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Abstract

Training large neural networks requires a large amount of time. To speed up the
process, distributed training is often used. One of the largest bottlenecks in distributed
training is communicating gradients across different nodes [34]. Different gradient compres-
sion techniques have been proposed to alleviate the communication bottleneck, including
topk gradient sparsification, which truncates the gradient to the top K components before
sending it to other nodes [1].

Some authors have adopted topx gradient sparsification to the parameter-server frame-
work by applying topx compression in both the worker-to-server and server-to-worker di-
rection, as opposed to only the worker-to-server direction [22, 31, 35]. Current intuition
and analysis suggest that adding extra compression degrades the convergence of the model
[20, 31, 35]. We provide a simple counterexample where iterating with bidirectional topg
SGD allows better convergence than iterating with unidirectional topx SGD. We explain
this example with the theoretical framework developed by Alistarh et al., remove a critical
assumption the authors’” made in their non-convex convergence analysis of topx sparsifi-
cation, and show that bidirectional topx SGD can achieve the same convergence bound
as unidirectional topx SGD with assumptions that are potentially easier to satisfy [3].
We experimentally evaluate unidirectional topx SGD against bidirectional topgx SGD and
show that under careful tuning, models trained with bidirectional topx SGD will perform
just as well as models trained with unidirectional topx SGD. Finally, we provide empir-
ical evidence that the amount of communication saved by adding server-to-worker topg
compression is almost linear to the number of workers.
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Chapter 1

Introduction

In this chapter we introduce the communication bottleneck associated with the paralleliza-
tion of gradient descent, some background of the topgx gradient compression technique
we use to alleviate the bottleneck, and the main concept. We finish this chapter with an
outline of the thesis.

1.1 Motivation

Deep neural networks trained on large datasets are known to achieve state-of-the-art per-
formance in accuracy. However, the large size of the models and datasets severely impact
the training time of the model. To decrease the training time, distributed machine training
techniques are often used, which in recent years have involved scaling stochastic gradient
descent (SGD) to multiple processes [13, 5].

The standard way to scale SGD on multiple processes is through data parallelism
where the training set is split across n different processes [13]. Each node will calculate
a stochastic gradient from their allocated data independently and in parallel. The nodes
then communicate the gradient with each other before updating model parameters.

Communication between nodes is one of the largest bottleneck in distributed machine
learning [31]. Most efforts in increasing the performance speed of distributed learning
comes from reducing this bottleneck. Types of methods to reduce the communication
bottleneck include: 1) rearranging the topology of the nodes [24, 20], 2) reducing the size
of the message that needs to be communicated [3, 2, 6], and 3) reducing the frequency of
communication between nodes [17].



Two types of topologies used in distributed training are centralized (i.e. parameter-
server framework) and decentralized (i.e. all-reduce) which are further discussed in Chap-
ter 3. Decentralized frameworks were developed to overcome the limitations of having a
server bottleneck. However there has been a resurgence of interest in the parameter-server
framework in recent years [32, 18].

One of the most well-studied compression technique is sparsification, which focuses
on reducing communication between worker nodes by sending only a sparse subset of the
gradient [, 34]. The most popular of these methods is topy gradient sparsification, which
truncates the gradient to the largest K components by magnitude [10, 34]. Topg gradient
sparsification was originally only used during the worker-to-server (uplink) communication
of the parameter-server framework [22], since the gradient sent by the server is sparse if
the number of participating workers is low.

Due to increased number of workers used in distributed training, Sattler et al. recom-
mended adding topx gradient sparsification during server-to-worker (downlink) communi-
cation as well, and reported that sparsifying the gradients in both uplink and downlink
communication (bidirectional) reduces the final accuracy by at most 3% compared to only
using uplink [22]. Theoretical frameworks from Tang et al. and Zheng et al. have been de-
veloped to analyze the convergence of bidirectionally compressed error compensated SGD,
which can be used to analyze bidirectional topx gradient sparsification [31, 35]. However,
these studies suggest that adding downlink sparsification will degrade the convergence of
the model [20, 31, 35]. In our thesis, we provide a simple example where bidirectional
topx SGD has better convergence than unidirectional topgx SGD, provide an intuition to
why this happens, and construct a convergence bound that captures this intuition. We
show that under the theoretical framework provided by Alistarh et al. [3], bidirectional
sparsification can potentially achieve a tighter convergence bound than unidirectional spar-
sification. Finally, we show that through careful tuning bidirectional topy sparsification
can perform as well as unidirectional topx sparsification.

The main motivation of our work is to give the reader a better understanding why
bidirectional topg SGD can converge as well as, if not better, than unidirectional topg
SGD.

1.2 Thesis Outline

Chapter 2 will discuss gradient parallelization in more detail, define the optimization prob-
lem and stochastic gradient descent, and provide an introduction to non-convex analysis.



Chapter 3 will define biased and unbiased compression, briefly mention how error feed-
back framework is used in biased compression, and provide more background on gradient
compression techniques, such as gradient quantization and gradient sparsification. Finally,
we will discuss current research in unidirectional and bidirectional topx SGD.

In Chapter 4 we will provide an example where bidirectional topx SGD outperforms
unidirectional topx SGD, and provide some reasoning to why this happens.

The non-convex convergence analysis of bidirectional and unidirectional topx SGD and
a comparison between both is provided in Chapter 5.

In Chapter 6, we describe the experiment setup, and compare the convergence of bidi-
rectional and unidirectional topx SGD on multiple models, datasets and number of workers.
The constants from our convergence bound in Chapter 5 are measured and shown in this
section as well.

Finally, we conclude the thesis in Chapter 7 by summarizing our contributions, includ-
ing, 1) an example where bidirectional topx SGD has better convergence than unidirec-
tional topx SGD, 2) a non-convex analysis of bidirectional topx SGD with a potentially
tighter convergence bound than unidirectional topyx SGD, 3) detailed experiment results
that show that bidirectional topx SGD can perform as well as unidirectional topx SGD,
and 4) an estimate of the compression factor achieved by downlink sparsification based on
empirical evidence.



Chapter 2

Preliminaries

2.1 Optimization Problem Statement

For this chapter, we describe the optimization framework, following Bottou et al. [9].
When training a neural network, we are concerned in finding a prediction function H.
Assume that H has a fixed form and is parametrized by a real vector w € R?. Our goal is
to find a parameter for H such that it minimizes losses from incorrect predictions.

For some H(z;w) : R% x R? — R%, where z is an input sample, consider the family
of prediction functions:

H = {H(;w):we R,

Assume a given loss function L(f,y) : R% x R% — R, where § is the predicted label and
y is the actual label, and a set of input-output samples {x;, y;}"_;. A deep neural network
aims to minimize the objective function F' : R¢ — R defined by

1 n
F(w)=— ) L(H(ziw),y;). 2.1
()= 5 D L)) 2.1)
Similar to Bottou et al. [9], we use a simplified notation for the loss of our prediction
function on a randomly chosen sample (z;, y;)

where ¢ is a random variable representing a sample, and {{};., are realizations of §
corresponding to the sample set {(x;, y;) .
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We rewrite the objective function in (2.1) as

n

F(w) = %Z fw, &p). (2.3)

i=1

2.2 Stochastic Gradient Descent

In this section, we continue to describe the framework used to analyze stochastic gradient
methods provided by Bottou et al. [9]. We want to minimize our objective function
F :R? — R. If we have access to the stochastic gradients V f(w, £), we can approach this
problem by the following iterative process given a wy € R? with

Wiy1 = W — Oétvf(wt7 §[it])a (2-4)

where oy > 0 is the step size and &;,) corresponds to sample (x;,,y;,) from the sample set
{(z4,9i)ies} and {i;} is a sequence chosen randomly from {1, ...,n} with replacement. The
sequence {w;} is not deterministic after fixing wy and a4, and is dependent on the sequence

{is}.
We might want to consider more than one sample in each SGD iteration. Define & ; to

be the realization of the i-th sample at iteration ¢, and m to be the number of samples to
consider in each SGD iteration. We have

& m
W41 = Wi — Et ; vf(wta ftz) (2-5)
For simplicity define
1 m
g(wb §t> = E Z vf(“%y ft,z‘)7 (2-6)
i=1

where {& }+>0 are independent and identically distributed random variables (iid).

The algorithm for SGD is described in Algorithm 1. To hide non-essential implementa-
tion details, we assume that the stochastic gradient can be obtained by querying an oracle
and that there is an automatic mechanism to generate the learning rate «y. Specifically,
the stochastic gradient oracle will hide the process of: 1) realizing the random variable
¢ and 2) computing the stochastic gradient g(wy,&;) given an iterate w; € R? and the
realization of &;.



Algorithm 1: Stochastic Gradient Descent
Input: Stochastic Gradient Oracle g(-, -), learning rate sequence {oy }i>o

1 Initialize wy € RY; t = 1;

2 whilet > 1 do

3 W—wi—1 — 01 G(We—1, §p—1);
4 t=t+1;

5 end

2.3 Data Parallelism

Data parallelism splits the data across N different nodes. Every node updates a model with
stochastic gradients calculated from local data. There are two types of data parallelism:
synchronous data parallelism and asynchronous data parallelism. In synchronous data
parallelism, the local parameter vector w; is kept consistent across all nodes. This requires
a locking mechanism to keep all nodes in step with each other [13]. In synchronous data
parallelism, we want to minimize the weighted average of N different functions across N
nodes:

N
in F(w) £ F1 2.7
min F(w) ;pq (w), (2.7)
and the update step for synchronous data parallelism with N nodes is described in
N
Wy = W1 — Oy qugq(wt—la 5371)- (2-8)
q=1

The probability vector (po, ..., pn) is used to assign weighting to the gradients contributed
by different nodes. The probability vector is usually defined by the number of samples
each node uses to calculate the their stochastic gradient. For example, assume there are
2 workers, and the workers choose n; and ny samples with replacement respectively, with
ni + ng = n. Then

F(w) = %Zf(w,fm)

(1 & 1 o (2.9)
— % (TZ_1 Zzl fl(w,ﬁ[i])) + % <n_2 Zzl fQ(w,g[z‘])>
= p1F' (w) + pa F2 (w).

6



Usually the gradients have equal weighting and the values in the probability vector is 1/N.

The downside of synchronous data parallelism is that computational resources are not
fully utilized. The nodes are idle when waiting to receive gradients, and the waiting time
increases as the number of nodes increases as well [13]. One way to reduce the waiting
time is to remove the lock, and this is done through asynchronous data parallelism. Nodes
will pull model parameters from a model stored on the central server and commit gradients
asynchronously to central server. The committed gradients are stored in a First-In-First-
Out queue on a central server [13].

The problem with asynchronous distributed training is that we are committing old
gradients to the central server. Instead of iterating with

wy = w1 — ag(wi_1,&-1), (2.10)

to update the central parameter, we are iterating with

wy = w1 — (W17, &o1-7), (2.11)

where 7 is the delay from the timestep the worker pulls the central parameter vector to
the timestep the worker commits the gradient to the central server. The downside of
asynchronous distributed training is that when 7 is large, the stochastic sequence {w;}
may no longer converge to the optimal value. Some implementations of asynchronous
distributed training may involve throwing out the gradient without updating the central
server if the delay is too large [13].

2.4 Model Parallelism

Data parallelism is often mentioned with model parallelism. While model parallelism is
not within the scope of this thesis, we will briefly mention it here to contrast it with data
parallelism, and how it can be used together with it.

In model parallelism, a single model is split across multiple nodes. The speed-up of
model parallelism depends on the model structure. Because of layer interdependence, for-
ward and backward propagation in neural networks are sequential operations [5]. Hence
it is difficult to achieve effective parallelization with model parallelism. Sometimes model
parallelism is used together with data parallelism with a technique called parameter shard-
ing [1]. In this setup, each N nodes in the network acts as both a client and a server. The
model is split across the servers, and each server is responsible for 1/N of the parameters.

7



The client has a copy of all parameters, and pulls updates from each server. This keeps
the bandwidth per node constant, since each node communicates with each of the other
nodes for 1/N of the parameters [1].

2.5 Parameter-Server Framework

Parameter-server framework is a common and well-studied topology used in data paral-
lelism. The data is distributed over nodes called workers. Another node, called the server,
is used to coordinate the workers. The workers will calculate gradients from local data and
send it to the server to be aggregated. The server will then send the aggregated gradients
back to the workers, which will then update the model stored locally [13]. We describe the
parameter-server framework in Algorithm 2. Each SEND operation has a matching RECV
operation, and both operations block until the send and receive has been completed.

Many parameter-server frameworks fail to use network bandwidth effectively [32]. If
one server is used, it will likely become a networking bottleneck [24]. One way to allevi-
ate this bottleneck is to use parameter sharding and split the parameters across multiple
servers [21]. However, it becomes difficult to identify the right ratio of servers to workers.
Too many servers can saturate the network and too little servers can cause communica-
tion bottlenecks [24]. This caused engineers to move away from parameter-server based
distributed learning to all-reduce based learning, though there has been a resurgence of
interest in the parameter-server framework recently [32, 22].

Algorithm 2: SGD Worker Side (Worker ¢)

Input: Stochastic Gradient Oracle g%(-,-), learning rate sequence {oy }1>¢
1 Initialize wy € RY; t = 1;
2 whilet > 1 do

3 SEND(g%(w;—1, &), server);
4 RECV(gy, server);

5 W Wi—1 — O4—10¢;

6 t=t+1;

7 end




Algorithm 3: SGD Server Side

(%, NV R VN

© 0w N o

10
11

Input: probablity vector (po,...,pnN)
Initialize t = 1;
while ¢ > 1 do
for every worker ¢ do
‘ RECV(.gq(xt—l’ ggfl)’ Q);
end
gt < Zé,\le Peg?(zi1, & 1);
for every worker g do
| SEND(g1, q);
end
t=t+1
end

2.6 All-Reduce

In all-reduce based distributed training, the workers directly communicate with each other.
All-reduce uses Message Passing Interface (MPI) standard to reduce arrays from all nodes
to one array and to send the combined array back to all nodes [21]. We describe the
all-reduce algorithm with N nodes in Algorithm 4.

Algorithm 4: SGD All-Reduce (worker ¢)

[ U VS

Input: Stochastic Gradient Oracle ¢4(-, -), learning rate sequence {ay }>o,
probability vector (pg, ..pn)

Initialize wy € RY;
while ¢t > 1 do
BROADCAST (p,g%(wi-1,&_1), SUM);
Wi Wi—1 + Zé\le Pag?(Wi-1,&1);
end

BROADCAST is a two part operation: 1) worker ¢ sends its stochastic gradient to

all other nodes, and 2) waits to receive a stochastic gradient from all other nodes before
adding it to SUM. The BROADCAST operation needs a lock to block progression until all
nodes have received all gradients from other nodes.

An example of a distributed framework that can perform all-reduce is Horovod, which

uses a ring topology. Experimental results by Sergeev and Balso show that ring all-reduce

9



can use GPU resources more efficiently than the parameter-server framework [24].

However, we point out that all-reduce is not efficient when there is a large number of
unreliable machines. An example of this is Federated Learning, which aims to train models
on data stored in mobile devices such as personal phones and tablets [22]. These devices
are frequently offline and have slow and expensive communication. It is impractical to set
up a network that allows participating mobile devices to use MPI all-reduce. Instead, it is
easier to have these devices communicate with a central server [158, 22].

Additionally, the recent advancements in cloud networking technologies have also seen a
resurgence of parameter-server approach in distributed training. Amazon developed a novel
communication library Herring, which uses a parameter-server topology and demonstrated
that it can be twice as fast as all-reduce based methods with gradient reduction [32].

2.7 Non-Convex Analysis

We round off the introduction with a discussion of how to analyze the convergence rate of
a gradient descent method in the non-convex setting.

To establish convergence guarantees for optimizing a non-convex function F : R? — R,
we can make assumptions similar to the following [3, 141].

Assumption 2.1 (Existence of a lower bound). There exists some constant F* such
that F(w) > F* for all w € R%.

This assumption is necessary to ensure there is a minimum value to find.

Assumption 2.2 (Lipschitz continuous gradient). F' is continuously differentiable and
the gradient VF : R — R? is Lipschitz continuous with constant L > 0, i.e.

|IVF(w) = VE(v)|2 < L|jw — |2 Yw,v € R% (2.12)

Assumption 2.2 is useful in showing that gradient based optimization converges. Changing
the parameter vector from w to v will not cause an arbitrary change from VF(w) to VF(v)
[9]. From Assumption 2.2, we can get

1
F(w) < F(U)+<VF(U),w—v)+§L||w—v||g Vw, v € RY. (2.13)

10



Assumption 2.3 (First and second moment). The objective function and Algorithm
1 satisfy the following:

Elg(w,&)] = VF(w) vYw € R%Vt €N,
and

E[llg(w, &) |3 < M Vw € R Wt € N,

Generally for a gradient descent method with non-convex objective, we want to show
under Assumption 2.1, 2.2 and 2.3,

in E[|VF 2] Izeo 2.14
Jnin IVF (wy) 3] — 0, (2.14)

where E[-] here is the expectation taken with respect to the joint distribution of all random

variables {&g, &1, ..., &—1} [3]. Some strategies involve showing
1 T
Tim E | < 3 ol V@3] = 0. (2.15)
t=1 ¥ =1

where {4} is a diminishing stepsize sequence [9, 3].

2.8 Non-Convex Analysis of Distributed SGD

For distributed SGD, we want to minimize the weighted average of IV objective functions
across N nodes:

N
min F(w) = quFq(w),
q=1

weRd
so we make corresponding adjustments to Assumption 2.3, similar to [3].

Assumption 2.4 (First and second moment). The objective function and Algorithm
4 satisfy the following:

N N
E[> peg’(w, ] =D pyVF(w) vw € RVt € N, (2.16)
q=1 q=1

11



and

N
E[| Y pog*(w, N3] < M Vw € RVt € N, (2.17)

where E[-] is taken with respect to the joint distribution of {&}, &2, ..., &N},

The following theorem for the convergence of distributed SGD is easily adapted from
existing analysis [0, 14].

Theorem 2.1. Under Assumptions 2.1, 2.2, and 2.4, running (2.8) for T iterations gives
us
1 LM Ztho o

1
E[||VF(w, = F(wy) — F* = )
Zfoat; IV F(w)13] < thoat( (wo) )+ SNy

Proof. Starting with (2.13), and denote Eg,[-] to be the expectation taken with respect to
the joint distribution of {&}, &2, ...,&N} given random variables before time ¢, we have

(2.18)

Ee, [F(wis1)] < F(wy) + (VF(wy), B, [wipq — wy]) + L

5 Eét[Hth - wt||§]

= F(w;) — ao(VF(w;), B, [Z Pag(we, E])+

Lk, ||qug (wr. €I (2:19)
< Fu) — 0V F(n), V) + 221
< F(w) = o FF(up| + 222
Taking expectation with respect to the joint distribution of all random variables, we get
B[ (w110)] < ELF ()] ~ o BV F Q) 3 + 22 (2.20)

Telescoping and rearranging, we have

Zo‘t]E IV EF(w)3] Z ( E[F(wi41)] + LO;M)

t=0 t=0

12



or

d T
! v 1 LMY, of
> aR[|VF(w)|3] < (F(wp) — F*) 4+ —om &t=0 %t
ZtTZO &t 1 ? > tT:O oy 2 ZtT:o oy

as desired.

In order for the upper bound in (2.21) to converge to 0, we need

o0 oo

— 2
E oy =00 and E oy < 00,
t=0

t=0

so we can choose a; = ﬁ, where £ < 6 <1.

13

(2.21)

(2.22)



Chapter 3

Related Work

3.1 Gradient Compression

We can reduce the communication time of data parallelism through gradient compression.
Sending and receiving gradients between nodes is the most costly operation in a distributed
setting, and reducing the amount of information that needs to be sent will alleviate the
communication bottleneck [34].

Gradient compression is typically divided into biased compression and unbiased com-
pression. We use the definition provided by Beznosikov et al. [7].

Let ¢ > 1, a compressor C(-) is unbiased if

E[C(w)] = w E[|C(w)l2] < ¢llwllz Yw € R (3.1)

A compressor C(+) is biased if there exists v € (0, 1) such that

E[|C(w) = wll3] < (1 = 7)[wl3 Yw € R (3:2)

We briefly mention that there are two other definitions of biased compression [7]. The
type that satisfies (3.2) is the one we will use for the rest of the thesis. If C(w) =0 € R?
then no information is left after compression, and v = 0. If C(w) = w then there is
no compression, and v = 1. Intuitively, the inequality implies that a v-fraction of = is
preserved in the compression.

14



The expectation in (3.1) and (3.2) is taken with respect to the randomness in the
compression operation. To illustrate this, we use an example provided by Beznosikov et

al. [7]. The unbiased random sparsification compression operator (randy) is defined by
d
€S
where S is a subset of {1,...,d} with cardinality K chosen uniformly at random, and

e1, .., eq are standard unit basis vectors in R?. The values outputted by the random sparsi-
fication operator are measured with respect to a probability distribution, which allows us
to take the expectation in (3.1). For some compressors, the output value is deterministic
given an input, and we can remove the expectation in (3.1) and (3.2). Experiment results
show biased compressors often outperform their unbiased counterparts, and provide better
testing accuracy and training loss [7].

Naively using biased gradient compression may cause the algorithm to not generalize or
converge. Some sort of correction mechanism is needed to ensure the original gradient is not
forgotten [14]. An example of such a mechanism is the error-feedback framework described
in Algorithm 5. Here, the node accumulates the difference between the compressed gradient
and the actual gradient, then adds the accumulated value into the gradient in the next
iteration.

Algorithm 5: Compressed SGD with Error Feedback (without distributed com-
munication for simplicity)

Input: Stochastic Gradient Oracle g(-,-), compressor C(+), learning rate sequence
{Oét}tzo
1 Initialize wy € R%: g =0 € R%; t = 1;
2 whilet > 1 do
3 pe < qpo1g(wi—, §1) + €-1;

4 Wy <= Wi—1 — C(pt)S
5 €« pr — C(py);

6 t=t+1;

7 end

3.2 Gradient Quantization

Quantization applies lossy compression by mapping each gradient component to a smaller
set of values [5]. The most drastic quantization compression proposed is 1-bit quantization,
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which was proposed by Seide et al. and Strom et al. [23, 30]. Seide et al. suggests
using a quantization threshold of 0: positive values are encoded as 1 and negative values
as 0 [23]. Convergence for 1-bit quantization using 0 as a threshold was developed by
Bernstein et al. [0], though unlike Seide et al., they did not consider using an error
feedback framework. The authors call the method signSGD. Kamireddy et al. later show
that signSGD without error feedback generalizes poorly to certain optimization problems,
and develop convergence theory for signSGD with error feedback [11]. We also mention
that Alistarh et al. introduce an unbiased stochastic compression scheme called Quantized
SGD, and describes the relationship between bits compressed and convergence time [2].

One problem with gradient quantizaton is that its compression is limited by the pre-
cision of the floating point representation of the gradient component, since 1-bit is the
smallest representation of each component. Quantization can only compress gradients
represented by 32-bit floating point values to 1/32 of its original size [10]. Because of
this, Sattler et al. describes 1-bit quantization as “weak” compression [22]. To compress
gradients further, we look at gradient sparsification.

3.3 Gradient Sparsification

The intuition behind gradient sparsification is that neural network gradients are sparse.
There is a large number of parameters in a model that do not necessarily change after each
update, and only part of the gradient is needed to achieve convergence [5]. Sparsification
has been shown to achieve compression rates up to [0.01,0.001] without loss in accuracy
[10]. Other results have shown that sparsification is able to achieve 54x speedup for 80
nodes [5].

3.4 Topyk Sparsification

Topg gradient sparsification truncates the gradient to its topx components, sorted by order
of increasing magnitude. The nodes communicate this truncated sparse gradient instead
of the full gradient [5]. Generally, in topyx sparsification, updates are delayed and not
discarded. The error from the truncation is accumulated in an error term and added to
the gradient before truncation. However, it is important to note that not every update in
topx sparsificiation is guaranteed to be applied [3]. A small update can be delayed forever.
Topk sparsification is well studied in literature [3].
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Alistarh et al. and Stich et al. analyze the convergence rate of topy sparsification, and
show that the scheme converges at the same rate as vanilla SGD under certain settings
[3, 29]. Rengli et al. builds a communication library which extends MPI to support sparse
communication [21]. Shi et al. describes how to implement topg sparsification with all-
reduce in a tree topology to reduce the communication complexity even further [26, 27].

Finally, we note that in practice, there are two key disadvantages to topg sparsification:
1) overhead in finding the top K values in a gradient is a costly operation, since we need to
sort the values in tensor , and 2) topy sparsification needs to encode and send the position
of each of its non-zero gradient component [10]. These two reasons can make randy more
attractive than topg: randg eliminates the need to sort, and if all workers generates the
positions of the non-zero gradient components with the same seed, there is no need to
communicate the position with each other [10]. However, randg is shown to introduce
large compression errors [19]. There has been multiple studies to approximate the topg
operator: Shi et al. and Lin et al. introduces methods to estimate a threshold to estimate
which gradient components to keep [25, 16]. Ozfatura et al. introduces a sparsification
technique that sends a mask to all workers specifying the location of gradient components
to keep, with each worker sending a few gradient components that are not part of the mask
[19]. However, topg sparsification is still the most common sparsification technique studied
in distributed learning [10]. The version of the topy sparsification algorithm implemented
in the parameter server framework is described in Algorithms 6 and 7.

Algorithm 6: Topyx SGD Worker Side (Worker ¢q)

Input: Stochastic Gradient Oracle g?(-;-), learning rate sequence {oy }1>o
1 Initialize wy € R el =0 € RY; ¢ = 1;

2 while t > 1 do

3 aje€l_y +a19% (w1, & y);

a | ei<ai — Topg(af);

5 | SEND(Topg(aj),server);

6

7

8

9

RECV(g;, server);
W We—1 — Gt;
t=1+1;

end
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Algorithm 7: Topyx SGD Server Side
Input: probability vector (po,...,pn)

1 Initialize t = 1;

2 whilet > 1 do

3 for every worker ¢ do

1 | | RECV(Topg(a),q):

5 end

6 g Zévzl pyTopy(af);
7 for every client ¢ do
8 ‘ SEND(¢:, q);
9 end

10 t=t+1,

11 end

3.5 Bidirectional Topy Sparsification

Early uses of topg sparsification did not consider compressing the gradient in the server-
to-worker direction, since the sum of gradients received by the server is already a sparse
gradient if the number of participating workers is small. However, as the number of workers
in the network has increased over the years, it has become important to consider the
downlink compression [5, 22]. We describe bidirectional compression in Algorithms 8 and
9.

Bidirectional sparsification has been used in the Federated Learning setting. Sattler et
al. evaluated communication protocols for Federated Learning, and suggested adding topy
sparsification in the server-to-worker direction [22]. They reported that using bidirectional
topg sparsification did not destabilize the training as much as using bidirectional signSGD.

Beyond applications in Federated Learning, theoretical frameworks to evaluate the con-
vergence rate of bidirectional biased compression techniques with error-feedback framework
have been developed in [31, 35]. As far as we know, Tang et al. is the first to have developed
convergence analysis for bidirectional error feedback SGD compatible with any compres-
sion technique, and admits the same convergence rate as SGD under certain assumptions
[31]. Zheng et al. developed a similar theoretical framework to Tang et al. independently
[35]. The convergence bound in [31, 35] is discussed later in Section 5.5.

Existing work on bidirectional compression frameworks claim that adding server-to-
worker compression degrades the model performance [20], while other analysis show a worse
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convergence bound [31, 35]. However, we claim that bidirectional topg sparsification can
potentially have better convergence than unidirectional topg sparsification, which to the
best of our knowledge is not captured by previous analysis. We motivate this with an
example that shows when bidirectional topx SGD can converge closer to the optimum
value than unidirectional topx SGD at the start of the next chapter.

Algorithm 8: Topg Bidirectional SGD Worker Side (Worker ¢)

Input: Stochastic Gradient Oracle g?(-;-), learning rate sequence {ay }1>¢
1 Initialize wy € R el =0 € RY; ¢ = 1;

2 whilet > 1 do

3 aj—el g +a19% (w1, & 0);

a | e/«ai —Topg(af);

5 SEND(Topg(af), server);

6

7

8

9

RECV (Topg(g:), server);
wi—wy—1 — Topg(g1);
t=1t+1;

end

Algorithm 9: Topg Bidirectional SGD Server Side
Input: probability vector (po,...,pn)

1 Initialize o = 0 € R%:; t = 1;
2 whilet > 1 do

3 for every worker q do

4 | | RECV(Topg(af), q);
5 end

6 | gt Zflvzl pgTopy (af) + 0p_1;
7 0r¢=g¢ — Topg(ge);

8 for every client ¢ do

9 | | SEND(Topk(g:),q);
10 end

11 t=t+1;
12 end
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Chapter 4

Motivating Example of Bidirectional
Top i Outperforming Unidirectional

Top

In this chapter we study a simple case where bidirectional topx SGD can outperform
unidirectional topg SGD, give reasoning to why this happens, and introduce an assumption
that can capture this reason.

4.1 Problem Setup

Consider solving the distributed problem with 3 workers

3

min F(w) £ 53" Fi(u),
where
1 A 1 NT b1
FHw) 2w~ 1) (w— T)
F(w) £ (w5 (w - 5)
Fi(w) 2 %(w 1) (w — 10).



The minimum value of F(w) is %%, when w = 2. We initialize wy € R'™ generated

from N (20, 1) with random seed 10, and run bidirectional topx SGD from Algorithms 8
and 9, where each update step is

3
1
wy = wy—1 — Topg (61 + 3 Z Topg (€f-1 + a1 VEY (wi-1))),

q=1

topxg SGD with uplink compression from Algorithms 6 and 7, where each update step is

3
1
Wy = Wg—1 — g Z TOpK<62171 + ozt_1VFq(wt_1)),

q=1

and topx SGD with downlink compression from Algorithms 10 and 11, where each update

step is
3

1
wy = wy—1 — Topg(6—1 + 04t—1§ Z V! (w_1)).

q=1

Each SGD algorithm is run for 1000 iterations on step size « = 0.01 and K = 1, and
F(w;) is plotted after each iteration in Figure 4.1. Some initial iterations are removed so
F(wy) is close to the minimum value F™.

820 1 — unidirectional (uplink)
unidirectional (downlink)
800 1 —— bidirectional
780 F
E 760 A
[Ty
740 A
720 A
700 A
680 r——
200 400 600 800 1000
Iteration

Figure 4.1: Convergence of unidirectional vs bidirectional topyx SGD run with K =1 and
a = 0.01.
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Algorithm 10: Topx Unidirectional (Downlink) SGD Worker Side (Worker ¢)

Input: Stochastic Gradient Oracle g?(-;-), learning rate sequence {oy }1>¢
1 Initialize wy; t = 1;
2 whilet > 1 do
3 | SEND(ay_19%(wi_1,&")));

4 RECV(Topg (g:), server);
5 wy—wy—1 — Topg(g1);

6 t=t+1;

7 end

Algorithm 11: Topx Unidirectional (Downlink) SGD Server Side
Input: probability vector (po, ..., pN)
Initialize 6y = 0 € R%; ¢t = 1;
while ¢t > 1 do
for every worker ¢ do
‘ RECV(at—lgq<wt—17 61?—1)7 Q);

1
2
3
4
5 end
6
7
8
9

gt<— Zé\; Pet—19% (w1, &l 1) + 0p—1;

o14=gr — Topg (g1);
for every client ¢ do
‘ SEND(Topg(g:), q);

10 end
11 t=t+1;
12 end

4.2 Discussion

Both unidirectional (uplink) and bidirectional topx SGD oscillates periodically at a dis-
tance away from the optimal value. However, bidirectional topx SGD converges closer to
the F* than unidirectional uplink topx SGD, which is counter-intuitive, since we should
be losing information by adding downlink compression.

We provide an explanation of this by observing the gradients from each worker in
unidirectional topx SGD at t = 210. af from each worker ¢ in line 3 of Algorithm 6 is
shown in Figure 4.2. We note that the non-zero components from the sum of topx updates,
Zle Topg (af), shown in Figure 4.3 is very different from the corresponding components in
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the sum of updates, Z?Zl af, shown in Figure 4.4. This happens because the components
from worker 1 and worker 3 have opposite signs. If the largest gradient component from
workers 1 and 3 do not have the same index, then 377 Top(af) will be far from 377, af.
In our example, the norm of the difference between the full update and unidirectional
(uplink) update step is greater than the norm of the difference between the full and the
bidirectional update. Specifically, for unidirectional (uplink) topx SGD, at ¢t = 210,

3 3
1Y " af = " Topg(af)» = 21.80,
q=1

q=1

while

3 3

1> af = Topk (Y Topy(a))ll2 = 21.54,

q=1 q=1

showing that adding downlink topy sparsification brings the update closer to the uncom-
pressed update. While applying downlink compression causes the gradient to lose informa-
tion, it is also causing the gradient to lose “bad” information. This motivates us to split
the error into 2 parts for unidirectional topyx SGD,

N N
I quaf - quTOPK(agﬂb
q=1 q=1

N N N N (4‘1)
<Y peaf = Top (D peaf)lla + | Top (O pgad) = paTopy(af) |2,
q=1

and

N N
[6:—1 + qua? — Topg (6i-1 + ZPqTOPK(ag))HZ

N N
<161+ Y peaf — Topg (61 + Y peaf)[la+ (4.2)

q:l q=1

N N
[ Top g (6¢-1 + quag) — Topg (0i-1 + quTOPK(ag))H%

q=1 q=1

for bidirectional topx SGD.
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One benefit of the new representation is that it has nice physical meaning. The first
norm is the error inherent to the compressor and can be bounded by ~-approximate
compressor defined in (3.2), and the second norm is the error that comes from the dis-
tributed system, which occurs when the gradients from the local workers are not repre-
sentative of the global gradient. Plotting ||TopK(Z(]]V:1pqag) — Zé\lequopK(ag)Hg and
| Top g (04—1 + Zévzl Paai) — Top g (0p—1 + Zévzl peTopg(a?))||2 in Figure 4.5 for bidirectional
and unidirectional downlink topx SGD, we see that adding a downlink topx compressor
to unidirectional topx SGD can generally reduce the distributed error after ¢ = 200.

Alistarh et al. consider ||Top,;((z:(];[:1 Peai) — ZflvzlquopK(a?)HQ in their analysis of

unidirectional topx SGD, though they divide this value by || Zé{\f:l Peg?(wi—1, & 1)|l2 [3]-
This is present in their analysis as an assumption we describe later in Chapter 5. The
authors explain this as a bound on the variance of the local gradients with respect to the
global variance. They give an example to illustrate this: consider an instance with two
nodes, dimension 2, and K = 1. Assume that node 1 has gradient vector (—1001, 500),
and node 2 has gradient vector (1001,500). Applying the top; of the sum of gradients
gives (0,1000). However, applying the sum of top; results in (0, 0), which is not desirable.
Assumption 5.6 in Chapter 5 limits the variability at the local nodes [3]. We can easily use
this example for the bidirectional case. Applying top; to the sum of top; gradients will
give us (0,0), which gives us the same problem.

We also mention that iterating with topx SGD with downlink compression causes the
{w;} sequence to converge to the correct value in our example, since the exact weights are
fixed point, showing that Topy (d;_1 + Z(]]V:l af) could be a good benchmark for measuring
how well an update step will perform. We will use this observation in our analysis in the
next section.

‘“ ||||\“MI|I |I|‘\\‘\ \\..l. \‘\HL |Iy [l |I : ‘w‘\\‘HhLIHH\ i I

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Worker 1 . Worker 2 Worker 3
Gradient Component

Figure 4.2: af from each worker at ¢t = 210 for unidirectional topx SGD.
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Gradient Component

Figure 4.3: Zflvzl Topk (af) at t = 210 for unidirectional topx SGD.

LI L

!l
IH |‘Im||||“ IM
e
-

0 20 40 60 80 100
Gradient Component

Figure 4.4: Zévzl ai at t = 210 for unidirectional topx SGD. Orange gradient components
corresponds to the non-zero gradient gradient components in Figure 4.3.
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Figure 4.5: Average ||TopK(Z:fIV:1 peai) — 25:1 Topy (pgai)ll2 values every 10 itera-
tions for unidirectional topx SGD and average || Topy (d:—1 + Zévzl peai) — Topg (01 +
Zévzl Topy (pgai))||2 values every 10 iterations for bidirectional topx SGD.
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Chapter 5

Bidirectional Top; Convergence
Analysis

We want to minimize the weighted average of N different functions across N nodes:

weR4

min F(w) £ quFq(w).

5.1 Assumptions

Before we focus on the non-convex convergence of Algorithms 8 and 9, we make the fol-
lowing assumptions, most of which we have discussed in Section 2.7 and Section 3.1.

Assumption 5.1 (Existence of lower bound). There exists some constant F* such that
F(w) > F* for all w € RY.

Assumption 5.2 (Biased compressor guarantee). Since the Topx compressor is de-
terministic, we remove the expectation present in (3.1). There ezists some v € (0,1) such
that

ITop e (w) — w3 < (1 —)[wl3 Vw € RY. (5.1)

We mention that we can always find a v value to satisfy this assumption for topg, since
we know

d—K

= fwl?, (52)

ITop e (w) — w3 <
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where d is the dimension of the gradient. We know ~ € [4,1], and v = 1 when K = d.

Assumption 5.3 (Lipschitz continuous gradient). F' is continuously differentiable and
the gradient VF : R — R? is Lipschitz continuous with constant L > 0, i.e.

IVF(w) = VFE ()]s < L|jw — |2 Yw,v € RY.

Assumption 5.4 (First and second moment). The objective function and Algorithm
8 and 9 satisfy the following:

N N
B[ pag"(w.&)] = > p,VF(w) Vw € R4Vt € N, (5.3)
q=1 q=1
and
N
E(|Y  pag®(w, O3] < M Yw € RVt € N. (5.4)
q=1

where E[-] is taken with respect to the joint distribution of {&}, &2, ..., &N},

Assumption 5.5. Given a sequence of iterates {w,}, there exists p > 0 such that

N N
[ Top (0¢—1 + quag)_TOPK(5t—1 + Z Topg (pgai))||2

q=1 q=1

N
< pllaes > pgt(wia &)l VEEN.

q=1
Assumption 5.5 is similar to the assumption made by Alistarh et al [3], which is dis-
cussed in Section 4.2. It’s role is to bound the gap between the topy of the gradient sum

and the bidirectional topx SGD update step, as opposed to the gap between the topg of
the gradient sum and the unidirectional topx SGD update step.

5.2 Concept and Intuition

Our proof of non-convex convergence for bidirectional topx SGD is similar to the proof
for unidirectional topx SGD provided by Alistarh et al [3]. The proof follows the same
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intuition used by convergence proofs of gradient descent methods with the error feedback
framework [3, 11].

We consider an error-corrected sequence,

N
lDt = Wt — quﬁg — 5,5, (55)
q=1

where w0, is the parameter vector after adjusting the error term stored on all workers and
server. To get the non-convex convergence bound, we apply the standard proof of SGD to
Wy, and show that w; ~ w; and VF(w;) ~ VF(w,).

5.3 Convergence Analysis

In this section, we analyze the convergence of the stochastic sequence {w; };>¢ in Algorithm
8 and 9 in the non-convex setting. We follow the proof structure created by Alistarh et al

[3].

Lemma 5.1. Let {w;}4>0 be defined in 5.5, and {w:}i>0, {au}i>0, and p; for 1 <i < N be
defined in Algorithm 8 and 9. Then

N
Wy = Wy—1 — Qy—1 qugq(’wt—l, 53—1)' (5-6)

g=1
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Proof. We have

N
~ q
wt—wt_(st_g Dq€y
g=1

N
= wi—1 — Top(g:) — & — quef

q=1
N
= Wg—1 — Gt — que?
q=1
N N
= w1 — 01 — quTopK(a?) - queff] (5.7)
q=1 q=1

N
_ Y q
= W—1 t—1 Pqly
q=1

N N
= Wi_1 + queg_1 + 01 — 041 — quag

q=1 q=1
N

= W1 — 04— qugq(wt,l, ftq—l)'

q=1
[

Lemma 5.2. Let {w;}1>0 be defined by Algorithm 8 and 9, and {w;}:+>¢ be defined by (5.5).
Under Assumptions 5.2 and 5.5, we have

t

Jooe= il < $/T=7+ 9P S+ N =) i =il (59

i=1

0l

where one can choose the constant A € (0, E)

Proof. Applying Lemma 5.1 and the iterative relation of sequence {w;};>¢ defined in Al-
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gorithms 8 and 9, we get:

N
[wr = Bylla = [Jwi—y = Doy + 1 Y pag(wi1, &)~

q=1
N
Tops (Y peTopg(af) + 6i-1)|l2
q=1
N N
= Hdtfl + quﬁg_l + o qugq(wt—la fg—l)_
N . (5.9)
TOPK(Z peTop g (af) + 6i-1) |2
q=1
N N
< |[0—1 + qua? — Topg (0i-1 + quag)||2+
q=1 q=1
N N
ITops (51 + > pgaf) — Topg (61 + > Topi(pgaf)) |-
q=1 q=1

From Assumption 5.2, we have

N N N
1601+ D pgai = Topge(di1+ > pgaf)lla < VT =7l161+ Y peafll-  (5.10)
qg=1 q=1

q=1

From Assumption 5.5, we have

N N
| Top g (01 + quag)_TOpK(fst—l + Z Topg (pgai))l2
q=1 q=1
N (5.11)
< pllae-1 ) pag(wir, €4)ll2-
q=1
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Combining (5.10) and (5.11) with (5.9), we get

N N
lw = @ells < /T =611+ Y peaillz + pllas—r Y peg(wi-i, &)l
q=1 q=1

(5.12)

N
<VT=A81+ D peelylla+
q=1

N
(V1= +p)llae1 D pag(wi 1,60
q=1
< VI =Awir — W alle + (V1 =5+ p)l|y — W12,

where the final inequality in (5.12) is from Lemma 5.1 and the definition of the error-
corrected sequence w; given in (5.5). Taking the square, we get

lwe — @e]15 = (\/1 = yllwies — We_1lla + (V1 =+ p)|[0; — Wp_1]|2)?
< (14 N1 =) |Jwey — Wy ]2+ (5.13)
VW1 =7+ p)? |y — 1|3,

which holds for any A > 0. For reasons that will become clear later, we choose A € (0, %)
Iterating downwards on (5.13) gives

t
=l < S0 =)+ T+ s =
t

\/ v+ p) 72((1+)\)(1 =) i1 — Wil

=1

(5.14)

]

Lemma 5.3. Under the same setting as Lemma 5.2 as well as Assumption 5.4, assume

that
1 ¢ .04? .
P 1+ M)(1— ¢ _lSD,
e BUERIERIE

for some constant A > 0 and D > 0. Then

- M
Elllwe —@nlls] < 5=(v1 =7+ p)’uD
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Proof. Using Lemma 5.1 and Assumption 5.4, for t € N,

N
Elll@: — @3] < af LBl Y g (w1, &) 3]

g (5.15)
<a; M.
Take expectation to the inequality in Lemma 5.2 and combine with (5.15):
t
E[|Jw, — @[3] X (V1=7+p) — Z((l + A1 =) Elll @41 — Beil|2]
=1
1 < oar
< TWI=T o= S+ N1 =) M (5-16)
i=1
M
7 \/ 1-— + p OétD
[

Theorem 5.4. Under Assumptions 5.1, 5.2, 5.3, 5.4, and 5.5, if a learning rate sequence

{at}1>0 and constant A € (0, 1_77) is chosen such that ¥Vt > 0 there exists constant D > 0

with .
LS A - )Y

=73 X

<D, (5.17)
then running Algorithm 8 and 9 for T iterations will give

1 2
OétE VF wt T— F wo — F*
Z [IVE(w,)|3) < S (F(wo) — F7)

Zt 0 41— t=0 Q
2 A~ 2 T 2
A thoat

Proof. Denote Eg,[-] to be the expectation taken with respect to the joint distribution of
{&},€2..., €N given all random variables before time ¢. Starting with Assumption 5.3 and

(5.18)
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taking Eg,[-] on both sides of the inequality, we get
- - - - - L - -2
Ee, [F(Wi41)] < F(@) + (VEF (@), Be, [We1 — wi]) + EE&[HWH — wyf3]

= F(i,) — 0y (VF (i), Ee, [Z pag(we, &)+

L(l/t

Ee, IIqug we, §)]12]

< F(in) — ar{VF(in), VF (wy)) + — (5.19)
La,*M |
o+

< F(wy) — oy (VF(wy), VE(wy)) +
a(VE(w) — VE(w), VF(wy))

LO{tQM
2

[0 « ~

IV E )3+ ST F(w) - VE);

LO./t2M 4 O[tL2
2 2

< F(y) — | VE (wy)||3 +

_|_

. Q@
< F(a) - SNV (w3 +
Taking expectation with respect to the joint distribution of all random variables on

both sides of the inequality, we get

LOétQM OétLQ
+
2 2

E[F (@e1)] < EIF(@)] — SEIVF(w)][3) + Efllw, — @[3l (5:20)

Applying Lemma 5.3,

- - (67 2 LO(?M 2
E[F (1)) < E[F ()] — BV F(w) 3] + =2 LT3+ 07
Telescoping and rearranging, we get
T
S Bl F ()13 < D 2BIF(00)] ~ BIF (o)) + Lathr+
t=0 =0
D IAMD(T=T + o)
)\ )
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or

T
1 2 .
w2 OEl[VE@)I] € = (F(wo) = F)

D=0 15 t=0 4t (5.21)

L*MD(VI=7+p)*\ Xig 0
+ (LM + ;3 0t
Zt:() o

as desired. O

In order for the upper bound in (5.21) to converge to zero we need » .~ a; = oo and

o2, a? < oo. We can choose the stepsize sequence oy = ﬁ, % < 6 < 1. Finally, we

need to check if the sequence can satisfy (5.17).

We can ensure (5.17) is bounded by requiring (1 + A)(1 —~) < 1. X must be chosen
so that A € (0, ﬁ) We can always find a A that satisfies the inequality, since v € (0, 1)
from Assumption 5.2. It is then easy to see that (5.17) is satisfied, since the exponential

term dominates the polynomial term. We include a derivation of an upper bound of D in
(5.17) in Appendix A.

5.4 Non-Convex Convergence of Unidirectional Topy
Sparsification

In this section, we provide the proof of convergence for unidirectional topx sparsification
described in Algorithm 6 and 7. Our proof of convergence for unidirectional convergence
follows the non-convex proof provided by Alistarh et al. closely, with some adjustments to
remove their limitation that K > 1d, where d is the size of the gradient [3].

We use Assumption 5.1, 5.2, 5.3, and 5.4 for our non-convex analysis of unidirectional
topx sparsification. However, instead of Assumption 5.5, we have

Assumption 5.6. Given a sequence of iterates {w,}, there exists p > 0 such that

N N N
I Tops (D peat) = > Topg(peai))lla < pllav D pag*(wir, )2 VEEN.  (5.22)
q=1

q=1 q=1

Similar to bidirectional topg, we consider an error-corrected sequence w;.
N
T q
Wy = Wy — E Dy€i- (5.23)
q=1

35



Lemma 5.5. Let {w;}i>0 be defined in 5.23, and {w;}i>0, {4 }i>0, and p; for 1 <i < N
be defined in Algorithm 6 and 7. Then
N

Wy = Wy_1 — Q1 qugq(wt—b &) (5.24)

q=1

Proof. We have

N
~ q
Wy = Wy — E Pqs
q=1

N N
= W1 — ZPqTOPK a;) Z
g=1 g=1
N (5.25)
= W¢—-1 — quag
q=1
N
= W1 — Q1 qugq(wt—b &1)-
q=1

]

Lemma 5.6. Let {w;}i>0 be defined by Algorithm 6 and 7, let {w;}1>0 be defined by 5.23
and define a constant X > 0. Under Assumptions 5.2 and 5.6

lwy — @2 < V1 —=wmr — Wiz + (V1 =7+ p) ||y — Wi—a|2- (5.26)

Proof. Applying Lemma 5.1 and the iterative relation of sequence {wy};>¢ defined in Al-
gorithm 8 and 9 we get:

N
lw, — il = fwims — Wit + a1 Y pag®(wimt, &1) = > pyTopg(af) |
q=1 q=1
N N N
=D peel oY peg®(wii, &1) — > pyTopyc(ad) |
q=1 q=1

q=1
N N (5.27)
<> pgad — Topi (D pead)|la+
g=1 q=1

N N
ITopx (Y pyaf) = Y pgTopsc(af) |2

q=1 q=1
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From Assumption 5.2, we have

N N N
1D~ pgaf = Topr (Y pgad)lla < VT =7 pyaf]lo: (5.28)
q=1 qg=1 q=1

And from Assumption 5.6, we have

N N N
ITopg (D paaf) — Topg (D Topg (pgaf))ll2 < pllar-r Y pog(wir, 1)l (5.29)

qg=1 q=1 q=1

Combining 5.28 and 5.29 with 5.27, we get

N N
lwr = ylla < /1= peafllz + pllar-1 Y pag(we-s, & )ll2
q=1 q=1

N N (5.30)
SVI=AD peetalla+ (VI =7+ p)llat Y pog(wii, &)l
q=1 q=1
< V1= Ywier = @il + (V1 =7 + p) |0 — Wi |-
as desired. ]

We note that (5.12) and (5.26) are the same. From this point, the proof for unidi-
rectional non-convex convergence is the same as the proof for bidirectional non-convex
convergence. Following the convergence analysis of Section 5.3, we get the following result.

Theorem 5.7. Under Assumptions 5.1, 5.2, 5.3, 5.4, and 5.6, if a learning rate sequence

{at}1>0 and constant A € (0, 1_77) is chosen such that ¥Vt > 0 there exists constant D > 0
with

1 ¢ .Q?A

T 20 FNA =)= <D, (5.31)

i=1

then running Algorithm 6 and 7 for T iterations gives

T
1 2
o E[|VF(w)|3] < F(w) — F*)
Zf_oat; E[[VE (we)||5] thoat( 0
N (LM+ LQMD(V1—7+,0)2> > io0i
A Ethoat

(5.32)
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5.5 Discussion

We remark that after changing Assumption 5.6 to Assumption 5.5, bidirectional topx SGD
has the same convergence bound as unidirectional topx SGD. If we choose the step size to

be oy = m, where € is an arbitrarily small number, the bound in Theorem 5.4 and

Theorem 5.7 will approach 0 at O(1/v/T). Both have the same asymptotic convergence rate
as SGD. We briefly comment that there is a slight mistake in the convergence analysis of
Alistarh et al., and the p value in Assumption 5.6 should not be dampened by the number
of workers [3]. We compare the performance of bidirectional to unidirectional topx SGD
in Chapter 6, and estimate the values of the constants in their convergence bound.

We briefly mention the convergence bounds provided by Tang et al. and Zheng et al.

[31, 35], which are
C1 C2 C3
NT 73T
where ¢;, ¢ and ¢z are positive constants. The analysis provided in [31, 35] is non-
asymptotic: the authors fix an iterate T, then choose a stepsize. Tang et al. only provide
analysis for constant stepsize [31], and the algorithm for bidirectional compression with
decreasing stepsize described by Zheng et al. is different from Algorithms 8 and 9: they
rescale the accumulated error term €f and 0, by «;_1/ay every iteration [35]. We also note

that the value bounded by [35] is

T—1
(3 — 2Lay)E[|| F(wy) 3],
Zk 0 ak( — 2Lay) ; ’

which is non-standard.

The main advantage of our bidirectional top analysis is that it shows that bidirectional
topx SGD can perform as well as, if not better than, unidirectional topx SGD. We also
comment that the analysis for bidirectional topx can be applied to other bidirectional
compression algorithms with error feedback, and can give the reader an intuition of how
to choose a downlink compressor Cs given uplink compressor C;. Specifically, we want to
choose a compressor C5 such that,

N
[C1(d—1 + qu<wt—l> §l1) telq)—
q=1
N (5.33)

CQ(étfl + quc1(€g_1 + Oétflgq<wt*17 53—1»)”2 ~ 0.

q=1
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We can use this method to evaluate potential hybrid strategies, where C5 is different
from C;. (5.33) can help us gain a better understanding of which downlink compressors
can be used with an uplink compressor.
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Chapter 6

Experiment Results

This chapter describes the setup of experiments, the results, and some discussion towards
their implication.

6.1 Testing Framework

The testing framework used to evaluate bidirectional topx SGD against unidirectional top
SGD is written with the PyTorch library. To circumvent the difficulty of acquiring a large
number of workers to test on, we build on Jadhav’s GitHub repository Federated-Learning-
PyTorch [1]. The framework simulates distributed training on a single machine. It does
this by instantiating a number of models locally, dividing the dataset among the models,
training the model on the divided dataset, and synchronizing models at appropriate times.
Specifically, we use Jadhav’s method of assigning data to workers as well as their general
idea behind synchronizing parameters across local models [1].

Our main contributions to the repository are as follows: 1) sparsifying gradients in both
the uplink and downlink direction, 2) adding error feedback memory terms, 3) synchroniz-
ing after each batch instead of after each epoch.
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6.2 Differences Between Theoretical and Experiment
Setup

We mention experiment settings that are not reflected in the theory presented in Chapter
5. The first is that the data chosen in each epoch is sampled without replacement using
a technique called random reshuffling (RR) [%]. For our convergence analysis, this means
that the variables £ are not iid across time ¢ and across workers. As far as we know, this
difference is common in gradient compression research [3, 6, 14, 31, 35], as RR has been
shown to converge faster than SGD on many experiments, but the convergence property
of SGD is more well understood [9].

Another difference is the choice of step size. In our analysis, the stepsize is decreased
in each iteration or batch. In practice, the stepsize for topx sparsification is decayed after
a fixed number of epochs or kept constant. Tang et al trains bidirectional topx SGD for
320 epochs on a learning rate of 0.1 for the first 160 epochs and a learning rate of 0.01 for

the second 160 epochs [31]. Sattler et al uses a constant learning rate to train their models
with bidirectional topg sparsification [22]. For our experiments the learning rates are kept
constant.

6.3 Experiment Setup

Experiments are run on MNIST [11] and Fashion-MNIST [33] datasets with multilayer per-
ceptrons and convolution neural networks with 20, 50 and 100 workers. We randomly split
the 60000 elements of the training set into equal size sets and assign each to a worker. The
models are trained with SGD, unidirectional topx SGD, and bidirectional topx SGD and
evaluated on a test set of 10000. We set the minibatch size to 10 for all models regardless
of number of workers participating, and train the models for 100 epochs. The learning rate
for SGD, unidirectional topx SGD, and bidirectional topx SGD is tuned separately from
0.01 to 0.25 with step increase of 0.01, unlike previous bidirectional compression experi-
ments, which use the same learning rate [22, 31]. We include the optimum learning rate of
all models in Table B.1. There are models where the optimum learning rate differs dras-
tically when run with unidirectional topx and bidirectional topx SGD, such as the MLP
model trained on the MNIST dataset and the CNN model trained on the Fashion-MNIST
dataset. This suggests, contrary to Sattler et al’s suggestion [22], that it may be unfair to
compare unidirectional and bidirectional topx SGD under the same learning rate.

We also perform experiments on a VGG19 network [28] trained on the CIFAR10 [15]
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dataset with 20 workers for SGD, unidirectional topx SGD, and bidirectional topx SGD.
These models are trained with batch size 100 for 200 epochs. We tune the learning rate of
the VGG19 network trained with SGD on learning rates 0.01, 0.02, 0.05 and 0.1, and use
the same learning rate for unidirectional and bidirectional topx SGD.

For all models we choose K = 0.001d for the Topx operator, where d is the size of the
gradient. Due to PyTorch specifics, we calculate K in the following manner,

K=d—[(1-0.001)d],

and we include the gradient size and the corresponding K value of each model we tested
on in Table 6.1.

Dataset Model | d K
MLP 50890 51
CNN 1199882 | 1200
MLP 242762 243
CNN 29034 30
CIFARI10 VGG19 | 20040522 | 20041

MNIST

Fashion-MNIST

Table 6.1: Model and gradient size used in experiments. The K value for the uplink and
downlink compressor are the same for bidirectional topx SGD.

6.4 Unidirectional vs Bidirectional Training Loss and
Test Accuracy

We compare the results of unidirectional and bidirectional compression in this section.
With careful tuning, both unidirectional and bidirectional topx SGD achieve the same
test accuracy as SGD. We include the results for the Fashion-MNIST MLP network in
Figure 6.1 and 6.2, and the results for the CIFAR10 VGG19 network in Figure 6.3 and 6.4.
The figures for the rest of the models are located in Appendix C.1. The results show that
bidirectional topx SGD and unidirectional topx SGD can achieve similar test accuracy
and train loss in the same number of epochs. We also mention that bidirectional topg
SGD and unidirectional topg SGD can achieve similar testing accuracy and training loss
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to vanilla SGD, with the exception of the VGG19 model trained on CIFAR10 dataset. We
see in Figure 6.3 that the final testing accuracy of the VGG19 model trained on CIFAR10
with compressed SGD methods is slightly lower than the final testing accuracy of the model
trained with SGD. However, we mention that the training loss are approximately the same
in Figure 6.4.

20 workers 50 workers 100 workers

0.9 o - 7

0.8 A ‘ 1
> | ‘
O
S 0.7 i
>
(&)
b4

0.6 - .

0 50 100 0 50 100 0 50 100
Epoch
—— unidirectional —— bidirectional — sgd

Figure 6.1: Comparison of testing accuracy for MLP model trained on Fashion-MNIST
data for unidirectional topg, bidirectional topyx and vanilla SGD. Trained on batch size
10. Kdownlink = Kyplink ~ 0.001d for bidirectional. Kpjink ~ 0.001d for unidirectional.
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—— unidirectional —— bidirectional — sqgd

Figure 6.2: Comparison of training loss for MLLP model trained on Fashion-MNIST data
for unidirectional topg, bidirectional topyx and vanilla SGD. Trained on batch size 10.
K qowntink = Kuplink ~ 0.001d for bidirectional. Kpink ~ 0.001d for unidirectional.

0.9

o Y

0.7 1

0.6 1

0.5 A

Accuracy

0.4 4
0.3 4
0.2 4 — unidirectional

—— bidirectional
0.1 —— sgd

(I) 2‘5 5‘0 7‘5 1(‘)0 1é5 1_%0 1%5 Z(IJO
Epoch

Figure 6.3: Comparison of testing accuracy for VGG19 model trained on CIFAR10 data for

unidirectional topg, bidirectional topg and vanilla SGD on 20 workers. Trained on batch
size 100. Kqownlink = Kupiink ~ 0.001d for bidirectional. K pink ~ 0.001d for unidirectional.
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Figure 6.4: Comparison of training loss for VGG19 model trained on CIFAR10 data for
unidirectional topg, bidirectional topg and vanilla SGD on 20 workers. Trained on batch
size 100. Kqownlink = Kupiink ~ 0.001d for bidirectional. K pnk ~ 0.001d for unidirectional.
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6.5 Compression Rate of Downlink Topjy Sparsifica-
tion

Unlike uplink compression, the number of bits saved from downlink compression is related
to the number of participating workers. For example, if N workers contributed sparse gra-
dients of size K\pink, then the gradient sent back by the server after aggregation is a sparse
gradient with size at most Kpiink/V 1 Applying topx sparsification in the downlink will
compress the gradient to at most Kaownlink/(KuplinkN) of its size. If Kiownlink = Kuplinks
downlink topy sparsification compresses the gradient to almost 1/N of its size. If the
indices of the gradient components contributed by different workers overlap, then the com-
pression factor is greater than Kgowntink/ (Kupink N ). We measure the percentage of non-zero
indices in the sum of gradients from the workers, which we show in Figure 6.5 and 6.6, and
Appendix C.3. For all experiments, we see that the percentage approaches Kpink/N/d as
the number of iterations increase, showing that the compression rate of the downlink topx
compressor is almost as large as possible.

Using our findings, the time it takes to transfer a gradient from worker-to-server then
server-to-worker for unidirectional compression is
ay + 2[(uplinkﬂl + ag + 2NKuplinkﬁ2> (61)
and the time it takes to transfer a message in bidirectional compression is

oy + 2[(uplinkﬁl + oo + 2Kdownlinkﬁ27 (62)

where oy is the latency of a message transfer between worker-to-server, as is latency of
a message transfer from server-to-worker, 5y is the uplink transfer time for a 32-bit float,
and (5 is the downlink transfer time for a 32-bit float.

We need to double the communication time between nodes since the system needs to
communicate the indices of the non-zero elements of the gradient in addition to the value
of each gradient component.

In this section, the size of the gradient refers to the number of non-zero components in the gradient,
not the magnitude of the gradient.
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Figure 6.5: Percent of non-zero indices after aggregating sparse gradients from workers.
Trained on a MLP network using Fashion-MNIST dataset. Kyplink = Kdownlink ~ 0.001d.
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Figure 6.6: Percent of non-zero indices after aggregating sparse gradients from workers.
Trained on a VGG19 network using CIFAR10 dataset. Kypiink = Kdownlink ~ 0.001d.
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6.6 Behaviour of Constants in Convergence Analysis

In this section, we estimate the constants p and v from the convergence bound of unidi-
rectional and bidirectional topgx SGD in Theorem 5.4 and Theorem 5.7. For SGD with
bidirectional sparsification, using the notation from Algorithms 8 and 9, we record the
sequences {p}, {1 — Adownwardl “and {1 — 4P} for each batch, where

N N
- I1Topg (-1 + 341 Paat) — Topgc (91 + 22, Topx (Pgat))ll2

. s S pag 1. €1 A
1 sgomn_ IToPclBs + S, o)) = 6s = S Toplpneblls (o
160-1 4 >g—1 Top s (Pqai) l2
and
1— ,Ay;lplink — max { | Topg (peai) — pyai || 1<q< N} . (6.5)
Ipgai |

For SGD with unidirectional sparsification, using notation from Algorithms 6 and 7,

we record the sequences {p;}, {1 — 41"} for each minibatch, where

N Topg (gl peaf) = Yogm; Top (peaf))ll2

Pt N ) (66)
||at—1 Zqzl png(wt—la §E_1) ||2
and - . .
1 — ,.%lplink — max { H OpK<pqat3 — DPqly || 1 S q S N} ) (67)
[pqat |l

We estimate the constants v and p from the maximum of these sequence of values.
Comparisons of p; values for unidirectional and bidirectional topx SGD are shown in
Figure 6.7 and 6.9, and Appendix C.2. The maximum value of the sequence {p;} is
recorded in Table D.1. We see that the p; value for bidirectional topx SGD is consistently
smaller than p; value for unidirectional topx SGD across all experiments. We plot the
numerator and denominator of p; from (6.3) and (6.6) separately in Figure 6.8 and 6.10, and
Appendix C.2. We observe the minimum |la;_q Zévzl Peg?(wi—1,&/ 1) ||2 value in each epoch
is approximately the same for unidirectional and bidirectional topgx SGD. The difference
comes from the numerator, showing that adding downlink topg compressor can reduce the
distributed error defined in (4.1).

We plot the the sequence {1 — Adownlink} “and {1 — 451 i Figure 6.11 and 6.12,
and Appendix C.4. For bidirectional compression, when Kowniink = Kuplink, the maximum
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{1 — 4downlink} yalue in each epoch is consistently smaller than the maximum {1 — 47"}

value in each epoch, and the sequence {1 — 4™} is similar for both unidirectional and
bidirectional compression. This implies that the v constants in the convergence bound of

Theorem 5.4 and 5.7 are approximately equal.

The smaller p values and similar 4 values suggest that the convergence bound of bidirec-
tional topxg SGD can potentially be tighter than the convergence bound of unidirectional
topx SGD.

20 workers 50 workers 100 workers
12.5 A
6 _
10.0 - 4-
7.5 1 4 -
0
5.0 H i
2 > 4
2.5 4
00 L I‘ - T — \; O L I‘ - T | 0 L I‘ T |
0 50 100 0 50 100 0 50 100
Epoch
—— unidirectional : - bidirectional

Figure 6.7: Largest p value in each epoch of a MLP model trained with unidirectional and
bidirectional topx SGD on Fashion-MNIST dataset. Batch size 10.
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Figure 6.8: Results from training MLP model on Fashion-MNIST data. Left side graphs are
the largest || Top K(Zf]v:l Peai) — Zévzl Topy (pgai)||2 value in each epoch for unidirectional
topx SGD and the largest Topy (&1 + Zflvzl paai) — Topy (01 + Zévzl Topx (pgai))|l2
value in each epoch for bidirectional topy SGD. Right side graphs are the smallest
HO%_IE:g;ljhgq(u%_l,gijng value in each epoch.
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Figure 6.9: Largest p value in each epoch of a VGG19 model trained with unidirectional
and bidirectional topg SGD on CIFARI10 dataset with batch size 100.
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Figure 6.10: Results from training VGG19 model on CIFAR10 data. Left side graphs are

the largest || Top K(Zé\le pgai) — Zflvzl Top g (pyaf)||2 value in each epoch for unidirectional

topx SGD and the largest Topy(d;—1 + Zfzvzl pgai) — Topg (6i—1 + Z(]]V:l Top g (pgai))||2

value in each epoch for bidirectional topx SGD. Right side graphs are the smallest
N g q :

-1 D=1 Pag?(wi—1,&1)||2 value in each epoch.
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Figure 6.11: Largest 1 — value in each epoch of a MLP model trained with unidirectional
and bidirectional topx SGD on Fashion-MNIST dataset.
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Figure 6.12: Largest 1—4 value in each epoch of a VGG19 model trained with unidirectional
and bidirectional topx SGD on CIFAR10 dataset with batch size 100.
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Chapter 7

Conclusion

This thesis studies bidirectional topx SGD in distributed learning. We started in Chapter
2, where we provide some background into SGD and distributed learning. In Chapter 3
we discuss gradient compression techniques, and give a brief introduction to current re-
search in unidirectional and bidirectional topg sparsification. In Chapter 4 we introduce
an example where bidirectional topg sparsification outperforms unidirectional topx spar-
sification and give some justification to why this is the case. We then use this justification
to build our non-convex convergence analysis in Chapter 5. Finally, in Chapter 6, we pro-
vide experiment results showing that bidirectional topx SGD can perform just as well as
unidirectional topyx SGD in different settings, give the reader an estimate of some of the
constants in the upper bound of the convergence rate, and estimate the compression factor
achieved by the downlink topx compressor.

7.1 Contributions

In our thesis, we provide a non-convex convergence analysis for bidirectional topgx SGD
that can potentially have a tighter convergence bound than unidirectional topx SGD. We
justify that our analysis is needed by giving an example where bidirectional topyx SGD
has better convergence than unidirectional topx SGD. We also modify Alistarh et al.’s
non-convex analysis of unidirectional topx SGD so that it works for K < %d, where d is
the size of the gradient [3].

We provide detailed testing across different models, datasets, and number of workers at
state-of-the-art sparsification levels [10] to show that bidirectional topx SGD can converge
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as well as unidirectional topgx SGD. We comment that for optimum performance, the
learning rate for unidirectional and bidirectional topx SGD need to be tuned separately,
which is not done by some of the representative works of bidirectional compression [22, 31].
We also provide empirical evidence that the communication saved by the downlink topg
compressor is almost linear to the number of workers when K << d.

7.2 Future Work

In Chapter 4, we discuss that we want to minimize our distributed error ||Topy (d:—1 +
Zévzl aj) — Topy (0;—1 + TopK(Xjé\;1 ai))||2. Therefore instead of sending the topy val-
ues from each worker, we could try to predict the indices of the non-zero components of
Topy (0;—1 + fo:l af), and send those gradient components instead. We mention that
Ozfatura et al. designed an algorithm to estimate the most significant components in a
model by exploiting the idea that the positions of the topx components are correlated over
time, though the main focus of their research is to reduce the overhead in the encoding
and transmission of model information instead of improving convergence [19].

Another natural step would be to try to extend our results for bidirectional topx SGD
to the Federated Learning setting, where the data allocated to each worker is non-iid, and
only a fraction of the workers is capable of updating the central model at a given time [15].
While we include some preliminary experiments with non-iid data in Appendix C.5, we
still need to extend our testing to partial participation of workers. However, we note that
it is difficult for models to converge to high accuracy when the number of participating
workers is low [22], and the tradeoff between faster training time and further loss in testing
accuracy should be seriously considered before applying gradient compression techniques.
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Appendix A

Non-Convex Analysis

A.1 Upper Bound on Constant D

In this section, we derive an upper bound on the constant D in (5.17).

Lemma A.1. Let 0 < f < 1, and 0 > 0. Fort > 1, there exists a constant D such that
for any t,

(t+1)°
’ <D.
Zﬁ T S

Proof. When t =1,

t+1
¢ —2.
Zﬁ t—z—i—l b

When t = 2,
Zﬂ’ —639+B( ).

We need to check if the condition holds for ¢ > 3. To show this, let m = t+1—[v/t + 1].
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Note that m > v/t + 1 for t > 3.

< Zﬁ"+25m(t+1)9

o iom
§£%§%5+6m@+w%r—m+1)
R N Y
< %w?l b VL 4 1)L

We have

(6+1)
5\/15471(]5 + 1) < max {5249+1,52(li+51) (2f —;2) },
n

from checking the endpoints and stationary points of BV (¢ + 1)1, We also know

1_6\/t+1+1 1
1-p 1—-p

from taking ¢t — oco. So, for ¢t > 3

1 2.0 20041 (20 4+ 2 2(6+1)
7 4+1 In B3 .
Zﬁ t—z+ 29—1—5+max{5 B (mﬁ)

For all ¢ > 1, we have
3\ ?
i 0 2
ZB 2—1—1 <max{2ﬁ,ﬂ3 + 8 <1> :

1 2ot L2esn (20420
[ 4 +1 Inp .
1_5+max{ﬁ B (lnﬁ)
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The next result immediately follows from Theorem 5.4 and Lemma A.1.

Corollary A.1.1. Under Assumptions 5.1, 5.2, 5.3, 5.4, and 5.5, if Algorithm 8 and 9 is

run with learning rate sequence oy = m for T iterations, we get

1

d p
> aB[|VF(w)|3] € <7 (F(wo) — F*)
Do t=0 > tmo (A1)

L*MD(VT—7+ p)Q) > O
A Ztho Q

+(LM+

) _ 0 2(6+1) 2(0+1)
with A € (0, 17—“’) and D = ﬁ max ¢ 20, 33°+5% (2)", max {6249+1,ﬁ I (21‘31—22) } },

where 5= (1 +A)(1 —~) and § =1/2 + €.
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Appendix B

Learning Rates

Dataset Model | Workers | unidirectional Ir | bidirectional Ir | SGD Ir
20 0.08 0.08 0.06
50 0.13 0.12 0.07
MLP 100 0.22 0.22 0.08
) 20 0.09 0.08 0.06
Fashion-MNIST CNN 50 0.12 0.11 0.07
100 0.14 0.2 0.08
20 0.06 0.09 0.03
50 0.17 0.18 0.1
MLP 100 0.17 0.24 0.1
20 0.08 0.09 0.05
MNIST ONN 50 0.14 0.16 0.07
100 0.09 0.16 0.07
CIFARI10 VGG19 20 0.05 0.05 0.05

Table B.1: Learning rate chosen for all models.
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Appendix C

Experimental Figures

C.1 Testing Accuracy and Training Loss

20 workers 50 workers 100 workers
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Epoch
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Figure C.1: Comparison of testing accuracy from training CNN model on Fashion-MNIST
data for unidirectional topg, bidirectional topx and vanilla SGD. Trained on batch size
10. Kaowntink = Kuplink =~ 0.001d for bidirectional. Kpjink ~ 0.001d for unidirectional.

65



20 workers 50 workers 100 workers

0.020 - . .
0.015 - . .
%}
2 0.010 A . 4
-
0.005 - . -\
0.000 1 1 T T T 1 T T T
0 50 100 0 50 100
Epoch
—— unidirectional —— bidirectional — sqd

Figure C.2: Comparison of training loss from training CNN model on Fashion-MNIST
data for unidirectional topg, bidirectional topx and vanilla SGD. Trained on batch size
10. Kgowntink = Kuplink =~ 0.001d for bidirectional. Kpjink ~ 0.001d for unidirectional.
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Figure C.3: Comparison of testing accuracy from training MLP model on MNIST data
for unidirectional topg, bidirectional topx and vanilla SGD. Trained on batch size 10.
K gowntink = Kuplink ~ 0.001d for bidirectional. K,pinkx ~ 0.001d for unidirectional.
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Figure C.4: Comparison of training loss from training MLP model on MNIST data
for unidirectional topg, bidirectional topyx and vanilla SGD. Trained on batch size 10.
K gowniink = Kuplink ~ 0.001d for bidirectional. Kpink ~ 0.001d for unidirectional.
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Figure C.5: Comparison of testing accuracy from training CNN model on MNIST data
for unidirectional topg, bidirectional topx and vanilla SGD. Trained on batch size 10.
K gowntink = Kuplink ~ 0.001d for bidirectional. K,pinkx ~ 0.001d for unidirectional.
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Figure C.6: Comparison of training loss from training CNN model on MNIST data
for unidirectional topg, bidirectional topyx and vanilla SGD. Trained on batch size 10.
K qowntink = Kuplink ~ 0.001d for bidirectional. Kpink ~ 0.001d for unidirectional.
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C.2 p Values

C.2.1 Fashion-MNIST CNN Model
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Figure C.7: Comparison of p values from training CNN model on Fashion-MNIST data for
unidirectional topg and bidirectional topx. Models trained on batch size 10. Kgownlink =
Kupiink =~ 0.001d for bidirectional. Kpinkx ~ 0.001d for unidirectional.
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Magnitude

Figure C.8: Results from training CNN model on Fashion-MNIST data. Left side graphs
are the largest || Top K(Zév:l Peai) — fo:l Top (pgai)||2 values in each epoch for unidirec-
tional topx SGD and the largest TopK(ét,pLZfIV:l Peay) —TopK(ét,1+ZéV:1 Topx (pgai))|l2
values in each epoch for bidirectional topx SGD. Right side graphs are the smallest
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C.2.2 MNIST MLP Model
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Figure C.9: Comparison of p values from MLP Model trained on MNIST data for unidirec-
tional topx and bidirectional topx. Models trained on batch size 10. Kqowniink = Kuplink ~
0.001d for bidirectional. Kpjink =~ 0.001d for unidirectional.
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Figure C.10: Results from training MLP model on MNIST data. Left side graphs are
the largest || Top K(Zf]\lzl peai) — Zévzl Topk (pgai)||2 values in each epoch for unidirectional
topx SGD and the largest Topy (&1 + Zflvzl paai) — Topy (91 + Eévzl Topk (pgai))|l2
values in each epoch for bidirectional topx SGD. Right side graphs are the smallest

||l 1 Z;V:lpng(wt_l, & 1)z value in each epoch.
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C.2.3 MNIST CNN Model
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Figure C.11: Comparison of p values from CNN Model trained on MNIST data for uni-
directional topgx and bidirectional topx. Models trained on batch size 10. Kgownlink =
K piink ~ 0.001d for bidirectional. Kpink ~ 0.001d for unidirectional.
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Figure C.12: Results from training CNN model on MNIST data. Left side graphs are
the largest || Top K(Zévzl peai) — Zévzl Topk (pgai)||2 values in each epoch for unidirectional

topx SGD and the largest Topy (&1 + Zflvzl paai) — Topy (91 + Zévzl Topk (pgai))|l2
values in each epoch for bidirectional topx SGD. Right side graphs are the smallest

Epoch
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C.3 Percent of Non-Zero Indices in Gradient After
Server Aggregation
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Figure C.13: Percent of non-zero indices after aggregating sparse gradients from workers.
Trained on a CNN Model using Fashion-MNIST dataset. Kypiink = Kdowniink ~ 0.001d.
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Figure C.14: Percent of non-zero indices after aggregating sparse gradients from workers.
Trained on a MLP Model using MNIST dataset. K pink = Kdownlink ~ 0.001d.
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Figure C.15: Percent of non-zero indices after aggregating sparse gradients from workers.
Trained on a CNN Model using MNIST dataset. Kpiink = Kdownlink ~ 0.001d.

C.4 11—+ Values
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Figure C.16: Largest 1 —4 value in each epoch of a CNN model trained with unidirectional
and bidirectional topx SGD on a Fashion-MNIST dataset.
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Figure C.17: Largest 1 —4 value in each epoch of a MLP model trained with unidirectional
and bidirectional topx SGD on a MNIST dataset.
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Figure C.18: Largest 1 —4 value in each epoch of a CNN model trained with unidirectional
and bidirectional topx SGD on a MNIST dataset.
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C.5 Test Results on Non-IID Data Distribution

In this section, we briefly discuss testing on non-iid datasets. We use the experimental
setup proposed by McMahan et al. [18] and implemented by [1]. Data is sorted by digit
labels, then divided into 200 shards of 300 data points with the same label. Each shard is
assigned to a random worker. Since the experiments are run with 100 workers, and MNIST
and Fashion-MNIST each have 60000 data points, each worker has 2 shards with 300 data
points. We plot the test accuracy, training loss and p values in the following subsections,
and make the same observation of p as in the experiments with iid data distribution.
Adding downlink compressor appears to decrease the value of p. We also note that p
appears to be larger for non-iid experiments than iid experiments. This makes sense, as we
would expect the updates committed by each individual worker to be less representative
of the global update in the non-iid case than in the iid case.

C.5.1 Fashion-MNIST MLP Model

0.90 A
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‘ — sqgd
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Figure C.19: Comparison of testing accuracy from training MLP model on Fashion-MNIST
data for unidirectional topy, bidirectional topg and vanilla SGD. Trained on batch size 10.
K aowniink = Kuplink ~ 0.001d for bidirectional. Kpjink ~ 0.001d for unidirectional. Dataset
is non-iid.
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Figure C.20: Comparison of training loss from training MLP model on Fashion-MNIST
data for unidirectional topy, bidirectional topg and vanilla SGD. Trained on batch size 10.
K aowniink = Kuplink = 0.001d for bidirectional. Kjink =~ 0.001d for unidirectional. Dataset
is non-iid.
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Figure C.21: Comparison of p values from training MLP model on Fashion-MNIST data for
unidirectional topg and bidirectional topx. Models trained on batch size 10. Kgownlink =
K piink =~ 0.001d for bidirectional. Kypink ~ 0.001d for unidirectional. Dataset is non-iid.
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C.5.2 Fahsion-MNIST CNN Model
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Figure C.22: Comparison of testing accuracy from training CNN model on Fashion-MNIST
data for unidirectional topg, bidirectional topg and vanilla SGD. Trained on batch size 10.
Kaowntink = Kupiink ~ 0.001d for bidirectional. K\plink ~ 0.001d for unidirectional. Dataset
is non-iid.
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Figure C.23: Comparison of training loss from training CNN model on Fashion-MNIST
data for unidirectional topy, bidirectional topg and vanilla SGD. Trained on batch size 10.
K aowniink = Kuplink = 0.001d for bidirectional. Kink ~ 0.001d for unidirectional. Dataset
is non-iid.
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Figure C.24: Comparison of p values from training CNN model on Fashion-MNIST data for
unidirectional topg and bidirectional topx. Models trained on batch size 10. Kgownlink =
K piink =~ 0.001d for bidirectional. Kpink ~ 0.001d for unidirectional. Dataset is non-iid.
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C.5.3 MNIST MLP Model
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Figure C.25: Comparison of testing accuracy from training MLP model on MNIST data
for unidirectional topg, bidirectional topy and vanilla SGD. Trained on batch size 10.
K qowntink = Kuplink ~ 0.001d for bidirectional. Kpjink ~ 0.001d for unidirectional. Dataset
is non-iid.
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Figure C.26: Comparison of training loss from training MLP model on MNIST data
for unidirectional topg, bidirectional topx and vanilla SGD. Trained on batch size 10.
K aowniink = Kuplink ~ 0.001d for bidirectional. Kjink =~ 0.001d for unidirectional. Dataset

is non-iid.
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Figure C.27: Comparison of p values from training MLP model on MNIST data for uni-
directional topx and bidirectional topg. Models trained on batch size 10. Kyownlink =
K piink =~ 0.001d for bidirectional. Kpink ~ 0.001d for unidirectional. Dataset is non-iid.
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C.5.4 MNIST CNN Model
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Figure C.28: Comparison of testing accuracy from training CNN model on MNIST data
for unidirectional topg, bidirectional topy and vanilla SGD. Trained on batch size 10.
K qowntink = Kuplink ~ 0.001d for bidirectional. Kpjink ~ 0.001d for unidirectional. Dataset
is non-iid.

87



0.005 A

0.004 -

0.003 A

Loss

0.002 A

0.001 -

0.000 -

—— unidirectional
——— bidirectional
— sqgd

Figure C.29: Comparison of training loss from training CNN model on MNIST data
for unidirectional topg, bidirectional topyx and vanilla SGD. Trained on batch size 10.
K aowniink = Kuplink ~ 0.001d for bidirectional. K pjink ~ 0.001d for unidirectional. Dataset

is non-iid.
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Figure C.30: Comparison of p values from training MLP model on MNIST data for uni-
directional topx and bidirectional topx. Models trained on batch size 10. Kgownlink =
K piink =~ 0.001d for bidirectional. Kpink &~ 0.001d for unidirectional. Dataset is non-iid.
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Appendix D

Convergence Bound Constants

Dataset Model WOI'kGI'S ﬁunidirectional [)bidirectional

20 21.78 0.60
50 5.86 0.14

MLP
100 6.65 0.08
20 15.35 0.92

Fashion-MNIST

50 7.48 0.24

CNN
100 9.05 0.18
20 16.03 0.95
50 9.72 0.28

MLP
100 13.90 0.15
20 306.19 33.60

MNIST

50 24.26 1.09

CNN
100 6.14 0.09
CIFARI10 VGG19 20 4.16 0.21

Table D.1: Maximum p value of trained models across all epochs.
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