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Abstract

Degenerate Bethe operators are elements defined by explicit sums in the center
of the group algebra of the symmetric group. They are useful on account of their
relation to the Gelfand-Zetlin algebra and the Young-Jucys-Murphy elements, both of
which are important objects in the Okounkov-Vershik approach to the representation
theory of the symmetric group. We examine all of these results over the course of the
thesis.

Degenerate Bethe operators are a new, albeit promising, topic. Therefore, we
include proofs for previously-unproven basic aspects of their theory. The primary
contribution of this thesis, however, is the computation of eigenvalues and eigenvec-
tors of all the degenerate Bethe operators in sizes 4 and 5, as well as many in size
6. For each partition A +- k we compute the operators By;, where £ + j < k, and give
the eigenvalues and their corresponding eigenvectors in terms of standard Young
tableaux of shape A. The number of terms in the degenerate Bethe operators grows
very rapidly so we used a program written in the computer algebra system SAGE to
compute the eigenvalue-eigenvector pair data. From this data, we observed a number
of patterns that we have formalized and proven, although others remain conjectural.
All of the data computed is collected in an appendix to this thesis.
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INTRODUCTION

This chapter motivates our results by giving a history of related work, thereby ex-
plaining how our results fit into the current body of knowledge.

1.1 HISTORY

Building on earlier work of Farahat and Higman [6], Jucys proved in 1974 that the
center of the symmetric group ring over the integers is generated by elements of the
form

Xi=(,i)+(2,0)+---+(i—1,i) € CGS,.

These are often referred to as YJM elements [1]. In 1981 Murphy discovered these
same elements independently of Jucys and used them to give a new construction
of Young’s seminormal representation. Since then they have played an important
role in our understanding of the representation theory of the symmetric group [24].
These YJM elements are notable because they act diagonally on the Young basis of any
irreducible representation VA, In fact, the eigenvalue of X; on er for some standard
tableau T is simply the content of the cell in T containing i. Okounkov and Vershik
were able to leverage this property to completely derive the representation theory of
the symmetric group without the use of Young tableaux [29].

Another significant property of YJM elements known to both Jucys and Murphy
is that elementary symmetric functions in the YJM elements have a simple expression.
For a € G, if we let t(a) be the number of cycles in « then

er(Xy,. .., Xy) = Z .
aec,
t(a)=n—-k
Since cycle type is conjugation invariant, ex(X;,. .., X,) is central. In fact, all other
symmetric functions in the YJM elements are central. If one recalls that the center
of the symmetric group algebra is generated by the class sums, the question of what
the class expansion of the YJM elements is arises naturally. To state the question a
different way, suppose there is some symmetric function F defined as

F(X,, ..., Xy) = Zaiq. (1.1)
Arn

Can we compute coefficients ai for this function? Far from contrived, this problem
arises in many areas of mathematics. The following examples are presented in [9]:

(i) Suppose F is the power sum symmetric function. It is linked with mathematical
physics via vertex operators and Virasoro algebra [17].



(ii) Take F to be a complete symmetric function hy with the coefficients appear-
ing in Equation (1.1) matching those in the asymptotic expansion of unitary
Weingarten functions [25]. The coefficients in the asymptotic expansion are
the basic building blocks for computing polynomial integrals over the unitary

group.

(iii) Suppose we instead ask, "Given a conjugacy class sum (), how do we write it
in terms of YJM elements?" This is equivalent to trying to express character
values as a symmetric function of the contents. This has been studied without
the use of YJM elements in [5, 18].

The modeling of a completely integrable quantum spin chain was first done by
Gaudin in 1976 [12]. When it was originally conceived it was formulated as a spin
model related to the Lie algebra sl,, but by the 1980s it was discovered that any
semisimple complex Lie algebra can have a model of this sort associated with it [13,
16].

Let g be a finite-dimensional simple Lie algebra over C, and U(g) its universal
enveloping algebra. Fix a basis, { ]a} a=1> of g and let {J*} be the dual basis with
respect to a non-degenerate invariant bilinear form on g. Let {zk}kl\]:1 be a set of
distinct complex numbers. The Gaudin Hamiltonians are a family of commuting
operators in U(g)®N defined as

T I I AT

Jj#i a=1

For A € g, we denote by A?) the element of U(q)®N which is the tensor product of A
in the ith factor and 1 in all other factors [10].

The Bethe ansatz is a method to find pure states or Bethe vectors in quantum
integrable systems. In particular, we’re concerned with the common eigenvectors of
the Gaudin Hamiltonians. The Gaudin Hamiltonians generate a commutative Bethe
algebra B, which acts on irreducible representations of the symmetric group in a way
that commutes with the action of S,,.

Fix anonzero r € N. Let V C C [x] be a vector subspace of dimension r + 1. We
refer to the space as being real when it has a basis consisting of R [x]. There is a
unique differential operator D, corresponding to each V, such that the kernel of D is
V. This is called the fundamental differential operator:

dr+1 dr d
D= dx’“ +a1(x) '+ar(x)a +0{r+1(X).
The coefficients of the operator are rational functions in x. The space V is real if and
only if the fundamental differential operator has real rational functions for all its
coefficients.



The Wronskian of functions f;, ..., fy in x is the determinant

foo flee SN

v, fN-Y

Wr(ﬁ(u),.--,fN(u))::detJ? fz . 2: '
N

The Wronskian of a basis of a subspace V does not depend on the choice of basis up to
multiplication by a nonzero number. We refer to the representative monic polynomial
as the Wronskian of V, and we denote it by Wry (x).

THEOREM 1.1 (B. and M. Shapiro Conjecture 1993)
If all the roots of Wry(x) are real, then the space V is real.

In 2005 Mukhin, Tarasov, and Varchenko proved the B. and M. Shapiro Conjecture
by means of the Bethe Ansatz [23]. In 2007 they published another proof, this time
establishing a deep connection between Schubert calculus and the representation
theory of sl,,;, [22]. This theorem arises in many disparate places throughout mathe-
matics, from linear series on the projective line to matrix theory [28]. For example, the
following theorem from matrix theory follows from a generalization of Theorem 1.1.

THEOREM 1.2

Let by, . . ., b, be distinct real and numbers, a,, . . ., a, be complex numbers, and
Qo (bo - 171)71 t (bo - bn)71
(bl - bo)_1 a, T (b1 - bn)_l
Z = det ) . . )
(bn - bo)_l (bn - bl)_l te (247
If Z has only real eigenvalues, then a,, . . ., a, are real.

1.2 OUR CONTRIBUTIONS AND OUTLINE

For this thesis, we investigated whether there are any interesting patterns in eigenvector-
eigenvalue pairs of degenerate Bethe operators. Before even beginning to answer this
question, however, one must first understand what the degenerate Bethe operators
are and where they fit into the representation theory of the symmetric group. Of
course, that requires that one have a basic understanding of representation theory.
Considering all of this, we will approach the topic as follows:

Chapter 2 provides a brief introduction to the representation theory of abstract
groups, for the benefit of those who have not yet been exposed to this material.

Chapter 3 builds upon this by developing the representation theory of the sym-
metric group using the Okounkov-Vershik approach.



Chapter 4 introduces the degenerate Bethe operators themselves. Over the course
of learning this material we discovered multiple interesting properties of the algebra
generated by these operators. The proofs of those properties are included here.

Once we have established the significance of the degenerate Bethe operators, we
proceed to our primary results. Since these operators can be quite large with many
terms, we realized we would need some form of automation in order to efficiently
detect patterns within the operators’ eigenvector-eigenvalue pairs. Thus, we wrote a
program in the computer algebra system SAGE to generate a fairly large data set.



REPRESENTATIONS OF ABSTRACT
GROUPS

2.1 GROUP ACTIONS

DEFINITION 2.1. Let G be a group with identity element 1, and X an arbitrary set.
A group action or action of G on X is a map

#:GXX —> X

written as
(9.x) > g*x = gx,
which satisfies two conditions.
(i) g(hx) = (gh)x forall g,h € Gand all x € X.

(ii) 1x = x forall x € X.

Equivalently, we can characterize a group action as a group homomorphism
from G to Sym(X), where Sym(X) is the group of all permutations of the set X with
functional composition as the group operation.

LEMMA 2.1

An action of G on X is tautologically equivalent to a group homomorphism from G
to Sym(X).

PRrROOF. Given an action of G on X, there is a natural induced group homomorphism
0: G — Sym(X).

For g € G, define 0(g) = 8, € Sym(X) as the map from X to X given by x + gx. This
is clearly a permutation since 6, is an inverse. Furthermore, for all g, h € G,

Ogh = O,6n,

because as stated in Item (i), gh(x) = g(hx). Hence 0 is indeed a morphism of groups.
Conversely, suppose
m: G —> Sym(X)

is a group homomorphism. Then for each g € G we have a permutation 7(g) € Sym(X)
and 7n(gh) = n(g) o w(h). We then define the action of any g € Gon x € X as

gx = 7(g)(x) (2.1)

5



It follows immediately that this defines an action. Indeed, using Equation (2.1) the
homomorphism properties of 7 translate directly into the defining properties of an
action of G on X. For a very straightforward example of a group action, consider the
action of G = Sym(X) on X: O

EXAMPLE 2.2. We define the action of G on X to be (¢, x) — ¢(x). The corresponding
homomorphism then is simply the identity map.

As we will soon see, group actions and group representations are intimately
related.

2.2 GROUP REPRESENTATIONS

Our focus will be on the structure preserving actions of groups on vector spaces over
the complex numbers, C.

DEFINITION 2.3. Let V be a finite-dimensional vector space over a field k?, and
GL(V) the set of all invertible linear transformations of V. A (finite-dimensional,
linear) representation of G on V is a group homomorphism

p=pv:G— GLYV).

We can write p, for py(g). Hence for each g € G we have p,; € GL(V), and by the
1
definition of a group homomorphism pgpp, = pgp and pg-: = (pg)

DEFINITION 2.4. The dimension or (degree) of a representation p: G — GL(V)
is simply the dimension of V as a k-vector space.

DEFINITION 2.5. Recall that ker p <G and G/kerp = p(G) C GL(V).Ifkerp = 1,

then the representation is said to be faithful. In other words, a faithful representation
is one in which the only element that acts trivially on all of V is the identity.

All of this helps to motivate a more concrete explanation of Definition 2.3. Let
Mat, denote the set of all complex n X n matrices. The complex general linear group
of degree n, denoted by GL,,, is the group of all invertible n X n matrices with respect
to multiplication.

DEFINITION 2.6. A matrix representation of a group G is a map
M: G — GL,

which respects the group structure of G. This means that M is a group homomorphism
(therefore M(1) = I,) and
M(gh) = M(g)M(h)

forall g, h € G. The parameter n here is the dimension, or degree, of the representation.

1 For our purposes k will always be C



Notice that given a representation of G on V, the moment we specify a basis for
V we get a matrix representation of G by simply using the basis to compute p(g) as a
matrix in the usual way. The significance of this fact is not to be understated: it allows
us to take an abstract group and realize it as a concrete group of matrices where the
group operation is simply matrix multiplication.

We can also go from matrix representations to representations as defined in Defi-
nition 2.3. Indeed, for any n-dimensional complex vector space V there is a natural
bijective correspondence between GL,, and the set of all invertible linear transforma-
tions of V, GL(V).

DEFINITION 2.7. A linear action of a group G on a vector space V is an action
with the additional property that

g(Av, +v,) = Mgv,) + gv,

forallg € G, v,,v, € V,and A € k. When we have such an action we say that G acts
linearly on V.

LEMMA 2.2

Representations are linear actions.

ProoF. If g acts linearly on V, the map G — GL(V), defined by g — p, with
Pg: U > gv, is a representation. Conversely, given a representation p: G — GL(V),
we get a linear action of G on V by defining gv = p(g)v. O

DEFINITION 2.8. If there is a linear action of G on V, we say V is a G-space or
G-module?

The ways of thinking of representations that we have discussed thus far would
likely have existed since the time of the early pioneers of representation theory from
the nineteenth-century. In modern times the main approach to representation theory
uses modules of group algebras.

DEFINITION 2.9. Suppose R is a ring and with multiplicative identity 1. A (left)
R-module® consists of an abelian group M written additively and a map from R X M
to M, with the image of (r,m) € R X M written rm, such that for all r,s € R and all
m,n € M we have:

(i) rim+n)=rm+rn
(ii) (r+s)ym=rm+sn
(iii) (rs)m = r(sm)

)

(iv) 1im=m

The use of this second terminology will be clear momentarily.

There is an analogous definition for a right module. But in our case we will be working exclusively over
C which is commutative meaning there is no meaningful distinction to be made between left and right
modules.



If k is a field, then the concept of a vector space over k (k-vector space) is identical
to that of a k-module. Therefore, one can think of a module as an abstraction of the
concept of a vector space allowing for any ring of scalars, not just fields.

If k is a field, then A is an algebra over k (or simply a k- algebra) if it has a ring
structure and a k-vector space structure that share the same addition operation, with
the additional property that for any A € k and any a,b € A we have

(Aa)b = A(ab) = a(Ab).
DEFINITION 2.10. Given an arbitrary finite group

G={g1.....8}

we can define a corresponding k-algebra, kG, by taking all formal linear combinations
g1+ +ra g witha eki=1,...,r.

We define multiplication in kG by simply extending the multiplication in G:

(Zaigi) Zﬁjgj =Z(aiﬁj)gigj
i=1 j=1 i

-
= D aibi|gk
k=1 ij

8i8j=8k
This is referred to as the group algebra. Since the group algebra is a complex vector
space, its basis is G. When writing elements of kG we write g; € G in bold typeface
to emphasize that we are thinking of them as basis vectors.

Let V be a complex vector space and let p: G — GL(V) be a linear representation
of G in V. Then by Lemma 2.2, V is tautologically a G-space. For g € Gand x € V,
we define the action gx := p(g)x. By linearity, this defines fx, for f e kGand x € V.
In this way, any G-space V can be given a kG-module structure. Conversely, given
a kG-module since we can think of elements of G as being elements of the group
algebra

g=) 8,8 ckG,
geG

where ;4 is the Kronecker delta. Any kG-module structure gives us a unique G-
module structure. Thus, G-modules and kG-modules are the “same” in so far as they
both suffice to define a representation.

We reiterate that all of these ways of defining a representation are in fact equivalent.
In Definition 2.3 we explained why using matrix representations and representations
given by linear transformations p € GL(V). The same is true for our module definition.

Fix a n-dimensional matrix representation M as in Definition 2.6. Then take V to
be the vector space k" of all column vectors of length n. We can define a kG-module

8



structure on V by simply defining gv = M(g)v, the operation on the right being
matrix multiplication. Conversely, if V has the structure of a kG-module then we
have a multiplication gv = py(v) for all g € G. Thus, given a basis B, for V we can
simply compute M(g) for p, € GL(V) in terms of B in the usual way.

EXAMPLE 2.11. Any group G admits the trivial representation. The trivial rep-
resentation is a degree one representation on the one-dimensional k-vector space,
V = k. We define

p: G— GL(V)

g idy.
Hence,
p(g) o p(h) = idy oidy =idy = p(gh).

We use 15 or just 1 to refer to the trivial representation of G.

EXAMPLE 2.12. A prototypical question in representation theory is to characterize
all the representations of some dimension for a given group or class of groups. We
can use Definition 2.3 to find all one-dimensional representations of the cyclic group
of order n.

Let

C, = {1,g, ... ,g"‘l}

be the finite cyclic group of order n generated by g, i.e. g" = 1. Definition 2.3 tells
us that a complex representations of G consists of a complex finite-dimensional
vector space V and an invertible endomorphism p € GL(V), with p(1) = idy and
p(g%) = p(9)*. In other words, p needs to be a group homomorphism from G to the
multiplicative group of the complex numbers. Notice that this means the map p is
completely determined by p(g). Hence the one-dimensional representations

p: C, — GL,(C) = C*

are completely determined by p(g) = ¢, where {" = 1. From this it is clear that  is an
nth root of unity, and therefore there are exactly n nonisomorphic one-dimensional
representations of n.

2.3 MAPPINGS OF REPRESENTATIONS

DEFINITION 2.13. Fix a group G and a field k. Let V and W be finite dimensional
vector spaces over k and

p: G —> GL(V) and §/: G —> GL(W)
be representations of G. Then the linear map

T:V—W



Figure 2.1: Commutative diagram of homomorphism of representations.

is a G-homomorphism if

Top(g)=y(g)oT. (2.2)

Figure 2.1 shows this relationship pictorially in the form of a commutative diagram.*
The map T is said to intertwine p and ¥ and is referred to as an intertwining
operator. The space of all such maps is denoted Homg(V, W).

DEFINITION 2.14. A G-homomorphism is a G-isomorphism if T is bijective.

DEFINITION 2.15. Two representations p and y are equivalent or isomorphic if
there is a G-isomorphism between them.
If T is a G-isomorphism, then we can write Equation (2.2) as

Y =TpT™ . (2.3)
In this case, we write p = .

Other equivalent notions of representations can similarly provide equivalent
formulations of G-isomorphisms.

Earlier we described how Definition 2.3 and Definition 2.6 are equivalent and how
one can move back and forth between them. Another way of saying this is that every
representation is isomorphic to a matrix representation. Suppose there is a group G,
a field k, an n-dimensional k-vector space, and a representation p: G — GL(V). Fix
a basis B of V. Write v € V as a column vector with respect to B,:

T:V —Kk"

v = [v]g

Now we have a linear G-isomorphism. From there, we get a representation y: G —
GL(k") isomorphic to p:

v —2 vy
T T

Kkt — Yy e,

This diagram demonstrates that no matter which way the diagram is traversed from V in the top left to W
in the bottom right, the composition of the maps will be equal.

10



Thus, in terms of matrices, two representations M and M’ are G-isomorphic if
there exists some non-singular matrix X such that for all g € G,

M'(g) = XM(g)X ™.

Finally, in terms of G-actions, we say that the actions of G on V and W are G-
isomorphic provided there is some isomorphism T: V. — W such that

gT(v) = T(gv)

for all g € G and v € V. This situation is also often described by saying the isomor-
phism T commutes with the action of G.

2.4 REDUCIBILITY

This section we will examine how representations break down into their constituent
parts. To do this, we begin by defining the relevant notion of a subobject.

DEFINITION 2.16. Let p: G — GL(V) be a representation. We say W C V is a
G-subspace if it is a subspace that is p(G)-invariant, i.e.

pgW)cw
forallg € G.

DEFINITION 2.17. Every G-space V has the trivial G-subspaces {0} and V. A
representation is irreducible or simple if it has no non-trivial G-subspaces. Otherwise
it is said to be reducible.

DEFINITION 2.18. A representation p: G — GL(V) is said to be decomposable
if there are non-trivial G-invariant subspaces U, W C V such that

V=UeoWw.

We say that p is a direct sum py @ pyw. If no such decomposition exists then p is
indecomposable.

DEFINITION 2.19. Let p,: G — GL(V;) and p,: G — GL(V,) be representa-
tions of G with dimensions k, and k, respectively. Then their direct sum is the
representation

p=p®p,: G— GLV,®V,)

of dimension k, + k, given by
(P2 @ p2)(9)(©: +02) = p(g)0 + p2(9)0..

In matrix form, we write this as

_ Ml(g) 0
o= (" )

Note here that V; @V, is a direct sum of vector spaces, whereas p, @ p, is a direct
sum of representations.

1"



DEFINITION 2.20. A representation p : G — GL(V) is completely reducible or
semisimple if it is the direct sum of irreducible representations.

THEOREM 2.3 (Maschke’s theorem)

Let G be a finite group, and p : G — GL(V) a representation over a finite-
dimensional vector space V over a field k with characteristic zero. If W is a G-
subspace of V, then there exists a G-subspace U of V such thatV =W & U.

PROOF. Let W’ be any vector subspace complement of WinV,ie. V=W @& W’ as
vector spaces”.

Let 7 : V. — W be the projection of V onto W along W’. That is, if v = w + w’
with w € W and w’ € W/, then 7(v) = w.

The key step is to “average” 7 over G to construct a G-linear projection:

Rivio ) p@)r(p(gT ).
o1 £

Here we need the field to have characteristic zero such that /6| is well-defined. In
fact, this theorem holds as long as the characteristic of k does not divide|G|.
For simplicity of expression, we drop the ps, and simply write

Observe that 77 has an image in W. Indeed, for v e V, 7(g7'v) € W and gW < W.
Furthermore, for w € W, we have 7(w) = w. This follows from the fact that =
itself fixes W. Since W is G-invariant, we have g~'w € W for all w € W. Hence,

Fw) = — lw) = — = =

geG geG

Putting these together, we have that 7 is a projection onto W.
Finally, for h € G we have hiz(v) = 7(hv), meaning it is invariant under the
G-action. This follows easily from the definition:®

hE(v) = h— " gq(g™'V)
|G| geG

= |—(1;| D hga(g™v)

geG
1

=5 > (hg)q((hg) " )

geG

=5 2, 9/4lg ()
g'eG

= 7i(hv)

5 The existence of such a subspace is a standard fact from linear algebra.
6 For the fourth equality put g’ = hg. Since h is invertible, summing over all g is the same as summing over
allg’.

12



The final step is to show ker 7 is G-invariant. If v € ker 7 and h € G, then 7(hv) =
hi(v) = 0. So hv € ker 7.

Thus,

V=imaz®kerz=Wokers

is a G-subspace decomposition. O
THEOREM 2.4
Every finite-dimensional representation V of a finite group over a field of character-
istic zero is completely reducible, namely

VaV,e---aV, (2.4)

is a direct sum of irreducible representations.

This decomposition is not unique. There is a sense, however, in which the de-
composition can be made unique. A standard result in representation theory tells
us that we can combine isomorphic copies of the same irreducible representation
in the decomposition given in Equation (2.4). The set of irreducible representations
that appear in the decomposition and the multiplicities with which they appear are
unique. Hence we have

VaVie eV, 2w e - oW, (2.5)

where the W; are irreducible and W; 2 W; foralli # j. This is referred to as the isotypic
decomposition of V, and the W; are the isotypic components. The existence of an
isotypic decomposition for any complex representation is why much of representation
theory involves studying the irreducible representations of groups.

We conclude our discussion of the representation theory of abstract groups with
Schur’s Lemma, a simple but powerful result we will need later. We then proceed to
our main group of interest, the symmetric group.

LEMMA 2.5 (Schur’s Lemma)
LetV and W be irreducible G-modules over a field k.

(i) Any G-homomorphism @: V — W is either zero or an isomorphism.

(ii) If k is algebraically closed and V is an irreducible G-module, then any G-
endomorphism of V is a scalar multiple of the identity map on'V.

ProorF.

(i) Fix a G-homomorphism ¢: V. — W. Since the kernel of ¢ is a submodule of
V and V is irreducible, it follows that either ker ¢ = o or ker ¢ = V. Mutatis
mutandis we must also have im ¢ = o or im ¢ = W. Hence if ker ¢ is not V -
meaning ¢ is not the zero map - then it must be the case that ker ¢ = o and
im ¢ = W, making ¢ a bijection.

13



(i) Since k is algebraically closed any G-endomorphism ¢: V — V has some
eigenvalue A. It follows then that ¢ — Aidy is a singular G-endomorphism of V.
By Item (i), ¢ — A(idy) is therefore the zero map. Thus, ¢ = A(idy).

14



REPRESENTATIONS OF THE
SYMMETRIC GROUPS

3.1 SYMMETRIC GROUPS, PARTITIONS, AND YOUNG DIAGRAMS

DEFINITION 3.1. The symmetric group on n elements &, consists of all bijections
. [n] — [n], with normal composition of functions as the group operation. Each
such = € &, is referred to as a permutation.

We can write 7 € S, in cycle notation. To do this, we partition the elements of
[n] into cycles based on their images under 7. If i € [n], we have the cycle

(i, (i), 7*(0), . . ., 7P 7(0))

where n? = i. This means that 7 sends i to 7 (i), 7(i) to 72(i), etc. We then proceed
by selecting an element of [n] not contained in the cycle containing i and iterate
the aforementioned process until every element of [n] is contained in some cycle.
Collectively these cycles uniquely determine 7.

EXAMPLE 3.2. Suppose 7 € &, is given by

n(1) =2, 7(2) = 3, 7(3) = 1, 7(4) = ¢, 7(5) = 5.

Then in cycle notation we would write 7 = (1, 2, 3)(4)(5). When writing the permu-
tation in cycle notation, we omit the cycles corresponding to fixed points of 7 for
brevity. Thus, the final expression would be 7 = (1, 2, 3).

Note that the permutation is invariant under cyclic permutations of the elements
within the cycles as well as permutations of the cycles themselves.
A k-cycle or cycle of length k is simply a cycle containing k elements from [n].

DEFINITION 3.3. The cycle type of 7 € G, written cyc(rx), is an expression of

the form
(1'"‘,2'"2, .. .,nm") ,

where my is the number of cycles of length k in 7.

DEFINITION 3.4. Let G be a group. We say g and h € G are conjugates if and only
if there exists some k € G such that g = khk™". The set of all elements of G which are
conjugate to g is referred to as the conjugacy class of g. Conjugacy is an equivalence
relation and so the set G can be partitioned into disjoint conjugacy classes.
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Figure 3.1: Young diagram of A = (5,3,2)

[ ]

We care about the cycle types of permutations when talking about &, because
the conjugacy classes of S,, are determined by cycle type. Indeed, if

7= (iryigs e nsic)  (imseensin),

then for any 0 € G,

ono "t = (0(iy),0(i,),...,0(ie)) - (o(im), - .., 0(in)) .

Note that if we take the cycles of 7 € &, and arrange the cycles by decreasing length,
the lengths of the cycles form an integer partition of n.

DEFINITION 3.5. A partition of n € N is a k-tuple
A=)

such that
/11 > > Ak

A+ + A =n.

We write this as A + n and refer to the A; as the parts of the partition. A part A;
of A is non-trivial if A; > 2. Let #A be the sum of its nontrivial parts.

Conversely, note that if we have a partition A + n we can think of each part of
the partition as giving the length of a cycle in a permutation. In this way we see that
there is a natural bijective correspondence between cycle types (hence conjugacy
classes) of G, and integer partitions of n. The significance of the conjugacy classes is
made clear by the following theorem.

THEOREM 3.1
Up to isomorphism, the number of irreducible representations of a group G is equal
to the number of distinct conjugacy classes in G.
The Young diagram of the partition A is an array of boxes (called cells) with
A; cells in row i (indexed from the top), for each positive A;, aligned at the left. For
example, the Young diagram of (5, 3, 2) is given in Figure 3.1. By Theorem 3.1 we

can therefore conclude that the irreducible representations of S are in bijective
correspondence with Young diagrams containing k cells.
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EXAMPLE 3.6. The defining representation or standard representation of G,
sends 7 € G, to the permutation matrix of 7. As a concrete example, if {e,,...,e,}
is the standard basis of C", then &, acts in the standard representation by permuting
coordinates M(r)e; = ey(;).

This is not irreducible. Consider the one-dimensional subspace spanned by the
sum of the basis vectors. Since any permutation of this sum still returns the sum, this
one-dimensional subspace is an invariant subspace of the standard representation.
Furthermore, since every 7 € S, sends the sum to itself, the corresponding permu-
tation matrix is simply the identity. Thus, this subrepresentation is a “copy” of the
trivial representation. To be more precise, one of the isotypic components of this
representation is the trivial representation.

EXAMPLE 3.7. A one-dimensional representation need not be trivial. Consider the
sign representation (also called the alternating representation), an irreducible
representation of S, which sends 7 € &, to the map scalar multiplication by sgn 7.
Indeed,

sgn(ro) = sgn(r) sgn(o).
3.2 YOUNG SYMMETRIZERS AND SPECHT MODULES

As stated previously, much of representation theory amounts to the study of irreducible
representations because they can be combined to form all other representations. The
traditional method of constructing the irreducible representations of S, is based on
the combinatorics of Young diagrams and tableaux.

DEFINITION 3.8. A Young tableau T), corresponding to a partition A + k, is a
Young diagram with the numbers 1, ..., k placed in the boxes without repetition. A
tableau is called standard if the numbers in the boxes increase top to bottom and
left to right.

DEFINITION 3.9. Fix a Young tableau T. We now define two subgroups of S that
correspond to Tj:

P=P) = {0 € Gk : o preserves each row of TA}

Q=0)= {0' € Gk : o preserves each column of T)\}
Clearly, Py N Q = {1}.

DEFINITION 3.10. The Young projectors are defined as

a,\Z=|P—1/\|Zg

gePy

1
b= o S
TN sgn(g)g

ger
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The Young symmetrizer is defined as
C) = a,\b;\.
Since Py N Q) = {1}, ¢y # o.

ExAMPLE 3.11. If A = (3,2) and the tableau is

0N
2|5

5

then
ap = (1+(13) + (14) + (34) + (134) + (143)) (1 + (25))
by = (1-(12)) (1-(35)).

The irreducible representations of Sy are described by the following theorem
from [11, §4.2].

THEOREM 3.2

The subspace V) := (CSy)cy of CSy is an irreducible representation of Sy under
left multiplication. Furthermore, every irreducible representation of Sy, is isomorphic
to Vy for a unique A. These modules V) are called the Specht modules.

3.3 OKOUNKOV-VERSHIK APPROACH

Given a representation p: G — GL(V) of a group G and a subgroup H < G, we can
restrict the representation to H by simply taking p|g. Conversely, given a representa-
tion of H we can induce a representation of G.

DEFINITION 3.12. If V is a representation of G, then Resg V = ResV is the
restriction of V to the subgroup H.

DEFINITION 3.13. Suppose V is a representation of G and W C V is a subspace
which is H-invariant for some subgroup H of G. For any g € G, the subspace g- W =
{g “wiwe W} depends only on the left coset gH of g modulo H, since gh- W =
g-(h-W)=g-W.Foracoseto € G/H, we write o - W for this subspace of V. We
say V is induced by W if every element in V can be written uniquely as a sum of
elements in such translates of W, i.e.,

V= @ o W.

UEG/H
In this case we write V = Indg W =IndW.

For further details, including a proof that V exists and is unique up to isomorphism
given a representation W of H, the reader is referred to [11, §3.3]. There the reader
will also find the following result relating induction and restriction.
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PROPOSITION 3.3

Let W be a representation of H, U a representation of G, and suppose V. = Ind W.
Then any H-module homomorphism ¢: W — U extends uniquely to a G-module
homomorphism ¢: V. — U, i.e.

Hompg(W,Res U) = Homg(Ind W, U).

Frobenius reciprocity is a straightforward corollary of this. While we do not give
the result here, we will note what it says about irreducible representations: if W and
U are irreducible, then the number of times U appears in the isotypic decomposition
of Ind W is the same as the number of times W appears in the isotypic decomposition
of Res U.

In the previous section, one may have noted that there is no immediate connection
between tableaux and irreducible representations, and as such introducing tableaux to
construct the irreducible representations of S, may seem unmotivated or unexpected.
It naturally raises the question of whether one can arrive at the combinatorial objects
of the theory in a more natural way. Okounkov’s and Vershik’s modern approach
to the theory in [29] does exactly this. Their criteria for a satisfying representation
theory of the symmetric group are as follows:

(1) Symmetric groups form a natural sequence and their representation
theory should be recursive with respect to the sequence, which
means that the representation theory of S, should rely on repre-
sentation theory of S,,_, foralln € N.

(2) The combinatorics of the Young diagrams and Young tableaux,
which reflects the branching rule? for restriction

ResE’"
Sn—1
must not be introduced as an auxiliary tool of construction, not a
priori: it should be deduced starting from the inside structure of the
symmetric groups. In this case the branching rule (which is one of
the main theorems of the theory) will appear naturally and not as a
last corollary after developing the whole theory.

(3) Symmetric groups are Coxeter groups. The methods of their repre-

sentation should apply to all classical sequences of Coxeter groups.

Okounkov and Vershik thus develop an approach to the representation theory of
the symmetric group satisfying these principles in [29]. Critical to their approach are
the following concepts, which we will discuss in some detail:

(1) Gelfand-Zetlin (GZ) algebra and basis
(2) Young-Jucys-Murphy (YJM) elements
(3) Algebras with a local system of the generators (ALSG)

1 This is a result that describes how irreducible representations of ,, can be broken down as irreducible
representations of S,,_,. We build to this result throughout the section and prove it in Proposition 3.28
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3.3.1 Gelfand-Zetlin basis for inductive families

Let
{1}=G,cG,cG,cC--- (3.1)

be a chain of finite groups. We denote the set of isomorphism classes of irreducible
complex representations of G, as G,.

DEFINITION 3.14. The branching graph or Bratelli diagram of the series given
in Equation (3.1) is a directed graph where:

(i) The vertices consist of the elements of the set

iz

nzo

(ii) Two vertices A and y are joined by k directed edges from A to # whenever

peGy,and A € é; for some n, and the multiplicity of y in the restriction of
Ato G,_, isk.

The elements of the set G, constitute the nth level of the branching graph (Bratelli
diagram). We write A — p to indicate that (A, y) is an edge of the branching graph.

We say that the series in Equation (3.1) has simple branching or multiplicity
free branching if we always have k € {o, 1}. Equivalently, let there be an irreducible
representation of G,_, at the n — 1th level of the branching graph. Its multiplicity in
the isotypical decomposition of an irreducible representation at the nth level of the
branching graph will be at most one.

Now suppose we have a series as in Equation (3.1) with simple branching, and let
V) be a G,-module. Then by simple branching, the decomposition V, = &,V),, where

the sum is over all u € G,—, with A — p, is canonical. It follows then that repeating
this decomposition iteratively gives a canonical decomposition of V) into irreducible
G,-modules, or one-dimensional subspaces. Hence,

=P (32)
T

where the sum is over all possible chains
T=A" ... 5@ (3.3)
with A e @ and AW = A,

DEFINITION 3.15. Choosing a nonzero vector vr in each one-dimensional space
Vr gives a unique canonical (up to scalar multiplication) basis {vr} of V). This basis
is called the Gelfand-Zetlin basis (GZ-basis).

REMARK 3.16. Note that Definition 3.15 immediately implies that (CG;)vr = V3
for all i. Indeed, vr € Vj(» is an irreducible representation which implies that the
action of CG; on vr recovers the entirety of the irreducible representation Vy.
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DEFINITION 3.17. Welet Z,, := Z(CG,) be the center of the group algebra. Let
GZy =(Zy,...,Zn),

where (Z,,...,Z,) is used to denote the subalgebra generated by the Z;. This is a
commutative C-subalgebra of CG, and is referred to as the Gelfand-Zetlin algebra
of the inductive chain of subgroups from Equation (3.1).

Consider the following map:

p: CG, — @ End Vy (3.4)
/\6(}71

gH(VAi)V/\ZAEEr\n).

Observe first that ¢ is an isomorphism of algebras. If ¢(x) = ¢(y), then x and y act
the same on every irreducible representation, including the regular representation,
and x = y. Surjectivity then follows easily from dimension counting. First, End V)
has dimension (dim V})?. Since CG,, has its basis indexed by the elements of G,, the
desired result follows from the standard result from character theory [27] that

D (dimVi)* =[Gyl

AeCTn
DEFINITION 3.18. Let D(V}) be the set of operators on V), diagonal in the GZ-basis
of V.

The following theorem demonstrates the significance of the Gelfand-Zetlin alge-
bra.
THEOREM 3.4
The GZ-algebra GZ,, is the image of ®D(V} ) under the isomorphism given in Equa-
tion (3.4). It consists of those elements of CG,, that act diagonally in the GZ-basis
in every irreducible representation of G,. Thus, GZ, is a maximal commutative
subalgebra of CG,, where

dim GZ, = Z dim Vy.
Aeé\n

PRrROOF. Consider the chain T from Equation (3.3). Let py» € Z;, be the central
idempotent corresponding to the representation defined by A’ € G;. Define

pr = l_[p/\(i) e GZ,.
i=1

The image of pr under the map from Equation (3.4) is (f,: p € é\n) where f, =
oif g # A, and f} is a projection onto Vr with respect to the decomposition in
Equation (3.2).
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Thus, the image of GZ,, under ¢ from Equation (3.4) includes &, _ G, D(Vy),whichis
a commutative maximal subalgebra of &, _ G, End(V}). Since GZ,, is itself commutative,
the desired result follows. O

COROLLARY 3.4.1

(i) Letv € Vi, A € Gy. If v is an eigenvector for the action of every operator in
GZ,, then a scalar multiple of v is a GZ-basis vector of V.

(ii) Letu,v betwo GZ-vectors. Ifu, v have the same eigenvalues for every element
of GZ,, thenu = v.

Proor.
(i) Let
U1
(%)
v =
Un
be an eigenvector for the action of every operatorin GZ,,. Fix distinct A,,..., A, €
C. By Theorem 3.4,
A, o ... o
o A, ... o
: (3:5)
o o An
is in GZ,,. Thus, we have
Ao 0V A,
(] /12 (0] U, /127)2
=1 | (3:6)
o o ... A \o, Anon

Since the A; are all distinct the only way for the right hand side of Equation (3.7)
to be a multiple of the right hand side of Equation (3.6) is for v to be a multiple
of a basis vector.

(i) Fix distinct A,,...,A, € C. By Theorem 3.4,

A, 0o ... o
o A, ... o

: (3.7)
o o An
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is in GZ,,. Assume for the sake of contradiction that u # v. If v is a multiple
of u then they cannot both be basis vectors. Therefore, the only way for u and
v to have the same eigenvalues under the action of this matrix would be for
two of its diagonal entries to be the same. This is a contradiction as the A; are
distinct by hypothesis.

3.3.2 Simple branching in symmetric groups

In order for the theory outlined in the previous section to apply we must show that
the symmetric groups have simple branching. To prove this we need two results from
the theory of semisimple algebras?, stated here without proof. For further details, the
reader is referred to [15, Chapter 5].

THEOREM 3.5 (Artin-Wedderburn Theorem)

IfA is a semisimple C-algebra, then A decomposes as a direct sum of matrix algebras
over C.

THEOREM 3.6 (Double Centralizer Theorem)

Let A be a finite-dimensional central (Z(A) = C) algebra and B C A a simple
subalgebra. For centralizer C = Z(A, B), C is simple and Z(A, C) = B. Moreover,

dime(A) = dime(B) = dime(0).

We now proceed with showing that the symmetric groups have simple branching.
THEOREM 3.7

Let M be a finite-dimensional semisimple complex algebra and N a semisimple
subalgebra. If Z(M, N) be the centralizer of the pair (M, N) such that

Z(M,N) = {meM|mn: nmVn EN},

then Z(M, N) is semisimple.
ProoF. By Theorem 3.5,
l
M=PMm
i=1

where each summand M; is some matrix algebra. Let N; be the image of N under the
projection M — M;. Since N; is the homomorphic image of a semisimple algebra, it

The precise definition of semisimple in this context is not that pertinent to us. It is sufficient to know that
group algebras over the complex numbers are semisimple, and that homomorphisms preserve semisimplic-

ity.
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follows that N; is itself semisimple. Observe that

k
Z(M,N) = @ Z(M;, N).

i=1

By Theorem 3.6, Z(M;, N;) is semisimple for all i, and thus Z(M, N) is also semisimple.
O

Our goal is to use this theorem in the case M = CS,, and N = CS,,_;.
THEOREM 3.8

The following are equivalent:

(i) The restriction of any finite-dimensional complex irreducible representation
of M to N is multiplicity free.

(ii) Z(M, N) is commutative.

PrOOF. Let

" e— mj:glj
V= {(ml,...,mk)GM [milpg =0 Vg #1 }

The J;; in the first condition is the Kronecker delta with i the same as in V;. The
second condition simply states that any entry of m; not in the first column is zero.
The V; each represent a distinct irreducible M-module. The decomposition of V; into
irreducible N-modules is equivalent to its decomposition into irreducible N;-modules.

The next step is to observe that Z(M, N) will be commutative if and only if for
all i, Z(M;, N;) is commutative. In turn, this is true if and only if every irreducible
representation of Z(M;, N;) has dimension one. This is analogous to the result for
irreducible representations of abelian groups. Thus, to prove the desired result it
suffices to show that that Res%j U is multiplicity free for any irreducible representation
of Z(M, N, U.

Suppose that all irreducible representations of Z(M;, N;) have dimension one.
Now let U and V be irreducible representations of M; and Nj; respectively. This means
Homy;,(V,U) is an irreducible representation and so has dimension one. Indeed,
Homy;,(V,U) as a representation of N; is some number of copies of V. This is by
Lemma 2.5, which states that the image of every nonzero map in Homy,(V,U) is
isomorphic to V. These isomorphic copies of V must be nonintersecting because
otherwise the intersection would be Nj;-invariant, contradicting the irreducibility of
V. Given any two submodules of U isomorphic to V, there exists some N;-equivariant
automorphism of U sending one to the other. Hence, any map in Hompy, (V, U) can be
taken to any other by composing with the appropriate N;-equivariant automorphism
of U, thus precluding the possibility of a proper nonzero submodule. By Lemma 2.5,
this is the multiplicity of V in Res%? U, so the branching is multiplicity-free.

We prove the converse by conltraposition. Suppose that Z(M;, N;) has an irre-
ducible representation of dimension strictly greater than one. Now let U and V
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once again be irreducible representations of M; and N; respectively. By Lemma 2.5,
Endc(U) = M, so Endn;, (U) = Z(M;, N;). Therefore, ifRes%Iii U = ®;W, is the decom-
position of U into simple N;-modules, then

Z(M;, Ny) = Endy, (U) = () Homy, (W), W)
Jik

is a decomposition of Z(M;, N;) into irreducible representations. Hence the existence
of an irreducible representation of Z(M;, N;) with dimension strictly greater than
one implies W; = Wy for some j # k. This irreducible representation of N; therefore
occurs with multiplicity strictly greater than one in Res%j U and the branching is not
simple. O

By Theorem 3.8, to prove the symmetric groups have simple branching it suffices
to show that the centralizer Z(CS,,, CS,,_,) is commutative. We do this using the
Young-Jucys-Murphy elements of the group algebra.

3.3.3  Young-Jucys-Murphy elements (YJM elements)

DEFINITION 3.19. Define
P, = {(y,i) Tpr nandiisapartofy}.

DEFINITION 3.20. For 2 < i < n, define Y; to be the sum of all i-cycles in S,,_;. By
convention, Y, = o. Define Y/ to be the sum of all i-cycles in &, containing n.

DEFINITION 3.21. For (u,i) € Py, let ¢(,;) € CS, be the sum of permutations
7 € Sy, such that the cycle type of 7 is p and the size of the cycle containing n is i.

REMARK 3.22. Observe thateachofY,,...,Y,_,,Y/,... Y, equals Cn,i) for a suitable
choice of p and i. In particular,

Y; = ¢y forp =(j,1,...,1)
Y/ = ¢ forp=(j,1,...,1)

LEMMA 3.9
The set

{C(y,i) (i) € Pn}
is a basis of Z(CS,,, CS,_,). Therefore, we have that

(V.. Yoy, Y., .. Y)) C Z(CS,, CS,oy).

PROOF. We begin by first observing that c(, ;) is invariant under conjugation by
elements of S,,_,. This is because conjugating by elements of S,_, does not change
the length of the cycle that any element of any term of ¢, ;) appears in. It follows that
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i) € Z(CSy, CSy-,y). Since there is no way to add permutations where n appears
in different cycle lengths and get zero, the c(, ;) are linearly independent. All that
remains to be shown is that the ¢, ;) span Z(CS,,CS,,).

Fix f € Z(CS,,CS,_,). By definition of Z(CS,,CS,,_,), we have that for any
7€ Gy, tfr7" = f. So if we write

f=> a0, (3.8)

o€eC,

then oy = a;5,-1. Hence a, is invariant under conjugation by permutations in S,,_;.
Furthermore, since conjugation by an element of S,,_; cannot change the cycle length
of the cycle in which n appears, by grouping the terms of the sum by the cycle type of
the permutation along with the length of the cycle in which n appears we may write

f= Z (1) €, 1)-

(n,i)eP,
Thus, the c(,,; are spanning. The desired result then follows immediately by Re-
mark 3.22. ]

LEMMA 3.10

Cui) € (Yoo, Vi, Y)Y fork = #p.

PROOF. We proceed via induction on #p.

BASE CASE
Suppose #u = o. Then c(,,;) is simply the identity permutation, which lies in
the subalgebra (Y,,..., Y, Y/, ..., Y];).

INDUCTION HYPOTHESIS
Assume that the desired result holds for all #u < m:

Cui) € <Y2,...,Yk,Y2'...,YI:) for k = #u.

INDUCTIVE STEP
Fix (u,i) € P, with #y = m + 1. Let the nontrivial parts of u be y1,,..., ¢ in
some order. We now proceed via case analysis.

CASE 1
We first consider the case where i = 1. By Lemma 3.9,

~

ﬂ Yy = Qe + Z A(1)C(T,)
j=1 ()

where ¢(;,,,) # 0 and the sum is over all (7, 1) with #T < #u. The desired
result then follows from the induction hypothesis.
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CASE 2
Let us now consider the case where i > 1. Without loss of generality,
assume that i = p,. Then

4

Y., l_[ Yy = aunCauiy + Z Xz j)(z)
Jj=2 (T.i)

where ;) # 0 and the sum is over all (7, j) with #T < #pu.

O
LEMMA 3.11
Z(CGp,CChoy) = (Yo Yoo Y., X))
PRrROOF. This follows immediately from Lemmas 3.9 and 3.10. O
LEMMA 3.12
Z(an—l) = <Y2, cees Yn—l>
PrROOF. Observe that
Z(CS,—,) C Z(CC,,,CSpy) =Yy, .., Yy, Y, LY.
Simply omitting the generators that permute n then gives the desired result. O

DEFINITION 3.23. For 1 < i < n, the Young-Jucys-Murphy elements (YJM
elements) are defined as

X;=(L,i)+ (2,0 + - +(i—-1,i) € CS,.

By convention, X; = o. Note that this is the sum of all 2-cycles in &; minus the sum
of all 2-cycles in S;_;.

THEOREM 3.13 (Okounkov-Vershik)

Z(C&,, an—l) =(Zn-1,Xn)

PrROOF. By Lemma 3.11, we have that
(Zn_1,Xn) € Z(CG,,CE,_,)

because X, = Y. Since Yy € Z,_, for all k, to prove the desired result it suffices to
show that Y,...,Y, € (Z,-,,X,). We proceed via induction on the indices.

BASE CASE
Since Y, = X, this forms the base case of our induction.

INDUCTION HYPOTHESIS
For the inductive hypothesis, assume that Y, ...,Y, € (Z,,X,).

> Tk+1
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INDUCTIVE STEP
We wish to prove Y/, € (Z,-,, X»). By definition,

Y, = Z (ir, ... g, 1)
Iyyeensipe

summed over all distinct iy, ..., ix € {1,...,n}. Consider the element YI:+1X" €
<Zn—lan>:
n—1
Y, Xo=| D) G osikon) (Z(i, n)) : (3.9)
T i=1
Fix an arbitrary term (i, . . ., ix ) of the product in Equation (3.9). There are two
possibilities. Either i # i; for all j, or there exists a j such that i = i;. The products
in each instance will have the forms (i, iy, . .., ix) and (iy, . . ., i) (41, djsas - - -, D).

Hence, we can rewrite the right side of Equation (3.9) as

k
D i i)+ D (s i) i) (3.10)
i ik i

iy,e.0ip j=1
The first sum is over all distinct i, i,, ..., i € [n— 1], while the outer sum on
the right is over all distinct iy, . .., ix € [n— 1]. Then Equation (3.10) becomes

Vi + Z (i) i
(1)

where the sum is over all (y, i) such that #u < k + 1. The desired result then
follows from induction and Lemma 3.10.

THEOREM 3.14 (Okounkov-Vershik)

Gz, = <X1, cee ,Xn>

PrROOF. We proceed via induction on n. The cases for n = 1 and n = 2 are trivial.
For the inductive hypothesis, assume that GZ,,_, is generated by (X,, ..., X-1).
We wish to show GZ,, = (GZ,_,, X,). One inclusion, {(GZ,_,, X,) C GZ,, is immedi-
ate since X, is the difference between an element of Z,, and Z,_,. To complete the
proof, it suffices to show that Z,, € (GZ,_,, X,,). This follows from Lemma 3.9 as

Zﬂ g Z(Cemcen—J g (Zn—1,Xn> g <GZn—1,Xn>-

ProrosITION 3.15 (Okounkov-Vershik)

Z(CS,,CG,_,) is commutative.

Proo¥r. By Theorem 3.13, Z(CS,,CS,_,) = (Z,-1, X,). The desired result then
follows immediately from the fact that X,, commutes with every element of Z,,_,. O
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3.3.4 Eigenvalues of YIM elements

The significance of the YJM elements, as we shall eventually see, is that they have
known eigenvalues when acting on the irreducible representations of the symmetric

group [24].

DEFINITION 3.24. The GZ-basis for G = &, is called the Young basis. By Corol-
lary 3.4.1, the Young/GZ-vectors are common eigenvectors for GZ,,.

DEFINITION 3.25. Let v be a Young vector for S,,. Then define
a(v) =(ay,...,a,) € C",

where a; is the eigenvalue of X; on v. We call a(v) the weight of v. Note that a; = o
since X; = o

DEFINITION 3.26. Let
Spec(n) = {a(v) : v is a Young vector} .
This is the spectrum of Y JM-elements.

By Corollary 3.4.1,

’Spec(n)\ =dimGZ, = Z dim A

/\eé:,
LEMMA 3.16
Let T be the set of chains in the Bratelli diagram as in Equation (3.3). Then
Spec(n) = 7.
PROOF. For a € Spec(n), we denote by v, the Young vector of weight & and T,

the chain in the Bratelli diagram corresponding to v,. Givena T € 7, let a(vr) be
denoted by a(T). Hence our one-to-one correspondence is given by

T+ a(T)

a o Ty,

We can also define the following natural equivalence relation ~ on Spec(n).

DEFINITION 3.27. Let @, f € Spec(n). Then the following are equivalent:

(i) a~p

(ii) vq, vg belong to the same irreducible module for &,
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(iii) T, and Ty start at the same vertex of the Bratelli diagram.

Note that
# (Spec(n)/N)

is the number of paths in the Bratelli diagram from level n to level o.

The Coxeter generators for the symmetric group are s; = (i,i+ 1) for1 <i < n.
They commute with one another except for when the absolute value of the difference
of their indices is strictly less than two. Understanding the action of s; on vr in terms
of the weights a(T) will be key to understanding how the YJM elements relate to
partitions and standard tableaux. Observe that we have the following relations:

$iXj = X;s; J#EILI+1 (3.11)
si=1 XiXiv1 = Xin X, i Xi+1=Xj45; (3-12)

1

Given T as in Equation (3.3), let a(T) = (a,...,a,) and let V be a subspace of
Vya+n generated by vr and s;vr. Observe that the dimension of V' is at most two.
Furthermore, the relations given in Equation (3.12) allow us to conclude that V' is
invariant under the action of s;, X; and Xj,,.

DEFINITION 3.28. The degenerate affine Hecke algebra H(n) is generated by

commuting variables H, . . ., H, and Coxeter involutions sy, . . .,s,—; with relations

siH; = Hjs; for j # i,i+1 siH; + 1 = Hjyys; (3.13)

Notice that the H; in Definition 3.28 satisfy a subset of the relations that the YJM
elements do in Equations (3.11) and (3.12).

LEMMA 3.17
All irreducible representations of H(2) are at most 2-dimensional.

PrROOF. LetV be an irreducible H(2)-module. Since H,, H, commute they have a
common eigenvector v. Let W := Span(v, sv). Then the dimension of W is at most
two. By the relations given in Equation (3.13), we can conclude that W is a submodule.
It follows immediately that W = V as V is irreducible by hypothesis. O

LEMMA 3.18
For1 < i < n—1, the image of H(2) in CS,, obtained by setting

s=s;=(,i+1) H,=X;, andH, = X;,
is semisimple, i.e. the subalgebra M of CS,, generated by s;, X;, X+, is semisimple.

PrROOF. Let Mat,, be the algebra of n! x n! complex matrices where the rows and
columns of these matrices are indexed by permutations in &,,. If we now look at the
regular representations of S, we get an embedding of S, into Mat,,;. Transposition
matrices are real and symmetric, so as sums of transposition matrices X; and Xj,
are also real and symmetric. It follows that the subalgebra M is closed under conju-
gate transposition. Thus, M is a C*-subalgebra of the C*-algebra Mat,, making it
semisimple as was desired. O
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For our next theorem we will use the following result from linear algebra, stated
without proof:

LEMMA 3.19
Matrices of the form

(3

are diagonalizable if and only if a # b. If a matrix is diagonalizable, then the
eigenvalue a has eigenvector
1
0
and the eigenvalue b has eigenvector
+/b-a)
) .

We will now use this result to give the action of s; on the Young basis in terms of
weights.

THEOREM 3.20

Fix a chain T as in Equation (3.3) such that a(T) = (a,, . .., an) € Spec(n). Take a
Young vector v, = vr. Then

(i) a; # ai4, foralli.
(ii) The following are equivalent:

a) aj,, = a; = 1.
b) sivg = £v,.

¢) sivg and v, are linearly dependent.

(iii) for1 < i < n-— 2, the following cannot occur: a; = aj4; +1 = aj;, and
a;j = Aj+1 — 1 = Qjys.

(iv) ifajy, # a;i £ 1, thena’ = s;a = (ay, .. .,4i—1, Aj41, Ais Aigas - - -, An) belongs
to Spec(n) and a ~ o', where ~ is the relation from Definition 3.27. Moreover,

1
vi=|s;——— | v,y
Aj+1 — 4

is a scalar multiple of vyr. Thus, in the basis {vq,vq'} , the actions of X;,
Xi+, and s; are given by the matrices

a o Gjy; O Ya—ai 1=/ (am —ar?
X; Xit, si ) o .
0 iy o q 1 Jaiss - a;
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PrROOF. Our first step will be to establish the invariance of the span of v, and
s;vq under the actions of X;, X;;, and s;. By doing so, we will also establish the
invariance under the action of the algebra they generate. This is a result of applying
the relation s;X;4; — 1 = X;s; and using the fact that by definition X;v, = a;v and
Xit1Uq = Gi+1Vq. We now proceed through the claims of the theorem.

(i)

(ii)

(iii)

If v, and s;v, are linearly dependent, then s;v, = Av,. Since s7 = 1, we know
A* = 1. Hence, A = =#1. It follows that s;v, = #v,. By the relation from
Equation (3.12), we get

$iXiSi = Xy (3-14)

which means a;v, + v, = a;4,0,. Therefore, s;v, = tv,, and a;4, = a; £ 1

If v, and s;v, are linearly independent, let V be the subspace of Vyu+) they
span. Then, V is invariant under the action of the algebra generated by X;, X4,
and s;. In the basis {v,, s;04 }, we have the matrices

a; -1 a; 1 0o 1
0 Qi o a; 1 0
The action of X; on V)+y is diagonizable. Furthermore, the action of X; on V is
diagonizable owing to V being invariant under the action. Thus, by Lemma 3.19
a; # ajy, as desired.

One direction of this argument was given in Item (i). Suppose that a;+, = a; + 1.
Assume for the sake of contradiction that v, and s;v,, are linearly independent
(if they are dependent, then the argument from (i) applies). Let

V = Span(vg, $ivg) € Vi,

a semisimple M-module. To complete the proof it suffices to show that V
has a single one-dimensional M-invariant subspace. Indeed, since they are
semisimple, representations of M are completely reducible. Therefore, if V has
a one-dimensional M-invariant subspace W, then its complement should be
another M-invariant one-dimensional subspace.
Suppose W C V is a one-dimensional subspace invariant under the action of
M. Let W be spanned by v, + ms;v,. Since W is invariant under the action
of s; € M, we can conclude that £, m # o. Without loss of generality, set b = 1.
Then

$i(Vg + Msivy) = SiUq + MUg.
Now s? = 1 implies that v, + ms;v, = +(mv, + 5;0,). It follows that m = —1,
since a simple computation shows that the subspace spanned by vy + 5,04 is
not M-invariant. Thus, W = Span(v, — s;04). A similar argument holds for
Ajy, = adj — 1.

Assume a; = a;4; — 1 = aj4,. By Item (ii),
SiUg = Ugq and $;4,0y = —Vgq4.

Ifboth sides of the Coxeter relation s;$;4,5; = $;+15;Si+: actonv,,thenv, = —v,
which is a contradiction. The other case is similar.
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(iv) ByItem (ii), v4 and s;v, are linearly independent. For j # i,i+ 1, X;v = a;jv. Fur-
thermore, by Equation (3.12), X;v = a;4,v and X;4,v = a;v. By Corollary 3.4.1,
we have that @’ € Spec(n) and that v is a scalar multiple of v,. Thus, @ ~ &’
as v € Vym.

O

Thus far in using the Okounkov-Vershik approach to the representation theory
of S,, we have yet to see any connection with Young tableaux. This connection is
established through the use of the content vector.

DEFINITION 3.29. Call @ = (a,,...,a,) € Z" a content vector if
(i) a, = o.
(ii) foralli > 1,{a; —1,a; +1}N{ay,...,a;i_,} # D.
(ili) if a; = a; = a for some i < j, then {a; —1,a; + 1} C {aiﬂ, .. .,aj_l}
DEFINITION 3.30. We denote the set of all content vectors of length n by Cont(n)
ExAMPLE 3.31. Cont(1) = {0} and Cont(2) = {(o, 1), (o,—1)}.

PROPOSITION 3.21

The condition in Definition 3.29 Item (ii) can be strengthened as follows: for alli > 1,
ifa; > o, thena; = a; — 1 for some j < i.Ifa; < o thena; = a; + 1 for some j < i.

PROOF. Suppose a; > o. By iteratively applying Definition 3.29 Item (ii) to Defini-
tion 3.29 Item (i), we can construct a sequence

a; =a,~0,ai1,...,a,-k =0

such thati = i, > i, > --- > i > 1 witha;, > o, and|ai[ - a,~m| = 1 for all
0 < h < k—1. Observe that as h varies from o to k — 1, a;, attains all integer
values between o and a;. Indeed, a similar argument will also work in the case where
a; <o. m}

PROPOSITION 3.22

The condition in Definition 3.29 Item (iii) can be strengthened as follows: if i < j,
a; = aj, and ap # aj forallk = i+1,...,j— 1, then there exists some unique
(_, 0, € {i+ L,...,j— 1} such thatae_ = aj—1and ae, = aj + 1.

Proo¥F. Ifi < j, then {_ and ¢, exist by Definition 3.29 Item (iii). To show unique-
ness, assume for the sake of contradiction that there exists £ such that ap = a; — 1.
Without loss of generality let £_ < ¢, then by Definition 3.29 Item (iii) there exists £
between ¢_ and ¢’ such that a; = (a; — 1) + 1 = a;. This is a contradiction. O

THEOREM 3.23

Foralln > 1, Spec(n) C Cont(n).
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PrROOF. We proceed by induction on n.

BASE CASE
For n = 1 the desired result holds trivially.

INDUCTIVE HYPOTHESIS
Suppose that Spec(n — 1) € Cont(n — 1).

INDUCTIVE STEP
Fix a € Spec(n) with a = (a,,...,ay). Since the first YJM element X, = o,
clearly a, = o, thus satisfying Definition 3.29 Item (i). Our induction hypothesis
gives us that &’ = (a,, .. .,an—1) € Spec(n — 1) C Cont(n — 1). To complete the
proof it suffices to check that Definition 3.29 Items (ii) and (iii) hold upon the
addition of a,,.

Assume for the sake of contradiction that
{an, —1,a, +1}N{a,,...,an_,} = @. (3.15)

By Theorem 3.5 Item (iv), the transposition (n, n — 1) is admissible for &, which
means that (a,, ..., an—,, an, dy—,) € Spec(n). Hence,

(ay,...,an-,an) € Spec(n — 1) C Cont(n — 1).

But {a, — 1,a, + 1} N{ay,...,an-,} = @ by Equation (3.15), which contradicts
Definition 3.29 Item (ii) since (ay, . . ., an—,, d,) € Cont(n — 1). Thus, « satisfies
Definition 3.29 Item (ii).

Again for the sake of contradiction, assume that « fails to satisfy Definition 3.29
Item (iii). This means that a; = a, = a for some i < n. In addition, assume that
i is the largest index such that

a¢ {ai+1>~~-aan—1}- (3-16)

There are two cases:a—1 ¢ {djy1,...,an_,yanda+1 ¢ {a;;,...,an_,}. These
are quite similar so we will only discuss the first.

Since (ay,...,an—;) € Cont(n — 1), by our inductive hypothesis a + 1 can
occur at most once in {a;4y,...,ad,—,}. if it occurred twice, then by induc-
tion a would also occur, thereby contradicting the maximality of the index
i satisfying Equation (3.16). There are now two cases to consider. The first
is that (a;,...,a,) = (a,%,...,%,a), where * ¢ {a—1,a,a+ 1}. A sequence
of n — i + 1 admissible transpositions will then give us a’ such that « ~ «’.
a’=(...,a,a,...) € Spec(n), which contradicts Theorem 3.20 Item (i).

The other possibility is that we have (a;,...,a,) = (a,%,..., %, a), where * ¢
{a—1,a,a+ 1}. In this case we can apply a sequence of admissible transpo-
sitions to get @’ ~ « such that ¢’ = (...,a,a+ 1,a,...) € Spec(n), thus
contradicting Theorem 3.20 Item (iii).
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DEFINITION 3.32. If ¢ = (a,,...,a,) € Cont(n) and a; # a;;, + 1, we say that
the transposition s; is admissible for a. These transpositions define an equivalence
relation on Cont(n) where @ ~ f if f can be obtained from « by a sequence of
admissible transpositions.

We now arrive at the portion of the theory that ties irreducible representations of
S, to Young diagrams and tableaux.

DEFINITION 3.33. The Young poset is the set Y = {/\ tArmne N} of all
partitions with the poset structure as follows. Let # = (p,...,p¢) - nand A =
(A1, Ap) + m be partitions in Y. We can state that the Young diagram corre-
sponding to  is a subdiagram of the one corresponding to A using the following
expression:

<A &= m>2nh>k and; > pVj=1,... k (3.17)

EXAMPLE 3.34. If g = (4,3,2) and A = (5,4,2), then u < A.

| | DD

A 2 A

The notation A/ is used to denote the squares that remain after removing p from A.

DEFINITION 3.35. The Young graph is a directed graph that has elements of Y
as its vertices. The vertices ¢ and A are connected by a directed edge from A to p if
and only if # € A and */x consists of a single box. When this happens we say that A
covers pi, writtenas A — por A 7 .

DEFINITION 3.36. The content ¢(O) of a box O in a Young tableau is the y-
coordinate minus the x-coordinate.

EXAMPLE 3.37. Suppose we have the standard tableau

12457‘.
6 [10]11

9

The contents of the boxes of this tableau are
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DEFINITION 3.38. The content vector of a tableau T is the vector
a=C(T)=(ay,-..,an),

where the ith entry is given by the content of the cell of T in which i appears. For
example, the content vector of the tableau in Example 3.37 is

(O’ 1,-1,2,3,0,4,—2,—1,1, 2)’
DEFINITION 3.39. A path in the Young graph is a sequence
= (/\(n) Ay A(l))
of partitions A() £ such that A% for 2 < j < n. A path always ends at the trivial
partition A®) = (1) F 1.

Observe that we can associate to any path in the Young graph starting at A + n a
unique standard tableau of shape A. We do this by placing the integer k € {1,...,n}
in the box A® /x¢-»,

EXAMPLE 3.40. Consider a path 7:

(4,3,1) — (4,3) — (3,3) — (3,2) — (2,2) — (2,1) — (2) — (1) .
~—_—— N——
A®) A

To construct the corresponding standard tableau, simply add the boxes back one at
a time starting at AV, As we do this, we fill in the numbers in increasing order as
illustrated here:

‘1'2‘12‘12 125‘125 112|157
13 ] 314] |3]4 3]14)6) [3]4
2[5 ]7]
314
°]

DEFINITION 3.41. Suppose T, is a standard Young tableau of shape A. Assume
that i and i + 1 do not appear in the same row or column of T;. This is sufficient
to guarantee that switching the cells in which i and i + 1 appear in T; will result in
another standard tableau T,, also of shape A. In this case we say that T, can be obtained
from T, by an admissible transposition. As was the case with content vectors, this
defines an equivalence relation where T, = T, if T, can be obtained from T; by a
sequence of admissible transpositions.

We now state key lemmas without proof, followed by an outline of the main
theorem of the Okounkov-Vershik approach tying together what we have discussed
thus far. For full details the reader is referred to [29].
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Let Tab(A) denote the set of Young diagrams of shape A. Then
SYT(n) = Tab(n) := U Tab(A).
Arn

LEMMA 3.24
Let
®: Tab(n) — Cont(n)

be defined as follows: given a tableau
o (U0 A 29 - 0]
define
®(T) = CO(T) = (c (w) (AN, C(A‘"’/Af"-”))

to be the content of the tableau T. Then ® is a bijection that takes ~-equivalent
standard Young tableaux to ~-equivalent content vectors.

The idea is that the content vector of any standard Young tableau will satisfy the
conditions of being a content vector. In fact, these conditions uniquely determine the
tableau as a sequence of boxes of the Young diagram.

LEMMA 3.25
Suppose T,, T, € Tab(n). Then T, ~ T, if and only if the Young diagram of T, and
T, have the same shape.
We now proceed to the main theorem of [29].

THEOREM 3.26

(i) Spec(n) = Cont(n), and the equivalence relations ~ and ~ coincide.

(ii) @' is a bijection. For a, € Spec(n), & ~ B if and only if their images under
&' have the same Young diagram.

(iii) The Bratelli diagram or branching graph of a chain of symmetric groups is the
Young graph. Furthermore, the spectrum of the Gelfand-Tsetlin algebra GZ,
is the space of paths in the space of standard Young tableaux with n boxes.

PRrRoOOF SKETCH.

(i) e We have the inclusion Spec(n) € Cont(n) already by Theorem 3.23.
e Suppose a € Spec(n) and f € Cont(n). Then

a~f = feSpec(n)and a ~ f.
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e The previous item implies that given a ~-equivalence class C and a ~-
equivalence class D, either CND =@ or D C C.

e It is easy to show that

|Spec<n>/~| =

Cont(n) / z| = # {partitions of n} .
The desired result then follows.

(ii) This follows from Lemma 3.25

(iii) We have a bijection between paths in the Bratelli diagram and Spec(n). Com-

bining the bijection between paths in the Young graph and tableaux with ®
from Lemma 3.24 then gives a bijection between paths in the Young graph and
Cont(n).
Furthermore, if &, € Cont(n) correspond to paths starting at A and p™
respectively, then by Lemma 3.25 @ ~ f if and only if A" = u(™_ Thus we have
a bijective correspondence between the vertices of these two graphs, which
clearly gives a graph isomorphism.

[m]

Given A + n, denote by S) the irreducible representation of G, spanned by vectors
{vq } with a € Spec(n) = Cont(n) corresponding to the standard tableaux of shape A.
The dimension of S is equal to the number of standard A-tableaux. Theorem 3.26
then implies the following:

PROPOSITION 3.27

Leto <k <n, A+ n,and p + k. Then the multiplicity M ofS,, in Resé:i1 Sy is
equal to zero if u ¥ A and it equals the number of paths in'Y from A to p.

PROOF. We have
Res>* S) = Res>**' Res_*** - - -Res>" S,.
©n Sk Sk+1 SCn-1

At each step of the consecutive restrictions, the decomposition is multiplicity-free
and according to the branching graph Y. Hence the multiplicity of S, in Resgi Sy is
equal to the number of paths in Y that start at A and end at p. In turn, the number of
paths is equal to the number of ways to obtain the Young diagram of A from that of
. This is done by successively adding n — k cells in such a way that we get a Young
diagram at each stage. O

PROPOSITION 3.28 (Branching Rule)

For every A + n, we have

Resg"_ Sy = @ Su- (3.18)
" prn—1
A—pu

The sum in Equation (3.18) runs over all partitions y + n — 1 that may be obtained
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from A by removing a single box. Furthermore, for every p v n—1,

Indé:_1 Sy = @ Sh. (3.19)
Arn
A—u

PRrROOF. Equation (3.18) is a particular case of Proposition 3.27, and Equation (3.19)
is equivalent to Equation (3.18) by Frobenius reciprocity. O

We can now characterize the map which associates an irreducible representation
of S, toany A + n.

PROPOSITION 3.29

Foralln > 1, let {V)},,,, be a family of representations of S, such that
(i) Vio) = S(1) (The unique trivial representation of S,)
(ii) Viz) and V(. ) arethe trivial and alternating representations of S,, respectively
(iii)
mdz" v, = P
Arn
A—u

for every p v n such thatn > 2.

Then V) is irreducible and isomorphic to Sy for every A + n.

PROOF. Observe that any partition A + n is uniquely determined by the set

{yl—n—l:/\—>;¢}.
The desired result then follows by induction. O

In [26, Theorem 2.8.3], it is shown that the Specht modules from Theorem 3.2
have these same properties. Hence, Proposition 3.29 relates the S; to the Young
symmetrizer construction from Section 3.2 by telling us that S, is in fact isomorphic
to the Specht module from Theorem 3.2.
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DEGENERATE BETHE OPERATORS
AND THE SYMMETRIC GROUP ALGEBRA

4.1 CURRENT ALGEBRA

With the prerequisite background sufficiently established, we are now ready to discuss
the central objects of this thesis: the degenerate Bethe operators and the associated
algebra.

It is worth taking a moment to note that these topics are important to numerous
fields of study. Given the prevalence of symmetry in nature and its fundamental
importance in physics, it should come as no surprise that the representation theory
of the symmetric group would arise in mathematical physics. One such place is in the
study of quantum integrable systems. The quantum Gaudin model, which describes a
completely integrable quantum spin chain, has the Bethe algebra as its main object
of study.

This commutative algebra is also of independent mathematical interest, specifically
in the area of Schubert calculus. This is because the Bethe algebra acts on the space
of invariant vectors in a suitable tensor product of finite-dimensional irreducible
representations of gly. The dimension of this space of vectors is the intersection
index of the Schubert varieties in the Grassmannian of the N-dimensional planes.

In order to further contextualize the significance of the Bethe algebra, we now
provide a brief, informal discussion of Schubert varieties.

4.1.1 Schubert Varieties

The study of enumerative geometry began approximately 150 years ago with the
work of Grassmann, Schubert, Pieri, Giambelli, Severi, and others. Early questions in

this field included:
(i) What is the dimension of the intersection between two general lines in R*?
(i) How many lines intersect two given lines and a given point in R3?
(iii) How many lines intersect four given lines in R3?

Algebraic geometry is primarily interested in objects called algebraic varieties.
These are classically defined as the zero locus of a system of polynomial equations over
the real or complex numbers. Modern questions in enumerative geometry concern
a particular type of variety referred to as a Schubert variety. These include but are
not limited to questions like "For n € N, what is the number of points of intersection
between n Schubert varieties in general position?"
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4.1.2 Lie Algebra

DEFINITION 4.1. A Lie algebra g is a vector space over a field k together with a
binary operation [-,-] : g X g — g called the Lie bracket that satisfies the following
axioms.

BILINEARITY

[ax+by,z] =alx,z]+b [y,z]
[z, ax+by] =alz,x]+b [z,y]

for all scalars a, b € k and all elements x,y, z € g.

ALTERNATIVITY
[x,x] =0

forall x € g.

JACOBI IDENTITY

[x, [y,z]] + [z, [x, y]] + [y, [z,x]] =0

forall x,y,z € g.

The general idea behind the universal enveloping algebra of a Lie algebra g is to
embed g into an associative algebra 4 with an identity element. There is an additional
requirement that the abstract bracket operation in g corresponds to the commutator
xy — yx in 4. There may be many ways to make such an embedding, but there is one
"largest” such 4, called the universal enveloping algebra of g, denoted U(g).

4.1.3 Current Algebra gly [t]

Let e;5,i,j = 1,...,N be the standard generators of the complex Lie algebra gly
satisfying the relations

[eij,esk] = 0js€ik —5ik€sj~
We identify the Lie algebra sly with the subalgebra in gly generated by the elements
ejj—ejjand e;j fori # j,i,j = 1,...,N. The subalgebra 35 & gly generated by the
element Zfil e;; is central. The Lie algebra gl is canonically isomorphic to the direct
sum sly @ 3n.

DEFINITION 4.2. Let

gly [t] =gly ® C[]
be the complex Lie algebra of gl y-valued polynomials with the pointwise commutator.
We call it the current algebra. We identify the Lie algebra gly with the subalgebra

glx ® 1 of constant polynomials in gl [¢] Hence any gl y [t]-module has the canonical
structure of a gl;-module.
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For convenience we collect the elements of gl [t] in a generating series of a
formal variable u. For g € gly, set

gw) = Y (g@

For any a € C, there is a corresponding automorphism of gl [¢]:
Pa: glp[t] — gl,[t]
g(u) - g(u —a).

The pullback of a g1,,[¢]-module, M, through p, is denoted M(a).
4.1.4 Weight and Weyl modules

DEFINITION 4.3. Let M be a gly-module. A vector v € M has weight A =
(A1, Ay ..o AN) € CMif ej;0 = Ljufor 1 < i < N. A vector v is called singular
ifejjv =oforall1 <i<j<N.

By convention, we use the following notation:

(i) (M),: the subspace of M of weight A

(i) MSINE: the subspace of M consisting of all singular vectors

(iii) (M)img: the subspace of M of all singular vectors of weight A.

DEFINITION 4.4. Let W, be the gl [¢] module generated by a vector v, with the
defining relations:

m

e;ij(wom = 8i—vm, i=1,...,N
u

eij(uoy, =0, 1<i<j<N

)m51i+1

(eji®1 Um=0 1<i<j<N

Considered as a sl [t] module, the module W,, is isomorphic to the Weyl module
from [4, 3].

DEFINITION 4.5. Given sequences #2 = (ny,. .., n;) of natural numbers and b =
(b, . .., by) of distinct complex numbers, we refer to the gl [t]-module

k
) Wa, (bs)

as the Weyl module associated with n and b.
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DEFINITION 4.6. Let V be the standard N-dimensional vector representation of
aly. Let 9 be space of polynomials in z,, . . ., z, with coefficients in V®":

V=V®"®cClz,...,2zn].

The space V®" is embedded in ¥ as the subspace of constant polynomials. Abusing
notations we write

P(zy, .. 200
instead of
VO P(z1,...,2n)
forallv € V®" and p(z,,...,z,) € C[zy,...,2,]. We can define an action of &, on
7 by taking

o(P(z1,. ., Z)V1 ® - ® V) = P(Z5(1)s - - - » Zo(n))Vo1(1) ® " ®Vg-1(n) 0 € Sp.

Finally, we denote by 4° the subspace of S,-invariants in V.
4.1.5 Bethe Algebra

DEFINITION 4.7. Given a N X N matrix A with possibly non-commuting entries
a;j, we define its row determinant as

rdet A = Z (_1)5‘110(1)6120‘(2) ***ANg(N)-
[ASSING

Let 0 be the operator of formal differentiation in the variable u. Then the universal
differential operator is

0—ey(u) —e,, (u) te —en,(u)
—e;,(u) 0—ey(u) -+ —en,(u)
D? = rdet .
en@)  —ew@) - 0-enn()

It is a differential operator in the variable u, whose coeflicients are formal power
series in u™* with coefficients in U (gly [t]):

N
D% = N + Z Bi(w)oN ", (4.1)
where -
Bi(u) = Z Bjju™ (4.2)
Jj=1
and

Bij €U (gly[t]) fori=1,...,Nandj € Z.,
Clearly, B;; = o for j < i.
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DEFINITION 4.8. The Bethe algebra B is the unital subalgebra of U (gly [t])
generated by B;;, i =1,...,N,j € Z,.

The important detail about the Bethe algebra is that as a subalgebra of U (gl [¢]),
it acts on any gly [¢t]-module M. If K C M is a B-invariant subspace, then we call the
image of B in End(K) the Bethe algebra associated with K.

For our purposes, we are interested in the action of the Bethe algebra B on the

following B-modules:
M) = (‘VG)Sing
A

k
MA,u = (® Wns (bs))
s=1 A

We denote the associated Bethe algebras by B, and B, ,, respectively.

sing

4.2 SCHUBERT CELLS AND WRONSKIANS
4.2.1 Schubert cells and flags

Let N,d € N, with N < d. Let C,4 [u] be the space of polynomials in u of degree less
than d. Let Gr(N, d) be the space of all N-dimensional subspaces in C [u], referred
to as the Grassmannian.

DEFINITION 4.9. For a complete flag
T:{O_C«-F1ngg"'ng:Cd[u]}a

where the F; are subspaces, and a partition A = (4,,...,Ax) such that A, < d - N,
the Schubert cell Q,(F) c Gr(N,d) is given by

0A(7) = {X € Gr(N.d) : dim(X 1 Fa_j3,) = N = j,dim(X 1 Fg_y,) = N=j =1}

We have codim Q, (F) =|/\|.

Given any complete flag F we can associate a Schubert cell decomposition. For
example, in [14] we see

Gr(N,d) = u QA (7). (4.3)
A A <d-N
Given a partition A = (4,,...,AyN) where A, < d — N, we can define

P= {dl,...,dN}, di=A;+N—1i,
as well as a partition

A=@d-N-AnN,d=N=2An_r,....,d=N=21,). (2.4)
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Thend, >d, > --- > d, and

A| = N(d - N) —|X|

Let ¥ (o) be the complete flag given by
F(o0) = {o cCi[ulcC,[ulc---C Cd[u]}‘

We denote the Schubert cell 05 (#(c0)) by O5(c0), with dim Oy(c0) = |A| [22].
Consider the space of all N-dimensional subspaces X ¢ C [u], which have a basis
{ﬁ(u), . ,fN(u)} of the form

d;
flwy =u+ Y fiut, (4.5)
j=1.d;—j¢P
These subspaces make up 0;(0) € Gr(N,d). Let Oy denote the algebra of regular
functions on this space of N-dimensional subspaces. Define the differential operator
DY as
A

fiw) flw) - %&)
1 L fiw - fNw
0 .= d 2 i .
T W G @) o TS : (4.6)
1 o .- N

It is a differential operator in the variable u, whose coefficients are rational functions
with coefficients in Oy. Hence

N
D9 = 9N + 3" FwoN . (4.7)
i=1
The F;(u) from Equation (4.7) can be used to define a set of generators, Fj;, of 0.

4.2.2 Wronski map

Fix a point X in Gr(N, d). Suppose that we have a basis of subspace X; the Wron-
skian of that basis does not depend on the choice of basis up to multiplication by a
nonzero number. We refer to the monic polynomial representing the Wronskian as
the Wronskian of X, and denote it by Wrx(u).

DEFINITION 4.10. Fix a partition A. The partition A is then given by Equation (4.4).
The Wronski map is a map

Wry: Op(e0) — C".
It maps

X (a,,...,an).
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It can be shown that given any a € C", we can construct the algebra of functions
on the preimage Wr)"(a) as a quotient of O and Oy 4 [22].

4.3 ALGEBRA ISOMOPRHISMS

The main results of [22] are the following:

_\ sing
(i) The Bethe algebra B associated with the space M) = (“V‘”’)/\ is isomorphic

to the algebra Oy of regular functions of the Schubert cell Q5(c0). Further-
more, under this isomorphism the B)-module %4, is isomorphic to the regular
representation of Oy .

(ii) Let a = (a,, ..., an) be a sequence of complex numbers. Let distinct complex
numbers by, ..., b; and integers n,, . .., ny be given as in [22, (2.6)]. Then the

sing
Bethe algebra B, , associated with the space M, , = (®f:1Wns (bs))/\ is iso-

morphic to the algebra 0, , of functions on the preimage Wr)*(a). In addition,
under this isomorphism the B, ,-module #) , is isomorphic to the regular
representation of Oy 4.

These connections to Oy and the preimage Wr™*(a) are what motivates our study
of the Bethe algebra.

4.4 DEGENERATE BETHE OPERATORS

We now discuss the Bethe subalgebras of CSy. This family, fo (z4,...,2n), of com-
mutative subalgebras corresponds to the Bethe algebras for the Gaudin model via the
Schur-Weyl duality.

4.4.1  Schur Weyl Duality

In this subsection we describe the classical Schur-Weyl duality as presented in [8,
Section 2].
Consider the tensor space

VevVe---eV,
——
k factors

where V is an n-dimensional vector space. The symmetric group S acts on this space
by permuting the k factors as shown in the following equation:

o(v, ® - vg) = Vg-1(1) ® *** @ Vg-1(k)-
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This action commutes with the diagonal action of GL(V'). The Schur-Weyl theorem
states that since V& is a GL(V) X ©x module, it has a decomposition into the direct

sum
V®k ~ @M/\(@WA,
A

where the M? are inequivalent irreducible GL(V)-modules, the W* are inequivalent
irreducible Sy modules, and the sum is over partitions of k with at most n parts.

4.4.2 Bethe Operators

In this subsection we explore why Bethe operators have an expression in terms of
elements of the symmetric group and compare our degenerate Bethe operators to the
dDEZ] of [21].

For distinct ry,...,r, € {1,...,n}, we denote the embedding induced by the
correspondence i + r; by the expression

o, €S, — CS,.
Let L
(m] =
A = - Z (sgno)o (4.8)
oeG,,
be the antisymmetrizer in &,,. Given complex numbers z,, . . ., z,, consider polyno-
mials @E"](u), e, CI)L”](u) in one variable with coefficients CS,;:
n n—i )
olw= 3wl (4[] w-z2)=Yellu T )
1<, <---<r;j<n a=1 j=0
a¢{r,,...,r,»}

EXAMPLE 4.11. By Equation (4.9), we have

®"u) = Z [ -z

r=1 a#r

CI)EZ] = Z i!r[;l",]__’ri (A[i]), i=1,...,n

1<r,<--<r;<n

and

Denote by BZ(z,, . .., z,) the subalgebra of CS, generated by all CDE.Z.] fori =

1,...,n,j =o,...,n—i. Thissubalgebra depends on the {z;}!_, as parameters. Clearly,
‘Bf(zl, eeZp) = aﬂf (zg(l), ... z(,(n)) o', (4.10)
forany o € &,. The subalgebras BS(z,, . . ., z,) are referred to as the Bethe subalgebras

of &, of Gaudin type.
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Let V = CV and identify elements of End(V) with N x N complex matrices. Let
E; ;j be the matrix with 1 in the (i, j) entry and zeroes elsewhere. Now consider the
first-order differential operators in u with End(V ®")-valued coefficients:

n 1®(a—1) ®E C® 1®(n—a)
Xij = 8ijdu= - i,j=1,...,N.

P Uu—=2zq

We can also define an nth-order differential operator in u, given by the formula

n
D= l_l(u - Za) Z sgn O-XU(I),IXU(Z),Z © 'XO'(N),N~
a=1

cECN
By [20], D is a polynomial differential operator:

n n—i

D= Z Z(—l)icl[”;]u"—i—fay—i.

i=1 j=o

Denote by B, n(zy,...,z,) the subalgebra of End(V®") generated by all Cl[,"j], for
i=1,...,n,j=o0,...,n—i This algebra depends on the {z;}}, as parameters. This
subalgebra is referred to as the Bethe algebra for the Gaudin model with parameters
Z1s. e s Zn.

Our interest in B, N (21, - . -, 2,) is due to the fact that it is the image of the Bethe
subalgebra of U(gly [t]) in a tensor product of gl [¢] modules. A detailed argument
for this can be found in [21, Theorem 3.1], along with the following result.

THEOREM 4.1

The algebra B, N(z4, . - ., 2,) is commutative and commutes with the action of GLy
on Ve,

Let the symmetric group &, act naturally on V®" by permuting the factors. Denote
the corresponding homomorphism by

¢: CSy — End(V®").

By Theorem 4.1, the algebra B, N(z,, . . ., 2z,) is contained in the image of ¢ because
of Schur-Weyl duality. Hence, we have the following theorem and corollary from [21,
Theorem 3.2, Corollary 3.3].

THEOREM 4.2

(p(gf(zl’ o ,Zn)) = Bn,N(zl: ce ,Zn)

<p(fI>E.Z.J) =Cl[3.]foranyi= L,...,mj=1,...,n—Ii

COROLLARY 4.2.1

! The algebra B, N(z1, . . .,2z,) for N > n is isomorphic to Q?S(zl, ey Zn)
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This is what allows us to write operators in B, N(z;,. ..,2,) in terms of the

group algebra CS,. Thus, we are interested in the <I>[';] from Equation (4.9), and
in particular their leading coefficients of the universal differential equation. These
leading coefficients are the degenerate Bethe operators.

DEFINITION 4.12. The degenerate Bethe operators are linear operators in CSy

defined as
Z Z sgn(o)o (4.11)

AClk—j]l 0€C
|Al=¢

There are remarkable similarities between Equation (4.9) and Equation (4.11). In
fact, the right side of the latter is the leading coefficient of the right side of the former.
To see this, consider

k—j k—j—t

k—j k- k=il k—i—
o = > o (A) ] wez)= Y el
1< <---<rg<k-j u%{ral,z..l.,r,-} {=o0

Using Equation (4.8), we get
Al m
i
o Nw = > Dl Dl gnare| [ -z
1<r, <--<reg<k-j g€y aez{raZI i}
k—j—t
= gl
.j
=0

Now, observe that for distinct 1 < r; < -+ < ry < k —j, the embedding

CO( — Cbk

is equivalent to choosing a subset of ¢ elements from [k — j].
LEMMA 4.3
For a finite group

G={g1.....8}

, the complex group algebra CG can be identified with the space of functions on G
with codomain C.

ProoOF. Fixany
a=og1+--+a.8 €CG

We can associate with a the function f: G — C, where f(g;) = a;. Conversely,
given any such function f we can define a unique element of CG by letting «; be the
value the function takes at g;. The sum of two functions, f and g, on G is defined by
x — f(x)+ g(x) for all x € G. The product is defined by

x> ) fluyg®) = ) fgux).

uv=x ueG
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An easy calculation then shows these definitions to be consistent with those given in
Definition 2.10. O
LEMMA 4.4

The center of a complex group algebra CG consists of all functions in CG which are
constant on the conjugacy classes of G.

PROOF. By linearity, f is central in CG if and only if f(gh) = f(hg) forall g,h € G.
Substituting hg™* for h, this condition can be restated as

f(ghg™) = f(h)forallg,h € G.

4.5 OUR RESULTS

We believe that a better understanding of the Bethe operators might allow one to
come to the same conclusions as in the previous section without the need for all the
constructions. While we did not conclusively show this, we were able to develop some
of the theory of this rather new family of operators.

4.5.1 General results on Degenerate Bethe operators

Through the course of our investigation, we proved a number of interesting properties
of the degenerate Bethe operators.

By = Z Z sgn(o)o € Z (C@k_j)

AClk-jloeCy
|Al=¢

LEMMA 4.5

PRrROOF. The cycle type of a permutation is conjugation-invariant in any symmetric
group. Hence, fixing some k — ¢ — j element subset of [k - j] is a conjugation-invariant
property. In other words, conjugation of B; by any permutation in S_; merely
permutes the terms of the outermost sum defining it. The desired result then follows
from Lemma 4.4. O

LEMMA 4.6
The degenerate Bethe operators generate a commutative subalgebra of CS.

PrROOF. Note that if we have By, ; and By, j, then these must commute because they

are both contained in Z (CGk_ j). Now, suppose we have By, ;, and By, ;,. Without loss

of generality, let j, > j,. Since By, ;, is contained in the center of C&_; , it commutes
with Be,j, because By,j, is a signed sum of permutations in C&;_;, ¢ C&_; . It
follows that the degenerate Bethe operators are pairwise commutative. O
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LEMMA 4.7

The Young-Jucys-Murphy elements can be expressed in terms of degenerate Bethe
operators.

PROOF. Observe that B,; is the signed sum of (kz_j ) copies of the identity and all
transpositions whose largest element is less than or equal to k — j. In other words,

k-i\ [
B,; = - Xi |,
=52

where X; is the ith YJM element. Since B,;_, = 1, it follows that

k—j =
B, = sz—( ) )Blk_1=— X
i=1

can be written in terms of the degenerate Bethe operators:

BI

=Bl =X

2j-1
Thus, the YJM elements can be expressed in terms of the degenerate Bethe operators
as was desired. O

PROPOSITION 4.8

The degenerate Bethe operators generate the Gelfand-Zetlin algebra.

PROOF. By Lemma 4.7, the algebra generated by the Y JM elements is contained
in the algebra generated by the degenerate Bethe operators. The desired result then
follows immediately by the well known result that the Gelfand-Zetlin algebra is a
maximal commutative subalgebra generated by the Y JM elements. O

4.5.2 Eigenvector-eigenvalue pair results

We also investigated the action of these degenerate Bethe operators on irreducible
representations of the symmetric group. In particular, we wanted to see if any signifi-
cant patterns could be found in eigenvalue-eigenvector pairs. Observe that since By;
is contained in the center of CSy_j, it follows that By; is contained in GZ,,. Therefore,
the By; have eigenvectors that are indexed by the standard tableaux with k cells.

To calculate the eigenvalues of the degenerate Bethe operators, we use a classical
construction from Alfred Young to create irreducible representations of the symmetric
group. We first construct an irreducible representation of S, corresponding to the
partition A of n, for each such A. The dimension of this representation is denoted
f(A) and is equal to the number of Young tableaux of shape A. Suppose S and T are
two different Young tableaux of the same shape. We say that i is a disagreeing number
between S and T if i appears in a different cell in S than it does in T. The last-letter
order for the Young tableaux of the same shape is defined in terms of disagreeing
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numbers. If [ is the largest disagreeing number between S and T, and [ appears in a
lower indexed row of S than T , then we say that S < T.

Let the vector space Vj have ordered basis T, ..., Tf() , arranged from left to
right in increasing last-letter order. For example, if A = (3, 2) then there are five Young
tableaux of shape A, and their last-letter order is displayed below:

1135 1{2]5 134‘ 124‘ 10213
2|4 < 1304 < |25 < |35 < |45
T, T, T T, T;

The reason for this choice of basis is that it is known that the standard tableaux index
an eigenbasis of GZ-vectors.

For a Young tableau with n cells and k = 1,...,n — 1, we define an action of the
adjacent transposition (k,k + 1) on T by saying that (k, k + 1)T is the object obtained
from T by interchanging the places in which k and k + 1 appear. Note that this is
a Young tableau if k and k + 1 do not appear in the same row or column of T, but
otherwise it is not a Young tableau.

Finally, for a,b € {1,...,n} and a Young tableau T with n cells, we define

dr(a,b) = c(y) - c(x), (4.12)

where a appears in cell x, b appears in cell y, and ¢(x) and c(y) are the contents of
cells x and y, respectively. Now we define a linear transformation 7, ((k, k + 1)) for
each k = 1,...,n— 1 and each basis element T:

a(T,k)T +b(T,k)T" if T' =(k,k+1)T isaSYT

a(T, k)T otherwise (413)

Mk, k+1)T = {

where a(T, k) and b(T, k) are scalars.
Now that we have all these definitions we can proceed to Theorem 4.9 by Alfred
Young.

THEOREM 4.9 (Young)

A representation of S,, is obtained from Equation (4.13) in the following case:

—a(T,k)? ifT<T
(T, k) = and b(T, k) = {1 ok T <
1

1
dr(k,k + 1)

otherwise

This is referred to as Young’s seminormal form.

We used Equation (4.13) and Theorem 4.9 to write a program in a computer
algebra system SAGE to compute eigenvectors and corresponding eigenvalues for our
degenerate Bethe operators. The steps of the program were as follows:

First, we explicitly computed the matrices corresponding to each adjacent trans-
position. Then, since any permutation can be written as a product of adjacent trans-
positions, we computed the matrix corresponding to any permutation. Finally, we
took the prescribed linear combinations in Equation (4.11) in terms of these matrices
and computed the eigenvalue-eigenvector pairs of the resulting matrix.
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By writing such a program, we were able to collect eigenvalue-eigenvector data
for the action of the degenerate Bethe operators on a wide range of irreducible
representations of the symmetric groups. Some of this data is shown in the appendix.

A number of patterns appeared in the data, some of which we were able to prove.
One such pattern is that the first row of each table seems to be completely predictable
and only depends upon the partition’s size and number of Young tableaux. This is
statement is formally captured in the following proposition.

PROPOSITION 4.10

The degenerate Bethe operator B, will have a single eigenvalue, k — j, which will
have associated with it every basis vector.

PRrROOF. By the formula for the degenerate Bethe operators given in Equation (4.11),
we have that B, is equal to k — j times the identity. Since the identity elements must
act by the identity map in any representation, the desired result follows. O

Another pattern observed in the data is that for A = (k), all eigenvalues in rows
2,...,k—1 are zero.

PROPOSITION 4.11

If the eigenvalue-eigenvector pair data for a partition A = (k) were displayed as
described in Section A.1, then it would have the form

l/j 1 2 k-2 k-1
1 (k-1,[1],1) (k-2 [1],1) ... (2, [1], 1) (1, [1], 1)
2 (o, [1], 1) (o, [1], 1) (0, [1], 1)

k-2 (0, [1], 1) (0) [1]: 1)
k-1 (o [1],1)

PrOOF. The form of the first row follows from Proposition 4.10. From [2, Section
3.4] we know that for the partition A = (k), Young’s seminormal form gives the trivial
representation. Consider the formula for the degenerate Bethe operators:

Byj = Z Z sgn(o)o.

AC[k—j] 6€C4
|Al=¢

The inner sum is a signed sum. Since in the trivial representation every permutation
acts by the identity, the desired result follows from the fact that for any A, 4 has the
same number of even permutations as it does odd. O
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One notable pattern found across all the irreducible representations is that all
eigenvalues appear to be integers. This will always be the case, as seen in the proof
we have included in Proposition 4.14. Before we can do this, though, we will require
a number of intermediate results. The following result, stated without proof, is from
Farahat-Higman in [6].

THEOREM 4.12 (Farahat-Higman, 1959)

For a € &, define t(a) to be the number of cycles (including 1-cycles) in a. Then,
the center of the integral group ring of S, is generated by C,,C,, . .., C,, where

C; = Z a. (4.14)

t(a)=i

The second result we shall need to prove Proposition 4.14 is from Jucys. We state
the result and give the original proof from [1] in Theorem 4.13 after the following
brief review of the theory of symmetric functions.

The ring of symmetric polynomials in n — 1 variables has infinite basis

eflefz---eﬁ'i‘l‘ (ki=0,1,...5i=1,2,...,n—1), (4.15)

where the e’s are elementary symmetric functions! [30]:

e, = e (X, X, ., Xpe) =X F X, e+ X
€, = (X1, X0, o, Xpmy) = XX, F X Xy F XX+ Xy Xy
(4.16)
€n—1 = noy (X0, Xa, o, Xpoy) = XX, 00 Xy

The unique element of the basis in Equation (4.15) with all k’s vanishing is the identity
of the ring. We take it for the elementary symmetric function of zero degree. It may
be written as

o— — 0 _O (o) —_
€ = €o(X1, X5, ..., Xp—y) = €7€5 - €y, = 1.
The n symmetric functions ey, €5, . . ., e,—; are the generators of the basis in Equa-

tion (4.15), and therefore the symmetric polynomials in n — 1 variables. Referred to as
the “fundamental theorem” of the theory of symmetric functions, this result can be
found in [30].

THEOREM 4.13 (Jucys, 1974)

The center of the symmetric group algebra is generated by elementary symmetric
functions in the YJM-elements.

PrOOF. Let X; be the ith YJM-element. Since the C; from Theorem 4.12 generate
the center of the symmetric group algebra, it suffices to prove that

Cop = ep(X.,X,,..., Xyy)forp=o0,1,...,n—1. (4.17)

We proceed via induction.

1 These are not to be confused with the e’s from the definition of the universal differential operator.
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BASE CASE
Performing the corresponding operation on the X; involved in the definition of
the symmetric functions from Equation (4.16), one can check that the desired
result holds for S,,S; and S,.

INDUCTION HYPOTHESIS
Assume the desired result holds for S,,_;.

INDUCTION STEP
Consider the expression

ep(X1, Xos o X)) = (X0, Xos oo X)) +6p 1 (X0, XKoo Xn2) Xy
(4.18)
where p = 0,1,...,n— 1. By the induction hypothesis considered as an element
of the group ring of S,,_,,

ep(Xans v an—z) = Cn—l—p-

If we instead consider it as an element of the group ring of G, then it is the
sum of all permutations from C,_, which fix n. Furthermore observe that
ep—1(X1, X, ..., Xu,) is, by the induction hypothesis, the sum of all permu-
tations of S,_, having n — p cycles. When multiplied by X,,_,, the resulting
permutations of &, have the same number of cycles with the symbol n not
occurring in the 1-cycle and each such permutation occurring only once. Thus
the expression in Equation (4.18) is the sum of all permutations of &, having
n —p cycles.

This completes the proof. O

PROPOSITION 4.14

The degenerate Bethe operators have integer eigenvalues when acting on complex
irreducible representations of .

PRrRoOF. Theorem 4.12 tells us that
Ci 1<i<n
generate Z(ZS,). By Theorem 4.13, we have that
Chp 0<p<n-—-1

is an integer polynomial in the YJM-elements. But we know that the YJM-elements
have integer eigenvalues, and also that By; € Z(ZS,_;). Thus, the By; are integer
polynomials in operators with integer eigenvalues, meaning they too must have
integer eigenvalues. O

4.5.3 Future inquiry

A number of other patterns have been observed for which we have no formal proof.
These represent potentially profitable future lines of inquiry.
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(i) For A = (1,1,...,1), the operator By; has eigenvector-eigenvalue pair data of
the form
((k=1)(k=2)---(k=j—Ct+1),[1],1)

(ii) If A has i parts, then for £ < i there exists By; with at least one nonzero
eigenvalue. In contrast, for £ > i the degenerate Bethe operators have only zero

eigenvalues.

(iii) There appears to be some weak order-reversing map between the eigenvalues
and the indices of the eigenvectors.
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EIGENVALUE-EIGENVECTOR
PAIR DATA

A1 READING THE DATA

The numbers down the side of each table represent the possible values of ¢, while
those across the top represent the possible values of j. Each entry in the table is a list
of tuples. The first number in each tuple is an eigenvalue of the operator By;. The
second entry of the tuple is a list of indices - these are the indices of the standard
tableaux that have the first entry of the tuple as an eigenvalue. The final entry of the
tuple is simply the number of standard tableaux that have the first entry of the tuple
as an eigenvalue.

Alternatively, the last entry of the tuple is simply the cardinality of the list in the
second entry of the tuple. We illustrate this with an example. Suppose that A = (2,1, 1)
and that we are interested in the boxed entry of the following table.

4 1]3 12

1
12 12| < |3
3] 4] 4]
T,

oy
Bl

t/j 1 2 3

1 (3,[1,2,3],3) (2,[1,2,3],3) (1,[1,2,3],3)

2 (60111).6l2312) |©0311).60,2]2)]

3 (6[1].1).(0.[2,3].2)

From the boxed entry we can see that the operator B, , has two eigenvalues, {o, 2}.
Furthermore, the eigenvalue 2 has two eigenvectors, T, and T2, while the eigenvalue
3 has one, T;.
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A.2 PARTITIONS OF FOUR

A=(1,1,1,1)

1 (3.0l (2[1],1) (1[1],2)
2 (6,[1],1) (2,[1],1)
3 (6[1],1)

A=(2,1,1)
14 13 1|2
12 < [2] < |3
13 14 4]
T, T, T,
f/j 1 2 3
1 (3,(1,2,3],3) (2,[1,2,3],3) (1,[1,2,3],3)
2 (6,{1],1),(3,[2,3],2) (0,[3],1),(2,[1,2],2)
3 (6,[1],1), (0, [2,3],2)
A=(2,2)
1 1 2
2 < 134
T, T,
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tfj 1 2 3
1 (3.[1,2],2) (2.]1,2],2) (1,[1,2],2)
2 (3,[1,2,2)  (2.[1],2),(0,[2], 1)
3 (o[1,2],2)
A=(3,1)
el [l [0S
2 < |3 < |4
T or L
l/j 1 2 3
1 (3,1,2,3],3) (2,[1,2,3],3) (1,[1,2,3],3)
2 (0,[31,1),(3,[1,2],2) (2,[1],1),(0,[2,3].2)
3 (0,[1,2,3],3)
A=(a)
tfj 1 2 3
1 (3,011 (2.[1],1) (3,[1],1)

2 (o,[1]1) (o[1],1)
3 (o[1].1)
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A.3 PARTITIONS OF FIVE

A=(1,1,1,1,1)

A=(2,1,1,1)

tfj 1 2 3 4
1 (4,011 3011 (2,[1],1) (3,[1],2)
2 (12,[1],1) (6,[1],1) (2,[1],1)
3 (24,[1],1) (6,[1],1)
4 (24,[1],2)
115 114 113 1|2
2| 12| 12| 13
2 N B N
1 4] 15| 15| 15|
T, T, T T,
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(S[sVeeT]T)

4

([P e1]2)(z[5°€]‘0)

(S [SV€cT]T)

F (ST €e]0)(t1]‘9)
T[S Vez]e)(t[r]9)

(S[S T €2 1] €)

(S [S V€2 1] 0)
(€ [ez1]‘g) (2 ‘[S F] ‘0)
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A =(3,2)

(S[sVeeT]T)

i

(€SP c]‘0)(z [e‘T] @)
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tji 1 2 3 4
1 (4,[1,1)  3,[1],1)  ([1],1) (1,[1],1)
2 (o[1],1) (o,[1],1) (o,[1],1)
3 (o [1],1) (o,[1],1)
4 (o1],1)
A.4 PARTITIONS OF SIX
A=(1,1,1,1,1,1)
(1]
B
13 ]
1 4]
15|
6
T
l/j 1 2 3 4 5
1 (5,1, 1) (4,[1,1)  @3.[1],1) (2[1],1) (,[1],1)
2 (20,[1],1)  (12,[1],1) (6,[1],1) (2,[1],1)
3 (60,[1],1)  (24,[1],1) (6,[1],1)
4 (120,[1],1) (24,[1],1)

5 (120,]1],1)

A=(2,1,1,1,1)
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