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Local transverse feedback linearization for nested sets

Alireza Doosthoseini and Christopher Nielsen

Abstract— We study a local feedback equivalence problem
for a nonlinear control-affine system with two nested, controlled
invariant, embedded submanifolds in its state space. The main
result of this paper gives necessary and sufficient conditions
for (i) the dynamics of the system transversal to the larger
submanifold to be linear and controllable and (ii) the system
dynamics, restricted to the larger submanifold, and transversal
to the smaller submanifold to also be linear and controllable.

Index Terms— Feedback equivalence, partial feedback lin-
earization, nested sets.

I. INTRODUCTION

One approach a solving sophisticated control problems
is to split the problem into prioritized sub-problems and
solve them separately. This method is known as hierarchical
control design. In [1] the hierarchical control design problem
is viewed as the simultaneous stabilization of a chain of
closed nested, controlled invariant, sets S1 D Sy D --- D S,
in which set .S; represents the sub-problem 4. Set S; being
nested in the set S;_; indicates that the sub-problem i+ 1 is
solved only if the sub-problem ¢ is solved. For instance, in [2]
the hierarchical control design approach is adopted to solve
the coordinated path following problem of a multi-agent
system of unicycles. There, the coordinated path following
problem is decomposed into path following and coordination
sub-problems and path following is prioritized over coordi-
nation. The objective of hierarchical control design problem
is twofold : to design control laws solving each sub-problem
independently and to investigate conditions under which the
designed control laws solve the main problem when working
together. Studies investigating the second aspect include [3],
[1]. In this paper we are concerned with the first aspect of
hierarchical control design problem.

In this paper we take a feedback equivalence approach
that facilitates the control design to locally solve each sub-
problem. Two control systems are said to be feedback
equivalent if there exists a local coordinate and feedback
transformation mapping their trajectories to each other. An
important subdivision of feedback equivalence problem is
called feedback linearization in which feedback equivalence
between a nonlinear control system and a controllable linear,
or partially linear, system is considered. Seminal works in
this field include [4], [5].

Partial feedback linearization has been adopted to solve set
stabilization problems. In [6] a single-input control system

Supported by the Natural Sciences and Engineering Research Council of
Canada (N.S.E.R.C.).

A. Doosthoseini and C. Nielsen are with the Department of Electri-
cal and Computer Engineering, University of Waterloo, 200 University
Avenue West, Waterloo, Ontario, Canada, N2L 3Gl. {adoostho,
cnielsen}@uwaterloo.ca

and a periodic orbit of the system is considered and feedback
linearization is employed to make the dynamics transversal
to the orbit linear and controllable. This motivates the name
transverse feedback linearization coined for the first time in
that study. In [7] the local transverse feedback linearization
problem is formulated and solved for a multi-input con-
trol affine system with an embedded controlled invariant
submanifold in its state space. The problem entails finding
conditions for local feedback equivalence to a control system
whose dynamics transversal to the target set are linear and
controllable.

This paper generalizes local transverse feedback lineariza-
tion to two, nested, controlled invariant submanifolds. Given
a smooth, time-invariant, nonlinear control-affine system and
two nested, controlled-invariant, embedded submanifolds S;
and S5 the main problem in this paper is to find a local
diffeomorphism and feedback transformation, valid in a
neighbourhood of a point on S, that bring the control system
into a normal form whose dynamics transversal to S; as
well as dynamics restricted to S; and transversal to Sy are
both linear and controllable. The solution of this problem
simplifies designing controllers for local stabilization of S;
and local stabilization of S relative to S;. Theorem IV.1
presents geometric necessary and sufficient conditions for
the problem to be solvable.!

A. Notation

If k is a natural number, k:= {0, ..., k}. If U is an open
connected subset of R™, then Diff(U) is the collection of
diffeomorphisms with domain U. If F' : M — N is a map
between manifolds then dF(z) : T M — TN denotes
its differential. If M and N are vector spaces, then dF'(z) is
the Jacobian matrix of F evaluated at z. If F': M — N is a
diffeomorphism between two manifolds, and if v is a vector
field on M, then the differential of I’ can be used to define
a vector field on NV by means of the push-forward map F,,
defined as Fiv(q) = (dev(p))|p:F,1(q). If D is a non-
singular distribution on a manifold M, D+ is the orthogonal
complement of D obtained from the orthogonal structure
on the tangent bundle 7'M. The non-singular distribution
D+ is a subbundle of T'M and satisfies, for each pEM,
T,M = D(p) ® D*(p). Let inv(D) denote the involutive
closure of D. We denote by I,,, the m x m identity matrix
while 0,,, x, denotes an m x n matrix of zeros. Let GL (n, R)
denote the group of non-singular n X n matrices with real
entires.

I'This paper contains portions of the extended manuscript [8].



II. LOCAL NESTED TRANSVERSAL FEEDBACK
LINEARIZATION

Consider a control-affine system

m

&= f(x) +Zgi(af)uz' = f(z) + g(x)u (1)

where 2z € R™ denotes the state, u = (uy, - ,Uy,) € R™
is the control input, and f : R® — R” and ¢; : R* — R",
i€ {1,---,m}, are smooth. To (1) we associate the family
of distributions

G ::span{adgcgk :0<j <1, 1§k§m}. 2)

The vectors g1(x),...,gm(x) are assumed to be linearly
independent at each x € R", i.e., dim (Go(x)) = m. Along
with (1), we are also given two embedded submanifolds
S1 C R™ and S5 C R™ with s; == dlm(sl), So = dlm(SQ)
The following assumption is made throughout this paper.

Assumption 1. The sets S1 and Sy are closed controlled-
invariant embedded submanifolds for (1) and S1 O Ss.

Problem 1. (Local nested transversal feedback lineariza-
tion) Given (1), nested sets S; D So satisfying Assumption 1
and a point T € Sj, find, if possible, a diffeomorphism
E:U - Z{U) cRE2xR™2xR" 1 g — (¢, p, &), and a
regular feedback transformation («, 3), u ~ (vl vl:® vM)
valid in a neighbourhood U C R™ of z, such that (1) is
feedback equivalent to

é =f+ 91111” + glgv“’m + 913,Urh
= AM‘FBUH’m + fo +921UH +g221}\|,m +9231}m 3)
£=A"¢+ BM"

where f1, f2, 911, 912, 913, 921, 922, ge3 are functions of

(¢ 1 6),
2(S1NU) = {(C, 1, €) € E(U) : € = 0}, (4a)
E(SQQU) :{(<7Ua§) €E<U) 2520, U:O}v (4b)

f2(C, 1,0) = 0, g21(G, 1, 0) = 0, g22(¢, 1, 0) = 0, the pairs
(A, B) and (A™, B™) are controllable, and the matrices B
and B™ are full rank. A

Problem 1 seeks a coordinate and feedback transformation
valid in a neighbourhood of z which generates a normal
form with two types of decompositions. First the dynamics
are decomposed into three subsystems; namely the &-, p-,
and (-subsystems. We call the £-subsystem the transversal
dynamics to .S;. This is motivated by the fact that, in the
light of (4a), stabilizing S; N U is equivalent, under mild
assumptions, to stabilizing the £-subsystem. We call the pu-
subsystem the transversal dynamics of S, restricted to S;.
Similarly, this name is motivated by the fact that, in the light
of (4b), stabilizing S N U relative to S; N U is equivalent,
under mild assumptions, to stabilizing the p-subsystem when
& = 0. The (-subsystem is called the tangential dynamics to
So because when £ = 0 and p = 0, the ¢ dynamics govern
the system’s evolution on E(S; N U).

The second type of decomposition is in the original m
inputs. They are partitioned into three groups : vll, vl and
v™. The restrictions imposed on fs, g1, and goo after (4)
imply that (v”,v“”h,vm) = (%,%,0), where * represents
arbitrary functions, renders Z(S; NU) locally invariant, i.e.,
(%,%,0) is a friend of Z(S; N U). Substituting £ = 0 and
v™ = 0 in (3) the dynamics of (1) restricted to Z(S; N U)
are

¢ = F1(C11,0) + g11(C, 1,0)0! 4 g1a (¢, pr, 0)0ll

5)
i = Ap + Boll™, (

The p-subsystem in (5) is linear and controllable and repre-
sents the dynamics of (1) restricted to =(S;NU) and transver-
sal to Z(Sy N U). The control input v/'™ can effectively be
used to stabilize SoNU relative to S;NU. Finally Z(S2NU)
is controlled-invariant with friend (vl,vl:® v™) = (x,0,0).
The dynamics of (1) restricted to Z(Sy; N U) are

¢ = £1(¢,0,0) + g11(¢, 0,0)0. (6)

Remark IL.1. In (3) the p-subsystem is not feedback lin-
earized. It only becomes linear when it evolves on Z(S1NU).

III. PRELIMINARY RESULTS

In this section we investigate the problem of restricting the
control-affine system (1) to nested sets S; D Sy satisfying
Assumption 1. Due to space limitations the proofs of various
results in this section are omitted. The interested reader can
find these proofs in [8], [9].

Problem 2. Given the control system (1), nested sets S7 D
Sy satisfying Assumption 1, and a point Z € Sy, find, if
possible, a diffeomorphism Z : U — Z(U) C R%2 xR51 752 x
R™ %1z ((,pu, £), and a regular feedback transformation
(o, B), u = (vl vl™ ™) valid in a neighbourhood U C R”
of Z, such that (1) is feedback equivalent to

¢ = f1+guvl + g™ + gi0”
o= f2 + ga1vl + gasv™ + gogv™ (N
€= fs+ gzl + gav ™ + gazo”

where f;, g;; for i,j € {1,2,3} are functions of (¢, u,§),

E(SNU) ={(¢(,m&) € E(U) : & =0}, (8a)
E(SNU)={((pE €E(U):£=0, p=0}, (8b)

f3(C7Ma0) = 09 931(C,u,0) = 0: 932(C7M;O) = O,
f2(<7070):0’ and 921((,0,0)20. A

Like (3), the normal form (7) features two types of
decomposition. However, unlike (3), we do not require the
transversal dynamics to S5, restricted to S; and transversal
dynamics to S; be linear and controllable.

The normal form (7) is useful for understanding the inter-
play between the control vector fields g1, -, g, of (1)
and the nested sets S; D S». To understand this, first note
that g is partitioned into three sub-matrices corresponding
to vll, vlM and ™. The impositions on go; and gs; mean
that the columns of the matrix =,(g8) corresponding to



vl are tangent to both Z(S; N U) and Z(Sy N U). The
requirement on gso implies that the columns corresponding
to vl™ are tangent to Z(S; N U) but not Z(Sy N U).
Finally, the requirements on f5, f3, imply that the vector
field Z,(f + ga) = (f1, f2, f3) is tangent to both Z(S; NU)
and Z(S;NU). Substituting ¢ = 0 and v™ = 0, the dynamics
of (1) restricted to (S, NU) are

¢ =116 1,0) + g11(¢, 1, 0)0 + g12(C, 1, 0)0 "

o= F2(C11,0) + g21 (¢, 1, 000! + g2 (. 1, 0)0 .

The tangential dynamics on Sy are the same as (6). The
aforementioned partition of g is closely related to the prop-
erties of the distributions

P:=GyNTS,
Q = [GoNTS,]" N[GoNTS,)
R:=[GoNTS1]" NGy
and the integer-valued functions v,p: Sy = Z, 0 : S1 — Z
v(z) == dim(T,S2 N Go(x))
p(x) = dim(T,S1 N Go(x)) — v(x)
o(x) = dim(T,;S1 + Go(x)) — s1.

9

(10)

(11a)

(11b)

The values of (11) equal the dimensions of the distribu-
tions (10) and the sizes of the sub-matrices corresponding to
ol vlbm and v in ).

Proposition IIL.1. For all p € S1, ¢ € S, dim (P(q)) =
v(q), dim (Q(g)) = p(q) and dim (R(p)) = o(p).

Proof. The proof that dim (P(q)) = v(q) is obvious from
their definitions and is omitted. Next we have

dim(Q(q))
=n— dlm(Go(q) N Tqu) —+ dim(Go(q) N qul)

— dim ([Gola) N TySa]* + [Gol) N T,1])
= dim(Go(q) N T,S51) — dim(Go(g) N TyS2)
= p(q)-
Similar computations yield dim (R(p)) = o(p) on S;. O

Definition IIL.2. A point T € S, is a regular point of
the distributions (10) if there exists an open set Vi C Sp

containing T such that for all p € Vi, q € V3 N Sy, the
Sunctions o(p), v(q), p(q) are constant.

The main result of this section can now be stated.

Theorem IIL.3. Problem 2 is solvable at T € S5 if and only
if T is a regular point of (10).

Before presenting the proof of Theorem III.3, we need
some preliminary results whose proofs are omitted due to
space limitations. The next proposition provides a compu-
tationally tractable way of checking the regularity of the
distributions (10).

Proposition II1.4. A point T € Sy is a regular point of (10)
if and only if diim (T,,S1 N Go(x)) and dim (TS N Go(x))

are constant in, respectively, open sets Vi C S1, Vo C Sy
containing .

Remark IILS. It is easy to show that if any two of the func-
tions in (11) are constant in an open subset of Ss, then the
remaining function is also constant on this set. Furthermore,
if x is a regular point of (11) then v(z)+ p(z) +o(x) = m.

Proposition II1.6. A point T € Sy is a regular point of (10)
if and only if there exists an open set Vi C Sy containing T
such that the distributions (10) are smooth and non-singular
in Vi and V1 N Ss.

Lemma IIL.7. The values of the functions (11) are invariant
under coordinate and feedback transformation.

Lemma IIL8. Let S; D Sy be two smooth embedded
submanifolds of R™. For all T € Sy there exists an open
set U C R™ such that S1 and S5 are, respectively, sy-slices
and so-slices of U.

The tubular neighbourhood theorem [10, Theorem 10.19]
states that every embedded submanifold M of R"™ has a
tubular neighbourhood N (M). It follows [10, Proposition
10.20] that if A(M) is a tubular neighbourhood of an
embedded submanifold M C R"™, there exists a smooth
retraction of A'(M) onto M. In this paper we use a simpler,
local version of these ideas.

Lemma IIL9. Let M C R"™ be an m-dimensional embedded
submanifold of R™. Then, for every x € M there exist a

neighbourhood U of x in R™ and a smooth retraction r :
U—-MnU.

Lemma IIL.10. Consider two sets Sy and Sy satisfying
Assumption 1 and let T € Sy be a regular point of (10).
There exists an open set U C R"™ containing T and a smooth
feedback o : U — R™ such that (f + ga)|g, ~y is tangent
to Sy NU and (f + ga)l|g,y is tangent to So N U.

Proof of Theorem II1.3. Assume that Problem 2 is solvable
at £ € Sy. Then there exists a neighbourhood U C R"
containing z, a feedback transformation («, 8) defined on U,
and a diffeomorphism = € Diff (U) such that (1) is locally
feedback equivalent to (7). Let V5 := S, NU, V; = 5,NU,
denote by ({, i, 0) = Z(x) the image of a point x € V; and
by ((,0,0) = E(z) the image of a point x € V5 under the
map Z, and let § = Z,(g8), Go == span {g1," ,Gm}- In
(¢, p, §)-coordinates the value of o in (11b) at an arbitrary
point (¢, i, 0) € E(V7) equals

(¢, 1,0) =dim | I L - -
LG, V) = dim fme 933(C, 1, 0) .
= rank (g33(C, 11, 0)).

We now argue that gs3 has full column rank. The equality
above implies that the number of columns in g33({, i, 0)
is greater than or equal to o((, ,0). Suppose, by way of
contradiction, that gs3 has o((, it,0)+1 columns. Then, since



there are m inputs

911(@%0) 912(@#70)
921(C7Ha0) 922(@»%0)

But this means that dim (Go(C, 1,0)) < m — 1 which is
a contradiction since («, ) is a regular feedback transfor-
mation and dim (Go(x)) = m. Thus g¢33((, i, 0) has full
column rank. This shows that at an arbitrary point (¢, , 0),
the integer function o is equal to the number of columns
in gs3. Since ((,u,0) is arbitrary, we conclude that o is
constant on Z(V4).

Having shown that g33(C, 1, 0) has full column rank on
=(V1) it follows that v((,0,0) equals

dim (Ti¢0,02(V2) N Go(¢,0,0) =
. I, 911(¢,0,0)  g12(¢,0,0)
dim | Im 0 N Im 0 922(C,0,0) .

Additionally, since
di 152 1T gll(C7070) 912(4-’070) _
m 0 m 0 922 (Ca Oa 0) B

I, *
rank 0 922(47 Oa O)

we get that v((,0,0) = sy + m — 0((,0,0) —
(rank g22(¢,0,0) + s2). Using the above expression for v
and the identity, see Remark III.5, v + p + 0 = m at
(¢,0,0) we obtain p(¢,0,0) = rank g22(¢,0,0). Using the
same reasoning as earlier, one can show ¢22(¢, 0, 0) has full
column rank. Thus, at ({,0,0), the integer function p is
equal to the number of columns in g2o which is constant at
any point (¢,0,0) € Z(V4). Finally, if two of the functions
in (11) are constant on Z(V3), then so is the third. By
Lemma III.7 the values of (11) are invariant under feedback
and coordinate transformation which shows that 7 is a regular
point of (10).

Assume that £ € Sy is a regular point of (10). By
Proposition II1.6 the distribution R in (10) is smooth and
non-singular in a neighbourhood V; C S; containing z and
the distributions P and @ in (10) are smooth and non-
singular in Vo = Vi3 N S5. As a result, there exist local
generators p; : Vo — R", i € {1,---,v}, ¢ : Vo — R”,
i € {l,---,p},and # : V3 — R" i € {l,--- 0}
such that, for all z € Vo P(z) = span{p1, -+ ,pv} ()
and Q(z) = span{gi,---,q,} (z) and for all z € V;
R(z) = span {f1,- -+ , 75} (x). Next, applying Lemma IIL.9
we introduce a retraction r; : U — V; of an open set
UCR" z € U, onto V] and a retraction ro : U — V5
of an open set U C R", ¥ € U, onto V5 and define

ran <m-—o(¢,u0)—1.

P R ie{l,---,v}
x > p; ora(x)
! i€l .p)

T — G; ora(x)

r;: U —R" .
. ie{l,---,0}
x> 7 or(x)

so that the local generators of P(x), Q(z), and R(z) are
now defined on U. We set up the following equations

[ m w]=n Im | B (12a)
[ ¢ o |=[n Im | Ba (12b)
[ re | =] o gm | Bs (12¢)

where 51 : U — R™*¥, By : U — R™*? and B3 : U —
R™>7 are unknown matrices. Since, P C G and both are
constant dimensional, by possibly shrinking U, there exists a
unique smooth solution $; to (12a). Similarly, by shrinking
U, we can find 85 and (3 in equations (12b) and (12c),
respectively. Define [31 82 33] =: 8: U — GL (m,R).

Since P(x), Q(x), and R(zx) span independent subspaces
for each x € U, the matrix 3 is non-singular.

By Lemma III.10 there exists a feedback o : U —
R™ defined, without loss of generality, on U such
that (f + ga)lg ~y is tangent to V3 = S N U and

(f 4+ ga)|g,y 1s tangent to V := Sy N U. The pair (a, 3)
is the desired feedback transformation. Applying it to (1)
yields

i = f(z)+g(x)a(z)+g(x)B1 (z)v +g(x)Ba2(x)v " +g(x) B3 ()"

(13)
where vl € RY, vl € R?, and v™ € RO.

By Lemma IIL.10 the vector field (f(z) + g(x)a(z))ly,
is tangent to both V; and V5. Columns of gﬁl|v2 are the
local generators of P thus are tangent to V5. the columns of
952|V2 are local generators of (), so are tangent to V7 and
not V. Finally, columns of g3/, are local generators of
R, so are tangent to neither Vi nor V5. Select = to be the
diffeomorphism from Lemma III.8. Applying the coordinate
transformation = to (13) yields the desired normal form (7).

O

IV. SOLUTION TO LOCAL NESTED TRANSVERSE
FEEDBACK LINEARIZATION PROBLEM

We are now ready to present the main result of this
paper, necessary and sufficient conditions for Problem 1 to
be solvable. It is evident that (3) is a refinement of (7) and
thus the solvability of Problem 2 is a necessary condition for
Problem 1 to be solvable.

Assumption 2. The point T € Sy is a regular point of (10).

Assumption 2 implies, by Theorem III.3, that Problem 2
is solvable at Z. Therefore, there exists a regular feedback
transformation («, ) such that, control system (1) on a
neighbourhood U C R™ of z writes as (13). Recall that
v™ = 0 renders S; NU invariant; and the vector field f 4 ga
and columns of gf3; and columns of gfs are tangent to
S NU. Thus, the restriction of (1) with v™ = 0 to Sy NU is
well-defined. We introduce the following shorthand notation

for = (F + 90,0+ 951 = 9B gBalls,np v, = (!, 0l™).



Then, the dynamics restricted to S; N U are

T = fs,(x) + gs, (x)vgl. (14)

Similar to (2), we associate to (14) a family of distribution
Gl s, nU =TS nU)C TR

Gy (x) = span {adjf-slgshk(x) :0<j<i, 1<k< z/er}

15)

Theorem IV.1 (Main Result). Consider (1) and nested sets

S1 D Sy satisfying Assumption 1. Let T € Sy and assume

that the distributions inv (Gy), inv(Gj), i € n—s; —1,

j € s1 —sa — 1 are regular at & € S5. Then, Problem 1 is

solvable if and only if

(a) x is a regular point of (10)

(b) dim (T;fS]_ + Gn,‘gl,l(i‘)) =n

(c) There exist a neighbourhood U of & in R™ such for all
ien—sy —1, forall (x € SyNU),

dim (T, 51 + Gi(z)) = (T S1 + inv(G;)(x)) = const

(d)
(e)

dim (Tgfcs2 + G!l_SQ_l(i‘D =5
There exists an open set U C R"™ containing T such
that, for all i € sy —sg — 1, for all x € SoNU

dim (Tms2 +G! (x)) - (Tms2 +inv(G! (x))) = const

Proof. Suppose that Problem 1 is solvable at £ € So.
Then Problem 2 is solvable since the normal form (3) is a
refinement of the normal form (7). Thus, Z is a regular point
of (10) and condition (a) holds. As a result, the assumption
requiring inv(Gy),i € s1 — sz — 1 be regular at 7 is a valid
assumption. Moreover, since Problem 1 is solvable at € .S
there exists a neighbourhood U C R" of Z, a coordinate
transformation = € Diff (U), and a feedback transformation
(e, B) such that (1) is feedback equivalent to (3) in U. Define
Vi =Z(51NU) and V5 := Z(S3NU). The system dynamics
restricted to V7 are given in (5), and any point in V; and V5 is
represented by ({, 1) and (¢, 0), respectively. In transformed
coordinates we have

(V(¢,0) € V), (Vi € 81— 52), Ticp Vo + G1(G,0) =
I, * ke *
Im .
Or_s,xs, B AB --- AB
which shows that the dimension of T{¢ )V2 + Gy (¢,0) is

sp+rank ([ B A'B ]). Since the pair (4, B) is con-
trollable, rank ([ B - Asi—s2—lp ]) = $1 — So; thus

dim (¢ Ve + Gl _,,_1(¢,0)) = s1. Since condition (d)

S
is invariant under coordinate and feedback transformations
it follows that condition (d) holds in original coordinates as
well.
In Vi, consider the collection of constant distributions
Ay, i € 81 — Sg given by
Al'=Tm(1,,0[ B A'B ).

At each (¢,0) € Vo, Al(¢,0) = Tic.o)Ve + GU(¢,0); thus,
Gy(( ,0) C Ay. Furthermore, since each Ay is (trivially)

involutive, it follows that inV(G! (¢,0)) C Ay. This shows
that for all 7 € s; — so

TV, +inv(G)(¢,0)) € Al(¢,0) = TV, + Gl (¢, 0).

On the other hand TV, + GI(¢,0) € TV + inv(G! (¢, 0))
always holds which shows that Al (¢, 0) = TV, +Gl(¢,0) =
TVs + inv(GLl (¢,0)). Condition (e) is invariant under coor-
dinate and feedback transformations; thus it holds in original
coordinates. The proof of the necessity of conditions (b)
and (c) is easily checked in transformed coordinates using
analogous arguments.

Conversely, By [7, Theorem 3.2], since conditions (b)
and (c) hold, there exist a neighbourhood U of the point
Z, a diffeomorphism =Z; : U — Z;(U) C R x R**1
and a regular feedback transformation («,[;) such that
system (1), on U, is feedback equivalent to

= fo(n, &) + gl (n, )v1 + g™ (n, &) vo
£ = B¢ + Fuy

where the pair (E, F') is controllable and =,(S; NU) =
{(n,€) € Z1(U) : £ = 0}. Since condition (a) hold Prob-
lem 2 is solvable. Thus, v; € R¥*?, vy € RC.

Let m; : R™ — R®* be the projection to the first s; factors.
Let ‘7171: T © El(Sl N U) and 1[} = 71 © El‘SlﬂU : Sl N
U — Vi. By [10, Theorem 8.2] S; is a smooth manifold of
dimension s; and (S; NU, %) is a coordinate chart. Define
Vo i=m 0= (SeNU). Since Vs is diffeomorphic to SoNU it
is an embedded submanifold of V7. In this coordinate chart
the restricted dynamics in (14) writes as

i = fo(n,0) + g (n,0)v1.

By conditions (a) Problem 2 is solvable. Therefore, the
assumption that inv (G!),i € m — s1 — 1 are regular at
z is well-posed. Since conditions (d) and (e) hold all the
assumptions and conditions of [7, Theorem 3.2] for (17) with
respect to V5 at 77 := 71 0 Z1 (%) hold. Therefore, by possibly
shrinking Vi (and hence U), there exists a coordinate trans-
formation =5 : V; — Z5(V}) C R%2 x R*17%2, and a regular
feedback transformation (072,32), with ag : Vi — RvtP
and By : Vi — GL (v + p,R), such that (17) is feedback
equivalent to

¢ = fi(¢m) + g (¢ vl + gra (¢, ™
= Ap + Boll™,

(16)

a7

(18)

Let mo : R™ — R™™°! be the projection to the last n — s
factors. We construct a function Z : U C R" — E(U) C
R%2 x R%17%2 x R"™*1 as follows

] o El-

The function = is a well-defined diffeomorphism since at &

— — — — EQOT{'l
E=(E30m 0E) X (me0Z) =
2

d:42 031 XNn—s1

det(dE) = det ([ ]) det(d=1) # 0.

OTL—S1 X S1 In—31



Therefore, by the inverse function theorem [10, Theorem
7.6], it is a valid coordinate transformation in a neighbour-
hood of Z, without loss of generality U. In order to construct
the feedback transformation we define

0_42071'1051 62071'1051

Qg = ) 62 =

05 Ocx (v+0) I5

where ag : U C R” — R™ and 8 : U C— GL(m,R).
The feedback transformation («, 8) = (a1 + Braa, B152)
and E € Diff (U) solve Problem 1. O

Example 1. Consider a system (1) with m = 2,
—

—xy — x5 — @5 (—21° + 32 + T3)

f(x): T2+ T5 + Ts (—w12+$2+m3) —21:12
T2+ T3 — T4+ x5+ T5 (—3312 + x2 +$3) — 2272
X4 — I3
gl(x) = (0,07_13_171'2)’ gQ(x) = (0717_13_270)9
sets 51 = {reR:a?—ay—23=0} and S, =

{reS xa=23—24=ux5=0}, and a point T =
(1,0,1,1,1). The objective is to solve Problem 1 at Z. Thus,
we check the conditions of Theorem IV.1. It is easy to show
that

1 0 00 1

271 1 0 0 0
7,8 =Im| 0 -1 0 0|, TuSe=Im| 22,
0 0 1 0 221

0 0 0 1 0

We compute for all z € R™ v(z) = 0 and p(z) = 1.
Since the constancy of any two functions in (11) implies
the constancy of the third, z is a regular point of (10) and
condition (a) of Theorem IV.1 hold.

Condition (b) of Theorem IV.1 holds since dim(73S7 +
Go(Z)) = 5. Condition (c) of Theorem IV.1 holds since
dim(7T,S1 + Go(z)) = dim(7,S; + inv(Go(x))) = 5 for
all z € RS,

In order to check conditions (d) and (e) of Theorem IV.1
we need to find (14). Following the proof of Theorem III1.3
we find the restricted dynamics as

—x1 0
—T2 — Ty
T = To + x5 — 2212 + 1 -1 vlm,
To+ T3 — Ty + T5 — 2212 -2
Ty4 — T3 0

Condition (d) of Theorem IV.1 is satisfied since, at the
point Z, dim(T3S2 + Gg(f)) = 4. Moreover, since G(lj‘
contains a single vector it is involutive and condition (e) of
Theorem IV.1 hold. Thus Problem 1 is solvable. Following

Ow+p)xo

the proof of Theorem IV.1 we find the following feedback
transformation and coordinate transformation

@o=(]0]7 "
= ol 1 o0])

, 2 = (1,22, 5, 3 — T4, T3 — Ty — T3).

The given control system is feedback equivalent on R to
¢=~¢
i1 = —p1 — po + pob 40"

o = —p3 + ,u1vrh
3 = —u3 + ol
£ ="

One can verify the second condition of [7, Theorem 3.2]
does not hold for S5 since for all x € R™ dim(7,S2+Go) #
dim(7;S2+inv(Gyp)). This implies that one cannot make the
p-subsystem linear and decoupled. Thus the class of systems
which is feedback equivalent to (3) is strictly larger than the
class of systems for which the dynamics transversal to both
S1 and S; can be transversally feedback linearized.

o

V. CONCLUSIONS

We have determined necessary and sufficient conditions
under which a nonlinear control-affine system, with two
nested, controlled invariant, embedded submanifolds in its
state space, is locally feedback equivalent to a system whose
dynamics transversal to the larger submanifold, and dynam-
ics restricted to the larger submanifold and transversal to
the nested submanifold are linear and controllable. Future
research entails posing global versions of Problems 1 and 2
that would be valid in a tubular neighbourhood of the larger
set.
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