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Abstract

Matrix multiplication is one of the most widely used operations in all computa-
tional fields of linear algebra. The complexity of the naive method for multiplying two n xn
matrices requires O(n?) arithmetic operations over the ring in which the matrix entries lie.
In 1969, Strassen proposed the first sub-cubic complexity algorithm for matrix multipli-
cation. Strassen’s algorithm (SA) multiplies two 2 x 2 matrices using 7 multiplications
and 18 additions over the ring. Later Winograd proposed a variant of SA that requires
7 multiplications, but 15 additions over the ring. Algorithms that multiply two 2 x 2
matrices using 7 multiplications over the ring are called Strassen-like algorithms and have

2.81)

a complexity of O(n*®'). Although asymptotically better algorithms exist, Strassen-like

algorithms are considered to be most widely used sub-cubic complexity algorithm.

Recently, Cenk and Hasan proposed techniques to reduce the arithmetic cost of
Strassen-like algorithms. The main technique is to decompose Strassen-like algorithms
into three blocks, namely, component matrix formation (CMF), component multiplication
(CM), and reconstruction (R). Each block is a recursive operation. In this thesis, we study
these building blocks and investigate three optimization methods: the linearity property

of CMF and R, limited recursion, and block recombination.

In this thesis, software implementation and hardware simulation are also per-
formed to support the theoretical analysis. For software implementation, experiment re-
sults show that WV is approximately 15% faster than SA. Cenk and Hasan’s techniques
yield an improved WV (IWV) that considerably reduces the matrix multiplication time
in software. For hardware simulation, we conclude from the synthesis results that WV
consumes about 7.5% less logic elements than SA. IWV for different matrix sizes are also

tested to successfully reduce resource utilization and timing cost.
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Chapter 1

Introduction

Linear algebra is an area of study on vectors and linear functions, broadly applied to com-
puter applications, ranging from games to business [3]. It plays a principal role in all fields
of mathematics. In this thesis, we will focus on the arithmetic operations of one kind of
linear functions, namely matrix. In general terms, it is considered as the arrangement of
information related to linear functions. The applications of matrix multiplications in en-
gineering include digital image processing, electrical circuits, software engineering, graph
problem solving, data mining, and security [25]. Over the past few decades, there has been

a lot of research towards efficient matrix multiplication [27].



1.1 Motivation

In mathematics, matrix multiplication is an operation that generates a matrix by
implementing linear computations on two matrices with entries in a certain ring [1]. Matrix
multiplication plays a fundamental role in solving algorithmic linear algebra problems [10].
The computation time and resource cost of matrix multiplications have a great influence

on the performance of variety of applications.

The naive method for multiplying two n X n matrices, as stated in the following
section, costs n® multiplications and n® — n? additions over the ring in which the matrix

entries lie. Thus it results in a complexity of O(n?) [20].

In 1969, Strassen [34] described an algorithm to improve matrix multiplication. It
costs 7 multiplications and 18 additions over the ring while multiplying two 2 x 2 matrices.
When we extend Strassen’s algorithm to n x n matrix multiplication and use recursion, it
takes Tn?® —6n? arithmetic operations (multiplications and additions combined). In 1971,
Winograd [3%] proposed a variant of the Strassen’s algorithm. For multiplying two 2 x 2
matrices, Wingrad’s variant requires 7 multiplications but 15 additions, yielding a total of
6n28t — 5n? arithmetic operations for multiplying two n x n matrices. Any method that
requires 7 multiplications to multiply two 2 x 2 matrices is called Strassen-like algorithm

and has an asymptotic complexity of O(n*8!) [7].

The first work reporting asymptotically better than Strassen’s method is V.Y.
Pan’s O(n?™!) [20] algorithm that uses trilinear aggregating techniques. Since then, other
methods that are asymptotically better have been proposed, e.g., Winograd and Cop-
persmith’s O(n?37) [11], Sothers’ O(n*3™) [35] and Williams’ O(n?37) [37] algorithms.
These algorithms are rarely used in practice because of the large constant factors in real

implementations [15] [32].



In this thesis, we consider Strassen-like algorithms as they are more efficient in
practice for large size n used in cryptographic applications. In order to further improve the
computational complexity, Cenk and Hasan [7] proposed an improved Winograd’s variant

using block recombination and limited recursion.

1.2 Previous Work

1.2.1 Software Implementation of Matrix Multiplication

In [12], the authors presented a new fast matrix multiplication algorithm which
is a hybrid combination of Strassen’s algorithm and its Winograd’s variant and showed
the performance of this novel algorithm by implementing it on single and multi cores
processors. It was concluded that the hybrid algorithm performed better than the naive

matrix multiplication algorithm when matrix size is larger than 3000 x 3000.

In [22], Kouya outlined the performance of Strassen’s algorithm, and Winograd’s
variant through benchmark tests. Winograd’s variant was more efficient than Strassen’s

algorithm in time complexity.

In [30], the authors succeeded to implement matrix multiplication of Strassen’s
algorithm on NVIDIA GPU using CUDA. The recursion limit of Strassen’s algorithm

implemented on CPU was smaller than that of implementing it on GPU.

1.2.2 Hardware Implementation of Matrix Multiplication

In [21], Khayyat designed a flexible implementation of parallel matrix multiplica-

tion for FPGA devices by exploiting the use of blocks and parallelization. The experiment



was implemented using VHDL to verify correctness of design and tested on the Altera
DE4 board, featuring a Stratix IV EP4SGX530C2 FPGA device. The experiment result
showed that design scaled with respect to consumed resources. Increasing system size

reduced maximum operating frequency, but improved system performance.

In [13], the authors introduced a design of 64-bit floating-point matrix multiplier
optimized for FPGA implementations. Taking I/O bandwidth and memory limitation into
consideration, an optimum scheme was proposed for better data locality and reusability.
They implemented a scalable linear array of processing elements supporting proposed de-
sign using the Xilinx Virtex II pro technology. Better performance-area ratio was reported

in comparison with previous work.

In [23], the authors talked about the implementation of Four Russians of Multi-
plication (M4RM), which is one of most efficient algorithms for dense matrix multiplication
over the binary field. They reported an efficient tile-based hardware/software implemen-
tation of MARM. The design of 64 x 64 and 128 x 128 block matrix multiplication was
targeted to fit for FPGAs using System Verilog.

1.3 Background

In mathematics, a matrix is a set of symbols, numbers, or expressions arranged
in horizontal and vertical lines within a rectangular array [19]. It originates from square

arrays formed by coefficients and constants of an equation set [14].

The size of a matrix is defined by the number of rows and columns in the matrix.

If a matrix has m rows and n columns, then it is called an m x n matrix [36]. It is denoted



as:

ajpy a2 0 Qi
ag1 QAg2 -+ Q2p
P B mXn
A= 0 | =y eR™,
Am1 Am2 **° Omnp

where the entry a;; is in the ¢-th row and j-th column.

1.3.1 Naive Matrix Multiplication

Matrix multiplication refers to the product of two matrices with entries in a certain

ring [28]. More specifically, assume that A is an m X p matrix and B is an p X n matrix:
@11 A2 -0 Qi bin bz -+ bin
Q21 G22 -+ A2 bar bay -+ bo
A= P and B = " )
Am1 Am2 - Amp bpl bp? e bpn

the matrix multiplication will produce a result matrix C' with size of m x n, denoted as:

Ci1 C2 - Cin
C—Ax B — Coa1 Co2 -+ Cop 7
Cm1 Cm2 - Cmn
such that
P
Cij = @by + -+ apby; = Z ibrj,
k=1
where i = 1, -+, mand j = 1, ---, n [33]. That is to say: ¢; is the multiply-and-add

of the i-th row of A and j-th column of B as in Figure 1.1. The definition of matrix

multiplication also determines the properties that it follows [10]:

5



e Non-Commutative Law. Given two matrices A and B of size m x n and n x m
respectively, the size of matrix product AB is m x m, and the size of matrix product
BAis n xn. In the case that m # n, clearly AB is not the same as BA. Even, when

m = n, the two products AB and BA are not generally the same.

e Distributive Law. With respect to matrix addition/subtraction, it follows that matrix

multiplication is distributive. i.e.,

A(B+C) = AB+ AC and (B — C)A = BA— CA.

e Associative Law. Assume that A = (aij)mxn, B = (bij)pxq, and C = (¢ij)rxs, i

which case that n = p and ¢ = r, (AB)C = A(BC) will hold.

C(i, j) All, )

I — [

B(. )

Figure 1.1: Naive Matrix Multiplication Method

1.3.2 Block Matrix Multiplication

To improve the performance of matrix multiplication, we can partition a matrix
into several sub-matrices or blocks of smaller sizes. A block matrix multiplication refers to

multiplying two matrices block by block.

For example, in the simplest case, A is an M x N matrix, and B is an N x M

matrix. Consider A as a column matrix of m blocks where each block is a row vector, and

6



consider B as a row matrix of m blocks where each block is a column vector. Note that
for the purpose of successfully implementing block matrix multiplication, the number of
columns in A should be equal to the number of rows in B [5]. The commonly applied block

matrix multiplication methodology is to fix block size as shown in Figure 1.2.

< M . . N N < M .
A A - - A - -
. Im . In
M — M >< N
<« > -
n m
v v Y

Figure 1.2: Naive Block Matrix Multiplication Method

Block matrix multiplication is facilitated for improving computing system perfor-
mance. However, it greatly increases the communication complexity to be O(n?) because
it takes plentiful time to process matrix into blocks. Therefore, it is necessary to optimize

the computation and communication costs in terms of design and implementation [29].

1.3.3 Divide and Conquer

Recursion is a basic structure to construct data flow with repeatedly executing
the body of a procedure. Recursion unrolling is a complicated methodology to optimize
recursive procedures [31]. Divide and Conquer algorithm is a kind of recursion unrolling
methods. It works by recursively dividing the main problem into two or more sub-problems,
until these sub-problems could be small enough to be easily solved. It could help solve
complex problems with a reduced degree of difficulty, but it also delays program execution.

As shown in Figure 1.3, a typical divide-and-conquer algorithm is divided into 3 steps [9]:

7



e Divide. Split the main problem into several sub-problems.
e Conquer. Resolve these sub-problems recursively.

e Combine. Combine these solutions to produce the final result.

‘ Problem ‘
J' Divide
A4 r
Sub-Problem === Sub-Problem - Sub-Problem
J Conquer
""""""""""""""""""""""""""""" Y T Ty
Solution to . Solution to S Solution to
Sub-Problem Sub-Problem Sub-Problem
Combine
/ """ Y \_' """""""""""""""""""""""
. Solutionto | _

"l Problem |

Figure 1.3: Divide and Conquer Algorithm

1.4 Scope of Work

In this thesis, we will discuss two Strassen-like algorithms, namely Strassen’s al-
gorithm and its Winograd’s variant. The idea of Strassen-like algorithms is based on
the divide-and-conquer rule in the sense that it also splits matrices into sub-matrices for
sub-problems. We will make a detailed analysis and summarization of Cenk and Hasan’s
proposal of decomposing algorithm into three blocks. Several examples are introduced for

instantiation and verification of each block operation. More techniques are investigated



to improve algorithm complexity including: the linearity property of two building blocks

called CMF and R, limited recursion, and block recombination [7].

All realizations are carried out in software using C++ and simulated in hardware
using Verilog. For software implementation, we will consider matrix multiplication with
matrix dimension 27, 28 and 2°. Experiments will show the timing result for each method.
For hardware simulation, we implement it using Quartus II with Cyclone IV E family. Ma-
trix size is chosen to be size 2¢, for i = 1, ---, 5. Logic elements, memory usage, maximum
frequency, and clock cycles are considered as experiment metrics. We will combine the
experimental results of both software implementation and hardware simulation to prove

that improved Strassen-like algotihms are likely to provide better performance.

1.5 Thesis Organization

The organization of this thesis is as follows:

Chapter 2 provides the details of Strassen-like matrix multiplication algorithms.
It presents the use of block decomposition to divide Strasesn’s algorithm and Winograd’s

variant into three blocks. The computation complexity is also listed.

In Chapter 3, we review relevant known ideas to improve Strassen-like algorithms.
The ideas for improving computation complexity include observing the linearity property
of CMF and R, limited recursion and block recombination. They will be explained in

detalils.

In Chapter 4 and 5, we present performance analysis of software implementation
and hardware simulation. For software implementation, we demonstrate the pseudocode of

each block and regard timing cost as the parameter to measure algorithms’ performance.



For hardware simulation, the logic elements, memory, clock cycles, and maximum frequency

are considered.

Chapter 6 includes a summary of this thesis work and future research scopes on

improving and implementing Strassen-like matrix multiplication algorithms.

10



Chapter 2

Overview of Strassen-like Algorithms

for Matrix Multiplication

Matrix multiplication is an operation widely used in scientific computing. A lot of research
has been devoted to improve the efficiency of matrix multiplication. The work described
in this thesis focuses on the widely used Strassen-like algorithms. To this end, this chap-
ter describes the block decomposition of Strassen’s algorithm and its Winograd’s variant.
Each block’s arithmetic complexity will be provided in details. Unless stated otherwise,
all the matrices considered in the rest of this thesis are defined with size of n = 2% where

k is a positive integer.

11



2.1 Two Strassen-like Algorithms

2.1.1 Strassen’s Algorithm

In 1969, Strassen made a great improvement on matrix multiplication by reporting
an algorithm of complexity O(n*®!). In the case of multiplying two 2 x 2 matrices, it only
needs 7 multiplications and 18 additions instead of 8 multiplications and 4 additions in the
naive method [18]. The flow of computation in the Strassen’s algorithm (SA) is as follows.

Assume two 2 x 2 matrices for multiplication and write:
a1 a byp b
. 11 a2 . B= 11 012 . C=AxB
21 Q922 b21 622
e The first step is to perform additions/subtractions:

Ui = an +ag, Uy =ay +axn, Us=a+as U;=ay —an, Us=as—ax,

Vi=0b11 +0by, Va=0big—by, Vs=0by —0bn, Vi=0bi+0bia, V5=0bg + boo.

e The second step is to produce the products P, P, ---, Ps:
P = UV, Py = Usby, P3 = ay Vs, Py = a3,

P5 = Usby, Fo=UVa, Pr=UsVs.

e The final step is to compute:
cn=P+P—Ps+ P, ci2a=P+ Py,

Co1 = P53+ Ps, Coo =P+ Ps— P+ F%.

e The four expressions immediately above lead to the output matrix:

C11 C12

C:

Co1 C22

12



2.1.2 Winograd’s Variant

For further improvement on matrix multiplication, Winograd [38] proposed a mod-
ification that requires 3 less additions than SA. This algorithm is constructed in the same

manner as in SA. The flow of WV is given below.

Let us consider two 2 x 2 matrices and write:

11 Q12 bii bio
, B=

21 Q22 ba1  bao

A= . C=AxB.

e The first step is to perform additions/subtractions:
Vi = by —biz, Vo=Vi+bi =bii+(byp—0bia), V3= "Vo—bor = (b1 —bia+boz) —ba1,
Ui = an — ag, Uy = ag +ag, Vi=bip— b,
Us = Uy — agy = (a1 — ag1) — agz, Uy = Uz + a1z = (a1 — ag1 — az) + ara.
e The second step is to produce the products Py, P, -+, Ps:
Py =apbi, Py=anby, P3=axnVi, Py=Ul,
Py =U,Vy, Fs="Uby, FPr="Ula.
e The final step is to compute:
ci1 =P+ P, ci2 = ((PL— Pr) + Ps) + P,

o1 =(PL—P) = P3+ Py, cop=(Pr—Pr+DP5)+ Py
e The four expressions immediately above lead to the output matrix:

Ci1 C12

C:

C21 C22

13



It is important to be aware of the reuse of some expressions in WV. (a3 — ag)
is used both in U; and Us, and (bys — b12) is used both in V; and Va. (a11 — agp — agg) is
used both in Us and Uy. (byy — bia + bag) is used both in V5 and V3. (P — Pr) in ¢;5 is also
used in cg1. (P — Pr 4+ Ps) in ¢p5 is also used in cg. Therefore, following the rule of no
repeating operations with same parameters, it’s easy to find out that it only needs 8 and
7 additions/subtractions to obtain P;’s and ¢;;’s respectively. The total arithmetic cost for

implementing WV is 7 multiplications and 15 additions [0].

2.2 Block Decomposition of Strassen’s Algorithm

In [17], the authors decompose the recursive algorithm into a couple of independent
blocks. Based on this idea, Cenk and Hasan [7] provide a detailed decomposition of SA and
WYV into three main blocks as shown in Figure 2.1: component matrix formation (CMF),

component multiplication (CM), and reconstruction (R).

Input ‘ A }—i CMFa

.

CM > R —b{ C ‘ Qutput

Input ‘ B }—) CMFg

Figure 2.1: Architecture of Block Decompostion

14



The first step, CMF, is to deal with the input matrix A and B, and compute all
needed linear combinations of entries in A and B. The size of output of CMF is determined
by input matrix dimension n. Since CMF splits the input into 7 blocks in each recursion,
the size will be 7% = n!°%27 while it needs k recursions to unroll. The next step is to
component-wise multiply those linear combinations of A and B. It is called CM, which
yields the products P, - - -, Pr. The size of CM’s output is 7% as well. The final step, called
R, is to reconstruct these products with linear combinations in order to generate the final

results ¢, €19, o1, and cos.

2.2.1 SA’s Component Matrix Formation

For two n X n matrices A and B, recursive CM F34 and CM F5* are defined as

follows:

.
Ui = a1 + ag, Uy = ag + ag, Us =an + an, Uy = az1 — ann, Us = a12 — ag
CMFFA(A) = ay; forn =1
CMFSA(Uy), CMF3AU,), CMF3%(a11), CMF5 (as),
carpsin - [ CMERW). CMFRAU), CMES o) OMFf ), \
CMFASA(Ug),CMFAGA(U4>,CMF£A(U5)

\

(2.1)
4
Vi = bi1 + baa, Vo =big — bag, Vi =bay — b1, Vi =b11 + b1, Vs = bay + bao
CMFZA(B) = by forn=1
CMFZA(VY), CMF54(byy), CMF54(Vy), CMF5A(V3),

CMF3ZA(B) = forn > 2
CMF54(byy), CMF54(Vy), CMF54(V3)

(2.2)

In this case, CMF applied to n x n matrix is unrolled into seven CMF's applied on
half size matrices and it needs five additions/subtractions applied on § x § sub-matrices to

compute Uy, ---, Us or Vi, - -+, V5. Thus, we can conclude that Strassen’s CMF complexity

15



1s:

2 5 5
Mg}?/[F (n) < 7Mg]1?JF (g) +5 (g) ) Mgf?/[F (1) =0= Mg}?ﬂ«“ (n) = gnlogﬂ - §n2.

2.2.2 SA’s Component Multiplication

As shown in Figure 2.2, Component Multiplication is an operation where the
corresponding component matrices, such as CM Fy; and CM F, formed from A and B,
are multiplied. Since an n X n matrix leads to seven half size component matrices, SA’s

CM complexity is:

MERy () < TMER (5) 0 ME (1) = 1= M (n) = n'®".

[[CMFM ICMFA.‘ZICMFABICMFA4ICMFMICMFA6 CMFa7 ] [[CMFm ICMFBQICMFB;;ICMFB;;ICMFBg,ICMFBs CMFg7 ]

L ®

A

Y
A

A

h 4
A

h 4
A

h 4
A

T 7

‘ CM4 [ CMz I CM3 I CMy I CMsg I CMg I CMz ]

Figure 2.2: Architecture of Component Multiplicationn
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2.2.3 SA’s Reconstruction

Let C' = (C4, Cy, - -+, C7) be the 7-tuple obtained after a CM operation. C'is the
input of the Reconstruction block. Its output is a matrix with size n x n. The recursive

Reconstruction algorithm is defined as follows:

R4(C)=C, forn=1
R34(CY) @ R(Cy) © R54(Cs) @ R%A(Cr), R°4(Cs) @ R%A(C5),

Roney - [ BED @ RO & BACs) @ RACH), G & BACa), |
R4(Cy) @ RY(Cy), R%4(C1) © R¥A(Cy) @ R¥4(C3) @ R94(Cs)

(2.3)

It is important to note that the length of Cy’s for i = 1, -+, 7 is n'%&27 /7 = 7k~1

and the size of R(C) is n? = 4. Clearly, there are 7 R’s applied on vectors of length 7%~1

and 8 additions/subtractions applied on matrices with size of § x 5. Thus, the complexity
is:

2
) , MpA(1)=0= M3"*(n) = §n1°g27 - §n2.

MSA (n) < TMSA (g) 8 (

n

2

2.3 Block Decomposition of Winograd’s Variant

Using block decomposition proposed by Cenk and Hasan, Winograd’s variant is also divided
into three blocks: CMF, CM, and R. Below, we give the complexities of the CMF and R
blocks. The CM block of Winograd’s variant is the same as that discussed in the previous

section for Strassen’s algorithm and hence it is not repeated here.
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2.3.1 WYV’s Component Matrix Formation

For Component Matrix Formation, WV only needs in total 8 additions rather
than 10 additions in SA. That’s a considerable improvement on arithmetic cost reduction.

Consider two n X n matrices A and B as before. Then their CMF's for WV are defined as:

(

Ui = an — ag1, Uy = ag + ags, Us = Uy — ag, Uy = Us + ais,
CMFEYV(A) =ay forn=1
CMFXVV(CLH),CMFX/V(C“Q),CMFX/‘/(CLQQ),CMFWV(Ul),

CMFYV(A) = 4 forn > 2
CMFYV(Uy), CMFYY(Uy), CMFYV (Us)
(2.4)
(
Vi=by —bi2, Vo=1b1p —b11, Va3 =1boa =V, Vi =V3— b,
CMFYYV(B) =by forn=1
CMFEWY (byy), CMFYY (byy), CMFWV (Vy), CMFWV (14),
CMFIY(B) = g (bi1) g (b21) g (Va) g (V1) forn > 2
\ CMFEYY (Va),CMFEYY (byy), CMFYV (V3)
(2.5)

For an n x n matrix, WV’s CMF is unrolled into 7 CMFs applied on half size
matrices and it costs 4 additions of matrices of size 5 X . The complexity of CMF for

2
WYV is then:

MEp(n) < TME (5) + 4 (

my? wv wv 4 g7 4o
5) ' MCMF(I):O:>MCMF(”):§TL 82 — 3"

Example 1. Consider an example when n = 4. We can split the matrix into four 2 x 2
sub-matrices as follows:

bir bz bz by

ba1 oo baz Doy Bi1 B

b1 b3z b3z D34 By Ba

b41 b42 b43 b44

18



) 12 —

bis

bQS b24

bia

b31 b32

b41

) B21 =
baz

7B22:

In order to obtain Vi, V5, V3, V4, we do linear combinations as:

633 — b13
—_—

%:B22_Bl2: .

b43 — bQS
—

53

b3z — S5
N——
V3= By — Vo = %
byz — s7
N——

S11

Clearly, we can see that the total cost for obtaining V;’s and s;’s is 16 subtractions.

The next step is

CMFYY =

b34 - b14
—

52

b44 - b24
——

S4

b3 — S
N——

$10

byg — Sg
N——

S12

Y

7‘/2:Bl2_811:

Vi=Vs— DBy =

blS - bll
—

S5

bQS - b?l
—

ST

59 — bs1
N—_——

S$13

511 — by
N——

S15

component matrix formation on these sub-matrices:

11 (blla b217 3 — b217 b22 - b127 b12 - b117 b227 b22 - 702)7
—— —— — ~——

CMFyY

CMFyY

T4

8

T12

T1 T2

5 76

9 T10

T3

= (5317 ba1, 77 — bar, bao — 32, bsa — b31, bag, bag — 7’6)7
——— —— N N——

7

= (533, b43, 1 — b43, byg — 534, b3 — b33, b44, bas — 7“10)7
S—— —— — S——

T11

WV
CMFy, " = (s1,83,715 — 83,54 — 53,82 — S1, 54, 54 — T'14),

T16

T13 T14

T15

%7474
CMFy," = (85,587,719 — 57,88 — S6,56 — 55,58, 58 — I'1g),
—— N ——

720

r1i7 18

T19

WV
CMFV3 = (89,811,723 — 811, S12 — S10; 510 — S9, S12, 512 — T22),
———— e — N — ——

T24

T21 T22

723

b33 b34

biz bas

big — by

—_——
6

b24 - b22

~—

S8

510 — ba2
N——

S14

512 — bao
N——

S16

WV
CMFV4 = (513, 515, 727 — 515,516 — 514, 514 — 513, 5165 516 — 1'26)-
e N — N — ——

T28

25 726

19
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What calls for special attention is that there are 28 subtractions needed to com-
pute CMFYY, CMFRY, CMFYY, CMFYV, CMFYV, CMF)YY, CMF)V. Therefore,
it requires 44 subtractions or additions to obtain original CMFYV. Tt is 11 additions or

subtractions less than that to obtain CM Fg4.

2.3.2 WYV’s Reconstruction

Following the component multiplication CM(CMFYV, CMF§V), it will gener-
ate a 7-tuple C' = (C, Cy, C3, Cy, Cs, Cg, C7) as input to the R block, which is defined

below.

( RYV(C)=C, forn=1
RYV(C))® RVV(Cy), S1® RVV(Cs) ®RVV(Cs),
—_——— —

RV(Cy) & RV (Cr) GRWY(C3) @ RYY(Cy), 82 @ RVY(Cy)

vV
\ 51

(2.6)
In the definition, there are 7 component additions or subtractions. Thus, we can
calculate WV’s Reconstruction complexity as:

2
MYV (n) < TMYY (g) 7 (g) S MYV (1) =0 = MYV (n) = gnlo&? B gnz'

Example 2. Consider the case where matrix dimension is 4. After component multipli-
cation at the end of two rounds of recursion, the length of C' will be 49. Here, we denote
C as (Cy, Cy, C3, Cy, Cs, Cg, Cy) where C; = (Prj_¢, Pri5, -+, Pp;), 1 =1,2,--- 7. In
order to obtain RV (C), the first step is to compute RV (C;) as follows:

RWV(C1):(P1+P2,7°1+P5+P6,P1—P7—P3+P4,7"2+P4),
—— ——

T2 T1

20
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RWV(C2) = (Ps+ Py,r3+ Pio+Pi3, Ps — Py —Pio+ Py, ra + Pry),
~—— ———
T4 T3
RWV(C3) = (P15 + Pi6, 15 + Prg + oo, P15 — Poy —Pi7 + Pig, 16 + Pis),
—— ——
6 rs

RVY(Cy) = (Pyy + Pas, 17 + Pag+Pay, Py — Pag —Poy + Pas, 75 + Pas),
—— —_———

8 r7

RWV(Q%)Z (Pag + Pso, 79 + Pa3 +Psy, Pag — P35 — P31 + Psa, 710 + Ps2),
~—— ~——

T10 9

RWV(Cﬁ) = (P + Ps7,711 + Pio +Pa1, Psg — Pio —Psg + Psg, 115 + Pag),
—_——— —_———

T12 T11

RWV(C7) = (Pus + Pua, 713 + Pag +Pas, Pis — Pag —Pys + Pag, 714 + Pag).
— ——

T14 T13

The above expressions cost 49 additions/subtractions. Furthermore, we need

extra additions to compute L;’s:

L = R"V(C)) @ RV (Cy),

Ly=5,@ RV (C5) ®RVV(Cy),
—_——
Sa
Ly = RVY(Cy) o RMY(Cy) oRYY(C3) @ RV (Cy),
51

Ly =S, @ RVV(Cy).

Clearly, there are 7 component operations in the above formula. As the size of
RWV(C'Z-), S1 and Sy is 2 x 2, it will take 4 additions to do & or ©. Therefore, it takes
28 additions/subtractions in total to finally get L;’s where i = 1, ---, 4. As a result,
computation of WV’s R(C') requires 49 + 28 = 77 additions/subtractions.
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Table 2.1: Complexity of various blocks of Strassen’s algorithm and its Winograd’s variant

Method Operation | Recursive Formula Complexity
n n 2 O,
CMF TMhr (5) +5(5)" | Ménr (1) =0 | gn®7 — 3n?
Strassen’s algorithm | CM TMES (%) M (1) =1 | pleT
R 7M1§:A (%) +8(%)2 MEA(l) —0 %nlog27_ gnz
n n 2 fe)
Winograd’s variant | CM TMEY (%) MMV (1) =1 | ploeT
n n 2 O
R TMRY (5)+7(3) | MFY (1) =0 | gn°®7 — In?

2.4 Complexity Comparison

As discussed above, the decomposition method divides Strassen-like algorithms

into four sub-blocks: M; = CMF,4 (A), My = CMFg(B), Mz = CM (M, M), My =

R (Ms). From the above Table 2.1, we can write the total complexity of SA and WV as

follows:

M54 (n) = 2Mghyp (n) + M3y (n) + Mz" (n)

5)
:2 e 10g27_
(&

— 7n10g2 7

— 6n?

5 8 8
§n2> + nlog27 + gnlogz'? - 5712

M"Y (n) = 2M¢hip (n) + My (n) + Mg (n)

4
—9|( = logy 7
(o

— 6n10g2 T _

5n?

22
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§n2) + nlog27 4 gnlog27 . §n2

(2.7)

(2.8)




Chapter 3

Recent Methods to Improve
Strassen-like Algorithms

Recently, arithmetic complexities of SA and WV have been reduced by Cenk and Hasan [7].
Their approach is based on the linearity property of CMF and R operations, block recom-
bination, and limited recursion. The linearity property of CMF and R operations refers to
the superposition principle for reducing the number of addition operations. Limited recur-
sion means the hybrid use of Strassen-like algorithms and the naive method with different
cut-off values. It exploits to discover best performance by the trade-off of multiplications
and additions. Block recombination is a method to explore the effect of rearranging of
blocks. Reordering the data flow between two blocks could reduce the number of operation

blocks.
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3.1 Linearity Property of CMF and R Operations

As discussed in the previous chapter, to multiply two matrices A and B of size
n x n, the CMF operation computes all the necessary linear combinations of A;;’s and

B,;’s, and the R operation linearly combines the vector products produced from CM.

For the case of n = 1, we have A = a1, B = by;. It is easy to see that:

CMF(A—|— B) = CMF(GH + b11>

= ay; + by
(3.1)
== OMF(CLH) + CMF(bH)
=CMF(A)+CMF(B)
A A B, B
For the case of n = N, we have A = TR and B = e ,
Ay Ag By Ba
where A;; and B;; are sub-matrices of size % X % It is easy to see that:
A+ B A+ B
CMF(A+ B) = CMF 11 11 Az 12
Aoy + By Ag + Boy
. (gMF(An + Bi1), - ,CMF(Ag + Byy))
7 C‘],WFS (32)
= (gMF(All), oo \CMF(Ag))+ (CMF(By),- - ,C’MF(BQQ)
7 CXJFS 7 C&FS

— CMF(A)+CMF(B)

It clearly proves the linearity property of the CMF operation. The same induction
method could also be used to prove that linearity property holds for the R operation.
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3.1.1 SA’s CMF Block based on Linearity

7

\

(

Based on the linearity property, SA’s improved CMF's are illustrated as follows:

Ui = a1 +ag, U =as +axn, Us=a+an

CMF3AA) =ay, forn=1

CMF3AU,), CMFAUy), CMFi*(ay,),

CMF;?A(CLQQ), CMFEA(Ug),

CMF§A(A) = | CMF(Uy) © CMFZA(UY),
o

CMF§4(Us) © CMFEA(UY)

J/
~\~
Q2

Vi = b1 +baa, Vo =0b1ag—0ba, V3 =0y —0by1
CMFEA(B) = b11 fOI n=1
CMFgA(Vl), C’MFgA(bH), C’MFgA(Vz),
CMFEA(‘/;;), C’MFgA(bgg),
CMFSA(B) = | CMF5* (Vi) ® CMF5"(V3)
Qs
CMF3* (Vi) ® CMF§A(V3)

7
TV
Qa

It is a fact that:

forn > 2

forn > 2

CMF{MNU,) © CMFA(U) = CMFE{A (U, — Uy) = CMF3 (a1 — a1y)

CMEFA(Us) © CMF{ANUY) = CMF34(Us — Uy) = CMEF§4(a12 — ag)

CMFEZA(VY) @ CMF54(Vy) = CMESA(Vy + Vo) = CMFSA(byy + bio)

CMFEZAVY) @ CMF5A(Vs) = CMEZA(Vy + Vi) = CMF54(byy + bay)

25
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Compared to SA’s original CMF given in subsection 2.2.1, the new CMF given
here requires fewer numbers of U,’s, V;’s, and CM F's, but it introduces );’s. In order
to determine the complexity of the new CMF, one can note that the cost of & or & is
7log2m)=1 " gince the length of vector Q; is %nl"g??. It is also important to note that CMF

applied on an n x n matrix is only unrolled into 5 CMFs applied on § X 7 matrices. So

the complexity of the new CMF can be expressed as:
Mg p(n) =0 forn =1

o 54 2, log, 7 2 —> MGpp(n) = n'°%2742n/°%2°—3n?
Mghip(n) < 5MEyp (3) + 307 +3(3)" forn > 2

(3.5)

Example 3. This example will introduce the process to generate improved CMF operation

on matrix A for SA when n = 4. Let A, and its sub-matrices A;;’s be:

11 aiz2 Aaiz aiq

Q21 Q22 A23 A24 A11 A12
A = = ,
a31 Aaz2 33 A34 Ao Ago
Q41 Q42 Q43 Q44
a1+ az3 a1z + azg
J— _ S1 52
Uy =An + Ay = ;
Q21 + Q43 Q22 + Ggq
—_—
S3 S4
az1 + azz a3z + a3s
—_—— Y—
J— _ S5 S6
Uy = Ay + Ay = )
Q41 + Q43 Q42 1 Qgq
—_—— Y—
s7 ss
a1l + a3 G12 + a4
—_—— Y
— — 59 510
Us=A11 +Aip =
Qo1 + Q23 G2 + Aoy
—_—— Y—
S11 512
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It should be noted that in order to obtain U;, U, and Us, we need to perform
12 additions/subtractions since each sub-matrix has 4 entries. Thus, the next step is to

compute the CMFs applied on A’s sub-matrices with size of 2 x 2:

SA
CMF3"(Uy) = (51 + 84,53 + S4, 51,54, 51 + S2,70 — 11,73 — T'1),
S—— N~ e e e
T1 r2 T3 T16 r17
SA
CMF7"(Us) = (55 4 88,57 + 58, 55, 58,55 + 56,5 — T4, 76 — T4,
—— — S—— Y~ —
T4 r5 T6 T18 T19
SA
CMF7* (A1) = (a1 + a2, a1 + a2, a11, G2, @11 + 12,78 — 17,79 — 17),
—_—— —— —_—— —— Y~
7 T8 T9 720 T21
SA _
CMF3%(Ag) = (ass + Gas, a3 + Qaq, a33, Gaa, A33 — 34,711 — T10, 712 — T'10);
— —— —_— —— ——
T10 T11 T12 22 723
SA
CMF3%(Us) = (s9 + s12, 511 + 512, S9, S12, S9 + S10, 14 — 713,715 — T'13),
N N—— —— —— 7 —
T13 T14 T15 T24 725
Q1 = (7’4+T1,7“5—7“2755—81758—34,7“6—7“3,7“18—7”16,7“19—7“17)7
—— Y Y Y
726 27 728 729 730 731 732
Q2 = (7“13—7"177“14—7“2,39—51,812—54,7°15—7“3>7"20—7“16,7“21 —7“17)-
—_— e

33 T34 T35 T36 37 38 39

As clearly shown above, it takes 39 additions/subtractions to compute r;’s, for i
=1, ---, 39 and 12 additions/subtractions to compute s;’s, for j =1, ---, 12. Thus, it in
total needs 51 additions/subtractions which is 4 less than the original SA’s CMF.
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3.1.2 WYV’s CMF Block based on Linearity

Applying the linearity property to WV’s CMF's, we can write:

(

CMFWV(A)

\

CMFYY(B)

U = an — az, Uy = ag + axn

CMFYV(A)=ay forn=1

CMFXVV(CLH), CMFXVV(GH), CMFXVV(GQQ),
CMFYV(U,), CMFYV(U,y), Ty @ CMFY" (a12),

Ts

COMFY"(Uh) © CMFY" (a)

T

(
Vi=byy — b1z, Vo =b1a —bn
CMFYV(B)=by forn=1

CMFYV (b)), CMFYV(by), Ts © CMFYY (by),

Ty
CMFYY(Vi), CMFYY(V3), CMFyY (by)
CMFERY (by) © CMFYY (Va)

T3

It should be noted that:

T1 = CMFXVV(Ul) o CMFX/V(CL22> = CMFXV‘/(CLH — 21 — a22)

TQ = T1 ) CMFXVV(GH) = CMFXVV(CLH — a21 — 499 + alg)

T3 = OMEYY (byy) © CMFYY (V) = CMFELY (byy — bia + byy)

T4 = T3 © CMFg/V(bQI) = CMFEVV(b22 - bl2 + bll - b21)

forn > 2

(3.6)

for n > 2

(3.7)

The CMF applied on n x n matrix is unrolled into 5 CMFs applied on half size

matrices. It only needs 2 component matrix additions to compute U;’s or V;’s, respectively.
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Also it costs %nl"g?? additions/subtractions to obtain T3, Ty, T3 and T}, respectively. So

the complexity of the new CMF for WV is:

MY e(n)=0forn=1

) = Mgvj\)[/F(n) = plog2 7 plos2d_9pn2
MEYp(n) < 5METE (%) + 2no827 4+ 2(2)" for n > 2

(3.8)
Example 4. Consider A and its sub-matrices A;;’s as:
11 Q12 A1z A4
(21 dg2 (23 A4 A Agg
A p— p— 5
a31 Q32 azz aA3zq Ay Ay
41 Q42 A43 Q44
1] —asy a2 — asp as; + asg aze + asq
—_—— Y— —_—— Y—
U= An—Ay = o - ; Uy = A+ Az = % %
21 — Q41 (22 — Q42 41 + Q43 Qa2 + Qqq
—_— —_— ——
s3 S4 S7 S8
It costs 8 additions/subtractions in total to obtain sy, sg, - -, ss. The computa-

tion of CMF's applied to A’s sub-matrices with size of 2 x 2 is shown as follows:

114%
CMFy " (A1) = (@11, 12, G2, G11 — Qa1, Q21 + Q22,73 + Q12,71 — G22),
e — e e N —

T1 T2 T4 T3
wv o
CMF, " (A12) = (a13, a4, G4, 13 — Q23, Qo3 + Q24,77 + Q14,5 — A24),
—_—
rs5 T6 T8 7

wv
CMFA (A22) = (a33, A34, A44, G433 — 43, A43 + Q44,711 + A34, 79 — a44),
N e N e e e pne?’

9 T10 T12 T11

wv
CMF" (Uy) = (s1,S2, 84, S1 — S3, 83 + Sa, 15 + S2, 713 — S4),
—— ==

T13 T14 T16 T15

wv
CMFy " (Us) = (85,56, 58,55 — 57,57 + 88,719 + 86,17 — S,
—_—— —— —— ——

ri7 T18 720 T19
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T, = (81 — (33,52 — A34, 54 — Q44,713 — T9,714 — 710,716 — 712,715 — 7”11),
—— e
21 722 723 T24 T25 T26 r27
Ty = (ro1 + @13, 22 + Q14,723 + Go4, 24 + 75, T25 + T6, T26 + T's, a7 + 77).
—— e e N

28 29 T30 31 32 733 T34
Thus, it needs 42 additions/subtractions in total. Clearly, the number of addi-
tions/subtractions is now 2 less than that in the original CMF for WV.

3.1.3 WYV’s R Block based on Linearity

As linearity property holds for R operation, it is important to investigate its effect
on the complexity of R. Assume that C' = (Cy, Cy, Cs, Cy, Cs, Cg, C7) where the length of
each Cj is %nlogﬂ fori =1, ---, 7. Applying the linearity property, R can be re-stated as:

p

R(C)=Cyforn=1

Ry =Cy+Cy, Ry=R(R)), Ry =C, — Cs, Ry = R(R3), Rs = R(Cs)

R¢ = R4+ R5, R7 = R(Cg), Ry = Rg + R7, Ry = R(C3) (3.9)
Rip = R(Cy), Ry = Ri9p— Ry, Ria = R4+ Ry, Riz3 = Re + R,

R(C) = (Ry, Rs, Ria, Ry3) forn >2

Below is a verification of the correctness of R operation given in Equation (3.9).

R(C) R27 R87 R127 R13>

= (

— (R(Cy + Cy), Re+ Rr, Ry+ Ryi, Rg+ Ryg)

— (R(Cy + Cy), Ry+ Rs + Ry, Ry+ Ryg — Ry, R4+ Rs+ R(Cy))

— (R(Cy + Cy), R(Cy — C7) + R(C5) + R(Cs), (3.10)
R(Cy — C7) + R(C,) — R(Cs), R(Cy —C7) + R(Cs) + R(CY))

— (R(Cy) + R(Cs), R(Cy) — R(Cy) + R(Cs) + R(C),

R(Cy) — R(Cr) + R(Cy) — R(C3), R(C1) — R(C7) + R(Cs) + R(Cy))
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Thus, the result is the same as that in Equation (2.6). But the cost of implement-
ing Equation (3.9) is less than that of Equation (2.6). This can be explained as follows.
In Equation (3.9), R(C) is the output from block Reconstruction, whose size is n x n, and
R(C;) or R(R;) is of size § x §. Ry and Rj are each simply the result of addition/sub-
traction involving two C;’s. So the arithmetic cost to obtain R; and Rj is %nlogﬂ. R,
Ry, Rs, R7, Ry and Ry are 6 R(5)’s. Computation of Rg, Rg, Ri1, Ri» and Ri3 is matrix

addition/subtraction on matrices of size % x %. Thus the cost is 5(%)?. Therefore, we have

a conclusion that:

MYV(n)=0forn=1
MPV(n) <6MJY (%) + 2n'°s27 + 5 (%)2 forn > 2 2

(3.11)

Example 5. Consider the case n = 4. The length of R’s input is 49, which is also the
output of C'M. Consider it as C' = (C4, Cy, Cs3, Cy, Cs5, Cg, C7) where C; = (Pr_g, - - -,

P;;). The R’s computing process is as follows:

Ry =Cy+Cy= (P + Py, P, + Py, Py + Py, Py + P11, Ps + Piao, Bs + P13, Py + P1y),
—_— e e I e T —
T1 r2 T3 T4 5 T6 7
Ry = R(Ry) = (r1 + 1o, 18 + 15 +76,71 — 77 =73 + 74,79 + T4),
T9 T8
Ry =C1— C; = (P1 — Py, Po — Pay, Py — Pys, Py — Pyg, Ps — Pz, Ps — Pig, Pr — Pg),
e — e e e e e e e —
710 r11 r12 713 T14 T15 T16
Ry, = R(Rs3) = (110 + 711, 717 + 714 +715, 710 — 716 —7T12 + 713, T18 + 713),
—— ——
718 17
Rs = R(C5) = (Pag + P, 119 + Ps3 + Py, Pag — Pas — P31 + Pso, 790 + Psa),
—— S~——
720 T19

Rg = Ry + R5 = (51, 82, 83,54), Rs = Rg + R7 = (85, 86, 57, 5s, )

R; = R(Cs) = (Psg + Ps7,721 + Py +Pu1, Psg — Py —Psg + Psg, 792 + Psg),
— —_——

T22 T21
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Ry = R(C3) = (P15 + Pig, 723 + Pig +Pa0, Pi5s — Poy —Pi7 + Pig, 724 + Pig),
~—— ——

24 723
Rig = R(Cy) = (Pag + Pa3, 195 + Pag +DPaz, Pag — Pag —Pay + Pas, 196 + Pas),
— —
26 725

Ri1 = Rig — Ry = (89, 510, 511, 512), Ri12 = Ry + Ry = (513, 514, 515, 516)
Ri3 = Rs + Rio = (517, 518, 519, 520)
In the computation process, it requires 7 additions/subtractions in order to get
Ry, Ry, Rs3, Ry, Rs, R7, Ry, Ry respectively and 4 additions/subtractions to get Rg, Rs,

Ry1, Ryo, Ri3 respectively. The total arithmetic operation cost is therefore 76, which is 1

less than the original WV’s Reconstruction algorithm.

3.1.4 Complexity Comparison

Table 3.1 lists the complexities of each block operation in its original form and
after applying the linearity property. As it can be seen in the table, the application of the

linearity property lowers the complexity of each block operation.

Table 3.1: Complexity Comparison

Operation Original form After linearity property applied
SA’s CMF gnlogz 7T _ §n2 nloga 7 4 gploga5 _ 3,2

WV’s CMF %nlogﬂ — %nz nlogs T 4 ploga5 _ 92

WV’s R %nlog? [ %nz 2nlos2 7 4 %nlog?(j — gnQ
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3.2 Block Recombination of Improved Winograd’s Vari-

ant

Block recombination means to reorganize the block decomposition of Strassen-like algo-

rithms. It usually associates with limited recursion to achieve better performance.

3.2.1 Block Recombination Method

Let matrices Asyxon, Banxon, and C,xa, be:
C11  C12 a11 Q12 bii big a11bi1 + a12ba1  a11b12 + a12b22
Co1  C22 Q21 A22 ba1  bao a21011 4 abar  ag1b12 + ageba:

We know that the matrix multiplication is reduced to the computation of four
separate instances of multiply-and-add, i.e., a11b11 + a12b21, a11b12 + a12b22, a21b11 + a22bo1,
and ag1b12+ag0bos. Applying a Strassen-like algorithm to an instance, for example: aq11b11+

a12b91, the original block organization (OBQO) computation flow is:
Q1 = CMF4(a11), Q2 = CMFp(bi1), Qs = CMFu(ai2),

Qs =CMFp(by), Qs = CM(Q1,Q2), Qs = CM(Q3,Q4),

Q7 = R(Q5), Qs = R(Qs), Qo = Q7 + Qs.

There are 9 block operations in the computation process which determines the

arithmetic cost. Note that Qg requires a matrix addition (MA), whose complexity is n?.

Thus, the total arithmetic cost to compute ay1b11 + a12021 is:

M(n) =4dMeyr 4+ 2Meop +2Mp + My a.
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The further improvement of block recombination is built on the operation: QY9 =
Q7 + Qs. Since Q7 = R(Q5) and Qs = R(Qs), we have: Q9 = R(Q5) + R(Qg). It is the
linearity property of R that: R(Qs) + R(Qs) = R(Qs + Q). Since vectors Q5 and Qg
are each of length n'°%27 the cost to compute R(Qs + Q) is Mg + n'°827. The improved
computation flow, denoted as Block Recombination (BR), is shown in Figure 3.1, where
2

blocks MA and VA are for matrix and vector addition and their arithmetic costs are n

and log, 7, respectively.

(o) [on) o] [om] (o) [oo] (o) (o]

A A A 4 Y ¥ A A A 4 h 4 Y

CMFp CMFB CMFy CMFB CMFp, CMFB CMFy CMFB
cM cM cM cM
| |
Y v l l
R R VA
— !
Ve
> MA <+ R
Y Y
aq1by1+aq2bo1 [311b11+312b21 ]

Figure 3.1: Architecture of Block Recombination

So the arithmetic cost of the improved architecture is: M (n) = 4Mcyp+2Men+
My a4+ Mp.

Detailed complexities of original block organization (OBO) and block recombina-
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tion (BR) used with different Strassen-like methods to compute aj1by1 + a12bs1 are shown
in Table 3.2. Each complexity could be derived from Table 2.1 and 3.1. Improved SA is
to apply linearity property of CMF on Strassen’s algorithm and Improved WYV is to apply
linearity property of CMF and R on Winograd’s variant.

Table 3.2: Complexity Comparison of OBO and BR

Algorithm Complexity of OBO Complexity of BR

g

SA 14nloe27 — 11n? %nlo@ T ?nQ

Impr A 34, log, 7 nlog2 5 4_9n2 @nlogg 7 nlog2 5 22712
proved S 3N +8 3 3 +8

WV 12nlos27 — gp?2 33—27110@ T %nQ

Impr 1 logy, 7 log, 6 4 logy 5 _ 12 2 9n10g2 7 lnlogg 6 4n10g2 5 QHQ
proved WV | 10n +n +4n n +3 + 5

3.2.2 Block Recombination with Limited Recursion

The way to combine block recombination and limited recursion gives the best
arithmetic complexity. For the case when limited recursion value is m = 2, the input

matrices A and B are initially formed into 2 x 2 blocked matrices, so we can write:

aip  ag2 bii bio a11011 + a12b21  a11b12 + a12ba

Qo1 Q22 ba1  ba a21011 + a22b91  ag1bia + agebas

Thus, the matrix multiplication of n x n matrices is transformed into eight ma-
trix multiplications: aq1b11, a12b21, a11b12, @12b22, a21b11, A22bo1, a21b12 and assbes, and four
5 x 5 matrix additions. Then we apply Strassen-like algorithms on the sub-matrix mul-
tiplications. The first step is to obtain: CMF(ai1), CMF(a12), CMF(as ), CMF(as),

CMF(by1), CMF(by2), CMF(bg1), CMF(byy) and therefore the total cost is 8Mcyr (%)
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The next step is to do component multiplications on those CMF's, and its costs is 8M¢s ( %) :
After getting those vector products, we put the VA in front of R. It needs 4 VAs. The cost

7

will be 4 (g)logz . The last step is to implement R operations on those four sums. The

cost is 4Mp (g) The total cost in recursive format is:

M = i (3) 8 (3) 0 (5) 45 (3).

Since Winograd’s variant always gives better arithmetic complexity, in the follow-
ing sections we only discuss the hybrid use of limited recursion and block recombination
applied on improved Winograd’s variant. We can refer to the complexity of each block
in Table 2.1 and 3.1. So when the limited recursion value is m = 2, the improved WV

algorithm obtains a better complexity:
1 8 13
M(n) = 4n10g27 + _n10g26 4 _n10g25 o —77,2.
(n) 3 5 2

In order to make a general instance, if the initially formed blocked matrices are

of size 2 x 2°, the authors of [7] concluded the improved arithmetic complexity as:

M(n) — 221+1MCMF <§> + 23ZMCM <§> 4 (23z o 221) MVA <§> + 221MR <§> )

Table 3.3 shows the complexities with different limited recursion values. From
the table, we see that when ¢ = 3, i.e., m = 8, the matrices are initially divided into 23 x 23

blocked matrices, the IWV would provide the best arithmetic complexity.
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3.3 Conclusion

Observing the linearity property of R and CMF operations brings benefits on the
arithmetic complexity. It reduces the arithmetic cost from 6n'°¢27—5n? to 5n'os2 7—|—%nl°g2 64
2nlog2d %nQ over the binary field. When we combine the use of limited recursion and
block recombination on the improved Winograd’s variant, we can get the least arithmetic

complexity among Strassen-like algorithms for matrix multiplication as:

1216nlog27 + ﬁnlogQG + %TLIOgQB _ EnQ'

343 216 125 2
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Chapter 4

Software Implementation

For software implementation of Strassen-like algorithms, all algorithms are coded in C++
and compiled using Xcode which is an integrated development environment (IDE). A per-
formance comparison based on timing is made amongst various algorithms implemented
on two different machines for matrix dimension 27, 28 and 2°. The improved design us-
ing the linearity property of CMF and R operations discussed in the previous chapter is
implemented. Our implementation also incorporates the block recombination and limited
recursion techniques. In order to simplify design in software realization and hardware sim-
ulation, all the matrices are defined over the binary field GF(2) of two elements: {0, 1},
where addition and multiplication are simply logical XOR and AND operations, respec-
tively.

The main purpose of this chapter is to investigate relative performance of software imple-
mentations of SA, WV and IWV. Our implementations are not intended to match timing

results achieved by commercial or open-source software.
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4.1 Implementation Analysis

Strassen-like algorithms use the divide-and-conquer technique to perform matrix
multiplication. In theory, it is much faster than the naive method. However, in practice
some features of the divide-and-conquer approach limits its own performance. Firstly,
Strassen-like algorithms recursively split the input matrices until the dimension reaches 1,
which requires a great amount of temporary memory to store intermediate data. Secondly,

recursion is slower due to the overhead of maintaining the stack.

4.1.1 Matrix Construction

Assume that C' = A x B, where A, B, C' are each an n x n matrix. The input
matrix A is assumed to be divided into four sub-matrices with dimension : Ay, Az, A
and Ay, and input matrix B is also divided into four sub-matrices with dimension 5: B,
Bia, By and Bys. We define a bernoulli_distribution class u(e) to produce bool values,
where e is a de fault_random_engine class that generates pseudo-random numbers. These

bool values are generated as entries of the input matrices, each of which is 8 bits.

4.1.2 Programming Language

C++, a kind of object-oriented programming (OOP) language, has been used to
develop the program since OOP provides code reusability. Inheritance, a feature of OOP,
makes it possible for the subclasses of data object sharing some characteristics from the
main class. It ensures more accurate coding and thorough analysis on data. It is easy to

maintain and modify existing code by removing and creating new objects.
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Enterprises are likely to use C++ instead of Java to develop applications that
heavily depend on speed and resource usage. The most important reason is that C++
code runs faster, since the first job of Java during run-time is to be interpreted, while C++
is to be compiled to be binaries and implemented instantly. C++ succeeds to achieve a

tradeoff between programming abstractions and implementation details.

4.1.3 Requirement Analysis

The main objective is to carry out matrix multiplication using Strassen-like algo-
rithms. Execution time is to compare the algorithms. For example, the procedure of IWV

with limited recursion value m = 2 is as follows:

e Generate and divide each of input matrices into four block sub-matrices.
e Use naive block matrix multiplication to generate four sub-matrix multiply-and-add.

e For each sub-matrix multiply-and-add, use block recombination to call blocks CMF,

CM, VA, R to generate final products.

4.2 Strassen’s Algorithm

This section discusses the pseudocode of realizing Strassen’s matrix multiplication algo-
rithm based on block decomposition. The first part provides the pseudocode for Component
Matrix Formation of input matrix A and B. The second part provides the pseudocode for

block Reconstruction.
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4.2.1 Pseudocode of SA’s Component Matrix Formation

Algorithms 1 and 2 are component matrix formation methods to linearly combine
the sub-matrices, call itself on half-sized matrices, and produce result vector K1 and K2
with length of n'°%27. Clearly, we can see that in each CMF block, it uses 5 component
additions/subtractions to generate U, T, ), R and V. The whole recursion is unrolled into
seven sub-recursions. Each sub-recursion returns a vector with length of 71°%2"~1 These

returned vectors are formed to be the output vector.

Algorithm 1 SA’s Component Matrix Formation of Input Matrix A

Require: Matrix Dimension N, Matrix A
Ensure: Output Vector K1

1: function CM F34(N, A)

2: if N =1 then

3: return A

4: else

% n < %

6: U<+ A1+ A, T+ Agyy+Ax, Q  Aj1+A1n, R Ay — A, V  Ajp— Ay
7 Vi < CMF34(n,U), Va < CMF34(n,T)

8: Vi < CMF34(n, Ay), Vi < CMF$4(n, Ay)

9: Vs < CMF34(n,Q), Vg + CMF34(n, R), Vz + CMF{*(n,V)

10: K1 < (Vi, Vo, V3, Vi, V5, Vs, V)

11: end if

12: Free U, T,Q, R,V
13: return K1

14: end function
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Algorithm 2 SA’s Component Matrix Formation of Input Matrix B

Require: Matrix Dimension N, Matrix B
Ensure: Output Vector K2

1: function CMF34(N, B)

2: if N =1 then

3: return B

4: else

5: n<« %I

6: U < By + By, T < Biy — Bay, ) < B9y — B11
7: R < By1 + Bya, V < Bgy + By

8: Vi < CMF54(n,U), Vo < CMF5*(n, Byy)
9: Vi < CMF54(n,T), V4 + CMF54(n, Q)
10: Vs < CMF54(n, Bay), Vs <+ CMF54(n, R)
11: Vi < CMFZ4(n,V)

12 K2 (Vi, V3, Vi, Vi, Vs, Vi, V2)

13: end if

14: Free U, T,Q, R,V
15: return K2

16: end function

43



4.2.2 Pseudocode of SA’s Reconstruction

Assume that K = (K, Ky, K3, K4, K5, Kg, K7). Algorithm 3, SA’s Reconstruc-
tion shows the procedure how to linearly reconstruct the input vector K, which is the
vector product of K1 and K2, into an output matrix C' with size of n x n. It needs 3, 1,

1 and 3 component additions/subtractions, respectively, to compute U, T', @) and R. The
total cost is 8. Clearly, U = C}1, T' = Cia, ) = U5 and R = Css.

Algorithm 3 SA’s Reconstruction
Require: Vector Length N, Vector K

Ensure: Output Matrix C'
1: function R°4(N, K)
2: if N =1 then

3: return K

4: else

o: n < %

6: Vi< R¥(n, Ky),i=1,---,7
7: U—WVi+Vy—Vs+V;

8: T+ V3+ Vs

9: Q<+ Vot Vg

10: R+ Vi—=Va+V5+ Vs

11: C+ (UT,Q,R)

12: end if

13: Free Vi, Vo, V3, Vi, Vs, Vs, V7
14: return C

15: end function
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4.3 Winograd’s Variant

4.3.1 Pseudocode of WV’s Component Matrix Formation

WV’s Component Matrix Formation, Algorithms 4 or 5, consumes 1 less compu-
tations on sub-matrices. However, it results in the dependency relationship between U and
Q, R and T. In function CMFYV(N, A), Q is the subtraction between U and Asy, and
R is the addition of ) and Aq,.

Algorithm 4 WV’s Component Matrix Formation of Input Matrix A
Require: Matrix Dimension N, Matrix A

Ensure: Output Vector K1
1: function CMFYV (N, A)
2: if N =1 then

3: return A

4: else

3% n < %

6: U< Ajg — Ay, T = Ay + Ao, QU — Ay, R Q+ Ay

7: Vi< CMFEYV(n,Ap), Vo <= CMFEYY (n, A)

8: Vs < CMFYV(n,Ay), Vi < CMFYV(n,U)

9: Vs <+~ CMFEYV(n,T), Vo < CMFYV(n,R), Vo < CMFYV(n,Q)
10: K1 (Vi, V2, V3, Vi, V5, V6, V2)

11: end if

12: Free U, T,Q, R
13: return K1

14: end function
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Algorithm 5 WV’s Component Matrix Formation of Input Matrix B

Require: Matrix Dimension N, Matrix B
Ensure: Output Vector K2

1: function CMF}V (N, B)

2: if N =1 then

3: return B

4: else

5: n<« %I

6: U <+ Byy — Big, T < Bis — Bq1

7: Q<+ T+ By, R+ Q — By

8: Vi< CMFYY(n,By), Vo < CMFYV(n, By)
9: Vs CMFYV(n,R), Vy < CMFYV(n,U)
10: Vs < CMFYV(n,T), Vg < CMFFV(n, Ba)
11: Vi < CMFYV (n,Q)

12 K2 (Vi, Vi, Vi, Vi, Vs, Vi, V2)

13: end if

14: Free U, T,Q, R
15: return K2

16: end function
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4.3.2 Pseudocode of WV’s Reconstruction

Assume that K is divided into 7 sub-vectors: Ki, Ks, K3, K, K5, K¢ and K.
Algorithm 6, WV’s Reconstruction, is unrolled into 7 recursive subroutines. The algorithm
then performs 7 linear component additions/subtractions based on those sub-matrix prod-
ucts. It needs 1, 3, 2 and 1 component additions/subtractions, respectively, to compute U,

T, @ and R. The total number of operations is 7, which is 1 less than SA’s Reconstruction.

Algorithm 6 WV’s Reconstruction
Require: Vector Length N, Vector K

Ensure: Output Matrix C'
1: function RV (N, K)
2: if N =1 then

3: return K

4: else

5: Vi RVV(E,K;),i=1,---,7
6: U+—Vi+V,

7: Q FU—VE‘,—FV&

8: T<—££l/5/+%

9: R+ Sgiz-%

10: C+ (UT,Q R)

11: end if

12: Free Vi, Vo, V3, Vi, Vs, Vi, V7
13: return C

14: end function
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4.4 Improved Winograd’s Variant

4.4.1 Pseudocode of IWV’s Component Matrix Formation

For IWV’s CMF, as shown in Algorithms 7 and 8, it is only unrolled into 5 sub-
recursions, which is 2 less than the original WV’s CMF. It significantly improves this
block’s performance. Furthermore, this block costs 2 less computations on sub-matrices

and 2 more computations on produced vectors to obtain Vg and V7.

Algorithm 7 Improved WV’s Component Matrix Formation of Input Matrix A

Require: Matrix Dimension N, Matrix A
Ensure: Output Vector K1

1: function CMFI"VV(N, A)

2: if N =1 then

3: return A

4: else

3% n < %

6: U<+ Ay — Ay, T < Ay + Ay

7: Vi< CMFWVi(n, Ay), Vo <= CMFI"V(n, A)

8: Vs <= CMFEFIWV(n, Ag), Vi CMFWV(n,U), Vs < CMFVV(n,T)
9: Vi Vi=Vs, Vo = Vo + V3

10: K1 < (Vi, Vo, V3, Vi, Vs, Vs, V)

11: end if

12: Free U, T,Q, R
13: return K1

14: end function
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Algorithm 8 Improved WV’s Component Matrix Formation of Input Matrix B

Require: Matrix Dimension N, Matrix B
Ensure: Output Vector K2

1: function CMF}VV (N, B)

2: if N =1 then

3: return B

4: else

5: n<« %I

6: U <+ Byy — Big, T < Bis — Bq1

7: Vi < CMFIVV(n, Byy), Vo CMFEVV(n, Byy)
8: Vi< CMFMVV(n,U), Vs < CMFVV(n,T)
9: Vo + CMFEIVV (n, By)

10: ViV — V5

11: Vo Vo —V4

12 K2 ¢ (Vi Vo, Vi, Vi, Vi, Vi, V2)

13: end if

14: Free U, T,Q, R,V
15: return K2

16: end function
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4.4.2 Pseudocode of IWV’s Reconstruction

The improved Reconstruction block calls itself fewer times and use less matrix

additions/subtractions on § x § matrices. It costs 2 additions/subtractions based on
sub-vectors to produce U and T' . Most importantly, this block is only unrolled into
6 recursive subroutines to get Ry, Ry, R3, Rs, R;, and Rg. Furthermore, it needs 5
extra additions/subtractions on sub-matrices to compute R4, Rg, Ry and Ry, as shown in

Algorithm 9.

Algorithm 9 Improved WV’s Reconstruction
Require: Vector Length N, Vector K

Ensure: Output Matrix C'
1: function R"WV(N, K)
2: if N =1 then

3: return K

4: else

% n < %

6: U+ K +Ky,, T+ K, — Ky

7 Ry < R(n,U), Ry < R(n,T), R3 + R(n, K5)
8: Ry < R+ R3, Rs < R(n, Kg), Rg < R4+ Rs
9: R; < R(n, K3), Rs < R(n, Ky)

10: Ry <+ Rg — R7 + Ry, Rigp < R4+ Rg

11: C + (Ry, Rg, Ry, R10)

12: end if

13: return C'

14: end function
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4.5 Performance Analysis

In this section, we present the implementation performance of naive matrix mul-
tiplication method and Strssen-like algorithms based on block decomposition. The imple-
mentation is for matrix size 2¢ x 2¢, for i = 7, 8, 9. All timing values in milliseconds are

obtained by averaging results from 100 experiments for each of three matrix dimensions.

Table 4.1 lists the time consumption of implementing different matrix multipli-
cation methods on Macbook Pro with Intel Core i5 processor and 16 GB memory. We
should note that IWVy, IWV, and IWVg means that IWV is block recombined with dif-

ferent limited recursion values for m = 2, 4, 8, respectively.

Table 4.1: Timing Cost of Implementing Matrix Multiplication Methods on Macbook Pro

Matrix Size | SA WV | IWV | IWV, | IWV, | IWVg | Naive Method
128 x 128 1009 | 859 324 224 155 108 8

256 x 256 7118 | 5988 | 1895 | 1293 | 944 672 69

512 x 512 50043 | 42226 | 11314 | 7684 | 5282 | 3735 | 570

From Table 4.1, we can conclude that WV has better performance than SA, and
the optimization techniques greatly reduce WV’s time consumption. For example, when
matrix dimension n = 256, SA takes 7188 ms, WV takes 5988 ms, IWV takes 1895 ms.
With the limited recursion value of m, the timing for IWV improves to 1293 ms, 944
ms and 672 ms for m = 2, 4 and 8, respectively. As shown in Figure 4.1, with matrix
dimension increasing from 128 to 256 to 512, the average growth rate is approximately
7.04, 7.01, 5.91, 5.86, 5.95, 5.89, 8.45, respectively, for SA, WV, IWV, IWV,, IWV,, IWV;

and the naive method. It concludes that Strassen-like matrix multiplication algorithms
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have relatively lower timing growth than the naive method. Therefore, we expect that at

this growth rate, IWVyg outperforms the naive method before the dimension reaches 2'°.

8.9
8.6
8.3

8
7.7
7.4
7.1
6.8
6.5
6.2
59
5.6
5.3

5
Naive Method SA Wv Iwv IWV_2 IWvV_4 Iwv_8

—e—Matrix dimension increased from 128 to 256 —e—Matrix dimension increased from 256 to 512

Figure 4.1: Growth Rate of Multiple Matrix Multiplication Methods’ Timing Cost

Table 4.2 shows the timing performance of impelementing various matrix multi-

plication methods on Macbook Air with Intel Core i5 processor and 8 GB memory.

Table 4.2: Timing Cost of Implementing Matrix Multiplication Methods on Macbook Air

Matrix Size | SA WV | IWV | IWV, | IWV, | IWVyg | Naive Method
128 x 128 1352 | 1107 | 485 285 204 141 8

256 x 256 9382 | 7826 | 2486 | 1700 | 1154 | 845 76

512 x 512 68884 | 58289 | 14718 | 9945 | 6840 | 4826 | 667

From Table 4.1 and 4.2, we can conclude that machines with more computing

resources can considerably reduce the methods’ running time.
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Chapter 5

Hardware Simulation

For hardware simulation, we use Altera Quartus II Prime 18.0, which is a programmable
logic device design software by Intel, to compile design, perform timing analysis, simulate,
and synthesis. In order to verify the correctness of computation results, we write test-
bench applied in ModelSim (Intel FPGA Starter Edition 10.5b) to check register status
and output data. All these algorithms are programmed in Verilog [1]. The fitted device
is Cyclone IV E. All Strassen-like algorithms are implemented for matrix size 2¢ x 2¢, for
1 =1, 2,---, 5. For IWV implementation, we also consider the application of block re-

combination and different limited recursion values.
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5.1 System Design

5.1.1 System’s Overall Architecture

The basic idea of implementing Strassen-like algorithms is based on block decom-
position. When the size of the matrix under consideration becomes big, a matrix cannot
be sent into the central unit for computation within a single clock cycle. Thus, registers

for temporarily storing these input data are necessary.

Take 16 x 16 matrix multiplication as example. It needs three registers of size
256 bits each, one CMF{éXm, one CMF{%MG, one C'Migx1g, and one Rigy16. Figure 5.1

shows the system’s overall structure.

RAM A1 o -
£
I-n
@127, 1255, 12951, 'i [2400:0]
Input A > —|_)
>
i 2 P RAM CA
| ) -, . -
a) > (24009 o [0, 5 L1270 4
2 : = Output C
RAM B1 o =
=
o j
o127 255:0
@279, 19550y 122501, @ |
Input B 5 [24000
>
a A
. T
Clk

Figure 5.1: System’s Overall Architecture of Matrix Multiplication Algorithms Based on

Block Decomposition
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5.1.2 Module Instantiation

Verilog module, like functions in C++, is a piece of code that can be reused
within a program. It provides the template where we can build actual objects. Module
can be invoked from other modules, which is denoted as module instantiation. When we
instantiate a module, we need to specify the connections to ports of the module. The
simplest way to instantiate a module in top module is to wire the ordered ports up within

a named instance. We need to keep the ports mapping.

Module instantiation enables hierarchical design in Verilog. Hierarchical design
usually includes a top level module and several lower level modules. It enlightens the
realization design of recursive algorithms. For example, CM F3** is a module realizing
component matrix formation of input matrix A with size 4 x 4. In IWV, it needs to

instantiate five CM F7** with different names, as shown in Figure 5.2.

=] Block_Decomposition_WwV_cMF_x_2by2 MCFX1(
.clk{clk),

|-aal[0][0]D,

.Res({Cl)

= Block_Decomposition_WV_CMF_¥_2by2 MCFX2(
.c1k(c1k§,

-A(AL[0][1]1),

.Res(C2)

JH
=] Block_Decomposition_wv_CMF_X_2by2 MCFX3(
.clk(clk),
SACAL[L][1]D,
.Res(C3)

= Block_Decomposition_WV_CMF_¥_2by2 MCFX4(
.c1k(c1k§,

LA(RL),

.Res(cd)

=l Block_Decomposition_wv_CMF_X_2by2 MCFX5(
.clk(clk),

A(R2),

.Res{C5)

Figure 5.2: Lower Level Module Instantiation of C' M F}**
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5.2 System Parameter Setting

5.2.1 Cyclone 1V devices

Altera’s new Cyclone IV FPGA device family extends the feature of Cyclone FPGA
series. Especially, Cyclone IV E devices are best used for low-cost, small-form-factor
applications widely applied in wireless, wireline, broadcast, industrial, and communication
industries. The voltages that Cyclone IV E device family offers are of 1.0V and 2.0V. The
device family usually provides 6K to 115K logic blocks, 94 to 535 user I/Os, and up to
4 Mb of embedded memory, which is considered as low-cost and low-power FPGA fabric.

Table 5.1 lists the device resources limit of part of Cyclone IV E device family [2].

Table 5.1: Resource of Cyclone IV E Device Family

Resources EP4CE40 | EP4CE5S5 | EPACETS | EP4CEL15
Logic Elements 39600 55856 75408 114480
Embedded Memory(Kbits) 1134 2340 2745 3888
Embedded 18 x 18 multipliers | 116 154 200 266
General-purpose PLLs 4 4 4 4

Global Clock Network 20 20 20 20
Maximum User 1/0 532 374 426 528

5.2.2 Logic Elements

Logic elements (LE) are considered as the smallest units of logic in the Cyclone IV

device architecture. LEs are put packed firmly and offer high-performance specifications
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with reasonable logic usage. As shown in Figure 5.3, each LE should include:

A four-input look-up table(LUT). LUT is used to implement any functions with four

variables.

e Programmable Register.

Carry Chain Connection and Register Chain Connection

Register Packing Support

Register Chain ) Ragister Bypass
Routing from LAB-Wide )
previous LE Synchronous  LAB-Wide Programmable
Load Synchronous Register
LE Camy-In ————————y Clear
|
L L
data 1 - Fow, Column,
data 2 > Synchronous And Direct Link
data 3 —4 LMkLUup'rTwh g"h:" _D* Load and D > Routing
Lum n Clear Logic
data 4 - | ENA
CLAN » Row, Column,
And Direct Link
> Routing
labelrl
labelrz_
Chip-Wide |Asynchronous - Local
Reset Clear Logic . Routing
Register Feedback (DEV_CLRn)
Clock & Register Chain
Clock Enable . Ou‘tgput
Select
LE Camy-Out  'abolki ™
labclk2 /J
labclkena “\*1
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Figure 5.3: Cyclone IV Device LEs
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5.2.3 Input/Output Format

For 16 x 16 and 32 x 32 modules, the width of data input and output ports is
customized to be 128 bits for better timing performance. Take 32 x 32 matrix multiplication
module as an example, for input matrix A, the total 1024 bits from A[0][0] to A[31][31] are
packed as a vector with length of 1024 bits. Therefore, it totally needs 8 clock cycles to
subsequently store all input data into register. It should be noted that in the 8 clock cycles,
input matrix B is also successfully transmitted to a register at the same time. Thus, the
input is sent over 8 cycles. When all arithmetic operations are done, the product matrix
is ready to be sent out. The product is in the form 1-dimension vector with length of 1024

bits. The timing cost for output is also 8 cycles [23].

5.3 Sytem Circuit

For the realization of recursions, we adopt nested module instantiation methodol-
ogy. We first design modules for smaller matrices or vectors, and then instantiate them in
the top module. For example, the CMF module of SA for n = 4 needs to instantiate 7 CMF
modules of SA for n = 2. In order to specifically explain the hardware implementation,
we illustrate the circuit with diagrams respectively for each method. It is easy to find out

how many logic component operations are used in the circuit.
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5.3.1 Block Decomposition Circuit of SA

In Figure 5.4, block decomposition circuit of SA, the SA is divided into 3 clusters
of blocks: CMF —> CM = R. It instantiates 14 CMFs, 7 CMs, and 7 Rs. In this case,
it totally takes 10 XORs to compute the input of CMFs and 8 XORs to reconstruct these
vectors R;’s (i =1, ---, 7). The cluster of CMs require 7 AND gates, since each CM is a

bit level multiplication over GF(2).
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Figure 5.4: Block Decomposition Circuit of SA for n = 2
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5.3.2 Block Decomposition Circuit of WV

In Figure 5.5, block decomposition circuit of WV, there are 2 less XORs to compute
the input of CMFs and 1 less XOR to reconstruct these vectors R;’s (i = 1,---,7) than
SA. The number of AND gates are the same with that in SA.
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Figure 5.5: Block Decomposition Circuit of WV for n = 2

60



5.3.3 Block Decomposition Circuit of IWV

In Figure 5.6, block decomposition circuit of IWV| it only instantiates 10 CMFs,
7 CMs, and 6 Rs. Furthermore, it totally takes 4 XORs to compute the input of CMFs, 4
XORs to compute the input of CMs, 2 XORs to compute the output of CMs, and 5 XORs
to reconstruct these vectors R;’s (i = 1, ---, 7). A total of 7 AND gates are needed in
CMs.
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Figure 5.6: Block Decomposition Circuit of Improved WV for n = 2
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5.4 Performance Evaluation

5.4.1 Performance Comparison

Table 5.2 summarizes the details of performance metrics of SA, WV, and IWV
based on block decomposition. IWV is based on observing the linearity property of WV’s
CMF and R.

For physical resource utilization, we can see that the usage of logic elements in
WV is reduced around 7% than SA for matrix dimension ranging from 22 to 2°. On the
other hand, IWV tends to use more logic elements than WV, and for the matrix dimensions
used in our hardware simulation the differences are 51%, 51%, 54% and 58%, respectively.

However, the memory bits are reduced by 59.2%, 74.1%, 62.5% and 69.4%, respectively.

In terms of clock rate, maximum frequency is higher by 5.6%, 28.5% and 76.7%
compared to those of WV for matrix sizes 4 x 4, 8 x 8, 16 x 16. In Table 5.2, we also list
the number of clock cycles needed by the three methods. By dividing these clock cycle
counts by the maximum frequency, we get computation time. From the data in the table,
we can conclude that the computation time required by IWV is less than that by WV. We
also note that with the increase of matrix dimension from 2 to 16, the rate of reduction in

computation time by IWV tends to be larger.
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Table 5.2: Performance Metrics of SA, WV and IWV Based on Block Decomposition

Metrics 2x2 |4x4 | 8x8 |16x16 | 32x 32
Logic Elements 58 291 2038 14320 106691
Pins (total) 13 49 193 385 385
Total Memory Bits 0 441 2744 16807 | 168070
SA Clock Cycles 7 12 15 21 *

Max Frequency (MHz) | 675.22 | 358.68 | 274.5 | 113.9 *
Computation Time (ns) | 10.37 | 33.46 | 54.64 | 184.37 | *

Logic Elements 58 269 1884 13242 | 99314

Pins (total) 13 49 193 385 385

Total Memory Bits 0 441 2744 16807 168070
WY Clock Cycles 7 12 15 21 *

Max Frequency (MHz) | 654.88 | 339.67 | 260.62 | 115.04 | *

Computation Time (ns) | 10.69 | 35.33 | 57.56 | 182.55 | *

Logic Elements 58 406 2839 | 20426 | 157293

Pins (total) 13 49 193 385 385

Total Memory Bits 0 180 712 6308 51428
WV

Clock Cycles 7 12 15 21 *

Max Frequency (MHz) | 654.88 | 358.68 | 334.78 | 203.29 | *
Computation Time (ns) | 10.69 | 33.46 | 44.81 | 103.30 | *

5.4.2 Performance Optimization

In order to further improve the resource utilization, we exploit the use of block

recombination and limited recursion. For accurate analysis, we only employ these methods
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on matrix size of 16 x 16 and 32 x 32. Table 5.3 summarizes the details of performance
metrics of IWV based on block decomposition with different limited recursion values m
when matrix size is 16 x 16. From the table, we see that the size of initially formed matrix
has a big influence on the overall performance. The logic element usage is reduced from
14826 to 10322 to 8686. The total memory bits are reduced from 2416 to 1644 to 1116.

The number of clock cycles is reduced from 21 to 15 to 11.

Table 5.3: Performance Metrics of IWV Based on Block Decomposition for 16 x 16 Matrix

Matrix Size 16 x 16
Metrics

m =2 m=4 m =
Logic Elements 14826 10322 8686
Total Memory Bits 2416 1644 1116
Clock Cycles 21 15 11
Max Frequency (MHz) | 99.26 134.37 103.56
Computation Time (ns) | 211.16 111.63 106.22

Table 5.4 provides the details of performance metrics of IWV based on block
decomposition with different limited recursion values when matrix size is 32 x 32. The logic
element usage is reduced from 105873 to 70152 to 59639. The total amount of memory
bits is reduced from 18816 to 9644 to 6912. The number of clock cycles is reduced from 35
to 30 to 27. Maximum clock frequency increases from 39.73 MHz to 55.32 MHz to 72.24
MHz. Computation time is reduced from 880.95 ns to 542.30 ns to 373.35 ns.
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Table 5.4: Performance Metrics of IWV Based on Block Decomposition for 32 x 32 Matrix

Matrix Size 32 x 32
Metrics
Logic Elements 105873 70152 59639
Total Memory Bits 18816 9664 6912
Clock Cycles 35 30 27
Max Frequency (MHz) | 39.73 55.32 72.24
Computation Time (ns) | 880.95 542.30 373.35
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Chapter 6

Concluding Remarks

6.1 Summary

In this thesis, we have considered Strassen-like algorithms for matrix multiplica-
tions, specifically Strassen’s algorithm and its variant by Winograd. These two algorithms
extend the idea of block matrix multiplication, divide-and-conquer, to reduce the algorithm

complexity from O(n?®) to O(n*8!).

In order to make analysis of these two fast matrix multiplication methods, we have
reviewed Cenk and Hasan’s idea to divide the whole algorithm into four blocks: C'M Fly,
CMFg, CM, and R. Each block is considered as a recursive function. Several examples
were instantiated to verify the correctness of these blocks. We have also investigated
three methodology: linearity property of CMF and R, block recombination, and limited
recursion, to improve Winograd’s variant for better performance. Complexities of improved

methods have also been listed for comparisons.

Software implementation and hardware simulation have both been performed to
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support the theoretical analysis. For software implementation, we adopted C++ as pro-
gramming language and realized matrix multiplications for dimensions 128, 256 and 512.
In our software realizations, WV is about 15% faster than SA. Observing the linearity
property of CMF and R operations improves WV by 66%. The combined use of block

recombination and limited recursion reduces the timing by up to 67%.

For hardware simulation, we have used Verilog to realize it. Due to the limit of
hardware resources, we have restricted our matrix size to 2° x 2¢, fori = 1, 2, ---, 5. From
the synthesis results, we have concluded that WV consumed about 7.5% less logic elements
than SA. A number of optimization techniques have been employed to considerably reduce
the number of logic elements, the total amount of storage (i.e., memory bits) and the

running time.

Above all, we are able to make conclusions that WV is better than SA both in
software implementation and hardware simulation. The optimization methods introduced
by Cenk and Hasan have been tested to considerably improve WV’s performance with

regard to execution time and resource utilization.

6.2 Future Work

As can be seen from the previous chapters, Strassen-like algorithms have asymp-
totically lower complexities than the naive method. But in real experiment, Strassen-like
algorithms are not efficient enough when they are applied on smaller size matrices. They
incur a huge amount of extra time to realize the recursion unrolled to a certain level.
For larger matrices, they require massive memory storage and hence it is worth to try

implementing them on a computer system with a huge amount of high-speed storage [24].
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For hardware simulation analysis, it is easy to exceed FPGA device resource lim-
itations if we directly unroll all recursions and compute them. Therefore, it would be

interesting to try implementing Strassen-like algorithms using Application Specific Inte-

grated Circuits (ASIC).
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