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Binary hard sphere mixtures in block copolymer melts
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We perform a self-consistent-field/density-functional-theory hybrid analysis for a system of diblock copoly-
mers mixed with polydisperse, hard, spherical particles of various chemical species. We apply this theory to
study the equilibrium morphologies of two different binary sphere/diblock melts. First, we examine the case
where the particles have two different sizes, but both types are preferentially wetted by one of the copolymer
blocks. We find that the single-particle distributions for the two species do not track one another and that the
particles show a degree of entropically generated separation based on size, due to confinement within the
diblock matrix. Second, we study the case where the particles are all the same size, but are of two different
chemical species. We find that, as expected, the particle distributions reveal a degree of enthalpically driven
separation, due to the spheres’ preferential affinities for different blocks of the copolymer.
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I. INTRODUCTION

The combination of organic polymers and inorganic p
ticles can lead to a composite material that is more us
than either of the individual components@1#. By careful se-
lection of the particles and polymers, designers can ta
composites to meet the final product requirements that m
be difficult to achieve using other materials. Currently, th
is tremendous interest in forming organic/inorganic comp
ites that are spatially organized on the nanometer len
scale. Such nanostructured composites are needed to
come obstacles to miniaturization as feature sizes in dev
reach the nanoscale.

The most efficient route for creating these composite
through self-assembly, where cooperative effects between
different components drive the system to form nanostr
tured materials@2#. Block copolymer/particle mixtures con
stitute ideal self-assembling systems for creating nanost
tured materials since the microphase separation of b
copolymers can be harnessed to template the ordering o
particles and yield hybrid materials that are ordered on
nanoscale. Recent experimental@3–5# and theoretical@6–9#
studies have, in fact, shown that when nanoparticles are p
erentially wetted by one of the blocks of a diblock copo
mer, the system can form spatially periodic nanocompos

In our previous theoretical studies of nanoparticle/diblo
mixtures@6–9#, the particles were taken to be monodispe
in size. In this paper, we extend the hybrid self-consiste
field theory/density-functional-theory~SCFT/DFT! method-
ology to deal with multiple species of particles added to
copolymer matrix. We show that there is a rich phase beh
ior that emerges when we introduce particles that differ
size into the microphase separatingAB diblocks. Specifically,
we first consider the case where the particles are bidisp
in size and chemically identical; that is, both the smaller a
larger particles are preferentially wetted by theA block. Bi-
nary mixtures of particles that differ in size can under
entropically driven phase separation and order into a var
of crystal structures@10–13#. This organization normally oc
curs at relatively high volume fractions of particles and
1063-651X/2002/66~3!/031801~7!/$20.00 66 0318
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relatively large disparity in particle sizes. As we see belo
in the presence of the diblocks, a low global volume fracti
of bidisperse particles undergoes a unique self-assem
within the A domains. The particles organize into ‘‘grade
films,’’ where the large particles are localized in the center
the domains while the smaller particles tend to be locate
the edges of these regions. This type of organization is
ficiently general that it is found in the lamellar, cylindrica
and spherical phases of the system. If the particles are s
conductors, the graded layers could display novel optoe
tronic properties@14#.

In the second application of the SCFT/DFT approach,
consider the case where the particles are identical in size
differ in chemical nature; that is, one type of particle is pre
erentially wetted by theA units, while the other particles ar
wetted by theB species. In the presence of theAB diblocks,
the particles clearly are enthalpically driven into the resp
tive compatible domains and thus can form other types
ordered organic/inorganic hybrid materials.

Common to both these cases is the fact that the s
organizing diblock matrix promotes the self-assembly of
particles: at one extreme the organization is entropica
driven, while at the other extreme, it is enthalpically drive
Ultimately, the competition of enthalpic and entropic effec
may be further exploited, for example, combining differe
affinities with a bidisperse or other distribution of partic
sizes. The systematic probing of the structures one m
achieve is beyond the scope of the present work. These
amples illustrate that self-assembly in systems compose
binary particle mixtures and block copolymers can be
ploited to create novel, spatially organized nanocomposi

In the following section, we discuss our extension of t
hybrid SCFT/DFT theory that describes mixtures of diblo
copolymer melts and polydisperse, hard, spherical partic
For block copolymer systems, SCFT has yielded quantita
agreement with experimental studies@15,16#, and it remains
the method of choice for numerical studies of potential eq
librium phases. DFT is similarly an appropriate choice f
studying inhomogeneous fluids of various colloidal partic
@17#. Our approach here represents an extension of prev
©2002 The American Physical Society01-1
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methodologies and calculations@7,8#, in which the combined
SCFT/DFT theory allowed the isolation of new se
assembled morphologies where diblocks andmonodisperse
particles spontaneously order into a mesoscopically reg
pattern.

In Sec. III, we first present the results for the case wh
the particles are of two different sizes, but are chemica
identical and have a preferential interaction with one of
copolymer blocks. We follow this with a description of th
situation where the particles are monodisperse in size
half of the particles have an affinity for theA block, while
the other half have an affinity for theB block of the diblocks.
We summarize our conclusions in the last section.

II. THEORY

Consider a system ofnd AB diblock copolymers togethe
with hard spherical particles of various radii. Let us divi
the particles intom groups based on their radii and chemic
species such thatnp1 is the number of particles of chemica
type p1 and radiusR1 , np2 is the number of typep2 and
radiusR2, or in general,npi is the number of typepi and
radiusRi . Each copolymera is parametrized along a spac
curve ra(s) with a variables that runs from 0 to 1. The
partition function for this system is

Z5
1

nd!)
i

~npi! !

E )
a51

nd

D̃raF)
i

S )
b i51

npi

dRb i D G
3dF12(

m
ŵm~r !G

3expF2
r0

2 E dr (
mÞn
m,n

xmnŵm~r !ŵn~r !G . ~1!

In this work, we shall let Greek indices run over all th
various chemical species,A, B, p1 ,p2 , . . . ,pm , while Latin
indices run over only them particle species, unless the pro
ucts or summations are explicitly labeled otherwise. The
fore, xmn represents the Flory-Huggins parameters betw
the different constituents of the mixture. The segment v
umer0

21 is taken to be identical for all species. For the ca
where there is only one type of particlep1, expression~1!
reduces to the partition function for a diblock/monodispe
hard sphere composite@8#. The d function enforces incom-
pressibility andD̃r is a Gaussian weighted functional int
gral @8#. Rb i

is the position of the center of thebth particle

of speciesi. The form of the concentration operators$ŵm(r )%
has been given previously@8#, and following the derivation
in that work we find the mean field free energy for our cu
rent system to be@18#
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Vf i
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f i D lnF Qd

VS 12(
j

f j D G
1

1

VE drF 1

2 (
mÞn
m,n

xmnNwmwn2 (
k5A,B

wkwk

2(
i

wir i2jS 12(
m

wmD G . ~2!

Here,(k5A,B denotes a summation over only the copo
mer speciesA andB. The functions$wm(r )% are now inter-
preted as the ensemble averages of the local volume f
tions, while $fm% are the constant overall volume fraction
of the various constituents. Also,$r i(r )% are the ensemble
averages of the particle center distributions. The mean fie
$wm(r )% have been introduced to account for the interactio
in the system and the fieldj(r ) is a Lagrange multiplier
maintaining incompressibility. The$a i% are the sphere–to
–diblock volume ratios, given by

a i5
vRi

r0

N
5

4p

3 S Ri

R0
D 3

N̄1/2, ~3!

whereR05aN1/2 is the rms end-to-end size of a copolyme

andN̄5a6r0
2N is the invariant polymerization index. Also,N

is the number of segments of volumer0
21 in a diblock,

whereasa is the statistical segment length. The partitio
functionsQd andQi of single diblocks or particles, respec
tively, in appropriate fields have been given in previous wo
@8#, and are

Qd5E D̃r expF2E
0

f

dswA~r ~s!!2E
f

1

dswB„r ~s!…G ,
~4!

Qi5E dr exp@2wi~r !#. ~5!

The mean field expression~2! lacks the steric interaction
between particles required to properly account for exclud
volume. We therefore add to it DFT terms based on
theory of Denton and Ashcroft@19#. The full free energy is
then written as
1-2
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NF

r0kBTV
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f i

a i
lnS Qia i

Vf i
D

2S 12(
i

f i D lnF Qd

VS 12(
j

f j D G
1

1

VE drF 1

2 (
mÞn
m,n

xmnNwmwn2 (
k5A,B

wkwk

2(
i

wir i2jS 12(
m

wmD
1(

i
r iC~w̄ i ,$xj%!G . ~6!

HereC is the nonideal steric term that takes into account
excluded volume interactions between the particles. It i
function of the number~mole! fraction of the various particle
species and of the ‘‘weighted’’ densities$w̄ i(r )%. The num-
ber fractions in terms of the overall volume fractions are

xi5
f i

a i(
j

f j

a j

, ~7!

and the weighted densities are given by

w̄ i~r !5(
j

a j

v (Ri1Rj )
E

ur8u,Ri1Rj

dr 8r j~r1r 8!. ~8!

Here,v (Ri1Rj )
denotes the volume of a sphere of radiusRi

1Rj . Equation ~8! uses the Tarazona form@20# of the
weighted density approximation~WDA!. Although there ex-
ist many more sophisticated WDA choices, we select t
form because it is compact, computationally efficient, a
gives the correct freezing transition in the case of mono
perse spheres@20#. In choosing the form of the excess fre
energy per particleC, we have taken the expression of Ma
sooriet al. @21#. This reduces to the Carnahan-Starling eq
tion of state@22# for the case of monodisperse spheres, a
so makes this work consistent with our previous results@7,8#
and with the approach of Tarazona@20#.

The mean field equations describing the possible m
phologies are acquired by extremizing the free energy in
~6!. These are

wi~r !5 (
mÞ i

x imNwm~r !1j~r !, ~9!

w i~r !5

S 12(
j

f j DV

Qd
E dsq~r ,s!q†~r ,s!, ~10!

wherei 5A,B, and
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xm iNwm~r1r 8!
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a j

vRi1Rj

3E
ur8u,(Ri1Rj )

dr 8r j~r1r 8!C8~ w̄ j ,$xk%!, ~11!

r i~r !5
f iV

a iQi
exp@2wi~r !#, ~12!

(
m

wm~r !51, ~13!

wherei 5p1 , . . . ,pm , with

Qd5E drq~r ,s!q†~r ,s!, ~14!

Qi5E dr exp@2wi~r !#, ~15!

andC8(w̄,$xi%)5]C(w̄,$xi%)/]w̄. The integral overs in Eq.
~10! runs from 0 tof for the A block and fromf to 1 for the
B block, f being the fraction ofA segments per chain. Th
propagatorsq and q† are solutions to modified diffusion
equations@15#. The real space algorithm for solving the sy
tem of equations~9!–~15! has been outlined elsewhere@8#.
We now examine some specific systems described by
above formalism.

III. RESULTS AND DISCUSSION

In this paper, we are interested in studying binary ha
sphere/diblock copolymer mixtures. Therefore we choosem
52, and throughout, one group of spheres is taken to h
radius R150.2R0, and the other group having radiusR2
50.1R0. For convenience, we refer to these as ‘‘large’’ a
‘‘small’’ spheres, respectively@23#. To be consistent with
previous research@7,8#, we take a representative invaria
polymerization index ofN̄51000, and the diblock segrega
tion asxABN520. Furthermore, to keep the parameter sp
manageable, let us consider the important case of prefere
wetting, where xAp1

N5xAp2
N5xp1p2

N50, and xBp1
N

5xBp2
N5xABN. This implies that both sizes of particles a

chemically identical to theA species. For a volume fractio
of monodisperse particles of 15%, it was previously fou
that the system exhibits a lamellar morphology whenf
50.35 @7#. We select this same value off for the present
bidisperse case, and also choosefp1

50.1 while fp2
50.05

@24#.
A lamellar morphology is also found for these parame

choices and the density profiles for this system are show
Fig. 1. As seen in Fig. 1~a!, the larger particles~dashed
curve! segregate in the center of the shorterA block ~solid
curve!, while the smaller spheres~dotted curve! are expelled
to the edge of theA phase, and to a large degree into theB
1-3
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domain (B density profiles are not depicted!. Since all the
particles ~large and small! are of theA chemical species
there is no enthalpic reason for the small particles to coale
in the B region or in theAB interfacial region. Rather, the
particle microphases separate based on the size polydi
sity due to the high effective concentration caused by
spheres’ spatial confinement within the diblock matrix. Th
size-based microphase separation is also apparent by e
ining the distribution of the centers of the particles as sho
in Fig. 1~b!. Again, one can see a significant number of sm
particles~dotted curve! that are separated from the region
large particles~dashed curve!, where there are very few
small particles.

It can be shown that this entropic self-assembly of la
and small particles is a result of size polydispersity. Figur
shows the density profiles of the system just discussed in
limit that the small particles are set to be the same size as
large particles, that is, they all have radii of 0.2R0. In fact,
we have monodispersity in this case, but we continue to
play the two-particle groups separately for convenience. F
ure 3~a! shows the free energy of this system asR2 is gradu-
ally decreased fromR250.2R0 to R250.1R0, changing the
system from monodisperse to our standard bidisperse c
The solid curve indicates the case where the final morp
ogy with R250.1R0 reverts to that shown in Fig. 1. In con
trast, the dashed line represents the case where the par
in Fig. 2 are ‘‘frozen’’ in place, so that they cannot demix

FIG. 1. Dimensionless density profiles of a bidisperse part
and diblock copolymer system with a fraction ofA segments per
chain of f 50.35. ~a! The solid curve represents theA-block distri-
bution, the dashed curve shows the distribution of theR150.2R0

~‘‘large’’ ! particles and the dotted curve shows theR250.1R0

~‘‘small’’ ! particles. The volume fractions aref150.1 and f2

50.05, respectively.~b! The dashed curve shows the distribution
the centers of the large particles, while the dotted curve shows
small particle center distribution.
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the particle size difference increases. The final morpholo
~where R250.1R0) for this case is forced to remain ver
much like Fig. 2, but the free energy now increases@see
dashed line in Fig. 3~a!#.

The cause for this energy penalty of mixing the differe
sized particles can be traced by decomposing the free en
into components; the main contributions are shown in Fi
3~b!-3~d!. In Fig. 3~b! we see the enthalpic contribution t
the free energy of the unfrozen and frozen cases shown
the solid and dashed lines, respectively. As the small p
ticles migrate out of theA phase into theB for the unfrozen
case, the enthalpy contribution goes up, as expected. Th
more than compensated, however, by two factors: the st
term associated with the small particles, given by

Ss25
1

VE drrp2~r !C~w̄p2 ,$xi%!, ~16!

which is the i 52 term of the last summation in Eq.~6!
@plotted in Fig. 3~c!#, and the small-particle translational en
tropy @shown in Fig. 3~d!#. Clearly, it is Eq. ~16! that is
mostly responsible for the unfavorable free energy of
morphology shown in Fig. 2. The steric term~16! represents
the deviation of the particle free energy from the inhomog
neous ideal gas expression due to the particle excluded
ume. Specifically, the excess free energy per particleC for

e

he

FIG. 2. Same as Fig. 1, except all the particles depicted are
radius 0.2R0. ~a! The A block is shown by the solid line with two-
thirds of the particles shown by the dashed curve, and the remai
by the dotted curve. In this way, this also represents a bidisp
particle morphology where mixing of the particles is enforced w
R150.2R0 and f150.1, shown by the dashed curve, whileR2

50.1R0 with f250.05 is shown by the dotted curve.~b! Distribu-
tion of the centers of the particles. Again, this represents eith
monodisperse system of large particles or a ‘‘frozen’’ distribution
bidisperse particles.
1-4
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FIG. 3. Free energy versus small particle size for a system
bidisperse particles and diblock copolymer melt.~The free energy is
dimensionless.! WhenR250.2R0, the system is monodisperse wit
a morphology shown in Fig. 2. The dashed line represents the
energy of the system when this morphology is enforced irrespec
of the small particle size. The solid line shows the free energy w
the morphology is free to adopt the lowest energy configuration.~a!
The total free energy of the system.~b! The enthalpic contribution
to the free energy.~c! The steric contribution to the free energ
associated with the small particles, given by Eq.~16!. ~d! The trans-
lational entropy~ideal entropy! contribution to the free energy o
the small particles.
03180
the morphology in Fig. 2 is entropically less desirable th
for relatively monodisperse local regions shown in Fig. 1

The polydispersity induced particle microphase separa
shown here for the lamellar phase is quite robust for
particular particle radii and particle volume fractions me
tioned earlier. Figure 4 shows the density plots for large@Fig.
4~a!# and small@Fig. 4~b!# particles in a cylindrical morphol-
ogy with f 50.2. We can see that the large particles segreg
within the cylinders while the small particles exist primari
in the wrong phase. The same phenomenon can be see
the spherical morphology, as shown in Fig. 5. Figure 5~a!
shows the spherical distribution of theA-block monomers
through an isosurface ofwA(r )50.21. Figures 5~b! and 5~c!
show the large and small particle distribution cross sectio
respectively. In Fig. 5, we have reduced the particle volu
fractions tofp150.03 andfp250.02, and theA-block chain
fraction is nowf 50.21. The cylindrical and spherical phas
exhibit the same substructure observed in the lamellar m
phology; we hypothesize that this ‘‘submorphology’’ is like
present in all the different phases for this system.

The expulsion of someA-like particles from theA-rich
region to theB-rich region can yield a decrease in the ‘‘e
fective’’ value of f @9#, and consequently, could result in tra
sition from one mesophase to another~e.g., from lamellar to

of

ee
e
n

FIG. 4. Dimensionless density plots for a cylindrical pha
diblock copolymer and bidisperse spherical particle system witf
50.2. Particle sizes and volume fractions are as in Fig. 1.~a! Large
particles; white areas indicate a high local volume fraction, wher
dark regions indicate a low volume fraction.~b! Small particles; in
both figures, the contrast has been enhanced to clarify the pict
A andB block regions are not depicted.
1-5
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cylindrical!. This type of transition is more likely to occur i
the system is near an order-order transition~OOT!. We have
observed such morphological changes as a result of alte
the size of monodisperse spherical particles in a diblock
trix @9#. In the present work, however, the volume fraction
particles forced into theB phase as a result of the polydi
persity is relatively small, and so an OOT might not be e
pected to occur. We plan to examine this phenomenon u
both SCFT/DFT and strong segregation theory, where
will consider a more significant difference in particle size
and higher volume fractions of particles@25#.

We now turn our attention to a different binary sphe
system, where the particles are all of the same size, but a
different chemical species. It has been predicted@8# that a
small volume fraction of particles attracted to the minor
phase of a diblock copolymer can form nanowires in a h
agonal pattern. Similarly, particles attracted to the majo

FIG. 5. Spherical morphology. The particle volume fractions
now fp150.03 andfp250.02, while theA chain fraction is f
50.21. The system dimensions are 7.7R037.7R037.4R0. ~a! An
A-block isosurface atwA(r )50.21, showing the bcc spherical pa
tern. ~b! Cross section showing the distribution of large particl
White areas indicate a high local volume fraction, whereas d
regions indicate a low volume fraction.~c! Cross section showing
the small particle distribution. In both cross sections, the cont
has been enhanced to clarify the pictures.
03180
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phase can spread through the hexagonal matrix to form
inverted structure. One would therefore expect that if tw
particle types~each with an affinity for opposite blocks of
copolymer! were mixed with an asymmetric diblock, the sy
tem could self-assemble into a particle-filled hexagonal m
trix that is threaded by nanowires.

We can test this expectation using the current theory.
again takem52, N̄51000, xABN520, and now we set
xAp1

N5xBp2
N50 while xAp2

N5xBp1
N5xp1p2

N5xABN.

This implies that thep1 group of particles are coated inA
monomers, while thep2 group is coated inB. We find that
we can realize such a threaded structure if we choose par
sizes R15R250.3R0 and anA block chain fraction off
50.7. We keep the overall volume fraction of particles
15%, letting half of it beA particles and half beB particles.
The resulting morphology is shown in Fig. 6. Figure 6~a!
shows theA-type particles, whereas Fig. 6~b! shows the
B-type particles.

IV. CONCLUSIONS

We described a general theory, which is based on
SCFT/DFT hybrid methodology, for mixtures of polydis
perse, hard spheres, and diblock copolymers. We used
theory to examine two different binary sphere/diblock m
tures and found that the introduction of physically or chem
cally distinct particles can be exploited to control the eq

e

.
k

st

FIG. 6. Dimensionless density plots for a threaded cylindri
phase of anAB diblock copolymer andAB particle mixture. All
particles are of the same size withR15R250.3R0, and have equal
volume fractions withfA5fB50.075. TheA-block chain fraction
is f 50.7. ~a! A-type particles forming a matrix structure. Whit
areas indicate a high local volume fraction, whereas dark reg
indicate a low volume fraction.~b! B-type particles forming nano-
wires that thread the hexagonal matrix. In both figures, the cont
has been enhanced to clarify the pictures.A andB block regions are
not depicted.
1-6



r
n

th
m
,’’
rre
t
th
c
s

t
ica

r-
m
th

in a
of
an

ix,
. The
ded
del
in

V.
rt-
en-
ials
s-

BINARY HARD SPHERE MIXTURES IN BLOCK . . . PHYSICAL REVIEW E 66, 031801 ~2002!
librium morphology of the system.
In the first system, we chose chemically identical sphe

cal particles of two different sizes, where both the large a
small particles have a preferential attraction to one of
blocks of the copolymer. We found that in the equilibriu
morphology, the particles undergo a kind of ‘‘demixing
where the large particles embed themselves in the prefe
compatible phase, while the smaller particles spread ou
interfacial regions and in the incompatible phase of
diblock. This is shown in Fig. 1. We suggest that this effe
will be found in other more complex morphologies, not ju
the ones shown here.

We also studied a second system where we chose
particles to be the same size, but of two different chem
species. Here, half the particles favorA-rich regions and the
other half favorB-rich regions. We observed a spatially o
dered nanocomposite, where one species of particles for
hexagonal matrix, whereas the other forms nanowires
weave through the first. This is shown in Fig. 6.
m

.
o

l-

l-
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a,
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Both systems are examples of using binary spheres
diblock melt to control the self-assembly and structure
organic/inorganic hybrid materials. The first one shows
entropic separation of particles in the diblock matr
whereas the second one shows an enthalpic separation
SCFT/DFT approach presented here can readily be exten
to other block copolymer architectures, and thus, the mo
can provide guidelines for controlling structure formation
a variety of block copolymer/spherical colloid mixtures.
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