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Abstract

Free-surface problems arise in many real-world applications such as in the design of ships
and offshore structures, modeling of tsunamis, and dam breaking. Mathematically, free-
surface wave problems are described by a set of partial differential equations that govern
the movement of the fluid together with certain boundary conditions that describe the
free-surface. The numerical solution of such problems is challenging because the boundary
of the computational domain depends on the solution of the problem. This implies that
there is a strong coupling between the fluid and the free-surface, and the domain must be
continuously updated to track the changes in the free-surface.

In this thesis we explore and develop space-time hybridizable discontinuous Galerkin
(HDG) methods for free-surface problems. First, we focus on a linear free-surface problem
in which the amplitude of the waves is assumed to be small enough so that the domain can
remain fixed. We initially consider a traditional approach for the numerical discretization
of time-dependent partial differential equations: we discretize in space using, in this case,
an HDG method to obtain an ordinary differential equation. Then, we use a second order
backward differentiation formula to discretize in time. We see that in comparison to an
interior penalty discontinuous Galerkin discretization, this HDG discretization results in
smaller linear systems (in general), and produces better approximations to the velocity of
the fluid.

Next, we consider the solution of the same linear free-surface problem with a space-time
hybridizable discontinuous Galerkin method. Unlike previous finite element discretizations
of this problem, we consider a mixed formulation in which the velocity of the flow can
be approximated with an optimal order of convergence. We develop a set of space-time
analysis tools that allow us to obtain a prior:i error estimates in which the dependency on
the spatial mesh size and the time step is explicit. This is in contrast to previous space-time
error analyses in which the error bounds depend on the size of the space-time elements.

Finally, we move on to incompressible nonlinear free-surface flow. We consider the two-
fluid (gas and liquid) Navier—Stokes equations and use a level set method in which the flow
and the level set equations are solved subsequently until a certain stopping criterion has
been met. The flow equations are solved with a space-time HDG method which is exactly
mass conserving. Furthermore, a space-time embedded discontinuous Galerkin method is
employed for the solution of the level set equation. This discretization possesses the same
conservation and stability properties as discontinuous Galerkin methods, but produces a
continuous approximation to the free-surface elevation. When a discontinuous approxima-
tion to the free-surface elevation is obtained, smoothing techniques have to be applied in



order to move the mesh and track the interface. It has been shown in the past that such
techniques can lead to instabilities and stabilization terms have to be added to the dis-
cretization. Therefore, obtaining a continuous approximation to the free-surface elevation
in our discretization is crucial: not only can the mesh be deformed in a straightforward
manner, but it can also be done without introducing any potential sources of instabilities.
We present two numerical results that demonstrate the capabilities of the method. In the
first test case we compare against an analytical solution and we demonstrate how the mesh
conforms to the interface between the two fluids. Finally, we present a simulation of waves
generated by a submerged obstacle.
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Chapter 1

Introduction

Free-surface waves are of great interest in various fields of applied mathematics and engi-
neering. In addition to having many relevant real-life applications, such as in the modeling
of ships and offshore structures, free-surface wave problems are challenging and compelling
from the mathematical point of view as well.

Numerical modeling of free-surface waves involves the solution of a system of partial
differential equations that govern the movement of the fluid, coupled with a set of free-
surface boundary conditions that describe the free-surface. In these problems, the shape of
the domain where the partial differential equations are solved depends on the position of
the free-surface which leads to a strong coupling between the flow equations and the free-
surface. In order to effectively track the free-surface, we require an accurate discretization
technique that can handle moving domains. Moreover, it is desirable that the numerical
method is stable under mesh movement.

This thesis is concerned with the accurate numerical solution of free-surface problems
with space-time finite element methods, in particular, with space-time hybridizable dis-
continuous Galerkin methods, which are reviewed next.

Hybridizable discontinuous Galerkin methods. DG methods are a class of finite
element methods where the approximate solution is allowed to be discontinuous between
elements. These methods offer great conservation and stability properties, in particular for
convection-dominated flows where classic finite element methods usually fail. DG methods
have been criticized, however, because of the increase in the number of degrees-of-freedom
caused by the discontinuous nature of the approximate solution. This implies that the linear
system associated to DG methods is larger than for continuous finite element methods on
the same mesh, and therefore, are computationally more expensive.



Figure 1.1: HDG DOFs for polynomials of total degree 1 on quadrilateral elements. The
blue circles denote the element DOFs, while the green squares denote the facet DOFs.

HDG methods are a class of DG methods that allow for static condensation. HDG
methods were introduced in [18] with the purpose of alleviating the computational load of
DG methods while maintaining all its desirable properties. Somewhat paradoxically, this is
achieved by introducing a variable that is defined on the facets of the mesh. The numerical
fluxes are chosen in such a way that the only communication between the element unknowns
is through the facet variable. Figure 1.1 depicts the HDG DOFs for polynomials of total
degree 1 on quadrilateral elements. The arrows indicate that there is no communication
between elements, only between elements and facets.

Thanks to the choice of numerical fluxes in HDG methods, static condensation can be
performed: the element unknowns are locally eliminated which results in a linear system
for the facet variables only [18]. This system is significantly smaller than the one corre-
sponding to DG methods, and, in some cases, comparable in size to the one obtained by a
continuous finite element method [14, 90]. Once the facet solution has been determined, the
element solution can be computed locally using the facet solution. The number of globally
coupled degrees-of-freedom can be further reduced by imposing that the facet variables
are continuous between facets, resulting in the Embedded discontinuous Galerkin (EDG)
method [20, 30].

Space-time hybridizable discontinuous Galerkin methods. For the discretization of
time-dependent problems, the traditional approach is to first discretize in space using, for
example, a (H)DG method, and then discretize the resulting ordinary differential equations
using an appropriate time stepping method. For problems where the domain is time-
dependent, however, such an approach is not possible since the approximate solution at a
given time level might not be well defined on the next time level because of the changes in
the domain. Arbitrary Lagrangian—Eulerian (ALE) methods can handle moving domains



by mapping the physical domain to a reference domain. The equations are solved on
the reference domain using an approach like the one described above, and then mapped
back onto the physical domain. ALE methods however do not automatically satisfy the
Geometric Conservation Law (GCL) which states that a uniform flow on a dynamic mesh
remains uniform. The GCL has proven to be essential for the accuracy of the solution

[34, 51].

An alternative to ALE methods is to use a DG (or HDG) method both in space and
time. These space-time methods, in addition to achieving high order accuracy in both
space and time, can easily handle time-dependent domains. Moreover, space-time meth-
ods automatically satisfy the GCL. In [37], a space-time HDG method that is locally
conservative and energy stable, and that produces point-wise divergence-free and H (div)-
conforming velocity fields was presented. For incompressible flows, we can also refer to

[ ) ) ’ ) ]

Space-time DG and HDG methods have also been applied to compressible flows [17, 83],
two-fluid flows [71, 10] and nonlinear free-surface problems [34, 31, 56]. When a space-
time (H)DG method is applied to free-surface flow, a discontinuous approximation to the
free-surface elevation is obtained. This implies that the boundary of the domain is not
well defined and a smoothing technique has to be applied. In [2] it was shown that this
smoothing process may lead to instabilities unless extra stabilization terms are added to
the discretization.

Level set methods. Since a free-surface problem can be viewed as a two-fluid flow
problem, level set methods can be used for their discretization. Level set methods were
first introduced in [62] and have since then been used for multiphase flows [14, 76], and
for free-surface flows [33, 53, 51]. In the level set method, the fluid equations are solved
in a domain that contains both water and air phases. A level set function, which satisfies
an advection equation where the advection field is the velocity of the fluid, is defined
such that it is positive in one of the fluids and negative in the other. The zero level set
then corresponds to the interface between the two fluids. By solving the time-dependent
advection equation for the level set function we are able to track the movement of the
interface.

Objectives. The first objective of this research is to provide a theoretical and practi-
cal foundation of space-time hybridizable discontinuous Galerkin methods for free-surface
problems. To achieve this, we consider a linear water wave model, which is first discretized
with an HDG method combined with a second order Backward differentiation formula
(BDF). Then, we consider a space-time HDG discretization for a mixed formulation of the
linear free-surface problem. This formulation allows us to obtain optimal rates of conver-



gence for the velocity of the fluid. In contrast to other space-time error analyses, we obtain
anisotropic a prior: error bounds. To achieve this, we first develop a set of analysis tools
that allow us to separate the dependency on the spatial mesh size and the time step.

The second objective of this thesis is to develop a space-time hybridizable/embedded
discontinuous Galerkin method for incompressible free-surface flows. We propose an interface-
tracking method where the domain can be updated in a straightforward manner without
appealing to smoothing techniques that could potentially lead to instabilities. We consider
a level set approach in which the two-fluid Navier—Stokes equations are solved with an
exactly mass conserving space-time HDG method. The time-dependent advection equa-
tion for the level set function is discretized using a space-time EDG method so that the
free-surface elevation is continuous. The mesh can then be updated without any smoothing.

In order to describe the problem, we first review some basic concepts in fluid mechanics.

1.1 Governing equations and basic concepts in fluid
mechanics

In this section, we will show the equation of mass conservation and various equations of
motion depending on the assumptions made on the flow. For a complete derivation of these
equations, see, e.g., [19].

In the following, we denote the velocity of the fluid by w = (u,v,w), where u, v, w
are the velocity components in the x, y and z direction, respectively. We denote the fluid
density by p and the fluid pressure by p. We will assume that u, p and p are continuous
functions, which is usually known as the continuum hypothesis [19].

Given a scalar function f, the material derivative of f denotes the rate of change of f
with respect to time in a reference frame that is moving with velocity w. This operator is
defined as

—=—4u-V. (1.1)
1.1.1 Equation of mass conservation

Assume a fluid occupies a volume V bounded by a surface S. The principle of mass
conservation states that mass is neither created nor destroyed in the fluid, i.e., mass remains



constant over time. This means that the rate of change of mass in V' is equal to the rate
of mass flowing into V' across S. Mathematically, we express this principle in the form

O+ V- (pu) =0. (1.2)

Expanding equation eq. (1.2) and using the definition of material derivative, equation

eq. (1.2) can be written as
Dp
— +pV-u=0.
Dt +pV-u

For the study of water waves, we will assume that the fluid is incompressible, meaning,

V-u=0. (1.3)

1.1.2 Incompressible Navier—Stokes equations

The incompressible Navier—Stokes equations describe the movement of a viscous fluid which
is assumed to be incompressible. Assuming that the density p is constant, and using the
material derivative, the incompressible Navier—Stokes equations are given by

D
where F' = (Fy, Fy, F3) is the vector of external forces and o (u,p) is the viscous stress
tensor defined as

o(u,p) = —pl + puVu. (1.5)

Here, T is the identity matrix and p is the dynamic viscosity, which is assumed to be
constant. The material derivative and the gradient operators are applied to each component
of wu.

The Navier—Stokes equations are usually written together with the mass conservation
equation (1.3). Using the definition of the material derivative operator and the viscous
stress tensor, and including the mass conservation equation, we obtain the classic form of
the incompressible Navier—Stokes equations:

p(@tu—l— (u-V) 'u,> +Vp—pAu=F, (1.6a)
Vou=0. (1.6b)



Since eq. (1.6a) establishes that momentum is conserved, this equation is usually re-
ferred to as the momentum equation, while eq. (1.6b) is referred to as the continuity
equation.

In this thesis we will consider two types of boundary conditions: Dirichlet and Neu-
mann. On Dirichlet boundaries, we impose the value of the velocity, while on Neumann
boundaries we impose the value of o(u, p)n.

1.1.3 Irrotational flow and the pressure equation

The vorticity of the fluid, w, is defined as the curl of the velocity field, i.e.,

w=V xu. (1.7)

The vorticity describes the local rotation of a fluid element. If w = 0, then the fluid
is said to be irrotational. In the case of an irrotational flow, the velocity field can be
expressed as the gradient of a potential function ¢, i.e.,

u=Vo. (1.8)

An incompressible, irrotational flow is governed by Laplace’s equation for ¢:

A¢ = 0. (1.9)

For this problem, we consider Neumann boundary conditions, i.e., we impose the value
of V¢ - n on the boundary.

There is a lot of theory particular to irrotational flows since they are easier to analyze
than rotational flows and can be used to model many physical phenomena. For example,
once ¢ has been determined by (1.9), it can be shown that, for unsteady flows, the pressure
satisfies

8tqb+%v¢~V¢+%p+\If—B(t), (1.10)

where B(t) is an arbitrary function and V¥ is such that F' = —V W, where F is the vector
of external forces.

We are now ready to describe free-surface wave problems.
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Figure 1.2: Depiction of the flow domain Q(t) C R? for free-surface problems.

1.2 Free-surface wave problems

For simplicity, the following description is in two dimensions. The extension to three di-
mensions is straightforward. Let (¢) C R? denote the time-dependent computational do-
main which is bounded by a free-surface, a bottom boundary and two vertical boundaries.
Choose a coordinate system so that the undisturbed free-surface is located at y = 0. We de-
note by ((x,t) the wave height, which in this thesis we define as the height of the fluid. The
time-dependent free-surface boundary is defined as s(t) = {(z,y) € Q(t) : y = {(z,1)}.
On the other hand, the bottom boundary is defined as ' == {(z,y) € Q(t) : y = b(x) },
where b(x) = —H + h(x), H is the average water depth and h(x) describes the topography
of the bottom. See fig. 1.2 for a depiction of ().

Next, we present the kinematic and the dynamic free-surface boundary conditions in
their general form as well as their linearizations.

1.2.1 Kinematic boundary condition

This condition establishes that if a particle of the fluid belongs to the free-surface, then it
stays on the surface throughout the motion of the fluid. Notice that the free-surface can
be defined as fs(z,y,t) = ((x,t) —y = 0 and that D fg/Dt gives the rate of change of the
free-surface with respect to the fluid. Therefore, if we impose that the free-surface moves
with the fluid so that it always contains the same fluid particles, then the free-surface must

satisfy
Dfs
— =0. 1.11
Dt (1.11)



This gives the kinematic boundary condition

Oifs+u-Vfs=0 ony=((z,1). (1.12)
Note that this equation implies that
D
U_Fi ony = ((x,t). (1.13)

1.2.2 Dynamic boundary condition

The dynamic boundary condition states that the net force acting on a piece of the free-
surface is zero, which is a consequence of that piece of surface having zero mass. If we
neglect the effects of viscosity and surface tension, then the only force acting on the surface
is the atmospheric pressure, p,, which we will assume to be constant, and the pressure of
the fluid, p. Then the dynamic boundary condition states that

p=pa. ony=((z,t). (1.14)
Alternatively, the dynamic boundary condition in its most general form can be written as
o(u,p)n =p,n ony=((z,t). (1.15)
If we assume that p, = 0 and use the definition of o eq. (1.5), then
(=pl+pVu)n =0 ony=/{((z,t). (1.16)
In this thesis we will use (1.16) as a dynamic boundary condition.

In the case of an incompressible, irrotational, unsteady flow, the pressure must satisfy
(1.10). Setting ¥ = gy in (1.10) (since in this case the only force acting on the fluid is
gravity), we obtain

-+ 590~ Vot —p-+ gy = Bl). (1.17)

1
By redefining the velocity potential ¢, we can take B(t) = —p,. Then, since p =
p

po On y = ((x,t), we obtain the following dynamic boundary condition for the case of
incompressible, irrotational, unsteady flow

8@—1—%V¢~V¢+g§=0 ony = ((x,t). (1.18)

When the effects of viscosity and surface tension are taken into account on the free-
surface, an analogous condition can be derived, see, e.g., [13].
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1.2.3 Linearized free-surface boundary conditions

The boundary conditions presented above can be linearized by assuming that the amplitude
of the wave height and the velocity potential is small. In the case of an incompressible, ir-
rotational and unsteady flow, the linearized kinematic boundary condition can be obtained
from eq. (1.13) by dropping the nonlinear terms, to obtain

Vo-n=09(¢ ony=0. (1.19)
and the linearized dynamic boundary condition is given by
Oop+9C=0 ony=0. (1.20)

This linearization is obtained by introducing a small amplitude parameter a through

¢ = al(x,t;a), (1.21a)
o= ag(x,y,t; a). (1.21b)

These expressions are then substituted in eq. (1.12) and eq. (1.18), and the terms of
O(a?) and higher are dropped. The linearized free-surface problem is then given by

—Ap=0 in €, (1.22a)
Vo -n=0C at y =0, (1.22Db)
0o +9¢=0 at y =0, (1.22¢)
Vo-n=0 at y = —H + h(x), (1.22d)

where we have dropped the tildes for simplicity. On the vertical boundaries of the domain
we will consider periodic boundary conditions. Note that 2 is now considered to be fixed
in time since the free-surface is located at y = 0.

This linearization significantly reduces the complexity of the free-surface boundary
conditions not only because they are linear, but also because they are now applied at a
fixed boundary, i.e., at y = 0.

This linearized problem has an analytical solution which will be derived next. We
assume that h(x) = 0 for simplicity.

Since the equations in eq. (1.22) are all linear with constant coefficients, inspired by
Fourier series, we guess a solution of the form

((z,t) = asin(wt — kx), (1.23)
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where k is the wave number and w is the frequency of the wave. Noticing that n = (0, 1)
on y =0, eq. (1.22b) implies that

Oy¢p(x,0,t) = aw cos(wt — kz), (1.24)
and eq. (1.22c¢) implies that

0p(x,0,t) = —agsin(wt — kx). (1.25)
Integrating with respect to time gives

¢(x,0,t) = gg cos(wt — k). (1.26)

Since we are interested in periodic solutions in x, this integration does not introduce any
function of integration that depends on .

Guessing that the dependence on (z,t) of ¢ is of the form cos(wt — kz), we set

o(z,y,t) = awf(y) cos(wt — kx), (1.27)

where f is a function that satisfies f'(0) = 1 (from eq. (1.22b)) and f'(—H) = 0 (from
eq. (1.22d), noticing that n = (0,—1)). From eq. (1.22a), we have that f must satisfy the
following second order differential equation

"=k f=0, (1.28)
so that
f(y) = Cysinh(k(y + H)) + Cy cosh(k(y + H)). (1.29)

Using f'(—H) = 0 we obtain C; = 0, and using f’(0) = 1 we obtain Cy = 1/ksinh(kH).

Thus,
w

H=a—
Oy, t) = O R
Substituting eq. (1.23) and eq. (1.30) in eq. (1.22c), we obtain the dispersion relation

cosh(k(y + H)) cos(wt — k). (1.30)

w = ++/gktanh(kH). (1.31)

This dispersion relation gives the relation between the frequency w and the wave number k
for linear free-surface waves. In summary, the analytical solution for the linear-free surface
problem eq. (1.22) in two dimensions with h(z) = 0 is

w

P(x,y,t) = am
((x,t) = asin(wt — kx). (1.32b)

cosh(k(y + H)) cos(wt — kz), (1.32a)
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Figure 1.3: Depiction of the flow domain © C R? for the model eq. (1.33).

1.2.4 Free-surface wave models

In this thesis we will consider two different free-surface wave problems: a linear model and
a nonlinear model. For the linear model we will assume that the flow is homogeneous,
inviscid and irrotational. This model allows us to perform an extensive error analysis on
the discretization and have a better understanding of the problem which will facilitate
the design of the discretization of more complicated problems. On the other hand, for
the nonlinear problem we will consider the incompressible Navier-Stokes equations with
nonlinear free-surface boundary conditions. This is a very complex and general problem
that will allow us to simulate more realistic applications. Below is the description of both
models.

Model 1

The simplest model that we will consider is the case of irrotational, inviscid fluid with
linearized free-surface boundary conditions. In this case,  C R? is a fixed domain that is
bounded by the free-surface, I'g, a bottom surface, I'g, and a set of periodic boundaries,
I'p, such that I'g, I'p and I'p do not overlap. Since we consider linearized free-surface
boundary conditions, I's = {(z,y) € Q:y =0}. See fig. 1.3 for a depiction of Q in two
dimensions.
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Thus, the problem is the following

—A¢p =0 in Q, (1.33a)
Vo -n =0 on [y, (1.33Db)
0o+ (=0 on ['g, (1.33¢)
Véo-n=0 on I'p, (1.33d)

with periodic boundary conditions on I'p. Additionally, an initial condition is given for ¢
and (.

Model 2

In this model we will consider the two-fluid Navier-Stokes equations. Let €(¢), Q,(t) C R?
denote the liquid and gas domains, respectively.

The full computational domain €2 is defined as Q = (t) U€2,(¢) and is assumed to be
fixed in time, while both €;(¢) and €2,(¢) are time-dependent. Let I'g(¢) = 084 (t) N 0Q,(t)
denote the interface between the two domains which can be defined as

Ls(t) = {(z,y) € Q:y =((z,1)}, (1.34)

where ((x,t) denotes the wave height. See fig. 1.4 for a depiction of €.
We introduce the level set function ¢(z,y,t) = ((x,t) — y and the Heaviside function

H(¢) which is defined by
_J1 ite >0,
H(9) = {o if ¢ < 0. (1.35)

We note that the interface corresponds to the zero level set, ¢ = 0.

Let k be a subscript to denote a liquid (k = 1) or a gas (k = g) property. Then given the
dynamic viscosities p;, € RT, the constant densities p, € R*, and the constant acceleration
due to gravity g, the two-fluid Navier-Stokes equations for the velocity u :  — R? and
pressure p : {2 — R is given by

p (O +u-Vu) + Vp — pAu = pg in Q, (1.36a)
Vou=0 in Q, (1.36b)
hop+u-Vo=0 in €, (1.36¢)
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Gas region €, (t)

['s(t)

Liquid region €2;(t)

/\//

Figure 1.4: A description of the two-fluid flow domain 2 C R2.

where g = [0, —g]” and
w =y + (g — ) H(), p=py+ (0 — P H(9) (1.372)
p=py+ (o0 — pg)H(9), 1= pg+ (u — pg)H(9). (1.37b)

We refer to eq. (1.36¢) as the level set equation, which establishes that the flow moves
together with the interface.

We assume that the boundary of €2 is partitioned into a Dirichlet part I'p and a Neu-
mann part I'y such that there is no overlap between the two sets. Furthermore, we define
the inflow boundary I'™ as the portion of I'y where u-n < 0, and the outflow boundary I'"
as the portion of I'y where uw-m > 0. We then prescribe the following boundary conditions

u=0 on I'p, (1.38a)
[u-n —max (u-n,0)]u+ (pl — pVu)n = f on 'y, (1.38b)
—(u-n)p=r on '™, (1.38c¢)

where the boundary data f : I'y — R? and r : " — R are given. We furthermore
prescribe an initial condition ug : Q — R? for the velocity, and for the level set function
oo(x) = (o(x) — y with (o(x) the given initial wave height. Note that eq. (1.38a) is a
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standard no-slip boundary condition on a fixed wall, whereas eq. (1.38b) imposes the total
momentum flux on the inflow portion (u-n < 0) of I'y, and only the diffusive flux on the
outflow portion (u-n > 0) of I'y. Additionally, eq. (1.38¢) is a standard inflow boundary
condition.

We remark that the two-fluid problem assumes a no-slip and a dynamic boundary
condition on the interface, i.e.,

u = u, on [g(t), (1.39a)
(pl]I — ,uqul) Ng = (ng[ — ugV'u,g) Ng on Fs(t), (139b)

respectively, where ng is the normal vector on the interface I'g(¢) pointing outwards from
().

1.3 Outline

This thesis is structured as follows. In Chapter 2 we present an HDG discretization of
eq. (1.33) with a second order BDF time stepper. We demonstrate how a mixed formulation
results in an optimal approximation for the velocity of the fluid, in comparison to DG
discretizations. In Chapter 3 we present a novel space-time HDG method for problem
eq. (1.33). We show that the discrete formulation has a unique solution and perform an a
priori error analysis in which the dependency in the spatial mesh size and the time step
is explicit. This is in contrast to other a priori error estimates for space-time methods
that depend on the size of the whole space-time element. An interface-tracking space-time
hybridized /embedded DG method is introduced in Chapter 4 for the two-fluid Navier—
Stokes problem eq. (1.36). We show how using this mixed HDG/EDG discretization results
in a scheme that is exactly mass conserving and produces continuous approximations to
the wave height. Finally, we draw conclusions in Chapter 5.
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Chapter 2

A hybridizable discontinuous
Galerkin method for the linear
free-surface problem

In this chapter we extend the HDG method of [10] for elliptic problems to the linear free-
surface problem eq. (1.33). For the time discretization, we use a second order BDF time
stepper. We will consider a mixed formulation to obtain optimal rates for the approxima-
tion of the velocity of the fluid. We compare this discretization to the interior penalty DG
method in [32].

2.1 Mixed formulation

We introduce a variable ¢ = —V ¢, which is the negative velocity of the fluid, and combine
eq. (1.33b) and eq. (1.33c) into one equation, to obtain the first order system

q+Vop=0 in €, (2.1a)
V.qg=0 in Q, (2.1b)
q-n =20 on I'g, (2.1¢c)
g-n=20 on I'p. (2.1d)

It has been shown that, for the advection-diffusion equation, the HDG method converges
with order p+1 in the L2-norm when polynomials of degree p are used to represent both the
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scalar variable and its gradient. Notice that for this problem, this is particularly relevant
since V¢ represents the velocity of the fluid, which will be approximated optimally, in
contrast to, for example [$2], where the velocity approximation converges suboptimally.
Additionally, the HDG method allows for a local postprocessing of the scalar variable
which results in superconvergence of the scalar variable, i.e., convergence of order p + 2 in
the L?-norm [10].

2.2 The hybridizable discontinuous Galerkin method

Before deriving the discrete formulation, we introduce some useful notation.

2.2.1 Tessellation, function spaces and trace operators

Let 75, denote a tessellation of a polygonal domain 2 C R?, with d = 2, 3, with quadrilateral
elements K with maximum diameter h. Let & denote the set of interior faces of Ty, &7
the set of boundary faces, and &, = £} U &P. Moreover, we denote by & the set of faces
that lie on the free-surface boundary and by £F the set of faces that lie on the Neumann
boundary.

Let QP(D) denote the space of polynomials of degree at most p in each variable on a
domain D. We define the following finite element spaces

Wp={we L*(Q) :w|x € Q*(K), VK € Tp,}, (2.2a)
Vi ={ve [L2(Q)}d vk € [QP(K)]Q, VK € Ty} . (2.2b)

We also introduce the trace finite element space

M} = {pe L*(&) : ple € Q¥(e), Ve € &} . (2.3)

Let e € &£ be an interior face shared by elements K; and Ky in Ty, and define the unit
normal vectors n; and ms on e pointing exterior to K; and Kj, respectively. We denote
by u; and uy the traces of u € W}, and q; and g, the traces g € V. We define the jump
operator [-] as follows

lg-n] =q, -1+ g, no, [un] = uin, + usne. (2.4)
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For e € £ the set of boundary faces, the definition is as follows
[q-n]=q- n, [un] = un, (2.5)

where m is the exterior unit normal to e. For single-valued functions, the jump is zero.

For functions f and g in [LQ(D)]d, we denote (f,g)p, = [, f-gdD, where D C R
If f and g are functions in L?(D), we denote (f,g), = [, fg dD if D C R and (f,g)p =
[, fgds if D C R We will use the following notation

("LU,U)Th = Z (wav>K> (w,v)or, = Z (w, v)ox, (w,v)e, = Z(wvv>6' (2.6)

KeTy, KeTy ec&y,

2.2.2 The finite element variational formulation

To obtain the discrete variational form, multiply eq. (2.1a) and eq. (2.1b) by test functions
v, € VI and w, € W}, respectively, integrate over an element K € 7, replace g by
q, € V7 and ¢ by ¢, € W}, and sum over all elements to find

Z / q), - v, dedy + Z Vo -v,drdy =0, (2.7a)
KeT, K KeT, VK
Z / wpV - @, dzdy = 0. (2.7b)
KeT, 7 K

Applying integration by parts,

Z/qh-vhdmdy— Z/gbhv-vhdxdy—i— Z qgh v, -nds =0, (2.8a)
K K oK

KeT, KeT, KEeT,
— Z / Vwy, - g, dzdy + Z / wpgy - nds = 0. (2.8b)
KeT;, Y K KeT, Y oK

Since ¢, and q,, are allowed to be discontinuous across faces, we have introduced the
numerical fluxes ¢, and g, which are approximations to ¢ and —V¢, respectively, over
OK. We consider the following form of the numerical flux

q,=q,+T (<Z5h - ah) n, (2.9)
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where 7 > 0 is a local stabilization parameter that penalizes the jump between ¢y, and its
numerical trace ¢,. To obtain optimal rates of convergence, we take 7 to be of order one,
see [60].

In classic discontinuous Galerkin methods, the numerical flux (Zh on the boundary 0K of
an element K, would be a function of ¢, on the element K and on the neighboring element
K~. This means that the degrees-of-freedom associated with ¢; and g, are coupled from
one element to its neighbors. In HDG, we instead introduce a trace variable A\, € M}, and

express ¢y as

O =N, on & (2.10)

Substituting eq. (2.9) and eq. (2.10) into eq. (2.8a) and eq. (2.8b), we obtain
(qh,vh)n — (¢, V- vh)Th + (N v nYar, =0, Yo, € VP (2.11a)
— (Vwn, @) 7, + (Wi, gy - M)or,, + T(Wh, dr)or, — T(Wh, An)or, =0, Vw, € Wy. (2.11b)

In addition to these two equations, we impose the following condition to ensure conti-
nuity of the numerical flux g, in the normal direction across faces:

([an - nl, n)e, = (07 ns pn)es,  Vun € MY, (2.12)

where we have also used the boundary condition eq. (2.1¢).

Note that this equation states that g, -n = 0 on I'z and @, - n = 0?¢), on L.
Furthermore, over interior faces, we have the following identity

(lan-nl,pn)eo =0, Vi € My, (2.13)

Since [gq,, - n] € M}y, we can take p;, = [q,, - n] in eq. (2.13) to conclude that [g, - n] =0
point-wise over interior faces. In other words, the numerical flux is single-valued in the
normal direction across faces of the mesh. From a physical point of view, this equation
states that the numerical flux is conservative. Moreover, note that

([gn - nl, pn)e, = (@ - m, pn)or,- (2.14)

We apply integration by parts to the first term in (2.11b) and multiply equations (2.11a)
and (2.12) by -1, to obtain the following semidiscrete variational form: Find (qh, On, )\h) €
Vi x WP x M} such that

- (qh,vh)n + (¢n, V- vh)Th — (An,vp - Yo7 =0, (2.15a)
(wh, V- qh)Th + T<wh, ¢h>37’h — T(Mh, /\h>a7;L = 0, (2.15b)
—(an - tn)e, — T(Pn, n)e, + T(Nny pin)e, = — (07 Pn, bn)es, (2.15¢)
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for all ('vh,wh,,uh) € V;Z X W}"f X M}]Z

The discretization of the term 97¢;, will be described next.

2.3 Temporal discretization

We consider the time interval [0,t] which is discretized using a time step At such that
to=0and t, =t,_ 1 + At, n > 1. To approximate 0,¢;, at t = t,, we employ a first order
BDF for the first time step, and a second order BDF for the following time steps:

1

Osnli, ~ 0y, = A (¢h — 9h) (2.16a)
1 3 L1

Oy dnls, =~ oy = A7 (§¢Z — 20} Ly §¢h 2) for n > 2, (2.16b)

where ¢ = ¢p|s,, and @) is the L:-projection of the initial condition ¢o(z,y) onto WP.

Using these expressions, we can then approximate 92¢;, as follows

Ly b, 1y

0 dnlsy ~ A_tQ¢h - A_t2¢h NS (2.17a)
9 . 3 3 2 O
atz¢h|tn%m¢h—@ h l—l—m h Q—th l—l—ﬁah 2 forn>2, (2.17b)

where o} is the L*-projection of the initial condition oo(z,y) onto W},

For the first time step, eq. (2.15¢) can be written as

1
—(qy, - 1, pn)e, — T(Dh, fin)e, + T(Nhs pn)e, + E«b}“ fh)es = (2.18)

1 1
_A—tz<¢2>ﬂh>g,f + E<02,Mh>55, Yy € M.

For n > 2, we approximate eq. (2.15¢) by

n n n 9 n
—(qh -1, ), — TP, n)e, + TN bn)e, + m< h Mh>g,f =

3 3
@@h b pin)es — m< W2 ) es (2.19)
2, I,
+E<UZ 1>Nh>g,§ - Q—At<0h 2,uh>g,§, Vi € My,
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The fully discrete weak formulation becomes: find (¢}, g7, A\}) € WP x V¥ x M} such
that for all (wy,, vp, pn) € Wi x Vi x M}, the following relations are satisfied for n =1

(qh, ’Uh) (th, V- ’Uh) </\}ll, (A 'I’L>a7'h = 0, (220&)
(wn, V - qh)Th + T<wh>¢h>aﬁ - <wh7)\ill>6n =0, (2.20b)
—{qp - e, — T(Oh e, + TG, pn)e, + At2 3 (Dhs Hn)es (2.20¢)

1 1
_E<¢hu ,uh>£§+E<027 fin)es

and for n > 2
(qh,vh) + (¢}, V- vh) — (\h, v -n)ar, =0, (2.21a)
(wh, V- qh)Th + 7'<wh, ¢h>37—h - T<wh, )\Z>a7—h =0, (221b)
n n n 9 n
—(qp, -, pn)e, — T(Dhs e, + TN fn)e, + m( ho Hn)es = (2.21¢)

3 3 1
AL O INAL 2a#h>gS+At< laMh>5,§_2—At<0h 2 bn)es-

Note that ¢} is related to the wave height through equation (1.33c). Once ¢} has been
obtained an approximation ¢}’ to the wave height can be computed using eq. (2.16).

In [19], it was shown that this HDG method for convection-diffusion problems converges
with order p+1 in both the scalar and vector variables. The free-surface problem considered
here is slightly different since we have a free-surface boundary condition. However, we
expect the rates of convergence in space to be similar.

2.4 Numerical results

Here we present some numerical results obtained when applying the HDG method de-
scribed above to two different test cases. First, we consider a linear free surface problem
in an unbounded domain where the analytical solution is known. We present rates of
convergence for linear, quadratic and cubic polynomials. In addition to the HDG method
described above, we show the results for the same case solved with an interior penalty
discontinuous Galerkin method that recreates the results in [82]. The second test case
that we present corresponds to the simulation of water waves generated by a wave maker.
All the simulations were carried out using the Modular Finite Element Method (MFEM)
library [25]. The stabilization parameter 7 is chosen as 7 = 5.
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2.4.1 Static condensation

As mentioned above, one of the most attractive features of HDG methods is that they
allow for static condensation, which we describe next. Let Q € RImVi & € RImWY and
A € RImMY he the vectors that contain the coefficients of q;,, ¢n and \p, respectively,
with respect to the basis of their corresponding vector spaces. Then, W = [QT @T} is the
vector of all element degrees-of-freedom. At each time step, a linear system of the following
structure must be solved

A B
C D

w
A

0
F

(2.22)

Thanks to the definition of the numerical fluxes eq. (2.10) and eq. (2.9), A has a block-
diagonal structure. Therefore, we can eliminate W by locally inverting A, to obtain the
reduced linear system (—C’A”B + D) A = F. To solve this reduced system, we use the
direct solver of MUMPS [5, 4] through PETSc [¢]. Once A has been computed, we can
calculate W element-wise using W = — A1 BA.

2.4.2 Postprocessing

Since in HDG methods gq;, converges with optimal order, a local postprocessing can be
performed, which results in a numerical solution ¢; € W,{’H that converges to ¢ with order
p~+2 To construct a superconvergent solution, we use that the average of ¢, superconverges
and that g, converges optimally. Following [90], the new variable ¢} can then be computed
as the solution to

(1’¢2)K - (1’¢h)K’ (223&)
(Vw;,, Ve;) o = — (Vi qp) Ywj € WPt (2.23b)

Note that this is a local problem, so it can be solved very efficiently.

2.4.3 Linear waves in an unbounded domain

In this example we consider time harmonic linear free-surface waves in an unbounded

domain. We consider Q = [—1, 1] x [—1, 0] and apply periodic boundary conditions on
x = —1 and x = 1. The analytical solution for this problem is given by
o(x,y,t) = Acosh(k(y + 1)) cos(wt — kx), (2.24)
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where A denotes the amplitude of the velocity potential, k£ is the wave number, which is
related to the wavelength A, by k = 27/),, and w is the frequency of the oscillations,
which satisfies the dispersion relation

w? = ktanh(k). (2.25)

This solution is obtained from the analytical solution in eq. (1.32) by setting A = a/w cosh(kH ).
The analytical wave height is then given by

((z,t) = —0pp(x,0,t) = Aw cosh(k) sin(wt — kx). (2.26)

We take A\, = 1, and A such that the maximum amplitude of the wave height is 0.05.
For each method, we show the approximation errors and convergence rates for ¢; and ¢j
at ty = 2.5 for linear (p = 1) and quadratic (p = 2) polynomial approximations, and at
t; = 0.2 for cubic polynomials (p = 3). Note that for cubic polynomials the error in space
is of order 4, whereas the error in time is of order 2, so we require a very small time step in
order to make the spatial error dominant over the temporal one. This causes the method
to be very expensive computationally. In order to alleviate this, we choose the final time
for the cubic polynomials case to be smaller than for the linear and quadratic polynomials
cases. The initial time step is At = 0.05 for linear polynomials, for quadratic polynomials
it is At = 0.01 and for cubic polynomials it is At = 0.004. Table 2.1 shows the number
of degrees-of-freedom (DOFs) for both the HDG method in section 2.2 and an interior
penalty DG (IP-DG) method, the L?*(Q)-errors of ¢;, and ¢; and the convergence rates
for both methods. Next, we give a brief description of the IP-DG applied to the problem
eq. (2.1). This method is similar to the one in [32].

Interior penalty discontinuous Galerkin method

We consider the same spaces W} and V7 in eq. (2.2) and proceed as in section 2.2.2:
multiply eq. (2.1a) and eq. (2.1b) by test functions v, € V4 and w;, € W}, respectively,
integrate over an element K € Ty, replace g by g, € V¥ and ¢ by ¢, € W}, and sum over
all elements to find

Z/qh~vhdxdy+ Z/V¢h~vhdxdy:0, (2.27a)
K K

KeTy, KeTy

Z / wpV - g, drdy = 0. (2.27b)
K

KeTh
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Applying integration by parts (twice for eq. (2.27a)),

Z/th-’vhdxdy%— Z/[(Vqsh'vhdxdy—FZ/ (qgh—gbh)'vh-nds:o,

KeT; KeTy KeT, V0K
(2.28a)
—Z/th-qhdxdy+z wrq,, -nds = 0.
KeT, VK KeT;, 7 OK
(2.28b)

Next, we use the following relation [0]
Z / whvy - nds = Z / [win] - {vn} ds + Z / [vn - n] {wn}ds,  (2.29)
KeT, VK Feg, 7 F Feg? ' F

for any w, € W} and v, € V¥, and where {-} denotes the average operator defined as
follows for F € &)

{a} =

For F' € &2, the definition is as follows

(g1 +q,) - (2.30)

N | —

fa} =a (2.31)

The definition of {{-} for scalar functions is completely analogous. Using eq. (2.29) in
eq. (2.28a) and eq. (2.28b), we obtain

Z/qh-vhdxdy—l— Z/quh-'vhdxdy (2.32a)
K K

KeTh KeT;,
b — . d . T _ ds —

+; /Fﬂ(% on)m - fon} s+1§2 /F [or - n] fon — én} ds =0,

- Vuwy, - q;,dzd g, }d g - ds = 0.

3 [y atdars 3 [ o) s+F2€ng/Fuqh ] s} ds =0
(2.32b)

The IP-DG numerical fluxes are [0]
on = {on}, a4, = —{Vor} + ahy! [onn], Feé&, (2.33a)
~ ~ Oy, Fe&

¢h - ¢h7 Fe 5}? qp-n = {O’Qbh F 2 8%7 (233b)
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where hp is the size of the face F' and « > 0 is a penalty parameter that has to be chosen
large enough to ensure stability [0]. Substituting eq. (2.33) in eq. (2.32a) and eq. (2.32b),
and using that ¢, and g, are single-valued, we obtain

Z/th-vhdxdy%— Z /}(V@-vhdxdy— Z/F[[gbhn]]-{{vh}}ds:(), (2.34a)

KeT, KET, Fegy
= / Vun, gy drdy — 3 / [wn] - {Ven} ds (2.34b)
KeT, 7K reed ' F
+ Z / ah! [wpn] - [¢nn] ds +/ w0 ¢y ds = 0.
Fegd F s

Taking v, = Vwy, in eq. (2.34a) and adding with eq. (2.34b), we obtain

Z /Kquh.thdxdy— Z/F[[gﬁhn]]-{th}ds_ Z/F[[whn]]'{{V%}}ds

KeTn Feg) Feg)
+ Z / Oéh;al ﬂwhn]] . ﬂgZSHI’L]] ds + / whafgbh ds = 0. (235)
Feeg) F s

The semi-discrete form is then given by: find ¢, € W? such that

> [ Vo vudrdy= 3 [ o] {Tuihds= Y [ ol {90} ds

KeTy Feg Fegl
+ Z / ahyz! [wyn] - [¢nn] ds +/ wpOidnds =0, (2.36)
Feg) F s

for all wy, € W}. The fully discrete form is obtained in a similar fashion as in section 2.3.

Convergence rates
In table 2.2, we show the L?*({2)-errors and convergence rates for g, and the L?(T'g)-errors
and convergence rates for (.

Recall that the time stepping scheme used here is a second order method. Therefore,
when using quadratic and cubic polynomials, even though the error in space is of order 3
and 4, respectively, the full discretization error in space and time will not necessarily be of
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the same order as the one in space. This is why we see some loss in the rates of convergence
in the quadratic and cubic cases. Despite this shortcoming, we see that both the velocity
potential and the wave height converge at nearly optimal rates for both HDG and DG
methods. We can also see that in general, the errors for HDG are lower than those for DG.
In table 2.1, we can see that for quadratic and cubic approximations, the number of globally
coupled degrees of freedom for HDG are lower than for DG. Additionally, thanks to the
element-wise postprocessing in the HDG method, we obtain a variable ¢} that converges
to ¢ with one order higher than ¢j.

We remark that the DG method in [32] and in section 2.4.3 is based on a primal
formulation in which the only unknown is ¢. The velocity of the fluid can be obtained
from ¢ by calculating its gradient. If ¢ is approximated by polynomials of degree p, then
its gradient will be a piecewise polynomial of degree p — 1, meaning that it will converge,
at best, with a rate of p. In the present discretization we introduce the unknown g which
is the negative velocity of the fluid, and we approximate it with polynomials of degree p.
We see in table 2.2 that the rate of convergence for g, is p + 1, which is superior to what
we would obtain from a primal DG formulation. Therefore, our HDG discretization allows
us to obtain a better approximation to the velocity of the fluid than using a DG method.

Thus, with the HDG method described in Chapter 2, we can approximate the wave height
and the velocity of the fluid with order p + 1, where p is the degree of the polynomials
employed for the approximations. Moreover, by performing a simple element-by-element
postprocessing, we obtain approximations for the velocity potential of order p + 2. In
contrast, the DG method in [$2] only finds approximations for the velocity potential or
order p + 1.

Simulation of a wavemaker

In this example we investigate waves generated by a piston-type wave maker. This simu-
lation is proposed in [$2, 88]. In this case the domain is © = [0, 10] x [—1, 0]. We apply
homogeneous Neumann boundary conditions (no-normal flow) on z = 10 and y = —1. The
wave maker is located on the left side of the domain, i.e., at x = 0, where the boundary
condition is

Vo-n=(y+1)T(t) atz=0, (2.37)
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Table 2.1: Convergence rates for ¢, and ¢; computed with the HDG method in Chapter 2
and the DG method in [32].

o HDG (n) HDG (47) DG (on)
Y DOFs L?(2)-error  Order ‘ L?()-error  Order ‘ DOFs L?(Q)-error Order
3x3 42 8.18e-03 - 8.28e-03 - 36 5.52e-03 -
Q' 6x6 156 2.03e-03 2.01 1.72e-03 2.27 144 3.62e-03 0.61

12 x 12 600 3.74e-04 2.44 2.96e-04 2.54 976 1.01e-03 1.84
24 x24 2352 7.92e-05 2.24 4.56e-05 2.70 2304 2.55e-04 1.99
48 x 48 9312 1.67e-05 2.25 6.05e-06 291 9216 6.38e-05 2.00

3x3 63 1.90e-03 - 1.73e-03 - 81 2.68e-03 -
Q* 6x6 234 2.76e-04 2.78 2.38e-04 2.86 324 3.98e-04 2.75
12 x 12 900 2.27e-05 3.60 1.20e-05 4.31 1296 3.72e-05 3.42
24 x24 3528 2.70e-06 3.07 8.82e-07 3.77 5184 4.06e-06 3.19
48 x 48 13968 3.37e-07 3.00 7.44e-08 3.57 | 20736 4.74e-07 3.10

3x3 84 3.17e-04 - 2.22e-04 - 144 4.21e-04 -
Q> 6x6 312 2.23e-05 3.83 1.10e-05 4.33 o976 2.49e-05 4.08

12 x 12 1200 1.41e-06 3.98 4.42e-07 4.64 2304 1.70e-06 3.87

24 x 24 4704 8.90e-08 3.99 1.74e-08 4.67 | 9216 1.18e-07 3.85
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Table 2.2: Convergence rates for q; and ¢, computed with the HDG method in Chapter 2
and the DG method in [32].

n X ny HDG (q;) HDG (¢n) DG (¢n)
L?()-error  Order ‘ L?(T'g)-error  Order ‘ L?(I'g)-error  Order
3x3 7.44e-02 - 8.51e-02 - 7.51e-02 -
Q' 6x6 2.366-02  1.66 | 22202  1.94 | 3.86e-02  0.96

12 x 12 5.00e-03 2.24 3.22e-03 2.79 1.05e-02 1.87
24 x 24 1.47e-03 1.77 7.82e-04 2.04 2.23e-03 2.24
48 x 48 3.72e-04 1.98 1.62e-04 2.27 5.65e-04 1.98

3x3 2.03e-02 - 1.75e-02 - 2.49e-02 -
Q* 6x6 4.20e-03 2.27 2.87e-03 2.61 8.84e-03 1.49
12 x 12 4.97e-04 3.08 2.62e-04 3.45 1.29e-03 2.78
24 x 24 7.37e-05 2.75 2.88e-05 3.19 2.53e-04 2.35
48 x 48 1.15e-05 2.68 3.37e-06 3.10 5.73e-05 2.14

3x3 4.00e-03 - 3.13e-03 - 5.22e-03 -
Q> 6x6 3.60e-04 3.47 2.51e-04 3.64 1.25e-03 2.07

12 x 12 2.75e-05 3.71 1.58e-05 3.99 4.54e-05 4.78

24 x24 1.91e-06 3.85 1.03e-06 3.94 3.59e-06 3.66
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Figure 2.1: Piston-type wave maker used in section 2.4.3.

where

T(t) = asin(wyt). (2.38)

Here, a represents the amplitude of the wave and w,, is the frequency of the wave. Figure 2.1
depicts the wavemaker.

The initial velocity potential and wave height are taken to be zero and we consider two
meshes: one with 1024 elements and one with 4096 elements. Figure 2.2a, fig. 2.2b and
fig. 2.2c show the free-surface elevation at ¢t = 18.4, t = 32.96 and ¢t = 51.04, respectively.
For each of these times, we compute the approximate solution using linear and quadratic
polynomials.

In fig. 2.2, we show the elevation of the free-surface at different times. At t = 18.4,
before the wave generated by the wavemaker has reached the opposite wall z = 10. At
time ¢t = 32.96, the wave has just hit the opposite wall and is reflected back into the
domain. For this time, we start to notice a discrepancy between the linear and quadratic
polynomial cases on the mesh with 1024 elements. However, on the mesh with 4096
elements, the linear solution agrees with the quadratic one. When time is t = 51.04, the
wave has already started to travel back into the domain affecting the waves generated by
the wavemaker. Here we see that for linear polynomials, the solution is completely different
than when using a quadratic polynomial approximation. Nevertheless, on the finer mesh,
the solutions with p = 1 and p = 2 are very similar. The results obtained with the DG
method in [32] are very similar to the ones obtained with the HDG method described in
Chapter 2, and therefore they are not shown here.
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(a) Free-surface elevation at t = 18.4. (b) Free-surface elevation at t = 32.96.
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(c) Free-surface elevation at ¢ = 51.04.

Figure 2.2: Simulation of water waves generated by a wavemaker, see section 2.4.3. The
free-surface elevation (scaled by a factor of 50) at different time levels for polynomial degree
p = 1, 1024 elements (blue line), p = 2, 1024 elements (red line), and p = 1, 4096 elements
(green line).
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Chapter 3

A space-time hybridizable
discontinuous (Galerkin method for
the linear free-surface problem

In this chapter we introduce a space-time hybridizable discontinuous Galerkin method for
the linear free-surface problem eq. (1.33). We consider a mixed formulation based on the
splitting introduced originally for the wave equation in [73]. This is different from previous
works on DG methods for free-surface problems in which the primal form of the problem
is considered [32, 84]. The reason to consider the mixed formulation is that it allows us
to immediately obtain the velocity of the fluid without post-processing. To the best of
our knowledge, such a splitting has not been considered for inviscid, incompressible and
irrotational free-surface flow problems. Furthermore, as opposed to standard discontinuous
Galerkin discretizations, our space-time HDG formulation uses weighted inner-products.
The idea of using weighted inner-products was previously applied in [27] to the wave
equation. Here, we use weighted inner-products to prove well-posedness of the space-time
HDG formulation of the linear free-surface waves problem.

The a priori error analysis in this chapter is projection based [19], but modified for
weighted inner-products and space-time prismatic elements. Additionally, we derive scaling
identities between the reference and physical space-time prisms that separate the spatial
dimension from the temporal dimension. Such anisotropic scaling identities were previously
derived in the context of anisotropic meshes in [32] and space-time meshes in [15, 75].
Furthermore, these scaling identities allow us to obtain a priori error estimates in which
the dependence on the time step and the spatial mesh size is explicit. This is in contrast to
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error bounds that depend on the space-time mesh size as derived, for example, for parabolic
problems in [12].

3.1 Space-time setting

To introduce the space-time HDG method we first formulate the mixed space-time formu-
lation of the linear free-surface problem eq. (1.33) in two spatial dimensions.

Space-time methods do not distinguish between temporal and spatial variables. A point
at time t = xo with position vector @ = (z1,23) has Cartesian coordinates (zq,x). We
therefore pose the linear free-surface problem eq. (1.33) on a space-time domain defined
as £ 1= { o, ) ER® 1z €N, 0< 1)< T} The boundary 85 of the space-time domain
& consists of Qg = {(zo, @ )E O g =0}, Qv = {(zo,x) €E 120 =T} and Q¢ :=
{(xo, x) €08 :0< 1y < T} Furthermore, Q¢ is subdivided as Qg = 0Es U 0E5 U 0Ep,
where 0€s = { xo,x) €08 1 x €g,0 <z <T} 0&p = {(vg,x) € 0 1 x € I'p,0 <
xo < T4, and@é’p—{xo, ) € 0E : a:GFp,0<x0<T}

We next introduce two new variables, namely ¢ = —V¢ and v = —0;¢. A similar
choice of variables was introduced in [61] for the wave equation. The linear free-surface
problem eq. (1.33) on the space-time domain £ can then be written as a mixed space-time
formulation which is given by

oq—Vv=0 in &, (3.1a)
V.g=0 in &, (3.1b)
—q-n = 0w on 0&s, (3.1c)
—q-n=0 on 0&g, (3.1d)
q(0,x) = qy(x) on , (3.1e)
v(0, ) = vo(x) on , (3.1f)

where g,(x) and vo(x) are given initial conditions.

Note that the wave height ¢ will be the restriction of v to the free-surface I's.

3.1.1 Space-time notation

Let Z = [0,T] denote the time interval. We partition the time interval into time levels
0=ty <ty <ty <--- <ty =T and denote the n'" time interval by I, = (tn, tns1)-
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Z[,'Q:—H ************ l'oztn

Figure 3.1: Depiction of a space-time slab £" C R3.

The length of each time interval is constant and is denoted by At. The n'" space-
time slab is then defined as €™ := €N (In X RQ). Define ©2,, := {(xo,m) el xy= tn}.
The boundary of a space-time slab, 0", can then be divided into €2, 2,41 and QFf =
0E™\ (41 UQ,). We can further subdivide QF as QF = 02 U 0EG U OEF, where 088 =
{(xo,zc) cdf xelgt, <z < th}, 0EL = {(xo,a:) cdf:xelpt, <xo< th},
and 0E} = {(:vo,a:) cdf xelp,t,<x9< tnﬂ}.

For linear free-surface waves the spatial domain €2 does not change with time. We
therefore introduce a space-time mesh as follows. We first introduce a triangulation 7 :=
{K} of the domain ,,, which is the same for all n. Each space-time element K C £" is
constructed as K = K x I,. The set of all space-time elements, 7™ := {K : I C E"} is
then a triangulation of the space-time slab £". This is repeated for all n. See fig. 3.1 for
an illustration of £".

Consider a space-time element K7 € T". Let K} := {(wg,x) € OK} :wg =t,} € T.
The boundary of a space-time element K7 € 7" is then composed of K7, K;H'l and
Q;c;.w = alC;?\ang where 0K 1= K} U KJT.LH_

The outward unit space-time normal vector field on OK7 is denoted by 7} = ((n4)}, n}),
where (n;)} and n} are, respectively, the temporal and spatial parts of the space-time

AN

normal vector. Since the mesh does not change with time, n} = (1,0) on KJ’-LH, n
(=1,0) on K7}, and nj = (0,n}) on Qgr.

J

In the remainder of this chapter we will omit the subscripts and superscripts when
referring to space-time elements, their boundaries, and the normal vector wherever no
confusion will occur.
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In a space-time slab £, the set and union of all faces in 0€s are denoted by Fg and
', respectively. Furthermore, the set of all interior and boundary faces in £ that are not
on €, U, is denoted by Fj, and the union of all interior and boundary faces in £"
that are not on €, U2, is denoted by I'y. On the other hand, faces on €2, and €2, are
denoted by F§(t,) and F§(tny1), respectively. Finally, 0£2(t,) denotes the set of edges
e € 0E¢ at t =t,.

3.1.2 Finite element spaces

For triangular prismatic space-time elements we introduce the following local spaces:

Wi(K) = Py(K) ® P,(1,), (3.2a)
Viu(K) == [P(K) ® B,(1,)]°, (3.2b)
My(F) == Qp(F)  VF C Qx, (3.2¢)

where P,(D) is the space of polynomials of degree at most p on a domain D and Q,(D)
denotes the tensor-product polynomials of degree p. The global finite element spaces are
then defined as:

Wy, :={w e L*(&") :w|x € Wi(K), VK € T"}, (3.3a)
Vii={ve [L3EM] tvlc € Vi(K), vE € T} (3.3b)
My, = {p € L*(T}) : plr € My(F),VF € F§}. (3.3¢)

For scalar functions we introduce the following inner-products:

(U,w)K:/deIC, (U,U})Q:/vwdQ, <U,U)>K]n:/ vwdK,
K Q

n

(.. = [owde, (s = [ owar, (3.4

and
(v,w)TH = Z (v,w)K, (v, w)Fn = Z (v, w)o,
KeTn KeTn
<’U7w>]:6(tn) - Z <U7w>K§” <<U’w>>8£§(tn) - Z (v, whe, (3.5)
KeTm™ e€OEL (tn)
(v, w)rp = Z (v, w)F
FeFn
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Similar notation is used for vector functions, for example,

(v,w)K:/Kv~wdlC and ('v,w)Tn = Z (v,'w),c. (3.6)

KeTn

The L?-norm of a function v on a domain D will be denoted by ||v]| 5.

3.2 The finite element variational formulation

In this section we derive the space-time HDG discretization for eq. (3.1) on a space-time
slab ™. To be able to show existence and uniqueness of a solution to our discretization
we use weighted inner products, as done originally for the wave equation in [27].

Let f, be a weight function, depending only on time, which is defined as f,(t) =
e(t=tn) oy > 0. Multiply eq. (3.1a) by r,f,, where 7, € V;, and eq. (3.1b) by wyf,
where w;, € W),. Integrate both equations over a space-time element X € 7," and replace
q by g, € V', and v by vy, € Wj,. Sum over all space-time elements in £” to obtain:

(atqha ’rhfn)frhn - (vvhy Thfn)Thn = O, (37&)
(wn fr, V - qh)Thn =0. (3.7b)

Integrating by parts both equations in space-time we obtain

- (Qh7 fnatrh)nn - (qha rhf:z)nn + @m Thfn>f8(tn+1)
— (@, rifa)Fa + (vns fuV - Th)Thn — (Un,rn-mfa)ry =0, (3.8a)
and
- (Qi” fnvwh)Thn +(q; - n, whfn>f5 =0, (3.8b)

where we used that 7 = (1,0) on K7*!, 7 = (=1,0) on K} and n = (0,n) on Q. The
numerical traces vj, and g, introduced in eq. (3.8) are approximations to, respectively, v
and q over OK. They are defined as:

Up =Ap on I'p, (3.9a)
G, =q,—7(h— ) m on I'y, (3.9b)
q, =q, on K, (3.9¢)
q, =q, on K;LH, (3.9d)
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where A\, € M), is the facet approximation to v, 7 > 0 is a stabilization parameter, and
q;, denotes the trace of g, at zo = t,, from the previous space-time slab £"~1, or the initial
condition if n = 1. Note that the numerical flux eq. (3.9b) is the same as in eq. (2.9),
whereas eq. (3.9¢) and eq. (3.9d) correspond to an upwind flux in time.

Normal continuity of the numerical flux g, across element boundaries is ensured by
imposing
(ntfo,@n ) Fy = —(pntn, OAn) rys Vn € M. (3.10)

Substituting the expressions for the numerical traces eq. (3.9) into eq. (3.8) and eq. (3.10),
integrating eq. (3.8b) by parts in space and eq. (3.10) by parts in time results in the space-
time HDG method for the linear free-surface problem: Find (q;,, vn, An) € Vi x Wy, x M,
such that for all (7, wp, up) € Vi, x Wy, x M), the following relations are satisfied:

- (qh7 fnatrh>7—hn - (qh7 rth/L)’Th" + <qh7 rhfn>]—'5(tn+1)
+ (Uha fnv : Th)nn - <)‘h7 Th- ’I'Lfn>]:5 - <q}:7 rhfn>]"6(tn)7 (3118‘)

- (wh7 V- qh)f]’hn + (7 (v, — Ap) ,whfn>f5 =0, (3.11b)

and

(@, -1 =7 (vn = M) s i fu) 7 — (Nn s Oetin) 7
= s i) 7g & KOs i Jad) oz i) = (s b fadoegens Vi € My, (3.11¢)

where A, denotes the known value of v, (= A) at xy = t,, from the previous space-time
slab £*~!, or the initial condition if n = 0.

3.2.1 Well posedness

We now show the existence of a unique solution to the space-time HDG method eq. (3.11).

Theorem 3.1 (Existence and uniqueness). A unique solution (q;,, vn, \p) € Vi x Wy, X M,
to eq. (3.11) ewists if the stabilization parameter T is positive.

Proof. 1t is sufficient to show that if the data is equal to zero, the only solution to eq. (3.11)

is the trivial one. We only need to show this for an arbitrary space-time slab £" assuming
A, =0and g, =0.
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Take r;, = g, in eq. (3.11a), w, = vy, in eq. (3.11b) and pp = Ay in eq. (3.11¢), and add
the three equations together:
- (qh7 fnatqh)frn - (|qh|2 ) f?ll)Tn + <|qh|2 ) fn>.7:6(tn+1)
+ (7 (on = M), Fad g — (s Odn) 7g — (NG, i) 72
+ (N faoen(tn,y = 0. (3.12)

Note that since g, - 0;q;, = %8t(|qh|2), we may write the first term on the left hand side,
after integration by parts in time, as

Similarly, the fifth term on the left hand side of eq. (3.12) may be written as

— Mo, Odn) 7 = SOF, o) e — 500, Fadoez(tn) + 500, fadoez(en)- (3.14)
Combining eq. (3.12)-eq. (3.14), we obtain

0=—3 (lgul*, fo) o + %<|qh‘27fn>f5(tn+1)
+ 3anl” s fad Facen + (7 (on = M), fa)Fy
— 5 fodFe 3 U Fadoenns) + 3N, fa)oeny-  (3.15)
Since 7 > 0, f, > 0,Vt, and f; < 0,V¢, we conclude that g, = 0 in £" and on K} U an+1’
vp, = Apon 'y, and A, = 0 on IS and on OEE(t,) UOEE (t,+1). Substituting into eq. (3.11a),
0= (vh, fnV - Th)']‘n — (Ap, T nfn);g
= — (Vvh, fn'rh)Tn + ((vp — An), 7 - nfn>;3 (3.16)
= — (Von, fuTh) 10 »

which holds for all 7, € V,. Since f,, > 0 we conclude that Vv, = 0 in £", implying that
v, depends only on time. To show that v, = 0 in £", consider the following. Since vy,
depends only on time, then v, is constant on Q x {t}, for all ¢t € (¢,,t,+1). In addition,
vp =AM, =0o0nI'% sov, =0o0n & O

3.3 Analysis tools

In this section, we develop some of the tools needed to perform the error analysis in
section 3.4.
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3.3.1 Notation and anisotropic Sobolev spaces

Let the multi-index a be a vector of non-negative integers «; and let |a| be defined as
la| = >, a;. By D*v we denote the partial derivative of order || of v, i.e.,

D% = 050001 0020 (3.17)

o “x1 X2 T

We define the Sobolev space H*(Q) = {v € L*(Q) : D*v € L*(Q) for |a| < s}. This space
is equipped with the following norm and seminorm:

?{s(g) = Z ||DaU||i2(Q) and v 12qs(9) = Z ||DaU||i2(Q)- (3.18)

lo|<s lo|=s

[l

For a; > 0, i = 0,1,2, we introduce the anisotropic Sobolev space of order (s, ss) on
E CR3 by

HEs:)(£) = {vel?&): Dty € [2(E) for ay < s, |a| < Ss} s (3.19)

where a; = ap and a, = (a1, ) and D)y = 929219220, The anisotropic Sobolev
norm and seminorm are given by, respectively,

2 g, 2 2 ot,0s 2
||U||H(sns‘s)(g) = Z ||D( " )U||L2(€) and |U|H(Stass)(5) = Z ||D( ' )U||L2(5)- (3.20)

at<st =5t
|as|<ss los|=ss

Let K denote any space-time prism that is constructed as K = K x I, where K is a
spatial triangular element and [ is an interval. Let hx and pgx denote, respectively, the
radii of the 2-dimensional circumcircle and inscribed circle of K. We will assume spatial
shape regularity, i.e., we assume there exists a constant ¢, > 0 such that

h
L <, vKeT™ (3:21)
PK

Additionally, we assume that 7" does not have any hanging nodes. Throughout the
remainder of this chapter we will denote by C' > 0 a generic constant that is independent

of hx and At.

3.3.2 Space-time mappings

Let K denote the reference triangle defined by the vertices (0,0), (1,0), (0,1), and with
reference coordinates & = (¥, 7). Furthermore, let Hyx denote the affine mapping Hy :
K — K defined as Hx(x) = BxT + ¢, where B is a matrix and ¢ is a vector.
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Figure 3.2: An illustration of the different space-time mappings.

To construct each space-time prism we follow a similar approach as [75]. Consider a
reference prism K defined by the vertices (—1,0,0), (—1,1,0), (—=1,0,1), (1,0,0), (1,1,0),
(1,0,1). The reference coordinates in K are denoted by (7o, Z). The space-time prism K is

obtained as follows. First, we construct an intermediate element X from an affine mapping

Fy : K+ K defined as Fx(Zo, @) = A [fo,i]T + b, where Ax = diag (%, 1, 1) and b is a
vector of the form [by, 0,0]”, where by € R. The coordinates on K are (Zg, ). Then, K is

obtained via the affine mapping, Gx : K — K defined as:

1), o

where 0 = [0,0] and Bk denotes the matrix associated with the mapping Hy defined
above. See fig. 3.2.

We denote by oK, _the boundary face of K with 7, = 0. Similarly, 8AI/C\2 and 8163 are
the boundary faces of K with, respectively, 7o = 0 and 7, + 7 = 1. By 0Ky we denote the
boundary faces of K with Z, = —1 and Z, = 1. Furthermore, 0K;, i = 0,1, 2, 3, will denote
the boundary faces of K which are obtained by applying the transformation Fi to K.

1 0

GK(*anzE) = OT BK

3.3.3 Trace and inverse trace identities

In this section we prove anisotropic trace and inverse trace identities. This is achieved by
first considering different scaling identities. Similar identities were shown on hexahedra in
[32, 75], but are modified here for prisms.
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Lemma 3.1. Let u € H(S“SS)(IC), ap = ap, oy = (aq,0), and o = (ay, ). Then, the
following identities hold for a = (ay, as), a; > 0,1 =10,1,2,

. 2 2 2wl
L (3.230)
20

<o t2 2 ~ 2

1D%l| g, = | =5 | I1DUllag, - (3.23b)
At

B 92 2a0—1 S 2 .

I1D%|px, = | < 1Dy, J=1,2,3, (3.23¢)
j At j

where & = u o Fx.

Proof. Note that by the chain rule,

. 2\ .
D% = (E) D (o Fi)o Fg'. (3.24)
We first show eq. (3.23a). By eq. (3.24)
5 9 92 200 . 9
| Dot = <_) / (D (10 Fio) o F" ) dy . (3.25)
At £

Changing variables, we obtain
At
9 20 R 2
=\ — D* (’[L o F;c) |det A;C d/fo di
(3¢) [ (o mo) e
2 200 At/ <A R 2 R
- () 5 [ (D) dpaz
<At> 2 Jk ’
9 200—1 9
(%) 1Bl

To show eq. (3.23b) we note that time is fixed on dKy. Furthermore, since & = & we
note that for any function v on K we have 0(t,11,Z) = V(1,Z), i.e., U[ye, = Vs, In

3 9 20 N 2 R
1D = ( ) [(Da (aoF,C)oF,gloF,c) \det Ay| AT d
K

(3.26)

particular, if o = D,

(D) e, = (é) (D (10 F)) o (3.27)
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Therefore,

o |12 Sas\2 g
1D7alle, = [ (D°0)’ da
Ko

2 200 2
_ (E) /8 (i) az (3.28)

9 200 PN 9
(%) 1l

which concludes the proof for eq. (3.23b).

Finally, we prove eq. (3.23c) for j = 1. The proofs for j = 2,3 are analogous. First let
us define the mapping Jgx that maps 8IC1 onto OK;. This mapping is given by

st 0| %
0 1| |2

where d is a constant two dimensional vector. Then, by the chain rule,
(D U) |3/C1 (D u) (.To,(),i’g)

_ (%) " (f)“ (0 F;c)> ok, © Jox (3.30)

_ <%>a0 {(ﬁa (aoFK)> (50,0,52)} o Ty

Jox (%o, T2) = +d, (3.29)

We now find:
2 NN S
| D] 55, :/_ (D u) digdis
"\ e ) ) (3.31)
_ (_) [ (B (10 F)) G 0.50] 0 I3t sz
At 8K1
Note that the determinant of the Jacobian of Jyx is At/2. Changing variables,
2
<12 At Ny~ o~ N2 s g
D%l 5e, = (At) 5 /(9161 ((D*0) (0,0, %)) dTo A,
2000— 1 R 9
= (Kt) ((D“ﬂ) (30,0,22)) dz dz, (3.32)
8K1
2 200—1 o
(%) 1P,
The result follows. []
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In what follows we use the following inequalities that can be shown by standard scaling
arguments:

|det Bx| < Ch3,, (3.33a)
iz < ChiMlull, | (3.33b)
lullf, < Chillill, (3.33¢)

where Fx € 0K, andwhere&:ﬁandﬁ:Ff(eal?, or i =uand F = Fi € OK.

Lemma 3.2. Let u € HGt%)(K). The following inequalities hold

lulle < Chi llallk (3.34a)
lalle < Chi lluli, (3.34b)
I, < Chi [lull%, . (3.34¢)

where i = uwo Gi, Fg € Qf, and Fx € Qk.
Proof. We begin by proving eq. (3.34a).
2
ul|¥ = /IC ((u oGx) o G,El) dzodx
:/ (u o Gx)?|det Br| dao da

K (3.35)

< Ch%(/ u? dzo dE (by eq. (3.33a))
K

= Chilllg..

The proof of eq. (3.34b) is completely analogous.
Finally, we prove eq. (3.34c). Notice that

2 fota 2
il = [ Nl d, (3.36)
where F; denotes the face of K corresponding to Fx. Then, by eq. (3.33b),
2 1 1 2
Jally, < [ Ch ful, di, (337)
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Note that time is left invariant under the mapping from K to K. Therefore,
2 s 2 1y1.112
il < Chit [ el da = Ol (3.38)

and the result follows. O]

We end this section by stating a continuous and a discrete trace inequalities, and two
inverse trace inequalities.

Lemma 3.3 (Continuous trace inequality). Let K = K x I,,. For ¢ € HOV(K), the
following holds:

1o]1%,. < C V8l + h I8l) 1ol (3.39)

Proof. The proof is analogous to the proof of [24, Lemma 1.49]. O

Lemma 3.4. Let X,(K) C Wi(K) be a finite dimensional subspace such that the trace
map Vr. : Xpn(K) — Mp(F) defined by vr.(vn) = vp|Fe, for a face Fio C Qx is injective,
then

lonllc < Chuc llvnll%, - Von € Xa(K). (3.40)

Proof. By eq. (3.34a), we obtain
lonllic < Chic llonllx (3.41)

Since vy, is a polynomial and vy, is injective, we have |0,z < C H@hH;’C Combining this
with eq. (3.41), the result follows after using eq. (3.34c). O

Lemma 3.5. Let K = K x I,, be a space-time element in T", F C 0EZ a face on the
free-surface boundary and OFy the two edges of the face F that are on the time levels. For
v, € Wi(K) and A\, € My (F), the following inverse trace inequalities hold

Mallss, < CAE Al (3.42a)
lvnllbi, < CAE ol (3.42b)
lonll%,. < Chi! llonll}. (3.42¢)
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Proof. Since the face F is a quadrilateral, the proof for eq. (3.42a) can be found, e.g., in
[32, Corollary 3.49]. We first show eq. (3.42b). Notice that

2 2 2
lonllaxy = llvnllkn + llonllne

_ /K (0 (b, @))2 daz + / (n(bnsr, @))2dz (by definition)

K

<Con / (5n(tn, B))2 4@
K

+Oh2/ Up(tnsr, ®))* d2 3.33a
K ;?( n(tnsr, T)) (by eq. (3.33a)) (3.43)
= Ch3 Hf}hH?)iéo (by definition)
= Chi [0nll3g, (by eq. (3.23b))
< Chi ||0nll7 (vn € Wi(K))
— R0 (2 (by cq. (3.238))
< CAton )% (by eq. (3.33a)).
In order to show eq. (3.42c), note that
2 b1 2
||Uh||QlC = /t |on |5 dt (by definition)
tna1 9
< C’hK/ lUnll5% dt  (by eq. (3.33c))
tn
= ChKHf)hHQQ’é (by definition)
At 02 (3.44)
= ChK7||vh||Qﬁ (by eq. (3.23¢))
At
< CthHUhH;% (vn € Wir(K))
= Chllnllz (by eq. (3.23a))
< Chi onllZ (by eq. (3.34b).
[
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3.4 Error analysis

In this section we present an a priori error analysis for the space-time HDG method
eq. (3.11). For this we require the following subspaces of W}, () and V,(K):

Wi(K) := B, 1(K) @ Py(L,),  Vi(K) = [B(K) @ Py(1,)]". (3.45)

We require also the f,-weighted L?-norm defined on a domain D. For any v € L*(D) this
norm is defined as HUH?MD = (fov,v),, while for ¢ € [L2(D)]” it is defined as HqH?mD =
(frq.9)p-

3.4.1 The projection

The projection II;, onto V', x W), used here is based on the projection defined in [19], but
tailored to the space-time finite element spaces used in this work. The projected function
is denoted by IIj, (g,v) or (IIyq,Ilyv), and is defined by requiring that the following
equations are satisfied on each space-time element IC € T™:

(TIvq, snfu) = (@, Snfu)x Vs, € Vi(K), (3.46a)
(v, 20 fa)ec = (v, 20fn)xc Vap, € Wh(lc), (3.46b)
<qu n — THWUa O-hfn>]: = <q ‘n—TV, O-hfn>.7: vO-h S Mh(]:>a Fe QIC' (346C)

Notice that ITj, is well defined for functions g and v such that their traces are in L?(Qy).
Therefore, the domain of Iy, is in [Hl(T")}Q x HY(T™), where HY(T™) := [[;ceqn H'(K).

In order to show existence and uniqueness of the projection and its approximation
properties, it will be useful to define the following spaces:

Wik(K) := {w € Wi(K) : (w,@f,), = 0,Y@ € Wy(K)}, (3.47a)

Vi(K) = {v e Vi(K): (v,3f,),.=0,¥0 € V,(K)}. (3.47b)

The following lemma will be useful when showing the existence and uniqueness of the
projection and its approximation properties.

Lemma 3.6. For any space-time element IC, the following is satisfied for any face Fi €

Qk:
wy, € Wir(K) and wy|7. =0, implies wy, =0 on K, (3.48a)
v, € Vi (K) and vy, - nlgor =0 implies vy, =0 on K. (3.48b)
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Moreover, the following estimates are satisfied

leonll g, < ChiZ lwnlly, 7 Y € Wit (KC), (3.492)
loall; o < Chy? |vs - n| o You € VIE(K). (3.49D)

Proof. We first show eq. (3.48a). Take w;, € Wi (K) such that wy|z. = 0 and let L be a
nonzero linear function that is constant in time and that vanishes on Fx. Then, wj, can be
written as wy, = Lp, where p € W;,(K) [11, Lemma 3.1.10]. Since w;, € W;(K), we have
that (Lﬁ, fn;ﬁ),C = 0. Since L cannot be zero on K, we conclude that p must be zero and
therefore, wy, is zero on K.

We next show eq. (3.48b). Let p, = v, - nx, for any face F different than Fy.. Notice
that p, € W;-(K) and py,|7 = 0. Using a similar argument as above, we can conclude that
pr = 0 on K. Therefore, v, - nr =0 on K. Since the set {n; F € Q;c\]:;c} is a basis of
R2, we conclude that v, must be zero on K.

To show eq. (3.49a), we use the identities from section 3.3.3. Since [|-[|; , is a weighted
norm and wy, f,,, for wy, € Wit(K), is not a broken polynomial, as required in the proof of
Lemma 3.4, we cannot use Lemma 3.4 directly. However, since f,, is uniformly bounded,
there exists a constant C'y, > 0 such that sup, f,,(t) < Cy, for all n. Therefore,

lwallF, < Cy, llwally- - (3.50)

Notice that eq. (3.48a) implies that the trace map vz, : WiH(K) — M (Fx) defined by
Yre (W) = wp| 7 is injective. By Lemma 3.4 we then obtain

[wall5, ¢ < Chi llwallx, - (3.51)

Equation (3.49a) now follows by equivalence of norms on finite-dimensional spaces.
Finally, we show eq. (3.49b). Let Fi, Fo € Qx with F; # Fi and Fo # Fx. Notice
that {nz,nz,} is a basis of R2, therefore, we can write v;, as v, = V1V, - Nz, + VoV N E,,
where v, v, € R? are constant vectors. Thus,
th”fn,/c = ||’v1'vh ME + VU nszfn,ic
<llolly, cllon-nzlly, o +llvally, cllon-nzll;, . (3.52)

<(C (th . 'n,Jr1||fm,C —l—th . n]-'ngmK) .
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Applying eq. (3.49a) to the scalar functions vy, - nz, and vy, - ng,, we have

th”fn,/c < Ch}</2 (th "MF an,}'l +th : nfz”fn,fg) (3.53)
< Ol |lon -l o,
proving the result. O]

We next prove existence and uniqueness of IIj,.

Lemma 3.7. The projection 11, defined by eq. (3.46) exists and is unique.

Proof. To see that I1, exists and is unique, we first verify that eq. (3.46) is a square system.
First, recall that in two dimensions,

dim P,(K}) = 3(p+ 1)(p+2), dimQ,(F) = (p+1)*. (3.54)
Thus,
dim W,(K) = 3(p + 1)*(p + 2),
dim V,(K) = (p+ 1)*(p + 2), (3.55)
dim M;,(F) = (p + 1)%.
Moreover,

dim W, (K) = Lp(p + 1)%,

- (3.56)
dim V,(K) = p(p + 1)*.
It follows that the number of unknowns in eq. (3.46) is
dim W, (K) + dim V,(K) = 2(p + 1)*(p + 2). (3.57)

Since any space-time prism element K has only three faces in Oy, the number of equations
in eq. (3.46) is

dim W, (K) 4 dim V' (K) + 3 dim M, (F)
= o+ 1)’ +pp+1)*+30+1)> =3+ 1)*(p+2). (3.58)

Since the number of equations and unknowns in eq. (3.46) coincide, eq. (3.46) is a square
system.
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Now, taking ¢ = 0 and v = 0 in eq. (3.46), we see that

(Tlyq, snfn)c =0 Vs, € Vi(K), (3.59a)
(v, 2 fo) e = O Yz, € Wi(K), (3.59b)
<qu"l’L—THWv7O'hfn>f: 0 Vo, € Mh(f), F C Q. (359C)

Let wy, € Wi-(K). By eq. (3.59a), since Vauwy, € V,(K), we have
Iy q, Vwy f), = 0. (3.60)
Applying integration by parts in space,
— (V-Iyq,wpfo) + (v q - 1, wh fn)o, = 0. (3.61)
Since V - Ilyq € Wh(IC), then (V . Hquwhfn>,C =0, thus
My q-n,wyf)o. =0 Yw, € Wi-(K). (3.62)
By eq. (3.59¢) and recalling that 7 > 0, we have
(Tlyv, wpfa)oe =0 Yy, € WiH(K). (3.63)

Note that by eq. (3.59b), v € WiH(K). Thus, taking w, = Ilyv in eq. (3.63), we see
that IIyyv = 0 on Qx. Then, using eq. (3.48a) we conclude that ITyyv = 0 in . Taking
op = IIyq - m in eq. (3.59¢), since v = 0, we see that IIyq - n = 0 on Qx. Using
eq. (3.48b), we conclude that Iy g = 0 in . The result follows. O

In addition to the projection II;, we define also P]{}” as the f,-weighted L2-projection
onto Mj, so that

(Plrv,onf)r = (w,onfa)r  Vou, € My(F),F C Qk. (3.64)
Note that the domain of Pfy is L*(I'3).

We next show approximation properties of II;,. For this, let P{;}l, P%", and Py /" denote,
respectively, the f,-weighted L2-projections onto Wy, Wy, and V.
Theorem 3.2 (Approximation properties of the projection). Assume that T is uniformly

bounded above and below by constants C™> and C™™, respectively. The projection Iy,
satisfies the following bounds

- 1/2 n
o =Tl e < llo = Pfrolly, o + Ol o = Pyl o

(3.65a)
_l’_

C
C’;ninhK ||Vq—P5VfV : q||fn,lC7
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1/2 .
lg —Tivally, « <lla— Pvdqll;, « + Chi* l(@ = Pv'"q) - m|;, o

(3.65h)
+ O™ h o — Pioly o
~ 11 <|q - Pyh +CAt 2 ||g — Pyl
lg —Tvall; ox, <lla — Pv'qll; o, lg = Pvally, x (3.65¢)

+CAY? g —Tvgll;,
where C, = C™max /Cmin,

Proof. Let 84 := Ilyq — Py/"q and 6, := v — P{I}@v. Note that d4 and 9, satisfy the
following equations

(8, 8nfn) =0 Vs, € Vi(K), (3.66a)
0

)
(8, 20 fn)ic Yz, € Wi(K), (3.66b)
<(5q-n—75v),0hfn>;: ((Iq-n—rfv),ahfn>; Yoy, EMh<.F), F C QIC7 (366C)

where Iy = q — Py/rgand I, = v — PJI}LU.

We first prove eq. (3.65a). Notice that for any w;, € W;-(K), wy|z € M, (F), for any
F C Q. Therefore, by eq. (3.66¢),

(6 -1 —76,) ,wnfu)or = ((Ig -1 — TL,) ,wnfo)or  Ywy, € Wik (K). (3.67)
Using integration by parts in space, note that
(0 -1, wnfn)or = (V- 0g, wifn) c + (8g; fuVwn), . (3.68)

Since V - 84 € Wh(K) and w, € W;H(K), then (V - (Sq,whfn),C = 0. Also, since Vuwy, €
‘7h(IC), by eq. (3.66a), (6q,anwh)K = 0. Thus,

(8 -, wnf)or = VYwy, € WiH(K). (3.69)

Similarly,
(Ig-n,wnfo)oe = (V- Igwnfn) o + (I, foVwn) . Ywy € Wi (K). (3.70)
By definition of I, the second term on the right hand side is zero. Furthermore, note that

(V- Iqawhfn)lc =(V-q, whfn),C — (V- Py/q, whfn),C : (3.71)
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and (V . PVf”q,whfn)]C = 0 since V - Py/ng € Wh(IC) and wy, € Wi-(K). Therefore,
(V- Igwnfn)e = (V- qwnf) - (3.72)
Also, since P%‘(V -q) € Wh(IC) and (W, wp, f,)c = 0 for all wy, € Wh(IC), we can write
(V- Iy wnfn)e = ((Id = PE)V - q,wnfa) ., (3.73)
where Id denotes the identity operator. Thus,
(Ig-mywnfu)or = ((Id = PE)V - qwnfa) . Y € WiH(K). (3.74)
Using eq. (3.69) and eq. (3.74) in eq. (3.67) and rearranging terms, we obtain
(760, wnfa)ox = (Tl wnfa)oe + (P — 1) V - q.wpfn) . Vun € Wi (K).  (3.75)
By eq. (3.66b), 6, € Wi (K). Taking wy, = 4, in eq. (3.75) we obtain
(760, 8ufu)oe = (7o 8ufu)or + (P = 1d) V- q,6.f) - (3.76)
Apply the Cauchy—Schwarz inequality to the right hand side of eq. (3.76):

(T0v, 0u fu)or < IT1 fmoe T I(Id = P2)V - all, N0l - (3.77)

fn,Qx ||5’U

Using eq. (3.49a) on the right hand side,
1/2 3
(700, 00 fudor < ITLlly, o0 10,4, 0 + ChEZII(1d = PL) V- all,  Moulls, 00 - (3.78)

Since 7 is uniformly bounded above and below by constants C™** and C™™"  respectively,

min 2 max 1/2 ~
C™ 16,017, 00 < CP™ Lully, o, 100lly, 0 + Chi? |[(1d = PL2) V- all, Nl 00 -

(3.79)
Canceling terms and using eq. (3.49a) on the left hand side, we obtain the following bound

h_1/2 min max 1/2
—fé Com [0, o < CE NI, o + Chil? ||(Id — P2 V7 - all, - (3.80)
Rearranging,
18]l < CCLRYE2 L || + S |(1d — PL)V - q|| (3.81)
vl f, 0 = TIEK Uil fn,Qk C;nin K W q fn, K '
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The estimate eq. (3.65a) follows by applying the triangle inequality.

We next prove eq. (3.65b). We first find an estimate for §,. Note that by eq. (3.66a),
d, belongs to V- (K). Therefore, by eq. (3.49b), we have

18411, < Chi* [16g -, o - (3.82)
Taking o, = §, - m in eq. (3.66¢), we obtain
164 - nll%, o = (Ig -1, 8q - nfu) o — T(Ly, g - M fn)or + T(00,0g - Nfa)oe.  (3.83)
Since 8, € Wi(K), by eq. (3.69), (0,, 84 - nfn)o, = 0. Thus,

?can}C - <Iq ) n’ (sq ’ nfn>QiC o T<I'U7 6(1 ' nfn>QIC (384>

Applying the Cauchy—Schwarz inequality and substituting into eq. (3.82), we obtain

[

1/2 max
184l < Chi® (Ig - mll; oo + Co™ LI}, o) - (3.85)

The estimate eq. (3.65b) follows by applying the triangle inequality.
Finally, we show eq. (3.65¢). Note that, by the triangle inequality,

g — HV‘Ian,azco <llg— PanQan,BICO + ||Panq - HV‘Ian,aico : (3.86)

Next, we apply the inverse trace inequality in eq. (3.42b) to the second term on the right
hand side to obtain:

lg — HV(Ian,aico <lg- PanQan,a;co +CAE? HPanq - HVQan,IC' (3.87)

The result follows after adding and subtracting g to the second term on the right hand
side and applying the triangle inequality. O]

We next prove the equivalence between the standard and the weighted L?-projections.

Lemma 3.8. Let K € T" and F € Fj. Let Py, Py and Py denote the L?-orthogonal pro-
jections onto Wy, Vi, and My, respectively. If f, is uniformly bounded, then the following
relations are satisfied

lv = Pfoll; o < Cllo— Pwole, (3.884)
Hq_PVfHQHfm;c <Cllq— Pvq|, (3.88b)
lv = Pfioll, > < Cllv— Pyvl-. (3.88¢)
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Proof. We will only show eq. (3.88a). The proofs for eq. (3.88b) and eq. (3.88¢c) are
analogous. Note that by definition of P‘f[}’, for all w, € W,

(P‘f[}lv — Py, fnwh),C = (v — Py, fnwh)lC ) (3.89)
Let wy, = P&?v — Py, then,

HPJ[}W — PWUHj”n,IC = (v — Py, fp, (P‘f[}lv — PWU)),C

(3.90)
<|lv - o = Proll
Thus,
HPJ[}%) — PWvan,IC < Hv — Py K < C’Hv — PWUHIC’ (3.91)
since f,, is uniformly bounded. The result follows by the triangle inequality. m

We next find L? projection esimates of the different projection operators.

Theorem 3.3 (L? orthogonal projection estimates). Let K = K x I,, and F be a face on
the free-surface boundary, i.e., F € F&. Let OF, denote the two edges of the face F that
are on the time levels. Assume that the spatial shape-regqularity condition eq. (3.21) holds
and that the triangulation T" does not have any hanging nodes. Suppose that (q,v) are
such that qlx € [H(st’sS)(lC)]Q, vl € HE)(K), where 1/2 < sy < p+1and 1 < s, < p+1.
Then we have the following estimates:

[0 = Pwolle < C (B2 + AL 0]l yesnser oy » (3.92a)

lv = Puwvllge < C (B3 4+ hid At [0l] svonr iy (3.92b)

lg — Pvalle < C (hi + At)|gllieeen e (3.920)

(@ = Pva) - nlg. < C 1"+ hil PAt) gl yieeen ) (3.92d)
lv = Pwvllge, < C (AR5 + ATY2) 0]l yeern iy (3.92¢)

g = Prlloe, < C (AR5 + A7) lq] oo e (3.92f)

[ = Puvl| 7 < C (h3z + At 0]l gesrser ) - (3.92g)

lo = Paollgz, < C (AR5 + A2 [0]] yerion () - (3.92h)

Proof. First note that eq. (3.92c) and eq. (3.92f) result from applying eq. (3.92a) and
eq. (3.92e), respectively, on each component of g, so the proof for those estimates is not
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shown. Since the face F is a quadrilateral, the proof for eq. (3.92g) and eq. (3.92h) can be
found in [71, Lemma B.14].

Let 7' and 7* denote the orthogonal L2-projections onto L*(K) ® P,(I,) and onto
P,(K) ® L*(1,), respectively. We can define Py, as Py = 7’ o 7°.

We first show eq. (3.92a). Notice that

v — Pwollx = |v— 7o 7TSUHQK =|lv—n'v+7'(v— 7TSU)H’2C
< C (|Jv — 7|5 + |7t (0 — 7*0)|[3) . (3.93)
Since 7! is bounded and ||7rt|| =1, then
lv — Pwolly. < C (|Jo — 7o +llo — 7°0]}3) . (3.94)

Let us treat each term separately. For the second term on the right hand side of eq. (3.94),
by [24, Lemma 1.58], since we assume eq. (3.21) and no hanging nodes,

tni1 tn+1
v — 70||% = / / (v — m*v)*dedzy < C’h?{ss/ lv
tn K tn

2
HSS(K) dZL'O

< Chze

2
UHH(O,SS)(;C) , (3.95)
where 0 < sg < p+ 1. Similarly, for the temporal projection we have

tn+1
lo = 7o|. = / / (v — 7'v)? dzg de < CAL* |03 ¢,00 0 - (3.96)
K Jty

where 0 < s; < p+ 1. Equation (3.92a) follows by combining eq. (3.95) and eq. (3.96).

Next, we show eq. (3.92b). Similarly as above, we have
2 2 5112
v — Pwollg, <C (|[v = 7Ttv||Q,C +v =70y, ) - (3.97)

For the spatial projection, using [24, Lemma 1.59], we have

s 12 ftt s 2d d
v — 7m0, = (v —7v)* de dzy
tn oK

tn+1
< Chz! / lv
tn
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For the temporal projection, similarly as above,

tn+1
2 S
[v—7"vlg, = / / (v — 702 dg da < CA 0] %,0 gy - (3.99)
OK Jtp

Combining eq. (3.98) and eq. (3.99), we obtain
o= Pwelly, < O oo + CAP ol - (3:100)
Note that, by Lemma 3.3, since v € H®**)(K) with s, > 1, we have

lozz0llo, < ClIvazllllomoll, + Cnit ozl (3.101)

0 0 0 0
for all 0 < ay < s;. Thus,
2 2 _ 2
[0l 5000y < Cllvlliresess iy + Chi 10w i) » (3.102)

and the result follows.

To show eq. (3.92d), we note the following

(g = Pvq) -nlo. <llg - Pvdllg, - (3.103)

The result follows by applying eq. (3.92b) component wise.

Finally, we show eq. (3.92¢). For the spatial component of the projection, notice that
S 2 s 2 s 2
v —m U”alco =|lv—m UHKJ’.“rl v -7 UHK}L
Ss 2
< Ch?{ ( HSs(KJT”)) (3.104)

< Ch3s

v[iss(K;H) +|v

2
vl Hss (9Ko) *

By the Sobolev embedding theorem, the definition of fractional Sobolev norms [1 1, Chapter
14], and a standard scaling argument, we have for s; > 1/2,

HUHHss(aico) < CAfl/ZH“HH(a-tvsS)(/C) : (3.105)

Thus,
s 112 — Ss 2
o= 70l < CA [0l ey - (3.106)
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For the temporal projection, we have

o =7 elloe, =llv =70l +llo = 7ll,

_ /K (v = 70)(tns1, ®))° da + /K (v = 70)(ty, 2))° da (by def.)

< hx /1? ((v = 7'v) (tpaa, )) dz + h3, /K ((v = 7'v) (L, ﬁ))2 dz (by eq. (3.33a))

= i3~ ntely, (b et

- h%(H@ At/\Ha)co (by eq. (3.23b))
_ hf(/ (6 —7'9)(1,3))° & + hﬁ(/A (6-79)(~1,3)°d8  (by def.)
I e
< Chicllosallz (by [39))
At 2St 1
= Ch3, ( 5 > |05 o (by eq. (3.23a))
) At 25t71 )
< Chy ( 5 ) hy HE)“UHK (by eq. (3.33a))
< CAP* Ml o e -
(3.107)

Note that here we have used that |0 — 7'0(+1)| < C |02 9|+ which was shown in [39,
Lemma 3.5]. This concludes the proof. ]

Corollary 3.1. Under the same assumptions as in Theorem 3.3, the following estimates
are satisfied:

lo = Polly, ¢ < C (it + A 0]l gevor iy (3.108a)

lo = Bolly, 00 < C 0" 4 hid PAE) 0] s ) (3.108b)

lg — Py'qll;, o < C (152 + M)l gesroor iy (3.108¢)
(g = Pv'"q) - mll, oo < C(hi™ 7+ hi PA) |l oo iy (3.108d)
v — PWUan,aico < C (At l/ths + At*T 1/2)”UHH(37§ ss)(K) 2 (3.108e)

lg — PanQan,a/co < C (At 1/2hss + At 1/2)||q||H(St 55)(K) 7 (3.108f)

lv = Pfolly, 7 < C (g + AL [0]| geronr () - (3.108g)

lo = Piolly, om, < C(AET2h5 + ALY 0| epinn () - (3.108h)
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Proof. Equation (3.108a), eq. (3.108c) and eq. (3.108g) follow directly from Lemma 3.8
and Theorem 3.3. Moreover, eq. (3.108d) and eq. (3.108f) follow from eq. (3.108b) and
eq. (3.108e), respectively. Therefore, we only show eq. (3.108b), eq. (3.108¢) and eq. (3.108h).

In order to prove eq. (3.108b), notice that since f,, has a uniform upper bound, and
using the triangle inequality, we obtain

lv = Piroll, o, < Cllv = Pwvllg, +Cl[Pwv— Plvllg, . (3.109)
By eq. (3.42c), we obtain
n —1/2 n
lv = Pfroll;, o, < Cllv— Pwvllg, + Chi" | Pav — Poc (3.110)

Since f,(t) is positive for all ¢, with a uniformly positive lower bound independent of ¢ and
n for all ¢, we have that

lonllc < Cllonlly, 0 Yon € Wi (3.111)
Using the triangle inequality, we arrive at
" ~1/2
lo = Bolly, o, < Cllv = Pvllg, + Chil ™ [|Fwo = vl x
+Chi? o = Pl . (3.112)

Equation (3.108b) follows by recalling that f,, is uniformly bounded and using the estimates
eq. (3.92b), eq. (3.92a) and eq. (3.108a).

In order to show eq. (3.108e), since f, has a uniform upper bound, we obtain by the
triangle inequality

lv — PIfI?UHfmalCO < Cllv = Pwvllge, + CllPwo — Plf[?””aico . (3.113)
Using eq. (3.42b) on the second term of the right hand side of eq. (3.113),

v — Plro < C v = Pwo| e, + CAL Y2 || Py — Plro| . (3.114)

f7L78’C0

By the triangle inequality,

lo = Pirolly, ax, < Cllo = Pwollge, + CAEY2 [ Pyv — ol
+CAL o = Ppoll, o (3.115)

Then, eq. (3.108¢) is obtained by eq. (3.92¢), eq. (3.108a) and eq. (3.92a).
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Finally, we show eq. (3.108h). Using that f, is uniformly bounded and by the triangle
inequality,

|lv — PJ\f/}LUan,afo < Cllv = Pyvllgz + C || Pruv — PJ{J”“@]—‘O . (3.116)
By eq. (3.42a),
lv = Plioll; or, < Cllv = Puyvllyz, + CAL? || Py — Pl (3.117)

By the triangle inequality, we then obtain:

lo = Plolly, ar, < Cllo = Puvlloz, + CAET2 [ Pa — ol 5
+CA P |lu = Ploll, 5. (3.118)
Equation (3.108h) follows by the uniform boundedness of f,, and the estimates eq. (3.92h),
eq. (3.92g), and eq. (3.108g). O

To conclude this subsection, we show the error estimates of our projection II,.

Lemma 3.9. Under the same conditions as in Theorem 3.3, the following estimates hold:

lg = Tvqlly, x < C(h + Al gersn i)

s s (3.119a)
+ C (b + At )HIUHH(StvSs)(IC) )

lg - HVQan,aico <C (At_lﬂh;? + Atst_lﬂ)HQHH(Sz,sQ(IC)

oo A . (3.119D)
+C (A2 4 AP 0] s -

Proof. These estimates follow from substituting eq. (3.108b), eq. (3.108¢), eq. (3.108d),
and eq. (3.108f) in Theorem 3.2. O

3.4.2 The a prior: error estimates
In this section we present the main result of this chapter, namely a priori error estimates

for the space-time HDG method eq. (3.11).

In order to obtain a priori error estimates, we first require to obtain the error equations
and a bound for the projection errors. Define these projection errors as

el=Myq—gq,, € =Iy-q—gq;,, ¢, =Iyv—u,

3.120
52:P]{}"v—)\h, 52_:P]{4":1v—)\,:, ( )

o6



where IIy,- and PJ\J;": ' denote the projection onto the spaces V', and M, respectively,
defined on the time slab n — 1 for n > 0. We furthermore remark that ej = 0 and
52_ =0 when n = 0.

The following lemma describes the error equations.

Lemma 3.10. The error equations are given by

(6;)17 fnv : rh)Tn - (827 rhf7/1>7‘n + <€Zv rhfn>]:6(tn+1)

- (52, fnat'rh)Tn — (e, Th - nfn>f5

o , (3.121a)
:<€h 7Thfn>]-—8(tn) - (qu —49q, fnatrh)Tn - (qu - 4q, Thfn)f,’n
+ <qu —-q, rhfn>}'5(tn+1) - (Hv—q —4q, rhfn>]—"5(tn)a
(ef, fuVwn) 1 — (En - 1w fo)Fn =0, (3.121b)
(€n - mopinfu) 7 — (Ehs FaOebn) 7z — (ens tnfu) 7z + (ens nfudogzens)
=(en™, infadoecnin) + (PFv — v, tinfa)oen ) (3.121c)

— (Pf="v — v, i fad oenen),

where €, = ] — 7 (e}, — p) .

Proof. Substituting the exact solution (g, v) to eq. (3.1) into the space-time HDG method
eq. (3.11), we find:

- (qa fnatrh)Tn - (qa ’rhfrlz)'rn + <q7 rhfn)fg(tn+1)
+ (v, fuV - ”‘h)Tn — (v, rhnfu)rn = (@ Thfa) By, (3.122a)

— (wn, £V - @) 1. =0, (3.122b)

(@-n, pnfo) s — (U, faOuun) 7z — (0, pn ) 72+ (s i fad) oz )
= <<U7thn>>agg(tn). (31220)

Subtracting now (3.11) from (3.122), we obtain

— (g —ap, [uOrn) 7 — (@ — Qh,?“hfé)n +(q = qu, ThSo) Fa(tan)
+ (v —vn, [nV - Th)Tn — (U= Thnfa)ry =(a — @ Tafa) Fy.), (3.123a)
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= (wnfn, V(@ = a1)) o = (7 (00 = An) s wnfo) 7y = 0, (3.123b)

((g—a) n+7 (=), fnfn)Fy — (v — Ay faOupin) 7p
— (U= An, i fr) Fp (v = Ans gz = (0 — Ay tnfadogzn)- (3.123¢)

We next split the numerical errors as q—q,, = ¢g—Ilyq+ef, g—q;, = q—Ily-qg+e},
v—vh:U—HWU%—a}’l,v—)\h:v—P]{/}lv—kgzandv—)\,::v—P”1v+€h Note also
that

a-q@=q-q,—T(M—wm)n=q—q,—T(v—v—v+X\)n
—el—7(ch—ep)n+q—Tlyg—7 (v —Iyv— (v—Pv))n  (3.124)
:gh+q—qu—T<’U—HW1}—(U—PAJZLU))'I’I,

We will write eq. (3.123) in terms of the projection and approximation errors.

Consider first eq. (3.123a):

— (el fnatrh)Tn - (6277%]%)@ + (€8 Phn) Fo (i) T (e, fuV - ""h)Tn

—{enTh - nfn>f5

— (MIvqg — g, fn&t""h)Tn — (Myq —q, ?“hf,/l)Tn + (Ivq — @, Thfn) 72 (tns)
+ (Owv — v, £,V - Irh)']’n — (Plrv—wv,r), - nfn)Fn
+ el rufu) s — Mv-q — @, mhfa)Faw,, (3.125)
which simplifies to
— (et fnatrh)ﬁ - (sg,rhﬂb)ﬂ + €k ThSu) 7yt
+ (e, oV - T0) = (e mSn) my = — (Tva — g, fa0irn) 1,

— (Ivg — q,71f}) 70 + (Tvg — @, T4 fo) (601
+ <€Z_7 Thfn>fg;(tn) - <Hv—q —q, rhfn>]:6(tn)> (3-126)

using the properties of the projections Iy and P]@“. This proves eq. (3.121a).
We consider next eq. (3.123b). Integrating eq. (3.123b) by parts in space,

(g —an faVwn) . —((@—a,) -1 =7 (M — o) s wnfu)r = 0. (3.127)
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We next write this equation in terms of the projection and approximation errors:
(e faVwn) 1 — (En - 1y whfo) 7y
= (v q — q, fuVwn), — (T (P{rv —v) W fn) Py (3.128)
- <<qu — q) ‘n—T (HWU - 'U) thf’n>]:5-
Using the properties of the projections II; and P]{;”, we obtain
(€h, foVwn). - — (€n - 1 wpfo)zg = 0, (3.129)
proving eq. (3.121b).
Finally, we write eq. (3.123¢) in terms of the projection and approximation errors:
(€n - mopintu) 7y — (s aOubn) 7z — {ens nfr) 7y + Qeis tinfadogsienrn)
=(Mlyvqg—q) n—r (HWU - U) >thn>fg + (7 (PX}"U - U) a,uhfn>]:5
- <P]\f/?v -0, fnatﬂh>-7:§ - <P]{4nv -, th'r/z>-7:§ + <<PJ\];?U -1, Nhfn>>@€g(tn+1)

+ {en unfadoenn) — (Pltv — V, i fn) 02 (tn)-
(3.130)

Using the properties of the projections II;, and P]{}, we obtain

(€ mpinfu)rg — (ehs faOen) 7z — (ehs nfrd g + (en, tnfudoestarn)
—(eX i Sadossn) + (PLv = v, pnfuocsien (3.131)
— (P{i='v = v, pnfa oen e

proving eq. (3.121c). ]

Next, we prove a bound for the projection errors.

Lemma 3.11. The following bound holds for the projection errors:

2 2 - 2 - 2
5 et 7o + 5 lenlly, =e + €2 lefl e, + € lenlloenwn

tn+1)

2 02 _ 2
<l ||f3(tn) + len ||agg(tn) +COAt? g~ Iyql[}, 7
+ C [Ty q — QHQH 7n T CAt™ [Ty q — QHQn Fr(t
fns S FG(

Q n+1)

(3.132)
_ 2 - n 2
+ CAt! Ty -q — (Ian,fg(tn) +CAt! ||PJ\]:IU - Uan,aSg(

tnt1)

—1 (| pfa— 2
+ CAt™ [Py~ v — U”fn,aé'g(tn) .
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Proof. Take rj, = €} in eq. (3.121a), wy, = €} in eq. (3.121b) and p;, = &) in eq. (3.121c).
Adding the resulting equations we obtain

— (e, fu0ieR) 7o — (frels €h) p + (fuglls €0) ()

+ (b, fuV - €l)ru — (eh €l - nfo) my + (€1, £uVER) 10 — (€0 6) fu) 7

+ En-n,enfa)r — (eh, faOiEn) . — (fren en)re + (fngh EnDoen(tnsn)

=(eh € fn) Fu(n) T {en, 52fn>>85§(tn) (3.133)

— (Mlyq — q, fr0ie}) 7. — (Tlvg — q,€117) 1.

+(Ilyq — q, €} ) Fritar) — Mv-a — @, €} fo) 711,

+ (Pliv = v.enfadosawa — AP0 = v.enfadoszin)-

Applying integration by parts with respect to time on the first and ninth terms, integration
by parts with respect to space on the sixth term, and expanding out some terms:

— 5 (fueh€h) pu + 5{fnls € Fyttnin) + 3{faglhs €0 F000)
+ (7 (eh —en) s fo (g5 — en))rn — 5(Fnem em)re + 5 fnh ERD R (00r)
+ 3{(faghs EnNoent)

(e gy + (2 oz — (v — @, Fudied) (3134
— (Tlvq — q.€}f}) o + (Tva — g, €} fu) ry0) — Tv-a — @, €5 fu) 7 0)
+ {(Pliv —v,enfadosatnn — (P30 = v, fad agg(en-
Moving the first two terms on the right hand side to the left hand side, we obtain
— 5 (Jneh €h) o + 5{fnels €0 Fattarn) T 3 (fnels €0 75 000)
— (&8 el fa)Faen) + (T (eh —€2) s fu (eh — €))Fn — 5{(frehr en)
+ 3 fnens ExNogn(tasn) + 3 fnns EnNogn(tn) — (E1 7 Enfadoer(tn) (3.135)

- (HV(I - 4q, fnat€Z>Tn
— (Tvq — q,&}f})rn + Tva — @, &} fu) ) — (Tv-q — @, €1 fu) 7a(t)
+ (Plrv — v, eh faloenttnsr) — (PL=v — v, ep fadoea(in)-
Notice that
s(fngh el raen — (€1 Enfud e
= 3(eh — el enfu) e, — 3(Eh Ehfu) my) (3.136)

s(el—el (el — el ) fa)rna) — 5(EN L€ fu)Fritn)-
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Similarly,

sUfuens enoeatn) — ens enfudosatn)

- - N (3.137)
= 3{en —en . (e —en ) Fadogzen — 5Uen 60 fadoeatn-
Substituting these expressions in eq. (3.135) and rearranging terms, we obtain
- % (f;zsza 5%)7% + %<fn€g’ €Z>f8(tn+1) + %<€Z - 52_7 (52 - €h ) fn> FG(tn)
+ (7 (eh =€) s fo (e — n)) = 5(nemen)zn + 5(Fnens enDoeninn)
+5en —en s (en —en7) fadogzn
§<€Z En Ju)Fn n(t) T 3 <<5h ,5h fn>>65”(tn) (3.138)
— (Myq —q, fnatsh)Tn
— (Tvq — q,&}f})u + Tva — @, &} fu) ) — (Tv-q — @, €] fu) 7p(t)
+ {(Plrv —v,ep fadoenttnrn) — (PL="v — v,ep fadoen(tn)-
Recall that f, = e ®¢~*) where a > 0 is constant, and so f, = —af,. Moreover,

fotn) = 1 and fo(tas1) = e “?. With these definitions and by the Cauchy—Schwarz
inequality applied to the right hand side of eq. (3.138), we obtain

7DtAt 70(At

2
3 ||€Z||fn7’7’" + 3 ||€2||fn,]-'" + = ||€h||]-‘" (tns1) + 5 |le h||8£ (tnt1)
S% ||€h_||]:g(tn) + % llen™ ||ag§(tn)
+ llg — HVQan,Tn Hatészfan +a|lvg — Qan,Tn Heﬂ\fn,w (3.139)

+va = dally, m,.0 l€nll s, ma T 1IT0v-a = dll;, 2o €01, 720
fn A o A
+ ||PMU - UHfmagg(th) ||5h||fn,agg(tn+1) + HPMJU - U”fn,agg(tn) ||5h||fn,agg(tn) .

Note that, by eq. (3.42b) and eq. (3.42a),

€2l ey < OO el 7o (3.140)
H52||fn,asg(tn) < CAt'? Hgﬁ“hiﬁ '

Furthermore, combining a standard inverse inequality and using equivalence of the norms
[/l and [|-]|;, x we also have

[l o < CAE (8], 7o (3.141)
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Using eq. (3.140) and eq. (3.141) for the right hand side of eq. (3.139) and multiplying by
2

Y

—aA A2
Ly te” t||£h”88§(tn+1)

2 2 _ 2
alleflly, 7o +ellenlly, zp + e lletlza

<llef ey + lEn Noeany
+CAt g —Tvall, o llefll, 7o +20 | Tvg — qll, 7 l€X] 7
+CACY Ty g - gl €0 (3.142)
+ CAt/? [Ty -q — qnfn,fg(tn) ”E?L”fn,"f"

+ OAt V2 || Pl — Ol 0ty €01 1 72

+OATVAIPH 0 =l aeney NEbly, 2 -
Applying Young’s inequality to the right hand side of eq. (3.142), we obtain

2 2 — 2 — 2
o A e [ O =

— 2 A—112 C ) 2 2
< H€Z Hfg(tn) + lle Hagg(tn) + 4_51At g — quHfan + 01 HEZHfan
C

c 2 2 _ 2
+ 15, ITIvq — ql[%, 7 + 01 [[€f][}, 7o + 4—51At 'y q — Qan,fg(th)

a2 C . ) a2 (3.143)
+ 01 Hethn,Tn + 4_51At [TTy-q — Q\lfn,;;;(tn) + 01 Heh”fmT"
C

+4—§2

C o ) 2
i AP =Vl ey 02 Nl

tn+1)

_ 3 2 2
At HPJ\fﬂ’ - Uan,agg(th) + 0 ‘|52an,fg

where 01,0, > 0 are free to choose constants. Collecting terms,

2 2 — 2 — 2
(CM — 451) H€Z”fn,7'" + (CY — 252) ng”fn,]'—g +e alt ”€ZHJ-'6 ) Te alAt ng”agg(

(tn+1 tn+ 1 )

— 2 A—112 —92 2
<lle} H]—'g(tn) + lleg Hagg(tn) +CAt™ ||q - quHfan
2 _ 2
+C |y q — (IHfan +CAt™ [Ty q — (I||fn,;5(tn+1)
_ 2 _ - 2
+ CAt [Ty -q — q”fn,fg;(tn) +CAtTH||Pliv — U||fn,agg(tn+1)
+ CAY | Py

2
- “”fn,asg(tn) :
(3.144)
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The result follows by choosing §; = a/8 and d§, = a/4. O

Remark 3.1. If (q,v) € [H(St’SS)(S“)]QxH(St’sS)(S”), with1 < sy < p+1andl < s, < p+1,
then combining Lemma 3.11, Corollary 3.1 and Lemma 3.9 gives the following leading order
terms

2 2 — 2 _ 2
S letlym + 8 lemly, e+ € el g + € Nenllagg e,

tnt1)
< llef Iz ey + lEr Loz cny
O (D22 4 A7) g2 ey (3.145)
O (A2 4 A2 0] 2 oy
+ C (AR + At*72) ||U||i](5t738)(85§) )

where h = maxy hy.

To prove the a priori error estimates we will use the following lemma:

Lemma 3.12. Let A,,B,,D, > 0 for alln = 0,1,---N — 1, and o« > 0. Moreover,
assume that there exists a constant C' > 0 such that CAtB, < A, for all n. If By = 0,
(N—-1)At=T and

A, +e B, < B,_1 + D,, (3.146)
then,
A, <CY D, (3.147)
=1

where C' > 0 depends on o and T.

Proof. Since CAtB,, < A,,, by eq. (3.146), we have
(CAt+e**) B, < B,_1 + D, (3.148)
Let v = CAt + e 2. By induction, we have the following

Bn S ’Yianfl + ﬁyian
S 7_2Bn—2 + ’7_2Dn—1 + 7_1Dn

<Y Bhs+7 *Dps+~v 2Dyt + 71D,
(3.149)

n
S Z f)/iinilDiv
=1
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where we used that By = 0. Note that —-n <i—n—1< —1,7 € {1,...,n}. This implies
that if v > 1 then 4"t < 4~! < 1 while if v < 1 then 47""1 < 4. We next bound
~~". Note that

e A < CLAL + e A = 4, (3.150)

Since n < N —1, we have that v < e®"?t < T < (. Therefore vy "1 < max {1,Cy} =
C.
We may therefore bound B,, in eq. (3.149) as:

B,<C» D (3.151)
=1

In order to obtain the final result, recall that, by eq. (3.146), we have the following:

A, < B,1+ D,. (3.152)
Using eq. (3.151) we obtain
n—1 n
A, <CY Di+ D, <C> D (3.153)
i=1 i=1
which completes the proof. O]

The following theorem gives the final error bounds.

Theorem 3.4. Let h = maxyeyn hy. Assume that the spatial shape-reqularity condition
eq. (3.21) holds and that the triangulation T" does not have any hanging nodes. Suppose

that (g, v) solves eq. (3.1), with q € [H(st"*)(5”)]2 and v € HE)(EM), with 1/2 < s, <
p+1and 1l <s; <p+1. Then we have the following estimates:

N-1 N-1
ZOHQ — Qthan + ZOHU - /\thn,fg

< C (AR 4+ AP gl enens eny (3.154)
+ C (AR + AP 0]l st o)
+C (At_lhss + AtSt_l) HUHH(Stvss)(E)é’g) ’

where C' > 0 depends on o and the final time T
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Proof. Let

An =5 ledlls, 7 + 5 lenlly, 22
s ) (3.155)
B, = ||€h||fg(tn+l) + ||5h||8€§(tn+1) :
Note that
By = [l 51 + et ogz—ey = €8 10,y + b~ (3.156)
n—1 I FL™  (tn) RIBEL™ (tn) h N FE(tn) h HogR(ty) - :
By eq. (3.42b) and the equivalence of the norms ||-|[,c and |-, ., we have the following:
CAB, < |||l + lleM 7y < CAL. (3.157)
Moreover, let D,, be defined as follows:
— Ss S¢— 2
Dn :C (At 2h2 + Atz ¢ 2) ”qHH(st,ss)(Sn)
+ C (A0 + A7) 0] o0 ) (3.158)
— Ss S¢— 2
+ O (AE2h%s 4 Ape 2)HUHH(WS)(3£§).

With these definitions, Lemma 3.12 gives the following bound for the projection errors:
2 A2
S el o+ S 1202,

<C (At_2h283 + Atht—Q) ZHqH?{(St,ss)(gk)

k=0

+ O (At—2h2ss + At2st—2) ZHUH?{(%SS)((‘:IQ)
k=0

+ C (At—QhQSS + AtQSt—Q) ZHUH?{(%SS)WS!E) .
k=0

(3.159)

Summing over all time slabs, we obtain:

N—-1 N-1 )
a 2 o
> el + 5> llenlly, £
n=0 n=0
< O(N = 1) (AR 4 A7) ||ql om0 o) (3.160)
+ O(N = 1) (A0 4+ AP 2) 0] e ey
+C(N —-1) (At*thss 4 Atzstd) !|UH§I<St,sS>(ass) :
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By the triangle inequality note that

-1 N—-1

N—-1 N
dolla—aully, 7 <D lla—Tvally, 70+ D ledlly, 1o
n=0

n=0 n=0
N-1 N-1 N-1 (3'161)
S o= Mallype € S Mo = Pliolly g + 3 bl yme
n=0 =0 n=0
The result follows by Lemma 3.9 and eq. (3.160). O

Remark 3.2. Assuming q € [H(p+1’p+1)(5)]2 and v € HPYLPHD (&) the error estimates in
Theorem 3.4 give the following leading order terms:

N-1 N-1
S la e+ 30— Ml < C (A 4 AR, (3.162)
n=0 n=0

3.5 Numerical results

In this section we verify the theoretical results of the previous sections. The space-time
HDG method for the linear free-surface problem eq. (3.1) is implemented using the modular
finite-element method (MFEM) library [25]. The linear systems of algebraic equations are
solved by the direct solver MUMPS [1, 5] through PETSc [7, 9]. We will consider the same
test cases as in Chapter 2.

3.5.1 Linear waves in an unbounded domain

We consider the time harmonic linear free-surface waves example in an unbounded domain.

We consider the domain Q@ = [—1, 1] x [—1, 0] and apply periodic boundary conditions at
x1 = —1 and z; = 1. As in section 2.4.3, the analytical solution to this problem is given
by
o(x,t) = Acosh(k(xe + 1)) cos(wt — kxy), (3.163a)
((z1,t) = —0pp(21,0,t) = Aw cosh(k) sin(wt — kxy), (3.163Db)

where w? = ktanh(k).

We take k = 27 and A such that the maximum amplitude of the wave height is 0.05.
In table 3.1, table 3.2, and table 3.3 we show the approximation errors and convergence
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rates for the velocity g, on the entire space-time domain £ and for the free-surface height
An on the entire free-surface boundary 0€s. We test convergence in space, in time, and in
space-time separately.

We first test convergence in space. To ensure the spatial error dominates over the
temporal error we take a small time step At = 107° when p = 1 and At = 10~* when
p = 2. We compute the error after 200 (when p = 1) or 20 (when p = 2) time steps. As
observed in table 3.1, the error is of order O(h?*1).

We next consider convergence in time. For this we compute up to a final time 7" = 1.
To ensure that the temporal error dominates over the spatial error we use a mesh consisting
of 73728 elements when p = 1 and 36864 elements when p = 2. We observe in table 3.2
that the error is of order O(A#*1).

We note that the rates of convergence in space and time separately are better than
predicted from remark 3.2. We now consider convergence in space-time in which we refine
the spatial mesh and time step simultaneously. We compute the solution up to a final time
of T'= 1. The initial time step is At = 0.25 and the initial mesh has 18 elements. We
observe in table 3.3 that the error is of order O(At? + h?”), as expected from our analysis,
see remark 3.2.

Finally, we consider a case where h is fixed so that the spatial mesh consists of 1152
triangles and the number of global degrees-of-freedom is 13920. We take p = 1 and solve
the problem up to a final time 7' = 1. From remark 3.2, we see that if h is fixed, eventually
the dominant term in the error will be of order O(At~'AP™) which results in divergence of
the solution. This effect can be observed in table 3.4 where the errors start to increase after
three levels of refinement in time. Unlike standard time stepping methods, for space-time

methods At has to be chosen carefully depending on its relation to the spatial mesh size
h.
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Table 3.1: Spatial rates of convergence for linear waves in an unbounded domain, see

section 3.5.1.

qp Ah
DOFs L?(&)-error  Order L2(0€s)-error  Order
228 1.1e-3 - 2.5e-2 -
p=1 888 3.2e-4 1.7 1.4e-2 0.9
3504 8.5e-5 1.9 3.4e-3 2.0
13920 2.2e-5 2.0 8.2e-4 21
55488 5.4e-6 2.0 1.9e-4 2.1
486 4.0e-4 - 1.5e-3 -
p=2 1890 6.0e-5 2.7 2.3e-4 2.8
7452 7.9e-6 2.9 3.5e-5 2.7
29592 1.0e-6 3.0 4.8e-6 2.9

Table 3.2: Time rates of convergence for linear waves in an unbounded domain, see sec-

tion 3.5.1.
qn An
At L%*(&)-error Order L?(0&s)-error Order
1 1.7e-2 - 1.7e-2 -
p=1 1/2 5.1e-3 1.8 5.1e-3 1.8
1/4 1.2e-3 2.1 1.2e-3 2.1
1/8 3.0e-4 2.0 3.0e-4 2.0
1/16 8.2e-5 1.9 7.9e-5 1.9
1 3.8e-3 - 3.8e-3 -
p=2 1/2 4.8e-4 3.0 4.8e-4 3.0
1/4 5.9e-5 3.0 5.9e-5 3.0
1/8 7.5e-6 3.0 7.5e-6 3.0
1/16 1.6e-6 2.3 1.3e-6 2.5

68



Table 3.3: Space-time rates of convergence for linear waves in an unbounded domain, see

section 3.5.1.

ap An
DOFs L%(&)-error Order L2(9Es)-error Order
228 3.5e-2 - 3.4e-2 -
p=1 888 1.7e-2 1.1 1.5e-2 1.2
3504 7.2e-3 1.2 5.9e-3 1.3
13920 3.2e-3 1.2 2.7e-3 1.2
55488 1.5e-3 1.1 1.3e-3 1.1
486 1.6e-2 - 1.3e-2 -
p=2 1890 3.4e-3 2.2 2.3e-3 2.5
7452 6.7e-4 24 4.4e-4 24
29592 1.4e-4 2.3 9.8e-5 2.2
117936 3.1e-5 2.2 2.4e-5 2.1

Table 3.4: Time rates of convergence for a coarse mesh for linear waves in an unbounded

domain, see section 3.5.1.

qp Ah
At L2(E)-error Order L2(0€s)-error Order
1 1.8e-2 - 1.8e-2 -

1/2 5.3e-3 1.7 5.2e-3 1.8
1/4 1.8e-3 1.6 1.5e-3 1.8
1/8 1.4e-3 0.3 9.9e-4 0.6
1/16 2.0e-3 -0.5 1.5e-3 -0.6
1/32 3.2e-3 -0.7 2.6e-3 -0.8
1/64 5.6e-3 -0.8 5.0e-3 -0.9
1/128 1.0e-2 -0.9 9.5e-3 -0.9
1/256 1.8e-2 -0.8 1.8e-2 -0.9
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3.5.2 Simulation of water waves in a water tank

In this example we consider waves generated by a piston-type wavemaker. This test case is
proposed in [38]. In this case we consider the spatial domain © = [0, 10] x [—1, 0]. We apply
homogeneous Neumann boundary conditions on z; = 10 and o = —1. The wave maker
is located on the left side of the domain, i.e., at z; = 0, where the boundary condition is
given by

qg-n=1T(t), (3.164)

where T'(t) = asin(ft) with a = 0.05 the amplitude of the wave and f = 1.8138 the
frequency of the wave. We compute the solution for ¢ € [0,53.4] and take At = 0.2.
The mesh consists of 512 prismatic elements which are constructed by extruding spatial
triangles in the time direction. Figure 3.3 shows the free-surface elevation or wave height
at different time levels for polynomial orders p = 1, p = 2 and p = 3. At time ¢ = 4, the
first wave leaves the wave maker which is located at 1 = 0. At ¢ = 25.8 the waves reach
the right wall of the water tank. At time ¢t = 53.4, waves have hit the right wall and have
started traveling in the opposite direction. We furthermore note that the discretization is
less diffusive as the polynomial degree increases.
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(a) Free-surface elevation at ¢ = 4. (b) Free-surface elevation at ¢ = 25.8.
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(c) Free-surface elevation at ¢t = 53.4.
Figure 3.3: Simulation of water waves in a water tank, see section 3.5.2. The free-surface

elevation at different time levels for polynorﬁal degree p = 1 (blue line), p = 2 (red line),
and p = 3 (green line).



Chapter 4

A space-time hybridizable/embedded
discontinuous Galerkin method for
nonlinear free-surface waves

In this Chapter we consider the nonlinear water wave problem eq. (4.3). This problem
requires a discretization that can handle time-dependent domains and moving meshes. For
this, we present a novel interface-tracking space-time hybridizable/embedded discontinuous
Galerkin method with a level set approach for the numerical solution of the two-fluid
Navier—Stokes equations. The Navier—Stokes equations are solved with a space-time HDG
method that is point-wise divergence-free and H (div)-conforming, which implies exact mass
conservation. For the level set equation we use a space-time EDG method which allows
straightforward updating of the mesh without having to rely on smoothing techniques that
could potentially lead to instabilities, as was shown in [2].

The space-time HDG method used for the two-fluid incompressible flow problem is
compatible with the space-time EDG method for the level set equation, i.e., given the
discrete velocity the space-time EDG method is able to preserve the constant solution. We
remark that for discontinuous Galerkin methods compatibility is a stronger statement than
local conservation of the flow field [22]. It was furthermore shown in [22] that if a method
is not compatible it may produce erroneous solutions.

We first recast eq. (1.36) in a space-time setting and introduce the notation that will
be used in this chapter.
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Gas region ,(7)

Liquid region §2;(7)

/\//

Figure 4.1: A description of the two-fluid flow domain Q C R? at time ¢ = .
4.1 The space-time incompressible two-fluid low model

Let Q C R? be a bounded domain and let I = (0,¢y] be the time interval of interest.
Furthermore, let £ := Qx I C R? denote the space-time domain. We assume that the space-
time domain & is divided into two non-overlapping polygonal regions, & and &, such that
& =&UE,. In what follows, & and &, represent, respectively, the liquid and gas regions of
the space-time domain. Let z = (z1, x2), then the liquid and gas regions at a particular time
level 7 are denoted by (1) := {(x,t) € & : t =7} and Qy(7) == {(z,t) € & : t =7}
Note that the spatial domains €2; and €2, are time-dependent.

The space-time interface between the liquid and gas regions is defined as
S={(z,t) €€ : xy=((a1,1)}, (4.1)

where ((x1,t) is the wave height. We will denote the interface at time level 7 by I'y(7) 1=
{(z,t) €S : t=7}. A plot of the domain at time level 7 is given in fig. 4.1.

The position of the interface eq. (4.1) is not known a priori. To find its position we
introduce the level set function ¢(t,z) = ((t,x1) — 22 and the Heaviside function H(¢)

which is defined by
1 if¢p >0,
H(¢) = . (4.2)
0 ifp<DO.
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We note that the interface corresponds to the zero level set, ¢ = 0.

Let k be a subscript to denote a liquid (k = 1) or a gas (k = g) property. Then given the
dynamic viscosities pp € RT, the constant densities p, € R™, and the constant acceleration
due to gravity g, the space-time formulation of the incompressible two-fluid flow model for
the velocity u : & — R? and pressure p : £ — R is given by

p (8tu +u- Vu) + Vp — plAu = —pgesy in &, (4.3a)
V-u=0 in &, (4.3b)
ho+u-Vo=0 in &, (4.3¢)
where e, is the unit vector in the x,-direction and
u=ug+ (w —ug)H(9), p=pg+ (o —pg)H(9), (4.4a)
p=pg+ (o —pg)H(P), = pg + (1 — p1g) H(9). (4.4b)

Let Qy :={(x,t) € 9 : t =0} and similarly Qy = {(z,t) € 9 : t =tyx}. Then the
boundary of the space-time domain & is partitioned such that 0 = 9P UOEN UQy U Qy,
where there is no overlap between the four sets. Here, 0" and 9™ denote, respectively,
the Dirichlet and Neumann parts of the space-time boundary. The space-time outward
unit normal vector to O€ is denoted by (ng,n), with n; € R the temporal component and
n € R? the spatial component. We will define the inflow boundary O£~ as the portion of
OEN on which n; +u-n < 0. The outflow boundary is then defined as 0T := dEN\OE~.
We prescribe the following boundary and initial conditions:

u=0 on OEP, (4.5a)

[ne +u-n—max(n; +u-n,0)]u+ (pl — uVu)n = f on 9N, (4.5b)
u(z,0) = ug(x) in Q, (4.5¢)

—(ne+u-n)p=r on 0E~, (4.5d)

o(x,0) = ¢o(x) in Qo, (4.5¢)

where the boundary data f : 0N — R? and r : 9~ — R, and the divergence-free initial
condition ug : Qg — R? are given. Furthermore, ¢o(z) := (o(21) — z2 with (o(z1) the given
initial wave height. Here, I is the 2 x 2 identity matrix.

We remark that the two-fluid problem assumes a no-slip and a dynamic boundary
condition on the interface, i.e.,

W = Uy on S, (4.6a)
(Pl — V) ng = (pgl — g Vug) ng on S, (4.6b)
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respectively, where n is the normal vector on the interface I's(¢) pointing outwards from
Q(t).

4.2 The space-time hybridizable/embedded discontin-
uous Galerkin method

In this section we will introduce the space-time discretization for the two-fluid problem
egs. (4.3) and (4.5). In particular we will introduce a space-time HDG for the momentum
and mass eqs. (4.3a) and (4.3b) coupled to a space-time EDG discretization of the level
set equation eq. (4.3c).

4.2.1 Space-time notation

We will use notation similar to for example [38]. For this we first partition the time
interval I into time levels 0 =ty < t; < ty < ... < ty and denote the n'" time interval
by I, = (tn,tns1). The length of each time interval is denoted by At = ¢, — ¢, and we
denote the n'* space-time slab as £" := €N (R? x I,,). Define Q,, := {(z,t) € £ : t = t,}.
The boundary of a space-time slab, 0£", can then be divided into 2, Q,,1;, and Q% :=
OE™\ (1 UQ,).

Following [37, 38] we consider a tetrahedral space-time mesh which is constructed as
follows. First, the triangular spatial mesh of €2, is extruded to the new time level ¢,
according to the domain deformation prescribed by the wave height. (Note that the wave
height is not known a priori and so, as we will describe in section 4.3, an iterative procedure
is used to find the final approximation to the domain at time level ¢,.;.) Each element of
this prismatic space-time mesh is then subdivided into three tetrahedrons. We denote the
space-time triangulation in space-time slab €™ by 7™ := {K}. The space-time elements
K € T™ that lie in the liquid region of the space-time slab form the triangulation 7;". 7 is
defined similarly but for the gas region. The triangulation of the whole space-time domain
£ is denoted by T := U, T".

The boundary of a space-time tetrahedron K; € 7" is denoted by 0K; and the outward
unit space-time normal vector on the boundary of K; € 7" is given by (nf] ,n’i). The
boundary 0KC; consists of at most one face that belongs to a time level (on which |nftC 1=1).
We denote this face by K7 if nfj = —1 and by KJ’-1+1 if nf 7 = 1. The remaining faces
of OK; are denoted by QT,éj = ale\K]’-‘. or Q%j = 8/@-\[(;‘“_ In the remainder of this
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Chapter we will drop the sub- and superscript notation when referring to the space-time
normal vector and the space-time cell wherever no confusion will occur.

In a space-time slab ", the set of all faces for which |n;| # 1 is denoted by F" while
the union of these faces is denoted by I'". By Fg we denote all the faces in F" that lie
on the interface §. Similarly, the set of all faces in F™ that lie on the boundary of the
space-time domain is denoted by Fp. The remaining set of (interior) faces is denoted by
Fr. Then F* = F; U Fg¢ U Fg. Furthermore, we will denote the set of faces that lie on a
Neumann boundary, 9N NOE™, by Fx.

On each space-time slab £ we consider the following discontinuous finite element spaces

on 7™

Vi = {u, € [LATM) tonle € [PHKC)]), VK e T}, (4.72)
QZ = {qh S LQ(Tn) : qh|)c € Pk_1</C), VIC € Tn} , (4.7b)
My = {my, € L*(T") : mp|xc € P*(K), VK € T"}, (4.7¢)

where P!(D) denotes the space of polynomials of degree [ on a domain D. Additionally,
we consider the following facet finite element spaces:

Vit = {u, € [LQ(}"")]2 DUplF € [Pk(}')]Q, VF € F", 0, =000 0EP NOE™},  (4.8a)

Qy = {an € L*(F") : @u|r € P*(F),VF € F'}, (4.8D)

My = {my, € L*(F") : mp|x € P*(F), VF € F*} nC(I™). (4.8c)
Note that the facet velocity field in V;" and facet pressure field in Q} are discontinuous
while the facet level set field in M} is continuous. We note that the left and right traces of
a function uj, € V" at an interior facet F € FjUF% are denoted by u} and uj. In general,
ul, # ub, so it will be useful to introduce the jump operator [uy, - n] = u! - n' +ul -n". On
a boundary facet F € FJ, the jump operator is defined as [uy - n] = wy, - n. Analogous
definitions apply for functions in Q}.

To simplify the notation, we introduce X, = V;* x V', X" = Qn x Qp, X' =
X" x X" and X" = M x M. Function pairs in X,"", X", and X,;"" will be denoted
by boldface, e.g., v, = (va,0n) € X", @) = (qn, @) € X" and my, = (myp, my) € X"

We will make use of the H(div; D) space, where D C R?, which is defined as

H(div; D) = {u € [L*(D)]": V-ue L*D)}. (4.9)
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4.2.2 Discretization of the momentum and mass equations

An exactly mass conserving space-time HDG discretization for the single-phase Navier—
Stokes equations was introduced in [37, 38]. Here we modify this discretization to take
into account that the density and viscosity may be discontinuous across elements (see
eq. (4.4b)).

Since the density and viscosity is constant on each element K € 7" we define px = p,
if e T and px = p if K € T (and p is defined similarly).

First, we focus on eq. (4.3a). Note that since V-u = 0, we can write u-Vu = V- (u ® u),
where, ® denotes the outer product. For two vectors a € R" and b € R™, a ® b € R™*™

with elements (a ® b) = a;bj. Multiply by a test function v, € V' integrate over a space-
time element K € 7™ and replace u by u;, € V;* and p by p, € Q}. Sum over all space-time
elements in £" to obtain

Z prc (Opun - v + V- (up @ up) - vp) da dt + Z Vo - vy de dt
KeT, 7K KeTn K

- Z /,u;CAuh-vhdxdt:— Z /p;cgeQ-vhdxdt. (4.10)
K K

KeTn KeTn

Applying integration by parts in both space-time, we obtain

— Z / PK (uh <Oy, + (up @ up) - Vvh) dx dt + Z Hic(wp, up; pic, ng, n) - vp ds
K

KeTh KeTn ok
— Z /phV-vhd:Bdt—l— Z /,u;cVuh:VUhdxdt
KeTn 7K KeTn K
+ Z / opn - vpds = — Z /p,ggeg-vhdxdt. (4.11)
KeTn ¥ Lk KeTn /K

Here we have introduced the space-time upwind numerical flux Hi(wp,, up; pic, ne, n) and
the diffusive numerical flux ;. The upwind flux is defined as

pic(ne 4 up, - n)(up + M@y — up))  on Qx,
H]C(uh7uh;p/C7nt7n) == plCuhnt on Kn+1, (412)

Py, Tt on K",

where A =1if n, +u-n <0 and A = 0 otherwise, and u, = lim._,qu,(t, — €, x) for n > 0.
When n = 0 then u; is the projection of the initial condition ug into V2 N H(div; ) such
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that it is exactly divergence-free. Here, px = (px + px-)/2, where K~ is the neighboring
element to KC that shares a facet on Qx. We consider an interior penalty-type diffusive
numerical flux

~ _ (6% _
on = —puxcVuy, + ppl + 'uhL(uh — ) ®n, (4.13)
K

where o > 0 is a penalty parameter that has to be large enough to ensure stability [10].
Substituting these definitions in eq. (4.11), we obtain

— Z/p,c up - Oyvp + (up @ uyp,) Vvh dxdt+ Z / Py, - vy dx
n+1

KeTh KeTn

+ Z/ pc(ng +up - n)(up + Aap, —up)) - vpds — Z /phV vy, do dt

KeTmn KeTmn
0

+ Z/ wicVuy © Vo, de dt 4 Z/ Prup - nds — Z/ ,u,c ] vy, ds

KeTn KeTn KeTn
0
_ Z / ,UIC vh uh—uh dS—|— Z / ,UICOC uh—uh) UhdS
KeTn KeTn
= — Z /p;cgeg v, dz dt + Z/ puy, -vpde. (4.14)

KeTn KeTn

The last term on the left-hand side of eq. (4.14) is consistent and usually added for sym-
metry of the diffusive terms. To obtain a consistent discretization, we add the following
term to the left-hand side of eq. (4.14)

Z / p — prc) (e 4w - n) upy - vy ds. (4.15)

KeTn

Now, we move on to eq. (4.3b). Multiply by a test function ¢, € @}, integrate over a
space-time element K € 7" and replace u by u, € V;'. Sum over all space-time elements
in £" to obtain

/ V - upgp dzdt = 0. (4.16)
KeTn

Integrating by parts twice, and introducing the numerical flux w, - n = w4y, - n in the first
integration by parts, we get

/V upqp da dt — Z/ up — ap) - ngpds = 0. (4.17)

KeTn KeTn
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In addition to eq. (4.14) and eq. (4.17), we introduce an equation that imposes that
the sum of the space-time normal components of the numerical fluxes Hy(wp, un; pic, ne, n)
and o}, is single-valued on the faces of the mesh:

- Z/ prc(ng + up - n)(up + Aap, —up)) - v ds — Z/ Pnon - nds

KeTn KeTn
o
-+ Z / NK_ Uhds— Z / MK uh—ﬂh)-f}hds
KeTn KeTn
+/ pc(ng + ay, - n)ay, - vy ds = Z / f-upds. (4.18)
oet FEFy

Collecting eq. (4.14), eq. (4.17) and eq. (4.18), the space-time HDG discretization for
the momentum and mass equations egs. (4.3a) and (4.3b) is given by: find (up, p;,) € X!
such that

tZ(“’hv Uhp, vh) + CLZ(’U,}L, vh) + bZ(pha vh) - bn(qh7 uh)

=— Z/p;ggeg vhdxdt— /f Uhds—i—/ prcuy, - vpdez, (4.19)
Qn

KeT™ FeFY

for all (vp, q),) € X}'. The convective trilinear form is given by

ty(w;u,v) Z /p,g u- 0w +u®@w: Vo)drdt + Z/ pru-vdr  (4.20)
KeTn Ken /K
+ Z/ pc(ni+w-n)(u+A(z—u))-(v—2o)ds
KeTn

+/ p;c(nt+w-n)u-vds+2/ (pc — prc) (e +w-n)u-vds,
ae+
and the bilinear forms are given by

ap(u,v) Z /MCVU Vuodzdt + Z/ MK@ ) (v—"2)ds (4.21a)

KeTn KeTn
—Z/ [(uw—1)- 82+ %% (v—1)]ds,
KeTn
by (p,v Z /pV vdxdt + Z / v—10)-npds. (4.21b)
KeTn KeTn
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To find the solution of the nonlinear discrete problem eq. (4.19), we use a Picard

iteration scheme: in every space-time slab, given (uf,pf) we seek a solution (u)t', pi*')

to the linear discrete problem
th(’u’hv ui+1a vh) + h(’u’Z—Hv ) + bn( ! vh) - bn(qh7 k+1)

= — Z/p]CQGQ vp do dt — Z /f Uhds—l—/ pcuy, - vpdz, (4.22)
Q,

KeTn FeFy

for all (vp,q),) € X} and for £ = 0,1,2,... until the following stopping criterium is met:

k1 ko k-1
. {uuh T Hw}qu’p, (429

Huh “h”oo Hpﬁ —pﬁi!loo

( k+1 k+1)'

where €, is a user given parameter. We then set (us, p,) = , D),

4.2.3 Discretization of the level set equation

The space-time EDG discretization for the level set equation eq. (4.3¢) is based on the
space-time discretization presented in [15]: In each space-time slab €™, forn =0,1,..., N—
1, given u find ®;, € X;"" such that

Ch((I)h, mp; U Z / ¢h my, do + / rmy, ds Ymy,, € X;n,n) (424)
KeTn oe=

where ¢, = lim._,0 ¢1(t,, — €, z) for n > 0. When n = 0 ¢, is the projection of the initial
condition ¢q into My. The bilinear form is given by

cn(®,m;u) 2/ (pOym + ¢pu - Vm) dx dt + Z ¢omdx

KeTn KeTn /K

+ Z/ (e +u-n (qb—l—)\(qg—gzﬁ))(m—m)ds—l—/ (ng +u-n)pmds. (4.25)

KeTn oet

4.2.4 Properties of the discretization
In this section we discuss properties of the space-time HDG/EDG discretization, eqs. (4.19)

and (4.24), of the two-fluid flow model. We start by showing that the discretization con-
serves mass exactly. Note that the discrete version of the mass conservation equation
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eq. (4.3b) is

Z /th~uhdxdt+ Z
K

/ (wp — i) - g ds = 0. (4.26)
KeTy, KeTy Qx

Therefore, in order to obtain exact mass conservation, we require (i) that V - u, = 0
point-wise, i.e., for all (z,t) € K € T, and (ii) that [uy - n] = 0 on all interior faces. The
following proposition shows these two properties.

Proposition 4.1 (Exact mass conservation). If u, € X, satisfy egs. (4.19) and (4.24)
then wy, is exactly divergence free, i.e., V -u, = 0 for all (z,t) € K € T" and u), €
H(div; E™).

Proof. The proof follows that of [38, Prop. 1] and included here only for completeness.

First, we show that V -, = 0 for all (z,t) € K € T. First, note that (V- u,) € Q}.
Take v, =0, v, =0, g, = 0 and ¢, = V - uy, in eq. (4.19) to obtain

> /K(v-uhfdxdt:o. (4.27)

KeTy,
It follows that V - u;, =0 for all (z,t) e K € T.

To show that u, € H(div; E™), note that ((uy — @) - n) € Q7. Take v, = 0, ¢, = 0 and
qn = [[(uh —up) - n]] in eq. (4.19) to obtain

2. /f [(wn —a@n)-n]*ds+ > [ ((un— ) -n)*ds =0. (4.28)

FEFPUFL Ferp’t

Since y, is single-valued on interior facets, we simplify this equation to

> /f[[uh-n]]2d8+ > /f((uh—ﬂh)-n)zds:o. (4.29)

FEFPUFD FeFp

We see that wuy, - n is single-valued on interior facets, and uy, - n = 4y - n on boundary facets,
ie., u, € H(div;E™), see [12, Lemma 4.11]. O

It was shown in [22] for different flow/transport discretizations that loss of accuracy
and/or loss of global conservation may occur if a discretization is not compatible. (Note
that the compatibility for discontinuous Galerkin methods is a stronger statement than
local conservation of the flow field [22].) The next result shows that since u, is exactly
divergence free, the space-time HDG discretization of the two-fluid model eq. (4.19) and
the space-time EDG discretization of the level-set equation eq. (4.24) are compatible.
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Proposition 4.2 (Compatibility). If u, € V;* is the velocity solution to the space-time
HDG discretization eq. (4.19), then the space-time EDG discretization eq. (4.24) is: (i)
globally conservative; and (ii) able to preserve the constant solution.

Proof. We first note that global conservation of the EDG discretization was shown in [37].
To show that the space-time EDG discretization eq. (4.24) is able to preserve the constant
solution we present a space-time extension of the discussion in [13, Section 3.4]. For this,
let the boundary and initial conditions in eqs. (4.5d) and (4.5e) be given by, respectively,
¢o(z) = ¢ and r = —(ny+up-n)1, where ¢ is a constant. Consider now the first space-time
slab £°. The constant ®;, = (v,) is preserved by eq. (4.24) if and only if

cn((V, 1)), myup) = Z / @Dmhdx—/ (ng +up - n)ymy ds Vmy, € X", (4.30)

KeTo o~

If » = 0 it is clear that eq. (4.30) holds. Consider therefore the case that ¢ # 0. Writing
out the left hand side, dividing both sides by v, and integrating by parts in time, we find
that eq. (4.30) is equivalent to

— Z /uh-thdxdt— Z
K

KeTo KeTo

/ ngmp, ds + Z / (ng + up - n) (my, —my) ds
Qx Qk

KeTo

+/ (ng +up -n)mpds =0, (4.31)
o€+

for all my, € X;"". Using that V - (upmyp) = up - Vmy, + mpV - up, on each element IC,
integration by parts in space, single-valuedness of m; and wuy - n on interior facets (by
Proposition 4.1), we find that the constant ®;, = (1,1)) is preserved by eq. (4.24) if and
only if

> /th~uhdxdt:0. (4.32)
KeTo 7K

The result follows since V - u, = 0 by Proposition 4.1. [

We emphasize that compatibility in Proposition 4.2 between the space-time HDG dis-
cretization eq. (4.19) and the space-time EDG discretization eq. (4.24) is a direct conse-
quence of Proposition 4.1, i.e., that V - u;, = 0 pointwise and that wu, - n is continuous
across element boundaries. A discretization that does not satisfy Proposition 4.1 may not
be compatible with eq. (4.24).

We end this section by showing consistency of the space-time HDG/EDG discretization.
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Proposition 4.3 (Consistency). Let u(zx,t), p(x,t), and ¢p(x,t) be the smooth solution to
the two-fluid model, egqs. (4.3) and (4.5). Let w = (u,u), p = (p,p), and ® = (¢, ). Then

th(w, w, vp) + ag(w, vp) + by (P, va) — (g, up)

=— Z /p;cgeg v da dt — Z /f 'Uhds+/ prcu - vy, do Y(vn, q,) € X},

KeTn FeFy n
(4.33)

and

(I) , Mp; U Z / (bmh dr + / rmy, ds VYm,, € X;Ln,n (434)
KeTn oe=

Proof. We first show eq. (4.33). By definition eq. (4.20), integration by parts, and using
that pic, v and v, are single-valued on faces, we find

th(u;u, vp) Z/p;g (Ou+u-Vu) - vpdedt + Z/ prcu - vy do

KeTn KeTm

- / p (ny +uw-n)u-v,ds. (4.35)
0E~

Similarly, by definition eq. (4.21a) and integration by parts,
(u,vp) Z / A - v doe dt + Z / u;c— vy, ds, (4.36)
KeTn KeTn
and by definition eq. (4.21b), integration by parts, and using that V - u = 0,
by (p,vr) — b (g, u) = / Vp - v, dedt — Z / Uy, - npds. (4.37)
KeTn KeTn

Combining eqgs. (4.35) to (4.37), we obtain

th(w;w, vp) + ai(w, vi) + by (p, vr) — by (g, u) (4.38)
= Z /p;g 8tu+u Vu)+ Vp — u,CAu cvp de dt + Z / prcu - vy, dr
KeTn KeTn
—Z/ (pl — pcVu) n - UhdS—/ pc(ng+u-n)u-v,ds.
KeTn 0~
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The last two terms may be combined using that 7, = 0 on OEP and the single-valuedness
of (pI — uxVu)n on element boundaries:

th(w;w, vp) + ap(w, vy) + by (P, va) — by (g, w) (4.39)
_ Z / PIC atu +u-Vu)+ Vp — ,u;CAu} v dz dt + / prcu - vy da
KeTn Qn

—/ ([ne +w-n —max (n; + u-n,0)]u+ (pI — pVu) n) - ), ds.
OEN

Equation (4.33) follows using eq. (4.3a) and eq. (4.5b).

We next show eq. (4.34). By definition eq. (4.25), integration by parts, and using that
¢, my, and u are single-valued on faces, we find

(B, M u Z/ (016 +u- Vo) my dodt+

quh da:—/ (ny +u - n) ¢pmy, ds.
KeTn KeTn 0E—

(4.40)
Equation (4.34) follows using eqgs. (4.3c) and (4.5d). O

4.3 The solution algorithm

In this section we describe how we iteratively solve the discretization of the two-fluid model
and the level set equation, and how we update the mesh in each space-time slab.

4.3.1 Coupling discretization and mesh deformation

Given the level set function ¢, from space-time slab £"~! we create an initial mesh for
the space-time slab £". Using Picard iterations we solve the space-time HDG discretiza-
tion eq. (4.22) for the momentum and mass equations until we satisfy eq. (4.23). The
velocity solution to the space-time HDG discretization is then used in the space-time EDG
discretization eq. (4.24) to update the level set function. With this level set function we
update the mesh. We continue updating the mesh and solving the space-time HDG and
EDG discretizations in space-time slab €™ until the following stopping criterium is met:

lor™ — ™l
[
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where £4 is a user given parameter and ¢, is the approximation to ¢, after m iterations
in the n'" space-time slab. The algorithm is described in Algorithm 1.

Algorithm 1 Coupling the discretization and mesh deformation

Initialize the flow properties and the level set function.

Set n =0, t, = 0.

while ¢, < ty do

Set m = 0.

Create an initial space-time mesh for space-time slab £" given ¢,

while ¢, does not satisfy eq. (4.41) do
Solve the space-time HDG discretization eq. (4.19) using Picard iterations
eq. (4.22).

Given u,™ from the previous step, solve the level set equation eq. (4.24) to obtain
¢n,m+1‘

Modify the space-time mesh according to ¢™™*1.
end

n,m+1 . nm+l _ nm+l .
Set uyy = uy, , Dy =Dy, , On = @y, ,and t, = t,41.

end

4.3.2 Mesh deformation

Recall that the shape of the subdomains €2;(¢) and €,(¢) depends on the position of the
free-surface I's(t). Once the discrete level set function ¢y, is obtained by solving eq. (4.24),
the wave height must be obtained in order to update the mesh nodes. Traditionally, using
standard discontinuous Galerkin methods for free-surface problems, the approximation to
the wave height is discontinuous. This implies that the free-surface of the domain is not
well defined and a postprocessing of the free-surface is required to address this [31, 81].
This mesh smoothing, however, may require extra stabilization terms (see [2]).

Using the space-time embedded discontinuous Galerkin method eq. (4.24) for the level
set function, mesh smoothing is not required. This is because the facet approximation to
the level set function ¢, is continuous on the mesh skeleton, see eq. (4.8c). We therefore
avoid any smoothing of the mesh that may lead to instabilities while maintaining all the
conservation properties that discontinuous Galerkin methods provide.

We next describe how to obtain the wave height from the level set function and subse-
quently how to move the mesh nodes. We first note that ¢y, is the trace of an H! function.
Denoting by M} the space of functions of M; which are continuous on £", we denote by
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¢ the function in Mf that coincides with ¢, on the element boundaries. We note that it
is computationally cheap to find ¢§ because it can be found element-wise. By definition
o(t, r1,x2) = ((t, 1) — x9 and so an approximation to the wave height, (j,, can be obtained
by evaluating ¢§, at xo = 0.

Once we have obtained (j, we update mesh nodes as follows. Let (29, 29;) denote
the coordinates of node i of the undisturbed mesh (¢, = 0), and let (2}, 25;) denote the
coordinates of the node i at time t;. Denote by T;(x1) (Bp(z1)) the maximum (minimum)
x9 value in 2 on the vertical direction through z;. Then:

o If 29, <0,
A a4ty whereof = PRI H
14
o If xg’i > 0,
xlzﬂzrl = x(z),z‘ + %kgh(tkﬂa ljfz) where %k - Tb(;fzik_)xg ’ (4.43)
1

4.4 Numerical results

All the simulations in this section were implemented using the Modular Finite Element
Method (MFEM) library [25]. Furthermore, as is common with interior penalty type
discretizations, we set the penalty parameter to o = 10k? [65].

4.4.1 Sloshing in a water tank

We consider a small-amplitude periodic wave that is allowed to oscillate freely in a rectan-
gular tank with length that is twice the depth of the still water level. The computational
domain is = [—1,1] x [—1,0.2]. Initially the fluid is at rest and the wave has a profile
given by

Co(x1) = 0.01 cos (k(z1 +0.5)), (4.44)

where k = 27 is the wave period. An analytical solution to the linearized free-surface flow
problem is given in [39]; given a high enough Reynolds number and assuming a negligible
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influence of the finite depth of the tank, the analytic wave height (,ef is given by

Crzz((x;la)t) _1_ m [1 — e <cos(\//€_gt) + 21//12%” ; (4.45)

where v is the kinematic viscosity of the liquid which is set to v = 1/2000. The densities
are p; = 1000 and p, = 1, and the viscosities jy = 0.5, g1y, = 1/2000. We consider two
meshes, a structured mesh with 1152 spatial triangles (3452 space-time tetrahedra), and
a finer mesh with 2756 spatial triangles (8268 space-time tetrahedra) that is more refined
around the free-surface. At zo = —1 we apply no-slip boundary conditions, and at x5 = 0.2
we apply a homogeneous Neumann boundary conditions. The polynomial degree is k = 2
and the time step is At = 0.02. In fig. 4.2 we show the wave height elevation at the middle
of the tank (z; = 0) with the analytical solution and with the numerical method described
in algorithm 1 with the two meshes described above. We see that for the coarser mesh
there is some discrepancy with the analytical solution. However, for the finer mesh, there
is a better agreement with eq. (4.45).

To show how the mesh moves with the interface, in fig. 4.3 we plot the mesh and wave
height at times t = 0 and ¢ = 3.86.

4.4.2 Waves generated by a submerged obstacle

In this example, we consider waves in a channel generated by a submerged cylinder. The
computational domain is Q = [—1,2] x [-0.75,0.5] and the initial wave height is ( = 0. A
cylinder of radius 0.1 is located at (0, —0.25). See fig. 4.4.

On the left, top and bottom boundaries of the domain we impose u = [1,0]” whereas on
the right boundary of the domain we impose a homogeneous Neumann boundary condition.
On the boundary of the circle, homogeneous Dirichlet boundary conditions are imposed.
Moreover, ug(z) = [1,0]7. For the level set function, we set r = 0 at the inflow part of the
boundary (z = —0.75). The densities are set to p; = 1000, p, = 1 and the viscosities are
set to y = 1/200 and p, = 1/200. In fig. 4.5 we show the velocity magnitude at different
moments in time. For visualization purposes, we plot only the liquid domain €;(¢). The
wave continues to oscillate in a similar way until about time ¢ = 8 when the oscillations
become less pronounced. Figure 4.6 shows the velocity streamlines behind the cylinder
at different moments in time. We see that the vortices oscillate up and down. In [33], a
similar test case was presented. In that case, the submerged obstacle is a box instead of
a cylinder. We see that the wave and the streamlines behind the obstacle show a similar
behavior.
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Wave elevation at x
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Figure 4.2: Wave elevation at x = 0 with the anaytical solution eq. (4.45) (blue line),
coarser mesh (red line) and finer mesh (green line) for the test case section 4.4.1.
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Figure 4.3: The spatial mesh at two instances in time for the test case described in sec-
tion 4.4.1. The top two figures are an extract of the mesh in [—1, 1] x [-0.1, 0.1]. The
bottom two figures zoom into the region [—0.1, 0.1] x [—0.1, 0.1]. We indicate the wave
height in all figures in red. Note that the mesh conforms to the interface.
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(a) Velocity magnitude at ¢ = 1.

(b) Velocity magnitude at t = 1.5

(c) Velocity magnitude at ¢ = 2.

(d) Velocity magnitude at t = 2.5
Figure 4.5: Velocity magnitude in the liquid domain €;(¢) at different moments in time for
the test case described in section 4.4.2.
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(¢) Velocity streamlines at ¢ = 2. (d) Velocity streamlines at t = 2.5

Figure 4.6: Velocity streamlines behind the cylinder at different moments in time for the
test case described in section 4.4.2.
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Chapter 5

Conclusions

In this thesis, we have presented novel analyses and techniques for the solution of free-
surface problems with space-time hybridizable discontinuous Galerkin methods. In Chap-
ter 2 we presented an HDG method for the linear free-surface problem with a second order
BDF time stepper. We compared our results to those of [32] in which a DG method is used
for the same problem, and we conclude that due to our mixed formulation, we can obtain
a better approximation to the velocity of the fluid and superconvergence of the velocity
potential.

In Chapter 3, we introduced and analyzed a novel space-time HDG method for the
linear free-surface problem. In contrast to some analyses of space-time methods, e.g. [12],
we obtained error estimates in which the dependency on the spatial mesh size and the
time step is explicit. To achieve this, we derived anisotropic space-time analysis tools. We
presented numerical results that demonstrate the validity of our analysis. The space-time
analysis tools developed in this thesis can be used and extended to other problems and
discretizations.

A novel interface-tracking space-time HDG/EDG level set method for the two-fluid
Navier—Stokes equations was developed in Chapter 4. The space-time HDG method applied
to the Navier—Stokes equations is H(div)-conforming and produces point-wise divergence-
free velocity fields. This results in a scheme that is locally mass conserving. Since the mesh
conforms to the interface, there is no smoothing of the flow properties, as it is usually done
in level set methods [33, 53, 54]. A continuous approximation to the wave height was
obtained by a space-time EDG method. This allowed us to move the mesh according to
the interface without relying on smoothing techniques that could result in instabilities.

For future projects, it would be interesting to apply the space-time HDG/EDG method
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in Chapter 4 to more general two-phase flows where topological changes are allowed. This
would involve defining a projection of the solution from one domain to another ideally
without loss of accuracy. This extension would allow for more general applications, such
as a bubble rising in a column, dam braking, etc. The next step would be to consider
fluid-structure interaction with free-surface flows as done in [35]. For such an application,
a discretization for the solid structure has to be developed first. In terms of analysis, we
could explore if the analysis in Chapter 3 can be extended to linear partial differential
equations on moving domains.
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