier system always exists. Given a word W € {a, :
a € I1}*, let W € A be the unique right coset representative of W in H.

Definition. Let A C {a,}* be a Schreier system for G mod H. Introduce the symbols
{Cka, - € I,K € A} Let U=af ---af, ¢ € {£1} be an arbitrary word such that

Ot Y

U € H. Define 7(U) := : ;ghaar where

Kl»aal
W ife; =1
7 —1 _
Wiag! it e; = —1
€ . . . . . .y .
and W; = ag ---ad, ;. The function 7 is called a Reidemeister-Schreier rewriting process

for G mod H.

If W and V are words in the same alphabet that are freely equal (that is, W can be
obtained from V by inserting and deleting substrings of the form zx™! or z7'z) we write
W ~ V. We are now ready to write down a presentation for the subgroup H.

Theorem 2.4.3 (The Reidemeister-Schreier rewriting process). Let 7 be a Reidemeister-
Schreier rewriting process for G mod H. Then H admits the presentation

<{CK,aa o E [,K Gz} ’ Tl UT2>
where Ck.q, = Kao(Ka,)™" and

T, ={Cpra, :a€I,M € A, Ma, ~ Ma,}
Ty ={r(KRsK): K € A, 3€ J}.
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Chapter 3

Cyclic Branched Covers of Spheres

The first part of this chapter provides two different ways of viewing a cyclic branched cover
over a sphere. We will see that admissible tuples provide a convenient combinatorial way
of identifying a cyclic branched cover. Then a plane curve description will be given for
each cover in the form of a superelliptic curve. The first viewpoint holds more generally
for abelian covers, and will be presented as such.

The second part classifies the cyclic branched covers of the sphere with the property
that every homeomorphism of the sphere lifts to a homeomorphism of the covering space.

3.1 Admissible tuples and superelliptic curves

Here we present two ways to view a cyclic branched cover over a sphere. The first is via
admissible tuples.

Let p : ¥ — X, be a finite-sheeted, regular, branched cover over a sphere ¥, with
abelian deck group A. Let B C ¥, be the branch points and let |B| = k. Any such cover
is determined by the associated unbranched cover p : £° — X§. Since the deck group is
abelian, the unbranched cover is determined by the kernel of a surjective homomorphism
¢ : H(X5;Z) — A. The homomorphism ¢ is unique up to an automorphism of A.

The next definition will be useful to classify surjective homomorphisms from H;(X§;Z)
to A.

Definition. Let A be a finite abelian group. An admissible k-tuple is a tuple

(ay,...,ax) € (A\{0})F

such that 3¢ a; = 0 and {ay,...,a;} is a generating set for A.
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Fix an enumeration of the punctures. Let x; be the homology class of a loop sur-
rounding only the ith puncture oriented counterclockwise. The homology classes {x;}
generate Hy(3g;Z). An admissible k-tuple (aq, ..., ax) defines a surjective homomorphism
¢: Hi(X5;Z) — A by ¢(z;) = a;, and therefore determines a regular cover of ¥f with deck
group A. Another admissible k-tuple (a},...,a}) determines an equivalent covering space
if and only if there is an automorphism ¢ € Aut(A) such that ¥ (a;) = a for all i.

Conversely, a surjective homomorphism ¢ : H;(3g; Z) — A is determined by the admis-
sible k-tuple (aq, ..., ax) where a; = ¢(z;). Therefore there is a one to one correspondence
between branched covers of a sphere with & points and deck group A (up to equivalence)
and admissible k-tuples (up to an automorphism of A).

Every fininte-sheeted cyclic branched cover over the sphere may also be viewed as a
superelliptic curve. Recall that a cyclic cover is a regular covering space with a cyclic deck
group. We now provide an outline of how a finite-sheeted cyclic cover of the sphere can be
viewed as a superelliptic curve. See [13, Chapter 2| for more details.

Choose distinct points z1,..., 2z € C. Any cyclic branched cover of the sphere can be
modeled by an irreducible plane curve C' of the form:

Yt =(x—2) (= )™ (3.1)

for some n > 2 and integers 1 < a; < n — 1. Indeed, let C be the normalization of the
projective closure of the affine curve C'. Projection onto the z axis gives a n-sheeted cyclic
branched covering C' — P!, branched at each z; and possibly at infinity. The cyclic deck
group is generated by the map (z,y) — (z, (,y) where (, is a primitive nth root of unity.
There is branching at infinity if and only if 23:1 a; Z0 mod n.

A cyclic branched covering space defined by (3.1) has deck group A = Z/nZ. Such a
cover is defined by the admissible ¢-tuple (ay, ..., a;) if there is no branching at infinity. If
there is a branch point at infinity, then the cover is defined by the admissible (¢ 4 1)-tuple
(a1,...,as, — > _, a;). The irreducibility of C' ensures that the {a;} form a generating set
for A.

3.2 Lifting homeomorphisms

The objective of this section is to identify which admissible tuples give rise to cyclic
branched covers over the sphere with the property that every homeomorphism of the sphere
lifts to a homeomorphism of the covering surface.

Let p : ¥ — Yy be a finite-sheeted, regular, branched cover over a sphere ¥y with cyclic
deck group. Let B C Xy be the branch points and let |B| = k. Let 3§ = X \ B.
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As above, fix an enumeration of the punctures of ¥j. Let z; be the homology class of a
loop surrounding the ith puncture that is oriented counterclockwise. Each z; € Hy(X§;Z)
is supported on a neighborhood of the 7th puncture.

Let f be a homeomorphism of 3§. The automorphism f, € Aut(H(X5,Z)) is deter-
mined by the permutation f induces on the punctures of X5. Indeed, let o € S be the
permutation induced by f. If f is orientation preserving, then fi(x;) = x,q). If f is
orientation reversing, then fi(x;) = —2o().

The immediate goal is to prove Theorem 3.2.3 below. The path to this proof will
traverse through Lemmas 3.2.1 and 3.2.2.

Lemma 3.2.1. Let A be a finite abelian group and (aq,...,ax) an admissible k-tuple. Let
¥° — X5 be the covering space defined by this tuple. Let f be a homeomorphism of X3, and
let o € Sk be the permutation of the punctures induced by f. The homeomorphism f lifts
if and only if there is an automorphism ¢ € Aut(A) such that 1(a;) = ae for all .

Proof. Let ¢ : Hi(X;Z) — A be the homomorphism defining the cover, which is defined by
¢(z;) = a;. Let f. be the automorphism of H;(%§;Z) induced by f. We use the following
facts from group theory:

1. The equality f.(ker(¢)) = ker(¢) holds if and only if ker(¢ f,) = ker(¢).

2. Let f,g: G — A be surjective homomorphisms. Then ker(f) = ker(g) if and only if
f = &g for some & € Aut(A).

By Lemma 2.3.5, the homeomorphism f lifts if and only if f.(ker(¢)) = ker(¢). Therefore
by fact 1, f lifts if and only if ker(¢f.) = ker(¢). By fact 2, f lifts if and only if there
exists an automorphism ¢ € Aut(A) such that ¢f, = ¥¢. If f is orientation-preserving,
then ayi) = ¢fi(x;) = ¥o(x;) = ¥ (a;) for all i and the result follows.

The map a — —a is an automorphism of an abelian group. If f is orientation-reserving
then we compose a — —a with the automorphism ¢ in the orientation-preserving case. W

Lemma 3.2.2. Let A be a finite cyclic group, and let (ay, ..., ax) be an admissible k-tuple.
For all permutations o € Sy, there exists 1 € Aut(A) such that V¥(a;) = ao) for all i if
and only if one of the following s true:

e There is an isomorphism ¢ : A — Z/nZ with k = 0 mod n such that 6(a;) =1 for
all 1.

o k=2 and there is an isomorphism § : A — Z/nZ for some n > 3 such that §(a;) = 1
and §(ag) = —1.
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Proof. For the forward direction, suppose all the a; are equal. Then each a; is a generator
of A and there is an isomorphism ¢ : A — Z/nZ such that §(a;) = 1 for all . The condition
that 327 | a; = 0 implies that k =0 mod n.

Suppose now that the a; are not all equal. Then they must all be distinct. Indeed,
assume to the contrary that there exist three elements a,, a4, a, of the admissible k-tuple
such that a, = a4 # a,. Let 0 € S; be the transposition that switches ¢ and r. By
assumption, there exists 1 € Aut(A) such that 9 (a;) = as(;) for all i. Therefore a, =
Y(a,) = ¥(a,) = a,, which is a contradiction.

We may therefore assume the a; are distinct. Then there is a subgroup of Aut(A)
isomorphic to the symmetric group Si. Since the automorphism group of a cyclic group is

abelian, it must be that k = 2. Since k = 2, we have that a; = —ay with a; a generator of
A. Since a; and ay are distinct, |A| > 3. Therefore the map 0 : A — Z/nZ with §(a;) =1
and d(ay) = —1 is an isomorphism when n = |A|.

For the converse, we must write down an appropriate automorphism for each permu-
tation o € Si. In the case that d(a;) = 1 for all 7, the identity automorphism suffices for
all permutations. In the case where k = 2, §(a;) = 1 and 6(ay) = —1, the automorphism
a — —a of A suffices for the nontrivial permutation. [ |

Theorem 3.2.3. Let A be a finite cyclic group, and (aq, . .., a;) an admissible k-tuple. Let
Y — Xg be the cyclic branched cover of the sphere with deck group A and k branch points
defined by the admissible k-tuple. Every homeomorphism of 3¢ lifts if and only if one of
the following is true:

e There is an isomorphism ¢ : A — Z/nZ with k =0 mod n such that 6(a;) = 1 for
all 1.

o k=2 and there is an isomorphism § : A — Z/nZ for some n > 3 such that §(a,) = 1
and 0(ay) = —1.

Proof. Any permutation of the branch points can be induced by a homeomorphism of the
sphere. Therefore, the result follows by combining Lemmas 3.2.1 and 3.2.2. |

We now apply Theorem 3.2.3 to mapping class groups using the Birman-Hilden theorem.
Let p : ¥ — ¥y be an n-sheeted cyclic branched cover of a sphere branched at k points
B C Xy. If the genus of ¥ is at least 2, then SMod,(X)/D = LMod, (X, B) (see Theorem
2.3.2). Recall that SMod,(X) is the normalizer of the deck group D = Z/nZ in Mod(X)
and LMod, (X0, B) < Mod(%,, B) is the liftable mapping class group.

There is an error in the statement of Theorem 5 in [9] (see the erratum [10]). Theorem
5 in [9] relies on a lemma that incorrectly claims that every cyclic branched cover over
the sphere has the property that every homeomorphism lifts. However, as we have seen in
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Theorem 3.2.3, this is not the case. The next theorem provides a correction to Theorem 5
in [9].

Theorem 3.2.4. Let A be a finite cyclic group, and (ay, .. .,ax) an admissible k-tuple. Let
p X — Xg be the cyclic branched cover of the sphere with deck group A and k branch points
defined by the admissible k-tuple. The quotient SMod,(3)/A is isomorphic to Mod (X, B)
if there is an isomorphism 0 : A — Z/nZ with k =0 mod n such that §(a;) = 1 for all i,
and (n, k) is not equal to (2,2), (2,4), or (3,3).

Proof. 1f a homeomorphism lifts, then so do all isotopic homeomorphisms (see the comment
at the end of Section 2.3.4). Therefore, we have that LMod, (2, B) = Mod(Xy, B) if and
only if (ai,...,ax) satisfies one of the two conditions in the statement of Theorem 3.2.3.
To satisfy the conditions of the Birman-Hilden theorem (Theorem 2.3.2), it suffices to
determine when the genus of the covering surface is at least 2. Let I,, be the index of (a;)
in A. In the cases we are considering, I,, = 1 for all ¢ so each branch point has exactly one
preimage under the covering map p : 3 — ¥y (see Section 2.2.2). Let g be the genus of X.
The Riemann-Hurwitz formula implies g = 3 (k — 2)(n — 1).

If £k =2, g =0 ruling out the case when k = 2. If n =2, g > 2 if and only if £ > 6,
ruling out the covers corresponding to n =2 and k =2 or 4. If n = 3, g > 2 if and only if
k > 4 ruling out the cover corresponding ton =3 and k =3. If n >4 and kK =0 mod n,
then g > 2 completing the proof. [

We now rephrase Theorem 3.2.3 in the language of superelliptic curves.

Corollary 3.2.5. Let C P bea cyclic branched cover defined by an irreducible superel-
liptic curve as in equation (3.1). Then every homeomorphism of P* lifts if and only if one
of the following is true.

e =---=a;andt=0 or —1 mod n,
en>3andt=1, or

en>3t=2anda = —ay mod n.
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Chapter 4

Balanced Superelliptic Covers

The balanced superelliptic covers are a family of cyclic branched covers over the sphere.
They are indexed by pairs of integers g, k > 2 such that k£ — 1 divides ¢g. Let the liftable
mapping class group corresponding to the balanced superelliptic cover indexed by the pair
of integers g, k be denoted by LMod, ;(Xo, B). The covers are denoted p,, : £, — 2o and
will be formally constructed below.

We study this family of covers for a variety of reasons. First, when k& = 2, the bal-
anced superelliptic covers coincide with the hyperelliptic covers defined in Chapter 1. In
particular, LModg 2(2¢, B) = Mod (X, B) (see Corollary 4.3.3 below for a new proof). As
a result, the balanced superelliptic covers provide a natural generalization of the hyperel-
liptic covers. Second, when k& > 2, LMod,, (2o, B) is a proper subgroup of Mod (X, B).
Therefore the covers p,j, for k£ > 2 are a family of counterexamples to Lemma 5.1 of [J]
(see the erratum [10]). A correction is provided in Theorem 3.2.4. Lastly, the covers can
be embedded in R? so that the deck group is generated by a rotation about the z-axis.
This viewpoint should provide insight into the balanced superelliptic mapping class groups
SMOdg’k(Eg).

4.1 Constructing the covers

Choose a pair of integers g,k > 2 such that k£ — 1 divides g, and let n = g/(k —1). Embed
¥, in R? o it is invariant under a rotation by 27 /k about the z-axis as we describe below.
The intersection of ¥, with the plane z = a is:

e Empty for a < 0 and a > 2n +1
e A point at the origin for a = 0 and a = 2n + 1
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Figure 4.1: The embedding of ¥4 in R? when k = 3 and the balanced superelliptic cover
Pag : 24 — 2o branched at 6 points.

e Homeomorphic to a circle for 2m < a < 2m + 1 with m € {0,...,n}
e A rose with k petals for a € {1,...,2n}

e [ disjoint simple closed curves invariant under a rotation of 27/k about the z-axis
for 2m — 1 < a < 2m with m € {1,...,n}. In the special case a = 2m — %, endow
the plane z = a with polar coordinates (r, ). Then we have k disjoint circles with
centers on the rays 0 = 2nd/k, d € {0,...,k — 1}.

See Figure 4.1 for the embedding when g = 4 and k = 3.

Consider a homeomorphism ¢ : ¥, — X, of order k given by rotation about the z-axis
by 27 /k. The homeomorphism ( fixes 2n + 2 points, which are the points of intersection
of ¥, with the z-axis. Define an equivalence relation on X, given by x ~ y if and only if
(4(z) = y for some ¢g. The resulting surface ¥,/ ~ is homeomorphic to a closed sphere
Y. The quotient map pyp : Xy — 2o is a k-sheeted cyclic branched covering map with
2n + 2 branch points B C 3. The branch points are the images of the points fixed by (.
The deck group of pyj is a cyclic group of order k generated by (. When k£ = 2, ( is a
hyperelliptic involution.

4.2 The admissible tuples

Let pgr : Xy — Yo be a balanced superelliptic covering space. The branch points are the
images under p,; of the intersection of ¥, with the z-axis. Let B = {qi,..., g2} be
the branch points where ¢; = pyx((0,0,7 — 1)). That is, enumerate the branch points in
increasing order of the z-coordinates of their preimages under p, ;. Fix this enumeration
for the rest of the chapter.

The deck group of py; : £, — %o is isomorphic to Z/kZ. Therefore each balanced
superelliptic cover corresponds to an admissble (2n + 2)-tuple with entries in Z/kZ. The
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aim of this section is to prove that the balanced superelliptic covers correspond to the
admissible (2n + 2)-tuples (1,—-1,1,—1,...,1,—1).

4.2.1 Lifting curves

For any covering space p : X > X , we say a curve ¢ : S' — X lifts if there exists a
curve ¢ : S — X such that pé = ¢. If p : X — X is a regular covering space with
abelian deck group A, then p is determined by the kernel of a surjective homomorphism
¢ Hi(X;Z) — A. With this setup we have the following result, which is an application
of the lifting criterion [27, Proposition 1.33].

Lemma 4.2.1. A curve ¢ : S* — X lifts if and only if [c] € ker p < H1(X;Z).

Recall from Section 3.1 that an admissible k-tuple determines a branched cover over
a sphere by defining a surjective homomorphism ¢ : Hy(X§;Z) — A where A is the deck
group.

Let py : £, — 2o be a balanced superelliptic cover. Let ¢ : Hy(X§; Z) — Z/kZ be the
surjective homomorphism defined by the admissible (2n+2)-tuple (1, —1,1,—1,...,1,—1).
In order to show pgj corresponds to the admissible (2n + 2)-tuple (1,—-1,1,—1,...,1,—-1),
it suffices to show a curve vy : ST — %9 lifts if and only if [] € ker ¢ (see Section 3.1).

With this in mind, we now focus our attention on characterizing when a curve lifts in
a balanced superelliptic covering space.

An important collection of arcs. Fix a pair of integers g, k > 2 such that k—1 | g, and
consider the surface ¥, embedded in R?® as described above. Using cylindrical coordinates
in R?, let Py, = {(r,09,2) € R*: 7 > 0} be a closed half plane. The intersection of ¥, and
Pk, is a collection of n + 1 arcs where n = g/(k — 1). Call these arcs 31, ..., Bn41. Orient
each f3; so that ;(0) = (0,0,2i — 2) and §;(1) = (0,0,2i — 1).

Consider the balanced superelliptic covering map p, i as defined above. For each i with
1 <i<n+1,let a; = pyifi. Notice that a;(0) = go;—1 and (1) = go; for all i, where
¢; € Yo is the i¢th branch point. Let a be the union of the arcs a;. Let [a] denote the
relative homology class of « in H(Xg, B;Z). Figure 4.2 shows the embeddings of the arcs
B, Ba, B3 € Xy and o, g, iz € X for the 3-sheeted balanced superelliptic cover of ¥4 over
Yo.

Intersection data with a will characterize when a curve lifts.
An intersection form for punctured surfaces. The next lemma is well known and
and a proof sketch is included for completeness. In Lemma 4.2.2, we abuse notation and
identify curves in X ,, with their image in >y under the inclusion ¥, — .
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Figure 4.2: The arcs (31, 8o, B3 € X4 and the arcs aq, as, a3 € 2.

Lemma 4.2.2. Let 3, be a closed surface and B C Xy a finite set of points. Let ¥j = $,\B.
There exists a homomorphism

o H\(357) ® Hi(Sy, B;Z) — 7

given by ceb = i(v, 3). Here ~y is a union of curves on Y5 such that [v] = ¢, B is a union of
curves and arcs on X, such that [] = b and v and § are in general position. The integer
i(, B) is the algebraic intersection number of v and (.

Proof sketch. Let ¥, be the genus g surface with m = |B| boundary components obtained
by deleting m open disks from ¥, each containing a single marked point. Let By, ..., B,
be the boundary components. Define the equivalence relation ~ on X by z ~ y if and
only if z,y € B; for some 4. Let p: X — X}/ ~ be the quotient map. Note that X} / ~
is homeomorphic to X, and p(B;) is a single point for all 4. Let 1 : X} — %7 be the
inclusion map. The induced maps on homology p. : Hy(X},0%};Z) — Hy(Xy, B;Z) and
0 Hi(X;Z) — Hy(X5;7Z) are both isomorphisms. Composing the isomorphisms p, and
2. with the standard homology intersection product e : H(¥};Z) ® Hy (%), 0%0;Z) — Z
(see [12, §VI.11]) completes the proof. [ |

Lemma 4.2.3. Let G be the weighted digraph

+1 50 41
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Figure 4.3: The subsurfaces Ry, R, and Ry corresponding to g = 4,k = 3. The 9 arcs on
the left image make up a = p; !(a). The left image is from the negative z-axis in R?, and
the right is from the positive z-axis.

and let I' be a finite walk on G beginning at Sy. Define the weight of I', which we denote
w(I'), as the sum of the weights of the edges traversed in the walk. Then I' terminates at
S; if and only if w(I') =4 mod k.

Proof. Induct on the length of the walk. [ |

In order to apply Lemma 4.2.3, we use the union of arcs o in >y defined above and
their preimages p, (a) C 3.

The full preimage o = p;llc(a) is a collection of k(n + 1) oriented arcs in ¥,. The union
of arcs a consists of the orbits of ; under the action of the deck group.

The surface ¥, \ {a} is a union of k subsurfaces of ¥,. The subsurfaces are cyclically
permuted by the action of the deck group D = Z/kZ. Label the subsurfaces as follows.
Choose one subsurface and label it Ry. Then every subsurface is of the form d(Ry) for
some d € D. Label d(Ry) by Ry. See Figure 4.3 for a picture of @ and the subsurfaces Ry,
Ry, and R, in the case g =4 and k = 3.

Lemma 4.2.4. Let py, : X7 — Xg be the associated unbranched cover of the balanced
superelliptic cover py . If a curve v in 3§ lifts, then [y] @ [a] =0 mod k.

Proof. Identity « with its image under the inclusion Xj — ¥,. By adjusting 7 by isotopy,
we may assume v and « intersect transversally at finitely many points. Parametrize ~
by v :[0,1]/{0,1} — X§. Then there are real numbers 0 < t; < --- < t, < 1 such that
yNa = {y(t),...,7(t,)}. Choose a lift ¥ of v such that 5(0) € Ry. Then
yNna = {3(t1),...,3(t)}. As with v, we are identifying 4 with its image under the
inclusion X7 < X,

Choose € > 0 such that ¥([t; —¢,t; +¢]) N = {F(¢;)} for all i. Suppose J(t; —¢) € R;.
Then by the way a is constructed, J(¢; + ¢) € R;y1. The point 4(¢;) contributes +1 or
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if necessary, we may assume that if (¢; € R;i1, then the intersection point 4(t)
contributes +1 to (7, a). It follows that if (¢; +¢) € R;_1, then () contributes —1 to
i(7, @).

Without loss of generality, assume py ;. is locally orientation preserving. If A(t;) con-

—1 to the algebraic intersection number (¥, @). By relabelling R, by R_; for all | € Z/kZ
+ ¢€)

tributes +1 to (3, @), then PgxY(ti) = ~(ti) contributes £1 to i(pzyk’y,pgﬁ&) = i(7,a).
Therefore i(3, &) = i(7, a).

We now construct a walk I'; on the weighted digraph G from Lemma 4.2.3 associated
to 7. Let Sy be the first vertex of I's. For each intersection point 4(¢;) € ¥Na, add another
vertex as follows. Suppose Sy, is the ith vertex. If 4(t;) contributes £1 to i(%, &), then set
Sm1 to be the i + 1st vertex in I'5. By the weighting of the edges in G, if ¥(¢;) contributes
+1 to i(%,a), then moving from the ith vertex to the i 4 Ist vertex in T'y contributes +1
to the weight w(I'5). Therefore w(I'y) = (7, @).

Building I'5 in this fashion gives a walk with 7+1 vertices. Furthermore, if t; < s <t;1;
and ¥(s) € R;, the i + 1st vertex is S;. Since 4(0) = §(1) € Ry, I'5 is a walk that starts
and ends at the vertex Sy. By Lemma 4.2.3, w(I'5) = 0 mod k. The proof is completed
by observing w(l's) = i(%,a) = i(7, ). |

We are now ready to prove Lemma 4.2.5, which is Lemma 4.2.4 and its converse.

Lemma 4.2.5 (A lifting criterion for curves). Let pj, : 37 — 3§ be the unbranched
balanced superelliptic covering space. Let v be a curve on X5. Then «v lifts if and only if
[7] o [a] =0 mod k.

Proof. Let — o [a] : H(X5;Z) — Z be the homomorphism from Lemma 4.2.2, and let
7 : Z — Z/kZ be the natural projection map. Let ¢ = mo (—e[a]) : H1(X5;Z) — Z/KZ.
The homomorphism ¢ is surjective since there is a curve v such that 5(7, a) = 1.

Let K = {[y] € Hi(X§;Z) : ~ lifts}. Since p,,, is a k-sheeted cover, the index of K in
H(38;7Z) is k. By Lemma 4.2.4, K < ker ¢. However, both K and ker ¢ are index & in
H,(35; Z) so they are equal.

Unwrapping definitions we have ~ lifts if and only if [y] € K and [y] € ker ¢ if and only
if [y] ® [@¢] =0 mod k, completing the proof. |

Proposition 4.2.6. The balanced superelliptic cover pyj corresponds to the admissible
(2n + 2)-tuple (1,—1,1,—1,...,1, —1) with entries in Z/kZ.

Proof. Let x; be homology class of a loop surrounding only the ¢th puncture counterclock-
wise. Recall the surjective homomorphism ¢ : Hy(X§; Z) — Z/kZ defined by the admissible
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tuple (1,—1,1,—1,...,1,—1) is given by

1 if 7 is odd,
p(x;) =

—1 if 7 is even.

It suffices to show a curve + lifts if and only if [y] € ker ¢. As in the proof of Lemma 4.2.5,
let $ =mo(—e[a]): H(X;Z) — Z/kZ where 7 : Z — Z/kZ is the natural projection
map and e is the intersection product from Lemma 4.2.2.

Since z; is the homology class of a loop surrounding only the ith puncture counter-
clockwise we have

o(x;) =

—1 if 7 is even.

{1 if i is odd,

Therefore ¢ = ¢. By Lemma 4.2.5, v lifts if and only if [y] € ker ¢, completing the
proof. [ |

4.3 Lifting homeomorphisms

Identifying an admissible tuple for each balanced superelliptic cover now allows us to use
Lemma 3.2.1 to characterize when a homeomorphism of 3] lifts.

Parity of a permutation. Fix an integer m > 2. Let 7 be a permutation in S,,. We say
that 7 preserves parity if 7(¢) = ¢ mod 2 for all ¢ € {1,--- ,m}. We say that T reverses
parity if 7(¢) # g mod 2 for all ¢ € {1,--- ,m}.

Let Sy be the symmetric group on the set {1,...,2l}. Let Wy < Sy be the subgroup
consisting of permutations that either preserve parity, or reverse parity. Then

WQZ = (Sl X Sl) X Z/QZ
where Z /27 acts on S; x S; by switching the coordinates.

Lemma 4.3.1. Letp, . : X, — X be a balanced superelliptic cover. Let f € Homeo™ (3, B)

and let o € Sy,19 be the permutation induced by f on the branch points. If k = 2, f always
lifts. If k > 2, f lifts if and only if 0 € Wop,1o.

Proof. By Proposition 4.2.6, the admissible tuple corresponding to pg is the 2n + 2-tuple
(a1, ..., Go,4+2) with entries in Z/kZ where

—1 if 7 is even.

‘_{1 if i is odd
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By Lemma 3.2.1, f lifts if and only if there is an automorphism ¢ € Aut(Z/kZ) such that
Y(a;) = asq) for all 7.

For k = 2, the admissible tuple is (1,1,...,1). For any o € Sa,2, idz/kz(ai) = ao() for
all 7 so every homeomorphism lifts.

Suppose k > 2. If o is parity preserving then idz/z(a;) = a,q) for all i. If o is parity
reversing, let ¢ be the automorphism defined by ¢(g) = —g. Then 9(a;) = a,(;) for all
i. Therefore if o € Wy, 1o, f lifts. If o & Ws,, o, there are odd indices ¢ and j such that
as(;y = 1 and as;y) = —1. Since there is no automorphism ¢ € Aut(Z/kZ) such that
©(1) =1 and ¢(1) = —1, f does not lift. |

Proposition 4.3.2. Let k > 2 and let pgy : Xg — Yo be a balanced superelliptic covering
map. There is a short exact sequence

1 — PMod(Zg, B) — LMod, (S0, B) — Wapso — 1

where W is given by the action of LMod, (2o, B) on the branch points.

Proof. By Lemma 4.3.1 there is a surjective homomorphism ¥ : LMod, (20, B) = Wap1a.
The kernel is exactly the mapping classes with representatives that act trivially on the
branch points, which is the pure mapping class group PMod (%, B). [

Proposition 4.3.2 gives us the following result. The case k = 2 has already been proven
by Birman and Hilden [7] using different methods.

Corollary 4.3.3. For k = 2, LMod, x(X¢,B8) = Mod(Xy,B). For k > 2, the index
[Mod (%2, B) : LMod (5o, B)] is g2

Proof. 1f k = 2, the result follows from Lemma 4.3.1. For k& > 2,

[MOd(Eo, B) . LMOdgyk(Eo, B)]
= [Mod(%, B)/ PMod(%y, B) : LMod, (X0, B)/ PMod(%, B)]
= [52n+2 : W2n+2] .

Observing that |Wa, 2| = 2((n + 1)!)? completes the proof. |

Proposition 4.3.2 reveals a somewhat surprising phenomenon regarding the liftable
mapping class groups. Fix an integer n > 1. Then for each integer k > 2, there is a balanced
superelliptic cover p,, : ¥, — X¢ branched at 2n+2 points, where g = n(k—1). Therefore
there is a family of subgroups {LMod,,(x—1)x(X0, B(2n+2)) : k > 2} of Mod (£, B(2n+2)).
These subgroups exhibit the following stability property.
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Corollary 4.3.4. Fix an integer n > 1. Then
LMOdn(klfl),kl (Eo, B(Z?’L + 2)) == Ll\/IOdn(kQ,DJ€2 (Zo, 8(277, + 2))
for any integers ky, ko > 2.

By Lemma 4.3.1, LMod,, 2(2¢, B(2n + 2)) = Mod(X¢, B(2n + 2)).

4.4 Presentations of PMod(Xy, B(m)) and Wy,

For the remainder of this chapter, all operations in mapping class groups will be performed
left to right. That is, the mapping class [f][g] is the isotopy class of the homeomorphism
obtained by performing f, then g.

As in Section 4.3.2, LMod, (20, B(2n + 2)) can be written as a group extension of
Wana2 by the pure mapping class group PMod (2, B(2n + 2)). A presentation of the pure
mapping class group PMod(Xg, B(2n + 2)) is found in Lemma 4.4.1. A presentation of
Waio is found in Lemma 4.4.2.

4.4.1 A presentation of PMod(%, B(m))

Let D be a disk with m marked points B(m) C D\ dD. Then Mod(D, 0D, B(m)) = B,,
and PMod(D, 0D, B(m)) = PB,, where B,, and PB,, are the braid group and pure braid
group on m strands respectively. For a survey of the braid group see [0].

Number the marked points from 1 to m and let {oy,...,0,_1} be the standard braid
generators. The arc about which o; is a half twist is shown in Figure 4.4. The pure braid
group, denoted PB,, is generated by elements A, ; with 1 <17 < j < m of the form:

Aig = (051 0341)07 (051 0i41)
The curve about which A;; is a Dehn twist is shown in Figure 4.4.

Lemma 4.4.1. The group PMod(%,, B(m)) is generated by A;; for 1 <i <j<m-—1
and has relations:

1. [A, g Ars] =1 wherep < qg<r<s

2. [Aps, Agr] =1 wherep < g <r<s

3. AprAgrApg = Agr ApgApr = ApgApr Ay where p < g <r

4. [ArsAp s ACL Ags] =1 wherep < g <71 <s

7,87
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5. (A1,2A1,3 e Al,m—l) e (Am—B,n—QAm—S,n—l)(Am—2,m—l) =1

Proof. Let D be a disk with m — 1 marked points. Capping the boundary of D we get a
sphere ¥y with m marked points. By Theorem 2.3.1 we have the short exact sequence

Cap

1 — Z — PB,,—1 — PMod(%y, B(m)) — 1. (4.1)

Here Z is generated by the Dehn twist about a curve homotopic to the boundary of D,,_1,
which we will denote Tj. From [22, p. 250] we have

Ts = (A12A15 - Aim) - (Am—sm—2Am—s.m—1)(Am—2.m—1)-

Using the presentation for PB,, in Margalit-McCammond [37, Theorem 2.3] and Lemma
2.4.1, we obtain the desired presentation. [

4.4.2 A presentation of Wy, o

As in Section 4.3, Wy, 5 is the subgroup of the symmetric group S, 2 given by all per-
mutations of {1,...,2n + 2} that either preserve or reverse parity.
The symmetric group .5, admits the presentation:

=1 foralli e {1,...,m —1}
Sm = <7—17~”77—m—1 | § TiTiaTi = TiaTiTip1r  forall i € {1a"'>m_2}> (4.2)
(7, 75] =1 for [i — j| > 1
where 7; is the transposition (i i+ 1).

Lemma 4.4.2. Let Sy, 19 be the symmetric group on{1,...,2n+2}. Letx; = (2i—1 2i+1),
yi = (20 2i4+2), and z= (1 2)(3 4)---(2n+1 2n+2). Then Wo, 1o admits a presentation

with generators {x1,...,Tn,Y1,...,Yn, 2} and relations
1. [zi,y;] =1 foralli,j € {1,...,n},
2. 22 =1andy? =1 foralli € {1,...,n},
8. TiTip T = TipTiTivr and YiYin1Yi = YirYiYin for alli e {1,...,n -1},
4. [xi,xj] =1 and [y, y;] =1 for all i — j| > 2,
5. 22 =1, and
6. zviz"t =vy; foralli € {1,...,n}.
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Proof. We have the short exact sequence
1 — Sn+1 X Sn+1 i) W2n+2 L Z/QZ — 1.

The homomorphism a maps the first coordinate in S, 11 X 5,41 to permutations of the
subset {1,3,...,2n + 1} and the second coordinate to permutations of {2,4,...,2n + 2}.
The map 7 is given by 7(o) = 0 if o is parity preserving and w(o) = 1 if o is parity
reversing.

The desired presentation is obtained by using the presentation (4.2) for S, 41 and Lemma
2.4.2. [

4.5 Presentation of LMod, (2, B)

In this section we compute a presentation for LMod, ;(X0, B), which is given in Theorem
4.5.7. Throughout this section, let p,\ : X, — X be the balanced superelliptic cover. Let
B C %, be the set of 2n 4 2 branch points where n = g/(k — 1).

We apply Lemma 2.4.2 to the short exact sequence

1 —s PMod (5o, B) —= LMod (S, B) —— Wapyo —> 1

from Proposition 4.3.2. Recall from Lemma 2.4.2 that LMod, (2o, B) admits the presen-
tation L B
(Sk USy | RiURyU Rg)

where the generating symbols S K, S, m and the sets of relators Ry, Ry, and EK are defined
immediately prior to the statement of Lemma 2.4.2. The generators Sx U Sy are arrived at
in Lemma 4.5.1. The set of relators R; is constructed in Lemma 4.5.3. The set of relators
Ry is derived in three steps in Section 4.5.2.

4.5.1 Lifts of generators and relations

Let o; be the half twist that exchanges the ith and ¢ + 1st branch points about the arc in
Yo as in image Figure 4.4. The mapping class group Mod (3, B) admits the presentation
22, p. 123]

[O-iao-j]:]- |Z_j|>17
- o | 004105 = 0410041 ic{l,...,2n},
1,-:-502n+1 (0_10_2 . 0,2n+1)2n+2 — 17 .

(01 O op4102n41 " "01) =1
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Since LMod, x (2o, B) is a subgroup of Mod (X, B), the generators of LMod, (2o, B)
will be defined in terms of the o;.

Lemma 4.5.1. The group LMod, (2o, B) is generated by
{Aij:1<i<j<2n+1}U{a;:ie{l,...,n}}U{b:ie{1,....,n}} U{c}
where

_ 2 -1
Ai,j = (Ujflgj% T Ui+1)‘7i (O-jflo'ij e Uz‘+1)
_ -1
Q; = 02;02;—-109;
-1
b; = 02i+102i09;11

C= 0103 " 02n41-

Proof. The set {A;; : 1 < i < j < 2n+ 1} is the image under ¢ of the generators of
PMod(Xg, B) from Lemma 4.4.1. We have ¥(c) = z, ¥(a;) = z; and V(b;) = y; for all i,
where z;, y;, and c are the generators for Wy, o from Lemma 4.4.2. Therefore, using the
notation from Lemma 2.4.2, S ={4;,;:1<i<j<2n+1} and

Sp={a;:ie{l,... n}Yu{b:ie{l,....n}tuic,
completing the proof. [ ]

The generators A; ;, a;, and b; are all shown in Figure 4.4. The elements a; exchange
consecutive odd marked points and the elements b; exchange consecutive even marked
points. The generator ¢ is the composition of half twists about the arcs on the right side
of Figure 4.4, and ¢ switches each odd marked point with an even marked point.

Although the elements A; 2,12 = (02n41 - 0i41)02(02n41 - - 0i41) " are in PMod (X, B),
they are not part of the generating set from Lemma 4.5.1. However, it will be useful to
use the elements A; 5,12 in the set of relations for our final presentation. The next lemma
rewrites the elements A, 5,12 as words in the generators A; ; with 1 <7 < j <2n+ 1.

Lemma 4.5.2. Fiz (€ {1,...,2n+ 1}. Define

A;j if g <{
Az’,j = AZ}_"_lAi,jJrlAg,jJrl ZfZ <l< 7
Aip1 41 if £ <.

Then A£,2n+2 = <z1,2 e 'Al,Qn)(ZZS . 'ZQ,%) s (Z2n71,2n)'
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Figure 4.4: Left to right: the arcs about which o;, a;, and b; are half twists, the curve
about which A4, ; is a Dehn twist, and the collection of arcs about which ¢ is a composition
of half twists. The labels above the marked points are to indicate the enumeration.

Proof. Let v; ; be the curve about which A; ; is a Dehn twist. Then 2,41 92n42 bounds a
disk containing the first 2n marked points. Therefore

Aoniionte = (A1,2 s A1,2n)(142,3 - 'A2,2n) e (A2n—2,2n—1A2n—2,2n)<A2n—1,2n>- (4.3)

The right hand side of equation (4.3) is a Dehn twist about the boundary of a disk con-
taining 2n marked points, as seen in [22, p. 260]. Let Q; = 02,02,_1---0p. The desired
relations will be obtained from equation (4.3) by conjugating by Q.

We have Qé(72n+1,2n+2) =~ Ye,2n+2 SO QzlAan,anQe = Aponyo (see Section 2.3.2). It
suffices to show Q;lAng = Zi,j for 1 <17 < j <2n. We have

Yij lf] </
Qe(vig) = Aejrr(Viger) ifi <<
Vi+1,5+1 if ¢ S 1.
Therefore QzlAi,ng = zm completing the proof. [ |

We are now ready to derive the relators R; from Lemma 2.4.2. To ease notation, let

-1 -1 p o .
Asi10iA%i41 240 A2i-12i42 4212011 ifi=]
_ -1 -1 e
Ci,j = A2i+1,2i+2A2i,2i+3A2i+272i+3A2i72i+1 ifi=j5+1 (4-4)
1 otherwise

for1 <i<j<n.
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Lemma 4.5.3. Let A, ;, a;,b;, and c be the generators defined in Lemma 4.5.1. The fol-
lowing relations hold:
Commutator relations

1. [ai, b;] = C;; where C; ; is given by (4.4)
Braid relations

2. a;a;410; = a;110;041 and bbb, = by 1bibiq forie{1,...,n—1}

3. lai,a5] = [bi,b;] =14f |7 —i| > 1
Half twists squared are Dehn twists

4. af = Agi 1241 and b7 = Agiaie fori € {1,...,n}.

5. = A19A34 Aspi1ony2
Parity Flip

6. cac byt =1.
Proof. Since the o; satisfy the braid relations, we may use any solution to the word problem
for the braid group to reduce a word in the o; to the empty word. Our weapon of choice
will be Dehornoy’s handle reduction [20]. We will underline the handles as we perform the

reduction.
For relation 1 it suffices to show [a;, bj}C-_jl is the identity. If ¢ = 5

2
131 41 1
aibia; by Ay i1 A% 1 2y A2i 20424201 20
-1 1 -1 1 1 _—1
= (021"721'*1021‘ )<02i+102i02i+1>(JQiUQi—la2i )(‘72z’+102i 02i+1)

(03 035 ) (02i4102:05,1 105,105 05:41) (05;11) (02i-102i-1)

11 11 11
= 02i02i—102i4102i09;4102;4102i02;_102; 02i+109; 021

-1 1 -1 11
O9; 02i+102i09;1109; 102i09;_109; 02i+102i—1

_ -1 1 -1 1 11 11
= 02i02i+109; 02i-102{09;1109;1109; 02i—109;1109; 102i02{09; 109; 02+1

-1 -1 -1 -1
= 09;1102i02i+102i—109;1109; 109; 02i+1
=1

A similar computation estabilshes the relation if i = j + 1.

For the cases where i ¢ {j,j + 1} we note |2j —2i| > 2 and (20 — 1) — (25 + 1)| > 2.
Therefore a; = 021-0%_102]1 commutes with b; = 02j+102j02_jl+1, establishing relation 1.
Similarly, [a;, a;] = [b;,b;] = 1 if |j — 4| > 1, establishing relation 3.
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For relation 2 we have

-1 -1 1
AiQit1 Qi1 Gy Qg

= (0'21'0'21‘—10'2_1‘1)(0'2i+20'2i+10'2_i}:,_2)(02i02i—102_i1)
(021420541024 9) (0205, 105, ) (02i 120541 05; o)

= 02i+2(021'(721‘—1021'4-1021'02_7;11)02i—102_1'10—2_1'1+2
02120241 (05105, 02i-1) (0514 202i42) 02141 Taiy

= 0'2i+20'2i0'2i+1(0'21;0'21‘710'21;)(‘7272‘10'271'}%10271'1)J;il—lagilO-?i*lU;i}i—lU;i}&-Z

= U2i+2(02i02i+1021')02i—102_@'110'2_1‘10'2_1'17102_1'10-%—102_1'1102_1‘12

= 09i 120202110202 105,41 (05 1055 05,1 1) 021 105;4105;49

= 0914202i02i11(035109; 02i41)0514 10540

=1

The same proof can be used for the relation b;b;;1b; = b;11b;b;11 by decreasing all indices
by 1.

For relation 4 we see a? = 09,0205, = Agi_12:41. Similarly, for relation 5 we have
b? = Ay;9;+2. For relation 6 we have

—1 —1y(—1 _—1 -1 _—1 —1
ca;c” = (0103 02i-102i41** 02041)(02i02i-105; )(07 03 +++ 09 105;41 """ O9541)
-1 -1 -1
= 02i4+102i-102i02;—109; O9; 109,11
~1
= 02i+102i09;11
= b,
which completes the proof. |

Topological interpretation. Although the proof of Lemma 4.5.3 is purely algebraic,
there are topological interpretations of most of the relations. Let «; be the arc about
which a; is a half twist, and ; the arc about which b; is a half twist.

When ¢ # 7, j+1, a; and §; can be modified by homotopy to be disjoint so the relations
[a;,b;] = 1 in 1 hold. The homeomorphisms {a;} are supported on a closed neighborhood
of the union a; U- - -Uay,, which is an embedded disk D,,,; with n+ 1 marked points. The
mapping class group of D,,;; is isomorphic to the braid group B,.;. Embedding D, in
Yo with 2n + 2 marked points induces a homomorphism ¢ : B, 1 — Mod (X, B(2n + 2)).
The homomorphism ¢ maps the standard braid generators to the a;, and so the braid
relations 2 and 3 hold. The same applies to the b;.
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i (i)
Figure 4.5: Bothi and j are odd. The curve v, ; and its image under ¢~
of half twists about the dashed arcs.

! which is a product

Relations 4 and 5 reflect the fact that squaring a half twist about an arc is equal to
a Dehn twist about a curve surrounding the arc. Recall from Section 2.3.2 that if 7
is a half twist about an arc ¢ in Xy and f is a mapping class, then f~'7,f = 74, (the
homeomorphisms are applied left to right). We realize ca;c™' = b; in relation 6 by applying
the homeomorphism ¢~! to the arc o;.

4.5.2 Conjugation relations

We now shift our attention to finding the relations that make up Ry from Lemma 2.4.2.
First we consider conjugation of the generators of PMod (X, B) by c. Let

(

A;j forodd i, j=7+1
Ait1j+1 for odd 7, 5
XNig=q (Aimg A )  Aim g (A AT, ;) for even i, (4.5)
A;;HAFLJ-HA@]'H for even i, odd j
kAj_LjAZ»JrM_1Aj__le otherwise.

Lemma 4.5.4. For 1 <i¢<j<2n+1, let A;; and c be as above. Then
cAi,jc_l = Xi,j
where the X, ; are as in (4.5).

Proof. Let ~;; be the simple closed curve in ¥, about which A;; is a Dehn twist, so
T,,, = Aij. Recall that ¢TI, ¢" = T,-1(,,,) (where we maintain our convention that we
read products from left to right). Therefore it suffices to show that ¢~(v;;) is the curve
about which Xj ; is a twist.

We first note that when 7 is odd and j = ¢ 4+ 1 the curve «;; is disjoint from the arcs
that define ¢, therefore cA; jc=' = A; ;. We then consider the remaining cases.

i and j are both odd. The curves ¢ !(7;;) and 711,41 are shown to be isotopic in
Figure 4.5. Therefore cAi’jc_l = Ait1j41-
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A 1,5 71—1] 1 / i—1i

—1
%J z 1@
1

Figure 4.6: Both i and j are even. The left figure shows «;; and its image under ¢,
which is a product of half twists about the dashed arcs. Starting at the top left and going
clockwise, the right figure shows ;1 ;_1, A;—1;(7i-1,-1), and ATY (A1 j(vic1-1))- The
dashed curves indicate the curves about which A; ;; and A} 1; are Dehn twists.

Figure 4.7: Even i and odd j. The left figure shows 7;; and its image under ¢!, which
is a product of half twists about the dashed arcs. The right figure shows ~;_1 ;41 and its
image under A, ;1, which is a Dehn twist about the dashed curve.

i—1 z(Ai—l,j(’yi—Lj—l)) (Wlth composition
applied as indicated) are shown to be isotopic in Flgure 4.6. Therefore

i and j are both even. The curves ¢~!(v; ;) and A;*

cAijet = (Aim A ) T Ao (A A ).

Z?]

¢ is even and j is odd. The curves c” (%j) and A; j+1(7vi—1,j+1) are shown to be isotopic
in Figure 4.7. Therefore CAi’jC A;]+1Ai—1,j+1Ai,j+1'

i is odd and j is even j # i + 1. The curves ¢ (v, ;) and A;_llyj(’y,#l’j,l) are shown to
be isotopic in Figure 4.8. Therefore cAm-c*1 = Aj_17in+1,j_1A;_ll7j. |
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Yi,j Yi+1,5—1
-1

c—l
l (i) Aj_11,j(%'+1,jl)l
c & @9 ORI )

Figure 4.8: Odd i and even j, j # i+ 1. The left figure shows =, ; and its image under ¢!,
which is a product of half twists about the dashed arcs. The right figure shows 7;41,;-1

and its image under Aj:ll’ ;» which is an inverse Dehn twist about the dashed curve.

Next we consider conjugation of the elements A; ; by the generators a,. Let

(A ifi<20—1,57>20+1,
Ay ifi,j>20+1orij<20—1
Aijyo ifi<20—1,7=2(—1
(A Aij) A (A Ain)  ifi<20—1,5=20
ATA; oA ifi<20—1,j=20+1

Yije = Aijndjind; if i =20—1,7=20 (4.6)

A ifi=20—1,j=20+1
Aiya ifi=20—1,7>20+1
A1 ifi=20j=20+1
(Al Ai) T A (A Aiy) ifi=20>20+1

(A Ao A ifi=20+1,7>20+1

Lemma 4.5.5. For 1 <i < j<2n+1andl € {1,...,n}, let A;; and a, be as above.
Then

-1
agdija, = Yije
where the Y; ;o are as in (4.6).

Proof. Recall that a, = 025025,102}1 and

A

ij = (0j-10j2 - 0i01)07 (051052 - 1)

The transpositions o, and o, commute if |p — ¢| > 2. Therefore a, and A;; commute if
both (20— 1) — (j —1) >2and 20 — (i +1) > 2,if i,j > 20+ 1, or if i,j < 20 — 1.
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i J . a, a; (Vi)

Figure 4.9: i < 20 — 1,j = 2¢ — 1. The curve v;; and its image under a,"', which is a
counterclockwise half twist about the dashed arc.

Therefore in the first two cases of (4.6), a, and A; ; commute. In the remaining cases,
at least one of ¢ and j is equal to 2¢ — 1,2¢, or 2¢ + 1.
Ifi=2¢0—1 and ] =14+ 2, then Ai,j = 0'2‘4_10'2-20';_11 = Ai7i+2 and

-1 _ ~1 2 _—1 —1_—1
agAija; = (0i410:0,1)0i410;0,1 (0410, 0,1)
2 _—1
= 0i+10; 041
= Aij
Ifi=20and j =7+ 1, then a, = Uiai_lai_l and A;; = o?. Then:

aiAija; " = (0105107 )oF (030, 07 )
= (Uz 1030-1) (0, o o)

-1

_Az 1,5—1

Ifi=20—-1and j=17+1, then A;, = o? and ay = JZ-HJZU;FIl.

arAija; ' = (Ui+laz“7i_+11)‘7?(01410;10;31)
= Ui+10i0;-1}10i<0i+10-;-11)Uiai+10;10iik11
= 0,110i(0i0,110; ") (0;0i410; o o
= (0ir1070344) z2+1(0-i+10-i_20-i_+11)
- Az J+1A ,J+1A7, J+1

We prove the remaining cases topologically. As above, let v;; be a curve such that

T, = Aq;- As in the proof of Lemma 4.5.4, it suffices to prove that Y;;, = T, -1(,  for

various relationships between i, j and /.

The case where i < 2 — 1 and j = 2¢ — 1. The curves a, ' (v; ;) and 7; ;42 are shown to

be isotopic in Figure 4.9. Therefore agAivjag_l = Ao
The case where i < 2( — 1 and j = 2(. The curves a, ' (v;;) and Ai]H(A;j 1(7i,5)) are
Ai7j+1> A (Azjl 1Ai7j+1)‘

shown to be isotopic in Figure 4.10. Therefore a,A; ja; ' = (A; Jl 1
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Figure 4.10: i < 2¢ — 1,j = 2(. The left figure shows ~;; and its image under a, ', which
is a half twist about the dashed arc. Starting at the top left and going clockwise, the right
figure shows 7; ;, A;} 1 (7i;) and A; ;11 (A; [ 1 (7:5)). The dashed curves indicate the curves
about which Ai’j_1 and A; ;41 are Dehn twists.

Yi,j—2
° o o o .Q'p .o
Y%; | Ty

Figure 4.11: i < 20 — 1,j = 2( 4+ 1. The left figure shows ~; ; and its image under a;, ',
which is a half twist about the dashed arc. The right figure shows v; ;o and its image
under A, ;j, which is a Dehn twist about the dashed curve.

The case where i < 2 —1 and j = 2¢ + 1. The curves a[ "(vi;) and A; j(vi;—2) are
shown to be isotopic in Figure 4.11. Therefore CL[AI'JCLE_I = A A ij—2Ai ;.

The case where i = 2({ —1 and j > 2{+ 1. The curves a, (’Yi,j) and ;42 are shown to
be isotopic in Figure 4.12. Therefore CLgAi’j(lg_l = A0

The case where i = 2( and j > 20+ 1. The curves a, ' (v;;) and A;_y;(A4; (7)) are
shown to be isotopic in Figure 4.13. Therefore

aéAi’jaﬁ (Azz+1Al 17«) A (A'LH-IAZ Li)'

The case where i = 2( + 1 and j > 2¢ + 1. The curves a; ' (7;;) and A, ;(7i_2;) are
shown to be isotopic in Figure 4.14. Therefore CL@A,L',J'CLZI = A,;;AFQ,J-AM. |
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i Vi, J a a; (s
o o - .. 400@

Figure 4.12: ¢ = 20 — 1,5 > 2( 4 1. The curve 7, ; and its image under a[l, which is an
inverse half twist about the dashed arc.

/) J Ai'l
.\\‘S! [ ) o o o " ) [ ]
Yi,j
o b o A
a; (Vi) Ai1i(Ag 1 (vig) ’

Figure 4.13: 4 = 2¢,5 > 2¢ + 1. The left figure shows ; ; and its image under a[l, which
is a half twist about the dashed arc. Starting at the top left and going clockwise, the right
figure shows 7;;, A; 1 (7i,;) and A;_1;(A; (7)) The dashed curves indicate the curves
about which A; il+1 and A;_;; are Dehn twists.

Next we consider conjugation of the elements A;; by the generators by. Let

(Aij if i < 20,5 > 20+ 2

Aig ifi,7>20+2o0ri,j <2/

Ajjeo if § < 20,5 = 20
(Ai_»]'l—lAi,j-l—l)ilAi,j(A;jl—lAi,j—H) ife<20,7=20+1

AijAij2 A i< 20 j=2042

Zije =\ AignAi A ifi=20j=20+1 (4.7)

Aij ifi=20j=20+2

Aita ifi=20,j>20+2

Ai1j ifi=20+1,j=20+2

(Al Aic) A (A Aiay) ifi=2041,5> 2042

AN A; A ifi=20+27>20+2.

Lemma 4.5.6. For 1 <i < j<2n+1and? € {1,...,n}, let A;; and b, be as above.
Then

where the Z; ;o are as in (4.7).
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Figure 4.14: i = 2( + 1,5 > 2¢ + 1. The left figure shows ~;; and its image under a; ',
which is a half twist about the dashed arc. The right figure shows 7,_»; and its image
under A, ;, which is a Dehn twist about the dashed curve.

The proof of Lemma 4.5.6 is the same as the proof of Lemma 4.5.5 with an increase in
index by 1.

4.5.3 Proof of the presentation

We are now ready to write down a presentation for LMod, ,(X¢, B).

Theorem 4.5.7. Let pyi : Xy — Yo be a balanced superelliptic cover with k > 3. The
liftable mapping class group LMod,, (20, B) is generated by

Ai,j = (O'j_lo'j_g cee O-i+1)0-z‘2(0-j—10-j—2 ce O'H_l)_l, 1 S 1< j S 2n + 1
C= 0103 02p—102n+1
a; = 0309105, i € {1,...,n}
b; = 0'2i+10-2i0'2_i}:,_17 i€{l,...,n}
Forl e {1,...,2n+1}, let Ayan42 be defined as in Lemma 4.5.2. Then LMod, x (20, B)
has defining relations:
Commutator relations
1. [Ai;, Apgl =1 where 1 <i<j<p<qg<2n+1.
2. [Aig,Ajpl =1 where 1 <i<j<p<qg<2n+1.
3. [Ap,qALpA‘l A
4

s M]zlwh6r61§i<j<p<q§2n+1.

Braid relations

5. Ai,ij,pAi,j = Aj,pAi,in,p = Ai,in,ij,p where 1 < 1< j <p < 2n + 1.
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6. Ai Qi 1A = Qi1 A5A541 and ble_le = bi-l—lbibi—i-l fOT’i < {1, N 1}

Subsurface support
8. (A1pA153- Arme1) - (Am—sn—2Am—3n-1)(Am—2m—1) =1 form =2n + 2.
Half twists squared are Dehn twists

9. a? = A2i—1,2i+1 and bz2 = Agi,gi_f_g fO’I"i € {1, ce ,n}.

10. & =A12A34 Ao onta
Parity Flip

11. ca;e ;' =1
Conjugation relations

12. cA; jc ! = X, ; where the X, are as in (4.5).
13. agA;ja;t =Y, ;0 where the Y o are as in (4.6).

14. beA; jb, ' = Z; ;4 where the Z; ;o are as in (4.7).

Proof. The proposed generators are proven to be generators in Lemma 4.5.1. Using the
notation from Lemma 2.4.2, Rx consists of the relations 1, 2, 3, 5, and 8 by Lemma 4.4.1,
Ry consists of the relations 4, 6, 7, 9, 10, and 11 by Lemma 4.5.3, and R, consists of
the relations 12, 13, and 14 as by Lemmas 4.5.4, 4.5.5, and 4.5.6. The result follows by
applying Lemma 2.4.2. [ |

4.6 Abelianization

In this section we will compute the abelianization of LMod, x(3¢, B) in Theorem 4.6.6,
and compute the first Betti number of the balanced superelliptic mapping class group
SMod, (2,) in Theorem 4.6.7. Recall that for any group G, H,(G;Z) = G/|G,G]. For
this section, fix £ > 3 and let p,; : 3, — 3¢ be the balanced superelliptic cover. Recall
that there are 2n+2 branch points where n = g/(k—1). By Corollary 4.3.4, LMod, (2o, B)
depends only on n. For ease of notation, let G,, = LMod, x(3o, B) for the remainder of
this section. Let ¢ : G,, = G, /|Gy, G,] be the abelianization map. Note that if a,b € G,,
are in the same conjugacy class of G, then ¢(a) = ¢(b).
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A presentation for G, /[G,,G,] is given by taking a presentation for G, and adding
the set of all commutators to the set of defining relators. We begin with the presentation
given in Theorem 4.5.7.

So we do not have to deal with the symbols Ay, separately, we will add the symbols
Aponio for £ € {1,...,2n + 1} as generators along with the relations

Aponyo = (A1 Avron)(Asz - Asay) - (Asn—290-1A20-2.20) (A2n—1,20)
where the A, ; are as in Lemma 4.5.2.
Lemma 4.6.1. If j —i =t —s mod 2, then A;; is conjugate to As; in Gy,

Proof. We consider two cases: either j —i=t—s=0 mod2orj—i=t—s=1 mod 2.
Case 1: j—i=t—s=0 mod 2.
Let ¢ and 7 be even. Recall the conjugation relations

bgAi7j621 - Ai_’j‘lAi,ijAi,j

for i < 20 and j = 2n + 2, and
beAi by = Aijio

for © < 2¢ and j = 2¢. Therefore for any fixed even 1, all generators A, ; with even j are in
the same conjugacy class of G,,. We also have the conjugation relations

béAi,ijl = Aita
for i =20 and j > 2/ + 2, and
bgAZ‘,jbe_l - Arzj‘lAi—Q,in,j

for @ = 20+2 and j > 20+ 2. Therefore for any fixed even j, all the A; ; such that 7 is even
are in the same conjugacy class of GG,,. Then by varying j, we conclude that if 7, j, s, are
all even, then A;; and A,; are conjugate.

Similarly we can consider the conjugacy relations agAm-aZl =Y, ¢ to conclude that if
i,7,5,t are all odd, then A;; is conjugate to As; in G,,.

Observe that CALgC_l = Ay 4. We may finally conclude that if j —¢ =t—s =0 mod 2,
then A; ; is conjugate to A, in G),.

Case 2: j—i=t—s=1 mod 2.
Similar to case 1, we use relations from the family of relations CLgAi’j(lzl =Y ;¢ to conclude
that for any fixed even 4, all the A;; for any odd j are in the same conjugacy class of G.
Using relations of the form byA; jb, ' = Z; j, gives us that for any fixed odd j, all the A,
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for any even i are in the same conjugacy class of (G,,. Therefore if ¢ and s are even and j
and t are odd, then A;; and A, are conjugate in G),.

Similarly, if 7 and s are odd and j and ¢ are even, then A, ; and A,; are conjugate in
Gp.

Finally, the relation cA2730*1 = Az_,iAl,4A2,4 allows us to conclude that if j—i =t—s =1
mod 2, then A; ; is conjugate to A,; in G, completing the proof. [ |

From now on, let A = ¢(A;2) and B = ¢(Ay3).

Lemma 4.6.2. For each ¢ € {1,...,2n + 1}, consider the relation

A€,2n+2 = (Zl,2 e Zl,Qn)(ZQ,S e Z2,2n) e (22n72,2n71Z2n72,2n)(22n71,2n>

where the Ei,j are as in Lemma 4.5.2. Applying ¢ to each of these relations gives the

2

relation B”"~" = A" in G, /[Gn, Gy].
Proof. Fix £ € {1,...,2n+ 1} and let

W = (Zl,Z e Z1,271)(X2,3 T Z2,271) e (Z2n72,2n71z2n72,2n)(Zanl,Qn)
W = (A1,2 T A1,2n+1)(A2,3 T A272n+1) e (AQn—l,ZnAQn—1,2n+1)(AQn,Qn—H)
L= J[ A

1<i<j<2n+1
i={ or j={

Observe that ¢(W) = ¢(W)p(L)~!. By Lemma 4.6.1 we have
¢(W) = ((AB)")((AB)" " A)((AB)" ™) -+ (AB)(4)

_ AQnA2(nfl) L. AQBTLBQ("*”BZ(”*Z) ... B2
— An(n+1)Bn2

since S0 2i = n(n — 1).
If ¢ is even, ¢(L) = A" B"~1. Applying ¢ to the relation above gives

B— ¢<W) _ An(n+1)Bn2A_n_1Bl_n.

. 2__ _m2
This rearranges to B" " = A",

If £ is odd, ¢(L) = A"B™. Applying ¢ to the relation above gives B”' ™" = A", W

Lemma 4.6.3. In the abelianization of G, B” = A~""~L.
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Proof. Consider the subsurface support relation,

(A1,2 tee A1,2n+1)(A2,3 T A2,2n+1) T (A2n—1,2nA2n—1,2n+1)(A2n,2n+1> = 1.

Applying ¢ to both sides gives 1 = A" B"* by the computation of ¢(W) in the proof
of Lemma 4.6.2. [ ]

Lemma 4.6.4. For all1 <1i,j <mn, ¢(a;) = ¢(b;).

Proof. By Lemma 4.5.3, we have the braid relations (a;4a;)a;41(aha;)™" = a; and
(b bi)bia (b7 b))~ = b; for all i € {1,...,n — 1}. Hence ¢(a;) = ¢(a;) and ¢(b;) = ¢(b;)
for all 4,7 € {1,...,n — 1}. The parity flip relation ca;c™! = b; allows us to deduce that
a; and b; are conjugate for all 1 <i,j < n and ¢(a;) = ¢(b;). |

Lemma 4.6.5. The abelianization G, /|G, G| admits the presentation
<CL, d,A,B ’ Bn2_n _ Al_n27Bn2 _ A_”2_1,a2 _ B,dQ — An+1’7'>
where a = ¢(ay), d = ¢(c), A= ¢(A12), B= ¢(A13), and T is the set of all commutators.

Proof. Lemmas 4.6.1 and 4.6.4 show that the elements ¢(a1), ¢(c), (A1) and ¢(A4; 3) form
a generating set for G, /|G, Gy].

Lemmas 4.6.2 and 4.6.3 show that the relations B =" = A" and B" = A~""~! hold
in G,/|Gn,G,]. Applying ¢ to the relation a? = A; 3 shows that a®> = B. Applying ¢ to
the relation ¢ = Ay 9434+ Aony12n42 gives the relation d? = A"

Lemma 4.6.2 shows that for all £ € {1,...,2n + 1}, the relation

A€,2n+2 = <z1,2 e Zl,Qn)(ZZi’y T Z2,271) e (22n72,2n71Z2n72,2n)(22n71,2n>

is derivable from 7 and B™ ™" = Al="",

It remains to show that in the abelianization, the relations from the presentation of G,,
in Theorem 4.5.7 can be derived from the proposed defining relations.

The commutator relations 1-4 of Theorem 4.5.7 all map to the identity under ¢. The
braid relations 5 and 7 of Theorem 4.5.7 are derivable from 7. The braid relation 6
is also derivable from 7 since all relations in this family take the form a = a in the
abelianization. Relation 8 is derivable from B" = A~"*~1 by Lemma 4.6.3. Relations 9
and 10 are derivable from a?> = B and d*> = A™*! respectively. The image ¢(ca;c™'b; ") is
the identity by Lemma 4.6.4. Finally, the conjugation relations 12-14 are all of the form
A = A or B = B in the abelianization, so they are all derivable from 7. |

We now have everything needed to prove Theorem 4.6.6.
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Theorem 4.6.6. Let k > 3. Then

9 .
H, (LMod, (S0, B); Z) = {Z/ZZ X ZL)27 X Z/(n(n —1)*)Z an 2-3 odd
Z7.)27 x Z.](2n(n — 1)*)Z if n is even.
Proof. Recall Hy;(LModx(X0,B);Z) = G, /|Gn,Gy]. We will start with the presentation
from Lemma 4.6.5 and perform Tietze transformations to simplify it.

Starting with B” ™" = A"’ we may substitute in the relation B™ = A=""~1 to
obtain A? = B~". Thus we may add the relation A2 = B~™ to the set of defining relations.
Observe B™ =" = A" ig derivable from A% = B~ and B"™ = A=~ so we may delete
the relation B" " = A",

Similarly, we may add the relation A 1* = 1 and delete the relation B® = A",
Deleting the generator B and replacing it with a? then gives the presentation

G /|Gy Gl = (a,d, A | A2 = a2 APV =1, @2 = A" T). (4.8)
M0 2
This presentation has presentation matrix [ 8 g (nl—l)2 ]
0 0
If n is odd, this matrix has Smith normal form [8 g ( 0 )2 ] Therefore

Hy(LMod, (S0, B); Z) = 7./27 x Z/2Z x Z.](n(n — 1)*)Z.

0

10
If n is even, the presentation matrix has Smith normal form [0 2 0 } , SO
00 2n(n—1)2

Hy(LMod, (30, B); Z) = Z,/2Z % Z./(2n(n — 1)*)Z. u

We now apply Theorem 4.6.6 to compute the first Betti number of the balanced su-
perelliptic mapping class group SMod, ;(X,). The first Betti number of a group G is the
rank of the abelian group H,(G;Z) = G/[G, G].

Let D < Mod(X,) be the image of the deck group of the balanced superelliptic cover
Pgi- Recall D = Z/KZ.

Theorem 4.6.7. Let k > 2. The abelianization of the balanced superelliptic mapping class
group Hy(SMod, 1 (2,); Z) is a finite, non-cyclic group. In particular, the first Betti number
of SMod, ;(X,) is 0.

Proof. The Birman-Hilden theorem (Theorem 2.3.2) gives a short exact sequence

1 — Z/kZ — SMod, (,) — LMod, (X0, B) —» 1.
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Since the abelianization functor is right exact, we have the exact sequence
Z/kZ — H;(SMod, x(X2,); Z) — Hy(LMod, ;. (30, B); Z) — 1.

Since Z/kZ and H;(LMod,, x(X0, B);Z) are both finite, so is H;(SMod, x(X,);Z). More-
over, since Hy(LMod, (3¢, B); Z) is not cyclic, neither is Hy(SMod, x(2,); Z). |

To complete the story, one may use the presentation of the hyperelliptic mapping class
group SMod,2(X,) in [7, Theorem 8] to deduce that

Z/(2g+ 1)Z if g is odd

H,(SMody2(%y); Z) =
1(SMo g,2( g) ) {Z/(4g+2)Z if g is even.

In particular, the first Betti number of SMod,2(%,) is also 0.
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Chapter 5

A Family of Cyclic Branched Covers
Over the Torus

The thesis so far has dealt exclusively with cyclic branched covers over the sphere. A
family of cyclic branched covers over the torus branched at two points will be investigated
in this chapter.

Consider a torus with two punctures and let z,y,z € H;(X;2;Z) be the homology
classes of the loops a, 3, § respectively from Figure 5.1. The set {x,y, z} forms a basis for
Hl(zl,g; Z) = Z@S.

For any integer k > 2 define the surjective homomorphism ¢y : Hy(X19;Z) — Z/kZ by
or(c1x+cy+c3z) = ¢3 mod k. Therefore ) determines a cyclic cover py, : Y — 21 9. Let
2" be the homology class of ¢’ in Figure 5.1. Then 2/ = —z, so ¢(z) = 1 and p(2') = —1.
Since z and 2’ are the homology classes of loops surrounding only the punctures, p; can
be completed to a branched cover branched at two points B C X1, each with one preimage
(see Section 2.2.2).

Using the Riemann-Hurwitz formula, we can conclude the genus of S is k. Abusing
notation, from now on we denote the unbranched covers and associated branched covers
by pr : Yko — Y12 and pg 1 X — X5 respectively. For a picture of the covers ps, ps, and
D4, see Figure 5.2.

Let LModg (21, B) < Mod(X%1, B) be the liftable mapping class group corresponding to
the branched cover py : ¥ — ¥1. The goal of this chapter is to find presentations for the
groups LMody (3, B) by using the Reidemeister-Schreier rewriting process from Section
2.4.2. While the goal as stated will unfortunately not be achieved, a finite presentation for
LModg (X1, B) is obtained for k = 2, 3,4, and a finite generating set is obtained for k = 5, 6.
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Figure 5.1: The curves «, 8,7, and ¢’ on the left. The hyperelliptic involution ¢ on the
right. In both images, the puncture at the top is on the back side of the torus.

5.1 Preparing the Reidemeister-Schreier rewriting pro-
cess

In order to apply the Reidemeister-Schreier rewriting process, we need a finite presentation
for Mod (X4, B), a Schreier system of right coset representatives for LMody (3, B), and a
way of identifying the coset representative corresponding to any element of Mod(34, ).
We begin with a presentation for Mod(3, B).

5.1.1 A presentation for Mod (%1, B)

Let « € Mod(X4,B) be the hyperelliptic involution shown in Figure 5.1. Note that ¢
switches the two marked points B C .

Proposition 5.1.1. Mod(X;2) admits the presentation
{a,b,c,d | aba = bab, bch = cbe, [a, c], [a,d], [b,d], [c,d], d*, (abc)*)

where d = v and a =T, b =Ty and c =T, where o, B, and v are the curves from Figure
5.1.

Proof. Consider the short exact sequence
1 — PMod (21, B) — Mod(Sy, B) 5 Sy —» 1

given by the action of Mod(X;, B) on the two marked points. We will apply Lemma 2.4.2
to this short exact sequence.
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Py (w) 5 () g i (n)
27
3
p3
R \ %4
i

Figure 5.2: The arc p and its preimages under po, p3, and ps. The rotations are generators
of the deck groups.

The group S, admits the presentation (d | d?), and PMod(%; ») admits the presentation
{a,b,c | ac = ca,aba = bab, bcb = cbe, (abc)*)

where a = T,, b = T, and ¢ = T, are Dehn twists about the curves «, 3, and v from
Figure 5.1 respectively (see [12, Theorem 3.2.1]).

To apply Lemma 2.4.2, let d = ¢ and notice ¢(d) = d. Since (2 = 1, in the notation
from Lemma 2.4.2 we have Ry = {d?}. Since ¢ preserves the unoriented isotopy classes of

«,B, and v, we have o o o
Ry = {dad 'a™' dbd b ded '}

Applying Lemma 2.4.2 and replacing d by d we see Mod (%, 2) admits the presentation
{a,b,c,d | aba = bab, bcb = cbe, [a, c|, [a, d], [b, d], [c,d], d?, (abc)*)

completing the proof. [ |

23



Those familiar with the braid group will notice that the presentation for PMod (X, B)
shows that PMod (%4, B) = By/Z(B4) where By is the braid group on 4 strands and Z(By)
is the center of By. It is worth noting that the presentation in the statement of Proposition
5.1.1 is a presentation for the direct product PMod(3, B) X S & By/Z(By4) X S.

5.1.2 A Schreier system

Our focus now shifts to finding a Schreier system of right coset representatives of Mod (3, B)
mod LModg (21, B). To do this, we look at the action of Mod (X, B) on Hy(32;7Z).

Let {z,y, 2z} C H1(X12;Z) be the basis defined above. Let ¥ : Mod (X, B) — GL3(Z)
be the homomorphism given by the action of Mod (X1, B) with respect to this basis.

Lemma 5.1.2. Let o, 3,7 be the curves from Figure 5.1, and p the arc in Figure 5.2. Let
T be the half Dehn twist about p. Then

110 1 00

U(T,) =10 1 0 U(Ts)=|-1 1 0
0 0 1 0 01
1 1 0] 1 0

U(T,)=10 1 0 U(r)= [0 1
01 1 0 0

Proof. For any f € Mod(%4, B), let f. € Aut(H;(X12;7Z)) be the induced automorphism
of any representative of f.

Since [a] = z and [f] =y, (Tn)«(z) = x and (13).(y) = y. Since ¢ is disjoint from «, S,
and 7, (To)«(2) = (Ts)+(2) = (T5)+(2) = 2. Since pu is disjoint from o and 3, 7. (z) = x and
7.(y) = y. Since a and ~ are disjoint, (7,).(z) = . For any homeomorphism f such that
[f] = 7, the curve f(0) is homotopic to ¢’. Since [0] = —[0'] in H1(X19;Z), T(2) = —2z. It
remains to show (7,).(y) = = +y, (Tp)«(x) =2 —y and (T,).(y) =z +y + 2.

Figure 5.3A shows three representatives for the elements @, 8,0 € (21, 2,1’0) Let
@ : 71 (S19,70) — Hi(X12;7Z) be the Hurewicz homomorphism. Then ®(@) = z, ®(5) = y,
and @(3) = z. Figure 5.3B shows T,(/3), which is homotopic to any representative of
af € m1 (312, 70). Therefore (T,,).(y) = x+y. Figure 5.3C shows Tj(a), which is homotopic

to any representative of 63_1 € m1(¥1,2,79). Therefore (T5)(r) = x —y. Finally, the curve
T, () in Figure 5.3D is homotopic to any representative of @30 € (212, zo). Therefore
(T,)+(y) = v+ y + z completing the proof. [ |
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B C D

Figure 5.3: Left to right: representatives of @, 3,0 € 71(X1.2, 7o), the curve T,(3), the curve
Ts(c), and the curve T, (5).

Lemma 5.1.3. The image of ¥ is given by

All A12 0 A A
W(MOd(El, B)) = Agl Agg 0 : 1 12 € SLQ(Z),Ul,’UQ €z
A21 A22
U1 (%) +1

Proof. Let a, 3,7 be the curves from Figure 5.1, and p the arc in Figure 5.2. Then
Mod(X;, B) is generated by {T,,T3,T,,7}. For notational convenience, let ) = ¥(T,),
R=Y¥(Tp), S =V(T,), and T = ¥(7) be the matrices from Lemma 5.1.2. Let

All A12

G .= Asy A 0f:
21 22 A21 A22

All A12 0 |:
U1 V2 +1

:| S SLQ(Z),Ul,UQ el < GLg(Z)

It suffices to show G is generated by @, R, S, and T'.

Let B=[42] € G with A € SLy(Z) and v = (v1,v3) € Z & Z. We will write B as
a word in {Q, R, S, T} by starting with the identity and multiplying on the left using the
following procedure.

1. If the bottom right entry of B is -1, start with 7", otherwise skip this step.
2. Let k = ged(vy,v9) and multiply on the left by S* = [é ’g %]. This gives us a word
representing [é ’llz i81} .

3. Since SLy(Z) is generated by {[31],[1 ]}, there exists a word in @ and R repre-
senting [£ 9] for any Z € SLo(Z). Since ged(0, k) = ged(vy, v2) = k, there exists a
Y € SLy(Z) such that [0 k] Y = [vl vg]. Multiply on the left by the word in @
and R representing [} 0]. This leaves us with a word representing [¥ £ ] for some

X € SLy(Z).
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4. Finally, since AX ™! € SLy(Z), there exists a word in @ and R representing [4X™" 0].

Multiply on the left by this word. The result is the desired element B € G. [ |
Lemma 5.1.4. A mapping class f € Mod(3q, B) is in LMody (21, B) if and only if

All A12 0
All A12

U(f) e Ay A 01| :
(e ] |An An 0| qn g

} € SLe(Z),v1 =v2 =0 mod k
U1 () +1
Proof. With respect to the basis {z,y, z} of Hy(312;7Z) we have

C1
ker Y = Co| € Hl(zlyg; Z) c3=0 mod k
€3

Let ¢ = c1x + coy + c32 € ker . By Lemma 2.3.5, it suffices to show

Ay A 0 1 Ajier + Apcy
Agl A22 0 C| = A2101 + AQQCQ € ker Ok
(%1 () +1 C3 V1C1 + VaCo + C3

if and only if v; = v, =0 mod k. If v; = vy =0 mod k, then vic; +vaco+c3 =0 mod k.
Conversely, suppose v; 0 mod k. Consider [é} € ker . Then

All A12 0 1 All
As Ay 0 0 = |Ao1| & kery.
V1 (%) +1 0 U1
If v #0 mod k, then the same argument with [g} € ker ¢, completes the proof. [ |

Lemma 5.1.5. Let f,g € Mod(Xq,B) with U(f) = [41 2] and V(g) = [42 2] where
A; € Sle(Z2), vi € ZOZ, and ¢, = £1. Then f and g are in the same right coset of
LMody (X1, B) if and only if vi = vy mod k when ¢, = €3 and vi = —vy mod k when

€1 =— —€a.
Proof. As above, let 7 be the half twist about the arc p from Figure 5.2. By Lemma 5.1.4,
7 € LModg (X4, B) since ¥(7) = [é g _81]. Therefore for any f € Mod (24, B), 7f and f are

in the same right coset of LModg(31, B). Since multiplying a matrix on the left by W(7)

simply negates the third row, it suffices to prove the result in the case where €; = ¢5 = 1.
Since [49]7" = [7’3;_1 ] we have ¥(fg™') = [(vf\?)A;l (1)] Since det(A2) = 1, Ay
is invertible over Z/kZ. By Lemma 5.1.4, fg=! € LMody(Xy, B) if and only if v; = v,

mod k, completing the proof. [ |
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We have the following immediate corollary of Lemma 5.1.5.
Corollary 5.1.6. The index of LMod (X1, B) in Mod (X4, B) is equal to k*.

Lemma 5.1.5 not only allows us to find a Schreier system of right coset representatives,
but also provides a tool for identifying to which coset an element of Mod(3J;, B) belongs.

To proceed, we will focus on the case k = 3. Let a,b,c,d be the generating symbols
from Proposition 5.1.1.

Proposition 5.1.7. The set S = {1,¢,c7t,cb,cb™t, ¢ b, b1, cba, cb~'c} is a Schreier
system of right coset representatives of Mod (X1, B) mod LMods (X4, B).

Proof. Recall a = T,, b = T, and ¢ = T, where o, 3, and « are the curves defined in
Figure 5.1. Let q : GL3(Z) — GL3(Z/3Z) be the quotient map. By Lemma 5.1.2 we have

1 00 010 0 20
qU(1)=1(0 1 0 q¥(ck) = (2 1 0] qU(c'p)=1(1 10
0 0 1] 2 1 1] 2 2 1]

[1 1 0] 2 1 0] [0 1 0]

qU(c) =10 1 0| q¥(cb)=1]1 1 0 qU(chba) = |2 0 0
0 1 1] 11 1] 2 0 1]

(1 2 0] 2 2 0] [2 0 0]
qVU(c )y =10 1 0] q¥(c'o)=1(2 1 0 qV(ch™le) =11 2 0
0 2 1) 12 1) 10 1)

By Lemma 5.1.5, § is a complete set of right coset representatives of LMods(X, B). Ob-
serving that any initial segment of a word in § is again in & completes the proof. [ |

We are now ready to apply the Reidemeister-Schreier rewriting process to arrive at a
presentation for LMods (X1, B).

5.1.3 Presentations and generating sets

Applying Theorem 2.4.3 using Lemma 5.1.5 and Proposition 5.1.7 we get the following
presentation for LMods (X4, B).

Theorem 5.1.8. The liftable mapping class group LMods(X1, B) admits the presentation

(4,B,C, D [ [A,CL[A, D], [B, D], [C, D],
ABA = BAB, BCBCBC = CBCBCB, D* (BACBC)*)

where A=1T,,B =T5,C =T3

v

and D = ¢.
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The proof relies on Sage code to perform the Reidemeister-Schreier rewriting process,
as well as to help perform some of the Tietze transformations to arrive at the desired pre-
sentation. Since it is lengthy and computationally dense, the proof is deferred to Appendix

A.

Using the same method as in the & = 3 case, presentations for the cases k = 2 and k =4
are obtained, and finite generating sets are obtained for £ = 5 and k = 6. Unfortunately
the current method of arriving at presentations using the Reidemeister-Schreier rewriting
process does not appear to lend itself well to finding a general form for presentations for
all k. The next paragraph summarizes the results for £ = 2,4, 5,6, which were arrived at
using similar methods to the k = 3 case.

The liftable mapping class group LMods (31, B) admits the presentation

(A,B,C,D | [A, D], [A,C),[C, D), [B, D], D*, ABA = BAB, BCBC = CBCB, (BAC)?)

where A=1T,, B=1T3, C = Tf, and D = .
LMody4(31, B) admits the presentation

(A,B,C,D, H |[A,D],[A,C],[C,Dl|,[B,Dl],[H,D],D? ABA = BAB,
HAHA = AHAH,CBH = HCB,HCBCB = BHCBC, (BAHC)?)

where A=1T,, B="1T3, C = T;l, H = TI%Q(/B) and D = .

LMods(31, B) and LModg (X, B) are generated by
(To.T5, 72,0, T, TiT, T;°T,} and  {T,,T5, 75,1, T% ) T;g,(ﬁ)}

respectively.

5.1.4 Abelianization

Using the presentation from Theorem 5.1.8 we may now compute the abelianization of
LMods(Xq, B). Recall that for any group G, H,(G;Z) = G/|G, G].

Theorem 5.1.9. H,(LMods(2y,B);Z) = Z/27 & Z/AZ & Z.

Proof. In the following computations, let 7 be the set of all commutators. By Theorem
5.1.8, H;(LMods(Xq, B); Z) admits the presentation

(A,B,C,D | D*, A= B,(AB*C*)*,T) = (A,C,D | D* AZC® T).

The presentation matrix for this presentation is [2 § 2], which has Smith normal form [3 9 J].
Therefore Hy(LMods(Xy,B);Z) =2 Z/27 & Z/AZ & Z. |
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By similar computations to those in the proof of Theorem 5.1.9 we have

Z)2L&LI3L & T if k=2

H, (LMod, (S, B): Z) =
1(LMod, (2, B); Z) {Z/2Z@Z/3Z@Z@Z if k= 4.

We have the following corollary. Recall that the first Betti number of a group G,
denoted by (G), is the rank of the abelian group H,(G;Z). Let SMody(3x) be the symmetric
mapping class group corresponding to the cyclic branched cover py : X — 1.

Corollary 5.1.10. The first Betti number of SMods(X3) is 1.

Proof. By the Birman-Hilden theorem (Theorem 2.3.2) there is a short exact sequence
1 — Z/k7Z — SModg (%) — LModg(2q, B) — 1.
Since the abelianization functor is right exact we have
Z/k7 — Hi(SMody(3); Z) — Hi(LModg (%4, B); Z) — 1.

Since ®Q is an exact functor we have Hy(SMod(Xg); Z) @ Q = Hy(LModg (X1, B); Z) ® Q.
Therefore by (SModg (X)) = b1 (LModg (%4, B)). Computing by (LMods(%4, B)) by Theorem
5.1.9 completes the proof. [

Again, performing similar computations for k = 2 and k£ = 4 we get

1 itk=2

b1 (SMody(3)) = {2 H k=4

5.2 Interactions between the liftable mapping class
groups
In the previous section, we constructed a family of finite index subgroups
{LMody (%4, B) : k > 2}

of Mod (X4, B). A natural question to ask is how do these subgroups interact with each
other.

To state the main result of this section, we need the following standard result from
group theory. For subgroups H, K < G, denote HK := {hk : h € H,k € K}. In general
HK is not a group.
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Lemma 5.2.1. Let H, K < G be subgroups of finite index. Then
G:HNK|<|G:H|G: K]
with equality if and only if G = HK.
For the statement of the next theorem, let LMod,; (X, B) = Mod(%4, B).

Theorem 5.2.2. Forintegers k,1 > 2, LMody (2, B)NLMod,; (X1, B) = LModiem(k,) (21, B)
and LMOdk(Zl, B) LMOdl(Zl, B) = LMOdng(kJ) (21, B)

Proof. For ease of notation, let Gy = LMody (%4, B).

Let {z,y, z} be the basis for H;(32;7Z) defined at the beginning of this chapter. Let
U : Mod(%,B) — GL3(Z) be the homomorphism given by the action of Mod(X;, 5) on
H;(X19;Z) with respect to {z,y,2}. Let f € Mod(Xy,B), and let ¥(f) = [4 2] where
A € SLy(Z) and v = (vy,v3) € Z @ Z by Lemma 5.1.3. Then f € G N G if and only if
vy = vy =0 mod k and v; = v =0 mod [ by Lemma 5.1.4. This is true if and only if
vy = vy =0 mod lem(k, ). Therefore by Lemma 5.1.4 we can conclude G NG = Giemk,)-

Since ged(k, 1) divides k and [, it follows that G}, and G, are both subgroups of Gged(k,1)-
By Lemma 5.2.1, it suffices to show [Gaed(k,) : Grem(k,t)) = [Geed(et) : Gil[Geearyy © Gi]- By
Corollary 5.1.6 we have

lem(k, 1)?
ged(k, 1)?
k2 [2
~ ged(k, 1)2 ged(k, 1)
= [chd(k,l) : Gk] [chd(k,l) : Gl]

since lem(k, 1) ged(k, 1) = kl. |

[chd(k,l) : Glcm(k,l)] =
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Chapter 6

Lifting Mapping Classes on Surfaces
with Boundary

So far we have only dealt with liftable mapping class groups coming from covers of closed
surfaces. We now shift our focus to the case where the surfaces have non-empty boundary.
Assume 9% # () and 9% # ). Let p : X — ¥ be a finite-sheeted, regular, possibly branched
covering space with finite deck group D, branched at B C ¥\ 0%.

The primary goal of this chapter is to prove the analogous result to Lemma 2.3.5 for
surfaces with boundary in Theorem 6.2.4. As a consequence we prove that LMod, (3, 0%, B)
is a finite index subgroup of Mod (X%, 0%, B) in Theorem 6.2.9.

To characterize homeomorphisms that lift, it will once again be useful to look at the
corresponding unbranched covering p° : ¥° — 3°.

If we were not concerned with fixing boundary components, then a homeomorphism f

of ¥° lifts if and only if f*p:m(io,:?:) = pi’m(f}o,f(x)) for any x € ¥°, ¥ € p~!(z) and
f(x) € p~Y(f(x)). However, the following example shows that such a characterization in
terms of the fundamental group is inadequate when boundaries are to be fixed.

Consider the 2-sheeted unbranched cover of an annulus S by an annulus S, and choose a
basepoint = € 0S. Then any homeomorphism fixing 0S5 pointwise acts trivially on 7 (.S, x)
and therefore lifts to a homeomorphism of S. However, a Dehn twist on the annulus S does
not have a lift that fixes JS pointwise, whereas the square of a Dehn twist does. Indeed,
the square of a Dehn twist on S lifts to a Dehn twist on S (see Example 6.2.7 below).

To characterize when a homeomorphism lifts to a homeomorphism that fixes boundary
components, we must instead look at the action of a homeomorphism on the fundamental
groupoid 7 (3°, A) for a specific choice of basepoints A C X°.
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6.1 Groupoids

Here we survey the relevant results about groupoids. See the books [28] and [15] for more
details.

A groupoid is a small category where every morphism is an isomorphism. Equivalently,
a groupoid G is a disjoint collection of sets {G};}i jer together with an associative partial
operation - : Gj; X G, — Gy, such that

e For each i € [ there is an identity e; € G;; such that e;f = f and ge; = g for all f, g
such that the products e; f and ge; are defined, and

e For each g € G,; there is an inverse g~! € Gj; such that gg' =¢; and g~ 'g = ¢;.

We will call I the object set of G. If |I| = 1 (equivalently if the category has one object),
then G is a group.

A groupoid is connected if G;; # 0 for all 4, j € I. Notice that G;; is a group for all
¢ € I, and if G is connected then Gy; = Gj; for all 7,5 € I. The groups G;; will be called
vertex groups. From now on we will assume G is a connected groupoid.

Fix an iy € I. For each 7 € I choose an element ¢; € G;,; with ¢;, = e;,. Then G is
generated by the vertex group Gy, and {¢;}ier. In fact, every element in G;; is uniquely
written as ¢; 'ge; for some g € Gy We call {1;}icr a star based at ig.

A subgroupoid H < G is a collection of subsets {H;; C Gi;}ijes for some non-empty
J C I such that H is a groupoid with the operation from G. A subgroupoid is wide if
J = 1. A subgroupoid H < G is normal if f~'H; f C Hj; for all f € G,;. It follows that
normal subgroupoids of connected groupoids are wide, and h — f~'hf is an isomorphism
of groups Hy;; = Hj;.

In this chapter we will be interested in connected normal subgroupoids of connected
groupoids. Let ‘H be a connected normal subgroupoid of G. Construct the quotient groupoid
G/H to be a groupoid with one object, or a group, as follows. Put an equivalence relation
~ on G by a ~ b if there exists x,y € H such that a = xby. The equivalence classes will
be called the cosets of H in G, and these are the elements of G/H. Define an operation
on the cosets by [a][b] = [axb] for some = € H. This is a well defined group operation on
G/H.

Although we will not need it, the quotient groupoid can be defined for disconnected
normal subgroupoids of connected groupoids. The only difference is that there is one object
for each connected component of H (see [28, Chapter 12]).
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6.1.1 Awutomorphisms of groupoids

Let G and H be groupoids with object sets I and J respectively. A morphism ® : G — H
is a functor from G to H. Explicitly, ® is a function ¢ : I — J together with functions
bij + Gij = Hyye(y) for all 4,5 € I such that ¢;;(a)d;in(b) = ¢ir(ab) for all a € Gy;, b € Gj.
It follows that ¢;;(e;) = ep) and ¢j;(¢7") = ¢y;(g) ' for all 4,5 € I an g € G;;. We may
suppress the subscripts and simply write ¢;;(g) as ®(g).

An automorphism of G is a morphism ® : G — G with a two-sided inverse. The set of
automorphisms of G forms a group under composition, denoted Aut(G).

We now restrict our attention to connected groupoids with finite object set. Let G be
a group and consider the semi-direct product G™ x Aut(G). To set notation, the group
operation on G™ x Aut(G) is given by

((g1s -5 9n), ) (s ), 0) = (@(ha)gr, - o (hn)gn), ep)

for all g;, h; € G and ¥, p € Aut(G).
Define the pure automorphism group of G by

PAut(G) := {® € Aut(G) : ¢(i) =i for all i € I}.

Let G be a connected groupoid with object set I = {0,1,...,n}. Let G = Gg be the
vertex group at 0 € I. Choose a star {¢;};c; C G based at 0 € I and let gy = ¢y € G.

Lemma 6.1.1. The map 0 : G™ x Aut(G) — PAut(G) given by

0(((g1,- - gn) V)13 Mary) = 17 g U (a)gse
s an isomorphism.

Lemma 6.1.1 is proved in [3, §3]. Note that the isomorphism 6 depends on the choice
of star.

Let H < G be a normal subgroupoid. If ® € Aut(G) is such that ®(H) C H, then
® induces an automorphism ® € Aut(G/H) by ®([a]) = [®(a)]. Define the subgroup
LAuty(G) < PAut(G) by

LAuty(G) = {® € PAut(G) : ®(H) = H and ® =id € Aut(G/H)}.

Our goal is to prove, with certain restrictions on G and H, that LAuty(G) is finite index
in PAut(G).

The next lemma requires the following setup. Let G be a connected groupoid with
object set I = {0,1,...,n} and let G = Gy be the vertex group at 0 € I. Let H be a
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connected normal subgroupoid with vertex group H = Hyy, which is a normal subgroup of
G.
Define the subgroup K < G™ x Aut(G) by

K ={((g1,---,9n), %) € G" x Aut(G) : ¢ € LAuty(G), g; € H for all i}.

Here, LAuty(G) is defined by considering a group as a groupoid with one object.

Lemma 6.1.2. Choose a star & = {t;}ic;r C H based at 0 € I. Consider the isomorphism
0 : G" x Aut(G) — PAut(G) from Lemma 6.1.1 defined by S. Then 0(K) = LAuty(G).

Proof. Let k = ((h1,...,hn),%) € K, let hg = ey € H and let ¢; 'g¢; be an arbitrary
element in G. Then 0(k)(¢; " ge;) = ;' hy " p(g)hje,. Since ¥(g) € H if and only if g € H,
0(k)(v;'ge;) € H if and only if g € H. Therefore 0(k)(H) = H. In G/H, [1; ' gt;] = [g]

for any g € G. Therefore 0(k)([t;*gt,]) = 0(k)([g)) = [¢(g)]. Since ¥ € LAuty(G),
[1(g)] = [g] implying O(k) € LAuty(G).

Conversely, suppose k = ((g1,---,9n), %) € G" x Aut(G) is such that 0(k) € LAuty(G).
We have 0(k)([g]) = ['(g)] = [g] for all g € G, so 1 € LAuty(G). Let hi; be an arbitrary
element of Hy;. Then 0(k)(he;) = 1(h)g;t;. For 6(k)(he;) to be in H, we must have g; € H.
Therefore k € K, completing the proof. [ |

Lemma 6.1.3. Let G be a connected groupoid with object set I = {0,1,...,n} and H a
connected normal subgroupoid. Let G = Gog and H = Hyy as above. Suppose G s finitely
generated and H is finite index in G. Then LAuty(G) is finite index in PAut(G).

Proof. By Lemma 6.1.2, it suffices to show that K is finite index in G x Aut(G). It is
easily checked that ((g1,...,9n),%) and ((hy,..., hy), ) are in the same right coset of K if
and only if [h;] = [¢;] in G/H for all i and ¢ and ¢ are in the same right coset of LAuty (G)
in Aut(G). The result then follows from the fact that if G is finitely generated and H is
finite index in G, LAuty(G) is finite index in Aut(G). |

6.1.2 The fundamental groupoid

The groupoid that will arise in the next section is the fundamental groupoid of a surface.
We will briefly state the definition here and state some properties without proof that will
be useful later on. For a full treatment, see [15, Chapter 6] or [28, Chapter 6.

Let X be a topological space and A C X a subset. As a set, the fundamental groupoid
m (X, A) is the set of homotopy classes of paths o : [0,1] — X relative to the endpoints.
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The paths must satisfy o(0),0(1) € A. A partial operation is defined on m (X, A) as
follows. If o(1) = 7(0), then [o][7] = [y] where

o(2t ifo<t<i
G =72 Hstss
T2t —-1) if;<t<1

Intuitively, two paths can be concatenated if the endpoint of one meets the beginning of
the next. With this partial operation, m;(X, A) forms a groupoid with object set A. The
identities are the constant paths and the vertex group at a € A is the fundamental group
m (X, a). It is helpful to think of the fundamental groupoid as a fundamental group with
multiple basepoints.

Like the fundamental group, the fundamental groupoid provides a functor from the
category of pairs of topological spaces to groupoids. In particular, if f : X — Y is
a continuous map such that f(A) C B, then there is an induced groupoid morphism
fe : m(X,A) —» m (Y, B). Furthermore, if f : X — X is a homeomorphism such that
f(A) = A, then f, : m (X, A) — m(X, A) is an automorphism of the groupoid (X, A).

The last point is especially important. In the next section we will characterize homeo-
morphisms that lift in a particular way by the induced automorphism on the fundamental
groupoid.

6.2 Fundamental groupoids and lifting mapping classes

As hinted at above, to characterize when a homeomorphism lifts to a homeomorphism
that fixes boundary components, we must look at the action of a homeomorphism on the
fundamental groupoid 7 (3°, A) for a specific choice of basepoints A C ¥°.

Suppose 0%° has n + 1 components. Let A = {zg,x1,...,2,} C 0X° be such that
each component contains exactly one of the z;. For each z;, choose a point 7; € p~!(x;)
and let A = {Zo,%1,...,2Zn} C dx°. It follows from the unique path lifting property for
covering spaces [27, p. 60] that the induced groupoid morphism p, : Wl(io, A/) — m(2°, A)
is injective. Since p : Y° 5 Y% is a regular cover, p*m(i", X) is a normal subgroupoid of
m(2°, A). For the remainder of this section let G = m1(X°, A) and H = p.mi (2°, A).

For the next lemma, recall from Section 2.2.1 the definitions of SHomeop(io,(‘?iO),
LHomeo, (%°, 9%°), and the homomorphism II : SHomeo,(3°, 83°) — LHomeo,(X°, 95°).

Lemma 6.2.1. Let f € SHomeo,(3°,0%°) and let f = II(f) € LHomeo,(2°, %°). Then
fo(H) =H and f. = id € Aut(G/H).
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Proof. Since f is a homeomgrphlsm that fixes A we have 1. 7T1<E A) = 7r1(20 Z) Then
f*p*m(Z A) s fam (X°,A) = p*m(Z A) so fyH ="H.

Now let B = p~'(A). Let [0] € G for some path o : [0,1] — X° such that o(0) = =;
and o(1) = z;. Let & be the unique path in 3° such that p(6) = ¢ and 6(0) = #;. Then
(1) € B. Since B € 9%°, f5(1) = (1). Therefore [5][f5]" is defined in 71 (X°, B). Then
p«([6][f5]™1) = [pollpfo] ™ = [o][fpo]™" = [o][f(0)]~". However, [5][f5]™" € m (2, A) so
[o][f(o)]~! € H. We finally conclude that [¢] and [f(c)] are in the same coset of H in G,
completing the proof. [ |

Lemma 6.2.1 is one direction of Theorem 6.2.4. Lemmas 6.2.2 and 6.2.3 prove the other
direction.

Lemma 6.2.2. Let [ € Homeo(X°,0%°) be such that f.(H) = H and f. = id € Aut(G/H).
Then there is a lift f of f such that f(iy) = o and f~'df = d for all d € D.

Proof. Since f.(H) = H, f*p*m(f] Ty) = p*m(i Zy). Therefore there is a lift § of f
such that §(Zo) € p~'(zo). Since D acts transitively on the fiber p~*(xo), there is some
d € D such that dg(Zo) = To. Therefore f =dg is a lift of f such that f(xo) = Io.

Let d € D. To see f'df = d, we will first show fd(Zo) = df (o). Let 0 be a path in
5° such that 6(0) = 7 and 6(1) = d(Z). Let 6 = pd. Then [§] € m1 (52, o).

By assumption, [§] and [fd] are in the same coset of H in G, so in particular they are in
the same coset of p*m(Zo To) in 71 (X°, x). This implies that if 7 is a lift of f§ such that
7(0) = o, then (1) = 5(1). However, pfé = f& and f4(0 )) = Zo S0 fo = 5. Therefore
Fd(z0) = f3(1) = 5(1) = d(y). Since f(o) = &y we have df (7)) = d(zo) = fd(F0).

We now have df(zo) = fdf~'f(&). Since fdf ' € D and the deck group acts freely
on °, fdf~! = d, completing the proof. [ |

Lemma 6.2.3. Let f € Homeo(X°, 0%°) be such that f.(H) = H and f. = id € Aut(G/H).
Then f € LHomeo,(X°,0%°).

Proof. Let f be the lift of f such that f(iy) = #o ensured by Lemma 6.2.2. Let § € Y°.
It suffices to show f(§) =

Let y = p(7) € 0%°. Then y is in the same component of 9X° as x; for some i. We will
first show f(z;) = ;.

Let & be a path in ° such that 6(0) = %, and 5( ) = &;. Let 6 = pd. Since [] € H,
[fo] € H. Since pfo = fpd = f&, we have that fé is the unique lift of f& such that
f6(0) = &y. Since [fd] € H, there is a lift 4 of f§ such that 5(0) = Z and 7(1) = &;.
Therefore fo(1) = &; so f(%;) = ;.
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Now let ¢ be a path in 9%° such that 0(0) = z; and o(1) = y. Then fo = 0. Let &
be the lift of o such that 5(0) = Z;. Then f& is a lift of . Furthermore, since f(#;) = Z;,
f5(0) = 5(0) so f& = &. Since & is a lift of o and D acts transitively on p~!(y), there is
some d € D such that (1) = d(§). Therefore fd(§) = d(§). By Lemma 6.2.2, df(§) = d(§)
so f(7) = i, completing the proof. [ |

To state the following theorem, we return to the setting of the original branched cover
p: X — X branched at B C £\0X. If f € Mod(X, 0%, B) we will abuse notation and denote
by f. € Aut(m(X°, A)) the automorphism induced by a representative homeomorphism
for f. The abuse of notation is legal since any representative homeomorphism for f fixes
A pointwise, and isotopic homeomorphisms induce the same groupoid automorphism.

Theorem 6.2.4. The liftable mapping class group is given by
LMod,(X,0%,B) = {f € Mod(X,0%,B) : f.(H) =H, f. =id € Aut(G/H)}.

Proof. Recall that f € LHomeo,(X, 0%, B) if and only if the restriction of f to ¥° is in
LHomeo,(X°, 0¥°). Combining Lemmas 6.2.1 and 6.2.3 completes the proof. [

If ¥ has one boundary component we get the following well-known corollary.

Corollary 6.2.5. Suppose ¥ has one boundary component. Choose a basepoint x € 03%°
and 7 € p~'(x). Then

LMod, (%, 9%, B) = {[f] € Mod(%, 0%, B) : ¢f. = q}

where q : m(°, ) — 1 (2°, 2) /pom1 (3°, %) is the quotient map and f, is the induced map
on m(3°, x).

Proof. The condition ¢f. = ¢ is equivalent to f, acting trivially on the cosets of p,m(X°, )
in m1(X°, ). The result then follows from Theorem 6.2.4. n

6.2.1 Identifying liftable mapping classes

The next proposition gives a direct way to check whether or not an element of Mod(X, 0%, B)
is in LMod, (3, 0%, B).

Choose a point xy € 9X° and a lift Ty € p~'(xg). Choose a generating set {71, ..., Vm } of
m1(2°, o). Since the cover is regular, m (3°, 7o) /p.m1 (5°, Z) = D. Choose an isomorphism
and let g : m(X°, 29) — D be the quotient map.
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Suppose there are n+ 1 components of 9%°. Enumerate the components not containing
xg from 1 to n. For each i € {1,...,n}, choose an arc o; : [0, 1] — X° such that ¢;(0) = z
and o;(1) is in the ith boundary component. Let xz; = 0;(1) € 9%°.

Let A = {zg,21,...,2,} C 0X°. Then the v; and [o;] are all elements of m(X°, A).
Given an element [f] € Mod(X°,0%°), f.[o;] = a;[o;] for some a; € m1(X°, xo).

Proposition 6.2.6. A mapping class [f] is in LMod,(X,0%,B) if and only if
qfe(7vi) = q(vi) for all i and a; € kerq for all j.

Proof. Choose a lift Ty € p~!(xg). For all i choose lifts 7; of o; such that 7;(0) = Z,. Let
#; = 6:;(1) and let A = {Zo,%1,...,7,}. Let G = m(2°, A) and H = p.mi(3°, A). Then
by Theorem 6.2.4 [f] € LMod, (3, 0%, B) if and only if f, € LAuty(G) where LAuty(G) is
defined in Section 6.1.1.

The condition qf.(v;) = q(~;) for all i is equivalent to f. acting trivially on the cosets
of p*m(Z To) in m(X°,29). The condition a; € kerq implies a; € p*m(E Zp) for all i.
The result follows from observing that {[o1],...,[0,]} is a star in ‘H and applying Lemma
6.1.2. |

We will now apply Proposition 6.2.6 to two well-known situations.

Example 6.2.7. Consider the k-sheeted cyclic unbranched cover py, : A — A of an annulus
by an annulus. Choose points zg, 1 € 0A, with zy in one boundary component and z;
in the other. Choose an arc o such that ¢(0) = xo, 0(1) = z1. Let 7 be a generator of
m (A, xo).

The cover py is determined by the surjective homomorphism ¢ : 7 (A, x¢) — Z/kZ
given by ¢(v) = 1, so ker g = (7/*).

The mapping class group Mod(A, 0A) is an infinite cyclic group generated by a Dehn
twist 7. Then T,(y) = v and T.([o]) = v*'[o] (the exponent of v depends on the choice
of generator ~y of m (A4, zo)).

Applying Proposition 6.2.6, we see T™ lifts if and only if n = 0 mod k. Interestingly,
T* lifts to a Dehn twist on A, so SMod,, (4, dA) = Mod(A, dA).

Example 6.2.8. Choose integers n, k > 2. Let D be a disk and choose n points B C D\dD.
Let D,, = D\B. Enumerate the deleted points and let z; € Hy(D,,; Z) be the homology class
of a loop surrounding only the ith puncture counterclockwise. Let ¢ : Hy(D,;Z) — Z/kZ
be the surjective homomorphism given by ¢(z;) = 1 for all i. Let p° : ¥° — D,, be the
cyclic cover determined by ker(¢) and let p : ¥ — D be the associated branched cover,
branched at B C D.

We have Mod(D,0D,B) = B,, where B,, is the braid group on n strands [22, §9.1].
For any f € Mod(D, 0D, B), let f. € Aut(H,(D,;Z)) be the action of f on Hy(D,;Z) and
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let oy € S, be the induced permutation on the marked points. Then f.(z;) = 2, for all
i. Therefore pf.(z;) = ¢ (:Ugf(i)) = p(z;) for all i, so pf. = ¢. Applying Corollary 6.2.5
we see LMod,(D, 0D, B) = Mod(D, 0D, B).

Applying the Birman-Hilden theorem with boundary (Theorem 2.3.4), we get an iso-
morphism B,, = SMod, (3, 0%¥). An argument using the Riemann-Hurwitz formula shows
that  has ged(n, k) boundary components and genus g = 3(1+ (1 —n)(1—k) —ged(n, k)).
Therefore there is an injection B, — Mod (ng("’k), oyEednk) )

When k = 2 the embedding coincides with the usual embedding of the braid group
sending each standard braid generator to a Dehn twist [22, §9.4]. An investigation when
k > 3 will appear in upcoming joint work with Alan McLeay.

6.2.2 The index of the liftable mapping class group

In the case when p : Y = Yisa finite-sheeted, regular branched cover between closed
surfaces, it is known that the liftable mapping class group LMod, (X, B) is finite index in

Mod(%, B). In this section we prove the analogous result when ¥ and ¥ have non-empty
boundary.

Theorem 6.2.9. The index of LMod, (X, 0%, B) in Mod(3, 0%, B) is finite.

Proof. Let W : Mod(%, 0%, B) — PAut(G) be the homomorphism given by the action of
Mod(%, 0%, B) on the fundamental groupoid G. An application of the Alexander method
[22, §2.3] shows that W is injective [33, Theorem 3.1.1]. By Theorem 6.2.4,

\I/(LModp(E,aZ,B)) C LAuty(G).
We have

Mod(S, 0%, B), LMod, (X, 95, B)] = [¥(Mod(X, 8%, B)), ¥(LMod,(X, 9%, B))]
< [PAut(G) : LAuty(G)]

< OQ.

The equality follows from the injectivity of ¥. The first inequality follows from the following
fact from group theory: if K, H are subgroups of G, then [H : KN H| < [G : K|. The fact
that LAuty(G) is finite index in PAut(G) is Lemma 6.1.3, completing the proof. [ |
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Appendix A

Proof of Theorem 5.1.8

In this appendix we provide a proof for Theorem 5.1.8. The proof relies heavily on code
written in Sage, which has been included below in Section A.1.

Proof of Theorem 5.1.8. Applying the Reidemeister-Schreier rewriting process we obtain

the generators
{Cka:KeS aec{ab,cd}}

and relators

{Cka:KeS ac{abcd, Ko~ Ka}UA
= {Cl,m Cc,b> Cc—lba Cc—17ca ch—l,ba ch—l,m ch,av C’c—lb—l,b} UA

where A is defined below and Ko is the element in S that represents the same coset as
Ka. Here = means freely equal.

The relators in A are given by output 0 from the Sage code:
Cl,aCI,bcl,aC;gCi;C;[}
C14C1,eCepCiCoy Cre
Cl,aCI,cCc_,;C;,cl
Cl,acl,dciicié
C1,b01,d0igci§
C1,CoaCrlCrj
C1,4Cra
C1,0C16C1,CcaCepCcb e CebaCcbab Ceba,cCeba,a Cerr pCoet
C1,6CeaCepCobaCrpayCiaCy Ot
Cl,cCc,chb,cch,ngz,l,CCJ},CC_,CICfcl
C1,eCeaCecCa Col Ol

c,acc
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C11 cCc aOc dC C

Ol cCc bch dC C

1 CroCr 4C- 10 c

Ol,ccc,doc,dcic
Cl,cCc,aCc,chb,cch,acha,chba,ccha,aCc’b’,ch’,cCLaCI,bCI,c ;’cl
Cg,icc/,aCc/,ch’b,aC;)/lc7bC;1)17aC;71 Cc’,c

CC_I}COC’,ch’b,Cch’,bcl_,g 01_,; C’c_/}ccc’,c

C'_IC’ aCo C'_IC_lC’

C Cc’ Cc’ dC C / dCc c

Ccl7cCc/,ch’b dC /1 C ol dCc c

CC_I}CCc’,ccl dO /1 CC/ dCc c

O(;’lccc’,doc’,dcc’,c

Cczlccc’,acc’,bc 'b, cch’ C c'b, bC b ¢ C vy, ch chb’ ch’c ach’ ch,cCc’,c
Cl,ccc_b/l,bccb’,cccb’c ach’ ch aCCb/ ch’c aC be, bC b e ch’ bcl_c
01,cCc_b/l,chb',cch'c,bch/c,cccfb,bcc/b/ Cc,b de,/ ch/ O sCre
Ol,ccc_b/l’bocb’,cccb’c,ach’,cc_/blacc_b/ C e ¢ ch’ bC

Cl,cC;b/ljchb’,cch’c,ach’,d cbc, aC blc, dch’ ch/ bcl C
Cl,cc(;/ll,ccb’,cch’c,bccb’c,dch/Qchb/c’dCCb/7cch’,bCLc
Cl,cCc_b/l’chb’,cch’c,cCc’b7dC(;,}c’cC(;,}c’dCc_b/1,cch’,bcl_é
Cl,CC;(,/l,chb’,cch’c,dch’c,dC;b/l’cch’,bCicl

Cl,CCC?,},chb’,cch’c,ach’,ch cCc aC / bC ’b cch’,aCc’b,ch/b/,cCc’b/,ach,chb’,CC(;}7Cch’,bCicl
C1..C) ,Cotr aCenyCorv 0 Lo 1% Coy 4O

C1.eCo yCoty 4Ce.cCor 4 Cly, CC RO ch/ +Cre

Cl CCCb/ ch’ C c’b cch/c aC b c ch’ bC
Cl,cccb/,bccb’,acc’b,dccb/,ach/7dccb/,b01_,c

C1..C) ,Copy pCeaCiyf C;b} Coy 4C1o

Ol,cCc_b/l’chb’,cch’c dC b, ch/ ch’ bol_c

Cl,cC;,},chb/,dch/,dch/,bCf,C

Cl,ccc_b/l7b0dﬂ,acc’b,bcc’b’, C 'y, ch chb’ ch’c ach’ ch,cCc’,aCc’,ch’b,cch’,bcicl
Cc_licc’,ch’b,ach’c,bch’c aC ch bC 28 Cclb bC 2 : Cc c

CasCaConaCon CovaCilCaly Col.CoC,

C C(/bc' ’bach’ccC cb’, Clbcccllcc c

Ccl}ccc’,ch’b,ach’c,dcc/b@Cclbdcc/’bcc .

OC_I}CCC’,ch’b,ch’b’,dCC_/bl’bCC_/bl’dOC_/,l C’c’,c
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L Cor yCorneCoy dCint Ot 4O Cor o

CC/7(300’,ch’b,dCc’b,dcclych ,C

Cc_/ylccc’,ch’b,ach’c,bccb’c,ccc’b,ach’c chb’c,cCc’b,ach’c chb’c cCc’b,ach’c,bccb’c,ccc_/})cc’,c

Cl,cCc,chb,acha,aCc/b',ch’,aC7b/ cha aO;b(lz bO C C

C’1,cc(c,bC(¢:b,aC(cba,bc(cba ccha chba ccha chba cch aCc C 1

Cl,ccc,bccb,accba,acc’b’ Cc cha,cch aC

Cl cCc chb acha aO 44 dC cha aCc_a, ch aO ’ 1 Cl

Cl cCc chb acha chba dcha chba dch aC C
c,l WO C

baa

C1,6CepCebaCobacCeba,dCipy cCop ba.d
C1,6CepCobaCobaiCoeba,dCayyCoy Cra
C1,CepCep,aCeba,aCorvr pCer Ch,aCh bC'1 CeaCe chb,cch,aC’cba,bccba,ccc_b}acgbl
C1,6CesCebaCobasCeba,aCp y,Coy e CoppCop Cre

Cl,cCc,chb,chb’,cch’cbccb/ ch bC' bCC C’

C1,eCepCo,aClba,cCapaCop C'

C1,eCepCep,aCeba dCCb ach dC b C

C1,eCepCabpCoy aCiy, CopiCr, o , Ol

Cl,cCc,chb,cch,dC;,}cC C' , Che

Cl,ccc,bccb,dcc@dcgbl

Cy cC chb aCebasCeba,cCeba.aCor 1Cor C1,aC15C1,cCoaCepCan Oy )y Cr i

CoCoy v b sCertr,aCebpCer, CC/ bC', LCop 1 Coy sCo e

Co C b Coy pCo O ch Coy b, C,b, Copy pCor e

cics) it oCeraCancCo Cob CoyCore

&m C 2L »Cow, aCopaCoy b, C'b' Corpy pCer ¢

c C ’b’ yCerr v Cor dCc’b’ Cc’b’ Cop pCo o

O C /b’ C’c’b’ Oc’b’ dC V¢ O Y, C’c’b’,bcvc’,c

Cu C b yCertr dCoy aCor pCe

Cu O b 3Ot ,aCebpCetr Cetye,aCey sCe,cCor,aCer pCert e Cety,aCerbop Corty Oty pC -

Deleting all the symbols which are relators we are left with generators
{Cxa:KeS ac{abcd, Koz Ka}

and relators given by output 1 from the Sage code:

—1,v—1
Ol aCI bcl,aCLb Ol,a
Clb cbc
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Cl,acc_,c}

Cl,acl,dci; ,

Cl,bCLdCi;Ci;

Cc,dcl_’;

C1,aCra

Cl aCI ch,ach,cccba,bccba,cccba,a
OC accba b

ch cch bC c'b, CC !
Cc,aCC,CCc’,aCC,Cl

Oc,acc,dogal Cc_,c}

CevaCy, C}

Oc,ccc’,dcc_,cl

C’c dCc d

Cc ach ccha chba cccba acl acl b

Cc ,aCc’b,cch’ C, c'b ch’b/,cCc’b’,ach,bch’c,aCc,c
ch’c,aoc,aC;b’ C cb’'c,b

ch’c chb’c CO 'b ch/b’ Cc’b b c_b’l

OCb'C (IO c'ba c_b/lc c

Cey ¢, aCetr dch’ c ach/ c d

ch’c chb’c dC cbe,b cb’c d

CCb’QCCC'b,dch’c,c c_b’lc,d

ch’c,dccb’c,d
ch’c,aCc,cCc’,aCc’b,cccb/,aCc/b,ch’b’,cCc’b’,ach,b
Coy oC ’b ch’b’ aCc_,al

CC CC cb'c, CC b'c,b

CCb/ C c’b Cch’c a
Co aCotdCot o Co 4
CeaCyy
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ch/ dch’

ch’ ,d ch’ ,d

ch’,aCc’b,ch’b’, C’c’b’ ch chb’c aCc,cCc’,aCc’b,c

Oc’b,aocb’c bch’c aC cb bO 'Y O c'bb

CoppCoy O 1C ‘e

C’baccb’c cC ’bc

C’bach’ch ’ba /bd

O c'b, ch’b’ dO ’b b /b d

C c'b, cch’ dC b, CC 'b,d

Cc’b,dCc’b,d

Oc’b,accb’c chb’c CO ’b ach’c,bch’c,coc’b,ach’c,chb’c,cCc’b,ach’c,bccb’c,c
cha,aCc’ aC cba,a cba b
cha,chba ccha chba ccha chba c
cha,a Oc’ v, Cc

ba,a cba c
cha aC 44 dcha aC ba,d

CebabCeba dcha b cbclL d
cha,ccha,dcha cC ba,d
cha,docba,d

Ceba,aCh,aCh, ch ach ccha bCchac
cha,bccba aO /b bC cb b

CeavpCevre, bO Cb .
cha,cc,:b}c

cha ,d C_bld

ch bC dch chb d
ch cch dccb c cb d

Ceb.dCeba

cha,bccba,cccba,a Cl,a Cl,bcc,accb,c
-1
CYc’b’ ch chb’ ,a Ccl a

Cl bO V¢

1 —1
O v, ch cCC/blya C/b/7C
C /b/ ch dC /b/ C /b/
C / dC Y d

-1 —1
CC'bI7CCC'b'7dCc’b’,c b ,d
Cc’b’,dcc’b’,d

Cc’b’,accb,bccb’c,a Cc,cCc’,aCc’b,cch’,a Cc’b,bcc/b’ ,C
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There are several relators which tell us that two generating symbols define the same element
in LMod(3; 2), for example the second relator C’l,bC’c’b}c allows us to replace all occurences
of Ce with C}p and delete the former as a generating symbol. Doing this for all such
relators we can remove the generators on the left in the table below, and replace them with
the symbols on the right.

{cha,lh Cc—l,m Cc,a} — Cl,a

{cha,c> ch,ca Ccflb,m C16*117*1,0} — Cl,b

{CK,d KeS§ \ {1}} — Ol,d‘

Making these substitutions we are left with the generators

{C1.4,C16,Cee; Cra, Cop-1c.0, Ceb16y Cep-1c.0s Ceb-1.0> Ce-1b.0, Ce=106, Ceba,as Cebpy Co-1p-14} -

To make this easier to read, we now replace these 13 generating symbols with the letters
{A,B,C,D,E,F,G,H,I,J, K,L, M}

respectively.

Making both these sets of substitutions in the relators, freely reducing, removing du-
plicate relators and removing empty relators, we are left with the following set of relators
given by output 3 of the Sage code. We have numbered the relators so we can keep track
of them as they are manipulated.

ABAB 'A-'B~!
ADA-'D!
BDB™'D1

DD
ABABABK
BLB~'C™!
ACA~'C™!
CDC'D™!
ABABKAB
AIF1171

. ABHJBMLEC

© ® NS o W=

—_ =
— O
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12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

EAE-1F1
FGJB'J'G™!
Er-'g—!
EDE-'D™!
FDF'D™!
GDG'D™!
ECABHJBML
HIMA™!
CG'F!
HBE™!
HDH'D™!
HJBMLECAB
IFEL*M~1J!
JBC~1B™!
IGH ‘B!
IDI'D!

JDJ D!
IFGIFGIFGIFG
KAK— 1A
KBK'B™!
KDK~'D1
KABABAB
AKJ*H-1L1
LFL'B™!
LDL'D™!
ABKABAB
MLHA™!
MBM'B™!

81



40. MDM~1D™!
41. MLECABHJB

We can now eliminate all but four of the generating symbols by rewriting various relators
as follows:

4. I=G'E
20. G=F"'C
12. F = FAE™!
38. M =AH'L7!
21. E=HB
34. H=L1AKJ™!
25. J = BCB™!
6. L=B'CB

5. K = (BABABA)™.

Notice that the last substitution is not exactly as it appears in relator 5. However, by 1
we have that ABABAB = BABABA so this substitution for K is still valid.

Performing these substitutions in the order listed, freely reducing, and eliminating
empty relators leaves us with generators { A, B, C, D} and relators given by Sage output 4:

ABAB 'A-'p~!

ADAD1

BDB D!

DD

ABABABA'B7'A-'B~tA-lp~!

ACA-IC !

CDC D!

ABABA™'B7'A-'B~'A"'B7'AB
ACT'BTIC'ATI BT ATIC 1 AB~IC 1A B AT IOt A
CABACBA 'CABACBC

© 0 N e W

—_
=
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11.
13.
15.
16.
17.
18.
19.
22.
23.
24.

26.
27.
28.
29.

30.
31.
32.
33.
35.
36.
37.
39.
40.
41.

AC-1A-IC
CBCB-1C-'B\C-'B-'C'A"'B1A"\C-'ACABACB
[((BACACB)™', D]

[B-1C~1A"1B~1A"1C-'ACABACB, D]
[B-1C~1A1B~1A-1C~-'A~'CABACBC, D]
B-1C'A'B-1C-'A"'CABACB
B-'C-'A"'B'A"'B-'ABCABABA™!
[((BCABACB)™!, D]

B-lC'A"'CAB

C-1BLC~1A1B 1A-1C-1AB"1C~1A"' B!
A"ICTABIC 1AL B 1ATICIB LA BC1 B!
C-1B1C~1A1B 1A1C-1AB"1C-'A"'B-LA"'C~1A"\CABAC BC BCABAC
[(A"'CABACBC)™!, D]

[BCB~, D]
C-1BLC~1A"1B~1A-1C-1AB~1C-1A"1B!
A"ICTABIC 1AL B 1A IC L ABIC AT B LA IC L AC
A"'B-'A-'B-'A-'B'ABABAB
A"'B-'A'B-'A-'\BABABAB

[((BABABA)~!, D]

A"'B-'A-'B-'A-'B'ABABAB

B 'A"'B-1A-'C-'ACABA

[B-CB, D]

ABA-'B-'A-'B~'A"'B~'ABAB
ABCABABA-'B-'A-'C—'B~'A~'B!

[ABCABAB, D]

ABCAC—'A"'B~1A-!

We will now eliminate relators by showing they are derivable from the relators we want
to end up with.
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Note that the commutators 15, 16, 17, 22, 27, 28, 32, 36, and 40 can all be derived
from 2, 3, and 8 so they can be eliminated. Now consider relator 19, which we can derive
using only relators 1 and 7 as follows. The numbers above the equivalence symbols indicate
which relator we are using to perform the manipulation.

B'C'A'B YA B ABCABABA™ L B'\C'A'B'A"'B"'ABACBABA™"
A B'C'A'CBABA™!
A BlCT AT'CABAAT
L B 'BAA™
~ 1.

Similarly, using only 1 and 7 we can derive relators 5, 9, 11, 18, 23, 30, 31, 33, 35, 37, 39,
and 41, so these can also be eliminated. Using 7, we can now rewrite 29 as

(C*A'CABACBA'CABACBA'CABACBA 'CABACBC)™' ~ (BACBC)™,

so we can replace 29 with the relator (BAC BC)*. Similarly we can rewrite 13 using 1 and
7 as

CBCB™'C'B'C'B'C'AT'B'AT'C"'ACABACB
~CBCB™'C'B~'C'B"'C"'A"'B"'ABACB
~ CBCB 'Cc'B~'Cc7'B~'C7'BCB,
so 13 can be replaced with (BC)*(C'B)™3.
This leaves us with relators
ABAB 'A-'B~!
ADA-ID™!
BDB 'D™!
DD
ACA-IC!
CDC D!
10. ACT'BIC'A B 1ATICAB IC 1A B 1A~ 1C 1A
CABACBA-'CABACBC
13. (BC)3(CB)™3

X N AW
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24. C'B~1C1A"'B-1A"\C1AB~1C1 A" B!
A"'C1AB1C~'A'B~1A"'C-'B~1A"'BC-'B"!

26. C'B1C1A"'B"1A"\CAB~'C~' A"\ B~1A"\C' A"'\C ABAC BCBC ABAC

29. (BACBC)

It remains to show 10, 24, and 26 can be derived from the others. For 24 we have

(BCB'ABCABACBA'CABACBA'CABACBC)™*
X (BCABA™'CA(BACBC)*)™
L (BACBC)™
21
For 10 we have
AC'B7IC'AT'B AT\ C'AB'C'A ' B A '\C'A"'\CABACBA ' CABACBC
L ACIB A\ IB 0 ' B71C A" !B~ A" '\ BACBC BCABC
A AC'B A"l 'B lCc'B-1C'B-'CBCBCABC
2 AC'B A BIC !B 1B\ C~'\CBCBCABC
~ ACT B A B ABC
1,7 1

Similarly using only 1,7, and 13 we can derive 26. These transformations show us that we
can remove relators 10, 24, and 26, leaving us with the presentation

(A,B,C,D | [A,C],[A, D][B,Dl],[C, D,
ABA = BAB, BCBCBC = CBCBCB, D2, (BACBC)Y).

The final thing to do is work out which elements of Mod(X;2) A, B, C, and D represent.
Recall these symbols are just labels for the symbols C' ., Ci4,Ce, and C 4 respectively.
The rewriting process tells us that the symbol C , represents the element represented by
the word KaKa  in the original presentation.

Using this, we see A, B, C, and D represent the words a, b, ¢3, and d in the presentation
for Mod(X;2) given by Proposition 5.1.1, which are the elements T,, Tj, Tf, and the
hyperelliptic involution ¢ respectively. [ |
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A.1 Sage code

This is the code that helped perform the Reidemeister-Schreier rewriting process and the
subsequent Tietze transformations in the proof of Theorem 5.1.8. Words are entered as
strings with inverses denoted by a /. For example, the word ab~'ca™! would be entered as
the string “ab’ca’”.

generators = ['a’,'b’,’'c’,"d"]

inverses = [x + "'" for x in generators]

relators = ["abab’a’b’", "bcbc’b’c’","aca’c’","ada’d’ ", "bdb’d’ ",
"cde’d’ ", "dd", "abcabcabcabc"]

coset_reps = ['’,"c","c’","cb/c","cb’","c"b", "cba", "cb","c"'b""]

#Takes a word (as a string) and outputs a list of letters (eg
#"abc’" to ['a’,’'b’,"c’"]).
def word_to_letters (x):
final = []
L = list (x)
while len (L) > O:
if L[1 % len(L)] == "’'":
final.append (L[0] + L[1])
L.remove (L[0])
L.remove (L[0])
else:
final.append(L[0])
L.remove (L[0])
return final

#Does the opposite of word_to_letters.
def letters_to_word(x):

final = "’/
for letter in x:
final = final + letter

return final

#Takes a word and outputs a list, eg "ab’c" to [['a’,1],
#['b’,-11,["'c",1]].
def word_to_1list (x):
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L = word _to_letters (x)

final = []
for let in L:
if let[-1] == "'":
final.append([let[:-11,-11)
else:

final.append([let,1])
return final

#does the opposite of word_to_list.
def list_to_word(x):

final = ""
for let in x:
if let[1l] == 1:
final = final + let[0]
else:
final = final + let[0] 4+ "'"

return final

#Checks whether or not a letter (as a string) is an inverse.
def is_inverse (X):
if x in inverses:
return True
else:
return False

#Inverts a list, eg [[’a’,1],['b’,-11] to [['b",1],["a’,-11]1.
def invert_ list (x):
return [[let[0],-1let[1l]] for let in reversed(x)]

#Inverts a word, eg "abc’d’a" to "a’dcb’a’".
def invert word(x) :
return list_to_word(invert_list (word_ to_list(x)))

#Conjugates the first word by the second.

def conjugate(x,Vy) :
return y + x + invert_word(y)
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#Freely reduces a word in list form.
def freely_reduce(rel):

reducedrel = [x for x 1n rel]
flag = 0
while flag ==
flag = 1
for let in range(len(reducedrel)-1):
1f reducedrel[let][0] == reducedrel[let + 1][0] and
reducedrel [let] [1] + reducedrel[let+1][1] == O0:
flag = 0

del reducedrel[let]
del reducedrel[let]
break

return reducedrel

#Replaces a letter with a string in a word, the word is a list,
#the letter and replacement word are strings.
def replace_letter(rel,letter, replacement) :

replacement_list = word_to_list (replacement)
final = []
for let in rel:
if let[0] == letter:
if let[1l] == 1:

for x in replacement_list:
final.append (x)
else:
for x in invert_list (replacement_list):
final.append (x)
else:
final.append(let)
return final

#Makes a copy of a list of words (in list form). It will help
#preserve the steps in the working out.
def copy_relators(rels):
finall = []
for rel in rels:
final2 = []
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for let in rel:
final3 = [x for x in let]
final2.append(final3)
finall.append(final2)
return finall

#Preliminary definitions and functions to define schreier_rep.

FHASAARAASS AR AASAAS

a = matrix(GF(3),I(1[11,1,0],10,1,01,10,0,111)

b = matrix(G¥F(3),([(1,0,0],[-1,1,0],1[0,0,111)

¢ = matrix(GF¢3),I[(r11,1,0],10,1,0]1,1[0,1, l]])

d = matrix(GF(3),([-1,0,0],0,-1,01,[0,0,-111)

alpha = {’a’:a,’b’:b,’c’:c,"a’":a" (-1),"b’ ":b" (-1),"c’ ":c” (-1),
/d/ :d, "d/ ":d}

cosetdict = {(0,0):"", (0,1):"¢c’,(0,2):"c’", (1,0):"cb’c",
(1,1):"cb’", (1,2):"c’b", (2,0) :"cba", (2,1):"cb’, (2,2):"c’b’ "}

#This takes in a word and outputs the matrix it represents.
def word_to_matrix(x):
letters = word_to_letters (x)
final = matrix(GF(3),[[1,0,0],[0,1,0],1[0,0,111)
for letter in letters:
final = finalxalpha[letter]
return final

#This takes in a matrix and returns the coset it belongs to as

#a tuple.
def coset (x):
if x[2,2] == -1:
return tuple([-x[2,0],-x[2,1]1])
else:

return tuple([x[2,0],x[2,1]1])

FHAFAAAAAA AR AR ASASES
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#This takes in a word as a string and returns its coset
frepresentative (as a string).
def schreier_rep(x):

return cosetdict[coset (word_to_matrix(x))]

#This rewrites a word and outputs the c-symbols as a list.
def rewrite (x):
final = []
L = word_to_letters(x)
for vy in range(len (L)) :
if is_inverse(L[y]):

symbol = [ (schreier_ rep(letters_to_word(L[O:y+1])),
Liyll:11),-1]

else:
symbol = [ (schreier_rep(letters_to_word(L[0:vy])),
Liyl),1]

final.append (symbol)
return final

#Inputs a set of generators in the Schreier form and outputs
#LaTeX code.
def schreier_rels_to_tex(x):

print "\\noindent $"

for rel in x:

texrel = '/
for y in rel:
if y[1] ==
if y[0][0] == '":
texrel = texrel + "C_{1," + y[0][1] + "}"
else:
texrel = texrel + "C_{" + yI[O][O0] + ","
+ y[0][1] + "}"
else:
if y[01[0] == '":
texrel = texrel + "C_{1," + y[O0][1] +
"} -1y
else:

texrel = texrel + "C_{" + y[O][O] + ","
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+ y[OlI[1] + "} {-1}"
print texrel + "\\\\AN\\AN\"
print "$"

#Inputs a list of generators in word/list form and outputs
#LaTeX code.
def list_rels _to _tex(x):
print "\\noindent $"
for rel in x:
texrel ="'
for v in rel:
if y[1] == 1:
texrel = texrel + y[O0]
else:
texrel = texrel + y[0] + "7 {-1}'
print texrel + "\\\\An\\A\\"
print "s"

#This section outputs the relators from the Reidemeister-—
#Schreier rewriting process, without any simplification.

SR_relators = []

#Outputs the relators from the Schreier-Reidemeister rewriting
#process.
for x in coset_reps:
for vy in relators:
SR_relators.append (rewrite (conjugate (y, x)))

#output O
schreier_rels_to_tex (SR_relators)

#This section optimizes the relators by deleting any trivial
#generators.

trivial_generators = []
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#Outputs the set of tuples (a,K) such that S$C_{a,K}!}$ is a
#generator that defines the identity.
for y in coset_reps:
for x in generators:
test = y + x + invert_word(schreier_rep(y + X))
if freely_reduce (word_to_list (test)) == []:
trivial generators.append((y, x))

#Deletes a trivial generator from a word in list form.
def delete_trivial_generators(x) :
final = []
for vy in x:
if y[0] in trivial_ generators:
pass
else:
final.append(y)
return final

#This is the new set of relators.
SR_relatorsl = [delete_trivial_generators(x) for x in
copy_relators (SR_relators)]

#output 1
schreier_rels_to_tex (SR_relatorsl)

#This section optimises the relators by dealing with relations
#0f the form $ab”{-1}$, which allow us to delete S$b$ and
#replace it by $a$ wherever it appears.

#This is a list of all relators of the form we want.
short_relators = [x for x in copy_relators (SR _relatorsl) if

len(x) == 2 and x[0][1] + x[1][1] == 0]

#This is a list of pairs of relators that are equal
equal_generators = [[x[0][0],x[1]1[0]] for x in short_relators]

#This function takes in a list of pairs defining an equivalence
#relation and outputs the equivalence classes.
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def equivalence_classes (pairs):
equiv = [x for x in pairs]
flag = 0
while flag == 0:
flag = 1
for pairl in equiv:
for pair2 in equiv[equiv.index (pairl)+1:]:

if len([x for x in pairl if x in pair2]) > O0:
inindex = equiv.index (pairl)
outindex = equiv.index (pair2)

equiv.insert (inindex, list (set (pairl +
pair2)))

del equiv[inindex + 1]

del equiv[outindex]

flag = 0
break
if flag == 0:
break

return equiv

#These are the equivalence classes of generators.
generator_classes = [sorted(x) for x in
equivalence_classes (equal_generators) ]

#This generates a dictionary which associates every generator
#in the list generator_classes with a specific representative,
#which is the first element in the equivalence class.
generator_classes_dict = {}
for ¢l in generator_classes:
for gen in clf[1l:]:
generator_classes_dict[gen] = cl1[0]

SR_relators2 = copy_relators(SR_relatorsl)
for rel in SR_relators2:
for let in rel:
if let[0] in generator_classes_dict:
newgen = generator_classes_dict[let[0]]
let.insert (0, newgen)
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del let[1]

#output 2
schreier_rels_to_tex (SR_relators?2)

#This section replaces the $CS$S-symbols with letters.

#This creates a dictionary associating a tuple (corresponding
#to a $CS-symbol), with a letter.

new_letters = [/A’,’B’,’C’,'D','E’,'F’,'G',"H','T',"J",'K',"L',
"M ]

old _tuples = [("',"a"), ("","b"), ("c",'c"), ("","d"),
("cb’c",’a’), ("cb’c",’b’), ("cb’c",’c’), ("cb’",’a’), ("c’'b","a’),
("c'b",’b’), ("cba’,’a’), ("cb’,’'b"), ("c¢'b’ ", a’)]

tuples_to_letters = dict(zip(old_tuples,new_letters))

#This rewrites the relators in terms of the new letters defined
#above.
new_relators3 = copy_relators(SR_relators?2)

for rel in new_relators3:
for let in rel:
newlet = tuples_to_letters[let[0]]
let.insert (0, newlet)
del let[1]

#This freely reduces all the words, removes empty relators and
#removes duplicate relators.

new_relators3a = [freely_reduce(x) for x in
copy_relators (new_relators3) if len(freely_reduce(x)) > 0]

new_relators3b = []
for rel in copy_relators (new_relators3a):
if rel not in new_relators3b:
new_relators3b.append(rel)

#output 3
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list _rels to _tex(new_relators3b)

#This section eliminates all but 4 symbols.

#reduces every word and eliminates empty words.

new_relatorsd4a =
copy_relators (new_relators3b) ]

new_relatorsdb =
copy_relators (new_relators4da) ]

new_relatorsdc =
copy_relators (new_relatorsédb) ]

new_relatorsé4dd =
copy_relators (new_relatorsédc) ]

new_relatorsde =
copy_relators (new_relators4d) ]

new_relators4f =
copy_relators (new_relatorsde) ]

new_relatorsdg =
copy_relators (new_relators4df) ]

new_relatorsdh =
copy_relators (new_relators4qg) ]

new_relatorsd4i =
copy_relators (new_relators4h) ]

new_relators4 = [freely_reduce (x)
copy_relators (new_relatorsdi) ]

foutput 4
list _rels to _tex(new_relatorsd)

[replace_letter (x

[replace_letter (x

[replace_letter (x

[replace_letter (x

[replace_letter (x

[replace_letter (x

[replace_letter (x

[replace_letter (x

[replace_letter (x

It then freely

,'I',"G'’E") for x in

, G’ ,"F'C") for x in
,F’,"EAE’ ") for x in
,’M’,"AH’L’") for x in
,’E’,"HB") for x in

, 14 HI , "LIAKJI ")

, 4 JI , "BCBI ")

, 4 LI , "BI CB")

,IKI’"AIBIAIBIAIBI ")

for x in

for x in

for x in

for x in

for x in
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