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Abstract

This thesis studies two disjoint topics involving coefficient spaces and alge-
bras associated to locally compact groups. First, Chapter 3 investigates the
connection between amenability and compactness conditions on locally com-
pact groups and the homology of the Fourier algebra when viewed as a com-
pletely contractive Banach algebra. We provide characterizations of relative
1-projectivity, 1-flatness, and 1-biflatness of the Fourier algebra. These allow
us to deduce a new hereditary property for an amenability condition, namely
that inner amenability passes to closed subgroups. Our techniques also allow
us to show that inner amenability coincides with Property (W) and to settle a
conjecture regarding the cb-multiplier completion of the Fourier algebra. Our
second theme is coefficient spaces arising from Lp-representations of locally
compact groups. Chapter 4 is motivated by a question of Kaliszewski, Land-
stad, and Quigg regarding whether two coefficient space constructions coincide.
We are able to provide a positive answer in special cases, in particular for the
group SL(2,R). We establish several results regarding the non-separability
of algebras related to the Lp-Fourier algebras, and characterize when these
algebras have a bounded approximate identity.
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Chapter 1

Introduction

The field of abstract harmonic analysis applies the tools of Banach algebra and
operator algebra theory to study locally compact groups with the objective of
characterizing the underlying structure of the group in terms of the associated
algebras. The representation theory of such groups naturally produces alge-
bras of operators on Hilbert space and also leads to the study of algebras of
coefficient functions, which have historically been an essential tool in analyzing
the structure of abelian and compact locally compact groups. The property
of amenability for a general locally compact groups affords much of the tight
correspondence between properties of the group and the associated algebras
that is present in the classical compact and abelian settings. In the setting
of coefficient algebras, seminal work of Ruan [74] shows that amenability of
a locally compact group G translates into operator amenability of its Fourier
algebra A (G), and unpublished work of Ruan shows that amenability also
corresponds to the coincidence of the Fourier-Stieltjes algebra B (G) and the
algebra of completely bounded multipliers of the Fourier algebra McbA (G).
These themes have been pursued by several authors [3, 76, 79], showing that
amenability properties of G correspond to homological properties of A (G) and
to the identity of various coefficient algebras associated to G. In the context
of operator algebras, amenability implies the injectivity of the group von Neu-
mann algebra L (G), while a result of Lau and Paterson [58] states that the
converse holds only when the group is inner amenable. This weaker amenabil-
ity condition is closely connected to the structure of the algebras associated
to G and has recently appeared in several disjoint contexts [2, 5, 61].

Since the work of Ruan established completely contractive Banach algebras
as the correct category in which to study the Fourier algebra, a rich correspon-
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dence between homological properties of A (G) and amenability properties of
the locally compact group G has been found [24, 76]. In this thesis we use oper-
ator algebraic techniques inspired by recent work in locally compact quantum
groups to study this correspondence, providing homological characterizations
for inner amenability and several related amenability and compactness condi-
tions. The operator amenability of a completely contractive Banach algebra
is equivalent to it being operator biflat and having a bounded approximate
identity, and for the Fourier algebra a classical result of Leptin [56] states
that amenability of G is already equivalent to A (G) having a bounded ap-
proximate identity. The remaining condition, operator biflatness of A (G), has
been investigated by Aristov, Runde, and Spronk [4], who show that G being a
quasi-SIN group is sufficient to guarantee operator biflatness of A (G). A main
result in this thesis provides a partial converse. In addition, we provide the
first examples of locally compact groups G for which A (G) fails to be operator
biflat, proving a conjecture of [4]. We moreover give a dual characterization
of inner amenability, answering a question of Lau and Paterson [59, Example
5], and show that inner amenability coincides with Property (W), answering
a question of Anantharaman-Delaroche [2, Problem 9.1].

There is a comprehensive literature studying coefficient spaces of locally
compact groups, beginning with the foundational work of Eymard [23], that
continues to produce new insights into operator algebras and abstract har-
monic analysis [19, 36]. With an interest in producing exotic group C∗-
algebras, Brown and Guentner recently introduced the notion of Lp- represen-
tations of locally compact groups [9]. These give rise to new families of coeffi-
cient spaces, namely the Lp-Fourier and Fourier-Stieltjes algebras ALp,BG (G)
and BLp,BG (G) . The study of these spaces is the second major theme of this
thesis. We consider a related construction introduced by Kaliszewski, Land-
stad, and Quigg [45] and investigate when the associated coefficient spaces
coincide with those defined by Brown and Guentner, showing that this holds
for SL (2,R) and in certain cases for free groups. We provide a concise proof
of a result of Okayasu [66] that the spaces B`p,BG (Fd) are distinct for distinct
values of p, where Fd is the free group on d ≥ 2 generators, and elaborate
several results of Wiersma [86] regarding whether the spaces ALp,BG (G) are
distinct for distinct values of p ∈ [2,∞).

This thesis is organized as follows. Chapter 2 defines the basic concepts
in the homology theory of completely contractive Banach algebras, outlines
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the basic theory of Fourier and Fourier-Stieltjes algebras, discusses amenabil-
ity of locally compact groups, and defines the Lp-coefficient spaces. Chapter
3 studies the relationship between the homology of the Fourier algebra and
amenability and compactness conditions. In Section 3.1 new homological and
operator algebraic characterizations of inner amenability are developed. These
allow us to show that inner amenability passes to closed subgroups, a hered-
itary property that has not appeared in the literature. We end this section
by showing that inner amenability coincides with Anantharaman-Delaroche’s
Property (W) and giving a homological characterization of IN groups. Section
3.2 characterizes relative biflatness of the Fourier algebra A (G) in terms of the
existence of approximate indicators for the diagonal subgroup of G×G, provid-
ing a converse to a result of Aristov, Runde, and Spronk [4]. We also confirm a
conjecture of these authors in the case of totally disconnected groups, showing
that relative biflatness of A (G) is equivalent to the QSIN condition for these
groups. In section 3.3 we study actions of discrete groups on compact groups
to produce examples of groups with Fourier algebras that fail to be relatively
biflat. The chapter ends with Section 3.4, where we provide many examples of
weakly amenable groups for which Acb (G), the closure of A (G) in McbA (G),
fails to be operator amenable, answering a question of Forrest, Runde, and
Spronk [26]. Chapter 4 is concerned with coefficient spaces arising from Lp-
representations. We begin in Section 4.1 by collecting preliminary results on
the various coefficient spaces we investigate. Section 4.2 provides a simpli-
fied proof of a result of Okayasu and shows that a conjecture of Kaliszewski,
Landstad, and Quigg holds for free groups in certain cases. In Sections 4.3
and 4.4 we consider abelian groups and IN groups, respectively, strengthening
results of Wiersma and Taylor [82, 86]. Section 4.5 extends characterizations
of amenability provided by Kaniuth and Ülger and by Chu and Xu to several
coefficient algebras. Finally, Section 4.6 studies the group SL (2,R), showing
in particular that a conjecture of Kaliszewski, Landstad, and Quigg holds for
this group.
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Chapter 2

Preliminaries

The application of Banach algebra homology to the study of amenability of
locally compact groups began with work of Barry Johnson [43] who showed
that a locally compact group G is amenable exactly when the convolution
algebra L1 (G) is amenable as a Banach algebra. This foundational result
motivated the definition of amenability for Banach algebras and led to the
development of a homology theory for Banach algebras [40]. The work of Ruan
[74] showed that to find a homology theory for the Fourier algebra A (G) that
successfully captures amenability properties of the group G, it is necessary to
incorporate the operator space structure of A (G) by working in the category
of completely contractive Banach algebras.

In the setting of discrete groups, the amenability of a group G was discov-
ered to correspond to finite dimensional approximation properties of operator
algebras associated to G. Namely, Lance [54] showed that for discrete groups
the reduced group C∗-algebra C∗λ (G) is nuclear exactly when G is amenable,
and a result of Connes shows that the group von Neumann algebra L (G)
is injective precisely when G is amenable. These results were subsequently
extended to general locally compact groups by Lau and Paterson [58] and Pa-
terson [68], who found that it was necessary to impose an additional condition,
inner amenability of the group, to recover the characterizations of amenability.

We begin by outlining the basic definitions in the homology theory of com-
pletely contractive Banach algebras and introducing the algebras of functions
and operators that will be our concern throughout this thesis. We then in-
troduce the amenability conditions for locally compact groups that we will
study. The chapter ends by introducing the Lp-representations and associated
spaces of functions that are discussed in Chapter 4. We assume that the reader
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has familiarity with the fundamentals of abstract harmonic analysis on locally
compact groups and with the theory of Banach algebras and operator spaces.

2.1 Fourier algebras and homology of
completely contractive Banach algebras

In this section we introduce the objects and properties that are the focus of
Chapter 3. Our main purpose here is to establish notational conventions; we
do not attempt to provide a comprehensive introduction to these topics and
refer the reader to [22, 69] for an introduction to operator space theory and
to [23] or the recent book [47] for the theory of Fourier and Fourier-Stieltjes
algebras.

2.1.1 Completely contractive Banach algebras and their
modules

Let A be a completely contractive Banach algebra, that is a Banach alge-
bra for which the product map A⊗A→ A extends to a complete contraction
on the operator space projective tensor product A⊗̂A. An operator space E is
a right A-module if E carries a right module action of A and the action map
E⊗A→ E extends to a complete contraction mE : E⊗̂A→ E. The category
of right A-modules with completely bounded right A-module homomorphisms
as morphisms is denoted mod−A. We similarly define the category of left
A-modules and A-bimodules, writing A−mod and A −mod− A for these,
respectively. The algebra A is always an A-bimodule when equipped with left
and right multiplication.

Given E ∈mod−A the dual E∗ carries a natural left A-module structure
via

〈a · ϕ, e〉 = 〈ϕ, e · a〉 , ϕ ∈ E∗, a ∈ A, e ∈ E.

The analogous definition yields a right A-module structure on E∗ for E ∈
A−mod.

The balanced or A-module tensor product of E ∈mod−A and F ∈
A−mod is

E⊗̂AF = E⊗̂F/N, N = 〈e · a⊗ f − e⊗ a · f : a ∈ A, e ∈ E, f ∈ F 〉 ,
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where 〈·〉 denotes closed linear span. In this setting hom-tensor duality identi-
fies the space CBA (E,F ∗) of completely bounded right A-module homomor-
phisms from E to F ∗ with

(
E⊗̂AF

)∗
via

〈Ψ, e⊗ f〉 = 〈Ψ (e) , f〉 , Ψ ∈ CBA (E,F ∗) , e ∈ E, f ∈ F.

Define E ∈mod−A to be

1. faithful if for e ∈ E nonzero there is a ∈ A with e · a 6= 0,

2. essential if 〈E · A〉 = E,

3. induced if the induced map m̃E : E⊗̂AA→ E is a completely isometric
isomorphism (note that N ⊂ ker (mE) always holds).

Finally, we call A self-induced if m̃A : A⊗̂AA→ A is a completely isometric
isomorphism.

2.1.2 Projectivity and injectivity of modules

Given a completely contractive Banach algebra A, any E ∈ mod−A can be
made into a right module over the forced unitization A+ := A⊕1C by defining

e · (a+ λ) = e · a+ λe, e ∈ E, a ∈ A, λ ∈ C.

Given C ≥ 1 we call E relatively C-projective if there is a right inverse
Φ+ : E → E⊗̂A+ to m+

E : E⊗̂A+ → E that is a morphism in mod−A

and satisfies ‖Φ+‖cb ≤ C. When E is essential we may omit the unitizations
throughout in this definition [20, Proposition 1.2].

The space CBA (A+, E) is canonically a right A-module with action

(Ψ · a) (b) = Ψ (ab) , Ψ ∈ CBA

(
A+, E

)
, a ∈ A, b ∈ A+

and we have a natural completely contractive morphism ∆+
E : E → CB (A+, E)

defined by
∆+
E (e) (a) = e · a, e ∈ E, a ∈ A+.

For C ≥ 1 we say E is relatively C-injective if there is a left inverse Φ+ :
CB (A+, E) → E that is a morphism in mod−A with ‖Φ+‖cb ≤ C. If E
is faithful then unitizations may be omitted throughout this definition [20,
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Proposition 1.7]. The right A-module E is C-injective if for any F,G ∈
mod−A, completely isometric morphism ι : F → G, and morphism Ψ : F →
E, there is a morphism Ψ′ : G→ E such that Ψ′ι = Ψ and ‖Ψ′‖cb ≤ C ‖Ψ‖cb.
Note that relative C-injectivity admits an analogous characterization, namely
asserting that, for F,G ∈mod−A, completely isometric morphism ι : F → G

that has completely bounded inverse, and morphism Ψ : F → E, there is a
morphism Ψ′ : G → E such that Ψ′ι = Ψ and ‖Ψ′‖cb ≤ C ‖Ψ‖cb ‖ι−1‖cb.
Thus relative injectivity asks that we be able to extend a smaller family of
morphisms, exactly those for which there is no operator space obstruction
to carrying out the extension. In this way relative injectivity focuses on the
A-module structure and in a sense disregards the operator space structure.

Example 2.1.1. (Injective von Neumann algebras) A von Neumann al-
gebraM is trivially a left C-module and 1-injectivity ofM in C-mod is exactly
the assertion that M is an injective operator space.

Analogous definitions are made for left A-modules. We call E ∈mod−A

(relatively) C-flat if E∗ is (relatively) C-injective. When E ∈ A−mod−A

we call E (relatively) C-biflat when E∗ is (relatively) C-injective in A −
mod−A.

The operator space projective tensor product A⊗̂A is an A-bimodule via

a · (b⊗ c) = ab⊗ c, (b⊗ c) · a = b⊗ ca, a, b, c ∈ A.

The algebra A is operator amenable if it has a bounded approximate
diagonal, that is a net (uα) in A⊗̂A satisfying

a · uα − uα · a→ 0 and mA (uα) · a→ a, a ∈ A.

This is equivalent to A being relatively C-biflat for some C ≥ 1 and having a
bounded approximate identity [74, Proposition 2.4].

2.1.3 The group von Neumann algebra and Fourier al-
gebra

The left regular representation of a locally compact groupG is the (strongly
continuous unitary) representation on L2 (G) given by

λsξ (t) = ξ
(
s−1t

)
, ξ ∈ L2 (G) , s, t ∈ G.
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Note that throughout Lp (G) denotes the p-integrable functions on G with
respect to a fixed Haar measure on G. The von Neumann algebra generated
in B (L2 (G)) by the operators {λs : s ∈ G} is the group von Neumann
algebra of G, denoted L (G). The right regular representation of G on
L2 (G) is given by

ρsξ (t) = ξ (ts) ∆ (s)1/2 , ξ ∈ L2 (G) , s, t ∈ G,

where ∆ denotes the modular function of G. The commutant of L (G) is the
von Neumann algebra R (G) generated in B (L2 (G)) by {ρs : s ∈ G}.

The group von Neumann algebra is in standard form on L2 (G) (see [35]),
from which it follows that every normal state on L (G) is a vector state, mean-
ing of the form ωξ (x) := 〈xξ|ξ〉 for a unique vector ξ in the positive cone
P := {η ∗ Jη : η ∈ Cc (G)}. Here Cc (G) is the space of continuous compactly
supported functions on G and J is the modular conjugation given by

Jξ (s) = ξ (s−1)∆ (s)−1/2 , ξ ∈ L2 (G) , s ∈ G.

The predual of L (G) may be identified with the space of coefficient func-
tions of λ, {

λξ,η : ξ, η ∈ L2 (G)
}
,

where λξ,η is the function on G defined by λξ,η (s) = 〈λsξ|η〉 and the duality
is given by

〈x, λξ,η〉 = 〈xξ|η〉 , x ∈ L (G) , ξ, η ∈ L2 (G) .

This space of coefficient functions is closed under pointwise multiplication,
making it a completely contractive Banach algebra called the Fourier algebra
and denoted A (G). The norm on A (G) is given by

‖u‖A(G) = inf
{
‖ξ‖L2(G) ‖η‖L2(G) : u = λξ,η, ξ, η ∈ L2 (G)

}
.

For H ≤ G a closed subgroup, the closed ideal

I (H) = {u ∈ A (G) : u|H = 0}

is essential by the argument of [4, Proposition 1.7]. Herz’ restriction theorem
[41] asserts that the restriction map r : A (G)→ A (H) is a complete quotient
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map with kernel I (H).
The product map A (G) ⊗̂A (G) → A (G), where ⊗̂ denotes the operator

space projective tensor product, has adjoint Γ : L (G) → L (G×G) that
defines a coassociative comultiplication on L (G). Here ⊗ is the von Neumann
algebra tensor product and we’ve made use of the identities

(
A (G) ⊗̂A (G)

)∗
= L (G)⊗L (G) = L (G×G) (2.1.1)

shown in [22, Theorem 7.2.4]. This comultiplication can be expressed as
Γ (x) = V (x⊗ 1)V ∗ where x ∈ L (G) and V is the unitary in L∞ (G)⊗L (G)
given by

V ξ (s, t) = ξ
(
s, s−1t

)
, ξ ∈ L2 (G×G) , s, t ∈ G.

Note that we have Γ (λs) = λs ⊗ λs for s ∈ G, and that the pentagonal
relation

V12V13V23 = V23V12 (2.1.2)

holds for V , where V12 = V ⊗ 1, V23 = 1⊗ V , V13 = (σ ⊗ 1)V23 (σ ⊗ 1), and σ
is the flip map on L2 (G×G).

The natural dual action of A (G) on L (G) can be written in terms of the
comultiplication as

u · x = x · u = (id⊗ u) Γ (x) = (u⊗ id) Γ (x) , u ∈ A (G) , x ∈ L (G) ,

where we have used the fact that A (G) is commutative, hence the left and
right dual actions coincide. The module L (G) is faithful as a left, right, or
bimodule over A (G). Hom-tensor duality and the identities (2.1.1) allow us
to identify CB (A (G) , L (G)) with L (G×G) and under this identification
∆L(G) = Γ.

2.1.4 Amenability type properties for locally compact
groups

Recall that a locally compact group G is called amenable if there is a left
translation invariant state on L∞ (G), meaning a state m that is invariant
under the induced left translation action of G on functions in L∞ (G):

m (s · φ) = m (φ) , where (s · φ) (t) = φ
(
s−1t

)
, φ ∈ L∞ (G) , s, t ∈ G.
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In Chapter 3 we study similar properties that involve the conjugation ac-
tion of G in place of left translation. For p ∈ [1,∞) this action induces a
representation of G on Lp (G) via

(βp (s) f) (t) = f
(
s−1ts

)
∆ (s)1/p , f ∈ Lp (G) , s, t ∈ G.

In the case p = 2 we obtain a strongly continuous unitary representation of G,
the conjugation representation. Conjugation also defines a representation
on L∞ (G) by

(β∞ (s)φ) (t) = φ
(
s−1ts

)
, φ ∈ L∞ (G) , s, t ∈ G.

We call G inner amenable when there is a state m on L∞ (G) satisfying
m (β∞ (s)φ) = m (φ) for φ ∈ L∞ (G) , s ∈ G. Any amenable group is inner
amenable [30, p.29].

Example 2.1.2. (Discrete, compact, and abelian groups) Inner amenabil-
ity is only relevant for locally compact groups that are not discrete in the sense
that discrete groups are trivially inner amenable: the point mass at the iden-
tity m (φ) = φ (e) defines a conjugation invariant state on `∞ (G) when G is
discrete. It’s clear that abelian groups are inner amenable since any state is
conjugation invariant. Compact groups are also inner amenable because in
this case 1G ∈ L1 (G) defines a conjugation invariant state on L∞ (G).

A representation π : G→ B (H) induces a right G-action on B (H) via

T ·π s = π (s)∗ Tπ (s) , T ∈ B (H) , s ∈ G.

In [6], Bekka defines π to be amenable if there is a G-invariant state m on
B (H) for this action, meaning that

〈m,T ·π s〉 = 〈m,T 〉 , T ∈ B (H) , s ∈ G,

and showed the following:

Proposition 2.1.3. We have the following:

1. G is amenable if and only if λ is amenable.

2. G is inner amenable if and only if β2 is amenable.

10



Example 2.1.4. Another class of inner amenable groups is the IN groups,
those locally compact groups G which have a compact neighborhood of the
identity K that is conjugation invariant, s−1Ks = K for all s ∈ G. Such a
group carries the conjugation invariant mean |K|−1 χK ∈ L1 (G), where |K| is
the Haar measure of K, so is indeed inner amenable. SIN groups satisfy a
stronger conjugation invariance property, namely having a neighborhood base
at the identity consisting of compact sets that are invariant under conjugation.
It can be shown that the classes in Example 2.1.2 are SIN [67, Proposition
12.1.9]. The group T2 o SL (2,Z) is IN while failing to be SIN [60].

Using results of Mosak [64] and Stokke [80], these conjugation invariance
properties of a locally compact group may be restated in terms of centrality
in the convolution algebra L1 (G).

Proposition 2.1.5. For a locally compact group G, we have the following

1. G is SIN if and only if L1 (G) has a bounded approximate identity in its
center,

2. G is IN if and only if L1 (G) has nontrivial center,

3. G is inner amenable if and only if L1 (G) has an asymptotically central
net of states, i.e. there are positive, norm one (fα) in L1 (G) satisfying
‖β1 (s) fα − fα‖L1(G) → 0 uniformly on compact subsets of G.

Motivated by these characterizations, we call a locally compact group G

quasi-SIN (QSIN) if L1 (G) has an asymptotically central bounded approx-
imate identity. It’s clear that SIN groups are QSIN and that QSIN groups
are inner amenable, so QSIN can be thought of as a condition between inner
amenability and SIN. The class of QSIN groups was introduced in [60], where
the following are shown.

Proposition 2.1.6. For a locally compact group G, we have the following

1. G is QSIN if and only if L∞ (G) has a conjugation invariant state m with
the additional property that m (f) = f (e) for f ∈ Cb (G), the continuous
bounded functions on G.

2. If G is amenable, then G is QSIN.
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In summary, the following relations hold between the properties we’ve in-
troduced.

discrete
⇓

compact, abelian ⇒ SIN
⇓ ⇓

amenable ⇒ QSIN ⇒ inner amenable

2.1.5 Completely bounded multipliers of the Fourier al-
gebra

As we did above for the left regular representation, given any representation
π : G → B (H) of a locally compact group G, we let πξ,η (s) = 〈π (s) ξ|η〉 for
s ∈ G. The collection B (G) of all such coefficient functions is the Fourier-
Stieltjes algebra of G, a completely contractive Banach algebra under point-
wise multiplication and the norm

‖u‖B(G) = inf {‖ξ‖H ‖η‖H : u = πξ,η for some rep π : G→ B (H) , ξ, η ∈ H} .

It’s clear that A (G) is contained in B (G), but it is moreover a closed ideal
and coincides with the closure of the compactly supported functions in B (G)
[23]. We write

P (G) = {πξ,ξ : π : G→ B (H) is a representation and ξ ∈ H}

for the cone of continuous positive definite functions on G and P1 (G) for
the convex set of continuous positive definite functions of norm one.

The completely bounded multipliers of the Fourier algebra is the
space McbA (G) of functions m : G → C with mA (G) ⊂ A (G) and for
which the product map u 7→ mu is completely bounded on A (G). The space
McbA (G) is a completely contractive Banach algebra when normed by

‖m‖McbA(G) = ‖u 7→ mu‖cb

and contains B (G). We let Acb (G) denote the closure of A (G) in the norm
on McbA (G).

The algebra McbA (G) is indeed the algebra of completely bounded multi-
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pliers of A (G) as a completely contractive Banach algebra and it is known that
McbA (G) coincides with B (G) exactly when G is amenable. One implication
is due to Losert [57], the other appears in unpublished work of Ruan and also
in [55].

Leptin’s result shows that amenability of G is equivalent to A (G) having a
bounded approximate identity, and motivates calling G weakly amenable
when A (G) has an approximate identity bounded in the smaller norm of
McbA (G). It was shown in [24] that this is equivalent to the algebra Acb (G)
having a bounded approximate identity.

2.2 Coefficient spaces and Lp-representations

This section outlines the preliminaries needed in Chapter 4.

2.2.1 Group C∗-algebras and coefficient spaces

Let G be a locally compact group and let π : G → B (H) be a representa-
tion of G. Recall that the (strongly continuous unitary) representations of G
are in one-to-one correspondence with nondegenerate ∗-representations of the
convolution algebra L1 (G), and that the ∗-representation of L1 (G) on B (H)
determined by π is given by

〈π (f) ξ|η〉 :=
∫
G
f (s) 〈π (s) ξ|η〉 ds, f ∈ L1 (G) .

The C∗-algebra generated in B (H) by π (L1 (G)) is the group C∗-algebra
of π, denoted C∗π (G). We call the group C∗-algebra of the left regular rep-
resentation λ the reduced group C∗-algebra of G and the C∗-algebra of
the universal representation πu : G → B (Hu) the universal group C∗-
algebra, writing C∗ (G) for the latter. The dual of C∗ (G) is identified with
the Fourier-Stieltjes algebra B (G) via the duality

〈u, πu (f)〉 =
∫
G
uf, u ∈ B (G) , f ∈ L1 (G) . (2.2.1)

In particular B (G) is a dual space and carries a weak∗ topology. Let

Aπ (G) = 〈πξ,η : ξ, η ∈ H〉 ,
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where again 〈·〉 indicates the closed linear span, and let Bπ (G) be the closure
of Aπ (G) in the weak∗-topology on B (G). These are the coefficient spaces
associated to the representation π. The dual of C∗π (G) can be identified with
Bπ (G) with duality given by a formula analogous to equation 2.2.1.

2.2.2 Lp-representations and the Lp-Fourier and Fourier-
Stieltjes algebras

Let G be a locally compact group and fix p ∈ [1,∞]. We call a representation
π : G → B (H) an Lp-representation if there is a dense subspace H0 ⊂ H

such that πξ,ξ ∈ Lp (G) for all ξ ∈ H0. This notion was introduced by Brown
and Guentner [9] for the purpose of constructing exotic group C∗-algebras. A
related notion was introduced by Kaliszewski, Landstad, and Quigg [45]: we
call π a KLQ− Lp-representation if there are dense subspaces H1, H2 ⊂ H

such that πξ,η ∈ Lp (G) for all ξ ∈ H1 and η ∈ H2. The polarization identity

πξ,η =
3∑

k=0
ikπξ+ikη,ξ+ikη, ξ, η ∈ H

makes it clear that an Lp-representation is a KLQ− Lp-representation.

Example 2.2.1. (Left regular representation is an Lp-representation)
Since Cc (G) is dense in L2 (G) and λξ,ξ ∈ Cc (G) when ξ ∈ Cc (G), the left
regular representation is an Lp-representation for all p ∈ [2,∞].

Set

ALp,BG (G) = 〈πξ,η : π is an Lp- representation on H and ξ, η ∈ H〉 ,

ALp,KLQ (G) = 〈πξ,η : π is a KLQ− Lp- representation on H and ξ, η ∈ H〉 .

The space ALp,BG (G) is the Lp-Fourier algebra of G and its weak∗ closure
in B (G) is the Lp-Fourier-Stieltjes algebra of G, denoted BLp,BG (G). We
have ALp,BG (G) ⊂ ALp,KLQ (G) and in Chapter 4 we study when these spaces
or their weak∗ closures coincide.

Proposition 2.2.2. We have

ALp,BG (G) = 〈P (G) ∩ Lp (G)〉 and
ALp,KLQ (G) = 〈B (G) ∩ Lp (G)〉 ,
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where the span closures are taken in the norm on B (G).

Proof. The first equality is established in [86], we prove the second. Suppose
πξ,η ∈ ALp,KLQ (G) for some KLQ− Lp- representation π on H and ξ, η ∈ H.
Let H1 and H2 be as in the definition of a KLQ − Lp-representation. Then
there are ξα ∈ H1 and ηα ∈ H2 converging to ξ and η respectively and we have
πξα,ηα ∈ Lp (G). Since

‖πξ,η − πξα,ηα‖B(G) ≤ ‖πξ,η − πξα,η‖B(G) + ‖πξα,η − πξα,ηα‖B(G)

= ‖πξ−ξα,η‖B(G) + ‖πξα,η−ηα‖B(G)

≤ ‖ξ − ξα‖H ‖η‖H + ‖ξα‖H ‖η − ηα‖H
→ 0

it follows that πξ,η is in the B (G)-norm closure of Lp (G), as required.
Let πξ,η ∈ B (G)∩Lp (G) for some representation π on H and ξ, η ∈ H. Let

H ′ and H ′′denote the G-invariant norm-closed subspaces of H generated by ξ
and η, respectively. Let P ′ denote the orthogonal projection from H onto H ′.
Replacing H ′′ with P ′H ′′ and η with P ′η, we may assume that H ′′ is contained
in H ′. Now let P ′′ denote the orthogonal projection onto H ′′ ⊂ H ′. Replacing
H ′ with H ′′ and ξ with P ′′ξ, we may also assume that H ′ = H ′′. Finally,
replace H with H ′ so that if H1 and H2 denote the G-invariant subspaces
of H generated by ξ and η, respectively, then H1 and H2 are each dense in
H. It is clear that πξ′,η′ ∈ Lp (G) for ξ′ ∈ H1 and η′ ∈ H2 since Lp (G) is
invariant under both left and right translation by G. It follows that π is a
KLQ− Lp-representation of G.

2.2.3 C0-representations and the Rajchman algebra

Motivated to produce a C∗-algebraic characterization of the Haagerup prop-
erty, in [9] Brown and Guentner call a representation π : G → B (H) a C0-
representation if there is a dense subspace H0 ⊂ H such that πξ,ξ ∈ C0 (G)
for all ξ ∈ H0. The span closure in B (G) of coefficient functions of C0-
representations

〈πξ,η : π is a C0- representation on H and ξ, η ∈ H〉
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is called the Rajchman algebra and coincides with B (G) ∩ C0 (G). This
algebra, historically denoted by B0 (G), contains the Fourier algebra A (G)
because λξ,ξ ∈ C0 (G) for all ξ ∈ Cc (G), meaning the left regular representation
is always a C0-representation.
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Chapter 3

Homology of the Fourier algebra

The celebrated result of Ruan characterizing amenability of a locally com-
pact group G in terms of operator amenability of its Fourier algebra A (G)
is dual to the classical result of Johnson that amenability of G corresponds
to amenability of L1 (G). Since the work of Johnson developing a homology
theory for L1 (G) [43], effort has been made to find a dual homological theory
for the Fourier algebra. In this direction, Spronk and Samei independently
showed that A (G) is always operator weakly amenable [79, 77] and Aristov
showed that operator biprojectivity of A (G) corresponds to discreteness of G
[3], which are in analogy to results of Johnson and Helemskii for L1 (G) [44, 39].
This work was continued by Ruan and Xu [76] who showed that A (G) is rela-
tively operator 1-projective when G is an IN group and that A (G) is relatively
operator 1-flat when G is inner amenable. In this section we establish the con-
verse of both of these results. Aristov, Runde, and Spronk showed that the
QSIN condition on G guarantees the existence of a bounded approximate in-
dicator for the diagonal subgroup G∆ in G × G and that this in turn implies
the relative operator biflatness of A (G). We establish a converse to the first
implication and show that all three conditions coincide in many special cases.

By the work of Leptin [56] and Ruan [74] the algebra A (G) is operator
amenable exactly when it has a bounded approximate identity and these con-
ditions are each equivalent to amenability of G. In analogy with Leptin’s
result, Forrest [24] showed that G is weakly amenable exactly when Acb (G)
has a bounded approximate identity, which led to the natural conjecture of
[26] that Acb (G) is operator amenable precisely when G is weakly amenable.
Using the results of this chapter we are able to provide a large family of counter
examples.
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This chapter is based on joint work with Jason Crann [18].

3.1 Relative flatness and inner amenability

In this section we study the relationship between inner amenability of a locally
compact group G and relative flatness of its Fourier algebra A (G) as a module
over itself. Inner amenability is defined in terms of L∞ (G), our first result
provides a dual characterization in terms of the group von Neumann algebra
L (G) and answers a question of Lau and Paterson [59, Example 5]. Recall
from Subsection 2.1.4 that the left regular representation induces a G-action
on B (L2 (G)) and therefore also on L (G) via

x ·λ s = λ∗sxλs, x ∈ L (G) , s ∈ G.

On L (G) this action coincides with that induced by the conjugation represen-
tation β2 since β2 (s) = λsρs for s ∈ G and the operators ρs commute with
operators in L (G).

Proposition 3.1.1. A locally compact group G is inner amenable if and only
if there exists a G-invariant state on L (G).

Proof. If G is inner amenable, then by [6, Theorem 2.4] there exists a β2-
invariant state m on B (L2 (G)). The restriction of m to L (G) is necessarily
G-invariant because

〈m,x ·π s〉 = 〈m,λ∗sρ∗sxρsλs〉 = 〈m,β2 (s)∗ xβ2 (s)〉 = 〈m,x〉

for all x ∈ L(G), s ∈ G.
Conversely, suppose m is a G-invariant state on L (G). Since L (G) is

standardly represented on L2 (G), there exists a net of unit vectors (ξα) in
P such that (ωξα) converges to m in the weak* topology of L (G)∗. By G-
invariance, it follows that

β2(s) · ωξα · β2(s)∗ − ωξα = ωβ2(s)ξα − ωξα → 0

weakly in A(G) = L (G)∗ for all s ∈ G. Passing to convex combinations, we
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obtain a net of unit vectors (ηγ) in P satisfying
∥∥∥β2(s) · ωηγ · β2(s)∗ − ωηγ

∥∥∥
A(G)

=
∥∥∥ωβ2(s)ηγ − ωηγ

∥∥∥
A(G)
→ 0, s ∈ G.

However, since β2(s) = λsρs = λsJλsJ we have β2(s)P ⊆ P for any s ∈ G by
[35, Theorem 1.1]. Then [35, Lemma 2.10] entails

‖β2(s)ηγ − ηγ‖2
L2(G) ≤

∥∥∥ωβ2(s)ηγ − ωηγ
∥∥∥
A(G)
→ 0, s ∈ G.

Letting fγ := |ηγ|2, we obtain a net of states in L1 (G) satisfying

‖β1(s)fγ − fγ‖L1(G) =
∥∥∥ωβ2(s)ηγ − ωηγ

∥∥∥
L1(G)

≤ 2 ‖β2(s)ηγ − ηγ‖L2(G) → 0, s ∈ G.

Any weak∗ cluster point of (fγ) in L∞ (G)∗ will therefore be conjugation in-
variant, hence G is inner amenable.

This characterization yields the following new hereditary property of inner
amenability.

Corollary 3.1.2. Let G be a locally compact group and let H be a closed
subgroup of G. If G is inner amenable, then H is inner amenable.

Proof. Let LH(G) = {λG(s) : s ∈ H}′′ ⊆ L (G) and let rH : A (G)→ A (H) be
the restriction map. It’s not hard to verify that its adjoint r∗H : L (H)→ L (G)
satisfies

r∗H (λH (s)) = λG (s) , s ∈ H,

and consequently determines a ∗-homomorphism on spanλH (H), hence also on
L (H) because r∗H is weak∗ continuous. Since rH surjects by Herz’ restriction
theorem, its adjoint is injective with closed rage and therefore an isometric
∗-isomorphism onto ran (r∗H) = ker (rH)⊥ = I (H)⊥ = LH (G). Thus, if m is a
G-invariant state on L (G) thenmH := m|LH(G)◦r∗H ∈ L(H)∗ is an H-invariant
state on L(H), so H is inner amenable by Proposition 3.1.1.

In [58, Corollary 3.2], Lau and Paterson showed that

G is amenable ⇐⇒ G is inner amenable and L (G) is an injective

operator space
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providing a key connection between amenability and inner amenability in the
setting of locally compact groups. We now establish another characteriza-
tion of inner amenability that allows us to write this equivalence in purely
homological terms.

Theorem 3.1.3. A locally compact group G is inner amenable if and only if
A(G) is relatively 1-flat in mod− A(G).

Proof. If G is inner amenable, then by Proposition 2.1.5 there exists a net of
states (fα) in L1 (G) satisfying

‖β1(s)fα − fα‖L1(G) → 0, s ∈ G,

uniformly on compact sets. The square roots ξα := f 1/2
α ∈ L2 (G) then satisfy

‖β2(s)ξα − ξα‖2
L2(G) ≤ ‖β1(s)fα − fα‖L1(G) → 0, s ∈ G,

uniformly on compact sets. Thus, combining [76, Lemma 3.1, Lemma 4.1], it
follows that Γ : L (G) → L (G×G) has a completely contractive left inverse
Φ which is a left A(G)-module map. Since L (G) is faithful in A(G) −mod,
this entails the relative 1-injectivity of L (G) in A(G)−mod, and hence, the
relative 1-flatness of A(G) in mod− A(G).

Conversely, relative 1-flatness of A(G) in mod−A(G) implies the existence
of a completely contractive morphism Φ : L(G×G)→ L (G) satisfying Φ◦Γ =
idL(G). It follows that Γ ◦ Φ : L(G × G) → L(G × G) is a projection of norm
one onto the image of Γ. Thus, by [85], Γ ◦ Φ is a Γ (L (G))-bimodule map,
which by injectivity of Γ yields the identity

xΦ(T )y = Φ (Γ(x)TΓ(y)) (3.1.1)

for all x, y ∈ L (G) and T ∈ L(G×G).
For x ∈ L(G), the module property of Φ implies u · Φ(x ⊗ 1) = Φ(x ⊗

u · 1) = u(e)Φ(x ⊗ 1) for all u ∈ A(G). The standard argument then shows
Φ(x⊗ 1) ∈ C1, so that m : L (G)→ C defined by

〈m,x〉 = Φ(x⊗ 1), x ∈ L (G)
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yields a state on L (G). Moreover, by equation (3.1.1) we obtain

〈m,λsxλ∗s〉 = Φ(λsxλ∗s ⊗ 1) = Φ((λs ⊗ λs)(x⊗ 1)(λ∗s ⊗ λ∗s))

= Φ(Γ(λs)(x⊗ 1)Γ(λ∗s)) = λsΦ(x⊗ 1)λ∗s = Φ(x⊗ 1)

= 〈m,x〉

for any x ∈ L (G) and s ∈ G. Thus, m is a G-invariant state on L (G), which
by Proposition 3.1.1 implies that G is inner amenable.

With this result and [16, Corollary 5.3], and recalling from Subsection 2.1.2
that relative 1-flatness of A (G) in mod−A(G) is exactly relative 1-injectivity
of its dual L (G) in A(G)−mod, we may now rephrase the result of Lau and
Paterson in homological terms:

L (G) is 1-injective in A (G) -mod ⇐⇒ L (G) is relatively 1-injective in

A (G) -mod and 1-injective in

C-mod

In [2], given a locally compact group G, Anantharaman-Delaroche calls
u ∈ B (G×G) properly supported if supp (u)∩G×K and supp (u)∩K×G
are compact for every compact set K ⊂ G and defines G to have property
(W ) if

for every ε > 0 and compact set K ⊂ G there is u ∈ P (G×G)

properly supported with |u (s, s)− 1| < ε for all s ∈ K.

It was shown in [2, Proposition 4.6] that inner amenable groups have property
(W) but the converse was left open [2, Problem 9.1]. We are able to establish
the equivalence of these two properties using Theorem 3.1.3.

Theorem 3.1.4. A locally compact group G is inner amenable if and only if
it has Property (W ).

Proof. Suppose G has Property (W ), witnessed by a net (uα) of properly
supported positive definite functions in B(G×G) satisfying

|uα(s, s)− 1| → 0, s ∈ G
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uniformly on compact sets. Without loss of generality we may assume that
uα(e, e) = 1 for all α. By Nielson’s lemma [65, Lemma 10.3] (see also [19,
Proposition 5.1]) it follows that

uα|G∆
· v → v, v ∈ A(G).

Moreover, since uα is properly supported, for any v ∈ A(G) with compact
support, the function uα · (1 ⊗ v) ∈ B(G × G) is compactly supported, and
hence lies in A(G×G). Thus, uα · (1⊗ v) ∈ A(G×G) for all v ∈ A(G), and

‖[uα · (1⊗ vij)]‖Mn(A(G×G)) = ‖[uα · (1⊗ vij)]‖Mn(B(G×G))

≤ ‖uα‖B(G×G) ‖[vij]‖Mn(A(G)) ,

so that ‖uα‖CB(A(G),A(G×G)) ≤ ‖uα‖B(G×G) = 1. Define maps Φα : L(G×G)→
L(G) by

〈Φα(X), v〉 = 〈uα · (1⊗ v), X〉 , X ∈ L(G×G), v ∈ A(G).

Then ‖Φα‖cb ≤ ‖uα‖CB(A(G),A(G×G)) ≤ 1, and

〈Φα(u ·X), v〉 = 〈uα · (1⊗ v), u ·X〉

= 〈uα · (1⊗ vu), X〉

= 〈Φα(X), vu〉

= 〈u · Φα(X), v〉

for allX ∈ L(G×G) and u, v ∈ A(G). Passing to a subnet if necessary, we may
assume that (Φα) converges weak∗ to Φ ∈ CB (L(G×G), L(G)) = (L(G ×
G)⊗̂A(G))∗. Then, with Γ : L (G)→ L (G×G) denoting the comultiplication
as defined in Subsection 2.1.3,

〈Φ(Γ(x)), v〉 = lim
α
〈uα · (1⊗ v),Γ(x)〉 = lim

α

〈
uα|G∆

· v, x
〉

= lim
α
〈v, x〉 = 〈x, v〉

for all x ∈ L(G) and v ∈ A(G). Hence, Φ : L(G×G)→ L(G) is a completely
contractive left A(G)-module inverse to Γ, entailing the relative 1-flatness of
A(G) in mod − A(G), and therefore the inner amenability of G by Theorem
3.1.3.

We conjecture that inner amenability of G is equivalent to relative C-
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flatness of A (G) in mod−A (G) for any C > 1. The following proposition
will allow us to produce examples supporting this conjecture.

Proposition 3.1.5. Let G be a locally compact group and let H be a closed
subgroup. If L (G) is C-injective in A(G) −mod for C ≥ 1, then L(H) is
C-injective in A(H)−mod.

Proof. Let r : A(G) � A(H) be the complete quotient map given by restric-
tion (see Subsection 2.1.3). Then B (L2(H)) becomes a left A(G)-module via

u · T = (id⊗ r(u)) Γr(T ), u ∈ A(G), T ∈ B
(
L2(H)

)
,

where Γr : B (L2(H)) → B (L2(H))⊗L(H) is the canonical lifting of the co-
multiplication on L(H) given by

Γr(T ) = V (T ⊗ 1)V ∗, T ∈ B
(
L2(H)

)
.

Clearly, L(H) is a closed A(G)-submodule of B (L2(H)). Hence, the inclusion
L(H) ↪→ L (G) extends to a morphism E : B (L2(H)) → L (G) with ‖E‖cb ≤
C. We show that E (B (L2(H))) = L(H). To this end, fix T ∈ B (L2(H)).
Then for u ∈ A(G) and v ∈ I(H), we have

〈E(T ), u · v〉 = 〈v · E(T ), u〉 = 〈E(v · T ), u〉 = 0

as r(v) = 0. Since I(H) is essential it follows that E(T ) ∈ I(H)⊥ = L(H).
Thus, E : B (L2(H)) → L(H) is a completely bounded A(H)-module projec-
tion with ‖E‖cb ≤ C. By [71], there is an A(H)-invariant state m on L(H)
satisfying

〈m,u · x〉 = u(e) 〈m,x〉 , u ∈ A(H), x ∈ L(H),

it follows that L(H) is an amenable quantum group, and the proof of [17,
Theorem 5.5] implies that B (L2(H)) is 1-injective in A(H) − mod. Thus,
L(H) is C-injective in A(H)−mod.

Corollary 3.1.6. Let G be a locally compact group such that L (G) is C-
injective in A(G)−mod for some C ≥ 1. Then every closed inner amenable
subgroup of G is amenable.

Proof. By Proposition 3.1.5 we know that L(H) is C-injective in A(H) −
mod for any closed subgroup H. Hence, there exists a completely bounded
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projection E : B (L2(H)) → L(H), which, by [12, Theoerem 3.1] (see also
[70]) implies that L(H) is an injective von Neumann algebra. If H is inner
amenable, then by [58, Corollary 3.2] it is necessarily amenable.

Corollary 3.1.7. Let G be a locally compact group containing F2 as a closed
subgroup and for which L (G) is 1-injective in C −mod. Then L (G) is not
relatively C-injective in A(G)−mod for any C ≥ 1.

Proof. If L (G) were relatively C-injective in A(G)−mod, then it would be C-
injective in A(G)−mod by [16, Proposition 2.3]. Since F2 is inner amenable,
Corollary 3.1.6 would imply that it is amenable, a contradiction.

For an almost connected locally compact group G it is known that L (G)
is injective [68] and that G is amenable exactly when it fails to contain F2 as
a closed subgroup [73]. Thus Corollary 3.1.7 implies that almost connected
nonamenable groups have Fourier algebras that fail to be relatively C-flat for
all C ≥ 1. For n ≥ 2, the groups SL (n,R), SL (n,C), and SO (1, n) fall into
this class, so in particular their Fourier algebras fail to be relatively biflat,
confirming a conjecture posed in [4].

We close this section by establishing the converse of [76, Lemma 3.2], pro-
viding a characterization of relative projectivity of A (G).

Proposition 3.1.8. Let G be a locally compact group. Then A(G) is relatively
1-projective in mod− A(G) if and only if G is an IN group.

Proof. Assuming relative 1-projectivity of A(G) in mod− A(G), there exists
a normal completely contractive left A(G)-module map Φ : L(G×G)→ L (G)
such that Φ ◦ Γ = idL(G). By the proof of Theorem 3.1.3 we obtain a normal
G-invariant state on L (G), which, by [83, Proposition 4.2] implies that G is
IN. The converse follows from [76, Lemma 3.2].

3.2 Relative biflatness

Let G be a locally compact group. Given a closed subgroup H, a bounded net
(mα) in B (G) is called an bounded approximate indicator for H if

lim
α
mα|H u = u and lim

α
mαv = 0 for all u ∈ A (H) , v ∈ I (H) .
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This definition was introduced by Aristov, Runde, and Spronk in [4], where it is
shown that A (G) is relatively C-biflat whenever the diagonal subgroup G∆ ≤
G × G has an approximate indicator with bound C. Recalling that relative
biflatness is weaker than operator amenability, this result is a natural since
A (G) is operator amenable exactly when G∆ has an approximate indicator in
the smaller algebra A (G×G). We prove the converse to the result of Aristov,
Runde, and Spronk when C = 1.

Theorem 3.2.1. Let G be a locally compact group. Then A(G) is relatively
1-biflat if and only if G∆ has a contractive approximate indicator.

Proof. We need only establish necessity. Consider the right L1 (G)-action on
L (G) given by

xC f =
∫
G
λ∗sxλsf(s)ds, x ∈ L (G) , f ∈ L1 (G) .

For f ∈ L1 (G), we let

Θ̂ (f) : L (G)→ L (G) : x 7→ xC f,

θ̂f : L(G×G)→ L(G×G) : X 7→
∫
G

(λ∗s ⊗ λ∗s)X (λs ⊗ λs) f(s)ds.

Relative 1-biflatness of A(G) implies the existence of a completely contrac-
tive A(G)-bimodule left inverse Φ : L(G × G) → L (G) to Γ. It follows as
in Theorem 3.1.3 that Γ ◦ Φ is a Γ (L (G))-bimodule map. By Wittstock’s
bimodule extension theorem [87], this map extends to an Γ (L (G))-bimodule
map Ψ : B (L2(G×G))→ B (L2(G×G)). Moreover, [63, Lemma 2.3] allows
us to approximate Ψ in the point weak∗ topology by a net (Ψα) of normal
completely bounded Γ (L (G))-bimodule maps. Thus, for any X ∈ L(G×G),
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we have

Γ ◦ Φ(θ̂f (X)) = Ψ(θ̂f (X)) = Ψ
(∫

G
(λ∗s ⊗ λ∗s)X (λs ⊗ λs) f(s)ds

)
= lim

α
Ψα

(∫
G

(λ∗s ⊗ λ∗s)X (λs ⊗ λs) f(s)ds
)

= lim
α

(∫
G

Ψα ((λ∗s ⊗ λ∗s)X (λs ⊗ λs)) f(s)ds
)

= lim
α

(∫
G

Ψα (Γ (λ∗s)XΓ (λs)) f(s)ds
)

= lim
α

(∫
G

Γ(λ∗s)Ψα(X)Γ(λs)f(s)ds
)

= lim
α
θ̂f (Ψα(X)) = θ̂f (Ψ(X)) = θ̂f (Γ ◦ Φ(X)) ,

where we used normality of Ψα and θ̂f in the fourth and eighth equality,
respectively. By definition of θ̂f , we have θ̂f ◦ Γ = Γ ◦ Θ̂(f), so the above
calculation entails Γ ◦Φ ◦ θ̂f = Γ ◦ Θ̂(f) ◦Φ, which, by injectivity of Γ, implies
Φ ◦ θ̂f = Θ̂(f) ◦ Φ.

As in the proof of Theorem 3.1.3 , the restriction Φ|L(G)⊗1 defines a state
m ∈ L (G)∗. The bimodule property of Φ ensures that m is invariant for the
A(G)-action on L (G), that is,

〈m,u · x〉 = u(e) 〈m,x〉 , x ∈ L (G) , u ∈ A(G).

Moreover, for f ∈ L1 (G) and x ∈ L (G) we have

〈m,xC f〉 = Φ
(∫

G
(λ∗s ⊗ λ∗s) (x⊗ 1) (λs ⊗ λs) f(s)ds

)
= Φ

(
θ̂f (x⊗ 1)

)
= Θ̂(f) (Φ(x⊗ 1))

= 〈f, 1〉 〈m,x〉 .

Approximating m ∈ L(G)∗ in the weak∗ topology by a net of states (uβ) in
A(G), it follows that

uβ · v − v(e)uβ → 0 and f C uβ − 〈f, 1〉 uβ → 0

weakly in A(G) for all v ∈ A(G) and f ∈ L1 (G), where fCuβ =
(
Θ̂(f)

)
∗

(uβ).
Passing to convex combinations, we obtain a net of states (uγ) in A(G) satis-
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fying

‖uγ · v − v(e)uγ‖A(G) , ‖f C uγ − 〈f, 1〉 uγ‖A(G) → 0, v ∈ A(G), f ∈ L1 (G) .
(3.2.1)

For s ∈ G and v ∈ A(G) we define s C v ∈ A(G) by s C v(t) = v (s−1ts),
s, t ∈ G. Then by left invariance of the Haar measure it follows that

sC (f C v) = (lsf)C v, s ∈ G, f ∈ L1 (G) , v ∈ A(G), (3.2.2)

where lsf(t) = f(st) for s, t ∈ G. Fix a state f0 ∈ L1 (G), and consider the
net (f0 C uγ). For ε > 0, take a neighborhood U of the identity e ∈ G such
that

‖lsf0 − f0‖L1(G) <
ε

2 , s ∈ U.

Then for any compact set K ⊆ G, there exist s1, ..., sn ∈ K such that K ⊆
∪ni=1Usi. Take γε such that for γ ≥ γε

‖(lsif0)C uγ − uγ‖A(G) <
ε

4 , 1 ≤ i ≤ n.

Applying (3.2.2) together with the L1 (G)-invariance in (3.2.1), it follows by
the standard argument (see [75, Lemma 7.1.1]) that

‖k C (f0 C uγ)− f0 C uγ‖A(G) < ε, k ∈ K.

Hence, the net (f0 C ψγ) satisfies

‖sC (f0 C uγ)− f0 C uγ‖A(G) → 0, s ∈ G,

uniformly on compact sets. Using both the A(G) and L1 (G)-invariance from
equation (3.2.1), a 3ε-argument also shows that

‖(f0 C uγ) · v − v(e)f0 C uγ‖A(G) → 0, v ∈ A(G).

Forming |f0 C uγ|2, we may further assume f0Cuγ(s) ≥ 0 for all s ∈ G, as one
may easily verify using boundedness and multiplicativity of the G-action that
∥∥∥u · |f0 C uγ|2 − u(e) |f0 C uγ|2

∥∥∥
A(G)

,
∥∥∥sC |f0 C uγ|2 − |f0 C uγ|2

∥∥∥
A(G)
→ 0

for all u ∈ A(G) and for all s ∈ G, uniformly on compact sets.
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Now, since L (G) is standardly represented on L2 (G), there exist unit vec-
tors ξγ ∈ P satisfying

ωξγ
∣∣∣
L(G)

= f0 C uγ.

Note that Jξγ = ξγ and that ξγ is necessarily real-valued by uniqueness. For
any s ∈ G we have sCωξγ = ωβ2(s)ξγ and β2(s)P ⊆ P . Thus [35, Lemma 2.10]
implies

‖β2(s)ξγ − ξγ‖2
L(G) ≤

∥∥∥ωβ2(s)ξγ − ωξγ
∥∥∥
A(G)

= ‖sC uγ − uγ‖A(G) → 0 (3.2.3)

for all s ∈ G, uniformly on compact sets.
Define the function ϕγ ∈ P1(G×G) ⊆ B(G×G) by

ϕγ(s, t) = 〈λsρtξγ|ξγ〉 , s, t ∈ G,

and consider the associated normal completely positive map Θ (ϕγ) in
CBA(G×G) (L(G×G)) given by

Θ (ϕγ) (λs ⊗ λt) = ϕγ(s, t)λs ⊗ λt, s, t ∈ G.

We claim that the bounded net (Θ (ϕγ)) clusters to a completely positive
A(G×G)-module projection L(G×G)→ L (G∆).

To verify the claim, first consider the net
(
ωξγ

)
in T (L2 (G)) = B (L2 (G))∗.

By passing to a subnet we may assume that
(
ωξγ

)
converges weak∗ to a state

M ∈ B (L2 (G))∗. For each γ define the unital completely positive map Φγ :
L(G×G)→ L(G) by

Φγ(X) =
(
id⊗ ωξγ

)
V (1⊗ U)X (1⊗ U)V ∗, X ∈ L(G×G),

where U is the self-adjoint unitary given by U = ĴJ , and Ĵ is complex conjuga-
tion on L2 (G). Since Γ(x) = V (x⊗ 1)V ∗, x ∈ L(G), and UL(G)U = L(G)′,
one easily sees that the range of Φγ is indeed contained in L(G).
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For every γ and s, t ∈ G, we have

Θ (ϕγ) (λs ⊗ λt)

= 〈λsρtξγ, ξγ〉λs ⊗ λt
=
(
id⊗ id⊗ ωξγ

)
(λs ⊗ λt ⊗ λsρt)

=
(
id⊗ id⊗ ωξγ

)
(λs ⊗ 1⊗ λs) (1⊗ λt ⊗ ρt)

=
(
id⊗ id⊗ ωξγ

)
(λs ⊗ 1⊗ λs) (1⊗ (1⊗ U)V (λt ⊗ 1)V ∗(1⊗ U))

=
(
id⊗ id⊗ ωξγ

)
(λs ⊗ 1⊗ 1) (1⊗ (1⊗ U)V (λt ⊗ ρs)V ∗(1⊗ U))

=
(
id⊗ id⊗ ωξγ

)
(λs ⊗ 1⊗ 1) (1⊗ V (λt ⊗ ρs)V ∗) (as Uξγ = ξγ)

=
(
id⊗ id⊗ ωξγ

)
(λs ⊗ 1⊗ 1) (1⊗ V ((1⊗ U) (λt ⊗ ρs) (1⊗ U))V ∗)

= λs ⊗ Φγ (λt ⊗ λs)

= λs ⊗ Φγ (Σ (λs ⊗ λt))

= (id⊗ Φγ ◦ Σ) (λs ⊗ λs ⊗ λt)

= (id⊗ Φγ ◦ Σ) (Γ⊗ id) (λs ⊗ λt)

By normality we see that Θ (ϕγ) = (id⊗ Φγ ◦ Σ) (Γ ⊗ id). Since (Φγ) is
bounded, it follows that (Φγ) converges in the stable point weak∗ topology
to the map ΦM ∈ CB (L(G×G), L(G)) given by

ΦM(X) = (id⊗M)V (1⊗ U)X(1⊗ U)V ∗, X ∈ L(G×G).

Hence, the net (Θ (ϕγ)) converges weak∗ to a map Θ ∈ CB (L(G×G)) satis-
fying

Θ = (id⊗ ΦM ◦ Σ) (Γ⊗ id) .

If ΦM were a left A(G)-module left inverse to Γ, it would follow that Θ =
Γ ◦ ΦM ◦ Σ, hence the claim. We therefore turn to the required properties of
ΦM .

First, let V̂ be the unitary in L(G)′ ⊗ L∞ (G) given by

V̂ ζ(s, t) = ζ(st, t)∆(t)1/2, ζ ∈ L2(G×G), s, t ∈ G.

Then, for η ∈ L2 (G), the compact convergence (3.2.3) entails
∥∥∥V σV̂ ση ⊗ ξγ − η ⊗ ξγ∥∥∥2

L2(G×G)
=
∫
G

∫
G
|η(s)|2 |β2(s)ξγ(t)− ξγ(t)|2 dsdt→ 0.
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Noting that V̂ = σ(1⊗ U)V (1⊗ U)σ, for X ∈ L(G×G) we therefore have

〈ΦM(X), ωη〉 = lim
γ
〈V (1⊗ U)X(1⊗ U)V ∗η ⊗ ξγ, η ⊗ ξγ〉

= lim
γ
〈(1⊗ U)V (1⊗ U)X(1⊗ U)V ∗(1⊗ U)η ⊗ ξγ, η ⊗ ξγ〉

= lim
γ

〈
σV̂ σXσV̂ ∗ση ⊗ ξγ, η ⊗ ξγ

〉
= lim

γ
〈V ∗XV η ⊗ ξγ, η ⊗ ξγ〉

= 〈(id⊗M)V ∗XV, ωη〉 .

Since η ∈ L2 (G) was arbitrary, by linearity we obtain

ΦM(X) = (id⊗M) (V ∗XV ) , X ∈ L(G×G),

from which it follows that ΦM ◦ Γ = idL(G). We now show the A(G)-module
property. For X ∈ L(G×G) and u ∈ A(G), we have

ΦM (u ·X) = ΦM ((id⊗ id⊗ u) (V23X12V
∗

23))

= (id⊗M) (id⊗ id⊗ u) (V ∗12V23X12V
∗

23V12)

= (id⊗M) (id⊗ id⊗ u) (V13V23V
∗

12X12V12V
∗

23V
∗

13) (by (2.1.2))

= (id⊗ u) (V (id⊗M ⊗ id) (V23V
∗

12X12V12V
∗

23)V ∗) .

Denoting by π : T (L2 (G))� A(G) the canonical restriction map, and recall-
ing that M |L(G) is A(G)-invariant, for τ, ω ∈ T (L2 (G)), we have

〈(id⊗M ⊗ id) (V23V
∗

12X12V12V
∗

23) , τ ⊗ ω〉

= 〈(M ⊗ id)V ((τ ⊗ id) (V ∗XV )⊗ 1)V ∗, ω〉

= 〈M,π(ω) · ((τ ⊗ id)V ∗XV )〉

= 〈ω, 1〉 〈M, (τ ⊗ id)V ∗XV 〉

= 〈M ⊗ ω, (τ ⊗ id)(V ∗XV )⊗ 1〉

= 〈(id⊗M ⊗ id) (V ∗XV ⊗ 1) , τ ⊗ ω〉

= 〈ΦM(X)⊗ 1, τ ⊗ ω〉 .
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Since τ and Ω in T (L2 (G)) were arbitrary, it follows that

ΦM(u ·X) = (id⊗ u)(V (id⊗M ⊗ id) (V23V
∗

12A12V12V
∗

23)V ∗)

= (id⊗ u) (V (ΦM(X)⊗ 1)V ∗)

= u · ΦM(X).

Our original claim is therefore established, and Θ(ϕγ) converges weak∗ in
CB (L(G×G)) to an A(G × G)-module projection Θ from L(G × G) onto
L (G∆) = Γ (L(G)). Then

ϕγ|G∆
· u− u→ 0

weakly for u ∈ A (G∆), and using the fact from [21, Theorem 6.5] that

Γ (L(G)) = {X ∈ L(G×G) : (Γ⊗ id)(X) = (id⊗ Γ)(X)} ,

together with the essentiality I (G∆) = 〈I(G∆) · A(G×G)〉, we also have

ϕγ · v → 0

weakly for v ∈ I (G∆). Passing to convex combinations, and noting that
(ϕγ) ⊆ P1(G × G), we obtain a contractive approximate indicator for G∆ in
P1(G×G).

We conjecture that a locally compact group G has relatively 1-biflat Fourier
algebra exactly when G is QSIN. The characterization of amenability due
to Lau and Paterson discussed in Section 3.1 and Theorem 3.1.3 together
assert that, when L (G) is 1-injective in C-mod, relative 1-biflatness of A (G)
implies amenability of G and hence that G is QSIN, by Proposition 2.1.6. It
follows that our conjecture is valid for locally compact groups with injective
von Neumann algebras, which includes type I groups and almost connected
groups. We are able to verify the conjecture also for totally disconnected
groups.

Proposition 3.2.2. Let G be a totally disconnected locally compact group.
Then A(G) is relatively 1-biflat if and only if G is QSIN.

Proof. Sufficiency follows from [4, Theorem 2.4], so suppose that A(G) is rel-
atively 1-biflat. Proceeding as in the proof of Theorem 3.2.1, we obtain a net
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of states (uγ) in A(G) (appearing as |f0 C uγ|2in the proof of Theorem 3.2.1)
satisfying

‖v · uγ − v(e)uγ‖A(G) , ‖sC uγ − uγ‖A(G) → 0

for all v ∈ A(G) and for all s ∈ G, where v · uγ denotes the product in A (G).
Now, because G is totally disconnected there is a neighborhood basis H of

the identity consisting of compact open subgroups. By [23, Lemme 4.13] for
each H ∈ H there exists a state ϕH ∈ A(G) satisfying supp(ϕH) ⊆ H2 ⊆ H

and
‖ϕH · v − v(e)ϕH‖A(G) → 0, v ∈ A(G).

For each H ∈ H, a standard 3ε-argument shows

‖sC (ϕH · uγ)− ϕH · uγ‖A(G) → 0, s ∈ G.

Denoting the index set of (uγ) by C, we form the product I := H × CH. For
each α =

(
H, (γH)H∈H

)
∈ I, letting uα := ϕH ·uγ(H), we obtain a net of states

in A(G) satisfying the iterated convergence

lim
α∈I
‖sC uα − uα‖A(G) = lim

H∈H
lim
γ∈v
‖sC ϕH · uγ − ϕH · uγ‖A(G) = 0

for all s ∈ G by [51, pg. 69]. Moreover, supp(uα)→ {e}, in the sense that for
every neighborhood U of the identity, there exists αU such that supp(uα) ⊆ U

for α ≥ αU .
Let (ξα) be the unique representing vectors from P for the net (uα). For

each α =
(
H, (γH)H∈H

)
, uα is supported in the open subgroup H, i.e., uα ∈

A(H) ⊆ A(G). Under the canonical subspace inclusion L2(H) ↪→ L2(G) we
have PH = {f ∗ Jf | f ∈ Cc(H)} ⊆ PG, so by uniqueness of representing
vectors [35, Lemma 2.10], we may assume supp (ξα) ⊆ H.

Applying Haagerup’s Powers–Størmer inequality [35, Lemma 2.10] once
again, we obtain
∥∥∥ωβ2(s)ξα − ωξα

∥∥∥2

L1(G)
≤ 4 ‖β2(s)ξα − ξα‖2

L2(G) ≤ 4 ‖sC uα − uα‖A(G) → 0, s ∈ G.

Letting fα := |ξα|2, we obtain a net of states in L1 (G) satisfying

‖β1(s)fα − fα‖L1(G) =
∥∥∥ωβ2(s)ξα − ωξα

∥∥∥
L1(G)

→ 0, s ∈ G,
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and supp(fα) → {e}. Since the latter implies (fα) is a bounded approximate
identity for L1 (G), it follows that G is QSIN.

3.3 Examples arising from actions of discrete
groups on compact groups

In this section we produce additional examples of locally compact groups with
Fourier algebras that fail to be relatively 1-biflat. Let KoH be the semidirect
product of a discrete group H and an infinite compact group K. Let

L2
0 (K) =

{
ξ ∈ L2 (K) :

∫
K
ξ = 0

}

and let πK : H → B (L2
0 (K)) denote the representation given by

πK (h) ξ = h · ξ, h ∈ H, ξ ∈ L2
0 (K) ,

where (h · ξ) (k) = ξ (h−1kh) for h ∈ H, k ∈ K, and h−1kh is the product
in K o H. Recall that the action of H on K is ergodic if for any Borel set
E ⊂ K such that E4h · E is a null set for all h ∈ H, it must be that E is
either a null set or a co-null set. This is equivalent to the assertion that 1K is
the unique normal H-invariant mean on L∞ (K).

Proposition 3.3.1. Let KoH be the semidirect product of an infinite compact
group K by a discrete group H. If A(K o H) is relatively 1-biflat, then πK

weakly contains the trivial representation.

Proof. Let G denote K o H. As in the proof of Theorem 3.2.1, relative 1-
biflatness of A(G) yields a net of states (ωξα) in A(G) with ξα ∈ PG satisfying

‖v · ωξα − v(e)ωξα‖A(G), ‖s C ωξα − ωξα‖A(G) → 0, v ∈ A(G), s ∈ G.

Arguing as in the proof of Proposition 3.2.2, we may assume supp (ωξα)→ {e}
and, since K is an open subgroup of G, we may identify A(K) with a subspace
of A(G) and further assume that supp (ξα) ⊆ K. Viewing L2(K) as a subspace
of L2(G) via extension by zero, we have βG2 (h)ξ = h · ξ for ξ ∈ L2(K) and
h ∈ H by unimodularity of G, and, noting once again that βG2 (G)PG ⊆ PG,
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[35, Lemma 2.10] implies

‖h · ξα − ξα‖2
L2(K) =

∥∥∥βG2 (h)ξα − ξα
∥∥∥2

L2(G)

≤
∥∥∥ωβG2 (h)ξα − ωξα

∥∥∥
A(G)

= ‖h C ωξα − ωξα‖A(G)

→ 0

for all h ∈ H. Let ξα = ξ0
α + cα1K correspond to the decomposition L2(K) =

L2
0(K) ⊕2 C1K , so that 1 = ‖ξ0

α‖2
L2

0(K) + |cα|2 and ‖h · ξ0
α − ξ0

α‖L2
0(K) → 0 for

all h ∈ H. Fix a neighborhood U of the identity in K with |K \ U | > 0. If it
were the case that ‖ξ0

α‖L2
0(K) → 0, then, for α large enough that |cα|2 > 1

2 and
supp (ωξα) ⊆ U , we have for k ∈ K \ U that

0 = ωξα(k) = ωξ0
α
(k) + ωξ0

α,cα1K (k) + ωcα1K ,ξ0
α
(k) + |cα|2 = ωξ0

α
(k) + |cα|2

because ξ0
α ∈ L2

0(K), whence

−1
2 |K \ U | >

∫
K\U

ωξ0
α
(k)dk = 〈ωξ0

α
, λK(1K\U)〉A(K),L(K) → 0,

a contradiction. Therefore, passing to a subnet if necessary, we may assume
‖ξ0

α‖L2
0(K) is bounded away from zero, in which case the vectors ξ0

α may be
normalized while retaining the property that ‖h · ξ0

α − ξ0
α‖L2

0(K) → 0 for all
h ∈ H. Thus πK weakly contains the trivial representation.

A locally compact group G has Kazhdan’s property (T) if any represen-
tation of G that weakly contains the trivial representation must in fact contain
the trivial representation.

Corollary 3.3.2. Let K oH be the semidirect product of an infinite compact
group K by a discrete group H such that the action of H on K is ergodic. If
A(K oH) is relatively 1-biflat, then H does not have Kazhdan’s property (T).

Proof. If H had Kazhdan’s property (T), then πK would contain the trivial
representation and we would obtain a nonzero vector ξ ∈ L2

0(K) such that
h · ξ = ξ for all h ∈ H, contradicting the ergodicity of the H-action on K.

This shows, for example, that if K is an infinite compact group with an
ergodic action of SL(n,Z) by automorphisms and n ≥ 3, then the Fourier
algebra of K o SL(n,Z) is not relatively 1-biflat.
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The QSIN condition on a locally compact group G is equivalent to the
existence of a conjugation invariant mean on L∞(G) extending evaluation
at the identity on C0(G). In [60] it is shown that for n ≥ 2 the group
TnoSL (n,Z) fails to be QSIN by appealing to the fact that the Haar integral
on Tn is the unique mean on L∞ (Tn) that is invariant under the SL(n,Z)-
action. Indeed, the restriction to L∞ (Tn) of any conjugation invariant mean
on L∞ (Tn o SL(n,Z)) is clearly invariant under the action of SL(n,Z). For
semidirect products associated to ergodic actions as above, we have the fol-
lowing.

Corollary 3.3.3. Let K oH be the semidirect product of an infinite compact
group K by a discrete group H such that the action of H on K is ergodic. If
A (K oH) is relatively 1-biflat, then there is an H-invariant mean on L∞(K)
distinct from the Haar integral on K.

Proof. By [28, Theorem 1.6], L∞(K) admits anH-invariant mean distinct from
the Haar measure when πK , considered as a representation on L2

0(K,R), weakly
contains the trivial representation. We may assure that the almost invariant
vectors for πK produced in Proposition 3.3.1 are real valued by replacing the
states ωξα with ωξαωξα , in which case we have ωξαωξα = ωξ′α for ξ′α ∈ PKoH

that are then real-valued by uniqueness.

Since the SL(2,Z)-action on T2 is ergodic, this confirms that the Fourier
algebra of T2 o SL(2,Z) fails to be relatively 1-biflat. Note, however, that
T2 o SL(2,Z) is an IN group and hence A (T2 o SL(2,Z)) is relatively 1-flat
by Theorem 3.1.3. More examples of groups H and K and conditions on these
pairs for which there is a unique H-invariant mean on L∞(K) may be found
in [7] and [28].

3.4 Operator amenability of Acb (G)

Given a closed subgroup H of a locally compact group G, we may consider
approximate indicators for H consisting of completely bounded multipliers by
replacing B(G) with McbA(G) in the definition of Section 3.2. The existence
of an approximate indicator for G∆ in the larger algebra McbA(G × G) still
yields relative biflatness of A(G), the proof of [4, Proposition 2.3] carrying over
mutatis mutandis.
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Recall that Acb (G) denotes the closure of A (G) in the norm on McbA (G).
For the algebra Acb(G), the existence of a bounded approximate identity is
equivalent to weak amenability of G [24]. This is in close analogy to Leptin’s
theorem [56], which asserts that A (G) has a bounded approximate identity ex-
actly when G is amenable. By a theorem of Ruan [74], amenability of G is also
equivalent to the operator amenability of A (G), and it was suggested in [26]
that Acb(G) may be operator amenable exactly when G is weakly amenable.
The following proposition, in combination with Corollary 3.1.7, yields a large
class of counter-examples.

Theorem 3.4.1. Let G be a locally compact group such that Acb(G) is operator
amenable. Then G∆ has a bounded approximate indicator in Acb(G×G).

Proof. Write
∆ : Acb(G)⊗̂Acb(G)→ Acb(G)

for the product map,
r : Acb(G×G)→ Acb(G)

for restriction to the diagonal G∆ in G×G, and

Λ : Acb(G)⊗̂Acb(G)→ Acb(G×G)

for the complete contraction defined on elementary tensors by Λ(u⊗v) = u×v,
so that ∆ = rΛ. Let (Xα) be an approximate diagonal for Acb(G) of bound C
and set mα = Λ (Xα). We show that the net (mα) is an approximate indicator
for G∆. Let u ∈ A(G) have compact support and choose v ∈ A(G) with v ≡ 1
on supp(u) [23, Lemme 3.2], so that u = uv and

‖ur (mα)− u‖A(G) = ‖u∆ (Xα)− u‖A(G) ≤ ‖u‖A(G)‖v∆ (Xα)− v‖Acb(G) → 0.

As A(G) is Tauberian and the net (r (mα)) is bounded in ‖ · ‖Acb(G), a routine
estimate shows that the above holds for all u ∈ A(G).

We claim that the functions in I (G∆) of the form (a× 1G − 1G × a) v for
a ∈ A(G) and v ∈ A(G×G) have dense span. Recall that A(G) is self-induced
[21], in particular

ker ∆A(G) = 〈ab⊗ c− a⊗ bc : a, b, c ∈ A(G)〉 ,

and that the map a⊗ b 7→ a× b induces a completely isometric isomorphism
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A(G)⊗̂A(G)→ A(G×G) taking ker ∆A(G) onto I (G∆), from which it follows
that

I (G∆) = 〈ab× c− a× bc : a, b, c ∈ A(G)〉 .

Since {a× c : a, c ∈ A(G)} has dense span in A(G×G),

I (G∆) = 〈b · (a× c)− (a× c) · b : a, b, c ∈ A(G)〉

= 〈b · v − v · b : b ∈ A(G) and v ∈ A(G×G)〉

= 〈(b× 1G − 1G × b) v : b ∈ A(G) and v ∈ A(G×G)〉 .

For such elements of I (G∆),

‖ (b× 1G − 1G × b) vmα‖A(G×G) ≤ ‖v‖A(G×G)‖b ·mα −mα · b‖Acb(G×G)

≤ ‖v‖A(G×G)‖b ·Xα −Xα · b‖Acb(G)⊗̂Acb(G)

→ 0,

where the second inequality uses that Λ is a contractive A(G)-bimodule map.
The density claim above and the boundedness of (mα) imply that ‖umα‖A(G×G)

converges to zero for all u ∈ I (G∆).

Corollary 3.4.2. Let G be a locally compact group containing F2 as a closed
subgroup and for which L(G) is 1-injective in C −mod. Then Acb(G) is not
operator amenable.

Proof. If Acb(G) were operator amenable then an approximate indicator for
G∆ would exist, implying that L(G) is relatively C-injective in A(G)−mod for
some C ≥ 1 by the completely bounded multiplier analogue of [4, Proposition
2.3], in contradiction to Corollary 3.1.7.

Any weakly amenable, nonamenable, almost connected group G satisfies
the hypotheses of Corollary 3.4.1 by [68] and [73, Theorem 5.5]. Since weak
amenability is preserved under compact extensions [14, Proposition 1.3] and
almost connected groups have injective group von Neumann algebras, if K is
any compact group with an action of G by automorphisms, then K o G is
weakly amenable and Acb(K oG) fails to be operator amenable.
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Chapter 4

Coefficient spaces arising from
Lp-representations

In this chapter we study coefficient spaces arising from Lp-representations
of locally compact groups. Following Brown and Guentner’s introduction of
Lp-representations for the purpose of producing exotic group C∗-algebras, it
became natural to investigate the dual spaces BLp,BG (G) of these C∗-algebras
as well as other related spaces of coefficient functions. Wiersma and others
[86, 46] carried out this work, focusing primarily on the Lp-Fourier and Fourier-
Stieltjes algebras ALp,BG (G) and BLp,BG (G). These algebras coincide with the
norm and weak∗ closures of the span of P (G)∩Lp (G) respectively, where P (G)
is the cone of positive definite functions on G, and both arise naturally from
operator algebras associated to Lp-representations. However, the norm and
weak∗ closures of B (G) ∩ Lp (G) are more suitable objects of study from the
perspective of harmonic analysis. Motivated by this, Kaliszewski, Landstad,
and Quigg [45] studied these latter algebras and conjectured that they coincide
with the Lp-Fourier and Fourier-Stieltjes algebras.

This chapter is based on joint work with Matthew Wiersma and Brian
Forrest [27].

4.1 Preliminaries

Our primary motivation is the following conjecture due to Kaliszewski, Land-
stad, and Quigg [46].
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Conjecture 4.1.1. BLp,BG (G) = BLp,KLQ (G) for every locally compact group
G and 1 ≤ p ≤ ∞.

With the aim of developing some context in which to understand this con-
jecture, we will study several related spaces of coefficient functions and focus
on establishing when they coincide or fail to. In the latter case we establish
qualitative results about their relative sizes.

Recall thatBLp,BG (G) andBLp,KLQ (G) are the weak∗ closures of ALp,BG (G)
and ALp,KLQ (G) in B (G), respectively. We believe the above conjecture is true
and moreover conjecture the following.

Conjecture 4.1.2. ALp,BG (G) = ALp,KLQ (G) for every locally compact group
G and 1 ≤ p ≤ ∞.

We are not aware of any locally compact groups for which either conjecture
was known to hold, aside from cases in which the conjectures become trivial,
for example when the group is amenable in the case of Conjecture 4.1.1 and
when the group is compact in the case of Conjecture 4.1.2. We will show that
Conjecture 4.1.1 holds for the group SL (2,R).

When G is a non-unimodular locally compact group and 1 ≤ p < ∞,
Conjecture 4.1.2 implies that ALp,KLQ (G) is closed under the check operation
u 7→ ǔ, where ǔ (s) = u (s−1) for s ∈ G. It is not known if this holds.

With the aim of potentially distinguishing these spaces, we introduce sev-
eral auxiliary spaces of coefficient functions. Let

ALp+,BG(G) :=
⋂
ε>0

ALp+ε,BG = span P(G) ∩
⋂
ε>0

Lp+ε(G)
‖·‖B(G)

,

ALp−,BG(G) :=
⋃
ε>0

ALp−ε,BG
‖·‖B(G) = span P(G) ∩

⋃
ε>0

Lp−ε(G)
‖·‖B(G)

,

A⋃Lp,BG(G) :=
⋃

1≤p<∞
ALp,BG(G)

‖·‖B(G) = span P(G) ∩
⋃

1≤p<∞
Lp(G)

‖·‖B(G)
,

ALp+,KLQ(G) :=
⋂
ε>0

ALp+ε,KLQ = B(G) ∩
⋂
ε>0

Lp+ε(G)
‖·‖B(G)

,

ALp−,KLQ(G) :=
⋃
ε>0

ALp−ε,KLQ
‖·‖B(G) = B(G) ∩

⋃
ε>0

Lp−ε(G)
‖·‖B(G)

,

A⋃Lp,KLQ(G) :=
⋃

1≤p<∞
ALp,KLQ(G)

‖·‖B(G) = B(G) ∩
⋃

1≤p<∞
Lp(G)

‖·‖B(G)
.
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Since functions in B (G) are left uniformly continuous, it follows that the
spaces discussed so far all lie in the Rajchman algebra B0 (G). The weak∗

closures of these spaces in B (G) are labeled as follows.

BLp,BG(G), BLp+,BG(G), BLp−,BG(G), B⋃Lp,BG(G),
BLp,KLQ(G), BLp+,KLQ(G), BLp−,KLQ(G), B⋃Lp,KLQ(G).

We will frequently drop the subscripts BG and KLQ when making statements
about these spaces that hold for both the BG and KLQ variants. In these
contexts, when multiple spaces are being referred to, they are to be understood
as all being of BG or KLQ type.

We will make frequent use of the following Hölder-type result.

Lemma 4.1.3. Let G be a locally compact group. If 1 ≤ p, q, r < ∞ satisfy
1
r

= 1
p

+ 1
q
, then

uv ∈ ALr(G)

for all u ∈ ALp(G), v ∈ ALq(G) and

uv ∈ BLr(G)

for all u ∈ BLp(G), v ∈ BLq(G).

Proof. This is proved for the BG-case in [86, Proposition 4.5]. The KLQ case
is similar but easier. We include it for the sake of completeness.

Suppose u ∈ ALp,KLQ(G) and v ∈ ALq ,KLQ(G). Then we can find sequences
(un) ⊂ B(G)∩ Lp(G) and (vn) ⊂ B(G)∩ Lq(G) converging to u and v, respec-
tively. Then (unvn) ⊂ B(G) ∩ Lr(G) converges to uv, hence uv ∈ ALp,KLQ(G).
It is similarly shown that

uv ∈ BLr(G)

for all u ∈ BLp(G) and v ∈ BLq(G) since multiplication is jointly weak∗ contin-
uous on bounded subsets of B(G) and u, v can be approximated by bounded
nets in ALp(G) and v ∈ ALq(G), respectively.

Let G be a locally compact group and let 2 < p <∞. For u ∈ ALp(G) we
have un ∈ AL

p
n

(G) for all n ≥ 1 by Lemma 4.1.3. It follows that if n ≥ p
2 then

un ∈ AL2(G) = A(G). Since A(G) is a closed ideal in each of the algebras we
are considering, this tells us that if A is any of these algebras, then A/A(G)
is a commutative radical Banach algebra.
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Lemma 4.1.4. Let G be a locally compact group and let A denote any of the
algebras

ALp,BG(G), ALp+,BG(G), ALp−,BG(G), A⋃Lp,BG(G),
ALp,KLQ(G), ALp+,KLQ(G), ALp−,KLQ(G), A⋃Lp,KLQ(G).

Then the Gelfand spectrum ∆(A) is G under the identification s 7→ ϕs, where
ϕs(u) = u(s) for s ∈ G.

Proof. If 1 ≤ p ≤ 2 then A = A(G) (see Lemma 4.1.7 below) and it is well
known that ∆ (A(G)) = G. Thus assume that 2 < p < ∞. It is also known
that ∆(A) = G when A = ALq ,BG(G) [86, Proposition 6.1]. Given Lemma
4.1.3, the argument used in [86, Proposition 6.1] is easily modified to show
that ∆(ALp,KLQ(G)) = A(G). In fact, this can also be done for the algebras
ALp+,BG(G), ALp−,BG(G), ALp+,KLQ(G) and ALp−,KLQ(G).

Now let A = A⋃Lp,BG(G) and ϕ ∈ ∆(A⋃Lp,BG(G)). Since ϕ 6= 0, there
exist 1 < p < ∞ such that ϕ|ALp,BG(G) 6= 0. But then there exists an s ∈ G
such that ϕ|ALp,BG(G) = ϕs and Lemma 4.1.3 then implies that ϕ|ALq,BG(G) = ϕs

for all 1 < q <∞. Since convergence in B(G) implies uniform convergence, it
follows that ϕ = ϕs.

The proof that ∆(A⋃Lp,KLQ(G)) = G is similar to this last case.

We record the following result for future reference.

Theorem 4.1.5. ([48]) For an non-compact abelian locally compact group G
we have G ( ∆ (B0 (G)).

It follows that both A⋃Lp,BG(G) and A⋃Lp,KLQ(G) are properly contained
in B0(G) for non-compact abelian G. We later establish this result for a larger
class of groups.

We will frequently make use of the following lemmas.

Lemma 4.1.6. ([86, Proposition 4.6]) If H is an open subgroup of a locally
compact group G and 1 ≤ p ≤ ∞, then

ALp(G)|H = ALp(H) and BLp(G)|H = BLp(H).

Lemma 4.1.7. ([23, Proposition 3.4]) If G is a locally compact group and
1 ≤ p ≤ 2, then ALp(G) = A(G).
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4.2 Free groups

It was shown by Okayasu in [66] that BLp,BG (Fd) 6= BLq ,BG (Fd) for integers
d ≥ 2 and 2 ≤ p < q ≤ ∞. In this subsection we apply a result of Haagerup
to provide a new and shorter proof of Okayasu’s result. For 0 < α ≤ 1 let
φα : Fd → C denote the positive definite function φα (s) = α|s|, where |s|
denotes the length of the reduced word s ∈ Fd.

Lemma 4.2.1. ([15]) Let 2 ≤ d < ∞. The positive definite function φα

extends to a positive linear functional on C∗r(Fd) if and only if α ≤ (2d−1)−1/2.
Equivalently, this states that φα ∈ Br (Fd) if and only if α ≤ (2d− 1)−1/2.

Theorem 4.2.2. Let 2 ≤ p ≤ ∞. Then φα ∈ B`p,BG (Fd) if and only if
α ≤ αp := (2d− 1)−1/p.

Proof. When p = ∞ we have B`p,BG (Fd) = B(Fd) and the claim is trivial,
so assume p is finite. Observe that φα is `p-summable for each α < (2d −
1)−1/p = αp and hence φα ∈ B`p,BG (Fd) for each α ≤ αp. Suppose towards a
contradiction that φα ∈ B`p,BG (Fd) for some α > αp and choose q such that
1
p

+ 1
q

= 1
2 . Then

φα · φαq = φα·αq ∈ B`p,BG (Fd) · B`q ,BG (Fd) ⊂ B`2,BG (Fd) = Br (Fd) .

This contradicts Haagerup’s result since α · αq > αp · αq = (2d− 1)−1/2. Thus
φα ∈ B`p,BG (Fd) if and only if α ≤ αp.

It follows from the above result that the algebras C∗`p,BG (Fd) are pairwise
distinct for 2 ≤ p ≤ ∞. Okayasu deduced this result from the following
characterization.

Theorem 4.2.3. Let d ≥ 2 be an integer, 2 ≤ p ≤ ∞, and u ∈ P (Fd). The
following are equivalent:

1. u ∈ B`p,BG (Fd).

2. supk≥0 uχk(1 + k)−1 ∈ `p (Fd) where χk : Fd → {0, 1} denotes the char-
acteristic function for words of length k.

3. The function s 7→ u(s)(1 + |s|)−1− 2
p on Fd belongs to `p(Fd).

4. uφα ∈ `p (Fd) for every 0 < α < 1.
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We conjecture that the following KLQ-variant holds.

Conjecture 4.2.4. Let d ≥ 2 be an integer, 2 ≤ p ≤ ∞, and u ∈ B(Fd). The
following are equivalent:

1. u ∈ B`p,KLQ (Fd).

2. supk≥0 uχk(1 + k)−1 ∈ `p (Fd).

3. The function s 7→ u(s)(1 + |s|)−1− 2
p on Fd belongs to `p(Fd).

4. uφα ∈ `p (Fd) for every 0 < α < 1.

Since B`p,BG (Fd) and B`p,KLQ (Fd) are spanned by positive definite func-
tions, Conjecture 4.2.4 holds if and only if Conjecture 4.1.1 holds for free
groups. The implications (2) ⇒ (3) ⇒ (4) ⇒ (1) above are straightforward,
but the implication (1)⇒ (2) appears to be more difficult. Lemma 4.1.3 allows
us to establish Conjecture 4.2.4 when p is an even integer.

Theorem 4.2.5. Conjecture 4.2.4 holds when p = 2n for n ≥ 1.

Proof. It suffices to show (1) ⇒ (4) when u is positive definite by Theorem
4.2.3. If u ∈ P (Fd) ∩ B`2n,KLQ (Fd) then un ∈ Br (Fd) by Lemma 4.1.3 and so
unφα ∈ `2 (Fd) for every α ∈ (0, 1) by Theorem 4.2.3. Therefore uφα ∈ `2n (Fd)
for all α ∈ (0, 1).

4.3 Non-separability of ALp (G) for abelian groups

In [86] it was shown that for non-compact, abelian, locally compact groups
G the spaces ALp,BG(G) are pairwise distinct for 2 ≤ p < ∞. In this section
we prove that for both ALp,BG(G) and ALp,KLQ(G), not only are these spaces
distinct for distinct 2 ≤ p < ∞, but for 2 ≤ p < q < ∞ the quotient
ALq(G)/ALp(G) is non-separable. In particular, ALp(G) is non-separable for
2 < p <∞. In contrast, AL2 (G) = A (G) is known to be separable when G is
second countable.

We will need the theory of Riesz product constructions, which may be
found in [34]. Let Γ be an infinite discrete abelian group and G be its compact
Pontryagin dual. Then Γ admits an infinite dissociate subset, meaning a
subset Θ ⊂ Γ so that every γ ∈ Γ can be written in the form

γ =
∏
θ∈Θ

θεθ
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for εθ ∈ {0, 1,−1}, εθ ⊂ {0, 1}, if θ2 = 1, εθ = 0 for all but finitely many
θ ∈ Θ, and the choices of εθ are unique. If Θ is a dissociate subset of Γ and
a : Θ→ C is any function such that |a(θ)| ≤ 1

2 for θ ∈ Θ satisfying θ2 6= 1 and
a(θ) ∈ (−1, 1) when θ2 = 1, then there exists a probability measure P on G
that has Fourier-Stieltjes transform

P̂ (γ) =


∏
θ∈Θ a(θ)(εθ), if γ = ∏

θ∈Θ θ
εθ , εθ ∈ {0, 1,−1}

is 0 for all but finitely many θ
0, otherwise

where

a(ε) :=


1 if ε = 0
a if ε = 1
a if ε = −1

for a ∈ C and ε ∈ {−1, 0, 1}. This construction is called the Riesz product
construction and the probability measure P is said to be based on Θ and
a. The set of all Riesz product constructions is denoted R (G). By work of
Hewitt and Zuckerman, P̂ ∈ A(Γ) if and only if a ∈ `2(Θ).

The following result was proved by Wiersma for ALq ,BG(G), but the proof
for ALp,KLQ(G) is identical, see [86, Theorem 5.1].

Lemma 4.3.1. Let G be a compact abelian group with dual group Γ. Suppose
that µ ∈ R(G) is based on Θ and a. Then µ̂ ∈ ALp(Γ) if and only if a ∈ `p(Θ).

We will also need the following two results.

Lemma 4.3.2. (Zygmund [88]) Let P and P ′ be Riesz product measures based
on Θ and a and Θ′ and a′, respectively. If

∑
θ∈Θ∩Θ′

|a(θ)− a′(θ)|2 =∞,

then P ⊥ P ′.

Lemma 4.3.3. (Hewitt-Zuckerman [38]) Let P be a Riesz product measure
based on Θ and a. If a 6∈ `2(Θ), then P ⊥ Q for every Q ∈ L1(G).

From this, we deduce the following.

Lemma 4.3.4. Let G be a compact abelian group with dual group Γ. If P
is a Riesz product measure based on Θ and a such that a 6∈ `p(Θ) for some
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2 ≤ p <∞, then
P ⊥ û

for every u ∈ A`p(Γ).

Proof. Let 2 < q < ∞ with 1
p

+ 1
q

= 1
2 . Choose a pointwise non-negative

function b ∈ `∞(Θ) with ‖b‖∞ ≤ 1 so that ab ∈ `q(Θ) but ab
2
q 6∈ `p(Θ), which

is possible by [86, Lemma 5.1]. We let P ′ be the Riesz product measure based
on Θ and c := 1

2 |ab|
p
q . Then P̂ ′ ∈ A`q(Γ) by Lemma 4.3.1. Let u ∈ A`p(Γ) be

a normalized positive definite function. Then

uP̂ ′ ∈ A`2(Γ) = A(Γ)

by Lemma 4.1.3, implying û ∗ P ′ ∈ L1(G). Next observe that P ∗ P ′ is the
Riesz product measure based on Θ and ac. Observe that

∑
θ∈Θ
|a(θ)c(θ)|2 = 1

4
∑
θ∈Θ
|a(θ)b(θ)

2
q |p =∞.

It follows that P ∗ P ′ ⊥ L1(G) by Lemma 4.3.3. Therefore

‖P − û‖ ≥ ‖P ∗ P ′ − û ∗ P ′‖ = 2,

implying that P ⊥ û.

Theorem 4.3.5. Let Γ be an infinite discrete abelian group. Then

A`p+(Γ)/A`p(Γ)

is non-separable for 2 ≤ p <∞ and

A`p(Γ)/A`p−(Γ)

is non-separable for 2 < p <∞.

Proof. Let 2 ≤ p < ∞ and q : A`p+(Γ) → A`p+(Γ)/A`p(Γ) be the quotient
map. Choose an infinite dissociate set Θ ⊂ Γ and a ∈ ⋂

ε>0 `
p+ε(Θ)\`p(Θ)

with ‖a‖∞ ≤ 1
2 . For each t ∈ (0, 1), let Pt be the Riesz product measure based

on Θ and ta. Then P̂t ∈ A`p+(Γ) and
∥∥∥q(P̂t)− q(P̂t′)∥∥∥ = ‖Pt − Pt′‖
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for t, t′ ∈ (0, 1) by Lemma 4.3.1. Further, by Lemma 4.3.2 we have Pt ⊥ Pt′

for t 6= t′ since

∑
θ∈Θ
|ta(θ)− t′a(θ)|2 = |t− t′|

∑
θ∈Θ
|a(θ)|2 =∞.

It follows that
∥∥∥q(P̂t)− q(P̂t′)∥∥∥ = 2 for all distinct t, t′ ∈ (0, 1) and hence

A`p+(Γ)/ A`p(Γ) is non-separable for 2 ≤ p < ∞. A similar proof shows that
A`p(Γ)/ A`p−(Γ) is non-separable for 2 < p <∞.

Lemma 4.3.6. Suppose G is a locally compact group containing a compact
normal subgroup K. Let q : B(G) → B(G/K) denote the quotient map given
by

q(u)(sK) =
∫
K
u(sk) ds.

Then q (ALp(G)) = ALp(G/K).

Proof. It is a simple exercise to check that q maps ALp(G) into ALp(G/K)
since q maps Lp(G) into Lp(G/K) and P (G) into P (G/K). By [86, Lemma
5.6] (and its analog for the KLQ case, which has an identical proof), we have

ALp(G/K) = ALp(G : K) := {u ∈ ALp(G) : u is constant on cosets of K}

and hence q (ALp (G)) = ALp (G/K).

Corollary 4.3.7. Let G be a non-compact abelian locally compact group con-
taining an open compact subgroup K. Then

ALp+(G)/ALp(G)

is non-separable for 2 ≤ p <∞ and

ALp(G)/ALp−(G)

is non-separable for 2 < p <∞.

Proof. This follows from Theorem 4.3.5 and Lemma 4.3.6.

To generalize this result to all non-compact abelian locally compact groups,
we need the following extension results.
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Theorem 4.3.8. ([34, Theorem A.7.1]) Let Γ be a lattice in an abelian locally
compact group G. If u ∈ A(G) is a normalized positive definite function with
Γ∩ supp (u) = {e} and Γ∩ (s+ supp (u)) finite for every s ∈ G, then the map
Ju : B(Γ)→ B(G) defined by

Juv(s) =
∑
γ∈Γ

u(s− γ)v(γ)

is an isometry mapping P (Γ) into P (G) and A(Γ) into A(G). Further Juv|Γ =
v for every v ∈ B(Γ).

Lemma 4.3.9. ([86, Lemma 5.4]) Let G = Rn×K for some compact abelian
group K and n ≥ 1. Choose u ∈ P (G) ∩ A(G) normalized with supp (u) ⊂
[1/3, 1/3]n × K and suppose P is a Riesz product measure of Zn based on Θ
and a. Then JuP̂ ∈ ALp(G) if and only if a ∈ `p(Θ).

Lemma 4.3.10. Let G = Rn × K for some compact abelian group K and
n ≥ 1. Then

ALp+(G)/ALp(G)

is non-separable for 2 ≤ p <∞ and

ALp(G)/ALp−(G)

is non-separable for 2 < p <∞.

Proof. We use arguments similar to those establishing Lemma 4.3.4 and The-
orem 4.3.5. Fix u ∈ P (G) ∩ A(G) so that supp (u) ⊂ [1/3, 1/3]n ×K. Let Θ
be an infinite dissociate subset of Zn and choose a ∈ ⋂q>p `q(Θ)\`p(Θ) with
‖a‖∞ ≤

1
2 . Let Pt denote the Reisz product measure of Tn = Ẑn based on Θ

and ta for t ∈ (0, 1). Choose q satisfying 1
p

+ 1
q

= 1
2 . By the proof of Lemma

4.3.4, there exists c ∈ `q(Θ) with ‖c‖∞ ≤ 1
2 such that ac 6∈ `2(Θ). Let P ′ be

the Riesz product measure of Tn based on Θ and c. Fix v ∈ ALp(G). We have
JuP̂ ′ · v ∈ A(G) by Lemmas 4.1.3 and 4.3.9. For t 6= t′,

∥∥∥(JuP̂t − JuP̂t′)− v∥∥∥ ≥ ∥∥∥(JuP̂ ′ · JuP̂t − JuP̂ ′ · JuP̂t′)− JuP̂ ′ · v∥∥∥
≥

∥∥∥P̂ ′ · P̂t − P̂ ′ · P̂t′ − P̂ ′ · (v|Zn)
∥∥∥

=
∥∥∥P ′ ∗ Pt − P ′ ∗ Pt′ − P ′ ∗ v̂|Zn∥∥∥ .

By the Herz restriction theorem JuP̂ ′ · v ∈ A(G) implies P̂ ′ · v ∈ A(Zn) , hence
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P ′∗ v̂|Zn ∈ L1 (Tn). Further, P ′∗Pt and P ′∗Pt′ are the Riesz product measures
based on Θ and tac and t′ac, respectively. Hence P ′ ∗ Pt ⊥ P ′ ∗ Pt′ because
(t− t′)ac 6∈ `2(Θ) by Lemma 4.3.4. Thus

∥∥∥P ′ ∗ Pt − P ′ ∗ Pt′ − P ′ ∗ v̂|Zn∥∥∥ ≥ 2,

showing that
ALp+(G)/ALp(G)

is non-separable for 2 ≤ p < ∞. The result for ALp(G)/ALp−(G) is proven
similarly.

Theorem 4.3.11. Let G be a non-compact abelian group. Then

ALp+(G)/ALp(G)

is non-separable for 2 ≤ p <∞ and

ALp(G)/ALp−(G)

is non-separable for 2 < p <∞.

Proof. By the structure theorem for abelian locally compact groups, G admits
an open subgroup of the form K × Rn for some n ≥ 0 and compact abelian
group K. If n ≥ 1, then the result follows from Lemma 4.3.10 and Lemma
4.1.6, otherwise n = 0 and the result follows from Corollary 4.3.7.

4.4 Non-separability of ALp (G) for IN groups

In [86, Theorem 5.8] it is shown that ALp,BG(G) ( ALq ,BG(G) when G is an
almost connected SIN group and 2 ≤ p < q < ∞. In this section we extend
this result to larger classes of groups and show that many of the results in the
previous section extend to not only almost connected [SIN ]-groups but also
a large class of IN groups, including many classes of discrete groups.

Theorem 4.4.1. Let G be a non-compact almost connected IN group. Then

ALp+(G)/ALp(G)
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is non-separable for 2 ≤ p <∞ and

ALp(G)/ALp−(G)

is non-separable for 2 < p <∞.

Proof. Assume towards a contradiction that ALp+(G)/ALp(G) is separable for
some 2 ≤ p < ∞. By the structure theorem for almost connected locally
compact groups [67], G admits a compact normal subgroup K such that G/K
is a Lie group. By Lemma 4.3.6, it follows that ALp+(G/K)/ALp(G/K) is
separable. As such we may assume that G is itself a Lie group. In this case,
the connected component of the identity Ge is open in G. It follows from
Lemma 4.1.6 that ALp+ (Ge) /ALp (Ge) is separable. Finally, since G is non-
compact and almost connected, Ge is itself a non-compact connected IN group.
This means that there exists a compact normal subgroup K0 of Ge such that
V = Ge/K0 is a vector group. However, a second application of Lemma 4.3.6
implies that ALp+(V )/ALp(V ) is also separable, in contradiction to Theorem
4.3.11.

The proof that ALp(G)/ALp−(G) is non-separable for 2 < p <∞ is similar.

It remains unclear how to remove the condition that the IN group G be
almost connected. However, we can show for IN groups that if

ALp+(G)/ALp(G) or ALp(G)/ALp−(G)

is separable for some 2 < p < ∞, then G must have compact connected
component of the identity. This holds for another important class of locally
compact groups, the maximally almost periodic groups. Recall that a locally
compact group is said to bemaximally almost periodic (MAP) if the finite
dimensional representations of G separate points of G.

Corollary 4.4.2. If G is an IN group or a MAP group for which either

ALp+(G)/ALp(G) or ALp(G)/ALp−(G)

is separable for some 2 < p <∞, then Ge is compact. In particular, G has an
open compact subgroup.
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Proof. Every locally compact group has an open almost connected subgroup
G0. However, if G is either an IN group or a MAP group, then G0 is an almost
connected IN group. It now follows from Theorem 4.4.1 that G0 is open and
compact. This implies that Ge is compact.

We will now turn our attention to discrete groups. The key observation in
this case is as follows:

Lemma 4.4.3. Let G be a discrete group with an infinite abelian subgroup.
Then

ALp+(G)/ALp(G)

is non-separable for 2 ≤ p <∞ and

ALp(G)/ALp−(G)

is non-separable for 2 < p <∞.

Proof. This follows immediately from Theorem 4.3.11 since the infinite abelian
subgroup is open.

Adian and Novikov showed that there are infinite discrete groups without
infinite abelian subgroups [1]. Nevertheless, there are a number of important
classes of groups G for which we know that the conclusion above holds. Recall
that a discrete group G is called:

– periodic if each of its element has finite order,

– locally finite if each of its finite subsets generate a finite subgroup,

– elementary amenable if G belongs to the smallest class of groups
which contains all finite groups and all abelian groups and is closed
under taking subgroups, quotients, extensions, and direct unions,

– linear if G is a subgroup of GL(n, F ) for some field F .

It’s clear that every locally finite group is periodic and that the converse is false.
Hall and Kulatilaka ([37]) and Kargarpolov ([50]) independently established
that infinite locally finite groups contain infinite abelian subgroups.

Linear groups have been shown to satisfy the Tits Alternative [84], meaning
that if G is an infinite finitely generated linear group then either G contains a
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copy of F2 or G is virtually solvable. Since virtually solvable groups are elemen-
tary amenable, it follows that every infinite linear group also contains an infi-
nite abelian subgroup. It is known that infinite finitely generated groups that
are hyperbolic in the sense of Gromov satisfy the Tits Alternative [32], hence
also contain infinite abelian subgroups. There are other important classes of
geometric groups that are known to satisfy the Tits Alternative: mapping class
groups [42], [62], Out(Fn) [8], various groups of birational transformations of
algebraic surfaces [11], and some large subclasses of CAT(0) groups [78]. As
such these classes of geometric groups have the property that if G is infinite,
then the conclusion of Theorem 4.4.4 holds.

Theorem 4.4.4. Let G be an infinite discrete group which is in one of the
following classes:

1. locally finite,

2. elementary amenable,

3. linear,

4. polynomial growth, meaning that for each compact neighborhood K of the
identity there is an integer p such that |Kn| = O (np).

Then
ALp+(G)/ALp(G)

is non-separable for 2 ≤ p <∞ and

ALp(G)/ALp−(G)

is non-separable for 2 < p <∞.

Proof. We need only prove prove (4). Thus assume G has polynomial growth
and that either ALp+(G)/ALp(G) or ALp(G)/ALp−(G) is separable for some
2 ≤ p < ∞ or 2 < p < ∞, respectively. Let H be a finitely generated
subgroup of G. Then H also has polynomial growth. It follows from a result
of Gromov ([31]) that H has a nilpotent subgroup N of finite index in H. If N
were infinite, it would contain an infinite abelian subgroup H1. In this case we
would have that either ALp+(H1)/ALp(H1) or ALp(H1)/ALp−(H1) is separable
for some 2 ≤ p <∞ or 2 < p <∞, respectively. But this is impossible unless
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H1 is finite. Consequently we get that G is locally finite, hence that G is finite
by (1).

Hewitt and Zuckerman have shown that A(G) ( B0(G) when G is a non-
compact abelian group [38] and Taylor showed that the same holds for non-
compact second countable IN groups [82]. We now show that Taylor’s result
holds without the second countability assumption.

Theorem 4.4.5. If G is a non-compact IN group, then A(G) ( B0(G).

Proof. Assume first that G is discrete with A(G) = B0(G). Let H be a
finitely generated subgroup of G. Then A(H) = B0(H) so H is finite by
Taylor’s result. It follows that G is locally finite. But then if G is infinite
it must contain an infinite abelian subgroup H1 with A(H1) = B0(H1). This
contradicts the result of Hewitt and Zuckerman, hence G must be finite.

Next assume that G is an IN group with A(G) = B0(G). It follows that
the intersection of all the compact conjugation invariant neighborhoods of
the identity in G is a compact normal subgroup K with G/K a SIN group
[33, Theorem 2.5]. Since A(G/K) = B0(G/K), we may assume without loss
of generality that G is itself a SIN group. Then G has a compact normal
subgroup K1 with G/K1 a Lie group [33, Corollary 2.17]. Thus we can assume
without loss of generality that G is a SIN Lie group. Let Ge be the connected
component of the identity in G. Since G is a Lie group, Ge is open. As such
we have that A(Ge) = B0(Ge) for the connected SIN group Ge. By Corollary
4.4.2, we get that Ge is compact. However, since Ge is compact, normal, and
open, the discrete group G/Ge satisfies A(G/Ge) = B0(G/Ge). Then G/Ge

must be finite and ultimately G is compact.

We can improve the previous theorem in the class of groups of polynomial
growth.

Corollary 4.4.6. Let G be an IN group with polynomial growth. Let A be one
of A⋃Lp,BG(G) or A⋃Lp,KLQ(G). If A = B0(G), then G is compact.

Proof. Since polynomial growth is inherited by open subgroups and quotients
by compact normal subgroups, arguing as in the proof of Theorem 4.4.5 allows
us to assume that G is a SIN Lie group. This means that Ge = K × Rn

for some compact group K and n ≥ 0 (see [67]). Moreover, we get that
A(Ge) = B0(Ge). If n ≥ 1, we would conclude that A(Rn) = B0(Rn), which
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is false by Theorem 4.1.5. Thus Ge is a compact, open, normal subgroup of
G. But then G/Ge is a discrete group of polynomial growth with A(G/Ge) =
B0(G/Ge). If G/Ge is infinite then there is an infinite abelian subgroup H

with A(H) = B0(H), again a contradiction. Thus G/Ge must be finite and
hence G is compact.

We strongly suspect that the previous Corollary holds without the assump-
tion that G is of polynomial growth. In fact, we make the following conjecture:

Conjecture 4.4.7. Let G be a non-compact IN group. Then A⋃Lp,BG(G) (
B0(G) and A⋃Lp,KLQ(G) ( B0(G). Moreover,

ALp+(G)/ALp(G)

is non-separable for 2 ≤ p <∞ and

ALp(G)/ALp−(G)

is non-separable for 2 < p <∞.

It is reasonable to ask whether the previous conjecture holds for every non-
compact locally compact group. This is not the case: it is well known that
the Fourier and Rajchman algebras coincide for the ax+ b group [52].

4.5 ∆-weak approximate identities and the BSE
condition

Leptin’s theorem asserts that the Fourier algebra of a locally compact group
G has a bounded approximate identity if and only if G is amenable [56]. We
show that for 2 < p < ∞ the algebras ALp(G) have bounded approximate
identity only under rather restrictive conditions. In fact, the next result shows
that this can only happen if G is amenable and if ALp(G) = A(G).

Proposition 4.5.1. Let G be a locally compact group. Assume that A is
one of the algebras ALp(G), ALp+(G), or ALp−(G) and that A has a bounded
approximate identity for some 2 ≤ p < ∞. Then G is amenable and A =
A(G).
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Proof. If (uα) is a bounded approximate identity for A, then it is a routine
exercise to show that (unα) is also a bounded approximate identity for A for
n ≥ 1. By Lemma 4.1.3 we can find n ∈ N large enough so that (unα) ⊂ A(G).
Given u ∈ A, we have

lim
α
‖unαu− u‖B(G) = 0.

Since unαu ∈ A(G) and A(G) is closed in A, this tells us that u ∈ A(G) and
hence that A = A(G). The amenability of G follows from Leptin’s Theorem.

It is clear that the above argument will not work for the algebras A⋃Lp,BG(G)
and A⋃Lp,KLQ(G). However, we can say the following.

Proposition 4.5.2. Let G be a locally compact group for which ALp−(G) (
ALp(G) for some 2 < p <∞. If either A = A⋃Lp,BG(G) or A = A⋃Lp,KLQ(G),
then A does not have a bounded approximate identity.

Proof. Assume that (uα) is a bounded approximate identity forA. Then by the
density of ⋃2≤p<∞ALp(G) in A, we may assume that (uα) ⊂ ⋃

2≤p<∞ALp(G).
If u ∈ ALp(G) then (uuα) ⊂ ALp−(G), but ‖uuα − u‖B(G) → 0 implies that
u ∈ ALp−(G) as well. This contradicts our assumption on G.

We have seen that we cannot expect ALp(G) to have a bounded approx-
imate identity unless ALp(G) = A(G). However, there is a natural weaker
notion of approximate identity that may be more appropriate for these alge-
bras.

Definition 4.5.3. Let A be a commutative Banach algebra. A bounded net
(uα) in A is called a ∆-weak bounded approximate identity if

lim
α
ϕ(uα) = 1

for every ϕ ∈ ∆(A).

Kaniuth and Ülger have shown that amenability of G is equivalent to A (G)
having a ∆-weak bounded approximate identity [49], and in related work Chu
and Xu showed that this is equivalent to λ(G) being weakly closed in L(G)
[13, Corollary 2.8]. We establish these equivalences below for some of the
algebras we’re concerned with. Recall from Lemma 4.1.4 that these algebras
have spectrum G and that, for s ∈ G, we let ϕs denotes the corresponding
evaluation functional.
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Theorem 4.5.4. Let G be a locally compact group and let A be one of the
algebras ALp(G), ALp+(G), or ALp−(G), where 2 ≤ p < ∞. The following are
equivalent:

1. G is amenable,

2. A has a ∆-weak bounded approximate identity,

3. G = ∆(A) is weakly closed in A∗.

Proof. To see that (1) implies (2), assume G is amenable. Leptin’s Theorem
asserts that A(G) has a bounded approximate identity (uα) and it is easy to
see that uα(s)→ 1 for each s ∈ G. Now since A(G) ⊂ ALp(G) and ∆(A) = G,
it follows immediately that (uα) is a ∆-weak bounded approximate identity
for A. This establishes (2).

Next we assume that A has ∆-weak bounded approximate identity (uα).
Let Γ be any weak∗ cluster point of (uα) in A∗∗. Then it follows that Γ(ϕs) = 1
for each s ∈ G. In particular, this shows that 0 cannot be in the closure of
G = ∆(A). Hence G is weakly closed, so (2) implies (3).

It remains to show that (3) implies (1). Suppose (1) fails, so that G is
nonamenable. By [13, Corollary 2.8], ∆ (A (G)) is not weakly closed. Then 0
is in the weak closure of ∆ (A (G)) and there is a net (ϕsα) in ∆ (A (G)) = G

converge weakly to 0 in L (G). Given Γ ∈ A∗∗ and a bounded net (uβ) in A
converging weak∗ to Γ, Lemma 4.1.3 asserts that there is n ≥ 1 with unβ ∈ A (G)
for every β. Passing to a subnet if necessary, we may assume that unβ has a
weak∗ limit Γ′ in A (G)∗∗. Since

Γ (ϕsα)n = lim
β
ϕsα (uβ)n = lim

β
ϕsα

(
unβ
)

= Γ′ (ϕsα)→ 0

it follows that Γ (ϕsα) converges to 0. Thus (ϕsα) converges weakly to 0 in A∗

and (3) fails to hold.

Definition 4.5.5. Let A be a commutative Banach algebra with ∆(A) = X.
Let CBSE(X) denote the space of all continuous bounded functions u on X

which satisfy the following: there exists a positive constant β such that for
every finite collection c1, c2, . . . , cn of complex numbers and x1, x2, . . . , xn ∈ X
we have ∣∣∣∣∣

n∑
i=1

ciu(xi)
∣∣∣∣∣ ≤ β

∥∥∥∥∥
n∑
i=1

ciϕxi

∥∥∥∥∥ .
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We let M(A) denote the multiplier algebra of A. We say that A is a
BSE-algebra if the Gelfand transform of M(A) restricted to X is exactly
CBSE(X).

The previous definition was introduced by Takahasi and Hatori and was
motivated by a theorem of Bochner, Schoenberg, and Eberlein showing that if
G is an abelian group, then A(G) is a BSE-algebra (see [81, p.149]). Character-
izing when commutative Banach algebras are BSE-algebras has been studied
by several authors and recent attention has focused specifically on subalge-
bras of the Fourier-Stieltjes algebra. In [49, Theorem 5.1] Kaniuth and Ülger
showed that A(G) is BSE if and only if G is amenable. Even more recently,
Kaniuth, Lau, and Ülger looked at the nature of BSE-ideals in the Rajchman
algebra B0(G). Using their work and the well known fact that all BSE-algebras
have ∆-weak bounded approximate identities [81, Corollary 5], we are now in
a position to use Theorem 4.5.4 to extend Kaniuth and Ülger’s result to the
algebras ALp(G).

Theorem 4.5.6. Let G be a locally compact group and let A be one of the
algebras ALp(G), ALp+(G), or ALp−(G), where 2 ≤ p <∞. The following are
equivalent:

1. G is amenable.

2. A is a BSE-algebra.

Proof. Assuming G is amenable, Theorem 4.5.4 asserts that A has a ∆-weak
bounded approximate identity. Since ∆(A) = G by Lemma 4.1.4, it follows
from [48, Theorem 3.7] that A is a BSE-algebra.

Now assume instead that A is a BSE-algebra. By [81, Corollary 5], A has
a ∆-weak bounded approximate identity and Theorem 4.5.4 asserts that G is
amenable.

The reader might notice that in both Theorem 4.5.4 and Theorem 4.5.6 we
omit the case where the algebra under consideration is either A⋃Lp,BG(G) or
A⋃Lp,KLQ(G).

Proposition 4.5.7. Let G be an amenable locally compact group and let A
be either of the algebras A⋃Lp,BG(G) or A⋃Lp,KLQ(G). Then A has a ∆-weak
bounded approximate identity and thus is a BSE-algebra.
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Proof. The first statement follows immediately from Kaniuth and Ülger’s re-
sult that A(G) has a ∆-weak bounded approximate identity, since A(G) ⊂ A
and ∆(A(G)) = G = ∆(A). The second statement now follows from [48,
Theorem 3.7].

It is clear that the argument of Theorem 4.5.4 establishing that if A has a
∆-weak bounded approximate identity then so does A(G) will not work when
A is either A⋃Lp,BG(G) or A⋃Lp,KLQ(G). However, in [48, Theorem 3.2] the
authors claim that for a closed translation invariant ideal I in B0(G) that
contains A(G), I has a ∆-weak bounded approximate identity if and only if
G is amenable and ∆(I) = G. This would indeed imply that if A is either
A⋃Lp,BG(G) or A⋃Lp,KLQ(G) and if A has a ∆-weak bounded approximate
identity, then G is amenable, since A satisfies all of the conditions of [48,
Theorem 3.2]. Unfortunately, there is an error in the proof of this result. In
fact, the proof cannot be repaired.

Theorem 4.5.8. Let A be one of the algebras A⋃Lp,BG(F2) or A⋃Lp,KLQ(F2).
Then A has a ∆-weak bounded approximate identity and thus is a BSE-algebra.

Proof. As in Section 4.2, for 0 < α ≤ 1 let φα : F2 → C denote the positive
definite function φα(s) = α|s|. It follows from Theorem 4.2.2 that φα ∈ A for
each 0 < α ≤ 1. Moreover, it is clear that

lim
α→0+

φα(s) = lim
α→0+

|s|α = 1, s ∈ F2.

Thus (φα)0<α≤1 is a ∆-weak bounded approximate identity for A and [48,
Theorem 3.7] implies that A is a BSE-algebra.

We have seen that if A is one of the algebras ALp(G), ALp+(G), or ALp−(G),
where 2 ≤ p < ∞, then G = ∆(A) is weakly closed in A∗ if and only if G is
amenable. We now show that this fails for A⋃Lp,BG(F2) and A⋃Lp,KLQ(F2).

Corollary 4.5.9. Let A be either A⋃Lp,BG(F2) or A⋃Lp,KLQ(F2). Then F2 =
∆(A) is weakly closed.

Proof. By Theorem 4.5.8 A has a ∆-weak bounded approximate identity
(φα)0<α≤1. If Γ is any weak∗ cluster point of (φα)0<α≤1 in A∗∗, then Γ(ϕs) = 1
for each s ∈ F2 and 0 cannot be in the closure of ∆(A). Hence ∆(A) is weakly
closed.
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4.6 The group SL (2,R)

We now focus our attention on the special linear group SL (2,R). We have seen
examples for which A⋃Lp (G) coincides with the Rajchman algebra B0 (G) be-
causeALp (G) = B0 (G) for some p ∈ [2,∞). We show that A⋃Lp (SL (2,R)) =
B0 (G) despite the fact that the spaces BLp (SL (2,R)) are distinct for distinct
values of 2 ≤ p <∞ [86, Corollary 7.2].

Proposition 4.6.1. Let G = SL(2,R). For 2 ≤ p <∞ we have BLp,BG(G) =
BLp,KLQ(G).

Proof. We need only show BLp,KLQ(G) ⊂ BLp,BG(G). Let π be a KLQ-Lp-
representation of G. Then the direct integral decomposition of π does not
include the complementary representation πr for 1 < r < 2

p
− 1 nor the trivial

representation except on a null set by [72, Theorem 9.1]. Hence Aπ (G) ⊂
BLp,BG(G) by [86, Lemma 7.1]. The conclusion follows.

Theorem 4.6.2. Let G = SL(2,R). Then A⋃Lp(G) = B0(G).

Proof. Let σ be a C0-representation of G and write σ =
∫⊕ π dµ(π) as the

direct integral of irreducible representations. Then the singleton {1G} is µ-
null since otherwise σ would contain 1G as a subrepresentation. Let ξ = (ξπ) ∈
Hσ ⊂

∏
π∈ĜHπ. For every n ≥ 1 define ξn = (ξn,π) where ξn,π = 0 if π is the

complimentary representation πr for some −1 < r < −1 + 1
n
, and ξn,π = ξπ

otherwise. Note that ξn is measurable since we are restricting to a closed
subset of Ĝ. Then ξn → ξ in norm. By [86, Lemma 7.1], πξn,ξn ∈ Bπ2n(G)
and so (πnξn,ξn) ⊂ Br(G). It follows that (πnξn,ξn) ⊂ L2+ε(G) for every ε > 0
by [53, Theorem 11]. In particular, πξn,ξn ∈ A⋃Lp(G) for every n and hence
πξ,ξ ∈ A⋃Lp . We have shown that B0(G) ⊂ A⋃Lp(G), while the reverse
containment always holds.

In [29], Ghandehari proves the non-existence of an approximate identity in
B0 (SL (2,R)) by first showing that this algebra is not square dense, requiring
an extensive argument. Using the preceding theorem we are able to give a
more concise argument.

Proposition 4.6.3. Let G = SL(2,R). Then B0(G) does not have an approx-
imate identity.
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Proof. Suppose that B0(G) = A⋃Lp(G) has approximate identity (eα). By
density, we may assume that (eα) ⊂ ⋃

p<∞ALp(G). Let πr, −1 < r < 0,
be a complementary representation of G. Then Aπr (G) ⊂ Lp+ε(G) for every
ε > 0 by [53, Corollary on p.58], where p := 2

1+r . Thus if ξ ∈ Hπr and
u := (πr)ξ,ξ, then eαu ∈

⋃
q<p ALq+(G) , implying that u ∈ ⋃

q<p ALq+ . Since
πr is an irreducible representation, it follows that Aπr (G) ⊂ ALq+(G) for some
q < p. This contradicts [86, Lemma 7.1] and so we conclude that B0(G) does
not have an approximate identity.
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