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Abstract

This thesis deals with statistical issues in the analysis of complex life history processes
which have characteristics of heterogeneity and dependence. We are motivated, in this the-
sis, by three specific types of processes; i) processes featuring recurrent episodic conditions
ii) multi-type recurrent events, and iii) clustered multi state processes as arise in family

studies.

In chronic diseases featuring recurrent episodic conditions, symptom onset is followed
by a period during which symptoms are present until recovery. In the analysis of data
from such processes, analysis is often based only on the recurrent onset of disease, ignoring
the duration of symptoms. This loss of information may lead to incorrect conclusions
in the analysis of this data. In Chapter 2, we propose a novel model for an alternating
two-state process including symptom-free state and symptomatic state to recognize the
duration of symptoms. This approach reflects the dynamics of individual’s disease process
and helps to understand a course of disease. Intensity-based models with multiplicative
random effects are considered where the disease onset time is governed by a conditionally
Markov intensity and the time of recovery is governed by a conditionally semi-Markov
intensity. A bivariate random effect with one multiplicative component for each intensity
is introduced to accommodate between-individual heterogeneity and a dependence between
bivariate random effect variables offers a natural and more general framework for modeling
the two state process. A copula function is used for the joint distribution of random effects
which retains the marginal features and gives flexible choices of dependence structure.
The proposed model is a semiparametric model for which estimation is carried out using

an expectation-maximization algorithm.

The aforementioned problem leads us to investigate the impact of ignoring symptom
duration in a randomized trial setting. In Chapter 3, we define two risk sets for recurrent
event analyses: one involves including individuals during their symptomatic period, and
the other excluding individuals from the risk set during symptomatic periods. In a clinical
trial, the balance between treatment groups in unmeasured confounders present at the
time of randomization can be lost following randomization as the risk set changes, thus,

retaining individuals in the risk set is a common approach. Here we examine asymptotic
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and empirical biases of estimators from the rate-based models when two different risk sets
are applied. We assume that the true underlying process is an alternating two-state process
where the true risk set is the one that excludes individuals when they are experiencing an
exacerbation. We consider two scenarios of the true model. First, there is no between-
variation for each process and no dependence between two processes. The second scenario is
to use the proposed dependent alternating two-states model in Chapter 2. Issues of model
misspecification and causal inference are considered. When focus is on clinical trials, power

implications of risk set misspecification is of interest.

In Chapter 4, attention is directed at multiple recurrent events where each endpoint
is of interest. The use of composite endpoint which is the time point of the first event
of any type is a simple way to analyse such data. However, when multiple events are of
comparable importance, use of a composite endpoint analysis may not be suitable. We
propose a copula-based model for multi-type recurrent events where each type of recurrent
event process arises from a mixed-Poisson model and random effects linking the events
through a copula function. When more than two types of events are considered, composite
likelihood is adopted to ease the computational burden, and simultaneous and two-stage

estimation are explored.

An aim of family studies is typically to gain knowledge about factors governing the
inheritance of diseases. One may be interested in examining a dependence of disease onset
between family members, and in identifying genetic markers associated with heritable dis-
ease. A common procedure is to collect families is through probands in which such affected
individuals are selected from a disease registry and their family members (non-probands)
are, then, recruited for examination. This approach to sampling families motivates us to
consider the disease onset process along with survival since the proband must be diseased
and alive to be recruited, and family members may need to be alive. In Chapter 5, we
propose a model for a clustered illness-death process for family studies which accounts for
the semi-competing risks problem for disease onset as well as biased sampling. We model
within-family association in the age of disease onset via a copula function and applied to the
possibly latent disease onset time and incorporate survival through a marginal illness-death
model. The ascertainment condition is reflected in the likelihood or composite likelihood

construction. Two study designs regarding the recruitment of family members are consid-



ered. One involves the collection of disease history from family members via the proband
or medical records. The other requires family members to undergo a medical examination
in which case they must be alive at the time of the family study. Family data alone are
insufficient to estimate all of the parameters of the illness-death processes. We therefore
make use of auxiliary data including the population mortality data and additional registry
data to address the estimatability issue. Another source of auxiliary data is current status

survey. The issue of missing genetic markers is also addressed in each study design.
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Chapter 1

Introduction

1.1 Overview

Individuals experience events during their lifetimes, and it is important to analyze such data
to understand the processes governing events occurrence. The methods for analysis depend
on the nature of data and how that data are acquired and such issues are particularly
important for the analysis of life history data. In many settings, it is of interest to study
the dynamics of disease processes over the course of an individual’s lifetime, variation in
patterns across individuals, how interventions may affect such processes, and relationships
between more than two processes. From a statistical point of view, estimation of the
probability of disease incidence and event occurrence, covariate effects, and measures of
dependence are often of interest. This thesis is concerned with three different problems: i)
analysis of recurrent episodic conditions reflecting the onset and duration of symptomatic
periods in studies of chronic diseases, ii) multiple recurrent events possibly arising due to
the same underlying cause which are therefore associated, and iii) clustered multi-state
data arising in the conduct of family studies. Dependence modeling and dealing with
heterogeneity are themes in each of these problems. Other themes are the impact of biased

sampling schemes and the use of auxiliary data which arise in the third problem.

This introductory chapter begins with an overview of statistical methods for lifetime



data, describes the motivating problems which are used in the thesis, and briefly discuss

the contents of the thesis.

1.2 Brief Overview of Lifetime Data Analysis

Methods for the analysis of lifetime processes have been extensively developed to deal
with problems in medicine, economics, actuarial science, and engineering. Examples of
such processes include in health research the onset and progression of cancer, recurrent
hospitalizations, destruction of joints over time in arthritis, etc. In this thesis, we focus
on recurrent event processes and multistate processes. There are several frameworks for
recurrent event data analysis including intensity-based methods, rate-based models and
random effects models (Lawless and Nadeau, 1995; Cook and Lawless, 2007). We review
these briefly in Section 1.2.1. Multi-state processes are of use for competing risks or the
study of progressive or reversible disease processes. We review related statistical methods

for multi-state processes in Section 1.2.2.

1.2.1 Recurrent Event Data

Recurrent event processes generate events repeatedly over time. Such processes arise in
many fields within health research including the occurrence of asthma attacks in respirology
trials, epileptic seizures in neurology studies, and recurrent hospitalizations in affective
disorders (Cook and Lawless, 2007). Statistical models for recurrent events can be specified
in terms of intensity functions for point processes which offers a useful framework for the

analysis of such data (Andersen and others, 1993).

Let T, denote the time of the kth event for individual ¢ in a sample of n independent
individuals, i = 1,...,n. Let N;(t) = >~ I(Ti < t) count the number of events occurring
over [0,¢] for individual ¢ where dN;(t) = 1 if an event occurs at time ¢, and dN;(t) = 0
otherwise. If X;(¢) is a vector of covariates for individual i, {X;(¢),0 < t} denotes the
covariate process. We let H;(t) = {N;(s), Xi(s),0 < s < t}. If we let C; denote the right
censoring time, Y;(t) = I(t < ;) is an at risk indicator for the event. Throughout this



thesis we suppose the observation process {Y;(t),0 < t} is independent of the event process
{dN;(t),0 < t} given X;(s). We let dN;(t) = Y;(t)dN;(t) and N;(t) = f(f dN;(s).

Intensity Functions

Let H;(t) = {Yi(s), Ni(s), Xi(s),0 < s < t} denote the history of the observation, observed
event process, and external covariate process at time t; we assume for simplicity the co-
variate process is external. Then the intensity function is defined as the instantaneous

probability of event occurrence at time ¢ given the process history, and is written as

- P(AN(t) = 1|Hi(t)) _
lim N = Yi(H)A(t|Hi(t))

where AN;(t) = N;(t + At™) — N;(t7) is the observed number of events over the interval

[t,t + At). Here
A(t|Hi(1)) = lim P(ANi(t)Aj 1|H;(t))

is the intensity function for the underlying recurrent event process. Full specification of
the intensity function requires one to condition on the history of event process. For the
examination of treatment effects in clinical trials this therefore is not an ideal basis for
analysis (Kalbfleisch and Prentice, 2011).

Under the assumption of modulated Poisson processes, the rate function given fixed
covariates, say, where H;(t) = {N;(s),0 < s < t, X} is defined as

A(t|Hi(t)) = Et% P<ANi(t)Aj 1 Hi(t)) lAlfﬂ) P(ANi(tA)t: 11X,)

- pi(t)v

and the corresponding mean function is p;(t) = E[N; ()| X;] = fg pi(s)ds. The most com-

mon framework for modeling covariate effects is multiplicative models of the form

pi(t) = po(t) exp(z;f3).

The baseline rate function can be parametrized or semiparametric models can be specified.

Andersen and Gill (1982) proposed a semiparametric Cox-type model and provided the

3



large sample properties of estimators through martingale theory. The partial likelihood

score function is defined as
Z / u) {ri(u) — 7(5, u)} dN:(u) (1.1)

where 2(8, ) = SU(8,£)/SO(8, 1) with S® (8, £) = n~! S0 Yi(t)a (1) exp()(£)8), k =
0,1,2.

Random Effects Models

To accommodate between-subject variability, we introduce random effects into the Poisson

model to obtain a mixed Poisson model of the form

At H;(t), u;) = lim P(AN;(t) = 1[H;(t), ui)

A0 At = uipi(t)

where Uj; is an unobservable nonnegative random variable independent of X;(¢) with mean
1 and variance ¢. Note that the interpretation of covariates effects are conditional on
random effects u;, which means that the marginal covariate effects are more complicated.
The unconditional intensity function for a mixed Poisson process is of the form

P(AN;(t) = 1|H;(t))

At Hi(t)) = lim A7 = pi(t) E[Ui|Hi(t)]

which depends on the precise random effects distribution adopted. A number of distri-
butions for U; are available with commonly adopted ones including the gamma, inverse

Gaussian, positive stable, and log-normal distributions (Hougaard, 2000).

Robust Marginal Methods

If interest lies in marginal features such as the rate or mean functions in order to as-
sess covariate effects, robust methods are often preferable (Cook and Lawless, 2007). Lin

and others (2000) proposed semiparametric multiplicative models for the mean and rate



functions for the counting process with fixed covariates x;(t) = x;. This has the form
E[dN;(t)[Yi(t), zi)) = po(t)dt exp(z}p).

The estimating equation for § is equivalent to (1.1) under the Poisson assumption. To
provide protection against extra-Poisson variation or other forms of misspecification, robust

variance estimates are required for valid inferences.

1.2.2 Multi-state Processes

A multi-state model is a model for a stochastic process with a discrete states which is often
used to describe life history processes changing over a period of time (Hougaard, 1999). It
is a useful framework describing the progression of retinopathy in diabetes, joint damage in
psoriatic arthritis, or cancer and death in oncology (Cook and Lawless, 2018). Multi-state
processes often enable one to calculate transition probabilities over a period of time, or
marginal state occupancy probabilities. We introduce various multi-state models in this

section. Note that we are primarily concerned with fixed covariates here.

Intensity functions

Let Z;(t) denote the state occupied at time ¢ for an individual i with state space {1,2,..., K}.
and H;(t) = {Z;(u),0 < u < t,z;} denote the history of state occupancy over [0, ] where
x; is a vector of fixed covariates. Then, the intensity function of state k£ to [ transitions is
defined as

_ P(Zi(t+ A7) =1 Zi(t7) = k, Hy(t))
lim
ALL0 At

= Au(t|H;(t))

forall k # L and k,l € {1,..., K'}. We can construct the likelihood for a specific individual

sample path using intensity functions.



Markov and Semi-Markov Models

Markov processes are commonly used, for which the transition intensities depend on only
the state currently occupied. In this setting, the time scale is the global time (i.e. the time

since the origin of the process). Then, the transition intensities are of the form
At (E1Hi(t)) = Y (8) A (t]7)

where Y (t) = [(Z;(t7) = k), k = 1,..., K. If we let Ay(t|z;) = f(f At (u|z;)du, then the

transition probability matrix P(s,t|x;) can be obtained by product integration as

P(s, tla;) = [ [AZ + dA(ulz:)}

(s:t]

where A(t|z;) is a K x K matrix with Ay/(t]z;) in the(k,l) entry, j # k, — >, Au(t|z;)

in the diagonal entries, and Z is an identity matrix of size K (Andersen and others, 1993).

Sometime it is more natural to use the time since the most recent transition as the time
scale. Examples of such settings include studies of the duration for recurrent infections in
chronic bronchitis, studies of the duration of recurrent hospitalizations, and the duration of

depressive episodes among individuals with affective disorder. For semi-Markov processes,
At (E1Hi(t)) = Y (8) i (Bar (8) |24),

where By (t) is the time since entry to the current state k.

Heterogeneity and Dependence Modeling

Sometimes individual life history paths exhibit substantial heterogeneity defined by the
presence of considerably more variation than can be accounted for by some base model.
In this case random effects are often useful to accommodate between-subject variation.
This approach is often used in life history as shown in Section 1.2.1 with the conditional

intensity given individual unobservable variables. In a similar fashion with multiplicative



models, the conditional transition intensities are of the form
Net (EH (1), wing) = Wi Y (8) M (2] 4)

where Uy, is a latent non-negative random variable introduced to account for variation

between individuals, and w;y; is its realized value.

When an individual experiences multiple processes, interest may lie in jointly model-
ing them and measuring the dependence between them. One approach readily adopted
involves random effects where the multiple processes are linked via latent variables. While
quite common, this framework does not provide easily interpretable marginal covariate ef-
fects or measures of association. Copula models offer a natural alternative where marginal
processes are jointly modeled by copula functions (Joe, 1997). This formulation deter-
mines a dependence structure only through the copula while retaining the simplicity of the

marginal models.

A copula function C'(vy, ..., vk ) in K dimensions is defined as a multivariate distribution
function with marginal uniform [0, 1] distribution; i.e. Vi, ..., Vi are uniform [0, 1] random
variables (Joe, 1997). We can then write

C(UD"WUK):P(VYlSvla"')VKSUK)'

For simplicity of illustration, we consider the progressive K + 1 state process and let W}
be a the sojourn time in state k, k = 1,..., K (He and Lawless, 2003). Let Fy(t|x) be the
survival function of Wy given X = z. Then the joint survival function F(wy, ..., wg|z) =

PWy > wy,...,Wk > wglz) can be specified via a copula as

Flwy,...,wglx) =C(Fi(wi|x),..., Frx(wk|z)).

As a commonly used measure of dependence for two pairs of random variables (7, T1x)
and (T%;, To;), Kendall’s 7 is defined as

7 = P((Tyy — To)(Tax — Tor) > 0) = P((Thy — Toj) (T — Tor) < 0),



and this is often used in copula modeling as the summary dependence measure. One of

the widely used classes of copula function is the Gaussian copula, which has the form

C(Ul, ce ,UK) = (I)R(cbil(vl), cee q)il(UK))’

where @ is a joint cumulative distribution function of a multivariate normal distribution
with mean zero and correlation matrix R and ®(-) is the standard normal distribution
function. The Archimedean copula family is also popular, in which the copula functions

have the form

Clur, ..y vr) = 7 (013 9) + ... + Y (vk; 9); ),

where ¥(+; ¢) is a so-called the generator function and ¢ is a dependence parameter. The
Clayton copula is a member of the Archimedean family (Genest and Rivest, 1993), given
by

Clvr, ..., ) = (V] + ...+ 0" = K+1)7V°

1.3 Studies and Motivating Applications

Here we will briefly describe some motivating problems which will be revisited in this thesis.

1.3.1 Recurrent Hospitalizations in Affective Disorder

The data of a registry of recurrent hospitalizations in Denmark were collected over the
period 1994-1999 to study affective disorder (Kessing and others, 2004). All patients who
entered the study had been diagnosed with having affective disorder and being hospitalized
at least once between 1994 and 1999. This selection condition was applied to a total of
10,523 patients. The number of males is 6,721 (63.9%) and the number of females is 3,802
(36.1%). Over the study window the average number of admissions is 1.62 (SD = 1.72),
with a minimum of 1 and a maximum of 90. The data is collected prospectively following

the start of the first hospitalization.

Figure 1.1 illustrates profiles for a sample of 10 patients. The solid line indicates the
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Figure 1.1: Profiles of patients from the Danish psychiatric hospitalization study

state of being in hospital and the dotted line indicates state of being out of hospital.
From this plot, we observe that some hospitalizations are of an appreciable duration,
which motivates the use of an alternating two-state process. The data were censored
at the time of the end of the study on December 31, 1999, at the time of death, or if
patients were diagnosed with organic disorder, schizophrenia or schizo-affective disorder.
The classification of the type of affective disorder was made at the date of discharge from
the hospital, thus the type of disorder was time-dependent; patients were hospitalized with
a diagnosis of unipolar or a diagnosis of bipolar affective disorder. A total of 9417 patients
had been diagnosed with unipolar disorder and 1106 patients had been diagnosed with
mania or bipolar disorder at the first discharge. The number of total re-admissions is 6498
and the the duration of the subsequent hospitalizations varied from 0 to 1253 days (mean
= 43.9, SD =56.4) (Kessing and others, 2004). We revisit this study in Chapter 2 to

illustrate the fitting of an alternating two-state model we develop in that Chapter.



1.3.2 A Herpes Simplex Trial

Herpes simplex virus infection causes recurrent outbreaks of symptoms lasting typically
two to four weeks of duration. A multicenter open-label randomized two-period crossover
trial was conducted to compare the efficacy of suppressive therapy versus episodic therapy
(Romanowski and others, 2003). Suppressive therapy was valacyclovir at a dosage of 500
mg once daily and episodic therapy was valacyclovir at a dosage of 500 mg twice daily for 5
days after the outbreaks of symptoms. If herpes outbreaks in the suppressive arm patients
received episodic therapy for 5 days and returned to suppressive therapy after 5 days. A
total of 202 patients completed the study for two 24-week period of study out of a total
of 225 patients at enrollment. After the first period of study patients switched to another
therapy so that each patients received both treatments for the 48-week study period. The
mean of total number of outbreaks for the first period is 4.019 with the standard error
of 3.898. The mean of symptom duration is 24.1 days with a minimum of 1 day and a
maximum of 175 days. The variation of the duration of symptom inspires us to investigate
different approaches to defining the risk sets (i.e. including or excluding individuals when

they are experiencing events). We revisit this study in Chapter 3.

1.3.3 Iron Supplementation in Malnourished Children

Malnutrition in children in low-income countries has been identified as a cause of immune
deficiency and susceptibility to infectious diseases since activation of the immune system
in response to infection requires additional energy. Examples of infectious diseases arising
due to malnutrition are opportunistic pathogens and fungus, noma, respiratory, intestinal
infections, tuberculosis, measles and other chronic infections (Ambrus, 2004; Schaible and
Stefan, 2007). Iron deficiency, which is also prevalent in developing countries, causes anemia
and a deficiency of red blood cells. Lemaire and others (2011) conducted a study to examine
the efficacy of iron-containing micro-nutrient powder (iron MNP) on the risk of infections in
malnourished children. In a randomized clinical trial, 268 Bangladeshi children, aged 12-24
month, and moderately-to-severely malnourished with a hemoglobin concentration between
70 and 110 g/L, were recruited in two phases, 12/2007-06/2008 and 07/2008-01/2009,
respectively. Iron MNP were provided to 136 children daily for 2 months and the remaining

10



children were provided placebo powder. The primary endpoint was the occurrence of
infections and associated symptoms such as diarrhea, dysentery, lower respiratory tract
infections (LRTIs), cough and fever. During the 2 months intervention period, the incidence
of infections was assessed every other day, whereas after the intervention period, it was
assessed weekly. Interest may lie in measuring dependence between the onset of multiple
infections, which motivates a joint model for multi-type recurrent events. We revisit this

study in Chapter 4 to illustrate the use of a multi-type recurrent event model.

1.3.4 Psoriatic Arthritis Family Study

PsA (psoriatic arthrists) is an immune-mediated inflammatory disease occurring commonly
in patients with psoriasis. Its symptoms include peripheral joints and spinal pain or
stiffness, enthesis, and dactylitis (Gladman, 1991). The Centre for Prognosis Studies in
Rheumatic Disease at the University of Toronto maintains a Psoriatic Arthritis Clinic,
which was established in 1976 and has been following patients since its formation. Upon
entry to the clinic, patients undergo a detailed examination and provide serum samples.
Follow-up clinical and radiological assessments are scheduled annually and biannually to
track the changes in joint damage and functional ability, and serum samples are taken at
clinic visits to measure the changes of markers (Cook and Lawless, 2014). As of April of
2017, 1436 patients have been recruited to University of Toronto Psoriatic Arthritis Reg-
istry (UTPAR) with the range of the date of birth from 1893 to 1997. A median of age at
the first assessment is 44.1 and the mean of age at PsA is 38.0 (SD = 13.6). A family study
was carried out at this registry to examine familial aggregation in the occurrence of PsA.
Among the 1436 individuals, 150 were selected for family studies as probands. Figure 1.2
gives an example Lexis diagram for a family in the PsA family studies. The proband was
sampled from the UTPAR in 2001 and two parents of the proband were recruited to the
family study in 2007; the father and mother were born in 1929 and 1934, respectively, and
the proband (son) was born in 1955. We revisit this family study data in Chapter 5 where
we develop methods for clustered family data where each individual follows a marginal

illness-death process.

11
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Figure 1.2: Lexis diagram for a family with 3 members; one proband and parents
1.4 Contents of the Thesis

In Chapter 2, we develop models for the analysis of alternating two-state processes, mo-
tivated by studies of chronic diseases in which affected individuals experience recurrent
symptomatic periods, each of which may last for an appreciable time. We formulate a
copula-based model to link a subject-specific multiplicative random effect acting on con-
ditionally Markov intensity for the onset of exacerbations, with a random effect acting
on a conditionally semi-Markov intensity for exacerbation durations. An expectation-
maximization algorithm is described for fitting a joint semiparametric model for the onset
and resolution of exacerbations. An application is given to a study of recurrent hospital-

ization in patients with affective disorder (Kessing and others, 2004).

While marginal rate-based analyses have considerable appeal for the analysis of recur-

12



rent exacerbation in clinical trials, relatively little work has been carried out on how to
best handle the duration of symptomatic periods. In chapter 3, we derive the asymptotic
bias of the Nelson-Aalen estimator of cumulative mean function as well as regression coeffi-
cients under an Andersen-Gill model as a function of parameters of an underlying two-state
process. We investigate the impact of the mean duration of the exacerbation durations,
heterogeneity, and dependence on the asymptotic and empirical biases of parameter es-
timates. An application to a trial of individuals with herpes simplex virus is given for

illustration (Romanowski and others, 2003).

When several types of recurrent events may arise, interest often lies in marginal mod-
eling and studying the nature of the dependence structure. In Chapter 4, we propose mul-
tivariate mixed-Poisson model with the dependence between event type-specific random
effects accommodated through a Gaussian copula. Such models retain the simple inter-
pretation of marginal features, separately reflect the heterogeneity in risk for each type
of event, and provide insight into the dependence between the different types of events.
Inference is proposed based on composite likelihood to avoid high dimensional integration.
The relative efficiency of estimators obtained from simultaneous and two-stage estimation
is examined. An application to a study of nutritional supplements in malnourished chil-
dren is given in which the goal is to evaluate the reduction in the rate of several types of

infection (Lemaire and others, 2011).

Chapter 5 considers family studies where accommodating within-family association in
the age of disease onset is critical when studying the genetic basis of chronic disease. In
family studies families are typically recruited by the identification of an affected individual
from a disease registry, called the proband, whose disease onset time is right-truncated. The
disease status, and possibly onset times of other family members, called non-probands, is
then collected; sometimes this is retrospectively reported and sometimes non-probands are
required to undergo examination to determine their disease status. Relatively little work
has been done on the effect of mortality on inferences about the dependence of disease
processes. We construct likelihoods for family data based on a marginal illness-death
model where the joint distribution of the age at disease onset is considered under complex
sampling schemes. When the disease is rare and data are insufficient, auxiliary data can be

used to augment the likelihood and facilitate estimation. We apply the proposed methods

13



to the analysis of a family study of psoriatic arthritis carried out at the University of
Toronto (Pollock and others, 2015; Zhong and Cook, 2016).

Chapter 6 reviews the conclusions of the thesis and discusses further research topics for

each area.
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Chapter 2

Heterogeneity and Dependence
Modeling for Alternating Two-state

Processes Via Copulas

2.1 Introduction

Many chronic diseases are characterized by recurrent periods of time during which symp-
toms are manifest. Examples include recurrent exacerbations in individuals with respira-
tory disease (Grossman and others, 1998), recurrent bouts of depression among individuals
with affective disorder (Garber and others, 1988), or recurrent hospitalization in patients
with cardiovascular disease (Borer and others, 2012). In such settings, maximum like-
lihood estimation requires joint modeling of both the onset and duration of recurrent
symptomatic periods. For convenience we use the term “exacerbation” to represent the
condition in which the disease is in an “active” state to represent infections, flares of

symptoms, hospitalizations, etc.

Intensity functions play a central role in the analysis of data from multistate processes
(Andersen and others, 1993) and intensity-based models can provide useful insight into fac-

tors governing event occurrence (Aalen and others, 2008). For processes featuring recurrent
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alternating sojourns in states, however, several aspects must be addressed including the
time scale of the intensity functions. For conditions such as chronic bronchitis or chronic
obstructive pulmonary disease, there is a gradual increase in lung damage due to repeated
exacerbations which increase the risk of symptom outbreaks over time. Likewise, for pa-
tients with cardiovascular disease, as the condition deteriorates individuals are at increased
risk of hospitalization. We therefore consider a model in which the risk of symptom onset
for each individual can be characterized by a modulated Markov intensity function to allow
the risk to change as the time with the disease condition increases. When symptomatic
periods arise, they often follow a natural course, as is the case with episodic infections
leading to symptom exacerbation in respiratory disease. Moreover, upon the onset of an
exacerbation standard interventions may be delivered to ameliorate symptoms and resolve
the symptomatic period. In both cases the resolution process begins upon the onset of
the symptomatic period motivating the use of a modulated semi-Markov model for the

duration of symptomatic periods.

A second complication is that there can be considerable unexplained heterogeneity
between individuals in the propensity for, and duration of, symptomatic periods. Moreover,
individuals at higher risk of exacerbations may also tend to have shorter sojourn times in
the exacerbation state; in studies of infectious disease this can arise if some individuals
live in an area putting them at high risk of reinfection, for example. To accommodate
this type of heterogeneity we introduce a bivariate random effect in which one component
acts multiplicatively on the Markov intensity for the onset of symptoms and the other acts

multiplicatively on the semi-Markov intensity for symptom duration.

The primary purpose of this Chapter is to present a model for an alternating two-state
process which has a suitable time scale for the two intensities, accommodates heterogene-
ity in the propensity for and duration of symptomatic periods, and allows for correlated
random effects for the two conditional intensities. The remainder of this chapter is orga-
nized as follows. In Section 2.2 the formulation of the model is given in detail including
the copula model used to accommodate dependence in the random effects. The marginal
likelihood is derived and an expectation-maximization algorithm (Dempster and others,
1977) is given to facilitate semi-parametric analysis; variance estimation is also given with

details provided in the Appendix 2.A. Simulation studies are described and reported on
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in Section 2.3 where we study the impact of misspecifying the random effect distribution.
In Section 2.4 we fit the model to data from a Danish study on repeated hospitalizations
in individuals with affective disorder (Kessing and others, 2004). Concluding remarks are

given in Section 2.5.

2.2 Modeling Heterogeneous Hybrid Markov/Semi-

Markov Processes via Copulas

Symptom-Free Symptomatic

Figure 2.1: A two-state diagram for chronic diseases with recurrent symptomatic episodes

Consider the two-state diagram in Figure 2.1. We suppose each individual 7 in a sample
of m independent individuals starts their process at time ¢t = 0, which corresponds to
the time of disease onset i« = 1,...,m. Let Sj be the onset (start) time for the kth
exacerbation, T}, denote the resolution time of the kth exacerbation, and W;, = T;,—.S;. the
duration of kth exacerbation. The counting process { N;;(u),0 < u} records the cumulative
number of j — 3 — j transitions experienced by individual i over (0,¢], for j = 1,2, where
Nia(t) = > o IS < t) and Nyo(t) = > oo I(Ti < t). Let Z;(s) = 1 if individual 7 is
symptom-free at s > 0, Z;(s) = 2 if they are symptomatic, and Y;;(s) = I(Z;(s7) = j),
j = 1,2. Moreover, we let X;;(¢) and X;5(¢) be column vectors of external time-dependent
covariates (Kalbfleisch and Prentice, 2011) and X;(s) = (X}, (s), X/5(s))’. The history of
the process is denoted H;(t) = {(N;1(s), Nia(s)), X;(s),0 < s < t}. The complete intensity
function for j — 3 — j transitions for individual i is

P(AN;;(t) = 1|H;(t))

i A7 = Y () A (H Hi (1) (2.2.1)
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where ANl](t) = Nl](t+ At_) — Nl(t_), j = 1,2, 1= 1,2, oo, M.

If interest lies in events occurring over the period (0, A], where A is a common ad-
ministrative censoring time, let C’iT denote a random censoring time assumed to be inde-
pendent of the multistate process. We then let, C; = min(A, C’J ), denote the net censor-
ing time, Yi(s) = I(s < C;), and Y (s) = Y;(s)Y;;(s). We let N;;(t) = fot Yi;(s)dNi;(s)
for j = 1,2, Ni(t) = (Nu(t), Nio(t)), and {N;(s),0 < s} denote the observed bivariate
counting process. We assume that censoring can occur at any state. We, here, define
Winscy+1 = Ci — Singi(c;) as a censoring time if censoring occurs during exacerbation;
otherwise Wj n,,(c;)+1 = 0. The complete history of the observation and event processes
is then H;(t) = {N;(s),Yi(s), Xi(s),0 < s < t}. We assume that two transitions cannot

occur at the same time.

Let U; = (Uj1,Us2) denote a bivariate individual specific random effect and consider a

conditional intensity given U; = u; as

POANG(®) = UH®), %) 31 78), ).

y
ALLD At

Under independent censoring (Kalbfleisch and Prentice, 2011) we can write

Ni (D H (), i) = Yig ()N (L Hi(t), ws).

The role of the random effect here is to accommodate heterogeneity in the risk and the

duration of events and to account for the dependence between the two processes.

Multiplicative semiparametric models can be expressed as follows. For the conditionally

Markov intensity for 1 — 2 transition corresponding to the onset of symptoms, we let
)\il (t‘H,L (t), Uzl) = uz’IY;I (t)dA()l (t) eXp<fol(t)51)

For the conditionally semi-Markov intensity for 2 — 1 transitions representing resolution

of symptoms, we let

Nig (8| Hi(t), wiz) = winYia(t)dNoa(B;(t)) exp(ziy(t) 52)
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with B;(t) = t — Sy, ) represents the time since symptom onset. Note that the terms
Ag;(-) are infinite dimensional functions, but we informally write 0; = (Ag;(-), )", for
j=1,2and let 0 = (0,6,)".

A bivariate random effects distribution can be formed through the use of a copula
function C'(vq, v2), a bivariate distribution function with uniform [0, 1] margins (Joe, 1997).
The copula enables us to link any pair of marginal random effect distributions to obtain a
bivariate distribution. The Gaussian copula is widely used and has the form C(vq, ve; p) =
P, (D (v1), P (v2)) where @,(+) is a joint cumulative distribution function of a bivariate
normal random variable with mean (0,0)’, variances of one, and correlation coefficient p.
The Archimedean family of copulas (Genest and Rivest, 1993) include the Clayton copula
C(vi,v9;p) = (v;” + vy” — 1)7Y? which is widely used in survival analysis. If we let
G,(u;;05) denote the marginal c.d.f for U; for j = 1,2, then

P(U; < uy, U < ug; @) = G(u; ¢) = C(Gy(uy; ¢1), Go(ug; d2); p) (2.2.2)

denote the bivariate c.d.f indexed by ¢ = (¢1, @9, p)’ (Nelsen, 2006); we then let ob = (0, ¢')'.

The bivariate density function can then be written as

820(”1, V23 P)

AG(w; ¢) = g1 (wn; d1)ga(uzi 62) =5 1575

(v1,02)=(G1(u1;¢1),G2(u2;¢2))

where g¢;(u;) is the marginal p.d.f for U; for j = 1,2. We consider both the Gaussian
copula and the Clayton copula for which Kendall’s 7 is given by 2arcsin(p)/m and p/(2+p),
respectively. If there is a strong positive correlation between the two transitions, individuals
at increased risk of 1 — 2 transition are at increased risk in 2 — 1 transitions (e.g. the
resolution of exacerbation) which results in frequent short exacerbations. This pattern
is often seen empirically. The severity of the chronic condition can be measured by the
number of occurrence of excerbations; but this must be examined in concert with the

sojourn time distribution.
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The marginal likelihood for individual 7 is

/ / P(Zi(s),0 < s < Cilui, xi(s),0 < s < Cj;0)dG (uy; ¢). (2.2.3)
0 0
If we let
N;1(C) 00
s o T wndaaexplelulsasenn (— [ uaa(o) explet o)) dsn ()
k=1 0
and
Ni2(C) o0
o [ wahoa(win) exp(el(si + wir) B2) exp ( | wata exp(az;Q(v)ﬁz)dAoz(Bi(v))),
k=1 0

then P(Z;(s),0 < s < Ci|ui, z4(s),0 < s < Cy;0) = LELA i=1,...,m.

Since dG(u;; ¢) cannot be factored, direct maximization of (2.2.3) is challenging. We
adopt an expectation-maximization algorithm (Dempster and others, 1977) to facilitate

semiparametric analyses.

Given the random effects we decompose the complete data log-likelihood into two parts

as
le(¥) = 1(0) + l2(9) (2.2.4)
where
L(8) =3 flog L3 + log 121
i—1

lo(¢) = Z log dG(u;; ¢).

To implement the EM algorithm, we treat the random effects as missing data and the data
on the event process as observed. Let 1) = (§®) ¢/(*))" denote the estimate of v at the
kth iteration. In the E-step, we take the expectation of the complete log-likelihood (2.2.4)
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with respect to u; given the history H;(C;). Let
Q™) = Q1(0; ™) + Qa(¢: ™) (2.2.5)

where (/%) = Ellc () Hi(Co): 6], Q1(0: v®) = EfLy (6) [ H:(Co)s 99, and Qa6 —
E[l2(¢)|Hi(C;); ™). Then evaluating (2.2.5) requires calculation of

i) E[Us;|H;(Cy); ™)
ii) Eflog U2J|H( i); ¢(k)]

iii) Eflog dG(U;)|Hi(C;); ™).
For example,

fo fo u” Ci)|ui, 2i(s),0 < s < O 0% dG (uy; o))

NHA(CL) 2R
E[U13|Hz(cz)7w ] fo fo ’u“%( )’0 <5< Ci;e(k))dG(ui;gﬁ(k))

(2.2.6)

where we write P(H;(C;)|u;, z:(s),0 < s < Cj;0) for P(Z;(s),0 < s < Cilug, 24(s),0 < s <
C;;0) for convenience. The integrals in the numerator and denominator of (2.2.6) do not
have closed forms so we use numerical integration by Gaussian-Quadrature with 32 nodes
for each dimension. Here we exploited OpenMP in C++ to make use of open multi-processing.

We let l/i(f) = log E[U;;|H;(C;); ™] at the kth iteration. At the (k + 1)th M-step, we
solve equations Ug, (B1;9™®) = 0 and U, (B2; ™) = 0 for ﬂk“) and BékH) where

Us, (B1; ¥ Z/ Vi ( (xﬂ s) — grlg(:?( '6))sz1() (2.2.7)

(s:81)
with -
V(s 81) =D Vals)al (s) exp(aly(s)Br +v), r=0,1,
i=1
and N
e R(l’k)(wiﬁﬁz)
Uﬁg 62777Z)(lC = ; ; <5L'Z2 Sij ‘I"wz]) m (228)
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with

m  Np2(Cp)+1

REP(wisi B) =Y D" Hwne > wi)aiy (sne + wig) exp(wha(sne + wig)Ba + vy,
h=1 /=1

for r =0, 1.

Given BJ(-kH) , 7 = 1,2, the estimates of the cumulative baseline intensities have the

forms of Breslow profile likelihood estimates

dN (s)

k+1 il

Z / / 2k, (k)
Zh 1Yh1 s)exp(zy,,(8)B) +vp))

hl

and

N Iw = w;j)

A (w) = Z

m 2(Ch) A
Z Z " Hwne > i) explah(sn + wi) B0 + f8)

for the onset and duration of exacerbations respectively. The maximization of (2.2.5) in
the semi-parametric setting can be easily carried out since Q(6;1®) can be maximized
using the coxreg function in R with v;; ™) treated as an offset term. The estimate gzﬁ (k+1) ig

obtained by maximizing the auxiliary functlon

m

> Ellog dG(Us; ¢)| Hi(Ci); ™) (2.2.9)

i=1

using a general optimization software such as the optim function in R. The E-step and

M-step are repeated iteratively until the following stopping rule is satisfied:
max([p "D — M) <

where € = 107% is used here.

To estimate standard errors, we use Louis’s formula since the EM algorithm does not

provide the observed information matrix directly (Louis, 1982). The observed information
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matrix I(¢) is given as

1) = i:; { —E P{;%;p/)

Al (1)
o

HZ-(OZ-)] - VAR{ ‘Hi(Oi)} }‘M (2.2.10)

where Q/AJ is the estimate of ¢). The score functions and the partial derivatives of score
functions are provided in Appendix 2.A. The asymptotic distribution of estimators arising
from a semiparametric model with Gamma frailty was investigated by Parner and others
(1998) but the asymptotic distribution for bivariate frailty model requires development. We
will show subsequently that the empirical performance is very good. Since the dimension of

I(v)) increases as the number of individuals in the dataset increases, a convenient alternative

is to use a model with piecewise constant baseline intensities.

2.3 Simulation Studies

Simulation studies were conducted to evaluate the finite sample performance of the es-
timators and the validity of the variance estimates from the joint analysis of Section 2.2
using the Gaussian copula, and the Clayton copula. We also examined the impact of model
misspecification through the use of an independence model. The independence model is
obtained by setting U;; L U;s; the model becomes the two independent frailty models.

We let A = 2 denote an administrative censoring time for individual 7 and generate data
over the interval (0,2], We adopt an independent random censoring C; which follows an
exponential distribution with rate —log(0.9)/2 giving 10% censoring i.e. P(C; < 2) = 0.1.
We consider the case of a fixed covariate and let x; be the indicator of a randomized treat-
ment where z; = 1 if they are assigned to receive experimental treatment and z; = 0

otherwise.

Under a time-homogeneous model, the intensity for the onset of exacerbations is ;1 (t|H;(t), u;)

uit A1 exp(x;41) and the resolution of exacerbations is governed by a hazard function
)\Zg(t|HZ(t)7UZ> = Uig/\()g exp(xiﬁg). We set )\01 = 27 /\02 = ]_O, ﬁl = 10g(075)7 and
By = log(1.25). We let U;; have log-normal or gamma distributions with E(U;;) = 1

and Var(U;;) = ¢; = 0.4 for j = 1,2, and we link u;; and u;5 with the Gaussian copula or
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the Clayton copula. Settings considered include with Kendall’s 7 = (—0.25, 0, 0.25) for the
Gaussian copula and Kendall’s 7 = (0.25,0.5) for the Clayton copula. We generate 1000

replicates in each scenario with sample sizes of m = 500 individuals.

Table 2.1, 2.2, and 2.3 reports results from the joint copula model and the misspecified
independent frailty model with U;; L U;s. The empirical biases from the joint model are
small, the empirical and average estimated standard errors of the parameters are in good
agreement, and the empirical coverage probabilities are close to the nominal 95% level
for all scenarios. From the independent frailty model, we observe that small biases in (;
and [y and the empirical coverage probabilities are close to the nominal level. However,
the frailty variance of resolution of exacerbation, ¢,, has non-negligible bias and the lower
empirical coverage probabilities than the nominal 95% level, particularly when Kendall’s
T is negative with the Gaussian copula and a strong positive dependence is present with

the Clayton copula.

We also conducted additional simulation studies to assess the sensitivity of the analysis
to misspecification of a copula function. The data were generated based on i) the Gaussian
copula and ii) the Clayton copula with the gamma marginal distributions E(U;;) = 1
and Var(U;;) = ¢; = 0.4 and the remaining parameters were unchanged. We use the
Clayton copula for i), and the Gaussian copula for ii), respectively. Table 2.4 shows the
results under this model misspecification. We note that the estimates of 51, 55 show little
biases whereas ¢o and Kendall’s 7 have biases. Therefore, if interest lies in the treatment
effect on the onset of exacerbation or the resolution of exacerbation based on this limited
study, the model provides a modest degree of robustness to misspecification of the copula
function. The variance parameters and the dependence parameters for the two random
effects, however, appear sensitive to misspecification of the copula function. This is in line
with finding of others (McCulloch and Neuhaus, 2011). Note that one could also examine
the empirical bias in estimate of the cumulative baseline Markov transition intensity for
the onset of exacerbations as well as the cumulative hazard for the sojourn times in the

exacerbation state. We do not do this here.
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Table 2.1: Finite sample performance of estimators from semiparametric analyses
of Markov/semi-Markov model under the Gaussian copula with log-normal margins
and a (misspecified) independence model

Gaussian Copula - LN Margin Independence - LN Margin

7 PARAM' BIAS ESE ASE ECP BIAS ESE ASE ECP

-0.25 B -0.002 0.080 0.078  0.947 0.003 0.080 0.078 0.941
Ba 0.001 0.082 0.085 0.956 -0.013 0.084 0.084 0.939
o) -0.001 0.071 0.070  0.947 -0.018 0.068 0.068 0.925
02 -0.013 0.101 0.098  0.921 -0.053 0.088 0.089 0.862
T -0.005 0.083 0.080 0.949

0.00 B -0.003 0.076 0.078  0.948 -0.002 0.078 0.078 0.951
Ba -0.001 0.084 0.085 0.944 -0.002 0.087 0.085 0.943
o1 -0.003 0.070 0.068 0.931 0.000 0.069 0.068 0.947
®2 -0.012 0.091 0.094 0.935 -0.011  0.090 0.093 0.940

T 0.003 0.081 0.079 0.945

0.25 B 0.000 0.076 0.077  0.960 -0.002 0.076 0.078 0.950
Ba 0.001 0.082 0.084 0.954 0.015 0.088 0.085 0.939
o1 -0.002 0.068 0.067 0.940 0.007 0.069 0.067 0.938
®2 -0.005 0.088 0.090 0.948 0.027 0.096 0.095 0.970
T 0.011 0.083 0.081 0.945

T True values are 8, = —0.2877, By = 0.2231, ¢, = 0.4, ¢ = 0.4.
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Table 2.2: Finite sample performance of estimators from semiparametric analyses of
Markov/semi-Markov model under the Gaussian copula with gamma margins and a (mis-
specified) independence model

Gaussian Copula - Gamma Margin Independence - Gamma Margin
7 PARAM! BIAS ESE ASE ECP BIAS ESE ASE ECP
-0.25 b1 -0.001  0.080 0.080 0.954 0.004 0.080 0.080  0.954
Bo 0.000 0.091 0.094 0.962 -0.015 0.089 0.092  0.960
o1 -0.004 0.054 0.054 0.944 -0.021 0.053 0.053  0.915
b2 -0.010 0.065 0.065 0.944 -0.034 0.063 0.064  0.896
T -0.001 0.080 0.078 0.946
0.00 b1 -0.001  0.079 0.080 0.954 -0.001  0.079 0.080  0.954
Bo 0.002 0.090 0.092 0.956 0.002 0.091 0.092  0.954
o1 -0.004 0.051 0.052 0.948 -0.004 0.051 0.052  0.947
02 -0.012 0.064 0.064 0.933 -0.012 0.064 0.064  0.935
T 0.005 0.077 0.079 0.948
0.25 b1 0.000 0.079 0.079 0.950 -0.004 0.079 0.080  0.951
Bo 0.000 0.087 0.090 0.961 0.015 0.088 0.091  0.955
o1 -0.004 0.052 0.051 0.945 0.003 0.052 0.052  0.950
b2 -0.007 0.066 0.064 0.949 -0.001 0.065 0.063  0.947
T 0.011  0.079 0.080 0.956

f True values are 3; = —0.2877, 3, = 0.2231, ¢; = 0.4, po = 0.4.
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Table 2.3: Finite sample performance of estimators from semiparametric analyses of
Markov/semi-Markov model under the Clayton copula with gamma margins and a (mis-
specified) independence model

Clayton Copula - Gamma Margin Independence - Gamma Margin
7 PARAM' BIAS ESE ASE ECP BIAS ESE ASE ECP
0.25 b1 0.002 0.079 0.079 0.953 -0.001 0.080 0.079  0.952
B2 -0.001 0.086 0.087 0.956 0.010 0.087 0.088  0.953
o) -0.003  0.050 0.051 0.950 -0.003 0.050 0.051  0.948
®2 -0.013  0.066 0.067 0.932 -0.054 0.059 0.060  0.813
T 0.001  0.091 0.094 0.949
0.50 b1 -0.001  0.079 0.078 0.958 -0.006 0.079 0.079  0.954
B2 0.003 0.083 0.083 0.943 0.022 0.084 0.085  0.936
o) -0.001 0.053 0.051 0.940 -0.003 0.053 0.051  0.939
02 -0.011  0.066 0.068 0.933 -0.076  0.056 0.058  0.695
T 0.007 0.107 0.096 0.944

T True values are 3, = —0.2877, 2 = 0.2231, ¢; = 0.4, ¢po = 0.4.
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Table 2.4: Empirical results of semiparametric modeling under a misspecified copula model
where data are generated by i) the Gaussian copula and ii) the Clayton copula. For i) the
Clayton copula is used and for ii) the Gaussian copula is used for analysis; Kendall’s 7 =
0.25

Analysis i) Clayton Copula - Gamma Margin ii) Gaussian Copula - Gamma Margin
PARAM' BIAS ESE ASE ECP BIAS ESE ASE ECP

51 0.000 0.079 0.079 0.949 0.001 0.079 0.079 0.952

Ba 0.001 0.087 0.090 0.961 -0.001 0.086 0.087 0.957

01 0.003 0.053 0.052 0.949 -0.008 0.050 0.051 0.942

103 0.050 0.074 0.073 0.925 -0.059 0.060 0.060 0.804

T 0.049 0.096 0.095 0.919 -0.053 0.078 0.081 0.904

T True values are 3 = —0.2877, B2 = 0.2231, ¢1 = 0.4, ¢ = 0.4, 7 = 0.25.

2.4 Recurrent Hospitalization Among Individuals with
Affective Disorder

To investigate the course of depressive or bipolar disorder, the Danish Psychiatric Central
Research Register collected patients experiencing hospitalization with affective disorder
over the period 1994-1999 (Kessing and others, 2004). A total of 10523 patients were re-
cruited and individual data were recorded from the start of the first hospitalization. Kessing
and others (2004) and Cook and Lawless (2013) analyzed this data set by stratification
on the number of prior admissions or by incorporating it as covariate, and concluded an
increased risk of admission with increasing numbers of prior hospitalizations. However, this
does not fully explain the nature of hospitalization process since the duration of the hospi-
talization was not considered. We applied our proposed model to data from a psychiatric

hospital re-admission studies to address this here.

Figure 2.2 displays the histogram of the numbers of hospitalizations experienced by
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Figure 2.2: A crude summary of the distributions of the numbers of hospitalizations for
individuals (left panel) and Kaplan—-Meier estimates of the survivor functions for the du-
ration of hospitalization stratified by the number of admissions (right panel) in the Danish
Psychiatric Registry

individuals (panel a) and naive Kaplan—Meier estimates stratified by the number of prior
admissions (panel b). The number of prior admissions were categorized into 1, 2, 3, 4, 5, 6,
7, and 8 or more prior admissions. The majority of patients experienced one or two admis-
sions. The right panel in Figure 2.2 shows Kaplan-Meier estimates of the survivor functions
Si(t) = P(W;; > w) for j =1,...,7 and Ss(t) = P(W;; > w) for k > 8, which indicates
that the duration of hospitalizations tends to be shorter as the number of hospitalization
increases. However, this crude summary of the data is misleading because it does not
account for heterogeneity in the risk of admission or the duration of hospitalizations. As a
consequence the Kaplan-Meier estimates are biased. While inverse probability of censoring
weights can be used to correct for dependent gap times in the recurrent event setting (Lin
and others, 1999; Cook and Lawless, 2007, Sec. 4.4.1), with alternating processes this is
considerably more challenging and modeling the process offers a more convenient approach

for dealing with this.

We consider the data from the admission of the first hospitalization. Gender, age at

first diagnosis, type of disorder at the first discharge and cumulative number of admissions
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Table 2.5: Analysis of hospital re-admission data among individuals with affective disorder
under a Gaussian copula with gamma margins

Admission Discharge
Covariate EST SE p EST SE p
Sex : Female vs. Male 0.186 0.033 < 0.001 -0.184 0.021 < 0.001
Age at first hospitalization (Ref: [0, 20))
[20,40) -0.202 0.099  0.041 -0.065 0.066 0.325
40, 60) -0.382  0.098 < 0.001 -0.037 0.066 0.575
[60, 80) -0.433 0.099 < 0.001 -0.095 0.066 0.150
[80, 00) -0.372  0.109 < 0.001 -0.141 0.072 0.050
Type of disorder (Ref: depression)
Bipolar 0.299 0.043 < 0.001 -0.024 0.029 0.408

Cumulative number of admissions (Ref: 1)

2 0.625 0.046 < 0.001 0.095 0.024 < 0.001
3 1.047  0.064 < 0.001 0.243 0.035 < 0.001
4 1.506 0.079 < 0.001 0.309 0.049 < 0.001
) 1.682 0.096 < 0.001 0.580 0.064 < 0.001
6 1.872  0.116 < 0.001 0.705 0.081 < 0.001
7 2.220 0.140 < 0.001 1.042  0.107 < 0.001
>8 3.101  0.090 < 0.001 1.572  0.071 < 0.001
Frailty Variance 0.861  0.055 0.200 0.013
Kendall’s 7 -0.367 0.018 < 0.001

were included as covariates. Age at first hospitalization was categorized as age < 20,20 —
40,40—60, 60—80 and 80 or over. The median of age at first hospitalization is 52 with range
from 10 to 110. The objective of this analysis is to properly address the patients’ cycle of
hospitalization using an alternating two-state models and to identify the risk factors for

the re-admission to a psychiatric hospital and the discharge.

The results of fitting the proposed model are reported in Table 2.5. We found that age
at first discharge had a significant negative effect on the risk of re-admission, however, no

significant effect on the rate of discharge from the hospital; older pateints have a lower rate
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of re-admission and stayed longer in hospital. Patients with a diagnosis of bipolar disorder
are at higher risk for re-admission (RR=1.35;95% CI: 0.216,0.38; p < 0.001) and at lower
risk for discharge from the hospital (RR=0.98;95% CI: —0.08,0.03; p = 0.408). This result
is consistent with the findings of Cook and Lawless (2013). Sex had a significant impact on
patients’ cycle; men had a higher rate of re-admission (RR= 1.20;95% CI: 0.12,0.25;p <
0.001) and a shorter duration of hospitalization (RR= 0.83,95% CI: —0.23,—0.14;p <
0.001). Here we see a significant increasing trend in the risk of admission and discharge
with increasing number of prior admissions. There are great subject-to-subject variations
in the re-admission rate and the discharge rate among patients (qgl = 0.861, ggg = 0.20).
The estimated Kendall’s 7 is —0.367, which means the transition times between the two
states are negatively correlated. Therefore if an individual tends to have a higher rate of
admission to hospital, the one has a lower rate of discharge from hospital leading to the

longer duration of hospitalization.

CUMULATIVE FUNCTION
CUMULATIVE FUNCTION

—— CUMULATIVE BASELINE RATE FUNCTION

-~ CUMULATIVE MEAN FUNCTION (X=0) —— CUMULATIVE BASELINE RATE FUNCTION

T T T T T
0 1 2 3 4 5 6 0.0 0.5 1.0 1.5 2.0 25 3.0 35
YEARS SINCE THE START OF THE FIRST HOSPITALIZATION YEARS SINCE THE START OF HOSPITALIZATION

(a) Admission to hospital (b) Discharge from hospital

Figure 2.3: Cumulative baseline rate function and cumulative mean function

The solid line in Figure 2.3 displays the estimated baseline cumulative hazard function
of the time to re-admission and time to discharge for males with a depressive disorder aged

[0-20). For the admission to hospital the two functions increases rapidly following the start
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of the first hospitalization reflecting the risk of rapid re-admission. The mean function
increases at a slower rate since individuals included in the risk set may still be admitted
and hence not truly at risk of admission. Beyond this initial period the curves depart at
a much slower rate in part due to the relatively short typical durations of admissions in
relation to the total period of observation. Interest often lies in the marginal mean function

for re-admissions given by

E(Nz‘l(t)|$i(t))=/0 E(dNi(s)|zi(s))
where

E(dNo ()] (5)) = / ) / " P(Yaa(s) = Lo, 2:(5))don () exp(ely (5) 51 ) dC ()

Since the estimation is based on the semi-parametric model, P(Y;1(s) = 1|u;, x;(s)) is
difficult to calculate; we obtain it via a simulation as follows. First, we generate a data set
of 10,000 individuals based on the estimates obtained for each process upto the follow-up
time. Due to the initial condition, the data were generated from the start of the first
hospitalization. Next, we count the individuals who are in the symptom-free state and
divide it by the total number of individuals at each time point. The dotted line in Figure
2.3 shows the estimated mean function for males with a depressive disorder aged [0-20).
Clearly, it is less than the cumulative hazard function in which the mean function accounts

for the risk set for the onset of re-admission.

Figure 2.4 contains plots of the baseline distributions for the durations of successive
hospitalizations based on the fitted models. These are obtained by estimating the baseline
hazard for the first 7 and then the 8th and subsequent hospitalizations and using these
estimates to compute the corresponding semiparametric estimates of the survival functions.
Compared to the right panel of Figure 2.3, the evidence of a trend is much lower from the
fitted model, in part because the modeled and unexplained sources of heterogeneity have

been accounted for.
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Figure 2.4: Survivor functions for the durations of successive hospitalizations based on the
proposed model

2.5 Discussion

We have described a flexible bivariate random effect for the analysis of alternating two-state
processes. This model is appealing when a long duration of episodes is observed and there
is an association between the onset and the resolution of episodes. In particular, patients
may receive treatments while experiencing episodes, which can affect subsequent relapses.
In this setting, the accommodation of duration is sensible in recurrent data analysis. Also
this model is more attractive since we can implement global hypothesis tests for treatment

effects across two processes.

We viewed the recurrent episodes as an alternating two-state processes and formulated

the intensity-based model in Section 2.2 using bivariate mixed models. The time since
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onset of a chronic disease was used as the time-scale for the intensity governing the onset
of exacerbations and a semi-Markov time scale was used for the intensity governing the
resolution of exacerbations. The dependency between two processes is captured by intro-
ducing a copula function for random effects. The EM algorithm was conducted to obtain
maximum likelihood estimators under the semi-parametric setting. The optimization of
parameters for the variance of random effects and Kendall’s 7 is computationally intensive

since the evaluation of (2.2.9) is required at every iteration during optimization.

Random effect models have a useful role when modeling multistate processes involving
recurrent sojourns in one or more states when intensity-based analyses are not of interest
(Putter and van Houwelingen, 2015). In the illustrative application insights are gained
into the extent of heterogeneity and the nature of the dependencies. In settings where
mortality rates are appreciable, such as in individuals with advanced chronic obstructive
pulmonary disease, it may be of interest to generalize this model to incorporate a third state
representing death; this would lead to a reversible illness-death model (Cook and Lawless,
2018). When estimating the cumulative mean function in this context, the terminal effect
of death will naturally be accommodated. For the current model a difficulty arose in the
estimation of P (Y (t) = 1|u;, x;(t)) so we used resampling techniques to address this. This
could be adopted in the context of a reversible illness-death model as well, but alternative

approaches could also be investigated.
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Appendix 2.A: The Score Functions and the Partial

Derivatives of Score Functions

The observed information in (2.2.10) can be written as
N Pl (v
HOEDY E{ ow)
i=1

DY’ H"(Ci)} M_;E[ o o

+ Z E {810 ‘ Z. Ci)] ‘¢¢E {WO—W)‘HK@)} ’

oY v=y
ol (6) _9%1(9) 0
dlc(y) _ 90 _%o(w) _ 200"
where o ola(¢) and By’ 0 (o) |
0¢ 0p0¢’

For simplicity, consider the case of a time-independent covariate vector.

The conditional score vector 0l1(0)/00 for By, fa, dAo1(+), dAg2(+) has elements

Ol ( % _
816 Z {Nu i) Ti1 — Uit / Yii(v)za eXp@;lﬁﬂdAm(U)},
1 1 0
ol ()

Od Ao () dA01 (tx) ;:UMYH ti) exp(ziy B1),

3581;29) _ Z {NiQ(Cz')l’iz — Ujo /OO }71'2('U>$7;2 exp(x;252)d/\02(Bz.(v))}7

=1
m  Ni2(C;)
al1(0)
>
DdAoa 10y dAOQ ) 2 Z wial (wyy > wy) exp(alyBy),

where t;, is the kth time of transition from 1 — 2 and wy, is the kth gap time of transition
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from 2 — 1.

The components of the conditional information matrix —d%l;(0)/0000" are as follows.

0%, (0 e o _ / /
_8@113(521 — §Ui1/0 Yil(v)xﬂxﬂ exp(xﬂﬁl)d/\m(v)7
01,(0) i _
TR AN (1) wi1Yi1 () w1 exp(xy51),
0p10d gy (ty) —
o) 1
O{dAor (tr) )2 dhor (th)?
_02l1(9) — in:u /OO e (U)x m/ ex (ZL'/ 6 )dA (B(U))
Opopy L [, e PR PR B
8211(9) m  Ni2(Cy)
T8 AN e (e winl (wi; > wy)wie exp(xiyfa),
3528dA02(wk) ; = 2( J k) 2 Xp( 2ﬁ2)
021,(0)

1
T {dAga(wi) )2 dAga(wg)?

The form of l(¢) depends on the marginal distribution of U;, and the copula function.
Note that for Gaussian copula with gamma margins or the Clayton copula with gamma
margins, the score functions and the second derivatives of l5(¢) with respect to ¢ do not
have closed forms and numerical derivatives were obtained using the grad and hessian

functions in R.

The conditional score vector and the components of the conditional information matrix
for the Gaussian copula function with log-normal margins are present here. For conve-
nience, we denote o; = Var(log(U;;) = \/m and compute the conditional score
vector and the conditional information matrix with respect to o; and obtain variance of
¢; using the delta method.
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The log-likelihood function l5(¢) is given as

—[1 log® (uin) of |1 log® (win) o3
= ; |:§ log(ull) - T"% — log(ol) — gl + 5 lOg(Ulg) — ?‘% — log(ag) — gz
_log(1—p*) pPoi+o3) = poios
2 8(1—p%)  4(1-p?)
2 2 2
p log” (ui1) log (Uzz)
- log (uir) + —2—2 4 Jog(u,
2<1 _ p2) { O'% + Og<u 1) + 0_2 + Og(u 2)
X 1% IOg(Uzl) 1Og(u12> X 09 IOg(Uzl) X 01 IOg(UZQ)
1—p? 0109 20 209
The components of the conditional score vector dls(¢)/J¢ are given as follows.
Jls () __m__mo__mpoy
0oy o1 4(1—p?) 41— p?)
" log®(ui) plog(us ) log(ue) ) — {—02 log(u;1) log(uig)}
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The elements of the conditional information matrix —9?ly(¢)/dpd¢" are as follows.
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Chapter 3

Bias from Misspecified
Semiparametric Rate-based Analysis

of Recurrent Episodic Conditions

3.1 Introduction

In many chronic diseases individuals are at risk of recurrent episodic flares of symptoms.
Statistical methods for recurrent event analyses have seen widespread application in such
settings, including methods based on the semiparametric Andersen-Gill model (Andersen
and others, 1993), marginal methods based on rate or mean functions (Lawless and Nadeau,
1995; Lin and others, 2000), and frailty models (Lawless, 1987; Klein, 1992; Wienke, 2010).
These methods are geared towards the analysis of recurrent events which are instantaneous,
but in many applications the events signal the onset of a symptomatic period (Hu and oth-
ers, 2011) during which individuals are not at risk of an event. Examples include recurrent
exacerbations of symptoms in individuals with chronic bronchitis (Grossman and others,
1998), recurrent bouts of depressive episodes in affective disorder (Kessing and others,
1999), and recurrent outbreaks of symptoms among individuals with herpes simplex virus
infection (Romanowski and others, 2003). There are three approaches to how to han-

dle these risk-free periods in the analyses of data from clinical trials. One may i) retain
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individuals in the risk set for events, as is done in many medical studies, ii) simply re-
move individuals from the risk set while they are experiencing an episode, or iii) model
the onset and duration times based on a two-state model. Alternating renewal processes
were considered by Cox (1967) where the two types of sojourn times are assumed statis-
tically independent. Several random effects (frailty) models have been developed to relax
these independence conditions (Ng and Cook, 1997; Xue and Brookmeyer, 1996; Lee and
Cook, 2018). Intensity-based two-state models offer a powerful framework for studying
and describing the process dynamics, but since they require conditioning on the the pro-
cess history they do not admit estimates of treatment effect with a causal interpretation.
Although marginal methods can be robust to misspecification of the variance function or
dependence structure, they cannot protect against misspecification of the risk set. Hu and
others (2011) modeled the risk of recurrent hospitalizations, excluded individuals from the
risk set during each admission, and fitted generalizations of the Prentice and others (1981)
and Andersen and Gill (1982) models; since they were not interested in covariate effects
on the duration of hospitalizations they did not model this feature. When interest lies
in estimating the expected number of events over a period of follow-up or estimating the
effects of associated covariates, it can be useful to model the probability of being in the
symptom-free state which is obtainable from a more complete model for the onset and
resolution of exacerbations. In clinical trials, however, intensity-based models do not offer
a useful basis for causal inference when average treatment effects are the focus (Hernan
and Robins, 2016).

Our objective is to study the asymptotic and empirical biases when standard recurrent
event analyses (Andersen and others, 1993; Klein, 1992) are used in which individuals
are considered in the risk set during episodes. Through specification of an alternating
two-state process for the onset and resolution of exacerbations, we study the factors that
lead to biases in semiparametric rate-based models. In the model which accommodates
dependence in the risk for and duration of exacerbations we investigate the impact of the

dependence on standard analyses with the adjusted risk set.

The remainder of this Chapter is organized as follows. In Section 3.2 we define notation
and intensity functions for an alternating two-state process. In Section 3.3 we present the

Andersen-Gill model, the associated estimating functions and the large sample results

40



for the estimated regression coefficients. The effect of misspecifying the risk set on the
limiting behaviour of estimators is derived in Section 3.4 for both the one-sample problem
and the regression setting. Section 3.4.1 considers the setting where the data are generated
according to a homogeneous two-state model while Section 3.4.1 considers the case where
there is heterogeneity in the risk for the onset and duration of exacerbations as well as
dependence between associated random effects. The application of rate-based models is
common in randomized clinical trials, so we study the implications on study power in
Section 3.5. An application to a clinical trial involving individuals with herpes simplex

virus infection is given in Section 3.6 and concluding remarks are made in Section 3.7.

3.2 Notation and an Alternating Two-state Model

Here we define a two-state which we consider as representing the underlying data generating
process in order to study and characterize the factors which determine the biases in rate-

based analyses.

Suppose individuals alternate between two states, a symptom-free state and a symp-
tomatic state. Let Z;(s) = 1 if individual i is symptom-free at s > 0, Z;(s) = 2 if they
are symptomatic, and suppose individuals start in state 1 at time t=0. Let Yj;(s) =
I(Zi(s™) = j), j = 1,2. We let Sj; and Tj; denote the onset time and resolution time of
the kth exacerbation for individual i, and W;, = T}, — Si, be the duration of kth exacer-
bation k£ = 1,.... The counting process {/N;;(u),0 < u} records the cumulative number of
j — 3 —j transitions they experienced over (0,¢], j = 1,2, where N;; (t) = >, I(Su < t)
records the cumulative number of onset times which are often the events of interest which
interventions may be directed at preventing and Nyo(t) = > "7, I(Ty, < t) records the cu-
mulative number of resolution times; N;(s) = (N;1(s), Ni2(s))’ is then a bivariate counting
process. Let X; be a set of fixed covariates, and H;(t) = {N;(s),0 < s < t, X;}.

Let C denote fixed administrative censoring time, CJ a random censoring time, and
C; = min(C, CZ»T ). We assume that the censoring process is independent of the event process
{N;(s),0 < s}, given covariates X;. We let Yi(s) = I(s < (}), Yi;(s) = Yi(s)Yi;(s) and
Ni;(t) = fg Yi;i(s)dNyj(s). If Ni(t) = (Nj(t), Nia(t)) then the complete history of the
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observation and event processes is H;(t) = {N;(s),Yi(s),0 < s < t,X;}. The complete
intensity function for j — 3 — j transitions for individual i can then be written as
P(AN;(t) = L|H;(t))

. J . N ' _
Hm AL =Y, (ON;(tHi(),  5=1,2, (3.2.1)

under the condition of independence censoring (Kalbfleisch and Prentice, 2011).

Symptom-Free Symptomatic

Figure 3.1: A two-state diagram for chronic diseases with recurrent symptomatic episodes

Conditional on the censoring time, the probability of a particular sample path (Cook
and Lawless, 2007) for individual ¢ is

N1 (C; Ni2(Ci)

H i (sl szk»exp( / oy () Ay (] H o ))du) T AoltalHi)

=1

exp (- /0 Yig(u)Aig(u|Hi(u))du).

While likelihood based inference could be carried based on this specification our interest
lies primarily in the settings of clinical trials where intensity-based analyses are undesirable.
As pointed out by Kalbfleisch and Prentice (2011) conditioning on internal features of a life
history process is undesirable when evaluating the effects of interventions. We emphasize
therefore that the two-state model is to be used to derive limiting properties of estimators
arising from marginal recurrent event analyses which are widely used in the clinical trial

areas.

To study the potential bias of estimators arising from standard recurrent event analyses
when there are risk-free periods, we consider two risk-set definitions (RSD) depicted in
Figure 3.2. In RSD-A individuals are included in risk set for transitions from state 1 to state
2 event during symptomatic periods (i.e. Y;(t) = Y;(t)); this represents a misspecification

7
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Figure 3.2: A schematic of a hypothetical timeline diagram with risk set definition (RSD)
A and B

of the risk set in the sense that individuals are not truly at risk for the event (onset of
episode) when they are in the midst of an episode an exacerbation. In RSD-B individuals

are excluded from the risk during symptomatic periods (i.e. Y;2(t) = Y;1(t) = Yi(t)Yii(2)).
In many ways RSD-B seems sensible since it is in alignment with how these periods would be
treated in a multistate analysis. However in randomized clinical trials analyses are based on
estimating marginal features, and exclusion of individuals from the risk set based on their
status after randomization (which is possibly influenced by the treatment received) induces
confounding and thereby compromising the ability to make causal statements (Cook and
Lawless, 2018, Section 8.4). In the terminology of causal inference, whether an individual
is at risk or not of an exacerbation is a collider in the causal path for effects of treatment on
the onset of exacerbations (Cole and others, 2009; Hernédn and Robins, 2016). In summary,
excluding individuals from the risk set when they are experiencing an excerbation seems
sensible since they truly are not at risk, but this precludes the ability to make direct causal
statements about marginal features that may be of interest. Retaining individuals in the
risk set is unnatural, but enables one to make a causal inference in a setting where the
treatment effect has a natural interpretation. These points motivate us to explore the
nature of biases induced when adopting the two approaches for defining the risk sets in
marginal rate-based analyses, which we do in the context of a plausible underlying model

for an alternating two-state process which we discuss in Section 3.4.

43



3.3 Standard Recurrent Event Analyses

3.3.1 The Semiparametric Andersen-Gill Model

The semiparametric Andersen-Gill model (Andersen and Gill, 1982) is based on a working

Poisson model with a multiplicative covariate effect so that the rate function is given by

E(dNi (t)|Hi(t)) = E(dNu(t)|2i) = dRoi(t) exp(wi1)

where the baseline rate function dRg;(t) is not specified to have any particular para-
metric form. With a sample of m independent individuals the estimating functions for the
AG model are

Zm:YiA(t){dNil(t) —dRu(t)} =0 (3.3.1)
Zm: /Oo ?iA(t){dNil(t) - dRﬂ(t)}mil =0 (3.3.2)

where dR;; (t) = dRo1(t) exp(ziy1) and Ry (t) = fot dRy1(s)ds. Solving (3.3.1) with fixed v,

gives the profile " Breslow” estimate

df%ql (t;'y) — Z:il Yz‘A(t)sz‘l (t)

B Z?ll Y;‘A (t) eXp(x;fyl) ’ (333)

and substituting (3.3.3) into (3.3.2) gives an estimating function for ; of the form

N ™ YA exp(ai )z
UA(VI) - Z/O Yf‘(s){x, - Zi:l)/i (t) p( ﬁ ) }lel(t) (334)

>y YAt exp(ay71)
We obtain 4;* by solving (3.3.4) and substitute 4 into (3.3.3) to estimate R (t) as

b Y (W) AN (u)
0 iy Y (u) exp(zidi)

Rgll (t) =
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These results correspond to the setting for which the AG method was intended: where
the events have no duration associated with them. Subject to the assumption of multi-
plicative covariate effects being correct this represents a valid analysis in such a setting.
More generally (i.e. when the events signal the onset of a symptomatic period.), however,
the properties of the resulting estimators have not been studied. If risk set definition B
is used in an analysis, we proceed in the same fashion but replace Y;A(t) with Y;Z(¢) in
(3.3.1) and (3.3.2).

3.3.2 Large Sample Robust Variance Formula and its Estimation

The estimating equations for the Andersen-Gill model are justified originally based on the
working assumption that the events are generated by a Poisson process. Robust variance
estimation is crucial, however, to provide protection from simple forms of model misspec-
ification within the class of multiplicative rate-based models (Lawless and Nadeau, 1995;
Lin and others, 2000). To obtain robust variance estimates, the model assumptions are
relaxed to be simply F(dN;i(t)|x;) = dRo1(t) exp(x}y1). To accommodate different ways to
define the risk set, we use Y;"(¢) as the risk set indicator in the estimating equation (3.3.4)

and write as the estimating function for 77
STM (1, 1)
Z h(y
’71 / Y {le S(O h)(’y 7t) }szl( ) (335)

where SEM) (v t) = 377 YI(t) exp(ziy)a; ®F for k = 1,2, in which a®? means aa’ and
a®' = a, and a®? represents a scalar 1. We let 4% be the solution to U"(vy;) = 0, and let
vh denote its limiting value which is determined by the solution to E[U"(vy;)] = 0 where

the expectation is taken with respect to the true model. By adopting working model
E(dNy(t)]x;, YA (t) = 1) = dRy () exp(ay) following Lin and others (2000), (3.3.5) can

be written as )
S (1) h
71 Z/ {le SO (~ 1) h)(%at) }dMu( )

where dMJ (t) = Y (t){d Ny (t) — dRoi () exp(fyy1)}. Since Y/*(t) is a predictable process
(Andersen and others, 1993), n='/2U"(v,) is asymptotically N(0,B(v,)) in distribution
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where

= Su’h)(’ylvs) h - S(Lh)(r}/ht) , h
s = £[( [ {on = Sy Jouto) ([ o = S | 2410))
and s (1) = E[S®M(4,t)] where here the expectation is taken with respect to the

model given in Section 3.2. Since n'/2(4F — ) ~ A=Y (y")n=12U(4) by Taylor expansion,
n2(A0 — 41 converges to MV N(0, A~ (v#)B(v) A~ (41)) in distribution where

A = B[ [T w0 { Sz - ST v

8(07}1) (717 t) 8(07’1) (717 t)2

The robust variance A~ (v1)B(71).A~ (47 is empirically estimated by A~ (4" B(31) A~ (41

in finite samples where

o 1 00 . S(Q’h)(’yl,t) S(l’h)(’yl,t)®2
=3 ([0l Semie ) - oo )|
: LA SEM (1, 1) ¢ * SUMp 1)’
B() = — 1 — e S d M ( 1= ’ dM} (t
(1) m ; (/0 {xﬂ S(O’h)(’h,t)} il )> (/0 {le S(O’h)(’hat)} il )> 71:%7

and M (t) = V() {d Ny (t) — dRP, (t) exp(z41)} where dRl, (1) is the estimate of dRgy (t)
based on the RSD-h for h = A, B. Then

A

asvar(n'* (3 — 1)) = A7 31 BANAT (3

is used as a basis for inference.

3.4 Bias in Estimation of Mean Function and Regres-

sion Coefficients

Here we investigate the asymptotic bias of estimators under independent censoring when

the marginal estimating equation is based on the Andersen-Gill model with a working in-
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dependence assumption. We consider settings involving: a Markov/semi-Markov model for
the onset and duration of recurrent exacerbations (Section 3.4.1), and a mixed model with
dependent bivariate random effects modulating the baseline transition intensities (Section
3.4.2). Under each scenario, we obtain the asymptotic bias of the estimated mean function

and the regression coefficients under the Andersen-Gill model.

3.4.1 Risk-set Misspecification in a Markov/Semi-Markov Model

When the intensity for the onset of exacerbations is based on a Markov model (3.2.1)

reduces to the form

. P(ANu(t) = 1|Hi(t))
A At = Yau(t)Aar (1), (3.4.1)

where t is a total time (calendar time). If the resolution of exacerbations is governed by a

semi-Markov model we obtain

im P(ANiz(t)At: N Yoo (t) Nia(Bi(1)) (3.4.2)

where B;(t) =t — S, ) is the time since symptom onset. For this specific investigation,
we assume a time-homogeneous Poisson model for the onset of exacerbations and that
exacerbation durations follow a Gamma distribution. Hu and others (2011) examined the
asymptotic properties and convergence to the true value in the RSD-B setting so we focus

on the asymptotic bias in RSD-A.

Marginal Rate and Mean Function Estimates

We consider the setting with no covariates first. In this case we have a single rate function
estimate of interest dRp;(t) and we consider a simplified version of (3.3.1) with a general
at risk indicator YA(¢):

Z YAO{ANi(t) — dRoi (1)}
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Taking the expectation of a single individual’s contribution gives

E[Y/(t)(dNu(t) — dRo(t))] = B[E[Y/ (t)(dNu(t) — dRor (t))[Y (£)]]
= P(Y/A(t) = 1)(B[ANa (1)|Y7(t) = 1] — dRu(t)).  (3.4.3)

where the expectations and probabilities are computed based on the full model given in
(3.3.1) under the assumptions in (3.4.1) and (3.4.2). We assume that the true transition
intensity function A\; (¢) is time-homogeneous so that let A;1(t) = Ap1 and under completely

independent censoring, equation (3.4.3) has solution
dR{ (1) = P(Yi(t) = 1) Aodt (3.4.4)

and we note that R{(t) = fot dRy,(s) is the mean function for the counting process
{Ni1(u),0 < u}. The standard Nelson-Aalen estimator with RSD-A is consistent for the
cumulative mean function under independent right censoring (Nelson, 1995; Lawless and
Nadeau, 1995). It is therefore reasonable to use the Nelson-Aalen estimate when including
individuals in the risk set to estimate the expected number of exacerbations. However,
the estimator ]:?6‘1 (t) will be asymptotically biased (conservative) for the true cumulative
intensity (rate) function Ay (t) = f(f Ao1ds = Apit. In other words, if P(Y;1(t) = 1) is small
(i.e. if there is a high probability of being in the exacerbation state) the bias can get large.
Since we assume that Wi, ~ GAM (2, \o2) and using the fact that a Gamma random vari-
able can be represented as a sum of independent exponential random variables we can use
this to calculate P(Y;;(t) = 1). The details of the calculation of P(Y;;(t) = 1) is given in
Appendix 3.A for a particular model with a Gamma distributed sojourn time distribution
in state 2. We note that when ¢ 1 oo, P(Y;1(t) = 1) converges to Ag2/(2X01 + Ag2) for
the one sample problem. Figure 3.3 shows that the asymptotic bias of the Nelson-Aalen
estimators decreases when the mean sojourn time in the exacerbation state decreases, in

which case the effect of misspecification of the risk set is reduced.
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Figure 3.3: The limiting values and the asymptotic bias of Nelson-Aalen estimator under
the RSD-A setting as a function of t with E(W;;) = 0.1 (left panel) and as a function of
E(W;) at t=2 (right panel) at fixed values of \g; = 2, C=2, and 20% random censoring

Estimation in the Regression Setting

If we consider covariates, the expectation of the estimating equation (3.3.1) is given by

/ P(Y](t) = Ui {B"[dNa (1) Y (t) = 1,2i] — dRu(8)} f (wi)dai = 0 (3.4.5)
where here this is taken with respect to the model given by (3.4.1) and (3.4.2). The
proportional rate model with RSD-A does not account for the duration of exacerbations,
so it is worthwhile to consider the asymptotic bias for 4{'. In the sequel, we examine the
limiting value, and asymptotic bias of Rg\(t), and 4{'.

Consider a randomized clinical trial where X; is a binary variable with P(X; = 0) =

P(X; = 1) = 0.5. We let dRA(t) = dR{ (t) exp(z;7{") denote the value to which dR;;(t)
converges. Specifically we obtain

— > amo Plai = 2)P(Yu (1) = Lz) Aot eXP(xﬁl)dt.

ARy, (577
o1(t:71) Zgl;:o P(z; = z) exp(av{})

(3.4.6)
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The limiting value of 47!, denoted by ~;* can be obtained by solving

00 (1,A)
/ {S(L D)= 8 (71, U)S(O,A)(u)}du =0, (3.4.7)
0

5(0:4) (717 u)

where we define s (u) = E[Y;A(t)2FdN;i(v)], and s% (yy,u) = E[YA(L)xF exp(2i71)]
for k = 1,2. Specifically,

1

sON() = Pa;) P(Ya(t) = Lzi)doa (t) exp(ai31), (3.4.8)
s () = P(x; = 1)P(Ya(t) = 1|z = 1)Ao1 (t) exp(B1), (3.4.9)

s (1) = D PYi(t) = 1P () explaim),

sgl’A)(%,t) = P(x; = 1)P(Y;(t) = 1) exp(mn).

Note that s®4) () = s®B)(t). If we solve (3.4.7), we obtain

Jo P
Jo P

where the detail of derivation is presented in Appendix 3.B. Here we assume the multi-

P(Yi(u) = 1]a; = 1)du
P(Y(

A
= 1
7= tlog ( (u) = 1|z, = 0)du

(3.4.10)

plicative model under the time-homogeneous assumption in (3.4.1) in which A;(t|z;) =
o1 exp(zif1), and we assume Wy, ~ GAM (2, A\o2 exp(z2)) where Wiy is the duration of
kth exacerbation. It suggests that in addition to the baseline functions, the magnitude of ;
and 3, determines the asymptotic bias of 4! since P(Y;;(t) = 1|x;) is a function of \; (t|x;)
and Aj(t|x;). The limiting value of robust covariance matrix is A~ (7)) B(7{) A~ (41) the

calculation of which is presented in Appendix 3.B.

Figure 3.4a shows that the asymptotic biases of coefficient decreases as the mean sojourn
time for the exacerbation decreases under the setting Aoy = 2, 51 = log(0.75), and [y =
log(1.25) with C=2 and 20% random censoring. Even though the asymptotic bias becomes
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Figure 3.4: The asymptotic bias of a coefficient under the Andersen-Gill model with RSD-
A as a function of E(W;| X; = 0) (panel a), and 8 — f; (panel b) at fixed values of A\g; = 2,
and 1 = log(0.75) with C' = 2, and 20% random censoring

smaller, it does not converge to the true value. Figure 3.4b shows how the limiting value
changes as a function of B — fB; in the setting where Aoy = 2, E(Wi|X; = 0) = 0.1
(Mo2 = 20), 51 = log(0.75). The sign of bias for the coefficients depends on the difference
between (1 and fs. If treatment significantly reduces the risk of the exacerbation and
shortens the duration of symptoms, the misspecification of the risk set will lead to an

underestimation of the treatment effect.

Simulation Studies

Simulation studies were conducted to examine the empirical bias and the performance
of the robust variance estimator under misspecification of the risk set. To be specific
the data are generated according to the two-state model in order for the data to rep-
resent that arising from episodic conditions. we are primarily interested in the perfor-
mance of the AG type analyses with the original formulation using RSD-A and using
the modified RSD-B to correspond to the common ad hoc approach for dealing with the

duration of the episode and use of the AG model formulation. We set \g; = 2, and
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p1 = log(0.75) where A\ (t|x;) = o1 exp(x;f1), E[Wik|z; = 0] = 0.1, 0.25, and 0.5 where
Wikl ~ GAM (2, M2 exp(x;52)). We also set C=2 and introduced 20% random censoring
with a sample of size m = 1000 and a total of nsim = 1000 samples simulated. For in-
dividual i, we generate S;; ~ EX P (Ao exp(z;51)) followed by T;; = S;y + Wy where Wiy
is generated by GAM (2, Mgz exp(z;02)). For j > 1, we generate S;;|S;; > T;; by truncated
exponential distribution with rate Ag; exp(z;51) and Wiy, ~ GAM (2, Aoz exp(x;/32)). We
repeat this until either S;; > C; or T;; > C; for j = 1,... with a censoring time Cj;. The
results are reported in Table 3.1 under the RSD-A and RSD-B setting.

As expected from the asymptotic calculations the empirical bias of the estimated re-
gression coefficients under RSD-A is positive when (5 < (5. This is because the positive
effect of 55 on the resolution of the exacerbation is reflected by the effect of 3, resulting in
Bl increasing. In other words, the average treatment effect under RSD-A in the spirit of
causal inference is attenuated by the positive treatment effect for the resolution of disease.
When B; = 5, the empirical bias is low. Thus misspecification of the risk set is a signifi-
cant matter if interest lies in the estimates of treatment effects. In a biological sense, the
mechanism of occurrence and resolution of exacerbations may be different and it requires
to reckon with a target of intrinsic treatment effects. Therefore, it needs caution to make
a simple causal statement in this spirit. Interestingly, the use of a robust standard error
induces lower empirical coverage probabilities than that of naive standard error since in
this case the robust standard error is smaller than the naive standard error. From the
formula of asymptotic variance in Appendix 3.C, when we use RSD-A, A(7{') = B! and
Bi' = B, which means B(y?) = A(1{') + B3 — B!. However, Bi' < B! with RSD-A
because E(dN;1(s)d Ny )|z, YA(s) = 1,YA(t) = 1) in B3 conditions that a subject should
be at risk and in the exacerbation-free state at s and t where the exacerbation occurs at s,
which implies that there is a transition from state 1 to 2 at s and another transition occurs
from 2 to 1 between s* and t, whereas R4 (s) and Ry (t) in Bj' only condition on being
at risk and in the exacerbation-free state at s and t, separately. Thus, A(7{') > B(»)
so that the naive standard error is greater than the robust standard error. Robust vari-
ance estimates ensure protection against model misspecification provided the rate function
is correctly specified. However, if the risk set is misspecified inconsistent estimates are

obtained and robust variance estimation does not provide protection against this formed
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misspecification. As a result, the misspecification of risk set leads to significant biases
and serious departure of empirical coverage probabilities. With RSD-B, the estimates of

coefficients converge to the true value as indicated in Hu and others (2011).

3.4.2 Misspecification under Heterogeneity and Dependence

When there exists heterogeneity in the risk of exacerbation and the sojourn time distribu-
tion in the exacerbation state, a dependence between the two counting processes can be
introduced. These features are typically ignored in recurrent event analyses so we further

investigate the asymptotic bias of the Andersen-Gill estimators in this setting.

Suppose U; = (U;1,Usz)" is a bivariate random effect for an alternating process so that
under the assumption of independent censoring, the conditional intensity functions (3.2.1)
take the form

Eﬁ% A7 = Ui Ya (1) N1 ()
and P(AN A
lim (ANip(t) = 1|Hi(t), ui) = w2 Y2 (t) Ni2(Bi (1))

A0 At
where U;; is gamma distributed with E(U;;) = 1 and Var(U;;) = ¢;, for j = 1,2 with the
bivariate p.d.f g(Uj;).

Marginal Rate and Mean Function Estimates

In the absence of covariates, we assume A;(t) = u;1Ag1 and Wi ~ GAM (2, u;\g2). Then
(3.4.4) becomes
Ry (1) = E"(Ua [V} (t) = DAqdt (3.4.11)

for h = A, B, where EA[UMDZA(t) = ]_] = EUi,Yu(t):HYi(t):l[Uﬂl}/”i(t) = ].] can be computed
by

/ / wing(ui, Y (t) = 1Yi(t) = 1)dujdusn = / / wing(u;) P(Yir (t) = 1ug)duy dugs,
o Jo o Jo
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and EB[UHDZB(IS) = 1] = EUi|}7“(t):1[Ui1D7il(t) = 1] is given by

Rl - © 9w P(Ya(t) = u)
) o) = = [ SR

where

We obtain P(Y;1(t) = 1|u;) from the formula (3.A.2) or (3.A.3) in Appendix 3.A by re-

placing A\g; and Age with w;1 A1 and u;o\g2, respectively.

Figure 3.5a shows the limiting value of cumulative baseline function over the window (0,2]
with 20% random censoring, \g; = 2, E[Wj|xz; = 0] = 0.25. The true cumulative baseline
hazard indicates Ag(t) = Aoit. Figure 3.5b shows the asymptotic bias of cumulative
baseline function at t=2 with 20% random censoring, A\g; = 2 as a function of the mean
sojourn time in the exacerbation state. In both settings, we assume that U;; is gamma
distributed with mean 1 and variance ¢; = 0.4 for j = 1,2 and we link U;; and Uy
with the Gaussian copula having Kendall’s 7=-0.25, 0, and 0.25. Here the cumulative
mean function is not equal to the cumulative intensity function due to symptom duration.
We note that Rg(t = 2) and RE (t = 2) are smaller than the true value of cumulative
intensity function Ag;(t = 2) and the bias also decreases as Kendall’s T increases; a strong
positive association between U;; and U;, implies that the duration of exacerbations tends to
decrease as the risk of exacerbations increases. As the mean sojourn time for exacerbations
increases the bias increases in both RSD-A and RSD-B settings. Also, the use of RSD-B
yields smaller bias than that of RSD-A. The Nelson-Aalen estimate with RSD-B shows a
little departure from the true cumulative baseline hazard where the bias arises because of
the impact of model misspecification in terms of individual heterogeneity and dependence

between random effects for an alternating process.
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Figure 3.5: The limiting value of the Nelson-Aalen estimate and the true cumulative base-
line hazard under dependence sojourn time models due to correlated random effects
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(b) Setting: A\g1 = 2, ¢1 = ¢ = 0.4 with the Gaussian copula and C' = 2, r = 20%

Estimation in the Regression Setting

With COV&I‘i&tGS, we assume Ail (t|ui17 ZL’Z) = uﬂ/\m exp(ﬂl) and I/V,»k|ui2, T; ~ GAM(Q, uz‘g/\()g exp(ﬂg)).
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Then dR" (t) = dRh (t) exp(x;/}) can be expressed as

Z;lc,:o P(mi)P(Yih(t) = 1’$i)Eh[UilD—/z’h(t) = 1, 23] A1 exp(z:51)
> eimo P(2:) PV (1) = 1]a) exp(zint)

ng1 (t) =

for h = A, B under a randomized clinical trial, where X; is a binary variable with P(X; =
0) = P(X; = 1) = 0.5. The limiting value 4} for h = A, B can then be obtained by solving
the equation (3.4.7) where

1

sOM(t) = Play) P(VM(t) = 1]a) E*Un [V (t) = 1 2] Aor (t) exp(aiB),

x;=0
SUI(6) = P, = DPVA(H) = 1o = DE'UAIT(E) = 12 = Whar (6)exp(50),
1

", 1) = Y Pla) PYV#) = L) explaim),

s (y1,) = P(a; = 1)P(Y"(t) = 1x; = 1) exp(7),

for h = A, B. Note that s*4)(t) = s*5)(¢). We can simplify 7{* here as

Jo PO (w)
fooo P(Y(u

Likewise, the limiting value of the covariance estimator is given as A~ (y2)B(y)A~L(y1)

1
1

71A:51+10g< ) EA U [V (U)zl,xi:udu)

) [ zlly (U) =1,z = O]du

and the estimated variance is A~} (3")B(34)A~1(4") as shown in Section 3.3.2.

Figure 3.6 display the the asymptotic bias of regression coefficient 74, +# when the
Andersen-Gill model is fitted. The bigger the mean sojourn time in the exacerbation
state, the larger the bias is. For the second setting with 5; < 0, the bias increases as 35 is
farther from p; and when py > (31, the bias is positive. Therefore, the effect of treatment
for the risk of disease occurrence may be reduced if treatment decreases the occurrence of
episodes and increases the recovery of episode under the Andersen-Gill model. Note that

as Kendall’s 7 increases, the bias decreases.
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Figure 3.6: The asymptotic bias of v and v under the Andersen-Gill model for RSD-A
and RSD-B with different gy, E(W;;) and Kendall’s 7
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We conduct simulation studies to study the empirical bias and the performance of
robust variance arising from the misspecification of risk set as well as frailty and dependence
between alternating processes. The data is generated based on correlated random effects via
a copula model. We set \g; = 2,51 = log(0.75) where ;1 (t|H;(t), u;) = unAor exp(x;f1),
E(Wik|z; = 0) = 0.1,0.25, and 0.5 where Wi |u;, x; ~ GAM (2, uio o2 exp(z;52)), and U;;
is gamma distributed with E(U;;) = 1, Var(U;;) = 0.4 for j = 1,2. We use the Gaussian
copula with Kendall’s 7=-0.25, 0.00, and 0.25 for the bivariate distribution of U;. We also
set the administrative censoring time C=2, 20% random censoring with m=1000, and a
total of 1000 samples were simulated. The results are reported in Table 3.2 under the
RSD-A and RSD-B setting.

Table 3.2 shows that the means of estimated coefficients are almost equal to their lim-
iting values. It is apparent that the impact of using an incorrect definition of the risk set
can be appreciable, consistent with the result in Table 3.1. However, no concern of de-
pendence between two alternating processes yields bias under the correct risk set RSD-B.
As we observed in Figure 3.6, the bias decreases as Kendall’s 7 increases, the longer the
mean sojourn time and the farther Sy from ; the bigger the bias. There are differences
between the naive standard errors and robust standard errors due to the model misspeci-
fication from the true model, but there is good agreement between the empirical standard
error and the average robust standard error compared to the average naive standard error.
Under the “correct” RSD-B, the robust variance estimates performed fairly well compared
to the naive variance estimates although the empirical coverage probabilities are not in
acceptable range when E[W;|z; = 0] is appreciable. However, the robust standard errors
do not guarantee the protection against the misspecification of the risk indicator. When
RSD-A is used, a serious bias and lower coverage probabilities are obtained in this setting.
As a result it is important to take into account the duration of symptoms when specifying
the risk set.
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3.5 Impact of the Episode Duration Distribution on

Power

We previously examined the impact of misspecification of risk set on point estimates and the
asymptotic variance of estimates. In this section we explore the impact of misspecification

of the risk set on study power.

Consider the design of a randomized trial with recurrent responses. At the design stage,
we assume a mixed Poisson model and calculate a sample size based on A1 (t|u;1, H;(t)) =
uit A1 exp(fiz;) with Uy ~ Gamma(1/¢1,1/¢1) (Cook and Lawless, 2007). If we want
to test if an intervention has an effect on event occurrence we test Hy : 51 = (10 = 0
vs. Hu : p1 = P1a. However, the true underlying model requires one to consider the
exacerbation duration. Hence interest lies in the change of power due to the duration of
the exacerbation as well as the association between the occurrence of exacerbation and the
recovery of exacerbation. As previous sections, we consider the Andersen-Gill model with
a robust standard error with RSD-A and RSD-B for analysis and use the two-sided Wald
test.

Suppose we consider the hypotheses Hy : 1 = 10 = 0 vs. Hy : 51 = pra = log(0.75)
under a two-sided test at the a; = 0.05 level of significance and the power of 1 —ay = 0.8.
Assume A\g; = 2,¢; = 0.4 and a randomized trial gives P(X; = 1) = P(X; = 0) = 0.5.
Then we can calculate the sample size under the assumption of mixed Poisson model given
as

2
. zm/mswmm&—ﬁlo>;+zm¢aswm<m<ﬁl—M s
1A

where z, represents the (1 — p)-quantile for a standard normal distribution. asvary(-)
and asvar(-) denote the asymptotic variance under the null and alternative hypotheses,

respectively, where

-~ 5 - |y
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Table 3.3: Empirical rejection rates for tests of treatment for occurrence of exacerbations
where sample size is estimated based on the mixed Poisson model with E[N;;(2)|z; = 0] =
4, ¢ = 0.4, Bip = 0,814 = 1log(0.75), E(Wi|z; = 0)=0.10, 0.25, and 0.50, ¢ = 0.4 and

Kendall’s tau -0.25, 0, and 0.25 over (0,2] with 20% random censoring, nsim = 2000

7=-0.25 7T=0 T =0.25

Ba E(Wi|z; =0) RSD-A RSD-B RSD-A  RSD-B RSD-A  RSD-B
log(0.75) 0.10 92.1 81.5 88.2 79.4 85.8 79.1
0.25 96.8 80.3 93.1 79.0 90.5 78.0
0.50 97.2 72.4 95.4 72.3 92.3 73.2
0 0.10 774 77.8 73.5 771 72.6 77.0
0.25 66.5 73.5 60.7 74.1 99.5 75.5
0.50 34.5 64.4 34.2 67.7 30.9 67.8
log(1.25) 0.10 60.0 72.8 61.2 75.0 61.3 76.6
0.25 28.3 68.7 29.7 69.5 30.6 73.1
0.50 5.9 58.6 5.1 61.2 5.3 62.9

We next conduct simulation studies to investigate the impact of a misspecifed risk
set and heterogeneity on power with the sample size calculated based on (3.5.1) where
E[N;1(2)] = 4 with ¢; = 0.4 and 20% random censoring under the mixed Poisson model.
We simulated data from a conditionally the Markov/semi-Markov model with correlated
random effects via a copula model with the calculated sample size where E[N;;(2)] = 4 is
fixed and ¢; = ¢ = 0.4. We consider different mean sojourn times for exacerbation state
in the control arm of E(W|z; = 0) = 0.1,0.25,0.5 and different Kendall’s 7=-0.25, 0, and

0.25.
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Figure 3.7: Power curves based on RSD-A (left panel) and RSD-B (right panel) with
Kendall’'s 7 -0.25, 0, and 0.25 where the sample size is calculated based on the mixed

Poisson model with E[N;;(2)|x; = 0] =4, B0 = 0, 14 = l0g(0.75), ¢1 = 0.4, ¢ = 0.4
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With the generated data, we fit the Andersen-Gill model using RSD-A and RSD-B and
conduct the hypothesis testing using robust standard errors based on a two-sided Wald
test. A total number of 2000 replicates were generated and the empirical rejection rates
(REJ%), defined as the percentage of replicates leading to rejection of the null hypothesis

were computed; see Table 3.3.

The power decreases as the mean sojourn time for exacerbation-state increases for the
settings with 7 # f[s. It is worth noting that the power significantly depends on the
value of B with RSD-A; as (5 is farther from the (; the loss in power increases. Note
that when (3 = 5 we observe overpower with RSD-A. Using RSD-B reduces loss in power
compared to RSD-A. As Kendall’s 7 increases there is a greater loss in power when (5 = 0
under RSD-A. When [ # [, the increase in Kendall’s 7 decreases loss in power under
the RSD-B.

Figure 3.7 shows power curves with the same setting as the empirical study. The effect
of Kendall’s 7 on power relies on the mean sojourn time in the exacerbation-free state and
the value of f5. When S, # (s, the increase in the mean sojourn time in the exacerbation-
state reduces power, however, when ; = (35 power is greater than 80% with RSD-A. The
loss in power with RSD-B is smaller than the one with RSD-A when (; # (5.

3.6 Application to a Herpes Simplex Trial

Herpes simplex is an infectious disease resulting in blisters on the infected part of the body.
We consider the data from Romanowski and others (2003) who conducted a randomized
two-period crossover trial to examine the effect of suppressive therapy versus episodic
therapy. Here we only consider the first 24-week study period, therefore, each patients
only had one treatment, suppressive or episodic therapy. We also include sex (female vs.
male), virus type (HSV1 or HSV2) as covariates in addition to treatment (episodic therapy
vs. suppressive therapy). In Table 3.4, we report on analyses of herpes simplex study using
the Andersen-Gill model with RSD-A and RSD-B described in 3.3.1, respectively .
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Table 3.4: Analysis of occurrence of herpes simplex using RSD-A and RSD-B based
on the Andersen-Gill model

RSD-A (YA() = Yi(1)) RSD-B (V(t) = Yi(H)Ya (1))

Covariate ~EST SE! SE? p3 EST SE' SE?2 p?

Treatment -1.875 0.200 0.240 < 0.001 -1.871 0.145 0.186 < 0.001
Sex -0.189 0.135 0.173 0.276 -0.303 0.115 0.166 0.067
Virus Type 0.159 0.121 0.146 0.277 0.071  0.107 0.148 0.632

1 Naive standard error
2 Robust standard error

3 p-values based on robust standard error

—— RSD-A (Inclusion)
---- RSD-B (Exclusion)

CUMULATIVE BASELINE RATE FUNCTION

0 50 100 150 200

DAYS SINCE RANDOMIZATION

Figure 3.8: Cumulative baseline rate function with RSD-A (Inclusion) and RSD-B (Exclu-
sion)

First of all, treatment has a significant effect on the occurrence of herpes simplex with
both RSD-A (RR = 0.15;95% CI: -2.35, -1.40; p < 0.001), RSD-B (RR = 0.15;95%
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CIL: -2.24, -1.51; p < 0.001), where two estimates are in very close agreement. Whereas
the estimates for sex with RSD-A (RR = 0.83;95% CI: -0.53, 0.15; p = 0.276) differ
from the one with RSD-B (RR = 0.74;95% CI: -0.63, 0.02; p = 0.067). Also there
are differences in the estimates for virus type between RSD-A (RR = 1.17;95% CI: -
0.13, 0.45; p = 0.277) and RSD-B (RR = 1.07;95% CI: -0.22, 0.36; p = 0.632). These
differences arise due to the impact of misspecification of risk set. We also note that the
naive standard errors and robust standard errors are not identical, which tells that there
is heterogeneity between subjects and possible dependence between the onset and recovery
of episode processes. Figure 3.8 contains a plot of the estimated cumulative baseline rate
function with the Andersen-Gill analysis based on RSD-A and RSD-B. The slope of the
cumulative baseline rate function with RSD-B is slightly greater than the one with RSD-A,
suggestive of a higher rate for the occurrence of outbreaks with RSD-B than RSD-A (Cook
and Lawless, 2007, Chapter 5, p. 177). However, the median of duration of episodes is
5 days indicating a short duration of episodes, therefore, the impact of misspecification
of risk set on the estimate of cumulative baseline rate function is small. Note that with
RSD-A, the cumulative baseline rate function can be naively interpreted as an estimate of

the cumulative baseline mean function.

3.7 Discussion

In this Chapter we have pointed out that estimators of mean function and covariate effects
from the naive use of the Andersen-Gill model (Andersen and others, 1993) are sensitive
to the handling of risk-free periods as well as strength of the association between the
onset and duration of episodic events. Misspecification of at risk indicators can lead to
inconsistent estimators of regression coefficients and the use of robust standard errors does
not guarantee protection against misspecification of the duration dependent processes. The
biases we refer to for the mean function are specified in relation to the cumulative intensity
for the onset of episodes, or the actual mean function reflected the expected number of
events over time. In the regression setting we refer to the bias of estimators of the regression

coefficient for the transition intensity for the onset of episodes.
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Full specification of the intensities for an alternating two-state process is challenging in
practice and it is impossible to achieve robustness in this framework since correct model
specification is required to ensure the partial likelihood estimating equations are unbiased.
Causal inference can be based on the expected number of events at a land-mark time or
based on proportional rate function models but there is a tension between the need for
full specification of models to advance scientific understanding and the need for simple
models supporting causal conclusions. Lee and Cook (2018) develop a model for a mixed
two-state process for characterizing recurrent episodic conditions which features a Markov
time-scale for the onset of exacerbations and a semi-Markov time-scale for the duration of
the exacerbations. Correlated random effects enable one to assess the need to accommodate
heterogeneity and allow for a dependence between the sojourn times in the exacerbation

state and the risk for the onset of events.

When mortality rates are appreciable, as is the case among individuals with advanced
chronic obstructive pulmonary disease, it is considerably more challenging to model the
onset and duration of exacerbations and summarize the effects of interventions. In the
multistate framework an absorbing state representing death can be added, and random
effects can be considered in the intensities for death. However expressing treatment effects
robustly on the onset of exacerbations is very challenging. Much work has been carried out
in this area for recurrent transient events (Cook and Lawless, 1997; Ghosh and Lin, 2000,
2002) but utility-based analyses may be preferable when events have a duration associated
with them (Cook and others, 2003).

An alternative approach in these more complex settings is to focus on estimation of state
occupancy probabilities using nonparametric methods. Cook and Lawless (2018, Sections
3.4 and 4.3) discuss this for one-sample problems and consider marginal regression models
for state occupancy probabilities based on direct binomial regression (Scheike and others,
2008). Utility-based analyses are also of possible value (Cook and others, 2003, Cook and
Lawless, 2018, Section 8.1). These and other marginal quantities, such as features of state
entry time or sojourn time distributions, may offer a more convenient basis for causal
inference since they are not defined inherently in terms of conditional probabilities. As
always, the choice of the estimand must be made based on interpretation and it must be

meaningful for the problem at hand. Inverse probability weighting can often be useful to
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correct for some selection biases and confounding.
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Appendix 3.A: Computation of State Occupancy Prob-
abilities

P(Y(t) = 1lx;) is difficult to calculate under the assumption of semi-Markov model,
especially when the distribution of the duration of exacerbations is not exponential. Here,
we decompose state 2 into two states to exploit the property of Gamma distribution which
can be expressed as a sum of exponential distribution. We define a new state process
{Z(t),0 < t} on the extended state space {1,2A,2B} (Cook and others, 2009), and let
Z(t) =1if Z(t) = 1 and Z(t) = 2 if Z(t) = 2A or Z(t) = 2B as shown in Figure 3.9.
Then, P(Y;1(t) = 1]z;) can be expressed by

P(Yi(t) =1|x;) = P(Z(t) = 1|1Z(0) = 1, 2)

=1- Z P(Z(t)=7r|Z(0) = 1,2;) = P(Z(t) = 1|Z(0) = 1, z;).

1 |——| 2 |—— 2

T

Figure 3.9: State diagram for recurrent exacerbations with extended Markov models

The term P(Z(t) = 1|Z(0) = 1,x;) is calculated by the transition probability ma-
trix P(0,t|x;) = P(t|lz;) = [pij(t|z;)], for i,j = 1,2A,2B. Here we consider the time-
homogeneous case. We assume that the duration of the k" exacerbation is W;, = Wigon +
Wikep where Wiy ~ EX P(\;p) for | = 2A,2B and Wigoa L Wikap, so Wi ~ GAM (2, A\ia).
Under the multiplicative model, we let A;; = Aoy exp(x;51) and N\jg = Ag2 exp(x;f2). It is
noted that there is a common covariate for the development and resolution of exacerba-

tions. The time-homogeneous transition intensity matrix of {Z(¢),0 < t} on state space
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{1,2A,2B} is
Xt A 0
Q=10 —X2 Ao
Xz 0 =X
We let Pyaa(t) = P(Z(t) MH—J@&Hw@:P@@:JEQQ:Lm%wd

( =
Pu(t) = P(Z(t) = 1|Z(0) = 1,1;). Using the Kolmogorov forward equations (Cox and
Miller, 1965), we note

Piya(t) = =XiaPraa(t) + A P (1)
Plop(t) = X2 Praa(t) — Mo Prap(t)
P, (t) = Ni2Prap(t) — M\in Pi1 (¢)

1

(
Prioa(t) + Piop(t) + Pu(t) =1, Py(0) = (3.A.1)

By solving the systems of equation of (3.A.1) we obtain Py (t) if the term \j; —A\;5/4 < 0

as

(Ai2)?

Pu(t) = a? + b2

21\ ) 21 Ai2(Aia — A
+ exp(—at) cos(bt) (a2 j_ b;) + exp(—at) sin(bt) ( l(a;i b22)2b 1>>

(3.A.2)

where a = /\11/2 + )\Z'Q and b = \//\l‘l)\z‘Q - ()\11)2/4 If )\ﬂ - /\12/4 > (0 it can be written as

follows using Euler’s formula,

21 iz ) (3.A.3)

Pu(t) = a;i;Q) + exp(—at) cosh(V't) <a2 — W)

(v)?
easn(50)

where O/ = bi. Likewise, if A\j; — A\ja/4 < 0, Py (t) is given as

Ai2 Ai2 202 5 1+ At iz
201+ X2 201+ Ao exp(—at) cos(bt) - (2Xi1 + )\12)25

Py (t) = exp(—at) sin(bt)
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else

Ai2 iz
201+ X2 201+ A

2)\?2 + )\7;1)\2'2
(2Mi1 + Aig)2V

Py (t) = exp(—at) cosh(b't) — exp(—at) sinh(0't)

Appendix 3.B: Calculation of Asymptotic Bias of 4

We, here, derive 7{* = £3;+log (f(): 5 Yligu; i:?*l;dw in (3.4.10). By plugging s(4) (u), s(t4) (u),
0 K2

5O (v, u), and s (v, u) into (3.4.7), we have

/000 {P(}_le(u) = 1|z; = 1) No1 exp(f1) — 1_?_%% (P(Yzl(u) = 1lz; = 1)Ao1 exp(f1)

Then,

exp(y) Jo" P(Yar(u) = 1]z = 1) Aoy exp(Br)du
Ltexp(n)  f;7 (P(Ya(u) = 1a; = 1) Ao exp(B1) + P(Yia(u) = 1]z; = 0) A1) du
(3.B.1)

We arrange (3.B.1) in terms of 7, so that

fo (Yii(u) = 1|x; = 1)du
IS P(Yir(u) = 1]z; = 0)du’

exp(y1) = exp(f1)

which has the final form as (3.4.10) by taking log() for both sides.
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Appendix 3.C: Derivation of The Sandwich Covariance
Matrix

Let dM!(t) = Y (#){dN;1(t) — dRo1(t) exp(ws71)dt}. Then
e[ o
=3[ P - 1|xz>{8$',381’2 - S B 0 V0 = 1)

U / {m oo £, o).

B+ B) — 2B + Bh (3.B.2)

Bl = // (z)P(Y]'(s) = 1,V (t) = 1]ay)

x BE(dNy (s)|xs, Y (s) = 1, Y/ (t) = 1)d R}, (t)e* ",

and

(1,h) (L,R)
h h h m . m
B! // (E)PO6) = 1540 = Do~ S o~ oy
X €27 d Roy (s)d Roy (1)
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In Section 3.4.1 and under the assumption of time-homogeneous rate function for the

two processes,
E(dNji(t)|2i, YA() = 1) = E(dNa(t)|2:, Y1) = P(Ya(t) = L) Aoy exp(ifh),
and

E(dNi (s)dNg (8)];, Y (s) = 1LY (t) = 1)
= P(Zi(s™) = 1|Z;(0) = 1 ﬂfz)P(Z( 7) = 1| Zi(s) = 2,2:)AG; exp(2x: 1)
for s < £, where P(Ya(t) = 1) = P(Zi(t~) = 1|Z:(0) = 1,21), and P(Z(t~) = 1| Zs(s) =

2,x;) is given in Appendix 3.A. In the setting of Section 3.4.2 with dependent random
effects,

BN} (t)]zi, Y(8) = 1) = E(dNu (t)|2s, Y () = 1)

Z/ / win P(Yir (t) = 1|ui, 7)Ao (t) exp(w:51)dG(u;),
o Jo
and E(dN;1(s)dNy (t)|zs, Y;A(s) = 1,YA(t) = 1) is given by

/ / uf P(Zi(s7) = 11Z;(0) = 1,24, w) P(Zi(t7) = 1| Zs(8) = 2, x5, u;) Aoy exp(22:8)dG (u;)

for s < t. Moreover

and

(D)7, YA (s) = 1L,YA®) = 1)
P(Ya(s) = 1,Yu(t) = 1|z;)
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for s < t, where E(dNy (s)|z;, Y;B(s) = 1,Y;B(t) = 1) is given by

I Jo wing(wi) P(Zi(s7) = 1|1 Z;(0) = 1, 2, u;) P(Z;(t7) = 1| Zi(s) = 2, 23, w)dugydugphoy exp(y)
P(Yi(s) = 1,Ya(t) = 1|z;)

for s < tor

fooo fooo uﬂg(uz)P(Z(s_) = HZZ(O) = 1,$Z,UZ)P(Zl<t_) = 1‘21(8) = 1,xi,ui)du¢1duig)\01 exp(:viﬁl)
PYi(s) = 1,Ya(t) = 1|z;)

for t < s.
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Chapter 4

Dependence Modeling for
Multi-Type Recurrent Events Via
Copulas

4.1 Introduction

4.1.1 Overview

In many chronic diseases individuals are at risk of several distinct types of potentially
recurring events. In asthma, for example, individuals are at risk of different types of
recurrent exacerbations (Jayaram and others, 2006), individuals with diabetes are at risk
recurrent complications in eyes and kidneys (The Diabetes Control and Complications Trial
Research Group, 1986), and cancer patients are at risk of metastases in different locations
of the body (Hortobagyi, 1998). In public health studies there is interest in modeling
the occurrence of different kinds of infections in populations at risk such as children in
developing countries (Lemaire and others, 2011). A natural goal is to carry out a marginal
analysis by estimating the rate of onset for each type of infection. However, the different

types of infections may arise due to the same underlying risk factors (e.g. a compromised
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immune system due to malnutrition, exposure to contaminated areas, etc.). It can therefore

be informative to model the association between different types of infections.

Cai and Schaubel (2004) proposed semi-parametric marginal models for multi-type re-
current events data and develop robust standard errors. Chen and others (2012) developed
additive marginal models, proved the consistency of estimators, and derived their asymp-
totic distribution under a working independence assumption. Cook and others (2010)
proposed a copula-based bivariate mixed Poisson model with correlated random effects.
Mazroui and others (2013) also considered bivariate frailty models for two types of recurrent
events and death associated with two types of events based on maximum likelihood with
a piecewise baseline hazard function and maximum penalized likelihood. Also (Cook and

Lawless, 2007, Chapter 6) introduces different approaches in multitype recurrent events.

Even though the asymptotic theory is typically developed for multi-type recurrent event
data for the general setting, applications provided typically deal with only two types of
events. Frequentist methods based on flexible multivariate frailty models can be challenging
to implement with more than 2 event types, particularly when semiparametric methods
are of interest. We address this by developing a joint model for multiple types of recurrent
events using a multivariate random effects distribution constructed using a copula model to
link the component-specific random effects. This structure is appealing in that it enables
separate modeling of heterogeneity and dependence and offers a natural basis for use of
a composite “pairwise” likelihood approach to avoid the computational burden of the
full likelihood. We also investigate an even more computationally convenient two-stage
estimation procedure based on pairwise likelihood in which marginal models are fitted for
each type of event at the first stage, and the dependence parameters are estimated at the

second stage. Large sample theory is developed for both of these approaches.

The remainder of the Chapter is organized as follows. In the next sub-Section we
provide a brief review of composite likelihood. In Section 4.2 we introduce notation, pro-
vide details on the model formulation, and give the full and composite likelihoods. An
expectation-maximization algorithm is given in Section 4.3 for semiparametric analysis
based on multiplicative rate function models; variance estimation is given in an Appendix
4.A. Section 4.4 reports on simulation studies investigating the finite sample properties of

the simultaneous and two-stage estimation procedure based on pairwise composite likeli-
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hood and an application is given in Section 4.5 on a motivating study on the effect of iron
supplementation on the occurrence of different types of infections in malnourished children.

Concluding remarks are made in Section 4.6.

4.1.2 Review of Composite Likelihood

We let 6 denote a p x 1 parameter of interest. In modeling multivariate data or in other
settings involving complex dependence structures, the full likelihood may be complex or
too computationally demanding to work with. As an alternative to full likelihood, Lindsay

(1988) propose using a composite likelihood defined as

CL(:y) = [ L(6: )™, (4.1.1)

Jj=1

a weighted product of marginal or conditional likelihood contributions L;(6; y); this may be
viewed as an as the extension of the concept of pseudo-likelihood (Besag, 1974). Each term
L;(0;y) is determined by the selection of {A;,..., A;}, a set of marginal or conditional
events, where L;(0;y) o< f(y € A;;0) (Varin and others, 2011). Varin (2008) provided the
excellent review of composite likelihood in different fields and classified composite likeli-
hood contributions as based on conditional or marginal likelihoods. Composite conditional
likelihoods are based on the product of conditional densities given conditions which the

analyst specifies, whereas the latter is constructed from marginal densities.

As in ordinary likelihood, the composite likelihood score equations are unbiased esti-
mating equations under mild regularity conditions. The maximum composite likelihood

estimator é, obtained by solving the p x 1 equation
S(0) = dlog CL(6;y)/00 = 0,
is therefore consistent for §. The robust covariance matrix has the form

G(0) = A'(0)B71(0)A(9)
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where A(0) = E(—05(0)/df") and B(0) = E(S5"(0)S(0)) are p x p matrices and G(#) is the
Godambe information matrix (Godambe, 1960).

4.2 Likelihood and Composite Likelihood Formula-

tion

4.2.1 Notation and Model Specification

[~
|
L

-

EVENT TYPE

TIME SINCE RECRUITMENT

Figure 4.1: Timeline diagrams for J different recurrent event processes and a common
censoring time

Suppose individuals are at risk of J types of events and let T;;;, denote the time of the

kth occurrence type j event for an individual with label i. We let
dN;;(s) = I(a type j event occurred at time s for individual 7)

and let N;;(t) = f(f dN;;(s) record the cumulative number of type j events experienced by
individual ¢ over (0, t; the corresponding counting process is represented as { N;;(u), 0 < u}.
To consider all J events simultaneously we let dN;(s) = (dNu(s),...,dN;(s)). Apx1
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vector of fixed covariates, possibly unique for type j events, is denoted by z;; and we let
x; = (x};,...,2,;). The history for type j events is H;;(t) = {N;;(s),0 < s < t,z;;} and
the full history of all types of events is H;(t) = {Hi1(t),..., H;;(t),0 < s < t}.

The complete intensity function for a type j event for individual 7 is

. P(AN;(t) = 11Hi(t)) _
Etlﬁ) At - )‘ij(ﬂHi(t))a

j=1,...,J,i=1,...,n.

Suppose each individual in a sample of n independent individuals is to be followed
over (0, A] where A is an administrative censoring time. To accommodate possible early
study withdrawal, assumed to be conditionally independent of the event processes given
X;, we define a random censoring time C! for individual i and let C; = min(C/, A)
and Yi(s) = I(s < ), i = 1,...,n. We then let dN;;(s) = Yi(s)dNy(s), dNy(s) =
(dN;1(8), ..., dN;s(s)), and Ny;(t) = f(f dN;;(s) which is the observed number of type j
events. We let H;;(t) = {N;;(s),Yi(s),0 < s < t,x;;} and define the observed history
Hi(t) = {Hu(t),..., His(t),0 < s < t}.

In medical research, it is sometimes not possible to fully explain variation between
individuals simply by the incorporation of available covariates. To account for variation in
risk between individuals we consider a mixed Poisson model in which we introduce random
effects; this framework also allows for a dependence between event counts over disjoint
intervals (Lawless, 1987; Klein, 1992). We let U;; be a random effect for type j events for
individual 2. Under a mixed Poisson model subject to independent right censoring, the

conditional intensity for observed type j events given the random effect U;; = u;; is

L PN () = (1), uy)
ALL0 At

= u;Yi(t)Ajo(t; o) exp(af;85) (4.2.1)

where \jo(t; ;) denotes the baseline event rate function and the covariates have a multi-
plicative effect. We let 0; = (o}, 8})" and 0 = (0},...,0])".

We let G;(u;; 05) be the c.d.f. for U;; which arei.i.d. for all individuals, and consider the

special case in which Uy; are log-normal random with E(Uy;) = 1 and Var(log(Uy;)) = 7.
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To take into account the dependence between different types of events we consider the
joint density of U; = (Upy,...,U;;) obtained using a Gaussian copula model (Nelsen,
2006). Specifically we let

J
dG(u;;0,p) = H dGj(u;;05)c(Gr(un; 01), .., Gr(uis; 05); p)
j=1
where 0 = (01,...,0;)", Gj(u;;; ;) is the marginal cumulative distribution function of U;;,
j=1,...,J,and ¢(Gy(uj1;01),...,Gs(uiz;05); p) can be written as
q’*l(Gl(Uil;Ul)) @71(G1(Ui1§01))
1
C(Gl(uil;dl),...,GJ(UZ‘J;O‘J);/)): \/mexp _% . (R_l—]) .
G s(uis;0y)) & 1(Gy(uis;or))

where ®~1(+) is the inverse cumulative distribution function of a standard normal and
R is a correlation matrix with (j, k) component p;;, explaining the association between
G;(Uij;05) and Gp(Ug; ox); we let p = (pra, ..., p—1ys). We let ¢ = (0},0;)" be the
marginal parameters, and ¥ = (¢1,...,¢/), and let ¢ = (¢’,p')’, and overall parameters

= (¢, p")'. The marginal likelihood for n independent individual processes is written as
p

- lj/ooo/ooo {llem (6;]ui;) }dG(ui§¢) (4.2.2)

where the conditional likelihood L;;(6;]u;;) is given by
Nij(Ci)

Lij(05lui) = ] Uij/\jo(tijk%aj)exp(ﬂfgjﬁj)eXP(—/ Uz'jYi(U)/\jO(U;aj)exp(xéjﬂj)dv)-
0

k=1
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4.3 Estimation Based on Composite Likelihood

4.3.1 Composite Likelihood Construction

In this setting, when the dimension of J increases, the inference of this model is computa-
tionally intractable as there is no closed-form for the full likelihood. We adopt composite
likelihood methods to resolve the computational difficulty in estimation. Thus instead of
maximizing the full log-likelihood (4.2.2), a pairwise log-likelihood is used for inference.

In this case, we consider each pair of events together to determine the composite pairwise
likelihood as

n

crr) =11 11 ZLiwtmm (4.3.1)

=1 (j,k)eM

where

Lije(njx) = / / Lij(0|wig) Lir Ok [win )Gk (i, wir; djn),
0 0
dek(“z’jy Uik, <Z5jk) = de(uij; Uj>de(uik§ Uk)C(Gj(Uz‘j; 01), Gk(uik; Uk); ij)a

nik = (Vj, Vi, pjr)’s ¢ = (0}, 0k, pjir)” and M is the collection of J(J — 1) pairs of (4, k) of
event types. We note that wj, = 1/(J —1) is chosen to make a single effective contribution

of each type of event for each individual to the composite likelihood.

4.3.2 A Semiparametric EM Algorithm for Estimation with Pair-

wise Likelihood

When margins are specified semiparametrically even solving (4.3.1) directly is difficult due
to the high dimension of the parameters. Here we adopt an expectation-maximization al-
gorithm in which we treat random effects as missing data and the data on the event process
as observed (Dempster and others, 1977). We specify, in this case, Njo(tjx) = dAjo(tjx) as
B:)". Given
random effects we decompose the complete pairwise composite log-likelihood in (4.3.1) into

an unspecified function and we estimate dAjo(tx) = ajx and let 0; = (dA),
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the following parts as

log CLZ(Q> = E E Wik ( IOg Lij (9] ]uu) —+ IOg sz(ﬁkluzk) + lOg dek(uij, Wik s (bjk))
=1 (j,k)eM
(4.3.2)

In the E-step, we take the conditional expectation of the complete pairwise composite
log-likelihood given the corresponding paired observed data. Here we define H; j,(t) =
{H;;(s), Hir(s),0 < s < t}' as the history of j and k types of events for an individual i.
Then

Ellog CL*(Q)[H, x(C:) Z > wjk(Ellog Lij(0;]us;)| Hi i (Ci); QU 71] (4.3.3)
(j,k)eM

/\ /\

+ Ellog Lix (0k |uir) | Hi jx (C); Qb ] +E[logdek(umv“zkvquk))‘Huk( i); Qv ])

where Q=Y is an estimate of § at the (r — 1)st iteration. The estimating equation in the
M-step at the rth iteration (Klein, 1992) is

Ur(s,) Z/ S ()W (55BN (o) (4.3.4)

k=1,7#k

where

(4.3.5)

and we set

n J
s By) = Yils) [Zz%mmmm)@ﬂmwmmg (4.3.6)
i=1

k=1,j#k
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The calculation of E[U;;|H; jx(Cy), Q)] is given as

B0 Hi (€0 0] = Jo o “” Higp (o)l win, wigs v 0 0)AG (s, s )
Z] ,] . = Ar
fO fO Z]k )|u2]auzk:axz]7xzk,§(),é\](c))dek(uij,uik;gb;k))

(4.3.7)

where P(H; ji(Ci)|wij, Wik, Tij, Tik; 05, 0k) = Lij(0;]ui;) Lig Ok |uir) and 9 .6\ and &5;7,;) are
the estimates of 0;,0;, and ¢;;, at the r-th iteration, respectively. Let 5j denote the
solution to Uj(r_l)(ﬁj) = 0 in (4.3.4). The cumulative baseline rates are then estimated

using the Breslow formula as

Z/ Z wiYi(s)dNis(s) /R (s; 5] (4.3.8)

k=1,j#k

The maximization of (4.3.3) in semi-parametric setting can be easily carried out using the
coxreg function in R with log((E[U;;|H; jx(C;)] + E[Uik|Hi jx(C;)])/2) treated as an offset
term. The variance of the random effects and the dependence parameter are estimated by
maximizing
Z > wyEllog dG i (uij, wiri d1)| Higio(Cr), Q)] (4.3.9)
i=1 (j,k)eM

using the standard optimization software such as the optim function in R. The E-step and
M-step are repeated iteratively until the following stopping rule is satisfied;

max(|Q0+) — Q0))) <1074

The variances of parameter estimates are obtained by the Godambe information matrix
(Godambe, 1960) which is written here as

G(Q) = A(Q)B(Q)1A(Q) (4.3.10)
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where the estimates of A takes the form using Louis’ method (Louis, 1982)

~ 9 log CL?, dlog CL2 .
A= . —F —Z’]kH . VA i,jk H. . '
Z Z ka{ |: 900 wk’(Cz)] 0 V R|: o0 z,]k:(Cz):| Q_Q}
=1 (j,k)eM
(4.3.11)
and
5N Olog CLY; dlog CL? . !
B-Y{ 3w g men]| WX wan| S ]|}
(4.3.12)

where log CL?,jk = log L;;(6;|uij) + log L (O |wir) + log dG jx(wij, wik; ¢jx). The details of
the variance estimation are presented in the Appendix 4.A. The calculation of conditional
expectation in (4.3.7), (4.3.9), (4.3.11), and (4.3.12) requires to use numerical integra-
tion. To facilitate shared-memory multi-processor, we implement OpenMP (Open Multi-
Processing) interface in C++ to obtain numerical integration by Gaussian-Quadrature with

20 nodes for each dimension.

4.3.3 Two-stage Semiparametric Estimation with Pairwise Like-
lihood

The implementation of a two-stage estimation procedure can ease computation (Zhao and
Joe, 2005; Andersen, 2004). In the first stage, the parameters for each type of event,
Y; = (0;,0;), are estimated under a working independence assumption. We also use the
expectation-maximization algorithm treating a random effect for each type as missing data
to obtain QZ]-. Given a random effect u;;, the complete likelihood function for each type is
L;;(0;|ui;). In the E-step, we obtain the conditional expectation given the observed data
for each type

Ellog Li; (6]uis)| Hij (C:), ] (4.3.13)
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at the r-th iteration. In the M-step, the estimating equation (4.3.4) changes to
D) =3 [ WS N ()
i=1
where R§h7r)(s; ;) in (4.3.6) becomes
R ZY Uy |Hij(C), &) exp (] ;). (4.3.14)
We calculate E[U;;|H;;(C;); QZ](-T)] as

J

foo P(Hm( i)|uij7xua§](r))dG (uzjv/\](r))

i P (Hyi(C;)|uig, i‘;é\(r) dG; i-;A(’")
BlU |y (0 317 = 0 o PO 2 )G (5 7)

0

where P(H;;(C;)|uij, xi5;0) = L;;j(0;|ui;). The estimated cumulative baseline rates are then

Ap(s) Z | Va5

The procedure is iterated until convergence. In the second stage, we solve the composite

obtained as

score function from the pairwise likelihood with respect to p plugging the estimates {D\ from
the stage 1. Again, we implement the expectation-maximization algorithm with random
effects treated as missing data in which we obtain the dependence parameter by maximizing

the following estimating equation given the the estimates of marginal parameters

Z Z wjkE[logdek(uijauik§Uj7O'k7pjk)|Hz',jk<Ci)ub\(r_l)u7vz)jawk]‘
=1 (jk)eM

Zhao and Joe (2005) commented that two-stage estimation in composite likelihood is rec-
ommended with a weak dependence. In a strong dependence case, the simultaneous esti-
mation method gives better estimates. The variance estimates in two-stage estimation are

present in Appendix 4.A. The code is available from the author upon request.
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4.4 Simulation Studies

Simulation studies were conducted to evaluate the performance of estimators from the joint
models introduced in Section 4.2. We consider three different types of infections (J=3). For
a randomized treatment, we let x; the indicator of treatment where x; = 1 having treatment
otherwise z; = 0 where P(X; = 1) = 0.5. We generate the data over the interval (0, 1] with
an independent random censoring C;. We assume that C; follows an exponential distribu-
tion with rate —log(0.9) indicating 10% censoring. The marginal rate functions are of the
form aXt® texp(—AtY). We set (A1, 1) = (1,1), (Mg, ) = (1.5,1.25), (A3, a3) = (2,1.25)
and the coefficients 8, = [y = B3 = log(0.8). We consider the Gaussian copula with
log-normal margins for random effects where E(Uj;;) = 1 and Var(log(U;;)) = o7. We
set the frailty parameters as o; = 0.4,00 = 0.4,03 = 0.4, and the association param-
eters as (pi2, p13, p23) = (0.25,0.25,0.25), and (pi2, p13, p23) = (—0.25,—0.25,0.25). We
generated 500 samples of 1000 individuals. For each data set, parametric and semi-
parametric analyses are carried out based on the pairwise likelihood likelihoods in Sec-
tion 4.3.2, and two-stage estimation based on the pairwise likelihood in Section 4.3.3.
For models with parametric baseline rate functions such as Weibull model, the marginal
parameters 6, = (\;,;, ;)" can be obtained by maximizing (4.3.3) or (4.3.13) where
No(s) = Oéj)\?j s~ using standard optimization software such as the optim function in
R. The empirical bias (EBIAS), average asymptotic (large sample) standard error (ASE),
empirical standard error (ESE) and empirical coverage probability (ECP) are evaluated

for all parameter estimates and reported in Table 4.1 and 4.2.

The empirical biases are very small for all estimates of parameters and empirical stan-
dard errors and average estimated standard errors are in good agreement. The empirical
coverage probability are close to the nominal confidence level of 95%. Comparing para-
metric and semi-parametric model, we find that all estimates and standard errors are very
close between two models. However, to protect from the model misspecification, semi-
parametric model is recommended although the computation is intense compared to the
parametric model. The standard errors of estimators of marginal parameters are very close
between the pairwise simultaneous and two-stage model whereas there is some efficiency

gain in dependence parameters with the simultaneous model compared to the two-stage
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Table 4.1: Frequency properties of estimators obtained by fitting a Weibull-model using
the pairwise likelihood and two-stage estimation based on the pairwise likelihood with the
sample size 1000 and nsim = 500; (p12, p13, p23) = (0.25,0.25,0.25)

Pairwise Likelihood
TYPE PARAM EBIAS ESE ASE ECP
Weibull Model

Two-stage Pairwise Likelihood

EBIAS ESE ASE ECP

A 0.000  0.050 0.050 0.952 -0.001  0.050 0.050 0.950

1 a1 0.000 0.035 0.034 0.944 0.001  0.035 0.034 0.942

b1 -0.003 0.072 0.074 0.958 -0.002 0.072 0.074 0.958

o1 -0.002 0.064 0.069 0.962 -0.003  0.064 0.070 0.968

A2 -0.006  0.062 0.063 0.944 -0.007  0.061 0.063 0.950

5 Qg 0.000 0.035 0.035 0.948 0.001 0.036 0.035 0.948

Ba 0.003  0.060 0.062 0.958 0.004 0.060 0.063 0.958

o9 -0.003 0.048 0.051 0.970 -0.002 0.048 0.051 0.974

A3 -0.007 0.078 0.075 0.934 -0.006  0.077 0.075 0.938

5 Qs 0.001  0.031 0.030 0.944 0.001  0.031 0.030 0.942

B3 0.005 0.054 0.056 0.956 0.004 0.053 0.056 0.962

03 -0.003  0.040 0.041 0.960 -0.003  0.040 0.041 0.966

P12 -0.012  0.213 0.234 0.966 -0.008 0.220 0.235 0.960

Copula P13 0.003 0.189 0.207 0.962 0.009 0.194 0.208 0.960

P23 0.007 0.168 0.172 0.956 0.010 0.168 0.172 0.958
Semiparametric Model

Aqi(1) 0.000 0.051 0.050 0.934 -0.001  0.051 0.050 0.934

1 ot -0.005 0.073 0.074 0.946 -0.006 0.073 0.074 0.946

o1 -0.006  0.062 0.069 0.964 -0.007  0.062 0.070 0.972

Ao(1) 0.003  0.061 0.063 0.952 0.003  0.061 0.063 0.950

2 Ba -0.003 0.061 0.062 0.948 -0.003  0.061 0.062 0.948

09 -0.007 0.052 0.051 0.950 -0.005 0.052 0.051 0.954

As(1) 0.002 0.082 0.075 0.914 0.002 0.082 0.075 0.912

3 B3 -0.004 0.055 0.056 0.954 -0.004  0.055 0.056 0.956

03 -0.005 0.039 0.041 0.974 -0.005 0.039 0.041 0.970

P12 -0.010 0.221 0.239 0.964 -0.005 0.226 0.240 0.960

Copula P13 0.009 0.193 0.210 0.966 0.013  0.197 0.212 0.968

P23 0.016 0.171 0.175 0.964 0.017 0.174 0.175 0.958
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Table 4.2: Frequency properties of estimators obtained by fitting a Weibull-model using
the pairwise likelihood and two-stage estimation based on the pairwise likelihood with the
sample size 1000 and nsim = 500; (p12, p13, p23) = (—0.25, —0.25,0.25)

Pairwise Likelihood Two-stage Pairwise Likelihood
TYPE PARAM EBIAS ESE ASE ECP EBIAS ESE ASE ECP
Weibull Model

A -0.001  0.053 0.049 0.940 -0.001  0.053 0.049 0.940

1 a1 0.002 0.035 0.034 0.950 0.002 0.034 0.034 0.950

b1 -0.005 0.073 0.074 0.954 -0.005 0.073 0.074 0.954

o1 -0.009 0.061 0.069 0.966 -0.011  0.062 0.071 0.972

A2 0.002 0.063 0.063 0.952 0.002 0.063 0.063 0.954

5 Qg 0.001  0.033 0.035 0.952 0.001  0.034 0.035 0.952

Ba -0.003 0.062 0.062 0.938 -0.003  0.062 0.062 0.938

o9 -0.006  0.050 0.050 0.958 -0.006  0.051 0.051 0.962

A3 0.000 0.078 0.075 0.938 0.000 0.078 0.075 0.936

5 Qs 0.002  0.029 0.030 0.946 0.001  0.029 0.030 0.946

B3 -0.002 0.056 0.056 0.948 -0.002  0.056 0.056 0.950

03 -0.005 0.040 0.041 0.942 -0.006  0.040 0.041 0.946

P12 -0.011  0.214 0.244 0.980 -0.018 0.219 0.248 0.980

Copula P13 0.007 0.203 0.216 0.964 0.002  0.209 0.232 0.964

P23 -0.011  0.169 0.174 0.958 -0.010  0.170 0.174 0.956
Semiparametric Model

A (1) -0.001  0.053 0.049 0.940 -0.001  0.053 0.049 0.938

Typel b1 -0.005 0.073 0.074 0.956 0.002 0.073 0.074 0.954

o1 -0.009 0.062 0.069 0.960 -0.011  0.062 0.071 0.972

Ao(1) 0.002 0.063 0.065 0.956 0.002 0.063 0.063 0.952

Type2 Ba -0.004 0.062 0.062 0.936 -0.003  0.062 0.062 0.936

09 -0.006  0.050 0.053 0.952 -0.006  0.050 0.051 0.962

As(1) 0.001  0.078 0.077 0.936 0.000 0.078 0.075 0.936

Type3 B3 -0.002  0.056 0.056 0.950 -0.002  0.056 0.056 0.948

03 -0.005 0.041 0.042 0.938 -0.005 0.040 0.041 0.946

P12 -0.012 0.213 0.245 0.970 -0.018 0.219 0.248 0.980

Copula P13 0.008 0.203 0.217 0.936 0.002  0.209 0.230 0.966

P23 -0.011  0.169 0.174 0.936 -0.010  0.170 0.174 0.956
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model. In this simulation studies, we only consider three types of events in which pair-wise

likelihood approach is feasible. However, if more than three events are analyzed two-stage
methods are plausible.

4.5 Recurrent Infections in a Pediatric Trial of Iron

Supplementation

Lemaire and others (2011) conducted a randomized clinical trial of 268 Bangladeshi mal-
nourished children, aged 12-24 month in which children were randomly given iron-containing
micro-nutrient powder (iron MNP) or a placebo powder as mentioned in Section 1.3.3.
Given this data, interest lies on how to examine the effect of treatment on the incidence of
multiple diseases which are caused by malnutrition and iron deficiency. An analysis based
on a composite score is feasible (Lemaire and others, 2011), however it leads to losing in-
formation on distinct episodes. Often interest lies in a treatment effect on specific disease,
however, since the lack of nutrition directly or indirectly affects the immune system, the
different types of infections in consequence of malnutrition may be associated. Therefore
somewhat related diseases should be considered together.

PLACEBO
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Figure 4.2: Diarrhea, dysentery event plots for phase 1 and phase 2 showing the onset and
the duration of episodes
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Table 4.3: Joint analysis of three types of infections based on semiparametric model;
diarrhea, dysentery and cough with covariates iron and phase

Semiparametric Pairwise Likelihood Two-stage PW Likelihood
TYPE Covariate EST SE p EST SE p
COEFFICIENTS
) [ron -0.265  0.140 0.058  -0.265  0.140 0.058
Diarrhea
Phase 0.310  0.138 0.025 0.310  0.138 0.025
[ron 0.200  0.244 0.412 0.202  0.244 0.407
Dysentery
Phase 0.562  0.248 0.023 0.564  0.246 0.022
[ron -0.163  0.108 0.131 -0.163  0.108 0.131
Cough
Phase 0.380  0.109 < 0.001 0.380  0.109 < 0.001

RANDOM EFFECTS
(01,09,03) (0.405,  0.530, 0.314)  (0.372, 0.526, 0.313)

(0.094) (0.117) (0.092) (0.120) (0.218) (0.089)

DEPENDENCE PARAMETERS
(p12, P13, P23) 0.906 -0.250 -0.379 0.885 -0.276 -0.379
(0.211) (0.492) (0.617) (0.196) (0.529) (0.609)

Figure 4.2 displays diarrhea and dysentery data for each individual with two-phase
where lines represent a period of diseases. The onset of diarrhea and dysentery may be
correlated, which should be taken into account for an analysis of this data. In our analysis,
we select three types of events; diarrhea, dysentery, and cough. Since Figure 4.2 shows
that different phase may influence the occurrence of infections we first consider the iron
supplement and iron as covariates. We conduct full likelihood and pairwise likelihood in

application since the number of subjects is only 268 so that full likelihood is also feasible.

The results using the proposed methods are summarized in Table 4.3. We observe
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the iron supplements do not have significant effects on the occurrence of all three types of
events. The iron supplements reduce the occurrence of diarrhea (RR : 0.77; 95% CI: (-0.54,
0.01), p = 0.058 with pairwise likelihood) and cough (RR : 0.85; 95% CI: (-0.38, 0.05),
p = 0.131 with pairwise likelihood) whereas it increases the onset of dysentery (RR : 1.22;
95% CI: (-0.28, 0.68), p = 0.412 with pairwise likelihood). We note that the change of
phase from 1 to 2 significantly increases the occurrence of all type of events; phase 2 repre-
sents the winter period so that viral diarrhea increases onset of diarrhea (RR : 1.36; 95%
CI: (0.04, 0.58), p = 0.025 with pairwise likelihood) and dysentery (RR : 1.75; 95% CI:
(0.08, 1.05), p = 0.023 with pairwise likelihood). Also the onset of cough may increases due
to seasonal factors (RR : 1.46; 95% CI: (0.16, 0.60), p < 0.001 with pairwise likelihood).
All three types of infections show heterogeneity where ¢; = 0.41, 65 = 0.53, 65 = 0.31 with
pairwise likelihood. From the estimates of dependence parameters, diarrhea infection have
a strong positive association with both diarrhea infections (p12 = 0.91 with pairwise like-
lihood). There are negative associations between gastrointestinal infections (diarrhea and
dysentery) and cough (p13 = —0.26, po3 = —0.38 with pairwise likelihood). If the depen-
dence parameter is close to 1, it may be better to combine two events since the underlying
mechanism of two events may be identical. We note that the estimates of covariate effects
based on pairwise likelihood and two-stage pairwise likelihood are almost identical, which

indicates that marginal covariate effects are robust to dependence parameter.

Figure 4.3 shows the expected number of each episode under the pairwise likelihood
for phase 1 and 2, respectively. The infection of diarrhea and cough for the placebo group
have approximately 1 event occurrence for the period 12/2007-06/2008 (phase 1) and the
iron supplement group has lower expected number of episodes. The expected number of
events of dysentery for the placebo group is approximately 0.2 which has low incidence

compared to the onset of diarrhea.

4.6 Discussion

We propose the use of a multivariate random effects distribution to model heterogeneity in

the risk of several types of recurrent events based on a mixed Poisson model formulation.
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Figure 4.3: Plots of estimated expected number of diarrhea, dysentery, and cough events
for placebo and iron MNP group with two phase for the pairwise likelihood analysis using
the joint model
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The joint distribution of the random effects is constructed via a Gaussian copula model
which means that the measures of overdispersion for each type of event are functionally
independent and that the dependence structure is quite general. Semiparametric estimation
is carried out using a composite likelihood expectation-maximization algorithm; an even
more computationally efficient two-stage estimation procedure is also developed which
simply uses a working independence assumption at the first stage. Large sample variance
estimates are derived for both approaches and are shown to be valid in finite samples in
empirical studies. The approach is particularly appealing for use in settings with many
different types of events. From intermittent inspection, interval-censoring naturally arises

in longitudinal data. We can extend our methods to incorporate this feature of data.
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Appendix 4.A: Calculation of the Variance Estimates

1. Expressions for Simultaneous Estimation

To obtain the estimates of covariance matrix in (4.3.10), we need to calculate A and B in
(4.3.11) and (4.3.12), respectively. To be specific,

A:Ah

. 2 2 -
() Y wyE {%
Q=0

(j,k)eM

Hi,jk(Ci)}

Q=0

i) > wjkVAR[—aloggé%’jk
(4,k)eM

Hi,jk((]i)}

(i) > wyFE

(4,k)eM

- B,

|:8 log CL?
Q=0

Twm,jk(a)]

can be obtained as follows. First, we let

A = (4.A.1)

where

Hi,lk(ci)]

8210 Lz % Wiq
A111 = diag ( > wiE {M H; gk (Ci)

2
(1,k)eM 063

02 log L; (0 1|u;
e Z wykE og J2( Jluig)
80‘]

. )
Q=0

Q=0 (Jk)eM

and

Ar2 = Z wjkE[ °8 a;ua](b/Uk Oit)

Hi,jk(Ci)}

Q=0

We also let

Az Asio
Agor Asgo

As

(4.A.2)
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where

off-diagonal (4, k) component

J O

Olog L;j(0;]uij)
Z wlkVar |:< J .J J )
Gem o0

w;Cov [(mogLéje(,?jluw)) 7 (310ngc(9k\um)) ‘Hi,jk(ci):|
Q=0

Az 11 =

H; jk (Oi)] diagonal (4, j) component

Q=0

!
A2,12 = A2,21

0log dG(uij, uik; djk) 0log L;; (05|ui;) Lig (Ox |wir)
Az = (jg;ijkCOV [( 8;5 =) i 85 H; jix(Cy)

) , and
Q=0

)

Ag o = Z w;xCov KmogdG(igg um;%‘k)) ’ <810gdG(Uijag(;k;Uj,O'kapjk)> ‘Hi,jk(ci):|
(J,k)eM

We also let

0Olog L(0;; uiy Aog dG(uij, uik; d;
B = |:( Z wjkE {M‘Hz,gk(cz)}‘ A,j=1,.A.,J), Z ’wjkE|: og (UJ Uik ¢Jk)
=Q

(k) EM 905 (k) EM o¢

!
Q_ﬁ}
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2. Two-stage Estimation

In two-stage estimation, A 13 and A 95 in (4.A.1) can be written as

0” log Liy (01]ui;) 0% log Ly (0.5|ui)
. 7 tJ\VJ|WiJ
Al,ll = dZCLg E |: 892 Hﬂ(C’z) JERRRE 802 HzJ(Cl> R 5
1 Y1=11 J Y=g
and
diag <E [%MWJ(C)} = 1,...,J> 0
Ay oo = T Vi =v; )
0% log c(uqj,u;p;¢s; . 0% log c(uqj,u;p;¢s; .
5w | LRsten) iy, ) ‘ - diag (s | PRl )| G e m)
(G k)EM ik Q=0 Pik Q=0
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Also, in (4.A.2) Ay 11 becomes

6? lOg LZ]<8], uij)
a0,

A2711 = dzag (Var |: ]H”(C’l)]

;j:]‘7"'7j)7
Tl}j=$j

;jzl,...,J) 0),
1/);:@

. Olog L;;(0;u;;) 0log G(u;j;0;
Agyp = (dzag <COV [ lgLajg(j] 1) Olog 8(&/ J)\Hij(Ci)}

diag (COV |:810gg£—1;ij§0'j)’ alOng'Hiej;uij) ]H”(Cl)] ) ;j — 17 o J
Ago1 = Vi=vs ;
Z wjkCov l(alogdG(g27U¢k;¢jk)> : (510gLij(%hgé)hk(@kluik)) ‘Hi,jk(ci)u >
(4,k)eM Q=0
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diag | Var %\Hij((}) i=1,...,J 0
j ~
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Z wjkCov 610gdG(ui?’:uik§¢jk) , Olog dG (uij,wik;Pjk) Hi,jk:(cz‘)
(e Opi o0 0=
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3. The Conditional Score Vector and the Conditional Information
Matrix

The conditional score vector 0L;;(0;|u;;)/08; for B, dAjo(-) in the complete pairwise like-
lihood (4.3.2) are given as

OL;;( 9 ;) o |
J ’ J Z{Nz] fu Z/O Y;(U)l’ijexp(xijﬁj)d/\jo(v)}’

aLij(9j|uij) o

8dA]0(t]k) dA]O jk izuz] ]k exp 7,]/8])

where ¢, is the k™ time of type j event occurrence.

The components of the conditional information matrix —0*L;;(6;]u;;)/00;00; are as

follows.

 OPLij(0;|wiy)
8%;35/ : Zu”/ x”xlj exp(z zJﬁJ)dAJO( v),

0°L;;(8;|u;
aga&ﬁ S s Filta) sy explalfy), and
0 jo(t; —
_OLyOluy) 1
HdAjo(tin)* dAjo(ts)?

In (4.3.2), log dG (w;j, wik; ¢jx) is given as

"1 log® (us o 1 —10g2 i
log dG (w;j, wi; jk) = {5 log(uij) — 2(52 2 — log(a;) — gj * 2 log(uik) — 22,3 s
J

i=1
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log(01) o2 log(l— P?k) P?k(%z + o) Pk 0
_ L) — k. _
8 2 8(1— P?k) 401 - P?k)

2

Pik {log (uij) log” (uzk)

— + log(uy;) + + log(uix)
2(1-p}) o3 ! o,

ij {log(um) log(uzk) X O log(u,]) 4 O'j log(uzk) } :|

1-— pjz.k oo} 20; 20y,

+

The components of the conditional score vector 0log dG (u;j, wir; $ji)/Opji are given as

follows.
0log dG (g, wir; dji) _ N mo L MOk zn: log®(us;)
do; oj Al —ph) A0 - pF) - (1= piy)o;
1 ) 1 i j = —o 1 Uy 5 lo U;
ijk ogu] og(Uk)+ ngz Z{ oy, ng( ]>+ g( k)}’
(1-— p] a o L= pj, — 207 20y,
0log dG(u;j, Wik; dji) _ MOk POy i log? (usr)
doy, or  4(1- P?k) 4(1 - P?k) (1= ¢3)oi;
¢o log(u;j) log () pit ~— [ —ojlog(uy)  log(us;)
N Z (1— 7 T 1 — 2 Z 252 T 2 ’
¢3)o;0} L — T 9j
and

0log dG(uij, wir; Pjk) _ Pk npjk(a'?. +02)  nojon(l+ p?k>
o T AR A0 )
n 2
__ Pk log®(u;;) ~ log” (um) | |
(1= p3)? ; { o - o} + log(ui;) + log(uir)

1+ p3, log(u;j) log(ui) — oxlog(uij) — o;log(uk)
J E Z{ J + iy .

(1— ij — 00 20, 20
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The elements of the conditional information matrix —9*log dG(u;j, wi; d;1.)/ ¢k 09,

are as follows.

0% log dG(u;;, wir; @ n 3log” (uy;)
_ 8 dG (uij, uik; Pji) _ __2+ Z 2108 (Uij)
Jo ;00 of A(l—ph) = oi(l—¢p)
_ Z 2P]k log U’zy 10g(uzk) Pik Z o log(ug;)
Jojon L= pj i=1 a; 7
0?1og dG (uij, wir; k) _on ny n 310g2(uik)
do1doy Uk A1 = p%) i1 o (1 = p%h)
_ Z 2pji log( uz] ) log(uir) — pi i o log(u)
(1= p3)o o 1 —p3 — o
_32 log dG'(wij, Wik; Oji) _ NPk Z pjk log(u;; log(uzk>
Jo;00y, 4(1 — ng — (1= ph)oior
Pik { log(u;) | log(uir) }
+ Pk + ,
L—p3, ; 207 207

 0Plog dG(ug, um; o) nppo;  nok(l + Pik) B i 2p;i log® (u;;)

00;0p; C2(1-p5)r 41 -p3)? & (1)l
N TEYERE Z 2 B 2 2 ’
( p]k) — oioy, o; Ok
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P log dG (uij, wik; djn) _ npjk(f] Z 2p;1, 10g” ()
80kapjk 2(1 - p]k 1 — Pjk QCTk

=1

(1+ pjk n {1og uij) log(ui)  ojlog(ui) N log(uij)} and

M

(1 —p3)? — 008 oz 207,
~ dlog dG (uij, wir; dj1) _ n(1+ pfk) (aj + o) (1 + SP?k) B 0,;0k(3pjK + P?k)
0p;jrOpji C(1- P3)? A(1 = p)? 2(1 = p5)?
14305, & {logQ(u“) log” (u k)
L EoP ) k) log(uz ) + log(uzk)}
(1- P?k)g ; UJZ o !

B 2pk(3 + p?k) i {log(uij) log(uz) N o log(ug;) N o log(uik)}
(1-p3%) <= 00k 20; 204, '

In two-stage estimation, log dG(u;j; 0;) is given as

The conditional score function and the conditional information function for o; from
log dG(u;j; 0;) are given as
0log dG(u;j; 0;) _on N logz(uij) U]?-’

— and
. . 3 ’
30] 0 O'j 4

_ PlogdG(uij; 04) no 3 log?(uy;) N 307§
J0;00; o? oy 4
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Chapter 5

The Illness-Death Model for Family
Studies

5.1 Introduction

Family studies are conducted to assess the nature and extent of familial aggregation of
disease, as well as the effect of genetic factors on disease onset. When present, familial
aggregation suggests a shared genetic or environmental basis of disease (Li and others,
1998; Liang and Beaty, 2000). For valid inference in such settings, however, it is important
to address the sampling scheme by which family members are recruited. Typically an
individual with the disease, called the proband, is recruited to the study and provides a
detailed disease history including the age of disease onset. The disease onset time for this
individual is right-truncated since they had to be affected to be sampled, but their survival
time is left-truncated. The family members of the proband, called non-probands, are then
selected for the family study. In some settings the proband may report the disease history
of their family members, but it may alternatively be acquired through clinical examination

conducted by a physician.

A variety of methods for the analysis of multivariate failure time data methods have

been developed (Hougaard, 2000). A non-parametric estimate was suggested by Dabrowska
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(1988). Wei and others (1989) introduced marginal models for different types of failure and
developed methods for the robust estimation of standard errors. The marginal apporach for
the analysis of clustered failure time data has been developed in general by Lee and others
(1992) and by Liang and others (1993) for family studies. Clayton (1978) suggested use of
the cross-ratio as a dependence measure, and Oakes (1989) showed the connection between
frailty models and the cross-ratio hazard function. Frailty models have been widely used in
the analysis of case-control family studies (Hsu and others, 2004; Hsu and Gorfine, 2005)
where a frailty variance is interpreted as a measure of dependence in the age of onset within
family members. Copula models can alternatively be used, in which case the multivariate
joint distribution is formulated in terms of the marginal distributions and a copula function
(Joe, 1997; Shih and Louis, 1995). Li and others (1998), Shih and Chatterjee (2002), and
Chatterjee and others (2006) developed the copula models for case-control family studies
considering the ascertainment of case-control probands. Zhong and Cook (2016) used
copula functions and composite likelihood for the analysis of right-censored and current
status family data while addressing complex sampling schemes. Zhong and Cook (2017)
developed estimating function methods and considered the implications of different forms

of the estimating functions in terms of robustness and efficiency.

The aforementioned methods focus on modeling familial aggregation in disease onset
times in the simple framework of time to event data. More recent work has dealt with
clustered failure time data in the semi-competing risks setting, where disease onset and
disease-free death are considered as competing events. Bandeen-Roche and Liang (2002)
suggested a modified conditional hazard ratio to account for the cause of failure based on
a frailty model and applied it to a population cohort study of dementia. Shih and Albert
(2010) extended the work of Bandeen-Roche and Liang (2002) and considered two types
of dependence measures with one to model the dependence in terms of the failure time of
paired members and a second to model the association between the failure types given the
time; they suggested use of a time-varying piecewise constant dependence measure. To
examine sibship association in disease onset, Cheng and others (2009) developed nonpara-
metric association analysis using the bivariate cumulative incidence function defined by the
cause-specific hazard function to account for the exchangeable clustered competing risks

setting. Zhou and others (2012) proposed a marginal proportional subdistribution hazard
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model in the clustered competing risks setting. Scheike and others (2010) and Scheike
and Sun (2012) studied a semiparametric additive model and explored a cross-odds ratio-
type measure on the probability scale as the association parameters for the Danish twin
data; Scheike and others (2014) extended the model to accommodate delayed entry and to

accommodate genetic and environmental effects.

Multi-state models offer another framework for dependence modeling. Aalen and others
(1980) applied the Schweder (1970) concept of local dependence to understand the inter-
action between two life history events by comparing the transition intensities. Hougaard
and others (1992) and Hougaard (1999) considered dependence modeling in the life times

of twins via multistate models under the Markov or semi-Markov assumption.

There has been little work on the use of illness-death models in the setting of family
or twin studies. The illness-death model is a useful framework for event history analysis
when not only disease incidence but also mortality is considered for better understanding of
the life history process (Andersen, 1988). Dependence modeling of correlated illness-death
processes is necessary when data are clustered as in family studies. (Cook and Lawless,
2018, Section 6.2) discuss a variety of methods for dependence modeling for clustered or
otherwise correlated multistate processes. Some of these apply generally while much of the
discussions invlovles progressive process. Jiang and Haneuse (2017) proposed an illness-
death model with a non-parametric frailty distribution where the non-terminal event times

and terminal event times are correlated.

In this chapter, we develop an illness-death model using the latent variable formulation
of the competing risk model for the first event (disease onset or disease-free death). A cop-
ula model is used to accommodate clustering in the ages of disease onset within families.
Methods are described which account for incomplete data under two types of biased sam-
pling schemes. The use of auxiliary data is highlighted to address identifiability problems
and to increase the efficiency. Finally, we show how to account for incomplete genetic data

when auxiliary data do not have genotype information available.

The remainder of this contribution is organized as follows. In Section 5.2 we define no-
tation and present the joint model. Two study designs under the biased sampling schemes

are then described and the associated likelihood is presented; composite likelihood is pro-
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posed for settings where some family sizes are large. The use of auxiliary data is discussed
in Section 5.3 to facilitate estimation of transition intensities to the death state, and simu-
lation studies are reported in Section 5.4. In Section 5.5, we extend the proposed methods
to incorporate genotype information and present the results of further simulation stud-
ies. An application to a family study on the onset of psoriatic arthritis (PsA) from the
University of Toronto is given in Section 5.6 and concluding remarks are given in Section
5.7. Remarks on computational methods are given in Appendix 5.A and the method for

modeling missing genetic data is described brifely in Appendix 5.B

5.2 Model Formulation

5.2.1 Notation and Model Formulation

We consider a four-state model illness-death model to describe the joint distribution of
disease onset and death (Datta and others, 2000; Xu and others, 2010). We let state
0 represent a healthy state, state 1 represent a diseased state, state 2 represent death
post-disease, and state 3 represent disease-free death; see Figure 5.1. Our initial interest
lies in modeling the dependence between family members in the age of disease onset. To
discuss the joint model in the greatest simplicity, we first consider dependence modeling
for individuals labeled 7 and k in family ¢, and define variables for individual j without loss
of generality. We let X;;; denote the age of disease onset, X;;o the age at death following
disease, X;;3 the age at disease-free death. Note that this is a latent variable formulation
of the semi-competing risks problem for transition out of state 0 in that Xj;;; may not be
observed (or realized) if X;;3 < X;;1. While unconventional and not without limitations in
terms of its connection with observable features, we adopt this formulation here since the
association in the age of disease onset is most naturally modeled in terms of the 0 — 1
transition times. Finally we let B;; be the calendar time of birth for individual j in family
i, 7 =1,2, and let B; = (Bj, Bi;)" be the vector of calendar times of births for individuals
j and k in family 7.

It is also helpful to use notation for multistate models and so we let Z;;(a) denote the

state occupied at age a and calendar time B;; + a for individual j in family i = 1,... ,np

105



DEATH

HEALTHY DISEASE POST-DISEASE
o | — 1 |—>] 2
3

DISEASE-FREE
DEATH

Figure 5.1: A four-state representation of an illness-death model

where np is the number of families recruited. We let V;; denote covariates for individual
g in family ¢ and V; = (Vj;, Vig)". Let H;j(a) = {Z;;(s),0 < s < a, B;;,V;;} denote the
history for individual j in family i over age [0,a) whose calendar time of birth is B;;. The

age- and calendar time-specific marginal transition intensity function from state h into [ is
defined as

. P(ZU(CL + ACL_) = llzij(a_) = h7 Hl]<a>>
lim
Aal0 Aa

= )\ijl(ta G|Hij(a))

with ¢t = B;; + a where (h,l) € {(0,1),(0,3),(1,2)}. If the disease process for each family

member is Markov given the date of birth and the covariates, we can write

)\U(t7a’Hl](a>> = )\l(taa’bijvvij)a l= 15 27 3.

If we assume that A\3(¢, a|b;j, vij) = A2(t, albij, vi;), the disease is incidental in that it does
not change the risk of death, but if A3(¢, a|b;;, vi;) # Xa(t, albsj, vij), then survival is locally
dependent of the disease process (Aalen, 2012); in this case, typically, Aa(t, a|b;j, vi;) >

As(t, albij, vij). Andersen and others (1985) use a Cox model to accommodate proportional
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mortality among diseased and disease-free individuals. In the present context, this has the

form

/\g(t, (I|bij, Uij) = )\3<t, CL|bZ'j)V0(CL) exp(vngQ), (521)

where A3(t, alb;;) is the age- and calendar-time specific baseline population mortality rate.
The term vy(a) reflects a proportional change in mortality in terms of age. We adopt the
model (5.2.1) and let A3(¢, alb;;, vij) = As(t,alb;;) so that the subject-specific disease-free
mortality rate does not depend on the covariates and can be therefore easily estimated
based on the population rates. If the disease does not alter the mortality trend in age in

the population, we may assume vy(a) = v.

Here, the transition times X;;; and Xj;;3 are defined to be statistically independent,
and we note that we only observe min(X;;1, X;;3) (Kalbfleisch and Prentice, 2011). For
transitions from the healthy to diseased state, we assume that the intensity does not depend
only on calendar time, in which case we may write (¢, a|by;, vi;) = Ai(a) exp(vj;41). Under
the assumption of independent competing risks, we denote the survival functions for the
latent disease onset time as F(a|Vy;; ¢1) = 1 —exp(— [ M(alV;;)da), and let f(a|Vij; ¢1) =
—0F (a|Vi;; ¢1)/0a where ¢, indexes the marginal intensity for disease onset. To identify
the nature of familial aggregation in the age of disease onset, we construct a joint model

for X;;1 and Xjz; using a copula function (Joe, 1997) in which
P(Xijl > aj, X > a; Vi,p) = C(—F(aj’v;j; ¢1), F(ar|Vie; ¢1); p), (5.2.2)

where p indexes the copula function and ¢ = (¢}, p)’. We define ¢ = (¢}, ¢5)" where ¢
indexes the transition intensity from the diseased to death state and i) = (¢, p). The joint

density function can be written as
P(Xij1 = aj, Xiwy = ax; Vi, 0) =c(F(a;|Vij; 61), F(ar|Vie; ¢1); p) f(@;|Vig; 1) f (ar|Vik; 61),

where c(+, -; p) is the density of the copula. We here consider the Clayton copula which has
the form
Clur,uz; p) = (uy” +uy” —1)717

with Kendall’'s 7 = p/(p + 2). Mesfioui and Quessy (2008) showed that the conditional
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Clayton copula has an invariance property; in the present context, if X;1 = (X1, X1, Xiu1)
follows a joint distribution with a dependence model governed by the Clayton copula,

then the distribution of Xjj1, Xjx1|Xu1 = zn follows the Clayton copula with parameter
p/(1+ p), so,

P(Xiji > aj, Xigr > ap| Xan = ay, Vij, Vi, Vir) (5.2.3)
= C(F(aj| Xu1 = a, Vij, Vii; 61, p), F(ar| Xan = ar, Vi, Vi; 61, p); p*),
where p* = p/(1+ p) and

5’0(-7:(Clj|vij;¢1),]:(13ZH/§1§¢1)3P)
8xl

Flaj| Xin = ar, Vij, Vai; o1, p) =

Tr=ap

As a measure of dependence of the age of disease onset between two individuals, we
consider the cross ratio for (X;;1, Xix1) (Oakes, 1989) which takes the form of

)\1(%|ij1 = Qaj; Vi;SO)
)\l(ak|Xijl > aj; Vi)
P(Xij1 = aj, X1 = ar; Vi, 0) P(Xij1 > aj, Xipg > ap; Vi, )

P(Xij1 = aj, Xi1 > ag; Vi, ) P(Xij1 > aj, Xogg = ag; Vi, )

0(aj, ar) = (5.2.4)

We note that under the Clayton copula, 0(a;,a;) = 1+ p. We assume that the (possibly
latent) age at disease-free death for an individual is independent from the life history of
other family members. This assumption may not be valid in settings where the occurrence
of death might be affected by shared environmental factors in a family. Nevertheless we
adopt it here, recognizing that there is a within-family dependence in the marginal time of
death (min(X,js2, X;j3)) accommodated. Note that under the assumption of i) conditionally
independent competing risks, X;;1 L Xj;3|Vij, and ii) X3 L {Zi(s),0 < s}|B;, V; for
Jj # k, a cause-specific cross-ratio 6y1(a;,a;) for the age of disease onset between two

individuals is the same as the cross odds ratio 6(a;,a;) in (5.2.4). This is true since
P(Xijl = @jaXijB > ajyXikl = ap, Xipz > ak§Bi;Vi>90) = P(Xijl = ajaXikl = ak;Vi#P)
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and

011 (a;, ar) = A (ag| Xiji = aj, Xijz > a3 By, Vi, ) _ A (ag] Xiji = a;; Vi, )
HAT T All(ak’Xijl > aj, Xijz > a;j; By, VMD) )\l(ak‘Xijl > aj; VMD)’

where 6;(-) represents the cause-specific hazard ratio for the transition from 0 to 1 for
two members, A\ (ax|Xij1 = aj, Xij3 > aj; B;, Vi, ) is the conditional hazard at disease
age ay given the other family member has disease at age a;, and A\ (ax|Xijn > a;, Xijs >
aj; B;, V;,p) is the conditional hazard at disease age a;, given the other family member is
in healthy state at age a; under the semi-competing risks setting. Here, we consider the
Clayton copula and we let 6(a;j, a;) = 611(aj,ax) = 0 = 1 + p. Note that since the age
of disease onset between family members are correlated, X;;» may not be independent of
Xika-

Scheike and others (2010) introduced a cross-odds ratio for the age of disease onset

under the competing risks setting given by

. ODDS (X1 < a, Xig1 < Xus| Xij1 < a, Xij1 < Xij3; B, V)
h ODDS(Xiy < a, Xigy < Xiga, Bir, Vik) ’

m(a)

where
P(Xir1 < a, Xip1 < Xirs, Bix, Vir,) (5.2.5)

is the marginal cumulative incidence function for the age of disease onset. Note that
7(a) does not have a simple expression even with #(a,a) = 1 + p under the Clayton cop-
ula, because the cumulative incidence functions are obtained by the cause-specific hazards
A1(4), A2(+), and A3(+).

5.2.2 Likelihood Construction for Family Studies

We now extend the model to deal with all members of a family. We let m; + 1 denote
the total number of members of family ¢ with the subscript 0 used to denote the proband
in the family. Let X;1 = (Xio1, Xi11,..., Xim;1)" denote the vector of possibly latent
onset times within family i, X3 = (Xjo03, Xi13, - -+, Xim3)', Xi2 = (Xioz, Xi12, - -, Xims2)',
B; = (Biy,...,Bim,),and V; = (Vjo, ..., Vi, ). Then (5.2.2) extends to m;+1 dimensional
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survival copula function as

P(Xio1 > ao, ..., Xim1 > G,

VZ,QD) :C(F<a0‘v;0;¢1)7"'7‘7<ami

We consider studies in which families are sampled by the selection of the proband from
a disease registry. We label the proband j = 0 and selected family members by j =
1,....m;;i=1,...,np. We let R;y denote the calendar time of screening and recruitment
of the proband to the registry and C;y = R;o — Bjp the age of the proband at calendar time
R;o. To be in the registry, the proband must be alive with disease at age Cjy. Let R; be the
calendar time of the second stage of sampling of the proband from the registry for inclusion
in the family study, and A;, and A; = (Ao, Ai1, - - ., Aim,)’ denote the age at calendar time
R; for the proband and all family members, respectively; let A; = (A;, ..., Ain,) denote
the elements of A; excluding the proband. More generally a superscript “-” denotes a

vector with the entry for the proband excluded.

Given the life history of the proband, we obtain data from the non-probands. If a non-
proband died before R;, it is often possible to obtain disease history data from medical
records or via the proband. Anderson (1961) compared the accuracy of reports about
disease histories of family members with diagnosis data from physicians, and found that
obtaining information from physicians is necessary to ensure accurate reporting is made for
non-probands. We therefore also consider designs in which physicians must interview non-
probands at calendar time R; to carry out medical examinations. In this second design,

non-probands would have to be alive at the family recruitment time R;.

The Lexis diagram plays a central role in describing the incidence, path, and sampling of
disease processes in a population using a calendar time x age co-ordinate system (Keiding,
1990, 2006). Figure 5.2 shows possible scenarios for family data on illness-death processes
under the biased sampling scheme. In this figure, the dashed lines represent periods of
calendar time and ages at which the healthy state is occupied, and the solid lines represent
periods in which the diseased state is occupied. The proband, depicted in red, provides
their retrospectively recorded age of disease onset, and like other individuals in the registry
may be followed until death or censoring. Non-probands may give a mixed type of data.

Some may give retrospectively reported ages of disease onset, some may be disease-free at
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the time of examination, and for some we may simply know their date of death if they
did not live long enough to be recruited and examined at the calendar time of the family

study.

AGE

— Proband

— Non-probands

¢ Known disease onset
* Known death

i
|
1
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1
1
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I

R R;
CALENDAR TIME

Figure 5.2: A Lexis diagram for family data obtained under a biased sample scheme; R;o
denotes the calendar time of recruitment of a proband to a registry and R; is the date of
the family study.

We construct the likelihood function for two particular study designs under the biased
sampling schemes, depending on whether we collect all history of non-probands at R; or
only examine non-probands who are alive at R;. If 8; = (80, Si1, - - -, Sim, )’ denotes a vector
of ages of individuals in family i, we let Z;(s;) = (Zio(si0), Zir(Si1)s - - - s Zim; (Sim;))'. Inn
both designs the likelihood contribution of the proband is

Lio(¢) = P(Zio(Aw)| Zio(Cio) = 1, Cio, Bio, Vio; 8), (5.2.6)

where Z;o(Aip) = {Zio(u),0 < u < Ajp}. In the first design we suppose the disease history
and covariates for all non-probands are available at calendar time R; at which the family

study is conducted. The likelihood is then given as
Lf(iﬂ) OCLiO(Cb)P(Z;(Ai_)|ZiO<AiO>; Zio(Ain) = 1, Ai, By, Vi), (5.2.7)
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where Z;(s;) = {Zi;(v),0 <u < 545,57 =0,...,m;} and Z;;(s) = {Z;;(u),0 < u < s}.

In the second design we consider a study in which non-probands must be alive to be

examined and participate in the family study. This gives

LI () o< Lig(¢)P(Z; (A7 )| Zio(Ai), Zio(Aw) = 1, Z; (A7) € {0,1}™, Ay, B;, V1)),
(5.2.8)

In what follows we omit the superscript I and II indicating the design and take it as

understood that L; represents either L! or LI in a particular setting. The score vector is

S(yp) = i Si(Y) = XF: Olog L; /0 and the information matrix is
i=1 i=1

1) = =3 1) = = > _ 0 log Li() /000y,

respectively. We obtain the maximum likelihood estimator @@ by solving S(¢)) = 0 and
asymptotically \/nz (1) — ¢) ~ N(0,Z () where Z(¢)) = E[L;(v)].

When m; is large the computational burden of evaluating the joint probability of the
life histories of family members may be considerable, so we consider use of “pairwise” con-
ditional composite likelihood (Varin and others, 2011) in which pairs are comprised of two
non-probands and the models condition on the proband data for this respective family. In
particular, in the second design in (5.2.8) where non-probands are only selected if they are

alive, the composite likelihood is exploited to address the difficulty of calculating the con-

dition P(ZzO(AzO); ZZ()(AI()) = 1, Z;(AZ_) € {O, 1}mi, Ai, Bi7 Vz) Then, the contribution

to the conditional composite likelihood of family ¢ for design k is

CL{(4) < Lio(¢)  [] {Lf;-l(zb)}ﬁ’ k=1I1I (5.2.9)

1<j<i<my;

where L is given by (5.2.6); the weight 1/(m; —1) ensures the contribution to the marginal

function for non-probands is appropriate. In design I,
ijl(w = P(Z;jl(Ai_leZiO(AiO)u Zio(Ai) =1, Aiji, Biji, Vi, )

112



and in design II,

LszIl(w) P(Zz]l( z_]l)|ZlO(AzO)>ZzO<A >_ 1 Zz]l( zgl) S {0 1}2 Azylaszsz]laqyb)
B P(Z (A Zio(Ai), Zio(Ain) = 1, Agji, Biji, Viji; 1)

B P(Z;,(A;) € {0,132 Zio(Ai), Zio(Aio) = 1, Aiji, Biji, Viji; )

with Agj = (A, Aij, Aa)', Biji = (Bio, Bij, Ba)' . Viji = (Vio, Vi, Vi) s Ziji(siz) = { Zin(u),0 <
u < sip,h =0,7,1; B;j; . We calculate Lml(lb) using the conditional Clayton copula func-
tion based on (5.2.3). The detail of computation of composite likelihood is given in Ap-

pendix 5.A. Again we suppress the superscript I or IT when discussing a generic setting we
ng

write C'L;(¢). The score vector for the composite likelihood is then U(v) = > U;(¢) =
i=1

ZF dlog C'L;(1) /01 = and the maximum composite likelihood estimator 1) is obtained by
i=1

solving U(v)) = 0. The estimated variance of @Z is given as n; A~ (¢)B(¥) A~ (¢)) where
A )=—nF126U( 1) /0y, and B(1) )—nple( VU ().

5.3 Augmented Composite likelihood

In the context of family study, the low incidence of disease onset among non-probands and
bias sampling scheme pose difficulty for analysis due to the lack of data. To overcome this
difficulty, auxiliary data can provide additional source of data and strengthen the analysis.
The combination of data from different sources in family study has been suggested (Pfeiffer
and others, 2008; Zheng and others, 2010; Balliu and others, 2012) in which the case-control
studies or the twin-based studies are incorporated with the family-based studies. In our
motivating example, University of Toronto Psoriatic Arthritis Registry (UTPAR) provides
data with right-truncated disease onset time and the left-truncated and right-censored
time to death (Wong and others, 1997). The UTPAR also conducts tracing studies, which
aim to yield further data on survival times for PsA patients. Another source of auxiliary
data is a national cross-sectional survey conducted by the National Psoriasis Foundation
in the United States; it yields current disease status data (Gelfand and others, 2005).

Although this study provides only marginal information, the efficiency can be enhanced
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by augmenting the likelihood. Since we have no data available on the time to disease-free
death, we use national mortality statistics to estimate the disease-free mortality rate; the
data are population-level data and so we treat A3(-,-) as known and define them to be the
population mortality rates. We thus consider i) registry data with follow-up ii) a cross-
sectional survey yielding current status data on disease state, and iii) national statistics

for the mortality rate.

Let A; the set of individuals in the registry, Ay the set of individuals from the cross-
sectional survey. We multiply C'L¥(3)) in (5.2.9) by the corresponding marginal likelihood
L4,, L4, based on auxiliary data i), ii), respectively. For the individuals in the registry
except the probands in i), we let X,; denote the age at onset, C, the age at recruitment,
X2 the age at death following disease (if available), Af = min(C}, X,2) with C* the
last assessment time, B, the calendar time of birth, and V, a vector of covariates for an

individual r. Then, L4, is given as
LAloCHP A* |Z< >—170r7B7'7V;";¢)

where ng is a size of registry data.

In the case of ii), if C,. denotes the age at contact for the survey, then L4, is written as

L/WH [[ P(ZA(C)) = h|Z,(C,) € {0,1}, By, Vi ) Zr(C)=h)

r he{0,1}

where ng is the sample size of the survey. In the case of iii), we obtain A3(¢,a) using the
published population data which is calculated by the number of deaths in age-, calendar
time- divided by the exposure-to-risk in age-, calendar time- (Robert, 2017). Figures 5.3
shows the age-specific population mortality rates across calendar periods between 1921
to 2011. A decreasing trend in the age-specific mortality rates over the last 90 years is
apparent, therefore, if the registry includes individuals born over a wide range of calendar

time, age- and time-specific mortality rates should be considered.

To examine the asymptotic distribution of the estimator @E, we construct the augmented
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Figure 5.3: Age-specific population mortality rates by calendar period in Canada from
1921 to 2011

composite likelihood

ACL@W) o< [[ CLiW) [ Lavr (@) [ [ Lo (@), k=111, (5.2.10)
i=1 r=1 r=1
and we may write
dlog CL;
Uri() = OgT(@/)),
log L 4,
U o) = LB Z1E),
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and

1 r
UAz,r((b) = o = g;z% <¢)

The score vector for the augmented composite likelihood is
- ng ngR ng
O@) =) Uri@) + Y Unia(®) + D Usor(9)
i=1 r=1 r=1

and the maximum augmented pairwise likelihood estimator ¢ is obtained by solving U (¢)) =
0. The estimated variance of ¢ is given as n= ' A~ (¢)B(1)) A~ (¥)) where

oo’ Yoy 0oy

nE o9 . nR A9 ns A9
1 (Z 0%log C'L; (1) N Z 0% log L 4, +(9) +Z 0 10gLAz,r(¢)> ’

and
1 ng nr ns
B(¥) =~ (Z Uri(0) U5 ,() + > " Us (&)U, () + ) UAQ,T<¢>U;12,T<¢>>
=1 r=1 r=1

with n = np +ngr + ng.

5.4 Simulation Studies

Here we assess the performance of the methods introduced in Section 5.2 and 5.3 through
simulation studies. To mimic more closely the PsA study, we consider the age and calendar
time-specific mortality rates based on the population mortality rates A3(f,a) and assume
Xo(t,a) = vAs(t,a). We set the rate of occurrence of disease Ay = 0.01 as a constant value.
We consider the Clayton copula with Kendall’s 7 = 0.2 and 0.4. We generate the time to
disease-free death from the age and time-specific population mortality rates with v = 1.1.
We generate the family size with 4 or 6 members having two parents and 2 or 4 children
in family where P(m; +1=4) =2/3 and P(m;+1 = 6) = 1/3. Then we randomly choose
an individual from the family members and generate the date of birth from the uniform
distribution (1920, 1950) if the individual is a parent or (1950, 1980) otherwise. Then we
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generate an individual path from the marginal distribution. We generate the individual
sampling date from the uniform distribution (1980, 2010) and select those who are alive
and diseased at the sampling date and repeat for the registry with the family sample size
ng + ngp. Among ngr + ng individuals who are alive at the family sampling date on July
1st of 2010, we randomly select probands and generate the data for non-probands given
the proband data with the family size np. If the proband is a parent, the birth dates of
spouse or children are obtained by adding the uniform distribution (0, 10) or (20,30) to
the birth date of proband, respectively, and conduct similarly when the proband is a child.
In design I, we include all non-probands data in analysis, whereas we only include alive
non-probands data in design II. In this simulation, we consider both types of auxiliary
data: the registry data with follow-up and the current status survey data. The registry
follow-up data including probands are assumed to be collected until July 1st of 2010 with
the record of death post disease. For the current status survey data, we generate the date
of birth from the uniform distribution (1930, 1980) and set the sampling date as July 1st
of 2000. We set the family sample size ny = 1000, the size of registry ng = 2000, and the
survey size ng = 1000. Here, the augmented pairwise estimations were carried out and the

results are reported in Table 5.1 for design I, and Table 5.2 for design II, respectively.

For all methods in two designs, the biases are negligible, the empirical standard errors
(ESEs) are in a good agreement with the average standard errors (ASEs), and the em-
pirical coverage probability (ECP) of nominal 95% confidence intervals are all within an
acceptable range. The estimators under the full likelihood have smaller ASEs compared
to the pairwise likelihood with the registry data; however, the current status auxiliary
data improve efficiency so that the estimators obtained by the pairwise likelihood are as
efficient as those by the full likelihood. Since the current status auxiliary data have no
time to death data, the efficiency of v is not improved. Comparing design I and II, the
estimators have better efficiency under design I. Also, the estimators A; and 7 under design

IT are as nearly as efficient as those under design I with current status data.

117



Table 5.1: Frequency properties of estimators based on the augmented pairwise likelihood
for family data given A3(-,-) under biased sampling scheme for the proband and disease
history of non-probands available (design I) with two auxiliary data: the registry follow-
up data and the current status survey data; Clayton copula with Kendall’s 7=0.2, 0.4;
nr = 1000, ng = 2000, ng = 1000, and nstm = 1000

Registry Data Registry + Current Status Data

7 PARAMETER EBIAS ESE ASE ECP EBIAS ESE ASE ECP

Full Likelihood

0.2 log(\1) -0.003 0.057 0.058 0.951  -0.001 0.040 0.040 0.948
log(v) -0.001 0.038 0.037 0.947  -0.001 0.038 0.037 0.950

T 0.001 0.028 0.028 0.947  -0.000 0.022 0.022  0.956

0.4 log(\1) -0.003 0.079 0.080 0.960  -0.000 0.044 0.045 0.954
log(v) 0.002 0.037 0.036 00952  -0.002 0.037 0.036 0.948

T 0.002 0.033 0.033 0.950  0.00l 0.021 0.021  0.953

Pairwise Likelihood

0.2 log(\1) -0.003 0.059 0.061 0953  -0.001 0.040 0.041 0.959
log(v) -0.001 0.038 0.037 0943  -0.001 0.038 0.037 0.946

T 0.001 0.030 0.030 0.950  -0.000 0.023 0.023 0.961

0.4 log(\1) -0.004 0.081 0.082 0963  -0.001 0.044 0.045 0.954
log(v) -0.002 0.037 0.036 0951  -0.002 0.037 0.036 0.951

T 0.002 0.035 0.034 0.957  0.001 0.022 0.021  0.962
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Table 5.2: Frequency properties of estimators based on the augmented pairwise likelihood
for family data given A3(-,-) under biased sampling scheme for the proband and alive non-
probands data available (design II) with two auxiliary data: the registry follow-up data
and the current status survey data; Clayton copula with Kendall’'s 7=0.2, 0.4; nr = 1000,
ngr = 2000, ng = 1000, and nsim = 1000

Registry Data Registry + Current Status Data

7 PARAMETER EBIAS ESE ASE ECP EBIAS ESE ASE ECP

0.2 log(A1) -0.006  0.065 0.066 0.949 -0.001 0.042 0.042  0.948
log(v) -0.001  0.048 0.046 0.957 -0.001 0.048 0.046  0.940

T 0.003 0.033 0.033 0.951 0.000 0.024 0.025  0.952

0.4 log(A1) -0.002  0.085 0.086 0.962 0.000 0.045 0.046  0.957
log(v) -0.002  0.048 0.046 0.937 -0.002 0.046 0.047  0.938

T 0.002 0.036 0.037 0.950 0.002 0.023 0.022  0.958

5.5 Assessment of Genetic Risk Factors

If familial aggregation is identified by the proposed model in Section 5.2 and 5.3, interest
may lie in the effect of genetic factors on disease onset to explain familial aggregation.
However, if some individuals in the study are not genotyped, incomplete genetic data must
be dealt with. For example, in design I, we may obtain the disease history for non-probands
who died but cannot sample their DNA. Also, the national current status survey data do
not provide the genetic information. Chatterjee and others (2006) proposed an analysis for
a kin-cohort case-control and case-only family data with genotype and phenotype. Gong
and others (2010) categorized two family designs: the population and the clinic designs
and present the simulation studies to examine the performance of phenotype/genotype-
based methods. Zhang and others (2010) suggested statistical methods in estimating age-

dependent penetrance under a case-family design.

In this section, we accommodate genetic data in our model but deal with missing

genetic information. We let G;; denote the genotype (gene carrier indicator), which is
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tentatively related to disease with P(G,; = 0) = ¢*, P(G;; = 1) = p? 4 2pq with the allele
frequency p and ¢ = 1 — p for individual j in family i and G; = (Gyo, ..., Gim,;). We
denote W;; = (V},
transition intensities, then, are written as A;(¢, a|b;;, w;;) for [ = 1,2, 3 where v;; is replaced

G;;) a vector of covariates and genotypes and W,; = (V, G;)". The

with w;;. The joint probability of disease onset also needs to replace V; with W, but the
cross-ratio or cause-specific hazard ratio under the Clayton copula remains the same as
0. We make the following additional assumptions: i) The process is in Hardy-Weinberg
equilibrium and the Mendelian law holds, ii) Gi; L Vi, iii) Z;;(s)|Gi; L G Vs for j # k,
iv) Ai(t, albij, wiz) = Mi(a) exp(gija + vj;01), and v) Ao(t, alby, wi;) = Xo(t, albij, vij) and
As(t, albij, wij) = As(t, alb;;).

5.5.1 Composite Likelihood with Incomplete Genetic Data

Here, we focus on the augmented pairwise conditional likelihood in Section 5.3. First, we
consider design II with two sources of auxiliary data: i) the family study data and the
registry data and ii) the family study data, the registry data, and current status data
from the survey. In the former case, all individuals are genotyped in the family study and
the registry since they are all examined, so we can assume that the genotypes are given
and the pairwise composite likelihood does not change the form of likelihood which has
the genotype variable as a covariate. However, the genotype data are not available in the
survey, so in the latter setting, we need to model G;;. The contribution of the proband to
the likelihood is then

Lio(¢) = P(Zi(Aw), Giol Zio(Cio) = 1, Cio, Bio, Vio; @)
P(Zio(Aw)|Gio, Cio, Bio, Vio; ) P(Gio)
S>> P(Zin(Ci) = 1|Cio, Bio, Gio = 9, Vio; 9) P(Gio = g)’

g€(0,1)

(5.2.11)
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where we select the proband based only on phenotype (disease status) at R;p. Then the
contribution from the non-probands L!!(v)) is

Liji() = P(Z:;(A7;), G| Zio(Ai)s Zio(Aw) = 1, Gio, Z75,(A7) € {0,132, Agju, Biji, Viji; )
P(Z;,(A ;z>|Zzo(A ), Zio(Aio) = 1, Giji, Aiji, Biji, Vijis ) P(G 1| Gio)

{%1} P(Z3;(Az;) € {0,1}2(Zio(Ai0), Zio(Aio) = 1, Gio, Gy = g, Aiji, Biji, Viji; ) P(G ;= 9]Gio)
g€{0,1}2

where Giji = (Gio, Gij, Ga)" and P(G;|Gio) can be calculated using the allele frequency
f and family structure; see Appendix 5.B. For the auxiliary data, we let GG, denote the
genotype of individual r in A; or A, in Section 5.3. The likelihood terms based on the
auxiliary data L4, and L4, are then given as

LA10<HP (A%),G,|Z,(C,) =1,C,, B,,V,),

and
ns
L[] ] {ZP ) = hZ,(Cy) € {0, 1}, B, Gy = . Vi)
r he{0,1} g
(Zr(Cr)=h)
< PGy = g12,(C)) € {0,1},37«,%)}
where

P(Zr<cr>|Gr = ngra‘/r)P(Gr = g)
Z P(ZT<CT‘)|GT‘ = gth Vr)P(GT = g)'

g€{0,1}

P(Gy = g]2,(Cy), B, V2) =

Secondly, we only observe the genotype of non-probands who are alive in design /, and

non-probands who did not survive to R; are not genotyped. In this case

L) = P(Z;(A), G351 Zio(Aio), Zio(Aw) = 1, Gio, Agji, Biji, Vigis )

it (A
=) P(Z;(A) Zin(Aw), Zin(Aiw) = L, Giji, Aiji, Bii, Vijis ) P(G 5| Gio)

Gz]l
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where G, is a vector of observed genotype in family i for the pair of family member j and

[ with the proband genotype on the first component, G77; is a vector of missing genotypes
for the family member j and [ in family ¢, and G, = ( io]/-l, le)’

5.5.2 Simulation Studies

We conducted further simulation studies to assess performance of the proposed model with
genetic risk factors. We considered a binary indicator G;; with the allele frequency p = 0.06
with a hazard ratio = exp(«) = 1.5; we do not consider additional covariates for simplicity

and otherwise adopt the same simulation settings as in Section 5.4.

We first generate the genotype for family members based on the family structure under
the Mendelian law and given the genotype we generate family members’ lifetime paths
based on the proposed model. The selection criteria remains the same as in Section 5.4.
The empirical properties of the estimators for the parameters based on design I and II are
reported in Table 5.3 and 5.4, respectively.

Here we can observe the same findings pointed out in Section 5.5. The current status
survey data do not affect the efficiency a and p because the genetic marker is not available
in the survey, however, they increase the efficiency of A\; and Kendall’s 7 in design I. This
highlights the value of the current status data when disease onset times are right-truncated
even for the dependence parameter. In design II, the current status data improve efficiency
of each estimator except the one for v. It is therefore advantageous for score tests, in
particular, when interest lies in testing genetic effects on disease onset as it may increase

the power of such tests.

5.6 Application to the Psoriatic Arthritis Family Study

Psoriasis is an inflammatory skin disease occurring about 2-3% of the general population
and PsA(Psoriatic Arthrists) is an inflammatory arthritis disease affecting about 30% of
patients with psoriasis (Gladman, 1991; Langley and others, 2005; Eder and others, 2012).
Patients with PsA are at higher risk for death compared to the general population of
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Table 5.3: Frequency properties of estimators based on the augmented pairwise likelihood
for family data with genotype information given A3(-,-) under biased sampling scheme for
the proband and disease history of non-probands available (design 1) with two auxiliary
data: the registry follow-up data and the current status survey data; Clayton copula with
Kendall’'s 7=0.2, 0.4; ny = 1000, ng = 2000, ng = 1000, and nstm = 1000

Registry Data Registry 4+ Current Status Data

7 PARAMETER EBIAS ESE ASE ECP EBIAS ESE ASE ECP

0.2 log(A1) 0.002  0.057 0.059 0.952 -0.000 0.041 0.040  0.954
Q -0.003 0.064 0.064 0.948 -0.002 0.064 0.064  0.947

log(v) -0.001  0.037 0.037 0.956 -0.001  0.037 0.037  0.957

log(p) 0.002  0.055 0.056 0.947 0.002 0.055 0.055  0.947

T -0.000  0.028 0.029 0.963 0.001 0.023 0.023  0.953

0.4 log(A1) 0.002 0.076 0.078 0.950 0.000 0.045 0.044  0.952
o -0.002  0.057 0.058 0.948 -0.002 0.058 0.058  0.945

log(v) -0.001  0.035 0.036 0.952 -0.001  0.035 0.036  0.946

log(p) 0.002  0.053 0.054 0.946 -0.003  0.053 0.053  0.947

T -0.001  0.032 0.033 0.953 -0.000 0.022 0.022  0.949
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Table 5.4: Frequency properties of estimators based on the augmented pairwise likelihood
for family data with genotype information given A3(-,-) under biased sampling scheme for
the proband and alive non-probands data available (design II) with two auxiliary data: the
registry follow-up data and the current status survey data; Clayton copula with Kendall’s
7=0.2, 0.4; nr = 1000, ng = 2000, ng = 1000, and nsim = 1000

Registry Data Registry 4+ Current Status Data

7 PARAMETER EBIAS ESE ASE ECP EBIAS ESE ASE ECP

0.2 log(A1) 0.001  0.061 0.064 0.951 -0.000 0.042 0.042  0.941
Q -0.003 0.070 0.071 0.953 -0.003  0.065 0.065  0.949

log(v) -0.001  0.047 0.046 0.951 -0.001 0.046 0.046  0.949

log(p) - - - - 0.002 0.055 0.055  0.949

T 0.000 0.030 0.032 0.956 0.001 0.024 0.024  0.952

0.4 log(A1) 0.004 0.081 0.082 0.955 0.001 0.046 0.045 0.951
o -0.001  0.063 0.062 0.949 -0.002 0.059 0.058  0.948

log(v) -0.002  0.047 0.046 0.948 -0.002 0.046 0.046  0.950

log(p) - - - - 0.002 0.053 0.053  0.942

T -0.001  0.035 0.035 0.949 0.001  0.023 0.023  0.941
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Ontario with a standardised mortality ratio of 1.36 (Gladman, 2008). Many studies showed
that psoriasis is a heritable disease; Pedersen and others (2008) reported an increased
concordance measure in monozygotic relative to dizygotic twins and Chandran and others
(2009) confirmed a high familial recurrence risk of PsA based on family studies as shown
in Moll and Wright (1973). To obtain a better sense of heredity, Gladman and Farewell
(1995); Pedersen and others (2008); Chandran and Raychaudhuri (2010); Eder and others
(2012) identified genes related to psoriasis and PsA and explored environmental factors
which increase the risk of PsA. We consider the Human Leucocyte Antigens (HLA)- B27,
and HLA-CO06 by the findings of the genetic aetiology of psoriasis and psoriatic arthritis in

the literature.

We consider data from the Centre for Prognosis Studies in Rheumatic Disease at the
University of Toronto which recruited the Psoriatic Arthritis Toronto Cohort and among
1436 individuals from the registry, 150 were selected for family studies as probands. In
this family studies, family members were recruited to conduct a thorough examination
including genotype information, therefore, this study design belongs to the biased sampling
scheme design II. To simplify the analysis, we generate a number of 168 pseudo-families
from the original 150 families where two-generation families are considered with the non-
missing date of birth and genotype information and we use this pseudo-family data. In
the pseudo-family data, the family sizes range from 2 to 7 individuals; 56 families have
2 family members (1 proband and 1 non-proband), and 112 families have at least three
members. 193 individuals were diagnosed with PsA among a total of 532 individuals. 145
families have one member with PsA (i.e. proband), 21 families having two members with

PsA, and 2 families with three PsA patients in their family.

As a source of auxiliary data, we use the survey of US population in which Gelfand and
others (2005) reported the prevalence of psoriatic arthritis in 2001. In this survey, subjects
with 18 years of age or older were randomly selected and provided the status of psoriasis

and psoriatic arthritis; 328 have psoriatic arthritis among 15,307 respondents.

We begin with the model not using the genotype information. We fit a marginal model
for the age at PsA onset with piecewise constant hazards with a cut-point 40 to distinguish
early and late onset of PsA and assume Ay(¢,a) = A3(¢, a)v and A3(¢, a) is given as the age-

, calendar time- population mortality (Robert, 2017). In the registry data, individuals
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Table 5.5: Estimates of parameters based on the augmented pairwise likelihood; auxiliary
data include the University of Toronto Psoriatic Arthritis Registry and the survey from
Gelfand et al. (2005) without/with genotype variable under the Exponential model and
piecewise constant marginal model for age at PsA onset with a cut point 40

MARKER Omarker v T Pmarker

. ; 1.152 (0.016)  0.362 (0.083) -
B27  0.605 (0.239) 1.155 (0.080) 0.345 (0.085) 0.054 (0.012)
C06  0.117 (0.086) 1.155 (0.060) 0.362 (0.089) 0.115 (0.011)

with missing genotype are dealt with similarly in the survey data. Table 5.5 summarizes
the estimates of fitted model without genetic variable in the first column followed by two
univariate models with genotype HLA-B27, and HLA-C06 variables including the allele

frequency p for each genetic markers.

First, based on the model without genetic markers, we find that 7 = 1.152 indicating
that the ratio of the hazard of death post PsA to PsA-free death is 1.152, which is lower
than the reported value in Gladman (2008). As expected, PsA is not lethal while it
increases the risk of death. The estimate of dependence parameter is 7 = 0.362 ( 95% CI:
0.199, 0.525; p< 0.001) which indicates significant association between family members.
The cross ratio or the cause-specific cross ratio is 6 = 2.134 (95% CI: 1.354, 2.914; p
< 0.001), corresponding to 2.134 times higher risk of PsA with a family history of PsA.
We find that HLA-B27 has a significant effect on PsA onset (RR = 1.831; 95% CI: 0.137,
1.073; p=0.011) but HLA-CO06 positive is not associated with an increased risk of PsA
(RR = 1.124; 95% CI: -0.052, 0.286; p=0.174). This findings are reported in literature
that HLA-CO06 increases the risk of psorisis but PsA (Chandran, 2013). The allele frequency
of HLA-B27 is 0.054, which is compatible with the value of 0.061 from the national USA
prevalence of HLA-B27 (Reveille and others, 2012). HLA-C06 has the allele frequency
0.115 which is more prevalent that HLA-B27. After adjusted significant genetic marker
HLA-B27, Kendall’s 7 decreases to 0.345 (95% CI: 0.178, 0.512; p< 0.001) since HLA-B27

partially explains the residual familial aggregation.
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Figure 5.4: The cross-odds ratio for two siblings born in the same year 1930, 1940, 1950,
1960 (the right panel) and a child born in 1930, 1940, 1950, or 1960 given a parent born
in 1905, 1915, 1925, or 1935 (the left panel) based on the fitted model with no effect of a
genetic marker

Figure 5.4 shows the cross-odds ratio for a sibling given other sibling born in the same
year 1930, 1940, 1950, 1960 (the left panel) and a child born in 1930, 1940, 1950, 1960 given
a parent born in 1905, 1915, 1925, 1935, respectively. For the sibling pairs, two siblings
are governed by the same mortality rates belonging the same birth cohort. The cross-odds
ratio before 40 almost plateaus but showed a decreasing trend as they age because the
mortality rate increases. There is a drastic decrease in the cross-odds ratio as age increases
for the child-parent pairs compared to the sibling pairs. This difference arises due to the
higher mortality rates for parents; see Figure 5.3. Similar patterns of the cross-odds ratio

for different birth cohorts are observed, but the variation exists.

Figure 5.5 shows the marginal probability of death (state 2 and 3) and the cumulative
incidence function for the age of PsA defined in (5.2.5) for different birth cohorts at 1930,
1940, 1950, and 1960. We find that PsA itself is a rare disease with the low cumulative

incidence function.
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Figure 5.5: The marginal probability of death and the cumulative incidence of PsA by the
year of birth of 1930, 1940, 1950, or 1960 based on the fitted model with no effect of a
genetic marker

5.7 Discussion

In this Chapter we have proposed an illness-death model for family studies incorporating
within-family dependence in the age at disease onset via a copula model The illness-death
model offers a natural framework to consider survival bias and the Clayton copula models
retain simple interpretations of cross ratio/cause-specific cross ratio and marginal interpre-
tations of estimates of covariance. We explore two study designs for family studies with

biased sampling schemes and developed statistical methods for analysis. Pairwise compos-
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ite likelihood is utilized to ease the computational burden. We exploit auxiliary data to
address identifiability and estimability issues. Age- and calendar time-specific population
mortality rates adequately address the trend of mortality rates in family studies where
more than two generations are considered. We extend our model to study the effect of
genetic markers on risk of disease in which the availability of genotype data depends on
the study design. To be more flexible, if the motivating example concerns lethal diseases

such as cancer, we allow v(a) to be an age-dependent function.

We restrict our attention to the case-only probands family studies. If the case-control
probands are available, it would be useful to compare the robustness to misspecification
of model assumption (Chatterjee and others, 2006) and compare the efficiency with the
case-only probands family studies. It is natural to extend our model to allow for different
dependence structures in families using a more flexible Gaussian copula (Zhong and Cook,
2016; Lakhal-Chaieb and others, 2018). It may also be useful to adopt age-, time-, and
sex-specific population mortality rates. As a future work we can examine the effect of
ignoring the survival biases arising from the case II design in standard methods of analysis
(Zhong and Cook, 2016). The sensitivity of inferences in both standard methods and the
proposed methods to within-family dependence in mortality can also be investigated using
large sample theory and simulation. As we have shown in the simulation studies in Section
5.3 and 5.5.2, the use of auxiliary data improves efficiency in estimating the marginal
parameters related to disease onset and the dependence parameter, so examination of

power improvement with auxiliary data would be of interest.

In our motivating example, we focus on the occurrence of psoriatic arthritis. However,
PsA occurs in 10-20% of patients with psoriasis and the genetic marker HLA-C06 mostly
contributes to develop psoriasis (Queiro and others, 2015). To distinguish the genetic risk
factors for psoriasis with those for PsA, we may introduce the state of psoriasis in our
analysis. Another extension would be to use multiple allele in our analysis. This leads to
computational burden due to the summation of all possible combination of genetic markers
for missing genotypes. We may use other sources of population studies to calculate the
allele frequency and we may exploit this value to assume that the allele frequency p is

known in our proposed model. This will reduce the number of parameters to estimate.
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Appendix 5.A. An Illustration of Composite Likelihood

Construction

Here we give an illustrative of how to construct the composite conditional likelihood,
described in Section 5.3. We omit the subscript ¢ labelling family for simplicity and consider
no covariates. We consider a particular family consisting of two parents and two children

where

e the father died without disease at age of death x5 before the family recruitment time
R,

e the mother developed the disease at age w9, and survived to the time of family

recruitment at R,

e the first child, the proband, developed the disease at age xg; and survived to the

family recruitment time R, and

e the second child was disease-free and alive at the family recruitment time R.
The likelihood contribution (5.2.6) of the proband can written as

Pl A0 Z0(Co) = 1,Co Bui6) = oy 2 20 (s

Then, numerator of (5.A.1) is given as

P(Zo(Ao)yBo;Cb) = P(Xo1 = xo1, Xoz > o1, Xo2 > Ao, Bo; ¢)

o1 o1 Ao
= A\ (zo1) exp <—/ Al(s)ds) exp (—/ A3(Bo + s, s)ds) exp (—/ Ao(Bo + s, s)ds) ,
0 0 o1

and the denominator of (5.A.1) is given as
P(Zy(Co) = 1,Co, Bo; ¢) = P(Xo1 < Co, Xo1 < Xoz, Xo2 > Co, Bo; ¢) (5.A.2)
Co s s Co
= / A1(s) exp(—/ A1 (u)du) eXp(—/ A3(Bo + u,u)du) exp(—/ Xo(Bgy + u,u)du)ds.
0 0 0 s
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In design I, we include information from all family members where we assume that
the disease history of the father is available. The contribution of non-probands given the
proband data in (5.2.9) is then

I T = ] {P(Z;(A;)|Z0(A), Zo(Ag) =1, Aji, Biz o)} * (5.A.3)
1<j<I<3 1<j<I<3
which is given explicitly as
{P(X11 > 13, X13 = 213, Xo1 = @21, Xog > w1, Xoo > As| X1 = xo1, Xo3 > zo1, Xo2 > Ao; )

X P(X11 > 213, X13 = 213, X31 > A3, X33 > A3| Xo1 = 201, Xo3 > zo1, Xo2 > Ao; ¥)
X P(Xg1 = T91, Xog > @21, Xog > Az, X31 > Az, X33 > A3|Xo1 = 201, Xo3 > w01, Xoa > Ao; ) }1/2.

As an example, we show how to calculate the first term in above. Using the Clayton

copula and its invariance property in (5.2.2), we can write

P(X11 > 113, X13 = 113, Xon = @91, Xoz > a1, Xoo > Ao Xor = o1, Xoz > Zor, Xoa > Ao; ¥)
IC(F (213 Xo1 = zo1; ¢1, p), F(u|Xo1 = zo1; ¢1, p); p7) exp (— /“3 A3(B1 + 3,3)618)
U=r21 0

- ou
21 Az
X A\3(By + x13, T13) €xp <—/ A3(Bg + s, s)ds) exp (—/ Ao(Bs + s, s)ds) ,
0

x21

where p* = p/(1 + p), and F(u|Xo1 = xo1; ¢1,p) = C(F(u; ¢1), F (w015 $1); p)/F (Tor; ¢1)-

In design II, we exclude information from the father since he died before the family
recruitment time R. The contribution to the augmented composite likelihood can then be

written as

P(Z5,(A3)|Zo(Ao), Zo(Ao) = 1, Asy, B 0)
P(Z33(A%;) € {0,132 Zy(Ao), Zo(Ag) = 1, Ass, Bag; )’

Lyz(y) =
where the numerator is given as

P(Xo1 = w91, Xog > wa1, Xog > Ao, X1 > Az, X3 > As| Xo1 = 201, Xoz > o1, Xo2 > Ao ¥),
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and the denominator is given as

P(Xo1 > Ag, Xo3 > Az, X31 > Az, X33 > A3 Xo1 = wo1, Xoz > 201, Xoz2 > Ao; ) (5.A.4)
+ P(X21 < Ag, Xoz3 > Ag, Xop > Ag, X31 > Az, X33 > A3|Xo1 = 201, Xo3 > 201, Xo2 > Ao;¢)
+ P(Xo1 > Ao, Xo3 > Ao, X31 < A3z, X33 > A3z, X32 > A3|Xo1 = 201, Xo3 > 201, Xo2 > Ao;¥)
+ P(Xo1 < Az, Xog > Ag, Xog > Ag, X31 < Az, X33 > Az, X392 > Az|Xo1 = zo1, Xog > wo1, Xoz2 > Ao; ¥).

We here show how to obtain the second and the last term in (5.A.4) since the first term
in (5.A.4) is straightforward.

P(Xo1 < Ay, Xo3 > Ag, Xog > Ao, X31 > As, X33 > As| Xo1 = zo1, Xos > To1, Xoz2 > Ao; )

_ /’42 OC (F (u| Xo1 = wo1; 01, p), F (As| Xor = wo1; 01, p); p") exp <— /s A3(By +v U)dv)
ou 7
0 u=s 0

A2 Ag
X exp <—/ Aa(Bs + v, v)dv) exp (—/ A3(Bs + U,v)dv) ds,
s 0

and

P(Xo1 < Ag, Xog > A27X22 > Ag, X31 < As, X33 > A3, X30 > As| Xo1 = wo1, Xos > wo1, Xo2 > Ao; )
/A3 /A2 0*C(F(ulXo1 = zo1; 61, p), F(w|Xo1 = 013 61, p); p*)

Qudw s w—y

As Yy
X exp < / A3(By + v,’u)dv> exp <—/ Xo(Ba + v, U)dv) exp <—/ A3(By + v,v)dv)
0 s 0

A3
X exp (—/ X2(Bs + v, v)dv> dsdy.
y

We suppose that two auxiliary data are used as introduced in Section 5.3. We consider
a particular individual in registry data who developed the disease at age x,; and died at

age xo. The likelihood contribution is

P(Z,(A)))Z,(Cr) = 1,Cy, Bry ¢) = (5.A.5)
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Then, numerator of (5.A.5) is given as
P(ZO($T3)7 Br; Qb) = P(X’rl = Tr1, Xp3 > x?“17X7”2 = Tr2, Br; ¢)

Tyl ZTr1 Tr2
= A (1) exp <—/ )q(S)dS) exp (—/ A3(By + s, s)ds) exp <—/ Xo(By + s, s)ds> ,
0 0 Trl

and the denominator of (5.A.5) has the same form as (5.A.2) From the cross-sectional
survey, we consider an individual who developed the disease by the age at contact for

survey C,.. The likelihood contribution is

P(Z”"<C7‘) - ]'|Z7"(C7‘) E {O’ 1}7BT') -

P(Z:(C,) = 1, B,;9)
P(Z,(C) = 0:0) + P(Z,(C,) = 1;9)

P(Z,(C,) = 0, By; ¢) = exp <— /OCT Al(u)du) exp (— /OCT s(By + u,u)du) ,

P(Z.(C) = 1, By: ) = /Ocrxl(s) exp <— /0 Al(u)du> exp <— /0 No(Bo + u,u)du)
X exp (— /SCT Aao(Bo + 1, u)du) ds.

To compute a one dimensional integral we use the intergral function in R, and for two
dimensional integrals we directly code Gaussian-Quadrature a numerical integration algo-
rithm with 40 nodes.

Appendix 5.B. Calculation of P(G;j)

Recall Gij = (G, Gij, Git)' s a vector of genetic markers for the proband and members j
and [ of family 4; for families with two members we let G;; = (G0, G;;)". We can calculate
P(Gjj;) based on the assumption that the process is in Hardy-Weinberg equilibrium and
following Mendel’s law, with a risk allele frequency p (Elandt-Johnson, 1971). Here, we
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consider two or three members per family for the pairwise likelihood in which we denote

Gy, G, the genotype of a parent as GG, and the genotype of the child as G;.

Joint distribution of alleles for different types of pairs of family members

G PG, G,) PG, G P(G.,G.)
1 1| A=¢»* pg+p (A +p)? +pe(2p+1)
L 0| (1—-¢)¢ pg? PP+ 5p*(1+q)

0 1| (1-¢")¢ pg? PP+ sp*(1+q)
0 0 q* ¢ 171 +q)

Joint distribution of alleles for different types of triples of family members

G PG, G, G.) P(G,,G,,,G.,) P(G.,,Ge,,Ge,)

L1 1| p(+29 (0 +p)5—-3p)+5pep+pg+1) 50°(1+3p)(7T—3p) + {pa(6p + 3pg +2)
110 P*¢? 0% + 3pg? L0 + 1p*(1+q)

101 g 1 + $pg? =02 + pg*(1+q)

100 g’ ir*(1+q) =02 ¢* + §pg* (1 + 3q)

0 1 1 g’ sp*(1+p) =02 + pg*(1+q)

010 pg’ s’ +=0*¢* + §pg*(1 + 3q)

00 1 0 3¢ +=0*¢* + §pg* (1 + 3q)

000 ¢ 3°(1+q) 150°(1+ 3¢)?

Table 5.6: Joint probability model for genetic markers for two (top) or three (bottom)
family members according to their relationships
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Chapter 6

Remarks and Future Research

6.1 Overview

This thesis develops new statistical methods for different types of data arising from life
history processes to address heterogeneity and dependence. In Chapter 2, motivated by
the common setting in which recurrent exacerbations arise of an appreciable duration, we
propose a bivariate random effects model for an alternating two-state process. The time
scale governing onset of exacerbations is the time since the onset of the process (i.e. it is
conditionally Markov) whereas a conditionally semi-Markov intensity is used for recovery
from exacerbations. The individual-specific random effects address both heterogeneity for
each type of transition, and a copula model is used to accommodate dependence between
the two component random effects. Different combinations of marginal random effect
distributions and copula functions are considered, and the effect of misspecification of the

copula function is examined.

In Chapter 3, we consider the setting of a randomized clinical trial where the onset
and resolution of recurrent exacerbations are governed by the two-state process of Chapter
2, but where semiparametric marginal rate-based models are used for the analysis of the
recurrent onset times only. This is motivated by the fact that such data are routinely

analysed in this way in clinical trials but in such settings the recurrent event analysis means
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that misspecified models are being used. We examine the effect of using two different risk
set definitions, including or excluding individuals from the risk set during symptomatic
periods. We also study the impact of misspecification of risk sets on power in a clinical

trial since this represents the area of most common application.

The analysis of multiple types of recurrent events arising due to the same cause was
addressed in Chapter 4. A multivariate mixed-Poisson model was adopted to accommo-
date between-individual variation in the event and copula functions were used to link event
type-specific random effects to capture dependence between the different types of events.
A semiparametric estimation procedure is developed via an expectation-maximization al-
gorithm. For more than 2 types of events, inferences are described based on pairwise

composite likelihood with both simultaneous and two-stage estimation procedures.

In Chapter 5, attention was directed to modeling familial aggregation in the (possibly
latent) age of onset in framework of a marginal illness-death model. The dependence
structure for the (latent) age of disease onset between family members is modeled again via
copula functions. In family studies, biased sampling schemes are typically employed in the
recruitment of family members. An individual with disease is recruited first to the study
where the right-truncated disease onset times and the left-truncated survival times are
observed. Then, families of this individual, called the proband, are recruited. Depending
on the study design, complete retrospective data of non-probands may be available, or only
data from family members who can attend a clinic may be available. Both designs involve
biased sampling and raise identifiability and estimability issues. Auxiliary data is of use
to address this issue and improve efficiency of estimators. To study the genetic basis of

disease, we also accommodate genetic factors as covariates while missing genotypes were
addressed.

In the following sections we outline further research for each topic.

6.2 Ongoing Work in Alternating Two-state Processes

Several extensions are possible for alternating two-state processes. When the mortality

comes into play as is the case with chronic obstructive pulmonary disease in elderly indi-
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viduals for example,a death state may be added as an absorbing state to create a three
state process. The cumulative mean function should condition on survival states explic-
itly or marginalized over the possible times of death in this context. In the application
in Chapter 2, sampled individuals are required to have experienced hospitalizations and
individual data are accessible from the beginning of hospitalization over the subsequent
study period. The model of Chapter 2 can be generalized to reflect this sampling scheme

in the likelihood construction.

In the motivating example in Chapter 3, individuals in treatment and control arms
received the same treatment during symptomatic periods. Therefore, to examine the effi-
cacy of treatment, a focus is the treatment effect on the onset of exacerbation. However
it is challenging to obtain robust multiplicative rate-based treatment effect estimators on
symptom onset because the models are typically misspecified in a way that inconsistent
estimates are obtained. Utility-based model (Cook and others, 2003) or methods based on
the expected length of time in a particular state (Grand and Putter, 2016) are potential

frameworks worthy of further consideration.

6.3 Ongoing Work in Multi-type Recurrent Events

This general approach can be naturally extended to accommodate multi-type interval-
censored recurrent event data of the sort studied by Chen and others (2005) where the
exact event times are unavailable but counts of the number of events in consecutive intervals
of each type is known. The fact that this method is implemented using an expectation-
maximization algorithm means that it can also be naturally generalized to accommodate
settings where the event types are partially missing; see Chen and Cook (2009). An
alternative framework for analyzing multi-type recurrent events is via marginal methods
and estimating functions (Cai and Schaubel, 2004). While this can be appealing because it
is based on partially specified models it does not lend itself naturally to prediction. Fully
specified models, even when fitted under composite likelihood, can facilitate prediction of
future events of any type or all types, and exploits the history of the joint processes which

should yield more accurate and precise predictions of features of interest (Fredette and
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Lawless, 2007).

Another extension is to obtain a global estimate of a treatment effect on multi-type
events. Several approaches summarized in Wei and Glidden (1997) can be exploited for
global test statistics and we can develop sample size calculation for multiple events. This

was not explored here.

Recently, Claggett and others (2018) proposed a method for nonparametric inference
for multiple events based on a reverse counting process. This approach is appealing to have
a simple interpretation of a global treatment effect on individual’s disease process. This

method could be adopted to deal with recurrent events where the events occur repeatedly.

6.4 Ongoing Work in Family Studies

There are several exciting extensions for the works on family studies. A natural extension
is to consider multivariate genetic markers which may affect the age of disease onset. This
leads to computational burden due to the summation of all possible combination of genetic
markers for missing genotypes. We may use other sources of population studies to calculate
the allele frequency and we may exploit this value to assume that the allele frequency p is

known in our proposed model. This will reduce the number of parameters to estimate.

Another extension is to allow a different dependence structure in families using, for
example, the Gaussian copula function; this was done in Zhong and Cook (2016). The
degree of dependence may differ depending on which pair of individuals is being considered;
a weaker dependence is expected between parents than parent-child pairs from a genetic

point of view. However, in that case, a simple form of a cross ratio is not available.

Two-stage estimation is a plausible extension where registry data, the current status
survey data, and mortality rates are used to estimate marginal parameters, and at the
second stage a dependence parameter is estimated given the marginal parameter estimates.
This approach is natural in that the two sources of auxiliary data do not have information

with respect to the familial association.

Finally one may also examine how much power improves when testing genetic effects by

using additional current status survey data in design II. As shown in simulation studies,
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the efficiency of estimators increases with the survey data in design II even if sampled

individuals are not genotyped.
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