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Abstract

In this thesis we develop generalizations of two well-known principles from the theory of
Diophantine approximation, namely the gap principle and the Thue-Siegel principle. Our
results find their applications in the theory of Diophantine equations. Let a be an algebraic
number over Q and let F'(X,Y") be the homogenization of the minimal polynomial of a.. In
the special case when Q(a)/Q is a Galois extension of degree at least seven, we establish
absolute bounds on the number of solutions of certain equations of Thue and Thue-Mahler
type, which involve F'(X,Y’). Consequently, we give theoretical evidence in support of
Stewart’s conjecture (1991). More generally, if every conjugate 5 of a is such that the
degree of § over Q(«) is small relative to the degree of a over Q, we establish bounds of
the form Cvy, where C' is an absolute constant and 7 is a natural parameter associated
with « that does not exceed the degree of o over Q. We expect this parameter to be small,
perhaps even bounded by an absolute constant.
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Chapter 1

Introduction

1.1 Diophantine Approximation and its Applications to
the Theory of Diophantine Equations

The theory of Diophantine approximation is a fascinating area of mathematics, which
studies approximation properties of numbers. Over the past two hundred years its develop-
ment led to numerous breakthroughs in number theory, including the discovery of the first
transcendental number and the development of methods for solving various Diophantine
equations.

In Diophantine approximation we are primarily interested in the question of how well
real numbers can be approximated by rationals, and its variations and generalizations. If «
is a real number and z/y is a rational number with y > 1, then the quality of approximation
of a by x/y can be measured by means of a quantity u such that the inequality

< — (1.1.1)

is satisfied. The larger pu is, the better the approximation of z/y with respect to « is.
It was observed by Dirichlet that for 4 = 2 the inequality above can be achieved for
infinitely many integers x and y, as long as « is real and irrational. On the other hand,
Liouville pointed out that, if « is an irrational algebraic number of degree d and u > d,
then (1.1.1) has only finitely many solutions in integers x and y with y > 1. In other
words, algebraic numbers cannot be approximated by rationals too well. This observation



enabled Liouville to construct the first transcendental number Z:z 107, known today
as a Liouville number, that was well-approximated by rationals [23].

In this thesis, we generalize certain principles from the theory of Diophantine approxi-
mation and apply them to analyze Diophantine equations of Thue and Thue-Mahler type.
A Thue equation is an equation of the form

F(z,y) =m, (1.1.2)

where F(X,Y) € Z[X,Y] is a homogeneous polynomial of degree d > 3 with non-zero
discriminant D(F'), m is a fixed positive integer, and x,y are integer variables. In 1909
Thue [33] established that there is a finite upper bound on the number of solutions of
(1.1.2), provided that F'is irreducible. He observed that large solutions to (1.1.2), — that
is, solutions (z,y) satisfying |y| > C; for some number C; = Cy(m, u, F), — must satisfy
the inequality (1.1.1), with « being one of the roots of F(X,1). The problem essentially
reduced to counting distinct solutions z/y to the inequality (1.1.1).

Perhaps surprisingly, it is not difficult to count distinct z/y satisfying (1.1.1) with y
varying in a fixed range. Indeed, if it so happens that C; < y; < yo < (5, then the fact

that x1/y1 # x2/ys yields

1 T1 ) T ) 1 1 2
— < |———|<|la-—|+|la-—| <5+ <,
Y1y Yi Y2 Y1 Y2 Y1 Y2 Y1
resulting in the inequality
s > i,

which is known as the gap principle. For p > 2 this inequality states that, if two distinct
rationals satisfy (1.1.1), then their denominators must be far apart from each other.
Unfortunately, as the quantity C5 can be arbitrarily large, the gap principle itself does
not provide any insight on the number of distinct solutions to (1.1.1). However, it was
established by Thue that with C; sufficiently large one may take Cy = y{ for some
n > 1, where x;/y; is a solution to (1.1.1) with the smallest denominator y; > C;. This
phenomenon is known as the Thue-Siegel principle. Upon combining the gap principle with
the Thue-Siegel principle it is possible to count distinct solutions x/y to the inequality
(1.1.1), and hence to the Thue equation (1.1.2).

Since Thue’s time, the estimates on the number of solutions of (1.1.2) have been
improved significantly. In 1933, assuming that F' is irreducible, Mahler established the
existence of a number C', dependent only on F', such that the number of primitive solutions
to (1.1.2), — that is, solutions with x and y coprime, — does not exceed C**<(™) where



w(m) denotes the number of distinct prime divisors of m [24]. In fact, his result was even
stronger: if instead of (1.1.2) we consider the equation

F(x,y) =py*---pf, (1.1.3)

where py, po, . .., p; are distinct fixed prime numbers, then it follows from Mahler’s argument
that the number of integer solutions (z,y, k1, ko, . . ., k) to (1.1.3), with z, y coprime and k;
non-negative, does not exceed C***. The equation (1.1.3) is called a Thue-Mahler equation.
Further improvements to this estimate have been made by Erdds and Mahler [12], and Lewis
and Mahler [21].

It was conjectured by Siegel that the number of primitive solutions to (1.1.2) should
not depend on the coefficients of F'. Siegel’s conjecture was established in 1984 by Evertse
[15], who proved that the number of primitive solutions to (1.1.3) does not exceed

2. 7#H+3), (1.1.4)
where a binary form F' of degree d was assumed to be divisible by at least three pairwise

linearly independent linear forms in some algebraic number field. An estimate on the
number of solutions to (1.1.2) thus follows by replacing the number ¢ in (1.1.4) with w(m).

When integers x and y are arbitrary, the number of solutions to (1.1.2) can be large.
For example, in 2008 Stewart [32] proved that when F is of degree 3 and D(F') # 0 then
there is a positive number ¢ = ¢(F') such that the number of solutions to (1.1.2) is at least
c(logm)'/2. However, if we restrict our attention only to primitive solutions, then their
number does not seem to increase with the growth of m. In 1987 it was conjectured by
Erdés, Stewart and Tijdeman [13] that the number of primitive solutions to (1.1.2) does not
exceed some constant, which depends only on d. In the same year Bombieri and Schmidt
[4] proved that the number of primitive solutions to (1.1.2) does not exceed

Cdl—i—w(m)’

where the constant C'is absolute. In 1991 Stewart [31] replaced w(m) in the above estimate
with w(g), where g is a divisor of m satisfying g > m4*+9/3¢ (this is the statement of [31,
Theorem 1| with € = 1/2). In the same paper, Stewart conjectured the following.

Conjecture 1.1. (Stewart, |31, Section 6]) There exists an absolute constant ¢y such that
for any binary form F € Z[X,Y| with nonzero discriminant and degree at least three there
exists a number C = C(F), such that if m is an integer larger than C, then the Thue
equation (1.1.2) has at most ¢y solutions in coprime integers x and y.



There has not been much recent work towards establishing Stewart’s conjecture. The
most notable step forward can be found in the work of Thunder [34]. Based on [31] he
gives a heuristic that supports the conjecture of Stewart when the degree of the form F
is at least five. By generalizing the gap principle and the Thue-Siegel principle outlined
above, we develop new methods for estimating the number of primitive solutions of (1.1.2)
and (1.1.3) in the case t = 1, thus providing theoretical evidence in support of Stewart’s
conjecture.

1.2 Organization of the Thesis and Contributions

The thesis is organized as follows. In Chapter 2 we develop a generalized gap principle
for all absolute values of Q. We apply our generalized gap principle and the Thue-Siegel
principle [3] to prove Theorems 2.2 and 2.3, where we establish absolute bounds on the
number of solutions of certain equations of Thue and Thue-Mahler type. The bounds
established in Theorems 2.2, 2.3 depend on the size of Aut’|F|, a finite group of size at
most 24 associated with a binary form F. In Chapter 3 we compute Aut'|F| explicitly
for binary forms associated with 2 cos(27/n). The main result of this chapter is stated in
Theorem 3.1.

We use methods developed in Chapter 2 to produce a generalized gap principle for
rationals 1 /y, 2 /1y, in lowest terms that approximate algebraic numbers «, /3, respectively,
provided that f € Q(«). It is an interesting and challenging problem to remove this
restriction. In Chapters 4 and 5 we generalize the Thue-Siegel principle (Theorem 4.1) and
the gap principle (Lemmas 5.13, 5.14) to the case when the degree of 5 over Q(«) is small
relative to the degree of a over Q. These principles are combined to prove Theorems 5.5
and 5.6, the first of which is stated in terms of explicitly computable numbers only. In both
theorems our bounds can be written in the form C~y, where C' is an absolute constant and
7 is some natural parameter which does not exceed the degree of a binary form F' and can
be significantly smaller.



Chapter 2

Absolute Bounds for the Number of
Solutions of Certain Equations of Thue
and Thue-Mahler Type

Let
F(X,Y)=cgX 4+ g 1 XYW+ 4 XY 4 gV

denote a homogeneous polynomial of degree d with integer coefficients. For an arbitrary

polynomial f € Z[X], we define the content of f to be the greatest common divisor of its

coefficients. Thus, in the case of F' defined above, the content is equal to ged(co, c1, ..., ¢cq)-

We say that F'is irreducible if the equality F' = GH, where G, H € Q[X, Y] are homogeneous
polynomials, implies that either G or H has degree zero.

In this chapter we study equations of the form |F(z,y)| = tp®, with p* a prime power
and ¢ a small integer variable. We demonstrate that it is possible to provide an absolute
bound on the number of their solutions, provided that F' is irreducible of degree d > 7 and
the size of the Galois group of F'(X,1) over Q is equal to d.

In order to state the main results given in Theorems 2.2 and 2.3, we need to introduce
the notion of an automorphism of a binary form. For a 2 x 2 matrix M = ({%), with
complex entries, define the binary form Fj;(X,Y") by

Fu(X,Y) =F(sX +uY,tX +vY).

Definition 2.1. We say that M = (4) € My(C) is an automorphism of F (resp., |F|)
if Fpy = F (resp., Fjy = F or Fy = —F). If K is a field containing @, the set of all

5



automorphisms of F' (resp., |F|) with s,t,u,v € K is denoted by Autg F' (resp., Autg |F|).
We also define

1
Aut' F={ —— <S u) s tyu,v € Zop N Autg F. (2.0.1)
V]sv—tu] \t v

Analogously, we define Aut’ |F.

One can easily verify that Aut’ |F| is a group. In Lemmas 2.4, 2.5 we will show that for
d > 3 this group is finite and contains at most 24 elements.

For an arbitrary finite set X, let #X denote its cardinality. We prove the following.

Theorem 2.2. Let F(X,Y) € Z[X,Y] be an irreducible binary form of degree d > 7 and
content one. Let o be a root of F(X,1) and assume that the field extension Q(a)/Q is
Galois. Let X be taken from Table 2.1 for 7 < d < 16 and A =1—16.2/d for d > 17. Let
p be prime, k a positive integer, and consider the Diophantine equation

|F(x,y)| = tp". (2.0.2)

Provided that p* is sufficiently large, the number of solutions to (2.0.2) in integers (z,y,t)
such that

ged(z,y) =1, 1<t < (ph)?

is at most # Aut’ |F|. In particular, it does not exceed 24. More precisely, for any two
solutions (x1,y1,t1), (T, Y2, t2) there exists a matriz M = |sv — tu| /2 - ($%) in Aut’ |F|

tov
such that
Ty ST + Uy

Yo tmy +oyr

d| 7 8 9 10 11 12 13 14 15 16
A 0004 0068 0.124 0172 0.216 0.254 0.289 0.321 0.349 0.375

Table 2.1: Values of A corresponding to d in the range 7 < d < 16.

Theorem 2.3. Let F(X,Y) € Z[X,Y] be an irreducible binary form of degree d > 7 and
content one. Let a be a root of F(X,1) and assume that the field extension Q(«a)/Q is
Galois. Let X be such that

0<A<1—81/(d+2).



Let p be prime, and consider the Diophantine equation
|F(z,y)| =tp*. (2.0.3)

Provided that p is sufficiently large, the number of solutions to (2.0.3) in integers (x,y, z,t)
such that
ged(z,y) =1, 2>1, 1<t < (p*)

18 at most

44 Aut’ |F| - {1 N 11.51 4 1.5log d + log ((d — 2.05) /(1 + )\))J

log((d —2.05)/(1 4+ \) — 0.5d)

If we let A = 0.5 —4.05/(d + 2), then it is a consequence of Theorem 2.3 and the fact
that Aut’|F| < 24 (see Lemma 2.5) that the number of solutions in integers (z,y, z,t) to
(2.0.3) does not exceed 1992 for all d > 7 and it does not exceed 72 for all d > 10'.

2.1 Automorphisms of Binary Forms

In this section we establish several results about automorphisms of a binary form F(X,Y).

At the end we prove Proposition 2.7, where we explain the relation between automorphisms
of F' and the roots of F(X,1).

Lemma 2.4. Let F(X,Y) € Z[X,Y] be an irreducible binary form of degree d > 3. Then
Autg |F| is GLa(Q)-conjugate to one of the groups from Table 2.2.

1 S1 Uy
M= —
N <t1 Ul)’
where N, si,t1,u1,v; are integers such that ged(sy,ti,u;,v;) = 1 and N € N. Since
Fy = £F, we see that |D(Fy)| = |D(F)|, where D(F) is the discriminant of F. Then

it follows from the formula D(Fy;) = (det M)¥ 4=V D(F) that |det(M)| = 1. Therefore
N = |511)1 — t1U1|.

Now suppose that M € Autg |F| has infinite order. Define S = NM € My(Z) and for
k € N let sy, tx, ug, vy, be such that S¥ = (¥ 7¥). Fix some coprime pair (z¢,y0) € Z* and
let h = |F(z0,v0)|.- Then for any k € N we have

1

1
h = [F(xo,y0)| = [Fa (o, yo)| = Nk | Fs (o, y0)| = Nk |F'(sko + uryo, thTo + virYo)| -

Proof. Let



Let g = ng(Skl’o + Uk Yo, tkl'o + Ukyo). Then

) d

‘F (Skxo + upyo trro + Ukyo) ‘ N
9k 9k Ik

where the quantities on either side of the above equality are positive integers. If N = 1 then
g divides h for all k. In particular, there exists some divisor A’ of h such that k' = h/g{
for infinitely many k. But then we obtain infinitely many solutions to the Thue equation
|F(z,y)| = . Since F is irreducible and of degree at least three, this contradicts Thue’s
Theorem [33]. If N > 1, let py,...,p, denote the distinct primes that divide N. Since
N*h/gd is an integer for all k, there exists some divisor A’ of h such that N*h/g¢ is of
the form p7* - - - pZ»h’ for infinitely many k. Therefore the Thue-Mahler equation

|F(z,y)| = pi* oW

has infinitely many solutions (z,vy, z1,. .., 2,), with ged(z,y) = 1. Since F' is irreducible
and of degree at least three, this contradicts Mahler’s Theorem |[24|, which means that
M € Autg |F| always has finite order.

Now suppose that Autg |F'| contains at least 13 distinct elements M, ..., M3, each of
which has finite order. By Schur’s Theorem [8|, any finitely generated torsion subgroup
of GL,(C) is finite.! Hence (M, ..., M;3) is a finite subgroup of GLy(Q). However, it is
known that every finite subgroup of GL2(Q) has to be GL2(Q)-conjugate to one of the
groups listed in Table 2.2 [25]. Since all these subgroups have at most 12 elements, we
reach a contradiction. Therefore Autg |F| is a finite subgroup of GL2(Q), and so it is
GL2(Q)-conjugate to one of the groups listed in Table 2.2. O]

Lemma 2.5. Let F(X,Y) € Z[X,Y] be a binary form of degree d > 3. Let Aut’ |F| be as
in (2.0.1). Then Aut' |F| = C,, or Aut' |F| = D,,, where n € {1,2,3,4,6,8,12}.

Proof. Note that Autg |F| is a subgroup of Aut’ |F|. Furthermore, for any M € Aut’ |F| we
have M? € Autg |F|. By Lemma 2.4, Autq | F| is finite, and so any M € Aut’ |F| has finite
order. In fact, since the orders of elements in Autg |F| are {1,2,3,4,6}, the only possible
orders of elements in Aut’ |F| are {1,2,3,4,6,8,12}.

Next, recall a classical result that any finite subgroup of GLy(R) is GLg(R)-conjugate to
a finite subgroup of the orthogonal group O (R). Since finite subgroups of Oy(R) correspond
to rotations and reflections on a plane, we conclude that each finite subgroup of GLy(R),

'T am grateful to Patrick Naylor for his help on this part of the argument.
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Group | Generators | Group | Generators

o 1) G

e (3 4)]e (o)D)
Cs (—01 —11) Ds <(1) (1)>’<—01 —11)
o ((G) e (G (G)
o (053 e (o))

Table 2.2: Representatives of equivalence classes of finite subgroups of GLy(Q) under
GL2(Q)-conjugation.

including Aut’ |F'|, is isomorphic to either a cyclic group C,, of order n or a dihedral group
D,, of order 2n.

Now suppose that G contains at least 25 distinct elements M, ..., My5. By Schur’s
Theorem [8], any finitely generated torsion subgroup of GL,,(C) is finite. Hence (M, . .., Mas)
is a finite subgroup of GLy(R), so it is isomorphic to either C,, or D,, for some n. In the
former case we see that n > 25, while in the latter case n > 13. In both cases we obtain a
contradiction, since the largest order that an element of Aut’ |F| can have is 12. Therefore
Aut’ |F'| contains at most 24 elements. [l

Example 2.6. Let us give an example of a group of the form (2.0.1) that is not a subgroup

of GL,(Q). Consider
o=(( o)- (20 va)):

Then G = Dyy. If we choose coprime integers a,b so that @ = 3b (mod 10), then any



(reciprocal) binary form

F(X,Y)=a(X?+Y") - 6aXY (X" + Y

231a + 2b
+ “TJFXWQ(X8 +Y®) — (176a + 20) X3Y3(X°® 4+ Y©)
4 b
+ %x‘*y‘*(ﬂ + Y4 +20X°Y5(X? +Y?)
11220 +29 6,
5

will have integer coefficients and satisfy the equation Fy; = F for any M € G. Consequently,
if (z,y) is a solution of F(x,y) = m, then so are (y,—z + y), (—z + y,—x), (—z,—y),
(_yvx - y)? (Ilf - Y ZL‘), (yv ZL‘), (—ilf + Y, y)> (—{lf, —T+ y)? (_y> —Qf), (ZB - Y _y)v ([E, T — y)
This phenomenon was observed by Stewart in [31, Section 6| with respect to binary forms
invariant under Dg, which is a subgroup of G. In addition to these 12 solutions, we have
F(2',y") = 729m for any (2',y') € {(x + vy, —v + 2y), (—z+2y, —22+y), (—2z+y, —x—y),
(—z —y,x —2y), (x —2y,2x —y), 2z —y,x+vy), (—z+2y,z+vy), (—2x +y, —z + 2y),
(—z—y,—2v+y), (z—2y,—v—vy), (2v -y, —2y), (r+y,2v —y)}.

Proposition 2.7. Let F(X,Y) = ¢y X4 cqg 1 X 4+ - +coY4 € Z[X, Y] be an irreducible

binary form of degree d > 3. Let oy, ..., aq be the roots of F(X,1). Then there exists j

such that
_vayp—u

N —tag + s

for some integers s, t,u,v if and only if the matrix

1 F(s,t
e (3 1) = [ F0
|sv — tu| v Ca

is an automorphism of |F|.

Q;j

2/d

Proof. Since F(X, 1) isirreducible, its Galois group acts transitively on the roots oy, as, . . ., ag.
Therefore

vy — U Vg — U vag — U

—tay +s —tag+s T —tag + s

10



is a permutation of oy, ..., ay. Thus

U
FXY) _CdH( —tarl—sY)

—ta; + $)X — (vay —u)Y)

:]g

Hz 1( tOéz i:l

Cd
= F(sX Y tX Y
Fis.0) (sX +uY,tX +0Y)

= £n?F(sX 4+ uY,tX + oY),

where 1 = |cq/F(s,t)|*/¢ € R. Since F is homogeneous, we see that the matrix M =7 (%)
is an automorphism of |F|. Since

D(Fy) = (det M)~V D(F)

and Fy; = +F, we see that |D(Fy;)| = |D(F)|, and so | det M| = 1. Therefore |n|* - |sv —
tu| = 1, leading us to a conclusion that n = || = |sv — tu| /2.

Conversely, suppose that M = |sv — tu|"Y2(§%) € Aut'|F|. Then

d

Cd
=1

Fu(XY) =
We see that the polynomial Fj/(X,1) vanishes at (va; — u)/(—ta; + s) for i = 1,...,d.
Since Fy; = +F, the polynomials Fi/(X, 1), F(X, 1) have the same roots, so there exists
some index j such that o; = (voy — u)/(—tay + s). O

2.2 Preliminary Results

This section contains five lemmas, which we utilize in Section 2.3 to explore the properties
of minimal polynomials, as well as in Section 2.5, where we establish Archimedean and
non-Archimedean gap principles. Before we proceed, let us introduce some definitions and
notation.

Definition 2.8. For an arbitrary polynomial R € Z[X;, Xs, ..., X,], we let H(R) denote
the maximum of Archimedean absolute values of its coefficients, and refer to this quantity

11



as a natve height, or simply a height, of R. For an algebraic number o with the minimal
polynomial f, we write H(a) = H(f). For a point (z1,xs,...,z,) € Z", we define

H(xy,29,...,2,) = Z,:1r1n2a:><n{|xi|},

and refer to this quantity as the height of (z1,z9,...,2,).

Definition 2.9. Let a be an algebraic number of degree d over Q and let o = a, ..., a4
be the conjugates of a. The house of «, denoted [al, is defined to be

@l = max {|aq],. .., |aql},
where ¢, is the leading coefficient of the minimal polynomial of «.

Definition 2.10. Let o be an algebraic number of degree d over Q and let a = «y,...,ay
be the conjugates of o. The Mahler measure of «, denoted M («), is defined to be

M(a) = caHmaX{l, i}

In this section, as well as all the subsequent ones, we will write

1 g 1 d
B loXigYsT Tt qldXE

Lemma 2.11. (Liouville’s Theorem, [30, Theorem 1E|) Let a € C be an algebraic number
of degree d over Q. Then for all integers x,y, y # 0 such that x # ya the inequality

1
>
2T H (o) max{1, [a]}* T H(z, y)’

T
a__
Y

(2.2.1)

holds.

Proof. Let
fX)=cgX4 -+ e1X + ¢

be the minimal polynomial of a. Since f(a) = 0, it follows from Taylor’s Theorem that

/(5) - (5-o)-
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By the triangle inequality and the identity

§3<E>Z(Zii), (2.2.2)

i=1

also known under the name of the hockey-stick identity, we have

IDif ()| < H(a) ) (‘Z) max{L, [a[}’™ (2.2.3)

< H(o)max{1, |a|}d—i§d; ()
~ H(a) (‘Zj_ 11) max{1, |a[}*".

We may assume that | — z/y| < 1, for otherwise we are done. Since x # ya, it must
be the case that f(z/y) # 0. Therefore

mer = ()

d
T
<o~ 23 1Dus(a)
Y1z
x . rd+1
<la— " H(a) ; (z N 1) max{1, |a|}?
dt1
d+1
< a-Z H(a)max{1,|a|}d_lz< + )
y iz !
< a—g 24+ [ (o) max{1, | 14",

]

Lemma 2.12. (p-adic Liouville theorem) Let p be a rational prime and o € Q, a p-adic
algebraic number of degree d over Q. Let | |, denote the p-adic absolute value on Q,,
normalized so that |p|, = p~*. Then for all integers x,y such that x # ya, the inequality
|Ca|gil
(d+1)H(a)H(z,y)?

holds, where c,, is the leading coefficient of the minimal polynomial of c.

lyo —alp 2

(2.2.4)
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Proof. Let
FX) =caX+ 4 X + ¢

be the minimal polynomial of o and F(X,Y) = Y¢f(X/Y) its homogenization. Note that
Cq4 = Cq. Since f(a) =0, it follows from Taylor’s Theorem that

F(z,y) = (z — ay) Z D;fa)(z — ay)~y

d
= (z — ay) Z le_(la) (car — cacy) ™y

7
- Cd

Since cga and cg”'Di f(«) are algebraic integers, their p-adic absolute values do not exceed
one, so

le (0]
Lﬂ%quWa—ﬂwmmx{‘ig) }
i=1,...,d cd
p
d—1
cg 'Dif(a)
[y — fnaxd{ dCT }
7777 d p

< Jya = aly - ey

Since = # ya, it must be the case that F'(z,y) # 0. By the product formula, the following
trivial lower bound holds:

1 1
v = F(o )] © @+ DH()H(, g

|F(z,y)]

The result follows once we combine the upper and lower bounds on |F'(z,y)|,. O

Lemma 2.13. (Siegel’s lemma, [5|) Let N and M be positive integers with N > M. Let
a; j be integers of absolute value at most A>1 fori=1,...,N and j=1,...,M. Then
there exist integers ty,...,tn, not all zero, such that

It;| < (NA)~=7, Za”t—o j=1,...,M.

Proof. See, for example, [36, Lemma 2.7]. ]

14



Lemma 2.14. Let o be an algebraic number of degree d over Q. Then for every non-
negative integer r there exist rational numbers a,; such that

d—1
a = Qrd—1& + -t aa+ Qyr.0-

Furthermore, if we denote the leading coefficient of the minimal polynomial of o by ¢, and
put
A=1+ o nax {laai]},

then cgax{o’rfdﬂ}ar’i € Z and |a,;| < AmO0r=d+1} for qll i such that 0 <i <d— 1.

Proof. As in [36, Proposition 2.6|, our proof will proceed by induction. The result trivially
holds for all r such that 0 < r < d. Now, suppose that the statement is true for some
r > d. Then

1 d—1 d—2
oM =a- (ar,d—la + Qr o0 + ot Ar 1 =+ anO)

d d—1 2
= Qrd-1C + Qp g—2C +- Ar1Q + QroQ
_ d—1 d—1 2
= a1 (aga10""" + -+ aa1a + ago) + ara20” -+ 410”4 appa

d—1
= (rg-1044-1+ Qra—2) """ + -+ (@ra-1041 + Qr o)X + Grg—1040-
We conclude that

41,0 = Ord—14d,0, Qpi1i = Ord—10d; + Qri—1, 1 <1< d—1.

Multiplying both sides of the above equalities by ¢/ ~¢*2

all 7 such that 0 <7 <d—1. Also, for 1 < <d—1,

r—d+2

, we see that ¢,

ary1, € 7 for

i1 < largo1] - laas] + laria] < A max{1, |ag,|} + A7 = A2,

An analogous estimate holds for |a,41|, and so we conclude that the inequality |a, ;| <
Amax{0r—d+1} s trye for all r and i. O

Let o be an algebraic number and O the ring of integers of Q(«). Let ¢, denote the
leading coefficient of the minimal polynomial of ae. We define

0, = #O/Z|caql. (2.2.5)

That is, 0, is equal to the cardinality of the quotient ring O/Z[c,a]. By definition, this
quantity is finite. Recall the notion of a house of algebraic number from Definition 2.9.
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Lemma 2.15. Let a be an algebraic number of degree d over Q and
B=bg 10"t 4+ by + by,

where by, by, ..., bg—1 € Q. Let c,, cg denote the leading coefficients of the minimal polynomials
of a, B, respectively. Then

1
max {|b:|} < d-[B]- max H frery Lot fei]

1<i<d 1<j<d | a; — ;|

Furthermore,
0ncp8 € Zlcaal,

where 0, is defined in (2.2.5). In particular, O,c5b; € Z for alli=0,1,...,d — 1.

Proof. Let a = v, ..., aq denote the conjugates of a. For j =1,...,d, let

d—1
)
= E biOéj.
1=0

Then each §; is a conjugate of 3 = ;. Further,

51 1 aq CM% ce d_l bo
I} 1 ay o2 ... ad ! b

ol = R IV R (2.2.6)
Ba 1 ag o ... ozg_l ba_1

Let us denote the Vandermonde matrix on the right-hand side of the above expression
by V. Then it follows from the inequality (4.1) in [16] that

1 ,
Ve < oo, TT %
1<j<d 22 la; — g
i#]
where || - || denotes the matrix infinity norm.

Now, let V1 = (v;;). Then it follows from (2.2.6) that b; = ijl ;i B, SO

1<j<d

d
1+ OzZ
il <> Jvigl - 18] < d-[B] - max H o |
=1
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Next, note that 6,cs8 = (#O/Z[caa])csf € Z[caal] due to the fact that cg8 € O.
Finally, observe that

d-1
Oncs0 = Z Oncpbia € Zlcaal.
i=0
Since Z[c,o) € Z[a, it must be the case that each coefficient 6,c¢sb; is an integer. O

The following lemma is a consequence of |34, Lemma 2|.

Lemma 2.16. Let p be a rational prime and let(QTp denote the algebraic closure of the field
of p-aidc numbers Q,. Let F(X,Y) € Z[X,Y] be an irreducible homogeneous polynomial
of degree d > 2 and content one, and denote the roots of F(X,1) by aq,...,aq4 € @. Let
x and y be coprime integers. If iy is an index with

|z — igylp _ |z — iy,
— e =min{————— 5,
max{1l, |a;,|,}  1<i<d | max{l, |a;|,}
then
ool _ 1P,
maX{lv |ai0|p} B |D<F) ]1)/2

Further, if |F(x,y)|, < |D(F) 3/, then the indez iy above is unique and o, € Qy-

2.3 Minimal Pairs

Let a be an algebraic number of degree d over Q and 5 € Q(«). With a pair («, 5) we
associate two polynomials P, () € Z[X], which possess certain minimal properties listed in
Definition 2.17. The properties of minimal pairs summarized in Proposition 2.19 will play
a crucial role in the development of a generalized gap principle introduced in Section 2.5.

Definition 2.17. Let « be an algebraic number of degree d and 5 € Q(«). We say that
two polynomials P, @, not both identically equal to zero, form a minimal pair for («, ),
if they satisfy the following four properties:

(1) P,Q € Z[X].

(2) Pla) + 5Q(a) =0
(3) The quantity max{deg P, deg ()} is minimal among all polynomials satisfying the properties

(1), (2).

17



(4) The quantity max{H (P), H(Q)} is minimal among all polynomials satisfying properties

(1), (2), 3).
If P, @ is a minimal pair for (a, ) we write

r(a, B) = max{deg P,deg Q}.

Example 2.18. If P, is a minimal pair for (o, 5) then —P,—(@) is also a minimal pair
for (e, B). This already demonstrates that minimal pairs are not unique. Furthermore, the
uniqueness is not guaranteed even if we impose an additional condition that the leading
coefficient of () is equal to one. Indeed, let

2T 4
Q@ cos<15), 15} COS(IE))

Pl(X) == —X2+2, Ql(X) - 1

Then both

and
P(X)=—-X?4+2X -1, Q(X)=X*-X -1

are minimal pairs for (a, 3).

Let P, @ be a minimal pair for (a, #) and define a polynomial
R(X,)Y)=P(X)+YQ(X).

Polynomials of such form were used by Thue [33] for the purpose of establishing the first
instance of the Thue-Siegel principle. More precisely, they were constructed as to achieve
high vanishing at the point («, @), i.e., D;R(ca, ) = 0 for i =0,1,...,¢ for some large ¢
(see the exposition of Thue’s method in [36, Chapter 2|). In turn, we construct R(X,Y) so
to achieve R(«, 5) = 0 for arbitrary 8 € Q(«), for the purpose of obtaining a generalized
gap principle.

Proposition 2.19. Let o be an algebraic number of degree d over Q and f € Q(«). Let
P,Q be a minimal pair for («, 5) and put r = r(«, ). Then the polynomials P, Q) and their
Wronskian W = PQ" — QP' possess the following properties.

1.
0<r<|d2]. (2.3.1)
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2. P and Q) are coprime.

3. [1”]5, Qe Z[X] satisfy P(a) + BQ(a) = 0 and max{deg P,degQ} < d —1—r, then
P =GP, Q= GQ for some G € Z[X].

4. Let o = v, ..., a4 be the conjugates of a. Let ¢, cs be the leading coefficients of the
minimal polynomials of a, B, respectively. Then

max{H(P), H(Q)} <

2-4/2 [ d(d + 2)%(ca + H(a))¥? - O,cs[B] - max ] Lol | (2.3.2)

1<j<d | jeg 191
i#]

where 0, is defined in (2.2.5).
5. If a € C then
W ()| = max{1, |a[}* " (c5™ M (a)" @V (4r® max{H (P), H(Q)}*)""Y, (2.3.3)

where M («) denotes the Mahler measure of a (see Definition 2.10).
If o € Q, then

W(a)|y > (d+ 1)~ D2(2r) 732 H (a)" 2 (r max{H (P), H(Q)}*) ™. (2.3.4)

Proof. Let us prove each of the above statements.

1. Let s = |d/2] and

P(X) =) aX', QX)=> au1.X". (2.3.5)
i=0 i=0
We view the 2s + 2 integer coefficients ay, . . ., ass11 as variables. Since « is algebraic

of degree d over Q and 5 € Q(«), the equation p(a) + 5@(@) = 0 defines d linear
equations over Q. Since 2s + 2 > d, the existence of a non-trivial solution to the
system of d linear equations over Q in 2s + 2 variables is guaranteed by Lemma 2.13.
Therefore there exist non-zero polynomials P, Q) such that max{deg P, deg Q} < s.
Consequently, the polynomials P, ) with max{deg P, deg Q} minimal satisfy

max{deg P,deg @} < max{deg P, deg Q} <s.
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2. Let G = ged(P, Q) and suppose that deg G > 1. Then certainly G(a) # 0, because
a has degree d and deg G < deg P < d. Put P = P/G and Q = Q/G. Then

P(a) + BQ(e) =0
and ) )
max{deg P,deg @} < max{deg P,deg Q},

in contradiction to our assumption that max{deg P, deg @} is minimal. Therefore
deg G = 0 and so P, () are coprime.

3. Since
we have

Since « has degree d and
deg (PQ — QP) < max{deg P, deg Q} + max{deg P, deg Q}

<r+(d-1-r)
<d—1,

we conclude that PQ — QJ? is identically equal to zero. If Q =0, then P =0, and so
G = 0. Otherwise P/Q = P/Q. If we put G = ged(P, (), then it becomes clear that
P=GP, Q =GQ.

4. Define b;, ci,; € Q as follows:
o = ck,d_lad_l + -t Crp,

5 = bdfl()édil 4+ -+ bl()é + bo.
Let P,Q be as in (2.3.5). Then

s d—1 s
P(a) + BQ(a) = Zaio/ + (Z biOéi> : (Z Gs+1+jaj>
i=0 i=0 j=0
s ] d—1
= Z a;a’ + Z Gst1+4j Z bia't
i=0 §=0 i=0
s s d—1 d—1+j
= Z CLZ‘O/ + Z Qgt1+4j (Z bi,jOéi + Z bijék>
i=0 §=0 i=j k=d
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d—14j

SDITUED STE) STED MR S T
53

s d1+j
al+

bz GOs+14j + § E bk GCk,is+145

7=0 k=d

-1 s d—1+j
+ Z (bij + Z bkjck,i> Asq1450"

i=s+1 j=0 k=d
d—1
= Li(&')o/,
1=0
where @ = (ag, ay, ..., as:1) and
i d—1+j s [d—1+j
ai + 3 | bij+ D0 bk—jcri | astrg + D0 | X0 br—jcha | @sy14y, i <s;
5=0 k=d j=i+1 \ k=d
ifi>s+1.

Lita) =9 | d—1+j
> (bz‘—j + > bkjck,i> As+1-+j
j=0

= 0 is equivalent to the system of d —1

We conclude that the equation P(a)+3Q(ar) =
linear equations Ly(d@) = ... = Ly—1(@) = 0 over Q.

Put
max  {|cgl}.

B = max {|b|}, C =
0<i<d—1 0Sk<d-1+s
0<i<d—

Then we can bound the (rational) coefficients of L;(@) from above by B(1 + sC):

d—1+j
bifj + Z bk,jck,i <B —|—ch < B(l + SC),
k=d
d—1+j
Z bi—jcri| < JBC < sBC < B(1+ sC).
k=d

By Lemma 2.15 we have 8,c3b; € Z for all 7 and

1 i

B<d- |_| max ﬁ.
1<j<d +. |0¢Z~ — Oé]|

1<i<d

i#]
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max{0,k—d+1}

Further, by Lemma 2.14 we have c, ki € Z for all i,k and

C<(1+ cng(a))s.
Hence the linear forms A
Li(@) = b,cp¢,,Li(a)
have integer coefficients and the size of these coefficients is at most
Oacpcs, B(1 + sC).
In turn, this quantity does not exceed

1A o]

a; —a |

A= (c +5s(ca+ H(a))®) d-0,cs8] - max H |

1<]<d

By Lemma 2.13 and the inequality ¢ + s(cq + H(«))® < (d/2 4 1)(co + H())®, we
have
max{H(P), H(Q)} = | max. {lai}

< ((28 + 2)A)d/(28+2—d)
d

d(d + 2)? d 1+ |y
——(cqa + H /29
< 5 (Ca + H())""0acs|B fg%d ” o — o]
<i<d
Z#J

Now that we know an upper bound on max{H(P), H(Q)}, we can determine the
upper bound on max{H (P), H(Q)} by considering the following two cases.

Case 1. Suppose that max{degP deg Q} > d — 1 —r. Then it follows from Part 1 and
the inequality max{deg P, deg Q} < |d/2] that

d < 7+ max{deg P,deg Q} < 2|d/2].

Thus d is even and max{deg P, deg Q} = r = d/2. Therefore the pair P,Q
satisfies Properties (1), (2), (3) in Definition 2.17. By Property (4), the polynomials
P, () satisfy

max{H(P), H(Q)} < max{H(P), H(Q)},

and so the result follows.
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Case 2. Suppose that max{deg P, deg Q} < d—1—r. Then we can use Part 3 to conclude
that P = GP, Q = GQ for some G € Z[X]. Since either P or Q is non-zero, we
have H(G) > 1. By Gelfond’s lemma |2, Lemma 1.6.11],

H(P) < H(G)H(P) < 2% P H(GP) < 22H(P).
An analogous estimate for H(Q)) yields the result.

5. Since P, are coprime and r > 1, they are linearly independent over QQ, so the
Wronskian W = PQ’ — QP’ is not identically equal to zero. Since « has degree d and
deg W = deg(PQ" — QP')
< max{deg P,deg Q} + max{deg P', deg Q"}
<d/2+(d/2-1)
<d-1,
we conclude that W («) # 0.
With the basic properties of heights listed in [36, Section 2.4.1] we find the upper
bound on H(W):

H(W) < H(PQ') +

H(QP")
SN()H(U+W) (7))
< 2r*H(P)H(Q)
< 2r’max{H(P), H(Q)}".

Suppose that a € C. Then c3" W (a) is a non-zero algebraic integer, so
d
Noy/o (65 W (a)) = cte™ TT W (as)
is a non-zero rational integer. Thus

d
W(a)|™ < g™ [T 1w (a)

1=2

d
< %W T(deg W + 1) H(W) max{1, ||} *"

=2

< (2rH(W))*t <M)2r—1‘

max{1, al}
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Suppose that o € Q,. By [27, Theorem 1.3.2| there exist polynomials ¢(X),¥(X) €
Z[X] such that deg ¢ < degW, degv < d, and

P(X)F(X) + (X)W (X) = Res(f, W).

Since Res(f,W) # 0 and « is a root of f(X) we see that ¢(a)W (a) = Res(f, W). Since
¢l () is an algebraic integer, its p-adic absolute value does not exceed one, so

(W(a)lp > [ ()W ()], = [cg™ Res(f, W),

Further, it follows from Hadamard’s inequality, as well as the upper bound on H (W)
established previously, that

[Res(f, W)| < (deg f +1)*#"/*(deg W + 1) /2 H () s W H (W) "8/
< (d+ 1)@ =V22r) 2 H(a)* 1 (2r? max{H(P), H(Q)}*".

Combining the lower bound on |W(«)|, with the upper bound on | Res(f, W)| yields the
result:

(W(e)l, = [ci™" Res(f, W),
> o™ Res(f, W)[™!
> H(a)™ "=V Res(f,W)[™"
> (d + 1)—(27"—1)/2<2T>—d/2H<a)—(2r+d—2)(27,2 maX{H(P), H(Q)}2)_d.

]

We conclude this section by addressing the question of computation of a minimal pair.
For a pair of algebraic numbers (a, #) such that 8 € Q(«), define

Pla.8) = { P(X) + YQUY): P.Q € QIX], deg P < §.dexQ < 5. P(a) + 6Q(a) = 0}
(2.3.6)

It is straightforward to verify that P(c«, ) is a finite-dimensional vector space over Q.
Furthermore, in view of Proposition 2.19 part 1, it contains a polynomial P(X )+ Y Q(X),
where P, () is a minimal pair for (a, ). We outline the procedure to determine P, in
Algorithm 1.
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Algorithm 1 Computation of a minimal pair

Require: A pair of algebraic numbers (o, 8) such that 5 € Q(«)
Ensure: P, (@ is a minimal pair for («a, )

1:

2
3

Put r = [dega/2].
Determine a basis { Ry, ..., Ry} of the vector space P(«, ) defined in (2.3.6).
For each 7 =1,...,k, define cp, cy, ..., cory1 so that

Rj (X, Y) = Z Cgi,in +Y Z CQ/L'J’,]_’]'XZ'.
1=0 i=0

Compute the reduced row echelon form M = (m;;) of a matrix

Cor+1,1 Cor1 -+ C11 Coj
Cor+1,2 Cor2 -+ C12 Cp2
Cort+1,k Cork *°° Cik Cok

Define . ,
Rip1—5(X,Y) = Z My ;X' +Y Z Mait1,; X,
i=0 i=0

so that {Ry,..., Ry} is a new basis of P(a, 3) satisfying degy Ry < ... < degy Ry.
Note that, by construction, degy Ry < degy Rs.

If degy Ry > degy R return N P, NQ, where N is equal to the least common multiple
of the denominators of coefficients of R;(X,Y) = P(X) 4+ YQ(X). Otherwise proceed
to Step 7.

Determine a basis B of the finest Z-lattice £ contained inside the vector space spanned
by Rl, RQ.

Apply LLL lattice basis reduction algorithm to B, with naive height as a norm function,
to compute the Minkowski-reduced basis B’ of £ [20].

Return P, @, where P(X)+YQ(X) is a polynomial in B’ that has the smallest height.
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2.4 A Gap Principle in the Presence of Vanishing

Let «, 3 be algebraic numbers over Q and R(X,Y) € Z[X,Y] a non-zero irreducible
polynomial such that degy R > 1, degy R > 1, and R(a, ) = 0. If x1/y1,22/ys are
good rational approximations to «, (3, respectively, such that H(zs,ys) > H(x1,y1), then
a gap principle H(z,y2) > C 'H(xy,4;)" holds for some C' > 0,7 > 1, provided that
R(z1/y1,x2/ys) # 0 and max{degy R, degy R} is small. This phenomenon will be studied
in detail in Chapter 5. However, one cannot deduce such a conclusion when R(x1/y1, 22/y2) =
0. In this section, we prove Proposition 2.20, where we show that, despite the vanishing of
R at a rational point (z1/y1, Z2/y2), it is still possible to produce a gap principle, provided
that R is irreducible, degy R > 2 and degy R < 1.

Proposition 2.20. Let P,Q € Z[X] be coprime and such that r = max{deg P, deg Q} > 1.
Let x1/y1, x2/y2 be rational numbers in lowest terms such that H(xs9,y2) > H(x1,11) and

p (x_) P (fﬂ_) _o. (2.4.1)
Y1 Yo n

H(ZUQ, y2) Z O_IH(xh yl)ra

Then

where

C =C(P,Q) = (2(r + 1> 2 max{H(P), H(Q)}*"+?)". (2.4.2)

The proof of Proposition 2.20 is given at the end of the section. It follows directly from
Lemma 2.21 and Corollary 2.23, which we will now establish.

Lemma 2.21. Let P,Q € Z[X] be coprime polynomials of degrees r and s, respectively,
such that r > max{1, s}. Let cp be the leading coefficient of P and

PX.Y) = Y'P(X/Y), QX.Y)=Y"(X/Y).
Then for all coprime integers x and y the number g = ged (P(x,y), Q(x,y)) divides
0= 0(P,Q) = |¢p°Res(P, Q)] ,

where Res(P, Q) denotes the resultant of P and Q). Furthermore, if P and QQ do not have
a linear factor in common then

1< o< ep™*(r +1)"2(s + 1)/* max{H(P), H(Q)}"".
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Proof. Suppose that a prime power p"™ exactly divides ¢g. Since x and y are coprime, either
x or y is not divisible by p. Suppose that p does not divide y. By [27, Theorem 1.3.2| there
exist polynomials (X)), (X) € Z[X] such that

p(X)P(X) + P(X)Q(X) = Res(P, Q).

Let t = max{deg ¢, deg1}. We evaluate the polynomial on the left-hand side at X = z/y
and multiply both sides of the above equality by 3"

y'o(z/y)P(z,y) +y'v(z/y)Q(z,y) = Res(P,Q)y" .
By definition of ¢, the numbers y'¢(z/y) and y'i)(x/y) are integers. Since p does not divide
y and p" divides both P(x,y),Q(z,y), we conclude that p™ divides Res(P, Q).

Suppose that p divides y. Then p does not divide z, and so by analogy with the previous
case we see that p" divides Res(P(1, X),Q(1, X)). Let R(f) = X948/ f(1/X) denote the
reciprocal of a polynomial f. Then

P(1,X)=R(P), Q(1,X)=X"R(Q),
and so
Res(P(1,X),Q(1, X)) = Res (R(P), X" "R(Q)
= Res(R(P), X)""*Res(R(P),R(Q))
=5 *(—=1)"” Res(P, Q).
Therefore p™ divides ‘c}}‘s Res(P, Q)|, and the result follows.

Finally, since P, () are coprime and r > 1, we have Res(P, Q) # 0, so o > 1. Applying
Hadamard’s inequality and r > s, we obtain

|Res(P, Q)| < (r +1)*2(s + 1) H(P)" H(Q)"

<
< (r+ 1)72(s + 1) max{H(P), H(Q)}"*".

Lemma 2.22. Let

T s

P(X,Y) =[[(wX +8Y), QX,Y)=]](%X +6Y)

i=1 j=1
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be binary forms of degree r > 1, with complex coefficients. Let

min; ;{|cd; — Biv,|}
C =C(P,Q) = -J J J . 243
(P.Q) max; j {max{|c;| + [, |Bi] +16;]}} 243)

Suppose that P(X,Y),Q(X,Y) do not have a linear factor in common, so that C > 0.
Then for all pairs (z,y) € C* we have

max{|P(z,y)|, |Q(z,y)|} = C"H(z,y)".
Proof. We claim that either

min {Jaiz + figl} = Clyl or min {|e+ 891} = Clyl.

For suppose not. Then for all i, 7 we have

[(id; — Bivi)yl = |ei(vjx + 659) — v5(cix + Biy)|
< (los] + |j) max {|eva + By, vz + 6y}
< (Jes| + [ 1)Clyl
< min{|a;d; — B[ Hyl,

so we reach a contradiction. Without loss of generality suppose that min{|o;x + By|} >
Cly|. Then

(P(e, )| = [ lasz + iyl > min {joz + By} > Oyl
i=1

Analogously, either

min {|gz + Fiyl} > Cla| or min {|y;z +d;y[} > Cla].

i=1,..., r j=1,..., r
In the first case we can immediately conclude that |P(x,y)| > C"H(z,y)", and the result
follows. Otherwise we have |Q(x,y)| > C"|z|". Combining this inequality with |P(z,y)| >
C"ly|" yields the result. O

Corollary 2.23. Let P(X),Q(X) € Z[X] be coprime polynomials of degrees r and s,
respectively, such thatr > max{1, s}. Let cp,cq be the leading coefficients of P, Q, respectively,
and

P(X,Y) = Y"P(X/Y), Q(X,Y)=Y"Q(X/Y).
Then for all pairs (z,y) € C? we have

|CPCQ|H(1U7 y)r

mexd P L QU I = o D@ (e B+ eV - Q) manH(P), H(@)1Z)
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Proof. Let uy, ..., p, be the roots of P(X) and write

T

P(X.Y) =cp [[(X = uY) = [J(:X + BY),
i—1 =1
where o; = c},/r, = —c},/rui. We consider the following two cases.

Case 1. Suppose that s =0, i.e., Q(X) = ¢g. Then

r

QX,Y) =cgY" = [[(X +6;Y),

j=1
where v; =0, 9, = cégr. The constant C' in (2.4.3) can be estimated from below as follows:
_ lepeg|MT N lepeq|'”
max; ; {max{lcp[V/7, [ep | il + leq[V}} T |ep VTPl 4 [eq| VT - [Q)
where @ = 1 by definition. The result follows from Lemma 2.22.
Case 2. Suppose that s > 1. Let vy, ..., v, be the roots of Q(X) and write

QX,Y) =Y * [[(X —v;Y) = [ (X +6;Y),
j=1 j=1
where
1/r . . . 1/r . . .
o if 1 <i<s; ) g v if 1 <i<s;
Yo, itsti<i<r, U\, ifs+1<i<r
The constant C' in (2.4.3) can be estimated from below as follows:
_ min; ;{|a:d; — By} |epeg| /" min{1, min;; {|p — v;|}}
C = > (2.4.4)
max; ; {max{|oi| + |75, [Bi] 4 16;]}} lep /- [Pl + |eq|V/7 - [Q)]

By [6, Theorem A],
min {|u; — vj|} > 21_T(7’ + 1)(1_3’")/2 max{H(P), H(Q)}_%.

1<i<r
1<55<s

Since P, € Z[X] and r > 1, we have max{H(P), H(Q)} > 1, so the quantity on the
right-hand side of the above inequality does not exceed one. Combining this lower bound
on min; j{|u; — v;|} with (2.4.4), we obtain

— 2+ 1) B2 ([ep|Vr - [P eV - [Q) max{H(P), H(Q)}*
The result follows from Lemma 2.22. O]
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Proof of Proposition 2.20. From equation (2.4.1) it follows that Q(z1/y1) # 0, for otherwise
P(x1/y1) = 0, which means that P, Q) are not coprime. Let

P(X,Y) =Y P(X/Y), Q(X,Y)=Y"Q(X/Y).
Since |y1| > 1, it must be the case that Q(x1,y1) = y]Q(x1/y1) # 0, so
vy Plxi/yn)  P(w,y)

v Qla/y)  Qri,y)

Since x9 and ys are coprime and P(z1,y1), Q(x1,y1) are integers, we see that

|zo| = M _ |Q(x1,1)|

s el = ———=,
g
where g = ged (P(x1,y1), Q(x1,y1)). Let ¢p, cg be the leading coefficients of P, @, respectively.
By Lemma 2.21,
g < max{|epl, [cg[}" (r + 1)" max{H (P), H(Q)}*'
< (r+1)" max{H(P), H(Q)}""
Thus

max{|P(x1,y1)], |Q(x1, y1)|} > max{|P(x1,y1)], |Q(x1, y1)|}
g ~ (r+ Drmax{H(P), H(Q)}*

H(%;?JQ) =

Now, note that, for any polynomial h € Z[X] of degree at least one with the leading

coefficient ¢y,
< M(h) < (degh + 1)H(h)

Ch Ch

where M (h) denotes the Mahler measure of h. Consequently,

lep|V" - TPI+ |coV" - Q] < 2(r + 1) max{ H(P), H(Q)}. (2.4.5)
Since P, @ are coprime, Corollary 2.23 applies. We utilize it along with (2.4.5) to conclude
that

max{|P(z1,y1)l, |Q(z1,y1)|}

(r+ 1) max{H(P), H(Q)}*"

N |cpeq|H (2, y)"

= (27‘—1(7» + 1)(3r+1)/2 (|CP|1/r . |f| + |CQ|1/7‘ . @) max{H(P), H(Q)}2r+3)r
> C ' H(zy, )"

H(x,y2) >
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2.5 A Generalized Gap Principle

In this section we establish a generalized gap principle for both Archimedean and non-
Archimedean absolute values on Q. Note that the numbers C7, Cs, C5 appearing in the
statements of Lemmas 2.24, 2.25 depend on Cy, i1, o, B, 7 and max{H (P), H(Q)}. Applying
the estimates (2.3.1) and (2.3.2) given in Proposition 2.19, it is possible to remove the
dependency on r and max{H (P), H(Q)}.

Lemma 2.24. (A generalized Archimedean gap principle) Let o be a complex algebraic
number of degree d > 3 over Q and let B be irrational and in Q(«). Let P,Q be a minimal
pair for a, B and r = max{deg P,deg Q}. Let 1 be a real number for which

2<pu<d, ifr=1,
max{d/r,r+1} <pu <d, ifr>2.

Let Cy be a positive real number and put
Oy = (Co22H+1 (4 1)) (=1 M ()2~ max{ H(P), H(Q)}*) " (2.5.1)
Cy = Cp2" M max{1, ||} (2 + |8]) max{H(P), H(Q)}. (2.5.2)

If z1/y1 and z5/ys are rational numbers in lowest terms, H(xa,y2) > H(x1,y1) > Cy
and

Co

s} <
H(%’yz)”’

&_—
Y1

then one of the following holds.

<

g
Y2

Co ‘
H('Tbyl)'u’

1. H(ng,yQ) > C;lH(Il,yl)M_T.

2. r =1 and there exist integers s,t,u,v with sv — tu # 0 such that

sa+1 T sz +tyr
= and — = ——7—,
uo + v 1Yo ury + v

3. r>2and H(xy,y1) < Cs, where
Cy = (2H (o) max{1, |a|}*1(C,Cy)) 7 (2.5.3)
and Cy = C(P,Q) is defined in (2.4.2).
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Proof. Recall that for any h € Z[X] andi such that 0 < i < degh the inequality

degh + 1

Dinta)| < (k) (V]

) max{1, |a|}deeh~ (2.5.4)

holds.?

Define R(X,Y) = P(X)+YQ(X), so that R(a, 8) = 0. If R(x1/y1,x2/y2) # 0, then it
follows from the triangle inequality, | — z1/y1| < 1, |8 — x2/y2| < 1, and (2.5.4), that

1 1 To
H(zy,y1)"H (2, y2) . ‘R (E’ ;)‘
T 1 i j
<Y S IRl fa- 2 |5 - 2
i=0 j=0 N Yo
C T
< H<T0yl)p > (IDigR(a, B)| + |Dis R(a, B)])
’ i=0
C T
< gy 2o (PP + (1+18]) - 1D.Q(@)
’ i=0
CO : r+1 r+1 s
< Hlon i 2= (1)) e+ e (] 1)) H@ ) maxti,fal)
PR B
H(xy, )"

where Cy is defined in (2.5.2). Since p > r 4+ 1 we obtain the gap principle H(z3,y2) >
CoH (z1,y1)"~", so case 1 holds.

Suppose that R(z1/y1,x2/y2) = 0. If r = 1, then by definition R(X,Y) = (sX +1t) —
Y (uX + v) for some integers s, t,u,v. Note that sv — tu # 0, for otherwise the number [
would have to be rational. Since R(«, 5) = R(x1/y1,x2/y2) = 0, case 2 holds.

It remains to establish case 3. We will prove that if » > 2 then H(z1,y;) is bounded
above by Cj5 given in (2.5.3). We begin by showing that

2C)

) >
Cf max{1, |a[}?

Y2

X1
o— —|.
U1

-

(2.5.5)

2For the derivation of this inequality see (2.2.3).
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Note that

_ 'P(a) _ Plai/y1) _ | P(a)Q(z1/y1) — Q) P(x1/y1)| (2.5.6)
Qa)  Qar/y) Q(@)Q(a1/y1)] ' -

Thus, in order to establish (2.5.5), we need to estimate |Q ()|, |Q(x1/y1)| from above and
|P(a)Q(x1/y1) — Q(c)P(x1/y1)| from below. The first two are easy and essentially follow
from the triangle inequality and (2.5.4):

Q)] < (r+ 1) max{H(P), H(Q)} max{1, |}, (2.5.7)

ey

T2
Y2

r

< Z |D;Q(c)| -

1=0

7
I
o — —

n

(2.5.8)
<Y IDiQ)|

<# @ (7)) max(t.joly~

< 2rtt ma_x{H(P), H(Q)} max{1, |a|}".

It remains to estimate | P(a)Q(z1/y1) —Q(a) P(x1/y1)| from below. Let W = PQ'—QP’
denote the Wronskian of P and @. By Taylor’s Theorem, (2.5.4) and (2.3.3),

P@)Q (5) — Q)P (3)|

~ |P@) 3 D) (= - a>l ~Qla) Zz;)DiP(a) (2 - a)i

= |a — Z—; . :z;: (P(a)Dit1Q(a) — Q(a) Dy P(av) (% N a>i
=la—3 - (Wia) + (% - a) :;1 (P(a)Dit1Q(a) — Q(a)Dit1 P(a)) (z_i B a>i_l
> o — o (’W(a)! ~ W ::i 1P(@)Din@e) = Q(Q)DMP(&)‘)

r—1

> o= 2| ([W(a)| = pr2(r + 1) max{H(P), H(Q)}* ¥ (;13) max{1, |a|}2r—i—1)

=1

d—1 —(27“—2;)
> o — & (4r3max{H(P),H(Q)}Q)—(d—l)(Ca M(a)) N

max{L,]a]}

e 22 (r - 1) max{ H(P), H(Q)} max{1, |a|}2r—2)
- CoCTH27 2 (r + 1) max{H(P), H(Q)}* max{1, |a|}* 2,

Y
|2
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where the last inequality follows from H(z1,y;) > Cy. Combining the above result with
(2.5.6), (2.5.7) and (2.5.8) yields

_ [P(@)Q@1/y1) — Q) Play/yn)l 2Cy
|Q()Q(1/y1)] C7 max{1, |a}?

By Proposition 2.20, H(z2,y2) > C; ' H (1, y:)". Combining this inequality with (2.5.5)
yields

X2
Y2

T
a__

?Jl'

-

Cf max{1, |a[}?
2C)

X2
Y2

Cl max{1, |a|}? < (C1Cy)* max{1, |a|}?
2H (z2, y2)*  — 2H (xq, 1) .

ﬁ_

X1
O{__
n

Thus we obtain an upper bound on |a — x1/y;|. On the other hand, by Lemma 2.11 we
have the lower bound (2.2.1). Combining upper and lower bounds,
(C1Cy)* max{1, |a}”

2H (x1,41)™" '

1 I
< lag— 22
2071 H (o) max{1, ||}~ H (21, 91)* ~ ‘a n

Since p > d/r,
H(z, ) < (2UH (o) max{1, |a[}*(C,Ca)) /" = ¢,
so case 3 holds. OJ

Lemma 2.25. (A generalized non-Archimedean gap principle) Let p be a rational prime.
Let o € Q, be a p-adic algebraic number of degree d > 3 over Q and let 5 be irrational
and in Q(«). Let P,Q be a minimal pair for o, and r = max{deg P,deg Q}. Denote the
leading coefficients of the minimal polynomials of o, B by c,, cg, respectively. Let p be such
that
2<pu<d, ifr=1,
max{d/r,r +1} <p <d, ifr>2,

Let Cy be a positive real number,

Cy = (Co2%¥H1(d + 1)Fr=D/2p52 2=V [ (o) =2 max { H(P), H(Q)}Qd)l/ Y (25.9)

Cy =2Cy(r + 1)clcgmax{H(P), H(Q)}. (2.5.10)
If z1/y1 and z2/ys are rational numbers in lowest terms, H(xa,y2) > H(x1,y1) > Cy
and o o
0 0
o=l H(zy, y1)* 26 =y H (g, ya)’

then one of the following holds.
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1. H($2ay2) > 02_1H($17y1)u_r'

2. r =1 and there exist integers s,t,u,v with sv — tu # 0 such that

sa+t To  Ssxy+ 1t

3. r>2and H(xy,y1) < Cs, where
Cs = ((d + 1)H(a)d " (CyCy)) (2.5.11)
and Cy = C(P,Q) is defined in (2.4.2).

Proof. Define R(X,Y) = P(X)+YQ(X), so that R(«, 5) = 0. Suppose that R(x1/y1, z2/y2) # 0.

Then the following trivial lower bound holds:

"o R (.I’l l‘g) > 1
Y192 T - r
' yi y2 ), iy R(z1/yi, w2 /y2)|

1
= 20+ V) ma{H(P), H(Q) H (mr, 50) H (72, 92)

Note that for each (i,j) € {0,...,r} x {0,1} the p-adic number cg_ic;jDin(a,B) is an
algebraic integer. Thus its p-adic absolute value does not exceed one. Via the application
of Taylor’s Theorem we obtain the following upper bound:

X X
Y1y R (—1, —2>
Y1 Yo

< Dy R(e, B)|. - lyrar — 24|t - |y — j}
p‘(iﬁ%,o)“ iR(e, B)], - [y =z, - Y28 — 22l

c’"‘icg_jDin(oz, B)

«

= max

: — x|t ol
(i.)#(0,0) [yra = a1y, - |y2ff — 22

p

i1
T—1
ety

< Ieeslyt max {lneac = comily - lyacad - cszal}}

< s max{|y1caa — catily, [42058 — o]y}
< cicp max{|Calp, [calp} max{|yror — 21y, [y258 — 22y}
Coclcs
H(zy,y1)*
Upon combining the upper and lower bounds we obtain the inequality

1 - Cocrep
2(r + V) max{H(P), H(Q)}H (x1,41)" H (2, 42) ~ H (w1, y2)""
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which is equivalent to H(xq,y2) > CoH (x1,y1)"~", where Cy is defined in (2.5.10). Therefore
case 1 holds.

Suppose that R(z1/y1,x2/y2) = 0. If r = 1, then by definition R(X,Y) = (sX +t) —
Y (uX 4 v) for some integers s, t,u,v. Note that sv — tu # 0, for otherwise the number [
would have to be rational. Since R(«, 8) = R(x1/v1,x2/y2) = 0, case 2 holds.

It remains to establish case 3. We will prove that if » > 2 then H(x,y;) is bounded
above by a number specified in (2.5.11). We begin by showing that

006271
Y28 — 22, > ci 1o — a1, (2.5.12)
The equation R(z1/y1,x2/y2) = 0 implies that
. P(z,, 21,
T = sign (Q(21,y1)) —( - yl), Yo = —‘Q( - yl)',
g g
where g = ged(P(a1, 31), @(z1, 1)). Consequently,
P — Q)P
Yo — @, = |P(a)Q(x1,y1) — Q(a) P(w1,y1)l, (2.5.13)

19Q()l,

Thus, in order to establish (2.5.12), we need to estimate |g|,, |Q(a)|, from above and
|P(a)Q(z1,11) — Q) P(x1,y1)|, from below. The first two are easy: since g is an integer,
we have

lgl, < 1. (2.5.14)

Since ¢, Q(«) is an algebraic integer,

Q()]p < leal,” < i (2.5.15)

It remains to estimate |P(a)Q(x1,y1) — Q(a)P(z1, y1)|, from below. Before we proceed,
note that for any 4 the number ¢* "1 (P(a)D;y11Q(a) — Q(a)D;y1 P(r)) is an algebraic

«
integer, so its p-adic absolute value does not exceed one. Consequently,

P(a)DinQ(e) — Q(@) D1 Pa) i (P(a) Dita Q@) — Q(a)Diti Pla))

p
S |Ca ’;(21"71)

2r—1
< ¢

)
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Now let W = PQ’" — QP’ denote the Wronskian of P and (). By Taylor’s Theorem and
(2.3.4),

[P(a)Q(z1,y1) — Q) P(z1,91)],,
- ]P(a) 5 D,Q(@) (1~ an)' 47" - Q@) 3 DiP(a) (o1 — am)'

r—1

Z( (@)Di+1Q(a) = Q() D1 P(a)) (w1 —ayn) gy~

p

= [y1o — a1,
P
> ’y1a—$1’ < !y1a—af1!p max {’P(Of)Dz‘HQ(a)ciQ(Q)Diﬂp(a) })
=0,...,r—1 o p
> lynar = anl (|~ Res(/, W), - H(x??ymczf ')

> [y — @1, - (d+1) (Br072(2r) 7342 H (o)~ (rmax{ H(P), H@Q)Y) ™ — g gmea ™

H(z1,y)r o
2r—1
> [yra — @l - CoCy ey ™,

where the last inequality follows from H(x,y1) > C;. Combining the above result with (2.5.13),
(2.5.14) and (2.5.15), we obtain

|P()Q(x1, 1) — Q) P(x1,91)lp - Cocy !
19Q(a)lp cy

By Proposition 2.20, H(x2,y2) > C’;lH(xl,yl)T’. Combining this inequality with (2.5.12)
yields

lyr1a — 1.

Y2 — a2, =

cy C1Cy)*

—1i_ ’yQ,B ’ — 1 < _1( 1 4)

C o co H(z2,y2)* — ca H(w1,y1)™

Thus we obtain an upper bound on |y;a — 21 |p. On the other hand, by Lemma 2.12 we have the
lower bound (2.2.4). Combining upper and lower bounds,

1 (0104)“
@5 DH@) @ gy = e il <

-1
Pl H ()
Since 7 > 2, we have

ly1a — @1, <

)l/mhd) e

H(z1,y1) < ((d + 1) H(a)ck (010"
so case 3 holds. O

2.6 Counting Approximations of Large Height
In this section we prove Theorem 2.31, where we count approximations x/y, with large
height, to distinct algebraic numbers aq,...,a, such that Q(a;) = Q(ay) for all i =

1,2,...,n
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Before we proceed, we need to prove a variant of the well-known result of Lewis and
Mahler [21], and recall the statement of the Thue-Siegel principle. In each of the results
stated below, we fix a field K = C or K = Q, and let | | denote the standard absolute
value on K; that is, | | is the Archimedean absolute value if X' = C and | | = | |, is the
p-adic absolute value if K = Q,, normalized so that |p| = p~'.

Lemma 2.26. Let
F(X,Y) =cgX+cq XY + - 4 oY

be a binary form of degree d > 2 with integer coefficients such that cocq # 0. Let x,y be
non-zero integers. There exists a root o of F(X,1) such that

. Y|\ o ClE@ )l
o=l =2} = T

T
a__
Y

where
2d_1d(d_1)/2M(F)d_2

=T

Proof. Let v be a root of F(X,1) that minimizes |« — z/y|. By [31, Lemma 3],

C|F(x,y)|
|yl

Y

‘ T

If |y| > |z| then H(z,y) = |y|, and so the result holds. Otherwise, since cycq # 0, we see
that the roots of F'(X,1) and F(1, X) are non-zero, meaning that all roots of F'(1, X) are
of the form ™!, where « is a root of F(X,1). If we let 8! be a root of F(1,X) that
minimizes |3~! — y/x|, then it follows from [31, Lemma 3| that
‘5_1 B y) < ClE(z, y)|
x |z|d
Since |z| > |y|, the result follows. O

Lemma 2.27. Let K = C or Q,, where p is a rational prime, and denote the standard
absolute value on K by | |. Let o, B be distinct numbers, each algebraic over Q. Let Co, p
be positive real numbers.

If x/y is a rational number such that H(x,y) > (2C/|oc — B|)Y* and




then o
’5 _ts G
y| — H(z,y)~

Proof. Suppose that the statement is false. Then it follows from the triangle inequality
that

x x 2C)
sl 2
=4 y yl - H(z,y)»
and so H(z,y) < (2Cy/|a — B])**, leading us to a contradiction. O

Corollary 2.28. Let K = C or Q,, where p is a rational prime, and let K denote the
algebraic closure of K. Denote the standard absolute value on K by | |. Let f € Z[X] be
an irreducible polynomial of degree d > 2 with roots o, ..., aq € K. Let Cy, v be positive
real numbers and define

C = C(Co,p, f) = (Cold +1)*2H(f)*1)"

If x/y is a rational number such that H(x,y) > C and

"oyl H(zy)

for some i € {1,...,d} then
o L >&
Tyl T Hzy)e

for all j # 1.
Proof. By Lemma 2.27, it is sufficient to verify that the inequality

€2 (200" - guin flow = eyl}

holds.
If K = C then it follows from Mahler’s lemma |26, Lemma 1.1] that

min {lo; - s} > v

I<icj<d (d+ 1)@dD/2f(fyd—1°
If K = Q, then it follows from |26, Lemma 2.3] that

1
' R b U
2 tlos —aly 2 A2 H(f)dt
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Thus

. 2C <20, max{3_1/2(d—l— 1)(2d+1)/2’d3d/2} H(f)
min {|a; — oy}
1<i<j<d
< Cy(d + 1)* 2 H(f)*!
f— O“,
as claimed. U

Lemma 2.29. (Thue-Siegel Principle) Let K = C or Q,, and denote the standard absolute
value on K by | |. Let a € K be an algebraic number of degree d > 3 over Q and € Q(«).
Let t, 7 be such that

2 +2d3 + 2d% — 4d \/5 2
t - 2 — dt? t— — 2.6.1
CESY <t<y/o <7< 5 (2.6.1)

and put X =2/(t — 1), so that A < d. Define

2

t d d

Let x1/y1,x2/y2 be rational numbers that satisfy the inequalities

T 1 T2
a——| < w5 |B——| < 5
h (deM H (21, 91)) Y21 (de2H(z3,92))
If K = Q, we also impose the condition |x1| = |x2| = 1. Then

log(4e) + log H (w2, y2) < 6" (log(4e™) + log H(z1,y1)) -

Proof. Note that since d > 3 the intervals in (2.6.1) are guaranteed to be non-empty, so the
statement is not vacuous. When |a| < 1 the proof is as in [3] with oy # ay and comments
from [4]. If || > 1 we have

‘04 oA < o Hyr faa | (4e™ H (21, 91)) < (3¢ H(z1,31))

for both K = R and K = Q,,. Indeed, the first case was considered in [4]. The second case
is true due to our additional assumption that |z;] = 1. Analogous observations apply to

B, xa/ys in place of a, 1 /y;. ]
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Definition 2.30. Let o be an irrational number. The orbit of « is the collection

orb(a) = {

v —u

e s,t,u,vEZ,sv—tu%O}.
—ta+ s

Theorem 2.31. Let K = C or Q,, where p is a rational prime, and denote the standard
absolute value on K by | |. Let ay € K be an algebraic number of degree d > 3 over Q and
g, a3, ..., ap be distinct elements of Q(an), different from oy, each of degree d. Let p be
such that

0.5d+1<p<d.

Let Cy be a real number such that Cy > (4e?)™1, where
2 d
A = 5007 ( log max {M(a;)} + 5 ) (2.6.2)

There exists an explicitly computable positive number Cy, which depends on Cy, i, iy, Qia, . . ., Q.
but not on p in the case K = Q,,, with the following property.

The total number of rationals x/y in lowest terms, which satisfy H(x,y) > C4,

< Co_ (2.6.3)

YTy T H )

for some j € {1,2,...,n}, and |x| =1 if K = Q,, is less than

L+ 11.51 4+ 1.5log d + log
log (1 — 0.5d) ’

where
v =max{y1,..., Y}, % =#{j: a; € orb(a;)}. (2.6.4)

Proof. Throughout the proof we will be adjusting our choice of C four times. More
precisely, the value of C; is chosen so to satisfy (2.6.5), (2.6.8), (2.6.11), and (2.6.13).

Let Cy be such that
Cy > (2C,/ min{|ey; — | )™ (2.6.5)

Then it follows from Lemma 2.27 that for each z/y satisfying (2.6.3) the index j €
{1,2,...,n} is unique.

Let z1/vy1,22/ya, ..., x¢/ye be the list of rational numbers that satisfy the following
conditions.
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1. CYl S H(xlyyl) S H<x2ay2) S cee S H(xfayé)‘
2. ged(zj,y;) =1forall j=1,2,..., 0.
3. For each j € {1,2,...,/}, there exists the index ¢; € {1,2,...,n} such that

Co
H(xj,y;)*

By the discussion above, this index is unique.

Lj
Ckij —— | <
Yj

4. For every j,k € {1,2,...,4}, if a;, € orb(ay,), i.e., oy, = (say, +t)/(ucy, + v) for
some integers s,t,u, v, then xy/yy # (sz; + ty;)/(uz; + vy;).

Due to the fourth condition this list need not be uniquely defined. This fact, however,
does not affect our estimates. The fourth property requires additional clarification: to each
approximation in the list

T1/Y1s T2/ Y2, - Te /Yo
correspond several approximations, which we call derived. To be more precise, from z;/y;
one can naturally construct a (possibly bad) rational approximation to arbitrary a €
orb(a;) as follows. Let

s, +t and I_; _ sttty

o =
/
uay; +v Y; o uT; +vy;

for some integers s,t,u,v. Then

/
T tu — sv ( xj>
a— = Qi; — = )
y;  (ua+v)(ul(z;/y;) +v) Yj
so rational approximations to a and «;; are connected. Thus, by imposing condition (4),
we insist that @’ /y: does not appear in the list @1 /y1, x2/ya, - . ., Te/Ye.

In order to account for the presence of derived rational approximations, we introduce
the value ~; defined in (2.6.4). Note that the value ;; is equal to the number of rational
approximations derived from x;/y;, including x;/y; itself. Consequently, if we let N denote
the total number of rationals satisfying the conditions specified in the hypothesis, then N
does not exceed Zﬁzl 7i;- Therefore

14

=1
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where 7 is defined in (2.6.4). Thus it remains to estimate /.

To derive an upper bound on ¢, we begin by applying a generalized gap principle to the

ordered pair (a;,, @, ,,). Let

CZ = H}%X{CQ<CO7/1’7 aj? ak)}v
where Cy(Co, p, i, o) is defined in (2.5.2) if K = R or in (2.5.10) if K = Q,, with

(o, B) = (o, ag). Let (4, k) be the number r from Proposition 2.19 with («, 5) = (o, o).
Define

E=up— mz%gx{'r’jk}. (2.6.6)
g,
It follows from (2.3.1) that
E > p—0.5d. (2.6.7)
Note that if K = @, then |y;| <1 and so
Ty Co
a—a| = la— —| < ————.
o =l Y H(xy,y1)"
Analogously,
26— ol <
-z _.
V2 ? H(ajZ: 92)”

Let Ci(j,k),C5(j, k) denote the constants (2.5.1), (2.5.3) if K = C or (2.5.9), (2.5.11) if
K = Q,. We adjust C by choosing it so that

Cy > max m%X{Cl(j, k)}, max {C5(5,k)} ¢ - (2.6.8)
J j

r(f k)2
With such a choice of C}, case 3 in Lemmas 2.24 or 2.25 cannot hold. With our choice
of z;/y; we have also excluded case 2. Therefore only case 1 remains, i.e., it is possible to
apply our generalized gap principle to the ordered pair (o, 8) = (@, 2, ., ):
log H (g1, Yks1) > (10— 7(in, iky1)) log H(zk, yr) —log Co(ik, igr1) > Elog H (g, yx)—log Cy
for any k € {1,2,...,¢ — 1}, where E is defined in (2.6.6). Consequently,
log H(z¢,ye) > E'log H(x¢-1,y¢-1) — log Co
> E?log H(zy_9,Ye—2) — (1 4+ E)log Cy
> B Nog H(zy, 1) — (1+E4 -+ E7?)log Cs.
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Thus we obtain the following lower bound on log H(x, y,):

EF -1

log H(z¢,y0) > B log H(z1,1) — = 1 log Cs. (2.6.9)
Next, we apply the Thue-Siegel principle from Lemma 2.29 to the pair (o, 8) = (o, , o, ).
Observe that, since all «; have degree d, we have Q(ay,) = Q(ay,), so a;, € Q(ay,). For

a = 1/500, set
[ 2
t = dra T = 2at.
Then 5 5
A= = < 1.42v/d.
t—7 (1—2a)t Vi
Further,
t2 1
— = — = 5007
2—dit2  a? ’
2 d 2 d
A; = 500" { log M (cv;,) + 5 ) Ay =500° ( log M (ay,) + 3 )
5_dt2+7'2—2_ 6a>
- d—-1  (d4+a®)(d—-1)
Note that
51 < 41667d°. (2.6.10)
We further adjust our definition of C; by choosing it so that
1 42Vd
Cy > Cpve (4eA)uif<24m : (2.6.11)

where A is defined in (2.6.2). Now with the help of inequalities A < 1.42v/d and H (x;,y;) >
('} we obtain

Co 1 ) 1
H(@s i) ™ (4eAH (), y;)) 2V (detH (25, 55)%

X
J
aij__

Yj

so that the hypothesis of Lemma 2.29 is satisfied. Thus we arrive at the conclusion that

log H(x¢,y0) < 6" (log(4e™) +log H(x1, 1)) — log(4e™)
< 41667d” (log(4e™) + log H (1, 1)) ,
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where the last inequality follows from (2.6.10). Thus
log H (x4, y¢) < 41667d” (log (4e™) + log H (z1,11)) -

We combine the above upper bound on log H (zy, y,) with the lower bound given in (2.6.9):
Bt -1
E“Yog H(zy, 1) — 7 lgCa < 416674 (log (4e™) + log H (z1,y1)) -

Reordering the terms yields

BT —1
(B! — 41667d”) log H (w1, 1) — ——— log Cp < 41667d” log (4e™) . (2.6.12)
Let us assume that log(4 P
(>14+ 0g (41667 )’
log(p — 0.5d)

for otherwise the statement of our theorem holds. Then E‘~! > 41667d?, so we may use
the inequality H(z1,y1) > C) to replace H(xy,y;) with Cy in (2.6.12):

BT —1
(E*" —41667d°) log Cy — — 7 log (s < 41667d" log (4e™).
From (2.6.7) we obtain

log C log C
(1 — 0.5d)"! (log Cr - 2% i) < 41667d% log By + 41667d2 log (4e™) + —22

E—-1

We make a final adjustment to C; by choosing it so that
cy > /Y, (2.6.13)

Then
log C 1
(1 — 0.5d)‘—1% < (41667d2 + 5) log Cy + 41667d? log (4e™) |

leading us to a conclusion

log (4e1
(4 — 0.5d)" < 1+ 83334d? <1 + %) . (2.6.14)
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By our choice of (1,

1.42V/d

log Cy > v
s = 11— 1.42v/d

log Cy + log(4e?),

1
w—1.42v/d

which means that

log(4e?) - p—1.42v/d b 1.42Vd
logCr ~ 1.42Vd +1og Cy/ log(4e4) — 1.42¢/d — 1’

where the last inequality follows from the fact that Cy > (4e”)~!. Plugging the above
inequality into (2.6.14), we obtain

p—1.42v/d

Lt < 14988964 %y,
1.42v/d — 1 - s

—1
(u—0.5d)"" < 1+83334d> (1 + ) = 1+83334d21“—

42y/d — 1

where the last inequality follows from d > 3. We conclude that

log(98897d3/% 1) 14 11.51 4+ 1.51log d + log 1
log(p — 0.5d) log(p — 0.5d)

<1+

The result follows once we multiply the right-hand side by the constant 7 defined in (2.6.4).
O

It is worth noting that the idea of considering distinct algebraic numbers aq, ..., o,
that generate the same field extension of QQ is not new. In the case n = 2 it is present in the
Thue-Siegel principle of Bombieri [1] and Bombieri and Mueller [3], which we utilized in the
proof of Theorem 2.31. It can also be found, for example, in the fundamental monograph
of Schmidt [30, Theorem 6D]. However, he Schmidt was mostly interested in applications
to the case « = a; = - -+ = a,,. By using a result of Esnault and Viehweg [14], he provided
an estimate for the number of rationals x/y, in lowest terms, satisfying

where p > 2 is fixed [30, Theorem 9B].

Our results are two-fold in their influence. Consider Theorem 2.31 with Cy = 1 and
= (3d 4+ 6)/4. First, we established the existence of an explicitly computable constant
Cy = Ci(ayq, . .., ay) such that the number of rationals x/y, in lowest terms, satisfying both
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H(z,y) > Cy and (2.6.3) does not exceed 18y. A combination of Corollary 2.32 and Lemma
2.5 shows that this quantity does not exceed 216, provided that aq, ..., o, are conjugates.
Compare this to the estimate of Schmidt, which is, though proportional to log™ (log H (),
applies to all x/y, not just those of large height.? It is remarkable that Schmidt’s estimate
holds for all ;1 > 2, and it is an interesting problem to generalize Theorem 2.31 to the case
when 2 < 4 < d/2+ 1.

Second, not only that we determined C; = Cy(aq, .. ., ay,) as above, but we also provided
an insight on the form of solutions whose heights are of comparable size. This is precisely
the alternative given in Lemmas 2.24 and 2.25: either the heights of approximations have
to be exponentially far apart from each other or the algebraic numbers and approximations
themselves have to be connected by means of some linear fractional transformation. As a
consequence, we were able to establish the concluding statement in Theorem 2.2.

The next result follows directly from Theorem 2.31.

Corollary 2.32. Let K = C or Q,, where p is a rational prime, and denote the standard
absolute value on K by | |. Let f € Z[X] be an irreducible polynomial of degree d > 3. Let
a = qq,...,aq be distinct roots of f(X) and suppose that the field extension Q(a)/Q is
Galois. Let p be such that

0.5d+1<p<d.

Let Cy be a real number greater than (4e?)~%, with

A = 5002 <log M(f) + g) :

where 0, is defined in (2.2.5), and C' = C(Cy, u, ) the mazimum of

N 1.42vd
COM71.42\/3 <4€A) —1.42v/d

and
4/(2u—d—2)

(Co2 @+ 2" H (P (7]+2)™" B*) ,

where [f| = max {|ay|, ..., |oal}.

3Here log™ (z) = log max{1, |z|}.

47



The total number of rationals x/y in lowest terms, which satisfy H(x,y) > C,

X
o — —

Ty

Co

= H(z,y)

for some j € {1,2,...,d}, and |x| =1 if K = Q,, is less than

# Aut’ | F| m 11.51 + 1.5logd + log
2 log (e — 0.5d) ’

where F(X,Y) =Y2f(X/Y) is the homogenization of f.

Proof. Since aq, ..., a4 are conjugates, it follows from Proposition 2.7 that the number ~
defined in (2.6.4) is equal to Aut’ | F'|/2. The division by 2 appears due to the automorphism
(o' %) € Aut'|F|, which maps (z,y) to (—z,—y). Since z/y = (—z)/(—y), half of the
automorphisms can be disregarded. Thus it remains to verify that the number C' exceeds
the constant C; from Theorem 2.31. That is, we would like to ensure that the inequalities
(2.6.5), (2.6.8), (2.6.11), (2.6.13) are satisfied, with C' in place of C}.

Before proceeding, we need to introduce some notation. Let P;, (); be a minimal pair for
(a1, o), put 7; = max{deg P;,deg @;} and Cy(i) = C(P;, Q);), where C(P;, Q;) is defined in
(2.4.2). Let O denote the ring of integers of Q(a). Put C1(i) = C1(1,4), Ca(i) = Ca(1,1),
and C3(i) = C3(1,4). In view of the fact that aq,..., a4 are conjugates it is sufficient to

consider only C(7), Cs(i), C3(i) instead of Cy(7, k), Ca(7, k), Cs(7, k) for all possible j, k.

Now we are ready to obtain our estimates. First, note that the inequalities 0.5d + 1 <

1 < d imply
1 1 4
- < < .
W 2u—d T 2u—d—2

With (2.6.15) it is straightforward to verify that

(2.6.15)

C > (Co(d+2)*2H ()",

so it follows from Corollary 2.28 that the inequality (2.6.5) is satisfied. By definition of C|
the inequality (2.6.11) holds as well.

It follows from (2.3.2) that

max {max{H(P,), H(Q:)}} < 2%~/ ((d + 23 H(f)“*?/2 ([f|+2) B)'.  (2.6.16)

1<i<d
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It follows from (2.4.2), r; < d/2 and (2.6.16) that

/
max {Cy(i)} < <2_(d+6)/4(d—|— 2)3(@+2)/4 max {maX{H(PZ-),H(QZ-)}}UH'4>d 2 (2.6.17)

1<i<d 1<i<d

/2
< <2(2d3+6d2—9d—6)/4(d n 2)(12d2+51d+6)/4H(f)(d3+6d2+8d)/2 (m 4 2)(d+4)d B(d+4)d) '

It follows from (2.5.1), (2.5.9), r; < d/2, cq < H(f), M(f) < (d+ 1)H(f) and (2.6.16)
that

max {C) (i)} < Co2~ Y23 (d + 2)%=37D" (126D max {max{H(P), H(Q:)}}** (2.6.18)

1<i<d 1<i<d

< 002(2d3_2d2_d+6)/2(d + 2)6d2+4d_3H(f)d3+3d2—1 (m N 2) 242 =3
It follows from (2.5.2), (2.5.10), r; < d/2, c¢q < H(f) and (2.6.16) that

ma {Co(i)} < Co(d+2) (2ea ([f]+2)) " max {max{H(P), H(Q))})

1<i<d

< 002(d2+2)/2(d + 2)3d+1H(f)(d+1)(d+2)/2 (m + 2) (3d+2)/2 B
< C(2,ufd72)/4.

Combining this inequality with (2.6.7) implies that (2.6.13) is satisfied.
Since /(21 — d) > 2, we see that

max {C1(i)} < max {C3(2)}
7”1'22

It follows from (2.5.3), (2.5.11), u < d, cq < H(f), (2.6.15), (2.6.17) and (2.6.18) that

max {Cs(0)}* ™" < 29cG2H (f) (] +2)*! max {C1(i)}" - max {Ca(i)}*

1<i<d 1<i<d
ri>2
< 002(2015+6d47d3714d2+4d+24)/8 (d+ 2)(12d4+51d3+54d2+32d724)/8X
% H(f)(d5+6d4+12d3+12d2+4d—8)/4 (m 4 2)(d4+4d3+4d2+2d+2)/2 B (d?+4d+4) /2
<o,
so (2.6.8) is satisfied. O
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The following result is an improvement to [17, Theorem 1| in the case when F'(X,Y) is
an irreducible binary form of degree d > 3 such that the field extension Q(«)/Q, where «
is a root of F'(X, 1), is a Galois extension. More precisely, let m be a positive integer. Then
[17, Theorem 1] states that there exists an explicitly computable constant C" = C'(m, F)
such that the number of primitive solutions to the Thue inequality

0<|F(x,y)] <m (2.6.19)

satisfying H(x,y) > C” does not exceed 5d. In turn, if we set p = (3d 4 2)/4 and use the
upper bound # Aut’ |F| < 24 established in Lemma 2.5, then it follows from Corollary 2.33
that there exists an explicitly computable constant C' = C'(m, F') such that the number of
primitive solutions to (2.6.19) does not exceed 432.

Corollary 2.33. Let F(X,Y) € Z[X,Y] be an irreducible binary form of degree d > 3.
Let ay,...,aq be distinct roots of F(X,1) and assume that the field extension Q(aq)/Q
is Galois. For a positive integer m consider the Thue inequality (2.6.19). Let p be a real
number such that 0.5d +1 < p < d. Define

d
A = 5007 <logM(F) + —) , B=40,-
2 1<i<d
i#]
where 0, is defined in (2.2.5), and let C' the mazimum of

A 1.42Vd
(46 )#71442\/3’

<2d5(d + 2 H () ([ + 2)2'”14 B2d4>4/(2“_d_2)

)

and

Qdd(d_l)/2M(F)d_2m ﬁ
( | D(F)[1/? )
Then the number of solutions (x,y) to (2.6.19) such that

ged(z,y) =1, H(z,y) >C

does not exceed

# Aut' |F| - {1 +

11.51 + 1.5logd + log
log(p — 0.5d)
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Proof. Let aq,aa, ..., a4 be the roots of F(X,1). By Lemma 2.26, there exists an index
j€{1,2,...,d} such that

min {

where the last inequality follows from H(x,y) > C. To count the number of solutions to
this inequality, we apply Corollary 2.32 twice, first to Cy = 1, i, f(X) = F(X, 1), and then
tOC(]:luM?f(X):F(l?X) [

T
a.__

J
)

Y

y 2d71d(d71)/2M(F)d72m 1
-1 —‘ < <
T } T DWI)PH (@, y)t T Hay)

2.7 Proof of Theorem 2.2

By Roth’s Theorem [29], for every root v of F'(X, 1) there exist only finitely many non-zero
integers z, y such that min {|a — z/y|,|a™" — y/x|} < H(x,y)">%. Since

|F(2,y)] < (d+ 1) H(F)H (z,y)*

and |F(z,y)| = tp*, we have
tp*

@r o ="

Hence by choosing a large enough p* we can increase H(z,y) and make it so large that the
inequality min {|a — z/y|, |a™! — y/x|} < H(z,y)"*% is no longer satisfied for every root
aof FI(X,1).

Define
Qdfld(dfl)/ZM(F)de

O —
’ [D(F)[1/?
Let (z,y,t) be a solution to (2.0.2). By Lemma 2.26,

Cotp”
min{ —1_Q}< otp

vl ) = H(z,y)*
From our choice of p* and the above inequality it follows that

-1_Y <CO—WC
zlf = H(z,y)?

i
o — —

o
)

1

. i
—H(aj, y)2.05 < min {

a__
Y

o

ol



which is equivalent to
H(z,y) < (Cotp")/ 2.

Since t < (p*)*,
tp* < (P < |F(a,y)], Y.

Combining this inequality with (2.7.1), we get

Hx, y)d_2'05 < C’otp”C
< Co|F(z, y)|, V.

We conclude that

/()
F < ~0
‘ (zay)’p H(l’,y)'“’
where
~d—2.05
=
We take p* sufficiently large that
" > [D(F)].

Then
|F(z, )], <p" < [D(F)|[™" < |D(F)l,.

By Lemma 2.16 there exists a unique p-adic root o € Q, of F(X, 1) such that

lyor — xlp |F($vy>|p.
max{1,[al,} = |D(F) 11)/2

(2.7.1)

(2.7.2)

Since cqar is an algebraic integer, we see that |cgal, < 1, so max{l,|al,} < [cal,".

Combining this inequality with (2.7.2), we obtain

max{1l, |a|,}

—— = |F(x,y
Cy

< —7

= H(z,y)»

lya — x|, <

where
Cy = Cy/ " Vey| D(F)[V2,
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Now, let (z1,y1,t1), (22,92, t2) be two solutions to (2.0.2) ordered so that H(xq,ys) >
H(z1,y1). Then it follows from the discussion above that there exist p-adic roots «, § € Q,
of FI(X,1) such that

Cl Cl

S — Zoly < ————.
H(zy,y1)* 26 2ly H(xq,y2)"

By Lemma 2.25, there exists a number C5, which depends on C', ui, F', but not on p, such
that if H(zo,y2) > H(w1,y1) > Oy, then either H(xy,15) > CsH(zy,y1)" %2 for some
positive number Cjs, or «, 8 and x1/y1, x2/ys are connected by means of a linear fractional
transformation. By choosing p* sufficiently large we can always ensure that H(zy,y1) >

C5. We obtain an upper bound on H(zs,ys) by combining (2.7.1) with the inequality
|F (21, y1)] < (d+ 1) H(F)H (21, 31)%

H(xa,y5) < (Cotap®)t/ (4205
1+)\)1/ (d—2.05)

o — 31, <

< (Cy
< (Co 1+>\) 1/(d—2.05)
= (

d—2.05
C ’F T, U ’1+/\) 1/( )
1/(d—2.05)

< (Co ((d+ DHE)H(a1,0)) ™)

Merging the above upper bound with the lower bound H (2, 15) > CsH (1, y1)*~%? results
in the inequality
1/(d—2.05)
CyH (w1, )2 INI=205) < (G ((d+ D) H(F))' )

From our choice of \ it follows that the exponent of H(x1, ;) is positive, and so H(x1,y1)
is bounded. Therefore by making p* (and therefore H(z1,y;)) sufficiently large we can
always ensure that the inequality H(zs,y2) > CyH (x1,y1)*~%? does not hold. Then «, 3
and x1/y1, xa/ys are connected by means of a linear fractional transformation:

B v —Uu .TQ_UIl—"LLyl
—ta+s" Yy,  —txy 4+ sy

where s,t,u,v € Z and sv — tu # 0. By Lemma 2.7, the matrix

M 1 (s u)
V]sv —tu] \t v
is an automorphism of |F|, so it is an element of Aut’|F|. Hence the number of solutions
(x,y,t) to (2.0.2) is at most # Aut’ | F|.
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2.8 Proof of Theorem 2.3

The beginning of the proof is similar to the proof of Theorem 2.2. By Roth’s Theorem [29],
for every root v of FI(X, 1) there exist only finitely many non-zero integers x, y such that
min {|a — z/y|, o™ —y/z|} < H(x,y)"%%. Now let (z,y,z,t) be a solution of (2.0.3).
Since |F(x,y)| < (d+ 1)H(F)H(x,y)? and |F(z,y)| = tp*, we have

p tp? |F(z,y)|

@+ DHF) = drVHFE) @1 DHE) - H(z,y)".

Hence by choosing a large enough p we can increase H(z,y) and make it so large that the
inequality min {|a — z/y|, |a™' — y/x|} < H(z,y)"*% is no longer satisfied for every root
aof FI(X,1).
Let (z,y, z,t) be a solution of (2.0.3). As in the proof of Theorem 2.2, for our choice of

p the inequality

H(z,y) < (Cotp*)"/ =20 (2.8.1)
holds, where

o 2d—1d(d—1)/2M<F)d—2

T [D(F)[M/?

Since
tp* < (p°)"* < |F(x,y)], Y,

it follows from (2.8.1) that

/()
F < ~0
‘ (xay)’p H(I,y)'“’
where
~d—2.05
P=Ten
We take p sufficiently large that
p > [D(F)|.

Then
|F(z,y)l, <p~' <|D(F)|" < |D(F)],.

By Lemma 2.16 there exists a unique p-adic root o € Q, of F(X, 1) such that

Cy

max{1, |,
H(z, y)’

}
lya —z|, < D) |F(z,y)lp <
p
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where
Cy = Cy/ " Vey| D(F)[V2,

Note that C} is independent of p. Further, in order to ensure that p t z and p { y, we adjust
our choice of p as follows:

p > |cocq]-

Indeed, if p | y, then p does not divide x, because = and y are coprime. Since z > 1, it is
evident from equation that

car® +y(ca1 2 4+ oyt = Ltp?

that p divides cg4, in contradiction to our choice of p. Then |y|, = 1, and so for any o € Q,
we have

T
o — —

) = |ya — x|,

p

Analogously, we can show that |z|, = 1. Therefore

i

S Hiz g

o — —

Let ay, s, ..., aq be the roots of F(X,1). Applying Corollary 2.32 to Cy, u, f(X) =
F(X,1), we conclude that there exists a positive number Cy, which depends on Ci, u, F,
but not on p, such that the number of rationals x/y in lowest terms satisfying H (z,y) > Cs,
|z|, = 1, and

< (2.8.2)

for some j € {1,2,...,d} is less than

11.51 4+ 1.5logd +1
#Aut’]F]-{l—ir 51+ 1.5log —|—og,uJ

log (e — 0.5d)
If we choose p so that p > (d + 1)H(F)CY, then

p hp* |F(z,y)]

A+ VHF) = A+ VHF)  d+ DH(F) = H(z,y)",

Ccd <

so the inequality H (z,y) > C, is satisfied. Since all solutions (z,y, z,t) to (2.0.3), including
those that satisfy H(x,y) > Cs, also satisfy (2.8.2), the result follows.
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Chapter 3

Automorphisms of Binary Forms
Associated with 2cos(27/n)

Let n be a positive integer such that ¢(n) > 6, where p(n) is the Euler’s totient function.
Let
fX) =X+ X+ X + ¢

denote the minimal polynomial of the algebraic integer 2cos(2w/n), whose degree d is
©(n)/2. Let F(X,Y)=Y?f(X/Y) denote the homogenization of f(X).

Recall Definition 2.1 from Chapter 2, where we introduced the notion of an automorphism
of a binary form. In this chapter, we determine Autg F' and Aut’ F' for all binary forms
F(X,Y) of degree d > 3 defined above. For n > 3, we also compute Autg 7, for a binary
form T,(X,Y), which is the homogenization of the n-th Chebyshev polynomial of the
first kind. We apply Theorems 2.2, 2.3 to F'(X,Y") associated with 2 cos(27/n) to obtain
absolute bounds on the number of solutions of equations (2.0.2) and (2.0.3).

Recall the definitions of C, Cs, C3, Cy and Dy, D, given in Table 2.2. Our main results
are stated in Theorems 3.1 and 3.2. Since the only positive integers n that satisfy 3 <
w(n)/2 < 4 are 7,9,14,15,16, 18,20, 24, 30, we see that Theorem 3.1 covers all possible
cases.

Theorem 3.1. For a positive integer n such that p(n) > 6, let F(X,Y) denote the
homogenization of the minimal polynomial of 2 cos(2w/n). Let d = ¢(n)/2 denote its degree.

1. If d >5 is odd, then Aut' F = {I} = C;, where I denotes the 2 x 2 identity matriz.
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2. Ifd > 6 is even and n Z 0 (mod 4), then Aut' F = {£I} = Cs.

3. If n =17 or 18, the binary forms corresponding to 2 cos(2n/7) and 2 cos(mw/9) are X3 +
XY —2XY? -Y?3 and X3 — 3XY? — Y3, respectively. In either case,

/ _1 _1 ~Y
wer= (30} =e

4. If n =9 or 14, the binary forms corresponding to 2 cos(2w/9) and 2 cos(w/7) are X3 —
3XY?2+Y3 and X? — X?2Y —2XY? + Y3, respectively. In either case,

/ _1 1 ~

5. If n = 15, the binary form corresponding to 2cos(2mw/15) is X* — X3Y — 4X?Y? +

4XY3 + Y™ In this case,
1 -2
wrs (0 ))=c
6. If n = 30, the binary form corresponding to 2 cos(m/15) is X4+ X3Y —4X?2Y? —4XY3+

Y4, In this case,
Aut' F = <(_11 _21>> = (.

7. If n =0 (mod 4) and n # 24, then

()4 )=

8. If n = 24, the binary form corresponding to 2 cos(m/12) is X* — 4X2?Y?2 + Y. In this

case,
P 01 0 1 ~
Aut F_<(1 o)’<—1 0)>_D4.

Theorem 3.2. For an integer n > 3, let T,,(X,Y) € Z[X,Y] denote the homogenization
of the n-th Chebyshev polynomzial of the first kind.

1 0\ -
et (1 0))=e

o8

1. If n > 3 s odd, then



2. If n > 4 is even, then

~1 0\ /1 0)\\ .
e (3 9.4 )2

Combining Theorem 3.1 with Theorems 2.2, 2.3 established in Chapter 2, we obtain
the following.

Corollary 3.3. Let n be a positive integer such that ¢(n) > 14 and let F(X,Y) be the
homogenization of the minimal polynomial of 2 cos(2mw/n). Put d = ¢(n)/2. Let A be taken
from Table 2.1 for 7 < d <16 and A =1 —16.2/d for d > 17. Let p be prime, k a positive
integer, and consider the Diophantine equation

|F(x,y)| = tp". (3.0.1)

Provided that p* is sufficiently large, the number of solutions to (3.0.1) in integers (z,y,t)
such that
ged(z,y) =1, 1<t < (")

is either 0, or 2 when 4 t n, or 4 when 4 | n. If solutions exist, they are of the form
(I7y), (_I7 _y) Zf4)(n and Of the form (‘ray)a (_I7 _y)7 (ZL’, _y>7 (—(L’,y) Zf4 | n.

Corollary 3.4. Let n be a positive integer such that ¢(n) > 14 and let F(X,Y) be the
homogenization of the minimal polynomial of 2 cos(2m/n). Put d = ¢(n)/2. Let X be such
that

0<A<1-81/(d+2).

Let p be prime, and consider the Diophantine equation
|F(z,y)| = tp*. (3.0.2)

Provided that p is sufficiently large, the number of solutions to (3.0.2) in integers (x,y, z,t)
such that
ged(z,y) =1, 2>1, 1<t < (p°)

15 at most

N. {1 N 11.51 4 1.5log d + log(d — 2.05 — d\/(1 + /\))J |

log(d/2 —2.05 —d\/(1+ X))
where N =2 if 4¢n and N =4 if 4 | n.

If we let A = 0.5 —4.05/(d + 2), then it is a consequence of Corollary 3.4 that the
number of solutions in integers (z,y, z,t) to (3.0.2) does not exceed 332 for all d > 7 and
it does not exceed 12 for all d > 10'.
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3.1 Preliminary Results

Let n be a positive integer such that ¢(n) > 4. In this section, we summarize the properties
of algebraic numbers of the form 2cos(27/n), their minimal polynomials f(X), and the
binary forms F(X,Y) associated with them.

Let i be the imaginary unit and let

211 2 . (27
(h=exp|— | =cos|— | +isin | —
n n n

denote a primitive n-th root of unity. Then

1<t<n
ged(¢,n)=1

is the minimal polynomial of (,. Note that deg ®,, = ¢(n). Further,

1 2me 2m . 2m 2T .. (27
¢, =exp|—— ) =cos|—— | +isin|——) =cos|— ) —isin|{— |,
n n n n n
which means that ¢, +¢, ' = 2cos(2m/n) € R. Since both ¢, and (! are algebraic integers,

sois ¢, + ¢t

Let f(X) denote the minimal polynomial of ¢, + ¢;!. The action of the Galois group
Gal(Q(¢,)/Q) on ¢, + ¢;* allows us to determine the conjugates of ¢, + ¢!, which are
¢t + ¢ f = 2cos(2nl/n) for £ such that 1 < ¢ < n/2 and ged(¢,n) = 1. We conclude that
the minimal polynomial f(X) of 2 cos(27/n) is of the form

Fx= 1] (X—Qcos (QTM» :

1<t<n/2
ged(¢,n)=1

Since for n > 3 the interval [1,71/2) contains exactly one half of all the integers less than
n that are coprime to n, we see that f(X) has degree d = p(n)/2.

Lemma 3.5. Let (Z/nZ)* denote the group of units of Z/nZ. Define the group
G, = (Z/nZ)*/{£1}.
Then Gal(Q(2cos(27/n))/Q) = G,,.
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Proof. We index the roots of f(X) through the elements {+¢} of G,, as follows:

oy = ¢+ ¢

We write oy in place of a1y, as well as « in place of «ay, for brevity. Define ag = 5y = 1,
and for a positive integer j let 3,; = (ay)’. Then the binomial formula implies that, for
any non-negative integer k,

k k
2k 2k +1
Boak = (k - j) zje and Brogr = Y ( k- )04(2j+1)e-

J=0 J=0

Note that the first of the two identities can be rewritten as follows:

50 1 0 0 ... 0 Qp
/BZ,2 2 1 0 ... 0 Qloy
/85,4 — Cz% 4 1 .. 0 Qlyy ,
B2k ck oyt Ck? 1 Qe

where C? denotes the binomial coefficient (‘Z) The second identity can be written in an
analogous form. The (k4 1) x (k4 1) matrix C above is independent of the choice of ¢, has
integer coefficients and non-zero determinant, hence it is invertible. Moreover, its inverse
C~1 also has integer coefficients, because its determinant is equal to one. By multiplying
both sides of the above equation by C~!, we see that each s, can be represented as an

integer linear combination of 32;’s. A similar observation applies to cvar41)¢ and By ;41’s.
Therefore

k k
Mope = Z ch,ja? and Q(2k+1)0 = Z C2k+1,jOé?J+1
J=0 J=0
for some integers coy ; and cop41,;. From above formulas it follows that any root a, of f(X)
is contained in Q(«), and as a consequence any field automorphism in Gal (Q(«)/Q) is
uniquely determined by its action on «. For ¢ coprime to n, let o, € Gal (Q(«)/Q) denote
the field automorphism such that o,: o — «a4. Then for any positive even integer 2k we

have
k k k
_ 25 | — 2j 2 _
Ue(OéQk) =0y Cof, X = C2k,j0£(05) = Co 0" = Oligky.

j=0 5=0 7=0
Analogously, we can establish the formula for any odd positive integer 2k + 1 and conclude
that o/: o, — ay, for any m coprime to n. Finally, note that the field automorphisms of
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Q(«) that fix Q form a group under composition, as they satisfy the relation oy 00; = oy;.
Consequently, the map Gal (Q(«)/Q) — G, o, — {£{} defines a group isomorphism. [

We conclude this section by proving Lemmas 3.6 and 3.7, which we will find useful in
the proof of Theorem 3.1.

Lemma 3.6. Let n be a positive integer and let f(X) be the minimal polynomial of

2 cos(27/n).

1. If n = 0 (mod 4) then f(X) = g(X?), where g(X) is the minimal polynomial of 2 +
2 cos(4m/n).

2. Ifn is odd then f(X) = (—1)%g(—X), where g(X) is the minimal polynomial of 2 cos(r/n).

Proof. 1. Suppose that n = 0 (mod 4). Recall that for any x € R it is the case that
2 cos*(x) = 1+ cos(2z). Therefore

4 cos® (%) =2 <1+Cos (4%)) =2+ 2cos (57”) :

Let g(X) denote the minimal polynomial of 2+ 2 cos (27/(n/2)). Note that deg g(X) =

o(n/2)/2 and
o (1000 (57)) =

Since for any positive integer n divisible by 4 it is the case that ¢(n)/2 = ¢(n/2), we

have
deg f(X) = @ =2- SO(T;/% = 2deg g(X) = deg g(X?).

Since the polynomials g(X?) and f(X) have equal degrees, both vanish at 2 cos(27/n),
and the leading coefficient of g(X?) is positive, we conclude that f(X) = g(X?).

2. Suppose that n is odd. Note that

2 2 2 2
—2¢os (—W> = 2cos (7T—|— —W) = 2cos (W(n——'—)) .
n n 2n

Since ged(2n,n + 2) = 1, we see that —2cos(27/n) is a conjugate of 2 cos(mw/n). Thus,
if g(X) is the minimal polynomial of 2cos(7/n), then g(—2cos(27/n)) = 0. But then
2 cos(2m/n) is a root of (—1)%g(—X), and since the leading coefficient of this polynomial
is positive, it must be the minimal polynomial of 2 cos(27/n).

]
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Lemma 3.7. Let F(X,Y) € Z[X,Y] be a binary form of degree d, and let G(X,Y) =
cF(=X,Y), where c is a non-zero integer. Let

M:<S u) andM:(S —u).
t v —t v

Then M € Autg F' if and only if M e Autg G.

(5 Y)-

Then G(X,Y) = cF(=X,Y) = cFp(X,Y). Now suppose that M € Autg I, i.e., Fjy = F'.
Then for any 2 x 2 matrix A it is the case that (Fiy)a = Fa. Since MT = T'M, we see that

Proof. Let

G = CFT = C(FM)T = CFMT = CFT]\ZI = C(FT)]\}[ = (CFT)M = GM
Therefore M € Autg G. The converse statement can be established analogously. n

In view of Lemma 3.6 part 2, as well as Lemma 3.7, it becomes evident that, in order
to understand the automorphisms of the binary form associated with 2 cos(r/n) for odd n,
it is sufficient to study the automorphisms of the binary form associated with 2 cos(27/n).

3.2 Cased>4andn=0 (mod 4)

We begin by proving Theorem 3.1 in the case when d > 4 and n = 0 (mod 4). First, we
will determine Autg F' and then derive Aut’ F' from it.

According to Lemma 3.6 part 1, the minimal polynomial f(X) of 2cos(27/n) is equal
to g(X?) for some g(X) € Z[X]. Let F(X,Y) be the homogenization of f(X), and let

(396 %)

Then Dy C Autg F due to the fact that f(X) = g(X?). Further, Autg F is either equal to
D5, or isomorphic to Dy, or isomorphic to Dg, where the groups D4 and Dg are defined in
Table 2.2. The three lemmas established in this section allow us to conclude that Autg F' #
D, if and only if n = 24.
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Lemma 3.8. Let Dy be as in (3.2.1). Every subgroup of GLy(Q) that properly contains Do

is either of the form
(G ) (o)
(o) (o 12)

Proof. Let G = GL2(Q) and let H be a finite subgroup of G that properly contains Ds.
According to the classification of finite subgroups of G given in Table 2.2, every finite
subgroup of G that contains a group isomorphic to Dy and has more than 4 elements is
either G-conjugate to D, or Dg. We consider these two cases separately.

or of the form

for some non-zero t € Q.

1. Suppose that H is G-conjugate to D,. That is, there exists some matrix A € G such
that H = AD,A~!. Since Dy C H, we also have

D2 = ANAil

for some subgroup N of D, that is isomorphic to Dy. Note that D, contains exactly two
subgroups isomorphic to Dy, namely D itself and D,. Thus we consider two separate
cases, i.e., N = Dy and N = Ds.

(a) Suppose that Dy = AD,A™'. A straightforward calculation shows that every
matrix A € G such that Dy = AD>A~! must be of the form

() (o)

for some non-zero a,b € Q. Independently of the form of A, we have
B 0 1\ 0 1\
m=(at ) aaloo) )
/(-1 0 0 a/b
n 0 1)’\=b/a 0

fo some non-zero a,b € Q. Upon setting ¢t = a/b the result follows.

64



(b) Suppose that Dy = ADyA™!. A straightforward calculation shows that every
matrix A € G such that Dy = ADy A~ must be of the form

a 0 0 a
0 b b 0
for some non-zero a,b € Q. Consequently,
I 0 a/b 0 a/b
S \\W/a 0 )'\=b/a 0
/(-1 0 0 a/b
o 0 1)’\=b/a 0
for some non-zero a,b € Q. Upon setting ¢t = a/b the result follows.

2. Suppose that H is G-conjugate to Dg. That is, there exists some matrix A € G such
that H = ADgA™!. Since Dy C Dg, we also have

Dy = ANA™!

for some subgroup N of Dy that is isomorphic to Dsy. Note that Dg contains exactly
three subgroups isomorphic to Dy, namely D, itself,

o= (3 4)(0))
(AR ) )

Thus we consider three separate cases, i.e., N = Dy, N = Dél), and N = D5”.

and

(a) Suppose that Dy = AD,A™! for some A € G. As it was explained previously, every
matrix A which satisfies Dy = ADyA™! must be of the form

) G

for some non-zero a,b € Q. Therefore
o 01 —-1 0 1 -1
o=t g)a o))
~1 0 12 a/2b
0 1)\ -3b/2a 1/2

for some non-zero a,b € Q. Upon setting ¢t = a/b the result follows.
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(b) Suppose that Dy = ADS)A_1 for some A € G. A straightforward calculation shows
that A must be of the form

a —2a a 0
b oo ) "\ -2

for some non-zero a,b € Q. Therefore

#= (ol ") (e 1))

for some non-zero a,b € Q. Upon setting ¢t = 3a/b the result follows.

(c) Suppose that Dy = AD;Q)A_l for some A € G. A straightforward calculation
shows that A must be of the form

—2a a 0 a
0o b) %" \=2 b

for some non-zero a,b € Q. Therefore

I — —1/2 —3a/2b 1/2  —3a/2b
“\\=b/2¢ 172 ) \b/2a 1/2
for some non-zero a,b € Q. Upon setting ¢t = 3a/b the result follows.

]

Lemma 3.9. Let n be a positive integer such that n = 0 (mod 4), and let f(X) be
the minimal polynomial of 2cos(2m/n). Let F(X,Y') be the homogenization of f(X), an
suppose that Dy as defined in (3.2.1) is a proper subgroup of Autg F. Then f(X) is a
reciprocal polynomaial.

Proof. According to Lemma 3.8, there are two options for how Autg /' can look, so we will
consider two cases separately. In each case, we will make use of the formula

0, ifm=4,
2, if m=2*for k>3,
| fm(0)] =

| ! | | (3:22)
p, if m =4p® for k > 1, where p is an odd prime,

1, otherwise,

where f,,(X) denotes the minimal polynomial of 2cos(27/m). The proof of the formula
(3.2.2) can be found in [9].
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1. Suppose that there exist integers a # 0 and b > 1 such that ged(a,b) = 1 and M €

Autg F', where
(0 a/b
M= (—b/a 0 ) '

a b
FIX.YY=F(-Y ——-X
(X,Y) (b’ a )

= (ab)"F (a’Y, —b*X).

Then

Thus
(ab)'F(X,Y) = F(a*Y, —b*X).

By plugging X = 1 and Y = 0 into the above equation, we see that ¢y = (—a/b)? =
(a/b)?, where ¢y denotes the constant coefficient of f(X). Since ¢y € Z, we see that
t = a/b is an integer such that t¢ = ¢;. By (3.2.2) the value of ¢ is square-free, and
since d > 2 is even and t? = ¢y, we conclude that ¢y = 1. Therefore t = a/b = 1, which

means that
0 1 0 1
siar = (1 5)-( o))

In particular, we see that F(X,Y) = F(Y,X), so f(X) = F(X,1) is a reciprocal
polynomial.

2. Suppose that there exist integers a # 0 and b > 1 such that ged(a,b) = 1 and M €

Autg F', where
B /2 a/2b
M= (—3b/2a 1/2) '
We will show that this is impossible.
Since M € Autg F,

1 a 3b 1
—F (§X Vg Xt §Y)

= (2ab)"*F (abX + oY, —3b>X + abY) .

Thus
(2ab)'F(X,Y) = F (abX + a®Y, —3b>X + abY) . (3.2.3)
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By plugging X = 0 and Y = 1 into the above equation, we obtain ¢;2%? = F(a,b).
Thus F'(a,b) is divisible by b. Since the leading coefficient of F'(X,Y") is equal to one,
we see that

a’ = F(a,0) = F(a,b) =0 (mod b).
Then b | a?, and since @ and b > 1 are coprime, we conclude that b = 1 and ¢y2¢ =
F(a,1). By plugging X =1 and Y = 0 into (3.2.3), we obtain (2a)? = F(a, —3). Since
f(X) = g(X?), we see that

F(a,—3) =co(—3)*=0 (mod a?),

which means that a? | ¢p3?. By (3.2.2) the value of ¢y is square-free, so a = £3" for some
non-negative integer r. Since Autg F is a group, we may replace M with M !, and so
without loss of generality we may assume that a = 3".

Suppose that r > 3. After plugging a = 3" and b = 1 into (3.2.3) we obtain
243 DAp(X, V) = F (371X +3771Y, - X +371Y) . (3.2.4)
Thus
F(EX 3, X 4 57Y) = F0,-X) 2 (-X) =0 (mod ).

Since this congruence must hold for all X, it holds for those X that are not divisible by
3, which means that 9 divides ¢y. However, this result contradicts (3.2.2), which states
that the value of ¢j is square-free. We conclude that the only possible values of r are
0,1, 2, and so the only possible values of a = 3" are 1, 3, 9.

For 7 =0, X =0, Y =1 the equation (3.2.4) gives us FI(1,1) =2% Forr =1, X =1,
Y =1 it gives us F'(1,1) = 2% once again. Finally, for r = 2, X = 1, Y = 1 the identity
(3.2.4) is equivalent to F(1,1) = 372F(15,1). Since 15 — 2cos(z) > 13 for any z € R,
in the last case we have

o
IF(1,1)] =3F(15,1) =3 J] [15—2cos (ﬂ) ‘ > 374137 > 24,
1<j<n/2 "
ged(jn)=1

Thus, regardless of the value of 7, we must have |F(1,1)] > 2¢. Since d > 4, we will
obtain a contradiction by proving that |F(1,1)| < 8.
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To see that this is the case, note that for any integer j we have

217 4 217
1 —2cos (ﬂ) = —2cos <—7T) — 2cos (ﬂ)
n 3 n
2 j 2 j
— _4 coS <_7T + ﬂ) coS (_ﬂ- J— Q)
3 n 3 n

oo (W(Qn + 3j)> o (W L2 3j)>

3n

3n 3n
Therefore

FL,y)= ] (1 — 2cos (?))

1<j<n/2
ged(jn)=1

COYL e (T ] e ()

1<j<n/2 1<j<n/2
ged(j,n)=1 ged(jn)=1

= ]I 2cos<w>.

1<j<n
ged(jn)=1

The result follows once we consider the following three cases:

(a) Suppose that n is divisible by 9. Then ged(2n/3+j,n) = 1if and only if ged(j,n) = 1.
Since n is even we have ged(j,n) = ged(7,2n) =1, so

F(,1)= [ 2cos (w) (3.2.5)

n
1<j<n
ged(5,2n)=1

P = [ 2cos (%7) |

1<j<n

N= ][ 2cos (W)

1<j<n
ged(j,2n)=1

By definition,

If we put
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then it follows from (3.2.5) and the above expression for fs,(0) that

fan(0)? = ] 2cos (%) = F(1,1)- N.

1<j<2n
ged(j,2n)=1

Since both fs,(0) and F(1, 1) are non-zero rational integers, N is a rational number.
Since it is defined as a product of algebraic integers and the ring of algebraic integers
is closed under multiplication, it must be that /V is a rational integer. We conclude
that F(1,1) divides f5,(0)2. Since 2n is divisible by 72, it follows from (3.2.2) that
| fon(0)| = 1. Therefore |F(1,1)| = 1.

Suppose that n is divisible by 3, but it is not divisible by 9. Then the equality
(3.2.5) still holds, but the numbers 2n/3 + j and n are not necessarily coprime.
More precisely, ged(2n/3 + j,n) = 3 if j = n/3 (mod 3) and ged(2n/3 + j,n) =1
if j = —n/3 (mod 3). Note that the case j = 0 (mod 3) is impossible because j
and n are coprime. We write F'(1,1) = M N, where

M = 11 QCOS(W(Q%/;]‘)/Q),N: 1T 2COS(W>.

1<j<n 1<j<n
ged(jm)=1 ged(jm)=1
j =n/3 (mod 3) j = —n/3 (mod 3)

Note that ged((2n + 35)/9,n/3) = 1 for all j coprime to n. Further,

Fanss(0 = ] 2COS(%), fn(07 = ] QCOS(%).

1<j<n 1<j<2n
ged(4,2n/3)=1 ged(4,2n)=1

By an argument analogous to the one used in Part (a) we conclude that M divides
fon3(0)* and N divides fo,(0)%. Thus |[MN| < | fon3(0)]? f2,(0)%. Since 8 | 2n/3
and 24 | 2n, it follows from (3.2.2) that | f2,/3(0)| < 2 and | f2,(0)| = 1. We conclude
that

FOL U] < o (O fon(07 < 2° 12 =8

Suppose that n is not divisible by 3. Then ged(2n + 37,3n) = 1 if and only if
ged(7,n) = 1. We have

F(,1)= [ 2cos (M) (3.2.6)

; n
1<j<n
ged(jn)=1
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Note that

fon(0) = J] 2cos (g—i) : (3.2.7)

1<5<3n

ged(j,6n)=1

Since all the factors in the product (3.2.6) appear in the product (3.2.7) exactly
once, the number fq,(0)/F(1,1) is rational, and since it is equal to a product of
algebraic integers it has to be a rational integer. We conclude that F(1,1) divides
f6rn(0). Since 24 | 6n, it follows from (3.2.2) that | fs,(0)| = 1. Thus |F(1,1)| = 1.

]

Lemma 3.9 states that Autg F' contains more than 4 elements whenever the minimal
polynomial f(X) of 2cos(2mw/n) is reciprocal. Now the statement of Theorem 3.1 in the
case n = 0 (mod 4) follows from the next lemma, which classifies all the situations when
f(X) is reciprocal.

Lemma 3.10. The minimal polynomial f(X) of 2cos(2mw/n) is reciprocal if and only if
n=3orn=24.

Proof. Via a straightforward calculation we can verify that for 1 < n < 745 reciprocal
polynomials appear only for n = 3,24, and they are X +1 and X* —4X?2 + 1, respectively.
It remains to prove that there are no reciprocal polynomials with n > 746.

For a positive integer n, let g(n) denote Jacobsthal’s function; that is, g(n) is equal to
the smallest positive integer m such that every sequence of m consecutive integers contains
an integer coprime to n. It was proven by Kanold [19] that

g(n) <240,

where w(n) denotes the number of distinct prime factors of n.! Combining the above upper
bound with the inequality [28§|

1
win) < 1.3841—2"

log logn
which holds for all n > 3, we get

g(n) < nlog.l?)zn .

!The author is grateful to Prof. Jeffrey Shallit for pointing out that better bounds exist, e.g., [18, 35].
However, Kanold’s bound is sufficient for our purposes.
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|

). We claim that this interval contains a
other words, we would like to locate an

=

Now consider the interval [% arccos(
rational number j/n with j coprime to
integer j coprime to n such that

3
o=

1 1 << 1
—arccos | — | n -n.
o 1) =7
We see that such an integer j has to belong to the interval [% arccos (}L) n, %n), whose
length exceeds n/25. Since our interval is half-closed, it contains at least |n/25] consecutive
integers. However, for all n > 746 we have

; 0,196 < n 1
N loglogn _
25 ’
and this inequality implies that
0.96 n n
<nmbE < Lo1<| 2],
gln) < misten < 50 25

This means that the interval [% arccos (;11) n, %n) contains an integer j that is coprime to
n. But then
1 < 215 - s
arccos | — — < =
4/~ n 2’
and consequently
1
0<a; <.
7 =2
Since f(X) is reciprocal, the number ogl is a conjugate of o, so there exists some ¢
such that o, = aj_l. Thus a; > 2. On the other hand, a, < 2, which means that ¢ = 0.

Since ged(¢,n) = 1, we conclude that n = 1, and this contradicts our assumption that
n > 746. m

It remains to compute Aut’ F'. Suppose that n = 24, so that F(X,Y) = X*—4X?Y?+Y*

anar={(08).(5 )

Let M = |sv — tu|7Y2(3%) € Aut' F \ Autg F. Then M? € Autg F. Since Autg F is
a proper subgroup of Aut’ F, it follows from Lemma 2.5 that Aut’ /' = Dg. Therefore
M? has order 4, i.e., M? = £+ ( % {). Solving this equation in integers s,¢,u,v such that
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ged(s,t,u,v) = 1, we conclude that M has to be one of the following two matrices of

order 8:
L1y 11
Va\-1 1) pl1 1)
However, neither of the above matrices are automorphisms of F'(X,Y) = X4 -4X?Y24+Y*,

so the matrix M described above does not exist. We conclude that Aut’ F' = Autg F.
Finally, suppose that 4 | n and n # 24, so that

wer={(3 96 %))

Let M = |sv —tu|72(§%) € Aut' F\ Autg F. Then M? € Autg F. Since Autg F is a
proper subgroup of Aut’ F', it follows from Lemma 2.5 that Aut’ ' = D,. Therefore M?
has order 4, i.e., M? = £(9}) or M? = +({ % ). However, neither of these equations
have solutions in integers s, ¢, u,v such that ged(s,t,u,v) = 1.2 Therefore the matrix M
described above does not exist. Once again, we conclude that Aut’ F = Autg F.

3.3 Cased>5andn#0 (mod 4)

Next, we consider the case d > 5 and n # 0 (mod 4). In view of Lemma 3.6 part 2 and
Lemma 3.7, we may assume that n is odd.

Let M be an element of Aut’ F', where

1
M——(s u), m = |sv — tu|'/2.

m \t v

Then
miF(X,Y) = F(sX +uY,tX +vY),

which means that the polynomials m?f(X) and F(sX +u,tX +v) are equal. For an integer

2They do have solutions in Gaussian integers.
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¢, let oy = 2cos(2ml/n), and let @ = ;. Then

F(sX+utX+v)= [] ((sX+u)— autX +v))
glcdg(gfi?)/jl
= ] ((~tac+ )X — (vae - u))

1<t<n/2
ged(4,n)=1

vy —u
e T[ (ro )
1<t<n/2 —tag+s
ged(¢,n)=1
Since m?f(X) and F(sX + u,tX + v) have the same roots, we conclude that there exists
some j coprime to n such that
v —u
= 3.3.1
Y —ta+s ( )
We will show that s = v = +1 and ¢ = u = 0, implying that M € {&1}. Since —I € Aut' F
if and only if d is even, this result would allow us to conclude that Aut’ F' = {I} when d
is odd and Aut’ F' = {£I} when d is even.

Since n is odd, it follows from the discusion in Section 3.1 that there exists oy €
Gal (Q(«)/Q) such that o5: ay — g for each ¢ coprime to n. Therefore

va—u\  vop(a) —u  vag —u
—ta+s) —toy(a)+s —tag+s

Since for any z € R it is the case that 2cos(2x) = (2cos(z))? — 2, we conclude that
a9y = a? — 2 for all i. Therefore

2 2
v —u _2:a2_2:a':va2—u:v(a —2)—u
—ta+s J T tag+s  —ta®—2)+s

Qgj = () = 02 (

From the above equality we obtain
(—t(e® —2) +5) ((va —u)? = 2(—ta + 5)?) = (—ta + 5)* (v(a® — 2) — u).
We conclude that the polynomial

(2t — t?v — tv?) X*
+(—4st* + 2stv + 2tuv) X?
+(25%t — s%v — 2st* + sv? — 4% + t2u + 2670 — tu® 4 2t0?) X2
+(45%t + 8st® — 2stu — 4stv — 2suv — dtuv) X
+(—28* — 45°t + s%u + 25%v + su® + 2tu?)
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vanishes at a. Since the degree of « is at least 5 and the above polynomial has degree at
most 4, it must be the case that this polynomial is identically equal to zero. That is,

(t(t — v)(2t + v) = 0,

t(—2st + sv +uv) =0,

25t — s — 2st? + sv? — A3 + t2u + 2t%0 — tu® + 2t = 0, (3.3.2)
252t + 4st? — stu — 2stv — suv — 2tuv = 0,

[ —25° — 457t + s%u + 25%v 4 su® 4 2tu® = 0.

Depending on the value of ¢, we consider the following three cases.

1. Suppose that ¢ = 0. Then the first two equations in (3.3.2) vanish, while the third and
the fourth equations simplify to sv(v — s) = 0 and suv = 0, respectively. Note that
s # 0, for otherwise the denominator of (3.3.1) vanishes. Thus the last two equations
further reduce to v(v —s) = 0 and wv = 0. If v = 0, then the number a; = —u/s
is rational, in contradiction to the fact that degca; > 5. On the other hand, if v = s,
then u = 0. Since the determinant of every automorphism is equal to £1, we have
sv — tu = s> = £1. Since s in an integer, we conclude that s> = 1, and consequently
s=v==1and t=wu=0, as claimed.

2. Suppose that ¢ = v and t # 0. Then the second equation in (3.3.2) simplifies to v(u—s) =
0. But then s = u, and
v — U Vo —u

= = :—1’
—ta+ s —va +u

@
in contradiction to the fact that dega; > 5.

3. Suppose that v = —2t and t # 0. Then the second equation simplifies to v(2s + u) = 0.

But then v = —2s,
v — U —2ta + 2s

—ta+s —ta+s
in contradiction to the fact that dega; > 5.

Y

3.4 Cased=3,4and n#0 (mod 4)

It remains to consider the case d = 3,4 and n #Z 0 (mod 4), which corresponds to n =
7,9,14,15,18, and 30. In view of Lemma 3.6 part 2 and Lemma 3.7, we may restrict our
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attention to odd n. We will demonstrate the case n = 7 in detail, and the cases n = 9 and
n = 15 can be established analogously. Let

1
M= — (S Z) € Aut' F,

m \t

where m = |sv — tu|'/2.

1. If n = 7, the binary form corresponding to 2 cos(27/7) is

F(X,Y)=X*+ X2V —2XY? - Y?.

= ((9)

Let oy = 2cos(27¢/7), and note that o = ay, a9 and as are the roots of F(X,1).
Furthermore, we have oy = o? — 2 and a3 = —a? — a + 1.

We will show that

Since M € Aut’ F, by Proposition 2.7 there exists some j € {2,3} such that

v — U

o= ———.
T —ta+s
Suppose that 7 = 2. Then

va —u = (—ta+ s)a
= (—ta+s)(a® - 2)
= —ta® + sa® + 2ta — 2s
= —t(—a® +2a + 1) + sa’® + 2ta — 2s
= (s+t)a® — 25 —t.

Thus the polynomial (s+t)X? —vX — (2s+t —u) vanishes at «, and since « has degree
3 it must be identically equal to zero. Therefore

s+t=0,
v =0,
2s+t—u=0,
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and we conclude that t = —s, u = s and v = 0 for any non-zero integer s. Independently
of the value of s we obtain the relation

VO — U 1

—at+s  a+1l

Qg =

Further, since ged(s,t,u,v) = 1, it must be the case that s = +1. If s = 1, then

R

However, one can easily verify that the above matrix is not an automorphism of F'. If

s = —1, then
s u -1 -1
v-(; -0 )

One can easily verify that, in this case, M € Aut' F.
Suppose that 7 = 3. Then

va —u = (—ta+ s)az = —sa® — (s —t)a + s+ t.
Thus the polynomial sX2 + (s —t +v)X — (s +t + u) vanishes at a, and since a has
degree 3 it must be identically equal to zero. We conclude that s = 0, v = —t and
v = t for any non-zero integer t. Independently of the value of ¢ we obtain the relation
a3 = —(14 «a)/a. Further, since ged(s, t,u,v) = 1, it must be the case that t = £1. It is
straightforward to check that the matrix corresponding to ¢t = 1 is not an automorphism,

while the matrix corresponding to t = —1 is equal to M?, so it is an automorphism of
F.

Since we considered all possible relations of the form «o; = (va — u)/(—ta + s), we
conclude that the only automorphisms of F(X,Y) that belong Aut’' F are I, M and
M?2.

. If n =9, the binary form corresponding to 2 cos(27/9) is

F(X,Y)=X?-3XY?+Y>

war=((50)

7

We will show that



Let ay = 2cos(27¢/9), and note that o« = a1, s and ay are the roots of F'(X,1). Since
M € Aut’ F, by Proposition 2.7 there exists some j € {2,4} such that

v — U

o = .
J —ta+ s

If j =4, we obtain ay = 1/(—a + 1) and
(s u\y (-1 1 ,
W (i) ) emer
while if j = 2 we obtain ay = (o — 1)/ and M? € Aut’ F.

3. If n = 15, the binary form corresponding to 2 cos(27/15) is

F(X,Y)=X* = X3 —4X?Y? +4XY? 4+ Y4

wr={(1 )

Let oy = 2cos(2m¢/15), and note that o = a3, as, ay and ay are the roots of F/(X,1).
Since M € Aut’ F', by Proposition 2.7 there exists some j € {2,4,7} such that

We will show that

_ va—u
 —ta+s

Qj

If 7 =2 or 7 =7, then no relation of the above form could be obtained. If j = 4, then
ay = (@ —2)/(a — 1) and there are two automorphisms corresponding to this relation,

namely M and M3, where
s u -1 2
M= (t v) - (—1 1) '

3.5 Automorphisms of Binary Forms Associated with
Chebyshev Polynomials

In this section, we prove Theorem 3.2. Let n be a positive integer and let T,,(X,Y) €
Z[X,Y] denote the homogenization of the n-th Chebyshev polynomial of the first kind. It
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is well-known that the roots of 7,,(X, 1) are given by cos((2j — 1)7/2n) for j = 1,2,...,n.
Consequently, if we let f,,(X) denote the minimal polynomial of 2 cos(27/m), then

Tn(X7 1) = H f4n/d ((2 - 5dn>X) )
diZ|de

where 0;; denotes the Kronecker delta function. If we let F,,,(X,Y") denote the homogenization
of fi(X), then T, (X,Y) factors as

TuX,Y)= ] Finsa(2=0m)X,Y). (3.5.1)
2 ielodd
Note that every binary form in the above factorization of 7,(X,Y’) is irreducible. The
main result will follow from the formula (3.5.1), Theorem 3.1, as well as the two lemmas
established below.

Lemma 3.11. Let F(X,Y) € Z[X,Y] be a binary form and let A € GLy(Q). Then
Ath Fy= At (Aut@ F) A.

Proof. Suppose that M € Autg F. Since F' = Fyy, we have Fy = (Fy)a = Fya =
(FA)AflMAy so AT'MA € Aut@ Fy. ]

Lemma 3.12. For a positive integer n, let T,(X,Y) be the homogenization of the n-th
Chebyshev polynomial of the first kind. Suppose that G(X,Y) € Z[X,Y] is an irreducible
binary form of degree at least 1 that divides T,,(X,Y"). Then Autg T, C AutyG.

Proof. Since Autg G = Autg(rG) for any non-zero r € C, without loss of generality we
may assume that G has a positive leading coefficient and content equal to one. Further,
the result is trivially true for n = 1, for if G | T, then 73 = X and G = +X. Therefore we

may suppose that n > 2.
s u
=)

Let
be an element of Autgy 7, and denote the discriminant of a binary form F' by D(F'). As is
well-known,

D((T,) ) = (det M)V D(T;,).

Since T}, = (T,,)a and D(T},) # 0, we have (det M)"»~1) = 1. Since n > 2, it must be the
case that det M # 0.
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The proof is by contradiction, so suppose that M ¢ Autg G, which means that the
binary forms G and G, are distinct. Since G is irreducible and det M # 0, it must be the
case that Gy is also irreducible. Since G | T,, and T,, has content one, there exists some
H(X,Y) € Z]X,Y] such that T,, = GH. Since M € Autg F', we have

which means that GGy | T, in Q[X, Y]. Since T,, factors into irreducible forms as in (3.5.1),
and both G and G}, are irreducible, the result will follow after we consider the next two
cases.

1. Suppose that G(X,Y) = X and Gy (X,Y) = rFy,/a(2X,Y) for some non-zero r € Q
and odd d | n such that d < n. Then Gy (X,Y) = sX + uY, which means that
sX +uY = rFy,q(2X,Y) and consequently deg Fy,/q = 1. Since deg F},, = 1 if and only
if m € {3,4,6}, we conclude that d = n, which contradicts the assumption that d < n.
The case when G(X,Y) = Fi,/4(2X,Y) and Gp(X,Y) = rX for some non-zero r € Q
and odd d | n such that d < n can be established analogously.

2. Suppose that G(X,Y) = Fi,/4,(2X,Y) and Gy (X,Y) = rFy,4,(2X,Y) for some non-
zero r € Q and two distinct odd divisors dy, ds of n that are less than n. Set k = 4n/d,,

€:4n/d2,
2 0
=(0 1)

so that G = (Fy)s and Gy = (rFy)s. Then Gy = (F))sy and consequently (Fy)sy =
(rFy)s. Since S is invertible, we conclude that rFy, = (Fy)gars—1. Consequently, there
exist rational numbers a, b, ¢, d such that the polynomials 7 F;(X, 1) and Fi(aX +¢,bX +
d) are identical. In particular, their roots are the same, which means that

—c+ 2cos(2m/k)d
a —2cos(2m/k)b

2cos (2mj/0) =

for some j coprime to £. Therefore 2 cos(27j/¢) is an element of the field Q (2 cos(27/k)).
Since the Galois group of f,(X) is cyclic, all the conjugates of 2 cos(27j/¢) belong to
this field as well, which means that the field Q (2cos(27/¢)) is entirely contained in
Q (2cos(27/k)). We repeat the argument with G and G interchanged, and conclude
that the fields Q (2cos(27/k)) and Q (2cos(27/¢)) are identical. In particular, their
discriminants D), and D, are the same.

Before we obtain a contradiction by proving that D, # D,, we need to make two
additional remarks. The first one is that, since the degrees of G and GG, are the same,
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we may conclude that the degrees of Fj, and Fy are the same. Consequently, ¢(k)/2 =
deg Fj, = deg Fy = () /2, which means that p(k) = o({).

The second remark is that the conditions ¢(k) = ¢(¢) and k # ¢ imply the existence of
some odd prime which divides k& but not ¢, or vice versa. For suppose that this is not

the case and . .
k=1]w ¢=]]»"
i=1 j=1

for some positive integers ¢, ey, ..., e, f1,..., fi- Then

Hp —1) Hp/ —1).

After dividing both sides by H,_ (pi — 1), we obtain

¢
Hpefl Hpii_lv
i=1

which means that e; = f; for all i = 1,2,...,t. But then k£ = /¢, in contradiction to our
assumption that £ and ¢ are distinct. Therefore there exists some prime that divides k
but not ¢, or the other way around. Since k and ¢ are both divisible by 4, this prime
must be odd.

Now let D,,, denote the discriminant of the field Q(2 cos(27/m)). It was demonstrated
in [22] that
2U-1¥ -1 if m=27,j>2

D — plip’ =G +1p 1 =1)/2. if m = p’ or 2p/, p > 2 prime;
m p(m)

w(m) e;— i—1 2 w(m ;
<H7,:(1)pz Y )> ) lfm Hz (1 pz ) ( ) > 17m7é 2]9]7

where w(m) denotes the number of distinct prime divisors of m. Let

w(k) w(f)

k—Hpe’ and €—Hq]7

be the prime factorizations of k£ and ¢, respectwely. Since Dy = Dy and (k) = ¢({),
the above formula for the discriminant of Q (2 cos(27/m)) yields the equality

w(k) w(f)

H 61—1/ pi—1) H

i=1
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The exponents of primes in the equality above are all positive, and since we established
previously that there exists some 7 such that p; # ¢; for all j, or there exists some j
such that g; # p; for all ¢, this equality cannot possibly be true.

]

Now we can prove Theorem 3.2. Suppose that n > 3 is odd and M € Autg 7},. According
to (3.5.1), every irreducible binary form different from X that divides T, is of the form
(Fin/a)s for some odd d < n such that d | n, where

()

Note that (Fo4)s does not divide T,,, for otherwise the equality 4n/d = 24 would imply
that n is even. It follows from Theorem 3.1 item 7, as well as Lemma 3.11, that

Autg T, C Ath(F4n/d)S
=91 (Ath F4n/d) S

(o )64

Therefore there are only four options for M. Further, since X divides T,,(X,Y'), by Lemma
3.12 it must also be the case that M € Autg X. Therefore M must be of the form

10

t v
for some t,v € Q, which means that only two out of four options remain, namely (¢,v) =
(0,—1),(0,1), so the result follows.

Suppose that n > 4 is even. Then X does not divide T,,, so it follows from (3.5.1) and
Theorem 3.1 items 7, 8 that

<(_01 (1)><é —01)>§A“t@Tn' (3.5.2)

Suppose that the containment in (3.5.2) is strict. Then it follows from Theorem 3.1
item 8 that the binary form (Fb4)s, which has degree 4, divides 7T;,. In this case Autg T, =
Autg(Fhy)s. Since Ty # (Fo4)s, it follows from (3.5.1) that there exists some binary form
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(F)s that divides T,, such that m # 24. If deg F,,, > 4, then (F},)s has the automorphism
group as in Theorem 3.1 item 7, so the contradiction follows from Lemma 3.12. Therefore
deg F),, < 4 and since the degree of F,, is even it must be the case that deg F,,, = 2. Because
4 divides m there are only two possible options for (F,)s, namely (Fy)s = 2X? — Y2 and
(Fla)s = 4X? — 3Y2. Tt is straightforward to check that Autg(Fy)s € Autg(Fg)s and
Autg(Fs)s € Autg(Fi2)s, so once again we obtain a contradiction. We conclude that the
groups in (3.5.2) are equal, as claimed.
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Chapter 4

(Generalization of the Thue-Siegel
Principle

In order to extend the results from Chapter 2, we need to generalize both the gap principle
and the Thue-Siegel principle. In this chapter, we focus on the latter.

Recall the formulation of the Thue-Siegel principle from Chapter 1: if « is an irrational
algebraic number and 1 /y1, x2/ys are distinct rational numbers that satisfy the inequalities
(1.1.1) and y, > y; > C} for some large number C}, then y, < y; for some n > 1. The
Thue-Siegel principle was first established by Thue [33], and later refined by Bombieri [1]
and Bombieri and Mueller [3|. By improving on the work of Dyson [11], they achieved the
following;:

1. Instead of taking approximations x/y;, x2/y2 to the same algebraic number «, the
Thue-Siegel principle was extended to the case when x;/y; approximates «, while
T /Yo approximates some 5 € Q(«), with deg f = deg a.

2. A function C(t) was discovered such that if > v2d, yo, > y; > 1,
o zz| _ C(P)
Y1 Y2 v

hold simultaneously, then y, < y{ for some n > 1. In other words, the lower bound
C} on y1, Yo has been eliminated.

a1
<

%’_
<y’f’ﬁ

We generalize the first of the two results above by considering # whose degree over
Q(«) is small relative to the degree of a over Q. The main result of this chapter is stated
in Theorem 4.1.
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Theorem 4.1. Let K = C or Q,, where p is a rational prime, and denote the standard
absolute value on K by | |. Let o, 8 € K be irrational algebraic numbers over Q and put
d = [Q(a, B): Q. Let u > /2d. There exists an explicitly computable number C > 0,
which depends only on o, B and u, such that if x1/y1, x2/ys are rational numbers satisfying
H(za,y2) > H(z1,11) > C,

oot ‘ gl 1
(7 H(xy, yr)* Y2 H (2, y2)"
then
H(x2,y2) < H(21,11)",
where

256(u + 3)*
3((u/v2d) - 1)?
Remark 4.2. Let d; = [Q(a): Q] and dy = [Q(cv, B): Q(«)]. Without loss of generality,
suppose that d; > ds (if not, then we can switch a and ). At first sight it may seem that
Theorem 4.1 applies to all algebraic numbers «, 5. However, when H (x5, ys) is sufficiently
large it must be the case that Q(5) is a subfield of F', where F' is the splitting field of the
minimal polynomial of . Furthermore, the inequality dy < d;/2 holds, indicating that the
degree of 5 over Q(«) is small relative to the degree of o over Q.

Indeed, if v2d = \/2dyds > dy, then o > dyi, and so Theorem 4.1 does not yield any
improvement over Liouville’s theorem. Thus it is only useful when v/2didy < p < di,
or equivalently dy < d;/2. However, this condition yields a certain restriction on f: if

Q(B) £ F, then

[Q(B): Q] = [Q(, B): Q)] = d2 < p,
and so once again our theorem does not yield any improvement over Liouville’s theorem
applied to 8. Thus, if H(xs,ys) is sufficiently large, it must be the case that Q(3) is a
subfield of F'.

4.1 Preliminary Results

Lemma 4.3. (See [10, Section 13.1, Theorem 4|) Let a, 8 be algebraic numbers,

di =[Q(a): Q], d2 =[Q(a, 8): Qa)] .

Then the set o
{/f:0<i<di—1, 0<j<dy—1}

forms a basis of Q(a, f) when viewed as a vector space over Q.
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Lemma 4.4. Let o, 3 be algebraic numbers over Q and put

Then for all non-negative integers r and s there exist rational numbers c, s, ; such that

di—1dz—1

O/“ﬂs = Z Z C7.7S’Z'7j06i6j.

i=0 j=0

Furthermore, there exist positive integers ¢; and Cy, which depend only on o and [, such
that ¢yt le, 0 € 7 and e, g4 < CTFE.

Proof. The existence of rational numbers ¢, ,;; satisfying the conditions of Lemma 4.4
follows from Lemma 4.3. The proof proceeds in three steps.

Step 1. For a non-negative integer r, write
O = lpg, 10" 4 apia+ ang.
If we denote the leading coefficient of the minimal polynomial of a by a, and put

b

A=1 -
+ Juax {lag, ;

then it follows from Lemma 2.14 that a™®{0r=ditllq . € Z and |a, ;| < Ame{0r—ditl} for
all 7 such that 0 <7 <d; — 1.

Step 2. For a non-negative integer s, write

do—1d;—1

B = Z Z bs,i,jaiﬁj-
j=0 i=0

Let b be the least common multiple of the denominators of by, ; ;’s, and put

Ho = 0<I‘2%X 1{|bd2”'7j|}’ B=1+dBy+di(d; — 1)Ad1—1Bo.
02;<ds—1

Note that A < B. In the second step, we prove that q@—1pmaxiOs—dtllp . c 7 and
|bsi;] < Bm@d0s=d2H1} for all 4 and j such that 0 < i < d; —1and 0 < j < dy — 1. We
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prove these facts by induction. Our statements are trivially true for 0 < s < dy. If we
define bs; _; = 0, then for all s > dy we have

Berl — ﬁ . Bs
do—1d1—1
— § : § : i3]
=f bs,z’,jaﬁ
=0 i=0
di—1 do—1d;—1
d
:/62 E bszdg—la + § E bsz] 1Oé
7j=1 =0
do—1d1—1 di—1 do—1d;—1
i i
= E E bdg,i,ja Bj § bszdg 104 + E E bsz,] 10./
j=0 i=0 ; j=1 =0
do—1 fdi—1 di—1 da—1di—1
)
= D baase E :bS,Z,dQ—la 3+ E E bsjij-10'3
j=0 \ i=0
do—1 [2d1—-2 [ k di—1
k ) j
= E E E by t,jbs k—t,d,—1 | @ +E bsij10"| B’
=0 L k=0 \¢=0 i=0
do—1 [2d1—2 [ & di—1 di—1
= E E by 0, jbs k—t,dr—1 E ag; o | + E bsij_10'| B’
j=0 L k=0 \¢=0 i=0 i=0
do—1d1—1 2d1—2
= sz,j 1+ E asz bdg, 4,5 sk l,da—1 aﬁj
7=0 =0

We conclude that

2d1—2
bs—i—l,i,j: $,1,]— 1+ § ak‘zE bdg, £, sk £,do—1
2d1—2
bsij—1 + E bay.0ibs k—t,dy—1 + E Qi E bay.0,jbs k—t,dy—1-
k=d;

max{0,k— d1+1}a

Since a € 7, we conclude that a®~1p5=%2p ;. € 7Z. Further, since |ay, ;| <
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AmadOk=di+1} |y, .| < By, and |b,; ;| < B*%F1 by the induction hypothesis, we see that

i 2d; —2 k
|bs41,i] < |bsyij—1| + Z |Dds, .50, k—0,ds—1] + Z |a, Z |bds, 0,505 k—t.d—1]
=0 k=d; (=0
di—1
< BB 4 (i 4 1)ByB T 4 BB (k4 1) AF
k=1
di—1
S Bs—dg—l—l + dlBOBs—dg—i—l + dlBOBS_d2+1 Z Ak
k=1
< BN 4 dy By + dy(dy — 1)AY1By)
— Bs—d2+2'

Step 3. In the third step, we prove that a”dl’1bmax{0’s’d2+1}cr7s,i7j € Z and |¢ 5,4 <
dy A7 Brax{0,s=d2+1} £ a]] 4 and j such that 0 < i < dy —1and 0 < j < dy — 1. We consider
the expansion of o 3°:

do—1d1—1
QS __ E E : r+m Qj
o 6 - bs,m,ja ﬁj
=0 m=0
do—1d;—1 di—1
; .
= E E bs,m,j E Qr4m,i X Bj
=0 m=0 i=0
do—1d1—1 [di—1
i o
= E E E bs,m,jar-l—m,i a 6]'
j=0 =0 \m=0
Therefore
di—1
Crsij = E bs,m,jar—i-m,ia
m=0

Since ah—1pmad0s—daH1lpy € 7 and a" @,y € Z for all m such that 0 < m < d; — 1, we
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conclude that g t@—tpmad0s—datlle .. € 7. Further,

di—1
S Z | bs,m,j Qrqm i |
m=0

di—1
< Bmax{O,s—dg—i—l} E /‘Amax{(),r—i-m—dl—i-l}

m=0
< dlAerax{O,sfd2+1}

< dl Br+max{0,s—d2+1} 7

[€r,5.69

where the last inequality follows from the fact that A < B. From the observations made
above we conclude that the values ¢; = lem(a, b) and Cy = dy B would satisfy the hypothesis
of the lemma. N

Lemma 4.5. Let r,79 be positive real numbers with ro < ri and let t be a real number
such that 0 <t < 1. Then the number of solutions to the inequality
2Ly (4.1.1)
1 T2

in integers i, 7 such that 0 <1 <1y, 0 <j <ry is less than

T2 o 3T2
—1 — |t + 1.
5 +<r1+ 2) -

Proof. For each fixed i € {0,1,..., |rit]} only

could satisfy the inequality (4.1.1). So the total number of solutions does not exceed

% QW - @J + 1) < (rt+1)(rat+1) — 2. [rat] ([rat] +1)

T T 2
7“225(7’11? — 1)
< (Tlt -+ ].)(’I“Qt + ]_) — —2
T1iT2 5 3o
= —t — ) t+1.
5 + (7"1 + 5 ) +
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Let (r,72) € N?) and let P(X,Y) € Z[X,Y] be a polynomial such that degy P < ry
and degy P < ry. For (o, B) € @2, write P(X,Y) as

T1 T2

=3 pigx - BY.

=0 j7=0

Definition 4.6. We define the index of P(X,Y) at («, 8) relative to (r1,79) as
i

ind(P; «, 8;71,72) = min (— + —) :

pi J?éo

Lemma 4.7. Let o, 3 be algebraic numbers such that

dy = [Q(): Q], do = [Q(cv, B): Q)]
didy > 2. Let t,d be such that

O<t<yy/—, —t° <<l
\/ didy” 2

Let ¢y, Cy be the constants from Lemma /4.4 and ri,7r5 be positive integers such that the
inequalities

log ¢
r+ry > (di — 1) 1ogg21’ (4.1.2)
and -
didy (% + (7’1 + 7) t+ 1) < 011y (4.1.3)

are satisfied. There exists a non-zero polynomial P(X,Y) € Z[X,Y] such that
degy P <1y, degy P <y,
H(P) < (16¢,Cy)Fr200/0=0)

and
ind(P; o, f;71,72) > t.

Proof. Note that our choice of ¢,§ implies djdot?/2 < §, so the inequalities (4.1.2) and
(4.1.3) most certainly can be satisfied if r1, 7, are chosen sufficiently large. We will show
that there exists a non-zero polynomial

T1 T2

=D pi XY

i=0 j=0
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with the properties mentioned above.

Let m be the number of pairs (hy, ho) € {0,1,...,71} x{0,1,... 72} such that (hy/r;+
ho/r3) < t. By Lemma 4.5,

31
T122t2+ ( 1+7)t+1 (4.1.4)

For each such (hy, hy) we impose the condition Dy, p, P(c, 3) = 0. Since

T S e

i=hy j=hs
di—1do—1
_E E ( )( )pzj E E Ci—hy,j— hzkfaﬁ
i=h1 j=ha k=0 /=0
di—1do—1 1 ro
k ot
Cimhy j—haktPij | OB,
k=0 ¢=0 i=h1 j=ha

each condition Dy, p, P(c, 8) = 0 corresponds to d;ds linear equations indexed by (k, () €
{0,1,...,dy — 1} x {0,1,...,dy — 1} of the form

ZZ( )(hQ)Cz haj—ha ktPij = 0.

i=h1 j=hsg

Thus there are M = didym linear equations over Q in total. To convert the above equations
from Q to Z we multiply each equation by C?Mﬁdl_l. The coefficients of these equations
are integers such that

r1+r2+d1 1 . .
Ci—hy,j—ha k0
h1

i=h1 j=ha

S C71"1+T2+d1—1(7,,1 . hl + 1)(7,2 o h2 + 1)2r1+T20I1+7“2—h1—h2

S (7’1 + 1)(7’2 + 1) - 1(26101)r1+7"2
< Cdl 1(40 Cy )T1+7’2
S 80101)r1+r2

where the last inequality follows from (4.1.2). Let A = (8¢;C1)" ™2 and N = (r1+1)(ro+1)
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be the number of coefficients of P. Then it follows from (4.1.3) and (4.1.4) that
M = dldgm

3
< dydy (%ﬂ n <r1 n %) t+ 1)

< Oryry
< ON.

Therefore M /(N —M) < §/(1—9), so by Lemma 2.13 there exist integers p; ;, not all zero,
such that "
H(P) = max{|pi;|} < (NA)¥-7 < (16¢,Cy)+r2)/(1=0),
O
Lemma 4.8. Let K = C or Q, and let | | denote the standard absolute value on K.
Let o, B be algebraic numbers over Q, and denote the leading coefficients of the minimal

polynomials of o, B by c,,cp, respectively. Let P € Z[X,Y] be a non-zero polynomial of
bi-degree (r1,13) and (i,7) € {0,...,r1} x{0,...,r}.

If K = C then
|D; ;P(a, B)| < H(P) (lell) <7;?++11) max{1, ||}~ max{1, ||}~ (4.1.5)
If K =Q, then
Dy i P(ev, B)] < fea| 70 |cp| 727, (4.1.6)
Proof. Let o
P(X)Y) = ZlirkeXkYK.
k=0 ¢=0

If K =C, then it follows from the triangle inequality and the identity (2.2.2) that

T1 T2

D P(a,B) <D (’2‘“) (f) ke max{1, o]}~ max{1, | 8[}*

k=i ¢=j

< ottt - (35 () (35(9)

=5
1 1 A )
— H(P) (lel ) <32++1) max{1, ||}~ max{1, | 3|} .
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If K = Qp, then due to the fact that coa,cgf are algebraic integers, the number
cg}_icg"*j D, ;jP(a, p) is also an algebraic integer. Therefore its p-adic absolute value does
not exceed one. Thus we conclude that

‘Di,jp(@,ﬂ)‘ < |Ca|—(7“1—i)|cﬁ|—(r2—j)'
O

Lemma 4.9. Let K = C or Q,, where p is a rational prime, and denote the standard
absolute value on K by | |. Let a, B € K be algebraic numbers over Q, and denote the
leading coefficients of the minimal polynomials of o, 8 by c,, cg, respectively. Put

di = [Q(e, 8): Q]
Let n > +/2d1ds, and choose d,t and e, with € > 0, so that

2 2 dt?

—<t<y/— — <0<,

1% d1d2 2
(1+¢e)24¢) < tu.

Suppose that there exist rational numbers x1/y1, T2/ya,

T < 1 ‘ﬁ ) < 1
oa— — —_—, - —= R —
W H(:Ij’l,gh)“ Yo H(x2>y2)'u
and )
H(xa,y2) > H(x1,y1) > (4C5(16¢,01)% =) 77 (4.1.7)

where ¢, C1 are the constants from Lemma 4.4 and

{maX{L lal, 8]}, if K =C;
C2 — )
max{ca, cs}, if K =Q,.

Let ri,r9, P be as in Lemma 4.7, where, in addition, the inequalities 1 + ro > 2 and
rlog H(x1,11) < rolog H(x,y2) < (14 &)rq log H(x1,11)
are satisfied. Then

. 1+¢)(2+¢
ind(P;z1/y1, x2/y2;71,12) >t — %
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Proof. By Lemma 4.7, the inequality ind(P; o, B;71,79) > t holds. Let us fix some particular

hi and hs such that

hi h 1 2

o b (49)2+e)

1 T2 o
and consider the polynomial Dy, ,, P(X,Y). We would like to show that it vanishes at
(x1/y1,22/y2). By Taylor’s theorem,

r1—h1 ro—ha

Dh1,h2P(X7 Y) = Z Z Di+h17j+h2P(auﬁ) (X - O‘)i (Y - ﬁ)]

=0 j=0
At this point, we recall that D, p, j1n, P(c, 3) = 0, unless
1+ hy n J+ ho

T1 T2

> 1.

If we let A, = 21/y1 — o and Ag = x5 /y2 — [, then for such i and j we have
—log AL AL > p (7771 log H(x1,y1) + :—7”2 log H(az'g,yg))
1 2

; .
> piry log H(xy, 1) <_ + i)

r T2

h h
> piry log H(xy, 1) <t__1__2)

r1 T

> 2L+5 (t — (t — %)) (r1log H(z1,y1) + r2log H (22, y2))

= (1+¢)(rlog H(x1,y1) + 2 log H(xs, 1)) .
Thus for the aforementioned ¢ and j the following inequality holds:
|A2A,jé| < (H(l'h%)nH(xz;yz)TQ)_l_a- (4.1.8)
Now, suppose that K = C. Then it follows from the triangle inequality, Taylor’s
theorem, Lemma 4.8 and (4.1.8) that

ro—ha r1—hy
x

yIIyQQDhl,hQP (aag)‘ <H<$1,y1 lH l’g,yg Z Z |Dz+h1]+h2 }Al /jB|

< 2”1+r2+2H( ) max{1, |Oz‘7 |B|}r1+r2 (H(x1,51)" 1H(1327y2)T2)_6

< (4(160101)6/(1_6) max{L |04|a ‘5|})T1+r2 (H($1ay1)nH(fC2; yz)m)_s
<1,
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where the last inequality follows from (4.1.7). Since y7'y5>Dpy p, P (21/y1,22/y2) is an
integer which is less than one in absolute value, it must be equal to zero. Therefore
Dy, n, P(X,Y) vanishes at (x1/y1, x2/y2), as claimed.

Suppose that K = Q,,. It follows from the non-Archimedean triangle inequality, Taylor’s
theorem, Lemma 4.8 and (4.1.8) that

Ty T2
r1,,T2 %
D (22 £ (1D e Pl )] 18500
Yi Y2 Usisri—h
0<j<ra—ha

< max{cq, cg} " (H(xy, y1) H (2o, y2)™) 7.
Suppose that Dy, p, P(x1/y1,22/y2) # 0. Then it follows form the product formula that

r1,,T L1 L2 T1,,T2 1 T2
ylyQDh,hP<_a_>‘ 'y thp( )
1 92 1,h2 Yo 1 J2 1,12 yl Yo

> ((ry 4+ 1)(ry + 1) H(Dp, p, PYH (21, y1) ™ H (22, 5)™) ",
> (42 H(PYH (00, 50)" H (12, 52)™)
> (4T1+T2(160101)(T1+T2)5/(1—5)H(xh y1)T1H(ZE2, y2)T2)

-1

-1

where | |» denotes the Archimedean absolute value. Combining upper and lower bounds
on |yi'ys> P(x1/y1, T2/y2)|, we obtain

1 _ max{cq, cg}" 1"
4’”1+T2(160101)(7"1'”2)5/(1_5)[‘[(1‘1, yl)h H(:pQ’ yg)’“2 (H(xl, yl)” ]_[(:E27 y2)7“2)1+6 !

or equivalently
(H (v, 90)" H (w2, 42)"™)° < (4(16¢,C1)" ) max{ca, eg})™" 7.
Since H(xg,y2) > H(x1,1), we conclude that
H(zy,y1)° < 4(16¢,C1)% 9 max{cq, cs},

which contradicts (4.1.7). Therefore Dy, »,P(X,Y) vanishes at (z1/y1, z2/y2), as claimed.
[

Lemma 4.10. Let 0 < & < 1/12, and put w = €%/24. Let 1,75 be positz’ve integers for
which wry > 1o, and let x1/yy, x2/ya be rational numbers such that y3*> > yi*, vy’ > 64, and
yy > 64. Suppose that P(X,Y) € Z[X,Y] is a non-zero polynomial such that degy P <11,
degy P <1y, and H(P) < y\"". Then ind(P;x1/y1,x2/y2;71,72) < €.

Proof. See |7, Chapter VI, Theorem IV]. ]
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4.2 Proof of Theorem 4.1

We choose t,§ and ¢ as follows:

1 3(n-vad)

) - , E= —F———T—.
poV2d 2 4 4N/2d(pu + 3)2

One can easily verify that with such choice of parameters the following inequalities are

satisfied:
2 2 dt?
—<t</=, — <0<,
1 d 2
244t 6 1l—p—3 1
0<ccmind VIEEAFO0+T—p b (4.2.1)
2 12
Let a be the leading coefficient of the minimal polynomial of v and b > 0, bo, . . ., ba, —1,d,—1

be integers, with no factor in common, such that

di—1da—1

A% =" bl

=0 j=0
where
di = [Q(a): Q, do = [Q(e, 8): Q(a)].
Let c,, cs denote the leading coefficients of the minimal polynomials of «, 3, respectively.

Define
w=¢?/24, n=2/w,

¢1 = lem(a, b),

Cr=di+d} (1+ (d —1)(1+ H(a))" ") max Albig1/8}-

0<i<d;—
0<j<d2—1
o [max{Lal. 8l K =C;
2T max{c,, g}, if K =Q,,
w71 1 £
C = max {(160101)6—1+1 (4Cy(16¢,Cy)0-9)Y ,641/“’} . (4.2.2)

Now, suppose that x1/y;, x2/y2 are rational numbers such that

H(l’g,yg) 2 H($1,y1>n 2 077’
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T X2

1 1
a- M- g_T2l o
Y1 H(ﬁa?ﬂ)“ Y2 H(l‘g,yg)u

We will show that all of these conditions cannot be satisfied.

< <

Let r; be an integer such that

r > max {2’ (dy — 1)logq log H (3, y2) } '

log 2’ elog H(x1,y1)

Put

, = \‘Tl IOgH(l'h%)J +1.
1ogH(x2,y2)
Then

1
7’1—|—7’2>max{2,(d1—1) lf)ggCZI}’

r1log H(x1,y1) < rolog H(xa,ys)
< rilog H(z1,y1) + log H(xs,y2)
< (L +¢)rilog H(z1,y1),

so the conditions of Lemma 4.9 are satisfied. That is, there exists a non-zero polynomial
P(X,Y) € Z[X,Y] such that H(P) < (16¢,C,)"1+" )3/(1-0) and

(14—6)(2—1-6)'

ind(P; x1/y1, T2 /ya;m1,72) >t — . (4.2.3)
Further, since
rolog H(w2,y2) < (1 +¢€)rilog H(w1,y1) < 2rilog H (21, y1),
it follows form H(zy,y2) > H(z1,y1)" that
ro <1 21(1)(?[__];]((;;;/?11)) < rjw.
Combining this inequality with the lower bound H(xy, ;) > (166101) , we obtain

H(P) < (16¢,C)+25/0-9) < (166,C,) 5121 < H(xy, )™



Consequently, the polynomial P(X,Y’) satisfies the conditions of Lemma 4.10, so we

conclude that
ind(P;1/y1, T2 /ya;m1,72) < €. (4.2.4)

Upon combining (4.2.3) with (4.2.4) we obtain

. (14+¢e)(2+¢) ..

“ =

One can easily verify that this inequality contradicts our choice of ¢ in (4.2.1).
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Chapter 5

Bounds on the Number of Solutions to
a Wider Class of Equations of Thue and
Thue-Mahler Type

In Chapter 2, we produced absolute bounds on the number of solutions of certain equations
of Thue and Thue-Mahler type by exploring properties of minimal pairs associated with a
pair of algebraic numbers (a, 3), and then applying these properties to produce generalized
Archimedean and non-Archimedean gap principles. One of the limitations of our method
was that the number § would have to be taken from the field Q(«). In this chapter, we push
our theory to its (currently visible) limits and introduce the notion of a minimal polynomial
of a pair of algebraic numbers («a, #). If the degree of § over Q(«) is small relative to the
degree of a over Q, we are, once again, able to produce generalizations of Archimedean
and non-Archimedean gap principles, and then combine them with the generalized Thue-
Siegel principle established in Chapter 4 to produce bounds on the number of solutions of
equations of Thue and Thue-Mahler type. Though our bounds are not absolute, they still
yield improvements over what is presently available in the literature.

In order to state our main result, we need to introduce the notion of a minimal
polynomial of a pair of algebraic numbers («, 5) and explain which minimal polynomials
are considered to be u-special and u-exceptional.

Definition 5.1. Let «, 5 be algebraic numbers over Q. A minimal polynomial R(X1, Xs)
of («, B) is a non-zero polynomial that satisfies the following properties.

(1) R(Xy,Xs) € Z[ X1, Xs).
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(2) R(a,p) =0.

(3) The quantity max{degy, R,degy, R} is minimal among all polynomials satisfying
properties (1), (2).

(4) Let 4,7 € {1,2} be distinct, with i such that degy, R = max,{degy, R}. The quantity
degx, R is minimal among all polynomials satisfying properties (1), (2), (3).

(5) The quantity H(R) is minimal among all polynomials satisfying properties (1) — (4).

Example 5.2. If R is a minimal polynomial of («, 5) then — R is also a minimal polynomial
of (, 8). This already demonstrates that a minimal polynomial is not unique. Furthermore,
uniqueness is not guaranteed even if we take multiplication by —1 into account. Indeed, let

27 8
a = 2cos <ﬁ) , B =2cos (1—7> )

RX,)Y)=(X>-1)Y’+(X+1)Y - X*+X +1

Then both

and
R(X,)Y)=XY?’+(X’+ X -1)Y - X +1

are minimal polynomials for («a, 3).

Definition 5.3. Let «, 8 be algebraic numbers over Q and put
di = [Q(a): Q], do = [Q(e, B): Q(e)]-

Let 1 be a real number such that 0 < p < dy. If R is a minimal polynomial of («, §) of
bi-degree (rq,72), we call it p-special if

d1d2+T1T2 > IMQ
T+ T - d1+,LL.

If, in addition, the curve R(X7, X5) = 0 contains infinitely many rational points, we call it
p-exceptional.

Example 5.4. By Definition 5.1, for any algebraic number « over QQ the polynomials
X; — Xy and X3 — X; are minimal polynomials of (a, ). Furthermore, by Definition 5.3,
for any p such that 0 < p < d; they are p-exceptional. More generally, if F' is an irreducible
binary form, the same observation applies to any polynomial

R(Xl,Xg) = ’UX1 —Uu -+ X2<tX1 — S),
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which corresponds to an automorphism [sv —tu|~Y/2 (§ %) € Aut’ |F| (see Proposition 2.7).
In Theorems 2.2, 2.3 we exploited the fact that every p-special polynomial has to arise
from an automorphism, provided that we change the definition of a minimal polynomial
so that degy, R < 1 and assume € Q(«a), > d/2 + 1. In this chapter, we weaken both
of these restrictions.

Our first result is given in Theorem 5.5. Note that, unlike in Theorems 2.2, 2.3, all of
the numbers in its statement are explicitly computable.

Theorem 5.5. Let F(X,Y) € Z[X,Y] be an irreducible binary form of degree d; > 37
and content one. Let oy, ..., aq, be the roots of F(X,1), put

dy = max {[Q(aq,;): Q(ay)]},

1<i<d;
and suppose that dy < dy/36. Let \, u,y be such that

dy dy
<A< ——=—2 =
0 < Y /’L 2+A7

= odidy

v = #{i: a minimal polynomial of (a4, a;) is p-special}.

Note that v > 1, because minimal polynomials of (v, ) are always p-special.

For a prime p and a positive integer k, consider the Diophantine equation
|F(x,y)] = tp". (5.0.1)

There exists an explicitly computable number Cy = Cy(u, F) such that if p* > Cy then the
number of solutions to (5.0.1) in integers (x,y,t) satisfying

ged(z,y) =1, 1<t < (ph)*
1s less than

5.15 + 4log(p + 3) — 2log (u/+/2d1ds — 1)
log (/L/\/dldg - 1)

2y +4vy- |1+

The usage of minimal and p-special polynomials deserves explanation. Consider Theorem
5.5 in the case dy = 1, which was studied in detail in Chapter 2. Let R; be a minimal
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polynomial of (ay,a;) of bi-degree (r1,72). Setting A = 0 implies that p = d;/2, and so a
polynomial R; is considered to be pu-special if

dl + ri7re > ﬂ
T1 + T9 I §) ’
Applying z > | x| and rearranging, we obtain

T1+7‘2_1<T1T2<1’
6 —dy T

where the last inequality follows from the fact that max{r;,r,} < |v/dids] (see Proposition
5.10). We conclude that max{ry,re} < 12, so the maximum of the degrees of R; is small in
comparison to d;. For d; sufficiently large, we expect that among the minimal polynomials
Ry, Ry, ..., Ry, only few will satisfy such a restrictive condition.

Our second result is as follows.

Theorem 5.6. Let F(X,Y) € Z[X,Y] be an irreducible binary form of degree di > 8 and
content one. Let o, ..., aq be the roots of F(X, 1), put

dy = max {[Q(aq,a;): Q(aq)]},

1<i<d,
and suppose that dy < (dy — 2.05)?/4dy. Let \, p,~ be such that

dy — 2.05 dy — 2.05
0o< <" 2P g =072
= NG F="TF

v = #{i: a minimal polynomial of (a1, a;) is p-exceptional}.
Note that v > 1, because minimal polynomials of (v, ) are always p-exceptional.

For a prime p, consider the Diophantine equation
|F(z,y)| = tp°. (5.0.2)
The number of solutions to (5.0.2) in integers (x,y, z,t) such that
ged(z,y) =1, z2>1, 1<t < (p?)

does not exceed

5.15 + 4log(p + 3) — 2log (n/+/2d1ds — 1)
2v- |1+
log (u/\/dldg - 1)
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5.1 Preliminary Results

Lemma 5.7. Let P,Q € Z[ X1, Xs] be polynomials of bi-degrees (r1,r2), (s1, S2), respectively.
Denote h(X1) = Resx,(P,Q) € Z[X1], where polynomials P,Q inside the resultant are
viewed as polynomials in X with coefficients in Z[X1]. Then

degh < ris9 + 1987,
H(h) < (ri + 1) (ro 4+ 1)(s1 + 1) (52 + 1) (r150 + 1) H(P)* H(Q)".

Proof. Write

52

P(X1, Xo) = ipi(XﬂXé, QX1, Xo) =) ¢;(X1) X3

i=0 Jj=0

By definition, Resx, (P, Q) is equal to the determinant of a (13 + s9) X (19 + s2) matrix. In
turn, this determinant is equal to the summation of at most (1o + 1)%2(sy + 1)™ terms of
the form

+pi, (X1) -+ pi, (X1) g5, (X3) - -+ g5, (X0),

where iy, ...,45, € {0,...,72} and ji,..., 4, € {0,...,s2}. Since degp; < 71 and degq; <
s1, we conclude that degh < ris9 + 1957.

It remains to estimate H(h). Recall that for any polynomials f, g € Z[X;] the inequality
H(f) < (deg f+ 1)H(f)H(g) holds. Therefore

H (pi,(X1) -+ pioy (X1) g, (X1) - - 5, (X1))
< (r1s2+ 1D H (pi,(X1) -+ pi, (X1)) H (g5, (X1) - - g5, (X1))
< (rise 4+ 1) ((r + 127 H(P)*) ((s1 4+ 1) H(Q)™) .

Since there are at most (ro 4+ 1)*2(so + 1)" terms in total, the result follows. O
Lemma 5.8. Let o, 8 be algebraic numbers over Q and put
dy = [Q(a): Q, d» = [Q(a, 5): Q(a)].

Denote the leading coefficients of the minimal polynomials of o, B by cq,cg, respectively.
Let R € Z[ X1, X3] be a non-zero polynomial of bi-degree (r1,73) such that R(«a, 8) # 0.

If a, B € C then

|R(a, B)| > max{1, ||} max{1,|3]}"

- dida—1 . (5.1.1)
(021022(7“1 + 1)(re + 1)H(R)) M(a) M (B)
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If o, 8 € Qp then
&z

(chhez)dda=t ((ry + 1) (ry + 1) H(R)) ™™ M (a)r M(B)r

|R(ev, B)]p = (5.1.2)

Proof. Since cqq, cg3 are algebraic integers, the number c}c? R(a, () is also an algebraic
integer.

Suppose that a, 8 € C. Denote the complex conjugates of a over Q by o = ay,. .., g,
and the complex conjugates of § over Q(«) by i, ..., B4,- Then the number

di do
Noa,p)/0 (ca g R = I 1] cwesRres )

=1 j=1

is a non-zero rational integer. We can bound this quantity from above as follows:

|N@ (@12 (crtcg R(a, B))]
- H H }c”chR al,ﬁjﬂ

i=17=1
di do

< (cg )™ ® [ 1 (r+ 1)(r2 + 1) H(R) max{1, ;[ }" max{1, | 8;]}" (5.1.3)

i=1j=1

— (e (4 1) (r + 1) H(R))™ <H - |al|}) (ﬁl max{1, |5j|})
< (cnre?) Bl ((ry + 1) (ro + 1) H(R))M™ M (o) M(B)"

Since R(a, ) # 0, we conclude that

(R, I < (erep)™®  T] 1R(ei, )]

(4,9)#(1,1)
< (e T (ra+ 1)(ro + 1) H(R) max{1, oy} max{1,[3;]}"
(4,9)#(1,1)

(T mtruly) (H w1, |@~|}>T2

max{1, |o|} max{1, |3|}"
. (e (r +1)(r2 + 1) H(R)) M(a)*M(B)"
= max{1, |o|} max{1, |3|}

(Crlcg2)d1d2 ((7”1 + 1)(1”2 + 1)H(R))d1d2_1

dida—1
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Suppose that o, 3 € Q,. Put v = ¢l c# R(«, 8). Then 7, is an algebraic integer, so its
p-adic absolute value, as well as p-adic absolute values of its conjugates s, . . ., Ydeg~, , does
not exceed one. Therefore

degv1
|Now@som)], =l [T il < |z R (a,8)| .

P
=2

Since Ng(a,5)/0(71) is a non-zero integer, it follows from the product formula and (5.1.3)

that

| Noas0(m)], > [Nowsyo(n)| ™
> (cfrc) B ((ry 4+ 1) (ry + 1) H(R)) ™™ M(a) " M(B) .

The result follows once we combine upper and lower bounds on |Ng(a,g)/0(71)]p-

Lemma 5.9. Let o, 3 be algebraic numbers over Q and put

di = [Q(a): Q], d» = [Q(ev, B): Q(e)].

Let cq,cp denote the leading coefficients of the minimal polynomials of o, B, respectively.
Suppose that, for some &,n, the polynomial R € 7Z[Xy, X3| of bi-degree (ry,rs), 1 > 1
satisfies

R(O{, 6) - R(éa 77) = 07 Dl,OR(a7 6) 7é 0.
Then the following two results hold.

o Ifa,B3,6,me C and
max{|o — &, [8 —nl} < C,
then
o =& < k|6 =,

where

max{1, |o|} max{1,|8]}

C; =min«q 1, -
v (s + 1) M (@) M () maxL, lal, 1} H (R

)= 202 (g 4 1)2Ae (4 1) ) T max{ 1 o} max{1, [B[} T H(R) .
(5.1.4)
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o [fa,B,6,1€Q, and
maX{’Oé - é’pa |ﬁ - 77|p} < Cla

then
la —&lp < KB —nlp,

where

Cl — 2—1 (cm—lch) (did2—1) ( (7"2 + 1)H(R))*d1d2 M(Oé)—(m—l)M(ﬁ)—m’

«

dida

K= 2cq (™ 1c?)dld? "(ri(ro+ 1)H(R))™™ M(c)" T M(B)". (5.1.5)

Proof. By Taylor’s theorem,

= R(&,n)

T1 T2

=33 DijR(e,B)(E — ) (n - BY

i=0 j=0
(n—8) ZDOJ =B+ (E—a) )Y DigR(a, B)(E =) (n - BY.
i=1 j=0

Therefore

Z Do ;R(e, B)(n — B)~
Oé—f:(ﬁ—ﬂ) T T2 . (516)
> > DijR(e, B)(§ — o) (n — B)

i=1;=0

At this point, we distinguish two cases.

Case 1. Suppose that «, 3,&,n7 € C. Since Dy oR(«, 5) # 0, we may apply Lemma 5.8
to the polynomial D;oR. Then it follows from the triangle inequality, (5.1.1) and (4.1.5)
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that

T T2

ZE:Q#ﬂ B)E =) = BY

i=1j=

> [DyoR(a, 8)] — max{|a — &, |8 — n[} (2 |D;0R(a, B)] + z z D, Rla, m\)
1= 1= J:

> DypRla,8)] = Co (H(R)ra + 1) max{ ol max{1, |31} £ (31)+

FH(R)max{1, o}~ max{L, |5} 3 3 C}ff)(?ﬁf))

i=17j5=1
> max{1,|a|}"1 ! max{1,|3|}"2
T (e T R (ra+ ) H(D1oR)) T M (@)1 M (B2
—Cy2n 22 H(R) max{1, ||}~ max{1, |3[}"*"" max{1, |al, | 5]}
> max{1,|a|}"1 ! max{1,|8|}"2
= o T A ) H(R) T M(a) 1 M (B)2

Y

(5.1.7)
where the last inequality follows from the definition of €} and the inequality

fUDMR)g(?>(7>HUﬂ.

Also, by the triangle inequality, [n — 5| < 1, and (4.1.5),

ZDOJ )(n — /le

<§]Dm . B)| (5.1.8)

< Z H(R><T1 + 1) (32—1_11> max{l, |Oé|}h max{l, |5‘}r27j
< H(R)(ry + 1) max{1, Ja]}" max{1, |8}~ 12 (Zi 11)

< H(R)(r; +1)2 " max{1, |a|}" max{1, |ﬁ|}r2 L
Combining (5.1.6), (5.1.7) and (5.1.8), we obtain

oo = €[ = > Do R(a, B)(n —
Jj=1

<rK|B—mnl.

1 T2 -1

D0 DiR(a, B)(E - )T — B)

i=1 j=0

-8 =
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Case 2. Suppose that «, 3,€,n € Q,. Since Dy oR(«, 5) # 0, we may apply Lemma
5.8 to the polynomial D;oR. Then it follows from non-Archimedean triangle inequality,
(5.1.2) and (4.1.6) that

71 72 . .

21 > DijR(a,B)(§ —a) ' (n— BY

1=1j=

p
> [DioR(e, B)], — max{|o — [, [B —nlp} - ax {|Ds;R(c, B)]p}
- (200

> |Ca1 (32| _ C maX {|C |—('r‘1—’i)|c |—(7‘2—j)}
= (cal TeR) e (r (rat DH(D1oR) AR M(a) 1 M (B2 L 150 P Alp

(% J)?é(l 0)

ri—1 ro|—1
|ea e |

T o T ) 92 (r2 (ra 4 H(R)) 2 M (0) 1 1M ()"

(5.1.9)
Also, by non-Archimedean triangle inequality, | — 8|, < 1 and (4.1.6),
ZDOJ )1 = By~ < max {|Do;R(e,B)|,} (5.1.10)
<y<r
P
< max {eal," lesl, 77}
< fealy ™ lesl, Y.

Combining (5.1.6), (5.1.9) and (5.1.10), the result follows. O

5.2 Minimal and Supplementary Polynomials

In this section, we explore properties of minimal polynomials and introduce the notion of
a supplementary polynomial.

Proposition 5.10. Let «, 8 be algebraic numbers over Q and put d = [Q(«, 5): Q|. Let R
be a minimal polynomial of (o, B) and put r = (o, ) = max{degy, R,degy, R}. Then R
possesses the following properties.

1. 1<r<|Vd.
2. R is irreducible.
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Proof. Let us prove both of the above statements.

1. If »r = 0 then R is a constant polynomial, and since R(c,3) = 0 it must be the
case that R is identically equal to zero, which contradicts the definition of a minimal
polynomial. Therefore r» > 1.

Next, let P € Q[X7, X5] be a polynomial such that
<
krrizlmg {degch P} <y,
where t; = [v/d|. Then P has at most (t; 4+ 1)? rational coefficients, which we view
as variables. The equation R(«,3) = 0 corresponds to d linear equations over Q.
Since (t; +1)? > d, we conclude that the number of variables exceeds the number of

equations, and so there exists a non-zero polynomial P such that P(a, ) = 0. Thus,
if R is a minimal polynomial of («, ), then by definition

r= Irg%é{deg){k R} < iriaté{deng P} <t.

2. Let 4,5 € {1, 2} be distinct, with i such that degy, R = r. Then by Definition 5.1,

degy, R < degy, R. (5.2.1)

Suppose that R(Xi, X3) is reducible. Then R(X3, X5) = S(X1, Xo)T(X4, X3) for
some non-constant polynomials S, T" € Z[ X7, X5]. Without loss of generality, S(a, §) =
0. Since the value max;{degy, R} is minimal among all non-zero polynomials that
vanish at («, 3), it must be the case that

irgé{deg)(k St=r.
Therefore S satisfies Properties (1), (2), (3) in Definition 5.1.
If degy. S = degy, R, by Property (4) in Definition 5.1,
degy, R < degy, S.

Since S | R, we conclude that degy, S = degy, R. But then T" would have to be a
constant polynomial, so we reach a contradiction.

It degx, S = degy, R, by Property (4) in Definition 5.1,

degy, R < degy, S.
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It follows from S | R and (5.2.1) that
degy, R = degy, S < degy, R < degy, R,
so degy, R = degy, R and degy, S = degy, R. Since S| R,
degy, R < degy, S <degy R = degy, R,

so degy, S = degx, R = degy, R. We conclude that T" is a constant polynomial, so
once again we reach a contradiction. Therefore R is irreducible.

]

Proposition 5.11. Let «, 8 be algebraic numbers over Q and put d = [Q(«, 5): Q]. Let Ry
be a minimal polynomial of (v, B) of bi-degree (ry,r9). There exists an irreducible polynomial
R2 S Z[Xl,XQ] such that RQ(O{,ﬁ) = 0, Rl Jf RQ and

d + T17’2J

maxqde Ryl <
k:l,);{ 5 2} < {rl + 19

Proof. Let

b V. VHWJ

r1+ 1o
We claim that
t1 < to. (5.2.2)

Indeed, the inequality

0< (Va—r)-(Vi-r)

always holds, because by construction of R; we have r; < Vd and oy < Vd. Tt is easy to
see that the above inequality is equivalent to

Vi< e
- 7"1—1—7’2

Thus t; does not exceed (d+1r173)/(r1 +12). Now, suppose for a contradiction that ¢; > t,.
Then we end up in the situation

< d+7’17"2

J<L\/EJ_ r+ 1y’

\‘d‘i‘T’l?"Q
1+ T2
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which is nonsensical, because for every x € R a half-open interval (|z |, x] does not contain
any integers. Therefore t; < t5, as claimed.

For an arbitrary positive real number t define the vector spaces
P(«a,B)=0,
P(CY, Ba t) = {P € @[Xla XQ] : max{giog@k P}St} ) (523)

P(a,B; Ry, t) = {P € Q[X1, Xof: max{(ﬁlg‘xl:P}gt} .
Then it follows from Proposition 5.10 and (5.2.2) that R, € P(a, §;t2). Therefore

P(a, B; Ry, ta) € Pla, B;ta).
Let us analyze the dimensions of these vector spaces. Certainly, we have
dlmp(()é,ﬁ, Rl, t2> = (tz +1-— Tl)(tg +1-— 7“2). (524)

On the other hand, if P € P(a, f;ty), the equation P(a, ) = 0 corresponds to d linear
equations over @, while the number of coefficients of P(X,Y") (viewed as variables) is equal
to (ty + 1)%. Therefore

Since |x] >z — 1 for any x, we have

d+T1T2

ty >
T1+7’2

_17

which is equivalent to
(t2—|—1—7’1)(t2+1—7‘2) < <t2+1)2—d.
Combining this inequality with (5.2.4), (5.2.5), we obtain

dim P (a, B; Ry, t2) = (Lo + 1 — 7"1)(252 +1—r9)
< (tz—i- )
S ( aﬁth)‘

Therefore there exists Ry € P(a, f;t5) \ Plav, B; Ry, ta).

If Rg is irreducible, then we set Ry = f%g, and the result follows. Otherwise thgre exists
an irreducible polynomial Ry € Z[X, Xo] such that Ry(a,8) = 0 and Ry | R,. Since
max{degy, R} < maxi{degy, R}, the result follows. O
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Definition 5.12. A polynomial R, from Proposition 5.11 is called a supplementary polynomial
for Ry and (a, B).

We conclude this section by briefly addressing the question of computation of a minimal
polynomial. Let («, 3) be a fixed pair of algebraic numbers and consider the vector space
P(a, f;t1), where t, = [v/d| and P(a, B;t) is defined in (5.2.3). This is a finite-dimensional
vector space over Q. Furthermore, in view of Proposition 5.10 part 1, it contains a minimal
polynomial R of (a, #). By analogy with Algorithm 1 outlined in Section 2.3, it is possible
to determine a minimal polynomial of («, ) by using row reduction and LLL reduction.
We leave the problem of writing an explicit algorithm for its computation for future work.

5.3 A Generalized Gap Principle

Lemma 5.13. (A generalized Archimedean gap principle) Let a, 8 € C be distinct algebraic
numbers over Q such that dy < dy/4, where

di = [Q(a): Q], d» = [Q(e, B): Q(a)].

Let co, cg denote the leading coefficients of the minimal polynomials of o and 3, respectively.
Let Ry be a minimal polynomial for (o, B) of bi-degree (r1,73), and Ry a supplementary
polynomial for Ry and («, B). Define

t = L\/dldgj b= {MJ . (5.3.1)

r1 4T
Let 2t < w< dl, Cy > 0,
Ci, = max {C’é/“, ((t2+ 1)4H(Rl)H(R2))t2 )
(0027'1”2*3(cl}l‘lc;Qr%(rz+1))d1d21M(a)"11M(5)"2 max{1,|a|,|B|} H(R;)1% ) 1/“} (5.3.2)

max{1,|a|} max{1,|8|}

Chie = 4max{1, |o|} max{1, |8|} - (ACoH (R,))"/*, ¢ =1,2. (5.3.3)

If x1/y1 and z3/ys are rational numbers in lowest terms, H(x9,y2) > H(x1,y1) > C

and o
0 X2
<—Q, |B-=
H(zy,y1)" ‘5 Yo

Co

T <
H(zo,y2)*

a__
n

then one of the following holds.
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1. H(ﬂfg,yg) > 02_1H(331, yl)u/tl_l.
2.ty > p?/(dy + p) (i.e., Ry is p-special) and Ry(z1/y1,%2/y2) = 0.
3.ty < p?/(dy + p) and H(xy,31) < Cy, where

—dit2)

Cy = (2" H(o) max{1, ]oz\}d“l/@C’OC‘i{f)t2/(“27”t2 (5.3.4)

and k = k(a, B, Ry) is defined in (5.1.4).
Proof. By Propositions 5.10 and 5.11,

iﬂﬁé{deg){k R} <t l?iﬁll?;{degxk Ry} <'ts.

We claim that the inequality H(xy,y;) > C) implies the existence of ¢ € {1,2} such
that Ry(x1/y1,72/y2) # 0. Indeed, suppose that Ri(z1/y1, 22/y2) = Ro(21/y1,72/y2) = 0.
By Proposition 5.10, R; is irreducible. Further, by Proposition 5.11, R does not divide
Ry. Then it follows from Bézout’s theorem that the algebraic curves R;(X,Y) = 0 and
Ry(X,Y) = 0 have only finitely many points in common. Let g(X;) = Resx,(R1, R2),
where R, Ry are viewed as polynomials in one variable Xy with coefficients in Z[X;]|. Then
¢ is non-zero, and it must be the case that g(x;/y;) = 0. Since z1, y; are coprime, it follows
from the rational roots theorem that x1,y; divide the constant and the leading coefficients
of g, respectively. Thus H(z1,y1) < H(g). By Lemma 5.7 and (5.2.2),

H(x1,91) < H(g)
< (ty + 1?17t 4+ )22 (tyty + 1) H(Ry) 2 H(Ry)™

< ((ta + 1)*H(R))H(R,))"”
S 017
which leads us to a contradiction. Hence there exists ¢ € {1,2}, which we choose to be the
smallest, such that Re(x1/y1, z2/y2) # 0.
Let ¢ € {1,2} be as defined above. Since H(xy,y;) > C4, the inequalities |a—z; /y;| < 1,
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|8 — x3/ys| < 1 hold. By Taylor’s theorem, triangle inequality and (4.1.5),

1 T .732)'
<|m, (2 22
H(xy,y1)t H (20, y2)% — ‘ ‘ (yl Yo

|72 7
<> |DijRi(a, B)|

i=0 j=0
te te
tr+1 tg—l—l) i o
) , max{1, ||} max{1, e
o 52 <@+1>(]+1 (Ll )
Co
< —% gt (R max{1, |a|} max{1 B}
o H () max{L ol a1, ]}
Ctie
 H(zy,yp)*

In particular, if £ = 1, we see that H(zy,1) > Cy "H(z1,y1)*" ™", so case 1 holds.

If, however, ¢ = 2, then we end up in the situation

R(xl “):o,z%( );ﬁo
Y1 Y2 y1 Y2

If to > p?/(dy + p) then case 2 holds.
If ty < p?/(dy + p), then p < d; implies ty < p1/2, which means that the gap principle

H(zo,v2) > C3 ' H(xq,y1)**7! holds. Since H(zy,41) > C;, Lemma 5.9 applies, so we
obtain the upper bound

I{C() < liCng

o H(@,m)“ = H(xy,yp)rw/t2-1)"

Y2

T
a__
n

On the other hand, by Lemma 2.11, the lower bound (2.2.1) holds. Combining upper and
lower bounds, we obtain

1 1 kCoC¥
20+ [ (o) max{1, |a|}9—1H (1, yy )™ < |- " < H(ay, )l
Therefore
H(wr,y1) < (297 H(a) max{1, |a[}n " kCyon) W0/ td),
so case 3 holds. -
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Lemma 5.14. (A generalized non-Archimedean gap principle) Let o, 8 € Q, be distinct
algebraic numbers over Q such that dy < dy/4, where

di = [Q(a): Q], d» = [Q(av, 8): Q()].

Let c,, cg denote the leading coefficients of the minimal polynomials of o and 3, respectively.
Let Ry be a minimal polynomial for (o, B) of bi-degree (r1,73), and Ry a supplementary
polynomial for (c, 8). Define

b= |V, 1= {MJ . (5.3.5)

1+ 1o

Let 2t < w< dl, Cy > 0,
Ci = max {(JS/“, ((ts + D H (R H(R»))™,

_ 1/ 5.3.6
(2 (catep) ™™ (3 ra + DHR)™™ M(a) = M(5)) } 030
Chie = cacs (Colty +1)2H(R))™, € =1,2. (5.3.7)
If z1/y1 and z2/ys are rational numbers in lowest terms, H(xa,y2) > H(x1,y1) > Cy
and
|a—m|<L |a—x|<L
yl WP H (v, ) ! Y2 H (g, ya)t

then one of the following holds.
1. H(wg,ya) > Cy H(wy, yo)/1 1
2.ty > p?/(dy + p) (i.e., Ry is p-special) and Ry(z1/y1,%2/y2) = 0.

3.ty < p?/(dy + p) and H(xy,y1) < Cy, where

—dit2)

Cy = (<1 (d + 1) H(a)sCyCl) ™/ ¢ (5.3.8)

and k = k(a, B, Ry) is defined in (5.1.5).
Proof. As in Lemma 5.13, the inequality H(z1,y;) > C; implies the existence of ¢ € {1, 2},

which we choose to be the smallest, such that Ry(z1/y1,2z2/y2) # 0. Consequently, the
following trivial lower bound holds:

T, T T, T
‘(ylyz)QR@(—l 2) Z‘(myz)t”ﬁ(—l 2)

-1

n ’ @ n ’ g
2 ((tf + 1)2H(R5)H(.CE1, yl)teH(x% y?)tg)

p
-1
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Note that for each (i,7) € {0,...,¢}? the p-adic number ¢¢~*cf ™ D; ;R,(cr, B) is an
algebraic integer. Thus its p-adic absolute value does not exceed one. Via the application
of Taylor’s theorem we obtain the following upper bound:

1 T
‘(?hyszz (—1 —2>

y17 Y2

< D, iR(a, B - lyia — x| - o — j}

p_(iﬁ?(}g,o)“ R B, - e — 2, - [y28 — 22l

Cff"'cg‘*jDi,jR(a,ﬁ)
chemiched

B

= max

(i.)#(0.0) [yra =2l - |y28 —

p

1 . .
< |clcy b o max {ly1cax = catrl}, - [y2cs8 — cpaald }

< (cacp)" max{|yicae — cailp, [y2s8 — cpr2lp}

< (cacs) max{lcaly esly} mat i — 211y, 928 — )y}
Co(cacp)™
H(xy,y1)"

Combining upper and lower bounds,

1 _ Co(cacs)™
(te + 1)2H (Rg)H (21, y1) ' H (12, y2) — H(21,y1)"

In particular, if £ = 1, we see that H(zy,1) > Cy "H (21, y1)*" ™!, so case 1 holds.

If, however, ¢ = 2, then we end up in the situation

Rl (ﬂaﬁ) = Oa R2 <£7ﬁ> 7£ 0.
Y1 Y2 Y1 Y2

If ty > p?/(dy + p) then case 2 holds.

If ty < p?/(dy + p), then p < dy implies t5 < p/2, which means that the gap principle
H(z9,15) > Cy'H(wy,y1)"* holds. Since H(zy,%;) > C), Lemma 5.9 applies, so we
obtain the upper bound

1 IiC(] liCoCéL
a— — < < .
Y1 H(xa,y2)* — H(xy,yr)0/ 2=

On the other hand, by Lemma 2.12, the lower bound (2.2.4) holds. Combining upper and
lower bounds, we obtain

Sfi‘ﬁ—%

1
c&ll*l(d + V) H(a)H (21, y71)%

FLC()Og

T
< H(g;l, yl)#(#/t2—1) )

a__
n

<
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Therefore | .
H(wr,yn) < (e (d+ DH(@)rCoch) 0070

so case 3 holds. 0

5.4 Counting Approximations of Large Height

Theorem 5.15. Let K = C or Q,, where p is a rational prime, and denote the standard
absolute value on K by | |. Let f € Z[X] be an irreducible polynomial of degree d; > 5,
and oy, ..., aq, be the roots of f. Define

dy = mag{[@(&l,ai)i Q(an)]}

1<i<

and suppose that dy < dy /4. Let p be such that 2.31 < p <3 ifdy =3 and

2V didy < pp < dy

otherwise. Let Cy be a positive real number. There exists an explicitly computable positive
number Cy, which depends on Cy, i1, f, but not on p in the case K = Q,, with the following

property.
The total number of rationals x/y in lowest terms, which satisfy H(x,y) > Cy and

<0 (5.4.1)

for some j € {1,2,...,d} is less than

- 5.15 + 4log(p + 3) — 2log (p/v/2d1dy — 1)
Y- ;
log (,u/v d1d2 — 1)

where
v = #{i: a minimal polynomial of (a4, a;) is p-special}.

Proof. Throughout the proof we will be adjusting our choice of C several times. We begin
by choosing C so that

Cu > (Cold + 1 H (1))
Then it follows from Corollary 2.28 that for each x/y satisfying (5.4.1) the index j €
{1,2,...,d} is unique.
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Let R; denote a minimal polynomial for (aj, ;) and R;; = R, (jy, where o is some
element of Gal(Q(y, . .., o) /Q) such that o: a; — ;. Then by construction R; ;(c, «;) = 0.
Further, let t9(i), C1 (i), C4(i) denote the constants (5.3.1), (5.3.2), (5.3.4) if K = C or
(5.3.5), (5.3.6), (5.3.8) if K = Q,, with (o, 8) = (a1, ;). We adjust C; by choosing it so
that

Cy > max ¢ max {C}(7)}, max {Cu(4)}

1<i<d 1<i<d
t2(i)<p?/(di+p)

With such a choice of (', case 3 in Lemmas 5.13 or 5.14 cannot hold.

Let & denote the collection of all rational numbers z/y in lowest terms that satisfy
H(z,y) > Cy and (5.4.1). Suppose that X' contains at least two elements (otherwise the
result holds trivially). Let X’ = {x1/y1,...,z¢/ye} be a subset of X', constructed according
to the following procedure:

1. Let z1/y; € X be such that H(x1,y;) is the smallest among elements of X', and let
i1 denote the index such that |a;, — x1/y1| < CoH (z1,y1)*.

2. For j > 2, let z;/y; € X be such that the following three properties are satisfied:
(a) H(zj,y;) > H(xj-1,yj-1);
(b) Ri; (xj_1/yj—1,2;/y;) # 0, where i, is such that |aij —x/y;| < CoH(xj,y;)™"
(c) H(xj,y;) is the smallest among all z/y € X satisfying (a) and (b).
Our first goal is to bound X in terms of ¢ = |X’|. To do so, define
Xj = {I‘/y - X\X/Z H(l’j,y]‘) < H(x,y) < H(:CjJrl,ijrl)}, j = 1,...,6— 1,

Xf = {I/y S X\X/: H(I‘g,gg) < H(l’,y)}
Then by construction X = X' U X, U --- U A,. Furthermore, for any z/y € A; with
lag, — x/y| < CoH(x,y)" we have
Rij,k) (&7 z) = O
Yi ¥

Due to our choice of (', the above equality and the inequalities H(x,y) > H(z;,y;) >
C} can be satisfied simultaneously only if R;, ; is a p-special polynomial (this situation
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corresponds to case 2 in Lemmas 5.13, 5.14). Since there always exists an automorphism
o in the Galois group of f such that o: ¢; — 1, we have

Ry, s (i, o) = Ry (01, () =0,

meaning that a minimal polynomial Ry ) of (ou, ask)) is a p-special polynomial. By
definition, the total number of such polynomials is =, leading us to a conclusion that
there are at most vy possible values for k. Since the minimal polynomial for (a;;,q;;) is
R(X1,X2) = Xy — X, which is always p-special, one of the possible values is k = i;.

However, since
T T r; T
J J
R, (—, —) ==L =y,
Yi Y Yi Y

it must be the case that z/y = z;/y;. This is impossible due to the fact that x;/y; ¢ &,
and so we conclude that there are at most v — 1 possible values for k.

Now, we claim that the proper choice of C; implies |X;| < v — 1 for all j, where v is
the total number of p-special polynomials. Indeed, let us choose C' so that

1/(p?—p—d)
Cy > <05‘+12“+2(d + DH(f) max{2[f], ca}*" rg@X{ﬁ(i,j)}) :

where (i, 7) = k(a;, a;, R; ;) is defined in (5.1.4) if K = C or (5.1.5) if K = Q,. Note
that due to our choice of p we have u? — u —d; > 0. Let z/y € X; and k be such that
laxy — x/y| < CoH(x,y)~*. If |X;| > v then it follows from the Dirichlet’s box principle
that there exist z/y,2'/y' € X;, with H(2',y’) > H(x,y), which correspond to the same
value of k. In other words,

Ti T x: T
Ri; k (—j; —> =Rk <—], —,) = 0.
Y; Y Yi Yy

Since
x Co x! Co
Y S Hagyr MM T Y| S HE
the standard gap principle applies:
! < E T <= | g - B < 20
H(z,y)H(«"y') ~ |y y'|~ y y'| - H(z,y)

We conclude that

H(x’,y/) > (200)71]"[(.’17,3/)#71 2 (20@)71H<l’j,y]’)“71.
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On the other hand, since H(x;,y;) > C1, Lemma 5.9 applies to (a;;, ax, R, «), so we obtain
the upper bound

/ﬂ?(ij, k)CO < /i(ij, k)C’O(2C'0)“

H(z',y ) H(xy,y;)re=h

€T
J
Q — —=
Yj

én@wﬁﬁ—§<<

Applying Lemma 2.11 if K = C or Lemma 2.12 if K = Q,, we are also able to produce a
lower bound on |a;, — x;/y;]:

1

K (i, k)Co(2Co )"
1(d+ DE() max(2, 2o |, ca) = H (a0

H{(zj, y; )=t

QG — — <
Yj

Therefore
2,
H(z;,y;) < (CEH22(d + 1) H(f) max{2, 2] |, ca} (i, 1)) /70 <y,

so we reach a contradiction. We conclude that distinct rationals z/y,2'/y’ € &; cannot
correspond to the same value of k. From this fact we deduce that |X;| < v —1 for all j,
and so

l
X = X+ ) 1% <AL

J=1

It remains to obtain an upper bound on /. We begin by applying a generalized gap
principle to the ordered pair (a;,, @, ,). Let Cz(i) denote the constant (5.3.3) if K = C or
(5.3.7) if K = Q,, with («a, 5) = (a1, @;), and define

02 = maX{CQ(i)},

1<i<d

E= [L/\/ d1d2 — 1.
Since p > 2v/dyds, we see that E > 1. Note that if K = Q, then for all j € {1,...,(} we
have |y;| < 1, and so

L <—C0 .
H(xj’yj)u

yjo; — 5] = [y;] - |ow, —

J

With the choice of C7 and X’ as above, neither case 2 nor case 3 hold in Lemmas 2.24,
2.25. Therefore only case 1 remains, i.e., it is possible to apply our generalized gap principle
to the ordered pair (a, 3) = (o, , i, ):

log H(pq1, Yes1) > Elog H(zy, yr) — log Co(ir, ix+1) > Elog H (g, yr) — log Cs
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for any k € {1,2,...,¢ — 1}, where E is defined in (2.6.6). Consequently,

log H(x¢,ye) > Elog H(x¢-1,ye-1) — log Cs
> E?log H(zp_9,Ye—2) — (1 4+ E)log Cy
> ...
> B og H(xy,y1) — (14+ E 4+ E7%)log Cs.
Thus we obtain the following lower bound on log H(xy, ys):
-1

1
log Cs. (5.4.2)

log H (¢, y¢) > B ' log H (w1, 1) — E——_l

Next, we apply the Thue-Siegel principle from Theorem 4.1 to the pair (a,f) =
(e, v,). We adjust our definition of C; by choosing it so that
Cl Z Ca

where C' = C(«, 8, ) is the constant from Theorem 4.1 (for the exact definition, see
(4.2.2)). Since H(x¢,ys) > H(xy,y1) > C4, it follows from Theorem 4.1 that

86(y + 3)*
(1/v2d1dy —1)°

We combine the above upper bound on log H (x4, y,) with the lower bound given in (5.4.2):

1OgH(m€7yf) < lOgH(xlvyl)-

) Jo I 86(y1 + 3)*
E* 1logH($1,y1)—ﬁ10ng < (u/\/;dmil)Q log H(x1,11)-

Reordering the terms yields

(E£—1 B 86 + 3)4
(1/v2drdy — 1)

(-1

E— -1
) IOg H(ZL‘l,yl) < ﬁlog 02. (543)

Let us assume that
86(u + 3)4

(/v 2drdy — 1)2) /log £

for otherwise the statement of our theorem holds. Then

o1 86(p+3)
~ (u/V2didy = 1)
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so we may use the inequality H(z1,y;) > C; to replace H(xq,y;) with C; in (5.4.3):

N 86(u + 3)* BN -1
01
(E — g — 1 log (4 < 7 log C.

We make a final adjustment to C by choosing it so that
c, > 022/(]5—1)'
Then logCy < ((E —1)/2)log Cy, so

86(u + 3)* BE-l—1

E - < ,
(/JJ/\/ 2d1d2 — ].)2 2

leading us to a conclusion that

172(p + 3)*
(1/v2drdy — 1)?

5.15 + 4log(p + 3) — 2log (u/v/2d1dy — 1)

C<1+1
o8 ( log (,u/v dldg — 1)

)/logE<1+

]

Corollary 5.16. Let F(X,Y) € Z[X,Y] be an irreducible binary form of degree d; > 5.
Let ay, ..., aq, denote the roots of F(X,1),

dy = max {[Q(ay, ®): Q(ay)]},

1<i<d;
and suppose that dy < dy /4. For a prime p and a positive integer k, consider

|F(z,y)| = tp", (5.4.4)
where t is a positive integer variable. Let X\ be a non-negative real number and p such that

2\/ d1d2 < W S dl-

Let C be the maximum between the constant Cy from Theorem 5.15 and

2dd(d—1)/2M<F)d—2(pk:)1+)\ ﬁ
| D(F)[V/?

Then the number of solutions to (5.4.4) such that

ged(z,y) =1, t < (p*), H(z,y) >C
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does not exceed

5.15 4 4log(p + 3) — 2log (p//2d1dy — 1)
4y - |1+ ,
log (/L/\/ dldg — 1)

where
v = #{i: a minimal polynomial of (ay,a;) is pu-special}.

Proof. Let aq,as, ..., a4 be the roots of F(X,1). By Lemma 2.26, there exists an index
j€{1,2,...,d} such that

) x
min { | — —
Y

Y

L y‘} _ 24 VPM(F) | F ()|
Toow | D(F)[V2H (2, y)?
Qdd(d—l)/2M(F>d—2(pk)1+)\
~ [DIF)VRH(x,y)
<1
= H(z,y)*

where the last inequality follows from H(z,y) > C. To count the number of solutions to
this inequality, we apply Theorem 5.15 twice, first to Cy = 1, i, f(X) = F(X, 1), and then
to Cy = 1,1, f(X) = F(1,X). The result follows once we recall that the solutions (z,y)
and (—x, —y) are regarded as the same. O

5.5 Proof of Theorem 5.5

Throughout the proof we will be adjusting our choice of p* several times. Let

o — 2d1d(d1—l)/2M(F>d1_2 1/(dy—p)
° D(F)[72

Recall the definitions of explicitly computable constants C; = Cy(1, i, F(X, 1)) and C' =
C(1, A\, F(X, 1)) from Theorem 5.15 and Corollary 5.15, respectively. We begin by choosing

p* so that
o (b T
— \ 9d: dgdlil)/2M(F)dl_2 L

C = Co(ph)*.

Then by definition of C,
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By Corollary 5.16, the number of solutions (z,y,t) to (5.0.1) with H(z,y) > C does not
exceed

L 515+ 4log(p+ 3) — 2log (u/v/2dydy — 1)
10g ([L/\/ dldg — 1) '

It remains to count the number of solutions (x,y,t) such that

4y - |1

H(z,y) < Co(p*)/". (5.5.1)
Note that
H(z,y)" < Cip* < CY|F(z,y)|,"
Therefore
) 5.5.2)
)l < g (

Let us further adjust our choice of p* as follows:
p" > |D(F)|.
Then
[F(z,y)lp <p™" < |DE)[7' < |D(F)],.
By Lemma 2.16 there exists a unique p-adic root a € Q, of F'(X, 1) such that

max{1, |a|,}

|D<F> 1/2 |F<aj7y)|l7

lya — x|p <

Combining this inequality with (5.5.2), we obtain

max{1l, |a|,}
—————=|F(z,y
_ max{1, [al,} Ccy
ID(F),?  H(z,y)»
Ci
< TT/ . Ny
~ H(z,y)

lya — x|p <

where

Cy = Clicg|D(F)|V2,
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Now, suppose that there exist two distinct solutions (xy,y1,t1), (2, y2,t2) to (3.0.1)
such that H(x2,y2) > H(x1,y1), with H(zy,y;) as small as possible. Let aq,...,a; € Q,
denote the p-adic roots of F/(X,1). Then there exist indices i; and iy such that

Cl Cl
oo Y20, =y <

a0, = aaly < H(z,y) H(z,y)»

We would like to apply Lemma 5.14 to (o, , o, ). For this purpose, we need to further adjust
our choice of p*. Denote a minimal polynomial for (ay, ;) by R;, and define R;; = Rs(j),
where o is some element of Gal(Q(ay, ..., aq)/Q) such that o: «; — a;q. By construction,
R; j(a;, ) = 0. Further, let t5(2), C;(4), C4(7) denote the constants (5.3.5), (5.3.6), (5.3.8),
with (a, 8) = (a1, ;). We choose p* so that

d
k . .

p* 2 (d+DHF)max | max {C1()},  max  {Cy(i)}
ta(i)<p?/(d1+p)
Since p* < |F(zy,y:)| < (d+ 1)H(F)H (z;,v;)?, we conclude that

pk 1/d
) 2 (ot ) 2me] ma O}, max {Ci0)
ta (1) <p?/(dr+p)

It follows from the above inequality and pu > 24/d;ds that Lemma 5.14 can be applied to
(Co, a, B, 1) = (C1, @y, uy, i1). Furthermore, our choice of m implies that case 3 in Lemma
5.14 does not hold. Therefore we either have

H(xa,y2) > Cy " H(wy, yp )V =1 (5.5.3)

where C is defined in (5.3.7), or the polynomial R;, ;,(X,Y") is u-special and

Ri, (ﬂ @) = 0. (5.5.4)
Y1 Y2
Suppose that (5.5.3) holds. We combine this inequality with (5.5.1):
OQ_IH(xh yl)u/ 2=l < H<x2a 92)
< Co(ph)*
< Co(|F(y, yn)) "
< Co((dh + 1) H(F)H (wy,5n)™) ",
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Therefore
H(l’l,?ﬂ)u/ hdx=1=di/i o Gy ((di + 1)H(F))1/H-

Since p = d2/(2 + N), it follows from our choice of A that

p/\/didy —1—dy/p > 0.

Thus, if we choose p* so that

pF > (d+ 1) H(F) (max{2Cy, Cy}Co((d + 1) H(F))H/m) !/ vadiza/m, (5.5.5)
then the inequalities p* < |F(z1,y1)| < (dy + 1)H(F)H (21, y1)% imply
k 1/dq
p 1/p\ 1/ (1/Vdrda—1—d1/p)
H(zi,p) 2 ( 5 > (CoCs((dy + 1)H(F))'* ,
wom > (i) 2 (Gl + D))

so we obtain a contradiction. Consequently, by choosing p* sufficiently large we are able
to ensure that the inequality (5.5.3) does not hold. But then it follows from Lemma 5.14
that the polynomial R;, ;,(X,Y) is p-special and the equality (5.5.4) holds.

With (x1,y1,41) fixed, it remains to estimate the number of solutions (zs,ys,is) to
(5.5.4). We claim that it does not exceed 2. Indeed, suppose that there are at least 2y + 1
solutions. Certainly, if (z2,ys,42) is a solution, then so is (—xg, —ys,i2). By the Dirichlet’s
box principle, there exists some minimal p-special polynomial R;, ;, such that

T1 To T, T
Ri, i (—, —> = Ry 4, (—7 —,2) =0,
Y1 Y2 Y1 Y2

where x5 /ys, x4 /y, are distinct rationals in lowest terms such that
Ch Cy
H(z2, y2)" H (b, y)"
for some root «a;, of F'(X, 1), ordered so that H(z},y5) > H(x2,y2). By the product formula
and the non-Archimedean triangle inequality,

1
2H (o, y2)H(=T/2» Yo

[Ya0vi, — Xap < , |yaou, — @), <

) < oy — yoh| ™!
/ /
< [zays — yows],

< max {|y204i2 — $2|p ) |y§04z‘2 - m/2|p}
C

<
H(z,y2)*
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o
H{(xh,y5) > (2C1) 7 H (g, y2)* " (5.5.6)
Combining this inequality with (5.5.1),

(2C1) " H (2, o)V < H(fv’27 Ys)
( )1/u

< Co(| (2, y2)|) /"
< Co((di +1)H (F)H(%,yz)dl)l/u-

Therefore
H{(x, yz)“(“_l)_dl/ﬂ < 2CCh ((d+ 1>H(F))1/M-

However, since

plp—1) —di/p 2 p/v/didy — di /> p//didy =1 — dy /p > 0,
our choice of p* made in (5.5.5) implies that
k

as > ()

1/(n/vdid2a—1—d1/p)
> (260C1 ((d+ DH(F)Y) g g

1/ (a1~ )
> (2650 ((d+ 1yH(R)YF) T

so we are able to ensure that the inequality (5.5.6) does not hold. Thus we reach a
contradiction, and so there are at most 2 solutions (x, y, t) to (5.0.1), including (z1,y1, t1),

such that H(x,y) < Co(p*)Y/H.

5.6 Proof of Theorem 5.6

By Roth’s theorem [29], for every root o of F'(X, 1) there exist only finitely many non-zero
integers x,y such that min {|a — x/y|, |a™! — y/z|} < H(x,y)"%%. Now let (z,vy, z,t) be a
solution of (2.0.3). Since |F(x,y)| < (d+ 1)H(F)H (x,y)* and |F(z,y)| = tp*, we have

p tp* | F(x,y)|

@I OHE S @ EFE ~ @ nam < e’
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Hence by choosing a large enough p we can increase H(z,y) and make it so large that the
inequality min {|o — z/y|, o' — y/x|} < H(z,y)"*% is no longer satisfied for every root
aof FI(X,1).

Let (z,y, z,t) be a solution to (5.0.2). On one hand, it follows from our choice of p that
1

-1 Y
W<max{ Oéj _E}

On the other hand, it follows from Lemma 2.26 that there exists an index j such that

1Y ColF(z,y)|
. Z < .0.
max{ =~ ‘} Hz, ) (5.6.1)

x
a.__

J
Y

Y

T
a.__

J
)

Y

where
2d1—1d(d1—1)/2M(F>d1—2

Co= " pEpe

Combining this inequality with (5.6.1),
H(z,y) < (Cotp®)"/ (=20,
Since t < p*, we see that

tp* < pt < (p*) < |F(,y) |, Y.

Therefore -
H(w,y) < (Cotp )79 < (Co|F(w, )|, +) 7,

p

and so we conclude that
C’é/(H)‘)
F < — 5.6.2
)l < (562)

where
B dy — 2.05

1+ A
Since d; > 8, A < (dy — 2.05)/2v/d;ds — 1 and dy < (d; — 2.05)?/(4d,;), we conclude that

> 2\/ dldz.
Let us further adjust our choice of p as follows:
p>|D(F).
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Then
|F(z,y)], <p~' <|D(F)|™" < [D(F)],.

By Lemma 2.16 there exists a unique p-adic root o € Q, of F'(X, 1) such that

max{1, |a|,}

yo — xfp < F(x,y)l,.
ool < B P )
Combining this inequality with (5.6.2), we obtain
max{1, |a|,} Ch
yoo — zl, < —————=|F(z,y)|p, < ——,

where
Cl = CS/(1+>\)Cd|D(F)|1/2.

Note that C; is independent of p. Further, we choose p so that p { cocg. Such a choice of
p implies p t  and p t y. Indeed, if p | y, then p does not divide z, because x and y are
coprime. Since z > 1, it is evident from the equation

car® +y(ca 12 4+ oyt = £tp?

that p divides cg4, in contradiction to our choice of p. Then |y|, = 1, and so for any o € Q,
we have

| = lya x|
a——| =|ya—z|.
vl "
Analogously, we can show that |z|, = 1. Therefore
T < 01
a—— —_—.
yl, H(z,yw

Let o, s, ..., a4 be the roots of FI(X,1). Applying Theorem 5.15 to Cy, u, f(X) =
F(X,1), we conclude that there exists a positive number Cy, which depends on Ci, u, F,
but not on p, such that the number of rationals x/y in lowest terms satisfying H (z,y) > Cs,
|z|, = 1, and

C
H(z,y)

T
oN; — —

<
Ty

p

for some j € {1,2,...,d} is less than

. 5.15 + 4log(p + 3) — 2log (1/v/2d1dy — 1)
/y .
log (M/\/dldg — 1)
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where 4 is the number of y-special polynomials. If we choose p so that p > (dy+1)H(F)CS,
then

" p * |F(xy) .
Cy' < (dy +1)H(F) < (T DHE)  (dy+ DHF) < H(xz,y)™,

so the inequality H(x,y) > Cy is satisfied.

Suppose that R; is a p-special polynomial such that the curve R;(X;,X3) = 0 has
only finitely many rational points. Then there exists a number C3 = C5(R) such that if
H(zg,y2) > H(xq1,y1) > C3 then R(x1/vy1,22/y2) # 0. By choosing p sufficiently large we
can always ensure that H(z,y) > Cj5, and so we can replace 7, the number of p-special
polynomials, with 7, the number of p-exceptional polynomials. The result follows once we
recall that the solutions (x,y, z,t) and (—xz, —y, z,t) are regarded as distinct.
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Chapter 6

Conclusion

In this thesis we developed generalizations of two principles from the theory of Diophantine
approximation, namely the gap principle and the Thue-Siegel principle. These generalizations
enabled us to prove Theorems 2.2 and 2.3, where we established absolute bounds on the
number of solutions of certain equations of Thue and Thue-Mahler type.

In our studies we were primarily motivated by Conjecture 1.1, which was stated by
Stewart in 1991 [31]. Theorem 2.2 serves as a theoretical evidence in support of Stewart’s
conjecture, but in order for the conjecture to be established, at least with the techniques
investigated in this manuscript, more theory has to be developed. In particular, the following
two problems have to be resolved:

1. In Theorem 2.2 irreducible binary forms F'(X,Y) have a rather restrictive property
that the field extension Q(«)/Q, where « is a root of F'(X, 1), is a Galois extension.
Such forms are only a drop in the ocean of other forms for which we believe that
Stewart’s conjecture is true. It is a challenging problem to generalize our results
to larger families of binary forms, ideally to all forms of degree at least three with
non-zero discriminant. When proving Theorem 5.5 we had this goal in mind, but
our bounds ended up not being absolute. To be more precise, they depend on a
parameter v, which does not exceed the degree of F'. Perhaps, a careful investigation
of a function v = v(u, F') would lead to further progress in this direction.

2. In equation (2.0.2) we considered positive integers tp*, where ¢ is small relative to
a prime power p*. However, we believe that Stewart’s conjecture should hold for
all integers, not just those that are divisible by a large prime power. This suggests
another direction of research, namely to generalize Theorem 2.2 to all possible integers.
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Finally, it would be interesting to see generalizations of Theorems 2.3 and 5.6, where we
established bounds on the number of solutions of certain equations of Thue-Mahler type.
In both settings we restricted our attention to only one prime p, but the question what
happens if we consider more than one prime remains open. We believe that ideas present
in this thesis have a lot of potential for further development and could lead to an answer
to this question, as well as to the resolution of Stewart’s conjecture.
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