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We search for the largest syntactic semigroups of star-free languages having n left quo-
tients; equivalently, we look for the largest transition semigroups of aperiodic finite au-
tomata with n states. We first introduce unitary semigroups generated by transforma-
tions that change only one state. In particular, we study unitary-complete semigroups
which have a special structure, and show that each maximal unitary semigroup is unitary-
complete. For n > 4 we exhibit a unitary-complete semigroup that is larger than any
aperiodic semigroup known to date. We then present even larger aperiodic semigroups,
generated by transformations that map a non-empty subset of states to a single state;
we call such transformations and semigroups semiconstant. We examine semiconstant
tree semigroups which have a structure based on full binary trees. The semiconstant tree
semigroups are at present the best candidates for largest aperiodic semigroups.

Keywords: aperiodic, monotonic, semiconstant, transition semigroup, star-free lan-
guage, syntactic complexity, unitary

1. Introduction

The state complezity of a regular language is the number of states in a complete min-
imal deterministic finite automaton (DFA) accepting the language [18]. An equiva-
lent notion is that of quotient complexity, which is the number of left quotients of the
language [1]; we prefer quotient complexity since it is a language-theoretic notion.
The usual measure of complexity of an operation on regular languages [1, 18] is the
maximal quotient complexity of the result of the operation as a function of the quo-
tient complexities of the operands. This measure has some serious disadvantages,
however. For example, as shown in [6], in the class of star-free languages all common
operations have the same quotient complexity as they do in the class of arbitrary
regular languages, with the exception of two cases discussed in [7]: reversal and a
special case of product. Thus quotient complexity fails to differentiate between the
very special class of star-free languages and the class of all regular languages.
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It has been suggested that other measures of complexity may also be useful [2],
in particular, the syntactic complexity of a regular language which is the cardinality
of its syntactic semigroup [16]. This is the same as the cardinality of the transition
semigroup of a minimal DFA accepting the language, and it is this latter represen-
tation that we use here. The transition semigroup is the set of all transformations
induced by non-empty words on the set of states of the DFA. The syntactic com-
plexity of a class of languages is the size of the largest syntactic semigroups of
languages in that class as a function of the quotient complexities of the languages.
Since the syntactic complexity of star-free languages is considerably smaller than
that of regular languages, this measure succeeds in distinguishing the two classes.

The class of star-free languages [15] is the smallest class obtained from fi-
nite languages using only boolean operations and concatenation, but no star. By
Schiitzenberger’s theorem [17] we know that a language is star-free if and only if
the transition semigroup of its minimal DFA is aperiodic, meaning that it contains
no non-trivial subgroups. Equivalently, a transition semigroup is aperiodic if and
only if no word over the alphabet of the DFA can induce a non-trivial permutation
of any subset of two or more states.

Two aperiodic semigroups, monotonic and partially monotonic, were studied
in [11]. That work was adapted to finite automata in [5], where nearly monotonic
semigroups were also introduced; they are larger than the partially monotonic ones
and were the largest aperiodic semigroups known to date for n < 7. For n > 8 the
largest aperiodic semigroups known to date were those generated by DFAs accepting
R-trivial languages [4]. The syntactic complexity of R-trivial languages is n!. As to
aperiodic semigroups, tight upper bounds on their size were known only for n < 3.

The following are the main contributions of this paper:

(1) Using the method of [14], we enumerated all aperiodic semigroups for n = 4,
and showed that maximal aperiodic semigroups have size 47, while the maximal
nearly monotonic semigroup has size 41. This may seem like an insignificant
result but it provided us with strong motivation to search for larger semigroups.
The number of aperiodic transformations is (n + 1)"~1. For n > 4 the number
of aperiodic semigroups is very large, and so it is difficult to check them all.

(2) We studied semigroups generated by transformations, which we call unitary,
that change only one state. A transition semigroup of a DFA is unitary-complete
if it is unitary and the addition of any new unitary transition results in a semi-
group that is not aperiodic. We characterized unitary semigroups and computed
their maximal sizes up to n = 1,000. For n > 4 the maximal unitary semigroups
are larger than the maximal nearly monotonic ones and also larger than any
previously known aperiodic semigroup.

(3) For each n we found a set of DFAs whose inputs induce semiconstant tree trans-
formations that send a non-empty subset of the set of states to a single state,
and which have a structure based on full binary trees. For n > 4, there is a semi-
constant tree semigroup larger than the largest unitary-complete semigroup. We
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computed the maximal size of these transition semigroups up to n = 500.

(4) We derived formulas for the maximal sizes of unitary-complete and semiconstant
tree semigroups. We also provided recursive formulas characterizing the max-
imal unitary-complete and semiconstant tree semigroups; these formulas lead
to efficient algorithms for computing the forms and sizes of such semigroups.
These algorithms were used in the computations of (2) and (3) above.

Our results about aperiodic semigroups are summarized in Tables 1 and 2 for small
values of n. Transformation 1 is the identity; it can be added to unitary and semi-
constant transformations without affecting aperiodicity.

Additional information about the classes of semigroups in Tables 1 and 2 is
given later. The classes are listed in the order of increasing size when n is large.
The number in boldface shows the value of n for which the size of a given semigroup
exceeds the sizes of all of the preceding ones. For example, the sizes of the largest
semigroups of finite languages exceed the sizes of the preceding semigroups for
n = 12.

There are two more classes of syntactic semigroups that have the same com-
plexity as the semigroups of finite languages: those of cofinite and reverse definite
languages. The tight upper bound |e - (n — 1)!] for J-trivial languages ([4]) is also
a lower bound for definite languages ([5]). An upper bound of n((n —1)! — (n —3)!)
has been shown to hold [13] for definite and generalized definite languages [10], but
it is not known whether this bound is tight.

Let fpm(n) be the size of the largest partially monotonic semigroups of trans-
formations of n elements; then fp,(n) is asymptotically A&\/%I, where A and B
are constants [5]. For nearly monotonic semigroups the size is fpm(n) +n — 1.

Table 1. Large aperiodic semigroups.

10 45 | 270 | 1,737| 13,280| 121,500
10 47 | 273 | 1,849| 14,270| 126,123
10 47 ? ? ? ?

Unitary-complete with 1 -

Semiconstant tree with 1 —

mf v 2] [af[s 6] 7 | 8 |
Monotonic (*"") 1 3 10 | 35 | 126 | 462| 1,716| 6,435
Part. mon. fpm(n) - 2 8 | 38 | 192 | 1,002| 5,336 28,814
Near. mon. fpm(n)+n—1| — 3 10 41 | 196 | 1,007| 5,342| 28,821
Finite (n — 1)! 1 1 2 6 | 24 | 120 720 | 5,040
J-trivial |e - (n — 1)!] - 2 16 | 65 | 326 | 1,957 13,700
R-trivial n! 1 2 6 | 24 | 120 | 720| 5,040 40,320
3
3
3

Aperiodic 1

The remainder of the paper is structured as follows. Section 2 presents our ter-
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Table 2. Large aperiodic semigroups continued.

E 10 11 12 13
Monotonic 24,310 | 92,378 | 352,716 | 1,352,078 5,200, 300
Partially monotonic 157,184 | 864,146 | 4,780,008 | 26,572,086 | 148,321,344
Nearly monotonic 157,192 | 864,155 | 4,780,018 | 26,572,097 | 148,321,356
Finite 40,320 | 362,880 | 3,628,800 | 39,916,800 | 479,001,600
J-trivial 109,601 | 986,410 | 9,864,101 | 108,505,112 | 1,302, 061,345
R-trivial 362,880 | 3,628,800 | 39,916,800 | 479,001,600 | 6,227,020, 800
Unitary-complete with 1 ||1,231,200{12, 994, 020[151, 817, 274[2, 041, 564, 50029, 351, 808, 000
Semiconstant tree with 1 ||1,269, 115(14, 001, 629|169, 410, 932|2, 224, 759, 33331, 405, 982, 419
Aperiodic ? ? ? ? ?

minology and notation. Our large aperiodic semigroups are defined in Section 3. The
special case of unitary semigroups is then considered in Section 4, and semiconstant
tree semigroups are the topic of Section 5. Section 6 concludes the paper.

A much abbreviated version of this work appeared in [8].

2. Terminology and Notation

Let ¥ be a finite alphabet. The elements of 3 are letters and the elements of ¥*
are words, where ¥* is the free monoid generated by ¥. The empty word is €, and
the set of all non-empty words is ©T. A language is any subset of X*.

Suppose n > 1. Without loss of generality we assume that our basic set is
Q={0,1,...,n—1}. A deterministic finite automaton (DFA) is a quintuple D =
(Q,%,4,0,F), where @ is a finite non-empty set of states, ¥ is a finite non-empty
alphabet, §: Q x ¥ — @ is the transition function, 0 € @Q is the initial state, and
F C Q is the set of final states. We extend § to Q x ¥* and to 29 x ¥* as usual.

A DFA D accepts a word w € ¥* if §(0,w) € F. The language accepted by D
is L(D) = {w € ¥* | §(0,w) € F}. By the language of a state q of D we mean the
language L4(D) accepted by the DFA (Q, X, 4, ¢, F). A state is empty (also called
dead or a sink) if its language is empty. Two states p and ¢ of D are equivalent if
L,(D) = Ly(D); otherwise, they are distinguishable. A state ¢ is reachable if there
exists a word w € ¥* such that 6(0,w) = ¢q. A DFA is minimal if all its states are
reachable and pairwise distinguishable.

A transformation of @ is a mapping of @ into itself. Let ¢ be a transformation of
Q; then gt is the image of ¢ € Q under t. If P is a subset of @, then Pt = {qt | ¢ € P}.
An arbitrary transformation can be written in the form

01--

n—2n-—1

PoP1 - Pn—-2 Pn—1
4
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where p; = gt for ¢ € Q. We also use t = [po,...,pn—1] as a simplified notation.
The composition of transformations t; and t5 of @ is the transformation t; ots such
that g(t1 o t2) = (gt1)t2 for all ¢ € Q. We write t1to for t1 o ta.

Let Tg be the set of all n™ transformations of @); then 7 is a monoid under
composition with 1 as the identity. A permutation of @) is a mapping of Q@ onto
itself. For k > 2, a permutation ¢ of a set P = {qo,q1,..-,qk—1} C @ is a k-
cycle if qot = q1, 1t = @2, ..., Qk—2t = qr_1,qr—_1t = qo; this k-cycle is denoted by
(g0, 41, - -, qr—1)- If a transformation ¢ of @ acts like a k-cycle on some P C @, we
say that t has a k-cycle. A transformation of @ has a cycle if it has a k-cycle for
some k > 2.

A transformation is aperiodic if it has no cycles.

In any DFA D, each word w € ¥* induces a transformation t¢,, of @) defined by
gtw = 0(q,w) for all ¢ € Q. The set of all transformations of @ induced in D by
non-empty words is the transition semigroup of D, which is a subsemigroup of 7.

The syntactic congruence =~y of any language L is defined as follows:
x ~p yif and only if uzv € L & wyv € L for all u,v € X*. The set X1/~ of
equivalence classes of ~j is a semigroup called the syntactic semigroup of L. A
language is regular if and only if its syntactic semigroup is finite. The syntactic
complezity of L is the cardinality of its syntactic semigroup.

If D is minimal, its transition semigroup is isomorphic to the syntactic semigroup
of the language L(D) [15, 16]. In this paper we deal only with transition semigroups.

If T is a set of transformations, then (T) is the semigroup generated by T. If
D=(Q,%,6,0,F) is a DFA, the transformations induced by letters of ¥ are called
generators of the transition semigroup of D or simply generators of D.

3. Unitary and Semiconstant DFAs

We define a new class of aperiodic DFAs among which are found DFAs with the
largest transition semigroups known. We also study several of its subclasses.

A wnitary transformation ¢, denoted by (p — ¢), has p # ¢, pt =g and rt = r
for all r £ p. A DFA is unitary if each of its generators is unitary. A semigroup is
unitary if it has a set of unitary generators.

A constant transformation t, denoted by (Q — ¢), has pt = ¢ for all p € Q.
A transformation ¢ is semiconstant if it maps a non-empty subset P of @ to a
single element ¢ and leaves the remaining elements of ) unchanged. It is denoted
by (P — g). A constant transformation is semiconstant with P = @, and a unitary
transformation (p — ¢) is semiconstant with P = {p} (or P = {p,q}). A DFA is
semiconstant if each of its generators is semiconstant. A semigroup is semiconstant
if it has a set of semiconstant generators.

For each n > 1 we shall define several DFAs. Let m, ni,ns,...,n,, be positive
natural numbers. Also, let n = ny + --- + n,,, and for each i, 1 < i < m, define
r; by r; = 22;11 n;. For i =1,...,m,let Q; = {r;,7 +1,...,7,41 — 1}; thus the
cardinality of Q; is n;. Let @ = Q1 U---UQy, = {0,...,n — 1}; the cardinality of

5
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Q is n. The sequence (ni,na,...,ny) is called the distribution of Q. The number
d(n) of different distributions of the n-element set @ is 2771,

A binary tree is full if every vertex has either two children or no children. There
are C,,_1 full binary trees with m leaves, where C,, = #(2;:) is the Catalan
number?®.

Let Ag be a full binary tree with m leaves labeled Q1,...,Qy from left to
right. To each node v € Ag we assign the union Q(v) of all the sets @; labeling
the leaves in the subtree rooted at v. With each full binary tree we can associate
different distributions. A full binary tree Ag with a distribution (n1,ns2,...,7m)
of @ is denoted by Ag(ni,na,...,ny) and is called the structure of @, which
will uniquely determine the transition function § of the DFAs defined below. The
number of possible structures of @ for a given n is the binomial transform of the
Catalan number C,,°. We can denote the structure of @ as a binary expression.
For example, the expression ((3,2),(4,1)) denotes the full binary tree in which the
leaves are labeled Q1, Q2, @3, and Qq4, where |Q1| = 3,|Q2| = 2,|Q3] = 4,|Q4| = 1,
and the interior nodes are labeled by Q1 U @2, Q3 U Q4 and Q1 U Q2 U Q3 U Q4.
The expression (((3,2),4),1) has interior nodes labeled Q1 U @2, Q1 U Q2 U Q3 and

Q1UQ2UQ3UQy.
Definition 1 (Transformations) Suppose n > 1, (n1,n2,...,ny) is a distribu-
tion of Q, and Ag(ni,na,...,ny) is a structure of Q.

Type 1: Foralli=1,...,m and q,q + 1 € Q; the unitary transformations (¢ —
g+1) and (¢+1 — q) are Type 1 transformations.

Type 2: If1<i<m—1andi<j<m, for each g€ Q; andp € Qj, (¢ = p) is
a Type 2 transformation.

Type 3: There are m — 1 internal nodes. For each such node w, the semiconstant
transformation (Q(w) — min(Q(w))) is of Type 3.

Type 4: The identity transformation 1 on Q is of Type 4.

For a fixed i there are 2n; — 2 transformations of Type 1 and n;(ni4+1+- - +nm)
transformations of Type 2; for m = 1 there are no transformations of Type 2.
The number of all transformations of Type 3 is m — 1. Note that the distribution
(n1,ne,...,ny,) affects transformations of Types 1, 2, and 3, whereas the binary
tree affects only transformations of Type 3.

In the following DFAs the transition function is defined by a set of transforma-
tions and the alphabet consists of letters inducing these transformation.

Definition 2 (DFAs) Suppose n > 1.
(1) Any DFA of the form Dy(n1,...,nm) = (Q, Xy, 04,0, {n—1}), where &, has all
the transformations of Types 1 and 2, is a unitary-complete DFA. Note that

®http://en.wikipedia.org/wiki/Catalan_number
Phttp://oeis.org/A007317
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the transition semigroup of a unitary-complete DFA is unitary-complete.

(2) Dui(ni, ... nm) = (Q, Xui, 0ui, 0, {n — 1}) is Dy(n1,...,ny) with 1 added.

(3) Any DFA Dsot(Ag(ni, ..., Mm)) = (Q, Lset, dsct, 0, {n — 1}), where §5ct has all
the transformations of Types 1, 2 and 3, is a semiconstant tree DFA.

(4) Dscti(Ag(n1,...,nm)) = (Q,Xsctir Isctis 0, {n — 1}) is Dsct(Ag(na, ..., nm))
with 1 added.

The directed graph G(D) = (V, E) of a unitary DFA D is defined as follows:
V = @, and for every unitary transformation (p — ¢) in D, there is an edge
(p,q) in E. A directed graph (V, E) is called a bipath (bidirectional path) [9] if
V ={vo,...,vk_1} for some k > 1, and for each vy, v441 € V there are two edges
(vg,Vg+1) and (vg+1,vq), and there are no other edges. In the graph of a unitary-
complete DFA the induced subgraph on @; is isomorphic to a bipath. Also, the
graph of D, (n1,...,n.,) of Definition 2 can be viewed as a sequence (Q1, ..., Qm)
of bipaths, where there are additional edges from every ¢ in @Q; to every p in @, if
i <j.

Example 3. Figure 1 shows three examples of unitary DFAs. In Fig. 1 (a) we
have DFA D, (3), where the letter apq induces the unitary transformation (p — q).
In Fig. 1 (b) we show the graph G(D,(3)). Next, in Figs. 1 (¢) and (d), we have
G(Du(3,1)) and G(Dy(2,2,2)), respectively. We shall return to these examples later.

a10, @12, a21 ao1,a10,a12
agi, a21

O (O
L)
aio a21

(a)

(©)

(b)

Fig. 1. Unitary DFAs: (a) Du(3); (b) G(Du(3)); (¢) G(Du(3,1)); (d) G(Du(2,2,2)).

Remark 4. All four types of DFAs of Definition 2 are minimal as is easily verified.
Hence the syntactic semigroup of the language of each DFA is isomorphic to the
transition semigroup of the DFA.
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4. Unitary Semigroups

We study unitary semigroups because their generators are the simplest. We begin
with three previously studied subsemigroups of unitary semigroups.

Monotonic semigroups: Monotonic semigroups were studied in [5,11,12]. Let <
be a total order on Q. A transformation ¢ of Q) is order-preserving if for all p, q € Q,
p = q implies pt < qt. Note that the identity transformation is order-preserving, and
the composition of two order-preserving transformations is order preserving. A DFA
is monotonic if each of its input transformations is order-preserving. A semigroup
is monotonic if it has a set of order-preserving generators.

The following result of [11] is somewhat modified for our purposes:

Proposition 5 (Gomes and Howie) The set M of all (2"7;1) — 1 order-
preserving transformations other than 1 is an aperiodic semigroup generated by

Gu={(g=q¢+1)[0<g<n-2tU{(g=q-1)|1<g<n—1},
and no smaller set of unitary transformations generates M.

Corollary 6. The transition semigroup of Dyi(n) is the semigroup M U {1} of all
order-preserving transformations.

Note that D, has transitions of Type 1 only, and D,; has Type 1 and 4 only.
Figure 1 (b) shows D, (3) and D,;(3), if 1 is added. The transition semigroup of
D.i(3) has ten elements and is the largest aperiodic semigroup for n = 3 [5].

Note also that there are monotonic semigroups that do not have unitary gener-
ating sets; each monotonic semigroup, however, is a subsemigroup of the transition
semigroup of D,;(n) consisting of all order-preserving transformations.

Partially monotonic semigroups: A partial transformation t of () is a partial
mapping of ) into itself. If ¢ is defined for ¢ € @, then ¢t is the image of ¢ under
t; otherwise, we write ¢t = [J. By convention, (0t = 0. The domain of t is the set
dom(t) = {q € @ | gt # O}. Given an order < on @, a partial transformation is
order-preserving if for all p, g € dom(t), p < ¢ implies pt < gt.

Semigroups of order-preserving partial transformations were studied by Gomes
and Howie [11] and adapted to automata in [5]. Suppose @ = {0,...,n—2}. We fol-
low [5] by adding state (n—1) for the undefined value [J and defining (n—1)t = n—1
for all transformations. The semigroups of the obtained DFAs correspond naturally
to semigroups of partial transformations. The transition semigroup of a DFA is par-
tially monotonic if its corresponding semigroup of partial transformations has only
order-preserving transformations. A DFAs with a partially monotonic semigroup is
partially monotonic. The following is an adaptation of the results of [11]:

Proposition 7. For n > 2, the DFA Dy;(n —1,1) = (Q, Xui, 0ui, 0,{n — 1}) has
the following properties:

(1) All partial transformations corresponding to the 3n — 4 generators of Dy;(n —

8
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1,1) are order-preserving. Thus Dy;(n—1,1) is partially monotonic, and hence
aperiodic.

(2) The transition semigroup of Dyi(n —1,1) corresponds to the semigroup PMg
of all fpm(n) order-preserving partial transformations of Q, where

=5 (") (), 0

k=0

(8) Each generator is idempotent, and 3n — 4 is the smallest number of idempotent
generators of the transition semigroup of Dy;(n —1,1).

Example 8. There are eight order-preserving partial transformations of the set
Q = {0, 1}, namely: [O3,0], [0,d], [1,0], [@,0], [@,1], [0,0], [0,1], [1,1]. When we
replace O by 2, the partial transformations become total transformations [2,2,2],
[0,2,2], [1,2,2], [2,0,2], [2,1,2], [0,0,2], [0,1,2], [1,1,2]. The 9 —4 =5 generators
of Dui(2,1) are: (0 — 1) = [1,1,2], (0 —» 2) = [2,1,2], (1 —» 0) = [0,0,2], (1 —
2) =1[0,2,2] and 1. The DFA of Figure 1 (c) is an example of Dy, (3,1).

For n > 4 the largest partially monotonic semigroup is larger than the semigroup
of all order-preserving transformations.

There are partially monotonic semigroups that do not have unitary generat-

ing sets; each partially monotonic semigroup, however, is a subsemigroup of the
transition semigroup of D,;(n — 1,1).
Other previously studied aperiodic semigroups: As we mentioned in the
introduction, the syntactic complexity of five other language classes was studied
previously. Cofinite languages are complements of finite languages, and therefore
their minimal DFAs have the same transition semigroups as the DFAs of finite
languages.

The reverse w? of a word w € X% is w spelled backwards and ¢® = ¢. The
reverse of a language L is LT = {wf | w € L}. A language is definite if it has
the form F U X*F, where F and F are finite. It is reverse definite if its reverse is
definite, that is, if it has the form FU FX*, where E and F are finite. It was shown
in [5] that the syntactic complexity of reverse definite languages is the same as that
of finite languages. The syntactic complexity of definite languages remains open.

The well known Green relations define R-trivial and J-trivial monoids (semi-
groups with an identity). If M is a monoid, the relation R is defined by sRt < sM =
tM for s,t € M. A monoid is R-trivial if s Rt implies s = t. The relation J is de-
fined by sJt & MsM = MtM, and M is J-trivial if MsM = MtM implies s = t.
Languages whose minimal DFAs have R-trivial (J-trivial) transition monoids are
also called R-trivial (J -trivial).

Syntactic complexities of R-trivial and J-trivial languages were studied by Br-
zozowski and Li [4]. Consider the natural order < on @ = {0,...,n — 1}. We say
that a transformation ¢ is non-decreasing if ¢ < gt for all ¢ € Q). Let Fg be the set
of all non-decreasing transformations. The size of Fq is nl.

9
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It was shown in [3] that L is an R-trivial language if and only if its minimal
DFA is partially ordered, or equivalently, if its transition semigroup contains only
non-decreasing transformations. Thus the largest semigroup generated by DFAs
accepting R-trivial languages is Fg.

Proposition 9. The transition semigroup of Dyi(1,1,...,1) is the semigroup Fq
of all non-decreasing transformations.

Proof. DFA D,;(1,1,...,1) has only unitary transformations of Type 2. They
generate only non-decreasing transformations, since each of them preserves the
natural order. An arbitrary non-decreasing transformation has the form ¢ =
01---n—-2n-1 )
,where p, > ¢q for ¢ = 0,...,n — 2. Since D,,(1,1,...,1)
Pop1 - Pn—2 n—1
contains all unitary transformations of the form (¢ — p) for ¢ < p, all transforma-
tions t, = (¢ — pq) are present. One verifies that applying t,,_ot,—3 - - - t1to results
in . O

There are semigroups with only non-decreasing transformations that do not have
unitary generating sets, but each such semigroup is a subsemigroup of Fg. Since
every J-trivial language is also R-trivial, the transition semigroups of all minimal
DFAs accepting J-trivial languages are also subsemigroups of D,,;(1,1,...,1).

General unitary semigroups: A set {to,...,tx—1} of unitary transformations is
k-cyclic if it has the form to = (g0 — ¢1), t1 = (g1 = ¢2), - - -y tk—2 = (qk—2 = qr—1),
tk—1 = (qk—1 — qo), where the ¢; are distinct.

Lemma 10. Let T be a set of unitary transformations.

(1) If T has a k-cyclic subset {to,...,tx—1} with k > 3, then (T) is not aperiodic.
(2) If T contains a subset Tg = {to1,t10,t12,t13, t21,t31} where t; ; = (¢; — ¢;) and
40, 1,42, 93 € Q, then (T) is not aperiodic.

Proof. Without loss of generality, we can replace ¢; by ¢ in both claims.

(1) Suppose that T contains to,...,tk—1, where k < n, t; = (¢,¢ + 1) for
gq=0,....,k—2,and t,_1 = (k—1 — 0). Then tx_otg_3...t1totx—1 maps
Otol,1to2,....,.k—3tok—2,k—2to0, and kK —1 to 0, and does not affect
any other states. Thus the set {0,1,...,k — 2} is cyclically permuted, which
shows that (T') is not aperiodic.

(2) If {t()l,t12,t13,t10,t21,t31} Q T, then the transformation t12t01t13t21t10t31
transposes ¢qo and ¢1; hence (T') is not aperiodic. O

Theorem 11. IfD = (Q, %, 9,0, F) is a unitary DFA, the following are equivalent:
(1) D is aperiodic.

10
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(2) The set of generators of D does not contain any k-cyclic subsets with k > 3,
and does not contain any sets of type Tg.
(8) Every strongly connected component of the graph of D is a bipath.

Proof. 1 = 2: This follows from Lemma 10.

2 = 3: Consider a strongly connected component C' of the graph of D. If
|C| = 1, the claim holds. Otherwise, suppose p € C' and (p — ¢) is a transition.
Then there must also be a directed path from ¢ to p. If the last transition in that
path is (r — p), where r # ¢, then the set of generators must contain a k-cyclic
subset with k > 3, which is a contradiction. Hence the transition (¢ — p) must be
present.

Next, suppose that there are transitions (p — ¢q), (p — r), and (p — s). By
the argument above there must also be transitions (¢ — p), (r — p), and (r —
s). But then the set of generators contains a subset of type T, which is again a
contradiction.

It follows that every strongly connected component is a bipath, and the graph
of the transitions of D is a loop-free connection of such bipaths.

3 = 1: Suppose that there is a transformation ¢t with a cycle (qo, ..., qx—1).
Every state ¢; from the cycle lies in a single strongly connected component, which
is a bipath. This bipath is monotonic with some order <, which must be preserved
by the transformation ¢ restricted to the set of states of the cycle. If g9 < g1, then
q1 = qot < q1t = @2, etc. Thus we reach ¢x_1 < qo < qx_1, which is a contradiction.
Hence D is aperiodic. O

Theorem 12. A mazimal aperiodic unitary semigroup is isomorphic to the tran-
sition semigroup of a unitary-complete DFA D, (nq,...,ny), where (n1,...,ny,) is
some distribution of Q.

Proof. We know that an aperiodic unitary DFA D is a loop-free connection of
bipaths. Let Q1,...,Q be the bipaths of D. There exists a linear ordering < of
them, such that there is no transformation (p — ¢) for ¢ € Q;,p € Q,,7 < j. If all
possible transformations (¢ — p) for ¢ € Q;,p € Q;,i < j are present, then D is
isomorphic to Dy (n1,...,nmy). Otherwise we can add more unitary transformations
of Type 2 and obtain a larger semigroup. O

For each distribution (n1,...,n.,), we calculate the size of the transition semi-
group of Dy;(n1,...,Nm).

Theorem 13. The cardinality of the transition semigroup of Dyi(ni,...,ny) is
1 ni—h
" 2n; — 1 o - n; ni+h—1
i . 2
)2 (X)) ) e
i=1 h=0 \j=i+1

11
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Proof. As above Dy;(n1,...,n,,) is a loop-free connection of bipaths, and its gen-
erators are the transformations within each bipath, all transformations of the form
(p— q) where pe Q;, ¢ € Q;, 1< j, and 1.

In the transition semigroup of Dy;(n1,...,ny), consider i such that 1 <17 < m,
and a transformation t; that

(1) acts as the identity on any state in Q; for j # 1,
(2) maps some number h of states of @; to Q;,
(3) maps the remaining n; — h states of @; to some states in Q;+1 U -+ U Q.

It is convenient to temporarily consider the partial transformation ¢} defined on @Q;
which for all ¢ € Q; has the property gt; = gt;, if gt; € Q; and ¢t = O, otherwise.
Thus the images of the n; — h states mapped to the outside of @Q; are all lumped
together into the undefined value 0. The number of such partial transformations
generated by the transitions in the bipath is ('}/) (”"Jrhh*l) [11]; these are all the
order-preserving partial transformations of @; that map exactly h states of @Q;
to Ql

Returning to t¢;, consider first the case h = n;; then ¢, is the total transformation
equal to t;, and there are (an:1) such transformations. Otherwise, t; maps n; — h
states of Q; to arbitrary states in Q;11U- - -UQ,. If K = njy1+- - -+nyy, is the number
of states in the bipaths below Q;, then for each t there are k™~ transformations
t;. Altogether, for a fixed bipath @;, the number of transformations ¢; is

CUESOET) o

h=0
If t is any transformation of Dy;(n1,...,nm), then it can be represented by
t =t otym—10---0ty, where t; maps @Q; into Q; U . ..U Q,,. Since the domains of
t1,...,ty are disjoint, there is a bijection between transformations ¢ and the sets
{t1,...,tm}. Hence we can multiply the numbers of different transformations ¢; for
each 1 < i < m, and the formula in the theorem results. |

Note that each factor of the product in Theorem 13 depends only on n; and
on the sum k = nj41 + -+ + ny. Hence if Dy;(nq,...,ny) is maximal, then
Dui(na,...,ny) is also maximal and so on. Consequently, we have

Corollary 14. Let my;(n) be the cardinality of the largest transition semigroup of
DFA Dyi(na, ..., ny) with n states. If we define m.,;(0) = 1, then for n >0

, i-1 nli\(i+h-
S (mm(nj) ((2]; 1) +hg0(nfj)%h <2> (J +Z 1))) O

This leads directly to a dynamic algorithm taking O(n®) time for computing
my;(n) and the distributions (nq, . ..,n,,) yielding the maximal unitary semigroups.
This holds assuming constant time for computing the internal terms in the summa-
tion and summing them, where, however, the numbers can be very large (O(n™)).

12
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The precise complexity depends on the algorithms used for multiplication, expo-
nentiation and calculation of binomial coefficients.

We were able to compute the maximal D,,; up to n = 1,000. Here is an example
of the maximal one for n = 100:

D.i(12,11,10,10,9,8,8,7,6,5,5,4,3,2);

its syntactic semigroup size exceeds 2.1 x 10'%°. Compare this to the previously
known largest semigroup of an R-t