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Abstract

The semiparametric density ratio model (DRM) provides a flexible and useful platform
for combining information from multiple sources. It has been widely used in many fields.
This thesis considers several important inference problems under two-sample DRMs.

Chapter 1 serves as an introduction. We review the DRM, empirical likelihood, which
is a useful inference tool under the DRM, and some applications of DRMs. We also outline
the research problems that will be explored in the subsequent chapters.

How to effectively use auxiliary information and data from multiple sources to enhance
statistical inference is an important and active research topic in many fields. In Chapter
2, we consider statistical inference under two-sample DRMs with additional parameters,
including the main parameters of interest, defined through and/or additional auxiliary
information expressed as estimating equations. We examine the asymptotic properties
of the maximum empirical likelihood estimators (MELESs) of the unknown parameters
in the DRMs and/or defined through estimating equations, and establish the chi-square
limiting distributions for the empirical likelihood ratio (ELR) statistics. We show that
the asymptotic variance of the MELEs of the unknown parameters does not decrease if
one estimating equation is dropped. Similar properties are obtained for inferences on the
cumulative distribution function and quantiles of each of the populations involved. We
also propose an ELR test for the validity and usefulness of the auxiliary information.
Simulation studies show that correctly specified estimating equations for the auxiliary
information result in more efficient estimators and shorter confidence intervals. Two real
examples are used for illustrations.

The Youden index is a popular summary statistic for receiver operating characteristic
curves. It gives the optimal cutoff point of a biomarker to distinguish the diseased and
healthy individuals. In Chapter 3, we model the distributions of a biomarker for indi-
viduals in the healthy and diseased groups via a DRM. Based on this model, we propose
MELES of the Youden index and the optimal cutoff point. We further establish the asymp-
totic normality of the proposed estimators and construct valid confidence intervals for the
Youden index and the corresponding optimal cutoff point. The proposed method automat-
ically covers both cases when there is no lower limit of detection and when there is a fixed
and finite lower limit of detection for the biomarker. Extensive simulation studies and a
real-data example are used to illustrate the effectiveness of the proposed method and its
advantages over the existing methods.

The Gini index is a popular inequality measure with many applications in social and
economic studies. Chapter 4 studies inference on the Gini indices of two semicontinuous



populations. We characterize the distribution of each semicontinuous population by a
mixture of a discrete point mass at zero and a continuous skewed positive component.
The DRM is then employed to link the positive components of the two distributions. We
propose the MELEs of the two Gini indices and their difference, and further investigate
the asymptotic properties of the proposed estimators. The asymptotic results enable us
to construct confidence intervals and perform hypothesis tests for the two Gini indices
and their difference. We show that the proposed estimators are more efficient than the
existing fully nonparametric estimators. The proposed estimators and the asymptotic
results are also applicable to cases without excessive zero values. Simulation studies show
the superiority of our proposed method over existing methods. Two real-data applications
are presented using the proposed methods.

In Chapter 5, we summarize our research contributions and discuss some interesting
topics, which are related to our current work, for future research.
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Chapter 1

Introduction

1.1 Two-sample Density Ratio Models

This thesis proposes new and effective procedures for several important inference problems
under two-sample density ratio models (DRMs). In this section, we introduce the definition
of two-sample DRMSs, and explain relationships between DRMs and other commonly used
statistical models.

Suppose we have two independent random samples { Xo1, . . ., Xon, } and { X1, ..., Xin, }
from two populations with cumulative distribution functions (CDFs) F and Fj, respec-
tively. The dimension of X;; can be one or greater than one. Let dF; denote the density
of F; for i = 0,1. The two-sample DRM (Anderson, 1979; Qin, 2017) postulates

dFy(x) = exp{a + B q(z)}dFy(z) = exp{0' Q(z)}dFy(x), (1.1)

where @ = (o, 3")7 are unknown parameters for the DRM; Q(z) = (1,q(z)")T with
the basis function g(x) being a pre-specified, non-trivial function of dimension d; and the
baseline distribution Fj is unspecified. The DRMs can be broadened to allow for multi-
sample cases; see Wang (2017) and the references therein. Throughout this thesis, DRMs
refer to (1.1) for two samples.

The DRM in (1.1) links two distribution functions through a parametric form for the
log density ratio, which helps to utilize information across two samples. Meanwhile, the
baseline distribution Fj remains completely unspecified. The parametric and nonpara-
metric components together make DRMs semiparametric and flexible to embrace many
commonly used statistical models.



The DRM has a natural connection to the well-studied logistic regression (Anderson,
1979; Qin and Zhang, 1997) if one treats D = 0 and 1 as indicators for the observations from
Fy and Fi, respectively. On the one hand, conditional on X = z, the logistic regression is

exp{a” + B q(x)}

P(D=1X=12)= - . (1.2)
1+ exp{a*+ B q(z)}
On the other hand, if the DRM (1.1) is satisfied, using the Bayes’ formula gives
dFy(z)P(D =1 4+ 87

dFy(x)P(D = 1) + dFy(z)P(D =0) 1+ expla* + 8 q(z)}

where o = a + log{P(D = 1)/P(D = 0)}. Hence, the DRM is equivalent to the logistic
regression model. Because of that, the inference procedures for logistic regression models,
which are extensively investigated in the literature, provide some ideas to explore the
properties of DRMs. For example, the equivalence brings in the computational convenience
when calculating the estimate of @ in the DRM.

The DRM also includes many commonly used distributions as special cases. Any two
distributions in the same exponential family satisfy the DRM (1.1) with certain q(z). We
say a distribution belongs to the exponential family if the corresponding probability density
function or probability mass function takes the following form (Kay and Little, 1987),

f(a:€) = A(x)B(€) exp{h(§) "g(2)}, (1.4)

with the support of the distribution not depending on the parameter &£&. Suppose the two
distributions F and Fj are from the same exponential family with different parameters &,
and &;. Then

dFi(x) _ f(z;€;)
dfo(zr)  f(;€p)

This suggests that Fy and F; satisfy the DRM in (1.1) with o = log{B(&;)/B(&,)},
B =h(&)— h(§), and g(x) = g(z). Note that in the DRM (1.1), the baseline Fj is left
unspecified and g(z) is the only parametric component that needs to be specified. Hence
the DRM assumptions are weaker than the fully parametric model assumptions in (1.4).
For example, the basis function g(x) = log x includes two log-normal distributions with the
same variance with respect to the log-scale, as well as two gamma distributions with the
same scale parameter; the basis function g(z) = x embraces two normal distributions with

= expllog{B(&;)/B(&y)} + {h(&) — h(ﬁo)}TQ(m)]-



different means but a common variance and two exponential distributions with different
rates. We refer to Kay and Little (1987), Cai (2014), and Wang (2017) for more examples.

The DRMs are inherently biased sampling models with weight functions involving un-
known parameters (Qin, 1998). More precisely, let Fy be the interested but unknown
distribution and Fj be the distribution resulted from biased sampling of F{ according to
the weight function w(x;n) with unknown parameter 1. Then the biased sampling model
with the weight function w(z;n) gives the density of F; by (Rao, 1965)

w(z;m)dFy(z)
Jw(a;m)dFy(z)
For example, the choice of w(z;n) = z is related to a length-biased sampling (Qin, 1993).

It is clear that the biased sampling model with the weight function w(z;n) = exp{8' q(z)}
satisfy the DRM (1.1).

dFl(.T) =

We wrap up this section with some discussion on the choice of g(z) in the DRM (1.1)
in applications. To use the DRM, we need to specify g(z) in advance. If the practitioners
believe that a logistic regression model in (1.2) with g(x) = z is adequate to describe the
relationship between D and X, then they can use the DRM (1.1) with g(x) = z. If it
is believed that gamma distributions or normal distributions provide good fit to Fy and
Fy, then they can use the semiparametric DRM (1.1) with g(z) = (x,logz)" or (z,2?)"
instead of a parametric model to achieve robustness of inferences. The DRM (1.1) with
a particular choice of g(z) can be further checked by the goodness-of-fit test discussed in
Qin and Zhang (1997). The details of this test will be provided at the end of Section 1.2.2.

1.2 Empirical Likelihood Inference under DRMs

A nice property of the DRM is that it permits elegant inference solutions through empir-
ical likelihood. In this section, we briefly review the empirical likelihood for one-sample
problems and then apply it to two-sample problems under the DRM.

1.2.1 One sample empirical likelihood

The empirical likelihood is first introduced by Owen (1988) to mimic the parametric like-
lihood. Since Owen’s seminar paper, the empirical likelihood has become remarkably pop-
ular because it has many nice properties corresponding to those of parametric likelihood



methods, e.g., the empirical likelihood ratio (ELR) confidence region is range-respecting,
transformation-invariant, and Bartlett correctable. More importantly, the ELR statistic
obeys Wilks’ theorem (Owen, 1990; Hall and La Scala, 1990; DiCiccio et al., 1991; Owen,
1991; Qin and Lawless, 1994). In this subsection, we mainly review the empirical likelihood
method for making inference on the population mean and the parameters defined through
estimating equations. We refer to Owen (2001)’s monograph for a comprehensive review
and discussion of the empirical likelihood.

Let {Xy, -, X,} be independent observations from a population with completely un-
known CDF F. The likelihood function of F'is defined as (Owen, 1988)

L(F) = [[{F(X) - F(X))}.
i=1
Following Owen (1988), the sample-based version of F' is given by
Fr(z) =Y pl(X; < ),
n=1

where p; = F(X;) — F(X, ) and I(-) is an indicator variable. Note that p;’s should satisfy
the constraints

p; > 0 and Zpi =1 (1.5)
i=1
to ensure that /™ is a CDF. The maximizer of the likelihood function L(F) = [];_, p; sub-

ject to the constraints in (1.5) corresponds to the empirical CDF F,,(z) =n~' Y"1 | I(X; <
x). The ELR function is then defined as

R(F) = L(F)/L(F,) = ani.

Consider the population mean p as the parameter of interest. We assume the dimension
of p is one for simplicity. By using Lagrange multipliers, we profile out p;’s and obtained
the profile ELR function of u as (Owen, 1988)

R, (p) = sup {ani Lpi > O,Zpi = 1,ZpiXi = M} :
i=1 =1 =1

P1,5Pn



Let p* be the true value of u. It has been shown that under some mild moment conditions,
the ELR statistic —2log R, (1*) asymptotically follows a chi-square distribution with one
degree of freedom, which is a nonparametric version of the Wilks’ theorem. Similar prop-
erties remain valid when the empirical likelihood method is applied to other functionals
such as those in Owen (1988, 1990), and to linear regression model (Owen, 1991).

Next, we discuss the empirical likelihood inference for parameters defined through es-
timating equations (Qin and Lawless, 1994). Suppose the parameter of interest, v, is of
dimension p. The information of ¥ and F' are available through a set of » > p functionally
independent unbiased estimating equations:

E{g(X;¢)} =0

with g(z; 1) = (g1(z;), -+, g-(2;4))". In this case, the profile likelihood function of
takes the form

Ly(¢) = sup {sz “pi > O,Zpi = szig(Xz‘;lb) = 0} :
i=1 i=1 i=1

P1,Pn

The maximum empirical likelihood estimator (MELE) of 1, denoted as W, is the max-
imizer of L,(t) with respect to . Qin and Lawless (1994) showed that under some
regularity conditions, the estimator 1) is consistent and asymptotically normal, and its

asymptotic variance cannot decrease if an estimating equation is dropped when r > p.
They further proved that the ELR statistic —2log{ L, (¥")/L, (1)} converges in distribu-
tion to a chi-square distribution with p degree of freedom, where 1" is the true value of

.
1.2.2 Empirical likelihood under two-sample DRMs

Since the baseline distribution Fy in DRMs (1.1) is unspecified, it is natural to adopt the
empirical likelihood for inference under the DRM. Suppose we have two random samples

X017 Ce aXOno ~ FO and Xlla Ce 7X1n1 ~ Fl,
and two CDFs Fy and Fj are linked through the DRM (1.1). Based on the two samples,

the full empirical likelihood is
1 n;
LI arx),

i=0 j=1



with dF;(X;;) = Fi(Xy;) — Fz(XZ;) Following the empirical likelihood principle of Owen
(2001) and with the help of DRM (1.1), we use the combined sample to estimate the
baseline distribution Fjy as

=> ZipijI(Xz'j < ), (1.6)

i=0 j=1

where p;; = dFy(X;;). The DRM (1.1) and (1.6) together imply that

= ZieXP{BTQ(XU)}pijI(XU <), (1.7)

i=0 j=1

The fact that both Fj and F} are CDFs introduces the following constraints:

1 n; 1 n;
pii >0, > ) py=1, Y. piexp{8TQ(Xy)} =1. (1.8)

i=0 j=1 i=0 j=1

With (1.6) and (1.7), the likelihood function under the DRM (1.1) then becomes

L= {H f[pz,} [ﬂexp{eTcz(Xu)}] . (1.9)

i=0 j=1

Using Lagrange multipliers and for any given 0, it can be shown that the maximum of £,
is reached at

Dij = n_l{l + /\[exp{OTQ(XZ])} — ].]}_1, (].].0)
where the Lagrange multiplier A satisfies

1

exp{0' Q(X;;)} — _
Z;; 1+ Mexp{0'Q(X; )} —1] =0 (L11)

It is apparent that A depends on the given 6.
Plugging (1.10) into (1.9) and taking the logarithm, the profile log-likelihood function



of 8 (Qin, 1998), up to a constant not depending on 6, is given by

10) =~ 323 loa{1 4 Aexp {07 QX)) 1} + 3207,

i=0 j=1

The MELE of 0 is then defined as

0 = arg mgxf(@).
Consequently, the MELESs of p;;’s are

Biy = n {1+ Nexp{8 Q(X,)} — 1]}, (1.12)

where \ is the Lagrange multiplier corresponding to 0, or equivalently, \ is the solution of
(1.11) with @ in the place of .

The Lagrange multiplier A defined through (1.11) usually does not have a closed form.
Because of that, maximizing ¢(0) to numerically obtain 0 may not be an easy task. Keziou
and Leoni-Aubin (2008) and Cai et al. (2017) pointed out @ also maximizes the following
dual empirical log-likelihood function:

1

al0) = =3 0a {1+ ™ fexpf0T QUK )} - 1)} £ Yo0TQN), (1

i=0 j=1

ie.,

0 = arg max lha(0). (1.14)

We now provide some details for the claim in (1.14). We first argue that A\ = n,/n.



Note that 0 satisfies

0 o0(0)
N 8a
S\exp{éTQ(Xw)} S exp{0 Q(X )} 1] - %bzé
- + nq
;J 71+ Mexp{6' Q(Xy)} - Zgzl 1+ Mexp{8' Q(X))} — 1]
- )\eXp{G Q(le)}
- _ +m
;] 714+ Aexp{6' Q(Xyy)} — 1]

= —nA+ nq,

where we have used (1.11) in the third step, and the following fact in the last step:

~y )\eXp{O QX)) = nAP;; ex 0 = nA.
;Jll—i—/\ {0 Q( )} ] ;]Zl Dij p{ Q( w)}

Hence, A = ny/n and

é%nd L& L exp{0 Q(Xij)}
+ny =0. (1.15)
;;H”l [exp{8' Q(X)} — 1]

For 00,,4(0) /03, we notice that

, _ 98 aend 21: " fexp{f QX )}—1]-%|e:a:a€nd(é>

= . (1.16
o8 i=0 j=1 1+ )\[exp{H QX)) —1] op (1.16)

where we have used (1.11) in the last step. Therefore, (1.15) and (1.16) together imply

that -
004(0)

00

That is, 6 is a stationary point of £,4(@). It can be checked that £,,4(8) is a concave function
of 8. Hence @ further maximizes ¢,,4(0) and (1.14) is proved.

=0.

Note that ¢,4(0) can be rewritten as

lna(0) = €7 (a”, B) — nglog(ng/n) — nilog(ni/n),



where (*(a*,3) is the log-likelihood function of logistic regression model in (1.2) with
o = a+log(ny/ng). This fact and the result in (1.14) together make the computation of
0 very straightforward. For instance, we can directly use the existing R functions such as
glm for such purpose.

With 6 and the fact that \ = n1/n, the MELEs of p;;’s are computed as

~ _ n ~T -1
By = {14+ 2 [ep{d QU - 1]}
We then estimate the CDFs Fy and F} as

1

ZZ})U (Xi;; <z) and Fy(z ZZeXp{O Q(Xij)}pyl(Xy; < x). (1.17)

=0 j=1 =0 j=1

The estimators of other interesting population quantities, such as population mean and
quantiles, can be constructed from Fjy and Fj.

The two estimates Fg and Fl can also be used to construct a goodness-of-fit test to
check the validity of the DRM. Qin and Zhang (1997) defined a Kolmogorov-Smirnov-type
test statistic as

Ap = sup V| Fy(x) — Fy()),
where Fy(x) = ng'! >y I(Xoj < ) represents the empirical CDF of Fy. We reject the
null hypothesis that the DRM (1.1) is satisfied if A,, is greater than some critical value.
The limiting distribution of A, has a complicated form. Qin and Zhang (1997) suggest to
use a Bootstrap method to find the critical value.

1.3 Literature Review: Applications and Developments
of DRMs

In the existing literature, the DRM has been investigated extensively because of its flexi-
bility and efficiency. In this section, we mainly review the applications and developments
of DRMs related to the research problems that we will study in later chapters.

Using the equivalence of the logistic regression model and the DRM, Qin (1998) stud-
ied the inference problems for the parameters of logistic regression models based on ret-
rospective case-control data. Qin et al. (2015) developed much improved methods for a



retrospective case-control study under the logistic regression model by utilizing auxiliary
information from public registration databases.

The DRM is widely used to link the related distributions and improve inference on
population quantities. Zhang (2000), Chen and Liu (2013), and Cai and Chen (2018)
considered the quantile estimation under the DRMs. They showed that the MELEs of
quantiles admit Bahadur representation and are more efficient than empirical quantiles.
Recently, Zhang et al. (2020) investigated the ELR statistic for quantiles and showed that
the ELR-based confidence region of the quantiles is preferable to the Wald-type confidence
region. Li et al. (2018) studied the MELE and compared the dual empirical likelihood
Wald-type confidence interval (CI) and the profile-ELR-based CI for some specific one-
dimensional parameter (see Section 2.1.2 for more details). Their simulation shows that
the profile-ELR-based CI has better performance in terms of coverage probability. Fokianos
(2004) and Qin and Zhang (2005) discussed density estimation under the DRMs. They
show that the density estimators under the DRM are more efficient than the usual kernel
density estimators.

The DRM is also applied to multi-sample hypothesis-testing problems. Fokianos et al.
(2001) considered the homogeneity test of distributions under the DRM by using a Wald-
type test. Keziou and Leoni-Aubin (2008) and Cai et al. (2017) investigated the ELR test
for the homogeneity of distributions under the DRM. Wang et al. (2017a, 2018) further
developed the ELR statistics for testing the homogeneity of distributions and the equality of
population means, respectively, for multiple samples with excessive zeros. The simulation
studies in these papers all show that the proposed tests under the DRMs are more powerful
than the fully nonparametric tests.

The DRM has gained popularity in the field of receiver operating characteristic (ROC)
analysis. Qin and Zhang (2003) investigated the estimation of the ROC curve as well as one
of its popular summary statistic, the area under the curve (AUC). Zhang (2006) proposed a
Wald-type statistic to test whether the accuracy of a diagnostic test is acceptable in terms
of the AUC. Wan and Zhang (2007) constructed a smoothed ROC curve estimator based
on kernel technique. Wang and Zhang (2014) built an ELR-based CI for the AUC, which
is shown to be more robust than a fully parametric method, and more efficient than a fully
nonparametric approach. Wan and Zhang (2008) and Zhang and Zhang (2014) studied the
inference problems for the difference of AUCs for two correlated ROC curves.

The DRM has also been employed for inference based on censored samples. Shen et al.
(2007) considered the conditional empirical likelihood to make inference with the randomly
right-censored data. Ren (2008) performed the inference for various types of censored data
using the weighted empirical likelihood approach. Jiang and Tu (2012) compared the
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performance of conditional and weighted empirical likelihood inference with the randomly
right-censored data. Wang et al. (2011) developed the empirical likelihood inference based
on the right-censored data with fixed censoring points while Shen et al. (2012) and Wei
and Zhou (2016) dealt with the empirical likelihood inference for randomly right-censored
data. Cai and Chen (2018) used dual empirical likelihood to perform inference for left-
and/or right-censored samples with fixed censoring points.

Diagnosis of the DRMs and selecting the basis function g(z) for the DRMs have been
a topic with extensive discussion. The estimators of the quantities of interest may suffer
from bias and loss of efficiency under a misspecified DRM (Fokianos and Kaimi, 2006). Qin
and Zhang (1997) and Zhang (2002) proposed goodness-of-fit tests to examine the validity
of DRMs for a pre-specified q(z). We refer to Section 1.2 for more details. Fokianos et al.
(1999) proposed a generalized-moments specification test for the logistic link. Box-Cox
family of transformations are suggested by Fokianos and Kaimi (2006) to choose the basis
function g(x) in the DRM, which may help reduce the negative effect caused by the model
misspecification. Zhang and Chen (2021) proposed to use functional principal component
analysis method to choose a data-adaptive basis function. The equivalence between DRMs
and logistic regression models also provides a direction for selecting the basis function
in the DRMs. Fokianos (2007) adjusted some popular selection criteria, such as Akaike
information criterion and Bayesian information criterion, for selecting the basis function
under the DRMs.

There are other applications of DRMs, including inference under semiparametric mix-
ture models (Qin, 1999; Zou et al., 2002; Li and Qin, 2011; Li et al., 2017), the modeling
of multivariate extremal distributions (de Carvalho and Davison, 2014), and dominance
index estimation (Zhuang et al., 2019).

1.4 Outline of the Thesis

In this thesis, we use the empirical likelihood to develop new and effective procedures
for three important inference problems: (1) inference under two-sample DRMs with ad-
ditional parameters defined through and/or additional auxiliary information expressed as
estimating equations; (2) inference on the Youden index and the optimal cutoff point under
two-sample DRMSs; (3) inference on the Gini indices of two semicontinuous populations.

With the increasing availability of data sources, utilizing the auxiliary information to
enhance statistical inference is of great interest. Inspired by Qin and Lawless (1994), esti-
mating equations would provide a unified platform for the use of auxiliary information and
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inferences on the main parameters of interest such as the moments and quantiles of popula-
tion under DRMs. In Chapter 2, we propose general semiparametric inference procedures
to utilize the combined information from two samples as well as auxiliary information. We
model the CDFs of two populations by a DRM and assume that auxiliary information
about the CDFs and interested parameters are expressed through estimating equations.
We investigate the theoretical properties for the MELEs of the unknown parameters as
well as the ELR statistics on these parameters. The inference procedures on the CDF's
and population quantiles are also studied. It should be noted that misspecified auxiliary
information could have adverse effect on statistical inference. We further develop an ELR
test for checking the validity and usefulness of auxiliary information.

The Youden index is a widely-used summary statistic of the ROC curve and has the
advantage of providing a criterion to choose the “optimal” cutoff point of a biomarker to
distinguish the diseased and healthy individuals. Inference on the Youden index and the
optimal cutoff point has been studied based on either parametric methods or nonparametric
methods. The former relies on parametric assumptions on the CDFs of biomarkers in
the diseased and healthy groups, while the latter produces inefficient estimators of the
optimal cutoff point (Fluss et al., 2005; Bantis et al., 2019; Hsieh and Turnbull, 1996).
In Chapter 3, we propose to link the distributions of the biomarkers in the diseased and
healthy groups via a semiparametric DRM, and obtain the MELEs of the Youden index
and the corresponding optimal cutoff point. The asymptotic properties of the estimators
are explored, which enables us to construct valid CIs for the Youden index and the optimal
cutoff point. The measurement of a biomarker may be unquantifiable below a limit of
detection and missing from the dataset in applications (Ruopp et al., 2008; Bantis et al.,
2017). Our proposed method covers both cases with and without a fixed and finite lower
limit of detection.

The Gini index is a popular inequality measure with many applications in social and
economic studies. Many studies of the Gini index have applied nonparametric methods
and often focused on a single population (Hoeffding, 1948; Qin et al., 2010; Peng, 2011;
Wang et al., 2016). In applications, two related populations often share some common
characteristics, which is ignored by the nonparametric methods. In addition, it is common
to encounter semicontinuous data with a mixture of excessive zero values and positive
outcomes in practice (Zhou and Cheng, 2008). In Chapter 4, we consider the inference
on Gini indices of two semicontinuous populations. We model the distribution of each
semicontinuous population by a mixture of a discrete point mass at zero and a continuous
positive component, and further adopt a DRM to link the two positive components to
utilize the information from both population. Base on these models, we first establish
theoretical results for the MELEs of model parameters and a class of functionals. With
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these preliminary results, we propose the MELEs of two Gini indices and their difference,
and study the asymptotic properties of these estimators. The proposed estimators and the
asymptotic results are also applicable to cases when there is no excess of zero values.

Chapter 5 concludes the thesis with a brief summary of our research contributions and
provides some potential topics worthy of further investigation.
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Chapter 2

Empirical Likelihood Inference with

Estimating Equations under Density
Ratio Models

2.1 Introduction

2.1.1 Problem setup

Chapter 2 is devoted to developing statistical methods for inference problems under two-
sample DRMs with estimating equations. Suppose we have two independent random sam-
ples {Xo1, ..., Xon,} and {Xi1,..., X1, } from two distributions Fy and F}, respectively.
The dimension of X;; can be one or greater than one. We assume that the CDFs F and
Fy are linked through the DRM (1.1), i.e.,

dFi(2) = expla + BT q(x) }dFy(x) = exp{67 Q(x) }dFy (x). (2.1)

where dF,(x) denotes the density of Fj(z) for i =0 and 1; @ = (o, 3")" are the unknown
parameters for the DRM; Q(z) = (1,q(x)")" with g(z) being the basis function of dimen-
sion d; and the baseline distribution Fj is unspecified. We further assume that the main
parameters of interest can be expressed and/or certain auxiliary information about Fy, F7,
and 0 is available in the form of functionally independent unbiased estimating equations:

Eo{g(X;9,0)} =0, (2.2)
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where Ey(-) refers to the expectation operator with respect to Fj, the vector of param-
eters 1 consists of the main parameters of interest and/or nuisance parameters and has
dimension p, g(+; ) is r-dimensional, and r > p. In this chapter, our goal is twofold:

(1) we develop new and general semiparametric inference procedures for (1,60) and
(Fy, F1) along with their quantiles under the DRM (2.1) with unbiased estimating
equations in (2.2);

(2) we propose a new testing procedure on the validity of (2.2) under the DRM (2.1),
which leads to a practical validation method on the usefulness of the auxiliary infor-
mation.

As we discussed in Section 1, the semiparametric DRM in (2.1) provides a flexible
and useful platform for combining information from multiple sources. It also enables us
to utilize information from both Fjy and F; to improve inferences on the unknown model
parameters and the summary population quantities of interest. The estimating equations
in (2.2) play two important roles. First, they can be used to define many important
summary population quantities such as the ratio of the two population means, the centered
and uncentered moments, the generalized entropy class of inequality measures, the CDFs,
and the quantiles of each population. See Example 2.1 below and Section 2.6.1 for more
examples. Second, they provide a unified platform for the use of auxiliary information.
With many data sources being increasingly available, it becomes more feasible to access
auxiliary information, and using such information to enhance statistical inference is an
important and active research topic in many fields. Calibration estimators, which are
widely used in survey sampling, missing data problems and causal inference, rely heavily
on the use of auxiliary information; see Wu and Thompson (2020) and the references
therein. Many economics problems can be addressed using similar methodology. For
instance, knowledge of the moments of the marginal distributions of economic variables
from census reports can be used in combination with microdata to improve the parameter
estimates of microeconomic models (Imbens and Lancaster, 1994). Examples 2.2 and 2.3

below illustrate the use of auxiliary information through estimating equations in the form
of (2.2).

Example 2.1. (The mean ratio of two populations) The ratio of the means of two positive
skewed distributions is often of interest in biomedical research (Zhou et al., 1997; Wu et al.,
2002). Let po and py be the means with respect to Fy and Fy, respectively. Further, let
0 = p1/po denote the mean ratio of the two populations. For inference on §, a common
assumption is that both distributions are lognormal (Zhou et al., 1997; Wu et al., 2002). To
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alleviate the risk of parametric assumptions, we could use the DRM in (2.1) with q(x) =
logz or q(x) = (logz,log®x)" depending on whether or not the variances with respect to
the log-scale are the same. Then, under the DRM (2.1), the mean ratio 6 can be defined
through the following estimating equation.:

g(z;9,0) = 6z — zexp{0' Q(z)},

with ¥ = 0. When additional information is available, we may add more estimating
equations to improve the estimation efficiency; see Section 2.4.1 for further detail.

Example 2.2. (Retrospective case-control studies with auxiliary information) Consider a
retrospective case-control study with D =1 or 0 representing diseased or disease-free status,
and X representing the collection of risk factors. Note that the two samples are collected
retrospectively, given the diseased status. Let Fy and Fy denote the CDF of X given D =0
and D = 1, respectively. Assume that the relationship between D and X can be modeled by
the logistic regression

Py — o0l + 8 q(a)
1+ exp{a*+ BT q(z)}’

where o = a+log{P(D = 1)/P(D = 0)}. Then, using the equivalence between the DRM
and the logistic regression discussed in Section 1.1, Fy and Fy satisfy the DRM (2.1).

Qin et al. (2015) used covariate-specific disease prevalence information to improve the
power of case-control studies. Specifically, let X = (Y, Z)" with Y and Z being two risk
factors. Assume that we know the disease prevalence at various levels of Y : ¢(aj_1,a;) =
PD = 1la-1 <Y < aq) forl =1,...,k. Let 7 = P(D = 1) be the overall disease
prevalence. Using Bayes’ formula, the information in the ¢p(a;_1,a;)’s can be summarized
as Eo{g(X;1,0)} =0, where ¢» = w and the lth component of g(x;,0) is

T ep(07Q() - o)

gl(x;"pae) :[(al—l <x§al) 1—1 B 1—¢(al,1 Gl)

(2.3)

Chatterjee et al. (2016) improved the internal study by using summary-level information
from an external study. Suppose X = (YT, Z")T, where Y is available for both the internal
and external studies, while Z is available for only the internal study. Assume that the
external study provides the true coefficients (a3, By ) for the following logistic regression
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model, which may not be the true model:

exp(a + ByY)
1+ exp(a+ B;Y)

h(Yiay,By)=P(D=1]Y) =

This assumption is reasonable when the total sample size n = ng + ny satisfies n/ng — 0,
where ng is the total sample size in the external study. Further, assume that the joint
distribution of (D, X) is the same for both the internal and external studies. Let h(y) =
h(y; o5, B5). In Section 2.6.2, we argue that if the external study is a prospective case-
control study, then FEo{g(X;1,0)} =0, where

g(;9,0) = [~(1 = mh(y) + mexp{0' Q(x) {1 — h(y)}](1,y")" (2.4)

with 1 = 7; if the external study is a retrospective case-control study, then Eq{g(X;0)} =
0, where

9(:0) = [~(1 = 7p)h(y) + mpexp{6" Q(z) {1 — h(y)}](1,y")" (2.5)
with mg being the proportion of diseased individuals in the external study.

Example 2.3. (A two-sample problem with common mean) Tsao and Wu (2006) consid-
ered two populations with a common mean. This type of problem occurs when two “instru-
ments” are used to collect data on a common response variable, and these two instruments
are believed to have no systematic biases but differ in precision. The observations from the
two instruments then form two samples with a common population mean. In the literature,
there has been much interest in using the pooled sample to improve inferences. A common
assumption is that the two samples follow normal distributions with a common mean but
different variances (Tsao and Wu, 2006). To gain robustness with respect to the paramet-
ric assumption, we may use the DRM (2.1) with q(z) = (x,2%)". Under this model, the
common-mean assumption can be incorporated via the estimating equation:

Eo{X exp{0'Q(X)} — X} =0. (2.6)

2.1.2 Literature review

As we discussed in Section 1.3, the DRM has been studied extensively in the literature
due to its flexibility and efficiency. In the following, we discuss several references in more
details, which are related to our work in this chapter. Li et al. (2018) studied the MELE
and compared two types of ClIs for a parameter defined as 9 = [ u(z;0)dFy(x), where
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u(+;-) is a one-dimensional function. Because of the specific form of 1, their results do not
apply to the mean ratio discussed in Example 2.1. Zhang et al. (2020) investigated the
ELR statistic for quantiles under the DRM and showed that the ELR-based confidence
region of the quantiles is preferable to the Wald-type confidence region. Both Li et al.
(2018) and Zhang et al. (2020) did not consider auxiliary information. In summary, the
existing literature on DRMs focuses on cases where there is no auxiliary information, and
furthermore, there is no general theory available to handle parameters defined through the
estimating equations in (2.2).

Using the connection of the DRM to the logistic regression model, Qin et al. (2015)
studied the MELE of 8 and the ELR statistic for testing a parameter in @ under the DRM
(2.1) with the unbiased estimating equations in (2.3). Chatterjee et al. (2016) proposed
constrained maximum likelihood estimation for the unknown parameters in the internal
study using summary-level information from an external study. In Section 2.6.2, we argue
that their results are applicable to the MELE of 8 under the DRM (2.1) with the unbiased
estimating equations in (2.4) but not to the MELE of 8 under the DRM (2.1) with the un-
biased estimating equations in (2.5). Furthermore, they did not consider the ELR statistic
for the unknown parameters. Qin et al. (2015) and Chatterjee et al. (2016) focused on how
to use auxiliary information to improve inference on the unknown parameters, and they
did not check the validity of that information or explore inferences on the CDFs (Fp, F})
and their quantiles.

2.1.3 Ouwur contributions

With two-sample observations from the DRM (2.1), we use the empirical likelihood of Owen
(1988, 2001) to incorporate the unbiased estimating equations in (2.2). We show that the
MELE of (¢, 0) is asymptotically normal, and its asymptotic variance will not decrease
when an estimating equation in (2.2) is dropped. We also develop an ELR statistic for
testing a general hypothesis about (20, 0), and show that it has a x? limiting distribution
under the null hypothesis. The result can be used to construct the ELR-based confidence
region for (2, 0). Similar results are obtained for inferences on (Fp, Fy) and their quantiles.
Finally, we construct an ELR statistic with the x? null limiting distribution to test the
validity of some or all of the estimating equations in (2.2).

We make the following observations:

(1) Our results on the two-sample DRMs contain more advanced development than those
in Qin and Lawless (1994) for the one-sample case.
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(2) Our inferential framework and theoretical results are very general. The results in Qin
et al. (2015) and Chatterjee et al. (2016) for case-control studies are special cases
of our theory for an appropriate choice of g(x;,80) in (2.2). Our results are also
applicable to cases that are not covered by these two earlier studies, e.g., Example
2.2 with the estimating equations in (2.5) and Example 2.3.

(3) Our proposed ELR statistic, to the best of our knowledge, is the first formal procedure
to test the validity of auxiliary information under the DRM or for case-control studies.

(4) Our proposed inference procedures for (Fy, F;) and their quantiles in the presence of
auxiliary information are new to the literature.

The rest of this chapter is organized as follows. In Section 2.2, we develop the empirical
likelihood inferential procedures and study the asymptotic properties of the MELE of
(1, 0). We also investigate the ELR statistics for (¢, 8) and for testing the validity of the
estimating equations in (2.2). In Section 2.3, we discuss inference procedures for (Fy, Fy)
and their quantiles. Simulation results are reported in Section 2.4, and two real-data
examples are presented in Section 2.5. For convenience of presentation, more examples for
summary quantities, details on extracting the summary-level information from the external
case-control study, proofs, and additional simulation results are given in Section 2.6.

2.2 Empirical Likelihood and Inference on (v, 0)

In this section, we first use the similar strategy in Section 1.2.2 to develop the empirical
likelihood formulation under the DRM (2.1) with the unbiased estimating equations in
(2.2). With two samples { Xo1, ..., Xon, } and {X11, ..., X1, } from Fy and F}, respectively,

the full likelihood is Lo
TT1]aF:(x).

i=0 j=1

Under the one-sample empirical likelihood formulation of Owen (2001), the baseline distri-
bution function Fy(z) would have been estimated by Fy(z) = > 7%, p;jI(Xo; < x), where
p; = dFy(Xo;) for j =1,...,n9. Under the two-sample DRM (2.1), we use the combined
sample to estimate the baseline function Fy(z) as

_Zzpw (Xiy <z, (2.7)

1=0 j5=1
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where p;; = dFy(X;;) for ¢ = 0,1 and j = 1,...,n;. Note that the size of the combined
sample is n = ng + ny. With (2.7) and under the DRM (2.1), the empirical likelihood
function is given by

L, = {H ﬂpij} [H eXp{eTQ(le)}] (2.8)

i=0 j=1 j=1

The feasible p;;’s satisfy two sets of constraints given by

C, = {(FO,O) P >0, ) i:pij =1, Zipij exp{0'Q(X;;)} = 1} (2.9)

i=0 j=1 i=0 j=1

and
CQ == { FO; 7 meg le,’(,b 0 — O} (21())
=0 j=1

where the set of constraints C; ensures that estimates of F;, and I} are CDFs and the set
of constraints Cy is induced by the estimating equations in (2.2).

Using the Lagrange multiplier method and for the given 1 and 6, it can be shown that
the maximizer of the empirical likelihood function is given by

1 1
bij = — T T ) )
where the Lagrange multipliers X and v = (v1,--- ,1,)" are the solutions to the following

set of r 4+ 1 equations:

exp{0'Q(Xyy)} — 1 -
ZZ 1+ A exp{HTQ(Xij)} _ 1} + VTg(Xij;’(,b,O) =0, (2.11)

9(Xiy:9.0) -
ZZ L+ A [exp{0'Q(Xy)} — 1] +vTg(Xij;9,0) 0. (2.12)

=0 j=1
The profile empirical log-likelihood of (1, 8) is given by

1

én(ipﬂ):—Zilog{1+A[eXp{0TQ( )}—1}%—1/ g(Xij:,0 }—l—ZOT (X1;)-

i=0 j=1
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The MELEs of @ and 0 are then defined as ({b, 9) = argmaxy g (,, (1, 0).

We now establish the asymptotic distribution of (¢,8). Let n = (»",07)7T be the
vector of parameters and u = (\, ") be the vector of Lagrange multipliers. We use )"
and @* to denote the true values of ¢ and 0. We refer n* = (3p*7,0*")7 to the true value
of . We further define A* = n;/n, and

w(z;0) =exp{0'Q(z)}, w(x)=w(x;0%), h(z)=1+\{w(x)-1},

_ N w(x)
h(x)

Ago = (1= X)Ey {m(X)Q(2)Q(z) "},

Ay — AT, — B, {W} — By {m(X)Q@)G(X)"}

Noting that w(-), h(-), h1(-) and G(-) depend on 9™ and/or 8, we drop these redundant
parameters for notational simplicity.

ha(z) . G(zim) = (w(@:0) —1,9(2;0,8)")",  G(x) = G(a;n"),

Theorem 2.1. Assume that the regularity conditions in Section 2.6.3 are satisfied. As the
total sample size n = ng + ny goes to infinity, we have

n'2(f—n*) = N(0,J7")

in distribution, where

_ —1p7T _ (0 Ay, _ (A O
J=UV U, U_(Aoe Ag, | and 'V = 0 A, )

In the absence of the constraints Cy in (2.10), we can maximize the empirical likelihood
function in (2.8) with respect only to the CDF constraints C; in (2.9) to obtain the MELE
6 of 0. As we discussed in Section 1.2.2, the MELE 6 equivalently maximizes the following
dual likelihood:

(na(0) = —Z ' i log {1+ X [exp {07 Q(X;)} —1]} + Z {07Q(X1))}. (2.13)

That is, @ = arg maxg lha(0).
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Corollary 2.1. Under the conditions of Theorem 2.1,

(a) if r = p, the asymptotic variance of n*/%(0 — 0*) is the same as that of n*/%(0 — 6%);

(b) if r > p, the asymptotic variance matriz of n'/*(f) — n*) cannot decrease if one
estimating equation in (2.2) is dropped.

We provide some further comments on the results presented in Corollary 2.1. First,
when the dimensions of the parameters @ and the estimating equations are equal, we can
solve

/(Xw 8)dFy(x) = 0

to get the estimator 9 of ¥, where Fo(x) is the MELE of Fy without the constraints Cy in
(2.10), and is defined in (1.17). Because of the result in Corollary 2.1(a), the estimators
1,~b and {b share the same asymptotic property. Second, Corollary 2.1(b) indicates that
additional auxiliary information leads to more efficient estimation of 7.

The proposed semiparametric method provides a way to find the point estimator of
the unknown parameters, which has the asymptotic normality analogue to the parametric
estimator. The semiparametric framework also creates a natural platform for hypothesis
tests using the ELR statistic. We consider a general null hypothesis

where the function H(-) is ¢ x 1 with ¢ < p+ d + 1, and the derivative of this function is
of rank ¢. This null hypothesis forms a third set of constraints

={n=(",0")" :H(n) =0}.

The ELR statistic for testing H is then defined as

R, =2 {supﬁn(dj,O) — sup Kn(w,ﬂ)} )

1,0 necs

The next theorem establishes the asymptotic distribution of the ELR statistic R, under
the null hypothesis Hj.

Theorem 2.2. Assume that the conditions of Theorem 2.1 hold. Under Hy, as n — 00,
the ELR statistic R,, — X2 in distribution.
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The result of Theorem 2.2 is very general due to the general form of the function H ().
First, it is applicable to testing problems that focus on some of the parameters in 7. For
example, if we wish to test Hy : @ = 1p,, we can choose H(n) = 1 — 1. Let R} (1) be
the ELR function of @. That is,

R, (y) =2 {supfn(¢7 0) — Sgpﬁn(d)? 9)} :

1!’79

Then R} (1,) has a chi-squared null limiting distribution with p degrees of freedom. Second,
the result can be used to construct confidence regions for some of the parameters in 7.
For example, we can construct an ELR-based confidence region for the parameter 1 at the
nominal level 1 — a as

{¢: Ri(¥) < X21_o}s (2.14)
where x2,_, is the 100(1 — a)th quantile of the x? distribution.

The use of valid auxiliary information leads to improved inference on 1. However, if
the information is not properly specified in terms of unbiased estimating functions, the
resulting estimator of 7 may be biased (Qin et al., 2015). Our last major theoretical result
is to construct an ELR statistic for testing the validity and usefulness of the auxiliary
information. Let

n,Fo)€C1 (n,Fo)eC1NCa

W, =2 { sup logL,— sup log En} =2 {fnd(é) — 0, (1, é)} . (2.15)
(

Theorem 2.3. Under the conditions of Theorem 2.1 and as n — oo, we have W,, — Xffp
in distribution if (2.2) is correctly specified.

We can also test the validity of some but not all of the estimating equations in (2.2).
To do so, we partition the estimating equations in (2.2) into two parts:

91(35 ¥, 0) >
x 7
where g,(-) and g,() are of dimension r —m and m with » —m > p. We are interested in

testing Hy : Eo{g,(X;1,0)} = 0. Let ¢,1(1,0) be the profile empirical log-likelihood of
(1, 0) that uses the auxiliary information only through Ey{g,(z;1,0)} = 0. That is,

1

loi(1h,0) = —Zilog{l + A [exp{0TQ(X;))} — 1] +v{g,(Xij; 9.0 }+Z 07 Q(Xy;),

i=0 j=1
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where A and v are the solution to

exp{0 Q(Xy;)} — 1 _
Z Z 14+ A GXP{HTQ(Xij)} — 1] +v{9,(Xij;%,0) -

( ’l]”l?b ) J—
ZZ 14+ A exp{eT Q(Xij)} — 1} +v{9:(Xij;,0) 0

=0 j=1

Then the ELR statistic for testing Hy : Fo{g,(X;,0)} = 0 can be constructed similar to
(2.15) as

W;Lk =2 {SUPEM(#” 0) - Supgn(¢7 9)} :
1,0 1,0

Corollary 2.2. Under the conditions of Theorem 2.1 and as n — oo, we have W — x?,
if Eo{go(X;1,0)} =0 is true.

2.3 Inferences on CDFs and Quantiles

In this section, we discuss inferences on the CDFs F; and F} and their quantiles. For
convenience of presentation, we assume that the dimension of Xj; is one.

We first construct point estimators of Fy and Fj. Let A and & be the solutions to (2.11)
and (2.12) with (¢, 8) replaced by (1, 6). The MELEs of p;; are then given as

.1 1
Pij = — - T R AT
1+ [eXp{G Q(Xy)} — 1] + 0 g(Xiji9,0)

The MELESs of Fy and F} are then defined as

1

ZZm X;<z) and Rz Zprexp{e QXM (X, < ).

=0 j=1 =0 j=1

We now present results on the asymptotic properties of the MELEs ﬁ’o(x) and F () of
the two population CDFs Fy(x) and Fi(x). Let

W = V—IUTJ—lUV—1—< g A?:i ) , Bi(z) = ( gsz%g ) ., Bi(z) = ( gizgg ) :
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where

Buoe) = Eo (n()QUOIX <0} Buua) = Ea{ ZE310¢ <)},
Bu(e) = * 1B (m(X)QUOIX <)), Buule) = 80 { 02 10 <)}

Recall that Fy(z) and Fy(x) are the MELEs of F, and F; under the DRM when there is
no auxiliary information, and are defined (1.17). We refer to Qin and Zhang (1997) for the
asymptotic properties of Fy(x) and Fi(x). Denote x A y = min(z, y).

Theorem 2.4. Assume that the conditions of Theorem 2.1 are satisfied.

(a) For any l,s € {0,1} and real numbers x and y in the support of Fy, as n — oo,

(B i) 2 emen)

where
_{ oulz,z) o2, y)
Els(x’y) n ( Usl(ywr) 058(%?4) )
with
oyto) = B { LS R ) + B W ()

for anyi,j € {l,s}.
(b) If r = p, the asymptotic variance-covariance matriz 3s(x,y) reduces to the same one

of Vi(Fi(x) = Fi(x), Fi(x) — Fy(x))

(c) If r > p, the asymptotic variance matriz X;s(x,y) cannot decrease if one estimating
equation in (2.2) is dropped.

Theorem 2.4 indicates that the MELEs ﬁ’o(x) and Fy () have asymptotic properties
similar to those of 7). That is, they are asymptotically normally distributed; they are
asymptotically equivalent to Fy(z) and F}(x) when r = p; and they become more efficient
when r > p.
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In the second half of this section we discuss the estimation of the quantiles of F;(z) for

i =0and 1. For any 7 € (0, 1), we define the Tth-quantile of F; as §; , = inf{x : Fi(x) > 7}
and its MELE as

&r = inf{a: Fy(x) > 7). (2.16)

Similarly, the estimator of &; » based on F,(x) is defined as
&ir = inf{z : Fj(x) > 7} (2.17)
See Zhang (2000) and Chen and Liu (2013) for the asymptotic properties of 5” We refer

to éw as the “DRM-EE” quantile estimators and éw as the “DRM” quantile estimators.

The Bahadur representation is a useful tool for studying the asymptotic properties
of quantile estimators. In the following theorem, we show that the DRM-EE quantile
estimators are Bahadur representable. Let fij(x) be the probability density function of
F;(z) for i = 0 and 1.

Theorem 2.5. Assume that the conditions of Theorem 2.1 are satisfied. Further, for
i=0,1and any 7 € (0,1), assume that fi(x) is continuous and positive at x =&, ;. Then
- admits the Bahadur representation

2 T — E(é@,f)

o —3/4 1/2
Sir = bir fi(&ir) + Op(n™ (logm) ).

The following theorem shows that the DRM-EE quantile estimators have asymptotic

properties similar to those of the MELEs of n, Fy(z), and Fi(z).

Theorem 2.6. Assume that the conditions in Theorem 2.5 hold for x =& ,, and v = &, ;..

(a) Asn — oo,

A ) o

where

Q. = < Ull(fl,ny €S,Ts>/f12 (gl,ﬂ) Ols (fl,n ) 68,75)/fl(gl,n)fS(fs,Ts) >
bs Usl(fs,n ) x)/fs (55,Ts)fl(§l,7'l) Oss (6877’57 5577'5)/][‘52 (58,7'5) .

(b) If r = p, the asymptotic variance matriz Qs of the DRM-EFE quantile estimators is
the same as that for the DRM quantile estimators;
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(c) if r > p, the asymptotic variance matriz s of the DRM-EE quantile estimators
cannot decrease if one estimating equation in (2.2) is dropped.

Using the results of Theorems 2.4 and 2.6, we may construct confidence regions and/or
test hypotheses on the CDFs at some fixed points and for quantiles through the Wald-
type statistics. However, methods based on the Wald-type statistics require a consistent
estimator of the corresponding asymptotic variance. It is more attractive to use the results
in Corollary 2.2 to construct the ELR-based confidence region for the CDF's at some fixed
points and for quantiles.

Suppose we are interested in constructing a (1 — a)-level CI for a CDF at some fixed
point xy for i = 0 or 1. Denote the parameter of interest as ( = Fj(z). Let

6i(:6,¢) = { exp{07 Q) I (x < 10)—C, i—1

We further define £, (1,0, () to be the profile empirical log-likelihood of (%, 6, () under
the DRM (2.1) with the unbiased estimating equations in (2.2) and Ey{g;(X;8, ()}=0.
Then the ELR function of ( is defined as

We can similarly define the ELR function for a quantile ¢ at the quantile level 7 for
t=0o0rl, ie, {=¢,. Let

. B I(x <& —m, 1=0
92(x’0’€)_{ exp{OTQ(a:)}I(ajgf)—T, 1=1"

We further define £%,(1,0,&) to be the profile empirical log-likelihood of (%, 0, ) under
the DRM (2.1) with the unbiased estimating equations in (2.2) and Ey{g3(X;0,£)} = 0.
Then the ELR function of ¢ is defined as

Using Corollary 2.2, we have the following results for R,;((*) and R,2(£*), where *
and £* are the true values of ¢ and &.

Corollary 2.3. Under the conditions of Theorem 2.1, asn — oo, both R,1(C*) and R,2(&¥)
converge in distribution to x3.
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Corollary 2.3 enables us to construct the ELR-based CI for ¢ and £. For example, the
ELR-based CI for £ with level 1 — a can be constructed as {€ : Rna(&) < X7, 4}-

2.4 Simulation Studies

We conducted simulation studies to investigate three aspects of the proposed semipara-
metric inference procedures:

(1) The performance of the inference procedures for 1;
(2) The power of the ELR test for the validity and usefulness of the auxiliary information;

(3) The performance of the inference procedures for the population quantiles.

We consider four combinations of sample sizes (ng, n1): (50, 50), (50,150), (100, 100), and
(200,200). For each simulation setting, the number of simulation runs is 2,000.

2.4.1 Simulation studies for inferences on v
Simulation setup

We start by exploring the first aspect of the proposed semiparametric inference procedures.
In the simulations, Fy and F; are the CDFs of LN(0,1) and LN(0.5,1), respectively,
where LN (a,b) denotes the lognormal distribution with mean a and variance b, both with
respect to the log scale. It is easy to show that Fj and F} satisfy the DRM in (2.1) with
Q(z) = (1,logx)". The parameter of interest is the mean ratio 1) = § = /o which was
discussed in Example 2.1.

To examine the usefulness of auxiliary information, we construct another variable Z
using the following model:

Z=1405X+¢€¢ and e~ N(0,1). (2.18)

That is, given X;;, Z;; is generated from (2.18), for i = 0,1,5 = 1,--- ,n;. Hence, the
two-sample data consist of T;; = (Xi;, Zi;)" for i = 0,1,5 = 1,--- ,n;. We treat u,o =
E(Z|D = 0), the population mean of covariate Z for the first group (i.e., the D = 0
group), as the known auxiliary information. Let the CDFs of T given D = 0 and D = 1
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be Fy and F', respectively. It can be checked that Fy and F'; satisfy the DRM with
Q(z,2) = (1,logx)".

To explore the effect of misspecified estimating equations for the auxiliary information,
we introduce a bias by using k.o instead of the true value u,o for E(Z|D = 0). We con-

sider k = 0.90,0.95,1.00,1.05,1.10. Note that x = 1.00 corresponds to correctly specified
auxiliary information. We incorporate the biased /unbiased auxiliary information into our

problem by setting 9 = 0 and g(t;v,0) = (5:15 —zexp{0'Q(x)}, 2 — /{,uzo)T in (2.2).

Performance of point estimators

We compare three point estimators:
(i) EMP: § = fiy/fig, where ji; = n;* > iy @y for i =0 and 1;
(i) DRM: & = fiy /jig, where ji; = [ xdF(x) for i = 0 and 1;

(iti) DRM-EE: 0 = i /fi0, where fi; = [zdFy(z) for i = 0 and 1.

Note that the asymptotic properties of 6 and 4 are covered in Theorem 2.1. The perfor-
mance of each estimator is evaluated by the relative bias (RB) and the mean squared error
(MSE). Here, the RB in percentage is defined as

1 & a® — g
b=1

where a* is the true value of the parameter of interest, a() is the estimate of a* from the
bth simulation run, and B = 2,000 is the number of simulation runs. Simulation results
on the three point estimators are presented in Table 2.1.

We first compare the results reported in the third to fifth columns, i.e., EMP, DRM, and
DRM-EE with correctly specified auxiliary information (DRM-EE with x = 1). We see that
the EMP estimator has the largest RBs and MSEs in all cases. The estimator of DRM-EE
with k£ = 1 has the best performance, followed by the DRM estimator. This suggests that
using correctly specified auxiliary information improves the estimation efficiency, which
agrees with Corollary 2.1 in Section 2.2. We also note that as the sample size increases,
all three estimators have improved performance and the gaps between the three estimators
become less pronounced, especially between DRM and DRM-EE.
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Table 2.1: RB (%) and MSE (x100) of three point estimators of the mean ratio.

DRM-EE

(ng,n1) EMP DRM k=1 k=09 k=095 k=105 k=11
(50, 50) RB 3.37 1.46 1.15 12.73 6.83 -4.24 -9.32
MSE 20.03 12.50 9.61 16.59 12.07 9.00 9.96

(50, 150) RB 3.70 1.75 0.89 16.61 8.50 -6.11 -12.41
’ MSE 12.91 8.07 4.67 13.94 7.46 4.92 7.50
(100 100) RB 1.86 1.21 0.89 12.32 6.48 -4.35 -9.20
’ MSE 9.35 6.17 5.08 10.46 6.78 5.11 6.56

RB 0.90  0.46 0.53 11.87 6.06 -4.62 -9.27
(200, 200) MSE  4.88 3.15 2.56 7.03 3.84 2.92 4.60

The sensitivity of the DRM-EE estimator with respect to misspecified auxiliary infor-
mation can be observed from the last four columns of Table 2.1. The DRM-EE estimator
for k # 1 are clearly not as good as the estimator for k = 1. The absolute value of the RB
increases as k moves further away from 1.

Performance of confidence intervals

We compare four Cls for ¢:

(i) EMP-NA: Wald-type CI for § based on the asymptotic normality of log §;
(i) EMP-EL: Owen (2001)’s ELR-based CI for §;
(iii) DRM: the ELR-based CI for § in (2.14) without auxiliary information;
(iv) DRM-EE: the ELR-based CI for ¢ in (2.14) with auxiliary information.

The performance of a CI is evaluated in terms of coverage probability (CP) and average
length (AL). The simulation results for the four CIs at the 95% nominal level are shown
in Table 2.2.

As we can see in the third to sixth columns, EMP-NA and EMP-EL are comparable
but are clearly inferior to DRM and DRM-EE (k = 1) in terms of CP and AL. The
CPs of the ClIs for DRM and DRM-EE with £ = 1 are close to the nominal level for all
sample size combinations. This suggests that the limiting distributions provide accurate
approximations to the finite-sample distributions of the ELR statistics. The ALs of the Cls
for DRM-EE with x = 1 are always shorter than other Cls, a strong evidence that using
correctly specified auxiliary information improves the performance of a CI. On the other
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Table 2.2: CP (%) and AL of four CIs for the mean ratio at 95% nominal level.

DRM-EE

(no,n1) EMP-NA EMP-EL DRM k=1 k=09 x£=095 k=105 x=11
(50, 50) CPp 92.6 91.6 94.5 94.2 90.7 93.9 92.1 88.1
AL 1.65 1.65 1.41 1.23 1.38 1.30 1.16 1.10
(50, 150) cp 92.9 92.2 95.6 94.3 78.1 91.4 88.5 75.9
’ AL 1.33 1.31 1.15 0.84 1.00 0.92 0.77 0.71
(100, 100) CP 94.9 93.9 95.3 94.3 85.6 92.5 92.0 85.1
’ AL 1.18 1.20 1.00 0.88 0.98 0.93 0.84 0.80
(200, 200) cp 93.8 93.3 94.6 94.7 75.3 89.0 90.4 78.4
AL 0.84 0.86 0.70 0.62 0.69 0.66 0.60 0.58

hand, misspecified auxiliary information results in inaccurate CIs. As x moves further
away from 1, the CP of the ELR-based CI shifts away from the nominal value.

Power of the validity test

In this section, we explore the second aspect of the proposed semiparametric inference
procedures on the power of the ELR test for the validity of the auxiliary information.
The null hypothesis for the ELR test is Hy : Fo(z — Ki.0) = 0. According to Theorem
2.3 and Corollary 2.2, the ELR statistic has a x? limiting distribution under the null
hypothesis. We consider misspecified auxiliary information with x = 0.90,0.95,1.05,1.10
as the alternatives. Table 2.3 gives the simulated power (k # 1) and type I error rate
(k =1) of the ELR test at the 5% significance level.

Table 2.3: Power and type I error rate of the ELR test (%) at 5% significance level.

(ng,n1) k=09 k=095 k=1 k=105 k=11

(50, 50) 21.43 8.76 5.36 9.41 20.48
(50, 150) 27.33 10.08 5.37 10.13 22.97
(100, 100) 36.44 11.26 5.01 13.61 32.48
(200,200)  62.98 20.66 5.15 19.16 55.23

We observe from Table 2.3 that the type I error rates of the ELR tests are close to the
5% nominal level in all cases, which suggests that the limiting distribution for the ELR
test works very well. As k deviates from 1 and the sample size increases, the power of the
test increases, as expected.
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2.4.2 Simulation studies for inferences on quantiles
Simulation setup

The third aspect of the proposed semiparametric inference procedures is inference on pop-
ulation quantiles with auxiliary information. In the simulations, we consider two distribu-
tional settings:

(1) fo~ N(18,4) and f; ~ N(18,9);
(2) fo ~ Gam(6,1.5) and f; ~ Gam(8,1.125).

Here N(a,b) denotes the normal distribution with mean a and variance b and Gam(a,b)
is the gamma distribution with shape parameter a and scale parameter b. We are in-
terested in estimating and constructing Cls for the quantiles of Fy and F} at the levels
7 =0.10,0.25,0.5,0.75,0.90.

Performance of quantile estimators

We compare four quantile estimators:
(i) EMP: the quantile estimator based on the empirical CDFs;

(ii) EL: the quantile estimator based on the MELEs of the CDF's in Tsao and Wu (2006),
in which a common mean is assumed;

(iii) DRM: the DRM based quantile estimator in (2.17);

(iv) DRM-EE: our proposed quantile estimator in (2.16) with the common-mean assump-
tion or the estimating equation (2.6) in Example 2.3.

The DRM and DRM-EE methods are calculated with the correctly specified g(z), where
q(x) = (z,2%)" for the normal distributional setting and q(z) = (z,logx) " for the gamma
distributional setting. The performance of an estimator is evaluated by the RB and MSE.
The general patterns of the simulation results for the four methods are similar in the two
settings. Hence, Table 2.4 presented here is only for the normal setting; the results under
gamma distributions are included in Section 2.6.4.

Table 2.4 shows that the RBs are negligibly small for all methods under all scenarios.
The EMP estimator has the largest MSEs. The DRM-EE quantile estimators have the
smallest MSEs due to its use of additional information, and the results agree with Theorem
2.6. We also notice that the EL and DRM quantile estimators are comparable.
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Table 2.4: RB (%) and MSE (x100) for quantile estimators (normal distributions).

N(18,4) N(18,9)
(no,n1) T EMP EL DRM DRM-EE EMP BL DRM DRM-BE
010 [EB 058 008 025 019  -1.07 -0.10 017  -0.07
7 MSE 2387 1988 1885 1632  59.74 44.17 4626  37.35
095 BB 004 002 015 0.14 001 -006 -0.14  -0.25
Y MSE 14.73 12.25 1223 957 3332 2242 2022 1811
(50.50) o050 RB 021 003 004 003  -043 0.03  0.00 0.03
: PV MSE 1247 993 1006  7.76 2921 1625 25.08  11.10
075 BB 001 001 -008  -007  -0.05 002 003 0.14
P MSE 13.92 11.81 1197  9.64 3486 2155 29.68  16.95
090 BB 062 -008 021  -0.18  -0.87 008 -0.08 0.0
YU MSE 2336 21.36 1951  17.66  53.89 43.03 4650  37.61
010 BB -060 001 026 017  -028 0.09 0.17 0.13
Y MSE 2391 18.16 1636 1149  17.62 1472 16.05  13.34
o5 BB 004 002 o014 0.12 0.06 0.03 -0.01  -0.03
“? MSE 14.81 10.08 1122  6.64  11.00 867 1020  7.88
RB  -021 007 0.04 004  -0.10 005 0.05 0.06
(50,150) 050 \iop 1230 7.69  9.00 4.59 897 692 815 5.84

RB -0.01 0.02 -0.10 -0.05 -0.06 -0.04 -0.01 0.00

0.75 MSE 1390 10.24 10.87 6.49 10.49 8.18 9.89 7.71

0.90 RB -0.61 -0.03 -0.20 -0.12 -0.30  -0.02 -0.04 -0.02

' MSE 23.32 19.87 17.26 12.94 17.04 1493 16.25 14.40

0.10 RB -0.35 0.03 0.10 0.09 -0.34  0.15 0.23 0.11

' MSE 11.82 10.05 9.13 7.86 25.71 19.44 22.01 16.62

0.95 RB -0.17 0.03 0.04 0.04 -0.18  0.02 0.03 -0.06

' MSE 7.42 6.20 6.33 5.04 1556 9.84 13.54 8.01

RB -0.11 0.03 0.01 0.03 -0.15  0.03 0.07 0.05

(100,100) ~ 0.50 MSE 6.07 4.81 5.21 3.88 13.53 7.87 11.53 5.41
0.75 RB -0.17 0.01 -0.05 -0.02 -0.30  -0.05 0.01 0.02

' MSE 7.37  6.20 6.10 5.02 1595 9.94 13.60 7.94

0.90 RB -035 -0.02 -0.11 -0.08 -0.45 -0.05 -0.05 -0.02

' MSE 11.82 10.83 9.40 8.24 25.37 19.69 22.77 17.23

0.10 RB -0.12 0.04 0.13 0.10 -0.29  -0.05 0.01 -0.02

' MSE 5.77  5.01 4.50 3.91 13.65 10.89 11.81 8.94

0.95 RB -0.06 0.02 0.05 0.04 -0.12  0.02 -0.04 -0.04

' MSE 3.58  3.00 3.03 241 8.37  5.04 7.30 4.18

RB -0.04 0.03 0.02 0.01 -0.15 -0.03 -0.02 0.00

(200,200) ~ 0.50 MSE 3.02 240 2.57 1.99 7.07  3.99 6.04 2.80

RB -0.10 -0.03 -0.03 -0.04 -0.16  0.00  0.00 0.03
MSE 3.60 3.04 3.06 2.49 839 505 7.26 4.03
RB -0.18 -0.02 -0.05 -0.04 -0.18 0.06  0.01 0.06
MSE 590 524  4.68 4.10 1278 10.16 11.75 8.75

0.75

0.90
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Performance of confidence intervals

We compare three Cls:

(i) EMP: Owen (2001)’s ELR-based CI for quantiles;

(i) DRM: the ELR-based CI under the DRM without the common-mean assumption
(Zhang et al., 2020);

(iii) DRM-EE: the proposed ELR-based CI.

The construction of CIs for the quantiles under the two-sample empirical likelihood method
with the common-mean assumption has not been discussed in the literature, and hence is
not included in the simulation. The CP and AL are used to compare CIs. We present the
simulation results for the normal case in Table 2.5. The results for the gamma distributions
display similar patterns and are included in Section 2.6.4.

The CIs for all the methods have satisfactory performance in terms of CP. However,
the CIs using the DRM-EE method have the shortest AL. The results indicate that the
limiting distribution of the ELR statistic in Corollary 2.3 works very well, and additional
auxiliary information leads to shorter ClIs.

2.5 Real Data Applications

The first dataset (Simpson et al., 1975) is from a randomized airborne pyrotechnic seeding
experiment, which is designed to test whether seeding clouds with silver iodide increase
rainfall. The measurements are the amount of rainfall (in acre-feet) from 52 isolated
cumulus clouds, half of which were randomly chosen and massively injected with silver
iodide smoke. The rest were untreated. We use D = 0 to indicate untreated clouds
and D = 1 for seeded clouds. We estimate the mean ratio ¢ of the two populations and
construct Cls for §.

To use our proposed method to analyze the dataset, we need to choose an appropriate
g(z) in the DRM (2.1). Simpson et al. (1975) and Krishnamoorthy and Mathew (2003)
argued that this dataset is highly skewed. This suggests that the two-sample data can be
fitted by the DRM with g(x) = logz. The goodness-of-fit test of Qin and Zhang (1997)
gives a p-value of 0.568, which indicates that the DRM with g(z) = logz provides an
adequate fit to the two-sample data. Since there is no auxiliary information available, we
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Table 2.5: CP (%) and AL for 95% Cls of 1007%-quantiles (normal distributions).

N(18, 4) N(18,9)
(no,n1) T EMP DRM DRM-EE EMP DRM DRM-EE
010 CP 945 943 942 944 945 943
AL 196 1.74 1.61 294  2.89 2.48
095 CP 959 951 95.2 950  94.8 94.2
2 AL 160 140 1.25 236  2.18 1.64
CP 943 946 95.4 938 948 95.4
(50.50) 050 \y 159 198 1.11 1.98  1.98 1.36
075 CP 952 043 94.8 952  94.8 95.1
0AL 159 1.39 1.24 236 2.16 1.63
090 CP 942 045 93.9 943 95.0 94.9

AL 1.97 1.74 1.62 297 292 2.50
0.10 CP 945 943 95.0 93.7  94.7 94.7

AL  1.96 1.62 1.38 1.63 1.63 1.49
0.25 CP 959 95.1 95.2 95.8 95.4 95.3
AL  1.60 1.33 1.02 1.34 1.28 1.11

CP 943 95.1 95.5 94.4 96.0 96.0
(50,150)  0.50 AL  1.32 1.20 0.86 1.16 1.16 0.97
0.75 CP 952 94.5 94.8 95.3 95.8 96.1
AL 1.59 1.31 1.00 1.32 1.27 1.10
0.90 CP 942 94.8 94.2 95.2 94.6 94.3
AL 197 1.62 1.39 1.65 1.63 1.50
0.10 CP 95.6 95.0 95.2 95.9 94.3 95.2
AL  1.42 1.20 1.12 2.12 1.95 1.67
0.25 CP 957 944 95.4 94.9 95.3 95.1
AL 1.10 1.00 0.89 1.66 1.51 1.14

CP 948 94.7 95.2 95.2 96.1 95.5
AL 0.96 0.90 0.79 1.45 1.38 0.94
CP 952 94.7 95.5 95.3 95.8 95.5

(100,100)  0.50

0.75

AL 1.09 0.98 0.87 1.62 1.51 1.14
0.90 CP 955 942 94.3 95.6  95.2 94.8
AL  1.43 1.21 1.13 2.15 1.96 1.66
0.10 CP 938 954 95.1 945 944 94.9
AL 093 084 0.79 1.39 1.36 1.16
0.5 CP 958  95.7 95.3 95.0  95.0 94.0

AL 077  0.69 0.62 1.14 1.06 0.80
CP 949  95.0 94.6 95.2 949 95.4
AL 068 0.63 0.55 1.03  0.96 0.66
CP 949 955 95.2 95.0  95.2 95.4
AL 076  0.69 0.62 1.14 1.07 0.81
CP 95.0 944 95.0 93.7 945 94.6
AL 094 0.85 0.79 1.41 1.37 1.18

(200,200)  0.50
0.75

0.90
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analyze the data using DRM and the other methods discussed in Section 2.4.1. For the
point estimates, the EMP method gives 2.685, while our proposed DRM based estimate
is 2.369. As we have demonstrated in Section 2.4.1, DRM provides smaller MSEs and
RBs than EMP, so we expect that the DRM estimate is more accurate. We consider the
three Cls at the 95% nominal level, EMP-NA, EMP-EL, and DRM. Table 2.6 presents
the lower bound (LB), the upper bound (UB), and the length of the CIs. The EMP-NA
CI is significantly longer than the others, and DRM provides the shortest CI. This agrees
with the simulation results in Section 2.4.1. The LBs of all three Cls are greater than 1,
indicating that the seeded clouds slightly increase rainfall.

Table 2.6: Summary of 95% Cls for ¢ (cloud data).

LB UB Length
EMP-NA 1.13 6.36 5.23
EMP-EL.  1.41 524  3.83
DRM 1.21 4.89 3.68

The second dataset (Hawkins, 2002) is from a clinical study of cyclosporine measure-
ments in blood samples of organ transplant recipients. In total, 56 assay pairs for cy-
closporine are obtained by a standard approved method, high-performance liquid chro-
matography (HPLC), and an alternative radio-immunoassay (RIA) method. We would
like to investigate whether the RIA assay is essentially equivalent to the HPLC assay. The
results in Hawkins (2002) and Bebu and Mathew (2008) indicate that the measurements
from the two methods can be modeled by lognormal distributions and have a common
mean. Since the quantiles are important characteristics of the population, we consider
inference on these quantities at 7 = 0,25, 0.50,0.75.

Our methods and theory are applicable to two independent samples, but in this dataset,
two methods are used to measure the same blood sample, so the two measurements may
be correlated. To demonstrate the value of auxiliary information, we randomly split the
56 blood samples into two equal groups. We use D = 0 to indicate the HPLC method
for the first group and D = 1 to indicate the RIA method for the second group. This
gives two independent samples, shown in Table 2.7. We set g(z) in the DRM (2.1) to
q(z) = (logz,log?x)". For this choice, the goodness-of-fit test of Qin and Zhang (1997)
gives a p-value of 0.839. An ELR test to check the validity of the common-mean assumption
gives a p-value of 0.530. This preliminary analysis indicates that the DRM with the
common-mean assumption is reasonable.

We use the methods of Section 2.4.2 to analyze the independent samples. Table 2.8
summarizes the point estimates and 95% Cls. Note that the empirical likelihood method
does not specify how to construct Cls for quantiles with the common-mean assumption.
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Table 2.7: Measurements from HPLC and RIA methods in two independent samples.

HPLC (D = 0) RIA (D =1)
77 87 93 109 109 129 130 38 08 108 109 111 118 125
153 156 159 185 198 203 227 130 144 149 162 165 169 172
244 245 271 280 285 318 336 204 218 234 235 293 294 303
339 340 440 498 521 556 578 311 341 376 404 406 477 679

We also provide the results of analyzing the original 56 pairs using the EMP method; these
are recorded under “EMP—-ALL” in Table 2.8 and serve as the benchmarks. Table 2.8
shows that the DRM-EE CIs are always shorter than the DRM and EMP CIs. This is
in line with our simulation results. Although each independent sample is half the size of
the original sample, the DRM-EE quantile estimates and Cls are similar to the EMP-ALL
quantile estimates and CIs. This indicates that our method can combine information from
two samples and effectively utilize available auxiliary information.

Table 2.8: Summary of point estimates and 95% Cls for quantiles (cyclosporine data).

HPLC (D =0) RIA (D =1)
T Estimate LB UB Length Estimate LB UB Length

EMP-ALL 127 109 159 50 141 118 162 50
EMP 130 93 198 105 125 108 165 105

0.25 EL 130 - - - 130 - - -
DRM 144 109 185 76 129 108 162 54
DRM-EE 130 109 165 56 130 109 162 53
EMP-ALL 206 159 271 112 196 162 287 112
EMP 227 156 318 162 172 144 294 162

0.5 EL 227 - - - 204 - - -
DRM 234 162 303 141 198 149 280 131
DRM-EE 218 162 280 118 204 162 280 118
EMP-ALL 336 271 402 131 311 287 408 131
EMP 336 240 432 192 303 218 388 192

0.75 EL 336 - - - 311 - - -
DRM 339 280 477 197 311 235 406 171
DRM-EE 318 280 404 124 336 280 406 126
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2.6 Technical Details and Additional Simulation Re-
sults

2.6.1 More examples of summary quantities

In this section, we provide some more examples to demonstrate that the estimating equa-
tions Ep{g(X;,0)} = 0 can define many important summary quantities.

Example 2.4. (Means and variances) Let p; and o2 be the mean and variance of F; for
i =0,1. Further, let 9 = (uo, p1,032,03)" and

L — Ho
zexp{0'Q(x)} —
v — i = o}

12 expl07Q(x)} — i3 — o7

Then these means and variances can be defined through Eo{g(X;1,0)} = 0. The general
uncentered and centered moments can be defined similarly.

g(z;,0) =

Applying the results in Theorem 2.2, we can construct an empirical likelihood ratio
(ELR) statistic for testing Hy : 05 = o3, which to our best knowledge is new for such a
testing problem.

Example 2.5. (Generalized entropy class of inequality measures) Suppose the X;;’s are
positive random variables. Let

e {0 () anw -1}, reron
GO =] _ [ log (£> dF,(z), if€=0,
Ji* e log (£) dE(), Fe=1

be the generalized entropy class of inequality measures of the ith population, i = 0,1. We
assume that GEi(g) exists. In our setup, (GE(SE)7 GEP)T together with (o, 1) can also be
defined through the estimating equations. For illustration, we consider & = 1.
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Let 1 = (po, p11, GEél), G’E(()l))T and

L — Ho
zexp{0'Q(z)} —
wlog(x/ o) — moGES”
zlog(z/pm) exp{8 Q(z)} — i GE}"

g(z:1,0) =

Then (GE(SE),GEP)T together with (po, 1) can be defined through Ey{g(X;v,0)} = 0.
For other values of £, we can define the corresponding estimating equations similarly.

Applying the results in Theorem 2.2, we can also construct an ELR statistic for testing
Hy: GE(()Q = GEP. Again, to our best knowledge this ELR statistic is new for such testing
problems.

Example 2.6. (Cumulative distribution functions) Suppose we are interested in (y =
Fo(xo) and ¢, = Fy(x1), where g and z1 are fized points. Let 1 = (¢o,¢1) " and

. _ I(z < x0) — (o
g(v:,0) = ( ep{0T Q)M (x < 1) — G ) :

Then ((o, 1) can be defined through Eg{g(X;,0)} = 0.

Applying the results in Theorem 2.2, we can also construct an ELR-based confidence
interval (CI) for {y or ¢, or an ELR-based confidence region for (Co, (i)'

Example 2.7. (Quantiles) Suppose we are interested in & ., = inf{x : Fyo(x) > 10} and
&1, = inf{x: Fy(x) > 7}, where 19,71 € (0,1). Let 1 = (¢o,¢1) " and

‘ - ](l’ < 50,70) —To
900::0)= (ot Qua 1< ) 7 )

Then (Eoms&1q) " can be defined through Eg{g(X;,0)} = 0.

Applying the result of Corollary 2.2 or 2.3, we can also construct an ELR-based CI for
oy O &1y 07 an ELR-based confidence region for (§o.10,E10y) " -

2.6.2 Summary-level information from external case-control stud-

1es

Let {(Y;,D;) : i = 1,...,ng} be the data from an external study, where D; = 0 or
1 indicates that the individual is from a disease-free or diseased group. We model the
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relationship between D and Y through a logistic regression model, which may not be the
true model: -
exp(ay + ByY)

hY;ay,By)=P(D=1[Y) = T explay £ BLY)
Y

(2.19)

Let
alay. By) é S D — WV oy, By)}(LYTYT,
=1

which are the score functions based on the logistic regression model in (2.19). Further, let
(a5, B3) be the solution to E{a(ay,By)} = 0. That is,

E{a(ay,By)} = 0.

Note that (a3, 3} ) may not be known exactly. We can solve the score equations a(ay, By ) =
0 to obtain the estimator (dy, 3y ). That is, a(dy,By) = 0. Assume that we have access
to the estimator (&y,By) but not necessarily to the individual-level data {(Y;, D;) : i =
1,...,ng}.

When the total sample size n = ng + ny for the internal study satisfies n/ng — 0,
we can use (Gy,3y) for (af,B%). This will cause a negligible error for inference for
the internal study. In the following, we assume that (a3, 3} ) is known and we denote

h(y) = h(y; o3, BY).
Next, we discuss how to summarize the information from E{a(a3,B3)} = 0 into
unbiased estimating equations with respect to Fj. When the external study is a prospective

case-control study, by defining the unknown overall disease prevalence 7 = P(D = 1), we
have

Efa(ay,By)}
= E[{D-hY)}1,Y"'] (2.20)
= Ep([~(1L=mh(Y) + mexp{8T QUOHL - h(N(LYT)T),  (2:21)
where we have used the law of total expectation and the DRM (2.1) in the last step.

When the external study is a retrospective case-control study, we have

E{a(oy, By)}
= —(1=mp)Eo{h(Y)(L.Y ")} + mpBi[{1 - A(Y)}1,YT)'], (2.22)
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where F; represents the expectation operators with respect to Fi, and 7g is the proportion
of diseased individuals in the external case-control study. Note that 7z is a known and
fixed value.

Using the DRM (2.1), we further get

E{a(ay, By)}
= Bo([~(1 = mo)h(Y) + meexp{8T QUX)H1 - h(V)(L,YT)T).  (223)

Summarizing (2.21) and (2.23), we have that if the external study is a prospective
case-control study, then Ey{g(X;,0)} = 0, where

g(z39,0) = [~(1 = mh(y) + mexp{0' Q(x) {1 — h(y)}](1,y")"

with @ = m; if the external study is a retrospective case-control study, then Eq{g(X;0)} =
0, where

g9(;0) = [~(1 — wp)h(y) + mpexp{0 Q) {1 — h(y)}](1,y")".

Similarly, we summarize the information from E{a(aj,37)} = 0 into unbiased esti-
mating equations with respect to the joint distribution of (D,Y"), which is the setup in
Chatterjee et al. (2016). Note that when the external study is a retrospective case-control
study, Equation (2.22) can be equivalently written as

E{a(oy, By)}

- 5|t __Wf(l —D{D—h(¥)}(1,Y")" + %ED{D —h(WM)HLY)T| . (2.24)

Summarizing (2.20) and (2.24), we have that if the external study is a prospective
case-control study, then E{u(D,Y)} = 0, where

u(D,Y)={D—n(Y)}1,Y")";
if the external study is a retrospective case-control study, then E{u(D,Y;m)} = 0, where

1—
u(D,)Y;m) = . e

(1—D){D—h(Y)1L,Y") + %D{D — RY)HLYT)T.

Note that the method and theory in Chatterjee et al. (2016) are applicable when there
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is no unknown parameter in the functions (). Hence, their general results do not apply
when the external study is a retrospective case-control study.

2.6.3 Proofs

Regularity conditions

The asymptotic results in this chapter are established under the following regularity
conditions. We use || - || to denote the Euclidean norm, i.e., || - ||* is the sum of squares of
the elements.

C1. The total sample size n = ng+mn; — oo and ny/n — A* for some constant \* € (0,1).

C2. The two CDFs Fy and F} satisfy the DRM (2.1) with a true parameter value 8%, and
[ exp{0'Q(z)}dFy(x) < oo in a neighborhood of the true value 6*.

C3. [ Q(x)"Q(x)dFy(x) exists and is positive definite.

C4. Ey{g(X;9",0%)} =0, Ey {0g(X;v*,0%)/0n} hasrank p, and [ G(X)G(X)TdFy(x)
exists and is positive definite, where G(z) is defined before Theorem 2.1.

C5. G(z;n) is twice differentiable with respect to n, and ||G(z,n)||?, ||0G(z,n)/0n|)?,
and ||0G (x,n)/{0n0n" }|| are bounded by some integrable function R(x) with respect
to both Fy and F} in the neighborhood of n*.

Conditions C1-C3 ensure that the quadratic approximation of the dual likelihood 4,4
in (2.13) is applicable. Condition C1 indicates that both ng and n; go to infinity at
the same rate. For simplicity, and convenience of presentation, we write A* = ny/n and
assume that it is a constant. This does not affect our technical development. Condition
C2 guarantees the existence of finite moments of Q(x) in a neighborhood of 8*. Condition
C3 is an identifiability condition, and it ensures that the components of Q(z) are linearly
independent under both F;’s, and hence the elements of Q(z) except the first cannot be
constant functions. Conditions C3 and C4 together ensure that U and V' in Theorem
2.1 have full rank, guaranteeing that J is invertible. Conditions C1-C5 guarantee that
quadratic approximations of the profile empirical log-likelihood ¢, (1, @) are applicable.
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Some preliminary results

Recall that the profile empirical log-likelihood of (1, 0) is

-3 Z log {1+ A [exp{07Q(X;))} — 1] + v g(Xij;9,0)} + Z 6'Q(X1),

i=0 j=1 j=1

where the Lagrange multipliers satisfy

L& exp{0TQ(X;)} — 1 B
;Z 1+ A exp{@T QX)) — 1} +vTg(X,:v,0) =0

. 9(Xi;v,0) _
<1+ X [exp{0'Q(Xi))} — 1] + v g(Xi;;9,0)

=0 j=

Then ¢,(1, 6) can be rewritten as
{n(%,0) =infl, (4,0, v),
where
(1/)»9 Av)
= —ZZlog{l—l—)\ [exp {07 Q (X))} — 1] + v g(X,;:9,0 }‘l‘z{eT (X15)}

=0 j5=1
Equivalently, ¢,(v, 0) = 1,(¥, 0, \,v) with A and v being the solution to

ol (v¥,0,\,v) Ol (v, 0,\,v)
B\ =0 and ov

=0.
With the above preparation, it can be verified that the MELE ({b, é) of (1, 0) and the

corresponding Lagrange multipliers (5\, U) satisfy

azn({b,é,i,f/)_o aln({b,é,f\,ﬁ)_o 8ln(12;,9,5\,f/)_0 Al (1,
06 - o8 - O\ T v

/ 9;\,19)_0

To investigate the asymptotic properties of 1 and 6, we need their approximations.
We first find the first and second derivatives of 1,(1, 0, A\, v).
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Recall that 5 = (¢»',0")" and w = (\,v")". The MELE and true value of n are
= ({pT,éT)T and n* = (" ,0"")T. Let v = (n",u")T. We further define

_ (;\”)T)T’ ut = (>\*701><T>T7 ,3/ _ (’f]T,’iLT)T, 7* _ (n*T,’LL*T)T.
In the following, we use [,(7) and g(x;n) to denote (¢, 0, \,v) and g(x; 4, ).

e First and second derivatives of 1,,(y)

After some straightforward algebraic manipulations, the first derivatives of [,,(7y) are
found to be:

ol () L {0g(Xij;m)/0v} v
B ZZ 1+ Mw(Xi;0) — 13 +vTg(Xijim)

aln(7) )‘w Xzyae Zj)+{ag( zjyn/ae}T -
—ZZ T Xy 0)— 1) + o g ) 2 @)

Ol () _ Z Z G(Xi;;m)

1+ Mw(Xy;:0) = 1+ v Tg(Xijim)

Then the first derivatives at the true values n* and u* are

Oln (v*)

) 0
g, = MO | alty | Z [ g,
8’)/ % Snu

where

1

L oL G(X
ne—ZQXlg ZZm i) QX)) Snuz—iz h((X ))

=0 j=1 0 j=1

Similarly, we calculate the second derivatives of [,,(7). Evaluating them at v* gives:

0 0 82[n('7;)
82[”(7*) _ 0 62l”(7_:) BSZ’/Z@;) (2 25)
- 080 u ’ :
OvOy' Plair) Oaly)  Pnlr)

oudd  oudB'  dudul
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where ho(x) = (1 — A\*)/h(z) =1 — hy(x) and

(v (PL(Y) {0G(X m )/ 0y}
opouT (8u8¢T) ZZ Xij) |

=0 j=1

Pl (v* S
) ST ha(X (X)) QX Q)

8080 i=0 j=1

Pl(v) (Pl

000u™  \ Hudo’

_ ii hi(Xi5)Q(Xi;)G(X 21:2 {0G(X U’n )/06}"
=0 j=1 T Xs5) i=0 j=1 Xy)

PL(v) _ s G G(Xy)T

dudu’ = MXy)?

e Some useful lemmas

We first review a lemma from the supplementary material of Qin et al. (2015), which
helps to ease the calculation in our proofs. In the following, we assume that the DRM
(2.1) is satisfied as required in Condition C2.

Lemma 2.1. Suppose that S is an arbitrary vector-valued function. Let Ey(-) represent
the expectation operator with respect to Fy and X refer to a random variable from Fy. Then
we have for 7 =1,--+ ,nq,

B{S(X,)} = By {(w(X)S(X)}  and E{Zijsmm)}=nEo{s<X>h<X>}.

i=0 j=1

Proof. Under the DRM with true parameter 8*, we have

E{S(X1,)} = / S(x)dF (x / S(2)w(@)dFy(z) = Bo {w(X)S(X)}.
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Using the fact that \* = n;/n and the definition of the function A(-), we further have

E{ZXZS(X@} = By (S(X)} 4 m By {w(X)S(X)}

o = n[(1=A)E {S(X)} + N Ep {w(X)S(X)}]
nEy [{(1—X) + Xw(X)}S(X))]
= nEy{w(X)8(X)}.

This completes the proof. O

Recall that
Agg = (1 - )\*)EO {hl(X)Q(X) (X)T} ’
W} — B {m(X)QX)G(X)T},

W}T’ Auu:Eo{%i()X)T}'

Applying Lemma 2.1, after some algebra, we have the following Lemma.

Agy, = Al, = EO{

Ayu = Ay = Ey {
Lemma 2.2. (a) With the form of 01, (~v*)/(0v0~y") defined in (2.25), we have

0 0 0 Ay,
_lE{aalna('yT)} = A = ( 0 Ago Agy ) .
" Ty Auw AuG _Auu

(b) Let 8% = (S5, S! ). Then as n — oo,
n~Y28* — N(0,T)

i distribution with

e — 1 6. — 1 C _ Aggeg
o 0d><1 ’ “ 07"><1 ’ _)\*(1 - /\*)Auueu ’

[ Ase O I T
and I‘—( 0 Auu) )\*(1_>\*>CC .
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Proof. For (a): Note that Conditions C3 and C4 ensure that A is well defined. The
results then follow by applying Lemma 2.1 to each term of E {0%l,(v*)/(0v0v")}. We
use E {0%1,(v*)/(000607)} as an illustration; for the other entries, the idea is similar and
we omit the details.

With Lemma 2.1 and the fact that hg(x)h(z) =1 — \*, we have
1 [L,(v) 1 S .
_EE{W} - EE{ZZ;;h0<Xij)h1(Xij)Q(Xij)Q<Xi’)
= (1-X")Ep {hl(X)Q(X)Q(X)T}
= Ago.

For (b): Conditions C2-C4 ensure that E(S}) and Var(S}) are well defined. We first

use the results in Lemma 2.1 to show that E(S;) = 0. For E(S,),

E(Sne) = mE{Q(Xn)} — nEo{h(X)h (X)Q(X)}
= mEp{w(X)Q(X)} — nEy{Nw(X)Q(X)}
= 0.

The last step follows from the fact that A\* = ny/n.

The unbiasedness of the estimating equations leads to
E(Sw) = —nE{G(X;n")}=0.

Hence, we have E(S}) = 0.

Since S is a summation of independent random vectors, by the central limit theorem,
n~Y28* — N(0,T)

for some I'. Next, we show that I" has the form claimed in the lemma.

We start with the variances of n=1/2S,,9 and n='/2S,,,,. Note that

S = Z ho(X1;)Q(X1y) — Z h1(Xo;)Q(Xo )-
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With the help of Lemma 2.1, we have

Var(n—l/QSng) = %VCLT (i: hO(le)Q(le) — ZO: hl(Xoj)Q(Xoj)>

= NEy {ho(X)’w(X)Q(X)Q(X)"}
H(1 = M) E {m(X)?Q(X)Q(X) "}
—XEg {ho(X)w(X)Q(X)} Eg {ho(X)w(X)Q(X)"}
—(1 = M) Ey {h(X)Q(X)} Eo {m(X)Q(X)"}.

Using the definitions of functions hi(-) and ho(-) and the fact that A\* = ny/n, we further
have

Var(n™28,9) = (1 —\)E, {m(X)QX)Q(X)"}
B ()X} By {n(X)QX) )
= Agg — {)\*(1 — )\*)}_1149989 (Aggeg)T .

Similarly, we calculate the variance of n='/28,,, as

Var(n™28,.,)

1 n;

1 G Xij
= EVar{—zz h((Xz‘j>}

P )
L oy et

= Auu— (1-A)Ey {G(X) } E G<X)T}

h(X) 7(X)
w(X)G(X w(X)G(X)T
R T L e
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It can easily be verified that

(1—A\)E, {%} + A E, {%} = E, {G(X)} =0,

which implies that

IS0}t o)

Therefore,
Var(n_l/QSnu) = Ayy — V(1= N Ayueu(Agued) '

Lastly, we consider the covariance between n='/28,,9 and n=/28,,,,:

C’ov(n_l/zsng, n_l/QSnu)

= O (Zho(le)Q(Xu)—Zhl(XOj)Q(XOj)7 > %)

= _% ZCOU <h0(le)Q(X1j)> —C;z(())i}ljj)) ) + = ZCOU (hl(Xo]-)Q(Xoj), —G<X0j.) )
W(X)G(X)T}
h(X)
(1= XY Ep {n(X)Q(X)} By {‘ff(ﬁ) }
{w(X) - 1}G(X)T}
I(X)

=X B {w(X)he(X)Q(X)} Ey {

= (2B (U0} B
= AGOEB(Auueu)T'

Then T' = Var(n='/28%) has the form claimed in the lemma. This completes the proof. [J

Proof of Theorem 2.1

Recall that 4 = (f',4")7 is the MELE of 4. Using an argument similar to that
in Qin and Lawless (1994) and Qin et al. (2015), we have that f) = n* + O,(n~/?) and
@ = u* + O,(n~Y?). To develop the asymptotic approximation of 7, we apply the first-
order Taylor expansion to 0l,(%)/0~ at the true value 4*. This, together with Condition
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Cbh, gives
32ln(7*>
Oyovy T

With the law of large numbers and Lemma 2.2, we have

10%,(v*) 1 0L, (")
- )
n oyoy"T n Oyoy T

0=25, + (A = ") + 0p(n'/?).

} +0,(1) = —A + 0,(1). (2.26)

Hence, we can write

( 8 A(:,e ) (n—n") + ( iﬁ: ) (& — ug) = % ( 5(7)10 ) +o,(n7);  (2.27)
(Au AW)(ﬁ‘”fV‘AwKﬁ—tm%=%Smr+%0l%- (2.28)

Recall that

B 0 Ay, [ Ase O . —1ysT
(2 A v (A 0 ) v

Conditions C3 and C4 ensure that U, V', and J have full rank. Then (2.27) and (2.28)
together imply that

n'2(f —n*) = T'UV ' (n7V285) + 0,(1).
Applying Lemma 2.2 and Slusky’s theorem, we have as n — oo
n'2(f —n*) = N(0,%)

in distribution with ¥ = J'UV " "War(n= 128 VU J .
Recall that

1 Agge
—1/2 @*\ __ _ . T _ 00€o
Var(n™/28:)=T'=V Y] )\*)CC and C ( (1= A Ayuen ) :
Since ] )
Awueu =0 and A@ueu = FEO {hl(X)Q(X)} = mA@geg,

20



we have

i i Agpe N (1= ) Agye
1 B 1 66€0 _ PpuCu —
uv—-C=UV ( _)\*(1 _ )\*)Auueu > o ( Aggeg - )\*<1 — )\*)Aeu€u ) =0.

This leads to 3 = J ' and completes the proof.

Proof of Corollary 2.1
Part (a). The results in Theorem 2.1 imply that

n'/2(0 — ") — N (0, J5)
in distribution, where
-1
Jo — {Agg + ApuAgt Aup — ApuAgl Ay (ApuAglAuy) AWA;;AU@} .

From the definitions of A, and A,,, we have

0
Ay = ( y {89(22;"*)} >

and
E, {{w%(—)l}?} E, {w(xigg)(x;n*)
A = E, {{W(X)*;g)sé()Xm*)T } E, g(Xm*;l)(g)gfm*)T
We write Al g0
a4 g ).
When r = p, we have
- -1
- - 09(X;m) " 9g9(X;n")
ApuAglAuy) " = (B AR g =T
( "/’ uu 'l,b) O{ Gw uu 0 aw

ol



This leads to

flaifiww(11¢uf1;if1u¢)71f1¢uf1;i
(A12 (Azz)—l A2l 712 >
— uu ’Ll,’él,l uu uu

A22
Al ( AL~ AL (AL) AL O )
uu O O ‘

It can be verified that Agy,e, = {\*(1 — \*)} "' Aggeqs and

{an - az @z tan) - n (S Ly adet

By the Woodbury matrix identity, the variance matrix Jg can be simplified as

R e o =

6963

= Agp——— 2.
%0 X (1 =)

This is the same as the asymptotic variance of n'/2(@ — 6*) shown in Lemma 1 of Qin and
Zhang (1997) under Conditions C1-C3.

Part (b). For r > p, let U,,, V,,, J,, denote the corresponding U, V', J matrices obtained
by using only the first m estimating equations of g(x;n). With Theorem 2.1, to complete
the proof of this part it suffices to show that

JﬁLZ!]m—L

From the definition of the matrix U, we notice that U,, has one more column than
U,,_1, and we denote this extra column w,,. Then we have U,, = (U,,_1,u,,). Following
the proof of Corollary 1 of Qin and Lawless (1994), we have

vi oo
-1 m—1
\ ( 0 0 > . (2.30)
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Therefore,

-1
Jm - Umvy_nlU;; 2 (Um—luum) < V?g—l 8 ) (Um—lvum>—r - Jm—la (231)

as required. This completes the proof.

Proof of Theorem 2.2

Recall that the null hypothesis forms a constraint

C3={n:H(n) =0},

and the ELR statistic for testing Hy : H(n) = 0 is defined as

R, = 2{sup€n(¢,9)—supgn(¢’9)}
.0 neCs

= 2{6(4.0) - 6.(4.0)}.
where

(,0) = argmax (,, (1), 9).
neCs

~ A ~ ~

In the following steps, we find the approximations of 4, (1, 8) and ¢, (v, 0).

We first derive the approximation of [,(v) when « is in the n~'/2 neighborhood of its
true value v*. Applying the second-order Taylor expansion to [,(7), and using (2.26) and
Condition C5, we have

L) = L)+ S, (v—7%) - g(v — ) TA(y =) + 0p(1)

= L)+ (0 Si ) (0 —1)+ 8], (u— u)
_g(n -’ < g A(lo ) (m—n")—nn-n’)’ ( iﬁ: ) =)
‘|‘g(u - U*)TAuu<u - u*) + Op(l)'

Setting the derivative of [,(7) with respect to uw equal to zero gives
. - . (1 1
we = AL (Auy Au) 01— Ak (18] +o,(n)
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Substituting the approximation of u —u* into [,,(7) leads to an approximation of ¢, (1, 0):
* * — * n * *
b($,0) = L(y)+m-n) UVS, —om—n) J(n-n)
1 _
—%SLAU}LSW + 0,(1). (2.32)
With the approximation of 7 in (2.32), we then have

- 1 1
la(h,0) = L,(v*)+ %S:TV*UTJ*UV*IS;; - %S;uA’}LSm + 0,(1).

u

Next, we find an approximation for = (d;T, éT)T. We first define
0:(,0,v) = £,(v,0) +nv' H(n),

where v is the Lagrange multiplier. Then 7 and the corresponding Lagrange multiplier ©
satisfy
04;,(4,0,) o0 (9,0, %)
oY ov
It is easy to verify that 4 = v* + O,(n"/?) and ® = O,(n"1/?) (Qin and Lawless, 1995;
Qin et al., 2015).

Let h* = OH (n*)/0n. When n is in the n='/2 neighborhood of the true value n*, we
approximate H (n) with H(n) = h*(n—n*)+o0,(n"'/2). Together with the approximation
of £,(1,0) in (2.32), we approximate £* (1,0, v) at an n~/2 neighbor of (1,0, ,01x,)"
with

=0, =0,

ot (1,0, v) B
e — 0. (2.33)

n

s Mm=m")"J(n—n")

1
00 R (=) = S-S Ak S + 0y(1).

(¥, 0,v) = L(y)+n-n)UV'S, -

Applying the first-order Taylor expansion to (2.33), we have

J —h' n—n* 1/Uuvs: 1
(e 0 (7T ) = (T ) e

o4



Hence,
n'2(n —n")
wo( BT (RS )
= (J' =T R T R TIRTT UV T (n7Y28E) £ o,(1),  (2.34)

where I is the identity matrix with dimension p + d + 1.
Substituting the expression of 7 in (2.34) into (2.32) gives

o 1
Ca(h,0) = L(v")+ %S;TV‘IUT{J‘I —J T (W TR )t g uvlsy
1 _
_%S;LFUAU}LS”U + Op(]'>'

Hence, the ELR statistic R,, can be written as

1

R, = =S'VUTT 'R (W T 'R )T IOV TS + 0,(1).
n

We find that J~Y2h*T(R*J*h*T)"'h*J Y/ is an idempotent matrix with rank ¢. Fur-
ther, as n — oo,
JYV2UVHnTY28%) = N(0,1)

in distribution. Therefore, the limiting distribution of R,, is xﬁ under H.

Proofs of Theorem 2.3 and Corollary 2.2

We start with the proof of Theorem 2.3. Recall that the ELR statistic for testing the
validity of the estimating equations is defined as

W, = 2 {end(é) — pr,é)}.

We first find an approximation of ¢,4(0). Applying the second-order Taylor expansion

to £,q4(0) at the true value 8", we have

100,q(07) . 1 - +0%,4(0%) -~

(na(0) = (,4(6%) + (6 — 6") ~(6 -6 050" (6 — 0%) +0,(1).

060 2
The fact that v* = 0 implies £,4(0") = [,(¥*). According to Qin and Zhang (1997), it is
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easy to verify that

~ 1 ,00,4(07) _ 0la(07) 1 0%,4(0%)
0-0"=—-A,; "~ ) A d ————=-A 1).
~As—p +o,(n" %), 50 S,e, an 5000 00 1+ 0,(1)
Then 1
lna(0) = 1,(Y") + %SzeAe_mlsnO + 0,(1).
Hence, the ELR statistic can be written as
Wn = 2 {gnd(é) - gn(‘jba é)}
1 1 1
= —89ApSue+ S ALS,, ——S'VIUTJ'UVSE
n n n
1
= Es:ﬁv—l(v ~U'JTU)VSE +0,(1). (2.35)

Since V is a positive-definite matrix, we define an inner product on the vector space
R4 as < a,b >y, 1= a' V'b for any vector a, b in the vector space. Recall that

. Aggeq
C= ( A1 =AY Aguen >

The vector C' and each row in U are linearly independent in the inner product space
because UV ™'C = 0. Let V be the inner product space spanned by the vector C' and
each row in U. Then there exists an orthogonal complement B of the subspace V with
the dimension r — p. Let the columns of C* be the basis of the orthogonal complement B.
Then C* satisfies C*'V~1(C,U") = 0. Define M" = (C*,C,U"), which satisfies

c'v-lcr 0 0
MVIMT = 0 c'vlc o
0 0 J

With the above construction, M is a full rank matrix and can be inverted. We can
write the inverse of MV M as

(Cc*'vten)! 0 0
(MHTTV M = 0 (c'v'ie)y?t o
0 0 J !

o6



Then

V = MM 'VM M
= cr(cr'vicehH Tl +cc'vio)ylcT +UuTg UL

Note that

c'vls: = e;,rSng—/\*( — e, S
W (Xij) —

1
= N1 — ZZhl zy +)\* Z W

=0 j=1 =0 j=1
= 0.

This helps to simplify W,, as
1
W, = ﬁSZTV*lC*(C”VﬁlC*)_IC*TV*lS,*1 +0,(1).

According to Lemma 2.2, we have

1
—1/2 gx* — - T
Var (n Sn) V /\*(1—)\*)00 :

Together with C*"V~'C = 0 and the fact that V~V2{C*(C*TVIC*)'C* T} V2 is
idempotent with rank » — p, we have
{V—l/QC*(C*Tv—lc*)flc*—rv—l}var (nfl/Qs;kl) {V—lc*(C*TV—lc*)flc*TV—l/Q}
_ V—l/QC*(C*Tv—l/C*)flc*TV—l/Q.

Therefore, W,, asymptotically follows X?_p under Hy as n — oo.

We now prove Corollary 2.2. Let 8%, be the first d +r —m + 2 elements of §*", U, be
the first » —m columns of U, V1 be the upper (d +7r —m + 2) x (d +r —m + 2) matrix
of V, and J, = U, V{'U,. Further, let £,,(2),8) be the profile empirical log-likelihood
of (1, 0) using only g,(x;n) and

Ak Ak

(¢ ,0)= argrg})%xém(tb,@)-
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Following the techniques used to obtain (2.35), we have
2{£0a(8) ~ a($,07)} = STV (V) — UTITUDVTS;, + 0,(1).
Then, the ELR statistic W, has the following approximation:

Wi = 20,8 - L,($.0))
— 2{0u(®) - <Aé>} 2{6,a(8) — £1(0", 8"}

1
= = (SETV NV -UTJT'U)WV'S, — S VNV = U JT'U) VTS ] +o0,(1).

With the technique used to prove Corollary 2.1, we have

V—I(V o UTJ—IU)V—l 2 ( Vfl{vl - UOIJllUl}Vll g ) )

Then
% [S:TV NV -UTJ'U)WVIS, - S VNV - U J'U) VIS >0
Recall that as n — oo,
%S;Tv—l(v —~U'J'U)VISE =X,
in distribution. We can similarly prove that as n — oo,
%S;ZIV?(V L= ULTTUDVS = X

in distribution.

By the arguments in Qin and Lawless (1994), we conclude that W* — X%’r—p)—('r—m—p) =
X2, in distribution as n — oo.
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Proof of Theorem 2.4

For (a): We start with some preparation. For any x in the support of Fy, let

I(X;; < x)
ZZ 1+ Mw(Xi;0) — 1} +vTg(Xi54,0)

10]1

XU,B)I(XU‘ S ZE)
ZZ I+ Mw(X;;0) — 1} +vTg(Xi;v,0)

77

Then

Fy(z) = Fo(z,%), Folz,v") %ZZ

1 n;
- X 1 < w(Xi) (X < x)
Fl(x) = F1<£L‘,’7), Fl iL‘ 7 EZZ z]i .

=0 j=1

Next, we explore the properties of the first derivatives of Fy(z,~) and Fi(x,) at the
true value v*. Define

OFo(z,y*) OF (z,y*)
OFy(z,~v%) _ apo?;/’ﬁ*) OF(z,v7) _ 8F1?;/),7*)
oy 8F0?a?,'y*) 2 8F1?x0fy*)

ou ou

where

aFO(xvv*) _ aFl(x77*)

oy o =0
OFy(z,~*
059+7) ——Zzhl 'Lj Q(ij)[<Xz] S gj)’
=0 j=1
OFp(@,7") I ms G(Xy)
T - _ﬁ;z; {h( ZJ)}Q‘[<XZJ < l’)
oF * 1 X,
% =22 ;‘ZEX?; ho(Xi) QX)) I(X; < x),
i=0 j=1 v
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W - _% ;; %G(Xij)[o(ij < x).

Applying Lemma 2.1, we have the following results for £ {%ﬁ/ﬂ*)} and F {%ﬁ/ﬁ*)}.

Lemma 2.3. With the form of OFy(x,~v*)/0~ and OF;(x,~*)/0vy defined above, we have

{2 - () - (o)

_E{M}:Bl(@: Blg@f) :<B*{0<x>>’

0y Biu(z)
where
Buo(x) = By [ (X)Q(X)I(X < 2)}, Boul) = Eo {f(—jgux <)},
Buo() = LBy (n(X)QUX)I(X < 1)}, Buula) = B {%M < x>} .

We now move to the joint asymptotic normality of Fl(a:) and Fs(y). We first find an
approximation for Fj(x) for { = 0 and 1. Applying the first-order Taylor expansion to F;(z)
and using the results in Lemma 2.3, we have

Fi(r) = F(z,v") = Bi(@) (¥ =) + 0,(n™"?)
= F(z,7") = (0,Bip(z) ") (7" = n*) — Boul(z) " (& — u*) + 0,(n~"/?).

Using the relationship in (2.28) and the definitions of the matrices U and V in (2.29), we
have

. . 1 _ _
F(z) = F(z,y) - B(2) VU (7" —n*) + EBzu(x)TAmﬁSnu + 0,(n"?)
* * — Ak * O 0 1 * —
= F(z,y") — B (x)T {V 1UT(,7 — ") — ( 0 Al > <ﬁSn)}+op(n 1/2).

Recall that ) — n* = J'UV " (n"'8%) + 0,(n~"/2). The approximation of Fj(z) is then
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given by

- 1 * * —

Fi(w) = Fi(w,v") = ~Bj(z) ' W] + 0,(n~"/?)

with

w-vwwgwwvi-(2 0
0 A, )
Note that Fj(x) = Eo{F;(z,~*)}. Then
n' () — ()} = n'*{F(e,y") = Fi(2)} =02 Bi(2) WS}, + 0,(1).

The two leading terms are summations of independent random variables and both have
mean zero. Hence, as n — oo,

(1571 o)

where

S y) = ( ou(x,x)  os(x,y) ) '

O'sl(ya .Z') Uss(y> y)

To complete the proof of (a), we need to argue that X(z,y) has the form claimed in
the lemma. According to the expression of Fj(z) — Fj(z), we have

ou(z,r) = nVar {F(z,v*)} +n Var(B;(z) WS?)
—2Cov { Fy(z,v*), B} () 'W S} ;
oss(y:y) = nVar{F(y,y")} +n 'Var(B;(y) W)
—2Cov { Fy(y,7v"), Bi(y) "W S} ;
ou(,y) = nCov{E(r,7"), Fay.7")} — Cov {Fr,7"), Bi(y) WS}
—Cov{Fi(y,v"), Bi(x) ' WS, } + Bj(z) {n~ Var(W5;)} B{(y);
oa(y,x) = ous(z,y).

Next, we calculate the covariances and variances appearing above. We start with the
covariance and variance related to Fj(z,~*) and Fi(y,~*). Let x Ay = min{z,y}. Using
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Lemma 2.1, we have

nCov{Fy(z,~"), Fo(y,~¥")}
= (1-=X")Cov {I(Xm <) I(Xo < y)} L N Cov {](Xn <z) I(Xn < y)}

MXo) & h(Xor) X)) h(Xn)
- b {I(X_hfx‘x 2 y)} ~ =Xk {](2((;)@ } Fo {](f(;)y)}
CNE, {W(X)hj(())(()é x) } E, {W(X)hf((;(()é y) } .

After some algebra, we have that for any x in the support of Fj,

e {NE

B(]u(I)Teu = EO {

Fox) = Fo {I (2(( ;x) } 4+ X" Bou(z) eu.

Then the covariance nCov { Fy(z,v*), Fo(y,~v*)} is simplified as

nCov {Fy(z,v"), Foly,v")}

_— {I(X%;)Ay)} X" Bou(2) ewel Bou(y) — X" Bou(z) euFo {

I(X < y)}
h(X)

= E, {W} — N Bou(2) " ewey, Bou(y) — N Bou(7) ey [Fo(y) — A el Bou(y)]
I(X <x)
—Fy {W} Fo(y)
= £ {%} — Fy(2)Foly) — M (1 — X)) Bou () "ene, Bou(y).

The covariances nCov {Fy(x,~v*), Fo(y,v*)} and nCov {Fy(z,~v*), Fi(y,~¥*)} can be
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found in a similar manner. For nCov {Fy(z,~*), Fi(y,~*)}, we have

nCov {Fl(-%" ), Fily,7%)}
_ Eo{ X<fc y} A*EO{ )lf(()?(f) )}EO{W(X)](XS?J)}
—A*Eo{ X<:1c} O{w X<y)}

X< N
:EO{ zNy) — Fi(z

&

— N )Biy(x ) €y € TBlU( )

and

nCov {Fo(z,v"), Fi(y,7")}
R s o)

h(X) h(X)
L X)X <2)) . [WPEOIX <y)
A E{ h(X) }E{ h(X) }
— B, {"J<X>If((X§) TAY) } — Fy(2)Fily) — (1 — \)Bou(2) ewel Bru(y).

In summary, for any I, s € {0,1}, we get

nCov {Fi(w,7"), Fyr')} = Eo{w“(X’igf“y)}—ﬂ(m)ﬂ(y)

— XN (1 = A\)B(7) ese. Bo(y). (2.36)

Next, we consider the cross-terms with S). We present the calculation of covariance
between Fy(z,v*) and S as an illustration. Using Lemma 2.1, we get
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I(Xll S ZL‘)
h(X11)
—(1=X)Cov {[(2((0)1(5)93)7 h1(X01)Q(X01)T}
1=\

)\*

= /\*Cov{ , ho(Xu)Q(Xu)T}

= [ Eutno1x <0} - S BCOICE £ 0)| Bt (X)QUOT.

It can be checked that

Eo{h(X)Q(X)} = 1 _1)\* Agoey,

11—\
)\*

Eo{ho(X)I(X < 2)} — Eo{hi(X)I(X <2)} = —(1 = \)Boy(z) ey.

Then we have
Cov{Fy(z,~"),Sne} = —BOu(x)Teu(Aeoee)T-

Similarly,

h(X)
1—

Y {Eo{ho(X)I(X <)) -

- —m{ TR B e Blh(0GO0T)

= —Bou(2)" + X (1 = X\)Bou(7) eu(Ayued) ',

where in the last step we used the facts that

I(X <2)G(X)
h(X)

Bou(x) = EO { } and Eo{ho(X)G(X)} = —)\*(1 — )\*)Auueu.
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Recall that 1
- 00€0
C= ( (1 = M) Ayuen >

Hence,

Cov {Fy(2,~"), S%} = — ( BOS(@ )T — Bou(2)TeuC.

The covariance between Fj(z,~*) and S}, can be found in a similar manner; the details
are omitted. We conclude that for any x in the support of Fy,

Cov{F|(z,y%),S:} = — ( Bh?(:c) ) — B (z)"e,CT, 1€{0,1}.

We now return to the form of ¥(x,y). Recall that

1

_— T d -1Cc =0.
)\*(1_)\*)00 and UV—C =0

nVar(S,) =T =V —

This leads to

.
Bi(z)'WT = Bj(x)'V'U'J'U - ( Blf(x)) — B (z)"e,C"T

= Bi(x)'V'U'J'U + Cov {F(z,7*), 8%} .
Consequently, for [ = 0,1, the summation of the last two terms in oy (z, x) is

n~'Var(Bj(z)'WS%) — 2Cov { Fi(z,~*), Bj (z) ' W S5}
= [Bj(z)"WT —2Cov {Fi(z,v"), S5 }| WB;(2)

-
= |Bj(x)'V'U'J'U + ( 0 ) + B (7) e, CT | WB;(z)
Blu(l‘)
= Bj(z)'WB;(z) + N*(1 = \")Bu(z) " eue, Bu(z). (2.37)
Combining (2.36) and (2.37) leads to

X)I(X <)
h(X)

ou(z,z) = Ey {wﬂ( } — Fi(z)? + B} (2) "W B (z). (2.38)
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Using similar steps to derive (2.37), we find that the summation of the last three terms
in oy(x,y) is
Bj(z)' WITW B;(y) — Cov{Fi(z,v"), S} WB(y) — B} (x) WCov {8}, Fi(y,v")}
= Bj(2)'V'UJ'U'WB;(y) - Bj(z)' WCou {8, Fy(y,7")}
= Bj(z) ' WB:(y) + \(1 — X)B,(z) " eye, Bou(y). (2.39)
Combining (2.36) and (2.39) gives

o1s(2,) = By {w+s(X)2((§(()§ T Ay)

} _R(@)F(y) + Bj(x) WB(y).  (2.40)

Summarizing (2.38) and (2.40), we conclude that for any i, j € {l, s}

WH(X)I(X <z Ay)
oo = 8 { <

b R@R0) + BT WE W, @4

which is as claimed in the lemma. This completes the proof of (a).

For (b): We prove that the claim in (b) is correct for [ = 0 and s = 1. The proofs for
the other cases are similar and are omitted.

We first simplify the matrix W. Let M, = (C,U"). Then M, is full rank and
therefore invertible. Note that

V=M, (M)'"VM I M, =M, (M VM) M,.
Recall that UV !C =0 and J =UV'U". Then

Ty/—1
/\/qu_lM;:(CV C 0)

0 J

and
V = C’(C’TV”C')_lCT +U"J'U.
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Note that

C'V7IC = eyAppeq + {N'(1—2)} e Auuen

{w(X) —1}2

= (1= X)E{h(X)} + {\"(1 = \)}Ey { h(X)
= N1 =\,

where we use the fact that

o ST 215

in the last step. The matrix V is expressed as
V={\1-\}"'cc'+UuTJ'U.

This expression helps us to simplify W as

_ —1y7T g1 -1 0 o
W = VU J UV (OAmlL)

-1
= VU J'U-VIV'+ ( Ag" g )

-1
— ( Ag@ g ) - {\a-ytvilec'v!

- ( Agel g ) — N =a)t ( _A*(lef A eq ) ( _x«(1e—9 A*

Substituting W into (2.41) and using the fact that
Bi(z)7 co = N Fy(x)
0 _)\*(1 o )\*)eu 0 )
* T €p _ Rt

we find that for any i, 5 € {[, s}

W X)X <z Ay)

|

o)

o) = B { S E I L Bo() A5 Bra(y) ~ 3, ().
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where
(1-X)"" i=j=0
dij = ¢ ()7 1=7=1
0, i .
This form is the same as that in Chen and Liu (2013) for the two-sample case, which
completes the proof of (b).

For (¢): Recall that U,,, V,, and J,, denote the corresponding U, V', and J matrices
obtained by using only the first m estimating equations of g(a;n). We further define
E;;n) (x,y) = {O'g-n) (2,y)}ijeq,sy and B;(m)(a:) to denote the corresponding matrix X (z, y)
and vector B)(x) obtained by using the first m estimating equations.

From the definitions of these matrices and vectors, we notice the following relationships:

= : o Varr Ymeim . gy _ (B V(2)
Um - (Um_b um), Vm N ( ﬁm,mfl ﬁm,m ) ’ Bl (‘T) - blm(-x) )

where U, Vm—1m, Umm, and by, (z) are the extra terms coming from the mth dimension
of the estimating equations.

With the fact that

-1
w=vIiu'sgv-viv'4+ ( Ag" g ) :

(m)

7(x,y) can be written as

the entry in the covariance matrix X

WwH(X)(X <z Ay)
)

O-Z(;n)(xay) = EO{

X
_ o [@PO0IX

’ (X)
~B;"(@)TV  (V,, ~ UL I U VB (1)

1

}—m@ﬂ@ﬂJﬁM@WWB?Ww

>
—~

=IO E@F ) + Balo) A Boly)

>

for any i, j € {l, s}.
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Therefore,

= (@) - 2 (2, y)
T

() we v (20)

T
B;(m_l)(l’) T 1 1 x

— Vi1 —U__J - U,,1)V__ ! )
( ( 1 m—1Y m—1 1) m—1 B:(mfl)(y)

B:m(y)

Using the results in (2.30) and (2.31), we have

VA V= U, J ULV,
o (Vi O Vit Umoim
B 0 0 ﬁm,mfl ﬁm,m

U’ _ v,l, o0
(% e} (Y5 0)

m

< (VxﬁwwerAﬁ;UWﬁwilo)
> o 0 )

This implies that
(@ y) - 2 ()

ls

*(m T — — — *(m
(B#%@) (v;ﬂwnrwmlhhvmﬁvxlo><BfR@)

~ \ B"(y) 0 0/ \ B:™(y)
T
B*(m_l)(x) T 741 -1 B*(m_l)@)
- ( B%(m—l)(y) (Vm—l - Um—IJm—lUm—l)Vm—l B%(m—1)<y)

= 0.
This completes the proof of (c).

Proof of Theorem 2.5

We first introduce two lemmas that will be helpful in the proof of Theorem 2.5. The
following lemma establishes the convergence rate of &, ;.

Lemma 2.4. Assume the conditions of Theorem 5 are satisfied. For each fized T € (0,1)
and 1 = 0,1, we have )
gi,‘r - 51‘,7’ = Op(nil/2)-
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Proof. We concentrate on the case ¢ = 0; the case ¢ = 1 can be proved similarly. Let
A, = sup, |Fo(z) — Fy(x)|. It suffices to show that (Chen and Liu, 2013; Chen et al., 2021)

A, = 0,(n"'?). (2.42)
Define
=p=a TS [exp{e QX)) 1
Then

A, = sup|Fy(z) — Fo(w)] < sup|Fy(e) — Fy(x)] +sup |Fo(x) — Fi(w)| = Ap + Ao,

where

Ay = sup |Fy(x) — Fy(z)]

and

Aps = sup | Fy(z) — Fo(z)].

Following the proof of Theorem 3.1 in Chen and Liu (2013) and Lemma 1 in Chen et al.
(2021), we can verify that
Ang = Op(nfl/Q).

With this result, the claim (2.42) is proved if A,,; = O,(n"1/2).

As preparation, we argue that

(npi) " =1+ Alexp{® Q(Xi))} — 1]+ 0 g(Xii,0) > 1— X +0,(1)  (2.43)

or equivalently p;; < n {1 — A+ 0,(1)} ! = O,(1/n). Note that
(i)™ > 1=A+0"g(Xy9,0) > 1 - A — |7 ml.?X||9(Xij;¢,9)||~
By Condition C5,

max||g(X,;; %, 0)|] < max RY3(X,;) = 0,(n'/?),
1) 3

which, together with 4 — v* = O,(n~'/2), implies that (2.43) is valid.
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We now return to argue that A,; = Op(n_l/ 2). After some algebra, we have

A

Fo(fﬂ) — Fo(l’)

Lo (=) [expl0 QUXy)E - 1] - 9 Tg(Xisi9,6)
Z Dij T
i=0 j=1 1+ A* [exp{e Q(X”)} — 1:|

Using (2.43), we have

P A [exp{éTQ(Xij)} + 1} ,

[Fo(@) = Fo(a)| < Op(1/n) )

= prd i Y [exp{éTQ(Xi»)}—l] 9 <2
< opu/n)g: %Imjsﬂ:)
+Op(1/n)i: ”ng)i”;’b ”I(Xijga;). (2.44)

By Condition C5,
1 1
At = sup Fo(e) = Fo(o)] < O,(DIA = N + 0,12 3 3" {IBI1RV4(,)}.
z =0 j=1
which, together with 4 — v* = O,(n~'/2), implies that
Anl = Op(nfl/Q).
This completes the proof. O

Lemma 2.5. Under the regqularity conditions, for any ¢ > 0 and 1 = 0,1, we have

sup  [{Fi(x) — Fi(&0)} — {Filx) — Fi(&0)} = Op(n~*(log(n))"/?).

x: |z—&; - |<cen—1/2
Proof. We prove this lemma for ¢ = 0; the case i = 1 is equivalent. Without loss of
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generality we assume x > &y .. Note that

‘{1?0( T) — f?o( )} = {Fo(x) — Fo(&or) }
< |{F0g T) — Fg 0r)} — {Fy(z) —Fo(fo,r)H
+{Fo(x) — Fo(&or)} — {Fo(z) — Fo(6or)}- (2.45)

Following the proof of Lemma A.2 in Chen and Liu (2013), we can verify that

sup [{Fo(2) = Fo(€o.r)} = {Fo(2) = Fo(or)} = Op(n**(log(n))"?).

x: 0<z—€p,r<cn—1/2

Consequently, we need to show only that the first term in (2.45) has a higher order than
n73/4(10g(n))1/2 uniformly in 0 <z — &, < cn—1/2.

With the technique used to obtain (2.44), we have
[{Fo(e) = Fol&or)} = {Fole) = Foltor)
A= x |
S 1/n ZZ)\ €0T<X’L]<'x)

=0 j=1
1 n;
i=0 j=1

1

_1/2 ZZ{l‘f‘RUS 2] }I(SOT <Xij SQT)

20]1

HRl/S

) I(&o,r < Xij <)

By Condition C5,
Eo{l1+ RY3(X)} < oo and Ei{l1+ RY3(X)} < o0,
then uniformly in x
Eo[{1 + RV3(X)} (&0 < Xy < )] = Op(n~'7?)

and
Ey[{14 RV¥(X)}H (&, < Xij < z)] = Op(n™'7?).
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Therefore,

sup [{Eo(x) = Fo(€o)} — {Eo(x) = Fo(Go)} = Op(n).

x: 0<z—&o,r<cn—1/2

This completes the proof. O

We are now ready to prove Theorem 2.5. By Lemma 2.4, for ¢ = 0, 1,

Fi(éi,T) - Fi(gi,r) = fi(gi,‘l')(g}ﬂ' - fi,T) + Op((éi,'r - g’iﬂ')z)
= [fil&r)(&ir — &r) + Op(n7h). (2.46)

Note that E(EM) =7+0,(n"!). Replacing x by f” in Lemma 2.5 and using (2.46) yields
T Fl<§2,7'> = fi(gi,T)<€i,T - &',7—) + Op(n_3/4<log<n))l/2)‘

This completes the proof.

Proof of Theorem 2.6

The results in (a) and (b) are direct consequences of Theorems 4 and 5.

For (c): We note that

1/ fi(&1m 0 1/ fi(&n 0
Q“:( S 1/fs<£s,75>)E“@’”’f&’“)( e 1/fs<fs,fs>)'

Then Theorem 2.4(c) implies the results in (c¢). This completes the proof.

2.6.4 Additional simulation results
Table 2.9 presents the four quantile estimates under gamma distributions. Table 2.10

presents the three Cls for quantiles under gamma distributions. The general summary
statements are similar to those for normal distributions, and hence are omitted.
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Table 2.9: RB (%) and MSE (x100) for quantile estimators (gamma distributions).

Gam(8,1.125) Gam(6,1,5)
(ng,n1) T EMP EL DRM DRM-EE EMP EL DRM DRM-EE
0.10 RB -225 -0.05 0.25 0.16 -1.40 0.71 1.26 0.65
MSE 29.71 25.04 23.26 20.29 31.70 26.96 26.66 22.88
0.95 RB 0.01 -0.04 0.08 0.03 0.75 0.30 0.47 -0.06
' MSE 25.02 19.93 21.38 16.39 32.91 24.71 27.78 20.32
(50, 50) 0.50 RB -1.03 -0.04 -0.15 -0.02 -0.74 -0.07 0.28 -0.08
’ ' MSE 30.99 23.20 25.91 17.32 40.46 25.74 35.52 19.68
0.75 RB -0.13 -0.02 -0.33 -0.13 -0.02 -0.20 0.15 0.12
' MSE 48.41 35.85 42.11 28.23 65.70  43.10 57.48 33.81
0.90 RB -1.8 0.15 -047 -0.20 -1.93 0.01 0.12 0.14
MSE 99.19 86.91 83.12 62.28 133.79 110.01 120.28 86.79
0.10 RB -225 0.05 0.41 0.32 -0.36 0.36 0.42 0.33
MSE 29.98 23.32 20.31 15.18 10.40 9.74 9.86 9.10
0.95 RB -0.02 0.01 0.03 -0.02 0.19 0.09 0.12 -0.03
' MSE 25.11 17.45 19.28 11.05 10.58 9.27 9.89 8.61
RB -1.03 0.02 -0.18 -0.01 -0.21 0.01 0.12 -0.03
(50,150)  0.50 MSE 31.26 17.31 22.92 9.55 14.17 11.46 12.98 10.15
0.75 RB -0.15 0.04 -0.45 -0.16 -0.06 -0.18 0.02 -0.06
' MSE 48.19 27.80 36.99 15.98 21.18 17.52 19.94 15.74
0.90 RB -1.83 042 -0.56 -0.09 -0.62 -0.05 0.11 0.03
MSE 99.26 74.83 74.58 43.00 44.60  40.83  40.68 36.31
0.10 RB -1.03 0.07 0.41 0.32 -0.92 0.25 0.35 0.15
MSE 14.47 13.00 11.19 9.91 16.95 14.43 14.18 11.95
0.95 RB -0.54 0.06 0.06 0.03 -0.52 -0.02 0.10 -0.12
' MSE 12.76 10.64 10.81 8.35 15.41 11.85 13.73 9.82
RB -048 0.03 -0.03 -0.02 -0.41 0.02 0.14 -0.03
(100,100)  0.50 MSE 15.70 11.67 12.92 8.89 20.57 13.41 17.58 9.84
0.75 RB -0.61 -0.04 -0.19 -0.14 -0.71 -0.17 0.04 -0.06
' MSE 2494 18.73 19.98 13.73 32.29 20.67 2794 16.02
0.90 RB -094 0.05 -0.20 -0.09 -1.11 0.03 0.01 0.09
MSE 48.17 4230 41.07 31.30 70.72 54.02 57.47 40.26
0.10 RB -0.44 0.04 0.24 0.16 -0.50 0.15 0.15 0.07
MSE 7.03 6.34 5.54 4.80 8.17 7.06 6.80 5.81
0.95 RB -0.29 0.01 0.08 0.05 -0.31 -0.04 -0.01 -0.10
' MSE 6.53 5.24 5.19 3.92 7.59 5.89 6.52 4.79
RB -0.23 0.02 -0.03 -0.03 -0.31 -0.11 -0.02 -0.07
(200,200) 050 MSE 7.83 5.84 6.15 4.25 9.90 6.03 8.39 4.76
0.75 RB -0.38 -0.12 -0.11 -0.10 -0.29 0.05 0.02 0.03
' MSE 1198 9.21 10.19 7.24 17.41 11.09 14.98 8.33
0.90 RB -0.48 0.00 -0.09 -0.07 -0.42 0.09 0.08 0.13
MSE 23.81 20.31 19.73 15.34 36.06 26.76 31.15 20.87
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Table 2.10: CP (%) and AL for three 95% Cls of 1007%-quantile (gamma distributions).

Gam(8,1.125) Gam(6,1.5)
(ng,m1) T EMP DRM DRM-EE EMP DRM DRM-EE
010 CP 947 951 95.5 93.7 945 94.9
AL 210 1.89 1.77 2.24 2.10 1.93
0.95 CP 949 947 94.5 95.4 945 94.8
' AL  2.03 1.82 1.60 2.25 2.04 1.73
CP 932 94.4 94.3 94.2 95.1 94.9
(50,50) 0-50 AL  2.06 1.99 1.62 2.33 2.31 1.74
0.75 CP 942 942 94.0 95.8  93.7 93.7
’ AL 286 2.55 2.10 3.46 3.04 2.29
0.90 CP 948 947 94.9 94.7  94.3 94.9

AL 417  3.73 3.27 5.03  4.68 3.80

0.10 CP 947 952 95.4 94.1 95.2 95.5
AL 210 1.77 1.56 1.29 1.24 1.20

0.25 CP 949 948 94.7 94.8 945 94.5

AL 203 172 133 128 122 114

CP 932 047 047 942 941 940

(B0.150) 050 a1 906 186 120 137 137 1.22
s CP 942 944 949 959 956 954

AL 286 241 158 188 179 160

9o CP 948 948 950 944 954 951

AL 417 344 2.60 2.72 2.68 247
0.10 CP 95.0 95.2 94.5 95.0 94.0 93.7

AL 153 133 124 166 147 135

095 CP 948 944 939 952 951 951

AL 142 128 112 158 144 1.22

CP 938 949 942 943 943 943

(100.100) 050 zy  y48 139 114 173 161 1.22
s CP 950 945 954 952 955 949

AL 199 178 146 233 211 160

o CP 962 955 948 949 949 953

AL 3.01 2.57 2.25 3.58 3.15 2.60

0.10 CP 938 95.2 94.7 93.8 95.2 95.4
AL 1.02 0.94 0.87 1.10 1.03 0.95

0.5 CP 954 954 95.2 94.2 95.1 94.8

AL 099 090 079 110 101 085

CP 944 950 948 942 948 948

(200.200) 050 xy 105 098 08 121 113 0.8
s CP 951 950 950 955 948 949

AL 137 126 104 161 149 113

o CP 937 949 94T 946 941 950

VAL 194 178 155 230 217 180
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Chapter 3

Empirical Likelihood Inference on
the Youden Index and the Optimal
Cutoff Point under Density Ratio
Models

3.1 Introduction

ROC curves are widely used statistical tools in medical research to evaluate the discrim-
inatory effectiveness of a biomarker for distinguishing diseased individuals from healthy
ones. When the sampling distribution of the biomarker is continuous, the ROC curve
plots the proportion of true positive (sensitivity) versus proportion of false positive (one
minus specificity) across all possible choices of threshold values, called cutoff points, of
the biomarker. We refer to Zhou and McClish (2002), Pepe (2003), Krzanowski and Hand
(2009), Zou et al. (2011), Chen et al. (2016), and references therein for comprehensive
reviews and recent developments in ROC analysis.

The Youden index, first proposed by Youden (1950), is one of popular summary statis-
tics of the ROC curve. It is defined as the maximum of the sum of sensitivity and speci-
ficity minus one when the relative seriousness of false positive and false negative are treated
equally. The Youden index ranges from 0 to 1 with 1 indicating a complete separation of
distributions of biomarkers in healthy and diseased populations and 0 indicating a com-
plete overlap. It has the advantage of providing a criterion to choose the “optimal” cutoff
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point, which maximizes the sum of sensitivity and specificity minus one. See Fluss et al.
(2005) for more discussions on the advantages of the Youden index.

In medical researches, larger values of a biomarker are generally associated with dis-
eases. Therefore, an individual is classified as diseased when the biomarker of the individual
is greater than a given cutoff point. Let Fj and F; denote the CDF's of the healthy pop-
ulation and the diseased population, respectively. The sensitivity and the specificity are
respectively equal to 1 — Fj(x) and Fy(z) for the given cutoff point xz. Therefore, the
Youden index can be equivalently expressed as

J = max,{Fy(z) — Fi(x)} = Fy(c) — Fi(c), (3.1)

where ¢ is the corresponding optimal cutoff point.

In the literature, there are two types of methods, namely, the parametric methods and
the nonparametric methods, for estimating the Youden index J and the corresponding
optimal cutoff point c¢. For parametric methods, the original biomarkers or the biomarkers
after the Box-Cox transformation (Box and Cox, 1964) in the healthy and diseased groups
are assumed to follow the same parametric distribution family (Fluss et al., 2005; Ban-
tis et al., 2019). Nonparametric methods employ techniques such as the empirical CDF
(ECDF) method or the kernel method to obtain the estimators of Fy and Fj, which are
then used to obtain the point estimators of J and c. More details about the ECDF-based
and kernel-based methods, and their modified versions can be found in Hsieh and Turnbull
(1996), Zhou and Qin (2012), and Shan (2015). Recently, Bantis et al. (2019) employed
hazard constrained natural spline (HCNS) as an alternative nonparametric approach to
estimate J and ¢. The delta and bootstrap methods (Schisterman and Perkins, 2007; Yin
and Tian, 2014; Bantis et al., 2019) and the empirical likelihood methods (Wang et al.,
2017b) are used to construct Cls for J and c.

In applications, the measurement of a biomarker may have a fixed and finite lower limit
of detection (LLOD). For instance, the quantitation of human immunodeficiency virus RNA
in human plasma has a LLOD 500 copies/ml with the Amplicor Monitor assay or has a
LLOD 50 copies/ml with the Ultrasensitive assay (Gulick et al., 2000). More examples of
LLODs can be found in Ruopp et al. (2008), Bantis et al. (2017), and references therein.
Ruopp et al. (2008) adapted the parametric method, the ECDF method, and the ROC-
generalized linear model (ROC-GLM) method (Pepe, 2000; Alonzo and Pepe, 2002; Pepe,
2003) to obtain point estimates and construct Cls for J and ¢ in those situations.

Generally speaking, the parametric likelihood based estimators of (J, ¢) are quite effi-
cient, but may not be robust to model misspecifications (Fluss et al., 2005). Nonparametric
methods are free from model assumptions on Fy and F, but the resulting estimators of
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(J,c), especially the estimator of ¢, may be inefficient. When there is no LLOD, Hsieh and
Turnbull (1996) showed that the convergence rates of the ECDF-based and the kernel-based
estimators of ¢ are slower than n~'/2, where n is the total sample size.

In this chapter, we develop a semiparametric method that enables efficient estimation
of both J and ¢ without making risky parametric assumptions on Fy and Fj. In medical
researches, the two populations under consideration usually share certain common char-
acteristics (Qin and Zhang, 2003; Qin, 2017; Zhuang et al., 2019). To incorporate the
information from both samples, we suggest to use the DRM (1.1) to link Fy and F;. That
is, we postulate

dFy(z) = exp{a + B q(z)}dFy(x) = exp{0' Q(z)}dFy(z), (3.2)

where dFy(x) denotes the density of Fj(z) for i = 0,1; @ = (o, 8")" are unknown param-
eters; and Q(z) = (1,q(x))" with a d-dimensional basis function g(z). As we discussed
in Section 1.3, the inference procedures based on DRMs are more efficient than the fully
nonparametric procedures. To the best of our knowledge, the inference procedures for
(J,¢) under a DRM have not been studied in the existing literature. This chapter fills the
void.

The rest of the chapter is organized as follows. In Section 3.2, we propose the MELEs of
J and ¢ under a DRM and study their asymptotic results. Confidence intervals of J and ¢
are then constructed based on the asymptotic properties. Simulation studies are presented
in Section 3.3 and a real-data application is given in Section 3.4. For the convenience of
presentation, detailed review of some existing methods, proofs, and additional simulation
results are deferred to Section 3.5.

3.2 Main Results

3.2.1 Point estimation of J and ¢ under the DRM

Denote {Xo1, - . ., Xon, } and {X11, ..., X1, } as two independent random samples from the
healthy and diseased populations, respectively. Let fo and f; be the probability density
functions of Fy and Fi, respectively. Following the definition of Youden index in (3.1), the
optimal cutoff point ¢ satisfies fo(c) = fi(c), which together with (3.2) implies that

07Q(c) = 0. (3.3)
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The above equation serves as the basis for estimating c.

In the following, we focus on cases where the biomarker has a LLOD, denoted as r,
and develop estimators for (J,¢). Analysis of data without a LLOD amounts to setting
r = —oo. Let mg and m; be the numbers of observations above the LLOD r in the
healthy and diseased groups, respectively. Without loss of generality, we assume the first
m; observations in sample i, X;i, ..., X, are above the LLOD. Let (y = P(zo; > r) and
G =Plrn>7).

We now discuss the maximum empirical likelihood procedure for estimating the un-
known parameters and functions. By the empirical likelihood principle (Owen, 2001) and
under the DRM (3.2), the full likelihood can be written as

1

Lo =] [(1 = Q) ﬂsz‘(Xij)

= {H(l — (Z m ml} [H le] HGXP{H Q Xl])}] )

where p;; = dFy(X;;) for i = 0,1, j =1,...,m; and they satisfy the following constraints:
1 my 1 m;

pi; 20, 0< Zzpij =<1 0< Zzpij exp{0'Q(Xi)} = (1 < 1. (3.4)
i=0 j=1 i=0 j=1

Let P = {p;;}. The MELEs of (0, (o, (1, P), denoted as (é,éo,fl,f?), are defined as the
maximizer of L, subject to the constraints in Equation (3.4). It is shown by Cai and Chen
(2018) that

ék = mk/nk, k= 0,1,

and the @ maximizes the following dual profile empirical log-likelihood function

0,000 =3 107Q(X1)) — 303 og [1+ pexp{07Q(X,)}]

j=1 i=0 j=1

where p = ny/ng. That is, @ = arg max (,,(0). The MELEs of p;;’s are given by

AT -1
Py =ngt L+ pexp{0 QXY i=0.1, =1, m.
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It follows that, for any x > r, the MELEs of Fy and Fj are given by

Ll e 1

Pae) = (1-G)+ — : frs Xy <),
0 Vg ; T 1+ pexp{d QX)) J

A 1 L exp{éTQ(Xz‘j)}

s _ -y b - I(r<X;; <x),
() (1-6) ng ; =l +pexp{9TQ(Xz'j)} v =

where [(+) is the indicator function.

With the MELE 60 and Equation (3.3), the MELE of the optimal cutoff point ¢, denoted
as ¢, can be obtained as the solution to the equation

AT

0 Q(z)=0. (3.5)

Let X,.;n, and X4z be the minimum and maximum values of the observations in the two
samples which are above the LLOD, respectively. If multiple solutions exist for (3.5) in
[ Xonin, Xmaz], We choose the one that attains the maximum of Fo(a:) — Fl(a:) as ¢. If a
solution to (3.5) does not exist in the range [Xnin, Xmaz), We set ¢ to be

¢ = arg max {Fo(x) - Fi(x)}. (3.6)

The MELE J of J is then given by J = Fy(¢) — Fy(¢).

We conclude this subsection with a brief discussion on ¢. Let ¢* be the true value of
c. According to the proof of Lemma 3.1 in Section 3.5.2, as n — oo, with probability
approaching 1, Equation (3.5) has a solution in the neighbourhood of ¢*. However, when
n is not large and ¢* is close to the LLOD, Equation (3.5) may not have a solution in the
range [ Xmin, Xmaz|. In such situations, Equation (3.6) ensures that ¢ is well defined.

3.2.2 Asymptotic properties

In this subsection, we study the asymptotic properties of the MELESs (j ,¢) described in
Section 3.2.1. We first introduce some further notation. Let 8* be the true value of @ and
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w(z) = exp{0*'Q(x)}. Note that Q(z) = (1,q(x)")". For x > r, define

R
Ap(z) = / T gy Pl

M@ = [ D a@iRe),

_ v w() T
A = [ 20 a@a@) dR)

Further, let Ay = Ap(o0), A; = A1(00), Ay = Ay(0), and

o Ay AlT _p Q. Ay T
A_<A1 Ag)’ S_—l—i—pA’ V==5 p( (AO,Al).

Define q(x) = dq(z)/dz.

Theorem 3.1. Let J* be the true value of J. Suppose the regularity conditions in Section
3.5.2 are satisfied and ¢ > r. As the total sample size n = ng + nq goes to infinity, we

have
(a) \/n(é —c*) — N(0,02) in distribution, where

ol = Q<C*)TS:.VS_1Q(C*) (3.7)
{B""a(c)}?

and B* is the true value of 3;
(b) /n(J — J*) = N(0,02) in distribution, where

7= o+ DURE) — BN} + R ()~ F()

S - (20) (M)} e

We provide some comments on the results of Theorem 3.1. Let (Jg, ég) and (Jx, éx) be
the ECDF-based and kernel-based estimators of (J, ¢), respectively. First, the estimators
J and ¢ both reach the convergence rates of the parametric likelihood based estimators.
When there is no LLOD or r = —o0, the convergence rate of ¢ is faster than ¢g and ¢g.
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Second, when there is no LLOD or r = —o0, Hsieh and Turnbull (1996) showed that
nE{(Jp — J*)’} = ok + O(n™'?), nE{(Jx — J*)*} = 0% —yn {1 +o(1)}

for some v > 0, where

7 = (p+ DIR(E) = B} + (R = FE))

Here the two bandwidths for the kernel method have the order n=" for some 0 < v < 1/3.
According to Theorem 1 in Qin and Zhang (1997), o — o2 > 0. Hence, when n is large,
the asymptotic mean square error of J is smaller than those of Jg and Jx.

3.2.3 Confidence intervals on J and ¢ under the DRM

Replacing (6%, J*, ¢*, Fy) in 0% and o2 by their respective estimators (9 J, ¢, Fy), we obtain
the estimators (JJ, 62) for (0%,02). It can be shown that 63 and 62 are both consistent.

Theorem 3.2. Under the conditions of Theorem 3.1, we have
63— 0% and 62 — o
in probability as n — oo.

Because of the asymptotic normality of ¢ presented in Theorem 3.1 and the consistency
of 62, the quantity \/n(¢ — ¢*)/6. is asymptotically pivotal, which leads to the following
Wald-type CI for ¢ at level 1 — a:

:Z’-C — |:é - Zl—a/Q&c/\/ﬁy é + 21—0/26-0/\/5} ?

where 21_q/5 is the 100(1 — a/2)th quantile of the standard normal distribution.

We can similarly construct a Wald-type CI for J. However, the Wald-type CI for J
based on J directly is not range preserving. When J is close to the boundary 0 or 1, the
lower or upper bound of the Wald-type Cls could lie outside the range [0, 1]. Naturally,
we consider a logit transformation on J when constructing the CI for J. The resulting
CI for J is range-preserving. Further, our simulation experience indicates that the logit
transformation on J leads to a CI for J with better coverage accuracy, especially when J*
is close to 0 or 1. More specifically, using the results in Theorems 3.1 and 3.2, it can be
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shown that

Villogit(7) =gt (7)) = N (0, 7

in distribution as n — oo, where logit(z) = log{z/(1 — z)} for 0 < = < 1. Hence
Vnd (1 — J){logit(J) — logit(J*)} /G, is also asymptotically pivotal. This suggests the
following CI for J:

. W Zlfa/ZoA'J . e 217(1/2@]
expit ¢ logit(J) — ——— » , expit < logit(J) + ———— ;| ,
b { st) \/ﬁJ(l—J)} b { ) \/ﬁJ(l—J)H

where expit(z) = exp(x)/{1 + exp(z)}.

1y =

3.3 Simulation Studies

3.3.1 Candidate methods

In this section, we report results from simulation studies to compare the proposed point
estimators and CIs of J and ¢ with the following candidate methods.

— The Box-Cox method in Bantis et al. (2919), where the corresponding point estima-
tors and Cls of J and c¢ are denoted as Jg, ¢g, Z;5, and Z.g, respectively.

— The ROC-GLM method in Ruopp et al. (2Q08), where the corresponding point esti-
mators and Cls of J and ¢ are denoted as Jg, ¢, L, and Z.q, respectively.

— The ECDF-based method, where the corresponding point estimators and CIs of J
and c are denoted as Jg, ¢g, Z;g, and Z.g, respectively.

— The kernel-based method in Bantis et al. (2Q19), where the corresponding point
estimators and Cls of J and ¢ are denoted as Jg, ¢k, Lk, and Z.x, respectively.

— The HCNS method in Bantis et al. (2019), where the corresponding point estimators

b

and Cls of J and c are denoted as Jy, ¢y, Z;y, and Z.g, respectively.
For all the above candidate methods, except for Z;z, which is obtained via the delta

method, the Cls are constructed using the nonparametric bootstrap percentile method.
Further details on these methods are deferred to Section 3.5.1.
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When there is no LLOD, we compare the proposed method and all the candidate
methods listed above. When there is a fixed and finite LLOD, to the best of our knowledge,
the kernel-based method and the HCNS method have not been explored in the literature,
and hence we do not include these two methods in the comparisons.

3.3.2 Simulation setup

We conduct simulation studies under the following two distributional settings from Fluss
et al. (2005):

(1) fo ~ Gam(2,0.5) and f; ~ Gam(2,n);
(2) fo ~ LN(2.5,0.09) and f; ~ LN (u,0.25).

Here Gam(k,n) denotes the gamma distribution with shape parameter x and rate parame-
ter n and LN (i, 0?) denotes the lognormal distribution with mean p and variance o2, both
with respect to the log scale. The proposed estimators are calculated under the correctly
specified q(x). For the setting with gamma distributions, we have q(z) = x, and for the
setting with lognormal distributions, we have q(z) = (log z,log”*z)".

For each setting, we choose four values of 1 or y such that the corresponding Youden
indexes equal 0.2, 0.4, 0.6, and 0.8. The details are given in Table 3.1. For the LLOD,
we consider three values: —oo, 15% quantile of Fy, and 30% quantile of Fy. Note that
when the LLOD equals —oo, there is no LLOD. For each simulation scenario, we consider
five sample size combinations: (ng,n1) = (50,50), (100,100), (200,200), (150,50), and
(50,150), and results are based on 1,000 repeated simulation runs.

Table 3.1: Parameter values in simulation studies.

Distribution  J  n/u c Fy(e) Fi(e)
020 034 479 069 049
040 023 575 078 0.38

Gamma g« 094 702 086 026
0.80 0.07 9.04 094 0.14
0.2 262 1692 086 0.66
040 287 1654 085 0.5
Lognormal

0.60 3.14 17.30 0.88 0.28
0.80 3.50 19.12 093 0.13
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The simulation results from different simulation scenarios demonstrate similar patterns.
To save space, we only report the simulation results under the setting with gamma dis-
tribution, without LLOD and with the LLOD equal to the 15% quantile of Fy. Other
simulation results are provided in Section 3.5.3.

3.3.3 Comparison for point estimators

We first examine the point estimators of (J,¢). The performance of a point estimator is
evaluated through the RB and the MSE. The simulation results are presented in Tables 3.2
3.5.

When there is no LLOD, major observations from Tables 3.2 and 3.3 can be summarized
as follows. For estimating the Youden index J, the ECDF-based estimator Jp has the
largest RBs and MSEs in almost all the cases. We also notice that when J = 0.2, the RBs
of Jg, jg, and Jp have greater than 5% RBs, which may not be acceptable, especially when
one of ny and ny is small. The estimators j J B, jg, and Jx have comparable performance
in terms of MSE, which are umformly better than JE and JH When sample sizes are
small, the kernel-based estimator Jx has slightly smaller MSE than J; when the sample
size increases, the proposed estimator J becomes more efficient in terms of MSE. This is
in line with our discussion after Theorem 3.1.

For estimating the optimal cutoff point ¢, the proposed estimator ¢ outperforms other
estimators significantly for the majority of cases. The parametric estimator ¢g is most
competitive. It has larger MSEs than ¢ when J = 0.2,0.4,0.6 and has slightly smaller
MSEs than ¢ when J = 0.8. Among the other four estimators, the estimator ¢g has the
worst performance and ¢ shows the best performance in most cases. The performances
of ¢x and ¢y are mixed. There is no obvious trend that one has dominating performance
over others.

When the LLOD equals 15% quantile of Fy, Tables 3.4 and 3.5 show that the general
trend for comparing the proposed method with the Box-Cox method, ROC-GLM method,
and ECDF-based method are similar to the case when there is no LLOD. It is worth
mentioning that as the LLOD increases, the MSEs of all estimators increase, due to the
loss of information under censoring. The estimation of the optimal cutoff point ¢ is more
sensitive to the increase of LLOD, especially when J is small.
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Table 3.2: RB (%) and MSE (x100) for point estimators of J when there is no LLOD
(gamma distributions).

(no,n1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB MSE
J 426 061 174 031 073 014 335 039 201 0.42

JB 853 0.62 417 032 248 015 6.61 041 540 043
0.2 Ja 10.08 0.63 503 033 284 015 816 041 6.04 045
JE 40.20 1.29 26.63 0.64 17.72 0.30 33.05 0.86 32.69 0.89
JK 945 066 528 035 307 017 6.12 045 803 047
Ju 1727 078 796 037 539 022 1291 049 972 0.55

J 243 057 09 029 041 013 162 035 1.18 040
JB 447 058 232 029 158 014 337 036 281 040
0.4 Ja 338 056 163 029 107 014 240 034 237 042
JE 16.42 1.06 10.62 053 6.78 0.24 1336 0.68 12.57 0.74
JK 2,70 057 1.08 031 049 015 157 038 1.8 041
Ju 468 068 133 033 09 018 315 040 1.71 0.52

J 1.61 045 056 024 027 011 093 026 081 0.34
Jp 295 044 158 022 1.13 0.11 213 026 1.87 0.32
0.6 Ja 1.14 042 037 023 030 011 042 025 116 0.35
JE 889 0.76 538 037 371 019 714 048 6.73 0.56
JK 0.04 039 -0.63 022 -061 011 -0.07 027 -0.53 0.29
Ju 178 061 016 028 0.05 015 096 031 039 047

J 1.06 026 038 014 016 006 055 013 0.63 0.21
JB 156 022 081 011 060 005 1.07 012 096 0.17
0.8 Ja -0.26 026 -0.36 014 -032 0.07 -0.63 0.15 025 0.22
JE 451 039 286 020 1.94 0.1 3.73 024 353 030
JK -2.38 024 -240 0.15 -2.00 0.08 -1.74 0.14 -2.88 0.21
Ju 155 040 071 019 075 011 101 019 0.82 0.32
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Table 3.3: RB (%) and MSE (x100) for point estimators of ¢ when there is no LLOD
(gamma distributions).

(no,m1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB  MSE
¢ 2039 1222 -0.15 6.09 -003 278 -040 856 -0.02 7.68
ég -3.03 8116 -1.97 4156 -2.33 2117 -1.83 56.07 -2.85 56.79
0o Gc 633 1084 255 5642 -220 2956 -464 7096 -179 7330
' ¢ -0.92 249.25 049 170.90 -0.76 1168 -0.78 201.93 1.89 223.79

CK 16.99 405.52 10.39 164.68 5.99 91.84 13.63 287.86 13.00 254.68
CH 175 23790 3.16 17147 271 11091 -1.09 179.73 7.6  243.96

¢ -0.32  18.88 -0.13 9.35 0.00 427 -042 13.68 0.02 11.05

CB -3.25 4284 -237  21.78 -2.22 1146 -2.58 28.62 -2.53 26.45

04 e -5.73  80.28 -3.26 40.06 -2.15 19.16 -4.16 46.09 -1.75 37.58
’ CE -2.89 160.26 -0.23 126.83 -0.45 7526 -2.66 150.21 1.51 156.93
CK 7.67 10991 6.77 7457 468 39.14 638 96.15 7.36  77.39

cu 040 186.56 1.30 110.77 1.12 6891 -0.36 136.04 1.29 147.84

¢ -0.35 3229 -0.18 1591 0.01 738 -0.53 23.77 0.06 18.20

Cp -2.75 4366 -2.04 21.86 -1.76 10.88 -2.45 30.09 -1.89 23.40

0.6 e -5.87 108.83 -3.71 54.12 -2.30 26.28 -3.94 52.16 -2.82 45.86
' CE -2.29 16137 -0.67 118.08 0.16 7477 -2.40 147.73 1.22 146.35
CK 7.57 11952 6.43 7485 5.08 4221 593 9947 7.62  77.68

CH 040 17495 0.78 8295 0.60 42.69 0.16 100.73 0.25 127.29

¢ -0.41 7184 -031 36.11 0.02 1753 -0.80 52.89 0.20 41.00

CB -1.53 60.09 -1.11 3031 -0.78 1391 -1.71 46.46 -0.66 31.67

0.8 Ca =714 237.07 -4.14 111.72 -2.58 56.25 -3.34 99.57 -4.87 98.48
' CE -3.17  236.85 -1.72 159.92 -1.24 107.54 -4.03 19530 1.09 197.79
CK 7.09 184.22 6.21 113.61 5.07 65.86 5.56 152.15 7.02 107.26

cu -2.30  169.65 -2.76 104.87 -2.90 56.83 -3.58 116.50 -1.74 146.35
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Table 3.4: RB (%) and MSE (x100) for point estimators of J when the LLOD equals 15%

quantile of Fy (gamma distributions).

(o, n1) (50,50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB _MSE
J 592 061 249 031 111 014 462 040 2.85 0.42
02  Js 959 0.64 475 032 285 015 7.38 041 585 043
Ja 758 069 267 036 -034 017 599 046 350 0.50
Jp 4017 129 2663 0.64 17.72 0.30 33.04 0.86 32.69 0.89
J 269 057 110 030 051 013 188 036 131 040
04 JB 492 059 259 029 175 014 359 036 312 0.41
Je 150 061 -021 032 -120 0.15 068 039 -0.01 0.46
Jg 1642 106 1062 053 6.78 024 1336 0.68 12.57 0.74
J 174 046 06 024 029 011 1.04 027 085 034
06 I 317 044 170 022 119 011 216 027 2.09 0.32
J 011 047 -0.64 026 -1.04 012 -0.56 029 -0.35 0.38
J 889 0.76 538 037 371 019 714 048 6.73 0.56
J 110 026 040 014 016 0.06 058 0.14 063 021
08  Js 158 022 080 011 056 005 101 012 102 017
Jo  -060 030 -065 0.16 -080 0.08 -094 0.7 -0.39 024
Jg 451 039 286 020 194 010 373 024 353 030

Table 3.5: RB (%) and MSE (x100) for point estimators of ¢ when the LLOD equals 15%

quantile of Fy (gamma distributions).

(no,m1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)

J RBMSE RB MSE RB MSE RB MSE RB MSE
B 158 60.04 -0.86 2425 -044 1084 -153 3867 -0.60 66.67

0o B 1.04 14839 049 5129 -0.30 24.87 029 66.35 -0.07 67.79
: éa 6.30 168.58 865 8129 851 487 672 904  9.00 102.15

¢g  -0.65 257.51 049 170.8 -0.76 116.8 -0.79 20238 1.89 223.79

¢ 059 23.70 -0.24 1148 -0.04 558 -0.67 1551 -0.15 15.28

o4 Gp 082 4768 054 2465 -0.57 1219 -1.06 3141 -0.33 20.38
: éa 235 7560 521 47.69 598 30.66 4.04 51.81 6.34 54.94

¢ -2.89 160.26 -0.23 126.83 -0.45 7526 -2.66 15021 1.51 156.93

¢ 039 3290 -0.22 1635 -001 771 -0.63 2381 0.0l 19.68

06 ¢p 105 4830 081 2392 -0.64 1146 -148 3125 027 26.75
' ia 018 91.92 233 51.66 3.77 2923 204 5236 3.34 50.15

ép -229 161.37 -0.67 118.08 0.16 7477 -2.40 14773 122 146.35

¢ 045 7229 -0.34 3611 002 17.60 -0.87 5345 0.17 41.41

0g  ¢p 065 6617 -046 3277 -0.17 1511 -1.24 4850 025 3550
' ¢ -3.53 19347 -0.26 9254 159 52.64 028 9143 -0.43 99.37

ép -3.17 236.85 -1.72 159.92 -1.24 107.54 -4.03 19530 1.09 197.79
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3.3.4 Comparison for confidence intervals

We now examine the behaviour of 95% ClIs of J and ¢. The performance of a CI is evaluated
by the CP and the AL. The simulation results are presented in Tables 3.6-3.9.

Table 3.6: CP (%) and AL for Cls of J when there is no LLOD (gamma distributions).

(no,m1)  (50,50)  (100,100)  (200,200)  (50,150)  (150,50)
J CP AL CP AL CP AL CP AL CP AL
7, 941 032 949 022 964 0.5 93.6 025 947 0.26
Iy 945 030 939 021 952 015 927 024 946 0.25
0o Lo 926 029 937 021 947 015 9L9 023 937 0.25
“ Iyp 702 030 721 022 780 0.16 66.7 024 726 0.26
Iy 936 030 937 023 947 016 923 025 93.7 0.26
Iy;m 921 031 940 023 941 0.17 911 025 933 0.27

Iy 954 0.28 949 0.20 96.0 0.14 933 022 943 0.24
IsB 95.1 0.28 942 0.20 953 0.14 931 022 942 0.24
Zia 93.1 029 936 020 947 0.14 916 022 929 0.25

0-4 e 79.2 030 805 022 835 016 751 0.23 804 0.26
Iik 93.7 029 931 021 951 0.15 927 0.23 93.5 0.24
Ziu 93.7 031 95.0 022 947 0.16 933 023 96.5 0.28
Ly 95.6 0.25 943 0.18 950 0.13 942 0.19 94.0 0.22
IsB 95.8 0.25 942 0.18 951 0.13 93.8 0.19 942 0.22
06 Lia 93.3 026 935 018 948 0.13 925 0.19 926 0.23

IiE 79.4 026 80.7 019 853 014 757 020 81.8 0.23
Tix 944 024 941 017 954 013 924 0.19 935 0.21
Zia 94.0 030 953 021 953 0.15 926 021 958 0.27

g 95.1 020 94.0 0.14 950 0.10 951 0.14 959 0.18

IsB 96.0 0.18 941 0.13 953 0.09 941 0.13 952 0.16

08 Zia 927 0.20 940 0.14 952 0.10 933 0.14 922 0.18
' ik 81.6 0.19 855 0.14 859 0.10 76.1 0.14 835 0.17
Iik 95.0 0.17 91.8 0.13 91.0 0.09 93.6 0.13 923 0.15

Ziu 86.9 0.23 95.8 0.17 955 0.12 928 0.17 92.2 0.22

We first summarize the findings on the Cls for the Youden index J. The CPs of Z;g
have low coverage probabilities and are not acceptable regardless of the value of LLODs.
The proposed CI and the CI based on the Box-Cox method, Z; and Z;g, have comparable
and most stable performance in almost all cases. The ROC-GLM based CI, Z;¢, performs
quite well in general but has undercoverage issues in some cases. When there is no LLOD,
the two confidence intervals Z;x and Z; ;g have similar issues as Z ;5 with undercoverage
problems.

We next discuss the findings on the CIs for the optimal cutoff point ¢. When there is no
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Table 3.7: CP (%) and AL for CIs of ¢ when there is no LLOD (gamma distributions).

(no,m1)  (50,50)  (100,100)  (200,200)  (50,150)  (150,50)
J CP AL CP AL CP AL CP AL CP AL
7, 941 131 941 0094 952 067 942 1.11 948 1.05
I 928 726 939 264 938 177 93.7 325 926 3.25
T, 940 450 947 302 943 207 93.7 343 948 3.47

0-2 Ic.E 97.0 536 96.5 4.65 96.8 3.89 956 483 97.2 5.05
Iex 95.6 7.02 943 570 95.0 3.89 952 6.68 92.6 6.36

Ler 97.2 598 979 479 958 3.67 964 459 954 580

Z 93.9 163 945 116 956 0.82 933 140 945 1.27

I.B 92.0 238 920 1.72 925 1.23 925 198 92.1 1.83

04 e 91.5 3.13 940 230 934 1.63 922 236 934 231
' Ic.E 95.1 4.52 96.6 3.80 95.0 3.18 942 4.02 96.8 4.32
Tex 93.9 423 932 291 934 219 943 355 925 3.13

ZeH 97.0 487 956 3.83 946 292 944 397 97.1 4.58

Z. 93.2 213 944 152 950 1.08 934 185 94.0 1.63

IeB 9156 236 921 1.70 922 121 914 199 923 1.76

0.6 e 90.2 3.57 90.8 259 924 1.86 909 257 91.1 244
' Ic.E 945 443 957 376 97.0 3.05 922 396 959 4.21
Iex 92.7 3.60 90.9 273 90.0 204 927 331 87.8 265

Ler 96.7 4.80 96.6 3.76 964 278 947 380 97.6 4.50

Z 929 3.25 943 231 950 1.65 93.8 278 93.7 246

IcB 91.9 2.87 933 203 945 144 906 249 938 2.14

08 e 87.8 518 91.5 381 90.0 271 920 3.65 86.6 3.27

Ic.E 88.8 4.93 93.7 428 939 355 845 442 945 4.78
Lok 91.3 4.34 909 329 89.7 249 9211 4.06 888 3.16
ZeH 95.6 4.74 973 399 948 291 93.6 397 987 4.74

LLOD, the proposed CI Z. has the most stable performance and its CPs are reasonably
close to 95% in almost all scenarios. The CPs of Z.r fluctuate around the nominal level
95% while undercoverage problems are associated with the other four ClIs Z.p, Z.q, Zck,
and Z.y. When there is a fixed and finite LLOD, the ALSs of all CIs increase. The proposed
CI Z. and the ECDF-based CI Z.g tend to have an issue with overcoverage, while the
CI based on the Box-Cox method has severe undercoverage problem and the ROC-GLM
based CI Z.; also has the same issue for some cases. When J = 0.4,0.6, 0.8, the proposed
CI Z. becomes quite stable in almost all cases. The performance of Z.p improves as J
increases. The CPs of Z.; are reasonably close to the nominal level. However, Z.; has
longer ALs compared to Z..
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Table 3.8: CP (%) and AL for CIs of J when the LLOD equals 15% quantile of Fj (gamma

distributions).
(no,m1)  (50,50) (100,100 _ (200,200) _ (50,150)  (150,50)

J CP AL CP AL CP AL CP AL CP AL
Ty 934 031 942 021 96.0 0.15 93.8 025 943 0.25

0.2 TiB 943 030 939 021 952 0.15 926 024 945 0.25
' Tia 93.2 031 940 023 947 0.16 929 025 932 0.26
TiE 64.8 0.28 682 021 734 0.15 614 023 650 0.24

g 95.3 0.28 949 0.20 958 0.15 93.7 022 945 0.24

0.4 IiB 954 028 940 020 954 0.14 933 022 946 0.24
' Tic 946 030 948 0.22 952 0.15 927 024 933 0.26
Iie 774 028 785 021 817 0.15 73.8 022 781 0.25

Ty 95.7 026 946 0.18 94.7 0.13 940 0.19 942 0.22

0.6 IsB 95.7 0.25 942 0.18 947 0.13 93.8 0.19 942 0.22
' Zia 943 0.27 939 019 945 014 929 020 934 0.23
IiE 776 025 793 019 828 0.14 743 0.19 80.3 0.22

Iy 95.5 020 942 0.14 953 0.10 949 0.14 95.7 0.18

08 IsB 96.2 0.18 948 0.13 946 0.09 946 0.13 952 0.16
’ Zia 93.7 021 935 015 9.4 011 943 0.15 93.8 0.19
IiE 80.2 0.18 853 0.14 864 0.10 751 0.14 8&83.1 0.17

Table 3.9: CP (%) and AL for CIs of ¢ when the LLOD equals 15% quantile

of Fy (gamma

distributions).
(no,n1)  (50,50) (100,100  (200,200)  (50,150) (150,50

J CP AL CP AL CP AL CP AL CP AL
7z 97.5 597 975 195 96.5 1.26 969 273 96.8 4.02

0.2 I.B 83.6 5.06 83.7 210 81.8 143 774 235 848 2.74
' Zea 95.3 4.83 931 327 895 223 91.1 380 919 3.77
Ic.E 96.6 5.07 954 441 969 3.75 946 455 964 4.82

Z. 95.3 1.87 95.0 132 957 093 940 153 955 1.52

0.4 I.B 86.8 2.19 879 158 87.8 1.12 835 158 913 1.84
' e 94.3 3.20 927 236 873 1.68 91.2 248 92.0 241
IeE 95.1 443 959 374 953 3.14 93.6 393 973 4.27

Z. 934 217 943 155 953 1.10 935 185 943 1.70

06 I.B 91.0 239 913 171 921 122 878 181 93.0 191
' Tea 94.0 3.59 942 262 923 1.8 93.7 265 93.6 251
TeE 944 440 955 3.72 965 3.04 916 394 959 4.17

Z. 929 324 944 231 949 165 932 278 93.7 248

08 I.B 92.8 299 949 214 947 152 91.1 251 942 2.27
' e 92,5 528 95.0 3.79 948 271 942 374 928 3.39
L.k 88.5 490 935 426 943 354 847 439 943 4.76
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3.4 Real Data Analysis

In this section, we illustrate the performance of the proposed method by analyzing a dataset
on Duchenne Muscular Dystrophy (DMD). The DMD is a genetic disorder characterized
by progressive muscle degeneration and weakness. A particular gene on the X chromosome,
when mutated, leads to DMD. This disease is transmitted from a mother to her children
genetically. Affected male offsprings usually develop the disease and die at a young age
while the mutated gene does not affect the health of female offsprings. Therefore, detection
of potential affected females is of great interest.

Percy et al. (1982) pointed out that carriers of DMD tend to exhibit high levels of certain
biomarkers even though they do not show any symptoms. Andrews and Herzberg (2012)
collected the complete data of four biomarkers, namely, creatine kinase (CK), hemopexin
(H), lactate dehydroginase (LD), and pyruvate kinase (PK), from the blood serum samples
of a healthy group of people (ng = 127) and a group of carriers (n; = 67). Our goal is
to choose the most appropriate biomarker to distinguish healthy individuals from diseased
ones.

We choose q(z) = x in the proposed method for each biomarker, which is equivalent to
assuming a logistic regression model for an individual’s disease status and the biomarker
(Qin and Zhang, 1997). Table 3.10 presents Qin and Zhang (1997)’s test statistics along
with the p-values for the goodness-of-fit of the DRM in (3.2) with q(z) = z. It shows that
for each biomarker, the data does not provide evidence to reject the DRM in (3.2) with

q(zr) = x.

Table 3.10: Qin and Zhang (1997)’s test statistics and their p-values when q(x) =

Biomarker CK LD PH H
Test statistic 0.138 0.247 0.226 0.222
P-value 0.912 0.291 0.507 0.676

Table 3.11 provides the point estimates and the Cls (in parentheses) from the proposed
method and all the competitive methods listed in Section 3.3. As we can see, for all
biomarkers, the point estimates of Youden index are similar for all methods: they differ
only in the second digit. For the CIs of the Youden index, the methods with J, Jg, Ja,
and J k have similar performances for all biomarkers; the Cls with J 7 and J 7 tend to be
wider than other four methods. For the optimal cutoff point, the point estimates have
substantial differences, especially for the biomarker LD, compared with the estimates of
the Youden index. For all biomarkers, the proposed method has the shortest Cls, while the
ECDF-based method and HCNS method tend to have the widest Cls. The performances
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of other three Cls are mixed: the CI based on the Box-Cox method has shorter length
for biomarkers CK and LD, while the CIs based on ROC-GLM and kernel methods have
shorter length for biomarkers PK and H. Furthermore, we find that the biomarker CK
gives the largest estimated Youden index which is around 0.6. Therefore, the biomarker
CK performs the best among these four biomarkers to distinguish the diseased individuals
and the healthy ones. The estimated optimal cutoff point for the biomarker CK using the
proposed method is 61.13 with the 95% CI being (54.59, 67.68).

Table 3.11: Estimation of the Youden index and the optimal cutoff point with the DMD
dataset.

CK LD PK H
J 0.59 (0.48, 0.69) 0.55 (0.45, 0.65) 0.49 (0.38, 0.59) 0.36 (0.26, 0.48)
Jg  0.62 (0.51, 0.70) 0.56 (0.46, 0.66) 0.48 (0.37, 0.58) 0.37 (0.26, 0.48)
Jo  0.60 (0.50, 0.71) 0.57 (0.47, 0.68) 0.48 (0.38, 0.61) 0.39 (0.29, 0.50)
Jg  0.61 (0.52, 0.73) 0.58 (0.50, 0.72) 0.51 (0.42, 0.65) 0.42 (0.34, 0.57)
Jx 059 (0.51, 0.67) 0.55 (0.45, 0.66) 0.47 (0.37, 0.58) 0.37 (0.25, 0.49)
Jy  0.61 (0.52, 0.80) 0.57 (0.46, 0.70) 0.48 (0.35, 0.62) 0.40 (0.31, 0.56)
¢ 61.13 (54.59, 67.68) 198.56 (190.34, 206.78) 15.54 (14.657 16.43) 87.74 (86.097 89.39)
ép  58.01 (51.17, 65.42)  200.01 (188.99, 209.41) 16.56 (14.83, 18.24)  86.73 (83.59, 89.35)
éc 55.60 (48.83, 68.41) 197.54 (183.47, 211.64) 15.81 (14.58, 16.79)  85.25 (82.31, 87.90)
¢g  56.00 (43.00, 75.00) 187.00 (181.00, 232.00) 16.60 (14.00, 18.20) 87.20 (80.50, 88.50)
¢k 73.36 (54:.157 79.16) 202.32 (188.317 216.94) 17.22 (15.877 18.28) 85.52 (82.84, 88.36)
cg 52.02 (43.01, 68.50) 202.92 (179.20, 221.22) 14.37 (12.347 18.05) 82.90 (80.267 92.10)
3.5 Technical Details and Additional Simulation Re-

sults

3.5.1 Review of existing methods

In simulation studies, we compare the proposed method with five candidate methods: the
Box-Cox method (Bantis et al., 2019), the ROC-GLM method (Ruopp et al., 2008), the
ECDF-based method, the kernel-based method (Bantis et al., 2019), and the HCNS method
(Bantis et al., 2019). In the following, we provide detailed review of each method.

Methods for data without a LLOD
We start with the case when there is no LLOD.
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The Box-Cox method

For any x > 0, define the Box-Cox transformation of x as

RO B e S
logz, A=0

The Box-Cox method assumes that

XWX~ N(ug,02) and X, XY~ N(p,02). (3.9)

) Ong ’ 1ny

Under (3.9), we have

PVt x® — A1 N
folz) = <b( /”LO), fi(z) = ¢( ’””1>, (3.10)
00 0o o1 o1
and ) )

where ¢(z) and ®(x) are the probability density function and CDF of N(0, 1), respectively.

With (3.10) and the available data, Bantis et al. (2019) suggest to estimate unknown
parameters (A, o, 0o, i1, 01) by the maximum likelihood method, where the corresponding
estimators are denoted by (5\, fio, 00, fi1,01). The Youden index J and the optimal cutoff
point ¢ are then estimated by

. N _ g N _ g
P mw{¢<£ﬁ_@>_¢<£ﬁ_ﬂ)},
x>0 0'0 0'1
&N _ g &N _ g
cg = argmax{q) (M) - (M) }
x>0 O'O 0'1

The ROC-GLM method

Let Sy =1 — Fy and S; = 1 — Fj be the survival functions for the healthy population
and the diseased population, respectively. For any = € [0, 1], the ROC curve is given by

ROC(x) = P(So(X)) < ),

where X, is a random variable from diseased distribution F;. The ROC-GLM method
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assumes a parametric model for ROC(x):
(ROC(z)) = ap + a1 @' (), (3.11)

where ay and a; are unknown parameters (Ruopp et al., 2008).

Let
Fro(z Z[ Xoj <) and Fp(z ZI Xy <x)

be the ECDFs of the sample from the healthy population and that from the diseased
population, respectively. Here I(-) is the indicator function. Further define go(x) =1-
Fpo(z) and Sy(x) = 1 — Fpy(2). Ruopp et al. (2008) suggest to apply a binary regression
with the probit link to

{(I(SO(Xli) gj/no),@l(j/no)> =1, my, =1, .ng— 1}

with [ (S’O(Xh-) <j/ no) and &1 (j / no) being the response and covariate, respectively, to
obtain the estimators ag and a; of ag and a,.

With ag and a;, Ruopp et al. (2008) suggest to estimate ROC (z) by
ROC(z) = ® (o + a1~ (x))
and the Youden index J by

Jo = maX{ROC’( ) — 2} = ROC(2) —

z€[0,1]

where

T = arg max {ROC’( ) —x}.

z€[0,1]

Having }?O\C’(:c) and 2, the estimator of the optimal cutoff point ¢ can be obtained

by mapping R/O\C(i") back to a chosen population (Ruopp et al., 2008). We illustrate
the estimation method for ¢ by mapping back to the diseased population. Suppose the
ny observations from the diseased population are sorted in an descending order such that
Xi,1) = -+ = Xi(ny)- Let i* be the index such that

S (Xl,(i*)) < }?O\O(f) <5 (X1,(i*+1)).
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Then ROC-GLM estimator of the optimal cutoff point is defined as (Ruopp et al., 2008)

A }?O\C'(i) ~ 5 (X169)
ce = X160 + (X141 — X1,69) = N .
G 16+ (X1 ae4) 1) S1( X1 e11)) — 51 (X1,6))

Note that the above estimation method for ¢ can be similarly performed by mapping
back to the healthy population. In numerical calculation, if ny > ng, ¢¢ is obtained by
mapping back to the diseased population, otherwise, it is obtained by mapping back to the
healthy population.

The ECDF-based method

Recall that Fio(2) and Fig () are the ECDFs of the sample from the healthy population
and that from the diseased population, respectively. The ECDF-based estimator of the
Youden index J is defined as

jE = MaXgec{X,;: i=0,1, j:1,-~~,nk}{FE0($) - FEl(I)}

The corresponding estimator ¢z of the optimal cutoff point ¢ is obtained at x where Jg is
determined.

The kernel-based method

The kernel-based method uses the kernel method to estimate Fy and F}. Bantis et al.
(2019) suggest to estimate Fy(x) and Fi(z) as

FKO nOZCI)( X01>’ A nlzq)( Xll),

where hg and h; are are two bandwidths. They further recommended using

ho = 0.9min{sy, q0/1.34}n5°-2 and hy = 0.9min{sy, q1/1.34}n1_0'2

Here sg and ¢g are the sample standard deviation and interquartile range of the sample
from the healthy population, and s; and ¢, are for the sample from the diseased population.
Let Xyin and X4, be the minimum and maximum values of samples {X;; : i =0,1, j =

1,--+ ,ng}. The estimators of J and ¢ are then defined as
I = max {FKO(x) — FKl(x)}

:EG[Xminyxmaz]
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and R )
¢k =arg  max  {Fgo(r) — Fra(x)}.

xe[Xminy mazx

The HCONS method

Let ;. = max(z,0) and Hy(x) be the cumulative hazard for the healthy population.
The HCNS method models Hy(z) by a cubic spline with parameters (0y,--- ,0x_2):

Ho(z) =01(x —1)3 + 4+ 0xgo(x — Tre—2)2 + Ok 1(x — Te1) + Ok (v — 71)%, (3.12)

where 71 < -+ < T are the K knots,

_ i bi(n — x) X i = i)
Ok—1 = , Ok = :
TK — TK-1 TK-1 — TK
Let Hyp(z) be the Kaplan-Meier estimator of Ho(z). The estimators (6, - -+ ,0x_5)

of (01, ,0k_o) minimize

no

U, - 0k o) = Z {Ho(on') — HKM(XOi)}2

=1

subject to the constraints such that Hy(z) is a monotonically increasing function (Bantis
et al., 2012).

Regarding the knot selection, six is the most preferable number of knots as recom-
mended by Bantis et al. (2019). The six knots are selected from following eight values of
the sample: minimum, 2.5 percentile, 5" percentile, 10" percentile, 20" percentile, 50"
percentile, 80" percentile, and maximum. Bantis et al. (2019) suggest to explore all pos-
sible (2) knot schemes and then choose the knot scheme that provides the smallest value

o U6 fys)
With the estimators (61, - ,0x_s), we plug them to (3.12) to obtain the estimator

A

Hy(z) for Hy(z). The CDF Fy(z) is estimated subsequently as

FHO(I) =1—exp {—ffo(fc)} :

The CDF Fj can be estimated in a similar manner and we denote the correponding esti-

97



mator as F m1(x). The estimators of J and ¢ are then defined as

o F —F
" $E[anr:3§(maa:]{ HO(x) 1 (x)}
and ) )

¢y =arg  max  {Fpyo(x) — Fmi(x)}.

€ [Xminv max

Methods for data with a fixed and finite LLOD

When the LLOD exists, the measurements of the biomarker below the LLOD cannot
be observed, which results in left-censored data in both samples. In the literature, only
three methods are available for this case: the Box-Cox method, the ROC-GLM method,
and the ECDF-based method.

The idea for the Box-Cox method in this case is similar to the one discussed before.
The unknown parameters (A, fio, 09, f11,01) in the Box-Cox transformation model can still
be estimated by the maximum likelihood method. We need to take the LLOD, i.e., left
censoring, into account when defining the likelihood function of the unknown parameters.

For the ROC-GLM method, Ruopp et al. (2008) suggest to slightly modify the es-
timation method for the unknown parameters (ag,a;) in (3.11). Recall that we use
Xi1, ..., X1m, to denote the observations in the sample from the diseased population which
are above the LLOD. Ruopp et al. (2008) suggest to apply a binary regression with the
probit link to

{(I(SO(XU) gj/no),clrl(j/no)) G=1,...,my, j=1,... ng— 1}

with [ (S’O(Xh-) <j/ no) and ! (j / no) being the response and covariate, respectively, to
obtain the estimators ag and a; of ag and a;. Once ag and a; are available, the procedure
for estimating ROC(t), J, and c is the same as the case when there is no LLOD.

When applying the ECDF-based method, Ruopp et al. (2008) suggest an ad hoc pro-
cedure to first replace the unobserved values by a constant lower than the LLOD, for
example, half of LLOD or LLOD divided by v/2, and then apply the ECDF-based method
discussed before.
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3.5.2 Proofs

Regularity Conditions

The asymptotic properties of (j ,¢) are established under the following regularity con-
ditions.

C1.

C2.

C3.
C4.

For any € > 0, J. = sup {Fy(z) — Fi(x)} < J*.

o[>
The first and second derivatives of Fy(z) and Fj(x) are continuous in the neighbour-
hood of ¢*, with Fj(c¢*) — F{(¢*) = 0 and Fj(c*) — F{'(c*) < 0.
The total sample size n = ng + n; — oo and ny/ng — p for some constant.

The two CDF's Fy and F; satisfy the DRM (1.1) with a true parameter value ™ and
[ exp{07Q(z)}dFy < oo in a neighbourhood of 6%, and [~ Q(z)Q(z) dEy(x) is
positive definite.

Condition C1 is from Hsieh and Turnbull (1996), which ensures ¢* is unique. Condition
C2 comes from the definitions of the Youden index and its corresponding optimal cutoff
point. Condition C3 indicates that both ny and n; go to infinity at the same rate. For
simplicity and convenience of presentation, we write p = n;/ny and assume that it is a
constant. This does not affect our technical development. Conditions C3 and C4 guarantee
that the asymptotic results in Cai and Chen (2018) can be applied.

Proof of Theorem 3.1

We first present some preliminary results, which serve as preparations for the proof of
Theorem 3.1. We need some further notation. Let

H(z) = Fy(z) — Fi(z), H(z)= Fy(z) — Fi(2).

Then J* = H(¢*) and .J = H(¢). Further let

Ao = sup |Fo($) — Fo(z)|, Ap =sup |F1(I) — Fi(z)], An=sup \]:I(x) — H(z)].

z>r z>r z>r

Following the proof of Lemma 3 in Cai and Chen (2018), we have A,y = O,(n"/2?) and
A, = 0,(n71?). Hence A,, = O,(n~%/?).

We can establish the consistency of ¢ and argue that, with the probability goes to 1,
the estimator ¢ is the solution to 9TQ(:U) = 0.
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Lemma 3.1. Assume Conditions C'1-CJ are satisfied. Then, as n — oo, we have
¢ — ¢ in probability (3.13)

and

P @TQ((:) - 0) S (3.14)

Proof. For (3.13) to hold, it is sufficient to show that for any 0 < e < ¢* —r,

lim P(é > ¢ +¢) =0, (3.15)
lim P(¢ <" —¢)=0. (3.16)
n—oo

We focus on proving (3.15). The other part in (3.16) can be similarly proved. Let
sup H(z) = J.. We choose €* < e such that

|z—c*|>e
(a) H(z) > &=, for x € [¢* — €, ¢" + €7];
(b) 0T Q(c* — ¢*) < 0 and 0" Q(c* + €*) > 0.

By Conditions C1 and C2, the existence of such €* is obvious. We further define a subset
of the sample space as A, = Ap1c N Anae N Ays e, Where

A 1
Ape = {OTQ<C* —€) < 59*TQ(C* — e*)} ,
AT * * 1 * T * *
Appe = 0 Q(c +e)>§0 Q(c"+¢€) ¢,
Apze = { inf ﬁ(x) > ﬂ}
’ TE[c* —e*,c*+e*] 4

N
The two subsets A, . and A, . together ensure that there exists a solution ¢* to 8 Q(z) =
0in [¢* — €, ¢* + €'], and A3, implies that H(¢*) is very close to J*.

With the choice of €, the consistency of 0 (Cai and Chen, 2018), and the fact that
A, = 0,(n~?), it can be shown that

lim P(A,) = lim P(A,2.) = lim P(A,3.) = 1. (3.17)

n—oo n—oo n—o0
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The details are sketched as follows. By the choice of €*,
s 1
P(Ane) = P (QTQ(C* —€) - O*TQ(C* —€') < —§O*TQ(C* — 6*)>

> p (\éTQ(C* ) —0TQ(er — )

< —%B*TQ(C* - e*)) .

Then by the consistency of 0 (Cai and Chen, 2018), we have lim P(A,; ) = 1. Similarly,
n—o0
we also have lim P(A,2.) = 1. As for the third term A, ., again by the choice of €*, when

n—oo
x € [¢* — €, " + €*], we have

H(z) = {H(z)—H(z)+ H(z)} > -A, + I ; Je.

Therefore,

I L ST R (A

Since A,, = Op(n*%), we have lim P(A,3.) = 1.
n—oo

We are now ready to prove (3.15). Note that

P(H(¢) < J) <P(H(@) < J +A)

Pe>c 46 <
< P({ﬁ(é) < J+ AN An,e) + P(A7,)-

By the definition of 4, ., if {Fl(é) < J.+ A,} and A, . both occur, we have

TE[c* —e* ,c*+e*] 4 ’
which implies A,, > (J* — J.)/4. Hence,

J* = J.
4

P> +e) < P(A,> )+ P(A5,) =0,

where the last step follows from (3.17) and A,, = Op(n_%). This finishes the proof of (3.15)
and the consistency of ¢ stated in (3.13).
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For (3.14), we note that

AN Apse C {QTQ(E) - o} ,

which, together with (3.17), implies that

lim P <9TQ(6) - 0) ~ 1

n—o0

This completes the proof of (3.14). O

Proof of Theorem 3.1. We first consider Part (a). By (3.14) of Lemma 3.1 and the Slutsky’s

T
theorem, we can derive the asymptotic normality of ¢ from 8 Q(¢) = 0. Applying the first-
order Taylor expansion on q(¢) at the point x = ¢* and using the consistency result of ¢ in
(3.13) of Lemma 3.1, we have

0=a+8 ac)+B ac)e—c)+o (1) (¢—c).

By Theorem 1 of Cai and Chen (2018), we have

A

Vn(@ —6*) — N(0,8'VvSs™) (3.18)

in distribution as n — co. This together with the fact 8*' Q(c*) = 0 implies that

A Q(c)’ 0 2
)= =2 L -0 +0,(1) = N(0,0
Vine =) = 22 S {Va® -0} + o (1) N(O.02)
in distribution as n — oo, where o2 is defined in (3.7).

We next consider Part (b). Recall that
J=J = {F(@) = F1(@)} = {Fo(c") = Fi(e)}.
Let

My = Fy(c") = Fy(c*), My = Fi(c¢") — Fi(c"),
) (c")} = {Fo(¢) — Fo(c)}
¢) — Fi(c)} = {F1(¢) — Fa(cM)},
) — Fi(6)} — {Fo(c") — Fi(c)}

D
3
o
|
—
=P
>
|
gj>
o
*

Y

o
3
s
Il
—
:lj>
N TN N
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It can be shown that

J—J" = Mno — Mnl + €no0 — €n1 + €n2- (319)

One of the key technical arguments is to show that e,q, e,1, and e,o are all of order
0,(n"1/%).

By Lemma 4 of Cai and Chen (2018), we have for any b > 0,
A [{EFo(w) = Fo(e)} = {Folx) = Fo(e)}
= Oy(n~*"(log(n))"/?) = 0,(n~"?). (3.20)
The result in Part (a) implies that ¢ — ¢* = O,(n~'/2), which, together with (3.20), leads

to eno = 0p(n~Y/2). Similarly, we also have e,; = 0,(n"1/2). By the second order Taylor
expansion and Condition A2, we have e,y = 0,(n~'/2). It follows that

NG (j - J*) = (Mg — Myy) + 0p(1). (3.21)

Applying Theorem 2 of Cai and Chen (2018), we have

G ) v (RO D) v (o (B k) e

in distribution as n — oo, where

o = (L4 A{F() ~ F(e))
o1+ p) {Ao<c*> Sy an () )}

= e e - (46) ()
it = LR - FHE)
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It immediately follows that, as n — oo,
Vi (Mug — Myy) = N(0,0%)

in distribution, where 02 is defined in (3.8). Recall that /n(J — J*) = v/ (Mo — Myy) +
0p(1). By the Slusky’s theorem, we have

Vn(J = J*) = N(0,0%)

in distribution as n — oo. This completes the proof of the theorem. O

3.5.3 Additional simulation studies

Additional simulations for the gamma distributional setting

Tables 3.12 and 3.13 compare the RBs and MSEs of point estimators of (.J,¢) under
gamma setting when the LLOD equals 30% quantile of Fy. Tables 3.14-3.15 present the
CPs and ALs of the CIs of (J, ¢) under the same setting. The general trend for comparing
the proposed method and all candidate methods is similar to the case when the LLOD is
equal to the 15% quantile of Fy. Hence, we omit the comparison results here.
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Table 3.12: RB (%) and MSE (x100) for point estimators of J when the LLOD equals
30% quantile of F (gamma distributions).

(o, n1) (50,50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB _MSE
J 862 0.64 378 031 171 014 689 041 469 0.41

0.2 JB 10.52 0.65 5.12 032 294 016 824 042 6.35 043
Ja 585 0.80 077 040 -284 020 431 053 083 0.57
JE 39.99 129 266 0.64 17.72 030 3297 0.86 3252 0.89

J 3.16 058 136 030 062 013 225 037 155 040
0.4 JB 5.06 059 257 029 167 014 374 037 3.01 041
Ja -0.34 073 -2.06 038 -3.18 0.19 -1.13 047 -2.07 0.53
JE 16.42 1.06 10.62 0.53 6.78 0.24 13.36 0.68 1257 0.74

y 181 046 066 024 033 011 1.11 028 0.89 0.35
0.6 JB 3.14 044 164 023 111 0.11 216 027 203 033

Ja -1.12 056 -1.91 030 -242 0.15 -1.72 037 -1.90 042
JE 889 0.76 538 03v 370 019 714 048 6.73 0.56
j 1.15 027 042 014 017 0.07 062 014 064 0.21
0.8 JB 155 022 0v8 012 053 005 098 013 1.00 0.17
Ja -1.17 036 -1.27 0.18 -1.50 0.10 -1.46 0.22 -1.21 0.27

JE 451 039 286 020 194 010 373 024 352 0.30

Table 3.13: RB (%) and MSE (x100) for point estimators of ¢ when the LLOD equals 30%
quantile of Fy (gamma distributions).

(no,m1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB  MSE
¢ 172 16659 -0.14 7636 -1.11 2561 -0.17 100.80 0.16  99.95
0o CB 122 12035 162 6403 053 3039 1.06 8480 1.17  83.72

e} 18.38 241.37 20.51 170.02 19.84 126.64 19.37 187.87 22.02 267.68
CE 0.21 246.68 0.65 169.08 -0.76 116.80 -0.59 204.52 2.51 215.93

¢ -1.39  40.03 -0.42 1820 -0.11 7.98 -1.23  25.73  -0.24  25.09

04 CB 0.14 56.14 0.33 29.60 0.10 13.84 -047 3837 0.81 35.86
’ e 11.39 121.93 14.37 109.64 1458 91.16 13.27 108.65 14.72 115.49
CE -2.89 160.26 -0.23 126.83 -0.45 7526 -2.65 149.91 1.53 156.36

¢ -0.59  35.72  -0.27 17.64 -0.04 8.36  -0.81 248  -0.01 22.01

06 1z, -0.32  51.67 -0.27 26.14 -0.20 124 -1.09 3334 0.40  30.83
' e 6.94 12388 9.08 90.88 10.55 7896 881 9344 9.86  98.53
CE -2.29 161.37 -0.67 118.08 0.20 747 -240 14773 1.22 146.64

¢ -0.52 7234 -0.34 36.15 0.01 1771 -095 53.74  0.17  41.95

08 ] -0.33  69.75  -0.29 3476 -0.04 16.50 -1.12 4995 0.50  39.56

Ca 1.13 200.79 449 108.25 6.35 85.81 5.11 12486 4.12 11741
CE -3.18  236.72  -1.72 159.92 -1.25 107.68 -4.03 1953 1.14 197.76
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Table 3.14: CP (%) and AL for CIs of J when the LLOD equals 30% quantile of Fy (gamma
distributions).
(no,m1)  (50,50)  (100,100) _ (200,200)  (50,150)  (150,50)
J CpP AL CP AL CP AL CP AL CP AL

Ty 92.1 031 936 021 96.0 0.15 928 0.24 93.7 0.25
IsB 93.8 030 941 021 953 0.15 928 024 946 0.25

0-2 Lic 93.2 033 952 024 953 017 936 0.27 94.0 0.27
ik 55.5 025 9599 019 673 0.14 529 0.21 556 0.21

Zy 95.0 028 951 020 958 0.15 938 0.23 9428 0.24

04 IsB 95.6 029 93.7 020 954 014 929 0.22 94.08 0.24
' Zia 93.8 033 943 023 949 016 943 0.26 93.18 0.27
ik 72.1 026 750 019 788 0.14 69.2 0.21 73.22 0.23

Zy 95.6 0.26 945 0.18 9528 0.13 943 0.20 93.79 0.22

06 IiB 95.8 0.25 94.1 0.18 95.08 0.13 942 0.19 9429 0.22
' Zia 94.8 0.29 94.8 0.20 94.57 0.14 941 0.22 93.29 0.25
IiE 76.0 024 781 0.18 81.61 0.13 728 0.19 7735 0.21

Ly 95,5 020 946 0.14 9518 0.10 953 0.14 9548 0.18

08 IiB 95.8 0.18 95.0 0.13 95.08 0.09 949 0.14 9558 0.17

Tic 944 0.23 93.8 0.16 94.18 0.11 941 0.16 94.18 0.20
I;E 80.2 0.18 84.7 0.14 8494 0.10 73.7 0.13 81.22 0.16

Table 3.15: CP (%) and AL for CIs of ¢ when the LLOD equals 30% quantile of Fj (gamma
distributions).

(no,m1)  (50,50)  (100,100)  (200,200)  (50,150) (150, 50)
J CP AL CP AL CP AL CP AL CP AL
7. 966 437 953 327 964 202 97.7 467 947 4.42
I.; 815 453 813 214 837 153 704 219 851 2.69

0.2 L 89.8 534 757 359 63.6 242 809 442 80.6 4.17
Ic.e 95.9 4.72 945 413 955 355 93.8 425 950 4.52

Z. 954 237 947 161 957 1.12 948 1.86 956 191

04 IeB 844 2.19 84.0 157 86.8 113 754 147 89.1 194
’ Zec 89.5 339 752 245 512 1.75 781 2.68 738 249
IcE 94.1 427 954 366 951 3.09 93.0 3.78 964 4.18

T 924 228 943 162 951 1.14 929 190 948 1.83

06 I.B 89.5 234 89.2 167 91.1 1.19 839 165 933 198
' e 93.7 3.67 864 268 69.5 192 871 280 834 259
Ik 944 431 951 3.68 964 3.03 91.8 3.82 946 4.14

Z. 93.0 325 94.0 231 950 1.65 93.0 2.78 94.28 251

08 I.B 924 3.01 93.0 214 9347 1.52 89.9 243 9388 235

e 949 543 949 386 89.46 2.75 942 3.90 94.58 3.44
> 88.5 4.88 93.7 424 9428 3.53 847 4.34 9448 4.73
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Additional simulations for the lognormal distributional setting

We present the simulation results under the lognormal distributional setting. Ta-
bles 3.16-3.19 provide the simulation results of the point estimators and Cls of (J,c)
when there is no LLOD. Tables 3.20-3.23 summarize the simulation results of the point
estimators and CIs of (J,¢) when the LLOD equals 15% quantile of F,. Tables 3.24-3.27
summarize the simulation results of the point estimators and Cls of (.J, ¢) when the LLOD
equals 30% quantile of F. We only summarize the comparison results between the pro-
posed method and the Box-Cox method. The general trend for comparing our method and
other candidate methods is similar to the gamma distributional setting. Hence we omit
their comparison.

First, we discuss the point estimators of (J,¢). For estimating the Youden index, the
RBs and MSEs of the estimators J and Jg are very close and small in majority cases.
For estimating the optimal cutoff point, the estimator ¢g is uniformly better than our
estimator in terms of MSE. This is expected because the parametric assumption for the
Box-Cox method is satisfied.

Next, we discuss the findings for the CIs of (J,¢). In general, the ALs of both Z;
and Z;p are comparable and small, while both Cls encounter slight overcoverage in some
cases especially in the cases that one of the sample sizes is small. The performance of the
CI Z. is stable with short ALs and reasonable CPs when there is no LLOD or when the
LLOD equals 15% quantile of Fy. When the LLOD increases to 30% quantile of Fp, the
CI Z. tends to have undercoverage and longer AL especially in the cases when one of small
sample sizes is small or when the Youden index is small. When there is no LLOD, the
CI Z.p has similar performance as Z.. However, with the existence of a fixed and finite
LLOD, the CI Z.p experiences severe undercoverage when J = 0.2 and 0.4. Consequently,
the CPs of Z.g are much worse than those of Z, in those cases.
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Table 3.16: RB (%) and MSE (x100) for point estimators of J when there is no LLOD
(lognormal distributions).

(no,n1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB MSE
J 537 048 322 025 083 014 415 026 334 041

JB 280 046 161 023 019 013 3.03 025 031 0.38
0.2 Ja 2.10 048 142 025 -0.27 0.14 1.84 026 214 042
JE 2991 088 20.20 0.46 1217 0.22 2449 0.54 2486 0.69
JK 850 049 6.00 028 312 016 559 029 820 043
Ju 948 060 596 029 289 016 7.8 034 654 048

J 287 055 155 026 027 015 199 029 136 044
JB 2.60 052 138 025 023 014 190 028 091 040
0.4 Ja 1.06 053 054 025 -027 0.15 055 028 0.64 0.44
JE 1410 091 931 043 554 023 1146 054 1099 0.67
JK 208 049 118 025 017 016 1.03 029 172 040
Ju 212 064 201 031 097 018 3.04 035 129 0.50

J 190 045 092 021 020 012 115 024 076 0.35
Jp 2.18 041 110 019 026 0.11 135 022 095 0.31
0.6 Ja 032 043 0.13 021 -0.26 0.12 -0.11 0.23 023 0.36
JE 797 069 516 034 316 017 648 041 591 0.51
JK -1.15 037 -138 0.19 -143 0.12 -1.21 023 -1.60 0.29
Ju 0.65 052 026 025 -038 014 084 028 0.05 043

J 142 025 064 012 018 0.07r 0.72 013 0.63 0.19
JB 136 021 066 010 019 005 078 011 0.61 0.16
0.8 Ja -0.12 026 -0.24 013 -031 0.07 -0.59 0.14 0.03 0.20
JE 461 039 291 019 18 010 3.70 023 3.20 0.28
JK -3.27 028 -3.02 0.16 -261 0.10 -256 0.17 -3.77 0.25
Ju 1.38 038 100 019 035 010 104 019 092 0.31
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Table 3.17: RB (%) and MSE (x100) for point estimators of ¢ when there is no LLOD
(lognormal distributions).

(no,m1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB MSE
¢ 020 16543 0.10 7431 022 3872 -0.08 10652 0.58 92.00
ég -057 150.88 -0.31 64.87 0.00 3217 -0.39 99.33 -0.10 72.64

0.2 e -1.93 24945 -0.76 100.65 -0.30 51.49 -1.29 130.09 -0.21 99.08
’ CE -2.90 547.53 -1.50 343.76 -0.34 228.25 -3.14 448.08 -0.34 448.97
CK 2.86 480.18 1.95 253.76 1.87 155.61 2.65 404.36 2.33 285.09

CH 1.98 300.68 0.09 225.39 0.21 110.75 -0.32 298.09 0.99 258.55

¢ -0.26  86.21 -0.06 41.36 -0.02 20.08 -0.16 56.25 0.14 53.16

¢B -0.85 7738 -0.38 38.58 -0.18 18.08 -0.43 53.77 -0.42 4294

04 Ca -2.17 159.00 -1.10 7171 -0.54 36.52 -1.19 80.69 -0.51 72.77
' CE -1.58 34741 -0.57 24258 -0.44 151.00 -1.55 285.24 0.25 299.00
CK 3.33  211.66 2.62 129.96 2.10 7534 2.67 187.62 3.06 130.84

Cu 0.79 279.02 0.60 14191 047 66.56 0.38 181.29 1.00 178.57

¢ -0.66 76.57 -0.29 36.89 -0.20 1793 -043 48.70 -0.24 47.57

Cp -0.56  67.27 -0.25 3286 -0.19 16.09 -0.38 45.19 -0.22 36.87

0.6 e -2.46 174.05 -1.07 82.60 -0.60 3754 -1.15 80.66 -0.82 77.85
’ CE -1.20 282.61 -0.63 183.82 -0.09 115.00 -1.50 237.71 0.39 230.26
CK 432  200.28 3.44 112.79 2.63 66.22 3.32 154.10 3.89 116.61

CH 0.57 24448 143 132.73 097 5763 1.00 15592 1.20 181.91

¢ -0.88 99.18 -0.56 48.62 -0.41 24.13 -0.84 65.16 -048 60.61
CB -0.22  70.70 -0.13 34.19 -0.16 1696 -0.36 ©51.67 0.02 37.30

0.8 ta -3.48 287.68 -1.58 137.17 -0.77 63.57 -1.01 116.65 -1.94 134.35
' CE -1.37 29159 -0.55 189.65 -0.74 128.34 -1.46 23299 043 233.55
CK 3.66 199.67 3.16 11455 237 65.77 3.04 163.09 3.33 114.45

cu -1.78 24756 -1.45 13538 -1.38 78.60 -1.95 156.22 -1.49 194.25
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Table 3.18: CP (%) and AL for CIs of J when there is no LLOD (lognormal distributions).

(no,m1)  (50,50)  (100,100)  (200,200)  (50,150)  (150,50)

J CP AL CP AL CP AL CP AL CP AL
7, 960 028 952 020 942 0.4 948 020 944 025

I;5 952 027 940 019 938 0.13 958 020 938 0.23

02 Ty 954 027 938 020 928 0.4 950 020 943 0.25
;5 80.6 029 827 021 828 015 735 021 837 0.26

I;x 949 027 927 020 925 014 933 020 934 0.24

Typ 934 028 93 020 948 015 90 021 948 0.25

Iy 96.2 0.28 96.0 020 94.0 0.15 952 021 952 0.25
IsB 95.4 029 956 020 935 014 957 021 952 0.25
0.4 Lia 95.9 029 946 020 939 014 953 021 939 0.26
e 823 029 860 022 8.4 016 77.7 0.22 857 0.27
LIik 94.8 0.28 94.7 020 92.7 0.14 943 021 93.7 0.24
Ziu 94.0 030 949 022 956 0.16 952 566 944 0.27

Ly 95.7 026 96.2 0.18 948 0.13 958 0.19 953 0.23
IsB 95.6 0.25 96.0 0.18 94.7 0.13 957 0.19 954 0.22
0.6 Lia 943 026 949 018 93.7 0.13 944 0.19 939 0.23
IiE 84.2 026 83.7 019 85.7 014 777 019 845 0.24
Iik 943 0.24 958 0.17 93.1 0.13 951 0.19 944 0.21
Zia 93.9 029 942 020 950 0.14 921 020 94.7 0.27

Iy 96.9 0.20 95.7 0.14 949 0.10 96.0 0.15 949 0.17
IsB 96.0 0.18 96.2 0.13 949 0.09 952 0.14 956 0.16
0.8 Lia 92.8 020 945 0.14 946 0.10 940 0.14 925 0.18
e 823 018 856 014 8 0.10 77.7 0.14 845 0.17
LIik 942 0.18 925 0.13 889 0.09 941 0.14 91.6 0.16
Ziu 89.5 0.23 95.7 0.17 947 0.12 924 0.17 91.3 0.22
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Table 3.19: CP (%) and AL for CIs of ¢ when there is no LLOD (lognormal distributions).

(no,m1)  (50,50)  (100,100)  (200,200)  (50,150)  (150,50)

J CP AL CP AL CP AL CP AL CP AL
7, 939 506 953 344 050 244 943 414 953 3.82

I,z 937 657 943 333 947 226 934 412 935 4.56

02 T.; 934 695 946 422 951 289 931 4.67 958 4.42
T,z 934 805 957 6.70 965 556 91.6 7.08 96.6 7.49

Tk 955 895 950 648 948 467 956 7.53 952 7.21

Tn 949 844 962 560 946 426 93.7 623 950 7.22

Z. 94.1 3.57 945 251 954 1.77 93.7 292 946 2.84
IcB 93.8 336 929 237 946 168 93.7 284 928 252
0.4 Tea 924 470 93.1 330 948 233 941 343 946 3.31
IcE 94.7 648 96.8 539 97.0 445 94.0 5.78 96.7 6.05
Iex 94.8 5.74 935 4.00 93.2 3.07 946 489 92.1 4.16
Ler 96.1 6.38 96.0 4.71 96.7 346 954 5.09 952 5.66

Z 929 335 941 238 952 1.67 939 269 947 273
Z.B 92.9 3.09 94.6 221 943 157 93.6 260 93.7 234
0.6 Zea 91.6 4.71 929 337 939 239 922 333 923 3.28
IeE 94.2 578 955 484 96.7 390 92.7 516 964 543
Iex 91.9 4.86 90.7 346 91.2 256 928 426 888 3.37
ZeH 96.9 6.02 96.1 446 96.6 3.18 94.7 472 980 5.38

Z 93.2 3.87 949 278 96.1 197 944 3.14 950 3.16
I.B 94.0 326 949 231 947 164 938 279 953 249
0.8 e 90.2 5.81 92.8 434 93.0 3.05 928 415 89.1 3.72
L.k 88.3 5.61 953 487 96.5 396 869 5.08 96.1 545
Tk 92.8 5.12 91.6 3.59 90.2 268 923 439 894 343
Ler 97.6 575 96.2 448 953 331 924 444 98.6 540
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Table 3.20: RB (%) and MSE (x100) for point estimators of J when the LLOD equals
15% quantile of Fy (lognormal distributions).

(o, n1) (50,50) (100, 100) (200, 200) (50, 150) (150, 50)

J RB MSE RB MSE RB MSE RB MSE RB _MSE
J 756 050 449 026 135 014 547 027 494 0.41

02  Js 545 048 300 024 080 013 420 026 202 0.8
Jo 3464 113 3344 080 3059 0.57 33.94 083 3423 1.02

Jp  20.86 088 20.13 046 12.08 022 2442 054 2480 0.68

J 3.76 056 221 027 062 015 271 030 1.92 045

04 JB 329 052 179 025 051 014 226 028 1.26 0.40
Ja 826 0.69 827 039 694 025 799 042 823 0.59

Jg 1411 091 935 044 561 023 1148 054 10.90 0.67

j 243 046 127 022 042 012 159 024 1.08 0.35

06  Js 221 041 112 019 028 011 1.33 022 1.05 0.1
Je 1.04 048 096 024 026 013 065 027 079 0.39

Je 797 069 515 034 318 018 648 041 596 0.51

J 173 026 084 013 033 007 1.03 014 082 020

08  Jg 127 021 063 010 017 006 073 012 068 0.16
Jo  -064 029 -062 015 -092 008 -1.00 0.17 -0.71 0.23

J 460 039 291 019 187 010 370 023 324 028

Table 3.21: RB (%) and MSE (x100) for point estimators of ¢ when the LLOD equals 15%

quantile of Fy (lognormal distributions).

(no,m1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)

J RBMSE RB MSE RB MSE RB MSE RB MSE

B 2017 225.03 -0.22 11248 0.09 5883 -054 14820 0.37 143.62

0o s 025 16445 -0.15 7543 0.09 3746 -030 10884 0.08 88.84
: é¢  -6.76 32147 -5.66 18159 -5.08 118.25 -6.36 24443 -532 181.49

¢ -2.94 55467 -1.49 346.36 -0.38 225.67 -3.20 450.15 -0.39 452.45

¢ 007 11635 0.06 61.77 0.06 30.91 -0.25 81.46 0.51  80.19

o4 Gp 023 9205 006 4531 0.02 2206 -0.16 6059 0.5 5455
: é¢ -149 1487 054 7278  0.02 3659 -0.84 8254 004 70.48

¢ -1.59 346.94 -0.53 244.02 -0.37 150.03 -1.53 285.84 0.21  300.37

¢ 022 90.66 -0.02 46,55 -0.11 2447 -042 6171 034 5821

06 ¢p 006 7249 005 3593 -0.06 17.92 -0.18 47.64 0.16  44.06
' é¢  -053 151.34 0.84 79.10 1.38 4143 0.75 80.73 1.23 75.74

ép -120 28261 -0.57 18246 -0.12 11512 -1.50 237.71 0.37 230.93

¢ 041 10532 -0.23 51.60 -0.26 27.89 -0.68 6833 0.09 67.62

0g B 0.00 7460 -0.01 3617 -0.12 17.85 -0.29 53.10 0.25 41.60
' é¢  -129 23586 054 11604 1.16 6554 1.00 11492 040 120.53

¢ -1.37 29203 -0.55 189.9 -0.77 128.77 -1.46 23299 044 235.25
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Table 3.22: CP (%) and AL for CIs of J when the LLOD equals 15% quantile of Fj
(lognormal distributions).

(no,m1)  (50,50)  (100,100)  (200,200)  (50,150)  (150,50)
J CP AL CP AL CP AL CP AL CP AL
Z, 954 029 943 020 938 0.4 941 021 942 0.25
Iy, 955 028 945 020 937 014 953 020 938 0.25

0-2 Lic 86.3 032 76.2 023 650 016 754 024 826 0.29
IiE 7.4 026 777 019 79.0 0.14 70.2 020 77.8 0.24

Iy 95.8 0.29 959 021 945 0.15 952 021 952 0.26

04 IsB 95.8 029 954 021 936 014 956 021 950 0.26
' Lia 92.3 030 89.7 0.22 86.1 0.15 887 0.23 89.8 0.27
e 80.0 0.27 825 020 &83.6 0.15 752 021 828 0.25

Iy 95.6 0.26 96.0 0.19 94.7 0.13 949 0.19 953 0.23

06 ZiB 95.3 025 959 0.18 945 013 956 0.19 96.0 0.22
' Zia 93.4 027 945 019 936 0.14 937 020 925 0.24
Iie 81.4 0.25 81.7 0.18 835 014 759 0.19 823 0.23

Ly 96.8 020 956 014 95 010 955 0.15 951 0.18

08 ZiB 949 018 96.2 0.13 952 0.09 96.1 0.14 951 0.16

Zia 942 021 95.0 0.15 952 0.11 951 0.15 93.7 0.19
IiE 81.5 0.18 852 0.14 8.8 0.10 776 0.14 83.7 0.17

Table 3.23: CP (%) and AL for CIs of ¢ when the LLOD equals 15% quantile of Fj
(lognormal distributions).

(no,n1)  (50,50)  (100,100)  (200,200)  (50,150) (150, 50)
J CP AL CP AL CP AL CP AL CP AL
7. 937 596 943 422 950 3.05 935 484 935 483
.5 846 535 841 250 835 1.70 849 320 791 2.95

0.2 Zea 82.8 5.55 81.6 3.73 71.5 257 819 441 822 4.22
Ic.E 92.9 755 953 647 953 542 908 6.77 954 7.16

Z. 93.0 4.27 934 3.11 953 227 926 3.52 919 3.55

04 IcB 88.8 3.03 889 212 8.7 151 871 235 892 241
' e 944 458 932 329 943 234 936 351 942 3.22
IeE 945 631 96.2 525 96.8 438 93.1 564 96.5 596

7z 91.7 3.72 932 272 945 197 935 3.04 943 3.12

0.6 I.B 91.6 3.04 922 215 920 152 909 236 934 244
' Zec 945 470 94.0 336 93.7 242 943 340 94.6 3.26
L.k 93.9 574 953 479 965 388 923 510 958 540

Z 93.6 397 948 291 950 210 935 3.23 941 3.33

08 IeB 942 334 95.8 236 956 1.67 943 277 944 2.60

e 94.8 586 949 429 947 3.03 956 421 947 3.84
L.k 88.6 5.57 951 484 96.0 394 86.5 5.06 955 548
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Table 3.24: RB (%) and MSE (x100) for point estimators of J when the LLOD equals
30% quantile of Fj (lognormal distributions).

(o, n1) (50,50) (100, 100) (200, 200) (50, 150) (150, 50)
J RB MSE RB MSE RB MSE RB MSE RB _MSE
J 839 052 476 026 157 014 610 028 556 043

0.2 JB 489 050 283 025 080 014 459 026 -1.52 044
Ja 4793 1.70 4532 1.25 4255 094 46.74 132 46.29 1.50
JE 29.86 0.89 20.03 0.46 1213 0.22 2431 0.53 24.86 0.69

J 3.81 057 226 027 059 016 283 031 199 046
0.4 JB 336 052 195 025 045 014 235 028 145 043
Ja 1094 085 1033 049 9.08 032 1050 0.55 10.25 0.68
JE 14.00 090 936 043 554 0.23 1146 054 1091 0.67

252 048 128 022 042 012 173 026 1.06 0.37

0.6 JB 221 041 110 019 027 011 136 022 105 0.31
Ja 0.66 054 041 026 -031 014 030 032 018 042

JE 795 069 515 034 316 017 651 041 595 0.1

J 1.85 027 093 013 035 007 114 014 0.77 0.20
0.8 JB 1.16 021 056 010 015 006 062 012 052 0.16
Ja -1.38 036 -1.51 0.18 -1.92 0.11 -1.78 0.22 -1.84 0.26

JE 457 038 291 019 18 010 3.65 023 3.17 0.28

Table 3.25: RB (%) and MSE (x100) for point estimators of ¢ when the LLOD equals 30%
quantile of Fy (lognormal distributions).

(no,m1) (50, 50) (100, 100) (200, 200) (50, 150) (150, 50)

J RBMSE RB MSE RB MSE RB MSE RB MSE

¢ 0.65 25841 043 13656 048 73.65 0.18 17452 1.09 18457

0o s 050 28155 -0.31 9398 0.06 43.73 -048 127.55 -1.24 15460
: éc -3.91 23383 -2.66 117.81 -2.33 6251 -3.21 15452 -2.20 121.42

¢ -2.8%8 54375 -1.48 340.90 -0.36 227.91 -3.10 447.73 -0.34 448.97

¢ 091 13859 0.60 7544 029 3932 036 9611 1.06 96.88

o4 B 0.09 101.96 0.15 5263 008 2467 -020 69.73 0.22  69.45
: éa 1.86 15521 2.88 9561 3.35 6984 276 10354 345 103.53

¢g -1.56 349.31 -0.54 24376 -0.41 15141 -1.56 283.63 0.22 300.01

¢ 038 10345 034 51.80 0.14 2856 0.00 6941 0.80 68.51

0e B 013 79.98 0.4 3893 -0.01 19.06 -0.21 5175 047  49.46
' éa 269 17173 4.13 122.81 4.62 10098 4.08 130.54 4.46 135.43

ép -1.12 281.90 -0.61 183.18 -0.09 115.00 -1.54 239.01 0.35 228.98

¢ 000 111.15 0.02 56.67 -0.10 29.70 -0.44 74.27 041 75.64

0g B 013 7744 006 37.09 -0.07 1856 -0.21 5289 0.39  44.46

e 1.28 236.85 3.12 156.06 3.86 113.08 3.47 16546 2.88 155.10
CE -1.36  292.78 -0.56 189.16 -0.74 128.34 -1.43 23244 0.44 233.30
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Table 3.26: CP (%) and AL for CIs of J when the LLOD equals 30% quantile of Fj
(lognormal distributions).
(no,n1)  (50,50)  (100,100)  (200,200)  (50,150)  (150,50)
J CP AL CP AL CP AL CP AL CP AL

Ty 94.7 029 942 020 94.1 0.14 938 021 945 0.25
TiB 94.5 0.28 935 020 935 0.14 954 021 90.5 0.23

0-2 Lic 783 035 67.7 025 482 0.18 64.5 027 747 0.31
IiE 71.2 024 751 018 76.0 0.13 672 019 728 0.22

Iy 96.5 0.29 96.0 021 944 0.15 953 021 952 0.26

04 IsB 96.0 0.29 952 020 939 014 955 021 941 0.25
' Lia 89.2 032 87.8 023 835 0.16 864 024 882 0.28
e 75.3 025 789 0.19 &80.7 0.14 725 020 783 0.23

Iy 95.2 026 96.0 0.19 947 0.13 948 0.19 94.7 0.23

06 ZiB 954 025 96.0 0.18 948 0.13 955 0.19 956 0.23

Zia 94.0 029 943 020 938 0.14 941 022 923 0.25
Iie 784 024 80.3 0.18 821 0.13 752 0.18 804 0.21

Iy 964 0.20 952 0.14 952 0.10 952 0.15 954 0.18

08 IsB 9.4 019 96.1 014 945 0.10 96.6 0.14 944 0.17
’ Zia 94.6 023 952 0.16 935 0.11 949 0.17 95.0 0.20
ik 80.3 0.18 839 0.14 844 0.10 76.6 0.14 82.2 0.16

Table 3.27: CP (%) and AL for CIs of ¢ when the LLOD equals 30% quantile of Fj

(lognormal distributions).

(no,n1)  (50,50)  (100,100)  (200,200)  (50,150) (150, 50)
J CP AL CP AL CP AL CP AL CP AL
7. 900 650 912 463 937 341 920 526 899 5.26
Iz 809 572 80.6 276 793 1.73 759 2838 80.6 4.26

0.2 Zea 90.2 5.64 91.6 3.84 905 269 91.2 438 913 4.15
Ic.E 924 7.15 95.0 6.28 95.0 527 903 644 944 6.88

Z. 91.1 4.67 932 340 93.1 251 919 389 914 3.83

04 IcB 86.6 3.16 86.5 2.12 86.0 149 80.2 212 903 3.02
' Zea 95.1 4.72 925 336 85.7 239 926 3.62 90.1 3.28
L.k 94.0 6.15 95.8 5.17 96.2 434 927 548 96.8 5.85

Z. 92.2 397 94.0 294 940 214 93.7 330 93.7 3.33

0.6 IeB 89.6 298 91.0 208 89.6 147 853 214 92.0 257
' Zec 95.0 4.77 89.3 339 780 243 89.6 3.55 87.2 3.29
L.k 93.6 5.61 955 475 964 3.8 92.1 500 96.0 5.35

Z 92.7 4.08 941 3.02 95.0 220 925 334 933 345

08 IeB 93.1 330 952 233 947 164 932 263 950 2.66

e 96.3 597 942 425 876 3.04 934 434 942 391
L.k 88.3 555 946 481 96.1 395 86.2 5.00 954 542
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Chapter 4

Empirical Likelihood Inference on
Gini Indices of Two Semicontinuous

Populations under Density Ratio
Models

4.1 Introduction

The Gini index, first proposed by Gini (1912), has been widely used to measure population
inequality. In economic studies, it is an important measure of income or wealth inequality
among individuals or households in a particular population (Wang et al., 2016; Peng, 2011).
In life expectancy studies, it is used to describe the concentration of survival times and
to evaluate inequality among people in the target population (Bonetti et al., 2009; Lv
et al., 2017). The index is closely related to the Lorenz curve (Lorenz, 1905), a widely used
measure for the size distribution of income or wealth. It is the ratio of the area between the
Lorenz curve and the 45-degree line to the area under the 45-degree line. Hence, the Gini
index ranges from 0 to 1, with 0 indicating perfect equality and 1 for extreme inequality.

Study variables such as income and survival time are often modelled by using a posi-
tive continuous distribution. One important scenario in applications is that there are two
related populations, each containing a sizeable zero values for the study variable. The in-
ferential problems can be on the Gini index for each population separately or the difference
of the two Gini indices. The scenario is quite common in practice but efficient inferential
procedures are not available in the existing literature.
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In this chapter, we propose new semiparametric inference procedures for the Gini indices
of two semicontinuous populations. Specifically, suppose that we have two independent
samples from two related populations with values of the study variable X generated from
the following mixture models:

(X1, s Xin,) ~ Fi(x) =vl(x > 0) + (1 — ) (x > 0)Gi(z), for i=0,1, (4.1)

where v; is the zero proportion in population i, n; is the sample size for sample 7, I(-) is
an indicator function, and G;(-) is the CDF of the positive observations in sample i. For
population ¢ = 0,1, the Gini index can be equivalently defined (David, 1968) as

=50

g (4.2)
where D; = E(|X;; — Xj2|) is the expected absolute difference of X for two randomly
selected units from population i and p; = E(X;;) is the expectation of population i. Our
discussions in this chapter focus on statistical inferences on Gy, G, and Gy — G;. It is worth
mentioning that although our results are presented for cases where the two populations
contain excess zeros for the study variable, the proposed methods and the theoretical results
are also applicable to cases without excess zeros, i.e., v; = 0 in model (4.1). In addition,
inferences on a general function of Gy and G; can also be conducted. See Section 4.2 for
further discussion.

Samples with positive outcomes only, i.e., v; = 0 in model (4.1), are common in studies
of family income or wealth or a country’s gross domestic products (Gastwirth, 1972; Cowell,
2011). For instance, all the household incomes are positive in the 1997 Family and Income
and Expenditure Survey conducted by the Philippine Statistics Authority. More details
can be found in Section 4.4. Samples with a mixture of excess zero values and skewed
positive outcomes, i.e., v; > 0 in model (4.1), naturally arise in studies of expenditure data
and health cost data (Zhou and Tu, 1999, 2000; Zhou and Cheng, 2008). For example,
Zhou and Cheng (2008) presented a dataset from the assessment of inpatient charges (see
Section 4.4), and most patients with uncomplicated hypertension had no hospitalization
and therefore zero costs. This chapter systematically studies both cases (v; = 0 and v; > 0)
in a unified framework via model (4.1).

Many studies of the Gini index have applied nonparametric methods. For example,
point estimators of Gy, Gi, and Gy — G; and their asymptotic variance estimation have
been discussed in Hoeffding (1948), Anand (1983), Ogwang (2000), Giles (2004), Modarres
and Gastwirth (2006), Yitzhaki (1991), Karagiannis and Kovacevic (2000), and Davidson
(2009). See Wang and Zhao (2016) for a detailed review. Qin et al. (2010) and Peng
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(2011) used the empirical likelihood method (Owen, 2001) to construct Cls for the index.
More recently, Wang et al. (2016) derived the jackknife empirical likelihood (JEL). Peng
(2011) and Wang and Zhao (2016) compared two Gini indices of independent or correlated
populations using the empirical likelihood method and the JEL method, respectively.

Fully nonparametric methods enjoy the robustness against the model misspecifications.
However, these methods ignore the characteristics common to the two samples and/or the
relation between the two populations, which have been shown to be useful for more efficient
statistical inferences; see, for instance, the studies on the strengths of lumber produced in
Canada in different years (Chen and Liu, 2013; Cai et al., 2017; Cai and Chen, 2018).
Ignoring such information may result in less efficient inference procedures.

To combine the information from the two samples without making risky parametric
distributional assumptions, we use the DRM (1.1) to link the CDFs of the positive ob-
servations G and G in model (4.1). Let dG; be the probability density function of G;,
t = 0,1. The DRM postulates that

dG(z) = exp{a + BT q(x)}dGo(z) = exp{0' Q(z)}dGy(z), (4.3)

where @ = (a,3")7 is the vector of unknown parameters and Q(z) = (1,q(z)")" with
q(z) being a d-dimensional basis function. As far as we are aware, inferential procedures
for two Gini indices Gy, G; and their difference Gy — G; have not been explored under the
mixture model (4.1) and the DRM (4.3). This chapter aims to fill this void.

The rest of the chapter is organized as follows. In Section 4.2, we first present some
preliminary results for the MELEs of all unknown parameters and the MELEs of general
functionals. These results serve as preparations for studying the estimators G, and G;.
After that, we propose the MELEs of Gy, G;, and Gy — G; and investigate their asymptotic
properties . We construct Cls and conduct hypothesis tests on Gy, G, and Gy — G; based on
the theoretical results. Results from simulation studies are presented in Section 4.3, and
applications to two real-world datasets are given in Section 4.4. Proofs, technical details
and additional simulation results are provided in Section 4.5.

4.2 Main Results

Let n; and n;; be the (random) numbers of zero observations and positive observations,
respectively, in each sample ¢ = 0,1. Clearly, n; = n;g + n;, for i = 0,1. Without loss of
generality, we assume that the first n;; observations in group ¢, X;1, - -+ , Xy»,,, are positive,
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and the remaining n;, observations are 0. Let n be the total (fixed) sample size, i.e.,
n=mng+ nj.

We first investigate the estimators of parameters in models (4.1) and (4.3) and the
estimators of a class of functionals. These help to obtain the estimators of Gy and G, and
study the asymptotic properties of the estimators of numerator and denominator of the
Gini index in (4.2).

4.2.1 Estimation of model parameters

With the two samples of observations from model (4.1), the full likelihood function is

11 { (1—w)™ ﬂdGi <XU>} .

1=0

Following the empirical likelihood principle (Owen, 2001), we estimate the baseline distri-
bution Go(z) as

41

ZZpU (X < x), (4.4)

1=0

where p;; = dGo(X;;) fori =0,1and j = 1,...,n;. With (4.4) and under the DRM (4.3),

the full likelihood function can be rewritten as
1 1 n; ni1
N P {anm}- [Hexp{mmxlj)}],
=0 1=0 j=1 j=1

where the p;;’s satisfy the constraints

ni1 ni1
pij > 0, ZZp”—l and ZZpUexp{O Q(Xi;) }—1 (4.5)
i=0 j=1 i=0 j=1

These constraints ensure that the estimates of Gy and G; are CDFs.
Let P = {p;;} and v = (1p,11)". The MELE of (v, 0, P) is then defined as

7.0, P) = L,
(2,8, P) = arg max
subject to the constraints in (4.5). We write the logarithm of the empirical likelihood
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function £,, as

I(v,0,Gy) = by (V) + 01 (6, P), (4.6)
where
1 n11 i1
= Zlog {vro (1 — )™} and /, (8, P) Z {07Q(X1))} + Z Zlogpw
=0 =0 j=1

Here {y (v) is the binomial log-likelihood function corresponding to the number of zero
observations, and ¢; (6, P) represents the empirical log-likelihood function associated with
the positive observations.

Following Wang et al. (2017a), we have © = argmax, {y(v) and

(éjp)—argmax{fl(OP  pij >0, Zipm—l Zi:ngexp{e QX)) =1 }

i=0 j=1 =0 j=1

By the method of Lagrange multipliers, 6 can be obtained by maximizing the following
dual empirical log-likelihood function (Cai et al., 2017):

ni1 nii

ZZlog{1+pexp{0Q i) —1}%—2:{19T 1 (4.7)

=0 j=1

where p = nyy(ng; +nq) "t That is, 0 = arg maxg /1(0). Note that p is a random variable
in our setup. This is fundamentally different from the case where there is no excess of zeros
in the data (Qin and Zhang, 1997), and it creates theoretical challenges for our asymptotic
development.

Once 0 is obtained, the MELEs of the p;;’s are

Pij = (noy +n11)~" {1 + ﬁ[exp{éTQ(Xij)} - 1]}_1 ; (4.8)

and the MELEs of Gy(x) and Gy(z) are

ni1 1 ni
. . AT
ZZPU Xy <), Gi(@) =Y hyexp{0 QXM (Xy <x). (49)
i—0 j—1 i—0 j—1

A AT A AT .
We now study the asymptotic properties of ) = (VT, p,0 )T. For ease of presentation,
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we introduce some notation. We use v* and 8" to denote the true values of v and 6,
respectively. Let w; = n;/n and

1

A=Y w1 -, o =0T ) = e (0T QU)).
M) = 1+ ' {wle) — 1}, ha(2) = pw(z)/h),
A, = diag{yg(l i yf)} CAg= (1 — B [ (X)QDQ(X)TY

where Fy(-) represents the expectation operator with respect to Gy and X refers to a
random variable from Gy. Noting that although w(-), h(-), and hy(-) also depend on 6*
and/or p*, we drop these redundant parameters for notational simplicity.

The following theorem establishes the asymptotic normality of 7.

Theorem 4.1. Let n* = (v*, p*,0*") 7. Assume Conditions C1-C4 in Section 4.5.1 are
satisfied. As the total sample size n — oo,

n'2(f —n") = N(0,A),

in distribution, where

A pr(l—p)A; W 0
A= | pr(L=p)WAS (A" (1= p){pvg + (1 — p*)vi} o
—1 ee
0 0 Ay — Z oG

with W = (1 —v5)™", —=(1—1)™") and e = (1,04,,) "

Qin and Zhang (1997) considered the asymptotic normality of \/n(8 — 6*) when there
is no excess of zeros in the data. Theorem 4.1 generalizes their results to the case where
the data contain excessive zeros. Furthermore, it establishes the joint limiting distribution
of /n(0 — 6*), /n(& —v*), and \/n(p — p*), where the latter two are induced by the

semicontinuous data structure.
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4.2.2 Estimation of a class of functionals

Under the mixture model (4.1) and the DRM (4.3), we consider a class of functionals ~ of
length p, defined as

vy = /000 u(z; v, 0)dGy(z), (4.10)

where u(z;v,0) = (u1(x;v,0), ..., u,(z; v, 6))" is a given (p x 1)-dimensional function.

The functional v include p;’s in (4.2) as special cases. Let
uy(z;v,0) = (1 — ) and uy(z;v,0) = (1 —vy)rexp{0@' Q(x)}.

Then v = (o, 1) . More examples of v can be found in Yuan et al. (2021d). As we will
show in Section 4.5.1, the MELEs of D;’s in (4.2) can be approximated by the MELEs
of some specific 7. In the following, we construct the MELE of « in (4.10) and study its
asymptotic properties. This will pave our road to study the MELEs of Gy and G;.

By the definition of « in (4.10), 7 is a function of (v, 8) and Gy. Replacing them with
(©,0) and Gy, the MELE of ~ is

ni1

v = /OO w(z; &, 0)dGo(x Zzpwu 510,0). (4.11)
0

=0 j=1

Based on the results in Theorem 4.1, we have the following theorem.
Theorem 4.2. Let v* be the true value of v. Assume that u(z;v,0) is twice continu-
ously differentiable with respect to (v,0), ||0*u(z;v,0)/0vov'||, ||0*u(z;v,0)/0v00 ||,
||0%u(z;v,0) /0000 || are bounded by some integrable function with respect to Gy in the
neighbourhood of (v*,0%), the variance-covariance matriz of w(X;v*,0%) with respect to
Gy is positive definite, and Eo{Ou(X;v*,0%)/0v} and Ey{ou(X;v*,0%)/00} have ranks
two and d respectively. Under the conditions of Theorem /4.1, as n — oo, we have

\/ﬁ(ﬁ' - '7*) — N(07 F)

in distribution, where

r - 1p u(X;vh 0 u (X, 00) " vyt
A h(X) A
_ MaoMJ
1aAqT 1
+M; A, M| —A*p*(l—p)+M3A Ma, (4.12)

122



with

M, = EO{M},
ov
My = Ey[{ou(X;v*,0%)/00}e] — p*™~*,

Ms = Eo{ou(X;v*,6%)/00 — hy(X)u(X;v",0)Q(X)"}.

Li et al. (2018) derived a similar result in their Theorem 2.1 for 4 when there is no
excess of zeros in the data and p = 1. Theorem 4.2 covers the case with excessive zeros.
The two results complement each other to cover both cases.

4.2.3 Estimation of Gini indices

We now move to the estimation of the Gini indices Gy and G;. In Section 4.5.1, we show
that G; in (4.2) can be equivalently expressed as

Gi=(2u; — 1)+ (1 — v /my, (4.13)

where m; = [ #dG;(x) and ¢; = [;°{22G;(2)}dG;(z). Using the alternative form given
in (4.13) and the MELEs of Gy and G in (4.9), the MELE of the two Gini indices are
given by

Gi= (20, — 1) + (1 — D3)aby fiig, i = 0,1, (4.14)
where
m; = /OO 2dG;i(z) and 1 = /00 {2xéz(x)}déz(x)
0 0

Remark. We comment that the MELFEs of the two Gini indices in (4.14) are also applicable
to the case where there is no excess of zero values, i.e., v = (0,0) and n;; = n;. We need
to set U; = 0 and obtain 0 by mazimizing £1(0) in (4.7) with p = ny(ng + ny)~*; then the
MELEs in (4.9) and (4.14) can be directly applied.
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Let G and Gi be the true values of Gini indices Gy and G;. Define

_% 1 0
J:( 6”0 "60 g L)a

mip  mi

wo(w) = (20 — D + (1 — 1) [2 {ng(x) + /:o deo(y)} - %] ,
w(@) = (20 — Dz + (1 - v}) [2 {xGl(x) + /:O del(y)} - ¢1] .

The following theorem establishes the asymptotic normality of the MELEs (GO, Ql)

Theorem 4.3. Assume Conditions C1-C5 in Section 4.5.1 are satisfied. As the total

sample size n — 00, X
/2 ( 90— ) - N(0,%)

G — g7
in distribution with the asymptotic variance-covariance matric
1 U(X)U(X)T} T { vp(1—G5)° yf(1—g;)2}
3= J | E + B|J + diag , , (4.15
A { h(X) aE A=) A 1)
where

w(w) = (2, ug(x), w(z)r, w(@)uo(x)) ", o(x) ;
@i(2) = (1—p") (x, ()", @) = (Go(2) ", a(2)")
B = Ep{m(X)u(X)Q(X) "} A, Ee{m (X)Q(X)u(X) ' }.

Repeating all the steps in the proof of Theorem 4.3, we obtain a similar result for cases
where v = 0 for : = 0,1 in the following theorem.

Theorem 4.4. Assume that Conditions C2-C5 are satisfied. When there is no excess
of zeros, i.e., vF =0 fori = 0,1, the joint distribution of \/n(Go — G) and \/n(Gy — GF)
asymptotically follows a bivariate normal distribution with mean zero and variance in (4.15)
with v} being replaced by 0.

Since the proposed method utilizes more information to obtain the MELEs of Gini
indices, we expect that the proposed MELEs are more efficient than fully nonparametric
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estimators. With the alternative form of the Gini index in (4.13), the fully nonparametric
estimators of the two Gini indices for sample i = 0,1 are

where

ni1

_mflzxm, b= / (22G(2)}dGix),

and Gy(z) = n; ! > I(Xi; < ) is the empirical CDF of the positive observations in
sample 7.

The following theorem compares the proposed estimators MELEs G; and the nonpara-
metric estimators gz in terms of their asymptotic variance-covariance matrices. Recall that
3} is the asymptotic variance-covariance matrix of (go, Q’l) given in Theorem 4.3.

Theorem 4.5. Assume that Conditions C2-C5 in Section 4.5.1 are satisfied.

(a) For the nonparametric estimators (Go, C;l) and as n — 0o, we have

g:o -G
VT ( o ) N0, 2,0)

in distribution, where the variance-covariance matriz

Eo{fbo(X)ao(X)T} EO{W(X)’al(X)'al(X)T}}JT
A*(p*)*(L=p) A p*(1 — p)?
vy (1 —Qo) Vl*(l—gi“)Q}

Yhon = J dz’ag{

+diag {

(b) The two asymptotic variance-covariance matrices Xy,,, and X satisfy

1 T T
Yinon — 2 = A*(p*)2<1 — p*)JEO{hI(X)D(X)D<X) }J >0,

where D(z) = (Do(z) T, Dl(x)T)T for x>0 and

Di(z) = ui(z) — A™(1 = p*)Ep {hl(X>'&i(X)Q(X)T} Ay'Q(x), i=0,1.
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Note that X,,, — X is a positive semidefinite matrix, which implies that the proposed
MELESs for the Gini indices are at least as efficient as the nonparametric estimators. Our
simulation results reported in Section 4.3 confirm this result. It is worth mentioning that
the theorem is applicable whether or not there are excess zero values.

4.2.4 Inference on functions of Gini indices

Under the current setting of two samples, we may be interested in performing inference
on the Gini index for only one of the samples or other functions of the two Gini indices,
such as their difference. The results of Theorems 4.3 and 4.4 can be used to develop the
following theorem for parameters which are a general function of the two Gini indices.

Theorem 4.6. Assume the conditions 9f Theorem 4.5 hold. Let o(+,+) be a bivariate smooth
function. As n — oo, we have /n{¢(Go, G1) — ¢(G5, G1)} — N(0,03) in distribution with

o (w(gs,gr) a¢(95,9r>) . <a¢<93,gr) 8¢(G§,QT))T
¢ G ' 0G G G )

With the results in Theorems 4.5 and 4.6, we can easily show that 03) is no larger than
the asymptotic variance of the fully nonparametric estimator (b(éo, g]) That is, utilizing
the information from both samples via the DRM (4.3) improves the estimation of ¢(Go, G1).

The general form ¢(-, ) covers many interesting functions of Gy and G;. For example,
when ¢(x1, x2) = logit(z,) = log{x; /(1 — 1)}, the parameter ¢(Gy, G1) represents the logit
transformation of the Gini index Gy; when ¢(x1,25) = 21 — x9, the parameter ¢(Go, G1)
refers to the difference of two Gini indices.

The variance ai may depend on Gf, Gi, and (v,0, P). Replacing these unknown
quantities by their MELEs leads to a consistent estimator &i of 035. Together with the
result in Theorem 4.6, we have as n — o0,

Vi{d(Go. G1) — (G5, G1)} /66 — N(0,1)

in distribution. Hence, v/n{¢(Go, G1) — 6(G:, G)} /64 is asymptotically pivotal and can be
used to construct CIs and to conduct hypothesis tests on ¢(Go, G1).

For ease of presentation, we use ¢ and ¢ to denote ¢(ng, Ql) and ¢(Gp, G1). Then the
100(1 — a)% Wald-type CI for ¢ is given by

[é - Zlfa/26¢/\/ﬁa ¢Z + Zlfa/Qé_gb/\/ﬁ]a
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where z;_4/2 is the (1 — a/2) quantile of the standard normal distribution. When testing
Hy : ¢ =0, we reject the null hypothesis if |\/n¢/64| > 21_4/2 at the significance level a.

4.3 Simulation Studies

In this section, we compare finite-sample performances of our semiparametric methods
with existing methods of inferences on the Gini indices through simulation studies. We
focus on three inferential problems:

(1) Point estimation for Gy, G;, and Gy — G;
(2) Confidence intervals on Gy, Gy, and Gy — Gy;
(3) Hypothesis testing on Hy : Gy = G.

We conduct the simulation studies under two distributional settings: (i) Gp and G, are
the CDFs of x3 and x?%; and (ii) Gy and G, are the CDFs of Fxp(0.5) and Exp(1). Here
X3 represents the chi-square distribution with & degrees of freedom, and Exp(k) refers to
the exponential distribution with the rate parameter k. The proposed inference procedures
under the DRM are implemented with the correctly specified g(z), where g(x) = log(z) in
the x? setting and g(z) = z in the exponential setting. For each scenario, we consider two
combinations of sample sizes, (ng,n;) = (100,100), (300,300), and the results are based
on 2,000 simulation runs.

4.3.1 Performance of point estimators

We start by exploring the performance of the point estimators. We consider the following
three estimators:

— EMP: GO, Gl, and QO — g}, where g] is the nonparametric estimator given in (4.16)
forv=0,1;

— JEL: Gy, G1, and Gy — Gy, which are the JEL estimators defined in Wang et al. (2016),

where .
= N n
G = (2;)"" (2) > X — Xl

1<j1<g2<n;
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— DRM: ng7 Ql, and Gy — Ql, where G; is the MELE given in (4.14) for i = 0, 1.

Three combinations of v are considered for the zero population proportions: (0,0),
(0.3,0.3), (0.7,0.7). We evaluate the performance of a point estimator in terms of the bias
and the MSE. Tables 4.1 and 4.2 present the simulated results for different settings.

Table 4.1: Bias (x1000) and MSE (x1000) for point estimators (x? distributions).

Go G1 Go —G1

(ng,n1) v Bias MSE Bias MSE Bias MSE
(100,100) _ (0,0) EMP 537 074 780 062 -243 1.29
JEL  -0.39 0.73 1.57 0.57 -1.96 1.31

DRM 2.06 0.37 4.18 0.40 -2.13 0.31

(0.3,0.3) EMP 6.17 1.19 6.19 121 -0.02 2.35
JEL 216 1.18 1.83 120 0.33 240
DRM 260 095 3.04 106 -044 1.71

(0.7,0.7) EMP 6.56 091 6.01 1.01 054 1.86
JEL 488 091 418 1.01 070 1.89
DRM 270 079 297 091 -0.28 1.56

(300,300) (0,0) EMP 170 0.23 231 0.19 -0.61 0.40
JEL -0.22 023 023 019 -045 0.40
DRM 0.66 0.13 1.12 0.14 -046 0.11

(0.3,0.3) EMP 252 039 175 041 0.78 0.79
JEL 118 039 029 041 090 0.80
DRM 094 032 089 037 0.06 0.57
(0.7,0.7) EMP 284 031 240 0.34 044 0.67

JEL 228 031 178 034 049 0.67
DRM 130 0.27 150 031 -0.20 0.55

We observe from Tables 4.1 and 4.2 that the biases of the estimators of Gy and G; are
acceptable for all three methods under all scenarios. The EMP estimators QO and g] always
give the largest biases. When the proportions of zero values are small, i.e., v = (0,0) or
(O 3,0. 3) the biases of the JEL estimators Gy and G, are the smallest. The DRM estimators
Go and G; have a clear advantage in terms of bias when v = (0.7,0.7). The performance of
the EMP estimators QO and gl and the JEL estimators G, and G, is similar in terms of the
MSE. The DRM estimators go and Ql give the smallest MSEs in all cases; this agrees with
the result in Theorem 4.5. The MSEs of all the estimators decrease as v moves toward
(0,0) or the sample size increases.

For the estimators of the difference Gy — G1, we find that the biasias of Aall the estimators
are relatively small in all cases. The biases of the DRM estimator Gy — G, are usually the
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Table 4.2: Bias (x1000) and MSE (x1000) for point estimators (exponential distributions).

9o G1 Go— G
(ng,m1) v Bias MSE Bias MSE Bias MSE
(100,100) (0,0) EMP 459 081 594 0.86 -1.35 1.59
JEL -042 081 095 084 -1.37 1.63
DRM 155 066 2.82 041 -1.27 0.58

(0.3,0.3) EMP 485 1.09 353 1.10 1.31 2.14
JEL 136 1.09 0.03 111 133 219
DRM 164 096 0.73 0.82 091 1.46

(0.7,0.7) EMP 517 081 362 080 155 1.55
JEL 371 081 214 080 157 1.58
DRM 181 0.73 124 065 056 1.20

(300,300) (0,00 EMP 178 028 197 027 -0.18 0.57
JEL 011 028 030 027 -0.19 0.58
DRM 0.76 0.22 0096 0.13 -0.20 0.21

(0.3,0.3) EMP 180 037 148 036 032 0.73
JEL 063 037 031 036 032 0.74
DRM 0.74 034 073 027 0.01 0.1

(0.7,0.7) EMP 181 026 198 026 -0.16 0.53
JEL 132 026 148 0.26 -0.16 0.54
DRM 0.80 024 090 0.22 -0.10 043

smallest. The MSEs of the EMP estimator for Gy — G; and JEL estimator for Gy — G; are
very close, whereas the MSEs of the DRM estimator are significantly smaller than those
of the other two estimators. For instance, the MSE of Qo — Gl is less than 25% of the
MSEs of C;o — (jl and Gy — G; when the simulated samples come from x? distributions with

(ng,n1) = (100, 100) and v = (0, 0).

We conducted additional simulations with v = (0.1,0.3) and (0.6, 0.4); the results show
similar patterns and are presented in the Section 4.5.2.

4.3.2 Performance of confidence intervals

We examine and compare the performance of the following ClIs for the Gini indices in the
simulation studies:

— NA-EMP: Wald-type CIs based on the normal approximation (Qin et al., 2010);

— BT-EMP: bootstrap-t Cls (Qin et al., 2010);
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EL: ELR-based Cls (Qin et al., 2010);

BT-EL: bootstrap ELR-based Cls (Qin et al., 2010);

— JEL: jackknife ELR-based Cls (Wang et al., 2016; Wang and Zhao, 2016);

— AJEL: adjusted jackknife ELR-based Cls (Wang et al., 2016; Wang and Zhao, 2016);
— NA-DRM: Wald-type CIs based on the normal approximation under the DRM;

— BT-DRM: bootstrap-t Cls under the DRM.

The EL method, to our best knowledge, has not been used to construct Cls for the
difference of two Gini indices in the existing literature. Hence, we consider all the methods,
except for KL and BT-FEL, in our comparisons of the Cls for the parameter Gy — G;. For
those calibrated by the bootstrap method, we used 1,000 bootstrap samples drawn from
the original samples with replacement.

Three combinations of v are considered for the zero population proportions: (0,0),
(0.3,0.3), (0.7,0.7). We evaluate the performance of a CI in terms of the CP and the AL.
Tables 4.3 and 4.4 contain the simulated results for the Cls of Gy and G; under different
settings. The simulated results for the Cls of Gy — G; are shown in Table 4.5.

When the sample sizes are (100, 100), we can see from Tables 4.3 and 4.4 that the NA-
EMP and EL CIs for Gy and G; tend to be narrow and have lower CPs, especially when
the proportions of zero values are large, i.e., v = (0.7,0,7). With the help of bootstrap
calibration, the BT-EMP and BT-EL CIs achieve better performance in terms of CP.
However, when v = (0.7,0.7), the BT-EMP CIs have slight overcoverage with inflated
ALs. The AJEL CIs always have the longest ALs, and the JEL CIs are only slightly
shorter. Moreover, when v = (0,0) and (0.3,0.3), the CPs of the JEL and AJEL ClIs are
close to the nominal level of 95%. The JEL and AJEL CIs suffer from undercoverage when
v = (0.7,0.7). The NA-DRM ClIs have the shortest ALs, and their CPs are very close
to the 95% nominal level in all cases. This is strong evidence that using DRMs improves
the performance of the Cls. The bootstrap calibration does little to improve the Cls: the
performances of the NA-DRM and BT-DRM CIs are similar.

When the sample sizes increase to (300,300), the performance of all the CIs becomes

satisfactory in terms of CP. The NA-DRM and BT-DRM CIs always have the shortest
ALs, and there is little variation among the ALs of the other Cls.

Since the Gini index ranges from 0 to 1, a logit transformation may improve the perfor-
mance of the Cls for Gy and G; under the DRM. However, the results (reported in Section
4.5.2) show that the transformation does not provide any significant improvement.

130



Table 4.3: CP(%) and AL of ClIs (x? distributions).

(100,100) (300,300)
gO gl g() gl
v CP AL CP AL CP AL CP AL
(0,00 NA-EMP 9385 0.100 9420 0.092 9460 0059 94.80 0.054
BT-EMP 9410 0.103 9475 0.094 94.85 0.059 95.05 0.054

EL 93.85 0.100 94.20 0.091 94.55 0.059 94.80 0.054
BT-EL 94.45 0.103 95.10 0.095 94.90 0.059 94.95 0.054
JEL 94.45 0.102 94.85 0.094 94.70 0.059 95.15 0.054

AJEL 94.80 0.105 9550 0.096 94.90 0.060 95.30 0.055
NA-DRM  95.25 0.074 94.65 0.078 94.70 0.043 94.70 0.045
BT-DRM 9555 0.075 95.00 0.079 94.55 0.043 94.55 0.046

(0.3,0.3) NA-EMP 93.80 0.132 93.65 0.134 94.60 0.077 94.05 0.079
BT-EMP 9530 0.135 9455 0.137 9520 0.077 94.40 0.079

EL 93.75 0.131 93.65 0.134 94.60 0.077 94.00 0.078

BT-EL 94.50 0.136 94.85 0.139 94.65 0.078 94.55 0.079

JEL 94.45 0.137  93.80 0.141 94,50 0.078 94.55 0.080

AJEL 95.35 0.141 9420 0.144 94.80 0.079 94.80 0.081

NA-DRM  95.10 0.120 94.35 0.130 9545 0.070 94.90 0.076

BT-DRM  95.75 0.121 94.65 0.130 9525 0.070 94.65 0.075

(0.7,0.7) NA-EMP 9220 0.113 9295 0.119 9490 0.067 93.90 0.070
BT-EMP  96.75 0.122 96.55 0.128 96.30 0.068 9540 0.072

EL 92.35 0.111 9290 0.117 95.15 0.067 93.75 0.070

BT-EL 94.70  0.120 9530 0.127 95.75 0.069 94.55 0.072

JEL 90.75 0.123 90.80 0.129 94.00 0.069 93.00 0.072

AJEL 91.35 0.127 91.55 0.133 94.25 0.070 93.10 0.073

NA-DRM 9450 0.111 94.85 0.121 95.10 0.065 95.20 0.071

BT-DRM 9540 0.113 9590 0.123 9545 0.064 95.60 0.070

We now discuss the simulation results for the Cls of the difference Gy — G; presented in
Table 4.5. We observe that the NA-EMP and BT-EMP CIs have similar performance; their
performance is acceptable except when the simulated samples are from x? distributions with
(ng,m1) = (100, 100) and v = (0,0). In this case, the CPs of the NA-EMP and BT-EMP
Cls are below the 95% nominal level. The JEL and AJEL Cls always have the longest
ALs. They experience overcoverage in some cases, especially when the proportions of zero
values are high. The BT-DRM CIs have the shortest ALs, which leads to undercoverage
in some cases. The performance of the NA-DRM CIs is consistently satisfactory in terms

of CP and AL.

We also conduct additional simulations with v = (0.1,0.3) and (0.6, 0.4); the results
display similar patterns and are presented in the Section 4.5.2.
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Table 4.4: CP(%) and AL of CIs (exponential distributions).

(100,100) (300,300)
gO gl g() gl
v CP AL CP AL CP AL CP AL
(0,00 NA-EMP 9385 0.110 9350 0.111 9465 0065 9445 0.065
BT-EMP 9435 0.115 9405 0.115 9475 0.065 94.75 0.065

EL 93.90 0.110 93.50 0.110 94.65 0.065 94.55 0.065
BT-EL 9450 0.113 94.00 0.113 94.80 0.065 94.60 0.065
JEL 94.35 0.113 9390 0.113 9490 0.065 94.55 0.065

AJEL 94.95 0.115 9435 0.116 95.10 0.066 94.75  0.066
NA-DRM 94.80 0.100 94.05 0.079 93.95 0.059 95.20 0.045
BT-DRM 9445 0.104 94.75 0.079 93.65 0.060 94.95 0.045

(0.3,0.3) NA-EMP 93.55 0.127 94.25 0.128 94.55 0.075 9345 0.075
BT-EMP 9535 0.132 9490 0.132 94.70 0.075 93.80 0.075

EL 93.60 0.126 94.10 0.127 94.70 0.075 93.30 0.075
BT-EL 94.75 0.131 9485 0.132 95.05 0.076 93.70  0.076
JEL 93.80 0.132 9455 0.133 94.65 0.076 93.65 0.076

AJEL 9450 0.136 95.15 0.136  95.00 0.076 93.80 0.076
NA-DRM  95.55 0.124 9495 0.112 9515 0.073 94.60 0.065
BT-DRM 9545 0.125 9530 0.112 94.60 0.072 94.60 0.064

(0.7,0.7) NA-EMP 9140 0.104 92.15 0.105 94.60 0.062 94.55 0.062
BT-EMP  96.30 0.114 95.70 0.115 95.85 0.064 95.50 0.064

EL 92.06 0.102 9235 0.102 94.70 0.062 94.55 0.062

BT-EL 95.00 0.110 9420 0.111 9540 0.064 95.25 0.064

JEL 90.40 0.114 91.00 0.114 9430 0.064 93.95 0.064

AJEL 90.85 0.117 91.60 0.118 94.40 0.064 94.05 0.064

NA-DRM  94.65 0.109 93.90 0.101 96.10 0.064 9540 0.059

BT-DRM 9580 0.109 95.55 0.102 95.65 0.062 95.95 0.058

4.3.3 Performance of tests on the equality of two Gini indices

In this section, we examine the performance of our proposed semiparametric test for testing
the equality of the two Gini indices, i.e., Hy : Gy = Gy, with comparisons to other existing
methods. We consider the following tests:

— NA-EMP: Wald-type test based on the normal approximation of Go— G (Qin et al.,
2010);

— NL-EMP: Wald-type test based on the normal approximation of logit(Gy) —logit(G1):

— JEL: jackknife ELR test (Wang and Zhao, 2016);
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Table 4.5: CP(%) and AL of CIs for Gy — Gj.

(100,100) (300,300)
X Exp X Exp
v CP AL CP AL CP AL CP AL
(0,00 NA-EMP 9269 0.137 9490 0.157 94.65 0.079 95.15 0.092
BT-EMP 9280 0.139 9480 0.161 94.35 0.080 95.15  0.092
JEL 93.84 0.142 9580 0.164 95.00 0.081 9555 0.093
AJEL 9454 0.144 96.05 0.166 9520 0.081 9575 0.094
NA-DRM 9444 0.070 94.95 0.092 94.65 0.041 9470 0.055
BT-DRM  92.94 0.060 94.95 0.092 93.80 0.041 94.65 0.054
(0.3,0.3) NA-EMP 9419 0.188 93.05 0.181 9500 0.110 94.65 0.106
BT-EMP 9454 0.191 9345 0.184 95.00 0.110 94.65 0.106
JEL 9545 0.202 9475 0.195 9555 0.113 9535 0.108
AJEL 9570 0.205 95.10 0.198 9555 0.113 9555 0.109
NA-DRM 9424 0.165 94.30 0.149 95.00 0.096 95.05 0.087
BT-DRM  93.34 0.161 9345 0.146 94.35 0.094 94.60 0.086
(0.7,0.7) NA-EMP 9320 0.164 9429 0.148 94.05 0.097 94.90 0.088
BT-EMP  93.65 0.170 94.14 0.153 94.05 0.098 94.90 0.089
JEL 96.65 0.188 97.65 0.175 9520 0.101 95.95 0.092
AJEL 9690 0.192 98.00 0.179 9550 0.102 96.05 0.093
NA-DRM 9555 0.162 96.19 0.138 95.60 0.094 95.70 0.080
BT-DRM 9340 0.153 94.49 0.133 94.60 0.090 95.10 0.078

— AJEL: adjusted jackknife ELR test (Wang and Zhao, 2016);

— NA-DRM: Wald-type test based on the normal approximation of Go — Gy under the

DRM;

— NL-DRM: Wald-type test based on the normal approximation of logit(C;O) — logit(gAl)

under the DRM.

Several combinations of v are chosen to satisfy the null hypothesis Hj or the alternative
hypothesis H,. The details are presented in Table 4.6. Tables 4.7 and 4.8 give the simulated

type I error rate and simulated power of each test at the 5% significance level.

From Table 4.7, we observe that the type I error rates for NA-DRM are stable and
close to the 5% significance level in all cases. The type I error rates for NL-DRM are
similar to those for NA-DRM when the sample sizes are (300,300) and smaller when
(ng,n1) = (100,100). This implies that the logit transformation of the Gini indices is
unnecessary for the equality test. The type I error rates for NA-EMP and NL-EMP show
similar trends. When the sample sizes are (100,100) and the proportions of zero values
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Table 4.6: Choices of v in simulations of testing the equality of the two Gini indices.
Null hypothesis Hy

X’ Exp
v (0,0.079) (0.3,0.355) (0.7,0.724) _ (0,0) (0.3,03)  (0.7,0.7)
Alternative hypothesis H,
X’ Exp
v (0,0) (0.1,0.3) (0.4,0.65)  (0.1,0.3)  (0.3,0.45)  (0.5,0.4)
Go — G1 0.049 -0.081 -0.127 -0.100 -0.075 0.050
logit(Go) — logit(Gy) 0.206 -0.323 -0.633 -0.418 -0.350 0.251

Table 4.7: Type I error rate (%) for testing Hy : Gy = G; at the 5% significance level.

X Exp
v (0,0.079)  (0.3,0.355) (0.7,0.724)  (0,0) (0.3,0.3) (0.7,0.7)
(100,100) NA-EMP 550 5.00 7.10 555 4.85 6.90
NL-EMP 5.45 4.85 6.40 550  4.70 6.30
JEL 4.55 4.05 3.70 485  3.10 2.70
AJEL 4.15 3.85 3.45 445 270 2.40
NA-DRM  4.90 5.15 5.15 505 4.70 5.20
NL-DRM 485 4.80 475 495 465 4.95
(300,300) NA-EMP  5.10 5.70 5.70 615 535 5.55
NL-EMP 5.10 5.70 5.70 6.15 535 5.55
JEL 4.90 5.35 5.10 570 4.85 4.20
AJEL 4.80 5.20 4.80 555  4.80 4.00
NA-DRM 5.5 4.90 4.90 525 5.30 5.15
NL-DRM 5.5 4.85 4.95 525 525 5.05

are high, NA-EMP, NL-EMP, JEL, and AJEL have either inflated or conservative type I
error rates. Large sample sizes seem to improve their performance.

We observe from Table 4.8 that NA-DRM always gives the largest testing powers. The
performance of NL-DRM is comparable to NA-DRM. When the true difference of the Gini
indices is large, the testing powers of NA-DRM and NL-DRM are significantly larger than
those of the other methods. For example, when the simulated samples are from the y?
distributions with (ng,n;) = (100, 100) and v = (0, 0), the testing powers of NA-DRM and
NL-DRM are more than twice the others.
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Table 4.8: Simulated testing power (%) of rejecting Hy : Go = G; at the 5% significance
level.

X Exp
v 0,00 (0.1,0.3) (0.4,065) (0.1,0.3) (0.3,045) (0.5,0.4)
(100,100) NA-EMP 30.15  43.45 78.05 50.65 38.20 18.50
NL-EMP  30.00  42.95 76.95 59.10 37.40 18.15
JEL 28.85  42.90 75.70 58.00 33.75 14.90
AJEL  28.00  42.05 74.85 56.95 32.75 14.00
NA-DRM 8260  58.35 83.20 80.75 50.05 23.20
NL-DRM 8245  58.05 82.25 80.45 49.95 22.05
(300,300) NA-EMP  67.30  85.80 99.75 97.00 79.85 45.90
NL-EMP  67.30  85.70 99.70 96.90 79.50 45.50
JEL 66.90  86.10 99.65 97.10 79.05 44.70
AJEL 6650  85.85 99.65 96.85 78.60 44.05
NA-DRM  99.95  95.70 99.85 99.90 90.75 56.90
NL-DRM  99.95  95.70 99.80 99.90 90.80 55.75

4.4 Real Data Applications

In this section, we apply our proposed methods to analyze two real datasets. Each dataset
can be viewed as consisting of two samples from two different populations, and we are
interested in computing the point estimates as well as the construction of 95% ClIs for
the Gini indices and their difference. The populations for the first dataset contain a large
proportions of zeros and the study variables for the second dataset are strictly positive.

The first dataset (Zhou and Cheng, 2008) is from a clinical drug utilization study of
patients with uncomplicated hypertension, originally conducted by Murray et al. (2004).
It consists of the inpatient charges of 483 patients by gender. We label the charges of
the 282 male patients as sample 0 and those of the 201 female patients as sample 1. In
most cases, uncomplicated hypertension can be controlled if the patients follow guidelines
and take antihypertensive drugs regularly. If they do not need inpatient treatment, the
corresponding charges are zero. There are 253 zero values (89.7%) in sample 0 and 171
(85.0%) in sample 1.

To analyze the dataset with our proposed method, we need to choose an appropriate
g(z) in the DRM (4.3). The dataset is highly skewed to the right because of the high
proportions of zero values and extra skewness in the positive inpatient charges. To balance
model fit and model complexity, we choose q(x) = log(z). The goodness-of-fit test of
Qin and Zhang (1997) gives a p-value of 0.563, which indicates that this is a suitable
choice. Figure 4.1(a) shows the fitted population distribution functions Fy and Fy under
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(a) hypertension data (b) Pangasinan data
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Figure 4.1: Fitted population distributions for real datasets. Fy and F}: fitted CDFs under
the DRM; Fy and Fi: empirical CDFs.

the DRM with g(z) = log(z) together with the empirical CDFs Fy and Fy. Clearly, the fit
is adequate.

We apply the methods discussed in Sections 4.3.1 and 4.3.2 to this dataset. Table 4.9
presents the point estimates, and Table 4.10 shows the lower bound (LB), upper bound
(UB), and length of the 95% CIs. The estimates of Gy, Gy, and Gy — G; for all three
methods are very close. In particular, the EMP and JEL estimates are almost the same.
The estimates of Gy and G, are greater than 0.93, indicating the large inequality of the
inpatient charge for patients with uncomplicated hypertension; the high proportion of zero
values contributes to this. All the methods give similar 95% CIs for Gy. The 95% ClIs for
G, and Gy — G; for NA-DRM and BT-DRM are the shortest. All the Cls for Gy — G; contain
0, which suggests no significant difference between the inequality of the inpatient charge
for female and male patients at the 95% confidence level.

The second dataset comes from the 1997 Family and Income and Expenditure Survey
conducted by the Philippine Statistics Authority; the metadata is available in the R package
ineq. The province of Pangasinan is located in the Ilocos Region of Luzon. The dataset
contains household incomes from different areas of Pangasinan: urban (Sample 0) and rural
(Sample 1). Sample 0 has 245 observations and sample 1 has 138 observations. All the
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Table 4.9: Point estimates of Gini indices and their difference (hypertension data).
Go (male) G; (female) Gy — G

EMP 0.959 0.933 0.026
JEL 0.959 0.933 0.026
DRM 0.956 0.934 0.022

Table 4.10: 95% ClIs for the two Gini indices and their difference (hypertension data).

Go (male) Gy (female) Go—G1
LB UB  Length LB UB  Length LB UB  Length
NA-EMP 0942 0977 0.035 0.902 0.964 0.062 -0.009 0.062 0.071
BT-EMP 0.936 0974 0.039 0.888 0.959 0.071 -0.013 0.066 0.078
EL 0.941 0975 0.034 0.903 0.961  0.058 - - -
BT-EL  0.938 0.976 0.038 0.897 0.966 0.068 - - -
JEL 0.942 0.980 0.038 0.904 0.967 0.063 -0.017 0.069 0.086
AJEL 0.942 0.981 0.039 0.904 0.967 0.064 -0.018 0.069 0.087
NA-DRM 0.938 0.974 0.036 0.906 0.961 0.056 -0.009 0.054 0.063
BT-DRM 0.934 0.972 0.038 0.901 0.957 0.056 -0.007 0.048 0.055

incomes are positive.

The skewness of the dataset suggests setting g(x) = log(z) in the DRM (4.3). The
goodness-of-fit test of Qin and Zhang (1997) gives a p-value 0.607. Hence, there is no

strong evidence to reject the choice of g(z) = log(x). Figure 4.1(b) also shows that the
DRM with q(z) = log(z) fits the data well.

We use all the methods of Sections 4.3.1 and 4.3.2 to analyze the dataset and summarize
the results in Tables 4.11 and 4.12. The EMP and JEL methods give similar estimates of
Go, G1, and Gy — G;. The DRM estimate of Gy is comparable to the other estimates, while
the DRM estimate of G; is smaller than the others. Hence, the DRM estimate of Gy — G;
is larger. All the methods give similar results for the 95% CIs for Gy. The 95% ClIs for G,
and Gy — G; by NA-DRM and BT-DRM are significantly shorter than the other CIs. This
is strong evidence that our method helps to utilize information across the two samples and
effectively improves inference when sample sizes are small or moderate. We do not reject
the hypothesis that the income inequalities of urban and rural households are the same,
since all the 95% CIs for Gy — G; contain 0.
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Table 4.11: Point estimates of Gini indices and their difference (Pangasinan data).

Go (urban) Gy (rural) Go— G

EMP 0.393 0.394 -0.001
JEL 0.391 0.389 0.002
DRM 0.399 0.371 0.028

Table 4.12: 95% CIs for the two Gini indices and their difference (Pangasinan data).

Go (urban) Gy (rural) Go—G1

LB UB  Length LB UB  Length LB UB  Length
NA-EMP 0.354 0433 0.079 0.332 0.455 0.123 -0.074 0.073  0.146
BT-EMP 0.356 0.441 0.085 0.338 0.481 0.143 -0.085 0.068 0.153

EL 0.354 0.433 0.079 0.333 0.456 0.123 - - -
BT-EL  0.353 0.434 0.080 0.335 0.455 0.120 - -
JEL 0.356 0.436  0.081 0.339 0.466 0.127 -0.083 0.070  0.153
AJEL 0.355 0.437 0.081 0.338 0.467 0.129 -0.084 0.071  0.154
NA-DRM 0.361 0.436 0.075 0.343 0.399 0.055 -0.003 0.059  0.062
BT-DRM 0.359 0.443 0.084 0.343 0.403 0.060 -0.006 0.057  0.063

4.5 Technical Details and Additional Simulation Re-

sults

4.5.1 Proofs

Regularity conditions

The asymptotic results in this chapter are developed under some of the following reg-
ularity conditions:

C1:
C2:
C3:

C4:
C5:

The true value v} satisfies 0 < v < 1 for 2 =0, 1.
As the total sample size n goes to infinity, ng/n — wy for some constant wy € (0, 1).

The two CDFs G and G; satisfy the DRM (4.3) with the true parameter 6", and

[;7 exp{0" Q(z)}dGy(z) < oo for all 6 in a neighborhood of the true value 6*.

The components of Q(x) are continuous and stochastically linearly independent.

The moments [;° z%dGo(z) and [, 22 exp{0 Q(z)}dGo(z) exist for all @ in a neigh-
borhood of the true value 6*.
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Condition C1 ensures that the binomial log-likelihood function ¢o(v) has regular prop-
erties and the quadratic approximation is applicable. Condition C2 indicates that both
ng and ny go to infinity at the same rate. For simplicity, and convenience of presentation,
we write wy = no/n and assume that it is a constant. This does not affect our technical
development. Conditions C1 and C2 imply that A, is positive definite. Condition C3
guarantees the existence of the moment generating function of Q(X) in a neighborhood
of @ and therefore all its finite moments. Condition C4 is an identifiability condition.
Conditions C3 and C4 together imply that Ay is positive definite and the quadratic ap-
proximation of the dual empirical log-likelihood function ¢;(8) is applicable. Conditions
C2-C5 guarantee that the linear approximations of Go and G, can be used.

Alternative form of Gini index

According to David (1968), the Gini’s mean difference for sample i can be equivalently
expressed by

D; = E| Xy — Xpo| = 2/0O {22F;(x) — x} dF;(x). (4.17)

Under model (4.1), Fi(z) = v;I(z > 0) + (1 — v;)I(z > 0)G;(x). Then D; can be further
written as

D = 21— yi)/ooo[gx{yi + (1= v)Gila)} — 2)dGi(x)
~ 2(1—w) /OOO {205 — 1) + (1 — 13)2G(2)}dGi(x)
= 22y, — 1) /OOO z(1 — 14)dGy(x) + 2(1 — 1;)? /Om{QxGi(x)}dGi(x)
= 202w — s+ 2(1 — )2 /000{2mGi(:c)}dGi(:c).
Recall that m; = [ 2dG(x) and s = [°{20G;(2)}dG(x). We then have ; = (1—v)m,

and
Di _ (20, — 1) + (1 — yi)ﬂ

Ui = 21 m;
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Proof of Theorem 4.1

To derive the asymptotic properties, we define an expanded function:

H(v,p,0) = ng log(Vo) + ng1 log(1 — 1) + nyglog(rr) + nq log(l — 14)

=0 j=1

Since the MELEs are obtained by # = argmax,, {, (1) and 6 = arg maxg ¢,(0), we have

~

OH(.,0) _\  OH(© p.6)

o g =0. (4.19)

Note that

ni1 1
>3 -1

P01 £ 4 plexp{a+ B q(Xy)} - 1]
which ensures that the MELE of Gy(z) is a CDF. From this, we can verify that
OH(0,p,0)
—F—==0. 4.20
9 (4.20)

Then (4.19) and (4.20) together imply that 1 satisfies

OH(7)
on

— 0, (4.21)

which serves as the starting point of our proof for 7

Next, we apply the first-order Taylor expansion to 0H (7)/0n to find an approximation
for 7. In this process, the first and second derivatives of H(v, p, @) play important roles.
Their detailed forms are given below.

e First derivatives of H (v, p,0)

After some calculation, we find the first derivatives of H (v, 0, p) as follows:

aH(V7p70> _ aH<V7p79> aH(l/,p,B) T_ @_ o1 @_ ni1 !
ov a 81/0 ’ 81/1 n ’
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aH(V7p70) Zj; ]-
a\mAsT I(X;: > 0),
ap Zl—l—p{w Zj? )_1} ( - )

0H(v,p,0 w(Xij; 0
o - E_:Q(X”)I(X”>0>_%:1+p§ngm;0;—1}Q(X”>]<X”>0)’

where >, refers to summation over the full range of data.

We evaluate the above derivatives at n* and define

8H8(’r]*) S
8H(T]*) oI v n,v
Sn=—p = O N = S, |, (4.22)
n o1 (17") S, 0
0

S e V- N
Snp = — J I(X;; > 0),

e Second derivatives of H(v, p,0)

We next calculate the second derivatives of H(v, p, ) and evaluate them at n*. This
leads to

O?H(M*)  O*H(M*)  OPH(M))

. ovov T Ovdp oo "
PHM') | eamy o2 rOy) oohm (4.23)
omomT | georT p? 9p00" | '
82H(fr’*) 82H(fr’*) 82H(n*)
800v T 8600p 8006

where ho(x) = (1 — p*)/h(x) =1 — hy(z) and

vov’™ o =) 2 (1—up)?
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0*H(n*) _ Z —{w(Xy) — 1}2I(X~ > 0)
7 h(Xi;)? Y ’

0p?
PH@m) _ [PHm)' _
ovdp { OpovT } o
0*H (n* O*H(n*)) " Xij
—80(87)) = {—ap(;gT)} :_Z:(g(ijj)LQ<Xij)[<Xij>O>7
ij
OH(n*) T
——=" = =) ho(Xi)) (X {Q(Xy)Q(Xi;) H(Xi; > 0),
0006 ;
PH@m) _ [PHm) _
woe {6‘08VT} T

e Some useful lemmas

In the proof of Theorem 4.1, we need the expectation of 9*H(n*)/(0ndn') and the
asymptotic property of S,,. The following lemma is used to ease the calculation burden in
our main proofs.

Lemma 4.1. Suppose that f is an arbitrary vector-valued function. Let Eqo(-) represent
the expectation with respect to Gy and X refer to a random variable from Go. Then

E {Z XX, > o>} — nA" Ep{h(X)f(X)}.
Proof. Note that

E {Z F(Xi)I(Xi5 > 0)} = Z”iE{f(Xﬂ)](Xﬂ > 0)}
= no(1 —v5) Eo{ f(X)} +ni(1 — 1) Eo{w(X) f(X)},

where we use the DRM (4.3) in the last step. Using the facts that w; = n;/n, we further
have

E {Z F(Xi) (X5 > 0)} = nwo(l —v5)Eo{ f(X)} + nwi (1 — v7) Eo{w(X) f(X)}.
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Recall the definitions of A* and p*. We then have

E {Z FXaip)I(Xi; > 0)} = nA"Eo{(1 - p") f(X)} + nA*Ep[p*w(X) f(X)]
= nA"E{h(X)f(X)}.

This completes the proof. O

With the help of Lemma 4.1, we calculate the expectation of 9*H (n*)/(0non").
Lemma 4.2. With the form of 0*H(n*)/(0non") given in (4.23), we have

A, O 0

L JOPHM) _
nE{ﬁna’nT} 4 8 Aﬁz if: |
where
A, = dmg{yg(lfyg),yf(l_lyf)}, Ap = A1 — ") Ee [m(N)QX)QT(X)] |
4, = A*Eo{%}z{p*u—m* A = {p"(1 - )} leT Aye]
Ao, = AL = NE{EQUOY - (71— ) Aue

with e = (1,0,.,)".

Proof. Note that ngy ~ Bin(ng, ) and nyg ~ Bin(ny, ), where “Bin” denotes the bino-
mial distribution. Since w; = n;/n, we can easily show that

_}E{WHmﬂ}:AV

n | dvdrT
Next, we apply Lemma 4.1 to find the remaining entries of E {9?H (n*)/(0non")}. We
use
ZH *
12{8 OQ)}
0000
as an illustration. For the other entries, the idea is similar and we omit the details.
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Note that

L fPHm)| _ 1 N CAO(XNO(X AT (X
e { T - nE{;ho<Xm>h1<Xm>Q<XZJ>Q<XU> 10X, >o>}

= A"y {h(X)he(X)(X)Q(X)Q(X)T}
= A (1—p)E {m(X)QX)Q(X)},

where we have used Lemma 4.1 in the second step and the fact that h(x)ho(x) =1 —p* in
the third step. This completes the proof. O

We now study the asymptotic properties of S,, defined in (4.22). Recall that W =
(1 —=)7 —(1 — )71 and define S = wy ' + wi .

Lemma 4.3. With the form of S,, in (4.22), as n — o
n~Y2S, — N(0, B),

in distribution, where

A, 0 O
B=|0 4 0
0 0 A
0 —p*(1— p)A,WT W'e' Ag
+ (1= p) AW =S{p*(1 - p")}? A2 Sp*(1—p*)Ae’ Ag
AQBW Sp*<1 - p*)ApAge —SAQB(AQG)T

Proof. Using the results in Lemma 4.1, it is easy to show that F(S,) = 0; we omit the
details.

Next, we verify that Var(S,) = B. For convenience, we write B as

B,y B,y Bj;
B = | By By By
B3, Bjs Bgs

We concentrate on deriving Bis; the other entries can be similarly obtained and we omit
the details.
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Note that S, , and S, ¢ can be rewritten as

00 101 101 1 S

Snu = - = - = — I(Xy; >0 ,

o v - - - Z (Xo; > 0)

10 n11 n11 1

Sn,ul = PR T x N 1 Xl > O)
Z e Vi vil—v) (1 —u7) jzl 7
ni

Sne = ZQ(XU)I(XU > 0) Zhl ij) )1(Xi; > 0)
=1

= Zho(le)Q(le le > O Zhl XO] XO] (X()j > 0)

Then we have

Similarly,

1
ECOU( n,vo s SZG)

m . i[ (Xoj > 0), y T (Xoj)Q(Xoz) " 1(Xo; > 0)}
ﬁ (1= ) Eo {m(X)Q(X)TY — (1 = 1) Ey {m(X)Q(X) Y]
woEy {h1(X T}

(1-15)" (Age) .

%COU(SnM, SZ,Q)

= —wl .

ny1(1 —v5)

nvi(1 — vy)

ov {il X5 > O)aiho(le)Q(le)TI(le > O)}

[(1 —17)Ey {ho(X)W(X)Q(X)T} —(1- Vf)on {ho(X)W(X)Q(X)T}]
1—p*

Ey {(X)Q(X)"}

= —(1- Vf)_l(Age)T.
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Recall that W = ((1 — )™, —(1 — v)7!). Then B3 = W'e' A,.
Note that S, in (4.22) is a sum of independent random vectors. Therefore, by the
classical central limit theorem, we have as n — oo

n~Y2S, — N(0, B),

in distribution, which completes the proof. O

Proof of Theorem 4.1
With the above preparation, we now move to the asymptotic property of 7.

Recall that 7) satisfies
OH (i)
on

Applying the first-order Taylor expansion to dH (7)/0n, and using (4.22) and Lemma 4.2,

we have
_ OH(nY)  (PHMW)\ . . 1/2
0 = S (G ) ) oy

= S,—nAn—-n")+ op(n1/2).

=0.

Conditions C1-C4 ensure that the matrix A is positive definite. Hence, we obtain an
approximation for 17 — n* as

1
-p° | = EA_ISH + 0,(n71?). (4.24)

AN

3

|

3

I
> W

Qi e

This together with the asymptotic property of S, in Lemma 4.3 and Slutsky’s theorem
gives

n'2(f—n*) - N(0,A"'BA™"),

in distribution, as n — oo.

To find the explicit form of A" BA™! we first identify the structure of A™'. We write
—A, A, -1 [ A AR
AG,p AB - A21 A22 :
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Using the formula for the inverse of a 2 x 2 block matrix, we have

AT = {_Ap - (Ap,O)Agl(AG,p)}_l
= {1 —-p)) %" Age = A {p*(1 = p")} 7 = {p"(1 = p*)} e Age]

1

A Gt )
A Y
A12 _ A21 T _ _All A A—l _ i
A22 — Afl + Ail(Ag )All(A Q)Ail — Afl . eeT ‘
Hence, A™! is given by
Al 0 0
_ *(1— *) eT
e AR 15
0 A Ay — A*p*(1—p*)

With the form of A" in (4.25) and the form of B in Lemma 4.3, after some tedious
algebra, we find that

A = A'BA!

A pr(l—p) A W 0
= | rQ=p)WASY p(1—p )z —Sp(1 - p)} o
—1 ee
0 0 Ag A*p*(1—p*)

Recall that S = wy' +w;'. Some algebra leads to

1
A*

1 * * * *
{/) Vo + (1 - P )Vl}‘

This completes the proof of Theorem 4.1.
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Proof of Theorem 4.2
Recall that
1

Dij —
No1 + N1t

1

{1+ plexp{6 QX)) - 1]}

nwg(l — ﬁo) + nw1(1 — ﬁ1>
The MELE of ~ is then given by

ni1

v = ZZpUu

-1

-1

{1+ plexp{d QX)) — 1} (4.26)

510,0)
=0 j=1
nw(l — ) + nwy (1 — D) 4= R é-r [ ](Xz‘j > 0).
ij 1+ p[exp{ Q( 1])} 1]
Note that 4 is a function of 7, so we define
1 u(X;j;v,0)
(1—V0)+nw1(1—y1)z (X3 )

~Y(n)

We then have 4 = (7). From Theorem 4.1, we have 1) = n* + O,(n

first-order Taylor expansion to (1), we get

1+ plexp{6' Q(X;

)} =1

~1/2). Applying the

. . ovm)\ . . _
3 =90+ (58 G- ) 4 007 (1.27
For convenience, we write u(z) = u(z;v*,0"). Note that
Ov(n*) _ (9v(m") 9v(n*) 9v(n”)
on ov ' 09p = 00
where
ov(n*) 1 ou(X,j;v*,0%)/0v u(X;;)
= A 1(X,;
B A ZZJ: h(XU) + (wo, w1) ® (X)) (Xi; > 0)
Ov(n") 1 u (X ) {w(Xy) — 1}](Xz‘j - 0),

nA* %:

h(Xij)?
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o) ni* 3 {0u(Xij;v",07)/00} - (X)) — w(Xy)p*w(Xi)Q(X) I(Xi; > 0),

00 h(X:;)2

and ® indicates the Kronecker product. By the law of large numbers and Lemma 4.1, we
have

ov(n*) N
on

in probability, as n — oo, where C = (C,,C,, Cy) with

ou(X:v*, 0* *
C, = EO{M}JF(%,M)@V_

ov A
e [0 1) oy B (X))
0 = —m M =
_ {Ou(X;v",67)/06} - h(X) — w(X)p'w(X)Q(X)"
co = | h(X)
= EO{W}—Eo{hl(X)U(X)Q(X)T}-

For convenience, we let
EOu = Eo{h,o(X)’u,(X)} and Elu = EO{hl (X)’U,(X)}

Then Egy,, + E;, =" and
Py —Eiy
p(1—p*)

Note that the first term of (4.27) involves

C, =

= I(X
v) nA*Zh (Xij > 0).

Then Equation (4.27) can be written as

V= nlA* Z ZE§];[<XJ > 0) +C(f—n") +0p(n~'1?). (4.28)
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Recall from (4.24) that f — n* = n"'A™'S, + 0,(n"Y/2). Therefore, as n — oo,
n'/2(4 — ~4*) has the same limiting distribution as

1/2

n

(4.29)

{nlA* Z]: Zgj)) I(Xi; > 0) = 7*} +CA™'S,/n

It can easily be verified that (4.29) has expectation zero. We will now decompose its
asymptotic variance into three parts.

The variance of the first term in (4.29) is

I = Var{y(n")}
1 w(X)u(X)" 1 -
= o MO0 L (X0} Bl (Xu) )

ol (X))} Eofn (X)u(X)T)

1 fuX)uX)T) 1 1 -
= —Ey{——F~—— ¢ — —EwEj, - —E,E],,
A “{ h(X) wy T g

(4.30)

where in the first step we have used the results in Lemma 4.1, and in the second step we
have used the definitions of Eg, and Eq,.

Next, we derive the variance of the second term in (4.29):
Iy =nVar(CA™'S,/n) = CAC".
Together with the form of A in Theorem 1, we have

Iy = CLA,'C)+p"(1-p)CLA,'W'C,) +p'(1-p")C,WA,'C]
.
*\—1 % % * % k% T -1 ee T
A= ) + (1= P NC,C) + Co {4 - 5 h 6.

Note that

prvg + (1= p")vi

WA,'W' =
A p*(1 = p*)
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Then
L, = {Co+p'(1—p)CWIAHC, + p'(1— p)C, W
—m(c@e)(cge)T L Coa,'Cy. (4.31)
Lastly, we derive the covariance of the two terms in (4.29). That is,
I's = nCov[y(n*),n {CA'S,}] = Cov{y(n*),S }A'C".

For convenience, we write Cov{v(n*), S} = (D,, D,, D).
We first look at

Cov{v(n"), Sy }

1 u(Xi)) —n1
= 1(X;; L
o {W 2 Txy) N> O Vi‘)}

-1 n1 u le ni
T oA vf)cov {Z h((le))I(le > 0,2 1% > O)}

Jj=1 j=1

[0 {HO) (e {5000Y)

nA*vf (1 — v}
_ —w, fulX)w(X)
- e {E
= —(]‘_I/ik)_lEl'U,'

Similarly, we find

OOU{7(77*)7 Sn,uo} = _(1 - VS)_lEOu.
Hence,

D, = (_(1 - V{)k)_lEOua _(1 - Vik)_lElu> .
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We can find D, and Dy in a similar manner. For D,
Dp = CO’U{’Y( *) np}
= ——C >0 J I1(X;;
{ g s> 0% M@)<j>m}

-—@+%%wxm<nww>wwwu1

+i_: Eo{ha (X)u(X)} Eglhy (X ){w(X) — 1}]
= C,— A"mEy[h(X){w(X) —1}],
where m = v* /wy — SEo{h1(X)u(X)} = v /wo — By /{wow: }.
For Dy,

Dy = Cov{vy(n"), Sl,e}

ni

_Zhl w l] TI<XU > 0)}

= —CO’U{ h Z] Xz] > O Zho le Xl] [(le > O)}

{ hx 1 (X;; > 0) Zhl Xo;)Q(Xo,) TI( Xy, > 0)}

7=1

(1= p")A'mEy{h (X )Q(X)T}
m(Age)T.
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With the form of (D,, D,, Dg) and the form of A™" in (4.25), T'; is given as

I'; = (D,,D, Dg)A'CT

= D,,A;lcj—%D CT+D X CT+D9

eeT
D {A‘1 - —} cy
S NV (DD
1
= D,,A;ch + DgA,;ng + A- {Dye — p*(1 - p")D,} CT

+ R —L A LY O
{ At Arpr(1 - p) o

A

With the forms of D, and Dy, we have

DyAy' = pr(1—=p")D,} = p*(1 = p")ym — p*(1 — p")C, /A",

Hence,

I's = D,A'C) +me'C, + (m — Zf) {p*(1 - p*)C’;r —e'Cy}

C 1
= D,A'C] + (m — A—p) pr(1—p")C,) + EcpeTcg. (4.32)

Substituting I'y into (4.31) and I's into (4.32) and using the facts that Cy = M3,
C,+p"(1-p")C,W+ D, = Mj, (4.33)

and

(Cge)(C e’ AT, L T G T_ MMy
Arpr(1 - )+A*Ce Co + 37 CoeCy = Frr(1=01)C, = Arpe(1—p*)’
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we have

Iy + T3+,
- (M, -D,)A'M, - D,)" — % + MsA ' M]
+D,A,'C, +C,A,'D, +p*(1-p")(mC,) +C,m") — pr*ﬂ —p")C,
= MAM] — % + M3 A M]
+D, A (C, — M) +(C, — M)A,'D) + D,A'D]
+p*(1—p)(mC) +Cm") - %p*(l —p")C). (4.34)

Next we further simplify the form of T'y + T's + T'J . Note that with (4.33), we have

C
D,A'(C, - M) + D,A'D] + p*(1 - p*)meT — 2o (1 — pH)C)

A+ p
= —p"(1=p" )D,A'W'C) + p*(1—p")mC] — pr*(l -p)C,
= p"(1—p) <—DVA;1WT +m — %) C,.
With the forms of D, A", and W, we have
D AW — M e pvo+(1—pin E.,

gl
A1 =pY) Arpr(1 = p*)

140 1
_ My ——S}Eu

]_—V() 1
= " SE, - (v — By,
=) P T m = o)
_ m_Cp
_ =3

Hence,

C
D,A'(C, — My)" + D,A,'D] + p*(1 — p")mC, — A—fp*(l —p")C,) =0
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and T'y + T's + T in (4.34) becomes

_ MoMJ _
L, +T.+T] = A M - =72 AT
2+ T3+ T) MLAM] A*p*(l—p*)+M3 0 M
+(C, — M)A,'D, + p*(1 - p)C,m". (4.35)

With T'; in (4.30) and Ty + T3 + T in (4.35), to show that T =T, + Ty + T35+ T3, we
need to argue that

ol 1 1
I = (Co = MOAD) 4 (1= ) Cpm T — BB, — BB, (436)
Note that .
C, =M+ (wy,w1) ® Z*
Then
v v v v T
(Co—M)A'D] = —E], — 7Bl = =7 (A—ZEJU + A—{kElu) . (4.37)
Recall that
p'(1=p)C,=py" —Eiy=p'Eou — (1 = p")E1u
and
m =" /wy — Ei/{wow: } = Egu/wo — E1q /ws.
Then
. . 1 1
pr(1—p)Com' — w—DEOuEJu - w—lEluElTu
1 1
= {p"Eou — (1 = p")Eru} {Eou/wo — Elu/wl}T - _EOuE(—)ru - _EluElTu
Wo wq
1 — p* 1= p* * *
= - & EouEgu - —pEluEE)ru - p_EOUElTu - p_EluElTu,
Wo Wo w1 wq
1-p* o\
= _(EOu + Elu) ( EOu + _Elu)
Wy w1
% 1— IZ0) 1— 124} T
= —")/ A* EOU + —A* Elu . (438)
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Since Eg,, + Ej,, = 7, combining (4.37) and (4.38) gives
1

(C, — M)A'D] +p*(1 - p)C,m" — —Eg,Ej, — —

Wo w1

which verifies (4.36). Hence,

=TI+, + T3+ 1.

Applying Slutsky’s theorem and the central limit theorem to (4.29), we get as n — 0o
n'? (¥ =) = N(0,T),

in distribution. This completes the proof of Theorem 4.2.
Proof of Theorem 4.3

e Approzimations of 1y and ¥,

To develop the asymptotic properties of (go, Ql) we first find the linear approximations
of 1 and wl We start with .

With the form of p;; in (4.26), the MELE 1y is then given by

ni1

1/;0 = ZZ})U{QXUGO ZJ)}

1031

ni1 ni
= ZZPW ij {QZZPZS XISSXZ])}

i=0 j=1 =0 s=1
= {TLUJO<1 - ﬁo) + nw1(1 - ﬁ1>}72 X
Z 2](Xls < XZ]>X” . I(XZ] > O)I(Xls > O)

7 {1+ plexpt0 QX)) - 1} {1+ plexp(8 QX)) - 1]}

Note that 1&0 is a function of 1), and hence we define

wo(n) = {nwo(1—wp) +nwi(1— 1)} 2 x
21(X;, < XU)XZJ I(Xi; > 0)I(X;s > 0)
ZZ {14 plexp{07Q(X5)} — 1]} {1 + plexp{0TQ(Xi)} — 1]}
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We then have 1y = o(n). With the definition of A* and h(z), we have

21 XS < X)Xy
: X ) LI(X;; > 0)I(X;5 > 0)
ls

Yo(m

and E(){QZJ()(T]*)} = ’QZ}Q.
By Theorem 4.1, we have 7 = n*+0,(n~'/2). Applying the first-order Taylor expansion
gives

Oto(n) "

i) = dut) + { P9I ) 4oy, (4.39)

Define
_ I(b<a)a =
U<a7b) - Wj(a>0>j(b>0)v ml— nznl;;(] XZJ7Xls
1 ng ng [z
Vi = n2 ZQU(X”,X — ZZ{U ijs Xis) + U(Xis, Xij) }
v =1 s=1 " j=1 s=1

for i,1 € {0,1} and ¢ # [. We then rewrite ¥y(n*) as

1 1
¢O(n*) - 2 Zzwzwln_n_lzzzlj Xzanls)

=0 [=0 j=1 s=1
= {Z wQVm -+ Z Z w; w2V }
1=0 [#i

Note that V,,; is a von Mises statistic (Mises, 1947). We denote the associated U-statistic
by

n; a
Uni: (2) Z {U ijy ls +U(X137XU)}

1<j<s<n;
According to Serfling (1980), the projection of U,; is defined as

ng

Uy = B{U(X0))} + %Z U(Xyy) — E{U(X)}].

where U;(a) = E{U(a, X;1) + U(X;1,a)}. It follows from Serfling (1980, p. 190 & p. 206)
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that under Condition C5,

A

VNi(Uni — Upi) = Op(l) andy/n; (Vi — Upi) = Op(l)-
This leads to

ng

Vi = B{U(X)} + 2 S 0:0X) — B{UCX)N + 0p077)

] 1
When [ # i, V,; is a two-sample U-statistic. Define Uy = E{U(X;1, X;1)}, Uiio(a) =

E{U(a,Xn)} — Uy, and Uypi(a) = E{U(X1,a)} — Uy. From Theorem 12.6 in Van der
Vaart (2000), we have

Vnil zl + — Z UzllO 'Lj + — Z U'LlOl Xls) + Op( 1/2)-

Since
E{U;(Xn)} =2E{U (X, Xn)} = 2U;
Ui(a) — E{U;(Xia)} = Uino(a) + Ui (@),
we have o o
Vii = 2 {Uii + n% Jz_; Uiiro(Xij) + n% Jz_; UiiOl(Xij)} + 0,(n?).
Hence,

) 5 A 5 A 1
Yo(n*) = (A*)? ZZwiwlUil + (A%)2 Zzwi“’l; Z Uino(Xi5)

i=0 1=0 i=0 1=0 j=1
2 = 1
g D 3w () 40
i=0 1=0
5 1 9 11
= "y ninUy + E ZZ“ ZUmo ij)
(nAr)? = 1=0 (ndA*)? 5 1=0

+

(nAQ*)z D>y Unon(Xis) + 0,(n %), (4.40)

=0 [=0 s=1
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We now simplify each term in (4.40). With Lemma 4.1 and the definition of U, we
have

> mE{U(Xy, Xn)|Xa} = Y nE {[gl;(j}i})j“l(xﬂ > 0)I (X > 0)|X,~1}

=0 =0

X
h(X;1)
Xi1Go(Xin)

h(Xi1)

= nA* I(Xil > O)E() {[(X < le)}

Hence,

1 1

anzUu = (nA*)2ZniE

1
1=0 [=0 =0

2 < XinGo(Xi
— nA*;n’E{—h(X(i) )[(Xi >0)}.

2
(nAx)?

anE{U(Xﬂ,Xll)|Xi}]

=0

Using the result in Lemma 4.1, we have

2
(nA-)?

1
ZninlUil = QE(){XG()(X)} = ¢0.

1

=0 1=0

We move to the second term of ¢y(n*) in (4.40). Recall that
Uino(a) = E{U(a, Xn)} — E{U(Xi1, Xun)}.

We then have

anUillo(Xij) = Z ny {E{U<Xij7 Xll)’Xij} - E[E{U(Xij’ Xll)|Xij}]}

= nA* {%ﬁm[(&- > 0) —E{%ﬁf"j)](&j > O)H :
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This leads to

Similarly, with the definition of U1 (a), we have

1

> iU (Xi) = Y ni{B{U(Xi1, X15)|X1s} — E[E{U(Xi1, X15)| X1 }]}

=0

Note that

1
> nE{U(Xi, X0)| X1} =
=0
*[<Xls > O)

= nA
h(Xis)

1
I(Xls S Xil)X’Ll }

ni& [(Xi > 0)I(Xys > 0)| X0
; { h(Xi1)h(Xs) (X > 0)I (X5 > 0)|X;

E{XI(X;; <X)}

h(Xls)

Xis

Together with the result of Lemma 4.1, we have

2 1 1 ng
(nA)? < > n Z Uit (Xis)
1=0 [=0 s=1
P (X > 0) [
. 2 [(Xls > O) /Oo
- = ; T 2dGo(z) — 1.
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For a > 0, we define the function

Ho(a) = {aGo(a) + / N xdGO(x)}.

The approximation of 1y(n*) is then given by

o) = ni* Z I(fb((i;(;()) {2Ho(X5)} — tho + 0p(n7?).

We also need the first derivative of 1y(n7) when finding the approximation of 1y(n). We
take the first derivative of 1y(n) with respect to 1 and evaluate the derivative at the true
value n*. This leads to

W) _ %%(77*) < o ) )

ov w1
Mo(n*) —1 w(Xis) —
oo ZZ{ X)) 2h (X)X )h(X0)? }
xI(Xls < X”)XMJ(XW > O)I(Xls 0),
IMo(n*) Prw(Xip)Q(Xyy) | prw(Xs)Q(Xis)
00 - 'ﬂ,A ZZ{ 2h Xls) * h( z])h(XlS)2 }

xI(XlS < Xm)XUI(XU > O)I(Xls > 0),
= nA v ZZ{hl i) Q(Xiz) + I (Xis) Q(Xi) }

y I(Xls < XZ])XZ‘J'I(XZ‘]' > O)I(XZS > 0)
h(Xij)h(Xis) '

By the law of large numbers, we have

Oho(n") _ o {3%(77*)

} +0,(1) = Co + 0,(1),

on on
with Cy = (Cj,,, Co,, Cio)'-
Since E{o(n*)} = 1y, we have
2
Co = %(woawﬂ



For Co, = E{d¢0(n*)/9p},
IMo(1”)
{ dp }

2
= Tang” ZE{Zh X,s I(Xis < Xi) Xyl (Xi5 > 0)1(Xi > 0)| Xy

2 W(Xis) — ]
AT E Z E {Z X Xzs e I( X < X)X (X > 0)I (X > O)|Xls}

— 2 W(Xij) -1
B _nA*E Z h(X;)? XiiI(Xi5 > 0)Go(x)

L i

L To) ) S Oy 7 oS {I<Xlssx>X}]

nA* r h(Xls)Z
— _ni*E ;%I(){” > 0)Ho(X; )]
_ Ho(X){w(X) — 1}
= e { PR

The expression for Cpyg can be found in a similar manner:
Coo = —2Fy {h1(X)Ho(X)Q(X)}.

The details are omitted here.

It can be verified that the matrix C| is the same as the matrix C in (4.28) when we
set u(z;v,0) = 2Hy(x) in the definition of 4 in (4.10). Hence, the expression in (4.39) can
be further written as

7 I Xz] . . _1/9
b= oy 2 ST 2 H(X)) = o+ O =) + oy
- Zipw{QHO (Xi)} = o + 0p(n™"2). (4.41)
1=0 j=1

The remaining term op(n_l/ %) is introduced by the projection of the von Mises statistic
and the U-statistic when approximating to(n*).
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Define
Ho(a) = 2Ho(a) — tho.
With the natural constraint Y, >4 pij = 1, Equation (4.41) implies

ni1

ZZP’JHO i) + op(n~1?). (4.42)

=0 j=1

Next, we consider the approximation of MELE 1@1. Recall that

1 ni n
Zzpww leve ij {2221)15(«0 Xls, Xls SXU)}
=0 j

=0 s=1

With the definition of py; in (4.26), the MELE ¢; can be written as

~

1/)1 = {nwo(l — ﬁo) -+ nw1(1 — ﬁl)}iz

“ Z 21 Xls < Xz])Xz]W(Xz]7 )w(Xls, ) (X” > O)I(Xls > O) - (4.43)
{1+ plepto QX)) — 11} {1+ dlexp{0 QX)) — 11}

Define
~ I(b<a)a ~ =
Ula,b) = mw(a)w(b)](a >0)I(b>0), V= o ;z}U Xij, Xs),

N 1 g n; n;

o = a0 =SS O )

ioi=1 s= Z j=1s
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for i,1 € {0,1}. We use ¢1(n) to denote ¥ and have

wl(n*) = (TLA) ZZQU ijqus)

ij s

nq

1 1 1 11
SO D NTETD D WIS

=1 s=1

= {Z wQVnz + Z Z wzwlzvnzl }

1=0 [#i

Note that f/m is a von Mises statistic and f/m»l is a two-sample U-statistic. Using the
technique used to obtain the approximation of ¥y(n*) in (4.40), we have

where Uy = E{U(X, Xn)}, Uino(a) = E{U(a, Xn)} — Uy, and Uyo1(a) = E{U(Xi1,a)} —
UZl‘

With Lemma 4.1 and the definition of U(a,b), we have

1
anE{U(Xij,Xll)‘Xij}
1=0

_ an { (Xn j}szf w(Xij)w(Xn)I(Xi; > 0)1(Xp > 0)|Xij}

XZEUT(;()U)I(XM > 0)Eo {w(X)I(X < Xi5)}

Xijw(Xij)G1(Xij)
hXy) I(X;; > 0)

= nA*

= nA*
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and

> i E{U(Xi, X1) | Xis}

—~(I(X < Xi)Xa

S o)

Lw(X ) (X > 0)
h’<Xls)

_ A (X > 0) [

N A h<Xls> /

(,U(Xﬂ)W(XlS)](Xﬂ > O)I(Xls > 0)|Xls}

=0

= nA

Eo {Xw(X)I(X;s < X)}

zdGq(z).

Xls

It follows that

i—0 1=0 =0
= 2F{Xw(X)G1(X)}
- 1/}17
1 1 Lz
5 i 2 w(Xi;)I(Xi; > 0)
(nA*)Q ; ;nl - 1l10(XZ]) = nA* ; h(XZ]) XZJG1<XU) wb
9 11 o 2 w(Xis)I(Xis > 0) /OO
0 (X)) = xdG(x) — Y.
(HA*)Z i=0 1=0 s=1 101( : ) nA* %: h(XlS) Xis 1( ) 1

Hence, ¥(n*) is given by

() = ni* Z w(XZ]hé)(()j)J > 0) {2H, (X)) — 1 + 0p<n71/2)’

ij

where ;(a) = aGi(a) + [~ 2dG(z) for a > 0.

Applying the first-order Taylor expansion to ¢ in (4.43) yields

ba(1) = () + {31"8—5;'”} (7= %) + 0(n~72).
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With the law of large numbers, we have

with C, = (C],,C1,,C/y)" and

1v>

c, =2 ( e ) Cy, = —2E {H1(X>fl"("§)“ - 1}} Cro = 2By {ho(X) H(X)Q(X)}

The expression of each element in C'; can be found similarly to the derivation of Cy; we
omit the details. By setting w(z;v,0) = 2w(x;0)H,(x) in (4.10), we can verify that the
matrix C| is the same as the matrix C' in (4.28). Hence, the approximation is given by

(n) = ni* Z s })L(E(le >0) A2H((Xi)} — 1 + C{ (A — 1) + 0p(n17?).

With the natural constraint ZZ 0o i1 Dijw (Xijs 9) = 1, the above approximation equation

implies
n41

Z pr Xij; 0)H1(Xij) + 0p(n~'/?), (4.44)

=0 j5=1

where we define Hy(a) = 2H;(a) — ¢ for a > 0.

e Asymptotic properties of Go and G,
We now proceed to derive the asymptotic properties of Go and G;. Recall that

~

Go = (200 — 1) + (1 = i)

where 19 = 311, > 54, pij Xy and the approximation of Wy is in (4.42). Then
s (200 — V)ing + (1 — Do)t
my

— 23:0 > it bij {(200 — 1) X5 + (1 — Do) Ho(Xy5) } + 0,(n"1?). (4.45)

Ez =0 2?111 Dij X
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Similarly,

. Yico > i Dig {(231 — Dw(Xij;0) X5 + (1 — 01)Ha (X5 é)}
G = T —n ; +op(n /%), (4.46)
> im0 2je Dijw(Xij; 0) X

Note that the numerators and denominators of the leading terms in (4.45) and (4.46)
all have the forms in (4.11) with u(+;-) taking some specific forms. We define these specific
u(x;v,0) as

w(z;v,0) = (z,uo(z;v),w(z; 0)z,w(x; 0)u (z;v))" (4.47)
with
up(z;v) = 2y — D)o + (1 — vo)Ho(z) and wy(z;v) = (204 — 1)z + (1 — vy)Hy(2). (4.48)

Further, we define

v = /000 u(z;v,0)dGo(x) = (11,72, 73, 74) " (4.49)
and
4y = /Ooou(x;ﬁ,é)déo(x) = (51, %2, Y3, 7a) - (4.50)
Then we have
Go = /%2 + Op(nfl/Q) and G = Y3/Ya + Op<n71/2>' (4.51)

Hence, the joint limiting distribution of /n(Gy — G&,Gi — G7) is determined by that of
Vn(y —~*), where the G are the true values of G; for i =0, 1, and

¥ = / u(m;u*,O*)ng(ﬁ):(mo,mogg,ml,mlgf)T
0

is the true value of ~.

Let

w(r) = (o(x) ", w(2) ") " = (=p" (2, uo(w;v"), (1 = p") (@, wr (2;07))) .
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By using the form of u(x;v,0) in (4.47), we obtain the simplified forms of M;, Ms, and
M3 in Theorem 4.2 as follow:

0 0 —pmy
T o B P o ERETE e
0 2my — 1y (1 =p")(mGy)
~E{m(X)XQ(X)T}

Eo{ho(X)w(X)ui(X;04)Q(X) "}

Let g(v) = (v2/71,74/7) " = (G0, G1) . Then g(%) = (Go,G1)" and g(v*) = (G5, G7) "
Applying the Delta method to the limiting distribution in Theorem 4.2, we have, as n — oo,

vn (Go — QS) — N(0,X)

in distribution, where ¥ = JI'J " and

dg(v*) J, 0 N (I
T=" "o g7 )7L 0" 0 e ) (4.52)

mi mi

To finish the proof of Theorem 4.3, we use the forms of I" in (4.12) and J in (4.52) to
simplify 3. Note that

0

g 1
0 ( moGg ) mo Mo + m (moG) ’

m g7 1 .

my

This leads to

s al T
Y T MoM, } T
J J =J——=—>J =0. 4.53

{ A } { Arp(1 = p*) 459

With the fact that

T 0 _1-Gg T 0 _1-gf
J0<2m0—¢0>_1—V0 and i 2my =Y ) 1—-1’
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we have

JMlzdlag{l_go 1_91}

]_—1/071—V1

Hence,

B ] * 1_g*>2 V*(1_g*>2

J AL JT = 21 0 1 1 _ 454

(Ml v Ml) dlag{ A*(l _p*)’ A*p* ( D )
Substituting (4.12) and (4.52) into ¥ and using (4.53)—(4.54), ¥ has the following

simplified form:

1
E =
A*J

g% * L,k O\ T
Eo{u(X,V,Hh)('l;(()X,V,H) }+ 1 B
vp(1—G5)° Vik(l—gi‘)Q}

MI=p) A [

+diag { (4.55)

where
B = Ey{l(X)a(X)Q(X) YAz ' Eo{h (X)Q(X)a(X) "},

as claimed in Theorem 4.3. This completes the proof.

Proof of Theorem 4.4

The proof of Theorem 4.4 is similar to that of Theorem 1. The results of Li et al. (2018)
are helpful for this proof.

Proof of Theorem 4.5

We start with (a). Recall that the nonparametric estimator of the Gini index for sample
1 = 0,1 is defined as

G=20—-1)+(1—- ﬁz)i/;z/ﬁ%
where

ni1

j=1 0

After some algebra, we have

G = n YT {2F(XGy) — 13X
A /»:«Ll

, (4.56)
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where fi; = n; ' Y77 Xj; and Fi(x) =n; 7! >, I(Xi; < x) are the sample mean and the
empirical CDF based on sample 1.

Applying Theorem 1 of Qin et al. (2010), we have

\/ﬁ( 9o = 9o ) s N(0, Z )
1_g1

in distribution with

2
(o5 O
s (7 2). -
where v % o x
O_i2: aTFi{ui( Z_ i }, (458)
W o

where Varg, means the variance is taken with respect to F; and w;(x) = w;(x;v*) with
u;(z; v) defined in (4.48).

We now show that ¥,,,, has the form claimed in (a). Note that
Varp{u(X) =G/ X} = Ep[{u(X) -G/ X}’ - [Er{w(X) - G X}, (4.59)

where Ef, indicates that the expectation is taken with respect to F;. After some calculus
work, we can show that

Er{u,(X) -G X} =v (1 —v)(2m; — ). (4.60)
For Er, [{u;(X) — Gf X }?], we have under model (4.1)
Ep{ui(X) = GIXY] = vjui(0) + (1 — 1) Eg, [{us(X) — G; X},
where Fg, indicates that the expectation is taken with respect to G;. Then

Ep[{ui(X) — G/ X}
= vju;(0) + (1 — v]) Eg {ui(X) — 2G; Xu;(X) + G* X"}, (4.61)

With the form of w;(z;v) in (4.48), we have

wi(0) = u;(0;0") =2(1 — v )m; — (1 — v)). (4.62)
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Combining (4.59)-(4.62) gives

Varg{u;(X) — G X}
= vi(1 =) (2m; — i)* + (1 — 1)) B, {uf (X) — 2G; Xui(X) + G X7} (4.63)

The fact that p; = (1 —v})m; and (4.63) together imply that o7 in (4.58) has the following
form:

9 vi(1—v)3(2m; — ¥3)? + (1 — ) Eg,{u?(X) — 2G; Xu;(X) + G2 X?}

vi(1—v)3(2m; —¥)? + (1 — v} Eg {u?(X) — 2G; Xu;(X) + G* X?}
wi(1 = vy)?*m;
Eo {uf(X) - 2G: Xui(X) + G°X*} | wi(1-G;)?

wi(1 —vF)m? wi(1=wvf)’

7

(
will — v )2m?
(

where in the last step, we have used the fact that Gf = (2v; — 1) + (1 — v})e; /m;.
Under the DRM (4.3) and since A*p* = wy(1 — vf) and A*(1 — p*) = wo(1 — 1), we
further have
o2 = Eo{ug(X) — 2G5 Xuo(X) + G5* X2} w5(1 — Gg)*
A*(1 — p*)m? A*(1 = p*)

and

Eolw(X){ui(X) = 261 Xwi(X) + G°X7})] | vi(1 - Gi)®

mo Mo mip my

() = —p* (z,up(2)) ', i (2) = (1 — p) (2, w1 (2))

After some algebra work, we get

2 _
0-1_

Recall that

and

vy(Gs —1)°
A*(1 = p*)

Jo Eo{to(X)uo(X) }JTo + (4.64)

AP )
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and

1

vi (g7 — 1)

J| Ep{w(X)a (X)u, (X)) "}, + Ay

2 _
0-17

(4.65)

Substituting (4.64) and (4.65) into (4.57) gives the asymptotic variance X, as

Shon = IS d | + diag { fgf—gjz) , Vf(lA*_p*gf) } : (4.66)
with
_ o S Eolto(X)uo(X) '} Eo{w(X)un (X)ui(X) '}
ot = A*p*(l—p)d g{ P ’ 1—p* }

Hence, X,,,, has the form claimed in (a).
We now move to (b). Since u(z;v*,0%) = (—(p*) Lao(x) ", (1 — p*)tay(z)")7, after

some algebra, we find that

1E w(X; v, 0% u(X;v*,0%)7"
A0 h(X)

_ 1 < Eo{ho(X)to(X)to(X) T —Eo{h1tto(X)u, (X) "} )
A (p)2(1 = p*) \ —Eo{h(X)a (X)ao(X)"} 72 Bo{ by (X)w(X)a (X)a (X) T}

)
Eo{hi(X)u(X)u(X)"}.

1
gt —
P A ()R- p)

Together with the expression for ¥ in (4.55), it follows that

1 - - TV A*(1 T
B = B = g | Bl (RX)EX)T) — 21— )BT
where
B = Ep{h(X)a(X)Q(X) "} Ay  Eo{m (X)Q(X)a(X) "} (4.67)

Let D(a) = (Do(a)T,Dl(a)T)T for a > 0 with

D;(a) = ai(x) — A*(1 — p*) Eo {m(X)w(X)Q(X)" } Ag'Q(a), i =0,1.
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Recall that
Ag=AN(1—-p")E [m(X)Q(X)QT(X)].
It can be verified that for 4, j € {0, 1},
Eo{h(X)Di(X)D;(X)"}
= Ep{h(X)@;(X)a;(X)"}
—AY(1 = p") Eo{m(X)8:(X)Q(X) "} A" Eo {7 (X)Q(X)u;(X) " }.

Recall that

and B is given in (4.67). Then,

1 T T
zDnon —-X= A*(p*)2(1 — p*)JEO{hl(X)D(X)D(X) }J )

as claimed in (b). This completes the proof.

Proof of Theorem 4.6

The result in Theorem 4.6 is a direct consequence of applying the Delta method and
the results in Theorems 4.3 and 4.4.

4.5.2 Additional simulation results

Results for point estimator

Tables 4.13 and 4.14 present the additional simulated results for the point estimators of
the Gini indices Gy, G, and their difference Gy — G; under different distributional settings.
The general trends are similar to those in Section 4.3.1. The DRM method always gives
the smallest MSEs.

Results for Cls

Tables 4.15 and 4.16 contain the the complete results for the Cls of Gy and G; under
different distributional settings. NL-DRM and BL-DRM refer to the Wald-type Cls for Gy
or G; using the logit transformation under the DRM and the corresponding bootstrap-t
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Table 4.13: Bias (x1000) and MSE (x1000) for point estimators (x? distributions).

Go g1 Go — G1
(ng,n1) v Bias MSE Bias MSE Bias MSE
(100,100) (0.1,0.3) EMP 6.13 098 7.43 1.30 -1.30 2.23
JEL 096 0.96 3.08 1.28 -2.13 2.28
DRM 251 0.67 379 110 -1.28 1.40

(0.6,04) EMP 715 114 6.00 1.27 1.15 2.44
JEL 490 1.14 227 127 263 249
DRM 271 094 348 1.18 -0.77 1.98

(300,300) (0.1,0.3) EMP 140 0.31 296 041 -1.56 0.72
JEL -0.33 031 151 040 -1.83 0.72
DRM 075 023 138 035 -0.63 0.46

(0.6,04) EMP 263 038 158 043 1.05 0.80
JEL 187 038 033 043 154 0381
DRM 1.02 032 078 041 025 0.66

Table 4.14: Bias (x1000) and MSE (x1000) for point estimators (exponential distribu-
tions).

Go g1 Go —G1
(ng,n1) v Bias MSE Bias MSE Bias MSE
(100,100) (0.1,0.3) EMP 483 099 4.12 1.08 070 1.95
JEL 033 0.99 063 1.09 -0.30 1.98
DRM 163 088 1.61 0.77 0.02 1.22

(0.6,04) EMP 6.12 095 394 112 219 2.04
JEL 417 095 095 1.13 3.22 2.09
DRM 234 083 209 092 025 151

(300,300) (0.1,0.3) EMP 152 033 226 037 -0.75 0.66
JEL 002 033 110 036 -1.08 0.67
DRM 0.70 029 096 025 -0.25 0.40

(0.6,04) EMP 203 031 126 038 077 0.69
JEL 137 031 027 038 111 0.70
DRM 083 0.29 045 030 039 0.51

CIs. The additional results for the Cls of Gy — G; are shown in Table 4.17. Again, the
general patterns are similar to those in 4.3.2. The NA-DRM CIs provide accurate CPs in
all situations and have shorter ALs than the existing nonparametric methods. Further, the
bootstrap method and logit transformation do not help to improve the coverage accuracy.
Hence, we recommend using the NA-DRM CI.
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Table 4.15: CP(%) and AL of CIs (x? distributions).

(100,100) (300,300)
Go G1 Go G1
v CP AL CP AL CP AL CP AL
(0,0) NA-EMP 93.85 0.100 94.20 0.092 94.60 0.059 94.80 0.054
BT-EMP 94.10 0.103 94.75 0.094 94.85 0.059 95.05 0.054
EL 93.85 0.100 94.20 0.091 94.55 0.059 94.80 0.054
BT-EL 94.45 0.103 95.10 0.095 94.90 0.059 94.95 0.054
JEL 94.45 0.102 94.85 0.094 94.70 0.059 95.15 0.054
AJEL 94.80 0.105 95.50 0.096 94.90 0.060 95.30 0.055
NA-DRM 95.25 0.074 94.65 0.078 94.70 0.043 94.70 0.045
BT-DRM 95.55 0.075 95.00 0.079 94.55 0.043 94.55 0.046
NL-DRM 95.35 0.074 94.50 0.077 94.75 0.043 94.75 0.045
BL-DRM 95.45 0.075 94.80 0.079 94.50 0.043 94.55 0.045
(0.170,3) NA-EMP 94.00 0.116 93.85 0.134 95.00 0.068 95.10 0.079
BT-EMP 94.80 0.119 95.05 0.137 95.35 0.068 95.10 0.079
EL 93.90 0.116 93.95 0.133 95.00 0.068 95.05 0.078
BT-EL 95.25 0.119 94.65 0.139 95.20 0.068 95.10 0.080
JEL 94.70  0.120 94.00 0.140 95.25 0.069 94.65 0.080
AJEL 95.25 0.123 94.60 0.144 9540 0.069 94.80 0.081
NA-DRM 93.60 0.099 94.80 0.128 94.60 0.058 95.25 0.075
BT-DRM 93.95 0.100 95.25 0.129 94.55 0.058 94.95 0.074
NL-DRM 93.85 0.099 95.00 0.128 94.65 0.058 95.20 0.075
BL-DRM 93.65 0.099 94.95 0.127 94.55 0.058 94.85 0.074
(0.3,0.3) NA-EMP 93.80 0.132 93.65 0.134 94.60 0.077 94.05 0.079
BT-EMP 95.30 0.135 94.55 0.137 95.20 0.077 94.40 0.079
EL 93.75 0.131 93.65 0.134 94.60 0.077 94.00 0.078
BT-EL 94.50 0.136 94.85 0.139 94.65 0.078 94.55 0.079
JEL 94.45 0.137 93.80 0.141 94.50 0.078 94.55 0.080
AJEL 95.35 0.141 94.20 0.144 94.80 0.079 94.80 0.081
NA-DRM 95.10 0.120 94.35 0.130 95.45 0.070 94.90 0.076
BT-DRM 95.75 0.121 94.65 0.130 95.25 0.070 94.65 0.075
NL-DRM 95.60 0.120 94.70 0.129 95.50 0.070 95.00 0.076
BL-DRM 95.30 0.119 94.60 0.128 95.10 0.069 94.60 0.075
(0.6,0.4) NA-EMP 93.45 0.124 94.10 0.138 94.30 0.073 95.10 0.080
BT-EMP 95.85 0.131 95.00 0.142 95.55 0.074 95.10 0.081
EL 94.00 0.123 94.10 0.137 94.45 0.073 95.05 0.080
BT-EL 95.35 0.130 94.95 0.143 94.90 0.075 95.30 0.082
JEL 92.90 0.133 94.15 0.145 93.35 0.075 94.90 0.082
AJEL 93.40 0.137 94.90 0.149 93.60 0.075 95.05 0.083
NA-DRM 94.60 0.119 95.05 0.137 9530 0.069 95.15 0.080
BT-DRM  94.95 0.120 9545 0.137 95.55 0.069 94.95 0.078
NL-DRM 95.00 0.119 95.25 0.136 95.60 0.069 95.15 0.080
BL-DRM 94.45 0.116 94.85 0.134 95.10 0.068 94.80 0.078
(0.7,0.7) NA-EMP 92.20 0.113 92.95 0.119 94.90 0.067 93.90 0.070
BT-EMP 96.75 0.122 96.55 0.128 96.30 0.068 95.40 0.072
EL 92.35 0.111 9290 0.117 95.15 0.067 93.75 0.070
BT-EL 94.70 0.120 95.30 0.127 95.75 0.069 94.55 0.072
JEL 90.75 0.123 90.80 0.129 94.00 0.069 93.00 0.072
AJEL 91.35 0.127 91.55 0.133 94.25 0.070 93.10 0.073
NA-DRM 94.50 0.111 94.85 0.121 95.10 0.065 95.20 0.071
BT-DRM 95.40 0.113 95.90 0.123 95.45 0.064 95.60 0.070
NL-DRM 95.70 0.111 96.05 0.121 96.05 0.065 96.10 0.071
BL-DRM 94.60 0.108 95.05 0.118 95.30 0.063 95.20 0.069
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Table 4.16: CP(%) and AL of CIs (exponential distributions).

(100,100) (300,300)
Go G1 Go g1
v CP AL CP AL CP AL CP AL

(0,0) NA-EMP  93.85 0.110 93.50 0.111 94.65 0.065 94.45 0.065
BT-EMP 9435 0.115 94.05 0.115 94.75 0.065 94.75 0.065

EL 93.90 0.110 93.50 0.110 94.65 0.065 94.55  0.065
BT-EL 94.50 0.113 94.00 0.113 94.80 0.065 94.60 0.065
JEL 94.35 0.113 9390 0.113 9490 0.065 94.55 0.065

AJEL 94.95 0.115 9435 0.116 95.10 0.066 94.75  0.066
NA-DRM  94.80 0.100 94.05 0.079 93.95 0.059 95.20 0.045
BT-DRM  94.45 0.104 94.75 0.079 93.65 0.060 94.95 0.045
NL-DRM 9490 0.100 94.10 0.078 93.95 0.059 95.25 0.045
BL-DRM  94.20 0.103 94.50 0.079 93.55 0.059 94.85 0.045

(0.1,0.3) NA-EMP 9345 0.119 9430 0.128 9525 0.070 94.50 0.075
BT-EMP  94.25 0.123 95,50 0.132 95.00 0.071 94.80 0.075

EL 93.45 0.119 9445 0.127 9525 0.070 94.40 0.075
BT-EL 94.40 0.122 95.20 0.131 9535 0.071 94.60 0.076
JEL 94.30 0.122 9485 0.133 9535 0.071 94.75 0.076

AJEL 94.80 0.126 9520 0.136 9540 0.071  95.05 0.076
NA-DRM 94.70 0.114 94.75 0.109 95.35 0.067 94.95 0.063
BT-DRM 9435 0.116 95.15 0.109 95.10 0.066 94.85 0.063
NL-DRM 9490 0.113 95.10 0.108 95.45 0.067 95.10 0.063
BL-DRM  93.90 0.114 94.70 0.108 94.85 0.066 94.85 0.062

(0.3,0.3) NA-EMP 93.55 0.127 94.25 0.128 94.55 0.075 93.45 0.075
BT-EMP 9535 0.132 9490 0.132 9470 0.075 93.80 0.075

EL 93.60 0.126 94.10 0.127 94.70 0.075 93.30 0.075
BT-EL 94.75 0.131 9485 0.132 95.05 0.076 93.70 0.076
JEL 93.80 0.132 9455 0.133 94.65 0.076 93.65 0.076

AJEL 94.50 0.136 95.15 0.136 95.00 0.076  93.80  0.076
NA-DRM 9555 0.124 9495 0.112 9515 0.073 94.60 0.065
BT-DRM 9545 0.125 95.30 0.112 94.60 0.072 94.60 0.064
NL-DRM  95.65 0.123 95.00 0.111 9525 0.073 94.90 0.064
BL-DRM  95.25 0.122 95.15 0.110 94.45 0.071 94.55 0.064

(0.6,04) NA-EMP 9270 0.115 94.05 0.127 93.65 0.068 94.30 0.075
BT-EMP  95.50 0.123 9535 0.132 94.90 0.070 94.80 0.075

EL 93.10 0.113 94.05 0.126 93.75 0.068 94.40 0.074
BT-EL 94.30 0.121 9520 0.132 94.15 0.070 94.75 0.075
JEL 92.45 0.124 9455 0.133 9345 0.070 94.50 0.076

AJEL 92.75 0.127 95.15 0.137 93.85 0.070 94.50 0.076
NA-DRM 9495 0.116 95.30 0.118 94.70 0.068 94.60 0.068
BT-DRM 9545 0.116 9550 0.118 94.30 0.066 94.50 0.067
NL-DRM  96.05 0.116 95.80 0.118 95.10 0.068 94.85 0.068
BL-DRM  94.75 0.112 95.05 0.116 94.05 0.066 94.35 0.067

(0.7,0.7) NA-EMP 91.40 0.104 92.15 0.105 94.60 0.062 94.55 0.062
BT-EMP  96.30 0.114 95.70 0.115 95.85 0.064 95.50 0.064

EL 92.05 0.102 9235 0.102 94.70 0.062 94.55 0.062
BT-EL 95.00 0.110 94.20 0.111 9540 0.064 95.25 0.064
JEL 90.40 0.114 91.00 0.114 9430 0.064 93.95 0.064

AJEL 90.85 0.117 91.60 0.118 94.40 0.064 94.05 0.064
NA-DRM  94.65 0.109 9390 0.101 96.10 0.064 95.40 0.059
BT-DRM  95.80 0.109 95.55 0.102 95.65 0.062 95.95 0.058
NL-DRM  97.05 0.109 95.75 0.102 96.75 0.065 95.95 0.059
BL-DRM 9440 0.104 94.50 0.098 95.35 0.061 95.50 0.057

176



Table 4.17: CP(%) and AL of ClIs for the difference Gy — G;.

(100,100) (300,300)
X Exp X Exp
CP AL CP AL CP AL CP AL
(0.1,0.3) NA-EMP 9445 0178 9455 0.104 9520 0.175 9469 0.103
BT-EMP 9510 0.181 9455 0.104 95.15 0.179 94.74 0.103
JEL 95.45 0.190 95.15 0.106 96.40 0.187 95.15 0.105
AJEL 9560 0.193 9525 0.107 96.60 0.190 9525 0.106
NA-DRM 9440 0.146 95.65 0.085 94.85 0.138 94.89  0.080
BT-DRM 9345 0.143 95.10 0.083 93.80 0.135 94.34  0.080
(0.6,04) NA-EMP 9460 0.186 9430 0.109 93.84 0.172 95.00 0.101
BT-EMP 9490 0.190 94.70 0.109 94.39 0.177 95.10 0.102
JEL 96.25 0.205 94.90 0.112 96.85 0.192 96.30 0.105
AJEL 9640 0208 9500 0.113 97.10 0.196 96.40 0.105
NA-DRM 9535 0.175 9525 0.102 9540 0.150 95.10 0.088
BT-DRM  93.95 0.168 94.05 0.098 9459 0.147 94.75 0.086
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Chapter 5

Discussion and Future work

In this chapter, we present a summary of our contributions in previous chapters along with
some possible extensions and future research problems.

5.1 Summary of Current Achievements

In this thesis, we studied several important inference problems under two-sample DRMs
by using the empirical likelihood method.

In Chapter 2, we developed empirical likelihood inference procedures for unknown pa-
rameters and distribution functions along with their quantiles under two-sample DRMs
with estimating equations. We also proposed a testing procedure on the validity of esti-
mating equations under DRMs, which leads to a practical validation method on the use-
fulness of the auxiliary information. Our inferential framework and theoretical results are
very general. The results in Qin et al. (2015) and Chatterjee et al. (2016) for case-control
studies are special cases of our theory for an appropriate choice of estimating functions.
We also generalized the inference under DRMs to incorporate auxiliary information and
covered more interesting parameters. Our results on the two-sample DRMs contain more
advanced development than those in Qin and Lawless (1994) for the one-sample case. Our
proposed ELR test, to our best knowledge, is the first formal procedure to test the validity
of auxiliary information under the DRM or for case-control studies. Our proposed inference
procedures for distribution functions and quantiles in the presence of auxiliary information
are also new to the literature. The work in this chapter has been prepared as a research
paper (Yuan et al., 2021a) submitted to a journal for publication.
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In Chapter 3, we constructed the MELEs of the Youden index and optimal cutoff point
under the DRM based on the two-sample data with or without a LLOD. Our method
provide a simple solution to the estimation of optimal cutoff point. Our asymptotic re-
sults show that when there is no LLOD the proposed estimator of optimal cutoff point has
a faster convergence rate than the existing nonparametric estimators, and the proposed
estimator of the Youden index is asymptotically more efficient than the existing nonpara-
metric estimators. When there is a LLOD, the proposed method is the first semiparametric
or nonparametric method with rigorous theoretical justifications. Simulation experiments
show that the proposed estimator for the optimal cutoff point has clear advantages over
existing ones for all scenarios considered in the simulation. The work in this chapter has
been wrapped up as a research paper (Yuan et al., 2021b), which has been published by
The Canadian Journal of Statistics.

In Chapter 4, we proposed the MELEs of Gini indices of two semicontinuous distribu-
tions under the DRM. In order to establish the asymptotic normality of proposed MELEs,
we first investigated the asymptotic properties of the estimators of model parameters and a
special class of statistical functionals. Using techniques from U-statistics and V-statistics,
we derived the asymptotic normality of the MELEs of Gini indices and showed that their
asymptotic variances are smaller than those of nonparametric estimators. We also explored
the asymptotic properties of a general function of two Gini indices, and used the difference
of the two Gini indices as an illustrating example. We used the asymptotic results to
construct Cls and perform hypothesis tests for single Gini index and difference of two Gini
indices. Our methods are applicable whether or not there are excess zero values. Extensive
simulation studies and applications to two real datasets demonstrate the advantages of our
proposed methods over existing ones. The work of Section 4.2.1 and 4.2.2 in Chapter 4
serves as the main results in a research paper (Yuan et al., 2021d), which has been accepted
for publication by Annals of the Institute of Statistical Mathematics. The rest of the work
in this chapter has been prepared as a research paper (Yuan et al., 2021¢) submitted to a
journal for publication.

5.2 Future Work

In this section, we highlight some potential topics for future research.

Extension to multi-sample DRMs

In practice, many statistical problems involve multiple samples. Suppose we have k+ 1
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independent samples
{Xil’”. ’X“"Lz} NFi7 for ZZO; akv

where n; is the size of sample 7 and F;’s are CDFs. Let dF; denote the density of F;. The
multi-sample DRM is defined as

dF;(z) = exp{a; + B; q(x)}dFy(z), i=1,---,k,

for unknown parameters «;’s and 3,’s, and a pre-specified, non-trivial basis function q(x).
The multi-sample DRM is a desirable tool for combing information when the samples share
certain characteristics; see for example Cai et al. (2017); Chen and Liu (2013) and Wang
et al. (2017a). In this thesis, we focused on two-sample data under the DRM. We may
generalize our framework and results in Chapter 2 to multi-sample DRM. Comparison for
multiple Gini indices under multi-sample DRM would also be an interesting topic.

Inference on Gini indices based on paired data

Paired data are frequently seen in many field. For example, in biomedical studies, there
is always interest in finding new promising substitutes for the conventional biomarkers or
approaches. Different diagnostic tests are administered to the same or identical subjects.
In economics, some indices of each country such as gross domestic product are collected
every year. The pairs are correlated and do share some common characteristics. Simply
ignoring the correlation would result in efficiency loss. Chen et al. (2021) proposed a
composite empirical likelihood method for the inference problems for clustered data under
DRMs, and demonstrated the advantages of this approach numerically. This motivates us
to adopt the composite empirical likelihood for paired data under the DRM.

Suppose we have a paired sample {(Xo1, X11), -, (Xon, X1n)} from the a population
with joint distribution function F. Let Fy(z) = F(x,00) and Fi(x) = F(oo, x) denote two
marginal CDFs. We propose to link Fy and F} by a DRM

dF)(z) = exp{a + B q(x)}dFy(z),

where dF; is the density of Fj; a and 3 are the unknown parameters; g(x) is the basis
function. Instead of directly modelling the correlation structure between X,; and X;, we
propose to use the composite empirical likelihood of Chen et al. (2021) as the inference
tool. We plan to study the asymptotic properties of the corresponding maximum composite
empirical likelihood estimators of two Gini indices under the DRM based on the paired
data. We leave this as a future research problem.
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ELR-based ClIs for Gini indices

As we discussed in Section 1.2.1, the ELR-based CIs have many nice properties such as
range-preserving. In Chapter 4, we concentrated on the Wald-type Cls for two Gini indices
Go and G, and their difference Gy — G;. It would be interesting to consider the ELR-based
ClIs for Gy, Gy, and Gy — G;. For convenience of presentation, we assume that there is no
excessive zero in the two samples and we focus on the ELR-based CI for G,.

Note that the definition of Gini index in (4.2) and the equivalent form of D; in (4.17)
imply that Gy can be expressed as
_ Bo{2X Fy(X) — X}
Ey(X) ’

Go

where Fy means the expectation is taken with respect to Fy. Hence, G, satisfies the
following estimating equation:

Eo{9(X;Go, Fy)} =0 (5.1)

with g(z; Go, Fo) = 22Fy(x)—(Go+1)x. The above estimating equation is different from the
estimating equations we considered in Chapter 2 since it involves the unknown distribution
function Fy(x).

Following Qin et al. (2010), we can replace Fy in g(x; Gy, Fy) by the empirical CDF
Fo(z) = ng* > 2 I(Xo; < ) or Fy(x) in (1.17), the MELE of Fy(x) under two-sample
DRMs without auxiliary information. We then use g(z; Gy, Fy) or g(z; Go, Fy) as one of the
estimating equations in Chapter 2 and construct the ELR-based CI for Go. We plan to

examine the asymptotic properties of the corresponding ELR statistic for G, and compare
the ELR-based CI with the Wald-type CI.

Following a similar approach, we could embed the nuisance functionals into the esti-
mating equations (2.2) in Chapter 2; consequently, the framework of Chapter 2 will include
more complex quantities such as Lorenz curve and ROC curve. We leave this for future
research.
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