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the smaller set relative to the larger set. The second, more restrictive, result
additionally imposes that the transversal dynamics to the larger set be linear
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problem.
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1 Introduction

Feedback equivalence problems have been extensively studied in the last thirty
five years and their solutions have been a valuable tool in making many non-
linear control design problems tractable. Two control systems are said to be
feedback equivalent if there exists a coordinate transformation and a local feed-
back transformation mapping trajectories of two control systems to each other.
A large portion of the control literature on feedback equivalence is dedicated
to finite-dimensional, autonomous, deterministic, nonlinear control-affine sys-
tems and the feedback equivalence is local, i.e., valid in a neighbourhood of a
point in the system’s state space. Most of the studies on this field are heav-
ily influenced by the seminal works of Poincaré [32] and Cartan [4]. Poincaré
found sufficient conditions for a dynamic system to be locally equivalent to
a linear one by means of an analytic transformation. In Cartan’s method of
equivalence a Pfaffian system generated by differential forms is associated to
a dynamical system. The feedback equivalence problem is analyzed by study-
ing the feedback equivalence of the corresponding Pfaffian systems. Ever since
Cartan’s method of equivalence many studies have concentrated on this topic
the most prominent of which are [11, 12, 13, 14, 34]. A profound survey of
different studies on feedback equivalence problem can be found in [33] and
references therein.

A distinguished subdivision of studies on feedback equivalence is called
feedback linearization in which feedback equivalence of a nonlinear control
system to a controllable linear, or partially linear, system is sought. The moti-
vation for studying this special case is clear. Rather than designing a feedback
controller for the nonlinear control system, a potentially difficult task, the de-
signer first finds the feedback equivalent linear system. The feedback law is
designed for the feedback equivalent linear system using the rich set of design
tools for this class of system and is subsequently implemented on the original
nonlinear plant. Feedback equivalence to a linear control system, known as
state-space exact feedback linearization, was initially raised in [20]. In [3] this
problem was solved for single-input single-output nonlinear control systems.
Extension to the multi-input multi-output nonlinear control systems was in-
vestigated in [35, 36]. In [17] the feedback equivalence of a control system
to a partially linear control system, known as partial feedback linearization,
was raised. In [23] partial feedback linearization yielding a linear subsystem of
maximal size is investigated for single-input single-output systems. In [27, 28]
the multi-input multi-output case is considered.

Frequently, the input of a control system is employed to control its output.
Thus, a natural feedback equivalence problem is to find, if possible, a coordi-
nate and feedback transformation linearizing the input-output dynamics. This
problem is referred to as input-output feedback linearization and in [17, 18]
is investigated for single-input single-output control systems. Similar results
for multi-input multi-output control systems are discussed in [16]. The prob-
lems of input-output feedback linearization, partial feedback linearization and
state-space exact feedback linearization are closely related. Specifically, the
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state-space exact linearization problem is solvable if and only if there exists
an output function yielding full relative degree, while the partial feedback lin-
earization problem is solvable if and only if there exists an output function
yielding some well-defined vector relative degree.

Since the class of feedback linearizable systems is relatively small, the con-
cept of approximate feedback linearization was first raised by [21] and later
different aspects of which was studied in [24, 25, 22, 19].

Many feedback control specifications can be cast as the problem of stabi-
lizing an appropriate set in a system’s state space. For instance, the consensus
problem [31] and the synchronization of oscillators [7] require that a subset
of states in a collection of control systems converge to each other. These can
be viewed as set stabilization problems. Among the different control design
techniques developed for set stabilization, feedback equivalence to partially
linear controllable systems is an important one. In [1] a method called trans-
verse feedback linearization (TFL) is developed for stabilizing an open-loop
orbit in the state space of a single-input single-output control system. TFL is
a partial feedback linearization method with the extra requirement that the
controllable linear subsystem represent the transversal dynamics to the orbit.
In [30] TFL was generalized to multi-input multi-output control-affine systems
and the target set is an arbitrary controlled-invariant embedded submanifold
of the state-space.

While many control problems are cast as a single set stabilization problem,
some can be formulated as a nested set stabilization problem. For instance,
in [10] a problem called hierarchical control design is cast as a nested set stabi-
lization in which a chain of closed nested sets S1 D Sy D --- D S, are required
to be stabilized simultaneously. There, each set S; represents a set of control
specifications and control specifications 7 + 1 are met only if control specifi-
cations ¢ are met. Studies [5] and [6] have adopted the hierarchical viewpoint
to solve the path following problem of the planar vertical take-off and land-
ing aircraft and a coordinated path following problem for dynamic unicycles,
respectively. Back-stepping method in [10] and passivity based method in [§]
are employed to solve instances of nested set stabilization problems.

The main idea of this paper is to employ the feedback linearization method
to facilitate a solution to an instance of a nested set stabilization problem
in which we only consider two sets and assume the sets to be controlled-
invariant embedded submanifolds. The generalization to more than two sets is
straightforward. The approach taken in this paper is motivated by the results
in [30]. More specifically, given a smooth, time-invariant, nonlinear control-
affine system and two nested, controlled-invariant, embedded submanifolds Sy
and S5 the main problem in this paper is: to find a local diffeomorphism and
feedback transformation, valid in a neighbourhood of a point on Sy, that bring
the control system into a normal form whose dynamics restricted to S; and
transversal to Sy are linear and controllable. This problem, Problem 1 of the
paper, is called partial local nested transversed feedback linearization problem.
The solution of this problem simplifies designing controller for stabilization
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of S5 relative to Sy locally. We propose geometric necessary and sufficient
conditions under which Problem 1 is solvable.

The normal form of Problem 1 does not necessarily simplify designing con-
trollers that locally stabilize S;. This is because, even if Problem 1 is solved,
one generally needs a nonlinear controller to locally stabilize S;. In partic-
ular, should one be interested in utilizing feedback linearization to locally
stabilize Sy, we provide additional conditions under which the normal form
of the first problem is refined and the dynamics transversal to S; are also
linear and controllable. This normal form is simply called the local nested
transverse feedback linearization normal form and it allows one to design the
controllers for the local stabilization of S; and local stabilization of Sy relative
to S7 separately. An issue that arises when stabilizing sets is that rendering
S1 asymptotically stable and S5 asymptotically stable relative to 57 does not
imply that S, is asymptotically stable [8]. In this paper we provide sufficient
conditions addressing this stability concern when using feedback equivalence
to solve nested set stabilization problems.

The paper is organized as follows. In Section 2 the main problem, Prob-
lem 1, is formulated. In Section 3 we present preliminary results including
the solution to a feedback equivalence problem concerning the restriction of
control-affine system to nested controlled invariant submanifolds. In Section 4
we present the solution to Problem 1 in Theorem 2. In Section 5 the extension
of Problem 1 is investigated. In Section 6 a nested set stabilization problem
is introduced and the normal forms of Problems 1 and 3 are employed to de-
sign feedback control to solve it. Simulations are presented to illustrate the
proposed method.

1.1 Notation

If k is a natural number, k := {0,...,k}. Let U be an open subset of R"
and denote by Diff(U) the collection of diffeomorphisms with domain U. If
F: M — N is a map between manifolds then dF, : T,M — T N denotes
its differential. If M and N are vector spaces, then dF), denotes the Jacobian
matrix of F' at . If FF: M — N is a diffeomorphism between two manifolds,
and if v is a vector field on M, then the differential of F' can be used to
define a vector field on N by means of the push-forward map F, defined as
Fo(q) = (dev(p))|p=F,1(q). If D is a non-singular distribution on a manifold

M, D+ is the orthogonal complement of D obtained from the orthogonal
structure on the tangent bundle 7M. The non-singular distribution D= is a
subbundle of M and satisfies, for each p € M, T,M = D(p) & D*(p). Let
inv(D) denote the involutive closure of D. We denote by I,,, the m x m identity
matrix while 0,,x,, denotes an m X n matrix of zeros. Let GL (n,R) denote the
group of non-singular n X n matrices with real entires.
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2 Partial local nested transversal feedback linearization

Consider a control-affine system

m
&= f@)+ ) gi(x)u = f(x) + g(x)u (1)
i=1
where & € R™ denotes the state, u = (u1,- -+ ,um,) € R™ is the control input,

and f: R®™ - R" and g; : R® — R", ¢ € {1,--- ,m}, are smooth. To (1) we
associate the family of distributions

Gi::span{ad;gk :0§j§i71§k§m}. (2)

The vectors g1 (z), ..., gm(z) are assumed to be linearly independent at each
xz € R", ie., dim (Go(z)) = m.

Definition 1 A closed connected submanifold S C R” is controlled-invariant
for (1) if there exists a smooth feedback @ : S — R™ such that S is invariant
for the closed-loop system & = f(z) + g(z)a(z).

Along with (1), we are also given two embedded submanifolds S; C R”
and So C R™ with s; := dim(S7), s2 := dim(S3). The following assumption is
made throughout this paper.

Assumption 1. The sets S1 and Sy are controlled-invariant embedded sub-
manifolds for (1) and S; D Ss.

The main problem investigated in this paper, Problem 1, seeks a decompo-
sition of (1) into three subsystems modelling its evolution on (i) Sz (ii) S1\S2
and (iii) R™\ Sy, with the essential requirement that the dynamics on S;\ Sz be
linear and controllable. Before formally stating the main problem, we review
basic definitions.

Definition 2 Given an open set U C R™, a regular static feedback, de-
noted («, 8), on U for control system (1) is a relation u = a(z) + S(z)v where
a:U —R™and 8:U — GL (m,R) are smooth mappings.

Definition 3 Two control systems, & = f+ gu and &= f—i—f]ﬁ, are feedback
equivalent on an open set U C R"™ if there exist a regular static feedback
(o, B) on U and a map = € Diff(U) such that f = Z,(f+ga) and § = =, (g).
Problem 1. (Partial local nested transversal feedback linearization
problem). Given (1), nested sets S; D So satisfying Assumption 1 and a
point T € Ss, find, if possible, a diffcomorphism = : U — Z(U) C R® x
Rs17%2 x R*" ™51 2 +— ((, 1, &), and a regular feedback transformation («, )
valid in a neighbourhood U C R” of Z, such that (1) is feedback equivalent to

E = FiC 1) + 911 (G ) + 1o (G, VI + gr3(C, p, )0
o= Ap+ Bol™ £ fo (¢ 11,€) + go1(C, 1, €)0! + gaa (G, pr, )™+ go3(C, 1, )0

€= f3(Co 11,€) + 931 (C 1, )0 + g32(C, 1, VI 4 g33(C, 1, )0 )
3
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where

G NU) ={(wé) e 5U):£=0}, (4a)
E(5:NU) ={((pm&) € 5(U): £ =0, p=0}, (4b)

f3(<7 122 O) = 07 g31(<7 122 O) = 07 932(C7 Hs O) = 07 f2(<7 s O) = 07 ng(Ca s O) = 07
922(C, 11, 0) = 0, the pair (A, B) is controllable, and B is full rank.
A

Problem 1 seeks a coordinate and feedback transformation valid in a neigh-
bourhood of Z which generates a normal form with two types of decomposi-
tions. First the dynamics are decomposed into three subsystems; namely the
&-, p-, and (-subsystems. We call the £-subsystem the transversal dynamics to
S1. This is motivated by the fact that, in the light of (4a), stabilizing S; N U
is equivalent, under mild assumptions, to stabilizing the £-subsystem. We call
the p-subsystem the transversal dynamics of Sy, restricted to S;. Similarly,
this name is motivated by the fact that, in the light of (4b), stabilizing Sy NU
relative to S; N U is equivalent, under mild assumptions, to stabilizing the
p-subsystem when € = 0. The (-subsystem is called the tangential dynamics
to Sy because when £ = 0 and u = 0, the ¢ dynamics govern the system’s
evolution on = (S, NU).

The second type of decomposition is in the original m inputs. They are
partitioned into three groups : vll, '™, and v™. The restrictions imposed on
f2s f3, 931, 932, 921, and goo after (4) imply that (v“,vu’m,fum) = (%,%,0),
where * represents arbitrary functions, renders =(S; N U) locally invariant,
i.e., (x,%,0) is a friend of Z(S; NU). Substituting ¢ = 0 and v™ = 0 in (3) the
dynamics of (1) restricted to =(S; NU) are

C.- = fl(C7 H, 0) + gll(C? M, O)U” + 912(Ca My O)’UHJh

ﬂ:Au+Bv”’m. (5)
The p-subsystem in (5) is linear and controllable and represents the dynamics
of (1) restricted to £(S1NU) and transversal to =(S3NU). The control input
vl can effectively be used to stabilize! S, N U relative to S; N U. Finally
Z(S2 NU) is controlled-invariant with friend (vll,vll™ v™) = (x,0,0). The
dynamics of (1) restricted to =Z(S; NU) are

¢ = £1(¢,0,0) + g11(¢,0,0)0l. (6)

Remark 1 In (3) the p-subsystem is not feedback linearized. It only becomes
linear when it evolves on Z(S; NU). Thus (3) is less restrictive compared to
a normal form in which the p-subsystem is linear off the set =(S; NU).

The main result of this paper, Theorem 2, provides necessary and sufficient
conditions for Problem 1 to be solvable.

1 See Section 6 and Definition 7.
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3 Preliminary results

In this section we investigate the problem of restricting the control-affine sys-
tem (1) to nested sets S; D So satisfying Assumption 1.

Problem 2. (Restricting control-affine systems to nested sets prob-
lem). Given the control system (1), nested sets S; D Sy satisfying Assump-
tion 1, and a point T € Sa, find, if possible, a diffeomorphism = : U — Z(U) C
R%2 x R17%2 x R*™ %1 2 — ((,p,§), and a regular feedback transformation
(o, B) valid in a neighbourhood U C R™ of Z, such that (1) is feedback equiv-
alent to

é = fl(CvM»g) + gll(c;;u'vg)vll + gl2(<7ﬂv£)vll)m + ng(CaNaﬁ)Um
fr= F2(C 1 €) + 921 (G )1 + 922G, 0 + g2 (C . 0" (T)
é = f3(C7M7£) + gSl(Cnu/vg)U” + 932(C7M7§)U”)m + QSS(CMU/ag)Um
where
S NU) ={(pm¢) e EU): £ =0}, (8a)
E(S2nU) ={(Cm8) € EU): £=0, p=0}, (8b)

f3(<7 12 0) = 07 g31 (<7 s 0) = 07 932(<7 12 0) = 07 f2(<7 07 0) = Oa and 921(<7 07 O) =
0.
A

The normal form (7) features two types of decomposition similar to those
in (3). However, unlike (3), we do not require the transversal dynamics to S,
restricted to Sy be linear and controllable. The normal form (7) is useful for
understanding the inter-play between the control vector fields g1, - - , gm of (1)
and the nested sets S1 D S5. That is, g is partitioned into three sub-matrices
corresponding to vll, vl and v™. The impositions on go1 and g3; mean that
the columns of the matrix =,(gf) corresponding to vl are tangent to both
Z(S1NU) and Z(S2 NU). The requirement on gzo implies that the columns
corresponding to vl'™ are tangent to 5(S;NU) but not 5 (S, NU). Finally, the
requirements on fo, f3, imply that the vector field =, (f + ga) = (f1, f2, f3)
is tangent to both = (S NU) and =(S; NU). As with the normal form (3),
substituting ¢ = 0 and v™ = 0, the dynamics of (1) restricted to 5(S; N U)

are A
C = fl (Cv M, 0) + gll(Cv H, 0)’0” + gl2(<a M, O)U‘l)m

o= fa(C, 1, 0) + go1(C, s O)UH +ggg(C,u,0)vH’m.

The tangential dynamics on Sy are the same as (6). In principle, the normal
form (7) may facilitate the design of control laws to stabilize £ = 0 and p = 0.
However, a drawback of (7) is that the dynamics remain nonlinear and it may
not be clear how to proceed with control design. The aforementioned partition
of g is closely related to the properties of the distributions

P:=GyNTSy
Q = [GoNTS,]" N[GoNTS] (10)
R:=[GoNTSy|" NGy

(9)
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and the integer-valued functions v,p: So — 7Z, 0 : 51 = Z

v(z) = dim(T,S2 N Go(x)) (11a)
p(x) = dim(T,S1 N Go(x)) — v(x)

o(x) = dim(T,S1 + Go(x)) — s1. (11b)

The values of (11) equal the dimensions of the distributions (10) and the sizes
of the sub-matrices corresponding to vll, vI'™ and v™ in (7).

Proposition 1 For allp € Sy, g € S2, dim (P(q)) = v(q), dim (Q(q)) = p(q)
and dim (R(p)) = o(p).

Proposition 1, whose proof is given in Appendix A, motivates Definition 4.

Definition 4 A point Z € S is a regular point of the distributions (10)
if there exists an open set V3 C S; containing T such that for all p € V7,
q € V1 N Sy, the functions o(p), v(q), p(q) are constant.

Remark 2 Under Assumption 1 the topology of S is its subspace topology
as a subset of R™. Thus for each open set V; C Sy there exists an open set
U C R" such that Vi = U N S;.

The next proposition provides a computationally tractable way of checking
the regularity of the distributions (10).

Proposition 2 A point & € Sy is a regular point of (10) if and only if
dim (T, 51 N Go(x)) and dim (T,S2 N Go(x)) are constant in, respectively, open
sets V1 C 51, Vo C Sy containing T.

Remark 3 When Z is a regular point of (10), T'S1 N Gg and T'Ss N G can be
viewed as vector bundles over the base spaces V; and V5, receptively. In the
remainder of this paper we forgo this formality and refer to them as distribu-
tions. It is easy to show that if any two of the functions in (11) are constant
in an open subset of So, then the remaining function is also constant on this
set. Furthermore, if x is a regular point of (11) then v(z) + p(z) + o(z) = m.

Proposition 3 A point T € Sy is a regular point of (10) if and only if there
exists an open set Vi C Sy containing T such that the distributions (10) are
smooth and non-singular in V, and V3 N Ss.

Lemma 1 The values of the functions (11) are invariant under coordinate
and feedback transformation.

The proofs of Propositions 2 and 3 and Lemma 1 are in Appendix A.
The following lemma generalizes slice coordinates for two nested embedded
submanifolds.
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Definition 5 ([26]) Let N be a smooth manifold with dimension n and let
(U, ) be a smooth chart on N . If S is a subset of N such that

@(Sm U) = {.’E eU: Sokle(x) = Ck41," " 790774(1’.) = CN}
for real constants cgy1,--- , ¢y, then S is a k-slice of U.

Lemma 2 Let S1 D So be two smooth embedded submanifolds of R™. For all
T € Sy there exists an open set U C R™ such that S1 and Sy are, respectively,
s1-slices and so-slices of U.

Proof. Let T € Sy be arbitrary. Since S; C R"™ is an embedded submanifold
there exist slice coordinates (V1,) for R™ with Z € V; such that

¢(51 N ‘/1) = {37 € ‘/1 : w81+1(x) = Csy+15" " awn(l‘) = C"}

where, without loss of generality, we take the constants c¢; to be zero. Let
m : R™ — R"™ %1 denote the projection onto the last n — sy factors, i.e,
m(x) = (Tsy 41, -+ ,Tpn). Define @1 : V3 — R" 51 2+ m otp(x). Then Py is a
submersion and

’(/J(Sl ﬁ‘/l) = {.’17 en Z@l(.’ﬂ) = 0}
This construction is summarized in the following commutative diagram

Vi CR”

~
i e
~
v ~
EN

LY

,(/J(Vl) g RTL - 5 R?’L—Sl .

We now apply a similar construction to Sa. Let (Va, ¢) be slice coordinates for
R™ with € V5 and let w5 : R™ — R™7%2 be the projection onto the last n — s
factors. Then, letting @5 := 75 o ¢ we have

QD(SQ ﬂ‘/g) = {LL’ eVy: 452((E) = 0}
and the commutative diagram

Vo CR"

Let U .= Vi N V5 and note that £ € U. Since ¢; and &5 are submersions
we have that, for all z € U, rank(d®,) = n — s; and rank(d®z) = n — sa.
Furthermore, by [26, Lemma 8.15], for all x € So N U, Kerd®, , = 7,51 and
Kerd®; ;, = T,S>. Therefore Ker d®; , C Kerd®; , and

do, .
rank L2 — rank [d@g m] =n — S9. (12)
do, '

T
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This allows us to construct a submersion @ : U — R"7%2. We take the last
n — s1 components of @ to be the function @;. From (12) we conclude that in

the set @9 = {@Ysy4+1,"** ,Pn} it is possible to find s; — sy functions, without
of loss of generality {©s,+1, ", Ps, } = P2, with the property that the n — sy
differentials dys, 11, -+ ,dps,, d¥s, 41, -+, d1), are linearly independent at .

Let @ = (52,@1).

Since, d®(Z) has rank n — sy it has some (n — s2) X (n — s2) minor with
non-zero determinant. By re-ordering the coordinates we assume that it is the
minor corresponding to the first n — so rows and columns of d®(Z). Relabel
the coordinates as (y,2) = (T1, "+ , Tnosyy Tn—sy+1," ** ,Ln) in R™. Define = :
U — R" by Z(y,2) = (z,P(y, 2)). Its total derivative at Z is

o 0 I,
d=(z) = 8P, 0P; |
8yj aZj

which is non-singular because its columns are independent. Therefore, by the
inverse function theorem [26, Theorem 7.6], by possibly shrinking U, = €
Diff (U). In the chart (U, Z) of R™ we have

ESNU)={zeU: 5, 4i(x)=--=Z,(x) =0}

and
S(S:NU)={z €U : Eqypi(z) = -~ = Zu(x) = 0}

O

Definition 6 ([26]) A retraction of a topological space X onto a subspace
A C X is a continuous map r : X — A such that r|, is the identity map of A.

The tubular neighbourhood theorem [26, Theorem 10.19] states that ev-
ery embedded submanifold M of R™ has a tubular neighbourhood N (M). It
follows [26, Proposition 10.20] that if N'(M) is a tubular neighbourhood of an
embedded submanifold M C R", there exists a smooth retraction of N (M)
onto M. In this paper we use a simpler, local version of these ideas.

Lemma 3 Let M C R™ be an m-dimensional embedded submanifold of R™.
Then, for every x € M there exist a neighbourhood U of x in R™ and a smooth
retraction r: U — M NU.

Proof. Let N (M) be a tubular neighbourhood of M. By [26, Proposition 10.20]
there exists a smooth retraction r : N (M) — M. Let U C N (M) be an open
set containing x. Then restriction r|;; is a smooth retraction of U to MNU. [

Lemma 4 Consider two sets S1 and Sy satisfying Assumption 1 and let T €
Sa be a regular point of (10). There exists an open set U C R™ containing
T and a smooth feedback o : U — R™ such that (f + ga)|g, ~y is tangent to
S1NU and (f + ga)|g,~p 4 tangent to Sa N U.
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Proof. Apply Lemma 2 to obtain an open set U C R™ containing Z and maps
@, and @, such that V; = &71(0) and Vo = (4_52,431)_1 (0) where V1 == 5,nU
and V5 := S, N U. Since S; is a controlled-invariant submanifold there exists
a smooth state feedback aq : V4 — R™ such that

(Ve e Vi)  di(z) (f(z) +g(z)an(x)) = 0. (13)

Similarly, since S5 is a controlled-invariant submanifold there exists a smooth
state feedback as : Vo — R™ such that

dég (37)

(VSC € VQ) 4o, (1‘)

] (f (@) + g(x)az(z)) = 0. (14)

We now modify «; so that the resulting state feedback simultaneously satis-
fies (13) and (14). We have that

(Ve e Va)  ddi(z) (f(z) + g(z)az(2))ly, — dPi(x) (f(x) + g(x)ar(z))ly, =0
= APy (z)g(z) (az(z) — e (x))ly, = 0.

Since a1 and g are both smooth, there exists a smooth 9(z) € Ker(d®:(z)g(w)ly,)
such that, for all z € V2, az(z) = a1()ly, + 0(x). We have that

(Vz € V1) rank(dPq(z)g(x)) = rank g(x) — dim(Ker d® (z) Nrank g(z))
= dim Gy (z) — dim(T,S1 N Go(z)).

By hypothesis, T is a regular point of (10) and by Proposition 2, by possibly
shrinking V1, dim(7,S1 N Gy(z)) is constant and dim Go(x) is constant. Thus,
rank(d®; (x)g(x)) is constant on Vi. It implies that dim (Ker(d®,(z)g(z))) is
also constant on V;. Assume that dim (Ker(d®;(x)g(z))) = ¢. By [16, Lemma
1.3.1], there exists a set {v1,--- , vy} of smooth vector fields defined on V; such
that at each = € Vi, the vectors v1(z), -+ ,v,4(x) are linearly independent and

(Vz e V1)  Ker(dd:(x)g(z)) = spanf{vi(x),--- ,v4(2)}.
Thus we can write

o(z) = Z éi(2)vi(2).

where ¢; : Vo — R are smooth real-valued functions. Apply Lemma 3 and, by
possibly shrinking U, introduce a retraction r; : Vi3 — V5 of V; onto V5 and
define

¢ Vi — R

x> ¢ ory(x).

and
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Let o/ := a3 + v. It solves equation (13) since
(Vo € V1) dPi(2) (f(z) + g(z)d/(x)) = dP1(x) (f(z) + g(z)ou (x))+dP1 (2)g(2)v(z) = 0.

Similarly it can be verified that it solves equation (14). Again, applying Lemma 3
we introduce a retraction ro : U — V5 of U into V] and define

a:U—R™

x— o ory(x).
The state feedback « has the desired property. O

Remark 4 For LTI control systems [37, Lemma 5.7] asserts that, for nested
(A, B)-invariant subspaces . D 5, if Fy is a friend of .% there always
exists a mutual friend F' such that F|, = Fp|,, . Lemma 4 recovers this
result because the regularity assumption always holds for LTI systems.

3.1 Solution to Problem 2

Theorem 1 Problem 2 is solvable at T € Ss if and only if T is a reqular point

of (10).

Proof. Assume that Problem 2 is solvable at Z € S;. Then there exists a
neighbourhood U C R" containing Z, a feedback transformation («, 8) defined
on U, and a diffeomorphism = € Diff (U) such that (1) is locally feedback
equivalent to (7). Let Vo := So NU, V4 := S; NU, denote by (¢, u,0) = Z(x)
the image of a point « € V; and by ({,0,0) = =(z) the image of a point x € V;
under the map =, and let § == =,(g9f8), Go == span{g1, - ,Gm}. In (C, 11, €)-
coordinates the value of o in (11b) at an arbitrary point (¢, u,0) € (V1)
equals

I *
(¢, pt,0) = dim (Im [ !

0 933((,/1,0)]) — s1 = rank (g33(C, 41, 0)).

We now argue that gs3 has full column rank. The equality above implies that
the number of columns in g¢33(¢, 1, 0) is greater than or equal to o(¢, u,0).
Suppose, by way of contradiction, that gss has o(¢, ,0) + 1 columns. Then,
since there are m inputs

ran [911(47 12 O) ng(C) 12 0)

921(C, 11, 0) 922(@#,0)] sm=o(6m0) —1.

But this means that dim (Go(¢, ,0)) < m — 1 which is a contradiction since
(o, B) is aregular feedback transformation and dim (Go(x)) = m. Thus gs3(¢, 1, 0)
has full column rank. This shows that at an arbitrary point ({, g, 0), the in-
teger function o is equal to the number of columns in gz3. Since (¢, p,0) is
arbitrary, we conclude that o is constant on = (V7).
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Having shown that gs3(C, 1£,0) has full column rank on = (V7) it follows

that v(¢,0,0) equals

) I,
dim (T(<7070)5(1/'2) mGO(g,o,o) — dim <Im [ : 1 NIm

D -

Additionally, since

di L, +1
1m m
0

we get that

gll(C7 07 0) ng(Cv 07 0)
0 922(<a Oa O)

-gll(<7 Ov 0) ng(Ca 03 O)
i 0 922(¢, 0,0) '

[ 1, *
0 922(@070)

v(¢,0,0) = s +m —(¢,0,0) — (rank g22(¢, 0,0) + s2).

Using the above expression for v and the identity, see Remark 3, v4+p+0 =m
at (¢,0,0) we obtain p(¢,0,0) = rank g22(¢, 0,0). Using the same reasoning as
earlier, one can show g92(¢,0,0) has full column rank. Thus, at (¢,0,0), the
integer function p is equal to the number of columns in g9 which is constant at
any point (¢,0,0) € Z(V2). Finally, if two of the functions in (11) are constant
on =(Vs), then so is the third. By Lemma 1 the values of (11) are invariant
under feedback and coordinate transformation which shows that Z is a regular

point of (10).

Assume that T € Sy is a regular point of (10). By Proposition 3 the dis-
tribution R in (10) is smooth and non-singular in a neighbourhood V; C S}
containing Z and the distributions P and @ in (10) are smooth and non-
singular in Vo = V3 N S5. As a result, there exist local generators p; : Vo —

an 1 € {17"'al/}7 QZ . ‘/2 — Rn7 1 € {1""710}7

i € {1,--+,0} such that, for all x € V5, P(x) = span{py,---
4o} (x) and for all x € Vi R(z) =

Q(z) = span{qy, -

Vi — Rn,
Py} (x) and
span {1, » 7o} ().

and ’Fz :

Next, applying Lemma 3 we introduce a retraction r1 : U — V7 of an open set
UCR" zeU, onto V7 and a retraction ro : U — V5 of an open set U C R™,

Z € U, onto V5 and define
Di: U—R"

ie{l,--- v
T+ p; ora(x) { }
lU—)Rn
e ~ 7’6{1’7/)}
T §;ora(z)
ri:U—R"

i€{1,~'~,0}

x> 7 or(x)

so that the local generators of P(z), Q(x), and R(x) are now defined on U.

We set up the following equations

(pr-p] = (g1

[ q,] =[g1 -

(15a)
(15b)
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[r1 1o ] =1[g1 9m]Bs (15¢)

where 31 : U — R™*Y By : U — R™*P and B3 : U — R™*? are unknown ma-
trices. Since, P C Gy and both are constant dimensional, by possibly shrinking
U, there exists a unique smooth solution 8; to (15a). Similarly, by shrinking
U, we can find f2 and fs in equations (15b) and (15¢), respectively. Define
[B1 B2 B3] = B : U — GL (m,R). Since P(z), Q(x), and R(z) span independent
subspaces for each x € U, the matrix £ is non-singular.

By Lemma 4 there exists a feedback o : U — R™ defined, without loss
of generality, on U such that (f + ga)|g ~y is tangent to Vi :== Sy NU and
(f + 9a)|g,nr is tangent to V5 := SoNU. The pair (a, B) is the desired feedback
transformation. Applying it to (1) yields

& = f(x2) + g(x)a(z) + g(2) B (@) + g()Ba (@) + g(2) Ba(x)0"  (16)

where vl € R¥ vl € R and v™ € R.

By Lemma 4 the vector field (f(x) + g(z)a(x))ly, is tangent to both V; and
Va. Columns of g1y, are the local generators of P thus are tangent to Va. the
columns of g62|V2 are local generators of @), so are tangent to V4 and not Vs.
Finally, columns of gﬂg|v2 are local generators of R, so are tangent to neither
V1 nor Va. Select = to be the diffeomorphism from Lemma 2. Applying the
coordinate transformation = to (16) yields the desired normal form (7). O

The following example is intended to shed light on the concepts discussed
in this section.

Example 1. Consider the control system

—x2 —X2 —1‘22 0

. ry— (23 + 23 —1)(22 + 22 - 1) 1 1 T2 0
T = + u1+ Uug+ us,

—XTy 0 —4 €2

r3— a3 — a3 — 2% —23+2 0 T3 0

(17)

and two nested sets
Sp = {x€R4:x12+x22—1:0}, Sy == {x651:x§—|—xi—1=0},

and the point z = (0,1,1,0) € S. The objective is to solve Problem 2 at z.
We first check the conditions of Theorem 1 which requires T to be a regular
point of (10). Since S; and Sy are embedded in R?* as the zero level sets of
smooth functions, it is easy to show that

—X9 0 0 —XT2 0

T,S51 = span o , 0 , 0 , T,S2 = span o , 0
0 1 0 0 —xy

0 0 1 0 T3
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We compute v(z) and p(z) as follows

—To _xg —x2 —% 0
T1 T1T 1 z122 0
v(z) = rank b , p(x) = rank b —v(x)
0 —XT4 0 —XT4 To
0 T3 0 X3 0

Let U = {IE ER* : x5 #0and x5 # 0} be a neighbourhood of Z = (0,1, 1,0)
where, for all z € U, v(x) = 2 and p(x) = 1. Since the constancy of any two
functions in (11) implies the constancy of the third, Z is a regular point of (10)
and by Theorem 1 Problem 2 is solvable there.

First, we find the feedback transformation (c, 3). The function o : U — R?
is a mutual friend of S; N U and S, N U. Following the procedure in the
proof of Lemma 4 we obtain a(x) = 0. In order to find 5 we compute the
distributions (10) of Proposition 3

—XT2 _‘xl
x 1T 0
P(x) = span ' , e , Q(x) = span , R(x) =0.
0 —T4 I3
0 xs3 T4

Even though, the distributions (10) are only defined on S; NU and Sy NU,
the calculated distributions are valid on the entire set U eliminating the need
for the retractions in the proof of Theorem 1. Solving equation (15) yields

—X2X4
10 =2

B:U — GL(3,R), z+ |01 %

2 2
00 %t
T2X3

We follow the proof of Lemma 2 to find the coordinate transformation = €
Diff (U) to be defined by = + (z1, 73,23 + 27 — 1,212 + 222 — 1). Applying
the feedback transformation («, ) and coordinate transformation = to (17)
we obtain

: 1 1
G=(+E-C)2+1+E- Doy - (L+E- o)
= (1t p =)+ (L= G3) 2y + Gl
=206+ )+ p— ()7 +2(n+ 1)l

: 1
£=26u(1+€—¢P)=.

Note that when & = 0, the term f5(C, 1, €) = 26u(1 + € — ¢2)2 vanishes and g

and gs2 are identically zero. Also, when £ = 0 and p = 0 the terms fo((, 1, &) =

2(€ + p)(1 + p — ¢2)2 vanishes and g1(C, i1, €) is identically zero. Thus, the
requirements on normal form (7) are satisfied. The dynamics restricted to

S1NU are obtained by substituting £ = 0 in (18) and the dynamics restricted
to Se N U is obtained by substituting £ = 0 and p = 0 in (18).

(18)
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4 Solution to partial local nested transverse feedback linearization
problem

We are now ready to present the main result of this paper, necessary and
sufficient conditions for Problem 1 to be solvable. It is evident that (3) is a
refinement of (7) and thus the solvability of Problem 2 is a necessary condi-
tion for Problem 1 to be solvable. Thus throughout this section we make the
following assumption.

Assumption 2. The point T € Sy is a regular point of (10).

Assumption 2 implies, by Theorem 1, that Problem 2 is solvable at Z.
Therefore, there exists a regular feedback transformation («, ) such that,
control system (1) on a neighbourhood U C R™ of Z writes as (16), re-written
here for convenience,

& = f(z) + g(z)a(z) + g(2) B (@)o + g(a) Ba ()" + g () B3 ()"

where (v”,v”’m,vm) € R” x R? x R?. Recall that v™ = 0 renders S; N U
invariant; and the vector field f + ga and columns of g3; and columns of ¢S
are tangent to S; N U. Thus, the restriction of (1) with v™ = 0 to S; N U is
well-defined. We introduce the following short hand notation for the restriction

for = (f+ 905,005 95, = 951 9Balls, e vh, = (0] 0l ).

Then, the dynamics restricted to Sy NU are
&= fs, () + gs, (), (19)

Similar to (2), we associate to (19) a family of distribution G! :5NU —
T(S; NU) C TR"

G (2) == span {ad'}slgslyk(x) :0<j<i, 1<k<v+ p}. (20)

Theorem 2 (Main Result) Consider control system (1) and nested sets
S1 D Sy satisfying Assumption 1. Let T € Sy and suppose that inV(Gy),i €
s1 —sg — 1 are regular at * € Sy. Then, Problem 1 is solvable if and only if

(a) T is a regular point of (10)

(b) dim (Tg—ch ¥ G!1_82_1(a§)) — 5

(c) There exists an open set U C R™ containing T such that, for all i €
sy —s2—1, forallz e SoenNU

dim (Tng + Gy (m)) = (TzSg + inv(Gy (x))) = constant.
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Proof. Suppose that Problem 1 is solvable at = € S5. Then Problem 2 is solv-
able since the normal form (3) is a refinement of the normal form (7). Thus,
Z is a regular point of (10) and condition (a) holds. As a result, the assump-
tion requiring inv(G!),i € s1 —s2 — 1 be regular at z is a valid assumption.
Moreover, since Problem 1 is solvable at & € Sy there exists a neighbour-
hood U C R™ of Z, a coordinate transformation = € Diff (U), and a feedback
transformation («, 8) such that (1) is feedback equivalent to (3) in U. Define
Vi =E2(51NU) and V; := Z(S3 NU). The system dynamics restricted to V3
are given in (5), and any point in V7 and V5 is represented by (¢, p) and (¢, 0),
respectively. In transformed coordinates we have

I, * Kk ek

: Il
V. [ Vo+G! =Im .
(V(C7 O) 6 2) 7 (VZ 6 Sl SZ)’ (<70) 2 ! (C’ 0) ( 07“782 X 8o B AB “e . z]lB

)

which shows that the dimension of T(C’O)‘/é—i—Gy (¢,0) is sp+rank ([B e AiB] )
Since the pair (4, B) is controllable, rank ([B e A51_52_1BD = 51— 8o; thus

dim (T(<70)V2 + G!l_s2_1(C,O)) = s1. Since condition (a) is invariant under

coordinate and feedback transformations it follows that condition (a) holds in
original coordinates as well.

In Vi, consider the collection of constant distributions Al:'» i € 81 — S
given by

Al'=Tm (I, ®[B--- A'B]).

At each (¢,0) € Va, Al(¢,0) = Tie.o)Ve + GU(¢,0); thus, GJ(¢,0) € Al Fur-
thermore, since each A‘il is (trivially) involutive, it follows that inV(Gl.| (¢,0)) C
Ay. This shows that for all 7 € s; — s

TV, +inv(Gl (¢, 0) € Al(¢,0) = TV + Gl (¢, 0).

On the other hand TV, + GL' (¢,0) C TV, + inv(GLl((, 0)) always holds which
shows that AL' (€,0) = TVa + G! (¢,0) = TVy + inv(G‘J((,O)). Condition (b)
is invariant under coordinate and feedback transformations; thus it holds in
original coordinates.

Conversely, assume that conditions (a), (b), and (c) hold. By condition (a)
Problem 2 is solvable and there exists a neighbourhood U C R" of Z, a coordi-
nate transformation =7 : U — Z1(U) C R%2 x R%17%2 x R"™ 51 1 +— (E,ﬂ,@,
and feedback transformation (aq,S1) such that (1) is feedback equivalent
to (7) on U. Let m; : R® — R®! be the projection to the first s; factors.
Let ‘71 =T OEl(SlmU) - R* and d) =T 0 51|31F‘IU : Sl NnNU — ‘71 By [2(),
Theorem 8.2] S; is a smooth manifold of dimension s; and (S1 N U, v) is a co-
ordinate chart. Define Va := 71 0 Z1(S2 N U). Since Vo = {(f, ﬂ) eVii= 0}
we conclude that V5 is an embedded submanifold of V7. In this coordinate
chart (19) writes as
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Since condition (a) holds one can assume inv(Gy),i € 81 —sg — 1 are regular
at T and considering conditions (b) and (c) all the assumptions and conditions
of [30, Theorem 3.2] for (21) with respect to V5 at (¢,0) := 71 o Z1(Z) hold.
Therefore, by possibly shrinking Vi (and hence U), there exist a coordinate
transformation Zy : V) — Z3(V)) C R*2 x R*17%2 and a regular feedback
transformation (s, B2), with @z : V4 — R”™? and B3 : V4 — GL (v + p,R),
such that (21) is feedback equivalent to

¢ = f1(¢ 1) + g (¢ vl + gra (¢, ™

(22)
1= Ap + Buf.

Let o : R™ — R™ ™1 be the projection to the last n — s; factors. We construct
a function £ : U CR™ — Z(U) C R®2 x R51752 x R" 51 ag follows

[1]

_ _ _ Zhom _
:(zgowlozl)X(WQO:l)[ ]o:l.
T2
The following diagram illustrates our construction.

UCR® = 5,(U) CR® x R1—%2 x Rn=51 — 2 Rn—s1

lm

Vi C R

8]
N

The function = is a well-defined diffeomorphism since at =

d52 051 Xn—si

det(dZ) = det <[ 1) det(d=1) # 0.

Onfsl XS1 Infsl

Therefore, by the inverse function theorem [26, Theorem 7.6], it is a valid
coordinate transformation in a neighbourhood of Z, without loss of generality
U. In order to construct the feedback transformation we define

Qg 07 ©0 .51
) 62 =

Qg =
05

BQ om0 =) 0(1/+p)><0]

00X(u+p) Ia'

where s : U CR™ — R™ and 8 : U C— GL(m,R). The feedback transforma-
tion (a, 8) = (a1 + Praz, B1P82) and = € Diff (U) solve Problem 1. O

Remark 5 If the conditions of Theorem 2 hold, then following [30, Theorem
3.1] one can find p smooth R-valued functions A1 (¢, i), -+, Ap(¢, 1) defined on

V1, where pis given in (11a), such that (a) Vo C {(¢, ) € Vi : Mi(¢p) =0, i € 1,- -

(b) the system (21) with output y = (A1(¢, i), -+, A\,((, 1)) has vector rela-
tive degree {k;y --- ,k,} with k1 +---+k, = 51 — s at (¢,0). Thus, the nested
local transverse feedback linearization problem is equivalent to a zero dynam-
ics assignment with well-defined relative degree problem. A semi-constructive
procedure to find such functions is presented in the proof of [30, Theorem 3.1].

EQ(Vl) C R%2 x RS1792,

.0}
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5 Extension of the main result

We now outline an extension of the solution to Problem 1. In the extension
we seek that the dynamics transversal to the larger set S; also be feedback
linearizable. The resulting normal form facilitates the design of controllers to
locally stabilize Sj.

Problem 3. (Local nested transversal feedback linearization prob-
lem). Find, if possible, a solution to Problem 1 in which the normal form (3)
is replaced by

é.. = fl (C? 122 g) + gll(ga Iz f)’U” + gl2(<a 1y f)v‘l’m + gl3(Ca Iz E)vm
fr=Ap+Bo + (G 1€) + 921.(C s ) + 922(C 1 )01 + 925, . )"
{=E¢+ Fo"
(23)
where the pair (E, F') is controllable and F' is full rank.
A

In Problem 3 the normal form (3) has been refined because the £-subsystem
is now linear, controllable and decoupled from the (- and p-subsystems.

Theorem 3 Consider control system (1) and nested sets S; D So satisfying
Assumption 1. Let T € Sy and assume that the distributions inv (Gy), inv(Gj),
i €n—sy—1, 5 € s —s2—1 are reqular at T € Sy. Then, Problem 3 is
solvable if and only if

(a) Problem 1 is solvable.

(b) dim (TjSl + Gn,sl,l(gﬁ)) =n.

(c) There exist a neighbourhood U of T in R™ such for alli € n —s; — 1, for
all (x € S1NU),

dim (T, 51 + Gi(z)) = (TxS1 + inv(G;)(x)) = constant.

Proof. Assume that Problem 3 is solvable at Z € Sy. The normal form (23) is
a refinement of the normal forms (3) and (7). Thus, if Problem 3 is solvable
Problems 1 and 2 are solvable. Thus, condition (a) holds. Besides, if Problem 2
is solvable & must be a regular point of (10) which implies that it is valid to

assume inv (G‘il),i € n—s; — 1 are regular at Z. The proof of the necessity
of conditions (b) and (c) is easily checked in transformed coordinates using
arguments analogous to those in the proof of Theorem 2.

Conversely, assume that conditions (a), (b) and (c) hold. By [30, Theorem
3.2], since conditions (b) and (c) hold, there exist a neighbourhood U of the
point Z, a diffeomorphism =7 : U — Z1(U) C R® x R"°* and a regular feed-
back transformation («aq, 81) such that system (1), on U, is feedback equivalent
to

0= fo(,€) + g (n.€)vr + g" (1, €)vs

. 24
£:E€+F’U2 ( )
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where the pair (E, F) is controllable and =1 (S1NU) = {(n,&) € =1(U) : £ = 0}.
Since Problem 1 is solvable Assumption 2 must hold. Thus, v; € R¥*7,
v € R7.

Let 7 : R® — R®' be the projection to the first s; factors. Let 1} =
m0Z1(S1NU) and ¢ =m0 51|SmU : S NU — V;. By [26, Theorem 8.2]
Sy is a smooth manifold of dimension s; and (S; N U, ) is a coordinate chart.
Define Vo = 7 0 51(S2 NU). Since V5 is diffeomorphic to So N U it is an
embedded submanifold of V;. In this coordinate chart the restricted dynamics
in (19) writes as

i = fon,0)+ gl (n,0)v:. (25)
By condition (a) Problem 1 is solvable and the conditions of Theorem 2 hold.

Therefore the assumption that inv (Gy),i € n — s; — 1 are regular at 7 is
well-posed. Thus, all the assumptions and conditions of [30, Theorem 3.2
for (25) with respect to V5 at 7 := 71 o Z1(Z) hold. Therefore, by possibly
shrinking Vi (and hence U), there exists a coordinate transformation = :
Vi — Z5(V)) C R*2 x R%17%2 and a regular feedback transformation (o‘zg, 52),
with ag : Vi = R¥*7 and By : Vi — GL (v + p,R), such that (25) is feedback
equivalent to _
{= A m) + g1 (¢ ol + g1a (¢ ol

26
,L'L:Au—l—Bv”’m. (26)

The desired diffeomorphism = is constructed from =7 and =5 in the same
manner as in the proof of Theorem 2. The feedback transformation («, ) is
also constructed from («aq, 81) and (072, Bg) in the same way as in the proof of
Theorem 2.

O

The following example concerning the system from Example 1 illustrates
a case in which Problem 1 is solvable while Problem 3 is not.

Example 2. Recall the system, nested sets S; D Sq, and point Z = (0,1, 1,0)
from Example 1. Since Problem 2 is solvable at Z in U = {x €R*: 2y #0and 23 # 0}
we can easily compute the dynamics restricted to S; NU in (19) as

—X9 —X9 —33‘22 0
; 1 Tropon Pzl O
T = + v + Vg + vl
—T4 —T4 I3
r3— a3 — a3 +1 0 T3 Ty

Condition (a) of Theorem 2 is satisfied since

-10-1-10
_ e 00 0 00
d1m<TiSQ+GO(x)):rank 00 0 01 =3

01 0 10
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Moreover, since

2
—T2 —x5 0
I X1 1o 0
G, = span , ,
—XT4 T3
Zs3 Ty

is involutive, condition (b) of Theorem 2 holds. Therefore Problem 1 is solvable
at x. However, since

—-100-1-10
000 0O 00
dim (1357 + Go(2)) = k 4
im (T31 + Go(a)) =rank | ] A
001 0 10

condition (a) of Theorem 3 is not satisfied and Problem 3 is cannot be solved
at . We proceed to find the normal form (3) of Problem 1.

In order to find the desired feedback transformation and coordinate trans-
formation we follow the construction in the proof of Theorem 2. The feedback
transformation (aq, 1) and the coordinate transformation =7 were already
found in Example 1. Letting £ = 0 in (18), the dynamics (21) are

G=(-3) +(1-3) ] - (1-8) )
- —o\ L N § —
G=(1+a=G) + (1+a=G) v+ ool
fi=2001+7—C3)% +2(a+ 1ol

We employ the results of [30, Theorem 3.2] to find

0 10 0
=y =13, (a2, B2) = 0 NE 01 0
—2a(1+a—C3)2 1

*4#(2(;-%)42)*2 00 5+

where 13 is the identity map. It should be noted that i + 1 = 23 + x7. Since,
x3 # 0 on U it follows that g+1 # 0 on =7 (U); thus it is not required to shrink
the neighbourhood U. Next, we find m; = R* — R3, ({1, (o, 1, &) — (1, G, /i),
= R* - R, ((1,(,11,€) = &, introduced in the proof of Theorem 2.
Therefore,

E=(50mo05)) x (mry05)) = (w1, 23,22 + 23 — 1,23 + 25 — 1)

and
0 10 0
= 0 C By=|01 0
(:vg-&-a:i—l):m 00 1

z2+a3 2(@3+e3)
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And finally the feedback transformation (a, ) is

—wy0? (@3 +o2-1)

—X2xyg
53(55"!‘;342;) 10 2a:3(a:§+wZ)
_ _ xy(r54+x;—1 T
(a7ﬂ) - (al + Bla27ﬂ152) - % 3 01 2933(93514»:5‘21)
2,72
(w3+zi—1) 00 7273
23

Applying the feedback transformation (¢, 8) and the coordinate transforma-
tion = the control system is feedback equivalent to

G=0+6-DF+(1+E- D] - (1 +€- D))
= (+n=-@F +1+n- Gl *2@%1)”'”“
=261+ p—(3)% +ol "

1

£=26p(1+€~ )z,

when & = 0 the p-subsystem is ji = v'™ which is linear and controllable as
desired.

6 Control design for a nested set stabilization problem

We now illustrate how these results can be used to locally solve certain set
stabilization problems. The following notation is used in this section. Given
a nonempty set A C R"™, point z € R™, and a vector norm ||| : R® — R,
the point-to-set distance is defined as dist(z, A) = inf {||jz — y|| : y € A}. We
denote by N(A) an open neighbourhood of A. Given ¢ > 0 then B.(A) :=
{z € R" : dist(z, A) < €}. By ¢(t, z¢) we denote the solution of (1) with u =0
and initial condition zq. Let ¢(t, A) = {o(t,x0) : o € A}.

The normal form (3) finds application in the stabilization of Sy relative to
Sy locally. For, if vll™ is designed to stabilize = 0 and the trajectories of
the closed-loop system are bounded, then the controller locally stabilizes So
relative to Sp in original coordinates. If, on the other hand, the trajectories of
the closed-loop system are not bounded, then the stabilization of ; = 0 implies
the stabilization of S5 relative to Sy if and only if the necessary and sufficient
conditions of [9, Theorem IV.1] hold. Similarly, the refined normal form (23)
can simplify the problem of designing controllers to locally stabilize S;. If
v™ is designed such that & = 0 is asymptotically stable and the trajectories
of the closed-loop system are bounded, then the controller renders S; N U
asymptotically stable. If, on the other hand, the trajectories of the closed-loop
system are not all bounded, then the stabilization of £ = 0 implies the local
stabilization of S; under necessary and sufficient conditions of [9, Theorem
IV.1]. We now present a local solution to a nested set stabilization problem
using the results of Section 4. For the reader’s convenience we first provide
definitions of relative set stability.
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Definition 7 ([10])

1. The set Sy is stable relative to Sy for the dynamical system & = f(x)
if, for all € > 0 there exists a neighbourhood N(S3) such that for all
t>0, ¢(t,N(Sg) N Sl) C BG(SQ) ns;.

2. The set Sy is an attractor relative to S; for the dynamical system @ = f(x)
if there exists a neighbourhood N (S2) such that dist(¢(¢,zg),S2) — 0 as
t — oo for all zg € N (S2) NSy

3. The set S is asymptotically stable relative to Sy for (1) if it is stable and
attractive relative to Sy for the dynamical system & = f(x).

Problem 4. (Local nested set stabilization problem). Given the control
system (1), two nested sets S; D Sa satisfying Assumption 1, a point z € So,
and an open set U containing Z such that S; N U and S; NU are controlled
invariant, find, if possible, a smooth feedback control law such that the closed-
loop system meets the following three specifications.

S1 The set S; NU is asymptotically stable.
S2 The set S; NU is asymptotically stable relative to S1 NU.
S3 The set S; N U is asymptotically stable.

A

Notice the requirement that S; N U and Sy N U be controlled invariant
is based on the fact that invariance of a set is a necessary condition for its
stability [2, Theorem 1.6.6]

6.1 Stabilizing S

When Problem 1, 2 or 3 is solvable, the submanifold S; N U in transformed
coordinates is Z(S1 NU) = {({, 1, &) : € =0}. It may be possible to utilize
normal form (3) or (7) to design a feedback law v™ (¢, u, €) that stabilizes the
origin of the &-subsystem. However, if it happens that all the conditions of
Theorem 3 hold one can solve Problem 3 which has a decoupled, linear and
controllable &-subsystem. Thus, designing v™ is considerably simplified. We
select the simplest controller

o™ = K& (27)

with K7 € R*"~%t guch that £+ F' K is Hurwitz. For fast convergence to S
one typically chooses the matrix K so that the eigenvalues of £+ FK; are
far in the open left-half complex plane. With the above choice the origin of
the &-subsystem in (23) is rendered exponentially stable and under necessary
and sufficient conditions of [9, Theorem IV.1] £ — 0 if and only if z — S;NU.
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6.2 Stabilizing S5 relative to S;

In the normal forms of both Problems 1 and 3 the dynamics restricted to
Z(51NU) are

¢ = £1(¢11,0) + g11(C, 11,001 + gaa (¢, pr, 0)0ll

28
[L:Au—&—BvH’m. (28)

Since (A, B) is controllable, there exists a linear feedback
o™ = Kop (29)

with Ky € RP**17%2 guch that A + BKj, is Hurwitz; thus control law (29)
exponentially stabilizes the origin of the p-subsystem restricted to £(S; NU)
and under necessary and sufficient conditions of [9, Theorem IV.1], p — 0 if
and only if x — SoNU

It should be noted that the (-subsystem describes the dynamics tangent to
both S; and S3. When restricted to Sa, control system (1) evolves according
to (6). In some cases it may be possible to utilize the remaining control inputs
vl to control dynamics (6) to accomplish application specific specifications
such as boundedness or tracking.

6.3 Stability analysis

When Problem 3 is solvable the following theorem presents sufficient conditions
under which Problem 4 is solvable. Given a continuous signal u let ||u||c =
Sup;~g ||u(t)|| where the norm on the left is a function norm and the norm on
the right is a vector norm.

Theorem 4 Assume Problem 3 is solvable at T € Sy. If

(a) the feedback laws for v™ and vI'™ are given by (27) and (29), respectively.
(b) The control signal v!l is such that

(i) (Vz(0) e U)(Vt>0) z(t) e U.

(i) (Vz(0) € U)EM > 0)[[(C, 1 §)[loe < M.

Then Problem / is solvable.

Proof. Since Problem 3 is solvable there exists a neighbourhood U, a coordi-
nate transformation = € Diff (U), and a feedback transformation («, 8) such
that (1) is locally feedback equivalent to (23). By (a) the closed-loop system
is given by

$=fi(C 1, 8) + 911 (¢, p, o
ft = (A+ BEK2)u+ f2(C, 11,€) + g21 (¢, )0 (30)

€= (B+ FK)¢

where f1(C,1,€) = f1(¢ 1, &) + 912(C 1, ) Kop + g13(C, 1, ) K€ and fo =
J2(C 1, &) 4 922(C, 1, §) Kopr + g23(¢, 1, §) K1§. By conditions (a) and (b), if
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x(0) € U, then (1) is feedback equivalent to (30) for all ¢ > 0 and (¢, u, &) is
bounded.

Let Ve x V,, x Vg := Z(U). The {-subsystem is decoupled from the other
subsystems and £ = 0 is exponentially stable by (a). Therefore, by (b), for any
x(0) € U, £ — 0. In particular

1. (Ver > 0)(3d1 > 0)(V€(0) € Bs, (0)(VE = 0) £(¢) € Be, (0).
2. £(t) — 0 as t — oo at an exponential rate.

By continuity 271 (Ve x V,, x Be,) = N1(S1NU) and E~1(V; x V,, x Bs,) =
N>2(S1 NU) are neighbourhoods of S; N U. Thus, we conclude that

(V2(0) € Na(Sy NU)) (¥t > 0) (1) € N1 (81 N )

which means that S; N U is stable. Moreover, since £(t) is bounded, £ — 0 if
and only if z — S; N U which implies that S; N U is also attractive for all
xg € U. Thus, S; NU is asymptotically stable and S1 of Problem 4 holds.

When ¢ = 0, the p-subsystem becomes 1 = (A + BKs)u and g = 0 is
exponentially stable, by (a), for all initial conditions in V¢ x V,, x {0}. Thus,
when £ =0

1. (Vez > 0)(302 > 0)(Yu(0) € Bs,(0))(Vt > 0) pu(t) € Be,(0).
2. u(t) — 0 as t — oo at an exponential rate.

By continuity of = restricted to Sy N U the sets =1 (V; x B, x {0}) =
N3(SonNU), E71(Ve x Bs, x {0}) =t Ny(S2 N U) are open neighbourhoods of
S2NU in the topology of S; NU. We emphasize that N3, Ny C S;NU. These
considerations yield

(V(0) € Ny(Sy N U))(VE > 0) z(t) € N3(S2 N U)

which means that Sy N U is stable relative to S; N U. Moreover, since u(t) is
bounded, p — 0 if and only if x|SmU — So N U which implies that Sy N U is
attractive relative to S;1 N U. Thus Sy N U is asymptotically stable relative to
S1 N U and S2 of Problem 4 holds.

Since : (1) £ = 0 is exponentially stable, (2) when £ = 0, 4 = 0 is exponen-
tially stable and (3) by hypothesis (b) (u(t),£(t)) is bounded all the conditions
of [15, Corollary 10.3.3] hold. Therefore (1, &) = (0, 0) is asymptotically stable.
That is

1. (Ves > 0)(303 > 0)(V(12(0),£(0)) € Bs,(0)) (Ve = 0) (u(t),£(t)) € Be, (0).

2. (u(t),&(t)) = 0 ast — 0.

By continuity £ (Ve x Be,) = N5(SeNU) and =~1(Ve x Bs,) = Ng(S2NU)
are neighbourhoods of So NU in U C R™. Therefore

(Vz(0) € Ng(S2 NU))(Vt > 0) x(t) € N5(S2aNU)
which means that Se N U is stable. Moreover, since (u(t),£(t)) is bounded we
have that (u,&) — 0 if and only if # — S N U which implies that S; N U is

also attractive for all g € U. Thus, Ss NU is asymptotically stable and S3 of
Problem 4 holds. [
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6.4 Example

For illustration purposes we consider the control system

—Xx2 T —X2
T=| T1 |+ 22| U+ 1 U2,
T T3 1 x% + x%

and sets
Sl:{IERSZx%+1’§*1:0},52:{x€R3:xf+m§—1:z3:0},

One can verify that the conditions of Theorem 3 hold, thus Problem 3 is
solvable. Following the proof of Theorem 3 we find the following feedback
transformation and coordinate transformation

T2
0 0 —t
— 2(ai+a3)
@, - —T1T ’ ) T
o= ([sa 7)) =
1 2 1 2 ZE1+17271

The given control system is feedback equivalent to

[1]

c Lo (4= (A+E-C)F ¢ a4
b=—(1+e-0?) €+l T T T
N S S
R

E=oM.
We design v™ = k1€ and vl'™ = ki with k; = —1 and ky = —1. Figure 1(b)

illustrates the trajectories of the closed-loop system and Figure 1(a) shows the
projected trajectories to (1, x2)-plane. The set stabilization error for S is

dist(z, S1) ==/} + 23 — 1 (31)

and for S is

dist(x, S2) = \/ac% +1/2? +23 -1 (32)

Figures 2(a) and 2(b) display dist(z,S1) and dist(z, S2), receptively.
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Fig. 2: Set stabilization errors S; D S9

7 Conclusions

We have determined necessary and sufficient conditions under which a non-
linear control-affine system, with two nested, controlled invariant, embedded
submanifolds in its state space, is feedback equivalent to a system whose dy-
namics restricted to the larger submanifold are locally transversally feedback
linearizable with respect to the nested set. We called this Problem 1. When
Problem 1 is solvable we have presented further necessary and sufficient condi-
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tions under which Problem 3 is solvable where it is additionally asked for the
dynamics transversal the the larger set to be linear and controllable as well.
Sufficient conditions are presented under which one can utilize these normal
forms to solve a nested set stabilization problem locally.

A global version of Problems 1, 2, and 3 can be posed. Roughly speaking,
one seeks a coordinate and feedback transformation such that (1) is feedback
equivalent to (3), in Problem 1, to (7), in Problem 2, and to (23), in Problem 3,
in a tubular neighbourhood of the nested set. Accordingly, the global version
of Problem 3 can be employed to solve the global version of the nested set
stabilization problem where the entire sets are considered.

Appendix A Supporting results and proofs

Proof of Proposition 1. The proof that dim (P(q)) = v(q) is obvious from their
definitions and is omitted. Next we have

dim(Q(q))

= n — dim(Go(q) N T,Ss) + dim(Go(q) N T,S1) — dim ([Go(q) N T,8]" + [Golg) N qul])
= dim(Go(q) N T,S1) — dim(Go(g) N T4S2)

= p(q).

Similar computations yield dim (R(p)) = o(p) on Sj. O

Proof of Proposition 2. Let U C R™ be an open set containing & and set V; =
Sy NU. If dim (7,51 N Go(x)) is constant on V; then, since dim (7,.S;) and
dim (Gy(z)) are constant on Vi, the function o(z) in (11) is constant on V5. If
both dim (7', S2 N Go(x)) and dim (7,51 N Go(x)) are constant on Vo = SoNU
then the functions v and p in (11) are constant on Va.

Conversely, if the function o is constant on an open set V4 C S; with
Z € Vi, then since T,S; and Go(z) are constant dimensional and from the
definition of ¢ it follows that dim (7,51 N Go(x)) is constant on V;. If v, p are
constant on an open set Vo C Sy with Z € V5 then from their definitions it
follows that dim (7,52 N Go(x)) is constant on V5. O

Proof of Proposition 3. Let T € Sy be a regular point of the distributions (10).
Then by Proposition 2 and Definition 4 P is non-singular in a neighbourhood
Vo =ViNSy, with V7 C S; and containing Z. Lemma A1l proves that P is also
smooth in a neighbourhood of Z, without loss of generality, V5. Proposition 1
shows that @ is non-singular on V5 and R is non-singular on V;. Furthermore,
by Proposition 2, the assumed non-singularity of Gy and Lemma A1 we have,
by possibly shrinking Vi, and hence Vs, that Go N TS and [Go N TSl]J‘ are
smooth on V; and [Go(z) NTS,]" is smooth on V,. Therefore Q and R are
the non-singular intersection of smooth non-singular distributions and by [16,
Lemma 1.3.5] they are smooth themselves.
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Conversely, suppose that the distribution R in (10) is smooth and non-
singular in a neighbourhood V; C S; containing T and distributions P and @
in (10) are smooth and non-singular in V5 = V4 N S3. By Proposition 1 and
Definition 4 Z is a regular point of (11). O

Proof of Lemma 1. Let x € Sy be fixed but arbitrary and let = € Diff (U) be
a diffeomorphism onto its image with domain U containing z. Let (o, 8) be a
regular feedback transformation also defined on U and let g(x) = g(x)8(x),
Go(x) == span {j; (%), -+, gm(x)}. Since each g;(x) is a linear combination of

91(x), ..., gm(x), Go(r) C Go(x). Furthermore, since 3 : U C R™ — GL(m,R)
is non-singular, Go(z) = Go(x) and therefore

U(.Z‘) = dim(TwSQ n GQ(Z‘)) = dim(T,;52 N éo(ﬂ?))

Next, let g :== Z,(g8) = Z4(g) and Gy = span {G1,+ ,Gm}. Since d=, is an
isomorphism at each x € U, we have

dim(T,8> N Go(x)) = dim (dEm (szg n C:O(x))) = dim (dEm (TS2) N dZ, (G‘O(x))>
= dim <T5($)E(52 nU)N GO(E(x)))

where the next to last equality comes from the fact that Ker (d=,) = {0}.
From this it follows that the value v(z) is unchanged under coordinate and
feedback transformations. The same arguments hold for the other functions
in (11). O

Lemma A1l ([29]). Let N C M be an n-dimensional submanifold of the m-
dimensional manifold M. Let p € N be a reqular point of a d-dimensional
distribution D on M. Suppose there exists an open neighbourhood V' of p in N
such that k = dim(T,N N D(q)) is constant for all ¢ € V.. Then, there exists a
neighbourhood U of p in V' such that TN N D is smooth on U.

Proof. Let (W, 1) be a coordinate chart of M adapted to N, that is, such that
YINONW) ={z € y(W) : pp1 = -+ = @y, = 0}, and let {f1,..., fa} be a
set of local generators of D around p. Let 7 : (21,...,2Zm) — (z1,...,2,) be
the projection onto the first n factors. By making W smaller, we can assume
that f1,..., fq are linearly independent on W.

Recall that 1[) =moy: NNW — R"” is a diffeomorphism onto its image,
and let . .

fi = 1/1* (fi)a i€ {177d}

The vector fields fl are defined on an open set of R™. Letting {e1,...,en}
denote the natural basis of R™, for each ¢ € N N W we have

dl/;q (TqN ND(q)) = dJ’q (TqN) n dq[’q (D(q))
= span{er, ..., e} Nspan{fi(¥(q)),. .., fa(¥(9)}.

Hence, diﬁ(TN N D) is a distribution on an open set of R™. By assumption,
and since di, is an isomorphism at each ¢ € N N W, it is the intersection
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of two smooth non-singular distributions, and it has constant dimension near
¥ (p). Therefore, by [16, Lemma 1.3.5], it is smooth. This implies that TN N D
is also smooth on a neighbourhood V of p. O
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