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Abstract

In this thesis we address two problems from the fields of operator algebras and opera-
tor theory. In our first problem, we seek to obtain a description of the unital subalgebras
A of M, (C) with the property that EAE is an algebra for all idempotents E € M,,(C).
Algebras with this property are said to be idempotent compressible. Likewise, we wish to
determine which unital subalgebras of M, (C) satisfy the analogous property for projections
(i.e., self-adjoint idempotents). Such algebras are said to be projection compressible.

We begin by constructing various examples of idempotent compressible subalgebras of
ML, (C) for each integer n > 3. Using a case-by-case analysis based on reduced block upper
triangular forms, we prove that our list includes all unital projection compressible subalge-
bras of M3(C) up to similarity and transposition. A similar examination indicates that the
same phenomenon occurs in the case of unital subalgebras of M, (C), n > 4. We therefore
demonstrate that the notions of projection compressibility and idempotent compressibility
coincide for unital subalgebras of M,,(C), and obtain a complete classification of the unital
algebras admitting these properties up to similarity and transposition.

In our second problem, we address the question of computing the distance from a non-
zero projection to the set of nilpotent operators acting on C". Building on MacDonald’s
results in the rank-one case, we prove that the distance from a rank n — 1 projection to

the set of nilpotents in M,(C) is 3 sec < — +2). For each n > 2, we construct examples of
n—1

pairs (@, T) where @ is a projection of rank n—1 and T' € M, (C) is a nilpotent of minimal

distance to (). Moreover, it is shown that any two such pairs are unitarily equivalent.

We end by discussing possible extensions of these results in the case of projections of

intermediate ranks.
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Chapter 1

Introduction

The fields of operator algebras and operator theory concern the study of bounded linear
transformations (operators) acting on a Hilbert space. In this thesis we will present two
problems from these respective fields. Our focus will be the case in which the Hilbert space
in question is complex and finite-dimensional. That is, we will be concerned with operators
acting on C" for some n € N.

To introduce the first problem, suppose that A is an algebra of linear operators acting
on C". By fixing an orthonormal basis for C"”, we may identify A with a subalgebra of
ML, (C), the algebra of all complex n x n matrices. Given an idempotent £ € M, (C) (i.e.,
an operator satisfying the equation E? = E), each A € A can be expressed as a sum

A=FAE+FEA(I-E)+(I-FE)AE+ (I - E)A(I — E).

Accordingly, we may identify each A with a block 2 x 2 matrix

Ay | Ap
A pu—
{ Agy | Ay }

written with respect to the algebraic direct sum decomposition C* = ran(E) + ker(FE).
Here, the notation + indicates that every vector in C™ may be expressed uniquely as a
sum of a vector from ran(F) and a vector in ker(F), though these summands need not be
orthogonal. Under this identification, the set EAE = {EAE : A € A} corresponds to the
collection of all (1, 1)-blocks from elements of A.

It is clear that for any idempotent £ € M, (C), the set EAFE is a linear space. Moreover,
dimension considerations imply that when n < 2, EAF is in fact, an algebra. When n > 3,
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however, this is often not the case, as EAE frequently fails to be multiplicatively closed.
We are therefore interested in determining which subalgebras A of M,,(C), n > 3, have
the property that with respect to every direct sum decomposition C" = ran(FE) + ker(E),
the compression of A to the (1, 1)-corner is an algebra of linear maps acting on ran(F).
This condition will be known as the idempotent compression property. An algebra that
admits this property will be called idempotent compressible. We will focus mainly on
understanding this property for unital subalgebras of M, (C).

An interesting variant on the above problem arises when considering only the orthogonal
direct sum decompositions of C". We remind the reader that an idempotent operator whose
range is orthogonal to its kernel is called a projection, and that the projections in M, (C)
are exactly the idempotents that are self-adjoint. If A is a subalgebra of M,,(C) such that
PAP is an algebra for every projection P € M, (C), we shall say that A exhibits the
projection compression property or that A is projection compressible. As in the case of
idempotents, we will focus primarily on studying this property for unital algebras.

While it is immediate from the definitions that every idempotent compressible algebra
is also projection compressible, the converse is much less clear. As we will see, all of our
preliminary examples indicate either the presence of the idempotent compression property
or the absence of the projection compression property, thus providing evidence to the
affirmative. Despite this evidence, however, our attempts at obtaining an intrinsic proof
that these notions coincide have been unsuccessful. Instead, we use a systematic case-by-
case analysis to investigate whether or not such an equivalence exists.

We begin in Chapter 2 by introducing the notation and basic theory surrounding idem-
potent and projection compressibility. Here we also develop a list of examples of idempotent
compressible subalgebras of M, (C) for every integer n > 3. In many cases, these algebras
belong to a general family of idempotent compressible algebras with members in M,,(C)
for each n > 3. We do, however, encounter three exceptional examples in M3(C) that do
not appear to admit analogues in higher dimensions. This chapter ends with an overview
of key results from [11] and [13] concerning the structure theory for matrix algebras. These
facts will be used extensively in Chapters 3 and 4.

Next, we turn our attention to assessing the completeness of our list of idempotent
compressible algebras from Chapter 2. Since certain pathological examples were observed
in M3(C), we devote Chapter 3 to the classification of unital idempotent compressible al-
gebras that exist in this setting. Using a case-by-case analysis based on block triangular
forms, we show that the examples from Chapter 2 account for all unital idempotent com-
pressible algebras in M3(C) up to transposition and similarity. A closer examination of
the unital algebras that lack the idempotent compression property reveals that in fact, no



such algebra is projection compressible. From this it follows that the notions of projection
compressibility and idempotent compressibility coincide for unital subalgebras of M3(C).

In Chapter 4, we implement a similar analysis to classify the projection compressible
subalgebras of M,,(C) when n > 4. There we present a key tool—Theorem 4.1.2—which
greatly restricts the possible block triangular forms of such an algebra. Through a three-
part examination of the remaining block triangular forms, we obtain a description of the
unital projection compressible algebras that exist in this setting up to transposition and
unitary equivalence. Furthermore, we observe that every such algebra is similar to one of
the unital idempotent compressible algebras presented in Chapter 2. We therefore prove
that for any n, a unital subalgebra of M, (C) is projection compressible if and only if it is
idempotent compressible.

To introduce our second problem, let H be a complex Hilbert space of (possibly infinite)
dimension n. Let B(#H) denote the algebra of all linear operators 7' : H — #H that are
bounded with respect to the operator norm

IT]| == sup [T

llzll=1
Counsider the sets
PH)={PeB(H): P= P? = P*}\ {0}, and
N(H)={N € B(H): N =0 for some j € N}

consisting of all non-zero projections acting on H and all nilpotent operators acting on H,
respectively. We are interested in the problem of understanding the distance between these
two sets, measured in operator norm on B(H). This quantity will be denoted by 9,,:

5, = dist(P(H),N(H)) = inf {|P — N|| : P € P(H),N € N(H)}.

The problem of computing ¢, is by no means new to the world of operator theory. In
1972, Hedlund [9] proved that d, = 1/\/5, and that 1/4 < 4, < 1 for all n > 3. This
lower bound was increased to 1/2 by Herrero [10] shortly thereafter. At this time Herrero
also showed that 0,, = 1/2 whenever n is infinite, thus reducing the problem to the case in
which H = C” for some n € N, n > 3.

Various estimates on the values of §,, were obtained in the early 1980’s. One such
estimate established by Salinas [19] states that
1+ 1

1 _
<6 <-4+ V"TL grall neN.
2 2n

N | —
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One may note that this upper bound approaches 1/2 as n tends to infinity, and hence
Salinas’ inequality leads to an alternative proof that dy, = 1/2. Herrero [ 1] subsequently
improved upon this upper bound for large values of n by showing that

1 1 ) s
§§(5n§§+sm(@) fornZQ,

where | -] denotes the greatest integer function.

For many years the bounds obtained by Salinas and Herrero remained the best known.
In 1995, however, MacDonald [1(] established a new upper bound that would improve
upon these estimates for all values of n. In order to describe MacDonald’s approach, we
first make the following remarks.

(i) Any two projections in M, (C) of equal rank are unitarily equivalent and thus of equal
distance to N (C"). Thus, ¢,, = 1I<ni£1 Vrn, Where
sSrsn

Vpy = 1inf {|P = N| : P € P(C"), rank(P) =r,N € N(C")}.

(ii) Straightforward estimates show that when computing v,.,,, one need only consider
nilpotents of norm at most 2. From here, one may use the compactness of the set of
projections of rank r in M,,(C) and the set of nilpotents in M, (C) of norm at most
2 to show that v, , is achieved by some projection-nilpotent pair. Consequently, so
too is 0,,.

(iii) If {e;}!, denotes the standard basis for C", then

Vpn =min{||P — N|| : P € P(C"), rank(P) =r,N € T,},

where T, is the subalgebra of M, (C) consisting of all operators that are strictly upper
triangular with respect to {e;}? ;. This follows from Schur Triangularization.

The reduction from N (C™) to 7, described in (iii) may seem innocuous at first glance.
This alternate formulation, however, allows one to make use of a theorem of Arveson [!]
that describes the distance from an operator in B(#) to a nest algebra. The version of
this result that we require was established by Power [18], and is presented below for the
algebra 7,. Note that for vectors x,y € C", the notation x ® y* will be used to denote the
rank-one operator z — (z,y)z acting on C".



Theorem 1.0.1 (Arveson Distance Formula). Let {e;}!, denote the standard basis for
C". Define Ey =0 and B, = S.F_ e;®¢! for each k € {1,2,...,n}. For any A € M,,(C),

dist(A, 7,) = max || B, AE].
1<i<n

Using Arveson’s formula, MacDonald successfully determined the exact value of vy ,, the
distance from a rank-one projection in M, (C) to N (C™).

Theorem 1.0.2. [16, Theorem 1] For every positive integer n, the distance from a rank-one
projection in M, (C) to N(C") is

1 s
V1iqnp = = SeC .
’ 2 <n+2>

The expression for vy ,, described above provides an upper bound on §,, that is sharper
than those previously obtained by Herrero and Salinas for all n € N. In addition, MacDon-
ald proved that this bound is in fact optimal when n = 3 [16, Corollary 4]. These results
led to the formulation of the following conjecture.

Conjecture 1.0.3 (MacDonald, [16]). The closest non-zero projections to N(C") are of
rank 1. That is,

1 T
Op =Viy = 3 sec (n——|—2) for all n € N.

Conjecture 1.0.3 has since been verified for n = 4 [17, Theorem 3.4], but remains open for
all n > 5.

MacDonald’s success in computing v, was largely due to the rigid structure of rank-
one projections in M, (C). Specifically, the decomposition of such a projection as a simple
tensor P = e ® e* for some unit vector e € C™ made it feasible to obtain a closed-form
expression for ||E; PE;|| in terms of the entries of P. With this in hand, it became
possible to show that the rank-one projections of minimal distance to 7, are such that
|E:  PE;|| = 11, for all i € {1,2,...,n}. An exact expression for vy, was then derived
through algebraic and combinatorial arguments.

Extending the above approach to accommodate projections of intermediate ranks ap-
pears to be a formidable task; when P is not expressible as a simple tensor e®e* it becomes
significantly more challenging to obtain an explicit formula for ||E;-, PE;||. One may note,
however, that the rigidity that led to success in the rank-one case can also be observed



in projections of rank n — 1. It is therefore our goal to extend MacDonald’s approach to
determine the exact value of v,,_;,. This will be the focus of Chapter 5.

We accomplish this goal in three stages. Motivated by the analogous result for projec-
tions of rank 1, we show in §5.1 that any projection @ of rank n — 1 that is of minimal
distance to 7,, must be such that ||E,QE;|| = v,_1, for all i. In §5.2, we then apply
these equations to determine a list of candidates for v,,_;, via arguments adapted from
[16]. Finally, we prove that exactly one such candidate satisfies a certain necessary norm
inequality from [17], and therefore deduce that this value must be v;,_1 .

In §5.3, we describe a construction of the pairs (Q,T') where @) € M,,(C) is a projection
of rank n — 1, T' is an element of 7, and ||Q — T'|| = vy,—1,,. We prove that for each n € N,
any two such pairs are in fact, unitarily equivalent. Lastly, in §5.4 we propose a possible
formula for v, , in the case of projections of arbitrary rank, which can be seen to closely
resemble numerical estimates for v,.,, when n is small. We explain how this formula and
its consequences may be used to answer MacDonald’s conjecture in the affirmative.



Chapter 2

Compressibility Preliminaries

82.1 Definitions and First Results

In this section we introduce some of the preliminary results concerning algebras that admit
the idempotent or projection compression properties. Our first task will be to establish
the notation and terminology that will be used throughout.

Since we will only be concerned with algebras of n x n matrices over C, we will write
M, in place of M,,(C) from here on.

Definition 2.1.1. Let A be a subalgebra of M,,.

(i) We say that A is idempotent compressible, or that A admits the idempotent compres-
sion property, if EAFE is an algebra for all idempotents £ € M,,.

(ii) We say that A is projection compressible, or that A admits the projection compression
property, if PAP is an algebra for all projections P € M,.

It is immediate from the definitions that every idempotent compressible algebra is also
projection compressible.

We begin by addressing the claim from Chapter 1 that every subalgebra of My is
idempotent compressible. Before stating this result formally, let us first recall the following
facts concerning matrices of rank one.

Proposition 2.1.2. If E € M, is an operator of rank 1, then the linear space CE is an
algebra, and EM,, E is contained in CE.



Proof. Let E be as above. As a rank-one operator, F is either nilpotent or a scalar multiple
of an idempotent. Hence, CFE is closed under multiplication. Writing £ = x ® y* for some
vectors x,y € C", we have that for any A € M,,,

FEAE = (z @ y")A(z @ y*) = (Az,y)(r ® y*) = (Az,y)F € CE.

Thus, EM, E C CE. ]

Proposition 2.1.3. Let A be a subalgebra of M,,, and let E € M, be idempotent.

(i) EAFE is an algebra if and only if EAE is multiplicatively closed.
(i1) If rank(E) =1, then EAE is an algebra.

(i1i) If n <2, then A is idempotent compressible.

Proof. Since EAE is a linear space, statement (i) is immediate. For (ii), note that if
A, B € A, then by Proposition 2.1.2, EBE = AE for some A € C. Thus,

(EAE)(EBE) = E(AA)E € EAE.

It follows that EAE is closed under multiplication. By (i), E.AF is an algebra. Statement
(iii) is now an immediate consequence of (ii). |

In light of Proposition 2.1.3, we will devote our attention to studying the compression
properties for subalgebras of Ml,, n > 3.

We now investigate some permanence results for algebras admitting the idempotent
or projection compression properties. These facts will be used extensively throughout
Chapters 2-4 without mention. The first result in this vein states that if A admits one of
the compression properties, then so too does PAP for every projection P.

Proposition 2.1.4. Let A be a subalgebra of M, that admits the idempotent (resp. pro-
jection) compression property, and let P be a projection in M,. When restricted to an
algebra of linear maps acting on ran(P), the algebra PAP is idempotent (resp. projection)
compressible.

Proof. Assume that A is idempotent compressible. Given an idempotent E acting on
ran(P), we have that PE = EP = E. Thus, E(PAP)E = FAF is an algebra, as A is
idempotent compressible.

An analogous argument may be used in the case that A is projection compressible. W
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Note that the set of idempotents in M, is closed under transposition and similarity,
whereas the set of projections in M, is closed under transposition and unitary equivalence.
This leads to our second permanence property for compressible algebras, Proposition 2.1.6.
In order to simplify the statement of this result, as well as much of the exposition in the
chapters to come, we first introduce the following definitions.

Definition 2.1.5. Let A and B be subsets of M,,. Define the transpose of A to be the set
AT = {AT:AGA}.

If Aor AT is similar to B, we say that A and B are transpose similar. If A or AT is
unitarily equivalent to B, we say that A and B are transpose equivalent.

It is easy to verify that transpose similarity and transpose equivalence are equivalence

relations that generalize the notions of similarity and unitary equivalence, respectively.

The proof of the following result follows immediately from the comments preceding
Definition 2.1.5.

Proposition 2.1.6. Let A and B be subalgebras of M,.

(i) If A and B are transpose similar, then A is idempotent compressible if and only if B
s idempotent compressible.

(i1) If A and B are transpose equivalent, then A is projection compressible if and only if
B is projection compressible.

Definition 2.1.7. Given A € M,,, define the anti-transpose of A to be the matrix
AT = JAT ],

where J = J* is the unitary matrix whose (i, j)-entry is 0;,_;+1. If A is a subset of M,
then we will define the anti-transpose of A to be the set

AT = JAT] = AT Ae A}.

While transposition has the effect of reflecting a matrix about its main diagonal, anti-
transposition has the effect of reflecting a matrix about its anti-diagonal (i.e., the diagonal
from the (n, 1)-entry to the (1,n)-entry).

Since an algebra A and its anti-transpose AT are easily seen to be transpose equivalent,
we obtain the following useful consequence of Proposition 2.1.6.



Corollary 2.1.8. If A is a subalgebra of M, then A is idempotent (resp. projection)
compressible if and only if A*T is idempotent (resp. projection) compressible.

Next we will show that if an algebra A admits the idempotent (resp. projection)
compression property, then so too does its unitization A+ CI. A counterexample following
the proof of Corollary 2.1.14 demonstrates that the converse is false.

Proposition 2.1.9. If A is an idempotent (resp. a projection) compressible subalgebra of
M,,, then its unitization

A=A+CI
is idempotent (resp. projection) compressible.
Proof. Assume that A is idempotent (resp. projection) compressible, and let E be a
idempotent (resp. projection) in M,. Let A,B € A and o, € C, so that A + al

and B + (1 define elements of A. Since FAE - EBFE belongs to EAE, we can write
FAFE - EBE = ECFE for some C € A. As a result,

E(A+ ol)E - E(B + 81)E = EAE - EBE + SEAE + aEBE + aE
=E(C+BA+aB)+apl)E

Since (C'+ A + aB) + af1 belongs to A, we conclude that EAF is an algebra. [ |

The following proposition describes an obvious sufficient condition for an algebra to
exhibit the projection or idempotent compression property, and will be useful in building
our first class of examples.

Proposition 2.1.10. Let n be a positive integer, and let A be a subalgebra of M,,. If
AEB € A for all A, B € A, and all idempotents (resp. projections) E € M,,, then A is
idempotent (resp. projection) compressible.

Proof. Let E be an idempotent (resp. a projection) in Ml,. Given A, B € A, we have that
AEB € A, and hence
(EAE)(EBE) = E(AEB)E € EAE.

Thus, EAFE is an algebra by Proposition 2.1.3 (i). [ |
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The sufficient condition for idempotent compressibility from Proposition 2.1.10 strongly
resembles the multiplicative absorption property satisfied by ideals. In particular, this re-
sult implies that any (one- or two-sided) ideal of M, exhibits the idempotent compression
property. It will be shown in Corollary 2.1.14 that this property also holds for the intersec-
tion of one-sided ideals, or equivalently, the intersection of a single left ideal with a single
right ideal. Thus, we make following definition.

Definition 2.1.11. If A is a subalgebra of M|, given by an intersection of a left ideal and
a right ideal in M, then A is said to be an LR-algebra.

It is straightforward to show that any algebra that is transpose similar to an LR-algebra
A is again an LR-algebra. Indeed, if A = LNR for some left ideal £ and right ideal R of
M,,, then R is a left ideal, £7 is a right ideal, and A" = RT N LT. Hence, AT is also an
LR-algebra. If B is transpose similar to A, then by replacing A with A” if necessary, we
may assume that

B=S5"AS = (57'£S) N (S7'RS)

for some invertible S € M,,. Since S™'£S and SRS are left and right ideals of M,
respectively, B is again an LR-algebra.

It is well-known that the one-sided ideals in Ml,, can be described in terms of projections.
In particular, each left ideal of M, has the form M, () for some orthogonal projection @,
while each right ideal has the form PM, for some orthogonal projection P. More generally,
we have the following classical ring-theoretic result concerning Ml,,-submodules of the n x p
and p X n matrices. A proof of this result is presented in the complex case for completeness,
though a more general argument applicable to matrix algebras over division rings may be
found in [13, Theorem 3.3].

Theorem 2.1.12. Let n and p be positive integers.

(1) If S C M,x, is a left M,-module, then there is a projection Q € M, such that
S = M,,,Q.

(i) If S C M,x,, is a right M,-module, then there is a projection P € M, such that
S = PM,x,,.

Proof. Observe that (ii) follows from (i), as S is a left M,-module if and only if ST is a
right M,,-module. Thus, it suffices to prove (i).

11



Let S be a left Ml,,-module, and consider the subspace

V= (ﬂ ker(5)> i

of C,. Let @) denote the orthogonal projection of C? onto V, and suppose that dimV = m.
It will be shown that & = M,,», Q.

To see this, let {e1,ey,...,¢e,} denote the standard basis for C". With respect to the
decomposition C? =V @ V!, every S € S can be expressed as a matrix of the form

s11 S12 0 Sim |0 - 0
S _ 821 822 .« .. S2m 0 Y O
Sp1 Sn2 tt Spm |0 -+ 0
for some s;; in C. For each i and j in {1,2,...,n}, let E;; denote the n X n matrix unit
e; ® ;. Since § is a left M,,-module, the product
"0 0 --- 010 --- 017
O 0 --- 010 --- 0
EyS= 1| sa1 s -+ Sim |0 -+ 0
O 0 --- 010 --- 0
L0 0 - 0 [0 -+ 0

belongs to S for all i. Moreover, one may multiply by Ej; on the left to move the i row
of this matrix to the j row. In particular, one may move any row to the first row and
vice-versa.

Consider the subspace
W = {(wl,wg, o wn) T (811, 8125 - -+ S1m) = (W1, wa, .. ., wy,) for some S = (si;) in S}
of V. From the above remarks, it follows that each row of each S € S are of the form
(w1, wa, ..., Wy, 0,0,...,0)

for some (wy,wy, ..., wy,)T in W. This means that if W # V), then V contains a non-
zero vector x that is orthogonal to W, and hence Sx = 0 for all S € S§. This would then
contradict our choice of V, so it must be the case that W = V. Asaresult, S = M,,,Q. N
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Corollary 2.1.13. A subalgebra A of M., is an LR-algebra if and only if there are pro-
jections P and Q in M, such that A = PM,,Q.

The description of LR-algebras presented in Corollary 2.1.13 allows one to quickly
deduce that these algebras admit the idempotent compression property.

Corollary 2.1.14. Every LR-algebra is idempotent compressible.

Proof. Let A be an LR-algebra, so A = PM,,Q for some projections P and @ in M. If
E is an idempotent in M,,, then for any A, B € A,

AEB = (PAQ)E(PBQ) = P(AQEPB)Q € PM,Q = A.

Thus, A satisfies the assumptions of Proposition 2.1.10 in the case of idempotents. We
conclude that A is idempotent compressible. [ |

As the following Proposition demonstrates, the algebra generated by a rank-one oper-
ator is an LR-algebra. This result will be referenced at the end of Chapter 4.

Proposition 2.1.15. If R € M,, is an operator of rank 1, then Alg(R)—the algebra
generated by R—is an LR-algebra. Consequently, Alg(R) is idempotent compressible.

Proof. In light of the remarks following Definition 2.1.11, it suffices to prove that Alg(R)
is similar to an LR-algebra.

Let {ej,es,...,e,} denote the standard basis for C*. As a rank-one operator, R is
either nilpotent or a scalar multiple of an idempotent. If R is nilpotent, then R is unitarily
equivalent to e; ® e5. Consequently, Alg(R) is unitarily equivalent to Ce; ® e5. If instead
R is a multiple of an idempotent, then R is similar to ce; ® e for some non-zero a € C.
Consequently, Alg(R) is similar to Ce; ® e}. In either case, Alg(R) is an LR-algebra. W

The fact that £LR-algebras admit the idempotent compression property gives us a means
to disprove the converse to Proposition 2.1.9. We will exhibit a subalgebra of M that is
not projection compressible, but whose unitization is idempotent compressible.

Indeed, let {ey, es, e3} denote the standard basis for C3 and for each 4, let Q; denote the
orthogonal projection onto the span of {¢;}. Consider the algebra A = C(Q; + @2). Note
that the unitization of A is also the unitization of the LR-algebra B .= CQ3 = Q3M;3Q3. By
Corollary 2.1.14 and Proposition 2.1.9, A is idempotent compressible, a fortiori, projection
compressible.
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To see that A is not projection compressible, consider the matrix

2 -1 -1
P=|-1 2 -1,
~1 -1 2

and note that %P is a projection in M3. We claim that (%P) A (lP) is not an algebra.

3
Of course, since (3P)A(5P) is an algebra if and only if PAP is an algebra, it suffices to

prove that PAP is not multiplicatively closed.

One may verify that every element B = (b;;) in PAP satisfies the equation by +5be3 = 0.
With B = e; ® e] + e3 ® €3, however, we have that

42 =39 -3
(PBP)*= |-39 42 -3
-3 -3 6

This matrix clearly does not satisfy the above equation, and hence (PBP)? does not belong
to PAP. Thus, PAP is not an algebra, so A is not projection compressible.

Remark 2.1.16. When determining whether or not a corner FAF is an algebra, it is
often more computationally convenient to consider a multiple of the idempotent E rather
than F itself. This simplification will frequently be used without mention.

§2.2 Examples of Idempotent Compressible Algebras

While £R-algebras comprise a large collection of idempotent compressible algebras, they
are not the only examples. The purpose of §2.2 is to expand our library of matrix algebras
that admit the idempotent compression property.

In §2.2.1 we showcase three distinct families of idempotent compressible algebras that
arise as subalgebras of M, for each n > 3. In §2.2.2, we present three additional examples of
idempotent compressible algebras that occur uniquely in the setting of 3 x 3 matrices. The
algebras presented in these sections lay the groundwork for the classification of compressible
algebras in Chapters 3 and 4.
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§2.2.1 Subalgebras of M,,, n > 3

This section is devoted to the exposition of three families of idempotent compressible
algebras that exist in M, for each n > 3. These families are described in Examples 2.2.1,
2.2.3, and 2.2.6, respectively.

Example 2.2.1. Let n > 3 be an integer. If Q1, Q2, and Q3 are projections in M, which
sum to I, then the algebra

A=CQ1 + (Q1 + Q2)M,,(Q2 + Q3)

al My, M
= 0 My M| :aeC,M; e @Q;M,Q;
0 0 0

has the idempotent compression property. Consequently, its unitization

A=CQi +CQs + (Q1 + Q2)M,(Qs + Q)

al My M
= 0 My M| :a,8e€C,Mj;e Q;M,Q;
0 0 61

has the idempotent compression property as well.

Proof. Define A; .= CQq and Ay = (Q1 + Q2)M,,(Q2 + @Q3), so that A = A; + Ay. Let E
be an idempotent in M,,. We will show that E.AE contains the product EA,E - EA,E for
each choice of 7 and j.

Since Aj is an LR-algebra, it is easy to see that (EAyE)? is contained in EAE. What’s
more, the equation @)1 = (Q1 + Q2)Q1 shows that EAE - EASE is contained in FASE,
and hence in EAE. To see that (EA,E)* is contained in EAE, write

(EQE)* = EQ1E — E(Q1 + Q2)Q1E - E(Q2 + Q3)E.
Finally, if T € M,,, then the equation

E(Q+ Q2)T(Q2:+ Q3)E - EQIE = E(Qy + Q2)T(Q2 + Q3) &
—E(Q1+Q)T(Q2+ Q3)E - E(Q2 + Q3)E,

proves that FA,E - EAFE is contained in EAE. [ |
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Remark 2.2.2. Let {e, e, €3} denote the standard basis for C3. For each i € {1,2,3},
let Q; denote the orthogonal projection of C* onto Ce;. By Example 2.2.1, the algebra

A=CQ1+CQs + (Q1 + Q)M (Q2 + Q3) =

o o R

Ty

/8 z :a75777xay726(c
0 v

of all 3 x 3 upper triangular matrices is idempotent compressible.

Example 2.2.3. Let n > 3 be an integer. If Q1 and Qs are mutually orthogonal rank-one
projections in Ml,,, and Q3 = I — Q1 — ()2, then the algebra

.,4 = (CQl + CQQ + (Ql + QQ)MnQ?:

(8% 0 M13
= 0 5 M23 : Oé,ﬁ < (C, Mz] S Q’LMTLQ]
0 0 O

has the idempotent compression property. Consequently, its unitization

A=CQ, +CQy + CQs + (Q1 + Q2)M, Qs

a 0 M13
= 0 B M23 : Oé?ﬁ?fy € C7M2] € Q’LMTLQ]
00 ~I

has the idempotent compression property as well.

Proof. Define A; := CQy, Ay = CQy, and A3 := (Q1+Q2)M,,Q3, so that A = A;+Ay+As.
Let E be an idempotent in M,,. As in the previous proof, we will show that EAFE contains
the product EA;E - EA;E for all choices of ¢ and j.

Note that A;, Ay, and Az are LR-algebras, so EAFE contains (EA;E)? for all i. More-
over, it is easy to see that EAFE - EAsE and EALE - EA3E are contained in EAFE. From
these inclusions it follows that FA E - FA,E and EAyE - EA, E are contained in FAF,
as

EQ\E - EQ:E = EQ\E — EQ\E - EQ\E — E(Q1 + Q)01 F - EQ3E, and
EQE - EQ\E = EQyE — EQoF - EQyF — E(Q1 + Q2)Q2F - EQ3E.
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The proof will be complete upon showing that FAsE - EAE and FA3E - EAE are
contained in FAFE. To demonstrate that this is the case, observe that for any T' € M,,,

E(Q1 + Q2)TQ3E - EQIE = EQiTQ3E - EQ1FE — EQoTQ3E - EQ.E
+EQ T (I — Q3 E)Q3E.

By Proposition 2.1.2; the first two summands on the right-hand side of this equation
belong to FAE and FEAsE, respectively. Moreover, the summand belongs to FA3E.
Consequently, FAsE - EA FE is contained in EAFE. The inclusion FAsE - FEAsE C EAE
can be deduced in a similar fashion. [ |

It was fairly routine to verify that the algebras presented in Examples 2.2.1 and 2.2.3
admit the idempotent compression property. Showing that this condition holds for the
algebra A in our next example is not so straightforward. We will first present two lemmas
that describe sufficient conditions for an arbitrary corner of this algebra to be an algebra
itself. It will then be shown in Example 2.2.6 that every such corner of A must satisfy one
of these conditions. This will prove that this algebra is indeed idempotent compressible.

Lemma 2.2.4. Let n > 3 be an integer, let Q1,2 € M, be mutually orthogonal rank-one
projections, and define Q3 = I — Q1 — Q2. Consider the subalgebra A of M, given by

A=C(Q1+ Q2) + QiM,, Q2 + (@1 + Q2)M, Q3

a T M13
= 0 « M23 Lo, € (C, MZJ S QzMan
0 0 O

If E is an idempotent in M,, and EAFE contains EQsF, then EAE is an algebra.

Proof. Let E be a fixed idempotent in M, and suppose that FQyF € FAFE. Define

Ao = CQ1 + CQz + Q1M,, Q2 + (Q1 + Q2)M,, Q3
= CQ1 + (Q1 + Q2)M,,(Q2 + Q3),
and note that Ay is idempotent compressible by Example 2.2.1. It then follow that
EAE =CE(Q1 + Q2)FE + EQIM, Q2 F + E(Q1 + Q2)M,Q3F
= CEQ\E 4+ CEQ:E + EQIM,Q2E + E(Q1 + Q2)M,, Q3 E
= FAFE

is an algebra. [ |
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Lemma 2.2.5. Let n > 3 be an integer, let Q1,2 € M, be mutually orthogonal rank-one
projections, and define Q3 =1 — Q1 — Q2. Let A denote the subalgebra of M, given by

A=C(Q1 + Q2) + Q1M,, Q2 + (Q1 + Q2)M, Q3

o T M13
— 0 a Myl :a,zeC,M;e@Q;M,Q,
0O 0 O

If E is an idempotent in M, such that EQi = Q1, then EAFE is an algebra.

Proof. Let E be an idempotent in M, such that £Q; = @;. Define A; = C(Q; + Q2),
Ay = Q1M,Q, and A3 = (Q1 + Q2)M,,Q3, so that A = A; + Ay + A3. As in the previous
examples, we will show that £ AE contains the product FA;E - EA;E for all 7 and j.

Since Ay and A3z are LR-algebras, it is easy to see that FAE contains (EAyF)? and
(EA3E)*. Moreover, it is clear that EAyF - EA3F is contained in FA3E, and hence
in EAE. Observe that since the algebra A, = A; + A3 was shown to be idempotent
compressible in Example 2.2.1, we have that EAE - EAsE, EA3E - EAE, and (EA,E)?
are contained in FAyE C EAE. Proving these inclusions directly is also straightforward.

The equation EQ; = (1 will now be used to obtain the remaining inclusions. We have
that for all S and 7" in M,
E(Q1+ Q2)SQsE - EQITQE = 0,
E(Q1+ @Q)E - EQITQ:E = EQTQ.E, and
EQ\TQE-E(Q1+ Q2)E = EQi(TQ:E)Q:E.

The right-hand side of each expression above is easily seen to belong to FAFE. As a result,
EAFE contains FAsE - EAE, EAE - EASE, and EAE - EAE, as claimed. [ |

Example 2.2.6. Let n > 3 be a positive integer, let Q1 and Qo be mutually orthogonal
rank-one projections in M, and define Q3 =1 — Q1 — Q2. If A is the subalgebra of M,
given by

A= C(Q1 + Q2) + Q1M Q2 + (Q1 + Q2)M, Q3

o T M13
=<0 a My| :a,z€C,M;eQM,Q; ¢,
0 0 0

18



then A is idempotent compressible. Consequently, its unitization

A=C(Q1 + Q) + QM Qs + (Q1 + Q2)M,,Q3 + CQs

a T MlS
= 0 « M23 : (1/,671' € (C, Mij € QzMnQ]
0 0 pI

1$ also tdempotent compressible.

Proof. In light of Lemmas 2.2.4 and 2.2.5, it suffices to prove that if r € {2,3,...,n — 1}
and F is an idempotent in M, of rank r, then either FQsF € EAFE or EQ; = Q1.

Fix such an integer  and idempotent E. Let B = {ej,es,...,e,} be an orthonormal
basis for C™ such that e; € ran(Q);) and e € ran(Q2), and consider the projection

P = Z e ®e;.
i=1
Since rank(P) = r, there is an invertible matrix S = (s;;) in M, such that £ = SPS™.
The product EQsFE belongs FAFE if and only if there is an A € A such that
PS™HA—Qy)SP =0.

In showing this equality it suffices to exhibit an A € A such that (A —Q2)SP = 0. To this
end, observe that for any A € A, the operator B .= A — Q5 admits the following matrix
representation with respect to the basis B:

—O{ Wo ws - U)n_
0 a—1 vy -+ v,
B=10 0 0O --- 0
_O 0 o --- O_

Since the last n — 2 rows of B and the last n — r columns of P are zero, the product BSP

is zero whenever (BS);; = 0 for all ¢ € {1,2} and j € {1,2,...,r}. That is, such a B
exists if there is a solution to the following non-homogeneous 2r x 2(n — 1) system of linear
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equations:

Wa ws Wy, « V3 Un
[So1 S31 **+ Sp1 s 0 .-+ 0 07
Sg2 832+ Spz S;2 0 T 0 0
Sor S3r Snr S1r 0 e 0 0
0 0 0 S21 831 Sp1l | S21
0 O 0 S22 832 -+ Spa | S22
L 0 0 e 0 Sor  S3r  ° Spr 327‘_

If the rank of the above (non-augmented) matrix is 2r, then its columns span C*" and a
solution exists. In this case, EQsF belongs to EAFE, so EAFE is an algebra by Lemma 2.2.4.

Suppose that this is not the case, so the above (non-augmented) matrix has rank < 2r.
It is then apparent that

S21 S31 " Spl

S22 832 " Sp2
So = .

Sor S3r tt Spr

has rank < 7. From here we will demonstrate that EFQ, = (1, or equivalently, that
PSTIQI=571Qu,

To see that this is the case, note that if S™' = (;;), then ¢;; = 0 for all > r. Indeed,

Oy
~ det(9)

ti1

where Cj; denotes the (i, j)-cofactor of S. When i > r, C}; is equal to (—1)""! det(M),
where M is an (n — 1) x (n — 1) matrix of the form

S21 S22 Sop
831 832 " S3r
M =
Spl Snp2 tc Spyp kK s X
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Since the (n — 1) x r matrix obtained by keeping only the first » columns of M is exactly
Se and rank(Sp) < r, one has

rank(M) <r+(n—1—r)=n—1.

Consequently, t;; = 0 for all ¢ > r. A straightforward computation now shows that
PS71Q, = S71Q;. |

§2.2.2 Exceptional Subalgebras of Mj

In §2.2.1 we introduced various examples of unital idempotent compressible subalgebras
of M, for each integer n > 3. It will be shown that when n > 4, these examples are the
only unital idempotent compressible subalgebras of M,, up to similarity and transposition.
In fact, we will see that for n > 4, our examples also represent all unital projection com-
pressible subalgebras of Ml,, up to similarity and transposition. Proving these results is the
focus of Chapter 4.

Unfortunately, the story for unital subalgebras of M3 is somewhat more complicated.
As we will see in this section, there exist several examples of unital idempotent compressible
subalgebras of M3 that are not accounted for in §2.2.1. One explanation as to why these
pathological examples arise is due to dimension. Just as M is simply “too small” to contain
the projections required to disprove the existence of the compression properties for any of
its subalgebras, certain subalgebras of M3 acquire the compression properties because Mj
does not contain projections of large enough rank. Support for this explanation is given
by Theorem 4.1.2, which demonstrates that in the case of M,,, n > 4, one can very often
prove that an algebra lacks the compression properties using projections of rank 3.

Example 2.2.7. Let Q1, QQ2, and Q3 be rank-one projections in Mz that sum to I. If A
is the subalgebra of M3 defined by

A =CQ + CQ2 + (Q2 + Q3)M3Q3 =

o o9
o™ O

0
Zz :04757771‘6@ )
y

then A is idempotent compressible.

Proof. Define A; = CQy, Ay == CQy, and A3 = (Q2 + Q3)M3Q3, so A = A; + Ay + As.
Let E be an idempotent in M. We will show that EAFE contains the product EA;E-EAE
for all 7 and j.
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For each i € {1,2,3}, A, is an LR-algebra; hence (EA;E)? C EAE C EAE. More-
over, since EQoM3Q3FE is contained in EA3E, we have that EAE - EAsE C EAE as
well. These inclusions, together with the identities

EQ\E-EQE = EQE— EQE-EQ E— EQsE
+ EQE - EQsE + EQsE - EQsE

and
EQE - EQ\E = EQyE — EQoFE - EQyE — EQoF - EQ3E,

demonstrate that FA F - EAE and EA,E - EAE are contained in EAFE. Furthermore,
if T' is an arbitrary element of M3, then by writing

EQ\E - E(Qy+ Q3)TQsE = E(Q2 + Q3)TQ3E
— E(Q2+ Q3)E - E(Qy + Q3)TQ3E,

it becomes apparent that FQ, E- E(Q:+ Q3)TQ3E € EAE. Consequently, A E- EA3E
is contained in FAFE.

For the final inclusions, it will be helpful to first prove that EQ3F - EQ.FE € EAE.
Indeed, this is a consequence of the identity

EQsE - EQ:F = EQ3E — EQ3E - EQ3E — EQWE
+ EQ\E - EQ,F + EQyE - EQ\E

and the inclusions established above. One may then apply Proposition 2.1.2 to the rank-
one operator 3 to deduce that FQsM3QsE - EQsF is contained in EAFE. Thus, for
T € M3, we have that

E(Q2+ Q3)TQ3E - EQ:E = EQTQsE - EQyE + EQ3TQ3E - EQo
and

E(Q2 + Q3)TQsE - EQ\E = E(Q2+Q3)TQsE — E(Q2 + Q3)TQ3E - EQsE
— EQ;TQsE - EQ:E — EQ3TQ3E - EQoF,

belong to EAFE. We conclude that EAFE contains EAsE - EAE and EAsE - EAE, and
therefore EAFE is an algebra. [
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Proving the existence of the idempotent compression property for our next two examples
will be somewhat more challenging. In the same spirit of the proof of Example 2.2.6,
Examples 2.2.10 and 2.2.13 will each be preceded by two lemmas that highlight sufficient
conditions for a corner of the algebra to be an algebra itself. We will then prove that all
corners of these algebras must satisfy one of these two conditions.

Lemma 2.2.8. Let QQ1, ()2, and Q)3 be rank-one projections in My that sum to I. Let A
be the subalgebra of M3 defined by

a x vy
A=C(Q1+ Q2) + CQ3 + QiM3(Q2 + Q3) = 0 a 0f:a,8,7,y€C
00 8

If E is an idempotent in M3 such that EQsFE € EAE, then EAFE is an algebra.

Proof. Suppose that E € My is an idempotent such that FQ.FE € FAFE, and define
Ao = CQ1 + CQz + CQ3 + Q1M3(Q2 + Q3).

We have that

EAE =CE(Q1+ Q9)E + CEQsE + EQ1M3(Q2 + Q3)E
= CEQ,E 4+ CEQ,E + CEQ3E + EQiM;3(Qs + Q3)E
= EAE.

Since Ag” is the unital algebra from Example 2.2.3, Ay is idempotent compressible. Thus,
EAWE = EAF is an algebra. [ |

Lemma 2.2.9. Let Q1, ()2, and Q)3 be rank-one projections in My that sum to I. Let A
be the subalgebra of M3 defined by

./4:: C(Q1+Q2)+CQ3+Q1M3(Q2+Q3): 30475795796(:

o oQ
S QR
D ow

If E is an idempotent in M3 such that EQ, = @1, then EAE is an algebra.
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Proof. Let E be an idempotent such that EQ; = Q. Define 4; = C(Q1+Q2), Ay = CQs,
and Az == Q1M;3(Q2 + Q3), so that A = A; + As + Az. To show that FAF is an algebra,
we will verify that the product EA;E - EA;E is contained in EAE for all ¢ and j.

Observe that A, and Aj are LR-algebras. Thus, (EA;E)* C EAE C EAE for each

i € {2,3}. Moreover, since
E(Qi+Q)E - EQ:E = EQ3E — EQ3E - EQ3FE,
EQ3E - E(Q1+Q2)E = EQ3FE — EQ3;E - EQzE, and
E(@Qi+Q)E-E(Qi+Q2)E = E-2EQ3E+ EQsE - EQ3E,

it follows that EAE - EAE, EAyE - EAE, and (EALE)? are all contained in EAF.

For the remaining inclusions, note that for any 7" € M,

EQT(Q2+ Q3)E - E(Q1 + Q2)E = EQT(Q2 + Q3)E
— EQ\T(Q2+ Q3)E - EQ3(Q2 + Q3)E

and

EQT(Q:+ Q3)E - EQsE = EQT(Q2 + Q3)E - EQ3(Q2+ Q3)E.

Consequently, FEA3E - EAE and EA3E - EA>E are contained in EA3E C EAE. Finally,
since ()1 = Q1 by hypothesis, we have that

E(@Qi+Q)E -EQT(Q2+Q3)E = EQiT(Q2+ Q3)E and
EQ3E - EQ\T(Q2+Q3)E = 0.

This implies that EAFE contains EAE - EAsE and EAE - EA3E. [ |

Example 2.2.10. Let @)1, ()2, and Q3 be rank-one projections in Mg that sum to I. If A
15 the subalgebra of M3 defined by

A =C(Q1+ Q2) + CQ3 + Q1M3(Q2 + Q3) =

oo
o QR

Y

0| ta, 8,2,y € C >,
g

then A is idempotent compressible.
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Proof. 1t is obvious that FAFE is an algebra whenever F is an idempotent of rank 1 or 3.
In light of Lemmas 2.2.8 and 2.2.9, it suffices to show that for every rank-two idempotent
E in M3, either EQ>FE belongs to EAFE or EQ = Q4.

To this end, suppose that E is a rank-two idempotent in M3 such that FQ->F does
not belong to EAFE, and consider the projection P := (Q1 + ()2). By rank considerations,
there is an invertible matrix S = (s;;) with inverse S~! = (¢;;) such that £ = SPS™'.

Since EQ-FE is not contained in FAFE, there is no A € A that satisfies the equation
SPS™Y A —Qy)SPS™ =0.

In particular, there is no A € A such that (A — Q2)SP = 0. Since every A € A can be
expressed as a matrix of the form

y
0
B

with respect to the decomposition C* = ran(Q;) @ ran(Qs) @ ran(Q3), it follows that there
do not exist constants «, 3, z,y € C that solve the following system of linear equations:

a x
A= |0 «
0 0

[ asyy + 891 + Ysa =0
QS19 + TS22 + YS32 =0
aSg1 = S
S99 = S22
Bs3 = 0
\ Bsz2 = 0
Note that if the determinant of Sy = [zz; iz; were non-zero, then a solution to the

above system could be obtained by taking « =1, f = 0, and x and y such that

T {821} Ty {931} _ {—811] '
S99 532 —S512
It must therefore be the case that det Sy = 0.

We end the proof by showing that EQ; = Q;, or equivalently, that PS~1Q; = S7!Q;.
It is easy to see that this equation holds when t3; = 0. But if C;; denotes the (i, j)-cofactor
of S, then indeed,
Cl3 det(ST)
t31 p— p— pu— 0'
det(S)  det(S)

25



Lemma 2.2.11. Let Q1, Qo, and Q)3 be rank-one projections in My that sum to I. Let A
be the subalgebra of M3 defined by

A= Q1M;3(Q2 + Q3) + Q2M3Q3 + CI = ca,x,y,z € C

o o Q
(=INCERS
O nuw

If E is an idempotent in My such that EQE € EAFE, then EAFE is an algebra.

Proof. Suppose that F is an idempotent such that EFQ,F € EAFE, and define
Ao = CQ1 + C(Q2 + @3) + Qi1 M3(Q2 + Q3) + Q2M3Qs.

We have that
EAE = EQM3(Q2 + Q3)E + EQ:M3Q3E + CE
= EQiM3(Q2 + Q3)E + EQ:M3QsE + CEQ 1 E + CE(Q2 + Q3)E
= FAWE.

Since Ag” is the unital algebra from Example 2.2.6, Ay is idempotent compressible. Thus,
EAWE = EAF is an algebra. [ |

Lemma 2.2.12. Let Q1, Q)2, and Q)3 be rank-one projections in My that sum to I. Let A
be the subalgebra of M3 defined by

A = Q1M3(Q2 + Q3) + Q2M3Q3 + CI = ra,x,y,2€C

o o Q9
o 0 8
O nww

If E is an idempotent in M3 such that EQ, = @1, then EAE is an algebra.

Proof. Let E be an idempotent such that EQ; = Q. Define A; = Q1M3(Q2 + Q3),
Ay = QsM3Q3 and As = CI, so that A = A; + A, + As. Yet again, to show that FAFE
is an algebra, we will prove that the product EAE - EA;E is contained in EAE for all ¢
and 7.

Observe that EA,E-EA;E is clearly contained in EAE when ¢ = 3 or j = 3. Moreover,
it is easy to see that (EA;E)? and (EAyFE)? are contained in EAE, as A; and A, are
LR-algebras.
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Given T, S € M3, we have
EQ1S(Q2 + Q3)E - EQTQ3E = EQ1S(Q2 + Q3)E - EQ2TQ5(Q2 + Q3)E,

so EAE - EAyF is contained in FA;E, and hence in FAFE. Finally, we may use the
fact that £Q; = @1 to deduce that EQ2SQsE - EQ1T(Q2 + Q3)E = 0, and therefore
EAE - EAE = {0). n

Example 2.2.13. Let Q1, Q2, and Q3 be rank-one projections in Mg that sum to I. If A
is the subalgebra of M3 defined by

A= Q1M3(Q2 + Q3) + Q2M3Q3 + CI = ca,,y,z2€ C oy

o o Q
(=INCERS
O nuw

then A is idempotent compressible.

Proof. Tt is obvious that EAFE is an algebra whenever E is an idempotent of rank 1 or 3.
In light of Lemmas 2.2.11 and 2.2.12, it suffices to show that for every rank-two idempotent
E in M3, either EQq E belongs to EAFE, or EQ; = Q.

To this end, suppose that F is a rank-two idempotent in M3 such that EQ,E does not
belong to EAE. Define P = (Q; + ()2), and let S = (s;;) be an invertible matrix with
inverse S~ = (t;;) satisfying £ = SPS™.

Since FQ¢E is not contained in FAF, then there is no A € A satisfying the equation
SPS™Y(A—-Q)SPS™' =0.

In particular, there is no A € A such that (A — Q)SP = 0. Since every A € A can be
expressed as a matrix of the form

a
A= 10
0

o Q8
O nww

with respect to the decomposition C* = ran(Q;) @ ran(Q;) ®ran(Qs), it follows that there
do not exist constants «, x,y, z € C that solve the following system of equations :

(

~—

Qas11 + xS91 + YS31 = Snu
QaS12 + TS99 + YS30 = S12
aS91 + 2831 = 0
S99 + Z832 — 0
aS31 =0
S39 =0
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Observe, however, that if the determinant of Sy := {221 231] were non-zero, then a solution
22 832

could be obtained by taking = z = 0, and x and y such that

ERERE
522 532 S12

It must therefore be the case that det Sy = 0.

We are now prepared to show that FQ; = @1, or equivalently, that PS™1Q; = S71Q;.
This equality is easily verified in the case that t3; = 0. We have, however, that if Cj;
denotes the (i, 7) cofactor of S, then

T det(S) T det(S)

82.3 Structure Theory for Matrix Algebras

In §2.2, we introduced several families of unital algebras admitting the idempotent com-
pression property. By Proposition 2.1.6, any algebra obtained by applying a transposition
or similarity to one of these algebras also enjoys the idempotent compression property. It
becomes interesting to ask whether or not this list is exhaustive. That is, is every unital
idempotent compressible subalgebra of M, transpose similar to one of the idempotent com-
pressible algebras from §2.27 In order to decide whether or not additional examples exist,
it will be necessary to establish a systematic approach to listing the unital subalgebras
of Ml,,. Thus, this section will be devoted to recording a few key results concerning the
structure theory for matrix algebras over C. The primary reference for this section is [14].

Perhaps the most important result in this vein is the following theorem of Burnside [1],
a simple proof of which can be found in [15]. First, recall that a subalgebra A of M, is
irreducible if the only subspaces of C" that are invariant for all A € A are {0} and C"
itself.

Theorem 2.3.1 (Burnside’s Theorem). If A is an irreducible algebra of linear transfor-
mations on a finite-dimensional vector space V over an algebraically closed field, then A is
the algebra of all linear transformations on V.
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The notion of irreducibility for a collection linear transformations is strongly related to
that of transitivity. Recall that a set A of linear transformations from a vector space V to
a vector space W is transitive if for every non-zero x € V and arbitrary y € W, there is
an A € A such that Ax = y. In the case that A is an algebra of linear transformations
mapping V into itself, the subspace {Ax : A € A} for any = € V is invariant for 4. Thus,
when dim V > 2, an algebra A of linear transformations on V is irreducible if and only if it
is transitive. The notion of transitivity for subspaces of Ml,, will be important in Chapter 4.

As a consequence of Burnside’s Theorem, every proper subalgebra A of M, can be block
upper triangularized with respect to some orthonormal basis for C". Since the diagonal
blocks in this decomposition are themselves algebras, Burnside’s Theorem may be applied
to these blocks successively to obtain a maximal block upper triangularization of A.

Definition 2.3.2. [, Definition 9] A subalgebra A of M, is said to have a reduced block
upper triangular form with respect to a decomposition C* =V, + Vo + .-+ V,, if

(i) when expressed as a matrix, each A in A has the form

_All A12 A13 e Alm—
0 A22 A23 e A2m
A=10 0 Az --- Asy
i 0 0 o .- Amm_

with respect to this decomposition, and

(ii) for each i, the algebra A;; = {4; : A € A} is irreducible. That is, either A;; = {0}
and dim Vz = 1, or .A“ = Mdim V-

If A is a reduced block upper triangular algebra and A € A, define the block-diagonal
of A to be the matrix BD(A) obtained by replacing the block-‘off-diagonal’ entries of A
with zeros. In addition, define the block-diagonal of A to be the algebra

BD(A) = {BD(A) : A A}.

By definition, the non-zero diagonal blocks of a reduced block upper triangular matrix
algebra A are full matrix algebras. There may, however, exist dependencies among different
diagonal blocks. That is, while it may be the case that any matrix of suitable size can be
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realized as a diagonal block for some element of A, there is no guarantee that matrices
for different blocks can be chosen at will simultaneously. The following result states that
any dependencies that occur among the diagonal blocks of A can be described in terms of
dimension and similarity.

Theorem 2.3.3. [, Corollary 14] If a subalgebra A of M, has a reduced block upper
triangular form with respect to a decomposition C* = V| + Vo + --- + V,,, then the set
{1,2,...,m} can be partitioned into disjoint sets I'y, Ty, ..., 'y such that

(i) If i € Ty and Ay # {0}, then there exists G<'> € A such that G5}~ = Iy, for all
jeTly, and Gj<ji> =0 forallj ¢Ts.

(it) If i and j belong to the same 'y, then dimV; = dimV;, and there is an invertible
linear map S;; : Vi — V; such that

Aii = Sz‘;lAjjSij fO’f’ all A S A

(111) If i and j do not belong to the same Ty, then

Definition 2.3.4. Let A be an algebra of the form described in Theorem 2.3.3. Indices
1 and 7 are said to be linked if they belong to the same I'y, and are said to be unlinked
otherwise.

It should be noted that if A is an algebra in reduced block upper triangular form and S is
an invertible matrix that is block upper triangular with respect to the same decomposition
as that of A, then S™'AS has a reduced block upper triangular form with respect to this
decomposition, and indices i and j are linked in S~1AS if and only if they are linked in A.

The following Jordan-Holder-type result describes the extent to which the reduced block
upper triangular form of a subalgebra A of M, is unique.

Theorem 2.3.5. [I'1, Theorem 23] Suppose that a subalgebra A of M, has a reduced block
upper triangular form with respect to a decomposition C* = V; + Vo + - -+ + V., as well as
with respect to a decomposition C* = Wy +Wsy + -+ +W,,. Then k = m and there is a
permutation m on {1,2,...,k} such that

(1) i is linked to j in the V-decomposition if and only if m(i) is linked to ©(j) in the
W-decomposition, and

30



(ii) for each i there is an invertible linear map S; : V; — W) such that

A

v, = S{lA’Wﬂ(i)Si for all A e A

The theorems presented above provide insight into the structure of the block-diagonal
of a reduced block upper triangular matrix algebra A. It will now be important to develop
an understanding of the blocks that are located above the block-diagonal. First, recall the
following definitions.

Definition 2.3.6. The nil radical of a ring R is the unique largest ideal of R consisting
entirely of nilpotent elements. It is denoted by Rad(R).

It is well-known that every ring R admits a unique largest ideal of nilpotent elements
[13, Lemma 10.25], and hence Rad(R) is well defined. Moreover, if R = A is a finite-
dimensional algebra over a field I, then Rad(A) coincides with the Jacobson radical of A
[13, Theorem 4.20]. In particular, this result holds for subalgebras A of M.

Definition 2.3.7. A subalgebra A of M, is said to be semi-simple if Rad(A) = {0}.

As described in [14, Corollary 28], if A is a subalgebra of M,,, then there is a semi-simple
subalgebra S of A such that A decomposes as an algebraic direct sum A = S+ Rad(A). If
A is in reduced block upper triangular form, then S is block upper triangular and Rad(.A)
consists of all strictly block upper triangular elements of A [I1, Proposition 19]. Thus,
the blocks above the block-diagonal are, in general, comprised of blocks from S and blocks
from Rad(A). In the simplest scenario S is equal to BD(A).

Definition 2.3.8. Let A be a subalgebra of M, that has a reduced block upper triangular
form with respect to some decomposition of C". The algebra A is said to be unhinged with
respect to this decomposition if

A = BD(A) + Rad(A).

The following result indicates that if A is an algebra in reduced block upper triangular
form with respect to some decomposition of C", then A can be unhinged with respect to
this decomposition via conjugation by a block upper triangular similarity.

Theorem 2.3.9. [14, Corollary 30] If a subalgebra A of M, has a reduced block upper
triangular form with respect to a decomposition of C", then after an application of a block
upper triangular similarity, A has an unhinged reduced block upper triangular form with
respect to this decomposition.
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It is useful to note that if A is in reduced block upper triangular form and BD(A) = CI,
then Theorem 2.3.9 implies that A = CI + Rad(A). Thus, A is unhinged with respect to
any decomposition in which it admits a reduced block upper triangular form.

It will be shown in Chapter 4 that the blocks of a unital algebra A in reduced block
upper triangular form must exhibit a very particular structure in order for A to be pro-
jection compressible. Once this result is obtained, it will be important to understand the
structure of Rad(A) when A is an algebra of the correct form. We therefore conclude this
section with a technical lemma concerning the independence of the blocks in the radical of
such an algebra.

Lemma 2.3.10. Let n be a positive integer, and let A be a unital subalgebra of M, in
reduced block upper triangular form with respect to a decomposition @;", Vi of C". Suppose
that there is an index k, 1 < k < m, that is unlinked from all indices i # k. Let QQ1,Q2,

and Qs denote the orthogonal projections onto @,_, Vi, Vi, and @,., Vi, respectively, and
assume that Q1 Rad(A)Q1 = Q3Rad(A)Qs = {0}.

(i) For every R € Rad(A), there are elements R' = Q1R and R" = R"Q3 in Rad(A)
such that R,QQ = QlRQQ and QQR” = QQRQg.

(ii) If there exist projections Q) < Q1 and Q% < Q3 such that Q1 Rad(A)Q2 = Q' M,,Qq,
Q2Rad(A)Q3 = QM Q%, and Q1 Rad(A)Qs = Q) Rad(A)Q% then

Rad(A) = Q'M,, Q2 + Q1M, Q5 + Q2M,, Q5.
(111) If A is unhinged with respect to this decomposition, then

Rad(A) = QlRad(A)QQ ‘|— QlRCLd<A>Q3 —|— QQRad(A)Qg

Proof. For (i), let R belong to Rad(A). Since Vj is unlinked from all other spaces V;,
there is an element A € A such that Q1AQ; = Q3AQ3 = 0 and Q2 AQs = ()3. Thus,
with respect to the decomposition C* = ran(@)) @ ran(@2) ® ran(Qs), A and R may be
expressed as

0 Alg A13 0 R12 R13
A=10 I A23 and R= |0 0 Rgg
0 O 0 0 O 0

for some A;; and R;;. It is then easy to see that R’ :== RA and R" := AR define elements
of Rad(.A) that satisfy the requirements of (i).
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For (ii), let M; and M, denote arbitrary elements of Q) M, Q2 and Q2M,Q%, respectively.
By (i), there are elements S; and Sy in Q1 M, @3 such that M; + S; and My 4+ Sy belong

to Rad(A). Moreover, since Q1 Rad(A)Qs = Q1 Rad(A)Q%, we have that Sy and S, are
contained in Q1 M,,Q5.

Observe that R = (M; + S1)(Msy + S3) belongs to Rad(A). With respect to the
decomposition of C" described above, this element can be expressed as

0 M Si| [0 0 5 0 0 MM,
R=10 0 O 0 0 Myl =100 0
0 0 O 00 0 0 0 0

But since M; and M, were arbitrary, this implies that Q| M, Q% C Rad(.A). In particular,
Rad(A) contains S; and S. It then follows that M; and M, belong to Rad(A) as well.
We conclude that Rad(.A) contains Q| M, Qs and Q2M,,Q%, as M; and M, were arbitrary.

Finally, let us prove (iii). Assume that A is unhinged with respect to @@, Vi, and let
R be an element of Rad(A). Since V is unlinked from V; for all ¢ # k, the projection @y
belongs to A. It follows that the operators RQs = Q1 RQ2 and Q2R = Q2 RQ3 belong to
Rad(A), and therefore so too does R — Q2R — RQ)s = Q1 RQ3. We conclude that

Rad(A) = Q1Rad(A)Q2 + Q1Rad(A)Q3 + QaRad(A)Qs,

as claimed. [ |
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Chapter 3
Compressibility in M

We now turn our attention to assessing the completeness of the list of idempotent compress-
ible algebras established in §2.2. That is, we wish to determine whether or not there exist
additional examples of unital idempotent compressible algebras up to transpose similarity.

Our findings in §2.2.2 suggest that there may exist pathological examples of such alge-
bras in Mi3. For this reason, we devote this chapter to classifying the unital subalgebras in
Mj that admit the idempotent compression property, and reserve the classification of such
subalgebras of M, n > 4, for Chapter 4.

Using the structure theory established in §2.3, we will show in §3.1 that up to transpo-
sition and similarity, the only unital idempotent compressible subalgebras of M3 are those
constructed in §2.2. As a consequence of this analysis, we will observe that a unital sub-
algebra A of M3 that lacks the idempotent compression property is necessarily transpose
similar to one of the following algebras:

a z 0

B = 0 a 0| :a,8,ze€C},
0 0 f]
PR

C = 0 a z|:a,2,yc€C,, or
10 0 «of
[a 0 0

D = 0 8 0f:a,8,7y€C
0 0 ~

w
=~



This observation has interesting implications for projection compressibility Mjs. In
particular, it leads to an avenue for proving that in the case of unital subalgebras of Mj,
the notions of projection compressibility and idempotent compressibility coincide. For if
there were a unital projection compressible subalgebra A of M3 that did not exhibit the
idempotent compression property, then A must be similar to B, C, or D. Thus, one could
establish the equivalence of these notions by proving that no algebra similar to B, C, or D
is projection compressible. This approach will be used in §3.2.

83.1 Classification of Idempotent Compressibility

Here we begin the classification of unital idempotent compressible subalgebras of M3 up
to transposition and similarity. By the results outlined in §2.3, we may assume that our
algebras are expressed in reduced block upper triangular form with respect to an orthogonal
decomposition of C* = @;" | V;, and are unhinged with respect to this decomposition. That
is, we will assume that

A = BD(A) + Rad(A),

where Rad(.A) consists of all strictly block upper triangular elements of .A. With this in
mind, the algebras in this list will be organized according to the configuration of their
block-diagonal and the dimension of their radical.

If A = Mg, then A is clearly idempotent compressible. Furthermore, if some V; has

dimension 2, then Theorem 2.1.12 implies that A is transpose equivalent to C & My or

@11 a2 13
0 ag axsl: aij € C
0 az ass

In either case, A is the unitization of an LR-algebra, and hence is idempotent compressible.

Thus, we may assume from here on that all spaces V; have dimension 1. For each i, let
e; be a unit vector in V;, and let (); denote the orthogonal projection onto V;.

Case I: dim BD(A) = 3. If dim BD(A) = 3, then the spaces Vi, V,, and V3 are mutually
unlinked. An application of Lemma 2.3.10 (iii) then shows that

Rad(A) = Q1Rad(A)Qs + Q1Rad(A)Q3 + Q2 Rad(A)Qs.
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(i)

(i)

(iii)

If Rad(A) = {0}, then A = D, one of the three algebras presented at the outset
of Chapter 3. It will be shown in Theorem 3.2.6 that no algebra similar to D is
projection compressible. In particular, A is not idempotent compressible.

If dim Rad(A) = 1, then there is exactly one pair of indices (i, j) such that ¢ < j and
QiRad(A)Q); is non-zero. In this case, A is unitarily equivalent to

CQ1+ CQy + (Q2 + Q3)M3Qs,

the algebra described in Example 2.2.7. Consequently, A is idempotent compressible.

If dim Rad(A) = 2, then Q;Rad(A)Q; = {0} for exactly one pair of indices (4, j)
with ¢ < j. By considering products of elements in Rad(.A), one can show that
Q1 Rad(A)Q3 is non-zero whenever both Q1 Rad(A)Q, and Q2Rad(A)Q3 are non-
zero. This means that either Q1 Rad(A)Q, = {0} or Q2Rad(A)Qs = {0}; hence A is
transpose equivalent to

CQ + CQy +CQ3 + (Q1 + Q2)M3Qs.

This algebra was shown to admit the idempotent compression property in Exam-
ple 2.2.3. Therefore, A is idempotent compressible.

If dim Rad(A) = 3, then A is equal to
CQ1 +CQs + (Q1 + Q2)M3(Q2 + Q3),

the unital algebra from Example 2.2.1. Consequently, A is idempotent compressible.

Case II: dim BD(A) = 2. If dim BD(A) = 2, then exactly two of the spaces V; and V;
are linked. By replacing A with AT if necessary, we may assume that V; is one of the
linked spaces.

(i)

If Rad(A) = {0}, then A is unitarily equivalent to C(Q; + Q2) +CQs3, the unitization
of the LR-algebra CQ3. Consequently, A is idempotent compressible.
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(i) If dim Rad(A) = 1, then Rad(A) = CR for some strictly upper triangular element

0 72 73
R=10 0 T23
0O 0 O

Since R? € Rad(A), we have that R?> = aR for some a € C. From this it follows
that at least one of r15 or r93 is equal to zero.

First consider the case in which Vs, is not linked to V;. By Lemma 2.3.10 (iii),
Rad(A) = QlR&d(A)QQ —|— QlRad(A)Qg + QQRCLd(A)Qg
If T2 = T13 = 0 or 13 = T'23 = 0, then A or AaT is equal to

A = Q:M3(Q2 + Q3) + CI.

In this case, A is idempotent compressible as it is the unitization of an LR-algebra.
If instead 119 = 793 = 0, then A is unitarily equivalent to B, one of the three algebras
described at the beginning of Chapter 3. It will be shown in Theorem 3.2.2 that no
algebra similar to B is projection compressible. In particular, A is not idempotent
compressible.

Now consider the case in which V) is linked to V5. Since Vs is therefore unlinked from
V) and Vs, and one may argue as in the proof of Lemma 2.3.10 (iii) to show that

Rad(A) = Q1 Rad(A)Qs + (Q1 + Q2) Rad(A)Qs.
If r15 = 0, then A is unitarily equivalent to

(Q2 + Q3)M3Q3 + CI.

In this case, A is idempotent compressible as it is the unitization of an £LR-algebra.
If instead r15 # 0, then 13 = r93 = 0 and hence A is equal to B.

(iii) Suppose now that dim Rad(A) = 2. If V, is the unlinked space, then

Rad(A) = Q1 Rad(A)Qs + Q1 Rad(A)Qs + Qs Rad(A)Qs.

37



It then follows that either Q1 Rad(A)Q2 = {0} or Q2Rad(A)Qs = {0}, so A is
transpose equivalent to

C(Q1 + Q2) + CQs 4+ Q1M3(Q2 + Q3).

This algebra was shown to admit the idempotent compression property in Exam-
ple 2.2.10, and hence A is idempotent compressible.

Now consider the case in which Vs is linked to V. Since Vs is therefore unlinked from
V, and Vs, we have that

Rad(A) = Q1Rad(A)Qs + (Q1 + Q2)Rad(A)Qs.

If Q1Rad(A)Q2 = {0}, then
A =M;3Q3 + CI.

Consequently, A is idempotent compressible as it is the unitization of an LR-algebra.
If instead Q1 Rad(A)Qy = Q1M;3Qs, then (Q1+Q2) Rad(A)Qs is 1-dimensional. Thus,
there is a non-zero matrix R € (Q; + Q2)M;3@Q3 such that

Rad(A) = Q1M3Q, + CR.

It is then easy to see that (Res, es) = 0. For if not, Rad(.A) would contain an element
of the form e; ® e} + te; ® e for some ¢t € C; hence

e1 ®e; = (e1 ®es) (3 ®es +teg ®ej) € Rad(A)

This would then imply that Rad(.A) is 3-dimensional—a contradiction.
Thus, (Res,es) = 0, so A is equal to

C(Q1 + Q2) + CQ3 + Q1M3(Q2 + Q3),

the idempotent compressible algebra from Example 2.2.10. In all cases, A is idem-
potent compressible.

(iv) Suppose that dim Rad(A) = 3. If V, is the unlinked space, then A is equal to

(Q1 + Q2)M3(Q2 + Q3) + CI.
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In this case A is the unitization of an LR-algebra, and hence is idempotent com-
pressible. If instead Vs is linked to Vi, then A is equal to

C(Q1 + Q2) + CQ3 + Q1M3Q2 + (Q1 + Q2)M3Qs,

the unital algebra described in Example 2.2.6. Consequently, A is idempotent com-
pressible.

Case III: dim BD(A) = 1. Suppose now that dim BD(A) = 1, so that all spaces V; are
mutually linked. That is, BD(A) = CI.

(i)
(i)

(iii)

If Rad(A) = {0}, then A = CI. Clearly A is idempotent compressible.

If dim Rad(A) = 1, then Rad(A) = CR for some strictly upper triangular matrix

0 72 73
R=10 0 T23
0 O 0

As in part (ii) of the previous case, one can show that ri5 = 0 or 3 = 0, so R
necessarily has rank 1. By replacing A with A%T if necessary, we may assume that
r12 = 0. But then A is unitarily equivalent to

@2M;3Q5 + CI,
the unitization of an LR-algebra. Thus, A is idempotent compressible.

Suppose that dim Rad(A) = 2. If Q;Rad(A)Q = {0} or Q2Rad(A)Q3 = {0}, then
A or AT is equal to

Q1 M;3(Q2 + Q3) + CI.
Thus, A is idempotent compressible as it is the unitization of an LR-algebra.

Now consider the case in which Rad(.A) contains an element

0 rg 73
R=10 0 T23
0O 0 O
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(iv)

with ri5 # 0 and 793 # 0. When this occurs, Rad(A) contains mlm R* = ¢ ® e3;
hence
Rad(A) = span{e; @ e; + res ® €3, ¢ @ €3}

where r = 193 /r15. Consequently,

a Ty
A= 0 a rz|:a,z,yeCy,
0 0 «

which is easily seen to be similar to the algebra C described at the outset of Chap-
ter 3. It will be shown in Theorem 3.2.4 that no algebra similar to C is projection
compressible. In particular, A is not idempotent compressible.

If dim Rad(A) = 3, then A is equal to
Q1M;5(Q2 + Q3) + Q2MsQs + Cl,

the idempotent compressible algebra described in Example 2.2.13.

This concludes our classification of the unital idempotent compressible subalgebras of
Mjs. Our findings are summarized in the following theorem.

Theorem 3.1.1. Let A be a unital subalgebra of M.

(i) A is idempotent compressible if and only if A is the unitization of an LR-algebra or

transpose similar to one of the following algebras:

a Ty
0 B z|:a,8,7,2,y,2€C p, (Example 2.2.1)
0 0 ~]
(o 0 7]
0 8 y|:a,8,z,yeCy, (Example 2.2.3)
0 0 ~]
oy
0 a z|:a,8,7v,2,y,2€C», (Example 2.2.6)
0 0 f]
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a 0 0
0 8 x| :a,B8,v,x€C}, (Example 2.2.7)
0 0 v
o oyl
0 a Of:a,8,2,y€C,, (Example 2.2.10)
0 0 f]
0 oy
0 a z|:a,8,7v€C5%; (Example 2.2.13)
10 0 «of

(i1) A does not admit the idempotent compression property if and only if A is transpose
similar to one of the algebras B, C, or D, presented at the outset of Chapter 3.

Although the algebras presented in Theorem 3.1.1(i) may appear to share little in com-
mon beyond the idempotent compression property, there do exist other interesting charac-
terizations of this collection. For instance, aside from the unitizations of LR-algebras, the
unital idempotent compressible algebras are exactly those that are not 3-dimensional.

Corollary 3.1.2. A unital subalgebra of A of M3 is idempotent compressible if and only
if A is the unitization of an LR-algebra, or A is not 3-dimensional.

In addition, one may observe that the unital algebras lacking the idempotent com-
pression property are exactly those that are generated by a matrix in which every Jordan
block corresponds to a distinct eigenvalue. Such matrices are said to be nonderogatory [12,

Definition 1.4.4].

Corollary 3.1.3. A unital subalgebra of M is idempotent compressible if and only if it is
not singly generated by an invertible nonderogatory matric.

As we will see in the following section, the algebras described in Theorem 3.1.1(i)
also represent the complete list of unital projection compressible subalgebras of M3 up to
transpose similarity.

83.2 Equivalence of Idempotent and Projection Com-
pressibility

Our final goal of this chapter is to show that no unital subalgebra of M3 can possess
the projection compression property without also possessing the idempotent compression
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property. If such an algebra did exist, it would necessarily be transpose similar to B, C,
or D by the analysis in §3.1. Thus, to show that the notions of projection compressibility
and idempotent compressibility agree for unital subalgebras of M, it suffices to prove that
no algebra similar to B, C, or D is projection compressible. This goal will be accomplished
by first characterizing the algebras similar to B, C, or D up to unitary equivalence.

Lemma 3.2.1. Let A be a subalgebra of M. If A is similar to

a x 0
B = 0 a 0| :a,8,ze€C;,,
0 0 B
then there are constants s,t € C such that A is unitarily equivalent to
a s(a—p) x
By = 0 I6] tla=p)| :a,B,2€C
0 0 «

Proof. 1f the matrices in B are expressed with respect to the standard basis {ej, es, €3}
for C*, then B is spanned by {E1; + Eg, E1y, Ess}, where Ej; == ¢; ® €. Thus, if S is an
invertible matrix in Ml such that A = S™!'BS, then A is spanned by {F}; + Eb,, Fl5, B3},
where Ej; .= S™'E;;S.

Since EJ, is a rank-one nilpotent, there is a unitary U € M3 and a non-zero yo € C
such that

0 0 w
U'EL,U=10 0 0
00 O

Let z;; € C be such that U*(E}; + E),)U = (x;;). Using the fact that
(B + Ey)Eyy = BBy + Ey) = B,

one can show that z9; = 231 = 230 = 0 and x1; = x33 = 1. Moreover, since U*(E}; + F)y)U
is an idempotent of trace 2, it follows that x99 = 0 and x13 = —x12293. Thus,

1 x12 —T12793

U*(Eil +E52)U =10 0 T923
0 0 1
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Finally, we have that

—T12 T12%23

0
UEBLU=1-U"E,+E,)U=10 1 —y
0

0 0
As a result,
1z —w12w03 0 —Z12 X12%23 0 0 wo
U*AU = Span 0 0 T923 s 0 1 —XT23 s 00 0 = Bst;
0 O 1 0 0 0 00 0
where s := x5 and t := xo3. |

Theorem 3.2.2. For any s,t € C, the algebra Bs as in Lemma 3.2.1 is not projection
compressible. Consequently, no algebra similar to B is projection compressible.

Proof. Consider the elements A and B of B, given by

1 0
A= |0 t|{ and B =
0 1

OO W
o O O
o O O

1
0
0

We will construct a matrix P that is a multiple of a projection in M3, and such that
(PAP)(PBP) does not belong to PByP. To accomplish this goal, let k be any element of
R\ {0, s,t}, and define
+1 -k -1
P=1 -k 2 —k
-1 -k K+1

Note that k%HP is a projection in M.

If (PAP)(PBP) were an element of PB, P, there would exist a matrix

O 8(040 - ﬁo) Zo
0 Bo tloo — Bo) | € Ba
0 0 Q

O —

such that PAPBP — PCP = (g;) is equal to 0. By examining the value of gs;, one can
show that
g — k(Oéo — ﬂo + 1)(2]€ — S — t) + 2(0&0 + 1) + k250.
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From here, direct computations reveal that
(k= s)gn — (k —t)gss = k(E* + 2)(k — 5)(k — 1).
Since g11 = gs3 = 0, but the right-hand side of the above equation is non-zero by construc-

tion, we have reached a contradiction. Thus, there does not exist a C' as above, so PB P
is not an algebra. The final claim is now a consequence of Lemma 3.2.1. [

Lemma 3.2.3. Let A be a subalgebra of M. If A is similar to

C =

oo
oS QR

Y
x| ra,x,ye Cp,
Q@

then there is a non-zero constant r € C such that A is unitarily equivalent to

a Ty
C, = 0 a rx|:a,xz,yeC
0 0 «

Proof. Observe that C is spanned by {I, N1, N}, where

0 01
Ni=10 0 0| and N, =
0 00

o O O

1
0
0

o = O

Thus, if S € Mj is an invertible matrix such that A = S~!CS, then A is spanned by
{I,N{, N}, where N/ = S7*N;S for i € {1,2}.

It is evident that N] and N/ are nilpotent operators of rank 1 and 2, respectively, and
N{NJ = NJN{ = 0. In particular, since Ni and N} commute, there is a unitary U € Mjs
such that U*N{U and U*N,yU are upper triangular. If a;; and b;; are such that

0 app ai 0 b2 b3
U*N{U: 0 0 923 and U*NéU: 0 0 b23 s
0 0 0 0 0 O

then rank considerations imply that neither b5 nor bo3 is equal to 0. But

0 0 aigbas 0 0 agbis
(U*N{U)(U*NsU) = |10 0 0 and (U*NjU)(U*N{U)= [0 O 0 ,
0 0 0 00 0
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so it must be that a;2 = ags = 0. By setting r = by3 /b2, it follows that

U*AU = span I,

o O O

017 o 1
0o0/,[00 r =C,.
00| [0 o0

]

Theorem 3.2.4. For every non-zero r € C, the algebra C, as in Lemma 3.2.3 is not
projection compressible. Consequently, no algebra similar to C is projection compressible.

Proof. Consider the elements A, B € C, given by

010 0 01
A=10 0 r| and B=1|0 0 0
0 00 000
Furthermore, define the matrix
2 -1 -1
pP=1-1 2 -1},
-1 -1 2

SO %P is a projection in M.

We claim that (PAP)(PBP) does not belong to PC,P. For if it did, there would exist
an element

Qo To Yo
C=10 a rzo
0 0 Qp

in C, such that PAPBP — PCP = (g;;) is equal to 0. Direct computations show that
0=gs1 = 3ap — (zo + 1)(r + 1) — yo,

hence yp = 3ap— (zo+1)(r+1). From here, further calculations reveal that go; —rgse = 3.
Since go1 = g32 = 0 but r # 0, we have reached a contradiction. Thus, there does not exist

an element C' € C, as described above. This shows that (PAP)(PBP) ¢ PC,P, so C, is
not projection compressible. The final claim is now immediate from Lemma 3.2.3. [ |
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Lemma 3.2.5. Let A be a subalgebra of Ms. If A is similar to

a 0 0
D = 0 8 0| :a,8,veC,,
0 0 ~v

then there are constants r,s,t € C such that A is unitarily equivalent to

a r(a—p8) s(a—y)—rt(y—p)
D,s = 0 I5; t(y —5) ca,B,7y€C
0 0 Y

Proof. If D is written with respect to the standard basis {ei, e, e3} for C3, then D is
spanned by { E11, Eag, Es3} where Ej; = €; ® e;. Let S be an invertible element of M such
that A = S~'DS. Clearly A is spanned by {E},, Ej,, Ey3} where Ej; = S7'Ej;S.

Observe that the matrices E}; commute, so there is a unitary U € Mj such that U*E%.U
is upper triangular for each j € {1, 2, 3}. Furthermore, since each U *Ej’jU is an idempotent

of rank 1, and
(U*EgiU)(U*E;jU) = 6ijU*E§jU

for all 7 and j, one may re-index the matrices E; if necessary to write

1 z12 13 0 yi2 Yi2y23 0 0 z3
U*EilU = |0 0 0 y U*EQQU = |0 1 Y23 s and U*EégU =10 O 2923
0 0 0 0O 0 0 0 0 1

for some z;;, ;;, and z;; in C. The fact that these matrices add to I implies that

Yi2 = —T12, Y3 = —2o3, and 213 = —Ti3 — T12223 -
As a result,
1z 713 0 —mz12 Ti2293 0 0 —xi3 — w2293
U*AU = span 0 0 0 s 0 1 — 293 s 0 0 293 = Drst;
0 0 0 0 0 0 00 1
where r := 119, s = x13, and t = 2z93. |

Theorem 3.2.6. For any r,s,t € C, the algebra D,g as in Lemma 3.2.5 is not projection
compressible. Consequently, no algebra similar to D is projection compressible.
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Proof. Consider the elements A and B of D, given by

1 r s 0 —r rt
A=1(0 0 0| and B=|0 1 -t
0 0 0 0 0 0

We wish to construct a matrix P that is a multiple of a projection in Mj, and such
that (PAP)(PBP) does not belong to PD, 4 P. To accomplish this goal, choose elements
k,m € R\ {0} subject to the following constraints:

tk £ 1,
rm # 1,

sk + m # —r, and
k- — (rt4+s)m # —t.

Of course, such k and m always exist. Using these values, define

k2 +1 —-m —mk
P=| -m Kk+m* -k
—mk —k m?+1

It is straightforward to check that i +1 P is a projection in M.

P m2 1
Suppose to the contrary that (PAP)(PBP) were an element of PD,P. In this case,
there is a matrix

ag (g — Bo) s(ao —) —rt(v0 — Bo)
C=10 Bo t(vo — Bo) € Dy
0 0 Yo

such that PAPBP — PCP = (g,;;) is equal to 0. We will obtain a contradiction by
examining specific entries g;;.

Firstly, one may check that
0=g3 —kga = k’m(k‘Z +m? + D)(tk — 1)(Bo — 70)-

By construction, the product on the right-hand side is zero if and only if 5y = vy. But if
this is the case, then
0 = kgas — gss = Bo(k* +m® + 1),
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and therefore 5y = 79 = 0. Direct computations then show that

(r(k* +m?) — sk —m)ga1 — (K* — skm — rm + 1) gas
=km(k* +m* + 1) (rm — 1)(sk +m +7r)(k — (rt +s)m + ).

Since go1 = goo = 0 while the right-hand side of this equation is non-zero by construction,
we obtain the required contradiction.

Thus, (PAP)(PBP) does not belong to PD,.s P, so D, is not projection compressible.
The final claim now follows from Lemma 3.2.5. |

Combining Theorems 3.2.2, 3.2.4, and 3.2.6 with Theorem 3.1.1 and its subsequent
corollaries, we obtain the following classification of unital subalgebras of M3 that admit
one, and hence both of the compression properties.

Theorem 3.2.7. If A is a unital subalgebra of M, then the following are equivalent:

(i) A is projection compressible;

(i1) A is idempotent compressible;
(111) A is the unitization of an LR-algebra, or A is not 3-dimensional;
(iv) A is not singly generated by an invertible nonderogatory matriz;

(v) A is the unitization of an LR-algebra, or A is transpose similar to one of the algebras
from Theorem 3.1.1(i).
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Chapter 4
Compressibility in M,,, n > 4

In Chapter 3 we obtained a complete description of the unital projection compressible
subalgebras of M3 up to transpose similarity. In doing so, we established the surprising re-
sult that the notions of projection compressibility and idempotent compressibility coincide
for unital algebras in this setting. We now consider the problem of classifying the unital
projection compressible subalgebras M,, when n > 4.

In §4.1 we present a certain necessary condition for a unital subalgebra of Ml,,, n > 4, to
admit the projection compression property. This condition imposes substantial restrictions
on the reduced block upper triangular form such an algebra can take. In particular, it
provides a systematic approach for classifying the unital projection compressible algebras
in this setting based on the block upper triangular forms that can arise. Using this strategy,
our analysis may be divided into three stages which are addressed in §4.2, §4.3, and §4.4,
respectively.

84.1 A Strategy for Classification

Before initiating our classification, it will be helpful to record a list of the projection com-
pressible subalgebras of M,,, n > 4, that we have studied up to now. First, we have the
class of LR-algebras which were shown to exhibit the idempotent compression property in
Corollary 2.1.14. Additionally, the following examples describe the three distinct families
of projection compressible algebras that were encountered in §2.1. It was shown in Exam-
ples 2.2.1, 2.2.3, and 2.2.6, respectively, that each of these algebras is in fact, idempotent
compressible.
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Example 4.1.1. Let n > 4 be an integer, and let 1, ()2, and Q3 be projections in M,
that sum to I. In what follows, all matrices are expressed with respect to the decomposition

C" =ran(@) ® ran(Q2) ® ran(Qs).
(i) The algebra
A=CQ1+CQs + (@1 + Q2)M,(Q2 + @3)

al Mo Mz
= 0 My M| o, €C, My € QM,Q;
0 0 Bl

15 tdempotent compressible.
(i1) If rank(Q) = rank(Qq) = 1, then the algebra
A=CQ1 +CQ2 + CQ3 + (Q1 + Q2)M, Q3

a 0 MIS
= 0 ﬁ M23 : a7577 € (C7 M’LJ € QZM’VLQJ
0 0 ~I

1s tdempotent compressible.
(111) If rank(Qq) = rank(Qs) = 1, then the algebra
A=C(Q1 + Q2) + Q1M Qs + (Q1 + Q2)M,, Q3 + CQs3

a T M13
= 0 a My| a,B,7,z€C My e QM,Q,
0 0 pI

15 idempotent compressible.

Having reintroduced our library of examples from Chapter 2, we now present a simple
structural requirement for a unital subalgebra of M,,, n > 4, to admit the projection
compression property. This result, together with the structure theory for matrix algebras
outlined in §2.3, will provide a strategy for classifying the unital projection compressible
algebras that exist in this setting.

Theorem 4.1.2. Let n > 4 be an integer, and let A be a unital projection compressible
subalgebra of ML,,. Suppose there exist mutually orthogonal projections Py and Py in M, such
that P,AP, = {0} and rank(P;) > 2 fori=1,2. Then PLAP, = CP, or P,AP, = CPx.
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Proof. First assume that rank(P;) = rank(P,) = 2. By replacing A with the compression
(P, + P,)A(P, + P,) if necessary, we may also assume that P, + P, = I.

Arguing by contradiction, suppose that Pl AP, # CP; and P, AP, # CP,. It follows
that A admits an operator A such that P, AP, ¢ CP,; for each ¢ € {1,2}. Indeed, choose
operators A;, Ay € A such that PLA; P, ¢ CP, and P,AyPy ¢ CPy. If P,AJP, ¢ CP, or
PiAy P ¢ CPy, then A; or Ay will satisfy the above requirements. Otherwise, A == A;+ A,
will suffice.

Thus, assume that A € A has been chosen such that PlAP1 ¢ CP, and P,AP, ¢ CP,.
For each i € {1,2}, choose an orthonormal basis {eg ) el ey } for ran(P;) such that P,AP; is

not diagonal with respect to B = {eg ), egl), eg ), eg )}. By permuting the basis vectors if

necessary, we may assume that <A€2 ,el ) # 0 for each i € {1,2}.

Consider the matrix

_ o O =
S O N O
o NN OO
_— o O =

written with respect to B. It is straightforward to check that %Q is a projection in My and
every B € QAQ satisfies <Beé1), e§2)> = 0. With A as above, however,

(QAQ)%e”, ef?) = 8(Aey) ef!) (Ael? ef?) £ 0.

Thus, (QAQ)? does not belong to QAQ, so QAQ is not an algebra. This contradicts the

assumption that A is projection compressible.

Now consider the general case in which each P; has rank at least 2. One may deduce
from the above analysis that for some i € {1, 2}, every rank-two subprojection P < P; is
such that PAP = CP. It then follows that P, AP, = CP;, as required. [ |

As we shall see in the coming analysis, this simple observation has significant implica-
tions for the classification of projection compressible algebras. Additionally, it highlights
a major difference between the classification in this setting and that of Mjs. Since Mj
cannot contain projections P, and P, as described in Theorem 4.1.2, this result may help
to explain why there exist certain projection compressible subalgebras of M3 that do not
admit analogues in higher dimensions (see Examples 2.2.7, 2.2.10, and 2.2.13).
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The following corollaries to Theorem 4.1.2 provide a more explicit description of the
reduced block upper triangular forms that can exist for a unital projection compressible
algebra.

Corollary 4.1.3. Letn > 4 be an integer, and let A be a unital subalgebra of ML,,. Suppose
that there is an orthogonal decomposition @;" | V; of C™ with respect to which

(i) A is reduced block upper triangular, and

(i1) there is an index k € {1,2,...,m} such that if Q1, Q2, and Q3 denote the orthogonal
projections onto @,_,. Vi, Vi, and @, Vi, respectively, then

(Q1 + Q2)A(Q1+ Q2) #C(Q1 + Q2) and (Q2+ Q3)A(Q2 + Q3) # C(Q2 + Q3).

If A is projection compressible, then k is unique. When this is the case, Q1 AQ; = CQ,
and Q3 AQ3 = CQs.

Proof. Assume that A is projection compressible. Suppose to the contrary that there were
a second index k" together with corresponding projections @}, Q%, and Q% such that

Q1+ @Q)AQ+ Q) # C(Q1+Q5) and
(@3 + Q3)A(Qy + Q) # C(Qy+ Q%)
Assume without loss of generality that & < k. One may verify that P, = Q1 + Q-

and P, = @, + @} are projections satisfying the hypotheses of Theorem 4.1.2. Since
PLAP, # CP, and P, AP, # CP,, this is a contradiction.

The final claim follows immediately from the uniqueness of k. Indeed, if Q1.AQ, # CQ,
then £ — 1 would be another such index. If instead Q3. 4Q3 # CQ3, then one could derive
a similar contradiction by considering the index k + 1. |

The following special case of Corollary 4.1.3 describes the situation for algebras whose
block-diagonal contains a block of size at least 2.

Corollary 4.1.4. Let n > 4 be an integer, and let A be a unital subalgebra of ML,,. Suppose
that there is a decomposition @, Vi of C"* with respect to which

(1) A is reduced block upper triangular, and
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(ii) there is an index k € {1,2,...,m} such that dimV} > 2.

If A is projection compressible, then k is unique. When this is the case, if Q1, QQ2, and Q3
denote the orthogonal projections onto @,_, Vi, Vi, and @,., Vi, respectively, then

Q1 AQ1 = CQ1, Q2AQ2 = Q:M,,Q2, and (Q3AQ3 = CQs.

Proof. Assume that A is projection compressible. Since (Q1+Q2)A(Q1+Q2) # C(Q1+Q2)
and (Q2 + Q3)A(Q2+ Q3) # C(Q2+ Q3), the result is immediate from Corollary 4.1.3. W

The results presented above provide a strategy for classifying the unital subalgebras of
M, that exhibit the projection compression property. Indeed, we may use Corollaries 4.1.3
and 4.1.4 to partition the unital subalgebras of M, into the following three distinct types
determined by their reduced block upper triangular forms:

Type I: A has a reduced block upper triangular form with respect to an orthogonal decom-
position of C™ such that there does not exist an index k£ as in Corollary 4.1.3;

Type II: A has a reduced block upper triangular form with respect to an orthogonal de-
composition of C" such that BD(.A) contains a block of size at least 2 (i.e., there is an
integer k as in Corollary 4.1.4).

Type III: For each orthogonal decomposition of C™ with respect to which A is reduced
block upper triangular, every block in BD(A) is 1 x 1, and there is an integer k as in
Corollary 4.1.3.

The unital projection compressible algebras of type I, type II, and type III will be
classified up to transpose similarity in §4.2, §4.3, and §4.4, respectively.

84.2 Algebras of Type 1

In what follows, the term type I will be used to describe a unital subalgebra A of M,,, n > 4,
that has a reduced block upper triangular form with respect to an orthogonal decomposition
D", V; of C™ such that there does not exist an integer k as in Corollary 4.1.3. If A is such
an algebra, then it must be the case that dimV; = 1 for all ¢ (i.e., m = n). For instance,
the algebra from Example 4.1.1(i) is of type I if and only if Qs = 0; or rank(Q)y) = 1 and
Q; = 0 for some i € {1,3}.
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The goal of this section is to determine which type I algebras possess the projection
compression property. As we shall see, the type I algebras satisfying this condition are
either unitizations of LR-algebras, or unitarily equivalent to the type I algebra from Ex-
ample 4.1.1(i). In order to demonstrate this systematically, it will be useful to keep a record
of the orthogonal decompositions of C™ with respect to which A satisfies the definition of

type L

Definition 4.2.1. If A is an algebra of type I, let F; = F;(A) denote the set of pairs
Q= (d,P;_, Vi), where

(i) @, V; is an orthogonal decomposition of C" with respect to which A is reduced
block upper triangular, and

(ii) d is an integer in {1,2,...,n} such that if Q) denotes the orthogonal projection
onto @le V;, and Qa2 denotes its complement I — 1, then

Q10AQ10 = CQio and @Q20AQ20 = CQaq.

As an example, let {e;, ey, e3,e4} denote the standard basis for C* and consider the
algebra A = span{e; ® e}, I'}. It is not difficult to see that A has a reduced block upper
triangular form with respect to the decomposition C* = @?:1 V;, where V; = span{e;}.
Moreover, with respect to this decomposition there does not exist an integer k as in Corol-
lary 4.1.3. Consequently, A is of type I. One may note that (d, @;_, V;) belongs to F;(A)
for each d € {1,2,3}.

Notation. If A is a type I algebra and Q = (d,@;_, V;) is a pair in F;(A), the notation
nio = d and nog = n — d will be used to refer to the ranks of Q1o and Qaq, respectively.

Suppose that A is a projection compressible algebra of type I and 2 is a pair in F7(A).
In the language of §2.3, each corner Q0 AQiq = CQ;q is a diagonal algebra comprised
of mutually linked 1 x 1 blocks. Note that the blocks in Q10 AQ1o may or may not be
linked to those in Q20 AQ2q. If these blocks are linked, we will say that the projections
Q10 and Qoq are linked. Otherwise, we will say that Q1 and Qo are unlinked. Note that
the projections Q1 and @Qaq are linked for some pair in Q € F;(A) if and only if they are
linked for every pair in F(A).

It will be important to distinguish between the type I algebras whose projections are
linked and those whose projections are unlinked. The projection compressible type I alge-
bras with unlinked projections will be classified in §4.2.1, while those with linked projections
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will be classified in §4.2.2. Before our analysis splits, however, let us examine one extreme
case that will be relevant to the classification in either setting.

Observe that if A is an algebra of type I and F;(A) contains a pair Q = (d, P;_, Vi)
with d = n, then A = CI, and hence A is idempotent compressible. If instead d = 1 or
d =n — 1, then Proposition 4.2.2 indicates that A is the unitization of an LR-algebra.

Proposition 4.2.2. Let A be a type I subalgebra of ML,,. If there is a pair Q = (d, P;_, Vi)
in Fr(A) withd =1 ord=mn—1, then A is the unitization of an LR-algebra, and hence
A is idempotent compressible.

Proof. Assume that F;(A) contains a pair @ = (n — 1,8, ,Vi). By Theorem 2.3.9,
there exists an invertible upper triangular matrix S such that A, := S~'AS is unhinged
with respect to the decomposition C* = €)', V;. Thus, since the class of LR-algebras is
invariant under similarity, it suffices to prove that A is the unitization of an LR-algebra.

Note that by Theorem 2.1.12, there is a subprojection )] < Q1o such that
Q10A)Q20 = QiaRad(Ap) Q20 = Q1M Qaq.

Thus, either V), is linked to the other V;’s, in which case Ay = Q|M,, Q20+ CI; or V, is not
linked to the other V;’s, in which case Ay = (Q] + Q20)M,,Q20 + CI. In either scenario,
Ay is the unitization of an LR-algebra.

Suppose instead that F;(A) contains a pair whose first entry is 1. It follows that
F1(AT) contains a pair whose first entry is n — 1. The above analysis then shows that
AT is the unitization of an LR-algebra, and thus so too is A. [

84.2.1 Type I Algebras with Unlinked Projections

In this section we consider the type I algebras A for which the pairs Q = (d,@;_, Vi)
in F;(A) are such that Q1q and Q2 are unlinked. In light of Proposition 4.2.2 and its
preceding remarks, we may assume that 1 < d < n — 1 for all pairs 2. Thus, if  is any
such pair, then min(d,n — d) > 2. That is, the corresponding projections Q1o and Qaq
have ranks niq > 2 and noq > 2, respectively.

It will be shown in Theorem 4.2.11 that every projection compressible type I algebra
satisfying the above assumptions is unitarily equivalent to the type I algebra from Ex-
ample 4.1.1(i). The majority of the work leading to this classification, however, occurs
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in Lemma 4.2.8. The proof of Lemma 4.2.8 itself relies on several intermediate results
concerning the structure of the radical of a projection compressible type I algebra.

It should be noted that while Lemmas 4.2.3, 4.2.4, and 4.2.5 are presented here in the
context of type I algebras with unlinked projections, these results are also applicable to
type I algebras whose projections are linked.

Lemma 4.2.3. Let A be a projection compressible type I subalgebra of M,,, and suppose
that Q = (d, @, Vi) is a pair in Fi(A) with1 < d < n—1. Suppose further that there are

orthonormal bases {egl)}nm for ran(Q1q) and {652)}7129 for ran(Qaq), as well as indices
=1 i=1

10 and jo such that
(Re® ey =0 for all R € Rad(A).

Jo ? lo
Then Qm and Qa0 are linked, and either (Re]ﬁ ,ek1)> =0 for all k € {1,2,..., 010}, or
<Re,(€2), € > =0 forallk € {1,2,...,n20}.

Proof. Suppose to the contrary that QQ1q and @2 are unlinked. By considering a suitable
principal compression of A to a subalgebra of M, we may assume without loss of generality
that d = nyq = nsg = 2. Furthermore, we may reorder the bases if necessary to assume
that (Rel”, e’} = 0 for all R € Rad(A).

Since A is similar to BD(A) + Rad(.A) via an upper triangular similarity, there is a
fixed matrix M € Q10 AQ2q such that with respect to the basis {eg ), egl), eg )7 eé )}, every
A in A has the form

a 0
a

A= +(B—-—a)M+R

™o o
wm o|lo o

for some «, 5 € C and R € Rad(A).

For each ¢,j € {1,2} define m;; = (Me(?) e(-1)>. Furthermore, for each k£ € R let Py

i
denote the matrix
E2+1 0 0 0

so that 1Pk is a projection in My. By direct computation, one may verify that every
element B (b;j) in P AP, satisfies the equation

(kQ + 1)b23 — m21k2(b33 — bll) =0.
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If, however, A is as above with a = 0, 3 = 1, and R = 0, then for (P,AP;)* = (¢;j), we
have
(/{32 —+ 1)023 — m21k2(033 — 011) = m21k2(k52 + 1)3(1 — /{:m22).

The fact that A is projection compressible implies that (P, AP;)? belongs to Py AP, and
hence the right- hand 51de of the above expression must be 0 for all k. We therefore deduce
that mg; = (]\/[e1 ,62 > = 0.

It now follows that (Ael” e’y = 0 for all A € A. So with respect to the basis

el! ), 6(2), el! ), for C*, every A € A may be expressed as
15,6156
a (B—a)miy+r |0 (8—a)mp+re
A 6] 0 0
a (B —a)ma + 1o
B

for some «, 3, and 7;; in C. Since o and 8 may be chosen arbitrarily, this contradicts
Theorem 4.1.2. Thus, Q1o and ()oq must be linked.

For the final claim, first note that BD(A) = CI as Q1q and Qo are linked. By the
remarks following Theorem 2.3.9, we have that A = CI + Rad(A), and hence

(Ae(Q), Iy =0 forall A€ A.

Jo

Suppose for the sake of contradiction that there exist indices k; € {1,2,... ,nm} \ {io} and
ko € {1, 2, —..yn20} \ {Jo} such that for some operators Ay, Ay € A, <Alej(2) ,ekl1 ) # 0 and
A (2)}
( 2€k2

) # 0. Let P, and P, denote the orthogonal projections onto span{ek1 . €5,
and span{e!’

77,0

i ,ekQ)} respectively. It is easy to see that PLAP, # CP,, P, AP, # CP,, and
P,AP, = {0}. Thus, Theorem 4.1.2 indicates that A is not projection compressible—a
contradiction. [ |

Lemma 4.2.4. Let n > 4 be an even integer, and let A be a projection compressible

subalgebra of Ml,,. Let Q1 be a projection in M, of rank n/2 and define Qy =1 — Q. If

E e M, is a partial isometry satisfying E*E = Q1 and EE* = QQo, then the linear space
Ay = {Q14Q1 + F*AQ, + Q1AE + E*AE : A€ A}

15 an algebra.
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Proof. The assumptions on E imply that the operator P = %([ + E+ E*) is a projection in
M,,, and hence PAP is an algebra. One may verify that with respect to the decomposition
C" = ran(@)) @ ran(Q2), we have

PAP:{E ﬁ] ;Xer}.

It follows that for any X and Y in Aj,

X X YY_QXYXY
X X||Y Y| “|XY XY

|<rar

and hence XY belongs to Ay as well. Thus, Ay is an algebra. [ |

Lemma 4.2.5. Let A be a type I subalgebra of My. If Rad(A) is 3-dimensional and F;(A)
contains a pair 2 = (d, @?:1 V;) with d = 2, then A is not projection compressible.

Proof. Suppose that dim Rad(A) = 3 and € is a pair in F;(.A) as described above. Write
A =38 + Rad(A), where § is similar to BD(.A) via a block upper triangular similarity. If
Q10 and @Qaq are linked, then A = {al : « € C} + Rad(A). If instead Q1o and Qaq are
unlinked, there is a matrix M € QQ1oMyQ2q such that

A = {aQia + BQaa + (B — )M : o, B € C} + Rad(A).

Note that the only distinctions between the linked and unlinked settings are the presence
of the matrix M and the freedom to choose o and f independently. In the arguments that
follow, we treat the entries of M as arbitrary constants (possibly zero), and make no
attempt to choose independent values for o and 8. Thus, these arguments are applicable
to both cases.

For each i € {1,2}, let {egi), eéi)} be an orthonormal basis for ran(Q;q). Since Rad(.A)

is a 3-dimensional subspace of Q)1oM4(Q)2q, there is a non-zero matrix I' € QQ1oM4Q)2q such
that Tr(I™R) = 0 for all R in Rad(A). By reordering the bases for ran(Q:q) and ran(Qsq)
if necessary, we may assume that <Fe§2), e§1)> is non-zero. From this it follows that there

exist Y12, Y21, Y22 € C such that

0 0| y2ri2 + 721721 + V22722 T12

00
Rad(.A) = 00 rél Té2 712,721,722 c C
00 0 0
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with respect to the basis {egl), e e, eg)} for C*.

To see that A is not projection compressible, consider the matrix

i)

I
S O O N
_ O = O
SN OO
_ 0 = O

and note that %P is a projection in My. One may verify that every operator B = (b;;) in
PAP satisfies the equation

b1z — 422024 — 2721623 — 2712014 — (7127”12 + Y21mo1 — 722(1 - m22) - mn)bn
+ (m12maz + Yo1mor + Yoo (1 + mag) — myq)bss = 0,
where for each 4,5 € {1,2}, we define m;; = (Me§2), ez(»l)>. If, however, A is the element of
A obtained by setting @ = 3 = r;3 = 131 = 1 and r9y = 0, then B := (PAP)? produces
a value of 8 on the left-hand side of the above equation. Consequently, (PAP)? does not
belong to PAP, so PAP is not an algebra. [ |

The following classical theorem from linear algebra will be applied in the proof of
Lemma 4.2.8 and used extensively throughout §4.3. For reference, see [12, Theorem 2.6.3].

Theorem 4.2.6 (Singular Value Decomposition). Let n and p be positive integers, and let
A be a complex n X p matriz.

(1) If n < p, then there are unitaries U € M, and V' € M, and a positive semi-definite
diagonal matriz D € M, such that

U*AV=[D 0].

(i) If n > p, then there are unitaries U € M, and V € M, and a positive semi-definite
diagonal matriz D € M, such that

. | D
- 2],
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The principal application of Theorem 4.2.6 will be in simplifying the structure of the
semi-simple part of an algebra A in reduced block upper triangular form. Indeed, sup-
pose that A = S + Rad(A) is a type I subalgebra of M, where S is semi-simple. Let

= (d, ., V;) be a pair in F;(A), and assume that the projections Q1o and Qo are
linked. For each i € {1,2}, let {el ,eé), . eﬁm} be an orthonormal basis for ran(Q;q).

As a consequence of Theorem 2.3.9, there is a matrix M € Q1oM,,Q2q such that
S ={aQiao +BQa+ (B—a)M :a,B € C}.

It then follows from Theorem 4.2. 6 that there is a unitary U € M, such that Q1qUQ2q = 0,
Q20UQ 10 =0, and (U*MUe(Q) ) = 0 whenever i # j.

IR
Finally, the proof of Lemma 4.2.8 will require the following result of Azoff concerning

the minimum dimension of a transitive space of linear operators.

Theorem 4.2.7. [2, Proposition 4.7] If L is a transitive space of linear transformations
from C™ to C™, then the dimension of L is at least m +n — 1.

We are now prepared to state and prove Lemma 4.2.8. This result indicates that under
certain restrictive assumptions, a projection compressible type I algebra with unlinked
projections is unitarily equivalent to the type I algebra from Example 4.1.1(i). Loosening
these assumptions will require a refinement of Theorem 4.2.7 to specific classes of transitive
spaces of operators.

Lemma 4.2.8. Let n > 4 be an even integer, and let A be a projection compressible type I
subalgebra of ML,,. Suppose that Fr(A) contains a pair Q = (d, @D, V;) with d = n/2. If
the projections Qiq and Qaq are unlinked, then A is unitarily equivalent to

CQ1a + CQaq + Q1aM,Qaq,

the type I algebra from Ezample 4.1.1(i). Consequently, A is idempotent compressible.

Proof. For each i € {1,2}, let {el ,eg), cee e&i)} be an orthonormal basis for ran(Q;q).

As a consequence of Theorem 2.3.9, there is a matrix M in Q1oM,,(Q2q such that
A={aQio+ Q2+ (B—a)M : o, 3 € C} + Rad(A).

In fact, one may assume by Theorem 4.2.6 and its subsequent remarks that there are

constants m;; > 0 such that (Meg.z), egl)> = §;;m;; for all ¢ and j.
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Let Ef € M, denote the partial isometry satisfying Eegl) = 62(2) and Eez(?) = 0 for all

i€ {l,2,...,d}. Since A is projection compressible, Lemma 4.2.4 implies that
Ay ={(a+B)Qia+ (8—a)ME+RE:«a,8€ C,R € Rad(A)}

is a subalgebra of Q1oM,, Q1. If this subalgebra were proper, then by Burnside’s the-
orem, we may change the orthonormal basis for ran(Qiq) if necessary to assume that

<Ae§1), eé”) = 0 for all A € A,. In this case, one may change the orthonormal basis for

ran(Q)2q) accordingly and assume that (Regz), eg)) =0 for all R € Rad(A). Since Q1 and
Q20 are unlinked, an application of Lemma 4.2.3 demonstrates that A lack the projection
compression property—a contradiction.

We may therefore assume that A, is equal to Q1oM,,Q1q. This means that Rad(A)FE
can be enlarged to a d?>-dimensional space by adding

{a(Qio — ME) + B(Q1a + ME) : «a, 5 € C},
the linear span of two diagonal matrices in QQ1oM,, Q1. It follows that
dim Rad(A)E = dim Rad(A) > d* — 2,

and any entries in Rad(A)FE that depend linearly on other entries must be located on the
diagonal. Our goal is to show that dim Rad(A) = d?, and hence Rad(A) = Q1oM,,Q2q.

Let us begin by addressing the case in which n = 4, and hence d = 2. If dim Rad(.A)
is strictly less than d? = 4, then Rad(A) is 2- or 3-dimensional by the analysis above. If
dim Rad(A) = 2, then by Theorem 4.2.7, Rad(A) is not transitive as a space of linear
maps from ran(Qaq) to ran(Qi1q). In this case there exist unit vectors v € ran(Qiq)
and w € ran(Qaq) such that Rw € Cov for every R € Rad(A). Choose unit vectors
v € ran(Q10) N (Cv)t and w' € ran(Qaq) N (Cw)t, and replace the orthonormal bases
for ran(Q1q) and ran(Qaq) with {v,v'} and {w,w’}, respectively. Since

(Rw,v"y = (A,v") =0 for all R € Rad(A),
A lacks the projection compression property by Lemma 4.2.3—a contradiction. Using

Lemma 4.2.5, one may also obtain a contradiction in the case that dim Rad(A) = 3.

Assume now that n > 4. By the above analysis, there are at most two entries from
Rad(A)E which cannot be chosen arbitrarily, and these entries necessarily occur on the
diagonal. By reordering the bases for ran(Q1q) and ran(Qaq), we may relocate the linearly
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dependent entries to the (1,n — 1) and (2,n) positions of Rad(.A), respectively. That is,
we may assume that with respect to the decomposition

,...,eél_)l} @\/{e&l),el

C'=v {egl), egl)

jovi

each A € A can be represented by a matrix of the form

(2)
62 ’63 90 0.

(2)

) 622)} )

[« 0 tn 12 t1,d—2 " t1d
« 0 tu tao tod—2 ta.a-1 Y2
Q 0 tx t32 t3qg—2  134-1 l3q
0 ta—11 | ta—1,2 ta—1,d—2 ta—1,d-1 ta—1.4

A - a it tao td,d—2 ta,d—1 Lad

3 1 o 0 0 0

o}
B
B
i B

where «, 3, and t;; can be chosen arbitrarily, and 7, and v, may depend linearly on
these entries. We will demonstrate that, in fact, 7; and 7, can be chosen arbitrarily and
independently of the remaining terms.

Consider the matrix
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written with respect to the decomposition above. Observe that %P is a projection in M.
Direct computations show that with A as above, PAP is given by

[ 4o 2ty 2t11 4tyo dt1q-o 4m At1g ]

4o 291 291 4t9o Ao g0  4lagy 4o

4o 23 23 4t3o At g0  4t34-1 dt3q

da | 2t 11 2t 11 g1 dg 142 Hg14-1 Ha14
a+B8+ty a+B+ta 2t a0 2td,d—2 2td,d—1 2tqa
a+ B4ty a+B+ta| 2tp 2tga-2  2tga1 2lag
4
45
43

L 48 |

Hence, it suffices to prove that egl) ® 6227)’{ and egl) ® 6&2)* belong to PAP.

To see that this is the case, let A be as above with t;; =t441 =1landa=8=1t;; =0
for all other indices ¢ and j. It is straightforward to verify that

(PAP)? =8¢V @ P

Consequently, e(ll) ® 6;22; belongs to PAP, so v, can indeed be chosen arbitrarily. By
reordering the basis to interchange the positions of 7; and s, one may repeat this process
to show that s may be chosen arbitrarily as well. [ |

Observe that the success of Lemma 4.2.8 relied heavily on the existence of the pair
Q= (d,P;_,V;) with d = n/2. Indeed, without such a pair, one would be unable to
directly apply Lemma 4.2.4 or Burnside’s Theorem to infer that dim Rad(A) > d* — 2.

Our final goal of this section is to generalize Lemma 4.2.8 to type I algebras A that
may not admit a pair €2 as describe above. We will accomplish this goal by applying
Lemma 4.2.8 to study the structure of the radical of certain principal compressions of A.
It will then follow from [%, Theorem 1.2], an extension of Theorem 4.2.7, that A is unitarily
equivalent to the type I algebra from Example 4.1.1(i). In order to introduce this extension,
we first present the following definition.

Definition 4.2.9. Let £ be a vector space of linear transformations from C" to C™,
and let k be a positive integer. We say that £ is k-transitive if for every choice of k
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linearly independent vectors xi,xo, ...,z in C", and every choice of k arbitrary vectors
Y1, Y2, - - -, Y in C™ there is an element A € L such that Ax; = y; for all i € {1,2,... k}.

Theorem 4.2.10. [3, Theorem 1.2] If L is a k-transitive space of linear transformations
from C™ to C™, then the dimension of L is at least k(m +n — k).

Note that a space of linear operators is transitive if and only if it is 1-transitive, and
that the bounds from Theorems 4.2.7 and 4.2.10 coincide when k£ = 1.

We are now prepared to prove the classification in the general case of type I algebras
with unlinked projections.

Theorem 4.2.11. Let A be a projection compressible type I subalgebra of M, and let
Q= (d, B, Vi) be a pair in Fr(A) with1 < d <n—1. If Q1o and Qs are unlinked,

then A is unitarily equivalent to
CQia + CQaa + Q10M,Q20,

the type I algebra from Ezample 4.1.1(i). Consequently, A is idempotent compressible.

Proof. By replacing A with A% if necessary, we may assume that d < n — d. That is,
nio < nsg. We will demonstrate that Rad(.A) has dimension d(n — d), and hence must be
equal to Q1oM, Q2. Of course, it is clear that dim Rad(A) < d(n — d).

Note that Rad(A) is d-transitive as a space of linear maps from ran(Qaq) to ran(Qiq).
Indeed, let S be a linearly independent d-element subset of ran(Qsq), and let QQs denote
the orthogonal projection onto the span of S. Since Q1o and Qg are both of rank d,
Lemma 4.2.8 implies that the radical of Ay == (Q10+Qs)A(Q10+Qs) is equal to Q1oM,Qs.
As a result, the vectors in S can be mapped anywhere in ran(Q1q) by elements of Rad(.A).
We conclude that Rad(A) is d-transitive.

The proof ends with an application of Theorem 4.2.10. Since Rad(.A) is a d-transitive
subspace of Q1oM,,Q2q, we have that dim Rad(A) > d(d+ (n—d) —d)=d(n—d). 1

84.2.2 Type I Algebras with Linked Projections

We now wish to describe the projection compressible type I algebras A for which the pairs
Q= (d, B, V;) in Fi(A) are such that Qo is linked to Q20. An inductive argument
in Theorem 4.2.13 will demonstrate that every such algebra is the unitization of an LR-
algebra. The base case of this argument will require the following lemma.
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Lemma 4.2.12. Let A be a projection compressible type I subalgebra of My, and suppose
that Fr(A) contains a pair 2 = (d, @le V;) with d = 2. If Qiq and Qaq are linked, then
there are projections Q) < Q1q and Q4 < Qaq such that Rad(A) = Q\M4QY. In this case
A is the unitization of an LR-algebra, so A is idempotent compressible.

Proof. Let € be a pair in F;(A) as above, and assume that Q1o and Qo are linked. By
the observations following Theorem 2.3.9, A = CI 4 Rad(A).

For each i € {1, 2}, let {egi), egi)} be a fixed orthonormal basis for ran(Q;q). Further-

more, let £ € M, denote the partial isometry satisfying Eegl) = 652) and Eegz) = 0 for
each i € {1,2}. By Lemma 4.2.4,

Ay = CQrq + Rad(A)E

is a subalgebra of Q1oM4Q1q. If this subalgebra Ay is proper, then by Burnside’s The-
orem, we may change the orthonormal basis for ran(Qiq) if required and assume that
<Ae§1),egl)> = 0 for all A € Ay. In this case we may adjust the orthonormal basis
for ran(Q.q) accordingly and assume that (Re§2),e§1)> = 0 for all R € Rad(A). Thus,
by Lemma 4.2.3, either <Re§2),egl)> = 0 for all R € Rad(A), or (Reg),egl)} = 0 for
all R € Rad(A). The fact that Rad(A) has the required form now follows from Theo-
rem 2.1.12.

Suppose instead that CQ1q+ Rad(A)E is equal to Q1oM4Q1q. It follows that Rad(.A) is
at least 3-dimensional. If dim Rad(A) = 3, then A is of the form described in Lemma 4.2.5,
and hence A is not projection compressible. We therefore have that dim Rad(A) = 4, so
Rad(.A) = QlQM4QQQ. [ |

Theorem 4.2.13. Let A be a projection compressible type I subalgebra of M, and let
Q= (d,@;_, Vi) be a pair in Fr(A). If Qiq and Qaq are linked, then there are projections
Q) < Qi and Q) < Qoq such that Rad(A) = Q M, Q5. Thus, A is the unitization of an
LR-algebra, so A is idempotent compressible.

Proof. We will proceed by induction on n. By definition of a type I algebra, our base case
occurs when n = 4. That said, let A be a projection compressible type I subalgebra of My,
and suppose that Q = (d, @}_, V;) is a pair in F;(A) with Q1q linked to Qaq. If d =1 or
d = 3, then Proposition 4.2.2 guarantees that Rad(.A) admits the required form. If instead
d =2, then A and 2 are as in Lemma 4.2.12. Once again Rad(.A) is of the correct form.
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Now fix an integer N > 5. Assume that for every positive integer n < N, if A is a
projection compressible type I subalgebra of M, and Q is a pair in F;(A) with Q1 linked
to Qaq, then Rad(A) = Q| M, Q% for some subprojections Q] < Q1o and Q) < Q. We
claim that this is also the case for every such subalgebra A of My and pair 2 € F;(A).
Indeed, fix a subalgebra A of My and pair Q = (d, @, V) in Fi(A) as in the statement
of the theorem. If d =1 or d = N — 1, then Proposition 4.2.2 ensures that Rad(.A) is of
the desired form. Thus, we will assume that 1 < d < N — 1. By replacing A with A7 if
necessary, we will also assume that d < N — d.

First consider the possibility that N is even and d = N —d = N/2. Fix orthonormal
bases {egl), egl), o ,eg)} and {egz), 652), o ,622)} for ran(Q1q) and ran(Qagq ), respectively.
Let E € M, denote the partial isometry satisfying Eegl) = 652) and EeZ@) = 0 for each

i€{1,2,...,d}. Arguing as in the proof of Lemma 4.2.8, either CQ1q + Rad(A)FE is equal
to Q1aMyQ1q, or Burnside’s Theorem may be used to assume that

(Re?), eé”) =0 for all R € Rad(A).

If the latter holds, then by Lemma 4.2.3, Rad(.A) contains a permanent row or column
of zeros. Consider the algebra Ay obtained by deleting this row and its corresponding
column from A. We have that A is a projection compressible type I subalgebra of My _1,
so Rad(Ap) admits the the required form by the inductive hypothesis. Upon reintroducing
the removed row and column, one can see that Rad(.A) is also of the required form. We
may therefore assume that CQq + Rad(A)E = Q1oMyQ1q.

Since Rad(A)E can be enlarged to a d*-dimensional space by adding CQiq, it must
be that dim Rad(A) > d*> — 1. We claim that in fact, dim Rad(A) = d?, and hence
Rad(A) = Q1o0M,Q20. To see this is the case, reorder the bases for ran(Q1q) and ran(Q2q)
if necessary to assume that with respect to the decomposition

cN=v {egl),egl), ce ,62121} oV {e&l),e?)} oV {e?%e?, .. .,ef)} ,
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each A € A can be expressed as a matrix of the form

[« 0 tn 12 t1,d-2 Y tig ]|

0 tn 22 t2,q4—2 toq4—1 l2q

a 0 s t32 t3.d—2  134-1 t34

a0 tg_11|tie ta—1,d-2 ta—14-1 ta—14

A— a it a2 tq,qd—2 ta,d—1 taq

« 0 0 0 0

a
a
o

L o .

Here, o and t;; are arbitrary values in C, and v may depend linearly on these entries.

It will be shown that « is in fact, independent of the other terms. Indeed, let P denote
the matrix from the proof of Lemma 4.2.8, so that %P is a projection in M. Proceed now

as in the proof of that lemma by noting that with A as above, PAP is given by

[ 4o 2tq1 2t11 4t19 Aty g2 4y 4t1g ]

4o 2t 2691 4t 99 Aty g2 4to g1 Atoq

da 2t31 2t31 4t3o Atz q-o  4l3q-1  4izq

do | 2t517 2tg_1n | 4tg—12 g 1g-2 4g14-1 Hag_14
200 + tdl 2c0 + tdl 2td2 2td,d—2 2td,d—1 Qtdd
20+t 2a+ty 2t g0 2td,d—2 2td,d—1 2t g4
%"
4o
4o

i da ]

It now suffices to prove that egl) ® e((f_)”{ belongs to PAP. But if A denotes the particular
element of A obtained by taking ¢1; = t44-1 = 1 and a = t;; = 0 for all other indices 7 and

J, then
(PAP)? =8¢ @ 21
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Since A is projection compressible, this element belongs to PAP. We conclude that
Rad(A) = Q1oMpyQsq, and hence the proof of the d = N — d case is complete.

Let us now turn to the case in which d < N —d. As above, let {egl), egl), e ,e%ll)g} and
{e?), 6&2) e 67(@22)9} be fixed orthonormal bases for ran(Qiq) and ran(Qaq), respectively.

For each linearly independent d-element subset S of ran(Qaq), let Qs denote the orthogonal
projection onto the span of S, and define Py := Q1 + Qs. Let Ag denote the compression
Ps APg, which we regard as a subalgebra of CI + Q10M;Qs.

If each compression Ag is equal to CI +Q1oM2,Qs, then Rad(A) is a d-transitive space
of linear maps from ran(Qaq) into ran(Q1q). In this case we may apply Theorem 4.2.10
to conclude that Rad(A) = Q1oMnQaq, as desired. Instead, suppose that one of the sets
S is such that the radical of Ag is properly contained in QQ1oMy;Qs. For such an S, the
inductive hypothesis gives rise to subprojections @} < Q1 and Qs < Qg such that

Rad(As) = Q' MayQs.

At least one of these subprojections must be proper.

If Q5 # Qs or Q) = 0, then there is an orthonormal basis for C?* with respect to
which Rad(Ag) has a permanent column of zeros. One may then extend this basis to an
orthonormal basis for C with respect to which Rad(A) also admits a permanent column
of zeros. By deleting this column and its corresponding row from A, we obtain a projection
compressible type I subalgebra of My_;. The inductive hypothesis then implies that the
radical of this compression is of the desired form. Upon reintroducing the column and row
deleted from A, it is easy to see that Rad(.A) is of the desired form as well.

On the other hand, if Qs = QY and @) is a proper non-zero subprojection of Q1q,
then it must be the case that Rad(As) has a permanent row of zeros, but not a permanent
column of zeros. Thus, Rad(.A) has a permanent row of zeros by Lemma 4.2.3. By removing
this row and its corresponding column from A, we obtain a projection compressible type I
subalgebra of My _;. The radical of this algebra is of the correct form by the inductive
hypothesis, and hence so too is Rad(A). |

84.3 Algebras of Type II

The term type II will be used to describe a unital subalgebra A of M,,, n > 4, that has a
reduced block upper triangular form with respect to an orthogonal decomposition ;" V;
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of C" such that dimV, > 2 for some k. For example, the algebra from Example 4.1.1(i)
is of type II if and only if rank(Qs) > 2. Importantly, it follows from this definition that
every type II algebra satisfies the assumptions of Corollary 4.1.4.

The purpose of this section is to classify the type II algebras that afford the projection
compression property. It will be shown that every projection compressible algebra of type I1
is either the unitization of an LR-algebra, or is unitarily equivalent to the type II algebra
from Example 4.1.1(i).

As in the case of type I algebras, it will be helpful to keep a record of all orthogonal
decompositions of C™ that satisfy the conditions of Corollary 4.1.4 for a given type II
algebra A. Thus, we make the following definition.

Definition 4.3.1. If A is an algebra of type II, let F;; = Fi;(A) denote the set of triples
Q= (d,k, @, V;) that satisfy the following conditions:

(i) é@;~, V; is an orthogonal decomposition of C" with respect to which A is reduced
block upper triangular;

(ii) d and k are integers such that d > 2, k € {1,2,...,m}, and dim V}, = d.

Notation. If A is an algebra of type II and € is a triple in F;;(A), let Q1q, Q20, and Qsq
denote the orthogonal projections onto €,_, Vi, Vi, and €,., Vi, respectively. Further-
more, for each i € {1,2,3}, let n;o denote the rank of Q;q.

Observe that if A is a projection compressible type II subalgebra of M, and F;;(.A) con-
tains a triple Q = (d, @;~, V;), then Corollary 4.1.4 implies that Q20A4Q20 = Q20M, Q20
and Q;0AQq = CQiq for each i € {1,3}. In this case, nig = k — 1, ngg = d, and
na=n—d—k-+1.

We will begin by considering the extreme case in which a type II algebra A admits a
triple Q = (d,k, @], V;) with k = 1 or k = m. The projection compressible algebras of
this form can be easily identified using Theorem 2.1.12.

Proposition 4.3.2. Let A be a projection compressible type Il subalgebra of M.,,. If there
is a triple Q = (d, k, @;~, Vi) in Fii(A) with k =1 or k =m, then A is the unitization of
an LR-algebra. Consequently, A is idempotent compressible.

Proof. Let Q € Fr;(A) be as in the statement above. By replacing A with AT if necessary,
we may assume that k& = m. Furthermore, since any algebra similar to an LR-algebra is
again an LR-algebra, we may assume that A is unhinged with respect to @, V;.
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Since Rad(A) is a right Mz-module, Theorem 2.1.12 indicates that Rad(A) = Q M, Q-
for some projection @} < Q1. It follows that,

A= BD(A) + Rad(A) = (Q} + Q20)M,,Qsq + CI,

and hence A is the unitization of an LR-algebra. |

In light of Proposition 4.3.2, it suffices to consider the type II algebras for which the
triples Q = (d, k, @;", V) in Fyr are such that 1 < k < m. For such an algebra A and triple
Q, the projections Q1q, @20, and Q3o are all non-zero. In the language of Theorem 2.3.3
and the remarks that follow, the corners Q10 AQ1q and Q30AQ3q are diagonal algebras,
each comprised of mutually linked 1 x 1 blocks. Note that the blocks in )1AQ1q may
be linked to those in Q30AQ3n. If this is the case, we will say that QQ1q and Q3o are
linked. Otherwise, we will say that Q)1 and Q)3q are unlinked. In either case, dimension
considerations imply that neither Q1o nor Q3q is linked to Q2. As in our analysis of type I
algebras, it will be important to distinguish between these settings.

84.3.1 Type II Algebras with Unlinked Projections

Let us first consider the type II algebras A for which the triples Q@ = (d, k,@.~, V;) in
Frr(A) are such that Q1o and @3q are unlinked. We aim to show that the only such
algebras with the projection compression property are those that are unitarily equivalent
to the type II algebra in Example 4.1.1(i). To accomplish this goal, we will first show in
Lemma 4.3.3 that the result holds in the Ml setting. An extension to larger type II algebras
will be made in Theorem 4.3.4 by applying Lemma 4.3.3 to their 4 X 4 compressions.

As stated above, if A is a type II algebra and  is a triple in F;;(A), then Quq is
necessarily unlinked from (1o and (J3o. Thus, type II algebras satisfy the assumptions of
Lemma 2.3.10. We will apply this fact in the proofs of Lemma 4.3.3 and Theorem 4.3.4.

Lemma 4.3.3. Let A be a projection compressible type Il subalgebra of My. Assume that
Fii(A) contains a pair Q = (d,k,@?zl V;) such that d = k = 2. If Qiq and Qzq are
unlinked, then A is unitarily equivalent to

CQra + CQ30 + (Qia + Q20)My(Q20 + Qs0),

the type II algebra from Ezample 4.1.1(i). Consequently, A is idempotent compressible.
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Proof. Suppose to the contrary that A is not unitarily equivalent to the algebra described
above. Lemma 2.3.10 (ii) then implies that

QlQRad(-A)QQQ # QioMyQ20 o1
Q20Rad(A)Qsq # Q20M4Qs0.

By replacing A with AT if necessary, we may assume that QqRad(A)Qaq # Q10M4Qa0.
Consequently, Q1o Rad(A)Q20 = {0} by Theorem 2.1.12.

An application of Theorem 2.3.9 provides a precise description of Q10 AQ2q. Since A is
similar to BD(A)+ Rad(A) via a block upper triangular similarity, there is a fixed element
T € Q1oM4Q20 such that

Q10AQ20 = (Q10AQ10)T — T(Q20AQ2q) for every A € A.

For each i € {1,2,3}, fix an orthonormal basis {egi), eéi), . ,e,(fz.)g} for ran(Q;q). To sim-

plify matters, we may use Theorem 4.2.6 and the remarks that follow to assume that
<Te§2), egl)) = 0. That is, with respect to the basis {egl), 652), 6;2), 653)} for C*, each A € A
may be expressed as

air | apt —tag —tass | ays
22 23 A24
A= ,
32 a33 a34
A44

where a;; € Cand t == Te(2), eV, Here, the entries on the block-diagonal may be selected
J 161

arbitrarily.

To reach a contradiction, consider the matrices

200 0 100 —1 100 1
010 1 o020 o0 o200
B=tg 920l = 002 o ™M=y 49
010 1 100 1 100 1

Observe that for each 1, %

verify that

P; is a projection in M. Through direct computation, one may

<Be(22), egl)) + 2t(Beg2), 652)> =0 for all B € Py AF,.
Yet with A as above and By := (PyAP,)?, we have

(Boef), e§1)> + 2t(Boe§2), e§2)> = Bags (a14 — t(ay; — agq — asy)) .
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It follows that ags = 0 for all A € A or a14 = t(a1; — a4q — agy) for all A € A. Indeed, it
is clear that every element of A must satisfying at least one of these equations. But if A
contained an operator A; satisfying only the first equation and an operator A, satisfying
only the second, then neither equation would hold for A; + As. Since as3 may be selected
arbitrarily, it must be that a14 = t(a1; — a4y — ag4) for every A € A.

One may now derive similar relations using P, and P;. Indeed, it is straightforward to
check that for j € {1,2}, the equation

t{P APl e?) + 2(P AP ey = 0

holds for every A € A. Yet if Ay denotes any element of A of the above form satisfying
a11 = A93 = 1 and Ayq4 = 0, then for Bj = (F)jA()Pj)z,

( <Bleg )7 (2)>‘|‘ 2<31€é2)76§1)>) - <t<B2€§2) ¢ )> + 2<32652)761 )>> = 161>,

Since By and Bs belong to P AP, and P, APs, respectively, we conclude that t = 0. That
is, Q10 AQ2q = {0}. It follows that with respect to the basis {eg ),eé ),eg ) ¢! e } for C*,
each A € A may be written as

azy a3 | 0 | ag

asy azz | 0 | ass

A=
a1l 0
Q44

for some a;; € C. Theorem 4.1.2 now demonstrates that A is not projection compressible,
as the entries in BD(.A) may be chosen arbitrarily. This is a contradiction. |

Theorem 4.3.4. Let A be a projection compressible type II subalgebra of M.,,, and assume
that Q = (d, k, D", V;) is a triple in Frr(A) with 1 < k < m. If Q1o and Qsq are unlinked,
then A is unitarily equivalent to

CQra + CQs0 + (Qia + Q20)M,(Q20 + Q30),

the type II algebra from Example 4.1.1(i). Consequently, A is idempotent compressible.
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Proof. Suppose to the contrary that A is not unitarily equivalent to the algebra described
above. As in the proof of the previous result, we may appeal to Lemma 2.3.10 (ii) and as-
sume without loss of generality that Q1qRad(A)Q2q # Q1oM,Q2q. Thus, Theorem 2.1.12
gives rise to a proper subprojection @} of Q1 satisfying

QioRad(A)Q20 = Q1M,Q20.

Define Q] = Qo — @}, and let {egl),eg), e ,67(111)9} be an orthonormal basis for
ran(@Qq) such that
ran(Q7) =V {egl), eél), . ,ey)}

for some integer 1 < ¢ < nyq. Since A is similar to BD(A) + Rad(.A) via a matrix that is
block upper triangular with respect to C" = ran(Q1q) @ ran(Qaq) @ ran(Qsq), there is an
operator T' € Q/M,,@Q2q such that

Q1AQ20 = (QTAQY)T — T(Qa0AQaq) for all A€ A

By Theorem 4.2.6, one may choose a suitable orthonormal basis {652), 6%2), cee 65122)9} for

ran(Q2q) and adjust the basis for ran(Q7) if necessary to impose additional structure on

T. Specifically, one may assume that (7' e§2), 651)> = 0 whenever i # j.

Let e§3) be any non-zero vector in ran(Qsq), and define B = {e§1)7 652), eg), egg)} . Let
P denote the orthogonal projection onto the span of B, and consider the compression

Ay = PAP. It is easy to see that Ay is a projection compressible type II subalgebra of
My. Moreover, if

W = Cegl), Wy =V {e@, 622)} , and Ws = Cegg),
then the triple Q' = (2,2, @?:1 W;) belongs to Frr(Ap). Since Q1o and Q3¢ are unlinked,

Ay is among the class of algebras addressed in Lemma 4.3.3. With respect to the basis B
for ran(P), however, every element of Ay may be expressed as a matrix of the form

aip | ant —tasy —tass | aiy
22 a23 a4
A= ,
32 a33 a34
aqq

where t == (Te§2), e§1)>. Since Ay is not of the form prescribed by Lemma 4.3.3, it follows
that A is not projection compressible—a contradiction. [ |
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84.3.2 Type II Algebras with Linked Projections

Consider now the type II algebras A for which the triples Q = (d, k, @.~, V;) in F;;(A) are
such that Q1q and Q)3q are linked. It will be shown in Theorem 4.3.6 that all projection
compressible algebras of this form are unitizations of LR-algebras. The proof of this result
requires a careful analysis of the upper triangular blocks in the semi-simple part of the
algebra. The following lemma is the crux of this analysis.

Lemma 4.3.5. Let A be a projection compressible type II subalgebra of My. Assume that
Fi1(A) contains a triple Q = (d, k, @?:1 Vi) with d = k = 2, and such that Q1 and Qzq
are linked.

(1) If there are a constant t € C and for each i € {1,2,3}, an orthonormal basis
{651)7652')7-- 6nm} for ran(Q;q) such that

(Ael?, o) =t ((Ael”,el) = (acf, ) and
(Aef?, ") = —t(Ae”, o))
for all A e A, then (Aegg), egl)> = —t(Aeg?’), eg2)> forall A € A.
(i1) If there are a constant t € C and for each i € {1,2,3}, an orthonormal basis
{egi), eg), . enm} for ran(Q,q) such that
(e, o) =t (A2, e?) = (aef, elY)) and
(Aei?, ) = t(Ael?, e
for all A € A, then (Al V) = t(4e?, eV for all A € A.

Proof. We will begin with the proof of (i). Suppose that there are a constant ¢ € C and

for each ¢ € {1,2,3}, an orthonormal basis {eg), eg), . enm} for ran(Q;q) as described

above. Then with respect to the basis {eg ),eg ),ef),el } for C*, each A € A can be

written as

ar | t(a;n —ax) —tass | ais
22 23 24
A=
a32 as3 34
11
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for some a;; € C. Since A is in reduced block upper triangular form, the entries on the
block-diagonal may be chosen arbitrarily.

Consider the matrix

v

I
—_ o O -
S O N O
SN OO
_— o O =

and note that %P is a projection in M. One may verify that
t(Bel?, ey + 2(Be? ey = 0 for all B € PAP.
But with A as above and B := (PAP)?, we see that
t(Bel? ey + 2(Bel eM) = —8tags(ais + tasy).

The projection compressibility of A implies that B belongs to PAP. Consequently,
ta23(044 + ta24) =0forall Aec A

If t # 0, then either as3 = 0 for all A € A or a;y = —tagy for all A € A. Indeed, it
is clear that every operator in A must satisfy at least one of these equation. If, however,
A contained an operator A; satisfying the first equation but not the second, as well as an
operator Ay satisfying the second but not the first, then neither equation would hold for
A; 4+ A,. Finally, since ao3 can be selected arbitrarily, we conclude that either ¢ = 0 or
a1q4 = —tagy for all A.

If the latter holds, then every A € A satisfies the equation (Ael3 ,€ 1)> (Ae1 : (2)>,
as required. If instead ¢ = 0, then with respect to the basis {e@,eé ), egl),el } for C*,

each A € A may be expressed as a matrix of the form

azy agz | 0 | ag
asy ags | 0 |ass

A:

a1 | Q14
a1

for some a;; € C. It follows from Theorem 4.1.2 that a14 = (Ael ,el > =0 for all A, and
hence the equation (Ae1 ,eg )) = <Ael : (2) ) holds in this case as well.
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In the context of (ii), note that every A € A may be expressed as a matrix of the form

11 | A12 Q13 a4
asy  aGog | t(age — an)

azy a33 lasy

a1

with respect to the basis {egl), 652), eg), e§3)} for C*. Since this matrix is transpose equiv-

alent to
an | tlage —ai1) tass | ais
22 a3z | G12
a23 ass | aiz |’
ai1

we conclude from (i) that ais = tags. That is, (4e®, ey = t(4e!? () forall Ac 4. W

Theorem 4.3.6. Let A be a projection compressible type II subalgebra of M, and let
Q = (d,k, B, V;) be a triple in Fr(A). If Qo and Qsq are linked, then A is the

unitization of an LR-algebra. Consequently, A is idempotent compressible.

Proof. Let €2 be as above, and assume that Q1o and QJ3q are linked. Note that if £ =1
or k = m, then A is the unitization of an LR-algebra by Proposition 4.3.2. Thus, we
will assume that 1 < k& < m. In this case, Theorem 2.1.12 gives rise to subprojections

Q) < Q1o and Q5 < Q3¢ such that

QiaRad(A)Q2q = Q1M,,Q20 and
Q20Rad(A)Q30 = Q20M,,Qs.

Our goal is to show that A is similar to
Ao = (Q) + Q20)M,(Q20 + Q5) + CI.

Since A is the unitization of an LR-algebra, this will demonstrate that so too is A. We
will accomplish this task by first determining the structure of Q19 AQ3q.

Define Q] = Q10—Q} and Q% = Q3q—0Q%. Foreachi € {1,2,3}, let {e&i), eg), o ,eﬁZ}Q}
be an orthonormal basis for ran(Q;q) such that if Q7 # 0, then

ran(QY) = v {el? el eff)
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for some ¢; € {1,2,...,n;0}. Since A is similar to BD(A) + Rad(.A) via a matrix that is
block upper triangular with respect to C* = ran(Q1q) @ ran(Qaq) @ ran(Qsq), there are
operators 11 € Q'M,, Q2 and Ty € Q20M, Q% such that every A € A satisfies

QYAQm = (QYAQ/f)Tl - TI(QZQAQQQ) and
Q20AQ% = (Q20AQ2)Ts — T5(Q3AQ3).

We will begin by using Lemma 4.3.5 to identify the structure of Q].AQsq. Of course,
there is little to be said when Q)] = 0, so assume for now that @)} # 0. By Theorem 4.2.6 and
its subsequent remarks, one may change the orthonormal bases for ran(Q7) and ran(Qaq)
if required and assume that

tz(;) = (Tle(z) e(l)> =0 for all i # j.

J o
Let 7 and ¢ be arbitrary indices from {1,2,...,¢;} and {1,2,...,n3q}, respectively.

Define
(i if i <o,
| 1 otherwise,

and fix an index j° € {1,2,...,n90} \ {j}. Let P denote the orthogonal projection onto
the span of B = {e(l) el 2 (3)}, and consider the algebra PAP. If i > noq, then for

A B A L A 14

each A € A, PAP may be expressed as a matrix of the form

a1 0 0 Q14
Q22 Q23 | Q24
PAP =
a3z Q33 | A34
11

with respect to B. In this case, PAP is an algebra of the form described in Lemma 4.3.5 (i)
with ¢ = 0. Thus, this result implies that

apy = <Ae(3) e(l)> =0 for all A € A.

i

Suppose instead that i < nan. We then have that for each A € A, PAP can be written as
a matrix of the form

(1)

1) 1)
aiy | anty” —t; a0 —t; a3 | ay
a a a
PAP — 22 23 24
a32 as3 a34
a1
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with respect to B. It follows that PAP is of the form described in Lemma 4.3.5 (i) with
t =t and hence

)

apy = <Ae§?), ey = —tgil)<Ae§,3), e forall A c A

Since our choice of indices was arbitrary, these conclusions hold for all i € {1,2,...,¢;}
and all ¢/ € {1,2,...,n3q}. Consequently,

Q1AQ30 = —T1Q20AQ3q for all A € A.

We now wish to obtain information on the structure of @10 AQ%. As in the analysis
above, it will be convenient to simplify the description of T, by choosing suitable bases for
ran((Qaq) and ran(Q)sq). Specifically, Theorem 4.2.6 gives rise to operators V € QsqM, Q2
W e Q5M,Q%, and a unitary U € M, such that

(Qio + Q3)U(Qia + Q3) = Qo + @5,
(Qan + Q5)U(Qan +Q5) =V + W,

and

(U U ey = (VT Wel? ey = 0 for all i # 4.

) Vg

By considering the algebra U* AU and arguing as above, one may deduce that

(Q10AQ5) = (Q10AQ2q)T5 for all A € A.

Our findings thus far indicate that with respect to the decomposition
C" =ran(QY) @ ran(Q}) ® ran(Qaq) & ran(Q3) & ran(Qy),

each A € A can be expressed as a matrix of the form

apnl | 0 |anTy —TiM | Ty (MTy — aT3) | =T1Js
ay I Ji J1T5 Ags
A= M MT2 - alng J2
CLH] 0
CLHI
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for some a;; € C and operators M € Qa0M,,Q2q, J1 € Q| Rad(A)Qsq, Jo € QaqRad(A)Qj,
and Ay; € Q|M, Q5. With this description in hand we are prepared to show that A is
similar to Ay, and hence is the unitization of an LR-algebra.

Consider the operator S := I —T}—T,. This S is invertible with S~™! = I+ T, +To+ T T5.
Moreover, for each A € A as above, we have that

(IHI 0 0 0 0
CLHI Jl 0 A25

STTAS = M| 0 | J
a11[ 0
a11[

From here it is easy to see that S71AS is a type II algebra that has a reduced block upper
triangular form with respect to the above decomposition. Moreover,

QiaRad(S71AS)Qeq = Q| Rad(A)Qaq = Q' M, Qg and
Qa0 Rad(S71AS)Qs0 = QanRad(A)Qy = Q20M,Q.

Thus, Lemma 2.3.10 (ii) implies that

STTAS = (Q) + Q20)M,,(Qaq + Q) + CI = A,

as claimed. [

84.4 Algebras of Type III

We now begin the final stage of our classification of unital projection compressible subal-
gebras of M, when n > 4. The term type III will be used to describe a unital subalgebra
A of Ml,,, n > 4, such that for every orthogonal decomposition ;" V; of C" with respect
to which A is reduced block upper triangular, dim V; = 1 for all i (i.e., m = n), and there
is an integer k£ as in Corollary 4.1.3. It is obvious that such a k must lie strictly between
1 and n.

As in the preceding sections, it will be important to maintain a record of the integers
k and decompositions of C™ that satisfy the assumptions of Corollary 4.1.3 for a given
type III algebra A.
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Definition 4.4.1. If A is an algebra of type 111, let Fr;; = Fr7(A) denote the set of pairs
Q = (k, @], V:) that satisfy the following conditions:

(i) @, V; is an orthogonal decomposition of C™* with respect to which A is reduced
block upper triangular;

(ii) kis an integer in {2,...,n—1} such that if Q1q, @20, and Q3q denote the orthogonal
projections onto €,_, Vi, Vi, and @,_, V;, respectively, then for each i € {1,3},

(Qin + Q20) A(Qin + Q20) # C(Qin + Qa0).

Notation. If A is an algebra of type III and Q = (k,@;_, Vi) is a pair in Fyr(A), let
nio = k—1, nog = 1, and nzn = n— k denote the ranks of Q1q, @20, and (3q, respectively.
Note that since nsq = 1 and n > 4, we necessarily have max{niq, nsq} > 2.

If A is a projection compressible algebra of type III with pair Q € Fj;(A), then
QinAQqiq = CQ;q for each i € {1,2,3}. Thus, each corner Q;nAQ;q is a diagonal algebra
comprised of mutually linked 1 x 1 blocks. Of course, the blocks in Q;0AQ;q may or may
not be linked to those in ;0 AQjq. If there is linkage between these blocks, we will say
that the projections Qo and @ ;q are linked; otherwise, we will say that they are unlinked.

Unlike in §4.3, it is now entirely possible that Qs is linked to Qiq or Q3. As the
following result demonstrates, however, there do not exist projection compressible algebras
of type III for which all projections Q;q, are mutually linked.

Proposition 4.4.2. Let A be a projection compressible algebra of type II1, and let 2 be a
pair in Frrr(A).

(1) If Qaq is linked to Qrq, then nig = 1 and QioRad(A)Q2q = Q10M,Q2q
(it) If Qaq is linked to Qsq, then nzg = 1 and QaqRad(A)Qzq = Q20M,Q3q.

Consequently, Qs cannot be linked to both Q1q and Qsq.

Proof. Clearly (ii) follows from (i) by replacing A with A7, Thus, it suffices to prove (i).

Suppose to the contrary that niq > 2. For each i € {1,2,3}, let {egi), eg), . ,egi)n} be
an orthonormal basis for ran(Q;q). For each index j in {1,2,...,n3n}, let P; denote the
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orthogonal projection onto the span of B; := {egl), eg ), 632), § )}. Furthermore, define Pj’

to be the operator

/
Pj =

_ o O =
S o NN O
SN OO
_ o O =

acting on ran(P;) and written with respect to the basis B;. It is clear that 3P/ is a
subprojection of P;.

One may verify that every B € P/ AP satisfies the equation <Be( ) el )> <Beg ), (1)>.
But if A belongs to A and C = (P’AP’)2 then

2 2 1 1 2 1 3 2
(Cet?, Py — (Cel? ey = 8(Ael elV) (Al ).

Since C' is an element of P;AP;, the right-hand side of this equation must be zero. To
obtain a contradiction, it therefore sufﬁces to exhibit an element A in A such that for some
j€{1,2,...,n3q}, both <Ae§2),el ) and (Ae(3 612)> are non-zero.

First suppose that the projections Q1q, Q20, and Q3q are mutually linked. By definition
of  as a pair in Fy(A), there exist i e {1,2,. nm} and Jj € {1,2,...,n3q}, as
well as Ay, Ay € A, such that <A1€1 etV ) #0 and <A2e 2) # 0. By reordering

Z

the ba81s for ran(Qq) if necessary, we may assume that ¢ = 1 If (Asel? eVy £ 0 or
(Ay e ) # 0, then we obtain the required contradiction. Otherwise, A .= A; + A, is

such that (Ae1 ,el ) # 0 and (Ae 52)) # 0, as desired.

Now suppose that (J3q is unlinked from Q1o and (Q2q. By reorderlng the basis for
ran(Q1q) if necessary, we may obtain an element A, € A such that <A1€1 ,el ) # 0. If
there is an element A, € A such that <A2€(3) ey £ 0 for some j € {1,2,...,nsq}, then
arguments similar to those in the linked case above provide the required contradiction. Of
course, it is now entirely possible that no such A, exists, as (Qon and (J3q are unlinked.
That is, it may be that Q20 AQ30 = {0}. Assume that this is the case.

Let B = {611),e§1),e§ ), 6(12)}, and define P to be the orthogonal projection onto the

span of B. Note that with respect to the basis B for ran(P), each A € PAP may be

written as
(0% 0 a3 | A14

Q| Ag3 | A24
610

«
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for some «, 3, and a,;; € C. Consider the operator

2 0 -1 -1
, 03 0 o0
P=1_10 2 1|’

~10 -1 2

acting on ran(P) and written with respect to B. It is easy to see that %P’ is a subprojection
of P. Moreover, one may verify that every element B = (b;;) in P’ AP’ satisfies the equation
bss + 2b31 — byz — 2byy — bay = 0. But if A is as above and we define (P’AP’)? = (¢;;), then

C33 + 2631 — C43 — 2¢41 — Co9 = 27@14(6 - O{).

Since « and [ may be chosen arbitrarily, it must be that a4 = (Aegm, egl)) = 0 for all A.

This is a contradiction, as <Ale§2), e§1)> # 0. We therefore conclude that niq = 1.

Since Q1 and Qoq are linked, yet (Qiq + Q20)A(Q1a + Q20) # C(Qia + Q20) by
definition of  as a pair in F7;(A), it follows that Q1qRad(A)Q2q # {0}. Consequently,
QiaRad(A)Qr0 = Q1oM, Q20 as nig = nog = 1.

The final claim now follows from the fact that max {niq, nzq} > 2. [ ]

The above result indicates that if A is a projection compressible algebra of type III and
) is a pair in Fr77(A), then there is a projection @Q;o that is unlinked from (. In the
case that this Qo is also unlinked from the remaining projection @);q, one can say more
about the structure of A.

Proposition 4.4.3. Let A be a projection compressible type I subalgebra of M,,, and let
Q be a pair in Frrr(A).
(1) If Qsq is unlinked from Qo and Qoq, then either QaqRad(A)Qsn = Q20M,,Qsq; or
nsq = 1 and QaqRad(A)Qsq = {0}.
(11) If Quq is unlinked from Q0 and Qsq, then either QiqRad(A)Qa0 = Q1aM,,Qaq; or
nig =1 and Q1oRad(A)Q2q = {0}.

Proof. As in the previous proof it is easy that (ii) follows from (i) by replacing A with
AT, Thus, it suffices to prove (i).

Assume that (Q3q is unlinked from both Q)1q and Q2. Suppose for the sake of con-
tradiction that nzgg > 2 and QeqRad(A)Qsq # Q20M,Qsq. For each i € {1,2,3}, let
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{egi), eg), egm} be an orthonormal basis for ran(Q;q), and assume that the basis for

ran(Qsq) is chosen so that (Rel® e{?) =0 for all R € Rad(A).

Define B = {6(11), eg ), eg ), eg?’)}, let P denote the orthogonal projection onto the span

of B, and consider the compression Ay := PAP. As a consequence of Theorem 2.3.9, there
is a constant ¢ € C such that with respect to the basis B for ran(P), each A in Ay admits
a matrix of the form

| a2 ais Q14

A — ﬁ t(ﬁ - fy) 24
0 0

v

for some a, 3, v, and a;; in C. Note that in the case that Q1o and Q2o are linked, o and
B must coincide for each A € Aj. In the case that they are unlinked, these values may be
chosen independently. With this in mind, the following arguments are applicable to either
setting.

Consider the matrices

P = and P, =

— o O
S o N O
SN OO
_0 O
S = O =
S O NN O
O = O =
N O O O

acting on ran(P) and written with respect to the basis B. It is easy to see that %Pl and
%PQ are subprojections of P. In addition, one may verify that every B € P, AP, satisfies
the equation

(Ber), ei”) = t(Bet”, 1) + t(Bel” 1) = 0.

Thus, if A belongs to Ay and C = (P,AP;)?, then

(Cef, el = 1(Ce, ) + 1(Cel?, o) = 8(4el?, ) (A6l ) — t(ae?, "))

must be zero. It follows that <Ae§3), e§2)> =0 for all A € Ay, or (Aef’), egl)) = t(Aegz), egl))
for all A € Ap. Indeed, it is clear that every member of Ay must satisfy at least one of these
equations If however there Were elements A; and A, in Ay such that (Aleg?’), 652)> #0
and <A2€1 ,el > # t(A261 , €1 )>, then neither equation would be satisfied by their sum.

If it were the case that (Ae23),e§2)> = 0 for every A € Ay, then by viewing A, as

an algebra of matrices with respect to the reordered basis {eg ), 6(23), eg ) 653)} for ran(P),
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Ay would be seen to lack the projection compression property by Theorem 4.1.2. This is
clearly a contradiction, so it must be that

(Ael? My = (A4e®, V) for all A,
From here one may verify that every B € P» AP, satisfies the equation
2(Bel® @) — t(Bel? @) 4 1(Bel? ) = 0.

In particular, if A € Ay is as above, then this equation must also hold for D = (P,AP,)?.
Since

2(Del” ey —t(Del?, ey + t{Dey?, ) = 8t(6 — ) (a — 7)

and v may be selected independently from « and , we deduce that ¢ = 0. It is now evident
that every A € Ay can be expressed as a matrix of the form

a 0]a au
v 0 0
A=
B a
7

with respect to the basis {e?’,e?leﬁ”, eég)} for ran(P). Thus, Theorem 4.1.2 provides
the required contradiction.

It must therefore be the case that QeqRad(A)Qs0 = Q20M,,Q3q or nzg = 1. Of course,
in the event that Qo0 Rad(A)Q3q # Q20M,, Q30 and hence nzq = 1, it follows immediately
that QaqRad(A)Qsq = {0}. |

The preceding propositions will be key ingredients in our treatment of projection com-
pressible algebras of type III. Our analysis will proceed in the same spirit as those for
algebras of types I or II. We will begin in §4.4.1 by classifying the projection compress-
ible type III algebras for which the projections ;o are mutually unlinked. In §4.4.2, we
will classify the projection compressible type III algebras for which exactly two distinct
projections Qi and @;q are linked.

84.4.1 Type III Algebras with Unlinked Projections

In this section we present a classification of the projection compressible type III algebras
for which the pairs € in F7;; are such that no two distinct projections Q;o and @);q are
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linked. Such algebras include the algebra from Example 4.1.1(i) when @ # 0, Q3 # 0 and
dim @y = 1; and the algebra from Example 4.1.1(ii). As the following theorem demon-
strates, every projection compressible type III algebra with mutually unlinked projections
is either transpose equivalent to the former, or transpose similar to the latter.

Theorem 4.4.4. Let A be a projection compressible type 111 subalgebra of M,,. If there is
a pair Q in Frir(A) such that no two distinct projections Qiq and Qo are linked, then A
is transpose equivalent to the type I algebra from Example 4.1.1(1), or transpose similar
to the algebra from Example 4.1.1(1i). Consequently, A is idempotent compressible.

Proof. Let Q = (k,@;_, Vi) be a pair in F;;;(A) as in the statement of the theorem. For
each i in {1, 2,3}, fix an orthonormal basis {egi), eg), . ,eﬁf}n} for ran(Q;q).

Note that if Q1oRad(A)Q20 = Q10M,Q20 and Qg Rad(A)Qzq = Q20M,Q3q, then by
Lemma 2.3.10 (ii),

Rad(A) = Q1oM, Q20 + Q10M, Q30 + Q20M,Qs0.

In this case, A is the type III algebra from Example 4.1.1(i), so A is idempotent compress-
ible. It therefore suffices to consider the case in which QiqRad(A)Qaq # Q1oM,,Q2q or

Q20Rad(A)Qs0 # Q20M,Q30.

By replacing A with AT if necessary, we may assume without loss of generality that
QoqRad(A)Qs0 # Q20M,,Q3q. It then follows from Proposition 4.4.3 (i) that nsq = 1 and
Q2qRad(A)Qsq = {0}. Consequently, niq > 2 and hence Q1qRad(A)Q2q = Q10M,,Q20
by Proposition 4.4.3 (ii).

The above observations imply that for every X € Q1oM,,Q2q, there exists an element
Yx € Q1oM,,Qsq such that X + Yx € Rad(A). Additionally, as a consequence of Theo-
rem 2.3.9, there is a constant ¢ € C such that

<Aeg3), e§2)> =1 ((Aef), eg2)> — (AegS), e@)) for all A € A.

It therefore suffices to prove that Rad(A) = Q1oM,,(Q20 + Q3q). Indeed, when this is the
case, consider the operator S := I — tef) ® eg?’)* € M,,. One may verify that S is invertible

with S=! =171 + te?) ® ef’)*, and S1AS is the anti-transpose of the type III algebra from
Example 4.1.1(ii).

To this end, note that since Q1q, 20, and Q3q are mutually unlinked, there is an
element Al € A such that QQQA1Q2Q = QQQ and QlQAlQlﬂ = QgQAngﬂ = 0. With

85



respect to the decomposition C" = ran(Q1q) ® ran(Qaq) @ ran(Qsq), we may write

0] Ay | Aus
A = 1 t
0

for some A1y € Q1oM,,Q20 and A3 € Q1aM,Q3q. Thus, for any X € Q10AQ2q, there
exists Yy € Q10AQ3q such that Rad(A) contains

0]X YX 0 A12 A13 0| X |tX
(X + Yy)A; = 0] 0 1|t | = 0] 0
0 0 0

We conclude that Rad(A) = RY + R where

0X |tX
RWL .— 00 : X € Mg—1)x1
0

and R(z) = Rad(A) N ngMang.

We claim that R® must be equal to Q1oM,,Qs0. Suppose to the contrary that this is
not the case. By changing the orthonormal basis for ran(Q:q) if necessary, we may assume
that

(Yeg?’), e§1)> =0 forall Y € R,

Consider the set B = {egl), egl), ef), ef”)} and let P denote the orthogonal projection onto
the span of B. Define Aj to be the compression PAP, and accordingly, define

Ry = PROP and Ry = PR®P.

Since Ay = S + Rad(Ap) where S is similar to BD(Ay) via a block upper triangular
similarity, there are constants uy, us, v1, vy € C such that each A € Ay can be written as

a 0|v(a—=p) |u(a—v)—tv(6—") 0 0| x|ty 0 0/0|0

s a | vy(a—B) | ug(a—7) —tua(B — ) N 0| xg | tag N 00|y
B H5—) 0 0 010

0% 0 0

where the above summands are expressed with respect to the basis B for ran(P), and
belong to S, R(()l), and R(()Z), respectively. We will obtain a contradiction by showing that
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a certain compression of A violates Theorem 4.1.2. To accomplish this goal, it will first
be necessary to prove that t = uy = 0.

With this in mind, consider the matrices

P o= Py = , and Pj =

o O =
O O N O
oNn OO
_ o O
_ o O
o o N O
o N OO
— o O
O = O =
o o N O
O = O =
DO OO

acting on ran(P) and written with respect to the basis B. It is clear that for each i, %Pi is
a subprojection of P. One may verify that if B; = (bg)) and By = (bg)) belong to P Ay P,
and P, Ay P,, respectively, then their entries satisfy the equations

AtbsY) 4 2(tvy — uy + 1)6&) - Qth%) + t(tvy —uy — )55 — t(tvy —ug + 1)b§? =0, and
462 4+ 2(toy — ug — 1Y) — 262612 + t(tvy — uy + 1B — t(tvy — uy — 1B = 0.

Let Ay denote the element of Ay obtained by setting a = =2y =y =0and y =z, = 1.
That is,
0 01 tUl —Uu; + t
00 tUQ — U9
0 —t
1

AOZ

Since A is projection compressible, C; := (P;AgP;)? must satisfy the first equation above,
while Cy = (P,AgP,)? must satisfy the second. But with C} = (CS)) and Cy = (cg-)), we
have

4t 4 2(tvy — g + 1)) — 228y

+t(tvy —ug — l)c%) — t(tvy —uy + 1)02%) = 82(tv; —u; — 1), and

4tcﬁ) + 2(tvy — uy — l)cgi) — 2t2c§23)

+t(tvy —ug + 1)0522) —t(tvy —uy — 1)0&? = —8t*(tvy —uy +1).

Adding these equations, it becomes evident that ¢ = 0. Consequently, QmRél)Q:m = {0}.
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We now prove that u; = 0. Let Aj denote the element of Ay obtained by setting
a=0=x;=1and vy=1x9 =y = 0. That is,

1 01 U1
110 U9

/ —_—
Ao = 110
0

Since any element B3 = (b(?)) in P AgPs satisfies the equation Qbﬁ) - ul(bgz) — bﬁ)) =0,

1,

it must be the case that the element C3 = (P3AjP;)? satisfies this equation as well. But
it C5 = (CZ(?)), then 205’2 — ul(cggz) - cﬁ)) = 8uy. Therefore, u; = 0.

We deduce that every element in 4, admits a matrix representation of the form

a u(a=7)+y |0 vla—75)+

¥ 0 0
a v(a—p)+n
B

with respect to the reordered basis {egl), e§3), egl), e@} for ran(P). Since the values of «,

B, and v can be selected arbitrarily, an application of Theorem 4.1.2 shows that Ag is not
projection compressible—a contradiction.

The arguments above demonstrate that R = Q1oM,,Qsq0. We therefore conclude that
Rad(A) = Q1o0M,(Qa0 + Q3q), and thus the proof is complete. [ ]

84.4.2 Type III Algebras with Linked Projections

Let us now consider the projection compressible type I1I algebras that admit pairs €2 € Fp;
with distinct mutually linked projections. By Proposition 4.4.2, it cannot be the case that
all three projections @1, (20, and (J3q are mutually linked.

We begin with the case in which there is a pair Q2 € F;;; with Qaq linked to Q1o or Qsq.
One example of such an algebra is given by the type III algebra from Example 4.1.1(iii).
The following theorem demonstrates that this algebra is in fact, the only example up to
transpose equivalence.

Theorem 4.4.5. Let A be a projection compressible type 111 subalgebra of M,,. If there is
a pair  in Frr(A) such that Qaq is linked to Q1 or Qsq, then A is transpose equivalent
to the algebra from Example 4.1.1(iii). Consequently, A is idempotent compressible.
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Proof. Let 2 be as in the statement of the theorem. By replacing A with A% if necessary,
we may assume without loss of generality that ()¢ is the projection that is linked to Q2. In
this case, Proposition 4.4.2 (i) implies that niq = 1 and Q1qRad(A)Q20 = Q10M,,Q2q. It
follows that nszq > 2, and hence Q3 is unlinked from Q¢ and Q2o by Proposition 4.4.2 (ii).
Finally, Proposition 4.4.3 implies that Q2qRad(A)Qsq = Q20M,Q30.

Fix operators T} € QQ1oM,,Q2q and Ty € Q20M,,Q3q, the above observations imply that
there exist Ry, Ry € Rad(A) such that Q1qR1Q2q = T1 and Qg ReQs3q = T». With respect
to the decomposition C" = ran(Q1q) ® ran(Q2q) ® ran(Qsq), we may write

0 Ty RY 0 R Ry
Rl =10 0 R%) and R2 =10 0 T2
0 0 0 0O 0 0

for some operators RS) and Rz(?). From here it is easy to see that Ri Ry = T1T5 € Rad(A).

Since T; and Ty were arbitrary, we conclude that Rad(.A) contains Q1oM,Q3q.

It will now be shown that each block Q;oRad(A)Q;q exists independently in Rad(.A).
First, write A = S 4+ Rad(A) where S is semi-simple. Since Q1 and Qsq are linked, S is
similar to C(Q1q + Q20) + CQsq via an upper triangular similarity. From this it follows
that Q10SQ20 = {0}, and hence S contains an element A of the form

0 0 A
A - 0 O A23
00 I

Using the fact that Q1oM,Qs0 C Rad(A), we deduce that To = ReA — Q10R2AQ30
belongs to Rad(A). Since T, was arbitrary, Rad(A) contains QoqM,Q3n. Consequently,
T1 = Ry — Q1o R1Q30 — Q20 R1Q30 belongs to Rad(A). This proves that Rad(.A) contains
Q1oM,,Q2q, and therefore

Rad(A) = Q1aM,, Q20 + Q1oM, Q30 + Q20M,Qs0.

We conclude that A = C(Qiq + Q20) + CQsq + Rad(A) is the algebra from Exam-
ple 4.1.1(iii), as claimed. n

With the proof of Theorem 4.4.5 complete, we are left only to classify the projection
compressible type III algebras such that Fj;; contains a pair €2 in which Q1o and @3q
linked, yet neither of these projections is linked to Q2. It will be shown in Theorem 4.4.7
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that such an algebra is necessarily the unitization of an LR-algebra. Unsurprisingly, the
proof of this result shares many similarities with that of Theorem 4.3.6, the analogous result
for algebras of type II. One must modify the arguments in the type III case, however, to
reflect the absence of a block in BD(.A) of size 2 or greater.

The first step in this direction is the following adaptation of Lemma 4.3.5 to the type III
setting.

Lemma 4.4.6. Let A be a projection compressible type III subalgebra of My, and suppose

that Fr11(A) contains a pair Q = (k, @?:1 V;) with k = 3. Assume that Q1o and Qsq are
linked.

(1) If there exist a constant t € C and for each i € {1,2,3}, an orthonormal basis
{e&"),eg"), . 6nm} for ran(Q,q) such that

<Ae§2), egl)> =t ((Aegl), ) <Ael , (2)>> forall A € A,

then (Aef”), (1)> <Ae§3), > for every A € A.

(11) If there exist a constant t € C and for each i € {1,2,3}, an orthonormal basis
{egi), eg), . enm} for ran(Q;q) such that

(e, o) =t (A4, ) = (Ael?, ")) Jor all A € A,

then (Ael : (1)> = t(Ael : Z > for every A € A and each i € {1,2}.

Proof. First note that since Q)1 and (J3q are linked, Proposition 4.4.2 implies that neither
of these projections is linked to Qsq.

We begin by considering the situation of (i). With respect to the basis B = {eg ), eg ), 652), eg )}

for C*, each A in A can be expressed as a matrix of the form

a 0|tla—p)|an
« 23 Q24
A=
5 34
o
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for some «, 3, and a;; in C. Consider the matrix

_ o O =
S O N O
o OO
_ o O

It is straightforward to check that %P is a projection in My and every element B = (b;;) in
PAP satisfies the equation 2by3 — t(byy — bs3) = 0. But if A € A is as above, and C = (¢;;)
denotes the operator (PAP)?, then

2013 — t(CQQ — 033) = 8t(ta34 + CL14)(Oé — ﬁ)

Since A is projection compressible, C' belongs to PAP, and hence the right-hand side of
this equation must be 0 for all A. Since o and S may be chosen arbitrarily, it follows that
either t = 0 or a;4 = —tasy for all A in A.

If £t =0, then each A € A can be expressed as a matrix of the form

a ax |0 any
0 a34

A= P
& a4

«

with respect to the reordered basis {eé ), eg ), egl), € } for C*. In this case, Theorem 4.1.2

demonstrates that a;4 = (Aegg), e(ll)> =0 for all A Thus, the equation a4 = —tass holds
in either case. That is, (Ae!”, egl)) = —t(Aeg ,el )Y for all A € A.

We now turn our attention to the proof of (ii). In this setting, every A in A admits a
matrix representation of the form

a 0| a Q14
Q| Ag3 Q24
A=
B tB—a)
o

with respect to the basis B = {eg ), egl), eg ) el e; } With P asin (i), every element B = (b;)

in PAP satisfies the equation 2b34 — t(bsg — by2) = 0. It can be verified, however, that if A
is as above and C' = (PAP)? = (¢;;), then

2034 — t(ng — 022) = 8t(ta13 — a14)(04 — 6)
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Once again, it follows that either ¢ = 0 or a4 = ta;3 for all A € A.
Suppose first that ¢t = 0. Let P’ denote the matrix

2 0 -1 -1

, 1o 3 0 o0

=14 0 2 21|
-1 0 -1 2

written with respect to the basis B, so %P' is a projection in My. Direct computations
show that if B = (sz) belongs to P/.AP/, then b33 + 2b31 — b43 — 2b41 — bgg = 0. But with
A as above and C == (P'AP’)? = (¢;;), we have

C33 + 2¢31 — C43 — 2¢41 — Co9 = 27@14(5 - a).

Since o and [ may be selected arbitrarily, it follows that a4 = (Aeg?’), egl)) =0 for all A
in A. Thus, the equation a4 = ta;3 holds in either case. That is,

<Ae§3), €§1)> = t(Ae&Q), e&”) for all A € A.

Finally, by switching the order of the first two vectors in B and repeating the above
analysis with respect to this reordered basis, one may deduce that

<Ae§3)7 €§1)> = t(z‘le?), egl)) for all A € A.

Thus, the proof is complete. [ |

Theorem 4.4.7. Let A be a projection compressible type III subalgebra of M,,. If there
is a pair Q in Frir(A) such that Qiq and Qsq are linked, then A is the unitization of an
LR-algebra. Consequently, A is idempotent compressible.

Proof. Let Q be a pair in Fy;;(A) such that Q1o and Q3 are linked. By replacing A
with AT if necessary, we will assume that niq = max{niq,n3qo} > 2. Note that by
Proposition 4.4.2, neither of these projections is linked to Qaq.

By Theorem 2.1.12, there are subprojections Q] < Q1o and Q% < Q3 such that

QioRad(A)Qzq = Q'M,,Q2q  and
Q20Rad(A)Qsq = Q20M,, Q5.
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As in the proof of Theorem 4.3.6, we will show that A is similar to

and hence that A is the unitization of an LR-algebra. To show that this is the case, we
must first determine the structure of Q10.AQsq.

Define projections Q] = Q1o — @} and Qf = Qs3q — Q4. For each i € {1,3}, let
{egi), eg), . enm} be an orthonormal basis for ran(Q;q) such that if Q7 # 0, then

an(@) = v {0, )

for some index ¢; € {1,2,...,n,q0}. Furthermore, let 61 ) be a unit vector in ran(Qaq)-
Since A is similar to BD(.A) +Rad(A) via an upper triangular similarity, there are matrices
T1 € QIM,, Qa0 and Ty € Q2oM,, Q4 such that for each A € A,

QTAQ20 = (QTAQ))T) — T1(Q20AQ2q) and
Q20AQ5 = (Q20AQ20)Ts — To(Q5AQS).

We may obtain information on the structure of QY AQsq by appealing to Lemma 4.4.6.
Of course, there is little to be said when @] = 0. If instead Qf # 0, fix arbitrary
indices i € {1,2,...,64}, ¢ € {1,2,...,nmq} \ {¢}, and j € {1,2,...,n30}. Define

B = l( ), 511),65 ), §3)} and let P denote the orthogonal projection onto the span of

B. With respect to the basis B for ran(P), every member of PAP can be written as a

matrix of the form
a 0 tz(l)(Oé - ﬁ) Q14

a az3 a2q
g ass |’
a
where tgl) = (Tle?), egl)>. Thus, an application Lemma 4.4.6 (i) demonstrates that

(Al Ny = 1D (A eP)) for all A € A.
Since the indices i, i’, and j were selected arbitrarily, it follows that

Q1AQ3q = —T1Q20AQ3q for all A € A.
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A similar argument can be used to determine the structure of Q10.AQ%. Indeed, there
is nothing to be said when Q% = 0. If instead Q% # 0, choose distinct indices ¢ and ¢’ in

{1,2,...,n10}, and let j € {1,2,..., 43} be arbitrary. Define C = {e(l) eV ef),e(fg)}, and

(A 1 J
let P’ denote the orthogonal projection onto the span of C. The compression P’ AP’ is an
algebra of the form described in Lemma 4.4.6 (ii), and hence this result indicates that each
A € A satisfies the equation

(Aef, efV) = 17 (Ael?, ),

J o

where t§2) = <T2€§-3), 6%2)>. Again, the fact that 4, ¢/, and j were chosen arbitrarily implies

that ngAQg = QIQAQQQTQ forall A € A.

Our findings thus far indicate that with respect to the decomposition
C" = ran(QY) ® ran(Q}) ® ran(Qaq) & ran(Q3) & ran(Qy),

each A in A can be expressed as a matrix of the form

al | 0 | (a—pB)T1 Ay Ais
al Jq Agy Ags
A= B (B—a)Ty| Jo )
al 0
al

for some «, 8 € C, J; € Q Rad(A)Qaq, J2 € QaoRad(A)Q%, and operators A;; satisfying
the equations

[ A | A =Ty [ (B-a)Tx| ] and {AM} - { (O‘_Jlﬁ)Tl}Tz.

To see that A is similar to Ay = (Q} + Qa0)M,,(Q20 + Q%) + CI, and hence is the
unitization of an LR-algebra, consider the operator S := [ —T} —Ts. This map is invertible
with S = I + T, +T5 + T1T5. In addition, we have that for A as above,

al | 000 0

al Jl 0 A25

ST1AS = G110 | Jp
al | 0

al
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It is now apparent that S~'AS is a type III algebra that admits a reduced block upper
triangular form with respect to the above decomposition. Since

QioRad(S7'AS) Qa0 = Q| Rad(A)Qa0 = Q\M, Q20  and
Qa0Rad(S71AS)Qs0 = QanRad(A)Qy = Q20M,,Q,

it follows from Lemma 2.3.10 (ii) that S™'AS = (Q} + Q20)M,,(Q20 + Q%) + CI = A,. W

84.5 Main Results and Applications

The analysis of unital projection compressible subalgebras of M,,,, n > 4, carried out in §4.1-
4.4 provides a complete description of these algebras up to transpose similarity. In addition,
it was observed that every unital projection compressible algebra in this setting also admits
the idempotent compression property. We therefore obtain the following theorem, the main
result of this chapter.

Theorem 4.5.1. Let A be a unital subalgebra of ML, for some integer n > 4. The following
are equivalent.

(i) A is projection compressible;
(i1) A is idempotent compressible;

(11i) A is the unitization of an LR-algebra, or A is transpose similar to one of the algebras
from Example /.1.1.

Combining Theorems 3.2.7 and 4.5.1, we conclude that the two notions of compress-
ibility coincide for all unital algebras.

Theorem 4.5.2. A unital subalgebra A of M,,, n > 2, is projection compressible if and
only if it is idempotent compressible.

In light of Theorem 4.5.2, we make the following definition.

Definition 4.5.3. A unital subalgebra A of M, is compressible if A is projection com-
pressible (equivalently, if A is idempotent compressible).
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It is worth noting that nearly all of the classification results from §4.1-4.4 describe
the various unital compressible subalgebras of M, up to transpose equivalence, not just
transpose similarity. Indeed, the only instance in which a description up to transpose
equivalence was not achieved was in Theorem 4.4.4. There it was shown that a projection
compressible type III algebra is either transpose equivalent to the type III algebra from
Example 4.1.1(i), or transpose similar to the algebra from Example 4.1.1(ii).

The following proposition describes the similarity orbit of the algebra from Exam-
ple 4.1.1(ii) up to unitary equivalence, thereby providing a characterization of the (unital)
compressible subalgebras of M,,, n > 4, up to transpose equivalence.

Proposition 4.5.4. Let n > 3 be an integer, let ()1 and Q)3 be mutually orthogonal rank-
one projections in ML, and define Q3 = I — Q1 — Q2. Let {e1,eq,...,e,} be an orthonormal
basis for C" such that ey € ran(Q1), es € ran(Q)s), and e; € ran(Qs) for all i > 3. If

A :=CQ, +CQ2+ CQ3 + (Q1 + Q2)M,, Q5

a 0 M13
= 0 B M| :a,B,v€C M;e Q:;M,Q;
00 ~I

denotes the compressible algebra from Example 4.1.1(ii), and B is an algebra that is similar
to A, then there is some t € C such that B is unitarily equivalent to

At = {A+t(<A€1,€1> — <A€2,€2>)€1 ® 6; t A€ -/4}

a tla—pf) M
— 0 B Moz | 1, 8,7 € C, M;; € Q;M,Q;
0 0 Al

Proof. Suppose that B = S™'AS for some invertible S € M,,. For all indices i € {1,2}
and j € {3,4,...,n}, define E;; = ¢ ® e; and Ej; = S~1E;;S. Furthermore, define
Q)= S71Q;S for i € {1,2,3}. Observe that

B=S"1AS = span{Q’l,Qé,Qg,El{j i€ {1,2},5€{3,4,...,n}}.

Let {fi1, f2,..., fa} be an orthonormal basis for C" such that f; and f, belong to
ker(Q%). Let Py, P, and P; denote the orthogonal projections onto Cf;, Cf,, and
span {f; : i > 3} = ker(Q})*, respectively. Since P3Q5P5 = P3 and Q3Q, = Q4Q% = 0, we
have that Q] = (P + P»)Q} and Q) = (P, + P,)Q5,.

96



Note that since Q| Q) = Q5Q) = 0, we may adjust the first two basis vectors if neces-
sary to assume that Q] and @), are upper triangular with respect to {f1, f2, ..., fn}, and
(Qif;, f;) = 05 for 1,5 € {1,2}. Thus, there are matrices X,;, Y;;, and Z;;, and a constant
t € C such that with respect to the decomposition C" = ran(P;) @ ran(P,) @ ran(Ps),

1]¢ X13 0| —t leg 010 Z13
Qll = 010 0 s QIQ = 0 1 }/23 s and Qg = 010 Z23
0(0] O 0 0] 0 010 1

Finally, since Ej; = (Q + Q) E};Q%, we have that £}, = (P, + P,)Ej; Ps for all indices
¢ and 7. Dimension considerations then imply that

span{EZ{j i e{l1,2},5€{3,4,... ,n}} = (P, + P»)M,, P,
and therefore
B={B+t((Bfi,fi) = (Bfs, f2)) [ & f5 : B€ CP, +CP,+ CPs + (P, + P,)M, Ps} .

We conclude that A; = U*BU where U € M, is the unitary satisfying Ue; = f;. |

Corollary 4.5.5. Let n > 4 be an integer, and let A be a unital subalgebra of M,,. The
following are equivalent.

(1) A is compressible;

(ii) A is the unitization of an LR-algebra, or A is transpose equivalent to the algebra
from Example 4.1.1(i), the algebra from Ezample 4.1.1(iii), or the algebra A; from
Proposition 4.5.4.

Remark 4.5.6. The above result, together with Theorem 4.5.1, implies that if A is trans-
pose similar to an algebra from Theorem 4.5.1 (iii), then A is transpose equivalent to an
algebra from Corollary 4.5.5 (ii). Indeed, Proposition 4.5.4 makes this fact explicit for
the algebra in Example 4.1.1(ii), while in §2.1 it was shown that the class of LR-algebras
is invariant under transpose similarity. Arguments akin to those in the proof of Propo-
sition 4.5.4 can be used to show that any algebra transpose similar to the algebra from
Example 4.1.1(i) (resp. Example 4.1.1(iii)) is in fact, transpose equivalent to it.
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84.5.1 Applications

Here we investigate some of the applications of the classification of unital compressible
algebras. It follows from Theorem 4.5.2 that the class of all such algebras is invariant under
similarity and transposition. Using this fact, it is relatively straightforward to determine
which unital semi-simple algebras admit the compression property.

Corollary 4.5.7. Let n > 2 be an integer, and let A be a unital, semi-simple subalgebra
of Ml,,. The following are equivalent:

(1) A is compressible;

(i1)) A= CI or A is similar to M & CI,,_y for some positive integer k.

Proof. Since CI and My, @ CI,,_j, are unitizations of LR-algebras, it is obvious that (ii)
implies (i). Assume now that (i) holds, so A is a unital, semi-simple subalgebra of M,
that admits the compression property. Assume as well that A is in reduced block upper
triangular form with respect to some orthogonal decomposition @;", V; of C". By Theo-
rem 2.3.9, A is similar to B := BD(.A). It therefore suffices to prove that B is similar to
an algebra of the form prescribed in (ii).

If n = 2, then B is equal to CI, C & C, or My, and hence B is of the desired form. If
instead n = 3, then either B is equal to CI or M, or B is unitarily equivalent to C & CI;
or My @& C. Indeed, the only other block diagonal subalgebra of M is the algebra of all
3 x 3 diagonal matrices. This algebra was shown to lack the compression property in
Theorem 3.2.6, and hence cannot be similar to B. Again we see that (ii) holds.

Suppose now that n > 4. By Theorem 4.1.2, there is at most one space V; of dimension
2 or greater. If such a space exists, we may reindex the sum @], V; if necessary and
assume that dim(V;) = k > 2. Theorem 4.1.2 then implies that V; is linked to V; for all
1,7 > 2,80 B=My & CI,_j. If instead dim V; = 1 for all i, then Theorem 4.1.2 indicates
that with at most one exception, all spaces V; are mutually linked. Thus, B is equal to CI
or is unitarily equivalent to C & CI,,_;. [ |

Theorem 4.5.1 can also be used to quickly identify the operators 7" € M, such that
Alg(T, I'—the unital algebra generated by T—is compressible.

Corollary 4.5.8. Let n > 2 be an integer, and let T' € M.,,. The following are equivalent:
(1) Alg(T, 1) is compressible;
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(1) Alg(T,I) is the unitization of an LR-algebra;

(111) T € span{l, R} for some R € M, of rank 1.
Proof. 1t is clear that (ii) implies (i). To see that (i) implies (iii), assume that Alg(T" I)
is compressible. It follows that Alg(S™'T'S,I) = S7'Alg(T,I)S is compressible for all

invertible S € M,,; hence we may assume that 7" is in Jordan canonical form with respect
to the standard basis {ey, e, ..., e,} for C".

If T has a Jordan block of size at least 3, then Alg(7T, I) admits a principal compression
of the form

cx,y,2 € C

o O R
o 8w
8] <

Since this algebra was shown to lack the compression property in Theorem 3.2.4, it must
be the case that each Jordan block of T has size at most 2. Note as well that if two
or more Jordan blocks of size 2 were present, then Alg(T,I) would lack the compression
property by Theorem 4.1.2. Consequently, 7" has at most one Jordan block of size 2, and
the remaining blocks have size 1.

If a Jordan block of size 2 occurs, then T" cannot have two or more distinct eigenvalues.
Indeed, if T" had at least two distinct eigenvalues, then Alg(7, I) would admit a principal
compression that is unitarily equivalent to

cx,y,z€C

o O R
o8
N O O

By Theorem 3.2.2, this algebra is not compressible—a contradiction. Thus, 7" must be
unitarily equivalent to e; ® e + ol for some av € C. We conclude that 7' = al + R for
some R in M, of rank 1.

Suppose now that every Jordan block of T is 1 x 1, so T is diagonal. If T had at
least three distinct eigenvalues, then the algebra D of all 3 x 3 diagonal matrices could be
obtained as a principal compression of Alg(T, I). Since no algebra similar to D is projection
compressible by Theorem 3.2.6, this is not possible. Therefore, T has at most two distinct
eigenvalues. By Theorem 4.1.2; one of the eigenvalues must have multiplicity 1. We deduce
that either T" has exactly one eigenvalue, and hence is a multiple of the identity; or T has
exactly two eigenvalues, and hence is a rank-one perturbation of a multiple of the identity.
Thus, (iii) holds in this case as well.
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Finally, we will show that (iii) implies (ii). Suppose that T' € span{I, R} for some
rank-one operator R € M,,. That is, T' = ol + SR for some o, € C. If § = 0, then
Alg(T,I) = CI. Otherwise, SR has rank 1, and hence Alg(T,I) = Alg(BR) + CI is the
unitization of an LR-algebra by Proposition 2.1.15. |

It is interesting to note that in the 3-dimensional case, the matrices of the form af + SR
for some «a, € C and R € M3 of rank one are exactly those with two or more Jordan
blocks corresponding to a common eigenvalue. Such matrices are said to be derogatory [12,
Definition 1.4.4]. One may therefore view Corollary 4.5.8 as a higher-dimensional analogue
of Corollary 3.1.3.

4.6 Future Directions and Open Questions

Throughout this exposition we have devoted our attention almost exclusively to unital
subalgebras of M,,. Of course, it is reasonable to ask which non-unital algebras admit the
projection or idempotent compression properties. In particular, it would be interesting to
know whether or not the equivalence of these notions established in this manuscript in the
unital case extends to non-unital algebras as well.

Question 1. For each integer n > 3, which non-unital subalgebras of M, admit the pro-
jection compression property? Is it true that the notions of projection compressibility and
idempotent compressibility coincide for non-unital subalgebras of M, ¢

By Proposition 2.1.9, if a subalgebra A of M, admits the projection (resp. idempotent)
compression property, then so too does its unitization. Theorems 3.2.7 and 4.5.1 therefore
offer considerable insight into which non-unital projection (resp. idempotent) compressible
algebras can exist in Ml,. For instance, Theorem 4.5.1 indicates that if A is a projection
compressible subalgebra of M,,, n > 4, then A is the unitization of an LR-algebra or
transpose similar to one of the algebras from Example 4.1.1.

The approach to studying the compression properties of a non-unital algebra by exam-
ining these properties for its unitization is used in the proof of the following proposition.
This result is a non-unital analogue of Corollary 4.5.8.

Proposition 4.6.1. Let n > 3 be an integer, and let T' € M.,,. The following are equivalent:
(1) Alg(T) is projection compressible;
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(11) Alg(T) is idempotent compressible;
(11i) Alg(T) is an LR-algebra, or the unitization thereof;

(iv) T € span{l, R} for some R € M, of rank 1, and O does not occur as an eigenvalue
of T with algebraic multiplicity 1.

Proof. 1t is clear that (iii) implies (ii), and (ii) implies (i).

To see that (i) implies (iv), note that if Alg(T") is projection compressible, then so
too is Alg(T,I). By Corollary 4.5.8, there is a rank-one operator R € M, such that
T € span{I, R}. For the final claim, write T = ol 4+ SR for some «, 5 € C, and suppose
to the contrary that A = 0 is an eigenvalue of 7" with algebraic multiplicity 1. Since
rank(R) = 1, there is an orthonormal basis {ej, es, ..., e,} for C" with respect to which

BR = 71€1 X QT + Y2€1 X 6;

for some constants v;,7, € C. Thus, when expressed as a matrix with respect to this
basis, T is upper triangular with diagonal entries a + ; with multiplicity 1, and « with
multiplicity n — 1. It must therefore be the case that « +v; = 0 and « # 0.

Let P denote the orthogonal projection onto span{ej, e, e3} and define 7" := PTP.
With respect to the ordered basis B = {ej, 3, €3} for ran(P),

=2

T = 2

oo o
o Q
S oo

Thus, since Alg(T') = CT is projection compressible, P’ Alg(T)P' = CP'T'P’ is an algebra
for all projections P’ < P. Consider the matrix

1
P'=10
1

o N O
_ o =

written with respect to the basis B. It is easy to see that %P’ is a subprojection of P.
Moreover, it is straightforward to show that (Bes, e2) = 4(Bey, e;) for all B € P'Alg(T)P'.
One may verify, however, that

((P'TP')’es, e2) — 4{(P'TP')’er, 1) = 8a® # 0,

and thus (P'TP")? ¢ P'Alg(T)P'. This is clearly a contradiction.
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It remains to show that (iv) implies (iii). To this end, let 7" and R be as in (iv), and
write T' = ol + SR for some «, B € C. Let {ey,eq,...,¢e,} be an orthonormal basis for C"
with respect to which

BR = yie1 ® €] + Y€1 ® €5

for some 7;, 7, € C.

First suppose that a = 0, so Alg(T) = Alg(SR). If § = 0 then this algebra is trivial.
Otherwise, Alg(T') is an LR-algebra by Proposition 2.1.15. If instead o # 0, then our
assumptions on T imply that o + v, # 0. Consequently,

1 1 1
I=|=+ T————T%¢c Alg(T).
(04 Oz+%) ala+m) o0

It follows that Alg(T) = Alg(T,I), so Alg(T) is the unitization of an LR-algebra by
Corollary 4.5.8. [ |

The following result may be a useful tool in the classification of non-unital projection
compressible subalgebras of M. It outlines a simple necessary condition that may prevent
several non-unital algebras from admitting the projection compression property.

Proposition 4.6.2. Let B = {ey,es,e3} denote the standard basis for C3. Let A be a
subalgebra of Mg consisting of matrices that are upper triangular with respect to {ey, eq, €3},
and such that (Aes,es) = 0 for all A € A. If there exists an element A € A such that
(Aey,e1) # (Aeg,e1) and (Aes, e3) # (Aes, e), then A is not projection compressible.

Proof. Let A be as in the statement above. Consider the matrix

2 -1 -1
P=|(-1 2 -1
-1 -1 2

written with respect to B, and note that %P is a projection in Mj3. It is routine to
verify that any B = (b;;) in PAP satisfies the equation by; — b3y — bag + b3z = 0. But if
C = (PAP)2 = (Cij)7 then

Co1 — C31 — Ca2 + C32 = 27(<A€1,€1> - <A€2>€1>) (<A€3>€3> - <A€37€2>) # 0

Consequently, C' does not belong to PAP, so A is not projection compressible. [ |
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As an immediate consequence of the above result, the subalgebra of Mj consisting of
all matrices that are strictly upper triangular with respect to the standard basis is not
projection compressible.

The notions of projection compressibility and idempotent compressibility can be nat-
urally extended to algebras of bounded linear operators acting on a Hilbert space H of
arbitrary dimension. It would therefore be interesting to determine whether or not ana-
logues of our results can be established in this setting.

Question 2. Let H be complez infinite-dimensional Hilbert space, and let B(H) denote the
algebra of all bounded linear operators acting on H. Which subalgebras of B(H) admit the
projection compression property? Is it true that every projection compressible algebra is in
fact, idempotent compressible?

Certain elementary results on compressible subalgebras of M, are easily seen to general-
ize to subalgebras of B(#). For instance, it is clear that both the projection and idempotent
compression properties pass to unitizations and are enjoyed by (not necessarily closed) one-
or two-sided ideals of B(#H). We note, however, that much of our analysis from Chapters 3
and 4 will not immediately carry over to the infinite-dimensional setting, as there does not
exist a direct analogue of Burnside’s Theorem for general operator algebras.

One approach to understanding the structure of a projection (resp. idempotent) com-
pressible operator algebra A would be to apply Theorems 3.2.7 and 4.5.1 to the unital
compressions PAP, where P is a projection (resp. idempotent) of finite rank. This tech-
nique may have its limits, however, as there could exist operator algebras A that lack
the projection compression property, yet such that PAP is an algebra for all finite-rank
projections P.

With this in mind, the most viable avenue for understanding the compression properties
in this setting may be to first obtain an explanation as to why these notions coincide for
unital subalgebras of M,,. Despite a considerable amount of effort, we have been unable to
provide a direct proof of this fact that does not involve characterizing each class of algebras.
Such a proof might help to explain why these algebras have the particular structures seen
throughout Chapters 3 and 4.
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Chapter 5

The Distance from a Rank n — 1
Projection to the Nilpotents

In this chapter we address the problem of computing v,,_; ,,, the distance from a projection
of rank n — 1 to the set of nilpotent operators acting on C". We begin by establishing the
notation that will be used throughout.

Fix a positive integer n > 3. As in previous chapters, let M,, = M,,(C) denote the
algebra of all complex n x n matrices. Let {ej,es,...,e,} denote the standard basis for
C", and define 7, to be the subalgebra of M, consisting of all matrices that are strictly
upper triangular with respect to {e;}! ;. Finally, let Ey = 0, and define

k
Ex ::Zei@)e;‘ for k € {1,2,...,n}.

=1

In Chapter 1 it was observed that the distance v,,_;, is always achieved by some
projection-nilpotent pair. Thus, since one may assume without loss of generality that a
given nilpotent is upper triangular with respect to {e;}"_;, we have that

Un—1, =min{[|Q — N| : Q € P(C"), rank(Q) =n—1,N € T,}.
With this in mind, fix a projection @) = (g;;) of rank n — 1 that is of distance v,,_1,, to Tp,.
In addition, let P = (p;;) denote the rank-one projection I — Q.

As was the case in MacDonald’s computation of vy ,, the Arveson Distance Formula
will play a key role in our determination of v,_; ,. This result was introduced in Chapter 1,
though we restate it below for convenience.
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Theorem 5.0.3 (Arveson Distance Formula). The distance from an operator A € M, to
T, is
dist(A, T,) = max | E;- | AE;]|.
1<i<n

The key application of the Arveson Distance Formula occurs in §5.1. There we derive
closed-form expressions for the norms ||Ei QFE;|| in terms of the entries of Q. Next, we
use the minimality of dist(Q, 7,,), together with the expressions for |E- QE;||, to prove
that all such norms necessarily share a common value. In particular, this will imply that
|EL QE:|| = vp_1., for all 4.

In §5.2, we use the equations |E | QF;|| = v,_1.,, together with some basic algebraic
properties of (), to derive a finite list of candidates for v,,_; ,,. A closer examination of these
candidates reveals that exactly one of them satisfies a certain necessary norm inequality
from [17], and hence this value must be v,,_1 ,,.

In §5.3, we present a construction of all closest projection-nilpotent pairs. Additionally,
we prove that any two such pairs are unitarily equivalent.

Finally, in §5.4, we discuss possible extensions of these results to projections of inter-
mediate ranks. In particular, we conjecture a general formula for v,, which appears to
closely resemble estimates for v,,, for small values of n.

85.1 Equality in the Arveson Distance Formula

The goal of this section is to derive a sequence of equations relating the entries of () to the
distance v,,_1,. Our strategy will be to use the algebraic relations satisfied by the entries
of @ to derive closed-form expressions for the norms ||Ei- ;QFE;||. Next, we will relate these
expression to v,_1, through the Arveson Distance Formula.

We begin with a few important observations regarding the structure of the projections
P and (). Note that since P has rank one, any 2 x 2 principal compression of P must be
singular. It follows that the determinant of

|:pii pij:|
pij Djj
is zero for any choice of distinct indices ¢ and j, and thus there are complex numbers z;;

of modulus 1 such that
Pij = Zij\/PiiPjj-
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As a result, the entries of () satisfy

gij = —2zij\/ (1 — i) (1 — qj;) for all i # j.

It would be cumbersome to keep track of the complex numbers z;; throughout the
coming analysis. Fortunately, however, the following result indicates that one may assume
without loss of generality that each z;; is equal to 1.

Lemma 5.1.1. If R € M, is a rank-one projection, then there is a diagonal unitary

U € M, such that the entries of S .= U*RU are non-negative real numbers. Furthermore,
|EL L SE| = |EL RE;|| for all i.

Proof. Suppose that R = (r;;) with respect to the standard basis, and choose an index k
so that 7y, # 0. Clearly such a k exists as Tr(R) > 0. Let U = diag(uy, us, . .., u,) denote
the diagonal unitary in M, obtained by setting ux = 1 and

L ‘rkj’//rkj 1f'r’kj7£0 .
u]—{l if = 0 for j > 2.

If S == U*RU = (s;;), then s;; = wu;r;;. In particular, s;; = r;; and si; = |ry;| for all j.
Note that since S has rank 1 and sy = r, # 0, every row of S is a multiple of the k™ row.
But S has a non-negative diagonal and non-negative k' row, so every row of S must be a
non-negative multiple of the k™ row. Finally, it is evident that ||E SE;|| = ||E- RE;]]
for all 7, as each projection E; commutes with U. [ |

By Lemma 5.1.1, one may assume that the rank n — 1 projection ¢ of minimal distance
to T, is such that every entry of P = I — () is a non-negative real number. It then follows
that the entries p;; and ¢;; satisfy the relations

Dij = +/DPiiPjj and qij = —\/(1 — q”)(l — ij) for all ¢ 7é j (51)

These equations quickly lead to the useful identities

DijPik = PiiDjk and qijqik = _QJk(]- — qu) for all i,j, k distinct. (52)
In the case of rank-one projections, MacDonald derived the distance formula of The-

orem 1.0.2 by analysing a certain sequence {a;}!" , associated to such a projection. For
P = (pi;), this sequence is defined by setting ay = 0 and

k k
= pi=k—Y qi ke{l2...n} (5.3)
=1 =1
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When the entries of P are non-negative, P and () are entirely determined by this sequence.
Indeed,
P=e®e* and Q=1—-c®e¢e*

where e = [\/al —ay Vaz—ay - a, — an_l]T. In particular, the diagonal entries
of P and () are given by

prk =ar —ag1 and g =1—(ar —ag1), k€{l,2,...,n}. (5.4)

Note that {a;}!, increases monotonically from ag = 0 to a, = Tr(P) = 1. Moreover,
by considering the projection P = e ® e¢* with e as above, it follows that any sequence
increasing monotonically from 0 to 1 can be obtained in this way. We record this fact
below for future reference.

Lemma 5.1.2. If {a;}_, is a sequence that increases monotonically from ag = 0 to a, = 1,
then there is a rank-one projection R = (r;;) in ML, such that r;; > 0 for all i and j, and
ar = S8 1y for each k€ {1,2,...,n}.

In [16], MacDonald computed the values of ||E;- | PE;|| in terms of the sequence {a;}?,
and subsequently proved that all such norms must be equal when P is of minimal distance
to T,. Our goal is to translate MacDonald’s arguments to the case in which @ is of minimal
distance to 7,. Namely, we wish to obtain a formula for ||[Ei QFE;| in terms of {a;}7,
and demonstrate that when @) is of minimal distance to 7, these norms share a common
value.

The first step in this direction occurs in Lemma 5.1.5 wherein we analyse the singular
values of Fj- | QEy. The proof of this result requires the following classical theorem of
Cauchy (see [12, Theorem 4.3.17]).

Theorem 5.1.3 (Cauchy’s Interlacing Theorem). Let B be a self-adjoint matriz in M,,.
Fiz an integer k € {1,2,...,n}, and let B e M,,_1 be the self-adjoint matriz obtained by
deleting the k' row and k™ column from B. If \ < A <o <A, are the eigenvalues of
B, and py < py < --- < pp_1 are the eigenvalues of B, then

Aj <y S A

forallj€{1,2,...,n—1}.
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The following corollary to Theorem 5.1.3 highlights an important fact concerning self-
adjoint operators with repeated eigenvalues. This fact will be a key tool in the proof of
Lemma 5.1.5.

Corollary 5.1.4. Let B be a self-adjoint matriz in M,,. Fizx an integer k € {1,2,...,n},

and let B € Ml,,_; be the self-adjoint matriz obtained by deleting the k" row and k™ column
from B.

(i) If X is an eigenvalue of B with multiplicity m > 2, then X is an eigenvalue 0f§ with
multiplicity at least m — 1.

(i1) If X is an eigenvalue 0f§ with multiplicity m > 2, then X is an eigenvalue of B with
multiplicity at least m — 1.

We are now prepared to give a description of the singular values of E | QF}, and
therefore a description of |Ef ,QE||, k € {1,2,...,n}.

Lemma 5.1.5. Let Q = (g;;) be a projection in M, of rank n—1, and let {a;}!_, denote the
non-decreasing sequence from equation (5.3). Fork € {1,2,...,n}, define Qy = Ei- ;QEx,
and let By, denote the restriction of Q;Qy to the range of E.

(1) If ¢;; <0 for all i # j, then the entries of B = (b;;) are given by

Qe — ar—1(1 —qre) ifi =j =k,
(1= ap-1)(1 —qu) ifi=j#Fk,
—(1 — ag—1)qij if 1,7, k are distinct,

S

ij =
ak—1Gsj otherwise.

(11) If My < Ay < ... < A\ are the eigenvalues of By, then

_ 2\ _
0 otherwise.

In particular,

Tr(By) + \/2Tr(Bz) — Tr(Bk)Q'

Q= )

108



Proof. First, suppose that ¢;; < 0 for all 7 # j. Since () is idempotent, its entries ¢;; satisfy

the equation
n
qij = Z Giede -
=1

This equation, together with the identities from (5.2), allows one to compute the entries
of By, directly. Indeed,

b = G+ q;f+1,k ot g

= qkk — Q%k - qgk - qg_uf
k-1

= ik — Z(l —qoe)(L — @) = ik — ap—1(1 — qr),
=1

and if i # k, then

bi = ot Qs+ T G

= i — Q%i - qgi - qul,i
k—1
= (i — qizi - Z (1 - (m)(l - Qii)
0=1,04¢

= (I—qu) ((/ﬂ —2) - i%) = (I —ap-1)(1 — i)

If 7,7, and k are all distinct, then

bij = QriQkj + Get1,iQk+15 + ** + Gnilng
= iy — q1iq1y — 20925 =~ — Gk—1,i9k—1,5
k—1
= ij — %i%ij — 955 + Z qij (1 — qee)
L=1lF#1]

= gy ((’f —2) - ZW) = —(1—ar-1)g;-

Lastly, either ¢ < j = k or j < ¢ = k. Since By, = Bj, it suffices to establish the formula
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for b;; in the case that i < 7 = k. We have

bik = QeiQrk + Qe+1,iGk+16 T F Gnilnk
= ik — q1uiq1k — q2:92k — *** — Qk—1,i9k—1k
k—1
= ik — GGk T Z qir(1 — que)
0=1,0i

k—1
= ik ((k' - 1) - Z (W) = 0k-19Gik-
=1

We now turn our attention to the proof of (ii). By Lemma 5.1.1, one may conjugate
() by a diagonal unitary if necessary to assume that ¢;; < 0 for all 7 # j. Since the
eigenvalues of By are invariant under such a transformation, this assumption imposes no
loss of generality.

From the description of the entries b;; in (i), it is apparent that if B; € M,,_; denotes
the matrix obtained by deleting the final row and column of By, then

By=(1—a)I - Q)

where @ € My_; denotes the (k — 1) leading principal submatrix of Q. Since Q is a
projection of rank n — 1, Corollary 5.1.4 (i) ensures that A = 1 is an eigenvalue of @ of

multiplicity at least k£ —2. Thus, A = 0 is an_eigenvalue of Z?; of multiplicity at least k — 2.
It follows that the remaining eigenvalue of B is given by

(B = (1 - ap) 30— ) = s (1 — ).

=1

This information can now be used to analyse the eigenvalues of By. By Corollary 5.1.4 (ii),
A = 0 is an eigenvalue of B, with multiplicity no less than k£ — 3. Furthermore, Theo-
rem 5.1.3 indicates that the remaining eigenvalues A1, A\;_1, and \; are such that

A <0< Ny S a1 (1 —ag—q) < A

Since By > 0, we have that Ay = 0. The final two eigenvalues can be recovered by
examining the traces of By, and B7. In particular, one may solve the system of equations

>\k71+)\k = TI‘(Bk)
N+ A = Te(By)

to obtain the values in (ii). This completes the proof. |
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Theorem 5.1.6. Let QQ = (g;;) be a projection in ML, of rank n—1, and let {a;};_, denote
the non-decreasing sequence from equation (5.3). If f : [0,1] x [0,1] — R denotes the
function

Va2y? — 4ay + 2oy + 422 — 2oy + 42 — 2y + 1 —ay—y+ 22+ 1
2 Y

flx,y) =

then for each k € {1,2,...,n}, |E ,QEx|*> = f(ar_1,ar).

Proof. By Lemma 5.1.1 we may assume without loss of generality that ¢;; < 0 for all ¢ # j.

Fix an integer k € {1,2,...,n}, define Q) = Fj- QF}, and let By, = (b;;) denote the
restriction of Q;Q to the range of Fy. By Lemma 5.1.5 (ii), we have that

Bk —|— \/2T1" B2 Tr(Bk)Q

Q= )

If E\k € M,,_; denotes the matrix obtained by deleting the final row and column of Bj
as in the proof of Lemma 5.1.5, then

Te(By) = Te(By) + b
= ap-1(1 — ap—1) + e — ap—1(1 — qrr)
= Quk + ap—1(qrr — ar—1)
= Quk +ap_1(1 —ag).

Moreover, if B? = (c;;), then
-1
e = by + Zbie
= (qer — ap—1(1 — qrr)) +Zak 10k
= (qer — ap—1(1 — qrr)) +Zak1 — qri) (1 — qee)

= (qek — ar1(1 — qui))” + ak—l(l — Qkk)s
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and for 1 < k —1,

k—1

(=100
k-1
= (1-a1)’(—aa) +aiqp+ > (1—ar1)’q
=10
k-1
= (1= ap1)*(1 = gi)” + aj_ (1 — gi) (1 — gr) + Z (1= ar1)*(1 = gi) (1 — qer)
=10

= ap-1(1 = qii) (1 — ar—1)® + a1 (1 — i) -

N

-1

Te(BY) = o+ Y ar—1(1—qu) (1 — ap-1)* + ax—1(1 — qir))
1

= (qrr — ax—1 (1 — C]kk))2 +ay_ (1= qw) +az_, ((1 —ap1)? +ap1(1— C]kk)) .

~
Il

These descriptions of Tr(By) and Tr(B2) allow one to express |Q||* as a function of
ag_1, ag, and gu. The desired formula for ||Qg|*> may now be obtained by writing

gk = 1 — (ag — ag_1) as in equation (5.4). [ |

Our first goal of this section is now complete: we have derived a closed-form expression
for each norm ||E;- |QFE}||. In order to show that every such norm is equal to v, 1, we
must first investigate the properties of the function f from Theorem 5.1.6.

Lemma 5.1.7. If f : [0,1] x [0,1] — R denotes the function

fla.y) Va2y? — 4ay + 2oy + 422 — 2oy + 42 — 2y + 1 —ay—y+ 22+ 1
x?y = Y
2

then f is increasing in x and decreasing in y. Moreover, 0 < f(z,y) < 1 whenever
0<z<y<l.

Proof. Define g : [0,1] x [0,1] — R by

g(z,y) = 22y? — 42’y + 2wy + 42 — 2y + y® — 2y + 1,
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so f(z,y) = 3(\/9(z,y) —zy—y+2x+1). We begin by proving that g(z, y) is non-negative
on its domain and zero only at (0,1). We will therefore verify that f is well-defined on
[0,1] x [0,1], and that the partial derivatives of f exist at all points (x,y) # (0, 1).

Observe that for each fixed y € [0, 1], the map
v gla,y) = (2-y)’0® = 2y(1 —y)o + (1 — y)*

defines a convex quadratic on [0, 1] with vertex at zo = y(1—y)/(2—y)? If y € [0,1), then

y(1—y) 41 —y)°
g@mw:g<§tzﬁﬂ):7?ja?>0

Consequently, g(x,y) > 0 for all (z,y) € [0,1] x [0,1). Note as well that at y = 1 we
2

have g(z,1) = It follows that ¢(0,1) = 0 and g(z,y) > 0 for all other values of
(x,y) € [0,1] x [0,1]. Thus, f is well-defined, and the partial derivatives
g:(z,y) | 2-y 2(1 —y)°
fx(%@/) = ) fxm(xay) = T 3/2
4/gley) 2 (9(,9))*"*
gy(z,y) r+1 223
fy(@,y) = v - fyy(x,y) =

CAgley) 2
exist for all (x,y) # (0, 1).

Our next task is to prove that f(x,y) is increasing in z. First observe that f(x,1) =z
is clearly increasing. Furthermore, for every fixed y € [0,1), f..(x,y) is well-defined and
strictly positive for all x. Hence,

(g(x,9))*"?

xy2—4xy+y2+4a:—y+2—y
2¢/g(z,y) 2

is an increasing function of x. We conclude that f,(x,y) > f.(0,y) =1 —1y > 0 for every
x € [0,1]. Thus, f is an increasing function of x on [0, 1].

folz,y) =

We now use a similar argument to show that f is a decreasing function of y. For x = 0,
we have that f(0,y) = 1 — y is clearly decreasing. Now given a fixed = € (0, 1], it is clear
from above that fy,(x,y) is well-defined and strictly positive for all y. It follows that the
partial derivative
22y — 222 + 22y —c+y—1 x+1

2/9(z,y) 2
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is an increasing function of y on [0,1]. Hence f,(x,y) < f,(z,1) = —z < 0 for every
y € [0,1]. This proves that f is a decreasing function of y on [0, 1], as desired.

For the final claim suppose that 0 < z < y < 1, and consider the sequence {ak}%zo
defined by ag = 0, a1 = x, as = y, and a3 = 1. By Lemma 5.1.2, there is a rank-two
projection @ = (g;) in My that is defined by {ax};_, in the sense of equation (5.3).
Turning to Theorem 5.1.6, we have that

.f(xay) = f(al,ag) - ||E%QE2||2>

and hence 0 < f(z,y) < 1. [ ]

Theorem 5.1.8. If Q € M, is a projection of rank n — 1 that is of minimal distance to
Tn, then ||[E | QFE;|| = ||E]-L_1QEJ-|| for all i and j.

Proof. By Lemma 5.1.1, we may assume without loss of generality that ) = (g;;) is such
that ¢;; < 0 whenever i # j. Let {a;}}_, denote the non-decreasing sequence from equa-
tion (5.3), and for each i € {1,2,...,n}, define Q; := B+ ,QFE;. Suppose to the contrary
that not all values of ||Q;|| are equal. Define

p= max [|Qi]),

1<i<n

and let j denote the largest index in {1,2,...,n} such that ||Q;|| = p.

First consider the case in which j = n. Let k denote the largest index in {1,2,...,n—1}
such that || Q|| < p. With f as in Theorem 5.1.6, we have that

flan—1,ar) = |Qill® < |Qunill® = flan, arsr).

Thus, if g : [ax_1, ax] — R is given by
g(l’) = f(akfhx) - f('ruakJrl)a

then g(ar) = flak-1,ar) — f(ar, ars1) < 0, while g(ay—1) = 1 — f(ak-1,ar41) = 0 by
Lemma 5.1.7. Since g is continuous on its domain, the Intermediate Value Theorem gives
rise to some aj, € [ax_1, ax| such that g(aj,) = 0. By replacing a; with a}, in the sequence
{a;},, one may equate ||Qy|| and ||Qgy1]| while leaving the remaining norms ||Q;|| un-
changed. Most importantly, since aj, < aj, Lemma 5.1.7 implies that the new common
value of ||Qx|| and [|Qy41]| is strictly less than p.
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This argument may now be repeated to successively reduce the norms ||Q;|| for i > k
to values strictly less than p. At the end of this process, either the new largest index j at
which the maximum norm occurs is strictly less than n, or the maximum p decreases. Of
course, the latter cannot happen as () was assumed to be of minimal distance to 7,,.

Thus, we may assume that the largest index j at which p occurs is strictly less than n.
In this case we have that

flaj,ai0) = Qi ll” < |Q511° = f(aj-1,ay).

As above, we may invoke the Intermediate Value Theorem to obtain a root a’ of the
continuous function

h(z) = f(aj_1,2) — f(x,a;41)

on the interval [a;, a;,1]. By replacing a; with a} in the sequence {a;};,, one may equate
1@l and [|Qj41]] while preserving all other norms [|Qs]|. Since @} > a;, Lemma 5.1.7
demonstrates that the new common value of ||Q;|| and ||Q;41]| is strictly less than p. Thus,
this process either decreases the largest index j at which the maximum norm occurs, or
reduces the value of . Since this argument may be repeated for smaller and smaller values
of j, eventually u must decrease—a contradiction. [ |

§5.2 Computing the Distance

We will now utilize the results of §5.1 to determine the precise value of v,,_;,. The first
step in this direction is the following proposition, which applies Theorem 5.1.8 to obtain a
recursive description of the sequence {a;}! .

Proposition 5.2.1. Let Q € M, be a projection of rank n — 1 that is of minimal distance
to Tn. If {a;}!, denotes the non-decreasing sequence from equation (5.3), then

4 2 2
“Vn-1n + 2Vn71,nak—1 + Vn—1n = Qk—1

ap =
2 2
Vh1n0k—1 + Vhin = Qk-1

for each k € {1,2,...,n}.

Proof. Since the distance from ) to 7, is minimal, Theorems 5.0.3 and 5.1.8 imply that
|Ei- {QFEx|| = vy_1,, for all k € {1,2,...,n}. Thus, with f as in Theorem 5.1.6, we have
that

f(akfb&k) = HEli_—lQEk‘P = yr27,—1n'

)
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The desired formula can now be obtained by solving this equation for ay. [ |

The recursive formula for a; described in Proposition 5.2.1 will be the key to comput-
ing v,,—1,. Our goal will be to use this formula and some basic properties of the sequence
{ai}i_, to determine a list of candidates for 12 , ,. A careful analysis of these candidates
will reveal that exactly one of them satisfies a certain necessary norm inequality from [17].

This value must therefore be v;_, .

To simplify notation, let ¢ = 2_, , and define the function h, : [0,1] — R by

24 +t—ux
hulz) = ter+t—x

(5.5)

Proposition 5.2.1 states that for each k € {1,2,... n},

—t2 + 2tag_1 +t — ap_1
ap = = ht(ak_l).
tag—1 +1—ag

Since hy(0) = (t — t?)/t = 1 — t = ay, this formula may be expressed as a;, = hgk)(()) for
all k € {1,2,...,n}. Upon taking into account the condition a,, = 1, we are interested in
identifying the values of t € [}1, 1} that satisfy the equation hl(fn)(()) =1

Notice that each expression hgk)(O) is a rational function of t. For each k > 1, let py_;(¢)
and gx_1(t) denote polynomials in ¢ such that

hgk)(()) _ Pi-1(t)

qe-1(t)
It then follows that

pe(t) () _ 1)\ | —tqeo1(t) + 2tpe_1(t) + tqr—1(t) — pe—1(t)
aip ~ e (O) =h <qk1<t>> - (D + (D — e

and hence we obtain the relations

Pe(t) = t(1 = 1) qr-1(t) + (2t = e (D), (5.6)

@r(t) = tqp—1(t) — (1 = t)pe_1 (). (5.7)
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We may replace pr_i(t) in (5.7) using equation (5.6), thereby leading to a recurrence
expressed only in the gx(t)’s. Specifically, we have that

a(t) = tqp—1(t) — (1 —t)pp—1(t)

= tg1(t) — (L= 8) [t(1 — t)@r—a(t) + (2t — L)px—2(?)]

= tqr-1(t) — (1 — )2 qe—(t) — (2t — 1) [tgr—2(t) — qu—1(?)]
= (3t = )qe-1(t) — t3qr_a(t)

for all £ > 2. We may extend this recurrence relation to include & = 1 by choosing a
suitable expression for ¢_;(t). Indeed, note that

po(t)
CIo(t)

p1(t) =32+ 4t —1
= —hh(0) = ———
a(t) (1e(0)) —2 43t —1"

—t? + 3t — 1. Thus, we may write ¢, (t) = (3t — 1)qo(t) — t3q_1 ()

=h(0)=1—t and

so qo(t) = 1, and ¢(t)
by defining q_l( )=t

1

The requirement that hg")(O) = 1 is equivalent to asking that p,_1(t) = ¢,_1(t). Using
the relations above, this equation can be restated as tgq, o(t) = p,_2(t), or equivalently
Gn-1(t) = t*q,—»(t) by (5.7). Thus, we wish to determine the values of ¢ € [1,1] that
satisfy

anl(t) = t2(]n72(t%

where

g-1(t) =t7", qo(t) =1, and qu(t) = (3t — D)gp_1(t) — qu_2(t) for k > 1.

A solution to this problem will require closed-form expressions for the polynomials
Gn-1(t) and g,—o(t). In order to obtain such expressions, we will first rewrite the recurrence
relation defining these polynomials in terms of matrix multiplication:

B e e e R N EA

One may therefore obtain a description of ¢,_;(t) and ¢,—2(t) by diagonalizing the matrix

_3t—-1 ¢
aP
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Routine computations show that the eigenvalues of A are given by

31+ (1—t)VT -4 3t—1+4(1—t)iy

A
' 2 2
and
N\ = 3t—1—(1—-t)v1—-4 3t—1—(1—t)y
2 — 9 - 92 )

: A1 Ao .
where y := v/4t — 1. Furthermore, the columns of the matrix P := 11 form a basis
of eigenvectors corresponding to A; and \,, respectively. By computing

pl_ 1 1 =X
(1—t)iy -1 M

and setting D := diag(\1, \2), we have that A = PDP~!. Consequently,

[qn—l (t)

} = PD" P! {Q’O(t) } _ [ EO] = A5) = AT + g
Qn—2<t> t(

g1 (t) L—t)iy [t (A7 = A = A\ AN

The expressions for ¢, 1(t) and ¢,_»(t) derived above can now be used to identify the
desired values of t. Indeed, when g,_1(t) = t3q,_»(t), we have that

T = A3) = XA+ MY = 2 (AT =AY = AT AT
= A=) = A=) = AT = ) = AT (E = A))
= NTHE = X)(E = M) = ATTHE = M) = ),

A A A Y
—= = 1. 5.8
) =)= 53
This equation may be simplified using the following identities that relate the values of ¢,
A1, and Ao.

and therefore

Lemma 5.2.2. Ify =4t — 1, \y = 3t — 1+ (1 —1)iy)/2, and Ay = (3t —1— (1 —1t)iy)/2,
then
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(i) t—)\l_(l—t)<%> and t—A2_(1—t)(1”y).

2

1—2t—i 1— 2+
(ii) 22— =(1-1) (Tw) and t2—A2:(1—t)(%).
(iii) 1+ 1—2t+1y d 11—y 1 -2t -1y
W Ty o 1+ iy o
(iv) A (Ltiy ’

Proof. Verification of statements (i)-(iii) is straightforward, and thus their proofs are left
to the reader. For (iv), an application of the Binomial Theorem demonstrates that

(1+iy)? = 1+ 3iy— 3y* —iy?
= (1-3y) +iy(3 -y
= A(1-3t)+4(1—t)iy = —8h

From this we deduce that (1 —iy)® = (1+iy)3 = —8\; = —8\;, and thus the result
holds. u

One may apply the identities above to simplify equation (5.8) as follows:
L AQ LA (=N
B VAN
1+zy S 1oty (1—dy
1—2t -y 14y

_ =

) (=) ()
=

—_ =

We therefore conclude that ,
I+ pk

11—y
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where m == 3n — 2, p,, = €>™/™ and k is an integer.

We are now in a position to determine the possible values of t. By solving for y in the
equation above, we obtain

k/2 k/2 —k/2

k/2 —k/2
pﬂ"{ _pm/ 2

_ sin (k7w /m) . <k‘_7T)

cos (km/m) m

Since y = /4t — 1, we have

1 o (kT 1, km
t 1 <tan (m) + ) 4sec (3n—2) or some k €

That is, the distance v,,_; , from @ to 7, must belong to the set

1 km
- kel
{2860(371—2> € }
It remains to determine which element of this set represents v,,_; ,,. We will accomplish

this task by appealing to the following result of MacDonald concerning a lower bound on
the distance from a projection to a nilpotent.

Proposition 5.2.3. [17, Lemma 3.3] If P € M, is a projection of rank r and N € M, is

nilpotent, then
1P = N>/ (14 5).
2n n

In the analysis that follows, we will demonstrate that the only value in

1 km
{ﬁsec (3n—2> k GZ}

that respects the lower bound of Proposition 5.2.3 for projections of rank » = n — 1 occurs
when k£ = n—1. We begin with the following lemma, which proves that MacDonald’s lower
bound is indeed satisfied for this choice of k.
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Lemma 5.2.4. For every integer n > 3,
n—1 n—1 1 (n— 17

1 < —sec? [——) <1
2n(+ n>_4sec(3n—2)_

Proof. Define «,, = (3n—2)/(n—1). By considering reciprocals, this problem is equivalent
to that of establishing the inequalities

L_ o™ n?
— <cos” [ —
4~ a,) ~2(n—-1)(2n—1)

for all n > 3. In the computations that follow, it will be helpful to view n as a continuous
variable on [3,00).

To establish the inequality 1/4 < cos? (7/a,,), simply note that 7/, is an increasing
function of n tending to m/3, cos(x) is decreasing on [0,7/3], and cos(n/3) = 1/2. The
second inequality will require a bit more work. Since (2n — 2)? > 2(n — 1)(2n — 1) for all

n, it suffices to prove that
cos”" | — | £ ——.
) = -

2

This inequality can be reduced further by taking square roots. Indeed, the above holds if
and only if

f(n) = n_ cos (l) >0 forn € [3,00).

dn — 3 ap,

We will prove that f'(n) < 0 for all n € [3,00), so that f is monotonically decreasing
on this interval. Since

2 2
lim f(n) =0 and f(3) =5 — cos <77T) ~ 0.043 > 0,

n—o00 3
this will demonstrate that f(n) > 0 for all n > 3. To this end, we compute

167 sin (5) n? — 247 sin (al) n + 97 sin (al) _ BAn2 4 720 — 24
(4n — 3)2(3n — 2)2 '

f'(n) =
Of course (4n — 3)*(3n — 2)% > 0, so the sign of f’(n) depends only on the sign of

g(n) = 167 sin (i) n* — 247 sin (l> n + 97 sin <l> — 54n® + 72n — 24.

On
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But since 7/a, € [r/4,7/3] for n > 3, we have that sin (7/a,) € [v/2/2,v/3/2] for all such
n, and hence

g(n) < 167 (ﬁ) n? — 241 <\/—§> n+ 9 <£> — 54n* + 72n — 24
2 2 2
:(&@w—5gn?—(m¢§—n)n+(ggi—m>.

This upper bound for g is a concave quadratic whose larger root occurs at n ~ 1.8105. It
follows that g is negative on [3,00), and therefore so too is f'. [ |

Lemma 5.2.5. For any integer n > 3, the set

-1 -1
contains exactly one value in {nQ (1 + 1 ) ,1} , and it occurs when k =n — 1.

Proof. Fix an integer n > 3. We wish to prove that

A= {C082 (Bnki 2) ke Z}

contains exactly one value in the interval

I:= E 20— 17;<22n - 1>} |

Since Lemma 5.2.4 demonstrates that this is the case when & = n — 1, it suffices to show
that no other values in A are within distance

n? 1

b = S @ =1 1

of cos?((n — 1)/ (3n — 2)).
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Note, however, that not all values of k& € Z need to be considered. In particular, since
the function k — cos?(kw/(3n — 2)) is periodic, it suffices to check only its values at the
integers k € {0,1,...,3n — 2}. Additionally, since

—9) —
cos? ((3n ) — k) = cos? T for all k,
3n —2 3n — 2

we may restrict our attention to k € {0,1,2,...,[(3n —2/2)]}.

Although we are solely concerned with the integer values of k£ described above, it will
be useful to view k as a continuous real variable. With this in mind, define the function
fn:[0,(3n —2)/2] = R by

It follows from the identity cos?(x) — cos?(y) = —sin(x — y) sin(z + ) that
km (n—1)m
2 e
o8 <3n—2) o8 ( 3n —2 )

Notice, however, that
— 2km
!/ k — Q :
Ja(k) <3n - 2) o (Sn - 2) ’

so f (k) < 0on |0, (3n—2)/2], and hence f, is decreasing on its domain. Since f,(n—1) =0,
it therefore suffices to prove that

faln—=2)> pB(n) and —f,(n) > B(n).

<Bn) <= |fulk)| < B(n).

We will demonstrate that these inequalities hold via application of Taylor’s Theorem.

Consider the approximation of sin(x) by x — x?/6, its third degree MacLauren polyno-
mial. On [0, 7/6], the error in this approximation is at most

sin(7/6) z!
E(z) = T|x|4 -5

Thus, since 1/n < 7/(3n —2) < 7/6, we have

. s . 1 1 1 1 1 1 1 13
sin >sin(— | >-———-FE (- > - — = — || = —.
3n—2 n n  6n3 n n 6n 48n 16n
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It is routine to verify that sin ((2z — 1)7/(3z — 2)) is an increasing function of x on [3, c0).
Consequently, this function is bounded below by sin (57/7), its value at z = 3. We deduce

that
, T . ((2n—17 13 . (b7 13 3 39
_ — TR s 22 My > 2.2 27
Ja(n) Sm<3n—2)sm( 30— 2 >—16nsm<7>—16n 1 64n

Lastly, one may show directly that

—— > f(n) whenever n > —————— ~ 2.9217,

39 101 + /5521
64n 60

and hence — f,,(n) > B(n) for our fixed integer n > 3.

A similar analysis may now be used to prove that f,(n —2) > f(n). Indeed, it is
straightforward to verify that sin ((2n — 3)7/(3n — 2)) is bounded below by sin (27/3),

and therefore
I —
fa(n—2) = sin <3n7r— 2) sin ((?:;—_32)7T>

13 /27 13 V3 _ 13 3 39
> —s|—|=—F" =2 —F— - = —
16n 3 16n 2 16n 4

64n

It now follows from the arguments of the previous case that f,(n —2) > B(n). |

With the above analysis complete, we may now present the main result of this chapter:
the distance from a projection in M, of rank n — 1 to the set A/(C") is

1 -1
Vpn—in = 3 sec (u) .

Interestingly, this expression can be rewritten to bear an even stronger resemblance to
MacDonald’s formula in the rank-one case.

Theorem 5.2.6. For every integer n > 2, the distance from the set of projections in M,

of rank n — 1 to N(C") is
1 ™
Un—1n = = S€C :
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85.3 Closest Projection-Nilpotent Pairs

Given a projection () in M, of rank n — 1 that is of distance v,,_;,, to 7, the following
theorem provides a means for determining an element 7" € 7,, that is closest to ). As we
will see in Theorem 5.3.2, this element of 7, is unique to Q.

Theorem 5.3.1. [3, 17] Fiz v € [0,00). An operator A € M, satisfies |E;- |AE;|| = ~
foralli € {1,2,...,n} if and only if there exist T € T, and a unitary U € M, such that
A-T =~U.

Furthermore, if |E- AE;|| =~ and ||[EfAE;|| < v for all i € {1,2,...,n — 1}, then the
operators T and U are unique.

With this result in hand, we are now able to describe all closest pairs (Q, N) where Q
is a projection of rank n — 1 and N € N (C").

Theorem 5.3.2. Fiz a positive integer n > 2. Let {a;}_, be the sequence given by ag = 0

and A ) )
“Vn_in + 2Vn—l,nak—l + Vi—1pn = Qk—1

ap = for k> 1.

2 2
Vn—1nk—1 + Vioin = Qk—1
Let {z;}" | be a sequence of complex numbers of modulus 1, define

T
e=[avar—ag zmyaz—ar - Zan — an1]
and let Q =1 —e® e*.

(1) Q is a projection of rank n — 1 such that dist(Q,7,) = Vn—1,. Moreover, every
projection of rank n — 1 that is of minimal distance to T, is of this form.

(11) There is a unique operator T' € T, of minimal distance to Q, and this T is such that
Q—T = v,_1,U for some unitary U € M,,. Thus, if g = Qe and t, = Te), denote
the columns of Q) and T, respectively, then one can iteratively determine columns ty
by solving the system of linear equations

(n —ti,qge—t) = 0
<QQ - t27 qr — tk‘) = 0
(@h—1 —the—1,qe —teg) = O

forke{2,3,...,n}.
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Proof. Statement (i) follows immediately from the results of §5.1 and §5.2. For statement
(ii), the existence of T" and U is guaranteed by Theorems 5.1.8 and 5.3.1. All that remains
to show is the uniqueness of these operators.

To accomplish this task, note that it suffices to prove uniqueness in the case that z; = 1
for all ¢ (i.e., when ¢;; < 0 for all i # j). For k € {1,2,...,n}, let Q) denote the restriction
of Ei- |QE} to the range of Ej, and define By == Q;Qx. Let Q) = ErQy, so that

(O ]
Q%
T
where v, = [qkl Qra - - - qkk} )

We will demonstrate that ||Q] < ||Qk| for all £ € {1,2,...,n — 1}, and therefore
obtain the uniqueness of T" and U via Theorem 5.3.1. Observe that this inequality holds
when k =1, as

Qr =

l@1[I* = QI = ¢i1 = V10 > 0.

Suppose now that k € {2,3,...,n— 1} is fixed, and define Bj, := Q}*Q}. = Br — viv;. One
may determine the entries of B; = (b;) using the formulas for the entries of By, = (b;;)
from Lemma 5.1.5 (i). Indeed,

b%k = b — qik
= Qgkk — ak—1(1 - Qkk) - qik
= (@ —ap—1)1 —aqre) = (1 —ar)(1 — qu),

and for if 1 < k,

by = bi— ql%i
(1 - ak—l)(l - Qii) - (1 - Qkkz)(l - Qii)
= (qer —ap—1)(1 —qi) = (1 —ar)(1— qu).

If 7,7, and k are all distinct, then

béj = bij — Qrilk;
= —(I—ar-1)ai; + q;(1 — qur)
= —(@or —ar—1)q; = —(1— ar)gi;-
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Finally, either ¢« < j = k or j < ¢ = k. In the case of former, we have

b, = bik — Qrikk
Qr—19ik — Qikqkk
= —(qek — ar—1)qix = —(1— ap)qir-

The fact that By, is self-adjoint implies that b, = —(1 — ay)gx; for all j < k as well.

The above expressions for the entries b]; reveal that By = (1—ay,)(I —@), where Q € M,
denotes the k' leading principal submatrix of Q. Since @ has rank n—1, Corollary 5.1.4 (i)
implies that A = 1 occurs as an eigenvalue of @ with multiplicity at least £ — 1, and hence
0 occurs as an eigenvalue of B with multiplicity at least k — 1. It follows that

hE

Bl = Tr(By) = > (1 —ar)(1 — qu) = ar(1 — ay).

~
I

1

Now let f : [0,1] x [0,1] — R denote the function from Theorem 5.1.6, so that
1QklI* = f(ak—1,ax). Suppose for the sake of contradiction that || B|| = || By, and hence
flag—1,ar) = ar(1 — ai). One may verify that for this equation to hold, we necessarily
have

(1 — ak)3(ak - ak_l) =0.
Thus, either a, =1 or a = a_1.

If the former is true, then a; = 1 for all 7 > k. In particular, a,—1 = a,. It then
follows that ¢n, = 1 — (a, — a,—1) = 1 by equation (5.4), and hence ||@,]| > 1. This
contradicts the minimality of dist(Q,7,). If instead a; = ax_1, then g = 1, and hence
|Qkl| > 1. Again we reach a contradiction. We therefore conclude that || By || < || Bk||, and

thus [|Q4[] < [|Qx]- u

To save the reader from lengthy computations, we have included a few examples of pairs
(Q,T') where Q € M, is a projection of rank n — 1, T" belongs to 7, and ||Q —T'|| = vp—1.n-
Theorem 5.3.2 implies that if (Q’,7") is any other projection-nilpotent pair such that
rank(Q') = n —1 and [|Q" — T'|| = Vy—1.., then there is a unitary V' € M,, such that
Q' =V*QV and T =V*TV.
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[ 0.64310 —0.31960 —0.35689

—0.31960  0.71379 —0.31960 | ,

|—0.35689 —0.31960  0.64310

[0 —0.49697 —0.80194

0 0 —0.49697 | ;

0 0 0

[ 0.72361 —0.24860 —0.24860 —0.27639

—0.24860  0.77639 —0.22361 —0.24860

—0.24860 —0.22361  0.77639 —0.24860 |’

| —0.27639 —0.24860 —0.24860  0.72361

[0 —0.34356 —0.46094 —0.65336

0 0 —0.34164 —0.46094 |

0 0 0 —0.34356 |

0 0 0 0

[ 0.77471 —0.20512 —0.19907 —0.20512 —0.22528
—0.20512  0.81324 —0.18126 —0.18676 —0.20512
—0.19907 —0.18126  0.82409 —0.18126 —0.19907| ,
—0.20512 —0.18676 —0.18126  0.81324 —0.20512
| —0.22528 —0.20512 —0.19907 —0.20512  0.77472
[0 —0.26477 —0.32678 —0.41846 —0.55566

0 0 —0.26373 —0.32453 —0.41846

0 0 0 —0.26373 —0.32678

0 0 0 0 —0.26477

0 0 0 0 0

It is interesting to note that each projection above is symmetric about its anti-diagonal.
This symmetry is in fact, always present in the optimal projection @ = (¢;;) from Theo-
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rem 5.3.2 obtained by taking z; = 1 for all 7. To see this, first observe that the function A,
from equation (5.5) satisfies the identity

hi(x) +h'(1—2) =1, z€[0,1].
From here we have that a; + a,_; = h:(0) + h; *(1) = 1, and by induction,
ap + i = hi(ar—1) + h;y Nan_rs1) = hi(ap_y) +h; (1 —ap_y) =1
for all kK € {1,2,...,n}. Consequently,

e = 1— (ar —ax_1)
p—j + Qg1
Qp—f + (1 - an—k—i—l)

= 1- (an—k—i—l - an—k) = Qn—k+1,n—k+1

for all k. We now turn to the identity ¢;; = —/(1 — ¢;;)(1 — g;;) to conclude that that
¢ij = Qn—j+1,n—i+1 for all 7 and j, which is exactly the statement that () is symmetric about
its anti-diagonal. An analogous argument using the formulas from [16] demonstrates a
similar phenomenon for optimal projections of rank 1.

85.4 Future Directions and Open Questions

The distance v,., from the set of projections in M, of rank r to the set of nilpotent
operators on C", as well as the corresponding closest projection-nilpotent pairs, are now
well understood when » = 1 or r = n — 1. Of course, it is natural to wonder about the
value of v,.,, for r strictly between 1 and n — 1.

The difficulty in extending the above arguments to projections P of intermediate ranks
lies in deriving closed-form expressions for || E;-, PE;||. Computing these norms for projec-
tions of rank r = 1 or r = n — 1 was made possible by the rigid structure afforded by such
projections. In particular, we made frequent use of equations (5.1) and (5.2) throughout the
proofs of Lemma 5.1.5 and Theorem 5.1.6. These equations—which describe the algebraic
relations satisfied by the entries of a projection of rank 1 or n — 1-—become considerably
more complex for projections of intermediate ranks.
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For small values of r and n, the mathematical programming software Maple was used
to construct examples of rank 7 projections F,, in M, which we believe are of minimal
distance to 7,. To ease the computations, the program was tasked with minimizing the
maximum norm || -, PE;|| over all projections P of rank r with real entries and symmetry
about the anti-diagonal. While it may not always be possible for such conditions to be
met by an optimal projection of rank r, the computations that follow may still shed light
on a potential formula for v, ,.

The smallest value of n for which P(C™) contains projections of intermediate ranks is
n = 4. In this case, the intermediate-rank projections are those of rank 2. We found that

1/2 1/2 0 0
1/2 1/2 0 0
0 0 1/2 1/2
0 0 1/2 1/2

is an optimal projection of rank 2 satisfying the conditions above. It is easy to see that

| Bt PouEi|| = 1/vV2 =115 forall i,

Py =

and hence P» 4 is a direct sum of optimal rank-one projections in M.

In M, the intermediate-rank projections are those of rank r = 2 or r = 3. For such r,
we obtained

[ 0.42602 —0.07632  0.22568  0.42334 —0.09248]
—0.07632  0.42127  0.23481 —-0.06022  0.42334
Pys=| 0.22568 0.23481  0.30541  0.23481  0.22568 and

0.42334 —-0.06022  0.23481  0.42127 —0.07632
| —0.09248  0.42334  0.22568 —0.07632  0.42602 |

[ 0.58296 —0.29271 —0.10684  0.12213  0.36209]
—0.29271  0.62479 —-0.33169 —0.15433  0.12213
Ps5 = |—0.10684 —0.33169  0.58448 —0.33169 —0.10684
0.12213 —0.15433 —0.33169  0.62479 —0.29271
0.36209  0.12213 —0.10684 —0.29271  0.58296 |

Again, the norms ||E | P, E;| share a common value, with

1
| Ei- PosE;| = 0.65270 ~ — sec (5 T ) for all 4, and
2™\ 342

1 T
121 Pys ]| = 0.76352 = J sec <5 ) for all 4.
2 3+2
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In light of these findings, as well as the distance formulas that exist for projections of
rank 1 or n — 1, we propose the following generalized distance formula for projections of
arbitrary rank.

Conjecture 5.4.1. For everyn € N and each r € {1,2,...,n}, the distance from the set
of projections in M, of rank r to N'(C") is

1 m
Vrn = % .
n = g sec T2

Using a random walk process implemented by the computer algebra system PARI/GP,
we estimated the values of v,, for all r < n < 10 without the additional assumptions
described above. We observed only minute differences between these estimates and the
expression from Conjecture 5.4.1. In many cases, these quantities differed by no more than
1 x 1073,

The proposed formula from Conjecture 5.4.1 merits several interesting consequences.
Firstly, this formula suggests that v, ,, = vk, &, for every positive integer k, meaning that a
closest projection of rank kr to T, could be obtained as a direct sum of k closest projections
of rank 7 to 7,. Notice as well that if the equation v, ,, = vk, i, Were true, it would follow
that

Vin = Vrrn < Vrn

for each n and r. Thus, a proof of Conjecture 5.4.1—or of the formula v,.,, = Vi p,—would
validate Conjecture 1.0.3.

Conjecture 5.4.2. If n and r are positive integers with r < n, then

Vpn = Vkren Jor all k € N.

Despite considerable effort, little headway has been made in proving Conjecture 5.4.1.
As discussed above, obtaining expressions for the norms ||E;i,PE;|| appears to be a
formidable task when P is a projection of rank r # 1,n — 1. Thus, rather than focussing
on deriving explicit formulas for these norms, we have sought to determine whether or not
they necessarily share a common value when P is of minimal distance to 7,. This fact
alone may be useful in verifying Conjecture 5.4.1 for small values of n.

Question 1. If P € M, is a projection of rank r that is of distance v, to T,, is it
necessarily true that | E;- PE|| = ||Ej- | PEj|| for all i, j?
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As discussed in §5.3, Question 1 has an affirmative answer when r =1 [16, Lemma 3],
as well as when = n—1 (Theorem 5.1.8). Moreover, the Maple estimates described above
suggest a similar phenomenon for intermediate-rank projections in M, and M.

Adapting the arguments from [16, Lemma 3] and Theorem 5.1.8 may be a viable ap-
proach to answering Question 1. In the proofs of these results, one first assumes for the
sake of contradiction that there is a projection P of minimal distance to 7, such that not all
norms ||E;- | PEj|| are equal. Next, by adjusting individual terms of the sequence {a;}},
one shifts the weight between the norms of adjacent corners Ejl_lPEj and EijEjH until
the largest such norm has decreased. These adjustments are implemented via unitary con-
jugation by operators that act as the identity on span{e;,e;1}+. Eventually this process
yields an equivalent projection P’ that is closer to 7, than P, thereby giving the required
contradiction.

Motivated by the success of the above arguments, one may hope that a similar result
could be obtained for projections ) of arbitrary rank using unitary conjugations of this
form. We believe that this will indeed be the case. It is straightforward to prove that if U
is a unitary such that U| = I, then

span{ej,ej+1}+t

| B\ U*QUE|| = |[E£,\QE;|| for all i # j,j+ 1.

Without a closed-form expression for ||E,QF;||, however, it becomes difficult to deter-
mine whether or not there is a transformation of this form that decreases the maximum
of |E;- QFE;|| and ||EjQE;1]|. Thus, this approach may have its limitations until the
monotonicity properties the norms || E- ;QE;|| under such a transformation are better un-
derstood.

Another interesting open problem concerns the converse to Question 1.

Question 2. If P € M, is a projection of rank r and |E;-, PE;|| = ||E;- PE;|| for all i
and j, 1s P of distance v,,, to T,?

An affirmative answer to Question 2 would imply that if P, and P, are unitarily equiv-
alent projections with the property that for each 4, |Ei | P FE;|| = 75 for some constants
1,72 > 0, then v; = 5. Furthermore, it is easy to see that affirmation of both Questions 1
and 2 would validate Conjecture 5.4.2. Indeed, a positive answer to Question 1 would im-
ply that every projection P of rank r closest to 7, is such that |Ei-, PE;|| = v, for all i.
As a result, the k-fold direct sum Q = P& P & --- @ P would define a projection in My,
of rank kr with the property that ||Ei-;QE;|| = v, for all i. From here, a positive answer
to Question 2 would imply that v, ,, = Vi, k.
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Although Question 2 remains open, a natural analogue of this problem is known to
fail for unitary orbits of self-adjoint matrices. Specifically, there are examples of unitarily
equivalent self-adjoint matrices A and B, as well as positive constants v; < 73, such that
|E | AE;|| = 71 and ||Eit | BE;|| = 7, for all i. Thus, while the norms || E;- ;| BE;|| share a
common value, there exist matrices in the unitary orbit of B that are strictly closer to 7.

For one such example, consider the operators

0100 0 —1/2 0 3/2
lto1o0 =12 0 12 0
A=lor o] ™ B=1 0% 12 0 12
0010 32 0 1/2 0

It is straightforward to check that B = U* AU, where

—_— O = O

Moreover, we have that || B, AE;|| = 1, while || B, BE;|| = Y22 for each i € {1,2,3,4}.

Note that the eigenvalues of A and B are i% + ‘/75 Thus, while this example shows
that the common norm condition is not sufficient for a self-adjoint operator to be closest to
T, among the operators in its unitary orbit, it does not indicate that such a phenomenon
can occur for positive operators. It would therefore be interesting to determine whether or
not the analogue of Question 5.4 fails for positive operators as well. Of course, since the
norms || E;- | AE;|| behave poorly under translation of A by A, one cannot hope to obtain
a counterexample by simply adding a multiple of the identity to the operators above.
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