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Abstract

A singular system model is mathematically formulated as a set of coupled differential
and algebraic equations. Singular systems, also referred to as descriptor or differential
algebraic systems, have extensive applications in power, economic, and biological systems.
The main purpose of this thesis is to address the problems of stability and stabilization for

singular hybrid systems with or without time delay.

First, some sufficient conditions on the exponential stability property of both continuous
and discrete impulsive switched singular systems with time delay (ISSSD) are proposed.
We address this problem for the continuous system in three cases: all subsystems are
stable, the system consists of both stable and unstable subsystems,and all subsystems are
unstable. For the discrete system, we focus on when all subsystems are stable, and the
system consists of both stable and unstable subsystems. The stability results for both the
continuous and the discrete system are investigated by first using the multiple Lyapunov
functions along with the average-dwell time (ADT) switching signal to organize the jumps

among the system modes and then resorting the Halanay Lemma.

Second, an optimal feedback control only for continuous ISSSD is designed to guarantee
the exponential stability of the closed-loop system. Moreover, a Luenberger-type observer
is designed to estimate the system states such that the corresponding closed-loop error
system is exponentially stable. Similarly, we have used the multiple Lyapunov functions

approach with the ADT switching signal and the Halanay Lemma.

Third, the problem of designing a sliding mode control (SMC) for singular systems
subject to impulsive effects is addressed in continuous and discrete contexts. The main
objective is to design an SMC law such that the closed-loop system achieves stability.

Designing a sliding surface, analyzing a reaching condition and designing an SMC law are

v



investigated throughly. In addition, the discrete SMC law is slightly modified to eliminate

chattering.

Last, mean square admissibility for singular switched systems with stochastic noise in
continuous and discrete cases is investigated. Sufficient conditions that guarantee mean

square admissibility are developed by using linear matrix inequalities (LMIs).



Acknowledgements

First and foremost, I would like to thank my supervisor Professor Xinzhi Liu for the
guidance and support throughout my PhD at the University of Waterloo. I would also like
to extend my appreciation to my examining committee, Professor Edward R. Vrscay, Asso-
ciate Professor Jun Liu, Professor Pei Yu and Professor Sherman Shen for their suggestions

and corrections that improved the quality of this thesis.

I owe thanks to Dr. Mohamad S. Alwan for many reasons. He has been a great source
of assistance, cooperation and motivation over the years. I have learned a lot from him

and am sincerely grateful for his invaluable guidance and support.

Thank are also due to former and current members of my research group, especially
Dr. Kexue Zhang, Dr. Cong Wu, Yinan Li, Yuan Shen, and Kevin Church for their help

and suggestions.

My deepest gratitude and love go to my family for their support and prayers including
my wonderful siblings, Erdem, Selim and Ayse. I continue to be thankful to my beloved

husband, Mehmet Yilmaz, for his emotional support, understanding and love.

Finally, I am grateful to my God, Allah (c.c). Without Allah (c.c), I could not have

achieved all the things that I have today in my life.

vi



Dedication

This is dedicated to my dearest parents, and beloved husband.

vii



Table of Contents

List of Figures

List of Notations

Introduction
1.1 Motivation . . . . . . . . s,
1.2 Thesis Organization . . . . . . . . . . .. ..

Mathematical Background

2.1 Switched Systems . . . . .. ..o
2.1.1  Preliminaries . . . . . . . ..
2.1.2  Stability of Switched Systems . . . . . . ... ... L.
2.2 Impulsive Systems . . . . . ...
2.2.1 Preliminaries . . . . . . . ..o
2.2.2  Stability of Impulsive Systems . . . . . . ...
2.3 Delay Systems . . . . . . ..

xii

Xiv



2.3.1 Preliminaries . . . . . . .. ...
2.3.2 Stability of Delay Systems . . . . . . ... ... ... ... ..
2.4 Stochastic Systems . . . . . ...
2.4.1 Preliminaries . . . . .. .. ... oo
2.4.2 Stability of Stochastic Systems . . . ... ... ...
2.5 Singular Systems . . . . . ...
2.5.1 Continuous Singular Systems . . . . . . ... ... ... ...
2.5.2  Stability Definitions and Theorems For Continuous Case . . .
2.5.3 Discrete Singular Systems . . . . . ... ...

2.5.4  Stability Definitions and Theorems For Discrete Case . . . . .

3 Stability of Impulsive Switched Singular Systems with Time-Delay:

tinuous and Discrete

3.1 Impulsive Switched Singular Systems with Time-Delay: Continuous . . . .

3.1.1 Systems with Stable Subsystems . . . . . . .. ... ... ...
3.1.2  Systems with Stable and Unstable Subsystems . . . . . . . ..
3.1.3 Systems with Unstable Subsystems . . . . .. ... ... ...
3.2 Impulsive Switched Singular Systems with Time-Delay: Discrete . . .
3.2.1 Systems with Stable Subsystems . . . . . . ... ... ... ..

3.2.2  Systems with Stable and Unstable Subsystems . . . . . . . ..

X



4 Optimal Control and State Estimation for ISSSD
4.1 Preliminaries on Controllability and Observability . . . . . . .. ... ...
4.2 Problem Formulation . . . . .. .. .. ... o
4.3 Optimal Control Design . . . . . . . . ... ... ...

4.4  State Estimation . . . . . . . ..

5 Sliding Mode Control for Impulsive Singular Systems:

Continuous and Discrete

5.1 Problem Formulation . . . . . ... .. ... ...

5.2 Continuous Sliding Mode Control . . . . . . . . ... ... ... ......
5.2.1 Sliding Mode Control Design . . . . . . ... .. ... ... .....
5.2.2 Reaching Condition . . . . . . . . . ... ... L

5.3 Discrete Sliding Mode Control . . . . . . .. . . ... ... ... ......
5.3.1  Quasi-Sliding Mode Control Design . . . . . . ... ... ... ...
5.3.2 Reaching Condition . . . . . . . .. ... ... .
5.3.3 Boundary Layer Type By . . . . . . . . . . .. ... ... ...,

5.3.4  Chattering Elimination . . . . . . .. ... ... ...

6 Stochastic Switched Singular Systems: Continuous and Discrete
6.1 Stochastic Switched Singular Systems: Continuous. . . . . . . . .. .. ..
6.1.1 Preliminaries . . . . . . . . .. . ..

6.1.2 Stability Result . . . . . .. ...



6.2 Stochastic Switched Singular Systems: Discrete . . . . . . . .. ... ... 167

6.2.1 Preliminaries . . . . . . . . . . . . .. 169

6.2.2 Stability Result . . . . .. ... ... 170

7 Conclusions and Future Research 178
7.1 Lyapunov-Razumikhin Technique . . . . .. .. ... ... ... ... ... 178
7.2 Invariance Principle . . . . . . . . ..o 179
7.3 Comparison Principle . . . . . . .. .00 oo 180
References 182

X1



List of Figures

1.1

2.1

2.2

2.3

24

2.5

2.6

3.1

3.2

3.3

3.4

3.5

3.6

A single-loop circuit network . . . . . .. ..o

Time-dependent switching [1] . . . . . . ... .o Lo
State-dependent switching [1] . . . . . ... ...
Switching between stable subsystems [2] . . . . . ... ...
Switching between unstable subsystems [2] . . . . .. .. ... ...
Phase portraits for subsystems in Example 2.1.1 [2] . . . ... .. ... ..

Phase-portrait for the switched system in Example 2.1.1 [2] . . . . . . ..

ISSSD with stable subsystems . . . . . ... ... ... ... ...
ISSSD with stable and unstable subsystems . . . . ... ... ... ....
ISSSD with unstable subsystems in unstable convex combination case . . .
ISSSD with unstable subsystems in stable convex combination case

State responses of the discrete ISSSD . . . . . . .. ... ... ... ...

State responses of the discrete ISSSD . . . . . ... ... ... ... .. ..

xii

11

12

13

14

15

16

20



4.1

4.2

5.1

5.2

2.3

0.4

2.5

2.6

2.7

0.8

6.1

6.2

State response of the corresponding closed-loop system . . . . .. .. ... 117

Upper: estimation error of slow sub-state. Lower: estimation error of fast

sub-state. . ... Lo 123
Impulsive switched singular system sub-states. . . . . . ... ... ... .. 136
Control input w = [u; w]®. . . . . . .. 137
Sliding function S(x(t)). . . . . . . . . 137
Boundary layer (left) and switching region (right) . . . ... .. ... .. 139
System sub-states in control law with sign function . . . . . ... ... .. 151
System sub-states in control law with saturation function . . . . . . . . .. 152
Control input v = [u; uo|” with sign function . . . . . .. ... ... ... 153
Control input w = [u;  up]” with saturation function . . . ... ... ... 154
Mean of [|[z(t)]] . . . . . . o 168
Mean of [|[z(t)]] . . . . . o 177

xlil



List of Notations

Z-‘r

R+

Rn
Rnxm
C(A, B)

C'(A, B)

the set of natural numbers.

the set of all integers.

the set of all nonnegative integers.

real number set.

the set of all nonnegative real numbers.

n-dimensional Euclidean space.

the space of n x m real matrices.

the set of all continuous functions mapping A into B.
the set of all continuously differentiable functions mapping A into B.
set of all continuous functions defined from [—d, 0] to R”
transpose of a vector x.

norm of a vector of x.

X1v



sup
inf

1A]

AT

A-1
Amax (4)
Amin(A)

A>0

Laa(2; LP[a, b])

C12(R* x R™; R*)

supremum, the least upper bound.

infimum, the greatest lower bound.

norm of a matrix A.

transpose of a matrix A.

inverse of a matrix A.

maximum eigenvalue of a matrix A.

minimum eigenvalue of a matrix A.

A is a symmetric positive definite matrix.

A is a symmetric positive semi definite matrix.
A is a symmetric negative definite matrix.

A is a symmetric positive semi definite matrix.
mathematical expectation or mean

a complete probability space.

a standard Wiener process defined on (€2, F,P).

the family of R™-valued Fi-adapted process f(t) such that fab | f(t)]|Pdt <

oo for all ¢ € [a, b]

the set of all functions from R™ x R"™ to Rt that are continuously
differentiable in the first variable and twice continuously differentiable

in the second variable.

XV



Chapter 1

Introduction

The thesis is concerned with singular systems which are encountered in many applications.

For instance, a singular system has the form
Bi(t) = Ax(t) + g(t, o(t)) (1.1)

where z(t) € R" is the state vector, E € R™*" is a singular matrix with rank (E) = r < n,

and g(t,z(t)) : Rt x R™ — R" is the vector-valued differentiable function.

In the remainder of this chapter, we shall present some motivations for the study of

singular systems, and provide the scope of this thesis.

1.1 Motivation

Singular systems, also referred to as descriptor systems or differential algebraic systems,

consist of differential equations, which describe dynamics of subsystems, and the algebraic
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Figure 1.1: A single-loop circuit network

equations, which characterize coupling by constraints such as joints ([3],[4]). Many different
real world or man-made systems such as economic systems, power systems, control systems,
chemical processes, etc., can be modeled by singular systems ([5]-[6],[7]). See the following

motivating examples for illustrations.

Example 1.1.1. (Electrical Networks ) [5]-[9] Electrical networks can be composed by
subsystems of network elements (such as resistor, capacitors, inductors) and by coupling
due to Kirchoff’s laws. Let consider a simple circuit network as shown in Figure 1.1. Using

basic circuit theory and Kirchoff’s law, the following equations, which describe the system,

are obtained as

LI(t) = Vi (t),

RI(t) = VR(t),
VL(t) + Vo(t) + Var(t) = Vs(t)

where R, L, and Cy stand for resistor, inductor, and capacitor, respectively, Vr(t), Vi(t),

and Ve (t) are their voltages, respectively. Vs(t) is the voltage source which is taken as the



control input. If we choose the state x(t), control input u(t) and output y(t) as

z(t) =

u(t) = Vs(t),

y(t) = Vel(t)

the above equations can be written in the following singular linear system form.:

Ei = Ar + Bu,
y=_Cx
with
(L 0 0 0 [0 10 0
1
0O 010 — 0 0 0
E: , A: CO B:
0O 00O —R 0 0 1
0O 0 00 0O 1 1 1

—1

; Cz[o 01 0].

Example 1.1.2. (Chemical Processes) [0] Models of chemical processes typically con-

sist of differential equations describing the dynamic balances of mass and energy while

additionally algebraic equations account for thermodynamic equilibrium relations, steady-

state assumptions, empirical correlations, and so on.

Three main difficulties are observed in singular systems, compared with that of nonsin-

gular systems:

1. Satisfying the existence and uniqueness of solutions

Existence and uniqueness of solutions are determined by regularity in both linear and

nonlinear singular systems ([10]).

Moreover, constraints on nonlinear perturbation

term are required for solutions to nonlinear singular systems.
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2. Calculating of derivatives of the Lyapunov functions

Lyapunov direct method has been the most popular and efficient approach for stabil-
ity analysis of singular systems. However, for singular systems, because of the mixed
differential-algebraic nature, the selection of Lyapunov function and calculation of

its derivative along the motions of the systems are more difficult ([11]).

3. Occurring impulses and jumps in the state of the system

Inconsistent initial condition of singular systems may lead to finite instantaneous
jump ([12]). When such jumps reach a certain extent, they could be physically
destructive to the system. In addition to inconsistent initial condition, index of a

given singular system causes impulses in the state.

Many practical systems involve a mixture continuous dynamics which consist of contin-
uous differential equations representing the evolution of the system, and discrete dynamics
which include difference equations representing jumps or impulsive actions in the system
states. Systems in which these two kinds of dynamics coexist and interact are usually
called hybrid systems. For example, impulsive systems can be naturally viewed as a class
of hybrid systems whereas switching (switched) systems is considered as a class of hy-
brid systems. Moreover, impulsive switched systems in which impulses arise as a result of
switching is another class of hybrid system. In this theses, we focused on these three types

of hybrid systems.

The dynamics of an impulsive system are usually given by a pair of equations. That is,
an impulsive system consists of a differential equation that describes a continuous evolu-
tionary process, and a difference equation that governs the discrete impulsive actions ([13],
[14],[15]). The main characteristic of an impulsive system is that the system is subjected to

abrupt changes at certain moments between the intervals of the continuous evolutions. The
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durations of these changes sufficiently small when compared to the total duration of the
process. These changes can be reasonably well-approximated by instantaneous changes
of the state. Impulsive phenomena are ubiquitous in the real world or man-made sys-
tems, such as mass-spring systems, biological systems, epidemic disease models, and so
forth. Theoretically, impulsive systems have richer properties than the corresponding non-
impulsive ones. However, stability is the most important property of impulsive systems.
The reasons are twofold ([15]). Firstly, when stable system undergo impulses, the system
may not conserve its stability due to up or down jump discontinuities. Secondly, the im-
pulses may play as a stabilizing factor in an unstable system if they are well-timed in the

sense that they are logically formalized.

A switched system is composed of a family of continuous-time subsystems and a rule
that controls the switching between them ([1], [10]). Therefore, the dynamics of the system
is determined by both the subsystems and the switching signal (law). It is clear that while
the continuous dynamics of the switched systems consist of continuous subsystems, the
discrete dynamics include the switching signal which illustrates as abrupt change of mode
of the continuous dynamics. For instance, in applications, the discrete dynamics can be

the abrupt change of climates or environment; a thermostat turning the heat on and off.

There has been reasonable progress in the study of stability of switched systems. Most
of the work has been made on designing an appropriate switching rule to stabilize the
system ([1],[16],[17]). In some studies, it was shown that if the switched system has stable
subsystems, then the entire system is stable provided that the dwell time, the time between
any two consecutive switchings, is sufficiently large. Later, it was showed that a similar
result holds when the average interval between the consecutive switchings is no less than
dwell time, leading to the average dwell time concept. This approach was also used to

prove the stability of switched systems consist of stable and unstable subsystems.



The stability of switched systems has been also studied using either common Lyapunov
function method or multiple Lyapunov function method. Since different subsystems of a
switched system may have very different structures, the differential inequalities imposed by
a common Lyapunov function for all subsystems can become a very restrictive. Therefore,
the method of multiple Lyapunov functions provides a more powerful tool for stability of

switched systems ([158]).

Another class of hybrid systems are impulsive switched systems which consist of switches
of states and abrupt changes at the switching instants ([19],[20],[21]). From control point
of view, switching and impulsive control is an effective method in the sense that it allows

stabilization of a complex system by using only small control impulses in different modes.

When the singular and impulsive switching phenomena are simultaneously encountered,
the impulsive switched singular systems are naturally arisen. That is, when subsystems
are singular systems, the impulsive switched system becomes a class of impulsive switched
singular systems ([22],[23],[24]). Because of switches among multiple singular subsystems,
it is inevitably difficult to analyze such systems. Besides regularity and impulse nature,
the problem of consistent initial condition is also important to analyze these systems. It
is well recognized that the singular system may exhibit finite instantaneous jumps due
to inconsistent initial conditions. In impulsive switched singular systems, it cannot be
guaranteed that the states at switching points satisfy the consistent initial condition of the
next activated subsystem under arbitrary switching. On the other hand, instantaneously
state jumps are unavoidable in impulsive switched singular systems even if all subsystems
are regular and impulse-free. It should be noted that the accumulation of jumps can be
destructive even though every jump strength is small, especially when the switching is very

fast. Thus, in a switched singular systems the following questions arise as ([25],[26],[27]):



Q1. How to describe the state jumps in impulsive switched singular systems?
Q2. How state jump affect the stability of the entire system?

Q3. How to choose a switching law such that the entire system is stable?

To best of our knowledge, there are limited results dealing with the above questions
in the literature. Thus, it is crucially needed to study the impulsive switched singular

systems.

Time delay is unavoidable in many physical systems whose future state depends not only
on the present state but also on the past state. Therefore, physical systems can be modeled
more realistically by including some of the historical values of the system states; this leads
to systems with delay differential equations. However, the study of systems with time
delay is usually more challenging than that of ordinary systems since the delay may cause
oscillations or chaotic behaviors in the system. Moreover, time delays may be the main
cause of instability of dynamical systems. Thus, many important and interesting results
have been reported on the stability analysis and control problems of delayed dynamical

singular and nonsingular systems.

In many mathematical models, systems are driven by some inherent noise having a
stochastic structure. Therefore, this stochasticity in the design of these systems leads
to stochastic systems (SSs). The theory of SSs is more sophisticated compared to the
deterministic systems. As a result, many tools utilized in analyzing deterministic problems
cannot be carried over to handle the corresponding stochastic problems. For instance,
stochastic integrals may not be in the sense of the classical Leibniz-Newton calculus, but
in the sense of Ito calculus. Also, while solution of a deterministic system is represented

by a single sample path, in a stochastic system solution consists of an infinite sequence of



the sample paths because of the randomness. Thus, the qualitative notions are redefined

in the SSs. Stability, among these notions, has received incredible attention ([28]-[29]).

Considering random noise in a switched system leads to a stochastic switched system.
People have mostly worked SSs with Markovian switching in which the switching is a
Markovian chain ([30]-[31]). Singular systems with Markovian switching have also got-
ten attention ([31]-[32]). On the other hand, singular subsystems of a switched system
perturbed by a Wiener process are also considered as a stochastic switched singular sys-
tem. Stability analysis of this kind of system have been obtained in terms of linear matrix

inequalities (LMIs).

1.2 Thesis Organization

This thesis is organized as follows: In Chapter 2, the required mathematical background
including some definitions and theorems are given. Chapter 3 addresses the exponential
stability problem for continuous and discrete impulsive switched singular systems with
time-delay, respectively. In Chapter 4, an optimal feedback control for impulsive switched
singular systems with time-delay has been designed to guarantee the exponential stability of
the closed-loop system. In addition, a Luenberger-type observer is designed to estimate the
system states such that the corresponding closed-loop error system is exponentially stable.
Firstly, some sufficient conditions on the exponential stability property of the continuous
impulsive switched systems have been proposed in Chapter 5. To obtain this objective, a
sliding surface is designed on which the sliding motion of the system state happens, then
a sliding mode control law is designed to force the system state to reach, stay and slide
on the sliding surface. Secondly, a similar sliding surface and control design are adopted

to discrete impulsive switched singular systems to obtain some sufficient conditions for the



exponential stability of the full order system. Chapter 6 provides sufficient conditions for
mean square admissibility in terms of LMIs for continuous and discrete switched singular

systems perturbed by a Wiener process, respectively.



Chapter 2

Mathematical Background

This chapter provides necessary background about impulsive systems, switched systems,

delay systems, singular systems and stochastic systems.

2.1 Switched Systems

2.1.1 Preliminaries

A switched system, which is a type of hybrid system, consists of mode-dependent contin-
uous/discrete dynamics and a logic-based switching rule which triggers abrupt transitions
between modes. Switched systems arise in two contexts: (i) a system which exhibits sud-
den changes in its dynamics; (ii) when switching control is used to stabilize a continuous

system.

A switched system with switching signal o can be described by

T = fo(t,m(t)) (ta .%’(t)), (21)

10



A o(t)

t

Figure 2.1: Time-dependent switching [1]

where x € R is the system state, the switching signal (switching law or switching rule)
o(t,r) : RT x R™ — = is a function taking values in an index set = = {1,2,..., N} for
some N € N. f; () is a family of functions defined on R* x R™ and indexed by Z as

{fi,i € Z}.

There are two specific types of switching signal:

e time-dependent switching: switching signal ¢ is a function of time ¢. That is,
each instant ¢ specifies a subsystem & = f,)(t,2). For an illustration of a simple

time-dependent switching signal, see Figure 2.1.

e state-dependent switching: o is a function of the state x. The space is divided
into finite (or infinite) number of regions by a family of switching surfaces. A single
subsystem is activated in each of these regions, and the system changes mode when

crossing a switching surface.

In Figure 2.2, the thick curves denote the switching surfaces, the thin curves with ar-

11



Figure 2.2: State-dependent switching [1]

rows denote the continuous portions of the trajectory, and the dashed lines symbolize

the jumps.

Note that it is difficult to make a distinction between state-dependent and time dependent
switching because every possible trajectory of system with state-dependent switching is
also a solution of the system with time-dependent switching for suitably defined switching

signal. In view of this, a nonlinear switched system is given by

'Z'U:fa(t)(tvx% tZt(),

.fl?(t(]) = T,

(2.2)

where the switching signal o(t) : [tg,00) — = is assumed to be right-continuous constant

function taking values in a finite compact set = = {1,2,..., N} for some N € N.

The existence and uniqueness of solution to system (2.2) guarantees by continuity in ¢
and Lipschitz in z for each f;(t,x), i € . The solution of (2.2) is parameterized by both
the initial condition and the switching signal o. To show this dependency, solution denotes

as z(t) = x(t; xg,0).

12
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Follow
Subsystem 2
in the 1st quadrant

Follow
Subsystem 1
in the 2nd quadrant

X)

Follow
Subsystem 2
in the 3rd quadrant

Follow
Subsystem 1
in the 4th quadrant

Figure 2.3: Switching between stable subsystems [2]
2.1.2 Stability of Switched Systems

The investigation for sufficient conditions guaranteeing stability is an important problems
in switching systems. Because of the switching signal, a switched system can be unstable
even if all subsystems are stable ([33]). This case is well illustrated in Figure 2.3, where
a system switching between two stable subsystems, i.e. = = 1,2. Similarly, the switched
system can be stable depending on a switching signal even though all subsystems are
unstable. Figure 2.4 illustrates the case when two subsystems are unstable. Based on these
cases, the main problems in stability of switched systems are divided into the following

three categories:

1. Find sufficient conditions that guarantee stability of a switched system under arbi-

trary switching ([17]-[34]).

13
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Follow
Subsystem 2
in the 1st quadrant

Follow
Subsystem 1
in the 2nd quadrant

Follow
Subsystem 2
in the 3rd quadrant

Follow
Subsystem 1
in the 4th quadrant

Figure 2.4: Switching between unstable subsystems [2]

2. Identify the switching signals such that a switched system is stable ([35],[36]).

3. Design a particular switching signal to stabilize a switched system ([18],[37]).

Some details about each of these categories are given below.
First Category: Stability under arbitrary switching

A challenge to analyze the stability of switched systems is that even if the all subsystems

are stable, the switched system might be unstable, illustrated in the following example.

Example 2.1.1. Consider the following switched system

T = Ag(t)l’(t) (2.3)
with = = {1,2} and
-0.1 1 —-0.1 10
Al = ) AQ =
—-10 —0.1 -1 -0.1

14
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Figure 2.5: Phase portraits for subsystems in Example 2.1.1 [2]

Both Ay and Ay are Hurwitz matrices since they have eigenvalues with negative real parts.
Therefore, both subsystems are stable (see Figure 2.5 for an illustration). Consider the fol-
lowing state-dependent switching rule when xixo < 0, then subsystem 1 is active, otherwise
subsystem 2 is active. Under this switching rule, the switched system is unstable, as shown

in Figure 2.6.

For stability under arbitrary switching to be possible, a necessary condition is that

subsystems must be stable. However, it is not a sufficient condition for stability.

Theorem 2.1.1. [I] Let V € CY(R",R") be a positive definite and radially unbounded
function and W € C(R™,R") be positive definite function. If

V() file) < -W(a) (2.4)
for all x € R™ and for all i € = then the switched system

T = fowy(x), t=>to,

.T(to) = Xy,

(2.5)

is globally asymptotically stable for arbitrary switching.

15



x 10

Figure 2.6: Phase-portrait for the switched system in Example 2.1.1 [2]

Second Category: Stability under slow switching

Again consider a switched system composed entirely of stable subsystems. The switched
system might be unstable. The remedy to this situation is that the switched system dwells
in each of its stable subsystems as long as possible. That is, a switching signal is designed
such that the running time of each single mode is sufficiently large. Thus, the switching
effect diminishes and this ensures that the switched system maintains the same stability
property. This type of switching is called slow switching. To characterize the slow switching
suppose that the switched system (2.2) switches at fixed time ¢, for & € N. Then, the
running time between any two switching moments is called dwell time and is denoted by

Tp. This type of switching signals can be represented by
Einf(TD) = {TD | inf {tk — tk—l} > TD, Vk € N} (26)

for some Tp > 0.

In brief, if all subsystems are stable and dwell time T sufficiently large, then stability

16



of the switched system is preserved.

Determining a dwell time may be too restrictive since the (exponential) stability is an
asymptotic property. Instead, the average dwell time, T, can be taken sufficiently large
as the concept in [37]. This type of switching signals satisfies

t—to

N, (t, 1) < No + V>t (2.7)

a

where N, (t,t9) is the number of switches between t; and ¢, and Ny is the chatter bound.

Theorem 2.1.2. [77] Consider system (2.2). Assume there exist Lyapunov functions
V; € CH(RT x R",R), i € 2, positive constants ¢y, ca, A and p such that

allzf|” < Vilt, x) < eof]]”,

and

Vi(t,) < —Alel", Vi(t,x) < uV(t, )

for alli, j € =. Then system (2.2) is exponentially stable for every switching signal with

average dwell time T, satisfying
cilnp

T, >
A

Thirth Category: Stability under designed switching

This category can be viewed as a control problem where switching control is used to
stabilize an unstable continuous system. In [35], Wicks et al. first constructed a stabilizing

time-dependent switching rule for a linear switched system which is in the form
&= Ay (a(t) (2.8

with o(t) € 2 = {1,2} and Ay for all o(t) € = is not Hurwitz. If there exists a scalar

0 < o < 1 such that the convex combination
OéAl + (1 — OZ)AQ
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is Hurwitz, then there is a stabilizing state-dependent switching rule for the system (2.8).

The state-dependent switching rule is expendable to a linear switched system with m
subsystems if there exist constants a; > 0 satisfying » " a; = 1 such that the convex

combination matrix > ;" o; A; is Hurwitz.

2.2 Impulsive Systems

2.2.1 Preliminaries

To construct a system of impulsive differential equations, the Dirac delta function is used

([38],[15]). The Dirac delta function is often defined, in a nonrigorous way, as follows,

5(t) = lim I.(¢)

e—0

where

1
L(t)y={¢
0, t>e.

The Dirac delta function is also defined more rigorously in terms of integration as follows,

/mﬂww—@ﬁzf@,

where f is a continuous function. Now, consider the following control system

(t) = f(t,x(t)) + u(t), (2.9)
.T(t()) = Xy,

where u € R" is the system input of the form
ult) =Y I(x ()5t — ), (2.10)
k=1
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with I being control gain matrix with appropriate dimensions and §(-) being the Dirac

delta function, and t; being a strictly increasing sequence {t;}72, with limy_, tx = 00.

Integrating (2.9) over [tg, tx + h] gives
te+h %
(b + ) — 2(ty) = / [F(s. () + 3 Tel(s))a(s — 1)) ds,
b k=1

where h is sufficiently small. As h — 0T, we obtain
Ax(ty) = z(t)) — o(te) = In(x(tx)),

where z(t}) = limy, o+ z(tx + h), and z(t) = z(¢; ). Apparently, the control acts as an

impulsive force at time instant t;. As a result, system (2.9) can be rewritten as:

o(t) = f(t,z@t), t#t
Az(t) = L(z(t), t=t, (2.11)

aj(t(—)’—) = o,

where z(t) € R is system state, f(¢,z) : Rt x R®" — R™, [} (z(t)) € R™ is the impulse
amount at time ¢y, {t;}32, are the fixed impulsive times that form an increasing sequence
satisfying tx_1 < t and limg_o tp = 0c0. Az = z(t7) — 2(¢t7) where z(t7) (and z(t1)) is
the state just before (and just after) the impulsive action with z(¢%) = lim,_,;+ 2:(s). The
solution x is assumed to be left-continuous, i.e., z(t,) = z(t;). This system is called an

impulsive system.

Next, existence and uniqueness of system (2.11) is established by the following theorem:

Theorem 2.2.1. (Existence and Uniqueness) [1/] Assume f € C'(R x R",R™) and
x4+ Ix(z) € R™ for each k € N and x € R™. Then, for each (ty,xo) € R x R™ there exists
a unique solution of (2.11).
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If ¢(t) = o(t,to, o) on the interval (a, B) containing ¢ is a solution of system (2.11),
then it satisfies the following [1]:

(i) (t,9(t)) € RT x R for t € (o, B) and ¢(t]) = zo where 7y € R".

(ii) For t € (a, B), t # ty, G(t) = f(t,o(t)).

(iii) ¢(t) is continuous from the left in (o, 8), and if ¢ = tx, then ¢(¢)) = ¢(tx) + L (D(tr)).

The solution of system (2.11) evolves as follows: the system states starts when ¢ # .
Then, whenever t # t;, the system process in governed by the ordinary differential equation
x(t) = f(t,z(t)) until ¢ = t;. At this moment, the process is subject to an impulse and
instantly changes by some amount [,z (t), given by the difference equation in (2.11), causing
a jump discontinuity in the system state. For ¢t > ty, if t # t5 holds, the process continues
according to the differential equation #(t) = f(¢,z(¢)) until an impulsive action occurs

again. This continues in the same manner as long as the solution exists.

2.2.2 Stability of Impulsive Systems

In applications, the most significant property of impulsive systems is stability. When a
stable system is subject to impulses, the system may lose or maintain its stability due to
impulses. On the other hand, under some conditions impulses stabilize some system even

when the underlying systems are unstable ([39], [10], [11]).

Definition 2.2.1. Let x(t) = z(t,to, zo) be a given solution of (2.11) existing for t > to.
Then, the trivial solution of (2.11) is said to be stable if for any ¢ > 0 and ty € R, there
exists a 0 = §(to,€) such that

|lol| < 0 implies ||x(t)]| <e, t>tp.
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The following theorem represents the sufficient conditions that guarantee exponential

stability of a simple impulsive system given by

B(t) = Az(t),  t#t,

(2.12)
A.Z‘(t) = Bkl’(t), t= tk

where x € R” is the system state variable, and A € R™" is a system coefficient matrix,

and B, € R™" is constant matrices.

Theorem 2.2.2. [70] Assume that the eigenvalues of A have negative real parts. Then the
trivial solution of system (2.12) is globally exponentially stable if the following inequality
holds:

Inay — vty —te—1) <0, k=1,2,... (2.13)

Amax([l“l‘Bk}TP[["'_Bk])
)\min(P)

where oy, = with P being a positive definite matrix satisfying
ATP+ PA=—-Q
for any positive definite matriz QQ, 0 < v <&, and £ = %

2.3 Delay Systems

2.3.1 Preliminaries

The main difference between ordinary and delay differential equations is initial data. In
ordinary differential equations, the initial condition is given at a specific time while a
continuous function defined on a finite interval is the initial data for delay differential

conditions.
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We use the following notations: let C; with d > 0 being a time delay be the set of
all continuous functions defined from [—d, 0] to R™. Then, function z; : [-d,0] — R™ is
defined by z:(s) = z(t + s) for all s € [—d, 0]. Moreover, d-norm of this function is defined

by ||zl ; = sup;_g<g<; ||2(0)|| where ||.|| is the Euclidean norm on R".
The initial value problem of a delay system is described by
a(t) = f(t, )
Ty (S> = (b(S)v s € [_d7 O]

where f: RT x Q — R" for Q C Cy.

(2.14)

Theorem 2.3.1. (Existence) If f : Rt x Q@ — R" is continuous where Q C Cy is an

open set, then for any (to, ») € RT x Q there exists a solution of system (2.1]).

Definition 2.3.1. A function f(t,v) defined on R™ x Q is said to be Lipschitz in 1 if
there exists a constant L > 0 such that for any (t,11), (t,1,) € RT x Q,

1 (& o) = f(E o)l < Lln — el

Theorem 2.3.2. (Uniqueness) If f(t,z) is continuous in t and Lipschitx in z, then for
any (to, ) € RT x Q, there exists a unique solution of (2.14).

2.3.2 Stability of Delay Systems

We require the following definition in order to state the stability notions of delay systems.

Definition 2.3.2. Suppose that f(t,0) = 0 for all t € R, which guarantees that system
(2.14) possesses a trivial solution x(t) = 0. The trivial solution of system (2.14) is said to
be
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(i) stable if for any € > 0 and ty € RT, there exists a 6 = (tg,€) > 0 such that

¢l < O implies ||z(t)|| < e for any t >ty — d;

(11) unstable if (i) does not hold;
(11i) uniformly stable if (i) holds for 6 = d(e);

(iv) asymptotically stable if it is stable and there exists a positive constant 6 = §(to)
such that

|6l < & implies lim z(t) = 0;
— 00
(v) exponentially stable if there exist positive constants k,a, and X such that

le ()]l < alléllye™ for all 6], < k and ¢ > to.

The Lyapunov method is an efficient method for stability of delay systems. There
are two Lyapunov methods commonly used for delay systems: the Lyapunov-Krasovskii
functional method and the Razumikhin technique. To guarantee asymptotic stability of a
time-delay system by the Lyapunov-Krasovskii method a positive definite functional with
a negative definite time derivative along the trajectory of the system has to be found.
On the other hand, a positive definite function whose time-derivative is negative definite
under the Razumikhin condition guarantees the asymptotic stability of the system by the
Razumikhin technique. By utilizing the Razumikhin technique, the following lemma was

established by Halanay [12].

Lemma 2.3.1. [/2] Assume that u is a continuous nonnegative function defined on [ty —
d,b) and satisfies

W(t) < —au(t) + 8 sup wu(o), t € [to,b)
o€t—d,t]
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where v and B are positive constants satisfying o > B > 0. Then, there exists a positive

constant & such that

WS s w(@)e W, refb)
o€to—d,to]

where £ is a unique positive solution of
£ =a— Bet

In the following theorem, using the Halanay lemma sufficient conditions are obtained

for exponential stability of linear delay system
#(t) = Az(t) + Bx(t — d), (2.15)
where A, B are constant matrices with appropriate dimensions.

Theorem 2.3.3. [/5] The origin of system (2.15) is exponentially stable if matriz A is

Hurwitz and the following inequality is satisfied

Amin(Q) - B* ﬂ*
T e ()

where P and @) are positive definite matrices satisfying the Lyapunov equation
AP+ PTA=-Q

and p* = ||PB]||.

2.4 Stochastic Systems

In this section, we firstly introduce some notations and definitions.
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2.4.1 Preliminaries

Probability theory is used to analyze random experiments which are called elementary
events and usually denoted by w. These elementary events are grouped in a sample space
Q). F denotes the family of all interesting events of €2. For further purposes, F is required

to be o-algebra as defined below.

Definition 2.4.1. F is said to be a o-algebra on ) if the following conditions hold:
1. the empty set O € F;
2. if A€ F, then A® € F where AC is the complement of A;

3. Zf {Ai}izl S .F, UizlAi e F.

Definition 2.4.2. A real valued function X : Q — R is said to be a random variable or

F-measurable if {w| X(w) <z} € F for all x € R.

If (2, F) is a measure space, then the elements of F are called F-measurable sets.

Definition 2.4.3. A function P : F — [0,1] is said to be a probability measure on the

measurable space (0, F) if
1. P(0) =0 and P(Q) = 1;

2. for {Ai}s) C F where AN Aj =0 for all i # j,
P (U1 4;) = > P(4).
i=1

Furthermore, the triplet (2, F,P) is called a probability space. If the o-algebra is complete;
that is, F = FC where FC is the complement of F, then the probability space is said to be

complete.
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Let Xi(w), Xa(w),..., a sequence of random variables, and X (w) be defined on the

probability space (2, F,P).

Definition 2.4.4. The sequence { Xi(w)},5, is said to converge to X (w) with probability

one (w.p.1) or almost surely (a.s.) if

IP’{w| lim Xy (w) = X(w)} —1.

k—o0

Definition 2.4.5. Let (2, F,P) be a complete probability space. A sequence of increasing
sub-o-algebra {Fi},~, of F is said to be a filtration.

Definition 2.4.6. A stochastic process X (t) is a family of random variables
{Xi(w)| teI CRY, weq}.

Moreover, X (t) is a continuous stochastic process if for all w € Q, X;(w) is continuous for

all t € R.

Definition 2.4.7. The probabilistic behavior of a random variable is described by its dis-

tribution function F(z) defined by

F(z) =P{w| X(w) <z} forallx € R.

Assume that X is a continuous random variable, then there exists a non-negative and

integrable function f(x) such that

Fa)= [ rs)as

dF (x)

which implies that f(z) = 7
T

of X.

which is called the probability density function (p.d.f.)
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Definition 2.4.8. The mathematical expectation (or mean or the first moment) of a con-

tinuous stochastic process X (t) is defined by

m(t) = E[X(1)] = / " e f(at)d,

where f(x,t) is the p.d.f. of x = X(t);
the mean square (or the second moment) of the stochastic process X (t) is defined by

ma(t) = E [X?(t)] = /OO 22 f (2, t)dx;

o0

the variance of the stochastic process X (t) is
Var [X(t)] =E [(X(t) — m(t))z] = mo(t) — m2(t).

Definition 2.4.9. Let (2, F,IP) be a complete probability space with a filtration {Fi} .
An continuous (a.s.) stochastic process W (t) for all t € Rt is said to be Wiener (or

Brownian motion) process if

1. P{w| W(0) =0} = 1;
2. for any 0 < s <t < oo, the increment W (t) — W(s) is independent of Fs;

3. for anyt € RT and h > 0, the increment W (t +h) —W(t) is Gaussian (or normally)
distributed with
E[W(t+h) = W(t)] = ph;

E[(W(t+h) —W()?] = o’h,

2 is a positive constant. The stochastic

where the mean p € R and the variance o
process W (t) defines a standard Wiener process if the mean = 0 and the variance

o2 =1.
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A typical n-dimensional nonlinear stochastic system is defined by

de(t) = f(t, x(t))dt + g(t, x(£))dAW (), € [to, T), (2.16)

l‘(to) = Xy,

for any to, T € R" with T" > ¢, where z(t) is R™-valued stochastic process, W (t) =
(Wi (t), Wa(t),-- -, Wn(t))" is an m-dimensional Wiener process, f : RT x R* — R" is
the deterministic drift coefficient of the process z, g : Rt x R" — R™ ™ is the diffusion
coefficient of the process z, and z( is an F;,-measurable R"-valued random variable such

that E [||x0\|2} < 00.

The stochastic integral equation corresponding to initial value problem (2.16) is

z(t) = xg —i—/t f(s,x(s))ds—i—/ g(s,z(s))dW (s), (2.17)

to
where the first integral is a Riemann integral (a.s.) and the second one is an Itd integral

satisfying the following properties:

1. E [fti q(s, x(s))dW(s)} =0;

2. &[] ots 2w s)|| = [ B llgls,2(s)) a0 (s).

In the following part, we will present the solution of (2.16).

Definition 2.4.10. Let (2, F, Fi;>0,P) be a complete probability space. For any w € €,
a,b € R witha < b, andp > 1, a random process f(t,w) is belongs to class L,q(€2, LP[a, b])

if it is Fi-adapted and almost all its sample paths are pth integrable in the Riemann sense.

Definition 2.4.11. For any ty,T € RT, the R"-valued stochastic process x(t) = x(t, to, xo)

is said to be a solution of the initial value problem in (2.16) if the following properties hold:
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1. z(t) is continuous and Fi-adapted;
2. the R"-valued f € Lq,q(; L [a,b]) and the R™™-valued g € Lqq(Q; L?[a,b]);
3. for any t € [to, T|, x(t) satisfies the stochastic differential equation in (2.16) w.p.1;

4. al t =ty, x satisfies the initial condition in (2.16) w.p.1.

Moreover, a solution x(t) is said to be unique if
P{a(t) = y(t), Vt € [to, T]} =1,

where y(t) is any other solution.

In stochastic differential equations, we use the stochastic version of the chain rule, which

is called Ito formula.

Definition 2.4.12. (Ité6 Formula) For any t, € RY and t > to, let x(t) be an R"-

dimensional Ito process, i.e., R"-valued continuous adapted process satisfying
dx(t) = f(t,x(t))dt + g(t,x(1))dW (), (a.s.)

where f € Lqoq(; L a,b]) and g € L44(; L?[a,b]). Let V € CH?(RT x R™;R). Then, for

any t > to, V is a real-valued Ité process satisfying
dV(t,x) = LV (t,z)dt + V. (t,x)g(t,x)dW(t), (a.s.)
where

LV(t,2) = Vi(t,z) + Val(t,2) f(t, 2) + %tr (7 (1, )V (1, 2)g (1, 2)].
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IfV e CH?*(RT x R R), then

W(t,x):%—‘;, Vm(t,x):[g—;i, g—;;,..., g—;i ,
A% PV PV ]
Vie(t, ) = [ il } = axlfaxl axlfa@ : axlfaxn
T P2V
| 0x,0xy O0r,0xs ~ 0Or,01,

The operator L is called the averaged derivative or infinitesimal diffusion operator at a

point (t,x) and can be generally defined as

LV(t,z) = lim % [E [V(t+h,z(t+h))] — V(L x)} :

h—0t

2.4.2 Stability of Stochastic Systems

Now we will present the definition of some stability properties of the trivial solution of

system (2.16).

Definition 2.4.13. For any t > to with tg € RT, let x(t) = z(t,t9, o) be a solution of
system (2.16). The trivial solution of (2.16) is said to be

e almost surely stable (or stable w.p.1) if for any e, € > 0, and ty € R, there

exists § = 0(g,e%,to) such that

|xo|| < & implies P{w| sup ||xz(t)]| > "} < e;
t>to

e pth moment stable if for any e > 0 and ty € RT, there exists 6 = §(e, to) such that
forp >0

|zl < & implies Esup |lz(#)||"] < &;
o
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e asymptotically stable if for any ¢ € (0,1), there exists 6 = (e, ty) such that

|lzol| < 0 implies P{w| 1tlirn sup [|z(t)|| =0} < 1 —&;
— 00

e almost surely asymptotically stable if it is almost surely stable and

Pu| Jim sup (1) = 0} = 1;

e pth moment asymptotically stable if if it is stable in the pth moment and

lim E[sup [|z(¢)|]” = 0;

t—o0 tZtO

e pth moment exponentially stable if there exist positive constants p,c, and

such that, for any ty € RT,

|zo||” < & dmplies E[||lz(t)]|”] < a ||lao||? e P10

2.5 Singular Systems

This section is devoted to singular systems in both the continuous and discrete cases,
respectively. Some basic definitions for singular systems are given. Then, we focus on
stability of singular systems in both cases.

2.5.1 Continuous Singular Systems

State space variable method is used to obtain state space models of singular systems using

physical variables such as speed, weight, or temperature, which are sufficient to characterize
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the system. A set of equations can be established by the physical relationships among the

variables. This set of equations can be arranged in the following form
EBi(t) = f(t,2(1)) (2.18)

where z(t) € R™ is the state vector, E € R™*" is a singular matrix with rank (E) = r < n,
and f(t,z(t)) : RT x R® — R" is the vector-valued differentiable function. The system

(2.18) is called a general nonlinear singular system.

When f(t,z(t)) is equal to Az(t) + g(t, x(t)) where A € R"™*" is the coefficient matrix,
g(t,xz(t)) : Rt xR™ — R™ is the vector-valued nonlinear perturbation, the general nonlinear

singular system (2.18) reduces to the following form:

Bi(t) = Ac(t) + gt, (1)) (219)
Equation (2.19) describes a nonlinear singular system.

Definition 2.5.1. System (2.19) (or matriz pair (E, A) ) is regular if there ezists a constant
scalar v € C such that
det(yE — A) # 0.

Moreover, the matriz pair (E, A) is said to be impulse free if deg(det(yE — A)) = rank(E).

Theorem 2.5.1. [//] System (2.19) is reqular if and only if there exist two nonsingular

1

matrices Q, P such that Q = ?2 and P = []51 ]52] where QF € Rm*n ()2 ¢ Rm2xn,
Q

P! e R™m P2 ¢ R gnd the following standard decomposition holds:

o . N . ~ 91(t, 21, 72)
QEP = diag <]n1a N) , QAP = diag (Ah [nz) ) Qg(tv ZL‘) = ) (220)
gQ(ta Xy, :L‘Q)
where nqy +ng =n, Ay € RM*™ N € R"2*"2 js g nilpotent matrix with nilpotent index h,

g1 € R™ and g, € R™.
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Corollary 2.5.1. [//] Let (E, A) be reqular and ny be the dimension of the decomposition
(2.20), then
deg(det(yE — A)) = n;.

Corollary 2.5.2. [//] If the matriz pair (E, A) is impulse free, then
deg(det(vE — A)) =r

where r = rank(E).

Let
! -1 n n
=Pz, x1e€R™ 125 R"™
T2
and system (2.19) be regular. By the above theorem, system (2.19) is a restricted system

equivalent to

¥y = A1z + g1(t, 2, x9), (2.21)

N.I;Q = T2+ gz(t, Ty, .%'2). (222)
Subsystems (2.21) and (2.22) are called the slow subsystem and the fast subsystem, respec-
tively. @y and x4 are called the slow substate and fast substate, respectively ([10]).

The nilpotent matrix N causes impulse terms in the solution of subsystem (2.22). This

reason implies the following result.

Corollary 2.5.3. [5] System (2.19) is impulse free if and only if N = 0.

In the literature, there are two kinds of solution to the singular systems: distributional
and classical solutions ([10], [15],[16]). We consider only classical solutions expressed by

classical functions, which are continuously differentiable. A classical solution to a singular
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system requires consistent initial values ([10]). Necessary conditions for consistent initial
conditions have been proposed by [12] and [17]. The characterization of the set of consistent

initial conditions H, is given as follows.

Corollary 2.5.4. Let the function gs(t,x1,x3) be (h— 1) times continuously differentiable

when given system (2.19) is reqular. Then, the set of consistent initial conditions is given

by
Ho={n | [0 [n,]P ZNJQQ 0}

where I,,, € R™*™ 4s an identity matriz, and P is deﬁned in decomposition form.

The following theorem is the existence and uniqueness theorem for solutions of (2.19).

Theorem 2.5.2. [/7],[/5] Given the regular nonlinear singular system (2.19) is of index
h and a consistent initial condition xo for the system at ty. If the following conditions
(a) and (b) are satisfied in the closed domain D : ||y — yol|< K, to <t <ty + R where

y =P 'z and yo = P lay :

(a) the function gs(xq,x9,t) is h times differentiable with respect to x1, x5, and t in the

domain G D D;

(b) the function gi(xq,x2,t) and Zh 1NZ )(xl,xg,t) are continuous and satisfy the

Lipschitz condition in D.

Then, the regular nonlinear singular system has a unique solution satisfying z(tg) = xo

} |

and defined on the interval [ty,to + o, where « = min (R, K/M) and

h—1

M = max {SUP [A121 + g1 (21, 2, )|, sup Z Nigéiﬂ)(l'l, o, 1)
p D li=o
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Before finishing this subsection, it is necessary to stress the importance of the condition
underlying the existence and uniqueness of solution to nonlinear singular systems. For
a nonlinear singular system (2.19) to have a unique solution, the function gs(xq,xs,t)
appearing in the decomposition of the nonlinear perturbation g(¢, z(¢)) needs to be h times

piecewise continuously differentiable.

2.5.2 Stability Definitions and Theorems For Continuous Case

Consider the following singular system

Ei(t) = f(t, 2(t) (2.23)

QT(to) = 2o

where f(t,2(t)) : R x R" — R" is piecewise continuous function which guarantee existence
and uniqueness of solution to (2.23) and assume that f(¢,0) = 0 for all ¢ so that the system

has a trivial solution.

Definition 2.5.2. The trivial solution of system (2.23) is said to be stable if for everye > 0
and any to € R there exists a 6 = d(tg,e) > 0 such that ||xo|| < § implies ||z(t;to, z0)|| < €
for allt > t,.

Definition 2.5.3. The trivial solution of system (2.23) is said to be uniformly stable if
for every € > 0 and any ty € Rt there exists a 6 = 0(g) > 0 such that ||zo|| < 0 implies

| x(t; to, zo)|| < € for all t > ty.

Definition 2.5.4. The trivial solution of system (2.23) is said to be asymptotically stable
if it is stable and there ezists a n = n(ty) > 0 such that

lim x(t; g, z9) =0

t—00
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whenever ||zg|| < n.

Definition 2.5.5. The trivial solution of system (2.23) is said to be uniformly asymp-
totically stable if it is uniformly stable and for every € > 0 there exists a 6 > 0 and
T = T(e) > 0 such that for all to € RT, |jzo|| < & implies ||x(t;to, x0)|| < € for all
t>to+T.

Now consider system (2.23) in a special form described by

Ei(t) = Az(t) + g(t, z(t)) (2.24)

with index h and zy being a consistent initial condition. Assume that system (2.24) is
regular, and satisfies the conditions in Theorem 2.5.2. Also, to ensure that system has a

trivial solution, assume that g(¢,0) = 0.

Definition 2.5.6. Regular system (2.24) is said to be exponentially stable if there exist
a, >0 such that its state x(t) satisfies

lz(@)Il < al|Baolle™ ), ¢ >t

Definition 2.5.7. System (2.24) is said to be E-exponentially stable if there exist constants
a, B >0 such that
|E2(@)] < all Eaglle ™), ¢ > .

E-exponential stability means stability of the slow variable .

The following lemma characterizes the relationship between the exponential stability

and the E-exponential stability for system (2.24).
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Lemma 2.5.1. [//],[/9] For system (2.24) with g(t,z) = 0, the E-exponential stability is

equivalent to the exponential stability.

The following theorem gives a criteria for the stability of regular nonlinear singular

systems.

Theorem 2.5.3. [10] The singular system (2.24) is stable if and only if
o(E,A) CcC” ={seC| Re(s) <0};
where o (E,A) = {s € C| det(sE — A) = 0} and all perturbations satisfy

lg(t; )| < ~y[l]

with sufficiently small .

The above theorem indicates that the stability of the singular system is determined by

eigenvalues of the matrix pair and the perturbation which is bounded by a linear growth

bound.
Definition 2.5.8. System (2.24) is called admissible if it is stable and impulse-free.

Theorem 2.5.4. [50],[01],[52] If system (2.24) with g(t,z) = 0 is admissible, then for
each Y > 0 there exists X > 0 satisfying

ET"XA+ ATXE =—-E"YE.

2.5.3 Discrete Singular Systems

Consider discrete time singular system
Ex(n+1) = Az(n) + g(n,z(n)), (2.25)
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where 2 € RV, B, A € RVXY are system coefficient matrices where E being singular with

rank(E) =r < N, and g(n,z(n)) : Z* x RN — RV,

Definition 2.5.9. System (2.25) is regular if there exists a constant scalar v € C such
that
det(vE — A) # 0.

Moreover, the matriz pair (E, A) is said to be casual if deg(det(yE — A)) = rank(FE).

Remark 2.5.1. Impulse freeness in continuous time singular systems is called as casual

in discrete time singular systems.

Theorem 2.5.1, Corollary 2.5.1, Corollary 2.5.2, and Corollary 2.5.3 in continuous sin-

gular systems are valid for the discrete singular system in (2.25).

2.5.4 Stability Definitions and Theorems For Discrete Case
Consider the following singular system

Ex(n+1) = f(n,z(n)) (2.26)
x(ng) = o

where f(n,z(n)) : Z+ x RY — RY is piecewise continuous function and assume that there

exists a unique solution to (2.26).

Definition 2.5.10. The trivial solution of system (2.26) is said to be stable if for every
e > 0 and any ng € Z* there exists a & = d(ng,e) > 0 such that ||zo|| < 0 implies
||x(n; ng, xo)|| < & for all n > ng. It is uniformly stable if & may be chosen independent of

ng. If it is not stable, it 1s said to be unstable.
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Definition 2.5.11. The solution of system (2.26) is said to be exponentially stable if for
the initial condition x(ng) = o there exist constants 0 < € < 1 and M > 1 such that

lz(n)l| < M| Exolle"™" for any n = no.

Definition 2.5.12. System (2.26) is said to be E-exponentially stable if there exist con-

stants 0 < e <1 and M > 1 such that ||Ex(n)| < M||Exol|le™ ™ for any n > ny.

Let us consider f(n,z(n)) in (2.26) in a special form described by f(n,z(n)) = Az(n)+

g(n,z(n)). In this case, the system in (2.26) is defined as
Ex(n+1) = Ax(n) + g(n,z(n)) (2.27)
z(ng) = o

Definition 2.5.13. System (2.27) is said to be stable if system (2.26) is reqular and all

eigenvalues of the system are within the unit circle centered at the origin.

Theorem 2.5.5. [73],[5/] Suppose that g(n,z(n)) = 0 and matriz A is invertible, then
linear singular system (2.27) is asymptotically stable if and only if there exists X > 0
satisfying

ATXA - ETXE = -V,

where Y > 0.
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Chapter 3

Stability of Impulsive Switched
Singular Systems with Time-Delay:

Continuous and Discrete

In this chapter, exponential stability of impulsive switched singular systems with time-
delay (ISSSD) is studied. The stability results for both continuous and discrete ISSSD
have been investigated by using the multiple Lyapunov functions along with the average-
dwell time (ADT) switching signal to organize the jumps among the system modes and by
resorting the Halanay lemma. Numerical examples with simulations are also represented

to further clarify the proposed methodology.
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3.1 Impulsive Switched Singular Systems with Time-

Delay: Continuous

Consider the following impulsive switched singular systems with time-delay

Eoy@(t) = Aoy x(t) + fow (t, 2(t — d)), t# bk
Az(t) = Brz(t™), t =ty (3.1)
z,-(s) = ¢(s), s € [—d,0],

where x € R" is the system state variable, and Ay ), By, Es;) € R™" are system coeflicient
matrices where E, () being singular with rank(E,;)) = r < n, the matrix pairs (Ey(), Ao())
being regular, and By, being constant matrices. The switching signal o(t) : [tg, 00) — Z is
a piecewise constant function taking values in a finite compact set = = {1,2,..., N} for
some N € N. {t;}2°, are the impulsive times that form an increasing sequence satisfying
tr—1 <t and limg_oo tp = 00. Az = z(tT) — 2(t7) where x(t~) (and z(¢t1)) is the state
just before (and just after) the impulsive action with z(¢*) = lim,_,;+ 2(s). The solution
z is assumed to be right-continuous, i.e., z(¢]) = x(tx). For all t > ¢y, the delayed state
vector is defined by x; = x(t + s), where s € [—d,0] with d being a positive constant
representing the time delay. fou (¢, 2(t — d)) : R x R® — R" are piecewise continuous
vector-valued functions ensuring the existence and uniqueness of solutions for system (3.1)

with fo(¢,0) =0, t € RT and and there exist constant matrices F, ;) such that

[ foy(t,2) = foy (t, 27)|| < (| For oy (x — 27| (3.2)

for all (¢,z), (t,2*) € D ={(t,z): t € R", |E,pz|l < p}.
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3.1.1 Systems with Stable Subsystems

Consider the system in (3.1) with stable subsystems. Before stating sufficient conditions
that guarantee exponential stability of this system, we first present the following lemmas

that are needed in the proof of main theorems.

Lemma 3.1.1 ([12]). Assume that u is a continuous nonnegative function defined on

[to — d,b) and satisfies

u(t) < —au(t)+ 5 sup u(o), t € [to,b)
o€lt—d,t]

where o and (B are positive constants satisfying o > [ > 0. Then, there exists a positive

constant & such that

u(t) < sup  u(o)e Tt e fto,b)

oc [to—d,to}

where £ is a unique positive solution of
£ =a— pe.

Lemma 3.1.2. For any vectors x,y € R"™ and a scalar € > 0, the following inequality

holds:
1
20Ty < —aTa +eyTy. (3.3)
€

In the following theorem, some sufficient conditions are established to guarantee the expo-

nential stability of system (3.1).

Theorem 3.1.1. For any i € =, assume that each subsystem of (3.1) is admissible. Then,

the trivial solution of (3.1) is exponentially stable if the following assumptions hold:
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(i) For any i,j € = there exists v, > 1 such that
(I + By)"E] X;E;(I + By) < wE] X;E;, (3.4)
where X; and X; are defined in the proof.
(i1) For any ty, the switching law satisfies

t—1t
N(tat0)§N0+ 0

a
where N(t,ty) represents the number of switchings in (t,ty), and Ny and T, are the

chatter bound and average dwell time to be defined, respectively.

Proof. Let x (t) = x(t, tg, zo) be the solution of the system (3.1). For t € [ty_1,tx), define
vi(t) = Vi(z(t)) = 2T (O EF XiEsw(t),  t#t,, i=o(t)

as a Lyapunov function candidate for i** subsystem. Then, derivative of v; along the

trajectory of (3.1) is given by

Gi(t) = T () E] X;Eix(t) + 27 () E! X, EBix(t)
= 2'(t) (AT X,E + BT X, A;) o(t) + f] (¢, 2(t — d) X B (t) + 2" () E] X fi(t, (¢ — d))

= —2l(O)EIY;Ex(t) + 21 (t, 2(t — d)) X; Eix(t) (3.5)

where —ETY,E; = AT X,E; + EF X; A; for any Y; > 0.
Using Lemma 3.1.2 and inequality (3.2), we can obtain that

27 (1 (e — ) XiBrw(t) < — 7 (1 nlt — D) fult, 2(t — ) + e B ()X X B ()
< glz.Hf@-(t, z(t — ))|* + il B ()| Amax(X7)

1
< B Ew(t = d)° + el Eiw(0)]* Amax (X7) (3.6)
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Substituting (3.6) into (3.5), we obtain
1
Gi(t) < =2 (OEYiEix(t) + — || FiBia(t = d)|” + &l Eiw(8) [ Amax(X7)
1
< =AY B + —NE P Bt — d)* + el B (@) Amax (X7)

1
= (= Muin(YD) + Ehma(XD) ) | B2 ()2 + | B Bie(t — )|

< —aui(t) + B sup (o) (3.7)
o€lt—d,t]
Amin(YD - €i)\maX(X‘2) ||Fz|l2
h i = : y P = TN v N
where a )\max(Xi) 6 Ei/\min(Xi)

Applying Lemma 3.1.1 to (3.7), we obtain the solution of differential inequality (3.7) for

t € [ty—1,tr)

'Ul(t) < sup UZ‘(O')G_&(t_tk—l)7 (38)

o€[tp—1—dtp_1]

where &; is a unique positive solution of
& =a; — @e&d-
On the other hand, for t = t;, k = 1,2,3, ..., suppose o(tx) = j, it follows from (3.1) and
(3.4) that
v;(te) = o (te) E] X; Ejx(ty,)

=z (t; )(I + Bp)"E] X;E;(I + By)z(t;)

<y (b)) BY X Bty

= ity )- (3.9)
Using (3.8) and (3.9) successively on each subinterval leads to the following results. For

t € [to, t1), we have

v, (1) < sup vy, (o)e St (3.10)

UE[tofd,to]

44



For t € [t1,t2), we have

Vi, <t> < sup Uiy (U)ei&é (t=t1) :

O'G[tl—d,tl]
From (3.9), we can result in the following inequality
sup  v,(0) <y sup  wvy(o7)
o€lt1—d,t1] o€lt1—d,t1]

sup vy, (0)e S <y sup vy (07 )e S,
O'E[tlfd,tl] O'E[tlfd,tl]

By (3.10) and (3.12), we have

v, (t) <y sup 'Ui1<0-7>€7£i2(t7t1).
o€t —d,t1]
Suppose that ¢, — d € [ty_1,tx), by (3.10), we can find SUD e[ty —d,t1] v, (07) as
sup Uil (O'_) = sup Uil (0-)6_&1 (t1 —d—to).

o€lt1—d,t1] o€to—d,to]

Thus, if we rewrite (3.13), we obtain for ¢ € [t;,t5)

UiZ <t> S 71 Sllp ’U,L'l (0')676"1 (tl*d*to)ef&ﬁ (t*tl).
a€lto—d,to]

Similarly, for ¢ € [ts,t3) we can write the following inequality using (3.8)

() < sup vy (0)e S,

o€[ta—d,ta]
Also, from (3.9) we have
sup V(o) <92 sup  vi,(o7)
O'E[tz—d,tz] O'E[tz—d,tz]
sup Ui3(0)e*£i3(t*t2) <7 sup UiQ(a*)e*&?’(t*t?).

O'E[tz—d,tg] O'E[tz—d,tz]
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By (3.16) and (3.17), we have

Vi, () <72 sup vy, (0 )e Sis(tt) (3.18)

o€E [tQ 7d,t2]

Using (3.14), we can find sup, e, _q4,) Vip(07) in (3.18) as

sup  v,(07) =m  sup vy, (g)e i) lmdh) (3.19)
O'E[tz—d,tg} O'E[to—d,to}
Therefore, we obtain for ¢ € [to, t3)
Vi, (t) <mye  sup v (O-)e_gil(tl—d—to)e_fig(t2—d—t1)6_§i3(t_t2). (3'20)

O'G[tofd,to]

In general, for t € [tx_1, tx)

v, (1) <my2. k-1 Sup vy (U)e’&'l(tl’d’tO)e’&?(t?’d’tl) e St (3.21)
O'E[to—d,to]
Let £ = min{¢;;; i € Zand j = 1,2,...,k}, so inequality (3.21) becomes

v, (1) < yreSindypefind |y jefin1? sup vy (0)e S, (3.22)
O'E[t()fd,to}

Let vy =max{y; (=1,2,...,k—1}and & =max{¢;,; i€ =, [ =1,2,...,k—1}. Then,
inequality (3.22) is written as
v, (1) <AFL sup oy, (o)l demSEt0)
O'E[to—d,t()]
Applying assumption (i) with Ny =

h?fgf:d, (€ > &™) leads to

. . _
_n_hw vzl where 7 is an arbitrary constant, and 7T, =

Ui () < sup oy (0)e )
O'E[to—d,to]

which implies that
Bzl < pll Bt — )|l 20t >, (3.23)
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where p = \/Anr/Am defined for Ay = max{Anax(Xi); @ € Z} and A\, = min{ Apin(X;); 7 €
=}. Thus, the trivial solution of the system (3.1) is E-exponentially stable.

Let

P la(t) = (3.24)

then it follows from the standard decomposition form that system (3.1) is equivalent to

iy (t) = Apzi () + QLfi(t, z(t — d)) (3.25)
0= xo(t) + Q2 fi(t, 1) (3.26)
) ol . )
where i = 1,2,...,N, 21 € R", 2o € R"", Q; = N; , Q€ R Q2 ¢ ROvmixn,
Qi

P = [pil plz]’ Pl e R, and P2 € ™),
By (3.24), we can write

x1(t)
i) (t)

then

- . (3.27)
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From (3.27) and (3.23), we have
sup ||lz1(0)[| = sup (| QiEz(8)]|
t—d<o<t t—d<0<t

< Qi sup [|Ez(8)]
t—d<6<t
= u| Qilll| Bia(to — d) || et mamtol/2 (3.28)
which implies that x; is exponentially stable.

We need to show that x5 is also exponentially stable. It follows from (3.26) and (3.2) that

sup
t—d<0<t

lz2(O)]| < 1QF]| sup || FiEix(8)]]
t—d<0<t

=12 sup_[FEPi(6) + FEPw)

<NQNIFEPRH sup (a1 (0)]| + QNI FEP| sup [la(0)]
t—d<0<t t—d<0<t

(1= IQEEP?|) sup = (0)]

t—d<0<
Q2N FER |
su x2(0)] < al i |l su (0
o e P
Q2IRE
= Q@ IREP

< |NQZ(IIIFEP| sup |1 ()]
t—d<0<t

WOl Es(to — )|l t—d-to))/2

(3.29)

where 1 > ||Q?|||| F;E;P?||. This shows that 25 is exponentially stable. Thus, the trivial

solution of system (3.1) is exponentially stable. ]

Example 3.1.1. Consider the impulsive switched singular system with time-delay given

(1) 4 0
by (3.1) where x = ,o(t) e 2={1,2}, By = Ey = with rank(E;) = 1,
(1;2(t) 2 0
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By =0.21, d =0.3339 and

Ay = . filt,z(t—d)) = [% tanh(z1(t —d)) 1 tanh(aa(t — d))]T,

Ay = ) 27I—d:lanx1— lanxg— T-
O] aeet—d) = [ - ) ftanb(eae - )

Also, initial function is ¢(t) = [2 1.6]T. The Lipschitz conditions (3.2) are satisfied with

0.0333 —0.0333 0.25 —0.25 _
F = and Fy = . From the Jordan canonical form of

0 0 0 0
(vE — A)7'E for v € C, we find that

1 1 1 0 4 1 1
_ | 5 10 _ _ 9 9 _ |2
Ql_ 9 4 ) Pl_ 4 1 9 QQ_ 11 ) P2_ 14 y
5 b 5 2 12 6 3 3]
10 = -2 0
such that Q1B Py = QaE2 Py = , QAP = . QAP =
0 0 0 1 0 1

From the decomposition form it is clear that the systems are impulse free. Moreover, the

eigenvalues of (E1, A1) and (E2, Ay) are negative.

1.6667 0
X, = > 0 satisfies ATX | E1 + ET X1 Ay = —EIY\E; for any Y, =1 > 0.
0 1.6667
o 0.6667 0 .
Similarly, X, = > 0 satisfying AL XoFy + ET XoAy = —EIY,FE, for

0 0.3333
any Yo = I > 0. Hence, a; = 0.0167, 8; = 0.0038, ap = 0.5001, and [, = 0.25.

The mode decay rates are & = 0.01 and & = 0.0014. Thus, £ = min{&, &} = 0.0014.
Y& = 1.44 so that the inequality (I + Bk)TE]TXjEj(I + By) < wEI' X, E; is satisfied. Thus,
v = max{vy,} = 1.44. Then, the average dwell time T, = 0.4452. Figure 3.1 shows that
the solution of the singular system vanishes exponentially after running mode 1 and 2 on

the first and second interval, respectively.
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3.1.2 Systems with Stable and Unstable Subsystems

Consider again the system in (3.1) with = = =, U Z; where =, and =, represent the
index sets of unstable and stable subsystems, respectively. Lemma 3.1.1 and the following

lemmas are important in proving the main theorem.

Lemma 3.1.3. [/J] For a € R, with a > 0, and ty € R", let u : [ty, to + a) — RT satisfy

the following delay differential inequality

W(t) < ou(t)+pF sup u(o), t € [to,to +a).
o€lt—dt]

Assume that o+ > 0. Then, there exist positive constants & and k such that
u(t) < keStto), t € [to,to+ a)
where £ = a + B and k = Sup e, W(0)-

Theorem 3.1.2. For any i € Z, assume that each subsystem of (3.1) is impulse free.

Then, the trivial solution of (3.1) is exponentially stable if the following assumptions hold:
(A1) For anyi,j € = there exists vy, < 1 such that

(I+ Bk)TEjTXjEj(] + By) < mEI' XE;. (3.30)

(A2) for any ty, the switching law guarantees that

T (to, t) AT+

inf > 3.31
tlgto T+(to, t) AT =\ ( )
where \* € (0, A7), furthermore, there exists 0 < v < \* such that
(i) forie =,
lnﬁ/k—V(tk—tk,l) SO, k= 1,2,...,l (332)
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(i1) forie =
Inye — vty —te—1) + &, d <0, k=1+1,1+2,....m—1. (3.33)
where &, 15 a unique positive solution of

émk = Oémk - ﬁmkegmkd7

AInin(}/m) - €m||Xm||2
)\max(Xm)

[ £5n|”
gmAmin(Xm>‘

where oy, =

and B, =

Proof. Let z (t) = x(t,to,zo) be the solution of the system (3.1). For any ¢ € = and
te [tkfl,tk), define

vi(t) = Vi(z(t)) = T (O EI XiEin(t),  t#t,, i=o(t)

as a Lyapunov function candidate for i*" subsystem. Then, derivative of v; along the

trajectory of (3.1) is given by

Gi(t) = 2T (t)El X;Ez(t) + 27 (t)El X, Eix(t)

= 2" (t) (AT X;E; + E] Xi A;) o(t) + 2] (¢, 2) Xi By (2). (3.34)
For ¢ € =, we have
Gi(t) = —aT () ElY;Euw(t) + 2f (t, 2,) X; By (t) (3.35)

where —E!'Y;E; = AT X;E; + EF' X;A; for any Y; > 0. Thus, using the Lipschitz condition
(3.2) we obtain

Ui(t) < —auui(t) + B sup ;o) (3.36)
o€t—d,t]
)\min(YD - Ei)\max(X'2> ”EH2
here a; = ’ =
where ¢ )\max(Xi) 7 and ﬁl <C:i)\min()(i)
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By Lemma (3.1.1), we obtain the solution of differential inequality (3.36) for t € [tx_1, ;)

vi(t) < sup v;(o)eSiltmti-1), (3.37)

o€tp—1—dtp_1]

where &; is a unique positive solution of
id
& = o — Bie%e

Let 9; (i € Z,) be a positive constant such that the matrix pairs (E;, A; — §;E;) has

eigenvalues with negative real parts. Then, for each Y; > 0 there exists X; > 0 satisfying
(A; — 6, E)" X, E; + Ef Xi(A; — 6,E;) = —E!'YE;. (3.38)

Thus, we have
0i(t) = 2T (1) (= ELYE; 4+ 26, B Xi Ey)a(t) + 271 (t, 24) Xi B (t). (3.39)

By Lipschitz condition (3.2), we obtain

Ui(t) < ajui(t) + B sup wv;(o) (3.40)
oelt—d,t]
_)\min(Y;) + 25i)\max(Xi) + Ei>\max()(‘2) ||E||2
here of = Loand B = —H
WHELE &4 )\min(Xi) o 61 Ei)\min(Xi)

By Lemma 3.1.3, the solution of (3.40) is obtained for ¢ € [tx_1, tx)

vi(t) < sup v;(o)eSilt=te-1), (3.41)

o€tg—1—dtp_1]

where (; = of + 37 > 0.
On the other hand, for t = t;, k = 1,2,3, ..., suppose o(tx) = j, it follows from (3.1) and
(3.30) that
i (te) = a7 (ty) E] X; B (ty,)
=2 (t; ) + By)"E] X;E;(I + By)x(t;)
<y’ (8B XiBia(t)
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Using (3.37) and (3.42) successively on each subinterval leads to the following results. For

t € [to,t1), we have

v, (t) < sup Uil(a)e_&l(t_t"),

O'E[to—d,to]

For t € [t1,t2), we have

Vi, <t> < sup %7 (U)ei&é (t=t1) :

c€t1—d,t1]
From (3.42), we can result in the following inequality
wp vy(e)<m s va(o)
o€lt1—d,t1] o€lt1—d,t1]

sup vy, (0)e ST <y sup vy (07 )e S,
UE[tlfd,tl] O'E[tlfd,tl]

By (3.44) and (3.45), we have

vi,() <y sup vy (0 )e Sl

O'E[tl—d,tl]
Suppose that t;, —d € [ty_1,tx), by (3.43), we can find sup,c, g, Vi (07) as
sup v, (07 )= sup vy (0)e Saltimd=to),
O'G[tlfd,tl] O'E[tofd,to]

Thus, if we rewrite (3.46), we obtain for ¢ € [ty,ts)

vi,(t) <7 sup vy, (0>€—§il (t1—d—to) o =iy (t=t1)

Ue[to—d,to}
Similarly, for ¢ € [t9,t3) we obtain
va(®) S sup vy (o)e (0t o -t
O'E[to—d,to]

In general, for t € [tx_1,tx)

i () Sz mer sup vy (0)e STt mdTh) [ emen (7t

O’G[tofd,to]
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Now, use (3.41) and (3.42) successively on each subinterval. For t € [to, 1), we have

v, (1) < sup vy, (o)ebn 1), (3.51)
G'E[to—d,to]
For t € [t1,t2), we have
Vi, () < sup v, (o)elz ), (3.52)
O’G[tlfd,tl]

From (3.42), we get the following inequality

sup  v,(0) <y sup v (07)

o€lt1—d,t1] o€lt1—d,t1]
sup vy, (0)eS2 ") <~ sup vy, (07 )el ), (3.53)
o€t1—d,t1] o€lt1—d,t1]

By (3.52) and (3.53), we have

vp(t) <y sup vy (07 )e 1), (3.54)

O'E[tl —d7t1]

By (3.51), we can find sup,c, g, Vi (07) as

sup v, (07) = sup v (o)eSnttito), (3.55)
UE[tlfd,tl] OG[tO*dﬂfO]

Thus, if we substitute (3.55) into (3.54), we obtain for ¢ € [t1,t5)

Vi, () <71 sup oy, (0)ein i) lip(t=t) (3.56)
O'G[to—d,to]

Similarly, for ¢ € [t9,t3) we can obtain

Ui (1) Smys sup vy ()¢t o)l i (112), (3.57)
UE[to—d,to}

In general, for t € [ty_1,tx)

Vi, (1) SMya. e sup vy, (o)eSin (Tt einltamh) G (i) (3.58)
O'E[t()fd,to}
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To obtain a general estimate, let us run [ unstable modes and switch [ times from an
unstable mode, and run m — [ stable modes and switch m — [ — 1 times from a stable mode.

Then, for t € [tk—ly tk)

! m—1
Uy, (t) < H’yjecmj(tj—tj—l) X H f}/sefmsdefgms(ts*tsfl) X SUp U, (U)efgmk(tftm,l).
j=1 s=[+1 UE[to—d,to}

(3.59)
Let

A =max{¢n, : j=1,2,...,1}

AT =min{&,, : s=1+1,1+2,... k}

and denote by T (to, t) and T~ (o, t) the total activation time of unstable and stable modes,

respectively. Then, for t € [ty_1,tx), we have

l m—1
Uy (1) < 1_[%‘3/\+T+ X H Y€t le™ T sup v, (0). (3.60)
j=1 s=Il+1 o€to—d,to]

Choose \* € (0, A7), and assume that the switching law satisfies (3.31) where this condition

implies that for any t > t,

N+ A)TF < (A~ — AT

XNT ENTTT < N\ T~ = 7+

=-\N(T"+T")
= —\"(t —t)
Thus, by condition (3.31), we obtain
l m—1
U, (1) < ij X Yo X sup v, (0)e N (), (3.61)
j=1 s=l+1 O’G[tofd,to}
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Then, for v < A* positive scalar, we have the following inequality

l m—1
ome®) < T % [] et % sup vy, (o) e et
j=1 I+1 O’E[tofd,to}

= sup Uml(0)716_”(“_tO)vge_”(tQ_“).
O'E[tofd,to]

—v(t;—t
. ye (ti—ti+1)
—v(tir1—t)+ém d —v(tir2—ti41)+E€m d
X Yi41€ +1) "y 4 9€ (1+2)

e ’}/mileiy(tm_l7tm_2)+€m(m71)defl/(tftm—l)e*()\**l/)(tfto)

By (3.32) and (3.33), we obtain

U (1) < sUP Uy, ()" A7) 00) (3.62)
O'E[to—d,to}

which implies that

1Enz ()] < pll By [l o~ 0201 > (3.63)

where p = \/Ayr/ A defined for Ay = max{A\nax(X;); @ € =} and A, = min{Apnin(X;); @ €

=}. Thus, the trivial solution of the system (3.1) is E-exponentially stable.
Let

(3.64)
To(t)

then it follows from the standard decomposition form that system (3.1) is equivalent to

1(t) = Aua (1) + Q) fi(t, x(t — d))

(3.65)
0 =2o(t) + Q2 fi(t, x(t — d))

(3.66)

31
where i = 1,2,...,N, x1 € R", 29 € R"™", QZ = C?; , Qzl € R™xn, QZZ e R—m)xn
Q;

ﬁi — |:P11 ]512]’ F)il c Rnxr’ and 32 c Rnx(n—r).
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By (3.64), we can write

- |x1(t
o [0
(1)
then
~ ~ ~ l’l(t)
QiEix(t) = Q: i P;
(t)
o [7“ 0 xl(t)
1t
_ | (3.67)
0
From (3.63) and (3.67), we have
1, la = [|Qi Eslla
< |1 Qillll Eieella
= Qill sup [ E(9)]
t—d<0<t
= (| Qilll| By || o~ Xm0/ (3.68)

which implies that xz; is exponentially stable.

We need to show that x5 is also exponentially stable. It follows from (3.66) and (3.2) that

|22, lla < ||QF|||| Fi Eize | a
= | Q| FE; P xy, + FiE;i PPy, ||a

<NQ M FEL w1, lla + NQ2 N EEP |
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(L= 1@ NEEL) e la < 1Q2INFEE 1
Q2 FE P
1= [QIIFE]
Q2 FE P
S 1 IGNIEER

2, [la <

1, [l

pllQill| By | o~ =102 (3.69)

where 1 > ||Q?|||| F;E;P?||. This shows that z, is exponentially stable. Thus, the trivial

solution of system (3.1) is exponentially stable.

In fact one can use the average dwell time to achieve a similar result. To do so, from
(3.61) we have

m—1

O () < [T et x sup vy, (0)e 070
j= O'E[tofd,to]

e e

IN

H'yef*dx SUD Uy, (0)e N (710
j=1

O'E[to—d,to]

_ SUP U, (O_)G(m—l) In o—A*(t—to)

O'E[to—d,to]
where v = max{v;; j = 1,2,...,m—1}, & =max{&,;; j =1,2,...,m—1},and o = et e,

Applying average dwell time with Ny = &, where 7 is an arbitrary constant, and T, =

In o
T leads to

U, (£) < sup Uml(a)e"”\(t’t())
O'G[to—d,t()]

which implies that
IEma (@)l < pll B || 77020 8 >
where p = /Ay /A defined for Ay = max{Anax(X;); @ € Z} and A, = min{ A (X;); @ €

Z}. Thus, the trivial solution of the system (3.1) is E-exponentially stable.
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By the same manner used in (A2); (i) and (ii), we obtain that

Hxlt Hd < NHQzH HEi$t0 Hde(an(t*d*tO))/Q’
QI FE: P

4= A L ]| Q||| By, || A Emdt00)/2,
12N EEP ol

22, ]

Thus, the trivial solution of (3.1) is exponentially stable. O

Example 3.1.2. Consider the impulsive switched singular system with time-delay given

r1(t) 4 0
by (3.1) where x = ,o(t)e=={1,2}, By =FE, = with rank(E;) = 1 for

i=1,2, B, = —0.2I, d = 0.2202 and

A = 21 fi(t,x(t —d)) = [it nh(z;(t —d)) -t tanh( (t—d))]
1 X ) , 12, 15 ta T 15 ta T2 )
Ay = 4 fo(t,x(t —d)) = [—1 tanh(z1(t — d)) Lt nh(x (t—d))]
’ 1 4 7 2 15 v 1 15 ‘& 2 '

Also, initial function is ¢(t) = [0.5 —t* 0.4+ t]". The Lipschitz conditions are satisfied

0.0333 —0.0333
with Fy = Fy = . From the Jordan canonical form of (YE — A)"'E for

0 0
~v € C, we find that

- 0.2 0.1 1 0 0.0816 —0.0204 35 0
Ql = ) Pl = 9 2 = ) P2 =
—04 0.8 0.8 —0.5 —0.1429 0.2857 1 1
10 —-03 0 1.0714 0
such that Q1 B\ Py = Qoo Py = ;o Q1A= ;o QAP =
0 0 0 1 0 1

From the decomposition form it is clear that the systems are impulse free. Moreover, while

the eigenvalues of (E1, A1) are negative, the eigenvalues of (Eo, Ag) are positive.
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1.6667 0 .
X, = > 0 satisfies AT X\ By + ET XA, = —ETY\E, for Y, =1 > 0.
0 1.6667
1.1154 —0.6923
Similarly, X, = > 0 satisfying (Ay — 62F2) T XoFy + ET Xo(Ay —
—0.6923 1

doFs) = —EngEg for Yo = 1 > 0 and 6y = 2. Hence, oy, = 0.0167, 1, = 0.0038,
a;j = 2.7818, and ﬁgj = 0.0069 where s =1,3,5,... and j = 2,4,6,.... The mode decay
rate is §, = 0.01 and the growth rate is (3, = 2.7887. Thus, {* = max{,} = 0.01.
Y = 0.64 so that the inequality (I + By)"E] X;E;(I + By) < mE] XiE; is satisfied.
Thus, v = max{ys} = 0.64. \* € (0, A7) where A~ = min{&,}. Then, from the average
dwell time assumption T, = 0.4401. Figure 3.2 shows that the solution of the singular
system vanishes exponentially after running mode 1 and 2 on the first and second interval,

respectively.

3.1.3 Systems with Unstable Subsystems

—_ —_
—_— — -

This section is an extension of the study in [55] to the singular system in (3.1) with E = E,
where =, represents the index sets of unstable subsystems. Also, we consider the system
in (3.1) in case the fact that singular matrices Ey(;) are the same for each subsystem. First

of all, we describe the problem, and give the necessary definitions and lemmas.

Definition 3.1.1. Theith (i € Z={1,2,...,N}) mode of (3.1) is the subsystem running

during the time interval [ty_1,tx] described by
Ei(t) = Ax(t) + fi(t,z(t — d)), t € [tk_1,tr),

Ax(t) = Bkl‘(t), t = tk.

Assume that there exists a linear convex combination which is either stable or unstable.
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Next, we will design switching rules and corresponding switching regions for the both cases.

Case 1: There exists an unstable convex combination of subsystems. That is, there exists

a linear convex combination N

Z aiAh

i=1
where o; € (0, 1) with Zf\il a; = 1 such that all the eigenvalues of matrix pair (£, Zfil a; A;)
have positive real parts. Therefore, for any symmetric positive definite matrix Y € R"*",

there exists a positive definite matrix X € R™*" such that

N T N
=1 =1

N
=Y a(ATXE+E"XA) =E"YE (3.70)

=1

Moreover, the switching region €2; is constructed as
QG ={zeR" 2" (A/XE+E"XA)z<&"E'YEz}, i=12,...,N, (3.71)

where £ > 1 is some constant which can be adjusted in order to allow the switching regions

overlapping each other.

Case 2: There exists a stable convex combination of subsystems. Suppose that there

exists a linear convex combination N
E aiAi7
i=1

where a; € (0,1) with 32V, a; = 1 such that all the eigenvalues of matrix pair (E, Y11, a; 4;)

have negative real parts. Therefore, for any symmetric positive definite matrix Y € R"*",
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there exists a positive definite matrix X € R™™" such that

N T N
(Z aiAl) XE+ETX (Z aiAi> — _ETYE
=1

i=1

N
=Y o (ATXE+E"XA)=-E"YE (3.72)

i=1

Similarly, the switching region €27 is constructed as
(2

1
O = {:): eR" 2" (AIXE+E"XA)z < —ngETYE:r} , i=1,2,...,N, (3.73)

where £* > 1 is some constant. £* can be adjusted, so the switching regions overlap each

other.

Definition 3.1.2 (Minimum rule). At each switching we decide the next mode by the

mainimum rule defined as

i(z) = argmin [2" (A] XE + E" X A;) 2] .

To obtain the stability of the system in (3.1) we proposed the switching rule (SR)
given by

(1) Choose the initial mode by minimum rule applied to z(t).

(2) Stay in the ith mode as long as the state in the switching region €2; (Case 1) or §2f
(Case 2).

(3) If the state hits the boundary of Q; or QF, determine the jth mode using the minimum
rule and switch to the jth mode.
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In both cases we can obtain the stability results using common Lyapunov function method.

Thus,for any ¢t > t; the common Lyapunov function is defined by
V(z(t)) = 2" (t)ET X Ex(t), (3.74)

where X is defined in (3.70) and (3.72).

Definition 3.1.3. Let us define the following class of function for later use:
Ky ={g € C(R*,R")| g(0) =0 and g(s) > 0},
K3 ={g€ C(RT,R")| g(0) =0, g(s) >0, and g is nondcreasing in s}.

S(p) =A{z e R"| ||z[| < p for p > 0}.

Let J C RT be an interval of the form [a,b) where 0 < a < b < co and D C R" be an

open set. Now, consider the impulsive system given by
‘/t:f(taxt% t?'étkh
Ax(t) =1(t,x-), t=ty, (3.75)
where x € PC(R*,R"™), functionals f, I : Jx PC([—d,0], D) — R", and Ax = x(t)—z(t™).

{tx}72, are the impulsive times that form an increasing sequence satisfying ¢, < ¢ and

limk_,oo tk = OQ.

Definition 3.1.4. Given a function V : J x D — R, the upper right-hand derivative of
V' with respect to system (3.75) is defined by

D™ Via5)(t,¢(0)) = lim Sup% [V(t+ R, 9(0)) + hf(t,4) = V(E,9(0)], (3.76)

h—0t
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for (t,v) € J x PC([—d,0], D).

Lemma 3.1.4. [70] Let be P € R"*™ a positive definite matriz, and Q € R™*™ a symmetric

matriz. Then, the following inequality is valid for all v € R™
Amin(P71Q)z" Pr < 27 Q2 < Apax(P7'Q)2” P

Lemma 3.1.5. [77] Assume that there exist functions a,b,c € Ky, p € PC(RT R"),
g € K3, and V : [—d,00) x S(p) — R where V is continuous on [—d,oc0) x S(p) and
on [tg—1,tx) X S(p) for k = 1,2,..., lim V(t,y) = V(t,,z) exists. Moreover, V,

(t.y)—=(t, )
restricted to Rt x S(p), is locally Lipschitz in x and the following conditions are satisfied:

(1) b(l|=]]) <V (¢, 2) < all[z]]) for all (t,2) € [=d, 00) x S(p);

(1)) D™ Vizs)(t,4(0)) < p(t)e(V(L,4(0))) for all t # by in R and ¢ € PC([—d,0],5(p))
whenever V (t,1(0)) > g(V(t + s,1(s))) for s € [—d,0];

(iii) V(tr, ¥(0) + I(t, 1)) < g(V(t,,9(0)) for all (ty,¥) € RT x PC([—d,0],5(p1)) for

which (07) = ¢ (0);

ds
. t+71 .
(W) T = supgey {te — ti1} < 00, My = sup,s,, [, p(s)ds < 00, and My = inf o fgq(q) o) >

M.

Then, the trivial solution of (3.75) is uniformly asymptotically stable.

Lemma 3.1.6. [77] Assume that there exist functions a,b,c € Ky, p € PC(RT,R"),

g, § € K3 where s < g(s) < g(s) for s >0, and V : [—=d,o0) x S(p) — R where V is

continuous on [—d,00) X S(p) and on [ty_1,t;) x S(p) fork=1,2,..., lim V(t,y) =
(ty)—=(ty, )

V(t,,x) exists. Moreover, V, restricted to R™ x S(p), is locally Lipschitz in x and the

following conditions are satisfied:
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(1) b(l[=]]) <V (¢, 2) < all[z]]) for all (t,2) € [=d, 00) x S(p);

(i) D*Vig sy (2, 9(0)) < —p(t)e(V (£, 6(0))) for allt # ty inR* and > € PC(|~d,0], S(p))
whenever g(V (t + s,1(0))) > V(t,9(s)) for s € [—d,0];

(iii) V(tr, ¥(0) + I(t, 1)) < g(V (t,,9(0)) for all (tx,¥) € RT x PC([—d,0],5(p1)) for
which (07) = ¢ (0);

ds
cs)’

(v) p=infren {ty —th1} <00, My = infy>y, ftH“ p(s)ds > My where My = sup,- fqg(‘I)
Then, the trivial solution of (3.75) is uniformly asymptotically stable.

Now, we state and prove the main theorems in the two cases described above. We

obtain the first three theorems for Case 1, and the last three ones are about Case 2.
Theorem 3.1.3. Assume that the following assumptions hold:

(1) there exists a linear convex combination
N
ZaiAi7
i=1
where «; € (0,1) with Zfil a; = 1 such that all the eigenvalues of matrixz pair
(E, ZZ]\LI a;A;) have positive real parts;
(i1) the equation in (3.70) holds;

(iii) there exist functions ay,as € C([to, 00], RT) such that

max {2z" () ET X f(t, z(t — d))} < ai(t) |Ex(t)|]> + aa(t) | Ex(t — d)||*;

€2
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(iv) there exists some constant 0 < av < 1 with

25 AT
a” 2 max {)\max(X Cy XC’k)} (3.77)

where Cp = I + By, Cy and singular matriz E are commute, i.e. Cp, B = EC), such

that

t+7
)\minl(X) {Tf/\max(y) + f;ltlj/t {OM(S) + &2&—(;?)} ds} +2lna <0, (3.78)

where T = supyey {tk — ti—1} < 00 and & > 1 defined in (3.71).

Then, the trivial solution of system (3.1) with switching rule SR is uniformly asymptotically

stable.

Proof. Define the common Lyapunov function for the switched singular system in (3.1)
V(z(t)) = 27 (t)ET X Ex(t),
then
Amin(X) | Bz[|* < V(@(t)) < Amax(X) || B]|*.

Now, assume that the ith mode is active on [t;_1,t;). Then, z(t) € Q; for ¢t € [ty_1,1t1)
under switching rule SR, so 27 (A7 XE + ETX 4;) v < £&oT ETY Ex where € > 1 by (3.71)
and by condition (iii) the time derivative of the Lyapunov function is obtained as
V(zt)) = #T () ET X Ex(t) + 27 (t)ET X Ei(t)
= [Au(t) + fit,x(8))]" X Ba(t)
+ 2T () ETX [Aiz(t) + filt,x(t — d))]
=a2"(t) [AT XE + E"XA;] z(t) + 22" () E" X f(t, x(t — d))

< &xT () ETY Ex(t) + 22T (1) ET X fi(t, z(t — d))
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< Enmax (V) [|Ex()||” + 2 [T (1) ETX fi(t, 2(t — )|

1
S (X {[&maxm +ar()]V((t)) + as(t) S V(x(t + 0))} . (3.79)

Choose a function g(s) = a?s where 0 < o < 1 by using Lemma 3.1.5. Whenever V (z(t)) >
g (V(z(t +s))) for s € [—d, 0], then from (3.79) we obtain

Va0) < 3y { om0 + a0 + 22 V0t
= p(Be(V(x(t)).

where p(t) = m {f)\max(Y) +ay(t) + a2—(t)} and c(V(z(t))) = V(x(t)).

o2

On the other hand, by the system (3.1) at ¢t = ¢; we obtain

V(z(ty)) = 27 (tp) ET X Ex(ty,)

e (t)(I + B)"ETXE(I + By)z(t;,)

2Tt ) CYET X ECyx(ty), (3.80)

where I + By, = Cy. Therefore, by Lemma 3.1.4 and assumption (iv), V(z(t;)) in (3.80)

becomes

V(z(ty)) = 2" (t; ) ETCL XCpEx(ty,)
< e (X TTOFXC )2 () ET X Ex(ty)
< Hlea:X {Amax(X_lchCk)} V<:U(t/7:))

< ?V(x(ty)).

Then, we have

M, = sup /t T () = Amml( yq {T@W(Y) + sup /t o [al(s) + “2<;)] ds},

t>to t>to
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and

7 d 7 d
Mgzinf/ —S:inf/ —8:—21na.
q>0 a(q) C(S) q>0 a2q S
By (3.78) in assumption (iv) My > M;. Therefore, all conditions in Lemma 3.1.5 are

satisfied. That means the trivial solution of the system in (3.1) with switching rule SR is

uniformly asymptotically stable. [

The inequality in (3.77) is obtained by using Lemma 3.1.4. Instead of that lemma,

using different approach we can obtain the following theorem.

Theorem 3.1.4. Assume that all conditions in Theorem 3.1.3 hold except that the inequal-
ity in (3.77) is replaced by

Amax<)<) 2
2

> ————-1m .
S WY nax(||Ci[|)

Then the trivial solution of the system in (3.1) with switching rule SR is uniformly asymp-

totically stable.

Proof. Similarly we obtain inequality (3.79) in the previous proof. Then, at t = ) we have

V(z(ty)) = 27 (tp) ET X Ex(ty,)

=27 (t; ) ET O X, Cy Ex(t,)

< e (X) || B (1) || G
Amax(X) — 2
< eV @) max(IG)

where a? >
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In the next theorem, we use Lemma 3.1.4 to evaluate the derivative of common Lya-

punov function in Theorem 3.1.3.

Theorem 3.1.5. Assume that all conditions in Theorem 3.1.3 hold except that the inequal-
ity in (3.78) is replaced by

T max(X 1Y) +

s Rt A LG R K RETREL SR}

Then the trivial solution of the system in (3.1) with switching rule SR is uniformly asymp-

totically stable.

Proof. We will use Lemma 3.1.4 to obtain
V(a(t)) < p(t)e(V(x(1))),

with p(t) replaced by

1

a2

} for any t > t.
O

Example 3.1.3. Consider the ISSSD given by (3.1) with o(t) = {1,2}, the same singular

matriz
4 0
E =
2 0
in each subsystem,
2 1 0.1 0 T
A= , Ci= ; filt,z(t—1)) = [% tanh(z1(t — 1)) 1z tanh(zo(t — 1))] :
-1 1 0 0.1
4 1 2 o 1.01 0 bt a(t — 1)) ) (e N o h(a( ) T
2 = ) 2 = ) 2\, T(1 — :[—tan r1(t—1 — tan a:t—l] )
1 -2 0 1.01 1 ' E ?
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T
and the initial function is ¢(t) = [0,25 +t 1—1t| . The Lipschitz conditions are satisfied

0.0333 —0.0333
0 0o |

with Fl = FQ =

Both singular subsystems are unstable since the matriz pairs (E, A;) for i = 1,2 have

ergenvalues with positive real parts. Let the convex combination
2
Z CYZ'AZ‘ = O5A1 + 0.5142,
i=1

where o; = 0.5 for i = 1,2, then the matriz pair (E,0.5A; +0.5A5) has an eigenvalue with

positive real part. Also, we have

max {227 () ETX fi(t, 2(t = d))} < ax(t) | Bx(t)|]” + az(t) | Ba(t — d)|*;

i€z
where a1 (t) = 1, as(t) = 0.0244. Inequality (5.77) is satisfied by choosing o = 0.2, and the
inequality in (3.78) for T =1 implies

ﬁ(X) {rfAmax(Y) + sup /tt+T {al(s) + CLQOE;)] d8}+21na = {£+1.1220}421n(0.2) < 0,

which yields 1 < & < 2.09693. Therefore, the trivial solution of system (3.1) with switching

rule SR is uniformly asymptotically stable when £ € [1,2.09693) as shown in the Figure
3.3.

In these three theorems a Hurwitz linear convex combination of unstable subsystems
do not required. However, in the following results it is assumed that there exists a Hurwitz

linear convex combination of unstable subsystems.

Theorem 3.1.6. Assume that the following assumptions hold:
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Figure 3.3: ISSSD with unstable subsystems in unstable convex combination case
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(1) there exists a linear convex combination

N
E aiAi7
=1

where a; € (0,1) with Zfil a; = 1 such that all the eigenvalues of matrixz pair
(E, Zfil a;A;) have negative real parts;
(ii) the equation in (3.72) holds;

(1) there exist functions ay,ay € C([ty, 0], RT) such that

max {227 (1) ETX fi(t, x(t — d)) } < ar(t) [|Ex(t)|” + az | Ea(t — d)||;

€2

(iv) there exists some constant o > 1 with

> x-1cT
o? max {max (X TICLXCR) } (3.82)

where Cy, = I + By, Cy and singular matriz E are commute, i.e. Cp,F = EC), such

that
fA;mnS(/)z) = Amm {“1 +ax(t)5°} (3.83)

and
2In 3 — % +sup /t”” — {al +as(s)8%} ds < 0, (3.84)

where > «, p = infrey {tx — tp_1} > 0 and & > 1 defined in (3.753).

Then the trivial solution of the system in (3.1) with switching rule SR is uniformly asymp-
totically stable.
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Proof. Let the common Lyapunov function for the switched singular system in (3.1)
V(z(t)) = 27 (t)E X; B (t),
then
Amin(X) [|B2||* < V(2(t)) < Amax (X) || B

Now, assume that the ith mode is active on [ty_1,¢x). Then, x(t) € Qf for t € [ty_1,tx) by
switching rule SR, so a7 (AiTXE + ETXA,-) x < —gi*a:TETYEa: where £ > 1 by (3.73)

and by condition (iii) the time derivative of the Lyapunov function is obtained as

V(x(t) =T (t)ET X Ex(t) + 27 (t) ET X Ei(t)
= [Agz(t) + fi(t,z(t))]" X Ex(t)
+ 2t (OETX [Ax(t) + fi(t,x(t — d))]
=a2"(t) [ATXE + E"XA;] z(t) + 22" () E" X f;(t, x(t — d))

< —éxT(t)ETYEx(t) +2|z" ) ETX f;(t, x(t — d))|

7

< =2 Ain (V) IEOI + () [Ba(0)|P +aa(6) 122 = )

Amin(Y) V(x(t) + .1 {al(t)V(:E(t))—l—az(t) sup V(x(t+a))}-

< fminl\” )
- g*Amax (X) c€[—d,0]
(3.85)

Choose a function §(s) = a?s, g(s) = 8%s where 8 > a and « is defined in (3.82). Whenever
g(V(x(t))) > V(x(t+ s)) for s € [—d, 0], then from (3.85) we can obtain that

. /\min<Y) 1 9
Vi(x(t) < —mv(x(t)) + o (X) {ai(t) + as(t)B?} V (x(t)),
= —p(t)c(V(x(t))),
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where plt) = 220 a0+ (0)52) 2 0 and eV (al0) = V(a(0)

On the other hand, by the system (3.1) at ¢t = ¢, we have

V(z(ty)) = 27 (tp) ET X Ex(ty,)

2" (t;)(I + By)"ET"XE(I + By)z(t;,)

2"t ) CEET X ECyx(ty), (3.86)

where I + By, = Cj. Therefore, by Lemma 3.1.4 and assumption (iv), V(z(t;)) in (3.86)

becomes

V(x(ty)) = 27 (t; ) ETCY XCpEx(ty,)
< A (X PO X )2 (8, ) ET X Ea(ty)
-1 ~T —
< nax {)‘maX<X Cy XCk)} Vi((ty))

< oz2V(x(t,;)).

Then, we have

t+u t+p
. pAmin(Y) / 1 2
M; = inf ds = L n ds,

LT S ¢ pls)ds & Amax (X) f’;{f ¢ Amin(X) {ar(s) + aa(s) 57} ds

and
9a) g Ba g
Mgzsup/ —S:sup/ —8221nﬁ.
q>0 Jgq C(S> >0 Jq S
The inequality in (3.84) in assumption (iv) implies M; > M,. Therefore, all conditions
in Lemma 3.1.6 are satisfied. That means the trivial solution of the system in (3.1) with

switching rule SR is uniformly asymptotically stable. m

The following two theorems are similarly obtained as Theorem 3.1.4 and Theorem 3.1.5.

Thus, we omitted the proofs of these theorems.
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Theorem 3.1.7. Assume that conditions in Theorem 3.1.6 hold except that the inequality
in (5.82) is replaced by

>\max<X) 2
2

> — = .
> St ma(|C)

Then the trivial solution of the system in (3.1) with switching rule SR is uniformly asymp-
totically stable.

Theorem 3.1.8. Assume that all conditions in Theorem 3.1.6 hold except that the inequal-
ities in (3.83) and (3.84) are replaced by

Amin (X 1Y) 1 2
2 > o () {a1(t) + as(t)B?},

and

)\min XY b 1
QIHB—M—FSHP/ ————{ai(s) +as(s)B%} ds < 0,
* >t0 Ji  Amin(X)

where > «, = infreny {tx —tr_1} > 0 and & > 1 defined in (3.73), respectively. Then
the trivial solution of the system in (3.1) with switching rule SR is uniformly asymptotically
stable.

Example 3.1.4. Consider the ISSSD given by (3.1) with o(t) = {1,2}, the same singular

matriv
4 0
E pu
20
in each subsystem,
2 1 0.1 0 T
A= , Ci= . At -1) = [% tanh(z1(t — 1)) 1z tanh(zo(t — 1))] ;
-1 1 0 0.1
1 2 0.5 0 T
A= | G= | Rlhat-1) = | tanh(ay (t — 1)) & tanh(aa(t - 1)
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T
and the initial function is ¢(t) = [0,25 +t 1—1t| . The Lipschitz conditions are satisfied

0.0333 —0.0333
0 0o |

with Fl = FQ =

Both singular subsystems are unstable since the matriz pairs (E, A;) for i = 1,2 have

ergenvalues with positive real parts. Let the convex combination
2
D A =024, + 0.14,,
i=1

where ay = 0.2 and ay = 0.1, then the matriz pair (E,0.2A; + 0.1A5) has an eigenvalue

with positive real part. Also, we have

max {227 (O ETX fi(t, 2(t = d))} < ax(t) | Bx(t)|]” + az(t) | Ba(t — d)|*;

i€
where ai(t) = 1, as(t) = 5.5. Inequality (3.82) is satisfied by choosing o = 3.6, and the

inequality in (3.84) for p =1 implies

pAmin (V) / b 1 9 1
2Inf — —— +su ———— qa1(s) + as(s ds =0.2994 — — < 0,
ﬁ f*)\max(X) tZtIz t /\min(X> { 1( ) 2( )ﬁ } 6*
which yields 1 < & < 3.34. Therefore, the trivial solution of system (3.1) with switching

rule SR is uniformly asymptotically stable when £ € [1,3.34) as shown in the Figure 3.4.

3.2 Impulsive Switched Singular Systems with Time-

Delay: Discrete

First, we will introduce some notations that we used. Let R be the real numbers, R™ the

positive real numbers, Z the integers, Z* the positive integers, N the natural numbers, i.e.,

78



1 T T T T T T
05t \/i i
e .| ey
b
o5 | -
.1 i i i i i i
0 2 4 & 8 10 12
1
T T T T T T
ar i

X,
=k 1+

& -] 10 12

Figure 3.4: ISSSD with unstable subsystems in stable convex combination case
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N = {1,2,...}, and for some positive integer d, let N_; = {—d,—d + 1,...,—1,0}. Let
RY denotes the N-dimensional real space. For a given integer d, let C = {¢ : N_; — RV},
For any ¢ € C, we define ||¢||4 = maxgpen_,{0(0)}.

Consider the impulsive switching singular discrete system with time-delay:

E,mz(n+1) = Agmyz(n) + fom(n, z(n — d)), nf, <n<ng
A(n) = Byx(n), nem. keN  (387)
Ty = o,

where € RN, ng € Z*, f,im)(n,z(n —d)) : Z+ xRY - RY, ¢ € C and z,, € C is
defined by z,,(s) = z(ng + s) for any s € N_; with d € N representing the delay in
system (3.87). Aoy, Bis Eon) € RN*N are system coefficient matrices where Es(n) being
singular with rank(E,,)) = r < N, As@) being invertible, the matrix pairs (Ey (), Aon))
being regular, and By being constant matrices. o(n) : N — Z is a switching rule taking
values o(n) = i in a finite compact set = = {1,2,..., M} for some M € N. {n,}?2, are the
impulsive times that form an increasing sequence satisfying ny_; < n; and limy_.o, np = o0.
Az(ng) = x(nf) — xz(ny) where z(n;) is the state just after the impulsive action and
ajnﬁ(s) = z(n; +s) for s € N_g, k € N. We assume f,(,)(n,0) = 0 and for all (n, z(n—d)),
(n,z*(n —d)) € Z+ x RY

[ fom (n, 2(n = d)) = fomy(n, 2" (n = )| < [Fopm) Eom(z(n —d) =" (n —d))|| (3.88)

where F,, are constant matrices with appropriate dimension so that system (3.87) admits
the unique solution. The solution of system (3.87) is denoted by x(n) = z(n; ng, ¢) for any

given initial condition ng € Z* and ¢ € C.
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3.2.1 Systems with Stable Subsystems

Before stating the conditions to ensure exponential stability of ISSSD (3.13) with stable
subsystems, we will introduce the following lemma that we will use in the proof of main

theorem.

Lemma 3.2.1. [75] Let d > 0 be a natural number, and {x,},>_q be a sequence of real

numbers satisfying the inequality
Az, < —az, + bmax{zr,, Ty 1,...,Ty_q}, n >0, (3.89)

where Ax,, = T, — Tp.

If 0 < b<a<1, then there exists a constant \g € (0,1) such that
x, < max{0,z9,x_1,...,T_q}Ay, n>0. (3.90)
Moreover, Ao can be chosen as the smallest root in the interval (0,1) of the equation
M 4 (@ — DA = b= 0. (3.91)

Theorem 3.2.1. For any i € =, assume that each subsystem of (3.87) is admissible. Then,

the trivial solution of (3.87) is exponentially stable if the following assumptions hold:

(i) For any i,j € = there exists v > 1 such that
(I + By)"Ef X;E;(I + By) < wE! X, B, (3.92)
where X; is positive definite matrix satisfying the Lyapunov equation
AT X;A; — E X,E; = Y,
for any Y; > 0.
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(i1) For any n > ng, the switching law satisfies the ADT condition

N(ng,n) < No + n;ng’

a

where N denotes the number of switchings in (ng,n), T, is the average dwell time

and Ny s the chatter bound.

Proof. Let x (n) = x(n;ng, ¢) be the solution of the system (3.87). For n € [ng_1,nx),
define
Vi(z(n)) = 27 (n)Ef X;Eiz(n), i=o(n) (3.93)

as a Lyapunov function candidate for i*" subsystem. The variation of V; is defined as
AVi(x(n)) = Vi(z(n + 1)) = Vi(z(n)).
Thus, the variation of V; relative to system (3.87) is
AVi(z(n)) = 2T (n+1D)EI'X;Ex(n+1) — 27 (n)El X;Ez(n)
= [¢"(n)A] + [T (n,x(n — )] X;[Aiz(n) + fi(n,z(n — d))] — 2" (n)E] X;E;z(n)
= 2T (n)ATX;Aix(n) + 27 (n) AT X fi(n, 2(n — d)) + fF(n, 2(n — d)) X; Az (n)

fl(n,z(n = d))Xifi(n, x(n — d)) — 2" (n) B X; Eix(n)

)

+

= z'(n)[A] X;A; — E] X;E;]z(n) + 2 (n,z(n — d)) X; Az (n)
+ £ (n,z(n — d) X fi(n,z(n — d))
(n)Yiz(n) + 2] (n,z(n — d)) X; Az (n) + f (n,2(n — d)) X, fi(n, x(n — d))

- —T

where AT X;A; — E X;E; = —Y; for any Y; > 0.
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Using the Lipschitz condition (3.88), we obtain that

2fT(n,z(n — d))X;Ax(n) < lifiT(n, z(n —d))fi(n,z(n —d)) + g2’ (n) AT X2 Az (n)

1
—fi(n,z(n = ) + il Aw(n)[*Amax(X7)

)

IN

IN

1
—IFEx(n = d)| + el A (n)]*Amax (X7)

IN

1
;HEHQHEM(H — d)|* + &l Ail Pz () | Amax (X7)
and

Ao (Xi) || fi(n, 2(n — d)) ||
Amax (X)) || FsEiz(n — d)|?

fi (n,2(n — d)Xifi(n, z(n — d))

IN A

S Amax(Xz)HF’ZHZHElx(n - d)”2
Thus, we obtain

AVi(z(n)) < —a'(n)Yiz(n) + L_l + Amax(Xi)} IE P i (n = d) 1 + el Al () [1* Amax (X7

1
< | = A4 + A A (XDl 4+ | = + A (X0 | |22 Bua
< —o;Vi(z(n)) + B max Vi(z(n +s)) (3.94)
selN_g

Amiﬂ()/i)_aiHAi||2>\maX(Xi2) — [1+57,Amax(X'L)]HFzH2
Amax (B} X E;) >0, and f3; = €iAmin (X > 0.

By Lemma (3.2.1) we obtain the solution of (3.94) for n € [n} |, ny) as

where o; =

Vila(n)) < max {Vif(ny +0)) A5 (3.95)

where A, is the smallest root in the interval (0, 1) of the equation

)\d—H + (Oéi — 1))\d — 57, =0.
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On the other hand, for n = ng, k = 1,2,3,..., suppose o(n;) = 7, it follows from (3.87)
and (3.92) that

Vi(z(nf)) = 2" (n))E] X;E;z(nf)
= 2T (ng) (I + Bk)TEfXjEj(J + Bi)x(nyg)
< wx! (ni) B X By (ny,)

Using (3.95) and (3.96) successively on each subinterval leads to the following results. For

instance, for n € [ng,n;), we have

Vi (2(n)) < max {V;, (z(ng +0)) A5 "™ (3.97)

0eN_4

For n € [n},ng), we have

Vip(2(n)) < max {Vi, (z(ny +0))}A5 " (3.98)

- 0eN_g4

From (3.96), we obtain

max {Vi, (e(nf +0))} <y max {Vi, (x(n1 +6))}

0eN_y4

= max {V,, (z(n} +0) A" < 4 max {V, (x(n, + 0)) A" (3.99)
0eN_4 2 0eN_y4 2

Thus, by (3.98) and (3.99), we obtain

Vi, (2(n)) < max {Vi,(z(nf +0) I < 91 max {Vi, (x(ny + 6)) ]S
0eN_g4 ‘2 0eN_y4 2

= Vip(2(n)) < m max {V;, (a(m + )AL (3.100)

eEN_g4
We suppose that ng —d € [ng_1,n,). Then, we can find maxgen_,{V;, (z(n1+6))} by (3.97)

as

g _ - + (n1—d—no)
max {Vi, (x(n +0))} = max {Vi, (z(ng +0))} o, :
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so inequality (3.100) becomes

Viy((n)) < o maxc {Vi, (x(ng + ODIAG AT me ol m). (3.001)
—d

2

Similarly, for n € [n3,n3) we can obtain the following inequality using (3.95)

Vi, ((n)) < max {V, ((ng +6))}A5 . (3.102)

- 0eN_4

Also, from (3.96) we have

max {V;, (z(ny +0))} <7 max {Viy (2(n2 +6))}

= max {Vj,(z(n} + ) I\ < vy max {V;, (z(ny + 0))}AT . (3.103)
HeN_g '3 0eN_, i3

Thus, by (3.102) and (3.103) we obtain that
Vig(@(n)) < 72 max {Vi,(a(ns + 0) A5 ™.
0eN_y 3
Inequality (3.101) gives
max {Vi, (2(ns +0))} = 31 max {Vi, (x(ng + ) }Ag " "AG2 ™,
0eN_4 0EN_4 1 2
Thus, we obtain the following inequality for n € [ns,n3)
' + (n1—d—nop) \ (n2—d—n1) \ (n—n2)
= Vi (o) < 70 s (Vi (el -+ OGN0z )

In general, for n € [nf |, ny)

Vi (2(n) < e ax (Vi (e + )G AG T mIAR A,
—d

12 OZ3 Zk
(3.104)
Let A = max{)\oij, ieN, j=1,2,...,k}, so inequality (3.104) becomes
Vip(z(n)) < vAg%mAgt. . .yk_l)\ai , Mnax {Vi, (z(ng + 6)) I\, (3.105)
1 io iy —d
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Let v = max{y;, i =1,2,...,k — 1} andj\:min{)\oij, ieN, j=1,2,...,k—1},so by
(3.105) we obtain

D" )('“ Y max {V (a(ng +6)) }A" ")

! 0cN_
( ) maX{Vn( (ng + 0))}An=mo)
=U

F=1 max {V}, (z(ng + 0))}A0—m0) (3.106)

PeN_q4

Vi (x(n)) <

where g = v\~ Since v > 1 and A% > 1, > 1. Thus, we have

Vi (2(n)) < p=DXO) max {V, (2(nf +6)}
eN_
= Ak-DES \(n=mo) max {V;,(2(nj +0))}
eN_g4

—1)Inp

— )\ no)m)\n no) emaX{V; (z(ng +6))}
€N_q4

nen (k—1)Inp
( o)[m no)lnAH] max {V;, (z(ng + 0))} (3.107)

0eN_4

For simplicity, choose Ny = 0 in assumption (ii). In this case, from ADT condition we

obtain

n—noiN(no,n) 1

N < _
(nO’ n) - Ta n —nyo Ta

IN

where N(ng,n) =k — 1.
Thus, the inequality in (3.107) becomes

(n—no) |:N(n0 n)llnﬁ_"_ i|
rrrett max (Vi (a(ng +0))}

0eN_g4

174

1k

(z(n)) <A

np (n—n0)
< (AT max {V;, (a(ngd +0))}

PeN_q4

= )\p(n=rno) max {V;, (x (ng +0))} (3.108)

0eN_q4
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where p = Tl“lgA + 1, A* is a decay rate and % + 1 > 0 which implies T, > —}E—’;\L.
Let
~ ri\n ~ ~ X, )(Z
P ta(n) = 1(n) cand Q; T X,Q; = e (3.109)
z5(n) XTI X3,

where z1(n) and z2(n) are called slow and fast sub-state of system (3.87), respectively.

Then, it follows from the standard decomposition form that system (3.87) is equivalent to

i(n+1) = Ay z1(n) + QL fi(n, x(n — d)) (3.110)
0 = z3(n) + Q} fi(n, z(n — d)) (3.111)
- Q- .
where i = 1,2,...,M, 21 € R", 25 ¢ RN Q; = | " |, Q} € RN, Q? ¢ RWN=7)xN
Qi

]SZ. — [1521 }?]7 Pil c RNX", and ]5i2 e RNx(N-7).
Using the relationship (3.109), Lyapunov function candidate for i subsystem (3.93) can

be rewritten as

Vi(z(n)) = o' (n) B} X; Eiz(n)
= 2" (n)P BT ET QT Q7 X:Q; ' Qi Ei PP x(n)

= 2] (n)Xyzi(n) >0, Vai(n) #0. (3.112)
Then one can obtain from (3.108) by using (3.112) that
Auin (X1 () < A (Xi,) e 1| Exo (- -+ 0)][2} 27—
—d

max Xi1 _
AmarXis) o F B + 6)[[}An—mo/2. (3.113)

= e < 4/ 2
! a )\min (Xlzk) 0eN_q

which implies that z; is exponentially stable.

We need to show that x5 is also exponentially stable. It follows from the Lipschitz condition
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in (3.88) and (3.111) that
lz2(n) || < |QZ || FiEice(n — d)|
= QI FEiPlay(n — d) + FE;Plas(n — d)|
<NQIEEL! |21 (n = )| + Q| FE:PE | [[w2(n — )|
<|QZIIFEP| mmax {{|z (n+ )|} + IQEINE:£:P7|| max {[|z2(n + 0)]]}.
—d EN—cl
Then taking maximum of both sides of above inequality gives

2 Pl I P2
max {|laa(n + )1} < Q2] (HEEZPZ | gmax {llea(n -+ )1} + | FEP| gmax {oa(n + e>||})

)2 EEzﬁ)ll
HQzU! U2 max { ||z (n + 0)||}
1 — ||QF|||| FiE P7|| 6€N-a

~2 EEZpl )‘max XZ
HQzUl‘ i UZ (Xi,) maX{HEZE(nS' +0) ||}/\p(n—d—n0)/2
1 — |QF | FiE: P7 | Amin (X1i,,) 0€N_q

max {[laz(n + 0)]} <

(3.114)

where 1 > ||Q?|||| F;E;P?||. This shows that z, is exponentially stable. Thus, the trivial

solution of system (3.87) is exponentially stable. O

For efficiency of the above theoretical result, please look at the following numerical

example.

T

Y

Example 3.2.1. Consider the discrete ISSSD given by (3.87) where v = [ml(n) xo(n) xg(n)]

-2 =5 3
on)eE={1,2}, Bi=E,=| 1 1 0 |,Bx=05I,
0 1 -1
-1.6 —-05 —-2.1 tan~t(z1(n — 1))
Ar=1 0 -01 011, filn,z(n—1))= 1—10 tan~!(zo(n — 1)) |
02 —0.1 0.3 tan~!(z3(n — 1))
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4.2 5 0.2 tanh(z1(n — 1))

1
Ay=1] -1 —-08 —02| fo(n,z(n—1))= G tanh(zy(n — 1))
—-04 —-0.8 04 tanh(zz(n — 1))

The initial function is given by ¢(n) =[1—n —2+mn 1+n|". The Lipschitz condition
0.0333 0.1667 0

in (3.88) is satisfied with Fy = 0 0 0| in stable subsystem 1 and Fy =
0 0 0
0.0222 0.1111 O
0 0 0| in stable subsystem 2. We calculated that oy = 0.5270, 81 = 0.0018,
0 0 0

as = 0.6110 and By = 0.0057. By Lemma 3.2.1, Ao, = 0.4770 and A\, = 0.4031. Also,
Vi = 2.25 so that the inequality (I + Bk)TE]TXjEj(] + By) < wEI'X,E; is satisfied. Thus,
the system is exponentially stable under ADT switching with T, > 2.3229 seconds. The

sitmulation is shown in Figure 3.5.

3.2.2 Systems with Stable and Unstable Subsystems

— — -

Consider the system in (3.87) with = = =, U Z; where Z, and =, represent the index sets
of unstable and stable subsystems, respectively. Following lemma and Lemma 3.2.1 will

be used in the main theorem of this subsection.

Lemma 3.2.2. Let d > 0 be a natural number, and {x,}n>—a be a sequence of positive real

numbers satisfying the inequality

Azx(n) < ax(n)+b max {z(n+s)}, n>no, (3.115)
where Ax(n) =x(n+1) —x(n) and N_y ={—d,...,—2,—1,0}.
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Figure 3.5: State responses of the discrete ISSSD
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Assume that a > 0 and b > 0, then the solution of difference inequality (3.115) is given by

z(n) < (a+b+1)""" max {z(ng+s)}, n>ny. (3.116)
seEN_g
Proof. Consider
Ay(n) =ay(n) +b max {y(n+s)}, n>ng (3.117)
seN_g

with the initial condition
y(n) =x(n), ne{ng—d,...,ng—2,n9— 1,n0}. (3.118)

Since @ > 0 and b > 0 in difference delay equation (3.117), y(n) is increasing. Thus,

maxsen_,{y(n+s)} = y(n) for all n > ng. As a result, equation (3.117) becomes
Ay(n) = (a+by(n), n=ng

where Ay(n) =y(n+1) —y(n).

Thus, the solution of above delay difference equation is
y(n) = (a+0+1)"™" max{y(no +s)}, n=mno
seN_g

Claim that z(n) < y(n) for all n > ny. If it was not true, there would exist n* such that

z(n*+1) >y(n*+1) and z(n) < y(n) for all ng < n < n*. Thus,

Ay(n”) =y(n"+1) —y(n’)
<z(n*+1)—xz(n")
= Az(n")

<azx(n*)+b max {x(n* +s)}

seN_g4

< ay(n*) + b max {y(n* + s)}.
seN_g4
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That is,
Ay(n®) < ay(n”) +b max{y(n” + s)}
seEN_g

which contradicts with equation (3.117). That means the claim z(n) < y(n) for all n > ny

is correct. In other words, we obtain that
z(n) < (a+b+ 1) max {y(no +8)}, n >ng.
seN_g

By using the initial condition (3.118), we conclude the solution of delay difference equation

(3.115) as

2(n) < (a+b+1)""" max {y(no + s)}

—d

=(a+b+1)" "0 max {z(ng+s)} for all n > ny.
seN_g
[

Theorem 3.2.2. For anyi € = = £,UZ;, assume that each subsystem of (3.87) is impulse
free. Then, the trivial solution of (3.87) is exponentially stable if the following assumptions
hold:

(A1) For anyi,j € = there exists vy, > 1 such that
(I + By)" Ef X;E;(I + By) < wE! X, B, (3.119)
where X; is positive definite matrix satisfying the Lyapunov equation
AT XA — EF X E; = Y

for any Y; > 0.
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(A2) Let
Ay =max{\j : j=12,...,[}
)\_:max{)\oip: p=I1l+1,1+2,... k}

where \y, = of + BF + 1 with o, B; are positive numbers defined later in the proof,
J

and Ao, ts the smallest root in the interval (0,1) of the equation
A 4 (o — DA = B = 0.

with «;, B; are positive numbers defined later in the proof as well. Let also T (ng,n)
be the total activation time of unstable modes, T (ng,n) be the total activation time
of stable modes, and for any ng, assume that the switching law guarantees that

T~ (ng,n) - InA; —InA,
T+(ng,n)  InA,—InA_

(3.120)

where 0 < A_ < A\, < 1. Furthermore, for any n > ng, the switching law holds the

ADT condition, which is

N(ng,n) SNO—i-n_nO

a

where N denotes the number of switchings in (ng,n), T, is the average dwell time

and Ny s the chatter bound.

Proof. Let x (n) = x(n;ng,¢) be the solution of the system (3.87). For any i € = and

n € [ng_1,ny), define
Vi(z(n)) = 2" (n)E X;Eiz(n), i=o(n) (3.121)
as a Lyapunov function candidate for i*" subsystem. The variation of V; is defined as
AVi(z(n)) = Vi(z(n + 1)) = Vi(z(n)).

93



Thus, the variation of V; relative to system (3.87) is

AVi(z(n))

2T (n+ 1)E' X;Bix(n + 1) — 27 (n)EF X;Esz(n)

[T () Al + ' (n,2(n — d))] X; [Aiz(n) + fi(n,z(n — d))] — 2" (n) E] X;E;x(n)
2T () AT X, A (n) + 27 () AT X, fi(n, x(n — d)) + fF(n, z(n — d)) X;A;z(n)
fl(n,x(n — )X fi(n, 2(n — d)) — 2" (n) B} X; By (n)

)

+

o' (n)[AT XA — Ef X B x(n) + 2f] (n,z(n — d)) X;Aiz(n)

+fI(n,z(n — d) X, fi(n,z(n — d)) (3.122)

For i € =g, we obtain

AVi(z(n)) <

—2"(n)Yiz(n) + 25 (n,z(n — d)) X; Az (n) + f(n,z(n — d)) X fi(n, z(n — d))

where AT X;A; — ET X,E; = =Y, for any Y; > 0.

Using the Lipschitz condition in (3.88) and Lemma 3.1.2, for any ¢; > 0 we obtain that

1

2fT(n,x(n —d)X;Az(n) < —fl(n,z(n—d)fi(n,z(n —d)) + ez’ (n) AT X2 A2 (n)

and

fz‘T(n7 z(n —d))X; fi(n,x(n —d))

li
—lfi(n,z(n = ) + &l Aw(n) [*Amax(X7)

IN

IN

1
—IFEx(n = d)| + el A (n)]*Amax (X7)

IN

1
NP IEz(n = ) + ill APl (m) [ Amax (X7) (3.123)

Amase(X3) || fi(n, 2(n — d))||*
Amax (Xi) | F By (n — d)||?

IN

IN

< DX P Eiz(n — A (3.124)
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Thus, we obtain

1
AVi(a(n) < —a” (0)Yiz(n) + | = + Anax(X0) | [ B2 Birln = )2+ 23l A ()] Amnan (X7)
1
< =uin (V)2 + &l Al Pl2(0) [P Ama(X2) + | = + A X0 IEL 2] B — )
1
= [ = Amin YD) + &l Al PAmax (X)) + | = + A (0 [ 1FH 2 Bu
< —;Vi(z(n)) + G max Vi(z(n + s)) (3.125)
seN_g

where o = )\min(Y7.')_€iHAi||2)\max(Xi2) > 0 with P > 0’ and /81, _ [14€: Amax (X)] | F3 |12 < 0.

)\max(EzTXzEz) 5i)\min(Xi)

By Lemma 3.2.1 we obtain the solution of (3.125) for n € [n;_,,nx) as
Vi(e(n) < max (Vi(a(ng_, + )} ™, (3.126)
sEN_4

where ), is the smallest root in the interval (0, 1) of the equation

M4 (o — DA = B = 0.

Let ¢; (i € Z,) be a positive constant such that all eigenvalues of the matrix pairs (F; +

0;E;, A;) are located in the unit circle. Then, for any Y; > 0, there exists X; > 0 satisfying
AT XA — (B + 6B Xo(B; + 6, F;) = —Y;. (3.127)
Plugging (3.127) into (3.122) we obtain

AVy(z(n)) < 2" (n) [-Y; + 6;Ef X, E; + 26, E] X, E;| (n)

+2f  (n, z(n — d) X;Aw(n) + fL(n,z(n — d) X f;(n,z(n —d)). (3.128)
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By (3.123)-(3.124), inequality (3.128) becomes
AVi(x(n)) < x"(n) [=Y; + 6 E] X;E; + 26, E] X, E;] x(n)

1
+ —IEP I Eatn = d)” + AP0 1P Amax(X7) + Amax(X) [ EIP|| Biw(n = d) |

S - )\minO/z‘) + €z||AzH2)\maX(X12)i| Hx(n)”2 + (622 —+ 25@))\max<Xz>HE1$(n)||2
1
|+ A X |BIP ] Bl
[ )\min }/z 3 AZ 2>\max X2
S| - ||E-(||2) +: ” ||||E»||2 X + (67 + 26:) Amax (X0) | | Eix () ||?

1
+ |+ A (X | |EIP | Bl

< a;Vi(x(n)) + B max Vi(z(n + s)) (3.129)
seN_g
£ —Amin (YD) +eillAi |2 Amax (X 2)+(62+26;) Amax (X:) | Ei |2 [+ Amax(X )]HFiHZ
where o = B P (X0) >0, fF = e w—_e 0, and

E; > 0 such that _Amin(YD + giHAiHZ/\maX(XZ‘Q) < 0.
By Lemma 3.2.2 the solution of (3.129) is obtained for n € [n; |, n;) as

Vi(w(n) < max {Vi(a(ni_y +s)IAs, " (3.130)

seN_g4

where \j. = of + 57 + 1.

On the other hand, for n = ny, k = 1,2,3,..., suppose o(ny) = j, it follows from (3.87)
and (3.119) that

Vi(z(ny)) < wVi(z(ng). (3.131)

Using (3.126) and (3.131) successively on each subinterval leads to the following results.

For instance, for n € [ng,n;), we have

Vi (2(n) < max {V;, (2(ng + 5))}Ag "™ (3.132)

seN_g4
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For n € [n], ny), we have

Vi, (z(n)) < max {Vi,(z(nf +5))}A0 "™

seN_g4

From (3.131), we obtain
max {V;, (z(n +5))} <71 max{V; (z(m +5))}
seN_g4 seN_g4

= max {Vj,(z(nf + $))}AT™) < 5y max {V;, (z(ny + s)) A7)
sEN_y ‘2 sEN_q4 "2

Thus, by (3.133) and (3.134), we obtain

Vi,(z(n)) < max {V,(x(n] + S))})\(()Z_m) <M SIQI\EI%X{Wl(ZE(n1 + 3))})\(()72_n1)

seN_g4

= Vi (w(n)) < 3 max {Vi, (a(m + )G, ™
S —d

(3.133)

(3.134)

(3.135)

We suppose that ngy — d € [ng_1,nx). Then, we can find maxsen_,{V;,(z(n1 + s))} by

(3.131) as

HlaX{‘/z ( (nl + S))} = maX{V;l( (nar + S))})\(()Tilf*dfno),

seN_y4 seEN_g4

so inequality (3.135) becomes

Viy((n)) < o max {Vi, ((ng NN e [nfma).

seN_ ‘2

Similarly, for n € [n3,n3) we can obtain the following inequality

Vi (2(n)) < 1172 max {V, (e(ng + ) A0 "IAG AT,
—d

i9 i3
In general, for n € [n} |, ny)
Vi

K
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Now, use (3.130) and (3.131) successively on each subinterval. For n € [nj,n), we have

Vzl( ( )) < max{V“( (an_i_S))})\S:—nO)

seN_g4

For n € [nf,ny), we have
1> )

Viy(z(n)) < max{VzQ( (n;r +S>>}/\8i:_n1)

seN_
From (3.131), we obtain

o (Vi (a0 + )} < 71 max (Vi (o + )}

seN_g4

= max {Vi,(a(n} +))}A5 " < 91 max {V;, (a(m + )45
selN_g

seN_g4

Thus, by (3.140) and (3.141), we obtain

Vi (w(n)) < mmax (Vi (i 5D < 90 mave (Vi (ol s)IAG
S€EN_gq

seN_g4

= Vip(a(n) < 7 max {V;, (z(ni + ) 1A, "

seN_g4

We can find maxsen_,{Vi, (z(n1 + 5))} by (3.139) as

max {V;, (z(n1 + 5))} = max{VZl( (ng + S))}Agirl—nm?

seN_4 sEN_

so inequality (3.142) becomes

Vi (2(n) < max {V;, (a(ng + )P VX0 n € nfm).

seN_g4

Similarly, for n € [ng, n3) we can obtain the following inequality

Vig(z(n)) < mve Iggx{vil(x(ng I, N Ao,
seN_4
In general, for n € [n} |, ny)

%(n1—n0) | x(ng—nq) *(TL n )
Vie(@(n) < myacoper max (Vi (z(ng + )} " A5 Ao,
seN_g4
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(3.141)
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To obtain a general estimate, let us run [ unstable modes and switch [ times from an
unstable mode, and run m — [ stable modes and switch m — [ — 1 times from a stable mode.

Then, for n € [ng_1,nk)

! m—1
Vi) < [T TT ot M mas (Vi (g + s))3AG, ™.
j=1

J Omyp “Omp seN_g4
p=Il+1
(3.146)
Let

Ay =max{)\y : j=12,...,l}
)\,:max{)\oip: p=I1l+1,1+2 ...k}

and denote by T (ng,n) and T~ (ng,n) the total activation time of unstable and stable

modes, respectively. Then, for n € [ng_q,nx), we have

l m—1
Vi (n) < Hyj)\T X H yp)\a:fp){_ x max{Vi,, (z(nd +s))}. (3.147)
=1

pelt1 seN_g4

Choose A, such that 0 < A_ < A\, < 1, and assume that the switching law satisfies (3.120)

where this condition implies that for any n > ng

TH*(InAy —InX\) <T (InA, —In).)

A A
THn [ £ T In| 2
A A\
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ATTAT

ALTATT

NGl !

ATTNTT < p\nmo),

Thus, we obtain

l m—1
Vi, (n) < 1_[1%‘ X Hl Vp)\ajp X Sré?i{vml(x(ng + s))})\i”_”())_
J= p=

From (3.148) one can obtain

o4 % max {V,,, (z(ng + s))}Alr0)

Dmp seN_y4

YA % max {V,,, (z(ngd + s))pAlr—m0)

seN_4

where v = max{~,, p=1,2,...,m — 1} andj\:min{)\omp, meN, p=

so we obtain

Vi, (z(n)) < 4D (A-d)m=D) o V(o + ) }A—)
- < ) tgﬁﬁ{de z(ng +60))pA—m0)
,u(m D max {Vm ( (nar + 9))})\97%)

0eN_q4
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where = ’y;\_d. Thus, we have

Vi (2(n)) < ™= VA™") max Vi, (a(ng + 6))}

0eN_4
Inp

= AR max (Vi (2(ng +6)))
0eN_4
(TL—TL()) (m—1)Inp
=\ (n=mo)in e N (n=no) g {Vin, (x(nd +0))}
0eN_y

(n=no) [%H]
=\ max {V,,,, (z(nd +6))}. (3.151)

0eN_y4
For simplicity, choose the chatter bound Ny = 0. In this case, we obtain

n—ng  N(ng,n) 1
N < = < =
(0, m) < T, n—ng ~ Ty

where N(ng,n) = m — 1. Therefore, we can write down inequality (3.151) as

N(ngp,n)ln
(TL*TLQ) |:(n(77?0))1n )\i +1

Viny, (2(n)) < A } max { Vi, (z(ng +0))}

0eN_y
Inp (n—mno)
< (T e (Vi (o -+ )
0eN_g4
0eN_y4
where p = T:‘lln“)\* + 1, \? is a decay rate and T, > —llrf‘f*.

By using decomposition of the system (3.87) similar to Theorem 3.2.1, we can similarly

obtain following inequalities which show the sub-states z; and x5 are exponentially stable

Amax (Xm;) _
< [ maxiiima/ Ex(nt +6 2P no)/2’ 3.153
()] | 02 e (B -+ 6) 1 (3.153)

22 ||| - P Amax (Xim
Q| F5 P (Xom,) max {|| Epz(nd + 0)]|JAe0—4m0)/2 - (3154)

To(n)|| < = =
|| 2( )H —1_ ||Q?n”||FmPr%LH )\min(lek) 0eEN_q4

where 1 > ||Q2 ||| F,nP2||. This implies that the entire system is exponentially stable. [J
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T
Example 3.2.2. Consider the discrete ISSSD given by (3.87) where x = |z1(n) z5(n) xg(n)] ,

-2 =5 3
J(n)EE:{172}7 Ey=FE, = 1 1 0 ,Bk:O9I,
0o 1 -1
-1.6 —05 —2.1 tan~!(z1(n — 1))
1
Ar=1 0 -01 011, filn,z(n—1))= 0 tan~!(zo(n — 1)) |
02 -01 0.3 tan~!(z3(n — 1))
4.2 5 1.2 tanh(z;(n — 1))
1
Ay=1| -1 —-18 —02| fe(n,z(n—1))= I tanh(za(n — 1))
—-04 —-15 14 tanh(zz(n — 1))

The initial function is given by ¢(n) =[1—n —2+n 1+n]T. The Lipschitz condition
0.0333 0.1667 0O

in (3.88) is satisfied with F, = 0 0 0| in stable subsystem 1 and Fy =
0 0 0
0.0222 0.1111 0
0 0 0| in stable subsystem 2. We calculated that oy = 0.5270, 5, = 0.0018,
0 0 0

oy = 0.2199 and 55 = 2.1190. By Lemma 3.2.1 and Lemma 3.2.2, g, = 0.4770 and
A5, = 3.3389, respectively. Also, v, = 3.61 so that the inequality (I + Bk)TEjTXjEj([ +
By) < wEI'X,E; is satisfied. Thus, the system is exponentially stable under ADT switching

with T, > 2.7245 seconds. The simulation of the state responses is shown in Figure 3.6.
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Figure 3.6: State responses of the discrete ISSSD
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Chapter 4

Optimal Control and State
Estimation for ISSSD

In this chapter, some sufficient conditions on the exponential stability property of the
optimal closed-loop system have been firstly proposed. Secondly, an optimal feedback
control for the system has been designed to guarantee the exponential stability of the
closed-loop system. Moreover, a Luenberger-type observer is designed to estimate the
system states such that the corresponding closed-loop error system is exponentially stable.
The stability results have been investigated by using the multiple Lyapunov functions
along with the average-dwell time (ADT) switching signal to organize the jumps among
the system modes. Also, the Halanay lemma that is already introduced in Lemma 3.1.1 is

used as a methodology. All theoretical results are illustrated with numerical results.
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4.1 Preliminaries on Controllability and Observabil-
ity
Consider the regular singular system
Ei(t) = Ax(t) + Bu(t) (4.1)
y(t) = C(t)

where x € R", u € RP, y € R? are the system state, control input and output, respectively;
and A, E € R"™" B € R"™? and C' € R?*" are system coefficient matrices where F being
singular with rank(E) =r < n.

As pointed out in the Chapter 2, two nonsingular matrices Q and P exist such that the

system in (4.1) is equivalent to

#1(6) = Avas () + Bru(t) (4.22)
y1 = Chaa (1)

Nia(t) = 25() + Byul?) (4.2b)
Y2 = Cama(t)

and the original system output is given by
y(t) = 01.171(75) + ngfg(t>

where z; € R™ and x5 € R™ are slow and fast sub-state, respectively; N € R"2*"2 ig
nilpotent matrix with the index h.
Following two theorems state the definition of controllability and observability in singular

system (4.1), respectively.
Theorem 4.1.1. [5/,[59] (Controllability)
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(1) Slow subsystem (4.2a) is controllable if and only if

rank[sE — A, Bl =n, Vse€C, s finite

(2) The following statements are equivalent.

(a) Fast subsystem (4.2b) is controllable.
(b) rank[Bs, NBy, N?B,, ..., N"1By] = n,.
(c) rank|N Bs] = ns.
(d) rank[E B] =n.
(8) The following statements are equivalent.
(a) System (4.1) is controllable.
(b) Both its slow and fast subsystems are controllable.

(C) Tank[Bl, AlBl, A%Bl, ceey Aq_lBl] =N andrank[Bg, NBQ, N2BQ, cey Nh_lBQ] =

Nno.
(d) rank[sE — A, B]=n, Vse€C, s finite, and rank[E B] = n.

Theorem 4.1.2. [5],[59] (Observability)

(1) Slow subsystem (4.2a) is observable if and only if

sE— A
rank =n, VseC, s finite
C

(2) The following statements are equivalent.

(a) Fast subsystem (4.2b) is observable.
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Co
CoN
(b) rank | CyN? | = na.

OgNh_l
N

(c) rank = ny.
Cy
_E

(d) rank =n.
C

(8) The following statements are equivalent.

(a) System (4.1) is observable.

(b) Both its slow and fast subsystems are observable.

skE— A
(c) rank [ ] =n, VseC, s finite, and rank
C

=n.
C
4.2 Problem Formulation
Consider an ISSSD defined in the following form
Ecr(t)x(t> = Acr(t)'x(t) + Bo‘(t)u + fo(t) <t7 l’(t - d))? 4 7£ 123
A%’(t) = ]kl'(t_), t= tk;
y<t) = Oa(t)x(t)
z,=(s) = ¢(s), s € [=d, 0],
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where € R" is the system state variable, Ay (), Eq), [ € R™", B, € R™P and C, €
R?*™ are system coefficient matrices where I, ;) being singular with rank(E, ) =r < n, I
being constant matrices, v € RP and y € R? are a system input and output, respectively.
Ky € RP*™ is control gain matrix of the form u(t) = K, x(t). The switching signal
o(t) : [ty,00) — Z is a piecewise constant function taking values in a finite compact
set = = {1,2,...,N} for some N € N. {t,}2°, are the impulsive times that form an
increasing sequence satisfying t,_1 < ¢, and limy_ oty = co. Ax = x(t7) — 2(t~) where
z(t™) (and x(tT)) is the state just before (and just after) the impulsive action with z(t*) =
lim, s+ 2:(s). The solution z is assumed to be right-continuous, i.e., z(t]) = z(ty). x4, is
defined by x4,(s) = z(ty + s) for s € [—d, 0] with d being a positive constant representing
the time delay. fou(t,2(t —d)) : RT x R* — R" are piecewise continuous vector-valued

functions with f,u)(¢,0) = 0 and there exist constant matrices F, ¢ such that

[ foty (8 2) = fow (t 2™) | < [[Fo Eon (x — 27| (4.4)

for all (t,z), (t,2*) € D = {(t,z) : t € R, [|[E;pz| < p}. Assume that each subsystem

in (4.3) is regular, controllable and observable.

4.3 Optimal Control Design

Stability of the optimal closed-loop system for any given control matrix is analyzed in this
section. Moreover, the problem of designing an optimal controller is handled.

Assume that a linear state feedback optimal controller of the form wu(t) = K;x(t) exists
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such that for any i € Z, each subsystem in the optimal closed-loop system of system (4.3)
Ez(t) = (A; + B;Ky)x(t) + fi(t,z(t — d)), t# g
Ax(t) = Lyx(t), t =t (4.5)
Ly (s) = &(s), s € [—d,0].

is asymptotically stable. This assumption implies that for any ¢ € = there is a Lyapunov

function V;(z(t)) = 27 (t) EF X; F;z(t); that means for X; > 0 the time derivative of V;(x(t))

along the trajectory of (4.5) is negative definite.

Theorem 4.3.1. (Stability) For anyi € Z, assume that each subsystem of (4.5) is admis-

sible. Then, the trivial solution of (4.5) is exponentially stable if the following conditions
hold:

(i) For any symmetric positive definite matriz Y; and symmetric positive definite ma-
trix R; there exists a positive definite matriz X; satisfying the algebraic Riccati-like

equation

EIX; A+ ATXE; + EY X;B,K; + K BI X;E; + ¢;E' X?E; + K R,K; = —E!'Y,E},

(4.6)
where g; 1s positive constant.
(i) For any i,j € Z there exists v, > 1 such that
(I + I)"E] X;E;(I + I)) < wE] X, E;. (4.7)
(111) For any ty, the switching law satisfies
t— 1,
N(to,t) < Ny + (4.8)

a

where N (to,t) represents the number of switchings in (tg,t), and Ny and T, are the

chatter bound and average dwell time, respectively.
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Proof. Given ¢; € (0, p) choose § < ¢; and ¢ € R" such that || E;¢|lq < d. For to € RT, let
x (t) = z(t,to, #) be the solution of system (4.5) such that z(to+s) = ¢(s) with s € [—d, 0].
We claim [|E;z(t)|| < e; for all ¢ > t5. Suppose the claim is not true, then there exists a

t* > ty such that
|Eiz(t)|| = & and ||E;z(t)|| < ; for all t € [ty,t"). (4.9)
For t € [ty_1,tx) C [to, t*], define
vilt) = Vila(t) = e (BT X, Eua(t), i = o(t)

as a Lyapunov function candidate for i*" subsystem. Since v; is positive semi definite, v;

satisfies the following inequality

Auin (X [ Bz (8)[1* < v < Anax (X5 | Eie(2)]]7, (4.10)

where Apin(X;) and A\pax(X;) are minimum and maximum eigenvalue of matrix X;, respec-

tively.

Derivative of v; along the trajectory of (4.5) is given by

0;(t) = 2T () EF Xi(Ai + BiK)x(t) + 27 (8) (A + BiK;) T X B (t)

+ 2T (t, 2(t — d)) X; Bz (t) (4.11)
Using inequality (4.4), we obtain that
211 (t, 2(t — d)) X Bz (t) < éumymym(t —d)|]? + e () E] () X Ex(t). (4.12)
Substituting (4.12) into (4.11) gives the following inequality
Gi(t) < 2T () EF X;Aw(t) + 27 () B Xy B Kx(t) + 27 () AT X, Ex(t) + 27 () K Bl X, E;x(t)
+ ZIFIPIBa(t - d)|F + sia” (6B X2 Eua(t) (1.13)
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By algebraic Riccati-like equation (4.6), we obtain
1
vit) < =t () Ef WiEa(t) + €—||E!\2\|Eifﬁ(t —d)|

where EIW,E; = KI R;K; + EI'Y;E;. Thus, we have

Ui(t) < —aui(t) + B; sup w;(o) for all ¢ € [ty_1,tx) (4.14)
o€t—d,t]
Amin (W5) [Pl
here o = 2min\") ]| —
whHere q )\max(Xi>7 and 6 <C:i)\min()(i)

Applying the Halanay Lemma to (4.14), we obtain the solution of differential inequality
(4.14) for t € [ty_1,1x) as

vi(t) < sup v;(o)eSiltti-1), (4.15)

o€[th—1—d,tp_1]

where &; is a unique positive solution of

&=y — @e&d-
On the other hand, let us suppose o(tx) = 7, k = 1,2,3,---. It follows from (4.5) and (4.7)
that

v;(te) = a:T(t,;)(I + [k)TEjTXjEj([ + 1)z(t,) < yevi(ty). (4.16)

Using (4.15) and (4.16) successively on each subinterval leads to in general, for i € = and
t € [tr_1,tx)
Vi, (1) S MY2. o1 sup vy (o)e S ltimdTo)=bip(tmd=t) oG (t=ti) (4.17)
o€[to—d,to)
Let { = min{§; i € ZEandj = 1,2,...,k}, v = max{y; [ = 1,2,...,k — 1} and
& =max{§,; 1€=, 1=1,2,...,k—1}. Then, inequality (4.17) becomes

Ui (1) AT sup vy, (0)ehDE deE (o)
o€[to—d,to]
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By ADT condition (4.8) with Ny =

%, (& > &), we obtain

n 3 3 _
miEd where 7 is an arbitrary constant, and T, =

v, (1) < sup vy, (0)e" ) for all £ > ¢ (4.18)

(oS [t() —d,to]

which implies the following inequality
Anin(Xi )| Bz (D[P < Amax (X, ) | Eip (1) 270t > 44, (4.19)

Since e=¢"(t7%0) < 1 and ||E;¢(t)||, < §, we have

Amin (Xi) | i ()% < Amax (X I Eip (1) [267 1) < €M\ (X, )82 (4.20)
Choose § > 0 such that €”Apax(X;,)0% < Amin(X, )e7. Thus, by inequality (4.20) we obtain
Amnin (X )N Eiw(8)[|* < Amax(Xi, )0 < Amin (X5, )e7
= ||[Eix(t)|| < ¢g; for all t € [to, t"]

which leads a contradiction at ¢ = ¢*. This shows ||E;z(t)|| < &; for all t > t.
By inequality (4.19), we obtain
1Bz @) < pll Eip(t)]] €002t > 1, (4.21)

where g = /Ay /A with Ay = max{An.x(X;); @ € Z} and A, = min{ \nin(X;); @ € Z}.
Thus, the trivial solution of system (4.5) is E-exponentially stable.

By using decomposition form of system (4.5), one may obtain
lz1 ()] < pllQilll| Esgp(t) || a7 ==toD/2, (4.22)

which implies that slow sub-state x; is exponentially stable, and
1— | E P
where ||Q?|||| F;E;P?|| < 1. This shows that fast sub-state x, is exponentially stable. Thus,

[z < Pl Qilll| Eip(8) | g 7o/, (4.23)

by (4.22) and (4.23) the trivial solution of system (4.5) is exponentially stable. O
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Remark 4.3.1. The algebraic Riccati-like equation given in (4.6) guarantees that the Lya-
punov function is decreasing along the trajectory of system (4.5); that is, the continuous
system is stabilized by the feedback controller. On the other hand, impulse manners as
a destabilizing perturbation by condition (ii). The role of ADT condition in condition
(111) is to organize the switching among the system modes which eventually guarantees the

exponential stability.
Having established the stability result, we can now design an optimal controller stabilizing
the closed-loop system (4.5).

Theorem 4.3.2. (Optimal control design) For any i € Z, assume that each subsystem
of (4.5) is admissible. Then, system (4.5) under the feedback controllers u(t) = K;x(t)
with K; = —R;'BI X, E; is exponentially stable if the following assumptions hold:

(1) For any symmetric positive-semi definite matriz QQ; and symmetric positive definite
matriz R; there exists a positive definite matriz X; satisfying the algebraic algebraic

Riccati-like inequality
ErX;A; + ATXE; — EI' X;B;R;'Bl X, E; + &, EI X?E; < —Q;, (4.24)
where €; is positive constant.
(i) For any i,j € Z there exists v, > 1 such that
(I + I)"E] X;E;(I + I)) < wE] X, E;. (4.25)

(111) For any to, the switching law satisfies

t—t
N(to,t) < Ny + ———

(4.26)

a

where N (tog,t) represents the number of switchings in (to,t), and Ny and T, are the

chatter bound and average dwell time, respectively.
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Proof. For any i € =, let the cost function (or the performance index) be defined as follows

ty
Ji(u) = / (27 Qs + u” Ryu)dt
te—1

where Q; = QF > 0 and R; = RT > 0. Our goal is to construct a stabilizing state feedback
controller of the form v = K,;x that minimizes the cost function. Such a linear controller
is denoted by u*. By the optimal control law, we need to find u* which minimizes the

following function
d’Ui

7 + 27 Qi +u" Ryu

gi(x,u) =
where
vi(t) = Vi(z(t)) = 2P (O EF Xs B (t), ¢ € [th1,te), i=o0(t)

as a Lyapunov function candidate for i subsystem with X; = X! > 0. Thus, we have

gi(z,u) = 22" EF X; Ajw + 207 ET X Bou + 20" ET X, fi(t, v(t — d)) + 27 Qsw + u” Rju

and
dgi
Ji _ 9xTET X, B; + 2u R;.
ou
Thus, for u = u* = —R; ' B X;E;z, the function g;(x,u) has minimum value since the
second derivative of g;(x,u) with respect to u has positive value for u* = —R; ' Bl X; F;x.

By plugging u* into system (4.5) we obtain
Eii = (A; — BiR;'BI X, E)x + fi(t,z(t — d)). (4.27)

Our optimal controller satisfies the equation
dUZ'
dt
20T Bl X Bty + 27 Qiz + 2" Ef X; B;R; 'R, R B X; Ejx = 0

lumur + 27 Qi + wTRu* =0

T El X Ajr + 2T AT X B — 2T EF XoBi R B X Eyr + 2 (t, ot — d) X Bz (t) + 27 Qi = 0
(4.28)
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Since

211 (t, 2(t — d)) X; Bz (t) < [;—?Hx(t —d)||* + et () EF X2Ex(t) (4.29)

(2

where ¢; is a positive constant and L; = ||F;E;||, we obtain

1.2
oD |EF XA + AT XGE, — BN X;B;R; "B X,Es + e, EF X2 E; + Qi |z + —“||z(t — d)|* > 0.
gi

Thus, we obtain the algebraic Riccati-like inequality as
EIXiA; + ATXE; + e, EF X?E; — E] X;B;R; ' Bl X, E; < —Q;.
The rest is done as proof of the previous Theorem 4.3.1 . O

Remark 4.3.2. Optimal controller u = —R; ' Bl X; E;x minimizing the cost function

ty
Ji(u) = / (27 Qs + u” Ryu)dt
te—1
subject to system (4.3) requires solving the algebraic Riccati-like equation given by (4.24)
which guarantees the existence of the positive definite matriz X; for alli € =. On the other

word, an appropriate Lyapunov function which is decreasing along the trajectory of the

closed-loop system is found by solving the algebraic Riccati-like equation given in (4.24).

z1(t
Example 4.3.1. Consider the ISSSD given by (4.3) where x = 1) ,o(t) € 2={1,2},
(1)
40
E,=Fy, = with rank(E;) =1, I, = 0.81, d = 0.5 and
2 0
2 1 11 0
Al = ) A? = ) Bl = BQ = )
11 0 1 1

filt.a(t—d) = folt,o(t —d)) = | L tanh(zy(t —d)) L tanh(wa(t — d))]T.
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Initial function is ¢(t) = [0.5 —t —5.72+¢]T. Also, L; = 0.0133 in subsystem 1 and
Ly = 0.0133 in subsystem 2 are satisfied inequality (4.29).

The control gain matrices are computed as

K = [5.72 0} and Ky = [5.8 O}

3 —-3.14 3 =31
where X, = >0, Xy = > 0, and Ry = Ry = 1. Hence,
-3.14 3.42 -3.1 3.3
20 0
for any Q1 = Qo = > 0, we obtain oy = 0.1573, 5 = 0.1447, a9 = 0.1599, and
0 0

By = 0.1264. By Halanay inequality, the mode decay rates are computed as & = 0.0110 and
& = 0.0297. Also, vy, = 3.24 so that the inequality (I—l—Bk)TEfXjEj(I—i-Bk) < wEI'X,E;
s satisfied. The system is simulated for 5 seconds and ADT is 1.15 seconds. Figure 4.1

depicts the slow and fast sub-states.

4.4 State Estimation

State feedback control is designed under the assumption that all state variables are ac-
cessible for measurement. In practical applications, this assumption may not hold since
it is either impossible or too expensive to measure all the state variables. In such cases,
a state observer or state estimator is needed in order to apply state feedback. Motivated
by this consideration, the state estimation technique is used to estimate the unmeasured

state variables in this section.
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Figure 4.1: State response of the corresponding closed-loop system
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For any 7 € =, the observer dynamic is considered as

i, (s) = o(s), s € [—d,0],

where L € R™*? is estimator or observer gain matrix.

Let us define the estimation error for system state as e(t) = z(t) — Z(t) and the state

estimation error system is

Eie(t) = (A — LCy)e(t) + fi(t, x(t — d)) — fi(t, &(t — d)), t# b (4.31)
e(t) = (I + Ip)e(t™), t =ty

e,=(s) = ¢(s), s € [—d,0].
Assumption 4.4.1. Suppose that the matriz pairs (E;, A; — LC;) are regular.

Theorem 4.4.1. (State estimation) For any i € Z, assume that each subsystem of
(4.31) is admissible. Then, the trivial solution of the error system (4.31) is exponentially
stable if the following assumptions hold:

(1) For any i,j € = there exists v, > 1 such that
(I + L) Ef X;E;(I + 1) < wEf X;E; (4.32)
where X; is a positive definite solution of the Lyapunov equation
(A; — LC)' X E; + E X;(A; — LC;) = —E!'Y;E;  for any Y; > 0. (4.33)
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(ii) For any ty, the switching law satisfies
t—t

N(to,t) < Ny + (4.34)

a

where N (to,t) represents the number of switchings in (tg,t), and Ny and T, are the

chatter bound and average dwell time, respectively.

Proof. Given ¢; € (0, p) choose 0 < ¢; and ¢ € R™ such that ||E;pllq < d. For ty € R, let
e (t) = e(t, ty, p) be the solution of system (4.31) such that e(ty+s) = ¢(s) with s € [—d, 0].
We claim ||Eie(t)|| < g; for all t > t,. Suppose the claim is not true, then there exists a

t* >ty such that

| Eie(t?)|| = ; and ||Eie(t)|| < e; for all ¢t € [ty,t"). (4.35)

For t € [tg_1,1x), define
vi(t) = Vi(e(t)) = T () E] XiEie(t), i=0o(t)

as a Lyapunov function candidate for " subsystem. Then, derivative of v; along the

trajectory of (4.31) is given by
Gi(t) = —e (D ETYiBie(t) + 2[filt 2t — d)) — fi(t,(t — d)) XiFie(t).  (4.36)

By the Lipschitz condition in (4.4), we have
2

2[fit, w(t — d) — filt, &(t — )] XiEie(t) < %I!Eze(t — d)|” + & Eie () ] X

(4.37)
where ;) € R"*" are constant matrices and €; are positive constants.

Substituting (4.37) into (4.36), we obtain

L2
Ui(t) < —e (D E[YiEie(t) + | Bi(a(t — d) = 2(t = )|* + &ill Bie ()| X

< —aui(t) + B sup vi(o) (4.38)

o€t—d,t]
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Amin (Y2) — &l X2 L}
dg=—
)\max(Xi) o ﬁ 6i/\min<)(i>

By Halanay Inequality, the solution of differential inequality (4.38) for t € [t;_1,%1) is

where «; =

obtained as

vi(t) < sup v;(o)eSiltmth-1), (4.39)

o€ftp_1—dtp_1]

where &; is a unique positive solution of
& = o — Pietie

On the other hand, let us suppose o(tx) = 7, k = 1,2,3,.... It follows from (4.31) and
(4.32) that

v;(ty) = eT(t,;)(I + [k)TEjTXjEj([ + Ip)e(t,) < yvi(ty). (4.40)
By using (4.39) and (4.40) on each subinterval, we generally obtain

v, (1) <AL sup oy, (0)ekTDE At t € [te1,tr) (4.41)

O'E[t()—d,to}
where v = max{vy; [ =1,2,....k—1}, " =max{§,; i€ =, 1 =12,...,k—1}, and
{=min{§;,; i€ Zand j=1,2,... k}.

Applying ADT condition (4.34) with Ny = m,

T, = %, (€ > &™) to inequality (4.41) results in

where 7 is an arbitrary constant, and

v, (1) < sup vy, (0)e ) for all ¢ > ¢, (4.42)

O'E[to—d,to}
Thus, similar to Theorem 4.3.1 we can obtain a contradiction using inequality (4.42).

However, we skip this part for this theorem.

Because of property of positive semi definite Lyapunov function v;,, we obtain the following

inequality
Eie(t)|| < plEsp(t)||, e D2 > ¢ 4.43
d
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where p = /Ay /Ay with Ay = max{An.x(X;); @ € Z} and A, = min{ A\nin(X;); @ € Z}.
This means that trivial solution of the system (4.31) is E-exponentially stable.

Using decomposition form of system (4.31) as done in previous theorems we obtain that

les (0)]| < pllQill| Esp(t) [ gt E 000/, (4.44)
and
Lil| @2l E:P} | ~ e (t—d—
||62(t)|| S 1 _L”QZHHE]52||MHQzHHEzSO(t)”de(W & (t—d—to))/2 (445)
A1
where i = 1,2,...,N, e; € R", e5 € R*™", Q; = C?; , Qzl € R, Qf e R—m)xn
Q;

=B B2|, Bl e R, P2 e R0 and LY Q2| B2 < 1. Tnequality (4.44) and
(4.45) show that e; and ey are exponentially stable. Thus, the trivial solution of system
(4.31

) is exponentially stable. That means #(t) — z(t) as t — oo. O

Remark 4.4.1. Theorem 4.4.1 provides sufficient conditions to ensure exponential stability
of the state estimation error system given by (4.31). The Lyapunov equation given in (4.33)
guarantees the existence of the positive definite matriz X; for all i € =. Switching among

the subsystems is organized by the ADT condition.

T (t
Example 4.4.1. Consider the ISSSD given by (4.3) where x = 1) ,o(t) e 2 ={1,2},

l’g(t)

4 0
E, =FE, = with rank(E;) =1 fori € Z, I, = 0.3, d = 0.5 and

filt,z(t — d)) = fo(t,z(t — d)) = [ﬁ tanh(z(t — d)) i tanh(zy(t — d)) ! ;
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Cr=0Cy = [1 1} .
Also, initial function is ¢(t) = [1  — 1.4286]7.

The error-state system with time-delay s

e(t) = (I+ Ip)e(t), t =t

T
p(s) = [1-s —1.4286+s] . s€[-0.5,0]

3 4
where the observer gain matriz L = Xy = > 0 satisfies (Ay — LCy)T X1 By +
4 4 7

0.3333 —0.6666
ET X (A—LC)) = —EIY\E; forany Yy = I > 0. Similarly, X, = >

—0.6666  2.9999
0 satisfying (Ay — LCo)T Xo B+ EY Xo(Ay — LCy) = —ETY,Ey for any Yo = 1 > 0. Hence,

a; = 0.0554, 1 = 0.0084, «y = 0.3110, and B = 0.1404. The mode decay rates are & =
0.0466 and & = 0.1482. Thus, £ = min{&;, &} = 0.0466 and £ = max{&;, &} = 0.1482.
Moreover, v, = 1.69 so that the inequality (I + Bk)TE]TXjEj(I + By) < wEI'X,E; is
satisfied. The error system is simulated for 12 seconds, and ADT is computed as 1 second.
Figure /.2 depicts estimation errors of the slow and fast sub-states. All errors converges

to zero which shows the effectiveness of the proposed observer.
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Figure 4.2: Upper: estimation error of slow sub-state. Lower: estimation error of fast

sub-state.
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Chapter 5

Sliding Mode Control for Impulsive
Singular Systems:

Continuous and Discrete

The main purpose of this chapter is to address the problem of stabilization for continuous
and discrete impulsive singular systems via a sliding mode control (SMC). Firstly, some
sufficient conditions on the exponential stability property of the continuous impulsive sys-
tems have been proposed. To obtain this objective, a sliding surface is designed on which
the sliding motion of the system state happens, then a sliding mode control law is de-
signed to force the system state to reach, stay and slide on the sliding surface. Secondly,
a similar sliding surface and control design are adopted to discrete impulsive switched sin-
gular systems to obtain some sufficient conditions for the exponential stability of the full
order system. Numerical examples with simulations are represented to further clarify the

theoretical results.

124



5.1 Problem Formulation

The sliding mode design approach comprises two steps. The first one is to design of a
sliding surface on which the sliding motion will take place. The second step is to design of
a control law which forces the system state trajectories to reach and slide on the surface.
In SMC, the reachability condition is a necessary condition to guarantee existence of the
sliding mode. By the reachability condition, the system reaches the sliding surface from
any initial conditions in a finite time and remain on this surface after reach it. Details of

the design procedures are given in the main results.

5.2 Continuous Sliding Mode Control

Consider the impulsive singular system with nonlinear perturbation of the form

Ei(t) = Azx(t) + Bu(t) + f(t, z(t)), t# tg
Ax(t) = Iyz(t), t=1 (5.1)
x(ty) = zo,

where z(t) € R™ for all t > ¢y with ¢y € R™ is the system state variable, and A, I, E € R™*"
and B € R™*? are system coefficient matrices where E being singular with rank(E) = r <
n, u(t) € RP is the input vector, f(z(t),t) € R™ is the perturbation term and [, € R™*"
is an n x n constant matrix for each £ € N. {t;}2, are the impulsive times that form
an increasing sequence satisfying tp_1 < tx and limg ot = 0c0. Ax = z(t1) — x(t7)
where z(t7) (and x(t")) is the state just before (and just after) the impulsive action with
z(tt) = lim, 4+ z(s). The solution z is assumed to be left-continuous, i.e., z(t;) = z(ty).

f(t,z(t)) : RTxR™ — R™ are piecewise continuous vector-valued functions with f(¢,0) = 0.

Assume that the following assumptions are valid:
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(A1) System (5.1) is regular and controllable.
(A2) B has full column rank; that is, rank(B) = p where 1 < p < n.

(A3) The perturbation term f(¢,x(t)) is Lipschitz in z for all ¢ > ¢, and satisfies the

following matching condition:

f(t, (1) = Bf(t,z(t))

where f(t,z(t)) € R? bounded by

1£(t, (@) < ellz@)]
with € > 0 being positive constant.

Remark 5.2.1. The stability of singular systems requires reqularity of the system expressed
by assumption (A1). On the other hand, the sliding motion is insensitive to the nonlinear
perturbation in the system by (AS8). This assumption makes SMC an attractive one for

designing robust controllers.

Remark 5.2.2. The matching condition given in assumption (A3) means that f(x(t),t)
lies in the range space of B, i.e. R(f(x(t),t)) C R(B), so it is possible to write f(t,x(t)) =
Bf(t,x(,t) for some f(t,z(t)) € RP.

5.2.1 Sliding Mode Control Design

Consider system (5.1) with p inputs. Then, the p-dimensional vector of sliding mode

hyper-surface is defined by
() ={z@) | S(x) =0},
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where switching function is

s1()
So(x
S(z) = 2§) — GEx,
_Sp(x)_ px1
where s; is a scalar-valued function for ¢ = 1,2,...,p, G € RP*" has full row rank, i.e.

rank(G) = p such that GB € RP*P is an invertible matrix, which is guaranteed because
rank(B) = p (as stated in Assumption (A2)). Then, the time derivative of S(z) along the

trajectories of (5.1) is given by
S(z) = GEi = GAz + GBu + GBf(t, z(t)).

Also, S(z) = 0 when system (5.1) remains on the sliding surface, which leads to the

p-dimensional equivalent control input
W(t) = —(GB)'GAx(t) - Flalt), 1) = Ka(t) — (L, (1)), (5.2)

Thus, the closed-loop equivalent reduced system during the sliding motion is given by

Ei(t) = (I — B(GB)'G)Axz(t) = (A+ BK)xz(t) =: A“(t), t # ty
Ax(t) = Lyx(t), t =t (5.3)
x(tg) = o,

where the matrix pairs (E , Aeq) is regular and stable.

5.2.2 Reaching Condition

Define the Lyapunov function of the state S(x) by

V(S() = 357 ()S() (5.4)
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and require that the time derivative along the trajectories of the closed-loop full system

with multiple inputs

0V dS(x)
~ 0S(x) dt

V(S(x)) = 5T (2)S(x) = ST (2)(GAzx + GBu+ GBf(t,z(t)) <0

which is guaranteed if the control input u takes the form
u(t) = u(t) — (GB) ™ diag(n) Sgn(S(x(t))) (5.5)

where diag(n) is an px p diagonal matrix with positive entries 77 and Sgn is the p-dimensional

signum vector function defined as follows:

sgn(si((?)) L i si(x(t) > 0,
sgn(sq(x(t

Sen(3(e(0) = | =N shere sntsite) = {0, i syale)) o
sen(s, (z(1)) (7L i) <0,

(5.6)

fori=1,2,...,p.

Therefore, the full order closed-loop system with multiple inputs outside the sliding surface

is given by
Ei(t) = Az(t) + Bu(t) + f(t, z(t)), t # ty
Ax(t) = Ix(t), t =1t (5.7)
z(to) = o,

where the control law has the form in (5.5).

On the sliding surface, S(x(t)) = 0, we have Sgn(S(z(t))) = 0 which leads u(t) = u®(t).
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In this case, the closed-loop system with multiple inputs on the sliding surface is given by

Ei(t) = Ax(t) + Bu(t) + f(t,2(t)) = (I — B(GB)'G)Ax(t), t# ty
Az(t) = Lz(t), t=t, (5.8)
x(ty) = o

where u®(t) = —(GB)'GAz(t) — f(t,z(t)).

Now, by the following theorem one may check the control input in (5.5) satisfies reachability
condition. Moreover, an upper bound for reaching time can be computed by the following

theorem.
Theorem 5.2.1. Suppose that sliding surface is given by
S (x) ={x(t) | S(z) =0}, (5.9)

where switching function is S(x) = GEx. Then the trajectory of system (5.1) can be driven
on the sliding surface in a finite time, and it subsequently remains on it if the sliding mode

controller is designed as
u(t) = u(t) — (GB) ™ diag(n) Sgn(S(x(1))) (5.10)
where r-dimensional equivalent control input
u®(t) = —(GB) 'GAx(t) — f(t,x(t)) (5.11)

such that GB € RP*P s an invertible matriz, diag(n) is an p X p diagonal matriz with

positive diagonal elements, and Sgn is the p-dimensional signum vector function.

Proof. Define the Lyapunov function candidate by

V(S() = 35T ()S().
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Then, the time derivative along the trajectory of (5.1)

= S7(z) (GE#)
= 5"(z) (GAz + GBu+ GBf(t,z(t))) .

Substituting the control law in (5.10) into the above equation, we have

V(S(z)) = ST (z)GAx
+5"(2) (GB) (—(GB)™'GAx(t) — f(t, x(t)) — (GB)~" diag(n) Sgn(S(x(t))))
+ ST(2)GBf(t, 2(t))
= ST (2)GAz — ST(2) (GB) (GB) 'GAx(t) — ST(x)GBf(t, x(t))
— S§T(x) (GB) (GB)~" diag(n) Sgn(S(x(t))) + ST (z)GBf(t, (1))

= —ST(x) diag(n) Sgn(S(z(t))).

Plugging in definition of each factor into the above equations gives

- T r

@] [m o0 o 0] [sen(si (@)
V(5(e)) = — 82@ 9 72 ? Sgn(fz(x))
_Sp(x)_ _0 0 - Ty | _Sgn(sp(ﬁ))_

= — [s1(x)n sgn(s1(z) + sa(z)nzsgn(sa(x) + - - + sp()n, sgn(sp(z)]
= = [mls1(@)] + mafsa(@)] + - - + mplsp()]]

< min (= [sa(@)] + [s2(@)| + -+ + |sy(a)]

= — min p{m} ||S($)||1

i=1,2,...,
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.....

which implies

Therefore, the state of system (5.1) will reach the sliding surface in finite time and subse-

quently remain on it.

We can also calculate the finite time as follows: by integrating the last inequality from t;

tot and t,_1 to ty for K =1,2,..., we have

VS @) - VESE) < V2L min {n} (1),
V3(S((ta))) = V2 (S(a(ti-))) < —@ min (i} (t i),
VAS(ate) ~ VAl 2) < Y22 mn (i} (s — ).

VA(S () - VES () < - Y2 min_ {1} (tr ~ to). (5.12)

VE(S(a(1) - VE(S(t) < -5 min {n} (- t). (5.13)

It can be seen from (5.13) that there exists a time t* such that V(S(z(t*))) = 0 and

consequently S = 0 for ¢ > t* which means that the system trajectories can reach to the
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sliding surface in a finite time ¢*. Thus, this finite time ¢* is calculated

VASG)) - VESG) < Y22 min {n} (0~ to),

i=1,2,...,

= —V%<S(Zﬁ(t0>>> < —@ min  {n;} (t* —to)

- 2 i=1,2,...p
oV
B \/]_)mini:L? ----- p {nz}

V3 (S(x(to))) + to

O

Designing of the control input on the sliding surface guarantees stability of closed loop

system (5.8). However, impulse affects the stability of the entire closed loop system.

Therefore, the following theorem gives sufficient conditions to ensure exponential stability

of entire system on the sliding surface.

Theorem 5.2.2. (Stability result) Assume that the following assumptions hold:

(i) System (5.1) is admissible during the sliding motion so that for any Y > 0, there

exist X > 0, the solution of

E"X(A+ BK)+ (A+ BK)'XE =-E"YE (5.14)

where the control gain matriv K = —(GB)'GA.
(i) Singular matriz E and I + Iy, are commute.

(iii) The following inequality holds

lnvk—y(tk—tk_l)gO, ]{3:1,2,

Ama [(T+1x) T X (I+1y,)]
>\min (X)

)\min (Y)

where 7y, = ,0<v<aanda=
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Then, the control law (5.5) gquarantees that the system (5.1) be exponentially stable.

Proof. For all t > tg with tg € RT, let z (t) = x(¢, o, o) be the solution of the system
(5.1). For t € (tg_1,tg], define
v(t) =V(zt) =27 () ET X Ex(t), t#t,
as the Lyapunov function candidate. Then, the time derivative of v along the trajectory
of (5.1) during the sliding motion is given by
0(t) =227 () ET X Bx(t)

=T () ET X Ex(t) + 27 () E' X B (t)

— 2T(t)(A+ BK)" XEx(t) + 27 (t) ET X (A + BK) (1)
—2"(H)ETY Ex(t)

IN

—Amin (V)| B (t)]”
< —au(t)

Amin (Y)

T (X) Therefore, we have

where o =
v(t) <o(th e =1t (). (5.16)
On the other hand, at ¢t = t;, by assumption (ii) we have
o) = &7 (6 B X Bx (i)
=27 (t) (I + L) ET"XE(I + I)x(t,)

< mv(te), (5.17)

)\max[(I+Ik)TX(I+Ik):|
)\min(X)

terval leads to the following results: for t € (¢, t1], we have

where v, =

. Now, using (5.16) and (5.17) successively on each subin-

v(t) < o(td)e ot (5.18)
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For t € (ty,t5], we have

o(t) < o(ty)e =)
< oty )e =)

— ”le(ta_)e_a(tl_to)e_a(t_tl)

= vt )e 1), (5.19)
In general, for t € (tx_1, tx], we obtain
v(t) < vt )na - - AYp_1e” 0

=v(tg )Nz - - -’ykfle’”(t*to)e*(aﬂ/)(tfto)

o(tg) e T e ) Ly et Ttk) gt g t) o (5.90))
By assumption (iii), we have

v(t) < o(td)e et ¢ > ¢, (5.21)
which implies that
[Bz(t)]| < pllBa(ty) e 0D2 0 >4 (5.22)

where 1 = ,/’;\‘”L((XX)). Thus, the trivial solution of system (5.1) during the sliding motion
is E-exponentially stable which is equivalent to its exponential stability. This completes

the proof of stability of full order closed-loop system (5.7). O

Remark 5.2.3. The algebraic Riccati equation given in (5.14) guarantees that the Lya-
punov function be decreasing along the trajectory of system (5.1); that is, the continuous

system is stable due to the control law u in (5.5).
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T
Example 5.2.1. Consider the ISS given by (5.1) where x = [g;l(t) 2o(t) x3(t)] ,

110 1 00 00
E=101 1|,A=10 1 0|, B=11 0],
000 00 1 0 1

2 2
f(t,x(t) = mit) + 22(0) , and I, = 0.11,
0

where I € R™™ qidentity matriz and k = 1,2,---. The initial condition is given by xq =

T
[1 -9 3} . Choosing

1 1 -1
G = ,
-1 2 -1
the equivalent control is
ul = Ka(t) — f
where
2 =1 0
K = ,
3 0 -1

the corresponding equivalent system s
Ei(t) = A%z(t)

where
1 00

AC=12 0 0],
300
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Figure 5.1: Impulsive switched singular system sub-states.
which the matriz pair (E, A°?) is stable, and the feedback control law is given by
u(t) = u(t) — (GB) " diag(n) Sgn(S(x(t)))

where

~1 1 1 21
(GB)™" = [ ] ,on=[11 1], S(a(t) = [ ] ().
1 11 2

a = 0.6745 and vy, = 7.0522 are computed. Therefore, t — tx_1 > 2.8959. Ezponential
stability of the system by the designed continuous sliding mode control, the control input

and sliding surface are simulated in Figure 5.1, Figure 5.2, and Figure 5.3 respectively.

5.3 Discrete Sliding Mode Control

The finite sampling frequency in discrete sliding mode control (DSMC) makes control input

invariant between two sampling instants. This means that when system dynamics cross
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Figure 5.2: Control input u = [u; us]”.

Figure 5.3: Sliding function S(z(t)).
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the sliding surface between sampling instants, the control input cannot immediately take
measures to make the system remain on the sliding surface. Therefore, in DSMC, system
states cannot remain on the sliding surface, but can remain in a neighborhood of the sliding
surface in which switching function is equal to zero. This sliding-like motion in discrete
time is called a quasi-sliding mode or pseudo-sliding mode which is stated in the following

definition.

Consider the single input discrete time system given by:
z(n+ 1) = Axz(n) + Bu(n), n=0,1,2,... (5.23)
where z € RV*1 y € RY, A € RV*N and B € RY*! are matrices of appropriate dimensions.

Definition 5.3.1. System (5.23) is said to exhibit a pseudo-sliding mode if there exists an
integer K such that, for all n > K, whenever x(n) is contained in a neighborhood Bs of
{x(n) : s(n) =0} where s(n) is the switching function, then x(n+ 1) is also contained in

the B,.

In general, B can be defined in two ways [60]:
Bs ={x(n): |s(n)| <e}, (5.24)
By ={x(n) : |s(n)| < ellz(n)[l1} where [[z(n)], = Z |z(n)]. (5.25)

The set defined in (5.24) is called a boundary layer type while the set defined in (5.25) is

called a sliding or switching region type. These two sets are illustrated in Figure 5.4.

Remark 5.3.1. For clarity, the quasi-sliding mode definition, the boundary layer in (5.24)

and the switching region in (5.25)are given for systems with single input.
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Figure 5.4: Boundary layer (left) and switching region (right)

The state trajectory of a DSMC system has the following properties [61]:

(P1) The trajectory moves monotonically toward the sliding surface by starting from any

initial state, and cross the sliding surface in finite time.

(P2) Once the trajectory has crossed the switching plane the first time, it cross the surface
again in every successive sampling period. Therefore, a zigzag motion about the

sliding surface occurs.

(P3) The size of each successive zigzagging step is non-increasing and the trajectory stays

within Bs.

Consider a discrete impulsive singular system with perturbation of the form

Ex(n+1) = Az(n) + Bu(n) + f(n, z(n)), ni <n<ngy
Aa(n) = La(n), n=m, keN (520
z(ng) = o,

where z(n) € RY is the system state at the sampling instant n for all n > ng with ng € N,

and A, E, I;, € RV*N and B € RY*Pare system coefficient matrices where E being singular
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with rank(E) = r < N, u(n) € RP is the input vector and I}, € RV*¥ being constant matri-

ces. {ni}2, are the impulsive times that form an increasing sequence satisfying ny_1 < ny

+

and limy_,oo 1y, = 00. Az(ng) = z(nf) — z(ng) where z(n;) is the value of x at njy with

impulse, and x(ny) is the value of x at n;, without impulse. f(n,z(n)) : ZT x RY — RN

are piecewise continuous vector-valued functions with f(n,0) = 0.

Addition to assumption (A2), the system in (5.26) holds the following assumptions:

(A4) The system in (5.26) is regular and controllable.

(A5) System (5.26) satisfies the following matching condition:

f(n,z(n)) = Bf(n,z(n))

with f(n,z(n)) € R? bounded by

1f(n, z(n)]| < el|z(n)]

where € > 0 is positive constants.

5.3.1 Quasi-Sliding Mode Control Design

Consider system (5.26) with p inputs. Then, the p-dimensional vector of quasi-sliding mode

hyper-surface is defined by
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where switching function is

s1(n)
s2(n)
S(n) = . = GEz(n), (5.27)
_3p<n)_ px1
where s;(n) is a scalar-valued function (i = 1,2,...,p) , and G € RP*¥ has full row rank,

i.e. rankG = p such that GB € RP*? is an invertible matrix. The ideal quasi-sliding mode

satisfies

S(n+1)=95(n) =0, n = Mg, N1, Na, ... (5.28)

From (5.28) and (5.26), one can get
GAx(n) + GBu(n) + GBf(n,z(n)) = S(n) = 0.
Solving this equation for u gives the equivalent control input as

u“(n) = —(GB 'GAx(n) — f(n,z(n)) = Kz(n) — f(n,x(n)), (5.29)

where GB € RP*P is an invertible matrix. Thus, the closed-loop equivalent system during
the ideal quasi-sliding motion is given by
(n+1) = (I = B(GB)'G)Az(n) = (A+ BK)z(n) = A%z(n), nf_, <n<mn
Ax(n) = Iwr(n), n=ng keN

z(ng) = xo
(5.30)

where (E, A°) is regular and stable.
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5.3.2 Reaching Condition

The necessary reaching condition for the quasi-sliding mode is expressed as
AS(n)S(n) <0

where AS(n) = S(n+ 1) — S(n). On the other hand, the sufficient reaching condition is
given by
lsi(n+1)| < s;(n)], i=1,2,...,p, (5.31)

which has the following equivalent form:
sin+1) < s?(n).

Remark 5.3.2. From condition (5.31), it can be seen that DSMC' is designed such that

the switching function is decreased at every sampling index n.

Condition (5.31) is satisfied by the following reaching law,
S(n+1) = diag(q)S(n) — diag(n) Sgn(5(n)), (5.32)

where diag(q) = diag{qi,q2,...,q,} € RP?, diag(n) = diag{ni,nz,...,m} € RPP, 0 <
¢; < 1, n; > 0 and Sgn is the p-dimensional signum vector function defined as follows:

(

sen(s1(n)) 1, if s;(n) > 0,
Sgn(S(n)) = Sgn(sﬁ(n)) , where sgn(s;(n)) = ¢ 0, if 5;(n) =0, (5.33)
sgn(s,(n)) \—1, if s;(n) <0,

fort=1,2,...,p.
From (5.32), one may get

si(n + 1) = gisi(n) — nisgn(si(n)).
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From this expression, the following is obtained

s§<n+1>—sf<n>=—<1—q?>(|sz-<n>|+ q"""2> +

1 —g; 1—gq
where |s;(n)| = s;(n)sgn(s;(n)). Therefore, s?(n + 1) < s?(n) if |s;(n)| > ] j—lq In other
word, the reaching law (5.32) satisfies the reaching condition (5.31) only if |s;(n)| > 1 jjq
By (5.27), the incremental change of S(n) is

Sn+1)—S(n)=GEz(n+1) — GEz(n)

= GAz(n) + GBu(n) + GBf(n,x(n)) — GEx(n). (5.34)
On the other hand, from reaching law (5.32) we have

S(n+1) = 5(n) = (diag(q) — I)S(n) — diag(n) Sgn(5(n)),
= (diag(q) — I)GEx(n) — diag(n) Sgn(GEx(n)) (5.35)

where [ € RP*P is identity matrix. Comparing equations (5.34) and (5.35) gives
GAx(n) + GBu(n) + GBf(n,z(n)) — GExz(n) = (diag(q) — I)GFEx(n) — diag(n) Sgn(GEx(n)).
Solving for u(n) gives the control law

u(n) = u(n) + (GB)~[ diag(q)S(n) — diag(n) Sgn(S(n))] (5.36)

where u®(n) = —(GB) 'GAz(n) — f(n,z(n)) and S(n) = GEz(n). Therefore, the closed-

loop full system with multiple inputs is given by

Ex(n+1) = Az(n) + Bu(n) + f(n,z(n)), ni <n<ngy
Az(n) = Ix(n), n=ng, kéeN (5.37)
z(ng) = xo,
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where the control input is u(n) “(n) + (GB)™| diag(q)S(n) — diag(n) Sgn(S(n))] and
f

u“(n) = —(GB)'GAzx(n) — f(n,z(n)).

5.3.3 Boundary Layer Type B;

The neighborhood Bs expressed in the definition of a pseudo-sliding mode (see Definition
5.3.1) is defined as either boundary layer type by (5.24) or switching region type by (5.25).
In boundary layer type, switching occurs on the sliding surface, but control input is affected
by the distance from the current system states to the sliding surface. On the contrary, the
input u(n) is equal to the equivalent control input u®(n) when the switching function is
in the switching region ([60]). However, we only consider the boundary layer type one in

this thesis.

First of all, we should obtain the boundary layer type neighborhoods for the system in
(5.26) with multiple inputs, represented by Bg, by using (5.24). According to (5.24), we
should also determine ¢ in the boundary layer type Bs = {z(n) : |s(n)| <e}.

By the reaching law in (5.32), we have

si(n+1) = gsi(n) — nisgn(s;(n)), i=1,2,...,p. (5.38)
The sign of the first term of the right hand side in (5.38) is the same as s;(n) and the
second term of the right hand side in (5.38) is opposite to that of s;(n). By the definition
of quasi-sliding mode, the sign of s;(n+ 1) must be opposite to that of s;(n). For instance,
if s;(n) > 0, then by (5.38) we have
siln+1) = gsi(n) —n; <0
which implies

si(n) < i (5.39)

qi
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If s;(n) < 0, then by (5.38) we have
si(n+1) = gsi(n) +ni >0

which implies

i
si(n) > 0 (5.40)

Therefore, the boundary layer type B is obtained and represented as

Bs =A{z(n) : [si(n)] <ei},

where ¢; = ﬁ.

4i
Remark 5.3.3. In DSMC, the state trajectory reach and stay within above specified bound-

ary layer which is a neighborhood of the sliding surface.

5.3.4 Chattering Elimination
The control law is already obtained as
u(n) = u(n) + (GB)™" [ diag(q)S(n) — diag(n) Sgn(S(n))]

where u®(n) = —(GB)'GAz(n) — f(z(n),n). The discontinuous signum function in the
control law causes chattering so that to reduce or eliminate chattering, the signum function
in reaching law (5.32) is replaced by a high-slope saturation function; that is, the reaching

law is taken as

S(n + 1) = diag(q)S(n) — diag(n) Sat (%) : (5.41)
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T
where the norm of ¢ = [¢1 oy ... ¢p] is the boundary layer thickness and Sat is the

p-dimensional saturation vector function defined by
_ o\
sat <1¢—1>
s2(n) s:(n) .
S sat (2—> ; sgn (— ) , it |si(n)| > ¢,
Sat (ﬂ> = '@ , Where sat <sg(bn)) = o

- i si(n) if |s;(n)| < ¢,
sat <—S”(n))
- P /- px1

i 7

(5.42)

fori=1,2,...,p.
From (5.41), one may get

Sz(n) .
i q;5;(n) — 1m; sgn (— > . if [si(n)| > ¢,
si(n+ 1) = g;si(n) — n; sat (S;n)) _ (n) b |si(n)]
Z aisi(n) = 25, if [s5(n)] < o

In order to find a condition on boundary layer thickness ¢;, we consider case |s;(n)| < ¢;.

Then, we have

s2(n s2(n
200+ = 52n) = ~(1 = @)s3o) — 2 L 42
Therefore, s?(n+1) < s?(n), which is an equivalent form of the reaching condition in (5.31)

if

i . ;i
i — —| < 1 or equivalently ¢; > )
L q y ¢ o

Theorem 5.3.1. (Stability result) Assume that the following assumptions hold:

(i) System (5.26) is admissible during the quasi-sliding motion, so for any'Y > 0, there

exists X > 0 satisfying the Riccati equation
(A+ BK)'X(A+ BK) - E"XE = Y, (5.43)
where the control gain matriv K = —(GB) G A.
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(i) Singular matriz E and I + Iy, are commute.

(iii) The following inequality holds

Invye + vty —te—1) In(1 — ) <0, k=1,2..., (5.44)
T

Then, the control law in (5.36) guarantees that system (5.26) is exponentially stable.

Proof. For any n > ng with ng € N, let x(n) = x(n;ng, x9) be the solution of system

(5.26). For n € (ng_1,ng|, define
V(z(n)) = 27 (n)ET X Ex(n), (5.45)

as a Lyapunov function candidate. Then, the variation of V' relative to system (5.26)

during the quasi-sliding motion (i.e. S(n) is p-dimensional 0 vector) is

AV(z(n)) =2"(n+1)ET"XEx(n+1) — 27 (n)ET X Ex(n)
= (Az(n) + BKz(n))" X (Az(n) + BKx(n))
— 2" (n)ET X Ex(n)

= 2(n)T <(A + BKYTX(A+ BK) — ETXE>g;(n)

= —2(n)'Yx(n)
< i (V) [lz(n) |12
< —aV(z(n)) (5.46)
where @ = #%()E) Thus, we have
V(z(n)) < V(z(n_))(1 — a)nme-1) n € (ng_1,ng. (5.47)
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On the other hand, for n =n;’, k =1,2,3,..., by assumption (ii) we have

V(a(n)) = 2" (nf) E" X Ex(nf))
=2 (n)(I + L) E" X E(I + I)x(ng)
< 7V ((ng)) (5.48)

)\max [(1+Ik)TX(I+Ik)]
where v, = w—se

Using (5.47) and (5.48) successively on each subinterval leads to the following results: for

n € (ng, 1], we have
V(z(n)) < V(z(nd))(1 — o)), (5.49)
For t € (n1,ns), we have

V(x(n)) < Vinh)(1 — o))
< ’71‘/(«1’(711))(1 — a)("_”l)
= ’Y1V(:C(nar))(1 — Oé)(nrno)(l _ oz)(”’”l)

=V (z(ng))(1 — )", (5.50)

In general, for n € (ng, ng|, we obtain
V(z(n)) <V(zmi))myz. .. (1l —a)® o), (5.51)

Then, for 0 < v < 1, one may obtain

V(z(n)) <yre- - o1(l = @)1 — a) =00V (g(ng))
= V(m(né{))”yl(l — a)”(”1*"0)72(1 _ Oé)V(TLgfnl) o

Yeo1(1 — a)/(e=17me=2) (1 — )V (n=me-1) (1 — )(1=)(n=no) (5.52)
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By assumption (iii), (5.52) becomes
V(z(n)) < V(z(nd))1 — )t m=no), (5.53)
By definition of Lyapunov candidate function, (5.53) implies

1Ez(n)[l < pll Bx(ng) (1 — a)?™ ™2, 0 > ng,

Amax (X)

%y - Thus, the trivial solution of system (5.26) during the sliding motion is

where 4 =

E-exponentially stable. For system (5.26) on the sliding surface, its E-exponential stability
is equivalent to its exponential stability. Thus, the trivial solution of system (5.26) is

exponentially stable. O

T
Example 5.3.1. Consider the discrete ISS given by (5.26) where x(n) = |z1(n) x5(n) xg(n)] ,

110 2 -1 2 0 0
E=101 1/,A=1|0 1 0|, B=11 0},
000 0 1 2 0 1
_ 0
f(n,z(n)) = , and I, = 0.11,
z2(n)
where I € R™™ identity matriz and k = 1,2,---. The initial condition is given by xo =

T
1.0565 1.4435 0] . Choosing

-1 -1 -2

the equivalent control is
u=Kzx(n)— f
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where

K —
the corresponding equivalent system is
Ei(n) = A“x(n)

where

which matriz pair (E, A°?) is stable and the feedback control law is given by
u(n) = u®(n) + (GB)~" [ diag(q)S(n) — diag(n) Sgn(S(n))]

where

(GB)™! = ! U L q=[0.1 02, n=[L04 1.14], S(z(n)) = !
~05 —0.5 1

0
-2

—1

a = 0.9303 and v, = 6.7067 are obtained. Thus, t;, — t_1 > 2.3816 for v = 0.3. In

Figure 5.5, exponential stability of the system by the designed discrete sliding mode control

in equation (5.36) is illustrated. In this case, the system exhibits chattering. However, it

is clear that the control law with saturation function (5.41) successfully remove chattering

as shown wn Figure 5.6. Moreover, the control input designed using signum function and

saturation function are shown in Figure 5.7 and Figure 5.8, respectively.

Remark 5.3.4. Figure 5.6 and Figure 5.8 show that the modified control law with satura-

tion function instead of sign gives better performance. The system in Example 5.3.1 exhibits
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Figure 5.5: System sub-states in control law with sign function
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Figure 5.6: System sub-states in control law with saturation function
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considerable chattering in Figure 5.5 and Figure 5.7. On the contrast, it is clear from Fig-
ure 5.6 and Figure 5.8 that the modified control law with saturation function successfully

removed chattering. In addition to chattering reduction, settling time is also reduced in

control law with saturation function.
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Chapter 6

Stochastic Switched Singular

Systems: Continuous and Discrete

This chapter establishes the mean square admissibility for continuous and discrete stochas-
tic switched singular systems. Linear matrix inequalities (LMIs) and average dwell time
(ADT) are used to develop sufficient conditions that guarantee the admissibility. The

theoretical results are illustrated by numerical simulations.

6.1 Stochastic Switched Singular Systems: Continu-
ous

Consider the following stochastic linear singular system

Eg(t)dx(t) = Ag(t)x(t)dt + Co(t)ilf(t)dW(t), (6.1)

ilf(to) = 29
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where z(t) € R" is the system state, and E, ), Aoy € R™", and C,) € R™*™ are system
coefficient matrices where E, () being singular with rank(E,q) = r < n, the switching
signal o(t) : [tg,00) — Z is a piecewise constant function taking values in a compact set
=={1,2,...,N} for some N € N, W(t) € R is a standard Wiener process defined on the

complete probability space (2, F,P).

6.1.1 Preliminaries

In this subsection, we recall some basic definitions and lemmas which are used in the

following subsections.

Definition 6.1.1. System (6.1) is said to be exponentially stable in the mean square if

there exist positive constant M and X\ such that for any initial condition z(ty) = xo;
E[ll2()IP] < Mllzo|2e ), Ve > ¢, (6.2)

Definition 6.1.2. The system in (6.1) is said to be mean square admissible if it is regular,

impulse-free and stable in the mean square.

When the regularity of system Ex = Ax is not known, it is always possible to choose two

nonsingular matrices () and P such that the following dynamic decomposition form holds:

A A

I, 0
QEP = ., QAP =
0 0 As Ay

Lemma 6.1.1. [02] System Ei = Ax is impulse-free if and only if Ay is nonsingular.

Lemma 6.1.2. (Schur Complement) [0”] Given any real matrices Py, Py and Ps with
P, = Pl and Py > 0. Then, we have

P+ PPy Pl <0,
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if and only if

IS
< 0.
Pr —P
Lemma 6.1.3. [0?] Let
P X
N = ,
y Z

where P, X,Y and Z are any real given matrices with appropriate dimensions such that
N +NT <.
Then, Z is nonsingular and
P+PT—xz 'y -yrzTx’ <.

Definition 6.1.3. For any to € RT and t > to, let z(t) be an R™-dimensional Ité process,

i.e., R"-valued continuous adapted process satisfying
dx(t) = f(t,x(t))dt + g(t,x(1))dW (), (a.s.)

where f € Lag(; LY a,b]) and g € Lag(; L?[a,b]). Let V € CH?(RT x R™;R). Then, for

any t > to, V is a real-valued Ité process satisfying
dV (t,x) = LV (t,z)dt + V. (t,x)g(t,z)dW (t), (a.s.)
where

LV (1,2) = Vit ) + Valt, 2)£(t,2) + gtr[o" (1, 0) Va1, )1, )].
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IfV e CH?*(RT x R R), then

V}(t,x):%—‘t/, V}C(t,x):[g—:;, g—;/;,..., g—;/n ,
[ 9’V 9V *v ]
) - [ 52V ] ) 8x1£6x1 837156@ E 8x1§8xn
010 Jwn | gy gy 92V
| 01, 0xy O0r,0xs 01,01,

The operator L is called the averaged derivative or infinitesimal diffusion operator at a

point (t,z) and can be generally defined as

LV (t,z) = lim % [E [V(t+h,z(t+h))] — V(L x)} :

h—0t+

6.1.2 Stability Result

In this subsection, we shall establish sufficient conditions for the mean square admissibility

for system (6.1).

Theorem 6.1.1. The stochastic singular system in (6.1) is mean square admissible if

(1) there exist matrices X; > 0 and R; such that

El'X,E; >0, (6.3)

where S; € R™ ") s any matriz with full column rank and satisfies EX'S; = 0,

(i1) condition rank(E;, C;) = rank(E;) holds,
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(i1i) for any ty, the switching law satisfies the ADT condition

t—t
N(t,to) < Ny + 0

a

where the chatter bound Ny = IL such that n is an arbitrary constant and p > 1,
n

|
n'Lj\* such that A > \*.

and average dwell time T, =

Proof. Suppose that there exist matrices X; > 0 and R; such that (6.3) and (6.4) hold and
rank(E;, C;) = rank(E;). We first show that the regularity and impulse-freeness of system

(6.1). Tt is always possible to choose two nonsingular matrices @Q; and P; such that

L I0 - - Ay Ay
QiEP; = , QiAiR = (6.5)
0 0 Az Ay
Under the condition rank(E;, C;) = rank(E;),
5= Cii Oy
QiCi P = (6.6)
0 0

where the partitions of QZAZE and QZC’Z}:’Z are compatible with that of QzElpl
In view of X; > 0 and the condition rank(E;, C;) = rank(E;), CT X;C; > 0. Therefore,
(6.4) becomes

ATXGE; + Ef X;A; + AT S;R; + RT ST A; < 0. (6.7)
Let X; = X;E; + S;R;, so (6.3) and (6.7) become

Er'X; = X'E; >0, (6.8)
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Let

_ X Xy
Q"X P =" . (6.10)
X3i X4i

Pre- and post-multiplying (6.8) by PT and P, respectively, gives

X Xy _ )__(17; 0 >0,
0 0 XI 0

which implies that X,; = 0. Moreover, it implies X1; = XZ > 0 by Schur complement.
Noting (6.9) and

1 _ _

where a(ATX;) = MAX ()| qes(r/—AT %)=0} [2€(A). That is, AT X, is nonsingular, so is X;.

Since X1; = XZ > 0, this also implies that Xy; > 0.

Now, pre- and post-multiplying (6.9) by ET and P;, respectively, one can obtain

AlTini + XAy + A%;X?)i + X;;A:ﬁ A%;XM + XAy + X;)EAM

~ B B B B < 0. (6.11)
X5 As + AL X1 + AL X, AL Xy + X5 Ay

By Schur complement, above matrix inequality is negative definite if and only if
This together with

N | —

implies X1 Ay is nonsingular, so Ay is nonsingular, too. Therefore, each subsystem in

(6.1) is impulse-free by Lemma 6.1.1.
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To show regularity of each subsystem in (6.1), we need to show determinant of (sFE; — A;)

is not identically zero. Mathematically,

sl — Ay —Ay
_A3i _A4i

= det

= det(—A4,) det(s] — (Ah — AQzAZzIA?ﬂ))

Since Ay; is nonsingular, det(—Ay;) # 0. We also can find an s € C such that det(sl —
(A — Ay ALt Asy)) # 0. Therefore, we proved the regularity of system (6.1).

Next, we will show that system (6.1) is stochastically stable. Since Ay; is nonsingular, we

can set

. I —AyAGY - . - I 0
Qi = Qi, P=PF . (6.12)
0 I —AzilA:'n' I

By (6.5), (6.6) and (6.10), one can obtain that

b o |10
= QP = : (6.13)
0 0
T 7 T T
A= QAP = | T , (6.14)
PP [ — O AT Ay O,
G, = O,C,P; = e (6.15)
0 0
- X 0
X.P = i . (6.16)
4ZTA21X11+X31 X4iAZi1A3i Xy
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Then, system (6.1) has the following restricted equivalent form

dri(t) = Ay, (t)dt + Cria (£)dW, (6.17)
zo(t) = 0, (6.18)
where
Pla(t) = “EZ A= Ay - AyA Ay, = Cu— CuAGt Ay,
)

It follows from (6.8) and (6.9) that X;; > 0, so we can define the Lyapunov candidate

function for i‘h subsystem

The infinitesimal operator £ of the Markov process acting on the Lyapunov candidate

function V;(x1(t)) is given by
LVi(x1(t)) = Vi, (z1(t) + Vi, (21(1)) A () + %ﬁ” (2] () CTVi, L, (21 (8) Crama (1))

Notice that V;,(x1(t)) = 0, Vi,

(21()) = 227 (1) X1; and V;

7:9”1751

(z1(t)) = 2Xy;, which implies

=z (t) XAy + Ai[;)_(u + éf;)_(uéu z1(1). (6.20)

Now, we can express the inequality in (6.4)

ATX; + XA+ 0P X O < 0. (6.21)
Let
OTX.O = X1 Xo
Z XL Xy



Noting that EX X; = ET X, E; since EL'S; = 0. Pre- and post-multiplying this by P and

P;, respectively, one can get
(pzTEzTQzT> (Q;T)_(iﬁi> = (J%TEzTQzT> (Q;TXiQ¢_1> (QzEsz> ;

which implies

X1 = Xy
Therefore,
~ ~ Xz XZ
QTxQ =" T (6.22)
XTI Xy

Pre- and post-multiplying (6.21) by PT and P, respectively, we obtain
(PrarQr) (Qrrxib) + (Prrart) (eial)

+ (RTCZTQZT> <Q;TX1‘Q;1> (Qz@é) <0. (6.23)
Substituting the expressions in (6.13)-(6.16) and (6.22) to (6.23) gives

XAy + AEXM + C’I";Xuéu *

<0,
* *
where * represents a matrix is not used in the following. Above linear matrix inequality
implies that
Xli"ili + A%;Xh + CN'IY;XMCN'h < 0.
Thus, we can say Xy;Ay; + AL Xy, + CTX;Cy; = —Y; where Y; > 0. This together with
(6.20) gives
LVi(x1(t)) = —21(t) Vi ()

< Dmin(Y) ||z ()|, for all t € [ty ts).
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Combining this with general definition of the average derivative £ yields

d >\min (}/;)

FEV(0)] = ELCH 0] < M (DE[n(0F] < ~ 2220 B Ve )
From the last one, we obtain
E[Vi(z1(t)] < E[Vi(z1(tp—1))]e 00t € [to1,ty) (6.24)
)\minO/i)
where \; = m
From (6.24), for t € [ty,t1), one can obtain
E[Vi, (21(t)] < E[Vi, (21(t))]e 710, (6.25)
From (6.19), we have for any i,j € =
Vi(z1(t)) < pVi(z (1)), (6.26)
where 1 — maX{AmaX({?lj)}
e 1= e D (K1)}

For t € [t1,t2), from (6.24) and (6.25) we have

]
[Vii (21 (tg)) ] e (1 mto) g Aen (0200,
Namely, we have
E[Vi,(1(1))] < pE[Vi, (21 (to))] e A lto)em b (20, (6.27)
Similarly, for ¢ € [ts, t3),
E[Vi,(21(1))] < E[V;,(a1(t2))] e 07",

S ILLQE [‘/;1 (371 (to))} *)\il (151*150)6—)%2 (t2_t1)6_)‘i3 (t—t2) ) (628)
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Therefore, generally, we have for ¢ € [ty_1,tx)
E[Vi (21(t))] < pFE[Vi, (21 (to))] e Mol emdialtat) o= An (0t (6.29)

Let A = minj_;5_ x{A;}, so inequality (6.29) is

.....

E [Vik (G (t))] < elb=DInpo=Alt—to) g [V}l (21 (to))} ) (6.30)

By ADT condition with Ny = IL’ where 7 is an arbitrary constant and g > 1, and
n

1
T, = %, where A > \*, one may obtain
E[Vi,(2:(1))] < e N CTORLV, (21(t))], (6.31)
which implies
E[|lz1()]7] < ae™ 0y (1), (6.32)
>\max Xz . —
where o« = méx{ <7 1i)} for all 7 € =.
mln{/\min(Xli)}
. A—1 xl(t) . . . o1
Therefore, (6.32) together with (6.18) and P, "z (t) = implies exponential stability
(1)

in the mean square of the system in (6.1). Since it has already been shown that system

(6.1) is regular and impulse-free, the system in (6.1) is mean square admissible. Thus, the

proof is completed. O]
1(t)
Example 6.1.1. Consider system (6.1) where x = |24(t)|, o(t) € Z = {1,2},
3(t)
1 1 05 —-10 5 6.5
Ey=E,=|-05 15 1.75|, A&i=| 2 —55 —1.25|,
1 1 0.5 -9 4 8.5
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-5 8 3 1 11

=-2 2 -1, Ci=0Cy=1|-1 1 2|,

-8 =5 4 1 11

and initial condition z(0) =11 -1 —1)T.

Choose

which has full column rank and satisfies EX'S; = 0 where i = 1,2.

By solving the linear matriz inequalities in (6.3)-(6.4), we obtain the solution as

X4

X

0.5403
0.0066
—0.5025

0.7903
—0.1535

—0.5524

0.0066 —0.5025
0.1429  0.0066 |, F1= [—0.0955 0.1108 0.5073}
0.0066  0.5403

—0.1535 —0.5524
0.8490 —0.1535|, Ra = [0.2817 —0.2298 —0.2122}
—0.1535 0.7903

After necessary calculations for ADT, we obtained that ADT is 1.5. Therefore, the system

18 illustrated in Figure 6.1.

6.2 Stochastic Switched Singular Systems: Discrete

This section studies admissibility in the mean square of discrete stochastic switched singular

systems.
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Consider the following discrete-time stochastic linear singular system
Eymz(n+1) = A,px(n) + Copyx(n)W(n), (6.33)
x(ng) = xo
where z(n) € RY is the system state, and E, ), Aoy € RV and C,4) € RV*Y are
system coefficient matrices where £ being singular with rank(E, ) =r < N,o(n) : N = 2
is a switching rule taking values o(n) = 7 in a compact set = = {1,2,..., M} for some

M € N, W(n) € R is a standard Wiener process defined on the complete probability space
(Q,F,P).

6.2.1 Preliminaries

The following definitions and lemmas will be used in the proof of the main results.

Definition 6.2.1. For system
Ex(n+1) = Axz(n),
its generalized spectral radius is defined as

E A) = Al
P(E, A) Ae{detr(I;%}EA):O}| |

Lemma 6.2.1. [03] If there exist nonsingular matrices Qi, P, € RN*N such that one of

the following conditions is satisfied, then system (6.33) has a unique solution.

(i)
< - 0 <= Ay 0 ~ = Cri Oy
QiEP; = , QAP = , QiCiP; = , (6.34)
0 N 0 Iy, 0 O
where N € RWN="X(N=1) s ¢ nilpotent matriz, I, € R™" and Iy_, € RW-)x{N=-r)

identity matrices, Ay;, C1; € R™", and Co; € R™*WN-7),
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(i1)

. - I, 0 - - Ay, 0 - - Ci Oy
O.E: P, = . QAL =" . QP =" T, (6.35)
0 0 0 In_, 0 s

where I, € R™" and Iy_, € RN=XIN=1) jdentity matrices, Ay, Ci; € R™", Cy; €

RTX(N—T)7 and 031' c ]R(N—T)X(N—r)'

When the regularity of system Fxz(n + 1) = Az(n) is not known, it is always possible to

choose two nonsingular matrices Q and P such that

~ o~ I 0 ~P Al AQ
00 Az Ay

Lemma 6.2.2. [02] The pair (E, A) is casual if and only if Ay is nonsingular.

Remark 6.2.1. In discrete singular systems, impulse freeness is called as casual.

6.2.2 Stability Result

This subsection deals with establishing the mean square admissibility of (6.33) using LMIs
together with ADT approach.

Theorem 6.2.1. The stochastic singular system in (6.33) is mean square admissible if

(i) there exists a matriz X; = X! such that

EI'X,E; >0, (6.36)
AT X;A; — EF XE; + CFX,C; < 0, (6.37)

(i1) condition rank(E;, C;) = rank(E;) holds,
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(111) for any ng, the switching law satisfies the ADT condition

t—t
N(t, tg) < No + . 0

a

In p

where the chatter bound Ny = 0, and average dwell time T, > —-t.

Proof. Suppose that there exists a matrix X; = X! such that (6.36) and (6.37) hold.
We first show that system (6.33) is regular and causal. To do this end, we choose two

nonsingular matrices @1 and lf’l such that

R ) R,
QL Py = . QAP = : (6.38)
0 0 Az Ay
Under the condition rank(E;, C;) = rank(E;),
~ 5 Cri Oy
Q:Ci P = (6.39)
0 0

where the partitions of Q,Azﬁl and Q,C,R are compatible with that of QZEJB,

Let

- ~ X1 Xy
Q7 x, Q7 = |7 T (6.40)
Xg; Xs;

Pre- and post-multiplying (6.36) by PT and P, respectively, gives

Xy 0
>0, (6.41)
0 O
which implies Xy; > 0 by Schur complement.
Similarly, pre- and post-multiplying (6.37) by f’Z»T and P,, respectively, we derive
Wi Wy
<0, (6.42)
WE Wy,
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where
Wi = A,{ZXMAM + A;X%Ah + A%;XQZA& + Ag;ngAgz — Xy + CEXMCM,
W2’i - A%;XleQz + Ag;XQY;AQl + A{ZXQ%A@ + A;X3ZA4Z + OljzXliCQia
The inequality (6.42) implies W3; < 0. Since X;; > 0, we have
AL X1 A9 + C3X1,Co; > 0.
Therefore, from W3; we have
ALX G A + AL XoiAgi + A} X5 A4 < 0. (6.43)

From (6.43), it follows that Ay; is nonsingular. Therefore, subsystems in (6.33) are casual

by Lemma 6.2.2.

On the other hand, to show regularity of each subsystem in (6.33), we need to show
det(sE; — A;) # 0, so
sl — Ay —Ay
—Az —Auy

= det

= det(—A4Z) det(s[ — (Alz — A21A4_Z1A31)

Since Ay; is nonsingular, det(—Ay;) # 0. We also can find an s € C such that det(s] —
(A — Ay ALt Asi) # 0. Therefore, we proved the regularity of system (6.33).

Let
. . I 0

P =P : (6.44)
—AG Ay AL
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so we derive

1o
QiE; P, = 0 ol (6.45)
Ay - A AT AL, A AT
QiAi P = ' (2) e 2]4Z ; (6.46)
o ew —epazta, cpan
QCEh=|" (2) e 204’ . (6.47)

It is shown that (6.45)-(6.47) satisfy Lemma 6.2.1-(ii) under assumption rank(E;, C;) =
rank(E;), so system (6.33) has a unique solution under the consistent initial condition and

is casual.

Now, we need to prove that system (6.33) is mean square asymptotically stable. Let

where z1(n) € R", 25 € R"™", then system (6.33) is equivalent to

v1(n+1) = Aywy(n) + Crizs ()W (n), (6.48)

zo(n) = 0, (6.49)

with AM = Ali — AQZ'AZilAgZ', and éli = Cli - CQZ'AZ;A:%.

Substituting (6.45)-(6.47) and (6.40) into (6.37), we obtain

AT XAy — Xy + CHX GGy <0, (6.50)
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which implies together with (6.41) X;; > 0.

Define Lyapunov candidate function

Vi(z(n)) = 27 (n)El X;Eiz(n) = o1 (n) X121 (n) > 0. (6.51)
Therefore, one can obtain

E{Vi(wi(n + 1)} = Vi(wr () = o (n) [ AL X041 = Xai| aa(m).
Since Xy; > 0, by (6.50)
E{Vi(z1(n+1))} = Vi(z1(n)) = z{ (n) [AEXMAM - Xlz} 1(n) <0.
Thus, there exists a positive constant §; such that
E {Vi(z1(n + 1))} = Vi(z1(n)) < =3 [lz1(n)]” - (6.52)

Also, by Lyapunov candidate function we have

Amin (X15) 1 (n)[|* < Vi(@1(n) < Amax (X03) [Jara ()|

Using this and (6.52) gives

B (Vi (n+ 1)} = Vil (n) < =8 [ (0)|* < —5 "t Vi )
= E{Vi(zi(n + 1))} < a;Vi(21(n))
where a; = (1 — A(S—EX)> and 0 < a; < 1.
For n € [ng,n1), by iteration, one may obtain
E{Vii(z1(n))} < a7 Vi (21(no))- (6.53)
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Similarly, for n € [ny,ns)

E{Viy(21(n))} < ai; ™ Vi, (21(n1)).

On the other hand, from (6.51), we have for any i,j € =

Vil (1)) < pVi(za (1)),

max{ Amax(X1;)}
min{/\min (le)} '

where =

Therefore, inequality (6.54) becomes
E{Vi,(z1(n))} < pag; ™ og Vi, (#1(no)).

Generally, one may obtain for n € [ng_q1,n)

E Vi (21(n))} < n® Do ™ tai T Ll TV (21 (no)).

i ik—1
Let oo = max;=12,..., k{aij}7 SO

E {Vi,(21(n))} < p*Da" ="V, (21(no))

_ DB QO (04 ()

(k—1)Inp

(n_n )[ n—mn, na+1:|
— o et Vi, (z1(no)).

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

For simplicity, choose the chatter bound Ny = 0 in ADT condition. Therefore, from

inequality (6.58), we obtain

(n—no)

E{Vi,(@1(n))} < (o™= ) "V, (1 (o))

=’V (21(ng))
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where p = 24 4+ 1, and T, > — =&

ToIna Ina”

Thus,
E {||lz1(n)|*} < pa?=m0) ||z (no) | (6.60)
Taking the limit on (6.60) as n — oo, we have
lim E { ()} = 0.

This together with (6.49) implies system (6.33) is asymptotically stable in the mean square.
We already proved the regularity and causality of the system (6.33). Therefore, system

(6.33) is mean square admissible. O
. : a1 (t) -
Example 6.2.1. Consider system (6.33) with where x = ,o(t) e 2={1,2},
(t)
—-0.2 0.1 —-0.5 04
El — E2 — 9 Al — P 2 — 9
00 03 0.2 06 0.5
0.3 0.2
C,=0Cy = )
0 O
and initial condition x(0) = [—-1 1.5]1.

The solution of LMIs (6.36)-(6.37) is obtained as follows:

1 =2
X1:

-2 -1

67.7778  —55.0113
X2:

—55.0113  29.7939
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Figure 6.2: Mean of ||z(t)|

which are symmetric matrices. Therefore, there exist positive constants 61 = 3 and §y = 236
such that inequality (6.52) holds, so we calculate oy = 0.5702, ag = 0.4503, u = 61.5094
and o = max{ay, as} = 0.5702. As a result, ADT is T, > 7.3321. The system is
Wllustrated in Figure 6.2.
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Chapter 7

Conclusions and Future Research

In this chapter, the possible future research directions are discussed.

7.1 Lyapunov-Razumikhin Technique

In Chapter 3, the stability problem for continuous and discrete impulsive switched sin-
gular systems with time delay has been addressed. The stability conditions have been
investigated by Halanay inequalities. However, the Lyapunov functional method and the
Lyapunov-Razumikhin technique are two commonly used approaches to establish sufficient
conditions for stability of delay systems. For many delay systems, Razumikhin technique
appears to be easier to establish sufficient conditions for stability than to construct appro-
priate Lyapunov functionals. The Lyapunov functionals are quite complicated. Especially
for large-scale systems the construction of suitable Lyapunov functionals are challeng-
ing. Lyapunov-Razumikhin technique is based on Lyapunov functions whereas suitable

Lyapunov functional candidate, which is divided into two parts: a function part and a

178



functional part, are constructed in Lyapunov functional method. When dealing with im-
pulsive stabilization, the value of the function part can be effectively brought down by the
impulse while the impulse cannot change value of the functional part at each impulsive
instant. Thus, Razumikhin technique is worthwhile to investigate the stability of delay
systems. Future work can be done to study stability theory of impulse switched singular

systems with time-delay by using Razumikhin technique.

7.2 Invariance Principle

In 1960’s, the classical invariance principle was constructed to be a powerful tool for the
stability analysis of autonomous ordinary differential equations by LaSalle. Moreover,
numerous extensions of the original invariance principle were derived for various differen-
tial systems such as invariance principles for impulsive systems, invariance principles for

impulsive switched systems, and invariance principles for switched delay systems.

Invariance principles were developed for singular systems with jumps and switched
singular systems under arbitrary and dwell-time switching signals in [64] and [65], respec-
tively. Although the invariance principle is already studied for impulsive singular systems
in [66] and switched singular systems in [67], the idea of invariance principles for impulsive
switched singular with and without time-delay systems has not yet been addressed and
explored in the literature. Thus, future work can be done to fill this gap by extending

La’Salle’s invariance principles to such systems.
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7.3 Comparison Principle

In Chapter 6, we have studied the stability analysis for stochastic switched singular sys-
tems which is one of the most important research topic in stochastic systems, as well. In
our investigation, we have used LMIs to obtain the sufficient conditions for mean square
admissibility of the system. However, different from the traditional Lyapunov stability
theory, people use mostly the comparison principle to obtain some stability criteria of a

stochastic system.

In classic stability analysis, we compute an upper bound on the norm of the solution x(¢)
of the equation & = f(t,z) without computing the solution. The comparison principle is
one of the tools to obtain that boundary. The comparison principle compares the solution
of the differential inequality o < f(¢,v(t)) with the solution of the differential equation

= f(t,u). The comparison lemma is given as follows in [65]:

Lemma 7.3.1. (Comparison Lemma) Consider the scalar differential equation

w= f(t,u), u(to) = uo,

where f(t,u) is continuous in t and locally Lipschitz in u for all t > 0 and allu € J C R.
Let [ty, T') be a maximal interval of existence of the solution u(t), and suppose that u(t) € J
forallt € [to,T). Letv(t) be a continuous and differentiable in t whose derivative v satisfies

the differential inequality

v < f(t,v(t)), U(tO) < Up

with v(t) € J for all t € [to,T). Then, v(t) < u(t) for all t € [ty,T).

Because of comparison principles, the stability properties of a stochastic system can

be derived by the corresponding stability properties of a deterministic system. For in-
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stance, some stability results for switched singular systems in the literature can be used to

investigate the stability properties of stochastic switched singular systems.
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