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Abstract

Let ¢ : X --+ X is a rational mapping of an algebraic variety X defined over C.
The orbit of a point € X is the sequence {z, (), ¢*(z),...}. Our basic question
is: how often does this orbit intersect a given closed set C'? Thus we are interested
in the return set

E={n>0:¢"(x)eC}.

Is it possible for E to be the set of primes? Or the set of perfect squares? The
Dynamical Mordell-Lang Conjecture (DML) says no: it asserts that E is infinite
only when it contains an infinite arithmetic progression. Geometrically, if the orbit
intersects C' infinitely often, then in fact this intersection must occur periodically.

Although the DML Conjecture remains open in general, an elegant approach
of Bell-Ghioca—Tucker obtains this periodicity when E' is a set of positive density.
In this thesis, our first result is the generalization of the Bell-Ghioca—Tucker The-
orem to the action of an amenable semigroup on an algebraic variety (these are
the semigroups in which “density” can be naturally defined). We also use ultrafil-
ters to provide a combinatorial version for arbitrary semigroups; as a simple exam-
ple, our result shows that the set F cannot be equal to the ternary automatic set
{n € N : [n]3 has no 2’s}. Second, in joint work with Bell and Chen, we investigate
dynamical sequences of the form u, = f(¢"(x)), where f : X --» K is a rational
function; we obtain several DML-type conclusions for this sequence, consequently re-
covering classical combinatorial theorems of Bézivin, Methfessel, and Polya. Third,
an investigation of other types of noetherian algebraic objects leads us to polycyclic-
by-finite groups, and we prove an analogue of the Bell-Ghioca—Tucker Theorem for
an automorphism of such a group.
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Chapter 1

Return Sets in Noetherian Spaces

A classic theorem of Skolem—-Mahler—Lech [Lech3] states that if a linear recurrence
over C has infinitely many zeros, then in fact its zeros occur periodically. More
specifically, they obtain the structure of the zero set:

Theorem 1.0.1 (Skolem—Mahler-Lech [Lech3]). Let (an)n>o0 be a linear recurrence
over a field K of characteristic zero, and let Z(a,) be the zero set:

Z(ay) :=={n>0:a, =0}
Then Z(ay) is a finite union of arithmetic progressions'.

Linear recurrences are fundamentally dynamical objects, in the sense that they
can be interpolated by linear maps. Given a linear recurrence (a,) of order d, we
can build a d x d matrix A € My(C) and a vector v € C? such that a,, is the equal
to the dth coordinate of A™v for all n > 0. For example, the Fibonacci sequence

frt1 = fn+ fao_1 satisfies

fos1 11| fa 11" [A
= = > .
[ 7 1ol | f 10 £, foralln >0
Thus if W := {z € V : e}z = 0} is the subspace of C¢ consisting of those vectors

whose dth coordinate is zero, then the zero set of (a,) is equal to the following
dynamical “return set”:

{n>0: A" e W}

Think of this as the set of times when the orbit {v, Av, A%v,...} intersects the
subspace W. In fact, this is sometimes called the set of return times.

Let us introduce notation to generalize this dynamical phenomenon. Given a
function ¢ : X — X on a set X, the return set of the p-orbit of a point x € X to
a subset C' C X is defined as

Rety(z,C) :={n>0:¢"(x) € C}.

Thus a dynamical version of the Skolem—Mahler-Lech Theorem may be formulated
as follows.

! An arithmetic progression is a set of the form {a, a+b,a+2b, ...} where a, b are nonnegative
integers. A singleton is an arithmetic progression with b = 0.



Theorem 1.0.2. Let ¢ : C¢ — C? be a linear mapping, let v € C% be a vector,
and let W C C? be a subspace. Then the return set Ret,(v, W) is a finite union of
arithmetic progressions.

Nonlinear versions of this classical theorem have since been studied; for example,
when ¢ is a polynomial automorphism of the affine space K% over a field K of
characteristic zero [Bell]. Replacing the matrix 4 : K¢ — K¢ with a polynomial
mapping ¢ : X — X of an algebraic variety X, we are lead to the following nonlinear
generalization of the Skolem—Mahler-Lech Theorem.

Conjecture 1.0.3 (Dynamical Mordell-Lang Conjecture [Den94, GT]). Let ¢ :
X — X be an endomorphism of an algebraic variety X defined over a field K of
characteristic zero. For a point x € X and a subvariety C' C X, define the return

set
Rety(z,C) :={n>0:¢"(x) € C}.

Then Rety,(x, C') is a finite union of arithmetic progressions.

Geometrically, the DML Conjecture states that if an orbit intersects a subvariety
infinitely often, then in fact the intersection must occur periodically. A slogan for
this heuristic is thus:

Infinite recurrence implies periodic recurrence.

The original motivation for the DML Conjecture was its analogy with the original
Mordell-Lang Conjecture, now Faltings’s Theorem [Fall; indeed, the DML Conjec-
ture recovers the cyclic case of its classical counterpart.

The DML Conjecture has enjoyed resolutions in the cases when ¢ is an étale
morphism [BGT10], or more recently, when X = A? [Xie]; see [BGT16] for a history
of this problem, including more cases where the DML Conjecture has been resolved.
But the DML Conjecture still remains open in general. This thesis is largely moti-
vated by the following “weak” DML Theorem due to Bell-Ghioca—Tucker [BGT15].

Theorem 1.0.4 (Bell-Ghioca—Tucker [BGT15]). Let (X, p,x,C) be as in the Dy-
namical Mordell-Lang Conjecture. Then the return set Ret,(z,C) is a finite union
of arithmetic progressions and a set of zero Banach density.

Here the Banach density of a set £ C N is defined to be the limiting proportion
of elements of F among increasingly large intervals I in N:

EnI
d(F) := limsup | |
VESSET

For example, the set of even numbers has Banach density 1/2, while the set of prime
numbers has density 0. Thus the Bell-Ghioca—Tucker Theorem gives the following
“weakened” version of the Dynamical Mordell-Lang mantra:

“Large” recurrence implies periodic recurrence.

Here “large” refers to a return set of positive density. The Bell-Ghioca—Tucker
Theorem implies, for example, the geometric fact that a polynomial orbit cannot
intersect a subvariety exactly on prime time steps. Notably, their result only uses
the fact that ¢ is a continuous mapping of a noetherian space, in particular it works



over any field, whereas the DML Conjecture is easily seen to be false in positive
characteristic [Lech3].

Our goal in Chapter 1 is to reinforce the mantra of “large recurrence implies
periodic recurrence” in two ways, while simultaneously generalizing the action of a
single map ¢ to a semigroup of mappings.

First, we generalize the Bell-Ghioca—Tucker Theorem to the case of multiple
commuting mappings, using a suitable density function on N?¢. In fact we obtain
a very general version for an amenable semigroup acting rationally on an algebraic
variety, where the Banach density is replaced by an “invariant mean”. This is
Theorem 1.3.11. Although invariant means are not tractable objects — they are
constructed using ultrafilters — we prove that when a set has positive density with
respect to a “Fglner net”, then it is also supported by an invariant mean (Theorem
1.2.21(b)); this is useful because checking Fglner density is a much more practical
criterion. The general theory of Fglner densities and amenability is detailed in
section 1.2.

Second, we investigate what happens when the return set is “large” in the fol-
lowing combinatorial sense: a set £ C N is called an IP set if there is a sequence
(Sn)n>0 of natural numbers such that £ contains every finite sum s,,, +- - -+ s, with
distinct indices nq, ..., ng. For example, the following set is an IP set with s, = 3™

T:={3"4...43%:n; <---<nt={n>1:[n]s has no 2s}.

Is T equal to a return set in some algebraic dynamical system? Since has zero density,
the Bell-Ghioca—Tucker Theorem does not apply here. But a classic theorem of
Hindman—Galvin—Glazer [HS] uses ultrafilters to show that every IP set is supported
by a suitable measure on N. Thus we prove a combinatorial version of the Bell-
Ghioca—Tucker Theorem: if the return set Ret,(z,C) is an IP set, then it must
contain an infinite arithmetic progression. Our result thus reinforces the theme that
“large” recurrence implies periodic recurrence, widening the meaning of the word
“large” to include the class of IP sets. This is Theorem 1.3.6, and the general theory
behind IP sets is detailed in section 1.1.

1.1 1IP Sets

In this section, we study “combinatorially large” subsets of N and other semigroups.
An obvious example is the set 2N of even integers: it is “large” because it takes up
half of all positive integers (vaguely speaking), so we say its density is 0.5. We will
make this precise in section 1.2. A more interesting example — and one we will keep
in the back of our minds throughout this section — is the set of all positive integers
whose ternary expansion has no 2’s.

Ti={3" 4 - 43" :1<n; < - <ng}.

Although this set has zero density, it can still be considered “large” from a com-
binatorial standpoint, because it contains all possible sums of distinct terms in the
sequence 1,3,9,27,...,3", ...

The set T is an example of an IP set (this abbreviation will be explained in Sec-
tion 1.1.4). In this section we focus on defining the class of IP sets by way of ultrafil-
ters; while this definition is abstract, we also provide a concrete combinatorial char-
acterization of IP sets due to Hindman, supplemented with an ultrafilter-theoretic



proof due to Galvin—Glazer. We show how algebraic and topological properties of
the Stone—Cech compactification correspond to combinatorial properties of IP sets.
The material in this section is expository, and can be found in [HS, Berg03].

1.1.1 Ultrafilters

The Stone-Cech compactification of a set X is a compact Hausdorff space 8X
containing X as a dense subspace; the elements of SX are the ultrafilters on X.
If G is a semigroup, then SG is also a semigroup by convolution. The idempotent
elements of BG give rise to a class of “large” subsets of X, called IP sets, which
we will use later in our study of dynamical systems. In this subsection we give a
standard treatment of 5X, closely following [Berg03] and [HS].

Let X be a set and let P(X) = {0,1}* denote the power set. A (proper) filter
on X is a nonempty collection p C P(X) of subsets of X with the following three
properties:

(i) [upper-closure] If A € pand A C B C X, then B € p.
(ii) [intersection-closure] If A, B € p, then AN B € p.
(iii) [properness| & ¢ p. (In light of (i), this is equivalent to p C P(X).)

Examples of filters include the principal filter 64, == {A C X : A C Ay} where
Ay C X, the trivial filter { X}, the collection {A C X : X \ A is finite} of all cofinite
sets (provided X is infinite), and the collection of neighborhoods of a point in a
topological space.

To generate other filters: one can attempt to start with any collection of subsets
of X, close downward under finite intersections, then close upward under supersets.
But the resulting “filter” may not be proper. To fix this, we use the finite intersection

property.

Lemma 1.1.1. Let X be a set, and let A be a family of subsets of X with the finite
intersection property: the intersection Ag := () o5 A is nonempty for all finite
subfamilies § C A. Then

pa:={AC X :AD Ay for some finite F C A}
15 a filter. In fact, py is the smallest filter containing A.

Proof. If A € P(X) contains a finite intersection Ag, then any superset of A contains
the same Ag; thus py is upper-closed. If additionally B € P(X) contains a finite
intersection Ag, then A N B contains the finite intersection Ay N Ag = Ag_g; thus
pa is intersection-closed. Finally, if @ € py then Ay = @ for some finite collection
F C A, contradicting the finite intersection property; thus @ ¢ p, and p4 is proper.
Therefore py is a filter.

If p is another filter containing A, then by upper- and intersection-closure, p
must contain every finite intersection Ay with & C I. But then p O pu, which
proves that pg is the smallest filter containing A. O

An ultrafilter on X is a filter which is inclusion-maximal among all filters on
X; a straightforward Zorn’s Lemma argument shows that every filter is contained
in an ultrafilter. Below are some characterizations of this definition.



Proposition 1.1.2. The following are equivalent for a filter p on a set X :
(a) p is an ultrafilter.
(b) If AC X, then either A€ p or X \ A € p.
(¢c) IfAUB € p, then A€ p or B € p.

Proof. “(a) = (b)”: Let A C X, and suppose that neither A nor its complement
AL =X \ A are in p; we must show that p is properly contained in another filter g.
Indeed, define a filter ¢ by

q:={Q C X : Q contains a set of the form PN A for some P € p}.

Notice p is properly contained in ¢: indeed any P € p contains PN A so that P € q;
on the other hand, A € ¢\ p. So it remains to check that ¢ is a filter.

(i) Let @ € ¢ so that @ 2 PN A for some P € p. Then any superset of Q) also
contains P N A. So q is upper-closed.

(ii)) Let @, Q" € q, so that @) contains some P N A and )’ contains some P’ N A.
Then the intersection @ N Q' contains (PN P')N A, and PN P € p since p is
a filter. Thus Q N Q' € ¢ so that ¢ is intersection-closed.

(iii) If @ € ¢, then PN A = @ for some P € p. But then P C AL so by upper-
closure of p we must have A% € p — a contradiction. Thus @ ¢ ¢ so that ¢ is
proper.

Thus q is a filter properly containing p, contradicting maximality of p.

“(b) = (¢)”: Suppose AU B € p, but A, B ¢ p. Then (b) implies that p contains
the complements A% and BP. But then (AU B)C = AP N BY € p, so that & =
(AU B)E N (AU B) € p. This contradicts the assumption that p is proper.

“(c) = (a)”: Suppose that ¢ is a proper filter containing p as a proper subfilter,
and select some A € ¢\ p. Then AU A% = X € p with A & p; by (c), we must have
At € p. But then AL € ¢ and so @ = A® N A is in ¢ by intersection-closure. This
contradicts the assumption that ¢ was a proper filter. O

One views each ultrafilter p as a collection of “large” subsets of X; let us say that
a member of p is a p-large set. Thus the definition of a filter can be interpreted
as saying: (i) a set is p-large if it contains a p-large set; (ii) the intersection of two
p-large sets is large, and (iii) the empty set is not p-large. Proposition 1.1.2 states
that if AU B is p-large, then A or B is p-large.

We remark that an ultrafilter can alternatively be defined via finitely-additive
probability “measures”, i.e. functions m : P(X) — {0,1} with the following prop-
erties:

(i) m(X) = 1.

(ii) m(AU B) = m(A) +m(B) when A, B are disjoint subsets of X.



Indeed, such a function m is the indicator function of the ultrafilter p = {A C
X : m(A) = 1}; conversely, each ultrafilter p corresponds to its indicator function
m : P(X) — {0,1}, defined by m(A) = 1 if and only if A € p, and this m has the
properties (i) and (ii) above. It is convenient to think of p-large sets as the sets
of “full measure”. We thus conflate each ultrafilter with its corresponding measure
when convenient.

There are two main types of ultrafilters: principal and nonprincipal.

Example 1.1.3. Any set Ay C X generates the principal filter
pa, ={AC X :A; C A}

Indeed py, is exactly the filter arising from A = {Ap} in Lemma 1.1.1. When
Ap = {z} is a singleton, it is readily verified that p, satisfies condition (c) of Propo-
sition 1.1.2, and is therefore an ultrafilter. This is called the principal ultrafilter
generated by z, denoted d,:

b, ={AC X :z € A}

It is straightforward to see that ultrafilter is principal if and only if it contains a
finite set.

Example 1.1.4. If X is infinite, then the collection of cofinite subsets of X is easily
shown to constitute a filter on X, called the Fréchet filter. From Proposition 1.1.2,
it follows that an ultrafilter is nonprincipal if and only if it contains the Fréchet filter.
Thus the existence of a nonprincipal ultrafilter is guaranteed by Zorn’s Lemma:
simply choose a maximal filter containing the Fréchet filter.

Essentially, there are no further examples: although nonprincipal ultrafilters
exist by Zorn’s Lemma, they are unfortunately impossible to write down, even in
the case of X = N.

Next we show that any infinite set is contained in a nonprincipal ultrafilter. For
this, we use a modification of Lemma 1.1.1 to obtain nonprincipal ultrafilters.

Lemma 1.1.5. Let A be a collection of subsets of a set X, with the property that
every finite subfamily of A has infinite intersection. Then A is contained in a
nonprincipal ultrafilter.

Proof. Let C be the Fréchet filter, i.e. the collection of cofinite subsets of X. By
assumption, A U € has the finite intersection property: indeed, if we have sets
Ay,...,A,eAand C,,....C,eClet A=A N---NA,and C:=CyNn---NC,
be the corresponding intersections. Then A is infinite and C'is cofinite. If ANC = @,
then A is contained in the finite set X \ C, contrary to our assumption on A. Thus
ANC # @, verifying the finite intersection property for A U C. Thus Lemma 1.1.1
(followed with an application of Zorn’s Lemma) implies that there is an ultrafilter
p containing A U €, and p is nonprincipal because it contains C. O

Corollary 1.1.6. Let X be an infinite set and let A be an infinite subset. Then A
15 a member of a nonprincipal ultrafilter.

Proof. Apply Lemma 1.1.5 to the family A := {A}. O



The Stone—Cech compactification of a set X (equipped with the discrete
topology) is defined to be the set X of all ultrafilters on X.

BX = {p CP(X) :pis an ultrafilter on X}.
A topology on X can be generated as follows: for A C X, define
A={pepX:Acp})

then the sets {A : A C X} constitute a base of open sets in $X. The topology
generated by this base is compact and Hausdorff. Moreover, since each point x € X
can be identified with the principal ultrafilter §, € X, we have an inclusion X —
(X this map is a homeomorphism to its image. After making this identification, A
is the closure of the set A C X.

Now we verify the claims in the above paragraph.

Proposition 1.1.7. Let fX be the set of ultrafilters on a set X. Then the sets
A={peBX:Acp} forACX

form a base for a topology on X, in which they are all clopen. With respect to this
topology:

(a) BX is compact and Hausdorff.

(b) The map x — 0, identifies X with the space of principal ultrafilters, which is
a dense, open, discrete subspace of BX.

Proof. Note that Proposition 1.1.2(c) implies AU B = AU B, and the definition of
a filter implies AN B = AN B. Also, clearly X = X since every filter contains
X. So the set of unions of A’s constitutes the open sets of a topology on 8X. The
reason that A is clopen is that its complement (E)U = AL is again a basic open set.
Note that this also implies that every closed set is an intersection of sets of the form

A.

(a) First we show 5X is Hausdorff. Let p,q € 5X be distinct points; choosing a
set A € p\ g, then Proposition 1.1.2(b) implies that the complement Alisin ¢\ p.
Thus A and A = BX \ A are disjoint open sets, the former containing p and the
latter containing q. Thus X is Hausdorff.

Next we show that X is compact by showing that any collection of closed sets
with the finite intersection property must have nonempty intersection. Essentially
this follows from Proposition 1.1.1. First, note that it suffices to work only with
the clopen sets A, because every closed set is an intersection of such. Thus suppose
that (A;)ier is a family of such sets, all of whose finite intersections are nonempty;
we must show that the full intersection ;. ; A; is nonempty.

For a finite index F' C I, notice that (), P A= (N;er Ai is nonempty, which
implies that (., A; must be nonempty. So Proposition 1.1.1 implies that the col-
lection {A;}ies is contained in a proper filter on X, which in turn must be contained
in some ultrafilter p € X by Zorn’s Lemma. But this just means that every A; is
p-large. So p belongs to the full intersection (), A;, which is exactly what we were
trying to prove. This proves that X is compact.



(b) Let A := {6, : x € X} be the set of principal ultrafilters. Since 0, = J, if
and only if x = y, clearly x — ¢, is a bijection between X and A. On the other
hand, each singleton in A is clopen, because {d,} = m — so A is discrete, and the
aforementioned identification is a homeomorphism.

Now A is open in X because it is equal to the union of clopen sets |,y m
It is dense because every nonempty basic open set A contains {d, : a € A} (the
latter of which can be simply called A after making the identification). O]

1.1.2 Aside: Ultralimits and Limsups over Nets

A net is a generalization of a sequence, serving as a technical tool to deal with
topological spaces in which points may not have a countable neighborhood base.
For example, the closure of a set S in a metric space can be defined as the set of
all limits of sequences in S; but in a general topological space, one may need to use
limits of nets. Later we will require the use of limits, ultralimits, and limsups of
nets; it is convenient to describe these processes now.

To define nets, first define a directed set as a partially-ordered set (I, <) in
which any two elements share an upper-bound. Then a net in a topological space X
is a function I — X where [ is a directed set, usually denoted by i — x; or simply
(x:)ier- A net (z;);e; converges to a point x € X if, for any open neighborhood U
of x, there exists 1y € I such that x; € U for all © > 735. In a non-Hausdorff space,
a given net may have more than one limit point; despite this, we use the following
notation to denote limits of nets:

r = lim x;.
iel
Example 1.1.8. The set N with the usual ordering constitutes a directed set. A
net indexed by N is the same thing as a sequence.

Example 1.1.9. Let N, be the set of open neighborhoods of a point x in a topo-
logical space X; then N, is a directed set when ordered by reverse-inclusion. This is
useful for defining the closure of a set: if x is in the closure of a set S, then there is a
net N, — S converging to x; conversely, if (x;);cs is a net of points in S converging
to a point x, then x is in the closure of S. In fact, if X is Hausdorff, then every net
N, — X converges to x.

Now we define limits along filters. Let (z;);c; be a net in a topological space X,
indexed by a directed set I. If p is an filter on I, then a p-limit of (x;) is any point
x € X such that, for all open neighborhoods U of x, we have

{iel:z; €U} €p.

The idea is that x; € U for a “large” set of indices ¢ € I. Even though p-limits
are not necessarily unique in non-Hausdorff spaces, we use the following notation to
denote such limits:
r = limx;.
1—p
Note that if (z,)nen is a sequence and p is the filter of cofinite sets, then the p-limit
of (z,) is the usual sequence-theoretic limit.
When p is an ultrafilter, a p-limit is called an ultralimit along p. In general it is
possible that an ultralimit does not exist, or that there is more than one ultralimit;
but these pathologies do not occur in compact Hausdorff spaces, as we show below.



Proposition 1.1.10. Let (x;);cr be a net in X and let p be an ultrafilter on I.
(a) If X is Hausdorff, then (x;) has at most one ultralimit along p.
(b) If X is compact, then (x;) has at least one ultralimit along p.

In fact, (b) provides a characterization of compactness, although we will not prove
this.

Proof. (a) Suppose that z and y are two distinct ultralimits of (z;). By the Hausdortf
condition, we can select disjoint open neighborhoods U, V' of x, y respectively. Then
the definition of ultralimits provides that the index sets {t € I : z; € U} and
{i € I : x; € V} are both members of p. But the intersection of these two sets is
empty; so & € p which is a contradiction.

(b) Suppose that (x;) admits no p-limit; then each point z € X is not an ultralimit of
(z;), meaning there is an open neighborhood U, of x so that I, :={i € I :x; € U,}
is not in p. In this way we have constructed an open cover (U,),ex of X. By
compactness, there is a finite subcover X = U,, U---U U, . But this translates to
I'=1,U---Ul,, , so by the ultrafilter condition we must have I,, € p for some ¢,
which contradicts the choice of the I,’s. O

It is well-known that if a sequence (x,) converges to a limit x, then any ultralimit
of (x,) must also equal z. But this remark does not generalize to arbitrary nets.
Below we make a technical remark on how to mitigate this.

A tail in a poset [ is a set of the form

[a,00) :={b€:a<b} where a € I.

We say that I has infinite tails if every tail in I is infinite. Note that in the usual
directed set (N, <), every tail-end is cofinite, hence contained in every nonprincipal
ultrafilter. The below fact is meant to generalize this.

Proposition 1.1.11. Let I be a directed set.

(a) Let (x;)ier be a net in a topological space X, and let p € SI be an ultrafilter
containing every tail in 1. Then every limit of (x;) is also a p-limit of (x;):

lim z; = lim z;.
i€l i—p

(b) Suppose that I has infinite tails. Then there exists a nonprincipal ultrafilter
p € BI containing every tail.

Proof. (a) Let p be the given ultrafilter and let x := lim;¢; ;. We must show that
if U is an open neighborhood of z, then the set A := {i € I : x; € U} belongs to p.
Since x; — x in the usual sense, there must be some iy € I so that x; € U for all
i > ip. Thus A contains the tail-end [ig, 00). But p also contains this tail-end, so by
upper-closure of p, we must have A € p.

(b) We verify the hypotheses of Lemma 1.1.5. Let A be the collection of all tail-ends
in I:

A :={[i,0):1 €T}



We must show that any finite intersection of tail-ends [i;, 00)N- - - N[y, 00) is infinite.
But since I is a directed set, we can select some j € [ larger than all of i1,...4,.
Then the intersection [iy,00) N -+ N [iy, 00) contains the tail-end [j,00), which is
infinite by hypothesis. Thus A has the “infinite” finite intersection property, so
by Lemma 1.1.5, there is a nonprincipal ultrafilter p € (I such that A C p, as
desired. [

Example 1.1.12. In the case I = N, every tail-end is cofinite. Thus any nonprin-
cipal ultrafilter p € SN will contain every tail-end.

Example 1.1.13. Consider the directed set I = N U {oo}, with the partial order
given by n < oo for all n € N. Then the tail-end starting at oo is nothing but the
singleton {oo}; thus here is a tail-end which cannot be contained in any nonprincipal
ultrafilter.

To define density functions in this thesis, we make heavy use of limsups over
nets, so we take time to define limsups carefully here. Given a net (x;);c; consisting
of real numbers in the closed interval [0, 1], the limit superior or limsup of this
net is the number

lim sup(z;) = lim sup{z; : i > ip}.
i€l €l
Since this is a limit of a decreasing net in a bounded interval, it is a classic calculus
exercise to show that the limsup always exists, even if the usual limit does not. If
the usual limit lim;e;(x;) exists, then it is equal to the limsup. Of course, when
I = N, we recover the usual definition of the limsup of a sequence.

A subnet of a net (z;)ic; is a net (zq())jes, where o : J — I is a cofinal
function: that is, for all iy € I, there exists jo € J such that «(j) > iy whenever
J > jo. Thus the image of « is arbitrarily large. Subnets are used for topological
properties where sequences are insufficient: for example, compactness is equivalent
to the requirement that every net has a convergent subnet.

The limits of convergent subnets of (x;) are called the cluster points of (x;);
below we show that the limsup is the largest cluster point of a net.

Proposition 1.1.14. Let (x;);c; be a net in [0,1]. Then

limsup(z;) = sup {z € [0,1] : there is a subnet (z4(j)) such that T — v}
iel

and the sup on the right-hand side is achieved.

Proof. Denote by y; the sup of the tail-end:

y; = sup(z,,) foriel,

m>i

so that y; — vy := limsup,c; x;. First we show that y is larger than cluster point.
Let (2a(j))jes be a subnet of (x;);c; converging to a number = € [0, 1]. Then for all
e >0 and 7 € I, we can select a sufficiently large index 7 € J so that

[Tag) — 2] <& and a(j) 21,

the latter being possible because a : J — I is cofinal. But then z,¢;) < y; by
definition of y;, so
T — & < Ta(j) < ;.
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Taking the limit over ¢ € I shows x — e < y. Since this is true for all € > 0, we
conclude z < y. This proves that y is larger than every cluster point of (z;).
Now we show that y is itself a cluster point of (z;). Let J be the following index
set:
J:={(i,e) :i € I,e >0},

ordered by (i,e) < (¢/,€") whenever ¢ < ¢ and ¢ > ¢'. For an index j = (i,¢) € J,
the definition of y; = sup{z,, : m > i} allows us to select an index m > i such that

Yi— € < Xy < Y

Set a(j) := m. This defines a cofinal function o : J — I, and the convergence
Tqo(j) — ¥ is readily verified. O

1.1.3 Stone—Cech Compactification of a Semigroup

Now we investigate the semigroup structure on G when G is a semigroup. First
we introduce the following notations: for a set A C GG and element g € GG, we have
the image and preimage sets of the left shift x — gx:

gA:={ga:a€ A} and g 'A:={rcG:gxc A}
The right-sided versions Ag and Ag~! are defined similarly. Now, for an ultrafilter

p € BG, define the pullback of A along p by
AP.={gecG:gtAcp}

Finally, for ultrafilters p,q € fX, define their convolution by the formula
pg:={ACG: A ?€p}.

The notation has been set up to verify the mnemonic formula that A € pq <~
A™% € p. Now we quickly check that convolution defines an associative binary
operation on SG; this is done through a series of formulas.

Proposition 1.1.15. Let p, q,r be ultrafilters, let A C G, and let g € G. Then:
(a) pq is an ultrafilter.

(b) g 1 (A7P) = (g7 LA)P, ie. ultrafilter pullback commutes with left-shift preim-
ages.

(c) A=(P2) = (A=9)7P i.e. pullback reverses composition.

(d) (pq)r = p(qr), i.e. convolution is associative.

Proof. (a) First we check pq is a proper filter. To see that pq is proper, suppose
g € pq, so that @79 € p. But 79 = &, so @ € ¢q which contradicts that ¢ is a
proper filter. Thus @ € pg and pq is proper.

To see that pq is intersection-closed, suppose A, B € pg. Then A~% and B¢
are p-large, so their intersection (A=) N (B~9) is also p-large. But (A79) N (B79) is
equal to (AN B)™4: this follows from g7 (AN B) = (¢7'A) N (¢~ ' B). Indeed,

ANB1={geG:g'Acqand g 'B€q}

={geG:(47"A)N(g'B) eq}
=(AnB)™“

11



Therefore, since p is upper-closed, it follows that (AN B)~?is p-large. Thus ANB €
pq and pq is intersection-closed.

To see that pq is upper-closed, let A € pg and suppose B O A. Then A7 is
p-large. But A77 is contained in B~Y, so B~? is p-large since p is upper-closed. Thus
B € pq and pq is upper-closed.

Finally we check that pq is an ultrafilter by checking that A U B € pg implies
A € pq or B € pq, then appealing to Proposition 1.1.2(b). First, observe that
A +— A™7 preserves unions:

(AUB)™ = (A1) U (B™). (@)

Indeed, if g € (AU B)™4 then g"' (AU B) = (g7'A) U (¢7 ' B) is g-large. Since q is
an ultrafilter, either g=*A or g~ B is g-large, so that g € (A79)U(B~4). Conversely,
if g € (A7) U (B79) then one of g7'A or ¢g7'B is p-large; in either case, (¢7'A4) U
(g7'B) = g} (A U B) is g-large since ¢ is upper-closed. This verifies equation ©.

Now if AU B € pq, then (AU B)™? is p-large. But by equation ¢, we have
(A7) U (B™?) € p — so since p is an ultrafilter, it follows that either A=9 or B~¢
is p-large. Thus either A € pq or B € pq. This shows that pq is an ultrafilter by
Proposition 1.1.2(b), and we are done.

(b) This equation is a straightforward verification: since x7'(g1A) = (gx) A for
all x,g € G we get
(' AT ={reG:a7(¢7'A) €p}
={rcG:(gz)'Acp}
={reG:gre A"}
=g (AT

(c) This is another straightforward verification, using (b):

AT ={geG: g A€ pg}
={9eG:(g7'A) " ep}
={geG:g (A" cp} since (g7t A)"1 = g (A7) by (b)
— (A0,

(d) Now we use (c) to show that convolution is associative.

(pg)r ={ACG: A" €pq}
={ACG: (AT ep}
={ACG: A~ ¢ p} since A=) = (A7")"% by (c)
= p(qr). O

Thus we have shown that G is a semigroup under convolution. The identifica-
tion g — d, identifies G' with a dense subsemigroup of SG": indeed,

Sgn = 8,0n.

The topology on SG is compatible with this semigroup structure in the sense that
all right translations are continuous.

12



Proposition 1.1.16. Let G be a semigroup with Stone—Cech compactification SG.

(a) BG is a right topological semigroup: for each py € G, the right shift
Ppo : BG — BG, p — ppo is continuous.

(b) G acts continuously on the left: for each g € G, the left shift N\, : BG — BG,

p = dg4p 1S continuous.

Proof. (a) Recall that the sets A := {p € BG : A € p} form a base for the topology
on BG; to show p,, is continuous, it suffices to show that p;ol(A) is open for all

A C . But observe that )\501 (Z) = A-po:

pt (A) = {p € BG : ppy € A}
={p e PG :Acpp}
={pepG: A" cp}
= A-po,

Thus p, ' (A) = A= is a basic open set in SG.

(b) Once again we show A;l (Z) is open for any A C G. Indeed, it is equal to g~ A:

A (A) = {p e BG:d,p A}

={pepfG:Aecip}
={pepG:ATPei}
={pepG:gec AP}
={pepG:g'Aep}

=g tA.

Thus A;l(Z) = ¢g~1A is a basic open set in 5G. ]

As a side remark on the convolution formula: many authors use the following
convolution instead of the one we use in the present thesis.

pg:={ACG:{zeG:Ax"" €p}eq}.

The only reason we deviate from this convention is for the proof of our Theorem
1.3.6 to be notationally convenient.

1.1.4 TP Sets and Hindman’s Theorem

In this subsection we follow the exposition of [HS] on IP sets.

Let G be a semigroup. An ultrafilter p € 3G is idempotent if p? = p; thus A is
p-large if and only if A7 = {g € G: g7'A € p} is p-large. A set A C G is called an
idempotent set, or an IP set, if it belongs to an idempotent ultrafilter p € G.
The acronym “IP” historically stands for Infinite-dimensional Parallelepiped [Fur81]
— we will see this motivation shortly, see Example 1.1.22 below — but it can also
be remembered serendipitously as IdemPotent.

While this definition is somewhat abstract, Hindman’s Theorem will provide a
much more concrete characterization of IP sets, and we will prove it below. For now
we investigate generalities on idempotent ultrafilters.

13



Example 1.1.17. A principal ultrafilter J, is idempotent if and only if g is itself
idempotent; thus if A is any set containing an idempotent element g € G, then
A €6, and A is an IP set. In particular, the singleton {g} is IP. This bodes poorly
for our heuristic that IP sets should be “large”; however, we conclude from this that
a finite set is IP if and only if it contains an idempotent element. For example, in
the cancellative semigroup (N, +), all IP sets are infinite.

We now show that there exist idempotent ultrafilters on any semigroup. In fact,
this follows from a more general remark of Ellis and Numakura. For this, we call a
right topological semigroup minimal if it has no proper, closed subsemigroup.?

Lemma 1.1.18 (Ellis-Numakura [Ell, Num]). Let G be a right topological semi-
group, i.e. the right-shift x — xg is continuous for all g € G. Suppose that G is
compact and Hausdorff.

(a) If G is minimal, then every element of G is idempotent.
(b) G admits at least one closed, minimal subsemigroup.
In particular, G contains an idempotent element.

Proof. (a) Suppose that G is minimal and let p € G. Then the image of the right
shift

Gp:={gp:g€G}
is compact by our continuity assumption, and it is clearly a subsemigroup of G. So
the Hausdorff property of GG implies that Gp is closed. By minimality, Gp = G,
which implies that there is some element g € GG so that gp = p. This shows that the
set
pp~ ={g €G:gp=p}

is nonempty. On the other hand, pp~! is a subsemigroup, and it is again closed

because it is the preimage of the singleton {p} under the right shift = — zp (single-
tons are closed because G is Hausdorff). So another application of minimality yields
pp~! = G, which implies p?> = p. This proves that every element of G is idempotent.

(b) We argue using Zorn’s Lemma. Let Z be the collection of closed subsemigroups
of G, so that Z is nonempty because G € Z. If {C;} is a chain in Z, then any finite
subcollection {Cy,,...,C; } has nonempty intersection: indeed, we may assume
the ordering C;, O --- D C;, because {C;} is a chain, and then the intersection
CyN---NC;, = C;, is nonempty. This shows that {C;} has the finite intersection
property, so the full intersection C' := (] C; is nonempty by compactness. Now C
is a closed subsemigroup, being a nonempty intersection of such; thus C' is a lower
bound for the chain {C;}. Zorn’s Lemma therefore implies the existence of a minimal
element of Z. O

Corollary 1.1.19. Any semigroup admits an idempotent ultrafilter.

Proof. The Stone-Cech compactification SG is compact Hausdorff by Proposition
1.1.7(a), and it is a right topological semigroup by Proposition 1.1.16. Thus apply
the Ellis-Numakura Lemma 1.1.18 to 5G. O]

2By subsemigroup, we mean any nonempty, multiplicatively-closed subset.
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Now we are ready to give a combinatorial characterization of IP sets, independent
of ultrafilters. For a sequence s = (s,),>1 of elements of G and a finite set F* C N
of indices, define the increasing product sr by sorting F' = {ni,...,ng} into
increasing order n; < --- < ng, and then setting the product

Sp = Sp, " Sn,.-

Define the finite product set generated by the sequence s = (s,,) to be the set of
all increasing products of elements in the sequence:

FP(s) :={sp: F C N finite}.

So for example, FP(s) would contain s3s5sg, but it would not necessarily contain the
decreasing product sgssss (unless this is coincidentally equal to some other increasing
product, e.g. if G is commutative). If G is an additive semigroup, we call this the
finite sum set and denote it by FS(s).

Even though FP(s) is contained in the subsemigroup generated by (s,), this
inclusion may be strict; even if G is commutative, FP(s) may not contain, say, s7.

Example 1.1.20. Here is an example where the finite sum set differs from the
generated subsemigroup. Consider the sequence s = (1,3,4,5,6,7...), i.e. the
sequence of all natural numbers except with 2 skipped, in the additive semigroup
(N, 4). Then the semigroup generated by this sequence is N itself simply because
s; = 1 generates N. On the other hand, the finite sum set is FS(s) = N\ {2}.

Example 1.1.21. Let p,, be the nth prime in N. Then in the additive semigroup
(N, 4), this sequence generates the finite sum set FS(p) = N\ {1,4, 6} by Bertrand’s
Postulate, which states that every integer n > 7 is a sum of distinct primes [Ber,
Che52]. However, in the multiplicative semigroup (N, - ), the resulting finite product
set FP(p) is the set of all squarefree positive integers.

Example 1.1.22. In N3, the unit cube can be defined to have vertices at the
coordinates ey, eg, €3, €1 + €2, €1 + €3, €3 + e3, and e; + ez + e3 (and 0). Thus
FS(eq,e9,e3,0,0,0,...) is the set of vertices of the unit cube. This serves as a
geometric interpretation of finite sum sets.

We can generalize this to infinite dimensions: let NY¥ = {z : N — N} be the
semigroup of all sequences of natural numbers, which is a commutative semigroup
under termwise addition. Let e, be the indicator sequence of the singleton {n}:

, 1 ifi=n,
en(l) == o
0 ifi#n.

Then FS(e,) consists of the indicator sequences of finite sets; geometrically, we
can think of these sequences as the vertices of an infinite-dimensional cube. Simi-
larly, by starting with a sequence of non-orthogonal vectors, one obtains an infinite-
dimensional parallelepiped.

Example 1.1.23. In (N, +), let s, := 3". This sequence generates the set of all
sums of distinct powers of 3:

FS(s) ={3" +---+3" :ny <--- <my}.

Alternatively, FS(s) is the set of all positive integers whose ternary expansion con-
tains no 2’s. This is an example we will return to in later sections.
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Example 1.1.24. If G is any semigroup and e € G is an idempotent element, then
the constant sequence (e, e, e, ...) generates the finite product set FP(e) = {e}. This
is also an IP set, because it contained in the principal idempotent ultrafilter d,.

The reason for introducing these finite product sets is the following relationship
with IP sets. This is the celebrated theorem of Hindman [Hin74], whose original
proof was number-theoretic in the case of (N, +); he showed that if N is partitioned
into finitely many sets, then at least one cell of the partition must contain a finite
sum set. The below ultrafilter-theoretic proof for arbitrary semigroups is due to
Galvin—Glazer, and is unpublished; but it can be found in [HS].

Theorem 1.1.25 (Hindman [Hin74], Galvin-Glazer). Let A be a subset of a semi-
group G. Then A is an IP set if and only if it contains a finite product set, i.e. there
is a sequence s = (s,) of elements in G such that FP(s) C A.

Proof of “=>7". Suppose that there is an idempotent ultrafilter p containing A.
Then A € p? implies that the set A := {g € G : g7'A € p} is p-large. So the
intersection A N A7P is also p-large; in particular it is nonempty, so we can select
some s; € AN A7P. In other words, s; € A and s;'A € p. This implies that the
intersection A, := AN sy A is p-large, so it is an IP set.

Now repeat this on A;: we can select any element sy € Ay N A;”, which implies
As = A1 Nsy YA, is p-large. By construction, we know that A must contain s; and
S9, and since sy € A; C sflA, we know that the increasing product s;ss also belongs
to A.

Our goal now is to repeat this procedure to construct the desired sequence (s,,),
but we write out the formalities in gory detail here.

Inductively suppose we have constructed n elements sq,...,s, € G and sets
Ay, ..., A, such that:

(i) Ai=A,_1N si_lAi_l for 1 <i<n;and
(ii) s; € Aoy NA" for 1 <i<n (where Ay := A).
It follows that every A; is p-large. Then the idempotence of p implies that A, 7 is

also p-large, so we can construct the next element in the sequence by choosing any
Sp+1 in the p-large set A, N AP, and then setting

Apy1 = Ay N st Ay

In this way, we construct an infinite sequence s := (s,) of elements of G and a
descending chain of p-large sets A = Ay O A; O Ay O -+, such that 5,41 € A,NA,?
and A, 1 = A, N S;ilAn for all n.

Expanding the recursive definition of A,,, we obtain an expression involving left-
shift preimages of A over all increasing products in s:

A,=An| () s74
FC{1,...,n}

From this it is clear that FP(s) C A. Indeed, let sp = s, - --s,, be an increasing
product in s, where 1 < ny < --- < ng. If Kk =1, then sp = s,, already belongs
to A by construction, so assume k > 2. Setting n := ng, the above expression
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for A,_; implies that the right-most letter s, belongs to the set ﬂs;,lA, where
the intersection is taken over all finite subsets F” of {1,...,n — 1}. Taking F' :=
{n1,...,ng—1} = F\ {ny} shows that sp = sps, belongs to A, as required. O

To prove the “if” direction in Hindman’s Theorem, we must show that every
finite product set FP(s) is an IP set. To do this, we construct a particular closed
subsemigroup of G from which we select an idempotent using the Ellis-Numakura
Lemma 1.1.18; and this idempotent will contain FP(s). The following idempotent
construction lemma formalizes this.

Lemma 1.1.26 (idempotent construction). Let s = (s,) be a sequence in a semi-
group G, generating a finite product set FP(s). Then

C = ﬂ FP(sp)n>n

N>1

is a closed subsemigroup of G, and C C FP(s).

Proof. First we fix some notation. For N > 1, let Ay := FP(s,),>ny be the finite
product set generated by the Nth tail-end of our sequence, and let Cy := Ay
be the corresponding basic (cl)open set in SG. Then the descending chain Ay 2
Apny1 translates into a descending chain Cy O Cyy;. Thus by compactness, the

Intersection
C=()Cw

N2>1

is nonempty. Clearly C' is closed, being an intersection of closed sets; thus it remains
to show that C is closed under convolution. For this we prove the following claim:

Claim A: For g € Ay, there exists M = M(g) > 0 such that Ay, C gt Ay.

To establish this claim, let ¢ € Ay and write ¢ as an increasing product g =
Spy  Sp,, With N <ny < -+ < ny. Take M := ny + 1; we will show Ay C g7t Ay.
Indeed, let h € Ay and write h = s, -+ - 8y, With M < my < --- < my. Then
my > ny by choice of M, so that gh = s, - S, Sm, - ** Sm, 15 another increasing
product in Ay. Thus gh € Ay, or h € g~ ' Ay, as required.

Now let us show how Claim A allows us to prove that C' is a semigroup. Let
p,q € C, which means Ay belongs to both p and ¢ for all N > 1. We must show
that pg € C, i.e. that Ay € pq for all N > 1. Fix N. Then Claim A tells us that
g 'An contains the p-large set Ay, and therefore g7' Ay is itself p-large for all
g € Ax. Thus A, contains the g-large set Ay, so that A" is also g-large. Thus
A\ € ¢, which is precisely what it means for Ay to belong to the convolution pg.
Since this is true for all N > 1, we have shown pq € C, as required.

Finally, we have FP(s) = C; D C since FP(s) = A;. O
Now we complete the proof of sufficiency in Hindman’s Theorem.

Proof of ““=" 1in Theorem 1.1.25. Suppose that A contains a finite product set
FP(s). Since ultrafilters are upper-closed, it is enough to show that FP(s) is an IP
set. Construct the closed subsemigroup C' as in the Idempotent Construction Lemma
1.1.26; then in particular, C' is a compact Hausdorff left-topological semigroup. By
the Ellis-Numakura Lemma 1.1.18, there is an idempotent p € C, which implies
FP(s) € p. This proves that FP(s) is an IP set, and we are done. O
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1.1.5 Aside: Nonprincipal IP Sets and Moving Semigroups

The sequence (s,) constructed in Hindman’s Theorem may result in a trivial finite
product set: for example, a singleton {e} containing an idempotent e will always be
an IP set, contained in the principal idempotent ultrafilter d.. Thus the presence
of idempotents in G means that finite sets can be IP, which causes problems for
the heuristic that IP sets should be “combinatorially large”. To combat this, we
introduce a mild cancellation condition which allows us to work with nonprincipal
idempotent ultrafilters.
Let G* be the collection of nonprincipal ultrafilters on a semigroup G:

G* =BG\ G.

Since BG contains GG as an open subset, G* is a closed hence compact set. But
G* may not be a subsemigroup of SG, in fact it is empty when (and only when)
G is finite. Let us say that G is a moving semigroup if G* is a (nonempty)
subsemigroup of SG.

Before giving examples, we give a concrete, combinatorial characterization of
moving semigroups, which appears to be a weak cancellation property.

Proposition 1.1.27 ([GoTs13]). Let G be an infinite semigroup. Then G is moving
if and only if: for every finite set F© C G and infinite set I C G, there are elements
g1,y 9n € I such that gy *F N ---Ng ' F is finite.

Proof. “=": Suppose that G is moving. Let FF C G be a (nonempty) finite set
and let 7 C @ be infinite. Consider the sets ¢~ F for ¢g € I; if all finite intersections
of these sets are infinite, then Lemma 1.1.5 (applied to A = {g7'F : g € I}) implies
that there is a nonprincipal ultrafilter ¢ € G* containing every g'F, g € I. This
means that I C F~9,

Now select a nonprincipal ultrafilter p € G* containing I (guaranteed again by
Lemma 1.1.5 applied to A = {I}). Then I C F~9 implies that '~ is p-large, which
means exactly that ' € pg. Thus pq contains the finite set F', and so pq is principal
and pqg ¢ G*. This contradicts the assumption that G* is closed under ultrafilter
convolution.

“«<=": Conversely, assume that G satisfies the combinatorial property, and let p, q €
G*. We will show that pg € G*. Towards contradiction, suppose that pq is principal,
and select some x € G so that pg = 0,. Let F':= {z} € pq, which means precisely
that the set [ := F¢* = {g € G : g"'F € q} is p-large; in particular, I is infinite. On
the other hand, for any elements g1, ..., g, € I, the intersection g;'F N ---Ng ' F
is p-large and is therefore also infinite. This contradiction proves that pg must be
nonprincipal. O

Corollary 1.1.28. If G is infinite and left cancellative, then G is moving.
Recall that G is left cancellative if gr = gy implies © = y for all g, z,y € G.

Proof. Tt is enough to check the condition given in Proposition 1.1.27. If G is left

cancellative, then the set g7'a = {r € G : gz = a} has at most one element
for any g,a € G. So if FF C (G is a finite set and I C G is an infinite set, then
g F = User ¢~ f must be finite for any g € G. O
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Example 1.1.29. Any group is left (and right) cancellative, as is any subsemigroup
of a group. In particular, the additive semigroups Z, N, and N¢ for d > 1 are all
moving by Corollary 1.1.28.

Example 1.1.30. The multiplicative semigroup (N, - ) is cancellative, and is there-
fore moving by Corollary 1.1.28. Note that (N, - ) is the free commutative monoid
generated by a countable set, namely the set of primes.

Example 1.1.31. Generalizing the cancellative examples: for B > 1, let us say
that G is left B-to-one if for all g,z € G, there are at most B elements y € G so
that gr = gy. Thus left cancellative semigroups are left one-to-one. It is not hard
to use Proposition 1.1.27 to see that all left B-to-one semigroups are moving — but
it is key that there is a uniform bound B, since there examples of finitely generated
finite-to-one semigroups which are not moving [Ste].

Now we give a modification of Hindman’s Theorem for moving semigroups. The
proof is the same, with only some small changes.

Theorem 1.1.32 (nonprincipal Hindman’s Theorem [GoTs13]). Let G be a moving
semigroup. Then the following are equivalent for a set A C G:

(a) There is a nonprincipal idempotent ultrafilter p € G* containing A.

(b) There is a sequence of distinct elements s = (s,,) in G such that FP(s) C A.

Proof. “(a) = (b)”: This is the exact same argument as in the “=" direction
of Theorem 1.1.25, with the following change. If p is nonprincipal then it contains
every cofinite set. Thus, instead of selecting s,.1 to be in the intersection A, N A7,
we select it in the smaller set A, N A ? N {sq,... ,sn}ﬂ, which is still p-large because
{s1,...,5,}C is cofinite. In this way we select the elements s, to be distinct. The
rest of the argument is identical.

Note that we have not yet used the assumption that G is moving.

“(b) = (a)”: Now assume that we are given a sequence s = (s,) of distinct
elements in G such that FP(s) C A. To prove (a), it is enough to show that FP(s)
itself is contained in a nonprincipal idempotent. By Lemma 1.1.26, the set

C = () FP(sn)nzn
N>1

is a closed subsemigroup of SG. Since G* is also a closed subsemigroup, so is the
intersection C' N G*, provided this intersection is nonempty. Then, selecting an
idempotent p € C'N G* by the Ellis-Numakura Lemma 1.1.18, we have FP(s) € p
as required.

Thus it remains to show that C' " G* is nonempty. This is a simple modification
of the proof of Lemma 1.1.26: adopt the same notation

An :=FP(sp)n>y and Cy:= Ay ={pepG: Ay cpl.
Now Ay is infinite because the s,,’s are distinct, so there is a nonprincipal ultrafilter
containing Ay by Lemma 1.1.5. Thus Cy N G* is nonempty. Now observe that
CNG = ()CxnG
N>1

is the intersection of the infinite descending chain C;NG* O CoNG* O C5NG* D - - -
of nonempty closed sets. Thus compactness of SG implies that C'NG* is nonempty,
as required. O
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1.2 Density

In this section, we keep an eye toward the following “technical lemma” of Bell-
Ghioca—Tucker, regarding density in the positive integers. The upper Banach
density of a set A C N is defined to be

ANT
0*(A) := limsup 40 l,
oo ]

where the lim sup is taken over all intervals of positive integers.

Lemma (Bell-Ghioca-Tucker [BGT15]). Suppose that A has positive density. Then
there exists b > 1 so that AN (A —b) has positive density.

Bell-Ghioca—Tucker originally gave a direct and quantitative proof: the quanti-
ties b and §*(A N (A — b)) were bounded below in terms of §*(A); then they used
it to prove a “weak” version of the Dynamical Mordell-Lang Conjecture. Presently
we give a conceptual, “soft” analytic proof of this theorem by drawing an analogy
to the Poincaré Recurrence Theorem from ergodic theory. In fact we show that
if A has positive density, then it has positive measure with respect to a finitely
additive, translation-invariant probability measure on N, which can be constructed
using ultralimits. We generalize this to any amenable semigroup, thus obtaining the
corresponding “weak” dynamical result for amenable semigroups acting rationally
on a quasiprojective variety.

The material in this section is mostly an exposition of amenability and the strong
Fglner condition for semigroups, adapted from various sources: [AW, Fur79, Fur81,
GK, Nam, Berg00]. The only original contribution in this section is part (b) of
Theorem 1.2.21, where we adapt an argument of [GK] to obtain an estimate needed
elsewhere in the thesis.

1.2.1 The Strong Fdlner Condition

The two main types of densities on (N, +) are the natural and Banach densities,
denoted 0 and 0* respectively:

§(A) = lim sup AN nl and 0*(A) := limsup [An]]

n—00 n |I|—00 ’]|

Here the latter lim sup is taken over all intervals I = [a, b] of natural numbers. Both
of these densities are translation-invariant, in the sense that (A + b) = d(A) and
0*(A+b) = 0"(A) for all A C N, b € N. To define similar translation-invariant
densities in more general semigroups, the correct property of the family {[1,n] : n >
1} is that it forms a Fglner net in (N, +).

A Fdlner net in a semigroup G is a net F = (F))rea of nonempty, finite subsets
F)\ C G, such that we have the following limit for all g € G:

F F
Lo 1B\ 9B

= 0.
AEA |F)\|

Heuristically, this limit says that the overlap of F)\ and gF) takes up a large pro-
portion of F). Here A\ B is used to denote the set-theoretic difference of two sets

20



A, B. The index set A is a directed set, and the above limit is taken in the sense
of nets; see subsection 1.1.2 for details on limits over nets. The motivation for the
above limit is that it represents the “error term” between u(F) and u(g~'E), which
will later allow us to construct a translation-invariant measure on G.

It is worth remarking that many authors use the symmetric difference

FAgE := (F\gF)U(gF \ F)

in place of the set-theoretic difference F'\ gF that we have used here. However, the
resulting definition is equivalent to the one given above: this is due to the inequalities

|F\ gF| < |[FAgF| <2|F\ gF]|,

valid for all finite sets /' C G and elements g € G.
The admission of a Fglner net can be verified using the following more uniform
condition.

Proposition 1.2.1 ([Nam]). The following are equivalent for a semigroup G:
(a) G admits a Folner net F = (F)\)xea.

(b) [SFC] G satisfies the strong Fglner condition: for all finite sets A C G
and € > 0, there is a finite set F' C G such that

|F'\ gF| < ¢|F| forall g € A.

Proof. “(a) = (b)”: The members of a Fglner net F := (F))rea can be used to
verify the SFC. Let A C G be a finite set and let . Then given g € A, the definition
of Fglner nets implies that we can select \y € A large enough so that

|Fy \ gF)\|
| Py

for all A > Ag. In fact, since A is finite and A is a directed set, we can select Ay
uniformly so that the above inequality holds for all ¢ € A. This is exactly the
desired strong Fglner condition.

“(b) = (a)”: Suppose that G satisfies the Fglner condition; we will construct a
Folner net. First, let A be the following index set:

A:={(A,e): AC G is finite, and € > 0}.

Then A is directed by inclusion in the first coordinate and reverse-order in the second
coordinate; thus the max of (A4,¢) and (A’,¢’) is simply (AU A’ min{e, e'}). For an
index A = (A, ¢) € A, the strong Fglner condition allows us to select a finite set F)
so that

|F\\ gF\| < €| Fy| for all g € A.

Now we verify that (F))ea is a Folner net by directly showing that |gFy \ Fi|/|F)|
tends to zero for all g € G.

For g € G and ¢ > 0, define an index g := ({g},¢) € A. Then for A > \q, write
A= (A,€) so that g € A and &’ < e. Then by choice of F), we get the estimate

‘F)\\QFA| /
——=— < <e
| N
as required. This proves that limyep [Fy \ gF3|/|F\| = 0, so F = (F)\)aea is a Felner
net. []
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Corollary 1.2.2. Let G be a countable semigroup. Then G satisfies the SFC if and
only if G admits a Folner sequence (i.e. a Folner net indexed by N).

Proof. Since G is countable, there is a chain of finite sets A; C Ay C A3 C ---
which exhausts G-
G=|]JA.

n>1

Applying the strong Felner condition with A = A,, and € = 1/n, we get a finite set
F,, so that

1
|Fo\ gF,| < —|F,| forall g€ A,.
n

Now it is easily checked that

F.\ gF,
lim w:o for all g € G;
n—00 |Fn|
thus (F,,)n>1 is the desired Fglner sequence. O

The term “strong” Fglner condition is used in contrast with the weak Fglner
condition, which only requires the weaker (yet similar) estimate

gF"\ F| < el .

The strong Folner condition implies the weak version, simply because of the inequal-
ities
|gF \ F| < |[F\ gF| < |FAgF| < 2|F\ gF|,

which are valid for all elements g € G and finite sets F' C G.? If g is a left cancellable
element (i.e. the left shift x — gz is injective), then |gF| = |F| and all of the above
inequalities are actually equalities — thus, for left cancellable semigroups such as
(N, +), the strong and weak Fglner properties are equivalent.

The remainder of this subsection is dedicated to specific examples of semigroups
satisfying the SFC, in addition to various permanence properties of the SFC such
as direct products and direct unions.

Example 1.2.3. Let (N, +) be the additive semigroup of natural numbers. We will
show that the initial intervals F,, := [1,n] = {1,...,n} define a Fglner sequence.
Given g € N, we must determine sufficiently large n > 1 so that F, \ (¢ + F,) is
a small proportion of F,. In this case, n = g + 1 will work. Indeed, the difference
between F), and g + F}, is

E\(g+ Fo) =[Lg+1\[g+ 1,29 +1] = [1,4].
This has g elements. So now we calculate the desired limit:

r
i NG F 9
n—00 |F| n—00 1

Therefore (F},)nen is a Folner sequence for (N, +).

3Note that [gF| < |F|, so |gF \ F| = |gF| — |gF N F| < |F| - |FNgF|=|F\ gF|.
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Example 1.2.4. More generally, let (I,,),en be a sequence of intervals in N such
that |I,|] — oo as n — oo. Then (I,,)nen is a Folner net in N. Indeed, let g € N, and
select sufficiently large n so that |I,| > ¢g + 1. Writing I, = [a,a + h] with h > ¢,
we get

L\ (g+1,)=la,a+h|\[a+g,a+g+h]=la,a+g]

and so this difference has size |1, \ (¢ + I,,)| = |[a,a+ g]| = g+ 1. Now calculate the
limit of these differences:

Iy I : 1
lim w: lim 97 =0.

n—o0 |]n| n—»00 |In| N

Therefore (I,,),en is a Folner net.

Example 1.2.5 (product Fglner net). Let us show that a finite product of SFC
semigroups is again SFC. Let G, H be two semigroups with Fglner nets (A4;)er,
(Bj);es respectively. Then we can form a product Fglner net

Fij = Az X B]

This is indexed by the product directed set I x J, which is ordered component-
wise. Then (Fjj)ujerxs is a Fglner net: indeed, let z = (g,h) € G x H. Then a
straightforward set-theoretic check shows that the difference Fj; \ xF;; can be split
into two parts.

Fij\aFi; C [(Az' \ gA;) x Bj} U [Ai X (B;\ th)]-
We can use this to bound the difference |F;; \ xF};| with two terms.

|Fij \ v Fy] < ‘(A,-\gAi) X Bj| + ‘Az’ x (Bj \ hB;)
< |Ai \ gAil| Bs| + |Ail| B \ hBjl.

Now divide by |F};| and take limits.

%ﬁlﬂ < ‘(Ai\gAi) X Bj| + ‘Ai x (Bj \ hB;)
i
< |Ai \ gAil|B;| | |Ail| By \ hB;
- | |Fj]
|Ai \ gAil| B;| | |Ail| By \ hiBjl :
= since |F;| = |Ai|| By
| Ayl | By | Al | Bj] ’ ’
_ |4\ gAil | |B;\ hBj|
| A | Bj

— 0.

Therefore (F};) (i jjcrxs is a Fglner net for G x H, proving that G' x H satisfies the
SFC. Inductively, we can conclude that the SFC is preserved for finite products.

Example 1.2.6. The product construction in Example 1.2.5 can be used to con-
struct a Fglner net on N¢ for d > 1, which is useful in many applications and
examples. Explicitly, a box in N? is a product of d intervals:

B = [al,bl] X X [ad,bd].
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When ordered by inclusion, these constitute a Fglner net for N2, We can also use
the initial boxes
B, :=[1,n] x --- x [1,n].

These form a subsequence of the net of all boxes, and therefore (B,,),>1 is a Fglner
sequence for N¢,

This is an interesting example for our dynamics applications: in later sections,
we will work with several commuting endomorphisms ¢q,..., 904 : X — X of a
variety X, and these induce an action of N% on X. In this way, we can use Fglner
nets to generalize any density-theoretic dynamical results to the case of multiple
commuting mappings.

In the below three examples, we show that the multiplicative semigroup (N, -)
satisfies the SFC. This follows from the fact that (N, -) is the free commutative
semigroup on a countable set (namely the primes). Thus we show that (i) the
multiplicative semigroup generated by a finite set of primes is SFC; and (ii) G is
SFC if all of its finitely generated subsemigroups are.

Example 1.2.7. Let S = {p1,...,pn} € N be a finite set of primes and let G(S5)
be the multiplicative semigroup generated by S; thus G(S) is the set on which the
pi-adic valuations are supported for 1 <1 < n.

G(S)={pl---p iy, ... i, >0}

This is called the semigroup of S-units. Since S is a multiplicatively independent
generating set for G(S), we have an isomorphism (G(S5), -) ~ (N, +). Therefore
G(S) satisfies the SFC by Example 1.2.6.

Example 1.2.8. Let G be a semigroup with a net of subsemigroups (G;);c;. We
say that GG is the direct union of the G;’s if:

() G = Uy, Gt and

For example, every group is the direct union of its finitely generated subgroups.

Since the SFC is a local property, it is not hard to check that a direct union of
SFC semigroups is again SFC. Indeed, let A C G be a finite subset of G, and let
e > 0. Then we can select large enough ¢ € I so that A C ;. Since G, satisfies the
SFC, we can find a finite set F' C G; such that |F'\ gF| < ¢|F| for all g € A. This
proves that G satisfies the SFC.

Example 1.2.9. Now consider the multiplicative semigroup (N, -). By unique
prime factorization, (N, -) can be realized as the direct union of the subsemigroups
G(S) defined in Example 1.2.7. By Example 1.2.8, it follows that the multiplicative
semigroup (N, -) satisfies the SFC.

Example 1.2.10. Every finite group satisfies SFC, because the constant sequence
F,, := G forms a Folner net: since ¢G = G for all g € G, we have G\ ¢G = &, so
the strong Fglner condition is trivially verified.

However, a finite semigroup need not be SFC — unlike the group case, the
constant sequence F,, = G will not work because G \ gG may be nonempty. For
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an example of a finite semigroup which is not SFC: let G be a set with at least
two elements, and define a multiplication by zy := x. Thus every element in G is
right-absorbing.

We will show that this G is not SFC. Indeed, gF' = {g} for any subset F' C G,
so the required set difference is

|| if g F,
F\gF|=|F =
I\ gF| = [\ {g} {|F|—1 ey
Thus |F\ gF|/|F| > 1 for any F' C G, and so the strong Fglner condition cannot
hold. However, this G satisfies the right-sided version of the SFC, since Gg = G
for all g € GG. So this is also a degenerate example showing that the SFC is not a
symmetric condition.

Example 1.2.11. Every commutative semigroup satisfies the SFC; this is a theorem
of Argabright—Wilde [AW].

1.2.2 Fglner Densities

In this subsection, we define the Fglner density with respect to a Fglner net; in the
case of the semigroup (N, +) and the Fglner net F,, := [1,n], we recover the natural
density function. The Banach density is not a Fglner density, but we can use Fglner
nets to partially recover the Banach density, and this is enough for the dynamical
applications later.

Let G be a semigroup satisfying the strong Feglner condition (SFC), and let
F = (F))xea be a Folner net. Then the upper F-density of a set £ C G is defined
to be the limiting proportion of elements of £ among all elements of F):

, |E N EFy| . {|EﬂFA\ }
05(F) :=limsup ———= = lim sups ————=: A > Ao ;.
7(B) =l sup =T = i swe g g =

Since each term |E N F\|/|Fy| is between 0 and 1, this lim sup exists as a number in
[0, 1]. The corresponding limit, however, may not exist.

Note: the lower F-density can be defined similarly, using a liminf in place of a
lim sup; the F-density can then be defined whenever the upper and lower F-densities
agree. However, we will not use these notions in the present thesis.

Example 1.2.12. Let G = N. The density with respect to the sequence of initial
intervals [1,n] = {1,...,n} is called the upper natural density:

§(F) := limsup E0AL... ,n}|

n—00 n

For example, the following natural densities are readily verified.

(i) For a,b > 1, the density of the arithmetic progression a+Nb = {a+nb:n > 1}
is 0(a + Nb) = 1/a.

(i) Fix d > 2 and let Sy = {14,24,3% ...} be the set of perfect dth powers; then
§(S4) = 0. To see this, note that [Sy N {1,...,n}| < n'/? for any n. Thus we
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calculate

SaNA{l,...
d(Sq) :hmsup| a0{L..
n—oo n
nl/d
< limsup —
n—oo n

= limsup ——
o E p-1/d

=0.

(iii) Fix p > 2 and let T, := {1,p,p* p? ...} be the set of powers of p; then
d(T,) = 0. To see this, note that [T, N {1,...,n}| <log,(n) for any n. Thus
we calculate

T N4l ...
§(Tp):limsup| p Ll

n—o00 n

1ogp(n)

< lim sup
n—oo

=0.

(iv) Let P ={2,3,5,7,11,...} be the set of prime numbers; then 6(P) = 0. This
follows from the Prime Number Theorem [Had|, which provides the asymptotic

n
PN{L,... ~—.
PO~ s
Indeed, selecting a constant C' > 0 so that |[PN{l,...,n}| < Cn/log(n) for
n > 0, we calculate

d(P) = limsup POl )l

n—00 n

Cn/log(n)

< lim sup
n—oo

= limsup ——
i log(n)

=0.

Example 1.2.13. There is a more sensitive density on N, but it is not defined with
respect to a Fglner net. It is called the upper Banach density:

ENI
0*(F) = limsup | 7 |
[I|]—o00 | |

The Banach and natural densities agree in many common cases: e.g. for the four
sets in Example 1.2.12. In general, the two density functions can be compared by
d(F) < 6*(E), but it is possible for this inequality to be strict. The reason for
this is that 0 keeps track of all integers from 1 to n, while 6* only records “local”
information.
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Here is an example where E has such large gaps so that its natural density is 0,
but it has full Banach density because it has arbitrarily long runs.

E:={1,2}U{8,9,10} L {27,28,29,30} U--- = | |[n*,n® +n).

n>1

It is clear that 6*(E) = 1: if we take intervals J, := [n3 n® + n|, then |J,| — oo
while

E
1> 6*(B) > tim Z0 Sl el

n—o0 |Jn| n—o0 |J |

Thus 6*(E) = 1.
Next we show that §(E) = 0 by comparing |E N [1,b]| to the size of b. Select the
largest N > 1 so that N3 + N < b, so that

EN[Lb) C | |[n® n®+n]

n=1

and thus, noting that |[n% n® + n]| =n + 1, we bound |E N [1,b]| by

N
|E N1, gz n®,n 4+ n]] < (N +1)(N +2).

N |

Dividing through by b gives

[EOLE _ (N DN +2)
b - N3+ N

— 0,

and we conclude that §(E) = 0. Therefore §(E) < 6*(E).

This is also an example of a set E of positive Banach density which does not
contain an infinite arithmetic progression: if E contained such a progression, we
would have §(E) > 0. For an example of a set with positive natural density but no
arithmetic progression, simply let

F:=N\E= |i|[n3—|—n+1,(n+1)3+n].

n=1

It is not hard to see that §(F') = 1 —3(F) = 1. On the other hand, F' has arbitrarily
long gaps, and therefore cannot contain an infinite arithmetic progression.

Even though the Banach density is not an example of a Fglner density, we can
still use it in our dynamical applications using the following reduction.

Lemma 1.2.14. Given a set Eq C N, there exists a Folner sequence F on N such
that 6*(E) > 65(F) for all E C N, with equality when E = Ej.

This shows that if Ey has positive Banach density, then it has positive density
with respect to some Fglner sequence JF; conversely, all sets of positive F-density
also have positive Banach density. This back-and-forth correspondence is exactly
what we will need later.
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Proof. Choose a sequence of intervals (1, )nen such that |I,,| — oo and which achieves

the limsup for Ey:
. |EoN|
dm = = (B
Then F := (I,)nen is a Folner sequence by Example 1.2.4, and clearly d4(Ey) =
0*(Ep). On the other hand, since the limsup represents the largest subsequential
limit, it also follows that 0*(E) > d4(F) for all B C N. Thus ¥ is the required

Fglner net, establishing the claim. O

Now we give analogous examples for densities N¢ for d > 1. This setting allows us
to generalize density-theoretic dynamical claims to the case of multiple commuting
mappings.

Example 1.2.15. For n > 1, define the initial box in N¢:
B, :=1[1,n] x -+ x[1,n].

Then B = (B,)n>1 is a Fglner sequence for N (see Example 1.2.6). The B-density
is called the natural box density on N

5(A) = limsup (@020 €A 0. a0 € [Ln]}

n—o00 nd

for A CG.

Example 1.2.16. The box Banach density on N¢ is defined as follows:

0*(A) := limsup A0 B

for A C G.
Blsoo | B

Here the limsup is taken over all boxes B = [aq,b1] X - -+ X [ag, b

Once again, the box Banach density is not actually a Fglner density. But the
exact same argument as in Lemma 1.2.14 gives the following useful method to replace
the box Banach density with a bona fide Fglner density.

Lemma 1.2.17. Given a set Ey C N, there exists a Folner sequence F on N¢ such
that 6*(E) > 65(E) for all E C N¢, with equality when E = Ej.

Our dynamical applications will involve both sets of positive density and IP sets.
In the below two examples, we show that there is no implication between these two
properties, even in N.

Example 1.2.18. Not every IP set has positive density: for example, we can make
a sequence (s,) of natural numbers with such large gaps that even the set of finite
sums FS(s,) has large gaps. Let s, := 3". Then

T:=FS(sp) ={3"+---4+3":n; < <ng}

is the set of all sums of distinct powers of 3; alternatively, it is the set of those
natural numbers n whose ternary expansion contains no 2’s. This 7" is an IP set by
Hindman’s Theorem 1.1.25, but we will prove that §(7") = 0.
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For this we again compare |T'N[1,b]| to the size of b. Let [n]; denote the ternary
string representing n € N, and write [b]s = b - - - b, where b; € {0,1,2} and by, # 0.
Then 3% < b < 3%+, so

TN, CTN[L,35) = {n >1:[n]s has no 2’s, and length([n]s) < L}.

The size of this latter set is clearly at most 2%, since it counts binary strings of
length < L. Therefore, since L — co as b — oo, we have the limit

TN 2
Sz Y

and we conclude that §(7") = 0.

Example 1.2.19. Not every set of positive density must be IP. For example, the set
{1,3,5,7,...} of odd positive integers has natural density 0.5, but it cannot contain
a finite sum set because it contains no set of the form {a, b, a + b}.

Before closing this subsection, we verify several useful properties involving the
upper density.

Proposition 1.2.20. Let o5 denote the upper density with respect to a Folner net
F = (F\) in an SFC semigroup G. Then:

(a) o7 is increasing: if A C B then d5(A) < d4(B).
(b) o5 is subadditive: d5(AU B) < 05(A) + d5(B) for all A, B C G.

(c) d5 is partition-regular: a union of finitely many sets of zero density again
has zero density.

Proof. (a) This is obvious from the inequality

[ANE\ _ |[BNF)
B T R

(b) This is obvious from the inequality

(AUB)N Rl _[(ANF)UBNR) _ANR| | [BOF
| Fy| | Fy| — A ||

(c) Let Ay, ..., A, be finitely many sets all of zero density. Then their union A :=
A U---U A, also has zero density by subadditivity:

O5(A) < 05(A1) + -+ + d5(A,) = 0. O

1.2.3 Cancellable Folner Nets

Our ultimate goal is to show how the Fglner density d¢ can induce a finitely-additive,
G-invariant probability measure ;1 on G. In this subsection, we handle a technical
cancellation condition that we can use the define u, following a theorem of Gray—
Kambites. When G is already left cancellative, this modification is unnecessary.
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Let KX = (K))xea be a Folner net for a semigroup G. Then X is eventually
left cancellable, or simply cancellable, if it satisfies the following condition: for
all g € G, there is an index )y such that

gr=9y = T =1y for all x,y € Ky, A > Ao.

Thus ¢ acts injectively by left-translation on all sufficiently large F)’s.

It is seemingly stronger to require that a semigroup admits a cancellable Fglner
net than an ordinary one. However, Gray-Kambites uses several clever estimates to
show that any Folner net can be shrunk to a cancellable one [GK]. We also adapt
their argument to show that if a set has positive density with respect to a Fglner
net, then it also has positive density with respect some cancellable Fglner net.

Theorem 1.2.21. Let G be a semigroup satisfying the strong Folner condition.

(a) (Gray-Kambites [GK]) For all finite sets A C G and € > 0, there is a finite
set K C G such that

(i) |[K\ gK| <el|F| forall g € A; and
(ii) gx = gy implies x =y for all g € A, z,y € K.
Thus G admits a cancellable Folner net.

(b) Let E C G. If E has positive density with respect to some Folner net F, then E
has positive density with respect to some cancellable Folner net X = (K) er
such that ' has infinite tails*.

Proof. (a) Fix a finite set A C G and € > 0. Define a function v (t) as follows:

(T 2]At

Then 1 (t) is continuous on the open interval 0 < t < 1/2|A|, and ¥(t) — 0 ast — 0.
Thus we can select ¢ in this interval small enough so that ¢ (t) < e. Applying the
strong Fglner condition to this choice of ¢ > 0, we can find a finite set F' such that

|F'\ gF| <t|F| forall ge A

Now we will remove from F' any instances of distinct elements x,y € F' such that
gr = gy for some g € A. Thus define a set of “bad” elements for each g € A:

C, :={z € F : there exists y € F'\ {z} such that gz = gy}.

Thus z € C, if and only if |[F'Ng~'(gx)| > 2. Since each fiber of the left translation
g :Cy — gC, has at least two elements, we have an inequality

1
1gCy| < 5]09\ for all g € A. (1.1)
which holds even when Cj is empty. We will also need the following estimate on the

cardinality of Cj.
|C,| <2|F|t for all g € A. (1.2)

4Recall that a poset I has infinite tails if for all a € I, there are infinitely many distinct b € T
with a < b.
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To prove 1.2, suppose towards contradiction that |Cy,| > 2|F|t for some g € A. Then
we calculate

19F| < |gCy| + |gF"\ gC,]
< |gCy| + |g(F\ Cy)| since gF' \ gCy C g(F'\ Cy)
< |gCg’ + ’F \ Cg|

1

< §|Cg|+|F\Cg| by 1.1
1

- §|Cg| + |F| - |Cg|

1
= |F| - 531Gy
< |F| —t|F| since |Cy| > 2|F|t
=(1—1¢)|F]|.

But this implies t|F| < |F| — |gF| < |F'\ gF|, contrary to the choice of F. This
contradiction proves 1.2. Note that 1.2 holds even when C, is empty.

Now we define the desired set K: it consists of those x € F' on which A acts
injectively, i.e. gr = gy implies x =y forall g€ A, y € F.

K:={zecF:Fng'(gzx)={a} forallge A} = [ F\C,.

geA

Since K was constructed by removing all “bad” elements, it is clear that K satisfies
the cancellation condition (ii). It remains to verify the Fglner condition (i). For this
we use the following estimate:

F\ K| <2|F||Alt (1.3)

To prove this, first note that F'\ K =
we use estimate 1.2 to obtain

FA\K| <310, < S 2lF|t = 2|F| Al

geA geG

gea Cg by definition of the sets C'y. Therefore,

This proves 1.3, which also implies the inequality

|K| = |F| = 2[F|[A]t = (1 = 2|AJt)[ F]. (1.4)
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Now we can finally verify that |K \ gK| < ¢|K]| for any g € A:

|K\ gK| < |F\ gK| since K C F

<|[(F\gF)U(gF\ gK)|
<|F\gF|+[gF\ gK|

<[ENgF| +[g(F\ K) since gF'\ gK C g(F'\ K)
< [EA\gF|+[F\ K|
<t|F|+|F\ K| since |F'\ gF| < t|F|
< t|F| + 2t|F||A] by 1.3
= (1+2]A)[F]|
(1+2|A])t
< —K by 1.4
< oA K Y
= Ya(t)|K]
< ¢|K| by choice of .

This verifies (i) and completes the proof.

(b) Let E C G, and suppose that d5(E) > 0 for some Fglner net F = (F))rea. We
construct a cancellable Fglner net X = (K, ) er with the desired properties.

First, let o := d5(E) > 0. By dropping to a subnet of F if necessary, we can
assume that « is achieved by a limit (rather than a limsup):

Next, define the indexing set ' as
I''={(A,e): ACG finite, 0 < e < a}.

As in the proof of Proposition 1.2.1, we order I' by inclusion in the first coordinate
and reverse-order in the second coordinate: thus

(Ae) < (Ae) <= ACA ande>¢,

and it is clear that I' is a directed set with infinite tails. For a given index v =
(Aye) € T, fix t = t(y) > 0 small enough so that it satisfies 0 < 14(t) < € and
t < (a—¢€)/2|A| (where 14(t) is the function defined in part (a)); then choose a
sufficiently large index A = A(y) € A so that the following two inequalities hold:

[ENF)|

TN >a—¢ and |F\\ gF\| < t|Fy| forall g€ A.
A

The first inequality is possible by definition of «, and the second one is by definition
of Fglner net. Now follow the construction as in part (a), starting with F' = F and
ending with K = K, so that the estimate 1.3 gives

[E3\ K| < 2|l Al (15)

From the estimate

|55\ K, |

<YP(t) <e forall ge A,
\K|
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it follows as in the proof of Proposition 1.2.1 that X := (K ),er is a Folner net, and
X is cancellable as in part (a).

It remains to check that E has positive K-density. Suppose for contradiction
that dx(F) = 0. Then setting 8 := (v — e — 2|A[t) > 0, there is a sufficiently large
index v = (A,¢) € I so that

ENK,
K|

But if we let t = #(y) and A = A(7) as above, we can use 1.5 to get

< p.

BIK,| > [ENK,|

=|ENF\ —|EN(F\\K,)| since K., C F),
> (a—¢e)|F| — |EN(FA\ K,)] by choice of A
> (= g)[Fx| = [F3\ K
> (a— )| By — 21| Al by 15
= (o —e = 2|AJt)[ K]
> (a—e —2|A|t)|K,| since F) D K,
> [|K,| by choice of S.
This contradiction proves that d«(E) > 0, as required. ]

1.2.4 Amenable Semigroups

In this subsection, we use cancellable Fglner nets and ultralimits to define probability
measures on semigroups, thus proving that every SFC semigroup is amenable.
Let G be a semigroup. A left invariant mean on G is a set function

p:P(G) —10,1]
such that
(1) p(G) =1
(ii) p is finitely additive: u(A U B) = p(A) + u(B) for all disjoint subsets
A, B C G,

(iii) u is translation-invariant: p(g~'A) = u(A) for all g € G and A C G.

A left amenable semigroup is one admitting a left invariant mean; throughout
this thesis, by amenable we mean left amenable. Like ultrafilters, these invariant
means are usually impossible to write down, but they are useful theoretical tools.

Example 1.2.22. We prove below (Theorem 1.2.25) that every SFC semigroup is
amenable: thus the class of amenable semigroups includes all commutative semi-
groups, finite left cancellative semigroups, and finite products of such.

Example 1.2.23. Argabright—Wilde [AW] showed that amenability is equivalent
to the strong Folner condition for left cancellative semigroups.

Example 1.2.24. Let F;, be the free group on two generators a, b; then F3 is not
amenable. To see this, suppose that p is an invariant mean on F,. For a word
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w € Fy, let W(w) denote the set of (reduced) words on a*!, b*! that start with w.
Then since y is subadditive®, from Fy = W (a) U a"'W(a), we calculate

1= p(Fz) < p(W(a)) + pla™W(a)) = 2u(W (a))

so that u(W(a)) > 1/2. The same holds for all the sets W (a™!), W(b), and W (b™!)
— all these sets have measure at least 1/2. But then applying p to the decomposition
F={1}UW(a) UW(B)UW (@) UW(b1), we get

1= u(F3)
= p({1}) + p(W(a)) + p(W (b)) + p(W(a™")) + (W (™)
> 2.

This contradiction shows the famous fact that F5 does not admit an invariant mean.

We show now that the strong Fglner condition implies amenability. For our
dynamical applications, it is pertinent to keep track of the actual construction of
the invariant mean from a given Fglner net, so we record the following version of
the theorem.

Theorem 1.2.25. If G satisfies the strong Folner condition, then G is amenable.
In fact, suppose that F = (F)\)xea 1S a cancellable Folner net such that A has
infinite tails, and that p is nonprincipal ultrafilter on A containing every tail in A.

Then the function
. |A N F)\|

/JJ?(A) = }\E\g |F)\|

defines an invariant mean on G, satisfying ps(A) < d5(A) for all A C G.

Proof. 1f G satisfies the strong Fglner condition, then by Theorem 1.2.21, there is
a cancellable Fglner net F = (F)) eca such that A has infinite tails; by Proposition
1.1.11, there exists a nonprincipal ultrafilter p on A containing every tail. Thus
amenability of G follows from the below construction of an invariant mean.
For A C G, define pu(A) as the following ultralimit along p:
. |AN |
A) = lim ——=.
'u( ) A—=p |F )\|
Since all the numbers |ANFy|/|Fy| lie in the interval [0, 1], the above ultralimit exists

as a number in [0, 1] (see subsection 1.1.2). Now we verify that p is an invariant

mean on G. Clearly p(G) = 1, because |G N Fy\|/|FA| = |FAl/|Fx| = 1 for all A.
Now we verify that p is finitely-additive. If A, B C G are disjoint, then

(AU B)NFy\| = |ANFE\|+ |BNEy.

5Any invariant mean p satisfies u(A U B) < u(A) + u(B), even when A, B are not disjoint.
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Since ultralimits preserve addition, we thus obtain

. |(AuB) N Fy|
AUB)=1
1 ) lim TN

:hm|(AmFA)|_|(BmFA)|

A—=p ‘F)\‘

. (|AﬂF>\| |BﬂF>\|>
= lim

A—p |F>\| |F)\|

. JANE\ . |[BNF|
= lim ——~ + lim —~

A—p |F)\| A—p |F>\|
= u(A) + u(B).

Thus p is finitely-additive.

To check invariance of p, this is where we use the extra assumptions on the Fglner
net F. Note that since the numbers |F) \ gFy|/|F)| tend to zero, the corresponding
ultralimit is also zero:

3\ 9B

lim

=0.
A—=p |F>\|

Note that here is where we finally use the technical assumption that A has infinite
tails (see Proposition 1.1.11).

Now we want to show u(g7tA) = u(A) for all g € G and A C G. Fix such g and
A, and let € > 0. Since JF is cancellable, we can select an index \g € A so that

(1) |[Fa\ gFy| < e|F)| for all A > Ay, and
(ii) gxr = gy implies x = y for all x,y € Fy, A > A.

This implies that the left-translation x — gz gives a bijection between g~'A N Fy
and AN gF), so
lgPANE\| = |ANgFy| forall A > ).

Thus we estimate the difference between |A N Fy| and [g7'A N Fy\[:

< [AN(E\ gFy))
< [B\ 9B

(The first inequality follows from the inequality |P| < |P\ Q| + |Q|, valid for any
finite sets P,().) Combined with the Fglner condition, this estimate immediately

shows the limit
lim |A N F>\| B |g_1A N F>\|

= 0.
AEA |F)\| ‘F)\‘
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Thus we compute the difference of the measures p(A) and p(g—tA):

. AN K
A TR

— lim (|A NF| [g'AnFR| | lg'An FA])
AN Y | F3 | £
. |gTrANFEy (]A NE |gtAN FA|)

= lim —= + lim —
A—=p |F>\| A—=p |F)\’ ‘F)\‘

= lim g7 AN B
A—=p ’F)\‘

= p(g~"'A)

This is the required invariance of p, thus completing the proof. n

By modifying the above argument to keep track of the indices, we can construct
1 so that it agrees with the density of a given subset of G. This results in a finitely
additive version of the well-known Furstenberg Correspondence Principle.

Corollary 1.2.26. Let F be a cancellable Folner net for a semigroup G whose
index set has infinite tails, and fir a subset Ay C G. Then there is an invariant
mean p : P(G) — [0,1] such that u(E) < 05(E) for all E C G, with equality when
E =E,.

Proof. First, we may drop to a subnet that realizes the density of Fy: i.e. select a
subnet F := (F),);er so that

. |EoN Fy,|
05(Ep) = lim ————.
7(Fo) = lim ==
Then clearly F is still a cancellable Fglner net, and dropping to this subnet only
makes the density function smaller: d4(F) < 64(FE) for all E C G, with equality
when F = Ej by choice of the subnet. Thus the invariant mean p := ug constructed
in Theorem 1.2.25 satisfies the desired properties. [

Corollary 1.2.27. Let G be an SFC semigroup, and let E C G have positive density
with respect to some Folner net. Then u(E) > 0 for some invariant mean p on G.

Proof. 1f E has positive density with respect to some Fglner net, then by Theorem
1.2.21(b), there is a cancellable Fglner net & with infinite tails such that d5(£) > 0.
By Corollary 1.2.26, we can find an invariant mean g such that u(E) = d5(E) > 0,
as required. O

1.2.5 Poincaré Recurrence Theorem

Theorem 1.2.25 shows that if a set has positive density with respect to a Fglner net,
then it has positive measure with respect to some invariant mean. This elucidates
a deep connection between combinatorial statements about density in semigroups
and statements about measure-preserving systems in ergodic theory. When viewed
under this lens, a technical lemma of Bell-Ghioca—Tucker translates into an elegant
theorem about recurrence in measure-preserving systems, called the Poincaré Re-
currence Theorem. In this subsection, we use this ergodic point-of-view to generalize
their lemma to arbitrary semigroups satisfying the strong Fglner condition.
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If (X,u) is a (finitely additive) probability space, then a measurable map ¢ :
X — X is measure-preserving if

wlp (B)) = u(E) for all measurable sets E C G.

The Poincaré Recurrence Theorem states that, in a measure-preserving system,
almost all points in a set E of positive measure will return to E infinitely often. See
[Berg00] for an account of the history of this old theorem. Since the proof uses only
finite additivity instead of the full countable additivity, we state it with this weaker
hypothesis.

Theorem 1.2.28 (Poincaré Recurrence). Let ¢ : X — X be a measure-preserving
transformation of a finitely additive probability space (X, u), and let E C X be a set
of positive measure. Then there exists n > 1 so that

p(ENe™(E)) > 0.

Proof. Let E,, := ¢ "(FE) so that u(E,) = u(E) for all n > 1 (because ¢ is measure-
preserving). Also, for m < n we have E,, N E, = ¢ ™(E N E,_,,), so again the
measure-preserving property of ¢ implies that

wWE,NE,) =pu(ENE, ) for all n > m.

Thus it is enough to show that E,, N E, has positive measure for some pair n > m.
Suppose that all of these intersections have measure zero. Choose any positive

integer N > ﬁ Then for each n € {1,..., N}, let E; denote the removal of all

other E;’s from FE,,:

N N
E,=E\|UE|=E\|[JEnE,
iZn iZn
Thus we have removed a null set from £, so that u (E;) = u(E,) = u(E). On the
other hand, the sets E\l, ey E']\V are obviously pairwise disjoint, so finite additivity
of u gives
p (B UBy) = (By) 4+ (Br)
— W(E) + -+ p(E)
= Nu(E)
> 1.

Therefore /E\lu- . -UE; has strictly larger measure than X itself, which is impossible.
This contradiction yields the desired conclusion. O

Via Theorem 1.2.26, the Poincaré Recurrence Theorem immediately translates
into the following combinatorial statement about density in semigroups. Unfortu-
nately we still require the infinite tails condition to make ultralimits work.

Corollary 1.2.29. Let F be a cancellable Folner net whose indexing set has infinite
tails, and let E C G be a set of positive upper F-density. Then for any g € G, there
exists n > 1 so that E N g " E also has positive upper F-density.
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Proof. Fix the set E. By Theorem 1.2.26, there is an invariant mean u : P(G) —
[0,1] so that u(A) < d5(A) for all A C G, with equality when A = E.

Now (G, p) is a finitely additive probability space, and the invariance of y means
that every g € (G acts as a measure-preserving transformation by left multiplication.
Since u(E) = d5(E) > 0, the Poincaré Recurrence Theorem 1.2.28 implies that there
exists n > 1 so that E'N ¢~ "FE has positive measure with respect to p. But now we
are done because of the inequality

O<u(ENg™"E)<is(ENg"E). O

We note that the cancellable and infinite tails conditions are automatic if G is
already a countable and left cancellative semigroup; thus we can remove the technical
hypotheses of Corollary 1.2.29 in this case.

Corollary 1.2.30. Let G be a countable, left cancellative semigroup, and let F be
a Folner sequence for G. Let E C G be a set of positive F-density. Then for any
g € G, there exists n > 1 so that

(Sgr(E N gan) > 0.

Proof. If F is a Fglner sequence, then its indexing set N already has infinite tails.
Also, F is automatically cancellable because G is left cancellative. So the result
follows from Corollary 1.2.29. [

Applying this directly to the case where G = (N, +) and F = ([1,n]),>1 is the
net of initial intervals, we recover the following result of Bell-Ghioca—Tucker.

Corollary 1.2.31 (Bell-Ghioca—Tucker [BGT15]). Let E C N be a set of positive
natural density. Then there exists b > 1 such that

{neE:n+be FE}
has positive natural density.

Proof. By Corollary 1.2.30 applied with G = N, the natural density ¢, and g = 1,
there exists b > 1 so that

EN(E—-b)={neFE:n+beFE}
has positive density, as required. O

For the Banach density — which is not a Fglner density — we pass through
Lemma 1.2.14 to obtain Bell-Ghioca—Tucker’s result. Recall that the Banach density
is denoted by 0* (Example 1.2.13).

Corollary 1.2.32. Let E C N be a set of positive Banach density. Then there exists
b>1 such that
{neE:n+beFE}

has positive Banach density.

Proof. By Lemma 1.2.14, there is a Fglner sequence I on N such that 6*(A) > d5(A)
for all A C N, with equality when A = E. Now apply Corollary 1.2.30 to this Fglner
sequence: we obtain b > 1 so that E N (E — b) has positive F-density. But then

0 < 65(EN(E—b) <8 (EN(E—b)

as required. O
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1.2.6 Szemerédi’s Theorem

In this subsection we specialize to the additive semigroup (N, +). In this case, a set
of positive density in N admits arbitrarily long arithmetic progressions — this is the
famous theorem of Szemerédi. We give a sketch of Furstenberg’s proof of Szemerédi’s
Theorem using Furstenberg’s Correspondence Principle. In fact, Theorem 1.2.26 can
be viewed as a finitely additive version of the following theorem.

Theorem 1.2.33 (Furstenberg Correspondence). Let A C N be a set of positive
density. Then there is a probability space (X, p), a measure-preserving mapping
v: X — X, and a measurable set E C X, such that

MENE™(E)N- N ™ (E) < O(AN (A=) -0 (A= k)
for all ky, ... k, € Ny, with equality only when all k; = 0.

This theorem allows us to convert density-theoretic statements into ergodic state-
ments in measure-preserving dynamical systems, like two sides of the same coin. The
below Multiple Recurrence Theorem is the ergodic interpretation of Szemerédi’s
Theorem.

Theorem 1.2.34 (Furstenberg’s Multiple Recurrence Theorem [Fur79]). Let (X, p)
be a probability space, let ¢ : X — X be a measure-preserving mapping, and let
E C X be a set of positive measure. Then for all £ > 1, there exists b > 1 such that

p(Ene(B)N---Nne *(E)) > 0.

Note that the Multiple Recurrence Theorem is a vast generalization of the
Poincaré Recurrence Theorem, because the latter is exactly the ¢ = 1 case of the
former.

Now we show how Furstenberg’s Multiple Recurrence Theorem 1.2.34 implies
Szemerédi’s Theorem that a set of positive density must contain arbitrarily long
arithmetic progressions. In fact, there is a positive density set of arithmetic progres-
sions of a given length.

Corollary 1.2.35 (Szemerédi’s Theorem [Sze75]). Let A C N be a set of posi-
tive natural upper density. Then A contains arbitrarily long (but finite) arithmetic
progressions. In fact, for each length ¢ > 1, there exists b > 1 such that

d{aeA:a,a+b,...,a+lbe A}) > 0.

Proof. By the Furstenberg Correspondence Theorem 1.2.33, there is a measure-
preserving mapping ¢ : X — X of a probability space (X, i), along with a measur-
able subset £ C X, such that

WENe™(E)N--Ne ™™ (E) <6ANA-k)N--N(A-k)) ()

for all k,...,k, € Ny, with equality when all £, = 0. Now let £ > 1. Then by
Furstenberg’s Multiple Recurrence Theorem 1.2.34, there exists b > 1 such that the

measurable set
Ene*(E)n---ne *E)

has positive measure. By inequality O, this implies that
AN(A=b)n---N(A-0b)={acA:a,a+b,...,a+lbe A}

has positive density. This is exactly what was to be shown. O]
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1.3 Dynamics in Noetherian Spaces

In this section, we apply the notions of IP set and Fualner density to dynamical
systems. For a rational map ¢ : X --+ X of an algebraic variety X, we investigate
the return set

E={n>0:¢"(x)e C},

where x € X is a point and C' is a subvariety of X. The Dynamical Mordell-Lang
Conjecture asserts that if F is infinite, then it contains an arithmetic progression;
equivalently, C' contains a @-periodic subvariety. Although this problem remains
open in general, a theorem of Bell-Ghioca—Tucker provides an “asymptotic” version
of this conjecture, showing that either E has zero upper density or contains an
arithmetic progression. Heuristically, their theorem shows that E can be “large”
only when it has some reasonable recurrence property. First, we generalize this
result to the action of a semigroup on a noetherian space, and investigate when E
can be an IP set. Second, we prove that if F/ is an IP set, then some closed subset
of C'is invariant for some subsemigroup.

In this section, we introduce the basic definitions and properties of a dynamical
system on an algebraic variety, and more generally on noetherian topological spaces.

1.3.1 Orbits and Return Sets

In this section we define the orbit of a continuous map ¢ : X — X. To include the
action of a rational map on an algebraic variety, we broaden our setting to include
partially-defined maps ¢ : X --» X.

Let X be a topological space. We write ¢ : X --» X to denote the germ of
a continuous mapping ¢ : U — X defined on some open subset U of X; we fre-
quently conflate ¢ with its germ. Let us denote the domain dom(y) := U. Two
such partially-defined mappings may be composed by restricting the domain appro-
priately; to avoid empty domains, we may assume that X is irreducible (i.e. any
two nonempty open sets have nonempty intersection). Thus we have defined the
compositional semigroup of continuous maps ¢ : X --+ X, which contains the sub-
semigroup consisting of (the germs of) globally-defined continuous maps ¢ : X — X.
The following notations will be used to denote these semigroups:

Top(X) := {globally-defined continuous maps ¢ : X — X}

Top” (X) := {partially-defined continuous maps ¢ : X --» X}

By an action (resp. partial action) of a semigroup G on X, we mean a semigroup
homomorphism G — Top(X) (resp. G — Top™(X)). We make no effort to distin-
guish an element g € G from the corresponding function in Top(X) or Top™(X), so
we write gr to denote the image of a point x € X under an element g € G. We use
the notation G ~ X to denote both actions and partial actions.

Given a partial action G ~ X, a point x € X is said to have well-defined
G-orbit if z lies in the domain of every g € GG, and also hx lies in the domain of
every g € GG for all h € G. Thus the domain of the action G ~ X is the set of
points with well-defined G-orbit:

dom(G) :={x € X : z, he € dom(g) for all g,h € G}.
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There are two advantages to this definition. First, dom(G) is a G-invariant subset
of X: if x € dom(G) and g € G, then gx € dom(G). Second, the restricted action
G ~ dom(G) is globally-defined. This frequently allows us to reduce to the case of
a globally-defined action.

In this thesis, we are primarily interested in the intersection of an orbit with a
given closed set C' C X. Thus, for a set C C X and x € dom(G), we define the
return set of z to C by

Ret(z,C) = Retg(z,C) :={g € G : gz € C}.

This is one of the most important notations in this thesis, because all our main
results concern the structure of return sets in dynamical systems.

Example 1.3.1. Fix any continuous partial mapping ¢ : X --+» X. Then ¢ induces
an action of the semigroup N on X by

N — Top#(X),  n "
Conversely, any action N ~ X is determined by 1 +— ¢.

Example 1.3.2. Let ¢1,...,¢04 : X --+» X be commuting mappings under com-
position, i.e. ©; 0 p; = p; o y; for all i,j. These induce an action of N? on X
by

Nd—>TOp#(X), (ai,...,aq) — @it oot

Conversely, any action N* ~ X is determined by e; — ¢;, where e; € N? is the ith
standard unit vector.

1.3.2 Noetherian Spaces

A topological space X is noetherian if it does not contain an infinite descending
chain of closed subsets; equivalently, X does not contain an infinite ascending chain
of open sets. The most salient examples are quasiprojective varieties, which are
Noetherian spaces when equipped with the Zariski topology. Noetherian spaces are
exactly those that satisfy the noetherian induction principle: every nonempty
collection of closed subsets of X must have a minimal element. Thus many ar-
guments involving noetherian spaces can be done by assuming we have solved the
problem for proper subspaces and proceeding by induction.
Below is a neat characterization of noetherian spaces.

Proposition 1.3.3. A topological space X is noetherian if and only if every subset
of X is compact. Consequently, the only Hausdorff noetherian spaces are the discrete
finite sets.

Proof. Suppose that X is noetherian. Clearly every subset of X is noetherian with
the subspace topology; thus it suffices to show that X is compact. Let (U;)er
be an open cover of X indexed by some infinite set I, and denote the open set
Up = UieF U; for each finite set F© C I. Since each Up is open, the noetherian
property allows us to select a maximal such Ugr. Then clearly Ur = X, so we have
obtained a finite subcover.

Conversely, suppose every subset of X is compact. Towards contradiction, as-
sume that there is some infinite ascending chain U; C Uy C Us C - - - of open subsets

41



of X. Then by hypothesis, the full union K := |J,~, U, is compact, so there is a
finite subcover K = U; U --- U U, for some n > 1. But then U,, = U, 4, which is a
contradiction. Thus there can be no such ascending chain, and we are done.

Now assume X is noetherian and Hausdorff. Then every subset of X is compact,
hence closed, so X is discrete. If X contains infinitely many elements x, s, z3, . . .,
then {x1} C {z1,22} € {21, 22,23} C is an infinite ascending chain of closed sets.
Thus X is finite. []

Our main example of noetherian spaces are algebraic varieties.

Example 1.3.4. Any quasiprojective variety X is a noetherian space. Indeed, X
would be a subspace of some n-dimensional projective space P™ (over some field K),
so it is enough to show that P" is noetherian. But P" is a union of finitely many
copies of the n-dimensional affine space A", so in turn it is enough to show that the
affine space is noetherian. This last claim follows from the fact that the polynomial
ring K[zy,...,x,] is a noetherian ring; this is Hilbert’s Basis Theorem [Har77].

1.3.3 IP Return Sets on Noetherian Spaces

Now we begin our investigation of when return sets are IP sets. The key heuristic
is that, in a noetherian space, an orbit should not return to a closed set C' “too
often” — unless it already returns to C' periodically. In this subsection, the term
“too often” refers to an IP set. But below is an example where the heuristic fails
when “too often” means “infinitely often”.

Example 1.3.5 ([Lec53]). Let F, be the field of p elements, and let K = F,(t) be
the function field in an indeterminate t. Let X := A?(K) be the affine plane over
K so that X is a noetherian space, and define a linear map

p: X =X, p(zy) = (tz,(1+1)y).
Let ¢ :=(1,1) € X and let C be the line y = 1 + x:
C:={(x,y) e X :y=1+zx}.
Then the associated return set is

Ret,(q,C) = {1,p,p*, 0", .. .}.

Indeed, observe that ¢"(q) = (", (1 +t)"), which lays on the line y = 1 + z if and
only if

(1+t)"=1+1t" = n = p* for some k > 0.

In particular, the return set is infinite and yet not IP. Moreover, Ret,(z, C') has zero
density with respect to both natural and Banach densities, so it cannot contain an
infinite arithmetic progression.

Note that this example relies on the characteristic of K being positive. The
Dynamical Mordell-Lang Conjecture implies that an example as above cannot exist
in characteristic zero.

Now we prove that if the return set s an IP set, then in fact the return must
occur periodically. In the case G = N, the word “periodically” would mean “along
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an infinite arithmetic progression”. For general semigroups, we use cosets instead
of arithmetic progressions: by a right coset in G, we mean a set of the form Hyg,
where ¢ € G and H is a subsemigroup of G. Note that the side of the coset is
irrelevant when G is a group, due to the identity Hg = g(g ' Hg).

Theorem 1.3.6. Let G be a semigroup acting partially on a noetherian space X,
let x € X be a point whose G-orbit is defined, and let C' C X be a closed set; define
the return set

E¢ = Retg(z,C) ={g € G: gz € C}.
If E¢ is an IP set, then it contains a right coset of a subsemigroup of G.

Proof. First, we can immediately reduce to the case where G acts by globally-defined
mappings, simply by replacing X with the G-invariant subspace X’ := dom(G) of
points with well-defined G-orbit. Note that X’ is nonempty since it contains x. Since
noetherian-ness is preserved for taking subspaces, and the return set is unchanged
upon restricting the action to X', we may thus make the replacements X — X’ and
C — CN X' to assume that every g € G is globally defined.

Now we proceed by noetherian induction on C'; thus assume we have proven the
result for E¢or for every proper closed subset C’ of C.

Let p be an idempotent ultrafilter containing F := Es. Then the set E7P =
{9 € G: g7 'E € p} is p-large, in particular it is nonempty, so we can select some
element b € E~P. Now define the following closed subset of C"

C'=CNb'C={reX xbrecC}

If C" = C, then C C b~'C, which means that C is b-invariant. In this case we
are done: if g € F is chosen arbitrarily, then E contains the right coset (b)g. Here
(b) = {b™ : n > 1} is the subsemigroup generated by b.

Thus assume ¢’ C C. But the return set of C" is Eo» = E N b 'E, which is
a member of p (being the intersection of the two p-large sets £ and b~'FE) and
so E¢r is an IP set. Thus, by noetherian induction, F¢ contains a translate of a
subsemigroup. We are done because E¢o C E¢. O

An equivalent formulation of Theorem 1.3.6 is that if E¢ is an IP set, then C
must contain a G-periodic closed subset. Here we say that a subset A of X is
G-periodic if there is a subsemigroup H of GG such that A is H-invariant.

Corollary 1.3.7. If E¢ is an IP set, then C contains a G-periodic closed subset C’
such that gx € C' for some g € G.

Proof. If E¢ is 1P, then Theorem 1.3.6 implies that there is a subsemigroup H
and element gy € G so that Hgy C Ec. Now fix any element hyg € H, and let
Yo = (hogo) - z. Then y € C. Let C" be the closure of the H-orbit of y; we
immediately see that y € ¢’ C C and that C’ is H-invariant. Thus C” is the desired
G-periodic closed set. O]

Theorem 1.3.6 can be used to give an example of an infinite IP set which is not
a dynamical return set.
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Example 1.3.8. Recall the ternary set 7' C N from Example 1.1.23: it consists of
those integers n € N whose ternary expansion has no 2’s.

T =FS(3") = {3" + -+ 3" 1y < - < ).

Thus T is an IP set. But T cannot contain an arithmetic progression because its
natural density is zero (see Example 1.2.18). By Theorem 1.3.6, it follows that T’
cannot be the return set in any action (N, +) ~ X on a noetherian space X.

One drawback in Theorem 1.3.6 is that the coset may be a singleton: for example,
if G has an identity and H = {1} is trivial, then any coset of H is a singleton —
so the conclusion is degenerate in this case. In fact, if x € C' then E¢ is an IP set
because it is a member of the principal ultrafilter ;. So Theorem 1.3.6 should be
used with caution.

Since N has no idempotent elements (and thus, no principal idempotent ultra-
filters), there is no issue of a degenerate IP set. Thus we have the following version
of Theorem 1.3.6 for finitely many commuting mappings (for which even the d = 1
case is interesting).

Corollary 1.3.9. Let v1,...,04 : X --» X be a finite collection of commuting
maps, and let

Ec={(ny,...,ng) €N (o' 00 ht)(x) € C}.
If E¢ is an IP set, then it contains a multiprogression, i.e. a set of the form
@+ Nb={(a1,...,aq) +n(by,...,by):n>1},
where @ = (ay, ..., aq) and b= (by, . ..,by) are positive integer vectors.

Proof. Theorem 1.3.6 implies that Ec contains a coset @+ B where B is a subsemi-
group of N?. But now, selecting any b € B, it is clear that @+ Nb C @ + B C E¢.
Thus @ + Nb is the desired multiprogression. ]

Another way to avoid a trivial coset in Theorem 1.3.6 is by making a few mild

assumptions on G; note that this applies when G is a finitely generated abelian
group.
Theorem 1.3.10. Suppose that G is a left cancellative semigroup with at most
finitely many torsion elements. Suppose that there is a sequence of distinct ele-
ments (gn)n>1 such that FP(g,) C Ec. Then Ec contains a coset of an infinite
subsemigroup.

Proof. Since G has only finitely many torsion elements, we can assume that all the
gn’s have infinite order without loss of generality (by replacing the sequence (g, ) with
a sufficiently late tail-end). Also, since E¢ contains the finite product set generated
by a sequence of distinct elements, Theorem 1.1.32 implies that E¢ belongs to a
nonprincipal idempotent ultrafilter p € G \ G.

Now follow the proof of Theorem 1.3.6 until the point where we select an element
b € E7P: since p is nonprincipal, we know that £~" is infinite, so we can select some
element b € E~P of infinite order. Thus the subsemigroup (b) is infinite, and the
rest of the proof is identical to Theorem 1.3.6. n

In the case G = N, it would be nice to obtain a neat statement such as “E¢g
is a finite union of arithmetic progressions with a non-IP set”. Unfortunately, an
adaptation of the argument in [BGT15, Theorem 1.4] would involve translating a
IP set, which may not result in an IP set (e.g. 2N is IP whereas 1 + 2N is not IP).
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1.3.4 Return Sets of Positive Density

In this subsection, we turn our attention to the action of an amenable semigroup
G on a noetherian space X. In the case G = N we recover the “weak” Dynamical
Mordell-Lang Conjecture of Bell-Ghioca—Tucker. Our prototypical theorem says
that if a return set has positive measure with respect to some invariant mean on G,
then it contains a coset of a subsemigroup.

Theorem 1.3.11. Let G be an amenable semigroup acting on a noetherian space
X, let x € X be a point with well-defined G-orbit, and let C C X be a closed set;
define the return set

Ec = Retg(z,C) ={g€ G: gz € C}.

If Ec has positive measure with respect some invariant mean on G, then Ec contains
a right coset of a subsemigroup of G.

Proof. The argument is very similar to that of Theorem 1.3.6, except in place of the
idempotence property “ENg~'E € p”, we apply the Poincaré Recurrence Theorem
1.2.28.

As in Theorem 1.3.6, we immediately reduce to the case where every g € G is a
globally-defined mapping on X. Let p be an invariant mean such that u(FE¢q) > 0,
and fix an arbitrary element b € G. Then by the Poincaré Recurrence Theorem,
there exists n > 1 so that

/J(EC N binEc) > 0.

But if we let C' := C'Nb"C, it is clear that the return set to C’ is exactly
Ecr=FEcNb"Ee.

Now C” is a closed subset of X. If ¢ C C, then we may proceed by noetherian
induction. Otherwise C’ = C', which implies that C' is b"-invariant, and therefore
E¢ contains the coset (b")g for any g € E¢. Either way, the proof is complete. [J

Theorem 1.3.11 is not practical, since our only examples of invariant means
are abstract ultralimit constructions; however, Corollary 1.2.27 allows us to replace
invariant means by Fglner densities, of which we have many useful examples.

Corollary 1.3.12. Let G be a semigroup satisfying the strong Folner condition, and
suppose that Ec has positive density with respect to a Folner net on G. Then E¢
contains a coset of a subsemigroup.

Proof. If Ec has positive density, then by Corollary 1.2.27, there is an invariant
mean /4 such that u(E¢) > 0. It follows from Theorem 1.3.11 that E¢ contains a
coset of a subsemigroup. [

Theorem 1.3.11 has the same issues as its combinatorial cousin Theorem 1.3.6:
the resulting coset may be a singleton. The problem stems from the arbitrary choice
of b in the proof, but we can solve this by choosing b to have infinite order, i.e. b
generates an infinite subsemigroup.

Corollary 1.3.13. Suppose that G is amenable with at least one element b € G of
infinite order, suppose that u(Ec) > 0 for some invariant mean p on G. Then E¢
contains a coset of an infinite subsemigroup of G.
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Proof. Follow the proof of Theorem 1.3.11 — except instead of selecting b € G
arbitrarily, select b of infinite order and note that (b™) must be infinite. O

Our analysis recovers a result of Bell-Ghioca-Tucker for a single mapping ¢ :
X --» X, which is Corollary 1.3.12 for the Banach density on N. In fact, we apply
our results with G = N? to get a version for several commuting maps just like
Corollary 1.3.9. Recall the box Banach density from Example 1.2.16:

ENB
0" (E) = limsup [EN B for £ C N,
Blooo | B

where the limsup is taken over all boxes B = [aq,b1] X -+ X [aq,bg]. In the below
theorem, we define a multiprogression in N to be a set of the form

@+ Nb={(a1,...,aq) +n(by,...,by):n>1},

—

where @ = (a1, ...,aq),b = (by,...,bq) € N are vectors of positive integers.

Corollary 1.3.14. Let p1,...,0q : X --» X be a finite collection of commuting
maps, let x € X be a point in the domain of ©1* o---o @y for all ny,...,ng € N,
let C C X be a closed set, and consider the return set

Eo = {(n,...,na) € N (g o0 ) (x) € C}.
If 6*(E¢) > 0, then Ec contains a multiprogression.
For d = 1, this is [BGT15, Proposition 3.1].

Proof. Note that 1, ...,y induce a semigroup action N ~ X, where

1

(nla'--and)ngl O"'O@Zd'

If 5*(E¢) > 0, then by Lemma 1.2.17, E¢ has positive density with respect to some
Folner sequence. The result now follows from Corollary 1.3.12, noting that that
every coset of a subsemigroup of N? contains a multiprogression. O]
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Chapter 2

Automorphism Dynamics in
Polycyclic Groups

Motivated by the noetherian spaces used in Chapter 1, in this chapter we examine
groups satisfying a an ascending chain condition on their subgroups. Our setting
will be the famous class of polycyclic-by-finite groups, which are groups built from
extensions of cyclic and finite groups. We show a “weak” Dynamical Mordell-Lang
type theorem for an automorphism ¢ : G — G of a polycyclic-by-finite group G: for
a normal subgroup N < G and element € G, we show that if ¢"(z) € N for n
in a set of positive density, then in fact the intersection occurs for n in an infinite
arithmetic progression.

2.1 Polycyclic Groups

In this section, we introduce polycyclic-by-finite groups as iterated extensions of
cyclic and finite groups. Examples of these groups include finitely generated nilpo-
tent groups and solvable noetherian groups. We define the Hirsch length of a poly-
cyclic group, using the Schreier Refinement Theorem to prove that Hirsch length is
well-defined.

A good introduction to polycyclic groups and Hirsch length can be found in
[Mann], and we loosely follow this source for the exposition below.

2.1.1 Subnormal Series and Extensions

A cyclic-by-finite group is one containing a cyclic normal subgroup of finite index.
Such G fits into a short exact sequence

l1-N—-G—-G/N—1

where the second term is cyclic and the fourth term is finite. More generally, we
can define X-by-Y groups — for example, an abelian-by-finite group would have a
normal abelian subgroup of finite index, and a finite-by-abelian group would have
a finite normal subgroup with abelian quotient. This notation can be nested: for
example, a group like (Z X Z) X Zs is (cyclic-by-cyclic)-by-cyclic. To deal with these
iterated extensions, we introduce subnormal series.

A subnormal series in a group G is a finite descending chain of subgroups of
the form

G=Gyb GGy Gy = {1}
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where each G; is a normal subgroup of G;_; (but we do not require that G; is normal
in G). The quotient groups G;/G; 1 are called the factors of this subnormal series.
For example, if G is (abelian-by-finite)-by-cyclic, then G has a normal abelian-by-
finite subgroup G; such that the quotient G/G; is cyclic, and in turn G; has an
abelian normal subgroup Gy of finite index. In total, we have a subnormal series
G > Gy > Gy > {1} where the factors G/G1, G1/Go, and Go are respectively
cyclic, finite, and abelian. This is an example of how we will use subnormal series
to represent iterated extensions.

Finally, a polycyclic group is a group admitting a subnormal series all of
whose factors are cyclic; such a series will be referred to as cyclic series. Such a
group is obtained by taking repeated extensions by cyclic groups. Of course, one
can similarly define poly-X groups where X is some group-theoretic property; for
example, polyabelian groups are better known as solvable groups.

Example 2.1.1. Cyclic groups are obviously polycyclic, with a cyclic series of length
1. Thus Z is polycyclic, and Z/nZ is polycyclic for any n > 1.

Example 2.1.2. A direct product of two polycyclic groups is again polycyclic.
Recall that if GG, H are two groups, then they each embed as normal subgroups of
the direct product G x H, and we therefore have an extension

1-G—-GxH—H—1.

Thus G is a polycyclic normal subgroup of G x H such that (G x H)/G ~ H is
polycyclic. It follows that G x H is polycyclic by Proposition 2.1.11 below.

Now we can see that any finitely generated abelian group is polycyclic, because
such a group is a direct product of finitely many cyclic groups.

Example 2.1.3. Generalizing the last example: the semidirect product of two poly-
cyclic groups is again polycyclic. Recall that if 0 : H — Aut(G) is a group homo-
morphism, then we can define a multiplication on G x H using o as a twist:

(9,1)(g', 1) = (gon(g'), hI).

Identifying G, H with G x {1}, {1} x H respectively, this product can be remembered
as o,(g) = hgh™', which makes every oy, into an inner automorphism. This operation
results in a group called the semidirect product, denoted G x, H. Now g — (g,1)
gives an embedding of G as a normal subgroup of G x, H, and the corresponding
quotient is (G %, H)/G ~ H. Thus G X, H fits in a short exact sequence

1-G—-Gx, H—>H—1.

If G, H are polycyclic, it follows from Proposition 2.1.11 (below) that G x, H is
polycyclic.

Example 2.1.4. The cyclic group Zy ~ {1, —1} acts on Z by multiplication. Since
Zo and 7Z are both polycyclic, the resulting semidirect product D, := Zsy X Z is also
polycyclic. This is known as the infinite dihedral group. A presentation for this
nonabelian group is

Do ~ (z,y oy =y 'z,2* = 1).
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Example 2.1.5. Poly-Z groups have a special structure that we investigate here.
First, note that a short exact sequence of the form

1 N—-G—=7Z-—=>1

must split: 7.e. the map G — Z has a right inverse homomorphism Z — G, say
n +— z,. This is because Z is the free group on one generator, so we can define
Z, — G on the generator and extend to a homomorphism. A split extension always
results in a semidirect product: thus

G~NxZ.

This proves that any extension with infinite cyclic quotient must split as a semidirect
product. An inductive argument based on this observation shows that any poly-Z
group G must be isomorphic to an iterated semidirect product of the form

G (((ZXZ)XZ)x---) X 7.

The choice of automorphism at each extension allows one to create a myriad of
examples from this construction. In the next section, we will see that any virtually
polycyclic group is a finite extension of a poly-Z group of the above form.

Example 2.1.6. Let Zy = Z /27 denote the cyclic group of order 2. Then Z, acts
on Z x 7 by swapping coordinates: (z,y) — (y,z). The resulting semidirect product
(Z x Z) x Zs is polycyclic.

Example 2.1.7. The Heisenberg group is the subgroup of GL3(Z) consisting of
all 3 x 3 upper-triangular matrices with 1’s along the diagonal.

1 Z 7Z 1 a b
H=10 1 Z| = 0 1 c¢f{:a,bceZ
0 0 1 0 01
This group has the following presentation:

He~(ry,z:2=[x,y] e,z = [y, 2] = 1)

where x,y, z are the three matrices

11
r:= 1|0 1
0 0

[ =)
o~ o
_— o
o~ o

1 1 1
y Y= 0 , R I= 0 0
0 0 1

From this, it follows that H; := (z, 2z) is a normal subgroup of H and Hj := (x) is
a normal subgroup of Hy, so that we have a cyclic series

H (,2) > (z) & {1},
Therefore H is polycyclic.

Example 2.1.8. Recall that a solvable group is one admitting a subnormal series
with abelian factors; thus every polycyclic group is solvable. But here we use wreath
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products to give an example of a finitely generated solvable group which is not
polycyclic.

First we define the lamplighter group L as the wreath product Zs ! Z. Let
U := @, Z> be the abelian group of all finitely supported, doubly infinite sequences

U = (un)nEZ - ( <oy Un—1, Up, Up41, - - )

with entries mod 2, under termwise addition. Think of these as an infinite line of
street lamps, each of which is either “on” or “oft”, with only finitely many lit at
once. Then we have a group action Z ~ U by shifting: for ¢ € Z and a sequence
u = (uy,) € U, we define the shifted sequence g -u € U by

(- u)n = Up_g.

Thus we have a homomorphism Z — Aut(U). The resulting semidirect product is
called the restricted wreath product 7, Z:

L =717 :=U x Z.

This is also known as the lamplighter group: there is a generator a of order 2
representing how the lamplighter can switch a lamp on/off, and a generator b of
infinite order representing how the lamplighter moves one lamp to the next. More
concretely, L has the following presentation with infinitely many relations:

L={ab: (ab"ab ™) =1foralln e Z).

Thus L is finitely generated. To see that L is solvable, note that it fits in a short
exact sequence
1-=U—=L—-7Z—1

where the second term is abelian and the third term is infinite cyclic. Thus L is
abelian-by-cyclic, thus solvable.

On the other hand, L is not polycyclic, or even polycyclic-by-finite. Indeed, every
subgroup of a polycyclic-by-finite group is finitely generated by Proposition 2.1.20
below, and yet L has the infinitely generated subgroup U = @,_, Zs. Therefore the
lamplighter group is not polycyclic.

1€EZ

Example 2.1.9. Every finitely generated nilpotent group is polycyclic. Recall that
a group G is nilpotent if its lower central series

G =7(G) & n(G) = 7(G) -
defined recursively by
Vi+1(G) = [(G), G

terminates with v,(G) = 1 for some n. For a proof that all finitely generated
nilpotent groups are polycyclic, see [Mann, Theorem 2.18].

Example 2.1.10. Polycyclic groups have deep connections to linear groups. Mal-
cev showed that a solvable subgroup of GL,(Z) is polycyclic [Mal]; conversely,
Auslander—Swan showed that every polycyclic group admits a faithful representation
in GL,,(Z) for some n > 1 [Swan].
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Below we verify various permanence properties of polycyclicity that were used
in the above examples: polycyclicity is preserved for subgroups, quotients, and
extensions.

Proposition 2.1.11. Let G be a group.
(a) Let H < G. If G is polycyclic, then so is H.
(b) Consider a short exact sequence

l1-N—->G—-G/N—1

where N is a normal subgroup of G. Then G is polycyclic if and only if N and
G/N are both polycyclic.

Proof. (a) We intersect H with an appropriate subnormal series of G. Let
G=Gy> G B Gy ={1}
be a cyclic series for G. Then we have the restricted subnormal series
H=HNGy>HNG>--->HNG, = {1},

whose factors are cyclic because of the embeddings (H N G;)/(H N G;) — Gi/Gia
and the fact that a subgroup of a cyclic group is cyclic. This shows that the above
is a cyclic series and we are done.

(b) First suppose that G is polycyclic; then N is polycyclic by (a). To see that G/N
is polycyclic: start with any cyclic series G = Gy > Gy &> --- > G,,, = {1} for G,
and take the quotient modulo NV to get a subnormal series

EZNGOENGl ENGQ E...EN_Gm:{l}

N N N N N

for G/N. The factors of this series are cyclic because of the inclusions

NG;/N G
— .
NG /N Gin

This proves that G/N is polycyclic.

Conversely, suppose that N and G/N are both polycyclic. Then a cyclic series
G/N =Qo > -+ > Q, = {1} corresponds, via the quotient map, to a subnormal
series of the foom G = Gy > --- > G,,, = N, where G;/N = Q;; the factor G;/G;.4
is cyclic because it naturally embeds in the cyclic group @;/Q;+1. Next, we append
a cyclic series for NV to the bottom of this one. Indeed, ift N = Ny &> --- > N, = {1}
is a cyclic series for NV, then we can create a subnormal series for G as follows:

This is a cyclic series because it is the appension of two such. This proves that G is
polycyclic. O

We conclude this subsection with an important property of polycyclic groups.

Proposition 2.1.12. FEvery polycyclic group is finitely generated.
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Proof. Suppose that
G=G>G >G> >Gy,={1}

is a cyclic series for G. We prove the proposition by induction on m. If m = 1, then
G1 ={1} and G ~ G/@G, is already cyclic, hence finitely generated.

Now assume m > 2. It’s clear that (G; has a subnormal series of length m—1, and
(G/G1 has a subnormal series of length 1 because it is already cyclic. By induction,
G1 and G/G; are finitely generated. But now we have a short exact sequence

1-G —-G—>G/Gy — 1

where the second and fourth terms are finitely generated groups. It is a standard
group theory exercise to show that the middle term in such a sequence must also be
finitely generated; therefore G is finitely generated. n

2.1.2 Virtually Polycyclic Groups

A group is virtually polycyclic if it admits a polycyclic subgroup of finite in-
dex. At first, this seems to be slightly weaker than being polycyclic-by-finite, which
requires the admission of a normal polycyclic subgroup of finite index. But by us-
ing the following group-theoretic trick, we will see that “virtually polycyclic” and
“polycyclic-by-finite” are in fact equivalent.

Lemma 2.1.13. Let G be a group and let H be a subgroup of finite index. Then:
(a) H contains a finite index subgroup N such that N is normal in G.

(b) Suppose that G is finitely-generated. Then H contains a finite index subgroup
N such that N is invariant for every endomorphism of G.

Proof. (a) Let d := [G : H] be the number of distinct left cosets of H in G. The
group action G ~ G/H manifests itself as a homomorphism

G — Sym(G/H),

where Sym(G/H) is the symmetric group on the coset space G/H. Let N be the
kernel of this homomorphism:

N={geG:g(xH)=zH for all x € G}.

Clearly [G : N] < |[Sym(G/H)| = d!, so N has finite index in G. Also, notice
that N < H: indeed, H is equal to the stabilizer of the coset H under the action
G ~ G/H, and this stabilizer contains the kernel N. Thus H > N and N is the
desired normal subgroup.

(b) The assumption that G is finitely generated can be used to show that G has at
most finitely many subgroups of a given index.

Claim A: Let d > 1. Then G has only finitely many subgroups of index d.

To prove this, let K be a subgroup of index d. Then as in part (a), K can be
realized as the stabilizer of the point KX € G/K under the left-translation action
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G ~ G/K; conversely, given a transitive action G ~ {1,...,d}, the stabilizer of
any given element is a subgroup of index d. This gives a bijection between:

stabilizers of a point
in a transitive group action

{ subgroups K < GG } PN
Gn{l,...d}

of index [G: K| =d

On the other hand, there are at most finitely many such group actions: a group
action G — 9, is determined by where it sends a finite generating set of G, and
there are only finitely many such choices because Sy is finite. This proves Claim A.

Now take d := [G : H] to be the index of H in G; then by Claim A, there are
only finitely many subgroups of GG of index < d. Let N be the intersection of these

subgroups:
N= (] K

K<G
[G:K]<d

Clearly H is among the subgroups in the above intersection, so N < H. Also,
[G : N] < 0o because N is a finite intersection of finite index subgroups.

Finally, we prove that N is invariant for every endomorphism of G. Let ¢ : G —
G be an endomorphism and let K < G have index < d. We will show that the
preimage ¢~ !(K) also has index < d.

Claim B: [G: ¢ 1(K)] < d.

For this, note what happens when we take a preimage of a coset: it is either empty,
or it is a coset of the preimage.

otherwise.

o) = {5@‘1(1() if t = p(s) for some s € G, @)

Now write GG as a disjoint union of cosets G = t; K U - - - Ut,, K where m < d. Then
taking preimages, we get a disjoint union

G=¢ ' (G)=p (LE)U- U (tnK).

By formula #, each of these cosets is either a coset of ¢~ 1(K) or else it is empty.
Thus we see that G is a union of at most d cosets of ¢! (K):

G = slgo_l(K) L. sngo_l(K)

for some sy, ...,s,, where n < m < d. This proves Claim B.

Now we are ready to show that N is p-invariant. Let z € N; we must show
that ¢(z) belongs to every subgroup of index < d. But if K is one such subgroup,
then so is ¢~ }(K) by Claim B, so x € ¢ '(K). This means that ¢(z) € K. Thus
¢o(x) € N, proving that N is ¢-invariant. O

Lemma 2.1.13(a) proves that there is no difference between “polycyclic subgroup
of finite index” and “normal polycyclic subgroup of finite index”, because we can
always drop down to a normal subgroup. Thus

“polycyclic-by-finite” = “virtually polycylic”
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The same holds when “polycyclic” is replaced by any property which is closed for
subgroups:

“abelian-by-finite” = “virtually abelian”
“(poly-Z)-by-finite” = “virtually poly-Z”

and so on. From now on, we use these equivalences liberally.
Now we provide several equivalent characterizations of virtually polycyclic groups.

Theorem 2.1.14. The following are equivalent for a group G:
(a) G is virtually polycyclic.

(b) G is poly-{cyclic, finite}, i.e. G admits a subnormal series each of whose
factors are either cyclic or finite.

(¢) G is (poly-Z)-by-finite.

While property (b) states that G has a subnormal series whose factors are either
finite or cyclic, property (c) allows us to assume that the first factor is finite and the
rest are infinite cyclic. So all finite parts can be “shuffled” to the top while keeping
the infinite factors below.

Proof. “(a) = (b)”: Let G be virtually polycyclic; then G has a finite index
subgroup H such that H is polycyclic. By Lemma 2.1.13(a), we may assume that
H is normal in G. To show that G is poly-{cyclic, finite}, simply start with a cyclic
series for H, say

H=Hy>---> H, = {1},

and then append G to the top of this series:
G>H=Hy>---> H, ={1}.

This is a subnormal series for G, and the first factor G/H is finite while the rest of
the factors are cyclic. This proves that G is poly-{cyclic, finite}.

“(b) = (¢)”: Let G be poly-{cyclic, finite}, so that there is a subnormal series
G=G >G> >Gy={1}

such that each factor G;/G;44 is cyclic or finite. We proceed by induction on m. If
m = 1, then G is either finite (in which case {1} is a polycyclic subgroup of finite
index) or cyclic (in which case G is itself a polycyclic subgroup of finite index).
Either way, G is virtually polycyclic.

Now suppose m > 1. Then N := G is a poly-{cyclic, finite} normal subgroup
of G, so N is (poly-Z)-by-finite by induction, which means that N has a normal
poly-Z subgroup Ny of finite index. Now G/N is either finite or cyclic. If G/N is
finite, then Nj is a finite index poly-Z subgroup of G, and we can assume that N is
normal in G by Lemma 2.1.13(a). This proves that G is (poly-Z)-by-finite, at least
in the case where G/N is finite.

Thus we are left with the case where G/N is infinite cyclic. Let z € G be a
preimage of a generator for G/N. Maintaining the notation that Ny is a normal
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poly-Z subgroup of N with [N : Ny] < oo, we let H := Ny(z), noting that H is
poly-Z because it fits in an extension

1> No—H—(2) > 1

and poly-Z groups are preserved for such extensions (same proof as Proposition
2.1.11(b)). Thus we are done if we prove that H has finite index in G. For this, we
use the fact that [N : Ny| < 0o, so that we can write N as a finite union of cosets

N =t;NoU---UtyNy
where tq,...,ty € N. Therefore,

G = N(z)
= (tuNo LU -+ - U taNg) (2)
=t No(z) U -+ - U taNo(2)
=t HU---UtyH.

Thus G is a union of finitely many cosets of H, so [G : H| < oco. This proves that
H is a poly-Z subgroup of G of finite index. Using Lemma 2.1.13(a), we can further
shrink H to assume that it is a normal poly-Z subgroup of G of finite index, which
witnesses that G is (poly-Z)-by-finite.

“(¢) = (a)”: This statement is a tautology. If G is (poly-Z)-by-finite, then it has a
normal poly-Z subgroup N of finite index; in particular, N is a polycyclic subgroup
of finite index. O]

Here are some examples of polycyclic-by-finite groups.
Example 2.1.15. Any polycyclic group is a fortiori virtually polycyclic.

Example 2.1.16. Any finite group is virtually polycyclic (because the trivial sub-
group is polycyclic of finite index), but not necessarily polycyclic, or even solvable.
For example, the symmetric group Sj is not solvable, and therefore not polycyclic.

Example 2.1.17. If G is a polycyclic and F' is any finite group acting on G by
automorphisms, then the semidirect product G x F' is polycyclic-by-finite.

2.1.3 Noetherian Groups

Next, we set out to prove that every virtually polycyclic group is noetherian. Re-
call that a group G is noetherian if it satisfies the ascending chain condition on
subgroups: that is, given an ascending chain of subgroups

Hi G Hy C Hy G -

there exists n > 1 so that H,, = H,,1 = H,.2 = ---. In fact, this ascending chain
condition was our original motivation for the connection between polycyclic groups
and algebraic dynamics. It is worth remarking that, at present, virtually polycyclic
groups G are the only known examples where the group ring C[G] is noetherian,
and it is conjectured that there are no other examples [Ivan]

It is a standard group theory exercise to show that noetherian-ness is equivalent
to “every subgroup is finitely generated”.
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Proposition 2.1.18. A group G is noetherian if and only if every subgroup of G is
finitely generated.

Now we show that every virtually polycyclic group is noetherian. This is apparent
from the following two properties.

Proposition 2.1.19. (a) A subgroup of a polycyclic-by-finite group is again such.
(b) Every virtually polycyclic group is finitely generated.

Proof. (a) Let G be virtually polycyclic and let H be a finite index polycyclic sub-
group of G. If K < @G is some subgroup, then K N H is polycyclic (being a subgroup

of H), and it is also easy to see that K'N H has finite index in K. Thus K is virtually
polycyclic.

(b) Let G be a virtually polycyclic group, so that G has a polycyclic subgroup H
of finite index. Then H is finitely generated by Proposition 2.1.12. Now it is a
straightforward group theory exercise to show that if H is finitely generated and
[G : H| < oo, then G is also finitely generated. O

Corollary 2.1.20. Every virtually polycyclic group is noetherian.

Proof. Let G be virtually polycyclic. Then every subgroup of G is virtually poly-
cyclic and finitely generated by Proposition 2.1.19. Thus G is noetherian by Propo-
sition 2.1.18. O

Corollary 2.1.21 (Zassenhaus [Za69]). A group is polycyclic if and only if it is
solvable and noetherian.

Proof. Tt is clear that a polycyclic group is solvable and noetherian. Conversely,
suppose that G is solvable and noetherian: then G has a subnormal series

G=G >G> - >G,=1

with all factors G;/G;1 abelian. If m = 1 then G is a finitely generated abelian
group, thus polycyclic. If m > 2, then G fits into an extension

1-G —-G—=>G/Gy— 1

with G//G finitely generated abelian (hence polycyclic) and G polycyclic by indue-
tion. Since an extension of polycyclic groups is polycyclic by Proposition 2.1.11(b),
we conclude that G is polycyclic. ]

To make a point later in the thesis, we note an independently interesting dy-
namical property of noetherian groups.

Proposition 2.1.22. Every surjective endomorphism of a noetherian group is in-
jective.

Proof. Let ¢ : G — G be a surjective endomorphism of a noetherian group G. Then
the kernels of iterates of ¢ form an ascending chain:

ker(p) C ker(p?) C ker(p?) C -
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and so the noetherian property implies that
ker(¢") = ker(¢™*!)  for some n > 1.

Now we show that ¢ is injective by showing ker(y¢) = 1. Indeed, if ¢(x) = 1, then
since " is surjective, we may write x = ¢"(y) for some y € G. But then

n+1(

I=p(@)=¢""(y)

so that y € ker(¢"™!). This implies y € ker(¢") by choice of n, so r = ¢"(y) = 1.
Thus we have shown that ¢ is injective. O]

2.2 Hirsch Length

In this section we define the Hirsch length of a polycyclic-by-finite group, by taking
a cyclic-finite series and counting the number of infinite cyclic factors. We show that
this is independent of the choice of series. The Hirsch length functions as a “rank”
number associated with a polycyclic-by-finite group, generalizing the usual rank of
a finitely generated abelian group, so many arguments can be made by induction
on the Hirsch length.

2.2.1 Schreier Refinement Theorem

Consider a subnormal series A = {G = Ay > --- > A, = 1} of a group G. A

refinement of A is another series B = {G = By > --- > B,, = 1} such that
{AQ,...,Am} g {Bo,...,Bm};

i.e. some B; terms are inserted into the first series to obtain the second. We write
A < B to denote that B refines A.

Our goal in this section is to prove that any two subnormal series have equivalent
refinements. To define “equivalence”, consider two equally long subnormal series for
a group G-

G=A>--->A,=1 and G=By>---> B, =1.

These series are considered equivalent if they have the same factors up to isomor-

phism; that is, there is a permutation o of {1,...,m} so that
~ @ for all 4.
Aiv1 By

We write A ~ B to denote equivalent series.
Now we state the Schreier Refinement Theorem.

Theorem 2.2.1 (Schreier Refinement). Let G be a group. Then any two subnormal
series for G have equivalent refinements.

To prove this: given two series A and B we will insert A into B in a systematic
manner; to calculate the factors of this newly constructed series, we will require
the following consequence of the Second Isomorphism Theorem. This is commonly
known as the Butterfly Lemma or the Zassenhaus Isomorphism Theorem.
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Lemma 2.2.2 (Zassenhaus Isomorphism). Let A, B be two subgroups of a group G,
and let Ny < A, Ng < B be normal subgroups of A, B respectively. Then there is
an isomorphism

Ns(ANB)  Np(ANB)

NA(AQNB> o NB(NA ﬂB)

Proof. In fact, we show the isomorphism

Na(ANB) ANB
Na(ANNg)  (ANNB)(BNNy)

(2.1)

and notice that group on the right-hand side of 2.1 is symmetric in A and B. To
establish this isomorphism, set H := AN B and N := N4(A N Np), noting that N
is a normal subgroup of H. Then we express the left-side numerator and right-side
denominator of isomorphism 2.1 cleverly:

NAo(ANB) = (NA(AmNB)> : (AmB) — NH (2.2)

(ANNp)(BNNy) = (NA(AmNB)> N (AmB) —NNH (2.3)
Now we calculate starting on the left-hand side of 2.1:

Ni(ANB) _NH

~ by 2.2
Ni(ANNg) ~ N Y

H
~ & 77 by the Second Isomorphism Theorem
ANB
— by 2.3.
(AN NB)(BN Ny)
This proves 2.1. O

Now we can prove the Schreier Refinement Theorem.
Proof of Theorem 2.2.1. Let A and B be two subnormal series of a group G:
A={G=A4> --->A,=1} and B={G=By>---> B, =1}.
First we refine A. For 0 <7 <m and 0 < j < n, define a subgroup
Al = A (AN By).
These subgroups refine the series A, because all the Ag s fit between A; and A;yq:
Ai=A> Al > > AT > AT = A

These inclusions, and normality at each one, are routinely verified. Thus we have
created a refinement A of A. Now apply the same process with the roles of the A;’s
and B;’s reversed: for 0 <7 <m and 0 < j < n, define

J

So we have similarly constructed a refinement B of B. Both new series A and B
have length mn.
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Finally, we will prove that A and B are equivalent by using the Zassenhaus
Isomorphism Lemma 2.2.2. Indeed, for each 7 € {0,...,m} and j € {0,...,n}, we
calculate the factor A7/AJ™":

Al A(AinB))
Ag“ A (AN Bji1)
Bj1(A; N By)

"~ Bji(Ais1 N By)

by Lemma 2.2.2

B’

By
Thus the (4, j) factor of A is isomorphic to the (j,7) factor of B. We conclude that
there is an equivalence of subnormal series A ~ B, as required. O

2.2.2 Hirsch Length

Let G be a virtually polycyclic group. Then G is poly-{cyclic, finite} by Proposition
2.1.14, so GG has a subnormal series

A={G=A>A > ..>A, =1}

where, for each 0 < i < m, the factor A;/A;1 is either finite or infinite cyclic. Let
us call this a cyclic-finite series, and we define the Hirsch length of this series
as the number of infinite cyclic factors.

We apply the Schreier Refinement Theorem to prove that any two cyclic-finite
series have the same Hirsch length.

Theorem 2.2.3. Let G be a virtually polycyclic group. Then any two cyclic-finite
series for G have the same Hirsch length.

Proof. The theorem follows by combining the Schreier Refinement Theorem 2.2.1
with the following observation.

Claim: When a cyclic-finite series is refined, its Hirsch length is unchanged.

To prove this, consider a cyclic-finite series
G=Ab>--->A,=1
and suppose that a subgroup B is inserted at the ¢th position: thus
A;>BD> A,

and we assume these inclusions are proper. There are two cases: A;/A;;; is either
finite or infinite cyclic. If A;/A;; is finite, then A;/B and B/A;;; are both finite,
and the refinement has not added an infinite cyclic factor. If A;/A; 1 ~ Z is infinite
cyclic, then it contains B/A;;; as a nontrivial subgroup, so B/A;,1 ~ kZ must also

be infinite cyclic. But then the factor A;/B must be finite, because
A AiJAin
— ~ = ~7Z/KZ
B B/Ai /

is finite. This proves that the insertion of a single subgroup B does not change the
Hirsch length of the given series; inductively, the insertion of any number of terms
will not change the Hirsch length. Thus we have shown the claim. O]
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Now we can define the Hirsch length of a virtually polycyclic group G as the
number of infinite cyclic factors in any cyclic-finite series of G: i.e.

hG):={i€{0,....,m —1}:[G;: Giy1] = o0}

where G = Gy > -+ > (G, = 1 is any cyclic-finite series for G. By Theorem
2.2.3, any two such series have the same number of infinite cyclic factors, so h(G)
is well-defined.

Example 2.2.4. The Hirsch length of a finitely generated abelian group G is just
its rank. To see this, write GG as a direct sum:

G~7"T

where r > 0 is the rank of G and T is the torsion subgroup of G. Then it not hard
to see that
h(G) = r = rank(G).

For example, the polycyclic group Z* @ Z, has Hirsch length 3, because it has a
cyclic series obtained by removing factors from the direct sum one-by-one:

POl 202200 2Z&0° >0
The first factor is finite while the rest are infinite cyclic, so h(Z3 @ Z4) = 3.

Example 2.2.5. A virtually polycyclic group G is finite if and only if its Hirsch
length is zero. Indeed, if G is finite then G > {1} is already a cyclic-finite series with
no infinite cyclic factors, so h(G) = 0. Conversely, suppose G is virtually polycyclic
of Hirsch length zero, so that G has a subnormal series G = Gog &> --- > G, = 1
with all factors G;/G;;1 finite. Since index is multiplicative along chains, we get

Gl = [G/{1}] = (G Gu] = [Go: Ga]+++ [Grnr : Gin] < 0.
Thus G is finite.
Example 2.2.6. Recall the Heisenberg group H from Example 2.1.7:
H = (z,y: [z, 4]l = [y, [z, y]] = 1).
Then H has a cyclic series
HE (2, [r,y]) & () > 1,
so H has Hirsch length 3.

Example 2.2.7. Recall the infinite dihedral group D,, = Z % Zy from Example
2.1.4, which fits in an extension

1—-7Z— Dy — Zy — 1.

Since Hirsch length is additive along extensions (this is Proposition 2.2.8(a) below),
we calculate
hDw) = h(Z) + h(Zy) = 1.
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We close this section with several useful properties of Hirsch length.
Proposition 2.2.8. Let G be a virtually polycyclic group.
(a) Let N QG be a normal subgroup of G. Then h(G) = h(G/N) + h(N).
(b) Let A< G and B I G. Then h(AB) = h(A) + h(B) — h(AN B).
(¢) Let H<G. Then h(H) < h(G), with equality if |G : H] < co.

Proof. (a) We use the same argument as Proposition 2.1.11(b): simply append the
cyclic-finite series of N and G/N. Note that G/N is virtually polycyclic, being a
quotient of such. Thus we can find a cyclic-finite series for IV, which, via the quotient
map, is equivalent to a series for G:

G=Gy>--->Gn=N

each of whose factors is either cyclic or finite. Similarly, N is also virtually polycyclic,
so it has its own cyclic-finite series, say

N=Ny>..->N, =1

Now append these two series together: the result is a cyclic-finite series for G of
length m + n.

G=Gy&--BGr=N=NB---B>N,=1

The Hirsch length of this series is simply the sum of Hirsch lengths of the two from
which it was constructed. Therefore,

h(G) = h(G/N) + h(N).
(b) Since A/(AN B) ~ AB/B by the Second Isomorphism Theorem, part (a) we

et
° h(A) — h(AN B) = h(AB) — h(B)

from which the desired equation follows.

(c) Let H < G; we must show h(H) < h(G). As in the proof of Proposition 2.1.11(a):
we start with a cyclic-finite series for G, say

G:GOIZ...Eszl
and intersect with H to get a cyclic-finite series with H; = H N G;:
H=Hy>--->H, =1

Since G;/G;y1 contains H;/H; 1 as a subgroup, the latter is infinite cyclic no more
often than the former is. We conclude the inequality

h(H) < h(Q).

Now suppose [G : H| < oco. By Proposition 2.1.13(a), H has a finite index
subgroup N which is normal in G. But then G/N is a finite group, so its Hirsch
length is zero; using the formula from part (a) thus yields the sequence of inequalities

h(H) < h(G) = h(G/N)+ h(N) = h(N) < h(H)
from which we conclude h(H) = h(G). O
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Example 2.2.9. Here is an example showing that the formula
h(AB) = h(A) + h(B) — h(AN B)

does not hold if neither A, B are normal in GG; note that we define the product of
subgroups here as AB := (AU B).

Take G = Dy, = (z,y : 2> = 1,2y = y ') to be the infinite dihedral group,
and let A := (z), B := (zy). Then A, B are each cyclic groups of order 2, and
G = (AU B). On the other hand, h(A) = h(B) = h(AN B) = 0, so it is clear that
the formula does not hold.

2.3 Automorphisms of Polycyclic Groups

2.3.1 Statement of the Main Theorem

In this section we return to dynamical systems; specifically, the dynamics of an
automorphism ¢ : G — G of a polycyclic-by-finite group G. We examine the return
set of the yp-orbit of a point x € G to a normal subgroup N < G:

Rety(z, N) :=={n>0:¢"(x) € N}.

Within this setting, we obtain a conclusion analogous to the “weak” Dynamical
Mordell-Lang result of Bell-Ghioca—Tucker (Corollary 1.3.9).

Theorem 2.3.1. Let G be a polycyclic-by-finite group, let ¢ : G — G be an au-
tomorphism, let N < G be a normal subgroup, and let x € G. Define the return
set

E={n>0:¢"(z) e N}.

Then E is a finite union of infinite arithmetic progressions along with a set of zero
Banach density.

In the next three examples, we present some easily verified cases of this theorem.
In fact, in the below three cases we only use the weaker hypothesis that ¢ is an
endomorphism, and note that we get the stronger conclusion that Ey is a finite
union of arithmetic progressions (no need for a set of zero density).

Example 2.3.2. Suppose that N is finite. Then the return set E is a finite union
of sets of the form

D, ={n>0:¢"(x) =g} forged,

so it is enough to prove that each D, is a finite union of arithmetic progressions.
But it is easy to prove that if Dy has at least two elements then the y-orbit of z
must be preperiodic. Indeed, if a,a + b are the two smallest elements of D,, then
0% (x) = ***(2) = g and the p-orbit of z is the finite set

{z,0(@), ..., 9" (@)} U{g,0(9): -, " (9)}-

Thus D, is equal to the infinite arithmetic progression
D, ={a,a+b,a+2b,...}.

Theorem 2.3.1 follows.
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Example 2.3.3. If [G : N] < oo, then by Lemma 2.1.13(b), N has a subgroup N’ of
finite index such that N’ is invariant for every endomorphism of G. In particular, N’
is normal in G and ¢ restricts to an endomorphism of N, so ¢ induces a well-defined
endomorphism of G/N':

P:G/N' = G/N', 2(9) = o(g)

where g — g denotes the quotient map G — G /N'. We thus consider the return set
of T to N = N/N' under the orbit of &:

E:={n>1:9"(x) € N}.

But it is trivial to verify that o"(7) € N if and only if ¢"(x) € N — so in fact
E = E. Therefore we are in the case of an endomorphism of a finite group, so we
are done by Example 2.3.2.

Example 2.3.4. If G = Z, the only endomorphisms are z — max for some m € Z.
So every subgroup of Z is invariant for every endomorphism. Thus if p*(x) € N
for even a single a € N, then ¢*™™(z) € N for all n > a, so that F is equal to the
arithmetic progression a + N up to a finite set.

Here is a big picture outline of the proof of Theorem 2.3.1. We show the result
in two steps: (I) if 0*(E) > 0, then E contains an infinite arithmetic progression,
and (II) now show that E is a finite union of arithmetic progressions up to a set of
zero density. For step (I), the argument is structurally identical to that of our The-
orem 1.3.11 for amenable semigroups acting on noetherian spaces: by the Poincaré
Recurrence Theorem, we select b > 1 such that E' = E N (E — b) has positive
density, noting that E’ = Ret,(x, N') is the return set of « to the smaller subgroup
N’ := NN b(N). At this point it would be nice to use a minimality argument, but
since there is no descending chain condition for subgroups, we must instead argue
using Hirsch length: if h(N') < h(N), we are done by induction; if h(N’) = h(N),
all we can conclude is that [NV : N'] < co. So most of the argument is structured
around using the assumption that [N : N'] < oo to reduce to the case of Example
2.3.3, and this reduction uses a combination of Hirsch length arguments with the
ascending chain condition on subgroups. Step (II) will follow from Step (I) using
another straightforward induction on the Hirsch length.

2.3.2 Proof of the Theorem 2.3.1

This subsection is dedicated solely to the proof of Theorem 2.3.1; thus we maintain
the following notation throughout:

e (G is a polycyclic-by-finite group.
e v : G — G is a group automorphism.
e N < (G is a normal subgroup of G.

e zcG.
Then we let E be the associated return set for this data:
E :=Ret,(z,N)={n>0:¢"(x) € N}.
Our first goal is to obtain a single arithmetic progression in the case that E has

positive density.
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Proposition 2.3.5. If §*(E) > 0 then E contains an arithmetic progression.

Let us show how Theorem 2.3.1 follows from this proposition.

Proof of Theorem 2.3.1. We proceed by induction on the Hirsch length of N. If
h(N) =0 then N is finite and we are done by Example 2.3.2, so we assume h(N) >
1. Also note that we are done if E already has zero density. If E has positive
density, then by Proposition 2.3.5, E contains an infinite arithmetic progression
{a+nb:n >0} where 0 < a < b. Without loss of generality, we may assume a = 0
by making the replacement x +— ¢%(z), noting that this only shifts £ to the set
E—a={n>0:n+a € E}, and such a shift does not affect our desired conclusion.
Now for each i > 0, set

E,:={n€FE:n=i(modb)}
so that E decomposes as a finite union
E:E0|_|"'|_|Eb,1.

Thus it is enough to prove that each E; has the desired form. But now E; =i+ F;b,
where F; is the set
F,:={m>0:i+mbe E}.
So it is enough to prove that F; is a finite union of arithmetic progressions along
with a set of zero Banach density. We fix such i € {0,...,b — 1} for the remainder
of the argument.
Let H be the subgroup generated by the ¢’-orbit of z:

H := (¢"™(z) : n > 0).

It is clear that H is a ¢’-invariant subgroup of N. If K is the normal closure of H,
i.e. the smallest normal subgroup of G containing H, then:

Claim A: We are done if K is finite.
Indeed, if K is finite then {¢"™"(z) : n > 0} is completely contained in the finite set
¢'(K). Thus the sequence {¢"™(x) : n > 0} is preperiodic and we easily conclude
that F; has the desired form.

Thus assume h(K) > 0. We use the fact that H C ¢~ *(H) to prove:

Claim B: K is ¢’-invariant.

Indeed, ¢~ °(K) is a normal subgroup of G' (being a preimage of one), and it contains
H because H C ¢ °(H) C ¢ °(K). By definition of normal closure, we must have
K C ¢ °(K), which is exactly what it means for K to be ¢’-invariant.

Therefore ¢ descends to a well-defined endomorphism 1 of G/K by

v:G/K — G/K, g+ ¢%(g),

where g — g denotes the quotient map G — G /i( . But now since N > K, notice
that for g € G we have g € N if and only if g € N where N = N/K. Thus, setting
y; == ¢'(z), our set F; is exactly the return set of y; to N under the orbit of 1:

Fi={m>0:i+mbec E}
={m>0:(¢")"(¢'(x)) € N}
={m>0:¢"(y;) € N}

= Retw(yi, N)
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So now we are in the setting of an endomorphism of G/K. Note that since ¢
is an automorphism, it is clear that ¢ is surjective — since G/K is noetherian,
Proposition 2.1.22 implies that 1 is actually an automorphism of G/K. Thus the
inductive hypothesis applies to the data (G/K,,y;, N). The Hirsch length of G /K
is strictly smaller than that of G' (because A(K) > 1) — so by induction, Fj is a
finite union of arithmetic progressions along with a set of zero Banach density, as

required. O]

Now we proceed to the proof of Proposition 2.3.5. First we show that we may
replace ¢ with some iterate ¢ without losing generality.

Lemma 2.3.6. Let b > 1 and a € E. It is enough to prove Proposition 2.5.5 with
© replaced by some iterate ¢° and x replaced by some iterate ¢*(x) with a € E.

Proof. Clearly replacing a with ¢%(x) does not change the conclusion of Proposition
2.3.5, because it only translates the return set E to the set £ —a. Thus we proceed
with a = 0.
To prove that we can make the replacement ¢ +— ¢, define a sequence of sets
E; for i > 0:
E;:={n € E:n=1i(mod b)}.

Then we can express the return set £ as a union
E=FEU---UE, .

Since F has positive density, the same must be true for one of the sets Fy, ..., Fy_1;
fix F; of positive density, and fix any ¢ € F;. It follows that the set

F:={m>0:c+bmeFE}

has positive density, because E; = ¢ + bF'.
Now let y := ¢%(z) € N and ¢ := ¢’. Then the corresponding return set for the
data (¢, N,y) is exactly the set ' we defined above:

Rety(y,N) ={n>0:¢"(y) e N} ={n>0:c+bne E}=F

and we have already shown that F' has positive density. Assuming we have proven
Proposition 2.3.5 for 1 = ¢°, we conclude that F contains an infinite arithmetic
progression, say p+¢N for some p, g > 1, and it follows that E contains the arithmetic
progression

c+b(p+ gN) = (c+ bp) + (bg)N. O

The goal now is to reduce to the case of [G : N] < oo, where we are done
by Example 2.3.3. So we must find a subgroup K < G with the following two
properties:

(i) ¢ restricts to an endomorphism of K, for some b > 1; and

(ii) K contains N as a finite index subgroup.
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Once we construct such K, we can complete the proof by replacing ¢ with °
(Lemma 2.3.6) so that we have an endomorphism ¢ : K — K, and then applying
the finite index case (Example 2.3.3).

To accomplish this, we proceed by induction on the Hirsch length of N. If
h(N) = 0, then N is finite and we are done by Example 2.3.2. Thus assume
Rh(N) > 1. Since 6*(E) > 0, by Lemma 1.2.31, there exists b > 1 such that

EN(E-b)={neE:n+beFE}

also has positive density. By applying Lemma 2.3.6 we assume b = 1 without loss
of generality (this is not essential, but it simplifies the notation). But notice that
EN(E —1) is simply the return set of z to the subgroup N N¢~1(N):

ENn(E-1)={neE:n+1€EFE}
={n>1:¢"2) e NN YN}
= Ret,(z, N N }(N)).

If NN ' (N) has smaller Hirsch length than N, then £’ must contain an infinite
arithmetic progression by induction, and E contains the same progression because
E’' C E. Thus we assume h(N) = h(N’). But then

h(N) = h(N')
= h(e(N")) because N’ ~ p(N')
=h(NNe(N)) because (N N *(N)) = N N(N),

and by the product formula for Hirsch length Proposition 2.2.8(b), we see that
N@(N)/N has Hirsch length zero:

WN@(N)/N) = h(Ne(N)) = h(N)
= h(N) + h(p(N)) = h(N N p(N)) = h(N)
= 0.

Thus Np(N)/N is finite. This is the base step in the following iterative construction.
Define a sequence of subgroups K, of G:

K, :=Np(N)---¢"(N), forn>0.

Then K, is a product of normal subgroups of GG, so K,, < G. We will prove that
every K, is a finite extension of N.

Lemma 2.3.7. [K,, : N| < oo for alln > 0.

Proof. First we prove the following Hirsch length formula:
h(K, N " (N)) = h(N) foralln > 0. ()

We prove this by induction on n. If n = 0 the equation becomes A(N N p(N)) =
h(N), which we have already established in the paragraphs preceding this lemma.
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Assuming n > 1, we calculate

h(N) = h(e" (V)
> h(K, N ™ (N))

> h(SO(an) N <p"+1(N)> because ¢(K,_1) C K,

= h(p(Kai N6 (V)

= h(K,—1Ne"(N)) because ¢ is an isomorphism
= h(N) by induction.

This shows h(N) > h(K, N @ " (N)) > h(N), which establishes ({).

Now we prove the lemma, once again by induction on n, with the base case
n = 0 following trivially since Ky = N. If n > 1, then by induction we have
h(K,—1) = h(N), and h(K,-1 N¢"(N)) = h(N) by (). So we calculate

h(K,) = h(EK,-1¢"(N))
1) +h("(N)) = h(Kna N@"(N)) - since @"(N) 4 G
)

So K,, and N have the same Hirsch length, so it follows that [K,, : N] < oo because
h(K,/N) = h(K,) —h(N)=0. O

Observe that K,,; = K,¢"(N), in particular K, ;1 2 K,. We thus have an
infinite ascending chain
N=Ki<Ki<Ky<---

Since polycyclic-by-finite groups are noetherian (Proposition 2.1.20), this chain must
terminate: thus there exists n > 0 so that

Kn:Kn+1:Kn+2:"'
Let K := K,,. Then K is p-invariant because
p(K) = o(Kn) € Knp1 = K,

and we know that [K : N| < co by Lemma 2.3.7.

Thus we can restrict ¢ to an endomorphism of K. Now apply Example 2.3.3 with
the data (G, ¢, z, N) replaced with (K, ¢|k, ¢*(x), N), where a € E is chosen so that
©*(z) € N (due to Lemma 2.3.6, this replacement does not hurt our conclusion).
This completes the proof of 2.3.5.

2.3.3 Simplifications of Theorem 2.3.1 for Abelian Groups

In the case of a finitely generated abelian group, we can apply the Skolem—Mahler—
Lech Theorem to obtain a cleaner result for any endomorphism: the return set is a
finite union of arithmetic progressions. To state it, we make a general definition of
linear recurrences. Let M be an R-module where R is a commutative ring. A linear
recurrence over R is a sequence (a,)n>o of elements of M satisfying a recurrence
relation

Gy = ClGp_1+ -+ cqa,_q forall n > d,
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where ¢q,...,cq € R are constants. Given a submodule N of M, define the return
set of (a,) to M by
Ret(a,, N) :={n >0:a, € N}.

In the case N = 0 we obtain the zero set
Z(ay,) == Ret(an,0) = {n >0:a, = 0}.

Then the Skolem—Mahler-Lech Theorem is the following statement about zeros of
linear recurrences in the case R = M = C.

Theorem 2.3.8 (Skolem—Mahler—Lech [Lec53]). Let (a,)n>0 be a linear recurrence
over C. Then Z(a,) is a finite union of arithmetic progressions.

We can use this theorem to give an analogous conclusion for linear recurrences
in abelian groups (i.e. Z-modules).

Theorem 2.3.9. Let A be an abelian group, let B < A, and let (a,) be a sequence
of elements of A satisfying a linear recurrence over Z. Then Ret(a,, B) is a finite
unton of arithmetic progressions.

Proof. First we make several reductions. Noting that the image of (a,) in A/B
still satisfies a linear recurrence, we may work in A/B to assume B = {0}, so that
Ret(a,,0) = Z(a,) is the zero set. Next, if (a,) satisfies a linear recurrence of order
d, then all a,,’s lie in the subgroup generated by the initial terms ayg, . .., ag; thus we
may replace A with this subgroup to assume that A is a finitely generated abelian
group.

Now A~ Cy @ --- @ C; is a direct sum of cyclic groups, and we let m; : A — C}
denote the ith projection. Then a, = 0 if and only if m;(a,) = 0 for all 7, so that
the zero set of q,, is obtained as the intersection

Z(ay) = Z(m(ay)) N---N Z(mg(ay)).

Since a finite intersection of arithmetic progressions is again an arithmetic progres-
sion, we can replace A with C; and (a,) with its image in C; and work in a cyclic
group. This reduces to the case where A is cyclic.

If A is a finite cyclic group, then (a,) is easily seen to be preperiodic, and the
result is clear. If A ~ Z is an infinite cyclic group, Z(a,) is a finite union of
arithmetic progressions by the Skolem—Mahler-Lech Theorem. FEither way, we are
done. O

Finally we obtain a simplification of Theorem 2.3.1 when ¢ : A — A is an
endomorphism of a finitely generated abelian group A, by noting that the orbit
a, := ¢"(z) is a linear recurrence for any x € A.

Theorem 2.3.10. Let p : A — A be an endomorphism of a finitely generated
abelian group A, and let € A. Then a, := ¢"(x) satisfies a linear recurrence over
Z. In particular, for any subgroup B < A, the return set Ret,(x, B) is a finite union
of arithmetic progressions.
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Proof. Let B,, := (ay, . ..,a,) be the subgroup generated by the first n terms of the
sequence (ay)n>0. These form an ascending chain of subgroups of A:

By<B <By<---

By the noetherian property (which holds because A is a finitely generated Z-module),
there is some d > 1 so that B; = By_1, which implies that a, is a linear combination
of the previous terms ay, ..., aq_1: say

aq = C104—1 + - -+ + Cqap

where ¢y, ..., cq € Z. But now using the fact that ¢(a,) = a,41, we can apply "¢
(for n > d) to the above relation to obtain a recurrence

Qp = C1Qp—1 + -+ +cgan_q forall n > d.

This proves that (a,,) is a linear recurrence over Z.
Now it follows from Theorem 2.3.9 that Ret,(x, B) = Ret(a,,, B) is a finite union
of arithmetic progressions. [
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Chapter 3

Rational Orbits, S-Units, and
D-Finite Power Series

Let K be a field. Given a polynomial p(x) € K[z] and a multiplicative group
G < K*, we can ask how often the orbit p"(a) of a number a € K lies in G. Thus
we are interested in the return set

Retpz)(a,G) = {n > 0:p"(a) € G}.

If G is finitely generated and the return set is infinite, then the orbit (p™(a)),>o must
have some multiplicatively dependent points, so this is ultimately related to the
problem of multiplicative dependence among points in polynomial orbits. Number-
theoretic problems of this type have been studied previously in [BOSS, OSSZ19,
BNZ99, BNZ06, BNZ08].

In this chapter, we expand this setting to higher dimensions as follows. Let
¢ : X --» X be a rational mapping of an algebraic variety X defined over an al-
gebraically closed field K of characteristic zero, and let xy € X be a point whose
forward @-orbit is well-defined, so that we have an orbit xq, (), *(0), . . .. Evalu-
ating a rational function f : X --» K along this orbit (so long as the orbit avoids the
indeterminacy locus of f), we ask how often the resulting number u,, := f(¢"(z0))
can lay in a finitely generated multiplicative group G < K*; thus we are interested
in the return set

Ret(u,,G) ={n >0:u, € G}.

This is remarkably similar to the setup of the Skolem—Mahler-Lech Theorem, except
the sequence (u,) may not satisfy a linear recurrence. Nonetheless, we prove that
the following Skolem-Mahler-Lech type result in joint work with Jason Bell and
Shaoshi Chen.

Theorem 3.0.1. Let X be an algebraic variety defined over an algebraically closed
field K of charcteristic zero, let ¢ : X --+» X be a rational map, then xo € X be a
point whose forward p-orbit is well-defined, let f : X --+ K be a rational function
defined on the forward p-orbit of x. Let

un = f (" (20)),
and let G < K* be a finitely generated group of units. Then the return set
Ret(u,, G) ={n >0: f(¢"(x)) € G}

is a finite union of arithmetic progressions with a set of zero Banach density.
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We note that the set of zero Banach density cannot be removed, even in a simple
example: if X = Al o(t):=t+1,20=0, f(t) =t, and G = (2) = {2" : n € Z},
then the sequence obtained is u,, = n, and u,, € G if and only if n is a power of 2.
Thus the return set is a zero density set and contains no arithmetic progression.

If (u,) happens to satisfy some multiplicative linear recurrence relation, i.e. a
recurrence of the form wu, 1 = u® - - ui;ﬂ 4 for some integers i, .. .,%iq € Z, then this
result would indeed follow directly from the Skolem—Mahler—Lech Theorem. We
show that if u,, € G for all n > 0, then in fact (u,) must be a multiplicative linear
recurrence.

Even more strongly, we prove that if the heights of (u,) grow slowly enough,
then (u,) actually satisfies a bona fide linear recurrence:

Upi1 = ColUp + -+ + Cettyy_. foralln >e

where cg, ..., c. € K. We apply this to recover a rationality test of Bézivin [Béz86] on
D-finite power series: if a formal power series F'(t) € K|[[t]] satisfies a homogeneous
differential equation with rational function coefficients, and the coefficients of F'(¢)
all lay in G U {0}, then in fact F'(t) must be already a rational function.

3.1 Combinatorial Preliminaries

3.1.1 Rational and D-Finite Power Series

In this subsection we define two types of power series: rational functions, which are
generated by linear recurrences; and D-finite power series, which are generated by
polynomial recurrences. Our main dynamical result in this chapter, Theorem 3.0.1,
can be applied to obtain a recurrence property for the coefficients of a D-finite power
series.

Let K[[z]|] be the ring of formal power series in an indeterminate x with
coefficients in a field K: the elements of K[[z]] are infinite series of the form

F(z) = Zan:c", where a,, € K.

n>0

When equipped with the expected addition and multiplication for series, it is routine
to verify that K[[z]] is an integral domain. In fact it is a discrete valuation ring with
maximal ideal

(2) == {F(z) € K[[z] : F(0) = 0}.

Thus the units of K[[z]] are precisely those power series with a nonzero constant
term. Omne way to see this is through geometric series: the polynomial 1 — x is
invertible in K[[z]], with inverse given by

(1—2)"t= Zx"

More generally, if ¢(x) is a polynomial with nonzero constant term, then 1/q(z) can
be expanded as a formal power series. This shows that K[[x]] contains every rational
function of the form

p(z) where p(z),q(x) € K[z] are polynomials with ¢(0) # 0.

q(z)
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It is a routine fact that these rational functions are precisely those power series whose
coefficient sequence (a,),>o satisfies a linear recurrence. Recall that a sequence (ay,)
of elements of K satisfies a linear recurrence over K if there exist d € N and
constants ¢, ..., cq € K defining a recursive relation

(pit1 = CoQp + -+ + Cqay_q, for all n > d.

Proposition 3.1.1. Let (a,)n>0 be a sequence of elements of a field K, and let
F(z) = ano a,x"™ denote the corresponding generating function. Then the follow-
ing are equivalent:

(a) (a,) satisfies a linear recurrence over K.
(b) F(z) is a rational function of the form p(z)/q(x) with q(0) # 0.
Proof. “(a) = (b)”: Suppose that (a,,) satisfies the recurrence
(y = Cllp_1 + -+ Ccqa,_q, foralln >d,

where ci,...,cq € K. Letting q(z) := 1 — ¢;z — - -+ — cqz? be the characteristic
polynomial of the recurrence, we can write ¢(z)F(x) as

q(z)F(2) = F(x) — cioF(z) — - -+ — cqu®F(z)
= Z anx" — Z C1p_1x" — - — Z Calp—aZ"”
n>0 n>1 n>d
=ag+ - +agxt + Z(an — Cllp_1 — = Cqlp_q)T"
n>d

d—1
=ag+ -+ ag 1z’

Thus F(x) has the form

“(b) = (a)”: Suppose that F(x) is a rational function; then after scalar multipli-
cation, we may assume that F'(z) has the form

Flz) = p(x)

1—cz—--—cqa

for some constant c¢i,...,cq € K with d > 1. Now reversing the calculation done
for “(a) = (b)” directly shows that (a,) satisfies the recurrence

(yp = C1Qp_1 + +++ + CgQp_q, Tfor all n > d,
as required. O

For later use, we prove two lemmas on linear recurrences. The first characterizes
linear recurrences by their subsequences along arithmetic progressions.

Lemma 3.1.2. Let (a,)n>0 be a sequence of elements of a field K. Suppose that there
exists ¢ > 1 so that (aping)n>0 satisfies a linear recurrence for all p € {0,...,q—1}.
Then (a,) satisfies a linear recurrence.
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Proof. For each p € {0,...,q — 1}, let G,(z) be the generating function of (ap4n,):

Gylz) = Zaernqxn'

n>0

Then G,(x) is a rational function by hypothesis. But observe that the generating
function F(z) =Y a,z™ of (a,) can be obtained from the G(z)’s via the formula

Fz) = a?Gy(),

from which it follows that F'(z) is also rational. O

Our second lemma on linear recurrences shows that if a sequence of integers
satisfies a linear recurrence over Q, then in fact it satisfies a linear recurrence over
Z. This will be useful when we generalize linear recurrences to arbitrary abelian
groups, where we can only work with integer coefficients.

Lemma 3.1.3 (Fatou’s Lemma). Let (a,)n,>0 be a sequence of integers. If (ay)
satisfies a linear recurrence over Q, then it also satisfies a linear recurrence over Z.

This is Exercise 2 in Chapter 4 of [Stal2] and we use their solution here. For
the proof of this lemma, we introduce the following terminology. The content of a
power series F'(z) =Y ., a,x" is the greatest common divisor of its coefficients:

c(F) = ged(ag, ar, ag, . . ).

Let us say that F(z) is primitive if ¢(F) = 1. It is not hard to prove that the
content function ¢ : Z[[z]] — N is multiplicative:

¢(FG) = c(F)c(G) forall F,G € Z|[x]].
Thus the product of primitive series is primitive.

Proof of Lemma 5.1.5. Let F(x) = ) -,a,z" be the generating function of (a,).
Then F(x) is a rational function by Proposition 3.1.1, so we can write

_ plx)
Fo =@

where p(z),q(x) € Q[z]| are coprime polynomials with ¢(0) # 0. We can further
assume that p(z), ¢(x) € Z[z] by clearing denominators and cancelling any common
factors. Now we are done if we show that ¢(0) = %1, because then the proof of
“(b) = (a)” in Proposition 3.1.1 shows that (a,) satisfies a linear recurrence with
coefficients in Z.

Thus it remains prove that ¢(0) = 1. Since ¢(q)c(F) = ¢(p), it follows that
q(z) is primitive (or else ¢(q) is a nontrivial common factor of p(z) and ¢(z) in Z|[x]).
Since p(z), ¢(x) are coprime in Z[z], we can write

a(z)p(x) + b(x)g(x) = m
for some a(x),b(x) € Z[z] and m € Z, and plugging in p(x) = q(z)F(z) gives
m = q(z)(a(2)F(z) + b(x)) = q(z)G(z)
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where G(z) := a(x)F(z) + b(x). Since ¢(z) is primitive, it follows that the content
of G(z) is m — in particular m divides the constant term of G. Say km = G(0) for
some k € Z. Then m = ¢(0)G(0) = q(0)km, so 1 = ¢(0)k.] The only way this is
possible is if ¢(0) = £1. O

Rational functions are generated by linear recurrences; now we investigate the
series generated by polynomial recurrences. First we define the formal derivative
of a power series F(z) =) ., a,z" by

F/(ZL') = Znan$n_1 = a1 + 2a27 + 3@31‘2 + -

Let F™(z) denote the nth derivative of F'(z). We say that F(z) is differentiably
finite, or D-finite for short, if it satisfies a differential equation of the form

po(@) F(x) + pu(2) F'(2) + - + pu(2) F™ (2) = 0
for some polynomials po(z),...,pn(x) € K[z], not all zero.

Example 3.1.4. Any rational function is D-finite: indeed, if F'(z) = p(x)/q(z)
where the numerator has degree d, then differentiating F'(x)q(z) = p(x) more than
d times yields the desired differential equation.

Example 3.1.5. Let F(z) = > ., 2" be the power series expansion of the ex-
ponential function e*. Then F'(x) is D-finite because it satisfies the differential
equation F'(z) = F(x).

Example 3.1.6. Let F'(x) = ) nlz™. The coefficients satisfy the recurrence relation
a, = na,_1, so the derivative of F(z) is

F'(z) = Znanx”_l = Z Upp1z" = % Z apx" = %(F(z) —1—ux).
n>1 n>1 n>2
Rearranging this shows that F'(x) satisfies the differential equation
2?F'(z) — F(z) + (z +1) = 0.
To get rid of the x + 1 term, we can differentiate twice.

Similar to Proposition 3.1.1, we can characterize those sequences whose generat-
ing functions are D-finite. Let (a,),>0 be a sequence of elements of K’; then (a,) is a
polynomial recurrence, or P-recurrence for short, if there are rational functions
qo(z), ..., qa(x) € K(z) defining a recurrence relation

a1 = qo(n)an + -+ + qa(n)a,—q for alln > d.

Note that despite the terminology, we allow the coefficients ¢;(n) to be rational
functions in n, not just polynomials. When the ¢;(z)’s are constant, this is a linear
recurrence — this shows that every linear recurrence is P-recursive.

Now we state the characterization of D-finite power series as the generating
functions of P-recursive sequences.
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Theorem 3.1.7 ([Sta80]). Let (a,)n>0 be a sequence of elements of a field K, and
let F(x) := }_,50anx" denote the corresponding generating function. Then the
following are equivalent:

(a) (a,) is P-recursive.
(b) F(z) is D-finite.

The salience of P-recursive sequences to dynamics is as follows. Suppose that
(a,) satisfies a recurrence

a1 = qo(n)an + -+ + qa(n)an,—q for alln > d,

where qo(),...,qq(x) € K(x) are rational functions in a variable z. Then we can
define a dynamical system ¢ : A%T2 -5 A2 on the affine space A2 as follows: if
(t, o, ..., xq) are coordinates on A%2 then

o(t,zo,...,xq) == (t+ 1, 21,...,24,q0(t)x0 + - - - + qa(t)za)

Thus t is a counter, and ¢ functions by shifting xg,..., x4 to the right and using
the recurrence to create the new coordinate in the d + 2 position. If we set z :=
0,aq,...,aq) € A2 and f : A2 — K, f(t,z0,...,24) := To, then our original

sequence (a,) can now be obtained via
an = f(£"(20)).

3.1.2 Linear Recurrences in Abelian Groups

In this subsection we develop the necessary background on general recurrences in
abelian groups. Because we will ultimately prove a result about a semigroup of
morphisms, we will work with sequences indexed by monoids in this section. The
proofs of these results become significantly simpler when the underlying monoid is
just (Ng,+) (here Ny := N U {0}), which is the key case needed for dealing with a
single map.

Let Ny := NU {0} be the set of nonnegative integers. If A is an additive abelian
group, then the set ZNo = {u : Ny — Z} of sequences in A can be viewed as a
module over the polynomial ring Z[x], where the indeterminate x acts via the shift:
if u = (uy)n>0 is a sequence in A, then x - u is defined by

(- u)p = tUpyy for n >0.

Thus a linear recurrence is precisely a sequence u € AN which is annihilated by a
monic polynomial: there exists a monic f(z) € Z[z| so that f(z)-u = 0.

Let us generalize this by replacing Ny by an arbitrary indexing set Z equipped
with the action of a multiplicative monoid S. Then the space of functions

A? ={u:Z — A}

is an additive abelian group under pointwise addition, and we extend the action
S ~ Z to a Z[S]-module structure on A%, where Z[S] is the monoid algebra' with

17Z[S] consists of formal Z-linear combinations of elements of S, with multiplication extending
the multiplication on S.
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coefficients in Z. Thus for s € S and a sequence u = (u,).cz € AZ, the product s-u
is given by
(s-u), :=us, forallzeZ.

The annihilator of (u,) is defined to be
Ann(u) :={f € Z[S]: f-u=0}.

It is not hard to check that Ann(u) is a two-sided ideal of Z[S].

Now we say that u = (u.).cz satisfies an S-linear recurrence if Z[S]/Ann(u)
is finitely generated as a Z-module. If S is further assumed to be finitely generated
as a monoid, then u satisfies an S-quasilinear recurrence if there are a set of
generators si, ..., Sq of S and a natural number M such that whenever s;, - --s;,, is
an element of S that is a product of M elements of sy, ..., sy, there is an element

in I of the form
M
Z stij . e Sil\/f

J=1

with ¢q,..., ¢y € Z are coprime, i.e. ged(cq,...,cp) = 1.

The reason for introducing the notion of quasilinear recurrences is for later con-
venience, as it is often easier to demonstrate that a sequence satisfies a quasilinear
recurrence than a linear one.

Example 3.1.8. In general, a quasilinear recurrence may not be linear. To see this,
let S = Ny and let A be the additive group (@Q, +). Then if we consider the sequence
a, = 1/2"™ and identify Z[S] with Z[z], then this sequence is annihilated by the
primitive polynomial f(z) = 2x — 1, but it does not satisfy an S-linear recurrence
since a1 is never in the additive group generated by the initial terms aq, ..., a,.

To prove a simple statement such as “the sum of Ny-linear recurrences is again
an Ny-linear recurrences”, it is enough to take the product of the monic annihilating
polynomials for each recurrence, and in this case it is trivial to verify that this
product is still monic. To generalize this to the sum of S-linear recurrences where S
is a finitely generated monoid, we need the following well-known ring-theoretic fact.

Lemma 3.1.9. Let R be a finitely generated T-algebra, where T is a noetherian
integral domain. Suppose that I,J are ideals of R such that R/I and R/J are
finitely generated T-modules. Then:

(a) R/1J is also a finitely generated T-module.
(b) I and J are finitely generated as left ideals of R.

Proof. (a) Let U = {uy,...,uq} be elements of R with u; = 1 whose images span
both R/I and R/J as T-modules and that generate R as a T-algebra. We prove
that every finite product of elements from wuq,...,uq is congruent to a T-linear
combination of elements of the form w;ujugu, modulo I.J. (Since w; = 1, this
includes products of smaller length.) We prove this by induction on the length of the
product, with the case for products of length at most four following by construction.
Suppose now that the result holds for all products of elements from wy,...,uy of
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length less than M with M > 5, and consider a product u;, - --u;,,. Then by our
choice of U we have

Uiy Uiy 2 = Z a;u; (mod I)
and
Uiy Uiy, = Zbiui (mod J)
for a;,b; € T. Hence

(Uz‘l C Uy -2 — Z aiui) <U2‘M,1uiM — Z biui> el

Then expanding the product, we see that wu;, ---u;,, is congruent to a T-linear com-
bination of products of us, ..., us of length at most max(M —1,3) = M — 1, and so
by the induction hypothesis it is in the span of products of length at most 4. Thus
(a) now follows by induction.

(b) suffices to prove that [ is finitely generated as a left ideal. Then since U
spans R/I as a T-module, there exist elements ¢; j, € T such that o, ; = wu; —
S cijru € 1 for 1 <4, 4,k < d. Next, consider the submodule M of T consisting
of (t1,...,tq) € T? such that Y t;u; € I. Then since T is noetherian, M is finitely
generated as a T-module and we pick elements f; = > t; pu; for k = 1,...,s such
that (ti1k,...,tqx) with £ = 1,...,s generate M. Then let L denote the finitely
generated left ideal in R generated by the «;; and . By construction L C I and
so to complete the proof of (b) it suffices to show that I C L. Since the o ; are in L,
a straightforward induction gives that every finite product of uq, ..., ug is congruent
modulo L to a T-linear combination of uq,...,uq. It follows that if f € I then
f=> twu; (mod L) for some t1,...,t; € T. But since L C I, tyuy + -+ +tqug € I
and so by construction, tju; + --- 4 tqug is a T-linear combination of the [, and
hence it is in L. It then follows that f € L, giving us that I C L and showing that
I = L and so [ is finitely generated as a left ideal. O]

Corollary 3.1.10. Let S be a finitely generated monoid acting on a set Z, let A
and B be abelian groups, and let uw € AZ and v € BZ be sequences satisfying S-
linear recurrences. Then (u,v) = (u,,v,).cz € (A® B)? also satisfies an S-linear
recurrence.

Proof. Let I and J be respectively the annihilators of u and v. Then Z[S]/I and
Z[S]/J are finitely generated Z-modules and since S is finitely generated, we have
that Z[S]/IJ is a finitely generated Z-module. Since I.J annihilates both u and v,
it also annihilates (u,v). The result follows. O

The following lemma generalizes the classical Fatou’s Lemma 3.1.3 on rational
power series in Z[[x]].

Lemma 3.1.11. Let A be a finitely generated abelian group, let S be a finitely
generated monoid acting on a set Z. Then every S-quasilinear recurrence is also an
S-linear recurrence.

Proof. Let u be an S-quasilinear recurrence and let I denote the annihilator of
w in Z[S]. By Corollary 3.1.10, it suffices to prove this in the case when A is a
cyclic group. We first consider the case when A = Z. Then quasilinearity gives
that Z[S]/I ®7 Q is finite-dimensional as a Q-vector space, as there is some natural
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number M such that it is spanned by the images of all words of a set of generators of
length at most M. We pick t1,...,t; € S such that their images span Z[S]/I ®7 Q
as a vector space and we let R = Z[S]/I. Consider the Z-submodule N of Z = A4
spanned by elements of the form v, := (u(t; - 2),...,u(ty- z)) with z € Z. Then N
is finitely generated and hence there exist zq,..., 2, € Z such that N is generated
by vy, ..., 0,

Then we define a homomorphism of additive abelian groups ¥ : Z[S] — A™
given by

s (u(s-z1), ..., u(s zm)).

We claim that f € Z[S] is in the kernel of ¥ if and only if f annihilates u. It is clear
that if f annihilates u then it is in the kernel of W. Conversely, suppose that f is
in the kernel of W. Then since the images of t1,...,t; span R ®z Q, there are some
positive integer m and some integers ¢y, ..., cq such that mf —city —--- —cqtq € I.

Then for z € Z,
mf-u, = (c1ty + -+ + catq) - ch

Observe that the right-hand side is zero if Zle cu(t;z;)) =0for j=1,...,m. But

d
Z ciu(tiz) =mf - u.; =0
i=1

since f is in the kernel of W. It follows that m - f annihilates u and since A is
torsion-free we have f is in I, giving us the claim. It follows that ¥ induces an
injective map from R into A™, and so R is a finitely generated abelian group, and
so u satisfies an S-linear recurrence.

Next suppose that A = Z/nZ with n > 0. We suppose towards a contradiction
that there exists a sequence u € AZ that satisfies an S-quasilinear recurrence but not
an S-linear recurrence. We may also assume that n is minimal among all positive
integers for which there exists such a sequence in (Z/nZ)#. We note that n cannot
be prime. To see this, observe that there are generators sq,...,s. of S and some M
such that for every M-fold product s;, - - - s;,, of elements from s4, ..., s. we have an
element in I of the form

Z CjSi, -

J=1

with ¢y, ..., cy € Z satisfying that ged(cq, ..., cp) = 1. In particular, there is some
smallest jo for which n does not divide ¢j,. If n is a prime number, then ¢, is
invertible modulo n. Then by construction

Siy S Z CeSiy *** Sijy 1 Sip " Sing (mod 1),

l=jo+1

where we take cj_o1 to be an integer that is a multiplicative inverse of ¢;, modulo
n. Then Z[S]/I is a Z/nZ-module spanned by words of length at most M in this
case. This contradicts our assumption, and so n has a prime factor p and n = png
with ng > 1. Now let Ay = {x € A: px = 0}. Then @ := (u, + Ap).cz satisfies an
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S-quasilinear recurrence and since A/Ay is cyclic of order ny < n, we have that @
satisfies an S-linear recurrence by induction. Hence if J denotes the annihilator of
@ then Z[S]/J is a finitely generated Z-module. Then for f € J, we have f-u € A¥
and satisfies an S-quasilinear recurrence and since |Ag| = p, it satisfies an S-linear
recurrence by minimality of n. In particular, for f € J, if we let J; denote the
annihilator of f - w then Z[S]/J; is a finitely generated Z-module. Since Z[S]/J is
a finitely generated Z-module and S is a finitely generated monoid, we have that J
is finitely generated as a left ideal. We let fi,..., f, denote a set of generators of J
as a left ideal. Then by construction the ideal J' := Jy, f1 + - - - + Jy, f, annihilates
u. We claim that Z[S]/J' is a finitely generated Z-module, from which it will follow
that u satisfies an S-linear recurrence. Since each Z[S]/Jy, is a finitely generated
Z-module, L := Jy, ---J;, has the property that Z[S]/L is a finitely generated Z-
module. By construction I O Lf, +---+ Lf, = LJ and since Z[S]/L and Z[S]/I
are both finitely generated Z-modules, so is Z[S]/LI and thus so is Z[S]/I. It now
follows that u satisfies an S-linear recurrence. O

We require a few more basic facts about recurrences.

Lemma 3.1.12. Let A be an abelian group, let S be a finitely generated monoid,
and let u = (us)ses be a sequence in A%. Suppose there is a surjective semigroup
homomorphism ¥ : S — G where G is a finite group and let T be the semigroup
U~Y(1). Then T acts on the sets Z, := W~'(g) for each g € G. Suppose that T is
finitely generated as a monoid and that for each g € G uy := (u,).cz, satisfies a
T-linear recurrence. Then (us) satisfies an S-linear recurrence.

Proof. For g € G, we let I, C Z[T denote the annihilator of u,. Then by assumption
Z[T]/I, is a finitely generated Z-module and hence Z[T'|/J is also a finitely generated
Z-module by Lemma 3.1.9, where J := ngG I,. By construction, if f € J then
f annihilates each u, and so, since 7" acts on each Z,, we have that f annihilates
u. It follows that the ideal I := Z[S|JZ[S] C Z[S] is contained in the annihilator
of u. To finish the proof, it suffices to show that Z[S]/I is a finitely generated Z-
module. We claim that there is a finite subset U of S such that every element of
S can be expressed in the form wytiusty -+ Uy 1tmUy,, with m < |G|. To see this,
we pick a set of generators si,...,sq of S and let U denote the set of elements of
S that can be expressed as a product of elements in sq, ..., sy4 of length at most m.
Then it is immediate that if s is element of S, then s has an expression of the form
uitiug - - - Up—1tp—1u, for some p. For this element s, we pick such an expression with p
minimal. If p < |G|, there is nothing to prove, so we may assume that p > |G|. Then
U(uy), W(ugus), ..., ¥(uy - - - up) are p elements of G and hence two of them must be
the same. So there exist 4, j with 1 < ¢ < j < p such that W(uy ---w;) = U(uq - - - u; )
and so V(u;1q - --u;) = 1. In particular, t := w;y1t;01 - - - uj_1t;—1u; € T and thus we
can rewrite s as uity - - - wi—q(titt;)wsq - - - tp—1u,, which contradicts the minimality
of p in our expression for s. The claim now follows.

Since Z[T']/J is a finitely generated Z-module, there exists a finite subset V' of
T such that Z[T]/J is spanned by images of elements of V. It follows that Z[S]/I
is spanned as a Z-module by images of elements of the form wuitiusts -« - U1t Um
with u; € U and t; € V and m < |G|. Thus Z[S]/I is a finitely generated Z-module
and so (us) satisfies an S-linear recurrence, as required. O
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Recall from Theorem 2.3.10 that if (a,),>0 is a sequence satisfying a linear re-
currence in an abelian group A, and B < A is any subgroup, then

Ret(a,, B) ={n >0:a, € B}

is a finite union of arithmetic progressions. If A is finitely generated, then the
same conclusion is true if (a,)n>o is an Ny-quasilinear recurrence (because all such
sequences are automatically Ny-linear by Lemma 3.1.11). If A is not finitely gen-
erated, we may not enjoy such a conclusion. However, in the case that A is the
multiplicative group of units in a finitely generated field extension of Q, we can
make the following argument.

Proposition 3.1.13. Let K be a finitely generated extension of Q, and let (u,) €
(K*)No be a sequence satisfying a multiplicative No-quasilinear recurrence. Then
in fact (u,) satisfies a (multiplicative) linear recurrence. Thus if H is a finitely
generated multiplicative subgroup of K*, then {n > 0: u, € H} is a finite union of
arithmetic progressions.

This is not true without the hypothesis that K is finitely generated as an exten-
sion of Q. For example if K = C and u,, = exp(27i/2"), then u2 = u,_; and so (u,)
satisfies a quasilinear recurrence. But since u,, is never in the subfield generated by
Uy, ..., Uy_1, it follows that u, does not satisfy a linear recurrence.

Proof of Proposition 3.1.153. The assumption that (u,) is a quasilinear recurrence
means that there are some d > 0 and integers i, . . ., iq with ged(dg,...,iq) = 1 so
that the following relation holds for all n > 0:

el = 1

Then if G is the subgroup generated by uy,...,uq, it follows that u, lies in the
radical of G for all n > 0:

@::{QEKX:ngGforsomem21}.

We will show that /G is finitely generated, from which the desired conclusion follows
from Lemma 3.1.11.

To see that v/G is finitely generated: since K/Q is finitely generated, K is a
finite extension of a function field L = Q(t1,...,¢,). Now let R = Z|[G, t1, ..., t4]
be the subring of K generated by t1,...,t; and G, and let F' := Frac(R) so that
K/F is finite. Finally let R denote the integral closure of R in K. Then R is
a finitely generated Z-algebra, so the same is true for R [Eis95, Corollary 13.13].
It follows that the group of units R is finitely generated by Roquette’s Theorem
[Roq57]. But vG < R’ since every element of v/G is integral over R. Thus v/G is
finitely generated.

Now let Hy := H N+/G. Then by Theorem 2.3.9, the set {n > 0: u, € Hy} is a
finite union of arithmetic progressions, and since u,, € H if and only if u,, € Hy we
obtain the result. O
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3.2 Multiplicative Dependence

The goal of this section is to establish a key lemma which converts the statement
of Theorem 3.0.1 into a problem about quasilinear recurrences. Thus we may apply
our results on quasilinear recurrences to obtain the main theorem.

Let K be a field and let k& be a subfield of K. Elements ay,...,a, € K* are
multiplicatively dependent modulo k> if there are integers iy, ..., 1, € Z, not all zero,
such that aill cealm e k. If ay,...,a, € K* are not multiplicatively dependent
modulo £* then they are multiplicatively independent modulo k*.

Observe that if k is algebraically closed in K, the integers ig, ..., 74 in this def-
inition can be chosen to satisfy ged(ig,...,iq) = 1. Indeed, if m = ged(io, . .., 4),
then (ig, . ..,iq) = (MJo, ..., mjq) for some jo, ..., ja, and set g := fI. .. j‘i. Then
g™ is in k™. But then g € k™ as k is algebraically closed. Since ged(jo, ..., Jq4) = 1,
this is the required multiplicative dependence modulo k*.

Let K be an algebraically closed field and let X be an irreducible quasiprojective
variety over K. For a group G < K* and rational functions fi,..., f, € K(X), we
set

Xo(fr, o fo) ={zeX: fi(z),..., folz) e G} = ﬁf;l(G). (3.1)

Notice that if X = A™ and f;(x1,...,2,) := x; is a coordinate function, then
Xea(fi,- .., fn) is the set X(G) of affine points with coordinates in G. The set X¢
has been studied in [BOSS] in the case X = P and fo = fi = f: P* - Plisa
rational function; they determine exactly the form of such f so that X is infinite.
Similarly, multiplicative dependence of values of rational functions has been studied
in [OSSZ19].

Now we state our key lemma.

Lemma 3.2.1. Let K be an algebraically closed field of characteristic zero, let G be
a finitely generated multiplicative subgroup of K*, let X be an irreducible quasipro-
jective variety over K of dimension d, and let fo, ..., fqs € K(X) be d + 1 rational
functions on X. If Xa(fo,- .., fa) is Zariski dense in X, then fo, ..., fq are multi-
plicatively dependent modulo K*.

Proof. Since the field extension K (X)/K has transcendence degree d, the functions
fo, ..., fqg must be algebraically dependent over K. Thus there is a polynomial

relalion
10 Z'd _
E Ci()“'id() ’l —0

105+ 8d

where ¢;,..;, € K and the sum is over a finite set of indices in Ng“; this holds on
some open subset of X. To simplify notation, let I be the (finite) set of those indices
a = (ig, . ..,iq) € NI where ¢;,..;, is nonzero. For v = (ig, ... ,44) € Z, we set

= féO'-' ;d_

Then for every y € X, the I-tuple (co f*(y))acr is a solution to the S-unit equation

ZXazo
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in the group G generated by G U {c, : « € I'}. This tuple may be degenerate in the
sense that some subsum vanishes, so we partition it into nondegenerate subtuples.
Thus, for each partition 7 - I, say m = {I1, ..., I, }, we let X¢ » be the set of points
y € X¢ such that, for each s = 1,..., m, the I;-tuple (cof*(y))acs. is nondegenerate
(i.e. its sum vanishes, but no subsum vanishes). Note that there is a decomposition
Xe =U,; X and hence there is some partition 7 of I such that X¢ , is Zariski
dense in X. Notice X¢ , is empty if 7 has some part of size 1, and hence if 7 =
(I1,...,1,) then each Ij has size at least two since c,f%(y) # 0 for a € I and
y € Xg. Thus there exist «a, 8, two distinct indices in the same component [, of 7.

By the Main Theorem on S-unit equations [ESS02], an S-unit equation in char-
acteristic zero has only finitely many nondegenerate solutions up to scalar multipli-
cation [ESS02]. Let (t1,4)uel,s - - -, (tnu)uer, be all solutions to the equation

> t,=0
HELS

up to scaling. Then for each y € X¢ », we know that (c,f*(y))uer, is a multiple of
some (t;,)ue1,, S0 there is some g € G such that

cuft(y) = gt for all u € I.
Here g, 7 may depend on y. But then for «, 8 € I, we can take quotients to get
o Catja
o y) = =2
Catj”g

and there are only finitely many possible values for the right-hand side of this equa-
tion, independent of y. Taking v = o — 3, we have f7(y) takes only finitely many
values for y € X . Since X is irreducible and f” is constant on X¢ , which is
Zariski dense in X, we have f? € K*, which completes the proof. O

3.2.1 Interpolation of G-Valued Orbits as Recurrences

In this section we prove the following result:

Proposition 3.2.2. Let ¢ : X — X be a rational mapping of a quasiprojective
variety X defined over an algebraically closed field K of characteristic zero, and let
f X --» K be a dominant rational map. Suppose that v € X is a point whose
forward p-orbit is defined and avoids the indeterminacy locus of f. Suppose that
there is a finitely generated multiplicative subgroup G of K* such that

f(e"(x)) € G for allm > 0.

Then there are integers p and L with p > 0 and L > 0 such that if hy,..., hy,
generate G then there are integer valued linear recurrences b;i(n),...,bjm(n) for
j €40,...,L} such that

fo gOLn+j (.CE) _ H h?j,i(n)
forn >p.

In fact we prove a more general version for semigroups of maps. We find it
convenient to fix the following assumptions and notation for the remainder of this
section.
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e Let K be an algebraically closed field of characteristic zero.
e Let GG be a finitely generated multiplicative subgroup of K*.
e Let X be an irreducible quasiprojective variety over K.

o Let v1,...,0m : X --» X be rational maps, and let S denote the monoid
generated by these maps under composition;

e Let S°P denote the opposite semigroup, which is, as a set, just S but with
multiplication x given by pq % pto = pi2 0 .

e Let f: X --» K be a non-constant rational function.

e Let o € X be a point whose forward S-orbit under S is Zariski dense, and
each point avoids the indeterminacy loci of the maps ¢, ..., ¢, and f.

With these data fixed, we may thus define a sequence v in K° by

ug = [f(p(w0)).

Notice that the semigroup algebra Z[S°P] acts on K* via the rule

© (Vi) ues = (Vpop)pes
for ¢ € S. In this section, we analyze the case when u, € G for every p € S.

Proposition 3.2.3. Adopt that assumptions and notation of Notation 5.2.1. If
flp(zo)) € G for every ¢ € S, then (f(¢(z0)))peser satisfies a multiplicative S°P-
linear recurrence.

Proof. We let C' C (K*)% denote the set of constant sequences and let v denote the
image of u in K°/C. We first show that v satisfies an S°P-quasilinear recurrence.
Let d denote the dimension of X and let ¢;, o---0¢;,., be a (d+1)-fold composition
of ©1,...,0m, let pj = ;0 0, for j=1,2,....,d+1, and let f; = fopu;.
Then we take X¢ := Xa(f1,--., far1), as in Equation (3.1). The assumption that
u, € G for p € S implies that X contains the orbit of zy under S, which is dense.
Thus X¢ = X and it follows from Lemma 3.2.1 that fi, ..., fs41 are multiplicatively
dependent modulo K*. Hence
P =

where ¢ € K* is a constant and py,...,pgr1 € Z with ged(py, ..., pir1) = 1. Now
evaluating this at ¢(xg) gives

p1 .. yPd+1 —
Uy, usr,, =c forall p € 5.

In particular, pjpq + - - - + payifiar1 € Z[S°P| annihilates v. Tt follows that v satisfies
an S°P-quasilinear recurrence and it now follows from Lemma 3.1.11 that it satisfies
an S°P-linear recurrence. We now claim that u satisfies an S°P-linear recurrence.
To see this, let I C Z[S°P] denote the annihilator of v. Then we have shown that
R :=Z[S°?]/I is a finitely generated Z-module. In particular, there exists some M
such that R is spanned as a Z-module by compositions of ¢, ..., ¢, of length at
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most M. Now let J denote the annihilator of u. We claim that Z[S°P|/.J is spanned
as a Z-module by compositions of length at most M + 1, which will complete the
proof that u satisfies an S°P-linear recurrence. So to show this, let ¢ be a composition
of length ¢ > M + 1. We shall show by induction on ¢ that ¢ is equivalent mod J to
a Z-linear combination of compositions of 1, ..., ¢, of length M + 1, with the base
case { = M + 1 being immediate. So suppose that the claim holds whenever ¢ < ¢
and consider the case when ¢ = ¢. Then we can write ¢ = po¢; for some 1 that is a
composition of length ¢ — 1 and some j € {1,...,m}. Then p =) m;u; (mod I),
where the m; are integers and the 1, are all compositions of ¢1,. .., ¢, of length at
most M. In particular, (u— Y m;u;)-u € C and so (¢; —1)*(u—>, mju;)-u=0.
Hence
pow;=p— Y my(p;op; — ;) (mod J).
j

By the induction hypothesis the right-hand side is equivalent mod J to a Z-linear
combination of compositions of ¢1,...,y,, of length M + 1, and so we now obtain
the result. O

Proposition 3.2.3 gives a combinatorial description of the sequence (ug)gscs. We
now give a more geometric interpretation of this result.

Corollary 3.2.4. Adopt the assumptions and notation of Notation 3.2.1. Suppose
that

flo(xo)) € G forallp € S.

Then there exists a dominant rational map © : X --» G% that is defined at each
point in the orbit O,(xo), and endomorphisms @y, ..., D, : G? — G2 such that the
following diagram commutes

907 '7()0771
X - - X
e 0
G G
" (I)la 7(Dm "

Moreover, f = go©, where g : G, — G,, is a map of the form
gts, ... tg) = Ctir -t
for some iy, ..., iq € Z.

Proof. We let S°P denote the opposite monoid of S. Then by Proposition 3.2.3 the
sequence u = (f o ¢(z9))pes € G° satisfies a multiplicative S°P-linear recurrence.
It follows that there is some M such that every M-fold composition of ¢, ..., pn,
is congruent, modulo the annihilator of u, to a Z-linear combination of j-fold com-
positions of these endomorphisms, as j ranges over numbers < M. Let W denote
the set of j-fold compositions of ¢q,..., ¢, with j < M. Then we construct a
rational map © : X --» G, where L = [W|, given by O(z) = (f o ¢(x)),ew. Now
let i € {1,...,m} and consider O(p;(z)) = (f o ¢ o p;i(x)),ew. By construction
f =m0 0O, where 7 is a suitable projection.
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Then for ¢ € W and i € {1,...,m}, ¢ o p; either remains in W or it is an M-
fold composition of ¢, ..., ¢, in which case the fact that u satisfies an S°P-linear
recurrence gives that there exist integers p, for each u € W such that

fopopi(a)=[](fomn(x)r
pneWwW

for all x in the S-orbit of zy. In particular, since the S-orbit of xq is Zariski dense
in X, ©op; =¥, 00 for some self-map ¥; of GL of the form

D1,j PL.j
(ug,...,ug) — <Hu] J,...,Huj ]>.
J J

In particular, each ¥, is a group endomorphism of the multiplicative torus. Now let
Y denote the Zariski closure of the S-orbit of xq under ©. Then by construction Y
has a Zariski dense set of points in G* < Gﬁb and is irreducible. Then a theorem
of Laurent [Lau84, Théoréme 2] gives that Y is a translate of a subtorus of GZ. In

particular, Y = G¢ for some d < dim(X) and ¥y, ..., ¥, restrict to endomorphisms
of Y. Moreover, since Y is a translation of a subtorus, the restriction of 7 to Y
induces a map g : G4 — G, of the form g(uy,...,ug) — Cul*---u. The result
now follows. m

In fact, it can be observed that ©(zy) € G¢ and that ¥; induce maps of G%, of
the form

(a:]J LR 7xd) — ()\]_-Z{)l’l ce e le’d, ey )\dajll)d’l . e x§d7d)

with A,..., A\g € G} finally, g(z1,...,24) — Caf --- 2% with C € G.
The following example shows that the conclusion to Corollary 3.2.4 does not
necessarily hold if K has positive characteristic.

Example 3.2.5. Let K = F,(u) and let X = P}.. Then we have amap ¢ : X — X
given by ¢ — t? + 1 and let f : X — P! be the map f(¢) = t. Notice that if we take
xo = u then foyp™(u) = u”" +n = uv”" (1+n/u)’" and hence ©"(u) lies in the finitely
generated subgroup G of K generated by u and 14+n/u forn =1,2,...,p—1. Then
if the conclusion to Corollary 3.2.4 held, we would necessarily have d = 1 since O is
dominant and f o¢"(u) has infinite orbit. Thus the function fields of P! and G¢, are
both isomorphic to K(t) and the commutative diagram given in the statement of
Corollary 3.2.4 would give rise to a corresponding diagram at the level of functions

fields:

K(1) - L ()
o o
K1) K()
4

with ¢*(t) = t? + 1 and ®*(¢) = Ct* for some integer a and some C' € K. Moreover,
f* = 0©%og* and since f* is the identity map of K (¢), ©* and g* are automorphisms of
K (t); since g*(t) = C"t" for some integer a and some C’ € K, we have b = £1, and so
O*(t) = C'~"". But now %o ®*(t) = (C")~Ct® and p* 0 O*(t) = (C")°(t? + 1),
and so the two sides do not agree.
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Proof of Proposition 3.2.2. For each n > 1, we let X, denote the Zariski closure
of {¢™(x9): m > n}. Since the X5; form a descending chain of closed sets and
since X endowed with the Zariski topology is a noetherian topological space, there

is some m such that X5, = X541 =---. Welet Y = X5,, and we let Z;,..., 2,
denote the irreducible components of Y. By our choice of m, ¢ induces a dominant
rational self-map of Y and in particular there is some permutation o of {1,...,r}

such that ¢(Z;) is Zariski dense in Zs()- It follows that there is some L such that
¥ maps each Z; into itself. Let j € {m,...,m + L — 1}. Then ¢’/(xy) € Z;
for some i. Then by the above, we have {¢@""™(x): n > 0} is Zariski dense in
Z;. Moreover, f(o"%i(xy)) € G for every n > 0 and so there are some e > 0
and some endomorphism ¥ : G¢ — G¢ and a map g : Gf, — G,, such that
(" Fi(20)) = g o U"(2) for some zy € G¢, whose coordinates lie in G. Let
hi,..., h, be a set of generators for G. Then

\Im(Zo) — ( L111,1(n) .. h%,m(n)7 o hélle,1(n) . h?,f’m(n))

for some integer-valued sequence a;;(n). (There may be several choices for the
sequences a; j(n) if the h; are not multiplicatively independent.) Since

P11 q1,1 . DPe,1 , Ge,1 ,
U(zy,...,xe) = (hy - hPLmglht oo gdle 0 DR O L pPem et e )

there is a choice of sequences a; j(n) such that there are an integer matrix A and an
integer vector p such that

vin+1)=Av(n)+p

for every n > 0, where v(n) is the column vector whose entries are a;(n) for
t=1,...,e,and 7 = 1,...,m in some fixed ordering of the indices that does not
vary with n. In particular, if Q(z) = qo + g1z + - - - + ¢-2" € Z[z] then

Q(A)v(n) = gv(n) + qv(n+1) + -+ ¢v(n+7)+bg

for n > 0, where bg is an integer vector that depends upon ) but not upon n. In
particular, if we take Q(z) to be the characteristic polynomial of A, the Cayley—
Hamilton theorem gives that the vectors v(n) satisfy a non-trivial affine linear re-
currence of the form

0=qov(n)+qavin+1)+---+¢v(n+r)+bg

for n > 0. In particular, substituting n 4+ 1 for n into this equation and subtracting
from our original equation gives a recurrence

0=qov(n) + (@1 = go)v(n+ 1)+ + (¢ —ga)v(n+7) = gv(n+r+1).

It follows that each a;;(n) satisfies a linear recurrence. Then applying the map g
and using the fact that a sum of sequences satisfying a linear recurrence also satisfies
a linear recurrence now gives the result. O

3.3 Return Sets to a Group of Units

In this section we prove Theorem 3.0.1. The set up is as follows: X is a quasipro-
jective variety defined over a field K of characteristic zero, ¢ : X --+ X is a rational
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map, o € X is a point whose forward p-orbit is well-defined, f : X --» K is a
rational function defined on this orbit, and G is a finitely generated subgroup of
K. Finally, we let

E:={neNy: f(¢"(z0)) € G}.
We prove:

Theorem 3.3.1. E is a finite union of arithmetic progressions and a set of zero
Banach density.

We first show that if £ has a positive Banach density then it must contain an
infinite arithmetic progression. Once a single arithmetic progression is obtained, we
then use noetherian induction to show that E is a union of finitely many arithmetic
progressions together with a set of Banach density zero.

3.3.1 A Single Arithmetic Progression
With notation as above, in this section we will prove:

Proposition 3.3.2. Let X be a quasiprojective variety over an algebraically closed
field K of characteristic zero, let p : X --+» X be a rational map, let f : X --+ K be a
rational function, and let G < K* be a finitely generated group. Suppose that xo € X
s a point with well-defined forward p-orbit that also avoids the indeterminacy locus
of f. Then if the set

E:={neNy: f(¢p"(x)) € G}

has a positive Banach density then it contains an infinite arithmetic progression.
To prove this result, we require a lemma.

Lemma 3.3.3. Let K be an algebraically closed field, let X be a quasiprojective
variety over K, let ¢ : X --+ X and f : X --» K be rational maps, and let xq be
a point whose forward orbit under ¢ is defined and is Zariski dense and avoids the
indeterminacy locus of f. If {n > 0: f(¢"(x¢)) = 0} has Banach density zero and if
un = f(¢"(xo)) has the property that there exist C' # 0 and integers iy, ..., iq with

igiq # 0 and ged(ig, . .. ,iq) = 1 such that u® - -ui{ﬂrd = C for every n > 0, then:

(a) u, € K* for alln > 0; and

(b) for all finitely generated subgroups G < K*, the set {n > 0 : u, € G} is a
finite union of arithmetic progressions.

Proof. Since u - - ~ufj+ 4 = C and since xq has a Zariski dense orbit, we have [ =
C H?Zl( f o)) 74, In particular, if f has a zero at ¢"(zg) for some n, then there
is some j € {1,2,...,d} for which f o ¢’ has a zero or a pole at ¢"(z,). But since
the orbit of xy under ¢ avoids the indeterminacy locus of f, f(@'™(z)) = 0 for
some j € {1,2,...,d}. Hence if u, = 0 then u,; = 0 for some j € {1,2,...,d}.
In particular, {n: u, = 0} has a positive Banach density, a contradiction. Thus
u, € K*. In fact, there is a finitely generated extension of Q, Ky C K, such that
xog € X(Kp) and such that ¢ and f are defined over Ky. It follows that u, € K
for all n and using the equation u - - 'ufjﬂrd = C and substituting n 4+ 1 for n and
taking quotients, we have

iq ta—1—%d  d0—i1, —io _
Untdr1Untd Upyr Uy~ = L.
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Moreover, it is straightforward to show that ged(ig, i — i1, .. . ,%q-1 — i4,14) = 1 and
so (uy) satisfies an Ny-quasilinear recurrence. But that means it satisfies a linear
recurrence by Lemma 3.1.11. In particular, the u; are all contained in a subfield
Ky of K that is finitely generated over Q and so the result follows from Proposition
3.1.13. O

Proof of Proposition 3.3.2. By [BGT15, Theorem 1.4] there is some positive integer
L such that for j € {0,..., L — 1} we have Z; := {n: f o p""*(x) = 0} is a either
a set of Banach density zero or contains all sufficiently large natural numbers. If
d(E) > 0 then there is some j such that E'N(LNj+ j) has a positive Banach density
and such that Z; has Banach density zero. Then we can replace ¢ by ¢ and x,
by ¢’ (z0) and we may assume without loss of generality that the set of n for which
fo¢™(xg) = 0 has Banach density zero.

Let 8 denote the collection of Zariski closed subsets Y of X for which there
exists a rational selffmap ¥ : Y --» Y and yg € Y whose forward orbit under ¥
is well-defined and avoids the indeterminacy locus of f and such that the following

hold:

(i) E(Y,90,V, f,G) := {n: foU"(yy) € G} has a positive Banach density but
does not contain an infinite arithmetic progression;

(ii) {n: fo¥"(yo) = 0} has Banach density zero.

If § is empty, then we are done. Thus we may assume § is non-empty and since
X is a noetherian topological space, there is some minimal element Y in 8. By
assumption, there exists a rational selfmap ¥ : YV --» Y and yp € Y such that
conditions (i) and (ii) hold.

Observe that the orbit of yo under ¥ must be Zariski dense in Y, since otherwise,
we could replace Y with the Zariski closure of this orbit and construct a smaller
counterexample. We also note that Y is necessarily irreducible. To see this, suppose
towards a contradiction, that this is not the case and let Y,...,Y, denote the
irreducible components of Y, with » > 2. Then since the orbit of y, is Zariski dense,
U is dominant and hence it permutes the irreducible components of Y in the sense
that there is a permutation o of {1,...,r} with the property that W(Y;) is Zariski
dense in Y;(;). It follows that there is some M > 1 such that UM maps Y; into Y;
for every i. Now there must be some j € {0,..., M — 1} such that (MN + j) N Ey
has a positive Banach density. Then W/ (y,) € Y; for some i, and so by construction
E(Y;, Ui (yo), UM f,G) has a positive Banach density. Since Y; is a proper closed
subset of Y, by minimality of Y, the set E(Y;, ¥/ (yy), U™, f,G) must contain an
infinite arithmetic progression. But E(Y;, W/ (y), VL, f,G) C E(Y, v, ¥, f,G) and
so E(Y,yo, V¥, f,G) contains an infinite arithmetic progression, a contradiction. Thus
Y is irreducible.

Let d := dim(Y’). Since the Banach density of E(Y,yo, ¥, f,G) is positive, a
version of Szemerédi’s Theorem [Sze75] due to Furstenberg [Fur79, Theorem 1.4]
gives that there is a set A of positive Banach density and a fixed integer b > 1 such
that F contains the finite progression

a,a+b,a+2b,...,a+ db

for every a € A. Setting, f, := f o U for n > 0, we have defined d + 1 rational
functions fy, ..., f4, so by Lemma 3.2.1 either the set

Yo :=Ye(fo,-- . fa) ={z €Y : fo(2),..., fulz) € G}
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is contained in a proper subvariety of Y, or the functions fy,..., f; satisfy some
multiplicative dependence relation. We proceed by ruling out the first possibility.
Suppose that Yo C Y. Since U(y,) € Yg for every a € A, the set

P = {n S NO : \Ifn(yo) € Y_G}

has a positive Banach density. Hence [BGT15, Theorem 1.4] gives that P is a union
of infinite arithmetic progressions Ay, ..., A, and a set of density zero. In particular,
since P has a positive Banach density, P contains an infinite arithmetic progression.
But since P C E(Y, 0, ¥, f,G), we then see E(Y,yo, ¥, f,G) contains an infinite
arithmetic progression, a contradiction. It follows that Y is Zariski dense in Y.

Combining this with Lemma 3.2.1, we conclude that there is a multiplicative
dependence relation

[[r@*@) =cCe K, (3.2)

where ig, ...,iq € Z with ged(ig,...,4q) = 1. Then for a € {0,...,b — 1} we let
ug(n) :== f(U(yy)). Evaluating Equation (3.2) at z = ¥t (y,) then gives the
relation

Ua(n) - ug(n +d)e = C.

and so Lemma 3.3.3 gives that u,(n) € K* for all n > 0 and that u,(n) satisfies
a multiplicative Ny linear recurrence and that the set of n for which u,(n) € G is
eventually periodic. In particular, since there is some a for which the set {n: u,(n) €
G} has a positive Banach density, for this a, {n: u,(n) € G} contains an infinite
arithmetic progression c+eNy. This then gives that F contains the infinite arithmetic
progression a + b(c 4+ eNg) = (a + bc) + beNy, as required. O

3.3.2 A Union of Arithmetic Progressions

We now use Proposition 3.3.2 to prove Theorem 3.3.1.

Proof of Theorem 3.3.1. First, by [BGT15, Theorem 1.4] there is some positive in-
teger L such that for j € {0,...,L — 1} we have Z; := {n: f o " (z9) = 0} is
either a set of Banach density zero or contains all sufficiently large natural num-
bers. Then to prove the result, it suffices to prove that for every natural number
j €40,...,L — 1}, the set of n for which f o @*"*i(zy) € G is a finite union of
arithmetic progressions along with a set of Banach density zero. In the case that
Z; contains all sufficiently large natural numbers, this is immediate; hence we may
replace ¢ by ¢ and xy by some point in the orbit under ¢ and assume without loss
of generality that the set Z of n for which f o ¢™(zg) = 0 has Banach density zero.
We now let X, denote the Zariski closure of {¢™(zo): n > i}. Then as in the proof
of Corollary 3.2.2, we have that there is some m such that X5, = X541 = -+
and without loss of generality we may replace X with X, and xy with ¢™(z)
and assume that the orbit of z is Zariski dense in X. Now let Xy,..., X, denote
the irreducible components of X. Then there is some positive integer M such that
oM™ (X;) is Zariski dense in X; for i = 1,...,7. Then it suffices to prove that for
7 €40,...,M — 1} we have {n: f o M""i(z,) € G} is a finite union of arithmetic
progressions along with a set of Banach density zero. Since {9 (z4): n > 0} is
Zariski dense in some component X;, we may replace X by X;, ¢ by ¢’(xy) and
¢ with ™ and we may assume that X is irreducible and that {p"(zg): n > 0} is
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Zariski dense in X. Now let E := {n: f(¢"(x¢)) € G}. If E has Banach density
zero, then there is nothing to prove. Thus we may assume that E has a positive
Banach density, and hence it contains an infinite arithmetic progression, say aNg+ b
with a > 0.

We point out that the Zariski closure, Y, of the set {¢®*(xg): n > 0} must be
Zariski dense in X, since the union of the closures Y; of ¢*(Y) for i =0,1,...,a—1
contains all but finitely many points in the orbit of xy and hence is dense in X.
Since X is irreducible, we then see that Y; must be X for some ¢, which then gives
that ¥ = X.

Now for each i > 0, define a rational function f; :== f o ¢*, and set

Xg:={zx € X: folx),..., fa(x) € G},

where d is the dimension of X. Then X contains {p™*°(xq): n > 0}, which is
Zariski dense in X and so Lemma 3.2.1 gives that the functions fo,..., f; satisfy
some multiplicative dependence of the form

ém..fédzc

with ¢ nonzero and i, ..., iq integers with ged(io,...,i5) = 1. It follows that if
we set u, = f(¢"(20)) then uu, , w2 , = c for every n > 0. Moreover, by

assumption the set of n for which u,, = 0 has Banach density zero and thus by
Lemma 3.3.3, the set
{n €Ny :u, € G}

is eventually periodic. This completes the proof. O

3.4 Heights of Points in Orbits

Corollary 3.2.2 gives an interesting “gap” about heights of points in the forward
orbit of a self-map ¢ for varieties and maps defined over Q.

First we define the Weil height. Let K be a number field and let Mg be the
set of places of K. For a place v, let | - |, be the corresponding absolute value,
normalized so that |p|, = p~! when v lies over the p-adic valuation on Q. Let K,
be the completion of K at a place v and let n, := [K, : Q,]. Now define a function

H:Q — [1,00) as follows: for z € @X, choose any number field K containing =,

and set
H(z)* = [T max{lz[}*,1}.
vEMK
This is independent of choice of K and defines a function H : Q — [1,00) called the
absolute Weil height. We let h : Q — [0, 00) be its logarithm; i.e., h(x) := log H(x).
For further background on height functions, we refer the reader to [BG06, Chapter 2]
and [Sil07, Chapter 3]. We have the following result.

Theorem 3.4.1. Let X be an irreducible quasiprojective variety with a dominant
self-map ¢ : X — X and let f : X — P! be a rational map, all defined over Q.
Suppose that x € X has the following properties:

1. every point in the orbit of x under @ avoids the indeterminacy loci of ¢ and

f}.
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2. there is a finitely generated multiplicative subgroup G of Q* such that f o
©"(z) € G for every n € Ny.

Then if h(f o ¢™(z)) = o(n?) then the sequence (f o ¢™(x)), satisfies a linear re-
currence. More precisely, there exists an integer L > 1 such that for each j €
{0,...,L — 1} there are o, B; € G such that

fl"H (x)) = ;7. for all sufficiently large n > 0.
To prove this result, we first require an elementary estimate.

Lemma 3.4.2. Let K be a number field and let G be a finitely generated free abelian
subgroup of K* with multiplicative basis gy, ...,g, for G. Then there exists a real
constant C' > 0 such that for each a = g™ --- gk € G with ky, ..., k, € Z, we have
the estimate

h(a) > max C|k;|.

T 1<i<s

Proof. Since G is a finitely generated subgroup of K* there exists a finite set .S of
places of K such that |g|, = 1 for every g € G whenever v € S. Let vy, ..., v, denote
the elements of S. Then for i € {1,..., s} we have a group homomorphism

given by g + log |g|s,,. Then there is a linear form L;(z,...,x,) such that for
@:g’fl...gfr c G’

Ui(a) = Li(ky, ..., k).

We claim that h(a) > |L;(ky,..., ks)| fori =1,...,s. To see this, fixi e {1,...,s}.
Since ¥(a™!) = —¥(a) and since h(a) = h(a™!), we may assume without loss of
generality that |a|,, > 1 and so L;(ky,...,ks) > 0. Then

h(a) = m S logmax{lalt, 1}

veEMK
1 N,
> log max{|aly,*, 1
> g 8 {l }
Ny,
= YLk, .. k).
e

Thus there is a positive constant x such that h(a) > k-|L;(k1, ..., ks)|fori=1,... s
and so
h(a) > K- maX(lLi(kla R ks)’)

1<i<s
By construction, the homomorphism ¥ : G — R® given by g — (V;(9))1<i<s is
injective and so the image has rank r. Thus after reindexing, we may assume that
Ly,..., L, are linearly independent over Q and so there exist real constants c; ; for
1 <4,5 < r such that

T

Zci,ij(‘rlv cee 7:US) =T

j=1
fori=1,...,r. In particular, since for a given 7 the ¢; ; cannot all be zero, there is
some C' > 0 such that

0 7é Z ’Ci,j’l'iil < Cil

Jj=1
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fori=1,...,r. Then fora:gfl- - g* | we have

‘kz| - Zci,ij(kla ) ks)
j—l
<Z|Czj| klv'--vk”
< (Z |Ci,j|'f_1> h(a)
j=1

Thus h(a) > C|k;| for i = 1,...,r, as required. O
Proof of Theorem 3./.1. Since G is finite direct product of cyclic subgroups, we
can find a multiplicative generating g1, ..., 94, 9a+1,-- -, gm for G so that g;,...,gq
generate a free abelian group and g4y1, . . ., g, are roots of unity. By Corollary 3.2.2,
there are a positive integer L and integer-valued sequences b; ;(n) for j =0,..., L—1
and 7 =1,...,m, each of which satisfies a linear recurrence, such that

Fogtnite) = TTat "

for n > p. Then multiplication by a root of unity does not affect the height of a

number and so
st =n ().

Then if h(f o o™ (z)) = o(n?) then by Lemma 3.4.2 we must have b; ;(n) = o(n?)
for y=0,...,L—1and ¢ =1,...,d. Since it also is an integer-valued sequence
satisfying a linear recurrence, we have that it is in fact O(n) and is “piecewise linear”;
i.e. it has the form A + Bn on progressions of a fixed gap [BNZ, Proposition 3.6].
Formally, this means that there exists a fixed M > 1 and integers A, ;, B;; for
je€{0,...,M —1} and i € {1,...,d}, and integer-valued sequences ¢; ;(n), which
satisfy a linear recurrence for i =d+1,...,m and 7 =0,..., M — 1, such that for
n sufficiently large we have

d

f o SpMnJrj(x) _ H A; j+B; jn H gcu
i=1 i=d+1
Since the g; are roots of unity for ¢ = d+1, ..., m and since integer-valued sequences

satisfying a linear recurrence are eventually periodic modulo N for every positive
integer N, we see that for n sufficiently large, f o ™" () has the form

n, ti(n)
;B w

where w is a fixed N-th root of unity for some N > 1, ¢;(n) is eventually periodic,
and «;, f; € G and depend only on j and not on n. Since we only care about what
holds for n sufficiently large, it is no loss of generality to assume that each t;(n)
is periodic and we let p be a positive integer that is a common period for each of
to,.-.,tapr—1. Then for j € {0,...,M — 1} and i € {0,...,p — 1} we have

fo gOpMnJrMiJrj (m) = (ozjwtj(i)ﬁji‘) (ﬁf)n

The result now follows. O
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3.5 Applications to D-Finite Power Series

In this section we apply our results to D-finite power series, showing how Theorem
3.3.1 generalizes a result of Methfessel [Met00] and Bézivin [Béz89]. We also look
at classical results of Pélya [P6121] and Bézivin [Béz86] through a dynamical lens.

3.5.1 Methfessel’s Theorem

In this subsection, we use Theorem 3.0.1 to recover a result of Methfessel on the pe-
riodicity of G-coefficients in a D-finite power series. Recall that a formal power series
F(t) = )", 50 ant" is differentiably finite, or D-finite, if it satisfies a differential
equation of the form

Po()E () +pi(8)F'(t) + - + pa(t) F () = 0,

where the coefficients po(t), . .., pa(t) € K[t] are polynomials, not all zero. By Propo-
sition 3.1.7, it is equivalent to require that the coefficient sequence (a,),>o satisfies
a polynomial recurrence relation of the form

ani1 = qo(n)an, + -+ + qa(n)a,_q for all n > d,

where qo(%),...,q4(t) € K(t) are rational functions in t.
By interpolating the sequence (a,) dynamically, we obtain the following theorem
of Methfessel.

Theorem 3.5.1. Let F(t) = > -, axt" be a D-finite power series with coefficients
an, in a field K of characteristic zero, and let G < K* be a finitely generated multi-

plicative group. Then
E={n>0:a,€ GU{0}}

1S a finite union of arithmetic progressions along with a set of zero Banach density.

Proof. Since F(z) is D-finite, its coefficient sequence is P-recursive: there is a re-

currence relation
d

ni1 = Y ri(n)an_s,

i=0
valid for all sufficiently large n, where the r;(x) € K (x) are rational functions [Sta80].
Thus we may define a rational map ¢ : A% ——» A%+ as follows:

d
(t,ty, ... tg) — <t+ 1t ... ,td,Zri(t)ti> .
=0

Here (t,1,...,tq) are coordinates on A%, Now there is some p > 0 such that none
of the r;(z) have a pole at z = n when n > p. Now take the initial point to be
zo = (p,ap,...,ap14—1) and the rational function f(¢,¢1,...,t4) := t;. Then the
sequence (ay)n>o can be recovered as

Antp = (" (20)) for n > 0. (3.3)

After taking a suitable shift of the sequence (ay,),>0, it can be recovered as
an = f(¢" (20)).
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Thus the desired sets N and N, are just
N={neNy: f(¢"(x9)) € G} and Ny={n e Ny: f(p"(x0)) € GU{0}}.

Then we obtain the desired decomposition of N from Theorem 3.3.1; since Ny =
NUZ, where Z = {n € Ny : f(¢"(z9)) = 0}, applying [BGT15, Theorem 1.4] then
gives that Z is a finite union of arithmetic progressions along with a set of Banach
density zero. Then since both N and Z are expressible as a finite union of infinite
arithmetic progressions along with a set of Banach density zero, so is their union.
The result follows. O

3.5.2 Theorems of Pdlya and Bézivin

Pélya [P6121] showed that, given a fixed set of prime numbers S, if F'(z) = > a,z" €
Z[[x]] is the power series of a rational function and the prime factors of a,, lie inside
of S for every n, then there is some natural number L such that for n sufficiently
large

A o
ALn+j = E ) 5j
where A;, B;, and j; are integers whose prime factors lie inside of S for j = 0,..., L—

1L and B; divides A;B]" for some positive integer m. This result was later extended by
Bézivin [Béz86], who showed that if K is a field of characteristic zero and G < K* is
a finitely generated group then if F'(z) = > a,2™ is a D-finite power series such that
there is some fixed m such that each a, is a sum of at most m elements of G, then
F(z) is rational; moreover, he gave a precise form of these rational functions. We
show how to recover Bézivin’s theorem in the case that m = 1 from the dynamical
results we obtained in the preceding sections. In particular, this recovers Pdlya’s
theorem. We conclude by showing the relationship between these classical theorems
and the dynamical results developed in the preceding sections. More precisely, we
give a dynamical proof of the following result.

Theorem 3.5.2 (Bézivin [Béz86)). Let K be a field of characteristic zero and let
F(z) = > a,a™ € K[[z]] be a D-finite power series such that a, € GU{0} for every
n, where G is a finitely generated subgroup of K*. Then F(x) is rational.

To do this, we require a basic result on orders of zeros and poles of coefficients
in a D-finite series. We recall that if X is a smooth irreducible projective curve over
an algebraically closed field k, and if k£(X) is the field of rational functions on X,
then to each p € X we have a discrete nonarchimedean valuation v, : k(X)* — Z
that gives the order of vanishing of a function at p (when the function has a pole at
p then this valuation is negative). Then for a function f € k(X )* we have a divisor
div(f) = > ex vp(f)[p], which is a formal Z-linear combination of points of X. The
support of div(f) is the (finite) set of points p for which v,(f) # 0; that is, it is the
set of points where f has a zero or a pole. We make use of the fact Zp vp(f) =0
[Har77, II, Corollary 6.10].

Lemma 3.5.3. Let E be an algebraically closed field of characteristic zero and let
K be the field of rational functions of a smooth projective curve C over E. Suppose
that F(x) = > apz™ € K|[[z]] is D-finite, a, # 0 for every n, and that there is a
finite subset S of C' such that div(a,) is supported on S for every n. Then for each
p €S, vy(a,) = 0O(n).
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Proof. We have a polynomial recurrence
Ryr(n)aniar + -+ Ro(n)a, =0

for n sufficiently large. Since each R;(n) = Z?:o r;;n?, we claim there is a fixed
number C; such that v,(R;(n)) = C; for sufficiently large n for each nonzero poly-
nomial R;. To see this, pick a uniformizing parameter u for the local ring Ox, and
suppose that Q(z) = qo + -+ + qzz” is a nonzero polynomial in K|[x]. Then we
can rewrite it as Y.~ u™qjx" where m; = v,(g;) and ¢} € 0%, Let s denote the

. N i :
minimum of mo, ..., my. Then Q(z)/u® = >, ju™ *¢iz’ and by construction

Z u™ " (p) g (p)a”

is a nonzero polynomial in F[z]| and hence it is nonzero for n sufficiently large, which
shows that v,(Q(n)) = s for all n sufficiently large. Thus in particular if C' is the
maximum of the C; as i ranges over the indices for which R;(z) is nonzero, then for
n sufficiently large

Vp(an+M) = VP(RM(n)an+M) -C
M-1
= (Y R — C
=0
> —2C + min(vy(ap4i: i =0,..., M —1).

It follows that v,(a,) > —2Cn + B for some constant B for all sufficiently large n.
It follows that there is a fixed constant Cy such that v,(a,) > —Coyn for every p € S,
for all n sufficiently large. To get an upper bound, observe that > ¢ vy(a,) = 0
[Har77, 11, Corollary 6.10] and so for n sufficiently large we have

volan) = > —vylan) < (IS] = 1)Con,
q€S\{p}

which now gives v,(a,) = O(n).
[l

We now give a quick overview of how one can recover Theorem 3.5.2 from the
above dynamical framework.

Proof of Theorem 3.5.2. By Theorem 3.5.1, the set {n > 0: a, € G} is a finite
union of arithmetic progressions along with a set of Banach density zero. Since
F(z) = > ay,z™ is D-finite if and only if for each L > 1 and each j € {0,..., L —1},
the series Y ap,ij2" is D-finite, it suffices to consider the case when a, € G for
every n. The fact that the coefficients are P-recursive gives that there is a finitely
generated field extension Ky of Q such that F(z) € Ky[[z]]. We prove the result
by induction on trdeggy(Ko). If [Ky : Q] < oo then Kj is a number field. Then
by [BNZ, Theorem 1.6], h(a,) = O(nlogn) and by Equation (3.3) and Theorem
3.4.1, we then get a, satisfies a linear recurrence, giving the result when K, has
transcendence degree zero over Q.

We now suppose the the result holds whenever Kj has transcendence degree less
than m, with m > 1, and consider the case when trdegg(Ky) = m. Then there is
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subfield E of K|, such that Ky has transcendence degree 1 over F and such that FE
is algebraically closed in K. Since K| has characteristic zero and F is algebraically
closed in Ky, Ky is a regular extension of F, and so R := K, ®g E is an integral
domain. Then the field of fractions of R is the field of regular functions of a smooth
projective curve X over E. Now let g1, ..., gq, gas1,-- -, gm be generators for G so
that g1, ..., g4 generate a free abelian group and g441, . . ., g, are roots of unity and
let {p1,...,pe} € X denote the collection of points at which some element from
g1, ---,9q has a zero or a pole. Then there are integers b; ; such that

div(g;) = > bi;lp)]

(n) (n)

for i =1,...,d. Now we have a, = ¢;"" -+ gm""" and so
¢ d

div(an) = Z (Z bi’jei(n)> [p]]
j=1 \i=1

In particular, by Lemma 3.5.3,

Zbi,jei(n) = O(n)

and since the left-hand side satisfies a linear recurrence, we have that it is piece-
wise linear in the sense of having the form A + Bn on progressions of a fixed gap
[BNZ, Proposition 3.6]. It then follows that there exist some r > 1 and some fixed
ho, ..., h,—1 € K§ such that for j € {0,...,r — 1}, ar(nt1)+j/@rnt; = Cjnhj, where
Cin € E*. It follows that for a,,4; = Cj,nh?Pj, where P; € Kj is constant. Then
since the series ZP]-’lh;”x” is D-finite and since D-finite series are closed under
Hadamard product,

Gj(@) = Cjaa" € E[la]]

is D-finite and takes values in a finitely generated multiplicative group. Thus G,(z)
is rational and then it is straightforward to show that

Fi(x) := Z Appy; " = Z CinPihyz"

must also be rational and thus F(z) = Zg;é z/ Fj(2") is also rational, as required.
O]
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