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This study outlines a model for radial injected fluid flow with mechanical dispersion in a vertically confined porous

aquifer. Existing studies have investigated fully segregated fluid flow in this setting, where the injected fluid and

resident fluid form a propagating sharp interface. The present study uses the geometry of these sharp interfaces as a

basis for the velocity field to take into account dispersion and buoyancy/viscosity effects. By differentiating the radial

position of the sharp interface with respect to time, a time dependent radial velocity field governing the flow is obtained.

Evaluating this radial velocity at the moment the original interface were to intersect a given position gives a velocity

field which is a function of the position coordinates inside the aquifer. Using this velocity field, the fluids saturation

profile resulting from mechanical dispersion can be found analytically. It is shown that the concentration of the injected

fluid smoothly decays around the position of the corresponding sharp interface, allowing for the injected fluid to be

present in detectable quantities beyond the extent of these solutions. This concentration spread should be considered in

defining outer boundaries on fluids in injection well projects such as carbon sequestration or groundwater applications.

I. INTRODUCTION

The flow of fluids injected into porous aquifers has been

a research area of interest for decades, having wide rang-

ing applications including enhanced oil recovery1–3, assess-

ing drinking water quality4 and carbon capture and storage

(CCS)5,6. This has inspired the development of many an-

alytical solutions and numerical simulations modelling the

behaviour, geometry and evolution of fluids being injected

into the resident brine of aquifers under a variety of circum-

stances. A common feature throughout many of these stud-

ies is the assumption that the injected fluid and resident fluid

experience no dispersion or miscibility; that is, the injected

fluid and the resident fluid form a “sharp interface” separat-

ing regions of 100% injected fluid saturation and 100% brine

saturation7–10. Another assumption that allows for simple, ap-

proximate solutions for the fluids’ evolution in the aquifer is

vertical equilibrium, where the flow velocity in the vertical di-

rection is assumed to be negligible and the velocity field in the

aquifer is strictly radial and directed outward from the injec-

tion site11–13.

With simplifying assumptions and boundary conditions, an-

alytical solutions for the time evolution and shape of this sharp

interface (due to effects such as buoyancy) as a function of ra-

dial distance from the injection well and time can be obtained.

Thus, the furthest radial extent of the injected fluid can be de-

termined after a certain period of time. However, traces of

the injected fluid may appear beyond the sharp interface’s ex-

tent due to mechanical dispersion, a mass transfer mechanism

where velocity changes on the scale of the medium’s pores

cause the fluid to spread out14. This will cause the saturation

of the injected fluid (or, the “concentration” of an injected so-

lute) to smoothly decay around the region where the sharp

a)Also at Department of Geography and Environmental Management, Uni-

versity of Waterloo, Waterloo, Ontario N2L 3G1, Canada

interface would otherwise be. This phenomenon has been ex-

amined in studies that assume a radial flow of injected fluid

with no vertical dependence or buoyancy effects15,16.

This strictly radial flow with mechanical dispersion can be

mathematically interpreted as having a velocity field governed

by an underlying cylindrical, ficticious sharp interface, which

itself is a special vertically-independent case of a general 2-D

sharp interface. The flow that is being considered presently

is not for the fully segregated fluids case; instead, the geom-

etry of a general sharp interface that arises due to buoyancy

and viscosity effects is used to determine the geometry of the

smooth saturation profile which arises due to mechanical dis-

persion. In the limit of the dispersivity diminishing to zero,

the concentration profile converges to the sharp interface, with

distinguishable, saturated concentration regions on either side.

A nonzero dispersivity results in a saturation gradient near the

would-be position of a sharp interface.

The present study proposes a mathematical procedure for

obtaining the position dependent velocity field and saturation

profile of fluids in a vertically confined porous aquifer with

mechanical dispersion, using a corresponding sharp interface

function. With a radially directed but vertically dependent ve-

locity field thus obtained, a 1-D, vertically independent con-

centration solution can be extended to a 2-D profile. In re-

cent years, a number of analytical and computational stud-

ies have endeavored to formulate 2-D concentration profile

solutions17–21. However, the vertical dependence of the con-

centration typically considered is due to diffusion/dispersion

alone. Instead, by extending sharp interface solutions (which

are produced with gravity/buoyancy already considered) to the

miscible/non-zero dispersion case to obtain the concentration

solution, the presently proposed technique incorporates the ef-

fects of gravity in the solution and its impact on the evolution

of the concentration profile.

This allows for quantifying an upper boundary cutoff for

the distances at which traces of the injected fluid may appear

in the aquifer: for example, finding where the relative concen-

tration of the injected fluid drops to some acceptable levels,
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TABLE I. A nomenclature table for symbols and terms used throughout the present analysis

Symbol/Variable Quantity SI Units

A(z) Denotes a family of functions which can characterize the fluids’ flow velocity m2s−1

α A constant equal to (2/
√

3)erfc−1 {0.02}, defined for brevity None

c Concentration of species injected into the aquifer mol m−3

co Initial concentration of injected fluid when entering aquifer mol m−3

d Dispersivity length (no subscript denotes radial scale) m

Dm Coefficient of molecular diffusion m2s−1

dΣ Differential vector area m2

∆ρ Density difference between fluids (taken to be positive) kg m−3

f (M,Γ) Dimensionless function of M and Γ, defined for brevity None

g Acceleration due to gravity m s−2

Γ Dimensionless parameter related to bouyancy effects None

h Height of the sharp interface formed between immiscible fluids (function of r and t) m

H Overall height of the aquifer (constant) m

θ Angular cylindrical coordinate None

k Permeability of the aquifer m2

M Ratio of the resident and injected fluids’ viscosities None

µ Viscosity (subscripts r and i denote resident and injected fluids respectively) kg m−1s−1

Q Volumetric injection rate (assumed constant) m3 s−1

q Darcy velocity from Darcy’s law (equal to the flow velocity scaled by the porosity) m s−1

r Radial cylindrical coordinate (normal to injection well located at r = 0) m

r1 Radial position (at z = 0 m) of the aquifer region where c/co = 0.01 m

r2 Radial position (at z = 0 m) of sharp interface solution m

R1,R2 Dimensionless forms of r1, r2 above (normalized by d) None

t Time s

T Dimensionless time variable None

Tcrit Dimensionless time after which the function R1(T )−R2(T ) increases monotonically None

v Flow velocity (vector when bolded, scalar magnitude when unbolded) m s−1

W0 Lambert W Function None

φ Porosity None

z Vertical cylindrical coordinate (positive downward, z = 0 m is at the top of the aquifer, m

injection well coincides with axis)

such as 1%, 0.5%, etc. Similarly, a lower boundary distance

value for a desired relative concentration cutoff (e.g., 99%)

can be defined to quantify regions in the aquifer that are ef-

fectively saturated with the injected fluid. The presence of

injected fluids is of great interest in injection well engineer-

ing applications22–25. As such, computing these concentra-

tion boundaries between regions saturated with residual fluid,

injection fluid, or an intermediate transition zone will be of

practical in determining injection efficiency and safety param-

eters.

For the purposes of this investigation, the resident and in-

jected fluids are assumed to have velocity fields which obey

Darcy’s law and are incompressible with constant densities

and viscosities. The vertical pressure throughout the aquifer

is assumed to be hydrostatic, and the aquifer is assumed to be

isothermal, with a finite height due to impermeable caprock

layers at the top and bottom and an infinite lateral extent. Fur-

thermore, the aquifer is assumed to have constant permeabil-

ity, porosity, and dispersivity scale.

II. METHODOLOGY

The mathematical expression for the incompressibility con-

dition of a fluid states that the divergence of its velocity field

is zero26:

∇ ·v = 0 (1)

Assuming an axisymmetric flow with vertical equilibrium,

the velocity field in cylindrical coordinates will only have a

component in the radial direction, outward from the injection

well; this radial velocity assumption is applied by Guo et al.27,

whose sharp interface solutions are considered in section III.

To satisfy the incompressibility condition, this radial velocity

field must be of the form:

v ∝
1

r
r̂ (2)

Where r̂ is the radial unit vector directed normally outward

from the injection site. In the case where the injected and res-

ident fluids do not experience disperision, a sharp interface

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
7
8
4
7
4



Dispersion of a fluid plume during radial injection in an aquifer 3

h(r,t)

v = A(z)/r
Injected fluid Resident fluid

r

z

FIG. 1. A travelling sharp interface in a vertically confined aquifer

between the two radiates through the aquifer during injection.

Due to density and viscosity differences between the fluids,

the interface may take on a curved shape where the injected

and resident fluids are vertically segregated. These interfaces

can be expressed by a height function h (m) that depends on

the radial distance r (m) from the aquifer and the time elapsed

during injection, t (s). Figure 1 depicts the motion of an ar-

bitrarily shaped interface travelling with radial velocity of the

incompressible form v = A(z)/r (m s−1), where A(z) (m2 s−1)

is a scalar function which accounts for effects such as buoy-

ancy.

The continuity equation for the injected fluid interface is

given by:

φ
∂h

∂ t
+∇ · (hq) = 0 (3)

Where q is the Darcy velocity from Darcy’s law (m s−1)

and φ is the aquifer’s porosity, which is the fraction of vol-

ume in the medium that is open and unoccupied of material

(dimensionless). Equation 3 can be expressed in terms of the

flow velocity v by scaling the equation by the factor 1
φ . Thus,

∂h

∂ t
+∇ · (hv) = 0 (4)

Which in a cylindrical coordinate system with a strictly ra-

dial v field can be written:

∂h

∂ t
+

1

r

∂

∂ r
(rhv) = 0 (5)

The resident and injected fluids are both assumed to have

hydrostatic fluid pressure and velocity fields governed by

Darcy’s law (i.e. proportional to the pressure gradient of each

fluid). The mathematical expressions for these assumptions

can be combined with equation 5 to obtain the governing dif-

ferential equation for the interface’s evolution:

∂h

∂ t
− 1

rφ

(

g∆ρkh(H − h)r

µrh+ µi(H − h)

∂h

∂ r
+

Qµi(H − h)

2π(µrh+ µi(H − h))

)

= 0

(6)

Here, Q is assumed to be a constant volumetric injection

rate at the site of the well (m3 s−1); the µr and µi terms are

the viscosities of the residual and injected fluids respectively

(kg m−1 s−1), ∆ρ is their density difference (kg m−3), H is

the height of the aquifer (m), k is its permeability (m2), and

g is the acceleration due to gravity (m s2). This form of the

equation appears in studies by Nordbotten and Celia12 as well

as Guo et al.27, who derive approximate solutions for it given

various fluid properties.

Given an interface solution to equation 6 of the form h(r, t),
a position dependent velocity field which guides the fluids can

be obtained as follows: rearrange the equation 6 solution for

the radial distance of the interface r(z, t), where the interface

height value h has been rebranded as the generic vertical posi-

tion coordinate z since the current procedure seeks a position

dependent function, defined throughout the entire aquifer do-

main. The partial derivative ∂ r/∂ t will give the radial velocity

(assumed to be the only component) as a function of z and t.

The original equation 6 solution can be rearranged once more,

solving for time. The function t(r,z) gives the time at which

a certain point (r,z) inside the aquifer is intersected by the

travelling interface. This time is used to evaluate the radial

velocity given by ∂ r/∂ t, as the fluids’ velocity field at a cer-

tain position is expected to be given by the would-be speed of

the travelling interface solution as it intersects that position.

Substituting t(r,z) into the ∂ r/∂ t function will give the radial

velocity as a function of position.

It is assumed that the velocity field that guides the sharp in-

terface also globally guides the fluids in the aquifer, since fluid

continues to flow “behind” the location of the interface and

“beyond” it as the resident fluid is displaced. This assumption

is expected to hold at least locally near the would-be posi-

tion of the sharp interface where property differences between

the injected and resident fluids prominently effect their flow.

In the presence of mechanical dispersion, this gives rise to

an injectant concentration profile which is smoothly “spread”

around the position of the corresponding interface solution, as

expected when mechanical dispersion is included. Far away

from this location are regions of nearly saturated concentra-

tions (close to 100% and 0%).

Consider the simplest case of the z-independent, cylindrical

sharp interface where the effects of gravity are neglected. The

volume injected over time can be expressed as:

Qt = πr2Hφ (7)

Which gives radial distance and time functions:

r(t) =

√

Qt

πHφ
(8)

t(r) =
πr2Hφ

Q
(9)

Taking the derivative with equation 8 respect to time (a total

derivative in this special z-independent case):

dr

dt
=

1

2

√

Q

πHφt
(10)
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Substituting in the “intersection time” given in equation 9

gives:

dr

dt
= v(r) =

Q

2πHφr
(11)

Which is consistent with the incompressibility condition

seen in equation 2 and the velocity expression used in stud-

ies of radial flow in aquifers with mechanical dispersion such

as Tang and Babu16. In general, applying this procedure to an

interface solution of equation 6 will yield an incompressible

velocity field of the form:

v =
A(z)

r
r̂ (12)

Where the term A(z) is a function of z characteristic of the

analytical interface solution’s properties such as buoyancy. In

the case of the cylindrical interface, A is a constant equal

to Q/2πφH, which is independent of gravity/density as ex-

pected.

An expression for the velocity field must also be consis-

tent with the volumetric injection rate of the fluid Q evaluated

through some effective surface (elaborated on below), which

is given by the total volumetric flux through that surface26:

Q = φ

∫∫

v ·dΣ (13)

The porosity factor is introduced to relate the actual flow

velocity with the volumetric flux from Darcy’s law28. For the

purposes of this investigation, the porosity is assumed to be

constant throughout the aquifer. If the surface used to evaluate

the flux integral in equation 13 is a cylinder and the velocity

field is assumed to be strictly radial, the area element dotted

with it can be written as:

v ·dΣ= v(rdθdz) (14)

Where θ is the dimensionless azimuthal angle coordinate

(all fields in this study are considered independent of θ ). The

flux integral on the right-hand side of equation 13 can be

trivally evaluated with the cylindrical velocity field from equa-

tion 11.

In reality, the interface between injected and residual fluids

is never sharp. There is always dispersion of the fluids due

to mass transfer effects taking place at the interface. Such

processes are governed by the advection-diffusion equation

(ADE), which has the general form29:

∂c

∂ t
= ∇ · (D∇c)−∇ · (vc)+P (15)

Here, c is the concentration of a solute (mol m−3) which in

the present case comes along with the injected fluid, D is the

diffusivity (a tensor, in general30) (m2 s−1) and P represents

sources and sinks (mol m−3 s−1). In the domain of the aquifer

outside of the injection site, it is assumed that P = 0. The dif-

fusivity term is taken to be the sum of the molecular diffusion

and mechanical dispersion effects (e.g. as done by Neuman et

al.31):

DT = Dm + dT‖v‖, DL = Dm + dL‖v‖ (16)

Here, Dm is the molecular diffusion coefficient (m2 s−1),

which is assumed constant, DT and DL are the transverse (nor-

mal to the velocity field) and longitudinal (parallel to the ve-

locity field) diffusivity components respectively, and dT and

dL are the transverse and longitudinal dispersivity scales (m).

In the present study’s case of a strictly radial velocity field

in an isotropic medium, the transverse dispersivity is taken to

be 0, and the longitudinal dispersivity dL is simply referred

to as the dispersivty d. It has been suggested that in large

field scale transport situations, longitudinal dispersivity ap-

proaches a constant or asymptotic value at larger distances32.

The asymptotic value (which is constant) can serve as a worst

case scenario for evaluation of dispersion.

For many practical cases with a constant injection rate (and

thus constantly present advection effects) and large injection

scales considered, the effects of molecular diffusion can be

assumed to be far less than those of mechanical dispersion;

the magnitudes of these mass transfer effects behind this sim-

plification are quantified in the CCS example given in section

III D. With this assumption, the ADE can be simplified as:

∂c

∂ t
+

A(z)

r

(

∂c

∂ r
− d

∂ 2c

∂ 2r

)

= 0 (17)

This form of the ADE and its solutions have been the sub-

ject of numerous hydrology studies. One of multiple approxi-

mate solutions in the literature given by Dagan33 and Hsieh34

is of practical interest as it has a tendency to slightly exceed

numerical solutions to equation 17, thus acting as an “upper

bound” estimate on the concentration profile in the aquifer.

This concentration solution has the dimensional form:

c=
co

2
erfc















(

ln
(

r
d

)

− ln
(

1
d

√

2A(z)t + r2
o

))

(

2A(z)t + r2
o

)

d2

√

4
3d3

(

(2A(z)t + r2
o)

3
2 − r3

o

)















(18)

Solutions of the radial ADE given in equation 17 have con-

tinued to be developed in more recent studies, e.g. the power

series concentration solution given by Lai et al.35. Other re-

cent works, such as those by Hsieh and Yeh36 and Huang et

al.37 consider two-zone concentration solutions. However, the

present study makes use of many algebraic manipulations of

the concentration solution (see section III), and does not con-

sider a two-zone profile. For these reasons, as well as it re-

maining in good agreement with modern solutions and having

aquifer/injection conditions comparable to the sharp interface

studies such as e.g. Guo et al.27 (considered in section III),
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the concentration solution in equation 18 remains applicable

for the puroses of demonstrating the proposed method.

In equation 18, ro is the radius of the injection well (m), co

is the initial concentration of the injected fluid (mol m−3), and

A(z) is the term from the incompressible velocity field. For an

aquifer of infinite radial extent, the injection well radius ro

can be neglected, giving the so called “line solution” as done

by Guo et al.27. The above equation can also be solved for

r as a function of time and concentration, which is of prac-

tical interest and allows for comparing the “cut off” for the

extent of injected fluid presence with a sharp interface. After

finding the velocity field for general interface geometries, the

A(z) term can be substituted into this equation to allow for z

dependent solutions: this procedure is carried out in section

III for some analytical sharp interface solutions.

Consider the form of the ADE in equation 17 in the limit of

the dispersivity d going to 0 m:

∂c

∂ t
+

A(z)

r

∂c

∂ r
= 0 (19)

The solution to this modified ADE is:

c(r,z, t) = cou(
√

2A(Z)t − r), t,r > 0 (20)

Where u denotes the Heaviside “step” function. In general,

the ADE is applicable for fluids/solutes that are miscible. The

result above for the limiting d = 0 m case shows that the con-

centration profile of the injected and resident fluids becomes

completely saturated on either side of a “sharp” boundary lo-

cated at the variable distance r =
√

2A(z)t, even if the fluids

are assumed to be miscible. This saturated profile is also the

behaviour of a system with immiscible fluids which form a

sharp interface between their saturated regions. Thus, the case

of immiscible injected and resident fluids behaves the same as

the case of miscible fluids with d = 0 m, and sharp interface

solutions for the former system can be used to obtain concen-

tration profiles for the latter by “including” dispersion using

the procedure outlined above.

III. RESULTS

To demonstrate this transformation, three injection driven

sharp interface solutions for h as a function of r, t from Guo

et al.27 have been chosen for its application. For all these

solutions, the injected fluid is assumed to be less dense than

the resident fluid, while the driving effects of buoyancy are

assumed to be far less than those of injection, with viscosity

differences between the injected and resident fluids being the

key factor in each solution’s geometry. All three solutions are

fixed to be h = 0 and h =H outside of two moving boundaries

characteristic of each solution.

A. Injected Fluid is More Viscous than Resident Fluid

Under these circumstances, Guo et al.27 provides the fol-

lowing “travelling interface” height solution:

h(r, t) =
H(M− 1)

2MΓ

(

πφHr2

Qt
− 1

)

+
H

2
,

1− M

1−M
Γ <

πφHr2

Qt
≤ 1+

M

1−M
Γ (21)

Here, the dimensionless parameters Γ = 2π∆ρgkH2/µrQ

represents the effect of buoyancy compared to injection and

M = µr/µi is the ratio of the resident and injected fluids’

viscosities. Mathematically, the solution in 21 assumes that

M < 1 and that Γ ≪ 1, the latter being consistent with the

vertical equilibrium/strictly radial velocity assumption.

Solving equation 21 for r as a function of t and z (where

the latter is used to denote vertical variable instead of h as

discussed in section II) yields:

r(z, t) =

√

Qt

πφH

(

MΓ

M− 1

(

2z

H
− 1

)

+ 1

)

(22)

And solving for the “intersection” time t(r,z) yields:

t(r,z) =
πφHr2

Q
(

1+ MΓ
M−1

(

2z
H
− 1

)) (23)

Differentiating the radial position in equation 22 with re-

spect to t yields:

∂ r

∂ t
=

1

2

√

Q

πφHt

(

MΓ

M− 1

(

2z

H
− 1

)

+ 1

)

(24)

Substituting the intersection time from equation 23 into the

derivative in equation 24 gives the radial velocity:

∂ r

∂ t
= v(r,z) =

Q
(

MΓ
M−1

(

2z
H
− 1

)

+ 1
)

2πφHr
(25)

Which is of the required incompressible form seen in equa-

tion 12:

v =
A(z)

r
r̂, A(z) =

Q
(

MΓ
M−1

(

2z
H
− 1

)

+ 1
)

2πφH
(26)

Note that as the buoyancy parameter Γ approaches 0, the

velocity field above in equations 25 and 26 approaches that

of the “cylindrical” case derived in equation 11. This is con-

sistent with previously mentioned dispersion studies such as

Tang and Babu16 whose solutions assume no gravitational ef-

fects/vertical dependence for the fluids’ profile. Furthermore,

this velocity field is also consistent with the volume flux re-

lation in equation 13; consider evaluating the surface integral

from equation 13 through a cylindrical surface of radius R> ro

centred at the injection site, such that the dot product element
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Dispersion of a fluid plume during radial injection in an aquifer 6

can be written as in equation 14. Evaluating this integral with

the velocity field in equation 25 yields:

φ

∫ H

0

∫ 2π

0

Q
(

MΓ
M−1

(

2z
H
− 1

)

+ 1
)

2πφHR
(Rdθdz) = Q (27)

As required by the volume flux relation in equation 13. Us-

ing this velocity field, the 2-D concentration profile can be

given by substituting A(z) from equation 26 into equation 18

from Dagan33. Similarly, one can also rearrange this concen-

tration equation for r, and find the radial extent of “bound-

aries” for which a specific concentration is present. Note that

the concentration “boundaries” referred to hereafter are sim-

ply a sets of points in the concentration profile of a particular

concentration. Two boundaries of practical interest are where

c/co = 0.99, and c/co = 0.01, as these provide an approxima-

tion for a “transition zone” where the relative concentration

of the injected fluid experiences the most variation due to dis-

persion; outside of these boundaries, the aquifer is essentially

saturated with the resident or the injected fluid. The inverted

concentration equation (including the line solution approxi-

mation ro ≈ 0) has the form:

r(c,z, t) =
√

2A(z)texp

{

2

(2A(z)t)
1
4

√

d

3
erfc−1

{

2c

co

}

}

(28)

To demonstrate the practical importance of including me-

chanical dispersion, consider the radial extent of the c/co =
0.01 boundary at the top of the aquifer (at z = 0 for a positive-

downward z-axis) where the immiscible interface solution in

21 is at its furthest radial extent; let these two radial extents

be denoted r1 and r2 respectively. For clarity, let the function

f (M,Γ) be given as:

f (M,Γ) =
MΓ

1−M
+ 1 (29)

Evaulating A(z) from equation 26 at z = 0 gives:

A(0) =
Q

2πφH
f (M,Γ) (30)

Additionally, let the parameter α be given by:

α =
2√
3

erfc−1 {0.02} (31)

Using the A(0), α and f (M,Γ) terms above and c/co = 0.01

in equation 28 gives the r1 term:

r1(t) =

√

Qt

πφH
f (M,Γ)exp

{

α
√

d

(

Qt

πφH
f (M,Γ)

)
−1
4

}

(32)

Furthermore, let the dimensionless parameters for time and

radial distance be T and R respectively, defined as:

T =
Qt

d2πφH
, R =

r

d
(33)

Using these parameters, equation 32 can be nondimension-

alized as:

R1(T ) =
√

f (M,Γ)T exp
{

α ( f (M,Γ)T )
−1
4

}

(34)

The term r2 can be found by evaluating equation 22 at z= 0:

r2(t) =

√

Qt

πφH
f (M,Γ) (35)

Note that as the disersivity length d → 0+, the radial extent

of the 1% relative concentration boundary r1(t) in equation

32 converges to the radial extent of the sharp interface r2(t)
in equation 35. This is consistent with the concentration pro-

file becoming saturated on either side of the sharp interface

solution in the absence of mechanical dispersion, as expected

due to the Guo et al. 27 solutions being derived under the as-

sumption of no dispersion. The expression for r2(t) can be

nondimensionalized with the T and R parameters:

R2(T ) =
√

f (M,Γ)T (36)

Finally, the dimensionless difference between the 1% con-

centration boundary and the M < 1 sharp interface solution

positions at z = 0 can be written as:

R1(T )−R2(T ) =
√

f (M,Γ)T
(

exp
{

α ( f (M,Γ)T )
−1
4

}

− 1
)

(37)

Note that the function R1(T )− R2(T ) in equation 37 is

strictly positive for T > 0 and 0 < M < 1. This is consis-

tent with the concentration profile of the injected fluid being

“spread” (due to mechanical dispersion) around the location

of the sharp interface solution, with traces of the injected fluid

appearing beyond the furthest radial extent of the sharp inter-

face. The plot in figure 2 shows this dimensionless separation

R1(T )−R2(T ) between the 1% boundary and the immiscible

interface for Γ = 0.05 and T = 10,100 and 1000.

While the dimensionless separation function is always pos-

itive, its time derivative with respect to T is initially nega-

tive; in other words, the position of the c/co = 0.01 concen-

tration boundary initially gets closer to the position of the cor-

responding sharp interface solution, but then recedes from it

indefinitely. This increased separation after an early critical

time is illustrated in figure 2. The seperation’s derivative func-

tion is given by:

∂ (R1 −R2)

∂T
=

1

2

√

f (M,Γ)

T

(

exp
{

α ( f (M,Γ)T )
−1
4

}

− 1
)

− α

4

(

f (M,Γ)

T 3

)
1
4

exp
{

α ( f (M,Γ)T )
−1
4

}

(38)
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Dispersion of a fluid plume during radial injection in an aquifer 7
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FIG. 2. The dimensionless difference between the 1% relative con-

centration boundary and the immiscible interface solution at the top

of the aquifer (M < 1)

The critical dimensionless time Tcrit after which R1(T )−
R2(T ) increases monotonically with time (the root of equation

38) can be expressed in terms of the Lambert W function:

Tcrit =
1

f (M,Γ)

(

α

W0 {−2e−2}+ 2

)4

(39)

E.g for M = 0.5 and Γ= 0.05, the separation R1(T )−R2(T )
increases monotonically with time after T ≈ 1.9. This mono-

tonic increase in the seperation function highlights the impor-

tance in considering mechanical dispersion in injection wells:

over time, traces of the injected fluid appear increasingly be-

yond their location given by a sharp interface solution.

B. Injected Fluid is Less Viscous than Resident Fluid

The approximate solution provided by Guo et al.27 for a

more viscous resident fluid (M > 1) is:

h(r, t)=
H

M− 1

(
√

QMt

πφHr2
− 1

)

,
Q

πφHM
<

r2

t
≤ QM

πφH

(40)

As before, rearranging this sharp interface height solution

for its radial distance (as a function of t and z) and for the time

t the sharp interface intersects a position (r,z) gives:

r(z, t) =
1

(

z(M−1)
H

+ 1
)

√

QMt

πφH
(41)

t(r,z) =
πφHr2

QM

(

z(M − 1)

H
+ 1

)2

(42)

Differentiating the radial position in equation 41 with re-

spect to time and substituting in the “intersection” time from

equation 42 gives the radial velocity expression for this case:

v =
A(z)

r
r̂, A(z) =

QM

2πφH
(

z(M−1)
H

+ 1
)2

(43)

The original sharp interface solution given by Guo et al.27

was derived without the buoyancy term Γ. However, in the

limit that the viscosity ratio M → 1+, the velocity field in

equation 43 reduces to the cylindrical, z-independent case,

similarly to the velocity field in equation 26. This velocity

field for the M > 1 case is also consistent with the volumetric

flux integral from equation 13, and evaluating the surface in-

tegral through a cylindrical surface (as in equation 27 yields

the required relation:

φ

∫ H

0

∫ 2π

0

QM

2πφH
(

z(M−1)
H

+ 1
)2

R

(Rdθdz) = Q (44)

Once again, consider the radial extents (at the top of the

aquifer) of the 1% relative concentration boundary (r1) and

the immiscible solution (r2) for the M > 1 case. Evaluating

equation 28 at z = 0 with A(z) from equation 43 gives the

following expression for r1:

r1(t) =

√

QMt

πφH
exp

{

α
√

d

(

QMt

πφH

)
−1
4

}

(45)

Where the same α constant defined in equation 31 is used.

The furthest radial extent of the sharp interface solution is ob-

tained by evaluating equation 41 at z = 0:

r2(t) =

√

QMt

πφH
(46)

Once again, taking the limit of d → 0+ of r1(t) yields r2(t),
recovering the sharp interface dividing a saturated “concentra-

tion” profile between the fluids when mechanical dispersion

is excluded. Nondimensionalizing these terms with the same

parameters T and R as defined above gives the dimensionless

separation for the 1% boundary and the immiscible solution

at z = 0 for the M > 1 case:

R1(T )−R2(T ) =
√

MT
(

exp
{

α (MT )
−1
4

}

− 1
)

(47)

This dimensionless seperation of the 1% concentration

boundary and the original sharp interface at the top of the

aquifer is once more a strictly positive function for T > 0 and

M > 1, demonstrating that traces of the injected fluid will ex-

tend further than the sharp interface position when mechanical

dispersion is included. As in the M < 1 case, differentiating
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FIG. 3. The dimensionless difference between the 1% relative con-

centration boundary and the immiscible interface solution at the top

of the aquifer (M > 1)

the seperation function above shows that the seperation ini-

tially decreases before increasing monotonically after a criti-

cal Tcrit , which has an expression of the same form as equation

48 (as equation 47 of the same form as equation 37):

Tcrit =
1

M

(

α

W0 {−2e−2}+ 2

)4

(48)

E.g. for M = 5, Tcrit ≈ 0.4. A plot of R1(T )−R2(T ) for the

M > 1 case is shown in figure 3 for T = 10,100 and 1000 for

1 < M < 10.

C. Equal Viscosity for Injected Fluid and Resident Fluid

The sharp interface solution provided by Guo et al.27 for

fluids of equal viscosity (M = 1) is:

h(r, t) =
H

2

(

1− 1√
Γ

(

πφHr2

Qt
− 1

))

,

Q

πφH
(1−

√
Γ)<

r2

t
≤ Q

πφH
(1+

√
Γ) (49)

Inverting this function and repeating the same procedure

as done in the M < 1 and M > 1 cases gives the yields the

following velocity field:

v =
A(z)

r
r̂, A(z) =

Q

2πφH

(

1−
√

Γ

(

2z

H
− 1

))

(50)

As in the M < 1 case, taking the limit as Γ → 0+ for

the velocity field above recovers the same strictly radial, z-

independent velocity field given in equation 11 and in me-

chanical dispersion studies that ignore buoyancy effects. This

M = 1 velocity field is also consistent with the volumetric flux

integral:

φ

∫ H

0

∫ 2π

0

Q

2πφHR

(

1−
√

Γ

(

2z

H
− 1

))

(Rdθdz) = Q

(51)

Using the same definition of r1(t) and r2(t) used previously,

the M = 1 sharp interface solution and velocity field obtained

in equation 50 yields:

r1(t) =

√

Q

πφH
(1+Γ)texp

{

α
√

d

(

Q

πφH
(1+Γ)t

)
−1
4

}

(52)

r2(t) =

√

Q

πφH
(1+Γ)t (53)

Where the difference r1(t)− r2(t) converges to zero as the

dispersivity length d → 0+ as expected. Once more, nondi-

mensionalizing the difference between the radial extent of the

1% concentration boundary (evaluating equation 28 with A(Z)
from equation 50) and the sharp interface solution in equation

49 at z = 0 gives the function for the M = 1 case:

R1(T )−R2(T ) =
√

(1+Γ)T
(

exp
{

α((1+Γ)T )
−1
4

}

− 1
)

(54)

Which is once more a strictly positive function for T > 0

and physical values of 0 < Γ < 1. Having the same form of

T dependence as the seperation functions for the M < 1 and

M > 1 cases, the distance between the 1% concentration re-

gion and the would-be sharp interface initially decreases with

time, before the 1% concentration boundary monotonically re-

cedes from the sharp interface solution’s position after a criti-

cal time. For M = 1, this occurs when:

Tcrit =
1

1+Γ

(

α

W0 {−2e−2}+ 2

)4

(55)

For Γ = 0.05, Tcrit ≈ 1.9 for the M = 1 case. A plot of

R1(T )−R2(T ) is given in figure 4 with a domain of 0 < Γ < 1

and T = 10,100 and 1000

D. A Carbon Capture and Storage Application

As a final demonstration of the concentration profile pro-

duced by mechanical dispersion, consider the following ex-

ample with physical values. One of the motivations for the

present paper is developing a novel CCS enhancement. The

M = 1 case can be used to represent injecting aqueous carbon

dioxide into an aquifer for CCS. Since the aqueous CO2 so-

lution being injected would be more dense than the resident

brine, the original M = 1 sharp interface solution must first
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FIG. 4. The dimensionless difference between the 1% relative con-

centration boundary and the immiscible interface solution at the top

of the aquifer (M = 1)

be reflected in the vertical direction (i.e. replacing h(r, t) with

H − h(r, t)) to reflect the fact that the injected solution will

now sink below the resident brine, rather than rising above

it38.

In this aproach, instead of injecting pure CO2, it is dis-

solved in brine produced from a target aquifer and reinjected

back into the formation39,40. This problem’s formulation be-

comes identical to injecting contaminant fluid in porous me-

dia, but the importance of dispersion is increased due to much

larger scales of injection. While the injection of aqueous CO2

into an aquifer has not yet been implemented in a large scale

CCS project, the dissolving mechanisms and benefits over

pure CO2 injection (such as significantly reducing the risk

of carbon leakage through the surface due to buoyancy) have

been proposed in the engineering literature41–43. The CCS po-

tential of such a project has also inspired empirical research

on the geochemical effects of aqueous CO2 flowing through

porous rock44.

Typical aquifer parameters and a typical CCS project injec-

tion rate and duration are given in table II, and figure 5 illus-

trates an example of these transition zone boundaries (c/co =
0.99 and c/co = 0.01) compared to the reflected M = 1 sharp

interface given by Guo et al.27.

It is clear from the plot in figure 5 that the concentration

transition zone due to mechanical dispersion is considerably

spread around the sharp interface solution’s would-be loca-

tion, with the 1% and 99% boundaries separated by several

hundred metres. The radial extent of the interface and the

boundaries (to the nearest metre) at the top and bottom of the

aquifer are summarized in table III:

Using the application parameters from table II and the ve-

locity field from equation 50, the mechanical dispersion term

d‖v‖ from the diffusivity tensor (equation 16) can be eval-

uated at certain positions in the aquifer. For example, us-

TABLE II. List of CCS quantities used to plot sharp interface and

transition zone/concentration boundaries.

Variable Quantity [Dimensions] Value

Q Volume injection rate [L3T−1] 1,000,000 m3/year

H Aquifer height [L] 100 m

M Viscosity ratio (res./inj. fluid) 1

Γ Buoyancy parameter 0.05

φ Aquifer Porosity 0.1

t Time elapsed [T] 50 years

d Dispersivity scale [L] 35 m
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FIG. 5. The solution for the M = 1 sharp interface with the bound-

aries for 1% and 99% relative concentration of the injected fluid,

using the CCS paramters in table II.

ing the two positions along the “sharp interface” given in

table III (which lie between the 1% and 99% concentra-

tion cut offs), the dispersion term d‖v‖ ≈ 9.86× 10−6m2/s

at r = 1395m,z = 100m, and d‖v‖ ≈ 1.94 × 10−5m2/s at

r = 1112m,z = 0m. In comparison, the coefficient of molec-

ular diffusion for CO2 dissolved in water is about 1.92 ×
10−9m2/s 45, which is several orders of magnitude less than

the above dispersion terms. Thus, neglecting the effects of

molecular diffusion and using the simplified ADE in equation

17 is appropriate for this injection application.

As a final verification of this analysis, figure 6 contains a

plot of the M = 1 sharp interface, 1% and 99% relative con-

centration boundaries with most of the same CCS parame-

TABLE III. Example radial extents for the M = 1 Interface, 1% and

99% concentration boundaries at the top and bottom of the aquifer

for the CCS example.

99% boundary Interface solution 1% boundary

At z = 100 m: r = 1034 m r = 1395 m r = 1885 m

At z = 0 m: r = 794 m r = 1112 m r = 1558 m
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FIG. 6. The solution for the M = 1 sharp interface with the bound-

aries for 1% and 99% relative concentration of the injected fluid,

using d=0.05m and the other CCS paramters in table II.

ters from table II, except the dispersivity scale length is set

to d = 0.05m. The plot in figure 6 shows that these concentra-

tion boundaries nearly coincide with the sharp interface for all

z values such that 0 ≤ z ≤ H. Thus, in the limit of zero disper-

sion, the original sharp interface/saturated concentration pro-

file is recovered from the smooth concentration profile derived

above.

IV. DISCUSSION

It is clear that a mechanical dispersion model for an injec-

tion well can allow for an injected fluid concentration transi-

tion zone that is spread considerably on either side of a sharp

interface solution. For the three examples used throughout

section III, the 1% relative concentration boundary location

was found to always lie radially ahead of, and increasingly re-

cede from, the original interface solution over time. The sig-

nificance of the derived “seperation” functions R1(T )−R2(T )
remaining strictly positive and increasing (after a relatively

brief initial period) with respect to time is that detectable

traces of the injected fluid appear increasingly further out-

ward due to mechanical dispersion than otherwise predicted

by a zero-dispersion sharp interface solution. These derived

seperation functions are all well defined for all positive time

values and their corresponding M and Γ values.

The three sharp interface cases examined were solutions

from Guo et al.27, where the viscosity differences between

the injected fluid and resident fluid were the primary factor

determining the interfaces’ geometries. For all three cases,

the dimensionless seperation between the 1% relative concen-

tration boundary and the original sharp interface at the top of

the aquifer R1(T )−R2(T ) is found to lie approximately in the

range 6-13, with larger differences occuring at later dimen-

sionless times T . This corresponds to 1% concentration traces

of the injected fluid for a given interface geometry lying 6-13

dispersivity lengths ahead of the furthest radial extent of the

sharp interface solution (which occurs at z = 0). For typical

CCS injection paramters, this means the non-dispersion solu-

tion underestimates the radial extent of injectant traces of 1%

relative concentration by several hundred meters.

Thus the results in section III illustrate the need to ac-

count for mechanical dispersion in the fluids’ evolution in the

aquifer for many practical injection cases. Note that the rel-

ative concentration c/co itself is a variable quantity, and the

choice of using a 1% relative concentration boundary is not

unique. The same procedure applied in section III may be

used for smaller concentration cutoffs (< 1%) and will yield

injectant traces even futher beyond a sharp interface solution

than the derived seperations. Larger relative concentration

cutoff values will have boundaries which lie closer to the sharp

interface solution, and may lie behind it rather than beyond

it (e.g. as seen with the 99% concentration boundary). The

values 1% and 99% used in this analysis represent intuitive

boundaries to enclose a region with a significant concentra-

tion gradient.

The location of the 1% relative concentration boundary

considered in section III is particularly useful for injection

well engineering applications. For example, if one wanted

to know the extent of an injected contaminant’s presence af-

ter a period of time, the sharp interface solution would tend

to underestimate the upper limit of its radial position; as seen

in figures 5 and 6, the interface solution lies within the con-

centration transition zone due to mechanical dispersion. In

practice, if aquifer water were to be sampled from just outside

the furthest extent of the sharp interface solution at a given

height in the aquifer, it could still contain considerable traces

(> 1%) of the injected contaminant. For safety measures, the

1% boundary location (or the boundary of a desired cutoff

concentration, e.g. 5%, 0.1%, etc.) should be treated as a

worst-case scenario for sampling uncontaminated water.

A physical example is given in section III D for the equal

viscosity case, which can be applied to an aqueous carbon

dioxide solution being injected for CCS. From the results

summarized in table III, the 99% boundary is found to lie

257-419 m behind the sharp interface solution, and the 1%

boundary is found to lie 413-531 m ahead of the sharp inter-

face solution using the example values in table II. Comparing

these physical results to the nondimensional ones for M = 1,

the difference between the interface and the 1% boundary at

z = 0 (413 m) is 11.8 times the dispersivity scale d = 35m

after 50 years of injection (corresponding to a dimensionless

duration of T ≈ 1300); this is consistent with the 6-13 range

for the dimensionless separation for a similar duration seen in

figure 4.

V. CONCLUSIONS

The goal of this study was to outline a mathematical tech-

nique accounting for the effect of mechanical dispersion on

the evolution of injection well fluids propagating in a con-
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Dispersion of a fluid plume during radial injection in an aquifer 11

fined, porous aquifer. In the case of zero dispersion, a sharp

interface is formed between the injected and resident fluids

and evolves through the aquifer over time. The 2-D geome-

try of a sharp interface solution (which arises due to buoyancy

and viscosity effects) is interpreted to “guide” the geometry

of the fluids’ velocity field within the aquifer.

Given an analytic expression for a sharp interface solution

(presented in terms of its height h(r, t)), the time dependent

radial velocity of the interface can be found by differentiating

its radial position with respect to time. Rearranging the in-

terface solution for time yields the “intersection time” when a

specific aquifer position (r,z) is intersected by the propagating

interface. Inserting this intersection time into the radial posi-

tion time derivative yields a position dependent velocity field

throughout the aquifer, of the incompressible form v = A(z)
r
r̂:

the function A(z) encodes the fluid characteristics underlying

the original sharp interface solution. Substituting A(z) into

an analytic ADE solution gives the 2-D concentration profile

of the fluids due to mechanical dispersion, with the vertically

dependent effects (e.g. buoyancy) included.

One result of this technique of practical interest is to obtain

the location of a “boundary” of a desired relative concentra-

tion of the injected substance. For real world applications in-

volving contaminant injection into aquifers, such boundaries

allow for defining a “cut off” position of arbitrarily low rel-

ative concentration, beyond which the groundwater may be

considered uncontaminated. This will allow for engineers to

plan injection well sites more cautiously for these applications

and quantify “worst case scenarios” for contaminant presence

away from the injection well.

It is worth mentioning that the choice of using the equa-

tion from Dagan33 and its inversion for the concentration and

radial extent of the cutoff boundaries is not unique. Approxi-

mate solutions for the ADE exist in other forms, such as that

given by Tang and Babu16. The general nature of the trans-

formation outlined in this study should in principle allow for

any sharp interface and ADE solutions to be used to obtain a

dispersive concentration profile throughout an aquifer.
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h(r,t)

v = A(z)/r
Injected fluid Resident fluid
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