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Abstract

This thesis reviews some aspects of a large class of vertex operator algebras labelled
by (p,q) webs colored by non-negative integers associated to faces of the web diagrams
[1, 2, 3, 4]. Such vertex operator algebras conjecturally correspond to two mutually dual
setups in gauge theory. First, they appear as a subsector of local operators living on two-
dimensional junctions of half-BPS interfaces in four-dimensional N/ = 4 super Yang-Mills
theory. Secondly, they are AGT dual to N' = 2 gauge theories supported on four-cycles
inside toric Calabi-Yau three-folds.

We review four (conjecturally equivalent) definitions of the vertex algebra vertex Y, n, v
associated to the simplest trivalent (p,q) web. The algebra can be defined in terms of 1.
the quantum Hamiltonian (BRST) reduction, 2. truncations of the W), algebra, 3. the
kernel of screening charges and 4. the generalized Miura transformation. Equivalence of
such definitions is strongly supported by matching various properties of the algebra such
as characters and highest weights of their modules, central charges, duality properties and
many others.

The algebra Yy, v, n; plays the role of a building block of more complicated algebras
that can be characterized as extensions of Yy, n, n,’s associated to each vertex of the (p, q)
web by bimodules associated to each internal line. This procedure mimics the topological-
vertex-like counting of DO-D2-D4 bound states in toric three-folds that motivates the name
“The Vertex Algebra Vertex”. Conjecturally, there exists an unique (or at least canonical)
vertex operator algebra characterized by such an extension. We review different definitions
of a larger class of algebras corresponding to truncations of a gl(N;|Ny) analogue of the
Wi algebra and their shifted versions. Finally, we discuss various generalizations of
the Feigin-Frenkel duality coming from the S-duality of the AN/ = 4 super Yang-Mills
setup, stable equivalence (equivalence of vertex algebras up to decoupled free fields) and
its interpretation in terms of brane transitions, ortho-symplectic version of the algebras
and the structure of their modules.

Even though this thesis is largely a compilation of the above-mentioned papers, it
contains many novel remarks that are not contained in the original work.
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1. Introduction

Vertex Operator Algebras (VOA) formalize the notion of local operators on a Riemann
surface with the following two properties. First, correlation functions are meromorphic
functions of insertion points with singularities associated to colliding operators. Secondly,
the algebra contains the Virasoro algebra associated to the holomorphic component of the
stress-energy tensor [0, 7, 8, 9]. Since their discovery, VOAs have played an important role
in string theory and the theory of critical phenomena in two-dimensional condensed matter
systems. Due to the rich structure but computational manageability, VOAs turn out to be
often related to deep but solvable problems and they keep appearing in other contexts in
both physics and mathematics (see for example [10, 11, 12, 13, 14, 15, 16, 17]).

Starting with the work of Alday-Gaiotto-Tachikawa, VOAs have been shown to be
closely related to four-dimensional supersymmetric gauge theories [14, 18]. AGT conjec-
tured a correspondence between four-dimensional AV = 2 gauge theories coming from a
compactification of N M5-branes [19, 20] on a Riemann surface and VOAs known under

the name Wy X g/l(l\) algebras [21, 22].

This thesis is a review of recent developments from the series of papers [1, 2, 3, 1] (see
also [23, 24, 25,26, 27,28, 29, 30, 31, 30, 32, 33, 34, 35, 36, 37]) that considerably extend
the family of vertex operator algebras corresponding to some setups in gauge theory. The
gauge-theoretical viewpoint provides an intuitive way to study such VOAs and the rigidity
of VOAs allows us to probe many non-trivial gauge-theoretical questions exactly.

1.1 Colored (p,q) webs

Vertex operator algebras from [1, 2, 3, 1] are labelled by a colored (p,q) web such as the
one in the figure 1.1. Each vertex of the diagram is a trivalent fan of (p1,q1), (p2, ¢2) and
(—=p1 — P2, —q1, —q2) vectors satisfying pi1ga — p2q1 = 1. For each such (p, q) web, colored

1



Figure 1.1: A generic (p, q) web colored by non-negative integers N; to which we associate
a vertex operator algebra.

by non-negative integers at each face of the diagram, we conjecturally associate a family
of vertex operator algebras parametrized by a complex parameter ¥ € CP".

To the simplest trivalent junction of (1,0), (0,1) and —(1,1) lines with integral pa-
rameters Ny, Ny, N3 shown in the figure 1.2, we associate an algebra Yy, v, v, generalizing

—

the well-known Yo xy = Wy x gl(1). This four-parameter family of algebras will be called
the vertex algebra vertex and it will serve as a building block of more complicated VOAs
associated to more general colored (p,q) webs. Such general algebras can be characterized
as extensions of tensor products of Y, n; n, associated to vertices of the web diagram by
bimodules associated to internal lines of the web diagram. Even though we do not have a
precise definition of the algebra associated to a generic colored (p,q) web, we conjecture
that such an extension is unique or at least canonical.

1.2 Dual setups

The (p,q) web VOAs are expected to naturally appear in two mutually dual gauge-
theoretical setups. Correspondingly, the web diagrams above can be given two mutually
dual interpretations.

First, we can look at the (p, ¢) web as a projection of a ten-dimensional type IIB string
theory setup to the 23-plane. Different (p,q) lines then correspond to (p, q)-fivebranes!
spanning directions 01456 and one extra direction in the 23-plane specified by the web
diagram. The web diagram can be thus thought of as a diagram labeling a junction of
fivebranes [38, 39]. The integers N; then correspond to numbers of D3-branes attached to
the web from different corners and spanning directions 0123.

1(1,0) can be identified with the D5-brane and (0, 1) with the NS5-brane.



Figure 1.2: The simplest colored (p,q) web (the vertex algebra vertex) associated to the
algebra Yn, n, Ns-

The string theory configuration has a low energy effective description in terms of a four-
dimensional supersymmetric gauge theory in the presence of junctions of domain walls. The
field theory describing the low energy behavior of N D3-branes is known to be N' = 4 super
Yang-Mills theory with the gauge group U (V). The configuration at hand thus leads to a
system of U(N;) supersymmetric gauge theories associated to directions 0123 at different
corners, mutually coupled by domain walls as indicated by the colored (p, q) web.

Throughout the text, we are going to restrict to a subclass of operators in the physical
theory that live in the cohomology of the Geometric Langlands (GL) supercharge? from
[10]. GL-twisted theories depend on a complex parameter ¥ € CP' that is a non-trivial
combination of the complexified gauge coupling of the N' = 4 super Yang-Mills theory and
a parameter parametrizing different choices of the GL supercharge. The parameter ¥ plays
the role of a structure constant of VOAs discussed in this thesis.

In the infra-red (when zooming out the (p, ¢) web), the configuration at hand generally
looks like a star-shaped junction of non-trivial interfaces. It turns out that local operators
in the cohomology of the GL supercharge for generic values of ¥ live at the two-dimensional
junction and form generators of a VOA [11, 42, A3, A4, A5, 46, A7, 1].

The colored (p, q) web can be given a very different interpretation. One can start with
M-theory on R* x St x CY?3, where CY? is a toric Calabi-Yau three-fold with (p,q) web
being its toric diagram[18, 419, 50]. Such a Calabi-Yau three-fold can be thought of as a
R x T? fibration over the R® base with the toric diagram specifying loci where different
(p, q) cycles of the fibration degenerate. Faces of the toric diagram can be associated with
four-cycles inside C'Y? that are fixed under the toric action. The interpretation of the
integral numbers in the colored (p, ¢) web are simply multiplicities of M5-branes wrapping
such four-cycles and sharing an extra Riemann surface ¥ C R*xS! in orthogonal directions

[ ) ) ? ) ]

2To preserve the GL-supercharge in the presence of (p,q) interfaces, a deformation of the interfaces
is needed as we will briefly discuss in section 3.1.2. A precise form of such deformations (and even the
possibility to move away of the family of GL-twists) still remains to be explored in detail.




Toric Calabi-Yau three-folds admit a two-parameter (2-deformation with parameters
€1, €9, €3 satisfying €; + €3 + €3 = 0 [56, 57, 12, 54, 55]. One can argue that the system of
Mb-branes in the presence of such an 2-background have an effective description in terms
of a theory on ¥ giving rise to a vertex operator algebra. It turns out that in all examples,
the resulting algebra actually depends only on the ratio ¥ = —¢; /es.

The two setups discussed above can be related along the lines of [15] and the relation
will be reviewed further in section 3.2.1. The two perspectives give orthogonal viewpoints
on the VOAs at hand. The type IIB perspective turns out to be convenient in addressing

relations to various GL-like dualities as discussed in [24, 26, 27]. The type ITA perspective
provides us with a connection with the topological-vertex-like counting of D0-D2-D4 brane
bound states from [51, 52, 53]. In particular, BPS characters of [51, 52, 53] can be identified
with vacuum characters of the involved algebras. Furthermore, the type IIA perspective
points towards i&aneralization of the AGT correspondence |11, 18]. AGT associ/at\es the

algebra Wy x gl(1) to an N' = 2 gauge theory on C%. More concretely, Wy x gl(1) can
be shown to act on the cohomology of the moduli space of instantons on C? as discussed
in [58, 57, 16, 59, 60]. The Nekrasov partition function [57] can be then identified with
conformal blocks of the algebra. Note that C? can be embedded inside C? leading to the
geometric configuration associated to Y o y. Turning on /V; M5-branes at each of the three
coordinate planes leads to a natural generalization of the AGT conjecture for these spiked-
instanton configurations [54, 55]. One can indeed show [1] that the algebra Y, n, n, Dlays
the role of the AGT dual in the generalization of the AGT correspondence to toric divisors
inside C? [54, 55]. Presumably the story have further generalizations beyond this example
with (p,q) web VOAs being the VOA duals of gauge theories supported on intersecting
four-cycles inside toric Calabi-Yau three-folds and possibly even more generally [51, 30, 1].

1.3 Four constructions of Yy, v, v,

A concrete definition of the VOA associated to a general colored (p, q) web is currently not
known but there exist large classes of colored webs whose VOA do have such a definition.
Furthermore, in some cases, more (conjecturally equivalent) definitions exist.

Let us first restrict to the simplest trivalent junction and the algebra Yy, n, n,. Using
the results of [14, 413, 46, 47], one can argue that the path integral of the N'= 4 SYM in the
type IIB setup localizes to the path integral of a pair of complexified Chern-Simons theories
with gauge groups U(N;|N3) and U(N;|Ns) coupled together along a two-dimensional
interface, possibly involving some extra 2d fields. Along the lines of [11, (1], one can



argue that local operators at the interface give rise to a VOA that can be identified with
a BRST reduction (motivated by the defect conditions coming from D3-branes ending on

—_—

a D5-brane from [62, 63]) of two coppies of Kac-Moody algebra gl(/N1|N3) and gl(N;|N3)
extended by extra free fields. The type IIB perspective thus gives a natural proposal for

a BRST definition of the algebras Y, n, n, that combine the quantum Drinfeld-Sokolov
reduction [64, 65, 66, 67, 68, 69] and the BRST coset [70, 71].

Another perspective comes from the analysis of the large N; limit of the vacuum charac-
ter of Y, n,,n, and the type IIA picture. It turns out that the large N; limit of the vacuum
character can be identified with the MacMahon function®. MacMahon function can be fur-
thermore identified with the character of a VOA generated by fields Wy, Wy, W3, ... with
W; being a generator of conformal weight i. As discussed in [74, 75, 5, 70], there exists
a two-parameter family of algebras satisfying associativity of the operator product expan-
sion with such a conformal-weight content. It turns out that there exist specializations of
the parameters to one-dimensional lines inside the two-dimensional space of algebras for
which Wi, contains an ideal Zn, n, n;. This ideal can be factored out that leads to the
algebra Yy, n, n, with W parametrizing the corresponding truncation line. This gives an
alternative definition of the algebra Yy, n, n-

There exists a well-known construction of the algebra Wy x J(T) as a subalgebra of the

—

tensor product of N coppies of gl(1) current algebras (Heisenberg VOAs) [22]. Such a free
field realization can be obtained by multiplying N Miura differential operators Ez(g) = €30+
Ji(2), where J;(z) is the i’th g/I(T) current. It turns out that there exists a generalization of
the construction to an arbitrary Yy, n, n, by introducing pseudo-differential operators LZ(»I)

and El@) and taking a product of N; factors of each type [3]. This free field realization turns
out to be useful when discussing generic modules of the algebras and more importantly
when comparing with the algebras coming from the geometric action of the cohomological
Hall algebra [73] of C? used in the proof of the AGT correspondence [4] for spiked instantons
[54, 55] associated to divisors in C3.

There exists yet another characterization of the free-field realization as an intersection
of kernels of screening charges discussed in [28, 29, 3]. For each ordering of Miura factors,

one can associate a screening charge to each neighbouring pair of gl(1) currents and identify
the free field realization as an intersection of kernels of such screening charges.

3Note that the MacMahon function is also the generating function of Donaldson-Thomas invariants of
©3 [72, 73] and we can see first hints of the geometric side.



1.4 Glued algebras

Let us now discuss algebras associated to more complicated (p,q) webs. As mentioned
above, zooming out a (p, q) web leads to a single junction with local operators giving rise
to a more general VOA. From the resolved point of view, the local operators of the infrared
can have different origin. They can be local operators associated to vertices of the (p, q)
web or line operators stretched between them (if we have also non-trivial compact faces,
one might have to consider also surface operators spanning these internal faces). The
resulting VOA is then expected to be an extension of the tensor product of Y-algebras
associated to such vertices by bi-modules® associated to the internal lines. It is tempting
to conjecture that such extensions are uniquely fixed by Jacobi identities (associativity of

OPEs).

In some cases, one can be more specific and give a concrete definition of the glued
algebra. A large class of examples come from considering a general number of (1,0) lines
ending from the left and from the right on sequence of (n,1) lines. If the colors decrease
from the up to the bottom on both sides of the (n, 1) lines, such as in the figure 4.5, the
analysis of boundary conditions from [62, (3] allow us to find a proposal for the BRST
definition of the algebra [2]. One can furthermore check (at least in examples and in the
large N; limit) that characters of such reductions agree with characters predicted form
gluing.

Similarly, one can consider the large /N; limit of the vacuum character and look for a
definition of the glued algebras in terms of truncations of universal infinity algebras. It
turns out that in the example above, the limit depends only on a half-integral parameter p;
associated to each finite (p, ¢) segment. The character agrees with a gl(n|m) version of the
algebra W, ., containing a n|m super-matrix of generators at each spin with n/m being
the numbers of (1,0)-branes ending from the left/right. For example the (p,q) web from
the figure 4.5 leads to an algebra of type gl(1|3). Fixing values of p; fixes all the parameters
N; up to three. It is tempting to conjecture that there again exists a unique two-parameter
family of algebras with a given spin content (containing gl(n|m) as a subalgebra and
having all the fields at higher weights in its adjoint representation) with the web VOAs
corresponding to its truncations. On the other hand, fixing general values of p; leads to
an algebra with generators associated to the roots of gl(n|m) starting at level 1 + p; with

4As we discuss bellow, line operators ending at a junction lead naturally to a degenerate module of the
algebra. Lines stretched between two vertices then correspond to bimodules. The necessary bimodules are
expected to be labelled by tensor representations of gl(N;|N;) Lie super-algebras, i.e. representations that
can be obtained from tensor products of the fundamental and the anti-fundamental representation.
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Figure 1.3: An example of a diagram with a known BRST definition.

i labeling the root. For example, the N = 2 super W, algebra [77] should correspond
to the gl(1|1) configuration with shift> p = 1/2. It is natural to speculate that the picture
of truncations naturally extends also to other brane diagrams.

Finally, we expect that the free-field realization can be extended to glued algebras.
Having a free-field realization of the algebras associated to each vertex, one can construct
a field associated to each highest weight of the added bi-modules as an exponential vertex
operator of free bosons (or their descendant). One can then consider an algebra extended
by such vertex operators.® There are two technical difficulties in the construction. First,
it turns out that there exist more possible choices of vertex operators with correct highest
weights. Secondly, OPEs are generally not reproduced correctly unless we include integrals
of screening currents. We will review these issues briefly in later sections but their proper
investigation (along the lines of [78]) is still to be performed.

1.5 Some properties

The gauge theory perspective motivates various constructions of a large class of vertex
operator algebras relevant to different gauge-theoretical setups. It also provides us with
many non-trivial insights into the properties of VOAs.

We have already mentioned that local operators at the two-dimensional junction in

Note in particular that the two fermionic currents G* have the conformal weight % =1+ %
61n particular, it turns out that the vertex operators have only Zs braiding.



the type IIB perspective give rise to a VOA. Local operators are not the only operators
surviving the GL twist. One can also consider line operators (Wilson, 't Hooft or more
general lines) supported at the interfaces [10, 16, 47]. Line operators ending at a junction
then naturally give rise to modules for the VOA generated by a fusion of the endpoint
with local operators at the intersection. These line operators are expected to be labeled by
tensor representations (representations that can be constructed from tensor products of the
fundamental and the anti-fundamental representation) of the Lie super-algebra gl(V;|N;)
for line operators living on a (p, q) interface between theories of gauge groups U(XV;) and

On the other hand, one can consider Gukov-Witten (GW) surface operators sitting at a
point of the junction but spanning faces of the (p, q) web [79, 16, 47, 1, 3]. It turns out that
N; complex parameters valued on a torus survive the GL twist of the U(1V;) gauge theory.
Furthermore, the torus is lifted to a whole complex plane (modulo Weyl transformations
permuting the parameters) by the choice of the boundary condition specifying how the
defect ends at the interface. Fusion of line operators living at the interfaces with boundary
lines of surface defects then change such a boundary condition.

Let us discuss how this physical picture fits into the VOA story. Gauge theory suggests
an existence of a continuous family of modules parametrized by as many complex numbers
as the sum of integral parameters in the given colored web diagram, e.g. N;+ N+ N3 in the
case of Y, n, n;. Furthermore, whenever we specialize parameters in such a way that some
of the torus-valued GW parameters vanish, one gets a degenerate module (corresponding
to line operators in a representation of the gauge group preserved by the specialized GW
defect). In particular, if all the parameters are specialized, one gets modules parametrized
by line operators associated to each semi-infinite line in a given (p,q) web. Moreover,
modules associated to different lines are expected to braid trivially.

Apart from an intuitive understanding of modules, the physical picture predicts various
dualities generalizing the Feigin-Frenkel duality [67]. Feigin and Frenkel realised that the

Drinfeld-Solokov reduction of the sl(N) Kac-Moody algebra at shifted levels ¥ = k + N
and % both lead to the same Wy algebra. This duality can be understood as a consequence
of the S-duality. Note that the type ITA setup is manifestly invariant under the relabeling
of the cycles of the torus. On the other hand, such a relabeling (corresponding to SL(2,7Z)
transformations of the charges (p,¢) and the modular parameter W) gives rise to a non-
trivial transformation of boundary conditions in the type IIB setup [63]. If a brane diagram
preserves some subgroup G of the SL(2,7) transformations, there will be a non-trivial
duality action on the family of corresponding vertex operator algebras giving rise to dual
BRST constructions of the corresponding algebra. For example in the case of Yn, n, 5, the



web diagram preserves an S3 subgroup of SL(2,7) permuting the (p, ¢) lines. This gives
rise to an S3 duality group action on Y, n, n;. Form the W, algebra perspective, the Ss
action can be identified with the triality” discovered in [75]. Another example of a diagram
preserving some subalgebra of the SL(2,Z) duality group would be the diagram associated
to the gl(1]1) version of Wi, (and its shifted versions) that leads to a Zs X Zy duality
action. This action can be identified for p = 1 with the one of [77] and it is enhanced to

Let us note that the algebra in the infra-red picture depends on a specific resolution.
It was conjectured and checked in examples in [2] that different resolutions give rise to the
same algebra up to the contribution of decoupled b, c and (3,7 ghost systems. Transition
of branes then leads to various (sometimes highly nontrivial) identities between vertex
operator algebras. Equivalence of algebras up to free-field contributions goes under the
name stable equivalence [31] and is an active area of research.

Finally, let us mention that introducing orientifolds parallel to D3-branes in the type
IIB setup leads to an otrhosymplectic version of the algebras [1]. Calculation of characters
in the large N; hits that the algebras might be identified with quotients of the even version
of the Wi, from [32, 83]. Algebras associated to more complicated (p,q) webs in the
presence of the orientifold planes should come from gluing of these algebras.

"The algebra Wi, is known to be isomorphic to the affine Yangian of gl(1). The triality in the
representation of [30] simply permutes the deformation parameters h;.



2. VOA preliminaries

This section reviews basics of vertex operator algebras and introduces the notation in terms
of fields and operator product expansion. Physically oriented readers are advised to consult
[0, 7, 8] and mathematically oriented readers are recommended to see [ 1, 9] for further
details.

2.1 Vertex operator algebras

Roughly speaking, VOAs are algebras of fields O,(z) depending on a position z € C to-
gether with a set of operator product expansions specifying singular behavior of correlation
functions when two fields collide. From two fields O, (z) and Og(w), one can form new
operators by considering derivatives 9", (z) and the normal ordered product’

(0,05)(w) = 7{ ﬁM (2.1)

271 Z— W
The derivative satisfies

0(0,03)(w) = (00,05)(w) + (0,005)(w). (2.2)

Vertex operator algebras admit a Z x Z, grading, where the Z grading is called the
conformal weight h(O,) and satisfy

h((0aOp)) = h(Oa) + MOp),
h00.) = h(O,)+ 1. (2.3)

IThe normally-ordered product can be thought of as an operator coming from a collision of two operators
while subtracting the singular terms in the operator product expansion.
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The Z, grading? |0, | distinguishes fermionic and bosonic fields. The grading Z, is additive
under the normal ordering |(0O,O3)| = |Oa|+|Os| and does not change under the derivative
|00,| = |O4]. Fields O,(z) and Og(w) satisty the operator product expansion (OPE)

h(Oa)+h(Og)
Ou:)0s(uw) = 3o AT, 2.4)

k=0
where {0,03}(w) is a field of conformal weight k. In particular, we have
{0a0s}0(2) = (0a0p)(2). (2.5)
OPEs furthermore satisfy
Oa(2)O0p(w) = (=1) %1104 (w) Ou(2). (2.6)

Sometimes, we omit the regular term in the OPE and exchange the equal sign by ~.

A vertex operator algebra is called strongly generated by fields W, (z) with a labeling
different strong generators, if all the other fields are generated from W,(z) by deriva-
tives and normally-ordered products. The algebra structure is given by operator product
expansions of strong generators

W(Wa)+h(Ws)
Wale)Wa(w) = % 2.7)

Knowing the system of OPEs of strong generators, one can find OPEs of a general field by
using contractions defined as

h(Oa)+h(O4) "
Ou:10s(w) = 3, 10T (2.5)
k=1

and the generalized Wick’s theorem

Oa(2)(0p0;)(w) =

dr 1 (0u(2)05()0; (w) + Oa(2)0(2)O5(w)) . (29)

w 2T T — W

The operator 0 acts simply as a derivative wrt. z or w respectively on the right hand side
of OPE.

2VOAs with such Z, grading are sometimes called vertex operator super-algebras. We will not distin-
guish these notions in this thesis.

11



The above data satisfy various properties. First, there exist the identity field 1 with
trivial OPEs and a field T called the stress-energy tensor that is a weight-two bosonic field
with OPE

c/2 2T (w) N oT(z)

T(z)T(w) ~ z—w)t (z-w)? z-w

(2.10)

where ¢ € C is called the central charge. All generators have the following OPE with the
stress-energy tensor?

h(Wa)We (w) N oW, (w)

(2 — w)? z—w

T(2)Wa(w) ~ -+ (2.11)

Secondly, the system of OPEs satisfy the associativity constraint

{0a{050, )} — (-1)%H9H0{0,0, 11} =) (];: 11) {0005 110, }jr-1-(2.12)

>0

This constraint might be satisfied only modulo some composite fields forming an ideal Z of
the OPE algebra as we will see for example in the algebra Yj 1 2[W]. The algebra Y 2[¥]
is going to be strongly generated by five fields satisfying the associativity constraint up to
two composite fields together with the normally-ordered product of their derivatives. The
algebra is consisted if we mode out these fields. The fields in Z are sometimes going to be
called null.

The VOA data naturally lead to an associative algebra of modes. We can expand the
strong generators into the modes as

W a,l
Wal(z) = ) () (2.13)
Le.
dz n+h(Wa)—1
Wai= ¢ —Wy(2)z a)= (2.14)

271

The commutation relations of modes can be determined from the OPE by the standard
contour deformation argument

271 271

(W, Wi, ] = ]4 dw 74 T2 W) ROV, ()W () (2.15)
0 w

3A field W, with all the other terms corresponding to the dots vanishing are called primary.

12



with the corresponding OPE inserted on the right hand side. The modes of the normally-
ordered products and derivatives can be explicitly written as

<80a>i - —(h(OQ) + i)Oaﬂ'
(OQOIB>Z’ - Z OO[,]'O[;’Z‘,]' —|— Z Og’i,joad'. (216)
J<=h(Oa) J>=h(0a)

The corresponding associative algebra is the universal enveloping algebra of the modes (or
its completion containing the infinite sums from the normal ordered products) of the gener-
ating fields satisfying the above commutation relations modded by the ideal corresponding
to modes of null fields. Note that the associativity of OPE becomes the Jacobi identity of
the associative algebra.

2.2 Examples

Virasoro algebra First, one can consider the VOA with the stress-energy tensor T'(z)
being the only generator of the algebra. Expanding into modes

[e.9]

T(z)= ) ijQ (2.17)

1=—00

and using the contour integral formula (2.15), one gets the Virasoro algebra with commu-
tation relations

c . .
ﬁ(23 - Z)(Si+j70. (218)

[Li, L] = (i = j) Livj +
Heisenberg VOA Second, probably the first non-trivial example is the Heisenberg VOA

(or the gl(1) Kac-Moody algebra) that is an algebra generated by a single field J(z) with
OPE of the form

1
J(2)J(w) ~ ——. 2.19
(2)J (w) G w) (2.19)
One can show that there exists a stress-energy tensor
1
T(z) = §(JJ)(2) (2.20)

13



with J(z) being a primary field of weight one, i.e. h(J) = 1. If we decompose the field
into the modes

o] Jn
J(z)= ) T (2.21)

we get an infinite system of Heisenberg algebras

[y Jm] = 10— m.- (2.22)

Kac-Moody algebra More generally, one can associate Kac-Moody algebra the g to
any simple Lie algebra (or super-algebra) g generated by currents J, with « labeling
generators of g and satisfying

CE S (2.23)

Ja(2) Jp(w) ~

In this expression, k € € is called the level, g, is the Killing form of the Lie algebra and

s are the structure constants [ga, gs] = >_. f139,- The algebra contains the standard

Sugawara stress-energy tensor

1
T=——) ¢JJ 2.24
S (2.24)
with h the dual Coxeter number of g and g®? the inverse of gag.
It is convenient to introduce the notation g[(TV\\]W)\I, for a product of the g[(TV|\]\4)\I,_ N M

o~

Kac-Moody algebra and the Heisenberg VOA 9[(1>(N7M)\1/- OPEs of the currents J{ (with
a, b labeling row and column indices of the gl(N|M) super-matrix) are given by

(—1)POPE (T — M + N)3465 + 5;;5;;+
52
(—1)pl@p®)+plep(d)+p(clp®) §a Je () — (—1)POP()§e Je

d
2.25
- : (2.25)

Iy (2)J3(0) ~

where p(a) =0 for a =1,..., M and p(a) = 1 otherwise.

— —

Note that for gl(/N|0), the algebra reduces to the Kac-Moody algebra gl(N) 5 X

—_—

gl(1) yy With OPEs given by
(W = N)dids + 0305 | 33J5(w) — 07 Jp(w)

Iy (2)Jg(w) 5 (2.26)

(z —w) zZ—w

14
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and similarly gl(0[A), reduces to the algebra gl(M)_ g, X gl(1)_yg. In the expres-

sions above, we choose a certain normalization of the diagonal gl(1) current that will be
important in later discussions of VOA modules.

B,7v and b, c ghosts Finally, there is the 3, v system and its fermionic version b, ¢ system
generated by fields £(2),v(z) and b(z), ¢(z) respectively. They satisfy OPE

1 1

B w) ~ —— ble)e(w) ~ —— (227)
There exists a one parameter family of stress-energy tensors
T = (0f) — NO(57), T = (0bc) — X0(bc) (2.28)
with the corresponding central charge
c=+(B2A-1)2-1) (2.29)

with the plus sign for 5,7 ghosts and minus sign for b, ¢ ghosts. The b, ¢ system with the
choice of the stress-energy tensor such that ¢ = % is also called the free fermion (¢, x) and
the 3,7 system is sometimes called the symplectic-boson pair (X,Y).

We introduce the notation S¥™ for a system of N pairs of symplectic bosons (X,,Y®)
where a = 1,... N and M free fermions (y;,¢°) for i = 1,..., M with OPEs given by

5t . FYd
X, ()Y (w) ~ —2—, S (w) ~ ——. 2.30
V)~ @) ~ 2:30)
Note that the algebra SV contains g[(7V|\]\/[) ~_ar_1 Subalgebra generated by bilinears
XY X W)
J = ¢ “@. 2.31
(ijb X ¢ (2:31)

Similarly, exchanging the role of bosons and fermions, we introduce a notation ENIM for a
system M symplectic bosons (X;,Y") and N free fermions (x,,*) with OPEs given by

. & ) b

Xi()Y (w) ~ ——,  xa(2)¥'(w) ~ —*

Z—w Z—w

(2.32)

15
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From their bilinears, we can construct gl(N|M),_,,,, algebra generated by bilinears

(xa?? XY
J = (ijb iji) . (2.33)

We also introduce a notation F for the algebra of a free fermion S%' and B for the algebra
of a free symplectic boson S'I°,

Occasionally, we also use notation SiN M for the system SMM with a choice of the
stress-energy tensor such that the fields have the shifted conformal dimension (% +1i, & —4).

2
Corresponding stress-energy tensor have central charge
(N — M)(12(1 +14)* — 1). (2.34)

We analogously define gfv lM, B; and S;.

2.3 Modules

Let us briefly discuss some aspects of VOA modules. By a module of a VOA strongly
generated by W,, we mean a set of fields Mz(w) with a set of OPEs with the generating
fields W, (z) that are consistent with the algebra structure, i.e. they satisfy the associativity
constraint with two insertions of W, (z) and a single insertion of M, (w) and they have trivial
OPE with the null fields of the algebra. Note that OPEs of the fields M, (w) themselves
are not part of the data.

For each VOA, there exists a natural module called the vacuum module that comes
from the action of the algebra on itself. The vacuum module has also a simple description
in terms of the associative algebra of modes. Such algebra decomposes into the subalgebra
of positive, negative and zero modes. One can consider a one-dimensional module of the
subalgebra of positive and zero modes on which all such modes act by zero. One can then
generate the module of the full algebra by an action of all the negative modes modulo the
commutation relations and the relations coming from the action of positive modes of null
fields. Such an induced module is not irreducible and one needs to further set W, ; = 0 for
i < h(W,) to get the desired vacuum module.

One can generalize the construction of the vacuum module slightly by considering a
non-trivial representation of the zero-mode subalgebra (with the zero mode of the null
fields acting by zero), extending the action to the subalgebra of non-negative modes by
letting all the positive modes act by zero and inducing the module of the whole algebra in

16



a similar way as in the case of the vacuum module. Such a module is generically not going
to be irreducible and passing to an irreducible quotient, one needs to again remove some
states. We will see many non-trivial modules of this form (and even more complicated
examples) in later sections.

Heisenberg VOA For example, one can define a module of the Heisenberg VOA by
introducing a field M[a](w) with OPE

aM]a](w)

J(z)Ma)(w) ~ (2.35)
The module is then generated by a normally-ordered product of M[a](w) with normally-
ordered products of derivatives 9"J(z). One can show that in terms of modes, the module
can be identified with a highest weight module generated from the state |a) anihilated by
all the positive modes J,|a) = 0 for n > 0 and satisfying Jy|a) = a|a). Note that the
vacuum module can be identified simply with the a = 0 case.

Virasoro algebra Similarly, modules of the stress-energy tensor VOA can be generated
from M|[h](z) with OPE
RMII)(:) | OMIA)(:)

(z — w)? zZ—w

T(z)MIn](z)

(2.36)

The vacuum module then corresponds to h = 0 and M [h] = 0 that corresponds to setting
L_1|0> - 0

Ising model As an illustration of possible restrictions that arise in the presence of null
fields that are modded out, let us consider the ¢ = 1/2 Virasoro algebra. It is well-

known [31] that the vacuum representation contains a singular vector at level 6 with the
corresponding primary field
¢ = 128(T(TT)) + 186(0TIT) — 264(0*TT) — 90*T. (2.37)

The requirement of vanishing of the null field constrains possible modules for the VOA.
In our case, let us consider a generic primary field M[h|(z) of dimension h as above and
require the operator product expansion of ¢g and M[h](z) to vanish. The most singular
(sixth order) term is precisely the zero mode of ¢4 acting on the highest weight

1 5 B B
R j{dzz d6(2)|h) = 4h(2h — 1)(16h — 1)|h) = 0 (2.38)
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and the variety of highest weights consists of three points h = 1/2, h = 1/16, and h = 0.
These are the allowed primary fields of the Ising model.

It is interesting to look also at the conditions following from the vanishing of the lower
order poles in the OPE

4h(2h — 1)(16h — 1) M [h](w) N 12(2h — 1)(16h — 1)OM[h](w)
(2 —w)® (2 —w)®
48h(8h — 17)(TM|[h))(w) N 6(64h + 7)0? M [h](w)

4 4

¢e(2) M [h](w) (2.39)

(z —w) (z —w)

The quintic pole vanishes for h = 1/2 and h = 1/16, while for h = 0 it requires M [0] = 0
which is the usual singular vector of the vacuum representation at level 1 (translation
invariance of the vacuum).

Let us look at the quartic pole more closely. For h = 0 it does not give us anything
new while for h = 1/2 it requires

4(TM1/2])(z) — 30> M[1/2](2) (2.40)
to be zero and for h = 1/16
3(TM[1/16])(2) — 40> M[1/16](=) (2.41)

to be zero. These are just the singular vectors of hy; and hy o Virasoro primaries. We
could proceed further and find other relations coming from the lower order poles.

2.4 Constructions

Definition of VOAs is very non-trivial and it is not a simple task to construct new VOAs.
Let us now mention few well-known constructions that will be used intensively throughout
the text.

BRST reduction The fist construction goes under the name BRST (or the quantum
Hamiltonian) reduction. If we have an algebra that contains a fermionic field Jggrsr of
conformal weight one and trivial OPE with itself, one can restrict to the cohomology of
the zero mode of such a generator

QBRrsT = 7{ —JBRST (2.42)



Associativity of OPEs ensure that OPE of ()grsr-closed operators contains only Q)grsr-

closed operators and OPE of a Q)grsr-exact operator with any other operator is Qggrsr

exact. The restriction to the QQgrsr cohomology thus makes sense. We will see various

examples of such BRST reductions called the Drinfeld-Sokolov reduction [64, 65, 66, 60,
, 68] or the BRST cosets [35, 86, 70, 71].

Free field realization Secondly, one can consider algebras constructed as subalgebras
of tensor products of free-field algebras such as the Heisenberg VOA, (3, ghosts and b, ¢
ghosts. The corresponding construction goes under the name free field realization.

As a simple example, note that the stress-energy tensor T'(z) of central charge ¢ =
1 — 120 can be constructed in terms of a single Heisenberg VOA as

T(z) = %(JJ)(Z) + agdJ(2). (2.43)

We will see many examples of free field realizations that will be characterized in terms of an
intersection of kernels of operators called screening charges [87] or coming from a product
of differential operators containing fields as coefficients called the Miura transformation

[22].

Extensions by modules Thirdly, one can consider extensions of known VOAs by their
modules. In particular, it turns out that we can sometimes give a VOA structure to a
VOA together with a collection of modules by specifying OPEs of the fields associated to
modules. The simplest example dates back to the early days of VOAs [11] and corresponds
to various lattice extensions of Heisenberg VOAs. In recent years, it turned out that the
construction is much more general [$8, 24, 2] and is an active area of research.

Bootstrap Finally, one can take a very pedestrian way to construct new VOAs using
bootstrap. Starting with some assumptions on the VOA (with a prototypical example of
looking for extensions of the stress-energy tensor by primary fields of prescribed conformal
weights), one can write the most general ansatz for OPEs that is consistent with such
assumptions and solve the conditions coming from the requirement of the associativity
of OPEs. For example, if we consider the algebra to be an extension of T'(z) by a single
primary field of conformal weight three W3(z), it turns out that the associativity constraint
fully fixes the OPE of W3(2) with itself and leads to the algebra called Wj [21] that depends
on a single continuous parameter c. Performing a similar analysis with adding a primary
field for each weight 3,4, 5, ..., one finds a two-parameter family of algebras [71, 75, 5, 70]
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called W.,. One can see that the bootsrap approach is very restrictive and might serve as
a great tool to construct new VOAs.
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3. The vertex

In this section, we discuss the algebra Yn, n, n;[¥] associated to the simplest, trivalent
(p, q) web. We review the type IIA and the type IIB perspective and give four conjecturally
equivalent definitions of the algebra in terms of a BRST reduction, truncations of Wi
algebra, a kernel of screening charges and a Miura transformation.

3.1 Type IIB perspective

The first perspective originates from the following string theory setup. Type IIB string
theory contains six-dimensional objects labelled by co-prime integers (p, ¢) with (1,0) cor-
responding to the D5-brane, (0,1) to the NS5-brane and (p,q) to a brane of a general
D5 and NS5 charge. One can consider a web of such branes that preserves quarter of the
supersymmetry as first discussed in [38, 39]. The (p, ¢) diagram then describes a projection
of the ten-dimensional string-theoretical setup to the 23-plane with the lines specifying the
position of branes and its slope equal to the ratio p/q.

We can then attach N; D3-branes to such a web of (p, q)-branes from various corners’
as indicated by the colored (p,q) web. The low energy dynamics of N; D3-branes is
known to have an effective description in terms of 4d AN/ = 4 super Yang-Mills (SYM)
theory with the gauge group U(XV;). D3-branes ending on (p, ¢) fivebranes then imply the
existence of a family of half-BPS interfaces® By, for 4d A" =4 SYM with unitary gauge
groups, parameterized by two integers (p, ¢) defined up to an overall sign. Concretely, these

!This motivated the name “corner algebras” in [1].

2The main property of these interfaces is that they are covariant under the action of PSL(2, Z) S-duality
transformations of N’ =4 SYM, which act in the obvious way on the integers (p, ¢). This action leads to
conjectures of dual descriptions of VOAs and served in [1] as a strong test of the correct identification of
the algebra Yy, n, n,[7].
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interfaces arise as the field theory limit of a setup involving two sets of D3 branes ending
on a single (p, q)-fivebrane from opposite sides [62, 89, 63].

3.1.1 Gauge theory setup

Most of the By, interfaces do not admit a straightforward, weakly coupled definition.
Rather, they involve some intricate 3d SCF'T coupled to the U(N) and U (M) gauge theories
on the two sides of the interface. The exceptions are B, o) and B, ) interfaces.

The B,y interface, also denoted as a D5 interface, has a definition which depends on
the relative value of N and M:

e If N = M, a D5 interface breaks the U(N)y x U(N)gr gauge symmetry of the bulk
theories to a diagonal U(N). A set of 3d hypermultiplets transforming in a funda-
mental representation of U(N) is coupled to the U(N) gauge fields. Concretely, the
4d fields on the two sides of the interface are identified at the interface, up to some
discontinuities involving bilinears of the 3d fields.

e If N > M, a D5 interface breaks the U(M), x U(N)g gauge symmetry of the bulk
theories to a block-diagonal U(M). Concretely, U(N)g is broken to a block-diagonal
UN—M)g x UM)g and U(N — M)r x U(M), x U(M)g is further broken to
the diagonal U(M). The breaking of U(N — M)g involves a Nahm pole boundary
condition of rank N — M. No further matter fields are needed at the interface.

e If M > N, a D5 interface breaks the U(M) x U(N)g gauge symmetry of the bulk
theories to a U(N), including a Nahm pole of rank M — N.

The Bo,1) interface, also denoted as an NS5 interface, has a uniform definition for
all N and M [63]: the gauge groups are unbroken at the interface and coupled to 3d
hypermultiplets transforming in a bi-fundamental representation of U(M) x U(N). The
B,,1) interface is obtained from a B 1) interface by adding ¢ units of Chern-Simons coupling
on one side of the interface, —q on the other side.

A well known property of (p,q)-fivebranes is that they can form quarter-BPS webs
[38, 39], configurations with five-dimensional super-Poincare invariance involving fivebrane
segments and half-lines drawn on a common plane, with slope determined by the phase of
their central charge. For graphical purposes, the slope can be taken to be p/q, though the
actual slope depends on the IIB string coupling 7 and is the phase of p7 4 ¢. The simplest
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example of brane web is the junction of three semi-infinite branes of type (1,0), (0,1) and
(1,1).

These configurations preserve four super-charges, organized in a (0,4) 2d supersymme-
try algebra. One may thus consider a setup with Ni,No, N3 D3 branes respectively filling
the faces of the junction in between the (1,1) and (1,0) fivebranes, the (1,0) and (0,1)
fivebranes and the (0,1) and (1, 1) fivebranes.

T4, X5, T NS5

x C x R

To, X1 X7, X8, T9

N, D3

(1,1)

Figure 3.1: The brane system engineering our Y-junction for four-dimensional N = 4 SYM.
The three fivebranes extend along the 01456 directions together with a ray in the 23 plane.
The stacks of D3-branes extend along the 01 directions and fill wedges in the 23 plane.
Notice the SO(3)456 X SO(3)7s9 isometry of the system, which becomes the R-symmetry
of a (0,4) 2d super-symmetry algebra.

We will next conjecture the field theory description of the junction. Our conjecture is
motivated by some matching of 2d anomalies and consistency with the GL-twisted descrip-
tion discussed later in this section.

The N; =0, Ny = N3 junctions At first, we can set N, = N3 and N; = 0. That means
we have a U(N3) gauge theory defined on the x5 > 0 half-space with Neumann boundary
conditions at o = 0. The boundary conditions are deformed by an unit of Chern-Simons
boundary coupling on the x5 < 0 half of the boundary. We also have an interface at x3 = 0,
where the U(N3) gauge theory is coupled to a set of N3 3d hypermultiplets transforming
in a fundamental representation of the gauge group.

The interface meets the boundary at zo = x3 = 0. The hypermultiplets must have some
boundary conditions at the origin of the plane, preserving (0,4) supersymmetry. There is a
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B T3 \
U(N3)

Ty

U(Nl) YN17N27N3 — B(I,O)

By

Figure 3.2: The gauge theory image of a Y-junction on the 23 plane. We denote the specific
junction as Yy, n,.ns- The Y, vy v, [¥] VOA will arise as a deformation of the algebra of
BPS local operators at the junction.

known example of such a boundary condition, involving Neumann boundary conditions for
all the scalar fields. We expect it to appear in the field theory limit of the junction setup.
The choice of Neumann b.c. is natural for the following reasons: the relative motion of the
D3 branes on the two sides of the D3 interface involves the 3d hypermultiplets acquiring
a vev. The junction allows for such a relative motion to be fully unrestricted and thus the
3d hypermultiplets boundary conditions should be of Neumann type.

The (0, 4) boundary conditions for the hypermultiplets have an important feature: they
set to zero the left-moving half of the hypermultiplet fermions at the boundary. Such a
chiral boundary condition has a 2d gauge anomaly which is cancelled by anomaly inflow
from the boundary U(N3) Chern-Simons coupling along the negative imaginary axis. This
anomaly will reappear in a similar role in the next section.

The N, = 0, Ny # N3 junctions Next, we can consider N3 = Ny + 1 and N; = 0. Now
we do not have 3d matter along the positive real axis, but the gauge group drops from
U(N2+1) to U(Ny) across the boundary. The four-dimensional gauginoes which belong to
the U(Ny+1) Lie algebra but not to the U(N,) subalgebra live on the upper right quadrant
of the junction plane with non-trivial boundary conditions on the two sides. They may in
principle contribute a 2d U(N2) gauge anomaly at the corner. It is a bit tricky to compute
it, but we will recover it from a vertex algebra computation in Section 3.1.2. Again, we
expect it to cancel the anomaly inflow from the boundary U(N;) Chern-Simons coupling
along the negative imaginary axis.

Similar considerations for general N3 # Ny and Ny = 0, though the positive real axis
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now supports a partial Nahm pole boundary condition along with the reduction from
U(Np) to U(N3) or vice-versa. Again, we will describe the corresponding anomalies and
their cancellations in Section 3.1.2.

The N; > 0, Ny = N3 junctions Next, we can set Ny = N3 but take general N;. That
means we have an U(N3) gauge theory defined on the x5 > 0 half-space and an U (N;) gauge
theory defined on the x5 < 0 half-space. Both boundary conditions are deformed by an
unit of Chern-Simons boundary coupling on the x3 < 0 half of the boundary, with opposite
signs for the two gauge groups. At the common boundary at zo = 0, the gauge fields
are coupled to 3d N7 x N3 bi-fundamental hypermultiplets. We also have an interface at
xg3 =0, 9 > 0, where the U(N3) gauge theory is coupled to a set of N3 3d hypermultiplets
transforming in a fundamental representation of the gauge group.

The interfaces meet at xo = 3 = 0. The fundamental hypermultiplets should be given a
boundary condition at the origin which preserve (0,4) symmetry. The boundary condition
may involve the bi-fundamental hypermultiplets restricted to the origin and, potentially,
extra 2d degrees of freedom defined at the junction only.

We can attempt to define the boundary condition starting from the basic (0,4) Neu-
mann b.c. for the fundamental hypermultiplets and adding extra couplings at the origin.
These couplings will not play a direct role for us but help us conjecture the correct choice
of auxiliary 2d degrees of freedom needed at the corner in order to reproduce the field
theory limit of the brane setup.

Indeed, the values at x5 = 23 = 0 of the bi-fundamental and fundamental hypers behave
as (0,4) hypermultiplets and (0, 4) twisted hypermultiplets respectively. There is a known
way to couple these types of fields in a (0, 4)-invariant way, but it requires the addition of an
extra set of (0,4) fields: Fermi multiplets transforming in the fundamental representation
of U(N7) which can enter in a cubic fermionic superpotential with the hypermultiplets and
twisted hypermultiplets [90].

This coupling is known to occur in similar situations involving multiple D-branes ending
on an NS5-brane [91]. The Fermi multiplets should arise from D3-D5 strings and the
coupling from a disk amplitude involving D3-D5, D3-D3” and D3’-D5 strings in the presence
of an NS5 brane.

The U(N;) fundamental Fermi multiplets also play another role: they consist of 2d
left-moving fermions, whose anomaly compensates the inflow from the boundary U(V;)
Chern-Simons coupling along the negative imaginary axis.

25



The N; > 0, N, # N3 junctions Next, we can consider N3 = Ny + 1 and general Nj.
Now the number of hypermultiplets along the imaginary axis drops from Ny X N3 to N1 X Ny
across the origin of the junction’s plane. We can glue together Ny x N of them according
to the embedding of U(N3) in U(N3) along the real axis, but we need a boundary condition
for the remaining N; hypermultiplets.

Neumann boundary conditions for these N7 hypermultiplets would contribute an anomaly
of the wrong side to cancel the inflow from the boundary U(N;) Chern-Simons coupling
along the negative imaginary axis. The opposite choice of boundary conditions, i.e. Dirich-
let b.c. for the scalar fields, imposes the opposite boundary condition on the hypermulti-
plet’s fermions and seems a suitable choice. We will thus not need to add extra 2d Fermi
multiplets at the corner.?

Similar considerations for general Ny # N3 and general N, though the positive real
axis now supports a partial Nahm pole boundary condition along with the reduction from
U(N3) to U(Ny) or vice-versa. The boundary conditions at the corner for the | N3— Na| x Ny
hypermultiplets which do not continue across the corner will be affected by the Nahm pole.
We will refrain from discussing them in detail here and focus on the GL-twisted version in
the next section.

3.1.2 From junctions to interfaces in Chern-Simons theory

The analysis of [13] gives a prescription for how to embed calculations in (analytically
continued) Chern-Simons theory into GL-twisted four-dimensional N' = 4 Super-Yang-
Mills theory.

Concretely, a Chern-Simons calculation on a three-manifold M3 maps to a four-dimensional
gauge theory calculation on M3z x R with a specific boundary condition which deforms
the standard supersymmetric Neumann boundary conditions. The (analytically continued)
Chern-Simons level is related to the coupling ¥ of the GL-twisted N' =4 SYM as [1(]

k+h=10 (3.1)

Assuming that the deformed Neumann boundary conditions transform in a manner
analogous to the undeformed ones, that means the S transformation will map the Chern-

3Notice that one can obtain such boundary conditions starting from Neumann boundary conditions
and coupling them to (0,4) 2d Fermi multiplets, which get eaten up in the process. It would be nice to
follow in detail in the field theory the process of separating a D3 brane segment from the N = M system
and flowing to the N3 = Ns + 1 system, by giving a vev to the fundamental hypermultiplets which induces
a bilinear coupling of the 2d Fermi multiplets
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Simons setup to a different setup involving a deformed Nahm pole boundary condition.
This was a basic step in the gauge-theory description of categorified knot invariants in [16].

In general, we expect the B, ;) boundary conditions to admit deformations BN(M) com-
patible with the GL twist, such that B coincides with deformed Neumann boundary
conditions and PSL(2,Z) duality transformations act in the obvious way on the integers

(p,q).

The general formalism of [13] relates a variety of analytically continued path integrals
in d dimensions and topological field theory calculations in d + 1 dimensions, possibly
including local observables or defects. Intuitively, observables which are functions of the
d-dimensional fields will map to the same functions applied to the boundary values of
(d+ 1)-dimensional fields, but modifications of the d-dimensional path integral may prop-
agate to modifications of the (d 4 1)-dimensional bulk. Extra degrees of freedom added in
the d-dimensional setup may remain at the boundary of the (d + 1)-dimensional bulk or
analytically continued to extra degrees of freedom in the bulk.

A simple, rather trivial example of this flexibility is the observation that one can split
off a well-defined multiple of the Chern-Simons action before analytic continuation, giving
rise to a bulk theory with coupling ¥ + ¢ with a B(,1) boundary condition.

A more important example is analytically continued Chern-Simons theory defined on
a manifold with boundary, M3 = C' x R", with some boundary condition Bs;. This setup
will map to a calculation involving four-dimensional gauge theory on a corner geometry
C x Rt x RT. One of the two sides of the corner will have deformed Neumann boundary
condition 3(0,1)- The other side will have some boundary condition Byy which can be
derived from the boundary condition Bsy in a systematic fashion. At the corner, the two
boundary conditions will be intertwined by some interface which is also derived from the
boundary condition Bsg.

The simplest possibility is to consider holomorphic Dirichlet boundary conditions D3¢
in Chern-Simons theory, given by A; = 0 at the boundary. It is well known that these
boundary conditions support Kac-Moody currents J = A, | of level ¥ — h, given by the
holomorphic part of the connection restricted to the boundary. These boundary conditions
will lift to a deformation of Dirichlet boundary conditions in SYM.

A slightly more refined possibility is to consider a generalization of holomorphic Dirich-
let boundary conditions ng which is labelled by an su(2) embedding in the gauge Liea
algebra [92, 93]. These boundary conditions require the boundary gauge field to be a
generalized oper of type p. They are expected to support the vertex operator algebras
DS, [gy-n] obtained from the gy_;, Kac-Moody algebra by a Quantum Drinfeld-Sokolov
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reduction. In particular, for the regular su(2) embedding inside gl(/V), one obtains the

——

standard Wy [¥] x gl(1) algebras. These boundary conditions will lift to a deformation of
the regular Nahm pole boundary conditions in SYM.

The regular Nahm pole boundary condition in SYM is precisely B ). That means

the Chern-Simons setup leading to the standard Wy [V] x gl(1) algebras lifts to a corner
geometry in SYM with 3(1,0) on one edge and a boundary condition we expect to coincide
with 5’(0,1) on the other edge. This is supported by the analysis of [12], which reduced the
problem on a compact Riemann surface C' and found conformal blocks for the corresponding
Wpy-algebras.

At this point it is natural to seek configurations in Chern-Simons theory which could
be uplifted to a deformation of the junctions in the previous section for general Ny, Na,
N3, involving By 0, B(o,1) and By ;) interfaces.

We take the same coupling ¥ uniformly in the whole plane of the Yx, n, v, junction
and the T-shaped configuration of Figure 3.2: the construction of [13] applied along the x5
direction maps the four-dimensional gauge theory with 3(0,1) boundary conditions at x3 > 0
to a Chern-Simons theory with k£ + h = ¥ and the four-dimensional gauge theory with
3(1,1) boundary conditions at x3 < 0 to a Chern-Simons theory with £+ h = ¥ — 1. The
interface at 3 = 0 together with the junction will encode some two-dimensional interface

between the two Chern-Simons theories, as described in the following.

The N; = 0 and N3 > N, junctions At first, we can take Ny = 0 and N3 > N,. In
order to re-produce the (deformation of the) bulk Nahm pole, we can consider the following
interface between U(N3) and U(Ns) Chern-Simons theories at levels ¥ — N3 and W — Ny —1.
First, we take the boundary condition D;?’\%_ Nodoo 1 for the former CS theory, defined by the
same SU(2) embedding in U(N3) as the Nahm pole we need to realize, which decomposes
the fundamental of U(N3) into a dimension N3 — N, irrep together with N, copies of the
trivial representation. This boundary condition preserves an U(N;) subgroup of the U(N3)
gauge group, which we couple to the U(N3) gauge fields on the other side of the interface.

Classically, the U(N3) connection at the interface decomposes into blocks

U(N [ *(N3—N2)x(N3—N3) *(N3—N2)xN:
AVNS) |5 = ( ;NMQ(;TZQ) : A%<N§>|X8 2) (3.2)

with one block identified with the U(N;) connection and the other blocks subject to the
oper boundary condition.
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In order for this interface to make sense quantum mechanically, the anomaly of the

—

gl(N2) currents in the VOA DSy, 1, 1[81(N3)g] = DSn,—n, [m\p] must be cancelled
by anomaly inflow from the expected level ¥ — Ny — 1 of the U(N5) Chern-Simons theory.*
We will demonstrate this fact for general N3 — N, later on with a detailed Quantum
Drinfeld-Sokolov reduction. Essentially, the naive level ¥ — Nj is shifted to ¥ — Ny — 1 by
boundary ghost contributions. For N3 = Ny + 1 it is almost obvious: the gl(/N)y currents
in gl(N3)y currents have anomaly W — N3 = W — Ny — 1, just as expected.

The Ny = 0 and N, = N3 junctions Next, we can take Ny = 0 and N, = Njs.
Recall that the bulk setup involves fundamental hypermultiplets extended along the [;’(1,0)
interface. It turns out (see [1, 91] for details) that the topological twist of these 3d degrees of
freedom implements an analytically continued two-dimensional path integral for a theory of
free chiral symplectic bosons or sometimes called 3,y system, where here the dimension of
both  and v are 1/2, so that they can be treated on the same footing. Each hypermultiplet
provides a single copy of the symplectic bosons VOA.

Thus we will consider a simple interface between U(N3)y_n, and U(N3)y—n,—1 Chern-
Simons theories: we identify the gauge fields across the interface, but couple them to
the theory S™ of N3 3,7 systems transforming in a fundamental and anti-fundamental
representation of gl(N3). This VOA includes gl(N3) currents J = %y, whose anomalies
precisely compensate the shift of Chern-Simons levels. This is just another manifestation
of the corner anomaly cancellation discussed in the previous section.

The N; > 0 junctions Next, we can consider general N;. Now we will have 3(071)
and 3(171) interfaces between U(N;) and U(N3) gauge theories. According to [17], a 1'5’(071)
interface between U(N;) and U(N2) GL-twisted gauge theories will map to a U(N3|Ny)
Chern-Simons theory at level ¥ — N3 4+ N;. We can thus proceed as before and consider
interfaces between U(N3|Ny) and U(N2|N;) Chern-Simons theories at levels ¥ — N3 + Ny
and\I/—N2+N1—1.

If Ny # N3, the interface should be a super-group generalization D%{M’l’_“ Al of the
Nahm-pole-like boundary condition, preserving an U(Nz|Ny) subgroup of the gauge group
which can be coupled to the Chern-Simons gauge fields on the other side of the interface.
The oper-like boundary conditions have an obvious generalization to supergroups, with

5[(2) embedding into the bosonic subalgebra. It would be interesting to determine the

—_—

“We remind the reader again that the VOA we denote as gl(N3)g has an s[(N3)y, current subalgebra.
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corresponding boundary condition on the bi-fundamental hypermultiplets present on the
Bo,1) and B ,1y interfaces.

If Ny = N3, we need to generalize the symplectic boson VOA to something which
admits an action of U(N3|N;) with appropriate anomalies. The obvious choice is to add
at the interface both N copies of the chiral symplectic bosons VOA and Nj chiral complex
fermions. The fermions do not need to be uplifted to 3d fields and can instead be identified
in four-dimensions with the (0,4) Fermi multiplets at the origin of the junction.

The symplectic bosons and fermions combine into a fundamental representation of

—

gl(N3|N;) and define together a VOA S™I™M which includes the required gl(N3|N;) cur-

rents. °

For concreteness, let us conclude this section by explicitly writing the oper boundary
condition in the Chern-Simons theory for Ny =1, Ny = 1, N3 = 4:

- M
(3.3)

K| ¥ % * *
K| *| % * =
OO ¥ = O

SN2 =

3.1.3 From Chern-Simons theory to VOA’s

In the gauge theory constructions of Section 3.1.2, we have encountered a variety of bound-
ary conditions and interfaces for (analytically continued) Chern-Simons theory. In this sec-
tion we discuss the chiral VOA of local operators located at these boundaries or interfaces.

Kac-Moody algerbas The best known example, of course, is the relation between
Chern-Simons theory and the Kac-Moody models [11]: a Chern-Simons theory with gauge
group G and level k defined on a half-space with appropriate orientation and an anti-chiral
Dirichlet boundary condition A; = 0 supports at the boundary a VOA g based on the

5Notice that the coupling of the SV3IN1 VOA to the 3d Chern Simons theory induces a discontinuity of
A, across the interface proportional to the Kac-Moody currents in the VOA. In particular, the discontinuity

of the odd currents in gl(N3|N7) is proportional to products of a 2d symplectic boson and a 2d fermion.
This must correspond to the effect of the junction coupling between the (0,4) Fermi multiplets and the
restrictions of the fundamental and bi-fundamental hypermultiplets to the junction.
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Lie algebra g of the gauge group G, with currents J of level & which are proportional the
restriction of A, to the boundary.®

Dirichlet boundary conditions are associated to a full reduction of the gauge group at
the boundary: gauge transformations must go to the identity at the boundary and constant
gauge transformations at the boundary become a global symmetry of the boundary local
operators. For our purposes, we need to consider a more general situation, where the
gauge group is only partially reduced and may be coupled at the boundary to extra two-
dimensional degrees of freedom.

Coset First, we should ask if Neumann boundary conditions could be possible, so that
the gauge group is fully preserved at the boundary. In the absence of extra 2d matter
fields, this is not possible, because of the boundary gauge anomaly inflowing from the
bulk Chern-Simons term. We would like to claim that Neumann boundary conditions are
possible if extra 2d matter fields are added, say a 2d chiral CFT T?¢ equipped with chiral,
g-valued currents J?¢ of level —k — 2h.

Indeed, we can produce Neumann boundary conditions by coupling auxiliary two-
dimensional chiral gauge fields to the combination of 72 and standard Dirichlet boundary
conditions. The level of T2? is chosen in such a way to cancel the naive bulk anomaly
inflow when combined with the ghost contribution to the boundary anomaly. The effect if
coupling two-dimensional gauge fields to VOA is well understood from the study of coset
conformal field theory [70, 71].

The VOA of boundary local operators should be built from the combination of gy, T
and a bc ghost system bcl®*e®) valued in the Lie algebra g, taking the cohomology of the
BRST charge

e = § @t [§:b<z>[c<z>,c<z>1:+c<z><J<z>+J<z>2d> +Qhsr (34)

which implements quantum-mechanically the expected boundary conditions J(2)+J(2)* =
0. We included Q¥hqyr to account for the possibility that 72¢ itself was defined in a BV
formalism. We will denote such procedure as a g-BRST reduction.

The relation to coset constructions is related to the observation that the BRST coho-
mology includes the sub-algebra of local operators in 7%¢ which are local with the currents
J?4. In other words, the boundary VOA includes the current algebra coset

T2d

9—k—2n

(3.5)

6The proportionality factor is k.
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which generalizes the idea that Neumann boundary conditions support local gauge-invariant
operators in 72,

Interfaces can be included in this discussion by a simple folding trick. The change in
orientation maps k — —2h — k. Thus we can consider a Neumann-type interface between
Gy and G}, Chern-Simons theories coupled to a 2d chiral CFT T?? equipped with chiral,
g x g/-valued currents of levels —k — 2h and £’

The interface VOA will be the g&® g’-BRST reduction of the combination of g, g’ 1o+
T2 and be®® . This implements a coset

T2d

- 3.6
I—k—2n @ @) (3.6)

The construction above has an obvious generalization to mixed boundary conditions,
where the gauge group is reduced to a subgroup H at the boundary and coupled with extra
degrees of freedom T2? equipped with chiral, h-valued currents J?? of level —ky — 2hy.
The bo(und)ary VOA will consist of the h-BRST reduction of the combination of gy, 72¢
and bcl“*),

The simplest example of this construction is a trivial interface between G and Gy
Chern-Simons theories. The interface breaks the G x G gauge groups to the diagonal
combination, gluing together the gauge fields on the two sides. The VOA of local operators
should be the BRST cohomology of g, X g_r_o, combined with one set bc? of be ghosts
valued in the Lie algebra of G. This BRST cohomology is trivial: the trivial interface in
Chern-Simons theory supports no local operators except for the identity.

A more interesting example is an interface where the Gy Chern-Simons theory is coupled
to some 2d degrees of freedom T?¢ equipped with chiral, g-valued currents J2¢ of level &'.
Notice that the levels on the two sides of the interface should be k and k + k'

Then the interface VOA will be given by the BRST cohomology of gj, x T2 X g_j_w/—an
combined with one set of bc ghosts valued in the Lie algebra of G. This can be interpreted
as either of two conjecturally equivalent cosets

Ok X T? 2 G_ppp_on X T*

= = (3.7)
Gkt 9—k—2h
An example of this was discussed in [05] with T?¢ taken to be a set of chiral fermions
transforming in the fundamental representation of s[(N), resulting in the coset
SN x =1V, (3.8)
sl(NV )k+1
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which is a well-known realization of the Wy[k + N| VOA.

Drinfeld-Sokolov reduction A second important topic we need to discuss is the Quan-
tum Drinfeld-Sokolov reduction DS, [gx] of the Kac-Moody algebra gy, the VOA which
appear at “oper-like” boundary conditions for a GGy Chern-Simons theory, labelled by an
s[(2) embedding p.

As a starting point, we may recall the construction for s[(2) gauge group and the regular

s[(2) embedding [92]. The classical boundary condition takes the schematic form
L,K 0 x 1
.= 2"% =
(0 0) () 59

where the % denotes elements which are not fixed by the boundary condition and %a? is
the connection on the canonical bundle.

Gauge-transformations can be used to locally gauge-fix the holomorphic connection to

A= (té) é) (3.10)

with #(z) behaving as a classical stress tensor.

Quantum mechanically, one proceeds as follows [0, (5, 66]. The stress tensor of the

—

usual s[(2), currents is shifted by the current 9.J% associated to the Cartan element, in such
a way that J*(z) acquires conformal dimension 0 and J~(z) acquires conformal dimension
2. Furthermore, a single pair of bc ghosts is added, allowing us to define a BRST charge

Qh = § dzel2)(I () - 1) (311
enforcing the J*(z) = 1 constraint. The total stress tensor
— 3
T =T —0J° —bie (3.12)

is in the BRST cohomology and generates it. It has central charge

3k 6
— _—6k—-2=13——— —6(k+2)=1 b+b1)?2 1
o 6 3 o 6(k +2) +6(b+07") (3.13)

with b2 = —(k +2) = —U.
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The construction generalizes as follows [66, (7, (8]. Take the ¢* element in the su(2)
embedding p. The Lie algebra g decomposes into eigenspaces of 3 as

g = Difi/2 (3.14)

The raising generator t* of p is an element in g;. Naively, we want to set to zero all
currents of positive degree under 3 except for the one along ¢+, which should be set to 1.
We cannot quite do so because if we set to zero all currents in g;/» we will also set to zero
their commutator, including the current along the ¢+ direction. The commutator together
with the projection to ¢t* gives a symplectic form on g1/, and we are instructed to only set
to zero some Lagrangian subspace gf/Q n gi/o.

Then DS, [gx] is defined as the BRST cohomology of a complex which is almost the
same as the one we would use to gauge the triangular sub-group

n=g/,® P (3.15)
i>1
In particular, we add to g a set of bc ghosts valued respectively in n and n* .

The main difference is that we will shift the stress tensor by the t3 component of 9.J
and by a similar ghost contribution [b,#?] - ¢ in such a way that currents and b-ghosts in
gi/2 have conformal dimension 1 —1i/2. This allows us to add the crucial extra term setting
the t* component of J to 1:

g?{SS)T = ]{dzTr B 2b(2)[e(2),c(2)] s +e(2)J(2)]| —tT - c(2) (3.16)

In general, if the gl(2) embedding p commutes with some subalgerba b of g, the currents
in h can be corrected by ghost contributions to give b currents in DS,[gi]. The ghost
contributions will shift the level away from the value inherited from g.

The oper-like boundary conditions can be further modified by gauging subgroups of A
coupled to appropriate 2d degrees of freedom and/or promoted to interfaces by identifying
the H subgroup of the G connection with an H connection on the other side of the interface.
This will lead to further h-BRST cosets involving DS ,[gx] as an ingredient.

3.1.4 BRST definition of Yy, n, n,[V]

After describing junction conditions and VOAs associated to different junctions of Chern-
Simons gauge theories, it is simple to write down a proposal for a BRST definition of
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Y-algerbas as a combination of the Drinfeld-Sokolov reduction and the coset construction
of a super Kac-Moody algebra. Schematically, they are defined as”

—

D _ [(N3| N
Yy, na,ns (W] = S, E[i( 3|V for N3 > N,

g[(NZINl)\pfl
(N3 Ny ), x SNl
YN17N27N3[qj] = g< 3’/1)\\1]
9[(N3|N1)\1171

—

DSNQ—N?, [9[(N2‘N1)—xp+1]
gl(N3|N13) _y

YN17N27N3 [\Ij] =

for N3 < Ny (317)

where DS n,_n, denotes the Drinfeld-Sokolov reduction with respect to the principal em-
bedding inside the (N3 — Na) x (N3 — N3) diagonal block of gl(N3|N;) and by the division
by gl(Na|N1)y_, we mean the BRST coset to be defined later. SM:I™ labels the set of

N symplectic bosons and N; free fermions that contains a g[@\ﬁ) NaNi—1 subalgebra
formed from the field bilinears. More concretely, for parameters in the range N3 > No,
Y, NN, [P] s defined as the BRST reduction of

gI(Na V1) % GI(NaINY) gy x gh(PS) x ghleo®) (3.18)

by two successive BRST reductions. In the expression above, we have introduced gh(PS

for (super)ghosts needed for the Drinfeld-Sokolov reduction implemented by QSB%SST and

gh(cos¢t) for (super)ghosts associated to the BRST coset implemented by Qg‘}’;;?.

SBDRSS)T can be defined in the following three steps (assuming N > M):

1. Pick the principal s[(2) embedding inside the gl(/N5— N») subalgebra associated to the
(N3 — N3) x (N3 — N3) block inside gl(/N5| V7). The corresponding Cartan generator
of such embedding can be taken to be of the form

Ny — Ny —1 N3 — Ny —3 Ny — N3 +1
— #EH +LE22+"'+#EN3—NQ7N3—NQ (3_19)

b 2 2 2

"Throughout the paper, we use the notation g[(ﬁ:ﬂ\]\h)‘p = 9/[(1\)(N3—N1)\1/ X 5[(ml)q,_N3+Nl, where

U — N3 + Ny is the level of the sI(N3|N1) Kac-Moody subalgebra, i.e. U is the level relative to the critical

level. Although gl(1) current algebra does not have any intrinsic level, we use the subscript to indicate the

normalization of the gl(1) current with respect to which the electric modules have integral dimensions.
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where E;; is a generator of the gl(/N3|N;) Lie algebra associated to the matrix with
one at the position 7, j. The generator h provides us with a grading that we use in
the next step.

2. Decompose the adjoint representation of gl(N3|N1) into subspaces of h-charge greater
then, equal to, and smaller than one half: g_ 1@ g1 Dgst. Introduce fermionic bc
ghosts for each bosonic element and bosonic S ghosts for each fermionic element in
g-1 and for half of the elements in g%.s This system of (super)ghosts is labeled by
g h(DS) 9

3. Define a nilpotent BRST charge ng{ng constraining g., 1 and half of g1 generators
to a fixed value

) 1 o
QS rar = f dz [(JZ- — )¢ + S fhbc (3.20)

where t* is the raising operator of the SU(2) embedding. In our conventions, this
generator has all the entries vanishing except of those above the diagonal that are
set to one. fl-’} are the structure constants of the algebra of constraints (restrictions
of the structure constants of the gl(/N|L) Lie algebra).

The coset BRST reduction is then performed by adding (super)ghosts of conformal
dimension h(c") = h(y7) = h(b;) — 1 = h(B;) — 1 = 0, one for each generator of gl(No|Ny).
We denote this (super)ghost system by gh(e*¢Y) and study the cohomology with respect to

cose s 1 -
Qo) j{ 0z {u; ) b (3.21)

Here J{* are the currents of the two copies of the g[(/Ng\\Nl) algebra being sewed and f} are
the structure constants of gl(Ny|N;).!9 For the notational simplicity we wrote the formula
as if there were only bosonic generators and fermionic ghosts, but the generalization should
be obvious.

8This half of the elements needs to to be picked such that they form a Lagrangian subspace inside ¢ 1
with respect to the symplectic pairing given by the standard invariant two-form of SU(N).

9The conformal dimensions of such ghosts are h(c?) = h(y) = 1—h(b;) = 1—h(B;) = 1—h(J;) = —H(J;)
where H(J;) is the H-charge of the element J;. This assignment of conformal dimensions ensures that
the BRST charge has degree one with respect to the modified stress-energy tensor of the Drinfeld-Sokolov
reduction and it is useful to count the contribution from the ghosts in the total stress-energy tensor.

10The upper index a = 1,2 runs over the two copies of algebra while indices j run over the generators
of the adjoint representation of gl(Na|Ny).
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In the case when N3 — Ny = 1, the DS, is a trivial operation and can be omitted.
On the other hand, if N3y = N, one needs to add symplectic bosons S™IM in the funda-
mental representation of gl(N3|Ny). These are known to contain a conformally embedded

—

gl(N3|N1) y,_n,—1 Kac-Moody algebra formed by their bilinears. The resulting Y-algebra
can be identified with the BRST reduction of

glml)q/ x SNl 5 glml)fw x gh(«e! (3:22)
by the BRST charge

. 1 o
Qiser = 75 dz {c@(ﬁ =P = IS+ b (3.23)

—

where JS are the gA[(Ng |N1) currents obtained from the bilinears in S fields. Intuitively,
this BRST operator couples the symplectic bosons to the two Chern-Simons theories con-
nected by the interface.

In the following, we will use the unified notation

—

DS Ny, [91(N3| V1) g ] (3.24)

for any non-negative N3 — Ny that is defined by the DS-reduction described above for
N3 — Ny > 1, that is trivial in the case of N3 — Ny = 1, and that produces

DSo[gl(N3|N1)y] = gl(N3|Ny)y x SN (3.25)

in the case that N3 = Ns.

3.2 Type IIA perspective

3.2.1 Divisors in toric three-folds

Let us describe a dual M-theory configuration associated to the trivalent junction leading
to the Yn, vy n,[V] algebra. Consider three stacks of Ny, Ny and N3 M5-branes supported

on C2 ,C2 . and C2 _ inside C3 _ ie. a configuration associated to the divisor
NC2 ..+ NoC2 . + NsC2 . with N; € Zo, and wrapping an extra Riemann surface X

inside S* x R*. Compactifying on the extra Riemann surface ¥ shared by all the branes,
the configuration has a low-energy description in terms of U(N;) gauge theories supported
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N3 D4
N, D4

N; D4

Figure 3.3: Configuration of branes in type ITA string theory associated to spiked instan-
tons. Three stacks of D4-branes span the three four-cycles inside C? fixed under the 72
action discussed in the main text together with one orthogonal direction in R*.

at the three irreducible components of the divisor, namely on C2 ., C2 — and C; .,
mutually interacting along their intersections C,,, C,,, C,, via bi-fundamental 2d fields.
This setup can be identified with a restriction of the more general spiked-instanton setup
of Mb5-branes intersecting inside C* from [54, 55]. The type ITA setup can be obtained
by a compactification of the circle S! leading to type IIA string theory on €3 x R* with

Mb5-branes (originally wrapping the M-theory circle) becoming D4-branes.

The above M-theory setup can be related [18, 12, 96, 2, 4] to the type IIB configuration
from above using the duality between the M-theory on a torus and type I1B string theory in
the presence of a web of (p, q)-branes. In the example at hand, C* = R® endowed with the
standard symplectic structure has the natural Hamiltonian action of 7% = U(1)3, whose
moment map realizes C* as a singular Lagrangian 7°- fibration over the first octant in
R3. The action of the 2-dimensional subtorus 7% C T preserving the canonical bundle is
generated by the following rotations (e 21, z9, "1 23) and (21, €229, €72 23). The moment
map of this 7% action from C3 to R? is given by u; = |21]* — |23]* and py = |2]? — |23]°.
The directions in which the T torus fibration, when projected to R2, are as follows. The
t; action degenerates for z; = z3 = 0, corresponding to the u; = 0, us > 0, the ¢y action
degenerates at ps = 0 and gy > 0 and finally ¢; + ¢ degenerates at uy = po < 0. The
degeneration of the fibers in the pq, o plane is shown in the figure 4.12 on the left.

From the dual point of view, one gets a type IIB theory on R® x T2 with one of the
cycle S; C T? coming from the toric fibration of the Calabi-Yau 3-fold and the other
cycle corresponding to the M-theory circle S, C T2. Singularities of the torus fibration
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-1,0

(2,1)

(0,1)

Figure 3.4: Toric diagram associated to C? (left), O(—1) @ O(—1) — CP"' (middle) and
O(-2) ® O — CP' (right). The lines show loci where (p, q)-cycles of the torus 72 degen-
erate.

correspond to (p, ¢)-branes spanning orthogonal directions with p and ¢ labeling the degen-
erating circle. The geometry of the Calabi-Yau 3-fold thus maps to a web of (p, ¢)-branes.
M5-branes associated to the faces in the toric diagram map to D3-branes attached to
(p, q)-branes from the three corners. This is exactly the type IIB setup described above
leading to Y, n,.n,[¥]. Furthermore, as discussed in [1], the parameter V¥ is related to the
()-deformation parameters as ¥ = —e; /es.

The example of C? has a natural generalization for an arbitrary toric Calabi-Yau 3-fold
given by a toric diagram specifying loci where the torus cycles degenerate. The two simplest
examples are shown in the figure 4.12 and correspond to the bundles O(—1) & O(—1) —
CP' and O(—2) @ O — CP! respectively. Smooth components of a general toric divisor
can be identified with faces of the corresponding toric diagram and the colored (p, q) web
thus labels such a divisor. Compactifying on the extra Rieman surface, one gets a system of
four-dimensional theories with gauge groups U(N;) supported on various four-cycles inside
the toric Calabi-Yau three-fold and mutually coupled along their intersections.

3.2.2 AGT for spiked instantons

—

Note that Y, n,n,[¥] becomes the standard Wy, x gl(1) algebra if two of the remaining
parameters N; = 0 for j # ¢ vanish. Moreover, the gauge theory configuration reduces to
a simple configuration of the U(N;) gauge theory on C? in the presence of {-background.
This is the standard setup of the AGT correspondence. Indeed, Alday-Gaiotto-Tachikawa
[14, 18] relate the Nekrasov partition function [56] of a U(N;) gauge theory on M, = C?
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BS Bl

Figure 3.5: Quiver for the cohomological Hall algebra of C3.

in the presence of the ()-background with conformal blocks of the Wy algebra living on
the extra Riemann surface . It thus seems natural to generalize the AGT correspondence
and conjecture that Yy, v, n,[V] is the VOA dual to the spiked-instanton configuration
of Nekrasov [51, 55]. In a greater generality, one might expect that the general (p,q)
web VOA (to be discussed in a grater detail in the next chapter) is the AGT dual to a
more complicated gauge-theoretical configuration associated to a toric divisor inside a toric
Calabi-Yau three-fold.

A key step in the proof of the standard AGT correspondence is the construction of

the action of Wy [¥] x gl(1) on the equivariant cohomology of the moduli space of U(N)
instantons on C? with equivariant parameters €;, s [59, 16, 60]. Such an action descent
from the action of the cohomological Hall algebra associated to C? by taking its Drinfeld

double that can be identified with the affine Yangian of gl(1). Algebras 2y x gl(1) then
appear as specializations associated to a choice of the rank of the gauge group.

Generalization to C3 is conceptually straightforward but rather technical. A proper
exposition would require an introduction of new techniques that would move us too far
from our discussion of VOAs. Let us at least briefly review the idea of the proof from [1].
Interested reader is referred to [1] and references therein.

In analogy with the C? case, one can consider the cohomological Hall algebra [73]
associated to C3. The cohomological Hall algebra is an algebra defined on the equivariant
cohomology of representations of the triple quiver from the figure 3.5 lying in the critical
locus of the potential

W = Tt [B1[Bs, Bs] (3.26)

and satisfying stability conditions that we are going to omit in our discussion. The quiver
3.5 can be thought of as a quiver of an effective quantum mechanics describing the low-
energy dynamics of a stack of n D1-branes. The three loops with the corresponding n x n
complex-valued matrices By, By, B3 are associated to the three complex directions along
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Figure 3.6: Quiver for spiked instantons associated to the toric divisor NyC2 _ +N,C2 _ +

9 3 x2,T3 T1,T3
N3C;, ., inside C°.

C3. The potential W is the potential of the quiver quantum mechanics. The equivariant
cohomology then corresponds to the space of vacua of such a quantum mechanics.

There exists a natural algebra structure on the cohomology if we consider a tensor sum
of equivariant cohomologies over all n > 0. Having a tripple of matrices (By, By, B3) of
rank n and a triple of matrices (Bl, B, BS) of rank m, we can embed them diagonally inside
a matrix of rank n + m. This naturally lead to the restriction map p and the embedding

n of the form
Bi O P Bz * n Bz *

These maps induce a multiplication on the tensor sum of equivariant cohomologies of
the above space by composing the pull-back of p with the pushforward of x = 75, i.e.
n.p*. It can be checked that the conditions of being in a critical locus and the stability
conditions are consistent with such maps. Note that the multiplication produces a rank
n 4+ m configuration. Physically, we can thus expect that the multiplication describe a
process that is associated to a fusion of a bound state of n and m DO0-branes into a stack of
n+m DO-branes. Indeed, one of the motivations of [73] for the cohomological Hall algebra
was to give a precise definition of the BPS algebra associated to such processes [97].

Repeating the above argument for a system of n DO-branes bound to the intersecting
D4-branes, one arrives to the framed quiver from the figure . Apart from the three loops
By, By, B3, we have also degrees of freedom coming from the D0-D4 strings with N; x n
matrices I;, J; for each ¢ = 1,2,3. The potential of the corresponding quantum mechanics
is

Tr [B1[Bs, Bs)] + 11 BiJi + I, By Jy + I3 By Js. (3.28)
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The vacua then correspond to the equivariant cohomology of such matrices lying in the
critical locus of the potential coming from the variation with respect to all the involved
fields. The variation with respect to I;, J; modify the stability conditions and the variation
with respect to B; lead to modified moment-map equations. The more general quiver is
expected to parametrized spiked instantons'! [54, 55] associated to intersecting theories
with n corresponding to the instanton number.

An analogous correspondence as the one in (3.27) can be also written down in the
case of the spiked instanton moduli, where the restriction p restrict to a product of a
representation of the framed quiver of dimension m and unframed quiver of dimension n
and the embedding 7 is inside a framed-quiver representation of dimension n + m. This
correspondence induces an action of the cohomological Hall algebra on the equivariant
cohomology of the moduli space of spiked instantons that increases the instanton number
m. Physically, the multiplication should capture a process of forming a bound-state of
n + m DO-branes with D4-branes from a bound state of m DO0-branes bound to D4-branes
and a stack of n DO-branes.

In order to describe reverse processes that decrease the instanton number (correspond-
ing to a decay of a bound state), we need to extend the cohomological Hall algebra. At
the level of VOAs, such an extension corresponds to an extension of the subalgebra of
positive modes by an algebra of zero and negative modes. It turns out that there exists an
extension of the cohomological Hall algebra that naturally acts on the moduli space known
as the affine Yangian of gl(1). The affine Yangian of gl(1) is known to be isomorphic (as
an associative algebra) to a VOA called W4 that is closely related to Ya, n, n;[¥].

One can actually proof an equivalence of the module of the affine Yangian with the
generic module (to be discussed in the last section) by matching free field realizations
along the lines of [10]. It is a well-known fact that the action of the affine Yangian of gl(1)
on the moduli space associated to the rank-one moduli space N3 =1, Ny = Ny = 0 can be
identified with the action of the Heisenberg algebra on a generic module. Action on the
modules associated to other directions No = 1, Ny = N3 =0 and N; = 1,N, = N3 =0
can be simply obtained by a permutation of the equivariant parameters ¢;. Furthermore,
using a coproduct of the affine Yangian Ny + Ny + N3-times and letting N; affine Yangian
factors act on a rank-one moduli space associated to the direction i, one gets a new module
depending on parameters €1, €, €3 and N; + Ny + N3 parameters associated to the highest
weights of each Heisenberg factor. This gives a free field realization of more complicated
modules. One can also show that there exists a so-called hyperbolic localization map that

1Tt turns out that in the Ny = N3 = 0 case (or its permutations), the moduli space reduces to the
standard ADHM moduli parametrizing instantons on C2.
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decomposes the general moduli spaces with dimensions (N7, Na, N3) of framing vectors into
a product of Ny + Ny 4+ N3 rank-one moduli spaces. Furthermore, using the hyperbolic
localization, it can be shown that the action of the affine Yangian can be identified with
the free field realization above. It is just a straightforward calculation to check that the
free field realization agrees with the one defined later in this chapter.

The parameters ¢; parametrizing OPEs of the resulting algebra come from equivariant
parameters associated to the rotation of the coordinates C C C? and the N; + Ny + Nj
highest weights of the modules come from the equivariant parameters associated the U(n)
action on matrices I;, J; associated to the framing nodes.

3.2.3 DO0-D2-D4 brane counting

Apart from the generalization of the AGT for spiked instantons, the D4-D2-D0 configura-
tion suggests a relation to the BPS counting of [51, 52, 53]. From the point of view of the
theory on intersecting D4-branes, D2- and DO- branes modify the gauge bundle of the cor-
responding effective gauge theories. Fixing numbers D0 and D2 branes then corresponds
to restricting the path integral to a particular instanton sector. Counting of BPS states
for such configurations in a fixed instanton sector has been performed in [51, 52, 53]. BPS
indices can be arranged into a generating function with parameter ¢ corresponding to the
fugacity for the DO charge and @) corresponding to the fugacity for the D2 charge. It is
natural to expect that such characters are going to appear naturally also from VOAs.

We will later argue that vacuum characters of Y, n, v, [¥] indeed agree with those of
Jafferis in [51] who proposed the same box-counting interpretation for the corresponding
D0-D2-D4 brane counting. Moreover, we will see that the gluing proposal at the level
of vacuum characters (to be discussed in the next chapter) matches the one proposed
in [52, 53]. Gluing at the level of full algebras seems to categorify these BPS counting
problems.

3.2.4 Wi, and topological vertex
We will now discuss an alternative definition of Y, n, n;[¥] in terms of truncations of the
Wit algebra. The identification of Yy, n, n,[¥] with truncations of Wy is supported

by the following consistency checks:

1. Agreement of the vacuum character in the large NV; limit and the appearance of the
first null state of Y, n, n,[¥] with respect to the large N; limit character.
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2. Factorization of the central charge that allows us to naturally identify parameters
A1, Ao, A3 of the Wy, algebra.

3. Triality symmetry inherited from the S-duality.

Apart from these three, there are many other consistency checks in explicit examples
discussed in [1, 2, 70].

The vacuum character The vacuum character of Yn, n, v, [¥] for N3 > Ny can be
computed using the BRST prescription along the lines of [1] and give the following contour-
integral representation (see also [30])

2

X Yy vp s [ V] = XWhy— N, (9) j{dVNleX]xijfle (¢, 75, Yi). (3.29)

In this expression, Xy, y, is the character of the Wh,_n, x gl(1) algebra, $dVn, Ny 1S
the Vandermonde projector (invariant integration) that projects to gl(IN1|N3) invariant

combinations of fields, and X]xi‘,]\% (q,z;,y;) is the character of a system of symplectic
Na—Nz

bosons in the fundamental representation of gl(Na|n;) and with the level shifted by Y3222

—

that comes from the DS-reduction of the off-diagonal blocks of gl(N5|Ny)y. All of these
ingredients are reviewed in appendix A.2.

Let us give a combinatorial description of the fields in Y n, n,. The Drinfeld-Sokolov
reduction DS y,_n, produces N3 — N, fields W; of conformal weights ¢+ = 1,2,..., N3 — Ny
together with Ny U,V fields with conformal weight w and transforming in fundamental
(anti-fundamental) representation of the preserved gl(Ns) algebra. Fields preserved by the
coset are then labelled by gl(/Ns)-invariant words built from the following letters: 0"W;
singlets of U(N3) of weight ¢ + n, with 1 < i < N3y — Ny, 0"U fundamentals of gl(Ny) of
weight n + W and 0"V anti-fundamentals of gl(/NV5) of weight n + W

Equivalently, we can quotient the collection of words built from singlets 0"W,; and
bilinears 9"U - 0™V by the relations satisfied by products of bilinears. If we ignore these
relations, the 0"U - 0™V give 1 generator of weight N3 — Ny + 1, 2 of weight N3 — Ny + 2,
etc. and combine with the 0"W; to give a Wi -like set of generators.

The first non-trivial relation should be det(n,+1)x(ny+1) (0"U - 9™V) = 0, occurring at
18V€1 Ng—NQ+1+N3—N2+3+N3+NQ+1 = (N3+1)(N2—|—1)

For the algebra Yy, o n,[¥], we can again give a combinatorial description of its gen-
erators. The Drinfeld-Sokolov reduction DSy, produces W; generators of weight i =
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1,2,..., N3 together with fermionic fields A, B of weight N32+1 transforming in the fun-
damental (anti-fundamental) representation of the preserved gl(NV;) algebra. The fields
surviving the coset are then labelled by gl(/N;)-invariant words built from the following
letters: 0"W; singlets of gl(NN7) of weight i +n, with 1 <i < N3, 9™ A fermionic fundamen-
tals of gl(IV;) of weight n+ 22t and 9" B fermionic anti-fundamentals of gl(N;) of weight

N+1
n+ 5=

Equivalently, we can quotient the collection of words built from singlets 0"W,; and
bilinears 0" A - 0™ B by the relations satisfied by products of bilinears. If we ignore the
relations which occur at finite N1, the combinations of the form 0" A-9™ B give 1 generator
of weight N3 + 1, 2 of weight N3 + 2, etc. and combine with the 0"W; to give a Wy, .-like
set of generators. The first non-trivial relation should be (A - B)M*! = 0, occurring at
level (Ny 4+ 1)(Ns +1).

The combinatorial description of the generators for Yy n, n,[V] and Y, o n,[V] has an
obvious generalization: they should be labelled by gl(Ns|N;)-invariant words built from
the following letters: 0"W; singlets of gl(NN|N7) of weight i+ n, with 1 < i < N3— Ny, 0"U
fundamentals of gl(Na|N7) (i.e. sets of Ny bosons and N; fermions) of weight n + Na=2+L

and 0"V anti-fundamentals of gl(/No|N7) (i.e. sets of Ny bosons and N; fermions) of weight
n 4 N3—é\72+1

Equivalently, we can quotient the collection of words built from singlets "W, and
bilinears 0"U - 0™V by the relations satisfied by products of bilinears. If we ignore the
relations which occur at finite N; and N, the combinations of the form 0"U - 9™V give 1
generator of weight N3 — Ny + 1, 2 of weight N3 — Ny + 2, etc. and combine with the 9"W;
to give a Wi -like set of generators.

The first non-trivial relation should involve a mixed symmetrization of the 9"/ labels in
a product of bilinears which vanishes for fundamentals of gl(/N3|Ny). The representations
R, s of gl(N2| Ny ) labelled by rectangular Young Tableaux obtained from mixed symmetriza-
tion of fundamentals of gl(N2|N;) are non-vanishing for (a, s) inside the “gl(NN3|N;)-hook”,
the difference between the positive quadrant and the shifted quadrant with s = N; + 1,
a = NQ + 1.

The first non-trivial vanishing condition occurs for Ry,+1 n,+1. This is a modification
of the (N7 4 1)-th power of the determinant det(n,41)x(ny+1) (0"U - ™V) and should have

We now formulate the following conjecture: the generators of Y, n, n, are in one-to-one
correspondence with 3d partitions (as in the crystal melting story [72]) restricted to lie in
the difference between the positive octant and the shifted positive octant with origin at Ny,
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ng2, Ns. (See figure 3.7 for the Y5, 1[V] example.) Notice that unrestricted 3d partitions
are counted by the McMahon function

1
n>0(1 - qn)n
which also counts generators of W7, , and is the generating function of Donaldson-Thomas
invariants of € appearing in the topological vertex literature [19, 50]. This conjecture has
been chect for a large class of Yy, v, N, [V] in [1], agrees with the D4-D2-D0 brane counting

of [51] and (as we will see bellow), there exist quotients of the gl(1) affine Yangian with
correct vacuum character.

(3.30)

Xoo(q) = H

T

Figure 3.7: Example of a 3d partition for algebra Y, ;[W]. All the boxes of all allowed
partitions are constrained to lie between the corner with a vertex at the origin and shifted
(red) corner with vertex at (2,1,1).

Truncations of Wy,

The vertex operator algebra W, is an algebra obtained by extending the Virasoro algebra
by independent primary fields of each integral spin > 3, so that the generators are

T, Wy, Wy, W . .. (3.31)

Imposing the conditions of associativity, [74, 75] concluded that there exists a two param-
eter family of such algebras, one parameter being the central charge ¢ and the other one
can be chosen to be (Y2
2 33)" Lag
rt === (3.32)
(C53)?
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where C’Jl-/,C are the OPE coefficients (C’Jl-k is the coefficient of primary operator W, in the
OPE of W; and Wj)".

It is convenient to add a decoupled g/[(T) current into the algebra and define Wi o =

—

W X gl(1). At special curves in the two-parameter space of such algebras, Wi, «, develops
an ideal Z. Quotienting this ideal out, one obtains a truncation of W, .. According to

[75], some of such truncations can be identified with Wy x gl(1) algebras generated by
fields up to spin N. The structure of truncations of W, was further analyzed in [5] and
later in [2] where new truncations were discovered. It turns out that Y-algebra can be
identified with these more general truncations of Wi, ..

As pointed out in [5], there exists an useful parametrization of the structure constants
in terms of a triple of parameters \; satisfying
1 1 1

Al A A3 ( )

in terms of which the central charge and parameter (3.32) are given by

Coo — ()\1 — ].)(/\2 — 1)(/\3 - 1)
144 2) (A1 —3) (A2 —3)( A3 —3
o M -3~ —3) 530
(M —=2)(A2 —2)(As — 2)
Modifying the stress energy tensor in such a way that the current J has conformal weight
one, the central charge get shifted by one ¢; 1 = cx + 1. The reason for introducing this
parametrization is that for \; = N where IV is any positive integer, the algebra truncates

—

to Wy x gl(1). Although the structure constants of the algebra in the primary basis are
manifestly invariant under S3 transformation permuting the parameters A;, this triality
symmetry acts non-trivially on representations. We might as well analytically continue

the structure constants of Wy x gl(1) as a function of the rank parameter N (since with
a suitable choice of normalization they are just rational functions of N and ¢) and find
following Gaberdiel and Gopakumar [75] that for a fixed value of the central charge c,
there are generically three different values A; of N for which we get the same structure
constants.

The local fields of the W, |, algebra can be labeled by 3d partitions where the conformal
dimension of fields is given by the number of boxes of the corresponding partition'. At

12 Although starting from spin 6 the primary operators are not uniquely determined even up to an overall
rescaling, there is no such problem with primaries of spin 3 or 4.

13This simple combinatorial interpretation is one of the main reasons for considering the additional U(1)
factor instead of restricting purely to Wi 4 -
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Figure 3.8: Truncation curves parametrized by (N1, Na, N3) such that (N1+1)(Na+1)(N5+
1) < 6. This restriction means that the first generator that we are removing appears at level
< 6 in the vacuum module. We use the parametrization from [5] where the two axes are
related to \; parameters by x = %(2)\1 — X —N3),y= \/Lg()\g — A3) which manifestly shows
the Ss triality symmetry. At the points where two curves cross, we find the minimal models
of Wi, algebra if we quotient out by the maximal ideal which in particular contains the
two ideals coming from the two curves that meet.

special curves in the two-dimensional parameter space of Wy, ., algebras, the generators
associated to 3d partitions having a box at coordinates (N; + 1, Ny + 1, N3 + 1) form
an ideal Zy, n, n,. In other words, Zn, n, n, contains all the configurations, where the
boxes do not fit between the corner and its copy shifted by (N, Na, N3). The curve in the
parameter space for which Zy, n, n, appears is given by

Ny Ny Nj
At A A3 (3.85)
Note that due to (3.33), the ideals Zn, ny Ny D ZNy+kNotk No+k are associated to the same
curve. Derivation of the formula (3.35) using the isomorphism of the algebra with the
affine Yangian of gl(1) along the lines of [98, 2] can be found in the appendix A.1. If we
quotient by the ideal Zy, n, n,, We recover an algebra with generators associated to 3d
partitions living between the corner at the origin and the corner shifted by (N7, Na, N3).
Each truncation curve has a corresponding maximal truncation which we get by factoring
out
Z(Ny,No,N3)—max(N1,Na,N3)(L,1,1) (3.36)

4 Here we use the convention that the box corresponding to J_1|0) is at position (1,1,1).
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or in other words choosing one of (N, Ny, N3) to be zero. These are the truncations
discussed in [5] and they correspond to quotients that are irreducible for generic values of
the central charge. For illustration, few truncation curves are depicted in figure 3.8.

Identification of Yy, n, v, With Wi

We can now see that the vacuum character of Yy, v, n, agrees with the vacuum character of
the truncation Wi« /Zn, Ny ns- In this section we discuss few pieces of evidence supporting
this identification.

The central charge of Yy, n,.n, can be determined from the BRST definition [I] and
one finds the following expression

1

(mmmﬂ=?M—MMWrWW—D+WM—MWM—MP4M*
b (N~ NO((Na — M) — 1) + (25 + Ny — BNV )(N; — Na)? + Ny — N (337
Note that this is invariant under replacements
U g N, & N,
NRE R Ny > Ny (3.38)

which generate the S3 group of transformations that will be further discussed in tha last
section. The group acts by permutations on (N, Ny, N3) and on ¥ by fractional linear
transformations permuting (0, 1, c0). This motivates us to introduce another parametriza-
tion

)\1 = Nl—‘IjNQ—(l—\Ij)Ng
Ny — UN, — (1 — U)Ny

Ay = T (3.39)
Ny —UN; — (1= U)N;
As -1
satisfying
1 1 1
4= = A4
/\1—1—)\2—1—)\3 0 (3.40)

just like in the case of Wi . Furthermore, the expression for the central charge (3.37)
can be rewritten in the form

Crice = (A — (Mo — (N — 1) + 1. (3.41)
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which is equal to the central charge in Wi, (3.37)." The Sj triality action of [1] acts
simply by permutations of the parameters \; and the central charge is manifestly triality in-
variant in this parametrization. It is convenient for what follows to introduce h parameters

(h17 h/2) h3) by

(note that they are determined by W only up to an overall scale factor). In terms of these,
the parameters \; can be written in more symmetric form

_ Nihy + Naho + N3hs

Ai
hi

(3.43)

Parameters h; naturally appear as parameters of the affine Yangian of gl(1) and can also be
identified with the Nekrasov 2-deformation parameters in the cohomological Hall algebra
construction [4].

Note the special points where the two truncation curves intersect. Algebras with such
values of parameters contain further null-states that can be factorized. From the point
of view of Y-algebras, these points correspond to DS-reduction and coset of Kac-Moody
algebras at rational levels. At rational levels the Kac-Moody algebras contain null states
and to take them into account one should use Kac-Weyl characters to calculate the char-
acters of the final algebra. At least in the case of Wy algebras these are known to lead
to minimal models [99]. It would be nice to generalize this construction to all Y-algebras.
In our considerations we will always consider W to be generic corresponding to a generic
points of the truncation curve (Ny, Ny, N3).

3.2.5 Generalized Miura transformation

As motivated above, we also expect an existence of a free-field realization of a general
YN, .n., N, algebra. Such a free field realization can be characterized either in terms of the
Miura transformation or the intersection of kernels of screening charges. Let us now give
a generalization of the well-known Miura transformation for Yy n of [22, 7] to general
Yy o N -

—

5Note the shift by one due to the presence of the gl(1) factor.
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Review of Yo Firstly, we review the standard Miura transformation for ¥; o . Con-

—

sider a set of N gl(1) currents .J;(z) with OPEs

Ji(2) i (w) ~ (zij—kw)Q (3.44)
and define operators Uy(z) via
(oD + J1(2)) -+ (D + Iy (2)) = H L9(2) =3 Un(2) (o) *, (3.45)

where we have an identification ay = hs. Operators U and their normal ordered products
and derivatives form a closed algebra under operator product expansion [100].

The general case One can extend the Miura transformation to the case where there are
nodes of different types. For that it is important to remember that we have three types of
nodes corresponding to three different free field representations of W, ., corresponding to
A =1, A =1or A\3 =1 (as well as their conjugates). The usual Miura transformation in
our conventions has all nodes of type 3 with A3 = 1. We will see that the usual procedure
works even in the case of Ay =1 or Ay = 1 but we have to replace the elementary factor

L3 (2) = a0+ JO(2) (3.46)

by a pseudo-differential operator with an infinite number of coefficients which are local
fields. This generalization is common in the context of integrable hierarchies of differential
equations (e.g. KdV or KP hierarchies), [101, 102].

Let us first consider what happens in the case that \; = 1. In this situation, there
exists a free field representation of Wi, associated to a single free boson ¢, but in
the quadratic U-basis (which is itself associated to the third direction), there is an infinite
number of non-trivial U; generators, all expressed in terms of M. Choosing for convenience
the parametrization as in [J8]

hl = h

hy = -1 (3.47)

2 — h y
1

h3 = E—h:OZO

Yo = X3=N



we need to require
1=, (3.48)

ie. 12 h
NO =)= =L
’ h? —1 hihahs

From the Miura transformation point of view, this NV is the order of the pseudo-differential
operator corresponding to the ¢() representation. In the following, it will be useful to
choose the normalization coefficient of the two-point function of the current J® = 9o
to be N,

(3.49)

N
JD(2) T (w) ~ ——. 3.50
EIVw) ~ 7 (3.50)
Having fixed all the parameters of algebra, we can now find the expressions for U ;1)(;:)
fields in terms of J), requiring just the commutation relations spelled out in [5]. They

are uniquely determined up to the conjugation J® < —J®) symmetry. Fixing a positive
sign, the expressions for the first few fields are

vV = Jo

# ) ()

Uél) _ (2 _ %) <3 B %) ((J(l)(Jél)J(l))) N h(aJ(Ql)J(l)) N h2azj(1)>
- (g (- 3) (-5 (g,

h(0JM (JMW ) R2(0JMoJM)  p2(92JM JWy - p3g3 g0
QIOIOI) | BEIOOI) | BE@IOI) | 1. >(3.51)

The expressions for higher U;l) fields are uniquely determined from the OPE of Uél) U ﬁ)l.

But even the general pattern is not very difficult to understand: first of all, each U]O) has
an overall multiplicative factor

(- D) -0 o). 5

k=1 k=1

Next, there is a sum of all dimension j operators that we can construct out of a free boson.
The power of h in each term counts the number of derivatives appearing in the operator and
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the combinatorial factors can be most easily seen using the operator-state correspondence:

Ul(l) — G_1
Ul - % + hC;_Q
3 2
Ug(l) N % 1 ha;ag h ;L,:),
4 2 2.2 2 3
Uil) R % haiag h c8172 h a_31a_3 h Z_4 (3.53)

These are exactly the coefficients appearing in Newton’s identities if we think of U; to be the
homogeneous symmetric polynomials and a; to be the power sum symmetric polynomials.
One can thus also write a closed-form formula

(1) i k J 1 p-1 "k
_ _ k—1 7(1)
v =1] (1 Nm) > 1T T ((k A ) (3.54)

m1+2ma+...+jm;j=j k=1

where everything is normal ordered. The total Miura operator representing the ¢(!) node
of the diagram (see figure 3.9) is thus given by the pseudo-differential operator

h a h .
LD(2) = (apd) ™ + > UL (2)(cd) ™ . (3.55)
j=1
In the case of representation of type ¢® the calculation is entirely analogous and in fact
we can just make a replacement h <> —%. We require )\g) =1 and so in this case

1 h
N©® — @ _ -2 '
A3 h? —1 hihohs (3:56)

The current is again normalized such that the quadratic pole of the J® J?) OPE is equal
to this value of N . Choosing the sign of U1(2), all other UJ@) operators are uniquely
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determined and we find

v = J®

@) 702) @)
@ g (UEJE) 0
v = (2 h)( ; -

(J(2)(J(2)J(2))) (5J(2)J(2)> 9272
6 oh o

UP = (2-h%)(3-2h) ( —

v = @—h%@_zwx4_wﬂ<“ﬂxﬂ”“mj®»>_

24

(3J(2)(J(2)J(2))) (aJ(2)aJ(2)) (52J(2)J(2)) 93732
Ih R R TR YT (3:57)

The formula for U ](2) 1S now

(2) i k ] 1 (—1)k_1 "k
_ v k—1 7(2)
= ym) X Mo (oo 7?) o

k=1 m1+2m2+...+jmj:j k=1

and the Miura pseudo-differential operator representing a node of type ¢ is

ho > hy .
LO(2) = (0pd)s + Y U (2)(apd) s . (3.59)
j=1
It has been later noticed in [37] that the above pseudo-differential operators have ac-

tually a simpler and uniform description in terms of the following operator

. ” :
L) — exp {_thb(”)} (h30)"s exp {higb('{)} , (3.60)

K

where the products are normally ordered and we have introduced auxiliary fields ¢* with
a logarithmic OPE

0" (0 (w) ~ — o logz — w) (3.61)

such that we can identify J*) = 9¢().
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(1;1) o(12) (23) o(351) (3;1) o(31) (13)

Sl2 523 SS4 S45 556 S67 S78
o — 0 —>—0—>—0—>—0——0——0

1 1 2 3 3 3 1 3

%) ¢() ¢() (/5() é) ¢() ¢() ¢()
Figure 3.9: An example of the ordering of free bosons for Y3;,. The algebra
can be found by multlglymg the Miura pseudo-differential operators in the order
E(l) (z )E )(z) ) as shown in the figure. Alternatively, one can construct the
free field reahzatlon as an mtersection of kernels of screening charges Sgl), 5’%2), oS3
associated to the lines of the chain of free bosons.

We can use these newly constructed building blocks to find a free field representation
of any Y, n, ., algebra: pick an arbitrary ordering of N; bosons of type ¢U) as shown in
the figure 3.9 for a particular ordering of the Y3 4 algebra and multiply the corresponding

Miura operators Egﬁj ), Commuting all the derivatives to the right (recall that even for
non-integer powers of derivative the generalization of Leibniz rule still applies), we find in

the end a pseudo-differential operator of the form

N1}L1+N2}L2+N3h3 Nyih1+Ngohog+N3hg

L(z) = (hsd) Z U(2)(hsd)— *a 7 (3.62)

where U; are certain normal ordered differential polynomials in the free boson fields. The
statement is that the fields U;(z), their normal ordered products and derivatives form a
closed subalgebra of the algebra of N; + Ny + N3 free bosons which represents Y, n, v, in
terms of free bosons. Furthermore, OPEs of these U; fields are still those of the quadratic
U-basis with structure constants given in [5].

3.2.6 Screening charges

To each ordering of N, free bosons ¢§“) of type k with the corresponding currents JZ-(H) =
8¢5§“) normalized as

bl 0
h1h2h3 (Z — w)Q’

(3.63)

we have the associated free field realization of the algebra Yy, n, n,. On the other hand,
the authors of [28, 29] construct a free field realization of the same algebra as a kernel of
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N1 + Ny + N3 — 1 screening charges acting on the tensor product of the current algebras
above. Let us define screening charges for each such ordering and check that they are of
the form of [29].

Consider a fixed ordering of free bosons such as the one in the figure 3.9. One associates
a screening charge to each neighboring free bosons (lines connecting two nodes of the chain).
If the two free bosons are of the same type, say x; = k;11 = 3, the corresponding screening
current can be chosen to be either

Sﬁi)l = fdz exp [—h1¢§3) + h1¢z(3-)1] (3.64)
or
Sz(?f)l = fdz exp [—hngﬁgg) + hggbz(i)l] : (3.65)

These two can be determined from the requirement that the zero mode of the exponential
vertex operator commutes with the free field realization of the spin one and the spin two
fields in the Virasoro algebra Yj 2. One gets similar expressions for the other three types
with the h; parameters permuted. To a pair of free bosons of different type (say ordering

¢§3) X qﬁﬁ)l), one associates instead the screening charge'¢

S0 = § dzexp [<haof? + haol2] (3.66)

and similarly for the other five combinations.

The screening charge S;,;1; maps the vacuum representation of the product of the

current algebras generated by Ji(”) = 8¢§”) to a module with the highest weight vector
Jii+1(0)]0), where j;,;41 is the screening current associated to the screening charge S; ;1.
The algebra Yy, n, v, can be defined as an intersection of kernels of screening charges

N1+N2+N3—1

Yvirows = ] kerSiia (3.67)

=1

Consider now a triple of free bosons neighbouring in the chain and let us compute the
matrix of inner products of the corresponding two exponents of the screening currents with

16The commutation with the spin one and the spin two field gives two possible solutions as in the case
of the Virasoro algebra but only one is preserved by the requirement of commutativity with the spin three
generator.
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respect to the metric given by the normalization of two-point function

P

I I .
9ik = = e O (3.68)

We will see that the different choices of ordering and different choices of the screening
currents (3.64) and (3.65) lead to different matrices from [29].

If all the three free bosons are of the same type ¢§3) X ¢§3) X (bég), one can pick either
both screening charges to be of the same type (3.64) or (3.65) or one of the first type and
the second one of the second type. In these four cases, one gets respectively the following

two matrices
hi (2 -1 hy (2 -k

together with matrices with the parameters h; <> hy interchanged. These two matrices are
of the form 1 and 2 from (2.24) of [29].

If one of the three free bosons is of a different type than the other two, say 332, one has
two possible orderings. In the first case, 53) X ¢§3 X ¢§2), one has again a choice between

the screening currents (3.64) and (3.65) leading to the following two overlap matrices

—9oh 1) <_2@ h_2>
ha hi (3.70)
) ho
( 1 1 n 1

that are of the form 4 and 3 of [29]. The last, symmetric ordering qﬁg?’) X gbg) X gbé?’) gives
an overlap matrix of the form
1 hs
(h3 ’“) (3.71)
o1
1

which is of the form 5. Finally, if all the bosons are of a different type, one gets the matrix

of overlaps
11
() -

Comparing the free field realizations of Yj o2 and Yp 1 ; from the Miura transformation and
from the kernel of screening charges together with the triality symmetry permuting the
Y-algebra labels, one can see that the two free field realizations are the same.
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4. Webs

4.1 Modules

Before continuing with the discussion of VOAs associated to a general colored (p,q) web
let us pause and discuss the physics and the structure of degenerate modules of Y, n, ;-

4.1.1 Type IIB perspective and BRST construction

The standard Wy algebras have maximally degenerate modules M), , labelled by a pair
of dominant weights of s[(N). These modules are expected to arise in the gauge theory
construction from local operators at the corner which are attached to a boundary Wilson
line of weight A along the NS5 boundary and a boundary 't Hooft line of weight u along
the D5 boundary. These two line defects are correspondingly exchanged by S-duality.

If we denote W) = My and H, = M ,, then the following facts hold true:

e The W, have the same fusion rules

W)\ X W)\/ ~ Z Ci:;\/W)\H (4.1)

)\l/

as finite-dimensional s[(N) irreps. They have non-trivial braiding and fusion matrices
which are closely related to these of sly_n. Conformal blocks with W) insertions
satisfy BPZ differential equations.

e The H, also have the same fusion rules

Hy, x Hy~> c  Hy (4.2)

I
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as finite-dimensional s[(N) irreps. They have non-trivial braiding and fusion matrices
which are closely related to these of §I(/N)g-1_y. Conformal blocks with H,, insertions
satisfy BPZ differential equations

e The W)y and H, vertex operators are almost mutually local. They are local if we
restricts the weights to those of GL-dual groups. The fuse in a single channel M, ,,.

We expect analogous statements for maximally degenerate modules of Yy, n, ns[¥],
involving local operators sitting at the end to three boundary lines, one for each component
of the gauge theory junction. These modules should thus carry three labels, permuted by
the S3 triality symmetry, corresponding to the possible labels of BPS line defects living on
the lg’(p,q) boundary conditions. It is known [17] that such line defects include analogues of
Wilson lines, labelled by data akin to dominant weights of gl(Ny|N3), gl(N2|N3), gl(Ns|Ny)
respectively.

In particular, we expect the following to be true: if we denote Wy, H, and D, the
modules associated to either type of boundary lines

e The W), should have the same fusion rules as finite-dimensional gl(N3|N;) irreps,
with appropriate non-trivial braiding and fusion matrices and BPZ-like differential
equations.

e The H, should have the same fusion rules as finite-dimensional gl(/No|N3) irreps,
with appropriate non-trivial braiding and fusion matrices and BPZ-like differential
equations.

e The D, should have the same fusion rules as finite-dimensional gl(/N;|N3) irreps,
with appropriate non-trivial braiding and fusion matrices and BPZ-like differential
equations.

e The W), H, and D, vertex operators should be mutually local and fuse together into
a single channel M) ,,

In the BRST constructions for Yy, n, n,[V], the data for gl(/N5|Ny) and gl(N3|N2) rep-
resentations appears rather naturally, as one may implement the BRST reduction starting
from Weyl modules of the current algebras built from irreducible representations of the
zero-mode algebra, up to subtleties in relating weights and representations for supergroups.

The data of gl(/Va|V3) is much harder to uncover, though in principle it can be done
with the help of the gauge theory description in [17]. In general, the line defect along the D5
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Figure 4.1: Modules H,, Wy, D, associated to the three classes of boundary lines. We also
include the notation from [2] that relabelled M, = H,,, M = W,, M = D, in a triality
covariant way.

interface will map to some disorder local operator at the interface between Chern-Simons
theories.

It is straightforward to modify the vacuum character calculations in order to compute
the characters of degenerate modules of type W or D: essentially, one just inserts characters
of finite-dimensional irreducible representations in the contour integrals, with fugacities
associated to DS-reduced directions specialized to the appropriate powers of q.

In the following, we will illustrate the calculation on the example of M? ® M 3 modules
of Yo n,.n,[V] algebras such that we do not have to take into account the complications
associated to representations of Lie superalgebras. These modules are labeled by tensor
representations of gl(Ny) and gl(V3).

Representations of gl(Ny) are labeled by a set of integers (1, pia, - - ., fin, ), Where pq >
fa > -+ > up, (note that we do not restrict these to be non-negative and look at all the
irreducible representation one can get from the tensor product of the fundamental and the

—

anti-fundamental representation). Choosing a normalization of the gl(1) current such that

M M 1
(z—w)?2 A3 (z—w)?

J(2)J(w) ~ (4.3)
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the charge of M 3 and its conformal dimension are given by !

M
j=1
M M M
A3 A3 ) N
hM3 = —=2 2_ 2 29 — M — Du; + — . 4,
(M) %;ug 3y j_l( J s+ 5 JZ_;W (4.5)

The characters of M? and M 3 modules of Yy v, v, [¥] can be calculated according to
[, 2] in a similar way as the vacuum character. The only modification is to insert a
corresponding Schur polynomial s,(z;) and s,(x;) into the formula, i.e. in the case of
N3 > Ny and M 3 representation, the character is given by

N2
0w (L) = 0w, (@) Ve N, (0.2) ). (4.6)
In the case of M2 modules, one needs to first perform the DS reduction by substituting
Tj = q%(zj_er) for 7 < N3 — Ny and then insert into the integral

2

Lioi No—
Xovas (1) = om0, (@) § AV, (g.)s, (> M0 ) (@)

One can similarly calculate characters of modules with two asymptotics M 3 ® M? by first
doing the DS reduction substitution and then inserting into the integral formula both
characters.

For positive values of yi;, these characters have a nice box-counting interpretation that
was discussed above. The conjugate representations have the sign and the order of u’s
reversed and they have the same character and the same conformal dimension. Further-
more, if we split p into positive and negative parts, © = py + p—, we see that both the
gl(1) charge and the dimension are additive under this splitting. As discussed in [33], the
general character have also a box-counting interpretation coming from shifts of p; charges.

There is also an obvious extension of the 3d partition counting problem we associated
to the vacuum characters of Yy, n, n;[¥]: one may consider 3d partitions with semi-infinite
cylindrical ends modeled on 2d partitions A, u, v, as in the definition of the topological
string vertex [72].

!Checks of these formulas for Yy 0.0, Yo.1,0, Y0.1,1, Y021, Yo,1,2 can be found in the appendix of [2].
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The crucial observation is that the restriction for the 3d partition to lie in the region
Ry, ny,N, forces A, g, v to lie respectively in Ry, vy, Bnyn, and Ry, n,. Thus A, p, v have
precisely the same form as the data labeling our degenerate modules My ,,, = W, xH\xD,,.

We are thus lead to the conjecture that the counting of 3d partitions with semi-infinite
ends restricted to Ry, n, n, computes the character of M), ,, for Yy, n,n, for A, p, v co-
variant representations (such that appears in a tensor product of the fundamental repre-
sentation) of the corresponding Lie super algebras. For a general tensor representation
(obtained from tensor products of both the fundamental and the anti-fundamental repre-
sentation), a shifting is required as discussed in [33]. Further investigation of the relation
with the representation theory of Lie superalgebras is desirable.

4.1.2 Type ITIA perspective and truncations of W,

The above conjecture identifies the characters of degenerate modules of Yn, n, n, With
functions counting box configuration with prescribed asymptotics. This partition func-
tions naturally appear in the geometric context from counting D4-D0 bound states in C?
in the presence of extra D2 branes supported on the lines C,,,C,,,C,, [52, 53, 51] or
its unrestricted analogue leading to the topological vertex [19, 50, 72]. Indeed the line
operators supported at the interfaces map to D2-branes with correct support under the
duality of [18]. Moreover, it is well-known that the affine Yangian of gl(1) admits modules
parametrized by three assymptotic Young tableaux (see for example [98]) and it is natural
to expect that the truncation condition simply restricts the possible Young tableaux.

In the special case that the three asymptotic representations are covariant representa-
tions (i.e. contained in the tensor power of the fundamental representation), we can use
the box counting interpretation of the topological vertex to find the conformal dimensions,
other highest weight charges and characters [72, , 80, 98]. In this case, the represen-
tations (A, i, v) can be labeled by three Young diagrams. The states in the module of
YN, .n,, N, are then in one-to-one correspondence with the plane partitions which have non-
trivial asymptotics given by the Young diagrams (\, i, v) and further restricted such that
the box at coordinates (Ny 4+ 1, Ny + 1, N3 + 1) is not present.

The highest weight state corresponds to the configuration with minimal (but infinite)
number of boxes compatible with the asymptotics. The states at level [ are in one-to-
one correspondence with plane partitions obtained by adding [ boxes to this minimal
configuration (always in a way such that the resulting configuration of boxes is a plane
partition). This identification allows us to write down the character purely in terms of a
combinatorial counting. The conformal dimension of the module can be similarly computed
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[98] by first computing the generating function of the conserved charges of Yy, n, n, and
extracting the eigenvalue of the Ly generator from it. The result for the representation
with an asymptotic Young diagram in the third direction is?

JOE) =Y (4.8)

A
h(M?) = —_E 2_ 2 27 — 1. 32: .
( M) 2/\1 ; Mj 2/\2 '(j )FLJ 2 ; Hj

J

/\3 2 /\3 T\2 /\3
- % 2 _ 78 2 238 y 4
%zj:uj 2 >+ 5 Xj:m (4.9)

In particular, the conformal dimension of the minimal representation is given by

14+ A
h(0s) = — > (4.10)
irrespectively of the truncation that we are considering. Its complex conjugate representa-

—

tion has an opposite gl(1) charge but the same conformal dimension. By fusing these, we
can in principle obtain an arbitrary maximally degenerate representation of the type we
need for the gluing procedure.

The main disadvantage of the approach using box counting is that we have only access to
representations whose asymptotics are those obtained from the fundamental representation
(i.e. covariant representations) and it is not clear how to generalize these results directly to
the case of fusions of both fundamental and anti-fundamental representations. The second
disadvantage is the lack of useful closed-form formulas for the characters of the modules,
but see [28] for the case where one of the parameters (N7, Ny, N3) vanishes.

4.1.3 BRST construction

4.1.4 Free field realization

Vertex operators Above, we have identified the algebra Yy, n, n, as a subalgebra of the
tensor product of N7 + N, + N3 Heisenberg algebras. Here, we will discuss how to realize
degenerate modules as zero modes of exponential vertex operators of the form

N1+N2+N3
gt g ) = exp< > qjcbj) 0). (4.11)

J=1

—

2The normalization of gl(1) current is discussed later.
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acting on the vacuum state |0). If we act on this state with the zero mode of current
Jj = &bj, we find

Jiold", - d") = gwd®ld", . ") = qldts . q™) (4.12)

where g; is the metric extracted from the two-point functions of the currents,

Jj (Z)Jk('UJ) ~ ng ~ (4) J

(z—w)®  hihshs (z — w)?’ (4.13)

Our conventions for charges are such that ¢/ are the charges that appear in the exponents
of vertex operators while g; are the coefficients of the first order poles of OPE with currents
J;.

For example, the zero more of the gl(1) current

N1+N2+N3

Ui(z) = Z J;(2) (4.14)

acts on the highest weight state by

U1,0|q17 o ’qN1+N2+N3> _ <Z %‘) |q17 o ’qN1+N2+N3> (415)

=1

and analogously for the stress-energy tensor

1 hihahs 1 1
T = WQ = ——= Z (JJJ])(Z) + 5 Zh,{kat]] — 5 Zh,{kat]] (416)

244~ Dy, : ,
J J i<k >k

and other generators of the algebra. Using such expressions and the knowledge of the W; o
eigenvalues of the highest weight states that can be determined from box counting in the
affine Yangian language [95] or the BRST calculation of [1], one can in principle identify
values of ¢' for each degenerate module.

Such an identification is not unique and more representatives of the same module might
exist. Even more representative exist if we look at free-field realizations in terms of the
free-boson descendants. Let us briefly discuss the situation for the fundamental and the
anti-fundamental representation of the algebra Yy, n, 0. For more details see section 5.4.

As discussed above, there exist (N; + N3)! free field realizations of any Y, n,0[Y]
algebra associated to different orderings of the free bosons. It turns that for a given

64



ordering, there exist at most (IV; + Ny)! free field realization of both the fundamental and
the anti-fundamental representation, but in generally not all of them.

It might be puzzling that we find more than one free field realization of the same
YN, .N,,0 module since it is not clear that all of these have the correct fusion and braiding
properties and lead equivalent OPEs of degenerate modules. We expect the analysis of
[87, 78] to lead to a resolution of the puzzle. To determine the braiding and the fusion,
one needs to determine three-point functions of all the degenerate modules. Choosing a
particular free-field realization of degenerate modules within a given three-point function
leads generically to a zero value if we do not insert a correct number of screening charges.
After such an insertion, we expect (and check in a very limited number of examples) that
all the free field realizations lead to zero value or equal fusion and braiding properties.
Note also that the free field realization gives an explicit construction of all the conformal
blocks in terms contour integrals of meromorphic functions with possible branch-cuts.

Simple realization Before discussing the fusion and braiding and checking the indepen-
dence on the choice of the free field representative, let us mention one simple realization
of the fundamental and the anti-fundamental representation that exists for every free field
realization.

Based on examples, we conjecture that one can realize the fundamental representation
in the first direction as a descendant of the exponential exp[hggb?) |, where ¢§2 is the left-
most free boson of the second type in a given ordering. The level of the descendant equals
the number of free bosons of the first type on the left of such ¢Z(»2). The anti-fundamental

field is given by a descendant of exp[—h3q§§2)], where gbf) is the right-most free boson of
the second type and the level is given by the number of free bosons of the first type on the
right of gb§2). Similar simple realizations can be found also for representations in the second
and third direction: a simple box in the second direction is associated to the left-most free
boson of the first or third type and the level is given by the number of bosons of the second
type on the left of it. For N3 = 0 the box and antibox in the third direction correspond
to the first and last boson and are always on level 0 (there are no obstructions since we
have no bosons of the third type). The charge ¢ appearing in the exponential is given by
hy for box and —h, for the anti-box and ¢ is such that the triple (o, 7,7) in ks, ¢ and
the direction 7 is a permutation of (123).
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Y002 example Let us start by an illustration how things work in the case of the Virasoro
algebra in ordering ,cf”zg?’). The two available screening currents are

J1 = exp [_hl (Cbgg) - ¢53)>}
j2 = exp [—h2 <¢§3) _ ¢§3’>} (4.17)

The two realizations of the identity, the fundamental representation and the anti-fundamental
representation in the first and the second direction are

My =1, M = exp [hg (0 — 6")]
Mg, = exp oo™ M?, = exp hat® + hy <¢§3) _ ¢;3)>' |
My, =exp [=haol?|, ME —exp |—hao? 4 hg (o) - 0f7)|. (418)
Mé? - &P _hlgbf’)— ’ MéQ = €Xp _h1¢§3) + N3 <¢§3) - ¢§3)>_ 5
M, — o [ondlT], 02, e [hak? (60— )]

We see that there indeed exists the simple free field realization of the identity, the funda-
mental and the anti-fundamental representation.

Let us now check that two-point functions of different realizations of the identity and
the two-point function of the fundamental with the anti-fundamental field are independent
of the choice of the free field realization. To check all the three-point functions, one would
have to relate normalizations of different realizations of all the degenerate modules and
then compare all the three point funcions. Because we do not aim to do the comparison
here, we disregard such normalizations and only check the braiding properties.

The charge of the identity realized by M7 cannot be subtracted by insertions of the
screening charges and thus vanishes. The true identity 1 is the only realization of the
vacuum module giving a non-zero one-point function.

The only combination that gives a non-vanishing two-point function of the fundamental
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and the anti-fundamental representation comes from the first realizations and give

(M3 )M, () o A2 (2)ME, ()M, ()

z

hy hq hq
x %d% (Z—2)=(Z—w)k oc%d% ZR2(Z 4+ 2z —w)k
z 0

L3t _ z h2 z h2
= 2 pd 1— 4.1

h
o (Z . w)2h7;+17

where (... )yy, v, ~, denotes the correlation function with possible insertions of the screen-
ing charges of Y, n, n, that cancel the charge of the exponential factors. The exponent is
exactly (up to the minus sign) the sum of conformal dimensions of the fundamental and
the anti-fundamental representation which is the expected z-dependence of the two-point
function.

Y110 example The second example is the first non-trivial case that contains free field
realizations of degenerate modules at higher levels and at the same time there is a mismatch
between the number of free field realizations of the fundamental and the anti-fundamental
representation. One gets the following realizations of the identity, the fundamental and
the anti-fundamental field in the first and second direction for the ordering ¢§” X ¢§2) of
the free bosons

Mi=1, M3 = exp [haot? — ol |
M, = exp [hodf” + (hy =)o, ME = (hod{V = b i) exp [hyof?)]
Mg, = exp [—hgqb(f)} : (4.20)
ey — e [0
ME, = exp |(h = h)ol) = mio |, M, = (o) = ) exp | ~haot?] .

and the following screening current
J = exp [—h2¢§1) + h1¢§2)] : (4.21)

Note that there is only a single realization of the fundamental field and one of the realiza-
tions (the simple one) of the anti-box is at level one.
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Let us first check that one-point function of the identity realized as M? equals the
vacuum amplitude

hy

(M), o Fz GEME) o faz (- o1 (122)

Similarly for the two-point function with two contour integrations, one gets

OREMw) )y, P § daliEiEMEHM W)

x fang dfl g ~)z)(ff = ff))((; :@3 G w)

x id@ o= 2) (G — ) ox 1. (4.23)

Let us now show that the two-point function of both realizations of the anti-fundamental
representation with the fundamental representations are also equal

(Mp, (2) Mg, (w))yy,, o fdi (3(2) Mg, (2) M, (w)) (4.24)

x fd,% G-—2)?G-w)(z—wh '=(z—w)h .

One gets the same expression from the other realization

(M, (M, (), o (5 exp [hsof?| (2) exp |[=hyof® | ()

x (z—w)h (4.25)

where the —1 factor comes from the contraction with JQ(Q).

4.2 Motivation for gluing

4.2.1 Type IIB perspective
It is natural to consider gauge theory configurations involving a more intricate junctions

involving several semi-infinite interfaces converging to a single two-plane. It is also natural
to consider intricate webs, involving finite interface segments as well as semi-infinite ones.
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Web configurations would break scale invariance. In the IR, they would approach a single
junction.

Conversely, one may consider webs with several simpler junction as a regularization of
an intricate junction. If all junctions are dual to our basic Y-junctions, this may become
a computational tool to determine the VOAs at generic junctions.

There is a precedent to this: complicated half-BPS interfaces in N/ = 4 SYM can often
be decomposed as a sequence of simpler interfaces, with a smooth limit sending to zero
the relative distances between the interfaces. This is an important computational tool, as
it allows one to apply S-duality transformations to well-understood individual pieces and
then assemble them to the S-dual of the original, intricate interface.

A concrete example could be a Nahm pole associated to a generic su(2) embedding
p, realized as a sequence of individual simple Nahm pole interfaces. This is a smooth
resolution, as long as the individual interfaces are ordered in a specific way [62]. The
S-dual configuration is a sequence of bi-fundamental interfaces building up a complicated
three-dimensional interface gauge theory with a good IR limit [63].

One may want to follow that example for junctions, say to decompose a Y-junction of
complicated interfaces into a web of simpler Y-junctions. This idea raises a variety of hard
questions, starting from figuring out criteria for a smooth IR limit of an interface web.
Furthermore, the same configuration may be the limit of many different inequivalent webs
an issue that will be discussed in the section 5.2.

In general, local operators at the final junction may arise either from local operators at
each elementary junction in the web or from extended operators, such as a finite line defect
segment joining two consecutive junctions. Thus we may hope that the final VOA will be
an extension of the product of the VOA’s at the vertices of the web, including products of
degenerate modules associate to the finite line defect segment.

This picture is supported by the observation that although the dimensions of degenerate
modules are not integral, the sum of the dimensions of the local operators at the two ends
of a finite line defect segment will be integral. For example, a finite Wilson line W, on
a finite segment of NS5 interface supports two local operators at the endpoints which
have dimensions which differ by integral amounts from A,[V] and A,[-V¥] = —A,[V]

respectively, where A,[¥] is the dimension of the p vertex operator in the gl(N3|Ny)y
Kac-Moody algebra. This is not quite a full definition of the final interface VOA, but it
strongly restricts its form.?

3Tt may be possible to formalize this procedure as a sort of tensor product of VOAs over a common
braided monoidal category.
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A striking observation is the formal resemblance between this idea and the way the
topological vertex is used to assemble the topological string partition function of general
toric Calabi-Yau, by summing up over a choice of partition p for each internal leg of the
toric diagram [72] or its D4-D2-D0 brane-counting analogue [19, 52, 51].

The simplest possible situation for us is a web which can be interpreted as a collection of
D5-branes ending on a NS5-brane: a sequence of (g;, 1) fivebrane segments with Y-junctions
to semi-infinite D5-branes coming from the left or the right. Such a configuration can be
lifted directly to a sequence of interfaces in 3d Chern-Simons theory. If the 3d interfaces
have a good collision limit, one can derive directly the junction VOA. This situation also
allows one to start probing questions about the extension structure of the final VOA and
the equivalence between different web resolutions of the same interface that leads to the
notion of the stable equivalence of VOAs discussed further in the section 5.2.

The simplest possibility we can discuss is that of an infinite D5 interface crossing an
infinite NS5 interface. The four-way junction has two obvious resolutions, akin to the toric
diagram of the conifold, involving either a (1,1) or a (1, —1) finite interface segment.

Ny | Ny

Ny | Ny

Figure 4.2: Two possible resolutions of the configuration of D5-brane (horizontal) crossing
NS5-brane (vertical). First resolution includes a finite segment of (1, 1)-brane whereas the
second resolution includes a (1, —1)-brane segment. Ny, Ny, n3, Ny D3-branes are attached
to fivebranes leading to webs of interfaces between U(Ny),U(N2), U(N3), U(N,) theories.

We can denote the choices of gauge group in the four quadrants as Ny, No, N3, Ny,
counterclockwise from the top left quadrant. For some values of Ny, Ny, N3, N4, the two
resolutions produce obviously the same 3d interface in the scaling limit and then the same
VOA. For example, if Ny = N, and N3 = N, then the CS theory interface results from
the collision of interfaces which support some 2d matter coupled to the U(N3|N;) CS
gauge fields. The two resolutions give the same two interfaces in different order, and the
collision/scaling limit is obviously the same: an interface which supports both 2d matter
fields at the same location. For general values of Ny = Ny and N3 = N, the VOAs seem
to differ by contributions of free fields.
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-1,0

(2,1)

(0,1)

Figure 4.3: Toric diagram associated to C? (left), O(—1) @ O(—1) — CP"' (middle) and
O(—2) ® OCP! (right). The lines show loci where (p, q)-cycles of the torus 72 degenerate.

4.2.2 Type IIA perspective

The example of the simple trivalent junction associated to C? has a natural generalization
for an arbitrary toric Calabi-Yau 3-fold given by a toric diagram specifying loci where
the torus cycles degenerate. The two simplest examples are shown in the figure 4.3 and
correspond to the bundles O(—1) @ O(—1) — CP' and O(—2) @ OCP" respectively. The
extensions described above have now different interpretation. Note that both examples
above contain a compact two-cycle CIP* that is fixed under the toric action. One can then
treat D2-branes wrapping compact two-cycles as dynamical objects. Moreover, there are
two points (the south and the north pole of CP') that are fixed under the toric action.
Assuming that the vertex operator algebra have an origin from the algebra of BPS states
associated to such brane configurations, one can expect that a general bound state of D2-
branes dressed by DO-branes located at the two fixed points are going to play a role. This
resembles the type IIB configuration with D2-branes (associated to finite internal lines of
the web diagram) corresponding to the highest weight vectors of the added bi-modules and
dressing by DO-branes corresponding to a generation of the descendants. This picture is
consistent at the level of characters, where one can argue that the gluing prescription for
VOASs agrees with the one of [19, 52, 51].

Moreover, one can also expect that both the free-field realization construction and
the truncation picture generalizes to the glued algebras. In particular the BPS algebra
(cohomological Hall algebra) associated to the given toric three-fold is independent of the
choice of the divisor. Based on the analysis of the vacuum character of the glued algebras,
we can conjecture that there exists a Drinfeld double of the BPS algebra at least in the
examples 4.3 and they can be identified with shifted affine Yangians of gl(1]|1) and gl(2)
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respectively. Shifts are determined by the intersection number of the corresponding divisor
D with the CP' associated to the internal line. In particular for the last two examples
from figure 4.3, we expect shift

#(DNCP') = Ny + Ny — Ny — N3, #(DNCP') = Ny + Ny —2N3;,  (4.26)
where the divisors are

Ny(Fiber over the north pole of CP') + Ny(Fiber over the south pole of CP')
+N,(O(=1); — CP') + N3(O(—1); — CP") (4.27)

in the case O(—1) ® O(—1) (middle) and analogously for the case O(—2) & O (right)

Ny (Fiber over the north pole of CP') + Ny(Fiber over the south pole of CP")
+N,(O(—2) — CP') + N3(O — CPY). (4.28)

Similarly, one can consider (p, ¢)-webs of n D5-branes ending from the left and m D5-
branes ending from the right on a sequence of (n, 1)-branes for varying integer n such that
the (p, ¢) charges are conserved at each vertex. These configurations are expected to lead to

shifted Yangians of gl(n|m) with shifts determined by the intersection numbers of D with
various CP!’s associated to internal lines. The Yangians associated to more complicated
web-diagrams are highly unexplored.

Both Yangians enjoy a co-product structure and the brane-separation argument holds
also in this case. This suggests that the free-field realization should also admit a general-
ization in this case. On the other hand, many technical difficulties appear. For example,
we do not expect that Heisenberg algebras themselves are sufficient in this case. As we
will see, particular lattice extensions by exponential vertex operators seem to be required.
Also, it is not clear what is the role of screening generators and different realization of the
bi-fundamental fields. Further investigation of these issues is needed.

4.3 BRST construction

In some cases, one can give a BRST definition of the glued algebra. Gluing construction
can then shed new light on the structure of the algebras obtained by such reductions.
Configurations we discuss in this section are associated to diagrams with D5-branes ending
from both left and right on a linear chain of (n, 1) branes. The most general configuration
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that we will be able to give a BRST definition is such that the diagram can be cut into two
halves that satisfy the following condition: The number of D3-branes is non-increasing if
we follow the upper part of the diagram from the top to the bottom and the number of
D3-branes is non-increasing if we follow the lower part of the diagram from the bottom up.

(0,1)

(p,p+1)

(0,1) (1,2)

Figure 4.4: Configurations containing a simple finite leg segment. The p = 41 cases are
related by S-duality and it acts within the family of p = 0 algebras.

Let us motivate the BRST construction. We expect that a proper justification along
these lines can be done analogously to [104, 43, 46, 47]. In the Kapustin-Witten twisted
theory, the path integral in this configuration localizes to the path integral of the complex-
ified CS theory supported at (n, 1) branes connected by a nontrivial interface descending
from D3-branes ending on Db5-branes. In the IR, the finite internal fivebrane segments
shrink and we can view the configuration as a single interface between the upper and the
lower CS theory. The half-BPS boundary conditions in the N' = 4 super Yang-Mills theory
descending from D3-branes ending on fivebranes were analyzed in [02]. These boundary
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conditions can be translated to the boundary conditions of the bosonic blocks of the com-
plexified super Chern-Simons theory. The boundary condition on the off-diagonal blocks
(descending from boundary conditions on the 3d bifundamental hypermultiplets supported
at the (n, 1) interface) requires some guesswork and will be discussed later. We conjecture
the corresponding VOA to be a BRST reduction of the super Kac-Moody algebra induced
at the interface from the upper and lower CS theories by a BRST charge implementing the
boundary conditions.

One can see that requiring a single internal edge (or equivalently two vertices), only
the configurations from the figure 4.4 appear. Note that the S-duality action maps the
families p = —1 <> p = 1. We give a BRST definition for the p = —1 case. The p =1
algebras can be identified with those by S-duality. On the other hand, p = 0 example
is self-dual under the S-duality action and we expect the corresponding algebras to have
dual BRST descriptions in general. This section gives a BRST definition of almost all
algebras associated to diagrams with these configurations. The only exceptions are the
configurations for p = 0 with D3-branes satisfying the following four conditions N; >
NQ,Ng > N47N3 > NQ,Nl > Ny.

4.3.1 Algebras of type 1|1 (resolved conifold diagram)

In this section we want to discuss the junction of two Y-
(0,1) algebras that corresponds to the resolved conifold diagram
as in the figure on the left. We first introduce a convenient
notation levlll Na.na.n, Y] for these algebras. The label Wi
refers to algebras associated to a linear chain of (n,1) five-
branes to which one D5-brane is attached from the left and
the other one is attached from the right. Furthermore, we
((), 1) overline the numbers N, and N, of D3-branes ending on the
(n,1)-branes from the left and we leave Ny and N, for the
D3-branes ending from the right. This labeling will be used also for more complicated
diagrams with a linear chain.

From the gluing point of view the algebra is a conformal extension of

W e (%] D Yo vy, [0 X Y v, v, [ (4.29)

by bimodules labeled by representations of gl(N3|Ny). It turns out that the conformal
weight of the fundamental and the anti-fundamental bi-module equals a half-integral num-
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ber given by

Ny + Ny — Ny — N3
2

MO)=14p=1+ (4.30)
that is the level at which the first field needs to be added. Moreover, at the level of
characters, the BRST construction result must agree with the gluing proposal

X[ ]1\/|11 Na,Ns, N4 Z X YNz N3, N1 ](M ) [YNa Na,Ny [\I’H(ME) (431)

BRST construction In the Kapustin-Witten twisted theory, the path integral of the
configuration again localizes to the path integral of the complexified U(Ni|N2)gy and
U(N3|Ns)y Chern-Simons theories connected by a nontrivial boundary condition that is
a combination of oper boundary condition and continuity condition. The BRST defini-
tiog(i the VOAs is/th\en a reduction that implements the boundary condition on the two
gl(N1|N2)y and gl(N3|Ny)_y, Kac-Moody factors coming from the restriction of the gauge
fields of the upper and lower CS theory to the interface.

Implementing the constraints coming from the boundary conditions for N; > N3 and
Ny > N3 by a BRST reduction,/oriexpects the final VOA to be a combination of the
Drinfeld-Sokolov reduction of gl(Ny|N;), with respect to the principal sl(2) embedding
inside the (/N7 —N3) x (IN; — N3) block in the gl(V;) bosonic part of gl(/N1|N3), the Drinfeld-
Sokolov reduction with respect to the principal embedding in the (No— Ny) % (No— Ny) block
in the other gl(/N3) bosonic part and the coset with respect to the remaining g[(/]\fv\f)w

Kac-Moody algebra. In analogy with the construction of [1], one writes for such a combined
BRST reduction

W1|1 ] D_’SNTM [D’SNrNg [9[m2)\1,]

N1,N2,N3,N4

— (4.32)
gl(N3|Na)y

In expressions of this form, we need to be careful what we mean by a sequence of
Drinfeld-Sokolov reductions. There are two natural definitions. The first natural choice
would be to pick a grading associated to the sum of the Cartan elements of the two sy
embeddings and constrain the fields with positive weight with respect to this combined
element as in the case of the standard DS-reduction. We can see that this choice would be
symmetric with respect to both trivalent junctions of the diagram. This would not match
the predictions from the gluing suggesting that this is not the right thing to do. We expect
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the symmetric variant to be related to the unresolved configuration. In particular, note
that the Zy X Zy symmetry of the resolved conifold diagram get enhanced to Sy that is
consistent with the Sy symmetry of the central charge derived from the BRST construction.
We leave details for the future.

The other possibility is to slightly modify the standard construction by doing the re-
duction in two steps. First, we need to constrain the components with positive weight
with respect to the first embedding associated to the gl(N; — N3) block (DS-reduction
associated to the upper vertex as in the case of Y-algberas). Classically (and at the level

_—

of characters), this first constraint decomposes gl(N1|N3),, fields as

DSn, ny  0I(NV1|N2)y — Wiy X 6I(Na|Ny)y_y x S (4.33)
2
where Wy, _n, denotes the fields with the spin content of the Wy, _n, X g/[(l\) algebra and

Sﬁgf‘f}% a system of N3 symplectic bosons and N, fermions with the conformal dimension
NN

—

. The first reduction produces an algebra containing the gl(Ns|N2), , Kac-Moody

—

algebra as a subalgebra coming from the the gl(K|L)y currents modified by off-diagonal
ghosts. In the second step, one needs to constrain the fields of the Kac-Moody algebra

—

gl(N3|Ny),,_, with shifted level by setting to zero fields with positive weight* with respect
to the Cartan element of the sl embedding associated to the second vertex. The algebra
decomposes classically (at the level of characters) as

N1—N3+1
2

— — —N3|Ny

D_SNQ—N4 :g[(N3’N2)\I/,1 — WNQ_N4 X g[(N3’N4)\I/ X O ng—Ny (434)

2

where S n,-~, now contains N3 fermionic and N, bosonic generators that refers to the fact
2

that corresponding D5-brane ends from the opposite direction. The SﬁXf'_ZYJS fields from the

2
first step are left unconstrained but the modification term that needs to be added to the
stress-energy tensor in the second step splits them into fields

p+N2—N4—%
. oN3|Ny N3|Ny
DSyy-n, :Shln, = Sy x [ # (4.35)
2 2
i:er%

where Ny — Ny components were split into fermionic fields F; with dimensions

p+1,p+2,....,p+L—N. (4.36)

4Remember that only half of the fields with weight % need to be constrained as in the case of Y-algebras.
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In the case when DS-reduction is with respect to a one dimensional block (i.e. Ny—N3 =
1 or Ny — Ny = 1), no constraints need to be imposed remembering that fields from the
off-diagonal block of the first reduction are not constrained in the second step. Similarly
if Ny — N3 = 0 or N, — N, = 0 vanishes, instead of constraining the fields, one needs

to introduce extra SMIN2 or §*™ fields into the system, similarly as in the case of the
trivalent vertex and use currents modified by bilinears in these extra fields in the BRST
reductions of the following steps.

—

After the two DS-reductions, the algebra still contains a gl(N3|N,)g factor as a sub-
algebra and one should take a coset with respect to this factor. By coset, we mean an

—

equivariant BRST reduction with respect to the BRST charge that glues this gl(N3|Ny)y

—_—

subalgebra with the gl(/N3|Ny) g algebra induced from the bottom Chern-Simons theory.
Note that the shifted levels of the two factors are opposite which is a necessary condition
for the BRST charge to be nilpotent.

An analogous definition of the algebra can be given in the case N3 > Ny and Ny > Ny
with Ny <+ N3, Ny <> N, and the two DS-reductions interchanged (this correspond to
rotation of the diagram by 180°).

We can also define a similar reduction for the case when the number of D3-branes
decreases from the top and from the bottom until the two series of D3-brane numbers
meet. In the case of the resolved conifold diagram, this corresponds to N; > N3 and
Ny > N,. One can then read the boundary conditions from both sides, show that the
resulting algebras contain two Kac-Moody algebras of opposite level and then equivariantly
glue these factors. The resulting algebra is the BRST reduction of the system

— —

DSy, —na[0H(N1| N2)] X DS, [g(N3| Na) _y ] x gh (4.37)
that glues the two g[mg)\p_l X g[mg)_\ﬂl subalgebras. As usual, gh in the ex-
pression above denotes the ghosts needed to implement the gluing. Note that combining
the fields in the fundamental representation of the remaining gl(N3|N2) factors coming
from the two DS-reduction into the gl(/N3|NV;) invariant combinations gives rise to fields
of dimensions starting with p + 1. This is consistent with the gluing picture and BRST
reduction above although the origin of the fields is slightly different.

7



Central charge and characters Having defined the algebras by a BRST reduction,
one can calculate the central charge straightforwardly. The result is®

c W}V'll,N%N&M [qz]} = U((L—-Ng)(L—-Ng)?=1)— (Ny = M)((Ny — M)* = 1))
1
7 ((Ny = Ny)((Ny = Ni)* = 1) — (Ny = N3)((Ng — Ns)* = 1))
+(Ng — Ny + N3 — N1)(N3 + NaNy — 4Ny N3 + No Ny — 2N7
+NyN3 + 2Ny Ny + Nj + N3Ny — 2N7 + 1), (4.38)

The details of the computation are given in [2].

Having central charge of a general 1|1 algebra, we can now test the predictions of the
gluing construction. We conjectured that the central charge of the glued algebra is simply
a sum of the central charges associated to its vertices and indeed

¢ WAL v 9| = e (Yo [9]] + € [V av [ 9] (4.39)

so the extension is conformal. Moreover, one can check that the central charge is invariant
under the 7, x 75 duality action.

Characters The vacuum character of the resulting algebra can be also computed straight-
forwardly following the description outlined above. One finds a general expression

P+N2—N4—%

1|1 Ny|N: Ni|N.
X [WN'LN%NB’NJ = XWX, v 1] XfdeNg,MxN‘i'zﬁg (:cj,yi)xN;';Ni (yi, x4.40)
r:p—i-%

Note that the variables z; and y; in the two symplectic boson factors interchange. We can
identify the first two factors with the vacuum characters of Wy, _n, and Wy, _y, algebras
coming from the diagonal blocks of DS-reduction, the factors x7 coming from the Ny — Ny
fermionic fields with a shifted level and the integral projecting to the U(M|N) invariant
combinations of the fundamental fields. Explicit expressions for these building blocks can
be found in appendix A.2.

To write the characters of more general modules associated to Wilson lines supported
at the two NS5-like interfaces one only needs to insert the corresponding Schur polynomials
into the formula above in the same way as in the case of Y-algebras.

5Note that the pole at ¥ = 1 in the formula disappeared and the poles at 0 and oo are multiplied with
two factors associated to the two external legs with given asymptotics as expected from the orientation of
the infinite fivebrane segments.
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4.3.2 Algebras of type 0|2

In this section, we consider an analogous diagram as the one

(0,1) of the resolved conifold but now with both D5-branes ending
N from the right as shown in the figure. The discussion will be
N ! 1,0) similar to the one of the previous section but let us highlight
24" Ny 1.0) few differences.
Ny 7 The glued algebra is a conformal extension of two mutually
(2,1) commuting Y-algebras
)/V](if‘i](@’]\/3’]\/4 [\Il] D Yy, Ns,N [\I}] X YNy, Ny N [\II - 1] (441)

with gluing matter given by bimodules M7} x M?. Specializing the parameters from the
section 4.4.2 to the case at hand, one finds p = 1 and

Ny + Ny —2N3
2

(note that this is independent of Ns). In terms of the characters, we expect the BRST
construction to produce

X VR o] = D X v (1) (ME) XY e [0 = 1)) (M) (4.43)

M) =14p=1+

(4.42)

and the central charge to be the sum of the central charges of the two Y-algebras.

BRST construction Looking at the system from the IR, the configuration looks like a
junction of interfaces between U(Ny), U(Nz) and U(Ny) gauge theories. After a topological
twist, the path integral localizes to the path integral of the complexified Chern-Simons
theories induced at the NS5 and (2, 1) interface glued together by a boundary condition
descending from the boundary condition coming from D3-branes ending on fivebranes.
This boundary condition can be extracted from the boundary conditions discussed in [62]
in the case when Ny > N3 > N, or Ny > N3 > N; and is a combination of two oper
boundary conditions and a continuity condition.

Let us first discuss the N; > N3 > N, case. Imposing the boundary conditions as con-
straints on the Kac-Moody algebras descending from the upper and the lower CS theories
using the BRST procedure leads to the following identification of the VOA

W0|2 DSNS*NAL [IDSleNs [g[(NllNQ)\IJ]

Nl,NQ,N37N4[ ] - i

9[(N4|N2)\1172

(4.44)
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Note t/hi both DS-reduction are performed in the same block of the bosonic generators
of gl(N1|N2)y. Analogously to the resolved conifold algebra, we perform the reduction
in three steps. After the /ﬁ_rs\t reduction associated to the upper vertex, one obtains an
algebra containing the gl(M|L); , subalgebra. In the second step one uses the BRST
charge iI@lc;menting the DS reduction associated to the second vertex with the currents
of the gl(M|L),_, algebra with the level shifted by one. Since the second reduction is
performed in the same bosonic block of the algebra, the resulting algebra contains subal-
gebra U(N|L; ¥ —2) with the level shifted by two. In the final step one glues equivariantly
the components of the g[mg)q,_Q subalgebra with the extra g[(ﬁ4|\N2)_\I,Jr2 Kac-Moody
algebra coming from the lower CS theory.

Under the two DS-reductions, the fields decompose in a similar way as in the case of
the 1|1 algebra. The only difference is that the the SN2 factor from the first reduction

N1 n3

decomposes under the second reduction as

P+N3—N4—%
N3|N: Ny |N:
DSny—n, : Shie — Suibe x - [[ B (4.45)
2 2
i:p-i-%

producing N3 — Ny bosonic fields of the shifted dimension
p+1,p+2,...,p+Ng—N4. (446)

Note again the appearance of the parameter p from (4.42). The fields with shifted dimen-
sions (coming from the off-diagonal blocks containing fields charged under the Cartans of
both sl embeddings) are now bosonic. The same is true also for the gl(/N|L) invariant
combinations of the symplectic bosons and fermions coming from the two BRST reductions.
All the fields of the resulting algebra are bosonic in this case as expected.

An analogous definition can be given in the case of Ny > N3 > N; with the factors
Ni <> Ny and ¥ — —W + 2 exchanged (since this configuration can be obtained from the
previous one by an SL(2,7Z) transformation).

One can also define BRST reduction in the case when N; > N3 and Ny > N3 by
performing the DS-reduction for the upper and to lower vertices independently,

DSNl—Ng, [g[(N1|N2)\I/] X DSN4_N3 [g[(N4|N2)_\Ij+2} (447)

and then gluing the g(]\4\|L)\I,_1 subalgebra of the first vertex with the gm)_\p 41 of
the second vertex using BRST (as in the resolved conifold case).
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Central charge and characters The central charge is given by (more details of the
computation are given in [2])®

(N = No)((Na = No)2 = 1) (Ny = Ni)((No — N1)* = 1)

c = ) T (4.48)
+(((Ny — N3)? = 1)(N; — N3) + (N3 — Ny)? — 1)(Ns — Ny))¥ — N3 — Ny
+(Ny — N3)*(=3Ng + Ny + 2N3) + (N3 — N1 )*>(=3Ny + N3 + 2N;) + 2N,

— ((Ng = N3)> = 1) + (Ny — N3) — N3 — Ny (Ny — N3)*(=3N3 + Ny + 2N3)

+(N3 — N1)*(=3N3 + N3 + 2Np) + 2Ny — ((Ng — N3)* — 1) (Ng — N3).

It can again be shown to be equal to the sum of the two central charges of the two
elementary vertices.

Characters The vacuum character is given by an integral formula

p+Ns—Np—1
Ny|N. Ny|N.
X=Xy Xvs v 1] X8 f AV %, (xi,yj)xwi';@ (ziyy). (4.49)

r:p—l—% ’
The characters of the two modules associated to the line defects supported at the NSH
and the (2,1) interface can be computed in a similar way with an extra insertion of the
corresponding Schur polynomials.

4.3.3 Algebras of type M|N

In this section, we briefly discuss a generalization of the BRST reductions in the case of
diagrams with D5-branes ending on (n, 1)-branes from both left and right. We describe the
BRST reduction of a general configuration with monotonic number of D3-branes. Example
of such a configuration is given in the figure 4.5.

BRST construction Let N; > Ny > --- > N, be the sequence of D3-branes on the
left of the (n,1)-branes and M; > My > --- > M, be the sequence of D3-branes attached
from the right. There is a natural generalization of the construction from the previous two
sections where 1|1 and 0|2 algebras were constructed using a sequence of DS-reductions

6The structure of poles in ¥ can be again read off from the diagram. Note that the pole at ¥ = 2
associated to the (1,2) infinite five-brane appeared.
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5 6
(1,0)
(1,0) ——o A
1 (1,0)
1
(2,1)— (1,0)

Figure 4.5: Example of a configuration of branes with a BRST definition.

and one coset construction. To find the expression for the BRST reduction, we follow the

—

diagram from the top to the bottom. We start with the Kac-Moody algebra gl(M;, Ny).
Each time a D5-brane ends from the right, the Drinfeld-Sokolov reduction DSy, s, ,
needs to be performed (where ¢ labels the D5-branes ending from the right). Similarly,
each time a D5-brane ends on the chain of (n, 1)-branes from the left, the Drinfeld-Sokolov

reduction D_SNF N, needs to be performed (here ¢ labels the D5-branes ending on the left).

Finally, one needs to take a coset with respect to the remaining g[(mn)q, +M_N Super
Kac-Moody algebra. For example, the diagram from 4.5 leads to the following algebra

Weaitio[#] = 2L [DSafal(612)]]] (4.50)

gl(1)g_,

where the DSy and DSy are defined as in the case of 1|1 and 0|2 diagrams. Note that
after each DS-reduction associated to the D5-brane ending from the right, the final algebra
contains a Kac-Moody algebra with level shifted by minus one and after each DS-reduction
associated to the D5-brane ending from the left, the final algebra contains a Kac-Moody
algebra with level shifted by one. The final level one gets after performing all the DS-
reductions is opposite to the level of the Kac-Moody algebra induced from the bottom CS
theory.

Let us now summarize how the fields decompose under DS y_ s and DS i _, reductions
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—

at each step. The gl(N|K), Kac-Moody algebra factor decomposes as

o — o —

DSy + gUNIK)y = Wy X glM|K)y x SV

DSk : ol(N|K)y — Wi x gl(N|L)y,, x Sa';. (4.51)
2
N|K <N|IK .
On the other hand, the fields S, and &, from the previous steps decompose as

DSy_nr: S SMIK

— k X Bk_NfgI—l X X Bk_,’_N—IQ\/I—l
'DSN,M 23]]:‘K — glin X ./—"k_N—JQvI—l X X .Fk+N—]2vI—1
'D_SK,L : SéV‘K — S]ivlL X .Fk_K—QL—l X oo X .Fk+K—21,—1
'D_SK,L . gjkV‘K — 32\/|L X Bk_K—QL—l X X Bk+K—2L—1. (452)
The decomposition is shown explicitly for the example above in the figure 4.6.
./—"% B x Bl X 82 -Fl
4]2 41 11 0l1
S 4 S 4 S, 4 S}
gl(6]2)y :;f_; x F1 x Fs : B,
—_— —4 _ o
9[(4|2)‘1/—1t ;|1 llll STI
2 2 2
G
gl(1[1)g_4 By
sy
gl(L)y o

Figure 4.6: The structure of DS-reductions from the example 4.50.

A similar BRST reduction can be defined in the case when the diagram can be cut
into two halves where in the upper half, the number of D3-branes decreases from the top
to the bottom and in the lower half it decreases from the bottom to the top. The BRST
definition is then given by performing a sequence of DS-reductions on both the upper and
the bottom Kac-Moody algebra and then gluing two remaining Kac-Moody subalgebras
with opposite level by BRST construction.
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It was already suggested in [I] that one can use a construction analogous to the topo-
logical vertex [19, 52, 51] to produce more complicated vertex operator algebras by gluing
Y-algebras. Consider a web of (p, q)-branes with stacks of D3-branes attached to them
from different sides as in Figure 4.7.7

Figure 4.7: A generic (p, q)-web with stacks of N; D3-branes attached. The gluing con-
struction associates a vertex operator algebra to such a diagram. To each vertex in the
diagram, one associates a Y-algebra and to each finite line segment one associates a class
of bimodules for the two Y-algebras that are connected by the corresponding line segment.
The final vertex operator algebra is a conformal extension of the product of Y-algebras by
such bimodules and their fusions.

This configuration gives rise to a web of domain walls in the N' = 4 super Yang-Mills
theory. In the topological twist of the theory, local operators inserted at trivalent junctions
of the diagram give rise to Y-algebras. Looking at the configuration from the IR, the finite
segments of fivebranes become infinitely small and the whole configuration can be thought
of as a resolution of a single star shaped junction of more complicated domain walls.
According to this picture, the line operators supported at finite segments and ending at
the two trivalent junctions play the role of local operators of the IR junction and should
be added to the final vertex operator algebra. The line operators living at interfaces and
ending at their junctions will be associated to modules for Y-algebras. Operators one
needs to add to the collection of Y-algebras correspond to bimodules associated to such
line operators and their fusions. It turns out that these bimodules have (half-) integral
conformal dimension with respect to the total stress-energy tensor (sum of the stress-
energy tensors associated to each trivalent junction) and can indeed be added to the vertex
operator algebra. In this section, we explain this construction in detail.

"Throughout the paper, we consider only webs corresponding to toric diagrams of Calabi-Yau three-
folds without compact four-cycles, i.e. tree-like diagrams. The construction should be possible in general
but in the presence of the closed faces, generic modules associated the Gukov-Witten defects [79] stretched
within the internal faces can also be added to the VOA.
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4.4 Gluing proposal

Now, we will review general structure of the gluing construction.

4.4.1 The vertex

We start with a description of the basic building blocks of our construction. The algebra
of local operators associated to the trivalent junction of D5, NS5 and (1,1)-brane can be
identified with Yy, n, n,[V] algebra reviewed above. In order to allow more general gluing,
it proves useful to consider a larger family of trivalent junctions that will then serve as
building blocks in the gluing construction. Luckily, one can obtain a larger class of such
vertices by applying S-duality transformations to the basic D5-NS5-(1,1) junction. In the
topological vertex literature, this operation is related to the change of framing.

S-duality acts on an AT = (p,q)T five-brane by a left multiplication by an SL(2,7)
matrix

a b
M = (c d) for ad—bc=1. (4.53)
The corresponding transformation of the coupling parameter W is
aVv +0b
U — . 4.54
cV+d ( )

In terms of € parameters, the transformation is implemented by the left multiplication of
(€1,€2)T by matrix

_1\T . d —C
(M) = (_b " > (4.55)
such that the combination
A= (e &) (p) (4.56)

stays invariant.

Using these SL(2, Z) transformations, one can map a trivalent junction of A; = (p;,¢q;), j =
1,2,3, defects (satisfying conservation of charges and the condition that ensures existence
of such a transformation)

0 = A+ A+ A (4.57)
1 = AINAs=piga — paqa
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Ay = (p2, q2)

Az=-A—A A =(paq) (-1,-1)
Figure 4.8: Transformation relating generic vertex of interest with the one used in identi-

fication of Y-algebras.

to the configuration used in the definition of Y-algebras by

M = ( © _p2> . (4.58)

—q1 D1

In other words, to each such trivalent junction of A;, A, and A3 defects as shown in the
figure 4.8 and the coupling parameter W, one associates the algebra

1 0 —1
Ay A A G)()C) [ @¥-—p] _ @V — po
Yl nens 9] = Yy NN 00— | = YN No Ny U= | (4.59)
In terms of € parameters € = (e, €2)” and the fivebrane charges
Yl i Il = Yo navs (€7 A5] = Yy vans [hy] (4.60)

where h; = eTAj = pje1+q;€e2. Note that the necessary consistency requirement €;+éx+€3 =
0 follows from the charge conservation A; + Ay + Az = 0 at the trivalent junction.® In
terms of the invariant A-parameters parametrizing the structure constants of Y (3.39) we

have
_ Nihy + Naohg + N3hy €' (N1A; + NoAs + N3 As)

h; el A, ’

J J

Aj (4.61)

This is insensitive to rescalings of € and A; parameters. \; determined in this way satisfy
both (3.33) and (3.35).

8Note also that identification is possible for any values of A; and As not only those related to the
junction of NS5- and D5-branes by S-duality. One is tempted to identify generic vertex with such algebra.
This naive guess would not be consistent with gluing proposal since bimodules added in gluing construction
would not be (half-) integral.
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There exists a natural Zs sign of the SL(2, Z) transformations. By taking a Zs reduction
of an SL(2,7) transformation matrix, we obtain an element of SL(2,7Z5) ~ S3 and taking
the sign of the corresponding permutation gives us a homomorphism SL(2,7Z) — Zs.
Concretely, we can map

a b __1\actad+bd+1
(C d) — (=1) . (4.62)

obtaining the required sign. Choosing our canonically oriented vertex to have the + orien-
tation, any other vertex can be assigned an orientation given by the sign of the SL(2,7)
transformation mapping the canonically oriented vertex to the vertex we are considering.
Concretely, the orientation is given by

sgn |:Y]\1?117}1\?22,7]1\74;:| — (_1)p1p2+q1q2+p1q2+1 — (_1)p1p2+q1q2+p2q1. (463)

4.4.2 The edge

Let us first consider gluing two vertices as in the figure 4.9 where the numbers are subject
to constraints

A+ Ay, = A+ A

AiNAy = 1 (4.64)

ATNA, =1
The first equation is simply the condition of the conservation of charges and the remaining
conditions come from the requirement that both vertices are S-dual to the elementary
junction of NS5, D5 and (1,1)-brane. One can always change the orientation of the ingoing

and the outgoing legs and change the signs of corresponding (p,q) charges in order to
obtain the configuration in 4.9.

(1, q1) M (Ph, 5)
\M +p2,q1 + QZ)//
K > N
/ L \\

(P2, q2) (P1,q1)

Figure 4.9: Any junction of two Y-diagrams can be put into this form by reversing the
orientation of the legs and changing the signs of the corresponding labels. The parameters
are subject to the constraints from (4.64).
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Using the S-duality transformation and the fact that all the building blocks are S-dual
to the triple junction of D5, NS5, and (1,1)-brane, one can transform our system uniquely
to a new configuration depicted in figure 4.10 by the transformation

M = ( © _p2> . (4.65)

—q1 D1

We used the fact that conditions (4.64) let us express all pairings in terms of one remaining
invariant parameter (measuring the relative framing of the two vertices)

The first vertex is by definition positively oriented, while the orientation of the second
vertex can be easily read off from (4.63) and we find it to be equal to (—1)P.

(1,0) y (p+1)
N A
K > N
/ L \\
0.1)

Figure 4.10: By SL(2,7Z) transformation, one can put diagram 4.9 to this form where
parameter p is given by combination 4.66.

(1—=p,—p)

By looking at the two Y-vertices in diagram 4.9 or 4.10, one can deduce that the final
algebra will be a conformal extension of

Yo At ) sy e e g (4.67)

by a collection of M 3 bimodules of the two Y-algebras on the right hand side.

Conformal dimension of gluing fields We can now check that dimension of the bi-
modules are (half-)integral. This can be easily seen from the transformed diagram 4.10.
Remember that the total stress-energy tensor of the glued algebra is given by a sum of
stress-energy tensors associated to the vertices. In particular, the conformal dimension of
a bimodule is the sum of the two dimensions coming from the two endpoints,

hy = h(M;}) + W (M) (4.68)
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In the special case that the exchanged representation is the fundamental one, we find

Az + A K+N-L-M M—L
3 31 4 4 p( )
2 2 2
Note in particular that all the dependence on continuous parameters like ¥ has canceled.
The resulting dimension is always (half-)integral. The parameter p introduced in this

formula will be important in later sections.

Specializing now to the case L = 0, we can be more general and write the expression
for arbitrary line operator in representation pu:

M
1+p 2, K + N
= JEZI i+ E: (2j =M = Dp; + ; 1 |14 (4.70)

Analogously, in the case that M = 0, we have

L
Lops ey ”p22—L—w *NZM (4.71)
j=1

This is again independent of the continuous parameter ¥ and is (half-)integral.

Gluing in terms of \ parameters If we fix the discrete parameter p which determines
the dimension of the gluing matter and the fivebrane charges A; and A’, we can write
explicitly the gluing conditions for Y-algebras directly in terms of A\; and ) parameters.
Let us first introduce a vector in fivebrane charge space characterizing the first vertex

Ay A

and similarly for the second vertex. Using the fivebrane charge conservation
A+ A+ A3=0 (4.73)
and (3.40) we find that the definition of ¢ is cyclic invariant,
AMAA30 = Aa(A3A3 — M A1) = A3(AM A1 — A Ay). (4.74)

The usefulness of o lies in the fact that it encodes the A\; parameters of the vertex, i.e.

1
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Furthermore, eliminating the number of D3-branes and parameter ¥ from the gluing con-
ditions, the gluing condition translates to a simple condition

oNd' =0 (4.76)

satisfied by o and ¢’ associated to glued vertices. This condition means that the vectors o
associated to the neighbouring vertices are parallel. We can use this and the definition of
p to determine \; once we know \;, p, A; and A7,

2p = )\3—1—/\5

0 = (A — dorda) A (N4} — XA (.77
0 = (MA — ) A (MAL — NAS)

which is a linear system of equations and can be easily solved for \.

Statistics of the gluing matter Gluing fields turn out to have either bosonic or
fermionic character depending on the relative Zs sign (4.63) of the two vertices that we are
gluing (and not whether the dimension of the gluing matter is integral or half-integral).
We expect to have fermionic fields if the two vertices have the same sign and bosonic fields
if the sign is opposite. In terms of the framing factor p we will have bosons for p odd and
fermions for p even. This is indeed consistent examples with values p = —1,0,1 that we
discuss in greater detail in later chapters.

4.4.3 Gluing in general

Let us consider an arbitrary of (p, ¢)-webs composed of the trivalent junctions glued by five-
brane edges as discussed in the previous sections and let us attach stacks of D3-branes to the
faces of the diagram. This configuration gives rise to a web of domain walls in N’ = 4 SYM
that we want to associate a vertex operator algebra to. The vertex operator algebra will be
a conformal extension of a tensor product of mutually commuting Y-algebras associated
to the vertices in the diagram by the bimodules associated to line operators inserted at
the finite five-brane segments and their fusions. To each such segment, one can associate
a parameter p; as in the case of a single edge.

One can make following conjectures about the resulting algebra:

1. The total stress-energy tensor of the resulting algebra is the sum of stress-energy
tensors of the individual vertices.
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2. As consequence of this, the central charge of the resulting algebra is the sum of the
central charges associated to all vertices.

3. The characters of modules associated to a collection of edges can be computed as a
sum of products of Y-algebra characters, where the sum runs over representations
of a tensor product of Lie (super-) algebras associated to the internal edges. For
example in the case of two vertices we have

X =Y x [YW] (M)x [Y®] (M) (4.78)

4. These modules can be obtained by fusion of elementary bimodules associated to the
line operators in the fundamental and anti-fundamental representation supported at
the internal edge. The dimension of these representations is given by (4.69).

5. To each external leg, one can associate a family of modules labeled by representations
of the supergroup associated to the corresponding leg. Different families associated
to non-parallel legs braid trivially, i.e. have conformal dimension that differs by an
integer.

6. If the (p, ¢)-web is invariant under a subgroup of SL(2,7Z) transformation, the glued
algebra will turn out to have dual BRST realization. If the algebra is realized as a
truncation of an infinite algebra, there will be corresponding duality action on the
parameter space of the corresponding infinite algebra.

In the following we will illustrate the general discussion of the gluing construction on few
concrete examples.

4.4.4 Example - N = 2 superconformal algebra

Let us start with A/ = 2 superconformal algebra. This algebra is obtained by extending the
Virasoro algebra by a U(1) current J and two oppositely charged spin % fermionic primaries

G*. The gl(1) current J generates the SO(2) R-symmetry rotating the supercharges. The
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operator product expansions are given by

c/2 2T (w) oT (w)
(z —w)* * (z —w)? * z—w
3/2G*(w)  OGF(w)

(z —w)? z—w

J(w) N 0J (w)

T(z)J(w) ~ (z—w)? z—w
J(2) I (w) ~ (zc—/—i))2 (4.79)
J(2)GF(w) ~ iZGf(;U)

2¢c 2J(w) 2T (w)  OJ(w)
3(z —w)? T (z —w)? * z—w * Z—w

G*(2)GF(w) ~ reg.

Gt ()G (w) ~

The central charge ¢ is the only free continuous parameter.

From Poincaré-Birkhoff-Witt theorem we see that the vacuum char-
acter of this algebra at a generic central charge is given by

3 2
o0 (1 + q5+”>

! (1= g (1= ¢*)

n=0

(4.80)

—

Up to an gl(1) factor, this is exactly what one would obtain from the
gluing construction starting from the diagram on the left. We can thus

—

attempt to decompose the N'= 2 SCA xgl(1) into elementary building blocks that enter

the gluing construction. First, we decouple the gl(1) currents to isolate the W, stress-
energy tensor that lives at the (2,0,1) vertex. The unique combination commuting with

J(z) is
3
— —(JJ)(2). 4.81
(1)) (181)
Similarly, we can find spin 3 and spin 4 primaries that commute with J(z) (they are
determined uniquely up to a rescaling). We can next compute the combination of OPE
coefficients

To(z) = T(2)

(C3)°Ce  12(c+1)(c+9)*(5¢ —9)
(C%)?2  (c—1)(c+6)(2c—3)(5c+17)

(4.82)
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and assuming OPEs to be those of W, this together with ¢, = ¢ — 1 lets us determine
the \ parameters associated to (2,0, 1) vertex to be

2c —2€1 — €

A = - = =T -2
! c—3 €1
—2€1 — ¢ 2—W
A = _f_TEaTe 4.83
> 3 - T (4.83)
1) 2c —261—€ 2-—U
Ay = = =

c+3 —€ -6 1-U

which is what we could directly read off from the diagram. The identification between

parameters is
6 6

=3—- = U =— . 4.84
We can also determine the A parameters of the second vertex
A o=1
-3 €1 1
A2 - € _t__ - 4.85
2 6 €o I ( )
)\:(32) _ c—3 €1 _ 1

_c+3:—61—62 v —1

which is consistent with the g/[(T) degree of freedom coming from the second vertex.

Finally, let us identify the gluing matter. The fields of the lowest dimension that do not
come from the vertices are are the fields G*(2). Following the choice of the normalization

—

of gl(1) factors

_c(c+3) 1
3(c—3)(z—w)?

c+3 1
6 (z—w)?

JV(2)JD(w) ~ J@(2)J?(w) ~ (4.86)
we know that the basic gluing fields will have charges £1 with respect to these. We define
a rotated basis of gl(1) currents

c—3
3(c—1)

2c
= J@
3(c—1)

J(z) = JW(2) — (2), J(2) = JY(2) + J@(w) (4.87)

such that J(z) is the conventionally normalized R-current in A' = 2 SCA and that J(z)
decouples. The other primary gluing fields are given by the normal ordered products

G4)(2) = (81 GF(O 2G5 (- (0GFGF) - ) (2)- (4.88)
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Their U(1) charges are given by

JVGE) = £k, JOUGE) =Tk §(Gh) =*k, j(GF) =0 (4.89)
The conformal dimensions are
1) ey _ (c=3)k*+2(c+3)k @ xSk vy k(k+2)
hl—l—oo(G(k)) - 2(6 + 3) ) hl—l—oo(G(k)) - C—|——3’ hl—i—oo(G(k)) - 9
(4.90)
as predicted by (4.70)
4.4.5 Example - W§2)
As another example, consider the Bershadsky-Polyakov algebra Wéz) [105, 106]. It has the

same matter content as AN/ = 2 SCA except for the fact that the spin % fields are bosons
instead of being fermions. The operator product expansions are now

(2k+3)(3k + 1) N 2T (w) N oT (w)

TETW) ~ 036w "o 2w

TG Iw) ~ I 2T

) ~ G

T w) ~ ?ZGj$l+aff(;“> (4.91)
JGHw) ~ 2w

GE(2)G*(w) ~ reg.
(k+1)(2k+3) 3(k+1)J(w) (k+3)T(w)

G+(2)G_(QU) ~ (Z — w)3 + (Z — U))2 - s w
3(JJ)(w)  3(k+1)0J(w)
e 7 2(z —w)

From the gluing construct we see that the vacuum character

3 o0 1

. (4.92)
1 ol (1 _ q1+n)2(1 _ q§+n)2<1 _ q2+n)
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of gl(1) x W?E?) equals that of the diagram on the left. We can try to see if
this identification works even at the level of operator product expansions.

Similarly to the discussion in the previous section, we can first decouple the gl(1) factors
and find the stress-energy tensor

3
TV () =T(2) — ——— 4.
V() =T() - 550 (1.9
with the central charge
2
D — _w. (4.94)

> k+3

—

Analogously, we can construct primary spin 3 and spin 4 currents commuting with gl(1)
factors,

O~ (grary+ RS gy By kt2)
Ws' = (e 2k+3< J)+ 2 0 (2k+3)2<J(JJ))
k*+ 4k +6 _,
=3(JO)) = g0
W = (JEE) o)
compute their three-point functions
oo _ (A4 9k + 1)(k+3)(k+1)°
33 ok n 3
o0 (5K +12)(4k +9)(3k + 5)(2k + 1) (k + 1)*K? w96,
e 3(15K2 + 19k — 18) -
12 2
ci = L2ELI
2k + 3

and finally find the invariant combination of structure constants

CiCly 48k?(k 4 3)*(3k + 5)(5k + 12) (4.97)
(C%)2  (k+1)2(2k + 1)(4k + 9)(15k2 + 19k — 18)° '

Equating this to (3.37), we can determine the )\E-l) parameters (assuming that the commu-

95



o~

tant of gl(1) currents is Wy,) to be

3
A gp 3= 2808 oy 3
€1
2k + 3 €2+3€3 —2U + 3
AWo= - = = 4.98
2 k+3 € o (4.98)
)\(1) - 2k5+3_€2+3€3_—2q}+3
P k42 e 10
We identified
U ==Fk+3. (4.99)

We can read-off the A-parameters of the second vertex from the diagram (again we cannot
determine them from the algebra because of no continuous parameters associated to the

—

affine gl(1) algebra)

—2€1 — €
A\ 1= % _ 4.1
1 S — (4.100)
—Q¢s —
AW = TELT2 L o gkt (4.101)
€1
—2€1 — € -2+ k+1
A2 = 1% _ - 4102
3 €1+ € 1-U k+2 ( )

—_ —

gl(1) currents Now we can turn our attention to the identification of the gl(1) currents.

We take a linear combination of gl(1) currents

J(z) = %J“W)—%J@(z) (4.103)
J(z) = JOR)+J3(2) (4.104)

such that J(z) decouples from W?EQ).

Gluing matter The gluing fields in the case of W?EQ) are given by powers of G*(2),
Gioy(2) = (GH(GH(- - (GFGH) - ))(2). (4.105)

—_—

Their gl(1) charges are

NG =20, JPG) =Fn, GG

() m) = Fn, 3G

) =0. (4.106)
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and the conformal dimensions are

- n(3k +6 —n) ) _on? 3n

+ + \
T (G hexe(Gly) = 5 (407)

(1) +
hitee(G ) = YL

(n)

which is consistently with (4.70). Note that because of the bosonic nature of the gluing

fields, the quadratic terms proportional to n? in hﬁ)oo and hﬁoo cancel so that the total
dimension of the gluing fields grows linearly with n.

4.5 Truncations

In this section we study what happens as the number of attached D3-branes grows to
infinity. We have already discussed the simplest case of the algebra Y, v, vy [V]. As
N1, Ny or N3 goes to infinity, the vacuum character approaches the MacMahon function
which counts the plane partitions without any further constraints. Combinatorially, the
requirement of the absence of a box at position (N; + 1, Ny + 1, N3 + 1) which leads to
truncation of the algebra disappears. The operator product expansions for the spin content
given by MacMahon functions were studied in [75] and the result is a two-parametric
family of algebras W ., parametrized by \; with constraint (3.33). The central charge
and the OPE structure constants in the primary basis are determined in terms of \; as
in (3.37). Yn, n,.n, algebras can be recovered by recalling that if (3.35) is satisfied the
algebra Wi, develops an ideal such that Yy, n, n, is the quotient of W, ., by this ideal.
In this section, we generalize this point of view to other algebras that we constructed by
the gluing procedure.

4.5.1 Resolved conifold - W/, algebras

1|1x 00
As a first example, let us see what are the possible limits of the conifold W;(‘li M algebras
as the number of D3 branes approaches infinity. Compared to the Yy, n, v, junction, the
conifold configuration has another stack of D3-branes so one might naively expect a three-
parametric family of algebras. We will see that in the infinite numbers of branes limit, one
recovers different characters for each choice of the discrete parameter

 N+L-K-M
N 2

p (4.108)
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that we keep fixed as we take the limit. For each choice of p, there are two continuous
independent A-parameters from one of the vertices as in the case of Y, n, n,. The A-
parameters of the second vertex can be then determined in terms of the discrete parameter
p and the gluing conditions (4.77). We thus obtain a family of algebras Wf\lxoo associated
to the conifold diagram, labeled by one discrete parameter p (associated to the edge) and
two continuous parameters parametrizing the structure constants of the algebra. We expect

to be able to recover W algebras as truncations of the WY,

K.LMN family:.

|1x 00

BRST computation of the character Let us now explicitly verify the claims of the

previous section by computing the vacuum character of mew

e}

[ 1|1XOO] H 1+q”+") : (4.109)

1+q

Let us first see how the character (4.109) appears from the BRST definition of the algebra
for K > M and L > N. When computing the vacuum character, there are various
contributions coming from the different blocks of gl(K|L). Firstly, there are characters of
Wk _n and Wy _n coming from the two diagonal blocks. Secondly there is a sequence of
pairs of L — N fermionic fields with conformal weights

p+1,p+2,...p+L—N (4.110)

coming from the fermionic off-diagonal blocks that are influenced by both DS- reductions.
Apart from these, there are gl(M|N) invariant combinations of S%‘NM and S . These

can be identified with products of bilinears of their generators. If we forget about the
relations satisfied by the products of bilinears (which is a condition that disappears in

the infinite number of branes limit), S],\f,l]x[ fields form an infinite tower of generators of

2
each integral spin starting with K — M + 1. This sequence continues the one of Wy,
and together they form one factor of Wi ;.. Similarly, gl(M|N) invariant combinations of

Eﬂ continues the sequence of fields of W;,_n to produce the second factor of the W, o,
2

—M|N P
vacuum character. Finally, the bilinears mixing sM KoM M and SL N form an infinite tower

starting at conformal dimension p+ L — N + 1. Note that these fields are fermionic since
a bosonic field gets combined with a fermionic field and these combinations continue the
L — N fermionic fields discussed above. One can see that total character is indeed given
by (4.109).
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The BRST proposal for K > M and N > L produces the same character by a slightly
different argument. The two Wx_»; and Wy _ 1, blocks get extended by bilinears of Sﬁ

and SA;QLM respectively. In this case there are no off-diagonal blocks that would be in-

ﬂuencedey both DS-reductions but gl(M|K) invariant combinations combining the fields

coming from both 8],\?_%4 and gﬂzﬁLM give rise to fermions with each integral spin starting

2 2
at spin 1+ p and we can draw the same conclusion as in the previous case.

Character from gluing From the point of view of gluing, the character formula (4.109)
can be obtained by a small modification of the standard sums used in topological vertex
calculations. In the limit of infinite numbers of branes K, L, M, N — oo, the relevant tensor
representations of U(oo) decouple into contravariant representations (contained in tensor
powers of the fundamental representation) times covariant representations (contained in
tensor powers of the anti-fundamental representation). Moreover, the pit conditions trun-
cating the two trivalent vertex algebras disappear to infinity and the characters involved
considerably simplify.

We can use this example to illustrate the gluing at the level of W, algebras. First
of all, the \ parameters associated to two vertices are connected via

N = 2

——— 4.111
J sz_)\s ( )

as follows from (4.77). We want to sum over all characters of Wy, labeled by the rep-
resentations of the line operators stretched along the edge. In the limit of large number
of D3-branes, these are parametrized by a pair of Young diagram labels (u,v), the first
labeling the contravariant part and the second labeling the covariant part of the U(oo)
representation. The corresponding W, character factorizes and is equal to

(e o]

X(uv) = g H

n=1

1
———P,(q)P\(q) 4.112
where the power of ¢ in the prefactor is the conformal dimension of the representation and

where P,(q) is the quantum dimension of the representation (normalized to be a polynomial
in ¢ starting with 14 ...),

1
BORS | Epmprrrrsy o (4.113)
Oex
(see [19, 72, 98]). The full vacuum character for the conifold algebra is now obtained

by summing over all the representations of the line operators and taking the product of
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characters of algebras associated to both vertices

W = 2 AT XX (4.114)
w20
o0 1 / / »
= H —n o X Z <qhu+hu2|U|P5(q)> X <qhu+hyz | |P3(q)> (4115)
(1 —qm) =

We turned on the fugacity parameter z for the U(1) current associated to one of the two
Y-algebra vertices which refines the character. Now we need to evaluate

S (e P2 a)) = 3 (S S S R P g)) . (1116)

pu=>0 pn>0

This sum is a typical example of sums studied in the topological vertex computations and

we find ~
> (a e i) = TTO + 20y (4117

n>0 n=1

This again reproduces the formula (4.109), this time with the additional fugacity parameter
z.

Let us now consider two special values of the parameter p. In the case when p = 0,
one gets in the large NV limit the character of Wlll_loo (an algebra generated by 2 x 2 matrix
of generators for each integral spin). This algebra appeared in [107] as an example in
the context of categorified Donaldson-Thomas invariants and corresponding counting of
DO0-D2-D6 bound states. We devote the next section to the example of p = % that can be
identified with N = 2 super-W,..

N =2 super-W,, In the case of p = %, the character can be identified with the vacuum

—

character of N' = 2 super-W,, x gl(1) of [77].? The authors extended the N' = 2 super-
conformal algebra by a simple tower of higher spin A/ = 2 supermultiplets with spins of
lowest components being 2,3, .... Imposing the Jacobi identities, a two-parameter family
of such algebras was found. For special values of parameters, a truncation of this algebra
admits a coset construction using the Kazama-Suzuki coset

(N 1 1)1 x SN0
N + Dy x 8 (4.118)

gl(N) -1

9See also [105] for the special case of parameters where the algebra becomes linear.
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Figure 4.11: First few truncation curves in the (i1, p3) parametrization for 0 < p < g and
the number of branes K + L + M + N < 8. Note that the figures are invariant under the
reflection iy <> po corresponding to the S-duality action.
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and a construction using the Drinfeld-Sokolov reduction of g[(m\l |N). Both of these
realizations can be identified with the BRST constructions that we propose for a special
choice of discrete parameters K, L, M, N and turn out to be related by S-duality of our
diagram

1
will W] < Wyiiono {—} (4.119)

N+1,N,0,0 U

In particular, for N = 1, we get the N' = 2 superconformal algebra that is an extension
of the Virasoro algebra by a spin 1 current and two oppositely charged spin % fermions.
Together with the stress-energy tensor, these four fields form a A = 2 supermultiplet with
lowest component having spin 1. In [109], the A/ = 2 SCA was extended by adding a N' = 2
supermultiplet with lowest spin 2. It is natural to conjecture that in general the N’ = 2
extension of Wy is given by the E}J{lﬂy 7,00 algebra and that all the other configurations
with p = % are other truncations of N' =2 W,..

Candu and Gaberdiel introduce a parameter u with the property that setting u = —N,
we recover the truncations discussed above and parametrize the full algebra in terms of
and the central charge c. Analogously to the triality symmetry of W, ., at each generic
fixed value of the central charge c there are four different values of 1 which give identical
OPEs in the primary basis. These values of p are [77]

(c=Dp ¢+ 3p c

M1 = Ky MQZWa M3:m7 M4:—@-

Since N' = 2 W, has apart from the stress-energy tensor an extra spin 2 primary field

commuting with the gl(1) factor, we can find a linear combination of the spin 2 fields which
give us two independent commuting Virasoro subalgebras. Their central charges are

c(p+1)(c+6p—3)

“ 3(c + 3p)?
_ (e =3p)(c(p —2) — 3p)
¢ = e+ 57 (4.120)

c = c1+c+1.
Note that we have
(1 + pa) (1 + ps) (paps — pia — pas)

cr = ’
1 1+ 3
1 1 —He
oy = (L) (Lt ) aagts = o = pa) (4.121)
Mo + g
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so defining

H1 = _)\h M2 = _)\/17 H3 = _)\27 Ha = _>\,2 (4122)
we can rewrite the partial central charges ¢; and ¢, in the standard form

T = (/\1 — 1)()\2 — ].)()\3 — ].)
e o= (N =1\, — 1N, — 1) (4.123)

We can thus identify the parameters \; and \; with the A-parameters associated to the
two vertices. This hints that NV = 2 super W, algebra indeed contains two mutually
commuting W, algebras as subalgebras and gives a picture consistent with the gluing'®.
The duality transformations of the algebra that can be identified with the Z, x Z5 duality
action given by transformations

UeW, KoM Lo N (4.124)

and {
U+ T’ K& M (4.125)

that can be identified with permutation of parameters

M1 7 2, M3 < g
H1 < us, Mo <> Lg. (4126)

Note that the parametrization and the whole construction works for arbitrary value of p
and we expect an existence of a two continuous parameter families of Zy X Z, algebras
for each choice of p such that W;(HE My Are their truncations. The structure of these
truncations in the (u1, p9) parameter space is shown in the figure 4.11 for various values
of p. You can see that figures are indeed invariant under py <> py. The points where two
truncation curves intersect correspond to the BRST reductions at rational levels and we

expect them to correspond to minimal models of W1p|1><oo algebras.

4.5.2 Truncations of Wéoxoo

Let us now consider the case of algebras of the type 0|2 with the corresponding parameter
p fixed. Sending parameters K, L, M, N — oo to infinity, relations satisfied by product

10A similar observation was made by [25, 32] where the authors study the gluing of A' = 2 W, from
the Yangian point of view.
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of bilinears in the BRST calculation of the character disappear and one gets a character
analogous to Wmmo The only difference is that all the invariant combinations are bosonic
and the final character is given by

e 1
|: 0|2><00} 1;[ 1— q 2n 1 _ an—f—p) (1 _ Z—lqn-i-p)n' (4'127)

The same formula can be obtained from the gluing construction in the same way as in the
resolved conifold case. We just need to use

oo

/ 1 S 1
Z <qhu+huz‘ﬂ‘P3(q)> = Z (g2 3= Dmatp Xy 3 35 4 P(q)) = H T (4.128)
10 >0 = q
Algebras discussed in this section can be identified with truncations of W(')O‘QXOO. Note
that p = 0 case again coincides with algebras studied in [107] in the context of counting

D6-D2-D0 bound states on the resolution of C?/Zy x C.

4.5.3 Truncations of W},

M|N xo0

All examples discussed so far in this section can be identified with truncations of some
infinite algebra. In the BRST reduction described in above, one generates Wy algebra
and symplectic bosons in fundamental representation of the reduced group associated to
each vertex. Moreover, at each vertex, symplectic bosons generated in the previous step
decomposes into the fields of shifted dimensions and symplectic bosons in fundamental
representation of the reduced group. Example of such process for first three reductions
from the example (4.50) is diagrammatically captured in 4.6. After projecting to the coset
invariant combinations, one can argue that in the infinite number of branes limit, one
obtains the character of the form

X[le\)/}wx@] = (H ;)n> H(l + qn+p¢):i:2n H(l 4 qn+pi+pj>ﬁ:2n (4'129)

(1—q" i=1 i>j

n=1

where the products run over all internal edges and one chooses the + sign if both branes
of corresponding finite segment ends from the same side and the — sign otherwise. The
same character follows from the gluing construction: for example, in the U(3) case we use
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the fact that

o 1

- = 3 PR (%)M (é) " PP P (1130)

z3

where P(u,v) are the the box-counting functions [98] related up to an overall factor to the
topological vertex C'(u,v,-). For the total character we thus find

Xixoo = HH 1_Z]Z o (4.131)

n=1 j,k=1

as expected for Wy .

Algebras coming from gluing or BRST construction for finite number of branes can
be identified with truncations of Xf\ﬂ Mxeo TFor fixed values p;, there are three integral
parameters left unfixed. These parameters parametrize truncation lines of X?\ifl Moo inside
the conjecturally two parameter family of algebras. Shifting all the numbers of branes by
a constant value again corresponds to a different truncation above the same truncation
curve.

4.6 Free field realization

Starting with Y, n, v [¥] as a building block, one can construct more complicated VOAs
associated to an arbitrary (p,q) web of five-branes and D3-branes attached to them at
various faces. The resulting vertex operator algebra is an extension of tensor product of
Y-algebras associated to each vertex by bi-modules (and their fusion) associated to each
internal line of the web diagram. Existence of such an extension'! was conjectured in [2]
but no explicit construction of OPEs between gluing bi-modules was proposed. The free
field realization discussed above seems to provide us with a way to determine OPEs of such

HThere exists a large list of special examples appearing in various contexts in the literature. The story
of extensions of VOAs dates back to the early days of VOAs, where authors of [10, 11] constructed lattice
extensions of the free boson VOA. Extensions of Wy algebras are discussed for example in [110, ] and
many other places. More recently, gluing at the level of affine Yangians was initiated in [25, 32] and at the
level of quantum toroidal algebras appears in [112].
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bi-modules. In the two explicit examples bellow, we will indeed see that this is indeed the
case. Note also that such construction leads to an algorithmic way to determine a free field
realization of the glued algebra. We expect some of the free field realizations to be related
via bosonisation to well-known free-field realizations, such as the Wakimoto realization of
Kac-Moody algebras [113, 114].

Let us briefly review the gluing construction in the case of a single edge. The general-
ization to more complicated configurations is straightforward and will be briefly discussed
later. Consider a (p, ¢)-brane configuration from the figure 4.12. The resulting VOA is an
extension of the product

Vel faditdg) g vt om—d g (4.132)
where Y]{,‘l 1”](,1227}@33 (U] is related to the standard algebra Y, n, v [V] by an SL(2,Z) transfor-
mation of parameters

Ay AsAsro] @V — po
YNI,NQ,N;? (U] = YN, Ny N {—m} . (4.133)
The parameters h; of the algebra can be easily determined from
hi = A; - €, (4.134)

where we have introduced the vector € = (€1, €3) and A; are the (p,q) charges of the ith
interface with the arrow pointing out of the vertex. Note that ¢; are universal parameters
and in the case of the standard trivalent junction of NS5, D5 and (1,1) branes, one has
the identification h; = ¢; with €5 = —¢; — €22, The extension is then generated by fusions
of the tensor product of the fundamental representation associated to the first vertex and
anti-fundamental representation associated to the second vertex and vice versa.

In the free field realization, the fundamental and the anti-fundamental representation
have a simple realization in terms of an exponential vertex operator and its descendant. For
simplicity of the discussion, we will restrict to the case Ny = 0 and identify only the simple
realization of the fundamental and the anti-fundamental representation for the following
ordering

2 2) (3 3
L. ﬁgv; £§v2+1 . £§v3+N2 (4.135)

12Tf we consider gluing of vertices, we need to distinguish e-parameters and h-parameters. The e-
parameters are determined by ¥ while the h-parameters are associated to each vertex and they are related
to €; by SL(2,Z)-transformation which brings the vertex to the standard one. [2]
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Figure 4.12: Gluing of two vertices.

of free bosons in the right vertex and

~(3 A(3) A(1 (1

Lg ). Egv; ‘Cg\f;—i—l T ‘CEVg-i-Na (4'136)
in the left vertex. The generalization for N, # 0, a general ordering and ‘non-simple’

realizations is straightforward but the formulas become more involved.

The gluing fields are the generated from the fundamental and the anti-fundamental
representation associated to lines supported at the internal interface generated by

My=ME® M3, — Mgp=M:e M3 (4.137)

where M7 and M2 are the primaries associated to the fundamental and the anti-fundamental

module associated to the third direction of the right vertex and ]\7[% and M% associated to
the left vertex. The simple free field realizations in the given ordering are of the form

M8 = exp [hl ¢§2>] ME = f(J)exp [—hl ¢§3§}
M =exp |<ha 0| M = f(T)exp |ha 6] (4.138)

where f(J) is a level Ny and f(J) is a level Nj field of the free boson. Even though
we lack a closed form expression for f(J) and f(.J), they can be easily determined from
the requirement that M2 and M% are primary fields of correct W-charges. All the other
bi-fundamental fields can be constructed from the fusion of My and Mzg.

In configurations with more internal finite interfaces, one can introduce corresponding
fundamental and anti-fundamental representations associated to each finite segment and
extend the tensor product of Y-algebras by fusion of all such generators. We will illustrate
the gluing procedure on two examples bellow.
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Figure 4.13: The simplest example of gluing of two gA[(l) Kac-Moody algebras.

e~

4.6.1 Gluing two gl(1)’s
Let us consider the first example of gluing of two g/l(l\)q, Kac-Moody algebras as shown in
the figure 4.13. Let ¢ = ¢§2) be the free boson associated to the right vertex and ¢ = (ngl)
be the one associated to the second one. We normalize them such that J = 8@59) and
J= 6’qb§2) have the following OPE
1 1 S = 1 1
J(2)J(w) ~ ————— J(2)J(w) ~ —— ——. (4.139)

€1€3 (Z — w)2’ €o€3 (Z — w)2

Generators that need to be added to the algebra can be identified with the fusion of the
following vertex operators realizing the fundamental and anti-fundamental representation

Mp = exp [elgb — 62&i| , Mg = exp [—elgb + EQQE] : (4.140)

One can easily check that the two generators have correct charges with respect to the two
gl(1) subalgebras and that the conformal weight with respect to the sum of the two stress-
energy tensors is 1/2. Moreover, the free field realization gives also an explicit realization
of the OPE between the added fields My and Mg that has the following simple form

1

Z—Ww

May(2) Mo (w) ~ (4.141)

with all the other OPEs trivial. The exponent was determined from the product of the
two exponents (with the metric determined by the normalization of the free bosons)
_(—61)61 . e2(—€2)

€1€3 €2€3

" (4.142)

One can immediately see that the BRST definition of the algebra is reproduced. In
particular, the added fields My and Mg form the free fermion pair and the combination

J+ J can be identified with the decoupled g/[(l\) Kac-Moody algebra. The relation between
free fermions and the vertex operators Mp, Mg is the well known bosonization.

108



Figure 4.14: The web diagram associated to the gA[(2) Kac-Moody algebra.

—

4.6.2 gl(2) from gluing

Let us now discuss the structure of glued generic modules for the algebra 51(2) associated
to the figure 4.14. This example will serve as a prototype for a more general configuration
whose GW-defects give rise to VOA modules induced from the Gelfand-Tsetlin modules of
the zero-modes algebra.

Y012 vertex First, let us construct the free field realization of the algebra Yy ;2. The
algebra has a free field realization in terms of three free bosons normalized as

1

1 1
J(3) J(3) ~
2 ()57 (w) e (z —w)2’
1 1
I I w) ~ ———— (4.143)

The generators of the algebra Y| ;2 were already found previously. For the purpose of

_—

our discussion, let us recall the gl(1) field
J = Ji+ Do+ Js. (4.144)
Let us now discuss the free field realization of the fundamental and the anti-fundamental
module in the third direction that will play the role of J* and J~ generators after tensoring

with the corresponding modules of the other vertex. The fundamental field can be realized
as

My = exp [e@ﬂ . (4.145)

Note that €; is precisely the charge predicted by the generating function of the ¢-charges
and all the W-charges of the representation match. The anti-fundamental field is more
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complicated since it appears at level two (there are two of free bosons of the third type to
the left of ¢é3)). One finds the following expression for the fundamental field

€1€3

Mg = (—EiﬁngQ +eaJi(Jo+ J3) — 6_J1J1 —0Jy + §—35J1) exp [—€1¢§2)} - (4.146)
3 2 2

Note that this asymmetric form of the fundamental and the anti-fundamental field is related
to our asymmetric choice of the free-boson ordering. The symmetric choice would to lead to
both J* and J~ at level one. We expect the two choices to correspond to the symmetric and
the asymmetriﬁwakimoto realizations. The symmetric Wakimoto realization is a free field
realization of gl(2) in terms of two free bosons and parafermionic fields. Parafermionic fields
can be bosonized and we expect to find our symmetric free field realization. Similarly, one
can bosonize the 3,7 system of the Wakimoto realization in terms of two free bosons and
a (3,7 system and we expect to recover our non-symmetric free field realization. Detailed
discussion of the relation with Wakimoto realization is beyond the scope of this paper.

Y001 vertex Let us normalize the free boson J = 8&2) of the second vertex as

J(2)J(w) ~ L (4.147)

The fundamental and the anti-fundamental representations associated to the second
direction are then

Mg = exp [e16(2)] Mg = exp [—e16(2)] . (4.148)

Glued algebra Having identified the fields and the relevant fundamental and the anti-
fundamental representation of each vertex, one can now easily construct the glued VOA.
The Cartan elements of the gl(2) Kac-Moody algebra can be fixed by requiring the correct
OPE between them and with the fields Ji5 o< Mz and Jy; o M. One finds

J11 = Egj, J22 e —G—ZJ + Elj. (4149)
€3
The normalization of generators Jis and Jo; can be found from their OPE. One finds
Jig = EiﬁMm Jo1 = Mp.
1

Note that the OPE of the exponential factors is trivial and both the second order and
the first order pole come from the OPE of the J; fields with the exponential factor of the

—

anti-fundamental field. All the OPEs of gl(2) Kac-Moody algebra are reproduced.
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5. Some advanced topics

5.1 Dualities from S-duality

Let us add few comments on dualities mentioned many times throughout the text. The
(p,q) webs enjoy the action of SL(2,7Z) duality transformations. Many calculations in
the geometric picture based on the affine Yangian and free-field realizations are manifestly
triality covariant. The SL(2,7) action in this picture corresponds simply to relabeling of
complex coordinates parametrizing the toric three-fold and relabeling cycles of the torus
fibration.

On the other hand, in the picture based on interfaces in N' = 4 SYM, we can see
that SL(2,7) transformation acts non-trivially on the boundary conditions at hand. In
some cases, starting with a configuration with known BRST definition, there might exist a
transformation that produces another configuration with a known BRST definition. One
then expects that both BRST reductions lead to an equivalent VOA. Using S-dualities, we
can thus predict many new dual constructions® of (p, ¢)-web VOAs.

For example, in the Yy, n, n,[V] case, there exists an S3 subalgebra of SL(2,Z) that
preserves the (p,q) web and simply permutes its legs. This action descends to dualities
of the corresponding VOA. Our definition is manifestly symmetric under the reflection
U <> 1 — ¥ accompanied by the exchange N3 <+ Ny. A non-trivial conjecture comes from
the “S-duality” transformation ¥ <+ U~! accompanied by the exchange N; <+ N,. The
two transformations combine into an Sj triality symmetry which acts by permuting the
three integral labels Ni, Ny, N3 while acting on the coupling ¥ by appropriate PSL(2, Z)
duality transformations. In particular, we have cyclic rotations:

1 1

gl = Ymam(l = gl (5.1)

IThis duality action played an important role in testing the proposal for the BRST definition of

YN17N2,N3 [\I[] = YN3,N1,N2 [

YN17N2,N3 in [ ]
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N3 TS Nj
Ny — N
(1,0) (—1,-1)
N2 N2
(1,1) (0,-1)
TS\ (—1,-1) 1 /TS
N3
Ny
(0,1)
Ny

(_1’ O)

Figure 5.1: The dualities which motivate the identification (5.1) of the VOA Y, n, 5 [V],
YN37N1,N2[ﬁ] and YNz,NS,Nl[l - %]

An alternative, instructive way to describe the S3 symmetry is to use the parameters

¢; which satisfy
€1+e+e3=0 \I’:—E—Q (52)
1

Then the S3 symmetry acts on
Y€17€2763 — Y €2 5 3
N1,N2,N3 = N17N27N3[_a] ( . )
by a simultaneous permutation of the ¢; and NV; labels.

Finally, note that in terms of the parameters A; of the W, algebra, the triality
transformation acts by permutation that is consistent with the triality action of [75, 5]

We can illustrate this type of relations for Yoo n. The Yy n[¥] VOA is defined as the

regular quantum Drinfeld-Sokolov reduction of gl(/V),, and thus coincides with the standard
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We-algebra Wy [¥] x gl(1) with parameter 5> = —¥? The Wy algebra has a symmetry
b — b~! known as Feigin-Frenkel duality, demonstrating immediately the expected S-
duality relation between Yo n[¥] and Yo n [P 7]

On the other hand, our definition of Yy o[l — ¥™'] involves a BRST reduction of a
product of elementary VOAs

—

gl(N)_ 1 xgl(N) & x SUN x ghleoset), (5.4)

1-v 1-v

where SV denotes the VOA of N complex free fermions transforming in a fundamental
representation of gl(N) and gl(°>**) a bc ghost system valued in the gl(N) Lie algebra.

The BRST complex is essentially a symmetric description of a coset construction, which
is essentially the analytic continuation of the well-known coset definition of the Wy algebra.
See e.g. [115] for a review and further references on this “triality” enjoyed by Wy algebras.

The general case leads to many new dualities for VOAs Yn, n,.n;-

Similarly, the resolved conifold diagram preserves the Zy X Zs subgroup leading to the
following duality action

1
11 1)1
WK,E,M,N[\IJ] AR WK,M,L,N [6}
11 11 1
Wirunl® © Wi [5} : (5:5)

In the case where both left and right algebras have a known BRST definition, we are led
to many new dualities. Similarly, we expect that the triality of Wi, ., becomes Zsy X Zo
duality for W7 generalizing the story of [77] for p = 1.

1|1x 00
Note also that for p = 0 the algebra is conjectured to be independent of the resolution
of the X-diagram (an issue discussed in the next section). Omne can then consider the
unresolved diagram and see that its symmetry is enhanced to S, that permutes the numbers
K, L, M, N. We expect these algebras to be symmetric under such an enhanced symmetry.

Moreover, we expect that for general p, the S; symmetry is broken to Zy x Zs only
in a very mild way. It turns out that different resolutions lead to the same algebra up to
the contribution of extra b, ¢ ghosts (see the next section). We can then expect that the
Sy duality will indeed be present for general p but only up to such contributions (we say
that the S, duality holds up to the spable equivalence [¢1]). Moreover, note the assymetry

— — —

2Recall our choice of notation gl(N)g in terms of s[(N)g_ and the gl(1) current
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in the definition of the type 1|1 algebra originating from the two successive DS-reductions
with the two orders associated to the two possible resolutions. It is natural to expect that
the symmetric situation (a single BRST reduction with respect to the s[(2) embedding
that is a sum of the two s[(2) embeddings) leads to an algebra naturally associated to the
unresolved diagram. Such a tetravalent junction preserves the full Sy symmetry and one
expects this symmetry to descent to the corresponding VOA. It is easy to check that the
central charge of the algebras S;-invariant.

5.2 Stable equivalence and flips

In this section, we comment on the flip transition that plays an important role in the liter-
ature related to the BPS counting. At the level of diagrams the flip transition corresponds
to the sliding of fivebranes. We conjecture that the algebras associated to diagrams related
by a flip transformation differ by a trivial algebra of decoupled bc and v ghosts. These
flip transitions and independence of the algebra on the resolution of the diagram leads to
the notion of the stable equivalence of VOAs [1].

As a test of this conjecture we argue that central charges of the algebras related by a
flip differ only by a contribution of bc and v ghosts and the large N; limit calculation
of the character is consistent as well. Many other checks have been performed in [2] and
some situations have been rigorously proved [116, 81].

5.2.1 Flip of algebras of type 1|1

Let us start with a flip in the resolved conifold diagram. This transition exchanges the
order of the two D5-branes as shown in the figure 5.2. The related algebras are

Wit e WL ] (5.6)

KL,M,N L,K,N,M

where the minus sign is a consequence of the parity transformation relating the right hand
side of the figure 5.2 to the standard resolved configuration.

The central charges of the flipped algebras differ by a W-independent factor

C[W;“ [qf]]—c[wl“ 0| = 4p(20% — 1). (5.7)

L.M,N L,K,N.M

This is exactly the contribution coming from free (b, ¢) systems with conformal dimensions
(p+1=p)(p+2,=p),....(=p;p+1) (58)
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Figure 5.2: Flip transition for type 1|1 (resolved conifold) algebras.

since (for p < 0)

—p

> clh) = 4p(2p* — 1) (5.9)

h=p+1

where c[h] is the central charge of the stress-energy tensor of the b, ¢ ghost system with
respect to which h. = h and h, = 1 — h are the conformal weights of the ¢, b fields.

At the level of characters, the difference is by a factor of (for p negative)

_P+% oo —p+l
I =11 Il a+q¢'m) (5.10)
m:p—l—% n=0 m=p+1

as can be most easily seen from the BRST construction. The only difference at the level
of the BRST reduction is in the two off-diagonal blocks whose elements are charged under
the Cartan elements of both s[(2) embeddings. The contributions from the Wg_ and
W _n factors are present in the characters of both algebras. The integral projecting on the
gl(N|M) invariant combinations is the same as well since all the fields under the integral
originate from the off-diagonal blocks charged with respect to only one of the two sis
embeddings. The only difference is thus in the product of x7 factors given above.

—_ —

Example - Flip of gl(1);, The flip of the gl(1),, algebra is the simplest but also trivial
example of a flip transition since the algebra is simply

—_—

DSo[gl(1)y] = gl(1)y x F (5.11)

from the definition. It automatically contains a decoupled fermion F.
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Example - Flip of Virasoro xgl(1), A non-trivial example is the flip of the W, 5 ; 5[¥]

algebra, i.e. Wg l% 05— ¥]. The BRST definition of the algebra is in terms of a reduction of

ol(2)y X {x1, U1} x {xa, %2} x {b, c} (5.12)
implemented by the BRST charge
Q = de(Jlg + Xle — 1)0 (513)

that can be identified with the BRST reduction associated to the principal s[(2) embedding
inside gl(2) but with the current modified by a fermionic bilinear.

The cohomology is generated by fields

J == J11 + J22
P = Py + by + Jide
X1 = X1
Yo =
X2 = X2 —c¢bxi+Juxa (5.14)
1
T = By (JunJu + 2J12Jo1 + Ja2J22)
v—1
—cOb — wla)ﬁ + (%ﬂQXQ + 2—\I/(J{1 — JQQ)
where T is the stress-energy tensor with the central charge
6
=10—-6V — — 5.15
‘ . (5.15)

as expected. The fields (1;1, X1) and (?;2, X2) have OPEs of a pair of free fermions. Their
OPEs with J are

7 Wiy - 2%
J ~N—— J ~ . 5.16
(2)¢n G w? (2)x1 G- w)? (5.16)
%1 and ), are primaries of conformal dimension 0 while ¥, and ¢ having OPEs with the
stress-energy tensor of the form

Heat) ~ ((12_—\3)? " %Z))Q - )

(5.17)
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Note that one can modify both the J current and the stress-energy tensor 7' as

J = T+ Oy
~ = e s =1, -
T — T—0x1¢1 — 0axa — YOX1X1920¢2 + TGQ(M%)- (5.18)
After such a modification, the free fields decouple and one is left with the Virasoro algebra
times a U(1) algebra. The central charge of the modified stress-energy tensor

6
14— 67 — — 1
60 — (5.19)

is the same as the central charge of the algebra before the flip.

5.2.2 Flip of algebras of type 0|2

N M K N K
K—-M+N
Figure 5.3: Flip transition for type 0|2 algebras in the case of K’ > M > N. A fixed number
of D3-branes is attached to each D5-brane. The crossing of D5-branes acts non-trivially
on the number of D3-branes at the internal face.

Flipping D5-branes in the 0|2 diagram results in the change of numbers of D3-branes
between the two fivebranes as shown in the figure 5.3. The algebras related by such a flip
are

WO ] e WO [w]. (5.20)

K,L,M,N K,L,K—M+N,N
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One can show analogously to the resolved conifold diagram that the central charges and
characters again differ by a contribution of 2|p| copies of the (/3,7) systems with correct
conformal dimensions. The only difference in this case is the different expression for the
parameter p and the bosonic nature of the decoupled fields.

Example Wg'g 53 Let us show that the algebra ngg 93

associated to the flip of the
W?Ez) X g/l(l\) algebra contains Wéz) x U(1) as a subalgebra together with a decoupled free

fermion.

—

The algebra W8|§2 5 is defined as a BRST reduction of gl(3)y, x {b12, c12} by the BRST
charge
QQ = %dZ(Jlg - 1)012. (521)
The cohomology contains the currents
Ji + J 1-v
I = 11\11 22 - s,
Jo = Ju+ Jn (5.22)

that are mutually local and they are normalized according to (4.5) as

U+3—4

Jl(Z)J1<w) ~ 5 3 Jl(z)Jl(w) ~ (523)

(z —w)

Apart from these currents, the reduced algebra contains generators of dimension % given
by

G1+ == J137
Gr = Jp (5.24)

and of dimension % of the form

G;r = J23 + (\I’ — 2)J11J13 + (‘1’ — 3)J13J22 + Jlgbc,
GQ_ = J31 + (\If - 3)]11J32 + (‘1/ - 2)J22J32 - JngC (525)

together with the stress-energy tensor

1 1 1
T = 20 Z Jij Iy + §3J11 - 5&]22 + Obyacia (5.26)

1,7=1,2,3
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with the central charge

24
=25— — —06V. 5.27
c=25- 2 (527)
The superscripts + in the expressions above denote the charge of the gluing fields with

respect to J; and .Jy currents.

Let us discuss OPEs of the algebra. G form subalgebra of symplectic bosons with
OPE

_ 1
GT (2)Gy (w) ~ I (5.28)
The operator product expansions between J; currents and G fields are
Gy (T —-1)(2¥ -5)GF | G5
+ 2 + 1 2
J1(2)G5 (w) ~ :I:Z — J2(2)G5 (w) ~ C—wp? + po—— (5.29)
OPEs between G5 and G5 fields are
2 — UGy Gy
05w ~ 2%
1 _ 1\ 1— 3V + ¥
G:lt(Z)G;F(’w) ~ :i:z —w ((3 — \I/)Gl GT + ﬁjl + TJQ) . (530)

Finally for OPEs between G5 fields we find

+ ~+ + +
G5 (2)G5 (w) ~ =+ (20° — 1392 4+ 27T — 17) ( Grar |, GroG >

(z—w)?  z—w

(T — 1)(¥ — 3)(2T — 5)

G5 (2)Gy (w) ~

(z —w)?
G _1w)2 (2(2§:f2) Ji + v _\5,)—(\11 —2) Jo + (203 — 1192 4 160 — 3)G1+G;)
+ (\IJT +2(2V - 5).LGY G — —2(\;]_2 e JiJi + LeE <_\I,7\_Ij 522\1/2)
N (2\1;4_12\1;3(5311\1;2—8\1:—4)J2J2+(1_\P>G1+G2
2(0? — 602 + 10V — 3)0GT Gy + (¥* — 4V + 3)GTOGT
b BT —‘1’22(_\1/5:1’; GaJQ)
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If we redefine the generators of the algebra as

S — S+ GIGY
JQ — J2 + GTG;
UG (1 =30+ U2)LGT

Gy — Gf — (GG + o T T + (U - 1)0GT
— - 2 —
Gy, — G;—GﬂGQ2+thl+(l 3\IHHI”‘]QGl—(\Il—l)a(;;
1-w 1-w
1
T — Tﬂ—§803iG;) (5.32)

we discover that the currents GT form a symplectic boson pair and they decouple. The

remaining algebra can be identified with the algebra W§2) X g/il\) with the stress-energy
tensor of the correct central charge
24

=26— — —6V. 5.33
=26 (533)

5.2.3 Flip in a general diagram

In a general tree diagram, the flip is a local transition that influences only the vertices
associated to the flipped leg and the edge along which the leg flipped. In particular, this
means that both the vacuum character and the central charge of the full algebra differ by
a contribution of free fields that can presumably be decoupled and the change in these
quantities can be read-off locally.

—

Figure 5.4: Flip leading to the stable equivalence DSN[g/[(]V)\I, x FOMN)] ~ DSy [gl(N)y].

Note also that both the central charge and the vacuum character remain the same in the
case of vanishing p = 0. At the level of BRST reduction, one can indeed see that the two
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reductions can be related by a unitary transformation of the current algebra generators. It
is natural to expect that the two algebras related by a flip are equal in arbitrary diagram
as long as p = 0.

The equivalence of VOAs up to the contribution of free fields has been called by Creutzig
the stable equivalence [$1] and will be denoted as ~. For example, considering the config-
urations of type M|N, the brane transitions lead to the conjecture of stable equivalence of
algebras related by a permutation of the DS reductions in their BRST definition, schemat-
ically

— —

DS... DEWDSnl. - DSIGUKIL) -] _ DSL... DEmDS,l: - DSGHKIL) -] (o
gl(M|N) gl(M|N)

In particular considering the flip from the figure 5.4, one recovers the relation from [116, 81]:
DS y[gl(N) x F'M) ~ DSy [gl(N)] (5.35)

that generalizes to all the other Drinfeld-Sokolov reductions DS, by modifying the bound-
ary condition on the right corresponding to a more general diagram of type 1|M.

5.3 Ortho-symplectic algebras

5.3.1 Branes and O3-planes

In this section, we describe an analogue of the above construction to a Y-junction of defects
in N =4 SYM with orthogonal and symplectic gauge groups. Theories with these gauge
groups can be realized by D3-branes sitting on an O3-plane. The gauge theory perspective
on boundary conditions and interfaces associated to fivebranes in the presence of O3-planes
was developed in [63], building on a broad literature in string theory [117, , ] and
gauge theory [120), , 122].

There are four O3-planes in type IIB string theory. When superimposed to a stack
of D3 brane, they give rise to four possible choices of gauge groups: O3~ planes give an
SO(2n) gauge theory, O3~ planes give an S O(2n + 1) gauge theory, O3 planes give an
Sp(2n) gauge theory and O3 planes give a gauge theory denoted as Sp(2n)’, which is the
same as Sp(2n) but has a different convention for the 6 angle, so that § = 0 in Sp(2n)’ is
the same as 6 = 7 in Sp(2n).
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The O3~ plane is unaffected by duality transformations. Correspondingly, SO(2n)
N =4 SYM has a PSL(2, Z) S-duality group. The remaining three types of O3 planes are
exchanged by duality transformations. A 7" transformation clearly maps Sp(2n) <> Sp(2n)’
and relates 03" and O3". It leaves O3~ invariant. On the other hand, an S transformation
exchanges the Sp(2n) and SO(2n + 1) gauge groups and the O3~ and O3* planes, while
it maps Sp(2n)’ to itself and leaves O3* invariant.

The story is further complicated by the fact that the elementary interfaces in the
presence of O3 planes are associated to “half-fivebranes” that are Z5 projections of ordinary
fivebranes. The type of O3 planes jumps across these interfaces. As a consequence, half-
NS5 interfaces must interpolate between SO(2n) and Sp(2m) or between SO(2n + 1) and
Sp(2m)":

03~ 03+ 03~ 03*
SO(2n) | Sp(2m) SO(2n+1)| Sp'(2m)
NS5 NS5
while half-D5 interfaces must interpolate between SO(2n) and SO(2m + 1) or Sp(2n) and
Sp(2m)':
03~ 03~ O3+ O3+
SO(2n) | SO(2m +1) Sp(2n) Sp'(2m)

D5 D5

The gauge theory description of the interfaces is very similar to the unitary cases,
except that the orbifold projection cuts in half the interface degrees of freedom. Half-NS5
interfaces support “half-hypermultiplets” transforming as bi-fundamentals of SO x Sp. 3

Half-D5 interfaces between orthogonal groups involve a Nahm pole of odd rank 4. Half-

3Notice that half-hypermultiplets must transform in a symplectic representation, precluding such ele-
mentary interfaces for SO x SO or Sp x Sp. Furthermore, half-hypermultiplets have a potential anomaly
which has to be cancelled by inflow from the bulk, constraining the choice of Sp(2n) vs Sp(2n)’ as predicted
by string theory.

“Notice that the rank of the Nahm pole must be odd for the s[(2) embedding to exist in an orthogonal
group
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D5 interfaces between symplectic groups involve a Nahm pole of even rank or a half-
hypermultiplet in the fundamental representation of Sp. °

The half-(1, 1)-type interfaces work in a similar manner as half-NS5 interfaces, except
that the role of Sp’ and Sp is reversed because of the extra interface Chern-Simons terms.

The relation between the four-dimensional gauge theory setup and analytically contin-
ued Chern-Simons theory works in the same manner as in the unitary case, up to matter
of conventions for the levels of the corresponding Chern-Simons theories.

We use conventions where # is the level of the o currents and —#/2 the level of the sp
currents. The dual Coxeter number for so(n) is n — 2 and for sp(2m) is m+ 1. The critical

level for oﬁmm) is 2 —n+ 2m. A half-NS5 interface in the presence of gauge theory

parameter ¥ will result in an 0sp(n[2m), y_, 9, o theory, depending on which side of the

interface the SO and Sp or Sp’ groups lie.

The relation between Nahm poles and DS reductions will be the same as before. Fur-
thermore, half-hypermultiplets in the fundamental representation of Sp(2m) will map to

o —

symplectic bosons which support 5p(2m)7% currents. Adding n Majorana chiral fermions

will promote that to osp(n|2m), currents.

5.3.2 Definition of ortho-symplectic Y-algebras

Depending on the choice of O3 plane in the top right corner, the Y-junction setup for
orthogonal and symplectic gauge groups gives rise to four classes of ortho-symplectic Y-
algebras: Y7, v[¥] and ?L%M’ ~1Y].

Because of the duality properties of O3 planes, ffoM’ ~[¥] will have the same triality
properties as Y7,y v[¥]. Instead, triality will map into each other Y, v[¥] and ?LiM, ~1Y,
up to the usual S5 action on labels and coupling.

In particular, the definition of the algebras will imply

Y;M,N[\Ij] = Y;N,M[l - \p] YL_,M,N[\IJ] = Y/L_,N,M[l - \I’] (5-36)
and the non-trivial S-duality conjecture is
~ 1 _ _ 1
YLfM,N[\I’] - YM,L,N[E] YL,M,N[‘I'] = YM,L,N[E] (5'37)

®Notice that the rank of the Nahm pole must be even for the su(2) embedding to exist in an orthogonal
group. Also, the type of Sp theory must jump across the interface for the same anomaly inflow constraint
mentioned in the previous footnote.
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etcetera.

SO(2N) SO@2N +1)

Sp(2L) Sp/(2L)

SO@2M + 1)

Y (V] ?LTM,N[\D]

soer) | PEN) soprn 1y | SPEN)

Sp(2M)
Y v[Y] Y vV

Figure 5.5: Configurations defining ortho-symplectic Y-algebras.

We will give now a brief definition of these vertex algebras. The VOAs Y, v[V]
corresponding to the first figure in 5.5 are defined as follows. There are a super Chern-
Simons theory with gauge groups OSp(2N,2L) and OSp(2M + 1,2L) induced at the NS5
interfaces. For L = 0, N = M or N = M + 1, there is no Nahm-pole present and
corresponding Y-algebra is a BRST reduction of

S0(2M )y _opryo X 50(2M +1)_y_orrin
S0(2M + 2)g_op X 50(2M 4+ 1) _y_opr40 (5.38)

that lead to cosets

50 m\—k 1
Y(),_M,M[\I’] _ (/\ ) _w_onrio
50(2M>—\I/—2M+2
50(2M +2)y oy

50(2M + 1)y,

Yo araria (V] (5.39)
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For L =0and N > M+1, the VOA is defined as a BRST reduction of the DS-reduction
by the (2N —2M — 1) x (2N — 2M — 1) block

DS2N—2M—1[50<2N)\11_2N+2] X 50(2M + 1)—‘1/—2M+2 (540)
1.e. coset
DSon_an— 50/2W
Voualt] = Do B0 e ] (5.4)

50(54\jL Dy o

and similary for N < M

_ D82M+1_2N[50(m’ 1) . ]
Youn[¥] = — 22 (5.42)
50(2N)\11—2N+2

For L # 0, levels of the super Chern-Simons theories are ¥ — 2N + 2L + 2 and —¥ —
2M + 2L respectively. In the four cases described above, one gets BRST reductions of
similar combinations of DS-reduced and not reduced theory leading to

05 2ﬁ1 2L
YLi,M,M[\I]] _ p( /\| )—\If—2M—|—2+2L,
Osp(QM‘QL)—\I/72M+2+2L

0sp(2M + 2[2L) y _opri0r

YL_,M,M+1[‘I’] - — )
0sp(2M + 112L)_opr 01,
DSon_orr—1]08 /2N\2L
YL_,M,N[\P] _ an—2m—1[08p(2N | )\11—2N+2L+2] N>M+1,

osp(2M + 1|2L)q/—2M+2L

DSsnri1-owlosp(2M + 1121
Y8 = 2M+1 2M 2L) 4 _snriar) N < M. (5.43)

50(2N’2L)\P72N+2+2L

The VOA ffoM’ ~1¥] corresponding to the second configuration in 5.5 are defined simply
as

Y/L_,M,N [\I’] = YL_,N,M[l - ‘1’] (5-44)

Let us now define the VOAs Y, y[¥] corresponding to the bottom left diagram in
5.5. Let L =0 and N = M. An Sp(2N) Chern-Simons theory is induced at the vertical
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boundary with shift in the level by % The anomaly mismatch compensated by a (half)-
symplectic boson in a fundamental representation of Sp(2N). The VOA is then identified
with the BRST reduction of

P2N) s _y_y x STV 5 sp(2N) _u_y s (5.45)
i.e. the coset
Sp(2N)w ;X SPCN)
Vo] = ———— . (5.46)
5p(2N)%—N—g

If M # N, there are no symplectic bosons present but Nahm-pole boundary conditions
appears leading for N > M to

—

YI]—FMN[KI]] _ DSQN%’KZN)%—Nfl] (547)
o EP(QM)%_M_‘s

and for N < M to

Vool = Do A g vs] (5.48)
o sp(2N)_v_y_,

If L # 0, one gets analogous expression with super-groups and dual super-Coxeter
numbers:

—

+ _ 0SP(2LI2N) _y oy yp X STPEHEN
Yivn[Y] = — :
0sP(2L|2N)_y on_or13
DSon—_on|0sp(2L12N
N>M Y] = 2 22|05 RLIZN) wsow-po] (5.49)
08p(2L[2M) _y 4 opr_orys
DSons_on|osp(2L12M
Nl Yiyly] = 2522 (0SPEEEM) yionari] (5.50)

05P(2L|2N)7\11+2M72L+2
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The last diagram of 5.5 gives rise to Y/L* IYauAE

y -+ 05p(2L + 1‘2N>—\IJ+2N—2L+1 x §osp(LA2N)
YL,N,N[\IJ] = — ,
0sp(2L + 112N) g on o710

) DSon_anlosp(2L + 12N
N> M YL—i,_M,N[\IJ] _ a2 (0P ( | )—\I/+2N—2L+1] (5.51)

0sp(2L + 112N) _y opr—or42

) DSoran[osp(2L + 1[2M
N< M YE?M’N[‘I/] _ 2M QN[ p( ’ )—‘II+QM—2L]' (552>

0sp(2L + 112N) _y opns—or 1

where S°*(*2N) denotes a combination of N symplectic bosons and n real fermions which
supports bilinear osp(n|2/N) currents.

5.3.3 Central charge

Central charge of orthosymplectic Y-algebras are given by (see appendix of [3] for a detailed
calculation)

counl¥l = vl — Y]
_ CL-M)-1)E2L-M)+1)([L - M)
U1
2(2(L = N) + 1)(L = N +1)(L = N)
i v

+2U(2(M — N) +1)(M — N +1)(M — N)
—2L(1 4+ 6M?* + M(6 — 12N) — 6N + 6N?)
+4M? —3M(1 —2N)?> + N(5 — 12N + 8N?) (5.53)

and

Cz,M,N[\Ij] = 6z,%7M7N[‘IJ]

2(IM—-L)2(M —-L)+1)(M—-L+1)
1-0
2IN-L)2(N-L)+1)(N-L+1)
]
+¥(2(M — N)—1)(2(M — N) +1)(M — N)
+L(1—12(M — N)*) = N +2(M — N)*(3+2M +4N).  (5.54)
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One can check that the expressions above are indeed invariant under transformations 5.37.
Note also that S3 action preserves Y t-algebras and we can indeed write their central charge
¢t W] in Sg invariant way

] = oL NYAEL ~ NP~ 1)+ (1= DN~ LAN ~ LY ~1)
%\I/(M — N)AM — N2 —1) + %(1 — W) (N — M)(4(N — M)? - 1)
11 , 1 v ,
STg (L= M)AL = M)? = 1) + S o—=(M — L)(4(M = L) = 1)
(L4 M — 2N)(L — 2M + N)(=2L + M + N) + % (5.55)

Note that the centra charges factorize nicely

(M —=N)+1) ¥ +2(L-N)-1D)2M-N+1)V+2(N-L—-1))(M-N)¥+N —1L)

(U —1) ’
((2(M = N) + )@ = 2(L = N = 1))((2(N = M) = )T + 2(L = N) = D((N = M)T + L - N). 56)
TV —1) e

5.3.4 Relation to the even W

Let us conclude this section by few comments related to the orthosymplectic algebras.
First, one can check that characters of the algebra in the large L, M, N limit equal the one
of the even W, algebra with even-spin content Wy, Wy, Wg,.... It is known that there
again exists a two-parameter family of algebras [382, 83] with such a spin content. It is
natural to expect that the finite L, M, N algebras will be truncations of such an universal
algebra. The problem is that some cosets produce an extra generator that does not fit the
spin content. The conformal weight of such an extra generator goes to infinity in the large
L, M, N limit. It might still be possible that this extra generator can be either decoupled or
projected out of the algebra by some orbifold. Note also that the more complicated duality
structure from [32] corresponds to the more complicated dualities of the webs discussed
above. Finally, from the string theory perspective, the transition to the ortho-symplectic
algebras correspond to taking orientifolds of the original setup. It would be interesting to
explore a possibility that the even W, algebra can be also obtained from some projection
of the standard W,, algebra.
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5.4 Modules

5.4.1 Gauge theory origin

Line operators Apart from the local operators living at the two-dimensional corner, line
operators supported at each of the three interfaces are part of the twisted theory as well.
Consider line operators supported at one of the three interfaces, going from the infinity
and ending at the corner at point z € C. The endpoint z determines the insertion of the
corresponding vertex operator from the CFT point of view. The process of fusing local
operators living at the corner with the line endpoint generates a module for Yy, n, n,[V].

Line operators supported at the NS5 interface can be identified with the Wilson lines
associated to a finite-dimensional representation p of the Lie super-algebra gl(/N1|N3) as
discussed in [17]. Similarly, line operators at the Db5-interface are 't Hooft operators as-
sociated to gl(NN3|N2) representations and line operators at the (1,1)-interface are Wilson
line operators associated to representations of gl(Ny|N7). These modules play the role of
degenerate modules of Yy, v, n5[V]. The algebra Y, n, v, [V] has a natural grading by spin
and degenerate modules are characterized by the fact that they contain less states in some
graded component compared to a generic module.

Gukov-Witten defects Apart from the line operators discussed above, Gukov-Witten
(GW) surface defects [79] also survive the GL twist. Inserting such a GW defect at a point
z € C and attaching it to one of the corners of the Y-shaped junction, one gets a new
(continuous) family of modules for the corner VOA.

Figure 5.6: Line operators M ZL labeled by finite representations of the gauge groups are
supported at interfaces and give rise to degenerate modules of VOA. GW defects attached
to the corners of the diagram are labeled by )\gl), )\52), )\53) in Ny, Ny and N3 complex tori
with modular parameters U and give rise to generic modules.
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GW defects in the U(N) gauge theory are labeled according to [79, 16, 17] by four real
parameters® (o, 8,7v,n) € (T,t,t,T), where T is the Cartan of the gauge group U(N) and t
the Cartan subalgebra of the Lie algebra u(N). In the GL-twisted theory, parameters /3 and
~ were argued in [17] to deform the integration contour of the complexified Chern-Simons
theory. On the other hand, the combination

A=Va—n (5.57)

parametrizes the monodromy of the complexified gauge connection A = A 4+ w¢ around
the defect, i.e.

diag(Ai, ..., An)

z

Al2) (5.58)

near the defect at the origin z = 0. The parameter w is related to ¥ in such a way that
A is a closed combination at the interface (modulo a gauge transformation). Since both
a and 7 live in the Cartan subgroup a,n € (Sl)N of the gauge group U(N), we see that
the corresponding monodromies (and Gukov-Witen defects in the GL-twisted theory) are
labeled by points in N complex tori of modular parameter W.

Let us discuss S-duality transformation of the GW parameters identified in [79]. The
pair (/3,7) transforms as

S (B,7) = |71(B,7) (5.59)

under the S-transformation and it is unaffected by the T-transformation. On the other
hand, the pair («,n) relevant to us transforms as

S:(a,n) = (n,—a), T:(a,n) = (a,n — ). (5.60)

The complex parameter A of the twisted theory transforms as

1

SiA=Ta—-n—N=a——
(0 7’]-) « \IIT],

T:X— A (5.61)
We see that A is invariant under the T-transformation and the S-transformation simply
multiplies the Gukov-Witten parameter by 1/¥ and exchanges the role of o and 7. In later
sections, we will see that this transformation is consistent with the triality covariance of

YN17N27N3'

In general, the parameter 7 lives in the Cartan subalgebra of the Langlands dual gauge group T'V.
Since U(N) is left invariant under the Langlands duality, we do not distinguish them in this work.
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When a GW defect ends at an interface, one needs to further specify a boundary
condition for the defect. We will see later that the choice of the boundary condition
lifts A*®) for x = 1,2,3 living in the N, complex-dimensional torus of in each corner to
A e €N+, The boundary line of the surface operator can be fused with line operators
discussed above. Such a fusion changes the boundary condition for the GW defect. For
example in the Y o configuration, line operators supported at the NS5 interface produce
a defect with charge n € Z that lifts the parameter n and the line defect supported at the
other interface creates a vortex of monodromy ¥m € VZ lifting the parameter o. Similarly
in the other two corners, the fundamental domain of the torus is lifted to the full C by
modules coming from line operators at the corresponding two boundaries.

For generic values of GW-parameters, the defect breaks the gauge group to the maximal
torus at the defect. Corresponding modules are going to be associated to generic modules
for the corner VOA. For special values of parameters, a Levi subgroup of the gauge group
is preserved and we expect the corresponding representations to be (partially) degenerate,
i.e. the associated Verma module contains some null states. For example, if two of the
monodromy parameters are specialized, the next-to-minimal Levi subgroup U (2) x U (1) =2
is preserved. One can decorate such a configuration by line operators in some representation
of the preserved SU(2) gauge group. In the parameter space of the lifted GW parameters,
one gets a discrete set of codimension one walls corresponding to degenerate modules for
each pair of Cartan elements. The full parameter space of generic modules thus has a
chamber-like structure with the modules degenerating at the walls. At the intersection of
more walls, we expect further degeneration to appear. These intersections correspond to
larger Levi subgroups. In the case that GW parameters are maximally specialized, we have
a trivial interface (there are no singularities in the bulk) and we expect the corresponding
modules to be maximally degenerate. The corresponding modules are labeled by finite
representations of gauge groups (labeling line operators at the interfaces).

Finally, let us note that throughout the discussion above, one needs to mod out Weyl
groups of U(N;) since modules related by the Weyl transformations are gauge equivalent.

—

Yoo1 = gl(1) example Let us illustrate how above gauge theory elements fit nicely

—

with the simplest example Y1 = gl(1). This example is extremely important since all
the other algebras can be obtained from a fusion (coproduct) combined with the triality
transformation of this simple algebra.

The insertion of the complexified gauge connection A at the corner can be identified
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with the gl(1) current J normalized as

v

J(2)J(w) ~ o

(5.62)

In [1], line operators supported at the NS5-boundary were identified with electric modules
of charge n € Z and conformal dimension ﬁnQ. Line operators at the D5-boundary were
identified with magnetic operators with monodromy ¥m € WZ and conformal dimension
%mz. On the other hand, GW defects are parametrized by a complex torus with the
modular parameter ¥ parametrizing the monodromy for the complexified gauge connection
in the bulk. If the GW defect ends at the NS5 boundary, one can fuse the end line of the
defect with line operators supported at the boundary. Such a line operator shifts the charge
by 1 and lifts the torus of the Gukov-Witten defect in the real direction. Similarly, fusing
with modules supported at the D5-boundary lifts it in the U direction tessellating C as
shown in the figure 5.7. The GW parameter X thus lifts to A € C that can be identified
with the Jy eigenvalue. The fusion with an electric module shifts it by one Ao A+1,
whereas the fusion with a magnetic module shifts it by ¥, i.e. A — A+ U. The module

coming from the GW defect has charge A and conformal dimesion %5\2

—

Figure 5.7: The lattice structure of modules of the gl(1) algebra. GW-defects are labeled by
a point in the torus of modular parameter ¥. Fusion with electric and magnetic modules of
charges n and ¥n lift the torus along the full complex plane parametrizing generic module
of the algebra. Lattice points correspond to dyon modules of the algebra and the position
in the fundamental domain corresponds to the GW-parameter. For example, the modules
of charge A = A+ 2+ ¥ and \ in the fundamental domain are related by fusion with the
electric module of charge 2 and the magnetic module of charge 1.
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Note that the S-duality transformation exchanges NS5-brane and D5-brane and the
orientation of the diagram gets reversed. The transformed level of the algebra is 1/¥
and the transformed lifted GW parameter becomes A/®¥. This is consistent both with
the transformation of degenerate modules and the unlifted GW parameter. Note that
conformal dimension of the generic module is invariant under the S-duality transformation

and so is the charge if we renormalize J = \/i@J . The roles of a and 7 interchange.

Let us show that transformations of parameters are also consistent with the triality
relation

- 1
Y001 [¥] = Yo,1,0 {‘I’ =1- ﬁ] . (5.63)

The insertion of A at the corner of Yy [¥] leads to the g/I(T) Kac-Moody algebra normal-
ized as

(5.64)

Consider a GW defect with the parameter A®. The charge of the corresponding module
with respect to the normalized current J/+v/ ¥ — 1 equals

= VU@, (5.65)

Comparing it with the charge with respect to the normalized current of Yy o1[¥] that equals
AG) /VU, we see that the two GW parameters must be indeed related by A®) 2) )y
consistently with the above discussion.

Reparametrization of GW defects The trivalent junction of interest is invariant un-
der the S3 subgroup of the SL(2,7Z) group of S-duality transformations. To get manifestly
triality invariant parametrization of the algebra and its modules, let us introduce parame-
ters hy, ha, hg by

=2 hithy+hs=0. (5.66)

Note that the parameters h; are determined up to the overall rescaling. The VOA is
independent on such a rescaling. Up to the rescaling, one can relate parameters h; and ¥
for example as

1
hy=—VU,  h3=VT— N3 (5.67)
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Instead of the lifted GW parameter A®) parametrizing defects in the third corner, one can
consider the combination

1
2®) = ﬁw = h1a® 4 hyn® (5.68)

and similar combinations in the other two corners

eV = hya + hgn®. (5.69)

In the Yy, example, we can identify the parameter x® with the coefficient in the
exponent of the vertex operator”

exp [2®¢(w)] (5.70)

in the free field realization of the module with the current J&) = 9¢®) = .J/v/¥ normalized
as

1 1
hlhg (Z — w)2 '

J® ()8 (w) ~ — (5.71)

In this parametrization, the electric module M? of unit charge corresponds to a® = 1
whereas the magnetic module to n® = 1.

In the other two frames Y; o and Yy o with currents J (®) = 9¢®) normalized as

I 1

JE (2)J% (w) ~ ol (s )

(5.72)

parameters z(*) are a aln exponents of the corresponding vertex operator. We will later
see that parameters z," ) can be identified with shifts of exponents of N; + Ny + N3 vertex
operators also for general YN, No.Ns -

In the parametrization using h;, the triality tranformation simply permutes h, together
with parameters o) n*). The invariance of the charge of the current normalized to
identity is manifest.

"In the following we will drop the normal ordering symbols and we assume all the exponential vertex
operators are normal ordered.
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5.4.2 Generic modules

Let us turn to the discussion of generic modules of Yy, n, n,[¥] associated to Gukov-Witten
defects. We start with a review of the algebra of zero modes and how to parametrize
modules of a VOA induced from modules of the zero mode algebra. We review a compact
way to parametrize highest weights in terms of Yangian generating functions ¢ (u). The,
we describe a general structure of the variety of highest weights parametrizing generic
representations of Y, n, n, in the primary basis. The next two sections state the generating
function for such representations and related its parameters with Gukov-Witten parameters
and parameters of Fock modules in the corresponding free field realization of modules.
Finally, a simple example of the variety of highest weights.

Zero modes and generic modules A rich class of Yy, n, n,[V] representations can be
induced from representations of the subalgebra of zero modes

_ 1 h(X)-1

Xo = 5 dzz X(z) (5.73)
for X a field of spin A(X). Starting with a highest-weight vector anihilated by all positive
modes, one can show that the algebra of zero modes of truncations of W, ., acting on the
highest weight vector is commutative [76]. We can thus define a one-dimensional module
for the zero-mode algebra by prescribing how zero modes of the strong generators W; act.
If there are relations in the space of fields (which show as singular vectors of the vacuum
Verma module), the zero mode of the corresponding null fields must vanish when acting
on the highest weight state. The existence of null fields thus constrains possible highest
weights leading to a variety of highest weights.

Let us add few comments:

1. In the math literature, the algebra of zero modes acting on the highest weight state
appears under the name of the Zhu algebra® [124]. If the Zhu algebra is commutative
(as in the Y, vy n,[V] case [70]) the variety of highest weights is the spectrum of the
Zhu algebra.

2. Not all the modules produced by gluing are induced from the algebra of zero modes
with trivial action of the positive modes on the highest weight vectors. Gluing of

8The Zhu commutative product is defined as a modified normal ordered product [X] * [Y] = (X,Y) +
corrections. The corrections are the commutators [Y1,Y_1] + [Y2,Y_2] 4+ ... from the mode expansion of
the normal ordered product acting on the highest weight state. For a more precise comparison see [123].
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highest weight modules of Yy, n, n,[V] leads in general to irregular modules of the
glued algebra. We will later illustrate this phenomenon on the simplest example of
the gl(2) Kac-Moody algebra.

3. Even in the case when the module of the glued algebra has a trivial action of positive
modes on the space of highest weights, the space of highest weights itself generically
forms an infinite-dimensional representation of the zero mode algebra.

Generating function of highest weights for Yy, n, n, Generic highest weight mod-
ules of a VOA with a commutative algebra of zero modes are parametrized by the action

—

of such zero modes on the highest weight state. For example, modules of the gl(1) x Wy =
Yo0,n algebra are labeled by N highest weights, i.e. eigenvalues of W; zero modes for
1,2,3,... N. Analogously, a generic representation of W, is specified by an infinite set
of higher spin charges of the highest weight state, one for each independent generator of spin
1,2,3,.... To label a generic highest weight representation of W;, ., and its truncations,
it is convenient to introduce a generating function of the highest weight charges.

We will not be able to write down explicitly the generating function of highest weights
in the primary basis of the algebras. Instead, we will see that the modules can be easily
parametrized using the Yangian description in terms of generators v, fi, e; from [30, 98].
We will specify the module by the eigenvalues of the commuting v; generators on the
highest weight state encoded in the generating function

(2

witl ’

Y(u) =1+ hihohg (5.74)
§=0

Another possibility to encode the highest weight charges is in terms of the generating
function of U-charges of the quadratic basis’ of W) . U-basis is particularly useful for
description of Yj oy with the generating function given by

_ a U,
Uu) = 2 (“u)(~ut ag) - (—u+ (k- Dag) (5.75)

where u; are the eigenvalues of zero modes of the Uj-generators of Yoy and ug = 1. The
generating function is a ratio of two N-th order polynomials in u-plane, so we may factorize

90PEs of the W o, algebra in the U-basis contain only quadratic non-linearities with all the structure
constants fixed in [5].
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it and write
N

u—AN;—(j—1Dayg
U(u) = I . 5.76
w=11"2 0 (5.76)
As shown in [98], the transformation between generating function U(u) and ¢ (u) is given
by
u— NagU(u — ap)

= 2.77
vl = e H (5.77)

if we identify the parameters as
hlhg = —1, h3 = O, Tp(] = N. (578)

These relations allow us to translate between 1), charges of the highest weight state and
the corresponding u; charges.

Plugging in the product formula for i/, we find
(u—A —ap)(u— Ay —2ap) -+ (u — Ay — Nay)

Defining
zj =N+ (= 1hs (5.80)
we can rewrite this as
N — 2 — hs
) =[[——. (5.81)

U—;
j=1 J

i.e. the parameters x; specify the positions of poles of ¢(u) in the spectral parameter
plane while the zeros are at positions x; 4 hs. Using the variables x;, we have a manifest

permutation symmetry of the generating function, while the shifted variables A; are chosen
such that the vacuum representation has A; = 0.

Zero mode algebra of Yy, n,n, The algebras Y, v, n, are finitely (generically non-
freely) generated vertex operator algebras by fields Wy, Wy, ..., W,,, where

The finite generation can be seen from the structure of null states of the algebra. The first
state of Wi« that needs to be removed in order to get the algebra Yy, v, n, appears at
level n + 1. Assuming that the coefficient in front of W, does not vanish, one can use
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this null field to eliminate the W, field from the OPEs. At the next level, three more
null fields appear. Two of them are the derivative of the null field at level n + 1 and its
normal ordered product with 1 but one also gets one extra condition. This condition can
be used to remove the field W, ;5. One can continue this procedure and (assuming that
there are enough conditions at each level) one can remove all W; for i > n from OPEs.

In this way, one can solve many null state conditions by restricting to a finite number of
W-generators but generically (apart from the case of Y 00, Yo n 0, Yo0.nx) some null states
remain. These are going to be composite primary fields formed by the restricted set of
W-generators and need to be removed as well. The first constraint appears generically
already at level n + 2. For large enough values of N;, one can see from the box-counting
that there are be 12 null states at this level but only 0*W,,, (W,0J), (JOW,), (J(JW,)),
(TW,), OWypi1, (JWyi1), Wyio are removed by the above argument. Omne has still 4
constrains that lead to a non-trivial conditions on the algebra of zero modes. Note that for
small values of of N;, there will be less states at this level as can be easily seen from the
box-counting and as we will see in examples below. We will also see that some constraints
will be trivially satisfied and only some of them are actually non-trivial.

One can see that for generic values of Ny, Ny, N3 the problem outlined above becomes
rather complex. The null states have been fully identified only in the case Y1 and Y( 12 in
the literature [125, 126] and lead to nontrivial constraints on the allowed highest weights'®.
From the discussion above, one can still draw the conclusion what will be the general
structure of the variety of highest weights. As argued above, the possible highest weights
are given by a subvariety inside the space of the highest weights of zero modes

(Wi)olwi) = wifw). (5.83)

The highest weights are constrained by the existence of null states X' , and we conjecture
that the resulting variety of highest weights of the algebra of zero modes
(Xpu)olwi) = f'(wi)|w;) =0 (5.84)

null

is N1+ Ny + N3 dimensional subvariety inside C". Although we will not be able to explicitly
construct the null states in general in terms of primary fields, we will give an explicit
parametrization of the variety by generalizing the generating function of ¢; charges of the
Wy algebra. The conjecture for the dimensionality comes from the existence of N7+ Ny +
N3 continuous parameters of surface defects available in the configuration. The number
N1 + Ny + N3 can be also guessed from the free field realization of the algebra Yn, v, n;

0The cases Yn.n0, YN N—1,0 and Y n_2,0 have been considered rigorously in math literature [127, ,

? ? ]
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inside Yl%%l ® Yofz’l],\éz ® %ﬁ%ﬁﬂ where modules of each of the factors are parametrized by

Ny, Ny and N3 parameters respectively. The dimensionality indeed matches in examples
of Y511 and Yj 12 from the literature.

Note that the above discussion also implies that the character of the module with
generic highest weights counts N7 + Ny + No-tuples of partitions, i.e.

1
XNy +Na N (4) = H (1 — gn)NitNa s (5.85)

n=1

A general state of a generic module of the algebra can be constructed by an action of
negative modes W; on the highest weight state subject to the null state conditions. Asin the
case of zero modes, where the null states were used to carve out an N1+ Ns+ N3 dimensional
subvariety, one can use negative modes of the null conditions to remove appropriate states
at higher levels. Only N; + Ny + N5 of the modes at each level are independent, giving rise
to the above character.

Generating function for Yy, n, n, As we have just seen, truncations Yy, n, n, are
finitely generated by Wi, ..., W, where n is given by (5.82). In particular, generic rep-
resentations have a finite number of states at level one. Following the usual notion of
quasi-finite representations of linear Wy [131, 132], it was argued in [98] that a highest
weight representation of W, has a finite number of states at level 1 if and only if gener-
ating function ¥ (u) equals a ratio of two Drinfeld polynomials of the same degree. This is
indeed true for Yy o . We will now generalize the formula (5.81) to a generating function
¥ (u) that parametrize generic representations for all Yy, n, n,. In particular, we conjecture
that the complicated variety parametrizing modules of the algebra Yy, n, n, can be simply
parametrized.

Such a parametrization of the variety of highest weights is natural the from point of
view of the coproduct structure of the affine Yangian, but also from free field realization
viewpoint and the gauge theory perspective. After stating these motivations, we write
down an explicit formula for the generating function of ¢; charges for arbitrary Yy, n, n, in
5.88. A parametrization of the variety of highest weights can be recovered after changing
the variables from the affine Yangian generators ¢; to the zero modes of W; generators as
discussed in [3].

Free field realization Both the Miura transformation for Yx, n, n, and the definition
in terms of a kernel of screening charges give an embedding of the algebras of the form

QN- X N:- R N:
YNy NaN C Yan00 X Yons0 X Yoon, C Yoo X Yoi0 X Yoo (5.86)
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Each factor Yo in the free field realization above can be identified with one multiplica-
tive factor in (5.81). The full free field realization therefore suggests that the generating
function of a generic module of Yy, n, n, should be simply a product of three Wy factors
corresponding to Y, 0.0, Yo,n,,0 and Ypo n,. Note that the parameter o remains the same
in the fusion procedure.

Yangian point of view Using the map between W, modes and Yangian generators
[98], we can translate the fusion to Yangian variables. The coproduct of ¢; generators with
j > 3 is no longer a finite linear combination of other generators and their products, but
involves an infinite sum. This is related to the non-local terms that enter the map between
VOA description and the Yangian description. Fortunately, when acting on a highest
weight state (corresponding to a primary field via the operator-state correspondence) these
additional terms drop out and we obtain a simple formula

¥(u) = P (u)p@ (u) (5.87)

analogous to the usual ones in finite Yangians.!* This coproduct of the affine Yangian also
suggests a simple form of the generating function in terms of a product of three Wy, factors
associated to each corner. The compatibility of parameters in this case requires that hy, ho
and hz parametrizing the algebra are the same while the 1) is additive under the fusion.
In terms of A\-parameters this is the same condition as found above.

Gauge theory and brane picture The gauge theory setup suggests that the modules
should be parametrized linearly. The GW parameters that label modules live in the N; +
N, + N3 dimensional tori (modulo Weyl group) that we expect to be lifted to CN1TN2+Ns
by boundary conditions imposed on the GW defect ending at the interfaces. Moreover,
this picture suggests that generically the contribution from GW-parameters in each corner
should be independent.

The coproduct from the point of view of the gauge theory corresponds to increasing
the rank of gauge groups in the three corners of the diagram. One can look at it as an
inverse process to Higgsing the theory that corresponds to separation of D3-branes and
reduces the gauge group. This procedure can be performed in each corner suggesting that
the coproduct of Wy should have a natural generalization for Y, n, ny[¥]. The process

HSince the Yangian has a non-trivial automorphisms, like the spectral shift automorphism translating
the parameter u, we can precompose this with the coproduct if needed to obtain slightly more general
coproducts. This is actually what is needed if we want the fusion of two vacuum representations to produce
a vacuum representation.
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is independent on the gauge coupling suggesting that W is constant in agreement with the
other pictures discussed above.

Generating function The discussion above motivates us to write down an explicit for-
mula for the generating function of v; charges for Yy, n, n, acting on the highest weight
state by simply multiplying contributions from Wy algebras from each corner

Ny (1) Ny (2) N3 (3)
u—x;, —h u—2x. — hs uw—x" — hs
Y(u) = H — H — H - (5.88)
=1 U= 335 : =1 U 5”5 : =1 U= 9”5 :

Note that the expression is manifestly triality invariant, depends on the correct number of
parameters and the truncation curves are reproduced correctly. In particular, extracting
1o from the expression above, one gets

hhohsthy = —Nyhy — Nohs — Nihs. (5.89)
Identifying the scaling-independent combinations!?
A1 = —thohahs, Ay = —thohihg, Az = —thohiha, (5.90)
one gets the correct expression

Ny Ny Ns
— 4+ —+—=1 5.91
VRIS VR (5:91)
satisfied by parameters of Y, n, n;-

(k

Parameters z; ) can be identified with the lifted Gukov-Witten parameters in the third
corner. This can be seen from the comparison of the U(1) charge for Yy, and the fact
that each multiplicative factor corresponds to one such factor. The unlifted Gukov-Witten
parameters themselves can be identified by modding out by the lattice hin + hom for
n,m € Z. We will later see that that :rl(-?’) = hin + hym corresponding to the trivial GW
defect (and a possibly non-trivial line operator) corresponds to a degenerate module. We
will also see that the fusion of a degenerate module with a generic module labeled by a
parameter z(® amounts to a shift of ® by a lattice vector.

Note also that the generating function is manifestly invariant under the Weyl group
associated to the three gauge groups U(1V;).

12The algebra is invariant under the simultaneous rescaling of 1o and h;, see [30, 95].
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Free field realization The parameters xE“) from the generating function of 1); charges
that have been already related to the Gukov-Witten parameters can be also related to
exponents in the expression for the vertex operators in free field realization. A highest
weight vector in free field representation with generic charges can be obtained by acting
on the vacuum state with the vertex operator

N

lq' ... q") = exp (Z qjdbj) 0). (5.92)
j=1

Acting on this state with the zero mode of current J; = 0¢;, we find

My = gid®ld, . ) = qld - dY) (5.93)

where gj; is the metric extracted from the two-point functions of the currents,

Jiold', - q

gik T 9
(z —w)? hihohs (z — w)?’

Ji(z) i (w) ~ (5.94)
Our conventions for charges are such that ¢’ are the charges that appear in the exponents
of vertex operators (and in positions of zeros and poles of ¢)(u)) while ¢; are the coefficients
of the first order poles of OPE with currents .J;. We reintroduce the —hhy factors in order
to make the expressions manifestly triality invariant and also of definite scaling dimension
under the scaling symmetry of the algebra [95].

—

The gl(1) current of Wi, whose zero mode is ¢ is given by
N
Ui(z) = Jj(2) (5.95)
j=1

so 1, acts on the highest weight state by

N
ilgt, ") = (Z%) lq', ™). (5.96)
j=1

To find the total stress-energy tensor of W, we first use the Miura transform to find
the free field representation of Us(2):

Us(z) = 1 > (1 - @) (T)(2) + he,0T3(2)) + Y (J3T)(2) + > hw, 0T (5.97)

24 h; : :
7>1 J i<k <k
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from which we can find the total Wy, stress-energy tensor

1 hihoh 1 1
Tioo(2) = =5 == (L)) + 5 ) b 0= 5D hedJ;  (5.98)
j "

j<k >k

Let us now Consider one free boson ¢(*)(z) in s-th direction associated to elementary
Miura factor R*). It is easy to verify that the state created by the vertex operator

cexp (o) (5.99)

from the vacuum is a highest weight state with the generating function of highest weight

charges 1 (u) equal to
—q—h,
) () = L9 Bk
U —q
For a longer chain with more free bosons, we have an analogous product of the corre-
sponding simple factors, but the spectral parameter is shifted between the nodes: ¥ (u)

corresponding to Yoo with ordering of fields R(z) = R&S) (z)Rg?’)(z)

(5.100)

u—q" —hgu—¢*—2hg

¥(u) (5.101)

u—q u—q—hy

Analogously, ¥ (u) corresponding to Y} 1o with ordering of fields R(z) = Rgl)(z)RgQ)(z) has

(u—q* —hy) (u—q*—hy — hy)
(u—q')  (u—¢*—M)

In other words, the Miura factor on the left affects the factors that come on the right of it
by shifting the u-parameter. The general formula for an arbitrary ordering

U(u) = (5.102)

L(z) = L) L @) (5.103)
has the generating function of charges equal to

Ni+N2+Nsz 5
u—q qu P,
= : = ) 5.104
v=11 == 0, (5.104)

Jj=1

We see that up to constant shifts and rescalings (depending on ordering of free fields) the
zeros and poles of the generating function v (u) of highest weight state correspond to zero
modes ¢’ of the free bosons, in particular

0 = 3 (5.105)

k<j
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Let us start with the analysis of domain walls of minimal degenerations associated to
the next-to-minimal Levi subgroup.

As we discussed in connection with (5.88), the Ny + Ny + Nj lifted GW parameters :cgﬁ)
correspond to positions of poles of the generating function ¢ (u) in the u-plane. The poles
are determined up to a permutation of order of poles in each group. A natural question to

;”j ) do we obtain a degenerate module.

ask is for which values of parameters x
Yi 10 - singlet algebra of symplectic fermion The algebra Y ; is the simplest trun-
cation of Wi which is not a Wy algebra, although as we will see, it can be understood
as (a simple quotient of) Wj algebra at a special value of the central charge. First of all,
the Y; 1 truncation requires

oy (5.106)
A A
as well as the usual constraint ] ] 1
)\—1—1-)\—24—)\—3:0. (5.107)
From these constraints, we learn that \3 = —1. Plugging this into the central charge
formula, we find
Coo = —2 (5.108)

independently of the value of A;.

Considering Y} ; o algebra as truncation of Wi o, the first singular vector in the vacuum
representation appear at level 4 = 2 -2 - 1. Generically, starting from spin 4 we can use
these singular vectors to eliminate the higher spin generators of spin 4, 5, ..., obtaining an
algebra that is generated by fields of spins 1, 2 and 3. Therefore we identify Y7 ;o with a
quotient of the Wj algebra at ¢ = —2 times a free boson. The OPEs of Ws are given by
the Virasoro algebra coupled to a spin 3 current which has OPE

o 1 _ 3T(w)  30T(w)  A(TT)(w)
W3 (2)Ws(w) 33 ((z —w)f  (z—w)t 2z-w)?  (z—w)?

30°T(w)  4(DTT)(w) , 83T(w))

4(z — w)? Z—w 6(z —w) (5.109)

We kept the normalization of W3 generator free for later convenience. We could absorb
the structure constant CY; by rescaling the W3 generator.
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We are now interested in constraints on generic representations of Y; ;0. From the
physical reasoning as well as from the free field representations, we would expect the
generic representation of Y; ;o to be parametrized by two continuous parameters, while

—

the gl(1) x Ws algebra have in general three highest weights. We thus need to find a
singular vector in W; that would reduce the number of parameters by one. From the
general reasoning, we expect the first relation to appear at level 6. In fact, there are two
singular primaries at level 6. We can see this by looking at characters: the character of

—

the vacuum representation of gl(1) x Wjs is

3 o
1
111 =g 1+q+3¢° 464" + 12¢" + 21¢° 4+ 40¢° + 67¢" + 117¢° ... (5.110)

s=135=0

while the vacuum representation of Y7 ;o has

0o qj ZOO: (_1)jqj(j+1)/2
Xoaeld) = D = = =22 (5.111)

I (1 —g¥)? [T, (1 —gh)?
~ 1+4q+3¢° +6¢* + 12¢* + 21¢° + 38¢° + 63¢" + 106¢° + 170¢° + ...

We see that at level 6 there are two null states in Y; ;¢ compared to the situation in

—

gl(1) x Wy at the generic value of the central charge. The first null state is the even
quadratic primary composite field

8 19 7 2
Nee = (WsW3) + C%y (§(T(TT)) + %(8T8T) + 5(82TT) — ﬁa‘*T) (5.112)
and the second one is the odd field
Ngo = 8(TOWs3) — 12(0TWs3) — O*Ws. (5.113)

Requiring that the action of the zero mode of Ng, on the generic highest weight state
vanishes gives us identical zero while the similar requirement for Ng. gives us a non-trivial
constraint

0
0=w; + %hz(Sh +1). (5.114)

This is the constraint we were looking for. It reduces the dimension of the space of generic
primaries from three to two which is in accordance with what we expect. In principle, we
could proceed further by studying the singular vectors at higher levels and possibly discover
new (independent) constraints. In order to show that (5.114) is necessary and sufficient,
we will construct a free field realization of Y7 ;¢ and check that the generic modules can
indeed by realized.
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Free field realization from Miura Let us see what free field representation we find by
applying the Miura transformation explained above. The total Miura operator is a product
of two basic Miura factors associated to first and second asymptotic direction

R(z) = 0 '+ U(2)0 2+ Uy(2)03 + ...
— (14U (00) " + U (000) 2 + .| (a0d)" " x

x [11 + U (apd) ™ + U (a0d) 2 + .. } (ipd)hz/a (5.115)
By commuting the derivatives to the right we find

v, = U+ Uu?

U, = UM +0P +uPu® + nou® (5.116)
U, = U +0P +uPu? +uPu® + (- ny)uNou®
hi(hy — hs)

+hQUSY + o*U

2

Plugging in expressions for U; in terms of free bosons, we find

Uy, = L+ Jp
2h% — 1 2 — h? 2h% —1 3h%? —2
U, = W(Jljl) + (J1d2) + 5 (JoJo) + 5 0Jy + 57 0Js
2h% —1)(3h%? -2 2h% — 1 h? —2
Us = ( 6)f54 )(Jl(Jljl)) + =5 (N(J1)) — (J1(J2]2))
h? —2)(2h%* -3 2h% —1)(3h%? =2
L )é (o)) + 2)}53 ) @000 (5.117)
2h% — 1 5h% — 4 h? — 2)(4h? — 3
o7 (0J1J2) + o (J10J3) — ( )Z(h )<8J2J2)
(2n%* — 1)(3h* — 2) 11h* — 16h2 + 6
“h2 Py + T 0 J
in the normalization
Jl(Z)Jl(U)) ~ —M, JQ(Z)JQ(’UJ) ~ —M (5118)

(z —w) (z —w)

and with conventions in (3.47). There is an infinite number of non-zero U; operators with
J > 4 but they can all be read off from OPE of U; fields with j = 1,2, 3. Finally using the
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transformations of appendix A.3 we find in the primary basis

W1 = _Jl_JQ
W, — — (JJ)+(JJ)+h2(JJ)— Lon— oy
2 2h2 1J1 142 2 2J2 2h 1 2 2

h? +1 h? +1

Ws = —W(Jl(JIJI)) — T(Jl(JIJQ)) — (R? + 1) (J1(Jo2)) (5.119)
h*(h* +1 h% +1 h? +1
h%+1 h(h* + 1) R+1 ., R2+1

2h (J18J2)+T(8J2J2)— 12h2 (9 Jl— 12 (9 J2

with all other W; currents, j > 4 vanishing (as they should). To compare to the previous
discussion, where the current J was chosen to be J; + Jo with unit normalization and T
and W3 were expressed in terms of the orthogonal combination, if we choose the orthogonal
combination to be the current

J_=—h"'Jy, — hJ; (5.120)

we exactly reproduce the formulas of the previous section up to an overall normalization.

5.4.3 Degenerate modules

Surface defects preserving Levi subgroups A generic Gukov-Witten defect breaks
the gauge group at the defect to the maximal torus U(1)Y, but a larger symmetry group
can be preserved if the GW-parameters are specialized. In particular, if the parameters
xl("“) and xg"“) specifying the singularity of the ith and jth factors are equal IEH) = xg'i)
(modulo the lattice), the next-to minimal Levi subgroup U(2) x U(1)¥~2 is preserved
by the configuration. On the VOA side, these specializations are going to correspond to
degenerate modules. For a fixed value of the specialized GW parameters, one can still
turn on a Wilson and 't Hooft operator in some representation of the preserved U(2)
at each boundary. Different choice of the line operators will label different degenerate
modules. Similarly, if parameters in different corners are specialized, U(1]1) supergroup
is preserved at the boundary Chern-Simons theory by the defect and one gets different

classes of degenerate modules as we will see below.

We can see that the parameter space parametrizing generic modules is divided into
domains with a degeneration appearing at the boundaries of the domains. At intersections
of such domain walls (where more parameters are specialized), we expect further degen-
eration of the module. These more complicated representations correspond to larger Levi
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subgroups decorated by line operators in a representation of the preserved Levi subgroup
on the gauge theory side.

A maximal degeneration appears when N — 1 parameters are specialized and the full
gauge group U(N) is preserved at the defect. Note that the value of the overall U(1)
charge does not affect the structure of modules and breaking of the gauge symmetry. On
the other hand, maximally degenerate modules with generic values of the U(1) charge still
correspond to a nontrivial GW defect with a prescribed singularity for the U(1) factor.
Modules associated to line operators with a trivial GW defect correspond to maximal
specializations of all the N parameters with quantized values of the U(1) charge.

Minimal degenerations Let us start with the analysis of domain walls of minimal
degenerations associated to the next-to-minimal Levi subgroup.

As we discussed in connection with (5.88), the Ny + Ny + Nj lifted GW parameters xg'i)

correspond to positions of poles of the generating function () in the u-plane. The poles

are determined up to a permutation of order of poles in each group. A natural question to
(

ask is for which values of parameters xjnj ) do we obtain a degenerate module.

The discussion is easy at the first level. A generic module has N; + Ny + N3 states at
this level. We can detect the appearance of a singular vector by studying the rank of the
Shapovalov form

(hw| fre;)hw| = —(hw|; | hw) (5.121)

(where we used the basic commutation relation between e; and f; generators of Y'). The
matrix on the right is a Hankel matrix and we can use a variant of the basic theorem by
Kronecker which tells us that (in general infinite dimensional) Hankel matrix has a finite
rank if and only if the associated generating function

PRIE (5.122)

is a Taylor expansion of a rational function. Furthermore, the rank of the Hankel matrix
is equal to one plus the degree of this rational function. In our case we have a slightly
different version of this theorem because the coefficients 1); are Taylor coefficients of

P(u) —1

0.123
- (5.123)

but the result is the same: the number of vectors at level 1 in the irreducible module
with highest weight charges 1(u) is equal to the degree (i.e. number of zeros counted with
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multiplicities) of ¥ (u). This is automatically consistent with the form of the generating
function (5.88) which has generically Ny + Ny + N3 zeros and poles. In this way we also
rederive the result of [98] that the vacuum representation has exactly one zero and one
pole. The distance between them is fixed by the parameters of the algebra. The absolute
position of the zero in u-plane is determined by U(1) charge of the highest weight vector
and is translated under the spectral shift transformation.

This also refines the statement it [98] that the representation is quasi-finite (i.e. has
only a finite number of states at each level) if and only if ¢ (u) is a rational function. In
the case of Yy, n, n, the quasi-finiteness is automatically satisfied.

Applying the results of the previous discussion to the highest weight vector of the
generic Yy, n, n, module with weights parametrized by (5.88), we conclude that we have a
singular vector at level 1 if one of the following conditions is satisfied

27 — 2l = —h,, (5.124)

i.e. a zero of type j collides with a pole of type k.

At higher levels the discussion is not so simple because the commutation relations
used to evaluate the ranks of Shapovalov matrices become more involved. But from the
structure of the Shapovalov matrices, we expect the highest singular vectors to appear
only if the distance between a zero and a pole of (5.88) is an integer linear combination of
h; parameters. If this assumption of locality (i.e. pairwise interaction between zeros and
poles) is satisfied, we can learn more about the relation between the level where such a
singular vector appears and the corresponding distance between the zero-pole pair. It is
then enough to look at the case of the zero-pole pair of the same type in the algebra Y{ o
and of different type in the case of Y; 1.

The first case is simple - we are interested in singular vectors of the Virasoro algebra for
which we have a known classification: for generic values of the central charge the Verma
module has a singular vector at level rs if and only if the highest weight equals A, ; [34].
The generating function of charges 1(u) is

(u— xf’) — h3)(u — x§3) — h3)
(u—2")(u—2)

We can extract the conformal dimension A with respect to the T,, Virasoro subalgebra

(decoupled from the U(1) field)

W(u) = (5.125)

2
18— (o — of?)

A —
4hihoy

(5.126)
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This is equal to A, 5 if and only if

(3) _ (3 5 (3

) —xy ) = shy + rhy, or x; :1:& ) = shy + rhy. (5.127)
Therefore, a singular vector of the algebra Y{ o » appears at level rs if and only if the distance
between two poles of the 3rd type is a positive or negative integer linear combination of h,

and hy. Similarly for the other two types of poles.

The Kac determinant and singular vectors of Wy are known as well [133, 7]. The
singular vectors (zeros of the Kac determinant) at level rs (where r, s > 1 are integers) are
labeled by roots of SU(N). Choosing the standard ordering (J; the leftmost field in the
Miura transformation), the equations for vanishing hyperplanes are

¢ —¢" + (j — k)hs = shy + rhy (5.128)

where 1 < j # k > N label the (positive and negative) roots of SU(N). The poles of
Y(u) are related to U(1) charges ¢/ (still assuming the standard ordering and using the
conventions of (3.47)) by

2 =+ (j — Dy (5.129)

so we can rewrite the equations for vanishing hyperplanes as
$§‘3) - x;(f) = shy + rhs. (5.130)

This is exactly of the same form as the condition that we found in the case of the Virsoro
algebra. We see is that the positive or negative roots in the Wy language determine which
poles of ¥ (u) approach each other and the integers s and r determine the distance between
these poles, quantized in the units of hA; and hs. Therefore, in the case of Wy, we have
an independent confirmation of the fact that the leading singular vectors in degenerate
modules correspond to pairwise interactions between poles of ¥ (u).

In the gauge theory language, we see that (at least in the case of Wy-algebras) degen-
erations appear when the GW parameters are specialized in such a way that a next-to-
minimal Levi subgroup is preserved. The parameters r, s then label representations of the
preserved SU(2) subalgebra associated to the corresponding line operators supported at
the two interfaces.

The remaining elementary case that we need to analyze is Y; 1. In this case, the
parameter space of generic modules is two-dimensional, so after decoupling the overall
U(1), we are left with a one-dimensional parameter space. Analogously to the case of
the Virasoro algebra, there is no difference between minimally and maximally degenerate
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modules. We can look for degenerate modules in at least three possible ways: directly
studying the Shapovalov form (Kac determinant), using box counting [98, 2] or using the
BRST construction of the algebra [1].

A direct calculation (which we explicitly checked up to level 4) leads to the following
condition: given n > 1, we have a leading singular vector at level n if

eV =2l = —hy —nhs,  or @) —al) = hy + nhy. (5.131)

Note that these two conditions are exchanged if we formally replace n <> 1 —n. We can
thus use only one of the conditions with n running over all integers, but for non-positive
values of n the level at which corresponding singular vector appears is 1 — n.

In Y110, there is no difference between the maximally degenerate and minimally de-
generate modules. For the maximally degenerate modules we can use the box counting
(plane partition) interpretation of modules.’® The maximally degenerate modules of Y119
in this picture correspond to plane partitions (with possible asymptotics) which have no
box at position (2,2, 1). In other words, they can be thought of as pairs of partitions glued
together by the first column (assuming for the moment that there is no asymptotics in 3rd
direction). The degenerate modules are labeled by two integers, the heights of asymptotic
Young diagrams in 1st and 2nd directions. But only the difference of these two integers
matters, the modules with the same difference of heights differ only by the overall U(1)
charge. Finally, the parameter n appearing in (5.131) can be identified with one plus the
difference of the heights of the asymptotic Young diagrams. It is easy to check that this
interpretation predicts the correct level of the null vector, the correct irreducible character
and the conformal dimension.

Turning on a non-trivial asymptotics in 3rd direction decouples the pair of Young
diagrams so the box counting predicts a generic module (i.e. character equal to the square
of the free boson character). The conformal dimensions of these modules also don’t produce
any additional zero of the Shapovalov form, confirming the whole box-counting picture.

The same structure of maximally degenerate modules can also be seen from the BRST
analysis of [I]. In particular, the BRST analysis of the algebra have not found any other
degenerate modules and the degenerate ones appear exactly for the above values of generic
parameters. From the gauge theory point of view, the value n can be identified with the

13In general the box counting works only for so called covariant modules which have asymptotics made
of boxes (tensor products of the fundamental representation). In general it is important to consider a more
general class of representations where there are both asymptotic boxes and anti-boxes. Fortunately in the
case of Y; 1,0 the anti-box in first direction is equivalent to a box in the second direction and vice versa,
so the simple box counting picture is applicable.
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difference of charges of the U(1) line operators supported at the boundary 1 and 2. Turning
on the Wilson line operator at the boundary 3 lifts the degeneration.

Free field representation of degenerate primaries Let us briefly comment on the
realization of the degenerate modules of Y; 1 in a given free field realization. The highest
weight primaries of all the representations (including the generic ones) can be realized as
simple exponential vertex operators with exponents given by the parameters ¢/ (related to
xg.nj ) by constant shifts). It turns out that a half of the degenerate modules associated to
the degenerations (5.131) can be also realized in terms of a free boson descendant of an
exponential vertex operator. For example, in the ¢§” X ¢§2) ordering, the modules in the
2nd direction specialized to n = 1 and n = 2 can be realized as

(e — 10T exp [a6 + g + 1Yo
1

2
-5 <<h2J1(1) _ hljf)) ) <h2J1(1) . h1J2(2)>) exp [q¢§1) +(g+ 2h3)¢g2>} . (5.132)

Similarly, for any n > 0, one can realize the corresponding degenerate modules in terms of
a level n descendant. The descendants are generally given in terms of Bell polynomials

Z H mkllkmk ((k __11>!aklj> exp [qczﬁgl) + (¢ + nh3)¢§2)] (5.133)

mi1+2mao—+---+nmyp=n k=1

for J = thl(l) — hlJQ(Q). This is analogous to expressions for singular vectors in free
field representations of the Virasoro algebra which are given in terms of Jack polynomials
[134, |. In the case of Y710 these reduce to Schur polynomials whose special case are the
Bell polynomials (5.133). Higher level specializations will be further discussed in the next
section in the context of maximally degenerate representations but note that the issue is
present already for the partially degenerate modules associated to specializations of GW
parameters at different corners.

Maximally degenerate modules In the previous section, we have discussed the general
structure of degenerations of Y-algebra modules and concentrated mostly on the minimally
degenerate ones. On the other hand, we will now discuss briefly free field realization of the
maximally degenerate modules associated to line operators supported at the interfaces, i.e.
trivial GW defects. These modules play an important role in the gluing construction that
allows to engineer more complicated VOAs by extensions of tensor products of Yy, n, s
algebras [1, 2, 30].
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Here, we mostly concentrate on the free field realization of the identity operator to-
gether with the modules associated to the line operators in the fundamental and the anti-
fundamental representation. All the other maximally degenerate representations can be
obtained from the fusion of these two (and a shift of gl(1) charge). We will further re-
strict to the case when N3 = 0. The general case is a bit more complicated because of
the appearance of continuous families of free field realizations. We will briefly comment
on this issue later. Let us start with writing down the generating function ¢ (u) for such
representations.

The generating function for the vacuum representation has a single factor

1/}.<u> _ U,—f-hlhghg’;bo _ U—Nlhl —Nth —Nghg (5134)

u u

where we used the identity
h1h2h3¢0 = —Nlhl — Nth — Nghg. (5135)

On the other hand the generating function for the fundamental representation in the first
direction can be written as

o, (1) = (u 4 hyhohso)(u =+ hy)

(U — hg)(u — hg)

and similarly for the fundamental representation in the other two directions [98, 2].

(5.136)

The generating function of the anti-fundamental representation can be obtained from
the formula for the generating function ¥ (u) of a conjugate representation [27]

P(u) = ¢~ (—u — hihohai) . (5.137)

This is a composition of the inverse anti-automorphism and the reflection in spectral param-
eter and produces an automorphism just as in the case of finite Yangians. The additional
spectral shift is necessary in order to have self-conjugate vacuum representation. It is easy
to verify that the effect of conjugation is to flip the sign of all odd primary highest weight
charges. Note that there exists a conjugation automorphism of the whole affine Yangian
(not just acting on the highest weight state), but the ); generators transform in a more
complicated way, mixing with e; and f; generators.

Applying the conjugation to the generating function (5.136), we get the generating
function for the anti-fundamental representation

(t =+ ha + hihahstbo)(u + hs + hihaohsiby)
u(u — hl + hlhghgwo)

and similarly for the other two directions.

Yg, =

(5.138)
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5.4.4 Gluing and generic modules

Let us discuss how to glue generic modules and its interpretation in terms of the physics of
GW defects. The highest weight vector of a generic module of a Y-algebra can be realized
as an exponential vertex operator exp [Q"®,|, where we introduced a vector of free fields
and a dual vector of charges

2 2 3 3
O = (67 00 0 O )
Qﬂ = (q17'-'7qN2>qN2+17--'7qN2+N1) (5139)

and similarly for the other vertex

¢! 7(1) 7(3) 7(3)
(plt - <¢g)7"'7¢N37¢N2+17”'a¢5\[2+N1>
Q" = (¢....a"™, ", . g (5.140)
A generic module of a glued algebra can be then realized as a tensor product of such
exponentials associated to each vertex in the diagram.

Note that the parameters ¢ and ¢ correspond to the same GW defect and the gauge
theory setup suggests that they must be identified (up to shifts induced by line operators
supported at the boundary A; and As), in particular

¢ £G =n'hs (5.141)
for some integers n' and hy = Az - € = —As-e= (—A; — Ay) - €. The relative sign depends
on the relative orientation of the two glued vertices. In [2], we defined the orientation of

A1,A2,A . . . . .
a vertex Yy 'n2nD as a sign given by (—1)PP2t0e2¥P201 - The relative orientation and the
N1,N3,Ns

sign in the above equation'? is given by a product of such factors in the two vertices. In
particular, one gets —1 for the resolved conifold diagram and +1 for the toric diagram of
C/Zy x C. We will see later in examples that this condition is necessary for the gluing
bi-modules to be local with the GW modules.

Note that inclusion of bi-fundamental fields might change the algebra of zero modes
that might become non-commutative. Moreover, we will see later that the modules are
in general not even modules induced from the modules of the zero-mode algebra. GW
modules associated to the commutative zero-mode algebra of Yy, n, v, are thus building
blocks of modules for more complicated algebras with non-commutative algebra of zero
modes.

4The sign would be opposite if we have glued the fundamental representation of the first vertex with
the fundamental representation of the second vertex and similarly for the anti-fundamental representation.
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—_— —

Gluing two gl(1)’s Let us come back to the example of gluing of two gl(1) Kac-Moody
algebras as shown in the figure 4.13. Having an explicit description of the glued algebra in
terms of free fields, we would like to discuss generic modules of the glued algebra. According
to the discussion above, we expect the correct GW-defect module to be generated by
descendants of

Mg, q| = exp [qcb + 6195} : (5.142)

where the parameters 3, 3 are related by (5.141), i.e.
q— q=nes (5.143)

for some integer n. Note that this is exactly the condition following form the locality of
M]g, q] with the gluing bi-modules Mp and Mg. In particular, requiring the OPE to be of
the following form

exp [q — €1,4 + €] (w)

Mg (z)Mlq, q)(w) ~ ) (5.144)
where n is an integer, one gets a constraint
af _e2q_, (5.145)
€1€3 €9€3

which is the same constraint as (5.143).

Note that the fusion with gluing fields preserve the constraint (5.143) and only shifts
the coefficient n. Fields M[q—e;, G+ ¢ and Mg, ¢] are actually vectors of a single module.
The only parameter of the module is thus the gl(1) charge of the decoupled current J + J.

—_

gl(2) from gluing Let us now discuss the structure of glued generic modules for the

algebra gl(2) associated to the figure 4.14. Generic modules can be now constructed from
Mg, ¢, ', q') = exp |40 + @08 + 0 + "6 (5.146)

where ¢! and ¢* are constrained by the condition
q'+q" = esn (5.147)

for some integer n.
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For each such module, it is simple to compute the action of the 51(2) generators on
each such vector. Depending on the number n in the constraint above, one gets different
structure of the modules. For example, for n > 1, one gets

Mgt 2 3 4 _
) o Sl

J(2)Mq', ¢, ¢, ¢l (w) < O((z —w)"?). (5.148)

For n < 1, the singularity is present in the OPE with J;5 instead. We expect corresponding
modules to be a special type of the irregular modules discussed in [136].

The most interesting situation appears when n = 1. In such a case both My and Mg
have a simple pole in the OPE with generic modules and one obtains

q_4M[_q4 + €3, q27 q37 q4]

J11(Z)M[—Q4 + €3, q27 q37 q4](w) ~

€1 zZ— W
1 2 4 4 2 .3 .4
¢ +q¢ +q +eM—q" +e€,q%,9°,q
In()M—g* + e, %, ') (w) ~ — [ ]
€1 Z— W
1 4 2 4 4 2 3 4
¢ +q)q"+q" —e3) M|—q" + €3 —€1,¢°,¢°,¢" + €1
JIQ(Z)M[_Q4+63)q2)q3)q4](w) ~ _( )( 2 ) [ ]
61 Z — W
M[—q¢* +es+ €, ¢, ¢* — €
(Mg + e, g " w) ~ 32_123 q =l (5.149)

We can see that the zero modes of Jio and Jy; shift the exponent of M|[—¢* + €3, ¢, ¢3, ¢*].
The representation of the zero-mode subalgebra is thus spanned by M[—¢*+e3+nei, ¢%, ¢°, ¢*—
ne| for n € Z.

We can actually show that the above action of zero modes generate a generic Gelfand-

L~

Tsetlin module of gl(2).

Gelfand-Tsetlin modules for gl(2) are parametrized by a triple of complex parameters

)\21 )\22
5.150
( . ) (5.150)

where A\;; and A\j; + n are vectors of the same module. For generic values of parameters,
the Gelfand-Tsetlin module is spanned by vectors with Gelfand-Tsetlin table of the form

A21 Ago
151
()\11+n> (5 5)
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for each n € Z. Generators Ji1, Jos, Ji2, Jo1 act on such vectors as

I (/\21 /\22> ~ Ay <)\21 )\22)
A1 B A1t ’
Ao A Ao1 A
Joo [N ) = (T At A=A (7, 7P,
)\11 /\11

Aor A2\ _ _ Ao1 Azo
12( Ay = —(Ar = Aar) (A — Aa) (An _1_1),

/\21 )\22 o >\21 )\22
J21( Ay ) = ()\11—1)’ (5.152)

Comparing parameters Asi, Ao, A;; with the lifted Gukov-Witten parameters ¢; from
(5.149), one gets'®

)\11 = q_7
€1
3
Ao = _q_’
€1
C]2—€3
Aoy = — . (5.153)

€1

Note that fusion of a vector of the generic module with .J;» and Jy; shifts ¢* by an integral
multiple of €, this corresponds exactly to the shift of parameter A\;; by an integer as
expected. Note also that the parameters associated to a given face of the toric diagram
correspond to Gelfand-Tsetlin parameters of a given row of the Gelfand-Tsetlin table.

—_—

5.4.5 Gelfand-Tsetlin modules for gl(N) and their W-algebras

g/I(N\) Kac-Moody Algebras In the previous section, we have described the structure

of generic modules for the g/[(?) Kac-Moody algebra. Let us now comment on the structure

o~

of generic modules for any gl(N) Kac-Moody algebra and W-algebras associated to their
Drinfeld-Sokolov reduction.

The Kac-Moody algebra g/[(JV) can be realized in terms of a web diagram in the figure
5.8. The lifted GW parameters associated to internal faces must be again equal up to

5There are actually two solutions related by an exchange of Ay <+ Aoo.
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Figure 5.8: The web diagram associated to the gA[(N ) Kac-Moody algebra.

Figure 5.9: The web diagram associated to the W§2) X é\[(l) algebra.

shifts induced by line operators supported at the (1,0) interfaces, i.e. they differ by a
multiple of €; + mey, where —(m, 1) are charges of the finite interface of the given face.

In the same way as in the case of the gl(2) Kac-Moody algebra, one should be able to
choose of the shifts of the lifted GW parameters such that the OPEs of J;; for i > j with
generic modules have OPE with a simple pole. Generic modules are then going to be
parametrized by a Gelfand-Tsetlin table of w entries. For example, in the case of

é\[(?)), the Gelfand-Tsetlin table will be of the form

Azi Az2 Asg
A21 Aoz - (5.154)
A1

The parameters in each line will be shifted and renormalized GW parameters associated
to a given face. The full modules is then spanned by the vectors

As1 A32 As3
Ao+ 11 Agg + (5.155)
/\11 + N3

for any integers nq, no, n3. These shifts are generated by the fusion with bi-modules coming
from line operators at each internal face.
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W-algebras The same structure of modules is expected also for similar configurations
with different ranks of gauge groups. The corresponding algebra/(ﬂl be identified with a
Wh-algebra associated to the Drinfeld-Sokolov reduction of the gl(N) Kac-Moody algebra
possibly with extra symplectic bosons as discussed in [2]. The corresponding Gelfand-
Tsetlin modules are parametrized by a generalized Gelfand-Tsetlin table with N; complex
numbers associated to each face with gauge group U(N;). Except of the N; corner pa-
rameters in the upper-right face, all the other parameters can be shifted by fusion with
bi-modules added to the algebra.

For example the algebra W§2) X g/(l\) associated to the diagram 5.9. Have the following
Gelfand-Tsetlin table parameterizing generic modules

>\31 )‘32 /\33
. 5.156
( » ) (5.156)

The full modules is spanned by such vectors with the parameter A\;; shifted by any integer.
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6.

Conclusion and outlook

This thesis reviews some aspects of a large class of vertex operator algebras labelled by
colored (p,q) webs. The web diagrams can be given two different interpretations and
the corresponding algebras appear in two mutually dual gauge-theoretical setups. The
gauge theory perspective then provides many interesting conjectures and insights. Let me
conclude by mentioning few interesting directions and open questions:

1.

We have given four definitions of the algebra Yy, n, n,[V]. Can we prove their equiv-
alence?

. Do all four definitions generalize to the ortho-symplectic version of Yy, n, n,[¥]?

Can we glue W, , algebras associated to any (p, ¢) web with parameters p associated
to the internal lines? Is the corresponding algebra a unique two-parameter family
with the web algebras being its truncations?

What are all the possible free-field realizations of degenerate modules of Yy, n, n,[V]
for any choice of ordering?

. How to determine relations of the gluing fields using the free field realization? Which

free field representatives and what contour integrals of screening currents do we need?

. Does the Miura transformation generalizes to other web algebras?

Does the gluing story generalize to double truncations associated to points where two
truncation curves of the infinity algebra intersect?

. What representations of Lie superalgebras gl(N|M) are needed to produce all the

modules needed in the gluing construction?

. What specializations of Gelfand-Tsetlin modules are needed to find a BRST definition

of generic modules of Yy, n, v, [V]?
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10.
11.
12.

13.
14.

15.

16.

17.

18.

Can we proof the stable equivalence of algebras associated to different resolutions?
Can we associate VOAs to tetravalent and more complicated star-shaped junctions?

Wi oo is known to be isomorphic to the affine Yangian of gl(1). Can we formulate
the gluing proposal at the level of affine Yangians?

What is the g-deformation of the above story?

The algebras should naturally emerge from the cohomological Hall algebra of the
toric three-fold. Can we extend the construction of Yy, n, n,[¥] to any other (p,q)
web algebra or beyond? This could be considered as a proof of AGT for gauge
theories supported on divisors in toric Calabi-Yau three-folds. Can we go beyond
toric manifolds or to higher dimension?

The cohomological Hall algebra naturally leads to generic modules of Y, n, vy [¥]. Is
there a geometric construction that produces degenerate modules or the MacMahon
module of the corresponding W, ., algebra?

The motivation for the BRST definition uses a non-trivial configuration of interfaces
in N = 4 SYM. What is the exact form of junction conditions and what exactly is the
deformation of the interfaces discussed in the main text? Why are the corresponding
type ITA and the type IIB twists dual to each other?

Is there a holographic description of the algebras?

Can we use some of the results to find some consequences in the geometric Langlands
program?
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A. APPENDICES

A.1 Truncation curves

To derive the truncation curves, we proceed by determining the generating function ()
in the affine Yangian language [30, 98] for the first null state in the given module. The
state in question is now represented by a cube of dimensions (N; + 1, Ny + 1, N3 4+ 1) and
it is the first state that does not lie below the corner shifted by (N, No, N3). We want to
see for which values of parameters of the algebra is this state singular (a null vector).

First of all, the generating function of charges for a configuration of N; x Ny x N3 boxes
is
Ni Ny N

u ~+ YPohihah
vlu) = —;@fiillnllﬂw4m—mm—n@) (A1)
(u + "Lpohlhghg)(U — Nlhl — NQhQ)(U — Nlhl — Nghg)(u — N2h2 — Nghgr)/\ 9

(u— N1hy)(u — Nohg)(u — N3hs)(u — Nyhy — Nohy — N3hg) A.2)

The simple poles in this function are positions where boxes can be added or removed
[137, 98]. In particular there is a simple pole at

u = Nlhl +N2h2+N3h3 (A3)

which means that the box at coordinates (N1, N2, N3) can be generically removed. But
for special values of parameters hi, ho and hs this simple pole can be canceled by a simple
zero at u = —ghihohs and this is the equation for the truncation curve:

Nihy + Nahy + Nshs = —tohihahs. (A.4)

Note that for (Ny, No, N3) truncation we should consider the configuration of boxes with
(N1 +1) x (Ny+1) x (N3 + 1) boxes, but because of the condition hy 4+ hy + hy = 0 these
give us the same truncation curve.

172



An alternative way to arrive at this result to is to study vanishing of I’ coefficient. Its
vanishing means that the amplitude for removal of the box at coordinates (N7 + 1, Ny +
1, N3 + 1) vanishes which is exactly the condition for this vector to be the highest weight
vector of the submodule it generates. We find

F(A +0 — A) X \/Nlhl + Nghg + N3h3 + ¢0h1h2h3 (A5)

and the equation (3.35) follows from this immediately.

A.2 Characters

A.2.1 Building blocks

This section contains explicit formulee for various terms appearing in the calculation of
the characters using BRST construction of the algebras discussed in the text. The vacuum
character of Wy algebra is given by

Xwy (@ H H T qn+m (A.6)

m=0n=1

The characters of the complex SMIE of M symplectic bosons and L free fermions with the
level shifted by m is

(1+y]qn+%+m> <1+y 1qn+ +m>

o ML
Xon (@, %1, 5) HHH (1 s qn+§+m> (1 gt +m>' (A7)

01i=1 j=1 q

The character of gi\f‘L with M fermionic and L bosonic components has analogous character
with x; <> y; together with M < L interchanged.

The projection onto U(M|L) invariant combinations is performed by integration with
the Vandermonde measure

1 dn ety T (02 5) T (- 22)
Moo=y L] Jr:[l_j HH (1+%)1(12+1—;)y | .




In the generic U(M|L) case, the denominator needs to be expanded and regularized. In all
the examples of this paper, we restrict to the case of M = 0 or L = 0 when the denominator
vanishes and we do not have to deal with these technicalities.

In later sections, we also need the character of free fermions and symplectic bosons
with shifted dimension

=11 (1 + qm%*m) ,
n=0
= 1

A.2.2 S-duality transformations of modules

Triality transformation of modules of Y-algebras is given by following diagram:

YL,M,N[\I/] <> YM,N,L [1 — %} <> YN,L,M [ﬁ]

1 1 1
M, M, M,
2 2 2
M; M; M
3 3 3
M, M, M,

S-duality then acts as

1
Younl¥] < Yurn {—], M! < M2 (A.10)
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A.3 Transformation between primary and quadratic
bases

We list first few formulas relating the primary basis generators W; to the generators U; in
quadratic basis.

W, = —-U;

W, — —Uﬁ%(mmww(ﬁ

Wy = 0+ 2y - D g ) - D 2 D00 gy
=By (V1 — o

W = 0y V=3 = 2V S 6N + Gau(dN? —adN 1)

IN2(5a2N? — 5a2N — 5N — 17)
(N =3)(N —=2)(N —1)(a2N? —aiN — 1)(202N? + 302N — 3)
4N2(5a3N?® — 502N — 5N — 17)

(N —3)(N —2)(N — 1)ap(5a2N? + 7Ta2N — 5)
a 2N (502N3 — 502N — 5N — 17)
(N = 3)(N = 2)(N — 1)(5N + 6)(a2N? — a2N — 1)
AN3(502N3 — 502N — 5N — 17)
(N —3)(N —2)(5N + 6)(a2N2 — a2N — 1)

a N2(502N3 — 52N —05N — 1% (Gi(thT2))
(N —3)(N —2)(ha2N?% + 7a2N — 5)
2N (502N3 — 502N — 5N — 17)
(N =3)(N —2)(N — 1)(2agN* — 502 N3 — 204 N? — 7a2N? — 402N + 5N — 2)
AN2(502N3 — 502N — 5N — 17)

(N —3)(N —2)(N — 1ag(agN* — 1002 N3 — agN? — 14a2N? — 202N + 10N — 1) 7o

24N (503 N3 — 503N — 5N — 17) !
(N = 3)(N —2)(2agN* — 2a5N? — 5a2N? — 11a2 N + 3)

+ (U1Uy)

(U102)

(U1, (Ur, (Ur, Uh)))

(Usls)

+ (U{Uh)

+

_ 1/
4N (5a2N3 — 502N — 5N — 17) Uz
N —=3)(N -2 N -3 N -3
I =200 gy - 2, ) 4 B Pogy
We choose the normalization such that W; = —U; +.... Since this choice of normalization

is rather arbitrary, we should also specify the values of structure constants that fix the
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relative normalization of the charges:

c), = N
Cy, = %(N —1)(1—=N(N+1)ag)
(N = 1)(N —2)(1 — N(N + D)a2)(4 — N(N + 2)a2)
6N
9, = g&;@%:?ﬁ g__?’;%v:% X (1= N(N +1)a2)(4 = N(N +2)a2) x
x(9 = N(N +3)ag)(1 = N(N — 1)ag)
O = i A Ty X (L= NV + ad) 4 = NN+ 2)af) x

x(9— N(N +3)a2)(16 — N(N 4+ 4)a2)(1 — N(N — 1)ad)

Acting on the highest weight state, the relation between charges becomes somewhat simpler

w, = —U
N-1, (N-1ag
Wy = —Uy + WU% — Tul
N -2 N—-1)(N -2
wy = —us+ Uitz — ( 33\([2 >ui’ — (N = 2)agus

(N =DV =2)ag 5 (N = 1N —2)ag

+ ON 1 6

U
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N — 3 (N = 3)(N —2)(5a3N? + Ta2iN — 5)u2
N ' IN(502N3 — 502N — 5N —17) 2
(N = 3)(N —2)(5N +6)(a2N? — 02N — 1) ,
- N2(5a2N3 — 502N — 5N — 17) bz
(N =3)(N —2)(N = 1)(5N +6)(a2N? —a2N —1) , 3(N — 3)aq
AN3(502N® — 52N — 5N — 17) T
(N = 3)(N — 2)ap(15a2N3 + 2a2N? — 17a2N — 15N — 29)

—Uy +

+ us

* ON(5a2N3 — 502N — 5N — 17) it
(N =3)(N =N — (N +6)ap(agN? — agN — 1) 4
2N2(5a3N3 — 53N — 5N — 17) !
(N = 3)(N —2)(6agN* — 60 N? — 5a2N? — 1902 N — 1)u
- 2

2N (5a3 N3 — 502N — 5N — 17)

(N =3)(N —2)(N —1)(adN? — a2N — 1)(602N? + 7a2N + 1)u2

4N2(5a2N3 — 50N — 5N — 17) !

(N =3)(N =2)(N = Dag(agN? = agN —1)(agN’ + of N + 1)
4N (5a2N3 — 503N — 5N — 17)

+

Uy

As one can see from these expressions, they are becoming increasingly complicated and it
is unfortunate that no closed-form expression for the primary charges is known.
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