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Abstract

Particle tracking of passive microscopic species has become the experimental measurement
of choice in diverse applications, where either the material volumes are limited, or the
materials themselves are so soft that they deform uncontrollably under the stresses and
strains of traditional instruments. As such, the results of countless biological and rheo-
logical analyses hinge pivotally on extracting reliable dynamical information from large
datasets of particle trajectory recordings. However, to do this in a statistically and com-
putationally efficient manner presents a number of important challenges. Addressing some

of these challenges is the focus of the present work.

In Chapter 2, we present a “superfast” set of tools for parametric inference in single-
particle tracking. Parametric likelihoods for particle trajectory measurements typically
consist of stationary Gaussian time series, for which traditional “fast” inference algorithms
scale as O(N?) in the number of observations. We present a superfast O(N log* N) al-
gorithm for parametric inference for stationary Gaussian processes and propose novel su-
perfast algorithms for score and Hessian calculations. This effectively enables superfast
inference for stationary Gaussian process via a wide array of frequentist and Bayesian
methods. In Chapters 3 and 4, we use the superfast toolkit to address two outstanding
problems prevalent in many particle tracking analyses. The first is that particle position
measurements are generally contaminated by various forms of high-frequency errors. Fail-
ure to account for these errors leads to considerable bias in estimation results. In Chapter 3
we propose a novel strategy to filter high-frequency noise from measurements of particle
positions. Our filters are shown theoretically to cover a vast range of high-frequency noise
regimes and lead to an efficient computational estimator of model coefficients. Analyses
of numerous experimental and simulated datasets suggest that our filtering approach per-
forms remarkably well. The second problem we address is the considerable heterogeneity
of typical biological fluids in which particle tracking experiments are conducted. In Chap-
ter 4, we propose a simple metric by which to quantify the degree of heterogeneity of a fluid,
along with a computationally efficient estimator and statistical test against the hypothesis
that the fluid is homogeneous. The thesis is concluded by outlining several directions for

future research.
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Chapter 1
Introduction

In the past several decades, technological developments of optical spectroscopy have greatly
advanced the field of bio-imaging, providing vast amounts of information about target
particles at unprecedented accuracy and spatio-temporal resolution. In particular, the
ability to record single particle trajectories — rather than summary statistics of a large
ensemble — has become an invaluable approach to studying the dynamics of biological
particles [van der Schaar et al., 2008], microrheology of complex fluids [Mason et al., 1997]
and various mechanisms of drug delivery [Suh et al., 2005]. Here, a “particle” can be
anything from a single molecule diffusing in a biological fluid [Saxton and Jacobson, 1997]
to a probe used for detecting the rheological properties of diverse biomaterials [Mason
et al., 1997].

Single-particle tracking generally starts from a sequence of microscope images of par-
ticles, which are usually taken at an evenly-distributed times ¢ = [0, At, 2A¢t, ..., NAt]
where At = prs is the fixed interobservation time and NAt is the duration of the experi-
ment. The task of particle tracking can then be divided into the following three steps:

1. Detection, which consists of identifying the “spots” that represent particles from
the background and converting such spots into coordinates. In Figure 1.1 we show
the picture of particles diffusing in different media, where various methods can be
applied to locate the particles [Crocker and Grier, 1996, Newby et al., 2018] and



convert each image to a series of two-dimensional measurements, each corresponding

to a particle located in the frame.

(Ve | (b

°

Figure 1.1: Pictures of 1 pm beads diffusing in (a) water and (b) biological mucus. Lighter
and wider circles indicate particles that are further from the camera focal plane in the
direction perpendicular to the image.

Source of pictures: Ian Seim, David Hill (University of North Carolina - Chapel Hill)

2. Linking, which means connecting the particle positions on all microscope images and
then constructing a time-dependent particle trajectory. This step also involves de-
termining which particle trajectories are shorter in duration than 7" = NAt, because
those particles have moved far enough in the direction perpendicular to the focal
plane so as to no longer be detectable. In Figure 1.2 we demonstrate the trajectories

of 1 pm beads diffusing in water.
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Figure 1.2: Trajectories of 1 um beads diffusing in water.
The interobservation time is At = 1/60(s) and the experiment lasts for NA¢ = 30(s).



3. Analysis, where particle trajectory data obtained from previous steps are studied to
understand the dynamic of particles and properties of fluids. In many experiments,
the resulting analysis hinges pivotally on the measurement of particles’ mean square

displacement (MSD), which for a 2-dimensional particle trajectory X (¢) is given by
1
MSDx (t) = 5 X E[|X(t) — X (0)]]*].

In Figure 1.3 we show the 2D particle trajectory of a particle diffusing in water, and

its MSD in logarithm scale.

@ (b)
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Figure 1.3: 2D Trajectory of a 1 pm bead diffusing in water and its MSD.
(a) 2D trajectory of a 1um diffusing in water.
(b) Non-parametric estimate of MSD using Equation (3.2.2).

For viscous fluids such as water and glycerol, the linear trend

MSDx (t) oc t

seen in Figure 1.3 is predicted by Einstein’s theory of Brownian motion [Einstein, 1956].
However, most biological fluids are viscoelastic, for which a nearly ubiquitous experimental

finding is that the MSD has sublinear power-law scaling over a given range of timescales,

MSDx (t) ~ 2Dt tin < t < tmax, 0 <o < 1.



This phenomenon is referred to as subdiffusion, and the interpretation of the parameters
(cr, D) has far-reaching consequences for numerous biological applications, which are dis-
cussed in Chapter 3.

At present there is no scientific theory by which to predict the subdiffusion parameters
from the properties of a given fluid, such that (o, D) must be estimated from empirical data.

However, obtaining reliable parameter estimates poses a number of statistical challenges:

1. The particle tracking literature predominantly uses a regression-based subdiffusion
estimator constructed from the nonparametric MSD estimator displayed in Fig-
ure 1.3. However, this MSD estimator becomes extremely variable at longer lag
times. Moreover, the nonparametric estimator suffers from considerable bias in the
presence of the drift which commonly occurs in fluid media [Mellnik et al., 2016].

2. Subdiffusion estimators derived from fully-parametric models of the stochastic trajec-
tory process are considerably more statistically efficient than their regression-based
counterparts. However, likelihood calculations for these models at best scale as O(N?)
in the number of observations, which in many practical applications is prohibitively

expensive.

3. Particle trajectory measurements are almost invariably subjected to various sources
of instrumental error [Savin and Doyle, 2005]. Failure to account for these errors can

lead to considerable bias in most subdiffusion estimators.

4. Single-particle experiments typically track tens to thousands of particles simultane-
ously over the spatial domain defined by the camera’s focal plane. Most biological
fluids exhibit considerable spatial heterogeneity due to a number of factors, includ-
ing the diverse molecular composition and the nonuniform distribution of biological
substance like mucus. Consequently, summarizing the subdiffusion dynamics by a
single pair of («, D) can be highly misleading.

This thesis presents several contributions to addressing the challenges described above.
In Chapter 2 we present a “superfast” set of tools for parametric inference in single-particle

tracking, where stationary Gaussian processes are involved. With the superfast algorithm

4



that inverts the covariance matrices of stationary Gaussian processes [Ammar and Gragg,
1988], we reduce the total complexity from O(N?) to O(N log® N) for particle trajectories
of length N. Moreover, we present new superfast algorithms for the derivatives of the
likelihood, thus providing tools for highly efficient inference for stationary Gaussian process

via a broad array of frequentist and Bayesian methods.

In Chapter 3, we propose a likelihood-based method for correcting the instrumental
errors that distort particles’ behaviours in the high-frequency domain. We consider a family
of high-frequency filters that can readily be applied to a wide range of parametric particle
position models and show how to estimate all model parameters in a computationally
efficient manner. Extensive simulations and analyses of experimental data suggest that
our filter performs remarkably well.

In Chapter 4, we propose to quantify the degree of heterogeneity of a fluid with a
readily interpretable metric. With a computationally efficient estimator for this metric
and a statistical test against the hypothesis that the fluid is homogeneous, we can obtain
an intuitive sense of the degree of heterogeneity of the medium and better understand the
properties of the fluid in experiments. Chapter 5 presents the possible directions of future

research in superfast inference of stationary Gaussian process and particle tracking areas.



Chapter 2

Superfast Inference for Stationary

Gaussian Process

2.1 Introduction

Stationary Gaussian processes are widely used in a variety of statistical applications in-
cluding time series modeling [Breidt et al., 1998, Harvey, 2002, Granger and Joyeux, 1980,
Hosking, 1981], unsupervised function estimation [Smola and Bartlett, 2001], differential
equation modeling [Archambeau et al., 2007, Calderhead et al., 2009] and signal filtering
and smoothing [Sarkka et al., 2014]. They have convenient properties for various modeling
tasks in machine learning [Williams and Rasmussen, 2006], examples range from regression

over classification [Neal, 1997] to reinforcement learning [Engel et al., 2005].

Many of the applications listed above involve the estimation of the unknown parameters
0 of a stationary Gaussian time series from N consecutive equally spaced observations

x = (x1,...,2y). In the simplest case, we have

x ~N(0,Vp),



where

Y9(0 Yo(1) Yo(2) Yo(N — 1)
v _ Yo(1 Y6(0) Ye(1) Yo(IN —2)
’79(N — 1) ’}/Q(N — 2) ’Y@(N — 3) e ’79(0)

is a Toeplitz matrix of which the elements vg(h) = cov(x,, x,.p | @) are parametrized by
0.

The log-likelihood for this problem is
1 ry7y—1
00| x) = ~3 [2'Vy '@ + log | Va] | (2.1.1)

such that most approaches to parameter inference require repeatedly solving the Toeplitz
system Vp - z = x and evaluating log | Vj| for different values of 8. Exploiting the Toeplitz
structure of the variance matrix, “fast” algorithms for evaluating (2.1.1) require only O(N?)
operations [Levinson, 1946, Durbin, 1960, Trench, 1964, Zohar, 1969, Bareiss, 1969]. This
is a massive computational improvement over unstructured variances, for which the cor-
responding calculations are O(N?). However, the quadratic scaling of fast algorithms

becomes a serious limitation when NV is large.

Beginning with work on displacement ranks of Kailath et al. [1979], it was realized that
Toeplitz systems could be solved by “superfast” FFT-based methods scaling as O(N log® N) [Brent
et al., 1980, Bitmead and Anderson, 1980, De Hoog, 1984, de Hoog, 1987, Musicus, 1988,
Ammar and Gragg, 1988, 1987, Chandrasekaran et al., 2007]. However, these algorithms
have yet to be leveraged for statistical analyses for a several reasons. For one, most of
them do not provide direct means of calculating the log-determinant of Vy (though super-
fast methods for this calculation do exist, e.g. Kravanja and Van Barel [2000]). Moreover,
many superfast algorithms bury considerable overhead in the big-O notation [Sexton, 1982].
Third and perhaps most importantly, many superfast algorithms are numerically unsta-
ble [Bunch, 1985], prompting the developments of stable O(N log” N) solvers with p > 2
(e.g., the algorithms of Stewart [2003] and Chen et al. [2006] with p = 3 and p = 5/2,

respectively).

In this chapter, we present a set of methods for superfast inference for stationary

7



Gaussian time series. They build upon the superfast Toeplitz solver of Ammar and Gragg
[1988], the only algorithm of those mentioned above which provides the log-determinant
as well. This algorithm has provably low overhead, crossing over Levinson’s fast solver
around N = 260. As the Ammar-Gragg algorithm is defined only for matrices of size
N = 25 + 1, we present a novel extension to arbitrary N with no additional overhead.
Moreover, we present new superfast algorithms for the score and Hessian functions, thus
providing tools for highly efficient inference for stationary Gaussian process via a broad
array of frequentist and Bayesian methods. An implementation of our method is publicly
available in the R/C++ library SuperGauss.

The remainder of the chapter is organized as follows. In Section 2.2, we provide an
overview of the Ammar-Gragg superfast Toeplitz solver and its generalization to arbitrary
N. In Section 2.3 we present superfast gradient and Hessian algorithms for (2.3.2) and
show how to extend these algorithms to profile likelihoods where the mean of x is given by
a regression equation (2.3.7). In Section 2.4, we provide speed and stability comparisons
with several fast and superfast algorithms. It is noted that for a variety of commonly-used
models for statistical inference, numerical instability does not appear to be a practical
issue. In Section 2.5, we present an application to Gaussian process factor analysis (2.5.1).

Concluding remarks are offered in Section 2.6.

2.2 The Generalized Schur Algorithm for Toeplitz Sys-

tems

In this section, we present the generalized Schur Algorithm proposed in [Ammar and Gragg,
1988]. It is an algorithm that computes the inverse and determinant of size N = 2% + 1
Toeplitz matrix in O(N log? N ) steps. The Ammar-Gragg algorithm, including many of
the algorithms mentioned in the introduction [Bareiss, 1969, Brent et al., 1980, Bitmead
and Anderson, 1980, Sexton, 1982], are manifestations of Schur algorithm [Ammar, 1996].
The Ammar-Gragg divide-and-conquer version of Schur algorithm is referred by them as
the “generalized” Schur algorithm. For consistency we keep this nomenclature, although

“generalized Schur algorithm” is more widely accepted to refer to a fast algorithm for the



Cholesky factorization of positive-definite structured matrices [Chandrasekaran and Sayed,
1996]. In order to give a clearer picture of the algorithm as a whole, technical details are
omitted whenever possible. For an in-depth discussion of the mathematics underlying the

Ammar-Gragg algorithm, the reader is referred to Ammar and Gragg [1987, 1988].

2.2.1 Gohberg-Semencul Formula

Let V denote an N x N symmetric positive definite Toeplitz matrix. From the definition
of V', it is clear that all entries can be obtained from the first row (or column). A seminal
result of Gohberg and Semencul [Gohberg and Semencul, 1972] is that the same is true for
V1. Namely, let § = [0y, s, ..., dx] denote the first row of V~!. Then

v 5i1 (LI, — LoLY), (2.2.1)
where
5 0
L = 5_2 §1 and L= 5_N ’
b 52. 5y 5, 6& 0

are lower-triangular Toeplitz matrices [Gohberg and Semencul, 1972].

The Gohberg-Semencul formula not only reduces the storage from a whole matrix
O(N?) to a vector O(N), but also simplifies the computation that involves solving the
Toeplitz system V& = b. While matrix-vector multiplication generally takes O(N?) steps,
the matrix product V~'b can be computed as successive matrix-vector products with
triangular Toeplitz matrices. It is well known that each of these multiplications can be
obtained in O(N log N) steps using the fast Fourier transform (FFT) [Kailath and Sayed,
1999b]. The exact algorithm is provided in Appendix A.



2.2.2 Generalized Schur Algorithm

For a size N x N Toeplitz covariance matrix V' with first column v = [y1,72,...,7n],

consider a rational function N '
Zj:1 —Vj+12

$o(x) = N1

ijl Vi

The Schur algorithm is an iterative procedure that can generate a rational function ¢, (x)

from ¢g(z) using the following linear functional transformation

¢i(w) — p
L —pi- ¢i(x)’

where {p;}!", are the Schur parameters. For a given n-th order polynomial ¢(z), let

1 )
¢i+1($)25' ,Uz:¢z(0>7 ZZO,...,TL—L

d(x) = 2"¢y(1/x), which is also a polynomial of order at most n. Then the n-th step
of Schur’s algorithm can be expressed as ¢,(z) = T, (¢o(x)), where the ¢, are rational

functions and 7T, has following representation

~—

8

Ma() + Enla
where &, and 7, are polynomials of degree < n with coefficients depending on those of ¢y,
such that ¢o(z) = T (Pn(x)).

It was realized by Ammar and Gragg [1987] that the coefficients of the N — 1 step of

Schur’s algorithm Th_; = f]z‘ll((?)ig‘igg

z produce the first column of V! via
1 1 N-1 1 N-1
0 = [517527 S 761\7] = 2—([7]](\/)—17 s 77]](\/—1 )70] + [Oagl(\f)—h s 75](\/—1 )])7

ON-1

where 0%_| =7 ]_[j\;l (1—p3), 77%)_1 and fj(\l,)_l is the i-th coefficient of polynomials ny_1(z)
and {y_1(z) respectively. And the determinant of the Toeplitz matrix is given by

i

N-1
Vi=m]]ol ol =n]]a-u).
=1

j=1

10



While the sequential calculation of {T},...,Ty_1} requires O(N?) operations, Ammar
& Gragg realized a doubling procedure avoiding most of the intermediary 7,,. That is, if
for po = Trn(Pm), define T, ., () as the rational function obtained from applying m steps
of Schur algorithm to ¢,,, such that

Gom = Trprn(bm) = T (1,1 (0)) = T, (00),

ie. Ty, = T, 0Ty m. The merged transformation 15, = T, o T}, ,, is generated through

polynomial multiplications:
52m = ﬁmfmnn + gmnmm"m Nom = émgm,m + NMmTmm,  V2m = Tm =+ )‘m'ym,m

By calculating these multiplications via FF'T, the computational cost of calculating T5,, is
O(mlogm). Thus, for N = 25 +1, the cost of going through the entire doubling procedure
is O(K?-2%) = O(Nlog® N), which is demonstrated in Figure 2.1.

4 Ty

T2K71 o) T2K7172K71 = O((K — 1)2K71>
+
Tox—2 o TQK—272K72 T2K7172K72 o T3,2K7272K72 = O((K—Q)ZKﬁl)
+
+
Ty | o [T, T 1(0o|T T 1)o|T 1 T 1|o|T = O(1-2K-1)
\ —
K-1
O(Zi-QK‘1> = O(K(K-1)-2572) < O(K? 2K)
K i=1 /

Figure 2.1: Tree diagram of the generalized Schur algorithm.
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The generalized Schur algorithm for size N = 2K + 1 is presented in Algorithm 1. The
Ammar-Gragg version contains a number of technical accelerations, for which they prove
that an exact operation count crosses over with Levinson’s algorithm an N = 28 + 1 =
257 [Ammar and Gragg, 1989]. For ease of presentation we do not describe these technical

improvements in Algorithm 1, although we do implement them in the SuperGauss library.

2.2.3 Extension of Generalized Schur Algorithm

Our extension stems from Ammar and Gragg’s observation that for n # m, by defining

T,,.n as the n-steps of Schur’s algorithm applied to ¢,,, we have 1,4, = T},, o T}, ,, and

gn-i-m = ﬁn&n,m + gnnn,ma Nn+m = éngn,m + Millnm,  Yn+m = Tn + )\nfyn,m'

Assuming that N is the dimension of the target Toeplitz matrix and M = N — 1 is the

step of the Schur algorithm, we can first decompose M into the summation of powers of 2:

K
M=25k, §1<...< S8k,
k=1

where s, are powers of 2. For any positive integer M, the corresponding vector s =
[s1,...,sK]| always exists and is unique. With this vector s, we can decompose a size M

rational function 7}, into smaller ones with size being a power of 2

k
Ty =Ts, 0T 550 0ok s ck:ZSj fork=1,..., K —1,

=1

where each T, can be directly computed using the original generalized Schur algorithm

Ck—1,5k
with its input ¢, , provided. We thus propose to calculate the coefficients of T, by
merging pieces of various sizes obtained from the original algorithm for powers of 2. The

exact steps are given by Algorithm 2.

To better explain this procedure, we demonstrate how the extended generalized Schur

12



Algorithm 1 Generalized Schur Algorithm for M = 2*

1: function GSCHUR(a(()M),ﬁéM))

: polynomials of degree M — 1

> [To1 < GSCHUR(a(()l), (()1))]

> Truncate o\, B to degree m — 1

M M
= af™, g5
o
o1 M
— 0
2 7]071 ]_
Ho,1 <— 50,1
3 form =1,2,4,...,M/2 do
Oéq(zm) 1 Tlo,m _€O,m a(()Zm)
4: m | T m < 5 ~ (2m)
n z _fo,m 770,m 50
5 (€ o fimn} < GSCHUR(™, 5™
gO,Zm 77]0,771 §o,m fm,m
6: To,2m gO,m To,m hm,m
Ho,2m <— (NO,WN Nm,m)
7 end for
8: return {&),M,UO,M,MO,M}

(m)

_1 0™
> [Stm (3

= Lom W)]

= [Ty < GScHUR(QS™, 37)]

= [T072m = TO m © Tm,m]

)

> po,a: vector of Schur parameters

9: end function

algorithm solves an M = 7 system in Figure 2.2(b), where

T; =Ty0 T1,2 o T3,4,

and compare it with the original generalized Schur algorithm for M = 8 in Figure 2.2(a).
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Ty

Ty Tya

T2 T2.2 T4,2 T6,2

T Tia Ty, T3, Tyq T, Ts, Trq

(2.2(a)) Demonstration of the generalized Schur Algorithm when M = 8.

T7

Tl Tl_yg T§,4

T3.1 TA,] TS,] TG,]

(2.2(b)) Demonstration of the generalized Schur Algorithm when M = 7.
Different rectangles stand for various transformations 7T', where the width of rectangles is the
size of the transformation. The blue line stands for the sequence of mergence steps.
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Algorithm 2 Generalized Schur Algorithm for arbitrary M

1: function GSCHUR2(a(()M), ((]M))

2: s = [s1,89,..., S|, where sum(s) = M, s; are power of 2 in ascending order.
3: m = 8

4: {fo,vm To,m, NO,m} A GSCHUR(Oéém), ﬂ(()m))

= [Tom < GSCHUR(Oz(()m), ﬂém))]
5. (ENDif k== 1)
6: forn=2,...,kdo

. Oégrin) 1 To,m —fo,m 05((]m+sn)
: — —
n F ~ +5n
7(;? ) ™ _SO,m To,m ((]m )
55") 1 alm+sn)
> [;gw = O,m(w
8: {&mosu s Hhm,s } < GSCHUR(as, B2
> [Tons, — GSCHUR(a%‘{”),ﬁfi”))]
§O,m+sn 770,m éO,m gm,sn
<«—
9: 770,’rn-i—5n EO,m nO,m nm,sn
/J’O,ersn A (MO,ma /"Lm,Sn)
> [Tomtsn = Tom © Tins,]
10: m=m-+ S,
11: end for
12: return {&, n, 70N, fo.N }

13: end function

2.3 Inference for Stationary Gaussian Processes

In this section we present superfast algorithms for the log-likelihood and its derivatives for
a general family of Gaussian observations with Toeplitz covariance structure. In addition,

we show how to extend these algorithms to profile likelihood when the mean process of
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target time series can be expressed in forms of a regression equation.

Let X (t) = pg(t)+Zy(t) be a d-dimensional stochastic process where Zg(t) = [ Z1(t) - Za(®) |,
Z;(t) is a mean-zero Gaussian process with separable stationary covariance structure, such
that

cov(Zi(t), Z;(s)) = Zai; - ve([t — sl),
where XYg IS a size d x d covariance matrix.
For equally spaced observations [X7, ..., Xy], X, = X (n - At), the matrix Xyxq =
l Xl ] has a matrix-normal distribution
XN

X ~ MatNorm(pe, Va, Xo), (2.3.1)

where Vp is the among-column covariance matrix with elements Vp;; = 7o(|i — j|At), Zg
is the among-row covariance. Its vectorized form vec(X) follows a multivariate normal
distribution

vee(X) ~ N (vec(p),Xe @ Vp),

where vec(p) is the vectorized form of the mean process pg, and ¥g ® Vp is the Kronecker

product between Xy and Vjp and is a matrix of size Nd x Nd.

In either a frequentist or Bayesian inference, the estimation of parameters 6 involves
repeated evaluation of the log-likelihood

1 B o d N
(0 X) = —5tr {355 (X — o) Vi (X — puo)} — 5 log Vol — — log[Zl,  (2:32)

which requires the inverse and determinant of a size N covariance matrix Vy. With the
extended generalized Schur algorithm, both V, ' and determinant |Vp| can be easily com-
puted in superfast steps.

2.3.1 Superfast Computation of the Gradient

To estimate model parameters @, one popular method is to find the maximum of the
likelihood (0 | X) (2.3.2). Optimization methods that maximize the likelihood typically
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require first order, even second order derivatives. In this section, we show that the first
order derivative of (0 | X) with respect to parameter 6; € @ can also be computed within
O(N log® N) steps.

The first derivative of the log-likelihood with respect to parameter 6; consists of the

five parts

0 1 d N
— 00| X)) = —=tr{QpZ,(. Z, 20070 Z Q. ZoZgt — —t L ——tr{ QX
20, 0] X) 5 f{¥ 0 3@ o+ 282 iCe o+ (iCe (g} 2 r{ ¢V } 5 r{ Q% },

A(6) B(9) () D(0) E(0)
where
B _ 0Zy 03 AL R
Zg =X — g, Zz—a—ei; 22_8_@7 V;—a—eia 90—297
o2 0
Qi = a_aﬂ = _25121’2517 CQ = ‘/0_17 C’L = age = _‘/9_1‘/;‘/9_1

are the partial derivatives, and Vj’s partial derivative Vj is still a Toeplitz matrix.

With (g given in terms of the Gohberg-Semencul formula (2.2.1), the computation of
part A(@), B(0) and C(0) only involves the multiplication between a Toeplitz matrix or
its inverse (Vp, Cg or V;) and a size N x d matrix (Zg or Z;), which only costs O(N log N)
steps (since d « N in applications, we typically ignore d when examining the complexity).
As for the remaining terms, part F(0) requires the inversion and multiplication of a size
d x d matrix and takes O(d®) steps, while the computation of D(8) is non-trivial. The
direct computation of part tr{¢sV;} takes O(N?) steps, and we here demonstrate how to
obtain this term in O(N log N) steps.

A Toeplitz covariance matrix V; with first row v = [y1,72,...,7n] has displacement

rank 2 [Kailath et al., 1979] and can be written as

1
V.= —[U,U] - U,Uy], (2.3.3)
!
where U; and U, are upper triangular Toeplitz matrices with first row being [v1,...,vn]

and [0, 7s, . . ., vnv] respectively. Combining this with the Gohberg-Semencul representation
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of ( =V~!= é [L, L — LyL))], we have that

tI‘{CV} —tl‘{ [LlLl L2L/2] [UlU{ - UQUé]}

1
5 tI‘{L L' U1U1 LQLIQUlU{ — LlLIIUQUé + LZL,QUQUé}
171

6 " (tr{UlL L/ Ul} - tr{UngL’ Ul} - tI‘{UQL L/ UQ} + tl“{UZLQLI UQ})
1

(2.3.4)

Since
Aij = U,L/Lj

is the product of two lower triangular Toeplitz matrices, we can verify that A;; is also a
lower triangular Toeplitz matrix that can be computed in O(N log N) steps. The trace of
A;jAj; can be determined in O(N) steps with following equation

N i N
tr{A ALY =D Y ad =Y (n—j+1)al, (2.3.5)
i=1j=1 j=1

where a;; = [ay, ..., ay] is the first column of A;;. Therefore the calculation of tr{A;; Aj;}
s O(Nlog N). All these together leads to the O(Nlog N) complexity of tr{¢V;}.
conclusion, the evaluation of the gradient of likelihood 6%1[(0 | X) is superfast.

2.3.2 Automatic Differentiation

Given the dimension of unknown parameters p, the present algorithm for the gradient
a%[(@ | X) scales as O(p - N log® N), which is suitable for p « N. However, for p ~ N
repeated calculation of the trace formula above breaks the superfast scaling. This is an
important restriction for applications of automatic differentiation, where derivatives with
respect to each element of the autocorrelation function @ = v = [vyq,...,vy] are desired.

A superfast algorithm for this situation is presented here.

18



Consider the derivative of V' with respect to v;, a sparse symmetric Toeplitz matrix:
i—1 —i

_— — _
O --- 0 1 0 --- 0
—J9—-11 0 .- ... 0 1
i ‘
_O 1 0 0 O_

When i =, IV is an identity matrix. For the derivative of likelihood (2.3.2) with respect

to vector 7y, we have that %6(0 | X)) is a vector with elements

0
i

(0] X) = —%tr{QZ'QZ} — g tr{¢TY,

where ¢; = —¢IW¢.
w1l - Wid
Recall that Q = 371 = [ : : ] is a d x d symmetric matrix and Z = [ 21 - Z4] is

) Wid < Wad
a IV x d matrix, we have

w1l - Wid Zi
tr{QZ'¢, Z} ztr{l Do ] [ | CGilz - za])
Wd1 - Wdd z),
d d d d
n=1m=1 n=1m=1
For a vector (™) = [l1,12, ..., Iy] of following form

1™ = Ulay,) X ap + Ulan) x a,
where a,, = (Z,, a,, = {(Z,, and U(a,) is the upper triangular Toeplitz matrix with first

row being a,, we can verify that Z!(1Z,, = /2 and Z!(;Z,, = ; for i =2,...,N. In
other words, by putting 1™ = [1,/2,1,, ..., lx] we can obtain the vector of tr{QZ'¢;Z}
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immediately
tr{ﬂZ/Cl Z}

d d
=3 B B0

w(Qz'¢nzy|

Similarly, considering the Gohberg-Semencul formula (2.2.1) that constructs the V!

from its first column & = [d1,...,0x], we can define a vector v = [vy,vg,...,vxn] as
01 02 O3 ... On N -6, 0 Oy On—1 ... 09 0
1 0 (51 52 (SN,1 (N—1)52 0 0 (SN (53 (N—l)(SN
v = R R - : SEETURTR :
O 0 0 ... & 1-d0n 0 0 0 ... 0 1-6

such that tr{Vy, ' T} = v;/2 and tr{V, 'T®} = v, for i = 2,..., N. That is to say
eV 1)
tr{V, "1}

where © = [v1/2,v9,...,05].

In conclusion, we have that

_dz

N,

d d
SEPIPIT
n=1m=1

l\DIr—\

Since the vectors I and @ can be computed in O(N log N) steps with § provided, we can

obtain the gradient vector 6%6(0 | z) in superfast speed.

20



2.3.3 Superfast Computation of the Hessian matrix

The second derivative of the log-likelihood with respect to parameter 6;,6; € 8 consists of

Six terms:
02 1 (0A6) 0oB(6) d4C(0)) N
00 X) =— =t Lt Qe — 23025,
aglaej ( | ) QI{ 69] + aej + ae] } 9 I’{ 0 24ij 02ijRig z}
d d
— 5t {CeVist + 5t {GeVice Vit
(2.3.6)
where
A
J
B(6
0@9( b= (QZ{CoZo + Q0Z[;CoZo + QZ[(;Zp + Qo Z(Co Z)
J
age(e) Qi ZpCoZo + QZpCoZo + Qi ZpCi Zo + U ZyCoZ;,
J
and
0? 02 o2
Z;; = Zo, Vi=—Vy Xii=-—3,
7T 00,00, TV 00,00, % T 06,00, °
2
Q;; = JWQG S PRI St OB SoLlNES Soub 35 Sl 3 SIS ot 300 Syt
1YYy
2
Gij = JWCB =V, 'V, Vo Vv VIV VYT - vy, v
(A

are the second order partial derivatives, and Vj; is also a Toeplitz matrix.

The first three terms still consist of the multiplication between Toeplitz matrices or
inverse (Vp, Co, Vi, V;, Vi;) and size N x d matrices (Zg, Z;, Z;, Z;;), which takes
O(Nlog N) steps. The fourth term involves matrix computation of several size d x d
matrices and is of complexity O(d?). The fifth term can be computed in superfast steps

using Equation (2.3.4). In the following we present the non-trivial superfast computation
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for the last part tr {{oV;CoVi}.

In addition to the chain rule, the partial derivative of {9 admits another computation

via the Gohberg-Semencul formula

1

¢=¢0) =+ [L1(8)L1(8) — L2(6)L2(6)'],

where Ly and L, are simple permutations of §. Therefore we have

01, 1 ! ! / /
G == 50+ 5 [La(00) La(0) + La() L1 (3o — Lalb0) La(8) — Lo(8)La(60)'
=h(3,4)),

where ;) = %5, 01,y is the first element of 0y and L;(d(;)), L2(d(;)) are lower triangular
Toeplitz matrices constructed from d(;) in the same way as L; and L,. To obtain this

vector d;), recall that & is the first column of ¢, such that
Vi = ey, e; =[1,0,...,0]".
Taking derivatives on both sides, we have
Vid + Vi, =0= 6, = —CVid.

With é computed, the matrix-vector product V;d can be obtained in O(N log N) steps, af-
ter which &(;) = —¢V;0 can also be obtained in O(N log N) steps by applying the Gohberg-

Semencul decomposition (2.2.1).

Thus the computation of tr{¢V;{V;} = —tr{(;V;} can be obtained from
1 !/ / / /
tr{G:V;} 25—1“{[1}1(5(1‘))1}1(5) + L1(8)L1(3(:))" — L2(8)) L2(8)' — La(8)L2(8())'] Vi
01,(;
- =S {¢Vi),
1

With the decomposition formula (2.3.3) of V; and the efficient computation of the trace of

product between lower and upper Toeplitz matrices (2.3.5), we can compute tr{¢V;{V;} in
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O(N log N) steps. In conclusion, the computation of the Hessian matrix (2.3.6) is superfast
O(Nlog® N).

2.3.4 Profile Likelihood

In many applications, the mean function E[X (¢)] is modeled via a regression equation

BIX(0)] = polt) = ) Bualt), 237)
i=1
and a separable covariance structure
cov(X;(t), X;(s)) = Xij - ve([t — s|).
In these cases, the distribution of observation matrix X yq is given by

Xnxa ~ MatNorm(GS3, X, V),

where Gy, = [g1, - , gp] is the observation matrix of regression processes, g; = [¢;(At), ..., g:(N-
B

At)], Bpxa = | ¢ | is the vector of coefficients of the regression process, ¥4xq is the co-
By

variance matrix, and @ = {6,,...,60,,} is the parameter set that determines the covariance

matrix Vp.

In this case, for fixed 8 the condition maximum likelihood estimates
A~ A~ d N 1 —1 ! -1
(Be, o) = arg Imax —5 log|Ve| — 5 log |E] — Str[E7H(X — GB)' Vg (X — GB)]
are given by [Jones et al., 1998, Lysy et al., 2016] as

2 / — — / _ & 1 N _ ~
Be = (G'V,'G)'G'V, ' X, 34 = N(X — GBs)'Vy H(X — GBy),
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leading to a profile likelihood function

Nd d N - N
lorot(0| X, G) = —TIOg(27r) —5 log | V| — 510g |Xg| — 5 (2.3.8)
Optimization over this function greatly reduces the dimensionality. Gradient and Hes-

sian algorithms for the profile likelihood are provided in Appendix B.

2.4 Numerical Experiments

For the purpose of efficient inference of stationary Gaussian processes, we implemented the
extended generalized Schur algorithm in C++ in forms of a head-only library called Super-
Gauss, where the Fast Fourier transformation is implemented using the fftw library [Frigo

and Johnson, 2005]. An R library, SuperGauss [Ling and Lysy, 2017] is also provided.

To compare the computation speed of the generalized Schur algorithm, we implemented
the Levinson’s algorithm in C+4 and use the fftw library for the FFT computations.
The theoretical cross-over point between the generalized Schur algorithm and Levinson
algorithm is N = 257 [Ammar and Gragg, 1989]. In our implementation the real cross-over
point is around N = 260. We also look into the performance of the Fortran implementation
of the Hierarchical Structured Solver (HSS) algorithm of Xia et al. [2012], Xi et al. [2014],
an O(N log® N) stable algorithm that works for asymmetric and complex Toeplitz matrices
as well. In Figure 2.3 we present the computation time for the extended Generalized Schur
algorithm and Levinson algorithm for matrices of sizes ranging from 100 x 100 to 10° x 10°.
To better measure the computation time, we repeat each trial 100 times and record the

average value.

2.4.1 Numerical Stability Experiments

The main concern about the generalized Schur algorithm is its numerical stability. Ac-
cording to Stewart and Van Dooren [1997], Chandrasekaran and Sayed [1998], the Schur

algorithm for Toeplitz matrix inversion is stable, and extensive numerical experiments on
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=7 —— Levinson
—— GSchur
—— HSS

T T T I
10% 10° . 10* 10°
Size

Figure 2.3: Average time for solving Toeplitz systems V - @ = y using different algorithms.
A size N Toeplitz system V - & = y comes with an N x N Toeplitz covariance matrix V and a
length-N vector y. The first column of V' is the ACF of a fractional Gaussian noise process (2.4.1)

with a = 0.8. The vector y has elements y; i N(0,1).
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the generalized Schur algorithm display that its growth rates of computation errors are
comparable with those of the Szegd recursions, which is equivalent with algorithms like
the Levinson algorithm [Ammar and Gragg, 1989]. However, numerical methods that are
based on explicit inversions are usually unstable [Higham, 2002], which is exactly the case
with the generalized Schur algorithm. In extreme cases where ill-conditioned Toeplitz co-
variance matrices are generated, the generalized Schur algorithm has worse performance
than the Levinson algorithm [Stewart, 2003, Chen et al., 2006]. In this section, some nu-
merical experiments are conducted to examine the performance of the generalized Schur

algorithm with respect to various kinds of stationary Gaussian processes.

For a Toeplitz covariance matrix V', its condition number is defined as
V) =Vl IV,

where matrix norm p can be arbitrary. In this chapter, we choose p = oo, whose corre-
sponding matrix norm ||V||s, = maxj<i<n Zjvzl |Vi;| is the maximum absolute row sum of
the matrix, and ||z||, = max;<j<n |2;| is the maximum element of the vector. The con-
dition number is the index of the singularity of matrices. A matrix with a high condition

number x is viewed as ill-conditioned and for singular matrices, its kK = 0.

Given an N x N Toeplitz covariance matrix V', its measurement error is defined and

estimated in the following steps:

1. Simulate a length N vector y = [y1,...,yx] whose elements are i.i.d. y; ~ N(0,1).
2. Solve the Toeplitz system V - & = y and obtain the estimation &

3. Check the measurement error r(V, &,y) = %

where the matrix supremum norm is applied here.

Stewart’s Example

We can generate an arbitrary N x N Toeplitz covariance matrix V' (with first element V; ; =

1) for given Schur parameters {}5 ' using Szegd recurrence [Ammar and Gragg, 1987].
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In a numerical experiment [Stewart, 2003], ill-conditioned Toeplitz covariance matrices are
generated by manipulating the Schur parameters { uk}fcv;ll in the particular way explained

in Figure 2.4.
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Figure 2.4: Auto-covariance of Stewart’s experiments
(a) Experiment 1, where u; ~ Unif(—0.5,0.5),i =1,2,..., N — 1.
(b) Experiment 2, where 19 = 1 — 1075, p35 = —0.99 and y; ~ Unif(—0.3,0.3) for remaining i.

In Table 2.1 we demonstrate the estimation errors of 4 different algorithms: the gener-
alized Schur algorithm, Levinson algorithm, Cholesky decomposition, HSS algorithm and
an O(N log”? N) preconditioned conjugate gradient algorithm (PCG) developed by Chen
et al. [2006] for long-memory processes. In both experimental setups, x(V') grows rapidly
as matrix size N increases. For the generalized Schur algorithm, its relative error rgschur
grows at a similar rate as k(V'). On the contrary, the result of LTZ and Cholesky algorithm
is accurate and robust against the conditions of V. As for the PCG method, its relative

error is stable but constantly large.

Despite the performance of the generalized Schur algorithm in this numerical experi-
ment, from Figure 2.4 we can see that the auto-covariance generated in such a way hardly
exists in real applications. Since our Toeplitz-system solver is developed for statistical ap-
plications, we are more interested in the performance of the generalized Schur algorithms
under ill-conditioned statistical models. Time series models are roughly categorized into

two types for their decay speed: short-memory processes and long-memory process. Sce-
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Table 2.1: Measurement errors of different algorithms in Stewart’s examples.

Experiment (a), where u; ~ Unif(—0.5,0.5),i =1,--- N — 1.

Experiment (b), where p; ~ Unif(—0.3,0.3),i € {1,2,..., N — 1}\{10,15}, p1o =1 — 1075, py5 =
—0.99.

Experiment (a) Experiment (b)
N = 64 N =128 N = 256 N =64 N =128
k(V) 29x 10" 1.1x10° 35x10% 8.9 x 10" 1.8 x 107

T GSchur 81x107 63x1077 1.3x1072 2.7x107% 2.1 x 107!
rLTZ 7T4x1076 1.7x107% 62x 107 42x107% 28 x 107 ™
T Chol 49%x1071% 56x 10716 8.7 x 10716 9.2x 10716 1.0 x107'°
rPCG 1.5x107% 57x107° 45x107° 54x 1078 1.2x 1078
THSS 51x 10716 45x1071% 12x10°8 71x107% 6.3 x107°

narios of both types are simulated in the following sections, and the performance of the

generalized Schur algorithms is evaluated.

Long-Memory process

Models for long-memory time series are believed to have ill-conditioned covariance matrices
because their auto-covariances decline slowly at a power law rate [Chen et al., 2006].
Therefore they are inappropriate for the generalized Schur algorithm. In this section, two
well-known models for long-memory processes are applied to study their condition numbers
k(V') and the corresponding impact on the measurement errors of the generalized Schur
algorithm.

The autoregressive fractionally integrated moving average (ARFIMA) model [Granger
and Joyeux, 1980] measures the persistence of shocks by introducing fractional differen-
tiation into autoregressive moving average models. An ARFIMA(p,d,q) model has the

following form

p q .
(1= Y :B)(1 - B)'X, = (1+ Y. 0;B)e,, e ~ N(0,0?),
=1

=1
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where B is the lag operator such that B* - X,, = X,,_. The ARFIMA(0, d,0) model has

the following auto-correlation function (ACF)

L(n+ d)I'(1—d) 9d—1

~

P Tm—d+rr@ "

n=12....

When d € (0,0.5), we have that >, p, = o0, meaning that X,, has long-range persistence.

Another popular stationary model with long-range dependence is the fractional Gaus-

sian noise (fGn), the increment process of fractional Brownian motion B*(t)
X, = Bo(n+1) — By(n),

whose ACF is

1
po= 3+ +ln— 1" —2-n7]. (24.1)

For a € (1,2), we also have that Y-, p; = o0, indicating its long-memory property. In
Figure 2.5 we show the ACF of two long-memory models with different parameters. For
the ARFIMA model, the long range dependence is more significant for d closer to 1. For

the fGn model, the long-memory property is more obvious for « closer to 2.

In order to verify the degree of ill-conditioning for long-memory processes, we generate
the covariance matrices for ARFIMA(0,0.49,0) and fGn with a = 1.9 of different sizes,
ranging from 2000 to 10°. By repeating the procedures of the previous section, we compute
the condition number (V') and measure the relative errors of the generalized Schur al-
gorithm, LTZ and PCG algorithm (Cholesky decomposition is a O(N?) algorithm, we are
not going to apply it for time series longer than 1000). In Table 2.2 we show the relative
errors for different long-memory processes. Judging from the condition number «(V'), we
discover that the covariance matrices of long-memory processes are ill-conditioned, but not
to an extreme degree like Stewart’s examples. The relative errors of the generalized Schur
algorithm are systematically larger than the result of the LTZ algorithm but still within a
tolerable range.
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Figure 2.5: Auto-correlation function of long-memory models.
(a) ARFIMA(0, d, 0) where d = 0.1,0.2,0.3,0.4.
(b) fGn model where v = 1.2,1.4,1.6,1.8.
Model Size N k(V) TGSchur TLTZ rPCG THSS
2000 82x10° 99x101B 6.6x 107 56x 10716 1.3 x10°1°
5000 1.9x10* 1.9x1072 93x107*® 31x107*® 1.3x 1074
AR?l\_AAO(féd’O) 10 35x10* 1.2x107"% 15x107" 6.7x107% 1.1 x10°"
o 100 41x10° 21x107" 36x1073 1.3x107% 1.6x 107"
2000 2.9x10% 4.1x107" 8.0x107"® 46x 1076 49x 10716
BM 5000 5.9x10° 26x1073 1.1x10°% 7.6x 10716 89 x 1071°
1o 100 1.0x10* 20x 107 9.2x 107" 73 x1071% 6.7x 1071
@=+ 105 21x10° 36x10712 1.2x107% 81x1071% 3.1 x10"4

Table 2.2: Measurement errors of different algorithms, long-memory models.
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Short Memory Process

Time series with exponential decay ACF, as an important model for short-memory pro-
cesses, is established to be well-conditioned. These time series are also stationary Gaussian
processes and are widely applied in applications including social communication [Karagian-
nis et al., 2010] and neuronal performance [Stein, 1965, Byron et al., 2009]. In this section,
the performance of the generalized Schur algorithm is evaluated when analyzing processes

with exponential decay ACF of the following form

Yo = exp{—A-n%}, n=1,2...,N, (2.4.2)
where parameters A and d determine the decreasing speed of ~,. For larger A\ and d, ~,
drops more rapidly. In Table 2.3 we show the measurement error of three different Toeplitz

system solvers, where all algorithms have similarly good performance.

d k(V) TGSchur rLTZ TPCG THSS

1 63 84x1071% 32x1071% 40x1076 53 x 10716
2 23 T70x107% 49x10716 42x 107 6.2 x 1016
3 20 99x107% 54x107% 40x 1076 49x 10716
4 20 88x1071% 36x107% 54x10716 5.6x 10716

Table 2.3: Measurement errors of different algorithms, exponential decay models.
Data size N = 105, A = 1.

It is worthwhile mentioning that PCG algorithm solves the Toeplitz system by re-
cursively updating its output, where the number of iterations is related to the condition
number of Toeplitz matrix (V). During our experiments with the PCG algorithm, we
discovered that this algorithm solves a long-memory Toeplitz system much faster than a
short-memory system. More specifically, let V| be the covariance matrix of a long-memory
process and V5 be the covariance matrix of an exponential decay process. If V| and V5 are
equivalently ill-conditioned (we can achieve this by having a very small A in (2.4.2)), PCG

algorithm will take many more iterations to invert matrix V5 than V.
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2.4.2 Parameter Estimation for Long-Memory Models

One main purpose of the evaluation of the log-likelihood for stationary Gaussian processes
is to estimate the parameters. In the previous section we investigate the measurement
error of the generalized Schur algorithm with respect to various time processes but are still
in lack of a straightforward impression of the impact of these errors. In order to reveal
a potential bias when applying the generalized Schur algorithm, we design a numerical
experiment to measure the accuracy of estimation results using the generalized Schur al-
gorithm. Among all common statistical models, long-memory series are established to be
ill-conditioned and turn out to be most unsuitable for the generalized Schur algorithm. In
order to see the limitation of the generalized Schur algorithm, M long-dependency time
series X = [XW, ..., X™)] are generated, where X ™ = [Xl(m), . ,Xj(vm)] i.i.d. follows
ARFIMA(0,d,0) model for m =1,..., M, i.e.

(1-B)IX™ =¢, % N(0,0%, n=1,2,...,N.

In the simulation, we generate M = 500 time series with true parameters d = 0.45,0 = 1
and length of data N = 10% This is a long-memory time series model with only two
unknown parameters @ = {d,c}, which can be estimated by maximizing the following
likelihood

06| Xy = —% [X<m>’V9X<m> +log [Ve| + Nlog(27r)] ,
where Vjy is the Toeplitz covariance matrix whose first column is the auto-covariance of
ARFIMA(0, d,0) multiplying 0.

In addition to the MLE estimates
0,, = arg max{((6 | X m)

we can also compute their covariance matrix using the observed Fisher information

:|1
0=0,,

N 02
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Based on 6,, and cov(ém), we evaluate the quality of estimation using three statistics

of the estimator, including the bias, the MSE and the true coverage rate:
e Bias, % 2%21 6,, — 6y where 6, = {0.45,1} is the true parameter value.
e MSE, ﬁ Z%Il(ém — 6y)* measures the average of squares of errors.

e True coverage P, (), for different confidence intervals for each parametric estimator

it is calculated as

R 1 Y R R
Pa(0) = 5~ D1 1{00 € 0, + g0 - se(6,,)},
m=1

~

where ¢, is the normal quantile for significance level «, se(8,,) is the square root of
the diagonal elements of the covariance matrix cov(ém). When correct models are
applied, their corresponding coverage rate should be close to the theoretical coverage

rate, which is the significance level a.

In Table 2.4 we show the estimation results using the generalized Schur algorithm,
Levinson algorithm and PCG. For all methods the estimation errors in both parameters
{o,d} are negligible, and the coverage rate r, suggests that the estimations of confidence

intervals for various significant levels a = 90%, 95%, 99% are also accurate.

algorithm bias MSE Poor  Pos  Pogx

GSchur —84x 107 99x107° 90 95 99
o Levinson 1.5x107° 1.3x107* 91 95 99
PCG 6.9x107% 26x107° 92 97 100

GSchur —-12x10"% 1.0x10"* 93 97 98
d Levinson —7.4x10~* 89 x 107° 93 96 99
PCG 1.0x 1072 7.4x107° 91 94 98

Table 2.4: Estimation results of different algorithms, ARFIMA(0, d,0) model.

The true parameterare d = 0.45, o0 = 1.

To conclude the experiments on numerical stability, we first propose an empirical rela-

tion between the measurement errors of the generalized Schur algorithm and the condition
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number of Toeplitz matrices

TGSchur € H(V> ;

which explains the concerns about the numerical stability of the generalized Schur algo-
rithm. However, with further investigation of the covariance matrices involved in sta-
tistical applications, including long-memory processes whose covariance matrix is most
ill-conditioned, their condition number is still within a tolerable degree such that the rel-
ative error of the superfast Toeplitz-system solver is acceptable. The result of parametric
estimation experiment also supports this point of view. In general, the generalized Schur
algorithm is applicable in the majority of statistical applications, and its disadvantage in

numerical stability will hardly hinder the correct inference of models.

2.5 Application: Gaussian Process Factor Analysis

Summarizing a high dimensional data set with a low dimensional embedding is a standard
approach for exploring the data structure. Typical techniques which can be used for di-
mensionality reduction includes linear discriminant analysis, principal component analysis
(PCA) and factor analysis. The Gaussian process factor analysis (GPFA), whose moti-
vation can be traced back to the use of PCA for extracting informative low dimensional
views of high-dimensional neural data [Byron et al., 2009], actually accomplishes the di-
mensionality reduction and smoothing operations in a common probabilistic framework.
In this section we describe the GPFA model and later propose a superfast Gibbs sampling

for the inference.

Let y(t) = [wn® ~ vw@®] € R™P be the vector of the high-dimensional processes
recorded at time ¢, where D is the number of processes recorded. In the framework of
GPFA, we try to extract a corresponding low-dimensional signal x(t) = [#1(t) - 2x(t) ] €
R at time ¢, where K is the number of factors used to explain y. Each factor z;(t) has

mean 0 and a stationary covariance function

cov (zx(t), zr(s)) = f(|t = sl, 0).
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For the discrete observation y = [y, ..., yn] € RV*P y, = y(nAt) at evenly distributed
time series t = [At, ..., NAt], we define a conditional Gaussian distribution of y,, given
x(t):

Yn | (t) ~ N (2(nAt)B,X)

0.2
where B p is the coefficient of factors and X p.p = [ ] is the diagonal covariance
ag

2
D

matrix.

The matrix form of the GPFA model is
y— 2B e, 25.1)

where the signal matrix © = [z, ,zx] € RVE x, = [21(nat) - 2x(nan) ], enxp is the
matrix of white noises €;; YN (0,1) and the factor observations x;, are assumed to follow

independent multivariate normal distributions
z, " N0, V), (2.5.2)

where Ve(k) is the covariance matrix with elements Vé(k) (n,m) = fr(ln — m|At, 6y).

Normally the parameters of the GPFA model are learnt in a straightforward way using
the expectation-maximization (EM) algorithm, where the conditional distribution p(x | y)

is required in the E-step:
—1
@ |y ~ N (B @ V") vecw). Vi - B Ve (BLe V")) (25.3)

where G. is the k-th row of 3, 2 = Z,I::l BL By ®V9(k) +X®Iy is a Nd x Nd matrix. The
evaluation of F, [€(3,3,0 | x,y)], where ((3,%,0 | z,y) is the log-likelihood of (2.5.1),
requires the inversion of €2, which can only be achieved with the Cholesky decomposition

in O(d®N3) steps. The overall computation cost of the EM algorithm is too expensive.

In order to reduce the computational cost, we propose the following superfast Gibbs

sampling for parameter estimation. Fach step of sampling can be efficiently done in
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O(Nlog® N) steps. For a prior
02 ~ Inv-Gamma(ag, 84), Ba~N(Wy, Sy), d=1,2,...,D,

the Gibbs sampling updates its various components using the analytical distributions

r|y,B,%,60~px|y B X0)
o3| x,y,B ~ Inv-Gamma (o, 5;)
Balz,y, T~ N (¥ 57)
0z ~q(6|x)

/

N B . T B . —1 !
where O[:l _ O{d—i-?, ﬁ; _ 5d+ (yd wﬂd)Q(yd wﬂ.d)’ \Ilg _ [Sdl + 3;233:| lSdl\Ild + :Bo-gd:|
d d

/ -1
andS;=[5d1+x;C] :
94

The conditional distribution p(x | y, 3, X, 0) is not trivial. Consider

Y=Y — Z x;8: = 1B + XV

1#k

We find that xy | y; follows a multivariate normal distribution
-1
o | yi ~ N (B @ Vi) veelyd), Vi = (B @ Vi) (8L @ Vi)

where Q = BL 8. ® ‘/g(k) + X ®Iy is also an Nd x Nd matrix. Unlike the computation

that requires p(xy, | y) (2.5.3), the calculation involving €2 can be greatly simplified with
the Woodbury matrix identity [Higham, 2002]

Q]zl _ 2—1 ® IN o (E_lﬁ]zﬂkzz_l> ® ‘/'e(k)Q—l

where ¢ = 3, X737 is a scale and Q = ¢ - Ve(k) + Iy is an N x N Toeplitz matrix. We
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find that

(B ® Va2 Mvee(yp) = V3" Qi S8,
and

~ (B @V (BL e V") = V@,

that is to say

z |y~ N (V@ yis 8L VPR ),
whose simulation can be achieved efficiently by generating

zp = Q7 'e + VY Q ey,

where

€1~ N(Ov ‘/e(k))v €2 ~ N(yiz_lﬁzz, c- IN)'

Since both Ve(k) and @ are size N x N Toeplitz matrices, sampling from p(x | y, 3,3, 0)

is superfast.

As for the posterior (6 | ), we have that

K
g0 @) =] [a6k o), a6k |xr) o L(6|x)
k=1
where L(0y | ) is the likelihood of (2.5.2)

-1
exp (—%a:kVe(k) mk>
ez

To verify the quality of the proposed Gibbs sampler, we simulated a length N = 2000,

L(Oy | xx) =

d = 10 dimensional data y containing two factors @, xs, where x; is a short-memory
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process with exponential decay ACF and @, is a long-memory fGn process

ACFg, (n) = exp{—\-n?}

1
ACFq,(n) = 5 [(n+ 1%+ |n—1"—2-n%].

For B8 and X, their elements are drawn from uniform distributions

Bi; ¢ Unif(—10,10), o; < Unif(0,3), 1<i<2,1<j<10.

In Figure 2.6 we show the posterior distribution of a and A, and in Table 2.4 we
demonstrate the point estimation of 3 and ¥ with the standard deviation. The estimated
coefficients {4, 5\, B, 2} are very close to their true value, indicating that the result of the
proposed Gibbs sampling procedure for GPFA model (2.5.1) is consistent and asymptoti-

cally unbiased.

(@ o (b) A

T T T I I I I I I I I T I I
174 176 178 180 182 184 1.86 090 095 100 1.05 1.10 115 1.20

Figure 2.6: Posterior distribution of the factor parameters {a, A\} using the proposed Gibbs
sampling procedure.

(a) The posterior density of estimated «.

(b) The posterior density of estimated .
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ﬁl,l ﬁl,Q /61,3 /81,4 /81,5 /81,6 /81,7 /81,8 /61,9 /61,10

True 9.2 6.4 1.2 -39 40 -22 —-11 52 4.1 =52
Mean 9.2 6.2 098 —-40 41 =24 -12 5.0 43 =52
SD 0.16 0.093 0.064 0.11 0.10 0.11 0.082 0.10 0.13 0.11

B2, B2,2 B2,3 B2,4 B2,5 Ba6 Ba,7 B2 B2y P20

True =79 34 4.2 70 —-68 7.3 2.5 2.5 =85 6.2
Mean —-7.6 3.5 4.2 6.9 —6.7 7.2 5.4 5.5 =84 6.1
SD 035 019 015 026 025 026 020 023 032 0.25

01 02 g3 04 05 06 a7 oF] 09 J10

True 2.0 27 071 1.8 0.81 2.9 0.55 2.6 1.7 2.3
Mean 2.0 26 0.78 1.9 0.96 2.9 0.61 24 1.5 2.3
SD  0.077 0.091 0.035 0.037 0.036 0.038 0.031 0.091 0.044 0.039

Table 2.5: Estimated B8 and X for the simulated GPFA data.
2.6 Discussion

In this chapter, we have provided computationally efficient algorithms for the inference of
stationary Gaussian processes. Realizing that the covariance matrix for stationary Gaus-
sian process is Toeplitz, we implemented the generalized Schur algorithm that solves the
Toeplitz systems in superfast steps (O(N log? N)) and extend the range of this algorithm
from N = 2K + 1 to an arbitrary N. With a superfast solution to the Toeplitz system,
the evaluation of the log-likelihood (2.3.2) and its derivatives for a general family of Gaus-
sian observations with Toeplitz covariance structure can also be accomplished in superfast
speed, which greatly reduce the time cost for parameter estimation, in either frequentist
or Bayesian approaches. Profile likelihood for a special condition (2.3.7) is also provided

for dimensionality reduction.

Based on our R/C++ implementation of the extended generalized Schur algorithm, ex-
tensive numerical experiments are conducted to compare the superfast method and other
distinguished Toeplitz-system solves in aspects of overall computation speed and numerical

stability. Despite that the generalized Schur algorithm can be unstable in very extreme
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cases, we show that for statistical applications its measurement error remains within a tol-
erable extent and will return unbiased estimates. Finally, we introduce a GPFA model for
smoothing and dimensionality reduction and propose a superfast Gibbs sampling procedure

that returns consistent and asymptotically unbiased estimates.
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Chapter 3

Camera Error Correction for Particle

Tracking

3.1 Introduction

With the development of high-resolution microscopy, single-particle tracking has emerged
as an invaluable tool in the study of biophysical and transport properties of diverse soft ma-
terials. Examples of applications include cellular membrane dynamics [Saxton and Jacob-
son, 1997], drug delivery mechanisms [Suh et al., 2005], properties of colloidal particles [Lee
et al., 2007], mechanisms of virus infection [van der Schaar et al., 2008], microrheology of
complex fluids and living cells [Mason et al., 1997, Wirtz, 2009] and functional analyses of
the cytoskeleton [Gal et al., 2013].

Passive single-particle tracking refers to experiments in which microscale probes and/or
pathogens (e.g., viruses) are recorded without external forcing, producing high-resolution
time series of particle positions from which dynamical properties of the transport medium
are inferred. In many of these experiments, the resulting analysis hinges pivotally on the
measurement of particles’ mean square displacement (MSD), which for a k-dimensional
particle trajectory X (t) = (Xi(t), ..., X(t)) (with k € {1,2,3} depending on the experi-
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ment) is given by
wspx(t) = 7 x B[IX () - XO)7] = 1 < X EIX0 - S0P (311

For particles diffusing in viscous media, empirical evidence suggests that dynamics are

accurately modeled by Brownian motion [Einstein, 1956]. The MSD is then linear in time,
MSDx (t) = 2Dt,

and the diffusion coefficient D is determined by the Stokes-Einstein relation [Einstein,
1956, Edward, 1970]
_ kgT

D - )
6mnr

(3.1.2)

where r is the particle radius, T  is temperature, n is the viscosity of the medium, and kg
is the Boltzmann constant.

However, due to the microstructure of large molecular weight biopolymers (e.g., mucins
in mucosal layers), most biological fluids are viscoelastic. Unlike viscous fluids that have
constant resistance to deformation, viscoelastic fluids exhibit time-dependent strain. In
such fluids, a nearly ubiquitous experimental finding has been that the MSD has sublinear

power-law scaling over a given range of timescales,
MSDx (t) ~ 2Dt tin <t <tmax, O0<a<l1. (3.1.3)

which is referred to as subdiffusion. Due to its pervasiveness, interpretation of the subdiffu-
sion parameters (a, D) has far-reaching consequences for numerous biological applications,
for example: distinguishing signatures of healthy versus pathological human bronchial ep-
ithelial mucus [Hill et al.; 2014]; cytoplasmic crowding [Weiss et al., 2004]; local viscoelas-
ticity in protein networks [Amblard et al., 1996]; dynamics of telomeres in the nucleus
of mammalian cells [Bronstein et al.; 2009]; and microstructure dynamics of entangled
F-Actin networks [Wong et al., 2004].

Unlike for viscous fluids exhibiting ordinary (linear) diffusion, the precise manner in
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which the properties of a viscoelastic fluid determine its subdiffusion parameters («, D) is
unknown, such that («, D) must be estimated from particle tracking data. To this end,
a widely-used approach is to apply ordinary least-squares to a non-parametric estimate
of the MSD against time on the log-log scale [e.g., Qian et al., 1991]. While minimal
modeling assumptions suffice to make this estimator consistent [Michalet, 2010] for finite-
length trajectories, the non-parametric MSD estimator at longer timescales is severely
biased [Mellnik et al., 2016]. Thus, in practice the information about longer timescales is
typically discarded, at the expense of considerable loss in statistical efficiency. In contrast,
fully parametric subdiffusion estimators specify a complete stochastic process for X (t) as
a function of (a, D) [e.g., Berglund, 2010, Lysy et al., 2016, Mellnik et al., 2016], whereby
optimal statistical efficiency is achieved via likelihood-based inference. However, the accu-
racy of these parametric estimators critically depends on the adequacy of the parametric
model, and particle tracking measurements are well known to be corrupted by various

sources of experimental noise.

Noise in single-particle tracking experiments can be categorized roughly into two types.
Low-frequency noise, originating primarily from slow drift currents in the fluid itself, is
typically removed from particle trajectories by way of various linear detrending meth-
ods [e.g., Fong et al., 2013, Rowlands and So, 2013, Koslover et al., 2016, Mellnik et al.,
2016]. In contrast, high-frequency noise can be due to a variety of reasons: mechanical
vibrations of the instrumental setup; particle displacement while the camera shutter is
open; noisy estimation of true position from the pixelated microscopy image; error-prone
tracking of particle positions when they are out of the camera focal plane. A systematic re-
view of high-frequency or localization errors in single-particle tracking is given by Deschout
et al. [2014]. The effect of such noise is to distort the MSD at the shortest observation
timescales. Since fully-parametric models extract far more information about (c, D) from
short timescales than long ones, their accuracy in the presence of high-frequency noise can

suffer considerably.

In a seminal work, Savin and Doyle [2005] present a theoretical model for localization
error, encompassing most of the approaches reviewed by Deschout et al. [2014]. The pa-
rameters of the Savin-Doyle model can be derived either from first-principles [for instance,

by analyzing uncertainty in position-extraction algorithms, e.g., Mortensen et al.,; 2010,
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Chenouard et al., 2014, Kowalczyk et al., 2014, Burov et al., 2017], or empirically [via
signal-free control experiments, e.g., Savin and Doyle, 2005, Deschout et al.; 2014]. Model-
based methods for estimating localization error have also been proposed, under the as-
sumption of ordinary diffusion @ = 1 [e.g., Michalet, 2010, Berglund, 2010, Michalet and
Berglund, 2012, Vestergaard et al., 2014, Ashley and Andersson, 2015, Calderon, 2016].

The Savin-Doyle theoretical framework accounts for a wide range of experimental errors.
However, due to the extreme complexity and inter-dependence between various sources of
localization error, the Savin-Doyle model cannot account for them all. This is illustrated
in the control experiment of Figure 3.1(a), where trajectories of 1pm diameter tracer
particles are recorded in water, for which it is known that o = 1, and for which D may be
determined theoretically by the Stokes-Einstein relation (3.1.2). However, the Savin-Doyle

model estimates both of these parameters with considerable bias (Figure 3.1(b)).
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Figure 3.1: (a) Pathwise empirical MSD for 1931 particles of diameter 1 pm recorded at
At = 1/60s, and fitted MSD for three parametric models: fractional Brownian Motion
(fBM); fBM with Savin-Doyle noise correction (fSD), and fBM with the noise correction
proposed in this chapter (fMA). (b-c¢) Estimated values of « and D for each particle and
parametric model. The predicted values from Stokes-Einstein theory are given by the
horizontal dashed lines.

In this chapter, we propose a likelihood-based method for correcting localization er-
rors, complementing the theoretical Savin-Doyle approach. We consider a family of high-

frequency filters that can readily be applied to a wide range of parametric particle position
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models. We show how to combine the high-frequency filter with parametric approaches
to correct for low-frequency drift, and estimate all model parameters in a computationally
efficient manner. Extensive simulations and analyses of experimental data suggest that
a one-parameter version of our filter performs remarkably well, both for estimating the
true values of («, D), and compared to the state-of-the-art in denoising procedures (e.g.,
Figure 3.1(c)).

The remainder of the chapter is organized as follows. In Section 3.2 we review a
number of existing subdiffusion estimators and high-frequency error-correction techniques.
In Section 3.3 we present our family of high-frequency filters, along with some theoretical
justification for the proposed construction. Sections 3.4-3.5 contain simulation results and
analyses of numerous viscous and viscoelastic particle tracking experiments comparing our
estimator with existing alternatives. Section 3.6 offers concluding remarks and directions

for further work.

3.2 Existing Subdiffusion Estimators

3.2.1 Semiparametric Least-Squares Estimator

Let X = (Xo,...,Xn), X, = (Xi(n - At),...,Xy(n - At)) denote the discrete-time
observations of a given particle recorded at frequency 1/At. Assuming that the position

process X (t) has second order stationary increments
E[IIX (s +1) = X (s)|*] = B[ X(t) = X(0)I], (3:2.1)

a standard nonparametric estimator for the particle MSD is given by

_ 1 =
MSDx (n - At) = X, — X 3.2.2
Based on the linear relation (3.1.3)
logMSDx (t) = log 2D + alogt (3.2.3)
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over the subdiffusion timescale ¢ € (tmin,tmax), perhaps the most commonly-used subd-
iffusion estimator is the least-squares solution regressing v, = log(l\fS\D x(n - At)) onto

x, = log(n - At), namely

27]:7=0(yn - g)(mn _ j) f) 1 ~_

a = , = 5 exp(y — axr). 3.2.4
SV o — 1) p(y ) (3.2.4)

The least-squares subdiffusion estimator is easy to implement and consistent under
the minimal assumption of (3.2.1) and ¢y, = o0 [Sikora et al., 2017]. However, it also
presents two major drawbacks. First, the errors underlying the regression (3.2.3) are
neither homoscedastic nor uncorrelated [Sikora et al., 2017], such that (3.2.4) is statistically
inefficient. Second, it is common practice to account for low-frequency noise by calculating
the empirical MSD (3.2.2) from the drift-subtracted positions

X, = (X, - X, —n-AX,

where AX = % 27]1\[:1(Xn — X,,_1) is the average displacement over the interobservation
time At. However, a straightforward calculation [Mellnik et al., 2016] shows that Xy =0,
such that MSDx(n - At) becomes increasingly biased towards zero as n approaches N.
Consequently, a widely-reported figure [e.g., Weihs et al., 2007] suggests that, prior to
fitting (3.2.4), the largest 30% of MSD lag times are discarded, thus severely compound-
ing the inefficiency of the least-squares subdiffusion estimator when low-frequency noise

correction is applied.

3.2.2 Fully-Parametric Subdiffusion Estimators

While the semiparametric estimator (3.2.4) operates under minimal modeling assumptions,
complete specification of the stochastic process X (t) provides not only a considerable
increase in statistical efficiency [e.g., Mellnik et al., 2016], but in fact is necessary to
establish dynamical properties of particle-fluid interactions which cannot be determined
from second-order moments (such as the MSD) alone [Gal et al., 2013, Lysy et al., 2016].

A convenient framework for stochastic subdiffusion modeling is the location-scale model
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of Lysy et al. [2016],

d
X(t) =Y, Bifi(t) + BV Z (1), (3.2.5)

j=1
where fi(t),... fa(t) are known functions accounting for low-frequency drift (typically lin-
ear, fi(t) = t, and occasionally quadratic, fo(t) = t2), Bi,...,84 € R* are regression
coefficients, Xy, is a variance matrix, and Z(t) = (Zi(t),..., Zy(t)) are iid continuous

stationary-increments (CSI) Gaussian processes with mean zero and MSD parametrized
by ¢,
Mspz(t) = E[[1Z;(t) = Z;(0)|°] = n(t | o).

such that the MSD of the drift-subtracted process X (t) = X (t) — Z?Zl B, f;(t) is given by

MSD g (1) = Lx(S) n(t | @),

Perhaps the simplest parametric subdiffusion model sets Z;(t) = B,(t) to be fractional
Brownian Motion (fBM) [e.g., Szymanski and Weiss, 2009, Weiss, 2013], a mean-zero CSI

Gaussian process with covariance function
cov(Ba(t), Ba(s)) = ([t|* + |s|* — [t — s|%), 0<a<?2.

Indeed, as the covariance function of a CSI process is completely determined by its MSD,

fBM is the only (mean-zero) CSI Gaussian process exhibiting uniform subdiffusion,
MSDp, (1) = t%, 0<t<oo,

in which case the diffusivity coefficient is given by

1
D= oY tr(X).

Other examples of driving CSI processes are the confined diffusion model of Ernst et al.
[2017] and the viscoelastic Generalized Langevin Equation (GLE) of McKinley et al. [2009],
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both of which exhibit transient (anomalous) subdiffusion, i.e., power-law scaling only on
a given timescale t € (tpin, tmax). In this case, the subdiffusion parameters («, D) become
functions of the other parameters, namely a = a(p) and D = D(¢p, X). We shall revisit

these transient subdiffusion models in Section 3.4.

Parameter estimation for the location-scale model (3.2.5) can be done by maximum
likelihood. Let AX, = X, .1 — X, denote the nth trajectory increment, and AX =
(AXo,...,AXN_1). Then AX are consecutive observations of a stationary Gaussian

time series with autocorrelation function
ACFax(h) = cov(AX,,AX, 1) =2 xv(h | ),
where

Yl @) =1 {nlln—11- At @) +n(n + 1 At | @) = 2n(jn| - At | @)},
such that the increments follow a matrix-normal distribution,

AXka ~ MatNorm(FB, V¢, 2),

where Buxr = [B1 | -+ | Bal's Fnxa is a matrix with elements F,,, = f.((n + 1) -
At) — fi(n - At), and V,, is an N x N Toeplitz matrix with element (n,m) given by
V™ = ~(n —m | ), such that the log-likelihood function is given by

Up, 3,2 | AX) =~ %tr {ZN(AX - FB)V ' (AX - FB)}

N k
- S log |3 - 5 log |V, |

In order to calculate the MLE of 8 = (¢,3,3), model (3.2.5) has two appealing
properties. First, for given ¢, the conditional MLEs of 3 and 3 can be obtained an-
alytically using the profile likelihood described in Section 2.3.4, such that the optimiza-
tion problem can be reduced by 2k + (’;) dimensions by calculating the profile likelihood
lorot(p | AX) = maxg s ((p, 3,2 | AX). Second, we show in Chapter 2 that the computa-
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tional bottleneck in £,0f(¢p | AX) involves the calculation of ch_l and its log-determinant.
While the computational cost of these operations is O(N?3) for general variance matrices,
for Toeplitz matrices it is only O(N?) using the Durbin-Levinson algorithm [Levinson,
1947, Durbin, 1960], or more recently, only O(N log® N) using the Generalized Schur algo-
rithm [Kailath et al., 1979, Ammar and Gragg, 1988, Ling and Lysy, 2017].

3.2.3 Savin-Doyle Noise Model

In order to characterize high-frequency noise in particle tracking experiments, Savin and
Doyle [2005] decompose it into so-called static and dynamic sources. Static noise is due to
measurement error in the recording of the position of the particle at a given time. Thus,
if X,, denotes the true particle position at time ¢t = n - At, and Y, is its recorded value,

then Savin and Doyle suggest the additive error model
Y, =X, +e,, (3.2.6)

where ¢, is a k-dimensional stationary process independent of X (¢). Thus, if the autocor-

relation of the static noise is denoted as
ACF:(n) = cov(Em, Emtn)s

the MSD of the observations becomes

MSDy (n) = 1 x E[||Y, — Y5’]

= MSDx (n) + + x 2 - tr(ACF.(0) — ACF.(n)).

Savin and Doyle describe how to estimate the temporal dynamics of €, by recording im-
mobilized particles, i.e., for which it is known that X, = 0. Over a wide range of signal-

to-noise ratios, they report that ¢, is effectively white noise,

ACF.(n) = ¥, -1(n = 0),
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a result corroborated by many other experiments [Deschout et al., 2014]. For the canonical
trajectory model of fractional Brownian motion, MSDx (t) = 2Dt®, white static noise has
the effect of inflating the MSD at the shortest timescales, as seen in Figure 3.2(b).

(a) Dynamic (b) Static
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Figure 3.2: Effect of localization error on the MSD of an fBM process X () = Bf* with
a = 0.8 and At = 1/60. (a) Dynamic error, as a function of exposure time 7. (b) Static
error, as a function of the signal-to-noise ratio, SNR = var(AB2)/ var(e,).

In contrast to static noise, Savin and Doyle define dynamic noise as originating from
movement of the particle during the camera frame exposure time. Thus, if the camera
exposure time is 7 < At (as it must be less than the framerate), the recorded position of

the particle at time t = n - At is
1 T
Y, = —J X(n- At —s)ds.
T Jo

The dynamic-error MSD for an fBM process X (t) = By is given in Appendix C. Larger
values of 7 have the effect of depressing the MSD at the shortest timescales, as seen in
Figure 3.2(a).

Combining static and dynamic models, the Savin-Doyle localization error model is
1 T
Ynz—f X(n-At—s)ds + e,. (3.2.7)
7 Jo
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When X (t) = 3% | Bfm(t) + Y2 Z(t) follows the location-scale model (3.2.5), and the
static noise has the simplified form ¥, = 0% - 3, parametric inference can be conducted
using the computationally efficient methods of Section 3.2.2. Explicit calculations for the

fBM process with MSDz(t) = t* are given in Appendix C.
Thus, the fBM + Savin-Doyle (fSD) model has three MSD parameters: ¢ = (o, T, 0).

Its maximum likelihood estimates of the subdiffusion parameters («, D) are & and D =
(1/2k) - tr(3). While these estimates successfully correct for many types of high-frequency
measurement errors, the fSD model has two important limitations. First, Figure 3.2(a)
shows that the Savin-Doyle model has little ability to correct negatively biased MSDs
at the shortest timescales. Indeed, the camera aperture time 7 is typically at least an
order of magnitude smaller than At, in which case the effect of the dynamic error in
Figure 3.2(a) is extremely small, and insufficient to explain larger negative MSD biases as
in Figure 3.1(a). Second, the Savin-Doyle model uses one parameter (7) to depress the
MSD, and a different parameter (o) to inflate it. This leads to an identifiability issue which
adversely affects the subdiffusion estimator, as we shall see in Section 3.4. Complementing
the theoretically derived Savin-Doyle approach, we present a general high-frequency noise
filtering framework in the following section.

3.3 Proposed Method

In order to formulate our proposed method of filtering the localization errors in single
particle tracking experiments, we begin with the following definition of high frequency
noise. Let us first focus on a one-dimensional zero-drift CSI process X (t) with E[X (¢)] = 0,
and let X = {X,, : n >0} and Y = {¥,, : n = 0} denote the true and recorded particle
position process at times t = n - At. Then we shall say that the observation process Y
contains only high frequency noise if the low-frequency second-order dynamics of the true

and recorded particle positions are the same, namely

iy MSDy (n)

= 1. 3.3.1
n—x MSDx (1) ( )
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Given the true position process X', our noise model sets the observed position process to

be of autoregressive/moving-average ARMA(p, q) type:

P q
Y, = Z@iYn_i + Z PiXn—j, n = r = max{p,q}. (3.3.2)
i=1 =0

For 0 < n < r, Y, is defined via the stationary increment process AX = {AX,, :n e Z}.

That is, with the usual parameter restrictions

. - p ‘i . . q . J
el L= 2000211 > 0 min oo = 30 52| > 0, (33.3)

le.g. Brockwell and Davis, 1991], the increment process AY = {AY,, : n € Z} defined by

p q
AY, = > 0AY, i+ > piAX,; (3.3.4)

i=1 j=0

is a well-defined stationary process which can be causally derived from AX | and vice-versa.
Moreover, setting Y, = > " AY; one obtains the ARMA relation (3.3.2) on the position

scale for n > r.

One may note in model (3.3.2) that p = (po, ..., p;) and var(AX,,) cannot be identified
simultaneously. This issue is typically resolved in the time-series literature by imposing
the restriction py = 1. However, in order for the recorded positions to adhere to a high-

frequency error model as defined by (3.3.1), a different restriction must be imposed:

Theorem 1. Let X and Y denote the true and recorded position processes, with the
latter defined by an ARMA(p, ¢) representation of the former as in (3.3.4). Then Y is a
high-frequency error model for X as defined by (3.3.1) if and only if

/4 q
po = 1—29i—20j-
i-1 =1

The proof is given in Appendix D.3. Indeed, the following result (also proved in Ap-
pendix D.4) shows that the family of ARMA(p, q) noise models (3.3.2) is sufficient to
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describe any high-frequency noise model to arbitrary accuracy:

Theorem 2. Let Y be a stochastic process of recorded positions defined as a high-
frequency noise model via (3.3.1). When Y satisfies specific requirement (illustrated in
Appendix D.4), for any € > 0, we may find an ARMA(p, ¢) noise model Y* = {Y,* : n > 0}
satisfying (3.3.2) such that for all n > 0 we have

o <

3.3.1 Efficient Computations for the Location-Scale Model

Let us now consider a k-dimensional position process X (t) = Z?Zl Bifit) + BV2Z(¢)
following the location-scale model (3.2.5). Then we may construct an ARMA(p, q) high-
frequency model for the measured positions as follows. Starting from the drift-free station-
ary increment process AX = {AX, = XV2AZ, : n € Z}, define the increment process
AY = {AY, :neZ} via

p q
AY, = Y 0AY, i+ ) piAX, ;. (3.3.5)

i=1 j=0

Then under parameter restrictions (3.3.3), AY is a well-defined stationary process with
E[AY,] = 0. In order to add a drift to the high-frequency noise model (3.3.5), let

AX,, n <0,
AX, = N J
AXn + Zmzl ﬁjAfn]7 n = 07
) (3.3.6)
AY,, n <0
AY, =

i OAY i+ 30 0 piAX, -, n =0,
where Af,; = fi((n+1)- At) — fu(n- At). Then for n > 0, X, = 37" AX; corresponds

to discrete-time observations of X (t) from the location-scale model (3.2.5), and Y,, =
S 4 AY; satisfies the ARMA(p, g) relation (3.3.2). Moreover, the observed increments
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AY = (AY,,...,AYy_;) follow a matrix-normal distribution
AY ~ MatNorm(F,3,V,,3),

where F, is an N x k matrix with elements

min{n,p} min{n,q}
an = — Z giFn_i,m + Z ijfTL—j,mJ
i=1 J=0

and V,, is an N x N Toeplitz matrix with element (n,m) given by V"™ = AcFay (Jn—m)).
Thus, we may use the computationally efficient methods of Section 3.2.2 for parameter in-
ference, given the autocorrelation function ACFay (n) defined by (3.3.4). For pure moving-
average processes (p = 0), this function is available in closed-form given an arbitrary true
increment autocorrelation function ACFaz(n). For p > 0, an accurate and computationally

efficient approximation is provided in Appendix D.2.

3.3.2 The Fractional MA(1) Noise Model

Perhaps the simplest ARMA(p, ¢) noise model is that with p = 0 and ¢ = 1, i.e., the
first-order moving-average MA (1) model given by

Y, = (1-p) X+ pXp_1, (3.3.7)

where p < % is required to satisfy (3.3.1). The autocorrelation of the observed increments

becomes
ACFay (n) = ACFax (n) + (1 — p)p[ ACFax(|n — 1|) + ACFax (n + 1) — 2ACFax (n)],

where ACFax (n) is the autocorrelation of the true increment process. Of particular interest
is when X () is fractional Brownian motion, for which we refer to the corresponding MA (1)
noise model as fMA. The MSD of such a model is plotted in Figure 3.3(a) for a range of
values p € [—1,1). As with the fractional Savin-Doyle (fSD) model (3.2.7) p > 0 inflates

the high-frequency correlations in the observation process, whereas p < 0 depresses them.
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A similar MSD plot for the fSD model is given in Figure 3.3(b). While both high-frequency
noise models can similarly inflate the MSD at short timescales, the fMA model has much

higher capacity to depress it.
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Figure 3.3: (a) MSD of the fMA model with @ = 0.8 and different values of p. (b)
MSD of the fSD model with o = 0.8 and different values of 7 and signal-to-noise ratio
SNR = var(AB*)/o?.

In order to examine this difference more carefully, the following experiment is proposed.
Suppose that observed increments AY = (AY),...,AYy_;) are generated from a drift-
free location-scale fSD model AY ~ p(AY | a, ¥, 7,0). Then for fixed N and At, we may
calculate the parameters of the (drift-free) fMA model p(AY | au, ., p) which minimize
the Kullback-Liebler divergence from the true model,

A

(G, B4, p) = arg min KL{p(AY | @, 2, 7,0) | p(AY | au, 2., )}

(Oé*,z*,p)
1 - - = M VL
= argmin = x | tr(Z;'2)tr(V,'V) + log (— — Nk ),
(e B4 p) ( SN[V *

where V and V, are N x N Toeplitz variance matrices with first row given by the auto-

correlation function of the fSD and fMA models, respectively. Figure 3.4(a) displays the
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Figure 3.4: Model misspecification bias in « and D. (a) Best-fitting fMA model to true
fSD models with different values of «, 7, and signal-to-noise ratio SNR = var(AB2)/o?.
(b) Best-fitting fSD model to true fMA models with different values of o and p.
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difference between true and best-fitting subdiffusion parameters &, — a and log D, — log D,
for k =2, ¥ = [}V], N = 1800, At = 1/60, and over a range of parameter values
(v, 7,0). Figure 3.4(b) does the same, but with the best-fitting fSD model to data gener-
ated from fMA. For all but very high static error o (corresponding to low signal-to-noise
ratio SNR = var(AX,)/c?), the fMA model can recover the true subdiffusion parame-
ters (a, D) with little bias due to model misspecification. There is obviously more bias
when fSD is used on data generated from fMA, particularly when p > 0 as suggested by
Figure 3.3.

3.4 Simulation Study

In this section, we evaluate the performance of the proposed ARMA(p, ¢) high-frequency
noise filters in various simulation settings. In each setting, we simulate B = 500 observed
data trajectories Y = (}’E)(b), . Y]\(,b)), b=1,...,B, each consisting of N = 1800 two-

dimensional observations (k = 2) recorded at intervals of At = 1/60s.

3.4.1 Empirical Localization Error

Consider the following simulation setting designed to reflect the localization errors in our
own experimental setup. Let Y, denote the trajectory measurements for a particle un-
dergoing ordinary diffusion in a viscous environment. Then we may estimate the MSD

ratio
MSDy, (n)

g(n) = MSDx (1)’ (3.4.1)

where the MSD of the true position process is MSDx, (n) = 2Dt with D determined by the
Stokes-Einstein relation (3.1.2), and the MSD of the drift-subtracted observation process

Y, can be accurately estimated by

— 1
MSDy, (n) = —

—_

MSDYV@) (n),

M=
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where I\TS\D};VU) (n) is the empirical MSD (3.2.2) for each (drift-subtracted) particle trajec-
tory Yv(l), . ,YV(M) recorded in a given experiment (e.g., Figure 3.1(a)). We then suppose
that the true trajectory is a drift-free fBM X (t) = £Y2B°(t), and simulate the measured
trajectories from

Y ® X MatNorm (0,V,%),

where 3 = [} 9] and the (IV + 1) x (N + 1) variance matrix V is that of a CSI process
with MSD given by
MSDy (n) = (vg(n) — v + 1) x MSDx(n), (3.4.2)

where g(n) is the estimated noise ratio (3.4.1) from a viscous experiment, and the noise
factor v > 0 can be used to suppress or amplify the empirical localization error with
v < 1 or v > 1, respectively. Having constrained our estimator such that g(n) = 1
for n > Ny, (3.4.2) is a high-frequency noise model as defined by (3.3.1). Figure 3.5
displays the observed MSD (3.4.2) for a true fBM trajectory with a = 0.6, contaminated
by empirical localization errors from two representative viscous experiments described in

Table 3.3, illustrating the effects of high-frequency MSD suppression and amplification,

respectively.
(a) H20g Errors (a) Glyg Errors
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Figure 3.5: MSD of simulated observations with empirical localization error (3.4.2), where
the true trajectory is an fBM process with o = 0.6. (a) High-frequency MSD suppression
as observed in H20g, experiment (see Table 3.3). (b) High-frequency MSD amplification
as observed in GLY¢, experiment.
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The following methods are used to estimate the subdiffusion parameters (a, D) for each

set of simulated particle observations Y®, b =1,... B:

1. LS: The semiparameteric least-squares estimator (3.2.4) applied to the drift-subtracted
empirical MSD (3.2.2).

2. fBM: The MLE of an fBM-driven location-scale model with linear drift,
X(t) = pt + ZV2B(t), (3.4.3)

for which the model parameters are (o, p, X).

3. fSD: The MLE of the Savin-Doyle error model (3.2.7) applied to (3.4.3), for which

the model parameters are («, 7,0, @, X).

4. fMA: The MLE of the proposed MA(1) high-frequency noise filter (3.3.7) applied
to (3.4.3), for which the model parameters are («, p, p, 3).

5. fMA2: The MLE of the proposed MA(2) high-frequency noise filter
Y, =(1—p1—p2)Xn + p1 X1 + pa X2
applied to (3.4.3), for which the model parameters are («, p1, p2, , ).
6. fARMA: The MLE of the proposed ARMA(1, 1) high-frequency noise filter
Y, =0Y, 1+ (1—0—p)X, +pXny

applied to (3.4.3), for which the model parameters are («, 8, p, p, X).

Remark 1. The fSD exposure time parameter 7 is typically known and therefore need not
be estimated from the data. However, we have opted here to estimate it regardless, as this
gives far greater ability to account for high-frequency MSD suppression (e.g., Figure 3.2(a)).

We return to this point in Section 3.5.
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Figure 3.6: Estimates of («, D) for true fBM trajectories with various types and degrees
of empirical localization errors.
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Table 3.1: Actual coverage by 95% confidence intervals with various types and degrees of
empirical localization errors.

Pys(a) H204q Errors GLYgy Errors

¥y=05 y=1 =2 ¥y=05 y=1 =2

fBM 5 0 0 0 0 0

fSD 90 87 11 93 84 59

a=0.6 fMA 96 96 90 91 88 88

fMA2 91 91 84 94 95 94

fARMA 92 93 87 89 93 93

fBM 4 0 0 0 0 0

fSD 91 93 0 92 94 94

a =028 fMA 93 94 93 87 84 81

fMA2 93 91 87 92 91 93

fARMA 92 91 88 89 90 93

fBM 1 0 0 0 0 0

fSD 13 6 0 23 34 36

a=1 fMA 95 94 93 87 81 70

fMA2 92 92 94 90 88 84

fARMA 91 92 92 87 86 85

Pys(log D) H204( Errors GLYgy Errors

vy=05 =1 =2 vy=05 =1 =2

fBM 57 1 0 20 1 0

fSD 94 96 10 88 80 72

a=0.6 fMA 96 95 88 86 73 85

fMA2 94 95 95 86 79 66

fARMA 94 95 95 87 79 65

fBM 48 0 0 18 2 0

fSD 92 94 1 90 89 82

a=0.8 fMA 95 94 94 89 82 76

fMA2 93 94 94 89 86 83

fARMA 91 93 93 89 88 84

fBM 42 0 0 16 1 0

fSD 63 61 0 69 74 67

a=1 fMA 95 94 95 90 88 80

fMA2 92 92 94 91 90 85

fARMA 90 91 93 91 89 85
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The point estimates for (o, D) for true fBM trajectories with a € {.6, .8, 1} and empirical
error factor v € {.5, 1,2} are displayed in Figure 3.6. As expected, the semiparametric
LS estimator is substantially more variable than any of the fully parametric estimators,
and the error-unadjusted fBM estimator incurs considerable bias, even with the smallest
noise factor v = 0.5. The high-frequency estimators (fMA, fMA2, and fARMA) are fairly
similar to each other, with the additional parameters of fMA2 and fARMA giving them
slightly lower bias and higher variance. The high-frequency estimators are slightly more
biased than fSD in the GLYgy simulation with o = 0.8. In contrast, they are somewhat less
biased than fSD for GLYgq with the stronger subdiffusive signal o = 0.6, and considerably
less so for H20g, with the largest noise factor v = 2.

Table 3.1 displays the true coverage of the 95% confidence intervals for each parametric

estimator, calculated as

B
Pos (1)) = éz 1{f e f@b + 1.96 se(zﬂb)},
b—1

where ¢ € {a,log D}, v, is the MLE for dataset b, and se(¢) is the square root of the

0006’
0, is the MLE of all model parameters. The true coverage of the fMA, fMA2, and fARMA

confidence intervals is close to 95% when the bias is negligible and typically above 85%.

o . . 5 2y 16, ]!
corresponding diagonal element of the variance estimator var(6,) = — [—] , where

This is also true for fSD, with the notable exception of either empirical error model and true
a = 1. Upon closer inspection, we found that the fSD model suffers from an identifiability
issue in the diffusive (viscous) regime, wherein the MSD suppression by 7 and amplification
by o achieve the same net effect over a range of values. This does not affect the estimate
of (a, D), but significantly decreases the curvature of £(Y | ), thus artifically inflating the
observed Fisher information var(8;) .

Remark 2. Since the subdiffusion equation MSDx (t) = 2Dt* dictates that D be measured
in units of pm® s~ %, in order to compare estimates of D for different values of « as in
Figure 3.6, we follow the convention of interpreting D as half the MSD at time ¢t = 15 [e.g.,
Lai et al., 2007, Wang et al., 2008], which for any « is measured uniformly in units of

m®
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3.4.2 Modeling Transient Subdiffusion

In this section, we show how the proposed high-frequency filter can be used not only
for measurement error correction, but also to estimate subdiffusion in models where the
power-law relation MSDx (t) ~ ¢ holds only for ¢ > t,;,. For this purpose, here we
shall generate particle trajectories from a so-called Generalized Langevin Equation (GLE),
a physical model derived from the fundamental laws of thermodynamics for interacting-
particle systems [e.g., Kubo, 1966, Zwanzig, 2001, Kou, 2008]. For a one-dimensional
particle with negligible mass, the GLE for its trajectory X(¢) is a stochastic integro-

differential equation of the form
t
J b(t — s)V(s)ds — F(8), (3.4.4)
—Q0

where V (t) = & X(¢) is the particle velocity, ¢(t) is a memory kernel, and F(t) is a station-
ary mean-zero Gaussian force process with ACFp(t) = kgT - ¢(t), where T is temperature
and kg is Boltzmann’s constant. The memory of the process is modeled as a generalized
Rouse kernel [McKinley et al., 2009]:

000 = o Yesplb/n), = (KR (3.45)

The sum-of-exponentials form of (3.4.5) is a longstanding linear model for viscoelastic
relaxation [e.g., Soussou et al., 1970, Ferry, 1980, Mason and Weitz, 1995], whereas the
specific parametrization of the relaxation modes 75 has been shown for sufficiently large K
to exhibit transient subdiffusion [McKinley et al., 2009],

2Dg -t 0 <t < thax
MSDx (t) = { Ciyin - t t < tmin (3.4.6)
C1rnax -t t > Zfrnaxa

where the subdiffusive range parameters (fmin, tmax) and the effective subdiffusion parame-

ters (aesr, Degr) are implicit functions of K, v, 7, and v. Details of the parameter conversions
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and the exact form of (3.4.6) are provided in Appendix E.

Figure 3.7 displays the MSD of various GLE processes with fixed K = 300, and {~, 7, v}
tuned to have aeg = 0.63, Deg = 0.58, and values of t,,;,/At = {5,10,20,50,100}. In all
cases the value of t,,, was several times larger than the experimental timeframe NAt =
30, such that the observable MSD could potentially be matched by the fBM-driven high-
frequency models of Section 3.3. The trajectories for this experiment were simulated from

iid

Y ® X MatNorm(0, V, %),

where ¥ =[] and V is the (N +1) x (N + 1) variance matrix of the GLE process (3.4.4)
with MSDs displayed in Figure 3.7.

MSD of GLE processes

| - - |
I | I I I | I
1072 At 107 10° 10* NAt 10?
Time (s)

Figure 3.7 MSD of GLE processes with aeg = 0.63, Deg = 0.58, and ty;,/At =
{5,10,20,50,100}. The horizontal dashed lines indicated ¢;,, and the diagonal dashed
line corresponds to an fBM process with the same subdiffusive parameters (g, Degr). The
dotted vertical lines indicate the beginning and end of experiment, at At = 1/60s and
NAt = 30s, respectively.

Figure 3.8 displays the parameter estimates of a.g and Deg for the six estimators de-
scribed in Section 3.4.1, and Table 3.2 displays the true coverage probabilities of the cor-
responding 95% confidence intervals. As in Figure 3.6, the LS estimator has the highest
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Figure 3.8: Estimates of a.g and Deg for simulated GLE trajectories with true parameters

Qof = 0.63, Do = 0.58, K = 300, and t,,;,/At = {5, 10,20, 50, 100}.

Table 3.2: Actual coverage by 95% confidence intervals with different GLE processes.

Pos(a) GLE-5 GLE-10 GLE-20 GLE-50 GLE-100

fBM 0 0 0 0 0
fSD 96 96 64 0 0
FMA 95 84 25 0 0
fMA?2 92 95 89 15 0
FARMA 92 92 95 85 53
Pgs(log D) GLE-5 GLE-10 GLE-20 GLE-50 GLE-100
fBM 31 8 1 1 11
fSD 94 95 87 78 74
fMA 93 92 78 68 81
fMA?2 94 95 93 93 92
FARMA 93 94 93 95 91
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variance and fBM the largest bias. In this case however the fSD and fMA parameteric es-
timators exhibit considerable bias in estimating «, especially when t,;, » At. In contrast,
the fARMA estimator displays good accuracy and reasonable coverage even when ¢, is

50x the interobservation time At.

3.5 Analysis of Experimental Data

We now investigate the performance of our high-frequency filters on a variety of real single-
particle tracking experiments described in Table 3.3. For each experiment, Table 3.3 reports
the interobservation time At, the number of observations per trajectory IV, and the type
of camera and particle tracking software. All tracked particles are inert polystyrene beads

of diameter d = 1 pm.

3.5.1 Viscous Fluids

The first six experiments are conducted in viscous fluids (water and glycerol), for which
a = 1 and the diffusivity constant D is derived from the Stokes-Einstein relation (3.1.2).
For the six estimators described in Section 3.4.1, estimates of («, D) and true coverage
probabilities of the associated 95% confidence intervals are displayed in Figure 3.9 and Ta-
ble 3.4, respectively. Both the fSD and proposed high-frequency estimators remove most
of the bias of fBM without camera error correction. However, the fSD 95% confidence
intervals suffer from severe under-coverage, due to the parameter identifiability issue noted
in Section 3.4.1. Indeed, Table 3.5 shows that 7 is significantly larger than its true value
7, which is necessary in the H20 experiments to capture high-frequency MSD suppres-
sion. When 7 is fixed at its true value, fSD estimation results are obviously biased, as in

Figure 3.1.

3.5.2 Viscoelastic Fluids

The remaining 12 experiments from Table 3.3 are conducted in two kinds of viscoelastic me-

dia. The first consists of mucus harvested from primary human bronchial epithelial (HBE)
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Table 3.3: Summary of experimental conditions for various single-particle tracking experi-
ments. The different types of fluids are water (H20), glycerol (GLY), mucus from human
bronchial ephithelia cell cultures (HBE), and polyethilene oxide (PEO). The subscripts
correspond to sampling frequency for H20, percent concentration for GLY, and percent
weight (wt%) for HBE and PEO. The two types of cameras are Flea3 USB 3.0 [Flea3:
FLIR, 2019] and Panoptes [Pan: CISMM, 2019a]. The particle tracking software employed
is either Video Spot Tracker [VS: CISMM, 2019b] or Net Tracker [Net: Newby et al., 2018].

Medium Name D At (s) N  Camera Software

H20,5 0.43 1/15 1800  Flea3 Net
H205, 0.43 1/30 1800  Flea3 Net
H204p  0.43 1/60 1800  Flea3 Net

X;Sio‘llj H204, 043  1/60 1800 Flea3 VS
GLY¢  0.09 1/60 1800  Flea3 VS

GLYg 0.022 1/60 1800 Flea3 VS

HBE; 5 - 1/60 1800  Flea3 VS

HBE, - 1/60 1800  Flea3 VS

HBE, 5 - 1/60 1800  Flea3 VS

HBE; - 1/60 1800  Flea3 VS

HBE, - 1/60 1800  Flea3 VS

HBE; - 1/60 1800  Flea3 VS

Viscoelastic  PEOq 2 - 1/38.17 1145 Pan VS
(o unknown) PEOq 45 - 1/38.17 1145  Pan VS
PEOg ¢ - 1/38.17 1145 Pan VS

PEOO.75 - 1/3817 1145 Pan VS

PEOyy -  1/38.17 1145 Pan VS

PEO; 2 - 1/38.17 1145 Pan VS

Table 3.4: Actual coverage by 95% confidence intervals in viscous fluid study.

H2Ol5 H2030 H2060 H2060b GLYGO GLYSO

fBM 0 0 0 0 4 16
£SD 47 42 47 11 14 44
fMA 94 90 93 85 90 71
fMA2 95 91 92 87 91 75
fARMA 95 92 94 88 92 82
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Figure 3.9: Estimated subdiffusive parameters (o, D), viscous fluids study.

Table 3.5: Ratio of true and estimated exposure time to interobservation time for fSD
model.

H2015 H2030 H2060 H2060b GLY@'O GLYgO

True 7/At 0.3 0.3 0.3 0.3 0.3 0.3
Estimated 7/At  0.93 0.91 0.89 0.91 0.85 0.54
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cell cultures [Hill et al., 2014]. Washings from cultures were pooled and concentrated to
desired weight percent solids (wt%). Higher concentrations of solids in lung mucus have
been associated with disease states, so an accurate recovery of biophysical properties is
critical in samples with volumes too small to directly measure wt% [Hill et al., 2014]. The
second medium, polyethylene oxide (PEO), is a synthetic polyether compound with ap-
plications in diverse fields ranging from biomedicine to industrial manufacturing [Working
et al., 1997]. The present data consists of trajectories in 5 megadalton (MDa) PEO at
a range of wt% values. In all 12 viscoelastic experiments, subdiffusive motion o < 1 is

expected, but the true values of (o, D) are unknown.

Figure 3.10 displays the (a, D) estimates of the six subdiffusion estimators for the vis-
coelastic experiments. For viscoelastic fluids, the movement of particles is not predictable
and the true value of subdiffusive parameters (o, D) remains unknown. In order to iden-
tify the most reliable model in extracting («, D) for PEO and HBE experiments, we relate
the accuracy in estimating subdiffusive parameters with the overall deviation of estimated
MSDs from observed MSDs. For two particle trajectories X (¢) and Y (¢), we can quantify

the “gap” between their MSDs using the following measurement:

(" t
d(X’Y):_J |10gMSD—X()‘dt
T Ji_o MSDy (?)

As is demonstrated in Figure 3.11, d(X,Y) can be interpreted as the area of the gap
between MSDx and MSDy during [0, 7] in logarithmic scale.

To estimate the deviation between the MSD of experimental trajectories X; and its

estimated MSD using model M;, we have

T

Ai Z MSDX n- At) |
- SDX (n At)

where MSDy, is computed using Equation (3.1.1) and MSD X, Mi) s computed using Equa-
tion (D.1.1), M; € {fBM,{SD,fMA fMA2 fARMA}. Because of the increasing bias
in non-parametric estimated MSDx, (n - At) as n increases [Mellnik et al., 2016], length of

range T is selected to be 40% of total trajectory length N.
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Figure 3.11: The area of the gap between two MSDs.

Table 3.6 demonstrates the average deviation d M, = i Zf\il CZEQJ for different methods,

and shows that model fARMA provides best fitting for almost all experiments.

After having a closer look at the viscoelastic data, we find that the recorded trajectories
are always multiples of a specific constant ¢ = 0.00703125, which suggests that recorded
coordinates of particles Y;,7 = 0,1, ..., N are results of grid-fitting of true particle positions
X1 Y; = | %] - ¢, and suffer from the following round-off error

K = Xz + &5, &; 1[1\(/1 Unif(—c/Q, 0/2)

which is within the framework of the static error (3.2.6). Since the size of static error
o’ ~ f—; is constant across experiments while the variance of trajectory increments var(AX)
(proportional to D in Figure 3.10) decreases as concentration increases, the overall signal-

% is negatively-correlated with the medium concentration.

to-noise ratio SNR =
Taking this into consideration, the fact that fSD outperforms fMA when concentration
grows in Table 3.6 is consistent with the cost of model misspecification of fMA model

demonstrated in Figure 3.4(a).

Generally speaking, fARMA has the best performance with respect to heavy experi-
mental noises, but the “sensitivity” in AR parameter estimation sometimes translates to
the increased variability in estimates of (a, D). On the contrary, fMA model is fastest (with

minimal number of parameters) and has smallest variance (the least spread of whiskers in
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Table 3.6: Measured deviation in the estimated MSD), viscoelastic fluid study.
For each experiment, the estimator with the smallest deviation is highlighted in bold.

HBE,; HBE, HBE,; HBE; HBE, HBE;

fBM 0.160 0.230 0.200 0.190 0.210 0.110
tSD 0.097 0.065 0.085 0.087 0.070 0.080
fMA 0.094 0.071 0.091 0.092 0.076 0.089

fMA2 0.088 0.066 0.075 0.078 0.061 0.073
fARMA  0.093 0.060 0.067 0.063 0.056 0.070

fBM 0.130 0.160 0.180 0.170 0.150 0.210
fSD 0.100 0.110 0.130 0.100 0.120 0.093
fMA 0.100 0.120 0.140 0.120 0.120 0.110

fMA2 0.098 0.095 0.100 0.092 0.097 0.087
fARMA  0.088 0.095 0.094 0.084 0.086 0.081

Figure 3.10), but can be more biased when heavy noises exist.

3.6 Discussion

In this chapter we present a ARMA(p, ¢) filter that theoretically accounts for all currently
known high-frequency noise sources in particle tracking experiments. We also study its
most simplified version: the fMA model, that can be conveniently modified and applied in
real experiments. Under the framework of location-scale model, parameter estimation and
further statistical inference can be efficiently obtained. In order to evaluate the performance
of fMA model, rigorous comparison between fMA and fSD model is conducted, where fSD
model is a parametric model that depends on the state-of-art theory for experimental
noises. Comparison results show that even with only one parameter controlling the whole
dynamic in noise filtering, fMA has comparable performance with the complicated fSD

model for parameter estimation.

The validity of fMA model is further proven in simulation and the viscous fluid study,

where the ground true about particle trajectories are given. It turns out that Savin and
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Doyle’s localization errors are not sufficient for the full spectrum of high-frequency noise
sources, not only for its instability in diffusive environments (o« = 1) but also estimated
exposure time 7 is unrealistically high. In viscoelastic fluid experiments where the detailed
mechanistic principles and precise underlying stochastic processes driving the “pure” par-
ticle motion remain unknown, we applied the fMA model to recorded positions to help

understand the properties of particles in biological fluids.

There still exists many future work about proposed ARMA(p, q) filter. The determi-
nation of the order of autoregressive and moving-average terms remains unsolved. We also
do not have the precise computation of the autocovariance of arbitrary ARMA(p, q) filter
and use the numerical approximation instead. In addition, computation cost of maximum
likelihood estimate grows exponentially as number of parameters increases, meaning that

we cannot directly estimate an arbitrary order of ARMA(p, q) filter.
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Chapter 4

Heterogeneity Metric for Particle
Tracking

4.1 Introduction

Biological fluids, such as mucus, are considerably heterogeneous on microscopic to macro-
scopic length scales, due to their diverse molecular composition. Heterogeneity describes
the lack of uniformity in the substance of such media and reflects the multiple-functionality
of materials [Mellnik et al., 2014]. It also has a close relationship with other physical prop-
erties including viscoelasticity and may affect the behavior of particles that are diffusing in
this medium [Wirtz, 2009]. For instance, the heterogeneous environment in mucus barriers
of lung airways provides the biological material with the ability to regulate the diffusive
dynamics of a wide range of particles [Lai et al., 2009] and tune viscoelastic moduli across

a wide frequency spectrum [Matsui et al.; 2005].

By analyzing the movements of particles within the same fluid, particle tracking mi-
crorheology provides unprecedented information about the heterogeneity of fluids [Valen-
tine et al., 2001], where the resulting analysis hinges pivotally on the measurement of
particles” MSD. In Figure 4.1 we demonstrate the observed MSD of particles diffusing in
mucus from primary human bronchial epithelial (HBE) cell culture [Hill et al., 2014], and
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compare it with a path-by-path simulation where the medium is assumed to be homoge-

neous.

(a) HBE3 (b) Simulation

1
| |

MSD (um?)
0.1

0.01
|

0.001
|

Time (s)

Figure 4.1: Estimated and simulated MSD for particles in HBE medium.

(a) Observed MSD computed using Equation (3.2.2).

(b) Simulated MSD, where trajectory coefficients are assumed to be identical for each path, and
are estimated using the mean of parameters.

In addition to biological interests, heterogeneity of the fluid medium is also important
for statistical reasons. In many applications, particle trajectories are analyzed by the
ensemble average over paths [Tseng et al., 2002]. Such an approach is a natural protocol
for scenarios where the arithmetic mean is a sufficient statistic, which does not necessarily
hold for heterogeneous situations.

Considering the scientific and statistical importance of heterogeneity, it is valuable to
have practical tools to detect and quantify material heterogeneity. To this end, several tools
have been designed around the so-called van Hove correlation function [e.g., Yamamoto and
Onuki, 1998], which is the distribution of increments

AY,, = Yi((n + 1)A1) — Yi(nAt)

over particles i = 1, ..., M in a given medium for a given interobservation time At, where
Y (t) is the process of particle trajectories. If Y;(¢) is a CSI Gaussian process and the

medium is homogeneous, then the van Hove correlation function is Gaussian. Examples of

75



related heterogeneity metrics include the non-Gaussian parameter NG, [Rahman, 1964],
the excess kurtosis of the van Hove function [Houghton et al., 2008] and application of “bin
partitions” of compliance values I'(7) [Tseng et al., 2002]. In additional cases, heterogeneity
is related to the variability of particle trajectory parameters. For instance, the scatter in
the observed diffusion coefficients D is used as a measure of the heterogeneity of a cell
membrane [Saxton, 1997], and an F-statistic that compares the standard deviation of

individual particle increments relative to a chosen particle [Valentine et al., 2001].

In this chapter, we quantify the heterogeneity of the experimental media through the
dispersion of estimated particle trajectory parameters, especially the subdiffusion parame-
ters (a, D). Existing methods following this approach compare the variability of parameters
against some baselines [Saxton, 1997, Valentine et al., 2001], where accuracy is greatly in-
fluenced by the selection of benchmarks. On the contrary, our proposed metric, which
is constructed from the coefficient of variation (CV) of estimated trajectory parameters,
comes with a computationally efficient estimator, which greatly stabilizes the whole mech-
anism. In addition, we propose a parametric bootstrap method to statistically test against
the hypothesis that the fluid is homogeneous. This homogeneity test is shown to be consis-
tent with a likelihood ratio test for homogeneity in further simulation studies and analyses
of experimental data, where the proposed metric successfully quantifies the heterogeneity

of fluids in different experiments.

The remainder of this chapter is organized as follows. In Section 4.2 we present a hier-
archical model to describe the heterogeneity phenomena in particle tracking experiments,
and propose a metric based on this model. Then we provide a computationally efficient
estimator for the metric and present a homogeneity test based on the proposed metric,
with a likelihood ratio test that serves a similar purpose. In Section 4.3 we categorize
“heterogeneity” into two kinds: large variance and clusters, and propose an EM algorithm
for identifying different clusters. In Section 4.4 we numerically examine the validity of the
proposed metric and tests. In Section 4.5 we apply the heterogeneity metric to particle

tracking data. Concluding remarks are offered in Section 4.6.

76



4.2 Owur Approach

4.2.1 Hierarchical Model Structure

For the M different particle trajectories Y7, ..., Yy observed in the same fluid, the hier-

archical model on all M datasets is

ind

Y[ 6, ~ f(Yi|6)

(4.2.1)
iid

where f(Y; | 6;) is the density function of the particle trajectory Y;, 6; is the vector of
particle trajectory parameters, and 1 are the hyper-parameters of the hierarchical model.

Such a model naturally induces the between-path particle heterogeneity.

Bayesian inference for this hierarchical model requires a prior on 7 ~ 7(n) and produces
a posterior distribution

where 0 = (6, ...,0y) and # = (Y1,..., Yu).

While this construction is conceptually appealing, exact parameter inference must typ-
ically be conducted by Markov chain Monte Carlo (MCMC) sampling of the joint posterior
distribution, which requires numerous evaluations of the likelihood functions f(Y;|6;). Here
we model Y;(t) using the location-scale model (3.2.5) of Chapter 3. Thus, even using the
superfast inference algorithms of Chapter 2, each step of an exact MCMC algorithm scales
as O(MN log? N ), which quickly becomes prohibitively expensive when M is moderate to
large. As an alternative, we conduct approximate Bayesian inference using the following
approach of Lysy et al. [2016]

The approximation stems from the fact that the path-wise likelihood L(6;]Y;), which

is proportional to the density function
L(0:]Y;) o f(Yi|6)),

7



is asymptotically equivalent to
¢(0; — 0; | F),

where 0; is the MLE estimate of 6;, F, is the observed Fisher information, and o(z | %)
is the PDF of a multivariate normal with mean zero and variance ¥ evaluated at z. Thus
by setting

0, Cq0ln) = 6, N6, ), (4.2.2)
the approximate distribution on n = (Ag, o) and © = (04, ...,0),) is that of the normal-

normal hierarchical model

~ ind _

0;|0; ~ N(6;, F ') 193
iid ( o )

0, ~ N (6o, Q).

Y, Y, Y 6, 6, O

Figure 4.2: The approximated normal-normal hierarchical model.

This approximation procedure (illustrated in Figure 4.2) converts the original hier-
archical model (4.2.1) into a highly tractable one. For one, calculating the MLEs and
Fisher informations 51 and F; for each particle can be done in parallel. Moreover, for the

scale-invariant hyper-parameter prior
7(00, QO) oc |QO|7(w+L+1)/2’

where L is the dimension of 8, and w is the degree of freedom of the Inverse-Wishart prior
for Qg, the approximate posterior (4.2.3) has precisely the form of a multivariate normal

distribution and can be analyzed in a Bayesian approach using a Gibbs sampler [Lysy

78



et al., 2016].

4.2.2 Single-Parameter Heterogeneity Metric

In order to quantify the heterogeneity from the distribution of one parameter 7 € 8, we
propose to defining a heterogeneity metric B as the fraction of the variance of the MLE

estimate 7 that is “unexplained” by the underlying variance of the parameter 7:

var(B[7,|6:]) _ Elvar(7:]6:)]
var(7;) var(7;)

B(r)=1-

If 6, is the same for all i, we have that var(7; | 8;) = var(7;), a number equal to its
expectation, meaning that B = 1. Otherwise for heterogeneous situations we have that
B < 1. Without loss of generality, we assume that the parameter 7 is the first element
of @ = {0M, ... 01} ie. 7 =0, This metric can also be interpreted as the shrinkage
factor for the multilevel model (4.2.3) [Morris et al., 2012].

In the following, we are going to propose an estimator for B. The estimation step starts

from a normal approximation of the distribution of the MLE estimate 7; that
7A'Z' ~ N(TZ‘, O'iz),

where o2 is the first diagonal element of the inverse Fisher information X; = F;*. This

3
approximation stems from the hierarchical model 6; | 6; b (6;, F,'), and reveals that

var(7; | 8;) = o?.

1

As a result, the expected variance of 7; | 8; can be approximated by the average variance

M
E[var(7;|6;)] Zvar 7; | 6;) Z :
z:l

2

In general the variance o is incalculable. However, if the MLE OAZ is computed using the
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location-scale model for particle trajectories (3.2.5)
AY; ~ MatNorm(GB, V,,, %), (4.2.4)

where G is the drift process for particle trajectory increments AY; and 6 = {3, ¢, X},

we can compute the expected Fisher information efficiently and analytically using Equa-

tion (2.3.6)
e_ei] ’

where /(6 | Y;) is the log-likelihood of the location-scale model (4.2.4). The detailed
computation of F; is described in Appendix F.

52
0000’

(0 ]Y)

E:E[—

Because of the lack of the true value 6;, we can plug in the MLE estimate OAZ and

estimate the inverse Fisher information F~! using

62

0000

S =E GRS A]_ . (4.2.5)

0=06;

The first diagonal element of 3; is denoted as 62, which is an estimate for o? = var(7; | 6;).

In addition, some particles will move far enough in the direction perpendicular to the
focal plane so as to no longer be detectable, therefore their trajectories have different
lengths and are shorter than the experimental duration N. However, the current estimate
of the numerator does not account for this fact. Considering that the Fisher information in
trajectory Y; is proportional to its length NV;, we introduce a weight w; = % to resolve the
bias induced by particles randomly exiting the camera focal plane, and have the following

weighted average to estimate the expected conditional variance

w; - 62 (4.2.6)

M=

1
E|var(7;|6;)] ~ 7

i=1

The denominator var(7) is estimated using the traditional method, where the sample

. A~ M ~ M A . . . .
variance s*(7) = 7 Zi:l(Ti_% >, im1 7;)? is applied. In conclusion, for a single parameter
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7, the estimator for its heterogeneity metric B(7) has the following form

: Sty wi - 6}

4.2.3 Multiple-Parameter Heterogeneity Metric

When multiple parameters are included to measure the heterogeneity of the fluid, both
E[var(6; | 6,)] and var(6;) are matrices instead of numbers. To define a multi-parameter
heterogeneity metric that still reflects the fraction of the variance of the MLE estimated

0, that is “unexplained” by the covariance of the parameter 8, we use the matrix trace to

quantify the variance in 51 | 8; and 0, i.e. the multi-parameter metric is defined as

_ tr{E[var(}wi)]}_
tr{var(6;)}

B(6)

The estimation of B(0) starts from the multi-variate normal approximation of the

distribution of ; in the normal-normal hierarchical model (4.2.3), where

]_ . (4.2.8)

Following the same logic in (4.2.6), we estimate the expected covariance of @ | 6; with

52

mf(g |'Y)

é\i ~ N(OZ,El), 2@ = E [—

where 3, is defined in (4.2.5). In addition, the denominator var(é\i) can be computed

following the traditional method

~ 1 Mo
var(60;) = -— > (6 — 60)(6; — 6y)
=1
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where 6, = = Zf\il 6,. In conclusion, the multi-parameter heterogeneity metric B (0) can
be estimated using
. tr{L wZE
B(B) _ {M 27, 1 }
tr{var(@ )}

(4.2.9)

In addition to the point estimate of the single-parameter metric (4.2.7) and multi-
parameter metric (4.2.9), we provide a bootstrap sampling approach to approximate the

unconditional distribution of B:

1. Sample M parameters from original MLE estimates {51, o ,éM} with replacement

and obtain a new dataset {5{, . ,é\]*\/[}

2. For each sample, compute its heterogeneity metric B(O*) using Equation (4.2.9). For
the single parameter metric, we extract 7 from 9 and compute the metric B (%)

using Equation (4.2.7).

3. Repeat step (1) - (2) K times to obtain a size K sample of B : {B,,--- , Bx}.

With the non-parametric bootstrap sample {B’l, e ,EK}, we can obtain the numerical
approximation of the variance of B using the sample variance SQ(B) and further construct

the its 95% confidence interval with the empirical quantiles.

4.2.4 Hypothesis Test

In addition to the estimator for the heterogeneity metric B (0), we propose a test for the

null hypothesis of homogeneity, which has two equivalent representations

Hy:B(0) =1, Hs:BO) <1
Hy:Qy =0, H, - Qg is a positive definite matrix,

where € is the covariance of 6; in the prior (4.2.2). Under H,, 52 approximately follows

a multivariate normal distribution
~ ind 1
6, ~ N <00, — 20> , (4.2.10)
Wy
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1
18
=0y

the inverse Fisher information at 6y and the weight wi is used to adjust the size of the

where 0y = 0; is the true value of model parameters, 3y = E [ 6080’ 001Y;)

variance according to particle trajectory lengths NV;. To estimate the value of 8y under H,
we maximize the log-likelihood of (4.2.10)

M
" 1~ N 1
(6o ] 0;) = ;{—Qwi(ei —60)'31(0; — 6y) — §1Og 1 X0l}
where the matrix .
62
> FE 0(0Y;
0 [ aeae/ ( | ) 0=00]

is a function of 6.

With the MLE estimate 6, = arg maxg, £(6 | 6,) and Xy = E [ 6550/6(9 |'Y;)

-1
~ Y
9_90]

we propose a parametric bootstrap procedure to estimate the distribution of B (@) under
HO:

1. Sample 0:* from the multivariate normal distribution
0; ~ N'(6,%).

For each simulated @, pair it with a covariance matrix X7, where

S —F |-

7

o2 o
(0] Y;)
2000’ o—i:

and obtain <0* L E*)

Z’w

2. Tterate step (1) from i = 1,..., M, where M is the number of trajectories in the
experiment. Then we have a size M sample of (5;‘ , U%f];) under H,.

3. With the sample {(5* wi )}f‘i , we can compute the corresponding heterogeneity

83



metric B*(0) from simulated data set {(5;, i;) iZ, using Equation (4.2.9). If we

wish to test the homogeneity of a single parameter 7, we can extract <%i*, ﬁ&f*)

from the parametric samples where 7, is the first element of 0:* and 62* is the first

diagonal element of f?z*, then compute the metric B*(7) using Equation (4.2.7).

4. Repeat step (3) K times to obtain the size K simulation of B* under null hypothesis
Hy.

Based on the samples {Bf , B; b ,Ek} we can obtain the empirical distribution of

metric B under H
alt) ~ L3
TB =375 Br<ts
M= =

and construct the hypothesis test based on mg(t). We will reject the null hypothesis when
the original metric B < ¢,(a) for significance level a, where ¢ (a) is the a quantile of

empirical distribution 7g(t).

4.2.5 Likelihood Ratio Test for Homogeneity

In addition to the hypothesis test based on the proposed metric, we also introduce a

likelihood ratio test for homogeneity, where the null hypothesis is

Hy:Qy=0 H, : Q is a positive definite matrix.

Within the framework of the previously proposed distribution of 51 (4.2.8) and the mul-

tivariate normal prior (4.2.2), we have the distribution of 6, for given parameters {6, o}

6; | 6y, 2 ~ N (6y, 3; + Q). (4.2.11)

To test the null hypothesis, we can construct a likelihood ratio test by maximizing
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following two likelihoods:

M

~ 1 ~ ~ A1 A

lo(8o | 0;) = —5 > {log || + (8; — 60)',(6; — 60)}

i=1

~ 1M ~ ~ ~ ~

gA(eo, QO | 02> = —5 E{IOg ’21 + Qo| + (01 — 00)/[22 + 90]71(91- — 00)},

i=1

where £5(6y | ;) is the likelihood of model (4.2.11) under Hy and £4(8o, Qo | ;) is the
likelihood of model (4.2.11) under Hy u Hy. Their MLE estimates are respectively

é(()o) = argmax {y(0p | 51)

6o

(05, QM) = argmax £4(60, Qo | 6;),
09,30

which can be obtained through numerical optimization in particle tracking experiments.

As the number of particle trajectories M goes to infinity, we have that
A A0) | A ~A) A | A d
10 = =2 (60 | 8) — ta@", 0" 18)) 5 G

where L(L — 1)/2 is the difference between the number of parameters in ¢y and ¢4

A~

In the likelihood ratio test, Hy will be rejected when the test statistic t(6;) > D2y s

for significance level a, where 02 (Lil)/z(a) is the a-th quantile of XQL( L-1)2 distribution.

(a)

4.3 Heterogeneity: Large Variance and Clusters

The definition of heterogeneity refers to the “over-dispense” in the distribution of particle
trajectories. However the over-dispersion caused by a large variance and the over-dispersion
caused by the presence of multiple clusters have distinct interpretations in particle tracking
experiments. The former case is the indication of ergodicity breaking, while the latter case

is more likely to be caused by unaccounted experimental or instrumental errors.

When multiple clusters exist in the particle tracking data, the whole experimental
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results will definitely look heterogeneous and have a low value of the heterogeneity metric.
However, the trajectories within the same cluster can still be homogeneous. In order
to examine the homogeneity of trajectories within a cluster, we need an algorithm to
identify different clusters in particle tracking data and label their members. In the following

we introduce a mixture model with K components for M estimated parameters éi, i =

1L, M
z; ~ Multinomial(7r)
éz‘ | 2i =k ~ N (g, By),
where w = {m,..., 7k} is a vector of length K and its elements 7, = P(z; = k) are

the weights of different clusters which sum up to 1. The members in the k-th cluster
are assumed to follow a multivariate normal distribution with mean p; and variance ®y.

The parameters of the Gaussian mixture model are not estimated by maximizing the log-
likelihood
(7, i, By, | 6:) = > (10g2 7ok (6 | H, ‘I’k)> ;
i=1 k=1

because of its unbounded likelihood function, infinite Fisher information and other unde-
sirable properties [Hartigan, 1985, Chen et al., 2009]. An EM algorithm of the following
updating steps can be applied for a consistent parameter estimation of the multivariate
Gaussian mixture model.

For the (n — 1)th guess of parameters @1 = {W("_l),u,(fn_l), ‘Iﬁ(c"_l)}, k=1,...,K,

we first compute the “membership weight” for data éz in cluster k

W;(gnil) SACAEES k;ﬂ;(;%l% (I)](qu))
K n—1 n . n—1 n—1)~’
ijlﬂj( )'pj(ei ‘ % :]a’“l’; )7(1)5' ))

wl) = plzi = k 6,07V =

where py, is the density of a D-dimensional multivariate Gaussian
B.) — 1 1 -1
pr(x | pg, Pr) = WGXP{—§($ — ) @ (@ — )}

Let M, ,§”’ = Zf\il w(Z) be the sum of the membership weights for the k-th component,

(2

86



we update O with

(m _ M
7Tk - —
M
M
< PILE
M, "3
m_ 1\ (n)
n) __ o - /
b MWZ " (0 — ") (6 — )
The iteration will stop when the improvement in the likelihood ¢, = £(7(™), p,,(en), <I>(”) |

6,) — (w1 "D &V | 6,) is too small, and the algorithm finally returns the es-
timated parameters © O = = {7, [, Ek}. We can further identify the members of different
clusters by checking their membership weight, where data @ belongs to the cluster k£ such
that w;y is the largest.

4.4 Simulation Study

In this section, we evaluate the performance of the heterogeneity metric B in various

simulation settings. In each setting, we simulate M = 500 observed data trajectories
Yym — [Yl(m), - Y]\(,m)], m = 1,..., M, each consisting of N = 1800 two-dimensional

observations recorded at time intervals At = 1/60.

To better fit the assumption of a multivariate Gaussian prior (4.2.2), model parameters
are generated and estimated in transformed scales such that their distribution is more
“Gaussian”. For instance the diffusivity D > 0 is transformed into the log scale A = log D

and the subdiffusive parameter o € (0, 2) is transformed into a boundless form v = log 5%-.

Since the sub-linear power law of MSD
MSD(t) ~ 2D - t*

is determined by the subdiffusive parameters («, D), we can investigate the heterogeneity

of fluids by examining the heterogeneity metric on (o, D) . In the following analyses of

87



simulated and experimental data, we look into the heterogeneity metrics B(«), B(D) and

B(a, D) to study the features of the proposed metric and properties of the media.

4.4.1 fBM Simulation

Consider the following simulation setting designed to reveal how the metric B can quantify
the heterogeneity, where various levels of dispersion of parameters are manually included
in the simulated fBM processes. The particle trajectories are simulated from

iid

Y (™ ¥ MatNorm(0, V,, ¥,), (4.4.1)

where ¥, = [%* g*] is a diagonal matrix and the size N x N covariance matrix V, is that
of a length-N fBM process with coefficient a,. The subdiffusive coefficients (., D,) are

simulated independently from normal distributions

oz*ii~d (ao,d'aio)
D, N(Dy,d-a%),

where ag = 0.8, Dy = 1, 030 and 01230 are the first and second diagonal elements of the

—1
a—a()]

where @ = (a, D), ag = (o, Dy) and £(a | Y ™) is the likelihood of (4.4.1). The het-

erogeneity factor d > 0 can be used to control the degree of heterogeneity in simulated

inverse of observed Fisher matrix

02 (m)
™ Fada 1Y)

coefficients (., D,). In this section we generate 6 groups of particle trajectories Y ™ with
different levels of d = {0,1/100,1/10,1/2,1/5,1}, and estimate the parameters using the
fBM method described in (3.4.3) in the transformed scale. Figure 4.3 displays the estima-
tion from the generated data sets, where the dispersion in estimated parameters grows as

d increases.

In Table 4.1 we demonstrate the estimated metric B for «, D and («, D) together.
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4 d=o0 d=0.01 d=01

Figure 4.3: Estimated subdiffusive parameters (o, D), simulated fBM process.

For each estimated metric we test them against the heterogeneity using the parametric
Bootstrap method. From the metric and its hypothesis test, we find that metric B remains
a high value for the “absolute homogeneous” (d = 0) case and “almost homogeneous”
(d = 0.01) case. When the variety in true parameters («, D) is relatively high (d = 0.1),
the heterogeneity metric will drop below 0.9 and tested to be heterogeneous. In addition,
we run the likelihood ratio test on («, D) to examine their homogeneity, and the result is

consistent with the heterogeneity metric.

Table 4.1: Estimated heterogeneity metric, fBM simulation.
For each experiment, the metric that passes the homogeneity test is marked with *.

d B(CE) B(D) B(O{,D) PLRT

0 1~ 1~ 1~ 0.91

0.01 0.99*  0.95* 0.96* 0.39
0.1 085 0.77 0.79 0
0.2 0.73  0.51 0.55 0
0.5 0.62 0.28 0.32 0
1 0.53 0.15 0.18 0
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4.4.2 fBM Simulation, fixed «

For simulated particle trajectories using fBM model (4.4.1), even when the subdiffusive
parameters («, D) are independently generated, their MLE estimate (&, 15) are still corre-
lated through the Fisher information under location-scale framework. Since cov(é&, lA)) # 0,
the heterogeneity in D will not only influence its MLE 15, but also affect the distribution of
&. In order to examine whether the heterogeneity in one parameter “infects” the estimates
of other homogeneous parameters, we consider the following simulation procedure where
fBM processes with the same o but different D are simulated. The particle trajectories
are simulated from

Y % MatNorm(0, Vo, ®,), (4.4.2)

where ¥, = [DO* g*] is a diagonal matrix and the size N x N covariance matrix V; is that
of an fBM process with coefficient ay = 0.8. The diffusivity D, is simulated from a normal

distribution

iid

D.~ N(Dy,d-o},),

where Dy = 1 and o7, is the second diagonal element of the inverse of observed Fisher

-1
a—a0]

where @ = (a, D), ag = (ap, Dy) and £(a | Y ™) is the likelihood of (4.4.2). The hetero-
geneity factor has values d = {0,1/100,1/10,1/2,1/5,1} in different simulation scenarios.

The particle trajectories are estimated using the same fBM method in transformed scales.

matrix

_ 02 g(a‘y(m))
oadca’

Figure 4.4 displays the estimated («, D) from the generated data sets.

In Table 4.2 we demonstrate the estimated metric for o, D and («, D), together with
their test result against heterogeneity using the parametric bootstrap method. We find
that in all scenarios B(«) is very high and passes the homogeneity test, while for B(D) it
is essentially equal to one for the d = 0 and d = 0.01 cases, which is similar to the result
in the previous simulation. In addition, we find that B(a, D) is closer to the minimal

value among {B(«), B(D)}, suggesting that when more than one parameter is applied to
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Figure 4.4: Estimated subdiffusive parameters («, D), simulated fBM processes with fixed
a.

measure the heterogeneity, the overall performance is dominated by the most heteroge-
neous parameter. From this simulation we learn that the heterogeneity metric of different
parameters are almost independent, and homogeneous parameters remain homogeneous,

despite the heterogeneity in other dependent parameters.

Table 4.2: Estimated heterogeneity metric, fBM simulation with fixed a.
For each experiment, the metric that passes the homogeneity test is marked with *.

d B(a) B(D) B(a,D) pirr

0 1~ 0.99* 1* 0.89
0.01 0.93 0.92~ 0.92* 0.44
0.1 0.93* 0.68 0.71 0
0.2 0.95* 0.55 0.60 0
0.5 1* 0.32 0.39 0
1 0.97  0.25 0.30 0
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4.4.3 Model Misspecification Simulation

In this section, we show how the misspecified model will jeopardize the proposed metric and
influence the power of the homogeneity test. For this purpose, here we generate particle
trajectories using the fMA model proposed in Section 3.3.2, where the particle trajectories

are simulated from
Y™ X MatNorm(0, V;, ¥,), (4.4.3)

where ¥, = [%‘) DOO ], Dy = 1is a diagonal matrix and the size N x N covariance matrix V,
is that of an fMA model (3.3.7) with coefficients ap = 0.8 and p, generated from a normal
distribution

iid
p* ~ (p07d'0-§0)7

where pg = 0.2, and 0/2)0 is the second diagonal element of the inverse Fisher matrix

—1
a—a0]

where a = (a, p, D) ay = (g, po, Do) and £(a | Y ™) is the likelihood of (4.4.3). The

generated Y (™ simulates the movement of a particle that is affected by a certain degree

02 (m)
FE —aaaa,€(a|Y )

of high-frequency noises.

In this section we generate 6 groups of particle trajectories Y ™ with identical subd-
iffusive parameters (ag, Dy) and different levels of heterogeneity in high-frequency noises
by putting d = {0,1/100,1/10,1/2,1/5,1}. To investigate the aftermath of applying wrong
models in particle tracking experiments and the further influence on heterogeneity metric,
we estimate the subdiffusive parameters (a, D) using fBM and fMA separately. Fig-
ure 4.5(a) shows the estimated («, D) using the fMA method, where estimations for all
cases look almost identical. Figure 4.5(b) displays the estimated («, D) using the fBM
method, where estimations are systematically biased because of the unaccounted high-
frequency noises. The increasing dispersion in the estimation implies that the heterogene-
ity in parameters will contaminate the homogeneous parameters (a, D) when the wrong

parametric model is applied.
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(4.5(a)) Estimated subdiffusive parameters in transformed scale (\,v) where the correct fMA
model is applied.

d=0 d=0.01 d=0.1

(4.5(b)) Estimated subdiffusive parameters in transformed scale (\,7) where {BM model is in-
correctly applied.
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In Table 4.3 we show the heterogeneity metric of o, D and («, D) for fMA and fBM
estimates. Both subdiffusive parameters from the fM A model come with a high value in
metric B, and are tested to be homogeneous for all d value. This finding is consistent
with the conclusion in the previous simulation study that homogeneity of parameters a,, D
will not be affected by the heterogeneous parameter p. As for the fBM cases, the het-
erogeneity metrics B(«), B(D), B(a, D) are obviously inflated and greater than 1. The
metric B are defined to be a value between 0 and 1, but its estimate is not necessar-
ily bounded by 1, especially when incorrect models are applied. Despite the high metric
value, none of them passes the homogeneity test, even for the homogeneous (d = 0) case
and “almost-homogeneous” (d = 1/100) case. This finding suggests that our metric and
homogeneity test will completely fail when wrong models are used. Considering the es-
timator of heterogeneity metric (4.2.7) (4.2.9) where the Fisher information is involved,
the poor performance of the heterogeneity metric under model misspecification is under-

standable, because the Fisher information can change considerably for different models.

Table 4.3: Estimated heterogeneity metric, model misspecification simulation.
For each experiment, the metric that passes the homogeneity test is marked with *.

d fMA fBM
B(a) B(D) B(Oé, D) PLRT B(Ck) B(D) B(Oé, D) PLRT
0 1* 0.97* 0.98* 0.87 1.2 1.1 1.1 0.77
0.01 0.98* 0.95* 0.95* 0.67 1.1 1.1 1.1 0.29
0.1 0.96* 0.97 0.96* 0.43 1 1.1 1.1 0

0.2 0.99* 0.93* 0.94~ 0.32 0.84 097 0.95 0
0.5 0.94*  0.96* 0.95* 0.40 0.74 087 0.82 0
1 0.97 0.93* 0.94* 0.36 044 0.63 0.58 0

4.5 Experimental Study

We now investigate the performance of our heterogeneity metric on a variety of real single-

particle tracking experiments described in Table 4.4. For each experiment, Table 4.4 reports
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the theoretical diffusivity D, the interobservation time At, the number of observations per
trajectory N, the type of camera and particle tracking software. All tracked particles are

inert polystyrene beads of diameter d = 1 pm.

Table 4.4: Summary of experimental conditions for various single-particle tracking exper-
iments. The different types of fluids are water (H20), glycerol (GLY), polyethilene oxide
(PEO) and mucus from human bronchial ephithelia cell cultures (HBE). The subscripts
correspond to sampling frequency for H20, percent concentration for GLY, and percent
weight (wt%) for HBE and PEO. The two types of cameras are Flea3 USB 3.0 [Flea3:
FLIR, 2019] and Panoptes [Pan: CISMM, 2019a]. The particle tracking software employed
is either Video Spot Tracker [VS: CISMM, 2019b] or Net Tracker [Net: Newby et al., 2018]

Medium Name D At (s) N  Camera Software

H20,5 0.43 1/15 1800  Flea3 Net
H203, 0.43 1/30 1800  Flea3 Net
H204p 0.43 1/60 1800  Flea3 Net
H20g0, 0.43 1/60 1800  Flea3 VS
GLYg  0.09 1/60 1800  Flea3 VS
GLYg 0.022 1/60 1800 Flea3 VS

Homogeneous

PEOg.2; - 1/38.17 1145  Flea3 VS
PEO,; -  1/38.17 1145 Flea3 VS
PEOg.; -  1/38.17 1145 Flea3 VS
PEOg¢ - 1/38.17 1145  Flea3 VS
PEOq 75 - 1/38.17 1145  Flea3 VS
PEOg9 - 1/38.17 1145  Flea3 VS
PEOLQQ - 1/3817 1145 Flea3 VS
HBE1.5 - 1/60 1800 Pan VS
HBE, - 1/60 1800 Pan VS
Heterogeneous HBE, 5 - 1/60 1800 Pan VS
HBE; - 1/60 1800 Pan VS
HBE, - 1/60 1800  Pan VS
HBE; - 1/60 1800  Pan VS
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4.5.1 Particle Trajectories in Water

The first three experiments are conducted in water, for which the medium is theoretically
homogeneous. However the scatter plot of estimated (o, D) in Figure 4.6 suggests that
there exists more than one cluster, where the estimated parameters in “majority cluster”
is unbiased and the members of “minority cluster” significantly underestimate the diffu-
sivity D. With the EM algorithm in Section 4.3, we successfully separate the clusters and
mark their members with different colors in Figure 4.6. Due to the lack of some critical
information including the signal-to-noise ratio (SNR), we fail to find a valid explanation
for these universal existence of the low-diffusivity cluster in Net-Tracker data. By marking
the trajectories in the minor cluster as “polluted by unknown noises” and excluding them
from further analyses, we can investigate the degree of heterogeneity in water data by
computing the metric B based on the majority cluster trajectories, which is demonstrated
in Table 4.5.
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Figure 4.6: Estimated subdiffusive parameters («, D), water data.
(a) H2015 medium (b) H203p medium (c) H20gp medium

The heterogeneity metrics for Net-Tracker data are all of high value, and all pass the

homogeneity test. From the metric we can see that H20g4, data is less homogeneous than
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the lower-frequency cases because of some outliers in the estimated (o, D) in H20g4, data.

Table 4.5: Estimated heterogeneity metric, particles in water.
For each experiment, the metric that passes the homogeneity test is marked with *

B(a) B(D) B(a,D) prrr

H20,; 0.98* 0.97* 0.97~ 0.87
H203, 1~ 0.96* 0.97 0.75
H20¢4, 0.92* 0.94* 0.93~ 0.67

4.5.2 Particle Trajectories in Viscous Media

The following ten experiments in Table 4.4 are tracked with the VS algorithm, and they are
conducted in three homogeneous media. The first three data (H20g40,, GLY4o and GLYg)
record particle trajectories in water and glycerol solutions of different concentrations, with
their estimated subdiffusive parameters (a, D) demonstrated in Figure 4.7, where the dis-

persion in estimation is most obvious for GLYg, data.

The computed metric B in Table 4.6 is consistent with the information in Figure 4.7,
that H2Og40, and GLYg data are more homogeneous than GLYgq. For H20gy, and GLY ¢
their B(«) is of high value, while the B(D) is too low to pass the homogeneity test. And
their B(a, D) is dominated by the heterogeneity in D and therefore rejects the homogeneous
hypothesis. For GLYg, data, both estimated subdiffusive parameters (&, 15) contain huge
amount of dispersion and thus have a heterogeneity metric lower than 0.7. Considering
that the medium of the experiment (glycerol solution) is theoretically homogeneous, there

must exist some instrumental or experimental errors for the unexpected heterogeneity.

PEO is a synthetic polymer solution which should also be homogeneous. In Figure 4.8
we demonstrate the estimated («, D) from the fMA model and color them separately
according to the weight percentage of solution, where the dispersion in estimated (a, D) is
almost consistent for all data concentrations. In Table 4.7 we show the heterogeneity metric

for PEO experiments, where data of all concentrations are tested to be heterogeneous.
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Figure 4.7: Estimated subdiffusive parameters (a, D), VS-Trackers water and glycerol
solution data.
(a) H20g0, medium (b) GLY¢p medium (c) GLYgp medium

Table 4.6: Estimated heterogeneity metric, particles in water and glycerol solution.
For each experiment, the metric that passes the homogeneity test is marked with *

B(a) B(D) B(a,D) pirr

H20g0, 1" 0.80 0.85 0.02
GLYg 0.91* 0.85 0.86 0.01
GLYg 0.56  0.62 0.60 0
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The heterogeneity metric for different concentrations are similar, except for the PEOg g

case where some outliers exist. In addition, we find that the diffusivity D is much more

heterogeneous than a.

ooom

PEOg,; B PEOg 75
PEOy; B PEOgg
PEOg4s B PEO;2
PEOg¢

I
0.05

Figure 4.8: Estimated subdiffusive parameters («, D), PEO data.

Table 4.7: Estimated heterogeneity metric, particles in PEO media.
For each experiment, the metric that passes the homogeneity test is marked with *

B(a) B(D) B(a,D) pirr
PEOgs 0.71 039  0.49 0
PEOy; 0.81 035 047 0
PEOpss 0.71 029  0.41 0
PEOys 0.71 029  0.42 0
PEOg7s 0.68 029  0.42 0
PEOye 0.75 0.34  0.48 0
PEO;» 082 023  0.44 0

Generally speaking, for all the homogeneous experiments with particle trajectories

tracked by the VS algorithm, the experimental data are somehow heterogeneous, and
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the PEO media turn out to be more heterogeneous than water or glycerol solution. The
universal existence of impurities and errors in experimental procedures can be the reason
for the unexpected heterogeneity in all media. However, considering that all these ex-
periments, together with the water data tracked by Net Tracker in the previous section
that turns out to be homogeneous, are conducted in similar environments (from the same
laboratory) and are recorded with the same camera (Flea3), we here make a conjecture
about the performance of the VS-tracker algorithm, that this algorithm may introduce

extra heterogeneity in observed particle trajectories, especially in diffusivity D.

4.5.3 Particle Trajectories in Biological Fluids

The HBE data contains the trajectories of particles diffusing in the mucus harvested from
primary human bronchial epithelial cell cultures [Hill et al., 2014]. The media contains
washings from cultures which are concentrated to desired weight percent solids (wt%).
As biological fluids, HBE environment is expected to be heterogeneous. In Figure 4.9
we demonstrate the estimated subdiffusive parameters («, D) in transformed scale, where

their distribution and dispersion vary significantly across the concentrations of media.
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Figure 4.9: Estimated subdiffusive parameters (o, D), HBE data.
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In Table 4.8 we show the heterogeneity metric of HBE experiment results. For the
1.5 wt% case where the concentration of solids in lung mucus is smallest, its « has a
metric over 0.9 and is tested to be homogeneous. In addition, its diffusivity D also comes
with the highest B(D). As the weight percent solids increases from 2 wt% to 5 wt%, the
heterogeneity metric drops rapidly to a very small value. Such a level of heterogeneity
metric almost implies that the estimated parameters are evenly distributed around some
areas, instead of clustering around a certain point. Since lower concentrations of solids in
lung mucus have been associated with health states and high concentrations are related to
disease conditions, the negative relation between the concentration and the heterogeneity
metric indicates that healthy people’s HBE mucus is more homogeneous than that of ill

people.

Table 4.8: Estimated heterogeneity metric, particles in HBE media.
For each experiment, the metric that passes the homogeneity test is marked with *

B(Oé) B(D) B(O&, D) PLRT

HBE;5 0.91* 0.30 0.40
HBE, 0.43  0.06 0.10
HBEy,5 0.15  0.02 0.04
HBE;4 0.13 0.01 0.05
HBE, 0.14  0.01 0.04
HBE; 0.10  0.01 0.02

O O OO oo

4.6 Discussion

In this chapter we present a metric B that quantifies the heterogeneity of the media in
particle tracking experiments. This metric B is based on a hierarchical model that naturally
induces the between-path particle heterogeneity. We also propose an estimator for particle
trajectory parameters estimated using the location-scale model. In addition, we present a
hypothesis test based on the metric B for the null hypothesis of homogeneity, together with

a likelihood ratio test that serves a similar purpose. With extensive numerical simulations,
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we can see the relation between the estimated metric and the degree of heterogeneity.
Empirically a homogeneous parameter will have a metric over 0.9, and parameters with
lower metric are most likely to be heterogeneous. In the analyses of particles diffusing
in the mucus from human lungs, we find a possible relation between the heterogeneity
of mucus and their disease states, which deserves further investigation. In addition, we
categorize the general idea of “heterogeneity” into two kinds: large variance and multiple
clusters. With an EM algorithm, we figure out that the original Net Tracker data looks

heterogeneous because of the existence of multiple clusters.

There still exist some limitations in the proposed metric. For ML estimates, the nu-
merator of the metric B is the weighted average of the inverse Fisher information F; !,
which is proportional to % where NN is the maximum length of particle trajectories. As N
goes to infinity, the Fisher information also goes to infinity and the heterogeneity metric
B will inevitably converge to 0 while the actual degree of heterogeneity in the experimen-
tal medium remains unchanged. To better understand this problem, we here modify the
simulation study in Section 4.4.1 by generating particle trajectories of different lengths
and estimating their metric B. In Figure 4.10 we demonstrate the change of estimated
B as the experimental time increases from 1s (N = 60) to 1000s (N = 6 x 10*). One
possible solution is to determine a fixed trajectory length, say N*, and adjust the Fisher

N+

information F; with factor = such that the estimated metric B scales similarly for the

same medium.

As is revealed in the model misspecification simulations, the proposed metric is sen-
sitive to the applied model, and will return untrustworthy results when incorrect models
are used to estimate subdiffusive parameters (o, D). As a result we must ensure the cor-
rectness of particle trajectory models before using the metric to quantify the heterogeneity
in the fluids. In addition, the model that returns unbiased estimates but incorrect Fisher
information (for example the fSD model (3.2.7) when « is around 1) can be unsuitable for

this heterogeneity metric.
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Figure 4.10: Estimated heterogeneity metric B for different particle trajectory lengths,
simulated fBM processes.

For different particle trajectory lengths and different d, we simulated M = 1000 trajectories from
model (4.4.1) and compute the corresponding metric B.
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Chapter 5

Future Work

This thesis provides a superfast toolkit for the analyses of passive particle tracking data,
which consists of three components, namely the superfast inference for stationary Gaussian
processes, the parametric method that filters out the high-frequency noises in experimental
data and the heterogeneity metric based on unbiased parametric estimates. This chapter

discusses some future work on each component.

5.1 Future Work of Chapter 2

In Chapter 2 we provide the superfast inference for stationary Gaussian processes, where
the term “stationary” only applies to the 1-dimensional time series. In order to generalize
the proposed method to multi-dimensional cases we actually define a time series with prop-
erties “stationary” and “separable” (2.3.1). In a more general setup for multi-dimensional
time series, they have an isotropic correlation function and a covariance matrix in forms of
block Toeplitz with Toeplitz blocks, which is much more complex than the Toeplitz matrix
we look into in this chapter. If we are able extend the superfast algorithm to isotropic
Gaussian processes, we will greatly boost the computational efficiency for relative analy-
ses, including the study of spatial lattice data [Stroud et al., 2016, Guinness and Fuentes,
2017].
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In addition, for a one-dimensional mean-zero time series * ~ N (0, V'), its residuals can
be generated through the inverse of the Cholesky decomposition of its Toeplitz covariance
matrix V'

z=L 'z

where L is the Cholesky decomposition of V' = L’'L. Currently this step does not follow
immediately from Ammar-Gragg’s superfast algorithm, because we need the inverse of the
Cholesky factor L™! to compute the residuals z while the generalized Schur algorithm
only provides the inverse of the Toeplitz matrix V1. So far we are using the O(N?)
Levinson’s algorithm for the inverse Cholesky decomposition, and a superfast algorithm
that achieves this purpose will greatly improve the computational efficiency of relative

statistical inferences.

5.2 Future Work of Chapter 3

In Chapter 3 we propose an ARMA filter to correct the high-frequency noises in particle
tracking data. For given filter order p and ¢, the model coefficients of the ARMA (p, q) filter
can be estimated efficiently. However, when multiple combinations of filter orders (p, ¢) are
applied, it is still unclear which model has the best performance in estimating subdiffusive
parameters («, D). The common methods in model comparison are usually based on the
likelihood, which places too much weight on the high-frequency domain and overrates the
models that are distorted by high-frequency errors and departs from empirical observation
in the long term. So far we tried a non-parametric measurement that quantifies the overall
departure of model-estimated MSD from empirical observations in Section 3.5.2, while a

parametric comparison method that serves a similar purpose will be of great help.

For a given time series where an ARMA (p, ¢) model applies, the order of the ARMA(p, q)
model can be determined conveniently by checking the ACF and PACF [McLeod and Li,
1983]. For a given particle trajectory, we do not have a reliable procedure to determine
the order of autoregressive and moving-average terms. One possible solution is related
to the “model comparison” problem mentioned previously. With the model comparison

method provided, we can at least try some different ARMA filters and use the best. In

105



conclusion, a working diagnosis procedure will greatly improve the validity of the proposed
ARMA(p, q) filter.

5.3 Future Work of Chapter 4

In Chapter 4 we propose a simple metric that quantifies the degree of heterogeneity in
experimental fluids. This metric basically measures the fraction of the variance that is
unexplained by the Fisher information. As is described in Section 4.6, such metric will
inevitable diminish as experimental duration increases. To avoid this, the coefficient of
variation (CV) can be applied instead, which is the ratio between standard deviation and
mean of estimated parameters. Although CV is conceptually appealing, it is not applicable

for mean-zero coefficients (e.g. drift parameters in some experiments).

Consider the sub-linear power law of MSD
MSD(t | a, D) = 7(t) = 2D - t*

where the MSDs 7(t) is a function of time ¢. We may characterize the heterogeneity of the
experimental medium via the CV of 7(t). For a fixed time ¢, we have that 7(¢) follows a
log normal distribution where the mean and variance terms are all functions of (a, D). It
is unclear how to construct a homogeneity test with null hypothesis Hy : CV(7) = 0, while
one possible solution is the parametric Bootstrap sampling similar to the one applied in

the homogeneity test for multiple parameters B(8).

In addition, the estimator of the metric B involves the variance of estimated parameters.
However variance itself is quite sensitive to the existence of outliers, and an “unexpected”
estimation can totally destroy the heterogeneity result of an experiment. As a result, a

more robust version of a heterogeneity metric will be of great importance.
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Appendix A

Multiplication of Toeplitz Matrix and

Vector

Assuming that V is a Toeplitz matrix of the following form

g V2 Y3 o ON
V- 7'72 .’71 "72 71\{71 7
Y-N M-N T2-N 0N
and = [z, %2, -+ ,xn] is a length-N vector. The normal computation of V' x & requires

O(N?) steps, but with the Fast Fourier Transformation (FFT) [Kailath and Sayed, 1999b]
we can achieve this in O(N log N) steps.
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We first generate a circulant embedding form of the Toeplitz matrix V'

V, =

Moo V3 N 0 Y~ TN - Y2
Y—2 M Vo IN-1 | IN 0 v-nN - -3
YN Vi-N Y2-N 0G| Y2 Y3 Yo -0 _ |4 ‘ M
0 Y-N  V1-N =) §é! V2 73 N M‘ |4 7
YN 0 7w V=3 |72 M Y2 ot IN-1
"2 73 74 0 |7~ M-~ P2-N = T |

and set ¢y = [@, 0]" such that x is a length 2N vector. Then we have that

Voxag=[V xxz,M x x|,

where the first half is exactly what we want. Since circulant matrix can be diagonalized

by the Fourier matrix

Vo = Fy x diag(Fy x ) x Fy,

where Fy is a size N Fourier matrix and F} is its conmugate transpose, = is the first

column of matrix V{ and the result of Fiy x v equals F~y, the fast Fourier transformation

on . Here we present a O(N log N) complexity procedure in computing yo = Vj x g

compute f = F~,

compute g = Fx,

compute h = f - g (element-wise product for vectors),

compute yo = F 'h.

By extracting the first NV elements of y, we can obtain the result of V' x .
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Appendix B

Superfast Computation of the
Gradient and Hessian matrix of
Profile Likelihoood

For the profile likelihood

Nd d N ~
lorot(0| X, G) = —710g(27f’) —3 log |Va| — 5 log |3g| —

N
2 )
where .
Bo= GV, 'G)'QVy ' X, B9 = (X ~ GBV; (X — GBo).
its first derivative with respect to parameter 6; € 0 is
)

(¢ d _ N ENEPN
a—eigpmf(0|X, G) = —§tf{‘/9 1‘/;} — Etr{EgEl}

where
03
00;

5= — — BVyH(X — GBg) — (X — GBe)'Vy ' Bi-

(X — GBo)'Vy 'ViVy (X — GBg),

127



and

_ Be
00;

B, — (GV,'G) T @V VG (G, G) T @Yy X -
0 0 (2] 0 0

(@Vy'G) GV Vv X,
Since the computation of flz and ,@Z is O(Nlog N), and f]z is a size d x d matrix whose
computation of tr{flgfli} is O(d?), the total computation of a%ﬁg(mX, G) is superfast.

For the second derivative of the profile likelihood (2.3.8) with respect to 6;,0,, € 6, we
have

g d N & & A A
(01X, G) = — LV — VLV — NS08 — S0 S Sl
00;00,, 2 2

where
~ 028 ~ ~ ~ ~ PO
Sin = st == BV (X~ GBy) + 2 AV VY (X~ Glo) + BV Bt

Bl Ve 'Bi+2- (X — GBo)'Vy 'ViuVy 'B; — (X — GBo)' Vi ' Bimt
(X — GBo) Vy Vo Vg ViV (X — GBo)—

(X — GBe)' Vg Vi Vy (X — GBg)+

(X = GBo)Vy 'ViVy 'V, V, (X — GBy),
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and

~ 2/\
Bim = “Bo (@@ @VIVLVG (GG T GVIVIVEG (GG T GV X
5909 o o 0 0 0 0 2] 0
GV,y'G) GV, V.V, ' ViV, 'G (G'V, 'G) GV X+
o 0 ) ) f
( G) "GV VLV, GGV, G) T GV X -
Q) GV ViV WLYG (GG T AV X
6
( G) lG 1‘/‘/ 1G (G’V* G) G’V‘gflvm%flG (G/V‘glG)_l G/‘/;lX_
@V, G) GV, VY, G (@, 6) GV, Wy X
G'V,'G) " GVy WV, VG (G'Vy Q) GV, v X -
0 0 0 0 0 0
GV, 'G) ' GV, V.V, ViV, L X+
o ] o
(G G) "GV WLV X+
(GVy'Q) ' GV ViV W,V X

Despite the complex expression of @m and iim, their computation is still O(N log N).
Since part tr{V} 'V,,,—V, 'V,,V, ' V;} is proved to be superfast and tr{ﬁgiim—ﬁgimigii}
only involves some d x d matrices, the total computation of the Hessian term aef%méprof(O\X Q)

is also superfast.

129



Appendix C

Inference for the fSD Model

The k-dimensional £fSD model (3.2.7) takes the form

= Y Bifit) + B2 Z(t),
j=1 (C.0.1)

1 T
=—f X (t, —s)ds + ep,
0

where ¢, = n- At, Z(t) = (Z1(t),. .., Z(t)) with Z;(t) ~ B (1), and &, C N(0,0%- %) are
independent of Z(t). Letting AY,, = Y,,41 — Y, we can rewrite (C.0.1) to obtain

d
AY, = Y BiAfr + EVA(AZ; - An,),

j=1
where LT

foi = f fi(t, ds, Zr = Tfo Zi(t, — s)ds,
and i, = X2, "¢ N(0,021,). Thus we have fri =28 filta—s)ds, Z} = (Z},, ... Z}))
with Z}, = 1§ Z; s)ds, and 1, = 22, " N(0, O'QId). Thus, we have

AYn i, ~ MatNorm(F 3, V,,, %),
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where Fy,.4 has elements F,,; = Af}., V,, is a variance matrix parametrized by ¢ =

(o, 7, 0) with elements

Vé”’m) = cov(AZ}; + Anpniy AZy + Ay
= cov(AZy AZY ) 4 cov(Ann, Anp;).

ne)

To finish the calculations, without loss of generality we may focus on the one-dimensional

case Z;(t) = Z(t) = B,(t) and 0, =y, S (0,0?). Thus we have

cov(Z:, 7) = E[Z* 2]
T
_ UJ (b — ) Z(t — )dsdu]
_ ff 2t — 8)Z(Ly, — u)] ds du,

where the last line is obtained from the Fubini-Tonelli theorem, since by Cauchy-Schwarz

we have

[ [ Efiztes =120~ ] asan < W 20, 71 [ ELz(t0 )
\/J MSDz(t, — s ds-f MSDy (t,, — u) du,

and the right-hand side is finite as long as MSD(t) is continuous for ¢ > 0. Thus, for the
fBM process Z(t) = B,(t) we have

cov(Zx Z*) =3 QJ f (tn — s) —u)® —|(t, — tm) — (s —u)|*dsdu
T

= he(tn) + hr(tm) — gr(tn — tim),
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where
B |t 4 7_|a+2 + |t _ T|O¢+2 _ 2|t|04+2

9r () 272(a+ 1)(a + 2) ’

Finally, since for any increment process AX,, we have

COV(AXm AXm) =F [Xn+1Xm+1] —E [Xn+1Xm] —F [XnXerl] + E [XnXm] )
we may calculate that

ACFaz+(n) = cov(AZX AZ>

min) = gr(In + 1AL) + g, (In — 1[At) — 2g.(|n|At).
Similarly, we obtain
ACFay(n) = 0® x {2-1(n = 0) —1(n = 1)},

such that V,, is a Toeplitz matrix with elements

Vé”’m) = ACFaz+(n —m) + ACFp,(n —m).
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Appendix D

Calculations for ARMA Noise
Models

D.1 Relationship Between ACF and MSD

Let X (t) be a one-dimensional CSI process with evenly-spaced observations X,, = X (nAt),
such that
MSDx(n) = E[(X, — Xo)?].

If AX, = X,41 — X, is the corresponding increment process, then we have
ACFax(n) = E[X,11X1] + E[ X, Xo] — E[ X1 X0] — E[ X, X1].
Combined with the fact that
MSDy (n) = E[X?] + E[X]] — 2E[ X, Xo],
we find that

ACFax(n) = %{MSDX(M —1|) + MsDx (|n + 1|) — 2MSDx(|n|)}.
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Conversely, we have

n—1

MSDx (n) = MSDx(n — 1) + ACFax (0) + 2 Z ACFax (h),
h=1
such that .
MSDx (n) = (n + 1) ACFax(0) +2 > (n + 1 — h) ACFax (h). (D.1.1)
h=1

D.2 Autocorrelation Function of the ARMA(p, q) Filter

Consider a one-dimensional stationary increments process determined by the ARMA(p, q)
filter (3.3.6),

AYn = i QZAYn,z + Zq: ijanj;

i=1 7=0
for which the driving process AX, is assumed to have mean zero. In the following

subsections we shall calculate the autocorrelation function ACFay(n) as a function of
ACFAx (n) = cov(AXp, AXpin)-

D.2.1 Autocorrelation of the MA(q) Filter

For a purely moving-average process

AYn = i piAXn—ia

i=0
we have
q q
ACFAy(n) = D13 pipj ACFax (n + i — j). (D.2.1)
i=0j=0
This can be computed efficiently for all values of v = (y0,...,7v-1), 7n = ACFay(n),

using the following method. Let 1, = ACFax(n), Oy denote the vector of N zeros, and
for vectors @ = (aj,...,ayn) and b = (ay,bs,...,by), let Toep(a,b) denote the M x N
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Toeplitz matrix with first row being a and first column b:

aq g ag

by a1 a

by b

Toep(a,b) = | ° 7
o ”
. bg aq
by -+ oo by by

Then 4 can be computed by the matrix multiplication

an

a3
a2

a1

~ = Toep(pi, pa) - Toep(m, ms) - po,

where

m = (7707- .- anq)a N = (7707 s 777N+q>7
Po = (po,---1Pq), p1 = (po,Ony1),

Moreover, Toeplitz matrix-vector multiplication can be computed efficiently using the fast
Fourier transform (FFT) [e.g., Kailath and Sayed, 1999a]. That is, let F denote FFT the

matrix of the appropriate dimension. In order to compute =, we perform the following

steps:

1. Let v3 = .7-'_1(.7-'1)1 O Fvy), where vy = (12,0,74,...,m), V2 = (Po, On1g+1), and O

denotes the elementwise product between vectors.

2. Let vy denote the first N + ¢ + 1 elements of vs.

3. Let v; = F 1(Fvs © Fug), where vs = (po, 02w, Pgs - - -

4. ~ is given by the first N elements of v;.
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D.2.2 Autocorrelation of the AR(p) Filter

For a purely autoregressive process

p
AY, = Y 0;AY, ; + AX,,

=1

the autocorrelation ACFay(n) involves an infinite summation which generally cannot be
simplified further. Instead, we approximate the AR(p) filter with an MA(q) filter and use
the result of Section D.2.1. To do this, we rewrite AY,, in terms of the lag operator B,
such that

AY, = 0(B)AY, + AX,,

where 0(z) = 61 + -+ + 0,2, and B*AY,, = AY,,_;. Rearranging terms and expanding

into a power series, we find that

AY, =[1-6(B)]'AX,
= [1+ X2, 0B)]] AX, = [1+ X2, piB'| AX,,

such that AY,, may be expressed as an MA(c0) series. Truncating to order ¢, the true auto-
correlation ACFay (n) is approximated by the autocorrelation (D.2.1) of the corresponding
MA(q) process AY,, ~ Y7  p;AX,_;. The following lemma can be used to efficiently

calculate the coefficients p;.

Lemma 3. Consider a polynomial g(z) = >}}_, axz® and its n-th power, G(z) = [g(z)]" =

S bk where m = n - p. Then we have

As a result, when ag # 0 we can derive the coefficients of G(x) recursively, with bé") = af

and
k-1

b = kag nkbya + ;(k —i)(nb{ar_; — aib”) | (D2.2)

Using Lemma 3 with g(z) = 0(z)/z = 61 + -+ + 0,277, we find that p; = 2321 bl(»{)j,
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where bl@j is given by (D.2.2) for i—j < j-p, and bl@j = (0 otherwise. In the simulations and
data analyses of sections 3.4 and 3.5, we approximate all AR(p) filters by MA(50) filters.
Numerical experiments indicate that changing the order to MA(500) does not change the

approximated autocorrelations by more than 1074,

D.2.3 Autocorrelation of the ARMA(p, q) Filter

For the general ARMA(p, q) filter, we obtain the autocorrelation in two steps:

1. Let AZ, = Z?:o p;AX,_;, and calculate the autocorrelation of this MA(q) process
using (D.2.1).

2. Now we rewrite the original ARMA(p, q) process as

p
AY, = Y 0,AY, i+ AZ,,

i=1

and we may approximate the autocorrelation of this AR(p) process by applying the
technique of Appendix D.2.2 to ACFaz(n) obtained in Step 1.

D.3 Proof of Theorem 1

In order to parametrize the ARMA (p, q) filter such that it satisfies the high-frequency error
hypothesis (3.3.1), we begin by studying the relation between the MSD of a discrete-time
univariate CSI process {X,, : n = 0}, and the power spectral density (PSD) of its stationary

increment process, AX,, = X,.1 — X,..

For a stationary time series {AX,, : n € Z} which is purely non-deterministic in the sense
of the Wold decomposition [e.g., Brockwell and Davis, 1991], the PSD Sax(w) is defined
as the unique nonnegative symmetric integrable function for which the autocorrelation of
AX, is given by _

ACFax(n) = f e Sax (W) dw. (D.3.1)

—T
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In order to prove Theorem 1 we begin by proving the following lemma:

Lemma 4. For two CSI process X and Y with corresponding increment processes AX
and AY', if Say(w) is positive in a neighborhood of w = 0, and the PSD ratio satisfies

lim Sax(w)
W—m;SAY<W)

then X and Y satisfy the high-frequency error definition (3.3.1), namely

MSDx (1)

im = 1.
n—x MSDy (n)

Proof. Using (D.1.1) and (D.3.1) we can relate MSDx (n) to Sax(w), such that

MSDx (1 + 1) — MSDx (n f S G (@) dw = [ Do) S () dov,

j=—n d

where D, (w) = > e7%* is the n-th order Dirichlet kernel. Thus we have

j=—n
T n—1 T

MSDx (n f Z Di(w)Sax(w) dw = nf Fo(w)Sax(w) dw, (D.3.2)
~T k=0 -7

where F,(w) = %ZZ;(I) Dy (w) is the n-th order Fejér kernel. Since F,(w) is symmetric

about 0, we may rewrite MSDx (n) as a convolution integral

MSD (n) — n2 x 2i Sax (@) Fy(—w) dw — n2m x {Sax * Fu}0).
T

-7
By the Fejér kernel’s summability property, we have

{Sax * Fp}(w) = Sax(w) ae.,
{Say * F}(w) = Say(w) ae..

Since Say(w) > 0 in a neighborhood of w = 0, we may thus find € > 0 such that both
{Say * F,}(0) = Say(0) > 0 and {Say * F),}(wo) — Say(wo) > 0 for |wy| < e. Given this,
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we can express the MSD ratio as

MSDx (1)  {Sax = F,}(0

MSDy (n)  {Say * F,}(0
(
(

)
{Sax* F(0)  {Sax » Ful(wo)
{Say = F,}(0)  {Say * Fu}(wo)
{Sax * Fu}(wo)  Sax(wo) | Sax(wo)
{Say * Fu}(wo)  Say(wo)  Say(wo)

Since Sax(w) and F,(w) are both integrable and { F,,(w)dw = 1, the convolution {Sax *
F,}(w) is a uniformly continuous function. The same argument applies to {Say * I}, }(w).
Since f(w) = % is a ratio between two continuous functions, it is also a continuous
function, which means that we can find w; > 0 such that for |w| < w; we have |f,(0) —

fn(w)| < 5. Moreover, by Fejér summability we have

_ Sax«F}(w)  Sax(w)

~ {Say * Fu}w) - Say(@) flw) ae,

fn(w)

such that we may find Ny such that |f,(w) — f(w)| < § uniformly in w for n > N;. Thus,
if g
lim 22X ()

—1
w—0 SAY (u])

Y

we may find wy > 0 such that |f(w) — 1| < § for |w| < wa, and thus for n > N; and any w

such that |w| < min{w;, ws}, we have

|1\1\//[Izl;—;(g,7nl)) - 1| < |fn<0) - fn(w)| + |fn(w) - f(w)| + |f<w) o 1|
< E + E =+ E =£
=3 3 3 7
such that
MSDx ()

lim =1.

n— MSDy (n)
m
To complete the proof of Theorem 1, we apply Lemma 4 to the CSI process X,, and its
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ARMA(p, q) filter Y,, as defined by (3.3.2). That is, for the increment processes AX,, and
AYn = Zle ezAYnfz + Z;I':O ijani;

2
1-S7 0

i=1

S 1— P 6, - —tkw|2
lim ax(w) = lim | Zk:l ke | = 7
j=0 Py

w—0 SAY(W) w—0 | Z?:o pje—ijw|2

Thus by setting pp = 1 — >, 0; — >.i_, pj, we have

2
)
i 28x (@) _ (1 i=1 9@) 1 gy MsDx() _ 1,

=0 Say (W) i=0Pi

which completes the proof of Theorem 1.

D.4 Proof of Theorem 2

The complete statement of Theorem 2 is as follows.

Let X = {X,, : n = 0} denote the true positions of a CSI process, for which Y = {Y, :
n = 0} is the measurement process satisfying the high-frequency error definition (3.3.1).
For the corresponding increment processes AX = {AX,, :ne€ Z} and AY = {AY, : n e Z},

suppose the PSD ratio
gle) = 201
SAX (w)

is continuous on the interval w € [—7, 7]. Then there exists an ARMA(p, ¢) noise model
Y ={Y,) : n > 0} satisfying (3.3.2) such that for all n > 0 we have

‘ MSDy+ (1)

MSDy () 1' <e. (D.4.1)
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Proof. In order to show that there exits an ARMA(p, ¢) process
p q
Yr: = Z HZYJ,Z + Z ijn—j7
i=1 j=0

satisfying (D.4.1), we use (D.3.2) to write

‘MSDY* (n) 1‘ _ [ MSDy+(n) — MSDy (n)]
MSDy (n) MSDy (n)
< §7 Fu(w) - [Say+(w) — Say (w)] dw
N ™ Fou(w)Say(w) dw
L Ir(w) = g(@)] - Fo(w) Sax (w) dw
" Fo(w)Say (w) dw ’
where g(w) = Say (w)/Sax(w) and
r(w) = Sav+(w) _ j—opic” i
SAx(w) 1— Zi:l Qk . g—thw

Because g(w) is a ratio of nonnegative symmetric functions, it is also nonnegative symmet-
ric, and since it is continuous, it satisfies the definition of a continuous PSD. Therefore, by

Corollary 4.4.1 of Brockwell and Davis [1991], we can find a stationary MA(q) process
q ..d
Zy = Z Piln—j, na ~ N(0,1)
=0
satisfying parameter restrictions (3.3.3), such that if Sz(w) = | >7_; pje”*|* is the PSD

of this process,

|Sz(w) — g(w)] < &g for we [—m,7].

Therefore, let AYy = >3 p;AX,, such that 7(w) = Say+(w)/Sax(w) = Sz(w) =
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| 2390 pje~7“[*. Then we have

‘MSDY*(n) B 1‘ _ §5cIr(w) = g(w)| - Fu(w)Sax(w) dw
MSDy(n) h Siw Fn(w)SAy(OJ) dw
§" Fu(w)Sax(w) dw MSDx ()

<60 =g ——.
O Fu(w)Say(w)dw " MSDy(n)
Since lim,, ., MSDx (n)/ MSDy (n) exists, there exists L > 0 such that for every n we have

< MSDx (n) <L
MSDy (1)

Thus by letting g = ¢/L, for every n we have

-1

’ MSDy~(n) .

MSDy (1)
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Appendix E

Calculations for the GLE Process

For the GLE process X (t) defined by (3.4.4) with sum-of-exponentials memory kernel

U K
:EZ p(—|t|ax),

McKinley et al. [2009] derive its MSD to be

2kgT 2 = CJ2 —r;t
MSDx (t) = Cot —(1—-e"Y,
v/K < . JZ—l "
where ry,...,rk_1 are the roots of q(y) = ]_[iil(y — ay), and

K 1/2 K ;
1 1 k=1 (1-rjoy)?
o - (2 _> BT S

k=1 Ok T (Zk 11— r]ak) Zk 11-rjo r]ak

For the particular case of the Rouse memory kernel

= EZ_: p(=lt/7), 7 =7 (K/k)",
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McKinley et al. [2009] show that for sufficiently large K, the MSD exhibits (anomalous)

transient subdiffusion,

2 Deg - 19T tin <t < tmax
MSD x (t) = 2. Dmin -t t < tmin
2  Dpax -t t > tmax.

This is illustrated in Figure E.1 with K = 300 and GLE parameters v = 1.67, 7 = 0.01,
v = 1. Figure E.1 also displays the subdiffusion timescale (¢in, tmax) along with the power

MSD of Rouse GLE

B GLE '
B Subdiffusive Timescale|
\

10*
|

MSD (um?)

107t
|

h h
I I I I I
107 107 10° 10* 102
Time (s)

Figure E.1: MSD of a Rouse GLE with K = 300 and v = 1.67, 7 = 0.01, v = 1 (solid
blue line). Also displayed is the subdiffusion timescale (fmin,tmax) along with the power
law MSDx (t) = 2D,g - t* on that range (red dotted lines).

law MSDx (t) = 2Dcg - t*f on that range. The values of (tmin, tmax, Qef; Do) are determined
from the GLE parameters K and ¢ = (v, 7, ) via the following method.

1. Calculate z,, = log(t,) and y, = logMSDx(t, | ¢, K) on a range of time points
to,...,tn. These should be picked on a fine grid such that ty < i, and ty > tnax.

2. Let ¥ = (tmin, tmax), and let Iy = {n : tpin < t, < tmax}. Then for any Y we
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calculate aég) and D‘EHT) via least-squares:
T Yinery Un — U) (0 — T) 08 _ )
Oée(sz) = ei (ZE _j)g ) Déff) = %exp(y—aéﬁ)x),
nely n
where 7 = |I—i‘ Dne Iy Tn and § = ﬁ D ne I Yn are the corresponding averages over

the indices in I.
. The subdiffusion timescale Y is determined by solving the constrained optimization
problem
arg max |10g(tmax) — 10g(tmin)|
T

(1) (1)
-z, + log(2D — UYn
subject to max Qet " T 08(2Des’) — Y < K,
nely yn

where k is a tolerance for departure from a perfect power law over the subdiffusive
range. In Figure E.1 and the calculations of Section 3.4.2 we have used k = 1%.
This optimization problem can be solved in O(N?) steps by trying all combinations

of timin and tyay in the set {tg,..., tx}.
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Appendix F

Superfast Computation of the Fisher

Information

In order to compute the Fisher information

62

mf(e |'Y)

E=E[—

)
0=0;

where £(0 | 'Y;) is the likelihood of the location-scale model (4.2.4)
1 —1 Iy7—1 N
(01Y;) = —étr {Z71(AY; - GB)'V, ' (AY; — GB)} —log |V, | — 3log 13,

we look into the element of the Hessian matrix

0? 0?
[WE(O | Yi)Lm = 80n80m€(0 | Y)),
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whose computation is exactly presented in Equation (2.3.6), where

N

52
~7 70 (0] X)=—tr{ QnZ/ L, Z+RZ,,CoZ +QZCnZ +QZC o Z ¢
nv¥m I‘{: I‘{; ;g ;I; )
s A
1
_ §tr SQZ ¢ Z +QZ CZ+QZ o Z + QL o Z ¢
1
— 5 QunZ'CZ+ Q2,6 Z + Q2 Z + Q2 o 2
L I}:; va Hi 1;22
N
- 5tr {anm - QEmQEn} —tr {Ckp‘/nm - CchmeVn} 3
and
o8 B
Z=AY,-GB, Z,=-G—, Z,,=-G
s 20, 00,,00,,
0 02 0 02
Vi=V,, Vin="V,, 2,=73 X.,= 3,
00, ¢ 00,,00,, ¢ 00, 00,,00,,
_ —1 _ a _ —1 —1 _ —1 _ a _ -1 -1
Q=" Q”*%Q*_E .57 (e =V, C”*a_erlC*_V«D V.V,
2
Q.. = aeaae Q=3 3y yliyly yiy -l _yly !
0 -1 -1 -1 -1 -1 -1 -1 -1
Com = e Hmc“’ =V 'V VIV A VIIVVIIVLV - VTV VT

The 12 marked components (Hy, ..., Hys) in %E(G | X) can be divided into 3

categories:
(1) AZ'BZ, (2) AZ BZ, (3) AZ BZ,,

where H5,H7,H9,H11 € (].), Hl,HQ,Hg,Hﬁ,Hg,Hlo,ng € (2) and H4 € (3)

For type (1), to compute E [tr{AZ'BZ}|, we notice that A can be {Q, Q,,, Q,,, L},

meaning that A = [ﬁ; ’2?] is a 2 x 2 symmetric matrix. Similarly we notice that matrix B
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can be {C, Cn, Cn, Cam} and Z = [ 21 2 ] is a N x 2 matrix with columns Z;, Z» "< A/(0, V).
As a result, we have
}]

E[tt{AZ'BZ)] zE[tr{ 4] [ ]B[zl ZQ]}]

&=

il Ay -Z!BZi + Ay ZVBZ, A, Z,BZ,+ A, - Z\BZ,
r
Ay Z!BZy + A3 ZVBZ, A Z,BZ,+ A, Z\BZ,

—E[A-Z|BZ, + Ay - Z,BZ, + Ay - Z,BZ, + A, - Z,BZ,)
— E[A,-Z\BZ, + As - Z,BZ,)
— E[A - tr{BZ,Z}} + As - tr{ BZ,Z}}]
— Ay - t1{B x E[Z,Z]]} + A; - tr{ B x E[2Z,Z}]}
— (A; + Ay) - tr{ BV},

where the computation of tr{ BV, } = N or tr{{V,,} or tr{¢V,(V},} is shown to be superfast
in Section 2.3.3.

For type (2), we find that

E[tt{AZ BZ}] = tt{AZ' B x E[Z]} = 0.

For type (3), we have that
E[tt{AZ BZ,)}| = tt{AZ. BZ,),

which can be analytically computed.

Generally, the 12 marked parts (Hj, ..., Hj2) can all be computed in O(N log N) steps
with Vw_l provided. As is demonstrated in Section 2.3.3, the computation of the remaining
parts tr {QX,,, — Q%,,Q%,} and tr {{,Vim — (, Vi, Va} are also superfast. In conclu-
sion, the elements of the Fisher information F; can be computed in superfast speed.
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