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Abstract

In this thesis, we study a conjecture made by D. McKinnon about rational approximations
to rational points in algebraic varieties. The conjecture states that if a rational point P on
a variety X lies on a rational curve, then the best approximations to P can be chosen to
lie along a rational curve on X. According to the conditions of the conjecture, it is natural
to study this problem on algebraic varieties that contain a dense subset of rational points.
Motivated by this remark, we study the conjecture on smooth rational surfaces, which not
only contain a dense set of rational points, but their classification is also well understood.

Given a point P on an algebraic variety and an ample divisor D, the approximation con-
stant ap(D) measures how well P can be approximated by rational points on the variety,
with respect to a height function associated to D. In the study of the conjecture, it be-
came clear that if a curve C' contains the best approximations to P with respect to ample
divisors D and D', then C' turns out to be also a curve containing the best approximations
for any divisor that is a linear combination of D and D’. This property motivated the
study of the nef cone of the algebraic variety. Every ample divisor belongs to the interior
of the nef cone and can be written as a linear combination of the generators of the nef cone.

By an exhaustive study of the effective and nef cones on a smooth rational surface, it is
possible to find a curve that contains the best approximations to the point P with respect
to an ample divisor, which can be written in terms of the generators of the nef cone. In
this work we use the fact that a smooth rational surface is obtained by a finite number of
blow-ups of a Hirzebruch surface or of the projective plane. The Hirzebruch surfaces are
equipped with morphisms to the projective line P! and to cones in some projective space.
The study of the fibres of these morphisms provides good candidates of curves with best
approximations and we rely on them to prove the conjecture for these cases.

We review the conjecture proved by McKinnon in the case of smooth rational surfaces of
Picard rank 4. We explore some of the examples in this case to present the techniques using
the nef cone of the variety, and then we extend the result for surfaces of bigger Picard ranks.
Finally, we extend the result to surfaces obtained by blowing up an arbitrary number of
times on smooth points of the reducible fibre of the map to P*.
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Chapter 1

Introduction

The main question in the area of Diophantine approximations asks how well an irrational
number can be approximated by rational numbers. Explicitly, given x € R, we want to
study how closely we can approximate x by rational numbers g. It is known that since
rational numbers are dense in R, we can approximate x as closely as we want. However, if
we put some constraints on these approximations, the question becomes more subtle.

In this context there are three main theorems that describe the historical progress on an-
swering the approximation problem on the real numbers.

Theorem 1.1. (Dirichlet (1842)). Let x € R, x ¢ Q. Then there are infinitely many
rational numbers £ such that |z — £| < q%.

Theorem 1.1 tells us that we can always approximate an irrational number z, by a ratio-
nal number § within a distance of q%. One of the applications of this theorem in number
theory is its connections with arithmetic progressions and distribution of prime numbers.
For more details see [12, Part DJ.

Theorem 1.2. (Liouville (1844)). Let x be a real algebraic number of degree d > 2,
then for any € > 0 there are only finitely many rational numbers § such that |x — 5\ < qd%.

Liouville’s theorem implies that algebraic numbers cannot be closely approximated by ra-
tional numbers. Liouville used this result to prove the existence of trascendental numbers.



Theorem 1.3. (Roth (1955)). Let x be a real algebraic number, then for any € > 0 there

are only finitely many rational numbers § such that |z — §| < q21+5.

It took about a century to complete the gap between the approximation exponents provided
by Dirichlet and Liouville. There were improvements to the approximation exponent, but
it was Roth who provided the argument that essentially the exponent 2 is the best possi-
ble. The proof of this fact by Klaus Roth made him the winner of the Fields medal in 1958.

These problems from number theory are reformulated in algebraic geometry. Given a ratio-
nal point in an algebraic variety defined over a number field, how well can we approximate
this point by rational points in the variety? We study this problem for the case of smooth
surfaces birational to P? and study where these approximations can be found.

In general, we can take an algebraic variety X over Q and a point 2 € X (Q) and study how
well we can approximate x by rational points in X (Q). Roth’s theorem can be rewritten
in the context of algebraic varieties as it was described by D. McKinnon and M. Roth in
[21]. The authors defined an invariant a, (L) that measures how quickly rational points
accumulate around x with respect to a divisor L. We briefly describe these constructions
in the next chapter.

In the process of calculating the approximation constants in algebraic varieties, in partic-
ular when approximating a rational point x in X(Q), it was possible to find sequences of
best approximations to x lying along a curve. In [19], the author made the conjecture that
sequences of best approximation to x can be chosen to lie in a curve as long as the point
x lies in a rational curve defined over Q.

In general, we will take an algebraic variety X defined over a number field k£ and any
rational point point x € X (k). We want to study how “well” we can approximate = by a
sequence of rational points in X (k) different from z. To study this problem, first we need
an interpretation of Roth’s theorem in terms of varieties. So, we rewrite the statement of
Roth’s theorem as: For any € > 0, there are only finitely many numbers § such that

< 1L (1.1)

The factor ¢ is known as the “complexity” of the rational point § and the power % is what
we call the “approximation exponent” to describe the smallest exponent with the property



that the inequality (1.1) has only finitely many solutions § € Q. Notice that now we are
looking for the smallest exponent, since we moved the exponent to the distance and we got
the reciprocal % of the original exponent 2.

In order to interpret Roth’s theorem on algebraic varieties, we need to describe the distance
and the complexity in an algebraic variety. We briefly describe these notions here.

1.1 Complexity: Height functions

To study the complexity of a rational point in an algebraic variety, we use height functions.
It is well known that given a divisor class D in an algebraic variety X, there is a height
function Hp : X (Q) — [0,00). For details in this construction and the properties of Hp
see [12, Section B.3] or [15, Chapter 4]. In particular, if we choose an ample divisor class
D, its associated height function Hp measures the complexity of the point on the variety X.

One important property for the height associated to an ample divisor class is the finite-
ness property. Explicitly, if D is an ample divisor on a projective variety X, the set
{r € X(Q) : Hp(x) < B} is finite for all B € R. This property is also known as the
Northcott property.

The choice of height function Hp with respect to a divisor class D is not unique. However,
all the choices of heights with respect to a divisor are equivalent. Concretely, given two

choices of heights associated to a divisor D, Hp and HJ,, there exist real constants ¢ and
C with 0 < ¢ < C such that cH, < Hp < CHp,.

Example 1.4. Let X = Pg, let D be the diwvisor class of a hyperplane in X, and let
x = [rg 21 - xy] € X(Q). We can choose the coordinates x; € 7 such that
ged(xg, 1, -+ ,x,) = 1. Then

HD(Q?) = max{\ﬂfoya ‘371’, ) |37n|}

This definition of the height can be extended to number fields. More precisely, let k be a
number field. Consider D a divisor class of a hyperplane in P™"(k) and x = [xg : 21 1 -+ - :
x,] € P*(k), then

Hp(z) = ] max{llzollo, o, Izall}-

UEMk



where My, is the set of all places of k and all of them are normalized with respect to k. In
this work all the heights will be multiplicative, relative to the number field k.

We will simply denote this height as H with no sub-index or Hoy, where O(1) is the line
bundle on P™ associated to a hyperplane.

Recall that an ample divisor D on a variety X defined over k, induces an embedding
¢op : X — P" of X into some projective space P". Thus, it is natural to define a height

function Hp on X (k) such that for each point z € X (k), Hp(z) = H(¢p(x)). Using this
fact, one can construct a height function for each divisor in Div(X). See [12].

1.2 Distance functions

Let k& be a number field, X be a variety over k, and v € M, be a place in k. We also
denote by v the completion of v in k,, where k, is the complete field under v, i.e. k, is ob-
tained from k by adding all the limits of Cauchy sequences in k with respect to the place v.

There is a standard procedure to define a distance function d,, on X (k,) by choosing an
embedding X < P} and pulling back the distance function d,, on P*(k,) x P"(k,). The
following are common distances that are used in the literature. For properties of these
v-adic distances, see Silverman [21].

If v archimedean: Let © = [zg : z1 : -+ 1 2, and y = [yo : y1 -+ : y,) be points in
P*(C).

|Zn xy_|2 [kv:R]/2
=1 "1I
(i ) (i !yiP))

If v non-archimedean: Let x = [xg: 2 : -1z, and y = [yo : y1 : - - : Yn) be points in
P*(k,).

dy(2,y) = (1 -

maXo<i<j<n ||ZiY; — Tl

(maxg<i<n H-%Hv)(maxogjgn H%‘Hv)

do(7,y) =

Notice that the distance defined depends on the embedding of X into projective space.
However, it was proven in [20, Proposition 2.4] that the distances associated to a place
v are all equivalent. Moreover, the following proposition was proven in the same paper
(Lemma 2.6):



Proposition 1.5. Let z € X (k), and K be any finite extension of k over which x is defined.
Let U be any open affine subset of X containing x. Let uy, us, --- ,u, be any elements
of T'(U,Ox,.) that generate the mazximal ideal of x. Then for any sequence {x;} C U(K,)
such that d,(z;, ) — 0 asi — oo, dy(z, x;) is equivalent to max(||ui(x;)|v, -, [|wr-(z:)]|o)-

For our purposes of finding approximation constants, the choice of the distance will not
change the values of the approximation constants. Since we will study sequences {z;} €
X (k) such that d,(x,x;) — 0, we will use Proposition 1.5 to calculate the distances when
needed.

1.3 The approximation constant

Recall that the approrimation exponent is the smallest exponent for which the inequality
(1.1) has only finitely many rational solutions. In order to generalize this exponent in
the context of algebraic varieties, we define the last ingredient, called the approzimation
constant of a point on a variety X with respect to a divisor on X.

Definition 1.6. Let D be a divisor on X and x € X (k). Consider a sequence {z;} C X (k)
of distinct points such that d,(z,z;) — 0. The approzimation constant of {x;} with respect
to D 1s

a,({z;}, D) :=inf{y € R: d,(x;,x)"Hp(z;) is bounded}.

We also define the approximation constant of x with respect to D as

a,(D):= inf {a,({z;},D)}.

Where the last definition takes the infimum over all the possible sequences that converge to
x with respect to a previously fized v-adic distance. If there is no such sequence {x;} — x
then we set o, (D) = 0.

Example 1.7. In this new language, consider X = P! be the projective line over the
algebraic closure of Q, and let x € PY(Q), and H be a hyperplane (i.e. a divisor of a point)



m X.

1
Liouville : «ag(H) > 7 where r € R, d = [Q(x) : Q]
1 —
Dirichlet : a,(H) < 5 TE RNQ, ¢ Q
1 —
Roth : a,(H) > 3 TE€ RNQ.

In the course of computing approximation constants on algebraic varieties, it was pos-
sible to find sequences of best approximation (i.e. sequences {x;} C X (k) for which
a.(D) = a,({z;}, D)) lying along curves passing through the point being approximated.
This idea gave origin to the notion of curves of best approrimation, as those curves con-
taining a sequence of best approximation. In chapter 2, we will give more details about
this type of curves.

The following conjecture was studied in [19] for smooth rational surfaces of Picard rank at
most 4.

Conjecture 1.8. Let X be an algebraic variety defined over k and D be any ample divisor
on X. Let x be any k-rational point on X such that there is some rational curve on X,
defined over k and passing through x. Then, there exists a curve of best approximation to
x on X with respect to D.

The results of this thesis are analogs of the approximation of rational numbers by sequences
of rational numbers. We restrict to this case because the Conjecture 1.8 is known to be

false if instead, we approximate an algebraic point P € X (k) not in X (k).

Additionally, notice that if we do not impose the condition of x lying in a rational curve is
important, then the Conjecture 1.8 is false. For instance, abelian varieties contain a dense
set of rational points, yet they do not contain rational curves.

The main purpose of this thesis is to study this conjecture on smooth rational surfaces. This
type of varieties have two main characteristics that motivate the study of the conjecture in
these cases. First, the fundamental property of this type of varieties is that they contain a
dense set of rational points, so we are able to find infinite sequences of best approximation.
Second, these types of varieties have a nice classification provided, for instance, in [3], [1],
[18], [6]. All of these surfaces are obtained by doing a finite number of blow-ups of the



ruled surfaces. In this work, we study this conjecture for smooth surfaces of bigger Picard
ranks. By making use of the classification, in this thesis we prove:

Theorem A. Let X be the blow-up of a surface of Picard rank 4 with only one reducible
fibre F of the map to P!, at k smooth points of F. Then the conjecture is true for X.

Theorem B. Let X be the blow-up of a surface of Picard rank 4 with only one reducible
fibre F of the map to P!, at a singular point of F'. Then the conjecture is true for X.

Theorem C. Let n > 2, and let X be the blow-up of the Hirzebruch surface F,, at k <n
points, no two of which lie in the same fibre of the map to P'. Let Y be the blow-up of X
at s < k points all lying on different reducible fibres of the map to P!, then the conjecture
is true for'Y .

One of the most important contributions of this work is the study of the effective and nef
cones of the surfaces mentioned in the theorems above. Readers interested on using the
nef and the effective cones of smooth rational surfaces can find in this work the explicit
descriptions of the generators of these cones.

In chapter 2, we briefly describe some of the properties of the approximation constant that
will be used later in this work. We also review the properties of curves of best approxi-
mation. In chapter 3, we review some of the properties of smooth rational surfaces, the
effective cone, and the nef cone.

In chapter 4, we revisit some of the examples developed by D. McKinnon in [19] to under-
stand the methods used in calculating the curves of best approximation. In chapter 5, we
continue the work on proving the conjecture for smooth rational surfaces of Picard rank
five and try to extend the results to smooth surfaces of bigger Picard rank by using the
explicit description of the nef cone in each case.



Chapter 2

Properties of o and curves of best
approximation

In this chapter we state and prove some of the properties of the constant a and the curves
of best approximation, that are used later in this work. We state the main conjecture that
will be studied for certain algebraic varieties. Most of the properties in this chapter were
presented in [19], [21], and [20].

2.1 Properties of the approximation constant «

The following proposition was proven in [19, Proposition 2.6].

Proposition 2.1. Let x € P"(k) and let H be a hyperplane in P*. Then o, (H) =1 and
any line L through x contains a sequence {x;} C L(k) for which a,(H) = o, ({2}, H).

Remark 2.2. Proposition 2.1 is independent of the choice of the v-adic distance on k.
This is the main reason why in our definition of the approximation exponent we do not
define (D) relative to the distance. Conjecture 1.8 relies on the analog of approximating
rational points by rational points on a projective variety over a number field k. Since the
varieties studied in this work are considered embedded into some projective space, the results
of this work are also independent of the choice of the distance.

Proposition 2.3. Let X be a projective variety over Spec(k), x € X (k), and D and D' be
divisors on X, then



1. Let {x;} C X (k) be a sequence of points converging to x. Let {z} be a subsequence
Of {xz} Then, am({x;}7D> < Oém<{£li'l},D)

2. For any positive integer n, oy x(nD) =n - ay x(D).
3. For any a, b positive rational numbers,

az x(aD +bD") > ac, x(D) + ba, x(D').

4. Suppose that X s reducible over k and let X1, X5, ---, X, be the irreducible compo-
nents over k containing x. Then

a x (D) = min{az x,(Dlx,), -+, aax, (Dlx,)}-
5. If D is an ample divisor and x € X (k), then a,(D) > 0.

Proof. The following proofs are given in [20]. We provide brief proofs of them here.

1. Notice that the sequence d,(x,z;)"Hp(z};) is a subsequence of d,(x,z;)"Hp(x;).
Hence, any value for v that makes the latter bounded will make the former bounded.
Thus7 Oéx({x;}7 D) < @I<{xi}7 D)

2. This follows because H,p = H}, and thus d,(z, z;)"H,p(x;) = (dy(z, xi)%HD(a;i))”.

3. Let oy = a,(D) and as = a,(D’). We want to study the sequence:
{do(z,2:)" Hap1op (i)}

Recall that our height functions are multiplicative, so Hp,pr = HpHp/. Hence, we
can rewrite this sequence as

(2 Hapaopr () = (a2 Hp (@) (ol )% Hip(2)

But, by definition of aj, for the sequence (d,(z, xi)zlaHD(a:i))a to be bounded from

above, & > a, and similarly for (dy(x,xi)%HD/(mi))b to be bounded, & > a».

Thus, v > acq + bag, so o, x(aD + bD") > acy, x (D) + bay, x(D'), as desired.



4. Let x € X, for some n € {1,---,r}. Since X,, is a subvariety of X, we can restrict

the height Hp to a height Hp|, on X,, and the distance on X (k) to a distance on

X, (k). Thus, for a sequence {z;} C X, (k), oz x, ({xi}, Dl]x,) = cxx({z:}, D). But,
by definition of a, x (D), we see that

ap x (D) <min{a, x, (Dlx,), -+, x, (Dl]x,)}.

Conversely, for any sequence {z;} C X (k) in X that converges to x, pick a component
X, that contains x. Then, we can restrict the sequence {z;} to a subsequence {z}} C
X, (k) that still converges to x. Then, by item 1 in this proposition, a, x({z}}, D) <
a, x({x}}, D). But since the subsequence {z}} belongs to X,,, we see that

az x,(Dls,) < oz x,({2i}, Dls,) = aux ({73}, D) < oy x ({2}, D)
which implies that a, x,(D|x,) < a. x(D), as desired.

5. Let D be an ample divisor. Then there is some positive integer m such that mD is
very ample. Hence, there is an embedding ¢ : X — P" associated to mD for some
r € N. Let v € My, let {z;} C X (k) be a sequence that converges to x with respect
to d,, and let v € R. Then,

du(I7$¢)7HmD(Iz‘) > dv(¢(x)7 Cb(xz‘))WHL(ﬁb(xi)) (2-1)

where L is a hyperplane in P". This inequality follows because ¢ is an isomorphism
between X and its image ¢(X) C P and the fact that distances are equivalent
under embeddings. Notice that the right hand side of inequality (2.1) is studying the
approximation on P and by proposition 2.1 we know that the sequence is bounded
if and only if v > 1. Thus a,(mD) > 1. But by statement 2 in this proposition, we
know that a,(mD) = ma,(D), which implies that a, (D) > L > 0.

O

Remark 2.4. If D is a divisor satisfying the Northcott property (i.e. a divisor for which
there is only a finite number of points of bounded height with respect to D ), then a,,(D) > 0.
This is because if for some negative power vy, then sequence d,(x,z;)"Hp(x;) would be
bounded from above. This will imply that Hp(x;) — 0, which is impossible.

10



2.2 Curves of best approximation

Throughout this work a curve will mean an irreducible algebraic variety of dimension one,
and a surface will mean an algebraic variety of dimension two. If X is a surface, the curves
on X are all the non-zero irreducible effective divisors on X.

Definition 2.5. A sequence {x;} — x whose approximation constant o, ({x;}, D) is equal
to a,(D) is called a sequence of best approximation. A curve C passing through x is
called a curve of best approximation (we use the abbreviation “COBA”) with respect
to D if it contains a sequence of best approrimation to x.

Through the study of approximation constants on algebraic varieties, many examples
showed that under certain conditions, the sequences with best approximation constants
could be chosen to lie on curves.

Conjecture 2.6. [19, McKinnon] Let P € X(k), where X is an algebraic variety defined
over k and an ample divisor D on X. If P € C where C is rational curve in X defined
over k, then, there ezists a sequence on X (k)\{P} of best approximation to P with respect
to D, and moreover that sequence can be chosen to lie on some rational curve through P.

The purpose of this work is to verify this conjecture on rational surfaces. We want to study
the conjecture on this type of varieties, since the set of rational points in these surfaces is
dense, and the classification of these surfaces is also widely known.

Proposition 2.7. Let X be an algebraic variety defined over k, v € X(k), C be a curve
in X passing through x, and D be an ample divisor on X. Then, C is a curve of best
approzimation for x with respect to D if an only if a,(D) = a,(D]c).

Proof. First notice that is is always true that o, (D) < «a,(D]¢), since every sequence in
C that converges to x is also a sequence in X.

Assume that C' is a COBA with respect to D. Then C' contains a sequence of best
approximation to z, call it {x;}. Then

(D) = ax({2:}, D) = au({2:}, Dlc) = au(D]o)

The second equality holds because Hp,.(z;) = Hp(t(x;)), where ¢ : C — X is the in-
clusion of C' in X. Hence for the fixed sequence {z;} and a fixed v € R, the sequence

11



{dy(z,z;)"Hp(z;)} is bounded if and only if the sequence {d,(z, z;)"Hp(¢(x;))} is bounded.
Thus, if C'is a COBA, then a, (D) = a,(D|¢).

Conversely, assume that a,(D) = a.(D|¢), then there exists a sequence {y;} in C' such
that a,(D) = a.(D|c) = a,({yi}, D|c). But that sequence is also in X. Thus C is a
COBA for x with respect to D. n

The statement of the following proposition was made in [19]. We provide the proof here.

Proposition 2.8. Let X be a variety defined over a number field k. If C is a COBA for

x € X(k) with respect to a divisor D, then C is rational.

Proof. Notice that since C' is a COBA with respect to D, #C'(k) is infinite as it contains
an infinite sequence of rational points. So C' has genus 0 or 1. Assume C' has genus 1. By

Siegel’s theorem (See [25, page 276]), if x € C(k),

- log(d(P,x))
peC(k) log(Hp(P))

HD(P)—)OO

~0. (2.2)

Let « := a,(D) < oo. Then there is a sequence {z;} € C(k) such that d(z;, z)*Hp(z;) =
O(1). So, there is a positive constant B such that

alog(d(w;, ) + log(Hp(z;)) < B
log(d(x;, x))
“ (1og<HD xm) S g ()

Hence, if we take the limit over the rational points in C' with Hp(z;) — oo, and use
equation (2.2), we see that the last inequality is impossible. Thus, C' must have genus
0. m

Now we define what nef divisors are. These type of divisors will be relevant for this work
since they are closely related with ample divisors. Any nef divisor is the limit of ample
divisors. This relation will be explained in the next chapter. Here we define the notion of
nef divisor to provide some of the properties of curves of best approximation with respect
to nef divisors.
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Definition 2.9. Let X be an algebraic variety and let D be a divisor on X. Then D is
called nef if its degree on every curve C' C X is non-negative. i.e. if D-C > 0.

The following results will be used when considering curves of best approximation with
respect to nef divisors, in Chapter 5.

Theorem 2.10. [?1, Liouville-type theorem] Let X be an algebraic variety over Spec(k),
x € X(k) any point, and d = [K : k| where K is the field of definition of x.

Let X = X X, K, X be the blowup of Xk at x with exceptional divisor E/, and set 7 : X —
Xk — X. Let L be a nef divisor on X, and v € Q such that L, :== 7*(L) —vE € Eff(X).
Finally let B" be the stable base locus of L., and set B = w(B'). Then, there is a positive
real constant M such that for all y € X(k) — B(k), dy(x,y)aH(y) > M, and

(a) For any sequence {x;} C X (k) approzimating x, if infinitely many points of {x;} are
outside B then ag({z;}, L) > 1.
(b) If a,(L) < % then v € B and o, (L) = a.(L|p).

(c) If x € B and a,(L|g) > 7, then o, (L) >

SIS

Furthermore there is a subvariety Y of X such that x € Y and for all y € X (k), we have
do(x,y)aHy(y) > M provided that (L — vE)|y is in the effective cone of Y.

Theorem 2.11. [20, Thm. 2.16] Let C be a k-rational curve (possibly singular) and
¢ : P* — C be its normalization map. Then for any ample divisor D on C' and any

d
ay(D) = min { }
qed~(z) | MgTy

z € C(k), we have
where d = deg(D), my is the multiplicity of the branch of C through = corresponding to q,
and

0 ifr(q) €k,
ro=14 1 ifc(q) =k

2 otherwise
Where k(q) is the field of definition of the point q.

Proof. The proof is given in theorem in [20, Page 19]. O
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Remark 2.12. If C' in Theorem 2.11 is smooth, then ¢ is an isomorphism. So, there
is only one point ¢ = ¢~'(x), and m, = 1. Moreover, if C is smooth and we want to
approzimate x € C(k), then k(q) =k, thus r, = 1. In this case o, o(D) = deg(D).

Remark 2.13. Let x € X (k) and let C' be a COBA for x with respect to a nef divisor D
on X. Then, o, (D) = o, c(D|c). We also know that since D is nef in X, D|¢ is effective
in C. If D|¢ is not the zero divisor, deg(D|c) > 0, thus by Riemann Roch D|c is ample,
so theorem 2.11 applies for the divisor D|c on C.

Theorem 2.14. Let X be a variety defined over k and x € X (k). Let Dy and Do be two
nef divisors on X, and let D = a1D1 + as Dy where ay,ao > 0. If C' is a COBA for both
D1 and Dy then C' is also a COBA for D.

Proof. By properties of a (Proposition 2.3, (3)) we know that a,(D) > aja.(D;) +
as0;(D2) = arazc(Di|e) + aso.o(De|c). Let us denote o = a,(D;) = auc(Dile)
fori=1,2.

Since the intersection of divisors is a linear pairing, and D; and Dy are nef divisors, D is
also a nef divisor. Thus, by Theorem 2.11,
deg(D|c)

Mg

az(D) < aw,C(D|C) =

where m, is the maximal multiplicity corresponding to the point ¢ € ¢~*(z). Recall that
deg(D|¢) = ardeg(D1|c) + asdeg(Ds|c), which implies that

deg(D deg(D
o eg( 1|C)+a2 eg(Ds|c)

Mg Mg

azo(Dlc) =

= a1 + GoQs.

Hence o, (D) < a,.c(D|c) = a1 + asan giving us the equality a, (D) = ajaq + asas. So
C is also a COBA for D as desired.

]

The following proposition which is a new contribution, will be used later in this work
(chapter 5).

Proposition 2.15. Let D be a base point free divisor on X with associated map ¢p :
X — P, and let C be a smooth curve passing through a rational point x € X (k) such
that D-C = 1. If x ¢ C" for any C" with D-C" =0, then C' is a COBA for x with respect
to D.

14



Proof. Let {x;} be asequence in X (k) and {x;} — x. We study the sequence d(z, z;)" Hp(z;).
Recall that Hp(x;) = H(¢p(x;)) is the height with respect to a hyperplane section in P™.
Then there is some positive constant A (depending on v) such that

dy(7, 2;)"Hp(w;) > Mdy(ép(), dp(:))" H(dp(2:))-

Hence, approximating =z € X (k) is equivalent to approximating ¢p(x) € P". Also no-
tice that since x does not belong to any curve contracted by z, we can pick the se-
quence {z;} such that the points z; do not belong to any contracted curve as well, hence
dy(¢p(x),¢p(x;)) # 0. Thus, the smallest value of v so that the sequence is bounded is

v=1.

Finally, notice that since C'- D = 1, C' is isomorphic to ¢p(C) which is a line, and by
Proposition 2.1 lines are curves of best approximation. Hence, C' is a COBA for z with
respect to D. O

Theorem 2.16. Let X be a variety defined over k, and let D be a nef divisor on X and
E be an effective divisor on X. Let P € X (k) be a rational point, and C' be a curve of
best D-approximation to P. If C N E = (), then C' contains a sequence of best (D + E)-
approzimation to P.

Proof. See [19, Theorem 3.3]. O
Note: Throughout this work we will fix a place v € M, and find o with respect to the

distance d,,. In all the cases that we will study, the curves in which we look for sequences
of approximation are smooth and thus « will be independent of the v-adic distance.
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Chapter 3

Birational Geometry of Rational
surfaces

From now on we will consider X to be a smooth surface over the complex numbers.

In this section we will briefly describe convex cones in the Néron Severi Space NS(X) @ R
that have some information about the birational geometry of X. Particularly, we will study
the convex nef cone of X. This cone contains all the ample divisors of X and that will help
us to describe any ample divisor as a combination of nef divisors. We will study curves of
best approximation for generators of the nef cone and then provide curves for an arbitrary
ample divisor.

Definition 3.1. Let Dy, Dy € Div(X). We say that Dy and Dy are numerically equiv-
alent, D, = D,, if they have the same intersection number Dy - C = Dy - C for any
curve C C X. The Néron-Severi space NS(X) of X is the Q-vector space of Q-divisors
modulo numerical equivalence i.e. NS(X)= Div(X)® Q/ =.

Note: In general numerical equivalence (=) and linear equivalence (~) are different no-
tions. However, we are interested in X being a rational smooth surface and in these
structures, = and ~ are equivalent. In this case NS(X) = Pic(X) ® Q.

Theorem 3.2. (Nakai-Moishezon Criterion). A divisor D on a surface X is ample if and
only if D*> >0 and D - C > 0 for all irreducible curves in X .
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The proof of this theorem can be found in [11] (V, 1.10).

Remark 3.3. In the following chapters we will use the following facts that are consequences
of the previous theorems.

e Notice that given two numerically equivalent divisors Dy = Dy, Dy is ample if and
only if Dy is ample. Thus we can consider ampleness on classes of numerical equiv-
alence. i.e. this notion makes sense in NS(X).

o Although the Nakai-Moishezon Criterion is related to divisors, it can be extended to
Q-divisors. Indeed, a Q-divisor D is ample if there is a positive integer m that clears
denominators and make mD € Div(X) an ample divisor.

o The criterion can also be extended to R-divisors. We can set an R-divisor to be
ample if it 1s a positive R-linear combination of ample divisors. Thus ampleness can
be considered for divisor classes in NS(X) ® R.

e Since the intersection of divisors is a linear operation, the set of ample divisor classes
form a cone in NS(X), which is named the Ample cone of X and it is denoted by
Amp(X).

Similarly, the condition of being nef behaves well under numerical equivalence classes, and
although the notion of nef refers to divisors on X, this notion can be extended to Q-divisors
and to R-divisors, hence the nef condition can be studied in NS(X) ® R. In particular, the
classes of nef divisors under numerical equivalence form a closed and convex cone, which we
call the nef cone of X and we denote it by Nef(X). In particular we have the containment
Amp(X) C Nef(X). The following theorem gives us a more strict relation between these
cones. The proof of the following theorem can be found in [16, 1.4.9].

Theorem 3.4. (Kleiman’s Criterion). The nef cone is the closure of the ample cone. The
ample cone is the interior of the nef cone.

In the cases that we will consider in the following chapter, we will study the nef cone of
a rational surface. In many of the cases, the generators of the cone are base point free.
The following proposition will be applied when we study base point free divisors that are
generators of the nef cone.

Proposition 3.5. Every base point free divisor is nef.
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Proof. Let D be a base point free divisor on X and let C' C X be an irreducible curve
on X. We want to show that C'- D > 0. Recall that D is a codimension one subvariety
and that its intersection with a curve could be negative only if it contains the curve. So
it is enough to show that D does not contain C'. Let x € C be a point in the curve.
Since D is base point free, it corresponds to a morphism ¢ : X — P" to some projective
space. Let H be a hyperplane in P" that does not contain ¢(x). Then ¢*(H) is a linearly
equivalent divisor to D and it does not contain z as a base point. Then C' ¢ ¢*(H), thus
C-D=C-¢*(H)>0. O

Definition 3.6. Let D = Zle n;Y; be a divisor, where Y; is a divisor class of a curve, we
say that D is effective, and we denote it by D > 0, if n; > 0 for alli € {1,---  k}. The
effective cone of X, denoted by Eff(X) is the convex cone in NS(X) ® R, generated by the

classes of all effective divisors in X.

Remark 3.7. If X is a surface, the effective divisors of X are the curves on X. Moreover
the nef cone is the dual of the effective cone. We use the notation Eff’(X) = Nef(X).

For the proof of the following facts, see for example [3, Chapter I1], [23, Chapter 4, Section
3], or [L1, Section V.3].

Theorem 3.8. Let X be a surface and p be a point on X and let € : X — X be the
blow-up of X at the point p, with exceptional curve E.

1. Let C be an irreducible curve on X passing through p with multiplicity m and let C
be the strict transform of C under e. Then,

e(C) = C +mE.

2. Pic(X) = Pic(X) ® ZE = Pic(X) @ Z.
3. Let D and D' be divisors on X. Then (e*D)-(e*D') = D-D’, E-(¢*D) =0, E* = —1.
4. NS(X)~ NS(X)® ZE.

Corollary 3.9. Let X be a surface and C be a curve on X. Let € : X — X be the blow-up
map of X at a point p lying on C' with multiplicity m. Let C be the strict transform of C
under the map e¢. Then, C-C = (C - C) —m?.
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Proof. By the previous theorem, €*(C') = C + mE. Thus
C? = &(C)- € (C)
(C +mE)?
= C?+2m(E-C) 4+ m?E?
= ? + m?
So C? = C% —m?. O

The proof of the following facts can be found in [3, Chapter 2] or [, Chapter VI]

Theorem 3.10. (Elimination of indeterminacy) Let ¢ : S --» X be a rational map,
where S is a surface and X is a projective variety. Then there exists a surface S’ and
a morphism n : S" — S which is a composition of a finite number of blow-ups, and a
morphism f:S" — X such that pon = f.

Theorem 3.11. (Universal property of blowing-up) Let f : X — S be a birational mor-
phism of surfaces, and suppose that the rational map f~1 is not defined at a point p in S.
Then f factors as f = eo g, where g: X — S is a birational morphism and € : S — S
1s the blow-up at p.

Remark 3.12. The previous theorems justify the following facts.

e Any birational morphism f : S — S’ that is a composition of n blow-ups and an
isomorphism gives the relation NS(S) = NS(S") & Z".

o Lete: S —s S be the blow-up of S at a point on S and let f : S — X be a
morphism, where X s a variety and f contracts E. Then f factors through S, i.e.
there exists a morphism g : S — X such that f = goe.

Definition 3.13. Let X be a surface. We define B(X) to be the set of isomorphism classes
of surfaces birationally equivalent to X. Let S and Sy be surfaces in B(X). Then we say
that S1 dominates Ss if there is a birational morphism S; — So. We also say that the
surface X is minimal if its class in B(X) is minimal, so that every birational morphism
X — S’ is an isomorphism.

The proof of the following facts can be found in [3, Chapter 2] or [0, Chapter 3].
Proposition 3.14. Every surface dominates a minimal surface.

Theorem 3.15. (Castelnuovo’s contractibility criterion). Let S be a surface and
E C S be a curve isomorphic to P with E*> = —1. Then E is an exceptional curve on S.
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3.1 Hirzebruch Surfaces

In this section we present a short introduction to these type of surfaces and some of the
properties that will be relevant to our study. Some good references for the subject are [11,
Charter 5, Section 2], [3, Chapter 4], and [, Chapter 5, Section 5.

Hirzebruch surfaces are ruled surfaces over the base curve P'. They can be obtained by a
sequence of blow-ups and blow-downs of the complex projective plane. However, we will
consider them as the projectivization of a rank 2 vector bundle over P!. More precisely,
we define the n-th Hirzebruch surface F,, as:

F, = ]P’(O]pl @ Op (n))

for n € NU{0}. We call 7 : F,, — P! the morphism associated to F,, as a vector bundle.

The following facts justify that every rank 2 vector bundle over P! is decomposable and
they justify the choices of the decomposition in the definition of F,,. The proofs of these
facts can be found in [3, Chapter III], [1 1, Chapter 5, Section 2], or [, Chapter 12].

Proposition 3.16. Every geometrically ruled surface over C' is C-isomorphic to Pc(E) for
some rank 2 vector bundle E over C. (The bundles Po(E) and Po(E') are C-isomorphic
if there exists a line bundle L over C' such that E' = E® L).

Proposition 3.17. Every rank 2 vector bundle on P! is decomposable, as the sum of two
invertible sheaves. In particular every geometrically ruled surface over P! is isomorphic to
one of the surfaces B, = Ppi1(Opr @ Op1(n)) for n > 0.

We denote by S, for the section of the map 7 : F,, — P! that has self-intersection —n,
and we denote by F;, a general fibre of 7. When it is clear from the context or when the
value of n is not relevant for our proofs, we will simply use the notation S and F', for S,
and F}, respectively.

The divisors F' and S on F,, generate freely Pic(F,), which in this case coincides with
NS(F,,), and the intersection theory on Pic(FF,,) is given by F- F =0, F-S =1, 5-5 = —n,
and it extends by linearity.
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Theorem 3.18. Let S be a minimal rational surface. Then S is isomorphic to P? or to
one of the surfaces F,, for n # 1.

Proof. See [3, Theorem V.10, Page 59] . O

This theory gives us an algorithm to study rational surfaces. Every rational surface is
obtained by blowing up a finite number of times a minimal rational surface. We will follow
this algorithm to study rational approximations in smooth rational surfaces in the next
chapters.

Proposition 3.19. Let ¢ : X — Y be a morphism and let D € Div(Y') be a base point
free divisor. Then ¢*(D) is a base point free divisor in X.

Proof. Since D is base point free, D corresponds to a morphism f : Y — P" from Y to
some projective space P”. This means that there is a hyperplane section H in P such that
f*(H) = D. Hence ¢*(D) = ¢*(f*(H)) and fo¢: X — P™ is a morphism. Thus ¢*(D)
is base point free. n

3.2 The nef cone of smooth rational surfaces

In this work, the main ingredients for proving the conjecture rely on finding the generators
of the nef cone of rational surfaces. The methods to find the effective cone and the nef
cone for these type of varieties are given in [17], [18], or [6]. We provide an explicit method
to find the effective and nef cones that we use further in this work as follows:

1. We prove that the Picard group of the smooth rational surfaces studied in this work
is generated by the exceptional curves of the blow-ups and the section of the map
7: X — Pl Since these generators of Pic(X) are effective, we choose them as po-
tential generators of the effective cone. Call this cone 0. We know that o C Eff(X).

2. Since X is a surface, we know that Nef(X) = Eff(X)¥ C ¢". So, to show that
0" = Nef(X) we use two approaches:

(a) Verify that each generator of ¢¥ is nef. Then, Nef(X) = ¢¥. Thus, the initial
assumption that o was the effective cone was correct. In the examples that we
will study, most of the generators of the cone ¢ are in fact base point free and
thus by Proposition 3.5 those generators will be nef.
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(b) By Kleiman’s Criterion, we know that the nef cone is the closure of the ample
cone. So if we verify that any divisor in the interior of ¢¥ is ample, we prove
that ¢ is the nef cone. We use the Nakai-Moishezon Criterion to study the
intersection theory of the divisors in the interior of the cone oV.

The following fact will be used in Chapter 5, to determine the dual cone of a simplicial
cone on NS(X) ® R.

Proposition 3.20. Consider R™ with an inner product (-,-). Let C = Cone(vy,va, -+ ,vy)

be a simplicial cone in R". Let {wy,wq,- - ,w,} be a set of vectors in R™ such that
(vi,wj) = 6;; where §;; is the Kronecker delta. Then CV = Cone(wy, wa, -+ ,wy).

Proof. Let 7 := Cone(wy, ws, - - - ,w,). Notice that since (v;, w;) = d;; > 0 for all 4, j, then
T CCV.

Assume for the sake of contradiction that 7 is a proper subset of C'V. Then, there exists a
vector w € CV \ 7. By the separation theorem [2, page 105], there exists a vector e € R”
such that

(e,w;) < 0 forallie{l,2,---,n} (3.1)
> 0

(e, w)

But, since C' is simplicial, we can write e = > \;v; for some scalars \; € R. Thus
(wi,e) = A; < 0 which implies that —e € C, so (—e,w) > 0. Hence (e,w) < 0 which
contradicts (4.2). Thus such w does not exists and the statement holds. O
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Chapter 4

Revisited Examples

In this section we verify the conjecture for some examples that were provided in [19]. Al-
though all the cases were completely developed in that paper, we provide more detailed
proofs here and we use these examples to present the strategy that will be used when
proving the main conjecture in this thesis for rational surfaces of bigger Picard ranks. The
propositions in this chapter are new contributions to that previous work.

The method to show the conjecture for these examples is given in the following steps:

1. Find the Pic(X) and the NS(X).

2. Find the Nef cone, Nef(X). To do this, we study the subcone o of the effective cone
Eff(X), generated by the exceptional curves in Pic(X). We verify if the dual cone
oV is our desired nef cone.

3. For each generator of Nef(X), we find a COBA C.

4. For each curve C' in the previous step, we find a subcone I'¢ in which possibly C' is
a COBA for every divisor in this subcone. This gives us a division of Nef(X) into
subcones in which possibly each curve in the previous step is a COBA.

5. We verify if for each generator of ', C' is indeed a COBA. If so, then by Theorem
2.14, C will be a COBA for every divisor in ['c.
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4.1 The case of P? blown up at a point

Let X = P2 the blow up of P? at one point. Without loss of generality, we can choose the
blown up point to be p=[0:0: 1]. Hence X can be written as

X={(r:y:2,[u:v]) € P*xP': xv=yu} CP*xP.

Consider the two projections of X, 7 : X — P? and 7 : X — P! and let E be the
exceptional divisor on X. Notice that 7 : X \ F — P?\ {p} is an isomorphism. Hence
Pic(X \ E) = Pic(P? \ {p}). Also, since {p} has codimension 2 on P? we know that
Pic(P?\ {p}) = Pic(P?) @ Z. Let L = n*(L’) to be the pullback by 7 of the class of a line
L' in P2, then Pic(X \ F) = ZL. Using the exact sequence [11, page 133]:

0 — ZE — Pic(X) — Pic(X \ E) — 0.
We find that Pic(X) = ZL & ZE.

Now we study the intersection theory on X. First notice that if L; and Ls are lines in
P? avoiding p, then 7*(L;) and 7*(Ls) are lines in X that do not intersect E and since
L, Ly =1 and 7 is an isomorphism away from p, L? =1 and L- E = 0.

Claim 4.1. If H is a line in P? passing through p = [0 : 0 : 1], then there exists a point
q € P! such that 7*(H) = i (q) + E.

Proof. Let H be a line through p. Without loss of generality, H is cut out by the equation
y = ax for some a € k\ {0}. Then

' H)={([z:y:2],[u:v]): y=arand 2v = yu} = EUr; ([l : a])

From the equations y = ax and zv = uy we get x(v — au) = 0. Let us consider the cases
in which this last equation holds.

If x = 0, we get the elements in the exceptional divisor £. So we can cover E by the affine
pieces £ = (ENU,,)U(ENU,,) where U,,, = {z # 0, u# 0} and U,, = {z # 0, v # 0}.
Each affine piece is isomorphic to Al. So for a point ¢ € E, ¢ lies in some affine neighbor-
hood and using the isomosphism with A!, we get that the local ring O, = k[z], and it has
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maximal ideal (x), so ¢ vanishes in the equation z(v — au) = 0 with multiplicity 1.

If (v —au) = 0, we get the elements in 7, '([1 : a]) which is a line in P? passing through
p with slope [1 : a] in X, ie. 77 ([1: a]) = {[z,y,2],[1 : a] : az = y} So by a similar
argument this can be covered by two affine pieces isomorphic to A! and again, a point in
this line vanishes in z(v — au) with multiplicity 1. So now we can conclude that as divisors
m™(H) =7{([1:a])+ E. O

From the previous claim we have that 7j(¢) = L — E where ¢ is a divisor (i.e. a point) on
P!, Also notice that given two distinct points ¢; and ¢o in P!, their inverse image under m;
are two distinct curves in X that do not intersect. So (L — E)? = (7}(q1)) - (7} (¢q2)) = 0.
Hence

0=(L-E¥=L-L-2L-E+E-FE

which implies that £? = —1. This gives us the complete structure of the intersection
theory on X, which is summarized in the following table:

- | L | FE
L1110
E|0]-1

So, we can see that L and E are linearly independent since the matrix from the table
is invertible. This tells us that NS(X) ® R = RL @ RE. Now, to find Nef(X), recall
that Nef(X) = Amp(X) where Amp(X) is the cone of ample divisors of X. Since L and
L — FE define the morphisms 7 and m; respectively, we see that L and L — E are base point
free and so, they are nef divisors. Also, notice that none of them are ample (for example
E and L — E are curves and L - E = 0 = (L — E)?). Then, these divisors are extreme

rays of Nef(X') and since NS(X) is two dimensional, we have that Nef(X) = Cone(L, L—FE).

Now, given a point x € X (k), we want to find a COBA for each divisor D € Nef(X). We
start by finding a COBA for each of the generators of the nef cone. These approximations
depend on the position of the point that we are approximating. So we need to consider
some cases:

CASE 1: x ¢ E. Recall that 7 is an isomorphism on P?\ {p}. So if we choose a sequence
{z;} on X (k) converging to =, we can assume none of the elements in the sequence belong
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to E. Then, using the morphism 7, this is equivalent to choose a sequence {m(x;)} on
P%(k) converging to 7(z). So we have

d(x, ;) Hp(x;) = M(m(x), ()" H (7 (z;))

Where ) is some real constant, and H is the height on P? described in Example 1.4. Thus,
the problem is equivalent to the problem of approximating the rational point 7(z) in P2,

By Proposition 2.1, any line through 7(x) is a COBA with approximation constant 1. Let
C1 be a line in X passing through x. Then C; is a COBA with respect to L, and we know
that a,(L) = a0 (Lle,) = C1 - L = 1.

Now, we study the approximation of = with respect to L — E. Consider a sequence in X (k),
{z;} — z. Recall that L — E is base point free, thus H;,_g > O(1), so d(x,z;)"H_g(z;) >
d(x,z;)"O(1). Since d(x,z;) — 0, a(L — E) > 0. Consider C = m; *(m1(x)), then the
sequence

d(x,x;))"Hy_p(x;) = d(z, ;) H(m(x;)) = d(x, ;)" H(m(2))
is bounded if v = 0, hence a,(L — E) = 0 and C' is COBA for = with respect to L — E.

Notice that C' is a line on X passing through x, which tells us that C' is also a COBA for
x with respect to L.

Finally, let D = aL+b(L— E) for some a,b > 0 be a nef divisor, D € Nef(X). By Theorem
2.14, C is also a COBA with respect to D. Additionally, by remarks on Theorem 2.11,
a,(D)=D-C=(aL+b(L—F))-(L—FE)=a. We conclude the results on the following
table:

Divisor COBA o

L C=mnl(m()~L-FE] 1

L-FE C=m(m()~L-E]| 0
aL+bL—-FE)|C=n"(m(x)~L-F

CASE 2: x € E. In this case, consider C; = 7~ !(p) = E. By a similar argument as
case 1 (with the curve C), we see that C; is a COBA for x with respect to L and that
a,(L) = L-F =0. On the other hand, to approximate x with respect to L — E, we can
use exactly the same argument as in case 1, this is because all the fibers of m; are lines
(this is independent of the choice of the point x). So in this case C' = 7} '(m (x)) is still a
COBA with respect to L — E. Also, notice that E is not a COBA for x with respect to
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L — E. This is because using the map m; we can see that o, gp(L — E) =1 > 0.

In this case, we need to divide the nef cone into subcones that have a common COBA. Let
us assume that £ is a COBA for a divisor D € Nef(X), then o, (D) = a, g(D|g) = D-E.
In particular a, (D) < ayc(Dle) = D - (H — E), and if we write D = aL + b(L — E),
then D-E < D-(L— E) implies that b < a. On the other hand, if we assume that C} is a
COBA for D we have the reverse inequality D - E > D - (L — E) which tells us that b > a.
This analysis suggests that we can divide the nef cone into the subcones

Nef(X) = (L,2L — E)U (2L — E,L — E) (4.1)

where a divisor in the first cone has E as a COBA and a divisor on the second cone has C
as a COBA. Let us verify this.

Claim 4.2. E is a COBA for x with respect to 2L — E.

Proof. Let {z;};en € E(k) be a sequence converging to = and consider the sequence
d(x,z;)"Hop—p(x;) = (d(:v,a:i)‘;HL(mi)) (d(.r,xi)ﬁHL_E(xi))

Where v = § 4+ . Since E is COBA with respect to L, the first factor of the RHS of the
equation is bounded with minimal value 6 = 0. Since F is not a fiber of m; and the image
of E/ under 7, is all P!, we see that the second factor of the RHS is bounded with minimal
value § = 1. Then, the minimal value for v is v = 1. Notice that any sequence that has

infinitely many points not belonging to the fiber of 7 (z) will have approximation constant
at least 1. Hence E is a COBA for 2L — E. O

Claim 4.3. C' is a COBA for x with respect to 2L — E.

Proof. Let {z;};en € C(k) be a sequence converging to « and consider the sequence
d(z, ;)" Hap - p(xi) = (d($7$i)5HL(Ii)) (d(xaxi)ﬁHL—E(l'i))

where v = 6 + 3. Since C'is a COBA for L — E, we see that the second factor is bounded
with minimal value of g = 0. By a similar argument as in case 1, we see that C, which is
a line through x gives the approximation constant 6 = 1. Hence, the minimal value for ~
is 1, which implies that C' is also a COBA for z with respect to 2L — E. m
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From Claims 4.2 and 4.3, we can conclude that the division of the nef cone in equation
(4.1) is correct and finally we calculate the approximation constant in each case. If D €
(L,2L — E), say D = aL + b(2L — E) for some a,b > 0. Then a,(D) = D-E = b.
If D e (L—-E2L—-E), say D= c¢(L—FE)+d_2L — E) for some ¢,d > 0. Then
a,(D) =D -(L— FE)=d. We conclude the results in the following table:

Divisor COBA Oy
D =aL+b(2L — E) E b
D=c¢L—-E)+d2L—-E)|C=n"(m(x))~L—-FE| d

In view of the claims 4.2 and 4.3, we prove the following proposition that applies to further
cases.

Proposition 4.4. Let Dy and Dy be base point free divisors on X with associated mor-
phisms to projective spaces fi and fo respectively. Let x € X (k), and let C be an irreducible
rational smooth component in the fibre of fi through x. If x does not lie on any curve con-
tracted by both f1 and fy, and if C- Dy = 1, then C' is COBA for x with respect to D1+ Ds.

Proof. Let {z;} C X (k) be a sequence that converges to . We study the sequence
dv(fﬂ, xi)’YHD1+D2($i) = (dv(% xi)éHDl (%)) (du(l}%‘)BHDQ (%))

where v = 0 + 5. Since C is contracted by f; and it contains z, C' is COBA for x
with respect to D; and minimal value of § = 0. Additionally, since C' - Dy = 1, fo(C)
is a line through fo(z) and in this case, approximating x by points in C' is equivalent to
approximating fa(x) by points in a line through f»(z) in a projective space. By Proposition
2.1, d,(x,2;)? Hp,(;) is bounded with minimal value of 3 = 1, and C obtains that value.
So, the minimal value of v is v = 1. Hence, as there is no curve through x that is contracted
by both f; and fs, there is no curve that attains a value of 7 less than 1, which implies
that C' is COBA for Dy + Ds. O

The case of blowing up the plane at two points can be found in the Appendix.
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4.2 The case of P? blown up at three non-collinear

points
In this section we develop the example using the techniques from [19]. The proof of the
conjecture in this case is roughly the same provided in [19]. Some of the generators of the

cones provided there were missing. We consider this case including the new elements in
the cones and complete the gap in that proof.

Let X = BL3P? the blow up of P? at three non-collinear points. Without loss of generality,
we can choose the blown-up points to be py =[0:0: 1], pp=[0:1:0] and p3 =[1:0:0].
As before, we can describe X explicitly by

X ={([x:y:2],[u:v],[s1]),[rw]): zv=yu st =zs,yw =rz} CP? x P x P* x P,

We call 7 the projection of X to P?, and 7; the projection of X to the i-th copy of P! for
1 =1,2,3. Let E; be the exceptional divisor corresponding to the projection ;. Explicitly,

By = [0:0:1]xP'x[0:1] x[0:1]
Ey = [0:1:0]x[0:1] xP' x[1:0]
Es = [1:0:0] x[1:0] x[1:0] xP!

By a similar argument as in Section 4.1, we see that Pic(X) = ZL & ZE, ® ZFE, ® ZEs,
and that L ~ 7*(L') and L — E; ~ 7;(P), where L' is a line in P? and P is the divisor
of a point in P!. (By the correspondence between Cartier divisors and line bundles, it is
common to use the notation for L and L — E; as line bundles and write L = 7*(Op2(1))
and L — E; = w7 (Op:(1)), where Opn (1) is the line bundle associated to a hyperplane in
P™). The intersection theory on X is given by

- | L | Ey | By | Es
L |1]0 0 0
E,10|-1]0 0
Ey 0] 0 | -1]0
Es 0] 0 0] -1

Clearly all the generators of Pic(X) are linearly independent, hence NS(X) & R = RL @
RE; @ RE; & RE3. Let Ly be the line joining the points p; and py, Log be the line joining
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po and p3, and let Li3 be the line joining p; and p3. Consider the inverse image of the
points [0 : 1] and [1 : 0] in P* under the projections 7; and m and 3.

N [0:1]) = {(0:y:2],[0:1],[s:t],[r:w]):2s=0,yw=rz}
= EU{(0:y:2],0:1,[0:1],[y:2]):2z#0}

m[0:1]) = {(0:y:2],[u:v,[0:1],[r:w]): yu=0,yw=rz}
= B {0y 0110 1y 2]) - y£0)

w3 ([0:1]) = {([z:0:2],[u:v],[s:t],[0:1]): av=0,2t = s2}
= By U{([z:0: 2 [1:0][x:2],[0:1]): = #0}

N ([1:0) = {([#:0:2],[1:0],[s:t],[r:w]): rz=0,2t = sz}
= E3U{([x:0:2],[1:0],[z:2],[0:1]):2z#0}

) yw=0,zv=yu}
- 1:0]): y#£0)

m ([1:0) = {([x:y:0],[u:v],[s:t,[1:0]): ot =0,2v=yu}
= EU{([z:y:0[z:y],[1:0}[1:0]): =#0}

Let S;; be the strict transform of the line L;;, 1 <17 < 5 < 3. Explicitly,

Sio = {([0:y:2,[0:1),[0:1),[y:2]): [y:z] €P'}
Sis = {([x:0:2],[1:0),[z:2,[0:1]): [z:2] € P'}
Siy = {([z:y:0][z:y],[1:0,[1:0]): [z:y €P'}

Notice that 7(S;;) = L;;, 1 <i < j < 3.

Proof. Notice that S;; is a line, and L;; - S;; = E; - S = E; - S;; = 1, and S5 - Ej, = 0,
where k € {1,2,3}, k # i, and k # j. Then, as a divisor, S;; = apL + a;E; + a;E; + apE}.
Using the intersection pairing in this case, we see that ap = 1, a; = a; = —1, and a5, = 0.
Hence, the claim follows. m
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Claim 4.6. Let 0 = Cone(FE1, By, Es3, S1a, S13, S23). Then, Ef(X) = 0 and Nef(X) = o".

Proof. Since all the generators of o are effective, we see that o C Eff(X), so Nef(X) =
Eff(X)Y C ¢Y. If we show that all generators of o are nef, the claim will follow. Using
Polymake, we calculate that ¥ = Cone(L, L — Ey,L — Ey, L — E3,2L — E; — E5 — E3).
Recall that L — F; is the divisor associated to the morphism m;, i € {1,2,3}, so L — E; is
base point free and thus, it is nef for all 7. Moreover, L is the divisor associated to m, so
by the same reason, L is nef. Finally, 2L — Ey — Es — FEj3 is associated to the morphism
¢ : X — P? that contracts the three strict transforms Sis, Si3, and Sas. So it is also base
point free and thus it is nef. We conclude that

EH(X) = <El7 EQa E37 SlZa Sl3a SQ3>

Nef(X) = (L,L — Ey,L — Ey,L — E3,T)
WhereT:2L—E1—E2—E3. ]

Now, we consider the following cases:

Case 1: z € X(k)\ (F1UFE>U Ej3). This case is similar to case 1 in the previous example.
Since x is the only element on the fibre of m(x) through 7, any line containing z is a
COBA for z with respect to L, and the approximation constant is 1. Let C; = 7 *(m; (%))
for i € {1,2,3}. Notice that if x ¢ S;; for any 1 < i < j < 3, then C; is an irreducible
component. Moreover, C; is a COBA for L — E;, and C; ~ L — E;. On the other hand,
it x € S;; for some 4,7, then C; = E; US;; and C; = E; U S;;, but since x € 5;;, we
pick S;; as a COBA. We use the same notation for the curves C; = C; = §;;. Finally,
consider approximations to x with respect to 7. Notice that ¢ is an isomorphism from
X\ (U;;Si;) to P2\ (U; ;6(S;;)). Assume - ¢ S;;. Then, to approximate z € X is equivalent
to approximate ¢(x) in P2, so in this case we can approximate x with any line through x
and the approximation constant is 1. Assume x € S;; for some ¢, 7. Then a COBA for z
with respect to 1" is S;; with approximation constant 7" - S;; = 0. Hence, we consider two
subcases of this case:

Case 1.1: z € §;; for some 4, j. Then, we summarize the results in the following table.
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Divisor COBA Oy

L SijOI'CkNL—Ek 1

L—-F; Sij 0

L —E; Si; 0
L—Ekwherekgé{i,j} CkNL—Ek 0
T Sij 0

Let D = agL+a;(L— E;)+a;(L — E;) + ax(L — E;) + a4T € Nef(X). Assume that S5;; is a
COBA for D, then D-S;; < D-(L—E}), i.e. ap+ay, < ap+a;+a;+as. We divide the nef cone
as Nef(X) =I'yUI'y, whereI'y = (L, L—E;, L—E;, T, T+ L—Ey,2L—E,—Ey,2L—E,— E};)
and I'y = (L, L — Ey,2L — E;, — E,2L — E; — E},, T+ L — Ej). Notice that 5;; is a COBA
for x with respect to any generator of I'; that has intersection 0 with S;;. Additionally, by
Proposition 4.4, S;; is also a COBA with respect to any generator of I'; that has intersection
1 with S;;. Thus, S;; is a COBA for x with respect to any divisor in I'y. Similarly, L — Ej,
is a COBA for any divisor in I's. So we conclude:

Divisor COBA .
boL + bl(L — Ez) + bQ(L — Ej) + bgT+
bo(T + L — Ey) + bs(2L — By — Ey,) + bs(2L — Ej — Ey) | bo + ba + bs + bs
coL + c1(L — Ey) + c2(2L — E; — Ey)
+03(2L—Ej—Ek)+c4(T—|—L—Ek) L—F;| cotcr+cates+ey

Case 1.2: = ¢ S;; for all 4, 5. Then, we summarize the results in the following table.

Divisor COBA Ql
L Cy or Cy or (5
L - E1 Cl ~ L - E1
L - E2 02 ~ L - E2
L—FE;| C3~L—E;s
T Cy or Cy or Cy

— oo O

In this case the nef cone is divided as Nef(X) = I'yUl'yUT's, where I'; = (L, T, L — E;, 2L —
E;—FE;,2L— E;,— Ey), where {7, j,k} = {1,2,3}. Notice that L — E; is a COBA for = with
respect to any divisor in I'; because the intersection with a generator of I'; is 0 or 1. In the
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latter case, Proposition 4.4 proves that L — F; is a COBA. We summarize as follows.

Divisor COBA o
boL + 01T + by(L — E;) + b3(2L — E; — Ej)
+b4(2L — E; — Ey) Ci~L—FE;| by+by+bs+by

Case 2: z € Ey(k)UEy(k)UEs(k), and x ¢ S, for 1 <i < j < 3. Say, z € E;(k) for some
i € {1,2,3}. In this case, Since E; is contracted by L, E; is a COBA for x with respect to
L. On the other hand, since z is not in any of the S;;, we see that E; is also a COBA for
T because Ej; is a line passing through x. Notice that C; = 7; ' (m;(z)) ~ L — Ej is a line
through z, so C; is also a COBA for T. Lastly, let C,, = 7.} (m,(x)), for m € {1,2,3},
we know as before that C,, is a COBA for L — F,,, but notice that since x € F; and
xr & S;; USy USj,, C; = C, = E;. So we conclude the following table:

Divisor COBA Ql
L E; 0
L—F, |Ci~L—-E;| 0
L - FE; E; 0
L—F, L, 0
T Ez or Cz 1

Let D = apL + a;(L — E;) + a;(L — E;) + a(L — Ej) + a4T € Nef(X). Assume that
E; is a COBA for D, then D - E; < D - (L — E;), and we get a; < ag + a; + ai, which
is the cone I'y = (L,T,L — E;,L — Ey,2L — E;,2L — E; — E;,2L — E; — E;). Notice
that E; is a COBA for all the generators in I'y. By analogous argument we find that
I'y=(IL—-E;,2L—E;,2L — E; — E;,2L — E; — E};), and L — E; is a COBA for all

generators as well. We summarize as follows:

Divisor COBA Ay

boL + 01T + bo(L — E;) + bs(L — Ey)+

by(2L — E)) + bs(2L — E; — E;) + be(2L — E; — Ey) | Ei | brFbat b5+
boT + b1 (L — E;) + b2(2L — E;)+

bs(2L — E; — E;) + by(2L — E, — Ey) L—E; | bo+bz+bs+bs
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Case 3: z € U1§i<j§3,m€{i,j}(Em NS;;). Let x € E;NS;;. In this case E; is still a COBA
for « with respect to L. Now, since the corresponding morphism of 7" contracts S;; and
x € S;j, we see that S;; is a COBA for z with respect to 7. We also know that a COBA
for L — Ej is inside of the fibre 7; ' (m;(z)), but since 7; *(x) = E; U S;; and = € S;; \ Ej,
S;; is a COBA for L — E;. Similarly, since the fibre 7Tj_1(71'j (x)) = E;US;j and x € E;N S5,
both E; and S;; are COBAs for « with respect to L — E;. Finally, since E; is an irreducible
component of the fibre 7' (m(x)) = E; U S, and = € E; \ Si, E; is a COBA for z with
respect to L — Ej,.

Divisor | COBA | a,
L L, 0
L — FE; Sii 0
L— Ej Ez or Sij 0
L — E, E; 0
T Sij 0

Let D = aoL + a;(L — E;) + aj;(L — E;) + ar(L — E}) + a7 € Nef(X). Assume that
E; is a COBA for D, then D - E; < D - S;;. As before we get a; + a4 < ag + a, then
Nef(X) =T1UTly, where I'y = (L, L—E;,2L— E;, L+T,L— E,+T,L— E},2L— E; — E})
and 'y = (L - E;,2L - E;,L+T,L— E,+7T,T,L — E;,2L — E; — E}). Notice that S;;
and F; are both COBAs for the generators 2L — F;, L+ T, L — E,, + T and 2L — E; — E},
thus £; is a COBA for divisors in I'; and S;; is a COBA for divisors in I'y. We conclude:

Divisor COBA Ay

boL + b1 (L — E;) 4+ b2(2L — E;) + bs(L + 1)+
bi(L— Ep+T) +bs(L— By) + bs(2L — By — E,) | Ei | b2+ bs+ba+tbe
boT + by(L — E;) + b2(2L — E;) + bs(L + T)+
bi(L — By +T) + bs(L — ;) + bs(2L — By — E,) | | b2Fbs+batbe

We conclude from the examples developed in this chapter, that the conjecture 1.8 is true
for blow up of the projective plane at one, two or three non-collinear points. The case of
blowing up at two points is in the Appendix.
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Chapter 5

Split rational surfaces of Picard rank
at least 5

In this chapter we verify the following conjecture for surfaces obtained by blowing up
smooth rational surfaces of Picard rank 4.

Conjecture 5.1. Let X be an algebraic variety defined over k and D be any ample divisor
on X. Let x be any k-rational point on X such that there is some rational curve on X,
defined over k and passing through x. Then, there exists a curve of best approximation to
x on X with respect to D.

Recall that the Hirzebruch surface F,, is characterized by the two maps m : F,, — P! and
¢ : F, — A where A is the cone in P"*! over the rational normal curve in P".

Since every time that we blow up a point in a surface X, the rank of the Picard group
increases by one, we need to blow-up F,, three times to study the split rational surfaces X
of Picard rank 5. We may assume that none of the blown up points lie on the (—n)-section
on F,,, since blowing up a point in that section would only increase the value of n by 1 (see
Corollary 3.9). By Theorem 3.8, we can describe the process of blowing up the Hirzebruch
surface IF,, in the following commutative diagram:
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x Ly x, Iy x y T, (5.1)

where X; = BI(F,,) is the blow up of F,, at one point, Xy = Bl;(X;) is the blow up of
X; at one point (i.e. Xy = Bly(F,) the blow up of F,, at two points), and f; is the map
of blowing down in steps ¢ = 0,1,2. Notice that X; could be different depending on the
blowup points. However, the Picard groups of all possible surfaces X; have the same rank.

Notation 5.2. From now on, we use the following notation:

o Pic(F,) = ZF, ®ZLS,, where F,, ~ 75(y) for any point y € P! and nF,+ S, = ¢*(H)
for any hyperplane section H in A, and S,, is the (—n)-section on TF,.

o Pic(Xy) = ZS & ZE, ® ZE,, where S := f;(S,), E1 is the strict transform of F,
under the map fo, and Ey is the exceptional divisor of the blow up map fo. On X,
we also will use the letter F' for F':= f§(F,).

o Pic(Xs) =7S & LE, ® LE, ® ZEs, where we use the same letter S for S := f;(S),
and the same letters E1 and Es for the strict transforms of E1 and FEo respectively,
under the map f1. Also, Es is the exceptional divisor corresponding to fi, and we
use the same letter F' for F := f{(F).

o Pic(X)=ZSOLE\BPLE,DLESBLE,, where we use the same letter S for S = f5(S5),
and the letters E; for the strict transform of E; under fo for i = 1,2,3, E, s the
exceptional divisor corresponding to fa, and we use the same letter F' for F' = f5(F).

The study of the conjecture on surfaces X is given in [19, Theorem 3.17]. The proof
in that paper was divided in three cases of X5 that depend on the configuration of the
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reducible fibre of the map m. We summarize the results obtained in that paper since we
use them for the study of surfaces of bigger Picard ranks.

Notation 5.3. We use the following notation:

Surfaces X5 of type 1: These are surfaces with two reducible fibres, each with two
components that intersect transversely at one point. It was proven that Pic(X) = ZS @
ZE, @ ZEy @ Z.E3 with intersection theory given by:

- | Fy | By | By | S
Frl-1]1 0 1

E,l 1 |-1]0 0 2 E3

Ey, | O O |—-11] 0

S 1 0 0 -n Fy Fy
S

Here F' ~ Fy 4+ Ey ~ Fy+ Fs, and it was also proven that Eff(X) = Cone(S, Fy, Ey, F», E»)
and Nef(X) = Cone(F, D,), where o € {0,1}* and Dy = S + nF — « - (Ey, Ey). The
surfaces X obtained by blowing up this type of surfaces are not considered in this chapter.
We provide some ideas on how to develop these cases in the next chapter.

Surfaces X, of type 2: These are surfaces with one reducible fibre of the map m in
diagram 5.1, with three components configured like a letter F'. It was proven that Pic(Xs) =
7S ©ZE, ® ZEy, ® ZEs with intersection table

B, [ By | B | S
B, | =21 1]1 &
E,| 1 | —=1] 00
Esl 110/]-1]0 =
S 1 0 0 | —n b
S

Here F' ~ Ey + Ey + E3, and it was also proven that Eff(X) = Cone(E, Ey, E3,S), and
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Nef(X) = Cone(F, Dy, Dy, D3), where

Dl = nF+S,
D2 - Dl - E27
D3 - D1 - E3.

Surfaces X, of type 3: These are surfaces with one reducible fibre of the map w, with
three components configured like a letter H. In this case we only include the case where
the reducible fibre has no multiple component. It was proven that Pic(Xy) = ZS © ZE, &
Z.Ey, ® ZE5 with intersection table

- | By | By | By | S
E,| -1 1 0 1
Ey| 1 | -2 1 0 o ‘
Es| 0|1 ]-1|0

S| 1[0/ 0]|—-n

E3

E,

Here F ~ E1+ Es+ Es, Ef(X) = Cone(Ey, Es, E3,S), and Nef(X) = Cone(F, Dy, Dy, D3),
where

D1 = ’I’LF—I—S,

Dy, = Dy — E;— Es,
Dy = D, — E,—2E;.

Surfaces X, of type 4: These are surfaces of type 3 that have a double component. It
was proven that Pic(Xs) = 7S & ZE, & ZE, & ZE;3 with intersection table

" TE B [ E] S
Byl 21011 £
E;| 0 | =2 1710 =
Es| 1 [ 1 [=1]0 .
S 1 0 0 | —n
S
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Here F' ~ E\+FE>+2E5, EffiX) = Cone(Ey, Esy, E3,S), and Nef(X) = Cone(F, Dy, Dy, D3),
where

D1 = nF + S,
Dy = Dy — E;— E3,
Ds = 2D, — Ey—2F5.

Remark 5.4. In all cases it was proven that each of the generators of the nef cone was
base point free. Thus, to study the case of blowing up a point in Xo, using the notation
fa for that blow-down map in diagram 5.1, we see that f5(D1), f5(Ds), and f3(D3) are
also base point free by Proposition 3.19. Additionally, by Theorem 3.5, they belong to the

nef cone of X. We use the same letters D1, Dy, and Ds to denote f5(D1), f5(Ds), and
f5(D3) respectively.

5.1 Blowing-up smooth points in the reducible fibre

In this section we prove Conjecture 5.1 for surfaces obtained by blowing up a surface Xo
at a smooth point of the fibre F'. We find a complete description of the effective and the
nef cone in these cases and we use the generators of the nef cone to find a COBA with
respect to each generator of Nef(X).

Most of the proofs in this section seem very similar. However, in each case the divisors Ds
and D, were different, and in the cases in which they were base point free, the morphisms
to projective space that they defined were also distinct. For this reason we kept our proofs
as they are presented in this chapter.

Theorem 5.5. Let X be the blow-up of the type 2 surface Xy at k points all lying in
Ei\ (SU EyU Es), where k,n € N. Then Conjecture 5.1 is true for X.

Proof. The reducible fibre of the map 7 : X — Plis F = ij E;. Note that F is a
comb with £+ 2 teeth.
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Ek43

Egy2

Notice that Pic(X) = ZS @fj’ ZE;, where E; is the exceptional divisor of the blow-up
of Xy at a point p; € E; \ (SU Ey U Es), with the following intersections, where ¢,j €

{2,3,--- ,k+3} and i # j:

S'El —

1
Ei-E = 0
1
S-E = 0

Claim 5.6. The effective cone of X is generated by Fy,--- , Exi3, and S. The nef cone
of X is generated by the divisors F, Dy = nF + S, and D; = nF + S — FE; for all
i€4{2,3,- k+3}

Proof. Let 0 = Cone(S, F1, Es, -+, Fx.3). Since the generators of ¢ are all linearly inde-
pendent over k, o is a simplicial cone. So by Proposition 3.20, its dual cone is generated by
divisors T; where T; - E; = §;;, where 0 is the Kronecker delta, and 4,5 € {1,2,--- ,k + 3},
To-S =1,and Ty - E; = 0 for all j.

We can verify that D; - E; = 6,5, F'- E; = 0, and F'- S = 1. Hence T; = D; for all
i€{1,2,--- ,k+ 3} and Ty = F, which tells us that 0¥ = Cone(F, Dy, -+, Dyy3). If we
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show that all the generators of ¢ are base point free, we prove that 0¥ = Nef(X).

Clearly F' and D; are base point free, since they correspond to the morphisms 7 and f
respectively in the diagram 5.1. Let ¢; : X — Y; be the blow-down map of the excep-
tional divisors E; where j € {2,3,--- ,k + 3}, where j # ¢, and let ¢y, : ¥Y; — F,_; be
the blow-down map of Fj.

Now we show that D; is base point free for all i € {2,3--- k+3}. Let H be a hyperplane
section of A C P", where A is the cone over a rational normal curve in P!, Let ¢ :
F,—1 — A C P, the map in diagram 5.1. Then ¢*(H) ~ (n — 1)F,_1 + S,—1. Then

¢ (H) (n—1)F,—1 + Sh_1
¢1i(¢"(H)) ~ (n—1)(E;+E)+(S+ Ev)
o7 (67 ,(¢"(H))) (n—1)(E+E+ > E)+(S+E+ Y E
1<j<k, j#i 1<j<k, j#i

¢ (¢1:(0"(H))) ~ (n=1)F+S+F—-E =nF+5—E =D,

i

2

Hence, since the E;’s and S are effective, and F' and the D,’s are base point free, we see
that

EH(X) = CODG(S, El, EQ, cee ,Ek+3),
Nef(X) = Cone(F, Dy, -+, Dii3).

]

To finish the proof, we choose an arbitrary point x € X (k). We know that the only
curves contracted by D; are S and E; where j # . Hence, if x does not lie in the re-
ducible fibre F, we let C' = 7*(n(z)), then C ~ F, C-D; = F-D; =1, and C - F = 0.
So by Proposition 2.15, C'is a COBA for x with respect to any generator of the nef cone
of X. Hence, for any D € Nef(X), C'is a COBA for x with respect to D and o, (D) = D-C.

On the other hand, suppose that x belongs to the reducible fibre, i.e. x belongs to some
exceptional curve E; or S, and D € Nef(X). We let T = {S,F,Ey,---,Ey}. Then
a5 (D) = mingger: zery{D - R}, and whichever curve in 7" that contains = and has minimal
intersection with D is a COBA for x with respect to D. n
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Theorem 5.7. Let X be the blow-up of the type 3 surface X5 at k points all lying in
E>\ (E1 U Es), where k,n € N, n > 2. Then Conjecture 5.1 is true for X.

Proof. The reducible fibre of the map 7 : X — Pl is F = Zfif E;. Notice that I is a
comb with £ 4 2 teeth. We represent the fibre as:

Erts

Exqo
E>

Ey

E3

Ey

Notice that Pic(X) = ZS @fj’ ZE;, where Ej; is the exceptional divisor of the blowup

of Xy at the point p; € Ey \ (E1UE3), j € N, 4 < j < k+ 3. We have the following
intersection theory, where i,j € {1,3,4,--- ,k+ 3} and i # j:

E} = —(k+2)
E? = —1
S? = —n
Ey - E =1
E,-E, =0
B =1
0

S

Claim 5.8. The effective cone of X is generated by Ey,--- Ex, and S. The nef cone of X
15 generated by the divisors F', Dy = nF + S, Dy = Dy — ZiZQ E;, and D; = Dy — E; for
allie{3,---  k+ 3}.

Proof. Let ¢ = Cone(S, Ey, Ey--- , Eyy3). Since the generators of o are linearly in-
dependent over k, o is a simplicial cone. Hence, its dual ¢¥ is generated by divisors
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To,T1,- -+ , Trys of the dual space such that T), - E,,, = 6um, where n,m € {0,1,---k + 3}
where we have Ey := S. But notice that D,, - E,, =1 for all m € {0,1,--- |k + 3} (where
we have Dy := F'), and that D,, - E,, = 0 for all n,m, n # m. Hence by Proposition 3.20,
oV = COHG(F, Dl, DQ, ce ,Dk+3).

We know that F is base point free, corresponding to the morphism 7 : X — P!. Similarly
D, is base point free, since it corresponds to the morphism f to a cone in the diagram
5.1. Also, Dy is base point free, since it corresponds to a morphism to a cone in P" that
contracts all E; j # 2 and S.

Now, for each i € {3,--- ,k + 3} we let ¢; : X — Y; be the blow-down map with
exceptional divisors E; for j € {1,3,4,---k + 3} and j # i. Notice that ¢;(E») is a di-
visor, which we denote with the same letter E5 in Y; that has self intersection —1. So
now we can contract it by letting ¢o; : ¥; — [F,,_o be the blow-down map of E, on Y;
to F,,_s. Recall that in F,,_, we have a morphism ¢ : F,,_o — A C P"! where A is a cone.

We let H be a hyperplane section in P*~!. Then

¢ (H) ~ (n=2)F, 2+ S
$2i(0°(H)) ~ (n=2)(Ei + E2) + (B2 +5)

61 (¢3,(¢"(H) ~ (n=2) [E+ Y E|+| Y E+S+E
1§J]'§IZc+3 1§§§I§+3

= (n—2)F+F—Ei+S+E1:D1—< > E])—E,»:Di

2<j<k+3

Hence, we can conclude that

EH(X) = COHG(S, E17 EQ, cee ,Ek+3)
Nef(X) = Cone(F, Dy, Dq, -+, Dii3)

]

Finally, we consider a point x € X (k). Similarly to the earlier cases, since the product
F-D; =1forallj € {1,2,3,--- ,k+3}, by Proposition 2.15, F'is a COBA for « with respect
to a divisor D unless that = belongs to an exceptional curve. Welet T'= {S, Ey, -+ , Ex13}.
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If D belongs to the nef cone, o, (D) = minger. ,er{D - F, D - R} and such a curve that
provides the value of a, (D) is a COBA for x with respect to D. O

Theorem 5.9. Let X be the blow-up of the type 3 surface X5 at k points all lying in
Ey\ (EyUS), where k,n € N. Then Conjecture 5.1 is true for X.

Proof. The reducible fibre of the map 7 : X — Pl is F = Zfif E;. Note that F'is a
comb with k4 1 teeth, but one of the teeth has been blown-up. We represent the fibre as:

Ekts

Egy2

E5

Es
E3

Notice that Pic(X) = ZS P ]j’ ZE;, where E; is the exceptional divisor of the blowup of
X, at the point p; € By \ (B2 US), j € N, 4 < j < k+ 3, with the following intersection
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theory, where 4,j € {3,4,--- ,k+ 3} and i # j:

E? = —(k+1)
EI = -2
E? = —1
S? = —n

El'EQZEl'Ei = (fOl"’LZ4)

SIS
=
I

=
I

1
0
1
B = 0 (fori>4)
0
1
0

n «»
[
|

S By =

Claim 5.10. The effective cone of X 1is generated by Ey,--- Ex, and S. The nef cone of
X is generated by the divisors F', Dy =nF + S, Dy = Dy — Ey— FE3, D3 = D1 — Fy — 2Fj3,
andDi:Dl _Ez fO’f’ all 1 € {4,5, ,]’C—Fg}

Proof. Let ¢ = Cone(S, Ey, Ey--- , Eyy3). Since the generators of o are linearly in-
dependent over k, o is a simplicial cone. Hence, its dual ¢¥ is generated by divisors
To,T1,- -+ , Trys of the dual space such that T,, - E,, = dpm, where n,m € {0,1,---k + 3}
and we have Fy := S. But notice that D,, - E,, = 1 for all m € {0,1,--- ,k + 3} (where
we have Dy := F'), and that D,, - E,, = 0 for all n,m, n # m. Hence by Proposition 3.20,
0" = Cone(F, Dy, Dy, -+, Dyy3).

As before, we know that F' and D; are base point free.

To prove that Dy, and Ds are base point free, consider the map ¢, : X — X5 that blows
down all E; for j > 4. Now, recall that Dy and Dj in Xy are base point free. Thus, in
X, Dy = ¢3(Ds) and D3 = ¢5(D3) which implies that Dy and D3 in X are also base point
free.

Now, for each i € {4, - | k+ 3} we let ¢; : X — Y] be the blow-up map with exceptional
divisors Ej for j € {3,4,--- ,k + 3} and j # i. Notice that ¢;(E») is a divisor, which
we denote with the same letter Fs, in Y; that has self intersection —1. Similarly, ¢;(E})
is a divisor, which we also call E; in Y; that has self intersection —2. So now we can
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contract Ey in Y; by letting ¢o; : ¥; — Y5 be the blow-down map of E, on Y;. Notice
that Ey := ¢9,;(E1) is a divisor in Y, with self intersection —1. Thus, we can contract
it with a blow-down map ¢;, : Yo — [F,,_;. Recall that in F,,_; we have a morphism
¢:F, 1 — ACP" where A is a cone.

We let H be a hyperplane section in P”. Then

¢*(H) ~ (n - 1)Fn—1 + Sn—l

¢1:(0"(H)) ~ (n—1)(E;+ Ei) + (E1+9)
¢5:(07 (0" (H))) ~ (n—1)(Ei+ Ey+ Ey) + (By + By + 9)
¢ (03:(01,(07(H)))) = (n—1) ( > Ej) +(Er+ Y, Ej+Ey+E;+S5)
1<j<k+3 J’f}iﬁ

= nF+S—-FE,=D,—-FE, =D,
Hence, we can conclude that
Eff(X) = Cone(S, Ey, Ey, - -+, Ej43)
Nef(X) = Cone(F, Dy, Do, -+, Diy3)

O

Finally, we consider a point z € X (k). Similarly to the earlier cases, since F' has intersection
1 with each generator of the nef cone, by Proposition 2.15, F' is a COBA for x with respect
to a divisor D unless that = belongs to an exceptional curve. Welet T'={S, FEy,--- , Ex13}.
If D belongs to the nef cone, then o, (D) = minger. zer{D - F, D - R}. O

Theorem 5.11. Let X be the blow-up of the type 3 surface Xy at k points all lying in
Es\ Es, where k,n € N, n > 3. Then Conjecture 5.1 is true for X.

Proof. The reducible fibre of the map 7 : X — Pl is F = Zfif E;. Notice that F'is a
comb with k + 1 teeth, but one of the teeth has been blown-up. We represent the fibre as:
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Ekis

Egqo

Es

E5

Ey

Eq

Notice that the fibre looks very similar to the fibre in Theorem 5.9, but the difference
is that Fs3 does not intersect S. So this is a different case. Also notice that Pic(X) =
7S @fif ZE;, where L} is the exceptional divisor of the blowup of X, at the point p; €
E3s\ E,y, j € N, 4 < j < k+ 3, with the following intersection theory, where i,j €
{4,5--+ ,k+3} and ¢ # j:

Ef=E = -1
E: = -2
E} = —(k+1)
S? = —n
E\-Ey=E, -E3 =

Claim 5.12. The effective cone of X is generated by E1,--- , Exy3, and S. The nef cone
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of X is generated by the divisors F', Dy = nF + S, Dy = (n — 1)FF + S + E,, D3 =
(n—=2)F + S+ 2E, + Ey and D; = D3 — E; for alli € {4,5,--- , k + 3}.

Proof. Let ¢ = Cone(S, Ey,Ey--- ,Ejy3). Since the generators of o are linearly in-
dependent over k, o is a simplicial cone. Hence, its dual ¢¥ is generated by divisors
To,T1,- -+ , Trys of the dual space such that T), - E,,, = dpm, where n,m € {0,1,---k + 3}
and we have Ey := S. But notice that D,, - E,, = 1 for all m € {0,1,--- .k + 3} (where
we have Dy := F), and that D, E,, = 0 for all n,m, n # m. Hence by Proposition 3.20,
oV = COHG(F, Dl, DQ, ce ,Dk+3).

As before, F' and D; are base point free. To prove that D, and Dj are base point free,
consider the map ¢, : X — X, that is the blow-up of X, with exceptional divisors £ for
j > 4. Now, recall that Dy and D3 in X, are base point free. Now, in X,

¢3(D2) = ¢3(D1— By — E3) = Dy — B — < > Ej) = Dy,

3<j<k+3

$(Ds) = ¢§(D1—E2—2E3)=D1—E2—2< ) Ej>:D3,

3<i<k+3

Hence, Dy and D3 in X are also base point free.

Now, for each i € {4,--- ,k+3} we let ¢; : X — Y; be the blow-up map with exceptional
divisors Ej for j € {1,4,5,--- ,k+ 3} and j # i. Notice that ¢;(E>) is a divisor, which we
denote with the same letter Es, in Y; that has self intersection —1. Similarly, ¢;(Es) is a
divisor, which we also call F5 in Y; that has self intersection —2. So now we can contract Fy
in Y; by letting ¢o; : ¥; — Y3 be the blow-up map of E; on Y;. Notice that E5 := ¢5;(E3)
is a divisor in Y, with self intersection —1, thus, we can contract it with a blow-up map
¢3. 1 Yo —> F,,_3 (Notice that the target of the last map is IF,,_3 because we are contracting
curves that intersect S, i.e. since E; C X is contracted, ¢;(S) = S,_1. Since Fy C Y; is
contracted, ¢2;(S,-1) = Sn—2, and since E3 C Y3 is contracted, ¢5;(S,—2) = Sn—3). Recall
that in F,,_; we have a morphism ¢ : F,,_; — A C P" where A is a cone.
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We let H be a hyperplane section in P" that intersects A non-trivially. Then

¢*(H) ~ (n—3)Fy3+ Sn-s
¢3:(¢7(H)) ~ (n—3)(E;i+ E3)+ (B3 +S)
$3:(P3:(¢"(H))) ~ (n—=3)(E;i+ B3+ Ey) + (B3 + Ey + S + Es)

6 (03,(05,(0"(H)) = (n=3)F+ | >  Ej|+2(E+E)+S+E
3§§§1Zc+3
= (n—2)F+E2+2E1+S—Ez:Dg—EZ:Dz
Hence D; is base point free for all ¢, and we can conclude that

EH(X) = Cone(S, El, EQ, Tty Ek+3)

Nef(X) = COI’IG(F, D17 DQ, ce ,Dk+3)
[]

Finally, we consider a point x € X (k). Similarly to the cases before, since F has intersection
1 with each generator of the nef cone, by Proposition 2.15, F'is a COBA for x with respect
to a divisor D unless that = belongs to an exceptional curve. Welet T'= {S, Ey, -+ - , Ex13}.
If D belongs to the nef cone, then o, (D) = minger. ,er{D - F, D - R}.

]

Theorem 5.13. Let Xy be a split rational surface of type 2. Let X be the blow up of Xo
at a point y in some exceptional curve and not on S, then Conjecture 5.1 is true for X.

Proof. We consider two cases.
Case(1): y belongs to exactly one of Fy or E3. (Notice that the case of blowing up a
point y in E; was covered in Theorem 5.5).

Case(2): Yy = E1 N E2 ory = E1 N Eg.

We do not consider here the case of blowing-up the Hirzebruch surfaces Fy or [Fy, since Fy
is the surface P! x P! and F; is isomporphic to the blowup of P? at a point.
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Case(1): Notice that this case was covered in Theorem 5.9. If for instance, y belongs to
E5 we can swap the notation of E4 and E3 in Theorem 5.9.

Case(2): Let y = Ey N E;, for i € {2,3}. We also let j € {2,3} such that j # i. We
represent the fibre of the map 7 : X — P! as

Ey

Ey Ei

In this case F' ~ Fy + E; + E; + 2FE4 and the intersection matrix is given by

- [E | E |E [E| S
Ey|—3[0 111
E; |0 |—=2]0]1]0
E; [ 1[0 |-1 0
Es| 1T [ 1[0 [-1]0
ST T][0[0][0|-n

Claim 5.14. Eﬁ(X) = <E1, Ej, Ei, E4, S> and N@f(X) = <F, D17 Dj, Di, D4> where

D1 = nF—l—S
Di == Dl—Ei—E4
D, = D, —E;

Proof. Let 0 = Cone(F1, Ey, E3, E4,.S). Using Matlab, we can verify that the dual cone
of 0 is 0¥ = Cone(F, Dy, D;, D;, Dy). Notice that S, Ey, E;, E;, and Ej are all effective.
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Therefore o C Eff(X), and Nef(X) C .

As we did in the previous case, use the same notation from diagram 5.1 and using the same
letters for the generators Dy, D; and D; of the nef cone of X,. We see that

f2*(D1) = D
f3(Dg) = fs(nF+S—E;) = nF+8S—E —FE, =D
(D))= fs(nF+S—E;) = nF+S—FE;=D;

Hence, since Dy, D;, and D; in X, are base point free, then Dy, D;, and D; in X are also
base point free.

Now we show that D, is base point free. We first consider the morphisms ¢; : X — A; C
P+l and ¢; : X — Ay C P" associated to D; and D; respectively, where A; and A, are
cones. Notice that ¢, contracts F;, E;, E,, and S, and ¢; contracts F,, I}, Fy, and S.
Consider the composition ¢ : X — P in the following commutative diagram:

X

l‘“if\

Al x Ay —4s Pl xpr L 5 PN

where N = (n+ 2)(n + 1) — 1, ¢ is the inclusion of the Cartesian product of cones into
the Cartesian product of projective spaces, v is the Segre embedding, and for every point
p € X, ¢1i(p) = (61(p), i(p)). In fact ¢7,(H) ~ Dy + D; for any hyperplane H in P*.

Since ¢, and ¢; are isomorphisms away from the exceptional curves, we know that ¢, ; is
also an isomorphism away from the exceptional curves. Now, let z; (and z3) be the vertex
of the cone A; (resp. As). Notice that ¢y ,(Ey) = (z, 22) where x is a smooth point in the
cone Ay, ¢1,(E;) = {x} x l;, where [; is a line through the vertex zs, ¢1,(E;) = (y, 22)
where y is a smooth point in A; and y # x, ¢1,;(E1) = la X {22} where [y is a line passing
through = and 21, and finally, ¢1;(5) = (21, 22).

Hence, we see that gbl_ll (x,29) = E4. So, to show that D, has no base points we make use
of the morphism 1. Let p € X \ Ey, and let H be a hyperplane in PV that passes through
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Y(Ey4) and not through ¢(p). Then, ¢*(H) = C + E,, where C is the strict transform of
the curve C' in P"™! x P" passing through «(z, z2) and corresponding to the hyperplane H.
Thus, v*(H) — B, = C+E,—E, ¢ |Dy + D; — E4| and p does not belong to C. Hence, p
is not a base point for D; + D; — E,.

Now, if p € Ej, then p corresponds to a tangent direction of a hyperplane section in PV
passing through the point 1(E;). Let T be a hyperplane in PV, passing through ¢(F,) and
missing the direction p. Then, ¥*(T") is a divisor in |D; + D;| that has a copy of Ej, thus
V*(T)— E4 € |D1+ D; — Ey4|, and p is not a base point for ¢*(T') — E4. Hence Dy + D; — E,
is base point free.

Finally we conclude that since all the generators of ¢V are base point free, they are nef
and the claim follows. m

We prove the conjecture for this case. Let x € X (k) be a rational point on X. Assume that
x belongs to the reducible fibre F'. Let C' be an irreducible component of F' containing x. If
there is only one irreducible component C' of F' that contains x, then, since the intersection
of C' with any generator of Nef(X) is at most 1, by Proposition 2.15, C'is a COBA for x
with respect to any divisor D € Nef(X), and o, (D) = C- D. If x belongs to two irreducible
components of F, say C; and Cy, then for any divisor D € Nef(X) a COBA for x with
respect to D is any of C} or C5 that has the smallest intersection number with D, and

(D) =min{D - Cy, D - Cy}.

Assume that z is not in the reducible fibre F. Let C' = 7*(w(x)) be the fibre of 7 that
contains x. Recall that C is a smooth irreducible rational curve and C' ~ F. Then,
C-Dy=C-Di=C-Dj=1,and C-F = 0. So, by Proposition 2.15, C' is a COBA
for any divisor D € Cone(F, Dy, D;, D;). On the other hand, notice that Dy = 2D, + E;
and since C' is a COBA with respect to D; and C' N E; = (), by Theorem 2.16, C is also a
COBA to z with respect to Dy. Thus, C' is a COBA with respect to any D € Nef(X), and
a,(D) = C - D. Thus the conjecture is true in this case. O

Corollary 5.15. The Conjecture 5.1 holds for X, where X is obtained by blowing up a
smooth point in Ey on Xs, where Xy is of type 4.

Proof. The intersection theory for X is given by the following table:
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E, | Es | Es | Ey| S
Ey -3 0 1 1 1
Ey | 0 | =21 1 0 0
Es | 1 1 1-110 0
By 1 0 0 |—-1] 0
S |11 0 0 0| —n

Notice that this case is the same case (2) in Theorem 5.13, where we change E, by FEj,
t=2,and j =4. [

Theorem 5.16. Let Xy be a split rational surface of type 4. Let X be the blow-up of Xo

at a smooth point y of the fibre at the multiple component E3. Then, Conjecture 5.1 is true
for X.

Proof. We represent the reducible fibre of the map 7 : X — P! as the following:

Es

Ey

In this case the reducible fibre on X is ' ~ E; + E9 + 2F5 + 2E,. The intersection matrix
for X is:

E, | Ey | B5 | E,] S
E,| =201 ]0]1
E,| 0 =210 0
Es| 1| 1 |—=211]0
E. 001 [-1]0
ST1]0]0]0—-n

So, we can see from the intersection table that all five divisors form a basis for NS(X)®R.
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Claim 5.17. Ef(X) = (Ey, Es, B3, Ey, S) and Nef(X) = (F, Dy, Ds, D3, Dy), where:

Dy = nF+S

Dy = Di—FE,—FE;—FE,

D3 = 2Dy — Ey —2E3 —2E, = 2Dy + Ey
Dy, = D3—FE,

Proof. Let 0 = Cone(E, Es, E3, Ey,S). Notice that E; and S are effective divisors, o C
Eff(X). Using Matlab, we verify that the dual cone is indeed 0¥ = Cone(F, Dy, Dy, D3, D).

Let C be an irreducible curve in X. Then C' = agS+a; F1+asFy+asFE3+asEy € NS(X)®R
for some a; € R. Assume that C is different from E; and S. Since C' is an effective divisor,
C' intersects properly E; and S, ie. C-FE; > 0and C-S > 0. So C € ¢”. This tells us
that C' = boF + b1 Dy + by Dy + b3 D3 + by D, for some b; > 0. Then, C' can be represented

in two ways:

C = aqyS+a1By+asEy+ asEs + asEy = bgF + by Dy + by Dy + b3 D3 + by D,
= by(Ey + Fy 4+ 2E5+ 2Ey) + b1 (nEy + nEy + 2nEs + 2nEy + S) +
bo(nEy +(n—1)Ey+ (2n —1)E5+ (2n— 1)Es+ S) +
b3(2nEy + (2n — 1)Ey + (4n — 2)E5 + (4n — 2)Ey + 25) +
bi(2nE7 + (2n — 1)Ey + (4n — 2)E3 + (4n — 3)Ey + 25)

Recall that NS(X) is a free group, so comparing coefficients for F; and S in both expres-

sions, we see that

Qo
ay
a2
as

Qg

by + by + 2bs + 2by

by + nby + nby + 2nbs + 2nby

bo +nby + (n — 1)by + (2n — 1)bs + (2n — 1)by
200 + 2nby + (2n — 1)by + (4n — 2)bs + (4n — 2)by
2bg + 2nby + (2n — 1)by + (4n — 2)bs + (4n — 3)by

Notice that since b; > 0 and n > 1, then a; > 0. Then C' € 0. Hence ¢ = Eff(X) and

0" = Nef(X) as desired.

]
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We also can see that in fact F', D, D, and D3 are all base point free. Clearly F' and D,
are base point free since they correspond respectively to the maps m and f in the diagram
5.1. Also, considering the morphism f; in 5.1, we see that

f3(D2) = f3(D1— Ey—FE3) =D — Ey — Ey — Ey = Dy,
f;(Dg) = fQ*(QDl — Fy — 2E3) =2D; — Ey — 2(E3 + E4) = Ds.

Thus, D, and D3 are base point free. Call ¢ and ¢3 the morphisms associated to Dy and
D3 respectively.

The morphism ¢, is the blowdown map of the exceptional divisors Ey4, Fs3, and E; in that
order. Thus, ¢ : X — B C P", where B is a cone in P".

Now we prove the conjecture for this case. Let x € X (k) be a rational point on X. We
assume that x does not lie on S or any of the E;’s. Let C' be an irreducible component
of F passing through z. Recall that F corresponds to a map to P! and that D; and D,
correspond to maps to a cone in a projective space. Moreover,

Dy-D; = n=deg(f)deg(Im(f))
Dy-Dy = n—1=deg(¢z)deg(Im(¢s))

Since deg(Im(f)) = n and deg(Im(¢p2)) = n — 1, we see that deg(f) = deg(¢2) = 1. So,
using the intersection table, we see that f contracts E,, E3, F4, and S, and away from
these divisors f is an isomorphism. Similarly, ¢o contracts Ey, E3, F,, and S, and away
from these divisors, ¢, is an isomorphism.

Now, since x is not in any of the curves contracted by f or ¢, by Proposition 2.15, we see
that the approximation constant with respect to D; and D, is 1 and that C' is a COBA
with respect to these two divisors.

For Djs, recall that D3 = 2Dy + E5. We already know that C' ~ F is a COBA with respect
to Dy, F5 is effective, and F'- F5 = 0. By Theorem 2.16, we know that F'is a COBA with
respect to Ds.

Finally, we consider D,. Let H be a hyperplane on the cone A C P"*! passing through
2’ and P, where P is the point that we blow up to obtain X and 2’ is the point in F,
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corresponding to the point x € X that we are approximating. Then, 2H is divisor on A
vanishing with order 2 at both 2’ and P. Also f*(2H) = 2f*(H) ~ 2(nF + S) on X.
Then 2(nF + S) — 2(Ey + 2E5 4 2E)) is effective, since 2H vanishes with order 2 at P, and
Ey + 2E3 4+ 2E) is the exceptional divisor of f. We see that Dy = f*(2H) — 2(Es + 2E5 +
2E4) + E2 —+ 2E3 + E4. This means that f*(QH) — D4 = Eg + 2E3 + 3E4 € COHG(EQ, Eg, E4)

Now, let f3 : BLi(X) — X be the map of blowing up the point x that we are approxi-
mating, with exceptional divisor F. Since f*(2H) also vanishes with multiplicity 2 at x,
we know that fi(f*(2H)) — 2F is effective. Therefore,

f3(Dy+ By +2E5+ 3E,) —2E = f3(Dy) + f5(Es2) +2f3(E3) + 3f5(Ey) —2E > 0.

But, since © ¢ E, U E3 U Ey, EN f5(E;) = 0 for i = 2,3,4. This implies that f5(D4) — 2F
is effective. So by the Liouville-type Theorem 2.10, we know that outside of the base locus
B = f3(B'), where B’ is the base locus of fi(D,) — 2E, a,(D,) > 2. Notice also, that
there are no curves in B passing through x, so by the Liouville-type theorem, we see that
Oéx<D4) > 2.

On the other hand, notice that C is a curve passing through =z, C' ~ F, and F'- Dy = 2.
Then, a,(D4) < 2. This tells us that C' is a COBA for = with respect to Dy. We conclude
the analysis in the following table:

Divisor | COBA | a,
F C~F | O
D1 C ~ F 1
D, C~F| 1
Ds C~F| 2
Dy C~F| 2

Thus, for any divisor D € Nef(X), C is a COBA for x with respect to D, and if we let
D= a0F+a1D1+a2D2+a3D3—|—a4D4, for a; € NU{O}, Oéx<D) =D-F = a1+a2—|—2a3+2a4.

Notice that this shows that for any divisor D € Nef(X), and any x € X (k), F' is a curve
of best approximation to x with respect to D, unless that x belongs to an exceptional
curve. If z belongs to some exceptional curve (i.e. S, Ey, Ey, E3, or Ey), let D € Nef(X),
r € X(k), and let T' = {S, E\, Ey, E5, E,}. Since any curve in 7" has intersection 0 or 1
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with any generator of the nef cone, then whichever curve that contains x that has minimal
intersection with D will be a COBA for x with respect to D, and

ay(D)= min {D-F, D-R}.

{ReT: z€R}

See the appendix for explicit calculations of a in the cases of this theorem. Although the
theorem was proved here, there is an approach by dividing the nef cone into subcones of
divisors that have the same curve of best approximation. This approach is the same as the
one used in the previous chapter. O

Remark 5.18. Up to this point we have proven that Conjecture 5.1 holds for every rational
surface obtained by blowing up a smooth point in the reducible fibre of a surface Xo of type
2, 3, and 4, except for a smooth point of the reducible fibre on Ey of type 4. This last
consideration will be made in Corollary 5.24.

5.2 Blowing-up singular points in the reducible fibre

In this section we will work with cases where X is the blow-up of a surface X5 at a singular
point of the reducible fibre. We will study these cases in the following theorem:

Theorem 5.19. Conjecture 5.1 holds for any split rational surface X of Picard rank five
with only one reducible fibre of the map to PL.

Proof. Any such rational surface is the blowup of a split rational surface of Picard rank 4.
In our notation, it is the blowup of a surface X5. The cases in which we blow-up a smooth

point of the reducible fibre were covered in the previous theorems. Now we study the cases
where we blow-up singular points in the reducible fibre of the map to P* on X,.

Case 1: X is the blow-up of a surface X5 of type 2 at the point y, where y = E; N Es or
Yy = E1 N Eg.

This case was covered in Theorem 5.13, case (2).

Case 2: X is the blow-up of a surface X, of type 3 at a point y, where y is a singular
point in the reducible fibre.
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Case 2.1: y = E; N E, in X5 of type 3.

In this case we represent the fibre of the map 7 as:

Es

E> Eq

In this case the fibre of this map is F' ~ Fy + Ey + E5 + 2E, and the intersection matrix
is given by:

- | By | By | Es | Ey | S
Ey -2 0 0 1 1
Ey | 0 | =3] 1 1 0
Es | 0 1 ] -1 0
Ey | 1 1 0 |]-110

S |1 0 0 0| —n

Claim 5.20. The effective cone of X is generated by E1, Es, Es, Ey, and S. The nef cone
of X is generated by the divisors ', Dy =nF+ S, Dy = D1 — FEy— FE3s— FEy, D3 = Dy— Fj3,
cmdD4:2D1—E2—E3—2E4:D1+D2—E4.

Proof. Let o = Cone(S, E1, Es, E3, Ey). As in previous cases, using the inner product of
divisors in Matlab or Polymake one can verify that 0¥ = Cone(F, Dy, Dy, D3, Dy). We
want to prove that the generators of ¢V are nef divisors.

We know that F' and D; are base point free corresponding to the morphisms 7 and f in
the diagram 5.1 respectively. On the other hand, in diagram 5.1, f5 : X — X5 is the
blow-up map with exceptional divisor E4. Notice that in X, f5(D2) = f3 (D1 — Ey — Es3) =
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D1 — E2 — E4 - E3 == DQ and f;(Dg) == fQ*(DQ — Eg) = D2 — E5 = D3 Hence, both D2
and D3 are base point free and thus, they are nef.

Finally, we study D,. We first consider the morphisms ¢; : X — A; C P! and
¢y : X — Ay C P" defined by D; and D, respectively, where A; and A are cones.
Recall that ¢, contracts Fs, F3, Fy, and S, and ¢y contracts E, Fs3, Fy, and S. Consider
1 : X — PV be the composition:

X

lm/\

Al X Ay —4 s Pl pn Ty PN

where N = (n 4 2)(n + 1) — 1, ¢ is the inclusion of the cartesian product of cones into
the cartesian product of projective spaces, v is the Segre embedding, and for every point
p € X, ¢12(p) = (01(p), P2(p)). In fact ¢7,(O(1,1)) = Dy + Dy, where O(1,1) is the line
bundle of hyperplane divisors in P"*! x P".

Since ¢; and ¢, are isomorphisms away from the exceptional curves, we know that ¢, o is
also an isomorphism away from the exceptional curves. Now, let z; (resp. z3) be the vertex
of the cone A; (resp. As). Notice that ¢, 2(Ey) = (x, 22) where z is a smooth point in the
cone Ay, ¢12(F2) = {x} x1y, where [; is a line through the vertex zs, ¢1 2(F3) = (z,y) where
y is a smooth point in Ay (notice that the line 3 passes through y), ¢12(F1) = lo X {22}
where [ is a line passing through x and 21, and finally, ¢12(S) = (21, 22).

Hence, we see that ¢;5(z,22) = E4. So, to show that D, has no base points we make use
of the morphism . Let p € X \ Ey, and let H be a hyperplane in PV that passes through
¥ (E,) and not through v (p). Then, *(H) = C + E,, where C is the strict transform of
the curve C' in P"*1 x P" passing through ¢(x, 25) and corresponding to the hyperplane
H. Thus, v*(H) — E, = C + E, — E, € |Dy + Dy — E4| and so, p is not a base point for
Dy + Dy — Ey.

Now, let p € E4. Then p corresponds to a tangent direction of a hyperplane section in PV
passing through the point ¢(E;). Let T be a hyperplane in PV, passing through (E})
and missing the direction p. Then, ¥*(T') is a divisor in |D; + Ds| that has a copy of Ej.

29



Thus p is not a base point for ¢*(7') — E4. Hence Dy = Dy + Dy — Ej is base point free.

We conclude that since all the generators of o¥ are base point free, thus, they are nef. The
claim follows. O

Now, we find a COBA with respect to each generator of the nef cone. First, we study the
COBAs with respect to Dy. Assume that x € X (k) is a point lying in some of Ej, Es,
E3 or S. Then, since D, intersects any of these curves trivially, whichever contains z is a
COBA for x with respect to Dy and «a,(D4) = 0.

Assume that x € X (k) is a point not lying in any exceptional curve. Let C' = 7*(7w(z)).
We know that C' ~ F and F'- Dy = 2, so a,(D4) < 2. Now, let g : X — X be the
blow-up morphism of X at the point x with exceptional divisor £. We want to show that
g*(Dy) — 2FE is effective.

Recall from diagram 5.1, that D; is base point free with associated morphism f which is
the composition f = ¢ o g; where ¢ := foo fiofo: X — F, and ¢ : F, — A C P**L,
So, we have the following diagram:

X 9y x 2, pm %, pntl

Let H be a hyperplane section on P"*! passing through the points ¢(g;(z)) and ¢(g1(Ey)).
Then ¢*(2H) is a curve in F,, that vanishes with order 2 at the points ¢; () and ¢, (E,). Let
us call this curve M := ¢*(2H). Thus, g{(M)—2(E2+E3+2E},) is an effective divisor (recall
that Es+ E3+2F, is the exceptional divisor corresponding to the morphism g;). Moreover,
g1 (M) —=2(Ey+ E3+2FE,) ~ Dy— Ey— E3—2FE,. Hence, gf(M) ~ Dy+ Es+ E5+2E,. Also,
since g7 (M) vanishes with order 2 at x, g*(¢;(M)) —2E > 0 is an effective divisor. Thus
9*(Dy) + g*(E2) + g*(F3) + 29*(Ey) —2E > 0. But since ¢ E; UE3UEy, g*(E;)NE =10
for all i € {2,3,4}, so g*(D,) — 2F is effective. Thus, by the Liouville-type Theorem 2.10,
since outside the base locus B = g(B’) where B’ is the base locus of g*(D4) — 2FE, there
are no curves in the base locus of B that pass through z. Then a,(Dy4) > 2.

The previous analysis and the fact that D, - F' = 2 tells us that if z € X (k) and z does
not lie in an exceptional curve, then C' ~ F is a COBA for = with respect to Djy.
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Finally, assume that = € E,(k) is a point that belongs only to E4 and not to any other
exceptional curve. Then, since F, - Dy = 1, by Proposition 2.15, we know that Fj, is a
COBA for = with respect to Dy and that a,(D,) = 1.

To finish this case, we study the intersections of ' with the generators of the nef cone and
we see that F'- F' =0, F - D; = 1 for all i € {1,2,3}. Hence, by Proposition 2.15, given
a point x € X(k), F is a COBA for x with respect to any of F', Dy, Dy, or D3, unless z
belongs to an exceptional curve that is contracted by some generator, in which case that
exceptional curve would be a COBA.

Hence, we conclude that for any divisor D € Nef(X), the component of F' of minimal
D-degree through z is always a COBA with respect to D, unless z lies in S, in which case
whichever of S or C' = 7n*(m(x)) (if C is irreducible) that has minimal intersection with D
is a COBA for x with respect to D, and o, (D) = min{D-C, D-S}. So, the theorem follows.

Case 2.2: y = E>, N EF3 on X5, where X, is of type 3.

In this case we represent the fibre of the map 7 as:

Ey

Ey

Eo Es3

The fibres of this map are F' ~ E| + FEy+ F3+ 2F, and the intersection matrix is given by:
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Es| 0] 0| =21
E. 0 1] 1 -1
ST 1T[o0o]0]0]-n

Claim 5.21. The effective cone of X is generated by FEy, Es, B3, By, and S. The nef
cone of X is generated by the divisors F', Dy = nF' + S, Dy = Dy — Ey — E3 — 2F,,
D3:D2—E3—E4, (mdD4:D2—I—D3—E4.

Proof. Let o = Cone(S, Ey, Ey, E3, Ey). As in previous cases, using Matlab or Polymake
we can verify that 0¥ = Cone(F, Dy, Do, D3, D). We want to prove that the generators of
oV are nef divisors.

We know that F' and D; are base point free corresponding to the morphisms 7 and f in
the diagram 5.1 respectively. On the other hand, in diagram 5.1, fo : X — X5 is the
blow-up map with exceptional divisor Fy. Notice that in X, f5(Ds) = f5(D1 — Ey— E3) =
Dy — Ey — E5 —2E, = Dy and f3(D3) = f3(Dy — E3) = Dy — E3 — Ey = D3. Hence, both
D, and Dj are base point free and thus, they are nef.

Now we study D,. We first consider the morphisms ¢9 : X — Ay C P" and ¢3 : X —
As C P! associated to Dy and Ds respectively, where A, and As are cones. Recall that
¢o contracts in order Ey, E3, Fp, and S, and ¢3 contracts in order Fy, Ei, F>, and S.
Consider 1) : X — PV be the composition:

X
Y
M

Ay X Az —4— P x Pl L5 PN

where N = (n+1)(n)—1, ¢ is the inclusion of the cartesian product of cones into the carte-
sian product of projective spaces, v is the Segre embedding, and for every point p € X,

$2,3(p) = (02(p), ¢3(p)). In fact ¢53(O(1,1)) = D2 + Ds.

Since ¢, and ¢3 are isomorphisms away from the exceptional curves, we know that ¢, 3
is also an isomorphism away from the exceptional curves. Now, let zy (resp. z3) be the
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vertex of the cone Ay (resp. As). Notice that ¢o3(FE4) = (x,23) where z is a smooth
point in the cone Ay, ¢o3(Es) = Iy X z3, where [ is a line through the vertex z; and
through the point =, ¢o3(F3) = {x} x [y where I, is a line that passes through z3, and

¢2,3(E1) = ¢2,3(S) = (2'2, 23)-

Hence, we see that ¢, é(:r, z3) = E4. So, to show that D, has no base points we make use
of the morphism . Let p € X\ Ey4, and let H be a hyperplane in PV that passes through
¥(E,) and not through ¢ (p). Then, v*(H) = C + E,, where C is the strict transform of
the curve C' in P"™! x P" passing through «(z, z3) and corresponding to the hyperplane
H. Thus, v*(H) — E, = C+E,—E, ¢ |Dy + D3 — E,| and so, p is not a base point for
D2 + D3 — E4.

Now, let p € E4. Then p corresponds to a tangent direction of a hyperplane section in PV
passing through the point ¢(E;). Let T be a hyperplane in PV, passing through (E})
and missing the direction p. Then, ¥*(T') is a divisor in |Ds + D3| that has a copy of Ej.
Thus p is not a base point for ¢*(T') — E;. Hence Dy = Dy + D3 — Ej is base point free.

We conclude that all the generators of oV are base point free, and hence they are nef and
the claim follows. O

To finish this case, we study the intersections of I’ with the generators of the nef cone and
we see that F'- FF =0, F-D; =1 for all i € {1,2,3}. Hence, by Proposition 2.15, given
a point x € X(k), F'is a COBA for x with respect to any of F' Dy, D, or Ds, unless z
belongs to an exceptional curve that is contracted by some generator, in which case that
exceptional curve would be a COBA.

Finally we study the COBAs with respect to Dy. First assume that x € X (k) is a point
lying in some of E;, Fy, F5 or S. Then, since D, intersects any of these curves trivially,
whichever contains z is a COBA for x with respect to Dy and a,(D4) = 0.

Assume that x € X (k) is a point not lying in any exceptional curve. Let C' = 7*(n(z)).
We know that C' ~ F and F' - Dy = 2, then o, (D) < 2. Now, let g : X — X be the
blow-up morphism of X at the point  with exceptional divisor £. We want to show that
9" (Dy) — 2F is effective.
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Recall from diagram 5.1, that D; is base point free with associated morphism f : X —
A C P! where A is a cone. So, we have the following diagram:

X % x L pnir,

Let H be a hyperplane section on P"*! passing through the points f(x) and f(E,). Then
f*(2H) is a curve in X that vanishes with order 2 at the point x and at Ey. Let us call this
curve M := f*(2H). Notice that M ~ 2(nF'+S) and also Dy = 2(nF'+S)—2FE,+3E3—6FE}.
ThUS, M ~ D4 + 2E2 + 3E3 + 6E4

On the other hand, since M vanishes with order 2 at x, g*(M) — 2FE is effective, which
implies that ¢*(Dy4) + 2g*(E2) + 39*(E3) + 69*(E4) — 2E is also effective. But notice that
since x does not belong to any exceptional curve, g*(E;) N E = () for all 7 € {2,3,4}. This
implies that ¢*(D4) — 2F is effective. Hence, by the Liouville-type theorem 2.10, since
outside the base locus B = g(B’) where B’ is the base locus of g*(D,) — 2F, there are no
curves in the base locus of B that pass through z. Then a, (D) > 2.

The previous analysis and the fact that Dy - F' = 2 tells us that if x € X (k) and = does
not lie in an exceptional curve, then F' is a COBA for z with respect to Djy.

Finally, assume that = € E,(k) is a point that belongs only to E4 and not to any other
exceptional curve. Then, since F, - Dy = 1, by Proposition 2.15, we know that Fj, is a
COBA for = with respect to Dy and that a,(D,) = 1.

Hence, we conclude that for any divisor D € Nef(X), the component of F' through z is
always a COBA with respect to D, unless x lies in S, in which case whichever of S or
C = 7*(w(x)) (if C is irreducible) that has minimal intersection with D is a COBA for z
with respect to D, and a,(D) = min{D - C, D - S}. So, the theorem follows.

Case 3: X is the blow-up of a surface X, of type 4 at a point y, where y is a singular
point of the reducible fibre.

Case 3.1: y = E; N E3 on X5, where X5 is of type 4.
In this case the fibre F' of the map 7 : X — Plis ' ~ E, + Ey + 2E5 + 3E, and we
represent it as
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As in cases before the Picard group of X is Pic(X) = ZE, ® ZE; ® ZEs ® ZE, & 7S, with
intersection theory given by:

B [ By | Es | Es] S
Ei|—-3] 0011
E,| 0 =210 0
Es|l 0| 1] —=2[11]0
E.l L]0 1 [-1]0
ST1]0]0]0-n

Claim 5.22. The effective cone of X is generated by Fy, Fo, E3, E4, and S. The nef
cone of X 1is generated by the diwvisors F', D1 = nF' + S, Dy = Dy — Fy — E3 — Fy,
D3 = 2D1 — E2 — 2E3 — 2E47 and D4 = D1 + Dg — E4.

Proof. Let 0 = Cone(E}, Es, E3, Ey, S). Using Matlab we can verify that the dual cone of
o is 0¥ = Cone(F, Dy, Dy, D3, D), and we know that o C Eff(X). To show that o is in
fact the effective cone of X, we verify that all generators of the nef cone are base point
free. We already know that F' is base point free. Also, as before we have take the pullback
of the generators of the nef cone of X5 of type 4 and we have

f5(Dy) = Dy
f5(Dy) = f3(D1—FEy—FE;3)=Dy—Ey— E3;— Ey= D,
fi(Ds) = fi(2Dy— By — 2Es) = 2Dy — By — 2E5 — 2E, — Dy

Finally, notice that D4 can be written as Dy = Do+ D3+ Fo+ E3. But, since Dy and D3 are
base point free, this representation tells us that the possible base points of D, lie in Fy or
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FEs. Similarly, we can write Dy as Dy = (3n—1)F + E;+35, which tells us that the possible
base points for Dy should lie in E; or S. Notice that in this case (E2 U E3)N(ELUS) = 0.
Hence, D, is base point free, and the claim follows.

]

To prove the conjecture, first we check the intersection of the generators of the nef cone with
the fibre F'. The intersections are: F-F =0, F-D1 =F-Dy =1, F-D3 =2, and F'-D, = 3.

Let x € X (k) be a point. By Proposition 2.15, F' is a COBA with respect to F', Dy,
and Dy, unless z belongs to an exceptional curve, in which case the exceptional curve con-
taining = and having the minimal intersection is a COBA with respect to all F'; Dy, and Ds.

We study the curves of best approximation to x with respect to D3. To do it we will use
the blow-up morphism of  and use the Liouville-type theorem. Assume that x is not lying
in any exceptional curve. Then, since D3 - F = 2, a,(D3) < 2. Consider the following
composition of maps, where we consider the maps as before (i.e. X is the blow-up of X at
x, and D corresponds to the morphism f = ¢ o g;):

X245 x 2, F, —2 Pt (5.2)

Let H be a hyperplane section on P"™! passing through the points ¢(g;(z)) and ¢(g1(Ey)).
Then ¢*(2H) is a curve in F,, that vanishes with order 2 at the points ¢;(x) and g;(E}).
Let us call this curve M := ¢*(2H). Thus, g;(M)—2(Ey+2E5+3E}) is an effective divisor
(recall that Ey + 2E3 4+ 3E, is the exceptional divisor corresponding to the morphism ¢ ).
Moreover, gT(M)—Q(E2+2E3+3E4) ~ D3—E2—2E3—4E4. So gi(M) ~ D3—|—E2—|—2E3—|—2E4
Also, since g; (M) vanishes with order 2 at x, g*(¢g;(M)) — 2E > 0 is an effective divisor.
Thus ¢*(D3) + g*(E2) + 2¢9*(Es) + 29*(Ey) — 2E > 0. But since x ¢ Ey U E3 U Ey,
g (E)NE =0 for all i € {2,3,4}, which implies that ¢*(D3) — 2F is effective. Hence,
by the Liouville-type theorem 2.10, the approximation constant outside the base locus
B = g(B’) where B’ is the base locus of ¢*(D3) — 2F, is at least 2. But, since there are no
curves in the base locus of B that pass through x, we conclude that a,(D3) > 2. Notice
F - D3 =2, then n*(m(z)) ~ F is a COBA for x with respect to Ds.
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Notice that on the other hand, if x belongs to some exceptional curves then the exceptional
curve with minimal intersection with D3 will be a COBA for x with respect to Ds.

Similarly, we study the COBAs for D,. We use the same diagram (5.2). Now, we call
M’ = ¢*(3H). Then ¢gi(M') — 3(E2 + 2E3 + 3E,) is an effective divisor, and moreover
g1 (M) ~ Dy + 2FE5 + 3E5 + 3E,, and since gf(M) vanishes with order 3 at x, ¢*(g7(M)) —
3E > 0 is an effective divisor. Thus ¢*(Dy) + 29*(E>) + 3¢*(Es3) + 3¢*(E,) — 3E > 0, and
similarly, since E' does not intersect any exceptional curve, we see that ¢*(D,) — 3E > 0.
Hence, by the Liouville-type theorem, outside the base locus B = g(B’) where B’ is the
base locus of ¢g*(D4) — 3E, the approximation constant is at least 3. But since there are
no curves in the base locus of B that pass through x, a,(D4) > 3. Notice that F'- Dy = 3,
so 7 (m(z)) ~ F is a COBA for x with respect to D,. Which implies that 7*(7(z)) ~ F is
a COBA for x with respect to any divisor in the nef cone.

We conclude this case by noticing that if  belongs to any exceptional curve, since any
exceptional curve has intersection 0 or 1 with any generator of the nef cone, whichever
exceptional curve that has minimal intersection with a divisor D € Nef(X), will be a
COBA for x with respect to D.

Case 3.2: y = E; N E3 on X5, where X5 is of type 4.

In this case the fibre F of the map 7 : X — P'is F' ~ E, + Ey + 2E5 + 3E, and we
represent it as

As in cases before the Picard group of X is Pic(X) = ZFE, ®ZE, ® ZE3; $ ZE, ®ZS, with
intersection theory given by:
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Claim 5.23. The effective cone of X is generated by Fy, Fy, E3, Ey, and S and the nef
cone of X is generated by F', Dy, Dy = Dy — Fy — E3 —2FE,, D3 = 2D, — Fy —2F3 — 3F,,
and D4 = 3D2 + EQ.

Proof. Let 0 = Cone(E, Es, E3, Ey, S). Using Matlab we can verify that the dual cone of
o is 0¥ = Cone(F, Dy, Dy, D3, Dy), and we know that o C Eff(X). To show that o is in
fact the effective cone of X, we verify that all generators of the nef cone are indeed base
point free. We already know that F' is base point free. Also, as before we take the pullback
of the generators of the nef cone of X, of type 4 and we have

f;(Dl) = D17

fo(Dy — Ey — E3) = Dy — By — E5 — 2E, = Do,
f;(Dg) = f2*(2D1 - EQ - 2E3) - 2D1 - EQ - 2E3 — 3E4 - Dg.

o)
-

°
I

Finally, notice that D, is written in terms of D, and D is base point free. Hence the
only possible base point of D, should lie on F,. Additionally, D, can be written as
Dy = (3n—2)F +2FE; + E3+ 35S, which tells us that the possible base points of D, should
lie on By, E3, or on S. But since (E; U E3US)N Ey = (), we conclude that D, is base point
free. Thus, the claim holds.

[]

It is clear that for a point € X (k) not lying in an exceptional curve, F' is a COBA with
respect to F', Dy, and Do (by Proposition 2.15). Otherwise, if x lies on some exceptional
curve, the curve with minimal intersection with a divisor D € Cone(F, Dy, Ds) would be a
COBA with respect to D.

To study the COBAs with respect to Ds, we first assume that z does not lie in any
exceptional curve. We use the set up for the Liouville-type theorem as before, where X is
the blow up of X at the point x.
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- g g ]
X > X —— F, > Prtl,

Let H be a hyperplane section on P"*! passing through the points ¢(g;(z)) and ¢(g1(Ey)).
Then ¢*(2H) is a curve in F,, that vanishes with order 2 at the points g;(z) and g;(Ey).
Let us call this curve M := ¢*(2H). Then gj(M) ~ 2Dy = D3 + Fy + 2F3 + 3E,.

Also, since gi (M) vanishes with order 2 at z, g*(¢7(M)) — 2E is an effective divisor. Thus
g (D3)+ g*(Ey) +2g*(F3) +3g*(E4) —2FE > 0. But since © ¢ E; UFE3UEy, g*(E;)NE =)
for all i € {2,3,4}, g*(D3) — 2F is effective. Hence, by the Liouville-type theorem 2.10,
outside the base locus B = g(B’) where B’ is the base locus of ¢*(D3) — 2F, the approx-
imation constant is at least 2. But there are no curves in the base locus of B that pass
through =. Thus a,(D3) > 2. Notice that F'- D3 = 2. So we conclude that F' is a COBA
for x with respect to Ds.

On the other hand, if x lies in some exceptional curves, then a curve with minimal inter-
section with D3 that contains x is a COBA for x with respect to Ds.

Finally, we study COBAs with respect to Dy4. If x lies on some exceptional curve, as we
just described, there will be a COBA for x with respect to Dy. If x does not lie in any
exceptional curve, then we know that F' is a COBA for x with respect to Ds, and by
Theorem 2.16, as FF'N Ey = (), I is also a COBA for x with respect to Dj,.

We conclude that for any divisor D € Nef(X), the component of F' through x is always a
COBA with respect to D, unless z lies in .S, in which case any of S or C' = 7*(n(z)) (if C
is irreducible) that has minimal intersection with D is a COBA for x with respect to D,
and o, (D) = min{D - C, D - S}. O

Corollary 5.24. The Conjecture 5.1 is true for X, where X is the blowing up of a smooth
point of the reducible fibre in Ey on Xo, where Xo is of type 4.

Proof. The intersection theory for X is given by the following table:
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Es | 1 1 | -1
Ey] 0O 1 0| -1
S |11 0 0 0| —n

Notice that this case is the same as the case 2.1 in Theorem 5.19, where we interchange
E4 and E3. ]
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Chapter 6

Further work

In this chapter, we present some possible directions in which the ideas in this thesis can
be taken further.

Through this study it was important to completely describe the generators of the nef cone
and the effective cone. It is also known that the number of generators of the effective cone
grows pretty quickly. In fact, for P? blown up at six rational points in general position, the
nef cone has 99 generators. For the complete list of generators see [21]. It is also known
that the nef cone of P? blown up at 9 points in general position is not finitely generated.
Thus, the methods used in this work may not be useful to study these cases. For more
reference on the effective cones of blow-ups of projective space, see [3].

6.1 Blowing-up surfaces with multiple reducible fibres

We consider an additional case in this section, that shows the techniques that can be used
when blowing up a surface with multiple reducible fibres of the map to P!.

The surfaces described in the previous chapter are the result of blowing up a surface with
only one reducible fibre of the map to P'. We still need to cover the cases in which the
map to P! has multiple reducible fibres. i.e. blowing up surfaces of type 1.

One of the main constraints on solving this problem is that the effective and nef cones are
no longer simplicial and thus, the methods to prove that the effective cone is generated by
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the exceptional curves on X is more subtle.

The surfaces of type 1 can be presented in the following general form, in which we blow
up a Hirzebruch surface F,, at k < n points none of them lying in the (—n)-curve.

Surfaces X, of type 1: We let n > 2. These type of surfaces are the blowup of a
Hirzebruch surface [F,, at k < n points, say p1, pa, - - -
fibre of w. These surfaces have k reducible fibres, each with two components that intersect
transversely at one point. (The case n = 1 is the blow-up of P? at k points and the conjec-
ture was proven for k < 6 in [21]). It is known that Pic(X) = ZS @ ZF @ _, ZE;, where
S is the (—n)-section, F'is a fibre of m, and E; is the exceptional curve of the blowup at

the point p;. The configuration of the reducible fibres is given by:

E1 E2

P Fy

Ey

F,

We have F' ~ F, + E; for all i € {1,2,--- ,k}, with intersection theory given by:

E?

52

F2

E;-E;
E-S=E;F
F-S

It was proven in [19, Theorem 3.5] that Eff(X) = Cone(S, F}, E;) for all i € {1,2,--- |k},
and Nef(X) = Cone(F, D,), where a € {0,1}* and D, = S +nF —a - (Ey,--- , E}).

—1  forallie{1,2,--- k}

-n

0

0 foralli,je{l,2,--- k}, i#j
0 forallie{l,2,--- k}

1.
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Theorem 6.1. Let X be the blow-up of the type 1 surface X at k points, each lying in
F,\ (SUE;), fori € {1,2,--- ,k} and k € N and k < n. Then Conjecture 5.1 is true for
X.

Proof. The reducible fibre of the map 7 : X — Pl is F' ~ F; + E; +G;. The configuration
of the reducible fibres is represented as follows:

FEq E> Ey
F1 Fo I
S
G Ga G

For the proof we assume that X is the blow-up of X; at k points, each lying in a reducible
fibre as is represented above, but this proof also works for X obtained by blowing up
smooth points in some of the reducible fibres of X; and not necessarily all k fibres.

Notice that Pic(X) = ZS @ ZF, @} | ZE; @Y, G;, where G, is the exceptional divisor of
the blow-up of X}, at the point p; € F; \ (S U E;). With the following intersections, where
i,7€{1,2,3,--- ,k} and i # j:
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G? = —1

S = —n

F2 = -2

Gi-G;=FE -E=FE -G =E-G = 0
F,-Gi=F,-E =1
F,-Gj=F,-E;=F,-F, = 0
E-S=G;-S =0

F-S =1

Claim 6.2. The effective cone of X is generated by E;, G;, F;, and S for alli € {1,2,---  k}.
The nef cone of X is generated by the divisors F, and D, g, where o = (av, -+, ap), f =

(Bi, -+, Bk) € {0,1}*, iy + B; <1 for all i, and Do =nF +S —a-(Ey, -+, Ex) — -

(G1,-+, Gi).

Proof. Let 0 = Cone(S, G, E;, F;) and let 7 = Cone(F, Dy, D, ). First we prove that
these cones are dual to one another.

Notation for the proof: For convenience we will use the notation

Dy :=nF+ 8= Dﬁf)

= {(a,ﬁ) e {01} x fo, 1k @k B O, }

and oy + ; < 1forall 1<i<k

The intersection matrix of the generators of 7 and o is as follows:

- | S E |G F;
F 110 0 0
D, 00 0 1
Dop |0 a; | Bi |1—0; —(3;2>0

We see that since the intersections are non-negative, 7 C ",
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On the other hand, let D € 7V. Then the intersection of D with each generator of 7 is
non-negative. More specifically let D = a¢S + Zle a; B + Zle b;G;+boFy; € NS(X)®R.
Then,

D-F = a;>0 (6.1)
D-Dy = >0
k
D-Dap = Y a;+bB>0 (6.3)
=1

The inequality (6.3) holds for all (a,3) € I. Now, we want to show that D belongs to
o, which means that we need to find an expression of D of the form AyS + Zle AE; +
Zle B,G; + Zle C; F; for some non-negative real values A;, B;, C;. But recall that F; ~
4+ G+ Ey — G; — E; for all 7. Thus, we can rewrite the wanted expression of D as

AgS+ <A1 + Z C%) E1+Z(Ai_ci)Ei+ (Bl + Z Ci) G1+Z(Bi_0i)Gi+ (Z Ci) Fi.

1=2 1=2 1=2 1=2 =1

Hence, since NS(X) is a free group, to show that D belongs to o it is enough to find
non-negative real numbers A;, B;, C; such that

apg = AO (64)
k

by = Cl—l-ZCi (6.5)
i=2
k

ap = A1+Zci (6.6)
1=2
k

by = B1+ZO¢ (6.7)
i=2

a; = A’L_CZ for all 2§Z§k

Clearly, by inequality (6.1), the equation (6.4) holds. Notice, from equation (6.3), that
a; and by are non-negative (by applying (6.3) with @ = (1,0---,0),8 = 0, and o = 0,
B =(1,0---,0) respectively). Thus, the previous system of equations can be reduced to
find non-negative real numbers C; that satisfy all the following inequalities:
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k
bo—» Ci > 0 (6.10)
i=2
k
a—Y C >0 (6.11)
i=2
k
=Y C >0 (6.12)
=2
a;+C; > 0 forall 2<i<k (6.13)
bi+C; > 0 forall 2<i<k (6.14)
Now, for each i € {2,3,--- k}, let C; = —min{a;,b;,0}. Notice that these values

satisfy inequalities (6.13) and (6.14). Also, notice that we can write min{a;,b;,0} as
min{a;, b;,0} = n;a;+m;b;, for some n;, m; € 0,1 and n;+m; < 1. So, in particular inequal-
ity (6.10) follows from (6.3) with o« = (0,ng,--- ,ng) and 8 = (0, mg, -+ ,my). Similarly,
inequality (6.11) follows from (6.3) with a = (1,ng,--+ ,n%) and 8 = (0, mq,- -+ ,my), and
inequality (6.12) follows with aw = (0,ng,--+ ,n%) and g = (1,mq,--- ,my). Thus, D € o,
7V C o and the cones 7, and o are dual to one another.

Recall that F is base point free, corresponding to the map 7 : X — P! (and it contracts
all Eia E, Gl)

For any (a, ) € I, define r(a, ) :== |{i : a; = 1} U{j : 5; = 1}|. Since k < n, D, g is base
point free, corresponding to the morphism ¢, 5 : X — Pr7(@A)+1 which contracts S, E;
for all ¢ such that a; = 0, G; for all j such that 3; = 0, and Fj, for all £ such that oy, = 1
or 5k = 1.

Thus, since all the generators of 0¥ are base point free, they are nef, and so, the claim
follows. O

To finish the proof, we choose an arbitrary point x € X (k). We know that the only curves
contracted by D(, gy are S and some of E;’s, G;’s, and F;’s. We see that if x does not belong
to any of the reducible fibres F', let C' = 7*(n(x)), then C' ~ F; + E; + G;, C' - Do) = 1,
and C'- F' = 0. So by Proposition 2.15, C'is a COBA for z with respect to any generator
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of the nef cone of X. Hence, for any D € Nef(X), C is a COBA for x with respect to D
and a, (D) =D - C.

On the other hand, suppose = belongs to the reducible fibre, i.e. x belongs to some excep-
tional curve E;, Fj, G; or S. Notice that since D, g) has intersection 0 or 1 with each of
the generators of the effective cone, if 2 does not belong to a curve contracted by D4 g),
but it belongs to some exceptional curve C' which has intersection 1 with D, g, we see
that C is a COBA for x with respect to D, g).

We let T' = {S, F, E;, F;,G;} for all i € {1,2,--- /k} , and D € Nef(X). Then «a,(D) =
MiNgReT: ze R}{D - R}, and whichever curve in T that contains x and has minimal intersec-
tion with D is a COBA for x with respect to D. H
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Appendix A

The case of P? blown up at two points

Let X = BI,P? be the blow up of P? at two points. Without loss of generality, we can
choose the blow up at the points p; = [0, 0, 1], p» = [0, 1, 0]. Explicitly,

X={(r:y:2,[u:v],[st) €P*xP' x P': zv=yu,2t = 25} CP? x P! x P,

In this case there are three projections, 7 : X — P2 : ([z:y: 2], [u: v],[s,t]) = [z :y: 2],
m X 5P (wy 2] ucv),[st]) = [uiv],and m X — P ([ y 2] [
v],[s,t]) — [s : ¢]. As in section 4.1, let L = 7*(H) where H is a line in P2, and let
E; = 77 Yp) and Ey = 7 !(py) be the exceptional divisors. Notice that if we restrict
7w X\ {E, Ey} — P2\ {p1,p2}, we get an isomorphism. Hence, as in section 4.1,
Pic(X \ {F1, E»}) = Pic(P? \ {p1, p2}) = Pic(P?) = ZL. Now, using the exact sequences:

0 — ZFE;, — Pic(X) — Pic(X \ {EF1}) — 0,

0— ZE;, — PlC(X \ {El}) — PIC(X \ {Eh EQ}) — 0,

we see that Pic(X) = ZL G ZE, & ZE,. Also, by a similar argument as before 7f(O(1)) =
L — Ey and 75(O(1)) = L — Es, and the intersection theory on X is

L] E, | E,
L1070
E, 10 —-1]0
E, 0] 0 | -1




We see that the three generators are numerically independent, so NS(X) ® R = RL &
RE; & RE,.

Now, let L’ be the line joining the points p; and py. Consider the inverse image of the
point [0 : 1] € P! under the projections 7, and .

mH([0:1]) = E,u{([0:y:2],[0:1],[0:1]): 2 #0}
m([0:1]) = EByu{([0:y:2],[0:1],[0:1]): y#0}

We let S:={([0:y:2],[0:1],]0:1]): [y: z] € P!} be the strict transform of L’. Notice
that m(5) = L.

Claim A.1. L =S5+ F, + Es.

Proof. Notice that S is alinein X, and S-L =S5-FE, =5 F, = 1. Also, as a divisor
S € Pic(X), S = apL + a1 Ey + as By for some ag, a1, ay € Z. Then, using the intersection
pairing with S, we see that ag = 1 and a; = as = —1, so the claim holds. O

Now, let ¢ = Cone(S, F1, Ey). Using the software polymake, we see that its dual is
0¥ =cone(L,L — Ey, L — E,). Notice that all the generators of o¥ are base point free, so
they are nef. This tells us that o = Eff(X) and 0¥ = Nef(X). Now, we find a COBA for
each of the generators of Nef(X'). Consider these cases:

Case 1: z € X(k)\ (F1 U E3). In this case, a COBA for x with respect to L is any line
through z. Let C; be the irreducible component of 7; ! (m;(z)) for 4 = 1,2 that contains .
Since C; and C5 are contained in the fibres of 71 and my respectively, we see that C; is a
COBA for L — E;, 1 = 1,2. Notice that if x € S then C; = Cy; = S. To find a with respect
to each generator, we see that C; - L =1 and C; - (L — E;) = 0 for ¢ = 1,2 (regardless of
rz e Sorx¢sS). We conclude

Divisor | COBA | a,

L 01 or 02 1
L—F, Ch 0
L—F, Cs 0
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Now we study how to divide the nef cone into subcones where C; or Cy are COBA. First, no-
tice that if x € S, then S is a COBA for all the generators of the nef cone, and by Theorem
2.14, S'is a COBA for all divisors in D € Nef(X). Also, if D = agL+a,(L—E})+as(L—E»),
then a,(D) =D - S = ay.

On the other hand, if x ¢ S, let D = aoL + a;(L — E}) + as(L — E5) € Nef(X) such that
Ci~L—FE;isaCOBA for D. Then D-C; < D -Cs, ie. ag+ as < ag + a;. We see that
we can divide the nef cone as Nef(X) = I'y UT'y where I'y = (L, L — Ey,2L — Fy — E5) and
o U(L, L — E5,2L — E; — Es). By a similar argument as in Claim 4.3, we can verify that
C7 and Cy are both COBA with respect to 2L — E; — FE5. Hence C; is a COBA for any
divisor in I';, ¢« = 1,2 and we conclude that:

Divisor COBA 0y
CLQL+G1(L—E1)+CL2(2L—E1 —EQ) Cl a0+a2
CL()L + al(L - EQ) -+ CLQ(QL - E1 - Eg) 02 Qo + ao

Case 2: x € Ey(k)\ S or x € Ey(k) \ S. Assume, without loss of generality, that x € E},
then a COBA for x with respect to L is Fy. To approximate x with respect to L — Fy,
notice that as before we can choose C; = 77! (7 (z)) as a COBA. To approximate = with
respect to L — Ey, notice that we can pick the fibre Cy = ;' (m(z)) = 7, ([0 : 1]), but
recall that = € (5, so in this case Cy = E4, and our table is:

Divisor COBA Qy

L by 0
L—-FE |Ci~L—-FE | 0
L—-FE, B, 0

Let D = agL+a(L — Ey)+as(L — E3) € Nef(X). Assume that E; is a COBA for D, then
D-E, < D-(L—Ey). In this case we get that D € I'y = (L, L— Ey,2L — FE1,2L — E, — Es).
We know that F; is a COBA for L, L—F,. By a similar argument as in claim 4.3, we can see
that F; and L — E; are both COBA for « with respect to 2L — E; and 2L — E; — E5. On the
other hand, if L—FE) is a COBA for D, we see that D € I'y = (L—FE,2L—F,,2L—E,—E»).
Hence, we conclude with the table:
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Divisor COBA Oy
G,QL+G1(L—E2) —|—CL2(2L—E1) +CL3(2L—E1 —EQ) E1 as + as
CL()(L—El)+a1(2L—E1)+CL2(2L—E1—EQ) Cl NL—El ay + ao

Case 3: x € S(k)N Ey(k) or x € S(k) N Ey(k). Without loss of generality, assume that
x € S(k)N Ey(k). We conclude that:

Divisor | COBA | «,

L Ey 0
L—-F, S 0
L—EQ SOI‘El 0

Let D = agL + a1(L — Ey) + as(L — Ey) € Nef(X). Assume that E; is a COBA for D,
then D - E; < D-S,ie a; < ag. Similarly, if we assume that S is a COBA for D we
get a; > ap. Hence, we divide the nef cone into two regions, Nef(X) = I'y U I'y, where
Iy =(L,2L—FE\,L —FEs)and 'y = (2L — Ey,L — Ey, L — Ej).

Claim A.2. S and E, are both COBA for 2L — F;.
Proof. This follows from Proposition 4.4. O]

We see that E; is a COBA for any divisor in the subcone I'y and S is a COBA for any
divisor in the subcone I's. We conclude:

Divisor COBA | o,
CL()L + 0,1(2L - El) -+ CI,Q(L — EQ) El aq
aO(L—E1)+a1(2L—E1)+a2(L—Eg) S aq
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Appendix B

Explicit calculation of «

Although the complete proof of the conjecture in Theorem 5.16 was presented in the proof
of that theorem, here there is an explicit calculation of the approximation constants that
follow from the general case. But here we do an exhaustive study of the subcones of the
nef cone.

Case 1. z € S(k)\ E;.

Let C be the irreducible component of the fibre of 7 through . We know that C' ~ F.
Recall S is contracted by the morphisms corresponding to Dy, D5, and Ds3. Also, S-Dy = 0,
and since Dy is nef, a,(Dy) > 0, so S is a COBA for D,. We conclude:

Divisor | COBA | a,
F F 0
D, S 0
D, S 0
Ds S 0
Dy S 0

Let D = aoF + a1Dy + asDy + a3D3 + a4 Dy € Nef(X). Assume that F' is COBA with
respect to D, then a; + ay + 2a3 + 2a4 < ag, so we obtain the cone I'y = (F, F + Dy, F +
Dy, F + 2D3, F 4 2D,). Similarly, if we assume that S is a COBA for D, we obtain
the cone FQ = <D1, DQ, D3, D4, F+ Dl, F+ DQ, 2F + Dg, 2F + D4> Nef(X) = Fl U FQ.
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We verify that F'is a COBA for any divisor in I'; and that S is COBA for any divisor in I's.

S and F are both COBA with respect to F'+ Dy and F + D,: If C' is an irreducible curve
such that C' - (F+ D;) =0, then C- F = C-D; =0. So C € {Ey, E3, E4}, but none of
these curves contains z. Also S-(F 4+ D) = F-(F + D) = 1, then by Proposition 2.15, S
and F' are COBA for x with respect to F'+ D;. Similarly, the only irreducible curves that
have intersection zero with F'+ Dy are Ey, E3, and E4. But  does not belong to any E;.
Thus, since S - (F 4+ Dy) = F- (F + Ds) = 1, by Proposition 2.15, S and F are also COBA
for x with respect to F' + Ds.

Claim B.1. Both S and F are both COBA with respect to 2F + Ds.

Proof. Notice that since z € S\ E1, z does not belong to any curve C' that is contracted by
both F' and D3. Thus, since S - F' = 1, by Proposition 4.4, S is COBA for = with respect
to F'+ D3, which implies that S is also COBA for x with respect to 2F + D3 (again by
Proposition 4.4).

The previous argument shows that o, (2F + D) = o, s((2F + Ds)|s) = S - (2F + D3) = 2.
But also notice that the fibre C' = 7*(n(z)) ~ F is a smooth rational curve that contains
z and a, c((2F 4+ D3)|c) = C - (2F + D3) = 2 = a,(2F + Ds). Thus a sequence in C'
converging to x also attains the minimal value a,,(2F + Ds), so C' ~ F'is also a COBA for
x with respect to 2F + Ds. O

A similar argument as in the previous claim shows that F' and S are both COBA for z
with respect to 2F' 4+ D4. Then, we can write the nef cone of X as Nef(X) = I'y Uy, where

Ty = (F,F + D1, F + Dy,2F + Dy, 2F + D),
FQ = <F+D1aF+D272F+D372F+D47D17D27D37D4>a

and we conclude the following table:

Divisor COBA o
aol' + a1 (D1 + F) + ag(F + Do)+
a3(2F 4 Ds3) + a4(2F + Dy) F a; + ay + 2a3 + 2a4
Z?Zl a;D; + by (F + Dq) + by(F + Do)+
bs(2F + Ds) + b4(2F + Dy) S| bt by 2b5 + 20y
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Case 2. z lies exactly on one E; but not in S.

We know that F; is COBA for x with respect to D;, j # i and F, since E; is contracted
by all of these and x € E;. The irreducible curves contracted by D; are precisely E;, j # ¢
and S, but z doesn’t belong to any of these, thus by Proposition 2.15, E; is COBA for z
with respect to D;.

Divisor | COBA | a,
F E; 0

D; FE; 1
D, jZi| E |0

Since F; is COBA for all the generators of the nef cone, by Theorem 2.14. F; is COBA for
z with respect to any divisor in Nef(X). Let D € Nef(X), say D = aoF'+a;D;i+3_;,; a; Dy,
then o, (D) =D - E; = a;.

Case 3. x=E,NS.

Divisor | COBA | «,
F Ey 0
Dy S 0
DQ S or El 0
D3 S or E1 0
D4 S or E1 0

We write the nef cone as Nef(X) =I's UT'g,, where
FS = <D17D27D37D47F+D1>
FEl == <Fa D27D3aD47F+D1>

We saw in case 2 that S is a COBA for z with respect to any divisor in I's. By Proposition
2.15, F; is also a COBA with respect to (F' + Dy), so E; is COBA for z with respect to
any divisor in I'g,. So we conclude

Divisor COBA | o,
&Q(F -+ Dl) + Z?:l (Zl'DZ' S Qo
aoF + a1 (F + Dy) + Z?:Q a; D; Eq a1
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Case 4. x = E; N E;, where (i,7) € {(1,3),(2,3),(3,4)}.

Since x = E; N E;, we know that for any generator of the nef cone, we have E; and E; as
candidates for COBA. We write the results as follows:

Divisor COBA | a,

F Eior E; | 0
D; E; 0
D; E; 0
Dk, k ¢ {Z,j} Ez or Ej 0

We can write the nef cone as Nef(X) =TI'; UT;, where
Iy = (F, Dy, D;, D; + Dj)

I'; =(F,Dy,D;,D; + D,)

By Proposition 2.15, we know that £; and E; are both COBA for x with respect to D;+ D;.
So, by Theorem 2.14, E; is COBA with respect to any divisor in I'; and E; is COBA with
respect to any divisor in I';. We conclude the following table:

Divisor COBA Oy
CLoF+aij+Zk7gi7ijDk+ai(Di+Dj) Ez G]’"—&i
aoF' +a;Di + 3 ;s ax Dy, + a;(D; + D;) E; a; +a;
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