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Abstract

We introduce the notion of a weak (homotopy) moment map associated to a Lie group
action on a multisymplectic manifold. We show that the existence/uniqueness theory gov-
erning these maps is a direct generalization from symplectic geometry.

We use weak moment maps to extend Noether’s theorem from Hamiltonian mechanics by
exhibiting a correspondence between multisymplectic conserved quantities and continuous
symmetries on a multi-Hamiltonian system. We find that a weak moment map interacts
with this correspondence in a way analogous to the moment map in symplectic geometry.

We define a multisymplectic analog of the classical momentum and position functions
on the phase space of a physical system by introducing momentum and position forms. We
show that these differential forms satisfy generalized Poisson bracket relations extending the
classical bracket relations from Hamiltonian mechanics. We also apply our theory to derive
some identities on manifolds with a torsion-free G5 structure.
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1 Introduction

Multisymplectic geometry is the natural generalization of symplectic geometry in which
the symplectic 2-form is replaced by an ‘n-plectic’ form, where n is any positive integer.
Manifolds that are K&hler, hyper-Kéhler, G5, and Spin(7) are all naturally multisymplectic.
In physics, n-plectic manifolds are used to describe n-dimensional covariant field theories

(see e.g. [8]) and the case n = 2 is relevant to string theory (see e.g. [2]).

The main idea this thesis is concerned with is generalizing moment maps from symplectic
geometry to multisymplectic geometry, and the corresponding applications. In particular,

we introduce a weak (homotopy) moment map, defined in equation (1.2) below.

Recall that for a symplectic manifold (M, w), a Lie algebra g is said to act symplectically
if Ly,w =0, for all § € g, where V% is its infinitesimal generator. A symplectic group action is

called Hamiltonian if one can find a moment map, that is, a map f : g — C*(M) satisfying

df (§) = Veaw,

for all £ € g.

In multisymplectic geometry, w is replaced by a closed, non-degenerate (n + 1)-form,
where n > 1. The pair (M,w) is called an n-plectic manifold. A Lie algebra action is
called multisymplectic if Ly,w = 0 for each £ € g. A generalization of moment maps from
symplectic to multisymplectic geometry is given by a (homotopy) moment map. These
maps are discussed in detail in [3]. A homotopy moment map is a collection of maps,
fe: APg — QnF(M), with 1 < k < n + 1, satisfying

k(k+1)

dfe(p) = = fr-1(0k(p)) + (1) Vpow, (1.1)

for all p € A*g, where V, is an infinitesimal generator (see Definition 3.10) and dy is the k-th
Lie algebra homology differential 9, : A*g — A¥~'g, defined by

O : APg— A" 'g SN NG = Z (—1)i+j[5i,§k]/\§1A"'/\5A"'/\gj/\"'A§ka

1<i<j<k
for kK > 1 and &, -+ ,& € g. A weak (homotopy) moment map is a collection of maps
fr : Pyr — Q" F(M) satistying
k(k+1)
dfe(p) = (1) 2 V0w, (1.2)



for p € Py . Here Py, is the Lie kernel, which is defined to be the kernel of 9. We call the

k-th component f; of a weak moment map a weak k-moment map.

We see that any collection of functions satisfying equation (1.1) must also satisfy (1.2).

That is, any homotopy moment map induces a weak homotopy moment map.

Also note that the n-th component of a homotopy moment map coincides with the multi-

moment maps of Madsen and Swann introduced in [15] and [16].

Of central importance in this thesis is the applications of these weak moment maps to
multi-Hamiltonian systems. We define a multi-Hamiltonian system to be a triple (M, w, H)
where (M,w) is n-plectic and H is a ‘Hamiltonian’ (n — 1)-form. This means that there
exists a vector field Xy € T'(T'M) such that Xy 1w = —dH. In analogy to Hamiltonian
mechanics, the integral curves of the vector field are to be interpreted as the motions in the

relevant physical system.

One of our main results is a generalization of Noether’s theorem to multisymplectic
geometry. In order to state our version of Noether’s theorem, we first develop a multisym-
plectic ‘Poisson’ bracket {-, -}, which was introduced in [6], and a notion of multisymplectic

conserved quantity and symmetry.

Multisymplectic conserved quantities were introduced in [20]. They defined three types:
A differential form « is called a local, global, or strict conserved quantity if it is Hamiltonian
and Ly, « is closed, exact, or zero respectively. Here Hamiltonian means that there exists
a multivector field X, such that —da = X, w. By adding in this requirement, we are then
able to study how the extended ‘Poisson’ bracket interacts with the conserved quantities.
We find that, analogous to the case of Hamiltonian mechanics, the Poisson bracket of two

conserved quantities is always strictly conserved. That is,

Proposition 1.1. Let a and § be two (local, global or strict) conserved quantities on a multi-

Hamiltonian system (M,w, H). Then {a, B} is strictly conserved, meaning Lx,{a, B} = 0.

From this proposition we show that the conserved quantities, modulo closed forms, con-
stitute a graded Lie algebra. We also show that when restricted to a certain subspace,
namely the Lie n-algebra of observables (see Definition 3.6), the conserved quantities form

an L..-algebra.

Similarly, we find that our continuous symmetries also generate a graded Lie algebra.
As an extension from Hamiltonian mechanics, we define a symmetry to be a Hamiltonian
multivector field with respect to which the Lie derivative of the Hamiltonian has a specific

form. Just as for the conserved quantities, we have three types of continuous symmetry.



Namely, a multivector field X is a local, global, or strict symmetry on (M,w, H) if Lxw =0
and Lx H is closed, exact, or zero respectively. A generalization from Hamiltonian mechanics
is

Proposition 1.2. Given any two (local, global, strict) continuous symmetries X and Y,

their Schouten bracket [X,Y] is a continuous symmetry of the same type.

From this proposition we show that the continuous symmetries, modulo elements in the

kernel of w, form a graded Lie algebra.

Our first generalization of Noether’s theorem says that there is a correspondence between

these notions of symmetry and conserved quantity on a multisymplectic manifold.

Theorem 1.3. If « is a (local or global) conserved quantity, then every corresponding Hamil-
tonian multivector field X,, is a (local or global) continuous symmetry. Conversely, if X is a
(local or global) continuous symmetry, then every corresponding Hamiltonian form is a (local

or global) conserved quantity.

As in symplectic geometry, this correspondence is not one-to-one. Indeed, for a Hamilto-
nian form, any two of its corresponding Hamiltonian multivector fields differ by an element
in the kernel of w. Conversely, any two Hamiltonian forms corresponding to a Hamiltonian

multivector field differ by a closed form:

Let
Qpam (M) = {a € Q*(M); da = X Jw for some X € I'(A*(T'M))}

denote the graded vector space of Hamiltonian forms, and let ﬁHam(M ) denote the quotient

of Qpam(M) by closed forms. Similarily, we let
Xiam (M) ={X e T'(A*(TM)); X Jw is exact}

denote the graded vector space of Hamiltonian multivector fields and %Ham(M ) denote the
quotient of Xpam(M) by elements in the kernel of w. We slightly improve on the results of [7]
and show that {-,-} descends to a well defined graded Poisson bracket on Qyam(M). Then

we show that
Theorem 1.4. There is a natural isomorphism of graded Lie algebras between (X gam(M), [-,-])

and (Qgam(M), {-,-}).

As a consequence of this theorem, we then show that our symmetries and conserved quan-

tities, after appropriate quotients, are in one-to-one correspondence. In particular, we let



Cioc(X#), C(Xn), Csr(Xm) denote the spaces of local, global, and strict conserved quantities
respectively, and aOC(X ), C (Xpy), and é;tr(X 1) their quotients by closed forms. Similarily,
we let Sioe(H), S(H), and Sy, (H) denote the space of local, global, and strict continuous
symmetries respectively, and Sy, (H), S(H), and Sy (H) their quotient by elements in the

kernel of w. We obtain:

Theorem 1.5. There exists an isomorphism of graded Lie algebras from (S(H),[-,-]) and
C(Xn), {--}) and from (Swe(H),[-,-]) to Cioe(Xu). {,-}). Moreover, there exists an in-

jective graded Lie algebra homomorphism from (Sy(H),[-,-]) to (C(Xy),{-,-}) and from
(Cstr(XH)a {'v }) to (S(H)v ['7 D

Furthermore, we show that under certain assumptions for a group action on M, a weak
moment map (f) gives rise to a whole family of conserved quantities and continuous symme-
tries. Specifically, a group action on a multi-Hamiltonian system (M, w, H) is called locally,
globally, or strictly H preserving if the Lie derivative of H under each infinitesimal generator
from g is closed, exact, or zero respectively. Under a locally or globally H preserving action,
it was shown in [20] that for any p € Py, the k-th Lie kernel (see Definition 2.12), fi(p) is
locally conserved, and if the group strictly preserves H then fi(p) is globally conserved.

We add to this result by showing that under the above assumptions V, is a local or
global continuous symmetry. In particular, let S, = {V,;p € Py} denote the infinitesimal
generators coming from the Lie kernel. Then S = &S is a differential graded Lie algebra.
Let Cy = {fx(p);p € Pyi} denote the image of the moment map. We set C' = &C), and
show that C'N Lo (M, w) is an Ly-subalgebra of Lo, (M, w), the Lie n-algebra of observables.
We then obtain

Theorem 1.6. For any H preserving action, a homotopy moment map induces an Ly,-
morphism from S to C'N Loo(M,w).

We present two applications of our results:

First, we briefly recall the classical momentum and position functions discussed in Chap-
ter 5.4 of [1]. Let N be a manifold and M = T*N. Then M has a canonical symplectic
form w = —df, and the pair (M,w) is called the phase space (see Example 3.13). Given a
function f € C*°(N), by pulling it back to M we obtain a function fe C>*(M), called the
classical position function corresponding to f. Given a vector field X € T'(T'N), we define
P(X) = X*.0, where X* is the complete lift of X (see Definition 7.3). We call the func-

tion P(X) € C°°(M) the classical momentum function corresponding to X. These position



and momentum functions satisfy the following bracket relations: For X,Y € I'(T'N) and
fr9 € C=(N),

{P(X), P(Y)} = P([X,Y]), (1.3)
{f.51=0 (1.4)

and
{f.P(X)}=XF. (1.5)

These bracket relations form the bridging gap from classical to quantum mechanics.

In Section 7 we generalize these bracket relations in the following way: Given a manifold
N, we let M = A*(T*N), for k > 1. Then M has a canonical k-plectic structure w = —df
and the pair (M,w) is called the multisymplectic phase space (see Example 3.13). For
a € QF%(N), we denote its pullback to M by @, and call it the classical position form. Note
that a is in Q**(M). Moreover, given X € I'(A*(TN)) we define its classical momentum
form to be

(s+1)(s+2)
2

P(X)=—(-1) X0,

a (k—s)-form on M, where again X* is the complete lift of X (see Definition 7.3 for details).
Letting g = I'(T'N), we find that for X € Py, Y € P,, and a € Q" *(N), B € Q" (N),

(s+1)(s+2)+(t+1)(t+2)
2

{P(X),P(Y)} = —(=1)+HP([X,Y]) — (1) d(X*2Y?.0), (1.6)

{a@,8} =0, (1.7)

and

tt+1) T

{a, PY)} =—(-1) 2 (Yada). (1.8)
Notice that these equations are generalization of equations (1.3), (1.4), and (1.5) respectively.

In Section 7, we also apply our work to manifolds with closed Gs-structure. In particular,
we derive some identities and extend Example 6.7 of [15] by obtaining a homotopy moment

map for a 7?2 action on a closed Ga-manifold.

Lastly, in Section 4, we study the existence and uniqueness of weak homotopy moment
maps and show that the theory can be generalized directly from symplectic geometry. We
also show that the equivariance of a weak moment map can be characterized in terms of
g-module morphisms, analogous to the case of symplectic geometry. To state our results,
recall that in symplectic geometry we have the following well-known results on the existence

and uniqueness of moment maps, whose proofs can be found in [1].

Proposition 1.7. Consider the symplectic action of a connected Lie group G acting on a
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symplectic manifold (M,w).

e If the first Lie algebra cohomology vanishes, i.e. H'(g) = 0, then a not necessarily

equivariant moment map exists.

e If the second Lie algebra cohomology vanishes, i.e. H?(g) = 0, then any non-equivariant

moment map can be made equivariant.

e If the first Lie algebra cohomology vanishes, i.e. H'(g) = 0, then equivariant moment

maps are unique,
and combining these results,

o If both the first and second Lie algebra cohomology vanish, i.e. H'(g) = 0 and H?*(g) =

0, then there exists a unique equivariant moment map.

We generalize these results with the following theorems. Letting Qg‘l’k denote the set
of closed (n — k)-forms on M, we get the above propositions, in their respective order, by

taking n = k = 1.

Theorem 1.8. If H'(g, ;k) = 0 then there exists a not necessarily equivariant weak homo-

topy k-moment map.

Theorem 1.9. [f Hl(g,PgJf & Q’C‘l_k) = 0, then any non-equivariant weak homotopy k-

moment map can be made equivariant.

Theorem 1.10. If Ho(g,P;k ® Qﬁl_k) = 0 then an equivariant weak homotopy k-moment

map 1S unique.

Combining these results, we obtain from the Kunneth formula (see e.g. [21]):

Theorem 1.11. If H%(g,P;;) =0 and H'(g, P;;) = 0, then there exists a unique equivari-
ant weak k-moment map fy. : Py — Q"% Moreover, if H*(g,P;,) = 0 and H' (g, P;,) =0

for all 1 < k <mn, then a full equivariant weak moment map exists and is unique.

We also show that the morphism properties of moment maps and their relationship to
equivariance in multisymplectic geometry is analogous to the case of symplectic geometry.

More specifically, recall that in symplectic geometry the equivariance of a moment map



f g — C>(M) is characterized by whether or not f is a Lie algebra morphism. That is, f

is equivariant if and only if

SU& D) = {7 (€), fF(m)},

for all £, € g. However, as shown in Theorem 4.2.8 of [1] it is always true that f induces a
Lie algebra morphism between g and C*°(M)/constant, because df ([€,n]) = d{f(§), f(n)}.

We generalize these results to multisymplectic geometry by showing that:

Theorem 1.12. For any 1 < k < n, a weak k-moment map 1s always a g-module morphism
from Py — Qnk

Ham
g-module morphism from Py — Q% (M),

Ham

(M)/closed. A weak k-moment map is equivariant if and only if it is a

This thesis is a synthesis of the results obtained in [10] and [11]. If not stated otherwise,

we will always assume our manifold to be connected.



2 Background

We start by recalling some basic concepts from symplectic geometry.

2.1 Symplectic Geometry
Let M be a manifold and let w € Q?(M) be a 2-form. By definition, for each p € M we have
that w(p) := w, is a skew-symmetric bilinear map w, : T,M x T,M — R.

Definition 2.1. A 2-form w € Q?(M) is said to be symplectic if it is closed and if w, is

non-degenerate for each p € M. Non-degeneracy of w means that the map
LM — T3 M Vp = Voaw, (2.1)
is an isomorphism for each p € M. In such a case, the pair (M,w) is called a symplectic

manifold.

Definition 2.2. A triple (M, w, H) where (M,w) is a symplectic manifold and H € C*(M)

is called a Hamiltonian system. The function H is called the associated Hamiltonian function.

Definition 2.3. Given f € C*°(M), we let X represent the unique vector field in I'(7'M)
satisfying
Xf_l W = df (2.2)

The vector field X is called the Hamiltonian vector field associated to f.

Hamiltonian vector fields allow us to define the Poisson bracket on C*(M).

Definition 2.4. Given f,g € C*°(M) their Poisson bracket is defined to be

{f,9} = X0 Xrow=w(Xy, X,). (2.3)

The Poisson bracket turns C*°(M) into a Lie algebra. To show this {-,-}, we use the fact
from (2.2) and (2.3) that {f, g} is also equal to Xg. Moreover, one can verify the Leibniz

rule:

{fgh} = glf, h} +{f g}h.

A straightforward computation shows that the map C*°(M) — I'(T'M) given by f — X; €
I'(T'M) is a Lie algebra anti-homomorphism. That is

X{f»g} = _[Xf7 Xg]



2.2 Differential Graded Lie Algebras

Recall the definition of a differential graded Lie algebra:

Definition 2.5. A differential graded Lie algebra is a Z-graded vector space L = @;czL;
together with a bracket [-,-] : L; ® L; — L;4; and a differential d : L; — L;_;. The bilinear

map [, | is graded skew symmetric:

[ZL’, y] - _(_1)|1Hy|[y7 ZEL

and satisfies the graded Jacobi identity:

(=) ¥z, [y, 2] + (=) y, [2, 2] + (=1) [z, [, y]] = 0.

Lastly, the differential and bilinear map satisfiy the graded Leibniz rule:
dlz,y] = [dz,y] + (=1)"I[z, dy].

Here we have let z,y, and z be arbitrary homogeneous elements in L of degrees |z|, |y| and

|z| respectively.

Definition 2.6. A Gerstenhaber algebra is a Z-graded algebra A = @;czA; that is graded

commutative and has a bilinear map [-,-] : A ® A — A along with the following properties:
o |abl = la] + 8],
e |[a,b]| = |a| + |b| — 1 (the bilinear map has degree —1),
e [a,bc] = [a,b]c + (—1)Ual=Dllp[q ] (the bilinear map satisfies the Poisson identity),
e [a,b] = _(_1)(|a|—1)(|b|—1)[b7 al,
and lastly, the bilinear map satisfies the Jacobi identity:
o (=1)(lal=D0=D[g. [b, ¢]] + (—1)-D0=D[p e, a]] + (—1)0-DIH-D]e, [q, b]] = 0.
Here we have let |a| denote the degree of a € A, and ab the product of @ and b in A.

Let (V,[-,-]) be a Lie algebra. The Schouten bracket turns A*V, the exterior algebra of
V', into a Gerstenhaber algebra. We quickly recall some properties of the Schouten bracket.

A more detailed discussion can be found in [17].

9



On decomposable multivectors X = X; A-- A Xy €AV and Y =YV, A---AY, € AV
the Schouten bracket is given by

k l
=N (DXL YN A AXG A AXGAYI A AY A AYL(2.4)

=1 j=1

Proposition 2.7. The Schouten bracket is the unique bilinear map |-, -] : A°V x A°V — A*V
satisfying the following properties:

o [fdeg X =k and degY =1 then deg([X,Y]) =k+1—1.
b [X7 Y] - _(_1)(k+1)(l+1)[y7 X]

It coincides with the Lie bracket on V.

It satisfies the graded Leibniz rule: For XY, and Z of degree k,l, and m respectively,

(X,YAZ]=[X,YIAZ+ (-)* Dy A[X, Z].

It satisfies the graded Jacobi identity: For XY, and Z of degree k,l ,and m respectively,

> (=X [y, Z]) = 0.

cyclic
Proof. We leave the details of the proof to the reader, but note that existence can be proved
by showing the expression given in (2.4) satisfies the desired properties. In particular, that
the Schouten bracket satisfies the graded Jacobi identity follows from the Jacobi identity
for the Lie bracket and the graded Leibniz rule. The uniqueness of the bracket follows
from the requirement that the bracket is R-bilinear. More details can be found in [17], for

example. O

We now let M be a manifold and consider the Gerstenhaber algebra (I'(A*(T'M)), A, [-, -]).

Definition 2.8. For a decomposable multivector field X = X; A---A X}, in T(A¥(TM)) and

a differential form 7, we define the contraction of 7 by X to be
Xor =X aXa7,

and extend by linearity to all multivector fields. We define the Lie derivative of 7 in the
direction of X to be
LxT:=d(XJ7)— (—1)FX_dr. (2.5)

10



Note that this is the usual Lie derivative when k = 1.

Throughout the thesis we will make extensive use of the following propositions.

Proposition 2.9. Let X € T(A¥(TM)) and Y € T(AY(TM)) be arbitrary. For a differential
form 7, the following identities hold:

dCxt = (—1)" Lxdr (2.6)

(X, Y]ar = (—D)* L (Yar) =Y (LxT) (2.7)
Lixym = (1)L Lyr — Ly LT (2.8)
LxnyT= (DY (LxT) + Ly(XT) (2.9)

Proof. A full proof is given in Proposition A.3 of [6]. Note that equation (2.6) follows by
taking the differential of both sides of (2.5) and using that d*> = 0. Equation (2.7) is proved
by induction on the tensor degrees of the multivector fields (see [0]). Using equation (2.7)

we provide a proof of equation (2.8). We have that

Lixy;m =d([X,Y]a7) + (—D)*X,Y]adr
= (=D)L (Yar) —d(YoLxT) + (=D L (Yadr) — (=1)"Y L Lxdr.,

Now using equation (2.6), this is equal to
(=D)EDED L (d(Y 7)) —d(Y 2 LxT) + (=DM L (Yodr) 4+ (=1)' Y adLxr

which by (2.5) is equal to
(—) VDL Lyr — Ly LT

as desired. Lastly, equation (2.9) can be proved directly. We have

LxayT=dYIXi7)— (=DFY X dr
=d(YiXia)— (-D)'YLd(Xi7)+ (-DYad(XaT) — (-)*"Y 1 X dr
=Ly(Xu7)+ (=DY Ly

11



]

Another formula for the interior product by the Schouten bracket is given by the next

proposition.

Proposition 2.10. For X € T'(A*(T'M)) and Y € T(AY(TM)) we have that interior product

with their Schouten bracket satisfies

where the bracket on the right hand side is the graded commutator. Written out fully, this

says that for an arbitrary form T,
(X, YT = =Yod(Xor)+ (= D)'(YoXar) + (=D XY adr — (= 1) X Ld(Yar) (2.10)

Proof. This is Proposition 4.1 of [17]. It can also be derived directly from equations (2.5) and
(2.7). We state it as a separate proposition because equation (2.10) will be used frequently
in the rest of the thesis. O

Next we recall the Chevalley-Eilenberg complex. We start with a Lie algebra g and its
exterior algebra A*g. The Gerstenhaber algebra (A®g, A, [-,+]) is turned into a differential
algebra by the following differential.

Definition 2.11. For a Lie algebra g, consider the differential

O Afg— A g, A NG D (CDMEGIAG A ANGA NG A NG

1<i<j<k

for K > 1, and extend by linearity to non-decomposables. Define A~'g = {0} and 9, to
be the zero map. It follows from the graded Jacobi identity that 9> = 0. The differential
Gerstenhaber algebra (A*g, A, 0, [, ]) is called the Chevalley-Eilenberg complex.

Definition 2.12. We follow the terminology and notation of [15] and call P, = ker 0 the
k-th Lie kernel, which is a vector subspace of AFg. Let P, denote the direct sum of all the
Lie kernels:

Py = @22}9)7}9&-

Note that if the Lie algebra is abelian then P, = Afg.

12



A straightforward computation gives the following lemma.

Lemma 2.13. For arbitrary p € A*g and ¢ € Alg we have that
dpAq)=0(p) Ag+(=1)'pAdg) + (~1)"[p, q]-

From this lemma we get the following.

Proposition 2.14. We have (Py, 0, [-,]) is a differential graded subalgebra of the Chevalley-
Filenberg complex, with 0 = 0.

Proof. The only nontrivial thing we need to show is that the Schouten bracket preserves the
Lie kernel. While this follows immediately from the fact that 9 is a graded derivation of the
Schouten bracket, we can also show it using Lemma 2.13. Indeed, for p € Py; and ¢ € Py,

we have that
O(p Ag) = 0(p) Ag+ (=1)*pA0(g) + [p.d]
= [ ,Q]-
Hence, [p, q] is exact and therefore closed. O

We now define a differential graded Lie algebra consisting of multivector fields.

Let G be a connected Lie group acting on a manifold M. For { € g let Ve € I'(T'M)
denote the infinitesimal generator of the induced action on M by the one-parameter subgroup
of G generated by £. For decomposable p = & A --- A&, in AFg we introduce the notation
Vp = Ve, Ao AV, for the associated multivector field, and extend by linearity. Let

Spr=AV, : pePys} (2.11)

and set

S =aimvg,. (2.12)

Proposition 2.15. We have that (S, [,-]) is a graded Lie algebra. Moreover, for p € Akg,
we have that OV, = —Vjy,. Note that we have abused notation and let O denote the Chevalley-
Filenberg differentials for both the Lie algebras (I'(TM),[-,-]) and (g, [, ]).

Proof. We first show that Vi, g = —[V,, Vg]. Let p=& A--- A& and g =m1 A--- A Then

13



we have that

V[p’q} - Z(_Uva[&:m] A Vﬁl AR V& to V;?j AR Vm

1,J

- Z_(_l)i+j[‘/%iv‘/;ij]A%1 /\‘7&‘//\;13 N ANV
1,J

= _[V;vaq]

Now extend by linearity to all p, ¢ € A¥g. Here we used the standard result of group actions
that [V, V] = —Vje,). The first claim now follows since (Py, [, ]) is a graded Lie algebra by

Proposition 2.14. Moreover, we have that

OVp = 0(Ve, A=+ A Vg,)
- Z (_1>i+j[v'§i7v§j]/\vﬁ1A"'A‘ziA"'A@jA"'/\‘/ﬁk

1<i<j<k
= Z (_1)i+jv[§z‘7§j]/\vil/\"'/\‘7&/\"'/\‘7&/\'”/\‘/&
1<i<j<k

Now extend by linearity to all p € A*g. In particular then, if p is in the Lie kernel, we have
that 8‘/;, = —Vap =0.

]

The following lemma will be used repeatedly in the rest of the thesis. We remark that
it holds for arbitrary multivector fields; however, for our purposes it will suffice to consider

the restriction to elements of S.

Lemma 2.16. (Extended Cartan Lemma) For decomposable p = & A --- A & in Afg

and differential form 7 we have that

k
(—1)Fd(Vpur) = Vopur + Y (=1) (Ve, A+ AV, Ave AV )2 Ly 7 + Vypdr,
=1

Proof. This is Lemma 3.4 of [15] or Lemma 2.18 of [20]. O

Let ®: G x M — M be a Lie group action on M.

14



Definition 2.17. For A € T'(T'M) we let @A denote the vector field given by the push-
forward of A by ®_'. That is,

((I)Z (A))z = (g1 )*,fbg(:r) (A<I>g<z> )s

where z € M. For a decomposable multivector field Y = Y A+ A Y in T(A¥(TM)) we will
let Ad,Y denote the extended adjoint action

Ady)Y = AdyYy A -+ ANAd,Y
and we will let @;Y denote the multivector field
@;Y = CIDZYI Ao A @;Yk.

We also extend ad to a map ad : g x A¥g — AFg by
k
ade(Yi A== AYi) =Y YiA--Aade(Yi) A+ AV (2.13)
i=1

For an arbitrary multivector field Y € I'(A*(T'M)), the above definitions are all extended by
linearity. Notice that for arbitrary p € A*g, we have ad¢(p) = [¢, p].

The next proposition shows that the infinitesimal generator of the extended adjoint action

agrees with the pull back action.

Proposition 2.18. Let ® : G x M — M be a group action. For every g € G and p € AFg
we have that
Vadgp = @,

g

,1‘/p.

Equivalently, the map A*g — T(A*(T'M)) given by & A+ A&+ Vi, A+ - - AV, is equivariant

with respect to the extended adjoint and pull back action.

Proof. Fix ¢ € M, g € G. First suppose that £ € g. Then by Proposition 4.1.26 of [1] we
have that
VAdg{ — @;71‘/5.

The claim now follows since for p = & A --- A&, in AFg,

Vadgp = Vader Ao A Vagge,
SOV A AV,
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=o7 .V, by definition.

]

While in this thesis we will mostly be concerned with differential graded Lie algebras, we

will also have the need to consider the more general structure of an L..-algebra.

2.3 Ly -Algebras

We only state the definition of an L..-algebra and do not go into detail. More detail can be

found in [18], for example.

Definition 2.19. An L..-algebra is a graded vector space L = @°___ L; together with a
collection of graded skew-symmetric linear maps {I), : L®* — L; k > 1}, with deg(ly) = k—2,
satisfying the following identity for all m > 1:

Z (—1)06(0')<—1)i(j71)lj (li(l'g(l), e 7$a(i)); :CU(Z'_H), e ,:L'U(m)) =0.
i+j=m+1
oeSh(i,m—i)

Here o is a permutation of m letters, (—1)7 is the sign of o, and €(o) is the Koszul sign.
We will not have need for the Koszul sign in this thesis and direct the reader to [18] for its
definition. The subset Sh(p, ¢) of permutations on p + ¢ letters is the set of (p, ¢)-unshuffles.
A permutation o of p + ¢ letters is called a (p, ¢)-unshuffle if o (i) < o(i + 1) for ¢ # p.

An L-algebra (L, {l}) is called a Lie n-algebra if L; = 0 for i > n.
L., algebras are not central to this thesis; however, they are needed to define the L
algebra of observables from [18] and to state Theorem 1.6.

Since any differential graded Lie algebra is a Lie n-algebra (indeed, just take I = 0,
ly =[] and [, = 0 for k > 3), Propositions 2.14 and 2.15 show that the spaces S and P,

have L..-algebra structures.

Next we recall the basic notions from group and Lie algebra cohomology that will be
needed in this thesis.
2.4 Group Cohomology

Let G be a group and S a G-module. For g € G and s € 5, let g - s denote the action of
G on S. Let C*(G,S) denote the space of smooth alternating functions from G* to S and
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consider the differential &, : C*(G, S) — C*(G, S) defined as follows. For o € C*(G, S)
and g1, -, gr+1 € G define

5k0(917 s 7g/€+1) =
k

g1 0(927 e 7gk+1) + Z(_l)zg(gla 5 09i-15 91941, Giv2, 7gk+1) - (_1)k0(g17 e 7gk)
=1

(2.14)
A computation shows that % = 0 so that C°(G,S) — C*(G,S) — - - - is a cochain complex.
This cohomology is known as the differentiable cohomology of G' with coefficients in .S. We let
H*(G, S) denote the k-th cohomology group and will call an equivalence class representative

a k-cocycle.

2.5 Lie Algebra Cohomology

Let g be a Lie algebra and R a g-module. Given £ € g and r € R, let £ - r denote the action
of gon R. We let C*(g, R) denote the space of multilinear alternating functions from g* to R
and consider the differential & : C*(g, R) — C**!(g, R) defined as follows. For f € C*(g, R)
and &1, - - &y1 € g define

Onf(&1y e &) ==
Z(_l)z—ﬂél ' f(glv e 75\1'7 U 7§k+1) +Z(_]‘)H—Jf([§27£j]7€17 e 731'7' o 7%7' te 7§k+1)'

(2.15)

A computation shows that §2 = 0. We let H*(g, R) denote the k-th cohomology group
and call an equivalence class representative a (Lie algebra) k-cocycle. Note that for k = 0
the map &y : R — C'(g, R) is given by (6or)(£) = £ - r, where r € R and £ € g. Thus, by
definition,

H%g,R)={reR; ¢&-r=0forall ¢ € g}.
For k = 1 the map 6, : C'(g, R) — C*(g, R) is given by
01(f) (&1, &) =& - f(&2) — & - f(&) — f([&, &)),

where f € C'(g, R) and &; and & are in g.

The standard example of Lie algebra cohomology is given when R = R:

Example 2.20. (Exterior algebra of g*) Consider the trivial g-action on R. Then
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C*(g,R) = A*g*, and the Lie algebra cohomology differential & : A*g* — A**lg* is given by

-~

6ka(£lA~--A£k)::a( > (—1)"“[@,@]/\51/\--~/\5A-~~A§j/\m/\§k> (2.16)

1<i<j<k

where o € A*g*, and &, A- - - A&, is a decomposable element of A*g, and extended by linearity
to non-decomposables. It is easy to check that 6% = 0. We will also make frequent reference

to the corresponding Lie algebra homology differential which is given by

Ot Mg — A lg QA NG = D (D)L GIAG A AGA AN A, (2.17)

1<i<j<k

for £ > 1. We define A~'g = {0} and dy to be the zero map.

18



3 Multisymplectic Geometry

In this section we develop the necessary background in multisymplectic geometry.

3.1 Multi-Hamiltonian Systems

Multisymplectic manifolds are the natural generalization of symplectic manifolds.

Definition 3.1. A manifold M equipped with a closed (n + 1)-form w is called a pre-
multisymplectic (or pre-n-plectic) manifold. If in addition the map T,M — A"T;M, V —

V Jw is injective, then (M, w) is called a multisymplectic or n-plectic manifold.

The next example is a generalization of the phase space in Hamiltonian mechanics. It

comes up frequently in this thesis.

Example 3.2. (Multisymplectic Phase Space)

Let N be a manifold and let M = A¥(T*N). Then 7 : M — N is a vector bundle over
N with canonical k-form 6 € QF(M) defined by

0 (21, Zk) = pa(m(Z1), s T Z)),

forx € N, p, € A*(T;N), and Zy,--- , Zp € T,, M. The (k + 1)-form w € Q¥ (M) defined
by w = —d0 is the canonical (k + 1)-form. The pair (M,w) is a k-plectic manifold. Notice

that for k = 1 we recover the usual symplectic structure on the cotangent bundle.

Definition 3.3. If for o € Q" }(M) there exists X, € ['(T'M) such that da = —X,_w then
we call @ a Hamiltonian (n — 1)-form and X, a corresponding Hamiltonian vector field to
a. We let Q! (M) denote the space of Hamiltonian (n — 1)-forms.

Ham

Remark 3.4. If w is n-plectic then the Hamiltonian vector field X, is unique. If w is pre-n-
plectic then Hamiltonian vector fields are unique up to an element in the kernel of w. Also,

notice that in the 1-plectic (i.e. symplectic) case, every function is Hamiltonian.

Definition 3.5. In analogy to Hamiltonian mechanics, for a fixed n-plectic form w and
Hamiltonian (n — 1)-form H, we call (M,w, H) a multi-Hamiltonian system. We denote the
Hamiltonian vector field of H by Xg.

There are many examples of multi-Hamiltonian systems and we refer the reader to Section

3.1 of [20] for some results on their existence.
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In [18] it was shown that to any multisymplectic manifold one can associate the following

L.-algebra.

Definition 3.6. The Lie n-algebra of observables, L., (M,w) is the following L..-algebra.
Let L = @7 L; where Ly = QL (M) and L; = Q" '=%(M) for 1 <4 < n — 1. The maps

Ham

I, : L®% — L of degree k — 2 are defined as follows: For k =1,
da  if deg a > 0,
hi(a) = .
0 if deg @ = 0.

For k > 1,

C(k)Xp 0  Xoyow  ifdega; @ -+ @ ap =0,
lk(ala"' 70%) = )
0 if deg vy ® - -+ ® g > 0.

k(k+1)
2

Here ((k) is defined to equal —(—1)
frequently.

. We introduce this notation as this sign comes up

Remark 3.7. It is easily verified that (k)((k + 1) = (—=1)*"!. For future reference we also
note that ((k)C(I)C(k+1—1) = —(=1) " and ((k)C(1) = —(=1)*¢(k +1).

The following lemma from [18] will be useful later on in the thesis.
Lemma 3.8. Let ay,...,q,, € Q! (M) be arbitrary Hamiltonian (n — 1)-forms on a
multisymplectic manifold (M, w). Let Xy, ..., X,, denote the associated Hamiltonian vector
fields. Then

d(Xpo- 0 Xiow) = (=)™ Z (—I)H_ij_l"'J)?jJ"'J)?iJ'"_le_l[XZ‘,Xj]_lw.

1<i<j<m

Proof. This is Lemma 3.7 of [18]. O

Lastly we recall the terminology for group actions on a multisymplectic manifold.

Definition 3.9. A Lie group action ® : G x M — M is called multisymplectic if ®jw = w.
A Lie algebra action g x I'(T'M) — T'(T'M) is called multisymplectic if Ly,w = 0 for all € g.
We remark that a multisymplectic Lie group action induces a multisymplectic Lie algebra
action. Conversely, a multisymplectic Lie algebra action induces a multisymplectic group
action if the Lie group is simply-connected. Moreover, as in [20], we will call a Lie group
action on a multi-Hamiltonian system (M, w, H) locally, globally, or strictly H-preserving if

it is multisymplectic and if Ly, H is closed, exact, or zero respectively, for all £ € g.
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3.2 Weak Homotopy Moment Maps

For a group acting on a symplectic manifold M, a moment map is a Lie algebra morphism
between (g, [-,-]) and (C*(M),{-,-}), where {-,-} is the Poisson bracket. In multisymplectic
geometry, the n-plectic form no longer provides a Lie algebra structure on the space of
smooth functions. However, as we saw in the previous section, the n-plectic structure does
define an L..-algebra, namely the Lie n-algebra of observables. A homotopy moment map is
an L..-morphism from g to the Lie n-algebra of observables. We explain what this means in

the following definition and refer the reader to [3] for further information on Le,-morphisms.
For the rest of this section, we assume a multisymplectic action of a Lie algebra g on

(M, w).

Definition 3.10. A (homotopy) moment map is an L..-morphism (f) between g and the Lie
n-algebra of observables. This means that (f) is a collection of maps f; : Alg — QL (M)

Ham
and fj, : AFg — Q" F(M) for k > 2 satisfying,
af () = —Veow
for £ € g and
— fi-1(0p) = dfi(p) + C(k)Vpaw, (3.1)

for p € A¥g and k > 1. A moment map is called equivariant if each component f; : Alg —

QM) is equivariant with respect to the adjoint and pullback actions respectively.

Definition 3.11. A weak (homotopy) moment map, is a collection of maps (f) with f :
Por — QU k(M) satisying

Ham

dfi(p) = —C(k)Vpaw. (3.2)

Remark 3.12. Notice that any collection of functions satisfying (3.1) also satisfies (3.2).
That is, any homotopy moment map induces a weak homotopy moment map. Moreover, the
multi-moment maps of Madsen and Swann (in [15] and [10]) are given precisely by the n-th
component of our weak homotopy moment maps. Lastly, notice that when n = 1, both full

and weak homotopy moment maps reduce to the standard definition in symplectic geometry.

We conclude this section with some examples of weak moment maps. In Hamiltonian
mechanics, the phase space of a manifold M is the symplectic manifold (T*M,w = —df).

The next example generalizes this to the setting of multisymplectic geometry.

Example 3.13. (Multisymplectic Phase Space) As in Example 3.2, let N be a manifold
and let M = A*(T*N), with 7 : M — N the projection map. Let # and w = —df denote
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the canonical k£ and (k + 1)-forms respectively. Let G be a group acting on N and lift this
action to M in the standard way. Such an action on M necessarily preserves . We define a

weak homotopy moment map by

filp) := =C(l+ 1)Vpa6,

for p € Py,.

We now show that (f) is a weak homotopy moment map. For [ > 1, first consider a
decomposable element p = A; A --- A A; in Alg. Then, using Lemma 2.16 and the fact that

G preserves w, we find

dfi(p) = —C(l+ 1)d(V,20)
l
= —C(I+1)(-1) (avpﬁ + 2:(—1)’/11 Ao NAN - NAI L0 — V- w)

= (1) (OVpab = V).

By linearity, we thus see that this equation holds for an arbitrary element in A'g. That
is, for all p € Alg,
Afi(p) = (1) (V6 — Vyoiw).

If we assume now that p € Py, it then follows from Proposition 2.15 that

dfi(p) = —C()Vpw.
Thus by equation (3.2) we see (f) is a weak homotopy moment map.

Remark 3.14. In symplectic geometry, symmetries on the phase space T*M have an im-
portant relationship with the classical momentum and position functions (see Chapter 4.3 of
[1]). These momentum and position functions satisfy specific commutation relations which
play an important role in connecting classical and quantum mechanics. Once we extend the
Poisson bracket to multisymplectic manifolds and discuss a generalized notion of symmetry,
we will come back to this multisymplectic phase space and give a generalization of these

classical momentum and position functions (see Section 6.1).

The next two examples will be used when we look at manifolds with a torsion-free G,

structure.
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Example 3.15. (C* with the standard holomorphic volume form) Consider C* with
standard coordinates z1, 29, 2z3. Let Q = dz; A dzy A dzz denote the standard holomorphic

volume form. Let
1 _ — -
a=Re(Q) = §(d2:1 Ndzy Ndzg + dzy A dzZy N dZ3).

It follows that « is a 2-plectic form on C®. We consider the diagonal action by the maximal
torus 7% C SU(3) given by (e, e™) - (21, 20, 23) = (€21, €2y, e~ 23). We have t> = R?
and that the infinitesimal generators of (1,0) and (0,1) are

A_i o 0 ;9 .,.9
o 821 3823 1821 3823

and

Bzé(@a Z 0 —_2i+23 a)

8_2’2 B 3823 822 823
respectively.

A computation then shows that
1
Ala = §d(1m(2123dz2))

and .
Bia= §d(Im(zlz'3dzl)).

Moreover,
1
B_oALa= —Z—ld(Re(%Zzzz))

Since G = T? is abelian we have that Py = A%*g. Thus, by equation (3.2) we see a weak

homotopy moment map is given by

1 1
fi(4) = 5 (Im(z123dz,)) hi(B) = 5 (Im(z123d21))
and .
fg(A N B) = Z—L(RG(ZIZQZg)).
If instead of Re(2) we were to consider Im(2) then in the above expressions for f; and

f2 we would just swap the roles of Re and Im.

Example 3.16. (C? with the standard Kahler form) Working with the same set up as
Example 3.15, now consider the standard Kahler form w = %(dzl NdZ1+dza NdZy+dz3 NdZ3).
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This is a 1-plectic (i.e. symplectic) form on C3. A computation shows that
1
Asw = —Zal(|z1|2 — |2]%)

and .
Baw = _Zd<’22‘2 — ’23’2).

Thus, by equation (3.2) a weak homotopy moment map is given by

1 1
A(A) = =7 (12" = |2) hi(B) = =7 (12" = [z[).
For our last example of this section, we consider a multi-Hamiltonian system which

models the motion of a particle, with unit mass, under no external net force.
Example 3.17. (Motion in a conservative system under translation)

Consider R? with the standard metric g and standard coordinates ¢!, ¢%, ¢>. Let ¢, ¢?,
¢, p1, p2, p3 denote the induced coordinates on T*R? = R®. The motion of a particle in R?,
subject to no external force, is given by a geodesic. That is, the path v of the particle is
an integral curve for the geodesic spray S, a vector field on TR3 = RS. Using the metric to
identify TR? and T*R3, the geodesic spray is given by

_ghiy 01097 O

as shown in Example 5.21 of [9]. This vector field S is the standard Hamiltonian vector field
on the phase space. Since we our working with the standard metric, the geodesic spray is

just

3
9,

i=1

Let M = T*R3 = R® and consider the multi-Hamiltonian system (M, w, H) where
w = vol = dq'd¢*dg®dpdpodps
is the canonical volume form, and

H = = ((1@°dq® — pi@®dq®) + (p2q'dq® — pog’dq’) + (psq'dq® — psq®dq")) dprdpadps.

1
2
Then

Siw=dH
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so that the Xz = S. That is, the Hamiltonian vector field in this multi-Hamiltonian system
is the geodesic spray. Consider the translation action of G = R3 on R? and pull this back
to an action on M. The infinitesimal generators of e, ez, e3 on M are 8%1, a%? and %

respectively. We compute the moment map for this action:

Since 6%14(,() = dg*dg®dp,dp,dps it follows that fi(e1) = 3(¢°dg® —¢*dq*)dp, dpodps satisfies
df (e1) = V., 2w. Similar computations show that the following is a homotopy moment map

for the translation action on (M, w, H):

1 ) )

f1(€1) = 5(61205615 - qddqz)dpldpzdpg,
1

files) = §(q1dq3 — ¢*dq")dp dp2dps,
1

fi(es) = §(q1dq2 — ¢*dg")dpidpsdps,

fa(er ANeg) = ¢*dp1dpadps, faler ANes) = q*dpydpydps, fa(ea Neg) = q"dp1dpadps,

and

1
fs(er Nea ANeg) = 3 (p1dpadps + padpsdpy + psdpidps) .

Remark 3.18. In Section 5.3 we will come back to Example 3.17 and consider the multi-

symplectic symmetries and conserved quantities coming from this homotopy moment map.
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4 Existence and Uniqueness of Weak Moment Maps

In this section we show that the classical results on the existence and uniqueness of moment
maps in symplectic geometry generalize directly to weak homotopy moment maps in multi-
symplectic geometry. In particular, we show that their existence and uniqueness is governed
by a Lie algebra cohomology complex which reduces to the Chevalley-Eilenberg complex in

the symplectic setup.

4.1 Equivariance in Multisymplectic Geometry

Definition 4.1. A homotopy moment map is called equivariant if each component fj :
AFg — Q"F(M) is equivariant with respect to the adjoint and pullback actions respectively.
That is, (f) is equivariant if for all g € G, p € A¥g,and 1 <k <n

Jr(Adgp) = @y fi(p). (4.1)
Similarly, a weak homotopy moment map is equivariant if equation (4.1) holds for all p € Py .

Next we recall the cohomology theory governing equivariance from symplectic geometry,
without proof, and then generalize to the multisymplectic setting. The results from symplec-
tic geometry can all be found in Chapter 4.2 of [1] for example. We will provide more general
proofs later on in this section. Let (M,w) be a symplectic manifold, and ® : G x M — M a
symplectic Lie group action by a connected Lie group G . We consider the induced symplec-
tic Lie algebra action g x I'(T"M) — I'(T'M). Suppose that a moment map f : g — C>°(M)
exists. That is, df (§) = Veuw for all £ € g. By definition, f is equivariant if

f(Adg18) = 7 (E).

Following Chapter 4.2 of [1], for g € G and £ € g define ¢, € C*°(M) by

Uge(x) = f(E)(Py(x)) — f(Adg-18)(2). (4.2)
Proposition 4.2. For each g € G and £ € g, the function v, ¢ € C®(M) is constant.

Since 1, ¢ is constant, we may define the map o : G — g* by

a(9)(€) = Yg.e,
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where the right hand side is the constant value of 1.

Proposition 4.3. The map o : G — g* is a cocycle in the chain complex
g° = CH(G,g") = CHG,g") = -+ .
That is, o(gh) = o(g) + Ady-10(h) for all g,h € G.

The map o is called the cocycle corresponding to f. The following proposition shows

that for any symplectic group action, the cocycle gives a well defined cohomology class.

Proposition 4.4. For any symplectic action of G on M admitting a moment map, there is
a well defined cohomology class. More specifically, if fi and fs are two moment maps, then

their corresponding cocycles o1 and oy are in the same cohomology class, i.e. [o1] = [o2).

By definition, we see that ¢ is measuring the equivariance of f. That is, o = 0 if and
only if f is equivariant. Moreover, if the cocycle corresponding to a moment map vanishes
in cohomology, the next proposition shows that we can modify the original moment map to

make it equivariant.

Proposition 4.5. Suppose that f is a moment map with corresponding cocycle o. If [o] =0

then o = 00 for some 0 € g* and f + 0 is an equivariant moment map.

We now show how this theory generalizes to multisymplectic geometry. For the rest of this
section we let (M,w) denote an n-plectic manifold and ® : G x M — M a multisymplectic
connected group action. We consider the induced multisymplectic Lie algebra action g x
I(TM) — I'(T'M). Assume that we have a weak homotopy moment map (f), i.e. a collection
of maps fi, : Pyx — QU k (M) satisfying equation (3.2).

Ham

To extend equation (4.2) to multisymplectic geometry, for g € G and p € Py, we define
the following (n — k)-form:

Vyp = fe(0) = oo fr(Ady1 (). (4.3)

The following proposition generalizes Proposition 4.2.

Proposition 4.6. The (n — k)-form w;p is closed.

Proof. Since @7 is injective and commutes with the differential, our claim is equivalent to

showing that @} (¥ ) is closed. Indeed we have that

d(®;(vy,)) = APy fi(p) — fr(Adg-1p))
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= @y (dfi(p)) — d(fr(Adg-1p))

= —C(k)®y(Vyow) + C(k) Va1 pw since (f) is moment map
= —((k)®,(Voaw) + C(k)(P,V,) 1w by Proposition 2.18
= —((k)®;(Vpaw) + (k)P (V,uw) since G preserves w

]

In analogy to symplectic geometry, we now see each component of a weak moment map

gives a cocycle.

Definition 4.7. We call the map o : G — Py, @ Q" ¥ defined by
ox(9)(p) =5,
the cocycle corresponding to fx.

As a generalization of Proposition 4.3 we obtain:
Proposition 4.8. The map oy is a 1-cocycle in the chain complex
P*k®an—>Cl(GP*k®Q” k)—>CQ(G73*k®Q =

where the action of G on Py, ® Q?l’k 1s given by the tensor product of the co-adjoint and
pullback actions. The induced infinitesimal action of g on Py, @ Q" is defined as follows:
for feP Q’I_‘Iafl, pE Pyr and § € g,

(€- /)p) = f(ade(p)) + Ly f(p). (4.4)

Proof. By equation (2.14) we know that (0(o)(g,h))(p) := o(gh)(p) —o(g)(p) — g - a(h)(p).
For arbitrary p € P, we have

ok(gh)(p) = fi(p) = (gny-1 (fxAd(gn)-1p)
= fe(p) = Py @p1 (fr(Adp-1Adg-1p))
= Ji(p) — g1 (fe(Adg-1p)) + i (fr(Adg-1p)) — Pgor (P (fr(Adp—rAdg-1p)))
= 0k(9)(p) + 41 (ok(h)(Adg-1p))

(
(

)
oi(9)(p) + g - o (h)(p).
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Definition 4.9. Let .
c=Pr ot
k=1

Let 0 = o1 + 09 + - --. We call the map o € € the cocycle corresponding to (f).

Since the components of a weak moment map do not interact, as a corollary to Proposition

4.8 we obtain

Proposition 4.10. The map o is a cocycle in the complex

¢ — CYG,¢) = C*HG,C) — - -
The next theorem shows that multisymplectic Lie algebra actions admitting weak moment
maps give a well defined cohomology class, generalizing Proposition 4.4.

Theorem 4.11. Let G act multisymplectically on (M,w). To any weak moment map, there
is a well defined cohomology class [o] in H'(G,€). More precisely if (f) and (g) are two

weak moment maps with cocycles o and T, then o — 7 is a coboundary.

Proof. We need to show that o) — 7 is a coboundary for each k. We have that

ok(9)(p) — (9)(p) = fr(p) — gk(p) — Py—s (fi(Ady-1p) — ge(Ady-1(£))).

However, (f) and (g) are both moment maps and so d(fx(p) — gr(p)) = 0. Thus f — gx is
in €. Moreover, by equation (2.15), we see that oy — 7 = I(fx — g )

[]

If (f) is not equivariant but its cocycle vanishes, then we can define a new equivariant

moment map from (f), in analogy to Proposition 4.5.

Proposition 4.12. Let (f) be a weak moment map with cocycle satisfying [o] = 0. Then

o = 00 for some 0 € € and the map (f) + 0 is an equivariant weak moment map.

Proof. We have that (f) + 0 is a moment map since 6(p) is closed for all p € Pyj. Let
¢ denote the corresponding cocycle. Note that by equation (2.15) we have (9(0)(g))(p) =
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0(Adg-1p) — ®;0(p). By the injectivity of ®7, to show that o = 0, it is sufficient to show that

®¥(c(g)(p)) =0 for all g € G and p € Py . Indeed,

P, (0%(9)(p)) = P, f(p) + P0(p) — f(Adg-1p) — O(Ad,-1p)
§) —90(g)(€)
—0a(g)(§) since 00 = o

4.2 Infinitesimal Equivariance in Multisymplectic Geometry

We now consider infinitesimal equivariance. We start by recalling the notions from symplectic
geometry. That is, we differentiate equation (4.2) to obtain the map ¥ : g x g — C*(M)
defined by X(&,7n) = %| i—o Vexp(in) ¢+ A straightforward computation, which we generalize
in Proposition 4.15, gives that

X(&n) = fUE ) — (&), f(n)}.

Another quick computation shows that df ([¢,n]) = d{f(£), f(n)}, showing 3(£,n) is a con-
stant function for every £, 1 € g. That is, 3 is a function from g x g to R.

Proposition 4.13. The map > : g X g — R is a Lie algebra 2-cocycle in the chain complex
R— OI(Q,R) — 02(97R) -

Definition 4.14. A moment map f : g — C°°(M) is infinitesimally equivariant if 3 = 0,
ie. if
FUEn) = {f(&), f(n)} (4.5)

for all £, € g.

Notice that since X is just the derivative of o, it follows that for a connected Lie group,
infinitesimal equivariance and equivariance are equivalent. Since we will always be working
with connected Lie groups, we will abuse terminology and call a moment map equivariant if
it satisfies equation (4.1) or (4.5).

Now we turn our attention towards the multisymplectic setting. As in symplectic geome-

try, the infinitesimal equivariance of a weak moment map comes from differentiating Yexpe),p
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for fixed £ € g and p € Py .

Proposition 4.15. Let ¥, denote %}t:o w(l:xp(té),p' Then we have that Xy is a map from g
to Py @ le_k and is given by

Se(&,p) = fi([& ) + Ly, fu(p),
for{ € g andp € Pyy.

Proof. We have that

d d d .
E ngp(tg),p - E’ fk<p) - E (I)exp(ftf) (fk<AdeXP(—tf) (p)))
t=0 t=0 t=0
d \
= E exp(—tg)(fk(Adexp(—tﬁ)p))
—
A Adapion) = (5] Pl i) (i)
= —Je\ 7} exp(—t&)P) — \ 7, exp(— k
dt 0 P dt —o p(—t§)
= —fu(=[&,p]) + Le,, fr(p)
O
Let R, = ;k ® le_k. Then Ry is a g-module under the induced action from the tensor

product of the adjoint and Lie derivative actions. Concretely, for a« € Ry, £ € gand p € Py,
(€ a)(p) = a([&, p]) + Ly
Consider the chain complex
Ry, — CY(g, Ry) — C*(g, Ry) — -+ -,

where the differential is given in equation (2.15).

The following is a generalization of Proposition 4.13.

Proposition 4.16. The map Xy is in the kernel of Or. That is, ¥ is a cocycle.
Proof. We need to show that 93 = 0. Indeed, for £,n € g and p € Py, we have that

Ok (€,m)(p) = & - (Be(n)(p)) —n - () () + Er((€ 1)) (p)
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= Zk(n)(ade(p)) + Ly, (3 (n)(p)) — Zi(§)(ady (p))
— Ly, (E(©)(p)) + Zi([§: 0] (p)-

By definition of the ad map, this is equal to

Sr(m([&,p]) + Lve (B (n)(p)) = X(€) ([0, p)) — Ly, (E4(E)(p)) + Ei ([, 1]) (p)

and using the definition of ¥ this becomes

fil[n, €, p]]) + Ly, f([€, p]) + Ly fe([n:p]) + Lve Ly, fi(p)
— J([& [0, P]) = Lve fu([n, p]) — Ly, fu([€, ) — Lv, L fi(p)
+ fe(([& ), p]) = Ly, u(p)
= fi([n, 1§, 1)) — fu(€, [0, I]) + fi([[€; ], p))
+ Lv. Ly, fe(p) — Lv, Lv, fu(p) — Ly, [e(p)-

By the Jacobi identity this is equal to

Ly, Ly, fr(p) — Lv,Lv, fr(p) — Ly, [x(p),

and this vanishes by equation (2.8).

As in symplectic geometry, we have that for a connected Lie group, a weak homotopy

moment map is equivariant if and only if it is infinitesimally equivariant. That is, the weak

homotopy k-moment map is equivariant if and only if o = 0 or X = 0. A weak homotopy

moment map is equivariant if o, =0 or X, =0 forall 1 <k <n.

Now that we have generalized the notions of equivariance from symplectic to multisym-

plectic geometry, we move on to study the existence and uniqueness of these weak homotopy

moment maps.

4.3 Existence of Not Necessarily Equivariant Weak Moment Maps

For a connected Lie group G acting symplectically on a symplectic manifold (M,w), recall

the following standard results from symplectic geometry. We refer the reader to [1] for proofs

and note that we give more general proofs later on in this section.
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Proposition 4.17. For any £,m € g we have
Ve, Vil oo = d(Ve Vy o).
Proposition 4.18. We have that H'(g) = 0 if and only if g = [g, g].

Combining these two propositions, we obtain:

Proposition 4.19. If H'(g) = 0, then any symplectic action admits a moment map, which

18 not necessarily equivariant.

We now show how these results generalize to multisymplectic geometry. Let a connected

Lie group act multisymplectically on an n-plectic manifold (M, w).

Proposition 4.20. For arbitrary q in Py and £ € g we have that
Vi, Velsw = —(=1)*d(Vyu Veaw).

Proof. By linearity it suffices to consider decomposable g = n A+ - -Ang. A quick computation
shows that [V, Ve]ow = —V[gow. Using Lemmas 2.13 and 2.16 we obtain:

Vigg 1w = Vagnesw
k
= (—1)Fd(Vgreaw) = D> (=1 A== AT Ao A Ao Lyw — Ve dw

i=1

= (—1)Md(Vya Veaw).

The claim now follows. O

The next proposition is a generalization of Proposition 4.18.

Proposition 4.21. If H%(g,P;,) = 0 then Pyy = [Py, g]-

Proof. By equation (2.15), an element ¢ € H°(g, P;,) satisfies ¢([§,p]) = 0 for all £ € g.
That is,
Ho(gﬂpg,k:) = [Pg,kag]07

where [Py, g]° is the annihilator of [Py, g] in Py O
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We now arrive at our main theorem on the existence of not necessarily equivariant weak

moment maps. The following is a generalization of Proposition 4.19.

Theorem 4.22. Let G act multisymplectically on (M,w). If H%(g,P;,) = 0 then the
k-th component of a not necessarily equivariant weak moment map exists. Moreover, if

H(g, ;‘k) =0 for all 1 < k < n, then a not necessarily equivariant weak moment map
exists. The same result holds if H%(g, Py, & Q' k) =0, and H(g, Q) # 0.

Proof. Note that when H°(g, Q% %) % 0, the space Ho(g,Pg’k ® QnF) = 0 if and only if
H(g,P;;) = 0 by the Kunneth formula (see for example Theorem 3.6.3 of [21]). The claim
now follows from Proposition 4.21 and Proposition 4.20. Indeed, Proposition 4.20 says we
may define a weak moment map on elements of the form [p,&] by (—1)*V, 1 V; Jw, where
p € Pyi and £ € g, and Proposition 4.21 says every element in Py, is a sum of elements of
this form. O

Remark 4.23. Notice that for the case n = k, it is always true that H(g, 2™") # 0 since
any constant function is closed. Hence Theorem 4.22 gives a generalization of Theorems 3.5
and 3.14 of [15] and [10] respectively. It also agrees with Lemma 4.4 and Corollary 4.2 of
[19]. Moreover, by taking n = k = 1, we see that we are obtaining a generalization from

symplectic geometry.

Remark 4.24. In [19], Corollary 4.2 gives an existence result for a full homotopy moment
map under a weakly Hamiltonian action (see Definition 2.1 of [19]) on an n-plectic manifold
(M,w). The result guarantees existence of a full homotopy moment map under the assump-
tion of vanishing de Rham cohomology, i.e. HY; (M) = 0 for all 1 < k < n and the vanishing
of a specific cocycle [c] € H"™(g). Tt follows that this corollary provides an existence result
for weak moment maps, since any full homotopy moment map reduces to a weak moment
map when restricted to the Lie kernel. Corollary 4.2 of [19] appears to be independent from
our result as it deals with de Rham cohomology, whereas we are concerned with Lie algebra

cohomology.

Remark 4.25. Further to the results of [19], the results on the existence of full homotopy
moment maps provided in [7] also apply to weak moment maps, as any full moment map
reduces to a weak moment map. See for example Proposition 2.5 of [7]. It is not clear if
the results in [19] and [7] are related to ours, since in those papers their existence theory is
derived from the double complex (A*g* ® Q°*(M), dipt), with dyy = d ® 1 + 1 ® d, where 0 is
the Chevalley-Eilenberg differential and d is the de Rham differential. In our work, we are

considering a different cohomology complex.
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Example 4.26. Consider the multisympletic manifold (R*, w) where w = vol is the standard
volume form. That is, we are working in the case n = 3. Let x1,--- , x4 denote the standard
coordinates. Let G = SU(2) act on R* by rotations. The corresponding Lie algebra action
is generated by the vector fields

0= 381‘1 48112 18$3 261’4’
FE ——CL’——{—{L‘i—[Ei—FI’i
te 26371 181‘2 48[L‘3 361‘47
and
0 0 0
E22£E4—+$3——]J2——£L‘1—.

8LE1 81:2 8953 8254

For the case k = 2, consider the distance function r = \/x? + 23 + 23 + 23. It is clear that

the distance function is invariant under rotations and hence Lg dr = 0 for « = 0,1, 2, 3.
Since dr is a closed 1-form, it follows that dr is a non-zero element of H°(g, QL(M)). That
is, H(g, QL(M)) # 0.

For the case k = 1, consider « := dxq A dxo + dxs A dry. A quick calculation shows that
Eiaa =fori=0,1,2,3 so that « is invariant under the su(2) action. Since da = 0, it follows
that H°(g, Q4(M)) # 0 as well.

Hence, by Theorem 4.22, it follows that a weak moment map exists.

The next example gives a scenario for which Theorem 4.22 can only be applied to specific

components of a weak moment map.

Example 4.27. Take the setup of Example 4.26 but instead consider the action of SO(4).
As in Example 4.26, dr is a non-zero closed 1-form which is invariant under the action. That
is, H(g, QL (M)) # 0. However, in this setup, H%(g, Q4 (M)) = 0. Indeed, the infinitesimal
generators of s0(4) are of the form [Ei£ — a:ja%i where 1 < 4,7, < 4. An arbitrary 2-form
may be written as = Z” a;jdx; N\ d:zcj.J A computation shows that the condition Ly, =0
for all ¢ € s0(4) implies that necessarily 3 = 0. Hence H°(g, 2% (M)) = 0.

It follows that, in this case, Theorem 4.22 guarantees the existence of the second compo-

nent of a weak moment map, but does not guarantee the existence of the first.

Another generalization of Proposition 4.19 to multisymplectic geometry is given by:

Proposition 4.28. If H*(g) = 0, then the k-th component of a not necessarily equivariant

weak moment map exists.
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Proof. 1f H*(g) = 0 then P, = Image(Jj1), since Py = ker(dy). But for p € Image(dy11)
we have that p = dq for some g € A**'g. Then by Lemma 2.16 we have

Vyaw = (—=Dkd(V,Lw).
Hence we may define fi.(p) to be (—1)*V,Jw. O
Remark 4.29. Proposition 4.28 gives another generalization of the results of Madsen and

Swann. Indeed, by taking n = k we again arrive at Theorems 3.5 and 3.14 of [15] and [10]

respectively. This also agrees with Lemma 4.4 of [7].

4.4 Obtaining an Equivariant Weak Moment Map from a Non-
Equivariant Weak Moment Map

In this section we show that the theory involved in obtaining an equivariant moment map
from a non-equivariant moment map extends from symplectic to multisymplectic geometry.
We first recall the results from symplectic geometry. A proof of the results can be found in

[1]. We give more general proofs later on in this section.

Proposition 4.13 shows that the map > corresponding to a moment map f is a Lie
algebra 2-cocycle. The next proposition says that if the cocycle is exact then f can be made

equivariant.

Proposition 4.30. Let f be a moment map and % its corresponding cocycle. If ¥ = 0(1)

for some I, then f + 1 is equivariant.

It follows from this that

Proposition 4.31. If H*(g) = 0 then one can obtain an equivariant moment map from a

non-equivariant moment map.

Now let G be a connected Lie group acting on an n-plectic manifold (M, w). The following

proposition generalizes Proposition 4.30 to multisymplectic geometry.

Proposition 4.32. Let f, be the weak homotopy k-moment map, and let Xy denote its
corresponding cocycle. If Xy = (i) for some I}, € Ho(g,Pg’k ® Q) then fi + I, is

equivariant.
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Proof. Fix p € Py, and £ € g. Then

(fi + 1)([&:P]) = fi([& p)) + 1([€, P])
= fe([& p]) = ((0l)(£))(p) + Lvlk(p) by equation (2.15)
= fe([&; P)) — E([€, p]) + Lyl (p)
= Ly, fr(p) + Lv, (lx(p)) by definition of X,

= Ly, ((fr + 1) (D))

We now arrive at our generalization of Proposition 4.31:

Theorem 4.33. If Hl(g,P;‘,k ® Q") = 0 then any weak k-moment map can be made
equivariant. In particular, if Hl(g,PS‘?k ® le_k) =0 for all 1 < k < n, then any weak

moment map (f) can be made equivariant.

Proof. Let fi : Pyx — Qgan. be a weak k-moment map. If H'(g, ok ® Q?l_k) = 0 then the

corresponding cocycle Y is exact, i.e. Xy = 9(ly,) for some I, € H%(g, Pyx). It follows from

Ham

Proposition 4.32 that fi + [ is equivariant. n

4.5 Uniqueness of Equivariant Weak Moment Maps

We first recall the results from symplectic geometry without explicit proof. A proof can be
found by setting n = 1 (i.e. the symplectic case) in our more general Theorem 4.37. A proof

can also be found in [1]. Let g be a Lie algebra acting on a symplectic manifold (M, w).

Proposition 4.34. If f and g are two equivariant moment maps, then f — g is in H'(g).

Proof. For ,1) € g we have that (f — g)([¢,n]) = {(f — 9)(&), (f — g)(n)} since f and g are
equivariant. However, (f—¢)(&) is a constant function since both f and g are moment maps.

The claim now follows since the Poisson bracket with a constant function vanishes. O

From Proposition 4.34 it immediately follows that

Proposition 4.35. If H'(g) = 0 then equivariant moment moments are unique.

The following is a generalization of Proposition 4.34.

37



Proposition 4.36. If f,. and g, are k-th components of two equivariant weak moment maps,
then fir. — gr is in H°(g, Py), ® Qnky.

Proof. 1f fi, and g are equivariant then (f, — gr)([€,p]) = Lv,((fx — gx)(p)). Moreover,
(fe — gx)(p) is closed since both f; and g are moment maps. ]

We now arrive at our generalization of Proposition 4.35. Let g be a Lie algebra acting

on an n-plectic manifold (M, w).

Theorem 4.37. If Ho(g,Pg’k ® QZ‘I_’“) = 0, then equivariant weak k-moment maps are
unique. In particular, if 1'-_7[](5;,']3;,C ® Qﬁ_k) =0 for all 1 < k < n then equivariant weak

moment maps are unique.

Proof. If fi and g, are two equivariant weak k-moment maps, then Proposition 4.36 shows
that f, — gx is in Ho(g,P;k ® Qg_k)
O

Remark 4.38. This theorem gives a generalization of the results of Madsen and Swann.

Indeed, by taking n = k we again arrive at Theorems 3.5 and 3.14 of [15] and [16] respectively.
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5 Multisymplectic Symmetries and Conserved Quan-
tities

In this section we give a definition of conserved quantities and continuous symmetries on
multisymplectic manifolds. In symplectic geometry, the Poisson bracket plays a large role in
the discussion of conserved quantities. To that end, we first generalize the Poisson bracket

to multisymplectic geometry.

5.1 A Generalized Poisson Bracket

We first extend the notion of a Hamiltonian (n—1)-form to arbitrary forms of degree < n—1.

Definition 5.1. We call

QUF (M) = {a € Q" *(M); there exists X, € T(A*(T'M)) with da = — X, 1w }

the set of Hamiltonian (n — k)-forms. For a Hamiltonian (n — k)-form «, we call X, a

corresponding Hamiltonian k-vector field (or multivector field if k is not explicit).

We call
Xb (M) :={X e I(A"(TM)); X Jw is exact}

the set of Hamiltonian k-vector fields. We will refer to a primitive of X_iw as a corresponding

Hamiltonian (n — k)-form.

Of course, given a Hamiltonian (n — k)-form, it does not necessarily have a unique
associated Hamiltonian multivector field. Moreover, a Hamiltonian k-vector field doesn’t
necessarily have a unique corresponding Hamiltonian (n — k)-form. However, the following

is clear:

Proposition 5.2. For a € Q}_‘I;Ilfl(M), any two of its Hamiltonian k-vector fields differ by
k

Ham

an element in the kernel of w. Conversely, for X € X{,..(M), any two of its Hamiltonian

forms differ by a closed form.

Proposition 5.2 motivates consideration of the following spaces. Let .’%’f{am(M ) denote the

quotient space of X%, (M) by elements in the kernel of w. Let (NZT;I;I];(M ) denote the quotient

Ham

of QP by closed forms. We let
Ham

ttarn (M) = S} 25 Qftam (M)
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and

ﬁH&m (M) EBZ 0 Qﬁam

(M).

Similarly, we let
%Ham< ) EBZ é%Ham( )

and
%Ham(M) @Z éxHam< )

It is clear that the map from Q% (M) to Xk, (M) given by [a] — [X4] is a bijection.

Ham

Proposition 5.3. The vector spaces ﬁﬁ;ﬁl(M) and X%

Ham (M) are isomorphic.

Later on, we will see that there are graded Lie brackets on the vector spaces QHam(M )

and %Ham<M ) making them isomorphic as graded Lie algebras.

The next proposition will be used to show that certain statements about a Hamiltonian

form are independent of the choice of the corresponding Hamiltonian multivector field.

Proposition 5.4. If k is in the kernel of w, then for any X € Xk, (M) we have [ X, k] 5w =
0.

Proof. Since X € Xk, (M) by definition £Lxw = 0. Using equation (2.7) together with the

fact that kow = 0 we have
(X, k]ow = (DD Ly (kow) — ko Lxw = 0.
]

The next proposition shows that, as in symplectic geometry, any Hamiltonian multivector

field preserves w.

Proposition 5.5. For a € Q%F (M) we have that Lx,w = 0 for all Hamiltonian multivector
fields X, of a.

Proof. Let X, be a Hamiltonian multivector field. We have that

LXQW = ﬁxaw

= d(Xgqaw) — (—1)* Xqadw by equation (2.5)
=d(Xyow) since dw =0
= —d(do) by definition
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]

We now put in a structure analogous to the Poisson bracket in Hamiltonian mechanics,

which has analogous graded properties.

Given o € Q- k(M) and B € QL (M), a first attempt would be to define their gener-

Ham Ham

alized bracket to be
{a, B} = X Xqow,

mimicking the Poisson bracket in symplectic geometry. However, we can see right away that
this bracket is not graded anti-commutative since {c, 8} = (=1)*{8,a}. Hence, we modify

our grading of the Hamiltonian forms, following the work done in [5].

Definition 5.6. Let HP(M) = Q™' (M). That is, we are assigning the grading of o €

Ham

QK (M) to be |a| = k+ 1. For a € Q% (M) and g € QL (M) (ie. a € HFY(M) and

Ham Ham Ham

B € HL(M)) we define their (generalized) Poisson bracket to be

{a,8} = (1)1 X0 X ow
= (—D" X0 X, w.

Notice that this bracket is well defined follows directly from Proposition 5.2.

With this new grading, the generalized Poisson bracket is graded commutative.

Proposition 5.7. Let a be a form of grading || = k+1 and B a form of grading |5| = +1.
That is, o € Q5% (M) and g € QL (M). Then we have that

Ham Ham

{a, B} = —=(=1)*IPI{B, a}.

Proof. By definition,

{a,8} = (1) X5, X, Jw
= (-1 =DM X, Xgow
(—D!HD X X w
(B
(=Dl )M X, X w
(— 1)Iallﬁ|{5 al.
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]

The next lemma shows that the bracket of two Hamiltonian forms is Hamiltonian. In
symplectic geometry, we have Xy = [Xy, Xg] (or Xipg = —[Xy, X,] if the defining equa-

tion for a Hamiltonian vector field is X, w = da). In multisymplectic geometry we have

Lemma 5.8. For o € Q% k(M) and 8 € Q1

Ham

! (M) their bracket {a, 8} is in QEEI=F=(Ar).

Ham Ham

That is, {«, 8} is a Hamiltonian form with grading |{a, 8}| = k + 1 — 2. More precisely, we
have that [X,, X;] is a Hamiltonian vector field for {«, 5}.

Proof. We have that

(X, Xplow = —Xg1d(Xqaw) + (=1 d(Xp1 Xqaw)
+ (=DM X 3 Xpodw — (—1D)FRHX d(Xaw) by equation (2.10)
= (—1)'d(Xs0 X,aw)
= —d({a, B}).

]

We now investigate the Jacobi identity for this bracket. In [5] it was mentioned that
the graded Jacobi identity holds up to a closed form. We now show that the graded Jacobi

identity holds up to an exact term.

Proposition 5.9. (Graded Jacobi.) Fixa € Q% (M), 8 € QL (M) and vy € Q. ™(M).
Let X,, X and X, denote arbitrary Hamiltonian multivector fields for «, 5 and 7 respec-

Ham Ham

tively. Then we have that

Z<_1)Ia\h\{a7 {8,7}} = (=1)IBInHIBllel I8l g x| X5 X Jw).

cyclic

Proof. By definition, we have that
{a, B} = (—D)PIX 50 Xguw = (1) X5 1 da.
Since X is in AIPHY(TM), by (2.5) it follows that

{a, 8} = (1) (=) (d(Xpoa) — Lx,0)
d(Xg_lOé) ,CXBOé. (51)
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Thus,

{o.{8.9}} = ()" o, {7, 5}
= (- 1)\/)’\\7\+1+(\5|+|7| \a|+1{{7 B}, al
= (=1)lAIhHHBERDI (g X 3 {y, BY) = Lx. {7, B}) by (5.1)
— (—1)AInHBllelERllel (X, | {y, B}) — L. (d(X527)) + Lx. Lx,7)-
Hence,

(—1 )|a|m{a {8,7}} = (- )IBHvIHﬂHaI( (Xoa{v,B8}) — Lx.d (X5J7)+£Xaﬁxﬁ7) (5.2)

Similarly, since |{v, a}| = |y| + |a| — 2, we have that

{8, {7} = (=)HII {0}, 5)
= (DRI (X, a}) — £x,d(Xaoy) + £x,Lx,7). by (5.1)

Hence,

(=PI, {y,a}} = (-1)PPH (d(X a0 {y,a}) = Lx,d(Xaa7) + Lx,Lx,7) . (5.3)

Lastly, using Lemma 5.8 and (5.1), we have that

(=), {a, 53} = (=) (d([Xa, X5]207) = Lixex,7) - (5.4)

Now we notice that by (2.8) the terms involving Lx, Ly, from (5.2) , Lx,Lx,7 from (5.3)
and L(x, x,7 from (5.4) add to zero. Hence we now consider the term (—1)"¥ld([X,, X5]1v)
from (5.4). Using equations (2.7), (2.5), and (2.6) it follows

d([Xa, Xg]a7) = d (=)D Ly (Xpa7) = XpaLx,7)
= (=)D (L (X507)) = d(Xgod(Xan7)) + (=1)Fd (Xp0 Xasdy)
= (=D)PILy d(X517) — Lx,d(Xasy) + (—1)1d(X 50 X0 X, aw).
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Thus

(_DWIIﬁ\d([Xa’Xﬁ]Jw — (_1)IalIBIJrMIﬁ\ﬁXad(XBJ v) — (_1)\7\\ﬁ\ﬁxﬁd(XaJ )

(5.5)
+ (=D)PIEFIel (X5 X 0 X S w).

Thus, upon adding (5.2), (5.3) and (5.5) we are left with

(=11 {a, B3} + (=1)PI{B, 4}, af + (=) {{y, }, 5}
- (_1)|6Hv|+\,8\\oc|d<XaJ {v,6}) + (_1)\7\\6|+1d(X6J {v,a})
+ (=)MIBFel (X X, 1 X aw)
— <_1)IB\IVIHﬁHaHIﬁ\d(XaJ XX, aw) + (_1)\7\\ﬂ|+1+|a\d(XﬁJ X0 X, ow)
+ (= 1)MIBFl (X5 1 X0 X Jw)
= (_1)Iﬁ\lvlﬂﬁ\\04|+|5\ag()(&J XX, aw).

Summing up the results of this section we have confirmed Theorem 4.1 of [5]:

Proposition 5.10. With the above grading, (Quam(M),{-,-}) is a graded Lie algebra.

Proof. The bracket is well defined on Qyum (M) since if  is closed then {v,a} = (=1)FX,_
dy = 0. Clearly the bracket is bilinear. Proposition 5.7 shows that the bracket is skew
graded and Proposition 5.9 shows that it satisfies the Jacobi identity. O

5.2 Conserved Quantities and their Algebraic Structure

We now turn our attention towards conserved quantities. In symplectic geometry, a conserved
quantity is a O-form « that is preserved by the Hamiltonian, i.e. satisfying Lx,a = 0. A
generalization of this definition to multisymplectic geometry was given in [20]; however,
we add the requirement that a conserved quantity is also Hamiltonian. By adding in this
requirement, we can now take the generalized Poisson bracket of two conserved quantities,

as in symplectic geometry.

We work with a fixed multi-Hamiltonian system (M,w, H) with w € Q"™ (M) and H €
Q-1 (M), and let Xy denote the corresponding Hamiltonian vector field.

Ham

Definition 5.11. A Hamiltonian (n — k)-form a in Q—F (M) is called

Ham
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e locally conserved if Lx, « is closed,
e globally conserved if Ly, o is exact,

e strictly conserved if Lx, o = 0.

As in [20], we denote the space of locally, globally, and strictly conserved forms by
Cioe(Xn), C(Xg), and Cy,(Xpg) respectively. We will let (ZOC(XH), 5(XH) and é;tr(XH)
denote the conserved quantities modulo closed forms. Note that Cy.(Xy) C C(Xy) C
Croc(X#) and é;tr(XH) C 5(XH> - aoc(XH)~

The next lemma is a generalization of Lemma 1.7 in [20].

Lemma 5.12. Fix a Hamiltonian (n — k)-form o € QF % (M). If a is a local conserved

quantity then [X,, Xy|1 w = 0, for some (or equivalently every) Hamiltonian multivector
field X, of a. Conversely, if [X,, Xg]aw = 0 then « is locally conserved.

Proof. Let X, be an arbitrary Hamiltonian multivector field of a. We have that

[ Xo, Xplow=—-Xpg1d(Xqw) —d(Xpa Xqow)

+ Xos(d(Xpow)) + Xpgo Xeudw by Prop 2.10
= —d(XpgoXeow)
= —Lx,(Xoow) by (2.5)
=dLx, o by (2.6).

]

Recall the following standard result from Hamiltonian mechanics: If H is a Hamiltonian
on a symplectic manifold and f and g are two strictly conserved quantities, i.e. {f, H} =
0 = {g,H}, then {f, g} is strictly conserved. This is because Lx,{f,g} = {{f,9},H} =0
by the Jacobi identity. Moreover, if f and g are local or global conserved quantities (meaning
that their bracket with H is constant) then again {f, g} is strictly conserved by the Jacobi

identity together with the fact that the Poisson bracket with a constant function vanishes.

The next proposition generalizes these results to multisymplectic geometry.

Proposition 5.13. The bracket of two conserved quantities is a strictly conserved quantity.
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Proof. Let a € QF % (M) and B € QL (M) be any two conserved quantities. Let X,, and

Ham

Xp denote arbitrary Hamiltonian multivector fields corresponding to a and /3 respectively.

By definition,
Ly, By =(-D)PLx, X310 X, 0w,

By (2.7) together with Lemma 5.12 we see that we can commute the Lie derivative and

interior product. Hence,
Lx o, B} = (-1D)PIX, 0 X510 Lx,w.
The claim now follows since Lx,w = 0, by Proposition 5.5. O

As a consequence, we obtain:

Proposition 5.14. The spaces (Cioo(Xp),{-,-}), (C(Xn),{-,-}), and Coyr(Xp),{-,-}) are
graded Lie subalgebras of (Qpam(M), {-,-}).

Proof. Proposition 5.13 shows that each of these spaces is preserved by the bracket. The

claim now follows from Proposition 5.10. n

We conclude this section by showing that the Hamiltonian forms constitute an L..-
subalgebra of the Lie n-algebra of observables. Moreover, restricting a homotopy moment

map to the Lie kernel gives an L,.-morphism into this L..-algebra:

Let Loo(M,w) = (L,{ls}) denote the graded vector space L = Q" (M) for k =

Ham

0,...,n — 1, together with the maps [; from the Lie n-algebra of observables.

Theorem 5.15. The space (L, {I;}) is an Lo-subalgebra of (L, {I;}).
Proof. We note that [; preserves L since closed forms are Hamiltonian. For k > 1, since
vanishes on elements of positive degree we need only consider

l(aq, - o) = —(—l)k(kgl)XakJ 0 X JWw,

where oy, ..., a; are Hamiltonian (n — 1)-forms. By Lemma 3.8 we see that lx(aq, ..., ax)

is a Hamiltonian (n 4+ 1 — k)-form. O

Proposition 5.16. The spaces C(XH)HZ , ClOC(XH)ﬂE, and CStT(XH)ﬂZ are Lo.-subalgebras
of Loo (M, w).
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Proof. The proof is analogous to the proof of Proposition 1.15 in [20]. Since the proof is
short, we include it here. From Theorem 5.15 we see that each of the spaces C(Xy) N Z,
Cloc(Xm) N E, and Cy(Xpg) N L are closed under each l,. It remains to show that for

Hamiltonian (n — 1)-forms ay, - -, a; which are (locally, globally, strictly) conserved, that
lp(aq, -+, ay) is (locally, globally, strictly) conserved. Indeed,
[,XHlk(al, cee ,Ozk) = EXHXak.—‘ s Xal_l w.

Using equation (2.7) together with Lemma 5.12 we see that we can commute the Lie deriva-

tive and interior product. The claim then follows since Lx,w = 0. ]

5.3 Continuous Symmetries and their Algebraic Structure

Fix a multi-Hamiltonian system (M, w, H). Our motivation for the definition of a continuous
symmetry comes from Hamiltonian mechanics; we directly generalize the definition. As is

the case with conserved quantities, we define three types of continuous symmetry.

Definition 5.17. We say that a Hamiltonian multivector field X € Xy (M) is

e a local continuous symmetry if £Lx H is closed,
e a global continuous symmetry if £Lx H is exact,

e a strict continuous symmetry if LxH = 0.

Note that a continuous symmetry automatically preserves w by Proposition 5.5. We denote
the space of local, global, and strict continuous symmetries by Sioc(H), S(H), and Sy (H)
respectively. Moreover, we let g'loc(H ), S (H), and g’str(H ) denote the quotient by the kernel

of w.

We will say that a multivector field X is a weak (local, global, strict) continuous symmetry
if Lyw = 0 and LxH is closed, exact, or zero respectively. That is, a weak continuous

symmetry is not necessarily Hamiltonian.

Proposition 5.18. We have (X gom(M), [-,+]) is a graded Lie subalgebra of (T'(A*(T'M)),[-,]).

Proof. By equation (2.10) we see that [X,Y]iw = (—=1)'d(X 1Y Jw). Hence the space of

Hamiltonian multivector fields is closed under the Schouten bracket. O
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Proposition 5.19. The spaces Si,.(H), S(H), and Sq.(H) are graded Lie subalgebras of
(Xttam(M), [, ])-

Proof. We see that each of Sjoc(H), S(H ), and S, (H) are closed under the Schouten bracket
directly from equations (2.6) and (2.8). O

The next lemma generalizes Lemma 2.9 (ii) of [20].

Lemma 5.20. Let Y € T'(A*(TM)). If Y is a local continuous symmetry, then [V, Xy w =

0. Conversely, if [V, Xg]o w =0 and Lyw = 0, then Y is a local continuous symmetry.

Proof. We have that

[Y, XH]_H,L) = (—1)k+1£y(XH_l w) - XH_I ,Cyw by (27)
= (—l)kﬁde since Lyw =0 and Xgow = —dH
= —dlyH by (2.6).

]

Recall that for a group G acting on a manifold M we had defined in equation (2.11) the
set Sy :={V, : p € Pyi}. Proposition 2.15 showed that S = @S, was a graded Lie algebra.
We now get the following.

Proposition 5.21. The spaces S;o.(H) NS, S(H) NS, and Sg.(H) N S are graded Lie
subalgebras of S.

Proof. By Proposition 5.19 we have that the spaces of symmetries are preserved by the

Schouten bracket. The claim now follows by Proposition 2.15. m
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6 Noether’s Theorem in Multisymplectic Geometry

In this section we show how Noether’s theorem extends from symplectic to multisymplectic
geometry. To see this generalization explicitly, we first recall how Noether’s theorem works

in symplectic geometry.

6.1 Noether’s Theorem in Symplectic Geometry

In this section we briefly recall the notions from symplectic geometry. More information can
be found in [9], for example. Let (M,w, H) be a Hamiltonian system. That is (M, w) is
symplectic and H is in C*°(M). Noether’s theorem gives a correspondence between symme-
tries and conserved quantities. If f € C*°(M) is a (local, global) conserved quantity then
Xy is a (local, global) continuous symmetry. Conversely, if a vector field X, is a (local,
global) continuous symmetry, then f is a (local, global) conserved quantity. Note that in the

symplectic case, local and strict symmetries and conserved quantities are the same thing.

If X is only a weak (local, global) continuous symmetry, then Lyw = 0 so that by the
Cartan formula around each point there is a neighbourhood U and a function f € C*~(U)
such that X = Xy on U. This function f is a (local, global) conserved quantity in the

Hamiltonian system (U, w|y, H|v).

If we only consider the symmetries and conserved quantities coming from a moment
map i : g — C°°(M) then, under the assumption of an H-preserving group action, each

symmetry & has corresponding global conserved quantity p(€) and vice versa.

The rest of this subsection formalizes this, and the following sections will generalize it to

multi-symplectic geometry.

Recall that an equivariant moment map gives a Lie algebra morphism between (g, |-, -])
and (COO(M)7 {'7 })

Proposition 6.1. Let p : g — C®°(M) be a momentum map. For &mn € g we have
that u([€,n]) = {w(&), u(n)} + constant. If the moment map is equivariant then u([€,n]) =

{u(€), u(n)}-

Proof. See Theorem 4.2.8 of [1]. O

As stated above, it is clear that in the symplectic case Cjoe(Xpg) = Cor(Xpg) and Sjoe(H) =
Ssr(H). It is easily verified that the map o — X, is a Lie algebra morphism from
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(C(Xnu),{,}) to (S(H),[-,]]) and from (Cioe(Xn),{",:}) to (Swe(H),[:,:]). However, un-

der the quotients this map turns into a Lie algebra isomorphism.

Proposition 6.2. The map a — X, is a Lie algebra isomorphism from (C(Xy),{-,-}) to
(S(H)7 ['7 ]) and (ClOC(XH)7 {'7 }) to (Sloc(H)7 ['7 ])

As a consequence of this proposition, we can now see how a momentum map sets up a
Lie algebra isomorphism between the symmetries and conserved quantities it generates. Let
C={p&);€cg}and S ={V:€ € g} Let C be the quotient of C' by constant functions.
Let S denote the quotient of S by the kernel of w. Since the kernel of w is trivial, S = S.
Then we get an induced well defined Poisson bracket on C and an induced well defined Lie

bracket on S. We thus get a Lie algebra isomorphism:

Proposition 6.3. The map between (C,{-,-}) and (S,[-,-]) that sends [Ve] to [u(€)] is a

Lie-algebra isomorphism.

With our newly defined notions of symmetry and conserved quantity on a multisympletic
manifold, we now exhibit how these concepts generalize to the setup of multisymplectic

geometry.

6.2 The Correspondence between Mutlisymplectic Conserved Quan-

tities and Continuous Symmetries

We first examine the correspondence between symmetries and conserved quantities on multi-
Hamiltonian systems. We will make repeated use of the following equations. Fix a €
Q"% (M). By definition we have that

Ham

{a, H} = Xy 1 Xqg1w = Xygida = Lx,a —d(Xgoa).

But we also know that {o, H} = —{H, «}, since |H| = 2. Thus, by definition of the Poisson
bracket and equation (2.5) we have that

—{H,a} = (-1)"X, 0 Xgow= (-1)""'X,0dH = Lx, H — d(Xeo H).
Putting these together we obtain

,CXGH:CZ(XO&_I H)+£XH01—d(XHJ O./) (6].)
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and

Lx,o0=d(Xyoa)+ Ly, H—d(XoH). (6.2)

Theorem 6.4. Ifa € Q% (M) is a (local, global) conserved quantity then any corresponding
Hamiltonian k-vector field is a (local, global) continuous symmetry. Conversely, if A €
D(AM(TM)) is a (local, global) continuous symmetry, then any corresponding Hamiltonian

form is a (local, global) conserved quantity.

Proof. Consider o € Q% (M). Let X, be an arbitrary Hamiltonian multivector field. Then,
by equation (6.1) we have that

»CXQH = d(Xa_l H) + EXHQ — d(XH_I Oé).

Thus, if « is a (local or global) conserved quantity then X, is a (local or global) continuous

symmetry.

Conversely, suppose that A is a (local or global) continuous symmetry and let « be a
corresponding Hamiltonian form. Following the same argument above, we have by equation
(6.2)

Lx,a=dXygoa)+ Lx, H—d( X, H)

O

The correspondence between strictly conserved quantities and strict continuous symme-
tries is a little bit different. We have that

Corollary 6.5. If « € QU-F(M) is a strictly conserved quantity then X, is a global con-

Ham

tinuous symmetry. Conversely, if A is a strict continuous symmetry then the corresponding

Hamiltonian (n — k)-form « is a global conserved quantity.

Proof. This follows from the proof of the above theorem. m

Remark 6.6. If we were to consider weak continuous symmetries in the above theorem,
then by the Poincaré lemma, a continuous symmetry would still give a conserved quantity,

but only in a neighbourhood around each point of the manifold.

The following simple example exhibits the correspondence.
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Example 6.7. Consider M = R?® with volume form w = dz A dy A dz, H = —xdy and
a = zdr. Then dH = —dx A dy so that Xy = . Also, da = dz Adz and so X, = £.. By

the Cartan formula, we have that
Lx, H=—dx+dxr =0,
which means that X, € Sy, (H) C S(H). We also have that
Lx,a=dXgsa)+{a,H} =d(Xpoa)—d(X,0H) = dx.

That is, « € C(Xp). Thus « is a global conserved quantity and X, is a global continuous

symmetry.

6.3 Weak Moment Maps as Morphisms

We work with a fixed multi-Hamiltonian system (M, w, H) with acting symmetry group G.
By definition, a moment map is an L..-morphism between the Chevalley-Eilenberg complex
and the Lie n-algebra of observables. Recall that in Section 4 we had defined the L..-algebra
E(M ,w), where L consisted entirely of Hamiltonian forms: L = DP QIR (M),

Ham

Proposition 6.8. A weak homotopy moment map is an Lo.-morphism from (Pg, 0, [-,-]) to

(L, {I4}).

Proof. Equation (3.2) shows that a homotopy moment map sends each element of the Lie
kernel to a Hamiltonian form. Hence the claim follows from Proposition 2.14 and Theorem
5.15. ]

Next we study how a weak homotopy moment map interacts with the generalized Pois-
son bracket on the space of Hamiltonian forms. In particular, to make a connection with

Proposition 6.1 from symplectic geometry, we compare the difference of fr;1([p,q]) and
{fx(p), fi(g)}

Let G be a Lie group acting on a multi-Hamiltonian system (M,w, H). Let (f) be a weak
homotopy moment map. By equation (3.2) we see that under this restriction the image of
the moment map is contained in the L..-algebra Z(M ,w) of Hamiltonian forms. Moreover,
we obtain that every element in the image is a conserved quantity. This was one of the main

points of [20]. Indeed, in [20] Propositions 2.12 and 2.21 say:
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Proposition 6.9. If the group locally or globally preserves H, then fi(p) is a local conserved
quantity for all p € Pyy. If the group strictly preserves H then fi(p) is a globally conserved
quantity for all p € Py

Thus, by restricting a homotopy moment map to the Lie kernel, we see that, under
assumptions on the group action, every element is a conserved quantity, analogous to the
setup in symplectic geometry.

As a consequence of Theorem 6.4 we see that the moment map also gives a family of

continuous symmetries.

Proposition 6.10. If the group locally or globally preserves H, then V,, is a local continuous
symmetry for all p € Pyi. If the group strictly preserves H then V), is a global continuous
symmetry for all p € Py

Example 6.11. (Motion in a conservative system under translation)

Recall that in Example 3.17 we considered the translation action of R* on (M,w, H)
where M = T*R3 = RS, w = vol and

1
H=3 (p1d*dg® — pra®da®) + (p2q'dq® — p2g’dq’) + (psq'dq® — psq®dq")) dprdpadps,

where ¢!, ¢%, ¢® are the standard coordinates on R? and ¢*, ¢%, ¢, p1, p2, p3 are the induced

coordinates on T*R3. It is easy to check that each of £ o H are exact for i = 1,2,3. That
a 1

is, the group action globally preserves H. Hence, by Progosition 6.9 each of the differential

forms, computed in Example 3.17,

1
filer) = 5(9265613 — ¢*dg”)dpidpsdps,

f1(62) = (qldqg - quq1>dp1dp2dp37

files) = =(¢"dg® — ¢*dq")dpidpadps,

N~ N~

faler Aex) = @*dpidpadps,  foler Aes) = ¢*dpidpadps,  fa(ea A es) = ¢ dpidpadps,

and

1
fs(er Aea ANeg) = 3 (p1dpadps + padpsdpy + psdpdps) .

are all globally conserved. Thus, by Example 3.17, the Lie derivative of these differential

forms by the geodesic spray are all exact.
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o)
Moreover by Proposition 6.10, each of 8q1, an’ 35 aql A 6(12’ aql A aqg, an N 3 3 and

1 N5 2 A 383 are global continuous symmetries in this multi-Hamiltonian system.

Proposition 6.12. Let p € Py, and g € Py be arbitrary. Set a = f,_(p) and B = f,_i(q).
Then we have that —((k)C(1)[V,, V,] is a Hamiltonian multivector field for {c, B}.

Proof. By definition of the moment map (equation (3.2)) we have that X, — ((k)V,, and
X — ((1)V, are in the kernel of w. Hence, by Proposition 5.4 we have that

[Xo = C(R)V3, X = C(D)Vglow = 0.
Proposition 5.4 also shows that
[Xo = C(R)Vp, X = C(D)Vglaw = ([Xa, Xp] + C(R)CD[V, Vo)) aw

Thus
[Xa, X/J’]—‘ W= _C(k)C(l)[vpv V;I]—‘ w

The claim now follows from Proposition 5.8. O]

Our generalization of Proposition 6.1 to multisymplectic geometry is:

Proposition 6.13. For p € Py, and q € Py, we have that

{fep). fl@)} = (=D fiia(lp, a))
is a closed (n+1—k —1)-form.

Proof. By definition of a homotopy moment map (equation (3.10)) we have that

d(fk+l_1([ ,Q])) = _fk+l—2(a[ 7Q]) - C(k: +1- 1)V[P7Q]—‘w

=—Ck+1-1)Vpgow by Proposition 2.14
=(k+1-1)[V,, V]ow by Proposition 2.15
=Ck+1-=1)Ck)CD)[X ) Xpm) 2w by Proposition 6.12
= — (=DM X o) hay W by Proposition 5.8 and Remark 3.7
= (=D Ma({ fu(p), fila)}) by definition.
0
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From this proposition we see that a moment map does not necessarily preserve brackets;
however, we now show that once we pass to certain cohomology groups then it will. Moreover,
the moment map will give an isomorphism of graded Lie algebras, generalizing Proposition
6.3. Recall that we had defined X%, (M) to be the quotient of X%, (M) by the kernel of w
restricted to A¥(T'M). We set Xpam (M) = &X5, (M).

Proposition 6.14. The Schouten bracket on Xpam(M) descends to a well defined bracket
on %Ham(]\/[ ).

Proof. This follows directly from Proposition 5.4. m

Similarily, we let Q- (M) denote the quotient of Q% (M) by the closed forms of de-

gree n — k and set Qpam(M) = @7, Q7F(M). Recall that Proposition 5.10 showed that

Ham

(Qam (M), {-,-}) was a well defined graded Lie algebra.

Ham

Theorem 6.15. The map o — X, is a graded Lie algebra isomorphism from (ﬁHam(M), {+-}
to (xHam(M)7 ['7 ])

Proof. The map is well defined since the Hamiltonian multivector field of a closed form is
the zero vector field. The map is clearly surjective. It is injective since if X, = Xz then
da = df. Lastly, by Lemma 5.8, we have that X, g = [Xa, Xs] in the quotient space. [

We have now obtained a generalization of Proposition 6.2 from symplectic geometry.

Corollary 6.16. The map o — X, is a graded Lie algebra isomorphism from (C (XH) {+}
to (S(H)a ['7 ]) and fr’om (Cloc(XH)7 {'7 }) to (Sloc( )a ['7 ])

Proof. We know from Proposition 5.13 that each of the spaces of conserved quantities are
closed under the Poisson bracket. Similarly, by Proposition 5.19, the spaces of continuous
symmetries are all closed under the Schouten bracket. The claim now follows from Theorem
6.15. [

We now give a generalization of Proposition 6.3 to multisymplectic geometry: We let Cj
denote the image of the Lie kernel under the moment map. That is, let Cy = fo_k(Pyn—t)-
Let C’k denote the quotient of Cj by closed forms and set C = Dr_ Ck Recall that we had
defined Sy to be the set {V,;p € Pg k}. Let Sk denote the quotient of S; by elements in
the Lie kernel and set S = Dr_ 1Sk Our generalization of Proposition 6.3 is given by the

following corollaries.
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Corollary 6.17. For an H-preserving group action, a momentum map induces an Lso-

algebra morphism from S to C N L given by V, = fe(p).

Proof. We see by Proposition 6.13 that the Poisson bracket preserves C. The claim follows

since by definition a homotopy moment map is an L,-morphism. O

Corollary 6.18. For an H-preserving group action, an equivariant homotopy moment map
induces an isomorphism of graded Lie algebras between (5, [-,:]) and (5, {-,-}). Explicitly,
the map is given by [V,] — [fx(p)]-

Proof. The Lie algebra isomorphism given in Theorem 6.15 is precisely the moment map.
Indeed, if o = fi(p) for p € Py, then Xy, () =V, in %Ham(M), since both are Hamiltonian
vector fields for a. Proposition 6.13 now shows that the moment map preserves the Lie

brackets on these quotient spaces.

]

The morphism properties of a weak moment map are also related to its equivariance.
Recall that for a symplectic action of a connected Lie group G acting on a symplectic manifold
(M,w) and a moment map, f : g — C°°(M), then by Definition 4.14, f is equivariant if and
only if f is a Lie algebra morphism from (g, [-,-]) to (C®°(M),{-,-}). That is, if and only if

SU&n]) = {f(), fF(n)}-

Taking d of both sides of this equation yields:

Proposition 6.19. A moment map f induces a morphism from g onto the quotient of
C>®(M) by constant functions. That is, a moment map induces a Lie algebra morphism
from (g, [-,-]) to (C*(M)/closed,{-,-}), regardless of equivariance. Moreover, the moment
map f is equivariant if and only if f is a morphism from (g, [-,]) to (C*(M),{-,-}).

We now restate Proposition 6.19 in an equivalent way, but which will allow for a direct
generalization to multisymplectic geometry: Notice that g is a g-module under the Lie
bracket action and C*°(M) is g-module under the action § - g = Ly,g, where { € g and
g € C*°(M). Proposition 6.19 is equivalent to:

Proposition 6.20. A moment map [ always induces a g-module morphism from g to
C>*(M)/closed. Moreover, the moment map f is equivariant if and only if it is a g-module

morphism from g to C*°(M).
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Now let a connected Lie group G act multisymplectically on an n-plectic manifold (M, w).

Proposition 6.21. For any 1 < k < n, we have that Py is a g-module under the action
€-p=I[p&|, where p € Py, £ €9, and [-, -] is the Schouten bracket.

Proof. This follows since Lemma 2.13 shows that [p,¢] is in the Lie kernel. O

Proposition 6.22. For any 1 < k < n, we have that Q5" (M) is a g-module under the
action § - a = Ly,a, where o € QUE (M) and € € g.

Ham

Proof. Suppose that a € Q- F (M) is a Hamiltonian (n — k)-form. Then do = —X, Jw for

Ham

some X, € (A¥(TM)). Then, for £ € g,

dﬁvEOé = _£V5 (Xa_l w)
= Ly (Xoow) + Xoi Lyw since Ly,w = 0
= [Ve, Xo]ow by the product rule

Ham

Hence Ly« is in QK (M),

Our generalization of Proposition 6.20 to multisymplectic geometry is:

Theorem 6.23. For any 1 < k < n, the k-th component of a moment map fi is a g-module

n—=k

Ham (M) /closed. Moreover, a weak k-moment map fi is equivariant

morphism from Py, to §2

if and only if it is a g-module morphism from Py, to QEk (M).

Ham

Proof. Suppose that (f) is a weak moment map. Then, by definition

This proves the first statement of the theorem. Now suppose fi is equivariant. It follows
that ¥ = 0. Thus, by Proposition 4.15 we have fi([§,p]) = Ly, fe(p). Conversely, if fj
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is a g-module morphism, that fi.([¢,p]) = Ly, fx(p) for every £ € g and p € Py. That is,
Y =0. O
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7 Applications

We first apply the generalized Poisson bracket to extend the theory of the classical momentum

and position functions on the phase space of a manifold to the multisymplectic phase space.

7.1 Classical Multisymplectic Momentum and Position Forms

Recall the following notions from Hamiltonian mechanics:

Let N be a manifold and (T*N,w = —df) the canonical phase space. Given a group
action on N we can extend this to a group action on 7*N that preserves both tautological
forms 6 and w. It is easy to check that a moment map for this action is given by f : g —
C>®(N), &+ Vea0. From this moment map we can introduce the classical momentum and
position functions, as discussed in Propositions 4.2.12 and 5.4.4 of [I]. Given X € I'(T'N),
its classical momentum function is P(X) € C°(T*N) defined by P(X)(ay,) = au(X,).
Corollary 4.2.11 of [1] then shows that

P(Ve) = (&) (7.1)

Next, given h € C(N) define h € C°(T*N) by h = hox. The function h is referred to
as the corresponding position function. The following Poisson bracket relations between the

momentum and position functions are then obtained in Proposition 4.2.12 of [1]:

{P(X),P(Y)} = P([X,Y]) (7.2)
{h, 5} =0 (7.3)

and .
{h, P(X)} = X(h). (7.4)

These bracket relations are the starting point for obtaining a quantum system from a classical

system.

Remark 7.1. In [1] their first bracket relation actually reads {P(X), P(Y)} = —P([X,Y]).
This is because their defining equation for a Hamiltonian vector field is dh = X, _Jw, as

compared to our dh = — X} w.

The goal of this subsection is to show how these concepts generalize to the multisymplectic

phase space. The results we obtain are all new. As in Example 3.2, let NV be a manifold
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and (M,w) the multisymplectic phase space. That is, M = A¥(T*N) and w = —d@ is the
canonical (k + 1)-form on M. Let w: M — N denote the projection map. In Example 3.13
we showed that

fi': Pt = D (M) pr —Cl+1)V,10

Ham

was a weak homotopy moment map for the action on M induced from the action on N.

Definition 7.2. Given decomposable X = X; A---A X, in [(AY(T'N)) we define its momen-
tum form P(X) € QFY(M) by

P(X)(,ux)(Zl, .. .,Zk,l) = —C(Z—F 1)/1@()(1, cee ,Xl,ﬂ'*Zl, tee ,W*Zk,l>,

where p, is in M, and then extend by linearity to non-decomposables. Moreover, given
a € QFY(N), we define the corresponding position form to be 7*a, a (k — [)-form on M.
Notice that in symplectic case (k = 1) these definitions coincide with the classical momentum

and position functions.

Definition 7.3. Given a vector field Y € I'(T'N) with flow 6;, the complete lift of Y is
the vector field Y* € T'(TM) whose flow is (6;)~!. For a decomposable multivector field
Y =Yi A---AY; € T(A(TN)) we define its complete lift Y* to be Y A --- A Y} and then
extend by linearity.

For £ € g, let V¢ denote its infinitesimal generator on N and let VgIi denote its infinitesimal
generator on M. Similarly, for p = & A --- A& in Alg let V, denote Vg, A --- AV, and Vpjj
denote Véﬁ1 /AERIAN Vg Notice that by definition, we are not abusing notation by letting V;?ﬂ
denote both the complete lift of V,, and the infinitesimal generator of p under the induced

action on M.

Lastly, note that by the equivariance of 7 : M — N, we have

m(VZIf) =V,or.

We now examine the bracket relations between our momentum and position forms. We

first rewrite the momentum form in a different way:

Proposition 7.4. For Y € T(AY(TN)) we have that P(Y) = —C(I+ 1)Y*10.

Proof. Let Y = Y; A --- AY; be an arbitrary decomposable element of T'(AY(TN)). Let
Zy, -+, Zr_; be arbitrary vector fields on M. Fix u, € M. Then
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(YV*30)(Z1,- - Zit) = O, (Y, Y 20, Z0)
= po (YL Y w2 T Zh)
= pe (Y1, Yo, T2y, T Zy)
= —CU+V)PY)u(Z1,- -+, Zy).

]

As a corollary to the above proposition, we obtain a generalization of (7.1) to multisym-

plectic geometry:

Corollary 7.5. Forp=&§ A---N§& in Py we have

PV,) = filp).

Proof. This follows immediately from Proposition 7.4 since V;,ﬁ is the infinitesimal generator
of pon M. O]

In the symplectic case, given Y € I'(T'N) the complete lift Y* € T'(T(T*N)) preserves the
tautological forms 6 and w. Hence d(Y*.6) = Y*_,w, showing that each momentum function

is Hamiltonian with Hamiltonian vector field the complete lift of the base vector field.

In the multisymplectic case, it is no longer true that Ly:6 = 0 for a multivector field
Y. Instead, we need to restrict our attention to multivector fields in the Lie kernel, which
we defined in Definition 2.12. We quickly recall this definition and some terminology and

notation introduced in [16].

Any degree [-multivector field is a sum of multivectors of the form ¥ = Y; A--- A Y.
We consider the differential graded Lie algebra (I'(A®(T'N)),d) where 9, : T(AY(TN)) —
[(A'"Y(TN)) is given by

(‘)l(yl/\.../\yl): Z [Y“Yj]/\Yl/\.../\ﬁ/\.../\y}/\.../\}/}‘

1<i<j<i
As in [10], for a differential form 7, let
!

GLyT= ViA--AYiA - AYiaLyr.

i=1
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A more general version of Lemma 2.16 is given by Lemma 3.4 of [1(]:

Lemma 7.6. For a differential form 7 and Y =Y, A --- AY; € T(AYTN)) we have that
Yadr — (=D)!'d(Yar) =0 L)yT — oY)

Definition 7.7. As in Definition 2.12, we call P, = ker 0, the [-th Lie kernel.

Proposition 7.8. For an [-multivector field in the Lie kernel, Y € Py, we have that P(Y)
is in Q¥ (M). More precisely, (1)Y* is a Hamiltonian multivector field for P(Y).

Ham

Proof. Abusing notation, let 0, denote the differential on both I'(A*(T'N)) and I'(A*(TM)).
By definition, we have 9,(Y) = 0. It follows that 9;(Y*#) = 0. Now, since the action on M
preserves 6, we have that (1 £)y+6 = 0. Thus, by Proposition 7.4 and Lemma 7.6, we have
that

d(P(Y)) = —C(I +1)d(Y*.0)
= —C(I+ 1)(=DN(Y*1de)

=+ 1D)(-D)(Y*iw)
= ()Y aw,

where in the last equality we used Remark 3.7. O]

Remark 7.9. In the setup of classical Hamiltonian mechanics, the phase space of N is just
T*N, and so k = [ = 1. Since P; = I'(T'N) we see that we are obtaining a generalization

from Hamiltonian mechanics.

We now arrive at our generalization of equation (7.2):

Proposition 7.10. ForY; € P, and Yy € P, we have that
{P(Y1), P(Ya)} = —(=1)"* " P([¥1,Ya]) — ((s + 1)C(t + 1)d(YF 1Y 16).

Proof. Using Proposition 7.8, Remark 3.7 and the definition of the bracket, we have

(1) C(OC(s) Y5 oY ow
(=) (s + )Y LY Lw.

{P(1), P(Y2)} (7.5)

On the other hand, by Proposition 7.4 and Remark 3.7 we have
P([Y1,Ya]) = —((s + 0)[YY, Y] 6.
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By Proposition 7.8 and Remark 3.7 we have that
A(Y{L0) = (1) "'Viow

and

d(Y§10) = (-1)"Yiw
By equation (2.10) we have that
VE, Y10 = =YEa(d(Ya0)) + (= 1) d(YoY{0) — (= 1) YiaViaw — (1) YL (d(Y50)),
and using the two equations above, this is equal to
(=1)* (Yo Yiow) + (=DM d(YoYiL0) — (1) VLY sw — (=1 (1) YL Y w.
Simplifying this equation we obtain that

[Y{, Y5106 = (-1)° (Y5 Yiow) + (-1)'d(Y 2 Y{ 2 6).

Thus,
P([Y{, Y5]) = —((s + (=1 (Y 5 Y w) = ((s + ) (= 1) d(Y5 0 Y1), (7.6)
Equating equations (7.5) and (7.6) and using Remark 3.7 gives the result. O

To generalize (7.3) and (7.4) to the multisymplectic phase space, we need the following

lemma:

Lemma 7.11. Let a be an arbitrary (k — [)-form on N and let 7*« be the corresponding

classical position form in Q*~!(M). Then 7*a is Hamiltonian and m,(X,+4) = 0.

Proof. Let ¢',--- ,¢" denote coordinates on N, and let {p;,..;,;1 < i3 < -+ < iy < n}

denote the induced fibre coordinates on M. In these coordinates we have that
0= Z Piyindg™ A A dg
1< << <n

so that
w=—df = Z —dpi,.iy NG A -+ A dg'E

1<ip < <ip<n
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An arbitrary (k — [)-form a on N is given by
o= ail...ikfldqil A Adgt
Abusing notation, it follows that

™o = ail...ikfldq“ A A dgt

Thus,
% 8041-1...1-,94 . i ;
dro = —dqudql /\.../\qufl.
o’
An arbitrary [-vector field on M is of the form
X = i1y 0 A A 0 iy 0 A A 0 A 0 P . N 9
= aqQ —aq“ e @ aJl 8q11 e 8qi171 8pJ1 + -4 aleJlW e @

Now, the multivector field X+, we are looking for satisfies X+, w = dn*a. An exercise
in combinatorics shows that there always exists an [-vector field X satisfying X 1w = dr*a,
proving that 7*« is Hamiltonian. Note we can see directly from the equality X Jw = dn*«
that necessarily

alth =0,

Thus 7, (X+o) = 0 as desired.

[
Our generalization of (7.3) is:
Proposition 7.12. For a € Q*(N) and 8 € Q*(N) we have that
{m*a, 7B} = 0.
Proof. Let Zy,- -+, Zyt1-i—j € I'(T'M) be arbitrary. Then,
{71-*057 ﬂ-*ﬁ}(zh Ty ZkJrlfifj) = (_1)j+1X7r*,BJ Xﬂ*aJw<Zla R ZkJrlfifj)
= (=1 Xpepa (n*da)(Z1, -+ Zira-iej)
= (_1)J7T*da<X7r*ﬂu Zh T Zk—‘rl—i—j)
= (=1)da(0, 7 Z1, -+ T Xps1—iyj) by Lemma 7.11
= 0.

64



Our generalization of (7.4) is:

Proposition 7.13. For a € Q*7(N) and Y € P;, we have that

{r*a, P(Y)} = —C(j)n*" (Y s da).

Proof. Let Zy,- -+ , Zyt1-i—j € I'(T'M) be arbitrary. Then,

{m*a, PY)H 21, s Zip1—ig) = (=1 ' Xpiyya Xaradw(Z1, -+ Zig1—iey)
(=17 ()Y Xprqaw(Z1, -+, Zy1-i—j) by Lemma 7.8

(—1)¢G + DY da(Zy, -+ Zira—iy)
= —CHY* 'arda(Zy, -+, Zyroij) by Remark 3.7
—~(da(m Y mZy, o TuZg1 i)
()
()

=—((g)da(Y, T2y, - Tulyi1—i—j)
—C(J W*(YJ da)(Zlv >Zk:+1—z'—j)-

7.2 Closed GGy Structures

We first recall the standard G5 structure on R”. More details for the material in this section
can be found in [12]. Let o', --- 27 denote the standard coordinates on R” and consider the

3-form ¢ defined by
0o = dz'® + da'(da"® — da®") + da?(dr*® — do™) — d2® (dzx*" — dx™®)

where we have omitted the wedge product signs. The stabilizer of this 3-form is given by the
Lie group G5. For an arbitrary 7-manifold we define a Gy structure to be a 3-form ¢ which

has around every point p € M local coordinates with ¢ = ¢g, at the point p.

The 3-form induces a unique metric g and volume form, vol, determined by the equation
(Xap) A (Yop) A =—6g(X,Y)vol.

From the volume form we get the Hodge star operator and hence a 4-form 1 := xp. We will
refer to the data (M7, ¢, 1, g) as a manifold with G5 structure. We remark that the G form

© is more than just non-degenerate:
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Proposition 7.14. The Gy form ¢ is fully nondegenerate. This means that ¢(X,Y,-) is

non-zero whenever X andY are linearly independent.
Proof. See Theorem 2.2 of [10]. O

For the rest of this section we assume that dp = 0. We now briefly recall some first order
differential operators on a Gy manifold, while refering the reader to section 4 of [11] for more
details. Given X € I'(TM) we will let X” denote the metric dual one form X* = X Jg.
Conversely, given o € Q'(M), let of denote the metric dual vector field. Recall that given
f € C>(M) its gradient is defined by

grad(f) = (df)*.

From the metric and the three form we can define the cross product of two vector fields.
Given XY, Z € I'(T'M) the cross product X x Y is defined by the equation

(XY, Z)=g(X xY,2).
Equivalently, the cross product is defined by
(X xY)=(Y1Xlp)
In coordinates, this says that
(X x V)= XY 00" (7.7)

The last differential operator we will consider is the curl of a vector field. We first need to

recall the following decomposition of two forms on a G5 manifold.

Proposition 7.15. The space of 2-forms on a G5 manifold has the Gy irreducible decompo-

sition

QM) = (M) & Q34 (M),
where

Q2(M) = {X 5 X € D(TM)}
and

Dy(M) = {a € P (M); ¢ Aa = 0},
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The projection maps: w7 : Q*(M) — Q2(M) and w4 : Q*(M) — Q3,(M) are given by

mr(a) = %W (7.8)

and 5
(@) = w‘ (7.9)
Proof. See Section 2.2 of [13]. O

We can now define the curl of a vector field. Given X € I'(T'M) its curl is defined by
(curl(X))" = *(dX" Av). (7.10)
This is equivalent to saying that
m7(dX") = curl(X) . (7.11)
In coordinates,

curl(X)' = (VaX3)g" 9" ijug™, (7.12)

where V is the Levi-Civita connection corresponding to g. This is reminiscent of the fact
that in R? the curl is given by the cross product of V with X. Again, we refer the reader to

Section 4.1 of [11] for more details.

We now translate our definition of Hamiltonian forms and vector fields into the language
of G5 geometry. By definition, we see that a 1-form is Hamiltonian if and only if its differential
is in Q2(M). That is,

Qo (M) = {a € QY (M); m14(da) = 0}.

Similarly,
Xiram(M) = {X € I(TM); X = curl(o) and m4(dar) = 0 for some o € Q' (M)},

Note that if M is compact, then it follows from (7.8) and Hodge theory that there are

no non-zero Hamiltonian 1-forms.
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Proposition 7.16. If o is a Hamiltonian 1-form then its corresponding Hamailtonian vector

field is curl(aF).

Proof. Since a Hamiltonian 1-form satisfies m14(a) = 0, this follows immediately from equa-
tion (7.11). O

From Proposition 7.16 and equation (7.7) we see that the generalized Poisson bracket is

given by the cross product:
{a, B} = curl(a®) x curl(p%), (7.13)

for a, 8 € Q.. (M).

Ham

Proposition 5.5 showed that a Hamiltonian vector field preserves the n-plectic form. In

the language of G5 geometry this gives:

Proposition 7.17. Given a € QM) with ma(da) = 0, the curl of of preserves the Go

structure. That 1is,

Ccurl(aﬁ)sp = 0.
Proof. This follows immediately from Propositions 7.16 and 5.5. [

As a consequence of Proposition 5.8, we get the following:
Proposition 7.18. Let o and 3 be in QY (M) with m4(da) = 0 = m14(dB). Then

m(curl(a?) x curl(8%)) = 0.

Moreover,

curl(curl(of) x curl(8%)) = [curl(af), curl(5%)].

Proof. By equation (7.13) and Lemma 5.8 we see that d(curl(a¥) x curl(8%)) = [X,, Xs]ow.
Thus, curl(a¥) x curl(3*) is in Q2(M), showing that m4(curl(af) x curl(8*)) = 0. Moreover,

we have that

curl(curl(e) x curl(%))L ¢ = curl({a, 8})a¢p by (7.13)
= d({a, 5})
= [Xa, X5loe by Lemma 5.8
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= [curl(a?), curl(5%)] L ¢ by Proposition 7.16.

The proposition now follows since ¢ is non-degenerate. O]

We now consider the definition of a homotopy moment map in the setting of a G5 mani-
fold. The equations defining the components of a homotopy moment map, i.e. (3.2), reduce
to finding functions f; : g — QY (M) and fy : Pyo — C(M) satisfying

ma(d(f1(€))) = 0 and curl((f1(€))*) = V. (7.14)

Ve x Vi = =(d(f2(E Am))). (7.15)

We finish this section by computing a homotopy moment map in the following set up,

extending Example 6.7 of [15].
Consider R” = R @ C3 with standard 3-form given by

1

1
Y == (d21 A dZQ A ng + le VAN dzg N dzg) 2(d21 VAN dEl + dZQ A\ dEQ -+ dZQ VAN d33) A dt.

2

In terms of ¢, x1, x9, T3, Y1, Y2, y3 this is
@ = dxidrodrs — dxydysdys — dyidradys — dyydysdxs — dtdxdy; — dtdrody, — dtdxsdys,
where we have omitted the wedge signs. Equivalently,
¢ = Re(Q3) — dt Aws

where €23 is the standard holomorphic volume and ws is the standard Kahler form on C3.
That iS, Qg = le A ng N ng and W3 = %(dzl VAN d?l + dZQ VAN dEQ + dZ3 VAN ng)

As in Examples 3.15 and 3.16 we consider the standard action by the diagonal maximal
torus T2 C SU(3) given by (e, e™) - (t, 21, 20, 23) = (t, P21, €Mzy, e "M z). We have

t* = R? and that the infinitesimal generators of (1,0) and (0, 1) are

a-lif, 0,90 0 0
=3 1021 3823 1 5= 372

82’1 623
and
N 2 2(922 3(923 2822 3(923
respectively.
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By Example 3.15 it follows that

A_IQOIA_I(Qg—dt/\UJg)

1 1
= §d(Imzlzgdz2) — A_Ldt Ad(|z1* = |23%)

1 1
— §d (Im(zlzgdzg) — §(|21]2 — |Z3\2)dt> :

Similarly,
1 1 2 2
Bayp= §d Im (21 22d23) — §(|Zl| — [z2]7)dt ) .

It follows that

1
21| — |25]?)dt

Fi(1,0)) = Fn(a1zadzz) - 7(

and

1
- ;l(\21|2 — |22]?)dt

give the first component of a homotopy moment map. Plugging in f1((1,0)) and f1((0,1))
into (7.9) shows that

f1((0,1)) = %Im(zlzgdzg)

ma(f1((1,0))) = 0 = ma(f1((0, 1))).

Moreover, using (7.12) one can directly verify that

curl(f1((1,0))) = A

and
curl(f1((0, 1)))ﬁ =B,

confirming (7.14).

Using Example 3.16 it follows that

BiAyp=BiAL(Q3 —dt Nws)
=BJAL;

1
= Zd(Re(zlzgzg)).

Thus the second component of the homotopy moment map is given by

1
fo(ANB) = ZRG(ZjZQZg),
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in accordance with Example 6.7 of [15]. Written out in the coordinates ¢, x1, 2, 3, Y1, Yo,

Y3, the infinitesimal vector fields coming from the torus action are

YA T R R}
o 2 h 81’1 y38x3 183/1 3(91/3 ’

Using the metric to identify 1-forms and vector fields, equation (7.7) gives the cross
product of A and B to be

0 0 0
4(A x B) = (yays — 9021153)8 o + (11y3 — $1:E3)8 + (thy2 — $1$2)07+

o) 3

0 0
+ (22ys + 3733/2)@ + (w3y1 + 3713/3>8 + (x1y2 + 3323/1)@
Y2 3

= d($19€2$3 — Z1Y2Y3 — Y122Y3 — yl?JQﬂSS)
= d(Re(z12223))

confirming equation (7.15). We thus have extended Example 6.7 of [15] by obtaining a full

homotopy moment map for the diagonal torus action on R” with the standard torsion-free
G4 structure.
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8

Concluding Remarks

This work poses many natural questions for future research. The following are just a few

ideas:

. In our work, we provided a few examples of multi-Hamiltonian systems. What are

some examples of other physical or interesting multi-Hamiltonian systems to which

this work could be applied?

In Section 6.1 we generalized the classical momentum and position functions on the
phase space of a manifold to momentum and position forms on the multisymplectic
phase space. Since, as discussed in [1], the classical momentum and position func-
tions play an important role in connecting classical and quantum mechanics, a natural
question is if there is an analogous application of our more general theory to quantum

mechanics?

In symplectic geometry, Proposition 4.13 shows that a moment map f : g — C*°(M) in-
duces a Lie algebra morphism from (g, [+, -]) to the quotient space (C*°(M)/closed, {-,-}),
and if f is equivariant then it is a Lie algebra morphism from (g, [-, -]) to (C*(M), {-,-}).
Moreover, Proposition 4.10 showed that both Qg (M) /closed and Qfy, (M) /exact are

graded Lie algebras while Proposition 5.9 showed that a weak homotopy moment map

is always a graded Lie algebra morphism from P, to Qfy,,,(M)/closed.

Ham

Hence, a natural question is:

If (f) is an equivariant weak moment map, does it induce a graded Lie algebra mor-
phism from (Py, [+, ]) to (Qm (M) /exact, {-,-})? Does the converse hold?

Ham

In our work, we provided a couple of examples of n-plectic group actions to which our
theory of the existence and uniqueness of moment maps could be applied. There are
many other interesting n-plectic geometries; see for example [3], [9] and [20]. What
does the work done in this thesis say about the existence and uniqueness of moment

maps in these setups?

. Given a weak moment map (f) with fy : Pyrx — Q% (M), does there exists a full

Ham

homotopy moment map (h) whose restriction to the Lie kernel is (f)? Moreover, in
[7] an interpretation of homotopy moment maps was given in terms of equivariant

cohomology. Is there an analogous interpretation for weak moment maps?
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