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Abstract

This paper is concerned with the problem of stochastic synchronization for semi-Markovian jump chaotic
Lur’e systems. Firstly, packet dropouts and multiple sampling periods are both considered. By input-delay
approach and then fully considering the probability distribution characteristic of packet dropouts in the
modeling, the original system is transformed to a stochastic time-delay system. Secondly, by getting the
utmost out of the usable information on the actual sampling pattern, the probability distribution values of
stochastic delay taking values in m given intervals can be explicitly obtained. Then, a newly augmented
Lyapunov-Krasovskii functional is constructed. Based on that, some sufficient conditions in terms of linear
matrix inequalities (LMIs) are derived to ensure the stochastic stability of the error system, and thus, the
master system stochastically synchronize with the slave system. Finally, the effectiveness and potential of
the obtained results is verified by a simulation example.

Keywords: Stochastic synchronization, semi-Markovian jump, chaotic Lur’e systems, sampled-data,

packet dropouts

1. Introduction

Synchronization, as an important behavior of complex dynamical networks, has received much of the
focus [1-3]. Since the pioneering work of [4], the problem of master-slave synchronization for chaotic systems
has arisen a great attention. This stems from its potential applications in various fields, including secure
communication, image processing, biological systems, chemical reaction, and information science. It has
been noted that many nonlinear systems can be represented in the form of Lur’e systems, such as neural

networks and Chua’s circuits. Thus, the problem of master-slave synchronization of chaotic Lur’e systems

*Corresponding author
Email addresses: 11qian02100126.com (Qian Li), jcheng68190126.com (Jun Cheng)

Preprint submitted to Journal of the Franklin Institute June 20, 2019



has been widely studied, and many important results have been proposed(see, [5-8] and the references
therein).

Jump systems are a special class of stochastic dynamic systems, have attracted substantial attention
from theoretical research to industrial applications [9-23]. Especially, the parameter-switching phenomenon
is characterized by a stochastic process in the jump systems. The stochastic process generally relies on the
duration h between two consecutive transitions, which is also termed as sojourn-time. In the Markovian
jump systems, the sojourn-time h is obeying exponential distribution. In practice, however, it is difficult to
guarantee the rigorous restriction on the memoryless characteristics of the sojourn-time distribution. In this
case, the underlying continuous stochastic process with sojourn-time obeying non-exponential distribution is
often addressed as a semi-Markov process [38,40-44]. Tt is known that most analysis and design conditions of
Markovian jump systems are analytically tractable. Nevertheless, the sojourn-time-dependent characteristics
bring much difficulty for the analysis and synthesis of semi-Markovian jump systems, which also results in
little presence of numerically solvable synthesis criteria for semi-Markovian jump systems. Thus, it is of great
significance to further study the analysis and synthesis of semi-Markovian jump systems, which partially
motivates this research.

Nowadays, most of the practical control systems employ the digital signals to transmit the information
due to their great advantages over traditional control systems, such as low cost, reduced weight and power
requirements, simple installation and maintenance, and high reliability. In the implementation of sampled-
data control systems, only the sampled information at its sampling instants is transmitted to the controller,
which can reduce the amount of transmitted information and effectively save the communication bandwidth.
As a result, sampled-data control strategy has been employed extensively [24-28,39]. The investigation of
sampled-data control of chaotic systems is more efficient and useful in real-life applications. Many distinct
approaches exist for sample data systems such as lifting technique [29], input delay approach [30], impulsive
approach [31], and output delay approach [32], which are used to convert the sampled data output into
a continuous time-varying delayed output. The most popular approach is input delay approach, which is
based on modeling the sample-and-hold with a delayed control input.

The packet dropout is one of the important issues, which results from transmission errors or congestion
in the physical communication links or from buffer overflows [33,34]. It is concluded that packet dropouts
degrade system performance and possibly cause system instability. By an input-delay approach, papers
[35-37] studies the models with a class of input-delays subject to randomness, where the randomness only
comes from the aperiodic sampling period. It should be noticed that, when packet dropouts occur and
assuming systems with packet dropouts subject to multiple sampling periods, the input-delay approach will
bring input delay double randomness, which comes from not only the randomness of the actual successive
packet dropouts, but also the randomness of multiple sampling periods. To the best of our knowledge, there
is little information in the published literature about stochastic synchronization of semi-Markovian jump
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chaotic Lur’e systems with packet dropouts subject to multiple sampling periods, which inspires us for this
study.

Motivated by the discussions made above, this paper addresses the stochastic synchronization problem of
semi-Markovian jump chaotic Lur’e systems. Firstly, the packet dropouts are assumed to subject to multiple
sampling periods. Secondly, by getting the utmost out of the usable information on the actual sampling
pattern and by fully considering the probability distribution characteristic of packet dropouts and an input-
delay approach, the probability distribution values of stochastic delay taking values in m given intervals
can be explicitly obtained. Then, a newly augmented Lyapunov-Krasovskii functional is constructed. Some
sufficient conditions in terms of LMIs are derived to ensure the master system stochastically synchronize
with the slave system. Finally, an illustrative example is carried out to validate the effectiveness of the
developed approach.

Notations: Throughout this paper, the notations used are fairly standard. NN stands for the set of
nonnegative integers. R" denotes n-dimensional Euclidean space. For symmetric matrices X and Y, the
notation X > Y (X > Y) means that the matrix X — Y is positive definite (nonnegative). (Q, F, P) is a
probability space, where (2 is the sample space, F is the o-algebra of subsets of the sample space, and P
is the probability measure on F. FE{-} denotes the expectation operator with respect to some probability
measure P. ||-|| denotes the Euclidean norm of a vector and its induced norm of a matrix. The superscripts
T and (—1) stand for matrix transposition and matrix inverse respectively. A ® B denotes the Kronecker

product of the matrices A and B. A, is defined as A, = 1(A + AT).
2. Preliminaries

Consider the following semi-Markovian jump master system:

@(t) = A(re)x(t) + B(re)a(t — h) + W (r) f(Dx(t)),

(t) = C(re)a(b),

(1)

where z(t) € R" is the state vector of master system, v(t) € R' is the output of master system, h > 0 is
constant time delay. It is assumed that f(-) : R™ — R™/ is a nonlinear function vector. A(r:), B(r:),

C(ry), W(ry) and D are known real matrices with appropriate dimensions.

Assumption 2.1. fi(-) in (1) is continuous and bounded, and there exist constants k; and kI such that

ke < fs(@1) = fs(x2) <k,

=1,2,... 2
T1 — 29 8 9 & ooo g WLF (2)

where x1, T2 € R, and x1 # x3.

Let {r¢,t > 0} be a right continuous semi-Markovian process on a complete probability space (2, F, P)
taking values in a finite state space £ = {1,2,...,s}. The evolution of the semi-Markovian process r; is
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governed by the following probability transitions:

Prirgs = gre = iy = 4 IO ORL o iE .
1+ m(h)h+o(h), j=i

where ;;(h) is the transition rate from mode i at time ¢ to mode j at time ¢ + h when j # i and m;;(h) =

— Zj=17j¢i 7;j(h); o(h) is little-o notation defined by %1_% o(h)/h = 0.

Remark 2.1. In practice, the transition rate m;j(h) is general bounded by m;; < mij(h) < Tij, where m;,

Ti; are real constant scalars. In this case, m;;(h) can always be described by m;;(h) = m;; + Ami;, where
iy = %(f,’j +lz]) and |A7Tij‘ S ﬁ-ij with ﬁ-ij = %(f” _Eij)'

Consider the following semi-Markovian jump slave system with sampled-data feedback control:

A(t) = C(re)y(t), (4)

where y(t) € R" is the state vector of slave system, A(t) € R is the output of slave system, u(t) is slave
system control input, K is the sampled-data feedback control gain matrix to be designed.

The measured outputs y(¢) and A(¢) are sampled and measured only at each sampling instant ¢, satisfying
0<t; <ty<- -+ <tp<---andlimy_, tx = co. In practical systems, especially in networked environment,
packet dropouts could inevitably occur in the sampler-controller channel. Let ¢;),7 = 0,1, 2, ... denote the
sampling instants that the packet transmitted successfully to the controller. Clearly, the sequence {t;u) }3?';0

is a subsequence of sequence {t}2,. Therefore, the controller takes the following form:

u(t) = K(v(tiw) — Ati»))s  tir <t <tgen,j=0,1,2,.... (5)

By defining the error signal as e(t) = x(t) — y(t), the error system can be represented as follows:
é(t) = A(ry)e(t) + B(ry)e(t — h) + W(r)g(t) — KC(ry)e(tin), t <t <tG+n,j=0,1,2,.... (6)

where g(t) = f(De(t) + Dy(t)) — f(Dy(t)). Let D = [d1,da, ..., dp, )" with ds € R", s = 1,2,...,my. It

can be found that the functions g,(-) satisfy the following condition:

_ Js fs(d?(e+y)) 7fs(d?y)
k; Sdze: dTc <kf, s=1,2,...,my (7)

where dle # 0.

Assumption 2.2. At the sampling instant t;;+1), the number of successive packet dropouts since the last
sampling instant t;;) is denoted as njjt1. The variable nj ;41 takes values in fnm“ = {0,1,2,...,N}

arbitrarily, where N = maxjen{n; 11} -



To design the state-feedback controller, the concept of the input-delay approach has been employed, that
is
u(t) = KO(T’t)e(t - p(t))7 tl(ﬂ S t < tl(i+1)7j = 07 1u 27 ©000

where p(t) = t — t;;). For any given 1) j = 0,1,2,..., there exists & € N such that t,;, = t,. Let
tk+1 — tk = Tk4+1, then, the distance between two adjacent sampling instants that the packet transmitted

successfully to the controller
L+ — o) = Thyr + Tiro + -+ Thpn, 0 +1, (8)

where Tk in; 1 4+1(0 < nj i < N) represents the sampling period. According to the definition of p(t), we

obtain 0 < p(t) < ;511 — by, i) <t < tg+n. Then, it yields

0<p(t) < Tig1 + Ty + -+ Thgn, ;11410 < mj iy < N). (9)
Then, the control input can be written as

u(t) = KC(ry)e(t — p(t)), (10)
with p(t) € [0, Trq1 + Thyo + -+ Thin, ;1 41)-

Assumption 2.3. Ty iy, 4+1(0 < njjp1 < N) takes value in Z7 = {p1,p2, ..., pm} with py < pa < ... <

pm- For the sake of simplicity, the probability of the occurrence of each is known, that is
PTOb{Tk+nj,j+1+1 :pl} :ﬁi7 1= 1a2a"'7m7
where B; € [0,1] and Y-, Bi=1.

Remark 2.2. Not only the variable nj ;1 is stochastic, but also the sampling period Ty iy, ., ,+1(0 <
N1 < N) takes values in Z7 randomly. That is, the upper bound of the stochastic delay p(t) is subject to

double randomness.

Notice that p(t) is an interval stochastic delay taking values in [0, (N + 1)p,, ), without loss of generality,
we divide [0, (N + 1)p,,) into m subintervals. Compared with enlarging the upper bound Tk+1+nm =
Tiy1 + Tpyo + - 4 Thyn, ;141 of p(t) to [0, (N + 1)7,,), in the following, by recurring to the celebrated
formula of total probability, we will explicitly obtain the probability distribution values of the stochastic

delay p(t) taking values in those m subintervals.

Assumption 2.4. The variables n; ;11 and Titn; q+1 QT mutually independent.



Consider the occurrence probabilities of m sampling periods taking value in Zp to be independent. When

n;j+1 = 0, the conditional probability distribution of p(t) is calculated as:
Prob{pi—1 < p(t) < pi|nj,j+1 = 0}
= Z Prob{pi—1 < p(t) < pilnjj+1 = 0,Thy1 = pi, } X Prob{Tj11 = p1, }

L1=1

:pi _piflﬂi 4 Pi — Piqﬂi“ o+ Pi — piilﬂm
Pi Pi+1 Pm

— Z Pi — Pi-1 /3117162112 . ﬂmpwn

p1+tp2+...4+pPi—1=0,pi+pit+1+...+pm=1 P1p1+P2p2 - o PP

:/BOi7 7::172’"'7777“7

where p;(i =1,2,...,m) is a non-negative integer.

When n; ;41 =v(v=1,2,...,N), the conditional probability distribution of p(t) is calculated as:

Prob{pi—1 < p(t) < pilnjj+1 = v}

= > Prob{pi1 < p(t) < pilnggar = v, Terr = pryy oy Terors = prois }

ly,l2,..ly41=1

X Prob{Tik+1 = pi, } X Prob{Tki2 = pi,} X ... X Prob{Thkivt1 = plvﬂ}

_ E : Pi — Pi=1 P1 P1 VP2 P2 Pm—1 Pm—1,Pm 3 Pm
- P1p1 +p2p2+'”+pmpmc’u+lﬁl C’U+1*:Dlﬁ2 ”'Cpm—l‘Hﬂmﬁ'mfl Cpmﬂm
p1tp2+...+pm=v+1

=Byi,i=1,2,...,m—1;

Prob{pm-1 < p(t) < (njj+1+1)pm|nj 1 = v}

Pm—1 P P1 VP p D1 Pt D »
N Z (- + 4L )Cv}HBl lcv?lrlfmﬂ2 : "'Cpmfﬁrpmﬁm—l IO B ™
p1+p2+...+pm=v+1 pip1 p2p2 + ... PmpPm

:Bmm
wherepo:0andBi1+Bi2+-~+Bz‘m:171':071727"' 7]\7-

Suppose that the packet loss rate is 8, then Prob{n; j+1 =v} = (1 —0)0°,v =0,1,2,..., N —1; Prob{n; j11 =
N} = 8", From the discussion above, the probability distribution values of p(t) in [0, (N + 1)pm) can be calculated

as:

2

-1
Prob{pi—1 < p(t) < \ipi} = Bui(1 —0)0° + Br,0 =0;,i=1,2,...,m —1;
0

|
Il

N-1 B
Prob{pm-1 < p(t) < Ampm} Z Bom (1 —6)8" + Brmb" = Om
v=0
where \; = 1(i =1,2,--- ,m—1),Am =N +1and ; + 02+ -+ 0, = 1.

Introduce the new indicator functions

1 ﬁl(t) = p(t) € [Pi—l,)\ipi), 1=1,2,...,m
ai(t) =

0 otherwise



Then, we have E{a;(t)} = Prob{p(t) € [pi—1,Xipi)} = 0;,i =1,2,...,m. Controller with m sampling intervals can

be converted into
Zaz K C(r)e(t — pi(t),  t € [t b)), (11)

with pi—1 < pi(t) < Aips,t = 1,2,...,m. Therefore, the error system (6) with m sampling intervals can be rewritten

as follow:

NgE

é(t) = A(re)e(t) + B(re)e(t — h) + W(rs)g(t) — ai(t)KC(re)e(t — pu(t)) (12)

1

for t € [tl(j),tl(j+1)), j=0,1,2,... where pi—1 < pi(t) < Nipi, L =1,2,...,m

Lemma 2.1. (/35]) For a positive definite matriz S and any differentiable function © on [a,b] — R"™, the following
inequality holds:

_/ &7 (5)Si(s)ds < - L b:fT(s)S;z(s)ds

where
a7
z(b) S =5 0 S S -2
z(a,b) = z(a) , S=1x S 0 +I x S —28
ﬁffx(s)ds x % 0 x *x 48

Lemma 2.2. ([7]) For a given matriz M > 0, given scalars a and b satisfying a < b, the following inequality holds

for all continuously differentiable function r in [a,b] — R™:

s)Mr(s)dsdd < — / / s)dsdM / / s)dsdf — 20" M©,

where © = —f fg s)dsdf + b = f fA fe s)dsdOd.

Lemma 2.3. ([7]) For a given symmetric positive definite matriz R, arbitrary scalars 0 < 1 <1 and 0 < zp <1
(z1 + 2 = 1), and for differentiable signal r(t) in [0, 23] — R™, the following inequality holds:

T

t r(t) r(t)
—/t_hv‘T(s)Rr( s < — | r(t—h) | Qu(z,z2,23)QR| r(t—h) |

t t
S, r(s)ds Ji_,r(s)ds
where
4xo 2o —6xo
z3 z3 e
— 2x9 4—2xq —6+4xq
91(1‘1, x2, 393) =|| = = —=Z
—6x2 —6+4x, 12—10x;
x3 3 3

Lemma 2.4. ([38]) Given any scalar € and square matriz Q € R"™™, the following inequality
(@Q+Q) <ET+QT Q"

holds for any symmetric positive definite matriz T € R™*"™.
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Definition 2.1. Master system (1) and slave system (4) are said to be stochastically synchronous if error system (12)
is stochastically stable, that is, for any initial condition e(t) = ¢(t) defined on the interval [t,o) —maz{(N+1)pm, h},

t,0)], the following condition is satisfied:

lim E{/ s)|2ds|p(t)} < oo.

T —o00
1(0)

3. Main results

In this section, the sufficient conditions for the error system (12) to be stochastically stable are established. For

the sake of simplicity of matrix representation, the notations for some vectors and matrices are defined in Appendix.

Theorem 3.1. For given scalars h > 0, 0 < & < 1,0, 0 < p;; <1 (i1 = 1,2,3,4), p1 +p2 = 1, pz + pa =
1, the master system (1) and the slave system (4) are stochastically synchronous if there exist matrices Py > 0,
Riy, > 0 (i2 = 1,2,3,4,5,6,7), Qiz > 0, S155 > 0, Sos, > 0 (i3 = 1,2,...,m), L1 = diag{wi,wa,...,wm} > 0,
Ly = diag{t1,t2,...,tm} > 0, Vi = diag{vjii,vjar, .., vjmpu} > 0 (I = 1,2;5 = 1,2,3), and any appropriately
dimensioned matrices Wi, (ia = 1,2,...,m), Hi, Ho, N, U, M = [My, M2, M3] and M = [M,0], such that the

following matrixz inequalities hold for all g € L:

: Py + 25((N + Dpm)(H)s —((N + 1)pm)Hs + (N + 1)pyn) Ho

Ag(N +1)pm) = _ >0, (13)
* 2((N + )pm)(—=Hz + (1 — 6)H1)s
S Wi .
>0, i=1,2,...,m, (14)
* S1i
T1(T) = To + Yo1 + Y1(T) <0, (15)
L
R Yo+ Yoz T2MT . _
tody=|""" " <0, T=0,(N+1)pm, (16)
* —R1

where Yo, Yo1, Yoz and Tl(T) are defined in Appendiz.

Moreover, the gain matrix is given by
K=N"'U

Proof. Consider the following Lyapunov functional candidate for the error system (12) (¢t € [t,;),t,G+1))):

VD =3 Vi, a7
where B
Vi(t) = eT (})P(ro)e(t) + (t+n —t)e’ (t)He(t),

Va(t) = (tio+ — 1) / ¢T'(s)Rié(s)ds,

)

t t—ah
Va(t) = / ¢ (s) Rae(s)ds + / &7 (s) Rse(s)ds,

—ah
/ / s)R4é(s dsd9+/ / s)Rsé(s)dsdb,
—ah Jt+6 t+6



52
/ // s)Reé(s)dsdOd\ + = / // s)Rrzé(s)dsdOd,
t—ah t—h

Vo) = 23w / O 0) - de+2zbs / O k0 — g.(0))ds,

Pi—1
$)Qie(s d8+291p1 / / s)dsdo,
Aipi t+6

n=> 0 /
i=1 t=Xipi
with pi = )\ipi — Pi—1, Z; = S+ S2i72 =1,2,....m
According to the assumptions, we know that Va(t), Va(t), Va(t), V5(¢), Vs(t) and Vz(t) are positive. If Vi(t) is

t—pi—1

positive definite, we can obtain that V (t) is positive definite. For Vr; = q € £, we can get

Vi(t) =e” (t) Pae(t) + (tg+n — )e” (t)He()

e(t P, 0 e(t
= 2 (" + (tig+ny —t)H) )
e(ti) * 0 e(tyi))
T
e(t) t—t By — B . e(t)
= (22— Aq(0) + =2 Ay (Tt 14y 511)) :
e(t;) Tt 14nj 11 Tt 14n;,11 e(t;i)

and

Tk+1+nj,j+1 (N + 1)pm - Tk+1+n]‘,j+1
(N +1)pm (N +1)pm
From (13) and P, > 0, it is clear that V(¢) > Vi(¢). It is noted that, two (¢,i),%;i+1) )-dependent terms

AQ(Tk+1+"j,j+1) = AQ((N + 1)Pm) + AQ(O)

(t,i+1) —t)e” (t)He(t) and Va(t) are introduced in (17), which make full use of the information available on the actual
sampling pattern. In addition, V'(¢) is continuous on the whole interval [0, co] because (¢;), ¢;;+1) )-dependent terms
in Vi(t) and V2(t) vanish before and after the jump ¢;¢;).

Calculating the time derivative of V (¢) along the trajectory of error system (12), and taking the mathematical
expectation, we have

Vit+4) - Vi(?)

B{A(®)} = Jim BTS00,

o1 - .
= A ZE{_ 12-:# Prireia = jlre = g}’ (t+ O)Pre(t + A)
JI=L979

+Pr{rea = dlre = g}’ (¢ + D) Pee(t + &) — e () Pre(t)} — e (t)He(t) + 2(tigen — t)e” (VHE)
G

~ath ZE{J ;}a] = +GA )(h) q(h))eT(t + A)Pje(t + A)
%}%)A)eT(t + A)Pge(t + D) — e (t)Pae(t)} — €™ () He(t) + 2(t,5+1) — t)e” ()HE(L),

where h is the time elapsed when the system stays at mode p from the last jump; Gy (t) is the cumulative distribution
function of the sojourn time when the system remains in mode p, and ggq; is the probability intensity of the system

jump from mode p to mode j. Given that A is small, the first order approximation of e(t + A) is

e(t+ A) =e(t) +é(t) A +o(D)

M=

= (I + AgD)e(t) + (Bye(t — h) + Wag(t) — S () KCqe(t — mi(t))) A +o(A).

Il
i



Then,

(h+ &) — Gy(h)) .
1— Gq(h) ([(I + AgD)e®)]TP[(I + AgD)e(t)]

Bi(®) = lim L{ Y G

J=1,j#q

4 20(T + A, )e(t)]" P{(Byelt — h) + Wag()A)

23 0T + A A)e(t)]” Py K Cuelt (1)) 2]
=1

+ [(Bae(t — h) + Wag (1)) A" Fi[(Bqe(t — h) + Wag(1)) Al

—2) 0i[(Baelt — h) + Wag(£)) A" Pi[K Coe(t — pi(t) 2]

+ i 01K Coe(t — pu(t) A" Pj[K Coe(t — pu(t)) A + o(L))
=1
1—Gy(h+ D)
1 - Gy(h)

+2[(I + AgD)e(t)]" Pal(Bye(t — h) + Wag(t)) A

([( + AgD)e()] Pol(I + AqD)e(t)]

-2 Z oI + AqA)e(t)]TPq [KCqe(t — pu(t)A]
1=1

+[(Bae(t = h) + Wag(t) A" Py[(Bae(t — h) + Wag(t) A

93 Gu(Baelt — h) + Wag®)AIT Py K Coelt — (1))

+ Z 0:[K Cqe(t — ﬁl(t))A}TPq[Kqu(t = pu(t) A
=1

+0(D)) = " (B)Pye(t)} — " (B He(t) + 2(8y+1) — )e” (BYHE(D).
By the same techniques used in [38], we have
Gq(h+ A) — Gq(h)

1—Gy(h+ ) Ga(h+ A) — Gy(h)

- =m,(h lim ———————= =1, i = =0.
AT Au-Gm) W M Tsem T AT 1-em
where 7,(h) is the transition rate of the system jumping from mode q.
Define
i (h) = 0g5mq(R),§ # g, meq(R) = — Z 7q;(R).
J=1,j#q
Then,
E{Vi()} = 2¢" () Pe(t) + Y _ mai(h)e” (£)Pie(t) — e (t)He(t) + 2(t+1) — t)e” ()HE(?)
j=1
T s S U S e
= T (2e1 Py + Y mgi(h)er PiEl — (61, )61, &]" + 2Tht14n, 4, (61, 8] H[E2,0])
Thet14n;,541 j=1
t—t a
——10(261Pe5 + > mos(R)E Pyl — [61, Es]H[er, &s]7)}E (D),
Tht14n; 541 j=1

10



t
E{Va(H)} = / &7 (s)Raé(s)ds + (s — €T (1) Raé(d). (19)
()
Moreover, for an appropriately dimensioned matrix M = [M;, M2, M3], we can get the following inequality:

[go(w] MTRT'M MT] [w(t)] oo -
WG | €(s)

t
/t * Ry

This implies,

E{Va(t)} < (tig+n — t)eT (O R1é(t) + (t — tyi))e” )M TRy ' Mo(t) + 207 (6) M [e(t) — e(t,)))]
— T ~tl(j+1) —1

Tet14n;,511

t—1t, ~ . _ . . - .
=D (Ths14m, 40 [61, 82, 83| MT R M[E1, &2, 85)" + 2[e1, &2, &3] M7 [&1 — &5]7)}E(E).

(Tk+1+nj‘j+1é2Rlé§ + 2[517 é27 é3]MT [él - éS]T) (21)

T =
Tiet14n;,511

E{V3(t)} = e" (t)Rze(t) + €” (t — ah)(R3 — R2)e(t — ah) — e” (t — h)Rze(t — h)

t,G = e o . - - -
= T ({9 "7 (61 Roé] + &a(Rs — R2)é] — &sRsét)

Tk+1+nj1j+1 (22)
G = U
+ = (&1 Re&] + éu(Rs — Ra2)é; — ésRaét )}E(),
Tk+1+"jy.7+1
. t t—ah
E{Vi(t)} = ¢" (t)(@hRa + (1 — @)hRs)é(t) — / ¢" (s)Raé(s)ds — / ¢" (s)Rsé(s)ds. (23)
t—ah t—h
By Lemma 2.3, for any positive scalars u; (i = 1,2, 3,4) satisfying p1 + p2 = 1 and ps + pa = 1, we have
t
— / ¢" (s)Raé(s)ds
t—ah
t t
=— i / éT (s)Ryé(s)ds — uQ/ ¢”'(s)Raé(s)ds
t—ah t—ah
T (24)
e(t) e(t)
<—| e(t—ah) (1 (p1, p2,ah) ® Ra) | e(t —ah) |,
fiah e(s)ds f:ﬁdh e(s)ds
t—ah
- / ¢"(s)Rsé(s)ds
t—h
t—ah t—ah
== M3/ é"(s)Rsé(s)ds — /14/ é¢"'(s)Rsé(s)ds
t—h t—h
i (25)
e(t — ah) e(t — ah)
<—| e(t—h) (Q(ps, pa,(1 —a@)h) @ Rs) | e(t —h)
tt:}:ih e(s)ds tt:fh e(s)ds
Considering (23)-(25), we obtain
. t, —
E{V4(t)} < gT(t){"l(JL(é2(o_éhR4 + (1 - &)hR5)ég - [éh é47 ég](Ql(N17M27 (jh) ® R4)[élz é47 éQ]T
Tet14n;, 541
— [é4, &5, €10) (R (3, pta, (1 — @)h) ® Rs)[és, &, E10]") (26)

t—t6)

4 (é2(@hRs + (1 — @)hRs)é; — (61,4, E0](Qu(pi1, p2, @h) ® Ra)[é1, é4,80)"

Tk+1+nj,j+1
— (61,85, €10)(Q1 (13, pa, (1 — @)h) ® Rs)[éa, é5,610]" ) FE(2).
11



—442 2
E{Vs(t)} =T (t)(2 4h Re + Z R7)é / / s)Reé(s)dsdf — = / / s)Rré(s)dsdf.  (27)
t—ah t—h

By Lemma 2.2, we have

=%
- a—/ / $)Reé(s)dsdd
2 t

e(t) e(t) (28)
<= | [, e(s)ds (Q2(ah) @ Re) | [' _ e(s)ds |,
fttfo‘th f; e(s)dsdf f:ﬁah f; e(s)dsdf
- */ / s)Rr7é(s)dsdf
e(t) : e(t) (29)
— [ anels)ds + [ e(s)ds | (Qa(R) @ Ra) | [!, e(s)ds + [} e(s)ds
ft hfe s)dsdf ft hfg s)dsd6

Considering (27)-(29), we obtain

o t —4h2 h2
B0} < € O 22— o - o + 5 Ro)ed = (61,8, 21)(2a(ah) @ o)lér, o, ]
Tk+1+"7 j+1

— [é1, €9 + €10, €12](22(h) ® R7)[é1, €9 + €10, 512]T)

472 2 (30)
t— 1t _ ,a°h h T
I = (éa( Re + —R7)é&; — [é1,80,11](Q(ah) ® Re)[é1, é, é11]
Tht14n 541 <
— [é1, &9 + €10, €12)(Q2(h) ® R7)[é1, & + €10, E12])") JE(2).
’"Lf 77Lf
E{Vs(t)} = 22 s — 1s)gs(dsTe(t))dsT é(t +2Z Lsk J)dsTe(t)dsT é(t)
=2¢"(t)D" (L1 — L2)g(t) + 2" (t)DT (K1 Ly — K~ L1)Dé(t)
_ (31)
Tt ){ZL( e2D” (L1 — Ly)ég + é:DT (KT Ly — K~ L1)Dé)
Tk+1+"J j+1
t—t = = =
+2— _(5,DT (L1 — Ls)éi +& DT (K¥ Lo — K~ L1)Déd ) }e(t),
Tht14n; 541
E{V7(t)} = Z@ieT(t — pi—1)Qie(t — pi—1) — Z@ieT(t — Xipi)Qie(t — Nipi)
i=1 i=1
m t—pi—1 7
+291p1 t)Z;e(t) — Zeim/ e (s)Z:é(s)ds
= t=X;pi
1 ’ (32)

m—

= 61e” (t)Que(t) Z (t = pi)(0i+1Qit1 — 0:Qi)e(t — pi) — Ome™ (¢ — Ampm)Qme(t — Ampm)

m t—pi—1
+ > 0iptel (t) Zie(t) — Z 0, pi / ¢T'(s)Zie(s)ds.
i=1 i=1 t=Xip;
By adopting the definition of reciprocally convex combination and the lower bounds theorem in [37], which lead to
m t—pi—1 T m T
= Z 0ipi / € (s)S1ié(s)ds < Z 0im1:S1im14. (33)
i=1 t=Aipi i=1

12



By applying Lemma 2.1, we can get

— Z 0:pi /
i=1 t

Considering (32)-(34), we obtain

t—pi—1 m
" () S2ié(s)ds < Zesziszmzi- (34)

—Xipi i=1

m—1

: G — O o N ; _ y
E{V7(t)} < € (O{Z——(0161Q1é] + Y Eu1rsi(0i41Qitr — 0:Q)E 1 13: — Omér143mQmél1sam
Trot14n,541 i=1

m
2. ~T 2 = o= ~ -~ ~ 1T
—+ E 97;,01-6221'62 —|—91[61,613,614}511[61,6137614]
i=1
m
~ ~ ~ ~ ~ ~ T
ar E 0; [€8+3i, €10+3i, 611+3i]31¢[68+3i, €10+3i, 311+3i}
i=2

+ 01[é1, €14, €15]S21[€1, €14, 515]T

m
+ Z 0;[€s-+3i, €11+3i, €12+43:|S2i [€8+34, 11431, 512+3z‘}T)
=2 X (35)
t —t,0) o T . = o _ o
——2(0:61Q18] + D Enntsi(0i41Qir1 — 0:Qi)ET 1135 — Omér143mQ@mél1iam
Tt14n; 541 i=1

m
_2~ = ~ ~ ~ ~ o~ ~ T
T E O:ip;e2Z;é3 + 01[é1, €13, €14]S11[€1, €13, €14]
i=1
m

= = = = = = i
ar E 0i[€8+3i, €10+3i, €11+43i|S1i €843, €10+3i, €11+34)
i=2

+ 01[é1, €14, €15]S21[€1, €14, éls]T
m

+ Z 0;[€s+3i, €11+3i, €12+43:|S2i[€8+34, 11431, é12+3i]T) ().
i—2

In addition, notice that E{au(t)} = 6;(l = 1,2,...,m), then, for any scalars y1, y2 and ys, and arbitrary matrix N

with appropriate dimension, the following equality holds:

0 =E{2[¢" (t)y1 + " (t)y2 + e (t,) )ysIN[—€(t) + Age(t) + Bge(t — h)

+Wag(t) = D cu(t)KCyelt — mi(t))]}

=i

tgeny —t . . _ . o y N N e .
:§T(t){2%[y162 + yob1 + ygeg]N[—eg + AqelT + qug + qug — Z OlKC’qeﬂHm]

Thet14n;,541 1=1
t—4u) ~ ~ ~ ~T ~T T ~T . ~T (36)
+ —————[y162 + Y261 + y3é3|N[—é; + Ayé1 + Bgés + Wyés — 261K0q610+3l]}§(t),
Thet14n;,541 =1
ttny —t - B 3 ; : y o~ y
=T () {222 " (4185 + y2f1 + ysés|[—-NéEs + NAET + NByét + NW,ée — Z 0,UC,&1 0431
Thet14n;,5.41 =1
t—t, . : _ o o o y = o
+ = e [y162 + Y21 + y3és][-Né3 + NAE] + NByés + NWyés — Z 0. UC €143 }E(t).
Thet14n;,541 =1
According to (7), for any positive diagonal matrices V1; = diag{vi1, v12, - . . wlmfi}, Vai = diag{va1s,v22, . . ., vafi},
and Vs; = diag{vs1i,v32i, .- -,V3m,i} (1 =1, 2), we can get the following inequalities
Wy
~2 3 [ga(t) — ki dY e(t)]vrsilgs (t) — ki di e(t)] > 0, (37)
s=1

13



an g
—2 "[gs(t — ah) — kdg e(t — ah)Jvasilgs (t — ah) — k; ds e(t — ah)] > 0,
s=1

-2 Zf[gs(t —h) — k¥ dle(t — h)]vssilgs(t — h) — k5 dle(t — h)] > 0,

From (37)-(39), we have
®1(i,t) = —2¢" (£)Vaig(t) + 2" (1) DT [K' + K~ |Vaig(t) — 2¢" ()DT KT V1, K~ De(t) > 0,

By (i, t) = — 297 (t — @h)Vaig(t — ah) 4+ 2¢” (t — ah)DT [K T + K~ Vaig(t — ah)
—2¢"(t —ah)DT KVa; K~ De(t — ah) > 0,
®3(it) = — 29" (t — h)Vaig(t — h) +2e” (t — R)D" [K* + K~ Vaig(t — h)

—2¢"(t — h)D" Kt V3, K~ De(t — h) > 0.
Then,

Gy — 6 t—ty
%4)1(17 t) + Tilmq)l(2a t)
k+ltng 1 kt+ltng 1

By — 6 L _ _
:gT(t){%(—Qégvuég + 26 DT[KT 4+ K™ |Viiég —2e:DT KT Vi K™ Dél )+

BRIl

t—ty _ _ _ _
-9 (_98eVigel + 26, DT[KY + K |Visét — 26, DT K Via K~ DET) () > 0,
Tiet14n;,541
By — t— by
%‘PQ(LW + Tilm@z(?at)
k+1+n; ;41 k+1+n;, ;41

By — B _ _ _ _
:gT(t){Tl(J#(f%ﬂ/mé? +28,DT[KT + K Vmér — 26,D" K Vo1 K~ Dé} )+

k+1l+ng 41
t—1,G _ _ _ _
-9 (98, Vpoel + 284DT[KY + K |Vasél — 26, DT KV K~ DEL) }(t) > 0,
Thet14n;,511
sy — 6 t—ti
%@3(17t) + Til(”@s(?,t)
Bl g B leF R g
B =6 L _ _
:§T(t){%(—ZégV31ég +26;DT[KT + K7 |Vaiés — 26 DT K Va1 K~ Dél )+
ktltng it
t— 1t _ _ _ _
19D (_98gVasér +28sDT[KY + K |Vasér — 265 DT KtV K~ DEL)}(t) > 0.
Tt 14,541
Considering (18), (21), (22), (26), (30), (31), (35), (36) and (40)-(42), we obtain
=1,

E{V(®)} < € O{ 21y (Fstmy o) + =

Lo (Tht14ny,541) YD)
Thot14n;,541 Thot14n;,541 e

It noted that

(N +1)pm — Tk+1+n‘j‘j+l
(N +1)pm

[ Trtitn, ;
T1(Tht14n, 541) = W
m

Ci((N + 1)pm) + I'1(0),

and

(N 4+ Dpm — Trt14n,;14
(N +1)pm

= Tk+1+nv = =
Lo (Tht14n;541) = WB((N +1)pm) +

From (15) and (16), we obtain that

T'2(0).

Ty (Tes14n,,4,) <0, T2(0) <O0.
14

(40)

(41)

(42)

(43)

(46)



Based on Schur complement, we have from (16)

Lo ((N 4+ 1)pm) < 0. (47)

From (46) and (47), it can be seen that

FQ(T%+1+an+1) < 0. (48)
Then, we can obtain from (43), (46) and (48) that
E{V(#)} < —clle®)II®, t€ [t tin) (49)

for some € > 0. Now, using Dynkin’s formula, we have that

E{V(t4n)} — B{V (1)} = E{V(t3540))} — B{V (t,»))} < —eB{ / O le(s) | Pds}. (50)

4@

Thus, we can get from (50) that

SB[ e Pds} < BV o)) "
=0

tl(j)
Therefore, according to Definition 2.1, we have that the synchronization error system (12) is stochastically stable,

that is, master system (1) and slave system (4) are stochastically synchronous. This completes the proof.

Remark 3.1. Due to the time-varying term mq;(h), it is difficult to solve inequalities (15) and (16), because they
contain infinite number of inequalities, which limits the use of Theorem 3.1 in practice. To overcome this shortcoming,
we present our next result which reduces infinite number of inequalities in Theorem 3.1 to finitely many ones, which

will be simple to solve.

Theorem 3.2. For given scalars h > 0, 0 < & < 1,0, 0 < p;; <1 (i1 = 1,2,3,4), p1 +p2 = 1, ps + pa =
1, the master system (1) and the slave system (4) are stochastically synchronous if there exist matrices Py > 0,
Ri, > 0 (i2 = 1,2,3,4,5,6,7), Qiz > 0, S1iy > 0, Soiy > 0 (i3 = 1,2,...,m), L1 = diag{w1,wa,...,wmn} > 0,
Ly = diag{i1,t2,...,tm} > 0, Vji = diag{vjii,vj21,- -, Vjmpu} > 0 (I = 1,2;5 = 1,2,3), and any appropriately
dimensioned matrices Wi, (14 = 1,2,...,m), H1, Ho, N, U, M = [M1, M, M3], M = [M,0] and Ty; (j # ¢,j € L),
such that (13), (14) and the following matriz inequalities hold for all g € L:

o [+ tarnd 2

IMUOES <0, (52)
* —Tq

Y5+ T TINIT P,

I'5(T) = * —R 0| <0, T=0,(N+1)pm. (53)
* * —Tq

where Y§, Yo1, Yoz and Tl(T) are defined in Appendizx.

Moreover, the gain matrixz is given by

K=N"'Uu
15



Proof. According to Theorem 3.1, we have

Yo ="To+ Zﬂqj(h)élpjér{

j=1
1 o
=Yg +61{Z7T,UP 4 IZ;A mq] (P; — P,) + amqj(Pj — P)]}er
J »J 74

By Lemma 2.4, if there exist matrices Ty; for all |Amq;| < 7gj, such that

YS + Yo1 + Tl(T) < 0, (54)
and
- i1
T+ Yo TzMT R _
oo <0, T=0,(N+1)pm. (55)
* —R
In view of Schur complement, it can be seen that (54) and (55) is equivalent to the inequalities (52) and (53). Then,

by this fact together with Theorem 3.1, we can conclude that the synchronization error system (12) is stochastically

stable. This completes the proof.

Remark 3.2. Note that Theorem 3.2 gives the stochastically synchronous conditions for master system (1) and slave
system (4). The results are expressed within the framework of LMIs, which can be easily verified by the MATLAB
LMI Toolbox. Moreover, if (13), (14), (52) and (53) are feasible, the desired sampled-data feedback control gain K

can be readily obtained.

Remark 3.3. In switched systems, we often call each subsystem a mode, and say that control problems are to design
a set of mode-dependent controllers or a mode-independent controller for the unforced system and find admissible
switching signals such that the resulting system is stable and satisfies certain performance criteria. With an adaptation
sense, mode-dependent controller design is less conservative. However, a very common assumption in the ‘mode-
dependent’ context is that the controllers are switched synchronously with the switching of system modes, which is
quite unpractical. Due to the fact that it inevitably takes some time to identify the system modes and apply the
controller, there exists asynchronous switching in actual operation, i.e. the switching instants of the controllers
exceed or lag behind those of the systems. Thus, it is necessary to consider asynchronous switching for efficient
control design. So, it is noteworthy that the proposed method can be extended to the stochastic asynchronous problem
of semi-Markovian jump chaotic Lur’e systems subject to multiple sampling periods. Meanwhile, the conservatism of

the obtained results will be reduced. This will be the topic of our future study.

Remark 3.4. In this paper, LMIs approach is employed to derive the results, which can be easily solved by MATLAB
LMI Tool box. In Theorem 3.2, the complexity of variables are (1.5m + s — s+ 11)n? + (1.5m + 1 +4)n + 2m + 6m;.
However, when the size of inequalities and the number of decision variables gets bigger, the calculation time gets

longer. In future work, we will both consider conservativeness and calculation complexity.

Remark 3.5. Nowadays, most of the practical control systems employ the digital signals to transmit the information

in order to minimize the total cost. However, traditional researches paid more attention to the sampled-data control
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systems based on the assumption that the considered system is sampled with a constant sampling interval [7,8]. Due
to the unpredictable network-induced phenomena, such as fluctuated network loads and sampling errors, the sampling
period may often jitter inevitably. Packet dropout is one of the important issues, which results from transmission
errors or congestion in the physical communication links or from buffer overflows, which can degrade system per-
formance and possibly cause system instability. So we consider packet dropout and multiple sampling periods in this
paper. Compared with the results in [7] where master-slave synchronization problem is investigated for chaotic delayed
Lur’e systems, and the synchronization problem for chaotic Lur’e systems with time delays by using sampled-data
control in [8], more practical factors such as packet dropout, multiple sampling periods and semi-Markov process are
considered in the model of this paper. It is noted that, two (t,;),t,;+1) )-dependent terms (t,+1y) — t)eT ()He(t) and
Va(t) are introduced in (17), which make full use of the information available on the actual sampling pattern. So,
we can obtain less conservative results than those in [7,8]. To the best of our knowledge, there is little informa-
tion in the published literature about stochastic synchronization of semi-Markovian jump chaotic Lur’e systems with
packet dropouts subject to multiple sampling periods. In this viewpoint, the system model investigated in the paper is

comprehensive.

4. Tllustrative example

In this section, we will demonstrate the advantages and effectiveness of the proposed methods in this paper via
an example.
Example 4.1. Consider the following time-delay Chua’s circuit with two modes (i.e. r, € £ = {1,2}) as the master

system:
1(t) = a(re) (@2(t) — ma(r)zi () + f(21(2)) — e(re)z1(t — h)
io(t) = z1(t) — 22(t) + 23(t) — c(re)aa (t — h) (56)
23(t) = —b(re)w2(t) + c(re) (2z1(t — h) — z3(t — h))

with the nonlinear characteristics

f(@1(t)) = 0.5(ma(re) — mo(re)) (|21 () + 1] = |1 (¢) — 1)

It can be found that Chua’s circuit can be represented in the time-delay Lur’e form with

—a(re)ma(rs) a(re) O —c(r¢) 0 0
A(re) = 1 —1 1|, B(r)=| —c(ry) 0 0 ]
0 —b(r¢) 0 2¢(re) 0 —c(re)
—afro)(mo(re) - mi (1) ak
W("'t): 0 ) D= 0
0 0

and f(z1(t)) = 0.5(|z1(t) + 1| — |21(t) — 1]) belonging to sector [0, 1]. We choose parameters mo(1) = —%, m1(1) = 2,
a(l) =7, b(1) = 12.26, ¢(1) = 0.1, mo(2) = —2, ma(2) = %, a(2) = 9, b(2) = 14.28, ¢(2) = 0.1 and the constant
17
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Figure 1: State trajectories of master system.

time delay h = 0.1. In this example, the transition rates in the model are m11(h) € (—2.2,—1.8), m2(h) € (1.8,2.2),
mo1(h) € (2.6,3.4), ma2(h) € (—3.4,—2.6), so we can always set m11 = —2, T2 = 2, T21 = 3, Ma2 = —3 and 71; = 0.2,
7a; = 0.4 (j = 1,2) for the stochastic stability analysis. And, we choose C1 = C2 =[1 0 0], N =2, p1 = 0.1,
p2 =02, 51 =09, B2 =01,0 =01, &= 0.7948, 1 = 0.5085, po = 0.4915, puz = 0.5108, pus = 0.4892, y1 = 0.2886,
y2 = —0.2428, y3 = 0.6232. In the case of N = 2, we can obtain §; = 0.9002, 2 = 0.0998.

The initial conditions of the master and slave systems are chosen as z(t) = [0.2,0.3,0.2]7, y(t) = [-0.3, —0.1, 0.4]7,
t € [-0.2,0]. Figure 1 and Figure 2 show the master system states z(¢) and the slave system states y(t) with u(t) = 0,
respectively. Using the MATLAB LMI Toolbox to solve the LMIs (13), (14), (52) and (53), we can get the following

gain matrix in (4):
T
K= [ 0.2831 0.2184 —0.7137 ] .

That is, there exists a sampled-data controller such that the master and slave systems are stochastic synchronization.
For the above gain matrix, the response curves of the master system (1), the slave system (4), the error system (12)
and 7; are given in Figure 3, Figure 4 , Figure 5 and Figure 6, respectively. Figure 5 shows that the synchronization

error is tending to zero. Thus we can synchronize successfully the master and slave systems by the proposed sampled-

data controller.

5. Conclusion

In this paper, the problem of stochastic synchronization has been discussed for semi-Markovian jump chaotic
Lur’e systems. By input-delay approach and getting the utmost out of the usable information on the actual sampling

pattern, some sufficient conditions in terms of LMIs are derived to ensure the stochastic stability of the error system.

18



0.5
0+
-0.5
-1 N
10
10
) 0
t -10 -10
Ys(® y,
Figure 2: State trajectories of slave system without w(t).
®
o
=
=
S
<<

0 20 40 60 80 100 120 140

Figure 3: State trajectories of master system.
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Figure 4: State trajectories of slave system.
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Figure 6: Response of ;.

The desired controller are designed simultaneously. Finally, the effectiveness of the proposed sampled-data controller
has been demonstrated by an illustrative example. It is noteworthy that the proposed method can be extended to
the stochastic asynchronous and sliding model control [44,45] of semi-Markovian jump chaotic Lur’e systems subject

to multiple sampling periods. This will be the topic of our future study.
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