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Abstract

We study black hole evaporation and equilibration in the doubly holographic AEM*Z
model [1], which consists of a double sided black hole in JT gravity with holographic
matter. At t=0, the right side of the black hole is coupled to a bath which consists of the
same holographic matter on a half line. Beginning with the evaporation model in which
the bath is at zero temperature, we compute the generalized entropy of the left black hole
plus different bath intervals using the HRT prescription, and find the corresponding Page
curves. By studying the requirements for the Page transition, we study the structure of how
the black hole interior is encoded in the Hawking radiation during the evaporation process.
We then repeat the analysis with finite temperature baths, and find the importance of
the bath purification for reconstruction of the black hole interior past a certain critical
temperature.
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dashed area, representing A¢, and leaving the boundary conditions on the
two copies of A in red as operator indices. . . . . .. ... ... ... ...

In the AEM*Z model, the holographic principle is invoked twice, resulting
in three different pictures of the same physical system. In the top picture,
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includes the 2D holographic geometry (JT gravity) dual to the entangled
state of QMp, and QMg. The last picture contains the doubly-holographic
description, with a bulk AdS3 dual to the matter in the middle picture. The
figure to the left illustrates the three holographic layers of the evaporating
model, in which the QMg system is coupled to a zero temperature bath. To
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in a thermal state. In the doubly-holographic description, the thermofield

double state of the bath plus its purifier, is replaced by an AdSs black hole.
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Chapter 1

Introduction

Over the past few years, our understanding of the black hole information paradox has seen
an explosion of progress thanks to exciting new tractable models of black hole evaporation
and equilibration [1, 10, 11]. The black hole information paradox is a long standing puzzle in
theoretical physics that arose when Hawking first discovered that black holes leak radiation
due to quantum fluctuations [12]. Moreover, he calculated that the radiation emitted by a
black hole during its evaporation is completely thermal. Hawking’s results indicated that
black hole evaporation appears to be non-unitary, in stark conflict with the fundamental
assumptions of quantum mechanics [13]. This remained an open puzzle for decades, until
these new tractable models were discovered and inspired new insights into the structure of
information and geometry in quantum gravity. This progress naturally led to the exciting
new topic of quantum extremal islands [1] and their relation to the ensemble interpretation
of gravity [14, 15]. The goal of this thesis is to summarize some of the lessons that have
been learned by studying holographic models of black hole evaporation and equilibration [1,
2, 3, 11].

The remainder of this chapter is organized as follows. We begin in section 1.1 with
an introduction and motivation into the subject. In section 1.2, we review some of the
necessary background material for the main topic of the thesis. Lastly, we summarize the
results and outline the structure of the rest of the thesis in section 1.3.



1.1 From black holes and thermodynamics to infor-
mation and geometry

Black holes are solutions to Einstein’s equations that have a few interesting properties
that stand out. One is the existence of a singularity at which the curvature of space-
time geometry diverges. The second is an event horizon, which consists of a surface that
encloses an inescapable region of space time and shields external observers from seeing the
singularity. The first and simplest example of a black hole was discovered by Schwarzschild
merely one year after Einstein published his theory of General Relativity. Over the years,
more and more generalizations of black hole solutions have been found, adding charge and
rotation to the black holes, being in space-times with non-zero cosmological constant, in
different numbers of dimensions, and even as solutions of more exotic gravitational theories.

While black holes were originally considered merely a mathematical curiosity, with the
advance of technology and improved observational tools, there is an ever growing catalog
of real black holes that have been observed. The first indirect evidence of a real black hole
was the galactic X-ray source Cygnus X-1 discovered in 1964 [16]. Cygnus X-1 is part of a
binary system with the blue supergiant star HDE 226868. Further studies and observations
led to it being widely accepted by the astronomical community as a black hole of around
21.2 solar masses [17]. The blue supergiant star provides material for an accretion disk
around Cygnus X-1, and this matter falling into the black hole is what produces the large
flux of X-rays observed. More recently, the new and exciting field of gravitational-wave
astronomy has produced many observations of black hole mergers [18], and just two years
ago the Event Horizon Telescope Collaboration produced the first direct image of a black
hole: a supermassive black hole of around 6.5 billion solar masses at the center of the
supergiant elliptical galaxy Messier 87 [19].

Theoretical studies of black holes have brought to light many interesting insights into
quantum field theory in curved spacetime and quantum gravity. A well known example
of this is Hawking radiation [12]. The natural space-time coordinates for a static observer
far from the black hole are different from the natural coordinates for an observer freely
falling though the event horizon. Asymptotically distant observers are in approximately
flat spacetime, and the global Minkowski-like coordinates ¢,x agree with local rest frame
coordinates. On the other hand, for observers close to the black hole, the curvature induced
by this massive object distorts the geometry, and local rest frame coordinates agree instead
with the Kruskal-Szekeres coordinates ¢, %. The decomposition of quantum fields in terms
of creation and annihilation operators will differ between the two observers, since it depends
on the coordinates used. Thus, the Kruskal vacuum state for an observer falling though



the horizon is different from the Boulware vacuum for an observer far from the black hole.
Moreover, by the equivalence principle, the quantum fields in the vicinity of a black hole
are in the Kruskal vacuum, which appears to a distant observer as a thermal state. Indeed
finding the relation between the two different sets of creation and annihilation operators,
it is possible to show that the observer at rest far from the black hole sees particles with
a thermal spectrum [20]

Iy (w)

expﬁ +1

(1.1)

being emitted from the black hole. This emission is known as Hawking radiation. Of
course, the choice of plus or minus above depends on whether the fields in question are
fermions of bosons, and T'j(w) < 1 are greybody factors.

n(w) =

A complementary method to find that quantum fields in black hole backgrounds are in
a thermal state is to consider regularity of the geometry at the event horizon. A typically
spherically symmetric black hole metric with an event horizon at r = r, will have the
following form

ds® = — f(r)dt* + g~ ' (r)dr® + r?dQ5_, (1.2)

where both f(r) and g(r) have a first order zero at r = r,. Analytically continuing the
metric to Euclidean space-time 7 = it and switching to conical coordinates

S ATl (1)

g'(rn)

leads to a metric of the form
ds® = p*d¢? + dp* +r(p)2dQ3 , +-- -, (1.4)

where we have omitted higher powers of p?. This metric has a conical defect at the event
horizon p = 0 unless ¢ is periodic ¢ ~ ¢+ 2m. This in turn implies that the Fuclidean time
direction must have a period of 4w /+/ f'(ry)¢' (1), and any quantum fields in a black hole
background must be periodic in the Euclidean time direction. The periodicity in Euclidean
time corresponds to the quantum fields being at finite temperature with density matrix
p x exp (—pH), with inverse temperature given by 5 = 1/T = 47 /+/f'(rn)g' (rn). The
temperature found this way corresponds to the same Hawking temperature Ty calculated
in the previous method.

The realization that black holes have a temperature led to interesting insights about
what is now known as black hole thermodynamics [12, 20, 21, 22, 23, 24]. A lot of the
properties of black holes can be summarized into four laws which have analogues in the
corresponding four laws of thermodynamics.



e The zeroth law of black hole thermodynamics states that the surface gravity is con-
stant over the event horizon of a stationary black hole, and is the analogue of thermal
equilibrium in standard thermodynamics. This suggests that the surface gravity
can be interpreted as an analogue of temperature, and indeed the Hawking temper-

ature determined with the methods outlined above is given by Ty = 5=.

e The first law states energy conservation, and it relates the change in the mass of the
black hole to the change in its area, angular momentum and charge. Among other
things, this suggests the area of the event horizon is the analogue of the thermal
entropy in standard thermodynamics. Calculating the relation between the change
in horizon area and the change in the mass of the black hole fixes the Bekenstein-

Hawking entropy as Spy = %.

e The second law states that the area of the event horizon can only increase, and further
establishes a connection between the area of the event horizon and thermal entropy in
standard thermodynamics. There is a generalization of the second law which states
that the total entropy of a black hole plus matter system never decreases [25, 26].

e The third law is the analogue of Nernst law, and states that it is impossible to reduce
the surface gravity to zero by a finite number of operations.

An interesting feature of black hole thermodynamics is that it relates the entropy of
the black hole to its surface area, rather than its volume, as one might naively expect.
This is remarkable in the context of the second law of black hole thermodynamics because
it implies that there is an upper bound on the entropy of any system in a dynamical
gravity theory, and in particular it is bounded by the surface area of a black hole that
can be formed by that system [25, 26], independent of any other microscopic details! This
remarkable observation is explained by the holographic principle [27, 28, 29]: that the
description of a volume of space in a theory of quantum gravity can be thought of as
encoded on the (lower-dimensional) boundary of the region. Moreover, the appearance
of an entropy term in black hole thermodynamics inspired physicists to properly define
and investigate entanglement entropy in quantum field theory and quantum gravity, and
together with the concept of holography, led to breakthroughs in our understanding of the
nature of space-time in quantum gravity.

A direct consequence of Hawking radiation is that black holes in vacuum will radiate
away all of their energy and evaporate into a cloud of thermal radiation [23]. Strikingly,
this outcome is independent of the initial state of matter from which the black hole was
formed. This means that if one were to start with a pure state of matter that had then



collapsed to form a black hole, after the evaporation of the black hole one would end
up with a mixed state of thermal gas. This contradicts one of the main assumptions of
quantum mechanics: that time evolution is unitary, and therefore if one begins with a pure
state, after time evolution the state should remain pure.

Another way to state this paradox relies on considering the information accessible by
measuring the quantum state throughout this process. Before the collapse into a black
hole, the state is in one of many possible quantum states with overall energy, charge and
angular momentum which will match that of the black hole. Once it collapses to a black
hole, by the no-hair theorem, the only parameters needed to characterize the state are the
mass, charge and angular momentum of the black hole. After evaporation of the black
hole, one is left with Hawking radiation in a grand canonical ensemble with the energy,
charge and angular momentum determined by those of the black hole. Therefore, the
microscopic details of the initial pure state have been somehow lost. This non-surjective
mapping of initial states to final states during black hole formation and evaporation is in
contradiction with the unitarity of quantum mechanics. This is because unitarity implies
that given a complete set of information about a state on a Cauchy surface, it would be
possible to evolve the state to the past or the future and recover all the information of
the corresponding state on a different Cauchy surface. But since many initial states before
the collapse to a black hole result in the same Hawking radiation after evaporation, it is
clearly impossible to determine what initial state gave rise to the Hawking radiation by
simply measuring the final state.

The black hole information paradox can be quantitatively described by considering the
entropy of the Hawking radiation throughout the evaporation process [30, 31]. The original
semiclassical calculation would yield a Hawking entropy curve which begins at zero and
increases monotonically as more and more thermal quanta is radiated away from the black
hole. The final state would have non-zero entropy, which is an indication that it is now
in a mixed state. To recover a unitary evaporation process, the entropy of the Hawking
radiation should follow a Page curve, which initially increases until a phase transition
occurs and the entropy then begins to decrease back to zero. The time at which this
transition occurs is called the Page time.

This surprising paradox has been an active area of investigation for the past few
decades [13, 32, 33, 34, 35, 36, 37], and many exotic resolutions have been proposed: from
black hole remnants, baby universes and explosions of information at the end of evapora-
tion to the acceptance of the loss of information or the loss of the equivalence principle in
the form of firewalls. An indirect resolution was provided by running with a holographic
argument [27, 28, 29]. Inspired by the AdS/CFT correspondence (see section 1.2) it was
suggested that the quantum gravitational system that undergoes collapse and evaporation



is encoded on, or dual to, a lower dimensional quantum theory at the boundary. Since the
lower dimensional quantum theory at the boundary is a standard QF T, then by definition
the time evolution is unitary, and information has to be somehow preserved. This line of
argument suggests that something subtle was missing in the semiclassical derivations a la
Hawking, and that careful considerations of other corrections would restore unitarity and
bring a resolution to the paradox. Moreover, in the past couple of years, progress has been
sparked through the discovery of tractable holographic models of black hole evaporation.
The topic of this thesis is to summarize some of the work that has been done in this area
through the use of these doubly holographic models. It is based on two papers [2, 3], which
build on the original work [1, 10, 11] that sparked the recent progress in this area.

1.2 Background: holography and all that

In this section we give a quick review of some of the most important concepts needed to
study the black hole plus bath models in chapters 2 and 3.

1.2.1 AdS/CFT

The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [38] is the most
well known and widely studied realization of the holographic principle, which states that
the degrees of freedom of a gravitational theory in a given volume V are encoded in the
boundary 0V of said volume. This principle was inspired by the aforementioned Beken-
stein bound on the entropy of any system in a gravitational theory [25, 26], which comes
as a consequence of the second law of black hole thermodynamics [21]. The AdS/CFT
correspondence relates gravitational theories in asymptotically AdS space to conformal
field theories in one less dimension. We will state it in a “weak” form which, relates a
classical supergravity theory to a strongly coupled CFT with many degrees of freedom. A
“stronger” version of the AdS/CFT correspondence relates superstring theory or M-theory
compactified in AdS x X with a CFT at general coupling and number of degrees of free-
dom. Here X is a compact geometry. As will be outlined below, the large number of
degrees of freedom in the CF'T corresponds to a small string coupling and a corresponding
suppression of quantum fluctuations in the bulk. Furthermore, strong coupling in the CFT
corresponds to a small string length and therefore leads to a suppression of stringy effects
bulk theory. Therefore the “weak” version of the AdS/CFT correspondence follows from
the “strong” version by applying a saddle point approximation in the presence of a large
number of degrees of freedom and at strong coupling. Concretely, the “weak” AdS/CFT
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correspondence relates the generating functional W] for connected n-point functions of
the CF'T operators O with sources ¢

Wertil = Zoprlon] = (o ([ drant@o)) (1.5)

CFT

to an asymptotically AdS gravitational action Iy.q,[¢]. That is, it states that j.q.[¢] is
related to W{oo|crr by

WCFT [QbO] = ]grav [gb]

(1.6)

lim; 0 ¢(z,2) 22~ I=¢o (x) .

Here, A is the dimension of the CF'T operator O and z is the extra holographic direction,
such that the asymptotic boundary of AdS is located at z = 0. In words, the AdS/CFT
correspondence identifies the CFT generating functional in eq. (1.5) with a classical on-
shell action on asymptotic Anti-de Sitter subject to the boundary condition that the higher
dimensional bulk fields ¢ have boundary values given by ¢q. Note that the correspondence
stated in eq. (1.6) is a weak version of the AdS/CFT correspondence, which requires a
CFT with many degrees of freedom and with strong coupling, which corresponds to a
weak string coupling and small string length in the dual string theory, allowing for a
saddle point approximation of the log of the string partition function into the classical
supergravity action. The prototypical example of the AdS/CFT correspondence relates
N = 4 Super Yang-Mills theory with gauge group SU(N) and coupling constant gyjs in
four spacetime dimensions to type IIB superstring theory with string length [; and string
coupling constant g, in AdSs x S® with radius of curvature L. The parameters of these
two theories are related by ¢2,, = 2mgs and 2¢2,,N = L*/I*. In this realization of the
AdS/CFT correspondence, it is straightforward to see that the large number of degrees of
freedom of the CFTy (N — oo) with fixed L/I4 directly leads to the suppression of quantum
effects and allows for the saddle point approximation of the string partition function by
a classical string action. Furthermore, at strong t'Hooft coupling A = g%, N, the stringy
effects are also suppressed and one is left with the classical supergravity action on the right
hand side of eq. (1.6).

1.2.2 (Holographic) entanglement entropy

The AdS/CFT correspondence relates many important quantities in between the two the-
ories. A central concept studied on both sides of the holographic duality is that of entan-
glement entropy [39, 40, 41, 42, 43]. Entanglement entropy is a measure of entanglement



of a subset of degrees of freedom in a state. It corresponds to the von Neumann entropy
of the reduced density matrix associated with that subset of degrees of freedom.

The von Neumann entropy of a state with density matrix p is given by

Sen = =Tr (plogp) (1.7)

and it quantifies how mixed a state is. For example, for a pure state p = |[¥) (|, the von
Neumann entropy vanishes, while for a maximally mixed state p = I/|#H|, the von Neumann
entropy is maximized, and is S,x = log [H|. Here, || is the dimension of the Hilbert space
‘H in which the state p is defined. More generally, any mixed state is given by the density
matrix p = Y p,|W,)(¥,| with |¥,) € H and ) p, = 1, and the corresponding von
Neumann entropy is

SvN = - an Ingn . (18)

For a given bipartition of the Hilbert space H = H 4 ® H 4¢, the reduced density matrix
of the subsystem A is found by tracing out the degrees of freedom of its complement

pa="Traep, (19)

and the entanglement entropy of the subregion A is then

Sa=—Tra(palogpa) - (1.10)

A simple way to see that entanglement entropy is a measure of entanglement is to calculate
it for a product state |¥) = |W 4)® |V 4c), in which there is no correlation between A and A°.
That is, (O40 4c) = (O4){(O4c) for any two operators supported in A and A° respectively,
ie., Og4 = O4 @I 4e and Oye = T4 ® Oye, where I 4 is the identity operator in H 4 and
similarly I 4. is the identity operator in H 4.. For any product state, the subregion density
matrix is pure and the entanglement entropy vanishes

pa =[P )(Val, Sa=0. (1.11)

Entanglement entropy satisfies a number of interesting properties [44]. For example,
for a pure state |¥) € H, the entanglement entropy of a subregion and its complement is
the same

Sa= S e. (1.12)

Entanglement entropy also satisfies the subadditivity relation

Sas <S4+ S5, (1.13)



and the strong subadditivity condition
Sa+ 52 Sau+ Sans - (1.14)

The von Neumann entropy, and similarly the entanglement entropy, can be found by taking
the appropriate limit of the Renyi entropies

1
Sy = . log (Tr (p™)), Swnv = lirq S - (1.15)

—n

This is particularly useful in QFT where the Renyi entropies can be defined in terms of
path integrals using the replica method. First, the density matrix of a subregion A of a
Cauchy slice defined at ¢ = 0 can be written as a path integral

(oo = [ DBt (2,

:@,)5(%

— <I>+> . (1.16)

t=0— t=0"+

where we have split the fields into those in region A and those outside, i.e., & = {P 4, D 4 }.
The geometry B over which the path integral is to be evaluated depends on the state we
want to prepare. For example, to prepare the density matrix in the ground state of the
QFT in a Cauchy slice ¥, one can do a Euclidean path integral on ¥ x R from tp = —o0
to tgy = oo, with boundary conditions set at ¢tz = 0 in the subregion A. Another common
example is the thermal density matrix, which would be prepared by integrating over the
thermal cylinder with period 5 = 1/T in the Euclidean time direction and once again with
boundary conditions at tg = 0 in the subregion A. See figure 1.1.

Powers of the density matrix can be calculated by sewing boundary conditions along
the subregion A. For example

(p?4>¢>+q>, = /D@x (P4)e, o, (PA)5, 0

- /D(I)(l)p(p@)eSQFT[‘I’(”}SQFT[q’(z)] (1.17)
1 2
e s(et], -] )s(o2

The replica method consists of considering this doubled integral as an integral over
a replica manifold, which consists of two copies of the original manifold glued along the
subregion A. The trace of an n-th power of the density matrix then consists of a closed
path integral over a replica manifold B,, which consists of n copies of B glued periodically
along the copies of the subregion A. That is,

Trpa=Z[B], Tr(p}y) =Z[B,]. (1.18)

— o

t=0"+

X 0 <<I>Ei)

— )
_l’_ .
=0~ t=0+
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Figure 1.1: Path integrals preparing different states and density matrices. The boundary
conditions are at the regions in red. Top left: Euclidean path integral from tg = —oo to
tp = 0 prepares the ground state |0). Top right: Euclidean path integral from tg = 0 to
tg = B = 1/T prepares the thermal density matrix ps = e #% /Z. Bottom left: gluing the
ground state and its CPT conjugate along A° gives the reduced density matrix Tr4¢|0)(0].
Bottom right: gluing the thermal strip along A¢ gives the reduced density matrix Tr 4cpg3.
The gluing is done by tracing over boundary conditions along the dashed area, representing
A¢, and leaving the boundary conditions on the two copies of A in red as operator indices.

Crucially, since going around 0.4 one full rotation corresponds to jumping to a different
copy of the original manifold, it takes a rotation of 27n around d.A to get to the same point
in the replica manifold B,,. That is, there is a conical defect at A for n # 1. Furthermore,
note that due to the cyclic symmetry of the trace, the replica manifold comes equipped
with a Z, symmetry, which corresponds to cyclically permuting the different copies of B.

The holographic counterpart to entanglement entropy is given by the Hubeny-Rangamani-
Ryu-Takayanagi prescription [41, 42, 45]

A(ér)
4G 7
where &g is the HRT surface. The HRT surface is the bulk co-dimension-two extremal

surface anchored at OR and homologous to R, with smallest area. That is, for a given
region R of the asymptotic boundary, we consider co-dimension two surfaces in the bulk

Spe(R) = (1.19)
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anchored at JR on the asymptotic boundary that are smoothly retractable onto R and
find those that extremize the area functional. In the event that there are several candidate
HRT surfaces, the one with smallest area is the HRT surface.

Using the AdS/CFT correspondence, the Renyi entropies can be written as a difference
of on-shell gravitational actions

1 Tr (p%)
= 1
Sn 1—n 8 ((TrpA)"

=1 i " log (;Zﬂ) (1.20)

= ﬁ (log Z[B,] — nlog Z[B])

1
n—1

Q

(IMp] —nI[M]),

where M is an asymptotic AdS manifold with OM = B, and similarly M,, is a bulk man-
ifold with OM,, = B,,. The bulk manifolds M and M,, must satisfy Einstein’s equations,
and in particular the candidate manifolds M/, that inherit the Z,, replica symmetry of 5,
have codimension two surfaces e,, anchored at 9.4, which are fixed point surfaces of the Z,
symmetry. The surface e, has an intuitive interpretation when considering the quotient
space M, = M, /Z,, which is found by taking the quotient over the replica symmetry. In
the quotient space Mn, the surface e, has a conical defect which corresponds to a cosmic
brane with tension
1 n—-1

T, = —
4G n

This brane backreacts into the geometry and gives the right singularity, which would
correspond to the conical defect of M,, after the quotient by the replica symmetry. The
on-shell action of the replica manifold is n times the on-shell action of the quotient manifold

(1.21)

~

IIM,)] = nI[M,)]. (1.22)

While Renyi entropies in eq. (1.20) require an integration over the full bulk manifolds
M and M,,, it is convenient to consider the modular entropies

g - Lo (”—_18n) , (1.23)
n

n2

which also satisfy lim,, 1 S, = S,n. Using the modular entropies, we are instead interested

~

in calculating 0,1[M,,], which turns out to simply be proportional to the area of the cosmic
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brane

~ Aley)
1 = : 1.24
oI = 4 (120
Further, using the property in eq. (1.22), we can find
& ~ Aley)
=01 = . 1.2
Sy = Onl[M,] 120 (1.25)

In the limit n — 1, the cosmic brane has zero tension, the background geometry M, =
M and the cosmic brane is simply the extremal area surface as proposed in the HRT
prescription. In the event that there are several candidate extremal surfaces, the choice
of the minimal area candidate is justified by the saddle point approximation log Z[B,]| ~
—I[M,,], which picks out the saddle with smallest on-shell action, and correspondingly the
dominant saddle corresponds to the geometry for which the cosmic brane e, has smallest
area. In the limit n — 1 this corresponds to picking the extremal surface lim,, . e, = Er
that has smallest area, which agrees with the HRT prescription.

1.2.3 Generalized entropy and quantum extremal surfaces

The HRT prescription is a leading saddle-point approximation in large number of effective
degrees of freedom c. s for the entanglement entropy of the subregion A. It corresponds to
the leading 1/c.sy computation for the entanglement entropy which can be done with the
bulk classical gravity dual. Generally one would expect subleading corrections in 1/c.zs
that correspond to loop corrections to the entanglement entropy [43, 46, 47]

Su = CeppSHMM 4+ S5TP + O(c ) (1.26)

In the bulk perspective, truncating the 1/c. s expansion corresponds to taking the classical
limit of the quantum gravity dual to the boundary QFT. It was argued in [46, 47] that the
1-loop correction to the entanglement entropy corresponds to the regulated contribution
arising from the entanglement entropy of bulk modes given a bipartition with separating
surface anchored at 0.A at the boundary
A(€a) bulk

Sa = WJFSEA + O(G), (1.27)
where ¥ = ¥ 4 U X9 is a bipartition of the Cauchy slice > separated by the surface £4
analogue to the HRT surface. This can be argued as follows. The 1/c.s; expansion in the
CFT corresponds to an expansion in powers of the Newton constant GG in the bulk quantum
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gravity theory. To obtain the leading order corrections to the entanglement entropy, it is
therefore sufficient to work perturbatively in G, so that we can work with quantum fields in
a rigid background. The entanglement entropy of A is then calculated by the entanglement
entropy of the bulk fields on a subregion X 4 of a Cauchy slice X that is bipartitioned by an
extremal surface £4. Because of the short range entanglement, one might expect a large
contribution proportional to the area of the separating surface £, and then the subleading
correction would correspond to the regulated entanglement entropy of the bulk quantum
fields in 3 4, leading to eq. (1.27). The surface in eq. (1.27) is a quantum extremal surface
(QES) that extremizes the generalized entropy

A(Ea) ”
e Shlk. (1.28)

gen __
Sy =

Just like in the HRT prescription, if more than one candidate QES exists, it is the one
with smallest generalized entropy that dominates.

At first one might expect the QES to be perturbatively close to the HRT surface since
the entanglement entropy in eq. (1.19) and the generalized entropy in eq. (1.28) differ
by quantum corrections which are suppressed by a factor of G. However, an important
insight that led to progress in understanding the black hole information paradox, and
more generally brought insights into our understanding of quantum gravity, is that there
are situations in which certain parameters (like the time of the evaporation) can be taken
large enough that the two contributions become comparable, and the QES can be located
far away from the HRT surface [10, 11]. This is indeed the case for the black hole + bath
models we will be discussing in chapters 2 and 3 after the Page time.

1.3 Summary

In the few past years, new models of black hole evaporation [1, 10, 11] have given fresh
insight into one of the longest-standing puzzles in quantum gravity, the black hole informa-
tion paradox [13, 34, 35, 36, 48, 49, 37]. The black hole information paradox is essentially
the problem that in Hawking’s famous calculation, black hole evaporation appears non-
unitary, in conflict with the standard rules of quantum mechanics. A black hole may be
formed in the collapse of a pure quantum state, however, the evaporation process appears
to leave only thermal Hawking radiation in a mixed state. That is, quantum information
seems to be destroyed by this process. The newly constructed models, however, have con-
vincingly demonstrated for the first time the entropy decreases after the Page time and
unitarity is maintained in quantum gravity. Although the models are semiclassical, they
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exhibit novel saddle points, first observed in [10, 11}, which take into account large correc-
tions from quantum fields and produce a Page curve consistent with unitary evaporation.
This result represents the first major progress toward resolving the famous paradox in
many years.

The model of Almheiri, Engelhardt, Marolf and Maxfield [11] examines black holes
in two-dimensional Jackiw-Teitelboim (JT) gravity theory coupled to conformal matter.
Later, Almheiri, Mahajan, Maldacena and Zhao [1] made an apparently small but impor-
tant modification: instead of only assuming conformal symmetry for the bulk matter, they
also assume that the matter theory is holographic. We will use the initials of the original
paper (AEMM) to denote the original model, and the initials of both papers combined
(AEM*Z) to denote the model with holographic matter.

We now give a brief description of the setup for both models. One begins with a
two-sided equilibrium black hole, which is a solution of JT gravity coupled to a CFT in
two-dimensional anti-de Sitter (AdS,) spacetime and which has a holographic description
in terms of a thermofield double state of two entangled quantum mechanical systems [50].
We denote the latter as QMp, and QMg — see the top illustrations in figure 1.2. At some
finite time, we couple the right boundary system QMg to a heat bath, which consists of
a copy of the same two-dimensional CFT prepared in a thermal state on a half-line. This
corresponds to allowing the black hole to evaporate by changing the asymptotic boundary
conditions with a ‘joining quench’ to a nongravitational region containing the same CFT.
That is, at time zero, the asymptotic boundary on one side is joined to a semi-infinite
interval [0, 00). The conformal matter in the latter space acts as an auxiliary bath system,
which absorbs the Hawking radiation emitted from the evaporating black hole. Conversely,
for a bath with non-zero temperature, there is thermal radiation from the bath falling into
the black hole. The balance between the temperatures of the black hole and the bath
determine whether the black hole evaporates and cools to the bath’s temperature, or it
grows and heats up from a hotter bath.

The two-dimensional AEMM model of [11] doesn’t specify the type of CFT in AdS; and
the bath, and reproduces many expected features of semiclassical black hole evaporation.
In particular, the model reproduces the information paradox for the Hawking radiation,
i.e., the entropy of the Hawking radiation absorbed by the bath appears to grow without
bound. However, the entropy of the black hole, i.e., of QMg,! undergoes a Page transition.
That is, the QMg entropy initially rises to track the increasing entropy of the bath, but
then there is a sharp transition to a phase where it decreases again. This rise and fall of

LOf course, the entanglement entropy of QMp, remains fixed at the Bekenstein-Hawking entropy of the
initial eternal black hole.
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the black hole entropy are characteristic of the behaviour exhibited by the classic Page
curve [30, 31]. This novel transition occurs in this holographic model (and in the model
described by [10]) as a result of the existence of a new class of QESs just inside the event
horizon of the evaporating black hole. These surfaces are in fact the minimal solutions at
late times, and thus delineate the true boundary of the entanglement wedge of the dual

QMg theory.

This AEMM model [11] was then extended with an extra layer of holography by [1].
In the AEM*Z variant, the matter theory in the bulk and bath is chosen to be itself a
holographic CET (coupled to JT gravity in the bulk). This theory is itself the boundary
theory of a dual AdS3 bulk — see the third illustration in figure 1.2. The JT gravity theory
resides on a Planck brane suspended in an asymptotically AdS; bulk. The latter can be
thought of as a Randall-Sundrum brane [51, 52], which cuts off the asymptotic AdS; geom-
etry at a finite radius, but it is also engineered as a Dvali-Gabadadze-Porrati brane [53],
in that the brane carries an intrinsic gravity action (confined to one lower dimension),
i.e., the JT action. Since the CFT is defined on manifolds with boundary (a boundary
conformal field theory, or BCFT), the bulk also contains a second class of branes on which
the AdS space ends: end-of-the-world (ETW) branes [54]. The dynamics of this model
can be solved analytically, including the gravitational backreaction and the von Neumann
entropy of the Hawking radiation. One can study the entropy of the black hole or its
complementary subsystem (containing the Hawking radiation) as a function of time, using
the Engelhardt-Wall prescription [55] (see also [56]) for calculating von Neumann entropy
— a generalization of the Hubeny-Ryu-Rangamani-Takayanagi (HRT) prescription [57, 58]
to incorporate quantum corrections. As was outlined in section 1.2, the important distinc-
tion between the HRT prescription and the Engelhardt-Wall prescription is that the former
computes entropy using codimension-two surfaces with stationary areas, whereas the latter
asks us to instead find minimal values of the generalized entropy defined in eq. (1.28)

A

Sgen = en + Sphuik - (1.29)
That is, to leading order in Gyh, this quantity is simply the area A,% but the functional
receives a quantum correction Sy given by the entropy of quantum fields of the spatial
region outside the surface. The surface that extremizes Sgen is referred to as the quantum
extremal surface (QES). In the AEM*Z model, the calculation of the generalized entropy
is purely geometric using holography in the AdS; bulk. That is, assuming the bath system
is described by a holographic CF'Ts, Sy can be found using the HRT prescription in the

2Note that in the following we examine two-dimensional JT gravity where the Bekenstein-Hawking
contribution is replaced by ¢/(4Gnh), where ¢ denotes the value of the dilaton evaluated on the QES.
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AdS; dual, while the Bekenstein-Hawking term becomes an additional boundary contribu-
tion (from the JT gravity) for HRT surfaces ending in the gravitational region, i.e., on the
Planck brane — see [59, 60] for further discussion.

Recovering a unitary Page curve for old black holes is a major step towards resolving the
information paradox. It indicates that the semiclassical gravity path integral knows more
about unitarity than previously believed. This result is surprising from the perspective
of the two-dimensional theory. In particular, the above phase transition indicates that at
late times, the standard calculation of the von Neumann entropy of the Hawking radiation
is incorrect because of gravitational effects. Instead, one must modify the usual prescrip-
tion for computing the entropy with the so-called ‘island formula’ [1], which accounts for
the contributions of quantum extremal islands (QEIs). The QEIs are gravitational re-
gions that may contribute to reducing the (entanglement) entropy of a non-gravitational
region by creating new stationary points for the generalized entropy, i.e., the sum of the
gravitational and matter entropies. In particular, for a QEI, a change in area from per-
turbing the boundary of a QEI is exactly compensated for with an equal and opposite
change in the entropy of the quantum fields inside the island. The HRT prescription in
the three-dimensional bulk theory implies that the correct generalized entropy in the two-
dimensional theory should be computed by including these islands, whenever they exist, to
the entangling region, if doing so results in a smaller entropy. In the present context, the
phase transition where the QEIs appear corresponds to the time when the bath encodes
(part of) the black hole interior, a manifestation of the ER = EPR principle [61]. See
[2, 3, 15, 59, 60, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81,
82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96] for recent explorations on the island
formula in different black hole geometries and [14, 97, 98, 99, 100, 101, 102, 103, 104, 105,
106, 107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117] for more associated studies on
information paradox and Page curve from various perspectives.

The AEMM and AEM*Z models are clearly rich with new physics, and with fascinating
implications for quantum gravity. Chapter 2 is based on work done on the evaporating
AEM*Z model [2], where we begin to investigate how the black hole interior is encoded in
the bath. The approach is straightforward: we start by considering the entire bath (plus
QM) as our entangled subsystem. We then systematically excise various subregions of the
bath from our entangling region, each time studying the corresponding entanglement wedge
in the three-dimensional dual. We perform the excisions such that the system always sits
at the transition where the entanglement wedge of the remaining bath in combination with
QM begins to include the interior of the black hole. By identifying the Page transition
for these various ‘hole-y’ subregions of the bath, we can find which regions of the bath are
important for encoding the black hole interior. In this simple case, we find that the late
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Figure 1.2: In the AEM*Z model, the holographic principle is invoked twice, resulting
in three different pictures of the same physical system. In the top picture, there are
two quantum mechanics systems (QM;, and QMg) as well as a field theory (CFT,) state
prepared on the half-line. The middle picture includes the 2D holographic geometry (JT
gravity) dual to the entangled state of QM and QMpg. The last picture contains the
doubly-holographic description, with a bulk AdS3 dual to the matter in the middle picture.
The figure to the left illustrates the three holographic layers of the evaporating model, in
which the QMg system is coupled to a zero temperature bath. To the right, we illustrate
the equilibrating model in which the bath is prepared in a thermal state. In the doubly-
holographic description, the thermofield double state of the bath plus its purifier, is replaced
by an AdS;3 black hole.

radiation contains somewhat redundant information to reconstruct the black hole interior,
and the early time radiation is more important; a similar effect was observed recently
in [94, 97]. We also study the limiting case where we excise a large number of subintervals
in the bath. By repeating this process ad infinitum, the remaining bath has a fractal
structure. In this way, we implement the iiberholography of [118], and we can determine
the support of the black hole interior encoding in the bath.

In chapter 3, we study the dynamics of coupling the initial equilibrium black hole to
a bath BCFT that is initially in a finite non-zero temperature state instead, and is based
on [3]. Similar situations were studied in [62, 70], but we do not make the assumption
that the black hole and bath are initially at the same temperature. We study the resulting
dynamics numerically and analytically. As in [62], we find that the quantum extremal
surfaces can lie outside the black hole horizon, and correspondingly the QEIs can include
part of the exterior of the black hole. For thermal baths with a temperature around
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the same temperature as the initial black hole, the late time QES is already outside the
horizon around the Page time. On the other hand, with arbitrary bath temperatures,
the late time QES are initially inside of the event horizon and eventually cross the event
horizon, remaining outside for the rest of the equilibration process. Similar to our analysis
in chapter 2, we compute the Page curve for the dynamic black hole coupled with a thermal
bath at arbitrary temperatures or equivalently, that of the complementary subsystem to
the black hole, i.e., the QM,, together with (parts of) the bath and its purification. Taking
the bath to be at finite temperature changes the flow of quantum information in important
ways. The bath has its own purification and thus must be accounted for in the computation
of the generalized entropy. We study the role of the purification in altering the flow of
quantum information as the black hole and bath exchange radiation.

Outline. In section 2.1, we review the AEM*Z model. In particular, we show that there
are three phases that the entanglement entropy evolves through after the quench. We study
the entanglement properties of the holographic model in section 2.2, removing increasingly
large entangling segments from the bath. We explain how the information encoding the
interior of the black hole is encoded in the CF'T via an increasingly refined boundary-bath
operator algebra. In section 2.3, we conclude with a discussion of our calculations and
future directions.

In section 3.1, we review the AEM*Z model and set up the model for a black hole in
contact with an auxiliary bath at finite temperature, finding the generalized entanglement
entropy of various different intervals during the equilibration process. The equilibrium case,
i.e., the black hole temperature immediately after the quench matches that of the bath,
is analyzed in section 3.2, and we find the constraints for finite bath intervals, together
with QM,,, to recover the black hole interior. Interestingly, the purification of the bath is
essential for the reconstruction of the black hole interior. The case of general temperatures
is studied in section 3.3, and the results smoothly interpolate between the evaporating case
of chapter 2 and the equilibrium case in section 3.2.
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Chapter 2

Evaporation model

In this chapter, we review the AEM*Z model [1, 11] for black hole evaporation and describe
the salient quantitative results for the quantum extremal surfaces and generalized entropies.
We also examine numerical solutions in certain instances to compare with our analytical
approximations.

The process described in section 1.3 involves a quantum quench where the QMg system
is connected to the bath, as well as the subsequent evaporation of the black hole on the
Planck brane. In the three-dimensional bulk description, the quench involves connecting
the corresponding end-of-the-world (ETW) branes and letting them fall into the AdS;
geometry. Similarly, the black hole evaporation is described by the dynamics of the joint
between the Planck brane and the asymptotic AdS; boundary.

In principle, the problem of finding quantum extremal surfaces for the extremely dy-
namical bulk geometry described above seems an intimidating one. However, this difficulty
is mitigated by several simplifying features in the AEM*Z model.! First, the theory in the
first holographic description (panel (b) in figure 1.2) is a two-dimensional boundary CFT
(BCFT). Hence in the dual description, after an analytic continuation, the entire evolution
can be conformally mapped to the vacuum state in the upper half-plane (UHP), i.e., with
a simple boundary running along the real axis. Given this configuration and turning to the
second holographic description (panel (c) in figure 1.2), we exploit the fact that holographic
BCFTs have relatively simple expressions for the entanglement entropy, e.g., see eq. (2.20).
Lifting this result back to the two-dimensional description (b), the remainder of the anal-

ICertainly, one of the simplifying features is that the evaporating black hole is constructed in the two-
dimensional JT model, which means any candidate QES is simply a point and its extremality is easily
tested by taking ordinary derivatives, e.g., see egs. (2.32).
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ysis involves undoing the previous conformal transformations. That is, we are essentially
following the analysis of [11], but the key difference is that we have a specific formula
for the entanglement entropy determined by the holographic BCFT. This also allows us
to consider more complicated situations, e.g., multiple intervals, in the two-dimensional
description in a straightforward way.

When, as in [11], we consider the entanglement entropy of QMg, or alternatively its
purification, the bath plus QMy,, we find the entropy evolves through three phases, which
are sketched in figure 2.1 — see also the spacetime diagram of the two-dimensional boundary
in figure 2.2. These three phases are as follows:

a) Quench Phase: This is a short period after the bath and QMg systems are joined, in
which the entanglement entropy rapidly rises. The three-dimensional description involves
the HRT surface having two separate components. The first is anchored to the bifurcation
surface of the initial eternal black hole on the Planck brane and falls straight down into the
AdS3 bulk to terminate on the ETW brane (which is stationary at this point). Similarly,
the second connects QMg to the ETW brane where the new connection was made and
where it quickly falls into the bulk. Hence the rapid rise in the entanglement entropy is
entirely due to the stretching of this second component of the HRT surface.

b) Scrambling Phase: The transition to this phase occurs on a thermal time scale (see
eq. (2.47)). The entanglement entropy shows some transient behaviour at the beginning
of this phase, e.g., depending on the precise choice of parameters, the entropy may ini-
tially decrease, as shown in figure 2.2. However, after roughly the scrambling time (see
eq. (2.54)), the entanglement entropy begins to grow linearly as the bath steadily absorbs
more and more Hawking radiation from the black hole (or from QMg). The gradual in-
crease in entropy is consistent with the heuristics from efficient scrambling systems where
only a small but increasing amount of the radiation can be decoded before the Page transi-
tion [119]. During this phase, the corresponding HRT surface consists of a single geodesic
that connects QMg to a point very close to the bifurcation surface of the initial black hole
(see figure 2.2). In particular, it connects boundary points on opposite sides of the shock
wave propagating into the Planck brane.

c) Late-Time Phase: In this phase, the entanglement entropy decreases, as required
by the late time behaviour of the Page curve. Of course, the bath continues to absorb
Hawking radiation and so this decrease indicates there must be correlations between the
Hawking quanta emitted at early and late times. In this phase, the corresponding HRT
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Figure 2.1: A cartoon illustration of the three phases for the entanglement entropy of QMg
or QM +bath, after the quench where QMg is connected to the bath. The darker colors
indicate the true generalized entropy, while the lighter colors indicate the general shape of
each of the branches slightly beyond the regime where it provides the minimal value for
the generalized entropy. Below the plot is a sketch of the shape of the extremal surfaces
in AdS3 which contribute to the generalized entropy in each phase.

surface again consists of a single component, but now the geodesic connects QMg to the
new QES behind the event horizon of the evaporating black hole — see figure 2.2. Hence
these geodesics are distinguished from the previous class since the two boundary points
which they connect both lie to the future of the shock wave.

2.1 Setup and Page curve

The AEM*Z model consists of an AdS, black hole in JT gravity, dual to a Hartle-Hawking
state of two copies of a one-dimensional quantum mechanics theory [1, 11]. At Lorentzian
time t = 0, we perform a quantum quench on the CF'T, joining it to a field theory vacuum
state defined on the half-line ¢ > 0. In the bulk, Hawking radiation can now escape to
the bath and land on the asymptotic null infinity #* of the flat space bath region, and
the black hole thus evaporates. Additionally, the quench results in two shockwaves, one
propagating into the black hole and one into the bath, corresponding to the propagation of
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Figure 2.2: In the AEM*Z model, the AdS, black hole is coupled to bath along the boundary
o = 0 at time 7 = 0 = ¢. This results in the shock indicated by the yellow solid line.
The evolution of quantum extremal surfaces is indicated by the solid blue curve. The
first phase transition occurs when the QES jumps from the green point at % = (77T) ™!
to the other green point, and the second (Page) phase transition happens at the jump
between the blue blocks. In this final phase, the QES tracks close to the new horizon. The
regime of applicability of this semi-classical model breaks down at very late times, with
u > k~tlog % After times of this order, quantum effects of the near extremal black hole
cannot be neglected and therefore the final moments of the evaporation are not captured
by the present analysis.
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a large amount of energy arising from the joining quench. The energy of these shockwaves
Es should be thought of as one of the UV scales for the model. The spacetime diagram of
the coupled system is shown in figure 2.2.

The two-dimensional gravity solution is locally AdS,, described by the Poincaré metric

2 413 + - +
dSAdS:_mdx dz (.fl? :tj:S) (21)
Note that the Poincaré depth coordinate is denoted s, so that the (unregulated) asymptotic
boundary is at s = 0. Further, we will generally set the AdS curvature scale L,45 = 1 in
the following. Meanwhile, the bath is represented by a flat Minkowski half-space:

f—uFo). (2.2)

dspun = —dy*dy™  (y
where o denotes the spatial coordinate.? These two spaces are to be glued along their
respective boundaries, i.e., ¢ = 0 in the bath region and s ~ € ~ 0 in the AdS, space,
where € is an IR cutoff in the AdS, bulk. After this quench, energy can flow freely through
the boundary from one space to the other. The 2% coordinates can be extended to cover
the bath, and the y* coordinates can be extended to cover a Rindler patch of the AdS.

To prepare the corresponding bulk quantum state, we Wick rotate to Euclidean sig-
nature. The Euclidean coordinates and Lorentzian coordinates are related by = —
—x, x7 — z. This state can be mapped to the vacuum of the CFT in the upper half
plane (UHP) Im{z} > 0 by a local Weyl rescaling

dzdz
dSQAdS — Q(er?xi)zdSzAds = # )

dezdi (2.3)
dsgath H Q/(y+7 y7)2d8§ath = 2 :

€
Explicitly,
g 1
Q= VF@0Z@), ¥=-VZWG). (24)
€ €

Before the quench, the reparameterization function f(u) relating the x and y coordinates
(i.e., z = f(y)) is given by the solution of a black hole with temperature Ty in JT gravity,
1.€.,

Flu) = LT tanh (7Tpu)  (u < 0), (2.5)

Lo

20ur unconventional choice in defining y* ensures that moving further into the bath corresponds to
moving towards larger positive o. That is, o is positive in the bath, while s is positive in AdS.
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where we identify the physical time on the boundary with the coordinate ¢ via the inverse
function v = f~*(¢). The quench occurs at u = 0. The quench introduces a localized
positive energy shock followed by a flux of energy:?

(Ts) = Beb(a™) = 5 {27 }0(). (2.6)

After the quench, consistency of the change in black hole energy with this flow of energy
between the AdS and bath systems demands that f satisfies the following equation

{f(w),u} = —2(xTy)2e ™, @7

where T} is the temperature of the black hole after the initial shock of energy Fjy falls in,

so that Eg = 2™ (T2 — T2). The solution was found in [11] to be
aey U1 — 1o

) = LT[R [ gy ek Ky [

1y (BE] Ko (e + 1y [ K [BE]

(2.8)

where k < T} is a constant that determines the relative strength of backreaction compared
to the entropy:

c O
12 k4GN '

(2.9)

After the quench, the horizon shifts, corresponding to the change in temperature. The
new horizon corresponds to x" = ¢, where

L[] 1 i 2
= pu— pumy == . 2-1
o = flu=00) = o T Bn] = 7 iy O () (210)

After taking the limit of very large Eg, the map to the UHP is achieved by the piecewise-
Mébius map [11]

27 -2
L (22Es) 7y fory >0, (2.11)
—1y for y < 0,

or equivalently in terms of x coordinates,

Lrp \72i
z:{<CES) > forz >0, (2.12)

if 1(—x) for z < 0.

3The Schwarzian is defined as {f(u),u} = Qf,f;/;ci,}?’f”z
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We are looking for the quantum corrections to the entanglement wedge of QMg. This
means we need to evaluate the generalized entropy (1.29), which in JT gravity means the
function

¢

N
Sge“(ﬂj 7'1" ) - 4GN _I_ Sbulk) <213)
where - )
NG
¢:¢O+fa (2.14)

is the value of the dilaton. The large constant contribution from ¢, is related to the
divergences associated to the short range entanglement across the end points of an interval.
The spacetime-dependent ¢, takes the value ¢, at the boundary where AdS and the bath
are joined.

We solve the quantum extremal surfaces, i.e., the codimension-two surfaces (points)
that minimize the generalized entropy. Before the quench, the dilaton profile is given by
the simple static solution

— (nTy)* ata™

-1
¢:2¢r o —

= 20, 7T, coth (7TT()(gfr — y_)) , (2.15)

where we used the reparameterization function for the static black hole with temperature
Ty in eq. (2.5). After the quantum quench, the AdSs geometry is modified due to the
backreaction. Since 2D gravity is topological, this corresponds to a modification of the
boundary. Alternatively, we can consider the AdS, geometry as fixed and account for
the backreaction by having the dilaton profile change. After the shock = > 0, the new

solution is
oy L T 1)

, (2.16)

zt —
where

I:/‘@ﬁ—ﬂ@‘—ﬂWJwt (2.17)
0

is the contribution due to the presence of stress-energy exchange through the bound-
ary [120, 121].

In the original iteration of the AEM*Z model [11], no assumptions are made about the
bulk BCFT. The calculation of the entanglement entropy can then be carried out using
replica techniques [122, 123, 124]. In terms of the conformal cross-ratio

(21— 21)(20 — Z0)
(21— Z0)(20 — 21)’

Ui (2.18)
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the entanglement entropy of an interval with endpoints z; and z; in a two-dimensional
BCFT with boundary at z — z =0 is

c 20 — 21|?
Suup = 8 log (%n) + log F(n). (2.19)

Here, 0 is a UV cutoff and F(n) is a function which depends on the theory living on the
boundary defect. In the limit n — 1, we are in the OPE limit, whence F(1) = 1; in
the opposite limit 7 — 0, we instead have F(0) = ¢g*, where logg is the Affleck-Ludwig
boundary entropy [125].

For our purposes, however, we wish to work with the holographic model described
in [1]. In this case, the matter theory is a holographic BCFT. Thus, we can imagine the
JT gravity theory plus bath system as living on the boundary of a new, asymptotically-
AdS; bulk. Because of the boundary defects, there is a dynamical ETW brane hanging
into the space [126, 127]. After the quench, the ETW brane detaches from the asymptotic
boundary (where the JT gravity and bath are connected) and falls into the bulk.

A particularly convenient aspect of the holographic model is that the entanglement
entropy is now determined simply using the Hubeny-Rangamani-Ryu-Takayanagi prescrip-
tion [57, 43]. In this setup, this simply means evaluating the length of the minimal geodesic
homologous to the entangling region. In this case, the HRT surfaces are allowed to end on
the ETW brane.

In this case, the entanglement entropy of one interval reduces to

£log —lzl_;()F) for n > n,
g _ )6 6_ ) (2.20)
UHP %log |z1gz1\ } @) +2logg forn<mn,

where 1, = (1+ ¢'¥ C)_l is the value of the cross-ratio at which the transition between
families of HRT surfaces occurs.* Without loss of generality for our purposes, we take
g = 1 from now on, so that n, = 1/2. We will discuss the role of ¢ in more detail in
section 2.3.

Figure 2.3 illustrates the two families of bulk geodesics in the two different branches
contained in eq. (2.20) (with logg = 0). The 5 > 1 branch corresponds to a single
geodesic stretching between the two endpoints, while the n < % branch corresponds to two
geodesics (one from each endpoint) terminating on the ETW brane. This formula matches

4The transition value 7, for the conformal cross ratio is precisely that for which the entropy given by
the two channels in eq. (2.20) are equal.
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Figure 2.3: The entanglement entropy for an interval in a holographic BCF'T on the upper
half-plane has two branches. The dominant branch is determined by the cross ratio n
defined in eq. (2.18). The ETW brane is anchored at Im(z) = 0. The case illustrated
here corresponds to a tensionless ETW brane in the bulk, or alternatively log g = 0 in the
BCFT. As shown for this case, the ETW brane lies at right angle to the AdS; boundary.
For other choices of log g, the ETW brane will be tensionful and intersect the UHP at some
other angle.

with CF'T calculations in the large ¢ limit; the phase transition between the two branches
follows from the universality of the four-point function on the full plane in a holographic
theory [128, 129].

Employing this holographic formula (2.20) for the entropy of an interval on the upper
half-plane, we can find the bulk entropy we need by taking the conformal transformation
to the physical coordinate system. Because of the conformal invariance, this reduces to
the answer on the upper half-plane, except for the transformation of the cutoff at each
endpoint:

Suute = Sa-2g = Sume — = > log Q) (2.21)
6 ;€0

where the sum runs over all the endpoints of the intervals.

Note that all of the entanglement entropies that we calculate in the following are for-
mally UV divergent, because of the UV cutoff § appearing in eq. (2.20). However, in any of
our analyses, we are also comparing different branches with the same number of endpoints
in the bath and so these d contributions do not play a role. Hence in any expressions that
are explicitly shown in equations or plotted in the figures, we simply subtract § log(Laas/9)
for each of the endpoints. Of course, in the holographic description, these UV divergences
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Parameter | L,.s | k& |11 | Tp c € | do| o

1 63 1 1
Value L 206 sir | 4096 | 555 | 0 | 1o0p

3 |

Table 2.1: Baseline parameters for this work. Unless otherwise specified, all of our figures
are generated using these values for the parameters. These parameters were chosen to
remain consistent throughout all our numerical analysis, but the results are robust. Varying
any of the parameters produces qualitatively similar results to those shown here.

appear because of the infinite length appearing when the HRT geodesics extend to the
AdS3; boundary. A similarly large length appears when these bulk geodesics terminate on
the Planck brane. In this case, the divergences are absorbed by the gravitational contri-
bution in the generalized entropy (2.13). In particular, these divergences are associated
with renormalizing the coupling to the topological Einstein term in the JT action, i.e.,
¢o/4GN [1, 11].°

We now review the results in [2, 11] and find the quantum extremal surfaces. Finding
these surfaces requires computing the generalized entropy for an interval with one point in
the AdS,; and another point on the boundary. We assume the simple holographic results
for bulk entropy, where we found a small change in the behavior of the quantum extremal
surface before the shock relative to the results of [11]. Unless otherwise specified, we will
use the parameters in table 2.1 as our baseline parameters in all of our numerics.

Before the shock, the possible contributions to generalized entropy are also divided into
two different phases according to the position of endpoints. After the shock, the cross-ratio
is fixed to be 1 at leading order in Eg?, as in [11].

Finding the phase transitions

Consider a bulk region defined by the interval between two points, 22, and 27" (More

correctly, consider the domain of dependence of this interval.) As a warm-up, we take z
to lie in the bulk and z; to be near the boundary. In this case we can relabel the point
in terms of the proper time u along the boundary,

t:f(u):ﬁ+xl_, z:ﬁ%:eﬂ(u). (2.22)

SFor details on how this occurs in general dimensions, refer to the appendix of [130].
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Phase Range of n Position relative to shock

Quench [0,3) Straddling (25,5 < 0)
Scrambling 5,1) Straddling (zg.s < 0)
Late-Time ~ 1 Above (25, > 0)

Table 2.2: A summary of the range of parameters determining the phase of the von Neu-

mann entropy. In Lorentzian coordinates, n = 27 (28 — Tous)/[dss (2T — Tous)]-

From the above holographic formula for entanglement entropy with two points, we can fix
the choice of bulk entropy by taking account of the cross-ratio decided by the position of
AdS, point, giving

c |z1—21]-]2QESs —ZQEs| 1
_ <log - for n € [0, 3) (2.23)
bulk — c 10 |Z1*ZQESH21*EQES| for c [l 1] .
608 01005502 nely

The first formula (where 1 < %) is only applicable when the bulk endpoint lies before the
shock with xg, < 0. In this formula, the entropy factorizes into contributions from the
two endpoints. (For an idea of what the n < % region looks like, consult figure 2.4.)

The second formula (where n > %) holds both before and after the shock. However,
because the map from the upper half plane to the physical coordinates depends on whether
the interval straddles the shock or lies to its future, the formulas for the bulk entropy will

still depend on this distinction.

In total, we end up with the following bulk von Neumann entropy formulas for the
three phases defined in table 2.2:

c 24drEg  ut
u uench — -1 y 2.24
Shbulk, quench 6 og cc f’(u)) ( )
UrEg  uxs (t —
Sbulk, scrambling — E log TS n B (_ QES) s (225)
6 € (zges — Tars)V/ (1)
e 200 = ygus) (s =) [ (vaes)
Su ae—ime:_lo 2 —— 2 . 2.26
bulk, late-t 6 g i p (xJQrES — I‘(SES) f/(U) ( )

With these ingredients in place, we can find the generalized entropy in each of the three
phases,
¢

S = ——
S RPTeN

+ Sounc s (2.27)
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(b) A new extremum (point S) emerges,
but is non-minimal.

(¢) Transition to Scrambling Phase. (d) Instant before Page transition.

Figure 2.4: Motion of QES and other (non-minimal) extrema in the Quench and Scrambling
Phases. The sub-figures show contour plots of generalized entropy as a function of g
in the region bounded by the initial black hole horizon (solid black lines), a past null ray
(dotted black line) emanating from the point z; on the AdS-bath boundary, and the shock
(magenta lines); dark blue and bright yellow shading indicate low and high generalized
entropies respectively. The blue curve marks points for which n = 1/2. Three extrema
of generalized entropy are shown: the bifurcation point (Q), a saddle point (S), and a
maximum point (m). The QES (opaque point) in the Quench and Scrambling Phases is
given respectively by @ and S. In order to make various qualitative features visible in this
figure, we have chosen parameters differing from the baselines listed in table 2.1; here,

_ 1 _ _ 1 _ 2 _ 1 _ _ 1
6_1_670_167k_l_G)TO_g_ﬂle_;?¢0_07and¢r—ﬁ-
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Figure 2.5: The time evolution of quantum extremal surfaces. The arrow indicates the
direction of the flow. The blue line is the physical solution we considered in our analysis.
It starts at the bifurcation point and ends at a point away from shock. The green one is
another branch of the solution with larger entropy. Here, we choose a large k to make the
deviation from the horizon more obvious when plotted.

and find the quantum extremal surfaces which are stationary points of this equation, using

0 Syen =0,  O_Syen = 0. (2.28)

where we abbreviate d. to mean 8%“ to simplify the notation.

Quantum extremal surfaces at early times

It is easy to minimize the generalized entropy in the quench phase, because the bulk
von Neumann entropy in this phase is independent of x4rs. The problem reduces to finding
the saddle point of the dilaton, which is of course the bifurcation surface of the original

(temperature Tp) black hole at
Ce = i—l 2.29
xQES - T[) : ( : )
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Even though the quantum extremal surface is fixed to the bifurcation surface, the gener-
alized entropy still evolves with time, and is given by

o 24F t
Sgen, quench — % <27TT0 + 2k log ( sz )) (77 < %) (230)
N

€/ f'(u)

This solution is relevant only when

tS (2.31)

Now we consider the scrambling phase. The quantum extremal surfaces in this phase
are found by solving the equations

4G 2((mTyxops)® — 1) T — 1t

0= 20, Sgon = T 2 (2.32)
Or (Tdes — Tqes) (t — 24es) (Thes — Tags)

0 — 4GNa s 2(1 — (nTowdes)?) 2kx 533

= NG Gy = Ve )y s (2.33)
(br (xQES CUQES) xQES(xQES xQES)

An exact solution® for :L‘éES can easily be found. Using these exact solutions, we plot the

generalized entropy in this phase in figure 2.6. An approximate solution (using a small-k
expansion) is

1 k k2 (3nTot — 1) |
T (1) = — k3 — 2.34
Tars(t) Ty w21¢  2m3T3 (w1t — 1) +O(#) < 7Ty’ (2.34)
1 k(mTyt +1 E2 (nTyt + 1
Taus(t) = — (nTot + 1) U tD) o), (235)

Ty w2T2 (nTyt — 1) 2m3T3 (nTyt — 1)

The small £ expansion is a good approximation for this early-time regime and we need
to consider more and more orders of k£ when we move to later time region. From the &

expansion, we can also derive the leading contributions to generalized entropy for T} =
O(1) as

o 24nEs u
Sen scrambling ~ — 2n'T; 2knT: 2k 1
gt bling 4GN mho + 2kmiit + o8 ec 2nTy
TO (26—27TT1u _ 1) 4 Tl , (236)
+ 2k log 5T + O(k?),
1

6The above equations actually have several branches of solutions. Here we only take the solutions
satisfying the constraints. Even still there is another solution, shown in figure 2.5 in green, which satisfies
the constraints but with larger generalized entropy. This occurs because of the factor of logzgpg in the
entropy of the scrambling phase; the solution lies close to the shock located at xqpg = 0.
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keeping the first two orders in k. The first line is the dominant term in this approximation,

=Ty
T

behavior of generalized entropy at early time in the scrambling phase. We also note the
contribution from dilaton is almost constant up to a linear increase of order k?:

2
i ~ 27TT0 4 k (ﬂ'Tot + 1)
¢r 7TT0 (1 - WTot)

because the second line is order O (k log ( ) The above approximation captures the

+ O (k) , (2.37)

which is negligible at early times (77pt < 1).
For later times, closer to the Page time, we need to push the above approximation to
next order. The next order correction to the dilaton takes the form

¢ k22T,
— =211y + —
(br m 0+7TT0T1—T0

+ O (k) . (2.38)

which is not negligible when T} — T is order k. Similarly, the bulk terms are corrected at
order k™ /(Ty — Ty)" . For example, we can find the linearized generalized entropy as

Sgen, scrambling ~ ﬂ |:27TT0 + 2knTiu + 2k log (

247TES u Tl - TO
4Gy

€c 27TTO 2T1

) - (2.39)
+ K =T + ————— +u ) | + O(k?).
2 ™ (TO - Tl)
. 2.76090 x 10°F
2.766x10° 2.76089x 106}
> 764106 2.76088 x 10°}
g | — Spmqunan S 276087x10°
2.762x 108} 1
: | — Spnecranbing 2.76086x10°;
[/ ]
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Figure 2.6: The generalized entropy from full solutions. The green curve is derived
from (2.25) with exact solutions of (2.32). The red one represents the generalized en-
tropy with endpoint at bifurcation point. The green point in the left plot indicates the
point uqs where Sye, crambiing = Sgen,quench-

This approximation highlights that the growth of generalized entropy as a function
of proper time w in the regime 1/77; < u < k™! is approximately linear, as shown in
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figure 2.6. This linear growth is dominated by the second term, which comes from the bulk
entropy term in eq. (2.13). However, at later times, the terms that we dropped at small k
become important. Fortunately, it is easy to find that the evolution in the z direction at
late time is very small. We can therefore make use of the approximation

Thas(t) R 1856 (toe) > too t A too - (2.40)
and various terms in the generalized entropy will be close to a constant decided by its value
at .. For example,

1 2 2k
log { —— )=~ + ) . 2.41
& (53;5153 - ZUQES) & (WTO (WTO)Z(WTOtOO _ 1) ( )

In order to get a simple expression for the generalized entropy, we define the following
constant

o — 2(1 - WTOT_E;ES)<7TTO'IC_2ES + 1) + 2k log (WTleES<t __xgEs)) : (2‘42)
Tqes — TqQEs Tqrs — Tqes t—stoo
and rewrite the entropy for very late u as
b [ 24nEg u ]
S, en, scrambling ~ —=— | 2715 + 2k lo + kK|, 2.43
gen, bling 4GN 0 g e ﬂ_Tl\/m ( )

The evolution of generalized entropy is dominated by the derivative term, which can be
approximated by

1 2T —k 1 ku
1 ~ 1— e ™/2) — ~log (47Tite) + — + O(ke™). 2.44
ox i (e st £ ok o
For the late-time region ku < 1, the above term leads to a linearly increasing entropy
¢r 24rEs u
S en, scrambling ~~ 2m (I Tk 2k 1
gen, bling & 7(To + Thku) + 2k log 2T}
T k2
_ %kzuz + gt m} : (2.45)

as show in figure 2.6. Physically, we can understand this linear increase of entropy as the
increase of entanglement between the Hawking quanta and their partners left behind the
event horizon. For very late times u > k™!, one can see from the above formula in eq. (2.43)
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u u

Figure 2.7: The numerical solutions g, Yops from eqs. (2.48) is presented by the dotted
lines. Note that the left plot is a log plot. The solid line is the linear approximation
from (2.52).

that the linear dependence on time w breaks down and the entropy is dominated by the
logarithmic term.

Having located the candidates for the quantum extremal surfaces in each phase using
eq. (2.24), the next step is to compare their generalized entropies and pick the minimal
solution. Using the approximations described above, we can find the transition occurs at

Tops(tos — Tdas) k(mTotos + 1)
logtas =~ lo Qps 1 9 Qs s +..., 2.46
& tas & < Tdes — Taes 27To (1 — Tt as) ( )
which gives the approximate solution
1 4k Tk?
tos = f(ugs) =~ +.... (2.47)

37Ty On2TE | 27770

Quantum extremal surfaces at later times

If the bulk endpoint is located in the region after the shock (i.e., if x{,s > 0), then the

bulk entropy is in its late-time phase. The position of the QES is found by solving the
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following two equations

0— 4?1\]6 S _ 2<7TT1{E5ES)2 -2 — k'fo s ('T(EES - t>2{u7t} dt (2 48&)
g, U (Tes — Tams)? '
1 1
(e Ty
:UESES —1 :1:$Es — Tqes
o 40n, o 2= 2 Tiwge)® ko (wde — 0P {u, 1} dl (2.48b)
o (2des — Taws)? |
ok ( 1 _ 1 X f//(y(gEs) )
ngS —Zaes (U — Yges) [ (Yars)  2(f"(Yams))?

The integral terms in eqs. (2.48) are due to the stress-energy exchange through the bound-
ary between the bath and the AdS, bulk, and make it hard to find the analytic solutions for
these equations. Therefore, we first turn to numerics. Numerical solutions for the position
of the QES are presented in figure 2.7, and the corresponding generalized entropy is shown
in figure 2.8.

From the numerical plot, it is interesting to find that around the Page time, the two
branches both display linear behavior. For the solution before the Page time, the linearity
can be seen in the small k expansion in (2.36). The post-Page time analysis is performed in
the original paper [11] by carefully dealing with the integral terms with the Schwarzian. The
key idea is we can use the approximation for f(u) around small & for fixed ku, specifically

log (%) ~ —% (1 - e_§“> +0 (ke%‘) . (2.49)

Keeping only the leading terms in the QES equations (04Sgen = 0), we arrive at these
simple equations

k —
~2YQEs 2%k
0~ A7y — — (2.50)
oo — LqEs Tops — 1
ok
0 & AT} (foo — it )e ™ 3%ams 4 3t = Tne) (2.51)

and solving at the same order,
4 1

xgEs = gtoo - gt + O(k(te — 1)), (2.52)
_ k 1
yQEs = U — Unp + 5 (UHP - 27TT1) (uHP - U) + O(kQ) ; (253)
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Figure 2.8: The dotted pink line shows the numerical results for generalized entropy with
endpoint after the shock. The Page time and the first transition at the early time are
both indicated by the green point in this plot. The solid red line is derived from the linear
approximation, i.e., eq. (2.60). The difference between analytical and numerical results is
approximately constant, due to the constant error from the approximation of the dilaton
term.

where we define the delay of ¥y~ in time direction as

1 T
Upp = log <8W 1> , (2.54)

27T 3k

which is (to leading order) the Hayden-Preskill scrambling time [119], as explained in [11].
Note that the quantum extremal surface after the shock (x{., ygss) lies close to but behind
the new horizon located at 1 = ..

The above linear solution captures the leading-order behavior of the QES and the
generalized entropy. In figure 2.7, we compare this analytic approximation to the numerical
solution. We can find an approximation for the generalized entropy”

c 8u k
Sbulk ~ 6 (log ( 3ZP) — 1 Uyp + ZuHP) + O(k2> ) (255)

"Compared to [11], here we added the contributions from bulk terms and also two sub-leading corrections
for dilaton which are ignored in [11].
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tOO - xc_zES tOO - xQES

2 _ _
¢~ 20, (1 — (7T1)" 28 ans + 51 (s, %Es)) (1 _ Tges —te foo) + Ok log k),

(2.56)

I (tos,z™) ~ % (rTite)? — 1) + %% (log (%) — 1) : (2.57)

For times much smaller than £~! we can further simplify these expressions by taking the
limit

o ({0 )~ 8 () 0 (1) 207
"(y7) teo — flu Eu—y)) k B
o (B i) = e () =500,

Using these approximations, we find the entropy from the dilaton contribution decreases
linearly

(2.58)

b~ @, (27TT1 — ki (u — wgp) — glog 26) , (2.59)

and we find the generalized entropy decreases linearly with time

(ET SkU’IQ-IP 2
Slinear 2Ty — kn'ly (v — k1l _ O(k*log(k 2.60
linear 4GN ™ 1 T 1(“ uHP) _'_ Og 3\/%627‘_71 + ( Og( )) 9 ( )

where the first two terms are derived from the dilaton term which lead to the linear decrease
of the entropy around the Page time, and the extra constant terms are contributions from
the bulk entropy.

The linear formula given above matches the numerical results shown in figure 2.8. As
shown in this figure, when the time is larger than the Page time up,g., the endpoint of
QES jumps from the point before the shock to that after the shock.

From the approximations in egs. (2.60) and (2.39), we can find the approximate Page
time

UPage ~
Pse 3 Tk 3 6rTy (T — To)m

(2.61)
2 8]€7TT1 Ugp C To
log | 4/ O(T;, — T
T3 Og( 3v2¢ W0 67Es T, —T0> +O(T —To),
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Figure 2.9: The Page time for fixed temperatures Ty and T}, as a function of £~!. The
dots are derived from numerical results without any approximation and the solid line is
the approximate Page time defined in (2.61).

where we have defined® 0T T
— U
up =3 1le ° - (2.62)

as the leading-order approximation to upage. A comparison with numerical results is given
in figure 2.9.

2.2 Structure of information

As was shown in section 2.1, the evaporating model we are considering exhibits two phase
transitions. Each phase corresponds to a different location for the quantum extremal
surface inside the new horizon. An important consequence of these transitions is that the
entanglement wedge of QMp+bath contains a bigger region of the bulk geometry after
each phase transition. In particular, there is an area inside the black hole that is contained
in the entanglement wedge after the transitions, but not before. This is illustrated in
figure 2.10. By entanglement wedge reconstruction [10, 131, 132, 133, 134, 135, 136/, this
implies that after some time, QMp, plus the bath contain information about the interior

8Here we have kept the ﬁ term, which may be order one for some choices for parameters.
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Figure 2.10: Entanglement wedges for the three phases of evolution. The quench phase is
in red, the scrambling phase in green and the late-time phase in blue.

of the black hole.? In this section, we investigate how much of the bath is essential to
keep in order to still reconstruct the black hole interior. For concreteness we will focus
on the Page transition in which the quantum extremal surface jumps across the infalling
shock, because this transition allows much more of the interior to be reconstructed; but
a qualitatively similar story occurs for the first transition, in which the extremal surface
jumps from the bifurcation point to a point perturbatively close to it.

Before the evaporation begins, the black hole interior cannot be reconstructed from
only the QMp, or the QMg system since it is not contained in the entanglement wedge of
either. On the other hand, the combination of the QMp, and QMg is enough to reconstruct
the entire bulk geometry. This implies that the information required to reconstruct the
interior of the black hole is shared between the two sides of the black hole. One can also
ask what is the entanglement wedge of QMg (or QMy,)+bath before evaporation begins,
but the answer is trivial because there is no entanglement between the two: it is the
entanglement wedge of QMg (QMp) plus the empty set. After the Page time, enough
evaporation has taken place and the quantum extremal surface of QMg is located after
the shock perturbatively close to the apparent horizon. The entanglement wedge of QMg
is smaller than it was before evaporation began: QMg has lost part of the information
required to reconstruct some of the bulk geometry it was originally encoding before the
evaporation. On the other hand, the entanglement wedge of the complement, the QMj,
plus the bath, gained information encoding part of the interior of the black hole. This
reflects the fact that some of the initial entanglement between QMy, and QMg has been

9 In the present example the black hole interior is relatively calm and undisturbed. However, entan-
glement wedge reconstruction [131, 132, 133, 134, 135, 136] indicates that the bath + QMj, system would
know about disturbances falling into the black hole. This would hold at least for small amounts of mat-
ter falling in, as long as the entanglement structure is perturbatively stable. However, we note that the
perturbative stability of the entanglement structure of this setup has not yet been rigorously studied.
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transferred to the bath by the Hawking radiation so that QMp+bath can reconstruct a
portion of the black hole interior. In this section, we set out to study the structure of
where the information necessary to reconstruct the black hole interior is encoded during
the evaporation process.

2.2.1 Early-time protocol: forgetting the late-time radiation

Our first modification of the AEM*Z model as described in section 2.1 is to move the
endpoint yi of the bulk interval into the bath region. This corresponds to omitting the
late-time Hawking radiation from the entanglement wedge of QMp,+bath. In this regime,
we will have i > 0.

We parameterize the distance from a bath point to the AdS boundary by specifying the
coordinate distance o; from the boundary to the bath, i.e., we set yf = u F ¢y. Similar
to eq. (2.24), we can identify three phases of the von Neumann entropy of the interval in
the bulk, which we label the same way: the quench phase, the scrambling phase, and the
late-time phase. The most important difference is in the Lorentzian cross-ratio, where we
must now account for the fact that the endpoints are not fixed on the boundary

f(yl )( QES x&«:s))

= (2.63)
wdus(f (Y1) — Tqes)
The phase boundary between the quench and scrambling phases still lies at n = % The
entropy functions in each phase now read
c 247 Es vy f(yi
Sbulk, quench — 6 log S 1 f/(y:_) ) (264>
€c f'yi)
¢, (247 Bs yr vges (F(U1) — 74es)
Sbulk, scrambling — & 1Og (265>
S € (2des — qus)V/ [ (yfr)
c _2 (yl_ - yths) ( Lars — (yf_» f’ yQEs
Sbullg late-time — 7 lOg (266
et 6 | € (xgEs - $QES) f( ) )

The location of the corresponding quantum extremal surface xngs is found by minimizing

the generalized entropy (04Sgen = 0). Before we move to finding the solutions, let’s first
comment on the effect of taking the point x; into the bath region, i.e.,

yi =uFor. (2.67)
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It is obvious this operation has nontrivial effect on the location of the quantum extremal
surface and bulk entropy because the entropy in the three cases all depend on both yi.
However, the effect from y; only appears in Sge, as a term like

o - B B (2.68)
& log (yl — yQES) for 0<wg,<t< x;gEs.

{g log (y1) for rg.s <0<t <l
If the above contribution is negligible, it is easy to claim that the effect from moving the
endpoint to the bath corresponds to a reparameterization, changing u to u—1yo. At leading
order, this is what happens, as we will now explain.

As before, the bulk entropy in the quench phase is independent of the location of the
quantum extremal surface. Again the dilaton term is minimized at the bifurcation point
x¥ = +-L 50 this is the location of the quantum extremal surface in the quench phase.

7wy’
The generalized entropy in this quench (7 < 1) phase reads
o 24nEs yy fly
S = =2 (ony 4 2k 10g [ 2 Es 91 /WD) ) ) (2.69)
| 4G . /f'(y))

which reduces to the AdS-boundary case when we take the limit y= ~ u or o; — 0, as
expected. The cross-ratio region n < % that defines the quench phase is equivalent to

1
37TTO

fly) < ! yi =u—o1 < f7Y

T ). (2.70)

The location of the quantum extremal surface in the scrambling phase and with o; > 0 is
delayed with respect to the o1 = 0 solution, because the solutions to the extrema equations

(0 = 04 Sgen ), which read

0— (WT(]Q:(SES)2 —1 + kx(;Es - f(yii_)

- , 2.71
ngEs — TqEs f(yi’—) - xg}as ( )
1 — (7Thzt. . )? xr
0 — +( 0 ciEs) + k CEES (272)
Lqes — LqEs Lqrs

only depend on f(y;"). The location is similar to eq. (2.34) after making the replacement
u—y' st = fyl), de., N N
Lars = xQES(f<y1+)) . (2.73)
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Although the location of the quantum extremal surface is simply delayed by oy, the gen-
eralized entropy still has the non-trivial term from logy; as we claimed before:

T

S en, scrambling ~
gen, g 4GN

, (2.74)

247 E
27To+2klog< s Ut o ))—l—/@'

€C 7TT1 f/<'LL — 01

where  is defined in eq. (2.42) and we have assumed 1 > 3 and u > 1. This extra term is
still sub-leading, with the full generalized entropy dominated by the linear growth at early
times u < %

Similar to the o7 = 0 case, the transition between the quench and scrambling phases
happens at the point where

— ‘s +
Sgen, scrambling — “gen, quench st = Ugs - (275)

where the equivalence is exact because of the cancellation of logy™ in
Sien scrambling — Ogenquencn-  JUSt like the o3 = 0 case considered in section 1.2, the
quantum extremal surface is at the bifurcation point until u,; and then jumps to x* (y*)
in eq. (2.34). This marks the transition between the quench phase and the scrambling
phase.

In the late time phase, the quantum extremal surface is located after the shock, and
the extremum equations 0 = 04Sgen can be expanded into first order in k to read

0~ 2Ty S h (2.76)
~ 21 — , )
1too — Tqgs OCSES - f(yfr)
- k

0~ AT} (foo — whog)e ™ 3%ams 4 5t = Taus). (2.77)

This leads to the linear solution

4 1
xtJ.grEs = gtoo - gf(yf) + O(k(too - f(y;r») ) (278>

_ k 1

Yors = Ui — Unp + 5 (UHP - Tﬂ) (usr — y1) + O(K?) . (2.79)

The generalized entropy in the late time phase is given by eq. (2.39)

8]{?(UIHP + 20’1)2
V2e3e2(rT})

Slinear ~ ﬂ 27TT1 - kﬂ-TI (U — 01 — UHP) + klOg (

ITeN ) + O(K? log(k))] :

(2.80)
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Figure 2.11: Left: The numerical results for upag on the dependence on o; and the com-
parison with analytical result defined in (2.81). Right: upage — 01

With the new approximations (2.80), we can also define the Page time for this late-
radiation-excised bath with fixed § as

( ) 2 T1 — TO I Unp Lo 2 lo 8]€7TT1 (UHP + 20’) C T()
Upage\O) = 5 O+ ———
Pag 3 Tk 3 37T, 3v2¢ (W0 +20) 67Es T, — T, (2:81)
k 5
+ +0(Ty —Ty),

67TT1 (Tl - Tg)’ﬂ'

with the crossing condition Syeer = Sgen, scramping- 1t 1S clear that it is just the up,,. + o

with corrections from one log term which is decreasing with the increase of . As a final
check, in figure 2.11 we compare the numerical results for the Page time with the analytical
approximation.

Time evolution of opage

Armed with the approximate solution (2.81), we can fix a time slice u after the Page time
and ask how far into the bath we need to move to arrive at the Page transition. To fix the
notation, we will say that this happens at

y;)rage = U — Opage (282)

We can thus consider the evolution of the distance of the second endpoint to AdS boundary
Opage SUCh that

2 UHP + 20—Pa re uPa re + 20—1:’3 €
B B _ log [ 2P T “TPage |\ [ LPase T “OPage 2.83
U — Opage Upage 37TT1 ( og ( U ) 0og ( Upnge ) ( )
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Figure 2.12: The red line indicates the evolution of op,,.. It starts from the boundary
point at u = up,,. and evolves with time u. For very late times, it approaches another null

surface with shift —2- log <%>

37TT1 UHP

which is derived from the approximation of ¥, . and up,.. It is still hard to solve the above

equation for opae.. However, let’s first comment on its speed with respect to u, i.e.,

4 uPa e uHP -
OuOpage = ( 1+ - <1, 2.84
Pag ( 37TT1 (U/Hp + 20Page)(uPage + 20Page)) ( )

which approaches 1 when op,,. — 00. In order to get insight on the simple form of op,,., we
consider three different regions for op,,. using the separation of scales: %7’1 L Upp K Upyge-

First of all, if we start from a small op,,,, it is easy to find for o < uyp

4 Upage — Unp -
~ (1 £ — Uppge) 2.85
rnnle) = (14 o M) ) 2.5
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where the coeflicient is a little bit smaller than one. Then we can move to the middle
region with the approximate solution for uyp < 0 < Upag:

4 -t 2 Upp + 2(U — Upyye)
~(1l— —— — Upnoe — 1 2. 2.86
Oage ( 37rTlupage> (” Upege = 3 08 o (2.86)

Note that although the coefficient looks larger than 1, it is easy to check that with the
logarithmic correction, the velocity in this region still satisfies 0,0p.,. < 1.

Finally we arrive at the region with op,,. > Up,,., one can still find a linear result when
Uppge < O

2 Upage Upage — Unp
Opage 2 U — Uppge — 3T, log < o > + ST (0 = un) (2.87)
So we can find that the evolution of oy,,, is time-like. However in this regime it quickly
approaches a null line as the last term decays as u — up,,. grows. We note that the third
term above represents a (small) finite shift of the asymptotic line above the simple leading
approximation yl.s ~ 1 — tp,,.. We show a sketch of the evolution of yd ., in figure 2.12,
summarizing our results here.

In closing here, we comment that a similar but even simpler conclusion applies to the
transition between the quench and scrambling phases. Recall that this transition occurs
at u = uqs defined in eq. (2.47). Then on later time slices, we push o, into the bath and
define oqg in analogy with yd.q, i.e., oqs is the value of o on a constant u slice where
the transition between the quench and scrambling branches occurs. From eq. (2.75), it is
straightforward to show that oy exactly satisfies the simple relation

Oos = U — Uqgs - (2.88)

Importance of the early radiation

So far we have seen how much of the later radiation can be discarded while still being able
to reconstruct the interior of the black hole with the remaining radiation + QMy,. This was
done by starting at some time slice after the Page time and removing an interval of the bath
starting from the AdS-bath juncture until the generalized entropy of the late-time branch
matches the entropy of the scrambling branch. That is, we found the point 17 = f(y]) in
the bath such that

SQES’*l = SQEsfl y (2.89)
where 2"

oes 18 at the extrema of the generalized entropy with one endpoint before the shock,
and z is at the extrema of the generalized entropy with both endpoints after the shock.
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Figure 2.13: The smallest connected bath interval By that, together with the QMyp, still has
enough information to reconstruct the black hole interior is the one in which the generalized
entropy in the two channels depicted are equal.

This allows us to remove part of the bath close to AdS that is not essential for black hole
interior reconstruction. We can now ask the question of how much of the early-radiation
regime of the bath we can remove while still keeping information about the black hole
interior. That is, we consider a bath interval By = [o1 = ydzs(u), 02] on a constant time
slice u, and ask how close can we move oy to the initial endpoint while still being able to
reconstruct the black hole interior. Unsurprisingly, we must place o5 near the shockwave
falling into the bath, since more distant points are out of causal contact with the quench
point. However, we will also find that o, must be positioned slightly to the right of the
shock, i.e., we need to keep all of the early radiation.

As above, consider an interval of the bath By = [0 = yd.s(u), 03], and then in terms
of the null coordinates, the endpoints are positioned at 4 = 4 F 0p,,. and y2i = u F 0.
Now we ask for the smallest of o9 such that

Sgen” + 51,2 == Sgen 1 + SQ (290)

QES QES—

where z4gg~ is at the bifurcation point and zqgs is at the extrema of the late time generalized
entropy. This is illustrated in figure 2.13

We begin by assuming that y, is close to spacelike infinity of the bath, so that y, > 0,
y5 < 0, and see how much closer to AdS we can bring it without losing the information
required to reconstruct the interior of the black hole. After the coordinate transforma-
tion (2.12) and the Weyl rescaling required to bring to the evaporating black hole model,
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we find the generalized entropy for these two channels is

c 24mEg _y;xf(?h_ -y ) (T qes)
SE + S0 = =1 2.91
qes + 212 6 o8 ( ce? F(yh) + 4Gy ( )
2 - . +  _ .t - _ .t 10—
5%:;71 1S, = glog = (yl yQES)(:IerES x_l )(yQ yi) / (yQES) 4 QS(J&QES) .

€ (-TQES - xQES) f/<y1 ) 4GN

(2.92)
The value of the dilaton at the bifurcation xqgy is

P(Tams) = o + 21To0, . (2.93)

The dilaton at the extremal point xqgs is given by eq. (2.59) to first order in k. The
position zg of the extremal surface in eq. (2.52) to leading order in k is

‘T(JQFES ~ tOO ) y(gEs ~ yf — UHP - (294)

Using the leading order in eq. (2.49) and its derivative
f'(u)

— L = 27T 2.95
too - f(U) A ( )
we find ASeen = SgeEI;u + 512 — Sg;;,l — S5 is

4G k
QENASgen = (271’(T0 — Tl) + k?‘l’Tl(?)yl+ + UHP) + 5 log 2€>

ko (67TES vy (ys — 1) >+(9(k2)
¢ (yr —yi +unp)ys —ys) ’

(2.96)

where we have used 4g—TN = 5%
The very large negative & (Tp — T1) term is offset by the %lef term because we are
choosing 4" = Upaye(Tpage) — Tpage Where Up,,. can be read off eq. (2.81). Plugging the value

of yif and 3, we find

TO (0-2 - uPage)(UQ - JPage)

8
3VTTite Tt — Ty (2004, + u%)(202)
0

where we have used Up,,e = Upage(Tpage) to simplify the equation and once again u} in
eq. (2.62) is the leading order approximation to up,,.. The (T} — Tp)(ub + 20p,,.) term in

4G N

r

ASE™ = 2k log ( ) + O(k?), (2.97)
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the denominator is small, and the only term that can offset this to bring the argument of
the logarithm close to one is yj = 09 — Up.,. DBut this requires us to anchor the end of
the bath interval a distance ~ (T} — Tp)u /T to the right of the shock. The takeaway from
this calculation is that we can remove most of the bath behind the shock. This should be
expected because these intervals do not capture any of the radiation of the evaporating
black hole, so they should not be essential for interior reconstruction.

We can now consider what happens when the point x5 crosses the shock, and see if we
can remove any more of the bath interval. This would amount to removing some of the
early radiation after the evaporation began. In terms of the calculation, the difference now
is that z3 > 0 and therefore z = (HTWES) - -t 50 that the expressions for the generalized

entropies of the two channels in egs. (2.91) and (2.92) are now

gen _ ¢ 2 (o —23)(y2 — 1) P(Tams)
S + 510 = 6 log (e + ,

(
P ) e
Clg<247rEsy2 T~ i) (s — 2) ff(yQEs>>+¢<””QES>.

1
6 ce? (des — zaus)V 'y f'(y3) 4Gy
(2.98)
Using the position of the extremal surface in eq. (2.52), the approximation in eq. (2.49)
and plugging the positions of the endpoints y; and y, the difference in the entropies of the
two channels ASs™" is

4GN c > 8Ty Th (2] — 23) (09 — Opage)
ASET = 2k1 ki +0O(K%).
8 ((127TE5) 3VTTitee Tt — To (Upage + 02) T3 (20pase + ul) (k%)

SgES 1 + S2

r

(2.99)
The term in the denominator (I%ES) (Ty — To)(u% + 20p,,.) ~ ELk/*T? is very large
and needs to be canceled by the separation g, of the point y, from the shock. Taking the
ansatz y; = dn with

2 4
c 87T} T cTy \ 7l
= < <1, 2.100
" (127TE5> 3(u + 20 ) VT Titoe Tt — Ty ™ (6E5) k ( )

we find that y; = 2upaee—dn and z3 = y3 +O((y3)?) = dn+O(n?). Solving for ASe™ =0
then gives

+ +
Upoge — O Upage — Obage Upage (L] + 2Upage) + Opage (L] — 2Upoge)
_ + “Page Page + “Page Page “YPage 1 Page Page 1 Page 2
d=aol ———= — 1] n+Omn).

2Up e 2Up e 4u2
(2.101)

Page
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Figure 2.14: Smallest connected intervals that, together with QMp,, are able to reconstruct
a part of the black hole interior. The left endpoint o,,. follows the path illustrated in
figure 2.12, while the right endpoint is anchored very close to the shockwave, as described
by eq. (2.102).

Hence we find that the right endpoint must indeed anchored very close to the shock wave
(at yI . =0). That is,

shock

4
4 Upage — Opage cTy T
— R g o) < . 2.102
T (6E5) S (2.102)

Figure 2.14 shows the smallest connected intervals that are able to reconstruct a portion
of the black hole interior.

2.2.2 Late-time protocol: forgetting the early-time radiation
In section 2.2.1, we asked the question of how much of the bath is required to reconstruct
the interior of the black hole in combination with QM;pwhile focusing on the Hawking

radiation emitted at early times. A different approach is to ask how much of the early-
time radiation can we ignore but still keep the ability to reconstruct the interior of the
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Figure 2.15: The time evolution of y; with dependence on Au = u — up,,.. The red line is
derived from the direct numerical calculation, while the blue line represents eq. (2.106).

black hole. Concretely, we can anchor o; = 0 for times later than up,,. and see how
small o9 can be while still keeping the recoverability of the black hole interior. The two
competing channels are the same as the ones in the early-time protocol, and are illustrated
in figure 2.13. The difference is that the left endpoint of the bath interval is now anchored
at the AdS-bath junction, i.e., o1 = 0, and the right endpoint is no longer anchored at the
shock, i.e., 09 < Oghock-

As in eq. (2.90), we need to consider the equivalence condition,

Sgen// + S1,2 - Sgen - SQ == 0 (2103)

QES QES—1

with the new endpoints, which is equivalent to

+ —
2k10g<127TEs f (3w, )

¢ (t—flys)) o2
& (T gs)

r

N ) (2.104)
(xQES - xQES)

(Y1 — Yaws) (Tdes — o) f’(?/cSES)>

where the dilaton is derived in eq. (2.59) and the bulk entropy on the right hand side is
as in eq. (2.55). The above equation can not be solved analytically in general, and so we
examine different regimes of Au = u — upage.

= 27TTO —

?

+ 2k log (

When Auw is smaller than the Hayden-Preskill scrambling time wuyp, the distance of the
right endpoint of the bath interval to the shock y; is still very small. This is shown in the
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plateau region in the beginning of figure 2.16. For y; < t., we can use'’

i
of = Flo) ~ totanh (12
) ~ (2.105)
f(y2)ys Ys Ys |, Ys Ys
1 ~log == +log2 + == + == =~ log == +log 2.
Og((t—f(y;))ag ogtoo+ og —1—2 +too ogtoo—I—og
Solving for AS = 0 then leads to the solution
+ ~ Ctoo 1 T(TO — Tl) 7TT1
(2.106)

k 1
+ 3 (_7T_T1 + (3 = 27T uyp) (u — uHP)> } ,
for u < ugp. As expected, we find an exponential increase of y3 (u) for early times. The
comparison with numerical results are shown in figure 2.15.

We now move on to later times, when Aw is of the order of the Page time, but still
less than O(k~!log k). The above approximation of eq. (2.105) will break down. For times
with Au comparable to the Page time we find numerically that the separation increases
linearly with Awu, as can be seen in figure 2.16. We now proceed to show this linear behavior
analytically. Using the results of section 2.1 in egs.(2.59) and (2.55), the only new terms
we need to consider are

f3)ys (u + 02) 47Ty ke
lo ~ lo + 1—e 2 (u=o2) )
& ((t—f(y;)) o9 S\ 20, k ( >

k 2n'T} u
log< J”(u)) ~log2+ it -

(2.107)

1_
ST 1k et

where we have taken the approximation f(y;) & t for u — o > t., which is satisfied in

the region with linear behavior. We also note that the log <“;T”22> is a small contribution

because of the log function and o also increases with u. Furthermore, if we take the small
ku expansion again and keep the liner terms, this approximation leads us to the following
solution

-1, 1 1 1 (16Es7rqu(u+62)) k o

S (u— 52 Lom
02 (u) 2T1k + 1 ('LL UHP) + 27TT1 0 (26)1/405'2 SUHP + ( ) s
(2.108)

10 This approximation only works for small y5 . In previous sections, we dealt with times u of the order
of the Page time or larger, and then (2.49) is a much better approximation.
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Figure 2.16: The time evolution of y; with dependence on Au = u — up,,.. Left: The
numerical results from the full linear generalized entropy. The horizontal line indicates
the yj = Up.e. Right: Black curve shows the results with exponential dilaton term. The
horizontal line represents the limit of y5 defined in (2.112).

where 79 = T21T;1€o + 1 (u — uyp) is the leading order term of o5(u)."* It is straightforward
to add higher k corrections to this approximation, but we only need the first order terms
to show that o, depends almost linearly in u for Awu of the order of the Page time and up
to O(k~1). Thus, in this regime, we find a linear evolution for the distance of the endpoint
of the bath interval to the shock:

3

vy (1) = u—05(u) = 7(u = Upage) (2.109)

where the slope is fixed to be % at leading order, and we have ignored the correction of

order O(k).'? The linear behavior is illustrated in figure 2.17.

For very late times of O(k™!), the small ku approximation in e.g., eq. (2.60) breaks
down. This is due to the breakdown of the dilaton approximation in eq. (2.59). The correct
expression for times of O(k™') is

b~ P (QWTlegyéES - glog 26) . (2.110)

Correspondingly, the linear decrease of generalized entropy is replaced by a much slower
exponential decrease. Using the improved dilaton contribution in eq. (2.110), as well as

(utoa)

"The u dependence inside the log is very small, since for Au much larger than up,.. we have log -

log 5.

_k(yT oyt _ K + . .
ez WqQes Yz )aquES + %6_5(“_?/2 ), reducing to % when u is

2The approximation is in 8uy;r(u) ~ %

order up,ge and to 0 for ku >> 1.
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Figure 2.17: The dotted line in the right figure illustrates the evolution of yi with respect
of time u. The left figure is the linear region with the approximation of y; described by

eq. (2.109).

the approximation in eq. (2.107), we can solve eq. (2.104) numerically and plot the results
in figure 2.16. Focusing on the large u limit, we can give an approximation for the surface

ys at very late time with u > k=1
1677,

16Es£rqu) _ k(l + 47T uyp — log 8) — 2T k2u
(2.111)

2
F~>lo
Y2 & 308 (47TT1(2T1 — Tp) + 4k log (
This surface is becoming null for very large u. In an approximation that holds up to late
times of order u ~ O(k™!log %),13 the asymptotic behaviour is

2 AT,
S~ —_ 1). 2.112
ot = 2oy () + o) 2.112)

We observe that the order-one correction above is also a constant. However, u-dependent

terms appear on the right-hand side at order k.

3Note that we can not simply take v to infinity to derive this leading order behaviour because the
semi-classical model will break down in the late-late-time regime with v > klog % Here we assume
u ~ Yqms approaches the very late-time limit. However, this formula (2.112) does not hold for v — oo.
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Before closing here, let us also comment on the late-time protocol applied to the quench-
scrambling phase transition. The calculation to find the behavior of the right endpoint with
U > Uqs is similar to the one for the Page transition carried earlier in this section. However,

the result is that as we increase the time up to the Page time, the distance of the right
2

point to the shock y; (u) starts from a very small value i.e., 000 — T2 ~ ( ggg) too K too
and then decreases exponentially for ugs < u < Upage. That is, the left boundary very
quickly approaches the null curve defined by the shock, i.e., o9 >~ u. This contrasting
behavior originates from the increase of bulk entropy in scrambling phase, ¢.e., the linear

term in egs. (2.36) and (2.39).

2.2.3 Redundancy of the encoding

In examining the holographic entanglement and the corresponding entanglement wedge
for QMp+bath in section 2.2.1, we found that the information needed to reconstruct the
interior of the black hole is encoded in a region in the bath extending from yl.q ™~ u — tp,q.
t0 Ouwa. = U ON a given time slice u in the bath.'* However, as may be expected for
holography [137, 138, 139], we will see that this encoding is redundant, here and in the
next subsection. In this subsection, we examine the question of removing a smaller interval
from the shortest connected bath interval that can still recover the black hole interior.'?
While in the following two subsections we will be working with the early-time protocol in
mind for concreteness, the results in this subsection are qualitatively similar if we started
from the shortest connected intervals in the late-time protocol of section 2.2.2, and in fact
the main conclusion of subsection 2.2.3 in eqgs. (2.122) and (2.127) is quantitatively the
same.

Let us denote the bath interval described above as By = [yngs, ashock] . Now we ask how
large a hole H; can we remove from B, while still preserving recoverability of the black hole
interior? The desired configuration of HRT surfaces is sketched in the top left illustration
of figure 2.18. We are now left with two disjoint intervals in the bath By = [07 = ¥, 02]
and By s = [03,04 = Ouoa, Which combined with QMj, are still able to reconstruct the
black hole interior. To determine the allowed size and position of the hole, i.e., to determine
the allowed values of oy and o3, we must compare the contributions of the different HRT
surfaces. For example, the desired configuration (in the top left of figure 2.18) is given by

Sams—1,2-34 = Squs—1 + Sa—3 + S, (2.113)

14Recall that y* = u F o, so that increasing positive o corresponds to moving further into the bath.
15Tf one is favorably inclined to puns, one might call this process “lyft”ing, since we are on our way to
iitberholography.
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Figure 2.18: Excising the largest possible hole H; from the smallest possible interval By =
B3 UH, U B 5 of the bath such that recoverability of the black hole interior is preserved.
Minimizing of By i.e., setting o1 = yd.q, allows us to equate the difference in generalized
entropies of the first line with the differences in von Neumann entropies in the second line;
maximization of H; is determined by the equality of latter branches.

where we have indicated the contributions of the separate components of the HRT surface
on the right. For example, Sy is the contribution of the geodesic connecting y, to the ETW
brane, while Syps—1 corresponds to the generalized entropy which includes the length of the
geodesic connecting o7 to the QES and also the dilaton contribution at the latter point.
Now the competing configuration that limits the size of the hole is shown in the top right
illustration of figure 2.18, and the corresponding holographic entropy is given by

Sars’ 1-2,3-4 = Sqes’ + S1-2 + 934 (2.114)

In this case, QES’ indicates that the quantum extremal surface is distinct from that ap-
pearing in eq. (2.113). In fact, in this configuration, QES’ corresponds to the bifurcation
surface of the original black hole on the Planck brane.

A priori it may seem that comparing the entropies in egs. (2.113) and (2.114) will
require some numerical analysis. However the present comparison is simplified because we
have chosen o1 = ygES. This point marks the precise transition between two competing
sets of HRT surfaces, as illustrated in figure 2.13. Hence at this precise point, we have

Substituting this expression into eq. (2.113) and taking the difference then yields
Sqps—12-34 — Oqes,1-23-4 = O1-4+ 523 — 512 — S3.4, (2.116)

as illustrated by the bottom illustration of figure 2.18. Note that the latter (2.116) is
controlled entirely by the positions of the points in the bath, which are fixed, i.e., the
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transition between the two branches in the top of figure 2.18 is completely independent of
the physics on the Planck brane, i.e., of QES and QES'.16

Hence in eq. (2.116), we are simply comparing the lengths of the corresponding HRT
surfaces. This comparison can be made in terms of the z coordinates, where the transition

occurs at ) )
sl lzal (2.117)

|24 — 23]? |22 — 21|?

or in the y* coordinates, where

ys —va flys) = flus) vs —wi flu) — flud)
vy —vs flyg) — flud) va —wr flur) — fys)

Now, of course, the width of our hole H;, i.e., |03 — 03|, depends on how it is positioned
within the original interval By = [ygEs, ashock}. As an example, in figure 2.19, we consider
By with yl.o = 0, i.e., 4 = Upy,'" and explore the maximum width of the interval that
can be removed as a function of the center of the interval. In the figure, we see that the
optimal choice, i.e., the largest hole, is when we position the hole at the center of By. In
the figure, we see that in this optimal configuration, we can remove approximately 10%
of the region By. The width of the hole shrinks rapidly as o. approaches either yd_ . or
Onoae — Se€ further comments below. We can interpret this shrinking as indicating that the
information in both the early Hawking radiation (near the shock) and the later radiation
(near yt.) are very important in reconstructing the black hole interior.

=1. (2.118)

The resulting plot in the left panel of figure 2.19 is almost symmetric about the mid-
point. The small asymmetry (shown in the right panel) is due to the nonlinearities of
the mapping f(y;"). Interestingly, this asymmetry is eliminated if we use the small k ap-
proximation:'® f(u) ~ ﬁ tanh (77,u) where T,, = i = I [ZD] /1, [25]. With this

t
approximation, the identity tanh(x) — tanh(y) = sech(x) sech(y) sinh(z — y) can be used
to simplify eq. (2.118) as

ys — Yy sinh(yy —ys) vy —yy sinh(y —yy)
yi —vs sinh(yy —yl) vz —y; sinh(y;y —y3)

=1. (2.119)

However, if instead, o, was placed closer to the end of the bath (i.e., closer to QMg), then eq. (2.115)
would no longer hold and comparing egs. (2.113) and (2.114) would no longer be as simple.

I"Note that there is no real loss of generality with this choice. Moving to a later time slice simply shifts
the parameters to u' = upag. + Au, yngS/ ~ Au and 0/}, = Upage + Au, which corresponds to just shifting
Y12 by a constant while leaving y{r 5 unchanged. However, we observe that eq. (2.118) is invariant under
a constant shifts in y~ and so our analysis here would be unchanged.

18For the parameters in table 2.1, the difference between the full f(u) and this approximation is less
that an fraction of a percent, i.e., | f(u) — fapprox(®)|/|f(w)] < 0.0015%.
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Figure 2.19: To the left, maximum width w of the hole H; removed from the bath region
By as a function of the center of the interval o.. To the right, asymmetry in the maximum
width about 0. = ghock/2. Here we consider the time slice u = up,,. so that By = [ygES =
0, Oghoac = uPage]'

Further, for the example shown in figure 2.19,'"" we then substitute ¥ = Upue, ¥5 =
Upage F (T — W/2), Y5 = Upage F (00 +w/2) and (v, y;) = (0, 2Up,,.), which yields

w sinh w Upage sinh up,yg,

=1. 2.120
Upage — O — W/2 sinh(up,,e — 0. —w/2) 0. —w/2sinh(o, — w/2) ( )

Clearly, the resulting expression is invariant under o, = up,,. — 0, i.€., the corresponding
plot is exactly symmetric about the midpoint o, = up,,./2. Hence in this approximation,
the importance of the information in both the early and later Hawking radiation is equally
weighted for the reconstruction of the black hole interior.

In closing this section, we note that the initial and final slopes of the curve in the left
panel of figure 2.19 are universal for holographic CFTs. This is because the question of
how large a hole can be exciseded near the endpoint of an interval without triggering a
phase transition is one which probes the UV entanglement structure. To see this, let us,
without loss of generality, take in the RHS of eq. (2.116) the endpoints, oo and o3, of the
hole to be very close to the endpoint o = yd,;. Maximizing the size of the hole to the
verge of triggering the transition between the two branches amounts to setting the RHS
of eq. (2.116) to zero. In the limit of the hole tending towards the point o1, we have
S1_4 = S3_4; moreover, the dependence of S3_4 on point o3 is extremely weak relative
to the dependence of S;_5 and Sy_3 on the location and size of the hole. Thus, we find
that S1_o ~ S5_3 for maximally-sized holes close to o;. Since these latter entropies probe
short distances, this relation gives the same constraint on points 0; 23 as in the vacuum

19 Again, the general result corresponds to shifting all the points to the left by Au = u — upyge.
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case, i.e., |0y — 09| ~ |og — o3|. This corresponds to slopes of £2/3 at the endpoints of
figure 2.19, i.e., near oy, we have w ~ %(O’C — o01) while near o4, w ~ %(04 — 0.). These
results might be contrasted with the largest holes that can be removed from By in these
limits, i.e., w < 2(0. — 01) and w < 2(04 — 0.). This comparison gives a quantitative
measure that the w is indeed shrinking rapidly near the endpoints of By, as commented

above.

I"Jberholography

Having considered removing a single hole from the bath region By = [ygES,ashock}, it is
natural to generalize our analysis to arbitrarily many holes. Specifically, one may ask:
what is the smallest total length of disconnected regions in By needed, in conjunction with
QM7,, to reconstruct the interior of the black hole? In fact, by an iterative process where, at
each step, a hole is punched into each connected region in this bath region, this total length
can be reduced arbitrarily close to zero. This procedure was designated ‘liberholography’,
where a bulk region is encoded in a subset of the boundary with lower (fractal) dimension
than the dimension of the boundary [118].

We illustrate this process in figure 2.20a. We begin, as in section 2.2.1, with the smallest
interval By on a constant time slice of the bath such that the black hole interior can be
recovered from QM and By. For concreteness, we have positioned the first endpoint
min(By) = opage at the AdS-bath boundary in figure 2.20 — we find qualitatively similar
results when this endpoint is chosen inside the bath. In the first round of the iterative
process, we punch a maximally-sized hole #; into the initial interval B, while preserving
recoverability of the black hole interior, as discussed in section 2.2.3. What remains is
the union By = By \ H1 = By1 U By of two intervals By 1, B1o. Before proceeding to
the inductive step, we emphasize again that the task of maximizing H; can be reduced
into a simple problem that involves comparing channels of the Von Neumann entropy of
the disconnected region B;, as written in eq. (2.116) and illustrated in the first equality
of figure 2.18. A similar reduction can be made in all further iterative steps of the hole-
punching procedure, so that we need only consider Von Neumann entropy channels of the
surviving region B,, in the bath.?°

Due to the maximization of the hole H;, the two channels shown in the last line of
figure 2.18 give the same entropy. For the inductive step, it is simplest to consider the
second channel shown. Since, in this channel, the entanglement wedges for B;; and B

20Indeed, the problem would be identical to the vacuum case considered in [118] save for the conformal
transformation taking z to x,y coordinates.
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Figure 2.20: Iterative process of punching maximally-sized holes into the interval of the
bath needed (together with QMp) to reconstruct the black hole interior. Here, the original
interval of the bath under consideration stretches from the AdS-bath boundary to the
shock on the time slice corresponding to the Page time on the boundary.
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are disconnected, we may separately consider punching maximally-sized holes in B; ; and
B, 5. Thus, the process described in the previous paragraph can be repeated, now with
By, or B; taking the place of By. Indeed, this procedure may be performed iteratively:
given a disconnected region B, = B, U --- U B, 9n composed of intervals B, ,,, we may
punch a maximally-sized hole H,,, into each B, ,, while maintaining recoverability of
the the black hole interior; the result is a smaller region B,11 = B, \ Hnt1, where H, g =
Hy1 1 U UHpy qon.

At each step, we may define the quantities

o |B,,| N _ log?2
"B n_log%

(2.121)

describing the rate at which the total length |B,| of the region in the bath shrinks over
iterations. In figure 2.20b, we plot «,,, showing that it approaches the constant value

log 2

log(vV2+1)

obtained for the CFT vacuum in [118]. Thus, we find that the region B, of the bath
needed, with QMp, to recover the black hole interior exhibits uberholography — it has
zero total length. Moreover, as we shall show momentarily, a,, gives the fractal dimension
d(Bs) of B,,. Hence, we see that B, has the same fractal dimension ., = app as for
uberholography in the vacuum case. The universality of app may be explained by the
fact that the UV entanglement excised by uberholography is determined predominantly
by the vacuum entanglement structure. Explicitly, for our case, despite the conformal
transformation from eq. (2.117) to eq. (2.118), for small interval sizes, eq. (2.118) still
reads as though it were comparing vacuum entropy channels:

Oy = Qpp = ~ (.786 (2.122)

|yz - y3|2!y1 - ?/4|2

+ O (f" - (distance between points)) =1. 2.123
s — v Eln = val? (f" - ( ) (2.123)

It is straight-forward to show that a., gives the dimension of B,, by making use of
the fact that the ratio % of maximal and minimal lengths of the consituents of
B,, approaches a constant in the infinite iteration limit n — oo, as verified in figure 2.20c.

Recall that the (Minkowski) dimension of the set B, is defined to be

d(Bs) =lim log N'(¢)

lim £ o) (2.124)
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where N(€) is the minimal number of e-diameter balls (in this case, e-length intervals)
needed to cover B,,. For any small €, it is possible to find the first iteration n = n™(e)
such that max,, | B,,»| < € and also the last iteration n = n~(¢) such that € < min,, | By, |-
Since max,, | By, | and min,, | B, ,| differ only by a constant factor in the n — oo limit, it
follows that

y  logle)
log(rp+/2)

where 1, /2 gives the factor by which the average length of single intervals shrinks over the
nth iteration. By monotonicity in N(e), we also have

(2.125)

" < N (min |Bn_,m|> < N() < N <max an+,m\) <o (2.126)
Using egs. (2.125) and (2.126), we have from eq. (2.124) and the definition (2.122) of a..,
d(Bx) = 0o (2.127)

as claimed. Egs. (2.122) and (2.127) are the main results of this subsection. Lastly, we
emphasize once again that despite the fact that we have started from the shortest connected
intervals of the early-time protocol, the results are the same if we start from the shortest
connected intervals of the late-time protocol of section 2.2.2.

More redundancy and efficiency of the encoding

With the late time protocol introduced in section 2.2.2, we found that we can reconstruct
the black hole interior with the bath interval By = [07 = 0,09 = Oqua(u)], Where oy, is
the minimum value of oy defined by eq. (2.109), i.e.,

Opun = (L =) U+ Y Upage, 7= 2 (2.128)
where v receives corrections at order & which only become relevant at times of order k1,
and which slowly change the slope to zero at very late times of order k~! log % Therefore
Orum defines a time-like boundary for the endpoints of these minimal intervals, as shown
in figure 2.17. Assuming the information flows at the speed of light,?! this result points to
a redundancy of the encoding of the black hole interior. That is, the black hole interior
is encoded in the Hawking radiation emitted over many finite time intervals, but at times

21 As indicated by the evolution of s in section 2.2.1.
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much later than the Page time up,,. In general, if we begin to collect the radiation at an
arbitrary time Ui, > Upage and we can reconstruct the black hole interior with radiation
collected (at op = 0) in the time interval [tia, Ugna] With

Uinitia
Ul = — + Upage - (2.129)
Y
This time ug,, is determined by the intersection of the null ray entering the bath at ;.
with the curve o, such that all of the information flowing into the bath in the above

time interval is captured in the interval [0, 0 (Uimiia)] 0N this final time slice.

As a concrete example, we can discard all of the Hawking radiation emitted before
Upage, DUt We are still able to reconstruct the black hole interior by collecting the radiation
emitted In U € [Upage, Upage,1] WHETE Upage 1 — Upage = Upage /7. Further, this process can be
repeated again, ¢.e., we discard the radiation before up,. 1 but the black hole interior is
recovered if we collect the subsequent radiation up to a time up,,. 2. Repeating the process
repeatedly, one finds that

Upagen — Upage,n—1 = u;n : (2.130)
Since v < 1, these intervals are becoming longer and longer. This suggests that while the
information about the black hole interior is still encoded in the radiation collected at later
times, the density of this information becomes less dense at much later times. That is, the
encoding of the information is becoming less efficient at later times — see further comments
in section 2.3.

These results depend on the simple linear growth of oy, in eq. (2.128). However,
we also showed above that this behaviour breaks down at late times, with this boundary
approaching a null curve (2.112) at very late times — see figure 2.17. This means that the
size of the successive intervals, @.e., Upagen — Upagen—1, WOUld grow even more quickly than
the geometric behaviour shown in eq. (2.130). With the final asymptotic expansion of o,
following a null curve, we would conclude that for times beyond

24 5 (2.131)
u ~ — 10 e —— .
max ]{: g 2T1 _ TO Y

we could never collect enough information to reconstruct the black hole interior. This
conclusion should be tempered by the fact that our semi-classical understanding of the
AEM*Z model will break down at times of order u > k~!log % Combining eq. (2.131)
with the expressions for up,g., following from eq. (2.128),% suggests a finite redundancy

n+1
22Explicitly, one finds that upagen = %_:) Upage-
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of the encoding of the black hole interior in the Hawking radiation with

_ log (2up,,./k)

—_ : 2.132
Tog (2.132)

More precisely, the black hole information is encoded in a finite number of distinct time
intervals roughly given by eq. (2.132).

Of course, there is nothing special about these intervals [Upage ni1, Upagen]- As indicated
in eq. (2.129), we can reconstruct the black hole interior with radiation collected in general
time intervals (Ui, Ugna], Deginning at any arbitrary . > Up.e. Further, on the time
slice u = ug,.1, We could remove intermediate segments between o1 = 0 and 09 = Ugna— Usnitial
as in section 2.2.3 or even implement the iiberholography process as in section 2.2.3. Of
course, this indicates that the reconstruction of the black hole interior does not require
all of the radiation in the time interval [ty ., Ugna|- Rather, the iiberholography process
suggests collecting the radiation on some fractal subset of this time interval. All of these
considerations certainly point to a remarkable redundancy in time for the encoding in the
Hawking information of information about the black hole interior. It would be interesting
to understand if and how this pattern of redundancies is manifest in other models of black
hole evaporation.

2.3 Discussion

In this chapter, we examined the flow of information in black hole evaporation as described
by the AEM*Z model [1, 11]. This model involves two systems: JT gravity coupled to a
two-dimensional holographic CFT, and an infinite bath, comprised of the same holographic
CFT on a half-line. The former is prepared as an eternal black hole, which is dual to a
thermofield-double state entangling QM;, and QMg, while the bath is prepared in its
vacuum state. These two systems are connected by a quantum quench, and the subsequent
evolution of the entanglement entropy of QM +bath subsystem exhibits three phases: the
quench phase, in which the QES on the Planck brane is fixed at the bifurcation surface
of the initial black hole; the scrambling phase, in which the QES moves slowly away from
this bifurcation surface; and the late-time phase, in which QES is just behind the event
horizon of the evaporating black hole.

In the example of the eternal AdS, black hole with reflecting boundary conditions at
the asymptotic boundary, the QES for QMy, (or QMg) alone will be the bifurcation surface.
Hence the information in this subsystem can be used to reconstruct the exterior region on
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the left (or right) side of the black hole. That is, the entanglement wedge for QMyp, is
the entire region outside of the left event horizon, as shown in the left plot in figure 2.10.
Considering the information flow after the quench, since the position of the QES for the
QM +bath subsystem is fixed in the initial quench phase, the Hawking radiation is carrying
negligible information into the bath. That is, any information about the black hole interior
would only be at order one in the large ¢ expansion of the holographic CFT.?3

The onset of the scrambling phase marks the time when the Hawking radiation begins
to contain information about the interior. In the scrambling phase, the information flow
is detected by the QES, and is order ¢, but Hawking radiation absorbed by the bath
only carries enough information for QMp+bath to reconstruct a small additional region
behind the horizon of the left side (and to the past of the shockwave), as illustrated in the
middle plot in figure 2.10. However, once the black hole has passed the Page transition
and entered into the late-time phase, the QES jumps to be behind the right event horizon
(and to the future of the shockwave), and so the bath has acquired enough information for
QMp,+bath to reconstruct a much larger portion of the black hole interior (see the right
plot in figure 2.10).

Let us comment on the HRT surfaces and the encoding of the black hole interior in
the late-time phase (see figure 2.1). We note that in this regime, the black hole interior
provides a classic example of the quantum error correcting encoding that is characteristic of
holography [138, 137]. We are considering three subsystems of the boundary, QMp, QMg
and the bath. In this configuration the information about the black hole interior cannot be
recovered from any one of these subsystems; however, combining any two of them allows us
to reconstruct the interior information. In our discussion, the focus was on the combination
QM +bath, but a quick examination of the HRT surfaces in figure 2.1 shows that it is also
included in the entanglement wedges of either QMp+QMg or QMg+bath.

However, the above discussion is not complete. Eventually, on a time scale much larger
than those considered here, the bath on its own will make a Page transition. Initially,
the bath is in the analog of the quench phase with the HRT surface sketched in the left
panel of figure 2.21. It then makes a transition to a late-time phase with the HRT surfaces
sketched in the right panel, where a quantum extremal island [1] has formed. Here we
implicitly assume a large intrinsic gravitational entropy for the JT model, i.e., we are
assuming that Sy = ¢o/(4Gx) > 1 in eq. (2.13).2* This contribution to the generalized
entropy adds a heavy penalty for HRT surfaces that end on the Planck brane, and so it

23In the analysis of [11] for a general CFT, the QES already begins to move away from the bifurcation
surface during the quench phase. Of course, there is also a smooth cross-over between the quench and
scrambling phases in their model.

24 A standard assumption is that ¢p > ¢,./€ in the spacetime regions of interest [120] — see eq. (2.13).
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Figure 2.21: Quench (left) and late-time (right) phases for the entropy of the bath.

would delay the onset of the late-time phase and the appearance of the quantum extremal
island. Note that the transitions in the main text (for the entropy to QMp+bath), one
is always comparing branches where a single HRT geodesic ends on the Planck brane and
so Sp did not play a role. Further, one can argue that if Sy 2 AS (the change in the
black hole entropy generated by the shock wave, i.e., in going from T to 77), then the
branch corresponding to the scrambling phase never dominates and so the Page transition
corresponds to going directly from the quench branch to the late-time branch. Of course, in
the latter phase with the quantum extremal island, the bath by itself now encodes sufficient
information to reconstruct a portion of the black hole interior. The fact that this other
Page transition takes place much later suggests that early-time scrambling is important for
the reconstruction of the black hole interior, as suggested in [10]. Tt would be interesting
to repeat the detailed analysis that we have performed in this chapter considering just the
bath on its own.

As the QM +bath system continues to evolve beyond the Page time, the wedge region
grows relatively slowly as the bath continues to absorb more Hawking radiation. That is,
the information carried by the radiation coming after the Page transition is less important
for the reconstruction of the black hole interior. Eventually, one expects the entanglement
wedge of the QM +bath subsystem to extend to the right boundary of the AdS; geometry
at to, (where the dilaton vanishes), but we can not trust the model to these very late times.
However, a more appropriate comment might be to say that the information is less densely
encoded in the late-time radiation — see further comments below.

In this late-time phase, we found in section 2.2.1 that the information needed to recon-
struct the black hole interior propagates at nearly the speed of light into the bath. That
is, (a large portion of) the black hole interior could be reconstructed using the Hawking
radiation captured on the time slice u = up,,. between oy = 0 and o9 = up,,., together
with QMy,. However, on a later time u > us,,., we could reproduce essentially the same
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reconstruction using the Hawking radiation captured between o1 = 9yl >~ 4 — Up,,. and
Oy = Ogoa = U instead.?> Of course, this is consistent with the information being carried
into the bath by massless right-moving quasi-particles in the two-dimensional CFT [129].
Similar behaviour was also recently observed in [97]. Of course, as shown in eq. (2.87)
(see also figure 2.12), there are corrections to yg. in the small k expansion. However,
the corrected (timelike) boundary still rapidly approaches a (slightly) shifted null ray. In
section 2.2.1, we also showed that the early Hawking radiation is extremely important in
the above reconstruction protocol. That is, the right boundary o5 of the bath region must

4
be extremely close to the shockwave, i.e., 0400 — 09 ~ (gg;) ”TTI Kty as in eq. (2.102).

The importance of the early and late time Hawking radiation in this protocol was
examined more closely in section 2.2.3, where we considered removing an intermediate
interval from the bath region — see figure 2.13. As shown in figure 2.19, the size of the
intermediate interval is maximal when it is at the center and quickly decreases as this
interval approaches either the shockwave or the boundary yg... This is indicative of a
clear separation of the radiation into early and late pieces. Of course, the process of
systematically removing intermediate intervals from the bath region can be continued,
cutting out smaller and smaller subregions, as discussed in section 2.2.3. Repeating this
process ad infinitum, following [118], we produce a fractal structure which, in combination
with QMy,, contains enough information to reconstruct the interior of the black hole. It is
interesting that the (Minkowski) dimension characterizing this fractal matches that found
for the CFT vacuum in [118]. This match arises because the very small intervals only
probe the correlations of the CF'T deep in the UV, and these must match in both settings.

In section 2.2.2, we considered a different reconstruction procedure that focused on
the later radiation by anchoring the bath interval at 0y = 0. We found that the minimal
size 09 = Oru. for which the information in QM;p+bath still allowed us to reconstruct a
large portion of the black hole interior follows a time-like boundary, as shown in figure 2.17.
Using eq. (2.128), we found a redundancy with the information about the black hole interior
being encoded in the Hawking radiation emitted in the time intervals [Up,gzen+1; Upagen| after
the Page time up,,,.

Of course, this redundancy is consistent with the Hayden-Preskill thought experi-
ment [119]. The latter indicates that if a few qubits are dropped into an old black hole, the
information can be recovered after the scrambling time by combining (essentially) the same
number of qubits from the subsequent radiation with (all of) the early Hawking radiation.

250f course, it is reasonable to expect that no information about the black hole interior is encoded in
the bath beyond the position of the shockwave, since this portion of the bath is not in causal contact with
the quench point.
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However, the radiated qubits need not be those radiated immediately after the scrambling
time, but rather can be collected from the subsequent radiation at any time — see also
[140, 141]. From this perspective, the initial eternal black hole at temperature Tj plays
the role of the old black hole and early radiation, 7.e., QMg is the old black hole while
QMy, plays the role of the early radiation. The black hole is ‘rejuvenated’ by dropping in
the shock wave and the information can be recovered after ug,,., which then plays the role
of the scrambling time in this discussion. However, as noted above, the information need
not be collected immediately after the Page time but in any sufficiently large interval after
Upage- 1his analogy might be made more precise by regarding the shock wave as a ‘heavy
diary’, as discussed in [10] — see also [142].

Of course, as indicated by eq. (2.130), or more generally by eq. (2.129), the length of the
time interval needed to collect sufficient information grows at later times. We suggested
that this indicates the encoding is becoming less dense or less efficient at later times.
However, the temperature of the black hole is (slowly) falling, and so one might wonder if
the reduction in the flux of Hawking radiation accounts for this effect. However, the flux
flowing into the bath (at oy = 0) is given by T,+,+(u) ~ T?e ", as shown in eq. (2.7).
Hence this reduction only becomes noticeable on time scales of order u ~ 1/k. A simple
calculation shows that an interval [0, 03] needed to capture a fixed amount of Hawking
radiation, as counted by energy or number of quanta (i.e., E/T.;), barely exhibits any
growth at early times, i.e., in the regime where eq. (2.130) is valid.?® Hence the reduction
of Hawking radiation over time does not explain the growth of o,,, and the natural
explanation is once again that the redundant encoding of information simply becomes
less efficient over time. However, we should note that the different time intervals are not
reconstructing precisely the same interior region. Rather the latter also grows with time,
and so this way partially account for the growth in opy,,.

We also note that the reduction of the Hawking flux, i.e., T+ +(u) ~ TEe ™, is a
central factor in the nonlinear behaviour in the growth of oy, found at time scales of
order u ~ 1/k, as shown in figure 2.17. More directly in our calculations, the reduction
in the corresponding gravitational entropy (2.110) on the QES produces this effect. As
a result, o, (u) approaches a null ray, as shown in eq. (2.112), in this nonlinear regime.
We then infer that the information in the Hawking radiation is too depleted beyond ..,
— see eq. (2.131) — to collect enough quanta to reconstruct the black hole interior. Of
course, our semi-classical understanding of the AEM*Z model breaks down at times of order
u > k7 llog %, and so nonperturbative effects may still allow for such a reconstruction.

In wrapping up this discussion, we reiterate that there is a remarkable redundancy in the

260ur conclusion assumes (Ty — Tp)/T1 < 1 and uses upuze ~ (T4 — T0)/(k Ty) from eq. (2.61).

68



encoding of the black hole interior in the Hawking radiation. In section 2.2.3, we explicitly
showed that the interior information was still available after numerous subintervals were
gouged out of the initial parcel of radiation emitted between the quench and up,,., to the
point where it was reduced to a fractal structure. The reconstruction was also possible with
the radiation collected (at o7 = 0) in the interval [t a1, Usna], Deginning at any arbitrary
Usnitial > Upage aNd With g, given by eq. (2.129). Again, the iiberholography approach
could again be applied to perforate any such interval with holes. It would, of course, be
interesting to understand if this pattern of redundancies appears in other models of black
hole evaporation.

In closing, we observe that our analysis in section 2.2 focused on the Page transition
between the scrambling and late-time transitions. However, this discussion can easily be
extended to the first transition between the quench and scrambling phases, corresponding
to the onset of scrambling, and the results are more or less the same. One important
difference is that the trajectory for the o4 analog of 0p,, in section 2.2.1 is null for all
times, unlike the trajectory of op,,. which asymptotes towards a null path as is shown
in figure 2.12. As was noted towards the end of section 2.2.2, the position of the o,
in the quench-to scrambling phase transition shows different behaviour from the o, of
the Page transition. In particular, as we increase the time from uqgs up to the Page time

Upage, the distance ofzthe right point to the shock y; (u) starts from a very small value i.e.,

gg; too K to and then decreases exponentially. It was noted that the

contrasting behavior originates from the increase of bulk entropy in the scrambling phase,
i.e., the linear term in eqgs. (2.36) and (2.39).

O-ShOCk - 0-2 ~

Furthermore, in our discussion, for simplicity we set the boundary entropy to zero, i.e.,
logg = 0 in eq. (2.20). This choice does not affect the Page transition in any way, as we
have said. The reason is that neither of the two competing geodesics terminates on the
end-of-the-world brane in this case. However, the first (quench-to-scrambling) transition
will be shifted if we choose logg # 0. On the scrambling phase branch, bulk geodesic
connects a boundary point in the bath to the QES on the Planck brane. However, in the
quench phase, the HRT surfaces are comprised of two geodesics terminating on the ETW
brane. Therefore, the corresponding generalized entropy would be increased by a term
4log g. If we consider figure 2.6, then the transition time would move to an even earlier
time (assuming that logg > 0).
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Chapter 3

Equilibration model

As explained in section 1.3, the AEM*Z model [1] has three holographic descriptions — see
figure 1.2. The boundary perspective describes the system as two quantum mechanical
systems QM + QM in a thermofield double (TFD) state that is connected to a bath
via a quantum quench. In the present analysis, the bath consists of two copies of a two-
dimensional holographic CF'T on a half-line, which is initially prepared in an independent
TFD state, with a temperature Tj,. After the quench, the system evolves towards a new
equilibrium between the quantum mechanical and bath systems, during which three differ-
ent phases are distinguished by the position of the quantum extremal surface. The TFD
in QM + QMg is dual to a two-dimensional black hole in JT gravity, and this gravita-
tional region also supports the same holographic CF'T matter as appears in the bath. The
third description replaces the holographic CFT with a three-dimensional AdS bulk and in
particular, the TEFD is replaced by a AdSs black hole geometry. From this bulk perspec-
tive, the joining quench [143, 144] connecting the systems has a holographic description
as an end-of-the-world brane pinching off the AdS,/bath boundary and falling into AdSs
spacetime.’

The three phases of the equilibration process are illustrated in figure 3.1. The QES

"'We would like to point out that the roles of the end-of-the-world branes and Planck brane are quite
different. The latter supports the JT gravity (as well as the holographic CFT) and plays a crucial role in
the appearance of the island phase. The interested reader is referred to references [59, 60] for a detailed
discussion of the explicit construction from the viewpoint of bulk spacetime, including the renormalization
on the brane theory. The end-of-the-world branes appear in the AdS3 bulk construction since the two-
dimensional dual theory is a boundary CFT living on the upper-half-plane (viewed in the appropriate
conformal frame) [126, 145]. The details of the bulk dynamics of these branes through the joining quench
is described in [143, 144].
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Figure 3.1: A cartoon illustration of the three phases for the entanglement entropy of QM
or of QM,, (a semi-infinite interval in) the thermal bath, and the (entire) bath purifier,
after the quench where QM is connected to the bath. The darker colors indicate the
true generalized entropy, while the lighter colors indicate the general shape of each of the
branches slightly beyond the regime where it provides the minimal value for the generalized
entropy. Below the plot is a sketch of the shape of the extremal HRT surfaces in AdS;
which contribute to the generalized entropy in each phase.

remains at the bifurcation surface during the quench phase. At the transition to the scram-
bling phase, the QES shifts outwards by a very small distance. The generalized entropy in
these two phases increases, consistent with the original information loss calculations. How-
ever, at the Page transition, the QES is instead located at a new minimum outside of the
infalling shock. The generalized entropy at the Page transition then begins to asymptote
towards the expected entropy of a black hole in equilibrium with the bath, completing a
correct Page curve of the equilibration process. In the example shown in figure 3.1, the
temperature of the bath is less than that of the black hole so the entropy decreases in the
late time phase, similarly to the evaporating black hole. Note that a bath with temperature
greater than that of the black hole instead heats up the black hole, giving a Page curve as
in figure 3.10.

The central quantity necessary for studying the Page curve and the behaviour of the
extremal surface throughout the equilibration process is the generalized entanglement en-
tropy Sgen. Similar to previous work in the evaporating AdS, black hole in JT gravity [11],
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we break the process of calculating the generalized entropy into three steps:?

e (Calculating the von Neumann entropy of the CF'T matter Syn
e (Calculating the backreaction of the quench onto the dilaton ¢

e Extremizing the resulting Sgen = ﬁ + Son

Conveniently, these steps are very similar to the evaporating model in chapter 2, the only
change coming from the details of the time reparametrization function in eq. (3.29) and
the extra conformal transformation in eq. (3.18) required to map the vacuum on upper
half plane to our quenched system. We now proceed to carry out each one of these steps
in the rest of this chapter.

3.1 Setup at finite temperature

3.1.1 Entropy of holographic CFT,

To calculate the von Neumann entropy of the CFT matter, we proceed in a similar way

to chapter 2 and map the corresponding quantum state to the vacuum of the CFT on the

upper half plane by a local Weyl rescaling and a coordinate transformation. The details

of the required coordinate transformation will be explained in section 3.1.3, but for now,

we simply specify that we will be working in Poincaré coordinates for the AdS, spacetime
AL3as

ds?AdS = —md$+dx_ ) (Z‘i =t+ 8) 5 (31)

and in flat coordinates for the bath

L2 odytdy~
dst, o = —W6—2 ., (wr=uTo). (3.2)
The two spaces are glued together at one-dimensional boundary with o = —¢, s = €f’,

2
Juu = % where € corresponds to the UV cutoff in the dual boundary theory, and f is the

2Note that we have adapted the notation in eq. (1.29) to our specific system, in which the area of the
HRT surface is given by the value of the dilaton. Further, we specify that the quantum corrections Syt
are given by the von-Neumann entropy Syn of the CFT matter on either side of the bipartition.
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coordinate reparametrization function z = f(y), given below in eq. (3.29).3 As before, we
simply set Lagqs = 1 for the rest of the chapter.

The CFT matter state can then be mapped to the CFT vacuum via the local Weyl
rescaling

dsigs — Qat,27)%ds} 4 = dzdz, (3.3)
dS%)ath - Q,(y+7 y_)QdS%)ath = dZdE, '

where
Q= VF@Z@), ¥=e/FG7). (3.4)

where we have introduced the Euclidean coordinates x = —x~, T = 2" and similarly for y
and y. The coordinate transformations relating the x, y and z coordinates in eqs. (3.18),
(3.21) and (3.29) are all derived in section 3.1.3. In the rest of this subsection, we focus
on deriving the von Neumann entropy of the CFT matter in the z coordinates.

To begin, one can consider the von Neumann entropy of a finite interval with one
end-point being the boundary of the BCFT and the other (z,z) residing in the interior.
Equivalently, this is the entropy for the semi-infinite interval beginning at (z, z) and ex-
tending to infinity. This can be calculated using twist operator one-point functions in the
upper half plane, but by the method of images, the latter resembles a two-point function
of a CFT on the entire plane. Correspondingly, the von Neumann entropy resembles that
of an interval with length —i(z — 2):

Sipe =  log[—i(z = )] + log g (3.5)

where log g is the Affleck-Ludwig boundary entropy [125].

The entanglement entropy of an interval in a two-dimensional CFT in the presence of
a conformal boundary at z — z = 0 is [122, 123, 146, 124]

C
Sopt = ¢ log (Jz1 — 22|*n) +1og G(n), (3.6)

% is the conformally invariant cross ratio and G(n) is an undetermined

function that depends on the theory and boundary conditions. The G(n) function has two
limits that can be determined by either a bulk OPE or an operator-boundary expansion:

where n =

3In section 3.2.3, we also introduce analogous coordinates §*= = @ 4 & for the purification of the bath.
These are related to 2% in eq. (3.73), which is then the analog of eq. (3.13).
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G(n — 1) = 1 from the OPE limit, and G(n — 0) = ¢ from the operator-boundary
expansion.

Once again, we adopt the holographic framework describing boundary conformal field
theory (BCFT) [126, 127]. In this setup, the JT gravity plus bath system lives on the
boundary of an AdS3 geometry. From this bulk perspective, the boundary defect at the mo-
ment of quenching anchors an end-of-the-world (ETW) brane hanging into the holographic
direction. After the quench, the ETW brane detaches from the asymptotic boundary and
falls off into the bulk. For this system, the entanglement entropy is determined using the
Ryu-Takayanagi prescription [43], i.e., for a two-dimensional CFT on the asymptotic AdS
boundary, the entanglement entropy is simply given by evaluating the bulk length of the
corresponding geodesics connecting the end-points on the boundary, with the added possi-
bility of having geodesics ending at the ETW brane. In the z coordinates, this corresponds
to evaluating the length of the geodesics connecting the end-points in a flat asymptotic
boundary of AdS; with the possibility of having geodesics ending at a flat ETW brane in-
tersecting the asymptotic boundary at z — z = 0 at an angle determined by the boundary
entropy log ¢g. In this case, eq. (3.6) reduces to the following simple form

S = {3108 ==l = (3.7
clog (|21 — Z1||z2 — 2|) + 2 logg if n <.

where 7, = is the value of the conformal cross ratio at which the transition between

1
1+g'2/e
HRT surfaces occur. Let us note that with the simple choice g = 1 (i.e., logg = 0 and a
tensionless ETW brane), the latter simplifies to 7, = 1/2. Equivalently, the G(n) function

for a holographic BCFT is given by

g2

(1 —n)e/s

It is straightforward to verify that G(n — 1) = 1 and G(n — 0) = ¢*. For simplicity, we
take the case of zero boundary entropy ¢ = 1 (and n* = 1/2) in the following. As was
noted in chapter 2, for a general g, the quench to scrambling phase transition gets shifted,
while the Page transition remains unaffected.

G(n)=0(n—n)n °+0(n. —n) (3.8)

The von Neumann entropies in egs. (3.5) and (3.7) correspond to intervals of the vacuum
of the BCFT. To find the von Neumann entropies of the CF'T matter in our black hole
equilibration model, we simply have to include the effect of the local Weyl transformation
in eq. (3.3). Under a Weyl transformation g,, — €7 2g,,, the transformation of twist
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operators induces the following transformation on entropy:

Sa-—2, =S, — % Z log ©(endpoint). (3.9)

endpoints

The above transformation may be interpreted as resulting from the rescaling of UV cutoffs
with respect to which the entropy is defined.

3.1.2 Jackiw-Teitelboim gravity

The brane perspective of the AEM*Z model — see figure 1.2b — describes the system as
a black hole in two-dimensional JT theory coupled to holographic conformal matter that
is connected to a bath with a joining quench, and allowed to evaporate. We refer the
reader to chapter 2 for a more detailed discussion of this description. In this subsection,
we summarize the essential parts of our analysis.

The dynamics of the black hole and CFT matter are governed by the action

1
N 167TGN

2
[/ d’x/—q & (R+ 72 ) + 2/ d)bK} + Liop + Icrr (3.10)
M AdS oM

where

Liop = 16;’:GN U de\/_R+2/ K] (3.11)

is a topological term, which provides a large constant contribution Sy = fTON to the entropy
of the black hole. The last term in eq. (3.10) is the action of the holographic CFT matter
to which JT gravity is coupled.

The dilaton equation of motion imposes the geometry to be locally AdSy with radius
Laas, as described by the metric in eq. (3.1). The metric equations of motion give the
coupling of the dilaton to the CFT stress tensor

4¢
20,+0,- ¢ + W = 167GN(Tyta-)
Oyt t—a 23x+¢
e 000 i), 312
O0p- ((a* —27)%00-9)
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Before the quench, the CFT matter is in the vacuum of the generator of ¢ translations
(see eq. (3.1)) i.e., (Tyryt) = (Ty-p-) = (Tp+o-) = 0,* however, this can also be seen as a
TFD state for the generator of u translations (see eq. (3.2)). Here we have continued the
y coordinates into a Rindler patch of AdS, with

1
ot = -y tanh (7Toy ™) (3.13)

The dilaton profile is given by

— (nTy)* ata™

-1
¢:2¢r e

= 2¢, 7Ty coth (7Ty (y* —y7)) - (3.14)

J— x_
After the quench, the dilaton receives a contribution from the back-reaction of the matter
stress tensor )

- 2-=2 (’/TTl) A + k[o
¢ = gbv"

, (3.15)

zt —z~

where B
24w [*

¢ Jo

IO = dt (xJr - t)(xi o t) <T:c—1‘_ (t)> ) (316>

accounts for the matter back-reaction and k£ = ‘;% controls the strength of the back-
reaction, which we take to be very small. The dilaton profile in egs. (3.14) and (3.15) give
the leading contribution to the generalized entanglement entropy. The details of the dilaton
profile after the quench in eq. (3.15) and the resulting generalized entropy are calculated

n section 3.1.3.

3.1.3 Coupling to a thermal bath

The setup which we wish to consider is very similar to the one studied in chapter 2: a
two-sided AdS, black hole prepared at some temperature T coupled by a joining quench
to a bath consisting of a CFT on a half-line. Again, the key difference will be that our bath
will be at some finite temperature 7}, rather than zero temperature as in chapter 2. The
corresponding Penrose diagram is shown in figure 3.2. Up until an initial time, we imagine

“In principle, we should have one non-zero component (T} +,-) = due to the trace anomaly.

127r(z+c—z* )~2
But this extra term can be absorbed by shifting the value of the dilaton field as ¢ = ¢— C%;N — see discussion
in [59, 60]. So we simply ignore the trace anomaly in the following.
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Bifurcation ;
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H+
Qv

New horizon

N

Gravitational Region Bath Region Purifying Region

Figure 3.2: The Penrose diagram for the AdS, black hole coupled with a thermal bath and
its purification in flat spacetime at time u = 0. The (thick) pink lines are the shock waves
propagating into the gravitating and bath regions, which are generated by this joining
quench. The bifurcation surface of the initial equilibrium black hole is indicated by the red
dot. The new horizon is indicated by the black dashed line, i.e.,y* = co. Note that only
the blue and red shaded regions are covered by the y*, §* coordinates, respectively. The
evolution of quantum extremal surface in three phases is presented by the corresponding
colored curves, as indicated in figure 3.1.
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two decoupled systems. Firstly, we have the AdS, black hole solution® of JT gravity with
the metric and dilaton profile in egs. (3.1) and (3.14), respectively. This gravitating region
also supports the same two-dimensional CFT as appears in the bath region. The right side
of this black hole will have a boundary given by an IR cutoff introduced by the JT boundary
particle. Additionally, we have a separate bath system supporting an identical CFTy (but

in a different state), prepared on a half-line o = y_;ﬁ > —e on the flat spacetime (3.2).
The boundaries in the two systems initially impose reflecting boundary conditions. But,
at some initial time u = t = 0, we perform a joining quench. This is done by identifying
0 = —e¢ in the bath with the AdS, IR cutoff surface, allowing CFT matter to flow freely
across the now transparent division between the AdS, and bath systems. The details of
this gluing are specified by the trajectory ¢t = f(u) — that is, we identify the time parameter
of the AdS,; boundary with the time coordinate of the bath. Further demanding that the
induced metrics along the AdS,; and bath boundaries match to leading order in €, we have

at = f(y*) (3.17)

along the gluing. For convenience, we shall further extend the above equality to hold
everywhere, so that we may alternatively describe patches of AdSs; and the bath using
either #F or y* coordinates. Later in this section, we will determine the trajectory t = f(u)
of the JT boundary particle by tracking the exchange of energy between the AdS, and bath
systems.

While we have described the physical evolution of the system above, it is practically
useful also to consider a Euclidean preparation of the CFT state at uw =t = 0. Thus, we
imagine preparing the CFT in a Hartle-Hawking state on the JT black hole with a path
integral over Euclidean AdS, (with an appropriate dilaton profile). Similarly, we prepare
the CFT in the bath (and the purifying copy) in a thermofield state with a path integral on
Euclidean half-spaces. (The details will be elaborated below.) Both systems have reflecting
boundary conditions, except in an infinitesimal neighborhood of iu = it = 0, where the two
spacetimes are joined. The size of this neighborhood provides a regulator for the shock en-
ergy Eg produced by the joining quench — recall that removing the vacuum entanglement
along an entangling surface (in this case, the point at the AdS-bath boundary) produces
an infinite amount of energy. This construction produces the CFT state at u =t = 0,
from which analytic continuation provides the correct Lorentzian evolution according to the
joined Hamiltonian. We note that this joined evolution, obtained by analytic continuation,
does not match the physical decoupled evolution of the AdS and bath systems to the past

5Note that an appropriate choice of coordinates, e.g., those spanning the trajectory of the JT boundary
particle, furnishes a pure AdS, with Rindler horizons — we are treating the AdSs spacetime as a black
hole in the usual sense for JT gravity [121, 147, 120].
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of the point of the joining quench. In particular, we expect the time-reversal symmetry of
the Euclidean path integral to carry over to Lorentzian time upon analytic continuation;
in contrast, the physical Lorentzian evolution is manifestly not time-reversal symmetric
due to the change in boundary conditions at the quench. However, results obtained by
analytic continuation will be adequate for our purposes as we are primarily interested in
the Lorentzian physics beyond the past light-cone of the quench point where the AdS, and
bath boundaries are joined.

Our point of departure from chapter 2 lies with the generalization to thermal baths
prepared at finite temperature. To put the bath at a finite temperature 7},, we take the
Euclidean y coordinates for the bath and identify y ~ y + TLb.G We still take the bath to be

the half-space % < e. As expected for a thermal state, this results in a non-zero stress
tensor expectation value in y coordinates. Although the x coordinates of AdS, are stitched
to the y coordinates of the bath (i.e., z = f(y)), it will nonetheless be convenient in the
following to introduce a conformal transformation after which the stress tensor becomes
trivial. This can be achieved by transforming the thermal half-cylinder, with coordinates
y, to the left half-plane,” with coordinates Y, via

1

Y = — tanh(7Tyvy). (3.18)
’/TTb

This is simply the composition of an exponential map ' = €2"»¥ taking the thermal half-

cylinder to a unit disk, and a Mobius map Y = ﬁ% pushing a point on the boundary
of the disk to oco.

It will be useful, e.g., to make use of the entropy formula (3.9), to write down another
map that maps the joint system of AdS, with Poincare coordinates x, and the bath, with
Euclidean coordinates y or equivalently the coordinates Y found above, to the upper half

6Note that this identification makes T}, the temperature associated with the unit time-like vector in

2 _
the geometry dydy, as opposed to the physical geometry w. In the doubly holographic language
of Figure 1.2¢, the former is the CFT metric of the asymptotic boundary of AdS; while the latter is the

induced metric on a cutoff surface which becomes the asymptotic boundary in the ¢ — 0 limit. Similarly,
in (3.13), Tp describes a temperature with respect to the parametric time u = fr% of the boundary
particle, which does not correspond to a unit vector in the AdSs geometry (3.1).

7 Strictly speaking, we should take the bath to be the half-space % < e and (3.18) would map this
region to the plane minus a large disk in the right half-plane. Similarly, Euclidean preparation of the
AdS, system, in the x, Z coordinates analytically continued from (3.13), does not occur on a full Euclidean
Poincaré AdSs, but rather on a large disk-like subregion. Note that the stress tensor still vanishes in these
subregions of the dYdY and Q;ij”r‘j_f geometries, since a flat disk (or its complement) is related to a flat
half-plane by a Mobius transformation. (The rescaling of dzdZ by the Poincaré Weyl factor Ii—j does not
introduce an extra anomalous contribution to the stress tensor.)
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plane, with coordinates z,z. Just prior to coupling the AdS and bath systems, the AdS
system is in the Hartle-Hawking state with vanishing stress tensor in z coordinates. Mean-
while, by construction, the stress tensor of the bath vanishes in the Y coordinates. Finally,
the stress tensor in the half-plane with coordinates z must also vanish. By demanding that
the conformal anomalies of the map from x and Y to z vanish respectively in AdS and
the bath, together with boundary conditions, fixes this map. Following [11], we choose
boundary conditions such that the AdS, space is mapped to the region (0,izy) and the
bath to (izg,i00). The map is piecewise-Mobius:

- 9

S 0

y = T—120 . r >0, (319)
Zo—1Y x<0.

The discontinuity at z = zp produces the shock wave contributions to the stress tensor
components (T,,) = Fgd(x) and (Tzz) = Fg6(x), with

c
By ~———. 3.20
¥ T 12m(—iz) (3:20)
In the limit Eg — oo (i.e., —izg — 0), the map (3.19) becomes
Lrp)=2i >0
c=UeB) e 220, (3.21)
—1Y x<0.

The next step is to determine f by demanding the conservation of energy between the
AdS and bath systems [147, 11]:

0 B(u) = f'(u)*(Tp-y — Tyra)- (3.22)
From the conformal anomaly associated with the Weyl transformation (3.21), i.e.,
T = (E) (1) - gitenh, (3.23)
dz 24w
we can find that the stress tensor in the AdS region satisfies®
(Tyie (2F)) ags =Es 0(zt) — ﬁ (v*, 2%} O (Fa™)
2
~Es0(e*) - - 0(7) |} -2 (s ) | o

8This result does not apply in the causal past of the junction point. Further, note that the Schwarzian
1 N 2
is defined by {f(y),y} = &+ — 3 (é—) .
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where we have used the Schwarzian composition rule

{Y, z} {y,x}+( ) {Y.y}. (3.25)

For completeness, from eq. (3.21), we also write the stress tensor in the bath region:

(T () bt =Es 6(yF) — ﬁ [O(xy%) {zt, v} — O(F¢*) 2(+T1)2] . (3.26)

As mentioned below eq. (3.19), the d-function contributions in eqs. (3.24) and (3.26) may
be interpreted as the positive-energy shockwaves produced by the quench. The Schwarzian
terms have a similar simple interpretation: T,-,- ~ —3% {y~, 2~} < 0 describes a negative
energy flux from the bath experienced by the black hole, while Ty+,+ ~ —5&= {z*, 5"} >0
describes a positive energy flux from the black hole experienced by the bath. Considering
for simplicity the T}, = 0 case, note that the quanta described by these fluxes are the
result of vacuum fluctuations in their native geometries. In particular, on the initial time
slice, these quanta register as vanishing stress-energy, which is to be expected in the Hartle-
Hawking vacuum of AdS, and the flat half-space vacuum. It is only when these quanta cross
over the AdS,-bath interface that they register as non-vanishing stress energy. Finally, in
the case of nonvanishing bath temperature 7}, > 0, the last terms in egs. (3.24) and (3.26)
can be interpreted as the contribution to the stress-energy of the bath’s thermal radiation.

To determine the f function, we next note that the ADM energy of the AdS, JT system
E(u) = : 3.27
(W) =~ g {7} (327)

can also be expressed in terms of the Schwarzian of f. We have, from solving eq. (3.22),
the Schwarzian equation

CGN

T

{f(u),u} = =2 [T7 + (I7 - To)e ™] , with k= <1, (3.28)

where once again T} is the temperature of the black hole after the initial shock of energy
Es falls in, so that Eg = f&” (T2 —T7).
From the initial conditions f(0) = 0, f'(0) = 1, f”(0) = 0, we can solve this differential

equation to obtain the map between y and x:°

2 1,(a) Kolac™2) — K, (o) I, (ae™2)
ka I(a) K, (ae=*/2) — K,(a) I,(ac—/2)

flu,Ty) = (3.29)

9We note that the same differential equation appears in the analysis of [70], although differences arise
since their work involves different boundary conditions for f(u).
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where

2 27T
a= l: TE —1T7 and v = 7;}3.

The above function is also well-defined and always real for complex a, i.e., T7 < Tj,.

(3.30)

Given the map (3.21) and the function f, we may compute the von Neumann entropy
of various intervals in the AdS-bath system by applying the transformation rule (3.9) to
the formulas (3.5) or (3.6) for entropy of intervals in a half-plane.

First, we divide the spacetime of interest into four regions according to

I post-shock in AdS, zt>a27 >0,
e II post—shock' in bath, 2= >zt >0, (3.31)
III pre-shock in AdS, xt>0>12",

IV pre-shock in bath, = >0> :c+

Applying the entropy transformation rule (3.9) to eq. (3.5) with these Weyl factors and
the form (3.21) of the map, we obtain the following formulas for the von Neumann entropy
computed with a single twist operator at z*:

27 sinh(m (
247§s Mty WS gt e,
12Eg 1 sinh(7 Ty ™) +
, x*ell,
Sipe(v7) = log g + & “log{ «T VPG (3.32)
5 vt e 111,
sinh[7 T}, (y~—y™1)] +
G e rrelV.

Note that in the pre-shock cases, we recover the expected entropy formulas in AdS and a
thermal half-line. In particular, if we take y_;y+ — o for some IR cutoff o, we get the
entropy of the whole thermal half-line:

c 1
S%—line = logg + 8 |:27TTbO-IR + log (27T€Tb):| . (333)

Of course, these three terms are interpreted as: the boundary entropy, the thermal entropy
of the CFT at temperature 7}, and the log divergent contribution associated with the
endpoint of the interval.
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We obtain entropy formulas derived from two-point function by transforming eq. (3.6):

;

sinh[m >~y )]z —a "y
T

1 —sinh[7Ty(y; —ys )](ﬁ*ﬁ) l’i
, ell,

. N c e Ty, VI W) ’
Sapt (1‘1 e Il, x5 ) = log G(n) + — log § 245 sinh(xTyy; )ay wy (+f —o) , €1

6 248 b —L_ , Ty S )
b xg (v —z5 )\/f (¥1)

12nEg —2{ Yy (Y, —Y )n
VW) i elv,
| x cosh(nTyy; ) cosh(nTyys ) cosh(nThyy )

(3.34)
where the cross-ratio is determined by
Y (Y =Y +
y;;(yjf_ygr) ) 2 € IV,
n(ai € Moay) = § L8t o3 e 11l (3.35)
332 ZCl —T
L, v e LI,
(3.36)

Note that this agrees with eq. (3.30) of [11] in the limit when T3, — 0 and the 27 endpoint is
taken to the AdS-bath boundary. With the holographic formula (3.8) for G, the pre-shock
cases of (3.34) with 27 € II become'”

Slpt(x1i> + Slpt(in) ; it n <n*
YAy -
<1lo 24Eg (3 —x )z sinh(zThy; ) ’ TN *, $i 111 ’
Sape =10 P\ e e V) T (3.37)
c 12E5_f sinh(nTyys ) sinh[7 T} (y1 —y5 )] . « -+
6 IOg CWEQTS \/f,(yi-) y if n>n, Ty elV.

3.2 Thermal equilibrium

From eq. (3.28), we see that the main effect of a finite temperature 73, > 0 for the bath is
that the black hole does not evaporate completely, but rather equilibriates with the bath.

10The x5 dependence of the bulk entropy is identical to that found for a bath with vanishing temperature,
e.g., see egs. (2.64) and (2.65). This immediately implies that the position of the quantum extremal surfaces
in the quench and scrambling phases are the same as for the T}, = 0 case.
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That is, it tends towards a stationary black hole with temperature 7}, for which

{f(y),y} = —2n°T7. (3.38)

Indeed, when T = Ty, the black hole does not change at all and instead, after consuming
the shock, the black hole remains a stationary black hole at temperature 77 = Tj,. In this
case, f takes same form as for the eternal black hole solution

fly) = L tanh(7T1y) . (3.39)

w1y
Note that, from eq. (3.18), we then have z = Y which agrees with the intuition that the
radiation emitted by the bath mimics the radiation that would have been reflected from
the AdS boundary in the Hartle-Hawking state had the bath not been attached. In this
section we focus on the special case in which the black hole and the bath are in thermal
equilibrium 7T} = Tj, after the quenching.

For the equilibrium case, the formulas (3.32), (3.34), and (3.37) become simple. More
explicitly, the one-point function (3.32) reduces to

127 Eg zta— +
zT ell
c ce Jl-(aTizt)]l—(xTrz )2 ’ ’
1pt($ ) Ogg 6 Og 2 ’ ZL':I: & III, ( )
x”—at FelV
( ey/[1—(@Thzt)2][1—(nTyz)2) ve .

According to the position of endpoints x1, 2, the entanglement entropy based on two-point
function reads

Slpt(ﬁc) + Slpt(@t) ) ifn <n*
c 247 Eg z7 xy (af —aF) ) R
S2pt (‘Th IQ) =496 log ce (xg——Iz_)\/[l—(TrTMCT)Q][1_(7FT1I1_)2]} 7 i AR L

¢ log { 12rEs 2 @f @) —2y) if n >n*, 25 €IV
6 e =T 2 1—(nTizy 21— (xTiad 2][1—(xTha5 )?] [ 2 ’
(3.41)
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for zF € I and also

(2 (2 =23 ) (x5 —27) +
= el
€ (of —25 )\/[1-(Tha )2 [1—(xT12y)?] T2 ’
LQ \/ _(J:T_x;) T~y ) CE;E c I
_ < € V= (a2 [1—(xTiay )2 [1—(rT1ag )| [1—(xT125 )?] | ’
S2pt N log G(n) * 6 10g 24 Es xirxf%i(xir_x;r) l‘i c 111
ce x;r(x;r_z;)\/[1_(7rTw1+l2][1_(7rT1x;)2] ’ 2 ’
127 Eg —x) x5 (T —2 )N +
, elV,
R o o T e o I ey S e S

(3.42)
when z; € II. As noted below eq. (3.32), the before-shock single-twist entropy formulas are
the standard ones in AdS and the thermal half-line, which are invariant under translations
in time u = TL% For the thermal case at hand, the two-twist formulas, with both twists
inserted to the future of the shock, are also time-translation invariant. This can be made
manifest by writing those cases of (3.42) in y* coordinates:

. 2sinh[rTy (y;L fyf)} Sin}-lk[ﬂ-Tl (y1 —y3 )] 1'3: cl
+ _ - wTesinh[nT (y5 —ys5 )] ’ ’
Sopr (07 € 1) = G108 4 oot Sy bl ) s 1 (3.43)
(=T1e) , ry € 1.

Moreover, the above is also invariant under ‘time-reversal’ u; — ugy <> —(u; — uz). These
properties will be helpful in finding the late-time QES. Indeed, eq. (3.43) is the same
entropy formula as for an eternally-coupled black hole and bath system, as studied in [62].
For simplicity, we shall take g = 1 and n* = 1/2 in the following sections.

In the following sections, we apply the RT formula to the calculation of entropy for
various subregions in the full system consisting of QM,, QM,, the thermal bath, and an
auxiliary system purifying the bath. We begin in Section 3.2.1 by considering the entropy
of QM,, the bath system, and the purifier, recovering the Page curve, discussed previously
in Section 3.1 and illustrated in figure 3.1 — the corresponding bulk RT surfaces are also
shown in figure 3.3a. Next, in Section 3.2.2, we trace out the majority of the bath, as shown
in figure 3.3b, finding that only a finite bath interval of some minimal length is required
to recover the black hole interior. Finally, in Section 3.2.3, we evaluate the importance of
the bath’s purifier. In particular, we find that if the purifier is completely traced out, as
shown figure 3.3c, the black hole interior can no longer be recovered, regardless of the size
of the bath interval that one can access; at the very least, a finite interval of the purifier is
required, as shown in figures 3.3d and 3.4.
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Figure 3.3: Competing channels computing the generalized entropy of various subsystems
(solid red) and the corresponding bulk RT surfaces (dashed red) and entanglement wedges
(light red). In each case, the R-channel where the black hole interior is recoverable or
reconstructible is shown on the left. On the right, we show the N-channel where the
interior is non-recoverable or non-reconstructible. The corresponding generalized entropies
for these channels are denoted Sy and Sy, respectively. In the top row (a), we consider
the generalized entropy of QM,, the thermal bath, and the bath’s purifier. In row (b), we
keep only a finite interval [y, 03] of the bath. In row (c), we further trace out the purifier.
Finally, in row (d), we include a finite interval [0, &3] of the purifier. Note that in this last
case, we can also vary ug, the time slice of the purifier interval, and we find the minimal
03 depends on u3 — see section 3.2.3.
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3.2.1 Semi-infinite interval of the bath

First, we consider the evolution of (generalized) entropy for the subsystem consisting of
QM,, a semi-infinite interval of the bath with endpoint 2T after the shock, and the purifier
of the bath. The corresponding HRT surfaces and the time evolution are illustrated in
figure 3.1, and we shall find three phases for the generalized entropy, corresponding to
different portions of a Page curve. Note that, tracing out the purifier would also produce
an infinite thermal entropy for the semi-infinite bath interval, i.e., the infinite entanglement
entropy between the semi-infinite interval and the purifier.

Initially, in the quench phase, the QES in the gravitating region simply sits at the
bifurcation surface of the original eternal black hole geometry,

1
+ _
The corresponding generalized entropy is obtained by summing the Bekenstein-Hawking
entropy

c(po + 21Ty ¢r)

Sen(To) = 12ko

(3.45)

and the von Neumann entropy (3.41) evaluated holographically with endpoints zi and
xE.., which picks out the n < n* = 1/2 channel:

QES?
Sgen =Spu(Th) + Sipe(AdS) + Sype(a7) (3.46)

with Sp(AdS) and Sip(z7) given by eq. (3.32). Note that, in the < n* channel, the
von Neumann entropy (3.41) (and more generally eq. (3.37)) has no dependence on j;
this justifies a posteriori choosing the QES to simply be the classical one at the bifurcation

point. This was also the case in the zero-temperature bath case in chapter 2.

Transitioning to the scrambling phase, the QES jumps from the bifurcation point to
another saddle of generalized entropy, which is still located before the shock but now with
n > n* = 1/2. Since the 23 dependence of eq. (3.41) (and more generally eq. (3.37)) in
this channel is also identical to the zero temperature case in chapter 2, we obtain the same

QES:
1 k k?
S | L 4
Fars ToTy { T, ¢ <T02)] (3.47)
_ 1 k1 + WTol‘i‘r ]{2
|1 LIS 4
Fams Ty [ * 1Ty 1 — nTox! O T (3.48)
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Evaluating eq. (3.41) for this QES, one finds

c 12FE¢ 2] (1 — 7o)
Sgen — Spu(To) ~ 6 log { o = Tt 0 = (T } : (3.49)

Comparing eq. (3.49) with the n < n* channel of eq. (3.41), we find that the quench-to-
scrambling transition occurs at the same point as in the zero-temperature bath case:

1
T~ . 3.50
BT (3:50)
Note that this is essentially the instant at which the bifurcation point (3.44) reaches n =
+ —
n* = 1/2. At later times, eq. (3.49) exhibits a growth linear in the physical time u = %:
C 3ES(T1 - To)

Seen — Spu (1) ~ =<1 R —— 27T} 3.51
g sr(T)H) 6 { 0g [ cenTyT? +2miu ( )

with ) N

+

=— 140 (= . 3.52
T [ " (Tlﬂ (852

We note that this growth has a rate double that of the zero-temperature bath case. Phys-
ically, this can be explained by the fact that, in addition to absorbing radiation from the
AdS black hole, the semi-infinite interval of the bath is also sending radiation into the
black hole which itself (and the purifier of the bath) purifies.

Finally, there is a transition to the late-time phase, with the QES jumping to a saddle
point after the shock in AdS. As noted around eq. (3.43), the relevant post-shock two-point
entropy formula is the same as if the black hole and bath were eternally coupled. Since
the after-shock AdS geometry is also the same as for an eternal black hole, the late-time
generalized entropy is identical to the eternally coupled case studied in [62]. This matching
with the eternally-coupled case suggests that, by the Page time, the black hole and bath
have reached equilibrium.

As in the eternally-coupled case, time translation invariance (in u) simplifies the deter-

+ —
mination of the QES. In particular, the QES must be on the same time-slice as %

Uqes =U1- (3.53)

= Uq-:

Hence, it remains only to determine the spatial location of the QES. Substituting eq. (3.53)
into the entropy formula (3.43) with 3 = u F oy gives

¢ [oo ¢, [2 sinh?*[7T1 (01 — oams))]

Seen =—— | — — 2xT7 coth(27T - - ,
& 12k | ¢, w7 coth(2m 1UQES)} + 6 8 mTiesinh(—27T 0qgs)

(3.54)
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in agreement with eq. (19) in [62]. By setting the oqgs-derivative of eq. (3.54) to zero, we

find
1 o\ 1 [k
—~0ass = 01+ 5 log ( 7; 1> +-0 <—) , (3.55)

reproducing eq. (21) in [62]. Hence the QES sits outside of the black hole horizon.

As an aside, time translation invariance permits a natural measure of proper distance
between the QES and the horizon along a constant time slice. Using eq. (3.55), we have

in units of Laqs:
5\ 2
T

from which we see that the QES is an order k/T; proper distance outside the horizon.'*

1
w17 ds ke ?r1ion Lo
tanh(—nT1oqQEs) g - 7TT1
Ty

: (3.56)

Using the location of the QES given by eqgs. (3.53) and (3.55), we can evaluate the
generalized entropy of the late time phase. Again, by similarity to the eternally coupled
case, this is a constant:

Sgen (TI; Ul) ~ SBH(T1> + E |:10g (

; ) + 27TT101} : (3.57)

e

Interestingly, the above von Neumann part of the generalized entropy matches the en-
tropy obtained from placing a twist operator at a large separation o; from the boundary
of a thermal half-line (see eq. (3.33)) plus Sy (AdS). Comparing with the generalized
entropy given by eq. (3.51) for the scrambling phase, we see that the transition between
the scrambling and late time phases occurs when y; reaches a Page time of

1 T, 1 3Es(T1 — T)
Lo Ty | . 358
Ypage 5 ( TI) oy B { ToT, (3.58)

For later use, we note that more exact formulas may be obtained in the late time
phase in the simple case where xli is placed on the boundary of AdS,, i.e., we consider
the entanglement wedge of QM, plus the entire bath and its purifier. As in chapter 2, we

can ignore the correction from the position of the cut-off surface and set ] = 2] =t =

1By measuring the distance (3.56) between the QES and the horizon along a constant Killing time slice,
we have implicitly extended the after-shock geometry to before the shock. The bifurcation surface of the
final stationary black hole does not actually exist in the physical spacetime.
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flu) = %Tl tanh (7T u). With this simplification, one can exactly solve, in 2% coordinates,
the equations
+ -\?2 1 1 _1_ -\ 2
b =) (5~ ) =1 - (),
(3.59)

k(x*—x)Q( L1 ):(WT1x+)2—1,

xt—x- x] —a”

obtained from minimization of the late-time generalized entropy. These admit two trivial

solutions x5, = £—1- and two non-trivial ones. Because of the constraints 2, > 15,5 > 0
©Th QES QES )

the only relevant solution for the position of QES reads

. VT T2 (7Tyt)? — 1) + k (xTt)? + 1)

ars w2TE (w2T22 + 2kt — 1) ’

VI TR (xTat)? = 1) + k (xTat)* + 1)

w2 TE (—m?TH2 + 2kt + 1)

T

(3.60)

‘T(gES (t) -

As a consistency check, we can use the time map t = %Tl tanh(7Tiu) and find our solution
(3.60) for QES satisfies eq. (3.53):

_ 1 1 _
(Ydus + Yoms) = T, arctanh (7Tixl,) + T arctanh (7112 gus) = u. (3.61)

DN | —

Noting that the above solution of QES is not always physical, we need to impose the
restrictions on parameters k,t as

wTH? + 2kt —1 >0,
S , , (3.62)
VK2 + w212 ((rTht)? = 1) + k ((7T3t)* + 1) > 0,

which implies ¢ is very close to t., i.e., late time phase.'> Moreover, it is straightforward
to show 25, (t) = teo = %Tl and the simple monotonic behavior due to the fact
drdes(t) 2k

dt 2Tt (t«/kQ + m2T2E + 2) + k% + w2 TE + k(1 — 272TE)

12This is why the small k expansion does not work for Tqus at late time phase because we have another
much smaller value (1 — 7T1t) except for k. For example, 1 — tanh(7Tiu)|x7,u=10 ~ 4 x 10735 does not
depend on k and is much smaller than k at late time phase.

>0, (3.63)
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from which we verify that the QES is located outside the horizon, as described around
eq. (3.56). (Note that any apparent spatial motion of the QES is purely an artifact of the
choice of coordinates here — due to time translation invariance in u, the QES is spatially
stationary in o = y_;y+, as indicated in eq. (3.55).) So this is the first difference with the
case under zero temperature bath where the QES is located inside the horizon. With the

exact solution, one can obtain the generalized entropy

Sgen,late(Tl) = % (\/ k2 + 7T2T12 - klOg |:6 (k + \/ k2 + 7T2T12):|> , (364)

where the first term is the thermal entropy of a one-sided black hole with temperature
Ty and the second term describes the von Neumann entropy of bulk matter with the
same temperature. It is obvious that the above generalized entropy is exactly constant,
indicating this is a thermal equilibrium state.

3.2.2 Finite interval of the bath

In this section, we consider the question of whether the interior of the black hole can be
recovered by a finite-sized interval in the bath, together with QM; and the bath’s purifier.
We shall write the endpoints of the finite bath interval as yf = v F oy and y5 = u F 05
where 01,09 > —e.

To begin, we consider the case where we have access to the entire purifier for the thermal
bath — this is illustrated in Figure 3.3a. (In Section 3.2.3, we shall see that the purifier
is crucial for recovering the black hole interior.) To stand a chance of recovering the black
hole interior, we take yi > yf, ., with yif, . given in eq. (3.58). We also take y; to be in
the bath to the future of the shock, as we will see that this is sufficient to recover the black
hole interior.

The two competing channels of generalized entropy in the holographic limit, corre-

sponding to recoverability and non-recoverability of the black hole interior, are'?
SR :Sg?;;_l + SQ—IR) SN :Sg(:;// + 51_2 + Sé—lineﬁ (365)

where S S; denote generalized and von Neumann entropies calculated with a single

twist operator at x;t, while Slgf?, S;—; denote generalized and von Neumann entropies

There is in fact another channel where the black hole interior is recoverable, Sgus | + S2 + S L_line>
but comparison of this with Sy in eq. (3.65) reduces to a problem where the purifier of the bath has been
traced out — we deal with this case later in this section.
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of the interval with endpoints x;t,x;t Further, subscripts QES, QES” and IR denote
the late-time QES associated to yi, the (original) bifurcation point, and the IR point at
vyt of the thermal half-line is

2
given in eq. (3.33). The entropy Ss_ix, like S1tine: 1 IR divergent as g1 — 00; below,

these divergences cancel in the differences of the entropies in the distinct channels.

o= = o, respectively. Recall that the entropy S%

-line

To determine whether the black hole interior is recoverable, we ask whether Sy < Sy,
or equivalently,

O > SR, - SN
6 K (3.66)
o | 2ES 3 (1 — 7Thay) /1 = (7Thaf 2J[1 — (nThzy )Y
® ey (v — @) (@) —a3) ’

where we have used eq. (3.57) to approximate Sgs_, eq. (3.46) for the one-point general-

ized entropy at the bifurcation point, and eq. (3.33) for the entropy of the thermal half-line.
The remaining entropies were obtained from the appropriate cases in eqgs. (3.42) and (3.41).
(Recall we are taking here y5 to the future of the shock.) Since we have 37, y; > -1 we

LA
may use the following approximations,

1 on Tyt -~ 1 o T
rf %71'_T1 (1 — 27?2 lel) : x5 %ﬂ—Tl (1 — 2¢7? le?) : (3.67)
In this limit of large y7, y; > %Tl’ the RHS of eq. (3.66) becomes
NC 7T(T1 — T()) 6ES 1
SR — SN Né {T — 47TT10'2 + log CTl (6—27rT101 — e—27rT102)2 . (368)

Hence, the recoverability of the black hole interior is equivalent to oo — 01 > Agum, Where

1 {W(T1 —T) +1og (%)] _ (3.69)

e A T k Ty

Comparing terms in egs. (3.58) and (3.69) leading order in k, note that Ag,, ~ y;age /2.

3.2.3 Importance of the bath’s purifier

As hinted earlier, the purifier of the bath is crucial to the reconstruction of the black hole
interior. Let us briefly attempt a similar calculation to the above, now additionally tracing
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out this purifier. The generalized entropy for QM, and an interval of the bath from yi to
y3 then has the competing channels — see figure 3.3

Sy =S5+ S, Sy =SE", 4+ S, (3.70)

QES”

as illustrated in Figure 3.3c. Recall that the R-channel corresponds to the channel in

which the interior of the black hole is recoverable, while in the N-channel the interior is

non-recoverable. Now, we take 75 to the past of the shock, since we shall momentarily
-

show that, even as the interval is extended by taking oy = % 2y2 arbitrarily large, the

N-channel with entropy Sy will nonetheless remain favorable.'* Using the formulas (3.57)

for S50 1, (3.46) for S&L,, (3.32) for Sy, and (3.34) for Sy_s, we have

QES—1» ES')

Ty —Ti
SR_SN ~ g{% +27TT101

+ log

(23 — a3) /[ = (=T T - <wT1x1>21] }

c
24m2Ty Eg iz (z3 —x7)

(3.71)

Using again the yi, y; > %Tl approximations (3.67), we find

T, —T¢ T,
Sp — Sy ~ C{u—i—%rﬂal—i—log( il )

6 k 127Eq

+log { T T } } (3.72)

Tlxif'x;'(e—QTrTle _ 6—27TT10'2)

On the RHS, the first three terms sum to a large positive number (note that the third term,
though negative, scales like the logarithm of the first term). Moreover, the logarithm of
the last term is bounded from below by log 7. It follows that S; > Sy. We thus conclude
that when the purifier of the bath is traced out, no matter how large an interval of the
bath one has access to, the N-channel is favorable and the black hole interior cannot be
recovered.

14Tf one attempts a similar exercise with yQi after the shock, then naively one finds with our entropy
formulas that when this endpoint is placed at O(¢/Eg) away from the shock, it is possible for S8 <

rec
seen However, this is an artifact of the fact that our setup is incapable of probing distances of such

non-rec*
small scales. Since extending the interval of the bath can only increase the entanglement wedge, the
argument presented in the main text precludes the possibility of the black hole interior being recovered

from shorter intervals which stop to the future of the shock.
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u = +00 KaN o = +00
N

u = —00

U = —00

Figure 3.4: The bath and purifier subsystems. The central panel shows a Penrose diagram
of various coordinate patches of the bath and purifier subsystems. The left panel shows two
examples, sharing the same 1, , of an interval [0y, 05| of the bath system after the Page time:
the shorter blue interval is just barely above the critical length A, needed to recover
the black hole interior; the green interval is much longer. Red wavy lines show thermal
radiation leaving the bath prior to y~ = y, . The right panel shows the corresponding
intervals [0, 03] needed in conjunction with the bath intervals (plus QM,) to recover the
black hole interior. The phase boundaries of &3 for recoverability is shown in light blue
and green. The dashed wavy lines show the thermal quanta of the purifier that are most
entangled with the radiation marked in the left panel.
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A natural follow-up question is whether the black hole interior can be recovered when
one can only access a finite portion of the bath’s purifier at various times. We shall take the
joint system of the bath and its purifier to be in a thermofield double state. Furthermore,
we introduce a new set of coordinates = = @ & & for the purifier of the bath, where % and
o are analogous to the u and o coordinates of the bath. These coordinates for the purifier
are related to the coordinates we have been using thus far by

1 _
yE=— -y coth(7T1§%). (3.73)
Note that while 77,Y* € (—1,1) provides a coordinate chart that includes the bath, the
coordinate chart of (7T1Y*)™! € (—1,1) includes the purifier of the bath. Moreover, we
have

aTyj = — nThy + %T djtdij~ =dytdy~ (3.74)

so that there is no additional Weyl transformation that must be applied to our entropy
formulas when endpoints are moved from the bath to its purifier. (Specifically, in eqgs.
(3.40), (3.42), and (3.41), end-points in the purifier of the bath should be treated as
though they were simply in the bath and to the past of the shock.) The coverage of the
Y, y,y coordinates in the bath and purifier subsystems are summarized in the middle panel
of Figure 3.4.

We may then repeat the analysis of Section 3.2.2, now pushing the IR endpoint to a
point gjgjf in the bath’s purifier. That is, we consider whether the black hole interior can be
recovered from QM,, an interval of the bath with endpoints yi* = u F oy and y5 = u F 0y,
and an interval of the bath’s purifier stretching from an endpoint §; = @3 & &3 to the
boundary ¢ = 0 — see figure 3.4. In general, we shall find that the size of the purifier
interval required to recover the black hole interior will depend on the time u3 at which the
interval is selected.

From Sections 3.2.1 and 3.2.2, we see that, to have a chance of recovering the black
hole interior, we should take y," > yp,,, and oy — 01 > Agyen with yp,,. and Ay given in
egs. (3.58) and (3.69). For simplicity, we take yi to the future of the shock. The relevant
generalized entropies for the R- and N-channels are,

Sk =Stms_1 T S2-3, Sy =S&men + S1-2 + S3, (3.75)

Esl/

as illustrated in Figure 3.3d. Relating to the problem treated in Section 3.2.2, where g]:?,—L is
pushed to the IR, in comparing S; and Sy, we have the extra contribution

+ . — —
Sr — Sn — [SR - SN] :E log 27TT1$3 ( e )

B 3.76
o =5 8 | (T ) (g = 73) (8.76)
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From eq. (3.68), we see that

2mcdy
o3—+00 ~ 3

[Sr = S

(UQ — 01— Aturn)- (377)

Applying the approximation (3.67) for x5, we find that the condition S; < Sy for the
recoverability of the black hole interior translates to

. <7TT1 [1 _ 26747|'T1(0'270'17Aturn)1| _ (:L,:-J)i—)fl

7TT1 o ([E3) ~ 2T (u—02+201+2A¢urn)

(3.78)

The RHS, giving the maximal separation of (x5 )~! from past null infinity line (z7) ™' = 7T}
of the bath’s purifier, is largest when (z3)~! sits on the future null infinity line (z7)~! =

—m'T}. Here,

_ ,—4nT(02—01—Aturn)
T (1:7)71‘ <27TT1 [1 e }
1 3 (m;‘)*lz—ﬂ”Tl ~ 627rT1(u—0'2+20'1+2Atm-n)

(3.79)

We see that even this is exponentially suppressed (note u — o9 + 207 + 2A¢um > 2A¢um
with Ay given in eq. (3.69)). In contrast, with appropriate oy — 07 > Aium, (z3)7! can
be pushed far from the future null infinity value —7T}; the largest separation is achieved

when (z3)7! sits on past null infinity:

7T+ (23) 7" o)1y 27T [1 — e7#rTilo2mon=fam)] (3.80)

It is also instructive to consider the condition (3.78) in terms of the spatial interval
length &3 taken in the purifier. As we elaborate below, due to the step-like nature of the
tanh function in f, the constraint (3.78) becomes a piece-wise linear constraint on 73 as a
function of @3 with interpolation between the pieces on scales of order 77} .

Let us consider first the case 09 — 07 — Aty < (47T1) 7. Then, both egs. (3.79) and
(3.80) are small so that we are in the regime

- - - 1

7Ty — (23) 7" ~2nT ™05 <y3 < _27TT1> ’ (3.81)
_ —onTy it . 1

7TT1 + (x;-) 1 %27TT16 2nT1§g , (y; > 27TT1> . (382)

Note that the bounds given by the RHS’s of egs. (3.79) and (3.80) are complementary
in the following sense: if 777 — (z3)~" is much smaller than the RHS of eq. (3.79), then
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eq. (3.78) reduces to the constraint that 77} + (z3) ! is less than approximately the RHS
of eq. (3.80); on the other hand, if 77} + (z3)~! is much smaller than the RHS of eq.
(3.80), then eq. (3.78) reduces to 7T — x5 being smaller than approximately the RHS of
eq. (3.79). Considering eqgs. (3.81) and (3.82), the interpolation between these two cases
occurs on scales of order (777)~! in gg—L. We thus find a piecewise null phase boundary for

— il if 4y < —%

[\

, (3.83)

<

. 1
b3 > g log[4mT (02 — 01 — Apurn)] + {

uz +y, ifuz 2 —TQ
with interpolation between the pieces occurring on scales of order (777)~! in a3. We see
that as o9 — 07 approaches the minimum interval length A, of the bath required for
recovery of the black hole interior, 63 diverges logarithmically.

Next, we consider the case where 0y — 01 — Agyn > (47T1)7'. Now, the RHS of eq.
(3.80) need not be small, opening the possibility for a new regime where

_ Tyt . 1
7TT1 o (.T;) 1 %27_[_T1€2 T1y3 (y; < _27TT1> (384)
but
_~3+ 5 02 — 01 — Aturn (385)

so that the bound (3.80) is not yet saturated. Inserting eq. (3.84) into eq. (3.78), we
obtain the phase boundary in an intermediate regime between eqs. (3.79) and (3.80). This
phase boundary, at the conclusion of this intermediate regime, i.e., when eq. (3.85) is
saturated, ends deep in the region where eq. (3.84) holds. Finally, plugging eq. (3.84) into
eq. (3.80), we obtain a phase boundary in the complement of eq. (3.85). Altogether, we
find

_ﬂ3 - 2(02 — 01 — Aturn) 1f 113 + % < _(02 — 01 — Aturn)

03 > Y (0'2 — 01 — Atum) if (a3 + % <02 —01— Aturn ) (386)

~ 3\ 2

ﬂ3+y2_—2(02_01_Aturn) ifﬁ3+%>g2_gl_Aturn

with interpolation on the thermal scale.!® We see that the intermediate case gives the
smallest possible region of the purifier needed for reconstruction of the black hole interior.

15Eq. (3.86) can be condensed into
263 2 |93 | + Yo + 05 | +yz —4(02 — 02 — Apum) (3.87)

which is similar to the general Ty, result in eq. (3.211) with dog — 09 — 01 — Agurn and T, = Tog = T1. As
noted around eq. (3.211), the assumptions leading to the general result are more constraining.
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For the blue and green bath intervals illustrated in the left panel of figure 3.4, the
approximate phase boundary (3.86) is highlighted respectively in light blue and light green
in the right panel of figure 3.4 and examples of minimal-length purifier intervals are shown
in opaque blue and green. The blue case illustrates the phase boundary given by eq. (3.86)
for a bath interval just large enough for eq. (3.86) to be valid (as opposed to eq. (3.83))
— in this limit, the intermediate piece of eq. (3.86) vanishes. The green case, on the
other hand, has a much larger bath interval. As illustrated in Figure 3.4, eq. (3.86) has
the interpretation of giving the interval of the purifier needed to capture quanta entangled
with out-going thermal bath radiation emitted between times y~ = 0 and y~ =y, . When
the bath interval length o9 — oy is barely a few thermal lengths greater than the critical
value Ay (blue case), nearly all of these quanta must be accessible in the purifier. For
much longer bath intervals (green case), fewer purifier quanta are necessary. We shall
comment further on this in Section 3.4.

3.3 Non equilibrium 7;

In the previous section, we analyzed the two-dimensional black hole coupled to a bath
system with temperature T}, = 77, which together formed a system in thermal equilibrium
as soon as the Page time was reached. Compared to the results from the evaporating black
hole with zero temperature in chapter 2, we found qualitatively different behavior in the
evolution of the generalized entropy — and, of course, the role of purification of the bath.
In this section, we consider coupling the black hole with temperature T after the shock
is absorbed into a thermal bath with a general temperature 7},. The black hole and bath
evolve to reach an equilibrium where the black hole temperature matches T},. However, the
black hole will decrease or increase in size (and entropy) depending on whether 7}, < T3 or
Ty, > T;. The evolution of the (effective) black hole temperature is shown in figure 3.5 for
several cases.

As was explained in section 3.1.3, the Schwarzian equation (3.28) can be solved for
arbitrary bath temperature to find the time-map function f(u) in eq. (3.29) which reduces
to the T3, = 0 result of chapter 2 by taking v = 0.!® Taking the limit ku — oo, one can

16We note that for numerical purposes, the following form of the time-map function

I(a) K, (ae™ %) — K, (a) I, (ae™"%")

2
’LL7T =7 ku 3
f 1) k1,(ae=%) (aK,_1(a) +vK,(a)) + K,(ae™ %) (al,_1(a) — vI,(a))

, (3.88)

is easier to deal with than the expression in eq. (3.29). Note that similar expressions appear in [70].
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Figure 3.5: The time dependence of effective temperature of black hole, which simply
parametrizes the dynamical behavior of black hole.

also define the end of the proper time

_ 2 1,(a) _ 2 1(a)
oo = kal,_y(a)—vl,(a)  kal(a)’ (3:89)

which is also the final position of the QES, i.e., a:ngSLHOO = . We now stress some
important facts about the above map function from coordinate time ¢ to proper (physical)
time u. First, the function f(u,T},) is well defined and real for T, < 77 and also T;, > T7.
Secondly, it is also invariant under the following rescaling

u o P Pr
Ty — oT; Ty — oT; k — ak — — — . 3.90
1 aly, b aly, ak, U o ) GN OZQGN ( )
In other words, the independent dimensionless parameters in the model are
Ty k
T\L —, k — 3.91
1L/AdS Tl ’ u, Tl ’ ( )

besides of giN We simply take the radius of AdS as the standard scale by choosing Lags = 1
and all other parameters can be considered to be normalized by 77. From an energetic
point of view, it is clear that T}, = T} is a critical temperature for the thermal bath, where
the black hole will neither lose nor absorb energy. From the energy flow equation (3.27)
and Schwarzian equation (3.28), we can define an effective temperature

Tun(u: Ty) = /T2 + (T — T2) e, (3.92)
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which parametrizes the ADM mass of the dynamical black hole at time u by

BElu) = %Tfﬁ(u) . (3.93)

Recalling the energy flux (3.24) on the physical boundary =~ ~ t, i.e.,

cm 1
Typ—p) = Eg6(t) + ——= (T2 — T%(u)) , 3.94
< > S ( )+ 12 (f’(u))2 ( b eff( )) ( )
we can explain the above three terms as the contributions from the shock wave, thermal
radiation from the coupled bath system at temperature 7},, and Hawking radiation escaped
from the dynamical black hole. As expected, we can also understand the effective temper-
ature as the measure for the temperature of Hawking radiation at time u. For later use, we

also show the numerical plot for the time evolution of effective temperature with various
T}, in figure 3.5.

For T}, < T1, the black hole loses energy via the absorption of Hawking radiation by the
bath and evaporates to a smaller black hole with lower temperature 7},, which is similar to
the model with T}, = 0 as described in chapter 2. Conversely, a black hole coupled with a
higher temperature bath 7T}, > T} absorbs radiation from the bath and approaches another
equilibrium state with temperature 7}, when ku > 1. In both cases, for ku — oo, the
system thermalizes and shows similar qualitative features to the equilibrium case T}, = T7.
In summary, we have the three different dynamical behaviors in the two-dimensional gravity
setup: an evaporating black hole when T}, < T7; a growing black hole when T}, > T7; and
equilibrium when T}, = T7. Note that these outcomes are independent of the temperature
of the original black hole, i.e., T.

However, diving into the details of the QES and the flow of information, we will see
there are different critical temperatures determining the position of the QES relative to the
final event horizon, as will be explained in section 3.3.1. For this analysis, we approximate
the equations for the generalized entropy and find the approximate solutions for the QES.
Making a small k expansion with fixed ku, one can find the following approximation for
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T

f(u> 2 T + Ty ku
o h T — T — T 1 . —T; )
P tan 7 \ - off b log Tot T + 5 1h ) (3.96)

which reduces to the equilibrium case with f(u) = %Tl tanh (7T7u) after taking T3, = T;.
Hence the above simplified form approximates the map-function f(u) even for T, > T3.
From the asymptotic expansion in eq. (3.95), one can also obtain the approximation for
the upper bound of physical time

1 k

too R — T 4W2T4 (T7 — T7) + O(K) . (3.97)

Let us remark that one can further derive several simpler and useful approximations

log <t°°;f—f(u)) ~ 4; (T1 Tog — T log (%) + %Tb> ,
f'(u) ~ 21Ty (teo — f(u)) , (3.98)

1 1

o, F(0)} = )0} ~ s

which will be used many times in the following analysis. It is also easy to find that all
the above approximations reduce to the same forms used in chapter 2 after taking 7T;, = 0.
The above approximations are still complicated due to the appearance of Teg(u,T},), but
we can further simplify the above results if we focus on times at the order of the Page
time by taking the early-time limit ku < 1 (linear region).'® In the linear regime, the
effective temperature T.g ~ T} and we find the following linear approximations

log (tw;j—ﬂu)) ~ =2rtTvu+ O (k;uz)

(3.99)

1
1 ~ 21Tiu — log (4nTt
o (7 ~ 2T~ o i)

1"Tn order to do this analytically, we use the series expansions of Bessel functions [148]

with 77—\/1+22+1og \/m
2

8L ater, we will find that most of our most analytic approximations (at leading order) in the linear
region present linear behaviors in time. One can consider some transition point ku ~ 4 as the endpoint
5 #
for the linear region.
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where the leading-order contributions are not sensitive to the temperature of the bath Tj,
because the black hole does not evaporate very much in this phase. We are also interested
in the late-time region with e** > 1 where we need the following approximations'?

too — f(u) 4T T+ 1y ku TP -T¢
log (=LY 2 (p Tl Bty Rt Bl "L
Og( 2o ) K <k’ 1 bog( oT,, ) 2 T, ¢ )

1 1 T + T,
log (m) ~ (27rTbku — 47 (Tb —T1 + Ty log ( 12Tb b))) —log (47Tyts) -
(3.100)

Finally, we note that the coefficient of the linear term changes to 277}, which is expected
because the temperature of the black hole at late time (e* > 1) is close to Tj,. In addi-
tion to these analytic approximations, we also performed numerical calculations for all the
results as the double-check for these approximations in the following analysis. For conve-
nient comparisons with the results at 7, = 0, all numerical plots are done by choosing the
numerical parameters listed in table 2.1, which are the same as those chosen in chapter 2.

3.3.1 QES and Page curve

In the following section, we first consider the generalized entropy of the subsystem QMzg,
which is the same with that of subsystem consisting of QM;, the thermal half-line and
another half-line containing the purification. That is, we would like to find the position
of the QES, i.e., xgES, in the late-time phase when we anchor the endpoint zF on the
boundary between AdS and flat spacetime. The generalized entropy reads

Sgen,late (Tb) = ¢T [2

- (WT1)2xgEsx(SEs + g I(%%sa xé}«:s; x(SES)

4Gy

+ —
Lqes — LqEs

2 sinh (7rTb (yf - ygEs)) (Tdes — ay) ﬁ(%ES))]

(3.101)
+2klog | — -
& (6 'l (-TSES - -TQES) fl(yi‘r>

with the integral term defined as

It a5 x) = /Om (at —t) (2 — 1) ({u,t} —2 (;&)2) dt,

with  {u,t} -2 (;@)2 _ ( f/<1u>>227r2 (T2 - T2) e

9Note that the ku — oo and the Tj, — 0 limits of eq. (3.95) do not commute.

(3.102)
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In order to minimize the generalized entropy, we need to solve the differential equations
0+ Sgen = 0. Explicitly, we have

2 - —)? ! !
0=2(rT175ss) — 2 — kI (2qus, Tauss Taus) + 2k (285s — Tqus) ( + Pl Q ) 7
IQES - xl xQES - xQES
2 —
0=2-2 (ﬂ-Tl'IgES) + kI (xJQrEw xJQrES; xQES)
i T 1 1 1 " (Yqus)
2k (vt — 20,)” - = — ~— T3 S .
( QES QES) <tanh (7TTb (yQES — Y1 )) f’ (yQES) IgEs — Taes 2 (f’(yéEs))Q
(3.103)

To solve these equations, we will need the approximation for the time-map function f(u)
in eq. (3.96) (and it’s subsequent limits in egs. (3.98), (3.99) and (3.100)), but we still need
to carefully deal with the integral term that originates from the backreaction of the dilaton
in the JT gravity. From the late time limit of eq. (3.103) we find

2
Lo = I(too; tooi too) = 7 ((nTite)” — 1), (3.104)

which is the leading-order contribution to the integral at late times because the position

of QES should be located near to, i.e., i, ~ too ~ t ~ 25,5 As before, we start from

considering the generalized entropy of the subsystem consisting of QM;, and the whole bath
(with its purification) by taking x; on the conformal boundary of AdS
it~y (ieyf mumyy), (3.105)

where we ignored the correction at the order O(ef’(u)).?

Turn on the temperature of bath

From the intuition derived from studying the 73, = 0 case in chapter 2, we expect the
position of the QES after the Page time to satisfy

~
~

el ey o wf—ay

*YRecall the point on AdS boundary at proper time u is defined by t = f(u) = Z57, s = H5

ef'(u).
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We will therefore solve the extremal equations (3.103) by expanding around ¢.,. With the
help of the approximations in egs. (3.98), we can approximate the integral

I (x(;ES7 xc_zEs; $<3Es) ~ I — (t QES)a I ( Toes) Tqess :Uths)
2 ) too — 75 T2 (3.107)
~ —((mTite)” — 1 too — 1 — = [p———E—
TR
where for 0_1 (2 s, Tqes; Tqps) = il QEZx_QES;I(SES), we used the approximation
TQES
Qs 7Ty ) /%Es (too — t + T5ps — too) ( T? >
2 — u,t dt ~ 1———"—|dt.
[ 2 <{ -2 ) : e 720

(3.108)

However, it is not easy to perform the above integral of ¢ due to the appearance of time wu.
Instead, we apply the mean value theorem and find

foes 1 T?
O_1 (T5 e, Topes T, z/ —<1 >dt
(e Pt = - g\ T3

~ — (]. ) Tg ) 10g <t00 :U(SES) )
Teff(”QES) too

where vgs € [0,Yges] is referred to as the middle value for the ¢ integral from 0 to x5,
Similarly, we can obtain the other integral [ ( xd by

(3.109)

Taesr Lqps) QES)

/OIQES ((too = s)? = 2(toe = Ths) (foe — 1) + (oo — 1)) ({u 1y — ( “(Tb)) ) it

too — Tg T? 1 Ty
~ (e — log( QES)(l_ b )‘i‘]oo__too_x_ <1——b_>’
( QES) tOO TBZH'(UQES) 2( QES) Te2ff<yQES)
(3.110)

where we have ignored the first integral at the order O((x.s — ts)?), used the mean
value theorem for the second integral again with the same middle value vqgs as before
and considered the third integral as a function of x,, with its Taylor expansion around
Tops ~ too @S

e =)

(3.111)

104



Although we cannot decide the middle value for any vy, it is easy to find Teg(vars) ~ 11
at the linear region with ku < 1.

Combining our assumptions (3.106) and the approximations of the integrals in
eqs. (3.107) and (3.110), we can approximate the equations for QES by much simpler
forms

47'T; k too — T T? 2k
(b g (B (1B V) B
loo — Tqgs 4rTy loo VqEs TQrs —

Teff( )
k too — T T? k _ _
1 (e =) (it g o (5722 (1 ) ) 5 e et
(3.112)

~

where we have defined

Let(Yqus) = <1 - %)2 : (3.113)

and only keep the leading-order contributions. The non-negative coefficient I'eg approaches
zero as the black hole reaches thermal equilibrium with the bath. For later use, we also
present the numerical plot for 'y for various temperature in figure 3.8.

With the above equations, it is straightforward to find the solutions, i.e., the location
of QES

r
x+ES Nl + = (too - t) )

@ 4— Feff
87TT1 ]{5 too — X,
~ to ——— (feo — 1 Titoo + ——1 B —
Fas k’(4 — Lepr) ( ) (7T thoo 4rTy o8 ( loo ) ( eff UQES ))

(3.114)

Assuming the time delay v — yg,¢ is not large (i.e., k(u — yous) < 1), one can use the
approximation

~ 27TTeff(yc;Es)(u - y(;Es) ~ 27TT€H<U) (u - Z/&:s) )
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and further simplify the position of the QES to

y(;ES ~ U — Unpp

R SR 8T 14 F oo (o=t (1 T?
T () 8 | k(4 — Top () T B\ T2 (vaes) ) )| 7

(3.116)

where the second term can be understood as the Hadyen-Preskill time. It is noted that
the time scale uyp is not constant in general because the black hole is also dynamical. For
T}, = 0, the solutions reduce to

1 87TT167§U
v (Th =0~y — —log | ——— |, 3.117
QES( ) 27TT16_§u ( 3k ) ( )

which is in agreement with the results of chapter 2.2! Similarly to the zero temperature
bath case, the QES moves towards the horizon at zt = ¢,,. However, we want to stress
the importance of the role of the non-zero factor I'eg that captures the speedup of the
equilibration process because the thermal bath also emits radiation to the AdS region
when T, # 0.

Furthermore, we can also compare our new solutions with the explicit and linear solution
found in chapter 2. Focusing on the Page transition within the linear region, we can further
simplify the results for the position of QES and explicitly obtain

r T\’

xgES%too+4 OF (too — 1) | Fo:<1—7b) ,
1_ 0 - ! (3.118)
Ygus = U — s log _ oL , ku < 1 (linear region),
27TT1 ]i'(4 - F0>
where we can rewrite the time delay
1 87TT1
k 1)=—=+1 3.119

as the Hadyen-Preskill time in linear region. It is also easy to check that the above results
are reduced to the linear results presented in chapter 2 by setting T, = 0, i.e., e = 1.

2Here we explicitly write the right side as a function of time u which should be understood as the

. . . . Ly k
leading-order contribution. To be more precise, we can also use e?“QES rather than ez *.
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After finding the position of the QES, we are able to consider the evolution of the
generalized entropy (3.101). The generalized entropy is dominated by the classical area
term from the dilaton

(b ~ 2(57‘ <1 - (ﬂ-TI) QES (gEs k[ ( 009 QES7 xQES)) (1 _ IJQFES too)

too — Tqus too — Tqms
2&71 1 T, T + T o
~ ? - (7T 1too) (7T 1) ( Tops — tOO) (’/T 1) ( Lqes — tOO)
0o — Tags ( | ) (3.120)
k too — X, T too — To
— | I A2 e——D = e
o (e 5 (1 e e (50 )|

- k T? too — T4 ke (Yqus)
~ o (20Tt + = (1 — =—2— ] o —QES)_—QES)’
i ( r) 2 < TeQH(UQES)) g( too 4
which is approximated by the value of dilaton on the horizon at z3,; = fo. Recall that

Let(Ygus) 18 given in eq. (3.113). Comparing the area term (without divergences associated
with short range entanglement)

KB k T? oo — Tgps
S, = 2+ = (1 — —————= )1 _ 3.121
TN 12k: Ty T2 (vams) ) 2\ tae ! (3.121)
with the time delay in position of QES, i.e., eq. (3.116), we can rewrite the time shift as
1 S¢ 1 S(U) — So
2 1 =) +0(1 1 3.122
e o Ta(u) o ( c ) TOW~ o Ty o8 c ’ (3.122)

where we have restored the extremal entropy Sy = ¢>o (see (3.10)) in the complete entropy
S(u) of our dynamical black hole. Here we can explaln the entropy S(u) as the density
of state at time u and take Sy as the ground state entropy associated with the value
¢o. As discussed in [11], the time delay wuye appearing in yg.s can be understood as the
Hayden-Preskill time.

Page transition

The subleading term of the generalized entropy is the bulk entropy

Al —— Shulk = (2/€10g (%sinh (WTb (U _ y‘gES)) (2qes — 1) f’(%&s)))

¢T 7TTb (QU(—SES mQES) f/(u)
~ 2k (1 — 7T, 17 =1, “
( og ((4 “Ton)e T Tl etUup + ——5- 4Tesz 7 be )
(3.123)
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Figure 3.6: The Page curve of generalized entropy around Page transition from scrambling
phase to late-time phase for different bath temperatures. The solid lines represent the an-
alytical results at the scrambling phase and the dashed lines indicate the numerical results
for the late-time phase which are also approximated by solutions (3.114) and their approx-
imate generalized entropy (3.124). Note that the black dashed line shows the generalized
entropy at equilibrium case, which is the constant given in eq. (3.64).
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which remains constant in the linear region with ku < 1. As expected, it also reproduces
the results in chapter 2 after fixing T}, = 0. In order to derive the Page time, we can also
explicitly write generalized entropy at late time phase in the linear region

Pr T;
ee onTy — krTy (1 — T—‘lg (U — Ugp)

8 sinh (7T uyp)
2k1
Tarlog ((4 —To)e 7T

Sgen,late(ku < 1) ~

) — 2k Togue + O(k*logk)| |
(3.124)

which displays linear decrease (increase) of the generalized entropy after the Page transition
for T, < Ty (T, > Ti). Given the fact that the time delay wuyp is a constant when
Ty, = T, it is obvious that the entropy Sgenate also reduces to a constant when Tj, = T}
(see eq. (3.116)), which is the same as the result derived in eq. (3.64) for the equilibrium
case. Shortly before the Page time, we can obtain the generalized entropy in the scrambling
phase with 1 < 7T u and ku < 1 by

5, 241 Eg sinh w(Tyu 1
Sien scrambling & —421\1 (27rTo + 2k log ( > ngb bU) 7 (u)) + /4:)

¢ 12E,\ K T2
R 21Ty + 2k (T, + T 2k1 — (1 - = | (1 —urT .
AGy \TH0 + 2km (T}, + T1)u + 2k log T, 5 i (1—wurTy) + &
(3.125)

where we put all other contributions in Sgyy into x which approaches a constant when
t = f(u) = ts.?® The leading-order terms of the generalized entropy in the scrambling
phase (3.125) are a constant related to the entropy of the original black hole and two
linearly increasing terms, i.e., 2kw (17 +T},), due to the entanglement of radiation escaping
from the non-zero temperature bath and black hole, respectively. Because the temperature
of black hole is approaching Tj,, we will show later that the linear increase is replaced by a
2k (T, +T;,) term.?® As a result, the generalized entropy at the scrambling phase increases
indefinitely while that of the late time phase asymptotes to the entropy of a black hole
with temperature T},, we expect there is a phase transition (Page transition) between them

22The analysis for the scrambling phase is similar to that in chapter 2. See the section 2.1 for more
details.
23Technically, this is due to the approximations for log \/ﬁ for different time regions, see (3.99) and
u

(3.100).
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when Sgen scrambling = Sgen linear- Lhis transition occurs at the Page time

T2
2 T,-T, l—-—%
Ti) ~ 1 1 12
upage( b) 4 — FO le + 4 — FO qu + O( ) 5 (3 6)

which decreases with the increase of Ty, for T}, < T}, reaches a minimum at 73, = 77 and
then increases for larger Tj,. In contrast, the generalized entropy at the Page time

o 2(1y — Tp)
en age) ~ 2 T - 7 e D 12
Sgen(tpage) & 327 | T+ =7~ + (3.127)

increases with the increase of Tj,. These linear behaviors are explicitly shown in the figure
3.6. As a comparison, we represent the Page transition at linear region with Ty, > T7.

Lastly, we add that the expressions for the Page time in eq. (3.126) and the Page entropy
in eq. (3.127) diverge for T}, — 3T}. This is an artifact of approximating the coefficient T'cq

2
defined in eq. (3.113) by I'g = ( — %) . However, if we include the subleading terms in
[egr, we find that both of these quantities remain finite. We return to discuss this point in

section 3.3.1.

Approach to Equilibrium

For the equilibrium situation studied in [62], the QES sat outside of the horizon, resulting
in part of the quantum extremal island being located outside the black hole. The same
behaviour was found in section 3.2 — see eq. (3.55) — where the bath temperature matches
that of the black hole after it has absorbed the shockwave. Therefore in the present case
where the two temperatures do not match, we still expect that as the black hole approaches
its final equilibrium, i.e., in the late time phase with T.g ~ T}, the QES will move outside
of horizon at some critical temperature.?*

Ultimately, we wish to track the position of the QES for a black hole as a function of
boundary time u starting with a temperature 77 and the bath at some fixed temperature
Ty,. However, the analysis is simplified by asking how with fixed u and 77, the position
of the QES moves as we vary the bath temperature Ti,. With this approach, we can find
different phases according to the position of QES as a function of the boundary time u

e Inside horizon T, (uw) < T, < T, (u),

24Similar behaviour was found in [70].
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Figure 3.7: The numerical results from solving QES equations for the deviation of QES
from horizon, i.e., (ngS — too), at a fixed time slice u = 40 (after Page transition) with
different bath temperatures T;,. For T, very close to T7, the extremal surface lies outside
of the event horizon, in agreement with the analysis of section 3.3.1

e On the horizon Ty =T, (u) or T, = T,,(u),

e Outside horizon T, <T.,(u)or Ty, > T,,(u) ,

where the critical temperatures T,, (u) and T.,(u) will be derived in the following — see
eq. (3.133).

If we extend the position (3.114) of the QES to the equilibrium case with I,y = 0,
we find the QES is located on the horizon at x* = t., which is not what we found
in section 3.2. Recalling the simplified solutions for QES (3.112), it is obvious that the
non-negative term on the right-hand side, 7.e.,

k

5 (too = 2ps) Tt (Yiams) (3.128)

implies we always have x> to. The solution to this puzzle is simple: all the approxima-

tions used in the previous analysis for the QES are based on the assumptions in eq. (3.106),
which are invalid when Tj, is extremely near 7). Technically speaking, it is traced back

2
to the fact that I'eg = < — g—‘;) around this narrow region suppresses the leading-order
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contribution. In order to find the critical temperature for the transition of QES, we need
to track the (some) sub-leading contributions which compete with the leading-order terms
when I'eg ~ k. Although it is not easy to perform the integral I to next order, we can
determine these corrections by perturbing from the equilibrium case at T3, = T} because
the critical temperature should satisfy T} — T, ~ k. In other words, we can approach
the critical temperature from regular 7}, and from 77 = 7T}, and look for all necessary
corrections.

Instead of directly solving the QES equations for the equilibrium case, we can approx-
imate the two equations (3.59) with 27 = ¢ by

Tone — too 1 1
AT T (too — Tps) (1 + L) ~ 2k (too — a:(gES)Q ( - — — ) ,
loo Taes =1 loo — Tqes (3'129)
+ k t -
— Z'QES — 1~ 27TT1 ( oo xQEs) )
and
1 Tas — 1 1 t—t
ArTy (zh . —ts) ~ 2k (z} . — a2 2 e * + =
T ( QFs ) ( Qs QES) too — X~ (too - 'r(SES)2 loo — T~ (too — Zqgs
+ Tams — too +
~ 2k (t—aly) + 42— (t — zl)
too — Tqes
k
— :UgEs — oo T, (t B xJQrES) — qurES ~too — 5 (too - t) )
(3.130)
e )2
where the leading-order contribution (t:o—Q_ES) (positive) vanishes and we have to keep
o ~TQES
the next order correction ¢ — 2, (negative). The fact that the sub-leading term has the

opposite sign to the (almost vanishing) leading term is what positions the QES outside the
horizon, in contrast with the cases when T}, is not perturbatively close to T;. From this
lesson, we also need to keep that correction for I' ~ k where the leading order is competing
with the sub-leading order. Adding this correction to (3.112), we need to correct the right
side of the second equation by

k k

5 (too - :L‘(;ES) F(y(;ES) — 5 (too - x(;Es) F<y(;Es) + 2k (t - ij_Es) ) (3'131)
and arrive at )
2 . 1 ( T, ) k
S S %S P (§ JL I I 3.132
ZCEQFES —1 ( s ) 2 Teﬁ"(yQEs) w1 ( )

112



which now agrees with the results of section 3.2.

Comparing with the results of section 3.2, we can interpret the I' term as a correction
from equilibrium results, which is reinforced by the fact that I' approaches zero as the
system thermalizes. We can expect that further corrections we missed should be only at
the order O(T' x k) ~ k?. The critical temperatures of T;, for which the QES changes
position with respect to the event horizon are given by

T, (u) ~ (1 — Vj—;) Tett (Yams) -
T.,(u) ~ (1 + \/f—;> Tett(Yaus) »

which define a small region of temperatures where the QES is located outside the horizon.

(3.133)

Lastly, we mention that since 7.; approaches Tj, as the system thermalizes, even when
Ty, is far from T3, the QES will eventually cross the event horizon for late enough times.
This is to be expected since, as we claimed before, for ku — oo, the system behaves as the
equilibrium case studied in section 3.2. Indeed, when

T2 7TT1
ku > log (‘1 — fl? \/8—> : (3.134)

the QES is located outside the event horizon. By these times, the effective temperature
is very close to the bath temperature Ty ~ T, (1 + 4/ f—jlfl), where the sign is determined

by whether T}, is greater or smaller than 7, and the correction parameter I'eg ~ 25 ig

7wl
perturbatively small. For bath temperatures that are very close to T,

Ty, — T [ 2k Ti-To
% 5 W—ﬂe 12T10 s (3135)

the QES is already outside of the event horizon by the Page time in eq. (3.126).

Overheated black holes

In the previous subsections, we derived the leading order expressions of the position of QES
and discussed the importance of the subleading corrections when the bath temperature
approaches Ty with I' ~ k ~ 0 because z, — to changes its sign after the transition
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Figure 3.8: The time evolution of function e (u) for various bath temperature.

point at T,, and 7.,. Although we claim our previous approximations apply for arbitrary
temperatures, it is obvious that our solution (3.114) appears singular at I' = 4 and further
it appears the sign of x, — to changes. It may appear that we have to consider next
order corrections at another “critical temperature”, i.e.,

T\ 2
T, = 3Ty, with Ty= (1 - Tb> =4, (3.136)

1
However, this is incorrect. The next order corrections cannot help solve this problem. Aside
from x,, the solutions for yq.q, xo.s (see egs. (3.114) and (3.116)) show more problems
because they are not well-defined when I' > 4. At linear order, the generalized entropy in
the late-time phase of the overheated black holes increases very rapidly, as can be seen by

the coefficient of the linear term (see (3.124))

T
knTy (22— 1) . (3.137)
TI

This rate of increase in generalized entropy may appears larger than that in the scrambling
phase where the speed is dominated by linear term (see (3.125))

2kn(Th + Ty)u (ku< 1),  or 4knTyu (e > 1), (3.138)

where one contribution of (2knT,u) comes from the radiation from bath and the other
(2kmTyu and 2knTyu) from the black hole (for which T,; ~ T} at early times and T,q ~ T},
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for late times). One may wonder whether that means we can find a critical temperature T..
above which a Page transition doesn’t occur because the generalized entropy in late-time
phase increases faster than that from the scrambling phase. The answer is again no.

3.4x 108" =
32x10° e
3.0x1080 ===

6L
Sy 2810

Sgen,scrambling(Tb - 3T1)
2.6x105;

2.4x10%" 1 Tt Sgen,late (Tb = 3T1)
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2.0x10° ‘ : : :
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u

Figure 3.9: The Page transition with “critical” bath temperature at T}, = 37}

All of the above questions or puzzles are actually due to the invalidity of the leading-
order contributions in the linear region for overheated black holes. Our complete solutions
are valid for arbitrary temperatures T}, outside of the critical region close to T} discussed
in the previous section where subleading terms become important. One key ingredient
to consider is that I'.gy approaches zero with time, see the figure 3.8. For example, we
always have T'eg(T}, = 371) < 4 for u > 0. So there is no such new critical temperature at
Ty, = 3T). Another important fact is the delay of the Page time with an increase of |7}, — T .
Compared to the Page time at T}, = 17, the Page time with T}, > # T} is pushed to a later
time that guarantees we have e (4 = Upage) < 4. One might also wonder whether this
time delay is really physical and why we should have a restriction on the initial time for
the solutions at late-phase. Let’s remark this restriction is reminiscent of what we have
seen in the zero bath-temperature case and also the equilibrium case. More explicitly, the
equilibrium case also presents this similar restriction on time wu, i.e., the inequality (3.62).
The final ingredient that prevents the late time solutions in eq. (3.114) from becoming
singular is the high bath-temperature itself because it creates a new and large coefficient
T2 /T? that enhances the next-order corrections to the linear region. For example, we can
see those effects from the expansion of g, i.€.,

- )2 ~ (1 - 5>2 LM =T (T + Ty)

e+ - 3.139
Toge (1) T, TF uteee, o (3139)

Farti) = 1-
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where the second order correction cannot be simply ignored for large T3,/77. To verify
that there is no divergence, we show the Page transition using numerics for the “critical
temperature” Ty, = 377 in figure 3.9. We also compare the position of the QES using our
approximation (3.114) with numerical results and they fit well as for the small T}, cases.

Page Curve and Thermalization

4? s 4 :. R 4T ku

gen

r

27[7—‘/)

27T,

27T,

27(T, + T)ku

1 1 1 1 1 >

uPage 1 2 3 4 5 ku

Figure 3.10: The schematic diagram for Page curve of black hole coupled with a thermal
bath at different temperatures. The red, black, and blue solid lines show the Page curve
for a growing black hole with 73, > T}, an external black hole at equilibrium status with
Ty, = Ty, and an evaporating black hole with T}, < T7i, respectively. The corresponding
dashed lines present the generalized entropy at the late-time region, whose behavior is
dominated by the linear term 477T,ku as discussed around (3.138).

So far, we have focused on the evolution of the generalized entropy of the evaporating
black hole up to times comparable with the Page time. As we will now show, we can also
use the position of the QES in eq. (3.114), to find a full Page curve from u = 0 to the late
time regime with e > 1. The expected behavior of the generalized entropy Sgen late at
late times is that the subleading corrections slow down the linear decrease (1}, < T3) or
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increase (T}, > 1) of the generalized entropy, which will eventually approach a constant
Sgen late(Ih) corresponding to the entropy of a black hole with temperature T, as derived
in eq. (3.64). However, we cannot simply substitute the solution into the definition of
generalized entropy to derive its time evolution due to the absence of approximation for
the middle value vges at late times.

Instead of considering the generalized entropy itself, we can take the time derivative of
Sgenlate (Us Thus, T5us) as defined in (3.101)

Z@JM _ Qk (-WTbCOSh (WTb(y(gES _u>) . %au (10gf/('LL)) + M) 7 (3140)

O du sinh (77} (yaes — ) t — T

where we have used the facts

aSgen,laute —0 aSgen,late
- )

=0, 3.141
aZEgES 8$5ES ( )

from the definition of QES. The time derivative in eq. (3.140) can be further simplified by
taking the limits

7T}, coth (77T (u — yous)) =~ 714,

Teff2 - Tg

1 /
—50u (log f'(u)) = mTen(u) + T (3.142)

frlw) o f(w) 4—Te _ Lo — 4
P ai  te—t 4" (1) —5—
to obtain s 5 )
T
gen,late r b
— 1-— knT, ) 3.143
du ITen ( Teff?(u)) e (u) (3.143)

Taking a linear approximation of eq. (3.143) agrees with the results found in the previous
section — see eq. (3.124). Furthermore, since T,g approaches Tj, for late times (e¥ > 1) the
time derivative obviously decays to zero in this limit, implying the generalized entropy in
the late-time region is indeed approaching a constant. We can then rewrite our generalized
entropy at time u in late time phase in integral form

Sgen,late(”) ~ Sgen(uPage) - (br /

T3 -
1Gn - (1 - ) krTog(u)du, (3.144)

Tog? ()

where the start point is the generalized entropy at Page time Sgen(Upage) that has been
derived at (3.127) in the linear region. Fortunately, the above integral is fully analytic and
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can be performed to yield

Sgen,late(“) ~ Sgen(uPage) + ﬂ(?ﬁ Teff<u> — 27 Teff(uPage)) )
4Gy

T2
21T ot (Upage) = 21Ty — kn'Th (1 — T—g) Upage -
1

(3.145)

The dominant term is nothing but the black hole entropy with temperature T.g, i.e.,

~ ¢(U) ~ 27TTeff<u>¢r
4Gy 4Gy

Sgen,late (U) 5 (3146)

and the extra contributions from the leading order of the bulk entropy are all encoded
in the value at Page time. Finally, combining with the generalized entropy at scrambling
phase

o 247 E, sinh 7(T; 1
Sgen,scrambling(u > 1) ~ ¢ (27TTO + 2k IOg ( i St ﬂ-( bU) ( )) 4+ K)) ,
u

4GN €c 7T} f’
(3.147)

we found the expected Page curve by taking eq. (3.145) as the generalized entropy for
the late-time phase. After quench-phase, the generalized entropy is decided by that in the
scrambling phase and then jumps to the late-time phase after Page time. Finally, we remark
that the generalized entropy at scrambling phase Sgen scrambling T€presents the fine-graining
entropy because its increase is dominated by the increase of entanglement entropy from
the thermal radiation emitted from the thermal bath and black hole itself. The generalized
entropy at the late-time phase obviously denotes the coarse-graining entropy, i.e., the area
of the dynamical black hole, as shown in (3.146). As a summary, we show a diagram to
present the information about the Page curve derived in the last several subsections in
figure 3.10.

In this subsection, we focused on the QES and generalized entropy of the subsystem
consisting of QM. , the complete thermal bath, and its purification. Similar to the analysis
in section 3.2.1 for T = T}, (see section 2.2.1 for the case with zero bath temperature),
we can consider a smaller subsystem by cutting a bath interval [0, 0], corresponding to
shifting the anchor point 7 away from AdS, boundary into the bath with choosing yi* =
u F 01. However, it is not easy to perturbatively solve the QES in general because our
order assumption (3.106) may break. Instead, we can begin with assuming another order
condition

0 < s — oo <too — 2] Koo — T K loo - (3.148)
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Naively, the above condition requires that we do not put the anchor point near the shock
wave in order to guarantee i = f(u — 01) ~ t. In other words, we can generalize the
approximations in this subsection to the case with x; near AdS,; boundary. In most places,
we only need to change u,t to u — o1, z]. Finally, one can obtain the corresponding QES

as

Feff
off (3.149)
QES oo k(4 . Feﬂ‘) ) 1 )
from which we can find the yg, is shifted in the way of
Yqes = U — 01 — Upp - (3.150)

Further, it is consistent with our numerical results and also the zero bath temperature case
which is studied in section 2.2.1.

Simpler derivation of QES

In the above, we followed the analysis in chapter 2 to derive the position of QES as
shown in eq. (3.114). However, there is one undetermined middle value vqzs appearing in
many expressions due to integral over the dilaton profile (3.14). Comparing the results in
egs. (3.146) and (3.121), one finds the identify

21T (1) ~ 27 Tt (Y 2T+k(1 L )1 (t""_IQES> (3.151)
et (u) ~ 2nTe ~orT 4 - (11— 52— | log | ——= ], .
! Vs P Tgﬁ(UQES) s loo

where corrections of order k are ignored. With the above approximation, we can simplify
our results, e.g., by using Teg(ygps) rather than vges. To confirm our result, we can derive
the position of QES in a more direct way. It is based on the observation in [70, 149] that
the dilaton profile can be expressed without any integrals as

iy 2f'(y™) | f"(y7)
d(a*) = &, <x+ el ﬂy_)) , (3.152)
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when the components of the stress tensor, (T,+,+) and (T,+,-) vanish. Correspondingly,
we can rewrite the solution (3.103) from extremizing the generalized entropy as

¢r axQES I;SES - l‘i_ IZSES — Zqgs 7
1 a¢( QES) 19k WTE _ 17 4 . 1 _ f” yQES)2
Or  O0Tgus tanh (WTb(yQEs — % )) I (yQES) Tqes — xQES "(Yoms )
3

0_
153)

Noting the small k& expansion leads to the approximation f’'(y) ~ 27T (y) (t — f(y)) and
our ordering condition (3.106), it is straightforward to find the derivatives of the dilaton
are approximated by

ia¢(xi) - 47TTeff(y<;Es)
Or 0$£§Es - loo — Tqes
i@(b(xi) ~ —41T ( — ) ij_ES _too T/ (yQES)

¢r a1‘(5135 eff\Yaes (too - x(gES)2 (too - xQES)Teff(y(;;ES) 7

where we note the fact that 77, (y) = 0,Tex(y) = —k ZHTH Gy Combining the above expres-

sions with the approximations for the bulk entropy at ¥ = ¢, one can find the QES is
determined by

Y

(3.154)

47rTeff(y(;Es)($gEs - t) R 2k<t00 - x(;Es) )
(3.155)

o

47rTeff(y<gEs)($gEs - tOO) 5 H(y(gES)<tOO - x(;ES) :
which is exactly equivalent to our result in eq. (3.112) after substituting eq. (3.151). Finally,
we can find the position of QES as
Legr
+ ~ €
xQEsNtoo+4_FeH (too_t) )

87TTeﬁ‘
Rt — ———— o (te — 1),
xQES k(4_ Feﬁ') ( )

(3.156)

which is the same as eq. (3.114). One can also easily find an approximation for dilaton

profile
2/ (Yqus)
too — T~

¢(‘T(:5Es) ~ Qbr (

where we ignored the derivative term 774 (yg,s) as being order k.

- 27TT€H(1U(5ES)> ~ 27TTeff<y(;Es)¢r ) (3157)
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3.3.2 Information flow

In the previous section, we studied the generalized entropy of QM;, plus the whole bath and
its purification. (Of course, since the entire system is in a pure state, we could also think
of this more simply as the entropy of QMg.) In this section, we chop parts of the (purified)
bath and discuss which intervals, together with QM,, are essential to having the ability to
recover the information in the interior of the black hole. In contrast to the semi-infinite
interval case studied in the previous section where the bulk entropy is described by the
two-point function on the UHP, the generalized entropy instead has one more endpoint,
i.e., ¥ (or yi = u F 03) as the right end-point of the finite bath interval which can be
used with QM to recover the black hole interior. According to the position of 23 after or

before the shock, we can divide the generalized entropy into two cases.

We begin by examining the case where the end-point z3 is located after the shock, i.e.,
x5 > 0orys =u—oy > 0. Similarly to the equilibrium case studied in section 3.2, we have
two competing channels. The N-channel (Where the black hole interior is non-recoverable)
has the QES at the bifurcation point 2=, = + 10, and the generalized entropy for this
channel shown in figure 3.3c is given by

0N 6 (i = 0) = 208 (S&, + 1)

7 N 2 - "
¢r (br QES

= 27Ty + 2klog 2 + 2k log (

QES” T

1 sinh (7rT|D(y2 — Yy )) i — s )

T F ) f'(ys)
(3.158)

where ¢grsr = 27Ty, When this channel is preferred, the entanglement wedge of the bath
interval plus QM, does not contain the interior of the black hole. The R-channel (where
the interior is recoverable) instead has the QES at the same location as the late-time phase
QES. Correspondingly, the generalized entropy for this R-channel corresponding to figure
3.3c reads

4G 4G
(bNS Wy >0) = ¢N (S&2 | +S5)
¢QES + ok log 2 sinh (WTb (yQES yl_)) xii— - xé;ES f,(y(gES)
v w1, xgEs — Zqgs f/(yf->
©Ohlog 127E,sinh (7Thyy ) af
ce T f'(y3)

(3.159)
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Evidently, when the R-channel is preferred, the entanglement wedge of the corresponding
bath region plus the QM; system includes the interior of the black hole. To find the
transition where the bath interval (plus QM) is able to reconstruct the black hole interior,
we require i.€.,

4GN

r

(Sy — Sg) > (3.160)

or equivalently

T — o) sinh (7 T0(y; — vy 4G
(] — x5 ) sin (7T b(Y2 — U ))) > 2ON Seentate(01) — 27Ty, (3.161)

c
2k log
(67TE56 3/ f(y) sinh(nThy; ) </5r
where we rewrite the left side as the simple part because Sgenjate With 01 = 0 has been

discussed in the last section. We will focus on analyzing the left-hand side of eq. (3.161)
in the following calculations.

When the right end-point y; < 0 is before the shock, we have two similar competing
channels for the generalized entropy

4G 4G en
SSa(yF <0) = — (SR, + Sios)
r b,
h (7T h (7T (y; — yo
— 25Ty + 2k log 2 + 2k log (HZE o sinh (7 7},(=y3)) sinh (7T (o — ¢ ))) |
ce (7Th,)? f’(@h )
(3.162)
and also
4G 4G
7NSR(y; S O) = al (SgEs 1 + 52) . (3163)
r Py
with
h (7T; —
4GNS2 — 9% log (1 sin (7T b(Y2 — Vo ))) . (3.164)
T 7TTb

The condition for the bath interval to have the ability to reconstruct the interior of black
hole when the right end-point is located before the shock is then given by

2 log 247 E, o7 sinh (7rTb( )) sinh (7TT1D(y2 — Yy )) - 4€¥N
ce V(i )nTy sinh (7T (v — 7)) C o
(3.165)

Lastly, we remark that the N-channel and R-channel show the same divergence 2k log (}2),
so the AdS cutoff € is exactly canceled in the comparison and does not play an important
role in the following calculations.

Sgen,late (01) - 27TT0 .

122



Regularization of the shock wave

IR IR

o page 0

o
@Q?

o2 o

$
60
o

Figure 3.11: The yellow lines show the finite bath interval with 73, < T, at a fixed time
slice v that has the ability to reconstruct the black hole interior by including QM, but
not the bath purifier. The blue shadow region presents the expected region where we can
put the endpoint of the finite bath interval, i.e., yo, and make the subsystem recover the
information of black hole. Left: The simple shock wave as a line. Right: The regularized
shock wave as a small region indicated by the pink shadow. The yellow curve presents
the endpoint 5 of the minimal bath interval, which approaches a constant Ay, derived in
eq. (3.190) with the evolution of time.

Before we discuss the condition for the finite bath-interval plus QM;, (as shown in the
figure 3.3¢) to reconstruct the black hole interior, we can roughly estimate the region for y,
that makes the above equalities hold by looking at the divergence structure of Sy — Sy with
endpoint ys at special points. We will encounter an apparent paradox that will require a
careful regularization for the region of the shock wave with the help of parameter E;/c.

Explicitly, we can take the endpoint y, to the IR cut-off, i.e., the limit o9 — co. It not
hard to show that the two competing channels exhibit similar divergences
4Gy
br
4G
or

for a thermal bath with nonzero 7},. However, with the bath at zero temperature, the

Se(yy <0) —  4dkrThoo + 4k log< > ,
ey,
(3.166)

1
Se(yy <0) —  4krTyoy + 4klog <e7rTb> ,
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divergences take a different form in these two channels

4Gy
r
4GN

r

where ¢ is some finite length-scale. This difference in the divergence structure makes
the R-channel preferred when gy, is around the IR cut-off in the bath and guarantees the
purification of the thermal bath is not necessary for the interior reconstruction.

NGy <0)  — 4k;log<a2>
(3.167)

Selyy <0) — 2k10g<2 )+2k10g(€)
€

Now let us consider the limit of taking y, near the shock wave at 0,4, = u, i.e., y* = 0.
We have to consider approaching the shock from the region before the shock or after the
shock. Under the limit y5 — 07, one can find

AG .

NSy <0 — 2k:log< y22) :

“ mlbe (3.168)
4GNS (4t < 0) ok 1o sinh (27T}, 09) .

ggr R y2 — ’ g (7TTb€)2 )

which implies the N-channel is preferred (log(—ys) — —00)?® when y5° < 0 is located in
the region around the shock. On the other hand, the limit y; — 0% (or z7 — 0T) leads
us to

4Gy
Pr

4Gy
r

where £ is some finite length-scale. For the zero bath temperature case, the divergence
structure is the same.?® By considering these divergences, it is obvious that the R-channel
is preferred when y; is located in the region near the shock but after the shock wave. This
region for y, which allows the bath interval plus QM to recover the interior of the black
hole is shown in the left diagram in figure 3.11. But there is an obvious paradox because we
can contain a larger part of the bath by moving the right end-point of the interval from the
after-shock region to the pre-shock region. The above analysis implies that adding more
bath interval surprisingly makes one lose the ability to recover the black hole interior.

72
Sxlys >0) —  2klog <€—2) ,
‘ (3.169)

:L‘+ 1
—Se(ys >0) — 2klog + 2k log :
W ANS

25Taken at face value, the generalized entropy in the N-channel becomes negative for sufficiently small
ly3|. This i 1s another hint that the shockwave needs to be regularized.
26The ﬁ in the last logarithm is replaced by some finite length scale £ when T}, = 0.
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However, the above paradox appears just because we consider the shock-wave as a line
located at oghoc = u. More precisely, the generalized entropy for the R and N-channel
around the shock wave is disconnected. In order to solve this problem, we have to
regularize the region of the shock wave and simultaneously make the generalized entropy
a continuous function. In other words, we need to consider the entropy from one-point
and two-point functions

before-shock y5 < 0 after shock y3 > 0
g o lsinh(frTb(y; fy;r)) lo 127 E, Sinh(ﬂTby;) x;r
2 ) € AN ) ce VAN \/ 7t
f (92 )
ot s o)) s Yy ; Yy + .t
S . (mes ] smh(‘rrTb( g )) mh(wa(y2 y] ))) . ( . su;h(‘rrTb(y2 vy )) ot —of )
12 o8\ e T2 /7 ) e o Vrehireh

The identifications

SQ,before(y;_ — _O) - S2,after(y;_ — +0) ;

3.170
SlQ,loefore(@/;r — _O) = Sl2,after(y;r — +0> ’ ( )
fixes the two boundaries of shock-wave region as
12nE, xf
1= =1 /a:2 —, Yy — +0
¢ fys) (3.171)
127 E, sinh(—7Tyy; ) .
— ]_7 y2 — _0 .
c T,

Recalling the property of f(u) such as f'(0) = 1,2 = f(y) ~ 0 ~ y, we can take the energy
of shock wave F as a regulator and regularize the shock wave as a small region defined by

L c c k k

= |_ —— | == 3.172
%Mk{lhﬁﬂ%&}[(ﬁ—HW%ﬁ—ﬁw ! (3.172)
which is independent of the temperature of bath as expected.

After identifying this small region as the shock-wave, we can take out this part from the
bath interval and then make the generalized entropy connected when we move the endpoint
yo from the after-shock region to the pre-shock region. The connectivity guarantees that
we do not have the paradox about the ability of bath interval to recover the information
of the black hole interior anymore. More explicitly, we will discuss this problem in detail
in the next subsections.
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Need for the Purification

The conditions for a finite bath interval plus QM in a zero temperature bath to reconstruct
the interior of the black hole were discussed in chapter 2. Moreover, we found in section
3.2 that the equilibrium case with T;, = T, even the whole semi-infinite bath interval with
QM,, does not contain the appropriate information to reconstruct the interior of the black
hole. Rather we had to also include its purification (or at least a portion of the latter). In
the previous section, we have seen the difference in divergence structure between a non-
zero temperature bath and that with zero temperature when vy approaches the IR cut-off
between the bath and its purification. The smaller divergence of the leading term (3.166)
in a zero-temperature bath guarantees we can use the whole bath interval y, — oo with
QM to reconstruct the interior of the black hole. Obviously, this is expected because
this subsystem as one part of the bipartite pure system will be able to reconstruct its
complementary part, i.e., the black hole interior, after the Page transition. A natural
question is whether all bath intervals with non-zero temperature T}, require a part of the
purification in order to reconstruct the black hole interior. In this subsection, we show
that only the bath interval with a temperature higher than the critical temperature 7}, in
eq. (3.179) requires its purification.

To this end, we consider large bath intervals by putting the left end-point after the
shock and the right end-point before the shock and focus on the inequality in eq. (3.165).
The left-hand side of the inequality monotonically increases with y; = u — 01 (u > Upage)
and the right-hand side decreases, so the weakest condition for that inequality is choosing
o1 = 0, 1.e., anchoring the initial point of bath interval at AdS boundary, which satisfies
our physical expectation. Let’s move on to the condition for y; by considering figure 3.3c
and the corresponding conditions in eq. (3.165), i.e.,

247 E, x sinh (7T}, (—y5)) sinh (71} 4G
2k:log< mE, o1 sinh (7T} (~yf)) sinh (x b‘”))> N Sentare — 27Ty, (3.173)

ce \/WWT]D sinh (27T},09) Or

with o = 0. Again, it is straightforward to show

>0 3.174
7Ty, sinh (27 T},09) - ( )

5 sinh (77}, (—y3)) sinh (77},02) 1 cosh(nTyu)
72 ~ 2cosh®(nTyo)

which implies the maximum of the left-hand side in above inequality is the value at the
limit 09 — 00. As expected, the weakest condition for the bath interval plus QM, to have
enough information about the black hole interior is if we consider the entirety of the bath
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with oy = 0 and 09 — oo. The condition to recover the interior of the black hole is then
given by

— Syenlate — 271} . 3.175
Ty, /f(u) G, et TR0 (3.175)
It is useful to notice that the right-hand side decreases with time u and the left-hand side

increases for Ty, < T} and decreases for Ti, > T7.27 As a result, the inequality cannot hold

12Fst oo
ceTy,

This implies that in the setup where the bath heats up the black hole (7}, > T7), the bath
and QM, systems are never able to reconstruct the black hole interior. We now focus
on the evaporating black hole model (T}, < T31) and take the the late-time approximation
(3.100) at €F > 1 for which the LHS gives a constant

—mThu
Max — 2% log (12Es flu)e )  4Gx

for T}, > T} because the maximum of the left-hand side is bounded by 2k log<

12E,t s T +T,
2k log ( = ) — klog (47 Tyts) + 47 (T1 — T}, — T log ( 12—;13 b)) . (3.176)

Correspondingly, the RHS reaches its minimum at the same late-time limit

4G
Or
The inequality from generalized entropy in eq. (3.175) then yields the condition for the
temperature of bath

oT, +T, 2T, T+ T\ k 6E, [T,
T, < _2hy | JEE ) 3.178
b Ty 3 Og( 2T, >+37r Og<cT1 T, (3.178)

Finally, we can find the critical temperature of bath is

1
Sgen,late — 27TTO 2T (Tb — T()) + 2k 10g ( T ) . (3177)

Tlpe

T,~T — % (T, — To) + % log (igj) , (3.179)
which defines the lowest bath temperature for which the purification of the bath is needed
to reconstruct the interior of the black hole. It is interesting to note that the critical
temperature is also near T; due to the ansatz Ty ~ T7. However, it is different from the
critical temperatures T,, and T, in eq. (3.133) because the former depends on Tj, the
temperature of original black hole, while 7., and 7, are independent of Tj.

2Tt is easy to show that from the approximation (3.99) and (3.100) because the dominated term for
klog (ﬁ) involve from 2knTiu to 2kmTyu.
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To summarize, a bath with a temperature 73, < 7T}, admits finite bath intervals plus QM,,
to reconstruct the interior of the black hole. When the temperature of the bath increases
beyond T),, even the whole semi-infinite bath interval plus QM, does not have enough
information for interior reconstruction if part of the purification is not included. Finally,
we can also change the left end-point o rather than taking it to the AdS boundary (o1 — 0)
and do a similar late-time approximation to obtain the constraint on bath temperature.
As expected, we find a stronger condition and get a smaller critical temperature

Ty(o1) ~

1 k 6F )
5 (Tl + T()) — 2]{?T10'1 + % log (T) ,Wlth k)O’l <1 s (3180)

cly

for the reconstruction of information in black hole. We should also note the chopping off
too much of the bath interval by taking the initial point from o7 = 0 to a finite one also
may make the thermal bath interval plus QM lose essential information to reconstruct
the black hole interior if o is too large. The size of the bath interval we can ignore is also
restricted by

1 Ty + Ty 1 6E, [Ty
S — 2T+ Ty — 3T, — T1 1 1 — 3.181
013 T ( 1+ 1o b~ 1b og( T, )) + 1Ty 0g <CT1 Tb) o )

where we have assumed the bath temperature is not too small.

Finite Bath Interval

In this subsection, we will assume the bath temperature is lower than the critical 7, and
discuss how much bath interval needed in order to reconstruct the black hole interior and
in particular, what is the closest we can bring the right end-point o5 to the AdS boundary
and still reconstruct the black hole interior. The two competing channels are described in
figure 3.3c. This analysis can be understood as an extension of the late-time protocol of
section 2.2.2 to the thermal bath model. Let’s first assume we only need the bath interval
after the shock to which the radiation of black hole escapes. Taking the time slice at u
after the Page time and putting the left end-point of the bath interval at the AdS boundary
(o1 = 0), the bath interval we are looking for satisfies eq. (3.161)

t — z})sinh (x T} 4G
2klog( ¢ (t — z3) sinh (nT}05) )> N Spentate — 2770 | (3.182)

67 Ese x5/ f'(u) sinh(7Ty (u + 09)) ~ o

which imposes a constraint on the size of the bath interval, i.e., the value of oo(u). As-
suming we can have 7T ys > 1 (or f(y,) & to) and still stay at the linear-region with
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ku < 1, we can recall the approximation again

sinh (7T o2)
2k 1 ~ —2knT
©8 (sinh(ﬂTb(u + 09)) Tt
t—ay too — fys
2k log ( fz > ~ log (#) ~ =4k T\ (u — 03),
xz oo

1
2k log ( f’(u)) ~ 2krTiu — klog (4nTits) ,

4G T2
TNSgen,late ~ 27TT1 - k'ﬂ'Tl(u - U/HP) (1 - T_g) + O(l{} lOg( . )) .
T 1
(3.183)
Then the above inequality leads us to
Th—Ty  u T\ e 17
e - (14 = 1—=—= 3.184
() 2 =, +4(+T1>+4 72 ) (8.184)
or equivalently
T, T3 Th—Ty wu T?
+ _ Uu b b 1 0 HP b
=u— —3-2=—-=] - — 1—— 3.185
Yz (u) = u 72y ( T Tf) 2kT, 4 ( Tf) ’ ( )

which constrains the size of the bath interval able to reconstruct the black hole interior. By
setting T3, = 0, we recover the results reported in chapter 2 (see eq. (2.108) and eq. (2.109)).
It is also clear that the thermal bath with T}, 2 77 obviously breaks the inequality, implying
we cannot find a bath interval with only QM able to recover the information in the black
hole. This conclusion is consistent with that found in the previous subsection. However,
we also want to stress the validity of the condition (3.185). One can find the critical value
around the Page time is not physical, i.e.,

2
=T 3_2%_%

‘uPaeN QkT T T2
¢ Lo\3+27 — 3

Ys

~1| <o. (3.186)

~J

This invalidity implies the condition (3.185) is only valid for time slices after the Page
time with exp (771 (u — upage)) > 1. To be precise, the reason is we can only find a small
Yy < % instead of yi > %Tl as a solution around Page time. However, the value is so
small that it is actually located in the shock-wave region. As a result, it means we cannot
find a bath interval able to reconstruct the black hole interior with only the region after
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the shock wave at the Page time. One can look at eq. (2.106) as an example of this. The
calculation is similar and we do not repeat it here because the value of small y5 in that
region is not really physical after the regularization of the shock-wave. After the Page
time, the critical y; will exponentially increase and move quickly to the linear region as
shown in eq. (3.185). The allowed region for the endpoint of 5 is shown in the right plot
in figure 3.11.
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Figure 3.12: Left: the final position of the null surface y5 , i.e., (3.190) as the endpoint of
bath interval with the ability to reconstruct the information of the interior of black hole.
Right: the bath temperature dependence of the minimal length kAo, i.e., (3.199), that
is necessary for the reconstruction of the interior of black hole.

Taking the lesson from the zero-temperature case, we can expect that the linear growth
of y; is suppressed with the time evolution and finally y5 (u) will approach a null surface.
In order to show that explicitly, we should take the late-time (e** > 1) approximation in
eq. (3.100) and use the following approximations

t—axf too — fys
2k log ( fz ) ~ log (w) ~ —4krTyyy + 8w (T, — Th) (1 - e‘ky;m) ,
x

2 too

Ilen ’ 4Gy 1
T‘S’gen,late (ek > 1) ~ ?Sgen,late(Tb) ~ 2nTy, + 2k 10g <7TTb€> ,

(3.187)

where we also keep the second-order contribution e~k93 /2 hecause the condition k¥ > 1
is not guaranteed. Combining all these approximations, the condition (3.182) becomes

To + Ty

FThys +2 (T, — T) e M /2 S — (T1 -

T, + 1 k Es |T.
o (D) ) g (O, [

2T, T B\ VT
(3.188)
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When T;, = 0, we get the final null surface for critical y5 as

2 AT;
+ ku ~ —1
ys (" >1) ‘szo s log (2T1 — To) , (3.189)
which agrees with the result in chapter 2. For non-zero Tj,, the analytical solution is written
as

X
X + 2T, W(_e 2 b(Tl—m)

+ ( ku
1) = =A 3.190
yQ (6 >> ) ka y2 Y ( )

where X represents the right side in (3.188) and W(z) is the Lambert W-function or
product logarithm defined by z = W(2)e"(*). As a summary, the time dependence of
Yo (u) is shown in the right plot in figure 3.11. It is clear that the constant Ay, indicates
how much early radiation is not necessary in the reconstruction of black hole interior.
Lastly, we show the numerical plot for position of the final null surface as a function of
Ty /T; in figure 3.12. As expected, it decays with the increase of Tj, and stops at a point

extremely near T} because the value at T}, = 17, i.e., —Tli 1o is smaller than zero.
The Role of Purification
- - u T, >0 -
u b =1 IR u IR u
Y. Yy
+
y* y
Hawking radiation Hawking radiation
/4 < é =
c 6 o6

Figure 3.13: The yellow shadow denotes the minimal bath region including a full half-line
as the purification of thermal bath for reconstructing the interior of the black hole. The
yellow lines represent the necessary bath region at a fixed time slice after Page transition.
Left: the equilibrium case with 7, = 7;. Right: Non-equilibrium case where koo (u)
increases with the time evolution and approaches a constant Aoy, defined in eq. (3.199).

In the previous subsection, we focused on a finite bath interval with the bath temper-
ature lower than the critical temperature 7, derived in eq. (3.179) because we wanted to
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omit the purification of the bath itself. To reconstruct the black hole interior at higher
bath temperatures, i.e., to observe a Page transition, we need to include (a portion of)
the purification. For simplicity, we take one endpoint of the finite bath interval on AdS
boundary with oy = 0 and ask how large the bath interval [0, 03] needs to be to reconstruct
the black hole interior. Concretely, we consider the purified bath interval with tempera-
ture 7}, > 0 and discuss the condition for QM,, a finite bath interval [0, o] (where partial
Hawking radiation resides) and the full purification to reconstruct the interior of the black
hole.?® Similar to the equilibrium case shown in eq. (3.65), the two competing channels
showing to figure 3.3b are defined as

Sk = Seps—1 + S2—k Sx = S&per + S1-2 + S1ine - (3.191)

QES’

where the condition for reconstruction is decided by Sy — Sk > 0. Most pieces in the above
two equations have been discussed in the last subsection (see egs. (3.158) and (3.159)) in
detail except for

c sinh (27T} 01,) c 1
S, =—1 ~ — | 27T} 1
3-line 6 og( WANG 6 o +log 2mwely, ’

: . _ 3.192

g ¢ 127E, 3 sinh (7Thy) sinh (714 (v5 — yin)) ( )

w==lo :
6 e(entyy? 7)

In the limit o3 — oo, we can rewrite that extra term as

1 127 F, 3 sinh (7T,y; )
—2nTyys, +lo ,
27reTb) bY2 & ( ce T/ f'(y5)
(3.193)

where we pick up a time slice after the Page transition. The first two terms denoting the
thermal entropy of a half-line can compensate the same divergence appearing in S 1 Jine and
the last term is the same as the one-point function contribution S, appearing in the case
without purification, i.e., eq. (3.159). Physically, we can explain the third term 27T}y, as

c
So_n & 5 (27TTbO'IR + log (

28The T}, — 0 limit has some subtleties here. The “purification” of the bath with zero temperature is a
pure state coupled to the bath system by direct product. Thus, the purification of the bath does not help
with interior reconstruction because it is a fully unentangled region and the corresponding R-channel is
defined by Sg = Sgps_1 + S2 + S1_jine, which cannot be derived from (3.191) by taking the limit 73, — 0.
The reason is that, for T, = 0, the holographic (3D) spacetime for bath interval and its purification is
defined by two separated regions rather than a smooth and connected spacetime, as in the T, # 0 case,
where the entanglement between two regions glues the spacetime. However, note that the naive T, — 0

limit would leave one IR divergent term since Sy — Sk ~ g log %.
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the entanglement from the thermal radiation generated by the thermal bath. That extra
term is traced back to the inclusion of the purification and the negative sign reflects the
fact that the bath interval is entangled with its purification. As a result, we can expect
the introduction of purification can help fulfill the condition for reconstruction as we will
show below.

First, let’s work on the simple linear region with ku < 1. Adding the new contribu-
tions (3.192) in eq. (3.182) and taking the linear approximations in eq. (3.183) again, the
condition Sy — Sz > 0 can be rewritten as a restriction on the length of the finite bath
interval Ao = o9, i.e.,

e =T T DY (T, log (22 ) .
oa(u uwll—— u e ——t
AN+ Ty AT+ Th) Ty - T? or(Ty + T, ’

(3.194)
where we also have assumed nTyys > 1 (or f(ys) ~ ts). Comparing to the finite bath
interval without purification, i.e., eq. (3.184), we see that introducing the purification
decreases the minimal length of the necessary bath interval for reconstructing the interior
of the black hole, and also slows down the speed of its linear increase with time. More
importantly, it also makes the subsystem consisting of QM,, a finite bath interval [0, o]
(with only a fraction of the Hawking radiation) and the purification have the ability to
recover the information of the black hole even when 7, > T,. As with the unreliability
of the linear approximations in the overheated case, we should remark that we also need
to consider some corrections for the above approximate oy(u) if the temperature of the
thermal bath is too high, i.e., T}, = 3T7.

As one might expect, for much larger times, the linear increase of o5(u) breaks down.
Since the black hole eventually equilibrates with the bath, we expect qualitatively similar
behavior to the equilibrium case of section 3.2, that is, we expect Ao = o5 to approach half
the (equilibrium) Page time as in eq. (3.69). To derive this explicitly, we focus on the time
derivative of the critical length denoted by 0,05(u) directly. Noting the time evolution
of the generalized entropy at late-time phase (after Page transition) has been shown in
(3.143), we explicitly start from the approximation of S; — Sy = 0 by

(f(u) — z3) sinh (7T},09) >) _ 4Gx
6mEse x5/ f'(u) sinh(7T;, (u + 03)) Or

2k (27rTby2_ + log ( Sgenlate — 2710

(3.195)
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and obtain the differential equation
T3
T (u)

~Tia(w (1 %@)) ,

where we denoted the solution of Sy — Sy = 0 as o5 (u) and mainly used the approximation
f'(u) ~ 27T (u) (too — f(u)) and associated approximations derived in egs. (3.98). To
double check, we can focus on the linear region with T.g &~ 77 again and obtain

! T\’
0.03(W) ~ Lo (1_T1) , (3.197)

4 (Teﬁ(y;—) + Tb) auO-; ~ = eff(u> (1 ) - 2Tb - 2Teff<u) + 4Teff(y;_) + O(k)

(3.196)

which agrees with eq. (3.194) as expected. On the other hand, it is also obvious that the
time derivative at late time region approaches zero, i.e.,

— 0, (3.198)

*
au0-2 eku>>1

because of the simple approximation T,g (ek“ > 1) ~ T, for the effective temperature. In
other words, the evolution towards equilibrium pushes the minimal length Ao, to be a
constant, which exactly matches what was shown in the equilibrium case in eq. (3.69). As
a result, we can find the minimal length Aoy with purification should approach a constant
whereas the lightcone coordinate y; = u — 09 reaches a constant as indicated in eq. (3.190)
if we do not include the purification. We sketch a plot to illustrate the time dependence
of Aoy(u) when the purification is included in figure 3.13. More explicitly, we apply the
late-time approximation with e** > 1 on Sy — Sz > 0 and derive the constraint

1) > T, — Ty — Ty — 2Ty log | 1Lt 1o log(%V%—A
02(6 > )N4ka( 1— 4£b — L0 — bog( 2Tb ))+ 47TTb = A0turn -

(3.199)
As expected, it returns to the result shown in eq. (3.69) for the equilibrium case by setting
Ty, = T. As a final remark, we point out that the minimum of the dimensionless length scale
kEAGuum (at leading-order) is realized at the near-equilibrium case with T3, = Ty (2% — 1).
A simple numerical plot is also shown in the right figure 3.12. The interesting feature we
want to highlight is that when the black hole is evaporating, we need more bath interval
to recover the interior of the black hole, while a thermalized black hole requires less bath
interval in which less of the outgoing Hawking radiation is located.
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In the above, we have seen how including the entire purification of the thermal bath
allows for the reconstruction of the black hole interior. The next natural question is how
much of purifier is really necessary for this reconstruction, as was considered in section 3.2.3
for the equilibrium case. In order to investigate that question, we consider a subsystem
with QM,, a bath interval [0, o5] and a finite interval [0, 73] in the purification (on the time
slice @3). As shown in figure 3.3d, the generalized entropy for the two competing channels
are defined as

Sk = Sgps_1 + S2-3, Sy = Staen +S1-2 + S3, (3.200)

where the three endpoints are taken as a point on the AdS boundary with ¥ = u (i.e.,
o1 = 0), the bath point Y3 = uTF 0y in the region II and the point with gj3i = 3+ 03 in the
purification region, respectively. As before, the two terms S§¢ |, SEL, + Si_» are given
by egs. (3.159) and (3.158), respectively. We only need to consider two new ingredients,

1.e.,

c sinh (277},63)
= Oop [ 2HEAETEBOS)
53 6 ©8 ( nle '
- - 201
c 127E, 3 cosh (7T},g5 ) cosh (7T (y; + 95)) (3:201)
82—3 = = 1Og 2 T :
6 c(enTy) f(y3)

which can be derived from the counterparts with point ygf in the region IV by the map
WTbgj?jf = % — 7rTby§E. First of all, it is easy to find that we can retrieve the results in the
last subsection (see eq. (3.192)) where we include the full purification region, by pushing
the third point &3 to the IR cut-off surface with &3 — oz ~ +00 (i.e., approaching the null
surface in the spacetime of bath’s purifier). More explicitly, we can define the difference

due to the finite 73, i.e.,

(Sx — Sx) — (Sx — Su) | — Slog sinh (27T},53) ) |

730 6 (26”Tby2 cosh (7T, (47)) cosh(mTh (3 + ¥5))

(3.202)
as ASyrnr- Equipped with the above difference for the two configurations in figures 3.3c
and 3.3d , we can discuss the result of cutting part of the purification in the reconstruc-
tion. Noting that the dependence on &3 only appears on ASyg.nr, One can easily find the
derivative of Sy — Sk satisfies

O(Sy — Sk) O (ASxnnn)

055 5 (3.203)
(2coth(2nT},63) — tanh (7T, (g7 )) + tanh (7T, (y; +5))) >0,

(= e
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due to the simple facts that cothz > 1 for x > 0 and |tanhz| < 1. The above positive
derivative shows that Sy — Sz monotonically increases with the increase of gy, implying
that it is easier to reconstruct the black hole interior by including a larger interval in the
bath. We can then rewrite the condition for this subsystem to reconstruct the black hole
interior as

+ ASurar > 0, (3.204)

SN_SR:(SN_SR)|&3_>OO =
where (Sy — Sg) ’&S_M is positive if and only if the condition in eq. (3.184) or (3.199) is
satisfied. Because the maximum of ASyrnr is defined as 63 — oo and is zero, we always
have ASyrnr < O for a finite 73, indicating that we need to include more bath interval than
the critical length o3 (u) (derived in eq. (3.184) or (3.199)) in order to make the channel
with a finite portion of the purification recoverable. Recalling the oo-dependence of eq.

(3.195), we can find the following decomposition

) si
Sk — Sw & < | 20Ty + log | — ((u) — z5) sinh (rTy.0) 4 ASunn 4
6 6mEse x5/ f'(u) sinh(7 Ty, (u + 03))

(3.205)
where we ignored the extra terms without dependence on oy,03. Then we can simply
take the results in the above subsection to derive the necessary conditions for oy and 7;.
However, it is more convenient to define the length of the finite bath interval beyond the
critical value as®’

doy = 09 — 05 (u) , (3.206)
which helps us to show the effect of including more bath interval and cutting part of the
bath purifier. It is straightforward to rewrite the necessary condition (3.204) to support
the recoverable channel for the linear region (ku < 1) as

sinh (277T3,53)
QewayQ cosh (ﬂTb@j;)) COSh<7TTb (y; + g??

2 (Tl + Tb) 502 + log ( ))) Z 0, (3207)

by noting the approximation (3.183) and its result (Sy — Sk) }&3%00 = ¢m(Ty + T}y)d0s.
Noticing the other approximation (3.100) and the simple relation (Sy — Si) ‘&3Hoo =
%TW’TFT})(SO'Q in the late-time region, one can find the condition for reconstructing the in-
terior of black hole reads

inh (27T,
AnTyd05 + log § sinh (217},73) — | >o, (3.208)
2¢7Tv¥s cosh (7rTb(y§r )) cosh(mTy(yy + U3 ))

29We hide the complicated expressions which are not shown in (3.205) by using o (u). For the equilibrium
case discussed in section 3.2.3, we considered a more general set-up with doy = 09 — 01 — Agurn Where the
critical value is just the constant Agypy.
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whose further reductions depend on the sign of the terms inside cosh functions and are

similar to what have done in section 3.2.3. For example, if we assume all length scales

on the above are larger than %, we can simply find the length of extra bath interval

[05(u), 09] is constrained by

> Sy (B 1+ v + 31+ 92 = 263) i hu<<l (3.200)
7931+ vz + 051+ ya —253) if et 1

Then it is easy to find that the RHS of the above equation can be reduced to four cases
where one of them vanishes, implying we need to consider the regime with 27 (T} +T},)00s <
1, and other three cases at late-time region retrieve the results derived in eq. (3.86). Finally,
we also comment the above linear dependence would like appear for the time region between
the two limits due to the complicate dependence of entropy on o,. However, if we only
focus on a small perturbation with doy/05 < 1, (Teg + T1,)009 > 1, we can calculate the
derivative of (Sy — Sk) |&3_>(>O with respect to o9 and find the following expected result

2(Tea(ys) + Tv)oos Z Ty (|75 ] + lyz + 05| + vy — 203) , (3.210)

where the two terms on the RHS describe the entropy of radiation located on the small
region [0}, 03] and emitted from the black hole and the thermal bath, respectively.

Starting from the subsystem with QM,, bath interval with the critical bath length o3
and all purification, the above inequalities in egs. (3.209) and (3.210) tell us how much bath
interval we need to include if we want to exclude part of the purification in 6 = [73, 15
Needless to say, we can interpret these inequalities in the opposite way, e.g., *°

Tes(y3) + T

265 2 1931+ lyo + 95|+ —2———
b

00y . (3.211)
Then we can learn how much bath purifier is necessary for reconstruction for a fixed bath
interval [0, o] plus QM,. In particular, we specify an interval in the purifier by both its
length &3 and the time slice @3 on which it is placed in the spacetime of purification region.
First, we observe from eq. (3.211) if |us| is very large both of the two expressions with
absolute values on the right-hand side would be very large. That is, for very large |us|, we
would need a large interval in the purifier with &3 ~ |t3| to recover the black hole interior.

30 Although egs. (3.86) and (3.211) look very similar, it is important to keep in mind that the assumptions
leading to the two results are different. While for eq. (3.86) we simply needed to assume that all lengths
we are dealing with are larger than the thermal scale, for eq. (3.211) we further needed to restrict to the
cases where doy < 09.
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Varying over the time slice 13, we find that the “optimal purifier” with smallest length is
determined by

1~ Tww(yd) +Tq

50y . 3.212
2T, 72 (3.212)

. 1 ) Ty + T
doy, with ‘U3—|—§y2 S;—H

We note that this expression simply reduces to the equilibrium case shown in the second
case in eq. (3.86) after taking either the late-time limit or setting 73, = T7. Hence the
present results are analogous to those illustrated for the equilibrium case in figure 3.4.
That is, from eq. (3.212), the optimal purifier lies anywhere on a band of time slices

+
centered at a3 = —y, /2 and with width Aug = %502. In this band, the length of
the purifier interval is given by the expression above. Therefore when doy /05 is small, the

optimal purifier is simply an interval of length 63 = y, /2 on the time slice a3 = —y, /2.

In this subsection, we have discussed the necessity of the thermal bath’s purification
when the bath temperature is beyond the critical temperature and also the constraint on
the length of the bath interval and its purifier. To complete the explorations on the role of
purification, the last question we ask is what is the minimal length of the bath’s purifier. Of
course, we have shown it is zero when 7y, < T),. For a bath system with higher temperature,
it is natural to expect that the length of the bath’s purifier is minimal when the entire bath
interval is included in the subsystem for reconstruction. Making some more effort, one can
find that that expectation is true by showing 0,, (Sy — Sk) < 0 and 0,, (Sx — Sg) > 0. It
means that the best for reconstruction is including all the bath interval with o € [0, og].
In the limit 09 — o3 ~ +00, one can read the entropy two completing channels as

SR = SEn 1+ SS—IR7 SN = Sgen// + Sl—IR + SS ) (3-213)

QES— QES

where the entropy for the two-point function S;_ is defined in eq. (3.162) taking oy =
0,05 = or and the last new ingredient S3_z is derived as

c sinh (77T (6, — 73))
=1 ) 214
Ss-1n 3 og( mlpe (3.214)

Similar to the calculations for critical temperature, one can find the condition Sy — Sy is
rewritten as

ok [ 1 6, 1 sinh(nTh,(—yk)) sinh(7T% (Y — 1))
®\ e )

+ 4no3 — 27,0
) b3 b IR> (3.215)

221 (Tog (u) — Tp)
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where we can easily see that more purification interval is more helpful for the reconstruction.
Taking 0; = 0 and late-time limit e** > 1, we can finally find the minimal purifier is
constrained by

~ 1 T1+Tb 1 6E3 T1
> T, — 2T, — Ty + 2T}, 1 -1 )
73R 4T, (3 b2l T o2 Og( oT;, )) AnTy, 0 (ch Tb> T

(3.216)
which is irrelevant to the choice of @3. And note that the RHS is positive when T}, 2 T,
as we illustrated around eq. (3.179).

3.4 Discussion

In this chapter, we continued our investigation of the AEM*Z model [1, 11] describing a
joining quench in a doubly holographic framework. The most interesting questions con-
cern the two-dimensional dynamics describing black hole evaporation (or growth). Invoking
holographic duality (twice), the generalized entropy becomes purely geometric and its eval-
uation is tractable in this dynamical setup. In the three-dimensional holographic dual, the
black hole geometry contains a Planck brane where Jackiw-Teitelboim gravity is local-
ized. At finite temperature, there is a new ingredient: a horizon in the three-dimensional
bulk, beyond which the second asymptotic boundary purifies the two-dimensional ther-
mal state in the bath. Despite this difference, we have shown that the Page curve still
exhibits three distinct phases (quench, scrambling, and late-time equilibration), as in the
zero-temperature case. However, there are several new qualitative features in both the
scrambling and late-time phase.

As in the zero temperature case, the quantum extremal surface remains at the bifur-
cation point in the initial quench phase and then jumps out from the original horizon in
the scrambling phase where the generalized entropy shows a(n almost) linear increase with
the physical time. From the first holographic level, the increase in entropy is due to the
two-way exchange of quanta between the bath and black hole, which is why the linear
increase is proportional to T} +T}. From the perspective of the doubly holographic model,
the increase in generalized entropy is related to the end-of-the-world brane falling deeper
into the bulk towards the horizon of the three-dimensional black hole.

After the Page time, the system enters the late-time phase in which the black hole
approaches an equilibrium state with the bath. However, the evolution of the black hole is
determined by the temperature of the thermal bath. For a bath with a temperature which
matches that of the post-quench black hole T}, = T}, this equilibration is immediate and
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the generalized entropy is constant throughout this phase. For a lower temperature bath
with Ty, < Tj, the black hole evaporates and loses some of its mass, similar to the zero
temperature case in chapter 2. Since the black hole not only emits Hawking radiation but
also receives the thermal radiation from the bath, the black hole can also grow when the
bath temperature satisfies T, > 7. At extremely late times, the system will finally equili-
brate with the bath temperature, and the entanglement entropy approaches its equilibrium
value. Figure 3.10 illustrates these three possible scenarios.

We also found that the position of the late-time extremal surface relative to the event
horizon of the black hole depends on the temperature of the bath. In the evaporating black
hole models (with a bath at zero temperature) of chapter 2, the late-time extremal surface
lies inside the horizon — in fact, it lies inside the horizon throughout the entire evolution
of the black hole. Correspondingly, the information of the region outside of the black
hole could not be reconstructed by QM;+ bath. On the other hand, in the equilibrium
configuration studied in [62], the extremal surface is located outside of the event horizon.
The equilibrium case studied in section 3.2 reproduces this behavior with the QES located
outside the event horizon — see eq. (3.55). Hence in these cases, the information just outside
of the event horizon could be reconstructed by QM, + bath after the Page time. Moreover,
at any temperature, the black hole eventually equilibrates with the bath, and the system
is qualitatively similar to the equilibrium case. Indeed, for any temperature, after a time

2
of ku > log <‘ 1— % %), the late-time extremal surface crosses the horizon and stays
b
outside as the system equilibrates. Furthermore, for black hole temperatures T; very close
‘TbT’lT” < L )2k 1 TO}, the QES is already outside

e

1 1
of the event horizon at the Page time. One may ask why the behaviour of our black holes
where only one side is in equilibrium with the bath matches that of the eternal two-sided
black holes studied in [62], where there is an equilibrium with a thermal bath on both
sides. However, this is relatively obvious from the holographic perspective since the HRT
surfaces are really probing identical portions of the three-dimensional bulk geometry in the

island phase for both cases.

to the bath temperature T3, i.e.,

As noted above, the appearance of QES outside of the horizon was first found in [62] for
an eternal AdS, black hole coupled with a thermal bath. This same behavior was also seen
in higher dimensional holographic systems [60, 97]. A similar phenomenon is also found
at black holes in asymptotically flat spacetime, e.g., [65, 69]. A dynamical QES crossing
the horizon (similar to our present results) was also found for an evaporating black hole
in JT gravity [70]. As discussed around eq. (3.56), while the QES may extend outside of
the horizon, it is never very far from the horizon. These results may imply that we should
consider some quantum corrections to the event horizon in order to extend the boundary of
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the interior of black hole, e.g., taking the stretched horizon [150] as a surrogate for the event
horizon. Then the QES can be seen to stay outside the classical event horizon but inside
the stretched horizon [65]. However, let us add that in the higher dimensional holographic
systems studied in [59, 60], this effect can be understood in terms of entanglement wedge
nesting [133, 151]

After deriving the Page curve with three phases as shown in figure 3.10, we further
focused on investigating the ability of various subsystems consisting of QM;, and different
parts of the bath interval to reconstruct the black hole interior — see figure 3.3 for the
competing channels for every case. As we first demonstrated in the equilibrium case of
section 3.2, the reconstruction of black hole interior always requires at least part of the
purification of the bath. Of course, the key difference from the scenario with the evaporat-
ing black hole coupled to a zero temperature bath is that our bath here begins in a mixed
state before the quench whereas in the previous studies the bath begins in a pure state
(i.e., the CFT vacuum). Hence, part of the purification of the bath becomes essential for
interior reconstruction when the bath temperature is higher than the critical temperature
T, ~ 3+ (T1 + Ty) < T, as given in eq. (3.179). This requirement arises for two reasons:
First, the thermal bath radiation in the interval containing the Hawking radiation must
be purified to distill information about the black hole interior. Second, after the quench,
thermal radiation from the bath falls into the black hole entangling the black hole interior
with radiation in the purifier. That is, part of the entanglement initially shared between
the bath and its purifier is transferred to the black hole interior and the purifier. So infor-
mation about the black hole interior is spread to the purification although, of course, none
of the Hawking radiation enters this region.

A simple example where the importance of the purifier was seen was the case where
the black hole and the bath were in equilibrium, i.e., with T, = 77 > T,,. In this case, the
reconstruction of the black hole interior with QM, , a finite bath interval [0y, 03] at some
time u, and a restricted portion [0, 73] of the purifier at another time @3 was considered
in section 3.2.3. There, the bound (3.86) on the purifier interval size &3 necessary for
reconstruction can be given a physical interpretation in figure 3.4 as the requirement that
[0,53] captures purifier quanta entangled with out-going thermal bath radiation in 0 <
y~ < y,, shown in red in the left panel of figure 3.4. Given the thermofield double
preparation of the bath and purifier, the relevant purifier quanta are those marked by
dashed wavy lines in the right panel of figure 3.4. The bound (3.86) then corresponds
to the minimal interval in the purifier which captures these quanta. Namely, if the bath
interval has a length that is only above-critical by a few thermal lengths, then the requisite
purifier interval must capture essentially all of the quanta marked in the right panel of
figure 3.4, e.g., see the blue interval. If the bath interval exceeds the critical length with
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a large margin oy — 01 — A¢um, then the amount of the marked quanta that must be
captured by the purifier interval is reduced proportionately, e.g., see the green interval.
This discussion, however, leaves open the question of why the 0 < y~ < y; section of bath
thermal radiation is important to begin with. One might argue that the bath radiation in
y; <y~ <y, obfuscates the Hawking radiation captured by the bath interval oy, 03], so
that purifying this section of bath thermal radiation is beneficial. One may also argue that
0 <y~ < yqus contains thermal bath radiation eaten by the quantum extremal island, so
its purifier would contain information about the island. But, it also seems that the bath
radiation in the in-between range y,zs <y~ < y; is not pertinent. In particular, if one is
free to discard the purifier quanta for this radiation, then it should be possible to reduce
the interval length of [0, &3] beyond what is allowed by (3.86) in some cases where oy — 0y
exceeds A¢ym by many thermal lengths.

One may ask why the previous effects are not always important. That is, why is there
a critical bath temperature 7}, below which no portion of the purifier is needed to recover
the black hole interior. Certainly, there are many physical effects that come into play here,
e.g., the redundancy of the encoding of the black hole interior in the Hawking radiation
(see section 2.2.3), but remarkably the critical temperature 7, can be derived with the
following simple intuitive argument:** Recall that in the usual black hole evaporation
(with T, = 0), the Page phase arises when the naive entropy of the Hawking radiation
exceeds the Bekenstein-Hawking entropy of the black hole. Of course, we now understand
that this conflict is resolved by the formation of a quantum extremal island, and hence
a portion of the black hole interior is reconstructible in this phase. When the black hole
is coupled to a finite temperature bath, the appearance of the critical temperature 7,
indicates that islands form for lower bath temperatures but not for higher temperatures,
when keeping track of modes in the mixed state of the bath (along with QM ). But in turn,
we can understand this as indicating that for 7Ti, < T},, one reaches an inconsistency where
the naive entropy of the bath (including the Hawking radiation and also QM) exceeds
the entropy of the black hole and the bath purifier. But no such inconsistency arises for
Ti, > T,. Examining this latter perspective in more detail below then allows us to derive
the critical temperature 7,,.

That is, we consider the necessity of islands at late times in the evolution of the system.
First, we observe that the (coarse-grained) Bekenstein-Hawking entropy provides a bound

31This argument and the following calculations are similar in spirit to the calculations in Appendix B
of [10]. We thank Geoff Penington for discussing this point with us.
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on the (fine-grained) entropy of QMj, with®?
Savig S Suv + Seu(Ter) —— Suv + Seu(Th) (3.217)

Here, Syv denotes a UV-divergent contribution due to the separation between QMg and
the bath, Tig is the effective temperature (3.92) of the JT black hole on the right, and Sgy
is the Bekenstein-Hawking entropy (3.45). The argument now proceeds as follows: Purity
of the complete system, including the bath’s purifier, demands

SqMpUbath = Squpubath = QMg + St » (3.218)

where bath denotes the bath’s purifier. Here, the inequality follows from the subadditivity
of entanglement entropy. Now let us begin by assuming the absence of any islands, in
which case,

Sam, ubath = SeE(T0) + Shath - (3.219)

Note that here, we are implicitly including the entire bath region and so we must regulate
the size of the latter to avoid having an IR divergence in Sy.,. Further, combining the
bound (3.217) with the subadditivity inequality in eq. (3.218), we also have

SQMRum < SQMR + Stamn < Suv + SBH (Tb) + St - (3.220)

It remains to approximate the difference Span — Si- Just after the joining quench, Spatn
can be expressed as the sum of three contributions: St, the UV contribution Syy, and
a shock contribution,® i.e.,

Sbath (4 = 0) = Spm + Suv + Sshock ,  Where  Sghock =~ — log — . (3.221)

Now while Si7 remains constant, Spath changes®* due both to the absorption of Hawking
radiation at temperature Tig and the loss of thermal radiation to the black hole (purified

32Violation of the Bekenstein area bound in the island region is a necessary condition for the appearance
of QEIs [152]. In the following argument, we begin by assuming that it holds and so no QEI forms, even
in the far future.

33To obtain the following expression for Sguock, we may compare, for example, the z+ € IT and 2+ € IV
cases of eq. (3.32). Further, we have chosen 1/T} to be a ‘typical’ length scale for the z coordinate. Other
choices differing by O(1) factors from this will not significantly modify the result of this argument.

34 Alternatively, one may discard from this argument, all of the ‘bystander’ thermal quanta entangled to
each other in the bath and purifier regions, which have not yet fallen into the black hole. In this case, Spatn
and Sp_7 both increase, respectively due to the absorption of Hawking radiation and being entangled with
bath radiation lost to the black hole. What is important is that the difference 0, (Spath — Spa;) evolves
according to the RHS of (3.222).
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by quanta in S ;) at temperature 7. To be precise, we have

mc
OuShath = 5 (Test — Tsy) - (3.222)

Now combining egs. (3.221) and (3.222), we find at late times

le Shath — Sm ~ Suv + Sshock + %C / du (Teﬁ‘ — Tb) (3.223)
U oo 0
c Eg T (T} — Tb)2
~ S —log—+—|TT1 -1, +0 | ———
UV+6OgcT1+6k{1 b < 73

Finally, combining eqgs. (3.219) and (3.220) together with eq. (3.223), we find that our
assumption of no islands leads to

>T0+T1 k ES

2 log =2
Ty T

T (3.224)
where we recognize the RHS as the expression (3.179) for T,,. Thus, T, corresponds to the
bath temperature above which the inequality (3.218) can be satisfied at late times without
introducing any island. Conversely, to satisfy the entropy bound (3.218) for 73, < 7}, an
island must be introduced at sufficiently late times and as a result, the black hole interior
may be reconstructed from QM; and the bath alone, without the bath’s purifier. Alterna-
tively, for Ti, > T, reconstructing the black hole interior requires additional information
from the purification. This argument provides further intuition for understanding the crit-
ical temperature 7, than perhaps offered by the initial calculations leading up to (3.179)
in section 3.3.2.

Furthermore, for the lower bath temperatures 7, < T, we found that with the subsys-
tem comprising only QM and a finite bath interval, as shown in figure 3.3c, it is possible
to reconstruct the black hole interior in section 3.3.2. The length of the minimal bath in-
terval for reconstruction increases with the physical time and approaches a linear increase
as shown in egs. (3.184) and (3.190), and as summarized in figure 3.11. After including
the purification in the subsystem as presented in figures 3.3b and 3.3d, we considered the
reconstruction of the black hole interior in section 3.3.2 with a general bath temperature
Ty, i.e., interior reconstruction also becomes possible for 73, > T,,. We first found that
the black hole interior is reconstructible with any bath interval above the shock-wave with
a length larger than Ay, ~ j;lk_T:fo, given in eq. (3.69) for the equilibrium case. For the
evaporating and thermalized black hole, the interval length required for interior reconstruc-
tion increases with time as shown in (3.196). Since late time behavior should be similar
to the equilibrium case, one finds as expected, the minimal interval length for late times
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asymptotes to a finite constant which is defined as Aoy, in eq. (3.199). The two above
results are illustrated in figure 3.13.

Recent explorations on QES and Page curves inspire the island formula for the quantum
systems coupled to gravity [1]. Although we do not explicitly apply the island formula in
our analysis, it is clear that the island region emerges in the recoverable channel, as shown
in figure 3.3. Without knowledge of the island formula, we can also derive the same results
and desired Page curve because we can apply the RT formula in the doubly holographic
models. In other words, RT formula knows about the existence of the island. On the other
hand, it is also possible to get the right answer by noting the entropy of a subsystem in
a pure state equals the entropy of its complementary part. For example, we can easily
find that the entropy of QMjy after Page transition is defined by Sqes—1 with y; on the
AdS boundary. Taking the pure state as the whole system, we simply know Sqgs—1 also
defines the generalized entropy of QM,, entire bath interval, and its purification (see figure
3.3a ), which implies the Page curve for that subsystem. However, this approach does not
work for mixed states because the entropy of a subsystem in a mized state generally does
not agree with the entropy of its complementary part. Let’s construct a mixed state as
an example by tracing out the bath’s purification. Then the complementary subsystem of
QMy, consists of QM,;, and only the entire bath interval. Correspondingly, the generalized
entropy of this complementary system is defined by the minimal entropy between the two
channels (see figure 3.3c with o9 — o )

SN = ch;;;// + S%-line y NO ISland,

o | (3.225)
Sk = SgES,l + S, With Island .

It is obvious that neither of the above two terms equals the entropy of QMg i.e., Shis_;.

More importantly, we have shown Sy is always preferred when T;, 2 T),, which indicates

the entanglement wedge of the corresponding subsystem with QM; and any thermal bath
interval does not contain the island region.

As a final remark, let us comment on an important lesson from our results for the
reconstruction of the black hole interior. It is obvious that the emitted Hawking radiation
carries out information about the black hole. Although all the Hawking radiation is only
stored in the finite interval [0, oghoa (1)), our studies on the reconstruction for a black hole
coupled to a finite temperature bath indicate that the information describing the black
hole interior is not contained solely within this part of the bath (along with QM,). Rather
we see that in this situation, the black hole and Hawking radiation (i.e., [0, oghock(@)), the
bath region) are entangled with a complicated environment comprising QM;,, the remaining
bath interval and the bath purifier, and hence the information about the black hole interior
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is distributed in a complicated way over the whole system. Of course, as identified above,
the new physical mechanism contributing to the information flow in the present situation is
the incoming radiation falling from the bath onto the black hole, which entangles the black
hole interior with the purifier (and possibly distant regions in the finite temperature bath).
For example, we found that when the bath temperature satisfies T3, > T},, reconstruction
always needs the purification even if we already have all of the Hawking radiation and QM;,.
On the other hand, we also found that the QM,, plus only a smaller bath interval [0, o9 (u)]
with e™1(u=upage) > 1 and oy < Tshock (1) 1s also sufficient to recover the information of
the black hole interior when T}, < T}, in section 3.3.2 (see the right panel of figure 3.11).
This means that we actually do not require all of the Hawking radiation. The information
inherited in the ignorable (early-time) Hawking radiation located at |02, Oghock] is shared
by other parts of the system. This reflects the redundancy of the encoding of the black
hole interior in the Hawking radiation discussed in chapter 2.
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Chapter 4

Conclusions and outlook

The study of black holes has sparked exciting progress in our understanding of quan-
tum field theory in curved spacetime and quantum gravity. Over the last few years, new
tractable models of black hole evaporation and equilibration have allowed us to explicitly
compute the Page curve during these processes. In this thesis, we employed the AEM*Z
model to study the structure of information during black hole equilibration and black hole
evaporation. The AEM*Z model consists of a doubly holographic setup in which a ther-
mofield double state QMp+QMzg is dual to a JT gravity black hole plus holographic CFT
matter. The extra layer of holography allows for a dual description of the CFT matter
in terms of a bulk AdS; gravity. Crucially, this simplifies the computation of the CFT
corrections to the generalized entropy. Indeed, the CFT entropy in this setup is calculated
via the HRT prescription in the bulk, and becomes a purely geometric calculation.

The QMg system is then coupled to a bath consisting of the holographic CFT on a
half line. The bath CFT can be prepared in the vacuum state as in chapter 2, or at
finite temperature as in chapter 3. In the zero temperature case, the Hawking radiation
emitted by the black hole is absorbed by the bath and the black hole evaporates until at
very late times the Hawking temperature is of the order of the quantum fluctuations and
the semiclassical picture breaks down. For baths with non-zero temperature, the thermal
radiation coming from the bath eventually balances out the Hawking radiation to reach an
equilibrium state with non-zero Hawking temperature.

In this doubly holographic model, the extra layer of holography allows for an easy
computation of the generalized entropy. By comparing the generalized entropy of the
different candidate quantum extremal surfaces, we were able to compute the Page curve
of QMg, or one side of the double sided black hole, and observe three phases in the

147



evolution of the generalized entropy: the quench phase, the scrambling phase and the late-
time phase. During the quench phase, the QES remains at the bifurcation point, and the
generalized entropy increases linearly, due to the Hawking quanta crossing the asymptotic
boundary between the AdS, bulk and the bath. The intermediate phase corresponds to
the scrambling phase, in which the QES jumps perturbatively away from the bifurcation
surface. During this phase, the QMp+bath system has enough information to reconstruct
a very small part of the black hole interior. The evolution of the generalized entropy in this
phase depends on the parameters if the problem, but in most cases exhibits a small initial
decrease and then continues to grow until the Page time. After the Page time, the QES is
located far away from the bifurcation surface, past the infalling shockwave caused by the
quenching between black hole and bath. In this phase, a large portion of the black hole
interior is encoded in QMy,+bath which indicates that most of the information required for
interior reconstruction has been transfered from QMg to the bath via Hawking radiation.
The generalized entropy in this phase asymptotes towards its equilibrium value, starting
off with a linear decrease (increase) for baths with temperature lower (higher) than the

black hole.

Repeating the same calculations with different intervals of the bath, it is also possi-
ble to study which parts of the radiation are essential for interior reconstruction. In the
evaporation model (7, = 0), we began by showing that the portion of the bath past the
outgoing shockwave is not important for reconstructing the black hole. Further, we also
studied how much of the late-time radiation can be omitted while still being able to recon-
struct in black hole interior, and found the profile of the smallest interval [opage(t), Oshock|
anchored at the shock that would contain enough information to reconstruct the black
hole interior. A similar analysis was performed to find the smallest intervals [0, oy (u)]
anchored at the asymptotic boundary between the bath and the bulk AdS,;. Comparing
the two results, and looking at time slices of the bath that are late enough, the intervals
[0, Fturn(u)] and [Opage(t), Tshock] don’t overlap, an indication that there is a redundancy in
the encoding of the black hole interior in the Hawking radiation. At later times, there
are multiple disjoint intervals that contain enough information for interior reconstruction.
This redundancy is an important characteristic of quantum error correcting codes and
holography [137, 138, 139].

For finite temperature baths, the CFT was prepared in a thermofield double state, and
the bath purifier plays an important role in the reconstruction for temperatures above a
critical temperature 7). Below the temperature 7}, the purifier is not needed to reconstruct
the interior of the black hole, while for temperatures above 7,,, at least some portion of the
purifier is needed for interior reconstruction. In the equilibrium case (T, = T1), the QES
after the Page time is static and the results agree with the setup in [62] where the bath
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and the black hole are prepared in equilibrium. Notably, the QES is located outside of the
event horizon, in contrast with the evaporating case of chapter 2. For a finite temperature
bath, the black hole equilibrates with the bath and the results asymptote towards the
equilibrium case. For example, as the temperature T.ss(u) of the black hole approaches
Ty, the QES crosses the event horizon at a critical temperature T, (or T,,) close to Ty,
and remains outside of the event horizon for the remainder of the equilibration process.
More generally, we repeated the analysis of which intervals of the bath (and purifier) were
required to reconstruct the interior of the black hole, and the results interpolate between
the zero temperature case and the equilibrium case.

In the analysis of which intervals of the bath (and bath purifier) are needed to recon-
struct the interior of the black hole, the results are in line with the intuition that the
information is carried by massless quasi-particles traveling at the speed of light. This can
be seen for example from the profile of opage(u) of the earliest time at which the radiation
can be ignored in the early time protocol in section 2.2.1, or the profile of the portion of
the bath purifier needed for interior reconstruction in figure 3.4.

The recent studies of black hole evaporation and equilibration have brought great
progress in our understanding of entanglement and geometry in quantum gravity, and
have provided a partial resolution to the black hole information paradox, but there remain
many open questions that are worth investigating. The evaporation and equilibration mod-
els described in this thesis rely on 2D JT gravity, but it would be worthwhile to search for
other higher dimension generalizations of these models. Some progress in this direction can
be found in [8, 59, 60] where higher dimensional doubly holographic setups were studied
and, similar to the models studied in this thesis, quantum extremal islands naturally arise
from the HRT prescription — see also [67] for an analysis of an evaporation model in three
dimensions.

As was mentioned in the discussion sections, the analysis of the present work focused on
the generalized entropy of the QMp, + (portions of the) bath system and its corresponding
Page curve. A similar analysis can be done for the Page curve of the Hawking radiation
without the QMy, system. Interestingly, the HRT prescription in this setup naturally leads
to the island formula proposed more generally in [1]. Further work [14, 98] showed that the
island formula can be derived from the gravitational path integral by considering wormhole
geometry saddle points in the replica calculation. This surprising result indicates that
the semiclassical path integral somehow contains the necessary information about non-
perturbative corrections that would restore unitarity to the naive leading order entropy
calculation.

Remarkably, the wormhole saddles in the gravitational path integral that are crucial to
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recovering the Page curve in these doubly holographic models lead to a non-factorization
of the path integral over disconnected boundaries [14, 15]. This factorization problem
suggests that these gravitational models are necessarily dual to an ensemble of quantum
theories, similar to the conjectured duality between SYK and pure JT gravity. Studies of
the wormhole saddles of the gravitational path integral and their relation with ensemble
theories have seen a resurgence since this remarkable discovery - see for example [79, 84,
153, 154, 155, 156, 157, 158, 159, 160].

Furthermore, while the current models of black hole evaporation and equilibration show
that the information of the black hole interior is encoded in the radiation, so far, under-
standing how this information is encoded in the radiation remains to be understood. In
the semiclassical models that have been studied thus far, the precise details of how the
information escapes the black hole remain a mystery. In the same spirit, these semiclassi-
cal models provide no information about the black hole microstates that account for the
entropy of the corresponding black hole. In the boundary perspective (see figure 1.2), the
single sided black hole corresponds to the thermal state of QMg after tracing out QMy,, but
the precise bulk interpretation of the states in this ensemble remains to be explored, and
would likely require more than a classical bulk description to be understood - see [161] for a
recent study of boundary states in BCF'T and their interpretation as black hole microstates
in the evaporating models.

In closing, we comment on some lessons that can be drawn by studying another im-
portant measure of entanglement that has been widely studied in holography: complexity.
There are several proposals for holographic complexity, but the one we will focus on in the
present discussion is the complexity=volume (CV) conjecture [162, 163]. The CV conjec-
ture states that the complexity of the state in the boundary theory defined on a time slice
S is dual to the volume of the maximal codimension-one bulk surface anchored to S on the
asymptotic boundary,

Cv(S) = max [‘é(fg)] , (4.1)
where Gy is the Newton’s constant of bulk gravity theory and ¢ is some undetermined
length scale. For boundary subregions, the subregion-CV conjecture [164, 165] proposes
that the complexity of the quantum state defined on a boundary subregion R is given by
the volume of a maximal codimension-one bulk surface extending from R on the asymptotic
boundary to the corresponding Ryu-Takayanagi (RT) surface g in the bulk,

C"P(R) = max {V(B)] (4.2)

- 9B=RUSg | Gyl

In the setting of the AEM*Z model, the subregion complexity of the QM +intervals of
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the bath (and purifier) would correspond to the volume of the minimal surface anchored
at the RT surfaces and the intervals. These maximal volume surfaces correspond to the
shaded regions in, e.g., figures 2.1 and 3.1. A quick glance at these figures shows that at
the phase transitions, there is a discontinuity in the complexity of the Hawking radiation.
Indeed, the complexity of QM + bath increases at the transitions between each of the
phases, while the complexity of QMg decreases. This is an indication that the information
of the black hole interior has transfered from QMg to the bath at that point in time.
Moreover, it was shown in [8] that the discontinuity in subregion complexity is precisely
the complexity of the island, or in this case, of the region of the interior of the black
hole which is reconstructable by QMj, and the bath (and purifier) intervals in question.
Clearly, there are lessons to be learned by carefully studying complexity in the black hole
evaporation and equilibration setups provided by the AEM*Z model.
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