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Abstract

In this paper a modified multiplicative decomposition of the right stretch tensor is proposed and used for finite
deformation elastoplastic analysis of hardening materials. The total symmetric right stretch tensor is decomposed
into a symmetric elastic stretch tensor and a non-symmetric plastic deformation tensor. The plastic deformation
tensor is further decomposed into an orthogonal transformation and a symmetric plastic stretch tensor. This plastic
stretch tensor and its corresponding Hencky’s plastic strain measure are then used for the evolution of the plastic
internal variables. Furthermore, a new evolution equation for the back stress tensor is introduced based on the
Hencky plastic strain. The proposed constitutive model is integrated on the Lagrangian axis of the plastic stretch
tensor and does not make reference to any objective rate of stress. The classic problem of the simple shear is solved
using the proposed model. Results obtained for the problem of simple shear are identical to those of the self-
consistent Eulerian rate model based on the logarithmic rate. Furthermore, extension of the proposed model to the
mixed nonlinear isotropic/kinematic hardening behaviour is presented. The model is used to predict the nonlinear
hardening behaviour of SUS 304 stainless steel under fixed-end finite torsional loading. Results obtained are in good

agreement with the available experimental results reported for this material under fixed-end finite torsional loading.
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1- Introduction

Small strain elastoplastic formulation of metals and polycrystalline solids based on the
phenomenological plasticity models uses an additive decomposition of the total strain into its
elastic and plastic parts [1,2]. However, such decomposition is no longer valid if material is
subjected to finite deformation loading path [1]. The so-called swift effect [3], which happens in
finite torsional loading of fixed cylindrical bars, is one of the cases where infinitesimal plasticity
models fail to give proper predictions. An extension of the classical infinitesimal plasticity to
finite deformation analysis requires proper decomposition of the deformation into its elastic and
inelastic parts. Two classes of decomposition have been widely used in the literature of finite
deformation plasticity [1,4]. The first one is mainly based on the additive decomposition of the
strain rate tensor while the second one uses a multiplicative decomposition of the deformation
gradient.

Green and Naghdi [5] introduced a general framework of finite elastoplasticity using the
thermodynamics of the continua. An additive decomposition of the Green-Lagrange strain tensor
into elastic and plastic parts was used in their formulation. However, the decomposition used did
not necessarily represent the plastic part of the deformation if the first part was assumed to be the
exact elastic part of deformation. Recently, Sansour and Wagner [6] used an additive
decomposition of the Hencky’s strain tensor. The plastic flow rule and the related internal plastic
variables and their corresponding thermodynamics driving forces were based on the conjugate
measure of the stress to the Hencky (logarithmic) strain.

Constitutive models based on the additive decomposition of the strain rate tensor into elastic
and inelastic parts have been mostly employed for setting up an Eulerian rate formulation of
elastoplasticity at finite deformation [7-10]. A hypoelastic constitutive model relates the elastic
part of the strain rate tensor to an objective rate of the Kirchhoff stress tensor while the plastic
part is updated based on a specified flow rule similar to that of the infinitesimal plasticity. This
class of Eulerian rate formulation entails use of objective quantities and their corresponding
objective rates [11,12]. Certain issues such as shear oscillation in the problem of simple shear
[11,13] and dissipation in closed path elastic loading [14] were observed when different objective
rates of stress were used in the hypoelastic model. Sources of such issues have been associated
with hypoelastic model non-integrability as a Cauchy and Green elastic material (see for example

references [11,15,16]). To resolve such issues, following the work of Lehmann et al. [17],



Reinhardt and Dubey [18], and Xiao et al. [19], a new objective rate of stress, called the D or
logarithmic rate, was introduced. Furthermore, Bruhns et al. [10] investigated the integrability
conditions of the classical hypoelastic model and showed that the grade zero hypoelastic model is
unconditionally integrable as a Cauchy and Green elastic material when the logarithmic (D) rate
is used in the model. Based on this, Bruhns et al. [10] developed a self-consistent Eulerian rate
form of elastoplasticity for the finite deformation analysis of hardening materials using the
logarithmic (D) rate.

The class of constitutive models using the multiplicative (Lee) decomposition [20] of the
deformation gradient into its elastic and inelastic parts has also been physically well grounded
based on crystal plasticity observations [4,21,22]. Simo [23] and Simo and Ortiz [24] used a
multiplicative decomposition of the deformation gradient and derived equivalent representations
for finite elastoplastic formulations in material (convected) and spatial frameworks. A
hyperelastic function was used to relate the Lagrangian measure of the strain to the symmetric
Piola-Kirchhoff stress tensor in the material representation of the formulation. Similarly, a
hyperelastic function was used to relate the spatial metric tensor to the Kirchhoff stress tensor.
The requirement of spatial covariance entailed use of the Lie derivative of the Kirchhoff stress in
the spatial formulation. The plastic flow was derived based on the assumption of maximum
plastic dissipation similar to the case of infinitesimal plasticity. Furthermore, following the
volumetric/deviatoric decoupling of the deformation gradient used in [25,26], Simo [23] and
Simo and Ortiz [24] derived a decoupled volumetric/deviatoric response of their hyper-based
constitutive model and showed that the general return mapping algorithm widely used in
infinitesimal plasticity [4] was valid for their model integration [27]. Recent formulations based
on the class of multiplicative decomposition use a hyperelastic strain energy function and relate
the rotated Kirchhoff stress to the Hencky strain for the case of isotropic plasticity [28-30]. Such
hyperelastic function has been shown to provide good prediction for moderately large elastic
strains in metal plasticity [31,32]. Simple algorithmic implementation of this class of constitutive
models for the case of isotropic plasticity has made this class of models more popular in recent
numerical implementations [29,30]. Furthermore, the general return mapping integration method
used in algorithmic implementation of the infinitesimal plasticity models can still be used for the
numerical integration of this class of constitutive models [4]. Use of a “total hyperelastic”

relation bypasses the need for objective rates of stress and as a result the need for a neutrally



objective integration algorithm is eliminated [4]. Furthermore, since the model is based on the
existence of a hyperelastic function and is consistent with the notion of Cauchy and Green
elasticity, issues regarding the model non-integrability as found in “hypo-based” Eulerian rate
formulation do not appear in “hyper-based” formulation of elastoplasticity.

The multiplicative decomposition has also been used in Eulerian rate formulation of
elastoplasticity. Metzger and Dubey [33] decomposed the left stretch tensor into a symmetric
elastic and non-symmetric plastic parts. Based on this decomposition, a modified additive
decomposition of the stretching tensor into elastic and plastic parts was derived. The hypoelastic
model based on the modified elastic strain rate was integrated for different objective rates of
stress on the principal axis of the elastic left stretch tensor for the case of isotropic J, plasticity.
Results obtained were identical for all of the objective rates used in their modified model. More
recently, Ghavam and Naghdabadi [34] used a modified decomposition of the Metzger and
Dubey decomposition [33] for linear kinematic hardening and mixed hardening behaviours under
simple shear. They showed that results were slightly affected by the type of decomposition used
in their integration process for different objective rates of stress.

In this paper a new constitutive model based on the multiplicative decomposition of the right
stretch tensor is introduced. The symmetric right stretch tensor is successfully decomposed into a
symmetric elastic and a non-symmetric inelastic part. The rotated Kirchhoff stress is related to
the Lagrangian elastic Hencky strain. The non-symmetric plastic tensor is further decomposed
into an orthogonal transformation and a pure plastic stretch. Using the method of principal axes
and transferring all the tensor variables onto the Lagrangian axis of the symmetric plastic stretch
tensor, the model is successfully integrated with a new evolution equation for the back stress
tensor. Results obtained for the problem of simple shear are identical to those of the self-
consistent Eulerian rate model introduced by Bruhns et al. [10] in which an additive
decomposition of the strain rate tensor and the logarithmic rate of the Kirchhoff stress were used.
Furthermore, the model is extended to predict the mixed nonlinear hardening behaviour of SUS
304 stainless steel under fixed-end finite torsional loading. Predicted results are in good
agreement with those of the experimental results reported by Ishikawa [35].



2- Continuum formulation of elastoplasticity
Assuming a particle of a deforming continuum with the initial position vector X = ¢(X,0) at

t = 0 and current position vector x = ¢(X,t), the deformation gradient F can be defined as

follows:
_[oxi] _ [deix.0)
F= [6Xj] B [ 0Xj @

A polar decomposition of the deformation gradient results into a pure stretch and a rigid
rotation of the deforming body:
F=RU=VR @
in which R is the orthogonal rigid rotation of the body and U and V are the right and left stretch
tensors, respectively. The velocity gradient [ can be decomposed into its symmetric and skew-

symmetric parts as follows:

[a”‘] d+w ®)

ax;
in which v is the velocity of the particle, d and w are the strain rate (rate of deformation) and the
material spin tensors, respectively.

For an Eulerian rate formulation of elastoplasticity, the strain rate tensor d can be additively
decomposed into its elastic and inelastic parts [4,7,8,10,18]:
d=d¢+dP 4)
Superscripts © and P refer to the elastic and plastic parts of a tensor, respectively. The elastic part
of the strain rate tensor is related to an objective rate of the Kirchhoff stress through a hypoelastic
constitutive model [11,36]:
= M(1):d° ©)
where T represents the Kirchhoff stress, a superposed dot with a superscript ~ indicates objective
rate of the corresponding tensor in an 2* spinning frame, M is the fourth order stress-dependent
hypoelasticity tensor, and the operator “:” represents the dot product of tensor variables.
Examples of objective rates are the well-known Jaumann and Green-Mclnnis-Naghdi rates
measured in the 2* = 2/ = wand 2* = Q%MN = RRT spinning frames [4,37], respectively.

The plastic part of the strain rate tensor can be related to the shift stress tensor by specifying a
proper flow rule. Use of the additive decomposition of the strain rate tensor in the constitutive
model of elastoplasticity requires that the constitutive model given by (5) be integrable in the



sense of Cauchy and Green elasticity [11,15,26,38]. Elastic integrability conditions of rate model
in equation (5) enforce the existence of a hyperelastic strain energy function for which equation
(5) is derivable. In other words, for a physically acceptable additive decomposition of strain rate
tensor given by equation (4), equation (5) should result into an additive decomposition of the
total stress power into its elastic and plastic parts [38]. It has been shown that the logarithmic (D)
rate of stress along with a grade zero hypoelastic model of equation (5), i.e. the hypoelastic model
with a constant hypoelasticity tensor, yield an unconditionally integrable model which can be
used with the additive decomposition given by (4) for setting up a self-consistent Eulerian rate
form of elastoplasticity [10].

On the other hand, a multiplicative decomposition of the deformation gradient into elastic and
plastic parts can also be used as follows [20]:
F = FéFP (6)
This decomposition is based on the assumption of an intermediate stress free configuration as
shown in figure (1). In this figure “n” and “n+1” refer to any two consecutive configurations at

time t and t+At, respectively.

Figure 1- Schematic representation of the multiplicative decomposition

Using the relation I = FF~! and taking the time derivative of equation (6), a modified additive
decomposition can be found as follows:

l=FF'=1¢+FeIPFe =1¢+ 1P (7

in which 1¢ = FeFe™" is the spatial elastic part of the velocity gradient, L? = FPFP~" is the
plastic part of the velocity gradient on the intermediate plastic configuration, the term [P is the
push-forward of the plastic part of the velocity gradient on the current configuration, and a
superposed bar indicates variables on the intermediate configuration. Equation (7) defines a new
type of additive decomposition for the velocity gradient as compared to equation (4). It is clear
that unlike decomposition given by (4) which is on the current Eulerian configuration, the
decomposition given by (7) associates with two different configurations for the elastic and plastic

part of the strain rate tensor. Pulling back equation (7) on the intermediate configuration gives:

L="Fe"iFe = FeT|eFe 4 FeTFe[pFe 'Fe = [ 4 CeLP ®)



in which L is the modified velocity gradient on the intermediate configuration and C¢ is the right
elastic Cauchy-Green tensor on the intermediate configuration. Pull-back and push-forward of
kinematics and kinetics tensor quantities are discussed in details in [4,39] and references therein.

Defining § = Fe~"tF¢™" as the pull-back of the Kirchhoff stress tensor on the intermediate
configuration, the stress power can be written as follows:

W=11=8§L=S:(l°+C°LP) =S: (de + vT/e) +S: fe(&p + vT/p) 9)

The modified elastic spin w® produces no work on the intermediate configuration due to the
symmetry of S. The non-symmetric Mandel stress tensor [40] is then defined by T' = C®S and is
decomposed into symmetric and skew-symmetric parts. The modified stress power will therefore
be:

W = $:d® + Tiym: dP + Tikew: WP (10)
which shows that the symmetric part of the Mandel stress tensor generates power on the modified
plastic strain rate while the skew-symmetric part of it generates power on the modified plastic
spin [30].

Assuming isotropic elasticity for which the principal axes of the stress and elastic stretch
coincide, the eigenvectors of S and C¢ coincide and as a result the skew-symmetric part of the
Mandel stress tensor vanishes, i.e. [gew = 0. This means that the plastic spin does not dissipate
energy during deformation. Furthermore, as a result of the commutative property of stress and
elastic stretch and using the right polar decomposition of the elastic deformation gradient, i.e.
F¢ = R€U®, the symmetric Mandel stress tensor will be modified as follows:

Toym = %(C‘e§+ SC¢) = UeSue = R°"tRe = T (11)
which shows that in isotropic plasticity the Mandel stress tensor is the same as the rotated
Kirchhoff stress tensor [30].

Setting up the dissipation inequality and assuming a hyperelastic strain energy function which
defines a linear relationship between the rotated Kirchhoff stress and the Hencky elastic strain on
the intermediate configuration, Weber and Anand [28] and Gabriel and Bathe [29] defined the set

of constitutive equations for the J, flow theory as follows:

ow
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in which E¢ =1nU¥® is the Lagrangian Hencky (logarithmic) elastic strain tensor and M is the
isotropic fourth-order elasticity tensor. The following evolution equations for the plastic internal

variables were also used for the plastic intermediate configuration update [29]:
: - 5 . 0 3 _ _
P=JPpp. gp = 42%. = 277 —
F—LF,d—aaﬁ,cp— S — K (13)

in which ¢ is the Mises plastic potential, ¢ is the consistency plastic multiplier, x is the current
size of the yield surface, and 7 is the shift stress tensor. Details of numerical integration with the
use of the exponential mapping algorithm for the stress and plastic intermediate configuration

updates can be found in [29,30].

3- Proposed constitutive model of elastoplasticity

In the Lagrangian formulation of elastoplasticity based on the multiplicative decomposition a
right stretch decomposition is often used. However, polar decompositions based on the left
stretch tensor may also be used in constitutive models which would result into an Eulerian rate
formulation (see for example Metzger and Dubey [33], Ghavam and Naghdabadi [34], and
Reinhardt and Dubey [41]). While the left stretch decomposition entails use of an objective rate
of the Kirchhoff stress and requires a neutrally objective integration scheme, the right stretch
decomposition uses a total relation between the rotated Kirchhoff stress and Hencky strain
through a hyperelastic strain energy function and bypasses the need for objective rate quantities
as discussed in the previous section. Multiplicative decomposition based on the right stretch
tensor is employed here.

Assuming that the total symmetric right stretch tensor can be decomposed into a symmetric
elastic part and a non-symmetric plastic part, one can write:

F = RU = FéFP = RU®yP
U=U¢yP
The non-symmetric plastic tensor y? can further be decomposed into a symmetric plastic stretch

(14)

tensor UP and an orthogonal transformation tensor Q?:

xP =QPUP (15)
As a result, the modified plastic velocity gradient LP can be obtained as follows:
P = )'(p)(p—l - Q'prT + Qp(UpUp—l)QpT =0+ Qp(UpUp—l)QpT (16)

Figure (2) shows a schematic representation of the proposed decomposition:



Figure 2- Schematic representation of the proposed multiplicative decomposition

In figure (2), the non-symmetric plastic deformation y? maps the old configuration “n” onto the
stress-free intermediate plastic configuration. This mapping induces no stress in the body and is
assumed to be an isochoric mapping. The symmetric elastic stretch tensor then deforms the mid-
configuration into a stressed body. Finally, the rigid rotation R maps the stretched body onto the
current configuration “n+1".
Since LP = dP + wP, equation (16) can be re-written as follows:
ar =op(geyr~t + yr-tgr)orT
WP =29i E_ lQp(UpUp—l - Uz?lgp)QpT )
2

With the rotation of the Lagrangian axis of the right plastic stretch tensor, R?, the diagonalized
form of the plastic stretch tensor can be obtained using the following transformation:
UP = (R)(4%) (D) )
Similarly, the diagonalized plastic stretch tensor, A7, can be rotated back to the left plastic stretch
tensor using the rotation of the Eulerian axis as follows:
Vv = (RE)(45)(RE)" (19)
in which RE is the rotation of the Eulerian axis of the plastic stretch tensor and V? is the
symmetric left plastic stretch tensor satisfying: y? = QPU? = VPQP.
The relation between the Lagrangian and Eulerian axes is given as follows:
RE = QPR? (20)
and the evolution equations for the orthogonal plastic rotation and its corresponding Lagrangian

and Eulerian spins are given as follows:

QP = nQQr
RE = RPOP (1)
R} =R} Q)

in which 2 and 27 are the spins of the Eulerian and Lagrangian triads satisfying the equality
02 = (R?)(2F — 0P)(RP)", respectively.

Transferring equation (17) to the Lagrangian axis of the plastic stretch tensor yields:

10



g = ApA " + 5 (A5 P b — An0l Ay

= 0p -5 (A5 P b + A0l Ay @
in which d? = RE' dPRP and w? = RP' wPR? are the Eulerian representations of the plastic
strain rate and plastic spin, respectively. Following the method of the principal axes (see for
example Reinhardt and Dubey [41], Hill [42], and Eterovic and Bathe [43]), the symmetric and
skew-symmetric parts of the equation (22-1) give the following relations for the diagonalized

plastic stretch tensor and its corresponding Lagrangian spin:

)“ = (dp) : (no sum)

zapap

(ﬂL) @)y @)

(23)

Slmllarly, use of equations (22-2) and (23-2) gives the following relation for the evolution of the

Eulerian spin of the plastic stretch:

» . B
— (v J 7 (i £ i
(‘QE)U - (WE)U + APZ—APZ (dE)ij , (l :'t]) (24)
j i
in which AP’s are the principal plastic stretches.

The rotated Kirchhoff stress, T, is work conjugate to the Lagrangian Hencky strain (see for
example Gabriel and Bathe [29] and Hoger [44]) for the case of isotropic plasticity. Defining %L
and U¢, as the Lagrangian representation of the rotated Kirchhoff stress and elastic right stretch
tensors on the Lagrangian triad, we have:

7. = (Q"RY) T(Q"RY) = R TR

U°, = (Q"RY)'T?(Q"RY) = RE'U°R} 29

in which a superposed double bar along with a subscript _ indicate the components of a tensor on
the Lagrangian axis of the plastic stretch tensor.

The Lagrangian rotated Kirchhoff stress, 7, , can be related to the Lagrangian rotated elastic

Hencky strain through a hyperelastic function as follows:

7, =M:(RY InU®RE) = M:In (RP U?RY) = M:InU?, (26)

11



In equation (26) the fourth order elasticity tensor M is assumed to be isotropic. Equation (26)
defines the elastic part of the proposed constitutive model on the Lagrangian axis of the plastic
stretch.

The shift stress tensor on the intermediate configuration 7 = T9¢V — 3, where £ is the deviatoric

dev

back stress tensor and superscript = represents the deviatoric part of a symmetric tensor, can be

rotated to the Lagrangian axis of plastic stretch as follows:

dev =

= T _ T _ =

n, = (QPR}) 7(QPR]) =Rp MRE =7, —B, (27)
The following evolution equation for the back stress tensor on the Lagrangian axis is proposed:
B, = HE?, 28)

Similar expressions can be proposed for a nonlinear back stress evolution equation which will be

discussed in the next section. In equation (28), H is the hardening modulus and E?, is the
material time rate of the Lagrangian plastic Hencky strain and is related to the plastic strain rate

tensor as follows:

[ﬁ]u = AE[dZ],, ; (nosumon i and j) (29)

in which ;8 is the scaling function defined as:

Lie P _ D
1 ,1flj =
Ao =1 5 4 AP AP (30)
ij — ) 2In{p )4k
W ; otherwise
\ L

A Mises plastic potential on the Lagrangian axis of plastic stretch is used here for the

associative J, flow of plasticity:

b = ;ﬁL:ﬁL—Kzo (31)
in which « is a scalar parameter function of the equivalent plastic strain representing the current
size of the yield surface.

With the assumption of maximum plastic dissipation (see for example Lemaitre and Chaboche

[2] and Simo and Hughes [4]) the plastic strain rate tensor can be related to the normal to the
yield surface as follows:

& =dt-dp =l (32)

T ity
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in which ¢ is the plastic multiplier which can be found from the consistency condition ¢ = 0.
The Kuhn-Tucker loading/unloading conditions [4] for the proposed model will therefore be as

follows:

57— qplosdd
EP, = ah o, (33)
az20;¢<0;ap=0

The plastic spin wP? can be related to the known kinematics parameters and will be discussed in

detail in the next section.

4- Application of the proposed model to simple shear problem
As shown in figure (3) a cube with the unit length is subjected to shear loading at the top edge

while the bottom edge is fixed.

Figure 3- Problem of simple shear

The deformation gradient of this motion is given by:
F =n,®n; + n,®n,,yn,®n, (34)
in which y is the applied shear. The polar decomposition of the deformation gradient yields the

followings for the rigid rotation and the total left and right stretch tensors:
1

V= Nrwens [(2 + ]/Z)n1®7’l1 + 2n2®n2+y(n1®n2 + n2®n1)]
U = 2m@ns + (24 Y@y y (n@ny + ny®ny)] @)

1
R = \/TT [2n,®@n; + 2n,@n,, ¥ (1, ®n; — n,@ny)]

The rigid spin of the material 2% is then given by:

. 27
NR = RRT = 4:;2 (n,®n, — n,®n,) (36)

The rotated Lagrangian Kirchhoff stress tensor is given by:
T, = %L,ll(n1®n1 —n,®n,) + %L,12(n1®n2 +n,®n,) (37
Use of the proposed constitutive model given in equation (26) yields the following for the case of

simple shear problem:

FL = exp C—é) = Bn,®n; + Cn,®n,, J(n,®n, + n,®n,) (38)

in which G is the shear modulus of the material and B, €, and J are given by [34]:

13



B = L [T(l +u?) — %L 11— .UZ)]
J= 2T [TL 12(u* — 1)] (39)
¢ LT[T(l"'H )+TL11(1 u )]

_ ) —2 =2 T
inwhichT = [T, 11 + T, 12 and u = exp (E)

The Mises plastic potential for kinematic hardening behaviour under simple shear is given by:

¢ = \/ 77L11-|_77L12>_GY:0 (40)
in which oy is the initial yield surface size and is assumed to be constant during plastic
deformation.

Plastic incompressibility requires that the third invariant of the plastic stretch tensor be 1, i.e.
det y? = det UP = 1. Such an incompressibility condition specifies the following form for the
diagonalized plastic stretch tensor for the case of the simple shear problem:

AL = 2Pn,@n, + = —n,®n, (41)

The rotation of the Lagrangian and Eulerian axes of the right plastic stretch tensor for the case
of simple shear is given by:

RP = cos 07 (n,®n, + n,®n;) + sin 8F (n;®n, — n,®n,)

RE = cos 6F (n,®n, + n,®n,) + sin 6F (n,®n, — n,®n,) 42
in which 67 and 6% are the angles of the Lagrangian and Eulerian axes with respect to the fixed
coordinate system, respectively.

Using the proposed decomposition given by equations (14) and (15), equations (20) and (25-2)

yield the followings for the rotated Lagrangian elastic stretch:
U, = RETURP AT (43)
Taking the time derivative from both sides of equation (43) yields the followings for the

components of time rate of the rotated Lagrangian elastic right stretch tensor:
dﬁhll — P b b, d_“ P P b,

d]/ —:F‘l( ;9 ,HL,]/)dy+g1( ,H ’HL'V)
ve (44)

dU;I;,12 — TZ(AP,HP, gf;y)‘;_j + gz(/lp,ep,ef;y)

On the other hand, equations (38) and (39) yield the followings for the components of the time

rate of the rotated Lagrangian elastic stretch tensor:

14



ve, = % exp( )] = [Bn,®n; + En,®n,, J( ®n, + 1,00y (45)

Therefore, the followings are derived for the material time rate of the Lagrangian rotated
Kirchhoff stress with the help of equations (44) and (45):

deLy“ Ai (17, 67,00, 8,3,6v) 5+ B (A, 67,6, 8,3, 6 )
(46)

deLy“ Ay (47, 07,60, 8,3, 6 v) -+ Bo(27,60,67,8,5, G 7)

The reader is referred to appendix 1 for a detail derivation of the component form of equations
(44), (45), and (46) and their corresponding coefficients F;, F,, G1, G2, A1, A5, By, and B,.
Using the proposed constitutive model for the evolution of the back stress tensor given by (28),

the following differential equations are obtained for back stress tensor components:

dEL 11 — da'

dy - HNL 11 d
dELJz log =

dy thZ NL 12 dy

in which N, = g;?"’ =1
L

(47)

3|
=

is the unit normal to the yield surface.

Al

Use of equations (46) and (47) and the consistency condition which requires that ¢ = 0 during

&l

plastic loading, the plastic multiplier can be obtained as follows:

da % Bl +% BZ
da _ L1 L12 (48)

d 3. /(= = log= = = =
4 \/;H(NLrllnL,n"'hng NL,1277L,12)_(‘/1177L,11+‘H2nL,12)

In summary, the governing differential equations for the problem of simple shear using the

proposed constitutive model and the case of linear kinematic hardening are given as follows:

15



Tun = g, (,00,07, 8,5, 7) %+ B, (2,60, 6,8,5,6:)

dffy“ Ay (A7, 07,00, 8,3, 6v) T+ Bo(47, 6, 67,8,3, 6 7)

dﬁLll 3 — da
— o — _HN -
dy 2 L1117,

dEL, 3 log = da
—Liz _ \/;Hhu N =

dy L,12 dy
d9 da (49)
=3,(27,6%,6F; y)d—y+zz(/1p,95,ef;y)
p — 2
dHL _ _ 3N 2AP" da
dy 2 ' L123p% 4 dy
daP 3=
- = P ke
ay \/; L 114 dy
d_“ — nL,1131+%L,1232

W ot (Faray a0+ Wy 10)~(AaT 427 1)
The evolution equation (49-5) is used for the update of the Eulerian triad angle during the time
integration instead of equation (24) which needs the definition of the plastic spin. This is due to
the fact that the plastic spin is a function of the known kinematics variables and does not require
a separate evolution equation to be specified (see appendix 1 for detailed derivation of the
evolution equations).

The set of differential equations given in (49) is numerically integrated for a maximum applied

shear of y = 8 using a fourth-order Runge-Kutta numerical integration scheme. The amount of

shear at which the plastic yielding starts is y,, = Zsinh( . ) and the initial conditions at this

V126
amount of shear are given as follows:

4G asinh 14:)
T12(Vp) = —E : )
}4+yp
oy 2
111(1p) = 3 T2 (50)
L 11(7/20) EL 12(]/10) =
Ap(yp) =1

02 (1») = 0F (1) = 0(1,) = atan (2)

Figures (4) and (5) show the evolution of the Kirchhoff stress using the proposed constitutive
model for the problem of simple shear. Values of 7y = \/gay = 200 MPa, H = \Ery, and

16



30ty

V6
material, respectively. The stress response of the same problem using the self-consistent Eulerian

G =

was used for the size of the yield surface, hardening modulus, and shear modulus of the

rate model of Bruhns et al. [10] based on the logarithmic (D) rate is also plotted. The stress
responses of the original and modified formulations by Gabriel and Bathe [29,30] as well as the
stress response of the decoupled volumetric/deviatoric model of Simo [23,27], are also plotted for
comparison. For a detail description of the original and modified formulation of Gabriel and
Bathe the reader is referred to the Gabriel and Bathe [29] and Montans and Bathe [30]. The
details of the hyper-based decoupled model of Simo and its numerical implementation can also
be found in [23,27]. Figures (6) and (7) also show the evolution of the back stress components
using the proposed constitutive model and models presented in [10,23,27,29,30]. It should be
noted that the back stress components of the model proposed by Simo [23] shown in figure (6)
and (7) are the decoupled deviatoric components used in the spatial representation of the model.

The response of the model is identical to those of the self-consistent Eulerian rate model of
Bruhns et al. [10]. However, unlike the self-consistent Eulerian rate model of Bruhns et al. which
is based on the specific logarithmic rate of the Kirchhoff stress, the proposed model is integrated
without making any reference to any specific rate of stress. No objective rate of stress is used in
the proposed model and a total hyperelastic stress function relates the Kirchhoff stress to the
Hencky strain.

Figure (8) shows the evolution of the principal plastic stretches for the proposed model only.

Figure 4- Normal component of the Kirchhoff stress using different models

Figure 5- Shear component of the Kirchhoff stress using different models
Figure 6- Normal component of the back stress using different models

Figure 7- Shear component of the back stress using different models

Figure 8- Evolution of the principal plastic stretches (Proposed Model only)
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5- Application of the proposed model for the prediction of mixed nonlinear hardening
behaviour of SUS 304 stainless steel

In this section the proposed constitutive model is extended to a mixed nonlinear
kinematic/isotropic hardening. The model is then used to predict the behaviour of the SUS 304
stainless steel under fixed-end finite torsional loading.

With the help of the Armstrong-Frederick nonlinear kinematic hardening model [45], the
proposed backstress evolution equation given in (28) can be modified as follows:

EL = AfﬁL - BfELqu (51)
in which Af and By are the A-F material parameters and Efq is the equivalent plastic strain rate
which will be defined later in this section.

The Mises flow potential given in equation (31) is extended as follows for a nonlinear mixed

hardening:

¢ = %ﬁL:ﬁL—K=O (52)

in which x is a scalar valued function of the equivalent plastic strain which represents the current
size of the yield surface and is related to the equivalent plastic strain through an exponential form
as follows [46]:

K = 0yg + (0ys — 0yo)[1 — exp(—bEL, )] (53)

in which ay, is the initial yield surface size, gy, is the saturation value for the subsequent yield

stress, b is a material parameter which controls the rate of saturation, and Ef, = fot Efth is the

accumulated equivalent plastic strain.
To derive a relation for the equivalent plastic strain, a modified plastic work is used here as

follows:
Wv =7,:EP, = 3E%, (54)

inwhich £ = EﬁL: ﬁL = k . Equations (29) and (54) yield the following expression for the rate

of the equivalent plastic strain for the case of the simple shear problem:

v o7, +AET
dEgq  2\Mpa1t12" ML12) da

v T

(55)

Similar to the case of the linear kinematic hardening discussed in section 4, the governing

equations given in (49) are modified as follows for the case of the nonlinear mixed hardening.
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The evolution equations for the stress components remain the same as given in equations (49).

The evolution equations for the back stress tensor should be modified as follows:

= = ofF ST =

dBrq1 3A N URTRECTIIRY B.G da

“dy |2 - f'BL 11| dy
dy 2 L1 ) dy

0
n
(:g hlog =2 ) (56)
d.b)L‘lz _ 3 log = 2 nL,11+ 12 M2 = da
dy EAfhlZ NL,12 o ”% ”2 Bf'BL,IZ dy
L
And the consistency condition for the evolution of the plastic multiplier should be modified as
follows:
3_‘1 _ ﬁL,117311'ﬁL,1232 (57)
Y T -T2—T3+Ty
in which:
_ 3 = - log = -
T, = \/;Af (NL,1177L,11 + A4, NL,127]L_12)
T, = (‘AINL,ll + d‘lzﬁmz)
—2 on =2 58
T, — ZBf(”L,n*’hlug ”L,12) = = = = 9
3~ ”: 2 'BL,llnL,ll + ﬁL,12nL,12
"L”
T4_ — b(O’z;%—K)

Similar to the case of linear kinematic hardening model, the governing equations given by (49)
with their corresponding modified equations given by equations (52) to (58) are numerically
integrated using the fourth-order Runge-Kutta method for a maximum applied shear of y = 4.
The stress responses from the proposed model are plotted in figure (9) using the material
parameters given in [35] for the SUS 304 stainless steel which are summarized in table (1) below.
The model prediction for the fixed-end finite torsional loading of the SUS 304 is in good
agreement with the experimental data reported by Ishikawa [35]. Furthermore, from figure (9),
the proposed model gives identical results to those of the self-consistent Eulerian model of
Bruhns et al. [10], based on the logarithmic (D) rate. Figures (10) and (11) also show the
evolution of the back stress tensor and subsequent yield surface size vs. the applied shear,
respectively.
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Shear Modulus G = 78 (GPa)

Exponential Isotropic Hardening Parameters Oyo = 285.6 (MPa) ; oy = 680 (MPa) : b = 5
) S 1 3

Armstrong-Frederick Model Parameters Ap =20 (MPa) ; B =0.2

Table 1- Parameters used for the mixed hardening behaviour of SUS 304 [35]

Figure 9- Stress components for SUS 304 stainless steel under fixed-end finite torsional loading using the

proposed mixed hardening model, self-consistent model based on logarithmic rate, and experimental data

Figure 10- Evolution of back stress components for SUS 304 stainless steel under fixed-end torsion using the

proposed mixed hardening model and self-consistent model based on logarithmic rate

Figure 11- Evolution of subsequent yield surface size for SUS 304 stainless steel under fixed-end torsion using

the proposed mixed hardening model and the self-consistent model based on the logarithmic rate

6- Conclusions

A new constitutive model based on a hyperelastic function was proposed for the finite
elastoplastic deformation of the hardening materials. A modified class of multiplicative
decomposition of the deformation gradient was proposed and used in the model. The plastic right
stretch tensor and its corresponding Lagrangian axis were used for model integration.
Furthermore, a new model for the evolution of the back stress tensor was proposed on the
Lagrangian axis of the plastic right stretch tensor.

The problem of simple shear was solved for the case of linear kinematic hardening. Results
obtained were identical to those of the self-consistent Eulerian rate model of Bruhns et al. [10]
based on the logarithmic (D) rate. Unlike the hypo-based Eulerian rate model of elastoplasticity,
the proposed model does not employ any objective rate of stress.

The proposed constitutive equation was extended to a mixed nonlinear kinematic/isotropic
hardening. The governing equations were integrated using the material parameters for SUS 304
stainless steel. Results were in good agreement with those of the experimental results reported by
Ishikawa [35] for the fixed-end finite torsional loading of this material.

The proposed model is simple and can be used for finite deformation analysis of elastoplastic
materials. Since the model refers to no rate of stress for its integration, the need for a neutrally
objective time integration algorithm is bypassed. As a result, the model can be efficiently

implemented for the strain space formulation of finite element method.
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Appendix 1

To derive a relation between the time rate of stress and plastic multiplier to be used for plastic
integration and satisfying plastic consistency condition for the problem of simple shear, equations
(38) and (39) yield:

Ue, = % exp (j—é)] = [Bn,®n; + En,®n,, J(y ®n, + 1,y (A-1)
in which:

B = (4’1%@11 - ’VO)%L,ll + 4’1%L 12%L 12
3 = 4’2%1, ll%L 11+ (UZ%L 12 "fo)TL 12 (A-2)
€= (USTL 11+ "fo)TL 11+ 4f3TL 12TL 12
and the scalar v;’s are given as follows:

1-p?

ZuT

UO=

” GTZ [G(l + u?) + uZ(T + TL 11) Bu(2G + T)] s

vy = W [MTL 12 — 322G + T)]
G+ u?) +p?(T—7,11) — Cu(2G + T)]

v =

V3 = 20 GTZ[

Use of equations (38), (39), and (43) yields:

Ue, = R,@’TUREAZ_1 = exp (j—é) = Bn,®n; + Cn,®n,,J(n,®n, + n,@®n,) (A-4)
Taking the time derivative of (A-4) results into the followings for time rate of U¢,:

Yo (P 2 T =1pP 4 pPT 1P ~1p0\TTe. 4 T8 4P ip~L )
Ue, = (—0F +REUU'RE + RY UNPU'RE) Ue, + Ue, AL AL (A-5)

Substituting for known kinematics quantities such as U, U, and U~ in (A-5) and knowing that

dop _d
Ay
obtained for the components of the time derivative of the rotated elastic stretch tensor on the

\/_/1p NL12 da

T n,®n, —n,®n,), the followings are

ok do?
E (n1®n2 n,®n,), and d—L =

Lagrangian axis:
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dve ~de?  [vewr®m 3o |d

_d;'“ = — d—; - —/w‘;_flz (MiL, + M,L3) + \/;EBNLJI] d_j + (K1Ly + KpL3) (A-6)
dve ah [ vew™w ey . |4

ﬁ Q: — M,Ti'lz (ML, + M,L,) + \/;«SNL,nl d_j + (K1L, + KyL4) (A-7)
dﬁ d \/—l N 3c~: d

—d]’;'“ =B—= d M’—le (M3Ly + MyL3) + \/;\SNL,lll ﬁ + (K3Ly + K4L3) (A-8)
in which:

Ki(6F;v) = —91(y) cos 6F — g3(y) sin 6F
K,(62;7) = g2(y) cos 62 — g, (y) sin 67
K3(68:v) = —g1(y) sin 6} + g3 () cos 62

K4(91§F Y) = g,(y)sin0f + gl(y) cos OF
8-y%(2+r%)

gl()’) = VZ l 92(]/) + 2 I 93()/) (4'+V2)2 (A_g)
My (6F;v) = —y cos0F + (1 +y?) sin 6F

M,(6E;v) = cos0F — y sin 6

M;(6F;7) = —ysin0? — (1 + y?) cos 6F

M,(6F;v) = sin6F +y cos 67

and:

L,(B,5,6,0F) = BcosOF + Fsin6?

Ly(%B,3,C,0F) = Jcos 6 + Csin 6 (A10)

L3(%B,3,6,0F) = —Bsin6F + I cos OF
L,(B,3,C,0F) = —Jsin6f + Ccos 67

Equations (A-7) and (A-8) can be used to find a relation for the evolution of the 6% during

21

plastic loading. Symmetry of U¢, requires that U¢, be also symmetric; as a result, % =

due )
—L22 \which leads to:

dap \/_ 1VL12)L

D = e (KL + KoLy = Kby — Kulis) + et SNy 1y + 2228 (ML, + MLy — ML, —
da

M2L4)}5 (A-11)

Or equivalently:

dog

rm itl 3 s (A-12)
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Substituting (A-12) into (A-6) and (A-7) yields:

due ~ VeAP*N 3 d ~
ﬁ = - [\511 /‘L—le (MyL; + MyL3) + \/;EBNLJI] d_j + (K1L1 + K3Lz — 3%5) (A-13)

duep;,
dy

V6ar? NL 12

= l—@%l l

3 d
(MyL, + MyLy) + \/;JNL,nl d_j + (K1l + K,L, — CF,) (A-14)

Or equivalently:

— L = F (AP, 0F,B,5,6,N, 11, Ny 123y 246G, (7, 0F,B,3,6 Ny 11, N 125 ¥
d d
— _ i _ (A-15)
due I d I
ﬁ =¥, (Ap' 95' B,3I,CNp11, Ny 125 V) d_j + G2 (Ap' 9153: B,3CNp11, Ny 125 Y)

It is worth mentioning that use of a definition for the plastic spin is bypassed due to the
symmetry property of the elastic stretch tensor. In other words, in isotropic plasticity the plastic
spin is function of the known kinematics variables and does not require a separate evolution
equation (see for example [33,41]).

Using equations (A-2) and (A-15) glves the followings for the time rate of stress tensors:

B = (4’1TL 11 ’Vo)TL 11t 4’1TL 12TL 12 = T1 Oy =+ G1
(A-16)

3 = 4’2?L,11?L,11 + (4’2?1,,12 ”o)TL 12 = :de_+gz
Therefore, equation (A-16) yields the following expression for the time rate of stress

components:

GchlL)/l1 c/‘h(l Hp,Hf,% 36 V) +Bl(lp 95' 95’% 3G )/)

(A-17)
dz o~ o~
T = A, (W,6F,6],8,3,6y) 5 + B (W, 67,60, 8,3, G y)
in which:
Ay Bl] _ UI%L,l_l — ) ’i’l%L,lz ) [?1 91] (A-18)
A, B, vy VT —vo| F2 G

Equations (A-12) and (A-18) are used during the time integration for the plastic consistency and

update of the Eulerian triad angle for the problem of simple shear.
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