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Abstract

Modern systems such as spacecrafts and autonomous vehicles are complex yet safety-critical,
and therefore the control methods that can deal with different dynamics and constraints while
being provably correct are sought after. Formal methods are rigorous techniques originally used
for developing and verifying finite-state systems with respect to specifications in formal lan-
guages. This thesis is concerned with using formal methods in control synthesis for nonlinear
systems, which can guarantee the correctness of the resulting control strategies.

For nonlinear continuous-state dynamical systems, formal control synthesis relies on finite
abstractions of the original system by discretizing the system state space and over approximat-
ing system transitions. Without further assumptions, control synthesis is usually not complete
in the way that no control strategies can be found even if there exists one. To deal with this
problem, this thesis proposes a formal control synthesis approach that is sound and robustly
complete in the sense that correct control strategies can be found whenever the specifications
can be realized for the system with additional disturbance.

Fundamental to the soundness and robust completeness is a fixed-point characterization of
the winning set of the system with respect to a given specification, which is the set of initial
conditions that can be controlled to satisfy the specification. Regarding discrete-time systems,
such characterizations are first presented by using iterative computation of predecessors for
basic linear temporal logic (LTL) specifications, including invariance, reachability and reach-
and-stay. A more general class of LTL formulas, which can be translated into deterministic
Biichi automata (DBA), is also considered, and an algorithm guided by the graph structure of
the LTL-equivalent DBA is proposed for characterizing the winning set in this situation. It
is then shown that the computational complexity of the algorithm can be reduced by using a
pre-processing procedure to the graphs of the DBA.

Because of the general nonlinearity, exact computation of winning sets is currently almost
impossible. In this work, the conditions for set approximations are derived so that control
synthesis is robustly complete. To meet such conditions, the proposed approach adopts inter-
val arithmetic and a subdivision scheme in the approximation of predecessors. Under such a
scheme, the system state space is adaptively partitioned with respect to both the given dynam-
ics and specification and set approximation can be made arbitrarily precise to satisfy the robust
completeness conditions. The proposed method is also shown applicable to sampled-data sys-
tems by computing validated solutions over one sampling period based on high-order Taylor
expansion.

Applications such as converter voltage regulation, parallel parking, and reactive locomo-
tion planning problems are studied to show the effectiveness and efficiency of the proposed
approach.
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Chapter 1

Introduction

1.1 Motivation

Nonlinearity, constraints, and uncertainties are among the critical factors that increase the dif-
ficulty of solving practical control problems, which are ubiquitous in this modern world. Most
of dynamical systems are nonlinear, and a control system can be as simple as a water heater
controller or as sophisticated as a spacecraft control system or the control system for a network
of autonomous vehicles.

Because of the various behaviors in different operating domains, nonlinear systems are more
difficult to deal with than linear systems, for which control theory is well developed even with
the consideration of exogenous disturbances (see [129]). Linear control methods are still appli-
cable to nonlinear systems via linearization, only limited to an unknown neighborhood around
a desired state of the nonlinear system. In industry, Proportional-Integral-Derivative (PID) con-
trol is the most frequently used nonlinear control method but the problem is that it relies on
repetitive and empirical tuning of parameters. One of the systematic nonlinear control methods
is Lyapunov-based method such as using control Lyapunov functions, sliding mode control, and
passitivity-based control [69]. The design of a proper Lyapunov function is rather technical,
and state or control constraints are usually not considered in these settings. A renowned con-
trol framework of handling constraints is Model Predictive Control (MPC) [88], which has been
widely used in process industries [107]. Using MPC, a nonlinear constrained control problem
is typically tackled by attempting to solve a series of finite-horizon optimal control problems,
to which solutions may not exist. Since these aforementioned control methods in the control
literature do not provide correctness guarantee of a controller designed for nonlinear systems



under constraints and uncertainties, an a posteriori verification is often required to ensure that
the control specifications are satisfied.

More recently, there is a rising demand of understanding and control of cyber-physical sys-
tems (CPS), which is a new generation of systems with integrated computational and physical
capabilities that can interact with humans through many new modalities, such as interoperable
medical systems, intelligent transportation systems equipped with autonomous vehicles, and
smart grid that are energy efficient. Such systems exhibit both discrete and continuous behav-
iors. Even for continuous-time dynamical systems, under digital control scheme, continuous
time-varying states are sampled and quantized to strings of discrete-time data. For example,
programmable logic controllers are used for controlling industrial production such as chemi-
cal reaction processes. The complexity of control problems for such systems further increases
as richer classes of control objectives (or specifications) are required, not restricted to stabi-
lization or tracking as in the traditional control design. A typical example is the robot motion
planning problem [44, 41]. While being subject to mechanical constraints and dynamics, robots
are designed to fulfill tasks such as pickup-delivery, parts assembly, surveillance and persistent
monitoring. Usually, these tasks have to be completed in specific orders, and robots are required
to be reactive to the change of environment.

To reduce the cost of a posteriori verification for complex systems as such, we wonder if it
is possible to design a correct-by-construction approach for control purposes. The idea of model
checking [30, 8] inspires the use of formal methods in control. Formal methods are rigorous
techniques and tools for specifying properties, designing and verifying software and hardware
systems, and model checking techniques are used to automatically and systematically check
whether a given formal property holds for (a given state in) a finite-state model of a system.
Such techniques have been used successfully in practice to verify complex sequential circuit de-
signs and communication protocols. In model checking, temporal logic such as linear temporal
logic and computational tree logic [8] is often used as a formal description of specifications, and
it is shown to be expressive enough to capture control specifications that are used for various
control settings such as robot motion planning [76, 41, 136] and automatic cruise control [96].

Under this background, this thesis is concerned with control synthesis for nonlinear systems
using formal methods. Particularly, the specifications are given in the form of linear temporal
logic formulas. As formal methods originally apply to finite-state systems, dynamical systems
need to be discretized so that the existing computer algorithms can be used directly. The chal-
lenge lies in the connection of discrete methods to continuous state control and the conditions
that algorithmic control synthesis methods can realize control specifications correctly when-
ever it is possible.



1.2 Thesis Overview

In order to guarantee the correctness of control synthesis for nonlinear systems with respect to
temporal logic specifications, most of the methods in the literature work on over approxima-
tions of system dynamics, which are the types of system discretizations that cover all the pos-
sible behaviors of the original continuous-state systems and probably includes spurious transi-
tions as well, if no discretization that accurately represents the original dynamics can be found.
As a result, these methods are conservative in the way that it may not be able to find a control
strategy even if there exists one, or in other words, not complete. Without any assumptions
on the system dynamics or stability properties, making control synthesis for general nonlinear
systems with respect to temporal logic formulas sound and complete is nontrivial.

As a main contribution, this thesis proposes sound and robustly complete control synthesis
algorithms with respect to general classes of linear temporal logic specifications, which are
guaranteed to find correct control strategies provided the specifications can be realized for
the system with additional disturbances. Furthermore, the proposed algorithms, which are
implemented via an interval subdivision scheme, are shown to be more efficient in practice
than the abstraction-based methods, which often require a uniform discretization of the system
state space.

To illustrate the proposed algorithms with respect to different linear temporal logic formulas
and how the robust completeness takes effects in these algorithms, the thesis is organized as
follows.

Chapter 2 presents a formal definition of the control synthesis problem under considera-
tion. Transition systems are used to connect the linear temporal logic specifications with the
behaviors of dynamical systems. As opposed to conventional control problems where the ini-
tial conditions are usually given, this research is concerned with finding the set of initial con-
ditions from which a given specification can be satisfied by using some control strategy, which
is termed as the winning set. We define robust completeness for control synthesis algorithms in
this chapter since it is a key concept for dealing with nonlinear dynamics and goes through the
remaining chapters in the thesis.

In Chapter 3, we provide preliminaries for set-theoretic analysis: the Pontryagin difference
and set convergence. For the purpose of winning set computation, we focus on discussing the
properties of the predecessor map, which is defined as the set of states that can be controlled
into a given set in the system state space in one step. These properties are crucial for developing
the completeness results for invariance and reachability specifications.

Chapter 4 is devoted to solving control synthesis problems with respect to the most funda-
mental linear temporal logic specifications, including invariance, reachability and reach-and-



stay formulas. We show that these control problems are essentially regulation problems in the
control literature and can be solved by sound and complete fixed-point algorithms based on the
computation of predecessors. Considering numerical difficulties in computing predecessors
under nonlinear dynamics, we propose to use approximations of predecessors under certain
conditions so that the algorithms can be made robustly complete.

To make the proposed control synthesis methods in Chapter 4 solid, Chapter 5 focuses on
the interval implementation of the proposed control synthesis algorithms, in which predeces-
sors are approximated by unions of intervals. The approximation procedure is carried out by
integrating interval arithmetic in a bisection scheme. We will discuss sufficient conditions for
the proposed interval implementation to be sound and robustly complete as well as finitely
terminating.

Chapter 6 is concerned with a general class of linear temporal logic formulas: the formulas
that can be translated into deterministic Biichi automata. The idea of solving such control
problems is inline with the proposed method in Chapter 4 and 5. To deal with the generality in
the form of the specifications, we perform control synthesis under the guidance of the graph
structure of the deterministic Biichi automaton representation of the control specification.

The above results also hold for sampled-data systems, which is the topic of Chapter 7. The
behaviors of sampled-data systems are determined by ordinary differential equations but the
system state is measured and controlled only at discrete time instances. For sampled-data sys-
tems, the reachable set from an initial set of states after a sampling time step needs to be eval-
uated to determine whether a transition between two states is valid. In this chapter, we ap-
proximate the reachable set by computing Taylor expansion of the system solution over one
sampling period by using interval arithmetic.

In Chapter 8, we demonstrate how the proposed control synthesis method can be applied
to solving the reactive locomotion planning problem, where the bipedal robot is required to
perform different types of locomotion in response to the changing environment. Because of
the complexity in both specifications and dynamics, a hierarchical control design is usually
used. The proposed control method will be used to verify the correctness of high-level plan
as well as to generate a middle-level strategy that synergizes the high-level plan and low-level
controllers.

Furthermore, we introduce a self-developed tool ROCS in the appendix, which is used to
conduct all the numerical experiments in this thesis.



Chapter 2

Problem Formulation

Applying formal methods in control requires proper system models and control specifications
that can be understood by computer algorithms. Discrete-time discrete-state systems, which
can be modeled by finite state-transition graphs, such as Markov decision process [12] that are
used in dynamic programming for optimal control problems and Kripke structure for model
checking [30] are favorable, because graph searching algorithms on such systems are more
likely to terminate in a finite number of iterations. Limited by the nature of digital computers,
real-world continuous-time dynamical systems are only observed at certain discrete time in-
stances, which motivates the study of sampled-data systems. However, the state space of most
of the physical systems is continuous and thus contains an infinite number of states.

This chapter is devoted to a formal statement of the control synthesis problem, in which
the control objective is given as linear temporal logic formulas and dynamical systems are for-
mulated as transition systems that incorporate basic elements of temporal logic.

As opposed to conventional control problems where the possibility of the fulfillment of the
given control objectives is not considered or discussed, the control synthesis problem formu-
lated in this chapter also explores all the initial conditions from which the control specification
can be achieved by proper control strategies. Based on such a formulation, two provably-correct
control synthesis approaches are briefly introduced.

2.1 Control System

Consider the following discrete-time nonlinear system given by Difference Equations (DEs):

Tp1 = f(-fl?u ), (2.1)



where ¢t € N is the time instance, z; € X C R" is the state, u; € U C R™ is the control input,
and f : R" x R™ — R" is a function that determines the system state evolution. The sets X
and U are the state and control spaces of (2.1), respectively.

Practical feedback control systems are often subject to imperfections in multiple aspects of
the control structure. Measurements are corrupted by noise. Delay happens in transferring
measured data from sensors to controllers and also from controllers to plants. In sampled-data
systems, numerical errors are inevitable during quantization. From a robust control perspective,
we hope that the controller designed for the nominal system (2.1) still functions in the presence
of uncertainties. In the following, we assume additive bounded disturbances:

Topr = [, up) + dy, (2.2)
where d; € D C R" is a unknown but bounded disturbance, and

D2 {deR": ||d|| <9 6>0}. (2.3)

This is without loss of generality since most of the physical systems evolve continuously
over a bounded domain so that the uncertainty of the state change is still within some bound
around the nominal value. Clearly, the disturbed form (2.2) reduces to the nominal form (2.1)
when ¢ = 0. For the sake of simplicity, we refer to (2.2) in the rest of the thesis.

2.1.1 Transition System

Transition systems, whose behaviors are determined by state transition relations, are usually
used for modeling software and hardware systems. Typically in computer science, transition
systems contain finite numbers of states and inputs so that desired properties can be verified
or synthesized by running computer programs.

Definition 2.1 ([8]). A transition system is defined as a tuple 7 : (S, Act, R, AP, L), where

S is a set of states;

« Act is a set of actions;

« R:S x Act — 2° is a transition function;
« AP is a set of atomic propositions;

« L:S — 24 is a labeling function.



Atomic propositions are true or false statements about system state properties. For example,
statements such as “s is between 7 and 20”(s is a variable) and “all birds can fly” can be consid-
ered as atomic propositions. If 7 < s < 20, then the first atomic proposition is true; otherwise
it is false. The labeling function L assigns each state s € S a set of atomic propositions, i.e.,
L(s) € 24F.

A transition system is said to be finite if the set S, Act, and AP are all finite. Given any
state s € S and any control action a € Act, if there is only one state in R(s, a), then the system
is deterministic, otherwise it is non-deterministic.

2.1.2 Control System as Transition System

System (2.2) can be translated to an equivalent transition system
S: (X, U, R, AP, L), (2.4)

where X and U are the set of states and inputs, respectively, and the transition relation R is

defined by R(z,u) = {f(z,u) +d: d € D} forallz € Xand u € U.

For discrete-time dynamical systems over continuous state and input spaces, the sets X
and U are infinite. There is a transition from = to 2’ whenever there exists u € U such that
2’ € R(x,u). Therefore, system S is infinite and non-deterministic if § # 0. Specifically, we
refer to S° as the nominal control system (2.1) since S reduces to (2.1) when § = 0, which is
deterministic.

An infinite sequence of control inputs u = {u;},-, (u; € U for all ¢ € N) is called a control
signal, and a sequence of disturbance, is denoted by d = {d;},~,.

Definition 2.2. Given an initial condition z € X and a control signal u, a solution of S is an
infinite sequence of states x = {x;},-, generated by the transition relation R, i.e., o = = and
Ty € R(xy,uy) forallt € N.

Let X be an alphabet, and each element of X is called a letter. A sequence of letters from an
alphabet ¥ is called a word. The word w is infinite if it is an infinite sequence. Given an infinite
word w = oo - - -, a finite sequence composed of the first ¢ elements of w,i.e., 0¢ - - - 0; (1 € N)
is called a prefix of w, and an infinite sequence 0;0;1 - - - (¢ € N) is called a suffix of w.

Definition 2.3. The trace of a solution x = {x;},°, of system S is an infinite word Trace(x) =
{L(x,)};2, over the power set 24 of the set AP of atomic propositions.



Interpreting system solutions by their traces, a property expressed by atomic propositions
can be verified for system S or used to guide the synthesis of a controller.

There are usually a finite number of atomic propositions while the number of states in the
state space X is infinite. Now the question comes to the design of the labeling function so that
the set AP and X are properly mapped to each other.

Definition 2.4. Given a set () C R" and a positive integer N, a finite collection of sets P =
{Py, P,,--- , Py} is said to be a partition of () if

(i) P, CQ,forallie{l,--- N}

(ii) 103, N Jgj =g foralli,j € {1,---, N} where ;’z denotes the interior of set P;;

N
i) Q C U, P.

Each element P, of the partition P is called a cell.

Let {71, -+ ,vn}, where ; € 24 is a subset of the set AP of atomic propositions and
N
i=1

where T and | means true and false, respectively. Then we can obtain a partition P, =
{Py, Py, --- , Py} of the state space X, where

P2 L () ={reX: L(x) =}. (2.6)

This is to say that all the states inside a cell are assigned the same atomic proposition. Addi-
tionally, L~!(T) = X.

Let us illustrate by the following example how the set of atomic propositions to be designed
and equipped to system S for specifying desired properties.

Example 2.1. The adaptive cruise control system for a single vehicle is modeled by the follow-
ing Ordinary Differential Equations (ODEs) [96]:

0= Fy/m— fo — fiv— fa0?

h=uv, —w,



where F), is the control input, A is the headway, v;, and v are the velocity of the leading and
following vehicle, respectively, fo, f1, and f; are real constants.

There are two modes determined by the time headway w = h/v: the set speed mode M; =
{(v,h) : v < h/wy} and the time gap mode My = {(v,h): v > h/w;}, where w,; denotes
the desired time headway. Then the (h,v) space is partitioned into two cells by using AP =
{set, gap} and the labeling function

Lihv) set  (v,h) € My,
yU) =
gap (v,h) € M.

2.2 Linear Temporal Logic

Properties of a transition system are usually evaluated over its traces, which, as defined in
Definition 2.3, evolve over time. In this sense, such properties are called Linear Time (LT)
properties. To verify or synthesize an LT property for a transition system through algorithmic
computation, it is crucial to describe LT properties in a way that can be operated by computer
programs.

Linear Temporal Logic (LTL) is a logical formalism defined over an alphabet 2", which can

specify LT properties. An LTL formula consists of propositional logic operators (e.g., true (T),
negation (—), and conjunction (A\)), and temporal operators (e.g., next (()) and until (U)). The
syntax of LTL over AP is defined in the Backus Naur Form (p € AP):

eu=TIpleiAps| =9 | Op | Ugp,
which reads inductively as
« (o = T is an LTL formula;
« o =p € AP isan LTL formula;

« if i, 1, and @, are LTL formulas, then —¢, o1 A o, O, and ¢ Uy, are LTL formulas.

Based on these basic operators, several other important temporal operators can also be
defined. For example,

1V o2 = a(mp1 A=), o1 = 02 E 1 Vo,
Op 2 TUp, Op £ 0.



If negations are only allowed to appear adjacent to atomic propositions, which is the so-called
Positive Normal Form (PNF), false (_L), an additional temporal operator release (R), and a propo-
sitional operator disjunction (V) need to be used to transform any LTL formula into PNF:

pu=T | Llp|l-pleiAv2 |1V | Op | Up | oiReps

The semantics of LTL is defined with respect to a transition system. Given a word o =
000109+ - - over 247 let o[i] £ 04, 0[i, j] £ 0y - 0j,and o[i, -] £ 0; - - -. We define 0,7 = ¢,
meaning that o satisfies an LTL formula ¢ at position ¢, inductively as follows:

co, i =ETiffo; =T;

« 0,1 E=piffo; E a;

e 0,1 = piffo,i g

0, i E i Npaiff o,i = @1 and 0,1 | o
« 0l F @1 Voiff o,i =@ oro,if= @

c0,iEOpiffo,i+1E ¢

« 0,1 = p1Ugpy iff there exists j > i > 0 such that 0,j &= @9 and 0,k = ¢ for all
1 < k<y;

« p,i = 1R iff, for all j > i, at least one of the following holds: o, j = ¢, or there
exists : < k < j such that o,k |= ¢.

We write o0 |= ¢ if 0,0 |= @ and say o satisfies p. The set of words satisfying an LTL formula
¢ is called the language of ¢, denoted by L(¢p).

The semantics for the derived operators ¢ and [, the followings can be derived:
c o EQpiff i >0st.oi---] E .

e o ELpiftVi>0stofi---] = .

c o EQ0piff i >0st.ofj -] E e, V) >i.

e o EOOpiffVi>0stolj---] E, 37 > 1.
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time 0 1 2 3

OSO * (10 *
01Uy ¥1 Y1 V2 *
p1Rpo P2 P2 V1 *
1Ry P2 P2 P2 P2
Uy 2 2 2 2
<>80 * * 90 *
Ol * * 2 ¥
Hoe * 4 * @

Figure 2.1: Tllustration of the semantics of temporal operators. The formula ¢, ¢ or ¢, showing
at a certain time instance ¢+ € N means that ¢, | or ¢ is true at i. The star marker denotes
any formula or proposition. For [0, the formula ¢ is true for infinitely many times.

As interpreted above, the temporal operators [ and (] intuitively express the properties
“infinitely often” and “eventually forever”. The LTL formula [J)¢ means that ¢ hold true for
infinitely many times, and [y means that ¢ will be always true from some time instance. An
intuitive illustration of the above semantics is given in Figure 2.1.

Example 2.2. Suppose that AP = {a,b,c}. Then

¢1 = (Oa)U(a A —b),
o =0(—a V —c),
w3 =00 — OOc

are all LTL formulas. Even for a specific LTL formula ¢, the words that match ¢ can be dif-
ferent. Figure 2.2 shows the words described by (1, @9, and 3. The formula (3 expresses a
fairness property, which pictures that “infinitely often requests must be responded infinitely
many times”.

LTL formulas are expressive enough to capture safety, liveness, and fairness properties.
Safety properties rule out forbidden behaviors which would cause damage to the system. live-
ness properties focus on infinite behaviors and impose no confinement to any finite behaviors.
Fairness properties restrict the system behaviors in response to environment changes. In a
strong sense, we hope that any request to a system constantly should be answered infinitely
often, which often help distribute the resources.

11



time: 0 1 2 3
1 * a a N\ —b
$1: * a a N\ —b *
$1: a /N —b * * *
P! —a —a —C —aQ
P2t -C -C -C -c
$P3: b b —-c c

Figure 2.2: Example words specified by formulas ¢4, 9, and ¢3 in Example 2.2. Whether for-
mulas ¢ and 3 hold or not can not be told by finite parts of a word.

Here are some of the real-world specifications that can be expressed by LTL formulas [8, 38].

Example 2.3. The control logic for an elevator must satisfy the safety property: the door must
only open when the elevator is at some floor and the liveness property: any floor can be reached
eventually if there is a request.

Let {f;}'_, and {b; } ., be the set of atomic propositions indicating the position of the el-
evator and the activation status of floor buttons, respectively. The elevator is at ith floor iff
fi = T and b; = T iff the button of ith floor is pressed down (i = 1,--- ,[). Then the safety
and liveness properties can be expressed by

l

Psafety — T0P€I A /\ _'fiv
=1
l

Pliveness — /\ b — <>fz

Example 2.4. The interpretation of the desired behavior of traffic lights can be from different
perspectives. The order of activating lights of different colors can be expressed by

O(green — Qyellow) A O((yellow — Ored) A O(red — Ogreen).

The long-term behavior of a single light, e.g. the red light should be on infinitely often, can be
expressed by an LTL formula:

OOred A OOyellow A OOgreen.

The requirement that the yellow light must be lit after the red light and before the green light
is expressed by

red U(yellow A O(yellow U green)).

12



2.3 Control Synthesis Problem

The goal is to find a control strategy such that the traces of resulting sequences of system
states satisfies a given LTL formula. Prior to presenting the formal definition of the LTL control
synthesis problem, we rely on the following definitions.

Definition 2.5. A control strategy of system S is a partial function that maps a history of system
state to a set of control inputs:

ko XE—2Y (2.7)

where X* denotes the set of all finite sequences taking values from the set X. A control signal
u is said to conform to a control strategy x, if

Ut e"i({x()f” 7‘7;15})) vVt € N.

For many of the control problems for system S, however, remembering past system state is
not necessary. The control strategy can be simplified to a function with the state space X as its
domain.

Definition 2.6. A control strategy « is called memoryless if it only takes in the current state as
the input, ie.,

k: X — 2V (2.8)

Definition 2.7. An LTL formula ¢ is said to be realizable for system S if there exists an initial

condition = € X and a control strategy ~ such that the trace of any solution for system S under

any control signal u that conforms to « is guaranteed to satisfy ¢, i.e., Trace(x) |= ¢ for all
o0 . .

x = {4}, , with zy = 2. We say & realizes ¢ for system S at x.

Now we are in the position to present the control synthesis problem with respect to LTL
specifications:

Problem 2.1 (LTL Control Synthesis Problem). Consider system S and an LTL formula ¢.

(i) Determine whether ¢ is realizable for S;

(ii) Synthesize a control strategy x such that the closed-loop system satisfies ¢ if possible.
To check the realizability of the LTL formula ¢, we need the following definition.

13



Definition 2.8. The set of initial conditions of all the solutions of system S whose trace satisfies
¢ is called the winning set of system S with respect to , written as Win% (). Specifically, the
winning set for S° is denoted by Wing ().

If Win%(p) # @, then ¢ can be realized for system S. Ideally, we hope to construct a
control strategy that correctly realizes the given specification as long as there exists one. In
other words, the control strategy we aim at should be well defined on the winning set Win% ()
in the first place. This naturally motivates our intention of seeking sound and complete control
synthesis methods, which is defined below.

Definition 2.9. Control synthesis for system S with respect to a given LTL formula ¢ is said
to be sound if the resulting control strategies realize ¢. It is complete if a control strategy can
be found for all initial state zy € Wing(y).

Determination of the winning set Win%(¢) for nonlinear systems by analytical analysis is
challenging as the controllability analysis of nonlinear systems is nontrivial and often relies on
additional assumptions such as the function f in (2.2) being invertible [63]. A more feasible
solution is to algorithmically compute Win% (). The accurate computation, however, is usu-
ally impossible because of the inevitable numerical error and quantization of measurements.
Hence, it is more practical to relax the control synthesis problem. Our relaxation is based on
the following definition of robust realizability of a specification.

Definition 2.10. An LTL specification ¢ is said to be d-robustly realizable for system SV if it is
realizable for S?. If § > 0, then ¢ is called robustly realizable for SO.

Problem 2.2 (Relaxed LTL Control Synthesis Problem). Consider system S° and an LTL
formula ¢. Solve one of the two following problems:

(i) Construct a control strategy if ( is robustly realizable for S°.

(ii) Verify that ¢ is not realizable for S° with some ¢ > 0.

For a numerical method that solves Problem 2.2, it is foremost that computation (or approx-
imation) of the winning set is guaranteed to stop in finite time.

Definition 2.11. An algorithm is said to be finitely terminating if it terminates in a finite num-
ber of steps.

The possibility of finding sound and complete control synthesis methods is also questioned
on account of the situations where approximations of winning sets and numerical errors are
inevitable. Therefore, for the relaxed Problem 2.2, we propose the following concept to relax
the completeness requirement to a control synthesis method.

14



Definition 2.12 (Robust Completeness). Control synthesis for system S with respect to a given
LTL formula ¢ is said to be robustly complete if a control strategy that realizes ¢ can be con-
structed whenever ¢ is robustly realizable for system S.

The conditions that guarantee the robust completeness of control synthesis algorithms for
different LTL specifications will be derived in the following chapters. Before we dive into de-
tails, let us review the common approaches to such a control synthesis problem.

2.4 Overview of Control Synthesis Approach

The LTL control synthesis problem is hybrid by definition: the control specification is expressed
in a logical language while the system evolves on a continuous state space. As we have men-
tioned before, a systematic and analytical approach is difficult, and the approach for handling
both continuous dynamics and discrete specifications for LTL control synthesis in the literature
is built up on discretizing system dynamics. In this way, the control problem can be solved in
a discrete domain by automated algorithmic computation.

2.4.1 Abstraction-Based Control

Abstraction-based control, which is also termed as symbolic control [121], relies on discrete
abstractions of the original systems. The continuous state space is often partitioned into a fi-
nite number of regions. All states that belong to such a region are represented by one abstract
state. Based on this finite partition, the continuous system evolution is also replaced by transi-
tions between the finite states of a discrete abstraction. Owing to such discrete representation,
abstraction-based control is named symbolic control in some of the works in the literature.

Abstraction-based control procedure primarily consists of three steps (see Figure 2.3) [10]:

S1 Construct a finite abstraction for a dynamical system by abstracting state and control
space as well as transitions.

S2 Synthesize a discrete controller that satisfies the given specifications over the finite ab-
straction if there exists one, otherwise returns empty. Such a discrete control synthesis
is usually carried out by graph searching algorithms (e.g., Dijkstra algorithm) [33] or the
algorithms for solving two-player infinite games [124] over a product system of the ab-
straction and the specification. Depending on different specifications, the algorithms can
be simplified. Details about control synthesis with respect to general LTL formulas will
be discussed in Chapter 6.
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S3 Translate the discrete controller into a continuous one that solves the original control

synthesis problem.

>[ Dynamics ]—

l

[ LTL Spec- Discrete
ifications Abstraction
u(t i
(t) Seafig Discrete x(t)
. Control
Algorithms )
Synthesis

v ’

Winning Set

Control Strategy | -

Feedback Controller

Figure 2.3: Abstraction-based control framework.

The notion of abstractions of continuous-state systems first appears in [101] to reduce the
complexity of analyzing properties of complex dynamical systems. Such abstractions are bisim-
ulations [2, 1, 60] of the original systems, which have coarser state partitions while maintaining
equivalence in terms of the properties being concerned [60]. The approximate bisimulation is
later proposed in [20] for reachability verification of a class of hybrid systems, which extends the
class of the systems that have (approximate) bisimulations. To reduce the complexity in control
synthesis, the design of a discrete controller based on a dynamically consistent (DC) partition
machine of a nonlinear continuous-state system is proposed in [24, 25]. Similar to an abstrac-
tion, a DC partition machine of a dynamical system is a finite input-state machine defined on
a finite partition of the continuous state space, and the transitions between partition cells are
consistent with the original dynamics. The idea of using abstractions introduces algorithmic
procedures for the verification and synthesis of pure discrete-state systems to continuous-state
systems.

As shown in [100, 57], a bisimilar transition system can be constructed by using a linear
quotient map that preserves the observation of the linear control system if the kernel of the
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quotient map is a controlled invariant subspace inside the kernel of the observation map. Such
a quotient map can be found for any discrete-time controllable linear systems [122]. Based
on bisimilar transition systems of linear systems, the symbolic control approach is then pro-
posed to solve LTL control synthesis problems for linear systems [123, 120, 121]. Specifically,
a type of abstractions based on simplices is studied to solve reach control [56, 21, 22] and LTL
control [72] problems for linear affine systems. A bisimilar abstraction for nonlinear systems
might require the properties of hybrid between-block controllable (HHBC) and hybrid in-block
controllable (HIBC). If HHBC or HIBC are not satisfied, one way to extend the symbolic control
approach to nonlinear systems is via the approximate bisimulation relation, which is introduced

in [52, 51, 50] and applied to the nonlinear [105, ] and switched systems [53] that are in-
crementally stable [4]. To further relax the stability constraints posed to the system dynamics,
approximate simulation relation is then used in [119, 139] to construct finite abstractions.

In order to be sound and complete in control synthesis, abstractions that are (approximately)
equivalent to the original systems is usually needed, which is shown feasible for incremen-
tally stable systems [105, 53]. Without such a stability assumption, we can still construct over-
approximations [139, 86, 87, ], but it does not always guarantee a feasible control strategy,
even if one exists, because spurious transitions are introduced and control synthesis is sepa-
rated from abstraction. Using sufficiently small granularities, approximately complete control
synthesis can be achieved without stability assumptions [85] but it is at the cost of intractable
computation.

As a summary, the current stage of abstraction-based control synthesis suffers from expen-
sive computation in order to be (robustly) complete.

2.4.2 Specification-guided control

In contrast with the abstraction-based approach, a specification-guided approach performs con-
trol synthesis directly on the original system with respect to a given linear temporal logic spec-
ification. Construction of discrete abstractions is avoided as it is often unnecessary to explore
the entire state space for a specific control objective. As a result of direct control synthesis, a
specification-guided approach is more efficient in comparison with the abstraction-based ap-
proach when it comes down to a specific control problem. The framework of this approach is
given in Figure 2.4.

Central to a specification-guided approach are the translations of LTL specifications to fixed-
point forms and computational mechanisms performing fixed-point iterations. Treating distur-
bances or the nondeterminism in a control system as an adversary player, an LTL control syn-
thesis problem can be formulated in the two-player game setting, where the winning strategies
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Figure 2.4: Specification-guided control synthesis framework.

for the players can be solved by fixed-point algorithms [23, 40, 89]. For transition systems, some
of the properties can be expressed by modal p-calculus formulas, which are based on least and
greatest fixed-point operators [75, 39]. Many of the fixed-point schemes for two-player games,
such as reachability and Biichi games, have their equivalent p-calculus versions, and every
w-regular objective can be formulated by a p-calculus formula [35].

In this thesis, the fixed-point algorithms in the specification-guided framework is an ex-
tension of the ones for transition systems to the control systems defined on continuous state
spaces. In this context, a fixed point refers to a set of states of the given system &, which is
mapped to itself by a set operator. The control synthesis procedure for most of the important
control objectives can be viewed as iterative fixed-point computation. For example, to realize
controlled invariance, i.e., to control the system states inside a given target set for all future
time, the first and foremost step is to determine the maximal controlled invariant set within the
target set. A set operation, which takes in a set {2 and computes the set of states inside (2 that
can also be controlled inside €2 for one step of time, is performed repeatedly until a fixed point
is reached. This fixed point is the maximal controlled invariant set, and also the winning set
of the invariance control specification for system S. The way to compute fixed points depends
heavily on set representation and system dynamics. Polyhedral and ellipsoidal representations
are most studied because they are either natural descriptions of physical constraints or efficient
for set computation.
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In the scope of a specification-guided approach, most of the research progress is found in
safety specification synthesis for discrete-time linear systems [7, 116, 97]. Very few attention
has been paid to more general LTL formulas. Besides, the systems under investigation are often
linear since computing exact fixed points is nontrivial even for linear systems. This is primarily
because of the lack of finite termination guarantee in the fixed-point algorithm. For nonlinear
systems, another challenge rises in fixed-point set computation according to nonlinear dynam-
ics.

The specification-guided framework is the one we take to tackle the LTL control synthesis
problem throughout the thesis for the purpose of lower computational expense. We will discuss
in detail in the following chapters how this framework can be carried out for different levels of
LTL specifications and how the control synthesis can be made sound and robustly complete for
general nonlinear systems.
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Chapter 3

Preliminaries for Set-Theoretic Control
Synthesis

Checking the emptiness of a winning set of system S with respect to an LTL formula is the
key to solving the LTL control synthesis problem. This chapter provides the preliminaries for
set-theoretic analysis used in the rest of the thesis, especially the predecessor map and its related
properties.

3.1 The Pontryagin Difference

The Minkowski sum and Pontryagin difference are often used in set relationships. Given two
sets A, B C R", the Minkowski sum A @ B and Pontryagin difference A © B are defined by

A®B=2{a+blac Abc B}. (3.1)
AcB2{ceR"|c+be AVbe B}. (3.2)

The following properties are important for solving LTL control synthesis, and we provide
the complete proof of these properties below in order to be self-contained, although part of the
proof can be found in [73].

Proposition 3.1. Let A, B C R" and assume that A & B # (). Then the following properties
hold.

() AcBC Aif0" € B.
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(i) AOB®BC ACA®BO B,
iii) AeB=(A16B)N(Ay6B), A=A NA,; A, Ay CR"™
(iv) Ao B=.2,(A; © B), where A = (.2, A;.

(v) A © Bis closed (compact) if A is closed (compact).

Proof. Property (i) is straightforward since for alla € A& B, 0" € B implies that a + 0" € A.

To show property (ii), let z € Ac B@ B. Thenwe can findy € AS Band b € B such
that 2 = y + b by (3.1). By (3.2), y + b € A, which gives that 2 € A. Hence A6 B® B C A. Let
a € A be arbitrary. Thena +b € A@ B forallb € B. It follows thata € A & B & B by (3.2).

We now show (iii). By (3.2), we have

A@B:<A1QA2)@B:{$EA1DA2.fL'—f—bEAlmAQ,\V/bEB}
:{ﬁeAlﬂAQZ(I+b€A1)/\(I+b€A2),Vb€B},
(Al@B)ﬂ(AgeB):{yEAlmAQZ (y+b1eA1)/\(y+b2€Az),Vb1,b2GB}.

Then (A; © B) N (A2 © B) € A© B clearly. Forany y ¢ (A1 © B) N (Ay © B), there
exists ) € Bsothat (y+b & A;)V (y+V & As), which indicates that y ¢ A © B. Hence
A6 B C (A ©B)N (A, © B), and (iii) holds.

To show (iv), we prove both (.2, A;,)©B C (2, (A4;6B) and (.2, (A;NB) C (N2, 4i)e
B.Letx € (2, A4;)) ©B.Thenxz +b e ()2, A; forallb € B. Thatis to say « + b € A; for all
b€ Bandi € Z7. It then implies that v € A; © Bforalli € Z*,ie,z € (-,(A4; © B). For
the other direction, let x ¢ ﬂf; A; © B. Then there exists b € B such that z+b ¢ ﬂf; A ie.,
there exists j € Z" such that z+b ¢ A;. Itfollows thatz ¢ A;&B andhencex ¢ (.2, (A;©B).

For (v), we first show the closedness property. By (3.2), AS B = (,c5 (A\ {b}). If Ais
closed, then A\ {b} is closed for all b € B. It follows that (,. 5 (A \ {b}) is also closed. By (ii),
we have A© B & B C A. If additionally A is bounded, then A & B is also bounded. O

3.2 Set Convergence

In approximating winning sets, we rely on the following definitions and results on set limits
and convergence.
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Definition 3.1. The limit inferior of a sequence {z;} is defined by

liminf z; = lim (inf xj) .

i—00 1—00 \ j>1

Similarly, the limit superior of {x,} is defined by

limsupz; = lim (sup a:j> .

i—00 =00\ j>
Let d4(z) £ inf,ca |2 — y| denote the distance from a point = to a set A. Based on the
definition of the distance between a point and a set, we provide the following set limits.

Definition 3.2 (Painlevé-Kuratowski Convergence). For a sequence {A4;},°, of subsets of R".
The outer limit of {A;}.°, is defined by

limsup A4; = {.CE € R": liminfdy,(z) = O} :

=00 i—00

The inner limit of { A;},°, is defined by

liminf A; = {x € R": limsupdy,(z) = O} :
=00 i—00
The (set) limit of {A;};° exists iff the outer and inner limit sets are equal:

lim A; = limsup A; = liminf A;.

1—00 i—00 1—00

Both inner and outer limits of any sequence of subsets on R" by definition are closed [115].
Specifically for any monotone sequence {A;}.;-,, i.e, either A; C A, ; or A; DO A4y for all
i € Z*, the set limit always exists.

Proposition 3.2 ([115]). Consider a sequence of sets {A;}.°,. Then

(1) lim; oo A; = el (U;2; Ai) whenever A; C A, foralli € Z7.

(i) limy oo A; = (i ¢l (A;) whenever A; D A; 1, foralli € Z*.
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3.3 Predecessor

A fundamental concept for the analysis of nonlinear control systems is called predecessor,
which is the preimage of a given set under system dynamics.

Definition 3.3. Given a set B C X, the predecessor of B with respect to system & is a set of
states defined by

Pre’(B) = {z € X: Juc U, st. f(z,u) +d € B,vd € D}. (3.3)
The set of valid control values that lead to one-step transition to B for an x € Pre’(B) is

%(z) ={uecU: f(z,u)+dc B, Vd c D}. (3.4)

We denote by Pre(B) the predecessor of set B for system (2.1), and it is straightforward
that Pre’(B) = Pre(B) for any B C R". Likewise, we let [z = I1%.

For A, B C X, the predecessor of B that resides in a set A is the set ANPre’(B). To simplify
the notation, we let

Pre’(B|A) £ ANPre’(B). (3.5)

The map Pre’ satisfies the following properties since they are true for any function between
subsets of states in R".

Proposition 3.3. Let A, B C Y C R". Given a function h : Y — Y, then
(i) h(AN B) C h(A)Nh(B);
(i) h(A)Uh(B) C h(AU B);

Without further assumptions on (2.2), we can additionally derive the following properties
of the map Pre’.

Proposition 3.4. Let A, B C X and § > 0. Then
(i) Pre’(A) C Pre’(B)if A C B,
(ii) Pre®2(A) C Pre’*(A)if0 < 6, < &,

(iii) Pre’(A) = Pre(A4 © B;).
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Proof. The first two properties are straightforward by (3.3). For (iii),
Pre(AS Bs) ={x € X: f(z,u) € AS Bs}
={reX: f(z,u)+y e AVy € Bs} Expand A & B;
= Pre’(A).

Hence, (iii) is proved. O]

Proposition 3.4 (i) indicates that the map Pre’ is increasing, and (iii) implies that prede-
cessors for non-deterministic system S° can be constructed by using Pontryagin difference in
computing the ones for nominal system S°.

If continuity is imposed to (2.2), then Pre’(-) will have more favorable properties for the
control synthesis problems we considered in this thesis.

Assumption 3.1. The function f : R” x R™ — R" in (2.2) is continuous with respect to both
arguments, and the state space X and the input space U are compact.

In many real-world applications such as electrical power converters [45] and DISC engines
[114], system state is controlled by switching between different operating modes, and system
evolution under each mode may be determined by different functions. Control synthesis for
systems with complex dynamics or specifications, e.g., robot motion planning [76] and flight
management [44], is usually simplified to switching control between different operating modes
and motion primitives. Such systems can be described by the following DEs:

Tiy1 = f’LLt (xt)a (3'6)

where u; € U indicates the active mode at time ¢ € Z>, and the input space U is finite.

A form as (3.6) can be represented by (2.2), but the function f is mostly not continuous with
respect to the second argument. Hence, we make the following assumption.

Assumption 3.2. The function f : R” x R™ — R" in (2.2) is continuous with respect to the
first argument. The state space X is compact and the input space U is finite.

We now show in the following propositions that, under Assumption 3.1 or 3.2, the map Pre’
preserves open and closedness property of a set.

Proposition 3.5. Suppose that Assumption 3.1 or 3.2 holds.
(i) If Q C Xis closed (compact), then Pre®((2) is closed (compact).
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(ii) If Q C X is open, then Pre’ () is open.

Proof. Given that (2 is closed (compact), 26D = Q& B;s is also closed (compact) by Proposition
3.1 (v). The conclusion trivially hold if @ © D = (), because Pre‘S(Q) = (), which is compact.
Hence we assume that @ © D # (). By Proposition 3.4 (iii), we can simplify the proof by
considering Pre only.

Let {xy},-, be a convergent sequence in the set Pre({2) with the limit *, i.e., limy_, z3 =
x*. By (3.3), for all k, there exists uy € U such that f(zy, ux) = T € 2. We aim to show that
x* e Q.

Under Assumption 3.1, the input space U is closed (compact). Then there exists a subse-
quence {uy, }.og of {ug}ro, (0 < k; < k) that converges to a point u* € U. Let {xy, } .-, be the
corresponding subsequence of {x},- . By the continuity of f with respect to both arguments,
we have

.hm sz = hm f(kaukz> = f(hm Lhis hIIl ukz) = f(x*,u*),
i—00 i—00 1—00 1—00

which means that {Zy, } ;- , converges to some point 7* = f(z*, u*). Since Q is closed (compact),
f(z*,u*) = z* € Q, which implies z* € Pre(Q).

Under Assumption 3.2, U is finite. Let {zy, };—, be the subsequence of {z;},, that belong
to Pre by using a common u € U, and lim;_,,, xy, = z*. By the continuity of f(z,u) with
respect to x for a fixed u, we have

5= lim 2y, = lim f(xy,,u) = f(lim g, u) = f(z*, u). (3.7)
1— 00 1— 00 1— 00
Similarly, (3.7) implies x* € €.
To show (ii), we consider the complement (Pre‘s(Q))c of Pre’(Q):
(Pre’(2)) = {r € X: Yu e U,3d € D, st. f(z,u) +d € Q},

where Q¢ = X'\  is closed with respect to X since 2 C X is open.

Let {z;};°, be a convergent sequence in (Pre’(2))” with = lim; ,oc ;. Then for any
given u € U, there exists d; € D such that f(z;,u) + d; = y; € Q¢ for all i € N. Since D is
compact, there exists a convergent subsequence {d,; }JO-‘;O of {d;};-, with d = lim;_, d;; € D.
Then with the continuity of f with respect to  under Assumption 3.1 or 3.2 we have

lim (f(2i;,u) + di;) = f(lim z;,,u) + lim d;; = f(z,u) +d = lim y;, =y € Q°

j—00 J—00 j—00 j—00
if €2 is open. It follows that = € (Pre‘s(Q))c (i.e., for any u € U there exists d € D such that
f(z,u)+d € Q°). Hence, Pre’ () is open with respect to X since # € (Pre’($2))" is closed. [
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The proofs of Proposition 3.5 (i) for nonlinear disturbed systems under similar assumptions
to Assumption 3.1 can also be found in [108, Theorem 2], and [17, Theorem 5.2].

Similarly, the set of valid control values for each state in the predecessor of a given subset
in the state space is compact.

Proposition 3.6. Suppose that Assumption 3.1 or 3.2 holds. The set II3(x) is compact for all
x € Pre(Q), where Q C X is compact.

Proof. The set 113 () is trivially compact if U is finite under Assumption 3.2. Suppose that
Assumption 3.1 holds. Let # € Pre’ () and {u;};°, C I13(x) be a convergent sequence with
w = lim;_,o u;. Then f(z,u;) € Q© D for all i € N. Since 2 © D is compact, we can find a
convergent subsequence { f(z, u;, )}, with limy_.o f(z,u;,) € Q@ & D. By the continuity of
f with respect to u, we have

lim f(z,u,;) = f(:v,klim u;,) = flz,u) € Qo D,

k—o0

which means u € I1%(z). Therefore, the set I13(z) is closed and hence compact for all z €
Pre’(x). O

If we consider a decreasing sequence of compact subsets of the state space X of system S,
the following distributive property of map Pre’ under countable intersections can be shown.

Proposition 3.7. Suppose that Assumption 3.1 or 3.2 holds. Let {A;}.°, be a decreasing se-
quence of compact subsets of X. Then

ﬁPre(s(Ai) = Pre’ (ﬁ AZ) : (3.8)
=0 1=0

Proof. We prove (3.8) by showing

ﬂPre‘s(Ai) C Pre’ (ﬂ AZ-) , (3.9
i=0 i=0
Pre’ (ﬁ Ai> C ﬁPre‘s(Ai). (3.10)
i=0 i=0

We show (3.10) first. For any = € Pre’ (2, A;) there exists u € U such that f(z,u)+d € A;
forall d € D and i € Z*. By definition we also have z € (\3°,Pre’(4;), which means that
Pre’ (72 Ai) © N2 Pre’(As).

26



To see (3.9), we aim to show that z € Pre’ ()2, A;) for all z € ()72, Pre’(A;). Let v €
N2, Pre’(4;) be arbitrary. Then there exists u; € U such that a; = f(x,u;) € (4; ©D) for
any fixed ¢ € Z*. Now consider the sequences {u;};-, and {a;},- .

Under Assumption 3.1, there exists a convergent subsequence {u;, }52, with lim;_, ., u;; =
u € U, and {a;, }52, is the corresponding subsequence of {a; }2,. We can also find a convergent
subsequence {a;; }72, of {a;, };2; with the limit point a, ie.,

€ (Aijk O ]D)) .

lim a;; =a, a;
koo Ik ’ Tk

Since A; © D is closed for all i € Z*, we have a € (;_, <Azﬂk o ]D) Nieo (A; © D). Then

a € (N2, Ai) © D according to Proposition 3.1 (iv). By the continuity of f(z, -), we have

o= fm fl )=/, lim w, )= flzu) € (ﬂA) eD.
Under Assumption 3.2, U is finite, and thus there exists a constant subsequence {u;, }52, with
u;, = u forall j € Z" such that f(z,u) € A; © D for infinitely many i. Then f(z,u) €
(MiZo A:) ©D.

Both assumptions all imply that there exists v € U such that f(z,u) € (2, 4:;) © D for
the arbitrary = € (2, Pre’(A;). Hence = € Pre’ ()2, A;). This completes the proof. O

Similarly, a distributive property of map Pre® under countable unions of subsets of X can
also be concluded.

Proposition 3.8. Let { A;};°, be an increasing sequence of open subsets of X. Then

GPre‘s(Ai) = Pre’ (G Al-> : (3.11)
i=0 i=0

Proof. 1t is easy to see that | JI° Pre’(A;) C Pre’ (U o A;) by Proposition 3.3 (ii). Hence we
only need to show that Pre’ (|3, 4;) C U2, Pre’ (4,;).

Letx € Pre’ (|J;°, A;) be arbitrary. Then by definition there exists u € U such that f(x, u)+
d € U2, A; for all d € D. By the Borel-Lebesgue finite covering theorem, there exists i € N
such that f(z,u)+d € A, forall d € D since the set {x € X: f(z,u) + d,Vd € D} is compact
and Ay C A; C ---. It follows that # € Pre’(A;) C [J°, Pre’ (4;). Therefore, Pre’ (|, A;) C
U2, Pre’ (A;), which completes the proof. O
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Note that Assumption 3.1 or 3.2 is not necessary in Proposition 3.8, but set A; (for all < € N)
has to be open in order that (3.11) holds.

It is nontrivial to exactly compute the predecessor Pre(Y") because of the nonlinear dynam-
ics. Only for some special cases, e.g. predecessors of polyhedral sets with respect to linear
dynamics, which can be characterized by linear inequalities, the exact computation is possi-
ble. Even for linear systems with polyhedral or ellipsoidal constraints, set operations such as
Pontryagin difference are likely to introduce irregular shapes, which makes computation of
accurate reachable sets impossible. Therefore, one has to seek approximations of Pre’(Y').

For the purpose of control synthesis, inner approximations of predecessors are often used.
Otherwise the set of valid control values for each predecessor is not well defined.

Assumption 3.3. Let Pre : 2X — 2Xbean approximation of the map Pre for system S. Assume
that the map Pre satisfies:

—~

(i) Pre is monotone, i.e., Pre(A) C P/l%(B) if AC BCX,
(i) Ijr\e(Y) is closed (compact) for any closed (compact) set Y C X, and
(iii) Pre is lower bounded by Pre’ for some § > 0, i.e.,
Pre’(Y) C Pre(Y) C Pre(Y) (3.12)

for any set Y C X.

To derive the robust completeness results, which will be presented in the following chapters,
by using an approximation Pre of the predecessor map Pre, we rely on the properties for Pre
given in Assumption 3.3. The monotonicity in (i) can be easily satisfied for most of the approx-
imations of the predecessor map and is used to guarantee that the sequences of sets generated
from the fixed-point iterations based on Pre are monotone. If (ii) is additionally satisfied, those
sequences of sets retain the closedness (compactness) property, which is particularly useful for
Theorem 4.1. And (iii) is crucial in developing the upper and lower bounds for the approximated
the winning sets with respect to different LTL specifications in Chapter 4, 5, 6, and 7.
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Chapter 4

Robustly Complete Invariance and
Reachability Control

How to regulate the state or output of a control system is one of the most commonly stud-
ied problems in the control community, in which the goal is to design a feedback controller
such that the system state or output converges to some given value, which is also termed as a
setpoint. For a dynamical system in the form of (2.2), the regulation condition can be written
mathematically as

lim ||z, —r|l, =0, (4.1)
t—00

where 7 € X is the setpoint and ||-||, denotes the Euclidean norm. The importance of such
control problems lies in their wide applications in industry, e.g., voltage regulation of electrical
power converters [45], room temperature stabilization inside a building [98], attitude control in
flight control systems [42], and the adaptive cruise control [77, 96] and lane-keeping problems
for autonomous vehicles [3].

According to the definition of the regulation problem as in (4.1), invariance and reachability
control is another way to phrase this problem. The objective of invariance control is to main-
tain system state inside a given target area of the state space. In the presence of disturbances,
the convergence in (4.1) cannot always be achieved, especially with additive disturbances (see
(2.2)). Hence, it is more practical to consider a small region around the given setpoint. Set in-
variance [17] is also a paramount concept in constrained control where the controlled system
trajectories are ideally inside an invariant set that is consistent with the given constraints so
that the constraints would not be violated for all time.

29



Reachability control deals with the situations where the initial condition z is outside a
prescribed target set ) C X, and the goal is to steer the system state to {2 at some finite future
time instance. Such a problem has been investigated since [13] and studied for different types
of systems such as piecewise affine systems [56, 21, 22, 59] and quantized control systems [15].
It is usually solved by formulating an optimal control problem [16, 102].

When the target set €2 is controlled invariant, solving the corresponding reachability prob-
lem leads to a control strategy that can drive the state of the system to {2 and maintain it inside
(2 afterwards, which is what is concerned with in reach-and-stay control synthesis. A sound and
complete control synthesis method for solving the reach-and-stay problem under uncertainties,
however, is not addressed clearly in the literature.

Additionally, it is not difficult to see the importance of considering invariance, reachability
and reach-and-stay control problems because they are intimately related to the MPC frame-
work: the invariant set contained in the safe region under constraints needs to be determined
in order to guarantee the satisfaction of constraints all the time; the control sequence is com-
puted by solving optimal control problems for a fixed time horizon until the system state is
stabilized to origin [88].

In this chapter, we will see how those traditional control problems can be translated to LTL
control synthesis problems, and how the specialized Problem 2.1 can be solved by answering
the following questions specifically:

« Can the control synthesis for system S with respect to invariance, reachability or reach-and-
stay objectives be sound and complete?

« Is memoryless control strategy sufficient for solving such problems?

« Is solving the reach-and-stay control problem equivalent to solving a reachability control
problem with respect to a controlled invariant set?

To express the above traditional invariance, reachability, and reach-and-stay control speci-
fications in LTL formulas, a simple set of atomic proposition AP = {G, F'r} is sufficient, where
G and F stand for “goal area” and “free workspace”, respectively. Suppose {2 C X is the target
set. Then the state space is initially partitioned into two cells 2 and X \ €, and the labeling
function for system S can be defined as

G xeq,
Liz) = {FT x e X\ Q. (42
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As opposed to the indirect optimal control approach for solving regulation problems, we
tackle such problems in a more direct way, which aims to provide fixed-point characterizations
of the winning sets of system & with respect to the LTL formulas for invariance, reachability or
reach-stay objectives. These winning sets are obtained by iterative computation of predeces-
sors, which is mostly nontrivial for general nonlinear systems. Considering the cases in which
the soundness and completeness is unlikely to achieve, we also discuss the conditions for sound
and robustly complete control algorithms for such control specifications.

4.1 Invariance Control

First of all, we provide a formal definition of the invariance property for system S.

Definition 4.1. Let (2 be a subset of the state space X of system S with the labeling function
(4.2). A solution x = {z;},-, of the system S satisfies an invariance property with respect to 2
if z, € Q for all £ € N. Such a property is written in an LTL formula ¢, = UG.

4.1.1 Maximal Controlled Invariant Set

Design of control strategies that realize the invariance property in Definition 4.1 is closely
related to the following property of the give target set ).

Definition 4.2. A set 2 C R" is said to be d-robustly controlled invariant for system S if, for
any initial state x, € (2, for all §-bounded sequences of disturbances d = {dt}fi o i.e., d, € Dfor
allt € N, there exists a control signal u = {u;},-, such that Trace(x) |= ¢, where x = {z;},°,
is the resulting solution of S. If § = 0, then (2 is called controlled invariant for system S°.

To check whether a set is (robustly) controlled invariant or not, we can rely on the following
criterion based on predecessors.

Proposition 4.1 ([17, 67]). A set 2 C X is d-robustly controlled invariant for system & iff
Q C Pre’(Q), where Pre’ is defined in (3.3).

The given target set () in an invariance control problem is not necessarily (robustly) con-
trolled invariant. If ) is (robustly) controlled invariant itself, then I1% () # () for all x € Q and
the function I1 is a memoryless invariance control strategy. When () is not (robustly) con-
trolled invariant, it is still possible to realize the invariance property by identifying subsets of
(2 that are (robustly) controlled invariant. Among all such subsets, it is of interest to determine
the maximal one, which constitutes the domain of the invariance control strategy.
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Definition 4.3. Let  C X. The set Z’ () is said to be the maximal -robustly controlled
invariant set inside {2 for system &, if it is d-robustly controlled invariant and contains all -
robustly controlled invariant sets inside §2. Specifically for system S, such a set is called the
maximal controlled invariant set inside 2 and denoted by Z, ().

Even for a nominal system S, finding the maximal controlled invariant set Z, () is not
always helpful in practice, because any degree of uncertainties involved in system dynamics
will destroy the invariance property of Z..(£2). And it is still possible that some part of {2 can be
controlled invariant under disturbances. Therefore, we consider the following robust version
of controlled invariant set for S°.

Definition 4.4. A set (2 C X is said to be a d-robustly controlled invariant set (6 > 0) for system
SYif

Q2 C Pre(Q2 & By). (4.3)
We call 2 robustly controlled invariant if 6 > 0. The supremum of ¢ satisfying (4.3) is called
the robust invariance margin of €).

By Proposition 3.4 (iii), The d-robustly controlled invariant set Z° (£2) is consistent with
Proposition 4.1.

It is interesting to note that by definition the maximal controlled invariant set itself is not ro-
bustly controlled invariant. This also indicates that the determination of the maximal invariant
set is numerically nontrivial because of approximation errors.

Proposition 4.2. Let 2 C R" be compact and Z..(£2) be the maximal controlled invariant set
in Q. Suppose that Assumption 3.1 or 3.2 holds and Z,(2) # 2. Then Z,(Q) is not robustly
controlled invariant.

Proof. We prove this by showing that some boundary points of Z,({2) will be mapped into the
boundary of Z,(€2). We only consider the case §2 # (); otherwise the conclusion trivially holds
by Definition 4.4 because Z,.(§2) = (), where Z..(Q2) denotes the interior of set Z,.(£2).

For the purpose of contradiction, we assume that x € (0Z,,(£2)N(2), and there existsau € U

such that f(x,u) € Z,(£2). That implies there exists a r > 0 such that f(z,u) ® B, C Z.(Q).
By continuity of f(-,u) (from Assumption 3.1 or 3.2), we can find a §(r) > 0 such that any
&' € x® By satisfies f(a',u) € f(x,u) ®B,,and thus f(z® By, u) C Zo(£2), which means
x is an interior point of Z.,(€2). This is a contradiction. O
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We now consider the determination of (robustly) controlled invariant sets, which is crucial
in the construction of invariance control strategies.

Let Inv® (5 > 0) be a map between subsets of R™ defined as
Inv’(Y) =Pre’(Y]Y), Y CR™ (4.4)

We show in the next proposition that the maximal d-robustly controlled invariant set inside
a given compact set {2 C R" can be obtained by using the following algorithm:

Invg(Q2) = Q,
{IHV? (Q) = Inv’ (Inv}_, (2)), (4.5)

where Inv? (j € Z%) is the jth iterate of the map Inv’.

Proposition 4.3. Let {2 C X be closed and 6 > 0. Given Assumption 3.1 or 3.2,

J—00

Z3,(92) = lim Inv}(Q) = ﬁInvj(Q), (4.6)
7=0

where Z°_(€2) is the maximal J-robustly controlled invariant set in (2. Furthermore, Z°_ (Q2) is a
maximal fixed point of Inv®.

Proof. According to Proposition 3.5, if 2 is closed, then Pre(Q2 © B;), and hence Inv)(Q) (Vj €

Z7), is closed. By (4.4) and (4.5), {Inv? 720 is decreasing. Then Proposition 3.2 shows that

lim; o I7(Q) = M= Invf-(Q) is closed and nonempty if Invf-(Q) # @ forall j € N.

First, we claim (2, Inv)(Q) C T2,(Q) by showing that M= Inv?(Q) is 0-robustly con-
trolled invariant. For all j € Z*, we have

Inv?(Q) = Invj»_l(Q) N Pre‘S(InV?_l(Q)) C Preé(Invg_l(Q)).

Then (2, Invg-(Q) C N2, Pre‘S(InV?_l(Q)). Since the sequence {Inv?(Q)};io is decreasing,
by Proposition 3.7,

ﬁ Pre‘s(Invj-_l(Q)) = Pre‘s(ﬁ Invf-(Q)) = Pre(ﬁ Inv?(Q) o Bs).

Hence, (2, Inv)(Q) C Pre((;2, Inv’(2) © Bs), which proves the claim.
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Next, we show that Z°_(2) C N2 Inv}(Q2). We assume that 72, (Q2) © Bs # @, otherwise
7° (Q) = @, which means the conclusion trivially holds. We now use induction. For j = 0, we
have 72 (Q) C Inv)(Q2) = Q. Suppose that Z2 (Q2) C Invj-(Q) for some j € N. By Proposition
4.1, forany z € (Inv)(Q)\Inv},,(Q)), f(z,u) ¢ (Inv}(Q)&Bs) forall u € U, which also means
f(z,u) ¢ (T2, (Q) © Bs). By definition of Z°_(Q2), z ¢ Z° (). It follows that Z_(2) C I7+1(Q).
Hence, 72, (Q) € N2, Invi(€2).

Last, to see that 72 () is a maximal fixed point of Inv’, it is sufficient to show that a set
Y C Qis a fixed point of Inv® iff Y is a d-robustly controlled invariant set. If Y C Qis a
§-robustly controlled invariant set, i.e., Y C Pre(Y © Bs), then Inv®(Y) = Pre(Y ©B;|Y) =Y.
On the other side, if Inv’(Y') = Pre(Y © Bs|Y) = Y, then we have Y C Pre(Y © Bs), which
means that Y is a d-robustly controlled invariant set. O]

Proposition 4.3 essentially gives a fixed-point algorithm for the determination of the maxi-
mal (robustly) controlled invariant set inside a given target set. The actual computation, how-
ever, relies on how sets are represented and set operations are performed.

Consider Linear Time Invariant (LTI) systems in which (2.1) is of the form
[y, up) + dy = Ay + Buy + dy,
where A € R™", B € R™™"™, and d; € D, which is given in (2.3).
If both the subtracted target set {2 © DD and the set of control inputs U are polyhedra that
are given by
QoD={zecR": Hr <h}, HecR"™ hecR:
U={uelR™: Gu<g}, GeR>" gecR-

where [y, ]y € Z" are the numbers of inequalities determining the polyhedra 2 and U, respec-
tively, then the predecessor of (2 is

Pre’ () = Pre(Q 6 D) = {x eR": {]{JA %B} m < m L u€ Rm}. (4.7)

The set Pre’ (2) and hence Inv® (12) is also polyhedral, because the intersection of polyhedra
is still a polyhedron. Then the iterations of (4.5) can go on without losing the polyhedral prop-
erties. However, the maximal (robustly) controlled invariant set is not necessarily polyhedral.
The following example illustrates such a case.

For a general nonlinear form of (2.1), the computation of Pre({2) is not as easy as for the LTI
case, let alone the possibility of terminating in a finite number of iterations.
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Example 4.1. Consider an LTI system z;,1 = Ax;, where

-|

1.0810 0.4517
—0.0903 0.7197| "

With a pair of complex eigenvalues 0.9003 £ 0.0903:, this LTI system is globally stable.

Hence, there exists a (controlled) invariant set inside 2 = [—1, 1] x [—1, 1].

However, €2 itself is

not (controlled) invariant. This is because the system trajectories are spiral and some of them
will leave 2 provisionally although they will eventually converge to the origin (0, 0).

Represented by a polyhedron, Q2 = {z € R" : Hz < h}, where

0
0
1

—_ = =

By (4.7), we have

HA
H

h

P A

<]

which is a new polyhedron {x € R" : Hyz < hy}, where

[ 1.0810  0.4517 1

—1.0810 —0.4517 1

—0.0903  0.7197 1

HA 0.0903 —0.7197 h 1
Hl_[H]_ 1 0 | hl_M_ 1
~1 0 1

0 1 1

|0 -1 | 1

The polyhedral sets obtained within the first 4 iterations are shown in Figure 4.1. It can
be observed that the polyhedral set Inv;(€2) (i € N) keeps shrinking towards the real maximal
(controlled) invariant set Z,(€2), which is bounded by two red boundary lines. It is also clear
that Z..(£2) is not a polyhedron, and this implies that we can never achieve Z(£2) within a

finite number of iterations.
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Figure 4.1: The set Inv;(Q2) for i = 0, 1,2, 3, 4. The outermost black box represents the initial

set Inv((§2) = Q. The red lines are the real boundaries of the maximal (controlled) invariant set
inside €2.

Example 4.2. Consider a discrete-time version of a second-order nonlinear system taken from
[69, Example 8.6] as follows:

Ty = 2+ 0.1y,
Yer1 = —0.1z; + 0.0332; + 0.9y;.

It has three isolated equilibrium points at (0, 0), (v/3,0) and (—+/3, 0). The region between
the manifolds that pass through (v/3,0) and (—+/3,0) is the maximal positively invariant set,
which is difficult to express analytically.

4.1.2 Robust Completeness
Finding the (robustly) maximal controlled invariant set is equivalent to determining the win-

ning set for system S with respect to invariance specification ;. If we keep track of the valid
control values during iterations, the corresponding control strategy can be constructed.
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As we have discussed in Chapter 3, however, predecessors are not easy to compute pre-
cisely under nonlinear dynamics. So a workaround is to use inner approximations of prede-
cessors instead so that the resulting control strategy is well defined for all the states inside the
approximated winning set.

A risk of using inner approximations of predecessors is the possible loss of controlled in-
variance of the approximated winning set. The following theorem investigates the type of inner
approximations that preserves the controlled invariance property.

Theorem 4.1 (Soundness and Robust Completeness). Let {2 C X be compact. Define a new
map Inv : 2%X — 2% with Inv(Y) = Pre(Y) NY for all Y C X, where Pre is an approximation
of Pre that satisfies Assumption 3.3 for some ¢ > 0. Consider the algorithm

Inv;(2) = Inv(Inv;_; (2)). '
Then (4.8) converges, i.e.,
T 2 lim Invj Q) = ﬂ ﬂ’l\Vj(Q). (4.9)

]%OO

Moreover, if foo # (), then foo is controlled invariant, i.e., I C Pre(I ), and it is a fixed point
of Inv that satisfies

T2,(Q) € Zoo(Q) € Zoo(), (4.10)

where 7 () and Z_(2) denote the maximal and §-robustly maximal controlled invariant set,
respectively.

Proof. Let {Y;};~,. {}Afi};’io, and {Yf}zo be the sequences of sets generated by (4.5) using Pre,
Pre and Pre’, respectively The sequences {Yi}2, and {Y‘5} are decreasmg by (4.4). Under

Assumption 3.3, Pre and hence {Y}OOO is also decreasing. Smce Y; is compact for all ¢ € N
given that YO ) is compact, the lim;_,, Y; exists and is given by (4.9) by Proposition 3.2.

Next we show that 7., is a fixed point of Inv and controlled invariant. For any r € T, if
¢ Pre( ~ ), then there exists some j € N such that x & Pre(Invj(Q)) By the definition of
the map Inv, we have = §Z Invj+1(Q) which 1mpl1es z & T... Therefore, 7. C Pre(I ), and it
follows that Z,, C Pre(I ) and 7., InV(I ).
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We now prove (4.10) by induction. According to (4.5), initially Yy = Yo = Y = Q. By
(3.12), we have Pre(Y; © B;|Y;) C Pre(Y;|Y;) C Pre(Y;|Y;) for all j € Z>,, which means that
Yf C Y; CY]. Assume that Yf CY, CY, forsomei € Z". Then

~

VP, =Pre(Y} © Bs|Y)) C Pre(Y; © Bs|Y;) C Pre(Y;|Y;) = Vi
Yi11 = Pre(Y;|Y;) C Pre(Y;|Y;) C Pre(Y;]Y;) = Yj41.

Hence, Y? C Y; C Y] forall j € N. f Z.(Q) # 0, then (4.10) trivially holds. If Z.,(Q) =
Nj=oY; = 0, then there exists some integer N > 0 such that Yy = (. Otherwise Zoo(9) is
nonempty since 2 is compact. It follows that Yy = () and (4.10) holds. ]

Theorem 4.1 additionally suggests that robustly controlled invariance is a sufficient condi-
tion for inner-approximating the maximal controlled invariant set. It can also be inferred that,
for any nonempty controlled invariant set that is not robustly invariant, approximation of pre-
decessors under any precision fails to give a solid approximation. This is because there does
not exist a positive real number as the tolerance for the set approximation error. The following
example is such a scenario.

Example 4.3. Consider a discrete-time system x(t + 1) = Apx(t), where

cosf) —sind
Ao = {Sinﬁ cos ] '

Every state moves on a circle centered at the origin. The approximated set fOO(Q) for any
Q) C R? by using any approximation Pre of Pre will be an empty set, since € is not robustly
invariant for this system.

Based on Theorem 4.1, let us now revisit Problem 2.2 with an invariance specification ;.

Corollary 4.1. Given system S° with the labeling function (4.2) where 2 C X is compact and
an invariance specification ¢, = LG, consider algorithm (4.8) under Assumption 3.3 for some
0 > 0 and Z, defined in (4.9).

(i) 7o (Q) # 0, then Zo (2) is controlled invariant for system S° with the control strategy:
K(x) = (T, (@), Vo € T (). (4.11)
j=1
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(i) If Z.o(Q2) = 0, then © is not d-robustly controlled invariant for system S°.

Proof. If Z.,(2) = 0, then Z° (1) = 0 by (4.10), which implies (ii). Now we prove (i). Let
r € Z.o(R2) be arbitrary. By Proposition 3.6, the set ) (x) is compact for all j € Z*
and x € Z..(Q). Thus, Nie 5 ) (x) exists and is compact. For any control input v €

Nie I5 () (), we have by algorithm (4.8) f(z,u) € I;R/j,l(Q) for all j € Z*, which means

that f(z,u) € 2, I;l\vj,l(Q) =M= I;I\Vj<Q) = 7..(Q). Hence, Z..({2) a set inside () that is
controlled invariant using the control strategy (4.11). [

Corollary 4.1 essentially says that the control strategy (4.11) is sound and robustly complete
if the approximations of the predecessors satisfy Assumption 3.3 during iterations.

4.2 Reachability Control

Reachability plays an important role in analysis and control of dynamical systems. For a control
problem, a target set is given and the objective is to steer the system trajectories into the target
set. The following is a formal description of the reachability property.

Definition 4.5. Let 2 be a subset of the state space X of system S with the labeling function
(4.2). A solution x = {z;},°, of the system S satisfies a reachability property with respect to
(2 if there exists £ € N such that x;, € ). Such a property can be written in the LTL formula

o = OG.

4.2.1 Robustly Backward Reachable Set

For the purpose of control, we wish to determine the winning set of system S with respect to
the reachability specification ¢, = QG, which can be specialized as the maximal J-robustly
backward reachable set defined below.

Definition 4.6. Let 2 be a subset of the state space X of system S with the labeling function
(4.2). A set BR?_(Q) C Xis said to be the maximal 6-robustly backward reachable set of system
S from (2 if it contains (and only contains) any initial state vy € X that satisfies: for all J-
bounded sequences of disturbances d = {d,;},~,, i.e., d, € D forall ¢ € N, there exists a control
signal u = {u;},-, such that Trace(x) = ¢, where x = {,},°, is the resulting solution of S.
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For nominal system S, the winning set with respect to the reachability specification is the
backward reachable set BR(£2).

It is worth noting that the integer k and the control signal u are dependent on the sequence
of disturbances d in Definition 4.6. In other words, the minimum time step for any initial state
zo € BRS () to be controlled into €2 can be different given different sequences of disturbance.

Definition 4.7. A set ) C X is said to be d-robustly reachable for system S (or reachable for
system S°) if BR () # 0.
We now introduce the following definition for the characterization of BRZ_(Q).

Definition 4.8. The N-step d-robustly backward reachable set of system S from a target set
(2 C Xis a set of initial states from which €2 can be reached within N (N € N) steps for any
possible sequence of disturbance, i.e.,

BRY(Q) = {z € X:V{d}, (di € D),3{w}, st {z;:}l, by (2.2) satisfies

(4.12)
ro=2x, v € 2,0 <k < N}.

For nominal system S, the N-step and maximal §-robustly backward reachable set BR%; (1)
and BR? (1) are reduced to the N-step backward reachable set BR y(f2) and maximal back-
ward reachable set BR(§2), respectively.

Define Rch’ as a map between subsets of R™:

Rch’(Y) =Pre’(Y)UY, Y CR" (4.13)

Let us now consider the algorithm (i € Z"):

{Rchg(Q) = Q,

Reh’(Q) = Reh’(Reh)_(Q2)). (4.14)

It can be seen straightforwardly that the sequence {Rch?(Q) };io is increasing and with a
slight use of induction, we can conclude the following result.

Proposition 4.4. Given system S and a subset (2 C X, we have
BR% () = Rchy,(Q), VN €N, (4.15)

where Rch® and Reh),(Q) are defined in (4.13) and (4.14), respectively.
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Proof. We show it by induction. The basic case holds because by (4.14) Rch)(Q) = €, which
is the set of states that can be controlled into {2 under any allowable disturbance in 0 steps.
Suppose that Rchj(Q) is the j-step d-robustly backward reachable set. By (4.14) and Definition
3.3, we have

s
Rehj 4

(€2) = Pre’(Rch)(€2)) U Reh(€),

which additionally includes all the states that can be controlled inside Rch? () in one step under

any allowable disturbance. Hence, we have Rch? +1(82) is the (j + 1)-step d-robustly backward
reachable set and the claim is proved. O

As we have seen in Example 4.1, for LTI systems and a given polyhedral target set €2, the
set Inv?(Q) in each iteration j € N can be computed precisely. Robustly backward reachable

sets RCh?(Q), however, are not as easily obtained as the set Inv?(Q) (J € N). This is because
the set union in (4.13) for the computation of Rchj-(Q) does not keep the shape of polyhedra.

Example 4.4. Consider a discrete-time double integrator with disturbance [67]:

11 0.5
Tiy1 = |:0 1:| Tt + |: 1 :| Ut + dtu (416)
where u; € U= {uecR?: ||u|_<1}andd; € D = {d € R*: ||d|, < 0.1}. The vector x
represents the position and velocity. System (4.16) is a sampled-data version (with sampling
time 7 = 1) of the following ODE that models acceleration of an object:

T = {8 (1)} T+ m u, ué€[-1,1]. (4.17)

We consider a target reach set 2 = [—0.3,0.3] x [-0.3, 0.3] on the state space X = [—8, 8] x
[—4,4]. As in Example 4.1, the first 4 iterations are plotted in Figure 4.2. The 1-step J-robustly
backward reachable set Rch)(Q) = Pre?(Q) U Q is the union of the yellow rectangle and the
innermost polytope, which is concave and hence not a polytope. Specifically in this case, the
backward reachable sets are not polyhedral until Rchi (), which includes all the previous sets.

Based on (4.15), we can further characterize the maximal backward reachable set BR_(2)
according to the following proposition.
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Reh(2)

Reh}(2)
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Rchj(sz)/

Reh)(©2)

Figure 4.2: The 4-step d-robustly backward reachable set. The yellow rectangle region in the
center is the target set €).

Proposition 4.5. For system S, let {2 C X be open and 6 > 0. Then

BR (Q) = G Reh)(€2), (4.18)

and BR?_(Q) is a fixed point of the map Rch’.

Proof. The direction BR’ (Q) 2 Uz, Rchg(Q) is clear because Rch?(Q) C BR’ (Q) for all
jeN.

To show that BR®_(Q) C U;
of Reh’. Let A; = Rchf-(Q) CX

% o Reh)(Q), we first claim that Ui, Rech’(Q) is a fixed point
Then {A } 7~ is open and increasing, and by Proposition 3.8,
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we have

Rché(fj Reh)(Q)) = Pre’ <U A; ) U G Aj = GPreé(Aj) U G A;
J=0 j=0 i=0 j=0
D Pred( U Rch’ G () = [j Rchj-(Q)
§=0 =0

We now show = ¢ BR’_(Q) for all z ¢ (s Rchj-(Q). Let 7o ¢ U2 Rchj-(Q) be arbitrary.
Then z, ¢ Preé(U;iO Rch?(Q)) because (J2 Rch?(Q) is a fixed point of Rch’. This means
that for all uy € U there exists dy € D (depending on u) such that z; = f(xg,up) + dy ¢
Ui Rchg(Q) and thus x; ¢ Q. Similarly for zq, for all u; € U we can find d; € D such that

xy = f(x1,u1) + dy ¢ S Therefore, we can construct a sequence of disturbance {d;};°, such
that x; ¢ Q for all {u,};°, and all € N, which implies that = ¢ BR ().

Hence (4.18) is proved, and the result that BR’_(Q) is a fixed point of the map Rch’ follows
straightforwardly. O]

Note that the target set €2 has to be open in order that algorithm (4.18) yields the maximal
robustly backward reachable set, as opposed to Proposition 4.3. This is not surprising because
reachability is the dual of invariance, which requires compactness of the target set. To explain
why (4.15) does not apply to a closed target set in general, we give the following counter ex-
ample.

Example 4.5. Let a; ~ 0.1127 and ay = 0.8873 be the roots of a = a® + 0.1. We consider a
target set {2 = [0,0.2] U {ay} for the system

o 2?2 +d; oz €[0,as],
o as+d;  xy € (ag, 1],

where z; € X =[0,1],d; € D = [0,0.1].

Then the trajectories with the initial condition =y € [0, a2) will enter the region [0, as]
asymptotically under all possible sequences of disturbance. Hence, we have

U Rch5 =10, as).

However, the real maximal robustly backward reachable set is the entire state space X since all
x € (ag, 1] is mapped within [0, as] and as is the point backward reachable from 2.

43



Controlling the system state into an open set is what usually required in the applications
of reachability control. Even if sometimes the target set () is given as a closed set, it is always
safer to design the reachability control strategy with respect to the interior part of (2.

4.2.2 Robust Completeness

As demonstrated in Example 4.4, the exact N-step backward reachable set Rch;(£2) are often
difficult to obtain even for linear systems with polyhedral target set and state, control con-
straints. To deal with such a difficulty, especially for nonlinear dynamics and a general target

—
set without particular shape, we resort to its approximation Rch (€2), which is based on an
approximation Pre of Pre:

Reh(Y) =Pre(Y)UY, Y CX.

Replacing Rch’ in (4.14), we obtain the following modified algorithm, which can be proved
to yield a sound and robustly complete reachability control strategy.

{Rcho(Q) Q-

(4.19)
Rch,; () = Rch(Rch 1(£2)).

Similar to invariance control synthesis, we can also achieve sound and robustly complete
control synthesis for reachability problems.

Theorem 4.2 (Soundness and Robust Completeness). Let {2 C X be an open set. If Ifr\e(Y) in
(4.19) is an approximation of Pre(Y") that satisfies Assumption 3.3 for some § > 0. Assume that

(s @1](9) # (). Then (4.19) gives

BRL () C G Rch; () C BR4 (). (4.20)

Proof. By Proposition 4.5, we have BR_(Q) = U= Rch’(©2) and BR(Q2) = Uj=o Reh; ().
To prove (4.20), we only need to show Rchj-(Q) - ﬁJ(Q) C Rch;(Q2) forall j € N.

For j = 0, we have Rch)(Q) = @10(9) = Rchy(Q2) = Q. For j =1,

Rch{ (Q) = Pre’ (Rch(€2)) U Rch)(Q) = Pre’ () U €,
Reh, (Q) = Pre(Rcho( )) URchy () = Pre(2) U Q,
Rch; (2) = Pre(Rchy(£2)) U Rehy(€2) = Pre(Q2) U Q2.
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By (3.12), we can conclude Rch? () C E&ll(ﬂ) C Rchy(Q2). Assume that Rchj.(Q) C @1](9) C
Rch;(€2) for some j € Z*. Then
Reh’; (Q) = Pre’(Rch’(2)) URch’(Q)
C Pre(Rch; (1)) URch;(€2) = Reh;41(Q)
C Pre(Rch;(£2)) URch;(£2) = Reh;41(9).

Hence, Rchf- () C ﬁchj+1(Q) C Rch;;+1(£2). The proof is now complete by induction. O

The relation (4.20) indicates that we can obtain an inner approximation of the maximal
backward reachable set with a lower bound of §-robustly backward reachable set if the approx-
imations of predecessors can be made sufficiently precise so that Assumption 3.12 is satisfied.

If we consider the reachability control objective as an LTL formula ¢,, the maximal (9-
robustly) backward reachable set is essentially the winning set of system S with respect to ¢;,.
Then we can solve Problem 2.2 by using algorithm (4.19).

Corollary 4.2. Given system S° with the labeling function (4.2) where 2 C Xis an open target
set and an reachability specification , = QG, consider algorithm (4.19) under Assumption 3.3
for some § > 0.

(@) U2, E(:le (2) # 0, then we have the reachability control strategy for S°:

(4.21)

K(z) = H@j(ﬁ)(x) V€ ﬁj'ﬁ'l(g) \ﬁj(Q), j=0,1,...
U Vr € Q = Rchy(Q).

(i) U2, @](Q) = (), then  is not §-robustly reachable for system S°.

Proof. For (ii), if U2, Echj(Q) = (), then Win%(p,) = 0 for 6 > 0 because Win%(ip;) =
BR’,(Q) C Ui ﬁ](Q) Hence, (2 is not d-robustly reachable for system S°.

We now consider (i). For z € ﬁo(Q), the formula ¢, is always true and hence x(z) = U
for all z € (). The sequence {Rch?(Q)};O:O is increasing. Assume that x(x) can successfully

achieve the reachability property eventually for any x € @](Q) for some 7 € N. Then for
z € Reh;j11(€2) \Rch;(Q2), any control value u € g, ) (x) will steer system state into Rch;(€2)

under any disturbance in set D. This implies that x(x) also realizes ¢, for any x € ﬁchjH(Q).
Therefore, (i) is also proved. [
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4.3 Reach-and-Stay Control

Same as the previous two sections, we give the formal definition of the reach-and-stay property
as follows first.

Definition 4.9. Let (2 be a subset of the state space X of system S with the labeling function
(4.2). A reach-and-stay property of a solution x = {z;},-, of system S with respect to 2
requires that there exists some j € N such that x;, € ) forall K > j and k € N, written as
s = QUG in form of a LTL formula.

Intuitively, reach-and-stay property is a combination of reachability and invariance. A con-
trol strategy that can control the system state to reach a controlled invariant set would serve
this purpose. Such an idea for solving the reach-and-stay problem was first proposed in [16]
and is shown as the following algorithm.

Xip1 = Pre‘s(Xi|Xi)} Xoo = Nizo Xi

r(z) =Tx_(x),Vor € Xy )
Zo = X, |
Ziyy = Pref(Z) 2o 2 Uz 7

\ K,(Z) = HZz‘+1 (Z),\V/Z S Zi+1 \ Zz

Algorithm (4.22) is composed of two sequential fixed-point iterations. The completeness of
(4.22) relies on the assumption that the target set is compact and convex. For general dynamics
and compact target set without this assumption, (4.22) fails to yield the real winning set, which
can be illustrated by the following example.

Example 4.6. Consider a target set {2 = [—0.3,0.3] U [0.8, 1.1] and the dynamics

l't_;'_l = —l't(flf% — 205$t —|— 005) ‘l— Ut + dt7 (423)
where 7; € X = [-0.65,1.1], u; € U= {0,10},and d; € D = [-5,5] x 107* (§ = 5 x 107%)
fort € N.

For all state x € X, using the control value 10 will make the state in the next time step out
of domain X. Let u; = 0 for all ¢. There are 3 fixed points 0, 1, and 1.05. The fixed points 0 and
1.05 are stable while 1 is unstable.

As shown in Figure 4.3, the interval O = [—0.65, —0.6311) cannot be controlled inside the
state space X under arbitrary disturbance, because for all x; € O there exists d € D such that
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—— f(z) = —2% + 2.052% — 0.05z
1+ _g(x) = ]
05F )
v
0 T /-‘/q, 3 E ¢
Q, T T’— Q,—
-0.3 0.3 0.8
X

Figure 4.3: The evolution of the state of system (4.23) without disturbance term.

the system state at the next time step x; 1 > 1.1. For the nominal system of (4.23), system state
x evolves to 0 for all x € (0, 1).

The target set is a union of two disconnected intervals 2; = [—0.3,0.3] and 2, = [0.8, 1.1].
The set €2, is 6-robustly controlled invariant since ©; C Pre(Q;) = [0.3435,0.4483]. Since
x = 0.9914 satisfies —z(2* — 2.052 + 0.05) + d = z and the difference x; — x4, which is
negative, between two sequential states is decreasing as = increases between 0.3414 and 1.0253,
any state x € [0.3,0.9914) can be controlled inside ;. Because of the overlap between €2, and
[0.3,0.9914), we can see that [—0.3,1.1] C Win%(iy). In addition, ;.1 € (0, 1.1] for any state
z; € [—0.6311, 0). Hence, the real winning set is

Wing (o) = [0.6311, 1.1].

However, algorithm (4.22) computes the maximal controlled invariant set inside ), i.e.,

Xoo = [—0.3,0.3] U [1.0370, 1.1] firstly and finally
Zoo = [~0.6311, —0.6082) U (—0.6021, 0.9914) U (1.0135, 1.1].

Because X is a union of two disconnected intervals [—0.3,0.3] and [1.0370, 1.1] with an un-
stable fixed point 1 in between, the interval [0.9914, 1.0135] is not included in Z,. The interval
[—0.6082, —0.6021] is also missing because it is mapped to [0.9914, 1.0135] by (4.23).
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As opposed to (4.22), we now present the following algorithm (4.24) for reach-and-stay
control synthesis, which consists of two nested fixed-point iterations.

(

=0, X =10
Xz0+1 =Y;UQ o A
ij_:—ll _ PI’C ( z—‘,—l’ z+1)} XH—l ﬂj =0 z+1

K(x) =Txe (z), Vo € QN (X5, \ X) (4.24)

Yip = Preé(Xz‘oil)
L F(y) = Hxx (), Vy € Yiga \ (YU Q)

In the next proposition, we will show that the winning set Wings(¢,s) can be obtained by
using algorithm (4.24). The memoryless control strategy « constructed along with the winning
set computation suffices to realize the reach-and-stay objective.

Proposition 4.6. Consider an LTL formula ¢, = QUG for system S with labeling functions
(4.2). Suppose that © C X is compact and Assumption 3.1 or 3.2 holds. Let Y, = | J;°,Y; be a
fixed point of (4.24). Then,

(i) Yoo = Win%(¢,) where § > 0 is the bound of disturbances, and

(ii) The strategy « as defined in (4.24) is a memoryless control strategy that realizes ;.

Proof. We only consider {2 # (). Otherwise the results trivially hold.

We first show Y, C Win%(¢y) by induction. Trivially Yo=0C Wing(%s). The induction
step aims to show that, for alli € Z*,Y; | C Wins(gprs) if Y; € Win S((,prs) Assume that X}
is compact. Then Y; = Pre’(X°) and thus X?,; = QUY; is compact. The sequence {XZ+1}
is compact and decreasing by induction, using Proposition 3.4 (i) and Proposition 3.5 since
XP., = QUY; is compact. It is also easy to show that {Y;}.°, is increasing by induction.
Furthermore, by Proposition 3.2, we have

Xz—i—l - hm z+1 - m i+1

which is the maximal controlled invariant set inside {2 U Y; by Proposition 4.3 and compact.
If Y; € Win%(iy), then X 1 C Win% (¢rs) because X° 71 is a controlled invariant set inside
Q2 UY;, which gives

Yiin = Pre’ (Xfil) C Wing(@m)
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by Definition 3.3. Hence, Yo, = [J°, Vi € Win%(ys).

To see Wing (iprs) C Yoo, we aim to show that x ¢ Win(ipy) forall x ¢ Y. Let v ¢ Y, be
arbitrary. Then 2 ¢ Y., = Pre®(Z..(Ya U Q)), where Z.. (Y U Q) is the maximal controlled
invariant set inside Y., U {2, since Y, is a fixed point of (4.24). This means that for all {ut}zo
there exists k and {dt}fzo such that the resulting sequence of S satisfies ), ¢ (2 U Y,). Since
ry ¢ Yoo, we can show in the same manner that for all {u,},°, there exists ¥’ > k and {dt}fl:k
such that the £’th state x; of the resulting solution satisfies z1 ¢ (Q2UYL,). In this way, for all
{w.}, o, we can find an infinite sequence {d; },°, for any « ¢ Y so that the resulting solution
of S goes outside of 2 infinitely often. Hence, x ¢ Win&((y), which shows Win% (i) C Yae.

Now we prove (ii). The control strategy « is constructed by H%oi e which is only dependent
on the current state = of the system &, and thus « is memoryless. By the definition of Hgf_oi _in
(3.4), forallz € QN (X2, \ X°) andz € Y14 \ (Y;UQ) (i € N), the state = will be controlled
inside 2 U'Y; and Y; in one step, respectively. That means any state x € Y;,; will be controlled
into Y; until it enters X{° = Z,,(Q2) C €, which is controlled invariant. Hence, we have also
shown that x realizes .

The proof is now complete. [

The major difference between (4.22) and (4.24) is that the information of the target set 2
is used for every iteration of Y; in (4.24) while such information is lost after the computation
of the maximal (robustly) controlled invariant set X, in (4.22). Hence, some of the system
states inside {2, which would leave (2 but will be controlled back to X, or stay inside {2 under
some disturbance, will be missing if we use (4.22). The real winning set in Example 4.6 can be
obtained by using algorithm (4.24).

Remark 4.1. The completeness result in Proposition 4.6, i.e., Y, captures all the states that
can be controlled to stay in () (Wing(gprs) C Y,.), relies on the assumption that Y, is a fixed
point of (4.24). To satisfy such an assumption, the following properties regarding €2 and the
predecessor map are required:

Pre’ (G YZ) = [OJPre‘S(Yi), (4.25)
<D Pre’ (Y; U Q)) N <D(Yi U Q)) = D (Pre’ (Y, UQ) N (Y; UQ)). (4.26)

However, the condition (4.25) does not generally hold.
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There are some computational redundancies in (4.24): the sequence {Y;};-, is increasing
and so is { X7}2°, for all j € N. Hence, it is only necessary to compute the incremental parts
between two adjacent sets in the sequences. Also, considering that predecessors cannot be
precisely computed, we present the approximated control synthesis algorithm (4.27).

(Vo= R = 0.V = X\ Q

Xg+1 =Y, uw/
W]—H - Pre(X +1|WJ> H—l ﬂ i+1

(4.27)
K(T) + HXé’il(I)’vx e W

Z; = Pre(X5%,|Vi)
R(x) HXioil(x),Vx €7
Vigr = Vi \ Z;

~

(Vip = X302,

Theorem 4.3 (Soundness and Robust Completeness). Consider an LTL formula ¢, = QUG
for system S with the labeling function (4.2). Let assumptions in Proposition 4.6 hold. Suppose
that Pre in algorithm (4.27) satisfies Assumption 3.3 for some 0 > 0. Let Y., = |J;2, ;. Then

Wind (ps) € Yoo € Wins(es). (4.28)

Proof. Let {X > {X mo}) and {Y;} ({YT}) be the sequences of sets generated by algorithm
(4.27) with Pre = Pre (Pre = Pre”). And also to 31mphfy notation, we denote by Y, and Y
(6 > 0) the outputs of (4.24) with operator Pre and Pre’, respectively. We prove the theorem
in the following two steps: (i) Show that (4.27) is equivalent to (4.24) when set computation
is accurate, i.e., X"O X ()?TOO X7*°) and }71 =Y (17[ = Y") for all © € N. (ii) Show
Y” C Yoo C Yo, under the given condition.

First of all, we show that Y; C Pre(Y;) for all i. Since X is a controlled invariant set,
X7° C Pre(X?®). By the definition of Y; in (4.24) and monotonicity of Pre, ¥; = Pre(X/®) C
Pre(Pre(X;°)) = Pre(Y;). We now prove (i) by induction. The base case clearly holds since
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Yo=Yy = )?[‘)’o = X§° = 0. Suppose that )?fo = X/ and Y; = Y, for some i € ZT. Then
X0 =Y, UQ\Y) =YuQ=X",
X[ =Yiuw/ ™ =Y, u (Pre(X,) N W)
— (T UPre(X7,,)) N (V; UWY)
= (Y; UPre(X7/,,))n X7,

Also, Pre(XfH) Pre(Y;UW/) D Pre(Y;) D Y;, which implies thatXJr1 = Pre(XhLl) ﬂ)N(fH
This is the same as the iteration step in (4.24), and thus Xi T1 = X2¥;. Now consider the
sequence {V;}.° . We have Vj = X \ Q and

Vier = Vi \ (Pre(X{°) N V;) = V; \ Pre(X°).
Unfolding V; until V; and using that Pre(X>°) C Pre()?f_fl), we can derive
V= X\ (QUPr(X) = X\ (QUY) = X\ X,
Then
Pre(XY,) = Pre(X¥,) N (X, UV)
= [Pre()N(f_fl) N )N(?H] U [Pre()N(ffl) N Vi] (4.29)
= X, UPre(X%,|V;) = Yy

The equality Pre(Xz TN XZOJrl = X@ ¥1 can be seen by contradiction. If there exists A C

0+1 \ X2°, such that A C Pre(X,) then XJr1 U A C Pre(X, U A), which indicates
AUX?e it1isa larger controlled invariant set inside Xl 11, but X ir1 is the maximal one. Therefore
Yign = Y;H The above argument also applies to prove X ' = X7 and Yr Y’

To prove (ii), we aim to show X[ C )/(\'fo CX>XandY, C Y; CY; for all ¢. Clearly
X0=X0=X%=0, and
Pre” (X]°|W?) C Pre(X?|W?) C Pre(XO|W?)

by Pre”(X) C Pre(X) C Pre(X) and Proposition 3.4 (ii). This means X7t C Xl C X!. By
induction, we can easily achieve X; 7 C X! X7 C X7 for any j € N. Thus X7 C X C X{°. As
shown in (4.29), Y; = Pre(XZ-OO). Then

V! = Pre’(X]®) C Pre" (X°) C ¥; C Pre(X®) C Pre(X{) = Y.

Therefore, (ii) can also be shown using induction. O
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Similar to the previous two basic LTL formulas, we can arrive at the following robust com-
pleteness result for Problem 2.2.

Corollary 4.3. Given system S° with the labeling function (4.2) where 2 C X is compact and
a reach-and-stay specification s = QUG, consider algorithm (4.27) under Assumption 3.3 for
some 0 > 0.

(i) If Yoo = U/Zio Y, # (), then the memoryless control strategy x given in (4.27) realizes ¢
atallx € Y.

(i) If Yoo = U2, Y; = 0, then there is no state within the state space X that is guaranteed
to be controlled to € and stay there for all future time for system S° with §-bounded
disturbance.

4.4 Summary

In this chapter, we revisited the traditional regulation problem from a set-theoretic point of
view. Without assuming any form of the system dynamics nor stability properties, fixed-point
algorithms for solving invariance, reachability, and reach-and-stay control problems were pre-
sented, which have formal guarantee of the correctness of the resulting control strategies. These
algorithms all construct memoryless control strategies during the computation of winning sets.

For the invariance control problem, we showed that control synthesis can be sound and
complete provided that the target set is compact and the computation of predecessors is precise.
It has been addressed in [11] that the control synthesis is essentially a fixed-point algorithm to
compute the maximal controlled invariant set inside the given target set. Research in this topic
focused on linear discrete-time systems [18, 55, ] because the numerical determination of
maximal controlled invariant sets is not easy even for linear systems (see also Example 4.1). The
proposed robustness margin is an extension of the \-contractivity of the linear systems around
a compact and convex set in [18] to general nonlinear systems. Another difference between our
result and [18] is that we derived the sufficient condition for the approximation of predecessors
so that the control synthesis can be sound and robustly complete while A-contractivity is shown
as a requirement for finite termination in [18]. The results for invariance control in this chapter
have been published in [80, 78, 79]. In Chapter 5, we will illustrate the set approximation
technique that can satisfy such a condition.

Similar to the invariance control problem, reachability control has been studied using set
theory since 70’s with fixed time horizon [13]. The domain of attraction to a target set is studied
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in [16] in terms of infinite horizon while [67] focuses on finite-time reachability. In this thesis,
we do not fix a maximum reach time. For uncertain nonlinear systems, we proposed a sound and
complete control synthesis algorithm (4.14) with respect to an open target set, which implies
that reachability control is actually a dual of the invariance control. Closely related to our work
is the research in [ 16, ], where the reach time is also not given but to be minimized by solving
minimum-time optimal control problems. Particularly in [16], a recursion that similar to our
algorithm (4.14) is given as

Yo =9, Y =Pre’(Y)). (4.30)

The slight difference between (4.14) and (4.30) is that the set Y;,; in (4.30) is computed only
based on the previous set Y; without considering the given initial set Yy = () for any i € Z™.
Hence, the set Yy, which is called the controllability set in N-steps in [16] (or similar names
as in [67, Definition 2.9] and [102, Definition 2.1]) is the set of states that are guaranteed to be
controlled into a given target set in exactly N steps. Our N-step robustly backward reachable
set (see Definition 4.8) obtained by (4.14) allows the uncertainty in the actual reach time and
hence captures a larger set by considering the uncertainty of reach time.

Given that Q is any subset of X, Proposition 4.5 shows that the set | J°, Rch%,(Q), where
Rch), (Q) (i € N) is obtained by (4.14), is equal to the real winning set with respect to the
reachability specification for disturbed system S if (2 is open. We consider this result as one of
our contributions since it has not been proved in the literature.

As an answer to the third question raised at the beginning of this chapter, we also showed
that performing reachability control to a controlled invariant set inside the given target set,
which is first proposed in [16] and presented as algorithm (4.22) in Section 4.3, is sound but not
complete for solving reach-and-stay problems for systems with uncertainties. To improve on
the work [16], we provided algorithm (4.24) and showed its completeness under the assumption
that algorithm (4.24) returns a fixed point of (4.24). Related results on reach-and-stay control
synthesis for switched systems is published in [81] and an improved version can be found in

[82].

Considering that predecessors are usually difficult to compute precisely, we also analyzed
the effects to the determination of winning sets by using inner approximations. Compactness
and convexity are strong properties that make set computation practical [18, 16, 67, 56, 117].
In this chapter, we relaxed these assumptions and showed that if the approximation of prede-
cessors can satisfy Assumption 3.3 in Chapter 3, then the control synthesis with respect to all
three basic specifications is at least robustly complete.

A problem with (4.8), (4.19), and (4.27) is that they are not guaranteed to terminate in a
finite number of steps under current assumptions. Suppose that {Y;};~, is the sequence of sets
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generated by (4.5). It is not necessary that we can always find an N € Z" so that Isr\e(YN\YN) =
Yy , even if a proper approximation Pre of Pre can be implemented to satisfy Assumption
3.3. We will answer this question in Chapter 5 by giving a finitely terminating algorithm that
proceeds by set approximations.
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Chapter 5

Robust Completeness via Interval
Analysis

We have discussed in Chapter 4 the robustly complete control synthesis algorithms for control
problems with respect to invariance, reachability and reach-and-stay specifications. Implemen-
tation of these algorithms relies on a concrete method for the approximation of predecessors
that satisfies Assumption 3.3, which requires the approximation error to be bounded from both
below and above.

The questions left open in Chapter 4 are:

« What is an efficient approximation Pre of the predecessor Pre that satisfies Assumption 3.3?

« Does the use of Pre guarantee the control synthesis algorithms with respect to invariance and
reachability specifications finitely terminating?

In this chapter, we present an interval implementation of the control synthesis algorithms
with respect to the specifications discussed in Chapter 4. We use unions of interval vectors (or
intervals) in the R™ space to approximate any compact set A in the state space of the system.
The approximation of the predecessor Pre’(A) of the set A is also a union of intervals, which
can be obtained by solving a Constraint-Satisfaction Problem (CSP) with interval computation.
In this way, the infinite state space X of system & is discretized into a finite union of intervals,
and hence the winning sets can be approximated by intervals.

The complexity is a major concern for verification and control synthesis algorithms that
run on a discrete state space S. The computational time increases as the cardinal number
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|S| increases. The bottleneck of the abstraction-based approach for the control synthesis of
continuous-state systems is that a uniform discretization of the continuous state space often
leads to an exceptionally large finite abstraction in order that the control synthesis is sound
and robustly complete for the original system. To improve on this aspect, we apply an adaptive
partitioning scheme that incorporates interval approximation of predecessors in each iteration,
under which the state space are finely discretized only in the region where necessary.

We call the proposed control synthesis method the specification-guided method via interval
computation. To show the effectiveness and efficiency of the proposed method in this chap-
ter, we analyze its computational time complexity and test the algorithms implemented with
intervals on several benchmarking examples.

5.1 Interval Analysis

Interval analysis, or interval computation, refers to the computational methods that use interval
arithmetic with the aim to yield rigorous and reliable results. Such methods have been devel-
oped since the 1960s [92] and successfully applied in solving different problems [65], including
computing reachable sets for continuous-time systems [28] by way of validated numerical so-
lutions to initial value problems for ordinary differential equations [95].

A major advantage of using interval methods for the computation of predecessors is the
flexibility to represent any compact set involved in the computation as unions of intervals.
Computation of predecessors is essentially a CSP.

Definition 5.1 (CSP). Let function f : R® — R™. Given a set B C R, find the set of states
A C R" such that f(A) C B.

The essence of interval methods lies in its ability to solve CSPs. A branch-and-bound tech-
nique is used to solve CSPs [54, 110] and, more recently, to enclose set boundaries [138]. It also
applies in computing preimages under nonlinear maps. The corresponding algorithm is known
as Set Inversion Via Interval Analysis (SIVIA) [65].

Definition 5.2. An interval [a] is a set of real numbers, where

la] £ [a,a) ={r: a<x<a a,acR},
where a and @ represent the infimum and supremum of |a], respectively. The space that contains
any intervals is called the interval space, denoted by IR.
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By Definition 5.2, it is natural to consider the following qualities of intervals:
« width: wid([a]) =@ — a;

« center: mid([a]) = (a +@)/2;

« magnitude: |[a]| = max {|a|, |a|}.

Similar to real numbers, for any intervals [a] and [b], we can also define the binary arithmetic
operations * € {+, —, x, /} by

[a] x[b] 2 {zxy: o €[a],y € [b]}.

A more specific definition for each operation are given as follows:

la] + [b] = [a + b,a + b];

[a] — [b] = [a — b;a@ — b];

[a] x [b] = [min {a_b, ab, ab, aE} , max {a_b, ab, ab, 65}];
[a]/[b] = [

An interval represents a set over reals in a specific form, and hence it inherits the set inclu-
sion relation, which is defined specifically by

[a] C [b] & a>b,anda < b.
The interval-arithmetic operations are inclusion monotone, i.e.,

[a1] C [ag], [b1] C [ba] = [aa] * [b1] C [ag] * [ba].

Interval vectors and matrices can also be defined by replacing each element with an interval.
An interval vector (or box) in R” is denoted by
[2] £ [1] x -+ x [z] SR,
where [z;] = [z;,7;] € [Rfori=1,--- n.

The width of the interval [z] is defined as w([z]) £ max;<;<,{%; — z;}. Any matrix [A] €
TR™*™, [a;j] € IR, 1 <4, j < n. The inclusion relation also applies to interval vectors:

2] C ly] & (2] C lyi), 1 <i <,
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The arithmetic operations involving interval vectors and matrices follow the same rules as
for real numbers except that elementwise operations are between intervals, e.g.,

n

(] = [AIB] = le] =) lay]lb].

j=1
This above operation is important for computation involve linear systems or operations.
To evaluate the system evolution using intervals, we need to define maps between intervals.

Definition 5.3. [65] Consider a function f : R™ — R™ and an interval function [f] : IR" —
IR™. The function [f] is called a convergent inclusion function of f if the following two condi-
tions hold:

@ f([z]) € [f]([z]) for all [z] € IR™;
(1) Timyy (-0 w(lf]([z])) = O.

For a vector-valued function f, its convergent inclusion function counterpart is not unique.
Methods varies in obtaining such inclusion functions. One can compute the infimum and supre-
mum of f([z]) by performing optimizations on the interval [z] if they are trivial. One of the
straightforward inclusion function is called natural inclusion function, which is the result by
replacing variables by interval variables and each operation by its interval counterpart. For
higher precision, centered-form

[f1([2]) = f(mid([z])) + g([z] — mid([z])), g(z) = f(z) — f(mid([z]))
and mean-value form
[f1([z]) = f(mid([z])) + V f([2])([z] — mid([z]))

with more precise expressions can be used according to the approximation accuracy require-
ments [65].

Example 5.1 (Example of Convergent Inclusion Functions). Evaluate

flx)=2"—x
on [z] = [0, 1], Z = 0.5 using different convergent inclusion functions:
« f([x]) = [-0.25,0],
» [fli([z]) = [2]* = [s] = [0,1] x [0,1] — [0, 1] = [-1,1],
e [flo2([2]) = 222+ (2[z] - 1)([z] —7) = —0.25+(2[0, 1] —1) x[-0.5,0.5] = [-0.75,0.25],
» [fla([]) = f(l«])
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5.2 Bounded Approximation of Predecessors

To implement the map Pre in control synthesis algorithms (4.8), (4.19), and (4.27), we use in-
terval arithmetic. This is because interval operations are simple, and any compact set can be
approximated by intervals with convergence guarantee under mild assumptions.

In order to evaluate the transition relation R in S over IR", we introduce an interval-valued
system

[S] : (X, U, [R], AP, L), (5.1)

where the set of states X, the set of inputs U, the set of atomic propositions A P, and the labeling
function L are defined as in (2.4). The inclusion transition relation is defined as [R]([z],u) =
[f]([z],u) for all [x] C X and u € U, and [f] is a convergent inclusion function of f.

Inspired by SIVIA algorithm, now we present Algorithm 5.1, which provides an interval
approximation of Pre(B|A) for any A, B C X.

Algorithm 5.1 [A, AA, A.] = Pre([S], B, A,¢)

1 A0 ANA— D A 0
2: List — A
3: while List # () do

4: [z] < List. first

5: if [R]([z],u) N B =0 for all u € U then

6: A+ A U [x]

7: else if [R]([z],u) C Y for some u € U then
8: A+ AU |[x]

9: else

10: if wid([z]) < € then

11: AA +— AAU [z]

12: else

13: {Left[z], Right[z]} = Bisect([z]) > Perform bisection to [z].
14: List.add({ Left|x], Right[x]})

15: end if

16: end if

17: end while

Algorithm 5.1 takes as input compact sets A, B, which are assumed to be intervals or unions
of a finite number of intervals. This is without loss of generality, because any compact set can
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be arbitrarily approximated by a finite union of intervals because of the Borel-Lebesgue finite
covering theorem.

During each iteration, Algorithm 5.1 checks if the image [f]([x]) of a particular box [z]
is contained in B, the outer approximation obtained in the previous iteration, or completely
outside of Y. If neither, and the box size is greater than ¢, then [z] is deemed to be undetermined
and divided into two subintervals Left[x] and Right[z]| by bisection, which are given by

L@ft[..'['] = [zlvfl] Xoeee X [gja (i] +f])/2] X X [znvfn]a
RZgh’t[x] = [&1751] Xoeee X [(&] +E])/27§j] X X [inafnL
where 7 is the dimension in which the box z attains its width. A box will go through subdivision
if necessary until its size is less than the precision parameter ¢.

In the outputs of Algorithm 5.1, A denotes the set of intervals that absolutely belong to
Pre(B|A), A. is the set of intervals that does not, and those intervals that partially intersect
with Pre(B|A), i.e., undetermined intervals, are collected in AA. The parameter ¢ controls the
minimum width of intervals for approximating Pre(B|A).

It is easy to see that any intervals in A is a subset of Pre(B|A) and Pre(B|A) can be covered
by the union of intervals contained in A and AA. Let

[Pre]*(B|A) £ | ] [a], (5.2)
[z]leA

Prej(BlA) £ | [a], (5.3)
A

where A and AA are obtained by PRe([S], B, A, €). Then [Pre]*(B|A) and [Pre|(B|A) repre-

sent an inner and outer approximations of Pre(B|A), respectively, i.e.,
[Pre|*(B|A) C Pre(B|A), Pre(B|A) C [Pre]*(B|A).

Remark 5.1. More generally, the input set B can also be defined by equations or inequalities,
i.e.,

BE{yeR": g(y) <0}, g:R"—R.
In this case, the condition [f]([z],u) N B = () and [f]([z],u) C B can be respectively tested by
90 f)([x],w) € [0, 0],
g0 f([x],u) € [~o0,0],
respectively, where [g o f]([x], u) denotes the convergent inclusion function of the composite

function g( f([x], w)).
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By using Algorithm 5.1 to approximate the exact predecessor Pre(B|A) (A, B C X), it is
often of great interest to know how close the returned approximations are to the real one and
in which way the precision parameter ¢ affects the approximations. To this end, in the follow-
ing two sections, we evaluate the bounds of approximation errors of the inner approximation
[Pre]*(B|A) and the outer approximation [Pre|(B|A) to Pre(B|A) in terms of the precision
parameter €.

5.2.1 Finite Control Values

Let us consider a finite input space U first, i.e., Assumption 3.2 holds. Then system S can be
treated as switched system (3.6), which has been discussed in Chapter 2.

Assumption 5.1 (Lipschitz in X). There exists a constant p > 0 for the function f : R" xR™ —
R™ in (2.2) such that for all u € U

1f(z,u) = fly, W)l <pllz =yl Yo,y e ACR (5.4)

By Assumption 5.1, we can always construct the mean-value form convergent inclusion
function for all [x] C A C R™

[f1([x),u) = f(mid([z]),u) + p([z] — mid([z]))1", (5.5)
where 1" denotes the n-dimensional vector with all its elements 1.

The following lemma gives the error bounds of the inner and outer approximations of
Pre(B|A) under Assumption 5.1.

Lemma 5.1. Consider system S. Let B, A C X be compact. If Assumption 5.1 holds in an
neighborhood of A, then

Pre(B|A) C [Pre]*(B|A) C Pre(B & B,.|A), (5.6)
Pre(B & B,:|A) C [Pre]*(B|A) C Pre(B|A). (5.7)

Proof. It follows straightforwardly from Algorithm 5.1 that wid([z]) < ¢ for all [x] € AA, and

[Pre]*(B|A) C Pre(B|A) C [Pre|(B|A) C A.

By (5.4), we have wid([f]([z],u)) < pwid([z]) < pe for all [z] € AA and u € U, where the
inclusion function [f] is given in (5.5). Then for any [z] € AA, there exists a u € U such that
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[f1([z],u) "B # 0 and [f]([z],u) € B & B, by the definition of the Minkowski sum. Also,
A C Pre(B|A). Hence,

A= (AUAA) CPre(B® B,.|A) C Pre(B & B,|A),

which shows (5.6).

We now show that Pre(B&B,.|A) C [Pre|°(B|A). If not, there exists an x € Pre(BSB,.|A),
but z ¢ [Pre|*(B|A). Then z has to be in (Jj,jca4[2]. since z € J,)c 4 [2] implies that 2 ¢
Pre(B © B,.|A), which is contradictory to the fact that z € Pre(B© B,.|A). Let x € [z] € AA.
By Proposition 3.1 (ii), there exists u € U such that

f(x,u) € [fl([2],u) € BO By ® By € B.

It implies that [x] C [Pre|*(B|A), which is a contradiction. Hence, (5.7) holds. O

5.2.2 Infinite Control Values

Under Assumption 3.1, the compact set U C R might contain an infinite number of elements
in U. In this case, Algorithm 5.1 becomes impractical because we cannot enumerate all the
elements in U.

To inner approximate Pre(B|A), a straightforward way is to use an under-sampled set of
controls, e.g., a set of uniformly sample points within U defined as

U], £ pZ™NU, (5.8)
where pZ™ = {uz : z € Z™, u > 0}.
We define another system by replacing U in (5.1) by [U],,

8]+ (X, U], [R), AP, L). (59)

Denote by [Pre,,]|°(B|A) the set of intervals given in (5.2) with A returned by Pre([S],, B, A, ¢).
To achieve a similar result to (5.7) in Lemma 5.1, we additionally require the following assump-
tion.

Assumption 5.2 (Lipschitz in U). Consider system S. There exists a Lipschitz constant p > 0
for the function f : R® x R™ — R" in (2.2) such that forallz € A C R"

| f(z,u) — f(z,v)]|, <pllu—"|,, Vuvel. (5.10)
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Lemma 5.2. Consider system [S], where p is a parameter given in (5.8). Let B,A C X be
compact. If Assumption 5.1 and 5.2 hold in a neighborhood of A with Lipschitz constant p; > 0
and py > 0, respectively, then

Pre(B © By, et pou|A) C [Pre,|*(B|A) C Pre(B|A). (5.11)

Proof. We define a new predecessor map

Pre,(B) = {z € X: Ju € [U],, st. f(z,u) +d € B,Vd € D}.

Let Z = Pre(B|A), Z, = Pre,(B|A), Z = [Pre,]°(B|A), and B=B6o B,,u.

We first claim that Pre(B|A) C Z, C Z. Trivially Z,, C Z because [U], is a subset of U. By
Definition 3.3, for all z € Pre(B|A), there exists au € U such that f(z,u)+d € Bforalld € D.
With Assumption 5.2, for all u € U, there exists a v € [U], such that f(z,v) € f(z,u) & B,,x.
Then by Proposition 3.1 (ii),

f(z,v)+d € f(z,u) GBBM% +d=(f(z,u) +d) @Bm%
€B®B,u =B&B,:®B,: CB,

P23 p25 =
which means that z € Z,,. Hence the claim holds.

By (5.7) in Lemma 5.1, Pre“(é © B,,:|A) C Z C Z,,. Applying the claim above, we have
Pre(B © By ctpoulA) = Pre(é © Bpe © By |4) € Preu(é © By,c|A).
Therefore, Pre(B © By, c4p,ulA) € Z C Z,, C Pre(B|A), which is (5.11). O]

The outer approximation obtained from PRE([S],, B, A, ¢) does not necessarily satisfy a
relationship similar to (5.6) in Lemma 5.1, because the set of control values [U], in system [S],
is only a finite subset of U in S. Any evaluation of [R] is only an inner approximation in terms
of control input.

Remark 5.2. In most cases, we use a common Lipschitz constant p = max{py, p2} for the
purpose of simplicity. Then (5.11) becomes

Pre(B © Bye1)|A) C [Pre,]*(B|A) C Pre(B|A), (5.12)

For control purposes, interval-valued outer approximation of predecessors cannot give in-
formation for constructing provably correct control strategies, but they are helpful in showing
the convergence results, which will be discussed later.
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5.3 Finite Termination and Robust Completeness

Ashave been discussed in previous chapters, a condition for robustly complete control synthesis
with respect to a fundamental LTL specification ¢, which indicates that a control strategy can
be found by formal algorithms as long as ¢ is robustly realizable for system &, is that the
approximation of the predecessor map is both lower and upper bounded (Assumption 3.3).

Based on Lemmas 5.1 and 5.2, the interval-valued set [Pre| or [Pre |° can be used as an inner
approximation of Pre for robustly complete control synthesis, provided the precision parameter
¢ is properly chosen.

Before we advance to the criteria for choosing ¢, let us first discuss the finite termination
problem that is unsolved in Chapter 4.

5.3.1 Finite Termination

Without any requirement other than Assumption 3.3, the aforementioned algorithms do not
necessarily terminate in a finite number of steps, although the approximated winning set is
compact. This is because the predecessor is defined over the continuous state space, and the
difference between two sets can be infinitesimal.

The inner approximation [Pre]®(B|A) of the predecessor Pre(B|A) using Algorithm 5.1 for
any compact set B, A C X is a union of intervals with minimum width greater than /2, where
e > 0 is the precision parameter of Algorithm 5.1.

We now formalize the finite termination conclusion in the following theorems.

Theorem 5.1 (Finite Termination). Consider system S with the labeling function (4.2) where
(2 is a compact subset of the state space X. Let ¢ be an LTL formula from one of the classes:

« invariance (ps = UG),
« reachability (¢, = 0G), and

« reach-and-stay (¢, = OUG).

Let Pre = [Pre|* or Pre = [Pre, |° in the corresponding control synthesis algorithm with respect
to ¢, i.e., (4.8) for ps, (4.19) for ¢, and (4.27) for ;. Then control synthesis with respect to ¢
terminate in a finite number of steps.
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Proof. First of all, let ¢ = ;. Suppose that IEZ(Q) # ﬂ’l\VH_l(Q) for any ¢ € N. As have shown
in the proof of Theorem 4.1, the sequence of sets {Inv;(£2)}5°, is strictly decreasing. Under
a given precision ¢ and the compactness of (2, I;R/z(Q) contains a finite number of intervals.
Then there must exists an N € Z* such that Inv ~(€) = 0, which results in I;R/Z(Q) = () for all
© > N. Hence, algorithm (4.8) terminate in a finite number of iterations.

Next, consider that ¢ = ¢,. Since we assume that X is compact, BR?_(2) and BR () are
all bounded. It follows that ;- ﬁchl(Q) is also bounded by (4.20). Suppose that ﬁchz(Q) #
Rehiy; () for every i € N. Then the sequence of sets {ichz(Q) 2, 1s strictly increasing. Given
that the minimum width of every interval in @Z(Q) for all i € N is greater than £/2, there
must exist NV € N such that @N(Q) D X, but all sets are bounded in X. Hence, the sequence

{ﬁc\hZ(Q)};ﬁo will become stationary after a finite number of iterations, and algorithm (4.19)
terminates.

Last, let ¢ = . Under a given precision ¢ > 0, the elements in of sequence {W;}.;°,
generated in the inner loop in (4.27) must stay unchanged after some positive integer N € N
by the result for ¢ = @,. Thus, the inner loop terminates within each outer loop. Likewise, the
outer loop is also terminating as shown for ¢ = ¢,. Hence, algorithm (4.27) also terminates in
a finite number of steps. O

5.3.2 Robust Completeness Based on Interval Partitions

In Lemmas 5.1 and 5.2, we have established lower and upper bounds for [Pre|*(B|A) ([Pre, ),
which is the interval-valued inner approximation of Pre(B|A). This implies that control syn-
thesis with respect to LTL specifications can be made sound and robustly complete by choosing
a proper precision parameter so that Assumption 3.3 is satisfied.

In this section, we study the condition of being robustly complete for the control synthesis
algorithms that use [Pre|* ([Pre |°) as an inner approximation of Pre as well as partition-based
control strategies that realize the corresponding specifications.

As a result of using Algorithm 5.1, the state space X of the system will be partitioned into
a finite number of intervals, which can be treated as a partition P of X by Definition 2.4 and
each interval is a cell in P. So is the inner approximation of the winning set with respect to a
given specification. The extracted control strategies are defined on intervals, since computation
of every approximated predecessor is performed over intervals instead of single points in the
continuous state space. In other words, we can use the same set of valid control values at any
state inside the same interval (or cell) so that the given specification can be realized.
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We first investigate in the following theorem the existence of partition-based control strate-
gies provided that the given specification is robustly realizable for system S. Concrete control
strategies are given in the constructive proof of the theorem.

Lemma 5.3. Consider system S° with the labeling function (4.2) where () is a compact subset
of the state space X. Let ¢ be one of the classes considered in Theorem 5.1. Additionally assume
that € can be chosen so that [Pre|° given in (5.2) satisfies Assumption 3.3 for some § > 0. If ¢
is d-robustly realizable for S, then there exists a partition P = {P, P»,--- , Py} of X and a
memoryless control strategy x : X — 2V with

N
K(x) = Jvn(r), zeX, (5.13)
i=1

that realizes ¢ for system S at any state in its domain.

The map 9p, in (5.13) is given by

Vp(x) = {Q) ¢ B, (5.14)

T xEPw
where m; C Ufori € {1,--- ,N}.

Proof. Since [Pre® satisfies Assumption 3.3 for some ¢, algorithms (4.8), (4.19), and (4.27) with
Pre = [Prel® all return a nonempty subset of the corresponding winning set by Theorems 4.1,
4.2, and 4.3.

Let Y; (i € N) denote the set obtained by the ¢th iteration of (4.8), (4.19), or (4.27). By the
finite termination property given in Theorem 5.1, there exists a positive integer J such that
Y; = Y;,1. By using Algorithm 5.1 for the approximation of predecessors, the state space X is
represented by a partition P = { Py, P, -+ , Py}, where N € Z* is the number of intervals,
ie, X = UZ]\LI P,. The inner approximation Y; of the exact winning set can be characterized by

YJ: U[xL Pl:{‘P’h)”'a-P’iN/}gPa
[z]eP’
where N’ denotes the number of intervals in P’.

Recall that every member [z] in the output set A of PRe([S], B, A, ¢) in Algorithm 5.1 can
be controlled to set B C X under some control inputs. We write A = {[z]1,- - - ,[z] 4/ }. Define

Mp([2]) £ {u €U+ [f]([],u) € B} (5.15)
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Then the valid control values for any state inside the same interval is the same.

For invariance formula ¢;, we have Y; = Inv 7(2) = [Pre]*(Y;|Y,) C Pre(Y,|Y;). Define
the subset of control values 7; given in (5.14) by

m:{mmum PeP, 65.10

0 P ¢P.
Then [}y, (x) = [H]y,(P;) # @ forallx € P, € P" and

K,(.T) _ {[H]YJ(I) YIS YJ7
@ iIZ'EX\YJ,

which is consistent with the invariance control strategy (4.11). Any state x € Y; can be con-
trolled inside Y; C 2 for all future time using the control strategy in the form of (5.13).

For reachability formula ¢,, we use ﬁ(Y) [Pre](Y'|X) U Y. The resulting sequence of
sets {Rch;(€2)} is increasing and Y; = Reh;(Q). Let P; = {Pje1, -+, Pjen, } (G € {1,--- , J})
be the set of intervals inside Rch;(€2) but out51de Rch] 1(€2), where N; is the number of intervals
inPjand j®i=>) 7, Ny+iforie {1,---,N;} is the index used for sorting intervals in P’.
Then Z}]:1 N; = N'. Replace ; in (5.14) by

(5.17)

_ [H]@j,l(g)(Pj@i) Pigi € P;
Timi = 0 o

Then the control strategy in (5.13) becomes

(o) = { Wi, (@) @ € P
0 reX\Yr.

By algorithm (4.19) and definition (5.15) for valid control values based on Algorithm 5.1, any
state © € Pjg; will be controlled to Rch;_;(£2) for one step. This is consistent with (4.21).

For reach-and-stay formula ¢, control strategies are defined separately on W C (2 and
Zy C X\ Qfor j € {0,---,J — 1}. By (4.27), we have W* N W3 = () and Z; N Zj = () for
j # j'. Let P, ; and P, ; be the set of intervals returned by Algorithm 5.1 as the approximation
of W and Zj, respectively. We concatenate the intervals in P, ; and P, ; in a way that the
intervals belong to P, ; always goes before the ones in P, ;, and denote by /V; and N, ; the
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number of intervals in P, ; and P, j, respectively. Same as for the reachability formula ¢,, we
assign indices of intervals so that
{ jot, s Pian; } P.;= {P(JH)EBM e ’P(Jﬂ')@NJﬂ‘} )
and P = {Pw,o, T 7Pw,J—1a Pz,(), T ’PZ,J—l}‘
Letj €{0,---,2J — 1} and

e (Pjei) Pjei €P,
oo M (P P 15
0 o.W. .
Then the control strategy (5.13) realizes ¢ys. O]

Based on Lemma 5.3, we present the following robust completeness results for control syn-
thesis using interval computation.

Theorem 5.2 (Robust Completeness via Interval Analysis). Consider system S° with the la-
beling function (4.2) where € is a compact subset of the state space X. The set of control inputs
U is finite. Suppose that Assumption 5.1 holds with the Lipschitz constant p; > 0. Let ¢ be
a specification considered in Theorem 5.1 and [Y]° denote the approximated winning set with
respect to ¢ by letting Pre = [Pre]°. If

p1e <0 (5.19)

for some § > 0, then the following conclusions hold:

(i) If[Y]¢ # 0, then a control strategy in the form of (5.13) can be constructed to realize  at
any state z € [Y]°, which is a finite union of intervals.

(ii) If [Y]° = 0, then ¢ is not d-robustly realizable for system S°.

Proof. If p1e < 0, then by Lemma 5.1, for all B, A C X
Pre(B & B;s|A) C Pre(B & B,,.|A) C [Pre]°(B|A) C Pre(B|A),
which means that [Pre| satisfies Assumption 3.3. If [Y]° # (), then we have
Wing () C [Y]° € Wing(i) (5.20)

by Theorems 4.1, 4.2, and 4.3. By Lemma 5.3, there exists a control strategy in the form of (5.13)
to realize (.

If [Y])° = (), then Win%(¢) = () by (5.20), which implies that ¢ is not §-robustly realizable
for system S°. O
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For system with infinitely many available control inputs, a similar result can be established
as follows.

Theorem 5.3. Consider system S° with the labeling function (4.2) where 2 is a compact subset
of the state space X. The set of control inputs U is compact. Suppose that Assumption 5.1 and 5.2
are satisfied with the Lipschitz constant p; > 0 and p, > 0, respectively. Let © be a specification
considered in Theorem 5.1 and [Y'|* denote the approximated winning set with respect to ¢ by
letting Pre = [Pre, |°, where y is the granularity of the input space U defined in (5.8). Then we
have the same results as in Theorem 5.2 if

p1€ + papt <0 (5.21)

for some 6 > 0.

Proof. The proofis the same as the one for Theorem 5.2 except that (5.20) is achieved by Lemma
5.2 instead of Lemma 5.1. ]

Theorems 5.2 and 5.3 essentially reveal that using Algorithm 5.1, which is based on interval
arithmetic and a branch-and-bound scheme, as an implementation of Pre solves Problem 2.2 at
least for fundamental LTL control synthesis problems. The conditions (5.19) and (5.21) serve as
criteria for choosing the precision parameter ¢ if the bound of disturbance ¢ and the Lipschitz
constant p; and p, over the state space can be trivially determined. Using such a criterion in
actual computation is usually too conservative due to the evaluation of the Lipschitz constants
over the entire state space.

A practical benefit of Theorems 5.2 and 5.3 is the guarantee that the winning set can be
approximated more precisely by using a sufficiently precision parameter. On the other hand, if
we start computation with a large € and iteratively reducing it until the algorithm achieves a
nonempty result, algorithms (4.8), (4.19), and (4.27) can also estimate the bound of the distur-
bances that can be tolerated without breaking the realizability of the given specification.

To show how well the proposed specification-guided method performs in terms of compu-
tational time, in the following sections of this chapter, we compare it with abstraction-based
methods, which are commonly used for control synthesis with respect to LTL specifications.

5.4 Complexity Analysis

As we have seen in Chapter 1, by using abstraction-based methods, a finite abstraction (tran-
sition system) that bisimulates or over approximates the original dynamical system on a con-
tinuous state space is first constructed, then computer algorithms that have been developed for
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discrete state systems are adopted for control synthesis. Therefore, the overall computational
time for an abstraction-based method includes the time for both abstraction construction and
discrete control synthesis.

Letcand 7 (g,n > 0) be the grid sizes of the state space X and the input space U, respectively.
Assume that ¢, co > 0 are some constants related to the width of the state and input spaces,
respectively, and the cost in terms of running time for each computation of the reachable set of
a cell in the discretized state space is some constant ¢ > 0. The integers n and m represent the
dimension of the state and input spaces of system S, respectively.

To deal with general nonlinear dynamics without any stability assumptions, a finite ab-
straction that over approximates the behaviors of the original system is often constructed over
a uniformly discretized state space. For such cases, the number of discrete states Ng and inputs
Ny are

Ng = {ﬂw , Ny = {@w :
€ n
where [-] is the ceiling function. Hence, the time complexity for computing abstractions is
@ (CN SN U)-

Since finite abstractions can be viewed as finite graphs or a two-player game arena [10],
the time complexity of discrete control synthesis for abstraction-based methods can be easily
concluded by using the related results from the area of two-player games and model checking.
Let Nt be the number of transitions in the finite abstraction, which is also the number of
edges of the graph that is equivalent to the abstraction. Under Assumption 5.1, the number of
transitions Ny can be estimated by

Nr = ([p] + 1)"NsNy,

where p is the Lipschitz constant.

As reported in the literature, the time complexity for achieving reachability objective ¢, =
OG is O(Nr). Since invariance objective ¢, = OG is a dual to ¢,, the time complexity is also
O(Nr). For reach-and-stay control objective ¢,; = QUG, the time complexity is O(NgN7).
Hence, the overall time complexity of abstraction-based control synthesis with respect to in-
variance or reachability is

O(cNsNy + ([p] +1)"NsNuy), (5.22)
and the complexity with respect to reach-and-stay specifications is

O(cNsNy + ([p] + 1)"N2Ny). (5.23)
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We now analyze the time complexity of the proposed control synthesis algorithms (4.8),
(4.19), and (4.27) with interval approximation of the map Pre, which is given in Algorithm 5.1.
Using the branch-and-bound technique in Algorithm 5.1, the state space is adaptively parti-
tioned with respect to system dynamics and the satisfaction of the specification. As a result, a
non-uniform partition of the state space will be generated, which can be implemented by using
the binary tree data structure’.

If the minimum width of an interval is still €, then we need to set the precision parameter
2¢ in Algorithm 5.1. This is due to the subdivision scheme that any interval with width larger
than the precision parameter will be bisected if it can not be fully controlled inside a given set
in the next time step. Then the greatest depth of the binary tree is

Nmax = [n log (%ﬂ ~ log Ng°.

The operations [f]([z],u) N B = 0 and [f]([z],u) C Y in Algorithm 5.1 involves the com-
putation of interval inclusion function [ f] (i.e., the computation of reachable set for interval [x])
and set membership test, which is performed by searching the binary tree. Assume that the set
membership test for intervals costs one operational time compared to c. Then in the worst case
where the state space of the tree is of depth 5.y, determining whether an interval [x] C A
belongs to the predecessor Pre(B|A) takes approximately (log Ng + ¢) Ny operational time.

Let N¢ be the number of the set of intervals that represents the target set 2. Then the
number of intervals outside of 2 is Ng — N¢g. Normally for a regulation problem, the target
area () is rather small compared to the state space X, which means that Ng << Ng.

For invariance control algorithm (4.8), computation is confined to the target set. Assuming
that Inv;(Q) and Inv;_(€2) (j € Z") only differ by one interval and Ng >> 1, the overall
computational complexity is

1
o (gNUNg + 5Ny Ng log Ns) . (5.24)
If the target set is small enough so that N% log Ng < Ng, the worst case complexity of the in-
variance control algorithm with interval implementation is lower than the one for abstraction-
based methods (5.22).

LA tree is an abstract data structure that has a root node which is linked by children nodes. A binary tree is a
tree data structure in which each node has at most two children.
2The logarithm is with base 2.
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For reachability algorithm (4.19), we consider the worst case in which only one more interval
isincluded in Rch than Rchj 1and Ng, 1 << Ng. Then we have the computational complexity

1
C)(gA%A@—kiAbﬁﬁlqu@>, (5.25)

which is higher than (5.22).

Similarly, in the worst case for algorithm (4.27), the set elements in the sequences {Yi}:2,
and { X7 }52 differ by one interval. Then the number of iterations N is
v ISR A NE43NE+8NG (Vs — No)?+ (Ns — No)
1—52(1 +1) + ZZ— 1 + 5 :

i=1 =1

If No << Ng, then N; ~ (N2 + Ng)/2. Hence, the time complexity of the algorithm (4.27) is

log N,
O (OgTSJrC(NsNU + N@N@) . (5.26)
By comparing (5.26) with (5.23) , the time complexity of algorithm (4.27) is of O( Ny N2 log Np)
while the abstraction-based methods is quadratic in Ng. The term log Ng in (5.26) is contributed
by the overhead of using Algorithm 5.1, which primarily comes from the set inclusion tests by
searching the binary tree, i.e., the part induced by hax.

For both reachability and reach-and-stay control objectives, the abstraction-based meth-
ods have better efficiency than the proposed specification-guided method in the worst case, in
which the state space X is assume to be partitioned to intervals of the smallest size (determined
by the precision parameter) and the sets, or unions of intervals to be more precise, computed
in each iteration varies by only one interval. In such worst cases, the overhead run time of
Algorithm 5.1 is relatively large.

The worst case, however, rarely exists in practical control problems. On the other hand,
the use of a non-uniform partitioning scheme avoids partitioning the region in the state space
without helping in control synthesis. This usually leads to fewer discrete states for a given
precision. In this sense, the proposed specification-guided method is less sensitive to the state
discretization precisions than abstraction-based control synthesis methods. We will show by
some practical control examples in the following section that the experimental run time is far
better than ones predicted by (5.24), (5.25) and (5.26).

From the relationship between system dimension and the time complexity as discussed
above, the main limitation of the proposed method, which also exists in abstraction-based meth-
ods, is that it still suffers from the curse of dimensionality.
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5.5 Experiments on Benchmarking Examples

In this section, we illustrate the effectiveness of the interval-based control synthesis algorithms
on several benchmarking examples that have been used in the literature.

We also compare the run time of solving invariance, reachability and reach-and-stay control
synthesis scenarios for different systems by using the proposed specification-guided method
and abstraction-based methods. Although theoretical complexity analysis shows that the pro-
posed method takes more time in the worst case because of the overhead for managing non-
uniform partitions, the proposed method outperforms abstraction-based methods in those em-
pirical experiments.

Control synthesis in all the examples are performed on a 3.6 GHz processor (Intel Core i3)
using ROCS [83], which is a self-developed toolbox for nonlinear system LTL control synthesis.
We include in this thesis a detailed presentation of ROCS in Appendix A.

5.5.1 Boost DC-DC Converter

r:l m)fc\lm ;il @
T2
(Dl CE I* 11k
X |-V,

Figure 5.1: The circuit of a boost DC-DC converter.

Consider a boost DC-DC converter [53], which operates in two modes, as shown in Fig-
ure 5.1. Let the state = of the converter be a vector of the inductor current 7; and the capacitor

73



voltage V.. Then the state space model of the boost DC-DC converter is linear affine:

t=Ax+0b p=12,

i e
T = , b= Vl} ,
{Vc] {0 (5.27)
_n O _L r _.I_ ToTc — To
Av={ g |, A= ) bt
Ic(rc+ro) l‘c(ro+rc) xc("‘o‘i""a)

The parameters in (5.27) is provided in Table 5.1.

Table 5.1: The parameters in (5.27), and “p.u’= per unit.

Parameters | Value (p.u.) Physical meaning
T 70 The capacity of the capacitor
Te 0.005 The resistance of the capacitor
] 3 The inductance of the inductor
T 0.05 The resistance of the inductor
T 1 The load resistance
Vs 1 The source voltage

Although the physical model is ODEs, the following exact discrete-time model of (5.27) can
be derived via integrating 5.27 according to z;41 = ™z, + [[* €™ *bds by a sampling time
T, > 0.

Mode 1: 17,, = {0.9917 0 } it [0.1660} |

0 0.9929 0

0.9903 —0.1645 0.1659
0.0070  0.9923 | “* ™ |0.0006] -

(5.28)
Mode 2: x4, = [

A typical function of a boost DC-DC converter is to regulate the output voltage V,, within
a certain range. Depending on whether the initial state x, of the system falls inside this range
or not, such a control objective can be described as an invariance specification ¢; = [JG or a
reach-and-stay specification ¢, = QUG for system S with transition relation determined by
(5.27) and labeling function (4.2).

Hence, we consider two scenarios for both of the specifications in our simulation. The state
space for this example is X = [0.6490, 1.6500] x [0.9898,1.1900]. In the first scenario, we
aim to maintain system state inside a target region Q; = [1.15,1.55] x [1.09, 1.17] (labeled
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as (&), and the second case is to control a state in the state space X to reach an target set
Qs = [1.10, 1.6] x [1.08, 1.18] (labeled as () and stay there for all future time.

A sampling time 7, = 0.5 s is used for constructing the discrete-time model (5.28). The
precision parameter ¢ = 0.001 is used for the interval version [Pre|° of Pre in both invariance
control synthesis algorithm (4.8) and reach-and-stay algorithm (4.27).

1.17

1.16

1.14

113

1.12

1.09 L
1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5 1.55

U

Figure 5.2: The phase portrait of a closed-loop trajectory that satisfies the invariance specifica-
tion . The area marked by the outermost green rectangle is the target set €2;.

In the first case, we approximate the maximal controlled invariant set inside 2y, which
is the winning set Wing(¢g;) for system S with respect to the invariance specification ¢, by
the union of intervals marked as the shaded area in Figure 5.2. The Lipschitz constant p; =
max{0.9929,1.0737} = 1.0737. Implied by Theorem 5.2, the target set {); is not d-robustly
controlled invariant for any § > p;e = 0.0010737, because the approximated winning set does
not cover €2;.

Applying the constructed partition-based memoryless control strategy in the form of (5.13)
and (5.14), a closed-loop system trajectory from the initial state o = (1.2,1.12) is shown in
Figure 5.3. Such a control strategy returns (possibly) multiple valid control values for a state in
the winning set and any one of the control values realizes the invariance specification. In this
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Figure 5.3: The corresponding time history of closed-loop states and control variables in Fig-
ure 5.2.

example, the valid control values can be both mode 1 and 2. The only one of the control values
that we select in our closed-loop control simulation is the one closest to the last used control
value, which results in less mode switching.

It can be seen that the whole trajectory is confined to the controlled invariant set inside {2,
as required. Figure 5.3 displays the time history of system states and control inputs. Since we
perform control synthesis automatically by formal algorithms on discretized state and input
spaces, the curves in Figure 5.3 show discontinuity.

In the second case, we run the reach-and-stay control synthesis algorithm (4.27), and the
winning set Wings(yy) is approximated by the shaded area in Figure 5.4, which also shows a
closed-loop trajectory from with initial condition xy = (0.7, 1.08). Similar to the first case, the
target set is not d-robustly controlled invariant itself as Qs ¢ Wing(¢ys).
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Figure 5.4: A closed-loop trajectory of the converter using the control strategy that realizes the
reach-and-stay specification ¢,s. The target set (25 is marked as the green rectangle.

5.5.2 Parallel Parking

We now consider an automatic parallel parking problem in which the goal is to control a vehicle
to park along the curb between two other vehicles. Such an objective can be expressed by a
reach-and-stay specification. The following vehicle model [5] is used:

T vcos(y + 0) cos(y) !
y| = |vsin(y+60)cos(y)"t |, (5.29)
0 v tan(¢)

where (x,y) is the planar position of center of the vehicle, 6 is its orientation, the control
variable v represents the velocity, and ¢ is the steering angle command.

The vehicle structure is shown in Figure 5.5, and the variable y = arctan(a tan(¢)/b), where
a is the distance from the gravity center to the rear wheels of the vehicle, and b is the distance
between its front and rear wheels. We use a/b = 1/2 in the simulation.

Considering constant control inputs during each sampling period, we can obtain the exact

77



Figure 5.5: The vehicle structure [5].

discrete-time model for ¢ # 0:

sin(ye+7sv¢ tan ¢y +6; ) —sin(~vs+6;)

T4l = cos(yt) tan ¢¢ + Lt,
_ vp tan ¢r--0 0
Yoy = R ST ) oy, (5.30)
041 = T5v tan ¢, + 0,
For ¢ = 0, the discrete-time model becomes
Tyl = vy €08 0,75 + x4,
Yip1 = Uy sin ;7o + Yy, (5.31)
9t+1 = 0;.
In our simulation, the state space is X = [0,8] x [0,4] x [—72°, 72°], sampling time is

7s = 0.3s, and the set of control values is U = {£0.9,40.6,£0.3,0}, which is sampled by
uniform discretization of the space [—1, 1] x [—1, 1] with grid width n = 0.3.

The discrete-time model can be readily verified Lipschitz continuous over the state space X
and the input space U: For (5.31) when the steering angle ¢ = 0, p; = 1.3 and p; = 0.3 are
the Lipschitz constants with respect to state and input, respectively. Letting ¢ — 0, (5.30) and
(5.31) will be almost equivalent.

Suppose that the length and width of the vehicle be L. = 2 and H = 1, respectively. For
the purpose of analysis, we consider two problem settings: parking with a wide marginal space
A = L = 2 and a narrow marginal space A = (0.5. The marginal space is the distance between
the front and rear vehicles in addition to L. For both cases, the rear vehicle center is at (1, 0.5),
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and thus the front vehicle center is at (1 + 3L/2 + A, 0.5). The target area is

Q=[1+L,1+ L+ A] x[0.5,0.6] x [—3°,3°].

The collision area (the center position and orientation of the vehicle that causes collision
with the parked vehicles and the curb) needs to be determined before control synthesis. We
assume that vehicles and the curb are rectangles. Then the collision area can be interpreted by
inequalities of the form g(x) < 0, which is derived by checking if two polyhedra intersect. It is
clear that the center of the vehicle has different admissible regions with different orientations.
Hence, the collision area is not simply a hyper-rectangle in R3, as shown in Figure 5.6 (a).
The free workspace (the admissible position of the vehicle center in R?) determined by such a
constraint can be handled by algorithm (4.27).

y position
N
o

-

o
o

o

L. 1 L.
« position [ y position x position

(a) The x — y — 0 view. (b) The = — y view.

Figure 5.6: Collision area when A = 0.5. In (b), the gray area is the = — y plane projection of the
3D collision area, and the two black rectangles represent the bodies of rear and front vehicle.

By Theorem 5.3, if parallel parking is robustly realizable with the given marginal space, we
can always synthesize a control strategy using a sufficiently small precision without calculating
the Lipschitz constant. To see if the specifications in these two parking scenarios are realizable,
we use different precision control parameters. The corresponding control synthesis results
regarding the number of partitions (#P; 2) and the run time (¢; ) are summarized in Table 5.2.

For both scenarios, the vehicle can be successfully parked into the target spot from any
point of the free workspace. The controlled parking trajectories with the resulting memoryless
control strategies are presented in Figure 5.7, which all meet the parallel parking specification.
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Table 5.2: Control synthesis of the parallel parking problem with different precisions.

€ #P, t1 (s) #Py ts (s)
0.07 || 176786 | 102.93 - -
0.06 || 176666 | 103.19 || 1,797,027 | 295.68
0.02 || 203166 | 127.44 | 1,832,589 | 327.50
0.01 || 274694 | 176.20 || 1,920,929 | 427.48

.
z position z position
(@ A =2, (zo,y0) = (2,2.5). (b) A = 0.5, (xg,y0) = (2,2.5).
. '
’ 1 ’ ’ T p():iti()n ’ ’ ' ’ x position
(©) A =2, (z0,y0) = (5,2.5). (d) A = 0.5, (0, y0) = (5,2.5).

Figure 5.7: Controlled parking trajectories from an initial condition (x¢,yo) with wide and
narrow marginal parking spaces.
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When the marginal parking space A is 0.5, we need a control synthesis precision no greater
than 0.06 so that a memoryless control strategy can be generated. Additionally for this spe-
cific example, using a smaller ¢ only increases the winning set by adding intervals close to the
boundary of the free workspace.

Such a parallel parking task can also be solved by using a piecewise-affine controller defined
on a pre-designed triangular partition of the configuration space [99], which contains the initial
states of the car. The main advantage of using the proposed method is that the partition of the
state space is performed automatically. As a result, we do not need to re-design the partition
for a different parking scenario. In addition, the control design is based on the nonlinear model
as opposed to different linearizations of the nonlinear model on different polytopes in the state
space.

5.5.3 Motion Planning

For the same vehicle model (5.29), we now consider a motion planning problem: steer the ve-
hicle to the target set while avoiding obstacles in a maze.

Let the workspace X of the maze be X = [0,10] x [0,10] x [—3.4,3.4] and the range of
input controls be U = [—1, 1] x [—1,1]. There are static obstacles distributed over the entire
workspace X. The 2-D view of the maze is shown in Figure 5.8. The exit of the maze is the
area at the bottom right corner, which is given as Q = [9,9.5] x [0,0.5] x [—3.4,3.4]. Then
this motion planning problem can be considered as a control synthesis problem with respect
to ¢ = OG for the system S with transition relation R determined by (5.30) and (5.31) and
labeling function (4.2).

Same as in the parallel parking example, we use a sampling time 7, = 0.3s and a grid size
1 = 0.3 for the control space U. The precision parameter ¢ of Algorithm 5.1 is set to be 0.2 in
executing the proposed algorithm (4.19), and a closed-loop path of the vehicle with the resulting
memoryless control strategy in the form of (5.13) is shown in Figure 5.8.

5.5.4 Comparison on Performance

We may find the proposed specification-guided method less efficient than abstraction-based
methods from the complexity analysis for worst cases. In this section, we will show how well
the proposed method performs in practice.

First of all, we compare in Table 5.3 the run time of invariance control synthesis for the
boost DC-DC converter using our algorithm with the ones by using abstraction-based methods
(reported in [118]). In terms of efficiency, our algorithm outperforms other existing methods.
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Figure 5.8: Motion planning in a planar area with obstacles: a controlled 2-D trajectory of the
vehicle that leads from the initial condition zy = 0.6,y = 0.6,60y = 7/2. The obstacles are
represented by black areas.
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Table 5.3: Comparison of run times of invariance control synthesis for the boost DC-DC con-
verter. “t,,s =the time for computing abstractions, and “t,,,”=the time for control synthesis.

CPU [GHZ] tabs(s) tsyn(s)
Pessoa[66] i7 3.5 478.7 | 65.2
SCOTS[118] i7 3.5 18.1 75.4
CoSyMA[93] N/A N/A 8.32
ROCS[83] i3 3.6 0 0.077

We also compare the performance of solving reachability and reach-and-stay problems us-
ing our proposed method with abstraction-based methods (implemented in SCOTS [118]) on
solving different benchmarking examples. The results are shown in Table 5.4. The column of
#lter indicates the number of outer loops and the total number of inner loops (in the bracket)
running (4.24). The time for abstraction-based control methods is split into the part for abstrac-
tion (indicated as Abst) and the one for synthesis (as Syn).

Table 5.4: Performance comparison tests. TO=time out (> 86400s) and “~” = control synthesis
fails.
Examples Parameters ROCS SCOTS
. time(s)
n | Ny € Ng #Iter | time(s) Ng Nr #lter Abst Syn
0.005 || 22433 | 76(529) | 0.53 40401 291068 84(671) | 0.69 | 15.90

DC-DC converter | 2 | 2 1501 | Tez261 | 76(272) | 348 | 1002001 | 7243320 | 77(d31) | 29.83 | 48197

Motion planning | 3 | 49 0.2 || 280291 | 381(1) | 151.01 91035 | 3.73 x 107 82.80 -
0.1 || 1850830 | 297(1) | 1062.97 | 724271 | 2.95 x 10° | 313(2266) | 2004.66 | 17568.2

Paralll A =05 [ [ 0.02 | 1832589 | 133(1) | 327.50 | 10075125 TO TO TO TO

parking A =2 0.07 || 167155 | 123(8) | 94.32 83025 | 3.277 x 107 - 73.14 -

Our proposed method outperforms abstraction-based methods in those examples. In the
motion planning example, using a grid size of 0.1 succeeds in synthesis while using 0.2 fails
for abstraction-based methods because abstractions are more over-approximated for larger grid
size. In contrast, our proposed method solves the problem in 151 seconds by using € = 0.2. This
is because the minimum width of the partitions can be less than 0.2 by the subdivision scheme
of Algorithm 5.1. As opposed to the motion planning case where obstacles are distributed evenly
across the state space, the constraints for parallel parking are highly nonlinear and only posed
to a corner of the state space, and varying the discretization precision of the state space will
save computational time in a great deal. Such a difference in those two case settings explains
why the gain in time efficiency by using our method is more profound in the parallel parking
cases.
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Figure 5.9: Changes of run time under different precisions.

As seen in (5.23) and (5.26), both methods are equivalently sensitive to the size of the dis-
cretized systems. The experimental results shows that the worst case as in (5.26) is rather
pessimistic in practice and our proposed method is more scalable to the discretization preci-
sion than abstraction-based methods. Analyzing the example of boost DC-DC converter, we can
observe in the right-hand side of Figure 5.9 that the run time of the proposed method changes
slowly while the one for abstraction-based method explodes as precision ¢ decreases. The left-
hand side of Figure 5.9 compares the run time of the proposed method for two cases of different
sizes, which indicates the dimensionality problem of the proposed method.

5.6 Convergence in Set Approximations

Previous sections in this chapter focus on robust completeness in control synthesis, which is
guaranteed to find a memoryless control strategy if the given specification is robustly realizable
for system S. It is a relaxation concerned with difficulty of approximation error of predeces-
sors under nonlinear dynamics. In this section, we discuss the convergence of using the outer
interval approximation (5.3) in computing maximal controlled invariant set. We can show that
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the maximal controlled invariant set can be outer approximated with arbitrary precision.

Theorem 5.4. Let ) C X be compact and Assumption 3.1 or 3.2 holds. Then (4.8) with Pre =
[Pre|® (or Pre = [Pre,|%), which is given in (5.3), terminates in a finite number of steps with

an output [Z]¢_. Furthermore, the output [Z]¢ is an union of intervals satisfying the following
properties:

(i) 0 < &) < €3, Zoo(Q) C [T)2L C [T)22;

ook

(ii) Zoo(Q) = lim._yo[Z]..

Proof. We use subscript j to denote the jth iteration (; € N) of algorithm (4.8). The correspond-
ing sets of Algorithm 5.1 in the jth iteration are denoted by Aj A, j, AA;, and Bj, respectively.

To see (i), we first prove Z.(2) C [Z]5, for all ¢ > 0. For the sake of contradiction, let
y € Zo(Q) buty ¢ By fora N € Z*. Theny € Q\ By. According to the algorithm,
Vz € Q\ By, there must be a step 0 < j < N such that [f](z,u) NQ = @ forall u € U.

This indicates that z ¢ Z..(2), which is a contradiction. Thus Z,(2) C [Z]5,. Next we prove

[Z]zL C [Z]22 by induction. Consider the first two steps: Bi' = B;? = ). Since 0 < &1 < &,
some intervals in AAj* will be divided into finer boxes and are possible to be included in A7)},

and thus A2 C AZY). Together with BY' = By'\ A7}, and BY* = B>\ A7}, we have Bi' C B7*.

c,1» c, 1>
Assume B;' C B;* for any step 1 < j < N. Then A7}, C A7, which gives B}, C B33 ,.
Hence (i) is proved.

To show (ii), we consider a decreasing sequence {¢;}52, with £; > 0 and lim;_,, ¢; = 0.
Since [Z]% is compact, lim.,_,o[Z]% exists and is given by the compact set ﬂ;‘;l[f]af Let [Z] =

=1 [Z]7. If every [Z]57 is nonempty, then [Z] is nonempty. By (i), Z.(Q2) C [Z]* for all j > 1.

Then it is clear that Z.(Q2) C [Z].

We claim that [Z] C Z.(Q). If this is not true, then there exists y € [Z] such that f(y,u) ¢

[Z] for all u € U, ie., f(y,u) € [Z]° which is the complement of [Z] and is open. Then it

follows that there exists 7 > 0 such that B,.(f(y,u)) C [Z]° for all v € U. Furthermore, by
Definition 3.2, there exists a J; sufficiently large such that B,.(f(y,u)) N[Z]% = () forallu € U
and j > J;. Then it is only possible that y € [z] € AA;,j > J;. Since f(-,u) is a continuous
function (under Assumption 3.1 or 3.2), there exists a .J such that [f]([z],u) C B,.(f(y,u)) for
allu € Uand [z] € AA;,j > Jo. Then for all j > max{J;, Jo}, we have [f]([z],u) N By = &,

which is contradictory with the fact that y € AA;. Hence, (ii) is true. [

Theorem 5.4 indicates that the exact maximal invariant sets can be outer approximated in
an arbitrary precision, as illustrated in the following example.
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Example 5.2. Consider again the system in Example 4.1. The maximal positively invariant set
within €2 is bounded by two trajectories, which is marked by the two red curves. Figure 5.10
shows the approximation results with different choices of precision € (¢ =0.05, 0.01, 0.0063,
0.001, respectively). It can be observed that the approximation error decreases as ¢ becomes
smaller.
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Figure 5.10: Outer approximations of Z,(2) with different precision parameters.

5.7 Summary

We presented in this chapter an adaptive state space partition scheme integrating interval im-
plementation of the predecessor map so that the control synthesis algorithms (4.8), (4.19) and
(4.27) in Chapter 4 can terminate in finite numbers of iterations and are guaranteed to be sound
and robustly complete.

Due to the generality of set representation using intervals, assumptions on the form of the
nonlinear dynamics (e.g. polynomial or linear affine f(z,u) = Az + g(x)u) and the stability

86



properties (e.g. incremental stability [4]) are not necessary for the approximation of predeces-
sors in the proposed control synthesis algorithms. Similar to our work in control synthesis, in
the verification of dynamical system properties, interval arithmetic has been used to prove the
quasi-decidability of safety properties [112, 111] and §-complete analysis for bounded reacha-
bility [46] of hybrid systems.

Specifically in invariance control, computation of maximal controlled invariant sets is not
easy even for linear systems because maximal controlled invariant sets are not guaranteed to
be finitely determined, except for the special cases where the linear system is A-contractive in a
compact and convex set around the origin [18]. For control purposes, invariant inner approx-
imations are more desirable, because, different from outer approximations, they are subsets of
states that can be controlled invariant, for which an invariance controller exists. Finitely deter-
mined invariant inner approximations can be obtained by computing the null-controllable sets
(i.e., the set of states that can be controlled to the origin in finite time) [55]. The J-complete in-
ner approximation of the maximal controlled invariant set 7. (£2) inside a given set €2 for linear
disturbed systems proposed in [117] relaxes the requirement that {2 must surround the origin.
The idea in [117] is similar to our proposed robustly complete method, but it only applies to
linear systems. For nonlinear systems, invariance control via analytical methods include con-
structing barrier certificates [134] by sum-of-squares (SOS) techniques [64]. These methods
usually work for polynomial dynamics or particular forms of feedback control functions.

For reachability and reach-and-stay control problems, integrating constraints and bounded
perturbations in the stage of controller design was studied in [16] for linear systems and ex-
tended to nonlinear systems [102] where the reach-and-stay requirement is relaxed to reach a
robustly controllable super set containing the target set when the target set is not controlled
invariant. As a result, the guarantee of the reach-and-stay property is lost in [102], which is
different from the reach-and-stay problem considered in this thesis. Most of works in this topic
are dependent on the assumption that the target set is controlled invariant [32, 133].

As explained in Section 2.4, abstraction-based methods are applicable in the control syn-
thesis problems discussed so far. These methods are systematic and usually rely on milder
assumptions than analytical methods. Similar to abstraction-based methods, our method based
on interval computation also work on finite partitions of the continuous state space. The major
difference between abstraction-based methods and our method is that the partition is adap-
tively performed with respect to both dynamics and specification under the proposed scheme.
Compared with the works with abstraction refinement mechanisms [49, 61, 98], in which pa-
rameters need to be chosen empirically or synthesis does not always terminate in finite time, we
devise a scheme for adaptive tuning of discretization precision under a given threshold related
to system robustness level.
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With the numerical experiments shown in this chapter, the advantages of the proposed
method can be concluded as:

(i) Compared with the existing abstraction-based methods, it has better practical time effi-
ciency because of the adaptive partitioning scheme.

(ii) Easy operation on set unions and intersections for the approximation of predecessors.
Many of the geometric representations such as polyhedra, and ellipsoids can not be pre-
served under set union and/or intersection operation.

Convergence of outer approximations of maximal controlled invariant sets is shown based

on interval computation, which is consistent with the general conclusion given in [31] that max-
imal controlled invariant sets are outer computable and reachable sets are inner computable.
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Chapter 6

Robustly Complete Control Synthesis
with LTL Formulas

In many situations, control specifications beyond simply invariance and reachability need to be
considered. For example, specifications such as “visiting different work areas in order infinitely
often and avoid obstacles” are frequently considered in motion planning. Control of an elevator
or a network of distributed resources involves a request-response pattern. This motivates the
study of control synthesis for dynamical systems to realize the properties that require ordering,
liveness or reactivity. Such properties can be well captured by general LTL formulas [&].

Current solution to a general LTL control synthesis problem is based on abstractions: a fi-
nite transition system (or abstraction) that approximates the continuous-state dynamics is often
constructed first. Discrete control synthesis algorithms, which are rooted in graph or game the-
ory [89, 142], are applied to the product system of the abstraction and the Biichi Automaton (BA)
(see [131]) translated from the LTL specification afterwards [10]. A control synthesis algorithm
is sound and complete if it flawlessly determines the winning set. Soundness and completeness
can be achieved at the abstraction level as discrete control synthesis is a direct application of
infinite game problems. The gap between the real infinite-state dynamical systems and their
finite abstractions leaves the following question open:

Is it possible to make LTL control synthesis sound and complete based on nonlinear dynamics?

As we have shown in Chapter 4, memoryless control strategies are sufficient for control
synthesis with respect to the specifications that are restricted to invariance or reachability, but
general LTL control synthesis requires finite memories [104, 19]. It is then natural to ask

What is the controller structure for a general LTL formula? How do the memories reflected in
the structure?
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Time complexity is a major concern in LTL control synthesis. A promising finite abstrac-
tion of nonlinear dynamics is usually huge in size, and control synthesis on a product system
would be intractable because the number of states is the multiplication of the sizes of both the
abstraction and the BA. On the other hand, the reduction in the size of a specification can also
reduce the complexity. Research has been focusing on system decomposition [91, 70], hierar-
chical abstractions [62] and parallel computation [68, 34], but not at the specification level. This
motivates us to raise another question:

Can we reduce the complexity by exploring the hierarchy in the specification if the system
cannot be further decomposed?

The goal of this chapter is to answer these questions for the control synthesis with respect to
a general class of LTL formulas. As opposed to using the product system of a finite abstraction
of the original system and the automaton translated from the given LTL formula, we look at
this control synthesis problem more directly: characterize the winning set by a fixed-point
algorithm based on the automata structure of the given formula. We also show that such an
algorithm leads to a similar controller structure to the feedback control automaton in [71, 10]
and the LTL control synthesis can be made sound and robustly complete for the situations
where accurate computation of predecessors is nontrivial.

6.1 From LTL To Buichi Automata

As we have seen in Chapter 2, LTL is a formalism describing sets of words over an alphabet
3} that share common properties (e.g. invariance, and liveness). An automaton is a machine
that accepts words with certain patterns. In this sense, LTL formulas can be represented by
automata.

Definition 6.1. A Finite Automaton (FA) is a quintuple A = (Q, 3, 7, qo, F'), where

(@ is a finite set of states,

« Y is a finite alphabet,

« 7:Q x X — 2% is the state transition function,
e o € @ is the initial state,

« F C (@ is a set of accepting states.
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An automaton always proceeds from the initial state gy by reading an input word over . A
run of an automaton 4 under an input word w = 0q - - - 0; (I € N) is a sequence of states in (),
denoted by o = vy - - - vy, that satisfies v; 11 € r(v;,00) andv; € Q foralli € {1,--- ,[}. Denote

If r(q, 0) is a singleton for all ¢ € @ and o € X, then A is deterministic. Otherwise A is said
to be nondeterministic.

Although an FA contains only a finite number of states, it can run over finite or infinite
words. Specifically if an automaton A runs over infinite words, then A is called an w-automaton.
An input word w is said to be accepted by A if the resulting run o = wvyv; - - - satisfies the
accepting condition of .4, and the run p is said to be successful for A.

Definition 6.2 (Biichi Automaton). An w-automaton A is a BA if the accepting condition is:
A run g is successful for A if and only if o visits at least one of the states in /' infinitely many
times, i.e.,

Inf(o) N F # 0, (6.1)

where Inf(p) = {v € Q: Vi,3j > i,s.t. v = g[j]} represents the set of states occurring in-
finitely many times during the run p.

The set of all accepted words of a BA A forms the language of A, denoted by L(A). By the
accepting condition, termination of a BA is considered a failure.

A BA A is called a Deterministic Biichi Automaton (DBA) if A is deterministic and Non-
deterministic Biichi Automaton (NBA) if A is nondeterministic. The language of an NBA Ap
is a super class of the one of an DBA Ay, i.e., L(Ap) C L(Ax). Therefore, NBA are more
expressive than DBA.

An automaton A = (Q, X, r, qo, F') can be presented as a directed graph G = (V, E), where
« V = () is a set of nodes, and
« E={(v,0,v"): o€ X,V €r(v,0),v,v" € V}isaset of directed edges.

The direction of an edge (v, o, v’) is determined by the transition relation r, and the node v
should proceed before v’ because v' € (v, c). The input letter o is considered as the label of
the edge (v, 0,v’). The set of the labels of outgoing edges of a node v is defined as Out(v) =
{oceX:r(v,o) #0}.
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Let V'’ be a subset of V. The new graph G’ = (V'  E') is called a subgraph of G, where
E' C FE is the set of edges between nodes in V. A sequence of nodes connected by directed
edges is called a path in a directed graph. The graph is said to be strongly connected if there
exists a path between any two nodes of the graph. When the graph G itself is not strongly
connected, it is still possible that there exists a strongly connected subgraph. Such a subgraph
is called a Strongly Connected Component (SCC) of G. A single node with a self loop can be
considered as a trivial SCC. If the graph G has no directed cycles, then we call G a Directed
Acyclic Graph (DAG).

Figure 6.1 demonstrates the graph representation of a BA. The nodes (or states) are pictured
as circles and the accepting states are specifically marked by double circles. Directed edges are
represented by arrowed lines pointing from a node v to v’ that satisfy the transition function.
The state evolution of an automaton always start from the initial state gp.

aVb

Figure 6.1: Graph representation of an NBA with the alphabet ¥ = {a, b, ¢, d}. The node ¢ is
a unique accepting state. The edge from ¢, to g3 will incur an unsuccessful run of the NBA.

Every LTL formula ¢ built on a set AP of atomic propositions has an equivalent BA with
an input alphabet 3 = 247, which only accepts the words specified by ¢, i.e., L(p) C L(A).
Methods such as tableau construction [48] and the algorithm based on the conversion to gen-
eralized Biichi automata [47] have been developed to translate an LTL formula into a BA. Not
all LTL formulas can be translated into DBA.

Example 6.1. The reach-and-stay objective ¢, = QUG is also called co-Biichi in the field
of two player infinite games. It is a dual of Biichi objective ¢ = UOG, which requires that
G holds infinitely often. Reach-and-stay formulas can not translated into a DBA, but only an
NBA. Figure 6.2 shows the equivalent NBA of the formula (.
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1 G

G
start

Figure 6.2: The equivalent NBA of ¢, with ¥ = {G, F'r}. The nondeterminism exists in the
out edges of qy: after reading an input letter GG, the state of the NBA can either stay at ¢y or
transit to q;.

Even though DBA is insufficient in characterizing a general LTL formula, among 55 most
expressive LTL patterns identified in [38], there are 52 of them belong to the language of DBA.

Example 6.2. The invariance and reachability formulas ¢, = UG and ¢, = QG can be trans-
lated into DBA, which is shown in Figure 6.3.

G T Fr T
Fr G
start start
(a) The equivalent DBA for . (b) The equivalent DBA for ¢;.

Figure 6.3: The DBA translations for the invariance and reachability formulas. The input al-

phabetis ¥ = {G, F'r}.

6.2 Control Structure with Finite Memory

In this chapter, we limit our scope to the LTL formulas that can be translated into DBA, which
are called DBA-recognizable, and denote by A, = (Q, 3, 7, qo, F') the equivalent DBA of an LTL
specification ¢, where especially

e Q) = {qo, e ,q|Q‘_1} and |Q| is the number of states in A,

« ¥ = 247 is the input alphabet. An input symbol ¢ € ¥ is usually represented by a
propositional formula over the set AP of atomic propositions for ¢.
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As opposed to the conventional invariance and reachability control problems, we will see
in this section that a winning control strategy for a DBA-recognizable LTL formula ¢ requires
finite memories, which is induced by the ordering property specified by ¢.

Without loss of generality, we assume that A, is nonblocking, i.e., Out(q) # (forallq € Q,
since we can always construct a nonblocking one for any BA [&].

6.2.1 S-Domains of Automaton States

Let A, be the equivalent DBA of an LTL formula ¢ and ¢ € @) be an arbitrary state of .A,. Then
by the determinism of .A,, and the nonblocking property, every state has at least one outgoing
edge and

oANo = _1,Vo,o" € Out(q), \/ o=T. (6.2)

o€0ut(q)

We consider traces of system S as input words to .4,. Hence, given a control signal u =
{w:},;2, and a sequence of disturbance d = {d;},-,, the resulting run ¢ = {v;},-, of A, is
obtained explicitly by (for all ¢ € Z*)

{Uo = qo, v = 1r(ve—1, L(z4-1)), v € Q

(6.3)
= f(io1,upr) + diq, v € X

Note that if L(z) = o, the state v of A, changes from ¢, to (g, o) immediately, and v =
7(qo, o) until the next time step where the state v changes instantly according to the input
symbol, which is the label of the system state x. An intuitive illustration of (6.3) is given in
Figure 6.4.

In order to control system S so that the resulting traces are accepted by A, each transition
along the successful runs of A, needs to be executed sequentially. Those transitions, however,
cannot be assigned deliberately as they have to satisfy the transition relation R of system S.
This also implies that, for each ¢ € (), the corresponding system state x is restricted to a certain
subset of the state space X. To capture such a set, we introduce the following definition.

Definition 6.3. Let ¢ € () and x € X be a state of DBA A, and system S at some time instance
J > 0, respectively. Then x belongs to the S-domain of ¢, written as Ws(q), iff there exists a
control strategy « in the form of (2.7) such that any run ¢ = {¢; },—, of A, with ¢; = ¢ generated
by (6.3) under a control signal conform to  satisfies that Inf(o) N F' # ().

The winning set of an LTL formula ¢ is, by definition, the S-domain of the initial state g
of A, ie., Wing(¢) = Ws(qo). Therefore, the problem of computing Wins(¢) can be reduced
to computing Ws(q).
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(a) Part of a DBA A,.
) b c m a

Q, ....... Ut ;@ > Ut+2 ...... >
qo0 .90 42 L 42
1 - 1 - 1 -
I b ’,” 1 C ’a” : a ’,”
o 92 P

b ETII > xt*l > l’t > xtJrl > ',Bt+2 ....... >

w:  L(xq)=0b L(x) =c L(zii1) = a
(b) The relationship between a run g of A, and a solution x of system S.

Figure 6.4: The connection between system S and the equivalent DBA A, of a given LTL
formula . Assume that at some time ¢t — 1 € N, the state of A,, is at ¢y and the label of z,_; is
be 3, ie,v_1 = qand L(x,_1) = b. Part (b) shows how the partial sequence v; 100410442
is driven by x;_ 12211242 according to the relevant part of .4, shown in part (a).

6.2.2 Fixed-Point Characterization of S-Domains

It is easy to see from (6.3) that the connection between dynamical system S and the targeted
DBA A, is through the labeling function L. Since the outgoing edges satisfy (6.2), which is the
same as (2.5), the set Out(q) of every state ¢ € () forms a partition P(q) = {L~(0)} (¢ of
the state space X through the labeling function L as defined in (2.6).

o€eOut

Because of the graph structure of a DBA A, S-domains of different automaton states are
related with one another by the transitions among them. Any state x € Ws(q) can be controlled
to the S-domain of one of the succeeding states of ¢ in A,. Suppose that a state ¢ of a DBA
A, has three outgoing edges 01, 09 and 03 as shown in Figure. 6.5. Any state v € X belongs to
Ws(q) if it can be controlled to any one of the following regions in the next time step:

L™ o9) N Ws(q), L™ (o3) N Ws(q"), L™ (o) N Ws(q).
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Figure 6.5: Transitions in a DBA.

Let M be an ny by ny (n1,ny > 0) matrix of symbols from > and

Vi W,
v=|:|, w=]:
Vi W,

be two vectors of subsets of X. Denote by m;; the element at the ith row and jthe column of
M. Define

W, uW
W4+Va : , (6.4)
| W, UV,
[ Wi\ W
WV 2 : : (6.5)
| Wy \ Vi,
W=Va2W,=V, i=1,...,n,, (6.7)
wi
W= : | =T(M,W), (6.8)
wr

where
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For nominal system S where § = 0, we use T in replacement of 7°. In the remaining of the
section, we denote by V'[i] the ith element of a vector V' of size [V | (i € {1, -, |V|}).

Based on the properties of predecessor maps given in Proposition 3.4, the operator 7° sat-
isfies the following properties.

Proposition 6.1. Given a matrix M of symbols and vectors V, 1V of subsets of X that match
in dimension for operator 7° defined in (6.8) with § > 0,

() TO(M, V) = TS(M, W) if V < W,
(i) T°(M, V) +T5(M, W) < TS (M, W + V),

(iii) T0(My, V) + T8 (My, W) < T5([M;, M), Dﬂ ), and

(iv) T%(M, W) = T%(M, W) < T(M, W) for 0 < §; < 5.

Proof. To show (i), assume that M is of size n; X ny and W, V of size ny x 1. As defined in (6.6),
V' < W means V[j] € W/[j] and hence (L~'(m;;) N V[j]) C (L~ (mi;) N W]j]) forall i, j €
{1,--+ ,ny}. By the monotonicity of Pre’, Pre’ (J, L™ (my;) NV [j]) C Pre’ (UM, L™ (my;) N
W j]), which gives T°(M, V') < T°(M, W).

We now prove (ii). Let i € {1,...,n;} be arbitrary. Then by (6.8) and Proposition 3.3, we
have

(UL (mi;) O (W) ]UV[J'D> = Pre’ (U(L (mij) N W3] U (L7 (mi) N V[ ]))

j=1

D Pre’ (G L~ (my;) N W[j]) U Pre’ (G L™ (mi;) N V]

j=1 j=1

Hence, T°(M, V) + T°(M, W) < T°(M, W + V).

For (iii), let M = [Ml Mg] with M; and M, of size n; X ny and n; X ng, respectively.
The element at the 7th row and jthe column of M is denoted by m;;, and the ith element of
T°(M;, V) and T°(Mjy, W) are denoted by V/ and W/, respectively. Then

V! UW/ = Pre <© L~ (mi;) N V[j]> U Pre’ (0 L™ (Mignyrgy) N W[j])

j=1 j=1

C Pre’ ((O L~ (my;) N V[j]) U (O L™ (Mitnytq)) N W[j])) ,
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which is the ith element of 7°([M; M,], {1‘/1//

Property (iv) is straightforward by the fact that Pre®(A © Bs,) C Pre’(A © Bs,) C Pre’(A)
forall A C X. O

} ). Hence, (iii) is proved.

The graph representation of a DBA can be coded into a matrix of symbols, which is given
in the following definition.

Definition 6.4. Given a DBA A, with the set of states (), the transition matrix M, of A,
is a |@| by |@Q| matrix of symbols from 3. The element m;; in the ith row and jth column
(Zaj € {17 T ‘Q’}) OfMAD is given by

= {o Qi) =r(Qli),0).0 €%, 69)

e ow.,

where e € ¥ denotes an empty symbol with L=1(e) = (.

Intuitively, if the symbol m;; at ith row and jth column is o, then the automaton state jumps
from Q[i] to Q[j] under the input symbol o.

Remark 6.1. The transition matrix formulation in Definition 6.4 not only applies to DBA but
also to any automaton.

As defined in (6.8), the operator T° computes predecessors according to the transition rela-
tion provided in M.,.

To track the control values that can activate the transitions, we further define a vector
K= [Hl e fim] of maps (2.8), where (i = 1,...,nq)

ki(x) = 1g,(z), Yo € W'[i], (6.10)

where S; = (J72, L~ (my;) N Wj].

For a DBA A, the dependencies among the S-domains can be captured by using the oper-
ator T° and the transition matrix M.,,.

Proposition 6.2. Let M, be the transition matrix of a DBA A, and W be a vector of S-
domains of all the states in A, where S is of the form (2.4). Then Ws = T°(M,,, Wy).
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Proof. Let V =T°(M,, Ws),i € {1,---,|Q|} be arbitrary, and B be a vector with

1]
Bli] = | J L™ (my) N Wislj].

j=1

We first show that VV < W. Any state z € V[i] = Pre’(B][i]) can be controlled under some
u € U into B[i] in one step under any bounded disturbance d € D. By Definition 6.3, for any
state x € Wsl[j] (any j € {1,---,|Q|}), there exists a run g with g[t] = Q[j] at some ¢t € Z™,
which is generated according to (6.3), such that p visits F’ infinitely often. Hence, z € Ws(Q[i])
by Definition 6.3, and V[i] C Ws(Q[i]). Since ¢ is arbitrary, V < Wg.

Next we show that Wg < V. Suppose that there is an x € Ws(QJi]) but = ¢ V|[i] =
Pre’(B[i]). Then by Definition 3.3, for all u € U there exists d € D such that 2’ = f(z,u)+d ¢
L~ (my;) N Ws(Qly]) for all j € {1,...,|Q|}. It implies that there is no solution of S that
passes through = and 2 with its trace visiting F' infinitely many times under all disturbances,
and hence, z ¢ Ws(Q[i]), which contradicts the assumption.

Therefore, by (6.6) and (6.7), V X Wgand Wg X V gives Wg = V. O

Remark 6.2. Proposition 6.2 is a necessary condition for a vector W to be W, and W may
not be the unique fixed point of 7° with respect to a transition matrix M,,.

Without loss of generality, we assume that the indices of DBA states are rearranged so that
the indices of accepting states are greater than non-accepting ones. The transition matrix is
also rearranged correspondingly.

Based on the transition matrix form of a DBA A, we now present a fixed-point algorithm
(6.11) to characterize S-domains of A, and show that a memoryless control strategy is sufficient
to activate a transition in A.,.

n = [Q| = |F], ny = [F|
K1 X

N e e
M), x|q|
ite] X
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in1 L_1<m1(j+n1)) N Z,j]

Y = : (6.11a)
U;lil L_l(mnl(j+n1)> N Z,,[j} nyx1
!

Yy =yl 410 (Ml, [?D (6.11b)
k() by (6.10) Vo € YT\ Y![i], i € {1, ,ns} (6.11c)

Y, >
Zyir =T° (sz {ZD Y, & IL_JOYJ (6.11d)
{ Fny+i(2) by (6.10) Vo € Z,[i], i € {1, - ,na} (6.11¢)

The input arguments of algorithm (6.11) are the transition matrix M., of A, and an operator
T° that reflects the transition relation of system S. We assume that the nodes of A, are sorted
so that accepting nodes rank after nonaccepting ones, and the transition matrix M., is divided
into 2 matrix blocks M;, M, which represent the transitions from nonaccepting and accepting
nodes, respectively.

The major iterations of (6.11) are (6.11b) and (6.11d), in which sequences of vectors {YVI }Zo
and {Z,} -, are generated, respectively. Let Z, [i] be the ith element of the vector Z,. For any
fixed v, let Y![i] denote the ith element of Y.

The initial condition Z; is a vector of Xs with size ny, and Z, is computed by applying
operator T? with respect to the prior Y,,_; and Z,_;. The vector Y,, (for any fixed /) of subsets of
Xis obtained as the infinite unions of {YVZ }Zo by iteration (6.11b) and it is trivial that V! < Y!*!
by (6.4) for all [ € N.

Intuitively, the sequences {Z,} - and {Y,} -, approach the S-domains of the accepting
and nonaccepting nodes, respectively. Define a vector of subsets of X:

W= PZ/} = E] = DOW (6.12)

v=0

Y,
Zy
ing nodes while Z is a vector of S-domains of accepting nodes.

where W, = . We then show as follows that Y is a vector of the S-domains of nonaccept-

Theorem 6.1 (Conditional Soundness and Completeness). Consider system S and a DBA A,,.
Denote by M., the transition matrix of A,. Let W be a vector of S-domains of 4,. Assume
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that

Y, =Y, +T°(M;,W,) Vv eN, (6.13)
7 =T° (My, W), (6.14)

where W, and W are defined in (6.12). Then W = W and each element K[i] of K is a
memoryless control strategy defined on W.

Proof. We first show that both {Z, } and {Y, } are decreasing by induction. The initial condition
is Z1 =X Zy (Zpli] = Xfori=1,...,ny). Suppose that 7, < Z,_;andY, <X Y,_; for some v €
Z*. Then Yuo—i-l = YO because Yl/—HH Un2 - (ml(]+n1)> NZy1 C Unil L (mi(j+n1)) n
Z,14]l4] = Y,2[4] for all i. According to the algorithm and the monotonicity of 7?,

Zyir =T° (Mg, W,)) < T° (My, W,_y) = Z,,
YVOJr1 <Y?  Assume YVIJrl = YVZ :

YVZE Yz/l +1° (M, W,) =< Yulq +71° (M, W, ) = Yl/l+1'

Hence, Y, 11 = U5, Y, = UZ Y = Y., and we can conclude that {Z,} and {Y,} are
decreasing.

We next claim that Y [i] = (2, Y![i] = BRL (Y [i]) foralli = 1,---,n; and v € N.
Expanding the operator T, we have

n2

YVOM - U L_l(mi(1+n1)) N Z,[j],

j=1

Y!*i] = Y![i] U Pre’ ((UL (my;) N Y[5] ) U (U L7 (Migjny)) ﬂZ,,[j])) :

Jj=1

Based on Proposition 4.4 in Chapter 4, we have Y![i] = BR?(Y,%[i]), which is the I-step J-
robustly reachable set to any of the S-domains of the accepting nodes, i.e., (J72; L™ (mi(j1n,))0
Z,[j]. Hence, Y, [i] = U2, Yi[i] € BR.(Y0[i]) foralli = 1,--- ,n;. Under condition (6.13),
we can show the other direction, i.e., YVl[ ] D BR?_(Y°[i]). Suppose that gy, ¢’ € Q in the asso-
ciated DBA A, correspond to the kth and £’'th row of M., respectively, and ¢’ = 7(qo, L(xy)).
For any x( ¢ Y, [k|, we have by (6.13)

Ty ¢ Pre’ ((U Lt mk] [ ]) U (Lj L_l(mk(j+n1)) N Zu[]])) )
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which means that for all ug € U there exists dy € D such that 1 = f(xg, ug) + do ¢ Y, [k1] or
Zylko] forall ky = 1,--- ;nyand ks = 1,--- | ny. Since x1 ¢ Y, [k'] (the current DBA state is
¢:), we can use the same argument as for x, i.e., for all u; € U there exists d; € D such that
o = f(x1,u1) +dy ¢ Y,[k1] or Z,[ko] forallky = 1,--- ;njand ky = 1,--- , no. In this way,
we can construct a sequence of disturbances {d; },~ such that z; ¢ (J:2, L™ (my(j1ny)) N Z,[j]
forallt € Nandi=1,---,|Q|. Hence, = ¢ BR’ (Y, [i]) and the claim is proved.

We now prove the theorem by showing both Wg < W and W <X Wg.

To see Wg =X W, we only need to prove that Wg <X W, for an arbitrary v € N. As
the initial condition, Zy[i] = X, and thus Wg[n; +i] =< Zy[i] forall i = 1,--- ,ny. As we
have shown in the claim above, Y, [i] are the maximal d-robustly backward reachable set to

U2, Z.[j]. And by Definition 6.3, for all i = 1, ,ny, W[i] C BRS (U9 W[j]), we

j=14n1
have Ws[i] € BR® (U . Z[j]) = Yoli]. Therefore, Wg < W,. Assume that Ws < W,

j=14n1
for some v € N. By Proposition 6.2 and 6.1 (i), we have W5 = T°(M, Ws) < T°(M,W,).
Then Ws[ny + 1,---,|Q|] < T°(My, W,) = Z,,1. Since the above derivation of Wgli] C
BR&(U‘J@HM Zol7]) = Yoli] holds for v + 1, we have Wg[1, -+ ,ny] < Y, 1, and hence

Wgs < W,.1, which shows that Wg < .
To show W < Wy, we aim to prove that W[i] C Wg]i| for any i = 1,...,|Q|. Suppose

that the current DBA state is g;n,—1 (¢ € {1,---,ny}) with which Z[7] is associated. Given
(6.14), i.e.,
Z[Z] = Preé ((U L m(z+n1) ﬂ Y ) (U L 1+n1 J+n1)) N Z[J]))
j=1
foralli = 1,---  ng, for any state zo € Z[i| there exists ug € U such that x; = f(xo,up)+do €

Z[j] if L(z0) = M(i4ny)(j4nr) OF 1 € Y[K]if L(20) = M (iyn,)r under any possible disturbance
dy € D. If 21 € Z|[j], then x5 at t = 2 can be still kept inside Z[j] or Y[k]. If z; € Y[k], then
for all sequences of disturbances {d;},-, with d; € D there exists ' € Z* and a control signal
{ut}:;l such that zy € Z][j] for some j € {1,---,ny}, since Y[k] is the maximal d-robustly
backward reachable set to U?il Z[j] by (6.13). In this sense, for any sequence of disturbances
{d:};2,, we can always find a control signal {u,;},”, such that the run of the automaton A,
under the trace of resulting solution of system S with initial condition x, € U'Z(i'l Wi satisfies
the Biichi accepting condition. Therefore, W < W and the proof is complete. O

Theorem 6.1 essentially says that LTL control synthesis for general dynamical system can

be sound and complete under conditions (6.13) and (6.14). It also implies that we only need finite
memories to realize control synthesis with respect to the LTL formulas that can be translated
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into DBA. At each state of an LTL equivalent DBA 4, a memoryless control strategy is suffi-
cient to maintain the state of system S inside S-domains of A, which by definition are subsets
of the state space X that system S can be controlled to satisfy the Biichi accepting condition
(6.1). The current DBA state needs to be recorded in a variable so that a proper memoryless
control strategy x from K can be chosen. Such a variable is considered as the memory of the
control strategy and is updated according to the transitions of A,. Detailed control strategy
structure will be discussed in the next section.

6.2.3 Automata-Embedded Control Structure

As a result of Theorem 6.1, we can design a finite-memory control strategy that is embedded
with the given DBA.

Definition 6.5. Let A, = (Q, X, 7, g, F') be the equivalent DBA of an LTL formula ¢. For
system S = (X, U, D, R, AP, L), an automaton-embedded control strategy is defined as

C(p == <Xc7 Uc; QC7 ECJ Tey 4o, H> :

« X, C Xis a set of inputs;
« (). = @ is a finite set of states;
« Y. = ¥ = 247 is an alphabet;
e 1. =1 C Q. X X X Q. is a transition relation that updates the controller state;
* (o is the initial state;
« U.C 2V is a set of outputs;
« H:Q.xX.— U, is an output function defined by
H(q,z) = Krag+1(2), v € X¢,q € Q,
where r1q(q)(«) belongs to the set of memoryless control strategies {/ﬁz}gi‘ returned by

(6.11) and Id(q) is the index of the state ¢. The index /d(q) determines which memoryless
control mapping to be activated.
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The components Q)., X., 7, o originally given in A, are embedded into C,. One can use
a single variable that takes values in a subset of N to represent (). Such a variable is called
a memory variable. A memoryless control strategy « from K is activated by the function H,
which outputs the index of current state g of A, by the transition relation r of A, according to
the previous automaton state and the labels L(z) of the current system state z. Therefore, the
embedded A, manages the control memory, and the structure in Definition 6.5 is visualized in
Figure 6.6.

LG, R 5 |
: aes I :
D —— /C :
< Q. |«
I q I
: Id e Apfe— |
l_____—_—_—_—_—_—_—_—_—_-I_____l
u
> S .
o= L(z)

Figure 6.6: The structure of the automaton-embedded control strategy for & with respect to (.

Corollary 6.1. Let A, be the equivalent DBA for an LTL specification ¢ for system S. If ¢ is
realizable for S, then a finite-memory control strategy in Definition 6.5 can realize (.

Proof. It is a direct result of Theorem 6.1. ]

6.3 Robust Completeness of LTL Control Synthesis

The operator 7" defined in (6.8) is essentially a predecessor map of unions of sets, which is diffi-
cult to be exactly computed for nonlinear systems. Same as the control synthesis for basic LTL
formulas such as invariance and reachability, we can also inner approximate W/ = T'(M, W)
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by using Algorithm 5.1, denoted by W’ = [T]*(M, W), with

W*i] = [Pre]® (U L™ (miz) N W3]

=1

X) , or (6.15)

X) (6.16)

where [Pre]’ is given in (5.2) for system S with finite control values, and [Pre,,)° is the one for
system [S],, defined in (5.9).

W [i] = [Pre,]® <U L~ (m; ;) N W 5]

J=1

Hence, the sequences {Y,, } and {7, } in algorithm (6.11) can be inner approximated by using
[T]¢, which gives Algorithm 6.1 as the approximated version of algorithm (6.11).

In the following, we focus on the approximation (6.16) since (6.15) can be seen as a special
case of (6.16).

Lemma 6.1. Consider system [S], where y is a parameter given in (5.8). Let M be a matrix
of symbols from > and W be a vector of subsets of X, and M and W match in dimension. If
Assumption 5.1 and 5.2 hold in X, then

Tt (M, W) < [T)5(M, W) < T(M, W). (6.17)

Proof. Let V = T(M, W), V' = [T]*(M, W) and V" = T(P1e+r2t)(M, W). Assume that M is
of size ny X no and W is of size ny X 1. Then V, V' and V" are n; x 1.

Consider an arbitrary element V; of V,7 =1, .-+ ,ny. Lemma 5.2 gives

Pre(/1etr2r) (O L™ (mq;) N WU]) = Pre (Lj (L™ (miy) nWj]) © Bplsﬂ)w)

j=1 j=1
ng
C [Pre,]” <U L™ (mi;) N WU])
j=1
g Pre (U Lil(mij) N W[j]) .
j=1
Then by (6.6), we have V" C V! C V,, which shows that V" < V' < V. O
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Algorithm 6.1 W*, K* = Spom(M,, [T]°)

1:

10:
11:

12:

13:
14:

15:

16:
17:

18:

ny = ’Q|_ ’F

M, = [ﬁj , My, M are of ny X (n1 + n2), ng x (n1 + ng), respectively.

,ng = |F|

Z[,- ng), Zi) X, i=1,...,ny
Z[1, -+ nal, Z[i] < 0
YL,

e 7n1],Y[17... 777'1]
K[1,...,|Q]|] is a vector of memoryless control strategies.
while 7 # Z do

Z < Z

?[Z] — U;L; LY my(any) N Z[L Y] <= 0,0 =1,...,m
while Y # Y do

Y« Y

Vv o )

assign K=[i](x) by (6.10) forall z € Y[i] \ Y[i]andi € {1,--- ,my}
end while

Z e e [ )

assign K<[ny + i](z) by (6.10) for all z € Z[i] and i € {1,--- ,no}
end while

vl

> (2.8)
> (6.7)

> (6.4)

> (6.4)
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Based on Lemma 6.1, we can show that by using Algorithm 6.1 control synthesis for system
S with respect to DBA-recognizable LTL formulas can be made sound and robustly complete
in the sense that a finite-memory control strategy defined in Definition 6.5 can be constructed
whenever ¢ is realizable for system S under additional 6 bounded disturbances.

Theorem 6.2 (Conditional Soundness and Robust Completeness). Consider system S and a
DBA A,,. Denote by M,, the transition matrix of A,. Let W¢, K¢ = Spom(M,, [T]?), where
[T]° is an interval approximation of 7" defined in (6.16), and 1W*(qy) be the element of W*
corresponding to the initial state gy of A.. Suppose that Assumption 5.1 and 5.2 hold in X.
Then Algorithm 6.1 terminates in a finite number of iterations, and if p;e + popr < 6, then

Win%(¢) € We(qo) € Wing(¢p). (6.18)

Proof. We first show the finite termination. As we have a lower bound, which is determined
by ¢, for the width of all the intervals that partition the state space X, each element in vectors
X and Y contains finitely many intervals. Algorithm 6.1 will terminate in a finite number of
steps.

Based on Proposition 6.1 (iv), we have T°(M, W) < Tre+ezi) (M, W) for all proper M
and W if p(e + u) < 4. Together with Lemma 6.1, we have 7°(M, W) =< [T]5(M, W) =
T(M,W). Let {[Z]5} and {[Y];} be the monotone sequences by using [T]° as the input of
the procedure Spom. The same sequences for the system with disturbances of magnitude o
are denoted by {Z?} and {Y;’}. Then the relationship Z? < [Z] < Z;and Y < [Y]; X Y]
are maintained because of their monotonicity. Therefore, W < We < W which implies
Wing () € W(go) € Wing(e). O

Remark 6.3. In Chapters 4 and 5, we have given sound and complete control synthesis algo-
rithm (4.5) and (4.14) for invariance and reachability control objectives, respectively, and the
robust completeness is guaranteed by using interval approximations [Pre|° or [Pre | of Pre. As
a matter of fact, invariance and reachability formulas are two of the simplest ones that can be
translated into DBA (see Figure 6.3), and the associated transition matrices are

T -G G
M, = LG g} . M, = [ ) T] . (6.19)

Hence, they are special cases of Algorithm 6.1, in which two nested while loops reduce to
a single while loop: for invariance control, the inner loop (line 10-14) can be omitted, and
Algorithm 6.1 reduces to the iteration

(i 0 [3])
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which matches (4.5); for reachability control, only the inner loop takes effect, and Algorithm 6.1
reduces to the iteration

I+1 l 6§ Ybl
i =yl (-6 6|2 ),

which matches (4.14) as expected.

However, control synthesis with respect to a reach-and-stay LTL formula ¢, = QUG can
not be generalized by Algorithm 6.1 as ¢, is not DBA-recognizable.

6.4 Control Synthesis with Pre-processing

Another problem about LTL control synthesis that we are concerned with is its computational
complexity. In Algorithm 6.1, the vector Z, which approaches the vector of S-domains of ac-
cepting nodes in A, as the iteration proceeds, updates only after the vector Y (the vector of
subsets of X that approximates the S-domains of the rest of the nodes in A,) remains un-
changed in the inner loop. In addition, at the beginning of each computation in the outer loop,
the value of Y needs to be reinitialized since the value of Z is changed from the last iteration.
In this sense, the use of nested loops for the computation of interdependent Z and Y increases
the computational complexity.

Analyzing the transition matrices M, and M, in (6.19), it is not hard to notice their lower
and upper triangular structures, which indicates that the dependency between the S-domains
of accepting and nonaccepting nodes is only in one direction: Wg(g;) is not dependent on
Ws(qo) in both Figures 6.3a and 6.3b. This is what breaks the nested loops in invariance and
reachability control synthesis, and we can get inspiration from this two special cases for reduc-
ing the complexity of Algorithm 6.1.

Suppose that the transition matrix M, of a DBA A, is an upper triangular block matrix
based on the indexed set of states () = {ql, L qQ) }, ie.,

MUL MUR

Mw—[ C M (6.20)

Y
} lQIx|Ql

where My, and Mg are ny, by ny, and ng by ng matrices, respectively, and n;, + ng = |Q),
nr,ng € Z". Let Q1 be the set of states of A, with the first n;, indices and Q) be the set of
the rest of the states and

Fr={q€Q:9e FAqeQr}, Fr={q€Q:q€ FNq€Qr}. (6.21)
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Denote nry = |Fr|, nro = |Fr|, n1 = np — npa, and ng; = ng — ngo. We also assume that
the states in ()1, and () are sorted so that the accepting states always rank after nonaccepting
ones.

Let W}, and W be vectors of subsets of the state space X of length n;, and n g, respectively.
Then it is straightforward that

W=7 (e Mo 2] ) =7 (Mur W),

W, =T’ ([MUL Muys] {%D ,

which shows that WR does not rely on W, but WL relies on both W;, and Whp.

If () g contains accepting nodes, then the block matrix M1 ; can be treated as a sub-transition
matrix based on which S-domains of the corresponding states in Qg, i.e, {Ws(q)},cq, > can
be approximated firstly by Algorithm 6.1, independent of other parts of A,. On the other hand,
if Qr has no accepting nodes, then computing {Ws(q)},c, is pointless because there is no
transition from any ¢ € Qi to ¢’ € Q1 and any run that contains ¢ does not satisfy the Biichi
accepting condition. The approximation of S-domains of the states in @, i.e., {Ws(q)} 4€Qr>
starts after the computation with respect to M r completes. In this way, the repetitive initial-
ization and computation of W, caused by the updates in W5 when using the operator 7° can
be avoided. We can also use Algorithm 6.1 for the approximation of {Ws(q)} ., with a slight
modification, which is presented as Algorithm 6.2.

Therefore, if we can arrange the transition matrix IM,, into a triangular matrix or triangular
block matrix without changing the original transition relations in .A,,, then Algorithm 6.1 can
reduce to a single loop or several smaller nested loops. We now compare the complexities of
control synthesis with respect to an upper triangular block matrix in the form of (6.20) and a
general transition matrix by Algorithm 6.1 or 6.2.

Suppose that the numbers of accepting and nonaccepting nodes in A, are ny and n; =
|Q| — na, respectively, and the resulting numbers of outer-loop and inner-loop iterations by
using Algorithm 6.1 directly are K, and ;. Then the complexity is

O(TLQKQTLlKl)

for the control synthesis without using its triangular form. Let the numbers of outer and
inner-loop iterations for block M be Krs and Kp, respectively, and the ones for block
My, Myg] be K15 and K1, respectively. If we perform control synthesis sequentially to
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Algorithm 6.2 W, 5 = SDoMEXTRA([My, Mygl, [L]5, Wr)

1:

10:
11:

12:

13:
14:

15:

16:
17:

18:

My Mum

[MUL MUR} =M M , where M5 corresponds to the F, defined in (6.21)
UL2 UR2
and has nro number of rows. The block M7, contains ny; rows. The elements of My,
and My are denoted by m{} (4,7 =1,...,ng) and mg: G=1,....,n,7 =1,...,ng),
respectively.
Z[l, ,TLLQ], Z[l] —X1=1,...,np9
g[l, s ,nLg], Z[Z] — 0
Y[l’ .. 7nL1]9 YL[L .. 7nL1]
Kr[1,...,nr1 + npa) is a vector of memoryless control strategies. > (2.8)
while Z # Z do > (6.7)
AR
Y]« 0,i=1,...,np
Vi (Up Lm0 0 2050) U (UR 2720 OWRj])i =1,

while YV # Y do
Y<«+Y
B Y
Y+« Y+ [I]E |:MUL1 MURl] R Z > (6.4)
Whg
assign Kz [i](x) by (6.10) forall z € Y[i] \ Y[i] and i € {1,--- ,nz}
end while
B Y
Z <« [TF [ [Myrz Mygs], | Z > (6.4)
Wr

assign K5 [, + i](x) by (6.10) forallz € Z[i] andi € {1,--- ,no}
end while

Y
Wi {Z}
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blocks MLR and [MUL MUR]: the complexity is
O(npeKronm Kp1 + npaKronpi Kpy).

The numbers of outer and inner-loop iterations are determined by the row that converges the
slowest, and hence we have Ky = max { Kre, K12} and K1 = max {Kgy, K11}. As defined in
(6.21), ng = nrs + ngre and ny = np; + ngi. Then

nroKponp1 K1 + npaKpanpi Ky < (nranpgs + npanp ) Ko K
< (np2 +nr2)(np + np1) Ko Ky = nong Ko K,

which shows that we can gain computational efficiency by using an upper triangular block
matrix.

So the question is how to pre-process M, so that M, is a triangular block matrix. We now
propose the following procedure, called PREPROCESS, for this purpose:

i) Detect all SCCs in the graph representation of A,. Then A, can be simplified to a DAG
Giag = (V, E) in which each node is either a single automaton state or an SCC. Hence,
the number of nodes |V| of G4, is less than or equal to |Q)|.

ii) Perform a topological sort on the DAG Gg,y, which determines a linear ordering of the
nodes in G4,  such that ¢ precedes ¢’ for any edge (¢, 0, ¢') € E. Rather than being inter-
dependent, computation of W(¢q) only needs to be performed after Ws(¢') is obtained
for any state ¢ that comes before ¢'.

iii) Let g;, ... qi, ---q;, (0 < < |Q]) be the resulting topological sort, where g;, is the last
node of G4,, that is or contains an accepting state in A,,. List the states in () in the order
of gi, ... ¢, and no particular order of the states in the same SCC is required except that
the accepting states rank after the nonaccepting ones.

The transition matrix M., based on the order of the automaton states obtained by PREPRO-
CEss can be formulated as an upper triangular block matrix. Control synthesis, as a result, can
be performed independently for the sub-matrices in the reversed order.

Example 6.3. Consider the LTL formula
Y = <>(CL1 N <>(CL2 N <>(a3 N (ﬁaz)Ual))), (622)

whose equivalent DBA is shown in Figure 6.7.
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start qo0

Figure 6.7: The translated DBA using Spot [37].

The states g, and g3 constitute an SCC g3, and the rest of the states are trivial SCCs. A
topological sort of A, is ¢oq1¢23¢4, and gy is the unique accepting state. Then the PREPROCESS
yields an order of the states in Q: qoq1¢2¢3q4 (0r qoq192q3q4, because the order between ¢, and
g3 does not matter). Based on this order, the transition matrix is

-ap, a;p 1 € e e
’7677‘776[77&77777767777 e Ml M*l
a2 2 I
Mo= | ¢ Tty T e =] M M
o : 3 3 : Ms; M.,
e e as —ayp A\ —ag ! ag
L _ 2 _ _ _ - _ _ _~ I = _ M4
e e e e FT

Since ¢4 is the only accepting state and its corresponding block matrix My = T, Ws(q) =
X and k4(x) = U for all x € X. Algorithm 6.2 is then applied to [M3 M,3], [Ms M,s], and
[M; M.,,] sequentially with only the inner loop. It returns Ws(q3), Ws(gz), and Ws(qy)
along with the corresponding memoryless control strategies k3 ko, and k.

As a summary of this section, we provide the following procedure of control synthesis for
solving the LTL control problem:

S1 Translate ¢ into a DBA A, and trim A, by removing the invalid labeled transitions if
necessary. Denote by A, the trimmed automaton.

S2 Perform PREPROCESS to ftw, which gives a sorted set of automaton states {g;,, - ,q; }.
where i; € {1,---,|Q|} forall j = 1,--- ,[ denotes the index of the automaton state.
Note that 1 <[ < |@Q|. Then the corresponding upper triangular transition matrix M., is
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in the form

S3 Apply Algorithm 6.1 or 6.2 backwardly from My, until [M; *] to compute the S-domain

of {qi,, -+ ,q;,}. The corresponding memoryless control strategies will be generated at
the same time. The S-domain of any automaton state that is not in the sorted list is
considered .

S4 Construct the automata-embedded control strategy according to Definition 6.5 based on
the memoryless control strategies generated in S3.

6.5 Application to Motion Planning Problems

In most of the motion planning problems, control specifications are often given in the form
of LTL formulas that are more complex than simple invariance and reachability objectives. In
this section, we apply the proposed LTL control synthesis algorithm to solve motion planning
problems.

The vehicle model we use for motion planning is (5.29), which is given in Section 5.5.2.
We also adopt the same workspace and simulation parameter setting as in the motion planning
example in Section 5.5.3, i.e., X = [0, 10] x [0, 10] x [—3.4, 3.4], the sampled control values are
{#£0.9, £0.6, £0.3, 0}, sampling time 7, = 0.3s, and precision parameter ¢ = 0.2.

Example 6.4. We now study again the control specification in Example 6.3, where a;, as and
ag are three atomic propositions assigned by a labeling function L to three isolated work areas
4, 5 and (23. Using ag as the label of the rest of the workspace, then

a; x €N
L) = as x € )y
as IGQQ,

ao $¢(91UQQUQ3)

Hence, we have a; A a; = L foralli # j € {1,2,3}.

The workspace setup is shown in Figure 6.8. As the control objective, the order of the areas
that the vehicle has to visit is: 2; — Qy — Q3 — =y — Q5.
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ay

Figure 6.8: The top view of the motion planning workspace. The shaded area is marked as an
obstacle. The target area L™ (a;) = [1,2] x [0.5,2] x [—m, 7], L™ (a;) = [0.5,2.5] X [7.5, 8.5] x
[—m, 7], and L' (ay) = [7.1,9.1] x [4.6,6.4] x [—7,7].

We obtain memoryless control strategies x, for each ¢ € (). by performing Algorithm 6.1
with pre-processing, which is provided in ROCS. Since «,(z) returns all valid control values
given a memory value ¢ and a state = of system & in the domain of x,, a random value u that
confirms to x,(x) is used.

Figure 6.9 shows the simulation result from a initial condition zy = (3,2,90°). It can be
observed that the closed loop trajectory of the vehicle fulfills the expected visiting order spec-
ified by (6.22). Some more simulation results can be found in Figure 6.10 with different initial
conditions.

To see how much the pre-processing procedure can help in saving computational time, we
also perform the control synthesis algorithm without any pre-processing, i.e., Algorithm 6.1
takes in M, given in Example 6.3 directly. The time for control synthesis without pre-processing
is 189.152s while it is 162.553s if the DBA is pre-processed.

Example 6.5 (Generalized Biichi Specification). In this example, we use the same workspace
setup as in Example 6.4, but the vehicle is expected to infinitely often visit €24, (25, and (23, which
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(a) The closed-loop 2-D trajectory of the vehicle starting from x,
which is divided into 4 sections corresponding to 4 different con-
trol strategy memory values. The upward red and downward green
triangles mark the initial and terminal states, respectively.

0 I I I I I I

t(s)

(b) The time histories of control values u, ug of system S and the
memory value ¢, g € {0,1,2,3,4}.

Figure 6.9: The simulation result for Example 6.4 with the initial condition xy = (3,2,90°).
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() zo = (1.3,5,135°) (b) 2o = (2,3,90°)

(c) zo = (6,1,90°) (d) zo = (9,5,45°)

Figure 6.10: Closed-loop trajectories of the vehicle from 4 different initial conditions.
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are labeled by a1, as and ag, respectively. This requirement can be written as the following LTL
formula:

3
= /\ O0a;. (6.23)
i=1
The corresponding DBA of (6.23) is shown in the following Figure 6.11.

start

Figure 6.11: The DBA translated from (6.23) using Spot [37].

The DBA itself is an SCC, and thus no further pre-processing or topological sort is needed.
Arranging the states in the order ¢3¢2q1qo, the transition matrix is

—a1 (& (& aq

After overall 165 iterations in running Algorithm 6.1, we obtain the approximated S-domains
for automaton state g, to g4 with their corresponding memoryless control strategies «; 4. The
time for control synthesis is 121.121s. The result of closed-loop control simulation with initial
condition zy = (6, 1,90°) is shown in Figure 6.12. The automaton in Figure 6.11 always starts
from the state qo. Hence, the automaton state jumps to ¢; immediately since xy ¢ (23 and the
memoryless control strategy r; is used until automaton state changes. As opposed to Example
6.4, the satisfaction of the generalized Biichi specification requires infinite time horizon. In our
simulation, we test the controlled system for 60s, which shows the two whole periods of the
update of the automaton states.

6.6 Summary

In this chapter, we considered a more general class of LTL specifications than invariance or
reachability that are discussed in Chapter 4. This class of LTL formulas can be translated into
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(a) The closed-loop 2-D trajectory within 60s that satisfies the spec-
ification (6.23). The sections of the trajectory related to different
automaton states are marked in different colors: gg-blue, g;-orange,
g2-yellow, and gs-purple.

0 10 20 30 40 50 60
t(s)
4
3k
2

1 —

0 1 1 1 1 1 1
0 10 20 30 40 50 60

t(s)

(b) The time histories of control values u, ug of system S and the
memory value ¢, ¢ € {0,1,2,3}.

Figure 6.12: The simulation result for Example 6.5 with the initial condition xy = (6, 1,90°).
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DBA. Control synthesis for system S with respect to such formulas is more difficult since the
winning control strategies usually require memories, which leads to the questions raised at the
beginning of this chapter.

To address the first question, we discussed the soundness and completeness of algorithm
(6.11), which iteratively computes the exact winning set with respect to a DBA-recognizable
LTL directly over the infinite state space of a dynamical system, instead of approximating the
original dynamics by a finite abstraction as in [10]. This is because, without any stability as-
sumptions, the completeness can not be guaranteed if the finite abstraction is constructed by
over approximating system transitions for general nonlinear systems. To deal with general
temporal properties, algorithm (6.11) applies a monotonic operator 7, which is based on the
predecessor map, according to the transition matrix that reflects the graph structure of the DBA.
We show that the soundness and completeness can be achieved under the assumption that the
output of (6.11) is a fixed point. The construction of a finite abstraction as the first step is also
avoided in [135, 7]). The algorithm in [135] is sound but not complete for the purpose of high
computational efficiency, and [7] assume linear systems.

Close to our control synthesis setting is the discussion in [36] of symbolic algorithms for
infinite-state games. The condition to make control synthesis algorithm finitely terminating
is that the infinite state game structure should have equivalences with finite index [36]. This
essentially means that there exists a finite abstraction that can represent the infinite-state dy-
namics. Since such a condition does not usually hold, we propose a finitely terminating algo-
rithm (Algorithm 6.1) based on interval approximation of T, which is proved to be sound and
robustly complete.

As the answer to the second question about the structure of control strategies defined over
the infinite state space to realize the given DBA-recognizable LTL formula, we proposed a struc-
ture that contains the DBA whose states represent control memories and the transition relation
serves as a mechanism updating control memories. This structure is similar to the Last Vis-
ited Record (LVR) strategy for two-player games [89, 142] and the supervisor for discrete-event
systems [109]. For finite transition systems, controller automata are also proposed in [71, 10].
Unlike these works, our control strategy is defined for dynamical systems, and an extension
from finite-state systems to infinite-state systems is not straightforward.

A preprocessing procedure is also proposed to reduce computational cost. Before running
algorithm (6.11), states of the given LTL-equivalent DBA are grouped together to produce a
higher-level DAG. A topological sorting is then performed to determine the dependency among
DAG nodes in terms of S-domain computation. Control synthesis performed in this order can
avoid unnecessary iterations. By complexity analysis in Section 6.4 as well as the empirical re-
sult in a motion planning scenario, we showed that the preprocessing is cost effective, because
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the size of the DBA is usually small compared to the discretized system, so that the preprocess-
ing takes little time, but a little improvement can result in higher efficiency in control synthesis
that involves nonlinear dynamics.

There is a connection between LTL control synthesis and reference tracking. In reference
tracking, the dynamical system is controlled so that the state or output can track a priori refer-
ence signal:

tlg?o [z — 7|, = 0.

A controller that realizes the convergence to reference signal contains the reference signal
model (called exosystem in [130]). The DBA-embedded control strategy structure and the tra-
ditional tracking controller are similar in the sense that following the same internal model prin-

ciple [43].
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Chapter 7

Control Synthesis for Sampled-Data
Systems

Physical systems are often modeled by the ODEs:

2(t) = f(x(t), u(t)) + d(t), (7.1)

where d(t) is a time-varying disturbance, and f : R" x R™ — R" is a smooth function. Similar
to our discussion in Chapter 2, when d(t) = 0, system (7.1) reduces to the nominal form

#(t) = f(x(t), ult)). (7.2)

Let [ be an interval in R. With a slight abuse of notation, we denote by u : / — U and
d : I — D the continuous-time control and disturbance signal u(¢) and d(t), respectively. We
also denote by U’ and D' the set of control and disturbance signals.

Definition 7.1. Given a control signal u and a disturbance signal d, a solution of (7.1) from an
initial state 7 € X over a time interval / within its maximum interval of existence is a function
&£(t, xo, u, d) that satisfies

d

®  Few ) v @), Viel
To apply either digital controller or control synthesis based on formal methods, system

(7.1) is only measured, evaluated, and processed at discrete time instances. A Zero Order Hold

(ZOH) is often used to hold sampled values during inter-sample periods. Such a controlled

121



system with a continuous-time plant and discrete-time control components is typically called
a sampled-data system.

Let 7 > 0 be a fixed sampling time for (7.1). The system state is only evaluated at discrete
time instances j7 (j € N), and the control signal u(t) is constant and takes values from a finite
set U over [0, 7). Then the corresponding sampled-data system of (7.1) can also be translated
into a transition system:

S,: (X, U, R, AP, L), (7.3)

where the set of states X, the set of inputs U, the set of atomic propositions AP, and the labeling
function L are defined as in (2.4). The transition relation R, : X x U — 2% is given by

R, (z,u) £ {&(r,2,u,d) : u(t) = u,d(t) €D,Vt €[0,7)}.
In this sense, continuous-time system (7.1) is scaled over time and treated as a discrete-time

system (7.3).

In this chapter, we aim to show how the proposed specification-guided method via interval
computation can be applied to sampled-data systems.

7.1 Reachable Set Approximation Using Interval Analysis

The construction of inclusion functions for the sampled-data system of (7.1) is more difficult,
because the post-transition states are not determined by a function explicitly, but related to
reachable sets defined below.

Definition 7.2. The reachable set for system (7.1) after time 7 from a set of initial states X, C X
under a control signal u : [0, 7) — U is defined by

R, (Xo,u) = {&(7, w0, u,d) : d € D7 ||d]|_ < J,20 € Xo}. (7.4)

To be more specific, the reachable set of (7.1) is denoted as R ( Xy, u) if d(t) = 0 and R°(X,, u)
if d(t) is bounded by 6 > 0, respectively.

We define a set of maps {R(-,u)},.y by using constant control signals in (7.4). An over-
approximation of the map R, (-, u) by definition serves as an inclusion function for the sampled-
data system (2.2) of (7.1).
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A standard algorithm for over-approximating the reachable set from an initial interval [x]
relies on the kth degree of Taylor expansion of the solution at time ¢t = 0 [95]:

Tk+1

(k+ 1)V

R ([zo, u) € Z S ([o], u)% + F0) (], ) (7.5)

—

where [z] is an a priori enclosure for the solution on [0, 7) and the sequence of functions s (x)
(z > 0) are defined by

f[O](xﬂu) = T,

‘ o Fli—1(.
f ) = fT(’u)f(%U), i>1
We can over-approximate the function f7(-, u) in (7.5) by using convergent inclusion func-
tions [f](-,u). Then

RE ol ) = Y019 Gl ) T+ 1 il ) 7.6
D R ([xo], ).

Therefore, the computation of [f]([z], u) can be replaced by R.([z], v) in (7.6) for sampled-

data systems. An interval [x,] can function as an a priori enclosure for [z if there exists some
k that

k—1

0] + Z[f] A (Tao], u)

i=1

11l 2T € ol &

[0, 7']
il

We show that such an a priori enclosure can always be found under the following assump-
tion.

Assumption 7.1. Let X, U be compact and [X] be an interval containing X. For a given order
Ewmax > 1, there exists a constant & > 0 and inclusion functions [f]” (-, u) of (-, u) such that
forall 1 <7 < kpax

wid([f]"([2]), u) < Kwid([z]), ¥[z] C [X],u € U.

Similar to Assumption 3.1 and 3.2, the above assumption can be guaranteed by f(-, u) being
smooth, which implies the bounded partial derivative of fl(-, u) on any compact set.
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Lemma 7.1. Suppose that there exists an order k,,,x > 1 for a sampled-data system (2.2) such
that Assumption 7.1 holds on X. Let

M, = sup ||f[i](x,u)||oo, W = sup {wid([z])}.

1<i<kmax,r€X [z]CX
For any interval [xo] C X, if 7, € € (0, 1) and the order k € [1, ky,ay] are chosen such that

[z ] [—1, 1](M,, + Kwid([zo]) (e7 — 1) 1" + [—2¢, 2¢] C [X],

T e

z_ M—KI/V Vk <4 < Kmaxs
then
— k-1 [O Ti]
[wo] £ [wo] + > _[f1¥([xo], w) a2 2 (7.8)
i=1 ’

is an a priori enclosure, i.e., [o] C [X].

Proof. For any € > 0, there exists k € [1, kmayx] and 7 > 0 such that 77 /i! < 2¢/(M, + KW)
forall £ < i < kpyax. Under Assumption 7.1, we can construct a centered inclusion function
[f18([x],u) = fO(z,u) + K([x] — Z) for 1 < i < kpyay, where 7 is the center point of the
interval [z]. Then for any interval [z] C [X],

wid([f]F ([ J,u)) = wid(K([z] — 7)) < KW/2 =
ik ([ﬂf]ﬂf)g[ (M, + KW/2)1" =
1802 ¢ o+ Wy T

C [—2€,2¢]1".

Let x( be the center point of [x,]. Similarly, we have

Bl

_ (fm (2o, u) + K([zo] — xo)) [O;,Tl]

1

C [-1,1](M,, + Kwid([x] (Z%—Z%)
1 i=k
—1)1".

1

~| =

C [=1, (M, + Kwid([xo]) (¢
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Hence, [zo] + [—1, 1](M, + Kwid([xo]) (67 — 1) 1™ 4 [—2¢, 2¢]1™ C [X] implies that [/xo\] -
[X]. Furthermore,

; - 3
[wo] + [f][i]([fﬂo]yU) [O’r] + [f][k}([fo]ﬂ) [O’Z;T | =
=1 . [O Ti] -
(o] + > 19 (o], w) T [262¢ = [wo),
i=1
which means that the [/xo\] defined above satisfies (7.7). [

7.2 Robust Completeness

It remains to determine the order k for a sufficiently close approximation such that algorithm
(4.27) is still guaranteed to be robustly complete for sampled-data systems. We additionally
define a interval-valued system

[S:]: (X, U, [R], AP, L),

which differs from S, by the transition relation [R] is given by (7.6). In the following, we let
[Pre]® be the set of intervals defined in (5.2) with A returned by Pre([S;], B, A, ¢).

Theorem 7.1 (Soundness and Robustly Completeness). Consider system S, and a DBA con-
vertible LTL or reach-and-stay formula ¢,. Suppose that Assumption 7.1 holds for a sampled-
data system of (7.1). Let W be the output of Algorithm 6.1 (or algorithm (4.27)) by using [Pre|*

to construct [T]¢ (or Pre = [Pre]%). Then

Win% (¢) € W C Wing, (), (7.9)

if the a priori enclosure [EO\] and the corresponding order k are constructed by Lemma 7.1 for
any interval [xo] C X with wid([z¢]) < ¢, and additionally,

_ log L2208 4 1og (K + 1)!
kzmax{k—l,{og rw 108k +1) , (7.10)
log T
T
< 11
6_2K675’ (7.1)

—_

where [-] is the ceiling function, a € (0, 1), w = wid([zo]).
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The fraction « is used to distribute the error allowed in interval approximation for the first
k terms and the remainder. The proof of Theorem 7.1 is based on Proposition 7.1 below.

Proposition 7.1. Let D C X. Assume that || f(z,u) — f(y,u)|l < pr |z —yl| forallz,y €
D and u € U. The reachable set of (7.1) at time 7 from an initial set of states Xy C D under a
control signal u : [0, 7) — U satisfies

Ri(Xo,u) ® By, € RY(Xo,u) € R;(Xo,u) & B,,, (7.12)
where r; = 07 and ry = 6p; ' (ePLT — 1).

Proof. Consider solutions x(t) and y(t) of &(t) = f(z(t),u(t)) + d(t) and §(t) = f(y(t), u(t))
with z(0) = y(0), respectively. Then

[2() = 9() ]l = I (2(t), u(t)) = fy(t), u(t)) +d(¥)]|
< prla(t) =yl + 1140l -

Letting 2(t) = ||z(t) — y(t)||., > 0 gives £(t) < prz(t) + J. By Gronwall’s Lemma, we obtain
that ||2(¢)| ., < dp; ' (eP2™ — 1), which proves the right part of (7.12).

oo

To prove the left part, let

A, ult)) — Py, u0)
M) = 5, al)) — FOe), alt) |

It follows that
2(t) =0+ || f(z(t), u(t) — fly(t), u®))|l, = 0.

Hence z(7) > 7 and the left part is proved. O

Proof of Theorem 7.1. For any interval [zy] C X, by Lemma 7.1, there exists an order k and an

a priori enclosure [Tco\] such that R, ([,], u) obtained by (7.6) is an over-approximation of the
reachable set R, ([zo], u).

We first derive a sufficient condition such that Pre’(B|A) C [Pre]*(B|A) C Pre(B|A),
where B C A C X It is trivial that [Pre]°(B|A) C Pre(B|A) for all k and 7, so we only
consider the conditions such that Pre’(B|A) C [Pre]*(B|A) here. Let x4 be the center point of
an arbitrary interval [zo] C X with wid([z¢]) < 2e. Under Assumption 7.1, we rewrite (7.6) in
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the following centered form

o k il Ti 1) o Tk—H
RT([.CE()],U) = ;:O f (I’Q,U)ﬁ‘i‘ [f] ([l’o],U) (k+1)'
truncat;gn error
k )
T
E K —x0)— .
+ -~ ([.’L‘O] l’o) 2'

N J/

TV
propagated enclosure

For the propagated enclosure,

wid (Z K ([zo] — xo)z—:) = QKSZZ_:

=0 =0
oo T’L .
< 2Ke Z ] = 2Kcee
i=0
For the truncation error, we have
— k+1 k+1
d([ £+ T < Kap—"
wid ([l ) ) < Ko
Let o € (0,1), k > k and
R+l
Kio— < (1 —a)d 7.13
2Kee” < adr. (7.14)

Then w <7€’j([$0], u)) < (1 —a)dT+adT = 7, which leads to ﬁlﬁ([xg], u) C Rr(xo,u) B Bs,.
Solving for k and ¢ in (7.13) and (7.14) gives k > [log(Kw)~'(1 — ) + log(k + 1)!/log 7|

and (7.11). We take the maximum of k and k — 1 to guarantee that [z,] is an a priori enclosure.
Hence, we arrive at (7.10).

Suppose that 2o € Pre’(B|A), i.e., R (20, u) C B for some u € U. Assumption 7.1 implies
that f(-,u) is Lipschitz over X for all u € U. Then we have R¥([zo], u) C R (zo, u) ® Bys C
R3(x0,u) C B by Proposition 7.1. It implies that z ¢ [z] € A,, because R¥([z],u) N B # (.
Any interval [z] € AA that contains zy satisfies [z] C [x]. It then follows that R*([z],u) C B,
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but R%([z],u) € B by Algorithm 5.1. Hence, zo ¢ [2] € AA and thus it is only possible that
xg € [z] € A, which means x( € [Pre]*(B|A).

If ¢ is DBA convertible, the resulting interval [T'|° operator satisfies (6.17) by Lemma 6.1.
By Theorem 6.2, (7.9) is proved. If ¢ is a reach-and-stay formula, then (5.21) is satisfied, which
shows (7.9). ]

Remark 7.1. Evaluating the constant K over the entire state space X will make the choice of €

—

conservative. A remedy is to compute K locally based on a guess of the a priori enclosure [z
and a given order threshold k,a:

K = max {Wid([f]mg@],“)) }
Z:l,u-:éi{}?max wid([zo])

The a priori e enclosure [xo] is then updated by Lemma 7.1. If the updated enclosure is not con-

tained in [xo] then [xo] needs to be enlarged. The size of [mo] is related to the initial interval
[z0]. In the modified algorithm, the size of [z(] is managed though subdivision. The coefficient
K will then be updated to determine the local maximum size of the intervals. The defect of
using such local evaluation, however, is that it will incur extra computational cost in a single
loop.

Example 7.1. Consider a sampled-data system & with sampling time 7, = 0.05s and the re-
versed Van der Pol dynamics:

3‘71 = —T2,

l’ =+ ( 1)

Suppose that S is subject to a uniformly distributed disturbance with bound ¢ = 10. The
following sampled position in the state space are analyzed: p; = (0.5,0.3), p, = (—1.2, —0.6)
and p3 = (—2.3, —1.7), where p; and p, are inside of the limit cycle while p; is outside.

Table 7.1: Local parameters for reachable set computation.

Samples p1 Do D3
k 3 3 4
K 15.27 64.78 49137.10
€ 0.01557 | 0.00367 | 4.8 x 107°
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Table 7.1 lists the parameters addressed in Theorem 7.1, which are computed based on local
dynamics. It can be seen that K is large since the system is unstable around p3, and thus we
need to use a much smaller interval in order that the approximation error of the reachable set
is no bigger than the one caused by disturbance.

7.3 Examples

In this section, we give two examples showing the effectiveness of the proposed interval-based
method for control synthesis for sampled-data systems with respect to LTL specifications. One
is an application to the estimation of regions of attraction for nonlinear systems and the other
is the stabilization of inverted pendulum on cart. Both cases have been studied extensively in
the literature.

7.3.1 Estimation of Regions-of-Attraction

A problem of interest in the study of dynamical systems is to determine the Region of Attrac-
tion (ROA) of an equilibrium point. This problem has important applications in safety-critical
industries such as aviation and power systems, where determining the operating envelope of
an aircraft or a power network is vital. In the literature, computational methods for determin-
ing the ROA for nonlinear systems have been developed by way of Lyapunov functions. The
key aspect is to search Lyapunov functions that maximize the estimated ROA. For this pur-
pose, linear matrix inequalities [29] and sum-of-square programming techniques [126, 127] are
used for the construction of such Lyapunov functions for polynomial systems. Using Lyapunov
functions with fixed forms, subsets of the ROAs can also be obtained by solving a constraint
satisfaction problem [125]. How to choose the form of Lyapunov functions, however, remains
a challenging problem.

Consider the continuous-time system

#(t) = f(x(t)), (7.15)

where z € R", f is continuously differentiable and the origin is a hyperbolic stable equilibrium
point. Let £(¢, z9) denote the solution of (7.15) with initial condition x(. Its ROA is a subset of
initial conditions from which the solution converges to the origin, i.e.,

{xo eR": tliglof(t,xo) = O}.
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System (7.15) is a special case of (7.1) with a single input value and zero disturbance. We
show next that the ROA approximation problem for system (7.15) can be interpreted as a reach-
and-stay control problem with the specification ¢(€2), where 2 C R" is a subset of the exact
ROA of system (7.15) containing the origin.

A routine to determine the subset () is to use the linearization at the origin. Let A be the
Jacobian matrix at the origin. Then a quadratic Lyapunov function V(z) = 27 Px exists and
can be constructed by solving AT P+ PA = —(Q, where P, Q are positive definite matrices and
P is symmetric [69, Theorem 4.7]. To estimate the neighborhood around the origin where the
quadratic Lyapunov function V' (x) decreases along the system solution, we write & = f(z) =
Az + g(z), where g(z) contains higher-order terms of z, i.e., limy,, -0 |g(2)|, / ||lz], = 0.
Hence, by the definition of function limit, for any r > 0, there exits e > 0 such that

l2ll, <e = lg(@)lly /zlly <7 e llgl@)lly <z,

Let A\pin(Q) denotes the minimum eigenvalue of (). Then
V(z)=a"Pf+ fTPx
= 2" P(Az + g(x)) + (2" AT + ¢"(x)) Pz
=27 (PA+ ATP)x + 22" Pg(x)
= —27Qx + 227 Pg(x)
< (_)\min<Q) + 2r HPH2) ||$||§ .

Givenr,c > 0,let S, £ {z € R": [|g(z)|, <r|z[,} and Q. £ {z € R": 2Pz < c}.
We can first choose 7 to satisfy

—Amin (@) + 27 || P]|, <0 (7.16)

and then determine ¢ such that 2. C S,. This will guarantee that €). is invariant and any
solution staying inside {2, will converge to the origin. Consequently, any state in R" that can
reach (). in a finite time horizon will also converge to the origin. In this case, the ROA is
equivalent to the winning set of ©(€2,.).

To demonstrate the correctness and effectiveness of such an interpretation, we consider a
sampled-data system S with sampling time 7, = 0.05s and the reversed Van der Pol dynamics
in Example 7.1. The state space is assumed to be X = [—4, 4] x [—4, 4]. Letting () be the identity
matrix gives

1.5 —0.5
F= {—0.5 1 }
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We choose r = 0.2754, ¢ = 1.43 and Q2. = {:1: ceR: 2TPx < c}.

We approximate the ROA of the Van der Pol equations using algorithm (4.27) with different
precision control parameters and display the results together with the real limit cycle in Fig.
7.1. As observed, a higher precision yields a closer inner-approximation to the real ROA. By

setting ¢ sufficiently small, the estimated boundary of ROA can be of arbitrarily close to the
real limit cycle.

i il |
\ \ Limit cycle |\
\ \ ~ _ \ /\
3k N - e e =10.03 |
\ |
\ \ e =0.01 ‘
) e =0.005 \‘
o L
1+ \ |
g o | !
R ~> k \ \
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‘l/’ \ \
\ \
| \ ! {
K | \\V - - N \
/A R Voo
(N |
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4 -3 2 1 0 1 2 3 4

Figure 7.1: Comparison of inner-approximations of the ROA for reversed Van der Pol sampled-
data system with three different precisions.

Formulating the problem of ROA approximation as a reachability or reach-and-stay control
synthesis problem releases the burden of choosing proper Lyapunov functions. The required

smoothness condition is less strict than being polynomial in many of the methods for ROA
estimation.

7.3.2 Stabilization of Inverted Pendulum

In the example, we aim to stabilize the inverted pendulum, through which the scalability of the
proposed method can be demonstrated by using adaptive precisions.
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Consider an inverted pendulum on a cart (see Figure 7.2) modeled by the continuous-time
ODEs:
it’l = T2
{ gl s ) l (7.17)
Ty = 57 SINT] — 7T + 7, COS 1,

where z1 = 0 (rad) is the angle of the pendulum to the upper vertical line, z is the angle change
rate 0 (rad/s), and u is the force applied to the cart; J, = J + ml? m = 0.2kg, g = 9.8m/s?,
[ = 0.3m, J = 0.006kgm?, b = 0.1N/m/s.

Figure 7.2: Inverted pendulum on cart [90].

We aim to control the pendulum to the upright position. This specification can be writ-
ten as the LTL formula ¢ = OOG, where Q = L7(G) = [-0.05,0.05] x [—0.01,0.01].
Let the state space X = [—2,2] x [—3.2,3.2]. The sampled-data system of (7.17) with the
sampling time 7, = 0.01s is used, and the control input u is chosen from the finite set U =
{—0.5,-0.45,---,0.45,0.5} obtained by a sampling granularity ;1 = 0.05.

The modified Algorithm 4.27 with (7.6) is used to perform reach-and-stay control synthesis,
as opposed to using the local growth bound [113]:

0 1
_ L(u)Ts —
B, u) = e, Llw) = | prsr a5 —417)

where 77 = [11, 12| is the grid width.

In this case, the target stabilization area G is tiny compared to the entire state space X. In
order to maintain the pendulum angle and angle change rate in the region G, the value of the
precision control parameter ¢ has to be determined according to the size of G. Thus, we use
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a precision ¢ = 0.001 for [m#]f(xg;gwg) as an implementation of Isr\e()?fHH/Vf) in (4.27).
Since the state space X is nearly 40 times the size of G, the partition of X will contain a huge
number of cells if a uniform precision € = 0.001 is used in Algorithm 4.27. To obtain an accept-
able computational complexity, we use a relative precision, which is determined with respect to
the size of the winning set throughout iterations, for the computation of Z; = [m]ﬁ(f(;fl Vi).
The inner loop precision reflects the bound of the perturbation that can be tolerated by the
resulting switching strategy.

For an initial condition (y, fy) = (1,1) , the closed-loop simulation result (see Figure 7.3)
shows that, applying the extracted switching strategy, the angle of pendulum is stabilized to
zero with a steady-state error of 0.05 within 0.5s.

0

0,

0.5 0.6 0.7 0.8 0.9 1

0.4 0.5 0.6 0.7 0.8 0.9 1

t(s)

Figure 7.3: Closed-loop simulation with the initial condition (6, 6y) = (1, 1) for system (7.17).

This system is neither globally asymptotically stable nor incrementally asymptotically sta-
ble around the upright position. Hence, abstraction-based methods using bisimulation relations
[53] do not apply while over-approximations [139, 86, 84, 113] based on uniform grids can be
used. To achieve equivalent stabilization precisions, the grid size needs to be at least 0.001 ac-
cording to the size of the stabilization area. Using uniform partitions as in abstraction-based
methods, the entire safe region [[a,] is discretized to overall 2.56 x 107 cells with grid points of
width 0.001. Using SCOTS [118], computation of the abstraction lasts for more than 12 hours
without returning any result. In contrast, our algorithm generates a winning set covering most
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of the state space in around 480 seconds with 26340 partitions.

7.4 Summary

This chapter extended the previous results on sound and robustly complete LTL control syn-
thesis to sampled-data systems. The results in this chapter can also be found in [82].

For sampled-data systems, the problem of applying the proposed interval-based control
synthesis algorithms is that predecessors can not be approximated by Algorithm 5.1 using a
convergent interval function [f] of f. This is because system state at the next time step is not
determined by the function f in (7.1) as in the cases for discrete-time systems. We resolved
this problem by using higher-order Taylor model for the validated (over) approximation of the
reachable set R (X, u) from an initial set of states Xy C X, which essentially plays the role of
[R](Xo, ) in Algorithm 5.1. The Taylor model has been used for computing validated solutions
of initial value problems [95, 94] and reachability analysis for nonlinear and hybrid systems
[27, 26]. Unlike the application of Taylor model in the literature, where the approximation
precision is adjusted by the small time steps in a fixed horizon, we showed in this chapter that
the approximation can be arbitrarily precise by controlling the order of the Taylor model. This
is usually what we hope for the control synthesis for sampled-data systems, in which the system
information is updated every sampling time.

In addition to the consistency with the proposed interval-based control synthesis scheme,
using interval in reachable set approximation also shows that the proposed control synthesis
algorithms can still be made sound and robustly complete by choosing a sufficiently high order
in the computation of the Taylor model.
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Chapter 8

Application to Reactive Locomotion
Planning in Constrained Environments

In the field of robotics, planning and control of bipedal locomotion has been one of the attrac-
tive topics. Due to the complexity of whole-body dynamic locomotion (WBDL) behaviors and
requirements of being reactive to the dynamic environment, planning and control often live on
a hierarchical structure [14]. In this way, the complicated control problem is decomposed into
simpler problems which are solved at different levels. The WBDL model, therefore, is simplified
accordingly at different levels to serve different control purposes.

This chapter illustrates an application of the proposed control synthesis method in previous
chapters to a reactive locomotion planning problem, in which the bipedal robot is expected to
behave in respond to the changes of the environment. Recently, formal methods have gained
increasing attention for solving such problems because of the correctness guarantee and LTL
formulas are favored for specifying temporal and reactivity properties [9, 103, 58, 132, 136].

Contact-based decision and planning method, which operates over a set of robotic maneu-
vers determined by contact points [128], is applied in the design of control hierarchy. At the
high level, a motion plan, which is sequence of locomotion modes (chosen from a library of sim-
plified locomotion models) and corresponding setpoints, are generated by solving a two-player
game between the planner and the dynamic environment with the constraints expressed in LTL
formulas. At the low level, the bipedal robot is controlled so that the robot behaviors can be
classified into different locomotion modes. To guarantee that such a plan can be realized by
actual system dynamics, transitions between two locomotion modes need to be verified and
mode-switching control strategies need to be constructed.

In the literature, formal methods are often used at the planner level, where the underlying
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system is finite, to reason about reactive planning strategies. In this chapter, we will demon-
strate how the proposed control synthesis method can be applied to a middle level in which
locomotion switching strategies are designed.

8.1 Reactive Locomotion Planning Problem

First of all, we introduce the reactive locomotion planning problem in this section, which is for-
malized as a switching control problem between abstracted multi-contact locomotion models.

8.1.1 Hybrid System Model of Bipedal Locomotion

In general, dynamics of mechanical systems are described by their rate of linear and angular
momenta, which are usually affected by external force and/or torque:

Ne

[ =mp.,, = Z fi+mg, (8.1)
Ne Z

k= Z(pz - pcom) X fz + 74, (82)

where NN, is the number of limb contacts, I € R3and k € R3 represent the centroidal linear and
angular momenta, respectively, f, € R? is the ith ground reaction force, m is the total mass of
the robot, 7; € R? is the contact torque of the 7th limb, the variables

0 Dix x
g = 0 ) p; = Piy| » Peom = |Y
—g Di.z z

correspond to the gravity field, the position of the sth limb contact position, and the center of
mass (CoM) position respectively.

The above general model can be simplified based on different contact modes under the as-
sumptions that are commonly imposed to make the problem tractable [6]. In this WBDL control
problem, six locomotion modes are considered to produce various behaviors [140], which are
also pictured in Figure 8.1.

The prismatic inverted pendulum mode (PIPM). In a normal environment, the bipedal
robot exhibits a normal walking gait: there is a single foot contact with the floor in each walking
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e contact location

moderately upward terrain . hugely upward terrain hugely downward terrain
= Xt step terrain
hind leg and hind leg and hind leg and hind leg and hind leg and
no arm contact hind arm contact fore arm contact hind arm contact fore arm contact
moderately downward terrain terrain crack terrain crack and high ceiling
hind leg and hind leg and hind leg and no leg and . . .
. . - jumping without contact
no arm contact hind arm contact fore arm contact fore arm contact
narrow passage human appear unforeseen hugely unforeseen large terrain
downward terrain crack and high ceiling
7 ¢ S
crouch and slide dual leg and
with dual feet contact fore arm contact replanning with fore arm contact replanning with arm grasp

Figure 8.1: Contact-based planning strategies for locomotion in rough terrains [141]. Events
motivated by ordinary accidents in human daily lives, such as a crack on the terrain and the
sudden appearance of a human, are treated as emergency events, and incorporated into the
allowable environment.

period. Such walking dynamics can be considered as a inverted pendulum model. Since N, = 1
in this mode, we can simplify (8.2) to

(pcom - pfoot) X (fcom + mg) = —Tcom;

where f ., is the force imposed at the contact foot point, and f ., is the vector of CoM inertial

forces:

com

fcom = MPeoym — M

ISR ST

Assume that the bipedal locomotion follows a piece-wise linear CoM path surface

Yeom (T, Y, 2) = 2 —ax — by — ¢ = 0, (8.3)
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where a, b and c are the coefficients of the surface. Thus, the dynamics in the vertical direction
are represented by Z = aZ + by and not explicitly shown here.

Hence, the mathematical model for this mode is

Ty
T T — Tfoot — .
[} = wipm [ mg] ; (8.4)

Y y_yfoot_%

where 7 and §j are CoM accelerations aligned with sagittal and lateral directions, and

g apex
WPIPM = 4/ Tapex »  #PIPM — (@ Tfoot, + b Thoot + € — Zfoot)
ZPIPM

is the PIPM phase-space asymptotic slope [140]. The control input is

Ltoot

Ytoot

U = | WpipM
Te
Ty

The prismatic pendulum mode (PPM).. When the terrain is cracked, the robot has to grasp
the overhead support to swing over an unsafe region using brachiation. The system dynamics
can be approximated as a pendulum model. For a single hand contact, we have

T &L — Thand — ;L_y
H = —wioy " (8.5)
Y Y — Yhand — m_g

where similarly

g apex
WPPM - Zapex 9 ZPPM - (Zhand —a- xhand - b : xhand - C)
V PPM

given the same surface given in (8.3). Similarly, vertical direction dynamics are represented by
Z = ai+by. A difference between PIPM and PPM lies in that PPM dynamics is inherently stable
since the CoM is always attracted to move towards the apex position while the PIPM dynamic
is not. This study assumes the robot can firmly grasp the overhead support once receiving the
upper limb contact command.

The stop-launch mode (SLM). When a human appears, the robot has to come to a stop,
wait until human disappears, and start to move forward. The task in this mode consists on
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decelerating the CoM motion to zero and accelerating it from zero again. We name this model
as a SLM with a constant CoM sagittal accelerations:

lo = may, l, = ma,, |, =ma,,

where a,, a,, a. are the control inputs. The resulting phase-space trajectory is a parabolic man-
ifold.

The multi-contact mode (MCM). When the robot maneuvers through unstructured rough
terrains, arms and legs in contact can accelerate and decelerate the CoM according to terrain
height variations. To make the dynamics tractable, we assume a known constant vertical accel-
eration a, in each step and neglect of the angular momentum £, around the z-axis [6], which
leads to

Nc

With multiple point contacts, we let 7; = 0 for all ¢ < NV, in (8.2), and the dynamics can be
simplified to

0 fia/m

ZZNC fiy/m
—(2—9)-y+tz ZZV Jig/m — vapzz +fiw/m o+ vapzz fizfm|
(2—g)-z—=2 vac fia/m+ Zﬁvcpi,z < fiw/m — Zivcplﬁy +fig/m
where ¢ and 6 are torso roll and pitch angles aligned with the CoM sagittal and lateral directions

as derived from (8.2). The external force vector (f; ., fi, fi.-) represents the ith contact force.
The vertical position z is a function of x and y defined a priori.

: 6 < K

The hopping mode (HM). This model applies when the locomotion model needs to jump over
an unsafe region. In this case, the CoM dynamics follow a free-falling ballistic trajectory. We
have

P=i=0:=—g.

The trajectory is fully controlled by the initial condition, where a discontinuous jump in the
CoM state can occur and be used to generate a desired linear momentum. For instance, when
the robot jumps over a cracked terrain, it needs to push the ground as the foot lifts to generate
a sufficiently large sagittal linear acceleration.
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The sliding mode (SM). This model applies when the robot needs to slide through a con-
strained region. The CoM dynamics are subject to a constant friction force. Thus, 7 is a constant
negative value, and we assume § = 0, Z = 0. The sagittal linear velocity decays at a constant
rate.

In this research, the considered locomotion modes are selected from the set

ME {pPIPMa PMcM; PPPM, PSLM ;s PHM pSM}~

The switched system representation. Given the continuous locomotion modes above, we
formulate the WBDL as a switched system:

£(C) = foo) (€(Q), (), d(C)). p(¢) € M, (8.6)

where £(¢) € = C R'? denotes the 12 dimensional CoM position and angular state vector of
the robot at ( > 0 on the manifolds of the dynamics (cf. (8.17)), the phase progression variable
¢, analogous to time, represents the current phase progression on a locomotion trajectory, the
functions p(+) : R — Mand d(-) € D C R?(0 < d < 12) are the switching signal and external
disturbance, respectively, and f, denotes the dynamics under mode p € M. The control input
is denoted by

Y contact

u = Ta €U§R7,

where p_....ct TEPresents a set of contact position vectors in which each contact position vector
is three-dimensional, w represents the slope of the phase-space asymptote dependent on specific
locomotion modes as defined in the above modes, and 7,, 7, and 7, represent the torso torques
along z, y, and z axis, respectively.

The sampled-data system of (8.6) with a constant sampling time A > 0 can be written in
the form of a transition system (see Definition 2.1)

SL = (E,M X [U7 RL,AP, L), (87)
where R, : = x U x M — = is determined by

Ri(€u,p) 2 {€(A0) € 2+ €(0) = £,(£(0), u, (), £(0) = £,¥d(C) € D, V¢ € [0,A¢]}.
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8.1.2 Reactive Locomotion Planning via Hierarchical Strategy

In order to be responsive to any changes in the environment, it is often necessary to predict
different scenarios that could happen in the environment and include it in the design of overall
motion planning strategy.

Definition 8.1 (Environment System). The environment can be modeled as a finite transition

system:
Se = (€, L., Re, AP, Le), (8.8)

where £ is a finite set of environmental states, R, : £ — £ is a transition relation, Z, = £y C &£
is a set of initial states, AP, is a set of atomic propositions, L. : £ — 24Fe g a labeling function
mapping the state to an atomic proposition.

The following definition of product system incorporates the external environment S, as the
model that generates uncontrollable exogenous inputs.

Definition 8.2 (Product System). The product system of system S, and S, is a tuple:
Sprod é (E, M X U> 57 Rproda Zﬁ> z)> (8'9)

where =, M, U are defined in (8.7), and £ is a finite set of uncontrollable environmental actions,
which is defined in (8. 8) as the set of environmental states, Rpmd TEXMxUxE — 25is
the transition relation, AP is a set of atomic propositions, L:Z 2P isa labeling function
mapping the state to an atomic proposition.

Definition 8.3 (Execution of A Product System). An execution 7 of system Sprod is an in-
finite sequence 7 = (€&, Py, o, €0) (€1, P1, 1, €1) (€, Py Uz, €) - -, Where £, € Z, p; € M,
u; € U,and e; € € forall i € N. The word generated from 7 is w, = L(£,)L(&,)L(&,) - -

The execution 7r is said to satisfy an LTL formula ¢, if and only if the word w,, satisfies .
If all executions of Sp;0q satisfy ¢, we say that Sp,0q satisfies ¢, i.e., Sproa = ¢

Planning and control of a complex robotic system as (8.6), which is high dimensional, con-
tains multiple control inputs, and is subject to environmental constraints, is often achieved via
hierarchical design [141]:

« The high-level planner works on an abstracted state space called keyframe state space Q.
A keyframe state ¢ = (Deontacts Tapex) € Q of a locomotion system is in general a pair

of contact location p,,.; and the apex state Z,pex When the CoM velocity reaches the
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local minimal or maximal value. The planner determines the sequence of non-periodic
keyframe states and locomotion modes by the planning strategy

Fp - MxQxE—MxQ, (8.10)

« The low-level controller within each mode directly control system dynamics in local re-
gion in the state space so that the assumptions for the modeling of different modes can
be satisfied. A controller at this level is usually pre-designed and not considered in the
planning problem.

+ The middle-level mode-transition controller guarantees the feasibility of mode switching

required by the planner. It also generate a control strategy x; that takes in the command
from the planner:

Kl Mx QxZ—2U (8.11)

In this way, the overall control strategy defined as (2.7) for the locomotion planning problem
can be decomposed to a planning strategy (8.10) and a mode-transition control strategy (8.11).
Figure 8.2 shows the hierarchical framework of locomotion planning described above.

discretized action e contact decision

environment maker keyframe q e
switching
signal p
keyframe q ..,
locomotion : control
emplate 1 )P synihesized controller [mucu f
‘ : ocomotion plan
< mode p cqntro cr execution T p
° contact llbrary ls)pace
hd configs  \_ T trajectory
locomotion measured CoM state
template N P, keyframe q gypren

Figure 8.2: Hierarchical locomotion planner structure [141].

The specifications for the product system that cover the reactivity property is often given
in the assume-guarantee form [19]:

o = (e = (g N ps)), (8.12)

where ¢, and ¢,, ¢, are propositions for the admissible environment actions, the keyframe
states, and the correct overall system behavior, respectively. In particular, ¢, specifies the con-
ditions of mode switching.
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The formula ¢, (v € {e, ¢, s}) in (8.14) is expressed in the form

Pu :So?nit /\ Dgpqtjrans,i /\ Dogpgoal,zﬁ (8'13)

iEIsafety iEIgoal

v v . . L
where ¥, Pirans» and g, ; are propositional formulas that pose constraints to the initial
conditions, transitions, and goals, respectively.

Let the set of states £ for the environment S, be

A
E= gterrain U gemergency == {emda €hd; €mu, ehu} U {etc-nm €tc-hes Chas enp}7 (814)

where the elements in ;.5 denote different height terrain actions, as illustrated in Figure 8.1.
For instance, e,,q denotes moderatelyDownward terrain. The actions in Eemergency represent sud-
den events, i.e. terrainCrack-normalCeiling, terrainCrack-highCeiling, humanAppear, and narrow-
Passage.

Example 8.1 (Examples of formulas in ¢.). An example of the initial specification of the envi-
ronment is

€
Ginit = Cte-ne A\ T€tehe A T€ha A T€np,

which means the initial environment should not be tough situations as terrain crack in normal
or high ceiling, human appear, and narrow passages. The safety specifications will be given such
as “if the current environment action is terrainCrack-highCeiling, then the next environmental
action can not be terrainCrack-highCeiling, humanAppear, nor narrowPassage” with the equivalent
LTL form:

O <esc-hc = _‘<esc—hc N €pa N\ 6np))

To determine the sequence of locomotion modes, the set of robot actions corresponding to
different modes is defined as follows:

F 2 {Sli—aja : \V/(’l,]) € Lndex}a (8.15)
where | and a are short for leg and arm, respectively, the set of contact limb relative positions is

Tindex = {(h,n), (h,h), (h,f), (d, h),(d,f),(d,d),(d,n),(n,f), (n,n)} with h, f, d and n repre-

sent hind, fore, dual and no contacts, respectively.
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Example 8.2 (Example of ¢,). An example for the term ¢, . of ¢, in response to varying-
height terrain Eeppain is specified as

0 ((emd V emu) = (PP1PM A Sih-an) V (pMCM A (Sth-an V 51h-af)))

/\D(Ghu = pmeM A Siheah) /\ O(ena = pvcem A Sin-at)

where sy,_of, for example, means the legHindArmFore contact configuration in the sense that the
robot’s hind leg and the fore arm are in contact for that action while the other two limbs are
not in contact.

The keyframe states consist of ordinary and special types:

Q = Qordinary U Qspecial :{Qi—j—lw S Iordinary—behaviora V(], k) € -,Z'.level X Ilevel}
U {Qi—ju (NS Ispecial—behaviora V.] € Ilevel} (8-16)

where Z,dinary-behavior = {Walk, brachiation} and Zy,ccial-behavior = {stop, hop, slide} are ordinary
and special behaviors, respectively. An apex velocity index j and a step length index k refer
to the set Qevel = {5, m, !} whose elements are three different keyframe levels: s (Small), m
(Medium) and [ (Large). For instance, Gyaix-s1 represents walkSmallVelocityLargeStep, a walking
keyframe with a small apex velocity, and a large step length.

Example 8.3 (Example for ¢,). One of the formulas for ¢f . ; in ¢, is:

D( O enp = Q(QSlide—s Vv Gslide-m V qslide—l>)7

which means that if there is a narrow passage, i.e., e,p, then the next key frame state is ggjide
relying on a specific apex velocity, regardless of the current q.

Details on the full set of specifications that consist the LTL specification (8.12) can be found
in [141, Section 4].

Based on the above definitions, the locomotion planning problem can be described as:

Problem 8.1 (Contact-Based Reactive WBDL Planning). Given bipedal robot Sy, in (8.7) with a
set of initial condition =y C =, environmental system S, in (8.8), and an LTL specification ¢ in
the form of (8.12), synthesize a planning strategy (8.10) and a mode-transition control strategy
(8.11) such that the resulting execution 7 defined in Definition 8.3 satisfies ¢ in the sense that
7 |= ¢ for all initial conditions in =,.

A two-player game problem can be formulated and analyzed to synthesize a planning strat-
egy over a high-level finite abstract state space M x Q x & as illustrated in [141, Section 4].
The rest of the chapter will focus on the synthesis of the mode-transition control strategy for
the middle layer.
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8.2 Robust Switching Between Locomotion Modes

Uncertainty is ubiquitous in the modeling of the WBDL and environment, e.g. sensor noise,
model inaccuracy, external disturbance, sudden environmental changes, contact surface geom-
etry uncertainty. As a result, commands from the symbolic task planner are possible unrealiz-
able for the low-level dynamics. Mismatches in real-time plan execution are not desired, and
hence the task of the middle layer is to verify if the transitions between two modes at certain
keyframe states can be achieved and construct a mode-transition strategy if possible.

The synthesis of the mode-transition strategy for every single walking step is performed on
the robust abstractions for the dynamics of two successive modes with respect to reachability
control specifications, which is given by the high-level planner. The finite abstractions as well
as the robustness margin sets are constructed over the phase-space manifolds of the locomotion
for the sake of consistency with the dynamics.

Assuming the x and y axes can be decoupled, we focus on the the dynamics along x axis (the
dynamics along y axis is similar) and define a mapping between the Euclidean and Riemmanian:

Lf =Z,(&) = Z, (2, &) (8.17)
where ( is phase progression variable, o is the tangent manifold, which can be used to measure
deviations from the nominal locomotion trajectory in the phase-space, and Z,(£) is a nonlinear

mapping of the CoM state (x, %) to the Riemannian space states for locomotion mode p. The
inverse mapping Z, is denoted by Z L

The specific mapping for each of the 6 locomotion modes are given in Appendix B.

8.2.1 Robustness Margin Sets in One Walking Step

Mode transitions usually take place in one walking step. A one walking step (OWS) is then
composed of two consecutive semi-step phase-space trajectories. The first semi-step trajectory
starts at the first keyframe state ¢; and ends at the contact switch, which will be determined by
the mode-transition control strategy, and the second semi-step trajectory starts at the contact
switch and ends at the second keyframe state ¢.

To guarantee that the motion planner yields plans that are robust to disturbances, we in-
troduce €; and €, as initial and final robustness margins in the one walking step, respectively
so that the neighborhood of nominal initial and final keyframe states ¢; and ¢» can also be
considered for mode transition. The formal definition of robustness margin sets is provided
below.
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Definition 8.4 (Robustness Margin Sets). Given initial and final keyframe states ¢; and gs,
let (o= Z,c(q1), 0 = Z,0(q1), (5 = Zpc(q2), and 0 = 2, ,(q2), where Z, :(-) and Z,,(-) are
given in (8.17). Also let ¢; = [0(,,, d0,] and €5 = [0(,, 00,]. The robustness margin set of ¢;
and ¢, are

Bel (Q1) = {Zp_l(Ca U) ’ C € [CO - 5C€17CO + 5<El]7 g€ [—(50'51, 5061]}7 (8-18)
Bez(QZ) = {Zp_l(<7 U) ’ C € [Cf - 5C€2> Cf + 5(62]7 (S [—(50’62, 5062]}7 (8-19)

Remark 8.1. The keyframe states ¢; and ¢, and their robustness margin sets 5., (¢;) and B, (¢2)
are defined in the Euclidean space while the margins €; and €, are in the phase space.

Figure 8.3 gives an intuition of how the robustness margin sets defined in a walking step.

Riemannian space
robust margins

LIS]Y
do 7“ +_‘.‘3/)\
d7 XA, e

[ € (Ceina) R, L

/|| cotangent
i1i manifolds
§

/
Qfinal

sz (q’ﬁnal)

x [m/s]

mode P2

Y

X [m]

Figure 8.3: One walking step with robustness margin sets. The horse shoe shape of the robust-
ness margin sets is the result of mapping from phase space to Euclidean space. The robustness
margins are shown in the upper right box. The green dot in a state trajectory is the point where
mode switching takes place.

Recall that the high-level planner chooses keyframe states from the set Q defined in (8.16).
These keyframe states represent the cells that are obtained by partitioning the robustness mar-
gin sets defined in Definition 8.4. In our case, the ordinary locomotion behaviors (i.e., walk and
brachiation) comprise 9 keyframe states, respectively while the special locomotion behaviors
(i.e., stop, hop and slide) comprise 3 keyframe states, respectively. The goal of mode-transition
control synthesis is to determine the possible transitions between these keyframe states. The
construction of the set of possible transitions is shown in Figure 8.4.
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/" Step 1: decision-making on nominal keyframe pair \

K Ginitial = sn final = In-s Qinitial = Gn-n Qfinal = qs-1 /
) 4

/ Step 2: assignment of €-neighbourhood grids \

AN NG
&) & - Ly LY

K 5 neighbouring grids 5 neighbouring grids 8 neighbouring grids 3 neighbouring grids /
\ 4

/ Step 3: solve for feasible robust transitions of all the assigned grids \

k q;nitiul = {(Is-n} q/ﬁ,ml (S {fIs-m 4n-n; n-s;, ql-n} q;nitm] = {Qn-s} q%nal S {QS-m Gn-n; n-s; Gs-s, ql»n}/

Figure 8.4: Construction of a library of possible robust keyframe transitions. The set Q of
keyframe states is obtained by discritizing some neighborhood in the state space = around nom-
inal setpoints. The mode-transition control synthesis verifies the possibility of the transitions
between these keyframe states and generate corresponding mode-transition control strategy.
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8.2.2 Mode-Transition Control Synthesis for One Walking Step

The goal of mode-transition control synthesis for one walking step is to solve the closed-loop
phase-space trajectories starting from the initial robustness margin set B, (¢1 ) and reaching the
final robustness margin set B, (¢2) as defined in Definition 8.4 while switch from a locomotion
mode p; to mode po. It is fair to consider one walking step as two sequential semisteps with
the first semistep in mode p; and second in mode p,.

To complete the switching between two locomotion modes in one walking step, as shown
in Figure 8.3, the region =i, where the switching happens has to be determined. For the first
semistep, the region =i, can be treated as the target set that robot state is expected to reach
in finite time, and the final robustness margin set B, (¢2) is the target set to reach in the second
semistep. Hence, region =, must lie in the overlap of the winning sets for both semisteps
with respect to reachability specifications.

Additionally, we assume that the function f, (for all p € M) in (8.6) is of a particular form:
(& u,d) = g,(&) + hy(§)u+d, Vp e M, (8.20)

where g, is Lipschitz continuous and h,, is bounded on = for all p € M.

Consider one walking step transiting from keyframe state ¢; to g2 with robustness mar-
gins €; and €, respectively. The locomotion mode has to switch from p; to p,. Suppose that
=1 € = and =5 C = are two local regions where the first and second semistep takes place, re-
spectively. Based on the above discussion, we propose the following two-semistep reachability
control synthesis for a mode transition:

(i) Perform reachability control synthesis with precision ¢, (see algorithm (4.19) with (5.2)
as the implementation of Pre) for the second semistep (under mode p-) in the state space
Z,. The reachability formula is ¢, = 0G4, where L™1(G) = B, (q2) is the target set.

(ii) Determine the intermediate region =iy, by
Einter = 1€+ € € Wing,, (9ra) A | 2,.6(&) = Zpy0(@1) [l < 00, } (8.21)

(iii) Perform reachability control synthesis with precision ; for the first semistep (under
mode p,) in the state space =,. The reachability specification is ,; = OG; with L71(G,) =

.
—inter-

Since the winning set Winy, (¢,1) of the first semistep is unknown before the determination
of Zinter and by definition =i, € Win For (1), the set Zipier can be defined as the intersection
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of the winning set Winy, (,2) and the tube centered at nominal state trajectory from the
initial keyframe state ¢; bounded by the robustness margin do,, i.e., (8.21). To make sure
the intersection is not always empty we need to choose =; and =, such that =; N =, # (). We
write the intermediate set as Siyier ((p1, 2), (¢1,¢2)) because Ziyer is dependent on the given
keyframe states ¢;, ¢» and locomotion modes py, ps.

The control strategy generated from the reachability control synthesis for two semisteps are
k1 : 21 — 2V and ks : 25 — 2Y. The control strategy for one walking step can be constructed
as

o _ ) (&) €€ E0\ Einer((P1,12), (01, 22)),
(p1,72). (21, 02),€) {’fpz(g) € € Sinter((P1,12)s (01, 02))-

8.3 Simulation Results

8.3.1 Evaluation of Mode-Transition Control Strategy

Case I Let us first consider the transition between two PIPM modes, i.e., p; = ps = PIPM. For
the sake of simplicity, the PIPM dynamics in (8.4) is reformulated as

o] - L%IPM&S)— >] o (6.22)

by assuming (7,,7,) = 0 and Zf, is a predefined constant. The continuous control input
wprpM € (W — 0w, w + dw|, where @ is the nominal control input and dw is a predefined bound.
The disturbance d = (d, d5) satisfies d; » € D,, where D, C R? is a bounded set. Hence (8.22)
satisfies (8.20).

Suppose that the high-level planner generates the parameters %01 1, Zfo0t,2 and w and two
nominal keyframe states. Let ¢ = 2ms be the sampling time. The setting of the mode transition
problem for the considered one walking step is given in Table 8.1.

In this example, we use a precision € = (0.005m, 0.005m/s) and sample the control space
with a granularity ;1 = 0.02rad/s. Given the setting above, we perform the two-semistep reach-
ability control synthesis. The computed winning sets are shown in Figure 8.5a. As the result
shows, the one-walking step reachability is realizable as long as the winning set overlaps (at
least partially) the initial and final robustness margin sets. Five simulated trajectories under
randomly-sampled bounded disturbances are shown as the black lines. The blue trajectory rep-
resents a trial suffering a large disturbance, i.e., a velocity jump in the phase-space. Figure 8.5b
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Table 8.1: Parameters of the PIPM-PIPM mode transition. ¢; and ¢, are the initial and final

keyframe states, respectively.

Parameters H Values ‘ Parameters ‘ Values
¢ (Om, 0.5m/s) 0 (0.5m, 0.6m/s)

0Ce, 0.05 oo, 0.002

0, 0.05 oo, 0.006
modes PIPM — PIPM D, (0.05m, 0.1m/s)
=, [—0.1m, 0.7m| x [0.1m/s, 1.2m/s] Uows [2rad/s, 4rad/s]

shows the change of the winning set under different levels of the disturbance. The winning set
shrinks as the disturbance set increases because the synthesized controller needs to reach the
goal robust set against a larger set of disturbances.

Case II Consider another locomotion mode transition from the PIPM to PPM. Similarly, we can

simplify (8.5) to
Li((%} - [_Wl%pM(Zx((CC))— xhand)] " Bj o

with the assumption of 7, = 7, = 0 and a predefined hand contact position zp,nq. Other
parameters are defined in Table 8.2.

Table 8.2: Parameters of the PIPM-PPM mode transition. ¢; and ¢, are the initial and final
keyframe states, respectively.

Parameters H Values \ Parameters \ Values
7 (Om, 0.5m/s) Qo (0.6m, 1.7m/s)
Yo 0.002 0Ce, 0.05
doe, 0.06 0, 0.005
modes PIPM — PPM D, (0.15m, 0.3m/s)
=) [—0.1m, 0.7m] x [0.1m/s, 1.8m/s] Uows [2rad/s, 4rad/s]

To evaluate the performance of the control strategy generated by two-semistep reachabil-
ity control synthesis, we examine the success rate of reaching the goal robustness margin set
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(a) Controlled trajectories. (b) Winning sets under disturbances.

Figure 8.5: Control synthesis results for the walking step from PIPM to PPM. (a) The shaded
yellow region represents the winning set of this walking step and the orange region is the inter-
mediate robustness margin set. The black trajectories are 5 simulated closed-loop trajectories.
(b) Comparison of winning sets under different levels of disturbance.

through 50 simulation tests under different granularities and bounded disturbances. In Fig-
ure 8.6a, each trial is run for the one walking step with PIPM to PPM mode transition. The
exerted disturbance in the simulation is the same as the one used in the controller synthesis
process. As shown in Figure 8.6a, all the trials reach the final robustness margin successfully.

We evaluate the effect of the control synthesis precision and the magnitude of disturbances
used in the controller synthesis process as shown in Figure 8.6b. Figure 8.6b shows 4 sets of
simulation results for different control precisions ranging from 0.002 to 0.005. For each set of
simulations, the success rate increases as the modeled disturbance in the controller synthesis
increases, and it reaches 100% when the modeled disturbance matches the actual disturbance
D, used in the simulation. If we compare the results for different control synthesis precisions
under a same disturbance D; (i = 0,1, 2, 3, 4), the success rate almost remains the same. This
is because we use the same disturbance for simulation and control analysis. In addition, it
can be observed that the success rates for all the synthesized controllers are greater than 97%,
even in the case no disturbance is considered in the controller synthesis. Moreover, under the
same disturbance D,, the nominal phase-space planner with a fixed open-loop control input
only achieves a success rate of 29%. This huge discrepancy in success rate clearly shows the
advantage of using the proposed method in the middle-layer of control synthesis within the
planning framework.
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Figure 8.6: Performance evaluation result for PIPM to PPM walking step. (a) All the 50 simula-
tion trails can reach the goal robustness margin set successfully. (b) 1000 trials are run for each
case with a specific precision and a bounded disturbance D, = (0.1m, 0.2m/s).

8.3.2 Multi-Step Locomotion Transition

Now we simulate the closed-loop multi-step given the mode switching sequence generated by
the high-level planner:

pPIPM — PIPM — PPM — PIPM — MCM — PIPM — PIPM

To enable the initial and final keyframe robustness margin sets to cover a sufficiently larger
phase space, we extend the default 3 x 3 keyframe grid to a 5 x 5 keyframe grid for each mode.
This allows the mode-transition control strategy to be applicable to a larger set of keyframe
states. For each locomotion mode transition, we synthesize all the possible control strategies
that reach the final keyframe robustness margin set under a bounded disturbance. We enumer-
ate all the combinations of the allowable locomotion mode pairs and generate all the reachabil-
ity control policies offline. These controllers are saved as a control library and are executed at
runtime according to the high-level decision and measured states under bounded disturbances.

Parameters used in this simulation as follows. The controller synthesis and execution pro-
cess use the same disturbance bound D, = (0.05m,0.1m/s). The full state space is Z¢ =
[—0.2m, 3.8m] x [0.2m/s, 1.9m/s]. The local state space of each walking step is chosen so that it
is sufficiently large to cover the space around the two keyframe states. A time step 6¢ = 0.02ms
is used for the abstraction construction of each walking step. The control inputs for PIPM, PPM
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and MCM satisfy wpipm € [2,4], wppm € [2,4] and wyen € [1,3]. We obtain the sets of
sampled control values by a granularity of 0.02. The robustness margins of the phase space
manifolds are doprpy = 0.002, 6Cprpy = 0.002; doppy = 0.04, 6Cppy = 0.003; donem = 0.15,
Cvem = 0.9 x 1075,

We perform the two-semistep reachability control synthesis for each walking step with the
precision (0.003m, 0.003m/s). The computational time is around 30s by average for synthesiz-
ing a reachability controller corresponding to each keyframe pair. Since we run 625 (i.e., 25 x 25)
times of such reachability control synthesis for each walking step, the time of generating all the
controller policies is approximately 90 mins for each walking step. In the simulation of these
six consecutive walking steps, all the local reachability control strategies are patched together
to cover the overall state space. The time for simulating a single closed-loop walking trajectory
is around 2s. As the results show in Figure 8.7, we simulate six different trials with different
initial conditions, i.e., starting from different initial robustness margin sets. Each locomotion
trajectory is guaranteed to reach one of the robustness margin sets at the next walking step via
using the reachability controller from the control library.

2 ~

X [m]

Figure 8.7: The state trajectories of multi-step mode transition under bounded disturbances.
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Chapter 9

Conclusions and Future Work

Within the scope of control synthesis for nonlinear systems with temporal logic specifications,
the purpose of this research is to understand and bridge (if possible) the gap between two ways
of control synthesis from state-space point of view: the one based on analytical analysis of
system dynamics on a continuous state space and the one performed by designing computer
algorithms that operate on a discretized state space. To this end, we explored in this thesis
the possibility of being sound and complete in LTL control synthesis and introduced a concept
of robust completeness to capture the property of a control system that can tolerate numerical
errors, which is inevitable in set computation of continuous-state systems.

In this chapter, we summarize the main contributions in three aspects and also bring up
some related open questions worthwhile for future research.

Theoretical Results for General Dynamics

We showed that LTL control synthesis for general nonlinear dynamics can be made sound
and complete by using fixed-point algorithms without assuming any stability properties. Specif-
ically, the main theoretical contributions are:

(i) Based on the assumption that the system dynamics is determined by a continuous func-
tion in the system and control input spaces, we proved that the predecessor map Pre is
both open and closed. A property that is crucial for proving fixed-point characterizations
of winning sets for invariance and reachability specifications is also shown: countable set
intersections and unions of decreasing sequence of compact and open sets are distributive
for Pre, respectively.
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(ii) For basic LTL formulas such as invariance, reachability and reach-and-stay that can for-
mulate regulation problems, we characterized the corresponding winning sets by fixed
points (sets) of iterative algorithms, which are based on the computation of predecessors,
directly over the continuous state space of the original nonlinear systems. Memoryless
control strategies can be constructed during fixed-point algorithms for the computation
of winning sets. Such fixed-point characterizations for infinite-state systems are not as
straightforward as for finite-state systems, which is commonly used in abstraction-based
methods. This is our soundness and completeness result.

(iii) Similar to the basic formulas, we provide a sound and complete algorithm for computing
the winning set with respect to a DBA-recognizable LTL formula for nonlinear systems
over the infinite state space. As opposed to the control synthesis with respect to basic
LTL formulas, the resulting control strategies need finite memories.

(iv) Approximation of predecessors is usually required for a concrete implementation of the
proposed algorithms, because the exact computation of predecessors are nontrivial under
nonlinear dynamics. We provided sufficient conditions for the approximation of prede-
cessors such that the control synthesis algorithms are sound and robustly complete in the
sense that control strategies can be found whenever the specifications can be realized for
the system with additional disturbance.

However, there are still some questions have not been answered:

« For reach-and-stay and DBA-recognizable LTL specifications, the robust completeness is
valid based on the assumption that the iterative control synthesis algorithms generate their
own fixed points. Can we derive a condition that is easier to check?

« Can we extend the method to any LTL formula that can only to translated into NBA? The
difficulty lies in the nondeterminism of the NBA. A possible solution is to convert the NBA
into a deterministic Rabin automaton (DRA). But how difficult it is to extend the similar idea
to solving a Rabin game, which is more complex than a Biichi game?

Implementation and Efficiency

Practical implementation of the proposed conceptual algorithms is one of the major prob-
lems that this research is concerned with. In this aspect, the main contributions are highlighted
as follows:
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(i)

(iii)

(iv)

(v)

To deal with general nonlinearity, we proposed an interval implementation of the pro-
posed control synthesis algorithms, in which predecessors are approximated by unions of
intervals. The approximation procedure is carried out by integrating interval arithmetic
in a bisection scheme. Under this scheme, set approximation is refined according to both
specifications and system dynamics so that discretization is only performed on the region
where necessary. For any given precision, such interval-based algorithms are guaranteed
to be finitely terminating.

We establish the criteria of choosing the precision control parameter in the interval ap-
proximation of predecessors so as to satisfy the conditions proposed for basic and general
LTL control problems. This shows that the LTL control synthesis can be made sound and
robustly complete in practice.

We extended the sound and robustly complete algorithms for solving LTL control syn-
thesis problems for nonlinear discrete-time systems to sampled-data systems. For this
purpose, we rely on bounded approximation of the reachable set of a given initial set
after one sampling step. This is achieved by computing Taylor expansion of the system
solution over one sampling period based on interval arithmetic. We derived the condition
for choosing the order of Taylor expansion in the interval approximation of reachable sets
such that the proposed algorithm is sound and robustly complete.

For the control synthesis with respect to DBA-recognizable LTL formulas, we proposed
a pre-processing procedure to reduce the computational complexity. The pre-processing
is performed on the graph form of the deterministic Biichi automaton in prior to control
synthesis.

To show the effectiveness and efficiency of our method compared with abstraction-based
methods in the literature, we analyze the complexities and the performances on bench-
marking examples for both approaches. The worst case complexity of our proposed
method is similar to the one of abstraction-based methods, but the experimental results
show that our method enjoys higher computational efficiency.

Even though we have shown that, by using interval computation, the approximation of
winning sets can be lower bounded within an arbitrary precision, the question is still open
regarding to the convergence of the proposed method:

Can the inner approximations of the winning sets with respect to LTL specifications, such as
invariance, reachability, reach-and-stay, that are commonly used for the control of dynamical
systems converge to the real winning sets?
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Applications

The third aspect we consider is how well the proposed method applies to solving real-world
control problems. Therefore, in this thesis, we studied examples drawn from different practical
applications including the voltage regulation problem of boost DC-DC converters, the stabi-
lization problem of an inverted pendulum, the ROA estimation problem, the parallel parking
problem, and motion planning problems with respect to different LTL specifications. In partic-
ular, we showed that the proposed formal control synthesis algorithms can be used to generate
a middle-layer control strategy that synergizes high-level plan and low-level control in solving
the reactive locomotion planning problem.
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Appendix A

ROCS: A Tool for Robustly Complete
Control Synthesis

This appendix presents ROCS, which is an algorithmic control synthesis tool for general discrete-
time or sampled-data systems. It is based on the theoretical results in this thesis. At the core of
ROCS is the interval branch-and-bound scheme with a precision control parameter that reflects

the robustness of the realizability of the specification.

As opposed to other formal control synthesis tools [118, 93, 66, ] the distinct features of
ROCS include:

« Synthesis is performed directly on the continuous state space, without having to abstract
the system into a finite-state model.

« Synthesis algorithms are sound and robustly complete in the sense that control strategies
can be found whenever the given specification is robustly realizable [80]. This is similar
to what dReach [74] offers for bounded reachability analysis, but in the context of control
synthesis.

« Parameter setting is simple and flexible. ROCS generates partition-based control strate-
gies, where the partitions are adaptively refined with respect to both the dynamics and
given specifications. The precision of a partition is controlled by a single parameter,
which can be easily configured by the user. By setting different values of this parameter,
ROCS can be used for robustness analysis. Furthermore, ROCS allows one to use multiple
and variable precisions to expedite computation.

« It currently supports a wider class of LTL specifications for the control synthesis purpose.
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The tool is implemented as a C++ library providing algorithms, as well as their interface to
matlab, for the proposed specification-guided control synthesis via interval computation. The
source code and examples can be downloaded from: https://git.uwaterloo.ca/hybrid-systems-
lab/rocs.

The description of the initial version of ROCS can be found in [83], and here we present
ROCS in its current format.

A.1 Design and Structure

System
Templates

[ Dynamics

Internals

Externals
Control
Synthesis

Solver
+ <

N Flow Taylor

[ Specification Armadillo

Interval Paver

i {Winning] { Control } x

,  Interval Boost

Set Table

SN

Matlab Interface

[ Simulation ]

Figure A.1: The architecture of ROCS.

Figure A.1 shows the current architecture of ROCS. The user input includes system dynamics
and specifications of a specific control synthesis problem. ROCS is composed of 6 core modules:

« System Templates defines different system types including discrete-time systems
(2.2), discrete-time switched systems (3.6), and continuous-time systems (7.1). It mounts
the user input Dynamics to the corresponding system template.
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Flow Taylor works as a wrapper of the continuous-time dynamics (i.e., ODE) and
produces reachable sets of the ODE in one sampling time.

Control Synthesis Solver is the core module that integrates different control
synthesis algorithms, which operate on Interval Paver. It accesses to system dy-
namics and Specification specified by the user.

Interval Paver isa binary tree data structure that represent the interval partition of
the system state space or S-domains in Chapter 6. The information of Winning Set
and Control Table, which is the form of control strategy, is also contained in this
structure.

Matlab Interface isdesigned to convert the data representing the winning set and
control strategy to Matlab data format.

Interval is the basic data structure that computation relies on.

Two external libraries Armadillo' and Boost? are used in the design of the internal

modules Flow Taylor and Interval for handling linear operations and boolean valued
vectors, respectively.

A.2 Usage

To solve a control synthesis problem using ROCS, the user needs to provide:

« an interval inclusion function of the discrete-time system or the ODEs of the continuous-
time system to be controlled, and

« a main program that defines the control problem and executes control synthesis.

To manage a control synthesis process, the user has to write a main function for each con-

trol problem. Figure A.2 is a sample ma in function coded with the invariance control synthesis
workflow of a boost DC-DC converter in Section 5.5.1.

First, in the ma in function, the state and input spaces are specified by their lower and upper

bounds. Next, after loading the customized dynamics, a control problem will be instantiated as

Thttp://arma.sourceforge.net/
Zhttps://www.boost.org/
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#include "dcdc.hpp"
int main ()

/* set the state space */
double x1b[] = {-2, 0.70};
double xub[] {2, 1.50};

/* define the control system =*/
rocs: :DTSwSys<dcde> dcdcInv ("dcdc", tau, dcde::n, dcde::m);
dcdcInv.init_workspace (x1lb, xub);

/+ set the specifications «/
double glb[] = {1.15, 1.09};
double gub[] = {1.55, 1.17};

/* solve the problem =/
rocs::CSolver solver (&dcdcInv);
solver.init (rocs::GOAL, glb, gub);
solver.init_goal_area();

solver.invariance_control (&dcdcInv, 0.001, rocs::RELMAXG) ;
solver.print_controller_info();

/+ save the problem data and the solution x/
rocs: :matWriter wtr ("data_dcdcInv.mat");
wtr.open();

wtr.write_problem_ setting(dcdcInv, solver);
wtr.write_sptree_controller (solver);
wtr.close () ;

return 0;

Figure A.2: A sample main function for the invariance control synthesis of a boost DC-DC
converter. A partition precision of 0.001 and the relative bisection type RELMAXG are used

when calling invariance_control, which is a member function of CSolver.
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specified by the user. For example, a switched system template DTSwSys, which is defined in
the file system. hpp, is used for the boost DC-DC converter to create the control problem
dcdcInv in Figure A.2. The dynamics of the converter is provided in another file dcdc . hpp
(shown in Figure A.3). After the target sets are defined, a solver (a CSolver object) is created to
attach to the problem and gradually refines the the partition (an interval_paver object) of
the system state space under the corresponding control synthesis algorithm. Finally when the
iteration terminates, in order to test and visualize the control performance, the user can write
the entire case information, including system and specification setups, and control strategy to
.mat files. Utility functions for Matlab display are provided under the mat l1ab folder of the
ROCS package.

To perform control synthesis, the user chooses an algorithm provided by the CSolver class
according to the control objective. For example, in Figure A.2, the invariance_control
algorithm is used. Other available algorithms include reachability_control, buchi,
cobuchi, and Algorithm 6.1 and 6.2.

These algorithms take three types of arguments:

« a precision parameter for control synthesis,
« a bisection type (choosing from RELMAXW, RELMAXG or ABSMAX), and

« a boolean indicating variable or fixed precision.

The precision control parameter determines the precision of the resulting partition and is re-
lated to the robustness margin of the specification (see [80, 81]). The bisection type indicates
whether to subdivide an interval along the dimension of the greatest absolute or relative width
to the state space/target area.

For specifications related to reachability, it is usually more efficient to use a variable preci-
sion (by setting the boolean argument to be t rue). For detailed descriptions and usage of the
parameters of each algorithm, the user may refer to the documentation of the CSolver class.

In the package, we provide complete sets of examples under the subfolder example of the
repository, including interval inclusion functions, main program files, and files for Matlab sim-
ulation, to show how to use ROCS for control synthesis. These examples have been illustrated
in Chapter 5, 6, and 8:

« dcdc: invariance and reach-and-stay control of a boost DC-DC converter.

« car: motion planning problems considered in Section 5.5.3 and Examples 6.4 and 6.5 in
Chapter 6, and the parallel parking problem in Section 5.5.2.
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/* Parameters of the model x/

const double tau = 0.5;

const double xc = 70.0;

const double x1 = 3.0;

const double rc = 0.005;

const double rl = 0.05;

const double r0 = 1.0;

const double vs = 1.0;

arma::mat I = arma::eye<arma::mat> (2, 2);

arma::vec b = {vs/x1, 0};

arma::mat Al = {{-rl/x1, 0}, {0, -1/ (xc*(rc+r0))}};

arma::mat F1 = arma::expmat (Al x tau);

arma::vec gl = arma::inv(Al) % (F1l - I) * b;

arma::mat A2 = { {(-1/x1)*(rl+rO*xrc/ (r0O+rc)), (-1/x1)*(r0/ (rO+rc))}, {(1/xc)
*(r0/ (rO+rc)), (=1/xc) * (1/ (r0+rc))} };

arma::mat F2 = arma::expmat (A2 x tau);

arma::vec g2 = arma::inv(A2) % (F2 - I) * Db;

/+ Discrete-time dynamics of the boost DCDC converter =/
struct dcde {

static const int n = 2; // state dimension

static const int m = 2; // number of modes

/ * %
* Constructors:
* real-valued (arma::vec) and interval-valued (rocs::ivec)
* (@param[out] y the next state after the sampling time.
* @param[in] x the current state.
* @param[in] m the mode.
*/
dcde (rocs::ivec &y, const rocs::ivec &x, const int m) {
switch (m) {
case 1:
y = linmap (F1l, gl, x);
break;
case 2:
y = linmap(F2, g2, Xx);
break;
default:
break;

}i

Figure A.3: The header file dcdc . hpp contailr;i7ng the dynamics of a boost DC-DC converter.




ipdl: the problem of regulating an inverted pendulum to the upright position (Section
7.3.2).

« temp: control the room temperature (4-mode system) to a desired temperature (a setpoint)
and keep the temperature around the setpoint.

« vdp: estimation of the ROA for Van der Pol equations (Section 7.3.1).

« locomotion: the simulations given in Chapter 8.
The future development of ROCS will focus on:

« Implement the interface between user input and the actual control synthesis so that the
user does not have to write compatible C++ files to perform control synthesis.

« Improve the computational efficiency by designing a more proper data structure or search-
ing algorithm.
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Appendix B

Euclidean-to-Riemmannian Mapping for
Locomotion Modes

Closed-form solutions of the phase-space manifolds are required to define the robustness mar-
gin sets in Definition 8.4. The followings are the closed-form solutions the locomotion modes
presented in Section 8.1.1. A detailed derivation can be found in [140].

Proposition B.1 (PIPM phase-space tangent manifold). Given the PIPM mode defined in
(8.4) with initial conditions (o, ©9) = (Zfoot, Tapex) and known foot placement .., the phase-
space tangent manifold is characterized by the states (x, &, Zfoot, Tapex) such that

jj2

apex 2 2

(fQ - :tapex — wpppp (T — xfoot)Q)’ (B.1)

0($7 Xy Toot, J7apex) = "9
WhpipMm

where o denotes the Riemannian distance to the nominal phase-space manifold i.e., o = 0).

Proposition B.2 (PIPM phase-space cotangent manifold). Let (, be a nonnegative scaling
value representing the initial phase of a cotangent manifold. Given the PIPM in (8.4) and a
specific initial state (¢, &) different from the keyframe (Zfoot, Tapex), the cotangent manifold
is characterized by the states (x, &, x¢, ©o) such that

. . T2 T — oot
(2, 0, 20) = (o) PreM ———, (B.2)
Zo Zo — Tfoot

where (j is chosen as the phase progression value at the keyframe state in this study.

This cotangent manifold represents the arc length along the tangent manifold ¢ in Eq. (B.1).
We use this cotangent manifold to quantify the length of a phase-space robustness margin.
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Detailed derivations of these two closed-form solutions above, i.e., 0(z, &, Zfoot, Tapex) = 0 and
((z, &, x0,30) = 0, are provided in [140].

Proposition B.3 (PPM phase-space tangent manifold). Given the PPM in (8.23) with ini-
tial conditions (g, £9) = (Zfoot; Tapex) and known arm placement .., the PPM phase-space

tangent manifold is defined as
jﬁ'Q
. __vapex (.2 .2 2 2
0-(3:7 T, Tapex;, mfoot) - (,U2 (I‘ - xapex + WPPM(x - Ifoot) )7 (B3)
~WppM

Compared to the PIPM tangent manifold in Proposition B.1, the PPM tangent manifold has
a negative asymptote slope square, i.e., —w3p,;. Thus, the tangent manifold with o > 0 locates
beneath the nominal 0 = 0 tangent manifold. This property is in contrast to that of the PIPM
tangent manifold.

Proposition B.4 (PPM phase-space cotangent manifold). Given the PPM in (8.23), the PPM
cotangent manifold is

2 r — X
)*"-’PPM & — Moot

¢ = Gof (B.4)

x
T L0 — Lot
Proposition B.5 (MCM phase-space tangent manifold). Given the MCM with a constant
acceleration wycy (i-e., the control input), an initial condition (o, ©9) = (Zfoot, Tapex), and a

known foot placement x,.;, the MCM phase-space tangent manifold is
0'(33', Z.', Tfoot j:apex) = 2WMCM (:E - xapex) - (.]72 - $§pex)7 (BS)
where 0 = 0 represents the nominal phase-space tangent manifold.

Proposition B.6 (MCM phase-space cotangent manifold). Given the MCM with a constant
acceleration and initial conditions (2o, £9) = (Zfoot, Tapex) and known foot placement g, the
phase-space cotangent manifold is
C(l‘, Xy Tfoot xapex) = WMCM * ln( s ) - (x - xf00t>7 (Bé)
apex

The phase-space manifolds of the hopping model are trivial since its tangent phase-space
manifold is a horizontal line. The stop-launch model and sliding model have similar phase-space
manifolds (i.e., parabolic trajectories) as those of the multi-contact model since all of them has
a constant sagittal acceleration. Their derivations are omitted for brevity.
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