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ABSTRACT

Oblique impact conditions are of increasing research importance, and this kind of study is becoming
more common in the crashworthiness literature. Optimization strategies, such as the Response Surface
Methodology (RSM), are commonly used in a virtual design environment to investigate various loading
conditions and configurations. However, the typical usage of the RSM in the crashworthiness literature
does not take advantage of many recent enhancements to the RSM. This thesis presents a multi-objective
shape optimization study of a multi-cellular aluminum extrusion subjected to dynamic axial and oblique
(20° angled) impact loading conditions. Finite element models are developed, validated with experimental
data, parameterized, and used to exhaust the design space using a complete factorial design of experiments.
An analysis of different energy absorption characteristics, such as axial and oblique mean crush force, crush
efficiency, and oblique impact coefficient, are presented. A multi-objective optimization problem is defined
to generate new solutions that dominate a baseline profile in all aspects of performance, which produced a
geometry with at least 6-17% improvements in energy absorption. The parametric study is used to define
the “true” Pareto front, which is the set of non-dominated designs and the solution to the optimization
problem. The RSM is used to perform the multi-objective optimization analysis. Feedforward neural
networks and non-dominated sorting genetic algorithms (NSGA-II) are used as the metamodel and
optimizer, respectively. This thesis research utilizes the Adaptive Surrogate-Assisted (ASA) - RSM, which
is an advanced RSM approach, to perform the optimization analysis and demonstrate performance
enhancements. The traditional RSM approach is compared to ASA-RSM in their speed and ability to
correctly identify the actual Pareto front. The traditional RSM approach required approximately 63% of the
entire domain to accurately identify the 94% of true Pareto front. The ASA-RSM was able to identify 87%
of the true Pareto front using 25% of the entire domain. In some instances, the ASA-RSM was able to
correctly identify the true Pareto front by using 33% of the domain. The traditional RSM approach was
only able to correctly identify 10% of the true Pareto front when sampling less than 15% of the domain or
using traditional stopping criteria. Depending on the configuration, the ASA-RSM achieved 40-80%
accuracy in predicting the Pareto front when sampling up to 15% of the domain. This study provides a
comprehensive understanding of the performance gains of multi-objective optimization in the application

of structural crashworthiness considering various loading conditions.
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1 INTRODUCTION

Government regulations place increasing demands on automotive manufacturers to develop fuel-
efficient vehicles and reduce CO2 emissions. The Company Average Fuel Consumption (CAFC) standards
for Canadian vehicles between 2017 and 2025 require automakers to improve the fuel efficiency of their
vehicles by 5% per year [1]. At the same time, crash test standards and demand for safe vehicles are
increasing. The range of frontal crash tests performed by the Insurance Institute for Highway Safety (ITHS)
has expanded over time from a single full-frontal crash into a rigid wall to include a 25% and 40% offset
test on both the passenger and driver sides ([2], [3]). This creates an eccentric loading condition on the
vehicle structure, known as oblique loading. The United States National Highway Traffic Safety
Administration (NHTSA) has also proposed new standard crash tests to address much more challenging
oblique frontal crash scenarios [4]. To meet these demands, it is essential to design lightweight and highly
effective crash structures. Some parts of a vehicle structure, such as the front rails and bumpers, are ideal
targets for weight reduction as they contribute significantly to the vehicle mass while providing little day-
to-day functional use for an occupant. Lightweighting the vehicle frame is particularly effective because
the overall vehicle then requires a smaller engine, lighter suspension, etc. Unfortunately, lightweighting
and vehicle safety are often in conflict because a lighter vehicle frame can potentially offer less energy
absorption capacity in a crash scenario. Thus, there is a need to design new crash structures that are lighter
than the current state-of-the-art structures while improving crash performance. Furthermore, crash
performance under impacts from multiple loading conditions must be considered in addition to the classic

full-frontal crash.

Prior to developing a vehicle crash testing program, designers typically perform an extensive
preliminary evaluation of the individual components subjected to representative loading conditions to
anticipate their full-vehicle performance. Oblique impact loading of individual components has received
more attention due to their representative behaviour of off-axis loading [S]—-[7]. Many studies often focus
primarily on axial crushing of components [8]—-[10]. Since crash testing is destructive by nature, building
physical prototypes of the individual components, let alone an entire prototype vehicle, for evaluating crash
performance under multiple loading conditions is costly and time-consuming. More importantly, the “trial-
and-error” process of physical testing is wasteful. Computational tools, such as finite element (FE) analysis,
are heavily utilized to reduce the number of physical prototypes required to identify performance and design
trade-off relationships. Designers can explore various designs and configurations in a virtual environment
before the physical prototyping stage. However, FE simulations of crashworthiness are highly non-linear

problems that require substantial computational resources. Even though FE modelling requires fewer
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resources than physical prototyping, designers can become plagued by a virtual “trial-and-error” process
that leads to long development cycles. Yet, the relative ease at which FE models can be evaluated allows
the use of artificial intelligence and optimization algorithms to efficiently guide a designer in their design
exploration (e.g. [11]-[14]). The Response Surface Methodology (RSM) [15] is a framework that is
commonly employed in the optimization process of vehicle and component-level crashworthiness analysis
(e.g. [16]-[19].). The RSM framework constructs a mathematical model, known as a metamodel, to predict
an FE model’s output response for a given set of inputs. Then, an optimization algorithm is performed on

the metamodel to identify potential new designs for enhanced performance.

Various studies have been presented that utilize the RSM framework in multi-objective
optimization of lightweight structures subjected to oblique impact loading [20]-[22]. Although these works
show good performance in satisfying their specific optimization problem, many of these works perform the
optimization step “out-of-loop.” This means that the optimization process begins after the metamodel
achieves good predictive capabilities. This creates a potential deficiency where the metamodel error has
converged while the optimal set does not yet have sufficient resolution to be identified. Advancements in
the RSM framework, such as the adaptive surrogate-assisted response surface methodology (ASA-RSM)
by Stander [23], have brought the optimization process “into-the-loop” during the metamodel construction
and sampling process. These are known as sequential, successive, or adaptive methods. This architecture
modification can offer enormous potential in achieving more lightweight solutions efficiently with minimal
increase in complexity. However, many of these works mentioned above do not systematically compare the
result of their multi-objective optimization solution to the “true” solution to evaluate the suitability of their

proposed framework.

The objective of the present work is to investigate the multi-objective optimization process of a
multi-cellular aluminum extrusion under axial and oblique impact loading conditions. Recently, Kohar et
al. [24]-[26] investigated the design optimization of extruded automotive aluminum front rails for energy
absorption applications. A new front rail design, known as the UWR4, was developed using RSM and
shown to outperform the energy absorption response of a Baseline profile. This result was verified using
FE analysis and experimental testing by Zhumagulov [27]. However, Kohar et al. [24]-[26] only focused
on analyzing a single (axial) loading condition. It is plausible that the UWR4 may be negatively affected
by off-axis loading conditions, such as oblique impact. However, it is also possible that the UWR4 shows
little to no sensitivity to oblique impact loading, such that a single objective that considers only axial loading
is sufficient. The commercial software LS-Dyna is used to generate finite element simulations of these
profiles, which are validated against experimental measurements presented by Zhumagulov [27].

Comparisons are presented between the UWR4 and the Baseline profile for various oblique loading



conditions. The FE model of the UWRA4 is then selected for a parametric study to fully exhaust the design
space using a complete factorial design of experiments with almost 10,000 simulations of different
geometric design parameter combinations. This parametric study will identify trends between the different
energy absorption criteria, define the true solution to the specified optimization problem, and be used to
establish performance benchmarks for different optimization strategies. The traditional RSM approach,
where optimization is performed after achieving metamodel convergence, will be compared with the ASA-
RSM approach presented in Stander [23]. Accuracy and convergence speed in obtaining the true Pareto
front are presented and discussed. This study will provide critical insight into the performance and value of

the different optimization approaches.

This thesis is structured in the following manner: In Chapter 2, a review of the crashworthiness
literature is provided, along with background information on FE methods and optimization, as they pertain
to the present work. This chapter will also outline the current deficiencies in the literature. Chapter 3
summarizes the scope and objectives of this research to address the gap outlined in Chapter 2. Chapter 4
details the finite element models used in this work. This chapter includes details regarding the geometry of
two aluminum extrusions used as automotive energy absorbers, their corresponding FE model construction,
and verification with experimental measurements. In Chapter 5, the exhaustive parametric study of the
UWR4 is presented. Chapter 6 formally introduces the multi-objective design optimization study
considered in this thesis. The “true” solution to the multi-objective optimization problem is presented in
this chapter. In Chapter 7, the traditional RSM solution is presented as a baseline metric for evaluating the
capability of these optimization techniques in achieving the true solution to the multi-objective optimization
problem. This chapter also presents a comparison between the traditional RSM approach and the ASA-
RSM approach presented by Stander [23]. The key findings of this research are summarized in Chapter 8

with future recommendations and improvements outlined in Chapter 9.



2 BACKGROUND AND LITERATURE REVIEW

2.1 Experimental Crashworthiness

2.1.1 Vehicle Crashworthiness Testing

In the late 1970s, the National Highway Traffic Safety Administration (NHTSA) in the United
States introduced the New Car Assessment Program (NCAP) for evaluating new vehicle designs for safety
through means of destructive frontal crash testing at 35mph (56km/h) [28]. This government mandate later
expanded to encompass various crash scenarios, such as side barrier impact (50km/h) and side pole impact
(32km/h), shown in Figure 2.1. Since the inception of this program, the NCAP program has evolved to
include advanced technology in occupant safety, such as supplementary restraint systems (e.g., seatbelts,
airbags), and active accident prevention (e.g., forward collision warning systems, automatic emergency

braking systems). These innovations in technology have led to a dramatic improvement in occupant safety.
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Figure 2.1: Schematic of the NHTSA a) Side Barrier, b) Frontal Impact, and c) Side Pole Impact Test.

Today, there are many regulatory agencies worldwide that have introduced their own NCAP
program to evaluate new vehicles for safety. In addition to the United States government-mandated NCAP
program, the Insurance Institute for Highway Safety (IIHS) is a third-party organization that performs
testing and publishes its own standards for vehicle safety. The European NCAP (Euro-NCAP) program is
the primary governing body for new vehicles for sale in Europe. Both the Euro-NCAP and ITHS program
includes an offset frontal impact test that is far more challenging for engineers than frontal impact. Figure
2.2 presents a schematic of the offset frontal impact tests. In this loading condition, a vehicle is directed
straight forward at 17.8m/s (64km/h) into a deformable barrier that overlaps only part of the front of the

vehicle ([2], [3], [29]). This loading scenario introduces an oblique loading onto the vehicle, which causes



the vehicle to rotate. Rotation is extremely dangerous to vehicle occupants, to such an extent that the Brain
Injury Criterion (BrIC) used by the NHTSA considers rotational velocity of the head as the sole indicator
of brain injury risk [30]. The recent introduction of these tests is part of a growing trend of increasing

standards for vehicle safety.

a) b)
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Figure 2.2: a) 40%-Overlap Test (IIHS and Euro-NCAP) and b) 25%-Overlap Test (IITHS).

These kinds of full-vehicle crash tests are extremely valuable and essential to any crashworthiness
test program. Today, the structure of a vehicle is a highly complex, integrated system composed of many
complex materials designed to dissipate as much kinetic energy as possible in the event of a crash. Every
aspect of the vehicle design will play some part in the event of a crash. Yet, it is simply not possible to
perform a comprehensive full-scale experimental crashworthiness program to enhance a vehicle’s
performance. This would require numerous prototype vehicles for destructive testing before production,

which would drastically increase the engineering design cycle and cost.

2.1.2 Component Crashworthiness Testing

Due to the high cost associated with full-vehicle crash testing, automotive designers typically rely
on preliminary evaluation of individual components subjected to representative loading conditions of their
in-service performance. In the late 1950s, research began into the energy absorption properties of individual
thin-walled tubes for their applications in light rail transit crash safety [31] and safety in nuclear energy

structures [32]. Later, interest in thin-walled structures expanded into the automotive safety community for
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their efficiency in mass, energy absorption, and packaging (e.g. [31]-[33]). Preliminary experiments were
performed quasi-statically using a hydraulic press or dynamically in a drop tower apparatus under axial

crushing conditions.

2.1.2.1 Experimental Testing of Components Under Axial Loading Conditions

Figure 2.3 presents experimental setups using the hydraulic press and a drop tower. In a quasi-static
press, the specimen is fixed to a rigid plate, and a second rigid plate moves at a very slow speed (e.g.
0.508mm/s [27], 0.194mm/s [34]) to crush it while the reaction force is recorded. This simple test allows
automakers to utilize widely available hydraulic equipment to obtain a lot of useful information, such as
force-displacement and deformation behaviour. However, automotive crash is a highly dynamic process
with important inertial and strain-rate effects. In the drop tower experiment, a mass (typically 80 — 100kg)
is raised above a specimen and released to achieve a maximum impacting speed of approximately 11m/s
(40km/h) [35]. Although this captures the strain-rate effect, this requires an increase in the complexity of
the apparatus. More importantly, the drop tower experiment is often limited by the total amount of input

energy (i.e., ~3000N-m with 100kg at 3 m) generated by elevating a mass to a height.

More recently, linear crash sled testing apparatuses have been developed to overcome this
deficiency. Figure 2.4 presents a linear crash sled apparatus setup at the University of Waterloo. In this
setup, a compressed air accumulator fires an instrumented linear mass along a set of rails into a rigid wall
with an instrumented component mounted to it. These sleds can use heavy masses (up to 1400kg) that can
be propelled to high enough speeds (up to 90km/h) to replicate the energy (169500N-m) involved in a
vehicle crash event (e.g. [36]). Load cells on the fixed side record the forces during the crushing process,

and equipment such as high-speed cameras can be used to determine the kinematics of the crash event.

2.1.2.2 Experimental Testing of Components Under Oblique Loading Conditions

Due to the vast amount of kinetic energy involved, off-axis and oblique impact tests present a
significant projectile hazard in a linear sled setup, and are still typically performed in the confinement of a
drop tower (e.g. [35]) or quasi-static press (e.g. [34]). The test apparatus used by important experimental
works are shown in Figure 2.5. Drop tower testing of oblique crushing was initially performed in the mid
1980s and led by Reid and Reddy [35], who studied axial and oblique crushing of tapered rectangular tubes.
The oblique impact angle was set to be equal to the taper angle, such that one side of the tube was colinear
with the axis of the impacting mass. This reduced the risk of a projectile hazard. Oblique quasi-static press
experiments were performed on square tubes by Reyes et al. [34][39][40]) and conical tubes by Ahmad et
al. [39]. There are some variations in the experimental setup: Reid and Reddy [35] and Ahamad et al. [39]
fixed the tube to the moving portion of the apparatus, while Reyes et al. [34][39][40] fixed it to the



stationary base. In all cases, the kinematics of the setup are similar: a tube is mounted to an angled surface,
and crushed by a flat surface, such that there is an angle between the axis of the tube and the line of action

of the crushing force.
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Figure 2.3: a) Hydraulic Press Setup for Quasi-static [27] and b) Drop Tower Setup for Dynamic Crush
Testing [40].
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Figure 2.4: Linear Crash Sled Setup at University of Waterloo [41].
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Figure 2.5: Oblique Impact Experimental Apparatus: a) Drop Tower Used by Reid and Reddy [35], b)
Quasi-Static Press used by Reyes et al. [34], ¢) Quasi-Static Press used by Ahmad et al. [39].

Component-level testing allows structural components to be designed for crashworthiness more
rapidly and at a lower cost than full-vehicle tests. In general, the knowledge from a component-level test
can be transferred to the performance of a full-vehicle crash. However, full-vehicle testing is still required

to ensure that the interaction between components does not produce unexpected behaviour.

2.1.3 Mechanics of Experimental Crushing

2.1.3.1 Mechanics of Axial Crushing of Thin-Walled Structures

Thin-walled structures undergo various deformation modes during axial crush. In the 1980s, Jones
and Abramowicz [42][43] performed extensive drop tower experiments of axial crushing of square tubes
to identify these key deformation modes. Their pioneering work identified four deformation modes:
inextensional, extensional, mixed, and bending. Each of these deformation modes has an implication on the
experimental force-displacement response. Jones and Abramowicz [42] reported that the inextensional
mode was the most common deformation mechanism for axial crushing for square tubes. Figure 2.6 presents
square crush rails with inextensional, extensional, and mixed crush patterns. Inextensional folding is thus

named because the in-and-out pattern generates little circumferential extension of the tube.



In some cases, the extensional folding mechanism was observed, where the hinge deformation is
entirely outwards or entirely inwards, causing substantial circumferential extension. This deformation
mechanism absorbs more energy because more deformation is associated with stretching than plastic
hinging in the inextensional mode. It is also possible for mixed modes to form where both inextensional
and extensional folds are present. For example, Figure 2.6¢ presents a case where the bottom fold consists
of three lobes that folded outwards (causing extensional deformation) and one which folded inwards. In
some cases, typically only in long slender tubes [44], there is a transition to an overall bending mode, shown
in Figure 2.7, called global buckling. This deformation mode has the worst energy-absorption
characteristics because it only involves a single fold. Bending deformation is more common in oblique

impact cases and is discussed in more detail in Section 2.1.3.2 below.

a) b)

Figure 2.6: Axially Crushed Square Tube with a) Inextensional, b) Extensional and ¢) Mixed Crush Modes
[43].

Figure 2.7: Bending Mode of Axially Crushed Square Tubes [42].



Figure 2.8 presents a typical force response, F(x), as a function of displacement, x, during the axial
crushing of a hollow square tube up to a crushing displacement, 8. During the initial phase of deformation,
there is an initial elastic loading of the structure until it reaches its elastic limit. Once the structure reaches
its elastic limit for a thin-walled structure, the structure yields due to compression, forms a plastic hinge,
and begins to crush. As a result, there is a sudden drop in the force-displacement response during the plastic
hinge formation. This initial peak typically corresponds to the highest observed force, known as the peak
crush force, Fpeai. As the plastic hinge forms a complete lobe, the structure begins to stiffen through direct
contact of the lobe against the structure. This causes a sudden increase in the force that causes a new plastic
hinge to form. However, due to the instability and inhomogeneity of the previous fold, the force required
to generate the sequential fold is lower than the initial peak force. This process continues in an oscillatory

manner of progressive crushing that dissipates the kinetic energy through plastic deformation.

Multi-cellular crush tubes have more complicated deformation patterns, including mixed-mode
folds, and more complicated force-displacement responses. Figure 2.9 presents an example of a multi-
cellular crush tube and the experimentally measured crush force-response. Multi-cellular tubes typically
have a higher mean force response because the folds interact with one another and stiffen the structure as it
deforms. The force-displacement response is typically more chaotic, as folds in various tube regions are

formed at different times.
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Figure 2.8: Typical Force-Displacement Response during Axial Crush.
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Figure 2.9: a) Cross Section of Multi-Cellular Rail and b) Force-Displacement Response during Dynamic
Axial Crush [25].

2.1.3.2 Mechanics of Oblique Crushing of Thin-Walled Structures

Like axial impacts, oblique impacts may produce inextensional, extensional, mixed, and bending
deformation modes. However, some degree of global bending, which is rare in axial impacts, is ubiquitous
in oblique impact cases. Reyes et al. [34][39][40] observed that squares loaded at an angle to their
longitudinal axis would buckle globally in a quasi-static press. Figure 2.10 presents the resultant
deformation and force-displacement response of the global bending mode. Once this deformation mode
begins, it dominates the collapse, and the entire tube deforms in a global buckling mode. With only a single
plastic hinge, the bending deformation mode tends to be extremely inefficient in dissipating energy
compared to the local buckling and progressive folding mechanisms. This is seen in the force-displacement
response, where the crushing force monotonically decreases after the initial peak. Thus, this deformation

mechanism is undesirable in vehicle crashworthiness applications.
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Figure 2.10: a) Global Buckling Mode and b) Typical Shape of the Global Buckling Force-Displacement
Curve, as Presented in Reyes et al [37].
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Although oblique impact generally causes some degree of bending deformation to occur, it does not always
cause global buckling. In many cases, there will be a combination of bending and progressive crush modes.
This is common in vehicle crashworthiness applications due to the various interactions of components and
multi-cellular structures. An example of the first case can be found in the work of Zhang et al. [45], shown
in Figure 2.11a. This is a significant result because it highlights that the combination of bending and
progressive crush is prevalent in real-world crashworthiness applications. Multi-cellular structures are
generally more robust in oblique impact than single-cellular structures because it is more difficult for a
single plastic hinge to form and cause global buckling. Figure 2.11b shows a simulation of a multi-cell
triangular tube impacted at a 15° angle from a study by Tran [46]. The combination of bending and
progressive crush is exhibited. Further examples can be seen in the studies by Qi et al. [7] and Yang et al.
[5]. This combination of bending and crushing is responsible for the reduced energy absorption in oblique
crush. Bending deformation absorbs less energy than crushing, and there is proportionally more bending
deformation as the impact angle is increased. At sufficiently large impact angles, global buckling will still

occur.

Figure 2.11: Deformed Shape of Obliquely-Impacted Crush Rails: a) Crush Rail from Full-Vehicle Model
[45], b) Multi-Cell Triangular Tube [46].

2.1.4 Measuring Performance from Component-Level Testing

From these instrumented experiments, several metrics for evaluating a component’s performance
during crush can be determined. Hanssen et al. [47] identified a comprehensive summary of performance
metrics commonly used for component performance evaluation during axial crush. The peak crush force,

Fpeak, is defined as

Fpeak = Max(F(x)),0<x <6 (2.1)
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The energy absorbed, EA, by the structure is a key performance metric defined as

5
EA=J F(x)dx 2.2)
0

Another critical performance metric is the mean crush force, Fye4n, Which is defined as

EA
1:"mean = F (23)

Hanssen et al. [47] also introduced the concept of crush efficiency, Ncrysh, @s @ metric for evaluating

performance, such that

N _ Fmean
crush F

2.4
peak

where an ideal structure would have a crush efficiency of N¢usn = 1.0. To differentiate between structures
that have similar energy absorption but have different mass, Andrews et al. [48] introduced the specific

energy absorption, SEA, which is defined as

EA  Freand

SEA = =
Mass Mass

(2.5)

These metrics may be defined for either axial or oblique crush, with no change to their calculation. A
superscript may be used to indicate the impact scenario (as in Equation 2.6). If not otherwise indicated,

values should be assumed to refer to axial crushing.

The force-displacement response for a singular crush tube will be different in axial and oblique
impact. Thus, additional performance metrics may be defined to capture the relationship between the axial
and oblique performance. Tran et al. [49] defined the oblique impact coefficient as the relationship between

the axial force and the oblique force, such that

Foe Fe
Amean = Faxial )\peak = Faxial (26)
mean peak

The oblique impact coefficients are important metrics of the crush performance, as they not only
characterize the oblique impact performance given axial performance but can also be thought of as
representing the sensitivity of a particular design to oblique loading. Tran et al. [49] found that the oblique
impact coefficient for the shapes studied in their work remained approximately constant for a given impact

angle, with small higher-order secondary effects caused by changes in the geometry of the profiles.
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2.2 Analytical Modelling of Crashworthiness

Many researchers have made contributions to the field of analytical crush modelling. In these
works, the emphasis is on developing a mathematical model of the crush process based on the principles of
mechanics. These serve as initial hand-calculations that are useful for preliminary design generation, which
can provide crucial insight into the structure’s crush mechanics. Alexander [32] presented some of the
earliest works in the field of analytical crush mechanics. In this fundamental work, an analytical expression
was derived for the mean crushing force of a rigid-perfectly-plastic cylindrical tube undergoing progressive
folding and crushing. Alexander [32] determined that two sources contributed to the energy absorption:

bending and stretching. The expression for the mean crushing force in a cylindrical tube was derived as

2h?ro
—mn} Q.7

Frmean = [hHT[] + { H

where h is the wall thickness, r is the tube radius, o, is the yield strength in tension, and H is the half of
the length of the tube that is involved in a single fold (the “half-wavelength”). The first term in the square
brackets represents the contribution from the material stretching, and the other term represents bending.
The relationship between each term and H is of critical importance to understanding tube crush mechanics.
Long wavelengths increase the force required to stretch the material, and short wavelengths increase the
force required to bend the material. Alexander [32] assumed that the system would take on a deformation
pattern that naturally minimizes energy absorption and thus crushing force. In other words, H will take on
a value that minimizes Equation 2.7 (0F jean/0H = 0). Performing this minimization and substituting the

result back into Equation 2.7, the final result produced by Alexander [32] was

Fmean X hllso-ten\/; (28)

Wierzbicki and Abramowicz [50] performed a detailed analytical study on the crushing mechanics
of square tubes undergoing either Type I (Figure 2.12a) or Type II deformation (Figure 2.12b). The model
is a kinematically admissible “super folding” collapse element created from four plane surfaces, two conical
surfaces, two cylindrical surfaces, and one toroidal surface (Figure 2.12c). Analytical approximations of
the mean crushing force are derived using the same method as Alexander’s derivation, with C as the tube

width

5 1
TypeI: Fpean = 9.56h30,C3 2.9
Type Il: Fiean = 4VnCh'Soy, + 2h*%0, (2.10)
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(b)
Figure 2.12: Illustration of Kinematically Admissible Collapse Elements, a) Simplified Type I, b)
Simplified Type 11, ¢) Type I with all Kinematic Features [50].

Wierzbicki et al. [S1] introduced a “super beam” element to extend the super folding element to
incorporate cases of bending and combined bending/compression. For a square tube in bending, the mean

force was determined to be
Fimean = 1.71mo,h5/3C?/3 2.11)

To account for work hardening, Chen and Wierzbicki [52] introduced an “energy equivalent flow stress”
that is the average flow stress between the yield point and ultimate strain. This equivalent flow stress is

given by
1 (B
Oequiv = E—J ode (2.12)
uJo

where €, is the ultimate strain. A convenient closed-form solution can be found by utilizing an analytical
hardening model, such as the power-law model, where the equivalent flow stress is defined as
0o0yrs

Oequiv = n+1 (2.13)

An extension of these models to include material strain-rate effects is possible by assuming the strain-rate
is constant and uniform. Abramowicz and Jones [43] proposed that the strain rates in Type [ and II collapse

elements can be computed based on the impact velocity (V) and width provided by
. (Type 1) dé= v (Type II) (2.14)
&€=z (Typel), and & == (Type .

Assuming the material follows a Cowper-Symonds [53] strain rate sensitivity model, the dynamic effects

can be accounted through
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Dynamic

£\a
Gequiv = Oequiv 1+ (_> (2-15)

where M and q are the Cowper-Symonds strain rate sensitivity parameters.

Chen and Wierzbicki [52] proposed one of the first attempts of analytical modelling of multi-
cellular structures by using a simplified version of the super folding element to calculate peak force for
multi-cell columns. Their approach was based on dividing the tube into distinct “angle elements” that are
assumed to contribute to the overall response individually. Figure 2.13 illustrates this concept by showing
an example geometry and an exploded view with the angle elements separated. The number of flanges in
each angle element is indicated in Figure 2.13b. The total number of flanges in each intersection point is
summed to produce a final value of N for the tube (Ny = 14 in Figure 2.13b). This value was then used to

predict the peak crushing force as
2
I:Ipeak = §0-equivh T[NfA (2.16)

where A is the cross-sectional area of the structure. Zhang et al. [54]-[59] extended the approach of Chen
and Wierzbicki [27] by performing numerous studies to develop analytical models for different types of
angle elements. They contributed predictive mean force equations for various angled elements, three-panel

elements, and four-panel elements.

a) b)

Nf=2 Nf=3 Nf=2

Figure 2.13: a) Multi-Cellular Structure and b) Exploded View Showing Angle Elements and Flanges per
Element.
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There is also literature that focuses on predicting the final consolidated length of the structure.
Abramowicz [60] performed an analysis on the shapes of the folds in order to provide an estimate for the

length of the tube after crushing. It was found that the crushing distance (J) in a square column is
6 =0.71 (2.17)

where 1 is the initial length. Wierzbicki and Abramowicz [50] investigated the concept of solidity ratio, ,

defined as
A
= 2.1
o=7 (2.18)

where A is the cross-sectional area of the actual tube material, and A,, is the cross-sectional area enclosed
by the outer perimeter of the tube. For square tubes, they analytically determined that, given constant cross-
section and yield stress, the mean force should be proportional to solidity to the power of two-thirds. Meran
[61] later performed a numerical study on solidity ratio and arrived at similar conclusions. Although these
analytical models provide closed-form solutions to a reasonably complex phenomenon, such as crushing,
higher fidelity is often required for crashworthiness applications. In many of these analytical models,
simplifications with respect to the material and geometry behaviour are often made to facilitate the
approach. They are also limited in capturing all physical phenomena involved in the process and are

typically limited to axial impacts of single-cell structures.

2.3 Numerical Simulation of Crashworthiness

Over the past few decades, the availability of high-performance computing technologies has
revolutionized the development process of engineered systems. Although physical experimentation can
provide direct insight into evaluating performance, the “trial and error” experimental approach to product
development is often plagued with high cost and high development time. As such, scientists and engineers
have turned to using computational techniques, such as numerical modelling, to perform virtual experiments
of their system prior to production. This allows a scientist or engineer to rapidly explore the design space
without the need for costly experiments. In the automotive industry, the commonly employed computational
technique for modelling crashworthiness problems is commercial finite element packages, such as LS-
Dyna. LS-Dyna is a nonlinear multi-physics finite element package for evaluating the large deformation
response of structures [62]. This also allows scientists and engineers to incorporate nonlinear phenomena,
such as large deformation and rotation, contact with multiple bodies and self-contact, and nonlinear
constitutive response, into the crush calculations that cannot be accomplished using analytical methods.

However, achieving high accuracy levels with finite elements, which is critical for evaluating
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crashworthiness, is still challenging. Even with recent technological advances, accurate finite element
simulation of crashworthiness is still a computationally expensive task that requires significant attention to
capture all these nonlinearities. In the present work, LS-Dyna will be used to perform computational
component-level crashworthiness experiments. The following section presents an overview of the nonlinear

finite element formulation employed in this work and its application to the simulation of crashworthiness.

2.3.1 The Finite Element Method

Most engineering systems can be defined using partial differential equations over some domain (in
structural applications — usually the geometry of the body). Solving such equations analytically for any
domain and any combination of initial conditions or boundary conditions is generally not possible. The
finite element (FE) method is a numerical method that approximates the solution to a time and boundary
value problem that is governed by partial differential equations. The FE method is very popular in
engineering due to its ability to solve various problems, including many physical effects. A brief overview
of the theory and its application to crashworthiness is provided in this section. Detailed derivations for
linear problems can be found in Belytschko and Fish [63] and Hughes [64]. The extension to nonlinear
problems is described in great detail by Belytschko and co-authors [65], and specifics of the implementation

of the theory in LS-Dyna are available in the LS-Dyna theory manual [62].

The method involves creating a discretized model of the system (mesh) that consists of points
(nodes) and the connections between the points (elements). An example of this is illustrated in Figure 2.14.
The problem is then solved at the nodes of the discretized domain. The solution at any point in the domain
(within the elements) can be found using interpolation functions, known as shape functions, which are
associated with the elements. The number of elements into which the domain is divided is a critical factor
in the accuracy of the final solution. The usual terminology refers to how fine or coarse the mesh is, and
the typical approach is to begin with a coarse mesh and perform mesh refinement to successively finer

meshes until the desired accuracy is achieved.

In the application of crashworthiness, the governing partial differential equation in strong form is

the conservation of momentum, given by the Cauchy momentum equation, as
Vo + pfpody = pll (2.19)

where o is the Cauchy stress tensor, p is density, foqy is the body force, and i is the body acceleration.

.. Dv _odv  dvodX . . oX .. ov
Note that ii = e = ot Toxor In a Lagrangian coordinate system Pl 0, so ii= TS The nodal

displacements are used as an input in this equation (primarily for calculating stress), which allows for the
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subsequent calculation of the accelerations and the completion of the time integration scheme (discussed in
Section 2.3.1.1). The system is also subject to traction stress, t, along [}, and displacement boundary

conditions, u = u, along [}, (Figure 2.14).

tn=tonl;

u=uonrl, X»

Figure 2.14: Example 2D Body, Partly Meshed with Example Nodes and Elements Labeled.

Through the standard method of introduction of a trial function (w) and integration by parts, the
strong form of the second-order partial differential equation can be reduced to a weak form first-order

partial differential equation as [62]

f pwii dQ + f Vw 6d() — f pw foqydQ — | wtdly =0, w=0o0nT, (2.20)
Q Q Q Iy

Note that in the above, there are certain mathematical restrictions, particularly that the trial function must
be a member of the first Hilbert space. For more detail, the reader is referred to [63] or [64]. Using a set of

interpolation functions, N(&, 1, 0), the discretized form of the system is defined as

uX v = > NG, Du(® @.21)

where u(t) is the displacements of the nodes and N is a matrix of Lagrange polynomials that interpolate
the displacements throughout the elements. A brief discussion of element types is given in Section 2.3.1.3.

The gradient of displacement is calculated as

Jd ON(E, 1,
Bxn=Y DDy = N B n,ou e2)

where B(§,n, Q) = %. Thus, strain tensors can be defined as functions of nodal displacements. These

shape functions are constant with respect to time, which leads to
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X0 = > NG, Do 2.23)

In Galerkin’s finite element method, the shape functions, N, are used as the trial function, w [63]. The

summation of each finite element leads to the discrete finite element equations for the governing equations

# elems
Y {f oINOTINO][)an + | (B []an~ [ p[NO] Ty — [ [N<e>]der}=0(z.z4)
= Uge Qe Qe r,

Using Gauss-Quadrature for integrating the spatial equations, the discrete finite element equations
can be expressed in a condensed form that follows the method of direct assembly to develop the global

equation from the element-level terms
[M][a] + [F] = [P] =0 (2.25)

where [a] is a vector of all nodal accelerations, [M] is the mass matrix defined as

# elems

[M] = Z { fﬂ ep[N(e)]T[N(e)]dQ} (2.26)

e=1
[F] is a vector consisting of all internal forces defined by

# elems

[F] = Z { f [3(9)]“[&9)]@} (2.27)
»

e=1

where [a(e)] is the internal stress generated within an element. Calculating the stress can be a complex
operation. Stress is a function of displacements (typically through the strain tensor) and various other state
variables that are tracked throughout the deformation. This term represents the role of the constitutive model
in the solution of the problem and can be responsible for a large part of the computational cost. Details
about the constitutive model are presented in Section 2.3.2. [P] is a vector consisting of all external forces

acting on the body, defined by

# elems

Pl= Y {[ N tugan | (voar) .2
Q¢ Iy

e=1

It is important to note that the external force vector, [P], accounts for both body forces and traction forces.
In LS-Dyna, the external force vector also includes contact forces and hourglass forces acting on the nodes.

Hourglassing is a phenomenon that occurs in finite element formulations that underutilize the number of
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integration points in the Gauss-Quadrature scheme for computational efficiency. This can lead to the
existence of zero-energy (also called hourglass) deformation modes with no stiffness. Hourglassing is
briefly discussed in Section 2.3.1.3. For more information about contact and hourglass forces, the reader is

referred to the LS-Dyna Theory Manual [62]. Rearrangement of Equation 2.25 leads to
a, =M 1(P, —F,) (2.29)

where n denotes the instance in time. This shows that the sum of all internal and external forces acting on
the discretized mass matrix can be used to determine the acceleration of all nodes in the system at the
current instance of time. Using a numerical method, such as the central difference method, the displacement

at the next instance of time can be determined and, thus, solve the transient behaviour of the system.

2.3.1.1 Explicit Time Integration

Explicit central-difference time integration is used to solve for the displacements as they change
with time. Figure 2.15 presents a simplified schematic of the explicit time integration scheme for a single
node. All known variables are highlighted in black, and all unknowns are highlighted in red. At the current
instance of time, t,,, the current displacement, u,,, is known. The history of the node, such as the velocity,

v, _1,at time t 1, is also known. Lastly, the current acceleration is also known from the solution of
2 2
Equation 2.29. At the next instances of time, the velocity at v, 1 and displacement at time 4, are
2

unknown. Using the central difference method, the displacement at the next time step (black circles indicate

time-steps) is approximated as

Upyr —Up—g
Vntos = = Upyr = Upg + (tn+1 - tn)Vn+0.5 (230)
thi1 — ta

This requires the computation of the infermediate velocity at v_ 1 to calculate the displacement at the next
2

time step. This method is derived from a Taylor series expansion about t, .5 and has a second-order
truncation error. Thus, the displacement at the next time step, u, .4, is entirely determined by the velocity
at the previous half-time step, v,,_g 5, and the current acceleration. The displacement at the next time step
is then used to calculate the next increments in stress and external forces, and thus, the acceleration at the
next time step. This iteration process continues until the simulation finishes. Figure 2.16 presents a

flowchart of the algorithm for each time step in the explicit dynamic FE formulation.
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Figure 2.15: Timesteps in Explicit Time Integration Scheme (Beginning of New Timestep).
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Figure 2.16: Flowchart of Explicit Dynamic FE Algorithm.

As mentioned above, this explicit method is an approximate solution for time integration. The
truncation error introduces a critical time step that governs stability in the system. This critical time step is
controlled by the Courant-Friedrichs-Lewy criterion determined by the speed of sound in a material and the
element size [65]. It is worth noting that the critical time step is only a guideline, and does not guarantee
the solution’s stability. Other checks should be performed to ensure that instabilities are not present in the

solution.

2.3.1.2 Energy Balance

Solution stability can be challenging to determine from simply analyzing the results of the FE
simulation. For instance, Belytschko et al. [65] describes an “arrested instability” where some form of
nonlinearity causes instability while the material is in the elastic region, causing the stress to diverge rapidly
until yielding stabilizes the behaviour. This would lead to a large over-prediction of displacements without
an incorrect final result. Such instabilities can be detected because any instability will cause energy to be
spuriously generated. Therefore, it is useful to calculate the energy balance at each step, allowing stability

to be checked. The associated equations are as follows:
Wiﬁt/lext = Wirrllt/ext + O'SAu(firrllt/ext + firrll-"c-/lext (2'31)
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Wit = 0.5vH 1Myt (2.32)
Conservation of Energy: |Wint + Wiin — Wext| < € (2.33)

where € is some small tolerance, ideally zero, generally on the order of 102, If Equation 2.33 is not satisfied,

it indicates the presence of instabilities in the solution.

2.3.1.3 Element Formulations

The role of the elements, as described above, is to provide interpolation of the solution between
nodes. The topic of element formulations is briefly discussed in this section. For a complete discussion, the
reader is referred to the textbook by Hughes [64]. In general, elements can be categorized by their
dimensionality, which, in the context of this work, creates a distinction between what are known as shell
elements and solid elements. Solid elements have a relatively simple formulation with the same number of
dimensions as the problem. In this work, each solid element has a three-dimensional shape, and each node
has three displacement degrees of freedom. Shell elements have a more complicated formulation, based on
Reissner-Mindlin plate bending theory, which eliminates a physical dimension of the element but
introduces additional degrees of freedom. These differences are illustrated in Figure 2.17. Instead of being
directly represented, the thickness of the element is a parameter assigned to the element and used in the

calculations performed by the element formulation.

X,

Figure 2.17: Element Shapes with Degrees of Freedom Indicated, a) Shell Element, b) Solid Element.

Element formulations are numerical approximations of the behaviour of a continuum, and as such,
are susceptible to some numerical difficulties. In particular, pressure locking, shear locking, and
hourglassing are FE behaviours of concern. A very brief overview of these phenomena will be presented
below using the example of a four-node quadrilateral element. It should be noted that this is a 2D

representation of a solid element and should not be confused with a shell element. It has a node at each
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corner, each with two degrees of freedom. The stress and strain distribution are linear in each dimension.
As described above, Gauss Quadrature is used to perform integration within the element. The quadrature
scheme may either be fully-integrated where a 2x2 grid of points is used (Figure 2.18a), or under-integrated

where the integral is evaluated using only a single point in the centre (Figure 2.18b).

a) b)

X X
X

x

Figure 2.18: Quadrilateral Elements with a) Under-Integrated and b) Fully-Integrated Formulations.

Pressure locking occurs in incompressible materials and is also relevant for near-incompressible
materials, such as metals undergoing large plastic deformations. Figure 2.18 gives examples of two
elements, each with two edges fixed and one free node. Thus, these elements have two degrees of freedom,
corresponding to the two degrees of freedom of the fixed node. There are four incompressibility constraints
in the fully-integrated element (Figure 2.18a), one at each integration point, and the element is therefore
over-constrained. To avoid this, selectively reduced integration is used, where the hydrostatic strain is
evaluated with an under-integrated scheme (as in Figure 2.18b), and the deviatoric strain is evaluated with
a fully-integrated scheme (as in Figure 2.18a). Thus, there is only one incompressibility constraint, and the
element is not over-constrained. In many cases, fully reduced integration will be used, which only evaluates
all strains at a single point. This is a popular formulation in explicit dynamics for its high calculation

efficiency.

Shear locking occurs in bending problems. Figure 2.19 presents an application of pure bending
using a 4-node quadrilateral element. Due to the limitations of the element formulation, the true boundary
conditions (Figure 2.19a) collapse to simple forces applied at each node (Figure 2.19b). As a result, the
classical elasticity solution — in which no shear strain is produced, and the element forms a curved shape
(Figure 2.19c) — is not realized. Instead, the element deforms in a manner that generates large shear stresses
in the material, seen at the integration points in Figure 2.19d. These shear strains make the element very
stiff.

Hourglassing can take many forms in different elements, but the core problem is the same in all
cases. When the stiffness matrix of the element is rank-deficient, i.e. when the number of stiffness terms is

less than the number of degrees of freedom, there will be deformation modes that do not cause any stress
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or strain to be raised in the element. Therefore, the element can deform in these modes indefinitely. In the
case of the 4-node quadrilateral, the element as a whole has five degrees of freedom (two at each node,
minus three rigid body modes). However, the stiffness matrix for the under-integrated formulation only has
three terms, implying the existence of two zero-energy deformation modes. Figure 2.19¢ and Figure 2.19d
highlight this — in the bending case, no strain is seen by the centre of the element, so this mode is zero-
energy for an under-integrated formulation. The second zero-energy mode is the same as the first, simply

in the other spatial dimension.

The poor performance of solid elements in bending problems, especially in applications with high
thickness to width aspect ratios, motivated the development of shell elements. Shell element models
perform well in bending applications with large element sizes, which allow for much quicker solution times.
The disadvantage of shell elements is that they assume that the through-thickness strain is constant, the
stress state is plane stress, the in-plane gradient of through-thickness displacement is small, and the rotations
are small. Depending on how closely the actual physics of the problem meets these conditions, shell
elements may or may not provide acceptable accuracy. More advanced shell element formulations are
available, which allow for a linear through-thickness strain distribution to be part of the formulation. These

formulations describe a 3D strain state and may be used with 3D constitutive models.

a) b)

Pure bending of a

quadrilateral Pure bending of a typical

four-node quadrilateral
finite element

< h' —

NI EEEE:EE N

Exact elasticity solution Element response

Figure 2.19: Pure Bending of a Quadrilateral Element, Adapted from Hughes [64].
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2.3.2 Constitutive Modelling

This section presents an overview of the constitutive modelling approach used during nonlinear FE
simulation of dynamic crush. A constitutive model is a set of mathematical equations that relates some
properties of a material to the deformation. In the present solid mechanics application, the constitutive
model determines the stress generated from applied deformations. The constitutive model receives
deformation information in the form of a strain tensor, which in the finite element method is determined
from the displacements by the element formulation. Within LS-Dyna, over 280 constitutive models exist to
capture different material phenomena such as strain rate effects, failure criteria, equations of state, thermal
effects, anisotropy, damage, and tension-compression asymmetry [66]. The development of new material
models to capture different material phenomena is an ongoing field of research with many more material
models to develop. Important active research areas in material modelling include: advanced material models
for steel (e.g. [67]) and aluminum (e.g. [68]—[70]) based on crystal plasticity; measurement of anisotropic
hardening (e.g. [71]); models of advanced materials such as carbon fibre composites (e.g. [72]) and

magnesium (e.g. [73]); and advanced fracture models (e.g. [74]).

The kinematics of deformation are determined by the deformation gradient, F,,, at an instance of

time

_0x(t) Adu
"TO9X X

(2.34)

Note that the deformation gradient can be computed directly from the FE shape functions in Equation

(2.23). The time derivative of the deformation gradient, F,, can be calculated using a forward Euler scheme

E, = Fut Fuy (2.35)
th —th—
and the velocity gradient, L,,, as
L, = E,F;1 (2.36)
The symmetric strain-rate tensor, D,,, and anti-symmetric spin tensor, W,,, can be calculated as
D, =5 (L, +LL) and W, =2 (L, —L}) (2.37)

For small deformations with no rotations, the rate of stress can be related to the strain-rate tensor through

Hooke’s Isotropic Elasticity Law
6) =D, (2.38)
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where 6‘1, is the Jaumann rate of the Cauchy stress-rate tensor, and £ is the fourth-order elasticity tensor

described in Voigt notation as

1—-v Y4 v 0 0 0 1
v 1—-v v 0 0 0
Y4 Y4 1—-v 0 0 0
E 0 0 0o 1= 0
el — 2 (2.39)
(1+V)(1—2V) 1—=2v
0 0 0 0 0
2
0 0 0 0 1-2v
2 |

where E is the elastic modulus and v is Poisson’s ratio. In this case, Hooke’s Isotropic Elasticity Law is
used to relate stress and strain. The Jaumann rate of stress is equal to the Cauchy rate of stress, 6,, if there
are no rotations. However, vehicle crashworthiness involves metal components that undergo large rotations.
As such, an objective rate of stress that accounts for large rotations using a forward Euler scheme is

calculated as
6p =6, +Wp:0, 1 — 0, 1:W, (2.40)

Beyond these large rotations, vehicle crashworthiness involves components that undergo severe
plastic (permanent) deformations that require a constitutive model beyond Hooke’s Isotropic Elasticity
Law. Furthermore, manufacturing induced anisotropy in the material presents an additional challenge in
accurate FE modelling of crashworthiness [25]. In the following section, the anisotropic elastic-plastic
constitutive model is presented. The numerical implementation of this constitutive model follows the
convex cutting plane algorithm presented in Chung and Richmond [75]. The reader is referred to the
following literature for details about the numerical implementation of the elastic-plastic constitutive model
into the finite element framework: Chung and Richmond [75], Yoon et al. [76], Abedrabbo et al. [77] and
Kohar et al. [78].

2.3.2.1 The Elastic-Plastic Constitutive Model
The elastic-plastic constitutive model decomposes the total strain rate tensor into an elastic, D*, and

plastic strain rate, DP, as
D =D*+DP (2.41)
Note that the time increment subscript has been removed for simplicity. Using Hooke’s Elasticity tensor,

the increase in stress rate is related to the elastic strain rate as
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6! = £°:D* = £°: (D — DP) (2.42)

The direction of the plastic strain rate can be related to a plastic potential function, g(o), by a plastic

multiplier, A, [79], [80]

. 0g(o
pP = 28 (2.43)
do
In the elastic-plastic model, plasticity is governed by the flow rule, ®, defined as
D = 0eq(0) —G(E") <0 (2.44)

where £ is defined as the effective plastic strain, Oeq(0) is called the yield function and relates the stress

tensor to an equivalent stress, and G(gF) is called the flow stress and describes the work hardening
behaviour of a material. From work conjugacy, the effective stress and plastic strain rate, €°, can be related

to the stress and plastic strain rate tensor [81]
Oeq(0)e" = 6:DF (2.45)

Assuming that the plastic potential function is equivalent to the yield function (known as the associative
flow rule assumption), the effective plastic strain rate is equivalent to the plastic multiplier (€7 = ). At
any instance of time, the deformation is elastic and governed by Hooke’s Isotropic Elasticity Law when

® < 0. However, the deformation is plastic when ® = 0 and constrained by c.q(0) = 6(g"). These

constraints lead to the consistency equation (® = 0) that describes the rate of effective plastic strain, €F.

The application of the chain rule on the consistency criteria of Equation (2.44) leads to

. _ 00¢q(0) 5 do(e?) p

b > =0 24
Jo J€P (2.46)

where 00¢q(6)/ 06: 6 = 004(6)/ d6: 6. Substitution of Equation (2.42) into (2.46) and rearrangement

for P gives

a"gq (o) el p

. —5g L

= 2.47

05ea(@) . 07ea(@) _ 35(E) (247)
Jdo T J€P

2.3.2.2 Yield Functions
The isotropic von Mises [82] yield criterion is a classical yield function that is used to determine

the onset of plastic flow in solid mechanics. The yield function is given mathematically as
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(2.48)

(011 — 022)% + (022 — 033)? + (033 — 011)% + 6(012 + 023 + 033)?
O-eq,vm(o') = 2

This yield function is very simple, easy to implement, and computationally efficient. However, this yield
criterion assumes isotropic deformation. Real-world materials may be anisotropic, where the yield strength
in each direction is different. The Lankford coefficients (the ratio of plastic strains in different directions)
may also vary [83]. Furthermore, the texture of the material may evolve under deformation, causing the

material properties to change as the deformation progresses [70].

A variety of yield functions exist in the literature that can capture a variety of anisotropic behaviours
(e.g. [84][85][86][87][88][89]). Recently, the Barlat et al. [90] yield function, known as the Y1d2004-18p,
has been shown to capture the anisotropic response of lightweight automotive alloys, such as aluminum,
for crashworthiness applications [25]. As a result, the Y1d2004-18p yield function is employed in this study.
The Y1d2004-18p yield function is a 3-dimensional symmetric formulation that uses two linear stress

transformations tensors, ¢’ and ¢, that operate on the deviatoric Cauchy stress tensor, s, such that
p y
§'=c':s and §" =c":s (2.49)

where §' and §"' are the first and second transformed deviatoric stress tensors respectively. The deviatoric
. 1 . . .
Cauchy stress tensor is defined as s = ¢ — 3 trace(o). The first and second transformation tensors (in Voigt

notation) are defined as

[ 0 —cj, —Ci3 0 0 0 7 0 —cf, —ci 0 0 0 1
—c3; 0 —cp;3 O 0 0 —c3; 0 —c3 O 0 0
, _|=c1 —c3 O 0 0 0 o |—c31 —c 0 0 0 0
“=lo 0 o0 - o ol T|o o o - o o|@O
0 0 0 0 —ck 0 0 0 0 0 —c%& 0
) 0 0 0 0 —chl [ 0 0 0 0 A

where these 18 coefficients (c;; and c{}) define the yield function and are calibrated to experimental

measurements of anisotropy. The equivalent stress function that is defined by the Y1d2004-18p yield

function is

1
3 m

> i-5" (2.51)

3
i=1j=1

AN

Oeq,Y1d2004—18p (o) =
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where S; and S/’ are the principal stress components of the first and second transformed deviatoric stress
tensors, respectively. Experimental and crystallographic measurements suggest that values of m = 6 are
appropriate for body-centred cubic materials, such as steel [91], and m = 8 for face-centred cubic [92]
materials, such as aluminum. For materials that follow the normality rule, the yield surface must be convex
[93]. Therefore, m must be greater than 1 in all cases. Note that the values c;; = ¢;; = 1 and m = 2 revert
the Y1d2004-18p yield function back to the isotropic von Mises yield function. The Y1d2004-18p model is
able to capture anisotropy of both Lankford coefficients and yield strength, but does not capture the effects

of texture evolution.

2.3.2.3 Flow Stress

The flow stress model is used to represent the work hardening behaviour associated with the
accumulation of dislocations in metals. A variety of hardening models exist in the literature [62]. This work
utilizes the Voce hardening rule [94] for the flow stress model during quasi-static loading. The quasi-static

flow stress, 0 is defined as
6o = oyrs — (outs — oy )exp (—Dg") (2.52)

where oy is the initial yield stress, oyrs is the ultimate tensile stress exhibited when the flow stress saturates,

and D is a work hardening coefficient. Many metals used in the automotive industry exhibit rate-sensitive
behaviour where the stress-strain response of the material is different depending on the strain rate (e.g. see
refs [95]-[99]). A variety of models for capturing this effect within the classical plasticity framework exist,
including the Johnson-Cook [100] and the Zerilli-Armstrong [101] rate-sensitivity models. These models
incorporate an aspect of temperature sensitivity as well as rate effects; thus, these models require more
calibration parameters and more experiments. This work will employ the Cowper-Symonds model for
strain-rate sensitivity, which requires fewer experiments to calibrate because it does not consider
temperature effects[53]. It defines a dynamic flow stress that is a scaled version of the “static” flow stress

and normalized at some reference strain rate. The dynamic flow stress is calculated as
1

6(sF) =64 =0, 1+ (ﬁ)q (2.53)

where M is the strain-rate sensitivity coefficient of the reference material and q is the strain-rate sensitivity

exponent.
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2.3.3 Application of Finite Element Methods to Crashworthiness

Since the proliferation of computational power in the late 1990s [57][91], scientists and engineers
have turned to commercial FE software for modelling and designing axial crush structures (e.g. [103]-
[105]). Otubushin [103] utilized a preliminary version of the LS-Dyna software, known as DYNA3D, to
perform some of the first non-linear finite element simulations of the axial crushing experiments presented
in Abramowicz and Jones [42]. The correlations between the simulations and experiments in the work of
Otubushin are some of the earliest works that were used to validate the LS-Dyna software. Langseth et al.
[104] performed one of the earliest comprehensive studies of crashworthiness that incorporated both
experiments and FE simulations of aluminum structures. In their work, the effect of mass ratio and impact
velocity on the crashworthiness response of aluminum extrusions was studied. Their FE model consisted
of a square tube modelled with plane stress shell elements with quarter-symmetry to reduce computational
requirements. Geometrical imperfections were used to trigger the crush folds. They used an isotropic von
Mises yield function with the Voce flow stress model but no rate-sensitivity model. A simplified set of
boundary conditions were applied to the nodes on one end of the tube, and a rigid body struck the other end
of the tube with a prescribed constant velocity. Frictionless self-contact algorithms were applied to the tube.
A reasonable agreement was found between the simulations and experiments, and although the exact force-
displacement response showed some deviations, their FE model captured the general trends of the response.
The total energy absorption predicted by the simulation showed good agreement with the measured
experimental response (13% error or better), and the deformation modes appeared visually similar. Their
parametric study showed that higher mean crush force correlated with increased impact speeds due to lateral
inertia forces. Their results also showed that beyond a certain mass ratio (15:1), increasing the ratio of the
impacting body mass to the tube mass had little effect on the crush response. The results of their numerical

studies were further supported by the experimental studies of Karagiozova and Jones [106].

Han and Park [105] used FE analysis to perform parametric studies on square steel tubes under
oblique loading. Figure 2.20 presents the FE model construction in their study. The modelling approach of
Han and Park followed a similar approach outlined in Langseth et al. [104]; the FE model constructed by
Han and Park [105] used shell elements with an isotropic von Mises elastic-plastic model without rate
sensitivity. The entire geometry was modelled without symmetry with different boundary conditions to
capture the off-axis loading condition. The striker mass was fixed to the end of the crush tube (shown as

Area 2) and was constrained to move only in the initial direction of the tube axis.
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Figure 2.20: FE Model Setup for Oblique Loading and Selected Simulation Results [105].

Simulations were performed under different load angles. It was found that there was a critical load angle
where the collapse mode would suddenly change from progressive buckling to a global buckling mode that
would reduce the mean force by as much as 60%. It was found that changing the wall thickness had little

effect on the value of this angle, but varying the rectangular aspect ratio had a significant effect.

Reyes et al. [34], [37], [38] performed numerical studies alongside their experimental studies of
square aluminum tubes under quasi-static oblique loading. Figure 2.21 shows sample experimental and
simulated results from these studies. The FE modelling approach followed a similar approach outlined in
Langseth et al. [104]. Their FE models generally captured the correct deformation mode and mean crush
force response but underestimated the post-buckling force response and overestimated the peak load unless
initial imperfections were introduced to the FE model. This was the first major study to analyze oblique
crush with experimental data provided for validation numerically and was a key source of oblique impact

data available in the literature to validate computational models of oblique crush events (e.g. [5], [6], [107]).

Figure 2.21: Quasi-Static Oblique Crush: a) Experimentally Crushed Tube, and b) FE Model [34].
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Fyllingen et al. [108] investigated the difference between different element formulations, such as
shell elements and solid elements. It was found that solid elements and a more advanced shell formulation
that included a linear through-thickness strain distribution (*SECTION SHELL TYPE=25 in LS-Dyna)
were more accurate predicting the force-displacement response than traditional plane stress shell elements.
In the case of solid elements, it was reported that using a mesh with only one element in the through-
thickness direction was very inaccurate at predicting the force-displacement response. Refining the mesh
to have two elements through-thickness was found to improve the prediction greatly. Further mesh
refinement with more than two through-thickness elements showed quickly diminishing returns to improve
accuracy at a great computational expense. Therefore, a mesh with two elements through-thickness is
recommended when using solid elements. This result is further supported by the mesh refinement study

performed by Kohar et al. [109].

Williams et al. [95] studied the influence of anisotropy on the axial crush response of hydroformed
square aluminum tubes. Numerical simulations were performed with and without anisotropy and rate
sensitivity using the Johnson-Cook model [100] and compared with experimental measurements. The
Barlat et al. [88] Y1d2000 yield function was used as the constitutive model to capture material anisotropy.
Their results showed that including anisotropy lowered the predicted energy absorption. This occurred
because the calibrated anisotropic yield surface had a smaller normalized area than the isotropic von Mises
yield surface commonly used. Later, Giagmouris et al. [110] studied localization and failure in AA6061
during crush. Their results highlighted the importance of including 3-dimensional effects with a non-
quadratic anisotropic yield function to obtain reasonable predictions of the onset of localization during

crush.

Kobhar et al. [109] performed a hybrid analytical-numerical study on the effects of the elastic-plastic
response on the energy absorption of square crush tubes. Their work systematically studied the sensitivity
of energy absorption characteristics to variations in the yield strength, ultimate tensile strength, hardening
rate and failure strain. FE models were created using solid elements and shell elements, which highlighted
the necessity for solid elements in predicting energy absorption (Figure 2.22). A simple fracture model was
implemented in this work, which would delete elements if the effective plastic strain within them reached
the failure strain of the material. It was found that increasing the yield strength will improve crush efficiency

if the hardening capabilities are high enough but will otherwise decrease it.
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Figure 2.22: a) Force-Displacement and b) Energy Absorption Response Using Different Elements [109].

Another work by Kohar et al. [78] investigated the effects of yield function curvature and
anisotropy on the crush response of circular aluminum tubes. The advanced CPB06ex2 [111] yield function
was used in their study, capturing variations in yield stress, the direction of plastic flow, and
tension/compression asymmetry. A detailed analysis was taken at various locations to study the critical
strain paths during crush. It was generally found that the material begins in compression and moves through
a state of shear towards plane strain bending combined with balanced biaxial stretching. It was shown that
varying the shape of the yield surface had a significant effect on the stress and strain states of the material
and the resulting response of the tube. The variation of yield stress anisotropy influences the crush forces,
and the direction of plastic flow affected the deformation modes. It was also found that the energy
absorption is very dependent on the area of the yield surface; this result was later echoed in a later study by

the same authors [25].

Kobhar et al. [25] also performed a study investigating the effect of the yield function choice on the
outcome of an optimization study of a multi-cellular commercial crush rail design. Results from finite
element models using both plane stress shell elements and 3-D solid elements are reported. The use of
various yield surfaces (Von-Mises [82], Hosford [112], and Y1d2004-18p [90]) is considered. It was found
that the models utilizing solid elements with the Y1d2004-18p yield function were the most accurate, and
all 2-D formulations significantly under-predicted the energy absorption response. This was investigated
using highly detailed finite element models that included contact with elastic steel bosses (clamps on the
tube ends), plates, and the impacting sled. It was found that the SEA of the final design was up to 10%
higher when using Y1d2004-18p instead of Von-Mises, and up to 6% higher when using the generalized
Hosford function. This work highlights the importance of using advanced yield functions when modelling

and optimizing extruded crush tubes.
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2.4 Design Optimization Principles

Optimization is the process of selecting the “best” option from a set of possible options. In structural
design optimization, the set of options is called the design space, q, and each design has a variety of design
parameters (e.g. thickness, material, etc.) that uniquely define a set. An objective function is used to define
performance for each design, which mathematically expresses the criteria for selecting the “best” design.

Typically, the goal of the optimization is to maximize or minimize the objective function.

A large variety of optimization methods exist, and the choice method depends on the type of problem.

Various factors define the type of problem, such as:

e The number of objective functions to minimized/maximized;

e Degree of nonlinearity and convexity of each objective function;

e Cost in evaluating each objective function;

e Constraints on the design space (may be simple bounds on parameters or complex relations
between parameters that must be satisfied);

e Sampling of the domain (Continuous data vs. discrete data).

There is typically no single optimum point in optimization problems that deal with multiple
objectives (multi-objective optimization). Usually, objectives will conflict with each other to some degree,
and there will be a set of optimal designs, representing the trade-offs between maximizing each objective
independently. This set is referred to as a Pareto (optimal) front or non-dominated front. The Pareto front

can be mathematically described as
fi(q?) 2fi(q") i=1m (2.54)

where q¢ and q" are two points in the design space, and m is the number of objectives, f. The design q¢ is
said to be “non-dominated” by q" if at least one of the conditions in Equation 2.54 is satisfied, and q%
“dominates” q" if all of the conditions in Equation 2.54 are satisfied [113]. The Pareto front is the set of
designs that are non-dominated by all other points in the design space. Figure 2.23 presents an example for
the design trade-off of the classical bending stiffness (flexural rigidity) of a structural beam. The geometry
of the cross-section determines the flexural rigidity. As more material is added to the cross-sectional profile,
the flexural rigidity will generally increase (desirable). Conversely, as material is removed, the flexural
rigidity will decrease—however, less material results in lower mass, translating into lower cost (desirable).
Therefore, there will be a Pareto front representing the trade-off between mass/cost savings (compared to

the heaviest design) and high flexural rigidity. However, some cross-sectional shapes make more efficient
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use of the additional mass than others. Thus, the most efficient designs will make up the Pareto front, and

the remainder will be dominated.
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Figure 2.23: Example of a Pareto Front for a Simple Structural Problem.

Many multi-objective optimization techniques have been developed that aim to generate the entire
Pareto front. These methods are often generalizations of single-objective optimization techniques and
collapse to a single-objective method if only one objective is considered. In structural design applications
that utilize multi-objective optimization, some subjective preference information is required to select a
single point from the optimum set. Once a Pareto front is generated, a Multi-Criteria Decision Making
(MCDM) technique may be used to select a single optimal point, such as the VIKOR technique, the
Technique for the Order of Prioritisation by Similarity to Ideal Solution (TOPSIS), or a weighted average
[114]. This may be established a priori (i.e., before the optimization is performed), a posteriori (i.e., after
the Pareto front has been found), or with an interactive or hybrid technique [115]. A priori methods use
scalarization to establish a single objective based on multiple objectives. An example of scalarization is to
construct a single objective function using a weighted average of the objectives. The advantage of this
approach is that single-objective optimization is often simpler and faster than multi-objective optimization.
However, the benefit is limited, as only a single point on the Pareto front is found, and the decision-maker

has no access to information about other non-dominated designs.

Most optimization algorithms rely on a large number of objective function evaluations when finding
a global optimum. For many engineering problems, evaluating each function for every possible design
within the design space is too computationally expensive. The response surface method for structural

optimization proposed by Roux et al. [15] is an efficient strategy to overcome this challenge.
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2.4.1 Traditional Response Surface Method

The response surface method(ology) (RSM) is based on the concept of optimizing a metamodel that
is fast to evaluate instead of optimizing the objective function directly. The metamodel performs regression
analysis, which takes existing data and maps the inputs and outputs. In structural optimization using the
RSM approach, the design parameters and results from finite element simulations are used as the data for
establishing this input-output relationship. Once this metamodel is generated, it can then be extended to
predict/interpolate the outputs for any inputs. Thus, only a limited number of points need to be evaluated
directly, and then the optimization is performed on the metamodel. A simple flowchart for the Response
Surface Method is shown in Figure 2.24. In the traditional RSM approach that is commonly used in
literature for structural optimization ([6], [10], [17], [20], [116], [117]), the steps are as follows:

1. Optimization Problem Definition: Define the objectives, constraints, and design variables. The stopping
criteria for the RSM and the sampling rate (number of new points sampled each iteration) must also be
defined.

2. Define Initial Domain of Interest (DOI): The bounds for each design variable dimension are defined.
For a discrete problem, the step sizes in each dimension are defined as well.

3. Sample Points in Domain: Within the DOI, new sample points (according to the sampling rate) are
selected. There are many methods for choosing new points, described below in Section 2.4.1.1.

4. Evaluate Sampled Points: FE analysis is performed for the new samples in the domain, and the values
of the objective functions are determined.

5. Calibrate Metamodel: The results of the sample evaluations are used to calibrate the metamodel. The
details of the calibration process depend on the metamodel choice, but it is typically a minimization
process to determine the metamodel parameters that minimize the metamodel error.

6. Check Metamodel Accuracy: The iteration scheme terminates once the metamodel error is less than the
defined tolerance, €y, for a prescribed number of consecutive iterations. If this criterion is not
satisfied, the framework iterates again from Step 3.

7. Optimize on Metamodel: Once the iterative loop ends, due to the metamodel error criterion being
satisfied, the implication is that the metamodel is sufficiently accurate to represent the objective
functions in the DOI. Then, an optimizer is run on the metamodel function in order to identify the
solution. Function optimization is a large field, with many methods available. A summary is given in
Section 2.4.1.1.

8. Compute the Pareto Front: The optimizer returns the final Pareto front for the optimization problem.

37



Optimization Problem Definition

Y

Define Initial Domain of Interest (DOI)

Y

Sample Points In Domain -

}

Evaluate Sampled Points

!

Calibrate Metamodel

Check
Metamodel
Accuracy

No —

Iterative Loop

i Compute Pareto Front :

____________ v
| Finished [

Figure 2.24: Flowchart of Traditional RSM.

The goal of the RSM approach is to use as few samples as possible while still being able to construct a
metamodel that is accurate enough to capture the true optimum of the space. The results generated by the
RSM approach are dependent on the sampling selection scheme, metamodelling technique, and
optimization techniques. Details regarding the key elements and concepts of these three components of the

RSM approach are discussed below in Sections 2.4.1.1 - 2.4.1.3.

2.4.1.1 Sample Selection Schemes

In each iteration of the RSM, several samples are selected from the design space for evaluation.
Obtaining maximum coverage of the domain, known as space-filling, is a non-trivial problem with
numerous available algorithms and methods. A simple approach is to perform random sampling from the
space. A more methodical approach for relatively small problems is factorial sampling. In factorial

sampling, a certain number of levels are assigned to each variable (e.g. two (2) levels in maximum and
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minimum; three (3) levels in maximum, minimum, and median, etc.), and every combination is sampled.

The number of samples generated is
# of samples = m" (2.55)

where m is the number of design variables, and n is the number of levels. However, for high dimensionality
problems or greater resolution, the computational expense of a factorial approach is often prohibitive. This
has motivated the development of many intelligent sampling approaches aiming to sample the design space
as sparsely as possible while still acquiring sufficient information. Common methods include: Koshal [118],
Latin Hypersquare [119], Taguchi [120], D-Optimal [118], and maximin/minimax [121]. These algorithms
are powerful and flexible but have no built-in “guarantees”. In contrast, a method such as LHS guarantees
that each dimension of the space will be evenly sampled.

Table 2.1 presents a summary of the costs and benefits of each sampling scheme.

In Koshal sampling, the number of samples chosen is equal to the number of parameters of the
regression model, such that it can uniquely identify each regression model parameter. This will require the

fewest number of samples of any method but may be quite inaccurate due to the low sample density.

In the Latin Hypersquare (LHS) approach, the design space is divided into bins to create a grid
representation. The number of bins for each design variable is equal to the number of samples. Then,
samples are distributed such that each bin has exactly one sample [119]. This method provides good
diversity of the sample space for the number of points sampled but is difficult to implement on discrete

datasets which already have pre-set “bins” - which may be inconsistent across the dimensions of the space.

The Taguchi [120] method uses orthogonal arrays of sample points to create an efficient fraction
of a full-factorial design. This offers an efficient alternative to full-factorial sampling but is inflexible in
the number of samples a user may choose to select and may be less efficient than a LHS method, which

allows for sparser sampling.

D-optimal [118] sampling selects the set of points that minimizes the generalized variance of the
parameter estimates of the specified model, given a specified number of points to be sampled. Thus, it is
metamodel-specific. Roux et al. [15] found that the D-optimal approach resulted in a lower maximum error
and higher mean error than other sampling techniques, but that it is non-trivial to calculate which set is D-

optimal, and usually it cannot be guaranteed that the optimal set has been selected.

The maximin and minimax algorithms are approaches that consider each new point one at a time

with respect to all existing points and seek to either maximize the minimum distance between them or vice-
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versa [121]. The algorithm selects one initial point that is either randomly chosen or seeded. At each
iteration, the set of samples is chosen by adding points one at a time. For instance, in maximin sampling,
each point added is chosen, such that it maximizes, ®,.ximin, the minimum distance between the new

sample point and any currently sampled point in the domain of interest

cI)maximin(Xn) = r{liljl’l ||Xi - Xj“ (256)

These algorithms are powerful and flexible but have no built-in “guarantees”. In contrast, a method such as
LHS guarantees that each dimension of the space will be evenly sampled.

Table 2.1: Comparison of Sampling Methods.

Advantages Disadvantages
Full e Very dense sampling of the space e Very expensive
Factorial Acquires most information e Often prohibitively with high
domain dimensionality
e Inexpensive e Very sparse
Koshal e Simple to use e Acquires limited information
e Dependent on metamodel choice
Latin e Diversity in sampling . D.ifﬁcu!t to use wi‘Fh discreFe data
Hypersquare Flexibility in the number of samples (in paﬁlcular for high density
sampling)
e More efficient than factorial e Fixed number of samples
Taguchi Reasonably density in sampling e May be more expensive than
methods that allow for sparser
sampling
e Minimizes the variance of the parameter o Difficult to determine: requires
D-Optimal estimates optimi;ation j[echniques to
Flexibility in the number of samples determine points, may not be able
e Sampling from irregular domains to guarantee D-optimality
e Spreads out samples with diversity (maximin e Does not guarantee even
pushes to boundaries more than minimax) sampling across each dimension
Maximin/ o Allows for additional samples to be iteratively of the space (e.g. compared to
minimax added while maintaining sample diversity Latin Hypersquare)

o Flexibility in the number of samples
e Sampling from irregular domains

2.4.1.2 Metamodelling Techniques

As mentioned above, the RSM requires the use of a regression model to function as the
metamodel. A regression model is a mathematical function that predicts the output response, ¥, to a given
input, X. The operation of identifying the parameters in the regression model is known as training or fitting,
which is a minimization exercise that reduces an error function between the predicted response of the

regression model, ¥, and the actual measurements, y, for a given set of data, such that
Min(Error) = Min(f(y — )7)) (2.57)
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The regression model can then be used to predict the outputs of any inputs it is given. Typically, regression

models perform best when interpolating but can be used for extrapolation.

Regression models often operate on multi-dimensional data that have various ranges in magnitudes
of units. In the application of structural component design, the length of a crush rail can vary between the
ranges 10? to 10°mm, while the thickness of a wall section is confined to a range of 10°mm. Furthermore,
a mixture of units from different design properties (i.e., yield strength on the order of MPa, elastic modulus
on the order of GPa, fracture strains that are unitless [mm/mm]) introduces an additional challenge of
consistent units in defining an error metric. Utilizing different magnitudes and ranges of inputs and output
values will often result in parameters with larger magnitudes dominating the error function, such that
parameters with small magnitudes will fit poorly. In many regression models, their key element may have
a desired functionality over a specific range of values (generally between a value of -1 to 1) and are not
scale-invariant. Therefore, data normalization is typically performed prior to fitting or training, where the
inputs and outputs where a linear mapping function is used. Common normalization operations are to map

a parameter to a range of 0 to 1 using

_ x—min(x) 3
X=—"1"1, X €[0,1] (2.58)
range(x)
or to a range of -1 to 1 using
_ x — min(x) _
X=2|———| -1, x € [-1,1] (2.59)
range(x)

The inverse mapping is then performed on the outputs of the regression model to convert them back to the

original units/scale of the problem.

Various regression models can be employed in the RSM approach. Classical regression models
used as metamodels include polynomial regression, kernel ridge regression, support vector regression,
nonlinear regression, and feedforward neural networks. The following sections present a description of each

method, technical insight and context for the choice of metamodel used in this work.

2.4.1.2.1 Polynomial Regression

The most fundamental regression model is polynomial regression through the least-squares method
[122]. Polynomial regression fits a polynomial function to the available data by minimizing the MSE
between the function predictions and the actual values of the data points [123]. The polynomial function is

defined as
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§=pB"x (2.60)

where x = [x,x%,x2, ...x™] are the inputs, B = [Bo, B1, B2, --- Bm] are the parameters, m is the degree of
the polynomial, and ¥ is the predicted output of the regression model. The goal is then to find the parameters
of the function, ¥, that minimize the error function, E, with respect to the actual data, y. The error is defined

as
E = (y - BX)’ (2.61)

By minimizing the error with respect to each parameter (0E/ df = 0), a closed-form solution with respect

to the parameters is achieved, such that
B = (XTX) 'XTy (2.62)

Increasing the model complexity can reduce the regression model error. Although having zero
regression model error is always desirable, increasing the model complexity to achieve lower error can
result in a loss of the model’s generalizability. Unless the data is exceptionally smooth, such a high level
of accuracy often implies that the model has been fit not only to the general trends of the data but also to
random noise and outliers. This is known as overfitting. This will severely impact the ability of the model
to generalize to new data. Figure 2.25 demonstrates the concept of overfitting. In this example, a very high-
order polynomial function (6" order) fits the data well compared to a lower-order polynomial function (2™
order). Even though the 6™ order polynomial perfectly matches the input-output data, large oscillations and

gradients are present within the interpolation region that may be undesirable or non-physical.
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Figure 2.25: Example of Overfitting.
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2.4.1.2.2 Kernel Ridge Regression

The simple polynomial model with a closed-form solution can perform very well for many
engineering applications. However, it is possible that the parameters of the polynomial model p can become
ill-conditioned such that very small changes to the input (i.e., machine error or rounding error) produces a
very large change to the output. A regularization term may be added to the error function that better
conditions the matrix to prevent this undesired effect. This is known as the ridge regression method [124],

which has the following form for the error function
2 2
E = [ly - BXI|" + I'[IBl] (2.63)

where I is a regularization parameter that determines the strength of regularization. This addition to the
error function will give preference to smaller coefficients, and the problem will be better conditioned.

Following a similar methodology for minimization, the solution is given by
B = (X"X+TT) XTy, §=xTB (2.64)

where I is an identity tensor. Although the above assumes a polynomial form, it can be extended to nonlinear
functions by the “kernel trick”, which maps the data through a kernel function into a linear space in which
the linear regression method operates. The kernel can be any nonlinear function of form k(x4,x,) = W(x4) -
Y(x,), and is implemented by replacing every x in Equation 2.64 with W(x). This method is called Kernel
Ridge Regression.

Kernel Ridge Regression and polynomial regression both have a closed-form solution. This is
advantageous on small data sets, where the solution can be very quickly calculated without the need for an
iterative method. However, on large data sets, the matrix inversion step required by this solution process

can become very computationally expensive.

2.4.1.2.3 Nonlinear Regression
Regression in the style of the least-squares methods given above is also possible with arbitrary

nonlinear functions, in the nonlinear regression method. The nonlinear function follows

¥ = f([x1, %2, - %], [B1, B2, - Bi]) (2.65)

In this method, any parameterization is allowed beyond the form given by Equation 2.60 above. Similar to
the parameter identification for a polynomial regression, the nonlinear regression model parameters are
determined through an error minimization exercise. However, no closed-form solution is available. Since

the error function follows a nonlinear response, iterative solutions, such as the Gauss-Newton method, are
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commonly employed optimizers used to identify the parameters [125]. The error function for nonlinear

regression models is defined as
E=(y-¥)’ (2.66)

The values of the coefficients, B(**V), are determined iteratively according to
BE+D) = B@ — (]T])_llTE(“)B(“) (2.67)

where a is the current iteration, and J is the Jacobian matrix of the residual error. The Jacobian matrix is

defined by

9E™
=i (2.68)
iy . )
aB;

An initial guess B(®) is required to begin the procedure. Nonlinear regression models allow a tailored
mathematical model to capture individual mechanisms and phenomena that are observed directly. As a
result, the formulations and parameters offer the most intuition about the system they are representing.
However, this requires expert knowledge about the system. Furthermore, these nonlinear regression models

can have multiple local optima that can make it challenging to identify a solution.

2.4.1.2.4 Regression with Neural Networks

More recently, neural networks have become an increasingly popular approach for solving
nonlinear regression problems [126]-[129]. Neural networks are composed of many units, called neurons,
which have inputs and outputs connected in a specified way to create the network. Each neuron uses a
perceptron to process its inputs and determine the output value. Figure 2.26 shows a schematic of a multi-
input perceptron. A perceptron takes the aggregate sum of each input, x,,, multiplied by a corresponding
unique weighting factor, w,, and applies an activation function, @, to get the final output value. In a

vectorized form, the output of the perceptron is
7 =o(xTw) (2.69)

where @ is an activation function. Common activation functions for a neuron include the logistic sigmoid,
hyperbolic tangent (Tanh), rectified linear unit (Relu), and Softplus functions, shown in Figure 2.27. The
Relu activation function follows the equation of a line when greater than 0; otherwise, the value is 0.
However, using an exact value of zero for all negative x values causes the gradients to vanish [130].
Typically, the “leaky” formulation, which retains a slight slope when x is negative, is used to avoid this

issue. The Softplus function is a smoother version of Relu to remove the discontinuity at x = 0.
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Figure 2.26: Schematic of a Multi-Input Perceptron.

Figure 2.28 illustrates a fully connected neural network with a single output. The output of neurons
are connected as the inputs to additional neurons to form a hierarchal structure, known as a dense (hidden)
layer. A neural network can contain any number of dense layers and number of neurons per layer.
Furthermore, each neuron can have a unique activation function that is dependent on the application. These
network architecture parameters are user-defined aspects of the neural network, and are known as
hyperparameters. The flexibility of the network controls the degree of the nonlinearity that the model can
capture. The architecture presented in Figure 2.28 is known as a feedforward neural network because the
information from the input propagates forward to the output layer. In this architecture, each neuron of the
current layer is connected to all outputs of the previous layer. This creates a complex function where the

weights of the network are the parameters of the regression model.

A variety of optimization schemes exist to find the set of weights that minimizes the error of the
model (called /oss in the context of neural networks). There are three common error definitions: mean

absolute error (MAE), mean squared error (MSE), and root mean squared error (RMSE), which are defined

as

1 N
B = MAE =< Iy - 5il (2.70)

i

1 N
E = MSE = NZ(yi —§)? 2.71)

i
E = RMSE = VMSE (2.72)

where N is the number of samples. The values are always positive for all three error metrics, and a value of
0.0 is ideal. MSE and RMSE will proportionally penalize samples with higher errors more than MAE.

RMSE will have the same units as the function values. However, RMSE introduces an additional
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complexity by incorporating the square root operation for computing a gradient with respect to the function.
MSE is typically used as the loss function in neural networks because it corresponds well to gaussian error

distributions and has fewer complexities in calculation gradients.
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Figure 2.27: a) Logistic Sigmoid, b) Hyperbolic Tangent, c) Leaky Relu, and d) Softplus Neural Network
Activation Functions.
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Figure 2.28: Fully Connected Neural Network [26].
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Most optimization schemes for training neural networks are based on some form of the
backpropagation algorithm first proposed by Rumelhart et al. [131]. The backpropagation algorithm
updates the weights in the output layer by computing

(a+1) (@) J0E
w® — WO _

jk -k [0}
ik

(2.73)

ow

where «a is the current iteration (called an epoch), and N is the learning rate. dE/ aw].(l? is the gradient of

the error with respect to each weight, which is computed through a series of chain rules. Similarly, the
change in the weights in any previous hidden layer is also dependent on the gradient of the error of the
current layer. The gradients of the error can be evaluated and propagated to the previous layer for

computation through additional chain rules.

For small networks, a quasi-newton gradient descent method, such as the L-BFGS algorithm
described below in Section 2.4.1.3.1, may be used to optimize the network weights. The stochastic gradient
descent (SGD) method, or a variation of it, is typically used for larger networks. SGD calculates the gradient
using only a randomly sampled set of points in the training data rather than the entire set. This produces an
approximate gradient and requires much less computational power and memory. A new random set is
sampled for each calculation. More sophisticated methods are also commonly used, such as the Rmsprop
[132] algorithm, which divides the gradient by a running average of its current magnitudes, or the Adam
[133] method, which adds momentum to Rmsprop. A disadvantage of the backpropagation method is that
the weights will change very slowly if the gradients become very small. This is called the vanishing gradient
problem and arises mostly in deep or recurrent neural networks, where multiple derivatives are multiplied

together [134].

In parameter identification of neural networks, known as training, the dataset is typically divided
into three subsets: training data, validation data, and test data. The chosen fractions are problem-dependent,
but the majority of the data will often remain in the training set (usually 80-90% of the data). The iterative
scheme of the network parameter identification is performed using only the training data. The validation
data set error is also computed to serve as a check for overfitting, which is a common problem for neural
networks due to their ability to capture very complex behaviour. If the network begins to overfit to the
training data, the error on the validation data will begin to increase, signalling that training should be
stopped. It should be reiterated that the error of the validation data set is not utilized in updating the weights

in the neural network. Finally, the network is verified with the test data as a final check to ensure that the
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model has good generalizability. The critical difference between the test and validation data set is the test

set is never used at any point in the training process (i.e., identification of overtraining).

Neural networks can be susceptible to overfitting due to their inherent flexibility with weights and
various network architectures. Many approaches have been developed to promote good generalizability and
avoid overtraining neural networks. There are a variety of regularization schemes available for neural
networks. A straightforward approach is to include the L2 norm of the weights in the cost function, which
follows a similar approach as ridge regression, where a penalty is applied to large network weights in the
error function. Overfitting may also be combated by adjusting the network architecture or data during

training, such as with the dropout method [135] or k-fold validation [136].

2.4.1.2.5 Nonparametric Regression and Kriging

The regression methods discussed so far can all be classified as parametric methods. In all cases, the
form of the model is determined ahead of time, with specific parameters that are varied to minimize the
error of the model (e.g. the coefficients of a polynomial or weights of neural network). However, there is
also a class of non-parametric methods, in which the model structure itself is created from the data. This
can have the advantage of flexibility - able to learn the functionality of the data without any previous
knowledge. However, because the data is used to calibrate the estimation and create the model structure,
more data points need to be sampled. The Kriging method [137] is a nonparametric regression model
commonly used for crashworthiness applications (e.g. [5], [9], [117], [138]). In Kriging, the model structure
is created between the provided training points by interpolating with a Gaussian process with covariance
values set by the interpolation of a kernel function. The Kriging approach aims to maximize the log-
marginal-likelihood of the interpolation. Figure 2.29 illustrates the concept: the model is exactly fit at the

data points and is modelled in-between as the mean of a statistical process.

= Predicted Mean
+1 Standard Dev. From Mean
24 @ Data Samples

Output Value

0 1 2 3 4 5
Input Value

Figure 2.29: Example of a Kriging Model Fit to Data Points.
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2.4.1.2.6 Comparison of Metamodel Techniques

A brief overview of the high-level advantages and disadvantages of the various metamodels is

presented in Table 2.2. The main differences are the management and scalability of large data sets, the

functionality of the model, and the number of hyperparameters. The neural network model shows good

potential for capturing highly nonlinear and non-trivial relations, such as crash, if provided sufficient

training information. However, the number of hyperparameters can be tremendous and significant effort

may be required to design a good neural network model.

Table 2.2: Comparison of the Various Metamodelling Techniques.

Advantages

Disadvantages

e (Closed form solution

Slower on large data sets because of matrix

Polynomial e Fast on small to medium data inversion step
Regression sets Limited functionality (i.e. only polynomial)
May suffer from ill-conditioned matrix
. Closed form solution Need to pick a kernel
Kernel Ridge . . . .
R . Fast on small to medium data Limited by kernel functionality
egression

sets

e Any analytical function may
be used as the model

Difficult to train: requires optimization
scheme to find best parameters

Nonlinear )
R . e Model form and parameters Requires expert knowledge of system to
egression . .
provide the most intuition and formulate the model
meaning about the system
e Can capture very complex, May be computationally expensive to train
even discontinuous behavior Black box model
Feedforward

Neural Network

Naturally identifies level of
complexity required

More difficult to implement: need to choose
many parameters including network
architecture

Kriging

e Non-parametric: does not
assume any prior form for the
functionality

May require more sample points than
parametric methods

2.4.1.3 Nonlinear Optimization Techniques

Nonlinear optimization methods are a class of numerical tools used to find the “best available”

points in a nonlinear domain. They can be broadly classified into one of three categories:

e Algorithmic with finite termination
e Convergent iterative

e Heuristic
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Algorithmic methods with finite termination are generally designed for solving a particular problem (i.e.,
finding the roots of a cubic function). For more general problems, convergent iterative and heuristic

methods are the preferred choices for an optimizer.

Convergent iterative methods are methods that iterate towards a local solution until they have
converged to a stationary point. They can be categorized by whether they require a Hessian evaluation, a
gradient, or only the function values. These methods can be thought of as providing an “exact” solution,
although they are limited to local optimization in the initial point neighbourhood. Convergent iterative
methods converge to a single point and are therefore may not suitable for multi-objective optimization.
Important methods in this class include gradient descent [139], Newton’s method, and the BFGS (Broyden—
Fletcher—Goldfarb—Shanno) algorithm [140].

Heuristic methods are procedures (also usually iterative) that have been experimentally found to
solve optimization problems effectively. These procedures are often based on a set of rules and protocols
that are found in nature. Heuristic methods make no assumptions about the functionality of the problem,
and therefore, do not have the challenges associated with computing a gradient. Heuristic methods can be
divided into two categories: single-solution or population-based. Single-solution methods, such as the
Adaptive Simulated Annealing algorithm [141], consider only a single point and attempt to improve it as
the optimization process progresses. Population-based methods consider a large group of points (referred
to as individuals) at each step of the process. Important examples include differential evolution [142],
Particle Swarm Optimization (PSO) [143], and Genetic Algorithms (GA) [144], all of which belong to a
sub-category of population-based heuristics referred to as Evolutionary Computation. Population-based
methods can search many regions of the problem domain at once and can converge to multiple points. This
allows them to perform effective global and multi-objective optimization. However, convergence to a
global optimum is not guaranteed. Additionally, heuristic methods can take much more time to converge
than convergent iterative methods. Nevertheless, this has led to the adoption of heuristic methods -

particularly genetic algorithms - in a wide variety of fields.

The following section presents a discussion on select convergent and heuristic-based optimization

methods commonly employed in structural optimization applications.

2.41.3.1 Gradient Descent
Gradient descent [139] is a relatively simple convergent iteration scheme that aims to find the

minimum value of f(x) by relying on the computation of the functions gradient. Given an initial guess X,,

Zny = —Vi(xp) (2.74)
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Xn+1 = X + YZn+1 (275)

where z,,, 4 is the gradient of the f(x,,) and y is a step size. In each iteration, z, 4, points the function against
the gradient towards the minimum, and the point x,, takes a step in this direction. Formulas are available to
calculate upper bounds on y to guarantee convergence [139]. Gradient descent will only find a minimum
that is local to the initial guess. However, global optimization problems can be achieved by repeating the
method with many random starting points. Gradient descent can become plagued with local minima
convergence. Therefore, gradient descent can be augmented by the addition of momentum to Equation 2.74

[139] to help “push” the solution out of a local minimum through
Zpy1 = _Vf(xn) + pzy, p>0 (276)

where p is the momentum parameter and z,, is the previous computation of the gradient. With this addition,
the direction in each step is influenced partly by the direction taken in the previous step. For many problems,
particularly loss minimization in neural networks, the addition of momentum is found to improve

significantly convergence speed [145].

2.4.1.3.2 Broyden-Fletcher—Goldfarb—Shanno) Algorithm

Newton’s method [146] is a convergent iterative method that can be used to find the roots of the
gradient if the Hessian (a matrix of second derivatives) can be computed. This finds a minimum or
maximum point because these points have zero gradients. However, calculating the Hessian is often
impractical. Therefore, a “quasi-Newton” method, which approximates the Hessian, is commonly used. A
notable quasi-newton method is the BFGS algorithm for minimization, which approximates the Hessian
using an iterative update that does not require matrix inversions. For a complete description of the BFGS

algorithm, the reader is referred to Gill et al. [140]. The steps of the method are as follows:

1. Choose an initial guess for the optimal point, (%), and for the Hessian, H(®). H(®) = I may be used
in the absence of more information. A convergence parameter, €, must be set, such as € = 1075.
Set k = 0 and compute the gradient,
c(® = vf(x®) (2.77)
2. Calculate the gradient norm, ||cU||. If | |c®|| < €, terminate and return x¢9).
3. Find the search direction, d®), by solving the system of equations
H®O@® = —c® (2.78)
4. Compute the step size, o, which minimizes f(x(k) + ad(k)), by line search. In practice it is

unnecessary to find the exact optimal o, merely one which satisfies the Wolfe conditions [147].
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6. Calculate the next point
x#*D = () 4 qd® (2.79)
7. Update the Hessian approximation
(c+D — () (cletD) — c(k))T T
H* + +
(cletD) — ¢(B)) . (qd()) c® . gtk

8. Increment k and repeat from step 2.

H(k+1) —

(2.80)

BFGS is a powerful quasi-newton optimizer for finding local optima. However, it requires the storage of
an n X n Hessian matrix in memory, resulting in a quadratic memory requirement (n is the number of
problem variables). This can be prohibitive for large problems, such as the parameter identification in neural
network training or implicit finite element calculations [65]. To address this, a limited-memory BFGS (L-
BFGS) variation is often used instead of the base algorithm. L-BFGS does not store the entire Hessian
matrix; Instead, L-BFGS stores a history of vectors with past m updates of the positions and gradients. L-
BFGS uses these values to approximate the Hessian matrix,. As a result, it has only linear memory
requirements, which allows for larger optimization problems to be solved [148]. Still, these convergent
iterative methods can have difficulties overcoming problems that multiple local minima. Furthermore, these
approaches assumed that a gradient (or a Hessian) could be computed. However, these convergent-based

approaches can have difficulties with complex gradients that have discontinuities in their functionality.

2.4.1.3.3 Genetic Algorithms

Genetic algorithms (GA) are a population-based heuristic method that was developed to follow the
“survival of the fittest” type methodology that was inspired by evolution in nature [149]. Typically, the first
step of the genetic algorithm approach is to encode each sample as a collection of chromosomes — one per
parameter — which are each represented by a discrete bit string. Figure 2.30 presents an example of three
design parameters (A, B, C) that use binary encoding for a value 0 to 31. Each parameter requires 5 bits to
ensure the entire range of values can be covered. The set of chromosomes defines the genes of an individual
(i.e., set of design parameters). The performance of the individual is defined by their measure of fitness.

Fitness is the optimization objective function to be maximized/minimized.

Actual Value | 2% | 23 22 21 20 Fitness
A 3 0 0 0 1 1
B 17 1 0 0 0 1 85
C 21 1 0 1 0 1

Figure 2.30: Binary Bit String Representation of a Sample for Genetic Algorithm.
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Genetic algorithms use operations called crossover and mutation to “breed” new individuals from an
existing set. This creates a new “generation” of individuals, from which the best members are chosen. In
crossover, a random location along the length of a chromosome is picked, and values in chromosomes
between two individuals are “crossed over” at that point, as shown in Figure 2.31. This is intended to
represent the “mating” of parents to produce offspring. There are extensions of this concept, such as
crossing over at multiple points. Most commonly, two random locations will be picked, and the bits in
between will be swapped [150]. Mutation is simply when a random bit is flipped for a particular
chromosome. This mutation has the potential to introduce a new diverse gene throughout the population

that could provide better offspring.

Parent Individual #1 Parent Individual #2
b chromosome Ji8 o | [o 1 1| b chromosome ||} 1 | [1 0 1]

#1

Offspring Individual Offspring Individual = #2

b chromosome 1 1 [0 1 1|

b chromosome

Figure 2.31: Example of Single-Point Crossover in a Genetic Algorithm.

The genetic algorithm process of iteratively creating generations is as follows [151]:

1. A population of length N is established and evaluated (the first generation) and the optimal solution is
recorded.

2. Selection is performed on the existing (parent) population to make a new population with length N.

3. Crossover and mutation are performed on the new population to create a new (offspring) population.

4. The offspring and parent populations are combined and the N best individuals are taken, forming the
next generation’s parent population.

5. Stopping criteria are checked, and if not satisfied, the process repeats from Step 2.

The selection in Step 2 can be handled in several ways. The two most common are roulette and
tournament selection. In roulette selection [152], the total fitness of the population is found by summing
the fitnesses of all the individuals. Each individual’s chance of being selected is equal to its fitness divided
by the total population fitness. This can be thought of as the size of a wedge on a roulette wheel where a
larger wedge has a higher probability of being selected. In tournament selection [153], a specified number
of individuals is randomly chosen from the population. Only the individual with the highest fitness is chosen

to be added to the next population. This would then be repeated until the population set is complete.
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Techniques for using genetic algorithms without the need for binary encoding have also been developed,
such as the simulated binary crossover (SBX) and polynomial mutation presented by Deb et al. [154].
Critically, when using these real-encoded methods, distribution indices, . and 1y, must be defined for the
crossover and mutation, respectively. The polynomial mutation process will be briefly discussed to illustrate
the effect of these parameters. In this example, X is a parameter to be mutated. The lower and upper bounds

of x;, = 0 and Xy = 100, and an initial value of x; = 35. The mutated value is calculated as follows:

1. Calculate the normalized distance to the edges of the domain:

Xg — X Xy — X
A, -0 "L A, =_H 70 (2.81)
XH — XL XH — XL

2. Flip a coin (random 1 or 0) between mutating upwards or downwards. Then, let r be a random number

between 0 and 1.

1

If downward: Aq = (r+ (1 —r)(1 —A)™MN+T —1 (2.82)
1
Ifupwards : Ag=1—(1—r+r(1—Ay)H*Mn+t (2.83)
3. Unnormalize:
X" =Aq* (Xg — X1) (2.84)

4. Bring inside domain, if outside:
x; = min(max(x*,x;),Xy) (2.85)

Figure 2.32 shows the distribution of the mutated value for different values of n,. For each value of 1,

the x; values corresponding to r = [0,0.01,0.02 ... 1] were plotted.
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Figure 2.32: Distribution of Mutated Value for Different Distribution Indices in Polynomial Mutation.
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2.4.1.3.4 Multi-Objective Genetic Optimization with NSGA-II

The genetic algorithm approach can be extended to solve multi-objective problems. Various multi-
objective genetic algorithm techniques have been developed, such as the Pareto Archived Evolution
Strategy (PAES) [155], Strength-Pareto Evolutionary Algorithm [156], and the Non-dominated Sorting
Genetic Algorithm (NSGA-II) developed by Deb et al. [157]. Deb et al. [157] showed that NSGA-II
outperforms PAES and the Strength-Pareto Evolutionary Algorithm across various difficult problems. With
this in mind, a description of the NSGA-II algorithm is given here.

The key contributions of NSGA-II are the introduction of a fast non-dominated sorting algorithm,
the use of a “crowding distance” metric, a fast algorithm for calculating it, and the introduction of a
“crowded-comparison” operator that uses both non-domination and crowding distance to rank designs. The
non-dominated sorting algorithm assigns a “front rank” to each design, such that designs that are non-
dominated by any other design have a rank of one, the designs which are non-dominated by any other design
except the rank-one designs have a rank of two, etc. The crowding distance for a particular point estimates
the perimeter of the hyper-cuboid formed by using the nearest neighbours (in the space of the objective
functions) as vertices. Thus, it measures the density of the populated solution space around that point. The

crowded-comparison operator combines the front rank and crowding distance into one metric defined as:

qd < qn if q7r1ank < qgank OR (q?ank = qlc"iank AND qgistance > qgistance) (286)

It is a two-level sort; first on the front rank of non-dominance, then on crowding distance, and preferring

less-crowded designs.

The actual optimization process follows the same five steps as presented above for single-objective

GA, with two modifications:

i.  In Step 2, the crowded-comparison operator is used to compare designs (Deb et al. [157] use a
binary tournament for their selection),

ii.  In Step 4, the N “best” designs are determined by ranking with the crowded-comparison operator.

2.4.1.3.5 Comparison of Optimization Techniques

A brief overview of the advantages and disadvantages of the optimization strategies is presented
here. The critical difference is that L-BFGS (and other iterative methods) are local optimizers and require
a function gradient, whereas GA can perform global optimization and multi-objective optimization and
only requires function values. Thus, convergent iterative methods will give a poor result for many
optimization problems, and a heuristic method such as GA should be used. However, in optimization

problems where the drawbacks of convergent iterative methods are not significant, methods such as L-

55



BFGS provide very fast convergence to an “exact” solution and will usually vastly outperform heuristic

methods.

Table 2.3: Comparison of Optimization Techniques.

Advantages Disadvantages
e Fast convergence e Local optimization
L-BFGS e Converges to a stationary optimal e Scales poorly to large data sets
(iterative) e Requires function gradient
e Single-objective only
e Global optimization e “Exact” convergence is not
GA e Natural to implement for discrete data guaranteed
. Easily extended to multi-objective e Requires adaptation to work with
(heuristic) L0
optimization real-valued data

e Only uses function values (no gradients)

2.4.2 Advanced RSM Approaches

The traditional RSM approach iteratively samples the design space, fits the metamodel to the
samples, and repeats this process until the metamodel achieves sufficient accuracy. As more samples are
added to the process, the metamodel error will eventually converge to an average error value. Once
converged to an average error value, additional sampling may not add meaningful improvements to the
average predictability of the metamodel. As such, the iterative approach can be more efficient than initially
sampling the entire domain with a high sample density. The iterative RSM approach is also more efficient
than directly optimizing on the design space without a metamodel [23], [118], [158] . However, the iterative
process does not use information from previous iterations, either about the metamodel or about the current
optimal solution, to guide subsequent iterations. This represents a significant inefficiency in the traditional
RSM that more intelligent RSM approaches can exploit. There are two main approaches for enhancing the
traditional RSM: using metamodel information and using optimization information in intelligent iteration

schemes.

Enhanced RSM approaches that utilize metamodel information typically evaluate the metamodel
performance (i.e., error) in different regions of the design space. A survey of various metamodel-based
enhancements is presented in Allmendinger et al. [159]. The key idea is that the low metamodel accuracy
is attributed to relatively low sample density to capture the correct functionality of the metamodel. In
subsequent iterations, samples are generated in the regions that most need additional accuracy. Without

using the information about metamodel error in the design domain, the process will likely continue to
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sample regions where the metamodel accuracy already has sufficient accuracy, adding little additional

information.

However, the ultimate goal of structural optimization is to find an optimal solution. Although higher
metamodel accuracy is desired, this can add additional samples in sub-optimal regions of objective
performance. An alternative enhanced RSM approach is to perform the optimization operation on every
iteration. This makes a critical assumption that the optimization operation has a relatively low
computational cost compared to the metamodel fitting or data generation step. This approach uses the
information about the current optimal solution to focus on the surrounding region of the optimum. The
Successive Response Surface Methodology (Stander et al. [158]) and Adaptive Surrogate-Assisted
Response Surface Methodology (ASA-RSM) (Stander 2013 [23]) methods utilize this approach for single-
objective and multi-objective optimization problems, respectively. It should be noted that the multi-
objective ASA-RSM approach degenerates to the single-objective SRSM approach for optimization

problems with a single objective function. The ASA-RSM approach is discussed in the following section.

2.4.2.1 Adaptive Surrogate-Assisted RSM

The flowchart of the ASA-RSM is shown in Figure 2.33. It follows a very similar process path as
the traditional RSM (Figure 2.24). However, the ASA-RSM approach includes information about the
optimal solution in the stopping criteria. More importantly, the ASA-RSM includes domain reduction
around a domain of interest (DOI) to narrow the search to the region around the Pareto front. This is
performed with a Pareto Domain Reduction (PDR) scheme that is further described in Section 2.4.2.1.1.
The differences between the ASA-RSM and the traditional RSM are:

e  Sampling Points in Domain: In ASA-RSM, new samples are only selected within the current DOI.

e  Calibrate Metamodel: All points within the global domain are used to calibrate the metamodel.

e  Optimize on Metamodel/Compute Pareto front: In ASA-RSM, optimization is done at the end of
each iteration. This happens inside the iterative loop and is performed before evaluating termination
conditions. Optimization is still performed on the entire domain if the metamodel guides the solution
into a region outside of the previous optimum.

e Evaluate stopping criteria: The metamodel error criterion from the traditional RSM is used in ASA-
RSM, but it is paired (through an AND operation) to convergence the optimal set. This has the key
advantage of preventing the process from terminating when the metamodel has converged while the
optimal set is still converging and vice-versa. The change in the optimal set between one iteration and

the next is calculated as a normalized distance between Pareto fronts and compared to a threshold
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where Y;‘j and Y’ﬁ;-'l are the Pareto fronts with n(Y") and n(Yk +1) points from iteration k and k + 1,
respectively. Each distance is normalized by the range of the maximum and minimum values of each
attribute Yj = max(Yj) - min(Yj). The symmetric operation accounts for the different number of
solutions for each Pareto front.

Update DOI Around Pareto Front: The PDR scheme is used to update and shrink the DOI around
the Pareto front in ASA-RSM.
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Figure 2.33: Flowchart of the Adaptive Surrogate-Assisted Response Surface Methodology.
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2.4.2.1.1 Pareto Domain Reduction (PDR) Scheme

The PDR operates by selecting a set of kernel points from the current Pareto front and creating a
domain around each one. The initial size of the domain is equal to the full range of the design variable
values in each dimension. The union of these domains forms the DOI, which is approximately the optimal
region of the design space. With each iteration, the subspace centers and reduces in size on each successive
optimum front. Figure 2.35 presents a schematic of the PDR scheme. Three parameters control the rate of

domain reduction: n that defines the zooming, Ypa, that controls panning, and v, that controls the

oscillation of the domain. A relaxation term, 3, may be introduced as well.

a) Pure Panning b) Pure Zooming
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Figure 2.34: Subregion movements showing a) Pure Panning, b) Pure Zooming, and c) Panning and
Zooming (adapted from Stander and Craig [158]).

The upper and lower bounds (q(V*+D, q**D) that govern the range r**%) of each design

parameter q° for the next Iteration k + 1 are defined as

qUKk+D = g 4 0. 5F*k+D gpg qLk+D = k) — o 5Fk+D) (2.88)
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(k+1)

The range r uses the relaxation parameter, 3, to control the rate of domain reduction, such that

F+D = grk+D 4 (1 — g)r® (2.89)

where r® is the range from the current iteration, and r&*1) is the instantaneous range. 3 = 0 corresponds
to no change in the domain, while § = 1 utilizes the full magnitude of the reduction scheme. The parameter

range dynamically changes with each iteration, such that
rl+D) = k) (2.90)
where A(¥) is the contraction rate of the design parameters. The contraction rate is defined as

A0 =+ |d(k)|(7(k) -n) (2.91)

where 1 is a zooming constant, ¥ is the adaptive contraction parameter, and d®) is the direction of
movement. For a single domain, the direction of movement is computed as the normalized difference

between the location of the previous solution and the location of the current solution

2Aq™
d® = —55—; Aq" =q® —q"V; d® € [-1;1] (2.92)

For the multi-objective form, the average position of all points on the Pareto front is used as the
Q9

location of the solution. To account for oscillation about a region, an oscillation indicator c; ’is calculated

from the directional movement at iteration k as
) = gl qk-1 (2.93)

The oscillation indictor is normalized as ¢

¢l = ’|c(k)|sign(c(")) (2.94)

Now, the current contraction parameter ygk) is computed as

1 1
Y(k) - Eypan(l + é(k)) + Eyosc(l - é(k)) (2.95)

where Ypan represents the panning case, and y,qc represents shrinkage to dampen oscillations. For a purely
oscillating case, the contraction parameter will equal y,sc, and for a purely panning case, the contraction

parameter will equal ypan.
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Figure 2.35: Pareto Domain Reduction Schematic. a) Sampled Design Space at Iteration k with Pareto
Front, b) Sampling of Pareto Kernels Points, ¢) Construction of Subspace around Pareto Kernel Points, and

d) Sampling Subspace for Iteration k + 1.
2.5 Application of Design Optimization in Structural Crashworthiness

As mentioned above, the response surface methodology by Roux et al. [15] is a popular
optimization strategy commonly employed in structural lightweighting and crashworthiness applications.
In the initial work of Roux et al. [15], the RSM approach was used to perform design optimization of simple
truss element structures. Roux et al. [15] investigated different sampling techniques (factorial and D-
optimal), quadratic and reciprocal quadratic metamodels, and used Sequential Linear Programming to
perform the optimization of the metamodel. They found that bias error in the metamodel cannot be
eliminated simply by fitting to more experimental points, but rather that the strongest determinant of
accuracy is the size of the domain. Stander and Craig [158] later introduced the domain reduction scheme
to address this deficiency in simplified vehicle crash models, material identification, and head impact

applications. As smaller domains are considered, the metamodel approaches an approximate linear
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functionality with good predictability. Conversely, it can be expected that a higher-order metamodel will

accurately fit a larger domain.

Since these pioneering works, RSM has become a standard approach used by many scientists and
engineers in the literature (e.g. [5], [6], [18]-[22], [24], [25], [116], [117], [138], [7], [160]-[168], [9]-[14],
[17]). Baroutaji et al. [169] has presented a thorough literature review on the application of RSM in
structural applications; this section will provide a brief overview of the common themes. The RSM has
been applied by many authors to different crashworthiness optimization problems, with a variety of design
variables, objectives, and different sampling (e.g., [10], [17], [18], [170]), metamodelling (e.g., [S]-[7], [9],
[24], [116], [171]), and optimization techniques (e.g., [7], [172], [173]). Shape parameters (e.g. [10], [20],
[22]) and wall thicknesses are common design variables, and many studies consider extensions such as
foam-filled tubes (e.g.[5], [14]), tapered tubes (e.g. [7], [9], [14], [17], [19], [160]), and windowed tubes
(e.g. [162], [167])).

Several structural optimization studies have been presented on the use of multi-objective
optimization in identifying Pareto fronts for design trade-offs [17], [107], [174]. A common challenge when
performing structural optimization is the management of the conflicting objectives, such as energy
absorption, crushing force, peak crush force, crush efficiency, and mass [9], [11], [12], [17], [22], [160],
[165], [166]. Another challenge is the introduction of redundant optimization objectives that create
unnecessary complications. This results from heavy reliance on treating metamodels as a “black-box”
without intuition that is guided from mechanics principles (i.e., crush mechanics). This challenge was
addressed by Kohar et al. [109] by optimizing for maximum crush efficiency instead of minimum peak
force. An important advantage of this approach is that it can be shown that SEA and crush efficiency are
analytically proportional to each other. A previous work by Kohar et al. [109] showed that peak force is
proportional to the cross-sectional area (A) of the tube. This allows crush efficiency and SEA to be written

as

Fmean 1:"mean
= I 2.96
Ncrush Fpeak A ( )

Fmean8 _ Fmean8

= = 2.
SEA Mass Axl (2.97)
Equations 2.96 and 2.97 can be rearranged to give
)
SEA o —NM¢rush (2.98)

1
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which shows that crush efficiency and SEA are proportional, and only a single-objective optimization needs
to be performed on either objective to achieve a simultaneous optimization of both. However, this study

was limited only to axial loading conditions.

Various studies focus on the design optimization of lightweighting subjected to various loading
conditions, such as oblique impact [5], [21], [22]. Baroutaji et al. [175] utilized an RSM-based multi-
objective optimization approach to analyze the geometric parameters of circular tubes subjected to quasi-
static lateral loading. Tanlak [20] considered a shape optimization problem using a complete multi-
objective optimization approach to investigate the design of crush rails impacted at a 10° angle for maximal
energy absorption and minimal peak force. Ying et al. [6] performed a multiobjective crashworthiness
optimization of thin-walled structures with functionally graded strength under oblique impact loading.
Although these works mentioned above show good performance in satisfying their specific optimization

problem, many of these works perform the optimization step “out-of-loop”.

2.6 Deficiency in Literature

The widespread use of the RSM approach in crashworthiness research has enabled a wide variety
of optimization studies to be performed. Although recent works have increasingly begun to consider oblique
impact conditions and multi-objective optimization, the literature is still limited in the area of multi-
objective optimization across multiple impact angles. This is a critical research area because most real-
world crashes will include some element of oblique impact. There is a need to establish better the degree
to which axial crush performance and oblique crush performance correlate. This will highlight the relative
importance of further oblique crush research, such as experimental testing and complete multi-objective

optimization studies.

Next, the traditional form of the RSM approach that performs optimization after reaching sufficient
metamodel accuracy remains the dominant technique. Only a few works consider the optimization process
“in-the-loop” of the RSM (e.g. [5], [11], [24], [25], [163], [168]), with particular applications to oblique
loading. Qi et al. [7] performed a successive multi-objective optimization study of tapered square tubes
subjected to various oblique loading conditions. Their study used polynomial response surfaces with multi-
objective particle swarm optimization (MOPSO) to conduct their analysis. The optimization operation was
conducted after each metamodel sampling, fitting, and iteration. However, the next samples were generated
using a full-factorial design of experiments that populated the entire domain. Acar et al. [9] performed a
multi-objective optimization study of tapered circular tubes with various initiator designs subjected to only
axial crush. Various metamodelling schemes were explored throughout the study, and the optimization

operation was incorporated into the iteration scheme. Similarly, new samples were generated using either
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a full-factorial design of experiments or Latin-hypercube sampling. This can become quite computationally
expensive for large numbers of design parameters with slow convergence. This approach still decouples

the optimization process from assisting in any future sampling of the domain.

However, the usage of the traditional RSM approach still dominates despite the development of
powerful advanced RSM techniques, such as the ASA-RSM approach proposed by Stander [23] as
discussed in Section 2.4.2. Stander [23] demonstrated the efficiency of ASA-RSM for an example in
designing a vehicle for noise, vibration, and harshness (NVH). Although good performance is achieved, the
multi-objective optimization results were not compared to the “true” Pareto front. Many of the works
mentioned above never compare their predicted multi-objective optimization solutions, such as the
generated Pareto front, with the true solution of the optimization problem. Yet, this ASA-RSM approach
shows significant potential in multi-objective optimization of structural crashworthiness applications, such
as axial and oblique crush. Together, these deficiencies highlight the need for highly-intelligent response
surface methods to be utilized in crashworthiness research, allowing larger and more accurate multi-

objective studies to be performed.
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3 SCOPE AND OBJECTIVES

The scope of this thesis is to investigate the multi-objective optimization process of a multi-cellular
extruded aluminum crush rail under axial and oblique impact. The optimization process will be evaluated
to determine the “true” Pareto front and the computational cost. Finite element models of the Baseline and
UWR4 extruded profiles that were presented in Kohar et al. [24]-[26] are developed, validated against
dynamic axial crush experiments, and extended to simulate oblique impact conditions. It should be
reiterated that the Baseline and UWR4 profiles presented in Kohar et al. [24]-[26] were initially developed
for a single (axial) loading condition. Therefore, this study will evaluate the UWR4 profile’s sensitivity to
oblique impact loading compared to the Baseline profile. A simplified FE model of the UWR4 that is
computationally efficient is created and used to perform a parametric study that exhaustively searches the
entire design space. The true solution (i.e., true Pareto front) to the multi-objective optimization problem is
determined. Next, the Response Surface Method (RSM) optimization framework is developed and used to
analyze the same optimization problem. The traditional RSM configuration used in the crashworthiness
literature is performed alongside the Adaptive-Surrogate-Assisted (ASA-RSM) method proposed by

Stander [23] to compare the performance of the two methods.

3.1 Objectives

The objectives of the current research are to:

1. Develop, validate, and evaluate the energy absorption characteristics of the UWR4 and Baseline
profile for various oblique loading conditions;

2. Perform an exhaustive parametric study of the UWR4 design space to evaluate the design’s
sensitivity to various energy absorption metrics. This will also evaluate the suitability of this
application as a multi-objective optimization problem and identify the “true” Pareto front to the
prescribed criteria and constraints;

3. Implement and evaluate the ability of the traditional RSM approach to achieve the “true” Pareto
front. This will serve as the baseline for evaluating the ASA-RSM approach;

4. Implement, evaluate and compare the ASA-RSM method with the traditional RSM approach.

3.2 Limitations of the Current Work

This work utilizes FE models to perform the parametric and optimization studies for the various
loading conditions. It should be noted that no experimental data is available for the oblique impact response
of the UWR4 and Baseline. However, it is assumed that the FE models can accurately capture any loading

condition if the model can well capture the axial loading condition where experimental data is available.
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Next, it is assumed that the oblique crush boundary conditions accurately represent a dynamic oblique
impact, and the results of the model are representative of real-world loading conditions. It is also assumed
that the simplified model represents the crushing process sufficiently accurately for the trends in the force-
displacement responses to be correctly identified. Although Kohar et al. [25][109] showed that solid
elements provide the highest accuracy, it is assumed that the shell model assumptions hold valid (i.e. plane
stress, linear through-thickness strain, the in-plane gradient of through-thickness displacement is small, and
small rotations), and that the contact and boundary conditions sufficiently represent the physics of the
problem. In particular, the friction model in the contacts, the damping of the impact, and the stress wave

propagation through the bodies are all correct.

The material properties have been carefully tested and characterized by previous research efforts
[24], [27]. This is important because the manufacturing process of the aluminum extrusions introduces
significant anisotropy in the material. However, the shape of the extrusion dies, the flow of the material,
and the resultant material properties (i.e., yield strength, failure and fracture), would vary as changes are
made to the shape of the cross-section. In this work, this variance is neglected and it is assumed that all
designs would have equal material properties. During dynamic impact, adiabatic heating can be generated
locally by the material from the conversion of plastic work (WF = yo: €P) to heat. Kohar et al. [176]
showed that a coupled thermodynamic-mechanical model could impact the dynamic crush response of
advanced high strength steel structures. Williams et al. [95] incorporated a thermal model into the
constitutive model of AA5754-0 to simulate the crush response aluminum square tubes. However, it is
assumed that the strain-rate sensitivity model used in this work implicitly captures the thermal effects in
the stress-strain response. Therefore, a fully coupled thermomechanical formulation is not used in this

study.

Finally, the optimization study is limited to three design variables (shape parameters) and four
objective functions encompassing two impact angles. A more comprehensive study would include more
design variables (e.g. wall thicknesses, functionally graded strength/thickness, material properties), and

more objective functions across more impact angles (e.g. critical angle, energy absorption for 10° and 30°).
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4 FINITE ELEMENT MODELLING

This chapter presents the finite element (FE) modelling approach that is employed in this work.
The non-linear explicit dynamic formulation of the commercial FE software, LS-Dyna [62], is used
throughout this work to simulate the axial and oblique crushing response of lightweight aluminum crush
rails. FE models are constructed to follow the experimental study presented in Kohar et al. [24], [25] and
Zhumagulov [96] for the axial crushing of lightweight aluminum extrusions. These experimental studies
report the axial crush response of two designs of a lightweight aluminum extrusions, known as the Baseline
and UWR4 profiles, which were crushed using a linear sled apparatus. Details about this experimental
setup, FE model construction, and model correlation are presented in this chapter. Unfortunately,
experimental oblique impact crushing was not performed for these aluminum extrusions. Nevertheless, a
synthetic oblique crush experiment is designed with finite elements to predict the response during oblique
crush. Details about the FE model construction for oblique loading are also presented. Finally, details about

a simplified FE model used for a parametric and optimization study are also presented and discussed.

41 FE Modelling of Axial Crush

4.1.1 Experimental Setup of Dynamic Axial Crush

Figure 4.1 presents the cross-section profiles of the two aluminum extrusions, known as the
Baseline and UWRA4, that will be studied in this work [24]. Geometric properties (mass, length, second
moment of area) of each profile are presented in Table 4.1. These extrusions were manufactured from
commercially available aluminum alloy AA6063-T6 and had an initial uncrushed length of 525mm. These
aluminum extrusions were individually crushed using a sled-track apparatus at the University of Waterloo.
Figure 4.2 presents a schematic of the linear sled apparatus setup that was used for axial crushing. The mass
and initial speed of the sled was 855kg and 8m/s, respectively. Steel plates and bosses are clamped with
bolts on each end of the crush rail. The boss on the free and fixed end is 19mm and 38mm in height,
respectively. Aluminum honeycomb blocks were used to dissipate excess sled energy; this provided an
uninterrupted crush length of 125mm. A 12.7mm thick plywood sheet was attached to the free end to
provide some damping against structural noise from the impact. Piezoelectric load cells on the wall were

used to record the crushing force response. No crush initiators were used in these experiments.
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Figure 4.1: Cross Section Geometry of a) Baseline and b) UWR4 Aluminum Extrusion Profiles [24].

Table 4.1: Geometric Properties of Baseline and UWR4 Profile.

Mass Length Second Moment of Area Second Moment of Area
[kg] [mm] Iy (10°) [mm’] I,y (10°) [mm*]
Baseline 1.48 525 2.166 7.974
UWR4 1.40 525 1.586 5.219
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Figure 4.2: Schematic of Linear Sled Apparatus Experimental Setup [27].
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4.1.2 Detailed FE Model Construction for Axial Crush

4.1.2.1 Details for Geometry Setup of Axial Crush

Figure 4.3 presents a schematic of the FE model construction of the Baseline and UWR4 axial crush

setup. Each FE model consists of the crush rail, bosses and plates attached to each end of the crush rail, and

the linear impacting sled mass. The impacting mass (used to simulate the effect of a crash sled) is a large

rectangular mass and begins in contact with the free-side plate. A detail for the bosses used for the free end

fixture in the FE model, which is similar to the boss on the fixed end, is presented in Figure 4.4. This shows

that the effect of the bolts that clamp and retain the axial crush rail is captured in the model. However, no

preloading force was applied to these components. The mesh was created using the commercial software

Altair Hyperworks Hypermesh.

a)

Fixed Plate (Steel)
50.8mm thick
300mmx300mm

Fixed Boss (Steel)
38.1mm thick

Tube (Aluminum)
525 mm long

Free Boss (Steel)
19mm thick

Bolts (Steel)
~16mm 2

Free Plate (Steel)
19mm thick
240mmx300mm

Sled (Aluminum)
1750mm long

500mmx500mm

Fixed Plate (Steel)
38.1mm thick
240mmx300mm
Fixed Boss (Steel)
38.1mm thick
Tube (Aluminum)
525 mm long
Free Boss (Steel)
19mm thick
Bolts (Steel)
~10mm 2
Free Plate (Steel)
19mm thick
7| 240mmx300mm
z - . Sled (Aluminum)
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Figure 4.3: Detailed FE Model of a) Baseline and b) UWR4 Crush Rails.
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Figure 4.4: Axial View of a) Baseline and b) UWR4 Boss FE Model Detail.
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4.1.2.2 Mesh Information for Detailed FE Models of Axial Crush

The models of the Baseline and UWRA4 profiles are presented in Figure 4.5, with only one-quarter
of the mesh of the UWR4 shown for visual clarity. All simulations of the UWR4 require a full model to
capture the crushing folds that cross the symmetry plane and interact with each other. Shell elements are
used to model the rails. As described in Section 2.3.1.3, shells use the theory of plates to reduce the
dimensionality of the elements while introducing additional (rotational) degrees of freedom to the nodes.
Unless a very dense solid element mesh is used, shell elements capture bending behaviour much more
accurately than solid elements. As a result, these shell elements can provide a computationally efficient
option for analyzing large deformations in thin-walled structures. However, the assumption of negligible
through-thickness stresses can lead to errors in the energy absorption response due to complex deformation
patterns that can arise during crush [109]. Shell elements require additional computational functionality to
compensate for the lack of through-thickness complexity, such as thickness update, hourglass suppression,
and warping stiffness (see Belytschko, Wong, and Chiang [177]). All shell elements in this work are 4-node
quadrilaterals using the Belytschko-Tsay (*SECTION_SHELL *ELFORM=2) shell model [178] with a
velocity-strain formulation and co-rotational coordinates. Each section of the crush rail uses its own section
identification (*SECTION_SHELL) to capture the thickness variation in the extrusion. Each FE model uses
approximately Imm x 1mm elements with 3 integration points through the thickness. Options are enabled
to update the shell thicknesses based on the calculated through-thickness strain and full projection schemes

for warping stiffness.

a)

v L’“‘X
Figure 4.5: a) Baseline and b) UWR4 Mesh.

Figure 4.6 presents the Baseline and UWR4 FE models with all other components in the simulation.
The remaining parts (bosses, plates, bolts, and impactor) utilize a much coarser mesh for improved
computational efficiency. Solid elements are used exclusively for these components. The element sizes are

approximately Smm, 75mm, and 8mm for the bosses, impactor, and plates respectively.
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Figure 4.6: Complete Mesh of Detail of a) Baseline and b) UWR4 Models.

4.1.2.3 Material Modelling and Properties

The bosses, plates, and impacting mass are assumed to have small deformations far below the
yielding of their material. The components are assumed to have an isotropic linear elastic material
behaviour (*MAT 002 in LS-Dyna). Table 4.2 presents the elastic material properties used in the
simulations. The properties of the bosses and plates are set to typical values for steel, while the impacting

mass utilizes the material properties of aluminum. The density of the impactor is scaled to create a mass of
855kg.

Table 4.2: Elastic Properties of Bosses, Plates and Impacting Mass.

Bosses & Plates Impacting Mass
Density [g/mm°] 7.80 x 107 1.92 x 107
E [MPa] 200 000 69 000
\J 0.3 0.3

The aluminum extrusion crush rail requires an advanced material model that can account for severe
plastic deformations and high-strain rates generated during axial crush. Kohar et al. [24] performed
characterization of the aluminum alloy AA6063-T6 used in their experimental study. Figure 4.7 presents

the true stress-true strain response for AA6063-T6 for different strain-rates that were obtained from Kohar
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etal. [24]. In a later study, Kohar et al. [25] generated the Voce-hardening and Cowper-Symonds parameters
to describe the response of AA6063-T6. Table 4.3 presents the material constants for the Voce-hardening
and Cowper-Symonds model for AA6063-T6 from Kohar et al. [25] that will be used in this study.
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Figure 4.7: True Stress-True Strain Response for AA6063-T6 at Different Strain Rates [24].

Table 4.3: Flow stress hardening parameters for aluminum alloy AA6063-T6 [25].

oy [MPa] oyts [MPa] D M [s] q
180 235 20 24.6x 107 8.88

Since the aluminum crush rails are fabricated via the extrusion process, large manufacture-induced
plastic anisotropy is present in the material that needs to be accounted for in the model. Kohar et al. [25]
showed that utilizing the Y1d2004-18p anisotropic yield function by Barlat et al. [90] produced better
predictions for the force and energy-displacement responses of the Baseline profile. Following suit, this
current work will employ the Y1d2004-18p anisotropic yield function to capture the plastic anisotropic
behaviour of the extruded aluminum alloy AA6063-T6. The Y1d2004-18p constitutive model is
implemented as a  user-defined  material  subroutine @ (UMAT)  within  LS-Dyna
(*MAT _USER DEFINED MATERIAL MODEL) that utilizes the Voce-hardening and Cowper-
Symonds rate sensitivity model. The reader is referred to Kohar et al. [78] for details about this

implementation. The Y1d2004-18p parameters obtained by Kohar et al. [25] are used in this work and are
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presented in Table 4.4. The resulting yield surfaces are plotted in Figure 4.8. Since the Y1d2004-18p yield
function is anisotropic, a set of coordinates that defines the material directions must be declared. For shell
elements, this is accomplished by defining the extrusion direction (AOPT=2 option in LS-Dyna) along the
unit normal in the z-direction (Figure 4.6). LS-Dyna then internally uses the node numbering to determine
the direction of the normal (ND) for shell elements to compute the direction of the transverse direction
(TD). Invariant node numbering (*CONTROL ACCURACY) is used to maintain a consistent element

coordinate axis to use an anisotropic functions with large deformation.

Table 4.4: Y1d2004-18p Parameters Used for Aluminum Alloy AA6063-T6 (m = 8) [25].

C12 C13 €21 C23 €31 C32 Caq Css5 Ce6
c 5.30 4.54 -3.68 1.66 -2.48 1.03 0.43 0.69 0.69
c"’ 3.79 4.20 -4.80 -0.15 -3.76 -0.57 -1.10 0.86 0.87
a) b)
1.5 1.5
—— Isotropic von Mises —— Isotropic von Mises
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Figure 4.8: Yield surfaces for Aluminum Alloy AA6063-T6, shown in the a) 61, = 0 plane and b) 644 =
G, plane.

4.1.2.4 Boundary Conditions for Detailed FE Models of Axial Crush

There are three sets of boundary conditions applied: a fixed set of nodes, the initial velocity of the
impactor, and the constrained motion of the impactor. Figure 4.9 presents the fixed sets of nodes that mimic
the attachment to the rigid wall. The impactor mass has an initial z-direction velocity of 8m/s. All nodes of

the mass impactor are constrained to allow motion in the z-direction only (Uy = Uy = 0).
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Figure 4.9: Fixed Nodes on the a) Baseline and b) UWR4 FE Models.

4.1.2.5 Defining Contact for Detail FE Models of Axial Crush
Penalty-based contact formulations are used to capture the interaction of the different components.

The following interfaces are defined:

1) Aluminum Rail Self-Contact

a. FS=1.04,FD=1,VDC=0

b. LS-Dyna keyword *CONTACT AUTOMATIC SINGLE SURFACE
2) Aluminum Rail to Bosses and Plates

a. FS=045,FD=0.4,VDC=0

b. Soft =2 segment-based formulation

c. LS-Dyna keyword *CONTACT _AUTOMATIC SURFACE TO SURFACE
3) Impactor to Free-Side Plate

a. FS=0.45,FD=0.4,VDC=0.15

b. LS-Dyna keyword *CONTACT AUTOMATIC SURFACE TO SURFACE
4) Tied Contact between Boss, Bolts, and Plate (on each side)

a. LS-Dyna keyword *CONTACT TIED SURFACE TO SURFACE

The friction values were obtained from Kohar et al. [24], [25], [109]. The decay value is DC=1 for all cases.
The viscous damping coefficient for contact, VDC, is equal to zero except at the interface of the plate and
impactor where experimentally a wooden board is placed to provide some damping against the metallic

ringing.
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4.1.3 Simulation Results of Detailed FE Model for Axial Crush

Table 4.5 presents the computational resources required for each FE simulation. Each simulation
utilized a high performance computing cluster consisting of 2.70 GHz Intel Xeon E5-2680 processors. The

number of cores allocated to each simulation was optimized to minimize inter-processor communication.

Table 4.5: Computational Time Required for FE Models of Baseline and UWR4 Profile.

Axial Crush Oblique Crush

Core Hours . Core Hours
num. Time

num. Time

# cpus x Time # cpus X
cpus [Hrs] P [Hrs] cpus [Hrs] Tims [Hrs]
Baseline 64 14.0 896 64 10.0 640
UWR4 72 16.3 1174 64 16.4 1050

4.1.3.1 Verification of FE Model Setup

Before discussing the results of the FE models, several checks are performed to determine the
quality of the analysis by examining the energy balance. There is an initial velocity applied to the impact
but no external forces, such that the total energy in the system must remain constant at any moment.
Initially, all energy in the system is kinetic. As time progresses, the majority of the kinetic energy should
be absorbed internally within the crush rail. The amount of energy generated from friction (known as sliding
energy) and the hourglass energy should be small compared to the internal energy. If the results deviate
substantially from any of these expectations, it is a signal that the FE models are poorly designed. Figure
4.10 shows a composition plot of the different energy components for the axial crush simulations of the

Baseline and UWRA4 profiles. The energy balance of the models meets these expectations; thus, the results

can be used and compared with experiments.
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Figure 4.10: FE Model Energy Balance for a) Baseline and b) UWR4 Simulations.
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4.1.3.2 Comparison of Detailed FE Simulation Results with Experiments for Axial Crush
Figure 4.11 presents the deformed structures of the Baseline and UWR4 profile, respectively. Each
FE model appears to capture the crush modes observed in experiments. Figure 4.12 compares the
experimental and simulated mean crush and energy absorption response of the Baseline and UWR4 profiles.
The experimental data presented in Kohar et al. [24] was filtered using an SAE CFC 180 filter [179] and
reported for a crush distance of 125mm. Since all crush experiments are measured at a crush distance of
125mm, measurements of crush efficiency, energy absorbed, or specific energy absorbed may be directly
calculated using only the mean crush and peak force. In other words, a good correlation between the mean
crush and peak crush force will be a good indicator in the correlation between crush efficiency, energy
absorbed, and specific crush efficiency. All simulations in this study were filtered using the SAE CFC 180
filter and measured at 125mm to ensure a proper comparison. The simulated force-response was obtained
by measuring the reaction forces of the fixed nodes of the bottom boss (Figure 4.9). A summary of the
simulated and experimental mean crush force, peak crush force, and crush efficiency for the Baseline and

UWRA4 profile are presented in Table 4.6.

a) Baseline Experiment b) Baseline FE Model c) UWR4 Experiment d) UWR4 FE Model

Figure 4.11: Images of the Experimental [24] and Simulated Deformed Shape of the Baseline and UWR4
Profiles.
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Figure 4.12: Comparison of Experimental [25] and Simulated Crush Force Response of a) Baseline and b)
UWRA4.

Table 4.6: Experimental and Simulated Results and Error for Mean Crush Force and Peak Crush Force.

Detailed Baseline Model Detailed UWR4 Model
F?ri(eigil Fg)éiﬁl _rlaxial F?ri(eigil Fg)éiaaﬁ T]axial
[kN] [kN] [kN] [kN]
Experiment 90.6 160.9 0.56 119.5 189.7 0.63
Detailed FE Model 79.1 122.7 0.65 108.4 161.2 0.67
Ae Exp. to FE
Model (%) -12.7 -23.7 +8.2 93 -15.0 +4.2

The FE model of the Baseline profile predicted a mean and peak crush force of 79.1kN and 122.7kN
respectively; The difference in prediction error with respect to the experimental response was -12.7% and
-23.7%. The UWR4 FE model predicted a mean crush force of 108.4kN and a peak crush force of 161.2kN.
The model prediction error for the mean crush and peak force was -9.3% and -15.0%, respectively. Note
that the reported experimental values were an average of three repeats of each crush test. The mean crush
and peak force varied by up to 1% and 6.9%, respectively, for the Baseline profile and by 4.1% and 2.3%
for the UWRA4 profile [27]. The FE models consistently underpredicted the mean crush force response by
approximately 10-12%. This difference is caused by the inability of the shell element models to accurately
capture multi-axial stress states through the thickness of the deformed section [108], [109]. Yet, the
simulation can capture the trends observed in the force-displacement response, the resulting deformation
behaviour for both profiles, and indicate that the UWR4 outperforms the Baseline profile in axial crush.
Overall, it is concluded that both the FE models developed in this work are valid; it is assumed that these

models may be used to perform meaningful studies for different loading scenarios and design optimization.
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4.2 FE Modelling of Oblique Crush

The UWR4 profile was originally developed and proven superior in axial crush performance
compared to the Baseline profile [24]. Since experiments and simulations of oblique impact simulation
were not considered in these previous works [24], [25], the Baseline profile may outperform the UWR4
under oblique impact loading. This section details the FE model construction to evaluate the Baseline and

UWRA4 profile performance subjected to oblique impact loading.

4.2.1 Detailed FE Model Construction for Axial Crush

Figure 4.13 presents the FE models for the oblique impact loading of the Baseline and UWR4
profiles. These oblique impact FE models utilize the same construction methodology presented in the axial
crush studies (Section 4.1.2). Oblique loading is generated by rotating the entire crush assembly by an
angle, 6, about one edge of the free plate. The impacting body (used to simulate the effect of a crash sled)
is modified to incorporate 35.0mm raised edges to arrest lateral motion of the crush rail during oblique
loading. Similar boundary conditions for constraining the structure (Section 0) and applying contact
(Section 4.1.2.5) were used in this study. Using a similar FE model construction, a similar computational
time was required to complete the oblique crush simulations as the axial crush models. All simulations in

this study were filtered using the SAE CFC 180 filter and measured at 125mm.

a) b)

L -

Figure 4.13: Rotated Detail Models of a) Baseline and b) UWR4 Profiles for Oblique Impact Loading.
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4.2.2 Simulation Results of Detailed FE Model for Oblique Crush

4.2.2.1 Verification of FE Model Setup

The importance of checking the simulation energy balance was discussed in Section 4.1.3.1. The
total energy should remain roughly constant, the internal energy should increase, the kinetic energy should
decrease, the ratio of hourglass energy to internal energy should be low, and a small amount of sliding
energy will appear as the simulation progresses. Figure 4.14 shows the energy balance for the Baseline and
UWR4 profiles. The total energy increases slightly as the simulation progresses because some external
forces are applied by the hourglass control algorithm to arrest the hourglass deformation modes, which adds
a small amount of spurious hourglass energy to the simulation. Despite this, the total increase in energy is

well within normal expectations.
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Figure 4.14: FE Model Energy Balance for a) Baseline and b) UWR4 Simulations.

4.2.2.2 Simulation Results of Detailed FE Model for Oblique Crush at 20° Angle

Figure 4.15 presents the deformation response correlated with the Baseline and UWR4 profile
force-displacement response subjected to oblique impact loading at an initial angle of 20°. This angle was
selected because it is an approximate representation of the kinematic rotation that a crush rail is likely to
experience in a full-vehicle collision. The deformation stages of the oblique impact loading follow an initial
elastic loading as the crush rail begins to bend and rotate. Once the rotation is complete, the structure stiffens
and generates a second peak crush force that transitions into progressive folding. Table 4.7 summarizes the
mean crush and peak crush force of the Baseline and UWR4 profiles. The simulation of the Baseline profile
predicted a mean crush force and peak crush force of 55.7kN and 91.1kN, respectively. The UWR4 was
predicted to have a mean crush force and peak crush force of 73.5kN and 109.8kN, respectively.
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Figure 4.16 presents a direct comparison between the UWR4 and the Baseline profile in an oblique
crush. The UWRA4 has a higher initial peak crush force than the Baseline profile. However, despite generally
having lower axial crush performance, the performance in energy absorption of the Baseline is greater than
the UWR4 for a portion of the early crushing process, and after ~50mm of oblique crush, the mean crush
response is similar to the UWR4. This difference can be attributed to the differences in area moment of
inertia. The Baseline profile has a larger area moment of inertia that lends itself to higher resistance in the
bending and rotation during the oblique crush between the first and second peaks. Yet, the absolute
performance of the UWR4 over a crush distance greater than ~50mm is predicted to be superior to the
Baseline profile in an oblique crush. After the first fold forms, the progressive folding begins, and the force
response of the UWR4 dominates the Baseline profile. However, it is recommended that this result be

verified experimentally.
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Figure 4.15: Correlated Deformation and Force-Displacement Response of a) Baseline and b) UWR4
Subjected to Oblique Impact Loading.
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Table 4.7: Comparison of energy absorption metrics for detailed Baseline and UWR4 FE model in oblique

crush.
Detailed Baseline Model Detailed UWR4 Model
I_:.oblique Foblique bl l::oblique Foblique bl
mean peak oblique 3 Apeak mean peak oblique Apeak
N Ny mean el N [N mean  Tpes
55.7 91.1 0.61 0.70 0.74 73.5 109.8 0.67 0.68 0.68
a) b)
120 1 o
g 100 - 60
8 2
S s el
g '-l‘o: 40
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Figure 4.16: Oblique Crush Response Showing a) Instantaneous Crush Force and b) Mean Crush Force for
UWRA4 vs. Baseline.

4.2.2.3 Simulation Results of Detailed FE Model for Oblique Crush at Various Angles

A critical factor when considering the responses of crush rail impacts is the deformation mode. By
considering oblique crush and axial crush, the present work will be able to offer greater insight into the
performance of the profiles considered. Some works (e.g. [20], [35], [49], [170], [180]-[182]) consider only
a single oblique impact angle and others consider multiple impact angles (e.g. refs [5]-[7], [34], [37], [46],
[172],[173],[183], [184]). The additional insight gained from the additional oblique angles is often minimal
unless the additional oblique angles offer new deformation modes to study. In the present work, only a
single oblique angle will be used in the detailed study. This will allow the axial and oblique deformation

modes to be studied in-depth without an undue increase in computational cost and complexity.

Figures 4.17 show the deformed mesh for various impact angles between 0° and 25°, confirming
that there is no change in global deformation mode among the oblique impacts. Furthermore, Figure 4.18
shows the mean and peak force for the UWR4 profile for various impact angles between 0° and 25°. The
mean force follows a smooth trend of decreasing as the impact angle increases. In the detailed study of the
UWRA4 profile, an oblique angle of 20° will be studied in addition to axial impact. In the full-vehicle crash

models studied by Fender et al. [185] and Gu et al. [186], there is some rotation and limited translation of
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the impacted end of the crush rails. The 20° angle was identified as having the rotation and crushing

combination, which is most similar to the results seen in full-vehicle FE models.

a) b) c)

Figure 4.17: Deformed Shape of UWR4 FE Model After 125mm of Simulated Crush with Impact Angle
of a) 0°,b) 5°, ¢) 10°, d) 15°, e) 20°, f) 25°.
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Figure 4.18: FE Model Results for UWR4 with Different Oblique Impact Angles.
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4.2.3 Comparison of Axial and Oblique Performance

Figure 4.19 presents a comparison of the oblique crush response at 20° and the axial crush
performance of the Baseline and UWR4 profiles. Global buckling did not occur, and as a result, the
deformation mechanism transitions to progressive buckling in the oblique crush after the initial stage of
rotation was completed. Once the profile transitioned to the progressive buckling mode, the oblique crush
response returned to a level similar to the axial crush response. In general, the peak force and mean crush

force for oblique crush are significantly lower than the axial crush response for both profiles.

A summary of the mean crush and peak crush force for each loading scenario of each profile is
available in Table 4.6 and Table 4.7. Table 4.7 also presents the oblique impact coefficients for each profile.
The Baseline profile had oblique impact coefficients of 0.70 and 0.74 for mean and peak force, respectively.
The UWR4 had smaller oblique impact coefficients of 0.68 for both mean and peak crush force. Yet, the
absolute performance of the UWRA4 is superior to the Baseline profile for both loadings. Again, it should
be emphasized that the UWR4 was originally developed for higher axial crush performance. This result
highlights that an improvement in the axial crush response can lead to an improvement in the oblique crush
response because of fundamental improvement in the progressive crush absorption mechanism. However,
the better relative performance between axial and oblique loading (i.e. the larger oblique impact coefficient)
of the Baseline compared to the UWR4 is an indicator of a trade-off between oblique and axial crush
performance attributed to the cross-section profile. Thus, a multi-objective optimization study is required
to investigate the sensitivity of this trade-off. Due to its higher absolute performance, the UWR4 will be

the focus for the remainder of this work.
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Figure 4.19: Oblique vs. Axial Force-Displacement Curves for a) Baseline and b) UWRA4.
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4.3 Simplified Finite Element Modelling of UWR4

In the previous section, detailed FE models were constructed to be as accurate as possible.
However, an exhaustive parametric and optimization study will be performed to explore the trade-offs
between the oblique and axial crush response of the UWRA4. As such, the detailed FE models will be too
computationally expensive to accomplish this objective. Following the strategy presented in Kohar et al.
[25], a simplified FE model of the UWR4 is constructed that efficiently captures the general trends in energy
absorption and deformation. This simplified FE methodology will be used for the parametric and
optimization studies. The following section details the aspects of the simplified FE model of the UWR4

model.

4.3.1 Construction of Simplified FE Model

4.3.1.1 Simplifications in Geometry and Material Modelling
Figure 4.20 presents a schematic of the simplified FE model for axial and oblique crush. The first
simplification is that the plates and impactors move with rigid body motion. This simplification assumes

that:

e The influence of the elastic wave propagation through the bosses and impacting bodies on the crush
response is negligible;

e Any deformation developed in the clamped section of the crush rail is negligible.

These components are modelled using a rigid material model (*MAT 020 in LS-Dyna). This
excludes these elements from stress/strain calculations; these elements will also not affect the time step
size. Only the top row of elements in the impactor is retained, and the density is increased to maintain mass.
Next, the material clamped in the boss can be considered as a single rigid body affixed to the end of the
rail. The bosses, plates, and sections of the crush rail that extend into the bosses have all been replaced by
a rectangular plate on each end. This reduces the expense of the contact algorithm, which scales with the
number of elements involved in contact. This means the actual length of the crush rail, which is modelled
is decreased by the total length of the bosses. The bottom end of the crush rail is meshed contiguously with
the bottom plate to create one body. The density of the bottom plate is modified to maintain the original
mass of the section and components. The top plate (blue) is 200mm x 200mm and the bottom plate (green)
is 205mm x 144mm. Again, all simulations of the simplified UWR4 FE model require a full model to

capture the crushing folds that cross the symmetry plane and interact with each other.
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Figure 4.20: Schematic of Simplified Model Boundary Conditions for Axial and Oblique Crush.

4.3.1.2 Simplifications in Mesh

A significant portion of the computational cost is associated with calculating stress in the elements
in the crush rail. This is further compounded by the time step dependence on the mesh size and the number
of elements involved in contact. For these reasons, the simplified FE mesh of the crush rail used 4-node
quadrilateral Belytschko-Tsay (*SECTION_SHELL *ELFORM=2) elements with a mesh size of Smm x
Smm with 3 through-thickness integration points. This increase in mesh size is consistent with element

sizes used in the literature (e.g. [14], [16], [17], [25], [45], [49], [187]-[190]).

The plate mesh is also simplified with a single layer of extruded triangular (pentahedral) elements.
Figure 4.21 presents a schematic of the simplified plate mesh with the outline of the crush rail highlighting
how the plate mesh connects to the crush rail mesh. The plate was meshed to remain in continuous
connection with the crush rail. Since it connects to the shell element of the crush rail, solid elements with
rotational degrees of freedom are used (*SECTION_SOLID *ELFORM=3 in LS-Dyna). Since the plate
utilizes a rigid material formulation, the mesh quality in the plate is a minor issue. Every sample in the
parametric study will require its own plate mesh; a triangular mesh was chosen to facilitate the generation

of these meshes.
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Figure 4.21: Quarter of the End Plate for Simplified FE Model.

4.3.1.3 Simplifications in Boundary Conditions and Contact

The boundary conditions of the simplified FE model follow a similar construction to the detailed
FE model. However, the top plate nodes (green) are fixed in space to serve as a surface for contact. Self-
contact with the same parameters is applied to the crush rail/bottom plate assembly. One-way contact is
applied between the crush rail (slave) and top plate (master) and between the bottom plate (slave) and
impactor (master). Defining the slave/master relationship for the finer/coarser meshes in this manner

minimizes errors in contact definition.

4.3.2 Analysis of the Simplified FE Model

4.3.2.1 Verification of Simplified FE Model Setup

In Section 4.1.3.1, the importance of checking the energy balance of the simulations was discussed.
Figure 4.22 shows the energy balance for the simplified model in both axial and oblique impacts. This result
shows that the total energy is not significantly changing in these simplified FE models. There is a negligible
amount of hourglass energy and appears to have better energy control than the detailed models discussed
in Sections 4.1.3.1 and 4.2.2.1. The reason for this can be determined by inspecting the distribution of
hourglass energy in the meshes, as in Figure 4.23. It can be seen that significant hourglassing occurs in and

around the sections of the crush rail that the bosses clamp. The simplified model assumes this material is
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rigid, which prevents hourglassing. Overall, the simplified model is verified to be free of numerical

instabilities or anomalies.

a) b)

N
v
L
N
v
L

N
o
s
N
o
L

Energy (kJ)
Energy (kJ)

=
o
L

=
o
L

v
L
v
L

0.0 2.5 5.0 75 100 125 150 17.5
Time (ms)

20.0 0.0 2.5 5.0 75 100 125 150 175
Time (ms)

I Hourglass Energy @ Kinetic Energy

I Internal Energy M Sliding Energy =~ —— Total Energy

Figure 4.22: Energy Balance For Simplified a) Axial and b) 20° Oblique FE Models.
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Figure 4.23: Hourglass Energy in UWR4 20° Impact, a) Detailed Model, and b) Simplified Model.

4.3.2.2 Comparison of Simplified FE Model with Detailed FE Model

Table 4.8 presents the computational resources required for each FE simulation. The simplified FE
model is ~700x more computationally efficient than the detailed FE models.
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Table 4.8: Computational Time Required for the Detailed and Simplified UWR4 Models.

Axial Crush Oblique Crush
. Core Hours . Core Hours
Time Time
# cpus [Hrs] # cpus X # cpus [Hrs) # cpus X
Time [Hrs] Time [Hrs]
UWR4 — Detailed 72 16.3 1173.6 64 16.4 1049.6
UWR(4 — Simplified 8 0.216 1.73 8 0.183 1.46

Figure 4.24 and Table 4.9 present a comparison of the experimental result for the UWR4 with the two FE
modelling techniques. The simplified model tends to over-predict the peak crush (+4.1%) and mean crush
force (+2.5%) for both loading conditions. This is caused by the reduction in the length of the crush rail
and constraining the plates to the crush rail. However, the simplified model captures similar crush
behaviours and the trends observed in force-displacement response as the detailed models. Overall, the

construction of the simplified is suitable for use in the parametric and optimization studies.
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Figure 4.24: Comparison of Crush Force Response of UWR4 Experiment, UWR4 Detailed FE, and UWR4
Simplified FE.

Table 4.9: Comparison of energy absorption metrics for simplified UWR4 FE model for axial and oblique

crush.
Axial Crushing Oblique Crushing
Fg{gg% Fg)e(iaéﬂ axial F;)nl:g;?lue Oblilgue obli
n pea n due }\mean Apeak
(kN [kN] [KN]  [kN]
Simplified FE ) 5 1975 (.62 85.2 118.5 072 069  0.60
Model
Ae Detailed to
Simplified +13.0 +22.5 -4.2 -15.9 +7.9 +5.0 +1.7 +2.1
Model (%)
Ae Exp. to
Simplified +2.5 +4.1 -1.0 -- -- -- --
Model (%)
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5 PARAMETRIC STUDY

As discussed in Section 4.2.2.2, there was a trade-off between the relative axial and oblique crush
performance for the UWR4 profile associated with geometry. This section presents a parametric study that
varies geometric features of the UWR4 profile’s cross-section to explore the trade-off in energy absorption
characteristics. This parametric study will explore trends regarding the axial and oblique mean force, axial
and oblique crush efficiency, and the oblique impact coefficient. A full factorial design of experiments was
used to exhaust the domain of interest based on the geometry's defined parameters. Although a full factorial
design of experiments is computationally expensive, it will truly identify optimal configurations based on
the domain of interest, sample resolution, and constraints for performance. It will also establish a
benchmark for comparing intelligent sampling and optimization schemes, such as the response surface

methodology, in determining optimal configurations.

5.1 Setup of Parametric Study

Figure 5.1 presents a schematic of the parametric design space. The cross-section was
parameterized using six geometric points (labelled A to F in Figure 5.1) while maintaining quarter-
symmetry. Table 5.1 summarizes the geometric constraints used for the shape-morphing parametric study.
Point D was defined as the point of quarter-symmetry for the geometry. The x-coordinate of Point A and
z-coordinate of Point F remained at 0.00 to enforce quarter symmetry. The z-coordinate of Point A and the
x-coordinate of Point C were fixed to ensure that each design had a similar packaging envelope [24]. A
constraint was imposed on Point B, such that segment AB was parallel to the x-axis (constant z-coordinate).
Similarly, the x-coordinate of Point E was constrained to enforce that segment EF remained parallel to the
z-axis. An additional constraint was imposed to enforce that segment DE and EF remained colinear. These
constraints are imposed on the study to promote lightweight designs that are extrudable [24]. As a result,
three points (Points B, C, F) have their position varied by some amount, q;, from their initial positions in
their direction of freedom. The parameters varied according to q; € [—15,10] with Aq; =1, q; €
[—30,25] with Aq, = 2.5, and q3 € [—10, 5] with Aqz = 1, where q are in units of millimetres. Figure
5.1 also shows the q = 0.0 base case and the extreme values of the design space. These are the designs that
have various combinations of the maximum/minimum values of the parameters. Each design enforced a
uniform wall thickness throughout the profile. This wall thickness was calculated for each profile such that
all profiles have the same mass as the original UWR4 profile (1.4kg). Each geometry was simulated for
impact angles of 0 and 20 degrees using the simplified FE modelling approach outlined in Section 4. A full
factorial design of experiments was used to generate a total of 9,568 unique designs. This required a total

of 19,136 finite element simulations to be performed that utilized 30,522 core-hours (average of 3.19 core-
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hours per design). The axial mean force, axial peak force, axial crush efficiency, oblique mean force,

oblique peak force, oblique crush efficiency, and oblique impact coefficient were calculated for all profiles

in the study.
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Figure 5.1: Parametric Design Space.

Table 5.1: Constraints in Parameterizing the UWR4 Geometry.

Point X-Coordinate [mml] Z-Coordinate [mm]
A(x,z) 0.000 67.500

B(x,z) 18.880 + q; 67.500

C(x,z) 37.100 20.350 + q3

D(x,z) 0.000 0.000

E(x 7) 24.975 + qs (%)(24975 + q3)
F(x,2) 24975 + q3 0.000

5.2 Analysis of Parametric Study

Figure 5.2 presents a scatter plot of the simulation results of the axial and oblique mean force, axial
and oblique crush efficiency, and the oblique impact coefficient with respect to each design variable, q;.
The energy absorption characteristics of the UWR4 profile are also presented for reference. Since the data
is multi-dimensional, the plots are coloured by point density using a Gaussian kernel density estimator
(Silverman [191]). This representation helps provide insight into the relationship between energy absorption

characteristics and design variables. The high-density regions within the point clouds show distinct trends
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in the relationships between the objectives and the design variables. It should be noted that the performance
of the baseline value of q = 0 generally lies within the regions of the highest density for energy absorption.
There is still significant variance in all objectives, which indicates that there is potential for improving
performance. Yet, no single parameter alone correlates to improved performance, and there is no single

point that is optimal for all objectives.

Figure 5.3 presents the correlation between the oblique mean force, axial crush efficiency, and
oblique impact coefficient with respect to the axial mean force using the Gaussian kernel density function
for the parametric study. The oblique mean force follows an approximately linear relationship with respect
to the axial mean force, with some variation along with an increase in axial mean force. This deviation from
this linear result is a higher-order secondary effect of the geometry that contributes to the enhancement or
reduction of the oblique mean force. The axial mean force generally follows an approximate linear
relationship with respect to the axial crush efficiency, as observed in Kohar et al. [109]. This result is
generated by the cross-sectional area remaining constant through the constraint on the length and mass of
the crush rail. A similar amount of variation in the crush efficiency is observed with an increase in the axial
mean force, representing an opportunity for optimization. However, a large cluster of samples with high
crush efficiency and low axial mean force deviated from this linear relationship; these were samples that
had unusually low peak force due to a geometrical interaction between sections. Yet, the axial crush
efficiency in this region of low axial mean force can be comparable to samples with a high mean crush
force and cannot be uniquely distinguished. It should be noted that this cluster of low axial mean force is
generally lower than the baseline configuration (q = 0). The oblique impact coefficient broadly follows
the trend of remaining relatively constant at a value of 0.6936. This results from the relatively linear
relationship between axial and oblique mean force, where the oblique impact coefficient is the
proportionality factor between these two measurements. The outlying group of large values of the oblique
impact coefficient again represent structures where global buckling was present in the axial crush
simulations. This poses an interesting challenge for evaluating designs with respect to oblique impact
coefficient. Although a higher oblique impact coefficient can be an indicator for less sensitivity to oblique
loading, it can also indicate a tendency for global buckling. Further analysis using an intelligent

optimization strategy can give insight into the trade-off of these conflicting performance objectives.
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6 FORMULATION OF OPTIMIZATION PROBLEM

This section formulates the optimization problem that was conducted in this study. In vehicle
crashworthiness design, the crush rails should absorb as much energy as possible while limiting the peak
force which the rail can produce [192]. The axial and oblique mean forces should be as high as possible to
maximize energy absorption under axial and oblique loading. Furthermore, the oblique impact coefficient,
which can be thought of as representing the design’s sensitivity to oblique loading, should be as high as
possible, lending confidence to the ability of the crush rail design to have good performance in a range of
loading angles. To address the peak force requirement, axial crush efficiency is also introduced as a
performance metric. Maximization of axial crush efficiency is preferred over minimization of peak force
because designs with high crush efficiency will inherently tend to have good energy absorption qualities,
while designs with low peak force do not. Oblique crush efficiency does not need to be considered, as the
axial case will exhibit the highest peak forces developed by the crush rail. To this end, several criteria and

constraints were used to formulate the optimization problem for this study:

1. The objectives of this study are to maximize the axial and oblique mean force, along with the axial
crush efficiency and oblique impact coefficient.

2. All acceptable designs must have energy absorption characteristics (i.e., axial and oblique mean force,
crush efficiency, oblique impact coefficient) that outperform the performance measured in the baseline
UWRA4.

3. The variations in the geometry must follow the parametric definitions outlined in Section 5. A constant
mass of 1.4kg was used to ensure that no design would be heavier/lighter than the baseline UWR4
profile. This also allows the utilization of the results from the parametric study in Section 5.2.

Hence, the optimization problem is formulated as follows:

i bli
Max (Frzg(elgiv F&e;(rllue' Naxials )\mean)
Faxial > 122 5kN
pobliaue - g5 5 kN

mean

T]axial > 0.620

Amean = 0.696

q, € [-15,10],Aq, = 1.0
gz € [—30,25],Aq, = 2.5
qs € [-10,5],Aq3 = 1.0
s.t.Mass = 1.4kg

6.1)

This is a multi-objective optimization problem with the assumption of four independent objective functions.

Although crush mechanics dictates strong first-order dependencies between the oblique mean force, crush
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efficiency, and oblique impact coefficient with respect to the axial mean force, the higher-order variations
in these responses can create a potential trade-off with respect to each energy absorption characteristic.
Therefore, there may be a Pareto front instead of a single optimum design. However, if the degree of the
higher-order variations are minor, then the multi-objective optimization problem can collapse down to an
approximate single-objective optimization study where the Pareto front is a single point. It is important to
note that this relationship between the objectives is typically unknown prior to the optimization study.
Nevertheless, the criteria and constraints that define the optimization study can be applied to the complete
parametric study to identify the true optimal configurations and the Pareto front, which can be used to

evaluate the suitability of multi-objective optimization schemes.

6.1 True Solution to the Multi-Objective Optimization Problem

Figure 6.1 presents the combinations of design parameters, q, from the parametric study that
dominates the baseline UWRA4. In total, 35 out of the 9,568 different combinations of design parameters
dominated the performance of the UWR4. Next, a non-dominated sorting algorithm (NSGA-II) from Deb
et al. [157] was applied to all of the designs in the design space to create a Pareto front. Figure 6.1 also
presents the corresponding Pareto front that satisfies the constraints presented in Equation 6.1. There were
a total of 118 of 9,568 that lay on the Pareto front. These designs represent the total span in the spread of
the designs that deviate from the theoretical idealized linear relationships between axial and oblique crush
force, crush efficiency, and oblique impact coefficient. However, only 9 out of 9,568 were both on the
Pareto front and dominated the performance of the original UWR4 design, which formed a constrained
Pareto front. This set represents the solution to the multi-objective optimization problem, with at least 7.1%
- 16.7% and 7.9% - 17.0% improvement in axial and oblique crush force, respectively, for this study. Table
6.1 presents the design parameters and their corresponding energy absorption characteristics for the
solutions on the constrained Pareto front. A corresponding overlay of the geometries on the constrained
Pareto front is presented in Figure 6.2. The design parameters that form the unconstrained and constrained
Pareto front sets are well confined to a local region within the design space through the defined performance

constraints.

Figure 6.3 presents the correlation between the axial mean force with the oblique mean force, axial
crush efficiency, and oblique impact coefficient with the unconstrained and constrained Pareto front
solutions. The optimization problem constraints are also superimposed in Figure 6.3. A narrow region
within the upper left quadrants is formed by the performance criteria that reduce the design domain to the
well-confined region. As such, the Pareto front is narrow and confined to a relatively small region in the

design domain. Nevertheless, there is still some sensitivity in the trade-off with respect to each objective
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function. The variation in FaXial | F&T;%ue, N2l and Apean are £4.30%, +4.47%, +2.41% and +2.92%,
respectively. It is also important to note that the solution with the highest axial mean force is not on the
constrained Pareto front because of the minimum oblique impact coefficient constraint. Likewise, the
solution with the highest mean oblique crush force is not on the constrained Pareto front due to the minimum

crush efficiency constraint.

30

20

E
E o
o *
-10 -
. ] .es
'Y L ] 20 coe
®
o°® 15 -10 -5 0 5 10
2.5 (o] a, [mm]
:z 5
E 0 o 257
’ o0
.§. -2.5 o r = O B
g -5 : .8 E 25} °;
c- ® g 09 = o o oo:
-7.5 s s
-10 _2630 oL ees ‘
-30 20 -10 O 10 20 30
10 a, [mm]
5
10 . o
5 '10 3020 “ .° ... .
q, [mm] -15 q,[mm] _ o
1 2 E
E 25 °°,
o vos o
¢ Dominating B e
° Dominating - Constrained Pareto Front 7.5 1
qol—4se
15 10 -5 0 5 10
q, [mm]

Figure 6.1: Solution Space and Constrained Pareto Front that Dominates the Original UWRA4.
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Table 6.1: Constrained Pareto Front Designs.

Pareto Front Results

Compared to Original UWR4

q d2 UG FRi Fhean oaxial g F2Oah  Fmean© 1% Amean

[mm] [mm] [mm] [kN] [kN] mean or] (%] (%] [%l
A -10.0 -27.5 2.0 131.2 92.0 0.648 0.701 7.1 7.9 4.5 0.8
B -10.0 -25.0 0.0 132.1 96.7 0.645 0.732 7.8 13.5 4.0 52
C 9.0 -25.0 -1.0 132.6 92.6 0.648 0.698 8.3 8.7 44 04
D -10.0 -15.0 -8.0 135.8 98.2 0.628 0.723 10.9 15.2 1.3 39
E 9.0 -15.0 9.0 136.1 100.6 0.628 0.739 11.1 18.0 1.2 6.3
F -10.0 -12.5 -5.0 138.5 994 0.640 0.717 13.1 16.6 3.2 3.1
G -10.0 -15.0 -7.0 139.3 99.0 0.644 0.711 13.7 16.2 3.7 2.2
H 9.0 -15.0 -10.0 1404 98.6 0.647 0.702 14.6 15.7 4.3 1.0
| -10.0 -12.5 -10.0 143.0 99.7 0.659 0.697 16.7 17.0 6.3 0.3

<

Figure 6.2: Overlay of Shapes from Constrained Pareto Front.
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7 OPTIMIZATION USING RESPONSE SURFACE METHODOLOGY

The parametric study presented in Section 6.1 showed that a significant improvement in the axial
and oblique crush force could be achieved over the baseline UWR4 response. Furthermore, the parametric
study highlighted a Pareto front with a meaningful trade-off between the different energy absorption
objectives. However, simulating 9,568 unique designs, which required 30,522 core-hours of CPU time, can
be potentially cost-prohibitive to a designer in a practical setting. This barrier can be compounded if
additional design parameters or impact angles need to be considered. Therefore, intelligent strategies, such
as the response surface methodology (RSM), that can efficiently navigate the design space to identify these
Pareto fronts of optimum performance and trade-off are required. However, the true potential of RSM in
its ability to identify the true Pareto front in many applications of structural crashworthiness is often not
explored. Since the parametric study was performed, the computationally expensive task of performing the
FE calculations has already been completed. Therefore, this study provides a rare opportunity to evaluate

traditional RSM's suitability in obtaining the true Pareto front for various configurations.
7.1 Traditional Response Surface Methodology Studies

7.1.1 Setup of Traditional RSM Studies

The traditional RSM approach presented in Section 2.4.1 was implemented into a custom program
using the Scikit-learn [193], DEAP [194], and Diversipy [195] libraries in Python. As described in Section
2.4.1.1, the maximin algorithm was chosen because it maintains strong diversity of the samples, it is easy
to iteratively update with new points while maintaining diversity and avoiding duplicates, and it can sample
from irregular domains. It is also very well-suited for discrete data. The initial point was seeded with the
q = 0 point. The FNN was chosen as the metamodel for its ability to capture very complex functionality.
A comparison of metamodel techniques is provided in Section 2.4.1.2.6, and a description of the neural
network technique is given in Section 2.4.1.2.4. After performing a small hyperparameter study, the
network architecture used in this work was chosen to comprise of an input layer, two fully connected hidden
dense layers consisting of 8 and 4 neurons, respectively, and an output layer. All hidden neurons utilized
the Tanh(x) activation function. The initial parameters in each FNN were randomly initialized and trained
using the L-BFGS [196] (described in Section 2.4.1.3.1) optimizer to minimize the MSE function. L-BFGS
is chosen for its fast convergence and because the size of the network/training data is small enough that
there are no scaling issues. On each iteration of the RSM after the first, the previous iteration's network
weights were used as the initial values for the network training. An L2-regularization with a value of 0.001

was used to penalize large network parameters during the training process. No metamodel was used for the
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prediction of the oblique impact coefficient values. Instead, the predicted value was computed based on the

predicted values of axial mean force and oblique mean force.

During the training stage, 85% of all samples in the DOI were randomly sampled to calibrate the
FNN. In comparison, the remaining 15% was used as a validation set to determine if the training had
saturated. Each FNN was trained for 1000 epochs or until the MSE function was below a tolerance of
0.0001. The NSGA-II [157] algorithm was chosen for its strong ability to perform global multi-objective
optimization. A comparison of optimization techniques is given in Section 2.4.1.3.5. The implementation
in this work utilized 300 generations with a population size of 200. The simulated binary crossover and
mutation operators available in the DEAP library were used, with a crossover probability of 0.85, mutation
probability of 0.6, and distribution indices of 0. The binary tournament selection presented by Deb et al.
[157] was used. A description of the algorithm is available in Section 2.4.1.3.4.

The sampling rate, N, was varied according to N = 25 x 2! with 0 <i <4 to explore the
convergence speed and accuracy of the framework. As mentioned earlier, the parametric study performed
in Section 6.1 provides a unique opportunity to critically evaluate the accuracy of this framework in
obtaining the true Pareto front. It should be emphasized that the RSM approach has no knowledge of the
true Pareto front that was obtained in Table 6.1; this technique is only used as a post-mortem analysis of
each configuration. A test score metric is used to evaluate the accuracy of each configuration. The test score
metric, Mest, Simply evaluates the number of unique solutions generated by the NSGA-II, known as

YNSGA=IL that intersects with the true Pareto front (Y*%®), which is defined as

n(YNSGA—II N Ytrue)
n(ytrue)

Miest = x 100% (7.1)

This metric provides a strict evaluation of the RSM method as a true or false examination and gives
no credit to solutions near the true Pareto front; this provides some intuition into the significance of the
value. Each RSM configuration was repeated ten times to obtain a statistically representative response. The
iteration scheme terminated when the metamodel accuracy satisfied €™ < €] = 3%, and then continued
to satisfy this criterion for consecutive iterations until 100 additional points were sampled. This corresponds
to 5 iterations in a row for N = 25, 3 iterations in a row for a sampling rate of N = 50, and 2 iterations in
arow for N = 100, 200 and 400. This simulates the traditional approach utilized in literature and practice.

However, each configuration was allowed to iterate until 6000 simulations were sampled to investigate the

method's continuous improvement after satisfying the termination criteria.
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7.1.2 Results and Discussion of Traditional RSM Studies

Figure 7.1 and Table 7.1 present a summary of the results from the traditional RSM studies. The
results of the traditional RSM studies highlighted a key deficiency in achieving the true Pareto front. Each
RSM approach terminated within the first 125-800 simulations, which corresponds to approximately 1.3-
8.4% of the total domain of interest. The post-mortem analysis of the performance metric showed that the
traditional RSM approach is on average identifying 0.95 + 0.94 out of 9 designs (10.5% + 10.4% ) on the
true Pareto front. In many instances, the traditional RSM approach terminates far too early after satisfying
the metamodel accuracy criterion. There is some noticeable variation in each trial due to the optimization

results converging to different solutions.

Table 7.1: Summary of Results for Traditional RSM Studies.

Samples / Iteration 25 50 100 200 400
Average Num. Samples 125 150 200 400 800
Average Test Score, Mest 0.08 0.13 0.14 0.10 0.08
Standard Dev., Mest 0.11 0.11 0.11 0.09 0.10
6000 Samples
Samples / Iteration 25 50 100 200 400
Average Test Score, Mest 0.889 0.933 0.944 1.0 0.978
Standard Dev., Mest 0.099 0.089 0.075 0.0 0.067

After iterating beyond the metamodel accuracy criteria, the test score metric started to improve
towards the true Pareto front gradually. After 6,000 simulations, the traditional RSM approach achieved a
score of 8.54 £ 0.59 out of 9 designs (94.8% =+ 6.6%), and the variation improves. This is the natural result
of higher sampling density statistically finding the Pareto front. Although 6,000 simulations is a reduction
to 63% of the total domain, this can still be cost-prohibitive for optimization problems with more design
parameters and load cases. The sampling rate appears to have little to no effect on the metamodel accuracy.
Further metamodel hyperparameter studies can be performed to confirm this result. This study also shows
that the sampling rate has little to no impact on the rate and overall convergence of the traditional RSM
performance. This results from no information about the metamodel error being used in seeding the next
generation in regions of higher error. More importantly, there is no guidance in seeding new samples around
an optimum because the optimization operation is performed “out-of-loop” after the metamodel accuracy
is achieved. The greedy minimax algorithm for domain sampling would continue to seed the entire DOI,
including regions with good metamodel predictive capabilities that would show low energy absorption
performance. Incorporating the optimization scheme during the iteration stage to aid in the next iteration
sampling can improve accuracy and convergence speed. The use of the Adaptive Surrogate-Assisted

Response Surface Methodology (ASA-RSM) [23], as discussed in Section 2.4.2.1, will facilitate this goal.
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Figure 7.1: Results of the Traditional RSM Studies.
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7.2 Adaptive Surrogate-Assisted Response Surface Methodology Studies

7.21 Setup of ASA-RSM Studies

This section outlines the various ASA-RSM studies that were conducted in this work. Similarly,
the ASA-RSM presented in Section 2.4.2.1 was implemented into a custom program in Python. The FNN
metamodel architecture and hyperparameters, average metamodel relative error tolerance, €5, , the NSGA-
IT optimization parameters, and performance metric definitions used with the traditional RSM used in
Section 7.1 were used in this study as well, to facilitate a direct comparison between the two approaches.
Similarly, the sampling rate, N, was varied according to N = 25 x 2! with 0 <i < 4 to explore the

convergence speed and accuracy of the framework. The PDR parameters used in this study are n = 0.75,

Ypan = 1.0, Yosc = 0.85, and B = 1.0. The additional stopping criterion used is €pgrero = 0.03.

7.2.2 Results and Discussion of ASA-RSM Studies

Figure 7.2 and Table 7.2 presents the summary of the performance of the various studies of the
ASA-RSM. The “in-the-loop” inclusion of the optimization step and the Pareto domain reduction allows
the method to identify and focus on the optimal region more quickly. The ASA-RSM approach terminated
on average with ~2,400 samples of the total domain, approximately 25% of the entire domain. The post-
mortem analysis of the performance metric showed that the ASA-RSM approach is on average identifying
7.85 £ 1.06 out of 9 (87.2% = 11.8% ) designs on the true Pareto front. N = 400 used an average of 3,180
samples (33%), but achieved 100% true Pareto front accuracy. In some trials, it converged with fewer
samples. A higher sampling rate is more accurate because there are fewer iterations for the domain reduction

scheme to concentrate on a particular region that does not contain the full Pareto front.

Conversely, some cases (N = [25,100]) required less than 2,000 samples before converging to an
acceptable level of accuracy. In the particular instance of N = 100, very good accuracy is achieved after
1200 samples, and the average response continues to refine and improve until it satisfied the convergence
criteria. Now, it should be noted that approximately 25% sampling of the entire domain may still be cost-
prohibitive, especially in design applications with more parameters and load cases. However, using a
criterion of maximum number of samples would provide some control to a designer, given that a continuous
improvement would be observed. Nevertheless, the ASA-RSM shows continuous improvement with each

iteration.
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Table 7.2: Summary of Results for ASA-RSM Studies.

Samples / Iteration 25 50 100 200 400
Average Num. Samples 1850 2400 1900 2700 3120
Average Test Score, Mesy  0.79 0.72 0.89 0.96 1.0
Standard Dev., Miest 0.18 0.16 0.15 0.10 0.0
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Figure 7.2: Results of the ASA-RSM Studies.
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The result of the intelligent sampling method is that the full Pareto front may be efficiently found. This
allows the designer to realize the real potential performance improvements that are available in the design
space. Even without access to the costly brute force study, the ASA-RSM allows a designer to identify
these high-performance designs efficiently. However, it should be noted that the present work is limited to
three design variables and two load angles considered. Reducing the domain size in each dimension has a
multiplicative effect on the reduction of the overall domain hypervolume size. It can reasonably be expected
that a higher-dimension problem with more design variables and load cases would benefit even more from
the domain reduction scheme. The high efficiency and high performance of the ASA-RSM open up the

possibility for new and valuable studies to be feasibly performed.
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8 CONCLUSIONS

This work presented a multi-objective optimization analysis of a multi-cellular aluminum extrusion,
known as the UWR4, which was subjected to axial and oblique loading conditions. The UWR4 profile was
initially developed by Kohar et al. [24] and was previously studied in only axial crush applications.
Although the UWR4 showed good performance in axial crush compared to a Baseline profile, the oblique
impact’s sensitivity had not been explored. Finite element simulations of both the Baseline and UWR4
profiles were constructed using the commercial FE software, LS-Dyna, to explore the energy absorption
characteristics of the structures when subjected to oblique loading conditions. The construction of the FE
models for both the baseline and UWR4 was verified using experimental sled testing experiments presented

in Kohar et al. [24] and Zhumagulov [27].

The FE model of the UWR4 predicted a +37% higher mean force compared to the Baseline profile
in axial crushing. When subjected to a 20° oblique impact, the FE model also predicted +31.9% higher
energy absorption in the UWR4 than the Baseline profile. The UWRA4 profile has higher energy absorption
in oblique crush because the deformation mechanisms eventually transition to the progressive crush that
arose during axial crushing. Although the Baseline profile also had lower oblique crush efficiency (0.61 vs.
0.67), the Baseline profile had a higher oblique impact coefficient for both mean (0.70) and peak (0.74)
force compared to the mean (0.68) and peak (0.68) oblique impact coefficient of the UWR4 profile. The
oblique impact coefficient can be interpreted as a measure of sensitivity to oblique impact loading. This
means that the Baseline profile is less sensitive to oblique impact loading, while the UWR4 has higher mean
axial and oblique energy absorption. These differences in these various energy absorption characteristics
indicated that there is a trade-off between oblique and axial crush performance attributed to the cross-

section profile.

Next, a parametric study that varied the cross-sectional geometry of the UWR4 was used to
investigate the sensitivity of the energy absorption characteristics. A simplified FE model that embodied
the physics and mechanisms of the detailed FE models was used to accelerate the sampling process. A full
factorial design of experiments consisting of 9,568 simulations was used to exhaust the domain of interest
fully and to identify true optimum solutions. The oblique mean force followed the approximate linear
relationship with respect to the axial mean force established by Tran et al. [46], [49], while the axial mean
force followed the approximate relationship observed in Kohar et al. [24], [25], [109]. However, the
deviations towards the limit of performance represented a higher-order secondary effect of the geometry
that allows for multi-objective optimization. Based on a criterion for generating solutions that dominated

the UWRA4, a Pareto front was constructed of only 9 out of 9,568 with at least 7.1% - 16.7% and 7.9% -
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17.0% improvement in axial and oblique crush force, respectively. The variation in F&3al 2> 1au€ paxial

and Apean are +4.30%, £4.47%, £2.41% and +2.92%, respectively, which offers a design engineer

flexibility in selecting a design.

Finally, multi-optimization schemes using the response surface methodology (RSM) were used to
intelligently navigate the domain in an attempt to identify the Pareto front efficiently. Since an exhaustive
search was performed in the parametric study, each RSM approach was evaluated in their ability to identify
the true Pareto front. The traditional RSM and an adaptive surrogate-assisted RSM (ASA-RSM) were
evaluated in this study. Feedforward neural networks and non-dominated sorting algorithms (NSGA-II),

which are artificial intelligent models, were used as the metamodel and optimizer, respectively.

The traditional RSM approach showed the ability to capture 94% of the true Pareto front after
sampling approximately 63% of the entire domain. Although this shows some benefit, the high amount of
sampling may be prohibitive for more complex problems with higher input dimensionality. However, the
traditional RSM is typically governed by a metamodel convergence criteria that terminates the scheme
much earlier. As a result, the traditional RSM approach generally terminated after ~1.3-8.4% of domain
sampling while only achieving an average of 0.95 out of 9 (10.5%) of the true Pareto front points. Even
allowing the traditional RSM approach to use up to 1500 samples (~15% of the domain) showed similar
performance of approximately 10% accuracy. The formulation showed little to no sensitivity to the
sampling rate because no information about the metamodel or optimization solution was used in seeding

the next generation of sampling.

By utilizing an intelligent domain sampling approach that utilizes information from each iteration
to seed the next, the ASA-RSM showed a significantly improved ability to converge to the optimal solution
compared to the traditional RSM approach. The ASA-RSM was able to identify 87% of the true Pareto
front using 25% of the entire domain. In some instances, the ASA-RSM correctly identified the true Pareto
front by using 33% of the domain. The ASA-RSM showed some sensitivity to the chosen sampling rate; a
high sampling rate provided a “slow and very accurate” result, while a low sampling rate provided a “fast
and moderately accurate” result. Across all sampling rates, the ASA-RSM showed significantly better
performance than the traditional RSM approach. Depending on the configuration, the ASA-RSM achieved
40-80% accuracy in predicting the Pareto front compared to the 10% accuracy achieved by the traditional
RSM approach when sampling up to 15% of the domain. Together, this comprehensive study provides
critical insight into quantifying how much performance gain is possible through a multi-objective approach,

how to perform it efficiently, and the associated cost.
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9 RECOMMENDATIONS FOR FUTURE WORK

This thesis highlight the efficiency and effectiveness of advanced RSM techniques, such as the
ASA-RSM approach, for multi-objective optimization of crush rails. Coupled with FE models, the ASA-
RSM creates a platform for design optimization, which is relatively computationally efficient. As such, it
opens the door for more complex studies to be performed, both in terms of more advanced FE models and

more extensive optimization studies. The following recommendations are presented for future work.

9.1 Simulation

1. Incorporation of a Detailed Fracture Model: The current work assumes that no design produces a
sufficiently complex deformation response locally to warrant fracture concerns. First, a simple
fracture criteria that is based on effective plastic strain was used in this study. It is well known that
fracture is dependent on the stress state and history. Incorporating more advanced fracture models,
such the Lode-triaxiality dependent models by Bao and Wierzbicki [197], Bai and Wierzbicki
[198], [199] or the generalized incremental stress state dependent damage model (GISSMO) by
Neukamm et al. [200], could have a profound effect on the optimal results. Next, the simplified
FE models that were used in the parametric study were conducted with Smm x Smm shell elements.
However, the effective plastic strain criteria (€° = 1.4) for fracture remained unchanged from the
value used in the detailed FE models which utilized a mesh size of lmm x Imm. It is well
understood that fracture models show significant mesh dependence, where larger elements require
a lower effective plastic strain to failure due to an averaging effect across the element [201], [202].
This is known as mesh regularization. Therefore, a Smm x Smm shell element that uses the original
failure criteria of the Imm x lmm elements will effectively be removing failure from the
simulation. The simulations generated in the parametric study may violate this assumption, which
could have a catastrophic implication on the overall performance of the structure. Future studies
should incorporate a detailed fracture model that incorporates a mesh regularization scheme.

2. Advanced Material Modelling: The Y1d-2004 plasticity model used in this work is a 3D model
which captures anisotropy in both yield strength and Lankford coefficient. However, it is unable
to account for the evolution of the material properties as the deformation occurs. The crystal-
plasticity-based model recently introduced by Kohar et al. [70] can account for texture evolution
and can better capture real material behaviour. The use of such a model is recommended to
maximize the predictive capability of the FE model. Also, thermomechanical modeling can be

incorporated to capture the physics of the problem better.
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Robust Design Considering Manufacturing Variation: It was assumed that each profile design was
independent of the material properties. However, the manufacturing process (i.e., extrusion) can
affect the material’s mechanical properties in terms of yield strength and hardening. A slight
variation to the mechanical properties could have a profound effect on the stability and robustness
of the optimized solution. A robustness optimization study that considers variations to the material
properties can be explored.

Extension to Additional Loading Conditions: The design of automotive structures extends far
beyond crush rails. Many structures are responsible for crashworthiness, such as the rocker panels
and side cells. These structures experience loading conditions beyond the crushing loads examined
in this work, particularly lateral bending deformation. An extension of the current work, to
consider the multi-objective design optimization of these additional vehicle structures under
additional loading conditions, would be of significant value to the broader study of vehicle

crashworthiness.

9.2 Experimentation

1.

Optimal Designs: Dynamic impact experiments of the optimal designs presented within this work
would serve as a valuable final validation to determine their feasibility for use in a real-world
application.

Oblique Impact Testing: Dynamic oblique impact experiments of extruded multi-cellular
aluminum crush rails should be performed, either of the original UWR4 design or the new
proposed optimal designs. Dynamic oblique impact data is rare in the literature and would be a
valuable source of validation data for oblique crush FE models — both for this work and future

work.

9.3 Optimization

1.

Higher-Dimension Optimization Problems: The present work is limited to three design variables
and two load angles. However, the introduction of the Pareto Domain Reduction scheme was found
to be effective at reducing the expense of the framework. Reducing the domain size in each
dimension has a multiplicative effect on reducing the overall domain hypervolume size. It can be
reasonably expected that a higher-dimension problem with more design variables and load cases
would benefit even more from the domain reduction scheme. Thus, a study is recommended to
“push the limits” of the domain reduction scheme with a high-dimensionality problem by coupling
shape optimization with thickness optimization and other parameters (i.e., functionally graded

thickness, functionally graded material properties, etc.).
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Further RSM Enhancement by Advanced Sampling Methods: In Section 2.4.2, there is a discussion
of advanced RSM approaches that use information from the metamodel to intelligently sample
points where the metamodel will most benefit from new information. In the present work, the
approach is instead to use information about the optimal set to sample in the region around the
optimal. However, these approaches are not exclusive. Once the domain has been reduced to the
region around the optimal set, intelligent sampling may be performed. It is recommended to design
an optimization framework that incorporates these elements and study their efficacy.

Neural Network Studies: Feedforward neural networks are powerful regression tools that can
model very complex relationships. However, the number of hyperparameters is very high —
particularly when selecting a network architecture. Performing a hyperparameter study on every
new problem may not always be feasible. It is recommended that a wide-ranging study of various
crashworthiness optimization problems be performed to investigate the best neural network
architectures for these kinds of problems. Then, general recommendations on neural network
architectures may be provided to the crashworthiness community, facilitating future use of FNN

metamodels.
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