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Abstract

This paper investigates hybrid observer design of a class of unknown input switchedsonlinear systems.
The distinguishing feature of the proposed method is that the stability of all subsystems of the error
switched systems is not necessarily required. First, an output derivative-based{method and time-varying
coordinate transformation are considered to eliminate the unknown input. Thenjin order to maintain
a satisfactory estimation performance, an impulsive full-order and switched reduced-order observer are
developed with a pair of upper and lower dwell time bounds and{constructing time-varying Lyapunov
functions combined with convex combination technique. In addition, the time-varying Lyapunov functions
method is also used to analyze the stability of a class of error switched nonlinear systems with stable
subsystems. Finally, two examples are presented to demonstrate the effectiveness of the proposed method.
Keywords: Impulsive full-order observer, nonlinear switched systems, reduced-order switched observer,

unknown inputs.

1. Introduction

Switched systems belong toraniimportant class of hybrid systems, which consist of a family of subsys-
tems described by continuotis or discrete-time dynamics. Such systems have gained considerable interests
in both theoretical researches and practical applications, such as power electronics, chaos generators, traf-
fic control and intefcepting missiles [1]. In the last two decades, some fundamental theories of switched
systems such as”controllability, stability and stabilization have been established, see [2-5] and references
therein. Meanwhile,/ great efforts have also been put on the state estimations or observer designs for
switched systems [6-9], since full or partial information of state is unavailable in abundant practical
applications™However, these switched systems do not contain unknown inputs. As is known, there are
many\Situations in practical systems where disturbances or partial inputs are inaccessible, such as fault
detection and isolation [10], chaotic secure communication [11] and the cutting forces exerted in machine
tools [12], which can all be viewed as unknown inputs. Therefore, this paper will focus on state estimation

of switched systems with unknown inputs.
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Recently, many interesting results on unknown inputs observer design for switched systems have
been reported in literature [13-16]. We note that all of the above results are based on the assumption
that the output of the system under consideration is measured continuously. However, the outputs
of many control systems are only available at discrete sampled instants because of the applications of
digital sensors. In this case, proposing an impulsive observer is needed, which can not only be updated
in an impulsive fashion, but also save the bandwidth of networks and communication cost when the
measured information from the system transport to the observer at discrete time instants in comparison
with continuous-time observers. Then, a impulsive error dynamic system is constructed, which has been
investigated extensively [17-19]. In [20], a full-order impulsive observer was designed firstly’for nonlinear
continuous-time systems. Then some different impulsive observers, such as adaptive imipulsive observers
and impulsive functional observers, were proposed for different systems in [21-24), Bus for switched
nonlinear systems, only [25] investigated the adaptive impulsive observers, seldomdid seholars consider
this issue for switched systems with unknown inputs.

In addition, on the approach of decoupling unknown inputs from the dynamics of unavailable state
component, the observer design for the unknown input switched systems"are studied in [26-29]. In [26],
it should be pointed out that the convergence condition of the error dynamics was based on the existence
of a common time-invariant Lyapunov function. As we know, it is,n6t easy to find this common time-
invariant Lyapunov function, and many switched systems.can achieve asymptotic stability under some
proper switching law without possessing a common ‘time-invariant Lyapunov function. Then how to
design an appropriate switching law became onefof theimost challenging problems in studying switched
systems. Further, we find that all of results inn[21, 25-29] have the requirements that all or parts of error
subsystems are stable. Thus, questions naturallyvarise: is it possible, based on the dwell-time technique,
to achieve the observers design of switched nonlinear systems with unknown inputs without posing any
stability requirements on error subsystems’of switched systems? If possible, under what conditions can
we achieve this goal and how?

To study the problemssproposed above, different approaches of decoupling unknown inputs are applied
firstly to design the hybrid observer for switched nonlinear systems with all unstable error subsystems.
The main characteristics of’the paper are summarized as follows.

1). Compared with theexisting literature, the impulsive full-order observer is designed even if each error
subsystem is unstable. Furthermore, a novel algorithm is given to avoid the limitation of the linearization
method.

2). Different from [26-28], when there is no the assumption that the original switched subsystems are
strong\detectable, the reduced-order observer can still be designed successfully.

3). By virtue of time-varying Lyapunov function that sufficiently captures the hybrid characteristic of
switched impulsive systems, sufficient conditions for ensuring the stability of the error switched systems
are constructed in the framework of the convex combination technique.

This paper is organized as follows. In section 2, system description and necessary preliminaries are
given. The main results are presented in Section 3 . An illustrative example along with numerical and

simulation results is provided in Section 4.



2. Preliminaries

We shall introduce, in this section, some notations, definitions and lemmas, which will be used in the
later sections.

Let X > 0 (or, X > 0) denote the symmetric matrix X that is semi-positive definite (or, positive
definite). I and 0 represent, respectively, the identity matrix and zero matrix with appropriate dimensions.
R and R stand for the real numbers set and positive real numbers set. R™ and R™*™ denote, respectively,
the n-dimensional Euclidean space, and the set of all m x n real matrices. For any matrix X, X7 denotes
its transpose, X ! means its inverse, X+ is the moore-Penrose inverse. If X has full colump‘rank, then
X+ = (XTX)71XT; if X has full row rank, then X+ = XT(XX7)~!. The superscript 0" denotes the
transpose of a matrix, the symbol * is the transposed elements in the symmetric pesition of a matrix,
He(X) represents X + X7T. eig (X) represents the eigenvalues of matrix X.

Consider a class of nonlinear switched systems with unknown inputs described by
i(t) = Agyz(t) + Boyu(t) + Doyw(t) + forr) (¢, (1)),

y(t) = Coyz(t),

where z(t) € R™ is state, u(t) € R™ is control input, w(t) € RP is utknown input vectors, and y(t) € R?

(1)

is measurement output. f,)(t,2(t)) : [0,00) x R" — R™ afe continuous functions in their arguments.
The matrices A, (1), By(1), Co(r) and D,y are constant matriees with appropriate dimensions. x(tf) =
limp o+ 2(ty, + h) and z(t, ) = limp_o-x(ty — h). (). [toyoo) = M = {1,2,...,m} is the switching
signal, where m is a positive integer. j € M is thé activé mode at time ¢ if o(t) = j € M for t € [tg, tgpt1)
with £ = 0,1,2,..., where t is the kth switehing, time instant. The time sequence {tx,k = 0,1,2,...}
belongs to A(01,82) 2 {tg <t; < ... <t} < "'7kEI-Poo tp = +00,01 < tgp1 —tr < 2}, where &7 and 65 are
minimum and maximum dwell times{ respectively. The purpose of this paper is to develop a full-order
impulsive observer and a reduced-order switched observer for the switched nonlinear system (1) under

the following assumptions.

Assumption 1 For any i & M ithere exist matrices F; € R™*" such that,
1fi(t, 1) = fi(t, 22)ll < |Fi(21 — 22)]].

Assumption 2 rank(C;D;) = rank (D;) = p, Vi € M.

3. Main results

3.1.Full-order impulsive observer
In'\this section, for observer design of system (1), it is necessary to eliminate the unknown input
influences. Under Assumption 2, there exist matrices E; € R™"*? such that F;C;D; = D, for any i € M.

Then the general solution of F; is given by

E; = Di(CiDy)" + Gi(I — (C:D;)(CiDy) ™), (2)
where G; is an arbitrary matrix with appropriate dimensions. Thus, we have

D;w(t) = E;C;D;w(t) = E;C;(2(t) — A;x(t) — Biu(t) — fi(t,z(t)))

= Eiy(t) — B;CiAx(t) — E;C; Biu(t) — E;C; fi(t, (t)).
3



Substituting (3) into (1) yields

&(t) = Nidix(t) + NiBsu(t) + Nifi(t, (1)) + Eig(t), (4)
where N; = I — E;C;.
Remark 3.1. In fact, for system (4), a general full-order observer is designed as

@(t) = N;Aia(t) + NiBiu(t) + Nifi(t, (1)) + Eig(t) + Li(y(t) — 9(t)),

where ©(t) is the estimation of x(t), §(t) = C&(t) is the corresponding output. L; are observer gain ma-
trices. Obviously, the derivative of y(t) is contained, which is difficult to measure in practical'applications
and may cause high frequency noise in observer design. In order to avoid this problem, a coordinate trans-
formation is introduced, which may lead the estimated state jump in switched systems, thus an impulsive

observer is needed.

The impulsive observer for switched system (1) has the form:
2(t) = NiAi&(t) + NiBiu(t) + Nifi(t, £(t))), t # tx,
2(t) = 2(t) + Li(y(ty) = 9(t,), t =t (5)
#(t) = 2(t) + Eiy(t),
where z is the observer state, & is the estimation of z, L; are the observer gain matrices to be designed.
In addition, it is assumed that z(t;) = z(¢;), i.e.; thessolutions of the impulsive observer are right
continuous, and then &(t;) = &(¢]).
Define e = z — &. From (1) and (5), the/estimation error dynamic of subsystem i € M is
e(t) = NZAze(t) + NlAfl(t,SC,.’f), t # tk,
e(ty) = (I = LiCy)e(ty, ), =ty
where Afl(t,.’l,‘,.f) = fl(tax(t)) - fz(tai‘(t))
By virtue of Assumption 1, one has

[Afits x, 2)|| £\ Fielf, vi e M. (7)

Remark 3.20 In [29]/a full-order impulsive reset observer is built with the premise that each error
subsystem is._stable. /Compared with this situation, it is more challenging and difficult that none of the
individual error) subsystems is stable. Thus, our task in the next section is to identify certain classes of
switehing signals satisfying (10) and in the meantime to design observer gains to ensure stability of the

switched error system (6).
Case a: all error subsystems are unstable.

Theorem 3.1. Consider switched system (1) satisfying Assumptions 1-2 and the time sequence t €
A(d1,02). For givenn > 0,0 < u <1 and p; > 1, if there exist P;; > 0, Ps > 0, G; € R"*4, L; e R"¥q,
€imn > 0,1, € M,i# j, m,n=1,2, such that

Qimn  PimTi — Pon Gy H; C;
mn m m 3 K3 O’ (8)

* 7€7LmnI



—uPj; Py —CTLT
S Yl <o, (9)
* —piPi2
In 4+ nds < 0, (10)

where

Qimn = 0; Pim + He{ Py (T; — GiH;Ci) Ai} + 3(Pia — Pia) — n1Pian + €imn B, F; with 0; = 522,

T, =1-Dy(C;D)YCy, H; =1 — C;D;(C;D;) ™,

then the switched observer error dynamic system (6) is asymptotically stable. The observer gains are

given by

L;=Py'L;, i€ M.
Proof: For Vt € [tg,trt1), define 0 = try1 — tg, K(t) = tg’f’“,/%(t) = 1 — k(t), then it follows that
k(t) € [0,1], k(tx) = 0,k(t, ) = 1.

Suppose o (t) = i,t € [tr, tit1). Let e(t) be a solution of system (6) and
Vi(e) = (t)e” Pi(t)e, i € M, (11)
where 9(t) = pf(t)fl, Pi(t) = k(t)P;1 + R(t)Pia. Define V;(t) =.V;(e(t)), then taking derivative of V;(t)
along the trajectory of system (6) yields
Vi(t) = nVi(t) = ()" Pi(t)e + 20 () Pi(t)e +ab(t)e™Bilt)e — mip(t)e” Pi(t)e
= UOTEL P + 2PONA K (P — Pa) — i ()
+ 2T P ()N A}

< P(t){e"[0:Pi(t) #2Pit) N; A; + i(Pil — Pp) —nPi(t)]e+ 2" P()N;Afi},  (12)

where Af; = Af;(t, x, &), 0; = £,

01
We choose a function v(t) = (é X é)/(i - é) € [0,1] and 7(¢t) =1 — v(t), such that
1 1 1
_— = — —U 2 1
== L)+ i (13)

From (12) and (13), one has that

Vi(t) — nVi(t) <o) {e[0:(k(t) Pix + &(t) Pi2) + 2(k(t) Py + R(t) Pia) Ny A; — nPi(t)

S CHV0) + PP~ Pae+ 27 ()P + ROP2NA)
- 1Z)(t){eT[/<;(t)(0iP“ +2P;1 N;A;) 4+ R(t)(0; Pz + 2P;aN; A;) — nPi(t)
+ (éV(t) + éﬂ(ﬂ)(ﬂ- — Pp)le+ 27 (k(t) Py + R(t) Pia) N; A f;}

— ()T (R () (0P + 2P N, A; + %(Pﬂ — Pa)—nPy)

1
+ 0(t)(0; Pin + 2P1 N; A + —(Pin — Pia) — nPi)]

P
1
+ I%(t) [u(t)(t%PiQ + 2PZ‘2N¢A1' + ?(le — Pig) — nPiZ)
1
1
+ ﬁ(t)(GiPig + 2Pi2NiAi + (57(P11 - Pig) — 77Pi2)]}€
2
+ 20(t)e” (k(t) P + R(t) Pi) Ni A fi. (14)

5



According to (7), there exist €;(t) = x(t)v(t)enr + k(£)D(t)en2 + &(E)v(t)einn + R(t)D(t)e;22 such that
ei(t)(eTFiTFie — AfiTAfi) Z 0. (15)

Combining (14) and (15), we have

. 1
Vi(t) — nVi(t) < (t)el {x(t)[v(t)(0;: P + 2P N; A; + E(Pil — Pi2) —nP;)
1
+0(t)(0: Pin + 2P N; A; + (T(Pil — Pj3) —nP;1)]
2

1
1

1
+ 0(t)(0; Pio + 2PioN; A; + —(Pi1 — Pi2) — nPj2)]}e

0o
+20(t)e” (k(t) P + () P) NiA fi + €i(t) (" F Fie — A" Af;)
= YO {rO()P; + k()P + RV ()] + R(t)D ()R] ), (16)

where

1
O = T [0, Py + Pim Ni A + A" N;T Py + 5 (P = Pio) AnPim <, eimnF; File
n
+2eT Py Ny A f; — €imn AT A S

e

7

- 0: Py + Pin N Ai + A" N;" Piry 132(PH — Pio) = 1P + €imn 5T Fi - Pim N;
where """ = "

* —€imnd
Substituting N; = I — E;C; = T; — G; HyC"into i):”” and in view of Schur Complement Lemma, condition
(8) is equivalent to ®7"" < 0. It followsyfrom (13) that

which implies
Vi(t) < Vithexp(nt — tr)), t € [tes titr)- (17)

At the impulsive switching time point t = tg, Vi(tr) = ¥ (tx)e” (tx) Pi(tx)e(ty). Denote o(t) = j,t €
[te_1,t) from (9), it is obtained that
Vilti) = ¥ (tr)e” (tr) Pi(tr)e(te)
= p; el (4 )T — LiCy)" Pio(I — LiCy)e(ty,)
< pe’ (ty ) Pe(ty,)
= wp(ty )e” (8 ) Py (¢ )e(ty)
= pVi(ty). (18)

Combining (17) with above inequality, we have

Vi(tr) < pVi(ty) < pVi(ts—1) exp(n(ty = th-1)) < Vj(te—1) exp(lnp +1d2), (19)

6



From (10) and (19), it follows that V;(tx) < V;(tr—1), which implies that V() (tx), k = 1,2,... is strictly
decreasing.

Using the same deduction as above leads to
Vo (61) < exp(k(in 1+ 162)) Vi 1) (to) < exp(k(in o+ nda))maz{ Amas (Pa) Yo, 1= 1,2,

which implies khlf Vo(te)(tr) = 0 under the condition (10). From (17), it follows that Vi (t) <
—+00

Vo (tr) exp(nde) for t € [tg,tp+1), ie., t_lgrn Vo (t) = 0. From the description of Vj(t), we have

min{A(Pi) Hle(®)[* < piVi(t) < pmax{A(Py)}e(t)]|*. Then

. max{p; }

1 )2 < —2L Vi) =0,
A Ol < ey O

where i € M and [ = 1,2, A\(Py) is the eigenvalue of matrix P;;. Therefore, system (6) is asymptotically
stable.

Case b: all error subsystems are stable.

Theorem 3.2. Consider switched system (1) satisfying Assumptions 1-2-amd the time sequence t €
A(61,02). For given n > 0, > 0 and p; > 1, if there exist Py >\0, P> 0, G; € R"¥4, [; € R"*4,
€imn >0,1,7 € M,i# j, m,n=1,2, such that (9) and the following inequalities hold:

Qimn P Ti — P GiH;C;
<0, (21)

* —€imnl

Inpu—no <0, (22)

where
Qi = 0:Pign + He{ Pin (T, — GiHCi) Mg A 5-(Pix — Pia) + nPin + €imn Fy Fy with 6; = 522,
T; =1 — Di(C;D;)*Cy, H; = I~ CiD; (C; D;) ™,

then the switched observer.errox dynamic system (6) is asymptotically stable. The observer gains are

given by
L; = P, Iy, 1€ M,
Proof: Ageording to'the proof in Theorem 3.1, we have
Vi (DY V; () < (1) {e" [0:Pi(t) + 2P (1) N Ai + (%(Pi — Piz) +nP;(t)]e + 2¢" Pi(t)NiA fi}

< w(t)eT{n(t)[l/(t)(HiPﬂ + 2P N; A; + l(PZ — RQ) + 77,137;1)

o1
1
+ U(t)(0i P + 2P N; A; + (57(P1 — Pi3) +nP;1)]
2
1
+ RB()[v(t)(0; Pia + 2P;oN; A; + — (Pij1 — Pia) + nP2)

01
+ 0(t)(0; P2 + 2P;2N; A; + é(ﬂl — Pi2) +nP2)]}e
+ 20(t)eT (k(t)Piy + R(t)Po)N;Af; + e (t) (e BT Fye — Af;TAS)
= P(O{ROVO) D + k()P + ROV () DT + R()(1) D7},

7



where
- 1
7" = (0, Piy + Pi N;A; + A" N, Py + 5*(3‘ — Pio) + 0P + €imn ;T File
+2eT P NiAfi — €imn AT AF;

e

. 0: Py + PN A + A" Ny Piry + 3= (Pt — Pio) + 1P + €imnF5T Fi PimN;
where @' = n

* —€ipfpd
From condition (21), it is obtained that

Vi(t) < —nVi(t), t # tx,
which implies
Vi(t) < Vi(tr) exp(=n(t — tx)), t € [tr, trt1)-

At the impulsive switching time point ¢ = ¢, based on the conditien (22), we have V;(tx) < pV;(t, ).
Then it implies that

Vi(tk) < pVj(te—1) exp(—n(ty — tk—1)) < Vj(tk—1) expligs no1).

Combining with (22), it follows that V;(tx) < Vj(tx_Ymand’ then Vi, (tr), & = 1,2,... is strictly de-
creasing. Similar to the proof in Theorem 3.1, system (6) is asymptotically stable.

In order to solve the nonlinear matrix inéqualities in Theorems 3.1 and 3.2, motivated by the linear
programming technique, a new type of algorithmyis presented as follows.
Algorithm:
Step 1) Select the appropriate sctalars pand n satisfying (10)((22)), by using cvx toolbox in Matlab,
equalities (9) can be solved with P;13.Pe > 0,47 € M.
Step 2) Substituting the.obtained, F;1, P;s into (8)((21)), then one feasible solution can be calculated as

G;. Otherwise, go back tosstep 1.

Remark 3.3..dn [30, 31, the linearization method is often used to deal with the term P;, G;. If we also
take this method in Theorem 3.1, the corresponding result is given as follows:

Consider switched system (1) satisfying Assumptions 1-2 and the time sequence t, € A(d1,02). For
given n > 0m0'< < 1, p; > 1 and constants ki,ky > 0, if there exist P; > 0, G; € R"¥9, L; € R"*4,
€imn >0, 14,5 € M,i# j, m,n=1,2, such that

Qimn kBT — kPG H;C;
<0,
* *eimnl

—pk P koP; — CTLT
UG 2 il < 0,
* —pik2 P;

Inu +nds <0,



where

Qimn = 0ikm Py + He{k,, P(T; — G, H;C;)A;} + —’“g’” P; — 0k Py 4 €imn BT Fy with 0; = h:;fi,

then the switched observer error dynamic system (6) is asymptotically stable. The observer gains are
given by L; = P[1L, 1 € M and the matriz G; = Pfléi,
Therefore, above result is a special case of Theorem 8.1, then Theorem 8.1 with the algorithm in

Remark 3.3 is less conservatism.

3.2. Reduced-order switched observer

Under Assumption 2, for any ¢ € M, we introduce the time-varying state transformation/[16]:

D} D} (C;Dy)*
K;= LU= . (23)

[

Note that K; is nonsingular and its inverse matrix is
Kt =[(1 - DieiD)*C)(DH* D] 2[R DY (24)

By using the state and output transformation
- T - T
r = |:i',{ (f%i| = Be), Y= |:g,{ QQT} = Uo’(t)ya (25)

then the switched system (1) becomes in the new coordinates

1= Ay 171 + Aor) 22 + Bo) 1t + fo 1 (tha),
Ty = Ay1) 3%1 + Ao(1) T2 + Bo) 2t + w 4 f(r) 2(L, ), (26)
Y1 = C_'g(t)ffh Yo = Z2,

where

Acyr As(r),2 Bo),1

Koy AeyK ) =

o(t) » BoyBoy =

Aoty Aolt)a Bo),2

91 = (Cot)Do)) ™y, G2 = (@otny Da)™ ¥, fomya(t,2) = Dy fouy(t:2), forr2(t: ) = Koy foq)(t: ),
Cot) = (Co(tyDo(1)) = Cow{Di- VE. At switching instants ¢, from [16], the state of system (26) is governed
by

, X1 = Dcf(t)w, Ty = (CotyDo(r)) T Coy,

Z(ty) = Kc,(tk)a:(t,;) = Kg(tk)K_l i’(t;), k=1,2,... (27)

o(tr—1)
According to (26), we only need to design observers for Z;, because Z can be directly obtained by s.
Furthermore, the dynamics (26) of Z; do not contain the unknown input w.
Consider the following subsystem relevant to z; in (26)
T = Ay 1%1 + Aor) 22 + Boy 1t + foy 1 (t, ),
71 = Coy @1, (28)
Ty (tr) = Dty ), k=12, ..

the proposed observer for system (28) has the form

Kb

1= Aoy 1Z1 + Aoy 202 + Boy 1t + He (1) (1 — CoyT1) + foy1(t, 2),
~ afyp— > il(t;) (29)
xl(tk) = Di_(tk)x(tk) = Dj'_(tk)KO'(tk‘—l) B B k= ].7 2,
ya(ty)

9



where H,(t) are the observer gains to be designed.

Define e; = Z; — 21, we can obtain the following error system

é1 = (Aoys — Ho)Cow)er + Afoya(t,z, &),

. (30)
el(tk;) = Di(tk)e(t];) = Di(tk)KU(tk—l)el<t;)’ k= 17 2,
where Afoy1(t,2,8) = fo@),1(t, %) = foe),1(t,2). From Assumption 1, one has
1A foqey1(t: 2, 2) | < Doy 1 oy Kower - (31)

In this section, similar to the full-order observer design, two classes of switched systems areconsidered.
One is that all error subsystems are unstable, which implies that there is no restriction{ of ‘the strong
detectability condition for system (1) compared with [26, 27]; another case is that all\error subsystems
are stable.

Case c: all error subsystems are unstable.

Theorem 3.3. Consider switched system (1) satisfying Assumptions 1+2 and the time sequence tj €
A(d1,02). For givenmy > 0,0 < py <1, oy > 0 and p; > 1, if therefexist P> 0, P;s > 0, X; > 0, Y},
€imn > 0,1, € M,i# j, m,n =1,2, such that

Eimn P7.m - X’L - alC’zTY;T Pl
* —o; (X; + XIT) 0 <0, (32)
0 0 —€imnd

[ P DLKNTP
M1t (D; J) 2 0, (33)

* —piPsa

Inpy + 12 <0, (34)
where
Bimn = 0;Pim + P Ai 1 + AflPim —YiC; = CTY" + 3~ (P — Pp2) — mPim + €imn(F KT F K with
0; = hg%, then the switehed observer error dynamic system (30) is asymptotically stable. The observer
gains are given by

H; = X['Y;, i @M.

Proof: Suppose,c(t) =i,t € [tg,tr+1). Let e1(t) be a solution of system (30) and consider the Lyapunov
function Vig(et) = ¢ (t)ef Pi(t)er, i € M, denote Vi;(t) = Vi;(ei(t)). By pre- and post multiplying both

T
, ) —(H,C)HT 0 I —(H,C)T 0
sides of (32) with and , one has
0 0 1 0 0 I
\I/imn = " < O, (35)

* —€imnl

where Almn = 97[3”” + He{P)im(Ai,l - H7él} + %(R — P12) + ElmnFlT[A(7TE[A{, Similar to the pI'OOf of
Theorem 3.1, we obtain that

Vii(t) — mVai(t) < ¢@{s(@)r (I + w2 + &(Or(OIE + &2 (I}, (36)

10



€1

where II/"" = [elT A fiTl] Wimn . Combining (35) with (36), it follows that

i1
Vu(t) < Vh’(tk) exp(m (t — tk)),t c [tk,tk+1)~ (37)
From (33), then
Vi) = w(t)ef (te) Pi(te)es (tr)
= p; el (t;) (D K;)T Poo( D} K)
< e’ (t; ) Pye(ty)
= Vi (t)-
According to the condition (34), using the similar method in Theorem 3.1, we haveye;(t) — 0 when

t — +o00. The proof is completed.

Case d: all error subsystems are stable.

Theorem 3.4. Consider the switched system (1) satisfying Assumptions 1-2 and the time sequence
ti € A(01,02). For givenm >0, p1 >0, a; > 0 and p; > 1, if theresexist' Py > 0, Ps >0, X; >0, Y;,
€imn >0, 4,5, € M i # j, m,n=1,2, such that (338) and the_following inequalities hold:

= ATy T
Eimn  Pim — Xi — (7Y P;

* —a;(X; + X[ 0 <0, (38)
* 0 —€imnl
Inu; — 1161 <0, (39)
where
y _ ~ T A ]
Eimn = 0:iPim + Pi'rnAi,l + A;‘I:lpim - Y.C; - CZTKT + i(Pz - PiZ) + anim + eimnFiTKi FK; with

0; = h(‘;fi, then the switchéd observer error dynamic system (30) is asymptotically stable. The observer

gains are given by
H, = X; 'Y}, %€ M,

Proof: The, proof can be easily derived by the methodology given earlier. So we omit it here.

. T
Remark ), 3.4¢ From (25), we have &(t) = Kg_é)a’c = K;é) 71 . Define e = x — &, then e(t) =

e
K;é) . According to Theorems 3.3 and 3.4, e1(t) asymptotically converges to zero, it follows that
0

e(t) asymptotically converges to zero, which means the system states in (1) can be estimated effectively

by the proposed reduced-order observers.

Remark 3.5. In [26-28], the observer design is based on the assumption that the matriz triplets
(4;,C;, D;) have negative real part. However, in the reduced order design of our paper, this assumption is
removed, which means that the observer can also be designed when none of the matriz pairs (A; 1, C;) is
required to be detectable, i.e., all error subsystems are unstable. This can be verified in following Fxample.

11



Remark 3.6. When not all error subsystems are stable, the key point for designing full-order and
reduced-order observers is how to ensure the stability of the whole error dynamic systems. In this case,
according to the above four theorems, for o(t) =i,t € [tg,txy1), 0(t) = j,t € [tr_1,tr), we have Vi(t) <
n:iVi(t) and Vi(ty) < uVj(t, ), where n; can be positive or negative. Choose 1,1,y < 1,k =0,1,2,..., for

te [tk,tk+1), then

Voo () < VoGV 4 (t0) explnio(e,) (b1 — to) + No(ea) (E = 11) + -+ + Doty (E — te)]

< Vo) (to) exp[Ns(t, to) In pu + n(t — to)],

where Ns(T,t) denotes the number of impulsive times of the impulsive sequence 6 on thednterval (¢,T).
Moreover, the average impulsive interval of the impulsive sequence § = {t1,ta,...} is .€qual to T, if there

exist positive integer Ny and positive number Ty, such that

T—t T—t
7N0 SNé(Tvt) S

a a

+ Ny, VT >t>0.

Based on this definition, if p > 1, then

t—1o

t—1t
Tao = No)lnp < Ni(t to) Inp < (—

(

+ NO) h’l/j/, Vi > th

which implies

t—1 In
Vo) (£) < Vip(ao) (f0) exp[(—=— + No) In pr + (¢ )] 10V ) (o) expl( Tﬂ +0)(t —to)].
If 0 < p < 1, then we have
t—t _ In
Viotoy(t) < Voo (t0) expl( =2 — Nyl Bt — 10)] = = Vi (to) expl(l + )t o).

Let i = max{u~No yNo} it is obtained that

B In
Vot (£) < Vit (10) g0 ( 2

a

#n)(t —to)].
Thus, from min{\(Py)Hle(®)||* < p;Vi(t) < psmax{\(Py)}le(t)||?, it follows that

Rinp < Zetedn

< Ay Vet t0) bl + )t~ o),

T,

where i &M andil= 1,2, \(Py;) is the eigenvalue of matriz Py. If l%f‘ +n <0, the error dynamic system
1s asymptotically stable. Therefore, when some error subsystems are stable and some are unstable, the
full-ardemand reduced-order observer can also be constructed by designing the suitable impulsive switching

rule that satisfies l;—ﬂ” +n<0.
4. Examples

In this section, two examples are studied to show the effective of the proposed hybrid observers for

switched nonlinear systems with unknown inputs.
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Example 1 Consider the following two subsystems:

1 0 -1 1 1] 10 0 1 1] 1] 0 o]
1 -1 1 -2 -1 1 -1 1 2 1 11 0 1
Ai=|1 1 -1 -1 —-01}|,4=|1 1 -1 1 1|,Di=10 1/|,D2=|1 1},
1 -1 0 -1 1 1 0 -1 -1 0 0 —1 0 0
1 1 3 1 -1 1 -1 0 -1 -1 0 1 0 1
1001 0] 0 0010
Ci=10 011 0[,Ca=]0 1 1 0 0|,Bi=DB2=0,
0 1 0 0 -1 -1 0 1 1 0

f1(t,z) = (tanh(z1), tanh(xs), tanh(x3), tanh(xs), tanh(zs))T, fo(t, z) = (sin(x1), sin(@g), sin(z3), sin(z4),
sin(xs))?. It can be verified that rank(C;D;) = rank(D;) = 2, i = 1,2, whi¢h satisfies Assumption 2.
Let 6; = 0.02,62 = 0.04. The switching and impulsive signal are shown in/Figure 1

Case a: When all error subsystems are not stable, an impulsive full-order observer is designed. Accord-

T T T T T T T T
1+
B }} l}}
1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t
(a)

Impulse signal

Switching signal
o
o
T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

(®)

Figure 1: (a) Impulse signal (b) Switching signal.

ing to Algorithm for Theorem 3.1, choose p; = po = 1.01,7n =1, p = 0.39, we have

—-0.6662 0.3329 —0.0005 0.5680  0.1361 —0.5680

0.2955 —0.2955  0.2045 0.4311 0.8621 —0.4311
Ly =1-0.3329 0.6662 —0.0005|,L2 = |-0.4320 0.1361 0.4320 |,
0.3333  0.3333  —0.0000 1.0000  —0.0000 —0.0000

0.2946 —0.2946 —0.7946 0.2950  0.59000 —0.2950
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-100 1 1 1 1

1000

500

e(t)

-500 |

-1000 |

-1500
0

Figure 2: Trajectories of the error state e of subsystems. (a) errer subsystem 1. (b) error subsystem 2

i 0.5000 —0.5000 0.1265  0.6265 _0.5000 ] I 1 0 0 09114 0_
—0.5000 0.5000 —1.3332 —0.8332 0.5000 -1 0 0 -0.4091 0

N1 = 1-05000 0.5000 —0.2159 —0.7159 %—05000|,N2= | 1 0 0 —-0.0867 0
0.5000 —0.5000 —0.6898 —0.1898% 0.5000 0 0 0 -0.781 0
—0.5000 0.5000 —1.1064 =0.6064 0.5000 -1 -1 0 -1.2242 1

It should be noted that each subsyStem ef switched error system is unstable, since
eig(N1Ay) = {1.2702 + 0.00004,—04588 + 1.6358:, —0.0000 + 0.00007},
eig(NaAs) = {0, —3.0000, 1£7842, —1.0000, —0.0000},
which means that the methods in [21, 24, 25, 27] can not be used to design the observer for the studied
switched system.
Case b: When-all'error subsystems are stable. Choose n =4, u = 1.01, solving inequalities in Theo-

rem 3.2, the impulsiye gain matrices are given by

—0.3906  0.1321 0.0291

0.2255 —0.2386 0.1261 0.2877 0.5721 —0.1878
Ly =1-0.2107 0.4688 —0.0367| ;L2 —0.2869 0.0282 0.1876

0.2101 0.1313  0.03755 0.6012  0.0009 —0.0002

0.2252 —0.2382 —-0.4735 0.0600 0.3876 —0.0946

Next, the reduced-order switched observer is designed for above presented switched system. Following

0.0379

the time varying state transformation [16], we have

14
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—2.3199 —-0.6217 2.1880 -2 -2 —1.4142
A1 = | 1.3607 0.5309 —1.1972| ,A21 = [—-0.0000 —0.0000 —0.0000] ,
1.2311 2.3774 0.2890 —-0.7071 —2.8284 -2

01:[1 1 0},6‘2:[0 -1 0}.
Case c: when all the error systems are unstable. Let vy = 5.15, a0 = 5.05,1m1 = 5,41 = 0.2, p1 = p2 =
1.39. Solving LMIs in Theorem 3.3, we obtain observer gains for each subsystem:
T T
H, = [0.3730 0.0921 0.4289} yHo = [—0.0003 0.0000 0.0008
It is verified that each subsystem of switched error system is unstable, since

eig (A1 — HiC1) = {~2.1112 + 0.00007, 0.0731 % 0.55657}

and

eig (Agl — HQC‘Q) = {-3.0000, —1.0000, 0:0001 }.

From [32], we can find the strong detectability of above two subsystems isiot satisfied, which means the
methods in [21, 25-29] can not be used to design observers for the studied switched system. Because in
our paper, each error subsystem does not need to satisfy“the strong detectability condition in the case of
observer design.

Case d: when all the error systems are stable. Setla; = as = 0.05,7; = 10.5, 41 = 1.001, solving
LMIs in Theorem 3.4, the switched observersgainsiare given by

T T
H1=[14.9009 5.0092 15.1352} ,H2=[20.0638 —20 0.5292}

—ci(t)
- =ex(t) .
----- e?({;)
—==eu(t)
65(t) -
=
L
et
04fFi .
'0.6 L L L L
0 0.2 0.4 0.6 0.8 1

Figure 3: Trajectories of the switched error system with full-order impulsive observer.

Let e(to) = (0.3,0.2,-0.5,0.2,0.1)7. From Figure 2, both subsystems of the switched error system
are unstable in the case of full-order impulsive observer design. For the reduced-order switched observer
design, two subsystem state responses perform similarly as it is shown in Figure 2 with state divergence.
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0.3 T T T T T T T T T

02f= " — 11 (1)

— mep(t)
T e e(t)

0.1

0.1pF E

€1 (t)

0.2 -

03F E

-0.5 \ -

-0.6 1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
t

Figure 4: Trajectories of the switched error system with reduced-order switched observer.

Under the signal rule in Figure 2, the state trajectories of the whole dynamic of theebsérvation error are
presented in Figures 3 and 4. It can be clearly observed that the asymptotical stability of the switched
error systems (6) and (30) have been achieved. Thus, the simulation resultsswell show the effectiveness

of the proposed full-order and reduced-order observers.

R Vi it L V2

QO

o Switched

pum— s() p—
C
Chua's

Va Diode
R
ot) 0
- 0 0 —4
e Rs ™

Figure 5: The electronic circuit.

Example 2 Consider a practical electronic circuit in Figure 5, where C;(i = 1,2) are capacitors, V; are
the corrésponding voltages that can be regarded as the measurement outputs. R;(i = 1,2, 3) are resistors,
L is,an induetor, w(t) is unknown value of the voltage resource. The Chua’s diode is a nonlinear resistor

[29] that satisfies the following condition

—1.143U — 0429, U < 1
I'=flu)y=4¢ —0714U, —1<U<1
—1.143U 4+ 0.429, U > 1,

where U, I stand for the voltage and the current of the Chua’s diode, respectively. Then the circuit
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system is written by

1) = TV - TV(0),

1 1 1 1
Vi(t) = _CTZL(t) - af(vl) 01R2V1(t) + C’lle(t)’
a(t) = &in) — SVa )

1, switch on
where s(t) = is used to describe the switching between the two modes of the electronic

0, switch of f
circuit. Let x = [x1 @9 3] = [ir(t) Vi(t) Va(t)]T, then we have the system

(t) = A(t) + Daw(t) + fi(t, x(t)),
y(t) = Cu(t), i=1,2,

where
o b - o b
AIZ el —ﬁ 0 aAQZ _C% —ﬁ 0 781232207
1 1 1
s 0 T CaRs 2 0 0
0 0
0O 1 0
C1=0Cy = 001 D= Dy = | e | filbz) 5. o(t 0) = | =& f(a2)
0 0

Choose L = 1,C; = 2,0y = 1,Ry = 1,Ry = 0.5]Rg.= 1y"and w(t) = 2sin(5t). Assumption 2 is
satisfied, and then denote 6; = 0.5,d, = 1.5. Based on Algorithm for the full-order observer design,

05F 4

I'mpulse signal

Switching signal

Figure 6: (a) Impulse signal (b) Switching signal.

n = 1.3, =0.001, p; = pa = 0.01, then the condition In u + ndy = —4.9578 < 0, we have

—0.0184 0.0184 0.0007 35.1172 0 0.8454 0 —1.7976
Ly =|3.3010 0.0000|,L2= {3.3010 —0.0000|,G1= {0 —0.8887|,G2= |0 1.2928¢ — 04
—0.000 3.3010 0.0000  3.3010 0 1.1980 0 0.9999

For the reduced order observer design, according to the time varying state transformation,

0 1 0o 1| _ _
A = JAg 1 = ,C1=0Cy = {0 1].
-1 -1 -1 0
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Choose a1 = 5, a0 = 16,11 = 4, 41 = 0.002, p1 = po = 1, the equality In u; + 1162 = —0.2146 < 0 is

satisfied, and then solving LMIs in Theorem 3.3, the observer gain matrices are given by

—0.0163 —0.0000
s 112 =
0.2000 —0.0019

In this example, the corresponding switched impulsive signal is presented in Figure 6. Under the initial
condition e(ty) = (—0.2,0.5,—0.4)T, Figures 7 and 8 show that the switched error dynamic systems (6)
and (30) are asymptotically stable under the designed full-order and reduced-order observer respectively,

which implies that both the full-order and reduced-order observers have good estimation petformances.

25

0 1 2 3 4 5 6 7 8 9 10

— ]

- e

05 -

Figure 8: Trajectories of the switched error system with reduced-order switched observer.

5. Conclusion

This paper has investigated a full-order impulsive and reduced-order switched observer via dwell-time
switchings without requiring the stability of each error subsystem of the switched systems. In spite of the
instability of individual subsystems, the stability of the error switched system is achieved by confining the
dwell time within an upper bounds. In addition, the multiple time-varying Lyapunov functions method

is also used to analyze the stability analysis of a class of switched error systems with stable subsystems.
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Based on the estimated state information produced by the designed observer in this paper, a future

research will focus on some practical control problems [33, 34]. Finally, the simulation results have shown

the effectiveness of the proposed criteria.
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