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The quotient complexity of a regular language L, which is the same as its state com-
plexity, is the number of left quotients of L. An atom of a non-empty regular language
L with n quotients is a non-empty intersection of the n quotients, which can be uncom-
plemented or complemented. An NFA is atomic if the right language of every state is a
union of atoms. We characterize all reduced atomic NFAs of a given language, i.e., those
NFAs that have no equivalent states. We prove that, for any language L with quotient
complexity n, the quotient complexity of any atom of L with » complemented quotients
has an upper bound of 2" — 1 if r =0 or r = n; for 1 <r < n — 1 the bound is
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For each n > 2, we exhibit a language with 2™ atoms which meet these bounds.
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1. Terminology and Notation

In this section we provide some background information, introduce atoms of regular
languages, and state our reasons for studying them. For basic properties of regular
languages and finite automata see [7,9].

If ¥ is a non-empty finite alphabet, then ¥* is the free monoid generated by
3. A word is any element of ¥*) and the empty word is €. A language over X is
any subset of ¥*. The reverse of a language L is denoted by L and defined as
L = {w® | w € L}, where w? is w spelled backwards.

The (left) quotient of a regular language L over an alphabet X by a word w € ¥*
is the language w™ 'L = {z € ¥* | wz € L}. It is well known that the quotient of
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a regular language is itself regular, and that a language is regular if and only if it
has a finite number of distinct quotients. Also, L is its own quotient by the empty
word &, that is e 'L = L. Note too that the quotient by u € X* of the quotient by
w € X% of L is the quotient by wu of L, that is, u=*(w™1L) = (wu) ' L.

Although quotients have been known for over half a century, atoms were intro-
duced only in 2011 by Brzozowski and Tamm [4]; here we use a slightly different
definition for reasons explained at the end of Section 2. An atom of a regular
language L with quotients Ky, ..., K,_1 is any non-empty language of the form
l’(vo N---N E__/l, where E is either K; or K;, and K; is the complement of K; with
respect to X*. The atoms of any regular language L have the following properties,
which have either been shown in [4] or are easily verified for the new definition:

(1) Atoms are regular because quotients are regular and regularity is preserved
under complement and intersection.

(2) If L has n quotients, it has at most 2™ atoms, by the definition of atoms.

(3) Atoms are pairwise disjoint because, if two intersections differ, there must be a
quotient that is complemented in one intersection but not in the other.

(4) The atoms of L partition ¥*, since the union of all the intersections is ¥*.

(5) Every quotient K of L is a (possibly empty) union of atoms, namely all those
atoms in which K is not complemented.

(6) Every quotient of an atom is a (possibly empty) union of atoms, because the
quotient of an intersection of quotients of L is an intersection of quotients of L.

(7) The complement of L is a union of atoms of L, namely all those atoms in which
L is complemented.

In summary, the atoms of a regular language are its basic building blocks.

A nondeterministic finite automaton (NFA) is a quintuple 0t = (Q,%,n, I, F),
where @ is a finite, non-empty set of states, X is a finite non-empty alphabet, n: Q x
¥ — 29 is the transition function, I C @ is the set of initial states, and F C Q
is the set of final states. As usual, we extend the transition function to functions
7' Q x ¥ — 29 and n”: 29 x ¥* — 29 but we use 7 for all three functions.

The language accepted by an NFA N is L(MN) = {w € * | n(L,w)NF # §}. Two
NFAs are equivalent if they accept the same language. The right language of a state g
of Nis Ly p(N) = {w € ¥* | n(q, w)NF # 0}. The right language of a set S of states
of Nis Ls,p(N) = Uyes Lg,r(N); hence L(N) = Ly, r(N). A state is empty if its
right language is empty. Two states of an NFA are equivalent if their right languages
are equal. The left language of a state ¢ of Mis Ly, = {w € £* | ¢ € n(L,w)}. A
state is unreachable if its left language is empty. An NFA is trim if it has no empty
or unreachable states. An NFA is reduced if it has no equivalent states. An NFA is
minimal if it has the minimal number of states among all the equivalent NFAs.

A deterministic finite automaton (DFA) is a quintuple ©® = (@, X%, 4, qo, F),
where @, X, and F are as in an NFA, §: Q x X — (@ is the transition function,
and gg € @ is the initial state. It is evident that a DFA is a special type of NFA.
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A DFA is minimal if all of its states are reachable, and no two states are equivalent.
It is well-known that for every regular language L there exists a unique (up to
isomorphism) minimal DFA.

We use the following operations on automata:

(1) The determinization operation D applied to an NFA 91 yields a DFA 9P ob-
tained by the subset construction, where only subsets reachable from the initial
subset of M are used and the empty subset, if present, is included.

(2) The reversal operation R applied to an NFA 9 yields an NFA 9, where sets
of initial and final states of 91 are interchanged and each transition is reversed.

2. Quotient DFAs and Atomata

Let L be any non-empty regular language, and let its set of quotients be K =
{Ko,...,Kn_1}. The quotient of e 7'L = L is called initial and is denoted by K;,.
The set of final quotients is F = {K; | ¢ € K;}. In the following definition we use a
1-1 correspondence K; <> K; between quotients K; of a language L and states K;
of the quotient DFA © defined below. We refer to the K; as quotient symbols.

Definition 1. The quotient DFA of L is © = (K,X%,0,K;n, F), where K =
{Ko,...,Kn_1}, 6(Ki,a) = K; if and only if a 'K; = K; for all K;,K; € K
and a € 3, K;;, corresponds to K;y,, and F = {K, | K; € F}.

The quotient DFA has the following properties:

(1) The right language of state K; is the quotient K;.

(2) The left language of state K; is {w € ¥* | w™ L = K;}.

(3) L(®) is the right language of state K;;,, and hence L(®D) = L.

(4) ® is minimal, since all the quotients in K are distinct.

(5) The complement L of L is accepted by the DFA ®' = (K,%,6,K;,, K \ F),

obtained from ® by changing the final states.

In summary, the quotients of a regular language define its minimal DFA.

Next, we use atoms instead of quotients as states of an automaton. An atom is
initial if it has L (rather than L) as a term; it is final if it contains . Since L is
non-empty, it has at least one quotlent contalmng €. Hence it has exactly one final
atom, the atom KO n---N Kn 1, where K K;if e € K;, and K K, otherwise.
If the intersection KO N---NK,_1 is non-empty, then we call it the negative atom;
all the other atoms are posztive. Let the number of atoms be m and let the number
of positive atoms be p. Let A = {Ap,...,A;n—1} be the set of atoms of L. By
convention, 7 is the set of initial atoms, A,_; is the final atom, and the negative
atom, if present, is A,,_1. The negative atom can never be final, since there must
be at least one complemented final quotient in its intersection.

As above, we use a 1-1 correspondence A; <+ A; between atoms A; of a language
L and the states A; of the NFA 2[ defined below. We refer to the A; as atom symbols.

3
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Definition 2. The dtomaton of L is the NFA A = (A, X, o, A1, {Ap_1}), where
A={A;| A e A}, A; € a(A;,a) if and only if aA; C A;, for all A;,A; € A and
aeX, A;={A; | A; € I}, and A,_1 corresponds to Ap_q.

The atomaton of any regular language L has the properties listed below; these
results are either proved in [4], or easily verified for the new definition of dtomaton.

(1) The right language of state A; is the atom A;.

(2) If A; is not the negative atom, the left language of state A; is La, A, () =
((z®)~'LP)E for i € {0,...,p — 1} and € A;, and this left language is
non-empty. The left language of the negative atom is empty.

(3) The language accepted by the atomaton is L(%) = La, (a, ,} = L

(4) 2 is reduced, since all the atoms in A are distinct.

(5) The complement L of L is accepted by 2’ = (A,%,«, A}, {A,_1}), obtained
from 2 by changing the initial states to states whose atoms have L as a term.

(6) The determinized version 212 of 2 is isomorphic to the quotient DFA of L.

(7) The reverse A of 2 is isomorphic to the quotient DFA of L%.

In summary, the atoms of a reqular language define a unique reduced NFA of
the language, and this NFA has some remarkable properties.

Example 3. Let Ly C {a,c}* be defined by the quotient equations below (left) and
recognized by the DFA Do of Fig. 1 (a), where the initial state is indicated by an
arrow and the final state, by a double circle.

Ko = aK; U cKy, KoNK; =a(KoyNK;p)Uc[(KoNK;p)U(KoN Ky,
K, =aKoUcKgUe, KoNK; =a(KyNKy),

KoN Ky =a(KoNK;)Ue,

KoN Ky =a(KoNKy)Uc[(KoNKy)U (KN Ky)l.

The equations for the atoms of Lo are above on the right; they are obtained directly
from the quotient equations [4]. For example,

KoNK; = (aK, UcKy) N (aKoUcKyUe)
= (aK; UcKp) N (aKo U cKy)
=a(K; N Ko) Uc(KoN Kp) = a(KoN Ky).

The dtomaton 20y is in Fig. 1 (b); here each atom is denoted by Ap, where P
is the set of uncomplemented quotients. Thus Ko N K1 becomes Ayqy, etc., and we
represent the sets in the subscripts without brackets and commas. The reverse DL
of Da is in Fig. 1 (c). The determinized reverse P is in Fig. 1 (d); this is the

minimal DFA for LY, the reverse of La. The reverse U5 of the dtomaton is in
Fig. 1 (e). Note that DFP and AL are isomorphic.

We are now in a position to explain the differences between our present definition
of an atom and that of [4]. The definition in [4] did not consider the intersection

4
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Fig. 1. (a) DFA D2; (b) Atomaton 2s; (c) NFA ©F; (d) DFA DFP; (e) DFA 2%,

of all the complemented quotients to be an atom, and so all atoms were positive.
It was shown in [4] that the reverse of the dtomaton with only positive atoms is
the trim version of the minimal DFA of L. With the negative atom, we avoid
the trimming operation; so the reverse of the 4tomaton is the minimal DFA of L*.
Also, with the negative atom, a language L and its complement language L have
the same atoms. In addition, we have symmetry between the atoms with 0 and n
complemented quotients, and the same upper bounds on quotient complexity for
both, as will be shown in Section 5.

One might also consider a model in which there is an empty atom. Then there
would be unnecessary transitions from every atom under every input to the empty
atom. If this 4tomaton were reversed, the DFA for L would have an unreachable
state. For this reason we avoided this definition.

3. Atomic NFAs

We show now that atoms lead naturally to a new class of NFAs: DFAs and dtomata
are special cases of atomic NFAs introduced in [4] and studied further in [5].

In this section we deal only with trim NFAs; thus we do not include the negative
atom in the dtomaton, if present. This also implies that we do not include the empty
state when we determinize.

Definition 4. An NFA Nt = (Q,X%,n, I, F) is atomic if for every q € Q, the right
language Ly 7 (M) of q is a union of some atoms of L(M).

The following theorem, slightly restated, was proved in [4]:
Theorem 5 (Atomicity) A trim NFA N is atomic if and only if NP is minimal.

This theorem allows us to test whether an NFA 91 accepting a language L is
atomic. To do this, reverse 9 and apply the subset construction. Then 91 is atomic
if and only if M is isomorphic to the minimal DFA of L.
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If we allow equivalent states, there is an infinite number of atomic NFAs, but
their behaviours are not distinct; hence we consider only reduced NFAs. Suppose
B = (B,%,8,Br,Br) is any trim reduced atomic NFA accepting L. Since B is
atomic, the right language of any state of B is a union of positive atoms of L; hence
the states of B can be represented by sets of positive atom symbols. Because B
is trim, it does not have a state with the empty set of atom symbols. Since 9B is
reduced, no set of atom symbols appears twice. Thus the state set B is a collection
of non-empty sets of positive atom symbols.

Theorem 6 (Legality) Suppose L is a reqular language, its dtomaton is 2 =
(A2, 0, Ar,{Ap_1}), and B = (B,%,8,B1,Br) is a trim NFA, where B =
{B1,...,B,} is a collection of sets of positive atom symbols and Br,Br C B.
If B, C B, define S(By) = UBieBk B; to be the set of atom symbols appearing in
the sets B; of By. Then B is a reduced atomic NFA of L if and only if it satisfies
the following conditions:

(1) S(B;) = Ar.
(2) For all B; € B, S(8(Bi,a)) = a(B;,a).
(3) For all B; € B, we have B; € B if and only if A,_1 € B;.

Before proving the theorem, we require the following lemma:

Lemma 7. If B satisfies Condition 2 of Theorem 6, then S(S(B;,w)) = a(B;,w)
for every B; € B and w € ¥*.

Proof. For w = ¢, we have S(8(B;,¢)) = S(B;) = B, and a(B;,c) = B;; so the
claim holds for this case.

Assume that S(5(B;,w)) = a(B;,w) for all B; € B and all w € ¥* with length
less than or equal to ! > 0. We prove that S(5(B;,wa)) = a(B;,wa) for every a € X.
Let 5(B;,w) = {Bi,,...,B;,} for some B;,,...,B;, € B. Since 8(B;,wa) =
B(B(Bi,w),a) = B(Bi,,a)U--- Uﬂ(Bihva)a we have S(B(Bi,wa)) = S(B(Bi,,a)U
-~ UpB(By,,a)) = S(B(Biy,a))U---US(B(B;,,a)). By Condition 2, the latter is
equal to a(Bj,,a)U---Ua(B,,,a) = a(B;, U---UB;, ,a) = «(S(B(B;,w)),a). By
the inductive assumption, we get a(S(8(B;,w)),a) = a(a(B;,w),a) = a(B;, wa),
which proves our claim. O

Proof. (Theorem 6) First we prove that any NFA 9B satisfying Conditions 1-3
is an atomic NFA of L. Let B; € B be a state of B. If w € Lp, 5. (B), then
by Condition 3, there exists B; € B(B;,w) such that A,_1 € Bj, and we have
A, 1 € S(B(B;,w)). By Lemma 7, we get A,_; € a(B;,w), implying that there is
some Ay € B; such that w € La, (a, ,}(2). Conversely, if w € La, (a,_,; () and
Ay € B;, then A, € a(B;,w) = S(8(Bi,w)). Hence there exists B; € 8(B;,w)
such that A,_; € Bj;. Consequently, every word accepted in B from state B; is
in some atom Ay such that Ay € B;, and every word in an atom Ay such that
A € Bj, is also in Lp, g, (). Therefore the right language of B; in B is equal

6
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to the union of atoms Ay such that Ay € B;. In particular, Lg, g.(B) is the
union of atoms whose atom symbols appear in the initial collection of 8 which, by
Condition 1, is the same as the union of atoms whose atom symbols are initial in
2(. But that last union is precisely LAI.,{Apfl}(Q[) = L. Since any two sets B; and
B are different, and atoms are disjoint, B is reduced. Hence ‘B is a reduced atomic
NFA of L.

Conversely, we show that if B is a reduced atomic NFA of L, then it must satisfy
Conditions 1-3. We assume that B is atomic, that is, for every state B; of B, the
right language of Bj; is equal to the union of atoms Ay such that Ay € B;.

For Condition 1, let A; € S(B;). Then there is a state By € B; such that
A € By. So for any w € A;, w € L(%B). Since L(B) = L(2A), we have w € L() for
allw € A;. Thus A; € A;. Conversely, if A; € Ay, thenforallw € A, w € L(A) =
L(%B). Since ‘B is atomic, there is an initial state By, such that A; C Lg, 5,(B).
Hence A; € S(By).

For Condition 2, if A; € S(8(B;,a)), then Lp, 5,.(B) must contain aA;. So
there exists some A € B; such that a4; C Ag. Thus A; € a(B;,a). Conversely, if
A € a(B;,a), then there is an atom Ay € B; such that A; € a(Ag,a), implying
aA; C Ay. Since Ay, € B, Lp, 5, (B) must contain aA4;. Hence A; € S(5(B;,a)).

For Condition 3, we first suppose that B; € Br. Then € is in the right language
of B;. Since ‘B is atomic, € must be in one of the atoms of B;. However, the only
atom containing € is A,_1, so A,_1 € B;. Conversely, if A,_; € B;, then € is in
the right language of B;, and B, is a final state by definition of an NFA. O

The number of trim reduced atomic NFAs can be very large. There can be such
NFAs with as many as 2P — 1 non-empty states, since there are that many non-
empty sets of positive atoms. In the general case, however, not all sets of positive
atom symbols can be states of an atomic NFA. The largest reduced atomic NFA is
characterized in the following theorem.

Theorem 8 (Maximal Atomic NFA) If B is the collection of all sets B; such
that B; is a non-empty subset of the set of positive atom symbols {Ay, | Ap C K}
of some quotient K; of L, then there exists a trim reduced atomic NFA of L with
state set B.

Proof. Let B = (B,%,5,B;,Br) be an NFA in which the state set B is the
collection of all sets B; such that B; is a non-empty subset of the set of atom
symbols {Ay | A, C K} of some quotient K; of L, where j € {0,...,n — 1},
B(B;,a) ={B, | B; C a(B;,a)} for every B; € B and a € ¥, B; € By if and only
if B; is a subset of the set of atom symbols of the initial quotient K;,, and B; € Bp
if and only if A,_; € B;. We claim that B is a trim reduced atomic NFA of L.
We show that ‘B is trim. Consider any state B; of B. Let K; be a quotient such
that B; is a subset of the set of atom symbols of K;, and let B; be the set of atom
symbols corresponding to K;. Let B be the set of atom symbols corresponding to
the initial quotient K, of L. Note that By = Aj. Since every set of atom symbols

7
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corresponding to some quotient is reachable from the initial set of atom symbols
in the dtomaton 2, there must be a word w € ¥*, such that B; is reachable from
Bj by w in 2. We show that B; is reachable from some initial state of B by w. If
w = ¢, then K; = Kjj,, and since B; C B}, it follows that B; is an initial state of B
reachable from itself by e. If w = wa for some u € ¥* and a € X, then there is a state
B, of B, reachable from By by u, such that B, corresponds to the quotient u =1L
of L and B; = a(By,a). Since B; C B; and B; = o(B,,,a), by the definition of
B we have B; € 3(B,,a). Thus, B; is reachable from By in %6 by ua.

We also have to show that there is a word w € ¥*, such that some final state of
5B is reachable from B; by w. If B; is final, then it is reachable from itself by w = €.
If B; is not final, then consider any A, € B;. Since the right language of the state
A} in the atomaton 2 is not empty, and Ay cannot be the final state of 2, there
must be some state A; of 20 and some a € X, such that A; € a(Ag,a). Now we
know that there is some Bj such that A; € B; and a(B;,a) = B;. Since 8(B;,a)
is the collection of all non-empty subsets of Bj, it follows that {A;} € 5(B;,a).
Since the final state A,_; of 2 is reachable from A; by any word v € A;, we get
{A,-1} € B(B;,av) by the definition of 5. So a final state {A,_1} of *B is reachable
from B; by av. Thus, 9B is trim.

To see that 9B is a reduced atomic NFA, one verifies that Conditions 1-3 of
Theorem 6 hold. Thus by Theorem 6, B is a trim reduced atomic NFA of L. O

Theorem 9 (NFA with 2P — 1 States) A regular language L has a trim reduced
atomic NFA with 2P — 1 states if and only if there is some quotient K; of L, such
that Kz = AO U--- UApfl.

Proof. Let B = (B,X, 3, B;,Br) be a trim reduced atomic NFA of L with 2P — 1
states. Then there must be a state B; of B such that B; = {Ay,..., A,_1}. Since
the right language of any state of a trim NFA is a subset of some quotient, we have
Lp,.(B)=AyU---UA, 1 C K, for some quotient K; of L. On the other hand,
K; must be a union of some atoms, so we get K; = AgU--- U Ap_1.

Conversely, let K; = AgU---U A,_1 be a quotient of L which includes all the
positive atoms of L. Then by Theorem &, there is a trim reduced atomic NFA of L
in which the state set is the collection of all non-empty subsets of the set of positive
atom symbols. This NFA has 2P — 1 states. O

A minimal atomic NFA of a language L can possibly be as small as a minimal
NFA for L. An example of a language with this property is any language where a
minimal DFA is also a minimal NFA as is the case, for instance, of the language Lo
with the minimal DFA Dy of Example 3.

4. Atom Complexity

The quotient complexity [2] of L is the number of quotients of L, and this is the
same number as the number of states in the minimal DFA recognizing L; the latter

8
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number is known as the state complezxity [10] of L. Quotient complexity allows us
to use language-theoretic methods, whereas state complexity is more amenable to
automaton-theoretic techniques. We use one of these two points of view or the other,
depending on convenience.

It has been suggested by Brzozowski and Ye [6] that syntactic complexity can
be a useful measure of complexity. It has its roots in the syntactic congruence ~p,
defined by a language L C ¥* as follows: For z,y € ¥*,

x &~y y if and only if uxv € L < uyv € L for all u,v € 3*.

The syntactic semigroup of L is the quotient semigroup X%/ ~y. Syntactic com-
plexity is the cardinality of the syntactic semigroup. This complexity may be able
to distinguish two regular languages with the same quotient complexity. For ex-
ample [6], a language with three quotients may have syntactic complexity as low
as 3 or as high as 27. The syntactic semigroup is isomorphic to the semigroup of
transformations of the set of states, called the transition semigroup, by non-empty
words in the minimal DFA of L. The transition semigroup is often used to represent
the syntactic semigroup.

Our main result concerns the quotient complexity of atoms of regular languages,
which represents yet another complexity measure. We say that a language has maax-
imal atom complexity if (a) it has all 2" atoms, and (b) they all reach their maximal
bounds, as stated below.

For n = 1, there is only one non-empty language, >*; it has one atom, >*, which
has quotient complexity 1. From now on we consider only n > 2.

Theorem 10 (Atom Complexity) Let L C X* be a non-empty regular language
and let its set of quotients be K = {Ko,...,K,—1}. The quotient complexity of
the atoms with 0 or n complemented quotients is less than or equal to 2™ — 1.
For r satisfying 1 < r < n — 1, the quotient complezity of any atom of L with r
complemented quotients is less than or equal to

o 55 ()

k=1 h=k+1

The atoms of the language L,, of the DFA ®,, of Fig. 2 meet the bounds given above.

The proof of this result is postponed to Sections 5-8.

C b

c b, c
O

Fig. 2. DFA ©,, of language L, whose atoms meet the bounds.
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The following relations exist among the three complexity measures [3]:

Theorem 11 (Syntactic Semigroup, Atoms and Reversal)

Maximal syntactic complexity of a regqular language implies mazimal atom com-
plexity, but the converse is false. Also, mazximal atom complexity implies mazximal
complezity (2™) of reversal, but the converse is false.

Thus atom complexity defines a new complexity class of regular languages. These
results provide additional motivation for studying the complexity of atoms.

5. Upper Bounds on the Quotient Complexities of Atoms

We now derive upper bounds on the quotient complexity of atoms. First we deal with
the two atoms that have only uncomplemented or only complemented quotients.

Let L C ¥* be a non-empty regular language and let its set of quotients be
K= {Ko, SN ,anl}, with n 2 2.

Proposition 12 (Atoms with 0 or n Complemented Quotients) The quo-
tient complexity of the two atoms Ax = KoN---NK,_1 and Ay = KoN---NK,_1
1s less than or equal to 2™ — 1.

Proof. Each quotient w™'Ax is the intersection of languages w~'K;, which are
quotients of L: w™tAx =w N (KoN-- NK,_1)=w KoN---Nw 1K, 1. Since
these quotients of L need not be distinct, w—'Ax may be the intersection of any
non-empty subset of quotients of L. Hence Ax can have at most 2" — 1 quotients.

The argument for the atom Ay = KoN---NK,,_; with n complemented quotients
is similar, since w™'K; = w1 K;. O

Next, we present an upper bound on the quotient complexity of any atom with
at least one and fewer than n complemented quotients.

Proposition 13 (Atoms with » Complemented Quotients, 1 < r <n — 1)
For 1 <r <n-—1, the quotient complezity of any atom with r complemented quo-
tients is less than or equal to

flnr) =1+ Z HZrH (Z) (Z) (3)

k=1 h=k+1

Proof. Consider an intersection of complemented and uncomplemented quotients
that constitutes an atom. Without loss of generality, we arrange the terms in the
intersection in such a way that all complemented quotients appear on the right.
Thus let A, = KonN---NK,—,_1NK,_,N---NK,_1 be an atom of L with r
complemented quotients, where 1 < r < n— 1. The quotient of A; by any w € ¥* is
wlA =w  (KgN---NKy v 1NEKy ,N---NK, 1)
—w 'KogN--Nu 'Ky 1 Nuw K, _,N--Nw 1K,_;.

10
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Since each quotient w™'Kj is a quotient, say K;;, of L, we have

wilAi:Kioﬂ"'ﬁK'

2

NK;,_.n---nk;,_,

In—1"

The cardinality of a set .S is denoted by |S|. Let the set of distinct quotients of L
appearing in w~'A; uncomplemented (respectively, complemented) be X (respec-
tively, V), where 1 < [ X|<n—rand 1 < |Y|<r. If XNY # 0, then w™tA; = 0.
Consider now the case where XNY = ), and let |[XUY| = h, where 2 < h < n; there
are (Z) such sets X UY. Suppose further that |Y| =k, where 1 < k < r. There are
(Z) ways of choosing Y. Hence there are at most ZZZZ;I (Z) (Z) distinct intersec-
tions with k& complemented quotients. Thus, the total number of intersections of un-
complemented and complemented quotients can be at most >, _; EZ;FZ;; ) (Z)

Adding 1 for the empty quotient of w—!A;, we get the required bound. O

We now counsider the properties of the function f(n,r).

Proposition 14 (Properties of Bounds) Forl < r < n—1, the function f(n,r)
of Equation (3) satisfies the following properties:

(1) f(?’l,,’l’) - f(nvn_ T)'
(2) For a fized n, the maximal value of f(n,r) occurs when r = |n/2].

Proof. Since f(n,r) =1+, _; EZJ:FZI_I () (Z), and the following equations hold:

> 3 ()0 - i?ﬁ(w)(’“”) 22 () ()

k=1 h=k+1 =1 k=1

-EX()(T)-E 2 ()0)

we have f(n,r) = f(n,n—r).

For the second part, we assume that 1 < r < |[n/2] holds. We will show that
f(n,r+1) > f(n,r) for this case. After some straightforward rewriting we find that
f(n,r+1)— f(n,r) is equal to

EOCECE )6

Assuming 1 < k < r, we will show that (ktzfr) > (k+27’”). We consider

e (k+n—r)! C(k+n—1)

Fey T+ Dk —2r—1)! T El(n—r)!
_KEn—=r)---(n—=2r+k)(n—-2r+k-1)!
(D) (B DE(n—2r + k- 1)
n—r n—r—1 n—2r+k

T—I—l. r k+1

11
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The condition 1 < r < |n/2] implies that n > 2r + 1; consequently we have

n—r>r+1l,n—r—1>r ... . n—2r+k>k+1.
Therefore (ktif)/(k*'z_r) > 1, which implies that (k'mfr) > (k+z_r).

It follows that 354y () (";117) > Xiet (eyn—o) (7 77), and f(n,r +
1) = f(n,r) > 0. So, if 1 < r < |n/2], then f(n,r +1) > f(n,r). Since f(n,r) =
f(n,n —r), the maximum of f(n,r) occurs when r = [n/2]. m|

Some numerical values of f(n,r) are shown in Table 1. The figures in bold-
face type are the maxima for a fixed n. The row marked maxz shows the maximal
quotient complexity of the atoms of L. The row marked ratio shows the value of
f(n, [n/2])/ f(n =1, [(n = 1)/2]), for n > 2.

The following observations are from Volker Diekert (personal communication).
For r = |n/2] the difference 3™ — f(n, r) grows as 8"/2. Hence the ratio f(n,r)/f(n—
1,7) converges to 3. The ratio oscillates around 3: a combinatorial interpretation
shows that for n > 10, we have f(n,r)/f(n—1,r) > 3 if nis even, and f(n,r)/f(n—
1,7) < 3if nis odd.

Table 1. Maximal quotient complexity of atoms.

[» [1]2][3[4[]5]6] 7 [ 8 [ 9 10 [
=0 ] 1] 3] 7 | 15 ] 31 | 63 | 127 | 255 511 | 1,023

=1 | = | 3 | 10 | 29 | 76 | 187 | 442 | 1,017 | 2,296 | 5,111 |---
=2 | « | 3 | 10 | 43 | 141 | 406 | 1,086 | 2,773 | 6,859 | 16,576 |- --
r=3 | « | % | 7 | 29 | 141 | 501 | 1,548 | 4,425 | 12,043 | 31,681 |- --
=4 | = | *+ | = | 15 | 76 | 406 | 1,548 | 5,083 | 15,361 44,071 |- --
=5 | x| % | = % | 31 | 187 | 1,086 | 4,425 | 15,361 |48,733]---
maz | 1 | 3 | 10 | 43 | 141 | 501 | 1,548 | 5,083 | 15,361 | 48,733 |-- -
ratio | — | 3 | 3.33 | 430 | 3.28 | 3.55 | 3.00 | 3.28 | 3.02 | 3.17

6. Another Representation of Atomata

The next theorem, a slightly modified version of a result from [1] also discussed
in [4], will be used several times.

Theorem 15 (Determinization) If an NFA N has no empty states and N is
deterministic, then MY is minimal.

We prove® that 2 is isomorphic to DPE We deal with the following automata:

(1) Quotient DFA © = (K, X%, 6, K, F') of L whose states are quotient symbols.

2Tt was shown in [4] that the dtomaton 2 of L with reachable atoms only is isomorphic to the trim
version of DFP R where D is the quotient DFA of L.

12
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(2) The reverse D% = (K, %, 6%, F,{K;,}) of ©. The states in K are still quotient
symbols, but their right languages are no longer quotients of L.

(3) The determinized reverse D7P = (S, %, v, F, G), where S C 2K and G = {9; €
S| Kin € Si}. The states in S are sets of quotient symbols, i.e., subsets of K.
Since (DF)F = D is deterministic and all of its states are reachable, ®% has no
empty states. By Theorem 15, DFA ®%P is minimal and accepts L%; hence it
is isomorphic to the quotient DFA of L.

(4) The reverse DEPE = (§ 32 47 G {F}) of DEP; here the states are still sets of
quotient symbols.

(5) The atomaton A = (A, X, a, Ar, {Ap_1}), whose states are atom symbols.

(6) The reverse A = (A, %, af A,_1, Ar) of 2, whose states are still atom sym-
bols, though their right languages are no longer atoms.

The results from [4] and our new definition of atoms imply that 2 is a minimal
DFA that accepts L. It follows that A% is isomorphic to ®%P. Our next result
makes this isomorphism precise.

Proposition 16 (Isomorphism) Let p: A — S be the mapping assigning to
state A, given by A; = K;yN---NK; ,  NK;  N---NK,; | of A%, the
set {Kiy, ..., K; }. Then ¢ is a DFA isomorphism between A% and D7,

n—r—1

Proof. The initial state A, of 2% is mapped to the set of all quotients containing
e, which is precisely the initial state F of ®fP. Since the quotient L appears
uncomplemented in every initial atom A; € Z, the image ¢(A;) contains L. Thus
the set of final states of 2% is mapped to the set of final states of D%P.

It remains to be shown that for all A;, Aj € A and a € X, we have af'(A;,a) =
A, if and only if v(¢(A,), a) = ¢(Ay).

Consider atom A; with P; as the set of quotients that appear uncomplemented
in A;. Also define the corresponding set P; for A;. If there is a missing quotient
K}, in the intersection a =1 A;, we use a1 4; N (K}, UK_h) We do this for all missing
quotients until we obtain a union of atoms. Hence A; € a(A,;,a) can hold in A if
and only if P; 2 §(P;,a) and P; N&(Q \ Pi,a) = 0. Tt follows that in A® we have
af*(A;,a) = A, if and only if P; D §(P;,a) and P; Nd(Q \ P;,a) = 0.

Now consider P Let P; be any subset of @Q; then the successor set of P; in ®
is §(P;,a). Let §(P;,a) = Pg. So in D%, we have P; € §%(P,a). But suppose that
state ¢ is not in §(Q, a); then 6%(q, a) = (. Thus we also have P; € §%(P, U{q},a).
So for any P; containing §(F;, a) and satisfying P, Nd(Q \ P;,a) =0, v(Pj,a) = P;.

We have now shown that aff(A;,a) = A; if and only if v(P;,a) = P, for all

subsets P;, P; € S, that is, if and only if v(p(A;),a) = ¢(A;). |
Corollary 17. The mapping ¢ is an NFA isomorphism between 2 and DFPE,
In the remainder of the paper it is more convenient to use the D %P represen-

tation of atomata, rather than that of Definition 2.

13
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7. The Witness Languages and Automata

We now formally introduce a class {L,, | n > 2} of regular languages defined by
the quotient DFAs ©,, given below; we shall prove that the atoms of each language
L, = L(®,,) in this class meet the worst-case quotient complexity bounds.

Definition 18 (Witness) For n > 2, let ©,, = (Q,%,0,q0,F), where Q =
{0,...,n—1}, ¥ ={a,b,c}, 0(i,a) = i+1 mod n, 6(0,b) =1, 6(1,0) =0, 6(i,b) =
fori>1,0%i,¢) =i for0<i<n—2,andd(n—1,¢)=0, g =0, and FF = {n—1}.
Let Ly, be the language accepted by D,,.

For n > 3, the DFA D,, of Definition 18 is illustrated in Fig. 2, and ©5 is the
DFA of Example 3 (a and b coincide). DFA ©,, is minimal, since for 0 < i < n —1,
state i accepts a™ ', and no other state accepts this word.

A transformation of a set @) is a mapping of @ into itself. The set of all trans-
formations of a finite set @) is a semigroup under composition, in fact, a monoid
To of n™ elements. A permutation of () is a mapping of Q) onto itself. A transposi-
tion, (i,7), interchanges 7 and j but does not affect any other element. A wunitary
transformation, (¢ — j), changes i to j but does not affect any other element.

The following is well known:

Theorem 19 (Transformations) The transformation monoid Tg can be gener-
ated by any cyclic permutation of n elements together with any transposition and
any unitary transformation.

In any DFA © = (Q,%, 4, qo, F), each word w in X" performs a transforma-
tion on @ defined by d(-,w). The set of all these transformations is the transition
semigroup of ©. By Theorem 19, the transition semigroup of our witness ©,, has
n™ elements, since a is a cyclic permutation, b is a transposition and c is a unitary
transformation.

The following is a result of Salomaa, Wood and Yu [8] concerning reversal:

Theorem 20 (Transformations and Reversal) Let © be a minimal DFA with
n = 2 states accepting a language L. If the transition semigroup of © has n™
elements, then the quotient complexity of LT is 2m.

Corollary 21 (Reversal) For n > 2, the quotient complexity of LE is 2™.

Corollary 22 (Number of Atoms of L,) The language Ly, has 2™ atoms.

Proof. By Corollary 17, the atomaton of L,, is isomorphic to the reversed quotient
DFA of LE. By Corollary 21, the quotient DFA of L has 27 states, and so the
empty set of states of L, is reachable in Lff. Hence Lff has the empty quotient,
implying that the intersection of all the complemented quotients of L,, is non-empty,
and so L,, has 2" atoms. O

14
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Proposition 23 (Transitions of the Atomaton) Let ©, = (Q,%,d,q, F) be
the DFA of Definition 18. The dtomaton of L, = L(D,) is the NFA 2, =
(29,5, a, I, {n — 1}), where

(1) If S = {0}, then a(S,a) = {0}. Otherwise,
a({s1,...,sk},a) ={s1+1,...,sx + 1}, where the addition is modulo n.
(2) I {0,1}N S = 0, then

(a) a(S,b) =S,

(b) a({0}US,0) ={1}US,

(¢) a({1}US,0) ={0}US,

(d) a({0,1}US,b) ={0,1}US.

(3) If{0,n—1} NS =0, then

(a) a(S,c) ={S,{n—1}US},

(b) a({0,n —1}US,¢) ={{0,n—1}U S, {0} US},
(¢) a({0}US,¢) =0,

(d) a({n—1}US,c) =0.

Proof. The reverse of DFA ®,, is the NFA D% = (Q, %, 6%, {n — 1},{0}), where
§f is defined by 6%(i,a) = i — 1 mod n, 6%(i,b) = §(i,b), 6%(0,¢) = {0,n — 1},
§f(n—1,¢) =0, and 6%(i,c) =i, for 0 < i < n — 1. After applying determinization
and reversal to D, the claims follow by Corollary 17. O

8. Tightness of the Upper Bounds

We now show that the upper bounds derived in Section 5 are tight by proving that
the atoms of the language L,, of Definition 18 meet those bounds.

Since the states of any dtomaton 2,, = (A, %, o, A7, {A,_1}) are atom symbols
A;, and the right language of each A; is the atom A;, the languages A; are properly
represented by the dtomaton. Since, however, the atomaton is an NFA, to find the
quotient complexity of A;, we need the equivalent minimal DFA.

Let ®,, be the n-state quotient DFA of Definition 18 for n > 2, and recall that
L(®,,) = Lp. In the sequel, using Corollary 17, we represent the dtomaton 2, of
L,, by the isomorphic NFA DEPE — (§ 53 v G {F}), and identify the atoms by
their sets of uncomplemented quotients. We represent atoms by the subscripts of
the quotients, that is, by subsets of @ = {0,...,n — 1}, as in Definition 18.

In this framework, to find the quotient complexity of an atom Ap, with P C Q,
we start with the NFA 2(p = (S, 2, 7%, {P}, {F}), which has the same states, transi-
tions, and final state as the atomaton, but has only one initial state P corresponding
to the atom symbol A p. Because ng is deterministic and 2 p has no empty states,
2B is minimal by Theorem 15. Therefore, 2E is the quotient DFA of the atom Ap.
The states of AL are certain sets of sets of quotient symbols; to reduce confusion
we refer to them as collections of sets.

15
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The particular collections appearing in AE will be called “intervals”. Let U be a
subset of @ with |U| = u, and let V be a subset of U with |V| = v. Define [V, U] to
be the collection of all 2*~" subsets of U containing V. There are (Z) (Z) collections
of the form [V, U], because there are (Z) ways of choosing U, and for each such
choice there are () ways of choosing V. The collection [V, U] is called the interval

between V' and U. The type of an interval [V, U] is the ordered pair (v, u).

The following result is well-known:

Theorem 24 (Permutations) The symmetric group of size n! of all permutations
of a set @ = {0,...,n — 1} is generated by any cyclic permutation of Q together
with any transposition.

Lemma 25 (Strong-Connectedness of Intervals) Intervals of the same type
are strongly connected by words in {a,b}*.

Proof. Let [Vi,U;] and [V, Us] be any two intervals of the same type. Arrange the
elements of V7 in increasing order, and do the same for the elements of the sets V5,
U\ Vi, Uz \ Vo, Q\ Uy, and Q \ Us. Let m: Q — @ be the mapping that assigns
the ith element of V5 to the ith element of Vi, the ith element of Us \ V5 to the
ith element of Uy \ Vi, and the ith element of @ \ Uz to the ith element of Q \ U;.
For any R; such that V4 C Ry C Uy, there is a corresponding subset Ry = m(Ry),
where Vo C Ry C Us,. Thus 7 establishes a one-to-one correspondence between the
elements of the intervals [Vi,U;] and [Va,Us]. Also, 7 is a permutation of @ and
can be performed by a word w € {a,b}* in ©,,, by Theorem 24. Thus every set Ry
above is reachable from Ry by w. So [Vz, Us] is reachable from [V1, Uy]. O

Lemma 26 (Reachability) Let [V, U] be any interval of type (v,u). If v > 2, then
from [V, U] we can reach an interval of type (v—1,u). If u < n—2, then from [V, U]
we can reach an interval of type (v,u + 1).

Proof. If v > 2, then by Lemma 25, from [V, U] we can reach an interval [V’ U’]
of type (v, u) such that {0,n — 1} C V’. By input ¢ we reach [V'\ {n — 1},U’] of
type (v — 1,u). For the second claim, if u < n — 2, then by Lemma 25, from [V, U]
we can reach an interval [V’ U’] of type (v,u) such that {0,n — 1} NV’ = (. By
input ¢ we reach [V', U’ U{n — 1}] of type (v,u + 1). |

Proposition 27 (Atoms with 0 or n Complemented Quotients) The quo-
tient complexity of the atoms Ag and Ay of L, is 2" — 1.

Proof. Let 2o (™Ap) be the modified dtomaton with only one initial state, @ (0).
By the arguments above, ng (A7) is the quotient DFA of A (Ap); hence it suffices
to prove the reachability of 2" — 1 collections.

For Ag, the initial state of ng is the collection {Q}, which is the interval [Q, Q].
Now suppose that we have reached an interval of type (v,n). By Lemma 25, we can

16



August 21, 2013 14:25 WSPC/INSTRUCTION FILE BrzozowskiTamm

reach every other interval of type (v,n). If v > 2, then by Lemma 26 we can reach
an interval of type (v — 1,n). Thus we can reach all intervals [V, Q], one for each
non-empty subset V' of Q). Since there are at most 2" — 1 collections and that many
can be reached, no other collection can be reached.

For Ap, the initial state of Qlé’ is the empty collection, which is the interval [(}, 0].
Now suppose we have reached an interval of type (0, u). By Lemma 25, we can reach
every other interval of type (0,u). If w < n — 2, then by Lemma 26 we can reach
an interval of type (0,u + 1). Thus we can reach all intervals [(}, U], one for each
non-empty subset U of @). Since there are at most 2" — 1 collections and that many
can be reached, no other collection can be reached. Hence the proposition holds. O

Proposition 28 (Tightness) For 1 < r < n — 1, the quotient complezity of any
atom of Ly, with r complemented quotients is f(n,r).

Proof. Let Ap be an atom of L, with n — r uncomplemented quotients, where
1 < r < n—1, that is, let P be the set of subscripts of the uncomplemented
quotients. Let 2p be the modified &tomaton with the initial state P. As discussed
above, ng is minimal; hence it suffices to prove the reachability of f(n,r) collections.
We start with the interval [P, P] of type (n — r,n — r). By Lemmas 25 and 26,
we can now reach all intervals of types
m=—rn—r),(n—r—In-—r),....(L,n—r),

n—rmn—r+1),n—r—1Ln—r+1),....,(L,n—r+1),
(n—rn—1),(n—r—1,n-1),...,(1,n—1).
Since the number of intervals of type (v,u) is (I') (%), we can reach

o= £ 5 ()(0)

v

intervals. Changing the first summation index to k = n — u, we get
wr =23 (")
e o \n—k v/

Note that (nﬁk) (";k) = (kiv) (k;g”), because

n n—Fk\ n! (n—k)! n!
(n—k ( v >_(n—k)!k!.v!(n—k—v)!_k!v!(n—k—v)!’and

n E+v\ n! (k+ov)! n!
(k—i—v < k )_(k+v)!(n—k—u)!' kwl  (n—k—u)lklo!
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Now, we can write g(n,r) = >.;_, > v ] (kf_v) (k;g”), and changing the second

summation index to h = k + v, we have

£ (0)0)

k=1 h=k-+1
We notice that g(n,r) = f(n,r) — 1. From the interval [V,V], where V =
{0,1,...,n — r — 1}, we reach the empty quotient by input ¢, since V contains

0, but not n — 1. Since we can reach f(n,r) intervals, no other collection can be
reached, and the proposition holds. O

9. Conclusions

The atoms of a regular language L are its building blocks. We characterized atomic
NFAs of L. We studied the quotient complexity of the atoms of L as a function of the
quotient complexity of L. We computed an upper bound for the quotient complexity
of any atom and exhibited languages {L,,} whose atoms meet this bound.

Acknowledgments This work was supported by the Natural Sciences and En-
gineering Research Council of Canada under grant No. OGP0000871, the ERDF
funded Estonian Center of Excellence in Computer Science, EXCS, the Estonian
Science Foundation grant 7520, and the Estonian Ministry of Education and Re-
search target-financed research theme no. 0140007s12.

References

[1] J. Brzozowski, Canonical regular expressions and minimal state graphs for definite
events, Proc. Symposium on Mathematical Theory of Automata, MRI Symposia 12,
(Polytechnic Institute of Brooklyn, N.Y., 1963), pp. 529-561.

[2] J. Brzozowski, Quotient complexity of regular languages, J. Autom. Lang. Compb.
15(1/2) (2010) 71-89.

[3] J. Brzozowski and G. Davies, Maximal syntactic complexity of regular languages
implies maximal quotient complexities of atoms., http://arxiv.org/abs/1302.3906
(2013).

[4] J. Brzozowski and H. Tamm, Theory of dtomata, DLT 2011, eds. G. Mauri and
A. Leporati LNCS 6795, (Springer, 2011), pp. 105-116.

[5] J. Brzozowski and H. Tamm, Minimal nondeterministic finite automata and atoms
of regular languages (2013), http://arxiv.org/abs/1301.5585.

[6] J. Brzozowski and Y. Ye, Syntactic complexity of ideal and closed languages, DLT
2011, eds. G. Mauri and A. Leporati LNCS 6795, (Springer, 2011), pp. 117-128.

[7] D. Perrin, Finite automata, Handbook of Theoretical Computer Science, ed. J. van
Leewen, B (Elsevier, 1990), pp. 1-57.

[8] A. Salomaa, D. Wood and S. Yu, On the state complexity of reversals of regular
languages, Theoret. Comput. Sci. 320 (2004) 315-329.

[9] S. Yu, Regular languages, Handbook of Formal Languages, eds. G. Rozenberg and
A. Salomaa, 1 (Springer, 1997), pp. 41-110.

[10] S. Yu, State complexity of regular languages, J. Autom. Lang. Comb. 6 (2001) 221-
234.

18



