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Abstract

The purpose of this thesis is to establish some non-perturbative results in gauge theories
in d < 4 spacetime dimensions. We generically refer to such theories as Quantum Chromody-
namics (QCD). Gauge theories are asymptotically free, which means that at short distances
interactions become weak, and one can reliably use perturbation theory in order to solve
the theory. Most of our current understanding of QCD stems from studying the theory
at short distances; for example, this is the regime where the bulk of experimental tests of
the Standard Model of particle physics has been performed. By contrast, the long distance
regime is characterized by strong interactions, and here perturbation theory generically stops
working. Hence, the dynamics of QCD at macroscopic scales is to a large extent still a
mystery. For example, our ab initio understanding of the spectrum of hadrons is still very
limited, most data coming from numerics or phenomenological models.

In order to study gauge theories in their strongly-interacting regime, the perturbative
approach is mostly useless, and one must develop new tools. In this work we study some
quantitative properties of QCD in its strongly-coupled phase. Some of our main tools are
supersymmetry, 't Hooft anomalies, dualities, topological fields theories, and two-dimensional
chiral algebras.
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Chapter O

Introduction and summary.

Say we are given a quantum field theory. An extremely useful tool to understand its dynamics
is perturbation theory: we expand observables in powers of a coupling constant g(j), where
i is the energy scale of interest. In general, this expansion is reliable if and only if g(u) is
sufficiently small, a situation that is controlled by the beta function 5(g) := ud,g(p). (See
e.g. [6] for the textbook analysis.) If < 0 one has ¢ — 0 as u — 00, which means that
the theory is ultraviolet free, and perturbation theory works at large energies. Conversely,
if 5 > 0, one has ¢ — 0 as u — 0, which means that the theory is infrared free, and
perturbation theory works at low energies. In either case, perturbation theory does not work
in the opposite limit, and the theory becomes strongly interacting, in which case new tools
are required.

The leading behaviour of the beta function is controlled by dimensional analysis. For
example, let us look at a gauge theory. Let A be the gauge field and F' = dA + [A, A]. The
Lagrangian reads

1
L= —2—g2tr(F/\*F)+--- (0.0.1)

By dimensional analysis it is easy to see that g? has units of u*~¢ where d is the number of
spacetime dimensions, which means that

Bg*) = (d - 4)g* + O(g*) (0.0.2)
Therefore, for d > 4 the theory is infrared free, and the ultraviolet is ill-behaved. Similarly, for
d < 4, the theory is ultraviolet free and the infrared is non-perturbative. The edge case d = 4
is of special interest because it is the physical dimension, but also because g is classically
marginal. A one-loop computation is necessary, and one learns that the sign of 3 depends on
the details of the matter fields. For realistic field content, such as the Standard Model of
particle physics, the beta function is negative, and the theory behaves as in the d < 4 case.
So, to summarize, in d < 4 the coupling constant of gauge theories can be as small as we
want, just by looking at shorter and shorter distances, which means that the high energy
regime can be studied reliably using perturbation theory.
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Understanding the behaviour of the theory at low energies is, thus, a very non-trivial yet
important task: first, it is a non-perturbative problem, thus requiring new tools; and second,
it is of practical interest, because it describes the real world at real (macroscopic) energy
scales. For example, the phenomenological spectrum of hadrons looks nothing like what one
would expect from weakly-coupled quarks, a reflection of the fact that the dynamics are
strongly interacting. While lattice QCD has been able to shed much light on the problem,
understanding it analytically is still one of the long-standing open problems in QFT.

Our goal in this thesis is to say a few things about some non-perturbative properties of
gauge theories in d < 4. In the reminder of this chapter we summarize some of our main
findings. For the sake of readability, our arguments here are more heuristic that in the
main text, and we include fewer references to the literature. We generically organize the the
document from low dimensions to high dimensions.

0.1 Chapter 1.

In chapter 1 we discuss some aspects of 't Hooft anomalies [7] in QFT. Anomalies are arguably
the most systematic and powerful tool that we have in order to analyze non-perturbative
dynamics (other than numerics). They are one of the few properties of strongly interacting
theories that can in fact be determined explicitly and reliably, although sometimes the
computation can require substantial mathematical skill.

Consider a generic QFT with some algebra of operators. The symmetry group of the
theory is, by definition, the group of transformations on this algebra that leaves the dynamics
invariant. Importantly, the group of symmetries of the theory is typically realized on the
Hilbert space H projectively [6]. The physical reason is that only transition amplitudes are
observable, so the physical states are rays on H: their phase is unobservable and therefore
symmetries need only compose properly modulo a phase. Mathematically, operators live in
End(H) = H ® H* and an action on H ® H* fixes an action on H only up to a phase.

What determines the projective representation of the symmetry group on the Hilbert
space?” How can we compute this phase in practice? And what consequences does it have
for the properties of the theory? The main idea of chapter 1 is that, as it turns out, the
projective phase is entirely determined by the anomalies of the symmetry group. In this
way, if one understands the anomalies of the system, one can determine the projective action.
Often enough, the converse is also true, in the sense that if one is able to compute the
projective action independently, one can use that information to recover (at least some
partial) information about the anomalies of the theory. Therefore, this insight not only
simplifies the calculations of some anomalies, but it also gives a somewhat transparent picture
of what the anomaly represents and what its consequences are.

The simplest illustration of this idea is in a theory with a bunch of fermions and time-
reversal symmetry. Being fermionic, the system has a Z, symmetry denoted by (—1), which



measures whether a given operator is bosonic (if even) or fermionic (if odd). Time-reversal,
denoted by T, will be chosen to satisfy the simplest symmetry group there is, namely Zs, i.e.,
T2 = 1. All in all, in this example we take the symmetry group to be Zy x Zs, represented as

(-DF2=1, T*=1, (~D)'T=T(-1)F (0.1.1)

An important property to keep in mind is that time-reversal is an anti-unitary operator,
meaning that it conjugates complex numbers.

Given the symmetry group above, how will it be represented on the Hilbert space? In full
generality, the group structure need only be realized up to a phase, which means that, as a
matter of principle, we can have the following:

(-2 =qa, T*=8, (D)FT=4T(-D" (0.1.2)

where «, 3,7 € U(1) are three phases. We can always redefine (—1)F — a~'/2(—1)¥ such
that a disappears from the first equation, hence we can always fix fermion parity to square
to 1. Importantly, we cannot do this for time-reversal, since T is anti-unitary and therefore
T2 is invariant under rephasing. Explicitly, if we let T — £T for some phase &, then
T? — ETET = |€*T?, which is still equal to T?. In this sense, it seems that the phase j3
cannot be redefined away.

An important condition on 3 can be obtained by looking at T3. This can be parenthesized
in two ways,

T°T=TT? (0.1.3)

which means that § commutes with T and therefore it has to be real, i.e., § = 1. Finally,
a similar constraint on v can be obtained by multiplying both sides of (—=1)f'T = yT(-1)*
by (=1)¥, once from the left and once from the right, and comparing the result. This yields
v*T =T, ie., v = £1. So, to summarize, the most general projective action consistent with
this symmetry group is

(=D)F)? =1, T?=41, (-)FT =4T(-D)F (0.1.4)

where the two signs are independent. (Note that if we considered a unitary symmetry instead
of an anti-unitary one, then the second sign S could be redefined away too, and only the
third sign v would remain.)

A key property of this result is that the space of possible projective phases is disconnected.
Consequently, if we deform the system continuously, while preserving the symmetry, we
cannot change the two signs above — they are invariants of the system. Any continuous map
from 8 = 41 to = —1 would have to go through a point where 3 is a complex phase, which
is inconsistent with the symmetry group, as we just showed. In this way, the two signs +
above are a property of the theory that is protected under smooth deformations. This gives a
convenient way to compute them: if we are able to find a deformation from whatever theory
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we are interested in, into a theory we already understand, we can use that information to
determine the two signs. We just deform into the simpler theory, which will preserve the
signs, and compute them there. We can then deform back into the original theory, with the
guarantee that the signs will stay the same. For example, one can show that a system of d = 1
dimensional fermions, with arbitrary self-interactions, has v = —1 if the number of fermions
is odd; this can be shown by turning off the interactions, which leaves us with a system of
free fermions, where the result 7y = —1 can be established in a few lines of straightforward
algebra.

The exact same phenomenon occurs for many other symmetry groups beyond time-reversal,
and with any group structure beyond Z,. Generically, the space of possible projective phases
is disconnected, and therefore the specific phase chosen by a system becomes an invariant of
the same. As such, the phase can be computed by deforming the theory into a simpler one
and determining the phase there. For example, many theories we are interested in can be
deformed into free theories, such as QCD, where g — 0 takes us to a system of free quarks
and free gluons. Free systems can be solved exactly and therefore any projective phase can be
calculated explicitly. The projective phase of the original system is therefore determined too.

That being said, and in order to not give the impression that these features are specific to
systems of free fields, in chapter 1 we also illustrate them by looking at topological quantum
field theories. These are not continuously connected to a free phase (that is, not connected
via a weakly-coupled path), inasmuch as their coupling constants are discrete and hence
cannot be smoothly turned off. The study of fermionic TQFTs requires some machinery that
we shall develop more systematically in chapter 5, although some basic notions are reviewed
in chapter 1. In any event, the final conclusion is that these theories too acquire projective
phases, exactly like the theories that can be deformed into free phases, which is of course
unsurprising since, as we argue, these projective phases are a universal features of QFT.

These projective phases are not a mere curiosity, but they have important implications. For
example, if a given system has time-reversal as above, but the group is realized as T? = —1,
then one can immediately conclude that the spectrum of the Hamiltonian is necessarily
degenerate, with at least two-fold degeneracy. This is the well-known Kramers degeneracy [8].!
The same conclusion can be reached if the anomalous sign appears in (=1)fT = —T(—=1)¥,
with the added property that the degeneracy is now of the supersymmetric type: the
degenerate states have opposite fermion parity.?

!The proof is straightforward: given an energy eigenstate |E), we can construct another state T|E); as T
is by definition a symmetry, it commutes with the Hamiltonian, and therefore the new state has the same
energy as the old one. And these two states are clearly linearly independent, because a putative relation of the
form T|E) = c|E) for some constant ¢ is incompatible with T? = —1, inasmuch as —|E) = T?|E) = |c|*|E) is
inconsistent.

2The proof is analogous. The two states |E) and T|E) have opposite signs under (—1) as T by assumption
anti-commutes with (—1)f. This automatically precludes a linear dependence of the form T|E) o |E) as
both sides are eigenvectors of (—1)¥ with different eigenvalue.



Other similar conclusions can also be established for other symmetry groups. For example,
in chapter 1 we argue that any theory in d = 1 4 1 that is invariant under (chiral) parity and
an odd number of fermions necessarily has a two-fold degenerate supersymmetric spectrum.
Similarly, any theory in d = 2 + 1 invariant under time-reversal and an odd number of
fermions also has a supersymmetric spectrum. The method we use to prove these claims
is to deform the theory into a system of free fermions, and analyzing the realization of the
symmetry group in the free case. We also argue that this result is consistent with some
dynamical scenarios about the strongly-coupled regime of these theories that had previously
been suggested in the literature. For example, it had been conjectured that some gauge
theories flow to certain topological theories at large distances; we check that these topological
theories are supersymmetric precisely when the original gauge theory has an odd number of
fermions, as predicted by the general argument above.

To summarize the discussion so far,

We have argued that the symmetry group of a given quantum theory can and often is
realized projectively, and that this projective action is protected under small deformations.
The invariance under deformations allows us to explicitly compute these projective phases,
by deforming into a simpler theory. And these projective phases, when present, imply
non-trivial predictions about the properties of the theory, such as degeneracy in the
spectrum of states. These predictions can then be tested against any potential dynamical
scenario about the non-perturbative regime of the theory.

The second main result of chapter 1 is a discussion of how this relates to 't Hooft anomalies.
The claim is that the projective phases are entirely determined by the anomalies of the
symmetry group, and therefore they can be fixed in terms of the anomaly data, if the data is
known. In practice, we can turn this around and use the projective phases, if they are known,
to figure out the anomaly itself, which is often a more subtle task. Let us summarize the
main points here.

In general, given a theory in d dimensions and symmetry group G, the anomalies of the
theory take values in Tor(Q441(G)) @ Free(Qq42(G)) (see e.g. [9] for a nice review). Here Tor
and Free denote the torsion and free parts of 2, respectively, and where €2,,(G) denotes the
n-dimensional bordism group of G, namely the space of n-dimensional manifolds that carry
a G-structure, modulo bordism, where two manifolds are considered bordant if they can be
obtained as the boundary of an n + 1-dimensional manifold that extends the G-structure.
The bordism group 2,,(G) is a generalized cohomology theory, similar in spirit to the classical
group cohomology H™(G) but that requires a more refined mathematical treatment.

The factor Free(£2442(G)) is generically well-understood by now: it classifies the local
anomalies, namely those that follow from triangle diagrams. In other words, the local
anomalies are those that are captured by perturbation theory. As such, their computation
and consequences are textbook material. By contrast, the factor Tor(€24:1(G)), which



classifies global anomalies, is much harder to get a grip on. On the one hand, computing
this bordism group is a rather non-trivial task by itself, requiring advanced mathematical
tools; and on the other hand, even if we understood this group, establishing which element is
chosen by a specific quantum theory is also very hard, since these anomalies are not captured
by perturbation theory.

At the formal level, a possible path is the following. Consider a certain quantum theory
with symmetry G and anomaly a € Q4.1(G). If we put this theory on a compact spatial
manifold X, ; (equipped with whatever structures are required to properly define the system,
such as boundary conditions), we can associate a Hilbert space H(X,_1) to it via canonical
quantization. This compactification of the theory yields an effective two-dimensional class &
obtained by integrating the original class o over Xy 1,

d:/X a (0.1.5)

The two-dimensional class & has a simple interpretation: it describes the anomaly of the
effective d = 1 theory obtained after compactification. But in d = 1, i.e., point-particle
quantum mechanics, anomalies are essentially a synonym for a projective representation. In
this sense, the projective realization of G' on X, ; is determined by the image & of a under
the reduction along X, ;. This does not fix o uniquely, since some information is lost after
integration, but it does contain some partial information. We may be able to recover more
information if we perform the same procedure for several different manifolds X, _; and, more
optimistically, it is conceivable that the full class o can be determined if we understand & for
sufficiently many distinct spatial manifolds. At the very least, if & is non-trivial for at least
one X4 (i.e., if the symmetry is actually realized projectively), then we can automatically
conclude that o has to be non-trivial too, and thus the symmetry must have an anomaly.

Another interesting piece of information is contained in the isometries of Xy ;. In general,
when we compactify a theory on a given spatial manifold, the isometries of the same descend
to internal symmetries of the compact system. Therefore, the Hilbert space H(X4_1) actually
realizes a representation of the extended group G x Iso(X;_1). This extended group can
be realized projectively too, and this contains more information that just the projective
realization of GG alone. These extra projective phases typically give us more information
about the original class o than the pure G part.

There is more to the story. There are several techniques to calculate the group Q441(G)
in the mathematics literature. One that seems to be particularly useful in physics is the
so-called Atiyah-Hirzebruch spectral sequence [10]. This spectral sequence has a nice physical
interpretation in terms of decorating defects and junctions with invertible theories that keep
track of the different obstructions that go into a proper definition of how the symmetry acts
on the theory [11].

In very broad terms, the end result of the spectral sequence is not quite €4,1(G) but rather
the associated graded of a filtration thereof. Specifically, the sequence converges to quotients
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of the form F;Q(G)/F;_1Q(G), where 0 C FoQ2(G) C FiQUG) C --- C FyQG) C Q(G) is a
filtration of 2(G). The different successive quotients of this filtration turn out to have specific
implications for the projective realization of the symmetry. In other words, the different
projective phases that appear on the Hilbert space have a natural layer structure, and each
layer has a specific image in the filtration of Q4,1(G).

To give a very concrete example, we can look at the time-reversal symmetry discussed at
the beginning of this section, whose projective realization was argued to be

(=12 =1, T? =41, (=D)'T==+T(-D)F (0.1.6)

The bordism group predicts anomalies classified by Qgif = Zg. The Atiyah-Hirzebruch
spectral sequence yields three quotients isomorphic to Z,, coming from the filtration 0 C
Lo C 7Ly C Zg (ie., ZLs/ Ly = ZLy|Zs = Z3/0 = Zs). The three Z, layers have specific effects
on the projective realization of the time-reversal symmetry: two of them are just the two
signs in (0.1.6), while the third Z, is a more subtle phenomenon where the operator (—1)
happens to become ill-defined (in the sense that we cannot even realize it on the Hilbert
space. This third sign does not tell us whether the representation is projective, but rather
whether a representation is possible at all. We discuss this in more detail in chapter 1 but
also give a very down to earth description in appendix A.)

For another example with a new twist, we can look at the (chiral) parity symmetry in
d = 1+ 1 dimensions that we mentioned in passing earlier. The bordism group predicts
that this symmetry has anomalies classified by Q™ (Z,) = Zs. Interestingly, the projective
realization of the parity symmetry on the Hilbert space only admits a single sign +1 in its
group structure (as discussed right below (0.1.4)), and therefore it can only detect a single
Zs inside the full Zg group. In this case, the isometry group of the spatial manifold turns out
to be non-trivial, and when one looks at the projective realization of the extended symmetry
group, the full Zg anomaly emerges. This example highlights that in order to reconstruct the
full anomaly given the projective representation of a symmetry, it is not always enough to
look at the symmetry alone, but rather at how it interacts with the emergent symmetry of
the compactified theory.

To summarize this second part of the discussion,

We have argued that the projective realization of a given symmetry group is entirely
encoded in its 't Hooft anomaly. Anomalies are classified by a certain generalized
cohomology theory, namely group bordism. This group has a natural layer structure,
and this structure is inherited by the projective representation. If one already knows
the anomaly of a system, one can use that knowledge to determine the projective
realization. Conversely, if one understands the projective realization instead, one can use
that information to reconstruct the anomaly.

This gives a convenient method to analyze some anomalies that could be hard to compute



otherwise. A projective phase in a symmetry group is a very concrete object, which can
be fixed using very elementary tools, while an anomaly can be rather abstract and hard
to approach given more traditional definitions. It also gives a somewhat explicit picture
of what the anomalies imply, namely the failure for symmetries to compose as expected
in the presence of a given background. This has the advantage that some consequences of
the anomaly are easy to extract, since for example an extra sign in a group relation can
immediately imply degeneracy in the spectrum, as argued above. Finally, this story also
gives a window towards the intricacies of bordism theory, since some of its aspects sometimes
have a simple physical interpretation.

We would like to make one final comment here. The fact that the class a that encodes
the projective representation is obtained by integrating over X,_; makes it clear that, if Xy ;
is a boundary, then & is trivial. This means that if whatever structures are required to define
the theory (such as a G-connection or spin structures) extend to one higher dimension, the
symmetry group will not be realized projectively. This does not mean that the symmetry
is non-anomalous, since & = 0 does not imply that o = 0, but rather that the chosen
background was not able to detect the anomaly. In this sense, in order to be able to say
anything about anomalies, we must always choose structures that do not extend. This is also
clear from the physics point of view, since the non-bounding structures are precisely those
that allow for zero-modes. In a compactified theory only these matter, and therefore in the
absence of zero-modes the vacuum is trivial. Indeed, there are no non-trivial unitary one-
dimensional projective representations, so a unique ground state always realizes symmetries
non-projectively.

This explains why we only give examples up to dimension d = 3. In d = 4 any orientable
spatial manifold is bounding, hence unless we turn on non-trivial holonomies we will not
observe any projective phases. One could try to find simple examples in d = 4 by looking at
non-orientable spatial manifolds (as 5 + = Zj is non-trivial), which would detect anomalies
for time-reversal symmetry in four dimensions. We do not explore this possibility in this
thesis.

0.2 Chapter 2.

In chapter 2 we discuss some aspects of gauge theories in d = 1 4+ 1 dimensions. As d < 4,
these theories are asymptotically free, which means that the perturbative loop expansion
in terms of Feynman diagrams only gives useful information at high energies (i.e., short
distances). By contrast, the behaviour of the theory at low energies (i.e., long distances) is
much harder to explore, since the coupling constant grows and the perturbative expansion
breaks down. The goal of chapter 2 is to try and say a few things about the low energy
regime of QCD using non-perturbative tools.

The most basic question one may ask about a non-perturbative QFT is whether it is



gapped or not. This question controls the leading macroscopic behaviour of the system,
since a gapless theory contains non-trivial phenomena at any energy scale, while a gapped
theory has rather boring dynamics at energies below the gap. More specifically, a gapless
system always flows to a conformal field theory at large distances, while a gapped one to a
(possibly trivial) topological field theory. In this sense, the first question we would like to
ask is whether QCD is gapless or not; and, in either case, perhaps more ambitiously, which
specific CFT or TQFT describes its macroscopic dynamics.

A situation where the infrared can be studied reliably is when the mass of the quarks
m is very large. Integrating out a massive field generates a local effective action for the
remaining fields. In particular, what is left in QCD is an effective action for the gauge field;
by gauge invariance and dimensional analysis, the only local term that survives the limit
m — oo is the gauge kinetic term.? In other words, if the mass of the fermion is sufficiently
large, the dynamics are given by those of pure Yang-Mills, up to a renormalization of the
coupling constant and irrelevant corrections suppressed by powers of 1/m. Importantly,
two-dimensional Yang-Mills is exactly solvable [12, 13] and, in particular, it is a gapped
theory, with a unique vacuum.* In conclusion, QCD with very massive fermions is a gapped
theory with unique vacuum, and the infrared TQFT is trivial.

Given this observation, we learn that the really hard case is that of massless quarks.” Are
such theories gapless or not? And what is their infrared behaviour?

The main idea of chapter 2, somewhat oversimplified, is the following. First, we compactify
the spatial direction, i.e., we put the theory on a cylinder of finite radius L. In this situation,
and after some careful considerations regarding composite operators and gauge invariance,
one can show that the Hamiltonian of QCD takes the form

1
H=gL*) E!JQ\Q (0.2.1)
n>0

where J,, are the Fourier modes of the gauge current J* = t*),

JUx) =Y Jeenlt (0.2.2)

n>0

The conclusion is that the space of massless states, defined by H = 0, translates to the
condition J = 0, as H is expressed as a sum of squares. Consequently, the massless part of
the spectrum is obtained by setting J*(x) = 0:

3There is also theta terms for abelian factors, if any. One can also generate terms for background fields if
they couple to the fermions, such as the Arf invariant for gravity.

4Abelian factors at # = 7 lead to two-fold vacuum degeneracy.

5Note that the massless point is well-defined since there are symmetries that only exist at that point, such
as time-reversal and (chiral) fermion parity. This shall not be the case for d = 2 + 1 that we will discuss later
on.



Space of massless ~ Free algebra generated by 0.9.3
operators in QCD ~ subject to the relation J* = 0. (02.3)

Note that this is a purely algebraic problem. If we are given some gauge-invariant operator
O constructed out of the quark fields v, and such that this operator can be factorized as
O = J*O* for some other operator O, then the observable O creates massive excitations only,
and it decouples at large distances. Conversely, if O cannot be factorized in terms of gauge
currents J%, then that operator creates massless excitations and thus survives the infrared
limit. With this in mind, a given theory is gapped if and only if there are finitely-many
massless operators 0. Indeed, a non-trivial CF'T always has an infinite number of operators,
while a TQFT has a finite number of operators.

Importantly, this problem can be solved. One can show that a QCD theory defined
by some gauge group GG and quarks in some representation R has finitely-many massless
operators (that is, finitely-many operators that do not contain the gauge current J%) if and
only if it is one of these:

e Any gauge group G and quarks in the adjoint representation R = adj.

G=S(UN)xU(M)), G=SO(N)xSO(M), G =Sp(N) x Sp(M), and quarks in the
bifundamental representation R = (00, 0).

G = U(N), G = SO(N), G = Sp(N), and quarks in the rank-2 representations
R =rmoH.

A finite list of isolated theories (e.g., G = Spin(9) and quarks in the spinor representa-
tion).

e Combinations of the above.

Any other choice of (G, R) will lead to a gapless theory (i.e., one which contains an infinite
number of operators that do not contain gauge currents J%).

The idea behind this classification is as follows. One can show that the space of operators
described by (0.2.3) coincides with the space of operators of a well-known rational CFT [14—
18], namely the theory whose chiral algebra is the Goddard-Kent-Olive coset®

0.2.4
e (0.2.4)

Here SO(dim R); denotes the free chiral algebra generated by the fermion field v, while G(g)
the Wess-Zumino-Witten subalgebra generated by the currents J* = ¢t%). The quotient of

ST(R) is the Dynkin index of R, a certain group theory factor; we define it properly and give its value for
several important representations in appendix B.

10



these two algebras precisely enumerates operators of the numerator (i.e., combinations of
quark fields 1) modulo operators of the denominator (i.e., combinations of gauge currents J%).
Let us stress that, at this point, we are not claiming that the coset (0.2.4) is the low-energy
effective theory of QCD. We are only claiming that the infrared of QCD, and the coset (0.2.4),
have the same spectrum of operators, as sets (i.e., without assuming that they describe the
same dynamics). As the two theories have the same number of operators, they are either
both gapped (if finite) or both gapless (if infinite).

With this in mind, a QCD theory is gapped if and only if its associated GKO coset
SO(dim R);/Gr(ry has a finite spectrum. Luckily, the classification of finite GKO models is
known, and it gives rise to the list above. Therefore, this completes the problem of figuring
out whether a given gauge theory in two-dimensions is gapless or gapped.

Needless to say, this is not the end of the story. In order to understand the large distance
dynamics of QCD, it is not enough to known whether it is gapless or not, but we would
also like to know which degrees of freedom describe the infrared physics. At this point we
know the space of massless operators, but not their properties at the infrared fixed-point.
In other words, we know whether a given operator defined in the ultraviolet survives the
infrared limit, but we do not known what are its dynamical properties in the infrared. For
example, we do not know the scaling dimensions of operators at large distances.

A very natural conjecture for the infrared CFT is precisely the GKO coset (0.2.4). In
other words, this chiral algebra not only classifies massless operators, but it also contains the
CFT data thereof. We are thus lead to consider the conjecture [19]

SO(dim R);

Infrared of QCD = ——— (0.2.5)
Gr(r)

Note that this conjecture contains our previous result (0.2.3), and extends it. The claim
in (0.2.3) is reliable — it follows from the explicit analysis of the Hamiltonian of QCD — while
the conjecture (0.2.5) is not entirely justified from first principles. That being said, the
conjecture is the simplest CF'T whose spectrum coincides with the reliable result (0.2.3) and,
as we argue in chapter 2, it also matches all the 't Hooft anomalies of QCD, which makes the
conjecture particularly attractive.

The conjecture (0.2.5), if correct, completely solves the problem of figuring out the
macroscopic behaviour of QCD in two dimensions. If a given theory is in the list above, the
infrared is gapped, while if it is not, it is gapless. And, moreover, in either case, the long
distance degrees of freedom are those contained in the GKO coset SO(dim R);/Gp(ry. If the
theory is gapped, this coset is a TQFT, with a finite-dimensional Hilbert space that describes
the vacua of the theory. Instead, if the theory is gapless, the coset describes a CFT, whose
chiral algebra takes the form of a specific gauged-WZW model.

To give a few examples of what this looks like, consider the following two prototypical
QCD theories:
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e Adjoint QCD, namely one quark in the adjoint representation. This is in the list above,
and therefore the theory is gapped. The coset that describes its space of vacua is

= (0.2.6)

where h = T'(adj). This coset describes a TQFT; by working out its properties one
learns that its Hilbert space has dimension 22" so adjoint QCD has these many
discrete vacuum states. The properties of this TQFT, such as the line operators and
their correlators, can be extracted from the coset SO(dim G),/Gh,.

e Fundamental QCD, namely quarks in the fundamental representation. This is (generi-
cally) not in the list above, and therefore the theory is gapless. The coset that describes
its massless degrees of freedom is

SO(VNNF)l

2.
G, (0.2.7)

where N is the number of colors, Ng the number of flavors, and v = 1,2, 4 depending
on whether the representation is real, complex, or pseudo-real, respectively. This coset
describes a CFT; by level-rank duality, it turns out that it is in fact isomorphic to an
ungauged WZW model for the flavor symmetry, at level N. (For example, QCD with
G = SU(N) and fundamental quarks has U(Ng) flavor symmetry, and therefore the
infrared CFT is an U(Np)y WZW model.)

This also partially solves the problem of light quarks, since there is a well-defined method
to identify the image of the mass operator mi¢ in the coset (0.2.5). The mass operator
is mapped into a certain operator in this coset, and therefore turning on small masses is
equivalent to deforming the coset by that certain operator. The fate of the theory under
such deformation (or any other deformation one may be interested in, such as four-fermi
interactions), depends on the specific situation but is at least a well-defined problem, which
can be worked out explicitly in a case-by-case analysis.

There are several consistency checks on this picture. For example, we can see that the
gapped theories all have quarks in dimensions that grow, at most, quadratically with the
number of colors. To some extent this was to be expected, since if the number of quarks
grows faster than the number of colors, then for sufficiently large N the gluon dynamics are
subleading, and the gap of the theory is controlled by the mass of the fermions. In particular,
for massless fermions the theory is gapless, and therefore we should only find gapped theories
for finitely many choices of N; these are precisely the isolated cases in the list of gapped
theories.

Another simple consistency check regards the fact that none of the theories in the list above
have continuous flavor symmetries. This was also to be expected since in two dimensions,
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any continuous (chiral) symmetry necessarily has an 't Hooft anomaly, a situation that is
incompatible with a mass gap. More generally, one can show that the coset (0.2.5) has in
fact the exact same symmetries (both discrete and continuous, zero-form and one-form) and
anomalies (both local and global) as the original QCD system, which is a necessary condition
for the latter to describe the macroscopic limit of the former.

0.3 Chapter 3.

Our next object of study is gauge theories in d = 2 + 1 dimensions. As before, in three
dimensions the theory is still asymptotically free, so the strongly-coupled regime corresponds
to low energies, i.e., large distances. Our goal is the same as before, namely to try and say a
few things about the non-perturbative regime of QCD. Some aspects are shared with the
previous section, but some are new.

One of the most important elements of three-dimensional gauge theories is the existence
of Chern-Simons terms [20-22]. This means that, on top of the standard gluon kinetic term
tr(F?), one can also add terms of the form tr(FA). Three key properties of this last term
are that: First, it has one fewer derivatives than the Yang-Mills kinetic term, hence it is
more relevant at large distances. Second, it depends on A rather than F', so gauge invariance
is not entirely manifest; in fact, checking invariance under large transformations yields the
condition that the coefficient k£ of the Chern-Simons term must be integrally quantized. And,
third, it turns out that the pure Chern-Simons theory, where the only term in the Lagrangian
is tr(F'A), is actually exactly solvable; the resulting theory is topological, in the sense that
it has a finite-dimensional Hilbert space and observables only depend on the topology of
spacetime. All of these properties will play an essential role below.

With this in mind, we are set to study the low energy dynamics of three dimensional
QCD. The theory is specified by some gauge group G, which carries a coupling constant and
a Chern-Simons term with coefficient k, plus some fermions in some representation R and
some mass m. We shall denote the corresponding theory as G + ¥g.

As in two-dimensions, a regime where one can study the theory reliably is the case of very
large m. Integrating out massive matter fields yields an effective action for the gauge fields.
By gauge invariance and dimensional analysis, the only local terms one can generate are the
gauge kinetic term and a Chern-Simons term. Therefore, up to corrections of order 1/m,
massive fermions only generate a renormalization of the coupling constant and the Chern-
Simons coefficient. Importantly, the Chern-Simons coefficient is quantized, and therefore
it cannot depend on the gauge coupling constant. This means that the renormalization, if
any, can be computed in perturbation theory. By performing the corresponding one-loop
computation, one learns [23, 24] that the Chern-Simons coefficient gets renormalized as
k — k + sign(m)T'(R), where sign(m) = m/|m| is the sign of the quark mass, and T'(R) is
the Dynkin index of the representation R (see appendix B for the definition of T'(R) and its
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value for several important representations). Once the fermion has been integrated out, we
can take the low-energy limit explicitly: since the gluon kinetic term is less relevant than
the Chern-Simons one, we can drop the former,” and we are left with a pure Chern-Simons
theory, which is topological (so it does not flow). This is the end result: the macroscopic
limit of the theory is a pure Chern-Simons theory at level k + T'(R), which is now exactly
solvable.

So, to summarize,

A QCD theory with gauge group G, Chern-Simons level k, and quarks in a representation
R with sufficiently large mass m, flows at long distances to a Chern-Simons TQFT":

ml_lgloo Gk + Yr = Gri1(R) (0.3.1)

Unlike in two-dimensions, here the large-mass regime is not entirely trivial, but rather it
is given by a certain TQFT. In any case, we are still faced with the same situation, where the
really hard case is that of light quarks.® We cannot really follow the same strategy as before
(for example, the 3d Hamiltonian is not as simple as the 2d one; and, moreover, 3d CFTs are
not nearly as well-understood and constrained as 2d ones, so the gauged Wess-Zumino-Witten
formulation would not be particularly useful anyway). So we must try something new.

The approach we take in chapter 3 is the following. To be concrete we choose the gauge
group G = SU(N), since this is the group we study in that chapter, but the story for other
groups is qualitatively identical. We begin by looking at the large mass case, where the
infrared is given by SU(N )17 (r), and ask ourselves what happens as we decrease the value of
the mass. Clearly, there must be at least one phase transition, since the two large-mass phases
SU(N)i—r(r) and SU(N)pir(r) are distinct. One can in fact show that, for sufficiently large
k, or large Np, this is all there is [25, 26] (see also [27]): the two large-mass phases continue

"Needless to say, we can drop the gluon kinetic term in favor of the Chern-Simons term only when the
latter has a non-zero coefficient. If for some reason we are faced with a theory with zero Chern-Simons level,
then the gluon kinetic term is the most relevant interaction. This is a rare situation but it does play a role
below, when we look at a U(1)g theory.

8Unlike in d = 2, here the massless point is in general not well-defined, since there are no special symmetries
at that point (so the choice m = 0 depends on the renormalization scheme). The reason time-reversal does
not exist is that the Chern-Simons term, being proportional to €**?, is not invariant. This does have an
exception: given that time-reversal maps k — —k, the case k = 0 does have a well-defined massless point
m = 0, since at that point the theory becomes invariant under time-reversal, and hence m = 0 is protected
from radiative corrections.
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all the way down to some finite value of m, at which there is a unique phase transition:

SU(N)k + ¥r

m — —0o0 m — 400

R (0.3.2)
SU(N)k—1(r) SU(N)k+1(r)

The degrees of freedom at the transition point can be studied reliably using 1/k or 1/Np
expansions.

What happens for small £ and small Ng? The most immediate possibility is that the
diagram above continues to hold in this regime. In this case, the degrees of freedom at the
transition point must still be non-trivial (e.g., in order to match several 't Hooft anomalies),
but we can no longer study them in any controlled fashion. This seems like a roadblock.
A more attractive possibility is that, for small k, Nz, a new phase opens up, and there are
two transition points. The advantage of this scenario is that, if correct, it gives a consistent
method to reliably understand the degrees of freedom at small mass. When doing so, one
learns that these degrees of freedom pass many non-trivial consistency checks, which a
posteriori justifies the assumptions that allowed us to obtain them in the first place.

With this in mind, let us assume that for small £ and small Ny the phase diagram of the
theory looks something like this:

SU(N )i + ¥r

m — —00 m — 400

. o (0.3.3)
SU(N)x_1(r) 777 SU(N)k+r(r)

where the intermediate phase is to be determined.

A hint of what the dynamics at the transition point are can be obtained thanks to the
so-called level-rank dualities of Chern-Simons (see e.g. [28]). The two asymptotic phases
SU(N)k+r(r) have in fact an alternative description: these TQFTs can also be expressed in
terms of a unitary gauge group:

Under level-rank duality of two groups G <+ G’, representations are exchanged as R <> R'x f",
where t denotes the transpose of the Young diagram, f the transparent fermion (an invisible
anyon that carries spin 1/2), and r is the rank of R (i.e., the number of boxes in its Young
diagram). This invites us to guess that, perhaps, the full gauge theory at the transition point
may also enjoy a non-trivial duality of the form

SU(N)k +Yr U(T(R) + k)kl,kz + Opt (0.3.5)
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where O is a boson if r is odd, and a fermion if even. This is clearly a very optimistic guess,
and with little motivation so far, but it turns out to be surprisingly self-consistent as we
shall see. At this point, the dual levels k1, ks are unknown. The first level k; denotes the
coefficient of the SU(T'(R) + k) subgroup, while the second level kq denotes the coefficient of
the U(1) part. For very large mass, U(1) levels shift as ko — ko + T(R i dim(RY).

The case of rank r = 1 fermions was analyzed in quite detail in [29], where the dual
field O is a boson (since r is odd). The analysis of fermions in rank r = 2 representations
was initiated in [30], where the dual field O is a fermion (since r is even). That paper
studied the case of Ny = 1 copies of the adjoint representation, and also the symmetric
and anti-symmetric representations for G = SO(N) and G = SU(N). The remaining rank-2
representations, namely the symmetric and anti-symmetric of SU(N), is the content of
chapter 3. Higher rank representations are not expected to follow a similar pattern, since
the number of fermionic degrees of freedom grows faster than the number of gluons, and
therefore the gauge interactions are subdominant, so to leading order the system behaves
more like weakly coupled fermions (and in particular it is unlikely that the system has a
quantum phase similar to that of r < 2).

Let us, then, focus on the symmetric and anti-symmetric representations of SU(NV). These
are denoted as R = and R = H, respectively. The working hypothesis is that, close to the
two transition points in (0.3.3), the system can also be described using dual variables

SU(N)k +Yr U(T(R) + k)kh]@ + YRt (0.3.6)

where the dual field is a fermion since r is even. Here, the transposition R’ interchanges
the symmetric and anti-symmetric representations. The dual levels kq, ks can be fixed as
follows. If we send m — £o0, then the original gauge theory flows to SU(N)p1pr). If we
assume that the dual mass is m’ = —m, then sending m — 00 is equivalent to m’ — Foo,
and therefore the dual theory flows to U(T(R) & k), 21 rn, ko oy
theories are supposed to describe the same phase, and given the level—rank duality in (0.3.4),
we conclude that the dual level must be

ki = £(T(R") — N)

dim(rt)- As these two

(0.3.7)

2
T(R)+k

And now comes the key point: by sending the mass m’ to infinity in the opposite direction,
namely m’ — 00, we must land on the intermediate phase denoted by “?77” in (0.3.3). The
intermediate phase predicted by the two duals is

U(T(R) £ k)1 o1(rt)—N) N+~ dim(R?) (0.3.8)

Apparently, the two duals predict a different phase, which would be an inconsistent situation.

T(R):l:k

Luckily, there is another non-trivial equivalence of Chern-Simons theories, this time taking
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the form
U<A)B7B:kA — U(’B‘)—Asign(B),(—A:FB)sign(B) (039)

In order for the two theories in (0.3.8) to be dual to each other we must have

T(R)+ k= —2T(R") + N

ﬁ dim(R") = T(R) + k + 2T (R") (0.3.10)

Using T'(H) = 35(M —2), dim(H) = M (M — 1), together with T'((T0) = (M +2), dim(D) =
TM(M + 1), where M is the number of colors (either N or T'(R) =+ k, depending on whether
we are looking at the original fermion R or its dual R'), one can check that these conditions
are indeed satisfied! This is a very non-trivial coincidence of group theory factors, and it
works out thanks to an independent level-rank duality of TQFTs, which is a very good sign
that the conjecture is on the right track.

One thing that should be noticed is that the dual theories are U(T'(R) + k); of course,
this only makes sense for |k| < T(R), so this picture can hold at most in the range k €
(=T(R),T(R)). We conjecture that it does in fact hold in the whole range, while for any
|k| > T(R), the theory is in the semi-classical regime with only two phases (0.3.2). This
is consistent with our general expectations, since we know that for sufficiently large k the
theory definitely is in the two-phase regime. Note also that the dual theory is also given by
a unitary group with a rank 2 representation, and in constructing the full phase diagram
we assumed that it was in its two-phase regime. This is only self-consistent if |k| < T'(R)
holds if and only if |k;| > T'(R") which, using the expressions above, is indeed correct. So
this constitutes another non-trivial consistency check of the whole picture.’

To summarize, the proposed phase diagram looks like this:

SU(N)x + ¥r
U(T(R) = k)ky ko + Ure U(T(R) + k)ky b, + Ure
m — —00 \‘ ‘/ m — 400 (0.3.11)
SU(N)i—7(r) TQFT SU(N)k+7(r)

where at each phase transition we write a weakly-coupled dual gauge theory, and in the
intermediate phase the TQFT that this dual theory predicts, namely (0.3.8). The two duals

9Unfortunately, this also means that the dual theories are never both weakly-coupled simultaneously: one
is in the semi-classical phase when and only when the other is in the quantum phase. So we cannot really
test the duality using perturbative tools.

17



could in principle predict distinct intermediate phases, but they in fact predict the same,
thanks to a level-rank duality. Otherwise the picture would not be self-consistent. Here k1, ks
are given by (0.3.7).

An interesting fact about the conjecture just described is the following. If we plug in the
values of T(R") and dim(R") into (0.3.8), we get the following intermediate quantum phase
for the theory:

U(T(R) = k)s7(R)+k,2k (0.3.12)

Recall that the original gauge theory is not in general invariant under time-reversal. Such
operation takes k — —k, so this is not a symmetry for non-zero k. Of course, we could
formally restore time-reversal if, on top of reversing the orientation of spacetime, we also
manually take & — —k; in other words, we think of k as something like a spurion. We
now look at the intermediate phase in (0.3.12). If we reverse the orientation of spacetime,
this flips the sign of the two levels. If we also manually change £ — —k, we end up with
U(T(R) F k)+1(R)+k 26, which is the exact same TQFT we began with. So the intermediate
phase is consistent with time-reversal. In particular, for & = 0, the operation of time-reversal
becomes an actual symmetry of the system, and the intermediate TQFT becomes time-
reversal invariant as well, which is a non-trivial fact since most TQFTs are not invariant
under time reversal.”

Let us look at the time-reversal invariant point & = 0 in more detail. For this value of
the level the TQFT in (0.3.12) becomes U(T(R))sr(r)0 = PSU(T(R))+rr) x U(1)o. An
interesting aspect of this theory is the factor of U(1)y. This just describes a free, massless
photon, with gauge group U(1) and no Chern-Simons coefficient. In three dimensions, a free
photon is equivalent to a compact scalar (by Hodge duality, where a two-form is dual to a
zero-form, i.e., a scalar). This massless scalar that appears at large distances is nothing but
the Goldstone boson associated to the U(1) flavor symmetry of the original system, which
acts as 1) — €. So this conjecture predicts that this global symmetry is spontaneously
broken, a phenomenon that is very hard to see semi-classically. So this constitutes a very
concrete, non-trivial prediction about this gauge theory.

Needless to say, this whole story hinges on several educated guesses, so it is by no means
a rigorous derivation. In order to gain confidence in the conjecture we must perform as many
consistency checks as possible. We already mentioned some simple ones above. Another
set of consistency checks come from embedding the d = 3 theories above into d = 4 gauge
theories, whose large distance behaviour must be compatible with the dynamics predicted
by the conjecture above. We will perform several quantitative tests of the four-dimensional
picture in chapter 6, and also some more qualitative ones in chapter 3.

Going back to the pure d = 3 dynamics, another large set of tests is obtained by turning
on background fields for the continuous symmetries. Given a continuous symmetry with

19Tn general G, is not dual to G_j, with U(k), ¢ being an exception thanks to the level-rank duality (0.3.9),
as can be seen by taking A = B = k and the bottom sign therein.
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group K, one may add to the original Lagrangian any term constructed out of the background
K connection. Non-trivial tests come from looking a Chern-Simons terms for the group
K. As the fermions transform non-trivially under K, integrating them out will in general
shift the the coefficient of the Chern-Simons terms for K. Furthermore, such coefficient also
generically shifts under level-rank duality, and also under integrating out the fermions in
the dual theory. All in all, if we follow the Chern-Simons term for K as we go around the
conjectured phase diagram, its coefficient will change in the different phases. In particular, if
we reach the intermediate phase from either the negative mass (left) or the positive mass
(right) side of the diagram, we go through different shifts, and the accumulated shift may be
different. Of course, the intermediate phase is unique, so consistency of the picture requires
that the shift computed through the left part of the diagram must be identical to the shift
computed through the right part of the diagram, which is a non-trivial consistency condition.
Furthermore, given the spurion argument above, this accumulated shift must be in fact an
odd function of k, since the coefficient of a Chern-Simons term is odd under time-reversal,
i.e., under £ — —k. These two conditions — that the left and right shifts are equal, and that
they are odd functions of k£ — are rather non-trivial tests of the phase diagram, and they can
be checked for any continuous symmetry of the system. In chapter 3 we show that these
conditions check out for the proposed phase diagram, and we also include the analysis of
other phase diagrams that appeared in the literature, for completeness.

A final consistency check that we discuss is the matching of 't Hooft anomalies for discrete
symmetries. Such anomalies are global in the sense of chapter 1, so they are somewhat
subtle to analyze. We focus on the case of time-reversal for the k = 0 theory, which can be
argued to have anomalies classified by Qiin+ = Z1s. The anomaly computed in the original
ultraviolet variables must be equal to the anomaly of the intermediate TQFT, which is a very
constraining condition for the phase diagram. In the theory studied above, the time-reversal
invariant TQFT also includes a free scalar, which in a sense trivializes the test; but similar
theories, where we look at other rank 2 representations, do not have a compact scalar and
here the test is much more stringent. Therefore, in chapter 3 we also include an analysis of
the Z1¢ time-reversal anomaly and check for its matching.

0.4 Chapter 4.

As discussed in the previous section, three-dimensional gapped QFTs flow at large distances —
in their strongly-coupled regime — to topological field theories. It is therefore worthwhile to
study TQFTs in detail, since they describe the macroscopic dynamics of realistic systems.
Conversely, an a priori understanding of the properties of TQFTs (such as dualities, and
symmetries) is of much help in figuring out which TQFT appears in the low-energy limit of a
given QFT.

There are other reasons one may be interested in TQFTs in their own right. For example,
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it is possible to realize them in actual experiments, such as the Hall effect [31]. Moreover, they
are an example of an exactly solvable QFT [22], and therefore they are a great playground to
analyze generic features of QFTs, such as symmetries, anomalies, etc.

With these motivations in mind, the goal of chapter 4 is to determine the symmetries
of abelian TQFTs. A TQFT is said to be abelian if it can be described by a Chern-Simons
theory over an abelian gauge group. Equivalently, it is abelian if and only if every Wilson
line admits an inverse, i.e., another line such that their combination is the identity [32].
Abelian theories thus form an abelian group, as opposed to a fusion category for non-abelian
theories. Groups are more constrained than general fusion categories, and therefore the space
of symmetries is much more manageable and, in a sense, rich. Generic TQFTs have very
few symmetries, most often they are “trivial” symmetries associated to permutations of a
Dynkin diagram, and the non-trivial symmetries are exceptional and hard to determine. By
contrast, the symmetries of abelian theories are more accessible since they are (a subset of)
the automorphisms of the abelian group above, which is a classic problem in group theory.
The result is a very rich set of symmetries, often with fun connections to other areas such as
number theory.

Let us summarize the main points of chapter 4. We begin by quickly reviewing some
background material. One way to characterize an abelian TQFT is by its Chern-Simons
presentation. The most general Lagrangian over an abelian gauge group is

L= iKijai A da’ (0.4.1)
where a' is a tuple of U(1) gauge fields and K;; is an integral symmetric matrix. This matrix
specifies the TQFT. While in chapter 4 we deal with the general case, in this section we will
simplify the discussion by assuming that all diagonal components of K are even; this ensures
that the TQFT is bosonic, i.e., it does not depend on the spin structure of spacetime. The
case of spin theories is almost identical, with some extra factors of 2 here and there.

The observables of a TQFT are the Wilson lines. In the abelian case, such a line is
specified by a tuple of integers o; € Z, namely

W,(c) = e dee (0.4.2)

where c is some cycle in spacetime. There are two crucial properties of W, (c) that we need
to describe:

e The operator W does not only depend on c, but there is also a dependence on the
choice of trivalization of the normal bundle thereof [22]. The idea is that short-distance
divergences force us to introduce a regulator. A choice that preserves topological
invariance is to specify a vector normal to the line, which dictates the direction we are
to deform it in case of coinciding singularities. The line thus becomes a ribbon. One
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can show that the dependence on this choice of normal vector is rather mild: it merely
introduces a (computable) phase:

= 0(o) (0.4.3)

0() = e K e (0.4.4)

where

e Not every choice of «a; € Z leads to a distinct operator. Two Wilson lines W, and
W, have identical correlation functions if and only if @« = ¢/ mod K. The idea is
that the propagator of two gauge fields is 27K ~! (this being the inverse of the gauge
kinetic term in (0.4.1)). Therefore, correlation functions of W, can be expressed as a
certain function of e2mX '8 where § is the charge of any other Wilson line. If o = o/
mod K, then 2K ™8 = o2mia’ K6 o1 a1 8, and W, W,, have the same correlators
with respect to any other line. Thus, there are finitely-many distinct Wilson lines,
which take values in the coset Z/KZ. (This coset is finite and has |det(K)| elements)

If we have two lines W, (c) and W,/ (c’) such that c,c’ are homologous (and the normal
bundles are in the same homotopy class), then we can bring the cycles c, ¢’ together, since
the theory is topological. The end result is a single Wilson line, with charge o + o

Abelian theories are fully specified by these pieces of data we just described: the coset
A :=7/KZ, the operation A x A — A given by entry-wise addition av+ ¢/, and the quadratic
function #: A — U(1). Indeed, the space of all such structures is isomorphic to the space of
integral symmetric matrices K (up to stable equivalence [33]). Any correlation function of a
configuration of Wilson lines can be computed if we know the abelian group (A, +) and the
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function 6. For example, using the two moves just described (0.4.3), (0.4.5), one can show

that o
<<i§§:>>:(¢%£$&g>( | (0.4.6)
a p

where link(cy, o) is the linking number of the cycles ¢, ¢y (in this example, link(cy, co) = 2).

We can summarize this review of abelian theories as follows:

A general abelian TQFT is characterized by an integral symmetric matrix K. From this
matrix one can extract a finite abelian group (A, +), with A = Z/KZ, and a quadratic,
homogeneous function on this group 6(a) = exp(ira’ K ‘o), with a € A. Any correlation
function in the theory can be calculated in terms of these basic pieces of data, namely
undoing self-twists (0.4.3) and fusing lines (0.4.5).

We can now move on to the main point of chapter 4, to wit, classifying all symmetries
of such TQFTs. Given the discussion above, we can characterize symmetries as follows.
A symmetry is, by definition, an operation on the observables of the theory that leaves
correlation functions invariant. In the case at hand, the observables are the Wilson lines, and
therefore a symmetry is a permutation p: A — A such that

(Wotay(€) -+ +) = (Walc) -+ ) (0.4.7)

where - -+ denotes any insertion of other Wilson lines. As we just reviewed, this correlation
function can be determined entirely in terms of fusion and @, and therefore p will leave
correlation functions invariant if and only if

pla+a)=pla)+p(@’) mod K, 0(p(a)) = 0(c) (0.4.8)

for all o,/ € A.
Similarly, anti-unitary symmetries by definition reverse the orientation of spacetime, i.e.,
they are permutations that satisfy

(W@ ) = (Wa(Q) )" (0.4.9)

where ¢ is the cycle ¢ with the opposite orientation, and the complex conjugation * is due to
the symmetry being anti-unitary. Thus, we learn that p is an anti-unitary symmetry if and
only if

pla+a') = pla) +pla) mod K,  O(p(a)) = B(a)" (0.4.10)

for all a,a/ € A.

In more abstract terms, an abelian TQFT is specified by its data (A, +, #), and a symmetry
is an automorphism of the group (A, +) that leaves the quadratic function # invariant, up to
complex conjugation for anti-unitary symmetries.
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This formulation makes the problem straightforward: for a given abelian group, we first
identify all the automorphisms, and then we check which of these leave the quadratic form
invariant. The abelian group is finite, and so in the worst-case-scenario we brute-force through
finitely many permutations. As usual, it is enough to check the generators, on which an
action of a homomorphism determines an action on the whole group. The recipe is now clear:
if we are given some abelian TQFT, we must first determine its abelian group and quadratic
form data, and then we list all automorphisms thereof. We explain how to do this in practice
for arbitrary theories, paying special attention to the case of spin (a.k.a. fermionic) TQFTs,
that is, theories that depend on the spin structure of the underlying manifold. QCD with
quarks is fermionic, and therefore the infrared TQFT most often is, too.

Let us illustrate this with the most basic abelian theory, U(1);, namely a Chern-Simons
theory with gauge group U(1) and level k. This theory admits both a bosonic and a fermionic
version. In order to simplify the presentation, we do not make a distinction between these
two options here, and also drop some factors of 2. The abelian group is A = Z;, and the
quadratic form is 0(a) = exp(mia?/k) for a € Zj, where we use additive notation for the
group law. A general automorphism of Z; is a map of the form « + ga where ¢ is an integer
coprime to k, and insisting that this map leaves the quadratic form invariant yields the
condition ¢> = £1 mod k, where the upper sign corresponds to unitary symmetries and
the lower one to anti-unitary ones. Solving the congruence ¢> = &1 mod k yields all the
symmetries of the theory.

Unitary symmetries are given by the solutions to ¢> = +1 mod k. There is always at least
one non-trivial solution, namely ¢ = —1. This corresponds to the usual charge-conjugation
symmetry of gauge theories, which more traditionally acts as a’ — —a’. The equation ¢ = +1
mod k£ may or may not admit solutions other than ¢ = £1; when it does, the permutation
a — qa will not be a symmetry of the Lagrangian £, since the only transformations that
leave ﬁa A da invariant are a — +a. Therefore, charge-conjugation is the only symmetry of
the classical theory, and other symmetries, if any, will only be symmetries of the quantum
theory.

Anti-unitary symmetries, on the other hand, are given by the solutions to ¢> = —1 mod k.
This equation does not always admit solutions. One can show that this congruence equation
admits solutions if and only if all prime factors of k£ are congruent to 1 modulo 4, i.e., only
for those values of the level is the theory time-reversal invariant. Furthermore, one can argue
that the number of unitary — and anti-unitary, if any — symmetries is 2°(*) where w(k) is the
number of distinct prime factors of k.

The first few values of k for which U(1)y is time-reversal invariant are k = 1,2,5,10,13, .. ..
Indeed, these are the first few integers for which the congruence ¢> = —1 mod k admits
solutions. As before, this symmetry is somewhat unusual since it again does not leave the
Lagrangian invariant. This means that, for those special values of k£ above, the symmetry is a
quantum symmetry, which is not present in the classical theory. It is a non-trivial self-duality
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of the theory. Another exotic aspect of this symmetry is that, except for k = 2, it is an
order-four operation, i.e., it satisfies T* = 1 as opposed to the more standard algebra T? = 1.

We thus learn that U(1); generically has lots of symmetries, and their type and number
depends on the arithmetic properties of the level k. Most of these symmetries are quantum
symmetries, i.e., they are transformations that leave correlation functions invariant, even if
they do not leave the Lagrangian invariant in any meaningful sense. That being said, it is
interesting to note that TQFTs often have lots of equivalent descriptions: theories described
by different matrices K7, K5 may in fact give rise to the same theory, via a non-trivial duality.
This is so if the matrices K, Ky are associated to the same topological data (A, +,60). A
symmetry that is non-Lagrangian with respect to the matrix K; may become Lagrangian
with respect to the matrix /K,. In other words, whether a symmetry is classical or quantum
depends on the duality frame we choose to describe the theory, and is not intrinsic to the
theory itself. To give a very concrete example, consider the theory U(1);. This theory is in
fact equivalent to another Chern-Simons theory, described by three gauge fields coupled via

K =

o o o

0 0
01 (0.4.11)
10

In the duality frame of K, the symmetry a — ga becomes a Lagrangian symmetry, since it
can be effected by the change of variables

al al q —p 1
|l —=Q[a], Q:==|prk ip(—¢+1) 3(¢=£1) (0.4.12)
a’ a’ —k  3qx1)  H(—g£1)

where p is an integer such that ¢ = 1 + 2pk. Although it may not be obvious at first glance,
the matrix () is integral and unimodular, which means that it is a valid change of variables
(it respects the periodicity conditions on the U(1) gauge fields a’). It is easily checked that
the matrix K satisfies Q° K@ = K, and therefore the change of variables (0.4.12) leaves the
Lagrangian a'Kda invariant. On the first gauge field a!, the change of variables acts as
a' — ga' +---, and therefore this redefinition implements the symmetry o — ga, as required.
The conclusion is that, while this unitary symmetry is non-Lagrangian with respect to U(1)y,
it becomes Lagrangian with respect to a dual description K =k & o,.

The general case is conceptually very similar. The abelian group for arbitrary abelian
TQFTs is always a product of cyclic group, and symmetries are defined by polynomial
congruences on these groups, roughly of the form Q? = £1 mod K, with matrices Q, K.
Solving this system of congruences classifies all symmetries; the end result depends sensitively
on the number-theoretic properties of the levels of the Chern-Simons terms. Generically, these
symmetries are quantum in the sense of the previous paragraph: they are symmetries of the
theory but not of the classical Lagrangian. In a suitable dual description, some symmetries
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may become Lagrangian. And, as above, the symmetries often satisfy exotic algebras, such
as T* = 1, or even non-abelian algebras. See chapter 4 for a long list of examples.

This completes the problem of determining the symmetries of abelian theories. While
interesting in its own right, it is also useful to try and apply the conclusions to more general
QCD theories. We can list a couple of examples here. Two abelian theories that appear in
the low-energy regime of QCD are U(1), and U(1)s, which describe the macroscopic dynamics
of SU(2) plus an adjoint fermion, and PSp(5) plus an anti-symmetric fermion, both at the
m =k = 0 point [30] (see also section 3.6 for a review). As the gauge theory is time-reversal
invariant, so must the low-energy TQFT. And, using the results of this chapter, this is indeed
seen to be the case, since k = 2,5 both satisfy the condition for time-reversal invariance of
U(1)x. Moreover, U(1), has order-two time-reversal invariance while U(1)5 has order-four
(i.e., T2 =1 and T* = 1, respectively). This is precisely what one expects from the gauge
theory point of view, since PSp(5) is not simply-connected, and the corresponding magnetic
symmetry modifies the time-reversal algebra from T? =1 to T? = M, where M? =1 [34].
On the other hand, SU(2) is simply-connected and thus there is no magnetic symmetry, and
the time-reversal algebra is the standard order-two algebra. We also discuss other possible
applications of our results to other gauge theories in chapter 4.

0.5 Chapter 5.

In chapter 5 we continue our study of topological theories in three dimensions. The motivation
is the same as in the previous section: these theories describe the macroscopic regime of
gapped QFTs, so any knowledge we can extract from the former will potentially teach us
something about the latter. Furthermore, these theories share many of the features of more
complex QFTs while being exactly solvable, which makes them a great arena to explore
general properties of quantum systems.

To be concrete, the topic of chapter 5 is the dependence of TQFTs on the spin structure
of spacetime [35]. Gauge theories that contain quarks require spin structures to be defined
(i.e., a choice of boundary conditions for fermions), and therefore their macroscopic effective
description often require a spin structure too. Topological theories that depend on the spin
structure — known as spin TQFTs or fermionic TQFTs — go beyond the scope of traditional
TQFTs — known as bosonic TQFTs — which depend only on the topology of spacetime. In
other words, spin TQFTs are more sensitive to the underlying manifold than bosonic ones.
This means that their construction requires a more refined treatment than the traditional
approach.

In chapter 5 we describe how spin TQFT's are constructed, with special emphasis to their
Hilbert space. This space is a super-vector space, i.e., it is Zs-graded, owing to the fact that
the states in fermionic theories can be labelled by their fermion parity, i.e., by whether they
are a boson or a fermion. This super-vector space only depends on the topology of the spatial

25



manifold and the associated spin structure, up to isomorphism. Large diffeomorphisms that
leave the topological space invariant induce isomorphisms of the associated Hilbert spaces,
which must be compatible with the Z, grading. The specific form of these isomorphisms
— known as the modular data of the theory — is crucial for solving the theory on arbitrary
manifolds (which can always be reconstructed by cutting it into simpler manifolds, and
pasting them back together via a suitable diffeomorphism [22]).

The degrees of freedom of three-dimensional TQFTs are line operators, also known as
anyons. The distinguishing feature of a fermionic TQFT, as opposed to a bosonic one, is
that the line operators come in two different types. The “regular” anyons, which we refer to
as Neveu-Schwarz lines, behave quite similarly to the anyons of a bosonic theory. They are
topological lines, in the sense that correlation functions only depend on the global structure
of the configuration of operators. By contrast, fermionic theories also contain a different type
of anyons, which we call Ramond lines, which are not genuine line operators but rather they
exist at the end of the topological surface that implements fermion parity (—1)%":

9 (0.5.1)

Neveu-Schwarz anyon Ramond anyon

We denote the set of Neveu-Schwarz anyons as A_ and the set of Ramond anyons as A,
Similarly to bosonic TQFTs, these anyons have associated topological data, such as S and T’
matrices, which measure the response of the theory to large diffeomorphisms.

A nice example of a spin three-manifold whose partition function can be evaluated
explicitly is the lens space L(a,1) = S?/Z,. For a even this space has two spin structures,
and the corresponding partition functions read

Z[L(a,1); %] = ) (Ta) *(Soa)’ (0.5.2)

ac AL

This shows that, if we understand the sets A+ and the associated topological data S, T, we
can compute the partition function on the lens space with spin structure 4. More generally,
the same is true for any three-dimensional spin manifold: any observable can be determined
in terms of the anyons A4 and the topological data of the theory (i.e., the action of large
diffeomorphisms).

How can we determine the topological data of a fermionic theory, in practice? The
strategy we follow in order to construct fermionic theories is the following [36, 37]. If we have
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one such theory to begin with, one can always sum over all possible spin structures, which
yields a TQFT that no longer depends on the spin structure. In other words, summing over
spin structures turns a fermionic TQFT into a bosonic TQFT. Importantly, this process can
be reversed: one can also turn the bosonic TQFT into the fermionic one back. The way one
does this is by gauging a suitable one-form symmetry, an operation that is dual to summing
over spin structures. Specifically, this gauging means summing over all possible two-form
gauge fields for the symmetry. In conclusion, any fermionic TQFT can be obtained by a
suitable sum of bosonic TQFTs. As the latter are very well-understood, we can use this
approach to give an explicit construction of the former. For example, we show how all the
modular data of the fermionic theory can be written entirely in terms of the modular data of
the dual bosonic theory. Similarly, the fermionic Hilbert space is a direct sum of suitable
bosonic Hilbert spaces.

From this point of view, the Neveu-Schwarz lines of the fermionic theory are the anyons
of the bosonic theory that are uncharged under the one-form symmetry, and the Ramond
line those that are charged. This explains why, after gauging, the latter appear at the end of
the (—1)"-surface.

To summarize,

Fermionic TQFTs always have an associated bosonic TQFT, and one can go back and
forth between these two theories by suitable gaugings. Any object on either side of the
duality can be expressed as a linear combination of similar objects on the other side of
the duality. As bosonic theories are better understood than fermionic ones, one can use
this correspondence to solve the latter using known facts about the former.

To given an explicit example of what the duality looks like, consider the following.
Let H(3* ") denote the Hilbert space of the bosonic theory, quantized on an arbitrary
(orientable) Riemann surface ¥ with external punctures aq,--- , a, (i.e., labelled boundary
components). Let also 7—2(2?1”'0‘") denote the super-Hilbert space, on the same surface, with
spin structure s, as defined by the fermionic theory. Then these two spaces are related by

D P @A) = ()

ceEH1(X,Z2)

@ 7:[(2?1"‘&”) _ H(Zal---an) @ H(Zal“‘anw) (053)

SEH(S,Z)

where P are projectors of the form P ; = sW, with s¢ = +1 the spin structure around
the cycle ¢ and W the Wilson line around c associated to the transparent anyon ¢ (the
generator of the one-form symmetry). The projectors are defined in such a way that Wi =s°
on ’}:[, i.e., such that the transparent fermion around a cycle measures precisely the boundary
condition around the same. In any case, these expressions (0.5.3) demonstrate the idea that
summing over spin structures H'(X,Z,) “undoes” the sum over Z, gauge fields H, (3, Z,),
and vice versa.
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The modular data of the fermionic theory can be obtained by acting with the projectors
P, s on the data of the bosonic theory. This data is very important since it allows us to
compute observables on arbitrary spin 3-manifolds, via surgery. In order to illustrate the
procedure we explicitly calculate this data for several examples of common TQFTs, and then
use it to compute the path integral on lens spaces, a non-trivial family of spin 3-manifolds.

While the construction of the Hilbert space as above is complete and self-contained, it
might sometimes be time-consuming for high-genus surfaces. If the explicit basis is not
needed, but just the total number of states, then there is a simple formula that computes
that number directly for us. In the bosonic case it is the so-called Verlinde formula [38, 39].
In chapter 5 we also discuss the fermionic version of this formula, which gives us the number
of bosons and fermions of an arbitrary spin TQFT, on an arbitrary surface, in terms of the
torus modular data of the bosonic parent, which is much more accessible than the data for
higher genus. (In particular, we only need the vacuum S-matrix, so the F-symbols are not
required.)

As in the previous section, these results are definitely useful in their own right, since
spin TQFTs are non-trivial examples of QFTs and therefore any progress towards their
understanding is welcome. But, of course, these considerations become much more interesting
when applied to other problems. We can in fact make contact with other chapters in this
thesis. For example, by using our explicit construction of the Hilbert space of fermionic
TQFTs, in chapter 1 we show that these spaces often realize projective representations of the
symmetry group, signaling an 't Hooft anomaly for the symmetry, as reviewed in section 0.1.
Similarly, in chapter 4 we determine the symmetries of abelian TQFTs, including fermionic
theories. One aspect that was left unanswered in that chapter is how the symmetry group is
extended by fermion parity, if at all, since this symmetry does not act on the anyons and
hence cannot be detected by the methods in that chapter (cf. footnote 92 on p. 209). Using
our refined understanding of fermionic TQFTs from this chapter, one could in principle
answer this question, since the Hilbert space does in fact detect fermion parity (although
we do not do this in this thesis). Finally, the strongest connection to other topics in this
thesis is that with chapter 6. As we shall review momentarily, that chapter deals with
four dimensional gauge theories and their domain walls. The Witten index of these walls
is computed by counting states in the Hilbert space of certain three-dimensional fermionic
TQFTs, a calculation that crucially utilizes the results of this present chapter.

0.6 Chapter 6.

The final chapter of this thesis concerns the concept of domain walls in d = 3 + 1 gauge
theories. These walls are non-perturbative codimension-1 dynamical objects in a QFT, which
generically support degrees of freedom in one lower dimension. Understanding the dynamics
of these walls, and the localized degrees of freedom they host, is a strong-coupling problem
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which is in general very hard to address. The goal of chapter 6 is to try and say a few things
about them in d = 3 4+ 1 dimensions, and make contact with dynamics of gauge theories in
d = 2+ 1 dimensions as discussed above.

Consider a four-dimensional theory that has some discrete symmetry ' that is sponta-
neously broken. As such, the system has |I'| vacuum sectors, labeled by elements g € I';
assume further that all these vacua are trivial, i.e., that the system is gapped and the vacua
do not carry topological degrees of freedom. In this situation, one can define boundary
conditions such that the fields approach different vacua in opposite asymptotic directions,
say at z — 4o00. This configuration is topologically protected since there is no finite-energy
process through which it could decay everywhere to the same vacuum. From very far away,
i.e., at low energies, all the energy density of the configuration is confined to a codimension-1
region of spacetime, orthogonal to the z direction. This defines a domain wall, that is, a
dynamical surface that separates two vacuum states.

What are the dynamics of this surface? To leading order the surface will tend to minimize
its tension, i.e., its area. In other words, the overall configuration of the surface is determined
by the Nambu-Goto action, S = —T A. This center-of-mass mode can be interpreted as
the Goldstone boson associated to the spontaneously broken translation symmetry along
the z direction caused by the wall. The hard question is, what is there beyond this mode.
Specifically, what are the degrees of freedom that are localized on the wall? Note that, at
low energies, these degrees of freedom define a purely d = 2 4+ 1 dimensional theory, since
they do not have enough energy to leave the wall, and the vacua on both sides of the wall do
not have topological degrees of freedom which could interact with the d = 2 4+ 1 dimensional
dynamics. We would like to identify this d = 2 + 1 theory explicitly.

We can begin by doing some kinematics [40]. A general wall is specified by the two vacua
it separates, say 71,7, € I'. In fact, the wall only depends on the combination v,7; !, since
we can use the affinely-realized symmetry I' to relabel the vacua. So the wall really only
depends on a single group element, and we can denote the wall as W.,. Another simple fact
is that the parity-reversal of the wall, denoted by WW can be obtained by z — —z, i.e., by
interchanging the elements 7;,7,. In other words, W, = W, -1. So whatever the 3d theory
on W, is, it must be such that, under time-reversal, it is mapped into W.-1. This is as much
as we can say without invoking actual dynamical arguments.

In order to make progress, let us be more concrete. Consider a gauge theory with gauge
group G and massless quarks in some representation R. The case of fundamental quarks,
R = 0O, was analyzed in [41]; there, it is assumed that the time-reversal symmetry was
spontaneously broken, leading two two vacua and one domain wall. The 3d degrees of
freedom were identified. Here we consider, instead, the case of rank-2 quarks, i.e., the adjoint
representation or the symmetric and anti-symmetric representations R = (13,H. Generally
speaking, we do not expect non-trivial infrared dynamics for higher-rank representations,
since the beta function is only negative for finitely many values of N.
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We assume that the gauge group G is simply-connected, for otherwise the vacua will
generically have topological degrees of freedom and domain walls are not well-defined as
3d theories. The 4d theory has an axial symmetry I' = Zyp(r), where T'(R) is the Dynkin
index of R (see appendix B for the definition of T'(R) and its value for several important
representations); this symmetry is what remains of the classical axial U(1) symmetry 1
e'q). which is explicitly broken — down to a discrete subgroup — in the quantum theory by
a mixed anomaly with the gauge group.

We now make the following key assumption: the fermion bilinear %1 condenses. This
is definitely true for the adjoint case [42-46], and this also implies the condensation for the
other rank-2 representations for sufficiently large /V, since all rank-2 theories are roughly the
same to leading order in 1/N [47]. We assume that the condensation continues to hold for
all finite N. The condensation of the fermion bilinear spontaneously breaks Zspry — Zo,
where Zy acts as 1) — —1; this leads to 2T (R) discrete, trivial vacua, labelled by elements of
Lyt (ry/ Ly = Zor(ry- We thus have 2T'(R) domain walls, labelled by this cyclic group.

What is the d = 2 + 1 theory that lives on these walls? We propose that the three-
dimensional theory supported on the worldvolume of W,,, where n € Zor(g), is QCD with
gauge group G and fermions in the representation R, together with a Chern-Simons term at
(bare) level ky = n. This value of the Chern-Simons level can be motivated as follows (see
diagram below). The domain wall W,, is defined by the condition that the fermions have n
more units of phase on one side than the other; we can therefore perform an axial rotation
on half space, with parameter n, to bring both sides to the same phase. Due to the axial
anomaly, the phase rotation induces a theta term, which is a total derivative. On half space,
the total derivative localizes to the boundary; but the theta term is in fact a derivative of
the Chern-Simons interaction, F' A F' = d(F A A), and therefore the theta term with phase n
induces a Chern-Simons term with coefficient n on the boundary, that is, on the domain wall.
In other words, the configuration that defines W, is equivalent to having the same vacuum
everywhere, plus a Chern-Simons term localized on the wall.

vacuum 1 vacuum 1 vacuum 1
Axial Integrate
rotation derivative nFAA
— ~—— = = |
nd(F A A)
S s s S
vacuum 2 vacuum 1 vacuum 1

The first step defines the domain wall as the interface between vacua 1 and 2. On this
configuration (second step), we perform an axial rotation on the bottom region only, with n
units of phase, equal to the difference between vacua 2 and 1. This axial rotation generates
a theta term, which is a total derivative and hence integrates to the boundary, namely the

30



interface. This yields a configuration where we have the same vacuum everywhere, but with
a Chern-Simons term on a surface (third step).
To summarize the discussion so far,

A d = 3+ 1 gauge theory with simply-connected gauge group G and fermions in the
rank-2 representation R has 27'(R) vacua labelled by Zyp ). The domain wall separating
vacua differing by n € Zapr) units of phase supports a d = 2 4 1 dimensional gauge
theory with gauge group G, fermions in the representation R, and a Chern-Simons term
with bare coefficient n.

We often label the 3d gauge theory by the renormalized level, defined as the bare level
minus 7'(R). In this convention, the claim is that W,, = G,,_r(r) + ¥&.

A simple consistency check of this proposal is the following. Recall that the kinematics
of domain walls require that time-reversal acting on W, is equivalent to W.-1; here v =n
and v~' = 2T(R) — n, as n € Zyr(r). So we better have W, = Woar(r)—n- This is indeed
satisfied by the conjecture W,, = G,,_7(r) + ¥g, inasmuch as time-reversal flips the sign of
the (renormalized) Chern-Simons level, i.e., Gy = G'_;. So at this level of the analysis, the
overall picture is seen to be self-consistent.

In chapter 3 we give some qualitative arguments that support the conjecture for the
symmetric and anti-symmetric representations of the gauge group. In the case of the
adjoint representation we can be much more explicit and give some quantitative evidence.
The property that makes the adjoint case more tractable is that the theory is, in fact,
supersymmetric — a gauge field plus an adjoint fermion define an ' = 1 vector multiplet.
Being supersymmetric, there are some observables that can be computed exactly, which can
then be used to test the proposal above.

The observable we shall use is the Witten index [42, 46]. This is defined as I :=
tr(—1)Fe=PH and it has the nice property that it is invariant under smooth (supersymmetry
preserving) deformations. Indeed, in a supersymmetric theory all the excited states are
paired-up in bose-fermi doublets, and therefore they cancel out in I, as (—1)f weights them
with opposite sign. Therefore, the index is sensitive to the vacua only. Furthermore, any
reasonable deformation can only add or remove vacuum states in bose-fermi pairs, so the index
does not change under it. All in all, the Witten index is an observable of supersymmetric
theories that does not change under small deformations, and this makes the index computable,
since we can often deform the theory into one that we know how to solve. One can also study
twisted Witten indices, where one turns on fugacities for flavor symmetries of the theory.

In chapter 6 we compute the (regular and twisted) Witten indices of the domain walls of
adjoint QCD using both the 4d variables and the (conjectured) 3d variables. Consistency
of the proposed 3d theory requires these two computations to agree. This matching also
lends some evidence to the pure 3d dynamics discussed in the previous sections, since the
computation of the Witten index requires knowledge of the infrared (the vacua) of these
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theories, which we previously conjectured to be certain TQFTs via alternative methods. So
the agreement of the Witten index for the domain walls not only tests the proposal that the
domain wall supports specific 3d QFTs, but it also tests the proposal that these QFTs flow,
at large distances, to specific TQFTs.

The matching of Witten indices is our quantitative check on the domain wall proposal
for adjoint quarks. In chapter 3 we also describe the domain walls in the case of symmetric
and anti-symmetric quarks. These theories are not supersymmetric, and therefore we cannot
compute any partition function reliably and check for matching. That being said, in some
cases we can give some milder evidence that the proposal is correct. We close this introductory
chapter with a rough description of the argument presented in chapter 3.

Consider a 4d gauge theory with group SU(/N) and a quark in the (anti-)symmetric
representation. The domain walls are labelled by n € Z x4, with the upper sign referring
to the symmetric representation and the lower sign to the anti-symmetric. The TQFT that
we derive in chapter 3 for this gauge theory is U(n)yio—n nt2-2,. The most interesting
wall is the time-reversal invariant one, n = (N =+ 2)/2, since for this value of n the TQFT
becomes U(n), o = PSU(n), x U(1)g. The factor of U(1), gives a U(1) gauge field with zero
topological mass, which in three-dimensions is equivalent (by Hodge duality) to a compact
scalar, namely a free, massless, circle-valued scalar field. This massless field is to be thought
of as the Goldstone mode of the U(1) baryon symmetry. Hence, in this case the TQFT
predicts that, while the baryon symmetry is unbroken in the bulk, it breaks on the wall!

As a matter of fact, there is a situation where this spontaneous breaking can be seen
explicitly, directly in the 4d theory. In general, a semi-classical computation will not see a
topological sector such as PSU(n),,, which means that we can only hope to obtain a reliable
semi-classical description if this topological sector is trivial. This TQFT is only trivial for
n = 2, since PSU(2), = SO(3); is an SPT. Recalling that n = (N + 2)/2, we are invited to
look more carefully at the theories SU(2) + 11 and SU(4) +H. We claim that in these two
cases, the compact scalar U(1) is visible on the wall in a reliable effective analysis.

What makes the two theories SU(2) + 10 and SU(4) + H special? The answer is that, in
these two cases, the flavor symmetry is enhanced, since SU(2) = Spin(3) and SU(4) = Spin(6),
and EI:!,H are both equivalent to two copies of the fundamental representation. Hence, for
these two values of N, the flavor symmetry is SU(2) instead of U(1). Importantly, a mass term
preserves U(1) but not SU(2), and therefore the former cannot break spontaneously while the
latter may. We assume that, indeed, SU(2) breaks to U(1), which leads to a vacuum manifold
isomorphic to a sphere, S* = SU(2)/U(1). In this description, the two vacua separated by
the n = 2 domain wall are just two antipodal points on the sphere, and the domain wall
itself is a geodesic connecting them. Importantly, this geodesic is not unique: all half circles
connecting antipodal points have the same length, and thus there is an S!'-worth of possible
geodesics. This means that U(1) is spontaneously broken, the compact scalar corresponding
to motion along the azimuthal direction:
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Chapter 1

Global Anomalies on the Hilbert
Space.

Authorship. The content of this chapter is taken almost verbatim from the paper [1],
written in collaboration with Davide Gaiotto and Jaume Gomis.

Abstract. We show that certain global anomalies can be detected in an elementary fashion
by analyzing the way the symmetry algebra is realized on the torus Hilbert space of the
anomalous theory. Distinct anomalous behaviours imprinted in the Hilbert space are identified
with the distinct cohomology “layers” that appear in the classification of anomalies in terms of
cobordism groups. We illustrate the manifestation of the layers in the Hilbert for a variety of
anomalous symmetries and spacetime dimensions, including time-reversal symmetry, and both
in systems of fermions and in anomalous topological quantum field theories (TQFTs) in 24 1d.
We argue that anomalies can imply an exact bose-fermi degeneracy in the Hilbert space, thus
revealing a supersymmetric spectrum of states; we provide a sharp characterization of when
this phenomenon occurs and give nontrivial examples in various dimensions, including in
strongly coupled QF Ts.

Acknowledgments. We would like to thank Theo Johnson-Freyd, Nathan Seiberg, Ryan
Thorngren, and Alex Turzillo for useful discussions.
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1.1 Introduction and Summary

Consider a system with a classical global symmetry group GG. Powerful constraints on the
dynamics can be derived by coupling the system to a background connection A for the
symmetry G. The system has an 't Hooft anomaly [7] if the non-invariance of the partition
function under background gauge transformations generated by g € G

Z[A] = €9 7] A (1.1.1)

cannot be cancelled by a local counterterm constructed out of the background fields. This is
the physics that endows anomalies with a cohomological formulation [6, 48, 49].

The anomaly a(g, A) is a local functional of the background connection and of the
transformation ¢ € G. An ’t Hooft anomaly is captured via anomaly inflow [50] from a
topological term in one dimension higher. Each such topological term can be thought of as
the effective action characterizing a symmetry protected topological (SPT) phase [51-53] with
symmetry G in one higher dimension. The topological term is gauge invariant on a closed
manifold and reproduces the anomaly on a manifold with a boundary. Being topological,
an 't Hooft anomaly is robust under deformations that preserve the symmetry, including
renormalization group transformations. 't Hooft anomalies give physicists some of the very
few clues into the nonpertubative dynamics of a quantum system.

A combination of insights from condensed matter physics, particle physics, quantum
information and mathematics has culminated in a conjecturally complete answer to the
problem of classifying the possible anomalies in various dimensions [52, 54-60]. This includes
anomalies in bosonic as well as fermionic systems, for discrete and continuous internal
symmetry groups as well as discrete spacetime symmetries such as time-reversal and parity.'*
This has led to the topological classification of anomalies in terms of cobordism theory and
generalized cohomology theories [11, 36, 54, 56, 58-60, 65-70].

Consider first a bosonic system, one which can be defined without a choice of spin structure
of the underlying manifold. By Wigner’s theorem, symmetries come in two flavours: linear
and unitary, or antilinear and antiunitary, with time-reversal being the prototypical example
of an antiunitary symmetry. Thus, the symmetry data of a bosonic system is specified by the
pair

(G,wy), (1.1.2)
where G is a group and w; € H'(G,Z,) a certain cohomology class w; : G — Zy that encodes
the unitarity /antiunitarity of the group elements in GG. The anomalies of a bosonic system
with symmetry data (G, w;) in D spacetime dimensions are classified by the twisted cobordism

group [58]
QPG ). (1.1.3)

HCoupling to a time-reversal background requires defining the system on unoriented manifolds [58, 61-64].
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In low spacetime dimensions, for D < 2, the anomaly classification reduces to group cohomol-
ogy: QPTG w;y) = HPTY(G, U(1)), extending the classic result that anomalies in quantum
mechanics (i.e. D = 1) are classified by H?(G, U(1)), that is, by the projective representations
of G.'? In higher dimensions, Q2

about the addition law) from the Atiyah-Hirzebruch spectral sequence [10], that combines

t1(G;w) can be reconstructed (losing some information

HP*+Y(G,U(1)) with other cohomology groups of lower degrees.

Now recall the characterization of symmetries and classification anomalies of a fermionic
system, which requires the choice of a (G-twisted) spin structure to be defined. A fermionic
system has a universal and unbreakable Zf unitary symmetry generated by fermion parity,
denoted by (—1)¥. This symmetry induces a Z,-grading in the Hilbert space H of fermionic
systems, which become super-vector spaces. Since (classically) symmetries cannot change
the fermion parity, that is [g, (=1)¥] = 0, the symmetry group G acting on the local
operators of a fermionic system is necessarily a ZI central extension of a group G, such
that G = G;/Z%. Also, by virtue of Wigner’s theorem, a symmetry can be either unitary
or antiunitary. Therefore, the symmetries of a fermionic system are characterized by a
cocycle wy € H?(G, ZL) specifying the ZE central extension and by a cocycle w; € HY(G,Zs)
encoding the unitarity /antiunitarity of group elements. The anomalies of a fermionic system
with symmetry data'

(G wy,ws) (1.1.4)
in D spacetime dimensions are classified by the twisted cobordism group [11, 59]
QDG w, ws) (1.1.5)

State-of-the-art mathematical techniques allow for the computation of these twisted cobordism
groups; see [9, 71-73] for many relevant examples together with reviews aimed at physicists. A
particularly convenient computational tool is again the Atiyah-Hirzebruch spectral sequence.
The different ingredients that go into the computation of (1.1.5) in this spectral sequence can
be given a nice physical interpretation in terms of layers in various dimensions (see below).

While the topological classification of anomalies is rather well understood, detecting
whether a physical system is anomalous can be a difficult task. Intuitively, one has to keep
track of all the arbitrary choices required for a sharp definition of the system on a general
background and then quantify the topological obstruction to the trivialization of these choices.
A concrete calculation may involve hard-to-determine data characterizing the system.!* While

12When w, is nontrivial the cocycle condition defining H*(G, K) is twisted by the action of wy, which acts
as an involution on K. This action is nontrivial for K = U(1) and K = Z but trivial for K = Z,. In order to
avoid clutter we do not write the twisting by w; explicitly.

13For example, for G = Za, and taking w; and wsy to be the nontrivial Zs = {0, 1} element in H'(Zy,Z>)
and H?(Zy,Z%) yields the symmetry group generated by time-reversal T obeying T? = (—1), sometimes
denoted by Z]. This is the relevant symmetry group of the celebrated topological superconductors.

4For example, detecting anomalies in bosonic topological quantum field theories (TQFTSs) requires knowing
the F-symbols [74].
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detecting the anomalies induced by transformations connected to the identity of a Lie group
G is textbook material, the detection of global anomalies, which includes anomalies for all
discrete symmetries, is more subtle [75, 76].1 The approach is often indirect, for example by
embedding some global anomalies into perturbative ones (see for example the recent work [85]
and references therein).

In this paper we exhibit an elementary method for detecting some anomalies, based
on constructing the Hilbert space of the theory on a flat (spatial) torus 77! as well as
determining how the algebra of symmetries is realized on the Hilbert space. This can be
given the following physical interpretation. The anomaly of a D-dimensional theory can be
represented by the class

apy1 € Qgg;l(G; Wy, Wy) - (1.1.6)

Studying the Hilbert space of the D-dimensional anomalous theory on a spatial torus'®

produces upon integration a class

dg = / apyq - (117)
TD—-1

The class as can be viewed as the effective anomaly class of a quantum mechanical theory in
0 + 1d, which we recognize from the properties of the Hilbert space. As a result, we expect
to be able to detect this way all anomalies whose cobordism class can be recognized from
the values on manifolds of the form TP~! x ¥,, equipped with generic flat connections, spin
structures, etc.

This perspective also shows that a torus compactification can provide useful anomaly
information only if the relevant structures — either the background G connection or spin
structure — do not extend to one higher dimension (i.e. if they are not the boundary of
a manifold in one higher dimension). Indeed, if these structures were all bounding such
that TP~ = OMP, then [, aps1 = [0 dapyr = 0, and the effective anomaly in 0 + 1d
vanishes. This means that in order to detect the anomaly in the torus Hilbert space we
must either turn on non-trivial holonomies for the symmetry G or we must consider periodic
boundary conditions on the torus for fermionic theories — or both.!”

In practice, we find that this method captures a surprisingly large amount of anomaly
information. This is especially true for fermionic systems.

In order to illustrate how various anomalies are manifested in the Hilbert space, it is

useful to recall some ingredients of the (partial) reconstruction of QSDP;;I(G ;wy,wsy) via the

15In the case of antiunitary symmetries it requires, for example, learning how to define spin TQFTs on
unoriented manifolds, which is an open problem. Numerous interesting partial results have been obtained,
however [63, 77-84].

160ne could also study the reduction of the anomaly class on more general manifolds, potentially detecting
more anomalies.

"Turning on non-trivial holonomies for the symmetry G defines a G-twisted Hilbert spaces, which are the
Hilbert spaces where to detect anomalies if the spin structures are bounding.
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Atiyah-Hirzebruch spectral sequence. The starting point is a collection of layers in various
degrees'® (see e.g. [11, 66, 67])

vp_s € HP7%(G,Z) p. + ip, layer
vp_1 € HP7YG, Zy) Arf layer (1.1.8)
vp € HP(G,Zy) Y layer

vpe1 € HPTH(G,U(1))  Bosonic layer

with nontrivial differentials connecting the various classes. Each layer has a physical and
geometric interpretation (see section 1.2 for more details). In particular, the groups which
appear in the second slot of HP=%(G, -) are the groups of k-dimensional SPT phases with
no symmetries. We summarize them in table 1.1.

0+ 1d 14+ 1d 2+ 1d
SPTs ZQ ZQ 7
generator ) Arf P + ip, aka SO(1);
Z Sy £l | X (m1)M® M3 s iCeravlMs]

Table 1.1: The first row gives the classification of SPT phases with no symmetries, the second
the generators of the SPT classes, and the last the partition functions of the generators. Sy
denotes a circle with periodic/antiperiodic (R/NS) boundary conditions; ¥ is a compact
Riemann surface, and Arf(X) is the Arf-invariant of the surface with spin structure, which
evaluates to 0 on even and to 1 on odd spin structures; and M3 is a three-manifold, with
CSgrav = =135 g, tr(w dw + 2w?).

The endpoint of the Atiyah-Hirzebruch spectral sequence calculation is the associated
graded of a filtration of Qg;;l(G; wy,wy): the addition law on the k-th layer is modified by
unknown carry-overs from lower layers, which are somewhat tricky to compute. Physically,
that means that even if the non-trivial differentials vanish, we can only really assign a specific
value to vp_y, if all vp_p with &' > k vanish, or we can only discuss the difference in the
vp—i anomaly of two theories for which all vp_;, with &' > k are the same.

We now demonstrate the Hilbert space manifestation of the layers in the anomalies of
0 + 1d fermionic systems with an antiunitary time-reversal symmetry T with T? = 1, so that
Gy =173 x ZL. The anomalies of such a system are classified by Q2 (Z2;1,0) = Q% _ = Zg

spin pin~

18Recall that the action of wq is trivial on Zs coefficients.
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[86]. The anomaly arises from three layers

~ 7 Arf layer
~ 7 ¥ layer (1.1.9)
vy € H*(ZJ,U(1)) ~ Zy Bosonic layer

We can think about these three groups as compiling into Zg, corresponding to the binary
expansion
v =1+ 21 + 4, mod 8. (1.1.10)

The simplest 0+ 1d system with anomaly v € Zg is a set of v free massless Majorana fermions,
with time-reversal acting as T(¢(t)) = ¥(—t) on all v fermions. At the level of operators,
this system has symmetries generated by T and (—1)F, these two operations commuting and
being both of order two, i.e., G; = ZJ] x ZL. At the level of the Hilbert space, the anomaly
v is manifested through the following anomalous pattern:

e v =1 mod 2: There is no graded Hilbert space H. This arises from the Arf layer 1.

e v =2 mod 4: There is a graded Hilbert space H but the symmetry generators on H

do not commute. Instead, they anti-commute:
{T,(-D"}=0. (1.1.11)

This arises from the fermion ¢ layer 1.

e v =14 mod 8: There is a graded Hilbert space H with [T,(—1)] = 0 on it, but the
symmetry algebra T? = 1 is realized projectively on H, that is

T°=—-1 on H. (1.1.12)
This arises from the bosonic layer vs.

As we compactify higher-dimensional systems on tori, we will use this characterization to
recognize the image of various anomalies.”

Let us explain our approach to detecting anomalies in the celebrated example of topological
superconductors. Consider the anomalies of 2 4 1d fermionic systems with time-reversal
symmetry T obeying T? = (—1)¥. The symmetry group is G; = Zj, with G = G;/Z§ = 7]
and the symmetry is twisted by the nontrivial Z, classes w; and wy in H*(ZJ,Z,) and

19An elegant instance of this general idea is Witten’s SU(2) anomaly [75], which is described by a cobordism
class n A co(F) [73], that when integrated over a four sphere with background gauge fields with minimal
instanton number, yields the SPT class n in 0 + 1d with no symmetries, which describes the ¢-phase (see
table 1.1). Therefore the SU(2) global anomaly is detected as an anomaly in (—1) due to a fermion zero
mode in the instanton background and arises from the -layer.
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H?*(Z3,Z%). The anomalies are classified by QL. (Zy,1,1) = Qéer = Zy¢ [59, 87-89]. By

anomaly inflow, this is the same as the classification of topological superconductors in 3 + 1d.

spln(

The anomalies are constructed from the following layers

v € HY(Zy,7) ~ P + ip, layer
e HX 7Y, 7,)~ 7 Arf 1
vy € H(Zy,7Z5)) =~ Y layer
(

vy € HY(Z3, U(l)) Zz Bosonic layer
These four groups compile into Zig, corresponding to the binary expansion
v =11+ 20y + 43 + 81y mod 16 . (1.1.14)

Anomalies v € Zjg can be detected by studying the Hilbert spaces Hxy of the theory on
the two-torus 7, which depend on the choice of spin structure on 72, where X,Y € {NS,R}.
This gives rise to the Hilbert spaces associated to even spin structures Hys.ns, Hns-r, HR-NS,
and to the odd spin structure Hgr.g. As explained above, anomalies can only appear in Hg.g,
as the other three spin structures are bounding.

The following anomalies can be detected on the Hilbert space, as we show in both the
study of spin TQFTs and fermions in 2 + 1d:

e v =1 mod 2: In Hgy the classically (—1)"-even time-reversal symmetry generator T

becomes (—1)F-odd, thus changing the parity of the states in Hg.g. This corresponds
to T anticommuting with (—1) instead of commuting in Hg.g:

(T, (-1)f}=0. (1.1.15)

This anomalous behaviour is associated with the p, + ip, layer in (1.1.13). For v even
[T, (—1)F] =0on Hxy.

e v =2 mod 4: The Z] symmetry algebra on Hxy is

T2 = (=1)" x (=) on  FHyy. (1.1.16)

The symmetry algebra is undeformed on the Hilbert spaces with even spin structure
and deformed in the Hilbert space with odd spin structure. This anomalous behaviour
is associated with the Arf layer in (1.1.13). For v =0 mod 4, T? = (=1)" on Hxy.

e The next two layers v3 and vy, corresponding to ¥ =4 mod 8 and ¥ =8 mod 16, are
not visible on the torus Hilbert space and require other observables to detect them.

The analysis of anomalies for time-reversal symmetry T? = (—1) in the Hilbert space
of spin TQFTs [35] requires constructing Hxy in the first place, and also learning how to
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compute the action of the operators (Wilson lines) on Hxy. A systematic construction of
the Hilbert space of fermionic TQFTs is presented in chapter 5, although we also quickly
summarize the essential points in this chapter in section 1.4.

Another interesting example where the anomaly layers can be detected on the Hilbert
space is in 1 + 1d fermionic systems with a unitary Z, symmetry?’. The overall symmetry
is Gy = Zy x Z§ and the anomalies are classified by Q2 (Z,,0,0) = Zs [59, 66, 92, 93],
constructed from the layers

v1 € HY(Zy, Zy) ~ 7 Arf layer
vy € H*(Zy, L) ~ Zs 1 layer (1.1.17)
vs € H*(Zy,U(1)) =~ Zy Bosonic layer

These three groups compile into Zg, corresponding to the binary expansion
v =1+ v, + 4us mod 8. (1.1.18)

The simplest example of a 1+ 1d theory with symmetry Z, x Z% that realizes the v € Zsg
anomaly is a system of v Majorana fermions. The generator of Z, is the chiral symmetry
g = (—=1)fz, which acts trivially on the right-moving fermions and negates the left-moving
fermions.

The anomaly v € Zg can be detected by studying the untwisted Hilbert space Hx and
the Zo-twisted Hilbert space H% of the v Majorana fermions, where X € {NS, R} labels the
spin structure on the (spatial) circle. We observe the following pattern:

e v =1 mod 2: The theory does not have proper graded twisted Hilbert spaces Hg,q and
HY,.
Also, while the untwisted Hilbert spaces Hx are well-defined, (—1)** and (—1)" do
not commute on Hy

{1, (-1)"}=0  onHxg. (1.1.19)
For v even Hx and HY% are properly graded and [(—1)f2, (—1)F] = 0.

e The v =2 mod 4 and ¥ =4 mod 8 layers are not visible on the Hilbert space as an
anomalous realization of symmetry or a projective representation. Indeed reducing
the H? class in (1.1.17) on the circle produces a trivial class in H?(Zy, U(1)), signaling
that there are no nontrivial projective representations of Z, in Hx or H%. We note,
however, that the anomaly can be detected by measuring the spin of states in the
twisted Hilbert spaces H% (see e.g. [94] for a similar discussion for bosonic systems).
In an anomalous theory this spin has a fractional part, which means that the rotation
symmetry is realized projectively.

20This symmetry is related to the two previous examples via the Smith map [90, 91]. The results below
can also be derived using this perspective.
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An interesting application of these results is the following. As explained above, some
anomalies imply that the symmetry generator is fermion-odd in the Hilbert space H with
the appropriate (non-bounding) structure: the operator that implements the symmetry
anticommutes with (—1) instead of commuting. This immediately implies that the spectrum
of the theory is supersymmetric, namely for any state in H there is a partner with the same
energy and with opposite fermion parity. This property of the theory is rather surprising: the
bose-fermi degeneracy is a consequence of an anomaly instead of a conventional supersymmetry.
This provides a unified perspective on several observations in the literature, and it leads to
generalizations and new predictions:

e Any 0 + 1d theory with an antiunitary Z] symmetry and an odd number of Dirac
fermions has exact bose-fermi degeneracy. The supersymmetric spectrum of an odd
number of free Dirac fermions was described in [95], and has been studied more recently
in [96-98]. From our perspective, any theory with a ZJ anomaly v =2 mod 4 has a
supersymmetric spectrum.

e Any 1+ 1d theory with a unitary chiral Zs symmetry and an odd number of Majorana
fermions has exact bose-fermi degeneracy in the untwisted Ramond Hilbert space
Hg. This includes the supersymmetric spectrum of SU(N) adjoint QCD with N even
in 1 + 1d recently discussed in [99] (the spectrum is supersymmetric in spite of the
fact that Lagrangian of adjoint QCD is not supersymmetric). The fact that a Zo-
symmetric theory with an odd number of Majorana fermions has {(—1)z, (=1)f} =0
in ‘Hg implies that any such a theory will have a supersymmetric spectrum. This
includes examples in Yang-Mills with Spin(/N) gauge group, e.g. in the fundamental
representation for N odd and in the traceless symmetric representation for N = 0,3
mod 4. It would be interesting to exhibit this bose-fermi degeneracy explicitly.

e Any 2+ 1d theory with antiunitary Z] symmetry and an odd number of Majorana
fermions has exact bose-fermi degeneracy in the odd spin structure Hilbert space Hg.r.
This is a nontrivial prediction for the spectrum of gauge theories in 2 + 1d theories,
which are strongly coupled in the infrared. An instance of a theory that should have
a supersymmetric spectrum is SO(N) gauge theory (with vanishing Chern-Simons
coupling) with a fermion in the traceless symmetric representation. Time-reversal
invariance requires that N is even, and v odd further requires that N = 0 mod 4.
While the Lagrangian of this theory is not supersymmetric, the anomaly implies that
the spectrum is nonetheless supersymmetric. We can provide nontrivial evidence for
this claim. In [30] the infrared dynamics of this theory was proposed to be captured by
SO(%) Ntz Chern-Simons theory. Using the formulae in [5] for the number of bosonic

and fermionic states in Hg.g of this Chern-Simons theory?' we find that the spectrum

n+k—1

Zn [5] it was shown that SO(2n + 1)241 Chern-Simons theory has ("}F*] n+,l:71

) bosons and ( ) fermions
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is indeed supersymmetric! Our argument applies to other gauge theories with higher
rank real representations and is a nontrivial prediction of their spectrum.

The next layer, measuring the projectivity of the symmetry algebra on H, also has
nontrivial implications, the most famous being Kramers theorem. From our analysis one can
conclude that any theory in 2 + 1d with Z] symmetry and anomaly v = 2 mod 4 has (at
least) two-fold degeneracy in the fermionic part of the even-spin-structure Hilbert spaces,
and in the bosonic part of the odd-spin-structure Hilbert space. When v =0 mod 4 there is
(at least) two-fold degeneracy for all the fermionic states, in any of the spin structures.

Finally, we should stress that our analysis may not yet capture all the information about
anomalies which is encoded in the torus Hilbert spaces. Isometries of the internal space will
act on the Hilbert space of a compactified theory. As a result, one could study anomalies
for the combination of the original symmetries and the new internal symmetries of the
compactified system. We leave this to future work.

The plan for the rest of the chapter is as follows. In section 1.3 we study free fermions
in various dimensions and illustrate how anomalies manifest themselves at the level of their
Hilbert space. We consider antiunitary time-reversal symmetry in 0 + 1 and 2 + 1 dimensions,
where the algebra is T2 = 1 and T2 = (—1)¥, respectively; and we also consider unitary chiral
symmetry in 1 + 1 dimensions with algebra g = 1. After that, in section 1.4 we consider the
same problem in 2 + 1d spin TQFTs. We study how their anomalies are seen by constructing
their Hilbert spaces. Here we revisit the algebra T? = (—1)¥ and find the same behaviour as
in the case of free fermions.

1.2 Anomalies from Layers

The classification of SPT phases in terms of generalized cohomology /cobordism and associated
“layers” is somewhat forbidding, but has a rather transparent physical meaning. Ultimately,
we want to have a procedure to associate a partition function to a manifold equipped
with appropriate structures. First, we can triangulate the manifold, equipping it with a
discretization of the various structures we want to endow it with: a flat connection along
the edges of the triangulation, some discrete version of the spin structure and orientation,
etc. Next, we can take the cell decomposition C' dual to the triangulation, and place on the
facets of C' some collection of invertible TFTs (meaning here SPTs with no symmetries) of
appropriate dimension, following some rules which take into account the discrete data we
put on the manifold. The partition function is then defined as the partition function of the
collection of invertible TFTs.

in the Hilbert space Hr.r. The spectrum is supersymmetric for n = k, when the theory is time-reversal
invariant.
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The “layers” of the cohomology theory are simply a way to encode which rules we use to
place invertible TFTs on facets. The differential in the generalized cohomology theory imposes
the constraint that the final answer should be independent of the choice of triangulation as
well as any other choices made at intermediate steps of the construction. It also identifies
pairs of rules which give the same final answer.

As an example, consider orientable, spin SPTs for unitary symmetries. A discretized G
flat connection is given as a collection of G elements on the edges of the triangulation.

1. If we were to include only the bottom layer, we would leave all facets bare and only focus
on vertices of C. At each vertex we place some complex phase (aka elements of U(1))
determined by the group elements along the edges of the dual simplex. This is literally
the cochain vp,; representing an element in the group cohomology HP+1(G,U(1)).
The cocycle condition ensures that the partition function defined as the product of all
the phases is independent of the choice of triangulation and gauge. Coboundaries give
partition functions which evaluate to 1 in a trivial manner.

2. Following [54], the next refinement of the story involves placing a fermionic one-
dimensional Hilbert space along some of the edges of C'. The choice is the cochain vp
representing an element in the group cohomology HP (G, Z,). The cocycle condition
ensures that each vertex is connected to an even number of fermionic edges. At each
vertex we now get to pick a vector in the (one-dimensional, Grassmann even) tensor
product of these vector spaces. This is roughly the same as a choice of vp,q, but
not canonically, because of sign ambiguities in the tensor product. The Grassmann
combinatorics needed to rearrange the tensor products when contracting states at the
endpoints of fermionic edges, as well as the (spin structure dependent) signs arising
from fermion loops contribute to the overall sign of the partition function.

3. At the next level of refinement, we can place Arf theories on some two-dimensional
facets according to some vp_;. The cocycle condition ensures that we have an even
number of Arf facets impinging on an edge, but the edge must now carry a specific
choice of how to gap the corresponding Majorana modes. The two possible choices have
opposite Grassmann parity, so this choice is similar but not canonically equivalent to a
choice of vp, etc. The evaluation of the partition function will now require a careful
manipulation of the Majorana modes.

4. Next, we can place SO(n)4; Chern-Simon theories on three-dimensional facets according
to some vp_5. The cocycle condition insures that we have the same number of chiral
and anti-chiral fermions at two-dimensional facets, but facets must now carry a specific
choice of how to gap these 2d fermions. Two inequivalent choices differ by a factor of
Arf. The evaluation of the partition function must now cope with this extra level of
complication.
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5. In principle, we could continue, selecting some invertible fermionic theories to place on
four-dimensional facets, etc. In practice, no non-trivial invertible theories are expected
to exist up to dimension 7, so we can safely stop here for most physical systems.

On general grounds, the differential in the generalized cohomology theory takes a triangular
form, with the diagonal being the standard differential for HP+'=*(G, T},), where T}, is the
group of invertible theories we can place on the k-th dimensional facets. The off-diagonal
components of the differential are non-trivial and somewhat tricky to compute far from the
diagonal. Furthermore, the “stacking” operation on generalized cohomology classes, i.e. the
sum of anomalies, is also defined in a triangular manner, with the diagonal being the usual
operation of stacking invertible theories.

As one compactifies an SPT on, say, a circle, one can take a triangulation of the D-
dimensional manifold M and refine it to a triangulation of M x S! in a systematic way.
Applying the rules above to M x S! and reducing them to some evaluation on the triangulation
of M one can figure out the resulting SPT theory in one dimension lower. This was done for
the Gu-Wen layer in [100], but has not been done in full generality.

1.3 Anomalies in free fermion Hilbert space

In this section we demonstrate how the Hilbert space on the torus detects a variety of
anomalies in systems of free fermions in various dimensions.

1.3.1 Anomalous Zg in 0+1 dimensions

The anomalies of a fermionic system in 0+1 dimensions with an antiunitary time-reversal
symmetry T with T? = 1, so that G; = ZJ x ZL, are classified by Q2 (Z2;1,0) = Q% _ = Zs.

spin

pin—
These anomalies arise from three layers
vy € HY(Z3 ,7y) ~ 7,
vi € HY(Z),7y) ~ 7, (1.3.1)

vy € H*(Z3,U(1)) ~ Zy,

which generate the Zg anomaly.

We shall study the Zg anomaly in a system of free fermions. Related considerations can
be found in [101-103].

Consider ¥ Majorana fermions in 0 4+ 1 dimensions

L=Y" %waﬂw. (1.3.2)
a=1
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The theory has a ZJ time-reversal symmetry which acts as??
Ty (t) = (=) T (1.3.3)

and Z% fermion parity
{(-1)",v*(t)} =0. (1.3.4)
It is known that a ZJ-symmetric quartic interaction that gaps out the fermions can be
written for v = 8 [86]. This realizes in the fermion system the Zs anomaly expected from the
cobordism classification.
Canonical quantization of (1.3.2) leads to a Clifford algebra of rank v

{0 ¢* =26  a,b=1,2,...,v. (1.3.5)

We now proceed to identifying the anomaly layers (1.3.1). Each layer is implemented in a
characteristic way in the fashion that symmetries are realized on the Hilbert space H.

e v = 1 mod 2. There is a rather severe anomaly for v odd as the operator (—1)F
generating the ZZ symmetry does not exist. The theory does not admit a proper graded
Hilbert space of states. Equivalently stated, the Clifford algebra of odd rank has two
irreducible representations, and (—1)¥ exchanges them, instead of acting within an
irreducible representation. This anomaly is associated with the HY(Z],Zy) = Z, layer,
the Arf layer.

This anomaly due to the lack of proper Hilbert space can also be detected by studying
partition functions. Consider the partition function on the circle with antiperiodic
(NS) and periodic (R) boundary conditions. The partition function with NS boundary
conditions is*

Ins = 2¥/2. (1.3.6)

Nominally, this partition function should count the number of states in H, that is
Zns = try(1) = dim(#H). The answer (1.3.6) mirrors the statement that there is no
proper Hilbert space for v odd, as 2*/? is not an integer. Likewise, while the partition

22For the purposes of studying anomalies it suffices to take all fermions to transform with the same sign
under T. If a fermion is assigned the transformation Tt_(t) = —t)_(—t)T, we can then write a ZJ-invariant
mass term i1 that couples a pair of fermions which transform with opposite signs under T. This lifts
both fermions and therefore without loss of generality we can focus on a collection of fermions that transform
with the same sign under T.

23This partition function can be evaluated by taking the square root of partition function of 2v Majorana
fermions, which has a 2”-dimensional Hilbert space. It can also be computed by zeta-regularizing Z =
Pf(i0;)" = [1,,cz A, where the eigenvalues of the 0 + 1d Dirac operator are A, =n + 1/2 in the NS sector,
and A\, = n in the R sector.

46



function with R boundary conditions vanishes due to the presence of zero-modes,
i.e. Zg = try(—1)F = 0, the correlator

(W) (1.3.7)

is non-vanishing, as the insertions compensate the zero-modes. This observable (1.3.7)
changes sign under the action of (—1)%, signaling that (—1)% is anomalous as the ZI’
Ward identities are violated.

e v =2 mod 4. For v even the theory has a well-defined Hilbert space and operator
(—=1)F acting on it. The Clifford algebra of even rank v has a unique irreducible
representation of dimension 2*/2, thus all representations are unitarily equivalent, and
we can study the implementation of symmetries in any choice of basis. We can construct
‘H by defining the creation and annihilation operators

(A 2 A=1,...,v/2, (1.3.8)

N[ —

v =
which obey
(i By =648 (v Py = (A 9Pt =0 A B=1,...,v/2, (1.3.9)
We define the vacuum by
A0)=0  A=1,...,v/2, (1.3.10)

and create the whole module by acting with the different Qﬂf on it. Time-reversal acts
by exchanging the creation and annihilation operators (see (1.3.3) and recall that T is

antilinear)
Ty = ¢IT. (1.3.11)

This allows us to determine the action of T on the vacuum |0) by considering the most
general state

TI0) = @|0) + aatb0) + - - + a0t % - /2|0 | (1.3.12)

for some yet-to-be-fixed coefficients {a}. Acting on both sides with * and us-
ing (1.3.9), (1.3.10) and (1.3.11) we conclude that all but the last coefficient vanish,
namely?*

TI0) = g ot 9b? - 6%/%|0) (1.3.13)

24This corresponds to what is usually referred to as particle-hole symmetry: time-reversal exchanges 1
and ¥_, so a state full of ¢, is mapped to a state full of ¢)_, and vice-versa.
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with |on2..,/2| = 1 so that state is normalized. Note that T adds v/2 fermionic modes,
so it changes the fermion parity of the state if /2 is odd. This implies that the ZJ x ZI
symmetry generators on ‘H obey

{(T,(-1)}=0 forv=2 mod4. (1.3.14)

and
T,(-1)f]=0 forv=0 mod 4, (1.3.15)

Therefore, the anomaly corresponding to the v = 2 mod 4 layer is detected by virtue
of the operators T and (—1)F anticommuting in H. This anomaly is associated with
the HY(ZJ,7,) = Zy layer, the ¢-layer.

e v =4 mod 8. For v =4 mod 8 the theory has a proper Hilbert space and [T, (—1)¥] =
0. We now proceed to study how the ZJ symmetry is realized on the Hilbert space.
Acting with T again in (1.3.12) yields

T20) = | ol 90? - Pl b2 o p2(0) = (—1)7/4@/20)0) (1.3.16)

Therefore, for v = 4 mod 8 the ZJ symmetry is realized projectively on the Hilbert
space, that is
T?=—1. (1.3.17)

Therefore, the anomaly corresponding to the v =4 mod 8 layer is detected by virtue
of the ZJ symmetry being realized projectively on the Hilbert space.?® This anomaly is
associated with the H%(ZJ ,U(1)) = Z, layer, the bosonic layer.

SYK model. To close this section we can consider a very simple application of these results.
One of the most well-known systems in 0+ 1d is the celebrated SYK model [104, 105], which
consists of a system of N Majorana fermions interacting via four-fermi terms

_ i a a a,b c.d
L=) oW - Zb; Tabeat?“ )" Y? | (1.3.18)
where the coupling constants J are real. This Lagrangian is invariant under T(¢'(t)) = ¢*(—t),
and therefore all the conclusions from our previous discussion hold. The time-reversal anomaly
of the system is ¥ = N mod 8. We immediately conclude that,

25We note that T? = —1 for v = 4,6 mod 8and T? =1 for v = 0,2 mod 8. This follows from the properties
of the antilinear involution acting on the Clifford algebra as T=1y2T = %, or equivalently Uy*U~1 = (y%)*,
where we have written T = UK, with K denoting complex conjugation and U a unitary. Therefore,
T? = U*U = +1 with T2 = 1 corresponding to a real involution and T? = —1 to a pseudoreal/quaternionic
involution. Using the explicit form of the gamma matrices we constructed we find the signs as discussed,
implying that for » = 0,2 mod 8 and ¥ = 4,6 mod 8 the Clifford algebra admits a real and quaternionic
involution respectively.
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e If N is odd, the SYK model does not admit a satisfactory (Zs-graded) Hilbert space.

o If Niseven, N =2 mod 4, then T is fermion-odd, and therefore the spectrum of the
Hamiltonian is (at least) two-fold degenerate, with energy doublets having opposite
fermion parity (the Hilbert space is supersymmetric).

o If Niseven, N =4 mod 8, then T squares to —1, and therefore the spectrum of the
Hamiltonian is (at least) two-fold degenerate, with energy doublets having the same
fermion parity (they are Kramers doublets).

o If Niseven, N =0 mod 8, the symmetry is non-anomalous and we cannot conclude
anything about the spectrum of the Hamiltonian. Unless we tune the coefficients J to
have some special symmetry, we do not expect any degeneracy in the Hilbert space.

It is a rather entertaining exercise to explicitly check these claims by numerically diago-
nalizing the SYK Hamiltonian for small values of N. We also note that similar ideas can be
found in e.g. [106, 107].

1.3.2 Anomalous Z4T in 2+1 dimensions

The anomalies of a fermionic system in 2 + 1d with an antiunitary time-reversal symmetry
T? = (=1)" are classified by Q%(Zy;1,1) = Q, , = Zis. These anomalies arise from four
layers (1.1.13)

Vv € H! (
v2 € Hz(Z{’Z” (1.3.19)
vs € H(Zy, 7)) ~ 7
vy € HY(Z3,U(1)) ~ Zy,

73, 7) ~ 7,
EZQ

which compile into Zig.

In this section we study this anomaly in a system of free Majorana fermions, and in
section 1.4 we will do the same in time-reversal symmetric spin TQFTs.

Consider a system of v Majorana fermions ). We shall work in the Majorana basis where
the gamma matrices are real,

7 =io?, =0l V=03, (1.3.20)

In this basis the Majorana condition is simply ¢* = 1 so 1 is a real two-component
Grassmann-odd spinor. We can without loss of generality take time-reversal to act as

T(¥(t) = £9%(-1). (1.3.21)

Given a pair of fermions transforming with opposite signs, we can write down a T-invariant
mass term, which means that such a pair does not contribute to anomalies. Therefore, as far
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as anomalies is concerned, we can take all fermions to transform with the same sign, say +1.
It is known that a T-invariant interaction exists with 16 fermions that lifts all of them [56,
87-89, 108-110].

We now construct the torus Hilbert space of the system and study how the time-reversal
anomaly manifests itself on it. A subtle but important difference in 2 + 1d as opposed to the
examples in 0+ 1d and 1 + 1d is that Q™ = Z contains a free part: in 2 + 1d there exists
a purely gravitational SPT. This invertible theory is intertwined with time-reversal in an
interesting way, which we review next. The generator of SPTs with no symmetry in 2 + 1d is
given by the spin TQFT denoted by SO(1);, corresponding to the super Ising category [63,
111-113]. The partition function of this theory is e=*savwhere locally

1 2
= — - 1.3.22
CSgray 47T/Mgtr (wdw+3w) , (1.3.22)

where w is the spin connection for the gravitational background of Mjs. An arbitrary SPT with
no symmetry is given by a number n € Z of copies of the generator, namely SO(n); := SO(1)7,
whose partition function is e="Serav . Ag a spin TQFT, SO(n); can be obtained by condensing
a certain fermion in the bosonic TQFT Spin(n);, that is by gauging a certain Zy one-form
symmetry (see section 1.4). Note that the Chern-Simons form CS,,,y is a volume form, so it
is odd under time-reversal.

If the manifold is non-trivial, the fermions automatically couple to the Chern-Simons
term for the background gravitational field, because the Dirac operator contains a piece
proportional to the spin connection. In 2 + 1d time-reversal acts both on the fermions and
on the Chern-Simons interactions, and the combined system is only time-reversal invariant
if the coefficient of the latter is adjusted appropriately. This behaviour should be thought
of as a mixed time-reversal-gravitational anomaly, and it can be ascribed to a controlled
non-invariance of the fermion path-integral measure D). This non-invariance is a topological
phase, the eta invariant 7, and we can summarize the anomaly as the statement that each
massless Majorana fermion 1 transforms as

T: Dy e ™/2Dyp . (1.3.23)

In absence of other background fields, the eta invariant is precisely the gravitational Chern-

Simons term,

1
5 = CSgray mod 27Z. (1.3.24)

In this sense, time-reversal does not map the QFT of a single massless fermion into itself,
but rather into itself tensored with a copy of the SPT SO(1);; schematically

T (massless 1) = massless ¢ x SO(1); . (1.3.25)

In order to compensate for the anomalous phase e~*/2, we formally need to attach to
each massless Majorana fermion a copy of %Cng, i.e., to a copy of a “square root” of SO(1);.
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The combined object 2=+ Dq) is now time-reversal invariant. In the notation of (1.3.25),
we formally need to move “half” of SO(1); to the left, so as to have T mapping a QFT into
itself instead of into a second QFT.

The discussion above is equivalent to the statement that a massless Majorana fermion
carries chiral central charge ¢ = 1/4 (this is also known as the framing anomaly [22]; recall
that ¢ measures the coupling of the theory to CSguy). As ¢ is odd under time-reversal, a
system with ¢ # 0 is not invariant by itself, but must be coupled to a suitable SPT, whose
central charge is —c, in order to make the total central charge zero. The generator of SPTs
SO(1); has ¢ = 1/2, so in order to compensate for the ¢ = 1/4 of the fermion we formally
need to couple it to a square root of SO(1);. More generally, given an arbitrary number v
of massless Majorana fermions, the system 1" is not actually time-reversal invariant, but
the combined system ¢" x SO(v/2)_; is. Naturally, if the number of fermions v is odd, the
coefficient of CSgyay is not properly normalized, and the system does not make sense as a
purely 2 + 1d object: we either give up time-reversal invariance and drop the gravitational
counterterm, or we keep the symmetry and regard the system as the boundary of a 3 + 1d
theory. For v even, we can maintain time-reversal invariance and still have a conventional
2 + 1d theory, but only after coupling the fermions to SO(rv/2)_;. For now, we will consider
the v fermions alone, and later on we will study the effect of turning on SO(v/2)_; for v
even.

With this in mind, let us go back to studying the system of 2 4+ 1d v massless Majorana
fermions on the torus 72. Anomalies, being renormalization-group invariant, always arise in
the realization of the symmetry on the low energy states; therefore, in order to detect the
anomalies, it suffices to look at the vacuum sector. For even spin structure on 72 there are
no zero modes and no anomalies; this agrees with the general discussion in section 1.1 where
we argued that anomalies can only be detected on manifolds that do not bound.

For odd spin structure there are zero modes and potential anomalies. Roughly, the system
with odd spin structure on 7 behaves as 2v copies of the 0 4 1d system of Majoranas we
analyzed earlier, the factor of 2 being due to the fact that each 1 has two real components
instead of one. In this sense, the analogous to the first layer in 0 4 1d is never activated in
2 + 1d, because the number of Majorana components is always even. In other words, the
Hilbert space Hyxy of 2 + 1d Majorana fermions is always well-defined, regardless of the
parity of the number of fermions. But the other two layers, those measured by the fermion
parity of T and the sign in T? = &1, are potentially activated. The first one is measured
by the parity of v, and the second one by the parity of v/2. We will exhibit the following
anomalous behavior in the Hilbert space:

e v =1 mod 2: In Hp.y time-reversal is fermion-odd, it anticommutes with (—1)¥
(T, (-1} =0. (1.3.26)

This anomaly is associated to the p, + ip, layer 1. For v even [T, (—1)] = 0.
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e ¥ = 2 mod 4: In the even spin structure Hilbert spaces Hns.ns, Hns-r, HR-Ns time-
reversal satisfies the standard algebra T = (—1)%, but in the odd spin structure Hilbert
space Hgr.r this algebra is realized projectively, namely T2 = —(—1). In other words,
the time-reversal symmetry on H xy satisfies

T2 = (=1)F x (=)™ (1.3.27)
This anomaly is associated to the Arf layer vs.

The next two layers, v3, v4, which measure v mod 8 and ¥ mod 16, respectively, are invisible
on the torus Hilbert spaces.

The discussion regarding the first two layers is essentially identical to the 0 + 1d case, so
we only highlight the differences. The fermions now depend on both time ¢ and the spatial
coordinate x, which we take to coordinatize a torus T2. The Hilbert space associated to this
spatial slice is built by acting with the spatial modes on the vacuum sector. If Arf(7?) = 0,
then there are no zero-modes, and the vacuum Hilbert space is trivial: there is a unique
vacuum state |0). Therefore, here time-reversal acts quite trivially: T is fermion-even and
satisfies T2 = (—1)¥ on the nose: neither layer is activated. In order to detect the anomaly
we have to look at the non-bounding torus, i.e., where both boundary conditions are periodic
such that Arf(7?) = 1. Here there is a single zero-mode for each Majorana fermion, which is
spatially constant. In what follows we shall study this vacuum module generated by these
zero-modes in Hr.R.

First of all, since T(¢)) = 7% where +° = ic?, time-reversal acts on the two components
of the Majorana fermion as

T =+¢?, T =—¢'. (1.3.28)
In terms of the complex spinor ¥ = \%(wl + i1)?) this becomes
T(V) = i0". (1.3.29)

The Hilbert space is built by declaring that W;|0) = 0 for alli = 1,2, ..., v, and by repeatedly
acting with W7 on |0). The action of time-reversal on the whole vacuum Hilbert space is
uniquely fixed in terms of its action on |0), which again reads

T|0) = UHW5 - W3 |0) (1.3.30)

up to an inconsequential phase. We thus see that, indeed, if v is odd T anticommutes with
(—1)F. Now, if we act with T twice we get
T?(0) = TET; - - T5[0)
= (=)’ ¥y --- W, TO)
= (=)' 0 Wy - - U, W05 - W 0)
=i ’0).

(1.3.31)
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When v is even we get T?|0) = +|0). More generally, as T? = (—1)¥ when acting on the
creation operators, the relation T2|0) = +0) lifts to T?> = (—1)¥ on the whole Hilbert space.?

We now return to the effect of the gravitational SPT SO(r/2)_; for v even that is
needed in order to have a time-reversal symmetric theory. This SPT has a unique state
on any spin structure Hilbert space Hxy. The fermion parity of this state is known to be
(=1)F = (=1)AH(T)¥/2 (see [5, 36] and section 5.2.2). Therefore, the T-invariant combined

system ¢” x SO(v/2)_; has a time-reversal algebra
T2 = (=1)F x (=1)AHTw/2 (1.3.32)

This means that the operator algebra T? = (—1) is undeformed for v = 0 mod 4, while it
gets deformed by the Arf theory for v =2 mod 4 in Hg.g, as claimed.

1.3.3 Anomalous Z, in 1+1 dimensions

The anomalies of a fermionic system in 1 4+ 1d with a unitary Zs symmetry such that
Gy =7y x 7% are classified by Q2 (Z2;0,0) = Zs. These anomalies arise from three layers

spin

124} € Hl(ZQ,Zg) ZQ
vy € H*(Zy, Ty ~ Ly (1.3.33)
vy € H*(Zy,U(1)) = Zs,

~
~

which generate the Zg anomaly.
Consider v Majorana fermions in 1 + 1d*"

L= o} +igd i, (1.3.34)
a=1

where 0. = 0; £ 0,. This system has a chiral Z, unitary symmetry generated by g = (—1)
which combines with the nonchiral Z% symmetry generated by (—1)% to yield the symmetry
group Gy = Zy x Z5. These symmetries act on the fermions as

{(=D)" yp} = [(-1)™, ] =0
{(=1)", 01} ={(-1)", v%} = 0.

26Here we are fixing the fermion parity of the odd-spin-structure ground state to be +1, the same as
in the even-spin-structures case. We could declare instead that the ground state has fermion parity —1.
This would eliminate the anomalous sign in the time-reversal algebra below. The anomaly would manifest
itself, instead, in the presence of an Arf-dependent anomalous sign in the fermion parity of the ground state,
(=1)F|0) = (—1)A(T)/2|0). This is simply a redefinition (—1)F — (—1)Af(T)v/2(_1)F

2"The anomalies in 1 + 1d are actually Zg x Z, the second factor being the gravitational anomaly. We take
vy, = vr = v to cancel this gravitational anomaly and focus directly on the Zg factor.

(1.3.35)
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It is known that a Zs-symmetric interaction that gaps out the fermions can be written for
v =892, 114-116]. This realizes in the fermion system the Zg anomaly expected from the
cobordism classification.

We now analyze the anomaly layers that can be detected in the Hilbert space. We discuss
in turn the Hilbert space Hyx and the Zy-twisted Hilbert space H%, where X € {NS, R}
denotes the spin structure on the spatial circle. The twisted Hilbert space H% is defined by
quantizing in the presence of a nontrivial Z, (flat) connection around the circle for the Z,
symmetry.

In order to detect the anomalies we proceed to study the implementation of symmetries
on the zero-mode operators in Hyx and H% in turn.

Anomalies in H x

Since in the NS sector there are no fermion zero-modes, there is a unique, trivial vacuum
and symmetries are realized on Hyg in a non-anomalous fashion. In the R sector there are
fermion zero-modes which upon quantization furnish a Clifford algebra of rank 2v

{¢%7¢2} = {Wza @Z)?%} = 26ab’ {¢%a 77Z)%3} =0 a,b=12... v. (1336)

This Clifford algebra has a unique irreducible representation of dimension 2¥, thus all
representations are unitarily equivalent, and we can study the implementation of symmetries
in any choice of basis. We can construct Hgr by defining the creation and annihilation
operators 9% = 1(¢% + ipf) and ¥ = F(v% — @), such that ¥2[0) = 0. It follows
from (1.3.35) that

(—1)Phgs = e (—1) (1.3.37)

The Zy symmetry generator thus maps the empty vacuum to the completely filled state
(=1)7]0) = awply? - [0) . (1.3.38)
for some phase . This implies that the Z, x ZI symmetry generators on Hp obey
{(-D)fr, (-1)F} =0  for v odd, (1.3.39)

and
(=) (=1)F] =0  for v even. (1.3.40)

Therefore, the anomaly corresponding to the v odd layer is detected by virtue of the operators
(—=1)r and (—1)F anticommuting in Hg. This has also been noticed in [11, 117].

The anomaly associated to the v odd layer can also be detected in the torus partition
function with periodic boundary conditions around both the spatial circle and temporal circle,
that is with (R, R) boundary conditions along the two cycles of the torus. The zero-modes
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in Hgr imply that the partition function vanishes, but the partition function with fermion
zero-modes saturated is nonvanishing:

(Yr] - VL pdR - YR) # 0. (1.3.41)

This implies that the (—1)"t Ward identities are violated for v odd, that is, there is an
anomaly for the chiral Zy symmetry.

Anomalies in H%

This Hilbert space is constructed by imposing boundary conditions twisted by (—1)fz

when fermions are transported around the spatial circle. This yields different boundary
conditions for the left-moving and right-moving fermions, which we will denote by [ X, Xg],
where X,/ € {NS,R}.8

Let us consider H% in turn:

H2s. This corresponds to [R, NS| boundary conditions on the fermions. There are v zero
modes from the left movers and none from the right movers. The zero mode algebra is thus a
Clifford algebra of rank v

{g, by =25  ab=1,2,...,v. (1.3.42)

e v odd. There is a rather severe anomaly for v odd as the operator (—1)¥ generating ZZ
obeying {(—=1)F,4%} = 0 does not exist. The theory does not admit a proper graded
Hilbert space of states. Equivalently stated, the Clifford algebra of odd rank has two
irreducible representations, and (—1)¥ exchanges them, instead of acting within an
irreducible representation. This anomaly is associated with the H'(Zy, Zy) = Zs layer,
the Arf layer.

The Z, anomaly associated to the Arf layer and the corresponding lack of a Hilbert
space can also be detected in the torus partition function with antiperiodic boundary
conditions around both the spatial circle and the temporal circle, that is, with (NS, NS)
boundary conditions along the two cycles of the torus. This partition function is given
by

ZEng = (V2x0) (0 + X" (1.3.43)

where x1, X, and x. are the Virasoro characters with weight 0,1/16 and 1/2. For v
odd, the partition function indeed does not have an integral expansion, and thus there
is no suitable Hilbert space. The dimensions of the modules are integers times a factor
of /2, consistent with the fact that the anomaly is due to a dangling C/(1), whose
dimension is formally /2.

28This is to be contrasted with the boundary condition in the untwisted Hilbert space, where X = Xg.
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e v even. For v even the theory has a well-defined Hilbert space H{g and well defined
(—1)F and (—1) operators obeying [(—1)ft, (—=1)¥] = 0 in the Hilbert space. The Z
symmetry generator maps the empty vacuum in H% to itself up to phase (—1)™|0) =
a|0).

H$,. This corresponds to [NS, R] boundary conditions on the fermions. There are v zero
modes from the right-movers and none from the left-movers. The zero mode algebra is thus a
Clifford algebra of rank v

{4, Y5y =25 ab=1,2,... v. (1.3.44)

e v odd. Verbatim our discussion above: this system has a Z, anomaly associated to the
Arf layer, diagnosed by the lack of a proper graded Hilbert space of states. This can
also be seen from the lack of integral expansion of the torus partition function with
(R, NS) boundary conditions along the two cycles of the torus

71 v J— v
28R = (i + X" (V2X,) (1.3.45)
which again does not have a properly quantized expansion.

e v even. For v even the theory has a well-defined Hilbert space H% and well defined
(—=1)F and (—1)'* operators obeying [(—1)Z, (—=1)¥] = 0 in the Hilbert space.

Twisting by the symmetry eliminates the zero modes of one chirality. So effectively the
twisting halves the number of zero-modes, and the system moves one step up the ladder of
layers. In the untwisted Hilbert spaces Hx, ¥ =1 mod 2 means that g anticommutes with
(—1)¥. For twisted Hilbert spaces H%, v =1 mod 2 means lack of graded Hilbert spaces.

Projective rotations. In the discussion so far, we argued that the v =1 mod 2 layer of
the anomaly can be detected by the symmetry algebra of g and (—1). It is noteworthy that,
if we look at a more general group of symmetries, the full anomaly ¥ mod 8 can be detected.

The detection of the v € Zg anomaly is well-understood by now. This anomaly measures
the anomalous spin of operators on the twisted Hilbert spaces H%. From our point of view,
this statement is understood as follows. When we compactify the theory on a circle, the
model acquires an extra flavor symmetry: translations along the compact direction become
internal symmetries of the effective 0 + 1 dimensional quantum mechanical model. Therefore,
the Hilbert spaces on the circle realize a representation of a larger symmetry group: the
initial Gy = Zy X Z& symmetry is enhanced to Gy x U(1), with U(1) the group of rotations
around the spatial circle. While the bottom layer ¥ mod 2 only measures a projective action
of Gy, the full anomaly ¥ mod 8 measures a projective realization of the extended group

Gf X U(l)
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In a non-anomalous theory, the Hilbert space realizes a double-cover of the symmetry
group U(1), because of the presence of fermions — the system is invariant under 47 rotations.
In an anomalous theory, the Hilbert space realizes a higher cover of U(1), because of the
presence of operators with fractional spin. We claim that in a system with anomaly v € Zsg,
the twisted Hilbert spaces H% realize a 2 x (8/ ged(v, 8))-cover of U(1).

This claim can be established by looking again at a free fermion system. In this system,
the anomalous spin comes from the “zero-point momentum” of the fermions, namely 1/16
units for each Ramond zero-mode. In the untwisted Hilbert space there is no fractional
momentum: if both chiralities are NS, there are no zero-modes, and if they are both R, the
zero-point momenta cancel out. In the twisted Hilbert space, one of the two chiralities is
NS and the other is R, so there is no cancellation, and there are v/16 units of fractional
momentum. Therefore, the eigenvalues of the momentum operator are half-integers (from
the oscillator modes), plus /16 (from the zero-modes). In other words, 2P + v/8 € Z. The
momentum operator P is precisely the generator of U(1) rotations; therefore, instead of two
circles, we need to perform 2 x (8/ ged(v, 8)) full turns instead in order to compensate for
this fractional momentum. This proves the claim.

This also admits a path-integral interpretation. In a system with v € Zg units of anomaly,

£2miv/8 ynder a 4w

the partition function twisted by the g symmetry picks up a phase e
rotation, which signals the presence of operators with fractional momentum. We show this by
looking at the free fermion system, whose partition function over the twisted Hilbert space

HY, is (1.3.43), (1.3.45)

)1 V(i— — \v
izlS: Z((I%S,)NS) = (\/iXa) (X1 + Xe)

(1.3.46)
71 12 — 1%
My ZENs = (a+ X0 (V2X,)

A 47 rotation corresponds to a 72 modular transformation, which induces the phase et %o =

e*?™/8  with h, = 1/16 the conformal weight of y,-.

To summarize, the effect of the anomaly v € Zg is that the twisted Hilbert spaces realize
a projective representation of the rotation symmetry group U(1), and from this projective
action one can read off the anomaly. For a given value of v, the Hilbert space realizes a
2 x (8/ged(v, 8)) cover of U(1), as opposed to a double-cover, and the generator of rotations
has fractional momentum »/16. In a conformal theory, this can also be detected by performing
a T? modular transformation on the twisted partition function. A very similar philosophy
was used in [63] to derive the time-reversal anomaly in a 2 + 1d dimensional system.

1.4 Anomalies in spin TQFT Hilbert space

In this section we demonstrate the existence of anomalies in fermionic TQFTs by looking
directly at their Hilbert space. We follow the construction of the Hilbert space of a fermionic
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TQFT in [5]; see [36, 37, 118-121] for related work. Here we summarize the main ingredients,
leaving most details to chapter 5.

Given an arbitrary spin TQFT, one may sum over all spin structures in order to yield a
bosonic TQFT. We refer to this theory as the bosonic parent/shadow of the original spin
TQFT. This process of summing over spin structures corresponds to gauging the zero-form
symmetry generated by fermion parity Z& = ((—1)¥). Given such bosonic theory, one may
undo the gauging, i.e., we can recover the original spin TQFT by gauging a dual Z, symmetry,
this time a one-form symmetry [32]. This symmetry is generated by a certain fermionic line
operator 1, i.e., Z(zl) = (¢). Gauging this one-form symmetry is also known as condensing
the anyon .

With this in mind, the Hilbert space of the spin TQFT is easily obtained in terms of
the Hilbert space of the bosonic parent, by means of the standard procedure of gauging
a symmetry. The Hilbert space of the bosonic parent, being a standard TQFT, is well-
understood. Specifically, the torus Hilbert space has a basis of states labelled by the

anyons [22]:
H(T?) = sﬁ%n {@ﬁ} (1.4.1)

Here A denotes the set of all anyons in the bosonic parent — a finite set — and the loop
denotes a Wilson line labeled by 8 wrapped along the b-cycle of the torus (see figure 1.1).

B

Figure 1.1: Schematic notation for an arbitrary configuration of anyons on the torus, in the
presence of a puncture g. The green line represents the vertical (time) direction, orthogonal
to the torus. We insert an anyon g along this direction, which from the point of view of the
torus becomes a puncture (a marked point). The red line represents the a-cycle, and the blue
one the b-cycle. We insert Wilson lines with anyons «, 5 along these cycles, respectively. The
cross X represents the hole. The states in the Hilbert space H are created by wrapping anyons
around the b-cycle. The states in the twisted Hilbert space H® are created by wrapping
anyons around the b-cycle, in presence of a vertical anyon g.

The set A comes equipped with extra structure; for example, we have the modular matrix
S: Ax A — C that implements the large diffeomorphism (a,b) — (b, —a). Similarly, we
also have the modular matrix 7: A x A — C that implements the large diffeomorphism
(a,b) — (a,a+Db); these two transformations S, T generate the set of all large diffeomorphisms,
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the modular group SLs(Z). By our choice of basis (1.4.1) where the states are wrapped
around the b-cycle, the T-matrix is diagonal, with T = diag(e?>*"=¢/2%)), where c is the central
charge of the system and h: A — Q/Z denotes the topological spin of the lines.

The Hilbert space of the fermionic theory, let us call it 7:[, depends on the spin structure of
the torus. We denote these tori as Tfa > Where 5%, s? = +1 refers to the boundary condition
around the cycle a- and b-cycles, respe;:tively. We also denote the s = —1 boundary condition
by NS and the s = +1 boundary condition by R. We claim that the corresponding Hilbert

spaces are spanned by the following bases:
()

a X

-

a X

©
©

ﬁ(Té_NQ:SgaH:@ + @ v SIZ?H:@]
O

7:[<T1\QIS-NS) = Span

H(T¥sr) = Span

(1.4.2)

XV m

Yol o)

x X m

H(TE ) = Span

Here, a takes values in the subset of lines of A with the property that hy, = haxy mod 1.
On the other hand, both = and m denote the lines in A such that h, = haxy +1/2 mod 1;
the difference between z lines and m lines is that the former satisfy = x ¢ # = while the
latter satisfy m x ¢ = m. Finally, the state with an open line denotes the anyon 5 around
the spatial torus and the anyon 1 running along the time direction, cf. figure 1.1. (From
the point of view of the spatial torus, the line operator vy looks like a puncture, i.e., a local
operator; it is essentially a constant spinor, a zero-mode, which explains why it only exists in
the odd spin structure).

The rationale behind the structure above is the following. Given the bosonic theory,
gauging the one-form symmetry generated by 1) means inserting this operator in all possible
ways; summing over insertions along the spatial cycles projects the spectrum into the invariant
states, and summing over insertions along the time circle introduces twisted sectors. One can
check that the states in (1.4.2) are indeed invariant under insertion of ¢ along any of the
spatial cycles. The twisted sectors are precisely the states with a puncture, which do not
live in H but in the defect Hilbert space H? instead. The details of this construction are
elaborated upon in section 5.1.

The explicit geometric structure of states in (1.4.2) also allows us find how the operators
of the spin TQFT act on the different states. For example, the Wilson lines act by inserting
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an anyon around the cycle they are supported on, and therefore they act as

a Saz
0 1,6
g 5 p

(1.4.3)
W(b)(a): @ —> =
B B axf
on states without puncture, and as [122]
_ v oaxp
@ = F,&axﬁ |:ﬁ o Y s (144)

aXxf

on states with a puncture. Here S: A x A denotes the modular matrix of the bosonic parent,
and F' its F-symbols. From these expressions it is trivial to write down the Wilson operators
as matrices acting on 7 (with respect to the basis (1.4.2)).

Similarly, one can also write down how modular transformations map the different Hilbert
spaces ?:[(T 2y) into each other. For example, an S-transformation acts as

S: @ — ZASM @ (1.4.5)
> ac

«

on states without puncture, and as

5 w@ > 3 Soal) w@, (1.4.6)

aXx

on states with a puncture. Here S(¢) is the S-matrix of the bosonic parent in the once-
punctured torus (cf. (5.1.18)). Given these two expressions one can easily check that S-
transformations reshuffle the different spin structures as expected, namely (X,Y) — (Y, X).
Identical considerations hold for T-transformations (these are actually simpler because they
do not see the puncture, so the formula 7' = diag(e>("=¢/24)) is still valid for states in H?).
The final important remark concerning the fermionic Hilbert space H is that it is a
super-vector space, i.e., its states are either bosons or fermions. Given that (—1)F is, by
definition, dual to the gauged one-form symmetry Zg), it is clear that the states charged
under the former correspond to the states coming from the twisted sector, i.e., the fermions
in H are precisely those that include a ¢-puncture. In this sense, (—1)" is trivial in the even
spin structure Hilbert spaces, and in the odd spin structure Hilbert space it equals +1 on
a-lines and —1 on m-lines. In a fermionic theory the modular group is no longer SLs(Z), but
rather a ZI extension, known as the metaplectic group Mp;(Z), defined by the relations

S? = (ST)?, St = (-1)F. (1.4.7)
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The torus Hilbert spaces of spin TQFTs realize a unitary representation of this group.
We next illustrate all these considerations by explicitly working out several specific
examples of spin TQFTs. We show that time-reversal invariant theories with T2 = (—1)F

with Zi¢ anomalies ¥ = 2 mod 4 have time-reversal in the Hilbert space realized as
T2 = (—=1)F x (=1)AHT) (1.4.8)

thus exhibiting the anomalies associated with the Arf layer. We then show that spin TQFTs
with v odd have a time-reversal symmetry that anticommutes with (—1)¥ on Hg.r

{T.(-DF} =0, (1.4.9)

thus exhibiting the anomalies associated with the ¢ layer

1.4.1 v =2 mod 4: Arf layer

In this section we consider time-reversal invariant theories with ¥ = 2 mod 4 and show that
they realize the expected behavior associated with the Arf layer. We work out in detail here
the example of the semion-fermion theory which has v = 2, although the same behaviour
is observed in any theory with v = 2 mod 4. Other common examples of time-reversal
invariant spin TQFTs are Sp(n),, and SO(n),, which have v = 2n and v = n, respectively.
One can check that e.g. Sp(3)3 and SO(6)g, which have v = 6, exhibit the same behaviour.
We do not reproduce the explicit computation here because the matrices are very large and
the details do not contain any new ingredients.

The semion-fermion theory is a fermionic TQFT with four anyons: the vacuum 1, a
semion s, a transparent fermion 1, and the composite s x 1. A Chern-Simons realization of
this theory is U(1)s x {1,%}, where U(1)s = {1, s} is the TQFT of a single semion, and ¢
denotes a transparent fermion. The invertible factor can be written as {1,¢} = SO(n); for
any n € Z; the most convenient choice is n = —2, so that the theory has vanishing central
charge (as required by time-reversal). In other words, we shall consider U(1)y x U(1)_4,
whose Lagrangian reads

1
L=—(2ada—bdb), (1.4.10)
AT
where a,b are U(1) connections. The time-reversal symmetry of this Lagrangian acts as

follows [4, 111]:
T(a) =a—0b, T(b) =2a—0b. (1.4.11)

One way of constructing the Hilbert space of this theory is to take U(1)s x U(1)_4, which
is bosonic, and condense the line 1) = (0,2); this is a fermionic quotient, and so the result is
a spin TQFT, where v becomes transparent.
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We begin by constructing the Hilbert space of the bosonic parent, U(1)s x U(1)_4. This
is a 2 X 4 = 8-dimensional space, whose basis can be taken to be

lo, B) = WO (a, B)[0), (0, ) € Zy X Zy, (1.4.12)

where |0) denotes the vacuum state — the empty torus — and W denotes a Wilson line:

W (a, B) = expi %(aa + fb) (1.4.13)

C

for any c € H,(T?,Z) = Z[a] & Z[b).
The Wilson lines along the b-cycle act on a generic state as follows:

W®(a,p)|a/, ) =|a+a’ mod2, B+ mod4). (1.4.14)

The action of the Wilson lines associated to other cycles can be obtained using the modular
operations. For example, on the a-cycle, one has

a / Saa’ /
W@ (a)|a') = K’O‘% (1.4.15)

where S denotes the S-matrix of the system. In the theory U(1)s x U(1)_4, this matrix reads
S(ap) e g = ™7 20 [24/2,

We now condense the fermion ¢) = (0,2). The braiding phase of a generic line («, 5) with
respect to the fermion is B((«, 8),%) = e~ and so the NS- and R-lines are as follows:

NS: Axs ={(a,p): 5 =0,2}
R: Ar ={(a,p): 6=1,3}

Furthermore, there are no fixed-points under fusion with . Indeed, the lines are all in

(1.4.16)

two-dimensional orbits, paired as follows:

NS:  (o,0) <% (a,2) (1.4.17)
R: (Oé,l) <><_1l)> (a73)'

The lack of fixed-points indicates that there are no Majorana lines in the theory, i.e., all
states are bosonic. In the terminology of section 5.1.2; all lines («, 3) are a-type or z-type,
depending on whether 3 is even or odd; and there are no m-lines.

Hilbert space. With these preliminaries in mind, we now construct the torus Hilbert
space(s) of the fermionic theory. As in section 5.1.2; the states of the condensed phase are
expressed as linear combinations of those of the bosonic parent, and the specific combinations
are determined by the spin structure (cf. (5.1.33)):
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If we take NS-INS boundary conditions, the two states are

1
V2
1 (1.4.18)
1;NS-NS) = —(|1,0) + |1, 2)) .
| ) \/ﬁ(l )+11,2))
e If we take NS-R boundary conditions, the two states are
1
\{5 (1.4.19)
e If we take R-INS boundary conditions, the two states are
1
0; R-NS) = —=(|0,1) +10,3))
\{5 (1.4.20)
RNS) = (1.1 +[L3).
e If we take R-R boundary conditions, the two states are
1
’Oa R_R> = _(’07 1> - ‘073>)
\{E (1.4.21)

Modularity. As a consistency check, we can study how modular transformations move us
around these four Hilbert spaces. Take for example the S-transformation. In the bosonic
parent, this operation acts as

S'O{,B> = Z S(a,ﬁ),(a’,ﬁ’)|0/7B/> (1422)

a'€Zs
B'€ls

with S(a,g), (a5 = €7PF/2709) /21/2. Using this we obtain the action of S on the fermionic
theory. For example, it acts on the NS-NS states as follows:
1
V2
1
=1 {|0,0> +10,1) +10,2) +10,3) + [1,0) + [1,1) +[1,2) + |1, 3)+

S|0; NS-NS) = [S|0,0> + S|0,2>]

(1.4.23)
10,0) —10,1) +10,2) —[0,3) +[1,0) — |1,1) + [1,2) — ‘1,3>}
= 210,00+ 10,2) + [1,0) +11,2)).
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We recognize this state as \/Li(|0; NS-NS) +]1; NS-NS)). Through an identical computation one
can show that S maps |1; NS-NS) into \/Li(|0; NS-NS) — |1; NS-NS)). In both cases we see that

an S-transformation maps states in Hnsng into ’}:[NS_NS, precisely as expected (cf. (5.1.26));
and, moreover, the specific matrix that realizes this transformation is

- 1 /1 1
X NS = —= . 1.4.24
SNS-NS—NS-NS§ 7 (1 _1) ( )

By performing S-transformations on the other three Hilbert spaces we see that they are

permuted exactly as they should, namely S': ﬂsa,sb — 7:[81,78;,; and that they act as the
following matrices:

. A . 1 /1 1
SNS-RR-NS = SR-NSNS-R = —4SR-RSRR = —= < ) : (1.4.25)

V2 \1 -1

A T-transformation, on the other hand, acts in the bosonic parent as
Tla, B) = ™" /2=F1D|a, ) | (1.4.26)

which induces the following transformation in the fermionic quotient: 7': 7:[83781; — r}:[saﬁasb,
with matrices

. N . - 1 0
TNs-NS—NS-R = INS-R—NS-NS = TR-NSR-R = IR-R—>NS-R = (0 z) : (1.4.27)

(The semion-fermion theory is rather degenerate, not least due to the fact that it factorizes
into a bosonic TQFT and a trivial spin TQFT; in the general case, the matrices gsaysb, T g
are all typically distinct.)

A final ingredient as regards modularity is the charge-conjugation operation, which acts
in homology as C: (a,b) — (—a, —b). Unlike the S- and T-operations, charge-conjugation
fixes all spin structures: C: 7:[837813 — 7:1837sb. This operation acts on the U(1) connection as
a — —a or, equivalently, on the anyons as a — @ = —a. The semion and the fermion are
both self-conjugate (cf. —1 =1 mod 2), which means that C acts trivially on all the anyons
of the theory. That being said, this operator need not act trivially on the Hilbert space. Its
action is easily computed given the expression of the fermionic Hilbert space in terms of the
bosonic parent, namely

Cla,B) =|—a mod 2, —f mod4). (1.4.28)

For example, this action induces the following action on the quotient theory:

1
C|0;NS-NS) = —
V2

1

V2
= |0; NS-NS).

(Cl0,0) + C|0,2))

(m’o) + ‘0’2» (1429)
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Repeating this operation for the rest of basis vectors, we arrive at

Crs-ns—ns-Ns = Cnsrons R = Crongorns = —Crrorr = 1o (1.4.30)

or, more succinctly, C = (—1)A(),

Given the explicit expressions for the S , T, C matrices, we can check that they realize a
unitary representation of the modular group. In this case, the lack of Majorana lines means
that (—1) is trivial, which means that the modular algebra is just that of the regular torus
with no punctures. In other words, the modular transformations satisfy S? = (ST)3 = C,
with C2 = 1. The matrices S , T, C calculated above indeed satisfy this algebra, as expected.
In checking this one must keep in mind that S, 7" do not live in End(#,) (unlike in the
bosonic case) but rather in Hom(#,, Hy) (cf. (5.1.41)).

Wilson lines. An arbitrary element [v) € H, » = C?° can be written as [v) = ¢o|0; s2s°) +
c1]1; s2sP) for some coefficients ¢g, ¢; € C. Furthermore, all operators O € End(H . ) can
be represented as 2 x 2 complex matrices. The Wilson lines themselves, in particular, are
represented as 2 x 2 matrices. Their explicit form can be inferred from the expression for our
basis vectors in terms of those of the bosonic parent, and the fact that the Wilson lines in
the bosonic theory act as in (1.4.14). For example,

W (1,0)[1; NS-NS) — %W(a)(l,O)(ll,m +11,2))

= %e_m(ﬂ,()} +11,2)) (1.4.31)
= —|1;NS-NS) ,

and
1
W®)(1,0)[1;NS-NS) = EW“”(L 0)(|1,0) + [1,2))

1

V2
= +]0; NS-NS) .

(12,0) +2,2)) (1.4.32)

The rest of matrix elements are computed using the same idea. Denoting the semion by
¢ = (1,0), and the fermion by ¢ = (0, 2), the end result is the Pauli matrices
()=0', WY

s2,sb

(g) _ 0_3’ W(b)

s2,sb

W(a)

s3,sb

(1) = —s°1, . (1.4.33)

(As before, the fact that W()(¢) is independent of s?,s° is rather particular to this simple
system; in generic spin TQFTs these matrices depend non-trivially on the spin structure.)
One can easily check that the Wilson lines satisfy the fusion rules of the theory, namely
2 2
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Time-reversal. Finally, we implement time-reversal as an explicit operator in 7:[537Sb. We
write T = 7K, where K denotes complex conjugation and 7 € C? x C?; this factorisation is not
canonical, in the sense that 7 and K are separately convention-dependent — only their product
is meaningful. We shall fix them by declaring that our basis is real, K|a;s?s®) = |a; s2sP),
where o = 0, 1. In other words, K acts by complex-conjugating the coefficients:

K(co|0;8%°) 4 ¢1|1; 5%5°)) = ¢3]0; 525°) + ¢1]1; 575°) . (1.4.34)

Naturally, this definition is not basis-independent. But T, which is the object we care about,
is, so this is enough for our purposes.

We recall that T acts on the U(1) fields as T(a) = a—b, T(b) =2a—b (cf. (1.4.11)). This
induces the following transformation on the Wilson lines:

We() = expij[a — exp i f(a —b) = WQW ()

c c (1.4.35)
W) = expi b expi P2 - ) = W)

where we have used W(c)? = W(s?) = 1,. More to the point, time-reversal acts on the
anyons by fixing the vacuum and the fermion, and by exchanging ¢ <> ¢ X 1.
With this, time-reversal acts on the Hilbert space as follows:

TWY

s3,sP

()T =W, (T(a))  ce{a,b}, (1.4.36)

where o € {1,¢,7%,1 x ¢}. As W (1)) x 1g, the only non-trivial equation corresponds to the
semion, W (<), which in our basis reads

T (WL ()3l = =W () cefab) (1.4.37)
This is nothing but a set of linear equations in the components of 7, with solution

(Tsa,sb)a,ﬁ - (_Sb)ada_h@q_%(sa_i_l) (1438)

up to an inconsequential global phase, and where o, 8 = 0,1 and §, = 1 if z is even, and
0, = 0 if odd.
We next note that

(77 = D Ter 5
Y
b\a
=D (=" oty b0 11) 0494 S (041) (1.4.39)
"

1(ga
_ (—Sb)Q( +1)(5a+,8-
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Finally, observe that the expression above can also be written as 77 = (—1)Arf(s), which
means that time-reversal satisfies

T2 = 77 = (—1)ATE) (1.4.40)

In this theory, fermion parity is trivial, (—1)f = 1. Therefore, the equation above means
that the time-reversal algebra T? = (—1)¥ is deformed when acting on the Hilbert space, in
the form

T2 = (=1)F x (1)) (1.4.41)

which is precisely what we expected, given that the theory has v =2 mod 4.

1.4.2 v =1 mod 2: fermion layer

In this section we consider time-reversal invariant theories with v odd and show that they
realize the expected behavior associated with the fermion layer. We work out in detail here
the example of SO(3); Chern-Simons theory that has v = 3. One can repeat the exercise
for other theories with v odd, such as SO(5)s, which has v = 5; the main conclusions are
identical.

With this in mind, we next study the spin TQFT SO(3)3. This is the smallest intrinsically
fermionic topological theory, in the sense that it supports both bosonic and fermionic states,
unlike the previous section, where all states were bosonic. The presence of fermionic states
is directly related to the presence of Majorana lines, i.e., of fixed-points of the condensing
fermion. These will introduce new ingredients into the picture.

The bosonic parent of the theory is Spin(3); = SU(2)g, which becomes SO(3)3; upon
gauging the Z, center. So we first construct the bosonic theory. This theory has seven states,
labelled by their isospin: |j), where j = 0, %, 1,...,3. Under modular transformations, these
states transform as

. . | .
S1j) :ZSM/U'), S; = 551n§(2]+1)(2]’+1)
- (1.4.42)
T‘]> — 67T’L‘(2j(2j+2)73)/16|j> )

The condensing fermion 1) corresponds to the line 5 = 3. The braiding phase of a generic
line j with respect to ¢ is B(j,v) = (—1)*, which means that the NS-lines are those with
integral isospin, and the R-lines are those with half-integral isospin:

NS: Axs={j=0,1,2,3}

135 (1.4.43)
R: ={j==,=-,=}.
The NS-lines are all in two-dimensional orbits, paired up as follows:

X1

0<+— aid

3, 1+—2. (1.4.44)
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On the other hand, in the R sector there is one two-dimensional orbit, and one fixed-point:

1 X ) 3

— 4 = — v 1.4.45

ARG P (1.4.45)
In other words, 0,1, 2,3 are all a-type; %,g are both z-type; and % is m-type.

Hilbert space. With the information above we have all we need in order to construct the
Hilbert space of the fermionic theory. As usual, the states of the condensed phase SO(3)3
are expressed in terms of those of its parent, the specific expression being determined by the
choice of spin structure:

o If we take NS-INS boundary conditions, the two states are
1

|0; NS-NS) = —=(]0) + [3))
\{ﬁ (1.4.46)
1;NS-NS) = —(|1) +12)) .
| ) \/ﬁ(l ) +12))
e If we take NS-R boundary conditions, the two states are
1
0;NS-R) = —=(/0) — [3))
\{5 (1.4.47)
[1LNS-R) = —=([1) — [2)).

V2

e If we take R-INNS boundary conditions, the two states are

1
0 R-NS) = —(11/2) + [5/2)) (1.4.48)
I1;R-NS) = [3/2).

e If we take R-R boundary conditions, the two states are

1
ﬁ(|1/2>_|5/2>) (1.4.49)

ILR-R) = [3/2;¢),

|0;R-R) =

where, we remind the reader, |a; §) denotes the anyon « in presence of a  puncture
(cf. (5.1.6)).
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Modularity. As a check of the formalism so far, let us construct the modular data associated
to these states, and check that it behaves as expected from general considerations. The
even-spin-structure Hilbert spaces do not contain punctures, which means their modular data
is computed in exactly the same way as in the previous section. For example, performing
an S-transformation on an NS-R state we expect to obtain an R-NS state, which is easily
confirmed:

S|0; NS-R)

1
= E(SI()) - 5[3))

1
_ z[
/1= €[0) +]1/2) + V1 +€|1) +v2[3/2) + /1 +€]2) + [5/2) + /1 — €]3)
— VI E0) +11/2) — VITEN) + V23/2) — VI ER) +[5/2) — VI gf3) (1450

|

- %(;1/2> +V2[3/2) +15/2))
1
V2

where in the second line we have denoted & = sinw/4 = 1/+/2.
Acting with S on the rest of even-spin-structure Hilbert spaces we see that they are
indeed permuted as S: Hg » — Hp g5 and, moreover, this action is effected by the following

matrices:
1 <+\/2 —V2 +\/2+\/§)

(|0; R-NS) + |1; R-NS)) ,

Sws. NS = =
NS-NS—NS-NS +\/2+\/§ _\/2_\/§

2
A A I /[+1 +1
SNS-R-R-NS = SRNSNSR = —= ( ) .

V2 \+1 -1

T-transformations work similarly. For example, they should map states in the NS-NS
sector into the NS-R sector, which is indeed what happens:

(1.4.51)

T10: NS-NS) — %(T@ +713)

16 1
— o—3m/16_ 110y — |3 (1.4.52)
(0 13)
= ¢73™/16|0; NS-R) .

Acting with T on the rest of basis vectors, one confirms that T-transformations map
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T 7—28375b — ﬂsaysasb, through the following matrices:

R R . 10
—3mi/16
Tns-NSNS-R = INs-RsNs-Ns = € > ( .

v (1.4.53)
. 1 0 o
TR-NS—R-NS = ( , ) :

0 63771/4

One can easily check that all the expected properties of the modular group (i.e., (5.1.41))
are satisfied, where (—1)F = +1,, as all states are bosonic.

The odd-spin-structure Hilbert space Hp_r is much more interesting. The state |0; R-R) ~
|1/2) — |5/2) contains no punctures, so it is a boson, whereas the state |1; R-R) = [3/2; )
has a Y-puncture, so it is a fermion. In other words, in the R-R sector the fermion parity
operator is non-trivial, (—1)¥ = o,. This makes the analysis of modular transformations
more involved. In particular, these transformations should not mix these two states, and
they should not take us outside Hg.g (as the s = (+1,+41) spin structure is fixed by all of
the mapping class group). These expectations are confirmed by direct computation. For
example, acting on |0; R-R) with an S-transformation we get

S|0;R-RY = —(S[1/2) — S|5/2))

L
\/5(
_ 1 N (1.4.54)
= \/i(ll/?) 5/2))

= |0; R-R)

which is indeed in 7:[R_R (and has not mixed with the fermion, as it never could: modular
transformations do not mix configurations with different punctures).

The action of S on |1;R-R) = |3/2;9) is more subtle, because the state contains a
puncture, so we need the S-matrix in the once-punctured torus. This matrix is given
by (5.1.18)

3
0; 0 3/2}
S, V) = ——Sy; F { ,
3/2,3/2(1) ;93/2 0,51'3/2,3/2 32
3
o 1 : 1.4.55
= (—1)",
which means that, altogether,
A 1 0
SR-RSRR = (O (_1)7/4) - (1.4.56)
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T-transformations, on the other hand, do not care about the puncture, so they are just
given by the spin of the states:

Throrr = ((1) (_10)3/4> . (1.4.57)

These two matrices are also easily seen to satisfy the expected modular properties, namely
they are unitary and obey the algebra of Mp;(Z), to wit, S* = (ST)3, S* = (—1)*.

Wilson lines. Given the choice of basis for the different Hilbert spaces as above, one can
express the operators of the theory — the Wilson lines — as 2 x 2 complex matrices. The
even-spin-structure Hilbert spaces contain no punctures, so the basic idea is identical to the
previous sections, namely we induce the action on the quotient theory from that of its bosonic
parent. In the bosonic parent the Wilson lines act as
min(j+j5',6—5—j")
WG =lixih= >, 1", (1.4.58)
3"=li=3'l

which means that, for example,

T8 (1)[0; NS-NS) = %(W@m\m L WE(1)3))
(1.4.59)

1
- (0 +12),
which we identify as [1; NS-NS). Similarly, W®)(1)|1; NS-NS) = |0; NS-NS) + 2|1; NS-NS).
The a-cycle computation is analogous: in the bosonic parent Wilson lines act as
S

WM =51, (1.4.60)
)

S

which implies that

1

W (1)]0; NS-NS) = —=(W(1)[0) + W(1)[3))

-3

(1.4.61)

— E(1 +v2)(|0) + [3)),

which equals (14 1/2)|0; NS-NS). Repeating this calculation on all even-spin-structure Hilbert
spaces, we obtain the following collection of matrices:

W) = (1 AR ) WE=(] )

= ("2 g = (] ) (1462
LV

Wi =(y %) Wik = (5 1)
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The same computation for the rest of NS-lines yields Ws(f )81,(3) = —5°1, for the transparent
fermion, and Ws(ac)sb(Q) = Ws(ac)sb(l)W(c)

b
53,8

rule 2 = 1 x 3, i.e., that the lines j = 1,2 are paired up through fusion with j = 3).

(3) (which is the expected relation given the fusion

One can also check that these matrices satisfy the algebra required by the fusion rule
1x1=0+1+ 2, namely W;:)Sb(l)Q =1+ (1 - sC)WS(aC)Sb(l). Finally, it is also checked
that, under modular transforrriations, these matrices are permuted as they should, e.g.
S W (@)(S0)f = W (3).

We now move on to the bdd—spin—structure sector, the R-R Hilbert space. The bosonic
state |0; R-R) ~ |1/2) — |5/2) contains no punctures, so it behaves in the same manner as
the states in the even-spin-structure sector, for example

W®(1)]0;R-R) =

B 1
V2
= |0;R-R) .

WO D)[1/2) = WP (1)[5/2))

Sl

(11/2) +13/2) —13/2) — [5/2)) (1.4.63)

&l

The fermionic state |1; R-R) = |3/2;4), on the other hand, requires using the data of the
once-punctured torus, cf. (5.1.11):

W® (1)L R-R) = WO(1)[3/2; )

3 32

1.4.64
~ Fua [y 1) 1320) .

which evaluates to —|3/2; ).
The a-cycle does not see the puncture (cf. (5.1.10)), and so its evaluation is straightforward.
All in all, the Wilson lines in the R-R sector read

WER(1) = Wi (1) = ((1) _01> , (1.4.65)

together with Wf({c_%(B) = —1, for the transparent fermion, and Wf({c_)R(Q) = —Wl(%fi{(l) (as
expected from the fusion rule 2 = 1 x 3). It is easily checked that these matrices behave

properly under modular transformations, e.g. SR_RW&%{(@)(SR_R)T = ng_’%{(a).

Time-reversal. Finally, we discuss the behaviour of the theory under time-reversal. Recall
that SO(3)3 is time-reversal symmetric thanks to the level-rank duality [112]

SO(3); «— SO(3)_3 x SO(9), (1.4.66)

A key aspect of this duality is that time-reversal is not really a symmetry of SO(3)s, but
rather a map T: SO(3)3 — SO(3)3 x SO(9)_;. The factor SO(9); is invertible, so we should
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think of SO(3)3 being time-reversal invariant only if we mod out by SPTs. In the strict sense,
it is not.

In the U(1), case this obstruction was easily circumvented: the duality U(1); <> U(1)_; %
SO(4); could be rewritten as U(1)g x U(1)_1 <> U(1)_x x U(1)44, i.e., we could break up the
invertible factor into two, and split them symmetrically into the two theories. In this situation,
we would say time-reversal is not a symmetry of U(1);, but rather of U(1); x U(1)_;: this
theory is identical to its conjugate, even taking into account SPTs.

In the SO(3)3 case, no such solution is possible: the SPT SO(9); cannot be split into two
equal factors; such splitting would require fractional levels SO(9/2)%, which is not well-defined
as a 3d theory.

An equivalent way to phrase this discussion is by thinking of the central charge — indeed,
this number is what classifies 3d-SPTs with no symmetry. Time-reversal always maps ¢ into
—c, which means a theory can only be time-reversal invariant, in the strict sense, if ¢ = 0. If
¢ # 0, we may be able to correct this by multiplying by a suitable SPT, but this is not always
possible. Indeed, the SPT SO(n); has ¢ = n/2, which means we can only correct the central
charge in multiples of 1/2. In other words, the minimal SPT has ¢ = 1/2, corresponding to a
single edge Majorana fermion. Any other SPT will consist of an integral number of copies of
this system.

In the U(1), case, the central charge takes value ¢ = 1, so this obstruction is avoidable: we
just have to tensor the theory with two copies of the Majorana fermion, i.e., SO(1)? = U(1);.
This makes the central charge of the product theory, U(1), x U(1)_, vanish, making it a
valid candidate for a time-reversal invariant theory. In the SO(3); case, ¢ = 9/4, which is not
a multiple of 1/2, which means no redefinition can correct the central charge. The theory
is not, and cannot be made, time-reversal invariant in the strict sense. Only in the relative
sense when we think of QFTs as absolute theories, modulo invertible ones.

More generally, if a given theory A is known to be time-reversal invariant in the relative
sense, then necessarily ¢ oc 1/4. Indeed, time-reversal maps A into A, modulo some SPT, and
so A +» AxSO(n), for some n. The central charge of A therefore satisfies ¢(A) = —c(A)+n/2,
which means that ¢(A) = n/4, as claimed. If c =0 mod 1/4, i.e., if ¢ o< 1/2, then the theory
can be made time-reversal invariant in the strict sense, by considering A x SO(2¢(A))_1,
whose central charge vanishes. If ¢ # 0 mod 1/4, this is not possible. In other words, ¢
mod 1/4 measures the most primitive obstruction to being time-reversal invariant as a pure
3d theory. This is the v layer.?”

The discussion above is set up in the framework of spin TQFTs, but an analogous situation
happens in other families of theories. For example, the minimal bosonic SPT is (Eg);, which
has ¢ = 8, which means that bosonic time-reversal invariant theories always have ¢ o< 4, and
that ¢ mod 4 is the first layer in the anomaly of time-reversal invariance.

Going back to our example of SO(3)3, let us see what we can say about time-reversal,

29Gee [123] for a very similar recent discussion.
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neglecting the fact that it is not an operator acting on SO(3)s, but rather a map from this
theory into SO(3)3 x SO(9)_;. Time-reversal acts on the lines of SO(3)3 as 1 <> 2 =1 x 1.

If we ignore the SPT, this descends to the Hilbert space action

TS @)y et =)
= —s W, (1)
where T = 7K. The solution to this matrix equation is
TNs-Ns X 1o
TNS-R X o®

TR-NS X UI

- i 0 Z1
RR Z9 0

for the odd spin structure, where z; 5 € C are some arbitrary coefficients.

for the even spin structures, and

(1.4.67)

(1.4.68)

(1.4.69)

Finally, recall that (—1)f = 1, for even spin structure, and (—1)f = ¢* for the odd

spin structure. It is clear from these expressions that 7 commutes with (—1)f for even spin

structures, and anti-commutes for the odd spin structure

{T.(-D"} =0,

(1.4.70)

precisely as expected from a system with v odd and associated with the i layer. We have

also established that this behavior is present in other time-reversal invariant theories with v

odd.
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Chapter 2

Infrared phases of 2d QCD.

Authorship. The content of this chapter is taken almost verbatim from the paper [2]
written in collaboration with Jaume Gomis and Matthew Yu.

Abstract. We derive the necessary and sufficient conditions for a 2d gauge theory to develop
a mass gap, by studying the QCD Hamiltonian. The conditions can be explicitly solved, and
we provide the complete list of all 2d QCD theories that have a quantum mechanical gap in
their spectrum. The list of gapped theories includes QCD models with quarks in vector-like
as well as chiral representations. The gapped theories consist of several infinite families of
classical gauge groups with quarks in rank 1 and 2 representations, plus a finite number of
isolated cases. We also put forward and analyze the effective infrared description of QCD —
TQFTs for gapped theories and CFTs for gapless theories — and exhibit several interesting
features in the infrared, such as the existence of non-trivial global 't Hooft anomalies and
emergent supersymmetry. We identify 2d QCD theories that flow in the infrared to celebrated
CFTs such as minimal models, Wess-Zumino-Witten and Kazama-Suzuki models.

Acknowledgments. We would like to thank Joaquim Gomis, Kentaro Hori, Theo Johnson-
Freyd, Zohar Komargodski, Adam Schwimmer, and Ryan Thorngren for useful discussions.
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2.1 Introduction

A central theme in physics is unraveling the low energy phenomena that emerges from a
physical system described by a collection of microscopic degrees of freedom and interactions.
The long distance behavior of the system crucially depends on whether the spectrum of
the Hamiltonian is gapped or gapless, but determining which phase is realized is often a
nonperturbative problem.

In broad terms, a gapped system is described at low energies by a topological quantum
field theory (TQFT), while the asymptotic low energy dynamics of a gapless one is captured
by a conformal field theory (CFT).?" Ascertaining whether a system flows to a TQFT or a
CFT, and to which one, can be out of reach because of large quantum fluctuations, which
are responsible for a wealth of low energy phenomena.

QCD theories are an important class of strongly coupled systems in which it is nontrivial
to postulate the infrared dynamics. Determining whether Yang-Mills theory with gauge group
G coupled to massless quarks in a representation R of GG in d < 4 spacetime dimensions is
gapped or gapless remains an open problem. We henceforth refer to such theories of massless
quarks and gluons as QCD theories. The following qualitative picture is expected:

e QCD theories without quarks, that is, pure Yang-Mills theory, are believed to be gapped.
For simply connected gauge group G, the infrared is described by the trivial TQFT.3!

e QCD theories with a large number of quarks — more precisely, with a large Dynkin
index®? — are gapless. In 4d, this is by virtue of the beta function [124, 125] being
positive for a sufficiently large number of quarks, which implies that the infrared is
described by a CFT of free massless particles. In 3d, the fact that QCD theories flow to
a weakly coupled CFT can be established in the limit of large Dynkin index [25, 126].

While gapped QCD theories in 4d have been known for some time [42; 43], it is only recently
that examples of gapped QCD theories in 3d, together with their infrared TQFTs, have
been put forward [30] (see also [3, 113, 127-130]). Little is otherwise known about whether

30The CFT can be either a symmetry preserving nontrivial fixed point of the renormalization group, the
extreme infrared limit of the nonlinear theory of Goldstone bosons when the vacuum spontaneously breaks a
continuous symmetry, or free massless particles in a symmetric vacuum (e.g. infrared free gauge theories).
31Tn 4d the theory has a unique vacuum for 6 # 7 while for # = 7 the time-reversal symmetry is
spontaneously broken and there are two trivially gapped vacua [40]. Yang-Mills theory in 3d can be enriched
by a Chern-Simons term and then the theory in the infrared is gapped and described by a nontrivial TQFT.
32 Np fermions in a representation R of G has Dynkin index Ng x I(R), where tr(t%t%) = I(R)5.
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R=0 R small R large
TQFT 77 CFT

Figure 2.1: Diagram describing infrared dynamics of QCD with massless quarks in a repre-
sentation R of the gauge group G. The theory without quarks is expected to be gapped, and
is gapless for large enough R. The intermediate regime where the representation R is small
remains an open problem.

a given QCD theory is gapped or not, and which TQFT/CFT describes its infrared limit
(see fig. 2.1).

In this paper we determine all the QCD theories in 2d that are gapped, and therefore
those that are gapless. The full classification of gapped QCD theories is summarized in
tables 2.1 and 2.2.

In 2d QCD, the quark content is specified by a pair of representations (Ry, R,) of the
gauge group G acting on the left and right chiral quarks. We denote such a QCD theory by
(G; Ry, R,.).33 We derive the necessary and sufficient conditions for a QCD theory (G; Ry, R,)
to be gapped by analyzing the explicit lighcone and temporal Hamiltonians of QCD. Lightcone
quantization, where % and x~ are time, and the canonical Hamiltonian formalism, where z°
is time, yield exactly the same conditions.

From our Hamiltonian analysis, the following criterion is derived: a QCD theory is gapless
if and only if there exists a canonical, chiral, dimension 2 primary operator of the quark
current algebra constructed from either the left chiral quarks or right chiral quarks. A QCD
theory is gapped if and only if both these left and right chiral operators vanish identically.
These operator equations, derived by studying the Hamiltonian(s) in the ultraviolet, can
be completely solved, yielding the classification of gapped theories.>® The exhaustive list of
gauge groups G and quark contents (Ry, R,.) of all the QCD theories that are gapped appears
in tables 2.1 and 2.2, corresponding to vector-like and chiral QCD theories respectively. Any

33See section 2.2 for the role of the topology of the gauge group G in defining topological sectors, discrete
theta angles, gauge anomalies, etc.
34The operators equations that are the necessary and sufficient conditions for a QCD theory to be gapped

Tso(@imre)s = TGyp,y =0
T so(dim Ro)1 — TGI(R,T) =0

correspond to all the conformal embeddings into the so(dim Ry); and so(dim R, ); current algebras, and are
in one-to-one correspondence with Cartan’s classification of symmetric spaces. Tso(dim Rr,), /Tgo(dim R,), 18
the canonical energy-momentum tensor of the left/right chiral quarks in the ultraviolet, and T'¢ 1Ry /Ta, (R
is the left/right moving Sugawara energy-momentum tensor of the current algebra G (g at level I(R). See
section 2.4 for details.
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other QCD theory not in the tables is gapless.

g R g R
Vg adjoint su(2) 5
s50(N) O s0(9) 16
u(N) O, F, 26
so(N) m sp(4) 42
sp(NV) H su(8) 70
u(N) H, 50(16) 128
u(N) [, 50(10) + u(1) 16,
su(M) 4+ su(N) +u(1) (O,0), Es +u(l) 27,
s0(M) + so(N) (O,0) su(2) + su(2) (2,4)
sp(M) + sp(N) ©.0) su(2) +sp(3) | (2,14)
su(2) +su(6) | (2,20)
su(2) + so0(12) (2,32)
su(2) + E; (2,56)

Table 2.1: Classification of vector-like gapped QCD theories (G; R, R). g denotes the Lie
algebra of the gauge group and R the representation of the quarks (given in terms of a
Young diagram or dimension of the representation). The global form of the gauge group G is
arbitrary, as long as it admits R as a representation. ¢ € Z is the charge under the u(1) gauge
group factor. The left columns include adjoint QCD for arbitrary gauge group and families
of theories for the classical groups, while the right columns contain isolated theories. Gapped
QCD theories with classical gauge groups must have quarks transforming in rank-one or
rank-two representations, any other representation leading to a gapless theory. The bottom
entry indicates an arbitrary tensor product of gapped theories (g;, R;) constructed from the
entries in the table that have a U(1) gauge group factor. These theories are coupled together
via the u(1) matrix of charges {¢;}, which must be non-singular (see section 2.4.3 for details).

Remarkably, there exist chiral QCD theories that are gapped. The complete classification
of chiral gapped QCD theories is given in table 2.2. From the classification of vector-like
gapped theories in table 2.1, we can construct chiral gapped theories in two ways:

e A chiral QCD theory (G; Ry, R,) is gapped if and only if (R, R,) = (0,- R, 0,- R) and the
vector-like theory (G; R, R) appears in table 2.1, where oy, 0, are outer automorphisms
of g. Here o - R denotes the action of o on R.*® An example of such a chiral gapped

35Gee table 2.3 for a list of the automorphisms of simple Lie algebras. If G contains a U(1) factor then o
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' (Rs, R.)
g (O-E : R) Oy - R)
D0 | D, (0w Riyori- i), g, 4.

Table 2.2: Classification of chiral gapped QCD theories. Here g and R label the vector-like
gapped theories from table 2.1. 0,;, 0,; denote outer automorphisms of g; (such as complex

conjugation for simply-laced groups, or triality for so(8)). G, ¢, are tuples of charges for
u(1) factors. These charge matrices must have trivial kernel and cancel gauge anomalies, but
are otherwise arbitrary (see section 2.4.3 for details).

theory is
(Spin(8); 8., 8) , (2.1.1)

corresponding to the triality automorphism acting on the vector-like gapped theory
(Spin(8); 8,, 8,) that appears in table 2.1.

e A chiral gapped QCD theory can be constructed by taking arbitrary tensor products
of the basic gapped theories with quarks in a complex representation (there are seven
such entries in table 2.1). The theories are coupled via the integral matrices ¢, and
¢ that specify the charges under the u(1) gauge group factors for the left and right
chiral quarks. In order for theory to be gapped these matrices must be non-singular. A
concrete example of such a chiral gapped theory is

HU(nZ) with quarks R = @(1,...,\1,..., V)i s (2.1.2)

corresponding to the tensor product of the vector-like gapped theories (U(n;);0,,0,),
coupled via their U(1) gauge subgroups.

Having established which QCD theories are gapped and which are gapless, our next goal
is to put forward the explicit low energy description of all QCD theories. In the gapped
case this means finding the specific topological degrees of freedom carried by the vacua, the
infrared TQFT, and in the gapless case finding the specific massless degrees of freedom of
the infrared CFT.

Determining the long distance description of a given QCD theory is nontrivial. Unlike the
question of whether a QCD theory is gapped or gapless, which can be answered rigorously,
the task of finding the specific infrared degrees of freedom requires some guesswork. The
most natural and straightforward conjecture is that the infrared description of (G; Ry, R,) is
given by the g> — oo limit of the QCD Lagrangian, since ¢ has mass dimension. This limit

can also be chosen to act on the U(1) charge by reversing its sign.
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yields the gauged WZW description of a CFT with the following left and right chiral algebras

SO(dim(Re) _ SO(dim(R,):

2.1.3
Gr(ry) Gr(r,) (2.1.3)

This coset can be shown to be a TQFT — and hence to correspond to a gapped QCD theory
—if and only if (G; Ry, R,) is in table 2.1 or 2.2. In this sense, our results derived from the
Hamiltonian analysis are perfectly consistent with the conjectured infrared description. One
can study many interesting aspects of QCD beyond the existence of a gap using the infrared
coset description (2.1.3). For example, many well-known CFTs, such as minimal models,
emerge in the infrared of QCD, which allows us to map non-trivial questions about the
dynamics of QCD theories into questions about these CF'Ts, which can then be answered
explicitly.

If a QCD theory has continuous chiral symmetries, then the infrared CFT necessarily
contains a Wess—Zumino-Witten (WZW) factor for these symmetries; this sector carries the
corresponding perturbative 't Hooft anomalies for the continuous symmetries. Even in the
absence of continuous chiral symmetries, the infrared CFT is nontrivial when the QCD theory
is gapless, and is based on a chiral algebra without spin one currents.?® Interestingly, 't Hooft
anomaly matching predicts the existence of some hitherto unknown 't Hooft anomalies for
discrete global symmetries in these CFTs, such as nonperturbative anomalies for time-reversal
symmetry and discrete chiral symmetries.

As an example, the proposal implies that QCD with a classical gauge group and with
fundamental quarks flows in the infrared to a WZW CFT:

infrared

SU(N) + NpO U(Np)y WZW
SO(N) 4+ Npo 224y SO(Np)y WZW (2.1.4)
Sp(N) + Npo 224y Sp(Np)y WZW .

These theories indeed carry the 't Hooft anomalies for the continuous flavor symmetries.
Moreover, using that the 't Hooft anomalies must match predicts that these WZW models
are endowed with several non-trivial global anomalies, which can be exhibited by general
arguments or by brute-force computation in specific examples. For instance, the renormaliza-
tion group flow predicts that the SO(Ng)y WZW model has a global anomaly associated
with time-reversal symmetry, with T2 = (—1), which takes the value NNy mod 2. Many
other such examples can be constructed, leading to a wealth of CFTs in the infrared and 't
Hooft anomalies thereof.

36For example, the QCD theories with G = SU(2) with a single quark in a spin j € Z representation, that
is (SU(2),4,7), has an infrared chiral algebra given by the W-algebra W(2,4,...,2j). For j = 1,2 the theory
is gapped and flows to a TQFT, while for j = 3 the spin 4 and 6 currents become null and the chiral algebra
is the Virasoro algebra, and the theory flows to the fermionic tricritical Ising model.
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The plan for the rest of the chapter is as follows. In section 2.2 we set up the stage
by carefully analyzing the microscopic description of QCD, its free parameters, topological
sectors, and gauge anomalies. In section 2.3 we begin our investigations of the mass gap
problem; in particular, here we exploit the symmetries and 't Hooft anomalies of 2d theories
to constrain as much as possible the theories that can potentially be gapped. We find several
simple criteria that automatically force the theory to be gapless, thus reducing considerably
the landscape of gapped theories. These criteria alone are not enough to actually prove that
a given theory is gapped, so in section 2.4 we turn our attention to an explicit analysis of the
Hamiltonian of QCD. We recover the necessary conditions laid out in the previous section,
and also find sufficient conditions as well, culminating in a concrete list of gapped theories.
In section 2.5 we reconsider our results, this time in light of the conjecture (2.1.3) which
proposes a concrete description of QCD at low energies. We give further evidence for the
correctness of this conjecture, and subsequently apply it to many explicit examples.

We also include several extra sections (which were initially sub-appendices, but this was
not allowed by University formatting code). Section 2.6 can be used as a reference for our
conventions, and it contains some technical computations that supplement the main text.
Section 2.7 reviews some relevant facts about 2d CFTs and, in particular, cosets of the
form (2.1.3) that conjecturally encapsulate the low-energy degrees of freedom of QCD. We
also work out some examples in some detail. Finally, section 2.8 contains a separate discussion
of QCD theories where the gauge group is abelian, i.e., where G consists of factors of U(1)
only. While this type of theories is covered by our general discussion from other sections,
when studied in isolation one can be more explicit in some of our claims. Also, they illustrate
some general features of other non-abelian QCD theories that contain U(1) factors, such as
the breaking of some U(1) flavor symmetries as the result of flavor-gauge mixed anomalies.

2.2 2d QCD theories

The field content of a 2d QCD theory is specified by a choice of gauge group G and a pair
of representations R, and R, of G acting on left and right chiral quarks.?” We label such
a QCD theory by the triple (G; Ry, R.). G is an arbitrary compact, connected Lie group
with Lie algebra g = @797 @, u(1),,, a direct sum of simple Lie algebras g; and abelian Lie
algebras u(1),,. The Lagrangian of a QCD theory with massless quarks is

1 ) .
Lacp = =3 tr(g 2 F,, F*) 4+ i) D_py + ipf Dy, | (2.2.1)
where
D_tpy = (8 — i A% t0)hy Dyt = (95 — iA%t2)eh, (2.2.2)

37In 2d, complex conjugation does not reverse the chirality of a fermion since the chirality matrix v3 = 70!

does not include an 7, unlike in 4d where 73 = i7%y'y243 and conjugation does flip chirality. This implies

that the most general 2d QCD theory cannot be written using just left chiral fermions, in contrast to 4d.
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t¢ (t¢) are the generators of the Lie algebra g in representation R, (R,) and we have introduced
lightcone coordinates % = —=(2* + '), and A% = §(Af§ £ Af). Each gauge group factor has
a gauge coupling, which is captured by ¢~2 inside the trace. See section 2.6 for details and
conventions. See also table 2.3 for a summary of simple Lie groups and relevant properties.

Gse | SU(N) [ Sp(N) | Spin(2N + 1) | Spin(4N) | Spin(4N +2) | Es | E7 | Es | Fy | G
h N N+1 2N —1 4N — 2 4N 12118130 9| 4
Out(g) Ly . . Lo Lo Zo | -
Z(Gye) Ly Ly Lo Ly X Loy Ly L | Lo

Table 2.3: Lie data for the simply-connected simple Lie groups Gg.. Here h denotes the dual
Coxeter number (defined as the Dynkin index of the adjoint representation). Out(g) is the
group of outer automorphisms of g, which corresponds to charge conjugation symmetry of
QCD. Z(Gy.) is the center of the gauge group, which contains the one-form center symmetry
of QCD. For SU(2), Out(g) is trivial, and for Spin(8), it is enhanced to Out(g) = S; (triality).

Global issues, flux tubes and theta terms.

A QCD theory requires specifying a global choice of a gauge group G with Lie algebra g.
We consider first QCD with the simply-connected form of the gauge group Gy., which we
denote by (Gge; Ry, R;). Such a QCD theory may have a one-form symmetry I' [32], where
I' C Z(Gy) is a subgroup of the center (cf. table 2.3).

2d QFTs with a one-form symmetry I" have topological sectors labeled by a representation
p € IV of T, where I'V is the Pontryagin dual group. Physically, a topological sector labeled
by p € T'V describes the theory in the presence of a flux tube created by a quark-antiquark
pair of charge p at +-infinity [131, 132], a background that preserves Poincaré invariance in
2d.

We now consider the theory with gauge group G = G,./T".*® Since G-bundles are classified
by H*(M,7(G)) 2T, the sum over gauge fields in the functional integral can be weighted by
a discrete theta term labeled by p € TV, which takes the form of a generalized Stiefel-Whitney
class

z’/wa(G). (2.2.3)

We label such a QCD theory by (G; Ry, R,),.
We proceed to prove that:

38The discussion can be easily extended to the case Gy./K, where K C T
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o (Gse; Ry, R,) with a p-flux tube is the same as (G; Ry, R,),

The one-form global symmetry I' of (Gy; Ry, R,) implies that there is a topological local
operator Uy, with g € T', which acts on line operators.* Diagonalizing the topological local
operators U, on the Hilbert space leads to the decomposition

=P, (2.2.6)

perv

where p is an irreducible representation of I" and

W)y eH, = Ugld) =xo(9)¥). (2.2.7)

The Hilbert space #H, corresponds to (Gse; Ry, R;) in the presence of a p-flux tube.

The QCD theory (G; Ry, R,), can be constructed by gauging the one-form symmetry
of (Gse; Ry, R,) tensored with an SPT phase for the one-form symmetry I'; such SPTs are
labeled by an element p of the reduced cobordism group Qgpin(BQF) =~ I'V. A nontrivial SPT,
weights the sum over g € I' that defines (G; Ry, R,), by gauging I' with the phase

X,(9) (2.2.8)

where p € I'V is a representation of I" and x,(g) is a character of I' in the representation p.
This is an alternative way to think about the discrete theta term (2.2.3).

Consider a theory T in the presence of a fixed two-form gauge field By for the one-form
symmetry I', which takes values in H*(M,T") = T". The partition function of the theory in
such a background is given by

Zrlg = > Zr(p)xu(9) (2.2.9)

perv

where the sum over p is due to the Hilbert space structure (2.2.6) and g € T labels the choice
of background gauge field Bs. Zr(p) is the partition function of the theory in the presence of
a p-flux tube.

39The charge of a line operator £ under I is measured by U,y as
Ug LUG' = x0(9)L, (2.2.4)

where p € I'V is an irreducible representation of I' and x,(g) is a character of T in the representation p. This
means that the spectrum of line operators in the theory can be organized according to their charges under I'
as

1] = P 1Ly, (2.2.5)

where line operators in [£], carry charge p.
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The theory T'/T obtained by gauging I" has a dual (—1)-form symmetry I'V [133-135],
and T/T" can be coupled to a background zero-form gauge field for this symmetry, which
corresponds to an element p of I'V. The partition of the gauged theory in the presence of this
background gauge field is

gel
where X:;(f]) encodes the coupling of the background two-form gauge field for I' with the
zero-form gauge field for I'V. This describes the theory T'/T" with a discrete theta term labeled
by p € I'Y. Using equation (2.2.9) we arrive at

Zryrlp] Z > Ze(p)xo(9)x3(9) = Zr(p), (2.2.11)

gEF peTY

where we have used that > . x,(9)X}3(9) = |I'|6,,5. Therefore, the partition function of the
theory T'/T" with a theta term p € T'Y is the same as the partition function of the original
theory T" in the sector with a with a p-flux tube, thus completing the proof that (Gy.; Ry, R,)
with a p-flux tube is the same as (G; Ry, R,),. This implies that it is sufficient to study QCD
theories with a simply connected gauge group, which we will do henceforth.

We now turn to the next result

e (Gy; Ry, R,) is gapless if and only if it is gapless in the p = 0 flux tube sector.

This implies that for the purposes of classifying gapped QCD theories it suffices to consider
QCD theories with simply connected gauge group and in the trivial flux tube sector.

This conclusion is a consequence of the fact that the (massless) QCD theory (Gg.; Ry, R)
admits topological line operators £ that carry any charge under the one-form symmetry
[ [136].7° Since L carries one-form symmetry charge p, it defines a map between the Hilbert
spaces H,—o and H,: acting with £ on H,—, creates states in H,. Physically, acting with a
topological line £ inserts static probe charges p at -infinity. Such a topological line operator
L interpolates between the Hamiltonian of the theory in distinct flux tube sectors

LH,o=H,L, (2.2.12)

where H,—o and H, are the Hamiltonians of the theory in the trivial and p-flux tube
sector respectively. Note that in general £ is a non-invertible topological operator and
therefore (2.2.12) cannot be written as a similarity transformation. Since £ is topological it
carries vanishing energy density (zero tension). Therefore it cannot lower the energy and
the sector with a p-flux tube is gapless if and only it is gapless in the sector with no string
(that is with p = 0)." We note that this conclusion relies on the existence of topological line

40The global symmetries of the QCD Lagrangian (2.2.1) together with these topological lines make it
technically natural to study the theory without four-fermi terms, cf. [99, 136].
417f Q) is the ground state of H,—o, the ground state of H, is £|{2).
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operators, and these are not present generically in the theory with massive quarks, where
indeed a massless particle can appear in the theory with a flux tube (see e.g. [137]).

In summary, for the purposes of classifying all gapped QCD theories we can, without loss
of generality, consider the theory with simply connected gauge group in the trivial topological
sector, without a string. Henceforth, we will use GG to refer to the simply connected gauge
group or use instead the Lie algebra g.

Gauge anomaly cancellation.

In order to define a consistent QCD theory, the global symmetry G acting on the free
fermions in the deep ultraviolet must have no obstructions to being gauged. Therefore
all anomalies for G gauge transformations, perturbative and nonperturbative, must cancel.
Perturbative anomalies, that is, anomalies associated to GG gauge transformations connected
to the identity, are classified by the first summand in the free part of the spin cobordism

group
Free (Q4

spin

(BG)) = z/*3lmlmi+D) o 7, (2.2.13)

where |I| and |m| is the number of simple and abelian factors in g respectively. These
anomalies are determined by a one-loop diagram and encoded in the first line of the anomaly

polynomial
- FeAF?
(trg, ef?m —trp. eF/2”)A(R)}4 = E [tr(tft)) — tr(til)] 8—/\2
7r
@b (2.2.14)
R
_n®) [dim(R;) — dim(R,)],

24

where F' is the two-form field strength and p;(R) the first Pontryagin class for the background
metric. Gauge anomaly cancelation requires that the representations R, and R, of the left
and right chiral quarks obey

tr(5th) = tr(t*?) Va,b. (2.2.15)

The nontrivial anomaly constraints in (2.2.15) are:*?

1. g;-gr anomaly: {7, are generators of the simple Lie algebra g;. The anomaly cancelation
condition requires that

I(R)) — I(R,) =0, (2.2.16)

“2This is to be contrasted with the 4d anomaly cancelation equation tr(t3{t,¢5}) = 0 when the theory is
written using left chiral fermions, which is nontrivial for the g;-gr-gr, gr-gr-u(1)m and u(1).,-u(1),-u(1),
anomalies. In 2d a chiral fermion in any irreducible representation of any g contributes to the g;-g; anomaly,
while in 4d only chiral fermions transforming in a complex representation of SU(NN) contribute to the pure
g7-97-9;7 anomaly, because the rest of the simple Lie algebras have no cubic Casimir. Since a chiral fermion
cannot be given a mass in 2d, unlike for a 4d chiral fermion in a real representation, any 2d chiral fermion
can potentially contribute to the anomaly and, indeed, it does.
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where I(R) is the Dynkin index of the representation R, defined by tr(t*t?) = I(R)d§.
The index of a reducible representation follows from I (R & Ry) = I(Ry) + I(Ra).

2. u(1),,-u(1), anomaly: 7, are generators of an abelian Lie algebra. The anomaly
cancelation condition is

> QumQun =D QrnQrn =0, (2.2.17)
l r

where (), and @, ,, are the left and right U(1),, charges of the quarks.

A global symmetry G may have a more subtle obstruction to being gauged associated to
a background G gauge transformation not connected to the identity, like the celebrated SU(2)
global anomaly in 4d [75]. If the symmetry group G is gauged, like in QCD, global anomalies
for G' must also cancel for the gauge theory to be consistent. Topologically nontrivial gauge
transformations in (compactified) 2d flat spacetime are classified by m2(G), which vanishes
for any continuous Lie group G, and 2d gauge theories do not have this type of global
anomalies. From the cobordism point of view of anomalies, the vanishing of the anomalies is
seen through the fact that Q2 (BG) = 0 (see e.g. [72]).*> Therefore the anomaly cancelation
conditions (2.2.15) are necessary and sufficient for a QCD theory to be consistent.

Since gravity couples to QCD as a nondynamical background field, it can be afflicted
by gravitational anomalies without rendering the theory inconsistent. These anomalies
are captured by the second Z summand in (2.2.13) and by the second line of the anomaly

44 We discuss in the next section the implications that 't Hooft

polynomial in (2.2.14).
anomalies, including gravitational anomalies, have for the infrared dynamics of QCD theories.

Of course, vector-like theories (G; R, R), with R, = R,, are manifestly free of gauge
anomalies. But in 2d, gauge-anomaly-free chiral QCD theories are abundant. Most of these
chiral theories, however, have gravitational anomalies. There are, nonetheless, chiral gauge

theories with neither gauge nor gravitational anomalies, i.e., simultaneous solutions to*’
tr(tth) = tr(teth Va,b
(tg1h) = te(t2t?) -
dim(Ry) = dim(R,) .

Unlike in 4d, where the beta-function for the gauge coupling constrains the quark content
of 4d QCD theories that are strongly coupled in the infrared, any 2d QCD flows to strong
coupling at low energies. Our first goal is to determine which 2d QCD theories are gapped,
and which are gapless.

43Global anomalies for a discrete symmetry group can be nontrivial. For example Qg’pin(BZg) =Zs.

4A mixed u(1)-gravity anomaly governed by V,J* = aR can be written down, where J* is the u(1)
current. But o = 0 in a unitary theory. It can be nonvanishing in a nonunitary theory, like in the string
theory be ghost system. Thus there are are no mixed gauge-gravity anomalies in 2d QCD.

45A simple example of a chiral theory with no gravitational anomalies is (Spin(5); 35,5 + 30). As a matter
of fact, this theory has no continuous flavor symmetries, so it does not have any perturbative 't Hooft

anomalies whatsoever.
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2.3 Symmetries, 't Hooft Anomalies and (Gaplessness

In this section we use symmetry and 't Hooft anomaly considerations to derive necessary
conditions for a 2d QFT theory to be gapped. We start with a discussion of symmetries and
't Hooft anomalies and then use them to constraint the phases of 2d QFTs.

Symmetries provide a powerful organizing principle parametrizing the most general solution
of a QFT consistent with the symmetries. But without further input, either perturbative or
nonperturbative, symmetries do not inform the actual dynamics of a physical system.

An ’t Hooft anomaly for a global symmetry, diagnosed by violations of Ward identities in
the presence of nondynamical background gauge fields for global symmetries, instead, does
inform the dynamics of the system. Since 't Hooft anomalies are quantized, they are invariant
under symmetric deformations, and define invariants in the space of symmetric QFTs. In
particular they are invariant under renormalization group transformations. While 't Hooft
anomalies alone cannot determine the dynamics of a system, they rule out any dynamical
scenario that does not match the microscopic 't Hooft anomalies. As such, 't Hooft anomalies
provide nonperturbative guidance about the dynamics of QFTs.

A system defined at short distances with an 't Hooft anomaly for a symmetry cannot flow
in the deep infrared to a trivially gapped theory, as this has vanishing 't Hooft anomalies. A
system with an 't Hooft anomaly can flow either to a symmetry-preserving gapless phase or
a symmetry breaking phase, which is gapless if the broken symmetry is continuous*® and a
TQFT if the broken symmetry is discrete.*” If the anomalous symmetry transformation is
discrete, the system may also flow to a symmetry preserving gapped phase described by a
TQFT with topological order, which can saturate anomalies that are torsion classes.

A system with an 't Hooft anomaly for a continuous symmetry transformation cannot flow
to a TQFT because an 't Hooft anomaly for a continuous symmetry implies a nonvanishing
correlation function for conserved currents at separated points, and a TQFT, being topological,
does not have such correlation functions. This implies that a system with perturbative
anomalies, corresponding to anomalies for continuous symmetry transformations connected
to the identity, can only flow to a symmetry preserving gapless phase or a symmetry breaking
gapless phase.

In 2d, the fate of a system with an 't Hooft anomaly is further constrained by important
theorems. These theorems, once combined with the discussion above, leads to the following
implications:

1. Coleman-Mermin-Wagner theorem [138; 139]: a continuous global symmetry cannot be
spontaneously broken in 2d.

46More precisely, the anomaly is not torsion.
4"More precisely, the anomaly is torsion.
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A 2d system with an 't Hooft anomaly for a continuous symmetry must flow to a
symmetry preserving gapless phase.

2. A 2d TQFT does not have intrinsic topological order [140]: in 2d a symmetry preserving
gapped phase cannot saturate 't Hooft anomalies

A 2d system with an 't Hooft anomaly for a discrete symmetry must flow to a
symmetry preserving gapless phase or a symmetry breaking gapped phase described
by a TQFT.

We are now ready to state the following far-reaching result for the dynamics of 2d QFTs:

Proposition 2.3.1 A 2d QFT with a continuous chiral global symmetry is symmetry
preserving and gapless.

Consider a QFT with a U(1) global symmetry. The one-form current for the U(1)
global symmetry is J = J, dz* = Jyda™ + J_dz™, with Jy = \%(Jg + J1). This obeys the
conservation equation (see section 2.6 for conventions)

0_J, +0,J_=0. (2.3.1)

This is an operator equation that holds inside any correlation function as long as the location
of the current J does not coincide with any operator insertions (conservation may fail at
coincident points). Poincaré’s lemma implies that locally the current takes the following form

Jy = €u,0"0 = Jp = +010(x",27), (2.3.2)

where ¢(zT,27) is a scalar operator in the theory.
Consider now a chiral symmetry. A right-moving U(1), symmetry is implemented by a
conserved current that is antiselfdual

Ul): J=—+J<= J, =0<=0,J_=0. (2.3.3)

By virtue of (2.3.2), a theory with a U(1), symmetry contains a scalar operator ¢ that is
right-moving

Ji=0=¢=¢(z). (2.3.4)

Likewise, a left-moving U(1), symmetry is generated by a conserved current that is selfdual
Ul)y: J=4xJ <= J_ =0<=0_J, =0, (2.3.5)

and a U(1), symmetry implies the existence of a left-moving scalar operator
J.=0= ¢=9¢(z"). (2.3.6)
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This implies that a QFT with either a left or a right moving U(1) symmetry is necessarily
gapless: the theory has a chiral scalar operator that creates chiral massless states when acting
on the vacuum.

This proposition may seem at odds with our discussion above since, typically, symmetries
alone cannot determine the infrared phase of a system. The reason that it does in this case is
that a chiral U(1) symmetry automatically leads to an 't Hooft anomaly for that symmetry,
as we show below. And as we mentioned above, an 't Hooft anomaly for a continuous global
symmetry in 2d necessarily leads to a symmetry preserving gapless phase.

Consider the renormalization group flow out of a CFT with a U(1), symmetry that is
triggered by a U(1),-invariant relevant operator.*® Since the flow preserves the U(1), symmetry,
the most general two-point function for the U(1), current consistent with dimensional analysis
and Poincaré invariance is

(sl 1. (0)) = AL, (2.3.7)

where 1 is a scale generated along the renormalization group flow. In a unitary theory K, > 0,
with K, = 0 if and only if J, = 0. Demanding conservation law of U(1), symmetry current
at separated points 0_.J, = 0 implies that K, is a renormalization group invariant

0

where we have introduced Rindler coordinates = = pe*?, so that

(@) T (0) = (239

In the deep ultraviolet, K’V = k, € Z is the level of the U(1), current algebra of the
ultraviolet CFT. Therefore, k; is the 't Hooft anomaly coefficient for the U(1), symmetry.*?
Since ky # 0 implies that correlators have support at separated points (2.3.9), and U(1),
cannot be spontaneously broken, the infrared of a system with a U(1), symmetry must be
symmetry preserving and gapless.

This argument admits an interesting generalization. Consider now the renormalization
group flow of a U(1)-symmetric CFT triggered by a U(1)-invariant relevant operator. In
a unitary CFT with a normalizable vacuum, the conservation law for the U(1) current
J = Jydxt+J_da~ implies a separate conservation law for chiral U(1), and U(1), symmetries,

48Tn QCD, the CFT in the ultraviolet is the CFT of free fermions, and the renormalization group flow is
triggered by the gauge coupling.

49The contact term implied by (2.3.9) leads to a violation of the conservation equation d_j, = %GJFA_
upon coupling system to a background gauge field for U(1), via [d*zA_J,. In QCD, k¢ = )", ¢;,, where
¢i,¢ are the U(1), charges of chiral fermions.
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generated by J_ and J; respectively [141]. The most general current two-point functions
consistent with dimensional analysis and Poincaré invariance are

Ky(ata™ /p?)

(sl (o) = KA,
((2)J_(0)) = W (2.3.10)
(st (o = S

In a parity invariant system K, = K,. Conservation of the U(1) current 0_J, +d,J_ =0 at
separated points implies that

0

0
2 K =G. 2.3.11
vy (K, +G)=G (2.3.11)

K = G

Therefore, the quantity K, — K, is a renormalization group invariant
p2i(K4 ~K,)=0. (2.3.12)
0p?

In the deep ultraviolet, KV = k; € Z and KV = k, € Z are the levels of the U(1), and
U(1), current algebras of the ultraviolet CFT. K, — K, = k; — k, is the 't Hooft anomaly
coefficient for the U(1) symmetry and is constant everywhere in the flow.® This must be
reproduced by be infrared phase, and it can only be realized by a symmetry preserving
gapless phase.

Proposition 2.3.2 A 2d QFT with a gravitational anomaly is gapless.

An almost identical reasoning applies to the conservation law of the energy-momentum
tensor T}, along a renormalization group flow out of a CFT, for which we have

a_T+i + (9+T_i — 0 . (2313)
In a unitary CFT with a normalizable vacuum, Ty~ = 0 and 7'y y and T___ are chiral, that
is 0.T,, = 0,T__ = 0, so that in the ultraviolet CFT, the correlators with support at
separated points are
YV AUV
UV CFT: (Ler@Tee(0) = gt (T@T(0) = 57y (2310)
where ¢V and ¢!V are the central chargers of the left and right-moving Virasoro algebras. In

a parity invariant theory ¢V = ¢YV. The quantity c¢j/V — YV detects a gravitational 't Hooft

50In QCD ky — ky = trermions (V2 Q1 Q), where @ is the U(1) charge of the fermions.
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anomaly, and must be matched by the infrared phase.”® While the c-theorem [142] says that
¢, and ¢, decrease along a renormalization group flow, the difference ¢, — ¢, must remain
constant. In a theory with a gravitational 't Hooft anomaly the energy-momentum tensor
is a nontrivial operator, with separated point correlation functions. Since such correlation
functions cannot be realized by a TQFT, a 2d theory with a gravitational 't Hooft anomaly
is necessarily gapless.

Comparing with the anomaly polynomial (2.2.14), we have that the gravitational 't Hooft
anomaly of the QCD theory (G; Ry, R,) is

T

eV —clV = % (dim(Ry) — dim(R,)) . (2.3.15)

(G; Ry, R,) with a gravitational 't Hooft anomaly in the ultraviolet is gapless.

2.3.1 Towards Gapped QCD Theories

In the previous section we established that a 2d theory with a continuous chiral symmetry
is automatically gapless. Therefore, if we wish to classify QCD theories that are gapped,
the first step is to determine which QCD theories have no such symmetries. These can be
expressed as conditions on the quark content of the QCD theory as follows:*?

A 2d QFT with a gravitational anomaly is gapless.

Proposition 2.3.3 A necessary condition for (G; Ry, R,.) with semisimple G to be gapped
1s that the representations Ry and R, of G are the direct sum of distinct, real irreducible
representations of G. A QCD theory with a quark content that is not of this type is
necessarily gapless.

(G; Ry, R,) is obtained by gauging a diagonal subgroup G of the global symmetry acting
on the left and right chiral quarks, and giving the gauge fields a kinetic term. For the purpose
of identifying the continuous global symmetries of a QCD theory it suffices to discuss the Lie
algebra of symmetries. The continuous global symmetry algebra acting on the quarks in the
ultraviolet is

so(dim(Ry)) & so(dim(R,)), (2.3.16)

where dim(Ry/,) is the real dimension of the representation R,/ of g. Our immediate task is
to answer for what choices of R, and R, does a QCD theory admit a continuous chiral global
symmetry, and is therefore gapless (cf. proposition 2.3.1).

In order to answer this question it suffices to consider the left chiral fermions, as an
identical discussion holds for the right chiral ones. Consider left chiral fermions transforming

51This can be derived by imposing energy-momentum conservation law (2.3.13) on the most general
two-point functions of T, T__ and Ty _ at separated points.
52We discuss QCD with a reductive gauge group, that is with abelian gauge group factors, below.
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in an irreducible representation R of a semisimple Lie algebra g. A QCD theory with this
quark content has a left chiral flavor symmetry if and only if the embedding

so(dim(R)) D g (2.3.17)

has a nontrivial commutant, that is, there exists an algebra h C so(dim(R)) such that
lg,h] = 0. This depends on the nature of the representation R, which for now we take to be
irreducible:

e A chiral quark in a complex representation has a chiral U(1) global symmetry.

A complex representation R of a semisimple Lie algebra g is described by traceless,
antihermitian (dim(R)/2) x (dim(R)/2) matrices t. Therefore the pair (g, R) defines the
following Lie algebra embedding and branching

su(dim(R)/2) D g

(2.3.18)
fundamental — R.

Since R is irreducible, the commutant of g in su(dim(R)/2) is trivial by Schur’s lemma.

Let us now determine whether there is a commutant of g in so(dim(R)), the symmetry
algebra acting on the quarks. The Lie algebra su(dim(R)/2) embeds into the so(dim(R))
symmetry algebra of the quarks as

~  ( re(t) im(t) i
t= <—im(t) re(t)) C so(dim(R)), (2.3.19)
)

where re(t)” = —re(t), im(¢)” = im(¢), with T’ denoting the transpose, and tr(t) = 0. Since

U= (_01 (1)) C so(dim(R)) (2.3.20)

commutes with ¢ and U ¢ su(dim(R)/2), a chiral quark in a complex representation has a
chiral U(1) global symmetry. This also follows from the following sequence of embeddings

s0(dim(R)) D su(dim(R)/2) ®u(l) D gd u(l). (2.3.21)

e A chiral quark in a pseudoreal representation has a chiral Sp(1) ~ SU(2) global symmetry.

A pseudoreal representation R of a Lie algebra g is described by traceless, antihermitian
(dim(R)/2) x (dim(R)/2) matrices t obeying

—tT = JtJ 7, (2.3.22)

where J is the canonical antisymmetric matrix

J = (_01 (1)) . (2.3.23)
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These are precisely the generators of the sp(dim(R)/4) Lie algebra in the fundamental
representation. Therefore the pair (g, R) defines the following Lie algebra embedding and
branching

sp(dim(R)/4) D g

(2.3.24)
fundamental — R.

Since R is irreducible, the commutant of g in sp(dim(R)/4) is trivial by Schur’s lemma.

Let us now determine whether there is a commutant of g in so(dim(R)), the symmetry
algebra acting on the quarks. Since J = ioy ® 1, the sp(dim(R)/4) matrices ¢, which
obey (2.3.22), can be written as

4
t=> tu®qu, (2.3.25)
M=1

where t); are real matrices obeying ¢! = ¢, for a = 1,2,3 and ¢} = —¢4.°> Here we denote
qu = (id, 1), with & the Pauli matrices, a two-dimensional complex-valued representation of
the quaternions.

The embedding of sp(dim(R)/4) into the so(dim(R)) symmetry algebra of the quarks is

4
t=> ty®dy Cso(dim(R)), (2.3.26)

M=1
where 6y = (01 ®109,10s ® 1,03 ®i09, 1 ®1) is a four-dimensional real-valued representation
of the quaternions. Since the matrices U, C so(dim(R))
Ui =1® 10 ® 0y
Uy =1®1®io, (2.3.27)
Us =1®i02 ® 03

commute with #, generate an sp(1) algebra (namely, [Ta, To] = @€apeTe With 7, = 2%Ua) and

U, ¢ sp(dim(R)/4), a chiral quark in a pseudoreal representation has a chiral sp(1) global
symmetry. This also follows from the following sequence of embeddings

so(dim(R)) > sp(dim(R)/4) @ sp(1) > g & sp(1). (2.3.28)

e A chiral quark in a real representation has no continuous global symmetry.

A real irreducible representation R of a Lie algebra g is described by traceless, antihermitian
(dim(R)) x (dim(R)) matrices ¢ obeying

4Ty (2.3.29)

53There are three symmetric matrices and one antisymmetric, each being n x n with n = dim(R)/4. Thus,

there are 3n(n+ 1) + in(n — 1) = n(2n + 1) degrees of freedom, which is precisely the dimension of the

algebra sp(n) = sp(dim(R)/4).
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These are precisely the generators of the so(dim(R)) Lie algebra in the fundamental rep-
resentation. Therefore the pair (g, R) defines the following Lie algebra embedding and
branching

so(dim(R)) D g

(2.3.30)
fundamental — R.

Since R is irreducible, the commutant of g in so(dim(R)) is trivial by Schur’s lemma.
Therefore, a chiral quark in a real representation has no continuous global symmetry.

Let us now consider the case where the representation R is reducible. Since we are seeking
QCD theories that are gapped, which means that they cannot have any continuous flavor
symmetries, we take R to be the direct sum of irreducible, real representations R, with
multiplicity M,

R=E M. R, with M, €{0,1,2,...}. (2.3.31)

If M, > 1, then there is an so(M,) chiral flavor symmetry acting on the quarks. Indeed, the
representation matrix for the reducible representation M, - R, can be written as

t=1@®ta, (2.3.32)
where ¢, is a representation of R,. The matrix U C so(M,, - dim(R,,))
U=0®1 with O"=-0 (2.3.33)

is a representation of so(M,) and commutes with ¢. It therefore generates an so(M,) flavor
symmetry. This is also a consequence of the sequence of embeddings

s0(M,, - dim(R,)) D so(dim(R,)) ® so(M,) D g ® so(M,) . (2.3.34)

Finally, by virtue of Schur’s lemma, the direct sum of distinct irreducible real representations
®q R, does not have a continuous flavor symmetry, as the commutant of so() | dim(R,)) D g
is trivial.

Let us now consider QCD with a reductive gauge group G = K x U(1)", where K is
semisimple. It suffices to consider the left chiral fermions, as an identical discussion holds for
the right chiral ones. When the gauge group has U(1) factors, a classical U(1)p chiral flavor
symmetry may be broken by the Adler-Bell-Jackiw (ABJ) anomaly, that is, by a mixed a
U(1)-U(1)r anomaly. A classical semisimple symmetry always remains unbroken. Therefore,
for the purposes of classifying QCD theories with K x U(1)" gauge group and no flavor
symmetries, consider QCD with chiral quarks transforming under K x U(1)" as

Nf

Pana), (2.3.35)

I=1
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where Ry is a complex irreducible representation of K, q; is an integral n-component charge
vector under U(1)™ and all pairs (Ry, q7) are distinct (any other quark content leads to a
flavor symmetry). The classical chiral flavor symmetry is

Nf

bclassical = @u(l)l . (2336)

I=1
We want to determine under what conditions this symmetry is completely broken by the
ABJ anomaly. Upon defining the integral matrix () whose columns are

Q = (dim(Ry)q1, dim(R2) G, . . ., dim(Ry, ) qny) (2.3.37)
we arrive at the following result

Proposition 2.3.4 A necessary condition for (G; Ry, R,) with G = K x U(1)"™ to be
gapped is that the representations R, and R, of G are of the irreducible form (2.3.35)
and the charge matrices Qy, Q. have trivial kernel. A QCD theory with a quark content
that is not of this type is necessarily gapless.

The proof is straightforward. An arbitrary chiral u(1) C Bepagssicar flavor symmetry is
specified by an integer vector @ = (ny,ns, ..., ny,) such that, given an angle a € u(1), the
I-th quark is rotated by an angle an;. The mixed ABJ anomaly between this u(1) flavor
symmetry and the U(1)" gauge group is Q7. Therefore, no flavor symmetries remain if and
only if @) has empty kernel (so that there are no nontrivial solutions to Q7 = 0). See also
section 2.8 for a more in-depth discussion of QCD theories with U(1)™ gauge group.

Our findings thus far are summarized in the two propositions of this subsection. This is as
far as one can get using 't Hooft anomaly considerations. Answering whether a QCD theory
(G; Ry, R,.) obeying the conditions in the propositions is gapped or gapless requires studying
the dynamics. The analysis thus far does not say, for example, whether the vector-like QCD
theory with G = SU(2) and quarks in the isospin j € Z representation (which is real) is
gapped or gapless. We will provide a complete answer to these questions in the rest of the
paper.

Before closing this section let us make one final remark. In this section we have capitalized
on the symmetries of 2d QFTs as much as we could. In a nutshell, we showed that, if b
denotes the chiral symmetry algebra of a 2d system, then the system is automatically gapless
as soon as h is non-trivial. There is a nice physical interpretation of this result. In a unitary
CFT, a chiral symmetry b is always enhanced to h; affine algebra, for a suitable level k.
Therefore, if § is non-zero, the system contains h; massless currents which automatically
make the system gapless: the infrared contains, at the very least, an h WZW CFT subsector.
Therefore, a necessary condition for being gapped is that the chiral symmetry is trivial, h = 0.
We will see the b currents reappear explicitly in the Hamiltonian of QCD in the following
section, and we will study them in more detail when we look at the infrared of QCD in
section 2.5.
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2.4 Mass spectrum and QCD Hamiltonians

In this section we analyze the mass spectrum of QCD by studying the quantization of the QCD
Hamiltonians. The main result is a derivation of the necessary and sufficient conditions for a
QCD theory to be gapped. Along the way, we prove that a QCD theory with a continuous
global symmetry has massless particles in the spectrum, reproducing the result derived in
section 2.3 by symmetry and 't Hooft anomaly arguments. We analyze the lightcone and
temporal Hamiltonians, both yielding the same conditions for QCD to be gapped.

2.4.1 Lightcone Hamiltonian

Our aim in this section is to study the mass spectrum of QCD by quantizing the theory in the
lightcone frame [143-145]. We review here the most salient features and formulas (see [146,
147] for reviews and recent work). The basic idea is to use the a lightcone coordinate, say
I \%(mo + '), as the time variable. This quantization defines the Hilbert space and the
Cauchy data of the theory on a constant ™ surface, and the conjugate lightcone Hamiltonian
P~ evolves states in x7. When we choose 2 to play the role of time, the lightcone coordinate
x~ plays the role of a spatial coordinate. The momentum P* conjugate to £~ commutes
with the lightcone Hamiltonian P~ i.e., [PT, P~] = 0. Therefore, the mass spectrum of QCD

can be obtained by simultaneously diagonalizing the operators Pt and P~ since
M? =2P*P~ . (2.4.1)

Positive semidefiniteness of M? and of the lightcone Hamiltonian P~ implies that all states
in the Hilbert space have P* > 0. This combined with the fact that interactions preserve P+
implies that the vacuum state in lightcone quantization is trivial, that is, the vacuum has no
particles in it, and the nonperturbative vacuum coincides with the Fock vacuum. This makes
lightcone quantization well adapted to study the meson and hadron spectrum of QCD.

Since P~ evolves states along x™, left-moving massless particles are not visible in the P~
Hamiltonian. This implies that the spectrum of the Hamiltonian P~ correctly accounts for all
massive and right-moving massless particles, but does not detect left-moving massless particles.
This shortcoming can be overcome by quantizing QCD using instead z~ = \/Li(:co — ') as
the lightcone time. In this frame, the lightcone Hamiltonian is instead Pt and its spectrum
contains all the massive and left-moving massless particles. Therefore, by diagonalizing the
QCD lightcone Hamiltonians P~ and P* in the quantizations where z* and 2~ is time
respectively, all the massless particles of QCD are accounted for.

Let us proceed with the lightcone quantization of QCD with left and right chiral quarks
in representations R, and R, of the gauge group G. We start with the QCD Lagrangian

1 . - Aa 4a : s Aa qa
Lqocp = ?FLFL Fap) (D — i A%ty + il (D, — PALEY )Y, (2.4.2)
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We fix the gauge A® = 0, in which all states have positive norm and there are no ghosts. In
the lightcone gauge with z* being time, the left-chiral quarks ¢, and A% are not dynamical.
They can be integrated out to yield

. a 1 a
EQCD = Zw;[aerT - 92Jr a_QJr ) (243)

where 1
Jo = §:¢Itff ¥ (2.4.4)

generates the right-moving quark current for g, the Lie algebra of G, which obeys 0_J¢ = 0.
The Noether charges for the lightcone Hamiltonian and momentum are
1
P = —g2/da7_ =T

r 82 r
- (2.4.5)

Pt = z’/dx i 1, .

Choosing x~ as lightcone time instead results in the associated lightcone Hamiltonian and
momentum

. 1
pr = _92/dx+ i s i
+

(2.4.6)
P~ =i / dzt lo, g
where now 1
Ji = 5:@#;@: (2.4.7)

generates the left-moving quark current for G, with 0, J; = 0.

We are interested in determining when a QCD theory is gapped, and when it is gapless.
This requires determining when the lightcone Hamiltonians (2.4.5) and (2.4.6) have zero
eigenvalues. We will answer this question by studying the eigenvalues of the operators

1
H = —g2/dx:J‘Z§J“:
* (2.4.8)

ﬁ:@/dxzwfaxw:,

where x = 2~ or z = ™ and J* = J? or J* = J{ depending on whether ¥ or ™ is the
lightcone time. Canonical quantization yields the following equal-time commutation relations

{0l(@). 0 (y)} = 6lo(x —y) (2.4.9)

where the Latin indices are the representation labels for the representation R of g of the
relevant chiral quarks. The quark field expansion in Fourier modes is

Vi(z) = \/%7 /0 "k (ai(k)e’ikx n bj(k)ei’m) , (2.4.10)
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where k = k_ or k = k, depending on whether 2 or 2~ is taken as the lightcone time. Note
that in the lightcone frame the Fourier modes carry nonnegative longitudinal momentum.
Using (2.4.9) we get the anticommutation relations

{a'(k),al(K)} = 0i(k — k'),  {b'(k),bi(K")} = 0%6(k — k'), (2.4.11)
with a! (k) = bl (k) if the quark field is a Majorana fermion. These operators define the Fock
vacuum, and in fact the nonperturbative vacuum |0) of lightcone QCD

a'(k)[0) =0, Vi(E)0)=0 Vk. (2.4.12)
Normal ordering in (2.4.8) implies that the vacuum has zero lightcone energy and momentum
HI0)=0,  P|0)=0. (2.4.13)

The goal is to diagonalize the lightcone Hamiltonian(s) H on the Hilbert space H created
by the quarks
[Pzt = a;(kl)azg(kg) e aZL(kL)|0> . (2.4.14)
The physical states of QCD must be gauge invariant, which implies that all physical states
must be invariant under the action of g

/d$ J(z)|[ Wity =0, (2.4.15)

While H mixes states in the Hilbert space H, the longitudinal momentum operator P is
diagonal, it is the sum of the longitudinal momentum of each parton.

QCD has massless particles if and only if there exist states |¥?%2-“L) € H . other than the
vacuum state, that are gauge invariant and have zero lightcone energy,

a 1 a 1112...1
/dm:J EJ | W Ly=0. (2.4.16)
The currents J* = %:Wt‘%: constructed out of the chiral quarks v transforming in a

representation 12 of g generate an affine chiral current algebra g ()

I(R)O™ | ifeJ(0)

12

J(z)J°(0) ~

2.4.17
=, (2417)

where the level is the Dynkin index I(R) of the representation R. The OPE (2.4.17) implies,
upon putting the longitudinal coordinate on the circle, that the Fourier modes obey

[J2 J2 ] =if.Je,, 4+ I(R)0“npminp - (2.4.18)

n»“m n+m

The zero energy state condition (2.4.16) takes the form
= 1 a al\[yt1%2...¢

EJ,HJTJ\I/ vt = (). (2.4.19)
n=1

Since the Hamiltonian H in (2.4.8) is a positive semidefinite operator, the necessary and
sufficient conditions for a state P22} to have zero energy are:
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1. |Wh?2-iL) s a primary state of the current algebra grgy, that is Ji|W""2-2) = (
Vn>1.

2. |Whiz-ir) transforms in the trivial representation of g.

We now proceed to study under what conditions these states exist.

The quark Hilbert space H decomposes into modules of the so(dim(R)); current algebra
at level one [14] (see also [148]), labeled by representations of so(dim(R)). These are labeled
by (0,v,s,c) when dim(R) is even and by (0,v,s) when it is odd, where 0,v,s, c are the
trivial, the vector and spinor representation(s) of so(dim(R)). The precise relation between
the modules of so(dim(R)); current algebra and fermion Hilbert space is (e.g. for dim(R)
even

)

Hns = Ho @ Hy
Hr = Hs ® He,

where Hx denotes the fermion Hilbert space with fermions obeying X € {NS,R} (Neveu-

(2.4.20)

Schwarz and Ramond) boundary conditions on the circle.

Since QCD is obtained by gauging the subalgebra g C so(dim(R)), the current algebra
embeds as grry C s0(dim(R)); into the fermion current algebra. That means that any state
in H fits inside a module of the g;r) current algebra. An elegant way to describe how
states embed is through the branching functions by, which encode how the characters of the
so(dim(R)); current algebra decompose into g;(g) characters:

Xa(@) =Y bar(@)xa(q) - (2.4.21)

Here A € {0,v,s,c} or {0,v,s} and A is a highest weight vector labeling the integrable
representations of gr(r), which obeys

rank(g)

> a/\<I(R), (2.4.22)

=1

where a;" are the comarks of g. The function byx(¢) counts how many primary states of g
with highest weight A appear in the decomposition of the module of so(dim(R)); with highest
weight A. They also capture at which level the primaries of g;(z) appear in the so(dim(R)),
modules.

The branching function by (¢) has a module interpretation. bay(q) is a character of the
chiral algebra A, where A is the commutant chiral algebra of gz inside so(dim(R));. A
necessarily contains the Virasoro algebra with central charge the difference of the central
R) dim(g)

charges of the two current algebras ¢4 = c(so(dim R);) — c(gyr)) = 3 dim R — I(I(W,

where h is the dual Coxeter number of g (see table 2.3). Also, if b is the commutant of g inside
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s0(dim R), then A contains a current algebra hy. This current algebra has the interpretation
as the flavor symmetry current algebra in QCD.

We have established that a QCD theory is gapless if and only if the fermion Hilbert space
contains a nontrivial primary state of g;ry labeled by the trivial representation of g. We
are therefore interested in the functions b,4(¢q), where we denote the trivial representation of
g by 0. In order to determine whether a QCD theory has a massless state it will suffice to
look at the branching function for the integrable representation of so(dim(R)); labeled by
the trivial representation of so(dim(R)) into the trivial representation of g;(gy. Whether the
theory has massless states or not is encoded in the properties of the function byg(q).

Given that byg(q) is the vacuum character of the chiral algebra A, this branching function
takes the following general form®!

boo(0) = ¢ A (1 + a1q + asg® + ... . (2.4.23)

The theory has massless particles if a; # 0 for any [.

We explain now the physical meaning of the coefficients a;. The coefficient of the ¢°
term being ap = 1 corresponds to the vacuum state |0), which is unique. The coefficient
a; = dim(h) is the dimension of the commutant of g in so(dim(R)). If b is nontrivial, we can
build the primary, singlet states of g(zy at level one by acting on the vacuum with the flavor
symmetry currents

LF:%WPm a=1,...,dim(h). (2.4.24)

The currents J® generate an by, current algebra, the level k being determined by the embedding
so(dim R) D b @ g. Indeed, these states are annihilated by J* since [J*,.J%] = 0, by virtue
of h commuting with g. If such an operator J° exists, then the theory is gapless. This
reproduces the result we proved in section 2.3 stating that any theory with a continuous,
chiral global symmetry — which means b is nontrivial — is necessarily gapless. Therefore, a
necessary condition for the QCD theory to be gapped is that the theory has no continuous,
chiral flavor symmetries and therefore that a; = 0.

We turn our attention to the physics of the coefficient as. Recall that given a current
algebra gj(r), one can construct the chiral energy momentum tensor [149, 150]

T,

= — = J%J%. 2.4.2
o = SR v h) 7 (2:4.25)

I(R) dim(G)

The operator Ty, generates a Virasoro algebra of central charge c(orm) = TR Th

canonical level 2 state in the Hilbert space H

(Tso(aim(r)): — Tozr)|0) (2.4.26)

54There are no ¢"t'/2 terms in the expansion since Hg contains states created with an even number of
fermions.
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is a singlet, primary state of the g;g) current algebra, where T (qim(r)), is the energy mo-
mentum tensor of the so(dim(R)); current algebra generated by the quarks in the ultraviolet.
This is a consequence of the OPEs

L0, 9°(0)

Ty () (2)J*(0)
I xz v (2.4.27)
a J0) , 9J(0)
Tao(aim(my, (€)J(0) ~ —5= + ———=,
so that
[J%, Teo(aim(r))s — Toymy] = 0- (2.4.28)

This proves that the state (2.4.26) is a gauge invariant, primary state of g;r). Therefore
as long as Teo(aim(r))y — To;n 7 0, s0 that az # 0, the theory has massless states and the
spectrum is gapless.®”

This implies that a necessary (and as we will show also sufficient) condition for a QCD

theory to be gapped is that the following operator equation holds
Tso(aim(r)), — Lgyp = 0- (2.4.30)

This equation is very constraining, it implies that a; = 0 for all [. Indeed, when (2.4.30) is
obeyed then byy(g) is as a character of the Virasoro algebra with ¢4 = 0, which has a unique,
trivial unitary representation. Therefore, when equation (2.4.30) holds then®®

bro(q) = dno, (2.4.31)

and the only singlet primary state of grg) is the vacuum state: the theory has no massless
particles.

By demanding that there are no left-moving or right-moving massless particles, we arrive
at the following proposition:

Proposition 2.4.1 QCD theory (G; Ry, R,) is gapped if and only if both operator equa-

tions hold

Tso(dim Ry)y — TBI(Re) =0, (2.4.32)

Tso(dimRr)l — TgI(Rr) — O o

55In the presence of a global symmetry b there are additional level 2 primary, singlet states of g I(R)
J%l0y,  JeJ% o). (2.4.29)

Generically, there are dim(h)(dim(h) + 3)/2 such states constructed using the flavor affine algebra by, currents
(for very small values of k one may need to subtract some null states).
56This follows by comparing the scaling dimensions of operators.
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This was derived by looking at the lightcone Hamiltonians with ™ and 2~ being time.

We will come back to these equations momentarily. Before we do that we shall also derive
these equations in a different quantization scheme in order to gain more insight into the
mechanism behind the gap.

2.4.2 Temporal gauge Hamiltonian

In this section we rederive the necessary and sufficient conditions (2.4.32) for a QCD theory
(G; Ry, R,.) to be gapped by studying the canonical Hamiltonian where time is the time-like
coordinate 2° = ¢. The lightcone coordinates are well-suited to algebraic considerations
because the two chiralities are mostly decoupled. By contrast, a time-like coordinate requires
more work but it also leads to a more transparent understanding of the spectrum, because the
Hamiltonian takes the traditional form, which evolves states in physical time. For previous
work on the temporal Hamiltonian of QCD see [19, 151, 152].
We follow the same conventions as in §2.2, which we present here for convenience
1

1 a a a
R E(:co +at), AL = \/§(AO + A9). (2.4.33)

We start with the Lagrangian
N N a a a a 1 v
L= i)l ,0_tbig 4+ i) Dy ahi, + AT TP+ AL TS — 2—gztr(Fw,F“ ), (2.4.34)

where Jj', = %1/)3 o tij 00 Canonical quantization leads to the following equal-time commu-

tation relations

(@), %50(y)} = 6;50(z — y),
{¢](2), 0 (y)} = 6556(z — ) , (24.35)
[I%(x), AL (y)] = i0™6(x — y) |

where 11* = 56A£a = Q%FI“O = g%E“(m). Consequently, classically the currents obey the
0
commutation relations

(5 (2), Jo, (y)] = i fCT7  (2)8(x — y) - (2.4.36)

The Hamiltonian density is

H = PEA)? + AL+ = AY@) (JE — J)(x)
1 1\/5 (2.4.37)
+ Eiqﬂjzax%f(lq) - ﬁzwjraxw”(w) ’

and
Gx) = JH(x) + J(z) — (0,11 4 4 f**¢ APTI) () (2.4.38)
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is the Gauss’ law operator, which obeys the following commutation relation with the currents

(G2 (), T2, ()] = 0T, (2)3(x — y) (2.4.39)
The Gauss law operator commutes with the Hamiltonian, that is [G%(z), H] = 0, where
H= [dxs#.
The phase space of QCD has a primary constraint, namely the momentum conjugate to
Ay vanishes

4]
[ = ‘C = (2.4.40)
dAS
Demanding stability of this constraint leads to the secondary constraint
d11®
=[H,1I=G*=0, (2.4.41)
dt
Since 4~ = [H,G%] = 0 on the constraint surface, there are no further constraints. Hamilton’s

dt
equations derived from (2.4.37) reproduce the equations of motion obtained by varying the

Lagrangian (2.4.34). We work in the gauge with Af = 0 so that A{ = A} = A®.

In the quantum theory, fields are promoted to operators and composites need to be
renormalized due to quantum fluctuations at arbitrary short distances. The quark currents
in the quantum theory must be normal ordered ‘/]\Zr = 35 zpz 00502 In the quantum theory,
the commutation relations become

(T8 (), T}, ()] = i fT¢, (2)8(x — y) £ I (R)§0,6(x — ),
(), A(y)] = i6°6 (2 — y)

where I(R) = I(Ry) = I(R,) by virtue of gauge anomaly cancellation, and + corresponds to

(2.4.42)

¢ and r respectively. The operators J, generate the current algebra gr(r,,). Quantization
leads to the Schwinger term in the current commutators (2.4.42) (cf. with (2.4.36)), which
will have important implications.

In order to determine the conditions for the spectrum of Hamiltonian to be gapped, we
first define the fermion operators in (2.4.37) in normal ordered form

1 1 1
— il Dybi o) = —=:i] ,0ptso(x): — —=i im (], (z + €)Dptlso(x — €))
\/_ e \/_ e V2 ot (2.4.43)

1
T T . H T
——zw L0 (1) = ——=10) 0 () + —=it Hm(Y, . (z + €) 0,05 (z — €)) .
0,05, (a) f (@):+ ilim (i, (2 + )01, o = 0)
where <¢w (20 (y)) ~ L. We then express +- upg?ﬁmwr in terms of the Sugawara
tensor for so(dim Ry, ); via
lT . _ i .jaja( ) _ 1 .'wT Dpil; ( )
L Z, o T (2.4.44)
=T o(dim 1 A - - xWir -
97 (dim R;) 8(I(R) T h) Jr Jr (ZE) \/— W 0 1/] (x)



The crucial insight (see also [19, 152]) is that we can split the energy momentum tensor into
a piece that couples to the gauge fields and a piece that is decoupled

Tﬁo(dimth = TQI(RZ) + (Tso(ding)l - TEI(RZ)) (2 A 45>
T'so(dim R,), = TQI(RT) + (Tﬁﬂ(dimRr)l - TQI(RT)) :
The quantized Hamiltonian must commute with the quantum Gauss’ law operator

G (z) = JHx) + J*(x) — (8,11% + i f* AP TI%) () . (2.4.46)

It is given by (see section 2.6.2 for details)

v 1 1 1a Ta Ta 1 Ta Sa
H = §(ng<m> + Tyym,y) + EA (2)(J¢ — J7)(x) + EHR)A ()? + g°E%(x)?
1.
ity (ul o+ 0t — ) — (ol o+ Il — ) (2447
1 1 ,— _
+ §(T50(dimR4)1 - TQI(RZ)) + Q(Tﬁﬂ(dimRr)l - TEI(Rr)) :

Let us discuss some of the most salient features of this Hamiltonian. Expressing the
Hamiltonian in terms of the energy momentum tensor and splitting it as in (2.4.45) shows

that there is a decoupled CFT with energy momentum tensors T'so(dimr,), — 1' and

9I1(Ry)

-~

T so(dim Ry ) —Tgmm. The last line in (2.4.47) describes a gapless sector. The term I(R)A%(x)?
in (2.4.47), which is present due to the Schwinger term in (2.4.42), gaps out the gauge fields,
and strongly suggests that the first two lines in (2.4.47) describe a gapped Hamiltonian.®”
This analysis makes manifest that the massless degrees of freedom decouple in the ultraviolet
and go along for the ride during the renormalization group flow (see [19]). In conclusion, the
QCD theory (G; Ry, R,) is gapped if and only if the decoupled CFT is trivial, that is if

Tso(aim Roys — Lo,y = 0 (2.4.48)

TSO(dimRr)l - TBI(RT) == O
We have thus recovered the conditions (2.4.32) we had derived in the previous section using
the lightcone Hamiltonians.

2.4.3 Classification of gapped theories

We now return to our main task: deducing whether a given QCD theory is gapped or not.
We showed, both looking at lightcone quantization and standard canonical quantization, that
a theory labelled by (G; Ry, R,) is gapped if and only if the two operator equations hold:

Tﬁo(dimRe)l - TGI(R@) =0, (2.4.49)

Tga(dimRr)l - ng(m) =0.

57Tt would be interesting to give a rigorous proof that it is gapped.
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The key point is that the equations (2.4.49) can in fact be solved. It suffices to consider
one chirality first, and then combine solutions that merge left and right chiral sectors. In [153,
154] it was shown that the energy-momentum tensor of the affine algebra g () coincides with
that of a free fermion theory so(dim(R)); if and only if the matrices ¢§; that generate the
representation R satisfy the Jacobi-like identity (see section 2.6.1 for derivation)

tijtee + tintyy + ity = 0. (2.4.50)

In turn, this identity is satisfied if and only if there exists some Lie algebra g that contains
g such that the homogeneous space®® G /G is symmetric, and the fermions transform with
respect to g in the same way as the generators of G/G. The condition it Fits; +15t5, =0
is nothing but the Bianchi identity for the Riemann tensor of G /G. The symmetric spaces
have been fully classified [155], and we can read off the list of gapped QCD theories from
this classification: for each symmetric space of the form G /G where the symmetric space
generators transform according to a representation R of GG, there is a gapped QCD theory
with gauge group G and quarks in the representation R, and vice versa.

A different perspective yields the same answer. The equality of the energy-momentum
tensors of so(dim(R)); and g(r) implies, by definition, that the affine algebra g;z)y embeds
conformally into the affine algebra so(dim(R));. The conformal embeddings have been
fully classified [156-158], and we can read off the list of gapped QCD theories from this
classification: for each conformal embedding of an algebra g into so(n); via a representation
R of g, there is a gapped QCD theory with gauge group G and quarks in the representation
R, and vice versa.

Either point of view yields table 2.4. This table contains the list of “minimal” gapped
QCD theories. Naturally, one can also take the tensor product of two gapped theories to
obtain another gapped theory. This operation corresponds to reducible symmetric spaces,
or non-maximal conformal embeddings; the most general symmetric space is a product of
irreducible ones, and the most general conformal embedding is a sequence of maximal ones.

In QCD, this stacking operation gives rise to theories with decoupled gapped sectors so
they are also gapped in a trivial way — and so they are of little interest by themselves. The
exception is when the different theories contain abelian u(1) factors in their gauge group,
in which case we can couple the minimal theories through these factors, which generates
another gapped theory which is not just the product of decoupled theories. With this in
mind, the most general gapped QCD theory is either a theory in table 2.4, or a product of
such theories provided they contain a u(1) gauge group, in which case the matrix of charges
for these u(1) factors must be non-singular. Any other gapped theory is a trivial product of
these two options.

a

55The global structure of ¢, G is arbitrary, the condition t§,tf, + t&t, + tt% = 0 is purely algebraic and
insensitive to the choice of G, G for a given g, g. At the algebraic level, the condition can be recast as the
existence of an algebra g = g + p such that [p’,p/] € g for p’,p? € p, and [p, g¢] = t%pj for g* € g.
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g R IR TQFT §

g Adj SO(dim G)1/Gh g+g
s0(N) | SO(5(N + 2)(N —1))1/Spin(N) y 42 su(N)
sp(IN) H SO((2N + 1)(N — 1))1/Sp(N)n-1 su(2N)

s(u(M) +u(N)) | (@0), U(MN),/S(U(M)n x U(N) ) su(M + N)
s50(M) + so(N) (0,0) | SO(MN), /(Spm M)y x Spin(N)y) | so(M + N)
u(N H, UGN(N = 1))1/U(N)n-25(v-1)2 50(2N)
u(V) T | UGN U0 s | ()
sp(M)+sp(N) | @0 | SOMAMN)/(Sp(M)n x Sp(N)u) | sp(M + N)
sp(4 12 SO(42), /Sp(4); Eq
su(2) + su(6) (2,20) SO(40)1/(SU(2)19 x SU(6)) Es
50(10) + u(1) 16, U(16)1/(Spin(10); x U(1)6.2) s

F 26 SO(26),/Fis Es

su(8) 70 SO(70)1/SU(8)10 E;

su(2) +s0(12) | (2,32) SO(64),/(SU(2)16 x Spin(12)g) E;
Ee + u(1) 27, U(27)1/(Eos X U(L)arge) jo
50(16) 128 SO(128),/Spin(16) 16 joN
su(2) + E; (2,56) SO(112),/(SU(2)9s x E712) Eyg
su(2) + sp(3) (2,14) SO(28)1/(SU(2)7 x Sp(3)5) F,
50(9) 16 SO(16),/Spin(9)s F
s0(4) (2,4) SO(8)1/Spin(4)10,2 Go

Table 2.4: List of irreducible gapped theories. The first column denotes the gauge algebra.
Any global choice of G for a given g leads to a gapped theory. The second column
denotes the representation of the quarks, either in the Young diagram notation or directly
in terms of its dimension. 00,(17,H denote the fundamental, symmetric, and anti-symmetric
representations, respectively (with appropriate reality conditions, e.g. Majorana if real, and
with traces removed, if possible). ¢ denotes the charge of the fermions under u(1) factors,
if any; this charge can be chosen arbitrarily. The third column denotes the TQFT that
describes the space of vacua of these gapped theories (see section 2.5); here we choose the
simply-connected form Gg. for concreteness. The fourth column denotes the Lie algebra g
that makes G /G a symmetric spaces.

For illustration purposes, consider the gapped theory u(N) + 0,, where 0, denotes the
fundamental representation and g € Z is an arbitrary integer that specifies the charge of the
quark under the trace part u(1) C u(N). Stacking a family of these gapped theories, and
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coupling the abelian factors via an arbitrary matrix of charges, one obtains the gapped theory

[[u™), RrR=E@a... . 101,....1);, (2.4.51)
=1 i=1

where ¢; is a vector of charges that specifies how the i-th fermion couples to u(1)™. The
special case where N; = 1 for all ¢ corresponds to abelian QCD, i.e., QED with m photons
and m fermions, which we analyze in more detail in section 2.8.

The theories in table 2.4 are written in terms of non-chiral data. As a matter of fact, one
can also modify these theories to obtain gapped theories that are chiral. The idea is that, if
the theory with vector-like matter (R, R.) = (R, R) is gapped, then the theory with chiral
matter (Ry, R.) = (0, R,0, - R) is also gapped, where 0y, 0, denote outer automorphisms
of g (see table 2.3). For example, for simply-laced groups o - R may denote the conjugate
representation R, while for g = 50(8), o - R may denote any representation related by triality.
As dim(c - R) = dim(R) and I(c - R) = I(R), the chiral theory with (R, R,) = (0¢- R, 0, - R)
is also gapped. In the case of theories that contain abelian gauge groups, the statement
becomes that one can use different charges for the two chiralities, (g, ¢.), provided they
satisfy the gauge anomaly cancellation condition (2.2.17).

For example, given the gapped theory in (2.4.51), one can generate other gapped theories
by replacing some of the fundamentals by anti-fundamentals (for one chirality only, or
for both), and also by assigning generically different U(1) charges to the two chiralities
G = (G, Gryi)-

Table 2.4, together with the two operations we just described (stacking gapped theories
and coupling them together via their abelian factors, and acting with outer automorphisms
on the representations), give the extensive list of gapped QCD theories. See tables 2.1 and
2.2 for summary of gapped vector-like and chiral theories respectively. Any other theory is
either a trivial product of gapped theories, or is gapless.

2.5 Infrared dynamics of 2d QCD

Having classified all QCD theories that are gapped, and consequently, those that are gapless,
it remains an interesting open question to determine the effective field theory describing the
low energy dynamics. The most natural proposal is that the low energy theory is a gauged
WZW coset model with chiral algebra (see [19] and more recently [136, 159])

SO(dim Ry)y  SO(dim R, ),
G1(Ry) Giry

(2.5.1)

In order to simplify notation we focus on the chiral half, with the understanding that the full
theory is constructed by putting together the left and right sectors.
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The idea behind (2.5.1) is that QCD can be thought of as dim(R) free fermions, which can
be described as the fermionic WZW theory SO(dim(R));, where a symmetry G C SO(dim(R))
has been gauged, and one has added a kinetic term for the gluons. The coupling constant g
is dimensionful so it grows in the infrared and it is self-consistent to assume that g — oo as
E — 0, which means that we can drop the gluon kinetic term for very low energies. All in all,
it is expected that the deep infrared of QCD theories is described by the CFT coset (2.5.1),
namely an SO(dim(R)); WZW model with gauged Gg) symmetry. The level of the gauge
current algebra is determined by the Dynkin embedding index of SO(dim(R)) D G; this
embedding is defined by the branching rule O+ R, and hence the embedding index is I(R).

This proposal is also suggested by our canonical analysis of section 2.4, where we high-
lighted the presence of so(dim(R))1, gr(r) current algebras in the Hamiltonian of QCD, and

the fact that the operator Tio(gim(r)), — 1 naturally appears in this Hamiltonian, playing

91(R)
the role of the energy-momentum of a low-energy CF'T that is decoupled from massive modes,

which disappear in the deep infrared.

Gapped spectrum. One nice aspect of (2.5.1) is that it is perfectly consistent with our
classification from the previous section, because the coset (2.5.1) is a full-fledged CFT if its
central charge is non-zero, but describes a TQFT when its central charge vanishes. In other
words, the chiral energy-momentum tensor of the coset is T (im(r)): /g ry = Teo(dim(r)), — 1y, (7
and this is a non-trivial operator if and only if the theory is gapless. In any case, it is important
to stress that the criterion for masslessness To(dim(r)), Jor(r) # 0 was obtained in previous
sections independently of the conjecture (2.5.1), but the two are perfectly consistent with

each other, a fact that gives more evidence for the latter.

Continuous symmetries. In 2d, continuous chiral symmetries cannot appear nor disappear
along a symmetric renormalization group flow. Therefore, the effective low energy description
of QCD must have the exact same such symmetries as the original ultraviolet theory. This
is nicely reproduced by the coset, because the symmetries of both theories have the same
definition: the flavor symmetry group is the commutant of G inside SO(dim(R)), i.e., the
rotations of the chiral quarks that commute with gauge transformations.

’t Hooft anomalies Another nice property of the conjecture (2.5.1) is that it automatically
matches all the 't Hooft anomalies of the original QCD theory. Indeed, while the argument
above does not strictly speaking prove that this coset is the low energy limit of the ultraviolet
theory, it does prove that they are in the same deformation class. In other words, even
though in principle the limits £ — 0 and ¢g? — oo need not be equivalent, it is still true that
they are connected by a path in parameter space. Therefore, these two theories will carry
the same 't Hooft anomalies for all the symmetries that are preserved along the path. This
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provides a strong consistency check on the proposal that the coset really is the low-energy
limit of QCD.

The case of perturbative anomalies can be exhibited explicitly. The chiral flavor symmetry
H in the ultraviolet is generated by the free fermion currents that commute with the gauge
group, that is, commutant of G inside SO(dim(R)). If R is given by N copies of a given
irreducible representation Ry, that is R = Np - Ry the flavor symmetry is H(Ng), with
H = 0O, Sp, U for real, pseudo-real, and complex representations, respectively (in the complex
case, the symmetry may be either U(Ng) or SU(Ng), depending on whether the diagonal
U(1) is broken by the ABJ anomaly or not, see section 2.3.1).

The 't Hooft anomaly for H is the Dynkin index of the representation under the flavor
group (2.2.14), in this case the fundamental representation. This means that the flavor sym-
metry carries dim(Rp) units of anomaly. This is reproduced by the coset in a straightforward
manner, because one can write

SO(dim(R));
Gi(r)

SO(dim(R)),

) 2.5.2
G1(r)y X Haim(Ro) ( )

= Hgim(ry) X

SO(dim(R)):
G1(r)*Hdaim(Rg)
has no continuous global symmetries (no commutant). We point out that this latter coset is

The factor Hgim(r,) matches the ultraviolet 't Hooft anomaly, and the factor

actually well-defined, which might not be entirely obvious. One way to see this is that one
could imagine gauging the diagonal symmetry H in the ultraviolet (which is anomaly-free),

to yield the gauge theory G x H + (Ry,0). The infrared coset for this theory is precisely
SO(dim(R)),
Gr(ry*Haim(rg)
The case of nonperturbative global anomalies is more subtle, and requires a case-by-case

analysis. That being said, the argument above proves that the coset CF'T will automatically
match all the anomalies, perturbative and global. This has a nice bonus consequence, namely
that it predicts that many well-known CFTs actually carry nonperturbative anomalies, a fact
that may not have been fully appreciated in the past. For example, below we will describe
many gauge theories that flow in the infrared to common CFTs such as minimal models or
WZW models. These theories necessarily carry the same nonperturbative anomalies of the
ultraviolet theory, and the latter are often easy to determine (because one can flow to the deep
ultraviolet, where the fermions and gluons are essentially free and semiclassical considerations
often suffice). Among others, this predicts global 't Hooft anomalies for discrete symmetries
such time-reversal, whose presence is seldom discussed in the CFT literature.

While there is not much one can say about global anomalies in full generality, there is
one feature that is actually rather universal. There are several discrete symmetries, such
as discrete chiral symmetries or antiunitary time-reversal symmetry, whose anomalies have
the following effect on the Hilbert space: when the number fermions in ultraviolet is odd,
the Ramond Hilbert space is automatically supersymmetric [1]. This is a nonperturbative
statement that affects the whole spectrum of the theory and, in particular, the low-energy

109



spectrum. Therefore, the effective infrared description must satisfy this property as well.
This is indeed reproduced by the coset (2.5.1), because the states in the Ramond sector come
from branchings from the spinor representation(s) of SO(dim(R));; and, famously, when
dim(R) is odd there is a single spinor whose Ramond-Ramond character is identically zero,
a property that is inherited to the full coset. (Another diagnosis of this anomaly is that
the twisted Hilbert space becomes ill-defined, which is also reproduced by the coset because
the spinor character of SO(dim(R)); carries a factor of v/2 for odd dim(R), and hence the
twisted partition function does not have an integral expansion; see (2.7.20) for the characters

of SO(n)y).

One-form symmetry. QCD theories can have one-form symmetry associated to a subgroup
center of the gauge group (see table 2.3). This symmetry is discrete,” and hence by the
generalized Coleman-Mermin-Wagner theorem [32], it cannot break spontaneously. Therefore,
the infrared effective description must realize all the one-form symmetries of the ultraviolet
theory.

In two dimensions, the effect of a one-form symmetry is to break up the theory into
distinct sectors, or universes. The full Hilbert space of the theory is the direct sum of the
Hilbert spaces of the different universes (see section 2.2). The total theory suffers from a mild
violation of cluster decomposition, but the theory projected to a given universe is perfectly
well-defined by itself, and satisfies decomposition.

Given a QFT with one-form symmetry, the emergent infrared CF'T inherits it. Hence, in
these CFTs the vacuum is not unique (the coefficient of the vacuum character in the torus
partition function is an integer larger than 1). Instead, the infrared CFT is a direct sum (not
a direct product) of “conventional” CFTs with a unique vacuum each.

In QCD, the one-form symmetry is the subgroup of the center that is not screened by
the fermions, namely the kernel of the representation R under which the quarks transform,
[ = ker(R) C Z(G). This is a symmetry for all g? and in particular it remains a symmetry
in the g — oo limit, and therefore the coset CFT also has a I' one-form symmetry. As I’
does not act on the fermions, it does not embed into SO(dim(R)), and hence in the quotient
SO(dim(R)),/G(ry we are trying to gauge a group I' that does not act on anything — this is
an orbifold by a symmetry that does not act faithfully (cf. with [135, 160, 161]). This indeed
leads to |I'| different universes, labelled by elements p € I'V (see section 2.2).

The CFT on a given universe labelled by p corresponds to the coset SO(dim(R))1/(G/T)1(r)
with a theta term labelled by p € T'V. The functional integral of the coset sums over G/T
bundles, which are labeled by I'. The sum over bundles is weighted by the theta term. It is
interesting to compare this perspective with the algebraic approach to cosets in the literature

591f the gauge group is reductive, then the one-form symmetry may include U(1) factors associated to
the photons. These U(1) groups exist only when the photons are free; otherwise the screening by quarks
explicitly breaks U(1) down to a discrete subgroup.
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[150, 162, 163]. In the algebraic approach to cosets one organizes representations of the coset
into long and short(er) orbits under the action of T'; as I permutes the coset representations.
When the action of I" has only long orbits, the algebraic prescription is to divide the partition
function by I', so that the vacuum character appears with multiplicity one, and only the
trivial bundles contribute. This yields the partition function in one universe, which when
there are no fixed points, is the same in all universes. When the model has shorter orbits,
one has to deal with “fixed point resolution”, and correct by a series of prescriptions and
ansatze for the fact that characters enter with fractional multiplicity. These prescriptions
have a rather clear interpretation from our perspective. When the coset has no fixed points,
the CFT in each universe is the same and only trivial bundles contribute. Instead, when
the coset has fixed points, the CFT in each universe is generically different. In order to
identify the partition function in a given universe when there are fixed points, one must
sum over nontrivial bundles, weighted by a discrete theta term, which gives a non-vanishing
constant partition function [164]. These contributions combine with those of the long orbits
to produce a partition function that is modular invariant in each universe. In a sense, the
algebraic approach to cosets in the literature constructs the partition function in one universe,
while from our perspective one can construct more modular invariant partition functions
by weighing the sum over nontrivial bundles (which are constant) by distinct discrete theta
terms.

Central charge. The central charge of the CFT in the deep ultraviolet is 1 dim(R,;,),
and in the deep infrared is § dim(Ry,) — ¢(G (g, ,»))- Note that ¢ decreases and dynamics is
compatible with the c-theorem. Note also that both ¢, and ¢, decrease by the same amount
(because I(R,) = I(R,), by gauge anomaly cancellation, cf. (2.2.16)), which is a consequence
of the conservation of the gravitational anomaly ¢, — ¢,.. It might be interesting to note that
gapped theories “erase information maximally” in the sense that they decrease the ¢ function
as much as possible.

It should be pointed out that the infrared theory described by the coset (2.5.1) is not
expected to be robust under deformations in the ultraviolet. If we add mass terms or four-
fermi terms, in general one would find that the infrared theory is deformed as well, and the
coset (2.5.1) flows to a different theory. This new theory has smaller (or equal) central charge.
In the case of TQFTs, the central charge is already zero so deformations in the ultraviolet
will map the infrared theory to a different TQFT, with generically fewer vacua. This is to be
contrasted with the similar situation in 3d: here, infrared TQFTs are actually robust under
small ultraviolet deformations. The reason is that 2d TQFTs have local operators, while 3d
TQFTs do not; therefore, local deformations in the ultraviolet map to non-trivial infrared
operators in 2d, but to the trivial operator in 3d.
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Some simple examples. While we will work out plenty of examples in the next few
subsections, we can list a couple of simple examples here, which will hopefully illustrate some
of the main features.

Take the QCD theory (SU(2);7,7). The infrared dynamics is conjecturally described by
the coset SO(7);/SU(2)s. This CFT has central charge ¢ = 7/10, which agrees with the
central charge of the tricritical Ising model. There are only two fermionic CFTs with this
central charge: the tricritical Ising model itself (thought of as a fermionic CFT that does
not in fact depend on the spin structure), or its fermionization. In other words, it is either a
bosonic minimal model, promoted to fermionic in a trivial way, or it is a fermionic minimal
model [165-167].

Here it is easy to determine which of these options is correct. In the deep ultraviolet there
are 7 free fermions, so the system carries —1 mod 8 units of 't Hooft anomaly under the
chiral Zs symmetry. A bosonic theory cannot match this, so the second option is correct:
this QCD system flows in the infrared to the fermionized tricritical Ising model.®° Note that
this theory precisely matches the 't Hooft anomaly for the discrete chiral symmetry [168].

Once the correct low-energy degrees of freedom have been identified, one can ask several
interesting questions. For example, one could try to determine the mapping between relevant
operators in the ultraviolet to operators in the infrared. The spectrum of infrared operators,
together with their quantum numbers, is well understood. The most relevant operator in the
ultraviolet is the mass term, and the most relevant operator in the infrared is the (1/10,1/10)
operator, so it is a very natural guess that these operators are identified. Moreover, both
are odd under the chiral Z, symmetry. A similar analysis can be performed for the rest of
operators. When the mapping is complete, one can study the deformed theory, where one
adds suitable scalar operators to the Lagrangian; this gives us a window to the infrared of
the massive QCD theory, by turning on the deformation (1/10,1/10) to the infrared CFT.

Finally, this scenario predicts that the fermionic tricritical Ising model is invariant under
time-reversal, with T2 = (—1), and that this symmetry has a nonperturbative ’t Hooft
anomaly. This symmetry, and anomaly, are manifest in the ultraviolet, where it acts as
P(t) = v (—t), with 't Hooft anomaly measured by the number of fermions mod 2, in this
case 7 =1 mod 2. It would be interesting to understand how this symmetry acts on the
infrared CFT, and to determine its anomaly directly.

A very similar story holds for the QCD theory (Spin(7);8,8). The infrared dynamics is
conjecturally described by the coset SO(8);/Spin(7);. This CFT has central charge ¢ = 1/2,
so it is either the bosonic Ising model (promoted to a fermionic theory in a trivial way), or
the fermionized Ising model, i.e., a free Majorana fermion. As before, it is easy to determine
which of these options is actually realized: there are 8 fermions in the deep ultraviolet, so
the Z, chiral symmetry has no 't Hooft anomalies. This is only matched by the first option,

60We also show this directly in section 2.7.2.
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namely the bosonic Ising model; hence, this is what QCD flows to in the infrared.5!

Much like above, one can try to determine how the ultraviolet operators are mapped to
the infrared ones, and what happens when we deform the theory by these operators.

In these two examples we extracted the physics of the coset directly from its central
charge. This was possible thanks to the fact that they are both smaller than unity: ¢ < 1. For
generic QCD theories, the central charge is ¢ > 1 and its knowledge alone does not uniquely
determine the CFT. In this situation, the properties of the infrared are to be extracted
from the CFT SO(n)/Gy by the standard coset construction. We review this construction
in section 2.7. Here we also revisit the ¢ = 7/10 and ¢ = 1/2 examples again, and confirm
that they correspond to the fermionic tricritical Ising model and the bosonic Ising mode,
respectively, by explicitly working out the branching functions of the coset.

From now on we will assume that the conjecture (2.5.1) is correct. We can use it to
propose explicit descriptions of the strongly coupled infrared dynamics of interesting QCD
theories.

2.5.1 Gapped theories

Let us make a few remarks about QCD theories on table 2.4; these theories are gapped, so
their infrared involves a certain TQFT that describes their vacua.

Adjoint QCD. The first interesting example is adjoint QCD, namely the gauge theory
with gauge group G and a fermion in the adjoint representation. This theory has received a
lot of attention in the past, see [99, 136, 137, 169-173] for a sample of papers.

The vacua of these theories are described by the topological coset

SO(dim(g)):

2.5.
T2, (253

where h is the dual Coxeter number of g (cf. table 2.3). The branching functions of this coset
are well understood [174]:
dnsNs = )Xo

AER

b= i a5
AER o

droxs = 27X,
drr =0,

where r = rank(g), p denotes the Weyl vector and

R ={\ | Ju € W such that A\ = hdy + (& — 1)/} . (2.5.5)

61We also show this directly in section 2.7.2.
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From these equations it immediately follows that Hg is always supersymmetric and has
2" states. The space Hng also has these many states and it is purely bosonic. In other words,

Hyg = C2ND

e N =21, (2.5.6)

infrared of adjoint QCD:
Hr

Furthermore, by explicitly constructing R for the different simple algebras, one observes
that half the states in Hyg are charged under (—1)"2, and the other half is not. In other
words, half the representations in R have integral spin h, € 7Z, and the other half have
half-integral spin hy € Z+ 5. The only exception is SU(2n + 1), which has 2"~ (2" + 1) states
with integral spin and 2"71(2" — 1) states with half-integral spin.

QCD with bifundamentals. The next few interesting examples correspond to theories
with gauge group G x G and fermions in the bifundamental representation, namely
S(UWN) x UM)) +(©,0
SO( ) x SO(M) + (O,00) (2.5.7)
Sp(N) x Sp(M) + (5,0),

whose space of vacua are described by the following cosets:

U(NM), SO(NM), SO(4N M),
S(U(N)MXU(M)N)’ SO(N)MXSO<M)N, Sp(N)MXSp(M)N

(2.5.8)

The branching rules of these cosets are well-known [175-178]: they describe the level-rank
dualities g(V)x <> g(k)n. The decomposition of numerator characters dy 4 into denominator
characters y takes the following general form:

dnsx (4 91,92) = Y (E1)*P ) x0 (g, g1)xae (4, 92)
A

drx (g, 91,92) = Y (F1*PH0)3 3 (g, 91)x0 (9, 90)
A

(2.5.9)

where A\ denotes a primary of g(N)g, and A' the primary of g(k)y obtained from A by
transposing the Young diagram. Moreover, h, denotes the conformal dimension of A, and
v € Z(Gg) a suitable simple current. Finally, g;, g2 denote flavor symmetry elements of
g(N), g(k), respectively.

These branching functions imply that there are as many vacua as primaries in g, i.e., the
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number of vacua is (see e.g. [5])

S(U(N) x U(M)): (N +Aj‘j - 1)
(5 + (5 (N, M) = (2n,2m + 1)
s+ () A () AT (N, M) = (20, 2m)
SO(N) x SO(M):
TCRORCRDEE (G (N M) = (2041, 2m)
\(";’”) (N,M)=(2n+1,2m+ 1)

Sp(N) x Sp(M): (N ;\}M) :
(2.5.10)

QCD with rank-2. Another interesting example is the theories with rank-2 quarks. Here
we discuss the two theories

Spin(N) + (2.5.11)
Sp(N) + H
whose vacua are described by the cosets
SO((N +2)(N —1)/2), SO((2N + 1)(N — 1)), ‘ (25.12)

Spin(N)N+2 ’ SP(N)N—1

We are not aware of an explicit discussion of the branchings of these cosets in the literature.
That being said, the Ramond sector turns out to be particularly simple, and is reminiscent
of the adjoint case (2.5.4):

drr =0,
Spin(N), N odd: dr-Ns = 2(Nfl)/zlX[3,1,1,...,1,1,3] + 2W71)/4X[1,3,1,1,...,1,1,3}
Spin(N), N even: dr-Ns = 2UV*QW‘X[z’>,1,1,l..,1,1,3] + 2(]\[72)/4X[1,3,1,1,...,1,1,3} +c.c.
Sp(N): drons = 2N 2 01 10

(2.5.13)

From this we automatically conclude that there are 21¥/2141 and 2V¥=1 vacua, respectively. In
the Ramond sector these vacua are split half-and-half into bosons and fermions, while in the
Neveu-Schwartz sector they are all bosonic. In this latter sector, half the states are charged
under (—1)f2 and the other half is neutral (i.e., half the primaries have integral spin and the
other half have half-integral spin).

The branching rules for the other gapped theories with rank-2 quarks, namely U(N) plus
a symmetric or anti-symmetric quark, are analyzed in [179].
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Exceptionals. We close this section with an example involving an exceptional Lie group,

to wit
Fy+26. (2.5.14)

The vacua of this theory are described by the coset
SO(26),

, 2.5.15
Frs ( )
whose branching functions are

dns-x = X1 T X26 + X273 T X1274

dr.Ns = 2X4096 (2.5.16)

dR—R =0.

Hence, this theory has Hyng = C*° and Hg = C?12.

2.5.2 QCD with fundamental matter

Here we describe the infrared dynamics of QCD with quarks in the fundamental representation.
More precisely, we shall discuss the following theories

e SU(N) + NpO.
e SO(N) + NypC
o Sp(N) + NFD.

These describe the celebrated 't Hooft model [143].
The coset CFTs that describe the low energy limit of these theories are

U(NNp), SO(NNp); SO(4NNp);

— ’ 2.5.17
SUMn.” SOy, © SN, (25.17)
We now claim that these CFTs are in fact the well-known WZW theories

Indeed, the characters of the coset SO(---)1/g(IV)n, are given by the coefficients of the
characters of g(IV)n, in the decomposition of SO(- - - )q; but, as in (2.5.9), these coefficients are
precisely the characters of g(Ng)y. In other words, the equality SO(---)1/g(N)n, = 9(Np)n
is tantamount to the level-rank duality g(N)y, <> g(Np)n.

Let us make a few remarks:
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e Note that the infrared CFT is just the WZW model for the flavor symmetry. This CFT
manifestly matches the perturbative 't Hooft anomalies for the flavor symmetry in the
ultraviolet. So this is the simplest scenario for the infrared dynamics, and could have
been guessed independently of the general conjecture (2.5.1). These WZW models also
match the nonperturbative anomalies, although in a less obvious way (see below for an
explicit example).

e The equality SO(---)1/g(N)n, = g(Np)n can also be understood as the consequence
of the triviality of the coset SO(---);/(g(N)n, X g(Nr)n), i.e., of the fact that the
gauge theory obtained from G' 4+ NgO by gauging the flavor symmetry is gapped.

e Similar considerations hold for other gauge groups; for example, if we use Spin(V)
instead of SO(XV), the flavor symmetry is O(Np) instead of SO(Np), and the infrared
CFT is a WZW model with target space O(Ng). This is again a consequence of the
level-rank duality Spin(N)y, <> O(Np)x [113]. Similarly, one could use U(NN) instead
of SU(N), in which case the infrared CFT is SU(Np)y, again by level-rank duality.

e This predicts for example that SO(Ng)y has an 't Hooft anomaly for time-reversal,
measured by NNr mod 2.

An interesting special case is SU(N) 4, i.e., a single copy of the fundamental represen-
tation Ny = 1. The infrared coset in this case is U(1)y. For N = 3 this coset is actually
a supersymmetric minimal model, U(1);s = M%'=2, and therefore SU(3) + 3 has emergent
supersymmetry in the infrared. This is a consequence of the fact that A%0 contains a gauge
singlet, if and only if N = 3 [153].

In the ultraviolet of SU(NN) + O there is a manifest Zy chiral symmetry that acts as
(=) 1 9p — 439, and whose 't Hooft anomaly is the number of Majorana fermions, 2N
mod 8. This anomaly must be reproduced by the infrared degrees of freedom, i.e., by U(1)y.
We check this as follows.

The equality U(N);/SU(N); = U(1)y is due to the character decomposition

N-1
dnsx(4,9,0) = D> _(ED)X(¢,0)x440(¢, 9)
=0
=0 (2.5.19)
dR—X<q7 g, 6) = Z(il)eJrlX?J-r)\_(N/Qj (qa 6)X7l.0<q, g) P
=0

where v is the generator of the Z(SU(N)) = Zy center symmetry and 0 is the vacuum
character. Also, x/(q,0) denote the regular (bosonic) characters of U(1)y if N is even, and
the super-characters if NV is odd; and € denotes a U(1) flavor fugacity. Finally, x.(q,9)
denotes an SU(NV); character with g € SU(N) flavor fugacity.
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These branching relations imply that the characters of the coset CF'T are

pYSNS _ | NSNS
PYSR — (1) NS R
AN (2.5.20)
by = Xe+|N/2]
b = (=1 X e -
Hence, the partition function twisted by the (—1)fz symmetry is
i N-1
tr’HNs ((_1)FLqL071/24q—L071/24) — ngS—Rb?S—NS
=0
= (2.5.21)

(DG,

o~
Il

0

The 't Hooft anomaly under (—1)f% is measured by the phase acquired by this partition
function under an ST2?S~! modular transformation. The idea is that S moves the operator
(=1t from the spatial cycle into the temporal cycle, so it allows us to access the spin of
the operators in the twisted sector. In a non-anomalous fermionic theory, the spin should be
half-integral; hence, T measures precisely the extent to which this condition fails. If we use
the modular matrices of U(1)y (see e.g. [1, 180]), we obtain ST2S~! = e2™*8"  precisely as in
the ultraviolet.

2.5.3 WZW models

We noticed in the previous section that the infrared CFT that describes G + NrOis just the
WZW model for the chiral flavor symmetry. An interesting question one could ask is how
general this situation is, i.e., for which QCD theories are the infrared degrees of freedom just
the affinization of the ultraviolet currents. As stated in (2.5.2)

SO(dim(R)),
GI(R) X Hdim(Ro)

SO(dim(R));

: 2.5.22
Cren, ( )

= Hdirn( Ro) X
one can always factor out these currents from the infrared coset, and the question becomes
for which theories is the remaining sector a trivial CFT. Note that this extra part is precisely
the infrared coset of the QCD theory where one gauges the (diagonal) flavor symmetry,
G x H 4 (Rp,0). From this perspective, the answer is straightforward: the theory G + R
flows in the infrared to Haim(r,) (plus possibly a trivial CFT, i.e., a TQFT) if and only if
the theory G x H + (Rp,0) is gapped. But now we can utilize our classification of gapped
theories (cf. table 2.4) to give the list we are after. This way one obtains table 2.5.

118



G R IR WZW

G €table24| R 1%}
SU(N) NrO| U(Np)y
U(N) NrO| SU(Np)wn
SO(N) NrO| SO(Ng)n
Sp(N) NpO| Sp(Np)n

SU(N) H U(D%N(N—l)

SU(N) N U(l)%N(N—&-l)
Spin(10) 16 U(1)16
Eg 27 U(1)27
SU(2) 2 SU(2),
SU(2) 4 SU(2)2
Sp(3) 14 SU(2)7
SU(6) 20 | SU(2)w
Spin(12) 32 SU(2)16
Er 56 SU(2)9s

Table 2.5: Classification of QCD theories that realize in the infrared a pure WZW model for
the ultraviolet flavor symmetry (modulo a TQFT). Any theory not on this table will flow in
the infrared to H current algebra plus a non-trivial CFT (which has no continuous flavor
symmetry). The first line “G € table 2.4” refers to the fact that gapped theories themselves
satisfy this criterion, in the sense that both their flavor symmetry and their infrared CFT
are trivial.

2.5.4 Minimal models

It is interesting to note that the (regular and supersymmetric) minimal models [181-187], a
celebrated family of 2d CF'Ts, also appear in the infrared of QCD gauge theories. We already
noticed three instances of this phenomenon so far, where we found QCD theories that flow to
the ¢ =1/2, ¢ = 7/10 and ¢ = 1 theories in the infrared. Here we describe some families of
QCD theories that realize all the minimal models. The examples are by no means exhaustive:
there are many other QCD theories that also flow to minimal models in the infrared. In order
to simplify the discussion, in this and subsequent examples we shall make no distinction
between the bosonized/fermionized versions of a given CFT, and we will not be careful with
certain discrete quotients of the gauge group (so for example SO(4) = SU(2) x SU(2)).

Virasoro minimal models. Consider the following QCD theories:

SU(2)* x SO(k) + (2,1,2,1) + (2,2, 1,0)

SU(2)% x Sp(k) +(2,2,1) + (1,2,00). (2.5.23)
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Their infrared is
SO(4k + 4), SO(4k + 4),
SU(2)k+1 x SU(2)x x SU(2); x SO(k)4’ SU(2); x SU(2)g41 X Sp(k);’

and we claim that these are both coset realizations of M. Indeed, they can both be written

(2.5.24)

* SU(2) x SU(2),

SU(2)k+1
thanks to the level-rank dualities SO(nm),/SO(n),, = SO(m),, and SO(4nm),/Sp(n)m, =
Sp(m)s,.

M = (2.5.25)

N = 1 minimal model. Consider the QCD theories

SU(2)* x Sp(2) x SO(k) +(2,1,4,1) + (2,2,1,0)

2 (2.5.26)
SU(2)* x SO(2) x Sp(k) +(2,1,0,0) +(2,2,1,1).

Their infrared is

SO(4k + 8), SO(4k + 8),
SU(2)kr2 x SU(2), x Sp(2)1 x SO(k)s”  SU(2)gsa x SU(2)9 x SO(2), x Sp(k)y

(2.5.27)

and we claim that these are both coset realizations of M=!. Indeed, they can both be
written as

SU(2); x SU(2),
SU(2)k+2

MY = (2.5.28)

for the same reason as for M.

2.5.5 Diagonal coset

Here we discuss a class of QCD theories whose infrared leads to the so-called diagonal cosets
(gk X 9r)/Gksr, Whose structure is better understood than that of generic cosets [188, 189].
In particular, consider the following linear quivers:

S(U(N) x UM) x U(L)) + (0,0,1) + (1,0,0)

SO(N) x SO(M) x SO(L) + (0,0,1) + (1,0,0) (2.5.29)

Sp(N) x Sp(M) x Sp(L) + (0,0,1) + (1,0,0) .

Their infrared theories are
U(NM + LM),
SUMN)u x UM) N4z x U(L)ur)
SO(NM + LM);
SO(N)a x SO(M) Nz X SO(L)as’
SO(4NM + ALM),

SP(N)ar X Sp(M)n+z X Sp(L)ar’
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which, thanks to level-rank duality, become the following diagonal cosets

) ) 2.5.31
SU(M)n+1 SO(M)n+1 Sp(M)n+r ( )

2.5.6 Kazama-Suzuki

Here we describe QCD theories that acquire an emergent N/ = 2 supersymmetry in the
infrared. In particular, they become Kazama-Suzuki models [190].

Consider the QCD quiver associated to an arbitrary complete graph K,,, where each node
represents a gauge group G;, and each edge a bifundamental quark (see figure 2.2). We take
the gauge groups to be any of

G = S(U(Ny) x U(Ng) x -+ x U(Ny,))
G = SO(N7) x SO(N3) x -+ x SO(NV,) (2.5.32)

G = Sp(N1) x Sp(Na) X -+ X Sp(N,) -
Note that for n = 1,2 these are pure Yang-Mills and G x G + (O,0), i.e., they are both
gapped theories (the latter are entries on table 2.4). We claim that for n > 3, the theory has

emergent N/ = 2 supersymmetry in the infrared, they are Kazama-Suzuki models. Indeed,
their infrared cosets are

U(Xis; NilV;), SO(Xs; NilN;), SO(43,.; NilN;),
S(Hz U(NZ)ZJ¢Z Nj) ’ H’L SO(Nl)ZJ;éz N; ’ Hz Sp<Nl)Z]¢z N ’

which are the cosets that describe Kazama-Suzuki models associated to the embeddings
SU(Y V) o S(JJumw),
iF* ik
SO(Y_Ni) o [ so,). (2.5.34)

1K Tk
sp(>_N:) o [ sp(Vy)

ik iF*

(2.5.33)

at level Ny, where x is an arbitrary node of K,.

2.6 Conventions and Background

We work in 1 + 1 dimensional Minkowski spacetime with metric n = diag(—1,+1) and 2 x 2
gamma matrices v#, u = 0,1. The Hodge dual of a one-form is (xj), = €,,,j* where we take
€® = —¢,, = +1. In particular, *dt = dz, *dz = dt. In null coordinates z* the metric is
Ney =n-_ =0, =n_, =1, and the star is xdz® = £dz™*.
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Figure 2.2: The first few complete graphs Ky, Ks, ..., K5. If we associate to each node a
gauge group U(n;),SO(n;), Sp(n;) (with the global U(1) modded out in the unitary case),

and to each edge a bifundamental quark, then the quiver gauge theory associated to K, has
a Kazama-Suzuki model as its effective low energy description.

The minimal spinor is Majorana-Weyl, namely one can impose the simultaneous conditions
v¥p = £ and * = Cv, where v3 = 7%y! is the chirality matrix and C is the charge-
conjugation matrix, defined by (y#)* = Cy*C~!. Tt is convenient to choose the Majorana
basis v* = (io?, 0') where v3 = ¢ and C' = 1. In this basis, Majorana fermions are real

1* =1, and chiral fermions are either ¢ ((1]) or ¥ o< <$> We take ¢ = 27174 <Z€) and

+_ 1

a* = J5(a° £ ). The fermion kinetic term is

A = Dby + D, (2.6.1)
For Grassmann odd a,b we use (ab)* = b*a*.

Mass terms. For massless fermions the two chiralities are decoupled. These couple through
mass terms

i
—= (Ui + Yetdy)
V2 (2.6.2)

iy = _T(wz‘w,« — ).

i =

!
2

both of which are hermitian. Although less obvious, one can also use bilinears of the form

_ 1
re(Y* ) = —=(Yepr — Pyr)

) Jli ‘ (2.6.3)
im () = E(dwr +Uy)

both of which are hermitian and Lorentz scalars (recall that 1, — €721, and 9, — e~"/?1),
under a boost with rapidity n € R).

If the fermion is real, ¥ . = 1)y, then the bilinears ihy* and re(¢)*¢) both become
zero, due to fermi statistics, and the other two bilinears i1 and im(¢/*¢)) become identical.

Symmetries. Let us list some of the manifest symmetries of QCD theories. The center

one-form symmetry is straightforward: it is given by the subgroup of the center that is
not screened by the fermions, namely ker(R) C Z(G), the kernel of the representation R.
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As a matter of principle, it is possible that there are other one-form symmetries that are
not associated to the center of the gauge group, although exhibiting these is a much more
complicated task.%?

Zero-form symmetries are abundant too. For example, if we have Np massless chiral
fermions in a given representation R, one has the following continuous flavor symmetries
acting on them:

R complex: U(Np)
R real: O(Np) (2.6.4)
R pseudoreal:  Sp(Np).

When G has no U(1) factors, so that the generators are traceless, the classical axial symmetries
are unbroken (unlike in 3 4 1d). If there are abelian factors then U(1) flavor symmetries are
generically broken into discrete subgroups. An important discrete chiral subgroup, which
is very often present even if U(1) is broken, is the chiral fermion parity Z%, which negates
left movers and fixes right movers, to wit, ZZ: 1 + 3. This subgroup has a very well
understood group of 't Hooft anomalies, valued in Zg and responsible for many interesting
properties of QCD theories.

In presence of mass terms, the continuous chiral symmetries (2.6.4) descend to their
diagonal vector-like subgroups, or even smaller subgroups if the different flavors have different
masses.

Finally, there are two other discrete symmetries that are quite useful: charge conjugation
ZS, which sends a representation R to its conjugate R, and time-reversal ZJ, which is
anti-linear and satisfies T? = (—1)F. Note that charge conjugation exists only if the group
admits complex representations, for otherwise the operation is a gauge transformation and
thus not a symmetry. On the other hand, time-reversal is a symmetry only if the theory is
vector-like R, = R,, because 7° interchanges the two chiralities. The combination CT is a
symmetry only if R, = R,. Charge conjugation and time-reversal act on the gauge fields as

I (T
| Az, t) > — Al (, )
P(z,t) = yY(x, —t) (2.6.5)
T: q Ao, t) — +AL(z, —t)
Aj(x,t) — —Al(z,—t),

where ¢ denotes transposition.

62For example it has recently been appreciated [191] that pure Yang-Mills has a very large space of
non-invertible one-form symmetries, valued in a maximal torus of G. It is not clear which if these, if any,
survive the introduction of matter, or whether there are other one-form symmetries — invertible or otherwise —
beyond these, although at face value it seems unlikely.
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The three discrete Z, transformations, chiral fermion parity, charge conjugation, and
time-reversal, act as follows on the fermion mass terms:

Wy iy’ re(dry) im ()
zy - - — —
zs + @ - - +
Z; -  + - -

(2.6.6)

Note that all the mass terms are odd under the chiral symmetry, which suggests that this
symmetry might be anomalous. On the other hand, there is at least one mass term that is
even under the other two symmetries, so they are non-anomalous. The exception is when the
fermions are real, because in that case the mass terms ¢y and re(¢*1)) vanish due to fermi
statistics. In this situation, the remaining mass terms i1 and im(z)*1) (which are in fact
equal) are odd under time-reversal, which suggests that such symmetry might be anomalous
too (and, if so, the anomaly will be at most a mod 2 effect; this is confirmed by Qgi“ = Zs).

2.6.1 Matching Energy Momentum Tensors

We have the canonical energy momentum tensor built from the fermion fields which takes

he {
the form ]

T(z)=—; > oyt (2). (2.6.7)

The normal ordering is defined as the constant part of the OPE of AB. The notation above
for two operators is defined by

AB: (2) = —— jf @ Aw)B(2), (2.6.8)

2m J, x — 2

and extracts the constant part of the OPE of A and B via a contour integral. We can define
the current J(z) = 3 «W'tf17: (z), for tf; the generators of the g Lie algebra. We write the
energy momentum tensor given by the Sugawara construction as

T(2) =7 ) witgd bt (2)
‘ o (2.6.9)
- fyz bt bl Rt (2)

We first consider the term ::qptp7::p*9l::. By the rearrangement lemma [150, Appendix 6.C]
we have

sl el (2) = " wp? apFaplis (2)+ [y, :wk@bl:]: (2)

+ ::[:wkwl;7¢i]: Wit (2)+ :[:¢k¢l:7¢j]:: (2), (2.6.10)
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When we substitute these results into (2.6.9) we get
thth Wiyt (z) = tha ty )t gt (2)
+ Zta tig[—0%" :W@Wr +67 PO —0" RO 10" O] (96 11)
= vzt oyt Rl (2) 4y )[4t W0
The second term above has the form of (2.6.7), where we use the fact that

aa dlm(G) il 1
tht]l = dim(R) 0", = SIR +1)’ (2.6.12)

and take GG and R from our list of gapped theories. A necessary condition for equality of
T(z) and T (z) is if 4 >, t&tg, )t «pd wpkaple: (2) = 0. By definition, this term is

a 1]

27m Z]{ W—2 1 — o d!/ ti Z@ZJ( ) ()" (y) ' (=), (2.6.13)

and since ¢ is Grassmann, this vanishes if the total antisymmetrization of ) #{;t¢; vanishes,
and this gives us the condition

Zt“ ot + e = 0. (2.6.14)

If the group G' = G x U(1) which has a U(1) factor, we can write te; as a decomp081t10n
under G and U(1), where it is charge ¢ under the U(1) i.e. the current is J(z) = 3 wWiquh.
As an example we take U(NN) with a fermion that is in the antisymmetric representation of
SU(N) and charge ¢ under U(1). Then the SU(N) part of the Sugawara tensor reads

1 2(N? — N — 2)

Tsuan(2) = —4 SURRT
8(12N - 2 | . Ve (2.6.15)
:_5 5¢3z¢1+m ZQ/JaZ’(bi .
The U(1) part of the Sugawara tensor reads
1 o — : A
%(1)(2) = m ::¢ZwZ:Z¢J¢JZ:: m :@ZJ’LaZ’l?Z)Z:, (2616)

and by summing (2.6.15) and (2.6.16) we reproduce (2.6.7).
Now suppose we are working with an Abelian theory and we consider n complex fermions,
with ¢;, charge matrix, i.e. U(1l ) qtq- Lhe canonical energy momentum is given by

T(z) = 5(:821//%1: — 10,47 (2). (2.6.17)
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With the charge matrix we can define the current J, = )!Tq;,2?, which satisfies the OPE
kab

Ja(2)Jo(0) ~ —5. (2.6.18)
From this we build the Sugawara tensor
1 _
T(z) = 3 Z(kab> Pl g 7 (2), (2.6.19)
a,b

where ko = (¢'Q)av = q1a @, 50 (kap)™' = (qra qrn) '.and we can define the current as
J, = qrp":. Again by the rearrangement lemma we have

Gra gy Y T T (2) = qra 9 Tttt (2)
+ ra qro(—0"7 07 20" =61 p 10T (2) (2.6.20)
= qra qn (— W00 — 100" (2).
After substituting into (2.6.19) we get

T(z) = %Z(QE)IQF;)[QM q " T (2)
+ qu q(=6"" 0™ =617 710,97 ()]
= %W Wl T (2) + (=677 0.1 =51 710" (2) (2.6.21)
= St — 0.7 (2)
=T(2),

which is the canonical energy momentum tensor. We have used the fact that >, (q15) ' g =
d17, and the first term in the second equality vanishes by applying (2.6.13) and evaluating
the contour integrals.

2.6.2 Temporal Gauge Hamiltonian commutation

The quantized Hamiltonian is given by integrating the Hamiltonian action in (2.4.47), where
we take the left and right handed fermions y(z) and . (z) to be operators on a circle where
0<z<2m:

(
it (01,0 + el — ) — (u (o + i — )

~ -~ A 1

(2.6.22)
+ IR @) da
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We use the expression for fggr as specifically given in section 2.4.2.

For the commutator [@a, H ] = 0, the pieces proportional to ¢° and g* vanish separately.
The commutator of G* with ::]\er;?fr(:c): vanishes [192], and we proceed to use the commutation
relations in (2.4.42) to show that the other terms in (2.6.22) vanish when commuted with
Ga. Consider first the terms:

T3 (x), /O BR )y = /0 A(y) (if ™ Jg(2)8(x — y) + i (R)O™0,0(x — y)) dy  (2.6.23)
[jf(x),/o 7r/Albjrb(y)dy] = /0 71217’(3;) (if“chf(x)é(x — 1) — il (R)6%0,6(x — y))dy. (2.6.24)

We then look at the terms:

- /0% i0"9,6(x — y) (fé’ - ff) (y)dy (2.6.25)

27
—2il(R) / A4y)570,6(x — 1) dy (2.6.26)
027r R R
— 2il(R) / i fo¢ A% (y) AP (2)5°S (z — y)dy .
0
The second term in (2.6.23) and (2.6.24) cancel with the first term in (2.6.26). The first

term in (2.6.23) and (2.6.24) cancel with the second term in (2.6.25); the last term in (2.6.26)
vanishes by antisymmetry. We are thus left to negotiate the term

2T
- / 16900, 8(z — ) (jg . f,{’) (y)dy (2.6.27)
0
in (2.6.25). For this we consider

27
i (), £ /0 im0, (y + )dytner(y — €))dy] (2.6.28)

where we first compute the commutator by treating the second term as an operator, and
then using the propagator while taking the ¢ — 0 limit. This is the same procedure used to
prove that [J (), j;b?,(y)] contains a Schwinger term. Working with just the left handed
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part of 2.6.28 we get
R 2
(@), [ itimod o+ 09,0ty — )
2
= Bl ttle), / i (L (y + oy — )]
. 2w
= gtm{ [ o=y = 0,0l + sty = )y
2
0,8(x — y+ eyl + Ol (y — Oy |
0 (2.6.29)
Z 11m / dy0(x —y — )l (y + )ty — €)dy
# [ 83 =y sy + Ul - )
2
—if~ [ 0te - vl oty

2T
=i 0:0(x —y)J"(y)dy ,

0

which cancels the first term in (2.6.27), and we can do an analogous computation for :f;‘}
The first equality we use the fact that J%(z) = szgt i ¢(z) + (singular term), where the
singular term vanishes in the commutator. To go from the third equal sign to the fourth
equal sign we replace the fermions by the normal ordered version where [193]

Ul etiply—e) = Wl (y+ ety ly—o):+lim(w] (o 4+ e+t (e —e—) , (2.6.30)

and the second term vanishes under the derivative. For the term proportional to g? we
consider

[D,11%(x), / " Bi(y)dy) = 2 / " ot B ) B ()3 — )y, (2.6.31)

which vanishes due to the antisymmetry of fob°.

2.7 Infrared coset CFTs

In this section we review the formalism of coset CFTs [150], our primary goal being to
understand the CFTs that appear in the deep infrared of QCD (2.5.1).

Chiral characters. One of the most important concepts in RCFT is that of a chiral
character. These consist of a finite family of functions {xx(q)} of the complex structure
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g = ¥ holomorphic in the upper half plane, and labelled by the primaries of the theory
A (the representations of the chiral algebra). Given these characters, the torus partition
function of the theory takes the form

Z(q) =Y M5 xx(@xa(g) = X' Mx. (2.7.1)

A

Here M, the so-called mass matrix, specifies how the left-moving sectors are paired up with
right-moving ones. The possible choices for M are constrained by the requirement of Z being
a modular-invariant function of ¢q. This is archived by a key property of the characters, to wit,
their covariance under modular transformations. Under a generic such transformation, the
characters mix with each other in a well-defined fashion, and the role of M is to ensure that
the sesquilinear form Z = yTM is a scalar under these transformations. As a result, while
Z(q) is a well-defined function on H/SL(2,7Z), the tuple y is best thought of as a non-trivial
section thereon.
When y,(¢) admits a Hilbert space interpretation, it is defined as

Xa(q) = trag, (gh07?) (2.7.2)

such that

Z(q) = try(qrom2ghome), H =D My Hy @ Ha (2.7.3)

A

Here H is the full Hilbert space of the theory, and H, is the representation space (module)
for A\. The mass matrix M dictates how these chiral modules combine into H. From now on,
and in order to simplify the notation and presentation, we always have in mind the diagonal
theory Mj ) = 05 ). Non-diagonal theories can often be thought of as the diagonal theory of
a larger algebra via (potentially non-abelian) anyon condensation.

Fermionic CFTs. A CFT is said to be fermionic if, on top of the dependence on the
conformal structure of spacetime, it also depends on the choice of spin structure thereof. In
other words, a fermionic CFT depends on the boundary conditions for fermionic fields. The
CFTs that appear at RG fixed points of QCD theories are naturally fermionic, because the
microscopic theory contains quarks. Hence our main interest is in fermionic CFTs.

In the case of the torus there are four spin structures, corresponding to either periodic or
anti-periodic boundary conditions around the two non-trivial cycles. We also refer to these
boundary conditions as Ramond and Neveu-Schwartz, respectively, and we use the notation
+ = R, — = NS interchangeably.

In a fermionic CFT, the characters acquire a dependence on the spin structure: they
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become super-characters. Consequently, we denote them as Xf’i where

NS (g) 1= trpg, (g2

NSR(Q) = s, (= 1) g0 772 2.7.4)
R-NS () — iy, (g Lo— 0/24) A

R (g) :trHR;A((_l)FLqLO 0/24)‘

Here, H.) denotes the module of A with fermion boundary conditions +, while (—1)%*
denotes the chiral fermion parity operator, which assigns +1 to bosonic left-movers and —1
to fermionic left-movers, while it acts trivially on the right-moving modes.

The partition function of a fermionic CFT is obtained by combining the two chiral halves
in a modular covariant way:

Z:I: :t Z ;\EAXE\E * /\ (q) ) (275>

which computes

Zi4(q) = trHi((:Fl)FqLo—c/24qu—c/24)’ H, — @ M;A%i;i ® Han, (2.7.6)

where (—1)" = (—1)f2(—1)'% is the total fermion parity.

Here the mass matrices M*, which dictate how the two chiral halves H.x, Hin combine
into the full Hilbert space H., are chosen so as to ensure that Z ; transforms appropriately
under modular transformations. Unlike in the case of bosonic CFTs, Zy 4 is not in general
invariant under SL(2,7Z). Indeed, modular transformations generically map the different
spin structures into each other, which induces a reshuffling of the partition functions Z ..
Specifically, under the standard generators of SL(2,7Z) = (S,T), the partition functions

S C ZnsNs —— Znsr —— Zrns OT
Cm O

The choices for the mass matrices M* are constrained by the requirement of Z 4 being a

transform as

(2.7.7)

modular-covariant function of ¢q. As usual, we will always have in mind the diagonal theory
M)Ef)\ - (55\7/\.

In order to simplify the notation, we shall frequently leave the dependence on the spin
structure +, £+ implicit.
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Flavor-twisted characters. If the chiral algebra has some flavor symmetry U, then it is
often useful to introduce flavor-twisted characters (i.e., we turn on fugacities for the Cartan
generators; these are roots of u). This allows us to organize the modules H, into irreducible
representations of U so as to have a more transparent understanding of the structure of states
therein. To this end, we can define extended characters as

Xa(g, 9) = tra, (¢~ p(yg)) , (2.7.8)

where g € U is a symmetry group element and p: g — H, is its representation on the Hilbert
space. The character is a class function, so its dependence on g is only through its conjugacy
class.

Regular characters x,(q) are obtained from the extended ones x\ (g, g) by setting g = 1.
The former only keep track of the conformal weights of the states in H,, while the latter also
keeps track of their quantum numbers under U.

Coset CFTs. Whenever the chiral algebra has a subalgebra, one can expand the characters
of the former in terms of those of the latter,

(@) = br(@)xale), (2.7.9)

where Y, are the characters of the original chiral algebra, and x, those of the subalgebra.

The key point of this construction is that, if x, and y, are both modular covariant,
then so are the coefficients by. This means that one can think of these coefficients as the
characters of a new theory, which we call the coset CF'T; this is the celebrated GKO coset
construction [194]. If at least one of yy, xa is a super-character, then so is by, and hence the
coset is a fermionic CFT.

This new theory, the coset CFT, has characters b3 (g), and therefore its partition function
takes the form

2 (q) = Y b(@)b(q) , (2.7.10)

where we restrict to diagonal partition functions for simplicity. If b is a super-character, the
expression above defines the partition function of a fermionic CFT, while if it is a regular
character, it defines the partition function of a bosonic CFT.

It should be remarked that, in order to actually calculate the coefficients by, it is often
unavoidable to turn on flavor fugacities, for otherwise the computation becomes impracticable.
One is therefore forced to look at the extended characters xx(q, g), xa(q,¢’), where g is a
symmetry group element of the original algebra, and ¢’ its restriction to the subalgebra.
Specifically, if the original algebra has flavor symmetry U and its subalgebra has flavor
symmetry U’ C U, then the character decomposition can be extended to

a(@:9) =Y 004, 9" )xala, 9, (2.7.11)
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where g € U, ¢’ € U’, and ¢” is a group element of the flavor symmetry of the coset, namely
the commutant of U’ inside U.

WZW CFTs. The discussion so far has been rather abstract and general. To be concrete,
let us discuss Wess—Zumino-Witten (WZW) theories, which we review next. WZW theories
are labelled by a compact Lie group G, which we take to be simple and connected, and a
“level” k, an integer that specifies the central extension for the loop algebra of G. We denote
the corresponding model by Gi. When G is simply-connected (which we henceforth assume,
unless specified otherwise) the chiral algebra is a Kaé-Moody algebra:

[ T8 ) = f2 T+ knbapdnim (2.7.12)

n)»“m n

while if GG is not simply-connected, then the chiral algebra is Ka¢c-Moody extended by the
simple currents that generate m (G). WZW theories with 7 (G) = 0 are always bosonic,
while those with m1(G) # 0 are fermionic if any of the currents that generate m(G) is a
fermion (it has half-integral conformal weight).

The representations of the chiral algebra are required to be unitary with respect to

(o) = Je,.
The enveloping algebra of (2.7.12) contains the Virasoro algebra via the Sugawara
construction: 1
L,=——— JEJe 2.7.13
such that
C<Gk) 2 k .
LnaLm = —n)Lpim —1 (5n ms = d
[ J = (m—=n)Lypm + —5n(n” = 1) o(Gy) = 5, dim(g) (2.7.14)
Ly, Jy) = —mdy . .

Note that this last expression indicates that J_,, carries n units of Ly eigenvalue.
The primaries of the theory are labelled by the integrable representations of g, to wit,
the highest-weight representations A € Rep(g) that satisfy

0,)) <k, (2.7.15)

with @ the highest root of g (the highest weight of the adjoint representation) and (-, -)
its Killing form, normalized to (6,0) = 2. The module H, is constructed as follows: at
lowest grade, one begins with the vacuum states |A), which live in the finite dimensional
representation A generated by J§. On top of these vacua one constructs the excited states.
For example, at grade-one one has the states J;|\), which live inside the representation 6 ® .
At grade-two one has the states J%|\) and J2,J°,|)\), so the states live inside 0 @ A +62 @ \.

sym
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Etc. Importantly, not all of these states are physical: we must project out the null states,
i.e., the states whose norm vanishes. Continuing this way one obtains the character

X0, 9) = " ((9) + Xm (9)0 + XRo(9)8 + XRo (9)8 + ), (2.7.16)

where R, is the space of physical states at grade n, and xg(g) := trg(g) the finite character of
R.%3 A more convenient way to obtain the characters is the so-called Weyl-Ka¢ formula [195],

)A()\ q,9 ~ aV 4w aV +w\|?
XA(q,g)z—fp( >, (g, 9) = Y det(w) 2T HeAgheT A2k (2.7.17)
Xo(a,9) S
aveRY

where W denotes the Weyl group of g, @ its coroot lattice, p its Weyl vector, and z is the
value of g € G when conjugated to any maximal torus.

Spin(n); CFT. A particularly important family of WZW models is Spin(n);. For n
odd this theory has three primaries 0,v,0 (the scalar, vector, and spinor representation,
respectively), and for n even it has four, 0, v, s, ¢ (where s, ¢ denote the two spinors). The
corresponding characters read

Yo(d,g) = ¢/ [-+aq+ <0+H+|I|+E)q2
" (.+3a+m+a+gﬂ+g)q3+...}
wa.0) =20 fapags (048 )e 4 (4284 f )]
+qn/48+3/2{g+aq+ ¢ ]
=gewnefos (o+8)o+ 20+ P+ ) 2718)
*(BD”F*?’H*E*E* )q3+---]

Xo(a,9) = ¢"/* o {.+Hq2+ (-+H+|:m>q3+ (.+25+|;D+E>q4+...]

O+0g+ (|:|+H)q2+ (2D+H+Hj>q3+---]

63By definition, xr(g) := ZAGQ(R) 22, where Q(R) is the space of weights of the representation R, with

+ qn/24+1 &

multiplicities.
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= q"/24 {04_ (U—|-E|)q—|— (20—1—9—1— 25)q2
+ (4a+a+25+45+|:i:|)q3+---

where o denotes the spinor of Spin(n) when n is odd, and any of the two spinors when n
is even (in which case & denotes the conjugate spinor, obtained by permuting the last two
Dynkin labels). Here, a Young diagram stands for the finite character xz(g) associated to
the representation R of so(n), and a dot R is a short-hand notation for the representation
whose highest weight is given by A := Ag + win/2 (so for example 0= (1,0,...,0,1)).

These expressions make it manifest how the different states of Spin(n); appear at each
level. For example, in yo at grade n = 2 the states live inside

J%[0) + J%1J%410) CH+ HOBeym = (. +H+D]+E> +H, (2.7.19)

and one can check that the representations in parentheses are physical and the isolated one
is null (its norm vanishes).

SO(n); CFT. A related — and also very important — WZW model is SO(n);. This theory
is obtained from Spin(n); through fermionization. There are two key properties of SO(n);
that make it special. First, it is a fermionic theory, meaning that its characters and partition
functions depend on the choice of spin structure. Second, it is a holomorphic theory, meaning
that its partition function factorizes as Z, 4 = |di¢\2 (as opposed to non-holomorphic
theories whose partition function is a sum of such terms). In other words, SO(n); has a
unique primary (for fixed spin structure). Following the convention of [150] we denote this
unique character as dy 4.

The characters of SO(n); can be obtained from those of Spin(n); (cf. equation (2.7.18))
via the standard bosonization/fermionization dictionary:

dxsx(4,9) = x0(q, 9) £ x(q, 9)

nodd: drs(q,9) = V2x0(q. 9) (2.7.20)
dr-r(q,9) =0

neven: drx(q,9) = xs(¢,9) £ xc(q,9) -

U(1)x CFT. So far we have described WZW models for simple groups. The case of U(1)
requires a separate discussion. By U(1)y, with k even, we mean a free compact boson at
radius R? = k. This has a chiral U(1) flavor symmetry; if we turn on a fugacity 2z € U(1) for
this symmetry, the characters of this CF'T are

XK( Zq (u+£/k)? \/Eu-I—K/\/E’ (2.7.21)

UEZ
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with £ =0,1,...,k — 1, and where 7 is the Dedekind function.

When £ is odd, by U(1), we mean the theory U(1), extended by the vertex operator of
weight k/2, i.e., by ¢ = 2k. As this weight is half-integral, the operator is a fermion and the
extension results in a fermionic CF'T. Its super-characters can be obtained for example by
following the rules of [1]:

k 4k 4k
Xl(\ls)-x;z(% 2) = x5 (@, 2) £ x5 (4, 2)

(k) (4k) (4k)

(2.7.22)
XR—X;K(Q7 2) = Xopy1(25 2) £ Xopy1404(05 2) -

These characters have also been discussed in e.g. [180]. The special case k = 1 is equivalent
to a free fermion theory, U(1); = SO(2);, as can be checked by comparing the corresponding
super-characters; this is nothing but the trivial statement that one complex fermion equals
two real fermions. More generally, U(n); denotes the CFT of n complex fermions, and we
shall use the notation U(n); = SO(2n); interchangeably. (The former is more natural when
the free fermions are associated to a complex representation of the gauge group G).

WZW coset models. We are now ready to discuss the class of models of interest, namely
cosets of the form SO(n); /Gy, which appear at the deep infrared of QCD theories with gauge
group G.

The CFT SO(n), /Gy is obtained by embedding Gy, into SO(n);. As above, this embedding
gives rise to a character decomposition of the form

dex =Y by Fxa, (2.7.23)
A

where dy 4 are the characters of SO(n)q, and x, those of Gj. The denominator theory Gy, is
allowed to be fermionic, in which case it is understood that x, = X)i\’i is a super-character at
spin structure £, +. In any case, whether G}, is fermionic or not, the coset is a fermionic
theory, because the numerator SO(n); is fermionic. Consequently, the coefficients bf’i
depend on the spin structure, as indicated by the superscript. These coefficients are the
super-characters of the coset CFT SO(n);/Gy, and they determine the dynamics of QCD in

the infrared. In particular, at low energies the partition function of QCD becomes

Zix=Y I3 (2.7.24)
A

In this sense, the whole problem of describing the strongly coupled dynamics of QCD has
been reduced to the task of finding the coefficients by in (2.7.23). While for generic cosets this
is a computationally demanding task, for cosets of the form SO(n); /Gy there is a substantial
simplification: the numerator SO(n); is in fact equivalent to n free Majorana fermions.

This free fermion representation can be exploited as follows. Consider the coset SO(n); /G,
where n = dim(R) and k¥ = I(R) with embedding G C SO(n) via the representation R.
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In the Neveu-Schwartz sector the free fermions have half-integral modding 1), /2, while
in the Ramond sector they have integral modding .. These modes are independent, so
the SO(dim(R)); partition function is just the product of the individual partition functions
over all r € N. The fermions 1,11/, 1, all generate R-modules except for the Ramond zero
modes 1)y, which generate a spinor module. With this, the different partition functions of

SO(dim(R)); read

dnsx(g,9; R) = ¢~ ™ R)/“SH [ 142+

r=0 A€Q)( R)
dim(R) odd :  drns(q, g; R) = V2¢"m/2y H II 1+2
T ACH(R) (2.7.25)
drr(q,9; R) =0
dim(R) even :  drx(q, 9; R) = ¢"™ ! (x.(g) % xe(g H H 1+28

r=1XeQ(R

where g € G is the restriction of any flavor SO(dim(R)) symmetry to the subgroup G, and z
its value on any maximal torus.

One can use these expressions to compute the first few terms of the g-expansion of dy ..
These terms are then reorganized into Gy characters, whose g-expansion can be obtained
with e.g. the Weyl-Ka¢ formula (2.7.17). The characters of the coset SO(dim(R))/G(r)
are identified with the coefficients of this reorganized series. Computer software is often
instrumental in these computations, for example the LieART Mathematica package [196].
The extensive tables of Lie algebras, representations, and branchings in [197] can also come
in handy.

Topological cosets and conformal embeddings. A special role is played by cosets
O(n)1/Gy where G embeds into SO(n); conformally, i.e., when the central charge of
O(n)1/Gy vanishes. We argued in the main text that this happens if and only if the QCD

theory with group G is gapped. When this happens, the infrared theory becomes a trivial

CFT. That being said, the coset is not an empty theory, even though it has no local degrees

of freedom; in other words, it is a topological QFT. The low energy dynamics of gapped

theories is entirely contained in the topological degrees of freedom carried by the topological
coset SO(n),/G.

By topological invariance, all observables of such cosets become g-independent, so the
branching functions b, are just numbers instead of functions of q. Note that topological
invariance is just a special case of conformal invariance: TQFTs are invariant under all
diffeomorphisms instead of just the conformal ones. This means, in particular, that the
formula (2.7.24) is still valid for TQFTs. In this case, as Ly = 0, the partition function
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actually computes the total number of states in the theory, which has a finite-dimensional
Hilbert space:

Zy _ = try, (1) = bosons plus fermions in H4 (2.7.26)
Zy . = try, (—1)¥ = bosons minus fermions in H. o

or, equivalently,

1 1
number of bosons in Hy = §(Zi’_ +Z 1) = Z §(|bf’_|2 + |bf\t’+|2)

1 * (2.7.27)
number of fermions in Hy = —(Zy_ — Z4L 4) = Z —(!bf’*IZ - ‘bf\[’Jr’Q) :
2 ’ ’ : 2

In what follows we shall work out several examples in some detail in order to illustrate
some of the previous considerations.

2.7.1 Examples of topological cosets

Here we demonstrate the coset construction for the conformal embedding SO(8); D SU(3)s.
As ¢ =8/2—3-8/6 = 0, the resulting theory is topological, i.e., it has a finite-dimensional
Hilbert space. In order to find this Hilbert space we need to decompose the SO(8) characters
into SU(3) characters. The former are given by (2.7.25):

xo(¢, 9) Zq_1/6{1+(8+10+1_0)q+(1+48+10+E+327)q2

+(21+108+610+6E+627+235+2%+64)q3+~~~}

(2.7.28)
xo(¢,9) = ¢ [8+ (1+28+10+ 10+ 27)q
+(21+68+310+31_0+427+35—|—%)q2—|-...] :
and, by triality,
Xs(2,9) = Xxe(q,9) = Xx0(q,9) - (2.7.29)

We next reorganize these characters in terms of SU(3); characters. The characters of
SU(3)3 are given by

xi(g.9) =q~° [1+8q+ (1+28+27)¢’
+(21+48+210+21_0+227+64)q3+...}
xs(2, 9) —q1/18{3+ (3+6+15)q+ (33+26+315+24+42)q2+~--]
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xe(a.9) = q"/** [6+ (3+6+15+24)q
+(23—|—46+315+15'+324+42)q2+---}

xs(¢,9) = ¢'° {8+ (1+28+10+10+27)q (2.7.30)
+(21+68+310+3E+427+35+ﬁ)q2+---}

X10(d: 9) = ¢*'° [10+ (8+10+27)qg
+(38+310+E+227+35+ﬁ)q2+---]

x1s(¢.9) = ¢/ {15+ (3+6+215+15 +24)q
+(33+36+615+215’—|—21+324—|—242)q2—|—~~} :

By comparing (2.7.28) to (2.7.30) it is easily checked that

dnsNs = X1+ X8 + X10 t+ X710
dxsrR = X1 — X8 + X10 + X710
dr-Ns = 2Xs
drr =10,

(2.7.31)

which implies that the NS sector of SO(8);/SU(3)3 has four bosons and no fermions, and the
R sector has two and two, i.e., Hns = CH0 and Hy = C?L.

It is interesting to note that, out of the four bosons in Hyg, one of them (the one
corresponding to bg) is charged under (—1)%, while the other three are neutral. In the full
non-chiral theory, this state is a boson because it comes from bgbs, which is charged under
both (—1)fz and (—1)'® (and is therefore neutral under (—1)F = (—=1)fz(—1)I#).

In the previous example we found that Hg was supersymmetric (it contains the same
number of bosons as fermions), which was a consequence of dgr_g vanishing. In order to show
that this is not always the case, we next describe an example where Hy is not supersymmetric.

Consider the coset SO(16);/Spin(9)s. Using (2.7.25), the characters of the numerator are

Xo(q,9) = ¢ (1 + (36 + 84)q
+(9+16 + 36 + 44 + 84 + 2126 + 231 + 495 + 924)¢>
+(294+16+536 +44 + 584 + 3126 + 3231 + 495
+3594 + 910 + 3924 + 1650 + 2457 +22772)¢*> + - - -)
Xo(2:9) = ¢"/°(16 + (16 + 128 + 432)q
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+ (316 + 3128 + 3432 + 576 + 672 + 768 + 2560)4>

+ (716 +9128 +9432 + 4576 + 2672 + 5768

+ 1920 + 42560 + 4608 + 4928 + 25040)¢° + - - -)
Xs(2,9) = (44 + 84+ (9 + 36 + 44 + 84 + 126 + 231 + 594 + 924)q (2.7.32)

+(14+29+336+344+ 484 +3126 + 3231 + 495

+ 3594 4 910 + 4924 + 1650 + 1980 + 2457 + 2772)¢>

+(21+69+836+644+1084+ 10126 + 2156 + 9231

+ 3495 + 11594 + 3910 + 11924 + 51650 + 21980

+ 32457 + 2574 + 52772 + 33900 + 24158 + 9009 + 15444)¢° + - - - )
Xe(q,9) = ¢**(128 + (16 + 2128 + 432 + 576 + 768)q

+ (316 + 6128 +4432 + 3576 4 672 4 3768 + 22560 + 5040)¢>

4 (816 4 16128 + 13432 + 9576 + 4672 + 9768 + 1920

+ 82560 + 24608 + 4928 + 55040 + 9504 + 12672)¢° + -+ - ) .

In order to express these in terms of the characters of the denominator, we need the
Spin(9), characters:

X1(q,9) = ¢ /*(1 +36q+ (1 + 36 + 44 + 126 + 495)¢°
+(1+436+44 + 84+ 126 + 495 + 2594 + 910 + 2772)¢° + - - - )
x16(¢, 9) = ¢"/°(16 + (16 + 128 + 432)q
+ (316 + 3128 + 3432 + 576 + 672 + 768 + 2560)¢°
+ (716 +9128 + 9432 + 4576 + 2672 + 5768
+ 1920 + 42560 + 4608 + 4928 + 25040)¢° + - - - )
Xa(q,9) = ¢*/* (44 + (36 + 44 + 594)q
+ (14236 +344 + 126 + 495 + 2594 + 910 + 924 + 1980)4
+ (14636 +544 + 84 + 3126 + 231 + 2495 + 7594 + 3910
+2924 + 1980 + 22772 + 3900 + 4158 + 9009)¢* + - - -) (2.7.33)
x84(2,9) = ¢** (84 + (9 + 84 + 126 + 231 + 924)q
+(29+ 36 + 484 +2126 + 3231 + 594 + 3924 + 1650 + 2457 + 2772)¢°
+(14+69+236+44+ 984+ 7126 + 2156 + 8231 + 495 + 4594 + 9924
+ 51650 + 1980 + 32457 + 2574 + 32772 + 23900 + 4158 + 15444)¢° + - - )
X128(¢, ) = ¢*/*(128 + (16 + 2128 + 432 + 576 + 768)q
+ (316 + 6128 + 4432 + 3576 + 672 + 3 768 + 22560 + 5040)¢>
+ (816 + 16128 + 13432 + 9576 + 4672 + 9768 + 1920
+ 82560 + 24608 + 4928 + 55040 + 9504 + 12672)¢* + - - ) ,
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in terms of which one can write

dnsns(4, 9) = x1(¢, 9) + X16(q; 9) + Xs8a(q, 9)
dnsr(4,9) = x1(¢,9) — x16(4, 9) + x84(¢; 9) (2.7.34)
dr-Ns(q, 9) = Xaa(q, 9) + x84(q, 9) + X128(¢, 9)
drr(q,9) = xa4(q,9) + x84(q,9) — xa28(¢, 9) -

These affine branching rules imply that the Hilbert spaces of SO(16);/Spin(9), are
Hns = Hr = C3°. As promised, Hpg is not supersymmetric. While the unextended character

dr.r(q) = 0 vanishes, the extended one drr(q,9) = Xx84(¢,9) + Xxaa(q,9) — x128(q, g) is
non-zero, and hence the coset does not have the same number of bosons and fermions.

In section 2.5 we attributed the supersymmetry of the Ramond sector to certain 't Hooft
anomalies. These anomalies are present when the number of quarks is odd. In the theory
SO(16),/Spin(9)s the number of fermions is even, 16, so there is no reason to expect that
the Ramond sector is supersymmetric — and indeed it is not.

2.7.2 Example of a non-topological coset

Here we study the coset Spin(7);/SU(2)as, which has ¢ = 7/2 — 3 x 28/30 = 7/10. This is
non-zero so the coset is non-topological, i.e., it is a traditional CFT. We begin by writing the
characters of the numerator Spin(7);:

Xo(q,g):q7/48[1—1-(3+7+11)q—|—(21+3—|—25+27+29+11+213)q2
+(21+53+45+87+59+611+413+215+17+19)q3+---}

Xo(g,9) = ¢'7* {7+(1+5+27+9+13)q (2.7.35)
+(14+23+37+11+35+27+39+211+213+15+ 17)¢

+(41+53+95+127+109+811+713+215+317+19)q3+~--}

xa(q,g):q7/24{1+7+(1+3+5+27+9+11+13)q

+(21+334+45+67+49+411+313+15+ 17)¢*+
+(214+83+115+167+ 139+ 1111

+1013+515+317+219)¢° + - - -
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Similarly, the characters of the denominator SU(2)qs are

X2(09) = 71 +3¢+(1+3+5)+(1+33+5+T)¢"+---)

1(0,9) ="/ + (5+T+9)g+ (3+25+37+29+11)¢?
+(1+23+55+67T+59+211+13)¢° +---)

X11(q, 9) = /(11 + (9 + 11+ 13)g + (7 + 29 + 311 + 213 + 15)¢2
+(5+27T+59+611+5134+215+17)¢> +---)

x13(0,9) = ¢"/(13 + (11 + 13+ 15)g+ (94211 + 313 + 215 + 17)¢?
+(T+29+511+613+515+217+19)¢° +---)

x17(¢, 9) = ¢¥7°(17 + (15 + 17+ 19)g+ (13 +215 + 317 + 219 + 21)¢?
+ (11 +213+515+617+519+221 +23)¢> +--+)

X10(¢,9) = ¢ ™/P(19 + (17 + 19+ 21)g + (15 + 217 + 319 + 221 + 23)°
+ (13 +215+517+ 619+ 521 +223 +25)¢° + )

x23(¢, 9) = ¢®7/°(23 + (21 + 23 + 25)q + (19 + 221 + 323 + 225 + 27)¢>
+ (174219 +521 +623 + 525 +227 +29)¢> + - - -)

X20(q, 9) = ¢"*/%(29 + (27 + 29)q + (25 + 227 + 229 + 31)¢*
1+ (23 +2254+427+429+231)¢° +---)

(2.7.36)

Given these expressions one can check that the Spin(7); characters decompose into SU(2)as
characters as

Xo(q, 9) = ¢~

X1(¢: 9) + x11(¢, 9) + x10(¢: 9) + x20(¢,9)) (1 + ¢ + ¢* + 2¢" + 2¢° + 4¢° + - --

+ q137/240(X7( .9) + x13(¢, 9) + x17(¢, 9) + x23(q, 9)
¢ (x1(q, 9) + x11(a. 9) + X10(¢, 9) + X20(4, 9)
+q17/24°(>< (2:9) + x13(¢, 9) + x17(¢, 9) + X25(¢, 9))
7 (x1(q, 9) + X11(q, 9) + x19(0, 9) + X20(¢, 9))

(

(
+ ¢ (x2(q, 9) + x13(¢, 9) + xa7(q, 9) + Xx23(¢, 9))

(

Xo(¢,9) = (1+¢+2¢* +2¢° +3¢" +4¢° + - -

1+q+¢*+2¢° +3¢" +4¢° + - -

1+q+¢ +2¢° +3¢" +4¢° + - -

+q+2¢°+3¢° +4¢" +6¢° + - -

(2.7.37)

According to the coset prescription we are instructed to regard the g-dependent coefficients

as the characters of a new theory, which we denote as

Xo (4, 9) =

)
)
(
(
1

X11(@) = ¢ PPA+ @+ +2¢" +26° +4¢° + 4" + T+ )
x1.3(q) = BP0+ g4+ 2¢> +2¢° +4¢" +5¢° + 75 +9¢" +--)
X14(q) = P01+ ¢+ 2¢° + 2¢° + 3¢* +4¢° +6¢° +7¢" + - --)

(q)

(a) = (2.7.38)
12(0) = ¢+ g+ ¢ +2¢° +3¢" +4¢° +6¢° + 8¢" + - - )

(¢) =

(¢) =

< ><
N

1(q 49/120(1+q+(]2+2q3+3q4+4q5+6q6+8(]7+)

q) = ¢/ (1 + g +2¢* + 3¢ + 4¢* + 6¢° +8¢° + 11" + -+ ),

><

2,2
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which we recognize as the Virasoro characters of the minimal model M (4,5) with central
charge ¢ = 7/10:

Xrs(@) = k@) = koolg),  kalg) = m(g) ™'Y g Crr@ T er s/ (9.7 39)
nez
Fermionizing, we get the super-characters

NS_X(Q) =x11tx14 & xi3Etxie

Q) = X2,1 & X2,2

X
X

R-NS (2.7.40)

which, nonsurprisingly, are the characters of the fermionic ¢ = 7/10 minimal model. In other
words, the infrared theory of SU(2) + 7 is the fermionic M (4, 5) minimal model, with coset
realization SO(7)1/SU(2)ss.

Another interesting example is SO(8); /Spin(7);. The numerator and denominator algebras
are both of the type so(n);, so the characters are straightforward. By working out the
decomposition one obtains

dysx = X0 x5 + xTx + x D)

7 1
drx = x5 x4+ XDy £ x|

(2.7.41)

where x(7) are the characters of Spin(7); and y") are the Ising characters. Therefore, the
infrared chiral algebra of Spin(8) + 8 is the (bosonic) Ising CFT.

2.8 Abelian theories

Consider a QED theory with V. photons and Ny non-chiral Dirac fermions:

Nc . N¢ Np
1¢a ; -
L=35 ) gida; Axda; + o ;eidai + ;@mpm : (2.8.1)

1,j=1

where the gauge fields are normalized to integral periods:

dai
7 2.8.2
[2ez, 282)
and D denotes the covariant derivative
Nec
Dy=0+iY» Qua;, (2.8.3)
=1

with Qp; € Z the charge of the field 1); under U(1);.
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In order to simplify the notation we will often think of indexed objects g;;, 6;, a;, Qr; as
arrays of suitable shape, e.g., g is a square matrix of dimension N, x N, 6 a row vector of
dimension 1 x N, () a rectangular matrix of dimension Nr X N,, etc.

In (2.8.1), gij, 0; denote the coupling constants of the model. These are not all independent:
for example, one can always perform linear changes of basis in photon space a — Aa, under
which g72 +— Ag™2A, 0 — 0A. Here A € GL(N,,Z) is an integral unimodular matrix so as
to preserve the quantization condition (2.8.2). Under this redefinition, the matrix of charges
@ transforms as QQ — QA. We will come back to this momentarily.

Classically, the model has flavor symmetry U(1)M* corresponding to the axial rotations of
the fermions ¢; — ¢7*¢p;. This flavor symmetry may be enhanced to a non-abelian group if
some of the rows of () are equal. These classical symmetries often have a mixed anomaly with
the gauge group U(1)™e. Specifically, consider the flavor subgroup U(1)r C U(1)V* defined
by a certain row vector of integers n = (ny,ng,...,ny,) such that, under a € U(1)p, the
fermions rotate with angle ay = an;. Under U(1)g the left-movers have charge +n;, while
the right-movers have charge —n;. Under U(1);, both chiralities have charge @;;. Therefore,
the mixed flavor-gauge anomaly is

U(1)p - U(1);: > 2n,Qr = 2(nQ); (2.8.4)

This mixed anomaly has two (dual) interpretations: first, it stems from the fact that, under
U(1)F rotations, the theta terms in (2.8.1) shift, so these terms are rendered unphysical; and
second, it corresponds to the fact that the current that generates U(1)g is not conserved,
and hence U(1)r is not an actual symmetry. Let us analyze both these points in turn.

Theta terms. The mixed anomaly between U(1)V* and U(1)"e can be understood as the
statement that, under U(1)VF rotations, the theta terms in (2.8.1) shift. In particular, under
the U(1)r subgroup specified by the integer vector n, one has

U(l)p: 6 — 0+ 2an@. (2.8.5)

This means that € are unphysical parameters, as they can generically be rotated away.
More precisely, the linear combination v, where v is a N, x 1 column vector, shifts as
A(Ov) = 2anQu, and this is zero for all & € U(1)p if and only if Qv = 0. In other words,
the physical theta parameters of the system are in correspondence with the vectors that are
annihilated by @) on the right:

e In the non-chiral QED system (2.8.1), the space of physical theta parameters is given
by the kernel (right-null-space) of @). The linear combination v is physical if and only if
v € ker Q.
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Axial currents. The mixed anomaly between U(1)M* and U(1)"e can also be understood
as the statement that, in the quantum theory, some of the currents that generate U(1)N*
are not conserved. In particular, the subgroup U(1)g specified by the integer vector n is
generated by the current

Jn = ZHIJ[, (286)

where JI = 1;y3y#1; is the current that generates axial rotations of the I-th fermion. The
mixed U(1)-U(1); anomaly violates the conservation law for J, if and only if 2n@) is non-zero.
In other words, there are as many conserved axial currents as there are row vectors that are
annihilated by @ on the left:

e In the non-chiral QED system (2.8.1), the algebra of axial flavor symmetries is given
by the cokernel (left-null-space) of @. The linear combination n - J is conserved if and
only if n € coker Q.

Hermite Normal form. We noticed above that one can always perform changes of basis
in photon space according to a — Aa, where A is a matrix in GL(N,,Z). This change of
basis redefines the matrix of charges according to @) — QQA. One can always use this freedom
to put @ in (column) Hermite normal form, namely @ = QA where Q is lower triangular
and columns of zeros, if any, are to the far right (see figure 2.3).

Nr Ne — Nr

N, > Np: Q: i i Np

<« rank () >

NF_Nc

|
!
!
|
|
|
|
|
|
|
coococooo b ———
|
!
!
|
|
|
|

Ne

Figure 2.3: Hermite normal form of an Ny x N, integral matrix (). The gray region represents
the non-zero entries. This decomposition is unique if we impose some further restrictions,
such as positivity of pivots; this shall play no role in this work.
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In this basis the matrix of charges has ker () columns that are identically zero. This means
that the corresponding photons are essentially decoupled. (They still couple topologically,
via the kinetic term. This does not affect local properties like the existence of a mass gap).
This explains why the physical theta terms come from ker @): a theta term is physical if and
only if it multiplies a free photon. In other words, the parameter 6;v; is physical if and only
if the photon a;v; is decoupled from the fermions.

Putting together the last two observations we learn that, as far as classifying gapped
theories is concerned, we can assume without loss of generality that there is the same
number of photons than fermions, Ny = N,.. This follows from the rank-nullity theorem,
| ker Q| — |coker Q| = N. — Np, which implies that if N. # Npg, then at least one of
ker @), coker ) will be non-empty. If ker () is non-empty the system contains decoupled
photons, which are gapped and hence do not affect the classification. Conversely, if coker ()
is non-empty, the system contains continuous chiral symmetries and hence it is automatically
gapless. The interesting question is, therefore, what happens if () is square and non-singular.

If Np. = N, and @ is full-rank, there are no rows nor columns that are zero, so there
are no decoupled sectors and no continuous axial symmetries. There are no U(1)VF axial
symmetries because of the mixed anomaly, and no non-abelian chiral symmetries because
there are no repeated rows in @ (for otherwise the matrix would not be full-rank). We now
claim that these conditions are not only necessary for being gapped, but also sufficient:

Proposition 2.8.1 The non-chiral QED system (2.8.1) defined by a square matriz of
charges Q) is gapped if and only if Q is full rank.

This claim follows from the analysis of section 2.4, and the fact that free fermions have
chiral algebra U(Np); and the photons a chiral algebra U(1)gtg. The lattice generated by
the compact scalars in U(1)gtq is non-degenerate if and only if @) is full-rank. Equality of the
energy-momentum tensors of U(/Ng); and U(1)qtq is nothing but the standard boson-fermion
correspondence in 2d.

One can reach the this conclusion by looking directly at the central charges. The central
charge of the free fermions is Ny and, and that of the compact bosons is®* sign(Q'Q) =
rank(Q)), and these match if and only if @ is full-rank, as required.

As an interesting remark, note that if Q'Q is not full rank, then in the gauge chiral
algebra U(1)gtg there is a factor of U(1), for each zero eigenvalue of Q'Q. This factor of
U(1)g should be thought of as a free photon (a similar phenomenon was observed in [3] in a
3d QCD system). This is consistent with the discussion so far, in the sense that if the rank is
not maximal there will be columns of zeros in (), signaling decoupled photons.

64Here sign(K) denotes the signature of the matrix K, defined as +1 for each positive eigenvalue, —1 for

each negative eigenvalue, and 0 for each zero eigenvalue. As K = Q'Q is positive semi-definite, sign(Q'Q) =

rank(Q'Q).
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Discrete symmetries. If rank () = N., we saw earlier that () defines a QED theory with
no continuous chiral symmetries. That being said, the system in general enjoys several
discrete symmetries. Let us look at purely left-handed transformations. If we consider a
U(1), transformation defined by an integer vector n, then the theta term shifts as

U(1)e: 0 — 0+ an@, (2.8.7)

as per the flavor-gauge mixed anomaly. This shift means that U(1), is not a true symmetry of
the quantum system. On the other hand, if we choose « in such a way that 6 stays invariant
modulo 27, then the corresponding transformation does constitute a true symmetry of the
quantum theory. This is simplest to ensure in the Hermite basis 2.3. In this basis it becomes
clear that there is a Z; discrete symmetry for each diagonal component of Q, obtained by
choosing o = 27k/¢ with k = 0,1,...,§— 1. Note that there is another factor of Z; that acts
on the right-handed fermions alone, but the two factors of Z; are not two distinct symmetries,
inasmuch as their simultaneous action is nothing but a gauge transformation. Hence, all in
all, the flavor symmetry group of QED is

IT 2z (2.8.8)

jediag(Q)
Note that if rank Q < N,, then some of the diagonal components of Q will be zero. If for
¢ = 0 we agree to denote Zy = U(1), then the group above also contains the case where the
system has non-trivial continuous symmetries.
For future reference we mention the fact that the order of the symmetry group is

[[G = det(Q).

Chiral theories. We finally make a few remarks concerning chiral theories. These are
labelled by pairs of integral matrices )y, (), which specify the charges of the left-movers and
right-movers, respectively. Gauge anomaly cancellation requires (2.2.17)

QiQr = Q,Q, . (2.8.9)

The reader might find it useful to have at their disposal examples of chiral theories. A
trivial class of examples is QQy = —Q),.. A more interesting class of examples is provided by
choosing any non-symmetric normal matrix (), and taking Q, = @, @, = Q'. More generally,
it is easy to show that if @, @), satisfy the gauge anomaly cancellation condition (2.8.9), then
there exists some orthogonal matrix O such that @y = OQ),. Therefore, we can generate
other families of examples by fixing @), and looking for orthogonal matrices O that make
OQ), integral.

In any case, many of the previous claims for non-chiral theories can be easily generalized
to chiral theories. For example, if N. > Np, the extra photons are still decoupled. Indeed, if
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the matrices Qy, @), are fat (more columns than rows, see figure 2.3) then they necessarily
have a non-trivial kernel. The anomaly cancellation condition says that they in fact share
the kernel: the equality Q'Q, = Q'Q, implies that ||Q.v||> = [|Q,v||? for any vector v, so
v is either annihilated by both @), @), or by neither. If v is in their kernel, then the linear
combination v;a; is indeed a decoupled photon.

Similarly, if N, < N, then there will necessarily be some anomalous continuous symmetry,
because the matrices ),, @, will have a non-trivial cokernel, so the associated currents will
be conserved — the mixed anomaly with the gauged U(1) will vanish.

All in all, in classifying gapped theories we can assume without loss of generality that
N. = Np, and that @, Q, are full rank. In this situation, the exact same argument from
before proves that these are not only necessary conditions for being gapped, but also sufficient:

Proposition 2.8.2 A chiral QED system defined by a pair of square matrices of charges
(Qe, Q,), subject to the gauge anomaly cancellation condition (2.8.9), is gapped if and only
if (Qe, Q) are full rank. (Both matrices necessarily have the same rank, due to (2.8.9)).

As a consistency check, note that a gapped theory cannot have continuous chiral symme-
tries, and it is not entirely obvious from the discussion above that a model with full rank
matrices (Qy, @,) has no such symmetries. It is clear that, being full rank, there are no purely
left handed (nor purely right handed) symmetries; but there is no immediate reason that
excludes symmetries where both chiralities transform at the same time. It is not hard to show
that, as a matter of fact, no such symmetries exist either: any would-be flavor symmetry
where both chiralities transform simultaneously is either broken by a mixed flavor-gauge
anomaly, or a pure gauge transformation itself. Hence, chiral models with full rank (Qy, @,)
have no continuous chiral symmetries, as required for a supposedly gapped theory.

The conjectural infrared TQFT has left chiral algebra U(Nr)1/U(1)qtq,, and right chiral
algebra U(Np);/U(1)gtq,. These two are in fact identical, by the anomaly cancellation
condition. The sectors of the two chiral halves are combined via the orthogonal matrix O
discussed above, namely O := Q,Q; .

2.8.1 U(1) with N charge-q Dirac fermions

Here we analyse the infrared dynamics of U(1) plus N copies of a charge-g Dirac fermion.
The claim is that the low energy theory of this system corresponds to a copy of the SU(N),
WZW model on each of the ¢ universes. (These universes are the result of the Z, one-form
symmetry). This nicely reproduces the analysis of [198].
According to the general conjecture (2.5.1), the infrared dynamics of the model are
described by the coset
U
U(1>Nq2 .
Note that if N > 1, the central charge is non-zero, so the coset describes a gapless theory.

(2.8.10)
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In order to project the theory into a specific universe we gauge the one-form symmetry

ZLq, to wit
U(N)s U(N)y
— | /72, = = SU(N); . 2.8.11
(Tas )%= iy, =S R
The second equality involves the character decomposition
N—1
dnsx(4:9,0) = D> (=1)"xn(q,0)xym0(¢, 9)
n=0
N1 (2.8.12)
dR—X(qag7 0) = (_1)n+1Xn+\_N/2J (Q7 Q)X’Y"O((Lg) ’
n=0

where 6 is a flavor U(1) parameter and g an SU(N) flavor parameter. The characters of
U(1)n are denoted by x,(g,0) and those of SU(N); by xa(g, g). When N is odd, x,, denotes
a super-character and when even, a regular character.

Note that when N =1 the CFT SU(1); becomes trivial, which means that the charge-q
Schwinger model has a unique, trivial vacuum in each universe. In this case, the infrared
coset U(1);/U(1),2 describes a gapped theory, and the character decomposition is

qg—1
dnsx(gq,0) = Z(il)‘ngqS *(q,9)
o (2.8.13)
dR—X(Qa 0) = Z(ilyXZ_ﬁq/% (Q7 9) )
=0

where x, are the characters of U(1),2; these are regular (bosonic) characters when ¢ is even
(cf. (2.7.21)), and super-characters when odd (cf. (2.7.22)). From this character decomposition
we learn that the theory has ¢ vacua, all bosonic, in both sectors Hyg = Hg = C4°. These ¢
vacua live in the ¢ universes, one in each®. Out of these, [¢/2] are neutral under (—1)%z,
and the rest |q/2| are charged.

2.8.2 Vacua of gapped theories

In the previous section we described the infrared dynamics of a gapless theory. Here we study
the gapped case, namely those theories where the matrix of charges () is square and full rank.
Conjecturally, the vacua of such theories are described by the coset (2.5.1)

TDoa (2.8.14)

65More precisely, the states that live in a specific universe are linear combination of these ¢ states. (—1)f*

does not commute with the one-form symmetry, and therefore the states in a given universe do not have
well-defined charge under (—1)%.
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We focus on the case where () describes an even lattice, i.e., where all the diagonal components
of Q'Q are even. In this situation the CFT U(1)gtq is bosonic, that is, its characters do not
depend on the spin structure.

The characters of the numerator U(n); are given by

dNS—X(q,g) . q—n/24HH 1 j:ZqT-Fl/Q)(l :I:Z—l 1'+1/2>

r=0 i=1

N - (2.8.15)
dR—X(Q: 0) = qn/12 |:H 22'1/2 1/2:| H H 1+ qu 1 + Zi_lqr) )
=1 r=11i=1
where 6 € U(n) is a flavor parameter conjugate to 0 ~ diag(z, ..., 2,).
On the other hand, the characters of the denominator are
1 sutKu Qu
ule6) = o oo K =QQ, (2.8.16)

u€Zn+K—14

where 7 is the Dedekind eta function.

The vacua of the QED theory labelled by a matrix () are determined by the branching
functions of U(n); into U(1)qtq, i.e., by the decomposition of dy 4 characters into x, characters.
We propose that the branching functions of the coset U(n),/U(1)gtq are given by the following:

dnsx(,0) = > (FD)1 P xqu(q, 0)
el (Q)

drx(3,0) = > (E)I xies1/2)(0,6),
(er(Q)

(2.8.17)

where ['(Q) = Z"/ ~ is the set of all integral vectors modulo the identification through
rows of (Q: two vectors are declared to be equivalent if they differ by some integral linear
combination of the rows of Q. As a consistency check, note that 2hge, = ||¢||* so the chiral
fermion parity in the NS-sector corresponds precisely to the spin of the characters. Similarly,
in the R-sector the spin is 2hg:(e41/2) = n/4 mod 1 so the spin is in Z + %n, as expected
from the zero-point energy of the fermions.

The branchings above predict that the QED theory with matrix of charges @ has |I'(Q)| =
| det(@)| vacuum states. As in the Schwinger model, these can be thought of as the result of
the spontaneous symmetry breaking of the axial symmetry, which also has | det((Q)| elements.
Note also that | det(Q)| is the order of the one-form symmetry, which suggests that each
universe has a single vacuum state.
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Chapter 3

Three-Dimensional Gauge Theories
with Two-Index Matter Fields.

Authorship. The content of this chapter is reproduced almost verbatim from the paper [3]
written in collaboration with Changha Choi, Jaume Gomis, and Zohar Komargodski.

Abstract. We study the nonperturbative dynamics of 3d SU(N) gauge theories coupled
to a fermion in a rank-two representation. We argue that when the Chern-Simons level is
sufficiently small the theory develops a quantum phase with an emergent topological field
theory. When the level vanishes, we further argue that a baryon condenses and hence baryon
symmetry is spontaneously broken. The infrared theory then consists of a Nambu-Goldstone
boson coupled to a TQFT. Our proposals lead to new fermion-fermion dualities involving
fermions in two-index representations. We make contact with some recently discussed aspects
of four-dimensional gauge theories and their (non supersymmetric) domain walls. Finally, we
discuss some aspects of the time-reversal anomaly in theories with a one-form symmetry.
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3.1 Introduction

9

Strongly coupled Quantum Field Theories (QFTs) can develop interesting infrared “quantum’
(nonperturbative) phases, distinct from those that can be inferred by semiclassical considera-
tions. Recently the study of the infrared dynamics of 2 + 1 dimensional gauge theories has
resulted in the discovery of novel nonperturbative quantum phases [29, 30, 113, 127-129].
In addition, some related aspects have been already studied on the lattice [199, 200]. The
subject involves several conceptual differences from the (perhaps) more familiar setting of
3 + 1 dimensional gauge theories coupled to matter:

e Since the gauge coupling has positive mass dimension, 2 + 1 dimensional gauge theories
are always asymptotically free. In particular, these theories are interesting even when
the gauge group is U(1).

e 2+ 1 dimensional gauge theories are labeled by a gauge group, matter fields, and the
Chern-Simons couplings, which are quantized.

e Since in 2 4+ 1 dimensions there is no notion of spinor chirality, one can typically add a
mass term for the matter fields preserving all the continuous symmetries of the massless
theory. In some theories, however, the massless point is distinguished by the presence
of (a discrete) antilinear time-reversal symmetry. The phases of these theories can be
studied as a function of the continuous mass deformations for the matter fields.

e There are no continuous 't Hooft anomalies for the symmetries of 2 + 1 dimensional
theories. However, there are many discrete anomalies and they have to be consistent
with the infrared phases of these theories. Even though these anomalies are discrete
they nevertheless provide highly nontrivial constraints on the infrared dynamics. In
addition, such quantum phases are constrained by the matching of some counterterms.
This matching of counterterms physically corresponds to consistency conditions on
conductivity coefficients. We will encounter some examples in this paper.

The subject of 2 4+ 1 dimensional gauge theories connects in an obvious way to condensed
matter physics (where the gauge symmetry is typically emergent) and in somewhat less
obvious ways to particle physics. Many 3 + 1 dimensional gauge theories have degenerate
trivial vacua. As a result, a domain wall connecting two vacua supports at low energies a
2+ 1 dimensional theory, and one can often make this connection very natural (as we will see
in this paper). In addition, one can study 3 + 1 dimensional gauge theories compactified on a
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circle (e.g. in the context of finite temperature physics), a problem that similarly reduces to
the study of 2 + 1 dimensional systems.

In spite of the fact that 2 4+ 1 dimensional gauge theories are asymptotically free, these
theories admit regimes in parameter space where they are weakly coupled and the infrared
dynamics can be inferred by a careful semiclassical analysis:

e When all the matter fields have a large mass (in units of the Yang-Mills coupling
constant) they can be integrated out at energy scales above the strong coupling scale.
This only leads to a shift in the infrared Chern-Simons level (this shift is one-loop exact
for fermions and trivial for bosons) and hence the deep infrared theory is given by the
infrared dynamics of the pure Yang-Mills-Chern-Simons gauge theory, which is quite
well understood. This typically leads in the infrared to a Chern-Simons Topological
Quantum Field Theory (TQFT).% Since the shift of the Chern-Simons level depends
on the sign of the mass of the fermion [24, 201, 202], the large mass limit defines an
asymptotically large-positive mass phase and an asymptotically large-negative mass
phase, described by two distinct TQFT's.

e When the number of matter fields is very large®” [25, 126] (i.e. many species or large
representations) one can demonstrate that there exists a weakly coupled conformal field
theory (CFT) which interpolates between the TQFTs describing the two asymptotically
large mass phases. Such a theory does not develop interesting new quantum phases.

e Likewise, when the Chern-Simons level is very large [26] one can show that there
exists a weakly coupled CFT interpolating between the TQFTs describing the two
asymptotically large mass phases. For large k the theory does not develop interesting
new quantum phases.

While no new quantum phases emerge for “large representations” or large Chern-Simons
level, it is a wide-open nonperturbative problem to determine for which representations
and which levels new quantum phases develop. For some recent work on such questions
in the context of quiver gauge theories see [203, 204] and references therein.

It follows from our discussion above that the dynamics of 2 + 1 dimensional gauge
theories is especially interesting when neither the Chern-Simons level, the dimension of the
representation, nor the mass of the matter fields are too large. In this regime there is no
semiclassical approximation to the dynamics of the theory. This is when we may expect

66 An exception to this is when the Chern-Simons level vanishes upon integrating out massive matter fields.
In that case, for simply connected groups, the TQFT is trivial. For non-simply connected groups the situation
is more complicated, but we will not need it here except in the case of U(1), where the low energy theory is
the gapless theory of a compact scalar. This fact will play an important role in this paper.

67The relevant group theory factor is the index of the (possibly reducible) representation of the matter
fields.
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quantum effects to dominate the dynamics and new interesting phenomena may emerge,
including new nonperturbative phases.

In this paper we study a class of 2 4+ 1 dimensional gauge theories for which we provide
a large body of evidence that they indeed develop new nonperturbative phases along with
new phase transitions, for which we propose novel dual descriptions. (We do not know, in
general, if these phase transitions are 1st or 2nd order.) The theories we analyze are SU(N)
Yang-Mills gauge theories coupled to a fermion in the rank-two symmetric or antisymmetric
representation of SU(N) and a Chern-Simons term at level k. (The fermion is a Dirac fermion,
i.e. a complex fermion with two components.)

For generic k, these models have a global baryon number symmetry, U(1)pg, acting on
the fermion as v — e*“). In addition, there is charge-conjugation symmetry. Both of these
symmetries are unbroken by the mass term imnp. For k = 0 (which is only allowed for even
N) the model also admits a time-reversal symmetry. The mass term breaks the time-reversal
symmetry. Finally, since there are no dynamical degrees of freedom in the fundamental
representation, these theories have a one-form Z, symmetry when N is even. (In the context
of condensed matter physics, the one-form symmetry is expected to be accidental.)

Let us now summarize the main results:

1. These theories have a critical value of the level k. below which a new intermediate
quantum phase appears between the semiclassically accessible asymptotic large-positive

and large-negative mass phases. The critical value is®%

N +2 N -2
symmetric: kg = T+ , antisymmetric: ke = —5 - (3.1.1)

2. For 0 # k < kg there is an intermediate quantum phase described by the following
“emergent” TQFTs%

N +2 N -2
symmetric: U (—+ — k) , antisymmetric: U (— - k) .
2 N2k ok 2 N=24k 2k

(3.1.2)

3. For k = 0 there is an intermediate quantum phase that includes a Nambu-Goldstone
boson (NGB) corresponding to the spontaneous breaking of U(1) g, along with a TQFT:

SU(Y£2) s x ' SU(Y52) s x S

, antisymmetric:
Y Z

[V

symmetric:

(3.1.3)

N

ZN+2
2

w“

68The quantized level k must be integer for N even and half-integer for N odd. See section 3.2.
%9We recall that U(N)pg = W with P = Q mod N. The quotient by Zy gauges an
anomaly-free one-form symmetry [32, 205].
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The notation S! stands for the linear sigma model of a compact real scalar field

{¢ ~ ¢ + 2m}, which is dual to pure U(1), gauge theory in 2 + 1 dimensions.™ The

scalar couples to the TQFT SU(%) ~+2 by gauging a diagonal, anomaly-free 7Z NE2
2

one-form symmetry.

The microscopic (ultraviolet) theory for k = m = 0 is time-reversal invariant. It may
then seem odd that we are proposing that this model flows to a TQFT coupled to
a Nambu-Goldstone boson, as TQFTs are typically non-time-reversal invariant. It
is encouraging to observe that the SU(n), /Z, Chern-Simons theory is in fact also a
time-reversal invariant (spin) TQFT [112]. This is a nontrivial consistency check of our
proposal.

4. For k < kg these theories undergo two phase transitions as a function of the mass
of the fermion. The phase transitions connect the intermediate quantum phase with
the asymptotic large-positive mass phase and with the asymptotic large-negative mass
phase, respectively. We propose that these transitions have a dual description in terms of
another 2+ 1 dimensional gauge theory. This leads us to propose new (fermion-fermion)
dualities in 2 + 1 dimensions.

Dualities for SU(N);, + symmetric ¢ for k < 242

N +2 )
+ k
2 1(—1+k—3N/2),k—N/2

SU(N)x + symmetric ¢ «— U< + antisymmetric ¢

N+2 .
SU(N)x + symmetric ¢ «— U< i + antisymmetric .

_ k)
2 L (+1+k+3N/2),k+N/2

(3.1.4)
Dualities for SU(N), + antisymmetric ¢ for k < 252:

N -2

SU(N)i + antisymmetric ) < U( + symmetric ¢

T k)
2 1(+14+k—3N/2),k—N/2
N —2

5 + symmetric 1& .

SU(N)x + antisymmetric ¢ < U( - k)
L (—1+k+3N/2) k+N/2
(3.1.5)
We note that the fermion in the dual gauge theory transforms in the other rank-two

representation compared to the fermion in the original gauge theory.

5. For k > k. the phase diagram has just two phases: the asymptotic large-positive mass
and large-negative mass semiclassical phases, separated by a phase transition. For very

For k = 0, the U(1), factor in (3.1.2) should not be interpreted as a TQFT, but rather as a gapless U(1)g
gauge theory, which can be dualized to the compact scalar.
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large k£ the phase transition is controlled by a weakly coupled CFT. The asymptotic
large mass phases are the TQFTs

symmetric: SU(N)ki% : antisymmetric: SU(N), vz , (3.1.6)

2

where the upper/lower sign is for the large positive/negative mass asymptotic phase.
These phases are present in these theories for any k, but for k& < k. they are separated
by the intermediate quantum phases discussed above while for k > kg they are
separated by a single transition (which for sufficiently large k& must be given by a CFT).

The plan for the rest of the chapter is as follows. In section 3.2 we present our conjectures
for the phases of SU(NN) Yang-Mills gauge theory coupled to a fermion in the symmetric
and antisymmetric representation and with a Chern-Simons term. In section 3.3 we present
a list of nontrivial consistency checks, involving a comparison to known special cases, and
the highly nontrivial matching of some contact terms. In section 3.4 we study some domain
wall solutions in four-dimensional gauge theories and show that at least in one case one can
explicitly demonstrate baryon symmetry breaking on the domain wall, in agreement with the
predictions for the infrared behavior of the corresponding three-dimensional gauge theory. In
section 3.5 we make a few forward-looking comments about the time-reversal anomaly and
about baryons.

3.2 Phase Diagrams

Consider Yang-Mills theory with gauge group SU(N), a Chern-Simons term and a Dirac
fermion ¢ in the rank-two symmetric or antisymmetric representation R of SU(N):

L =tr (—LFQ + bare (AdA + §A3) + iy + im@bw) . (3.2.1)

In this section we make a proposal for the phase diagram of these theories as a function of
the effective Chern-Simons level k := ky.e — T(R) and of the mass m € R of the fermion.™
T(R) is the Dynkin index of the SU(N) representation under which the Dirac fermion
transforms. Since under time-reversal k — —k (along with reversing the sign of the mass),
we restrict our discussion to £ > 0. Since kpare € Z, it follows from table 3.1 that k£ € Z for
N even and k € Z+% for N odd.

"IThe shift of the Chern-Simons level in (3.2.1) by T(R) arises from the determinant of the massless
fermion. It is convenient to use kpa.re when writing Lagrangians since kpare is always an integer. However,
the infrared phases of the theory are more conveniently labeled by k := kpae — T (R) because time-reversal
symmetry acts on k by simply reversing it, along with reversing the mass of the fermion.
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symmetric | antisymmetric | adjoint

T(R)| JN+2) | AN-2 | N

Table 3.1: Index for SU(N) rank-two and adjoint representations. (Since the adjoint repre-
sentation is real, one could also take the corresponding fermion to be a Majorana fermion —
that model was discussed in detail in [30].)

We now discuss the global symmetries of these theories. There is a U(1) g flavor symmetry
and a Z$ charge-conjugation symmetry C acting as’
Ay —AL
(o
These transformations do not commute and generate the group O(2)p = U(1)p x ZS.
Since the center of the gauge group Zy C SU(N) acts as ¢ — e%d}, the global symmetry

group is O(2)p/Znys for N even and O(2)p/Zy for N odd. The operators charged under
this symmetry are baryons, which will be discussed briefly at the end of this paper.

U)p: e, C: (3.2.2)

Since the gauge group is simply-connected, the magnetic symmetry group is trivial. For N
even a Zo C Zy subgroup of the center acts trivially on ¢ and the theory has a Z, one-form
global symmetry. For N odd the one-form symmetry is trivial. Finally, for k = m = 0 the
theory is time-reversal invariant. Time-reversal symmetry acts on the fermion by

T: = Y™ . (3.2.3)

Therefore, in these theories, T2 = (—1). Tt is easy to verify that the mass term is odd under
time-reversal symmetry but it preserves all other symmetries.

We proceed now to analyzing the phase diagram. We start with the phases that can be
established by a semiclassical analysis. When |m| > ¢* we can reliably integrate out the
fermion before the interactions become strong. Integrating out a massive fermion shifts the
Chern-Simons level to k + sign(m)T'(R), and the resulting effective theory is pure SU(N)
Yang-Mills with an integer-quantized Chern-Simons term at level k + sign(m)T'(R). This
theory, which now has no matter fields, flows at low energies to the topological SU(/N) Chern-
Simons theory at level k 4 sign(m)T'(R), which we denote by SU(N )i sign(m)r(r)- Therefore
the infrared dynamics is captured by the TQFTs SU(N )17 (r) for large positive and negative
mass respectively. These asymptotic large mass phases are present for all £ and all N. In
the above discussion of the asymptotic phases, k = T'(R) is an exception since the infrared
theory (after integrating the fermions out) is pure Yang-Mills theory (without a Chern-Simons
term) with gauge group SU(V). In this case the infrared theory is trivial and gapped due to
confinement and due to the fact that the gauge group is simply-connected.

2For N = 2 the action of C on the gauge field is a gauge transformation.
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SU(N)y 4+ v k> N2

m — —00 m — 400

SU(N)k—%(N—i—Q) SU(N)k—i—%(N—i—Q)

Figure 3.1: Phase diagram of SU(N) gauge theory with a symmetric fermion for k > Y2,
The solid circle represents a phase transition between the asymptotic phases. For sufficiently

large k£ we know for certain that the phase transition is associated with a CF'T.

As long as k is sufficiently large, the above two topological phases SU(N )i sign(m)7(r) are
separated by a single transition. The question is below which value of k£ additional phases
appear. Our proposal is that as long as k > T'(R) the above picture holds true, namely, the
two semiclassically accessible phases are separated by a phase transition at some value of the
mass. The phase diagrams for k£ > T'(R) are summarized in figures 3.1 and 3.2. Note that
the boundary of the above region, k = T'(R), is exactly where one of the phases becomes a
trivial infrared theory, with no Chern-Simons TQFT.

W
w‘%

SU(N)x +Hv k

m — —0o0 m — 400

SU(N)k—l(N—z) SU<N)I<+%(N—2)

2

Figure 3.2: Phase diagram of SU(/V) with an antisymmetric fermion for k& > % The solid
circle represents a phase transition between the asymptotic phases. For sufficiently large k
we know for certain that the phase transition is associated with a CFT.

For 0 < k < T(R) we propose that there is a new intermediate “quantum phase” in
between the asymptotic large mass phases.” This phase is inherently quantum mechanical,
and is not visible semiclassically. This new quantum phase connects to each of the asymptotic
phases through a phase transition. The phase diagrams for 0 < k < T'(R) are summarized in

"3In the case of symmetric fermion the new phase appears at k = T(R) — 2 = % — 1. See below.
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figures 3.3 and 3.4. The reason that k = 0 is excluded from the figures is that it requires a
separate discussion, as we shall see below.

SU(N)y +0y 0< k<2
N+2 > N2 -
U(%5* - k)i(3N+2k+2),k+%N +Hv U552 + k) L(CaN42b-2)k-in T Hv
m — —00 \ / m — +00
® O
SUMNicaveny U2 = 8) 11 vy SUN) ks (v 2)
N+2
U(% _k)+N U(T+ +k)—%(N+2)+k,2k U(¥+k)—N

Figure 3.3: Phase diagram of SU(N) with a symmetric fermion for 0 < k < % The solid
circles represent a phase transition between the asymptotic phases and the intermediate
quantum phase. Each phase transition has a dual gauge theory description, which appears
with an arrow pointing to the phase transition. The mass deformations are related by
my = —my and my, = —m,.

The way we arrive at the phase diagrams in figures 3.3 and 3.4 is as follows. As mentioned
above the asymptotic positive and negative mass phases are described by the TQFTs
SU(N)sr(r).- These TQFTs admit a level/rank SU/U dual description [28, 206]™

SU(N)kiT(R) — U(T(R) + k:):FNFFN . (324)

We start with the level/rank dual description of the asymptotic positive mass phase
and search for a dual description that would allow us to understand the quantum phase
semiclassically in the dual variables. Similarly, we consider the asymptotic negative mass phase
and search for an ultraviolet gauge theory that could describe the phase transition between
the semiclassical asymptotic negative mass phase and the quantum phase. These steps
involve some guesswork. The fact that this can be done at all is already a highly nontrivial
consistency check. Indeed, the two required dual descriptions are mutually non-local”™ but

"Level /rank dualities are generically valid only as spin TQFTs, and therefore, whenever the theory on one
side of the duality is not spin (i.e. it does not have a transparent spin 1/2 line) we must tensor that theory
with a trivial spin TQFT. SU(N)y, is never spin and U(N)j x is spin for & odd.

By “mutually non-local” we mean that there exists no local map between the fields in the two dual
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SU(N), +H 0< k<2

N— 7 N-2 7
U(TQ N k) 1 (3N+2k—2),k+3N +omy U(T - k)i(—3N+2k+2),k—%N +0me
m — —00 \ / m — +00

@ @
SU(N)k—%(N—% U(% - k)+%(N—2)+k,2k SU(N)H%(N—?)
_ N-—2 _
U(¥ - k)+N U(T + k)—%(N—Q)—i—k,Qk U(¥ + k:) N

Figure 3.4: Phase diagram of SU(N) with an antisymmetric fermion for 0 < k < £2. The
solid circles represent a phase transition between the asymptotic phases and the intermediate
quantum phase. Each phase transition has a dual gauge theory description, which appears
with an arrow pointing to the phase transition. The mass deformations are related by
my = —m, and my = —m.

there is only one quantum phase, which both of them have to describe simultaneously (in
our case this happens thanks to the new level/rank duality in [28]). In the present context,
luckily, we were able to find consistent dual descriptions describing the same quantum phase.
Furthermore, this guess satisfies very nontrivial additional consistency checks, as we shall
see. One of the dual theories is based on the gauge group U(7'(R) — k) and the other on the
gauge group U(T'(R) + k) with appropriate Chern-Simons levels and matter representations.

We are thus led to propose the following new fermion-fermion dualities for 0 < k < T'(R):

Dualities for SU(N);, + symmetric ¢ for k < 242

N+2 -
SU(N)x + symmetric ¢ U( + + antisymmetric ¢

n k)
2 1 (—1+k—3N/2),k—N/2

+ antisymmetric @ZJ .

N +2
SU(N)x + symmetric ¢ U( T2 k:)
2 L (+14+k+3N/2),k+N/2
(3.2.5)

descriptions, yet, they have some region of overlap in the physics they describe. This is reminiscent of the
Seiberg-Witten solution, which has two mutually non-local theories describing two different massless theories,
with a region of overlap.
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Dualities for SU(N);, 4+ antisymmetric ¢ for k < ¥52:
N -2
¥ k)
2 L(+1+k—3N/2),k—N/2
N -2

+ symmetric @Z

SU(N)i + antisymmetric ) < U(

+ symmetric 1/3 .

SU(N), + antisymmetric ¢ <— U( - k:)
2 1(—1+k+3N/2),k+N/2
(3.2.6)

For k = T(R) — 1 = N/2 in the theory of the fermion in the symmetric representation
the intermediate phase coincides with the asymptotic large negative mass phase and the first
phase transition is therefore unnecessary. Indeed, the associated duality in the second line
of (3.2.5) trivializes since the antisymmetric representation of U(1) is trivial.

The case of k = 0 is particularly interesting and requires a separate discussion. The
quantum phase that has appeared in the figure 3.3 and 3.4 would seem to make sense also for
k = 0. However, while for k > 0 it is a pure TQFT, for £ = 0 it is not. Indeed, after integrating
the fermion in the dual theory with gauge group U(T'(R)), we are left with pure U(T'(R))r(r)0
Yang-Mills-Chern-Simons theory, with T'(R) = % + 1 in the symmetric/antisymmetric case.
The crucial point is that the U(1)q factor is not topological. This latter theory can be dualized
to the theory of a compact, real scalar field ¢

Lo, = L2 (00)?
o, = 2 (06)". (3:2.7)
with ¢ ~ ¢ + 27 and f2 the “decay constant”.

This theory is combined with the Chern-Simons theory in the following way: the NGB
theory (3.2.7) has a non-anomalous U(1) one-form symmetry, corresponding to the conserved
two-form current €,,,0°¢. Likewise, SU(T'(R))pr) Chern-Simons theory has a non-anomalous
Zrp(r) one-form symmetry (it is non-anomalous when one views SU(T'(R))r(r) as a spin TQFT).
We gauge the diagonal Zp(g) symmetry, and denote this by

SU(T(R)) 7y x S"
ZLir(R)

: (3.2.8)

where Zp(g) is the diagonal one-form symmetry. The phase diagrams for £ = 0 are summarized
in figures 3.5 and 3.6.

An immediate consistency check of this scenario — which we have already discussed in the
introduction — is that the ultraviolet theory is time-reversal symmetric, so it is reassuring
to realize that SU(% + 1) N /Z%ﬂ Chern-Simons theory and the NGB theory are time-

reversal invariant. The time-reversal invariance of the quotient SU(% + 1) /Z v, can be

a1
2
shown from level /rank duality as in [112].

The main feature of the £k = 0 model is, of course, the nonperturbative spontaneous

breaking of the U(1)p baryon number symmetry. The U(1)p symmetry breaking occurs due
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U(T+2)%(3N+2),%N +H¢ U<T+2)fi(3N+2),f%N +H¢
m =20
m — —00 l m — 400
*su s
FASn 1 X
SU(N>—%(N+2) 2 Ty SU(N)%(N+2)
Zy(n+2)
I SU(%2) i x St I
2 J-L(N+2
U, e S U(R)_,

1(N+2)

Figure 3.5: Phase diagram of SU(N) gauge theory with a symmetric fermion for k£ = 0. The
circle S* represents the corresponding sigma model. Each phase transition has a dual gauge
theory description, which appears with an arrow pointing to the phase transition. The mass
deformations are related by my = —m,; and my = —m,;.

to the condensation of a baryon. We will discuss the baryon operators in this theory very
briefly in the last section.

This spontaneous symmetry breaking is not in contradiction with the Vafa-Witten type
theorems [207]. In essence, if a symmetry cannot be preserved by a time-reversal invariant
mass term then there is no obstruction for the spontaneous breaking of that symmetry.

Indeed, in our class of theories, it is not possible to deform by a mass term while preserving
both U(1)p baryon number symmetry and time-reversal symmetry. This is obvious for N > 2
since there is no mass term whatsoever that preserves time-reversal symmetry. However, the
case of N = 2 requires special attention. In the case of N = 2 with an antisymmetric fermion
the theory is always in the large k£ two-phase regime, and there is no quantum phase and
no spontaneous breaking occurs, of course, since the fermion is completely decoupled. For
N = 2 with a symmetric fermion, the situation is more interesting. A Dirac fermion in the
rank-two symmetric representation is equivalent to two Majorana fermions in the adjoint
representation. Let us denote the two Majorana fermions by Wy, Wy, such that ¢ = ¥y 4 1 U,.
The U(1)p = SO(2)p baryon symmetry simply rotates these two real fermions

U, cosf siné U,
— : 3.2.9
(‘112) (— sinf cos 8) (\112) ( )
Time-reversal symmetry can be taken to act as ¥y — ¥, and ¥y — 19W,. Finally, we
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Figure 3.6: Phase diagram of SU(N) gauge theory with a antisymmetric fermion for k = 0.
The circle S! represents the gapless sigma model with S! target space. Each phase transition
has a dual gauge theory description, which appears with an arrow pointing to the phase
transition. The mass deformations are related by m,, = —my; and my = —my.

have a charge-conjugation symmetry C that acts as ¥y — —W, while keeping ¥, intact.
The minimal scalar baryon operator transforms with charge 2 under U(1)g. The hermitian
combinations i(V;¥; — W, W,), and ¥, ¥, are the components of this baryon operator.™
The hermitian combination i(¥, ¥, + ¥,W,) is instead invariant under baryon symmetry, but
obviously breaks time-reversal symmetry when added to the Lagrangian.

Therefore, clearly, if we want to preserve a time-reversal symmetry, we must use the
hermitian baryon operators above. Indeed, for example, adding i¥; ¥, to the Lagrangian
would preserve CT. However, there is no way to add a time-reversal invariant mass term that
also preserves the U(1)p baryon symmetry. Therefore, there is no obstruction for baryon
symmetry to be spontaneously broken. Interestingly, in the case of N = 2, the TQFT
trivializes (see figure 3.5) because SU(2)s/Zs = SO(3);, which is a trivial spin TQFT. The
fact that in the particular case N = 2 the NGB is not accompanied by a TQFT will be
crucial later, when we make contact with 3 + 1 dimensional physics. Note also that in the
case of N = 2 it is quite clear that the operator which condenses and leads to the NGB is
(without loss of generality) (U, ¥, — UyW,).

"6They are the real and imaginary parts of the baryon constructed with a Dirac spinor in the symmetric
representation €, q,€s, g, W F11252 .
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3.3 Additional Consistency Checks

3.3.1 Special Cases

Here we discuss special values of N where we can compare our proposed dynamics with
previously conjectured phase diagrams for other families of theories. We also embed SU(2)
with a rank-two symmetric fermion in a renormalization group flow of N' = 2 supersymmetric
SU(2) pure gauge theory, and contrast our proposed phase diagram with the expected infrared
dynamics of the supersymmetric theory.

e SU(4) with antisymmetric fermion

A consistency check on our proposed dynamics follows from the isomorphism SU(4) ~
Spin(6) and the fact that the antisymmetric representation of SU(4) is the six-dimensional,
vector, real representation of Spin(6). Since ¢ is a Dirac fermion we have the following
equivalence of theories

SU(4)x + antisymmetric ¢ = Spin(6);, + (Ny =2) ¥, (3.3.1)

where by Ny = 2 we mean two Majorana fermions in the vector representation of Spin(6).
For k > 1 the phase diagram of SU(4); + antisymmetric has two asymptotic phases (see
figure 3.2). The phase diagram of Spin(6),+ Ny ¥ was derived in [113]. For Ny =2and k > 1
the phase diagrams agree trivially by virtue of the identity of the TQFTs SU(4),, = Spin(6),,.
We now proceed to the nontrivial matching for £ = 0 where both theories have an
intermediate phase, which we want to compare. Plugging N = 4 in figure 3.4 we find that
the intermediate phase of SU(4), + antisymmetric ¢ is described by

U(1)o, (3.3.2)

which, as we explained in detail, is simply a free compact scalar ¢ with periodicity 27. By
contrast, the intermediate phase of Spin(6); + Ny VU is described by the following coset [113]

SO(NF)
S(O(5F) x O(F))

2

+ 6Ty, (3.3.3)

where 'y 7 is a Wess-Zumino term. The coset in (3.3.3) can be described more explicitly by
the equivalence relation of SO(Npg) matrices O

O~P-0, (3.3.4)

where P is a block-diagonal matrix with two % X % blocks A and B

P (g‘ g) (3.3.5)

163



such that det(A - B) = 1.
For N; = 2 the Wess-Zumino term vanishes (because 73(S') = 0) and we are left with a

cosf sinf

sigma model on the space of SO(2) matrices O = ( 0) subject to the equivalence

—sinf cos

cosf sinf -1 0 cosf sinf
(—Sin@ COSQ) ~ ( 0 _1) ’ (—Sin9 COSQ) ) (336)

with implies that 6 ~ 6 + 7. Therefore, after the quotient the space is still isomorphic to a

relation

circle (albeit with a radius smaller by a factor of 2). Therefore this precisely coincides with
the result that we obtained for SU(4) with an antisymmetric fermion.

In summary, our phase diagram for SU(NN); with a fermion in the antisymmetric rep-
resentation for N = 4 precisely matches the proposed phase diagram of Spin(M) with Ny
Majorana fermions in the vector representation for M = 6 and Ny = 2. This supports the
validity of both phase diagrams.

e SU(3)x with an antisymmetric fermion

A somewhat more trivial consistency check can be made for SU(3); with an antisymmetric
fermion by noting that the rank-two antisymmetric representation of SU(3) is the same as
the complex conjugate of the fundamental, three dimensional representation of SU(3). Thus
we have the equivalence of theories

SU(3)x + antisymmetric ¢ = SU3), + (Ny=1) 7T, (3.3.7)

where T is a Dirac fermion. These theories, which always have two phases (i.e. there is
no intermediate phase regime), can be seen to have the same phase diagram by comparing
figure 3.4 for N = 3 with the phase diagram of SU(N); with Ny fermions in the fundamental
representation for N = 3 and Ny =1 in [29].

e SU(2); with an antisymmetric fermion

A very degenerate special case is SU(2); with a fermion in the antisymmetric representation.
In this case the fermion is decoupled from the gauge dynamics and there is no intermediate
phase. The infrared is captured by SU(2); Chern-Simons theory except at one point in the
phase diagram, which coincides with the phase transition in figure 3.2. The phase transition
simply corresponds to a neutral fermion becoming massless.

e SU(2)y with a symmetric fermion

The rank-two symmetric representation of SU(2) is the adjoint representation. Therefore,
figures 3.1 and 3.3 for N = 2 describe the infrared dynamics of SU(2) QCD with N; = 2
adjoint Majorana fermions.”” This extends the phase diagram of SU/SO/Sp adjoint QCD
with Ny = 1 put forward in [30].

"TWe recall that our theory is based on a Dirac fermion and therefore N t = 2 Majorana adjoint fermions of

SU(2).
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The particular case N = 2 with a symmetric fermion admits an embedding in the A/ = 2
supersymmetric theory of one SU(2) vector multiplet. In addition to the fields we have in our
theory, this model also has a real scalar field ¢ in the adjoint representation, with couples
to the fermions via Yukawa terms. What we called U(1)p is naturally referred to as the
R-symmetry in the supersymmetric context. We can flow from the supersymmetric theory to
our theory by simply adding a (supersymmetry-breaking) mass term for the real scalar field
©."™ Below we analyze what happens if that mass term is very small compared to the scale
set by the gauge coupling.

The infrared of the supersymmetric model consists of [208] a complex scalar field Y, whose
imaginary part transforms inhomogeneously under the U(1) R-symmetry, thus signaling
spontaneous symmetry breaking of this symmetry. The kinetic term for Y is approximately
canonical for large re(Y') and the potential is the runaway potential V' ~ e 5o, Adding a
small (supersymmetry-breaking) mass term m?2p? in the ultraviolet translates to adding a
small (supersymmetry-breaking) mass term m*re(Y)? in the infrared. (The map between
the deformations in the UV and IR is rather simple for large re(Y') because the theory is
weakly coupled there.) For small enough mass of ¢ the minimum of

V= "0 4 m2(re(Y))? (3.3.8)

is therefore at large re(Y') and we can analyze the physics semiclassically. The fermions are
all lifted due to the Yukawa couplings and re(Y’) is likewise massive at the minimum of the
potential. The deep infrared theory therefore consists of just the (compact) Nambu-Goldstone
boson im(Y') without an additional TQFT, exactly as in the scenario we proposed above for
SU(2) with a Dirac fermion in the rank-two symmetric representation.

We shall return to this theory later when we discuss domain walls in 3 + 1 dimensional
SU(2) Yang-Mills with Ny = 2 adjoint Majorana fermions.

3.3.2 Gravitational Counterterm Matching

Another nontrivial check of our proposed phase diagrams in figures 3.3 and 3.4 can be
devised by coupling the theories to background gravity. A well-defined (scheme independent)
observable is the difference in the gravitational counterterm 2Ac CSgyy between the asymptotic
negative and asymptotic positive mass phases. This difference is closely related to the
difference in the thermal conductance in the two phases. This is an interesting quantity to
study because it can be easily computed in the original “electric variables” where it is one
loop exact. But it can also be computed in the dual variables, followed by traversing the
quantum phase, and using the dual variables again. Therefore, one can devise a concrete
nontrivial consistency check. Such computations were done in the context of supersymmetric

"8A closely related N = 1 preserving mass deformation was analyzed in [127].
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dualities in [209, 210], where the connection to the physically observable thermal conductance
(or the analogous charge conductance which we will study soon) is explained.

The jump in the gravitational counterterm in the electric variables is given by the number
of fermions in the ultraviolet gauge theory (this is related to the parity anomaly [24, 201,
202]). Therefore, in our theories

Ac = —dim(R) , (3.3.9)

where R is either the rank-two symmetric or antisymmetric representation, respectively.

Our phase diagrams for & < T'(R) in figures 3.3 and 3.4 provide us with another way to
compute this difference. The two computations must agree for consistency. We start with
the TQFT in the asymptotic negative mass phase SU(N),_r(r) and work our way towards
the asymptotic positive mass phase SU(N)ir(r). This requires tracking the jump of the
gravitational counterterm across level /rank dualities, where a gravitational counterterm is
generated, and across the phase transitions:

e SU/U TQFT level/rank duality in the asymptotic negative phase [28]:

Acy = N(k—T(R)) (3.3.10)
e Jump induced from positive to negative mass of the leftmost dual gauge theory:
Acy = dim(R) (3.3.11)
e U/U TQFT level/rank duality in the intermediate phase [28]:
Acg = (T(R) —k)(T(R)+ k) —1 (3.3.12)
e Jump induced from positive to negative mass of the rightmost dual gauge theory:
Ac, = dim(R) (3.3.13)
e U/SU TQFT level/rank duality in the asymptotic positive phase [28]:

Acs = —(k + T(R))N (3.3.14)

Here R and R denote the representation of the fermion in the leftmost and rightmost dual
descriptions in figures 3.3 and 3.4.

Adding up the contributions to the jump following this path we find that it precisely
matches that in (3.3.9)

5
> Acp=Ac, (3.3.15)
=1

both for the theory with a symmetric and antisymmetric fermion!
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3.3.3 Baryon Counterterm Matching

An entirely analogous exercise to (3.3.15) is to match the difference in the baryon number
conductivity coefficient. This coefficient is simply the difference between the two asymptotic
phases in the Chern-Simons term for the baryon background gauge field B, i.e., we are after
the difference

Ak

— [ BAdB. 3.3.16
ym (3.3.16)

Here we think about B as an ordinary U(1) connection and the space-time is assumed to be
a spin manifold.™

We need to carefully normalize the baryon charge of the fermion. The most convenient
choice is to imagine that the fermion is in the (anti-)symmetric representation of U(/N) rather
than SU(N) and the diagonal of U(N) is the baryon number. This would lead to the fermion
carrying charge 2. However, the corresponding baryon gauge field would then have possible
fractional fluxes and in order to fix that we need to take the charge to be 2/N.

We can therefore compute Ax straightforwardly in the electric variables as

Ak = (%) dim(R) = %%N(N +1) = %(N +1). (3.3.17)

As before, we can also compute Ak using the dual description:

e First, in the phase with large negative mass we need to perform level /rank duality
between SU(N)y_r(r) and U(T(R) — k)x, which leads to a jump® [28]

k—T(R)  k—3(N=x2)

Ay = ———t = 7 (3.3.20)

e Next, there is a crucial difference with our computation of the thermal conductivity.
Since the baryon symmetry maps to the magnetic symmetry in the dual variables, and

" As all our theories are fermionic and the baryon number clearly satisfies a spin-charge relation, we can in
principle also study our theories on spin. manifolds. This leads to some additional nontrivial consistency
checks which we do not present here.

80Let us explain briefly how to derive this shift from [28]. Using the notation of [28], the Lagrangian for
SU(N)K is

K 2. €K 1
Lsunyx = o tr [bdb - 311)3} + E(tr b)d(trb) + gcd(trb + B) (3.3.18)

where b us a u(N) gauge field. If we integrate out ¢ and remove the trace b := b— %B (with trb= 0), we get

K P 2,~3 K €K
— - = ——BdB + —BdB. 3.1
Ly = 300 {bdb Sib ] + o BdB + | Bd (3.3.19)

The level/rank dual U(K)_x also has a term £ BdB, so the relative shift by the contact term is only given
by the term %BdB.
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since the dual fermions are not charged under the magnetic symmetry, we get that
Aky = Ary = 0. In other words, the phase transitions do not lead to a jump in the
conductivity.

e Next we need to address Akg, which arises from the U/U level/rank duality in the
quantum phase. We find again from [28] that

Aky=1. (3.3.21)

e Finally, the positive-mass SU/U level/rank duality leads to

k+3(N=£2)

A p—
K5 N

(3.3.22)
We see that if we add all the partial jumps Ax; we get precisely the same shift in the
baryon counterterm (3.3.17) computed in the electric theory:

5
ZAKJ] = Ak (3.3.23)
=1

for both the symmetric and antisymmetric representation!

The matching of the gravitational contact term guarantees that the phase diagram remains
consistent in curved space and the thermal conductivities are single-valued, as they should
be in physical theories. The matching of the baryon contact term further guarantees that we
can consistently gauge the ultraviolet baryon symmetry in all the phases. Therefore, one can
derive from our phase diagrams and dualities also the phase diagrams and corresponding
dualities for U(N) gauge theories coupled to two-index matter fields.

3.3.4 Self-consistency check for the dualities

The fact that the conductivity coefficient k is continuous across the phase diagram means
that U(1)p can be consistently gauged. Moreover, given our choice of normalization for the
baryon charge of the fermion, one can also gauge the diagonal Zy one-form symmetry, and
this process conserves the phase diagram as well [29]. The end result is the phase diagram of
U(N)gx + 1, where 1 is a fermion in the symmetric or antisymmetric representation; the
details of these phase diagrams will be discussed elsewhere.

For our purposes, it suffices to note that SU(N); 41 and U(N)j 4 +1 have a qualitatively
identical phase diagram and, in particular, they have the same number of phases. More
specifically, either they are both in the two-phase regime, or they both develop an intermediate
nonperturbative phase, depending on whether k is larger or smaller than T'(R). This implies
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yet another consistency check of our phase diagram, because the dualities (3.2.5) and (3.2.6)

N +2 -
SU(N)i + symmetric ¥ < U( i + kz) + antisymmetric 1
2 1(~14+k—3N/2),k—N/2
. N +2 ' o
SU(N)y + symmetric ¢ «— U —k + antisymmetric 1
2 L(+14k+3N/2),k+N/2
. . N —2 .-
SU(N) + antisymmetric ¢ «— U +k + symmetric 9
2 L(+1+k—3N/2),k—N/2
. . N —2 —
SU(N)x + antisymmetric ¢ +— U —k + symmetric ¢
2 1 (—1+k+3N/2) k+N/2

(3.3.24)
are only consistent if one side is in the two-phase regime and the other one is in the three-phase
regime, and vice versa®!. It is straightforward to check that this is indeed the case: assuming
that 0 < k < T'(R), one has

1 1[N+2
—5(-1+k=3N/2) > o |:T++/{?—2:|
) TN 22 (3.3.25)
+=(+14+k+3N/2) > = | —— —k —2
2 2 2
for the antisymmetric case, and
1 1[N -2
—§(+1+k—3N/2) > 5 [—+k~|—2}
1 LTN -9 (3.3.26)
+§(—1+k+3N/2) > 5 [——k%—Q]

for the symmetric case, as required.

Notice the interplay between the symmetric and antisymmetric representations in the
original UV description and in the dual description, which are manifested non-trivially in the
above checks. This makes the criteria for quantum phases in (3.1.2) natural.

3.4 Domain Walls in Four Dimensional Gauge Theories

Let us consider the four-dimensional theory of a Dirac fermion in the symmetric/antisymmetric
representation coupled to SU(NV) gauge fields. We can equivalently think about it as SU(V)
gauge theory coupled to a Weyl fermion in the symmetric/antisymmetric representation and
another Weyl fermion in the conjugate representation. Let us begin with the massless theory.

81We would like to thank A. Baumgartner for an interesting discussion regarding this point.
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This theory has a (Zo(n—_2)) Za(n42) discrete chiral symmetry that acts by re-phasing the two
Weyl fermions together,
Z b,b s e, i) 2tk ez (3.4.1)
: e e o0=———-- : 4.
2(N+2) ) ) ) 2(N:|: 2) )
In addition the theory enjoys baryon number symmetry U(1)p which acts by re-phasing the
two fermions in an opposite fashion

U)p: 0 = e, e . (3.4.2)

The special case of N = 2 with a symmetric representation Dirac fermion is equivalent to
SU(2) gauge theory with two Weyl fermions in the adjoint representation. In this case the
U(1)p symmetry is in fact enhanced to SU(2)r flavor symmetry (and in addition, there is the
discrete Zg axial symmetry, where the order-two generator in Zg is identified with the center
of SU(2)r flavor symmetry. This order-two generator coincides with the fermion number
symmetry, and it is hence unbreakable as long as the vacuum is Poincaré invariant.)

These theories admit a mass deformation, M 1/1775, and we can take M to be non-negative
without loss of generality, at the expense of having to keep track of the # parameter of the
gauge theory. The mass perturbation breaks the Zs(y+2) symmetry down to Z;. However,
the mass term preserves U(1)g. For § = 0, 7 also the time-reversal symmetry is preserved.

In the special case of N = 2, the mass perturbation breaks SU(2)r symmetry, but it
preserves baryon number, which can be identified with the Cartan subgroup of SU(2)r. The
Vafa-Witten-like theorems would imply that the massless theory cannot break U(1)s. We
will assume that SU(2)p is broken to U(1)p.

It is reasonable to assume that the massless theory breaks the chiral symmetry Zs(y+2)
4532

ZQ(Niz) — Zis . (343)

According to these assumptions, the vacuum structure of the theory is therefore:

e N > 2: The massless theory has N 4+ 2 vacua, each of which is trivial and gapped.
The order parameter distinguishing these vacua is the fermion bilinear (i), which is
Charged under ZQ(]\H:Q)/ZQ.

e N = 2: Here SU(2)p breaks spontaneously to U(1)p but also the axial symmetry is
spontaneously broken. The fermion bilinear is in the adjoint representation and it is

82This can be proven in the planar limit [47], where the theory in the meson sector is equivalent to N = 1
Supersymmetric Yang Mills theory, which is known to develop a condensate. Therefore our statement about
the symmetry breaking pattern certainly holds for large enough finite N.
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the order parameter leading to this symmetry breaking pattern.®® Let us parameterize
1

0
SU(2)r — U(1) g, and the corresponding coset manifold is S?. Acting with the generator

it without loss of generality by (¢1)) = ( 0 1). This leads to the breaking pattern

of Zg we get a new vacuum, and therefore we have at least two copies of the coset S2.

-1 0
However, acting with the square of the generator of Zg we get the matrix ( 0 1),

but this is in fact on the same coset as the original condensate (more precisely, the
Weyl group of SU(2)p relates these two configurations). Hence we have exactly two
copies of S?, and the broken axial symmetry allows us to move from one copy to the
other copy.®*

Let us now turn on a small positive mass M. This corresponds to a small potential on
the above space of vacua which is a function of M, 0. For N > 2, for any 6 # 0 this lifts the
degeneracy and picks up one of the N + 2 vacua. At § = 7 there is a first order transition
and two (adjacent) vacua are exactly degenerate. While this analysis is done at small M, it
is natural to assume that this is true for any positive M. In particular, at asymptotically
large M this agrees with the expectations from pure Yang-Mills theory, which is supposed to
have a trivial ground state for any 6 # 7w and two degenerate vacua at 6 = .

For N = 2 we can again turn on some mass M and fix the theta angle. But now the mass
M is an adjoint SU(2) matrix. Without loss of generality we take this matrix to be in the
Cartan and hence the eigenvalues are real (and we keep track of #). Therefore we choose

M = M, ((1) 01> with positive M. The physics depends only on the combination
Moye/4 (3.4.4)

and, furthermore, all the physical observables must be periodic under 6 — 6 + 27.
We can parameterize the vacuum configurations by the adjoint SU(2)r matrix of fermion

Myac = {U ((1) _01) Ul} U {v (8 _OZ> Vl} (3.4.5)

where U,V are SU(2) matrices. This is just the union of two S%’s, as we explained above.

condensates

The potential (up to an unimportant proportionality factor) induced by the deformation by

83Indeed, since the order parameter must be a scalar in space-time the Lorentz indices are contracted
antisymmetrically, and since it must be gauge invariant, the gauge indices are contracted symmetrically and
hence the flavor indices must be contracted symmetrically as well, leading to the symmetric product of the
fundamental representation of SU(2)r with itself, namely, the adjoint representation.

84This scenario of the SU(2) gauge theory with two adjoint fermions flowing in the infrared to two copies
of S? has been recently connected to the Seiberg-Witten solution of the N = 2 vector multiplet theory [211].
Other possibilities for the infrared dynamics were recently discussed also in [212, 213].
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M., 0 on the space Myac is

- 1 0 1 0
_ i6/4 -1
Ey = Mye™* tr <(0 _1) U (O _1) U ) + c.c. (3.4.6)

on the first S? and

< 1 0 1 0
. i6/4 -1
Ey = iMoe™ * tr ((O _1) V <0 _1> V ) + c.c. (3.4.7)

on the second S?. We need to minimize over U and V' and then find the global minimum by
comparing these two sectors. First we simplify the expressions for Fj 5 and write (again, up
to unimportant proportionality factors)

By, = Mgycos(0/4) tr <((1] _01) U (é _01) U—1> :
Ey = Mysin(0/4) tr (((1) _01) 1% ((1) _01> v—l) :

Using the Cauchy-Schwarz inequality we see that the expression in the trace is minimized
when the gaugino condensate is (¢¢)) = —o, and it is maximized when the gaugino condensate
is (1)) = o,. We refer to these two points on S? as the south and north pole of S%. We
therefore have the following phases for small enough M, as a function of 6:

(3.4.8)

e —7 < 0 < m: The true vacuum is at the south pole of the first S2.
o 7 < 0 < 3m: The true vacuum is at the south pole of the second S?

37 < 6 < 5m: The true vacuum is at the north pole of the first S?

57 < 6 < 7m: The true vacuum is at the north pole of the second S?

e O =, 3w, bmw, Tmr: The two vacua on the two sides of the transition are exactly degener-
ate.

While the periodicity of the above list of vacua is 87, of course the physical observables are
27 periodic. In addition, as before, while our analysis is reliable for small M, it is consistent
to assume that the bulk vacua behave as above for any M.

We now turn to analyzing domain walls in this theory. We can start from the massless
case, which is the most difficult (and the richest) case. We consider first N > 2. Since
we have N + 2 vacua, we can study the domain wall between any pair of vacua. However,
using the spontaneously broken axial symmetry we see that the result only depends on the
difference of the phases of the gaugino condensates on the two sides. Let us label the vacua
by J =1,...,N 4 2 according to the phase of the gaugino condensate (1)) = eviz. A
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natural conjecture for the domain wall theory is to identify it with the quantum phase in the
corresponding 2 + 1 dimensional gauge theory of SU(N) with a symmetric (antisymmetric)
fermion. This leads to the proposal that the theory on the domain wall connecting the vacuum
I and the vacuum J. We can choose the orientation such that without loss of generality, say,
I > J and J is on the right hand side of the wall. The other cases are obtained by simply
reversing the orientation. We thus identify the rank of the gauge group of the quantum phase
in (3.1.2) with the jump I — J, that is, Y22 — k <> I — J. Equivalently, the 2 4 1 level maps

2
to k <» 22 — (I — J), whence the domain wall theory is

U (] - J)N:N:Q—I+J,N:I:2—21+2J ' (349)

Of course, this TQFT has to be accompanied by the decoupled center of mass degree of
freedom (which is described to leading order by the Nambu-Goto action).

The proposal (3.4.9) is a generalization of the Acharya-Vafa theory for SYM [46]. Note a
few interesting facts that follow from (3.4.9).

o If we take I = J + 1 we obtain the TQFT U(1)y in the case of the symmetric fermion,
and U(1)y_4 in the case of the antisymmetric fermion. Note that for finite (positive)
M, and 0 = 7 precisely these two adjacent vacua are degenerate and hence this domain
wall continues to exist also at finite M. At very large M we can integrate out the
fermion and remain with the pure Yang-Mills theory, where the domain wall is given
by U(1)n (more precisely, the domain wall of pure Yang-Mills theory is level /rank dual
to the U(1)xy TQFT). We see that in the symmetric fermion case no phase transition
occurs. This is similar to the theory with the adjoint fermion. But in the case of the
antisymmetric fermion we see that a phase transition does occur as we crank up the
mass. If the phase transition is second order, it would be natural to assume that it is in
the same universality class as the corresponding 3d phase transition, namely, it is given
by U(1)y_2 plus a charge-2 fermion. This discussion (beautifully) makes sense also for
the degenerate case N = 2, where the corresponding theory with the antisymmetric
tensor is equivalent to the pure Yang-Mills theory with a neutral Dirac fermion. The
domain wall theory is always U(1)s (here we use that U(1)y ~ U(1)_5) and the U(1),
plus a charge-2 fermion leads to a massless fermion on the wall [214-217], which can be
thought of as arising precisely from the massless Dirac fermion in the bulk!

e In general, combining the four-dimensional spontaneously broken axial symmetry and
time-reversal symmetry, we can derive that the domain wall theory connecting I and J
should be isomorphic to the one connecting N =2 — [ + J and 0. Indeed, this is merely
the statement that

U = J)ysorrnoorgor SUWNE2 =T+ J); 1 nio oriay (3.4.10)

which is nothing but level /rank duality in three dimensions.
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e If NV is even then there exists a time-reversal invariant domain wall, given by I —J = %
The corresponding theory on the wall is U(%) N2 o We discussed in detail that this
theory should be interpreted as a massless NGB céupled to some TQFT. While baryon
symmetry is not broken in the bulk, we see that it is broken on the wall! In principle,
this domain wall theory is a nonperturbative object and it is hard to understand where
this massless NGB comes from and why (recall that in the case of the Acharya-Vafa
domain walls, there is no such massless field). We can think of this domain wall theory
as a bound state of % elementary domain walls (the elementary domain walls are
the ones described in the first bullet point). There is however one case, N = 2 with a
symmetric fermion, where this massless NGB can be seen explicitly. We describe this

mechanism below.

Now let us discuss in detail the case of N = 2 with a Dirac fermion in the adjoint
representation. Recall that, as explained above, instead of having N + 2 = 4 isolated trivial
vacua we have two copies of S?. The “elementary” domain wall corresponds to connecting the
south pole of the first S? and the south pole of the second S? (or any isomorphic configuration
thereof). This wall is hard to understand since it passes in regions of field space which are
not within our effective theory. However, our prediction above for the physics of this domain
wall is the U(1), TQFT, which makes a lot of sense (in the limit of softly deformed pure
N = 2 SYM theory, this result can be derived directly from the Seiberg-Witten solution
along the lines of [218]).

The bound state of two such elementary walls corresponds to a jump of 8 by 47 and
what it does is to connect the north pole and the south pole of the same given S%. Now, the
wall can be analyzed entirely within classical field theory, since the wall is merely a geodesic
running from the north to the south pole of the O(3) NLSM. The massless bosonic mode that
our 3d model predicts is simply the azimuthal degree of freedom of that geodesic trajectory,
see figure 3.7. Therefore, the domain wall has indeed a compact NGB which corresponds to
the spontaneous breaking of baryon symmetry. In figure 3.8 we depict the four vacua at the
north and south poles of the two S?’s as the vertices of the square and we draw the two S?’s
that stretch along the diagonals, parameterizing the vacua of the theory.

For this story to hold up it is essential that the TQFT that accompanies the NGB is
trivial. Indeed, it is PSU(2)s = SO(3); which is a trivial theory. In the four dimensional
theory there is nowhere for the domain wall to obtain a Chern-Simons term from since the
sphere has the standard non-singular round metric and the domain wall can be understood
entirely within effective field theory. Therefore the NGB in the infrared is not accompanied
by a TQFT, in accordance with our prediction from the 3d analysis.

Note that the emergence of the NGB on the wall here is quite analogous to the way
the symmetry breaking phases of QCD3 emerge from the corresponding four-dimensional
construction [41]. For similar constructions see also [40, 219-225]
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S S

Figure 3.7: These figures represent the NG boson that arises on the domain wall connecting
the vacuum at the north pole with the vacuum at the south pole. The first figure is the NG
boson on the domain wall and the second and third figures represent the bulk vacua.

Y

Figure 3.8: Moduli space of SU(2) plus a symmetric fermion, consisting of two copies of 52
(the S%’s in the figure are stretched only for the convenience of the picture).

3.5 Comments on Future Directions
Our theories with m = k = 0 all have a time-reversal symmetry, satisfying
T2 = (-1)F. (3.5.1)

It is therefore possible to study these theories on pin  manifolds. It is well known that there
is a purely gravitational Z¢ time-reversal anomaly in such cases [56, 87-89, 108]. We denote
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the anomaly by v € Z4. Here we would like to briefly mention some new aspects of this
anomaly, which will be explained in more detail elsewhere.

A naive approach to computing the anomaly v in the ultraviolet is to disregard the gauge
interactions and compute the total (weighted) number of Majorana fermions. This seems
physically justified because the gauge interactions are arbitrarily weak in the deep ultraviolet.
However, in [30] it was noted that this procedure is often ambiguous; it is not invariant under
gauge transformations, in the sense that if we compose T with a gauge transformation then
v may change by an integer which is not a multiple of 16.

In [34] it was pointed out that in theories where the gauge group is not simply connected,
the time-reversal symmetry algebra could be deformed by the magnetic symmetry and as
a result v would not be well defined. Here we will demonstrate that v € Z;5 cannot be
canonically defined (in general) in theories with a one-form symmetry. This even happens in
theories without a magnetic symmetry (i.e. based on simply connected gauge groups). The
lack of a canonical choice of v has to do with the fact that the full symmetry group of the
theory has more generators than just T, and there is no canonical way to set to zero the
background fields for the one-form symmetry. See below.

Let us consider a simple example, which was already studied in [30]. Consider SU(2) gauge
theory coupled to a single Majorana adjoint fermion (and k = m = 0). Let the time-reversal
symmetry act in the standard way, which leads to v = 3, simply because there are three
Majorana fermions in total. However, let us now compose T with the gauge transformation
U = io,. The (traceless) Hermitian matrix of Majorana fermions transforms under this gauge
transformation as

v 0 1)\ /v 0 —1 —U —xf
W)= G )0 0)-(0 ) e

If our original time-reversal symmetry acts as T¥ = %0 and Ty = 7% as usual, then
combining this with the gauge transformation we see that ToUW¥ = —°¥ and ToUy = —+"Y.
Remembering that T o U is antilinear (squaring to (—1)¥") we thus see that now it would
appear that the time-reversal anomaly is ¥ = —1. We therefore clearly see that in theories
with a one-form symmetry the v € Z;4 anomaly is not uniquely defined in spite of the
fact that there is no magnetic symmetry. The same phenomenon takes place in many of
the examples studied in [30, 34]. We will now give a physical as well as a mathematical
interpretation of this phenomenon.

The SU(2) gauge theory coupled to the adjoint Majorana fermion was claimed to flow in
the infrared to a free massless Majorana fermion alongside with the U(1), TQFT [30]. The
time-reversal anomaly of the U(1)y TQFT could be either v = 42 or v = —2 — this depends
on the time-reversal transformation of the semion in the TQFT. The contribution of the
decoupled Majorana fermion is always V\ajorana = +1 in our conventions (i.e. with our choice
of orientation). Therefore the total time-reversal anomaly of the infrared theory is either —1
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or 3, which is in exact agreement with the values found above in the ultraviolet gauge theory.
(Analogous matching of the multiple possible values in the ultraviolet of v can be carried
out in the examples appearing in [30, 34].) Indeed, the ultraviolet theory has an unscreened
Wilson line in the fundamental representation and the properties of the particle defining the
worldline are not part of the definition of the ultraviolet theory.

A closely related point of view [212] is that we can break the one-form symmetry by
adding heavy particles that transform faithfully under the center of the gauge group. We need
to assign time-reversal transformations to these new particles. The fundamental Wilson line is
now screened by these particles. In particular, v € Z¢ is well defined and the transformation
properties of the infrared semions are completely determined in the presence of these heavy
particles.®?

The mathematical interpretation® is that one can show that in the presence of a Z,
one-form symmetry the value of v can be shifted by a change of variables involving the
two-form gauge field and w?. This can lead to Av = 4 which is precisely what we have found
above. Ideally in such theories we should compute the full anomaly polynomial involving the
two-form gauge field B and the time-reversal gauge field wy, and this should be compared
across renormalization group flows and dualities. We leave this for the future.

An additional subtlety that arises in our theories (but not in the theories with an adjoint
Majorana) at m = k = 0 is the presence of a massless scalar field. In the presence of such a
gapless mode, it is nontrivial to evaluate the infrared contribution to v (and to various other
discrete anomalies).

To avoid the complications of having the Nambu-Goldstone boson when we study the
theory on pin_ manifolds, we could try to add a baryon to the Lagrangian, in such a way that
some time-reversal symmetry remains and at the same time the Nambu-Goldstone boson
would be lifted due to the explicit breaking of baryon symmetry.

This brings us back to the discussion of which baryon, in fact, condenses (see e.g. [226]
for a discussion of some baryons in such theories). It turns out that the baryons in these
theories are not as simple as one may initially expect. For instance, the naive baryons for the
rank-two representation that were discussed in the literature

Eil.‘.iNEjl...jNTﬂiljl s wiNjN (353)
vanish identically because of Fermi statistics:
€i1-..iN€jl“-iji1j1wbhwiw’g =0 (354)

for arbitrary values of the spinor indices and regardless of which other insertions are used. To
construct a baryon with minimal baryon charge one therefore has to add various derivatives,
insertions of the field strength or mesons. It would be nice to return to this in the future.

85We thank T. Senthil for discussions on this.
86We thank R. Thorngren for collaborating with us on this result.
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3.6 Review of QCD3; dynamics.

In this section we collect some known phase diagrams of QCD in d = 2 + 1 dimensions. We
mostly focus on [3, 29, 30, 113]; we make no attempt at reviewing the subject comprehensively
since the existing literature is huge. For concreteness we restrict ourselves to either Np
fundamental quarks, or Ngp = 1 quarks in rank-2 representations; and to simple groups. In
the literature one can also find Nr = 2 rank-2 quarks [130], as well as mixtures of quarks
and scalars [227-231], including theories with supersymmetry [127-129, 232, 233]; and also
quiver gauge theories [203, 234-236] and exceptional Lie groups [237]. The general picture is
qualitatively similar although the finer points require a more specific analysis.

The following basic level-rank dualities of Chern-Simons theories play an important role
(we take k > 0) [28, 112, 113]:

SU(N)k <——> U(/{Z),N77N
Spin(N),  +—  O(k)"y_y -
Sp(N)x < Sp(k)-n

We schematically write these dualities as G(N)j, ¢ G(k)_y, where G is the “dual” group.

Clearly, G = G. Note that G (Ng) can be thought of as the flavor symmetry of the gauge
theory with gauge group G(N).
Other important dualities are

UN)eren <= U(R)_nzen)

(3.6.2)
O(N)llc,k—l-l-L — O(k)l—N,—N—i-H-L

Note that, under level-rank duality G(N); < G(k)_y, integrable representations are
exchanged as R <+ R! x f", where R! the representation whose Young diagram is the transpose
of that of R, f is the transparent fermion, and r is the rank of R (i.e., the number of boxes
in its Young diagram). Therefore, at a very heuristic level, it is reasonable to expect that if
we deform G(N) by a field in the representation R, then the duality remains true if we also
deform G (k) by a field in the representation R', with the same fermion parity as R if r is
even, and with the opposite parity if odd. For example, adding fundamental fermions to G is
equivalent to adding fundamental bosons to G ; and adding symmetric fermions is equivalent
to adding ant-symmetric fermions to the dual.

With this in mind, consider now QCD. We denote the gauge group as G(N), the renor-
malized Chern-Simons level as k, and the quark representation as R. The level is defined as
transforming as k — —k under time-reversal. The gauge theory is denoted as G(N)y + V.
The Dynkin index of the representation is denoted as T'(R), and it is scaled up by a factor
of 2 when the representation is complex (so, for example, the fundamental representation
always has T'(0) = 1, whether the group is SU(N) or SO(N)).
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The general structure of the phase diagram is the following. When the level is large
enough, presumably k& > T'(R)/2, the theory is in the two-phase regime, namely the infrared
phases are the two semiclassical phases that follow from integrating out massive fermions:

G(N)k+¢R k‘ET(R)/Q

m — —0o0 m — +00

e (3.6.3)

G(N)k—1(R)/2 G(N)k+7(R) /2

In the case of fundamental quarks R = NpgO, the transition point admits a weakly coupled
dual theory, which takes the form [238]

~

G(k + Np/2)_y + Npop (3.6.4)

where G is the dual group (cf. (3.6.1)). The masses are mapped as sign(m) = sign(m'?).
Integrating out the fields, the two dual theories reproduce the same phase thanks to level-rank
duality. For higher-rank fermions, no weakly coupled dual theory is known.

When the level is small, presumably k < T'(R)/2, an intrinsically quantum phase opens
up, and the transition points admit weakly coupled dual theories. The dual theory has matter
fields in the representation R, and these are bosons if R is a rank-1 representation, and
fermions if a rank-2 representation.

The diagram in the quantum regime is as follows. When R is the fundamental representa-
tion, the dual theory contains scalars:

G(N)k + Ny k < Np/2
G(NF/2—]€)N+NF¢|:| G(NF/2+/€)_N+NF¢D
m — —0o0 \‘ ‘/ m — +00 (3.6.5)
G(N)k-nNp /2 G(N)ksnNp/2

~

I G(Nr) I
G(Ng/2 — k) x G(Np/2 + k)
G(Np/2—k)y G(Np/2 4 k)_x

Here the intermediate phase represents a sigma model over the displayed manifold, and it is
the consequence of the spontaneous breaking of the flavor symmetry by a fermion bilinear
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condensate; this breaking is manifest in the dual variables. The sigma model also includes a
Wess-Zumino term at level N. The mass deformations are mapped as sign(m) = — sign(m'?)
for the left transition, and as sign(m) = + sign(m'?) for the right transition.

When R is a rank-2 representation, the dual theory contains fermions:

G(N)k + Yr k<T(R)/2
G(T(R)/2 = k)n—r(ry/2 + Y G(T(R)/2 + k)r(ryja-n + Y
no \, ,/ "I (3.6.6)
G(N)k-1(r)/2 G(T(R)/2 — k)n-T(rr) G(N)rsrr)/2
@(T(Ri2 — k)N G(T(R)/2 E k)N G(T(R)/IQ +k)-n

Here the intermediate phase is a topological phase; it is a non-perturbative phase from the
point of view of the original fermions, but it is semi-classical with respect to the dual fermions.
The mass deformations are mapped as sign(m) = —sign(m’). The two descriptions of the
intermediate phase are apparently inequivalent, but they are in fact identical thanks to the
level-rank dualities above.

Disconnected and non-simple groups have more than one level. The phase diagrams above
require the following additions:

e In the case of fundamental quarks, the dual to Spin(V) is O(k), and the Zy level is
zero throughout, i.e., G — O(---)°.

e In the case of rank-2 quarks, the dual to Spin(V) is O(k), and the Z, level is F1/2
on the dual gauge theories, and 1 in the intermediate phase, i.e., the theories are
O(-+-)T2 4 9ppe and O(---)! respectively.

e In the case of rank-2 quarks, the dual to SU(N) is U(k) and the U(1) level is FN +
mdim(fit) on the dual theories, and FN + T(R = dim(R?") in the intermediate
phase, where ¢ is the U(1) charge of the fermions, i.e., ¢ = 0 for adjoint quarks and
q = 2 for symmetric and anti-symmetric quarks.

e [t should also be noted that at small m, the theory with adjoint fermions is super-
symmetric, and this symmetry is spontaneously broken, hence the infrared contains a
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gapless point where, on top of the TQFT above, there is a decoupled Majorana fermion
(i.e., a Goldstino).

Note that the picture above is only consistent if the dual theories are in the two-phase
regime when the original theory is in the three-phase regime — indeed, the intermediate phase
was derived by simply integrating out the fields in the dual theory. An immediate consistency
check for the rank-2 phase diagrams comes from noticing that the dual theories are rank-2
gauge theories too, and therefore k < T'(R)/2 must hold precisely when N > T'(R"). Using
the actual values of T'(R) and T'(R') this is indeed seen to hold.

A simple test in the case of fundamental matter comes from looking at the £ = 0 case,
which is time-reversal invariant. The Vafa-Witten analysis [239] strongly suggests that here,
the flavor symmetry is broken as G(Np) — G(Np/2) x G(Ng/2), consistently with the
general arguments above. This, if correct, then implies the case of general k. Indeed, if the
picture is correct for a given (Np, k), then it is also correct for (Ngp — 1,k £ 1/2), as can be
seen by turning on a mass for a single flavor in the conjectured dualities. This mass gaps out
that single fermion, which decreases Np — Np — 1 and it also shifts & — k £ 1/2, depending
on the sign of the deformation.

3.7 Time-reversal and flavor symmetries.

A non-trivial consistency check comes from looking at how time-reversal acts on the phase
diagram. Generically, this is not a symmetry, as it is explicitly broken by m and k. We
can formally restore this symmetry by letting it act on these parameters, i.e., we take
(m, k) — (—m, —k). In a loose sense, we think of m, k as some sort of spurions. In practice,
this means that, if we reverse the orientation of spacetime (i.e., reverse the signs of all
Chern-Simons levels), and also manually reverse the sign of m and k, the diagram should
stay invariant. This is manifestly true for the diagram as written,®” but becomes a much
more stringent condition once we turn on background fields.

We check this as follows. First, we turn on background fields for all symmetries — in our
case, gravity and the baryon symmetry — and adjust their Chern-Simons coefficients in the
ultraviolet to their time-reversal invariant point (i.e., the renormalized levels for background
fields are chosen to vanish). Then, we track how this coefficient changes as we move around
the diagram. The coefficient found in the infrared quantum phase must be the same whether
we compute it via the left part of the diagram (the negative mass phase) or the right part of
the diagram (the positive mass phase). Furthermore, this coefficient must be an odd function

87This explains why the mass deformation was chosen as sign(m) = —sign(m’) for the fermion-fermion
dualities (see below (3.6.5)), but as sign(m) = 4 sign(m’?) for the fermion-boson dualities (see below (3.6.6)):
the mass of a scalar is even under time-reversal, while the mass of the fermion is odd. Therefore, the two
transitions must have the same sign in the case of fermion-fermion, but opposite signs for fermion-boson.
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of k; this last condition is what extends the discussion of sections 3.3.2 and 3.3.3 (there we
only checked that the coefficient matched across the diagram, but not whether it was odd
under k — —k).

We next perform this test for the phase diagrams above. In all cases we checked, the test
works out correctly and thus the phase diagrams are consistent as far as time-reversal and
background symmetries is concerned. For a given Lie algebra, it is enough to only check one
form of the gauge group (e.g., for s0(N) we only do SO(V) instead of also doing Spin(N)).
The computation is insensitive to the global form of the group.

The Chern-Simons term for the gravitational term is denoted as CS[g] and that for the
baryon symmetry as CS[B]. In the adjoint case, the infrared includes a Goldstino, which we
shall denote by x.

3.7.1 Unitary group.

Consider SU(N)y + ¥r. The asymptotic phases are

SU(N)k+r(r) /2 U(T(R)/2+ k)zn
+ 1dim(R)CS[g] «+—  +£(3dim(R) — N(T(R) £ 2k))CS]g] (3.7.1)
+ 19 TR oy B + 19 TR oy

Here Q := 1¢*dim(R)/N is the charge under U(1), with ¢ the number of boxes of R. In
particular, Q(0) = N, Q(adj) =0, Q(H) = 2(N — 1), and Q(tT) = 2(N + 1).
The dual theories are

o R = Nr
U(Np/2 + k)=y + Npér — 2Nk CS[g] & 0 CS[B] (3.7.2)
e R =adj:
U(N/2 + k)ﬂF%N+%k,$N + wadj <3 7 3)
F (3N? - 3NE+ L? F1)CS[g] ¥ L CS[B] -
o R= H
U(N =2)/2 £ F)zanpiped ppin + U0 (3.7.4)
F (EN? - INE+ 3N + 157 - Lk)CS[g) + L CS[B] -
e R=r11
U((N+2)/2+ k):F%N—&-%k:F%,k:F%N + @DH
(3.7.5)

F(EN* - 3Nk F ZN + 1k* + 1k)CSlg] + 1 CS[B]
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Integrating out the fermions in the dual theories, the intermediate phase is found to be

o R = Nr
U(NF)
NT — 2Nk CS[g] + 0 CS[B 3.7.6
U724+ k) x UNs/2—F) 9] +0 CS|B] (3.7.6)
e R =adj:
UN/2 £ k) g1y pen + X F (§N° = Nk £ 5% F 3)CS[g] F 5 CS[B] (3.7.7)
o R = E|

U((N =2)/2£ k)1 v-aywe F (4N = Nk £ N £ k% — k)CS[g] £ 5 CS[B] (3.7.8)

e R=r1u
U((N +2)/2 £ k)21 (vioenae F (§N° = Nk F N £5* +k)CS[g] £ 5 CS[B] (3.7.9)

2

The central charge of the infrared phase is

e R = Ng[
¢ = Nk (3.7.10)
e R =adj:
-1 1
—k N 7.11
c [ I —1—4 } (3.7.11)
OR:H
—k-k2_1+1]\7+1-+' (k) (3.7.12)
c= N_2"1 | sign .
e R=rO _ ;
—k:k2_1+1N 1| + sign(k) (3.7.13)
c= N2 d _ sign .

In all cases we see that ¢ is an odd function of k, as expected.
Furthermore, the infrared coefficient of CS[B] matches when coming from both directions,
as it should; indeed, recall that level-rank duality reads

UN)4n+vew[B] = U(k)-n—wzx) [B] F CS[B] (3.7.14)

Not only does the counterterm match, but its value is precisely the one required by time-
reversal.
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3.7.2 Orthogonal group.

Consider SO(N)g + g with R a rank-1 or rank-2 representation. The asymptotic phases are

isgfi]i\rfr)llzjlt%qjg)s/@] oL dim?g)( T_(?(fﬁ%)i%) cslg (3.7.15)
The dual theories are
e R= Ngn:
SO(Np/2+ k)sn + Npdg — NECS[g] (3.7.16)
e R =adj:

SO((N =2)/2%k)psny1paer HUmF (5gN° = INE £ N £ 35° — 1k 5)CS[g] (3.7.17)

o R—=r1

SO(N+2)/2%k) sy 1pe1 +¥aq F (5N — INEF N £ 35° + 1k F 5)CS[g] (3.7.18)

Integrating out the fermions in the dual theories, the intermediate phase is found to be
e R = Np:
SO(NF)

+ NT — NkCS[g] (3.7.19)

o R =adj:

SO((N = 2)/2£k)z1(v-ysr + X F (5N — 3Nk £ N £ 35° — 3k F1)CSg] (3.7.20)

o R=r1

SO((N +2)/2 £ k) g1 nyayen F (N2 = §NEF JN & 3k + Jk F 3)CS[g]  (3.7.21)

The central charge of the infrared phase is

e R= Ngn 1
c= 5Nk (3.7.22)
e R =adj:
__*k 1N(N—2)+l<:2—3 (3.7.23)
‘TN _—4)|4 -
o R=111 T
= —|=N(N — k-1 7.24
c QN{Q( 6) + } (3.7.24)

In all cases we see that ¢ is an odd function of k, as expected.
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3.7.3 Symplectic group.

Consider Sp(N)i + ¥r with R a rank-1 or rank-2 representation. The asymptotic phases are

Simncss T s(amin N Saes 4T
The dual theories are
o R = Npl
Sp(Np/2 £ k)zn + Npég — 4Nk CS[g] (3.7.26)
e R =adj:

SP((N +1)/2 £ k)za vy Lygd + ¢H F (3N? —3NkF 2N £ k% + 1k +1)CS[g] (3.7.27)
e R= H:
SP((N = 1)/2£k)zan1pe1 +aq F (FN° = 3Nk £ IN £ &% — 3k F 5)CS[g] (3.7.28)

Integrating out the fermions in the dual theories, the intermediate phase is found to be

L] R:NFD2
Sp(NF)

+ NT — 4Nk CS[g] (3.7.29)

e R =adj:

SP((N +1)/2 £ k)21 vinyn + X F (3N? = 2Nk F N £2k° + kF1)CS[g]  (3.7.30)

o R=r1

SP((N = 1)/2 £ k)21 (y_1yox T (5N? —2Nk £ N £2k* — k7 5)CS[g]  (3.7.31)

1
2

The central charge of the infrared phase is

e R = Ngn
c = 2Nk (3.7.32)
e R =adj:
c= ﬁ {N(N + 1) + 4k* — 3] (3.7.33)
e R=[0
c= % {N(N +3) + 4k* — 1} (3.7.34)

In all cases we see that ¢ is an odd function of k, as expected.

185



3.8 Time-reversal anomaly.

Another non-trivial consistency check comes from looking at the pure time-reversal anomaly.
In d = 2+ 1, an anti-unitary symmetry T with algebra T? = (—1)% has a Z;4 valued 't Hooft
anomaly, often denoted as v. For systems continuously connected to a free fermion phase,
this anomaly is easily computed as follows.

Consider a system of free Majorana fermions (see A.2 for a quick review). The most
general time-reversal operation is ¢ — VA%, where V is a real matrix (that does not act
in spinor space). This operation satisfies T? = (—1)¥ if V2 = 1. Note that such a matrix is
diagonalizable, and has eigenvalues 4+1; the anomaly associated to this transformation is the
number of positive eigenvalues, minus the number of negative ones, modulo 16 [56]. In other
words,

v=trV mod 16 (3.8.1)

As this is invariant under smooth deformation, this formula remains true for interacting
theories, as long as they can be continuously connected to the free phase. Such is the case,
for example, in QCD, where g — 0 turns off the interactions and leaves us with free fermions
(and free gluons, which do not contribute to v). The value of v is also invariant under RG
flow, and therefore it must be reproduced by whatever phase emerges at large distances, in
particular, by the conjectured quantum phase in the phase diagrams reviewed above.

In QCD, the matrix V' can be chosen to act on both the color indices and the flavor
indices. For simplicity we shall restrict ourselves to color indices only, but the idea for the
general case is the same. In this situation, for any matrix V' in color space that squares to 1,
we will have a value of v, which must be matched by the infrared phase. If we denote the
gauge group by G, and the quark representation as R, then the matrix V' takes the form
V = R(g) for any g such that R(g?) = 1. In other words, for any g € G such that ¢* € ker R,
the value of v = xr(g) := trgr ¢ modulo 16 is an invariant of the system, which is constant
along any T-preserving deformation. Here x i denotes the group character of R, multiplied
by 2 if R is complex (as we count Majorana fermions). Note that v depends only on the
conjugacy class of g, so it is enough to look at a maximal torus of G. Even simpler, note
that for non-trivial R one has ker R C Z(G).

We will next compute the value of v for all the phase diagrams reviewed above, and check
for 't Hooft anomaly matching whenever it is possible. Note that Gy + 1y is time-reversal
invariant only when k = 0. The bare level £ — T'(R)/2 has to be integral, which means that
k = 0 only exists when T'(R) is even.

3.8.1 Unitary group.

The special unitary group SU(N) is defined as the set of N x N complex matrices such that
gg" = 1y and det(g) = 1. It corresponds to the compact form of the Cartan series Ay .
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Fundamental quarks. Consider SU(/NV) plus Np fundamental quarks. The index is
T(R) = Np and therefore v is defined only when Np is even. The most general matrix with
R(g?) =11is g = —15, ® 1y_o, for some integer p. Evaluating the character,

v =2Nptr(g) = 2Np(N — 4p) (3.8.2)

Note that N is even and therefore v = 2NpN mod 16, the p-dependence drops out.

The low energy effective description is postulated to be a non-linear sigma model with a
Wess-Zumino term [29]; the 't Hooft anomaly of such a system is not known, and therefore
we cannot check for matching.

Adjoint quarks. Consider SU(N) plus one adjoint quark. The index is T'(R) = N and
therefore v is defined only when N is even. The most general matrix with R(g?) = 1 is
g=(—1,® 1x_,)0 where p is an integer and 6 a phase subject to 6V = (—1)® (such that
det(g) = 1). Evaluating the character (cf. (B.2.3)),

v=tr(g)tr(g) —1=(N—2p)* -1 (3.8.3)

Reducing modulo 16, the anomaly is ¥ = —1 and v = 3.

The low energy effective description is postulated to be the TQFT U(N/2)y/2 n plus a
decoupled Majorana fermion [30]. The former has anomaly v = £2 while the latter has
anomaly v = +1. Therefore, the infrared phase has anomaly v = —1 and v = 3, precisely as
in the ultraviolet.

Symmetric quarks. Consider SU(N) plus one symmetric quark. The index is T'(R) = N+2
and therefore v is defined only when N is even. The most general matrix with R(g?) = 1 is
either g = —15, ® 1y_9, where p is an integer, or g = (=1, ® 1x_,)i with p = N/2 mod 2
(such that det(g) = 1). Evaluating the character (cf. (B.2.2)),
N + (N — 4p)?
v =tr(¢g*) +tr(g)* = ( 2 (3.8.4)
—N — (N —2p)®
for the two families of matrices above. Note that NN is even and therefore the first option is
in fact independent of p, and equal to N(N + 1) mod 16.
Simplifying the expression above, we get the following anomalies:
0 N =0 mod 16 8 N =8 mod 16
—2,6 N=2 mod 16 —2,6 N=10 mod 16
V= (3.8.5)
+4 N =4 mod 16 +4 N =12 mod 16
—6 N =6 mod 16 2 N =14 mod 16
The low energy effective description is postulated to be the TQFT PSU((N +2)/2)(n+2)/2
plus a decoupled compact scalar [3]; the 't Hooft anomaly of such a system is not known,
and therefore we cannot check for matching.
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Anti-symmetric quarks. Consider SU(/V) plus one anti-symmetric quark. The index is
T(R) = N — 2 and therefore v is defined only when N is even. The most general matrix
with R(g?) =1 is either g = —15, ® 1y_o, where p is an integer, or g = (—1, ® 1y_,)i with
p = N/2 mod 2 (such that det(g) = 1). Evaluating the character (cf. (B.2.2)),

—N + (N — 4p)?

N (N — 2 (3.8.6)

v =—tr(g®) + tr(g)” = {

for the two families of matrices above. Note that N is even and therefore the first option is
in fact independent of p, and equal to N(N — 1) mod 16.
Simplifying the expression above, we get the following anomalies:

0 N =0 mod 16 8 N = 8 mod 16

2 N =2 mod 16 —6 N =10 mod 16 (3.8.7)
V= 8.

+4 N =4 mod 16 +4 N =12 mod 16

—2,6 N=6 mod 16 —2,6 N=14 mod 16

The low energy effective description is postulated to be the TQFT PSU((N —2)/2)n-2),2
plus a decoupled compact scalar [3]; the 't Hooft anomaly of such a system is not known,
and therefore we cannot check for matching.

3.8.2 Orthogonal group.

The special orthogonal group SO(XN) is defined as the set of N x N real matrices such
that gg' = 1y and det(g) = 1. It corresponds to the compact form of the Cartan series
B(n-1)/2, Dn/2 after quotienting out a central Zs.

Fundamental quarks. Consider SO(N) plus Np fundamental quarks. The index is
T(R) = N and therefore v is defined only when Np is even. The most general matrix with
R(g?) =11is g = —15, @ 1y_9, for some integer p. Evaluating the character,

v = Nptr(g) = Np(N — 4p) (3.8.8)

When either Ng/2 or p is even, then v = NNr mod 16; on the other hand, if they are both
odd, then v = NNy + 8 mod 16. Note that v is only defined when T? = (—1)¥ i.e., when
the time-reversal algebra is not modified by the magnetic symmetry [34]; this happens if and
only if Ng/2 is even, whence v = N Np, the p-dependence drops out.

The low energy effective description is postulated to be a non-linear sigma model with a
Wess-Zumino term [29]; the 't Hooft anomaly of such a system is not known, and therefore
we cannot check for matching.
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Adjoint quarks. Consider SO(NV) plus one adjoint quark. The index is T(R) = N — 2 and
therefore v is defined only when N is even. The most general matrix with R(g?) = 1 is either

g = —1y, ® 1x_y, for some integer p, or g = diag(ioy, - ,io,). Evaluating the character
(cf. (B.2.7)),
1 2
v = %(—tr(gQ) +tr(g)?) = {;v N A (N = 4p)%) (3.8.9)
for the two families of matrices above.
Simplifying the expressions above, we get the following anomalies:
(0,8 N =0 mod 32 0,8 N =16 mod 32
1 N = 2 mod 32 -7 N =18 mod 32
+2,6 N= 4 mod 32 —2,46 N =20 mod 32
—1,3 N= 6 mod 32 —=5,7 N =22 mod 32
V= (3.8.10)
+4 N = 8 mod 32 +4 N =24 mod 32
—3,5 N =10 mod 32 —-3,5 N =26 mod 32
2,26 N =12 mod 32 +2,—6 N =28 mod 32
(—5,7 N =14 mod 32 —1,3 N =30 mod 32

The low energy effective description is postulated to be the TQFT SO((N —2)/2)v—2)/2
plus a decoupled Majorana fermion [30]. The former has anomaly v = £(N — 2)/2 while
the latter has anomaly » = +1. One can see that this matches the computation in the
ultraviolet if and only if N/2 is odd. For N/2 even, the time-reversal algebra is modified by
the monopole symmetry m1(SO(N)) = Zs [34], and hence the 't Hooft anomaly is no longer
given by Zig, i.e., there is no reason to expect matching (as we are computing the anomaly
for the wrong symmetry group).

A way around this is to consider, instead, the cover of SO(NN), which has trivial fundamental
group and hence no magnetic symmetry. Thus, we look at Spin(N) plus an adjoint quark.
The computation of v in the ultraviolet is the same, but now the infrared TQFT is O((N —
2)/2)(n_2)j2.n/242 [113]. For N/2 even this can also be written as SO((N —2)/2)(v-2)/2 X (Z2) n;
the second factor has anomaly v = 0,8 for N = 0 and v = 0, £4 for N = 4 (with mod 8
periodicity in V). Adding the contribution of (Z;)y to the anomaly of SO((N —2)/2)(n—2)/2
nicely matches the ultraviolet computation for N/2 even.

Note that another way around the monopole symmetry is to conjugate by a flavor
symmetry. Reference [34] shows that time-reversal, composed with a reflection in color space,
has no monopole deformation when N/2 is even. Following the same analysis as before, but
adding the contribution of the flavor symmetry, the ultraviolet anomaly can be shown to
be v = %(N2 — 8Np — 5N + 4) for some integer p. Again, this nicely matches the infrared
anomaly v = £(N — 2)/2 + 1 for N/2 even.
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Symmetric quarks. Consider SO(N) plus one symmetric quark. The index is T'(R) = N+2
and therefore v is defined only when N is even. The most general matrix with R(g%) = 1
is either g = —15, @ 1y_, for some integer p, or g = diag(io,, - ,io,). Evaluating the
character (cf. (B.2.7)),

1 2
V= %(tr(g2) +tr(g)}) — 1= {2_(;\/_—'—_(]1\7 )) — 1 (3.8.11)
for the two families of matrices above.
Simplifying the expressions above, we get the following anomalies:
(—1,7 N =0 mod 32 —1,7 N =16 mod 32
+2 N = 2 mod 32 +6 N =18 mod 32
1,-3,-7 N= 4 mod 32 1,5,—7 N =20 mod 32
+4 N = 6 mod 32 +4 N =22 mod 32
v = (3.8.12)
3,—5 N = 8 mod 32 3,5 N =24 mod 32
+6 N =10 mod 32 +2 N =26 mod 32
—-3,5,—7 N =12 mod 32 1,-3,5 N =28 mod 32
8 N =14 mod 32 0 N =30 mod 32

The low energy effective description is postulated to be the TQFT SO((N+2)/2)(n-+2)/2 [30].
This has anomaly v = £(N 4 2)/2. One can see that this matches the computation in the
ultraviolet if and only if N/2 is odd. For N/2 even, the time-reversal algebra is modified by
the monopole symmetry m;(SO(N)) = Zs [34], and hence the 't Hooft anomaly is no longer
given by Zig, i.e., there is no reason to expect matching (as we are computing the anomaly
for the wrong symmetry group).

A way around this is to consider, instead, the cover of SO(N), which has trivial fundamental
group and hence no magnetic symmetry. Thus, we look at Spin(/N) plus a symmetric quark.
The computation of v in the ultraviolet is the same, but now the infrared TQFT is O((V +
2)/2)%]\,+2)/27]\,/2 [113]. For N/2 even this can also be written as SO((N +2)/2)(n42)/2 X (Z2)n;
the second factor has anomaly v = 0,8 for N = 0 and v = 0,+4 for N = 4 (with mod 8
periodicity in N). Adding the contribution of (Zs)y to the anomaly of SO((N 4 2)/2)(n+2)/2
nicely matches the ultraviolet computation for N/2 even.

Note that another way around the monopole symmetry is to conjugate by a flavor
symmetry. Reference [34] shows that time-reversal, composed with a reflection in color space,
has no monopole deformation when N/2 is even. Following the same analysis as before, but
adding the contribution of the flavor symmetry, the ultraviolet anomaly can be shown to
be v = %(N2 — 8Np — 3N + 2) for some integer p. Again, this nicely matches the infrared
anomaly v = £(N +2)/2 for N/2 even.
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3.8.3 Symplectic group.

The symplectic group Sp(N) is defined as the set of SU(2N) matrices such that gQg' = Q,
where €2 is the canonical anti-symmetric matrix Q = diag(io,, - - - ,i0,). It corresponds to the
compact form of the Cartan series Cy. The alternative notation USp(2/NV) is also sometimes
used for this group.

Fundamental quarks. Consider Sp(N) plus Np fundamental quarks. The index is
T(R) = Np and therefore v is defined only when Np is even. The most general matrix with
R(g?) = 11is g = —15, ® 1oy o, for some integer p. Evaluating the character,

v =2Nptr(g) = 4Np(N — 2p) (3.8.13)

Note that Ng is even and therefore v = 4NpN mod 16, the p-dependence drops out.

The low energy effective description is postulated to be a non-linear sigma model with a
Wess-Zumino term [29]; the 't Hooft anomaly of such a system is not known, and therefore
we cannot check for matching.

Adjoint quarks. Consider Sp(/V) plus one adjoint quark. The index is T(R) = N + 1
and therefore v is defined only when N is odd. The most general matrix with R(g?) = 1 is

either g = —19, @ 1an_o, for some integer p, or g = (—1y @ 1y)i. Evaluating the character
(cf. (B.2.8)),
1 LN + (2N — 4p)?
v=~(tr(g%) + tr(9)?) = {2( ( Py (3.8.14)
2 _N
for the two families of matrices above.
Simplifying the expressions above, we get the following anomalies:
—-1,3 N=1 mod 16 —-5,7 N=9 mod 16
—-3,5 N=3 mod 16 —3,5 N=11 mod 16
v = (3.8.15)
—5,7 N=5 mod 16 —1,3 N =13 mod 16

-7 N =7 mod 16 1 N =15 mod 16

The low energy effective description is postulated to be the TQFT Sp((N +1)/2)n+1)/2
plus a decoupled Majorana fermion [30]. The former has anomaly v = +(NN + 1) while the
latter has anomaly v = +1. Adding up these contributions, the infrared phase has anomaly
v ==£(N + 1) + 1, which nicely matches the ultraviolet computation above.

Anti-symmetric quarks. Consider Sp(/V) plus one anti-symmetric quark. The index is
T(R) = N — 1 and therefore v is defined only when N is odd. The most general matrix with
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R(g?) = 11is either g = —1y, & 1ay_9, for some integer p, or g = (—1y @ 1y)i. Evaluating
the character (cf. (B.2.8)),

L(—2N + (2N — 4p)?) — 1

3.8.16
N1 (3.8.16)

1
v = 5(— tr(g?) +tr(g)?) — 1 = {
for the two families of matrices above.

Simplifying the expressions above, we get the following anomalies:

0 N=1 mod 16 8 N=9 mod16
+2 N =3 mod 16 +6 N =11 mod 16

V= (3.8.17)
+4 N =5 mod 16 +4 N =13 mod 16

+6 N =7 mod 16 +2 N =15 mod 16
The low energy effective description is postulated to be the TQFT Sp((N—1)/2)n-1),2 [30].

This theory has anomaly v = £(/N — 1), which nicely matches the ultraviolet computation
above.
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Chapter 4

Symmetries of Abelian Chern-Simons
Theories and Arithmetic.

Authorship. The content of this chapter is reproduced almost verbatim from the paper [4]
written in collaboration with Jaume Gomis.

Abstract. We determine the unitary and anti-unitary symmetries of arbitrary abelian Chern-
Simons theories. The symmetries depend sensitively on the arithmetic properties (e.g. prime
factorization) of the matrix of Chern-Simons levels, revealing interesting connections with
number theory. We give a complete characterization of the symmetries of abelian topological
field theories and along the way find many theories that are non-trivially time-reversal
invariant, including U(1); Chern-Simons theory and (Zy), gauge theories. For example,
we prove that U(1); Chern-Simons theory is time-reversal invariant if and only if —1 is a
quadratic residue modulo k, which happens if and only if all the prime factors of k are
Pythagorean (i.e., of the form 4n + 1), or Pythagorean with a single additional factor of 2.
Many distinct non-abelian finite symmetry groups are found.
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4.1 Introduction and Summary

Symmetries play a pivotal role in our description of nature. In classical physics symmetries
generate solutions of the equations of motion and in quantum mechanics symmetries imply
selection rules and constrain physical observables. 't Hooft anomalies for global symmetries,
being renormalization-group invariant, provide powerful nonperturbative constraints on the
dynamics. By a classic result of Wigner, symmetries in quantum mechanics are implemented
in the Hilbert space either by unitary or anti-unitary operators, and the corresponding
transformations are linear and anti-linear, respectively.

Invariance of the classical action under a transformation g imposes nontrivial constraints on
the correlation functions of the theory. These are encapsulated in Ward identities. Invariance
of the action under a transformation ¢ is a sufficient condition for g to be a symmetry.
However, this is not necessary. A transformation g that does not leave the action S invariant

g-S#S (4.1.1)
is nevertheless a symmetry of the quantum theory if it obeys the Ward identities

(O1---0O,,) g unitary
(g-Or---g9-0,) = , (4.1.2)
(O1-+-0O,,)*" g anti-unitary

where * implements complex conjugation. We shall refer to such non-Lagrangian symmetries
as quantum symmetries. Naturally, determining whether a theory has a quantum symmetry is
nontrivial. In this work we characterize all the symmetries, quantum or otherwise, of abelian
Chern-Simons theories.

Chern-Simons theories are ubiquitous in physics and mathematics. They arise as the
emergent infrared description of gapped, quantum phases of matter such as the integer and
fractional quantum Hall effect, quantum spin liquids and analogs of topological insulators
and superconductors (see e.g [240, 241]). Chern-Simons theories capture the nonperturbative
infrared dynamics of 2 + 1 dimensional gauge theories with massless fermions [3, 30, 113,
127-129, 237], and describe the low-energy dynamics of domain walls connecting vacua of
3+ 1 dimensional gauge theories [3, 40, 41, 46]. Chern-Simons theory, a topological quantum
field theory (TQFT), has also found beautiful and profound applications in mathematics,
starting with Witten’s work [22] on the topological invariants of knots and three-manifolds.

In this paper we give a complete description of all the unitary and anti-unitary symmetries
of abelian Chern-Simons theories, the simplest incarnation being U(1); Chern-Simons theory,
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described by the Lagrangian
k
L=—ada, (4.1.3)
A
where a is a U(1) gauge field and the coupling constant is quantized, k € Z. More generally,
an arbitrary abelian TQFT can be described by a collection of such fields coupled via an

integral symmetric matrix K with Lagrangian

1
L=-—adKda, (4.1.4)
dT
where a' = (ay, ..., a,). These theories have been studied intensely and enjoy a myriad of

applications. In spite of this, we unearth a rich structure of symmetries in these theories,
which depends on the arithmetic properties of the Chern-Simons levels K, revealing interesting
connections with number theory.

Symmetries in topological phases of matter have been at the forefront of recent devel-
opments at the intersection of condensed matter, particle physics, and mathematics. These
gapped phases are encoded by emergent TQFTs. Gapped phases with no topological order (no
nontrivial anyons) and protected by symmetries describe SPT phases (see e.g. [52, 242-245])
while phases with topological order (with nontrivial anyons) and enriched by symmetries
give rise to the so-called SET phases (see e.g. [246-250]). Symmetries and 't Hooft anomalies
of TQFTs have recently played a key role in understanding the nonperturbative infrared
dynamics of gauge theories [3, 30, 113, 127-129, 237]. Despite a lot of work, little is concretely
known about the symmetries of TQFTs. Here we tackle this problem for abelian TQFTs.

For the reader’s convenience we summarize here a sample of our main results:
e U(1); is a time-reversal invariant spin TQFT,®® that is, it admits an anti-unitary

symmetry, if and only if —1 is a quadratic residue modulo & (cf. proposition 4.3.2).
Equivalently:

Ul)gr «— U(1)_y = ¢#=-1 modk forsomeqcZ.  (4.1.5)
Therefore, U(1), Chern-Simons theory is time-reversal invariant if and only if
keT:={ke€Z|kp—q*=1 forsomep,qcZ}. (4.1.6)

This result can also be stated as U(1); being dual to U(1)_; when k& € T, which we
denote by U(1), <— U(1)_x. The integer k is in T if and only if all its prime factors
are Pythagorean (i.e., congruent to 1 modulo 4), or Pythagorean with a single factor of
2. Any time-reversal symmetry is of order 4, except for k£ = 1,2, when it is of order 2
(cf. proposition 4.3.3).

88If k is odd, U(1), is a spin TQFT. For k even it is bosonic but can be turned into a spin TQFT by
tensoring with a transparent fermion {1,%}. See section 4.2 for details.
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The set of time-reversal invariant U(1); Chern-Simons theories includes the subset
keP:={keZ|kp*—q> =1 forsomep,qeZ} CT. The set P corresponds to
those values of the level for which the (negative) Pell equation is solvable, which was
shown by Witten [251, 252] to lead to time-reversal invariance.

We prove that the time-reversal symmetry is a quantum symmetry if and only if & € T\P
(cf. proposition 4.3.6). By studying the time-reversal invariance of U(1); x U(1)x we
obtain an interesting number-theoretic conjecture, to wit, k € T if and only if there
exist some k' € P such that kk’ € P. We argue that this conjecture follows from a
well-known conjecture by Hardy-Littlewood (cf. conjecture 4.7.1).

All the unitary symmetries of U(1); are of order 2, and the number of such symmetries
depends on the number of distinct prime factors of k, usually denoted by w(k). More
precisely, the group of unitary symmetries of U(1) is (cf. proposition 4.3.10)

w(k) k odd
@ (k) w = 1.
(Z2) 7 ) {w(k:/Q) k even. (4.L.7)

When U(1), with &k even is upgraded to an spin TQFT by considering U(1), x {1,%},
an additional factor of Z, appears when k£ is a multiple of 8. All but one factor of Z,
in (4.1.7), which corresponds to charge conjugation, are quantum symmetries. When

k € T, the total group of symmetries is the central product of its unitary subgroup and
Zy.

The unitary and anti-unitary symmetries of U(1)" Chern-Simons theory with matrix of
levels K correspond to the integral-valued matrices @), invertible modulo K, that solve
(cf. proposition 4.4.4)

unitary: QK ''Q-K'=P

o o 1 (4.1.8)
anti-unitary: QK Q+K =P

for some integral-valued matrix P. While the first equation always admits solutions,
the second one need not, and only when there is a solution is the theory time-reversal
invariant. The group of symmetries is finite and generically non-abelian. A given
symmetry is quantum if and only if P # 0 for all the @)’s that implement it.

Two abelian Chern-Simons theories described by matrices K7, Ky (not necessarily of
the same dimension) are dual if and only if there exist suitable matrices @), P such that

QK{'Q-K;'=P (4.1.9)

(see section 4.4.2 for the precise formulation and the conditions on @, P). In this
sense, the unitary symmetries of K correspond to the self-dualities K <> K, and the
anti-unitary symmetries to dualities K < — K.
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e The twisted gauge theory (Zg, )i, (also known as Zj, Dijkgraaf-Witten theory [35]
when ks, is even, and which can be realized by the U(1)? Chern-Simons theory with

K = <IS Zl) with ko € [0,2Fk;)) is conjectured to be time-reversal invariant if and
1 ke

only if ky is proportional to p(ky) (cf. conjecture 4.4.2)

where p(n) equals n divided by all its Pythagorean prime factors (e.g. 1(10) = 22 = 2).
The conjecture has been verified for k; € [0,200] and all ky. We compute the explicit
group of unitary and anti-unitary symmetries of (Zg, )x, for small values of the levels;
see table 4.1 for a sample. The time-reversal symmetry of (Zg, ), implies in particular
a duality between abelian TQFTs

(Zkl)-i-k‘z — (Zkl)—kQ — ko o M(kl) : (4111)

The theory (Z)o has conjecturally 2 ¢(k) unitary transformations and as many
anti-unitary ones (where ¢(k) is the Euler totient function, which counts the number of
integers ¢ € [1, k) relatively prime to k). Among these symmetries, there is a unitary
Zs subgroup which is Lagrangian, and four anti-unitary Lagrangian symmetries (except
for k = 2, which only has two). For k > 2 the group of symmetries is non-abelian
(see 4.4.5 for the explicit conjecture), while for k = 2, the group of symmetries is Z3,
with a Zs unitary subgroup.

e The so-called “minimal abelian TQFT” AN is proven to be time-reversal invariant
invariant if and only if ¢ is proportional to () (cf. subsection 4.3.2)

t o u(N) . (4.1.12)

These minimal theories have N anyons with a Zy fusion algebra, and their spin depends
on the integer ¢.

TQFTs can also have a one-form symmetry group [32, 205] on top of the usual (zero-form)
symmetry group that we study in this paper. The Wilson lines describing the worldline
of anyons transform in representations of this group. The one-form symmetries of abelian
Chern-Simons theories are well understood (see e.g. [253]). Given an abelian TQFT with an
abelian Chern-Simons representation, the one-form symmetry group is Zy, X Zy, ... X Zy,,,
where {k;} are the Smith invariants of K (cf. section 4.4). Interestingly, given a QFT
with a zero-form symmetry group and a one-form symmetry group, these can combine
into a nontrivial extension known as a 2-group (see e.g. [252, 254]). When a theory has a
2-group symmetry, the zero-form and one-form symmetries do not factorize; rather, they
are mixed non-trivially. However, it is known that abelian TQFTs have a trivial 2-group of
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k| Aut((Zg)o) | Auty((Zg)o) | Aub((Zk)uer)) | Auty (Ze)uek))
> 72 Zs Zs 0
3 Dy 72 Dy 72
4 Ds 72 Ds 72
5) Z4 o Dg Dg Zy Lo
6| 7 x Dy 73 Ds 72
7 Zi3 X Dy D1s Zi3 X Dy D1y
8 Zo X Dy 7 Zo X Dy A
9 Z3 X Dg Dy, Z3 X Dg Dy,
10 | Zy x Zyo Ds | Zo x Dy 7. s
11 Zis X Dg Dy Zi5 X Dg Do
12 73 Zs 73 7317, 73

Table 4.1: The group of symmetries of (Zg, )x,, denoted by Aut( ), and its unitary subgroup
Auty (%), for ky € [0,12] and ke = 0, u(ky). For ko k¢ u(ky) there are no anti-unitary
symmetries. See table 4.2 for the group of symmetries up to k; = 27. (See section 4.6 for
basic definitions).

symmetries [252, 255, 256]: the zero-form and one-form symmetries factorize, and since the
one-form symmetries are completely understood, what remains are the zero-form symmetries,
which is the problem we address in this paper. Furthermore, since the 2-group in an abelian
TQFT is trivial, the zero-form and one-form 't Hooft anomalies are well defined and can be
classified using cohomology and cobordism groups [55, 58, 59, 69, 71, 257], and “anomaly
indicators” detecting the 't Hooft anomalies (see e.g. [63, 78]) can be investigated. These
anomaly indicators — which are the partition function evaluated on the generators of the
corresponding cobordism groups, and expressed in terms of the modular data of the TQFT
(see below) — are only known for a handful of symmetry groups.

The plan for the remainder of the chapter is as follows. In section 4.2 we describe the
general paradigm of symmetries in topological quantum field theories, and the simplifications
that occur for abelian TQFTs. In section 4.3 we completely describe all the symmetries
for the most characteristic abelian system: U(1); Chern-Simons theory. In section 4.4 we
generalize the analysis to arbitrary abelian TQFTs, by realizing them as U(1)" Chern-Simons
theories. We prove several results, and make a number of conjectures. In section 4.5 we work
out a couple dozen examples in some detail, so as to illustrate the general formalism. Finally,
we summarize definitions and notations in section 4.6 and leave some proofs and further
results to section 4.7.
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4.2 TQFTs and Symmetry

Before delving into the study of the symmetries of abelian Chern-Simons theories we describe
how symmetries are realized in a TQFT in 2 + 1 dimensions. We informally review the data
defining a TQFT and how, in an abelian TQFT, it is completely fixed in terms of most
elementary data, to wit, the anyon fusion algebra and the anyon spins. We then proceed
with the physical and mathematical characterization of a symmetry in a TQFT. More details
and mathematical elaborations can be found in the literature [38, 249, 258-261].

A TQFT can be understood as a finite collection of anyons — particles with fractional
statistics — belonging to an anyon set A endowed with the following additional data:

e Fusion: A commutative, associative product x: A x A — A describing the fusion of
anyons a,b € A (see figure 4.1):

axb=>Y» Nuc, (4.2.1)
ceA

where N,,© € Z>¢ are the so-called fusion coefficients. We denote the trivial anyon by

1.
ab// /mc c

Figure 4.1: Fusion of anyons: two unbraided lines with labels a, b can be replaced by one
with label >~ Ng° c.

e Topological spin: A map #: A — U(1). The topological spin determines the anyonic
character of an anyon. One usually writes 6(a) =: exp(2mih,), where h,: A — Q/Z
is the spin of a. The topological spin controls the framing anomaly of a knot (the
dependence of observables on the choice of the homotopy class of a normal vector field,
see figure 4.2).

e S- and T-matrices: A representation of the modular group. The S-matrix determines
the braiding phase B: A x A — U(1) between anyons (see figure 4.3)

Sab
S’

B(a,b) = (4.2.2)
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\
0.

Figure 4.2: Topological spin: anyons are to be thought of as ribbons rather than knots.
Observables depend on the twisting thereof, through their spin.

while Ty, = 0,e27¢/?45,,, where c is the chiral central charge of the TQFT, which
controls the framing anomaly (the dependence of observables on the 2-framing of the
manifold).

e F- and R-symbols: The associator and braiding isomorphism, encoding the fusion of
multiple anyons and their half-braiding. This data is defined modulo local, redundant
isomorphisms (gauge transformations) U defined on fusion vector spaces. The gauge-
transformed data, which we denote by UF and U R, is physically equivalent to F' and
R, and define the same TQFT.

Figure 4.3: Braiding of anyons: if at least one of a, b is abelian, then the two lines may be
unbraided, a process that generates a phase B(a,b) € U(1).

This data is subject to nontrivial consistency conditions, known as the Moore-Seiberg
relations, which include the hexagon and pentagon relations involving the F'- and R-symbols.
These relations imply that some of the data above is actually redundant; for example, the
topological spin 6 is a gauge invariant combination of the F- and R-symbols. The TQFT
data defines a modular tensor category. This data can be used to compute an arbitrary
correlation function of the TQFT (cf. (4.1.2)).
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An anyon a is said to be abelian if the fusion of a with an arbitrary anyon b contains a
single anyon ¢ = ¢(a, b), i.e.
axb=c Vbe A. (4.2.3)

In terms of the fusion coeflicients (4.2.1), a is abelian if for any b the sum ) , Nop© equals
1. An abelian anyon a € A has a unique inverse a € A such that a x a = 1, and therefore
abelian anyons form a finite abelian group, the one-form symmetry group of the TQFT [32].

An abelian TQFT is a TQFT in which all anyons in A are abelian. Therefore, in an
abelian TQFT the anyon fusion algebra defines a finite abelian group, which we also denote
by A. Remarkably, an abelian TQFT is completely determined by the group A encoding the
fusion of anyons, and by the topological spin 6: A — U(1) of the anyons, which is a quadratic,
homogeneous function on A [256, 262-264].3 The entire TQFT data can be reconstructed
from A and such a 6. The braiding phase of the abelian TQFT with fusion A and spin
takes the form

O(a x b)
B(a,b) = ———= b 4.2.4
(CL, ) e(a)e(b) ) a” 6 "47 ( )
while the corresponding S-matrix is
B
S(a,b) = 2120 (4.2.5)

N

Importantly, given (A, #) there is a unique equivalence class of F' and R symbols, and therefore
a unique TQFT with that (A,#). Summarizing, in an abelian TQFT the entire theory is
completely fixed in terms of (A, #). This statement is not true in a generic non-abelian
TQFT, which is what makes the abelian case more tractable.

The discussion above applies as stated for a bosonic TQFT, a theory that does not
require specifying a spin structure on the three-manifold where it is defined. Many interesting
TQFTs, including abelian Chern-Simons theories, do require a choice of a spin structure to
be defined. Such TQFTs are known as spin TQFTs. In a spin TQFT there is a distinguished
abelian anyon 1 with topological spin 6(¢)) = —1 and trivial braiding with all other anyons.
This implies that v squares to the trivial anyon, i.e. ¥ x ¢» = 1, and that 0(a x ¥) = —0(a)
for all a € A. In other words, a spin TQFT has a local (spin 1/2) fermion, which endows the
data above with a Zs-grading (i.e., anyons come in pairs {a,a X ¥}).

899 is a quadratic function if the symmetric form in (4.2.4) is bilinear, i.e. B(a x b,c) = B(a,c)B(b,c).
Homogeneity means that 6(a™) = 9(@)"2 for any n € Z, which implies that 6(1) = 1.

9The central charge is determined by (A, ) only modulo 8. This indeterminacy can be understood as
coming from the fact that one may always tensor by an even unimodular lattice, which has no lines, but may
add central charge; the minimal such lattice is Fs, which has signature 8. Some more refined observables (see
e.g. [262, 264]) are sensitive to the actual value of ¢, and not only to it modulo 8. If we are interested in such
observables, the TQFT data should be taken as (A, 6, ¢) rather than just (A, #). This will not play a major
role in this work.
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Any abelian TQFT, bosonic or spin, admits a representation as an abelian Chern-Simons
theory [33, 256, 262, 264, 265], and is completely determined by (A, #). Therefore, in spite
that a complete and universally accepted axiomatization of a spin TQFT from a categorical
point of view is lacking, the abelian Chern-Simons realization of the TQFT and its datum
(A, 0) suffice to determine the symmetries of spin abelian TQFTs (we also provide path
integral arguments to exhibit the symmetries of abelian Chern-Simons theories that do not
rely on the precise categorical characterization of spin TQFTSs).

The symmetries of a TQFT are, by definition, the automorphisms of its data [249]. An
automorphism ¢ of a TQFT is a permutation of the anyons g: A — A

a— g(a) (4.2.6)
that preserves the fusion algebra A
glaxb)=g(a)xg(b) <= Nywn”? = Na’. (4.2.7)

If the symmetry of the TQFT is unitary it must preserve the data modulo gauge transforma-
tions

0(g(a)) = 0(a), Sg(a)g(®) = Sab » g-F=UF g-R=UR, (4.2.8)

while if the symmetry is anti-unitary it preserves the data modulo gauge transformations, up
to complex conjugation

0(g(a)) = 6(a)” Sg(a)g(®) = Sap g-F=UF~", g-R=UR". (4.2.9)

Despite this explicit characterization, little is known about the actual symmetries of TQFTs.
By contrast, the one-form symmetries of a TQFT are completely understood; they are
determined by the abelian anyons and their fusion. Henceforth, when we discuss symmetries
we refer to usual (zero-form) symmetries.

As reviewed above, in an abelian TQFT the entire data is completely determined by
the abelian group A encoding the fusion algebra and the topological spin 6. A necessary
condition for the transformation g to a symmetry of an abelian TQFT is that ¢g: A — A is
an automorphism of the finite group A

gla xb)=g(a) x g(b). (4.2.10)

The set of automorphisms of A, denoted by Aut(.A), is a finite, generically nonabelian group.
An automorphism g of A lifts to a unitary symmetry of the abelian TQFT if and only if

0(g(a)) = 0(a), (1.2.11)
and to an anti-unitary symmetry if and only if
0(g(a)) =0(a)". (4.2.12)
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If such an automorphism ¢ exists, it is guaranteed that the entire data of the abelian TQFT is
preserved and g is a symmetry. In other words, the group of symmetries of an abelian TQFT
is the subgroup of Aut(.A4) that preserves the topological spins (up to complex conjugation
for anti-unitary symmetries). We introduce the following notation for this group:

Definition 4.2.1 Given an abelian TQFT, we let Aut(A, ) C Aut(A) denote the group of
all symmetries, and Auty (A, 0) C Aut(A, #) the subgroup of unitary symmetries.

The main goal of this work is to study the object Aut(.A, #). We determine it explicitly in
the case of U(1), and give a complete characterization thereof for arbitrary abelian theories.
We will also work out a few illustrative examples in some detail.

4.3 U(1); Chern-Simons

We begin by reviewing Chern-Simons theory with gauge group U(1). The generalization to
the gauge group U(1)" is the content of section 4.4.
The Lagrangian of U(1); Chern-Simons theory is
k
L=—ada, (4.3.1)

A
where a is a U(1) gauge gauge field and the coupling k € Z is quantized. Being topological,
the theory can be defined on an arbitrary (oriented, framed) three-manifold, perhaps with a
choice of spin structure depending on the parity of k. The equations of motion are

da =0 (4.3.2)

and the classical field configurations are flat connections.
The gauge invariant operators in this theory are the Wilson lines

Wa(vy) := exp [ia[a] : a€Z. (4.3.3)

Physically, W, describes the worldline of an anyon « with topological spin

a2

0 — 27mihe h. — —
(Oé) € Y o 2]{:

(4.3.4)
The spin of an anyon h, is only well-defined modulo an integer, because it cannot be
distinguished from an anyon enriched with a soft a-photon, which has spin h = 1. If we
introduce a background electromagnetic field, the anyon « is seen to carry a fractional charge

given by a/k, as follows from the coupling %A da.
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The anyon fusion algebra is determined by the OPE of the corresponding Wilson lines:
a X f = a+ [. The braiding phase acquired by an anyon « circumnavigating around an

anyon [ is o 5
a X omi 28
B(a, p) = W =e ™k . (4.3.5)

It follows from (4.3.5) and (4.3.4) that the anyon « = k has trivial braiding with respect
to all other anyons, and has spin A = 0 mod 1 for k£ even and spin A = 1/2 mod 1 for k
odd. Therefore U(1) is a spin TQFT for odd &, and a bosonic TQFT for even k. The former
describes, for example, the fractional quantum Hall fluid at filling fraction v = 1/k, where
the anyon v = k represents the microscopic electron.

Since the anyons a and a + k have indistinguishable braiding properties, and identical
spins for k even, and spins that differ by 1/2 for k& odd, the lines of U(1); are subject to an
equivalence relation: anyons related by a transparent bosonic anyon are to be identified. A
bosonic theory can be made into a spin theory by tensoring with the trivial spin TQFT of a
transparent fermion {1,}. We will often follow the convention of leaving this factor implicit
when discussing spin TQFT's.

Summarizing, the anyon set and the fusion algebra of U(1)y is:

e U(1), k even: the theory has k anyons labeled by « € {0,1,...,k — 1} and a A= Z;
fusion algebra

axf=a+p modk. (4.3.6)

The theory is bosonic and can be defined on an arbitrary three-manifold.

e U(1)g, k odd: the theory has 2k anyons labeled by o € {0,1,...,2k—1} and a A & Zg
fusion algebra
axf=a+ L mod2k. (4.3.7)

It is a spin TQFT, as signalled by the presence of the transparent fermion o = k.

e U(1l)r x {1,v}, k even: the theory has 2k anyons labeled by the pair («, 3), where
a€{0,1,...,k—1} and g € {0,1}, and the fusion algebra is A = Zj, X Zy

(a,8) x (o, 8)=(a+a" modk, B+ 3 mod?2). (4.3.8)

It is a spin TQFT by virtue of the tensoring with {1,4}, where 1) is represented by
the Wilson line with charges (0, 1).

We now proceed to determine the full set of symmetries of U(1), Chern-Simons theory.
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4.3.1 Symmetries of U(1)

We start with the manifest Lagrangian symmetries. U(1); with k£ > 2 has a Z, unitary
Lagrangian symmetry C: a — —a, charge conjugation, under which £ — £, and that acts
on the anyons as

C:a— —a. (4.3.9)

The operation C is not a symmetry of U(1); and U(1), because charge conjugation acts
trivially on all the lines, since 1 = —1 mod 2.
Time-reversal is an anti-unitary transformation

T {GO(QSO) = Fao(=a") (4.3.10)
a;(z°) = —a;(—2°)

which acts on the Wilson lines as T: W, (v) — W,(T~), where T denotes the time-reflected

image of the curve . While T is a symmetry of the equations of motion (4.3.2), it does not

leave the action invariant, i.e. £+ —/L. This transformation is not a quantum symmetry

either since it does not obey the corresponding Ward identity (4.1.2). Therefore, if T is to be

a symmetry of U(1), it must act non-trivially on the anyon labels:

T: Wa(’y) — WT(a)(T’y) (4.3.11)

for some T: 4 — A.

In order to study the quantum symmetries of U(1); Chern-Simons theory we first need to
understand the automorphisms of its fusion algebra A. Indeed, as explained in section 4.2, a
transformation g is a symmetry of a TQFT if it is an automorphism of its data (A, §) which
requires, first and foremost, that g € Aut(A). As usual, any element of Aut(.A) is completely
determined by its action on the generators of 4. With this in mind, the automorphisms of
the fusion algebra A of U(1), Chern-Simons theory are as follows:

e U(1)g, k even. The most general endomorphism of A = Z; acts as g : & — ga mod k,
where ¢ := ¢g(1) € Aand a € {0,1 ...,k — 1}. This lifts to an automorphism of Zj
if and only if g maps a generator of Z; into a generator of Z;. This requires ¢ to be
relatively prime to k, i.e. ged(q, k) = 1:

g: ar—qa mod k, ged(q, k) =1. (4.3.12)

The number of automorphisms (and of generators) of Zy, is the number of totatives of k:
the number of integers 1 < ¢ < k such that ged(q, k) = 1. This number is counted by
the Euler totient function ¢(k). The automorphism group Aut(Zy) is the multiplicative
group of integers modulo k, an abelian group often denoted as Z;.
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e U(1)g, k odd. The most general endomorphism of A = Zy acts as g: a — ga mod 2k,
where ¢ := ¢g(1) € Aand a € {0,1,...,2k — 1}. It is an automorphism if and only if ¢
is coprime to 2k:

g: a— qga mod 2k, ged(q,2k) =1. (4.3.13)

The automorphisms automatically preserve the transparent fermion (a0 = k) since
gk = k mod 2k for ¢ odd. The number of automorphisms of Z,;, is the Euler totient
function ¢(2k) = ¢(k), the last equality by virtue of k being odd. The automorphism
group is Aut(Zoy) = Zs,.

e U(l)g x {1,v}, k even. The most general endomorphism of A = 7 x Zy acts as

Q@ a b\ [« mod k a,b € Zy
7 (5) ~ (c d) (B) mod 2’ c,d € Zy (43.14)
where o € {0,1,...,k — 1} and 8 € {0,1}. Such a map is an automorphism if and
only if it is invertible (mod k, mod 2). The automorphism group of Z; x Zs does not
admit as straightforward a description as in the previous cases, but its order is known:
4¢(k) if k/2 is even, and 6¢(k) if k/2 is odd [266, 267]. The automorphism group is
generically non-abelian.

Locality of the TQFT requires that the automorphism ¢ preserves the transparent
fermion, ¢g(v) = v, that is, it fixes the anyon (0,1). This implies that the candidate
symmetries of U(1), x {1,1} with k even are the automorphisms of Zy X Zy with b =0
and d = 1. In order for the transformation to be invertible, one must have ged(a, k) = 1
or, if k£/2 is odd, ged(a, k/2) = 1. The number of such transformations is 2¢(k) and
3¢ (k) for k/2 even and odd, respectively.

This immediately shows that U(1); and U(1)2 have no symmetries since Aut(Z,) is trivial,
and indeed charge conjugation C acts trivially in these theories.

We have thus characterised all the automorphisms of A. These are the candidate
transformations to be a symmetry of the TQFT. They uplift to symmetries if they respect
the topological spin of the lines (up to complex conjugation for anti-unitary symmetries).
We turn to this question next.

Anti-unitary Symmetries.

We start by studying the anti-unitary symmetries of U(1); Chern-Simons theory. We already
established that the canonical time-reversal transformation (4.3.10) is not a symmetry of
U(1)g. Since the TQFT data of U(1); Chern-Simons theory is determined by the fusion algebra
A and the topological spin 6, an automorphism T € Aut(A) will lead to an anti-unitary
symmetry if and only if

0(T(a)) = 0(T())* <= hri = —ho mod1. (4.3.15)
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This condition is not satisfied by every automorphism of A. More importantly, depending
on the value of k, there will be cases where there are no automorphisms at all that sat-
isfy (4.3.15). This is precisely what happens for even k, when we regard U(1); as a bosonic
theory”!:

Proposition 4.3.1 The bosonic theory U(1)g, with k even, is never time-reversal in-
variant.

Proof. Consider the permutation T: « + ga for some ¢ € [0, k). This operation satisfies
ht(a) = —ho mod 1 if and only if

2 2 2
q !

—cZ. 4.3.16

ok 2k (4.3.16)

If we take, for example, the fundamental line o = 1, this requires % to be an integer.

But ¢ must odd for T to be an automorphism, and so 1 + ¢ = 2 mod 4, which means that

% cannot be an integer. [

We therefore see that the theory U(1); can only possibly be time-reversal invariant if we
regard it as a spin TQFT. And even if we do so, there will still be some values of k for which
U(1), admits no time-reversal permutation at all. To see this, define the following:

Definition 4.3.1 We let T C Z be the set of integers k such that —1 is a quadratic residue
modulo k, i.e. ¢> = —1 mod k for some ¢ € Z. In other words,

T:={kc€Z|kp—q¢*=1 forsomep,qecZ}. (4.3.17)

With this, we prove that
Proposition 4.3.2 The spin theory U(1), is time-reversal invariant if and only if k € T.

Proof. We begin with the case of odd k, that is, U(1)g, where A = Zy,. We shall look for
the most general automorphism T € Aut(.A) that satisfies (4.3.15). Any such operation is of
the form

T(a) = qa, q:=T(1) €10,2k). (4.3.18)

If we impose that Aty = —hy mod 1, we get 1+ ¢* = 2pk for some integer p. It is easy
to show that this equation is solvable if and only if £ € T. One direction is obvious; for the
opposite direction, assume that 1 + > = pk. If p is even, we are done; if it is odd, then we
can set N

q:=q+k, p:=q-+ ]%k (4.3.19)

which satisfy 1+ ¢* = 2pk, as required (note that p + k is even, and so p € Z).

91This result also follows from the fact that the central charge of U(1) is not proportional to 4.
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Once we ensure the spin of the generator transforms properly under T, it is easy to show
that so do the rest of lines. Indeed,

2.2 mk — 1 2 2
_ g _@pk—Da” ot . (4.3.20)

hre) = =51 2% 2%

where we have used that 1 + ¢ = 2pk.

Finally, it is also easy to show that any integer ¢ that solves 1 + ¢ = 2pk will be a
time-reversal operation. Indeed, 1 + ¢> = 2pk implies that any common factor to k and ¢
must divide 1, and so ged(q, k) = 1, which means that « — g« is invertible.

We now move on to the even k case, that is, U(1) x {1, ¢}, where A = Zj, X Zo, where the
first factor is generated by the fundamental line (1,0), and the second one by the transparent
fermion ¢ = (0, 1).

Any fusion endomorphism is fixed once we choose its action on the generators. In fact, the
transparent fermion is the only spin h = 1/2 line that braids trivially to all other lines (because
U(1)g is bosonic), and thus the action of time-reversal on it is fixed to T(¢)) = 1. Therefore,
we only have freedom to choose how time-reversal acts on (1,0). We write T(1,0) := (q1, ¢2)
for a pair of integers qi, g2, where ¢; € {0,1,...,k — 1} and ¢, € {0,1}.

Proposition 4.3.1 implies that ¢go = 0 is not possible. Therefore, the candidate anti-
unitary transformation is T(1,0) = (¢, 1) for some integer ¢ € [0, k), and so the most general
endomorphism is of the form

T(a,B) = (qo, 0+ 5) . (4.3.21)

We now insist that the spin of (1,0) is mapped into its negative under time-reversal.
Imposing that h; = —ht1)gy mod 1 we get 1 + q® = (2p — 1)k for some integer p. Once
again, it is easy to show that this equation is solvable if and only if £ € T. One direction
is obvious; for the opposite direction, assume that 1 + ¢*> = pk. Then, upon reducing the
equation modulo 4, it becomes clear that p has to be odd, and so we can write p =2p — 1, as
we wanted to show.

Once we ensure the spin of the generator transforms properly under T, it is easy to show
that so do the rest of lines. Indeed,

¢?a? 1 s (=1+E@p—1)a* 1

— Z + 2
hs = 5+ 5@+ 5) o +5(a+p)?, (4.3.22)

where we have used ¢*> = —1 + k(2p — 1). This is clearly equal to

hrap) = =57+ 58° = —h(as mod 1 (4.3.23)

as required.
Finally, it is also easy to show that any integer ¢ that solves 1 + ¢*> = (2p — 1)k will
be a time-reversal operation. Indeed, and as before, this equation can only be satisfied if
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ged(q, k) = ged(q, k/2) =1, and so («, ) — (qa, a + [3) is invertible (i.e. an automorphism
of Zy x Zy). O

As we can see, the set T C Z plays a key role in the study of the time-reversal properties
of U(1)x (and, as we shall see, of U(1)"). We therefore make a few remarks about this set:
e The first few solutions are k = 1, 2, 5, 10, 13, 17, 25, 26, 29, 34, 37, 41, 50, 53, 58, 61,
65, 73, 74, 82, 85, 89, 97, . ...

e A given k is in T if and only if it can be written as k = a® + b? for relatively prime
a,b € Z (sce e.g. [268], theorem 3.21).

e Given the prime decomposition of k

k:26[ 1T wa” 11 75], (4.3.24)

=1 mod 4 =3 mod 4

k € T if and only if e € {0,1} and 8; = 0 (see e.g. [268], theorem 3.20). In other words,
k € T if and only if all its prime factors are Pythagorean, or Pythagorean with a single
factor of 2. This implies, for example, that Teve® = 2T°dd,

e The set T contains a special subset P, defined as those integers k for which the (negative)
Pell equation is solvable:

P:={kcZ|kp*—q¢*=1 forsomep,q€<Z}. (4.3.25)

Unlike T, the set P has no simple characterization in terms of the prime decomposition
of k. See section 4.7 for some mode details about Pell numbers.

e The density of Tis #{k € T | k <z} ~ x/\/logz. It is conjectured that around 57%
of the numbers in T are in P [269, 270].

If k € T, there exists an integer ¢ € [0, k) such that ¢> = —1 mod k. We explain in the
section 4.7 how to construct ¢ explicitly.

We now go back to the theory U(1);. We have the following:

Proposition 4.3.3 The time-reversal symmetry of U(1), is an order-four operation
(except for k = 1,2, where it is of order two).

Proof. We shall prove that T? = C, where C: a — —a is the unitary Z, charge conjugation
symmetry (4.3.9). From this it follows that T4 = 1, and therefore T is an order-four operation
(except for k = 1,2, where C is trivial).”

92The symmetry algebra T2 = C can in principle be extended by fermion parity (—1)f, which does not act
on the Wilson lines. The full symmetry algebra is, therefore, either Z4 x Zso (corresponding to T4 = 1) or Zg
(corresponding to T4 = (—1)¥"). Figuring out which of these options is realized requires determining how
(—1)F acts on these theories, a subject that is beyond the scope of this chapter.
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Showing that T? = C is straightforward. If k is odd, then
~T?(a) = —¢*a = (1 —2pk)a = a mod 2k . (4.3.26)

Similarly, if k£ is even, then

~T*(a, ) = (=¢°, (¢ + Da + f)
=((1-©2p—-1k)a,(¢g+ o+ pB) (4.3.27)
= (o, ) mod (k,?2)
where we have used that ¢ is odd. O]

We see that if £ € T, then there exists some anti-unitary operation T which satisfies a Z,
algebra. That being said, there will be, in general, more than one such permutations, and
therefore the time-reversal transformation is not unique. We have the following result:

Proposition 4.3.4 If U(1), is time-reversal invariant, there are 2%%) different anti-
unitary permutations, where w(k) denotes the number of distinct prime factors of k for
k odd and of k/2 for k even (cf. (4.1.7)).

Proof. Indeed, there are as many permutations as there are solutions to ¢> = —1+(2p—1)k
with ¢ € [0,%) for k even, and to ¢*> = —1 + 2pk with ¢ € [0,2k) for k odd. We shall first
show that this problem is equivalent to counting the solutions to ¢> = —1 mod k:

o Consider the case with k even. Then any solution to ¢ = —1+ pk must necessarily have
p odd (for otherwise we reach a contradiction upon reducing the equation modulo 4),
and so we can write (¢, p) = (¢, 2p — 1), which yields ¢*> = —1 + (2p — 1)k, as required.

e We now consider the case with k& odd. We claim that the solutions to ¢*> = —1 + 2pk
with ¢ € [0,2k) can be put in a bijection with solutions to ¢* = —1 + pk with ¢ € [0, k).
First, assume we are given the set {¢ € [0, k)}; we construct the set {q € [0,2k)} as
follows: if ¢ is odd, then p must be even, and so (¢, 2p) = (g, p); on the other hand, if § is
even, then p must be odd, and so (¢,2p) = (¢+k,p+2¢+k). Conversely, if we are given
the set {q € [0,2k)}, we write (¢,p) = (¢,p) if ¢ € [0,k), and (¢,p) = (¢ —k,p—2q+ k)
if ¢ € [k,2k).

We thus see that we may reduce our problem to counting solutions to ¢> = —1 mod k,
both for k even and odd. It is a well-known result that the number of solutions is precisely
27(F) see for example theorem 6.3 in [271] (together with remark 6.2 therein). The intuition
behind this result (and which can be generalised to any polynomial congruence) is the
following. Any solution to ¢> = —1 mod k can be reconstructed uniquely from the solutions
to ¢ = —1 mod 7;, where m; are the prime factors of k. Each congruence ¢> = —1 mod m;
is solvable (because m; is Pythagorean), and it has two solutions +¢; (and only two, as per
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Lagrange’s theorem, except for 7 = 2, where only solution is ¢; = 1, inasmuch as 1 = —1
mod 2). As there are w(k) congruences, each having two solutions, the total number of
solutions is 27%) | as claimed. O

For completeness, we mention that one can prove that k£ € T is sufficient for time-reversal
invariance using a path integral argument, which is quite similar to one in [251, 252] where it
was used to show time-reversal invariance for k € P C T. The argument is straightforward
but it does not prove that the condition k£ € T is also necessary.

Proposition 4.3.5 It follows from a path integral argument that when k € T the theory
U(1)g is time-reversal invariant as a spin TQFT.

Proof. Take two arbitrary integers m,n with m is odd and n even, and such that
mn—q¢* =1 (4.3.28)

for some integer ¢ (which can easily seen to be odd). We shall prove that U(1),, and
U(1),, x {1,%} are both time-reversal invariant.
Take the Lagrangian of U(1),, x U(1)_,

AL =mada —nbdb (4.3.29)

whose Wilson lines are of the form

exp [ia/a —|—zﬂ/b] , (v, B) € ZLom X L, . (4.3.30)

Under the GLy(Z) transformation
a g —n\ (a
T: 4.3.31
<b>H<m —Q)<b>’ 4331

T:47L — —mada+nbdb= —4nL (4.3.32)

the Lagrangian becomes

and the lines map according to
T: (a, B) = (g +mp, —na — ¢f). (4.3.33)

We therefore see that U(1),,, x U(1)_,, <— U(1)_,, x U(1),, i.e., the product is time-reversal
invariant. The explicit duality map is given by (4.3.33).

We now prove that U(1),, is time-reversal invariant. To this end, we note that the theory
above contains a sub-group of lines of the form («, 0), which is isomorphic to U(1),,, with
isomorphism « <+ (a,0). Time-reversal restricts to a well-defined action on U(1),,, because

T: (a,0) = (qa, —nar) ~ (qa, 0) (4.3.34)
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where we have used the fact that n is even.

We next prove that U(1),, x {1, } is time-reversal invariant. To this end, we note that the
theory above contains a sub-group of lines of the form (0, 8) and (m, ), which is isomorphic
to U(1), x {1,¢}, with isomorphism S ® 1 <> (0,3) and S ® ¢ <> (m, ). Time-reversal
restricts to a well-defined action on U(1), x {1,1}, because

T: ( 76) = (mﬁ7 _QB)

0 (4.3.35)
T: (m,B) = (gm +mpB,—nm — ¢B) ~ (m(1 + ), —qp)

where we have used the fact that n is even and ¢ is odd. This completes the proof. 0

As a consistency check, we note that the action of time-reversal on the lines of U(1),,
is T(a) = qa, and that on U(1), x {1,¢} is T(B ® ¢") = ¢B8 ® °+7, with v = 0,1. This is
precisely the same map we found in proposition 4.3.2.

One can couple the theory U(1); to electromagnetism by turning on a background
U(1)p connection. If k € T, then time-reversal remains a symmetry in the presence of
this background field, but at the cost of introducing a Chern-Simons counterterm for the
electromagnetic field, with fractional coefficient. This means that there is a mixed T —U(1)p
't Hooft anomaly,”® and so the system can only be defined on the boundary of a 3+ 1 manifold.
Using the Lagrangian argument above, and following the same reasoning as in [111, 252], it
is easy to prove that the anomaly is given by a 3 + 1 dimensional topological term 6 = 27 /k
for U(1)p.

Remark 4.3.1 It is common that in theories that are symmetric under both time-reversal
and charge conjugation, the operators T and CT constitute two separate Zy symmetries, both
of which represent suitable time-reversal operations. These two symmetries are independent:
they have different anomalies, they may be affected by magnetic symmetries (if any), and
may be interchanged under duality (see e.g. [34]). In our case, these two symmetries in fact
combine into a single Z, algebra, T3 = CT, and so they do not correspond to independent
symmetries.

Remark 4.3.2 It is interesting to note that we obtained k£ € T as a necessary condition
just by insisting that the fundamental line has a partner with opposite spin. In turns, this
condition was also seen to be sufficient, so one may wonder if a similar phenomenon may
occur in other topological systems. In other words, given an arbitrary TQFT, does the
matching of the spin of a single line guarantee that the theory is time-reversal invariant?
Generically speaking, the answer is no, as there are many examples where a specific pair of
lines match but others do not. A much stronger test is the matching of all the lines, that
is, the condition that {h} = {—h} mod 1 (with equality as multisets, that is, taking into
account multiplicities). For example, one may we check that the set of spins matches for the

93We thank N. Seiberg for this comment.
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theory SU(N)n, for N =1,5,13,17,... (both as a bosonic and a spin TQFTSs), all of which
happen to be Pythagorean primes. As suggestive as this may seem, the pairs of lines that
have opposite spin do not in general have the same quantum dimension, so these theories are
not time-reversal invariant. (SU(N)y/Zy is, however, time-reversal invariant for all N [112])

Upon turning on a background metric, the duality U(1), <— U(1)_x no longer holds as
written, because the two theories have a different framing anomaly, and so they couple to
the background gravitational field differently. This can be interpreted as a mixed anomaly
between time-reversal and gravity. To maintain the duality one must adjust gravitational
Chern-Simons counterterms on both sides so that their central charges agree. In particular,
one may use U(1)y; to add/subtract one unit of central charge, without otherwise changing
the topological content of the theory. With this in mind, the precise duality reads

U(1)4p x U(1)_;1 < U(1)_p x U(1)4; . (4.3.36)

These theories can be represented by the matrices K = diag(£k, F1). In the bosonic case,
we already included a factor {1,%} to make the theory into a spin theory; here we see that
this factor also fixes the central charge, provided we identify {1,v} = U(1)_ggne). In the
spin case, this factor also fixes the central charge, but leaves the spectrum of lines unaffected.

It is clear that without the factor of U(1)4, time-reversal cannot possibly be a Lagrangian
symmetry of the U(1), theory, because the only GL;(Z) transformations are a — =+a, neither
of which maps k — —k. More generally, the signature of the K-matrix is invariant under
congruence (sign(K') = sign(G'KG) for any G € GL,(Z), as per the Sylvester law of inertia)
and so time-reversal can only be a Lagrangian symmetry if the signature vanishes (inasmuch
as the chiral central charge is odd under time-reversal). Once we fix the central charge,
time-reversal may (but need not) become a Lagrangian symmetry. It is interesting to note
that, in the case at hand, this happens only for a subset of T: only for a specific set of values

of k is the Lagrangian time-reversal invariant. One can show that this is so if and only if
ke P:

Proposition 4.3.6 The Lagrangian of the theory U(1), x U(1)_y is time-reversal in-
variant if and only if k satisfies the negative Pell equation.

Proof. The fact that this condition is necessary can be obtained by looking at the bottom-
right component of the equation K = —G'KG, where K = diag(k, —1). That this is also
sufficient was originally shown in [251, 252], and follows from the explicit change of variables

T: (Z) . (_‘f{p _pq) (Z) L kpt—gt=1. (4.3.37)

Proposition 4.7.4 in section 4.7 generalizes the construction to K = diag(k, k’). O
This means that if £ € T but it is not in P, then U(1), will be time-reversal invariant,
but the invariance will not be a symmetry of the Lagrangian, not even if we include the
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factor of U(1)4;. It is a quantum symmetry of U(1), x U(1)_;. However, it is possible that
in a different abelian Chern-Simons realization of the same TQFT data that the symmetry
becomes Lagrangian.

Remark 4.3.3 As a physical application of proposition 4.3.2, note that given an integer ¢
such that both k and k -+ ¢? are in T, the theory

U()jsrryp + W (4.3.38)

with U a Dirac fermions of charge ¢ is infrared time-reversal invariant for m # 0. Indeed,
integrating the fermions out we get

U(L)r +— Uy (4.3.39)

for m — —oo, and
U(l)kJrgQ — U(l),(kJrgz) (4340)

for m — +o00. This suggests that the CFT at the massless point m = 0 may be time-reversal
invariant as well. These gauge theories, in spite of not being time-reversal invariant in the
ultraviolet, have an emergent time-reversal symmetry across the entire infrared phase diagram.
The first few solutions of (k,k + ¢?) € T x T are

(=0: k=1,2,510,13,17,26,25,29,...
k=1,25,73,145,169,193,289, ...
k=1,13,37,61,85,97,109,181,... (4.3.41)

(=3: k=1,17,25,41,65,73,97,113, ...

etc.

(For ¢ = 0 one gets an infrared emergent time-reversal symmetry in Maxwell-Chern-Simons
theories). A similar phenomenon occurs in non-abelian theories. For example, using the
Chern-Simons dualities U(1)g <> SU(k)_1 <> SO(k)_o we observe that the theories SU(k)q
and SO(k)o with two fundamental Dirac fermions, and k& € T, are time-reversal invariant
in their massive phases (necessarily also in their massless phase, because the UV theory is
time-reversal invariant).

It is an interesting number-theoretic problem whether there exists, for a given ¢ € 7Z,
an infinite number of pairs with (k, k 4+ ¢*) € T?. This is similar in spirit to the so-called
Polignac conjecture, which states that there exists an infinite number of pairs of primes of the
form (7,7 + n) for any n € 2N (recall that primes m > 2 are in T iff they are Pythagorean).
Assuming this conjecture with ¢> = n (which requires ¢ to be even), and noting that = and
7 + 2 are either both Pythagorean or neither is, suggests that indeed there exists an infinite
number of pairs (k, k + £?) € T?, at least for £ even.
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Unitary Symmetries.

We now move on to the unitary symmetries of U(1);. The principle is identical to the
anti-unitary case, the only difference being a sign flip. By definition, an automorphism
U € Aut(A) is a unitary symmetry of (A, 0) if and only if

0(U(o)) =0(o) <= hy@) =ha mod1. (4.3.42)

As in the anti-unitary case, any permutation is fixed once we choose how the generators
transform. The corresponding permutation will be a symmetry if it satisfies (4.3.42). But,
unlike the case of anti-unitary symmetries, here the equation hy) = h, mod 1 always
admits solutions: at least, the trivial permutation and charge conjugation C exist. These are
transformations that leave the action of the theory invariant. We thus solve a more refined
problem: the interesting automorphisms will be those that are neither trivial nor C. Another
difference with the anti-unitary case is that, in general, we will find non-trivial symmetries
also in the bosonic case.

We begin with the following observation:

Proposition 4.3.7 All the unitary symmetries of U(1)x (as a bosonic TQFT if k is
even) are transformations of the form

U: a— qa (4.3.43)

for some integer q that satisfies
¢ =1+2pk. (4.3.44)

Similarly, the unitary symmetries of U(1), x {1,4} for k even are of the form
U: (a, 8) = (qa, po + ) (4.3.45)

for some integer q that satisfies
¢ =1+pk. (4.3.46)

The solutions ¢ = £1 (with p = 0) always exist and corresponds to the trivial permutation,
and charge conjugation C (4.3.9), respectively. All other solutions correspond to quantum
symmetries.

Proof. The case of U(1); (as a bosonic TQFT if k is even) is essentially identical to
the anti-unitary case. Let us therefore consider U(1), x {1,¢} with k even. Any fusion
endomorphism that fixes the transparent fermion is of the form

U: (o, B) = (qor, ca + B) (4.3.47)

for a pair of integers ¢, ¢. If ¢ is even, U does not mix the lines of U(1); with the transparent
fermion, and so this is a symmetry that was also present in the bosonic case. If ¢ is odd, the
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permutation does mix the lines, and so it is only a symmetry of the fermionic theory. In any
case, requiring that the spin of the fundamental line is equal to the spin of its image under U,
we get

F=1—(+2p)k (4.3.48)

for some integer p. Letting —p := ¢® + 2p we get the expression in the proposition (note that
p and ¢ have the same parity, and therefore we can replace the latter by the former in the
transformation U). It is straightforward to check that if the spin of the fundamental line
is invariant under U, so is the spin of the rest of lines. Finally, it is easy to show that any
solution of (4.3.48) corresponds to a permutation (i.e. ¢ automatically has the appropriate
coprimality with k£ to define an automorphism). O

As in the anti-unitary case, all the unitary permutations have the same order:

Proposition 4.3.8 All the unitary symmetries of U(1), (either as a bosonic or as an
spin TQFT) are of order-two.

Proof. For U(1); we have
U?: a — ¢°a = a + 2pka (4.3.49)
which indeed equals a. In the case of U(1), x {1,}, the argument is identical:
U?: (o, B) = (P, palq + 1) + B) = (o + pka, palq + 1) + B) (4.3.50)

which, using the fact that ¢ is odd, yields («, 8), as claimed. O

Take the theory U(1), without the factor of {1,4} for k even. A slight modification of the
argument in proposition 4.3.4 proves that the number of solutions in the range ¢ € [0, 2k) for
k odd, and in the range ¢ € [0, k) for k even, is 22(*) as in the anti-unitary case. Therefore,
in order to have solutions other than U € {1,C}, the level £ must not be a prime power
or twice a prime power. Such non-trivial solutions will not be a symmetry of the classical
Lagrangian, because p # 0. They correspond to quantum symmetries.

For k even, one may also study the unitary symmetries of the theory as a spin TQFT, that
is, of U(1)x x {1,%¢}. The symmetries of the bosonic theory are inherited in the fermionic
theory, but new symmetries may appear — those under which the transparent fermion mixes
non-trivially. The automorphisms are given by the integers ¢ that satisfy ¢*> = 1 + pk, and
whether the transparent fermion mixes is controlled by the parity of p. It is easy to show that
the number of solutions is 27®) for k = 2 mod 4, and 22*/2+! for k =0 mod 4. Therefore,
there is an enhancement of symmetry when going from the bosonic theory to the spin theory
if and only if k£ is a multiple of 8: only in that case may the fermion mix. The additional
transformation that appears when the theory is uplifted from bosonic to spin is generated by
q==Fk/2—1 (with p=Fk/4 —1). We summarise these claims as follows:
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Proposition 4.3.9 All the unitary symmetries of U(1)y (both as a spin theory and as a
bosonic theory in the case of k even) are Zy-valued. There are 27%) permutations if k is
not a multiple of 8. If k =0 mod 8, then there are 27%) permutations in the bosonic
theory, and twice as many in the spin theory.

Needless to say, one may compose any non-trivial unitary symmetry with a given T to yield
a different notion of time-reversal. Similarly, composing any two time-reversal operations
results in a unitary symmetry, and composing two unitary symmetries leads to another
unitary symmetry. In fact, a stronger result is true. Let {T;} be all time-reversal symmetries,
and {U;} be unitary ones. Let Uy := 1, pick some element of {T,}, and denote it by Ty. Then
any T; can be obtained by acting with some U; on Ty. Indeed, it is easy to see that the sets

{T:}  and  {ToUi} (4.3.51)

contain the same number of elements (because Ty is invertible, so ToU; # ToU; for i # j),
and so they must be identical. Thus, perhaps after relabelling its elements, we have

T, =U,T, (4.3.52)

and so one time-reversal permutation suffices to generate them all.

Recalling definition 4.2.1, all these considerations can be put together to obtain the
following:

Proposition 4.3.10 The group of symmetries of U(1)x as a spin TQFT is

Aut(U(1)PP™) = Zy X (Z2)"®)7

) 4.3.53
Auty (U™ = (22)"® )
if keT, and
. : (Zy)®+1 k=0 mod 8
Aut(U(1)P") = Auty (U(1);P") = 4.3.54
(U()P™) = At (U(1)™) {(ZQW Lo (4354

otherwise. On the other hand, as a bosonic theory (with k even), the group reads

Aut(U(1)p™¢) = Auty (U(1)27) = (Z5)°®. (4.3.55)

4.3.2 Minimal abelian TQFT

An important abelian theory that appears in the study of the one-form symmetries of three-
dimensional TQFTs is the so-called “minimal abelian TQFT” [38, 249, 253, 272]. This theory
is denoted by AN! (also by Zﬁf,)), with IV, ¢ two integers, which must be coprime if we require
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the theory to be modular. The number of lines is /N, which can be labelled as s =1,2,..., N.
Fusion corresponds to addition modulo N, s x ' = (s + s mod N), i.e. the fusion algebra is
Zy. The spin of the line s is hy = t;%,. For example, if k is even, then U(1), = AXL; if k is
odd, then U(1) = A?*? (which, indeed, is not modular, because the braiding matrix has a
non-trivial kernel). All these theories admit an abelian Chern-Simons representation (e.g. for
t = N — 1 the K-matrix is the Cartan matrix of SU(XN)).

The analysis of the symmetries of A™? is essentially identical to that of U(1); because
the fusion algebra is also cyclic. For example, following the same reasoning as in the 1 x 1
case, this theory is seen to be time-reversal invariant if and only if

2Np =t(1+ ¢*) (4.3.56)

is solvable for some integers p, ¢q. It is easy to prove that this equation is solvable if and only
if

t e u(N)Z. (4.3.57)
Indeed, by reducing (4.3.56) modulo u(N) we get (1 +¢?) =0 mod u(N); but (1 + ¢?) is
never divisible by a prime of the form 4n + 3, and so ¢ itself mush vanish modulo pu(N),
showing that ¢ oc (V) is necessary. Conversely, noting that N/u(N) is always in T°%, we
know that there exists a pair of integers p, ¢ such that 2pN = u(N)(1 + ¢?); multiplying this
equation by ¢/u(N) and letting p = pt/u(N) we find that ¢ oc u(N) is also sufficient.

Alternatively, one may rewrite (4.3.57) as a condition on N instead of ¢, as follows:

NelJdT. (4.3.58)

djt

Indeed, if N € dT°% for some d|t, then there exists some p,q such that 2(N/d)p =
1 + ¢% multiplying this equation by ¢/d and letting p = pt/d shows that (4.3.56) is solvable.
Conversely, if N ¢ dT° for any d|t then, in particular, N ¢ ¢ T° (and, if t € 27, then
N ¢ (t/2) T4 either), and so equation (4.3.56) is not solvable (note that if ¢ is odd then N
must be odd as well).

If we further assume that (N,¢) = 1, the expression (4.3.58) can be simplified into

NeT\ || JrZ (4.3.59)

7|p

where 7 are the Pythagorean prime factors of p.
As ANt has a single generator, its group of symmetries is abelian, and can be studied
along the same lines as in the U(1) case.
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4.4 U(1)" Chern-Simons theory

We now move on to Chern-Simons theories that contain an arbitrary number of factors of
U(1). As a Lagrangian theory, the system is described by

L= iOLtha (4.4.1)
AT
for a U(1)" gauge field a' = (a1, as,...,a,). The Lagrangian is metric independent and,
although not manifestly so, gauge invariant provided the coefficient matrix K € Z"*" is
symmetric and integral-valued. Generically speaking, the theory depends on the orientation
of spacetime and, if at least diagonal component of K is odd, on the spin structure. The
theory has central charge ¢ = sign(K) (the signature of K'), which controls the coupling to
the Chern-Simons form for the background metric, via the framing anomaly. To keep matters
simple, we shall often turn off this metric, and any other background field one may ultimately
want to couple a to.
The observables of the theory are the Wilson lines, modulo local bosonic operators. These
lines are of the form

Wa(y) = exp [z’d’t /7 a} , (4.4.2)

where @ € Z" is the representation U(1)" 3 6§ +— ¢!@? We shall call @ the charge of Wy, and
we will often denote the line itself by .

These lines can be thought of as the worldlines of anyons, i.e., particles with fractional
statistics. In particular, they have spin and may braid non-trivially. If a line & braids around
a line /3, their product picks up a phase B(a, B) € U(1), where

-,

B(a,p) = exp [ZM o?tK_lﬂ_] : (4.4.3)
Similarly, the topological spin of the line corresponds to half self-braiding,

1
0(@) := exp [2mi hg] hg = 55?1(*107. (4.4.4)

The function 0 is said to be a quadratic refinement of the bilinear form B, because one has

Lo 0@+ 5)
B =4 @05

This implies that the spin of the lines determines their braiding unambiguously; one need not
keep track of the latter.

An operator is said to be local if it braids trivially with any other line. In particular, any
line with & proportional to a column of K satisfies B(&, 5) = 1 for any E , and so it will be

(4.4.5)

local. If, furthermore, the corresponding column has even diagonal element, then hz = 0
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mod 1, and so the local line will be bosonic. As before, lines differing by such a local operator
are identified, and so the degrees of freedom of the theory are in fact finite. More explicitly,
we have the following:

e If all the diagonal components of K are even, then all the local operators are bosonic,
and we need not specify a spin structure to define the theory. It is a bosonic TQFT. Any
two lines that are congruent modulo some linear combination (with integer coefficients)
of the columns of K are identified, which means that the lines live in the lattice Z"/ KZ".
There are |det K| independent lines, which can be taken to be all the lattice points in
the n-dimensional parallelepiped spanned by the columns of K.

e If at least one diagonal component of K is odd, the theory contains a local fermionic
operator, which requires a choice of spin structure. The theory is a spin TQFT. Any
two lines that are congruent modulo some linear combination (with integer coefficients)
of the columns of K are identified, except if they differ by a local fermion. This means
that the lines live in the lattice (Z"/KZ™) x Zy. There are 2| det K| independent lines,
which can be taken to be all the lattice points in the n-dimensional parallelepiped
spanned by the columns of K, together with a Z, label that specifies if the line carries
a local fermion or not. Alternatively, a basis of lines can be taken to be all the lattice
points in the n-dimensional parallelepiped spanned by the columns of K, where K is
the matrix given by doubling any one column of K with odd diagonal component.

The spectrum of lines is given by the set A := Z"/ ~, where
a~f3 = d=f+K7, (4.4.6)
where 7 is any tuple of integers with

Z ~; = even. (4.4.7)

K;; odd

Reducing Z™ modulo K, instead of modulo ~, would be tantamount to identifying the
local fermion, if any, with the vacuum. In other words, we would forget about the information
carried by such a line. This would not be correct: we need the Z, label to signal the presence
of . This extra piece of information resolves the ambiguity in lifting the symmetric form B
into the quadratic form 6. We shall nevertheless often refer to the equivalence ~ as “reduction
modulo K7, in order to keep the notation as simple as possible.

Due to the abelian nature of the gauge fields, any pair of unbraided lines &, 5 can be
brought together to form a line of charge a + 5 . In other words, the fusion rules of the theory
are

axf:=(@+F modK). (4.4.8)
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The theory described by a given matrix A may have several symmetries. The main focus
of this paper is to study the zero-form symmetries, but for completeness we mention that
the one-form symmetry group can be obtained by bringing K into its Smith normal form
K — diag(ky, ko, ..., ky), where k; is the greatest common divisor of all ¢ x ¢ minors of K.
Given this canonical decomposition, the one-form symmetry group is

ézki . (4.4.9)
=1

We now move on to the zero-form symmetries of the system. These are, by definition,
the permutations of the lines that respect their topological properties. A unitary zero-form
symmetry of the corresponding system is an automorphism U: A — A that satisfies

U(a x b)
0(U(a))

U(a) x U(b)
6(a) (4.4.10)

for all a,b € A. Similarly, an anti-unitary zero-form symmetry is an automorphism T: 4 — A
that satisfies
T(axb)=T(a)x T(b)
0(T(a)) =0(a)" (4.4.11)
B(T(a), T(b)) = B(a,b)*.

Thanks to (4.4.5), the braiding is determined by the spin, and so the third condition is
automatically guaranteed to hold if the first two do; we nevertheless find it convenient to
keep track of the braiding matrix explicitly.

We have denoted the anti-unitary symmetries by T because we will think of them as a
time-reversal operation (or a reflection in the Euclidean setting). These symmetries do not
always exist: only for some special matrices K is the system independent of the orientation
of spacetime. In particular, as the Lagrangian is odd under the reversal of orientation, we
require K and —K to describe equivalent theories: the theories with matrices K and —K
must be dual.

A sufficient condition for the theories described by two matrices K1, K5 to be equivalent
is that they are congruent, i.e., GL,(Z)-equivalent: that there exists a unimodular matrix
G such that K; = G'K,G, as follows from the redefinition ay := Ga;. The matrix G is
required to be unimodular because the change of variables has to be invertible and respect
the normalisation of the gauge fields. We shall refer to these equivalences of theories as
Lagrangian (or classical) symmetries, because they are manifest symmetries of the Lagrangian.
As we shall show, one may have matrices K7, Ks that are not GL,(Z)-equivalent, and yet
the theories described by them are nevertheless equivalent. This latter notion of equivalence
we refer to as a quantum symmetry, or as a duality.
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Dualities of TQFTs are often valid only when the theory is regarded as a spin TQFT. In
order to turn a bosonic theory into a spin TQFT, it suffices to tensor the theory by the trivial
spin TQFT U(1)x; = {1,v}, where 1 is a local boson and 1 a local fermion. Tensoring a
theory that is already spin by this trivial factor leaves the TQFT unaffected, inasmuch as we
identify local fermions anyway (because they differ by a local boson: ¥ = (1119))s).

If we turn on some background field that couples to a given TQFT, then one may need to
adjust appropriate counterterms for it on both sides of the duality. The canonical example is
the coupling to background gravity, which is controlled by the central charge of the theory
(through the framing anomaly). In particular, the central charge — being the signature of the
K-matrix — is odd under time-reversal, which means that a theory can only be time-reversal
invariant in the presence of gravity if the central charge vanishes. In this sense, a theory
being invariant in flat spacetime may require a gravitational counterterm to remain invariant
when the metric is nontrivial. Noting that U(1)1; is essentially trivial (it is an SPT) but has
central charge +1, one may add as many factors of this theory as necessary so that the theory
under consideration has vanishing central charge, as required to maintain the time-reversal
symmetry when turning on a background metric. If the theory is already spin, tensoring
by U(1)x; = {1,%} has no effect other than changing the central charge; but for a bosonic
system, this factor turns the theory into a spin TQFT.

4.4.1 Symmetries of U(1)"

The analysis of the symmetries of a system described by a matrix K is essentially identical
to that of U(1)g: the symmetries are those automorphisms of the fusion algebra that respect
the spin of the lines. The most general endomorphism of A4 = 7"/~ is

g: @ Qad (4.4.12)

for some matrix @, its i-th column being g(é;), with €; the i-th unit vector. This map is
an automorphism if the action of () is invertible modulo ~, i.e., if it is a permutation of A.
Finally, this permutation shall be a symmetry if it conserves the spin of all the lines, up to
complex conjugation in the anti-unitary case. We discuss this in some more detail below.

Anti-unitary symmetries.

A natural generalisation of proposition 4.3.2 reads

Proposition 4.4.1 A necessary condition for the Chern-Simons theory with matriz
K to admit an anti-unitary symmetry is that there ezists a pair of matrices (Q, P) €
2" X L™ where P has even diagonal elements, and such that

PK - Q'K 'QK =1,,. (4.4.13)
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Proof. We shall look for the most general permutation that satisfies the conditions (4.4.11).
As in the case of a single U(1) factor, any putative time-reversal operation is fixed once
we know how the generators transform. The most general fusion endomorphism reads

T(d) = Q& (4.4.14)

for some matrix (), the i-th column of which represents the action of T on the unit vector in
the i-th direction €;.
Imposing that the spin of ¢€; is the opposite of that of T(€;), we get

1
5@ tKle, = — eZtQt Qe + Py (4.4.15)

for some integer Pj;. Similarly, imposing that T commutes with braiding, B(e;,€;) =
B(T(€), T(€;))", we get

'K 'e; = —&'Q'K'Qe; + Py (4.4.16)
for some integer P;;. These two equations, in matrix form, take the form quoted in the

proposition, as claimed. Note that if this equation is satisfied, then the spin of all the lines
behaves as expected, and not only that of the generators:

1, -
hr@ = 54 a'(Q'K~'Q)a
1. (4.4.17)
= - K'+P
L# (K74 P)a
which indeed equals —hgz modulo 1. O

We stress that, unlike in the case of a single U(1) factor, the argument in proposition 4.4.1
does not prove that any map @ — Qa with PK — Q'K ~'QK = 1,, represents a time-reversal
operation, even though the conditions (4.4.11) are satisfied. One must also require @ to be a
permutation, that is, invertible modulo K over the integers. This is a non-trivial condition
that is not satisfied for every solution of PK — Q'K 'QK = 1,. (In the 1 x 1 case, the
equation pk — ¢* = 1 implies that ged(k,q) = 1, and so any solution is invertible; this is no
longer necessarily true in the n x n case: some solutions may fail to be invertible).

As in proposition 4.3.5, one can also examine the time-reversal invariance of U(1)" through
a Lagrangian argument:

Proposition 4.4.2 A sufficient condition for the Chern-Simons theory described by
the matriz K to admit an anti-unitary symmetry is that there exists a pair of matrices
(Q, P) € V" x Z"*™ where P has even diagonal elements, and such that

PK —Q'K'QK =1, (4.4.18)
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subject to the conditions

[K'QK, Q' =0, [KP,Q]=0. (4.4.19)

(Note that if @ is normal and commutes with K, then these equations are automatically
satisfied).

Proof. By solving for P in (4.4.18), and taking the transpose, it becomes clear that P is
symmetric, and so it defines a (bosonic) abelian Chern-Simons theory. Take the Lagrangian
with matrix K & —P

4rL = a'Kda — b' Pdb (4.4.20)

and perform the GLs,(Z) transformation

“ () 50

K 0 ~KPK +QKQ'  [KP,Q]
(0 —P) - ( Q' PK]  PKP- QfPQ)

-(7 5).

The off-diagonal entries vanish by virtue of [K P, Q] = 0 and P being symmetric, and the

under which

(4.4.22)

equality for the diagonal entries follows from the assumptions in the proposition.
This proves that the theory is time-reversal invariant. The mapping of lines reads

(@, 5) —~ (Qd + KB, —Pa — Q'B). (4.4.23)

Finally, and thanks to the evenness of P, the action of T descends to a well-defined operation
on the lines of U(1)y:
(@,0) = (Qa,—Pa) ~ (Qa,0) (4.4.24)

as required. O

Remark 4.4.1 It is easy to argue that the conditions in proposition 4.4.2 are GL,(Z)-
invariant. Indeed, if we redefine our gauge fields according to a := Gad' for some G € GL,(Z),
then the lines transform as @ = (G~1)'@, and

K = (G—l)tK/G—l

Q=(GHQaG (4.4.25)

P =GP
which leaves the equations (4.4.18), (4.4.19) invariant. This was to be expected, inasmuch as
a Chern-Simons theory depends on K modulo congruences. (Two K-matrices in the same
congruence class have the same determinant; however, the converse is not true: there can

multiple congruence classes with a given determinant. The number of congruence classes
depends nontrivially on the value of the determinant.)
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Deciding whether the equation PK — Q'K 'QK = 1, is solvable for a given K is a
rather non-trivial problem, unlike in the case of U(1), (where it suffices to scan ¢ € [0, k)
for solutions; moreover, and thanks to proposition 4.7.1, deciding whether k € T requires at
most w(k) < % operations if given the prime divisors of k). We shall make no attempt

g log
at finding an efficient characterisation of the set of K-matrices that solve this equation. We
will content ourselves with focusing specifically to the case where K is a 2 x 2 matrix. In

particular, we will consider the following two families of K-matrices:

e Diagonal U(1)g, x U(1)g,, with matrix K = (k(:)l /3)’ and
2

e 7y, twisted gauge theory at level ko, denoted by (Zy, )x,, with matrix K = ( 131 Z;)

Remark 4.4.2 The theory (Zy,)x, is also known as Dijkgraaf-Witten theory when ks is
even [35]. It admits a Chern-Simons gauge theory realization [205, 273]. One can show that
any 2 X 2 matrix K with det(K) = —n? for some integer n can be brought into this form by
a GLy(Z) congruence transformation G'KG (see e.g. [274]). Furthermore, it is easy to show
that (Zg, )k, ~ (Zi, ) ko128, , because the corresponding matrices are congruent®.

We conjecture the following:
Conjecture 4.4.1 The diagonal theory U(1)g, X U(1)g,:
° [f kiky > O,

— Never time-reversal invariant if kiks = 0 mod 4,

— If kiky = 2 mod 4, say, ki = 2k,, then the theory is T-invariant if and only if
ky € p(ka)T, e, if p(ky) = p(ks),

— If k1ko is odd, then the theory is T-invariant if and only if ke € p(k1)T, i.e., if
pu(ky) = pulk2)

94Given (Zg4)p, not all the theories in b € [0, 2a) are independent. For example, if a is odd, one has the
duality of spin TQFTs (Z,)y <— (Za)p+a- This follows from the more general duality

(Za)b X U(l)k A (Za)b-‘ra X U(l)k (4'4'26)

which holds if and only if @ = 2%(2m + 1) and k = 2%(2n + 1) for some integers o, m,n. The explicit change
of variables is G'K, ,G = K, 441, where

-1 m4+n+2mn 2n+1 0 a O
G=|0 -1 0 , Kep:=1|a b 0. (4.4.27)
0 0 k

0 2m+1 1

225



o [fkiky <0,

— If ky is odd, the theory is T-invariant if and only if ke € pu(ki)T,
— If ky = 2Ky is even, the theory is T-invariant if and only if ky € u(iﬁ)(T U 2T).

Conjecture 4.4.2 The theory (Zy, )k, 1S time-reversal invariant if and only if ko € p(k1)Z.

Some of these claims are easy to prove. For example, if k; and ky are both even and
positive, then the theory U(1), x U(1)g, is bosonic and has central charge +2, and so it
cannot be time-reversal invariant. More generally, the conditions above can be seen to be
necessary just by insisting that the generating lines €7, €5 have a line with opposite spin.
Proving that they are also sufficient requires more work, but in principle does not seem out
of reach: an approach similar to the one-dimensional case U(1); should work. In any case, we
checked that the conjecture is correct up to |k;| < 200 in the diagonal case, and |k;| < 200
and ko € [0,2k;) in the (Zg, )k, gauge theory case. We stress that the diagonal theory can be
be time-reversal invariant even when neither of the factors by itself is; naturally, this also
holds for more general theories: a product may have more symmetries than its individual
factors.

Note that if the conjecture above is true, then any odd non-Pythagorean prime factor of
det(K) must appear an even number of times. In fact, it seems that this is true for any 2 x 2
matrix, whether it is of the forms above or not:

Conjecture 4.4.3 A necessary condition for the matriz K € Z**? to describe a time-reversal
invariant theory is that A(det(K)) € T, where A(n) denotes the squarefree part of n.

We recall that a number is said to be squarefree if its prime decomposition contains
no repeated factors. We have checked that this conjecture is true for all matrices with
|det(K)| < 500. (For completeness, we remark that A\(n) € T if and only if n can be
expressed as the sum of two perfect squares, not necessarily coprime).

It also appears that all primitive matrices with det(K) > 0, if time-reversal invariant,
have T? = C, as in the 1 x 1 case:

Conjecture 4.4.4 If K € 7Z**? is positive definite and primitive (i.e. with ged(K;;) =1 for
all i,7), then T = C.

We checked that this is true for all matrices with det(K’) < 400.

Unitary Symmetries.

An essentially identical philosophy allows us to study unitary symmetries rather than anti-
unitary ones. Following an argument equivalent to that of proposition 4.4.1 it is easy to
prove that
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Proposition 4.4.3 Given some K € Z™", the most general unitary symmetry (i.e., a
permutation subject to (4.4.10)) is of the form

U: d — Qd (4.4.28)

for some Q € Z™*", invertible over A, the i-th column of which represents U(€;), the
action of the unitary symmetry on the unit vector in the i-th direction. Invariance of
spin and braiding requires

PK +Q'K'QK =1, (4.4.29)

for some integral matriz P with even diagonal components.

There is always the trivial solution ) = 1,,, which leaves all the lines invariant, and its
negative () = —1,,, which corresponds to charge-conjugation C: @ — —a. Any other solution
@ (invertible modulo K') will correspond to some non-trivial unitary zero-form symmetry of
the system.

We can finally write down the general expression for the group of symmetries of a given
theory:

Proposition 4.4.4 Given an arbitrary abelian TQFT realized as a U(1)" Chern-Simons
theory with matriz of levels K, the group of (unitary and anti-unitary) zero-form symme-
tries can be expressed as

Aut(K) =2 {Q € Z"" | PK + Q'K 'QK = 1, for some P € Z™"}/ ~  (4.4.30)

where P s required to have even diagonal components, () is required to be invertible
modulo K, and ~ denotes the equivalence

Q~Q =  Q&~Qé, i=12,....n (4.4.31)

where the last ~ denotes equivalence in A (cf. (4.4.6)). The subgroup of unitary symme-
tries is given by

Auty(K) =2 {Q € Z7" | PK + Q'K 'QK = 1,, for some P € Z"*"}/ ~  (4.4.32)
with the same restrictions as before. A given symmetry [Q] is quantum if and only if

P #£0 for all Q € Q).

Remark 4.4.3 Here we are making a slight abuse of notation in order to simplify the
presentation: strictly speaking, if a given matrix () satisfies both PK + Q'K QK = 1,, and
PK — Q'K 'QK =1, (possibly with different P’s), they are different symmetries, and so
distinct elements of Aut(K’). The same permutation on the anyons constitutes both a unitary,
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and an anti-unitary symmetry of the system. In other words, the group of symmetries is
the disjoint union of the set of anti-unitary symmetries, and the set of unitary symmetries.
In order to implement this, one should think of Aut(K) as pairs (Q, o), where 0 = +1
keeps track of whether a given permutation is unitary or anti-unitary, and one must add the
condition o(Q) = o(Q') to the equivalence relation ~.

We propose the following conjecture:

Conjecture 4.4.5 The group of unitary symmetries of (Zy)o is multiplicative in k:
Auty ((Zap)o) = Auty ((Za)o) x Auty((Zs)o), ged(a,b) =1. (4.4.33)
Furthermore, for prime powers, it is given by
Auty ((Zan)o) = Dagrny, Auty ((Zgn)o) = Zg X Dyany, (4.4.34)

where Dy, denotes the dihedral group of order 2n. The full group of symmetries, including
anti-unitary transformations, is a Zs extension of the unitary sub-group:

AWt((Zy)o) = Zy % Auty((Zy)o) . (4.4.35)

Remark 4.4.4 Note the similarity of this group and Z; := Aut(Z), the multiplicative group
of integers modulo k. As per a classic result of Gauss, this latter group is also multiplicative,
and given by Aut(Zn) = Zgzny and Aut(Zon) = Zg X Zg(any2. For k = 7 a prime, the group
Auty((Zr)o) = Da(x—1) has been computed in [275].

We next illustrate how to compute Aut(x ) step by step, through a couple of examples.
More examples are worked out, to a lesser degree of detail, in section 4.5.
Consider the theory (Zy, )x,, whose matrix is

0 k
K = 4.4.
(0 ) (1.430)

where we can take without loss of generality k; > 0 and 0 < ky < 2k;. The theory is bosonic

if ks is even, and spin otherwise. In the first case, the lines are of the form (a, 8) € Zy, X Zy,,
and in the second case («, ) € Zay, X Zg,. The spin of an arbitrary line is

aB koo

hop=———% 4.4.37

A common notation for the lines of (Zy, )k, is & = (7,0), called the electric lines, and

m; = (0,7), called the magnetic lines. Their product is e;m; = (4,7). There are i € [0, k1)

electric lines if ks is even, and i € [0, 2k;) lines of odd; and j € [0, k1) magnetic lines. (The
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electric line e; = (4,0) should not be confused with the unit vector €; = (0,0,...,0,1,0,...,0)
in the i-th direction). The line e, = 1 is the transparent fermion, and so e; 1, = €; X 1.
Take for example (Z3)o. A basis of lines is

A ={(0,0), (1,0), (2,0), (0,1), (L1), (2,1), (0,2), (1,2), (2,2)}

4.4.38
= {17 €1, €2, my, €imy, €xmy, My, €1Mma, e2m2} ( )
with spins
h ={0,0,0,0,1/3,2/3,0,2/3, 1/3}. (4.4.39)
Any endomorphism of the fusion algebra is of the form
o o . .
g: (ﬂ) = Q (/3)) , Q= (g(el) g(eg)) ) (4.4.40)
As €; both have vanishing spin, the condition g: h — +h requires
g9(&) € {(1,0), (2,0), (0,1), (0,2)} (4.4.41)

and so there are 4> — 4 = 12 candidates for the matrices Q:

gtei) | (1L,0) (200 (0,1 (0,2

sl - o) () (o)

(2,0) <?) é) (3 ?) (3 g) (4.4.42)
001 ) (o)
021(20) (o) ()

By explicit computation, one may check that the only endomorphisms that are actually

automorphisms (i.e., the only matrices () that are invertible modulo K) are
10 2 0 01 0 2
0 1)°\0 2)°\1 0/’\2 0
10 2 0 0 2 0 1
0 2)°\0 1)°\1 0/’\2 0

and that the first line satisfies K~!' — Q'K ~'Q = P, and the second one K '+ Q'K~'Q = P,
for some integral-valued matrix P. Therefore, the former generate unitary symmetries, and

(4.4.43)

the latter anti-unitary symmetries.
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One may check that the two matrices

T. G’ 3) U: (? (1)) (4.4.44)

generate the whole group of symmetries, and they satisfy
T =U*=(TU)? =1 (4.4.45)
and so the group of symmetries is dihedral:
Aut((Z3)o) = Dg = (T, U). (4.4.46)

Similarly, the pair of matrices C := T2 and U generate the subgroup of unitary symmetries,
and they satisfy
C=U"=1 (4.4.47)

and so the latter is cyclic:
Auty ((Zs)o) = Z32 = (C,U) . (4.4.48)

Consider now what happens when we turn on a non-trivial twisting, say, (Zs3)s. The spin
of the lines is modified into

h={0,8/9,5/9,0,2/9,2/9,0,5/9, 8/9} . (4.4.49)

As we can see, there is no line with spin —8/9 = 1/9 mod 1, and so €] has no partner
under time-reversal: the theory does not admit anti-unitary symmetries. Therefore the
symmetries, if any, must be unitary, and so they must fix the spin; thus, the condition
h +— +h requires

U(er) € {(1,0),(2,2)}
U<€2) € {(07 1)7 <O7 2)}

from where it follows that all the candidates for () are

(4.4.50)

utei) | (1,0)  (2,2)

o[ Y
02|(5 ) (5 2)

One may check that all these matrices are invertible, but the only two that satisfy
K='— Q'K~'Q = P for some integral-valued matrix P are

((1) (1))(3 g) (4.4.52)

230




Finally, the second matrix is easily seen to implement charge conjugation C, and so it squares
to the identity. In other words, the group of symmetries of the system is

Aut((Zs)2) = Auty ((Zs)2) = Zy =

(4.4.53)

By an identical argument one may calculate the group of symmetries of an arbitrary

abelian theory. In table 4.2 we include the group of symmetries of (Zy, )i, for small values of

the levels.

E| Aut((Zo) | Aute((Za)) | Aut(Zi)w) | Auto(Zo)uw)
2 72 Z Z 0

3 Dg 72 Dg 72

4 Ds 72 Ds 72

5) Zy4 o Dg Dy Ly o

6| Z,x Dy 73 Ds 72

7| Zsx Dg Dis 7 % Dg Dis

8 Zo % Dg 73 Zo x Dg Z3

9 Zi3 X Dy Do Zi3 X Dy Dso
10| Zg X Z4 o Dg Zo X Dy L Lo
11 Zs X Dy Do Zs X Dy Dsg
12 232 Zs /5 Z3 Ly 74
13 Ziy 0 Doy Doy Ly Lo
14 | Zy X Zs3 x Dy 73 x S3 Zs3 X Dg Dqs
15| Dg x5 Dg 73 x Dg 73 X Ly 73
16 Z4 X Dg Zo x Dg Z4 X Dg Zo X Dy
17| Zy0 Dy Dss 7 Zs
18 | Zy X Zs3 x Dg 73 x Ss Zs3 X Dg D15
19 Zig X Dy Dsg Zig X Dy Dsg
20| Dg x5 Dy 732 x Dg 73 X Ly 73
21| Z3 x5 Dyy 73 x S3 73 x5 D1y 73 x S3
22 | Zy X Zs x Dg | 73 x Dy Zs X Dg Doy
23 Ziy X Dy Dy Ziq X Dy Dyy
2 | Zy x 221 Zs 73 Ty X 7217 73
25 Ziy 0 Dy Do Ly Ly
20 | Zog X Zy0 Doy | Zg X Doy Zy Zo
27 Zg % Dg D3 Zg x Dg Dsg

Table 4.2: The group of symmetries of (Zg, )x,, denoted by Aut( ), and its unitary subgroup
Auty (%), for k1 € [0,27] and ke = 0, u(ky). For ky ¢ u(ky) there are no anti-unitary
symmetries. (See section 4.6 for basic definitions).
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Similarly, in tables 4.3 and 4.4 we include the group of symmetries of the diagonal theory
U(l)kl X U<1)k2

2 3 4 5 6 7 8 9 10 11 12 13
2% Ty Tg 7y Ziy Zo Zo Ziy 73 Ziy 72 Ly
3 - SDZ% 72 Dy 73 73 Do 72 73 Zy,x Dg 72
4f - Dy 73 73 72 Z3 73 72 73 73 73
5 - - ZyoDg 72 72 73 73 74X Ss 73 73 Ty X Ty
6 - Zo X Dg 72 73 Do 73 73 7 73
7 - SDsy 73 73 73 73 73 72
8 - Zo x Dy 73 72 73 Z; 73
9 - Doy X Ly 72 73 Z3:xS3 73
10 - Zo X Dy 72 Zs Ty X Ty
11] - oy XLy 7 73
12 - Dg x Dy 73
13 - Zy4 0o Doy

Table 4.3: The group of symmetries of the diagonal theory K = diag(ki,k2), to wit,
Aut(U(1)g, x U(1)g,), for small values of k;.

2 345 6 7T 8 9 10 11 12 13
2(Zy Zy Zy Zy Lo Ty Ly Lo 72 Z, 7z 7,
3| - D72 72 72 73 73 Dy 72 7% 7, x Dy 72
4. - Dsz2 72 72 7¥ 72 72 72 78 72
5| - Ds 7% 72 73 7% Dy 72 73 72
6| - Zox Dy 73 72 Dy 72 72 73 72
7| - . Dy 73 72 T2 Ty xZ, I3 72
8| - 7oy x Dy 73 72 73 78 73
9| - . Doy 72 7% 72xS; 72

10 7o x Ds 72 73 72
11 : Dy 73 72
12 Ds x Dy 73
13 . Dy

Table 4.4: The group of unitary symmetries of the diagonal theory K = diag(ky, k2), to wit,
Auty (U(1)g, x U(1)g,), for small values of k;.
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4.4.2 Dualities of U(1)"

A straightforward extension of the formalism so far can be used to diagnose dualities between
different abelian Chern-Simons theories. Given two systems described by matrices K, K,
ny X ni and ny X ng, respectively, the theories shall describe the same TQFT if they give
rise to isomorphic anyon data A;,f;. This corresponds to a bijection f: A; <> Ay that
preserves fusion and spin. If we write the anyons A; as n;-tuples of integral charges @;, then
preservation of fusion requires f to act linearly, say, a7 = Qds, with ) an n; X no integral
matrix that has a left inverse modulo K, (equivalently, dy = Qo?l with Q an ne X ny integral
matrix with left inverse modulo K). Preservation of spin requires the existence of an ny X ngy
integral matrix P, with even diagonal components, such that

Q'K{'Q-K;'=P. (4.4.54)
The theories described by K7, Ky are dual if and only if such matrices @), P exist:

In light of this discussion, we can summarize the content of the previous sections as
follows: a theory with matrix K has a unitary symmetry if and only if there is a self-duality
K < K, and an anti-unitary symmetry if and only if there is a duality K < —K.

For example, it is a well-known fact that U(1)_g is level-rank dual (as bosonic TQFTs) to
SU(8);. This latter theory can be represented as an abelian Chern-Simons theory with K-
matrix equal to the Cartan matrix of SU(8). In our terminology, this duality is implemented,
for example, via the matrix @ = (0,0,1,0,0,0,0), which indeed satisfies (4.4.54) with P = (2).

Other interesting examples of dual abelian theories can be found in twisted gauge theories
(Z4)p. Recall that if a is odd, then (Z,)p <> (Z4)asp, which is already clear at the Lagrangian
level (see footnote 94). There are extra dualities that go beyond this trivial one, for example
(Z7)2 <> (Z7)4 and (Z7)3 <> (Z7)5. One can easily check these dualities by finding a suitable
Q, P in (4.4.54).

Many more examples of (trivial and non-trivial) dualities between abelian theories can be
exhibited. In contrast to the non-abelian case, abelian TQFTs enjoy infinitely-many dualities.
For a given finite abelian group A and a quadratic form 6 on it, there are infinitely many
integral matrices, of varying dimension, that generate the pair (.4, ), so all these matrices are
dual. Trivially dual theories can be obtained by looking directly at the Lagrangian: matrices
related by GL(Z)-conjugation give rise to the same dynamics, GK;G' = K,. Non-trivially
dual theories, which are not dual at the Lagrangian level, require the generalized condition
Q'K;'Q — K;' = P, which allows for matrices of different dimension. In any case, fixing
K, one can find infinitely-many matrices K5 that are dual to it, just by varying G or P, Q
in these equations.
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4.5 Examples

Finally, we discuss some illustrative examples. To avoid repetition, we typically include a
theory only if it incorporates a new feature that was not present in the previous examples.
We begin by the case of a single abelian factor, U(1).

Example 4.5.1 (k =2) We have @w(2) = 0, and so the system has no unitary symmetries.
As the system is bosonic, there are no anti-unitary symmetries either.

One may regard the system as a spin TQFT, in which case it is usually known as the
semion-fermion theory [108, 111]. The system now admits one anti-unitary symmetry, which
can be found by solving 2p — ¢*> = 1, whose only solution in the range ¢ € [0,2) is ¢ = 1.
This means that the permutation is s <+ s X 1, as is well-known.

We thus have

Aut(U(1)2) = Auty(U(1)2) =0
Aut(U(1)y x {1,4}) = Zy = (T) (4.5.1)
Auty(U(1)e x {1,9}) =0.

The integer k = 2 is Pell, and so the time-reversal permutation above is a symmetry of

the Lagrangian (provided by {1,v} we mean U(1)_; rather than U(1),).

Example 4.5.2 (kK = 3) We have @w(3) = 1, and so the system only has one unitary symme-
try: charge conjugation. This is a Lagrangian symmetry.
Similarly, 3 # 1 mod 4, and so the system is not time-reversal invariant.
We thus have
Aut(U(1)3) = Auty(U(1)3) = Zy = (C). (4.5.2)

Example 4.5.3 (k =5) We have @w(5) = 1, and so the system only has one unitary symme-
try: charge conjugation. This is a Lagrangian symmetry.

The level satisfies 5 = 1 mod 4, and so the system is time-reversal invariant. The
permutation can be found using equation (4.7.2): ¢ = %! +5 =7 (there is a second solution,
which differs by a sign: ¢ = =7 =3 mod 10). The explicit map of lines is

a [0111213]4]|5|/6[7[81]9
4.5.3
T(a)|O|T74|1|8|5/2/9/6/|3 ( )
We thus have
Aut(U(l)s) =Z4 = (T
ut(U(1)s) = Z = (T) s

Auty (U(L)s) = Zy = (C) .

The integer k = 5 is Pell, and so the time-reversal permutation above is a symmetry of
the Lagrangian once we include the gravitational counterterm (but not without it).
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Example 4.5.4 (k =8) We have w(8) = 1, and so the system only has one unitary symme-
try: charge conjugation. This is a Lagrangian symmetry.

The system is bosonic, and so it is not time-reversal invariant. One may regard the system
as a spin TQFT, but 8 =0 mod 4, and so it is not time-reversal invariant either.

As a spin TQFT, one has @w(4) + 1 = 2, and so the system has three unitary symmetries:
charge-conjugation and multiplication by +3. The latter are not Lagrangian symmetries.

We thus have

Aut(U(1)s) = Auty(U(1)s) = Z2 = (C)

(4.5.5)
Aut(U(1)g x {1,4}) = Auty(U(1)s x {1,4}) = Zs x Zy = (C, U).

where U is either of («, 5) — (£3a, a + ) (the other sign being CU).

Example 4.5.5 (k = 12) We have @w(12) = 2, and so the system has three unitary sym-
metries: charge conjugation and multiplication by £5. The latter are not Lagrangian
symmetries.

The system is bosonic, and so it is not time-reversal invariant. One may regard the system
as a spin TQFT, but 12 =0 mod 4, and so it is not time-reversal invariant either.

As a spin TQFT, one has w(6) + 1 = 2, and so the unitary symmetries are the same as in
the bosonic case. They are not Lagrangian symmetries either.

We thus have

Aut(U(1)12) = Auty(U(L)12) = Zs x Zy = (C, U)

(4.5.6)
Aut(U(1)1e x {1,9}) = Auty(U(L)1e x {1,9}) = Zy x Zs = (C,U).

where U denotes multiplication by either of +5 (the other sign being CU), while fixing the
local fermion, if any.

Example 4.5.6 (k = 15) We have w(15) = 2, and so the system has three unitary sym-
metries: charge conjugation and multiplication by £11. The latter are not Lagrangian
symmetries.

The level can be factored as 15 = 3 -5, and 3 # 1 mod 4, and so the system is not
time-reversal invariant.

We thus have
Aut(U(1)15) = AutU(U(1)15) = Zg X ZQ = <C, U> . (457)
where U denotes multiplication by either of £11 (the other sign being CU).

Example 4.5.7 (k = 24) We have w(24) = 2, and so the system has three unitary sym-
metries: charge conjugation and multiplication by £7. The latter are not Lagrangian
symmetries.
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The system is bosonic, and so it is not time-reversal invariant. One may regard the system
as a spin TQFT, but 24 =0 mod 4, and so it is not time-reversal invariant either.

As a spin TQFT, one has w(12) + 1 = 3, and so the number of unitary symmetries is
doubled. The new symmetries, those that mix the bosonic lines with the transparent fermions,
are generated by multiplication by 13.

We thus have

Aut(U(1)ay) = Auty(U(1)as) = Zy X Zy = (C,U)
Aut(U(1)gs x {1,9}) = Auty(U(1)g x {1,2}) = Z3 = (C,U,U’).

where U denotes multiplication by either of £7 (the other sign being CU) while fixing the

(4.5.8)

local fermion, if any, and U’ denotes multiplication by 13, while mixing the local fermion.

Example 4.5.8 (k = 25) We have w(25) = 1, and so the system only has one unitary
symmetry: charge conjugation. This is a Lagrangian symmetry.

The level can be factored as 25 = 5%, and 5 = 1 mod 4, which means that the system
is time-reversal invariant. In order to find the solution to ¢> = —1 mod 25 one may use
Hensel lifting (4.7.4): the solutions modulo 5 are 43, and so the solutions modulo 5% are
+3 F (3?2 + 1) = £7. The explicit map of lines is

a (01234 |---]146|47|48]|49 (4.5.9)
T(oz) O|7]14121128|---122129|36 |43 e
We thus have
Aut(U(1 =7,=(T
ut(U(L)2s) 1= (4.5.10)

AutU(U(1)25) = ZQ = <C> .
The integer k£ = 25 is not Pell, and so the time-reversal permutation above is not a

symmetry of the Lagrangian, not even if we include the gravitational counterterm.

Example 4.5.9 (k = 65) We have w(65) = 2, and so the system has three unitary sym-
metries: charge conjugation and multiplication by £51. The latter are not Lagrangian

symmetries.
The level can be factored as 65 = 513, and 5 = 13 = 1 mod 4, which means that
the system is time-reversal invariant. In order to find the solution to ¢> = —1 mod 65 one

may use the Chinese Remainder Theorem (cf. the discussion below (4.7.4)). The solutions
modulo 5 are ¢ = +3, and the solutions modulo 13 are ¢ = +5. Take for example the
solution with ¢ =3 mod 5 and ¢ =5 mod 13; then, using the Euclidean algorithm, we find
5-8+ 13- (—3) = 1, which means that ¢ =3-13-(—=3) +5-5-8 =83 mod 65. Similarly,
taking the solution with ¢ = —3 mod 5 and ¢ =5 mod 13 leads to ¢ = 57 mod 65. All in
all, the solutions of ¢> = —1 mod 65 are ¢ = £47, +57. The explicit map of lines is

a |ol1] 2 ]3]4]--]126]127]128]129
Ti(a)|0|47| 94 [11|58|---| 72 [119] 36 | 83 (4.5.11)
To(a) | 0|57 114 41|98 ---| 32|89 | 16 | 73
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We thus have
Aut(U(1)65) = Z4 X Z2 = <T7 U>

AutU(U(1)65) = ZQ X ZQ = <C, U> .
where T denotes either of Ty, Ty (the other one being UT), and U denotes multiplication by

either of £51 (the other sign being T2U).
The integer k£ = 65 is Pell, and so the permutation above is a symmetry of the Lagrangian

(4.5.12)

once we include the gravitational counterterm (but not without it).

We now move on to 2 x 2 matrices. We denote by |a, b, ¢] the equivalence class (with

b
) is a representative. We begin with
c
positive-definite K, and order them by det(K). (We recall that there can be more than one

congruence class with a given value of det(K)).

respect to congruence) of all matrices of which (Z

Example 4.5.10 (det(K) = 2) The first non-trivial positive-definite time-reversal invariant
1

theory is K = [2,0,1], where the permutation is @ = (0

1), which is of order 2. The

system has no unitary symmetries. Therefore,

Aut([2,0,1]) =Zy = (T)

Auty([2,0,1]) = 0. (4.5.13)

The transformation T is not a symmetry of the Lagrangian (because the central charge is
2), but it becomes one once we subtract two units of central charge (i.e., we consider the
theory diag(K, —1, —1), which is dual to U(1) x U(1)_1).

There are no other 2 x 2 congruence classes with determinant equal to 2.

Example 4.5.11 (det(K) = 5) The next positive-definite time-reversal invariant theories
are K = [5,0,1] and K = [2, 1, 3], where the permutations are

+Q = (3 (1)) (4.5.14)

and

1O = (; g) (4.5.15)

respectively. They all satisfy T2 = C (and thus are of order 4). The system has no non-trivial
unitary symmetries. Therefore,

Aut([5,0,1]) = Aut([2,1,3]) = Zy = (T)

(4.5.16)
Auty([5,0,1]) = Auty([2,1,3]) = Zy = (C) .

These are the only 2 x 2 congruence classes with determinant equal to 5.
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Example 4.5.12 (det(K) =9) The next positive-definite time-reversal invariant theory is
K = [3,0, 3], where the permutations are

O = (; ‘1‘)(‘11 f) (4.5.17)

all of which satisfy T = C (and are thus of order 8), and

- (PO ws1s

all of which satisfy T? = C (and are thus of order 4).
Similarly, the non-trivial unitary symmetries are

o (0300 ws

the first one of which squares to C (and is thus of order 4), and the other two are of order 2.
As it turns out, all these symmetries can be generated from just the two matrices

T. (; ‘D Uy ((1) (1)) (4.5.20)

which satisfy T® = U? = 1 and U; T = T3U;, and so the group of symmetries is semidihedral,
SDyg = Zg X Zy. Similarly, the matrices U; and U, := T? satisfy U3 = U? = 1 and
UsUiUs = Uy, and generate the whole group of unitary symmetries, and so the latter is
dihedral, Dg =2 Zy X Zs. All in all, the group of symmetries is

Aut([3,0,3]) = SDys = (T, Uy)

Auty([3,0,3]) = Dg = (U, Uy) . (4.5.21)

The rest of binary forms with det(K) =9 are K = [1,0,9] and K = [2,1, 5], neither of
which is time-reversal invariant. They have no non-trivial unitary symmetries either.

Example 4.5.13 (det(K) = 12) The matrix K = [4,2,4] has a unitary symmetry with
U® =1 (and no time-reversal).
The non-trivial permutations are

s (DEDEDEYE) e

which are of order 6,6, 2,2, 2, respectively.
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The whole group can be generated from one of the order 6 permutations, and one of
the order 2 ones. They satisfy U} = U2 = 1, together with U;U,U; = U,, and so the group
structure is dihedral:

Aut([4,2,4]) = Auty([4,2,4]) = Dis = (Uy, Us) . (4.5.23)

The rest of binary forms of the same determinant are K = [1,0,12], K = [2,0,6], and
K = [3,0,4], none of which is time-reversal invariant. One has

Aut([1,0,12]) = Auty([1,0,12]) = Zy x Zy
Aut([2,0,6]) = Auty([2,0,6]) = Z (4.5.24)
Aut([3,0,4]) = Auty([3,0,4]) = Zo X Zs .

Example 4.5.14 (det(K) = 18) The first positive-definite time-reversal invariant theory
with a T such that T? # C and det(K) not a perfect square is K = [3,0, 6], where the
permutations are

+Q = (g ;) (4.5.25)

both of which satisfy T? = C (and thus are of order 4), and

+Q = (i ;) (4.5.26)

both of which are of order 2, i.e. T? = 1. If one chooses T? = (—1)', the latter admit a
well-defined Z,6 anomaly, which is easily evaluated to be +2.
The only non-trivial unitary symmetry is

1O = ((1) g) (4.5.27)

which is of order 2.

If we denote by T one of the order 4 time-reversal symmetries, and by U one of the unitary
ones, then one may check that these two operations generate the whole group of symmetries.
One has T* =U? =1 and TUT = U, and so

Aut([3,0,6]) = Ds = (T, U)

(4.5.28)
Auty([3,0,6]) = Zy x Zy = (C,U) .

The rest of binary forms with det(K) = 18 are K = [1,0, 18] and K = [2,0, 9], neither of
which is time-reversal invariant. They have no non-trivial unitary symmetries either.
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Example 4.5.15 (det(K) = 49) The first example of a time-reversal invariant theory where
the order of the symmetry is greater than 8 is K = [7,0, 7], where the permutations are

0= (02) G 0) (G2 (5 9) 529

all of which satisfy T® = C (and thus are of order 16), and

0= (5 5) () () (1) (50

all of which satisfy T2 = C (and thus are of order 4).
The non-trivial unitary symmetries are

(D DCDEDCDCDEY  wm

which are of order 2, 2,2, 2,4, 8,8, respectively.

If we let T denote one of the order 16 time-reversal permutations, and U; one of the
order 2 unitary permutations, then one may check that these two operations generate the
whole group. Furthermore, one has T'® = U? =1 and U; TU; = T, and so the group is the
semidihedral group of order 32. On the other hand, if we let Uy be one of the order 8 unitary
symmetries, then one may check that these two operations generate the whole unitary group.
One has U§ = U? = 1 and U,U,;U, = Uy, which is the dihedral group of order 16. All in all,
the group of symmetries is

Aut([7,0,7]) = SD3y = (T, Uy)

Autyy(([7,0,7]) = Dig = (Ur, Ua). (4.5.32)

The rest of binary forms with det(K) = 49 are K = [1,0,49], K = [2,1,25], and
K = [5,4£1, 10|, neither of which is time-reversal invariant. They have no non-trivial unitary
symmetries either.

Example 4.5.16 (det(K) = 50) Take for example K = [5,0,10]. The anti-unitary symme-

tries are
13\ /1 7\ /1 7\ /1 3\ /3 5\ /3 5
iQ:<4 1)’(6 1)’(4 9)’(6 9)’(0 3)’(0 7) (4.5.33)

the first two of which satisfy T% = C (and are thus of order 12), and the rest of which satisfy

T2 = C (and are thus of order 4).
The non-trivial unitary symmetries are

(DEDEICI0Y e
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the first two of which satisfy U3 = C (and are thus of order 6), and the rest of which are of
order 2.
One may check that the three matrices

) w0 e () wsi

generate the whole group, and satisfy T* = U? = U2 = [T, U;] = (U;Uy)? = 1, and therefore

Aut([5,0, 10}) = Z4 X DG = <T, U1, U2>

) (4.5.36)
AutU([5,0, 10}) == D12 = <T U1, U2> .

The rest of binary forms with det(K) = 50 are [6, £2,9], [3, £1, 17|, [1,0,50], and [2, 0, 25],
= Z4s = (T) and

and they are all time-reversal invariant with symmetry group Aut(x)

AutU(*) = ZQ = <C>
We now move on to 2 X 2 indefinite matrices.

Example 4.5.17 (det(K) = —2) The only binary form with det(K) = —2 is [1,1,—1],
which contains four lines. The theory has no non-trivial unitary permutations, and one

Q= G (1)> (4.5.37)

which squares to the identity. Therefore,

anti-unitary one, effected by

Aut([1,1,—1]) = Zy = (T)

Auty([1,1,-1]) = 0. (4.5.38)

When T? = (=1)F, this symmetry admits a well-defined Z;¢s anomaly, which is easily
evaluated to be v = 2.

Example 4.5.18 (det(K) = —3) The two binary forms are K = [1,1, —2] and K = [2,1, —1],
neither of which admits an anti-unitary permutation. The unitary permutations are the
trivial one, i.e.,

Aut([1,1,-2]) = Auty([1,1,-2]) = Zy = (C)

(4.5.39)
Aut([2, 1, —1]) = Auty([2, 1, —1]) = Z, = (C).

Example 4.5.19 (det(K) = —4) All the matrices are of the twisted gauge theory type,
K =10,2,k], with £ = 0,1,2,3. For k odd there are no anti-unitary symmetries, while the
unitary ones are trivial:

Aut([0,2,k]) = Auty ([0, 2,k]) = Zo = (C),  k=1,3. (4.5.40)
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For k even, there are anti-unitary symmetries. In particular, for £k = 0 we have the
trivial permutation and the electric-magnetic duality e <+ m, as is well known. There is also
the unitary symmetry e <> m, which can be obtained from composing the two anti-unitary
symmetries. Similarly, for £ = 2, the anti-unitary permutation is m <+ em, and there are no
unitary symmetries. In short,

Aut(]0,2,0]) = Zy x Zy = (T, T')

Auty([0,2,0]) = Zy = <TT’> (4.5.41)
Aut([0,2,2]) = Zy = (T)

AUtU([Ov 2, 2]) =0.

Example 4.5.20 (det(K) = —5) The representatives are K = [2,1,—2] and K = [1,2, —1].
They both have a T? = C permutation, and no non-trivial unitary symmetries. In other
words,

Aut([2,1,-2]) = Aut([1,2, —1]) = Zy = (T) 52)
Auty([2,1,-2)) = Auty([1,2, —1]) = Z, = (C).

Example 4.5.21 (det(K) = —9) All the matrices are of the twisted gauge theory type,
K =10,3,k], with k = 0,...,5. There are anti-unitary symmetries only for k£ = 0, 3:

Aut([0, 3, k]) = D
. k=0,3 (4.5.43)
AutU([O, 3, kD = ZQ X ZQ

while for the rest of levels the only symmetry is charge conjugation:
Aut([0, 3, k]) = Auty ([0, 3, k]) = Zo, k=1,2,4,5. (4.5.44)

Example 4.5.22 (det(K) = —18) The first example with time-reversal with order greater
than 4 is K = [3,3, —3], whose anti-unitary permutations read

N R N N N BT

(which are of order 8,8,4,4), and whose non-trivial unitary permutations read

+0Q = (i f)(é _21)(2 f) (4.5.46)

(which are of order 4,2,2). It is a simple exercise to check that

Aut([3, 3, —3]) = SDlG

(4.5.47)
Auty([3,3,-3]) = Ds.

The rest of the binary forms with the same determinant are [1,4, —2] and [2,4, —1], which
have Aut(x) = Auty(x) = Zy = (C).
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Example 4.5.23 (det(K) = —20) The next interesting example is K = [4,2, —4], which
has
Aut([él, 2, —4]) = 74 X Dg

Auty([4,2,—4]) = Dy (4.5.48)

The rest of binary forms with the same determinant are [2,4, —2], which has Aut(*) = Z,4
and Auty (%) = Zo, and [1,4,—4] and [4,4, —1], which have Aut(x) = Auty(x) = Zy X Zs.

Example 4.5.24 (det(K) = —27) Another interesting example is the pair K = [3,3, —6],
K = [6,3,—3], which has
Aut(*) = AutU(*) = D12 . (4549)

The rest of binary forms with the same determinant are [1,5,—2] and [2, 5, —1], which
have Aut(x) = Auty(x) = Zs.

Example 4.5.25 (det(K) = —49) As 49 is a perfect square, these matrices are of the twisted
gauge theory type. One has
Aut([0,7,k]) = Zs x D
([0,7,k]) = Zs x Dy (4.5.50)
AutU([O, 7, k’]) = D12
if Kk <7, and

Aut([0,7, ) = Auty ([0, 7, ) = Z, (4.5.51)

otherwise.

Example 4.5.26 (det(K) = —121) The next interesting example is, again, of the twisted

gauge theory type. One has
Aut([O, 11, k’]) = Z5 X Dg

(4.5.52)
AutU([O, 1]_, k’]) == D20
if £ oc 11, and
Aut([0, 11, k]) = Auty ([0, 11, k]) = Zs (4.5.53)
otherwise.
Finally, we consider a few higher-dimensional examples, chosen at random:
Example 4.5.27 (det(K) = 16) The theory with matrix
3 -1 -1
K=[-1 3 -1 (4.5.54)
-1 -1 3
has
Aut(x) = Ay x D
(x) = A4 24 Ds (4.5.55)

AutU(*) = ZQ X 54.
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Example 4.5.28 (det(K) = 36) The theory with matrix

300
K=1[0 4 2 (4.5.56)
0 2 4
has
Aut(x) =S3 x SD
(%) =5 - (4.5.57)
AutU(*) = 53 X Dg.
Example 4.5.29 (det(K) = 48) The theory with matrix
1 00
K=|[0 8 4 (4.5.58)
0 4 8
has
Aut(*) = Auty(*) =73 x S, (4.5.59)

4.6 Notation and definitions.

For the convenience of the reader, we gather here some common definitions we use throughout
the text.
We denote by Z := {0, £1,+2, ...} the set of all integers, and by T, P the two subsets

T:={k€Z | kp—¢*=1 for some p,q € Z}

4.6.1
P:={kcZ)| kp*—q¢* =1 for some p,q € Z} . ( )

One has P C T C Z.

All primes greater than 2 are odd, and so they can be written as 4n 4+ 1 for some integer
n. Those of the form 4n + 1 are called Pythagorean (because they can be written as the sum
of two squares, unlike those of the form 4n — 1, as per Fermat’s theorem).

The function ¢: Z — Z denotes the Euler totient function: ¢(k) is the number of integers
q such that 0 < ¢ < k and ged(q, k) = 1, where gcd denotes the greatest common divisor.
In other words, there are ¢(k) integers smaller than k that are coprime to it. This function
is multiplicative, ¢(ab) = ¢(a)p(b) for any a,b € Z with ged(a,b) = 1, and is given by
¢(r") = 7 1(m — 1) for prime 7 and integer n.

The function w: Z — 7Z counts the number of distinct prime factors, i.e. the prime
decomposition of a given k € Z reads

k=] (4.6.2)



We also denote w(k) := w(k) if k is odd, and w(k) := w(k/2) if even. For example,

w(1) =0, w(22) =w@) =w) =w®) =1, w6)=2.. (4.6.3)

w(l) =w(2) = w(3) =w(4 w(ll) =1, w(12)=2,...

~—

The function p: Z — Z denotes the operation of removing the Pythagorean prime factors:

p() =1, w?2)=2 w@)=3, p4)=4, pB)=1, u6)=6,... (4.6.4)

One has k € T if and only if u(k) = 1 or pu(k) = 2. The function A\: Z — Z denotes the
squarefree part (i.e., A(k) is the smallest divisor of k such that k/A(k) is a perfect square):

AD) =1, A2)=2 AB)=3, A@) =1, A(B)=5,....A8)=2,... (4.6.5)

We denote by Z™™ the set of all integral n x n matrices, and by GL,(Z) C Z"™*" the
subset of invertible matrices over Z. A given matrix is invertible over Z if and only if its
determinant is £1, and so the elements of GL,,(Z) are known as unimodular matrices.

Given some set A with some extra structure o, we denote by Aut(A, o) C Sy the set of all
permutations of A that “respect” the structure o, and whose group operation is that inherited
from S4 (i.e., composition). For example, if x: A x A — A is a binary product such that
(A, x) is a group, then Aut(A, x) is the set of permutations that are group homomorphisms.
Similarly, if A is a group and 6: A — U(1) is a quadratic form on it, Aut(A,#) denotes
the set of automorphisms of A that leave @ invariant, perhaps up to complex conjugation:
O(m(a)) = 0(a)*! for alla € A and m € Aut(A). If the data (A, ) comes from a Chern-Simons
theory with matrix K, we also use the notation Aut(K) = Aut(A,0), or even Aut(U(1)) in
the 1 x 1 case.

Given some unital ring A, we denote by A* the group of units of A — the set of its
invertible elements. For example, one has GL,(Z) = (Z™*")*.

The group Zj, denotes the cyclic group of order k, which consists of the set {0,1,...,k—1},
where the product operation is just addition, followed by reduction modulo k. One can also
endow Zj with integer product, which makes it into a ring (integer product is not usually
invertible); the group of units is denoted by Z;', and its order is ¢(k).

We also recall some basic definitions from group theory, following [276].

Definition 2.1.3 Let N and G be groups. Then an action of G on N is a homomorphism
0: G — Aut(N). This is described by saying that G acts on N or that N is a G-group.

Definition 2.1.4 Let G and N be groups such that G acts on N with action given by 6. Then

the semi-direct product N x¢G of N by G with this action is defined as follows. The underlying
set of N x¢ G is G x N and the multiplication is defined by (g1, n2)(g2, n2) = (g1g2, (n?%)ns).
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Definition 2.2.6 [...] A group G is an external central product H o K of two groups H
and K if there exists an isomorphism 6: Z(H) — Z(G) such that G is (H x K)/N where
N ={(h,h7'0) | h e Z(H)}.

Definition 2.3.1 Let G be a group and {2 a non-empty finite set. Then G acts on € if,
to each w €  and g € G, there corresponds a unique element w? € €2 such that, if g; and
g2 € G then (w99 = w992; and w' = w. If G acts on Q then the permutation representation
of G corresponding to the action is the homomorphism p: G — ¥q, the symmetric group on
2, defined by w(gp) = w? for all w € Q and all g € G.

Definition 2.3.2 Let H be a group and € a non-empty finite set. Then H* denotes the
set of all maps from Q to H. For f1, fo € H, define fif, € H® by w(fif2) = (wfi)(wfy) for
all w € Q.

Definition 2.3.3 Let H be a group, and G be a finite group acting on a non-empty finite
set 2. Then an action of G on the group H* is defined as follows. For each ¢ € G and
f e H? define f9 € H? by wf9 = w9 f for all w € Q. The (permutational) wreath product
H G of H with G corresponding to this action of G on  is the split extension H® x G with
this action of G on H.

Finally, we define a few important finite groups (see e.g. Definition 2.1.11 in [276]):

e The dihedral group D,, of order 2n is defined by

Dy, = <(L’, Y ’ y" = T2 = (g;y)2 = 1> =7, X Lo (466)

e The semidihedral group SDant1 of order 2°! is defined by

2 277,71

= (zy)’y* =1) (4.6.7)

SDynir = (z,y | y*" ==

e The symmetric group S, of order n!, corresponding to all the permutations of n objects,

and its commutator subgroup A, of order n!/2, known as the alternating group and
given by the even permutations of S,,. One has S,, = A,, X Zy for n > 5.

4.7 Further results.

In this section we collect some further results concerning the theory U(1); which may prove
useful in subsequent studies of this system. We begin by making some remarks concerning
the set T, defined as those integers k such that —1 is a quadratic residue modulo &, i.e., those
integers for which the equation ¢> = —1 + pk is solvable for some integers p, q.
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It is straightforward to show that any solution (p,q) is such that ¢ is congruent to o
modulo k, where (po, qo) is a solution with gy € [0, k). More precisely, if (po, qo) is a solution,
then so is (P(n),Q(n)) for any n € Z, where

P(n) := po + 2qon + kn?

Q(n) == qo + kn (4.7.1)

as is easily checked. This is not particular to our problem; the solutions to congruences of
the form f(¢) =0 mod k, for some polynomial f: Z — Z, are always defined modulo k.

Generically speaking, this type of congruences are solved by first solving them modulo
the prime divisors of k. Indeed, if k is to divide f(g), then so must its divisors. This means
that the prime divisors of k are essential in deciding whether ¢> +1 =0 mod k is solvable
or not. To be precise, one of the key results concerning the set T is the following:

Proposition 4.7.1 A given k is in T if and only if all its prime factors are Pythagorean
(that is, congruent to 1 modulo 4), perhaps up to a single factor of 2.

Proof. By reducing kp = 1 + ¢*> modulo 4, and considering the odd ¢ and even ¢ cases
separately, it becomes clear that &£ cannot be a multiple of 4. Similarly, by Gaussian reciprocity,
—1 is a quadratic residue modulo a prime 7 if and only if 7 is Pythagorean, and so k cannot
be a multiple of a non-Pythagorean prime either. This proves that the conditions above
are necessary; proving that they are also sufficient can be done by explicitly constructing a
solution g. We now sketch how this can be done.

First off, if k£ is a Pythagorean prime, we can use Wilson’s theorem to obtain an explicit

q= (%)v (4.7.2)

satisfies ¢> = —1 mod k. One can also take

expression for ¢. Indeed,

q=(k—a) (4.7.3)

where a is any of {+1,2,3}.

Lifting the solution to a prime power £ = 7" can be done using the Hensel lemma. If we
let g1 be the solution for n = 1, then the general solution can be obtained via the quadratic
map

Gn = Gn1 —alg:_, +1) (4.7.4)

where a is a solution to 2qia = 1 mod 7 (e.g., a = (2¢;)™ 2, as per Fermat’s little theorem).

Finally, finding a solution for arbitrary k requires the use of the Chinese Remainder
Theorem. For example, let & = a,ay with a;, a; two prime powers. Then ¢> = —1 mod k
requires ¢> = —1 mod a;, which by the previous paragraph has a solution ¢;. With this,
the solution of ¢> = —1 mod k is ¢ = qy1a2 + gaasa; mod k, where oy, ay are the Bézout
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coefficients for a1, as (i.e., a pair of integers such that a;a; +asas = 1, which can be computed
using the Euclidean algorithm). By iteration we can easily find the solutions for an arbitrary
integer k = ajas ... a,, and so the conditions in proposition 4.7.1 are also sufficient. ([

The integers ¢ that solve ¢> = —1 mod k implement the time-reversal permutations
on the anyons of U(1);. The lines a € A that are fixed under time-reversal (modulo local
operators) play a special role in analysing the time-reversal symmetry of a system (and its
anomalies), see e.g. [64, 77]. We have the following:

Proposition 4.7.2 The only lines that satisfy T(a) = a are the identity and the trans-
parent fermion. If k is odd, no line satisfies T(a) = a X 1, while if k is even, the only
lines satisfying T(a) =a x ¥ area=k/2x 1 and a = k/2 x 1.

Proof. Any line fixed by T (perhaps up to 1) has a = T?(a) = C(a). Let k be odd; then
lines fixed by C satisfy 2o = 0 mod 2k, that is, a o< k. Both lines o = 0, k have T(a) = a,
and so there are no lines with T(a) = a x .

Now let k be even; then lines fixed by C satisfy 2a = 0 mod k, that is, a « k/2. One
may check that a = (0, 3) satisfies T(a) = a, and a = (k/2, 5) satisfies T(a) = a X . O

We thus see that the property T? = C implies that the set of lines that are fixed by
time-reversal is very small. More generally, it is possible to argue that, due to 8(T(a)) = 0(a)*,
an anyon can only be fixed by T (perhaps up to ) if its spin is either 0(a) = +1 or 0(a) = %1,
ie., if h € {0, %, %, %} These are the bosons, fermions, semions, and anti-semions of the
theory. For some purposes, it may be useful to know how many of these lines the theory
supports. We have the following:

Proposition 4.7.3 Let k € Z, and denote by Ny, the number of lines of spin h in U(1)y
(as a spin TQFT), and by \(k) the squarefree part of k. Then we have Ny = Nyjp =
VEk/AE). Furthermore, if we write k = 2¢k, with k odd, then Nijs = N3jy =0 if e is
even, and Ny/q = N3ju = \/k/A(k) if odd.

Proof. We shall need the following trivial fact: given some integer k € 7Z, all solutions to
the equation

o = kB, a,B EZ (4.7.5)

are of the form (a,, 8,) = (n\/kA(k),n?A(k)) for some integer n. Indeed, if k{3 is to be a
perfect square, then 8 must be proportional to A(k); and the constant of proportionality
must itself be a perfect square.

We next count the bosons and fermions of U(1).

We begin with the k odd case. An anyon « € [0, 2k) has vanishing spin iff o® = 2k for
some integer /3. All the solutions to this equation are of the form a = n/2kA(2k) for some
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integer n =0,1, ..., [\/%J Therefore, there are

% — 1 [k
{ 2k)\(2k)J EGW 4T

bosons. Similarly, the fermions are given by the solutions to a? = k(28 + 1), that is,

= ith n — okl
a=ny/kAXk) withn=1,3,...,| k/\(k)j. Therefore, there are

1 2k — 1 k
2 Q k:A(k)J " 1) (k) W
fermions.

We now move on the the k even case. The bosons in the spin theory come from
the bosons and fermions in the non-spin theory. The former solve a? = 2k and the
latter solve a® = k(283 + 1). Together, they solve a? = kf3, that is, @ = n\/kA(k), with
n=0,1,...,|—2=_|. Therefore, there are

VEE)

ko1 [k
{ k:)\(k)J TEAw o

bosons. The counting of the fermions is identical.

A very similar argument proves the claim for the semions. For k£ odd, the counting is
straightforward. For k even, one is to count the spin 1/4 and 3/4 lines in the bosonic theory,
which solve 202 = k(2p + 1). Writing k = 2°k, with & odd, it is clear that no solutions exist

for e even (because /2 is not integral). For e odd, the solution is ov = 2¢=1/2n /EX(k), with

n=13,..., LLJ Thus, there are
2(e=1/2/EA(R)

1 2°k —1 k

= +1| =4/—= (4.7.9)
AN NG A(k)
spin h = 1/4 lines in the spin theory, and as many spin 3/4 lines. O

A similar technique can be applied to counting other lines V.
We now move on to the so-called Pell numbers:

Definition 4.7.1 An integer k is said to be Pell if there exists a pair of integers p, ¢ such
that kp? — ¢*> = 1. The set of Pell numbers is denoted by P.

We include here some known facts about Pell numbers, the first few of which are k =
1,2,5,10,13,17,26,29, ...
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e No perfect square other than 1 is ever Pell. (Indeed, n? —m? > 2m for n > m > 0, and
so this expression cannot equal 1).

e All Pell numbers are in T (but the converse is not true; the first few exceptions are
T\ P = {25, 34, 146, 169, 178, 194, ... }).

e A squarefree integer k is Pell iff the fundamental unit o of Q(v/k) has norm —1. The
rest of units are of the form +o™ for some integer n (see e.g. [277], theorem 11.4.1).

e k is Pell iff the convergents of vk have odd period. If (po, o) denotes the fundamental

solution, then the rest of solutions are g, 4+ povVk = (qo + poVEk)?* ™ (see e.g. [271],
theorems 5.15 and 5.16). Equivalently,

(qZ) - (kqggo ];2)% (22) (4.7.10)

(Note that the determinant of this matrix is —1, and so its odd powers generate positive
norm units).

e kis Pell iff it can be written as k = a® + b? for relatively prime a, b € Z, with b odd, and
such that the Gauss-type Diophantine equation b(V? — W?) — 2aVIWW = 1 is solvable
with VW € Z [278].

e Let m denote a prime not congruent to 3 mod 4. Then any integer of the form k = 7, or
k = mmy with (7, m) = —1, is Pell (where (-, -) is the Legendre symbol; see e.g. [277],
theorem 11.5.7). Furthermore, any odd integer of the form k& = 77y - - - o, 41 such that
there is no triplet (a, b, ¢) with (7, m,) = (m, 7.) = +1, is Pell [279].

Pell numbers appear naturally in the study of the time-reversal properties of U(1);. For
example, one has the following:

Proposition 4.7.4 If kk' satisfies the Pell equation the theory U(1), x U(1)_p is time-
reversal invariant.

Proof. Assume that
kk'p? —¢* =1, p,qEZ (4.7.11)

Let
4l = kada — K'bdb (4.7.12)

and introduce the GL2(Z) transformation
a qg Kp\ (a
T: 4.7.1
<b> - (k‘p q > <b> T9)
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The Lagrangian becomes
T:47L — —kada+ K bdb (4.7.14)

as required. O

Taking k" = 1 leads to the invariance of U(1); x U(1)_; (cf. proposition 4.3.6). Moreover,
this result, together with conjecture 4.4.1, leads to the following interesting purely number-
theoretic conjecture:

Conjecture 4.7.1 An integer k satisfies ¢> = —1 mod k for some q € Z if and only if there
exists some Pell integer k' such that kk' is also Pell.

Recall that any solution of ¢ = —1 + pk is of the form p = pg + 2qon + kn? (cf. (4.7.1)).
If p is Pell for some n, then it suffices to take &’ = p, from where the conjecture would follow
(because kp = ¢+ 1 is automatically Pell). Noting that whenever this polynomial is prime, it
is also Pell, our conjecture actually follows from the so-called Hardy-Littlewood “conjecture
F” [280], which states that az® + bz + ¢ is prime infinitely often unless b* — 4ac is a perfect
square or a + b and ¢ are both even (neither condition being satisfied by our polynomials).
It is widely believed that the Hardy-Littlewood conjecture is true, which implies that our
conjecture — being much weaker — should be true as well.

There is a more specific result due to Lemke Oliver and Iwaniec [281, 282] that states
that a polynomial of the type above represent primes or semiprimes infinitely often. But
any prime, or any semiprime mmy with (7, m) = —1 is Pell. Having no reason to expect
otherwise, one is lead to conjecture that both options (7, my) = 1 appear with the same
probability — which is confirmed by numerical analysis — from where it would follow that
po + 2qon + kn? generates infinitely many Pell numbers. In fact, the only possibility for a
failure of our conjecture is that this polynomial never represents a prime (disproving the
Hardy-Littlewood conjecture), and that all the semiprimes it represents have (m;,ms) = +1.
This is extremely unlikely, but we have no proof that it cannot happen.

In any event, we checked that the conjecture is true for k up to 10°. For now it remains
an interesting open question.

If the conjecture is true, we can in fact invert the logic and use the time-reversal invariance
of U(1)x x U(1)_g to argue that of U(1)y, for any k € T, by mimicking the argument of
proposition 4.3.5.

Added note: An unconditional proof of conjecture 4.7.1 has been discussed in MathOver-

How.
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Chapter 5

Fermionic TQFTs in three dimensions.

Authorship. The first two sections of this chapter are taken almost verbatim from the
paper [1], written in collaboration with Davide Gaiotto and Jaume Gomis. We also append
here a few extra sections that were developed around the same time but not included in the
original version of the paper.

Abstract. We systematically study the construction of three-dimensional topological
theories that depend on the spin structure of spacetime. We explain how the Hilbert space
is obtained, and how large diffeomorphisms act on it, which in turn is enough to calculate
the partition function on arbitrary three-manifolds via surgery. The action of line operators
(Wilson lines, a.k.a. anyons) on the fermionic Hilbert space is described. We also discuss the
fermionic version of the Verlinde formula on arbitrary genus and with arbitrary punctures.
The general picture involves some novel ingredients, for example, the use of some F-symbols
of the bosonic parent of the TQFT.

5.1 Spin TQFTs and anyon condensation . . . . . . . . . . ... ... ... ........ 253
5.2 Examples of anyon condensation . . . . . . .. ... L oo Lo 267
5.3 Fermionic surgery. . . . . . . . .. 278
5.4 Higher genus. Fermionic Verlinde formula. . . . . . . . ... ... ... ... ..... 281
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5.1 Spin TQFTs and anyon condensation

In this section we outline the construction of TQFTs that depend on the spin structure of
the underlying manifold. The strategy we will pursue is the following. Given one such theory,
one may sum over all spin structures to yield a bosonic TQFT. This corresponds to gauging
the zero-form symmetry generated by fermion parity Z, = ((—1)¥). This gauging generates
a dual Zs (d — 2)-form symmetry, whose gauging takes us back to the original spin TQFT.
Therefore, any spin TQFT can be constructed by gauging a certain (d — 2)-form symmetry
in a bosonic TQFT,” and we reduce the problem of constructing spin TQFTs to the more
familiar problem of gauging a higher-form symmetry in regular (bosonic) TQFTs. We shall
follow this strategy in d = 3 spacetime dimensions, where one can be quite explicit, thanks
to the powerful formalism of modular tensor categories and two-dimensional chiral algebras.

With this in mind, we begin by reviewing known facts about 3d TQFTs, and the gauging
of one-form symmetries. From the 2d point of view this corresponds to extending the
chiral algebra by a simple current, and in the condensed-matter language to (abelian) anyon
condensation.

Consider a 3d bosonic TQFT. The most basic observable of the theory is the partition
function Z(M), where M is a compact 3-manifold. For example, if the manifold takes the
form M = S! x 3, with S! a circle representing the time direction, and Y a compact surface,
then the partition function computes the dimension of the Hilbert space assigned, by canonical
quantization, to the spatial slice:

Z(S' x 0) = dim(H(X)). (5.1.1)

The observables of the TQFT depend only on the topology of M, and therefore diffeomor-
phisms of ¥ must act unitarily in H(X). Transformations that are continuously connected to
the identity act trivially, so effectively we get a unitary representation of the mapping class
group, the group of (equivalence classes of) large diffeomorphisms. If one understands the
Hilbert space H(X), and the action of the MCG on it, one can compute — via surgery — the
partition function on an arbitrary 3-manifold M.

With this in mind, our main task is to understand the Hilbert space assigned by a TQFT
to a compact Riemann surface ¥, and how Dehn twists act on it. The basic data of the
TQFT that determines this information is the following:

e The set of anyons A, a finite set. This set contains a distinguished anyon, the vacuum
1.

9 For example, in d = 2 this corresponds to a zero-form symmetry. This has been studied recently, see
e.g. [117, 166, 167]. In d = 4 one gauges a two-form symmetry, cf. e.g. [283]. One should keep in mind that,
potentially, an anomaly could make these gaugings ill-defined, e.g. if summing over spin structures leads to
an identically vanishing partition function. This subtlety shall play no role in this work.
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e The modular matrix S: A x A — C.
e The topological spin = e*™": A — U(1).

The full data of the TQFT involves other, more subtle objects, the so-called F- and
R-symbols. These will play a role later on; for now, the S-matrix is enough. By a key result
of Verlinde, the dimension of H(X) is determined by S as follows [38, 39]:

dim(H(D) =Y Sy, (5.1.2)

acA

where y denotes the Euler characteristic (x(2,) = 2 — 2¢ for a genus g surface ¥,). In
particular, the torus has x(X;) = 0, which means that H(X;) = C[A], i.e., a basis of states
of the torus Hilbert space is labelled by the anyons of the TQFT. The MCG of the torus,
SLy(Z) = (S, T), is generated by S and T := e~27¢/24 diag(f).

The theory also admits line defect operators, also labelled by A. Namely, we can wrap
an anyon a € A around the time circle S*, which produces a defect Hilbert space H.(¥X%).
From the point of view of the spatial surface, the anyon « looks like a marked point. Given a

family of such punctures ay, ..., a,, the generalization of the Verlinde formula is [38]
dim(H () =3 ST Savea (5.1.3)
acA i=1

where x(3517%") = 2 — 2g — n for a surface with g handles and n boundary components.
The most fundamental surface is the so-called trinion, i.e., a sphere with three punctures.
This surface defines the fusion coefficients:

Ser.3Ss.85%
N azan = dim(H(Sgre2e0)) =y~ =202 S Bosb (5.1.4)

which endows A with a product structure, leading to the fusion ring of the TQFT. The
partition function on an arbitrary surface can be computed by gluing trinions (cf. the “pants
decomposition”). Using unitarity of S one can recover the general case (5.1.3) from the
trinion (5.1.4).

An explicit basis of states on H (251" can be written as follows:

QD_@_@ @ (5.1.5)

where each cross x represents a handle of X,. Each segment carries an orientation and an
anyon label (which we omit to simplify the notation). Each trivalent vertex with incoming
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anyons «, 3, carries an internal vector index, taking values in 1,2,..., N, 5., which we
always leave implicit.

In short, the states of ’H(Eg‘l'“o‘”) can be represented as labelled oriented graphs with
g cycles; leaves labelled by the punctures oy, ..., a,; edges labelled by anyons o € A; and
trivalent vertices labelled by internal vector indices taking N, 5~ values, as determined by
the incident edges «, 3, .

Different bases of the Hilbert space are related to the one above by the F- and R-moves,
effected by the aforementioned F- and R-symbols. These are in correspondence with the
different pants decompositions of the surface.

Of particular relevance is the case of the torus with a single puncture, whose states we
label as |5; o) € H(X}), corresponding to the configuration

|B;0) = a@- (5.1.6)

There is one such state for each possible vertex, i.e., the degeneracy of |5; ) is given by the
fusion coefficient N, 5 5. In particular, the diagram is allowed only if v x S oc B+ -+, i.e., if
£ may “absorb” the puncture a.. The case of no punctures corresponds to the vacuum anyon
o =1, so that all 3 € A are allowed, and they all carry degeneracy N 55 = 1. For non-trivial
a, some [ € A may not contribute to H(X{), and some other 5 € A may contribute more
than one state.

Given a basis of states for #(3;) one can write down the operators acting on this space
as matrices. In particular, the Wilson loop operators admit such a representation. Let
W (a) denote the Wilson loop labelled by the anyon o € A running through the cycle
c € H((X1,Z) = Z[a] @ Z[b], where a, b are the standard homology cycles. These operators
act by inserting « along the given cycle, e.g.

Sa
o - (=50

= g g
(5.1.7)
- Q- O
B axf
whence s
! W(a) « = San af
(BIW™ ()| B) = dgs o (5.18)
(B ()]B) = N7 as
Naturally, given that S interchanges the cycles a and b (up to a sign), one has
W@ (a)=Sw®(a)st, WO (a) =W (a)st (5.1.9)
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which is just the statement that the characters S,z/51 s diagonalize the fusion rules.

The higher-genus case is analogous. Given a basis of H(¥X51%") one can express the
Wilson lines as matrices. As above, a Wilson loop W()(a) inserts the anyon «a along the
cycle c € H 1(231'"%, 7). For example, the a-cycles are identical to the torus, inasmuch as
wrapping an anyon in the orthogonal cycle is a local operation: one can shrink it to a point.
The value of W@ acting on a given state only depends on the line running through the
segment orthogonal to a’, irrespective of what the rest of the state is doing:

' Sa.p C
o = 5.1.10
C;k___ Sl,ﬂ B L ( )

The b-cycles, on the other hand, cannot be shrunk, and so depend on the entire configu-

ration around such cycle: the lines running therein, and the punctures going in and out. For
example, the once-punctured torus has [122]

WO ()|B;) = 7 = Faaxp {g O‘Zﬂ 7@. (5.1.11)
E

axf

Configurations with more punctures carry more factors of F'. The matrix elements of arbitrary
configurations of Wilson lines, on surfaces with arbitrary genus and arbitrary punctures, is
entirely determined in terms of the TQFT data of the theory. Generalizing (5.1.9), the lines
around the different cycles are unitarily related through the MCG of the surface.

The invertible defects — the abelian punctures — correspond to group symmetries of the
theory. These are line operators, so the symmetry is a higher-form symmetry [32], in this
case a one-form symmetry. Gauging the symmetry corresponds to summing over all possible
insertions of the defect. This produces a new TQFT, whose set of anyons A and modular
data S are fixed in terms of the data of the ungauged theory. Making this procedure precise
is the goal of the rest of this section.

The one-form symmetry group is always a finite abelian group, i.e., a product of cyclic
groups. Each abelian anyon in A generates a cyclic subgroup; condensing this anyon means
gauging this subgroup. If we are interested in gauging a product of cyclic groups, we can
always condense a single generator at a time, iteratively. We can therefore assume without
loss of generality that the group to be gauged is cyclic, say, zZd) = (g), with g € A a certain
abelian anyon. The Zﬁf) symmetry partitions the spectrum A into n equivalence classes,
according to their braiding with respect to g:

n—1

A=| |4, A;={a€A| B(ga)=e""}, (5.1.12)

q=0
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where B(g, &) := Sg.0/51.0 = 0(g x a)/0(g)0() is the braiding phase with respect to g. The
modular data of the theory behaves nicely with respect to this grading, e.g. [284]

Sgixa,gj xB — B(gv g)Z]B(ga a)jB(ga ﬁ)is’a,ﬁ (5113)

The 't Hooft anomaly of zd s given by B(g, g), which must equal 1 if the symmetry is
to be gauged. In this situation, one can prove that f(g) = £1, i.e., the generator is either a
boson or a fermion. In the former case, the gauging yields another bosonic TQFT, while in
the latter case the theory acquires a dependence on the spin structure, i.e., it becomes a spin
TQFT. For now, we assume that g is a boson, and return to the more interesting case of
fermionic quotients later on.

5.1.1 Boson anyon condensation

We begin with some bosonic TQFT with anyons A and modular matrix S, and wish to
condense some boson g € A, to produce some other bosonic TQFT, with anyons A and
new modular matrix S. The standard lore of this procedure is as follows. First, in order to
construct A, one performs the following three steps [285]:

1. Select the set of neutral lines, Aq (cf. (5.1.12)), i.e., those with trivial braiding with
respect to g.

2. Identify any two lines that are in the same Z%l)—orbit, i.e., if they differ by the action of
g’ for some j € Z,.

3. If a given 7" orbit has less than n elements, it splits into several different anyons in A.

Specifically, if the length is ¢, then the orbit descends to n/¢ copies in the condensed
theory.

In what follows we shall describe the geometric interpretation of these rules, which will
allow us to compute the modular data of the condensed theory from first principles, with
no need to introduce any ansatze. It also admits a natural extension to spin TQFTs which
shines a new light — and goes beyond — what is currently understood about such theories.

The main idea to obtain A is to find the torus Hilbert space of the condensed theory,
from which one can read off the set of anyons by writing down a basis of vectors (recall that
H (%) = C[A]). The condensed theory is obtained by gauging the Z,, one-form symmetry,
which means we are to insert the generator g in all possible ways. Summing over all insertions
g/, 7=0,1,...,n— 1, along the spatial cycles project the Hilbert space into the invariant
states. Insertions along the temporal cycles introduce twisted sectors. We will next see that
insertions along the three cycles in M = S' x ¥; indeed reproduce the three steps above.

Let us begin with the time circle. Inserting g/ along the time direction means taking
the torus with a puncture labelled by g’. Therefore, the states of the condensed theory
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are generically of the form |a;g’) for some a € A. In other words, the Hilbert space of
the condensed theory must be a subspace of the Hilbert space of the original theory, in the
presence of an arbitrary puncture:

H(5,) C n@%(z?). (5.1.14)

The states of #(X8) are labelled by anyons o € A with the property g/ x a = a. In
particular, 7 must be proportional to the length of the 7 orbit of . We shall denote this
orbit by [a], and its length £, := |[a]| equals the minimal integer such that gt x o = . This
integer divides n, and any other integer j with g/ x a = « is of the form j = ¢,k, for some
integer k =0,1,...,n/l, — 1. This reproduces the third condition above, namely if a given
orbit is shorter than ¢, = n, it descends to n /¢, copies in the condensed theory. The copies
just label the number of insertions of the symmetry defect we use to create the state.

Let us now move on to the spatial circles; insertions of the symmetry elements along
these circles shall project into the invariant subspace. In this case, the meaning of invariant
depends on which cycle we insert the symmetry element on; a symmetry along the a-cycle
acts via braiding, and along the b-cycle via fusion. In the end, we must have states that are
invariant under g, both with respect to braiding and to fusion. Let us discuss these two cases
in turn.

e Take first the a-cycle, which is the circle that is orthogonal to the one we use to
create states. Given a state created by a line a € A running along the b-cycle, the
configuration we obtain by inserting g is B(a, g)|a; gf*) (cf. (5.1.10)). The phase
B(a, g) equals 2™/ for a € A, (cf. (5.1.12)). Summing over all insertions g’ produces

the phase
n—1 n—1
> Bla.g) =Y o
=0 = (5.1.15)
= n5q70

which indeed projects to the states with ¢ =0, i.e., to a € Ag. We thus reproduce the
first condition, namely the states in the condensed theory must be neutral under ZS),
i.e., taken from A.

e Finally, if we now consider the second spatial circle, the b-cycle, and insert g/, we obtain
g’ x a;g’*). Summing over all j (and normalizing to have unit norm) leads to

1
ol #) ==Y

which is indeed invariant under g, where now this symmetry acts via fusion (i.e.,

S lg xasgh), o] € Ao/~ k€ Ly, (5.1.16)
7=0

a — g X a). We thus reproduce the second condition, namely the fact that the anyons
of the condensed theory A are labelled by 7Y orbits.
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We thus see that, as expected, the insertions along the three circles indeed reproduce the
three conditions we are used to. All in all, a basis of states is labelled by a pair of indices:
[a], denoting a 7Y orbit of neutral lines o € Ao, plus a degeneracy label taking values in
k=0,1,...,n/l,—1. This degeneracy label, arguably the most subtle ingredient so far, is in
fact quite natural from the point of view of gauging YASE kl, just denotes how many copies
of the g-puncture we insert in order to create the state, i.e., from which twisted Hilbert space
the state comes from.

The presentation of 7:[(21) above also gives us a natural way to compute the modular
data of the condensed theory, in particular, the modular matrix S, Specifically, a modular
transformation acting on a state |[a]; k) is nothing but the S-matrix of the uncondensed
theory, in the presence of a puncture g~%:

([o); B S1[0); &) = Ot aves v/ Calor Sanar (85) - (5.1.17)

The modular matrix in the once-punctured torus can be expressed in terms of the
F-symbols of the parent theory, namely [122]

/

i) 0(5) g a
soc®) = 3 ot ) @119

The basis (5.1.16) of H(X;) is natural because it makes S block-diagonal, but it does
not correspond to the anyon basis. The most obvious way to see this is that the would-be
quantum dimension djq);;, = S[a];k7[1];0/5’[1];07[1];0 vanishes for k£ # 0.

In order to identify the anyon basis we can look at the dual A symmetry. The charged
states are those with the puncture. More precisely, in the diagonal basis the states transform
as Z: |[a]: k) — €27/t |[a]; k). In the anyon basis, this symmetry should act as a cyclic
permutation of the anyons, that is, as Z\: [o]: k) — |[o];k + 1) for some label k. We
conclude that the anyon basis is in fact nothing but the Fourier transform (Pontryagin dual)
of the diagonal basis (5.1.16):

1 n/la—1 X
], k) : = Pkt (o] k)
N>
ko
& (5.1.19)
1 n/ea_l lo—1 R
o Z Z 2mikklo /n
= — e ,
vn k=0 j=0 ,
g/ X«

where k € Ly, - In this basis, the quantum dimension takes the expected value d,; =

(0a/1)Sa1/S11 = (lo/n)d,. The anyons of the quotient A create the states |[o], k) by acting
on the vacuum.
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Given the matrix S in the fusion basis, one can use the Verlinde formula to compute the
dimension of the Hilbert space of the condensed theory, for an arbitrary Riemann surface,
with an arbitrary number of punctures. In the particular case of no external punctures,
the formula only involves matrix elements with the vacuum, in which case the matrix with
punctures S(g’) does not contribute except for the vacuum insertion, that is, the regular S
matrix of the uncondensed theory. In other words, the dimension of the Hilbert space of the
condensed theory, in the case of no punctures, can conveniently be computed using only the
S matrix of the parent theory, without the need to know the F-symbols:

dim(H(Z,)) = Y_ S

acA
5.1.20
=2 ms o
- 2g fres :
a€Ap ga

It is possible to generalize the expressions above to the case where there is a non-trivial
background flux for the VAR magnetic symmetry dual to the gauged A symmetry. For
example, if the flux of such background is q € Z,,, then the states are created from the subset
A, instead of Ay. Summing over all such backgrounds, i.e., gauging the AR symmetry, takes
us back to the original ungauged theory A. We shall not need this generalization here.

5.1.2 Fermion anyon condensation

We now move on to the more interesting case of fermion condensation: we have some bosonic
TQFT, and we wish to condense a certain abelian fermion, which we denote by ¥ € A. We
can assume without loss of generality that this line generates a Zgl) symmetry, i.e. ? =1,
for otherwise we can first condense the boson g = 12 (as in the previous section), and then
condense the resulting fermion, which will satisfy 2 = 1.

The philosophy underlying fermion condensation is essentially the same as in boson
condensation: we construct the Hilbert space of the condensed theory from the states in the
parent theory, perhaps in presence of 1)-punctures. Roughly speaking, the configurations
with non-trivial background flux can be thought of as the different spin structures on .

Before actually constructing the spin TQFT by condensing a fermion in a bosonic TQFT,
let us discuss what we are to expect from this condensation in the first place. A spin TQFT
should assign to manifolds of the form S' x ¥ a super-vector space 7:[(2), which depends only
on the topology of ¥, together with its spin structure s. (We use a hat to denote the Hilbert
space of the condensed theory, and reserve the notation #(3) for that of the bosonic parent).
Depending on the spin structure on the time circle S, the partition function computes either
the regular trace over #(X), or the super-trace (i.e., the trace weighted by fermion parity).
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Specifically, the spin generalization of (5.1.1) is

5.1.21
Z(Sg X ) = tryy s (=1)" ( )

where S}g denotes the circle with anti-periodic boundary conditions, and S§ the circle with
periodic boundary conditions. Therefore, if the super-vector space 7:[(2) is C*/, then Neveu-
Schwarz boundary conditions compute b + f, and Ramond boundary conditions compute
b— f.

We shall denote a compact surface with genus g and spin structure s by »,.;. As in the
bosonic case, large diffeomorphisms act unitarily in 7:[(29;3). The MCG as a spin surface is
a subgroup of the MCG as a surface, MCG(X,s) € MCG(X,). The reason for this is that
some diffeomorphisms that leave ¥ invariant as a topological space, actually change the spin
structure s — s, and so do not constitute elements of the MCG as a spin surface. The
canonical example is the T-transformation on the torus, which performs a Dehn twist around
the a-cycle. As such, it maps (s?,s?) + (s?,s?s®). This is an element of the spin MCG if
s = +1, but it is not if s* = —1. On the other hand, T2 is in the spin MCG for any spin
structure.

Elements of the spin MCG act unitarily in the Hilbert space, namely,

MCG(2): H(Dgs) = H(Zgis) - (5.1.22)

On the other hand, elements of the regular MCG induce isomorphisms of (generically distinct)
super-vector spaces,

MCG(Zg): H(Egs) = H(Zgswr) - (5.1.23)
This means, for example, that the partition function Z(S' x ¥,.) is invariant under MCG(%,);
and, more generally, observables only depend on the equivalence class of s under the regular
MCQG. It is known that there are only two equivalence classes of spin structures modulo MCG,
the so-called even and odd spin structures. These are distinguished by the Arf invariant [286].
If two spin structures have the same Arf parity, then there exists some MCG element that
maps one into the other. If they have different Arf parity, no such MCG element exists. In
conclusion, observables of spin TQFTs depend on s only through Arf(s).

For fixed spin structure, MCG(2,.) is represented by a unitary operator in H(%,.,). That
being said, due to the Zy grading of this vector space, this action typically gets extended.
Namely, the Hilbert space of spin TQFTs realize a unitary representation of a certain non-
trivial Zs extension of the spin MCG. To be explicit, (modding out by Torelli, i.e., working
in homology) the MCG of X, is the integral symplectic group Sp,(Z), and the spin MCG
is some subgroup thereof. The Hilbert space of the theory realizes a unitary representation
of the so-called metaplectic group Mp,(Z), which is defined as the (essentially unique) Z,
extension of the symplectic group

Lo — Mpy(Z) — Spy(Z) . (5.1.24)
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This extension corresponds to the fact that a 27 rotation is represented by the trivial element
in MCG(%,.,), while it lifts to (—1)F in H(Z,.).

In order to illustrate these ideas it proves useful to focus on the torus, ¥;. There are four
spin tori, depending on the boundary conditions on the two spatial circles ;.. » = Sk x S

Sks X Sks

a b
(_1)Arf(s ,8°) — _'_1: Sll\IS « 811:{
Sk % Sks

(=)A= 1 Sk x Sk

(5.1.25)

The MCG of the torus is the modular group SLy(Z) = (S, T), acting as

g: Zl'sa sb — El'sb P
. n n (5.1.26)
T: El;sa,sb — 21;837538b
Therefore, the subgroup that fixes each spin structure is
MCG(2y,__) = (S, T?)
MCG(2y,_,) = (STS, T?)
MCG(21.4_) T%5,T)
) T)

S
MCG(Zl;JrJr S:

(5.1.27)

{
{
{

Needless to say, the first three groups are all isomorphic, as they are related through SLo(Z)
conjugation:

(STS T = TS T, (§728,7) = (ST)(S, 72)(ST) 1. (5.1.28)
This group is a congruence subgroup of SLs(Z) of index 3, usually denoted by I'g(2). The
fourth group, on the other hand, is SLy(Z) itself.

The diffeomorphism G4 corresponds to a 27 rotation and, as such, acts trivially in a
bosonic theory and so is represented by the identity element in SLy(7Z); conversely, in a
fermionic theory it is represented by (—1)F. Thus, modular transformations in spin theories
satisfy

S? = (8T),  St= (-1, (5.1.29)

with (—1) an order 2 central element. These relations define the group Mp;(Z).%

90ne should keep in mind that Mp;(Z) does not act faithfully in H(,.,) (in fact, the metaplectic group
is not a matrix group; it does not admit faithful finite-dimensional representations). This fact is most drastic
when the theory, for whatever reason, has no fermionic states at all: in such cases, the actions of Sp;(Z) and
Mp; (Z) are indistinguishable, inasmuch as (—1)f" is trivial. For example, the theory lacks fermionic states if
s is an even spin structure, or if the theory is secretly bosonic (through some non-trivial duality). In such
cases, one can think of the modular group as being SLy(Z) instead of Mp;(Z): their difference is invisible in
the Hilbert space anyway. Similar considerations hold in higher genus.

262



The Hilbert spaces 7—1(29;5) are best understood by giving an explicit basis for them. As
in the previous section, the Hilbert space of the fermionic theory can be constructed by
condensing a fermion in the bosonic parent. Indeed, the Hilbert space of the spin theory
is a subspace of the Hilbert space of the bosonic parent, together with the space with a
-puncture,

H(Zys) CH(E,) BH(ZY). (5.1.30)

Let us write down a basis for 7—2(21;5) in terms of the states of the bosonic parent.
Recall that the states on the torus in the bosonic theory are labelled by the anyons A.
The Zgl) symmetry generated by v partitions the spectrum A into two equivalence classes,
distinguished by the braiding phase B(v), -) = £1. In the case of boson condensation we
denoted these two equivalence classes by Ay and A;; in the present context it is more natural
to denote them by Ang and Ag:

ANS = {Oz cA | B(a,¢) = +1}

(5.1.31)
Arp ={ae€ A | B(a,¢) = —1}

A:ANSUARa {

The two equivalence classes are further partitioned according to the length of the orbits.
For a generic A symmetry, the orbits come in lengths that divide n; for n = 2, we have
two-dimensional orbits and one-dimensional ones. We refer to the latter as Majorana lines.
It is easy to convince oneself that these can only appear in Agr. We shall use the label «
to denote generic lines of A; on the other hand, lines of Ayg will be denoted by the more
specific label a, while two-dimensional orbits of Ag by z and one-dimensional ones by m. We

will say that « is a-type, z-type, or m-type, according to this classification:

CLG.ANS
reAr & |z|=2 (5.1.32)
meAr & |m|:1.

In other words, x-lines satisfy x x ¥ # x, while m-lines satisfy m x ¢ = m.

As in the previous section, we take the bosonic theory, and condense a fermion . In
the condensed theory, the Wilson line of 1) becomes almost trivial: it should be represented
by the identity operator, up to a sign, depending on the spin structure around the cycle
it is supported on. In other words, the anyon v represents the wordline of a local fermion.
This determines how the states in the condensed phase are obtained in terms of those of the
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uncondensed one. We claim that the basis of 7:[(21;5) can be taken as

H(X1.__) = Span \%(‘O> + ‘O

a€ANs L

~

H(X1,—+) = Span \%(‘O> )
ac€Ans L a aXlﬁ J
i i i (5.1.33)
1 = L
#es)=sem 5 ([O) + Q)] & sem|[O)]
wneo-gml 4 (10) - 19))] o [ O]
A $EAR_\/§ 9 xxw meAR L _mO

The reasoning behind the construction of this basis is the same as in the case of boson
condensation. Namely, the gauged theory is obtained by inserting v/ in all possible ways.
Here v is of order two, so there are only two possible blocks: j = 0 or 7 = 1, i.e., no
insertion, or a single 1-insertion. Furthermore, the specific linear combination of states is
decided by the spin structure. For example, inserting v along the a-cycle inserts the phase
|a; 7)) — B(a,v)|a; 7). This should reproduce the sign s*, which means that Ayg lines
create states in s* = —1 boundary conditions, and Ag lines create states in s* = +1 boundary
conditions. This explains why the basis is constructed using a-type lines in 7:[(21;_,.), and x-
and m-type lines in H(X1,.).

Similarly, inserting ¢ along the b-cycle fuses the state into |a;¢7) — (=1)7]¢) x a;99).
If this is to reproduce the boundary condition s, we are required to consider the linear
combination |a) — s°[¢) x ) for two-dimensional orbits; and, for Majorana lines, the puncture
should be present if and only if s® = +1.

Note that, unlike in the case of bosonic condensation, here the multiple copies associated
to the short orbits live in different spaces. Moreover, there are no short orbits in the NS
sector, so the observables of the theories (the Wilson lines associated to the NS anyons) do
not require fixed-point resolution. In this sense, the fusion rules of the condensed theory are
inherited from those of the parent in a straightforward manner, without the need of knowing
the once-punctured S-matrix. In the bosonic case, the fusion rules of the short orbits do
require this extra structure.

As a consistency check for the basis above, we can easily show that modular transformations
map the different Hilbert spaces as expected. For example, take 7:[(21;__), and apply an
S-transformation:

(Ja) + 106 % ) % 3 —(Sur + Syl (51.34)
a’'cA \/5

Sl
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As in equation (5.1.13), we have Syx4o = B(¢,@')S, «, which means that we may restrict
the sum over o' to a-type lines, for the Ramond ones do not contribute — they cancel out
pairwise. With this,

1

V2

1

ﬁ(la’> + |v x d)) (5.1.35)

(o) + [ xa) > > 28,0

a’€Ang/~

which shows that S maps H(X1.__) to itself, as expected (cf. (5.1.26)). Similarly, 7-
transformations map

1 )
—(la) + [ x a) L e=2mie/

V2

Noting that (¢ x a) = —6(a), this becomes

(O(a)|a) + 0(¢) x a)|yp x a)) (5.1.36)

Sl

1 T —2mic/24 1
—(la) + |¥ x a)) = e “™"*0(a)—=(|a) — [¥ X a 5.1.37
ﬂ(H ¢ x a)) ()\/5(|> ¥ x a)) ( )
which shows that 7' maps H(%.__) into H(X;,_), again as expected (cf. (5.1.26)).
The other three Hilbert spaces can also be seen to transform into each other in the
expected manner. Not only that, but the exercise gives us the explicit expression for the S
and T matrices of the condensed theory:

~ ~ ~

S H(Su ) = H(Dy ) =

(5.1.38)

A A0 ~ Aa,m = 2Sa,:v
St H(By—y) = H(E4-) = { A
S: 7:[(21;+—) — ?:[(21;—4-) - {

~

S H(E41) = H(Z144) = { Sy =0

where S, (1) denotes the S-matrix of the bosonic parent, in the once-punctured torus
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(cf. (5.1.18)). The T-matrix is given by a similar expression:

T: 7:[(21;__) — 7:[(21;—4-) — {Ta,a’ - 6_27ric/249(a)(5a,a/ - 5a,w><a’)

>

T H(E ) = H(E ) = { o = ePA9(a) (ba,0 + Gapxar)

2

4

Ta::c _ 6—27ric/24(9<a)(§m’m, + O pxar)
T: H(S14) = H(E14-) = { Ty =0 (5.1.39)

>

! = 6—27ric/249(m)5m’m,
o= e—27ric/24(9<a)(6m7z, — Oy apxa)
m =10

I 6_2mc/249(m)5m,m’

T,
T: 7:[(21;++) - ?:[<El;++) — (T,

\

Finally, we discuss the third generator of the spin modular group, fermion parity. This
zero-form symmetry is the dual symmetry to the gauged Zgl), which means that the states
with odd fermion parity are those that carry the puncture. This means that (—1)f =1 in all
even spin structures, while in the R-R sector one has

((_1)F>$,w’ = +5:L’,x’

D)= g (5.1.40)

These matrices are unitary, symmetric, and satisfy S* = (=1)F and S? = (ST)3. It is
important to remark that these properties are understood in the Zs-graded sense, i.e., taking
into account (5.1.26). In other words, the precise relations are

Thw=Tol
Sl o = Sga g (5.1.41)
(S 055 )" = (—1)5 o

Ssb,saSsavsb — Ssb“sast’saSbSSaSb7Sstasb,saSsa’sastsa’sb 5

where O o denotes the operator O € {g, T, (—=1)F} when acting on 7:[(21;537&).

In section 5.2 we construct several examples of quotient TQFTs, namely SO(N); with
k =1,2,3. Some of these illustrate bosonic anyon condensation, and some others fermionic
anyon condensation.

One final comment is in order: it is important to stress that the line operators in the
fermionic theory — the anyons — are the NS-lines. The R-lines, on the other hand, are not
genuine line operators: they live at the end of the topological surface that implements the
(—1)F symmetry. Indeed, moving a local fermion around a Ramond line generates a minus
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sign:

_ (5.1.42)

aGAR OéGAR

This is analogous to the situation in two-dimensional fermionic CFTs, where Ramond
operators are not genuine point operators, but rather exist at the end of the (—1)-line (see
e.g. [287]).

5.2 Examples of anyon condensation

Here we collect some extra examples of boson and fermion condensation, using theories of
the form SO(n); for small values of k. In particular, &k = 1 and k = 3 exemplify fermion
condensation, and k& = 2 boson condensation. The case k = 1, i.e., SO(n);, is the generator
of fermionic SPTs with no symmetry, and so is a key theory in the study of fermionic
TQFTs. The case k = 2 will be related to U(1) theories, through the level-rank duality
SO(n)y «+» SO(2)_,, = U(1)_,. Finally, the case k = 3 will be constructed through the SU(2)
theory, thanks to the level-rank duality SO(n); <> SO(3)_,, = SU(2)_2,/Zs. We also include
the case of U(1) separately, this time focusing on its time-reversal invariance.

5.2.1 SO(n)

This is the minimal spin TQFT, and it has central charge n/2, so corresponds to n boundary
Majorana fermions. A single fermion, SO(1);, is the generator of the group of fermionic

4 = 7. In other words, any invertible fermionic phase is

SPTs with no extra symmetries, (2,

equivalent to SO(n); for some n. The theory can also be written as n copies of (the inverse
of) the gravitational Chern-Simons theory.

The bosonic parent of this theory is Spin(n);. The details of this theory depend on the
parity of n.

n = 2m + 1. One can construct SO(n); by condensing the fermion in the Ising category.
The modular data for the parent theory is that of Ising,, = Spin(2m + 1);, which has three
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anyons:

=[1,0,0,...,0,0]
o =10,0,0,...,0,1] (5.2.1)
¥ =10,1,0,...,0,0]
where [Ag, A1, ..., Ay] denote the extended Dynkin labels of the representation. These lines
fuse according to 1) x ¢ = o and 02 = 1 + 1), and transform under modular transformations
as follows:
Sy = ! 2ri(0-2)
1) =51+ \/—|0’> ¥ T|1) = >0 |1)
1 ; n n
Slo) = —=[1) = —=|v¥) Tlo) = oi(f5=35) |5 5.2.2
7 \f ) . ) (522)
1 1 omili—n
= 1) — — _ T —e 2718
1) = 511 = 5o} + 510} ) )

The lines are partitioned according to their braiding with respect to 1 as

NS:  Axs ={1, ¢}

R: Ap = {0} (5.2.3)
and they are paired-up under fusion as
1% 9, oY (5.2.4)
Therefore, the four Hilbert spaces of the theory are
o [f we take NS-NS boundary conditions, the state is
10; NS-NS) — %(m +10)). (5.2.5)
e If we take NS-R boundary conditions, the state is
ENSR) = (1)~ [0). (526
o If we take R-INS boundary conditions, the state is
|0; R-NS) = |o) . (5.2.7)
e If we take R-R boundary conditions, the state is
0; R-R) = |o¢) (5.2.8)

where, we remind the reader, |a; §) denotes the anyon « in presence of a  puncture
(cf. (5.1.6)).
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We see that these spaces are all one-dimensional, as expected from an invertible theory.
Furthermore, all states are bosonic, except for the one with a puncture, |o; ), which means
that (—1)F = (—1)4f0),

The modular data of the quotient can be computed in a straightforward manner. The only
non-trivial case is the S matrix in the R-R sector, which has a puncture. We can compute
this matrix element using the general formula (5.1.18), namely

Sea®) = ) 90((;3)251@&,0 [f (j (5.2.9)
a=1,y

The F-symbols of the Ising category are well-known, cf. F(a« =1) = +1 and F(a =) = —1.

With this,

Snn = %(—1)3/4(—@')m(F(¢) _ F(1)) = ¢iGmen/a (5.2.10)

This result, together with Tar = e , confirms that the theory satisfies the
expected modularity relations, S? = (ST)? and S* = (—1)*.
A different perspective yields the same answer. The CFT SO(n); is identical to n free

mi(2m+1)/12

Majorana fermions, and the once-puctured conformal block |o; ) is nothing but the torus
one-point function of 1. The insertion of ¢ removes the Ramond zero-mode, and hence
this one-point function is (¢) = ¢/ [[>2,(1 — ¢") = n(7), the Dedekind eta function. The
punctured S-matrix is nothing but the phase acquired by (¢)) under an S-transformation,
namely n(—1/7) = v/—itn(7). The factor of 7'/2 is the weight associated to a primary of spin
h = 1/2, while the factor of v/—i is the sought-after S-matrix. For a system of n = 2m + 1
fermions, the S-matrix is (y/—i)?™*! = ™Em+7/4 in agreement with (5.2.10).

n = 2m. Here the bosonic parent Spin(2m); has four lines, the trivial representation,
the vector representation, and the two spinor representations. The quotient is obtained by
condensing the vector. The Lie algebra is simply-laced, which automatically implies that the
fusion rules are abelian, and so there are no fixed-points under fusion. Therefore, all states
are bosonic. The four lines are split into two NS-lines (the trivial and the vector) and two
R-lines (the two spinors), and each pair belongs to a two-dimensional orbit. This means that
each Hilbert space is one-dimensional, as expected from an invertible theory, and moreover
all states have (—1)" = +1. The modular data is trivially computed, given that there are no
short orbits.

Here we illustrate the construction of the bosonic theory SO(n)s, by condensing an abelian
boson in Spin(n)s. We focus in particular on the odd-n case, where all the modular data —
especially the F-symbols — is fully known [288]. We follow the notation therein.
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Consider the algebra $09,,1 = B,,. Its comarks are ¥ = 1,2,2,...,2,1, which means that

the theory Spin(2n + 1)s has n + 4 lines. We denote them as 1,¢€, ¢;, ¢, with i =1,2,... n
The corresponding affine Dynkin labels are as follows:
=1[2,0,0,...,0]
=10,2,0,...,0]
=[1,1,0,...,0]
=[0,...,0, 1, 0,...,0] at position i 4 1 (5.2.11)
=1[0,0,...,0,2]
=1, 0 0,...,0,1]
=10,1,0,...,0,1]
The S-matrix reads )
S =95 € — See = T
B 2v/2n + 1
1
Sty = +§
1
Sﬁﬂbi = 9
Sy = %SS/ (5.2.12)
S1.6; = Sep; = !
Lo — Pedi — m
S¢i7¢i =0
g 2 211y
b = cos
T antl 2+l
and the spins are
hl - 0
he=1
1i(2n +1— i)
he, = 5——F5—
2 2n+1 (5.2.13)
1
h¢+ = gn
1 1
hw_ = gn + 5
From this one derives the quantum dimensions
dl - 1
de =1
(5.2.14)
d¢i =2
dﬂ):t =V 2n —|— 1
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and fusion rules,

exe=1, Yixppr=1+ ¢, vixvz=c+) ¢
=t =t (5.2.15)

EX Qi =@, €XYyr=1g, & XVr=1s+ Yz

Gi X O = 1L+ €+ Qgi),  Pi X Oj = Qgiyj) X Py(itj), 1>

where g(i) =i if 1 <i <n and g(i) = 2n + 1 — 7 otherwise.

We see that there are no multiplicities, and all anyons are self-conjugate. We also note
that € is condensable, which leads to the bosonic theory SO(2n + 1),. Let us analyse the
quotient explicitly.

By looking at the braiding phase B(a, €) one learns that the unscreened anyons are 1, €, ¢;,
while the screened anyons are i).. Moreover, 1 and € are in the same orbit, while all the ¢;
are fixed points. Thus, a basis for the condensed Hilbert space is as follows:

1
0) =—(|1)+ e
0) V§U> ) e
i) = lo) (5:2.16)
In+1) = |pi;€)
for i = 1,2,...,n, and where |-;¢) denotes a state in the once-punctured torus. The
condensed S-matrix is
So0 = 2511 = ——
0,0 - 1,1 — \/m
. 2
Soi = V2514, =
0, V2 1,6; 1
S()m_H‘ - 0 (5217)
A 2 2mij
Si i =S4 4 = Cos
5J ¢27¢J \/m 2n + 1
Si7j+n == 0

Si+n,j+n = S¢'i7¢j (E)

where Sy, 4. (€) is the S-matrix of Spin(2n + 1) in the presence of a puncture. This matrix
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element can be obtain as in (5.1.18). For example, we compute

0(5) € ¢

Soi0:(€) = Z 551,80, { }
BEdix by (¢2) ¢z B

—omi z(2n+1 i) 1

\/2n+1
1 € ¢l:| |:5 ¢l:| 2 212¢(2n+1—2i)) |:€ ¢l :|) (5.2.18)
_Fi,i +Fzz i et Fi,i

(2 P [@ 1 g e P by

N

X

J/ J/

-~

—
+1 ] 1
21 o 2mi?

= sin
V2n+1  2n+1
while for ¢ # j,

- 6(5) € 9
S¢i7¢j(€)— Z WslﬁFd)i»‘ﬁj |:¢z B:|

BED; X dj
1 2imij |:6 0, } _ 2imij {e b ] )
= ———= et [y 4 T eI Fy J
Van+1 ( P g byt P by bytiny) (5.2.19)
+1 -
2 . 2my

= sin
Van +1 2n+1

All in all, the S-matrix of the quotient takes the form

1 V2 0 <« 10)
N 1 -
& i : 5.2.20
T V2 | 2cos S 0 — |3) ( )
2m1) T
0 0 2isin 5k — |i;€)

One can easily check that this matrix is unitary, and satisfies the algebra of the (bosonic)
modular group, S? = (ST)3, S* = 1.
In order to write down the fusion rules of the quotient we have to switch into the fusion

basis, namely

1
i, £) = E(Ifb» + ¢ €)). (5.2.21)

In this basis, the S-matrix becomes Sij ~ et =57, This is in agreement with the
level-rank duality SO(n)y ~ SO(2)_,, = U(1)_,, where the S-matrix of U(1)y, is e~ 27%/k /\/}.
(Here ~ denotes duality modulo {1, v}, since U(1) is spin for odd k.)
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5.2.3 SO(TL)g

We construct the theory using level-rank duality SO(n); = SO(3)_,, = SU(2)_2,/Zs. So we
consider SU(2)y, first.

There are k + 1 lines, which we label as j = 0, é, 1,..., %k The S-matrix reads

2 w2i+1)(25+1)
S = 5.2.22
! k2o k+2 ( )
and the spins are h; = ](k]T+21) The fusion rules read
min(J,k—J)
Jixje= > 4 J=ji+] (5.2.23)
J=li1—J2|
m(2j+1)

S k+2

The quantum dimensions are d; = , and so j = k/2 is abelian. The corresponding

sin k+2

Zo symmetry acts as j +—> %k‘ — j. The spin of this line is k/4, and so the symmetry is
condensable if and only if k is even, k = 2n. The quotient theory is PSU(2)s, = SO(3),; it is
spin if n is odd.

The only fixed-point is j = n/2, whose S-matrix element is given by (5.1.18)

0 n nj/2
Spjans2(n) = Z —0(71(/52)>2S1,6Fn/2,n/2 [n/Q é ]

BEn/QXn/Q
f(n/2)~* Z i 2] +1 n n/2}
0(y

(5.2.24)
= Fn/2 n/2 .
Vn+1 n+1 T n/2 g

which, using F' = (—1)7, becomes S,,/2,,,/2(n) = e~3™/4. One may check that modularity is
satisfied, S = (ST)? and S* = (—1)F = (—1)". This is indeed consistent with the quotient
being bosonic if n is even, and fermionic if odd.

Let us consider the case of even n, where the quotient is bosonic. The unscreened lines
are those with integer j, and the only fixed point is j = n/2. Thus, a basis for the Hilbert

space is

|J>=%(!j)+|n—j)), j=0,1,...,n/2—-1

ja1) = |n/2)
|az) = |n/2;n)

where | -;a) denotes the corresponding state with an a-puncture.

(5.2.25)
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The S-matrix of the quotient is

. T . 72+ 1)(2) +1)
¥ A VT o + 2

. , 2
Si a1 — 25111 = (—1)
w = V280 = (=1)y/ - 1
. 1
Sarar = Sn nj2 = (—1 n/2
1,a1 /2,n/2 ( ) n+1
Saras =0
gag,ag - Sn/?,n/2(n) - in/2 .
The fusion basis is defined by
1
(lax) £ faz)) .

lat) = E

(5.2.26)

(5.2.27)

One can easily compute the S-matrix in this basis, from where one can compute, for example,

the fusion rules of the theory.

Consider now the case of odd n, where the quotient is spin. The NS lines are those with
integral isospin, and the R lines with half-integral isospin. A basis of the quotient Hilbert

space is
o If we take NS-NS boundary conditions, the states are
1
V2
e If we take NS-R boundary conditions, the states are
1
V2
e If we take R-NS boundary conditions, the states are
1
V2
In/2;R-NS) = |n/2).

|7; NS-NS) =

jsNS-R) =

DN | —

53 R-NS) = —(lj) + [2n — ), Jj=

e If we take R-R boundary conditions, the states are
1
V2
In/2;R-R) = |n/2;n) .

j;R-R) =

() +12n=3)), 7=0.1,...

3
YRR Yo

(1) — |2 — 7)), ]:ggg

N

,n

(5.2.28)

(5.2.29)

(5.2.30)

(5.2.31)

The modular data easily follows from this decomposition, and the once-punctured torus

matrix element (5.2.24).
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5.2.4 U(1),

In this section we construct the Hilbert space of the spin TQFT U(1),. This generalizes the
construction of the semion-fermion theory of section 1.4.1. For some special values of k this
theory is time-reversal invariant. The semion-fermion theory is recovered by taking k = 2.
For k > 2, the time-reversal symmetry (when present) satisfies a more exotic algebra [4],
namely T? = C, where C denotes an order-2 unitary symmetry (charge conjugation).

The construction of U(1)y is slightly different depending on whether & is even or odd.
Indeed, for k£ odd the theory is naturally spin; but, for & even, it is bosonic, and so it has to
be multiplied by the trivial factor {1, v} if we are interested in its spin version. The latter
case is rather similar to the semion-fermion theory, so here we will focus on the k£ odd case
here, and sketch the main differences for k£ even at the end.

Consider the theory U(1); with k£ odd. Its bosonic parent is U(1),, whose anyons are
labelled as a € Zy,. The spin theory is obtained by condensing the fermion ¢ = 2k. The
braiding phase of an arbitrary line o with respect to the fermion is B(a, ) = €™, which
means that the anyons are split as

NS: 2a, a=0,1,...,2k—1
(5.2.32)
R:2a+1, a=0,1,...,2k—1.
These are all in two-dimensional orbits, paired up as
a <Y o+ 2k, (5.2.33)

As there are no fixed-points, all states are bosonic.

Hilbert space and modularity. Given the knowledge of the Hilbert space of the bosonic
parent, and the action of the modular group on it, we easily construct the same objects in the
quotient theory. In particular, the Hilbert space is H = C* with states |a), and modular

Slay = ) Sawld)

transformations act as

o' €Ly,
T)a) = 627Ti(a2/4k—1/24)’a> (5.2.34)
Cla) =|—a mod 4k),

where S, o = e~2me'/% /9\/I:and the term —1/24 in the T-transformation refers to the
central charge of the theory.
The quotient space is as follows:

e If we take NS-NS boundary conditions, the states are

1
|o;; NS-NS) = % [[20) + 2 +2k)], a=0,...,k—1 (5.2.35)
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and one has

S|o; NS-NS) 2miac’ [k o/ NS-NS
| f Z e )

Ta; NS-NS) = e?ﬂ(wi) la: NS-R) (5.2.36)
A k1
C|a; NS-NS) = Z(5a+a/ + Oatar—)|a’; NS-NS)

a’=0

where 6, = 1 if x =0 mod 2k, and d, = 0 otherwise.

e If we take NS-R boundary conditions, the states are

|a; NS-R) = [|2a> 2a +2k)], a=0,....,k—1 (5.2.37)

%I

and one has
k-1

A 1 : /
S|a; NS—R> _ 7 Z 827m(2a+1)a /2k|a/; R—NS>

T|o; NS-R) = 2’”< %) |o; NS-NS) (5.2.38)
k—1

C|O[, NS—R> = Z(5a+a/ — 5oz+oc’—k;)|0/; NS_R>
a’'=0

e If we take R-NS boundary conditions, the states are

|o;; R-NS) = 7 20+ 1) + 20+ 1+2k)], a=0,....k—1 (5.2.39)
and one has -
. 1 e o o
S a; R-NS) = — 627rw¢(20¢ +1)/2k O{/; NS-R
| ) NG O;) | )
A . a—+1 2
Tlo: R-NS) = o2 (“585-31) | R-NS) (5.2.40)
k—1
Clo; R-NS) = >~ (datars1 + Jarars1-1)|e/; R-NS)
a’=0

e If we take R-R boundary conditions, the states are

|o; R-R) = [|2a+1) 2a+1+2k)], a=0,....,k—1 (5.2.41)

%I
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and one has
k-1

S|Oé R- R \/_ Z 2mi(2a+1)(2a/+1) /4k|a R- R>

T|a;R-R) = e2’”(< o 1)|04;R—R> (5.2.42)
k—1

Clo; RR) = > (Jatars1 — Gasarr1—k)|; R-R)
a’=0

It is reassuring to see that these modular transformations map the different Hilbert spaces
precisely as they should (cf. (5.1.26)). Moreover, these matrices are unitary, S is symmetric
(5%, 5 = Seb ), and they satisfy the modular algebra (ST)* = =52 = C with C2 = 1.

Wilson lines. The Wilson lines are given by

W(a)(a)’,y; SaSb> e —2mia(y+(145)/4) /kh/ $? >

WO )i °5%) = fa -+ 755 = sPla -+ + ki) 28
where o € Zo,. They satisfy the expected properties, e.g.,
W () =W (k) = —s1,
WO, (ax ') = W, (@)W, () 5o
S W (@) (S )T = W (@) -
S0 Wi (@) (Se0.)T = W ()

Time-reversal. We now implement time-reversal invariance. Recall that U(1); is time-
reversal invariant if and only if ¢> = —1 mod k is solvable for some ¢ € Z, in which case
time-reversal acts as o — qa [4]. This means that, given T = 7K, we require

T(Wy?) ' = Wy

(5.2.45)
= (Wy7)r
with solution
Ta,p = (_Sb)a+6620¢q+2,3+%(53+1)(q+1) (5.2.46)
up to a global phase. One can check that
T = (_1)Arf(8) (5%(53-4-1)-1-04-‘,-,8 - Sbé%(sa+1)+a+ﬁ_k) (5247)

and so T2 = (=1)A"6)C,
We see that the time-reversal algebra is deformed by Arf, signaling an anomaly. In this
case, the source of the anomaly is clear: the theory has non-vanishing central charge, ¢ =1,
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so it is not time-reversal invariant in the strict sense. We have to multiply by a suitable SPT
in order to subtract off the central charge. In this case, U(1)_; does the trick, as this SPT
has ¢ = —1.

The Hilbert space of U(1)_; is straightforward: it suffices to take £k = 1 in the discussion
above. Looking at the action of C on the (one-dimensional) Hilbert space of U(1)_; we
learn that C = (—1)AT() Therefore, multiplying a given theory by U(1)4; has the effect of
redefining C — C x (—=1)*"() which means that the theory U(1); x U(1)_; has undeformed
algebra, namely T? = C. The Arf deformation in the case of U(1) was just signaling that we
had not corrected the central charge down to zero; after doing so, the deformation disappears
from the time-reversal algebra.

Finally, we make a few remarks concerning the £ even case. Now the theory is naturally
bosonic, and can be made spin by tensoring with an invertible spin TQFT. If we are interested
in time-reversal invariance, the natural choice is U(1), x U(1)_1, so as to have vanishing
central charge. As the theory is a tensor product, one factor being bosonic, the total Hilbert
space is straightforward:

H (U, x U(1)_y) = H(U(1)z) @ Hy(U(1)_1) (5.2.48)

where H(U(1)) is the space of the bosonic theory U(1);, and #,(U(1)_;) is the space of
the fermionic theory U(1)_;. The Hilbert space of U(1)_; was discussed above, and that of
U(1)y is well-known, being bosonic. In this sense, no new computation is required in the
case of U(1); with k even. One can easily check through straightforward computation that
the main conclusions are identical to those of the k odd case, in particular, time-reversal
satisfies T2 = C, with no deformation. (If we reintroduce a non-zero value of the central
charge, by multiplying by an extra factor of U(1)1;, the deformation reappears, and we get
T2 = (—1)M()C, again signalling the anomaly due to c).

5.3 Fermionic surgery.

The partition function of a topological theory on an arbitrary three-manifold can be computed
explicitly via surgery [22] (see also [289)] for a nice review). The idea is that any manifold M can
be written as M; U My, where My, My are two handlebodies glued via some homeomorphism
D acting on their shared boundary ¥. The path integral of the theory, perhaps in the presence
of operator insertions, can be expressed as suitable matrix elements of D, i.e., (v1|D|vs),
where vy, v9 are the states prepared by M;, Ms. In this sense, if we understand the action of
homeomorphisms on ¥, we can compute any observable on any manifold M. The novelty in
the spin case is that the topological spaces depend on a choice of spin structure, and this
dependence is reflected in the choice of splitting and the action of D.

The simplest case is that of M = L(a,b), a lens space, since for these spaces (and these
only) the surface ¥ has genus g = 1, i.e., it is a torus. Here we will content ourselves with

278



illustrating the general idea through a few simple examples, mainly following [180].

A lens space L(a,b) is defined as the quotient of a sphere S* by a Z, group, whose action
on S? is specified by b, with a, b two coprime integers. This space can be expressed as the
gluing of two solid tori via the action of some D € SLy(Z) matrix that depends on a, b; for
example, one can take

a UV

D= (b “l) € SLy(Z) (5.3.1)

where @', b are any two integers that make D unimodular, i.e., such that b’ — aa’ =1 (these
exist because a,b are coprime). We shall mostly be interested in the case where a is even,
where L(a, b) has two spin structures, while for a odd it has a unique spin structure.

For a even, the spin structures of L(a,b) are described as follows. There are two such
structures, which we denote as +. Given the surgical presentation of the lens space as the sum
of two tori, these two structures are induced from the spin structures of the tori. The a-cycle
of these tori are filled-up so their spin structures take the form (NS, s?), where i = 1,2 refers
to the sign around the b-cycle of these two tori. We can choose one of the signs s? at will,
but then the other will be determined too. For example, if we choose s® = +1, then (5.3.1)
fixes s5 = (—1)¥(£1)". In other words, the 3d spin structures & of L(a,b) correspond to
tori with 2d spin structures (—1,#1) and (-1, (—=1)¥(£1)"), respectively. Therefore, the
spin-dependent partition function of the lens space is

Z[L(a,b); £] = (0; NS- & | D|0; NS-(—1)% (£1)"") (5.3.2)

where |0; £-£) is the vacuum state in the torus Hilbert space with spin structure 4, +.
Let us do a few simple examples. If we take b = 1, then we can take a’ =0, b’ = 1, and so
the modular transformation reads

10 »
D= (a 1) = ST"S (5.3.3)

-1 11
where § = <(1) 0 ) and T = (0 1). The spin-dependent partition functions of the lens

space are, then,
Z[L(a,1); £] = (0; NS- £+ |ST*S|0; NS-+) (5.3.4)

or, more explicitly,
Z[L(a,1); —=1] = (ST™"5)Ns-NS—NS-NS
= Sns-nsnsNS (Tns-R NSNS TNS-NS5NS-R) 2 NSNS NS-NS
Z[L(a,1);+1] = (ST *S)ns-RoNS-R

—a
= SR-NS%NS-RTR_NSHR_NS SNS-R%R—NS

(5.3.5)
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respectively. Using the known expressions for the fermionic modular data in terms of the
data of the bosonic parent (cf. (5.1.38), (5.1.39)), this is easily evaluated as

2627riac/24

Z[L(a,1); 4] = > b(a) (5.3.6)

@2
acA4

where: ¢ denotes the chiral central charge; 2? = Y e d? the total quantum dimension of
the bosonic parent; 8(«) = €™ the topological spin; and d, = S, /S0 the quantum
dimension of o € A.

For example, the bosonic parent of U(1); (with k& odd) is given by U(1)4. Being abelian,
one has d, = 1 and 2? = 4k. Also, the central charge is ¢ = 1 and the NS lines are the even
lines of A = Z4, and the R-lines are the odd lines. Plugging these facts into the general
formula (5.3.6) one finds

k—1
1 (a2
Z[L(a,1);—1] = - o-2mia(5r )
a=0
LAY e (5.3.7)
Z[L(CL, 1)7 —|—]_] — E e*2ﬂza(T,ﬁ)
a=0

which agree with the expressions in [180]. Of course, one also obtains the same result by
plugging the fermionic modular matrices of U(1)y (cf. (5.2.36), (5.2.38), (5.2.40)) directly
into (5.3.5).

One can also look at other theories, for example SO(n);, which is invertible and for
which the partition function should be just a phase. Say, for n odd, one has three lines with
quantum dimensions dy = dy = 1 and d, = v/2 and spins 6(0) = 1,0(x)) = —1,0(c) = e>7n/16,
Then, using 2% = 4 and ¢ = n/2 in (5.3.6), one gets

Z[L(a, 1>; _1] _ e?m’na/48

. 5.3.8
Z[L(a,1); +1] = e~ ?mine/>! (538)

As before, one can also derive this by plugging the fermionic data (cf. (5.2.2)) directly
into (5.3.5). Using the modular data of SO(n); for n even, it is not hard to show that (5.3.8)
is also correct for n even, i.e., these formulas are valid for any n.

As a simple consistency check of (5.3.7) and (5.3.8), note that

ZiLe i1 _ Z[L(e 1;—1)
Z[L(a, 1); 4+ [y, Z1L(a, 1); 1] |so ), (5.3.9)

which is the expected relation, given the level-rank duality U(1)g <» SU(k)_; x SO(2k);, and
the fact that SU(k)_; is bosonic (i.e., independent of the spin structure).
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One can use similar techniques to obtain the partition function of other lens spaces. For
example, for b = 3 and a = 3n £ 1, one can use ¢’ = F1 and b’ = Fn, whence

3 +1 —n Q3
D= = FST"STS 5.3.10

WFAE 5310
Using the known values of S and T one can compute Z[L(a,3); %] for any spin structure.
The general case is analogous: for a given a, b one writes down the corresponding SLo(Z)
gluing matrix as a word in .S and 7', and evaluates the partition function using the values of
these matrices as computed in the previous sections, e.g. cf. (5.1.38), (5.1.39).

5.4 Higher genus. Fermionic Verlinde formula.

We saw in the previous section how the knowledge of the modular data on the torus allowed
us to compute the partition function of fermionic theories on more general spin 3-manifolds.
The torus data was only good for lens spaces, while more general 3-manifolds usually split
into higher genus Riemann surfaces. The purpose of this section is to explore fermionic
theories on such surfaces. We let X denote the Riemann surface such that the manifold is
M = S!' x ¥, with the circle denoting the time direction. We choose to display the surface
like so:

where a’, b’ is a basis of homology. Punctures, if any, are taken to be placed to the very left
of the surface.

Spin structures. In order to define fermionic theories on ¥ we must specify a spin structure,
i.e., a consistent choice of signs a spinor picks up as we move it around. A contractible cycle
is necessarily anti-periodic, but non-contractible ones are allowed to be periodic. A basis of
non-contractible cycles is {a’, b"}izlyz,‘_”g, so a spin structure is specified by 2%9 signs, which
we denote as s',s%,..., 59, where each s' = (sai, sbi) is a pair of signs. We denote by X, the
surface ¥, with choice (s!,...,s9). We say a choice signs is even if (—1)*"®) = +1, and odd

if (—1)2) = —1, where

Arf(sy,...,s4) = i(sai +1)(s* +1)/4 mod 2 (5.4.1)

i=1
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By construction, Arf(s' Us?) = Arf(s') + Arf(s?) mod 2, and so s' U s? is even if both s!, s?
are even, or both odd, and odd if only one of them is odd. Thus, the number # of even and
odd spin structures satisfies

#even(.gl + 92) = #even(gl)#even(g2) + #odd(gl)#odd(g2>

(5.4.2)
#odd(gl + 92) = #even(gl)#odd(g2> + #odd(g1>#even(g2)

Solving this recurrence with the obvious initial conditions #even(1) = 3 and #oqq(1) = 1
we find the well-known results #even(g) = 2971(29 + 1), #oaa(g) = 2971(29 — 1). Naturally,
Heven(g) + Foaa(g) = 2%, the total number of spin structures.

Hilbert space. Recall that the Hilbert space of the fermionic theory can be obtained by

gauging a suitable one-form symmetry in the bosonic parent theory. On a general surface
Y, the states of the bosonic theory are labelled as in (5.1.5), namely they consist of anyon

@ (5.4.3)

where «; denote external punctures (i.e., Wilson lines running in the time direction), and

configurations of the form

aq
QO

the internal lines denote anyons running along the interior of ¥ (with the a-cycles being
contractible), the crosses x representing the holes. Gauging the one-form symmetry means
inserting the condensing line ¢ in all possible ways, i.e., once in the time-direction (which
introduces an extra 1-puncture), and then also in a homology basis of ¥ (which projects into
the invariant states). For example, wrapping ¢ around a given a’-cycle must reproduce the
spin structure around the same, sai7 which means that the anyon around the orthogonal cycle
b’ must be in A, ie., an NS line if s* = —1 and a R-line if ' = +1. Similarly, wrapping
1) around a bi-cycle must reproduce the spin structure around the same, sbi, which instructs
us to take suitable linear combinations such that fusion with ¢/ produces the correct sign.
Let us do a few explicit examples. We begin with the bosonic theory Spin(n); (with n
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odd); all its genus-2 untwisted states are

54
54

._.
Q

:
:

Q <
—

— S

%

-
G

Q
Q

while the twisted states are

<
<
<

,_.
S)

<
g
<
g

Q
—

;
:

Q
Q

—_
<

<=
—

(5.4.4)

S <
< S

Q
Q

<=
—
<

<=
9

(5.4.5)

Q
=

Q
Q

Condensing v yields the fermionc theory SO(n);, on where these 10 4 6 states descend to a

unique state on each of the 10 + 6 spin structures of ¥5. For example, say we are interested
in the Hilbert space with spin structure s* = +1 and s* = —1. Then the states in the



condensed theory are linear combinations of the following bosonic states:

1
’ 7 v (5.4.6)
1 1
v — : —t : ) v —4 : — : )
o 1 o (0

The reason is that wrapping ¢ around the left anyon should yield s* = +1, and hence the
left anyon must be Ramond type (in this example, Ag = {0}), while wrapping ¢ around the
right anyon should yield s> = —1, and hence the right anyon must be Neveu-Schwarz type
(in this example, Axs = {1,9}).

The specific linear combinations of states in (5.4.6) is decided by the boundary conditions
around the b-cycles. For example, given that

- O
g
(5.4.7)
O O
we learn that the first two lines in (5.4.6) must correspond to s = —1 boundary conditions,
while the second two lines must correspond to s = 41 boundary conditions. Finally, given
that
e
1
v (5.4.8)
1 @ B 1 ( )
(4 1
we learn that we must sum the two columns in (5.4.6) if s® = —1, and subtract them if
s* = +1. In other words, the final result is the following four Hilbert spaces:
1 1
1
’ ’ v (5.4.9)
1 1 1
H(Egqr—4) = 5| ¢ F ¢
o 1 o (2



The other twelve Hilbert spaces of the fermionic phase are analogous. They are all
one-dimensional, as expected from an invertible theory SO(n);. Furthermore, the fermionic
punctures only appear for the odd spin structures of ¥, i.e., the even-spin-structure Hilbert
spaces have a single bosonic vacuum while the odd-spin-structure Hilbert spaces have a single
fermionic vacuum. In general, the partition function of SO(n); on an arbitrary surface X is
(—1)"Ar() | where s is the spin structure of 3, as we shall show below.

Let us now do an example that includes external punctures (on top of the condensing
line). We can look at, for example, the torus Hilbert space of U(1); in the presence of a
puncture. This means that we must look at the states of the bosonic parent U(1)4, both in
the presence of one 1 puncture and two ¢ punctures. Being abelian, it is clear that there
are, in fact, no states with a single ¢ puncture, so all states in this example actually come
from the twisted Hilbert space (the untwisted one is empty):

2
¢@—w w4@—¢
0 ! (5.4.10)
0
2

3

where 0, 1,2, 3 € Z, denote the four lines of U(1)4, and 1 = 2 is the condensing line. Following
the same reasoning as before, the four twisted Hilbert spaces are

N C OO
2 0

N (OO
3 3

Note that all of the states come from the twisted Hilbert space of the bosonic parent; this

(5.4.11)

means that they are all fermionic states. In particular, the path integral with Ramond
mz&)(—l)F, yields —1 for all spin

structures s, while the same path integral with Neveu-Schwarz boundary conditions, which

boundary conditions on the time-circle, which computes tr

computes trﬁ(Eﬁs)(id)’ yields +1. This reproduces the geometric computation in appendix A
of [216].

The construction of the Hilbert space for an arbitrary surface 3. (with arbitrary genus
g, punctures «, and spin structure s), for an arbitrary fermionic TQFT, is a straightforward
generalization. We begin by writing down all the states in the bosonic parent, both untwisted
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and twisted. The former correspond to the states in the presence of external a punctures,
while the latter we include a punctures and an extra v puncture. Then, the choice of spin
structure s decides how these bosonic states are distributed among the different Hilbert
spaces 7'2(2?;5)7 namely, the boundary condition s*' decide the anyon type on the b’ cycle,
while the boundary condition s®* decides which specific linear combinations of states to take.
The states coming from the untwisted Hilbert space descend to bosons in the condensed
phase, while those coming from the twisted Hilbert space descend to fermions.

Modular data. Given the explicit basis of states, the modular data of the fermionic theory
is directly read off the data of the bosonic theory: as the fermionc states are written as
linear combinations of bosonic states, the action of a given Dehn twist on the former can be
written in terms of its action on the latter, which is assumed known if the bosonic parent is
sufficiently understood. Needless to say, this last part can be quite tricky since this requires
the F-symbols of the bosonic parent, which are calculable in principle but time-consuming in
practice. In any case, as a matter of principle, the problem is solved: all the modular data of
the fermionic theory is uniquely specified as a function of the modular data of the bosonic
parent. Given this, and a suitable surgery presentation of an arbitrary three-manifold M,
one can compute any path integral on any fermionic TQFT, which completely solves the
theory, at least formally.

Verlinde formula. Writing down an explicit basis of states of Xg  is useful if we intend to
calculate the modular data, as a means to compute partition functions on general 3-manifolds.
If one is just interested in the path integral over S! x 35, then it is enough to know the
number of states in H(¥ ), and not the form of an explicit basis. To this end, the Verlinde
formula [38, 39] offers a significant simplification, since it gives us directly the number of
states.

The fermionic generalization of the Verlinde formula is straightforward: if we denote

7:[(23;18'”0‘") := C*, with b the number of bosons and f the number of fermions, then

n

b=>caSY T Sava

aeA = . (5.4.12)
F=> B, a)caSyy T[] Sosa
acA i=1

where: A denotes the set of anyons in the bosonic parent; ¢, is defined as ¢, = 27% if « is
non-Majorana (i.e., either a-type or z-type) and as ¢, = 279(—1)*) if a is Majorana (i.e., m-
type); Sap is the S-matrix of the bosonic parent; and B(¢), &) := Sy.0/S1.0 = —0(¢ X ) /60()
is the braiding phase with respect to ¢ (such that B(¢,a) = +1 if o is an NS line and

B(1,a) = —1if a is an R line).
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This is just the regular Verlinde formula, but the fermionic states are weighted by the
braiding phase B(1, a) (because these are the twisted sectors with respect to the one-form
gauging), and there is a normalization factor ¢, for Majorana lines (since non-Majorana
lines are paired up as «, a X 1 while Majorana lines are not, as they are their own fermionic
partner m x ¢» = m, cf. e.g. (5.1.33)).

As a note, we mention that one can isolate the contribution of Majorana lines and write
the formula in the equivalent form

b =272 dim (B0 ) 4 279((—1)ATE) — 279) < >SS OT] Sai,m>

m = (5.4.13)

f=27% dim(B0 o) — 279((—1)AE) — 279) ( S OT1 Sai,m)
m =1

where dim(3§1*") is the dimension of the bosonic Hilbert space (5.1.3). If we write

do = Sa,1/S11 for the quantum dimension of «, we can also write the formula as
2 ot 2-2 S,
b= d =29 e
(2#) (SerTT%e)
< ot = " g (5.4.14)
_ 2 2—2 g,

- (Te) (o]

acA acA i=1 ’

Examples. In order to illustrate the formula we can look at a few examples. The first one
we shall look at is an arbitrary fermionic abelian order (with integral central charge), i.e.,
one where all lines have unit quantum dimension d, = 1. If we let 2k denote the number
of lines in the theory (where k is the absolute value of the determinant of the K-matrix),
then the bosonic parent is another abelian theory, this time bosonic, and which has |A| = 4k
lines, half of which are NS lines (and descend to the 2k lines in the fermionic theory) and
the other half R lines. As the bosonic parent is abelian, the theory has no Majorana lines,
since m X 1) = m is incompatible with abelian fusion rules (which are group-like). Using this
information, the Verlinde formula predicts that the number of fermions is f = 0, since half
the lines have B(¢, a) = 41 and the other half B(1), ) = —1, which cancel out pairwise. On
the other hand, the number of bosons is b = 27%|A|Y = k9. So, to summarize, the fermionic
Verlinde formula predicts no fermionic states, and kY bosonic ones, which is what one expects
in abelian theories.

We can do another simple example, namely SO(n);. For n odd, the bosonic parent Spin(n);
has three lines A = {1,%, 0}, the first two being NS lines and the last one a Majorana line.
The quantum dimensions are dy = dy, = 1 and d, = V2. Plugging this information into the
Verlinde formula one finds b = (1 + (—1)A"®)/2 and f = (1 — (—=1)*®)/2. In other words,
there is a single state for any s, and it is a boson for even spin structures, and a fermion for
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odd spin structures, which we already saw in an explicit example above (cf. the discussion
below (5.4.9)). For n even the theory is abelian, and therefore follows the analysis in the
previous paragraph, namely b = 1 and f = 0. All in all, the Ramond partition function of
SO(n); is (—1)"ATtE),

As a final example, consider SO(3) for k£ odd, in which case the theory is fermionic with
bosonic parent is SU(2)a,. This theory was discussed in section 5.2.3, where we showed that
the NS lines are those with integer isospin j, while the R lines are those with half-integer
isospin j; and, furthermore, there is a single Major)ana line with j = k/2. Finally, the
(2541

2k+2

: T
sin 2k+2

sin

quantum dimension of a generic line is d; = . Plugging this information into the

Verlinde formula, we find that

- (% SRR (S

—o S [2k+2} i j=0 S [2k+2

k 2—2
k+1 1 Axf - - A !
_(E*H2 L(_1)AH() 4 99
( 2 ) (2( A ;Sm 2k + 2
koo [m(2541) 712\ g-1 , k o [7(25+1)712-29
Sin . S1n
f= (Z . ) <Z<—1>% s ]] )

j=0 sin [2k+2} ’ j=0 Sin [2k+2

_ (%) (_ (_1)Arf<s)+2—gzk:( 1)”151“{21:4);2]229)

A=1

(5.4.15)

N[ =

where we relabelled A\ = 2j + 1. For k = 1 we recover b = (1 + (=1)*")/2 and f =
(1 — (=1)A") /2, as expected. These formulas agree with older derivations in the literature,
see e.g. [290].

Generalities. After these simple examples, and to close this section, we shall next make a
few interesting general remarks concerning the spin Verlinde formula. First off, let us note
that, by definition, Syxy s = B(¢, 8)Sa5 and S, gxy = B(1, a)S, s. This means that, if we
redefine one of the external punctures as «; — «; x 1, this just inserts a factor of B(y, a)
into the sums above, which has the effect of interchanging b and f. In formulas,

H(Sgy e vran) = CO @ H(Sgy o) (5.4.16)

In other words, adding a fermion v along the time direction has the sole effect of reversing
the fermion parity of all states in the Hilbert space.

It also follows from the previous equation that, if one of the punctures «; is Majorana,
then the Hilbert space satisfies H=C1g 7:[, i.e., it has the same number of bosons and
fermions, b = f. This means that the trace trﬁ(—l)F = b — f vanishes or, in other words, the
path integral with Ramond boundary conditions around the time circle is zero. This is as
expected since the Majorana line carries a zero-mode which makes the path integral vanish.

288



Another simple fact that follows from Verlinde is that if we have an odd number of
Ramond lines, the path integral is identically zero. Indeed, in the sum over a the terms
with o and « X 1) carry the opposite sign and thus cancel out pairwise. The terms with «
Majorana do not appear pairwise but they do not contribute anyway, since m-lines have no
S-matrix elements with Ramond lines, S, , = 0 for @ € Ag. This vanishing of the path
integral is precisely what one would expect, since a surface with an odd number of Ramond
lines is inconsistent (the boundary condition around the punctures is +1 if contracted towards
the punctures, but —1 if contracted away from the punctures).

Furthermore, it is easy to see that the Hilbert space 7:[(23;5) depends on s only through
AArf (s), which is as expected since large diffeomorphisms induce isomorphisms H (%5 ,) —
H(X5.,) if and only if Arf(s) = Arf(s’). In other words, Hilbert spaces with the same Arf
parity are isomorphic. Along the same lines, it is easily checked that the total dimension
b+ f is in fact independent of s, as the Arf-dependent terms cancel out (since these only
appear with m-lines, which have B(i, ) = —1). This is a generic feature of spin TQFTs,
where the distribution of bosons and fermions depends on the spin structure but the total
number of states does not.

Moreover, if we sum over all spin structures, we recover the Hilbert spaces of the bosonic
parent, namely

P HE) =HED) o HES) (5.4.17)

sEH(5,,Z2)
as one would expect. This can be shown by noting that the number of even spin structures is
Heven = 29(2971 + 1) and the number of odd spin structures is #.qq = 29(297! — 1), and hence

g—1 n
#evenbeven + #oddbodd = (Z di) Z di—zg H S;Ti:

acA acA =1

g—1 n
#evenfeven + #Oddfodd = (Z di) Z B(¢, Oz)di_Qg H ic:-,a
i=1 o

acA acA

(5.4.18)

which are precisely the dimension of H(E‘;) and ’H(Eg‘*ﬁ), respectively, as computed by the
bosonic Verlinde formula (cf. (5.1.3)).

Finally, we mention that the factorization property of TQFTs holds, in the appropriate
(fermionic) sense. Namely, if we take two surfaces £21;*m# and E;‘Q’jsgl""""ﬂl, then we can glue
them together to yield a surface ¥g' 0 o 1] Egﬁ /, where X is a two-sphere used to glue the
Riemann surfaces along the boundaries 3, 5’. Noting that ’H(Eg’ﬁl) = 5575,((:1'0 D 55,5%1/}@0‘17

the factorization property of spin TQFTs requires that, for non-Majorana 3, the fermionic
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Hilbert spaces must satisfy

C1|O®H Zog an ~ @ anl -amf ®H(E,Bo¢m+1 an)

91,81 g2;S2

(5.4.19)
C0|1®H 2041 an ~ @ Eal amﬁ ®H( 1/}><ﬁ Yam41- an)

g1;S1 g2;S2
€A/~

Here, 5 € A/ ~ means that we only consider one representative for each two-dimensional orbit
B > 1 x B (it does not matter which one we choose, due to (5.4.16)). By a straightforward
algebraic manipulation, it is not hard to show that the spin Verlinde formula indeed satisfies
this property, as required.
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Chapter 6

Domain Walls in 4d N =1 SYM.

Authorship. The content of this chapter is reproduced almost verbatim from the paper [5]
written in collaboration with Jaume Gomis.

Abstract. 4d N =1 super Yang-Mills (SYM) with simply connected gauge group G has h
gapped vacua arising from the spontaneously broken discrete R-symmetry, where h is the
dual Coxeter number of GG. Therefore, the theory admits stable domain walls interpolating
between any two vacua, but it is a nonperturbative problem to determine the low energy
theory on the domain wall. We put forward an explicit answer to this question for all the
domain walls for G = SU(N),Sp(V), Spin(N) and Gs, and for the minimal domain wall
connecting neighboring vacua for arbitrary GG. We propose that the domain wall theories
support specific nontrivial topological quantum field theories (TQFTs), which include the
Chern-Simons theory proposed long ago by Acharya-Vafa for SU(N). We provide nontrivial
evidence for our proposals by exactly matching renormalization group invariant partition
functions twisted by global symmetries of SYM computed in the ultraviolet with those
computed in our proposed infrared TQFTs.

Acknowledgments. We would like to thank Davide Gaiotto, Zohar Komargodski, Bruno
Le Floch and Nathan Seiberg for useful discussions.
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6.1 Domain Walls in 4d N =1 SYM

4d N = 1 super Yang-Mills (SYM) — Yang-Mills theory with a massless adjoint fermion —
is believed to share with QCD nonperturbative phenomena such as confinement, existence
of a mass gap, and chiral symmetry breaking. 4d N’ = 1 SYM with simple and simply-
connected gauge group G has h trivial vacua arising from the spontaneously broken Zyy,
chiral R-symmetry down to Zs, where h is the dual Coxeter number of G (see table 6.1).
The vacua are distinguished by the value of the gluino condensate [43—45]

(tr A\) = A3e2mia/h a=0,1,....,h—1. (6.1.1)

A supersymmetric domain wall that interpolates between two arbitrary vacua a and b at
x3 — oo can be defined. The Zy, symmetry implies that the domain wall theory depends
only on the difference between vacua, on n =a —b mod h. We denote the resulting 3d low
energy theory on the wall by W, (see figure 6.1).

Figure 6.1: Vacua of 4d N' =1 SYM realized as the h roots of unity in the (tr A\\)-plane,
where Zyy, acts by a 27/h rotation. W,, denotes the domain wall interpolating between vacua
separated by n steps counterclockwise, and W,, the domain wall connecting the same vacua
but with its orientation reversed. Clearly, W, = W,_,..

While the n-wall tension is fixed by the supersymmetry algebra [291], it is a nonpertur-
bative problem to determine the low energy (i.e. E < A) effective theory on the domain
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wall. A supersymmetric domain wall preserves 3d A/ = 1 supersymmetry and therefore a
universal 3d N = 1 Goldstone multiplet describes the spontaneously broken translation and
supersymmetry. The nontrivial dynamical question is whether anything else remains in the
infrared, a topological quantum field theory (TQFT) or gapless modes and, if so, which
one(s).

In this paper we put forward a detailed answer to this question for all the n-domain walls
for G = SU(N), Sp(N), Spin(N) and G, and for n = 1 for arbitrary gauge group G.%” The
proposal for G = SU(N) was put forward long ago by Acharya-Vafa [46] motivated by brane
constructions.”® We provide nontrivial new evidence for the SU(NN) proposal and for all the
new proposals in this paper. The case G = Spin(N) is particularly subtle and rich.

We conjecture that the infrared of the n-domain wall theory in 4d N' = 1 SYM with gauge
group G is the infrared phase of 3d N'= 1 SYM with gauge group G and Chern-Simons level

k=2ih—n. (6.1.2)

-2
In other words, we propose the infrared description

W, in 4d N = 1 SYM with G <— 3d N =1 SYM with G5 - (6.1.3)

Since the n and h — n domain walls are related by time-reversal (see figure 6.1), consistency
of this proposal requires that the corresponding infrared phases must also be related by
time-reversal, that is, by sending k& — —Fk in the 3d theory. This requirement is indeed
fulfilled by the identification between n and k in (6.1.2).

Determining the infrared phase of 3d N' =1 SYM is also a nonperturbative problem.
In [30] it was proposed that this theory flows in the infrared to a nontrivial TQFT. The
domain wall theories, we conjecture, are the “quantum phases” put forward in [30, 113, 237].

This predicts the following domain wall theories:*

e (G = SU(N). The n-domain wall theory is W,, = U(n)n_n, v Chern-Simons theory. This
reproduces the proposal in [46].

e G = Sp(N). The n-domain wall theory is W,, = Sp(n)y+1-» Chern-Simons theory.

e G = Spin(N). The n-domain wall theory is W,, = O(n)y_5_,, y_n1 Chern-Simons
theory. We review the construction of this TQFT in section 6.4.3.

9Vacua of 4d N =1 SYM when G is not simply connected can be nontrivial [292, 293]. The presence of a
4d TQFT means that there is no purely 3d wall theory.

98The Sp(IV) case was mentioned in [294, 295]. For a partial list of references on domain walls in 4d gauge
theories see e.g. [3, 40, 41, 223, 253, 296-302].

99The notation G, for Chern-Simons theories refers to Chern-Simons theory with gauge group G at level
k € Z. The Chern-Simons theory U(n) i = % has two levels, and the theory based on O(n)
has three levels (see section 6.4.3).
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e G = (G5. The theory has h = 4 vacua and two independent walls: n = 1,2. The
2-domain wall theory is W, = SO(3)3 x S', with SO(3)3 Chern-Simons theory and S*
the 3d sigma model on the circle. For the n = 1 wall see below.

The expectation is that the n and (h — n)-domain walls are related by time-reversal, that
is Wy_,, = W, (see figure 6.1). This is realized by virtue of the level-rank dualities of
Chern-Simons theories [28, 112, 113] and time-reversal flipping the sign of the Chern-Simons
levels:
U(N—n)n,N — U(n)_(N_n)7_N
Sp(N +1-— n)n — Sp(n)_(NH_n) (6.1.4)
O(N —2—mn),, 5 O(n)l—(N—2—n),—(N—n+1)‘

n,n+
The domain walls with n = h/2 are nontrivially time-reversal invariant. These TQFTs
emerge in the infrared of 3d N'=1 SYM G, with vanishing Chern-Simons level, which is
time-reversal invariant.
We also conjecture that:

e Arbitrary group G. The n = 1 domain wall theory connecting neighboring vacua is
W; = G_; Chern-Simons theory. This is consistent with the proposals put forward
above due to the level-rank dualities U(1)ny <+ SU(N)_1, Sp(1)y <> Sp(N)_; and
O(U)Yy 5 = (Zo)y > Spin(N)._,.

We subject the conjecture (6.1.3) to a number of nontrivial quantitative tests. We exactly
match renormalization-group invariant partition functions computed in the 4d N = 1 domain
walls with the corresponding partition functions computed in the proposed infrared 3d TQFTs.
This lends nontrivial support for our domain wall proposals in 4d N' =1 SYM. We stress
that one computation is performed using the 4d degrees of freedom, and the other using the
proposed 3d TQFT degrees of freedom.

The most basic partition function of the n-domain wall is the Witten index [42, 303]

I, = try, (—1)F, (6.1.5)

where tryw, denotes the trace over the torus Hilbert space of W,, with periodic boundary
conditions, and (—1)% fermion parity. This partition function was first computed by Acharya
and Vafa in [46] using the 4d N' =1 SYM fields.

We introduce and compute additional partition functions on the domain wall theory where
the Witten index is twisted by a global symmetry of SYM. 4d N/ = 1 SYM with gauge group
G can have charge conjugation zero-form symmetry C and one-form symmetry I' [32].1%° T is
the center of G, since the fermion in 4d N'=1 SYM is in the adjoint representation of the

100C is the outer automorphism group of the Dynkin diagram g of G while S is the outer automorphism
group of the extended Dynkin diagram g(*) of the affine Lie algebra associated to G. The group I is defined
as the quotient S/C, i.e., the symmetries of g(!) that are not symmetries of g.
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gauge group. The symmetries C and I" do not commute when acting on Wilson lines, and
combine into S = T" x C (see table 6.1). C acts on local operators and Wilson lines, and T"
on the Wilson lines of the theory. These symmetries are unbroken in each of the h vacua of
4d N =1 SYM. S is the unbroken symmetry at each vacuum, while Zy, is spontaneously
broken to Zs. This allows us to define the following twisted Witten indices on the n-domain
wall theory!'®!

I¢ = trw, (—1)Fc, (6.1.6)

where c € C, and
Ig = try, (—1)Fg, (6.1.7)

where g € I'. Consistency of our conjecture requires that these partition functions, computed
on either side of (6.1.3), match. We compute the Witten indices in terms of the 4d degrees
of freedom in section 6.2, and in the 3d TQFTs in section 6.4.

Computing the domain wall Witten indices on the 3d side of the proposal requires
understanding the Hilbert space of spin TQFTs, and not merely counting the number of
states on the torus, as has been often stated in the literature. We delve into the details of
constructing the Hilbert space of spin TQFTs and determining the fermionic parity of the
states in section 6.3. The (twisted) Witten indices (6.1.5), (6.1.6), (6.1.7) map to twisted
partition functions in the infrared spin TQFT. Importantly, the dimension of the Hilbert space
and the index differ in general, as we shall see. In particular, the index sometimes vanishes
in theories of interest. While the index can vanish, the twisted indices are non-vanishing,
and supersymmetry on the domain wall is unbroken.

G | SU(N) | Sp(N) | Spin(2N + 1) | Spin(4N) | Spin(4N +2) | Es | E7 | Es | Fy | Gs
h N N +1 2N —1 AN — 2 AN 12118130 9 | 4
C o . . 2Ly Ly Loy

'l Zn Lo Lo Ly X Lo Zy ZLs | Zs

S| Dy Zo Lo D, D, Ss | Zs

Table 6.1: Lie data for the simple Lie groups G. Here h denotes the dual Coxeter number
(defined as tr(t.qjtig;) = 2h(t,t'), where (-, -) denotes the Killing form on g, normalized so
that the highest root has (6,0) = 2). C, I" are the zero-form and one-form symmetry groups
of 4d N =1 SYM with gauge group G, and S = I' x C. Dy denotes the dihedral group
with 2V elements, and Sy the symmetric group with N! elements. For SU(2) the zero-form
symmetry group is trivial, and for Spin(8) the zero-form symmetry group is enhanced to S3
and the total symmetry group to S;. The Dy symmetry of pure SU(N) YM was considered
in [304].

1010ne could also twist by any element cg € S.
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We summarize here the results of our computations, performed both in terms of the
4d fields and the conjectured 3d topological degrees of freedom, for which we find perfect
agreement. We find it convenient to organize the results into master partition functions,
which are defined as the generating functions for the twisted Witten indices. In other words,
we sum the (twisted) partition functions over all n-walls:

h
=> Iq", (6.1.8)
n=0

where ¢ is a fugacity parameter, and where s € S is an element of the unbroken symmetry
group. These partition functions have an elegant interpretation as twisted partition functions
of a collection of free fermions in 0 4+ 1 dimensions with energies determined by the Lie data
of G (see section 6.2). Interestingly, the twisted partition function can be expressed as the
untwisted partition function of an associated affine Lie algebra, whose extended Dynkin
diagram is obtained by the “folding procedure” introduced in [305].

The master partition functions take a rather simple form:

e SU(N):

Z(q)=(1-

L

)"
=[[a-¢v. (6.1.11)

=0

—~

(6.1.9)

(1 —@)N-D2 N odd,
(6.1.10)
2(1 — g (N-2/2 N even,

,_n

where ¢ denotes the non-trivial element of C = Zs, and g is any element of I' = Zy,
thought of as an N-th root of unity.

e Sp(N):
Z(q) = (1 - (6.1.12)
1—¢)(1 —¢*>)N? N even,
Z%(q) = El - Zi; (N+1()]/2) N odd. (6.1.13)
where g denotes the non-trivial element of I' = Zs.

e Spin(N), N odd:
Z(q) = (1—q)*(1 — ¢V (6.1.14)
Z8(q) = (1+q)(1 — q)*(1 — ¢*) ¥ V/272, (6.1.15)

where g denotes the non-trivial element of I' = Zs.
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e Spin(N), N even:
Z(q)=(1-g'(1—g)V*? (6.1.16)
Z%(q) = (1 —q)’ (1 = )72, (6.1.17)
where ¢ denotes the non-trivial element of C = Z,.
— N=0 mod 4: ' =2y x Zy = {1,g1,82, 8182}

Z%(q) = (1)

(6.1.18)
78 (q) = Z8%(q) = (1 — ¢*)*(1 — ¢")N* 2.
— N=2 mod 4: T' =Z4={1,g,8% g*}
Z8(q) = Zg3(q> =(1- q4)(N/2—1)/2
) (6.1.19)
78 (q) = (1 — A)N/>1,
o GQZ
Z(q)= (1 -1 —-¢). (6.1.20)

Expanding these formulas in a series in ¢ yields I3 (see section 6.2). See also section 6.2.6 for
the n = 1 domain wall twisted Witten indices for arbitrary simply-connected G.

The plan of the rest of the chapter is as follows. In section 6.2 we review the calculation of
the untwisted Witten index for general domain walls in 4d N' = 1 SYM, develop the necessary
tools to study the twisted indices, and present a detailed calculation thereof, for all the
classical Lie groups. In section 6.3 we explain how the Hilbert space of a spin Chern-Simons
theory is constructed and, in particular, how to determine the fermion parity (—1)% of the
different states. In section 6.4 we use this refined understanding of spin Chern-Simons theories
to compute the twisted partition functions of the 3d TQFTs that, conjecturally, describe
the infrared dynamics of the domain walls, and show exact agreement. We end with some
forward-looking comments in section 6.5. We delegate to extra sections some technical details
that are needed in the computation of the twisted partition functions in section 6.4 and some
additional material.

6.2 Twisted Witten Indices

In this section we study the twisted Witten indices on the 3d N’ = 1 domain walls, as
computed in terms of the ultraviolet 4d degrees of freedom, namely the gluons and gluinos.
This requires considering 4d N' =1 SYM on a two-torus and quantizing the space of zero
energy states. This leads to a 2d N' = (2,2) sigma model on the moduli space of flat
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G-connections on a two-torus, which is the weighted projective space WCPyv v oy, Where

a) is the comark for the i-th node in the extended Dynkin diagram g of the affine Lie
algebra associated to G and r = rank(G) [306, 307]. Just as 4d N =1 SYM, this 2d theory
also has h quantum vacua. A supersymmetric domain wall in 4d N/ = 1 SYM corresponds to
a supersymmetric soliton in the 2d N = (2,2) sigma model [46].

Using the 2d N = (2,2) sigma model, Acharya and Vafa argued that the Witten index of
the domain wall is encoded in the Hilbert space of r + 1 free fermions in 0 + 1 dimensions.
Each fermion 1; is associated to the i-th node of the extended Dynkin diagram g™ of G' and
the energy of each fermion is a;. The fermion Hilbert space is graded by the energy of the

states .
Hp = @’Hg (6.2.1)

where the maximal energy is h since h = > ._ja). Hp denotes the subspace of energy n,

that is, the configurations such that

> Nal =n, (6.2.2)

where \; € {0,1} is the occupation number of the i-th fermion. The Witten index for the
n-domain wall (6.1.5), with the Goldstino multiplet contribution removed, is the trace over
the fermion Hilbert space Hp [46]

I, = trw, (=1)" =ty (—1)7. (6.2.3)

The Witten index of all n-domain walls is encoded in the partition function of the fermions
with periodic boundary conditions on a circle, corresponding to a sum over all states weighted
by the energy:

Z(q) = try, (— Z Lq". (6.2.4)

This partition function is readily evaluated

r

Z(q)=](1 - q*). (6.2.5)

=0

which implies, in particular, that the Witten index for the n and h — n wall are the same
(I, = (=1)"*'I,_,) since the fermionic Hilbert space for the n and h — n walls are related by
particle-hole symmetry. This beautifully reproduces the expectation that the n domain wall
and the h —n domain wall (cf. figure 6.1) are related to each other by time-reversal!

A symmetry s € S of 4d N' = 1 SYM acts in a simple way on the Wilson lines of
the gauge theory. A Wilson line is labeled by a representation of G with highest weight
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A= \Nwi + Aows + -+ + A\w,, where w; is the fundamental weight associated to the i-th
node of the Dynkin diagram g. The Wilson line W; labeled by the fundamental weight w;
transforms under c € C as

c: Wy — Wc(i) s (626)

where wc(;) is the fundamental weight which is charge conjugate to w;. An element g € I" acts
by
g: W= ag(wi) W; (6.2.7)

where ogz(w;) € I'* is the charge of w; under the center I' of . The action of a symmetry on
the fundamental Wilson lines W; induces an action on the fermions 1;, which are labeled by
a node in the extended Dynkin diagram g(). We recall that C acts as an outer automorphism
of g, S acts as an outer automorphism of g’ and I' = S/C.

We now proceed to compute the Witten index on the domain wall twisted by the
symmetries of the system, S. This group is identified with the group of symmetries of the
extended Dynkin diagram gV, i.e., a given s € S can be thought of as a permutation of the
nodes i + s(i) that leaves the diagram g(!) invariant. The induced action on the effective
0 + 1 system of fermions is

S: 1/11 — ¢s(z) s (628)

where 1); is the fermion associated to the i-th node of g®). This means that the symmetry s
lifts to a map Hr — Hr which, by definition, commutes with the Hamiltonian,

[H,s| =0, (6.2.9)

inasmuch as a) = a;/(i). Thus, s restricts to a well-defined action on Hg, i.e., it preserves the

grading (6.2.1). The twisted Witten index is

I3 = try, (—1)"s = trymn (—1)"s. (6.2.10)

Similarly, the twisted partition function computes the generating function of twisted indices:

h
Z%(q) = tra (=1)"sq" =Y Lq" (6.2.11)

n=0

An efficient way to compute this partition function is as follows. Take the i-th fermion,
and consider its orbit under s:

wi — @st(i) —> 77/)52(1') I AR e 2 ¢5Ni(i) = I/JZ , (6.2.12)

where N; denotes the length of the orbit of the i-th node under the symmetry s, i.e., the
minimal integer such that sVi(i) = i. In the trace (6.2.10), the only configurations that
contribute are those where the occupation number ); in (6.2.2) is constant along the orbit:

/\i - As(z) - ASQ(Z') — = )‘sNz‘*l(i) . (6213)
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This means that we may restrict the sum over H in (6.2.2) to those configurations where this
identity is satisfied. We enforce this by dropping all but one of these labels, and multiplying
its energy by Nj, i.e., we replace (6.2.2) by

> NdY =n, (6.2.14)
=0

where the sum is over one representative for each orbit, 7’ is the number of orbits of s, and
a” = N;a; is the combined energy of all the elements of the orbit of );. With this, the
twisted Witten index (6.1.6) on the domain wall can be computed as the untwisted partition
function of ' + 1 free fermions with energies a;":

,,,/

72(q) = [J(1 = ¢*). (6.2.15)

1=0

Since h = Z;;O al we see that IS = (—1)"*'I;_  as required by time-reversal.

Diagrammatically, twisting by a symmetry folds the Dynkin diagram g™ according to
the action of s on the nodes [305]. This yields a new affine Dynkin diagram, which has
"+ 1 <r+ 1 nodes, and comarks a,” = N;a;”. The twisted Witten index is identical to the
untwisted Witten index of the folded diagram.

A quick remark is in order. Let A; be a node in the folded diagram, and let N; be the
number of nodes in the original diagram that folded into A;. The node \; is therefore a
bound state of N; fermions, and thus has fermion parity (—1)F = (—1)"i. Moreover, the
symmetry s permutes these fermions, which generates an extra sign corresponding to the
signature of the permutation. When the permutation is cyclic, which is the case relevant to
this paper, the signature is just N; — 1. All in all, the contribution of X, to the twisted trace
is (—1)Fs = (=1)MitNi=1) — _1_ Therefore, in the folded diagram the node behaves as a
regular fermion, just with more energy, and so (6.2.15) is correct as written: the fermionic
signs are all taken care of automatically by the folding.

The twisted Witten index can also be computed by diagonalizing the action of s (6.2.12)
by a direct sum of unitary transformations, one for each orbit, which is a symmetry of the
collection of fermions. In this basis, s acts with eigenvalue s; on the i-th fermion, where s; is
an N;-th root of unity. The twisted partition function can, therefore, also be expressed as

T

75(q) = (1 = sig™). (6.2.16)

=0

This also makes the action of time-reversal symmetry on the domain walls manifest, cf. I} =
(—1)"*  det(s)I;_,,, where det(s) = s¢sy---s, = (—1)"*"" is the parity of the permutation
induced by s. We now discuss zero-form symmetries and one-form symmetries in turn.
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Zero-form symmetries. 4d N =1 SYM has charge conjugation symmetry C if and only if
the (unextended) Dynkin diagram g of the Lie algebra of G has a symmetry. This corresponds
to an outer automorphism of the Lie algebra of G (see table 6.1). Such symmetry is present
for the A,, D,., Es algebras, where C acts as a transposition (order-two permutation) on the
nodes of the Dynkin diagram (with low-rank exceptions A, D4). In this case, folding the
diagram by C gives rise to what is usually called the twisted affine Dynkin diagram g® [308,
309], which is constructed by identifying the nodes of g that are permuted by C (and adding
the extending node).

As C = Zy, the eigenvalues in (6.2.16) are trivial to determine: if a node i is fixed by
c € C, then its eigenvalue is ¢; = +1. On the other hand, if the pair of nodes 7, j are swapped,
then the eigenvalues are +1, which can be assigned as ¢; = +1 and ¢; = —1 (or vice-versa).

One-form symmetries. As discussed in section 6.1, 4d N’ = 1 has a one-form symmetry
group I' given by the center of the gauge group G. Here, the eigenvalues s; in (6.2.16) have
a very natural interpretation. An element g € I' acts as an outer automorphism of gi); a
permutation of the » + 1 nodes. Diagonalizing this permutation results on an eigenvalue g; on
the fermion 1); associated to the i-th node, which is the charge of the element of the center
g € ' on the i-th fundamental weight of g [15, 284, 310-312], that is

gi = ag(wi) . (6.2.17)

Note that this is precisely how g € I" acts on the ultraviolet Wilson loops W; (cf. (6.2.7)).
We now proceed to compute the twisted Witten indices for G = SU(N), Sp(V), Spin(N),
and G5 respectively.

6.2.1 G = SU(N)
Consider the algebra Ay_; = suy. The symmetries of this algebra are as follows:

e The group SU(N) has a Zs zero-form symmetry, which corresponds to complex con-
jugation. It acts by interchanging the i-th node with the (N — i)-th node in g. The
associated diagonal action can be chosen as follows: take ¢y = +1 for the extended node,
and ¢; = +1 for the first half of the unextended nodes, and ¢; = —1 for the second half.

e The group SU(V) has a Zy one-form symmetry, whose associated charge is the N-ality
(the number of boxes in the Young diagram modulo N). If g denotes a primitive root
of unity, then a generic element gt € Zy acts on the extended diagram g(!) as a cyclic
permutation by ¢ units, A\; — X1y mod n- The center acts on a representation with

highest weight A as follows:
N-1
I (6.2.18)

1=

ag(A)
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which means that the eigenvalues in (6.2.16) are g; = g'.

Let us begin by computing the untwisted partition function. The comarks are all a) = 1.
Plugging this into equation (6.2.5) we obtain the untwisted partition function

Z(g)= (1 -9, (6.2.19)

and, expanding, the Witten index

n

I, = (=1)" (N) . (6.2.20)

This result was also obtained, by an entirely different method, in [313].
We now move on to the twisted indices. Charge conjugation acts on the extended Dynkin

m (6.2.21)

where the blue node denotes the affine root, and the integers denote the comarks a). The

diagram Ag\l,)_l as follows:

automorphism folds the diagram in half.!°> The result is

1 2 1 2 2 2 2 1
A AR L OYD—0— - —0—OZD
(6.2.22)

1 9 1.2 2 2 2 2
A e AD) o>oO—0— -+ —O0—QO>0

where the folded diagrams both have m + 1 = | N/2] + 1 nodes. From this we conclude
that the folded diagram has 7" +1 = (N +1)/2 and ' = (N + 2)/2 nodes for N odd and
N even, respectively. In the first case, one node has comark equal to 1, and the rest equal
to 2; while in the second case, there are two nodes with comark 1, and the rest equal to 2.

Using (6.2.15), the c-twisted partition function is'®?

(1-g)(1 =g 1V2 N odd,
Z%(q) = (6.2.23)
(1-q)*(1—¢*)"2/2 N even,

102For N odd, the (N =+ 1)/2-th nodes would naively fold into a loop, which does not yield a valid Dynkin
diagram. The correct folding is given by the theory of twisted Ka¢-Moody algebras [308, 309]. We henceforth
fold the diagrams following [308, 309]. The only information we need from the diagram are the comarks.

1031n SU(2) the action of c is a gauge transformation and c is not a symmetry; indeed, Z<(q) = Z(q).
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and, expanding, the c-twisted Witten indices are

((—1)"/2 ((N;/?/z) N odd, n even,

. (—1)tn b7 (((JZ__;))//QQ) N odd, n odd, o
o (VD) (VD] v
\2(—1)@“)/2 <<(]Z __12)>//22> N even, n odd.

One can also compute the partition function in the diagonal basis, where ¢; = +1 for the
first half of the nodes, and ¢; = —1 for the second half. Plugging this into (6.2.16) yields the
same expression for the twisted partition function.

Let us now consider the partition function twisted by the I' = Zy one-form symmetry. If
g denotes a primitive N-th root of unity, then a generic element g’ € Zy acts on the extended
diagram as follows:

N N
N N
— (VD) )gcd(Nt) (6-2.25)
N N
ged(N,t) ged(N,t)

where the folded diagram has ged(JV, t) nodes, each with energy N/ ged(N,t). In other words,
g’ folds the diagram into the affine diagram of SU(ged(N,t)), with comarks N/ ged(N,t).
This immediately yields the twisted partition function as (6.2.15)

78 (q) = (1 — ¢/ sedVit)yged(N.t) (6.2.26)

The twisted index reads

ged(N, t)

(_1)ngcd(N,t)/N
nged(N,t)/N

) Ninged(N, ),

t

& = (6.2.27)

0 otherwise.
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Naturally, for t = 0 this reduces to the untwisted result.
Alternatively, we may compute the same partition function in the diagonal basis. Using
equations (6.2.16) and (6.2.18), the twisted partition function is given by

H 1—g'q) = (g:8)n (6.2.28)

=0

._\

the so-called g-Pochhammer symbol, essentially defined by this product. One may prove that
this is in fact identical to (6.2.26). Expanding the product, the twisted index becomes

= et (N) (N) - G (6229)

where the term in parentheses denotes the so-called g-binomial coefficient. This is again
identical to (6.2.27).
6.2.2 G = Sp(N)
Consider the algebra C'y = sp,. The symmetries of this algebra are as follows:
e The group Sp(N) has no zero-form symmetry.

e The group Sp(/V) has a Zy one-form symmetry, whose charged representations are the
pseudo-real ones. The non-trivial element g € Z, acts on the extended diagram by
reversing the nodes \; — Ay_;. The center acts on a representation \ as follows:

Oég(>\) = (—1)2}ijg_l)/2j A2i41 7 (6230)
which means that the eigenvalues in (6.2.16) are g; = (—1)".

Let us begin by computing the untwisted partition function. The comarks for Sp(N) are
all equal to one, i.e. af =1 for i =0,1,..., N. Plugging this into equation (6.2.5) we obtain
the untwisted partition function

Z(q) = (1 -, (6.2.31)

and, expanding, the Witten index

I, = (—1)”(N * 1) | (6.2.32)

n

4d Sp(N) N =1 SYM has no charge conjugation symmetry. We can consider instead the
index twisted by the I' = Zs one-form center symmetry, which acts on the extended Dynkin
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diagram as follows:

m (6.2.33)

1 1 1 1 1 1
where the blue node denotes the affine root, and the integers denote the comarks a;. The
automorphism folds the diagram in half (see footnote 102). The result is

o) AP oo - —o0—aZD
(6.2.34)

1 1 2 2 2 2 2 2
Cénzlecﬁnl13 o<O—0— -+ —O0—O 30

where the folded diagrams have m + 1 = | N/2] 4+ 1 nodes.

From this we learn that the folded diagram has v+ 1= (N+2)/2and " +1=(N+1)/2
nodes, for N even and N odd, respectively. In the first case, one of these nodes has energy
equal to 1, and the rest equal to 2; while in the second case, they are all of energy 2. Plugging
this into (6.2.15) the one-form twisted partition function is

(1—q)(1—¢*)N? N even,
78(q) = 6.2.35
(Q) (1 _ q2)(N+1)/2 N Odd, ( )

and, expanding, the twisted Witten index

( N/2
(—1)n /2 (( /1)/2> N even, n odd,
n —
N/2
(—1)”/Q<n//2) N even, n even,
It = (6.2.36)
0 N odd, n odd,
N+1)/2
(—1)"/? << ;_/2)/ ) N odd, n even.
\

One can also compute the partition function in the diagonal basis, where g; = +1 for
the even nodes, and g; = —1 for the odd ones. Plugging this into (6.2.16) yields the same
expression for the twisted partition function.

6.2.3 G = Spin(2N + 1)

Consider the algebra By = sooy.1. The symmetries of this algebra are as follows:
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e The group Spin(2N + 1) has no zero-form symmetry.

e The group Spin(2N + 1) has a Zs one-form symmetry, whose charged representations
are the spinors. The non-trivial element g € Z, acts on the extended diagram by
permuting the zeroth and first nodes, A\g <> A\;. The center acts on a representation \
as follows:

ag(\) = (=1)M (6.2.37)

which means that the eigenvalues in (6.2.16) are g; = (—1)%~.

Let us begin by computing the untwisted partition function. The comarks for Spin(2/N +1)
are af =1 fori=0,1,N, and a; = 2 for i = 2,3,..., N — 1. Plugging this into equation
(6.2.5) we obtain the untwisted partition function

Z(q) = (1—q)*(1 —¢*)" 2, (6.2.38)

and, expanding, the Witten index

. (—1)? KNn /—22) _ 3<n172‘_21)] n even, o

0| (o 1) =3 ye)] o

Note that the index vanishes for N =1 mod 4 and n = (N — 1)/2 and by time-reversal for
n' = h—n = (3N —1)/2. This clearly illustrates the crucial difference between the dimension
of the Hilbert space and the index.

4d Spin(2N + 1) N =1 SYM has no charge conjugation symmetry. We can consider
instead the index twisted by the I' = Zs one-form center symmetry. The non-trivial element
g € Zs acts on the extended Dynkin diagram as follows:

2 2 2

1 1 2 2 2 2 1 2 2 1
BY: (12>of—o—o—o:<:o > AR o—o0— - a0 (6.2.40)

where the blue node denotes the affine root, and the integers denote the comarks a;'.

From this we learn that the folded diagram has 7’ 41 = N nodes, one of which has energy
equal to 1, and the rest all energy equal to 2. Plugging this into (6.2.15) the one-form twisted
partition function is

Z%(q) = (1—q)(1—¢*)" ", (6.2.41)

and, expanding, the Witten index

(—1)"? (A; /_21) n even,

I8 = (6.2.42)

(—1)<n+l>/2( (nN_ _1)1/2) n odd.
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One can also compute the partition function in the diagonal basis, where g; = +1 for all the
nodes except for the last one, which has gy = —1. Plugging this into (6.2.16) yields the same
expression for the twisted partition function.

6.2.4 G = Spin(2N)
Consider the algebra Dy = sosy. The symmetries of this algebra are as follows:

e The group Spin(2N) has a Zs zero-form symmetry. The corresponding charge is the
chirality of the representation. This symmetry acts by permuting the last two nodes
in the unextended Dynkin diagram. The associated diagonal action can be chosen as
follows: take c; = +1 for all but the last two nodes, and cy_; = +1 and cy = —1.

e The group Spin(2N) has a Zs X Zy one-form symmetry if N is even, and Z, if odd. They
act on the extended Dynkin diagram as follows: one of the Zy’s for N even, and the
Zo subgroup of Z4 for N odd, acts as the permutation Ay <+ A\; and Ay_1 <> Ay, while
fixing the rest of Dynkin labels in the extended diagram. The other Z, factor reverses
the order of the extended Dynkin labels, while Z4 acts as \g — Ay — A1 — Ay_1 — Ao,
and it reverses the order of the rest of Dynkin labels.

For N even, let (g1,82) € Zs X Zs; and, for N odd, let g € Zy; all thought of as roots
of unity. The center acts on a representation A as follows:

N/2-2
\) = AN—1+AN _(N/2=DAN 1 +(N/2)AN+22:207 7 A2ita
aglng( ) gl g2 o (6243)
ag(>\> = g_(N_2)>\N71_N)\N+2Z§:07 ) >\2i+1 )
Therefore, the eigenvalues in (6.2.16) are
(81,82)2 = 1, i€[0,N/2—1)
(81,82)2i+1 = 82, ic[0,N/2-1)
(81, gQ)N—l = glgé\fﬂ—l
_ N/2
(B1:82) = 8182 | (6.2.44)
g2ir1 = 8§, i€ [0,(N—1)/2)
gQi:]-; ZG[l,(N—1>/2)
gvo1=g""
BN = gN-

Let us begin by computing the untwisted partition function. The comarks of Spin(2N)
are af = 1fori=0,1,N —1,N, and @ = 2 for i = 2,3,..., N — 2. Plugging this into
equation (6.2.5) we obtain the untwisted partition function

Z(q)=(1—q)'(1—¢*)" 2, (6.2.45)
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and, expanding, the Witten index

() o)+ )] e

I, = Vo N (6.2.46)
10 (e ) ()] e

Note that the index vanishes when NV is even and n corresponds to the time-reversal symmetric
wall n = h/2 = N — 1. It also vanishes for the exceptional pairs (N, n) such that 2 + 4n +
2n? — 3N — 4nN + N? = 0.

Let us now consider the index twisted by charge conjugation. Its action on the extended
Dynkin diagram, and the resulting folded diagram, are as follows:

U O S o ST BT CH U S O

(6.2.47)
where the folded diagram has N nodes. From this we learn that the folded diagram has
"+ 1 = N nodes, two of which have energy equal to 1, and the rest all energy equal to 2.
Plugging this into (6.2.15) the zero-form twisted partition function is

Z(q) = (1= q)*(L — ") (6.2.48)
and, expanding, the twisted Witten index

(553 (2] e

IS = (6.2.49)

2(—1)<n+1>/2<<n]\7_ _1)2/2) n odd.

One can also compute the partition function in the diagonal basis, where ¢; = +1 for all the
nodes except for the last one, which has cy = —1. Plugging this into (6.2.16) yields the same
expression for the twisted partition function.

Let us now consider the one-form-twisted partition functions. The symmetry depends on
whether N is even or odd, which we consider in turn.

N even. Here the symmetry is Zy X Zs. g1 and gy act as follows:

T
<12>02 23 O<22 j) 1%;\\_% gé_f(Zi (6.2.50)
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The folded diagrams are

(1) . 2 2 2 2 2 2 B(l) . 2 4 4 4 2
Cylg - O—0— -+ —O0—O50 N2t - —Xo  (6.2.51)

which have N — 1 and N/2 + 1 nodes, respectively. The folding by g1g» is in fact identical to
that of go, i.e., the second diagram.

The twisted partition functions read
Z%(q) = (1—¢)""
29(g) = (1- (1 — g2, (6252

and, expanding, the twisted Witten indices

( N -1
(—1)"/2( /2 ) n even,
n

g1
I8 =

0 n odd.

\

(1) [(Nf/; 2) _ 3(2[//5: f)} n=0 modd4,  (6.2.53)

S Lo Ay R )| S

0 n odd,

\

while /8182 = [&2,

N odd. Here the one-form symmetry is Z,, whose action on the extended Dynkin diagram,
and the corresponding folded diagram, are as follows:

(o
2 2 2 2 j s @D—0— --- @O (6.2.54)

N~

R

where the comarks are all 4 if we fold by a generator of Z4, and all 2 if we fold by a generator

squared. The number of nodes is (N — 1)/2 in the first case, and N — 1 in the second case.
The folded diagram corresponds to C((Zl\,)fl) /o and C’](Vl)_l, respectively.

If we let g denote a generator of Zy4, the twisted partition function is
Z8(q) = 78 (q) = (1 — ¢V,
, (6.2.55)
Z%(q) = (1—-¢)" ",
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and, expanding, the twisted Witten indices

(—1)”/4<(N N 1)/2) n=0 mod 4,

[£=12 = n/4
0 otherwise,
6.2.56)
a2 (N —1 (
(—1) n even,
718 — n/2
0 n odd.

As usual, one may also compute these partition functions in the diagonal basis. Using
the phases (6.2.44) in (6.2.16) yields the same expressions for the twisted partition functions,
as expected.

6.2.5 G =G>

G5 has no zero-form or one-form symmetry. The comarks for Gy are aj = ay =1 and ay = 2.
Plugging this into equation (6.2.5) we obtain the untwisted partition function

Z(q) = (1-q°(1 - ¢, (6.2.57)
and, expanding, the Witten indices
I =-2
I, =0 (6.2.58)
I3 =2.
Note that I3 = —1I;, as expected from the action of time-reversal on domain walls.

6.2.6 Minimal Wall for Arbitrary Gauge Group

The domain wall theory for n = 1 admits a uniform description for all simply-connected
groups, including the exceptional ones. Indeed, the only fermion configurations with total
energy equal to 1, that is the solutions to (6.2.2)

> Nl =1, (6.2.59)
=0

are clearly of the form \; = 1 for one i such that a/ = 1, and A\; = 0 for all j # i. In other
words, in each configuration there is only one excited fermion, which moreover necessarily has
energy ay = 1. All these configurations have the same fermion number, namely (—1)" = —1,
which means that the index is
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where m; denotes the number of nodes in the extended Dynkin diagram g™ with comark
equal to 1. The values of m; are given in the following table:

my N N+1 3 4 3121122 o
Note that, for simply-laced G, m, is the order of I'.
The index twisted by a symmetry s € S is
I =—-mj, (6.2.62)

where m$ denotes the number of nodes in the extended Dynkin diagram g with comark
equal to 1 that are fixed by s. mj has already been computed for the classical groups
SU(N),Sp(NV),Spin(2N + 1) and Spin(2N). For the exceptional groups, only Eg and E;
have non-trivial symmetry group S (see table 6.1). In Fj, the zero-form charge-conjugation
symmetry leaves invariant the extended node, which has comark 1, and permutes the other
two nodes with comark 1. In Fg and FE;, the one-form center symmetry permutes all the
nodes with comark 1. Therefore, letting ¢ denote the non-trivial element of C, and g any
non-trivial element of I', the indices are

Ee: Is=—1, [f=0 gel =1,

6.2.63
Er: I8=0 gel=17,. ( )

The (twisted) indices for the exceptional groups Fs, Er, Eg, Fy and arbitrary n have been
included in section 6.7 for completeness.

This concludes our discussion of the twisted Witten indices of the domain walls, as
computed in terms of the the 4d ultraviolet degrees of freedom. A rather nontrivial consistency
test of our proposal is that the Witten indices on the domain walls we just computed
are reproduced by the corresponding partition functions of our conjectured 3d TQFTs.
Computing the image of the (twisted) Witten indices in these TQFTs is nontrivial and
requires understanding in detail the Hilbert space of spin TQFTs and the action of (—1)f on
it, a subject to which we now turn.

6.3 Hilbert Space of Spin TQFT's

The domain wall theory preserves 3d N' = 1 supersymmetry and observables depend on the
choice of a spin structure. Therefore, the TQFT that emerges in the deep infrared of the
domain wall must also depend on a choice of a spin structure, that is, it must be a spin
TQFT [35].

The data of a TQFT in 3d includes the set of anyons A (or Wilson lines) and the braiding
matrix B: A x A — U(1) encoding their braiding. A spin TQFT is a TQFT that has
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104 Jine 1) that braids trivially with all lines in A4 and has half-integral spin.!?

Transparency of 1 implies that it fuses with itself into the vacuum, that is ¢ x ¢» = 1. Since

an abelian

1 is transparent and has half-integral spin, the observables of a spin TQFT depend on the
choice of a spin structure.

A spin TQFT can be constructed from a parent bosonic TQFT which has an abelian,
non-transparent fermion v with ¢ x ¢ = 1, that is, a bosonic TQFT that has a Zg’ one-form
symmetry generated by a fermion [36, 37, 120, 314, 315]. The bosonic parent theory defines
a spin TQFT upon gauging its Zg one-form symmetry generated by

bosonic TQFT

zy

spin TQFT = (6.3.1)
This procedure is an extension of the notion of bosonic “anyon condensation” [285, 316,
317].1% Upon gauging, the fermion ¢ in the parent bosonic theory becomes the transparent
fermion v in the spin TQFT. The gauged one-form symmetry Zg’ of the parent bosonic theory
gives rise to an emergent zero-form symmetry Zs in the spin TQFT that is generated by the
fermion parity operator (—1)f", and which acts on the “twisted sector”. We will discuss the
action of (—1)¥ on the Hilbert space of spin TQFTs shortly.
The lines of the parent bosonic theory A can be arranged as the disjoint union of two sets
A = Ans U Ag according to their braiding with 1. Lines in Aygs, by definition, braid trivially
with ¢ while lines in Ag have braiding —1 with 1. This partitions the lines of the bosonic
TQFT according to their Zg’ quantum number. The lines in each set can be organized into
orbits of Z;b, generated by fusion with ¢). The orbits can be either two- or one-dimensional.
The lines in one-dimensional orbits are referred to as “Majorana lines” in that they can freely
absorb the fermion :
Y Xm=m. (6.3.2)

The Majorana lines, if any, are necessarily in Ag.'%” The lines of the bosonic parent theory
thus split as
Ans = {{a,a x ¢} | B(¢,a) = +1}
Ar = {{z,z x ¢}, {m} | B(¢,z) = B(y,m) = —1}.
104A1 abelian line is one that yields a single line in its fusion with any line in A.

1054 TQFT that has a line with half-integral spin which braids nontrivially with at least one line in the
theory is not spin. There is no unambiguous way to assign a sign to the fermion as we move it around a circle

(6.3.4)

since the phase it acquires depends on which lines link with the circle, unlike when the fermion is transparent.
106More precisely, the parent bosonic TQFT must be attached to a suitable 4d SPT phase so that the
combined system is non-anomalous, and the symmetry can be gauged.
107To prove this we compute the braiding of ¢» with a Majorana line m and show that it necessarily has
braiding —1 with ¢

B(l[),m) _ 627Ti(hw+hm7h7/)><m) — 27hy — -1, = m¢ AR’ (633)
where h denotes spin of lines and in the second equality we have used the defining relation for a Majorana

line (6.3.2). See also [120].

312



The first set, referred to as the Neveu-Schwarz (NS) lines, is what is usually regarded as the
set of Wilson line operators in the spin TQFT. The second set, the Ramond (R) lines, change
the spin structure background. This decomposition will be useful shortly in the construction
of the Hilbert space of the spin TQFT.

The Hilbert space of the spin TQFT on the spatial torus depends on the choice of
spin structure. There are two equivalence classes of spin structures on the torus (or, more
generally, on any Riemann surface): even and odd spin structures. Consider the even
and odd spin structure Hilbert spaces Hns.ns and Hr.gr. Hns.ng correspond to choosing
antiperiodic boundary conditions on the two circles while Hg.g corresponds to periodic
boundary conditions. The other two even spin-structure Hilbert spaces Hns.r and Hg.ns
can be obtained from Hys.ns by the action of the mapping class group. This group is a
non-trivial extension of the modular group SLy(Z) by the Zs fermion parity symmetry. It is
known as the metaplectic group Mp,(Z). It does not preserve the individual spin structures
but it does preserve their equivalence class. The Hilbert spaces of spin TQFTs realize a
unitary representation of this group.

The states in the Hilbert space Hp of a bosonic TQFT are constructed from the path
integral on a solid torus by inserting lines M € A along the non-contractible cycle [22]. This
defines conformal blocks on the torus. We represent this pictorially by

|M) = ‘ O >e Hp . (6.3.5)
M

The Hilbert space of the spin TQFT can be constructed from its definition as a quotient of
the bosonic parent TQFT (6.3.1).1% The states in Hys.ns are labeled by a € Ayg, and are
represented as

opin = 25 ( ‘ 9 > + ‘a9¢>) € Husns (6.3.6)

The states in Hg.r are constructed from conformal blocks of the bosonic parent TQFT
on the torus and, in the presence of Majorana lines (6.3.2), from the once-punctured torus
conformal blocks of the bosonic parent TQFT. By virtue of m being a Majorana line obeying
the fusion rule ¥» x m = m, the one-point conformal block on the torus with m along the
cycle and v at the puncture is nontrivial, as it is allowed by the fusion rules. The states in

108 More details of the explicit construction of the Hilbert space of spin TQFTs will appear elsewhere [1].
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Hr.r are labeled by z,m € Ag, and are represented as'?

#n= 5 ([O) - |O)) eran,

T XY
|m>spin - ‘ Ow > S HR—R .
m

Modular transformations preserve the odd spin structure, i.e., they map Hgr.r into itself. The

(6.3.7)

negative sign in (6.3.7) guarantees that under under modular transformations the states in
Hgr.r are mapped into themselves.

Note that the pair of lines a and a x 9 in the bosonic parent descend to a pair of lines in
the spin TQFT, because these are distinct anyons, being distinguishable by their spin. On
the other hand, the pair of states |a) and |a x 1) descend to a single state in the spin TQFT.
Thus, while in a bosonic TQFT the number of states is the same as the number of lines, in a
spin TQFT there are twice as many lines as there are states.

Our next task is to compute the action of fermion parity, i.e. (—1)¥, on the Hilbert space
of the spin TQFT. The Z, symmetry generated by (—1)% is the emergent zero-form symmetry
that appears upon quotienting the parent bosonic theory by Z;p in (6.3.1). The charged states
are therefore those constructed from the once-punctured torus in the bosonic theory

(_]‘)F|m>spiﬂ - _|m>spin7
(=Dl @ )spin = +] @ )spin » (6.3.8)
(_1)F| X >Spin - +| X >spin .

(—1)* acts nontrivially on the ¢ puncture in the once-punctured torus.

Depending on the choice of spin structure on the “time” circle we can define the following

23 = 8 partition functions for spin TQFTs:!1?

tr__(0) = tra s (0)

tr-1(O0) = tryye o (0), (6.3.9)
try (O) = tryg (0),

try 1+ (O0) = try, 1 (0),

109nlike in bosonic anyon condensation, where a fixed line in the parent theory yields multiples states in
the quotient theory, a Majorana line is in an irreducible representation of Cliff(1|1) and yields a unique state
in the quotient (spin) TQFT.

HO0_ represents antiperiodic boundary condition while + period boundary conditions.
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and

(6.3.10)

trs + ((=1)70) = tryg ((-1)70),
where O is an operator in the theory. We will be interested in the case when O is a symmetry
of the TQFT. We note that (—1)f is only non-trivial in the R-R sector, because this is the
only Hilbert space that may contain Majorana states. This is the most subtle and rich sector,
and the one of interest as far as the twisted Witten indices is concerned.

6.3.1 Partition Function of Spin TQFTs

The twisted Witten index of the domain wall theory is computed by considering the odd
spin structure on the spatial torus and periodic boundary condition on the time circle. This
implies that the twisted Witten indices, computed via the 4d ultraviolet fields, must be
reproduced by appropriate odd-spin-structure partition functions of our conjectured infrared
3d spin TQFTs. In other words, a nontrivial check that our proposed infrared spin TQFTs
describe the n-domain wall theories is proving that

IS = try, . (—1)Fs (6.3.11)

for symmetries s € S. This requires, in particular, identifying the image of the symmetries
s € S in the infrared TQFT.

Let us begin by considering the untwisted partition function. Given the construction
of the Hilbert space Hr.r in (6.3.7) and the action of (—1) in (6.3.8) we can compute the
desired partition function as follows

tryn (—1)F = N, — N, . (6.3.12)

This requires determining in the bosonic parent theory the number N, of two-dimensional
orbits and the number N, of one-dimensional orbits (the number of Majorana lines) in Ag
(see (6.3.4)) under fusion with .

Let us illustrate this in a simple example. The simplest spin TQFT is SO(N); Chern-
Simons theory, which is is a trivial, invertible spin TQFT with lines {1,¢}. The bosonic
parent theory is Spin(/N); Chern-Simons theory:

e For N odd, Spin(V); is the Ising category, which has three lines {1, 0,1 }: the vacuum 1,

N 1

the spin operator o, and the energy operator . These primaries have spins h = 0, {¢, 3,

and fusion rules 02 =1+, > =1,9 x 0 = 0.
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e For N even, Spin(V); has four lines, with spins h = 0, 1_1\(2’ l—j\é, %,

{1,e,m, ¢}, which correspond to the trivial representation, the two fundamental spinor

and which we denote by

representations, and the vector representation, respectively. The theory for N = 0
mod 4 has Z2 fusion rules, with e =m? =¢? =1 and e x m =¢. For N =2 mod 4

the fusion ring is Z,, with €2 = m? =4, and > =e x m = 1.

The theory SO(N); is obtained by condensing 1, that is SO(N); = Spin(N);/Z3. Using the
fusion rules and the spins we see that 1, are neutral under Zg’ and e, m and o are charged.
In other words, the Neveu-Schwarz sector is

Axs = {1,941, (6.3.13)

while the Ramond sector is

Ar =

{{U} & odd, (6.3.14)

{e,m} N even.

This implies that N, = 1 in the NS sector. On the other hand, in the R sector, (N,, N,,) =
(0,1) for odd N and (N, N,,) = (1,0) for even N. Thus there is a unique state in each spin
structure, and all states are bosonic except in Hg g, where (—1)" = (—1)%, since there is a
Majorana line for odd N. The (—1)¥ odd state is created by the well-known once-punctured
torus conformal block in the Ising category with the insertion of o, and 1 at the puncture.
For a second example let us now consider the spin TQFT SO(3); Chern-Simons theory,
which is the simplest non-trivial spin TQFT. The bosonic parent theory is SU(2)g since

s0(), = 22"

: (6.3.15)

where the abelian line ¢ is the line in SU(2)¢ with j = 3 and spin A = 3/2. The lines in

A={j=0,3,1,...,3} which have braiding —1 with ¢ are those with half-integral isospin:

Ar ={j = %, %, g} Under fusion with 1) we have the following Zf orbits

3 X

6.3.16
2 (6.3.16)

W N
Nlw Njot

Therefore, in the R-R sector of SO(3)3 there is a length-2 orbit with (; = %, g) and a Majorana
line with j = % Thus, N, = N,, = 1. There are N, + N,,, = 2 states, but one of them is
a boson and the other is a fermion, which means that the partition function with periodic
boundary conditions vanishes

try (—1)F =N, — N, =0. (6.3.17)

The vanishing of this trace will be important when discussing the 2-domain wall theory in 4d
N =1 SYM with gauge group G, (cf. section 6.4.4). This example clearly illustrates the
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importance of looking at the appropriate partition function and not merely at the dimension
of the Hilbert space.

We now discuss a different way to compute the partition function that does not rely
on computing N, and N,, directly. The basic idea is to gauge the emergent zero-form Z,
symmetry generated by (—1)¥ in the spin TQFT to obtain the bosonic parent theory back [11,

36, 37, 66, 318]
spin TQFT

Za
Gauging this Z, amounts to summing the spin TQFT over all spin structures of the three-
manifold M. Taking M to the three-torus, and summing over the 23 = 8 spin structures,

= bosonic TQFT. (6.3.18)

corresponding to either periodic or antiperiodic boundary conditions around each of the three
circles, we find that

% Z(trﬁ:,j:(l) +tre o (=1)7) = trag, (1) (6.3.19)
Tt

try o (see (6.3.9)—(6.3.10)) denotes the trace over the Hilbert space on the spatial torus with
boundary conditions %, &, and try, the trace over the torus Hilbert space of the bosonic
parent theory.

Using the fact that the dimension of the torus Hilbert space is the same in all spin
structures and that (—1)" acts nontrivially only in Hg.r (see (6.3.8)), we find the formula

try (—1)F = 2dim(Hp) — 7dim(Hr) , (6.3.20)

where dim(Hp) is the dimension of the torus Hilbert space of the bosonic parent TQFT
and dim(Hr) the dimension of the torus Hilbert space in any one spin structure of the spin
TQFT. This formula offers a significant advantage in that it requires computing the total
number of states dim(Hr) = N, + N,,,, and not separately N, and N,,, as in formula (6.3.12).
Even simpler, one may compute dim(Hr) = N, in the NS-NS sector directly, where all orbits
are of length-2: the number of states is just half the number of lines of the spin TQFT.!!

As a consistency check, consider the case where G is the product of a bosonic theory G
times a trivial/invertible spin TQFT

Gr =G x SO(N),, (6.3.21)

whose bosonic parent is Gp = G x Spin(N);. As SO(N), is a trivial spin TQFT, we
get dim(Hp) = dim(Hg). Similarly, using that Spin(/N); has a four-dimensional Hilbert
space if N is even, and a three dimensional Hilbert space if N is odd, we get dim(Hpg) =
(7 + (1)) dim(H). Plugging this into (6.3.20), we get

tr ap (—1)F = (=1)V dim(H) , (6.3.22)

HR-R

HTn the SO(3)3 example dim(H ) = 7 and dim(Hr) = 2, and using (6.3.20) the partition function indeed
vanishes.
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which is precisely what one would expect, given the tensor product structure of G and
the fact that the trace over SO(N); is (—1)". Put differently, in the Hilbert space of
Gp = G x SO(N); we have N, = N, and N,, = 0 for N even, and N, = N,, and N, = 0 for
N odd. That is, in the R-R sector, either no states are Majorana or all are, depending on
the parity of N. This implies that

tr, 6 (—1)F = {+N“ N even (6.3.23)
R-R —N, N odd,
which indeed equals (6.3.22).

There are spin TQFTs which factorize in a nontrivial fashion into the product of a
bosonic TQFT and a trivial spin TQFT by virtue of a level-rank duality, as for example
U(1)y, <> SU(k)_1 x {1,9}. In these theories try, , (—1)" also just measures the dimension
of the Hilbert space (up to possibly a global sign).

More generally, stacking a TQFT, spin or bosonic, with a trivial spin TQFT defines

TQFT x SO(N); . (6.3.24)

This theory has the same number of states as the original TQFT but SO(/V); can change the
global sign of the action of (—1)% on all states in Hr.r. The partition functions are the same
up to possibly a sign

tI“Hﬁ%Fszo(N)l (—1)F = (—l)N tI‘H’lg_QRFT<—1)F . (6325)

Indeed, the single state of SO(N); in Hg.r is a Majorana state and thus has odd fermion
parity for N odd only. Therefore, when comparing the spin TQFT partition function with
the Witten index of the domain wall, we will match their absolute values, as if those match,
the signs can be also be matched by stacking a suitable trivial spin TQFT, which can be
thought of as a purely gravitational counterterm [111].112

The generalization to twisted indices is straightforward. Given a symmetry s € Spqpr of
the TQFT, which acts s: Hr.r — Hr.r, the partition function

tra (= 1)7s) (6.3.26)

counts the number of bosons fixed by s, minus the number of fermions fixed by s. That
being said, there are some subtleties that must be kept in mind. A state fixed by s does not
necessarily contribute with s = +1 to the trace — it might contribute with s = —1 instead,
the reason being that the symmetry s might be realized projectively in the Hilbert space.
The most common example where this may happen is charge-conjugation c. We can
illustrate this in U(1); Chern-Simons theory, the simplest theory where this phenomenon

H28taking SO(N); for odd N to a 3d theory has the same effect as stacking to a 2d theory the trivial spin
TQFT known as the Arf-invariant, which changes the sign of the partition with odd spin structure.
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occurs. This is an invertible spin TQFT, which means that it has a unique state on any
spin structure. This state is clearly fixed by c but, interestingly, it has ¢ = —1 in the
odd-spin-structure Hilbert space Hgr.r. We can show this as follows. The bosonic parent
theory is U(1),; Chern-Simons theory, which has four states, labeled by ¢ = 0,1,2,3. The
U(1); theory is obtained by condensing the fermion ¢, which has ¢ = 2. The Ramond
lines are easily checked to be ¢ = 1,3, and they are paired by fusion with 1 into a single
two-dimensional orbit, since 1 x 2 = 3. Thus, the unique state in the R-R sector is (cf. (6.3.7))

1
Do = —([1) = [3)) . 6.3.27
Dsp \/5(| ) —13) ( )
This indeed satisfies ¢|1)spin = —|1)spin, inasmuch as c: ¢ — —g mod 4 in the bosonic parent,

which exchanges [1) and |3).

6.4 Domain Wall TQFT Partition Functions

In this section we calculate partition functions twisted by a symmetry s € Spqpr
" F
I (—1)7s (6.4.1)

of the Chern-Simons TQFTs we proposed emerge in the infrared of the domain wall theories
(see section 6.1). Our calculations beautifully reproduce the results obtained in section 6.2.
Namely, we will now demonstrate that the trace (6.4.1) agrees with the twisted Witten index
on the n-domain wall W,, (cf. (6.2.10)) as computed in terms of the original 4d fields

try (—1) s =13 (6.4.2)

We identify each symmetry s € S in 4d N' = 1 SYM with a symmetry s € Stqpr in the
infrared TQFT.

In 4d N =1 SYM with gauge group Sp(N) our proposed domain wall theory corresponds
to a Chern-Simons theory based on a group that is simple, connected, and simply-connected,
whereas for SYM with SU(N), Spin(N) and G2 gauge groups, the proposed infrared Chern-
Simons theories are based on a group that is neither. We discuss both cases in turn.

Chern-Simons theory Gy, with G simple, connected and simply-connected is always a
bosonic TQFT. These theories are made spin by tensoring with the trivial spin TQFT SO(N);.
It follows from our discussion in section 6.3 that

tr, coxsom, (—1)7 = (=1)V trg, (1), (6.4.3)
R-R

since all states have the same fermion parity — all bosonic, or all fermionic, depending on the
parity of N. Therefore the partition function of Gy x SO(NV); in (6.4.3) is, up to possibly a
sign, the dimension of the Hilbert space of GG;, Chern-Simons theory on the two-torus.
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The states in the torus Hilbert space of G Chern-Simons theory are conformal blocks on
the torus, which are labeled by the integrable representations of the corresponding affine lie
algebra g(!) at level k [22, 319]. By definition, the representations of G that are integrable are
those whose highest weight A satisfies (A, 0) < k, with 6 the highest root of G. Expanding
the latter in a basis of simple coroots, and introducing an extended label Ay := k — (), 6),
integrability can be expressed as

S oNal =k, N €Zs. (6.4.4)
=0

The dimension of the Hilbert space trg, (1) is equal to the number of solutions to this
equation.

Much like the discussion in section 6.2, where the Witten index on the domain wall was
computed through an auxiliary system of free fermions, trg, (1) has a nice combinatorial
interpretation in terms of a system of free bosons in 0 + 1 dimensions. Indeed, the number of
integrable representations trg, (1) is the number of ways of creating a state of energy k from
r+ 1 free bosons, each with energy a). Each boson is associated with a node in the extended
Dynkin diagram gV, and \; € {0,1,2,...} in (6.4.4) corresponds to the occupation number
of the i-th boson. Introducing a fugacity parameter ¢ defines a generating function, which is
the partition function of the bosons on the circle

Z(G,q) = trg,(1)q". (6.4.5)

The partition function is thus

Z(Gq) =[]0 —q*)". (6.4.6)
i=0
The Chern-Simons trace trg, (1) is the coefficient of ¢* in (6.4.6).
In a similar fashion, we define the trace twisted by a symmetry s € Spqpr of G, Chern-
Simons theory:
tre, (s) - (6.4.7)
When s = c is a zero-form symmetry, this corresponds to inserting a surface operator, i.e.,
the symmetry defect is supported on the whole spatial torus. On the other hand, if s =g
denotes a one-form symmetry, the symmetry defect is a line operator, and one must specify a
homology cycle on the torus on which it is is supported. The states of GG, Chern-Simons are
created by wrapping on a cycle Wilson lines labeled by integrable representations \; if g is
supported on the same cycle, it acts on the states via fusion:

g x A

320



Conversely, if g is supported on the dual cycle, it acts on the states via braiding:

> =l @ (6:49)

A

where agz(A) is the charge of A under the center of G (cf. (6.2.7)). More generally, one
can wrap a pair of symmetry defects on both cycles, but one can always conjugate such
configuration via a modular transformation to either of the two options above. This operation,
being a similarity transformation, does not affect the value of the trace. In other words, the
value of trg, (g) is independent of which cycle we define g on.

When s is a symmetry of the classical action of GG, Chern-Simons theory, it is induced by
an outer automorphism of the extended Dynkin diagram g, and it acts as a permutation of
the nodes thereof. In that case, s induces an action on the system of bosons, which permutes
them in the same way it permutes the nodes of the Dynkin diagram. As in the system of free
fermions, the trace above can be obtained from the partition function of these bosons

Z5(Gq) = > trg,(s)q" (6.4.10)

k>0

where Z°(G, q) denotes the bosonic partition function twisted by the permutation s. One
can evaluate this partition function by the same methods as in section 6.2, i.e., by diagram
folding or directly in the diagonal basis

r

72(G,q) = (1 =sig™) ", (6.4.11)

=0

where s; are the eigenvalues of the permutation. Note that, for s = g a one-form symmetry,
diagram folding naturally corresponds to g acting as a permutation, i.e. (6.4.8), while the
diagonal action corresponds to g acting via braiding, i.e. (6.4.9). Indeed, it is a well-known
fact that an S modular transformation — which interchanges the two cycles — diagonalizes
the fusion rules.

It should be noted that Chern-Simons theories can have “quantum symmetries”. These
are symmetries of the entire TQFT data that are not symmetries of the Lagrangian. Many
explicit examples of these symmetries have been found in [4]. These symmetries permute the
Wilson lines of the theory, in a way that does not necessarily correspond to a permutation of
their Dynkin labels. As such, the free boson representation cannot be used to evaluate the
twisted trace, but it must be computed from the action of the symmetry on the Hilbert space
of the TQFT. That being said, we find that the symmetries S in the ultraviolet domain wall
map to classical symmetries of the infrared Chern-Simons theories, and we can compute the
twisted index using (6.4.11).
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Some of our proposed domain wall TQFTs are Chern-Simons theory with a group G
that is not connected and/or simply-connected, in which case the theory Gy (with k a set
of integers that defines the Chern-Simons action) may depend on the spin structure of the
underlying manifold. There are four distinct Hilbert spaces corresponding to the four spin
structures on the spatial torus (see section 6.3), but our interest here is in the Hilbert space
Hr.r- Now G} can have fermionic states, which correspond to once-punctured conformal
blocks of the parent bosonic theory, and (—1)% is in general a non-trivial operator. Our goal
is to compute

tr, o ((—1)7s) = trg, ((=1)"s), (6.4.12)

R-R
where we use the latter to simplify notation.

We shall next compute the twisted traces for all the Chern-Simons theories of interest.
We begin by considering the simply-connected group Sp(n), and then we move on to the
more subtle and interesting cases U(n), O(n). We finally make a few remarks concerning the
exceptional groups. The remaining simply-connected groups SU(n), Spin(n) as well as SO(n)
are studied in section 6.6.

6.4.1 G = Sp(n)

The n-domain wall theory for 4d A" =1 SYM with G = Sp(N) is proposed to be Sp(n)ni1-n
Chern-Simons theory. Let us proceed to study the partition functions of Sp(n)y.

Consider the algebra C,, = sp,. The comarks are all a; = 1. Plugging this into (6.4.11)
we obtain the generating function as

Z(Sp(n),q) = (1 —q)~"*Y, (6.4.13)

and, by expanding, the untwisted trace

trgp(, (1) = (” Z ’“) . (6.4.14)

This is the number of integrable representations of Sp(n)y, that is, the dimension of the torus
Hilbert space of this Chern-Simons theory.

Let us also compute the partition function twisted by the one-form symmetry I' = Z.
This symmetry reverses the order of the extended labels, and the charged representations
are the pseudo-real ones. Denoting by g the non-trivial element of Zs, and using (6.4.11)
and (6.2.30), we get the twisted partition function

Z8(Sp(n),q) = (1 —q) /271 (1 4 )21, (6.4.15)
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and by expanding

0 n odd, k odd,
((n + Z/; 1)/2)
(it

<(” Z /’;)/ 2) n even, k even.

n odd, k even,

tI9p(n), (8) = (6.4.16)

n even, k odd,

Note that Z®& is nothing but the untwisted partition function associated to the Dynkin
diagram given by folding the original diagram by the one-form symmetry (6.2.33).

We are now ready to test our proposal. Recall that the conjectured infrared theory
corresponding to the n-domain wall of Sp(N) SYM was W,, = Sp(n)y, with k = N +1 —n.
Using this value of the level in (6.4.14) and (6.4.16) indeed reproduces the (twisted) Witten
indices computed in the ultraviolet, cf. (6.2.32) and (6.2.36).

6.4.2 G =U(n)

The n-domain wall theory for 4d N =1 SYM with G = SU(N) is proposed to be U(n)n_n, n
Chern-Simons theory. Let us proceed to study the partition functions of U(n)y k.
The Chern-Simons gauge group is not simply connected. The theory is defined as

SU(n)k X U(1>n(n+k)
L,

Un)ppik = : (6.4.17)
where Z,, is the one-form symmetry generated by the line ¢ = [0, %,0,...,0] ® (n + k). Here
and in what follows, [Ag, A1, ..., A,—1] denotes the Dynkin labels of an SU(n), representation,
and (q) € Z the charge of a U(1),(,4x) representation. The spin of the generator is easily
computed to be hy = % + ”Q—Jj = % This theory is spin if and only if £ is even.

We now proceed to compute the relevant traces. As the theory can be a spin TQFT, the
theory may contain fermionic states, and (—1)¥ will in general be a non-trivial operator,
which we need to understand to compute tr((—1)#s). In other words, we have to identify
which of the states of this Chern-Simons theory are bosons, and which are fermions.

Note that, unlike the general discussion of section 6.3, this theory is more conveniently
presented as a Z,, quotient rather than a Zs quotient, so let us slightly generalize the discussion
in that section to such quotients. In section 6.3 we argued that the bosonic states after a Z,
fermionic quotient are the length-2 orbits, while the fermions are the fixed-points. We now
claim that the general statement for Z,, fermionic quotients is that the bosonic states are the

orbits of even length, while the fermions are the orbits of odd length.

323



To prove this claim, consider a general spin TQFT that can be written as
=7

where G g is some bosonic TQFT, and where Z,, is a one-form symmetry generated by a

Gr (6.4.18)

fermion ). Since hy» = phy, YP is a fermion if p is odd, and a boson if p is even. This means
that n is necessarily even, because )" = 1 is a boson.

The braiding phase with respect to ¥ is always an n-th root of unity, it is the charge
with respect to the Z, symmetry. This fact allows us to partition the lines of G5 into n
equivalence classes according to their n-ality j, i.e., the value of braiding B(a, ) = e*/",
j=0,1,...,n— 1. The lines with j = 0 are the NS lines (so that B(a,%) = +1), and
those with j = n/2 are the R lines (so that B(a, ) = —1). The rest of lines are projected
out by the Z,, quotient (unless we turn on a suitable background for the dual Z,, zero-form

symmetry). Furthermore, in each sector the lines are organized into Z, orbits,

{o, Yo, ¢, ... ¥}, (6.4.19)

where |a| € [1,n] denotes the length of the orbit — the minimal integer such that 1!l x a = a.
An orbit is Majorana if and only if its length is odd, for then and only then it may absorb a
fermion. Indeed, the conformal block with puncture !®! is non-vanishing only if 1!l x a = av.
In conclusion, the fermionic states in the R-R sector of the quotient theory Gz correspond to
the orbits of G R-lines with an odd number of elements, as claimed.

We are now in position to study the theory U(n) 4% The discussion above has taught us
how to identify fermionic states in the Hilbert space of the theory. Rather anticlimactically,
we shall now argue that this theory has, in fact, no fermionic states at all!l This means that
the trace tr(—1)"" actually just counts the number of states of the theory, much like in a
bosonic theory. This explains why the counting of states in [46] matched the domain wall
index — because all states are bosonic. This, importantly, is not always the case for other
spin TQFTs, such as O(n) (see below, section 6.4.3).

Let us prove that the theory has no fermionic states. U(n)g 4 is level-rank dual to
U(E)—n,—(n+k) as a spin TQFT. Therefore, if either & or n is odd, the theory factorizes as a
bosonic theory times an invertible spin TQFT, and so the theory clearly has no Majorana
states. The only non-trivial case is, therefore, that of n, k both even, which we assume in
what follows.

The theory in the numerator of the quotient description of U(n) ,4x in (6.4.17) is bosonic
(recall that U(1)x is spin for K odd and bosonic for K even; here K = n(n + k), which is
even). The states of U(n)y 4k are Z, orbits of SU(n), x U(1),(n4k) representations. If we
manage to prove that there are no orbits of odd length, we succeed in proving that the theory
has no Majorana states. In fact, we show that, more generally, all orbits have length-n, i.e.,
all orbits are long. This implies that the states correspond to conformal blocks with no
punctures, i.e., all states are bosonic, (—1)" = +1.
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Write a@ = (R, q), where R is an SU(n), representation, and ¢ € [0,n(n + k)) labels a
U(1)n(ntk) representation. The abelian part of the condition Ylol x o = o reads

q+|a|(n+k)=¢ modn(n+k), (6.4.20)

which can be written as |a| =0 mod n, i.e., |a] = n, as claimed. This proves that all orbits
are long, which indeed implies the absence of Majorana lines.

Let us now use this information to compute the different U(n)y 4k partition functions.
The untwisted trace is the number of conformal blocks (in any of the 2% spin structures).
Counting this is a straightforward exercise in combinatorics: we have a factor of n(n + k)
due to U(1)p(nm+r), times a factor of ("+,]:_1) due to SU(n); (cf. (6.6.2)), and a factor of 1/n?
due to the quotient Z, (one factor of n is due to the projecting out of lines, and the other
one because the neutral lines are organized into length-n orbits). All in all, the number of

states — the untwisted trace — is

UG e (1) = nin+k) (" * Z - 1) = (n Z k) . (6.4.21)

n2

This standard argument was already used in [46]. An important aspect of this computation,
much overlooked in the literature, is that this equals tr(—1) only because all the states have
trivial fermion parity, which is nontrivially true in this theory. This shall not be the case in
the orthogonal group O(n), where tr(—1)" does not just count the total number of states,
but rather the bosons minus the fermions, both sets being typically nonempty.

Recall that the conjectured infrared TQFT corresponding to the n-domain wall of SU(V)
is W,, = U(n)gnik, with &£ = N —n. Using this value of the level in (6.4.21) indeed reproduces
the Witten index computed in the ultraviolet, cf. (6.2.20).

We now proceed to computing the trace twisted by the charge conjugation symmetry
c of U(n)gn+k. Consider first the case of odd k, where the theory is naturally bosonic. In
this case, computing the trace amounts to counting the real representations of U(n )k ni-
A representation of U(n)g,+x can be labeled by the pair (R,q), where R is an SU(n)j
representation, and ¢ € [0,n(n + k)), subject to |R| = ¢ mod n, where |R| denotes the
number of boxes in the Young diagram of R. Representations (R, ¢) and (¢ R, ¢+ ¢(n+k)),
with o - R the SU(n) representation with Dynkin labels (o - \); = X\i_¢ mod n, are identified
by Z,, spectral flow.

The abelian charge ¢ is correlated with the SU(n) representation. Indeed, if n is even
and R is real modulo o, there is a single charge ¢ € [0,n(n + k)) that makes (R, q) real;
if n is odd, there are two such charges.!'® Therefore, the number of real representations in
U(n)gntr is the number of representations of SU(n), that are real up to the action of o,

113Namely, we are looking for solutions to 2g = ¢(n + k) mod n(n + k). These are ¢ = £(n + k) and
q =2 (n+k) (except for (n,¢) = (even, odd), where there is no solution; see also (6.4.23)). For n even, only
one of these two solutions is valid, depending on the parity of |R| (recall that we require ¢ = |R| mod n).
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divided by n (the length of the orbits), and multiplied by 2 if n is odd. Let us now count the
SU(n)y, representations.

An SU(n); representation [Ag, A1, ..., A,_1] is real up to the action of o if \; = A\ mod n
for some ¢. The number of such representations is the number of integer solutions to
0 Zodd
200 + 2X1 + - 2X (0—1) 2 —i—{ © }+
Agj2 L even
0 lodd (6.4.22)
n 0
2\ D BY _ =k.
+2A01 + - F 2A (nre-1) /2] —i—{ Amseyjz 1+ £ even }
The number of solutions to this equation is
(n+k)/2—-1
( (k—1)/2 n odd, k odd,
0 n even, ¢ odd, k odd,
k—1)/2
N, = 2((71(—;{-_ 1)/;/ ) n even, £ even, k odd, (6.4.23)
k)/2 k)/2—1
((n 2/2)/ > + <(n 2/2)1 ] ) n even, { even, k even,
((n +k)/2 - 1) n even, ¢ odd, k even,
L k/2

where, for future reference, we have also included the case of k even.

We now sum over all £ =0,1,...,n — 1. For n odd, this just multiplies (("M)/%l) by n.

(k—1)/2
(”(ﬁz)l/)z/ 2) by n/2, because half the cases yield no solutions. Next,

we divide by n (due to the quotient), and multiply by 2 if n is odd. This yields the number
114

If n is even, it multiplies 2(

of real representations of U(n)y 4 with k odd as

(n+k)/2—-1
2 dd, k£ odd
( (k—-1)j2 ) "2
U () 0k (€) = (6.4.24)

(CHETUP) e ko

By plugging £k = N — n in (6.4.24), the partition function reproduces the Witten index
twisted by charge conjugation computed in the ultraviolet, cf. (6.2.24).

The case of k even is slightly more complicated because the theory is naturally spin.
For n odd we can obtain the twisted trace from the k odd case by using level-rank duality

4Note that the expression for n odd is invariant under n < k, as required by level-rank duality.
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U(n) gtk <> U(K)—n,—(ntk)- But for n, k both even, the theory is spin, and cannot be written
as a bosonic theory times a trivial spin theory — at least not using the standard level-rank
duality. Thus, we have to explicitly compute the trace of c in the R-R sector. This is
non-trivial because, among other things, ¢ may act as —1 on some states (see the discussion
around (6.3.27)), and thus it is not enough to just count real representations.

A shortcut to compute the trace of ¢ over the odd spin structure, for k,n both even, is to
sum over all spin structures:

1
§(Ztro c+ trg(—l)Fc> =trpc, (6.4.25)

where trp denotes the trace over the bosonic parent. From this expression, and noting that

(—=1)¥ is trivial in U(n)g s theories (due to the lack of Majorana lines), we can solve for the
trace we are after:

trprCc = trgc — 3trygnsg C. (6.4.26)

Let us begin with the first term. As this is a trace over a bosonic Hilbert space, we are

just to count real representations of SU(n); X U(1)p(m+x)- The first factor corresponds to

¢ =0 in (6.4.23), while the second factor has two real representations (namely, ¢ = 0 and
g =n(n+k)/2). The end result is

trpc =2 K(" Z/];)/Q) n ((n 7;/3121_ 1)} . (6.4.27)

Let us now compute the second term in (6.4.26). This is a trace over a fermionic Hilbert
space, but over the NS-NS sector, and so we only have to count fixed-points, as they all
contribute with ¢ = +1. In other words, the trace is just the number of real representations
of U(n)knik, that is, the number of solutions to (6.4.22), summed over ¢ = 0,1,...,n — 1,
and divided by n due to the quotient. Using (6.4.23), we get

tmexse = 7 (g [((n Z/ZW) * ((n 2/2)121_ 1)} + g((n i ZZQ . 1))

1 ((n Z/l;) /2> 1 ((n _l://;) 121_ 1> 1 ((n + ]/2 22 - 1> |

2
Plugging these two traces into (6.4.26), the twisted index, for n, k even, becomes

o (€) = <(” * 2/2 2 1> - ((” * ]’% 2 1) | (6.4.29)

(6.4.28)

2

2

Note that this is invariant under n < k, as required by level-rank duality.!'> This expression
for the twisted partition function of U(n)k nix with & = N — n matches the twisted Witten
index computed in the ultraviolet, cf. (6.2.24).

H15That is, invariant up to a sign. This is due to the fact that c = —1 in the R-R sector of U(1); (cf. (6.3.27)),
and the level-rank pair has a difference in their framing anomaly equal to nk +1 =1 mod 2, cf. [28].
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Finally, we briefly sketch the computation of the trace twisted by the one-form symmetry
g' € Zyir of U(n)gnik, where g denotes a primitive root of unity, and ¢ € [0,n + k). The
states of U(n)knix are orbits of the form

{(c" R.q+t(n+k))}, (6.4.30)

where ¢ ranges from 0 to n— 1. All the orbits are of length-n. The theory has a Z,, . one-form
symmetry that acts as ¢ — ¢+ tn, where t € [0,n+ k). A state is invariant if and only if this
transformation cyclically permutes the elements of the orbit, i.e., if a representative (R, q) is
mapped into itself up to spectral flow,

(Ryg+tn)=(c"-R,q+Ll(n+k)). (6.4.31)

It is clear that if ¢n is not of the form ¢(n + k) for some ¢ € 7Z, then no state is invariant,
and the twisted trace vanishes. So let us assume that such an ¢ exists; it is clear that it is
unique, so counting invariant orbits reduces to counting appropriate SU(n), representations.
More specifically, the number of invariant states is
nn+k) «

%Nz , (6.4.32)

trU(n)k,n+k (gt> - n

where n(n + k) denotes the number of states in U(1),(1x), and the factor of n? is due to the
Z,, quotient. N, denotes the number of SU(n), representations that satisfy R = o* - R, with
(:=tn/(n+k)€Z.

Counting such SU(n); representations is easy, because this is a simply-connected group,
so the states are labelled by the Dynkin labels, Ao, A1,..., \,_1, which can be thought
of a collection of independent bosons (cf. (6.4.11)). The most efficient way to count the
representations that are invariant under o* is to recall that the associated diagonal phase is
just the charge under the center (6.2.18), which is a multiplicative phase, so the partition

function factorizes:
n—1

[Ja-emmg)= =Y " Nig* (6.4.33)
j=0 k>0
and therefore L1
N, = (”+ - ) . (6.4.34)
k’ e27rié/n

Recall that the g-binomial coefficient at a root of unity can be expressed as a regular binomial
coefficient, cf. (6.2.29) and (6.2.27).
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Putting everything together, the one-form symmetry twisted trace reads

n+k
()i (8) = ( )
n gt

ged(n + k,t) (6.4.35)
tn=0 d k
(n ged(n+ k,t)/(n+k)) TS0 MOCTTE

0 otherwise.

It is easily checked that, if we plug k = N —n in (6.4.35), the twisted trace for U(n)g 1«
exactly reproduces the twisted Witten index of the n-domain wall of SU(N) computed in the
ultraviolet, cf. (6.2.27).

6.4.3 G = 0(n)

The n-domain wall theory for 4d N/ = 1 SYM with G = Spin(N) is proposed to be
O(n)N_9—n N—ns1 Chern-Simons theory. Let us proceed to study the partition functions of
O(”)I%:,L'
The O(n);, ;, Chern-Simons theory is defined as [113]

O(n)io X (Z2)r

Zs ’
where (Zs)r, <+ Spin(L)_; denotes a Z, gauge theory with twist L, and the quotient denotes
the gauging of a diagonal Zy one-form symmetry. The value of the level we shall be interested
in is L = k4 3. On the other hand, the first factor is given by the following:

e If n is even, the theory O(n); , is defined as the CM-orbifold of SO(n),. Here C denotes
the charge-conjugation Z, zero-form symmetry that acts by permuting the last two

O(n)yp = (6.4.36)

Dynkin labels in SO(n), and M is the magnetic Zy zero-form symmetry that is dual to
the gauged one-form Z, symmetry in the denominator of SO(n), = Spin(n)x/Zs. As
such, it permutes the lines that split in the quotient, i.e., the lines of Spin(n); that are
fixed by fusion with the extending simple current.

e If n is odd, the group O(n) is a direct product of SO(n) and Z,. The Chern-Simons
theory O(n); , itself does not necessarily factorize, because of the convention of which
Zs subgroup the reflection represents. The choice in [113] was

Spin(n)k X (Z2) (—2)(n-1) n odd, k even
Ly 7 7

O(n)po == (6.4.37)

SO(n)k X (Zg)(k_g)(n_l) n Odd, k odd.

Let us compute the different traces in this theory. As above, the details depend sensitively
on the parity of n and k, so we consider each case separately.
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Even/Even. We begin with the theory Spin(2n)q. Its integrable representations satisfy
A+A+2N+ -+ o)+ A A =2k, (6.4.38)

which has trgpin(an),, (1) solutions (cf. (6.6.12)).

We now construct SO(2n)qy, i.e., we gauge a Zs one-form symmetry, which acts as
Ao > A and A\,_1 < A\,. This is a bosonic quotient. The neutral representations satisfy
An—1 + A, = even, which has

n—+k n+k—1 n+k—2
wim () (TSN (Y, 64

solutions. These are divided into length-2 orbits, and fixed points. The former satisfy
Ao # A1V A1 # A\, and the latter A\g = Ay A \,,_1 = A\,,. The number of fixed points is

F .= (" + : - 2) , (6.4.40)

and the number of length-2 orbits is %(N — F). Finally, the number of representations of

SO(2”)2k is

1 n+k—2 n+k—2
t 1)=2F+_-(N—-F) =2
IS0 (2n)z (1) +5( ) < L >+<k—1
which is invariant under n <+ k, as expected by level-rank duality. This also agrees with
expression (6.6.15).

) +(ne k),  (6.4.41)

We now orbifold by CM, which acts by swapping the lines in 2F pairwise, and as A\,,_1 <> A,.
The representations that are fixed under CM are the subset of the length-2 orbits that satisfy
either \g £ A\ A X\,_1 = Ay or \g = A\ A \,_1 # A,. In other words, the lines that satisfy

either of
Ao+ AL H+2(X0 4+ Aa + A1) = 2K, Ao # A,

200 F Ao+ Aa) + Ar + A = 2Kk, A1 7 M-

By symmetry, both conditions have the same number of solutions. In total,

A:=4<"+Z_1)+(n2512)—(n+:_2)] (6.4.43)

solutions. Note that these are length-2 orbits of Spin(2n)a, so the number of lines is A/2.

The representations that are interchanged under CM are all of F, plus the subset of the
length-2 orbits that satisfy A\,_1 + A, = even and \,_; # \,, minus the solutions to the
second line in (6.4.42). The latter are

B.— n+k 49 n+k—1 N n+k—2
T\ k k—1 k—2
n+k—1 n+k—2 1
(k) ey 1, st
n+k—2
=4 .
(")
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Note that F are fixed points of Z,, while B are length-2 orbits, so the number of lines is
2F +B/2. Adding the lines in A we get 3(A + B) + 2F = trso(2n),, (1), as one would expect.
Putting all these results together, we see that the number of twisted and untwisted lines
in the orbifold is [320]
N, twisted — A )
1 (6.4.45)
Nuntwisted =A+ ZB +F )

and so the theory has

trO(Zn)%kyo(]-) = Niwisted T Nuntwisted

_ 9(nk=2) (e k=2) 1T (k=2 R (6.4.46)
A k-1 S\ k-2 "

lines. This expression agrees with [113].
We now move on to O(2n)3; ;. 5- This is obtained by taking the theory we just constructed,
O(2n)3; ¢, tensoring with Spin(2k + 3)_;, and gauging a diagonal Z, one-form symmetry:

O(2n)3;, o x Spin(2k + 3)_4

O(2n>%k,2k+3 = 7o )

(6.4.47)

where the quotient is fermionic.
Take the states of O(Qn)ék’o as above, i.e.; Niyisted a0d Nyntwisted, and tensor by Spin(2k +
3)_1 ={1,0,x}. The NS and R lines are as follows:

NS : Nuntwisted & ]-7 Ntwisted & g, Nuntwisted & X

(6.4.48)
R: Ntwisted & ]-7 Nuntwisted & g, Ntwisted & X -

We now quotient by the Z, one-form symmetry. This symmetry maps 1 <> x, and it fixes o;
and, also, it permutes lines in A pairwise, a <> ¢/, and it fixes those in iIB% + FF. Therefore, in

the NS sector it acts as
ARl Ay

3B+F)®1+ B+F)®x (6.4.49)
Ao Ao

which are all length-two orbits (recall that there are never fixed-points in the NS sector).
Thus, the dimension of the Hilbert space is

dim(O(2n)3y o543) = A+ (B +TF) + 3A

1 (6.4.50)
= §Ntwisted + Nuntwisted .

This corresponds to the trace of 1 over the Hilbert space on any of the spatial spin structures.
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Consider now the R sector. The one-form symmetry acts as

A1+ Ay
3B+F)®oc+ B+F)®o (6.4.51)
Ao+ A®o,

and so all of A are in length-two orbits, while all of i]B% + I are fixed-points. Thus, the number
of fermions and bosons is
Nposon = A + %A = %Ntwisted )

; (6.4.52)
Nfermion = Z]B +F= Nuntwisted - Ntwisted .

Note that Nposon + Nermion agrees with the dimension of the Hilbert space as computed in
the NS sector (cf. (6.4.50)). On the other hand, the trace in the odd spin structure, weighted
by fermion parity, is Nposon — Niermion:

tro(2”)l (_]‘>F = gNtWiSted - Nuntwisted . (6453)

2k,2k+3

As a consistency check, recall that one can also express the fermionic trace as try,, , (—1)F =

2dim(Hp) — 7dim(Hr) (cf. (6.3.20)). The dimension of the bosonic Hilbert space is
dim(O(2n)};, ¢ X Spin(2k + 3)_1) = 3(Nuntwisted + Niwisted) » (6.4.54)

while the dimension of the fermionic Hilbert space is half the number of lines, i.e., %(2Numwisted—|—
Ntwisted)‘ Thusa

trO(2n)1 (_ 1)F - 6Ntwisted + 6Nuntwisted - %Ntwisted - 7Nuntwisted 5 (6455)

2k,2k+3

which indeed matches the expression above.

Recall that the conjectured infrared theory corresponding to the n-domain wall of Spin(N)
was W, = O(n); 43, With & = N — 2 — n. Using this value of the level in (6.4.53) indeed
reproduces the Witten indices computed in the ultraviolet, cf. (6.2.46).

0dd/Odd. We consider
O2n + 1)gpr1 g4 = SO2n + D)ogr X (Z2)am) - (6.4.56)
As the theory is a tensor product, the traces factorize:
tr0(2”+1)ék+1,2k+4<01 ® Os) = tr50@n+1)2p11 (O1) * 1255000 (O2) - (6.4.57)

For example, the Z; gauge theory has four states, all bosonic, tr(z,), ., (—=1)F = 4, which

means that the untwisted index is

F n+k n+k—1
ro@nt1)l ., s (1) 4{( L >—2< L , (6.4.58)
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where we have used the trace of SO(2n + 1)94+1 as given in (6.6.10).
Similarly, the index twisted by the zero-form symmetry c has trz,),,,, (¢) = 2, where

c acts by permuting the two spinors (this is the only zero-form symmetry of this Z, gauge

theory, cf. [4, 321]; it fixes both the identity and the vector). On the other hand, the only

16 and there is in fact a natural

zero-form symmetry of SO(2n + 1)k, is fermion parity,
identification ¢ = (—1)% (cf. [113]). Thus, the c-twisted trace weighted by fermion parity
actually computes the untwisted trace, with antiperiodic (NS) boundary conditions on the

time circle:

n—+k
tr50@nt1)ars: (—1)7C) = trso@nt1)pe, (1) = ( " ) , (6.4.59)

where we have used (6.6.9). All in all, the twisted trace of O(2n + 1)1 gp44 18

F N\ _ n—+k
o e (070 =2(" T ). (6.4.60)

The index twisted by the one-form symmetry is also straightforward. This symmetry is
Z3 for O(4n + 1)441 and O(4n + 3)4x43, and Zy for O(4n + 1) 4413 and O(4n + 3)411. These
correspond to fusion with the abelian anyons of Spin(L)_;, with L =0 mod 4 and L = 2
mod 4 respectively, which indeed have a Z3/Z, fusion algebra. As abelian fusion has no
fixed-points, all the twisted traces vanish:

tr0(2n+1)%k+1,2k+4 (1) "gig2)

LTO@nt 1), 1 oesa ((-1)"g)

Y

0
6.4.61
0 (6.4.61)

Y

where (g1, g2) € Z3 and g € Z,, respectively.

Recall that the conjectured infrared theory corresponding to the n-domain wall of Spin(N)
was Wy, = O(n)}, j.,5, With k = N — 2 —n. Using this value of the level in (6.4.58), (6.4.60),
(6.4.61) indeed reproduces the Witten indices computed in the ultraviolet, cf. (6.2.46), (6.2.49),
(6.2.53), (6.2.56).

Odd/Even & Even/Odd. We only need to consider one; the other follows by the level-rank

duality. Take

Spin(2n + 1)ak X (Za)an(k—1)
Zg ’

where the gauged one-form symmetry is generated by a ® e, where a = [0, 2k, 0,...,0] and e

O2n + 1)y, = (6.4.62)

is the electric line of the toric code. This is a bosonic quotient.

16The Dynkin diagram of SO(N) for N odd has no reflection symmetries, i.e., its outer automorphism
group is trivial. Thus, the zero-form symmetries of SO(N), if any, must be due to the global structure of
the group, as its algebra has no symmetries. Indeed, the zero-form symmetry comes from 71 (SO(N)) = Za,
but this is just the magnetic dual to the gauged Zs one-form symmetry, which means that the magnetic
symmetry is formally just (—1)F. If we were to gauge this symmetry, we would recover Spin(N).
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The one-form symmetry acts as A\g <> A\; and e: m <> em. The neutral lines are of the

form
AR, A®e, A, = even
(6.4.63)
A®m, A®em, A, = odd.
Note that there are no fixed points, and all orbits are of length 2:
{A®1, (ax\)®e}, {A@m, (ax\)®@em}. (6.4.64)

Therefore, a set of representatives can be taken as Aiensor ® 1 and Agpinor @ m. In what
follows we drop the second label, as it is correlated with A in a unique way. The number of
tensors and spinors is (cf. (6.6.5))

n+k—1 n+k n+k—1
Ntensor—( k’—]_ >+( k ), Nspinor—2< k}—l > (6465)

We now tensor the theory by a factor of Spin(2k+3)_; = {1, 0, x}, and gauge the fermionic
one-form symmetry generated by f = a ® x. The Ramond sector requires hqx = ho mod 1,
which means that the lines are

(Atensor: 7)), (Aspinors 1 0T ). (6.4.66)

Note that only the former can be a fixed-point under the fermionic quotient, inasmuch as
X X 0 = o while y: 1 < x. In particular, the fixed-points are

)\tensom )\0 = )\1 5 (6467)

while the rest of lines are all in length-2 orbits. The fixed-points satisfy A\ + Ao+ -+ A1 +

An/2 = k, which has
1
F .= (" “; ) : (6.4.68)

solutions. Thus, finally
trO(2n+1)5k,2k+3(_1)F = Nspinor + %(Ntensor - IF) -F
s (ntk—1 41 n+k
2\ k-1 2\ k
The trace over O(2n)3;, 1 9,14 can be obtained by using the orthogonal level-rank duality

O(2n)3p 11,0544 < Ok + 1)1y, 5,15
One can similarly compute the index twisted by the Zy one-form symmetry, which acts

N

(n +k— 1) (6.4.69)
) .

via fusion with the electric line e. The charged states are those that include the magnetic

line m, to wit, the spinors. In other words, the one-form symmetry correlates (gauge) spin

F

and (spacetime) statistics, so that the states with (—1)"e = +1 are the tensor bosons and
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spinor fermions, and states with (—1)fe = —1 are the spinor bosons and the tensor fermions.
With this,
tTo@nenh a s (~1)7€) = ~Napisor + 3 (Noousor — F) — F
(n + k;> (6.4.70)
i )

As above, the trace for O(2n)y;,,, o4 is obtained by level-rank duality.

Recall that the conjectured infrared theory corresponding to the n-domain wall of Spin(NV)
was Wy, = O(n); 43, With K = N — 2 —n. Using this value of the level in (6.4.69), (6.4.70)
indeed reproduces the Witten indices computed in the ultraviolet, cf. (6.2.39), (6.2.42).

6.44 G =G,

The 2-domain wall theory for 4d N' = 1 SYM with G = G4 is SO(3)3 x S!, where S! denotes
then nonlinear sigma model with S! target space. We already proved in section 6.3.1 that the
theory SO(3)3 has vanishing Witten index, and since there is a unique vacuum of the S! sigma
model on the torus, the infrared index vanishes. This matches the Witten index computed
in the ultraviolet, which is given by the coefficient of ¢* in (6.1.20). Indeed, expanding this
polynomial one finds that the index vanishes.

The domain wall with n = 1 (and n = 3, which is the anti-wall of n = 1) is addressed
below.

6.4.5 Minimal Wall for Arbitrary Gauge Group

The n = 1 domain wall theory for 4d N' =1 SYM with arbitrary G is proposed to be G_;
Chern-Simons theory.

As G is simply-connected, the theory is naturally bosonic, and the trace trg_,(—1)%
computes the dimension of the Hilbert space, that is, the number of integrable representations
at level 1. In other words, the trace is the number of solutions to (6.4.4) with k = 1, namely

> Nay =1, (6.4.71)
=0

which, as in (6.2.59), requires \; = 1 for some ¢ with a; = 1, and A\; = 0 for all j # 1.
Therefore, the trace is
tra_, (—=1)F =my (6.4.72)

where m; denotes the number of nodes in the Dynkin diagram of G that have comark equal
to 1. This clearly reproduces the ultraviolet index (6.2.60), as required.

For simply-laced G, G_; Chern-Simons theory is in fact an abelian TQFT, and all
the lines generate one-form symmetries. The number of lines is the number of one-form
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symmetries, that is, the order of I'; which indeed agrees with m,. Equivalently, it is known
that simply-laced theories at level 1 admit a K-matrix representation, where one can take K
as the Cartan matrix of g. The number of states is indeed det(K) = |T|.''"

One can define a zero-form twisted index for (Eg)_;. The only node with comark 1
preserved by the charge conjugation symmetry of this theory is the extended node, and thus

tr(ge) . (—1)F =1. (6.4.73)

Since (Eg)-1 and (F7)_; are abelian, twisting by a one-form symmetry has no fixed points

and
treg)_, (—1)7g) =0 gel =17
trpy_, (-1)Fg) =0 gel =12,.

These reproduce the twisted Witten indices on the walls (6.2.63).

(6.4.74)

6.5 Concluding Remarks and Open Questions

In this paper we have proposed explicit 3d topological field theories on the domain walls of 4d
N =1 SYM with gauge group G. We have found precise agreement between computations
carried out in terms of the ultraviolet 4d degrees of freedom (gluons and gluinos) and the
conjectured infrared topological 3d degrees of freedom. We have highlighted the importance
in identifying the infrared of the domain wall theories of studying the Hilbert space of spin
TQFTs, in particular the partition function in the R-R sector and identifying the fermionic
states in the Hilbert space, as opposed to merely counting states. The nontrivial matching of
the twisted Witten indices provides strong support for our proposal.

A heuristic argument can be made in favor of our proposal that the n-domain wall
in 4d N' = 1 SYM with gauge group G is the infrared of 3d N' = 1 G}jo—, SYM (see
equation (6.1.3))."® Consider 4d SYM on R? x S! with the YM #-angle linear in the S*
coordinate and winding number n around the circle. This theory can be defined while

19 When the radius of the circle is large one can

preserving half of the supersymmetry.
expect the theory to be gapped everywhere except at the location of the wall W,,. For small
radius, the theory reduces to 3d N'=1 G_,, SYM with an adjoint real multiplet (the scalar
is compact, as it arises from reducing the gauge field along a circle). It was argued in [127]

that with a suitable superpotential for the real multiplet, the multiplet gaps out and flows to

H7Note that abelian systems typically have a very large number of zero-form symmetries [4], most of which
are emergent in our picture, inasmuch as the ultraviolet theory only has C as its zero-form symmetry group.

H8We would like to thank D. Gaiotto for an interesting discussion regarding this point.

19The Lagrangian of this theory can be written as £ = J d?>9 XW,W<, where X is a background chiral
multiplet and W, the chiral gauge field strength. Re(X) determines the gauge coupling and Im(X) the
f-angle. The background Im(X) x nzs with Fix o in preserves half of the supersymmetries. The background
for F'x induces a mass term for the gaugino o in5\7(5)73)\, where A is Majorana.
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3d N =1 Gpjo—n, SYM, where the shift is induced by integrating out the massive fermion
in the real multiplet. Assuming that there is no phase transition as the size of the circle is
reduced leads to the proposal (6.1.3). However, the lack of control over the superpotential
upon reduction makes the argument suggestive but heuristic.

The n > 1 domain wall theories for the groups G = Fy, Eg, E; and Eg remain to be
discovered. Equivalently, the phase diagram of the corresponding 3d N =1 G}, SYM with
k < h/2—1 remains elusive. We collect in section 6.7 the twisted partition functions computed
in the ultraviolet for future reference. One strategy towards the identification of the infrared
domain wall theory is to search for novel level-rank dualities in G, Chern-Simons theories that
go beyond the ones that follow from conformal embeddings. In general, level-rank dualities
follow from embeddings into holomorphic theories (theories with only one state), and this
approach could lead to suitable level-rank dualities and in turn to explicit proposals for the
remaining 3d N =1 Gy SYM phase diagrams (and associated 4d domain walls).

In this paper we have made an intriguing connection between the Hilbert space of Chern-
Simons theories on the torus and the Hilbert space of fermions in 0 + 1 dimensions labeled
by the extended Dynkin diagram g(*) corresponding to a Lie group G. That is, the fermionic
Hilbert space ‘Hp with energy n is isomorphic as super-vector spaces to the R-R Hilbert space
of a suitable spin TQFT, which we denote by TQFT,

n o~

TQFT
o T (6.5.1)

Consequently, the partition functions with periodic and antiperiodic boundary conditions on

the time circle also match. Specifically we have established the correspondence (the AE&’_l

case was studied by Douglas in [322])120

1
A
BY

U(n)N—nn

O(n)éN—l—n,2N—n+2

Sp(n) N+1-n (6.5.2)
O(n)éN—Q—n,QN—n—l—l

U(2)3n,2-n -

Another route to constructing the domain walls for G = F}, Eg, B and Ey is to identify the
TQFT whose R-R Hilbert space on the torus is that of the collection of free fermions based
on the corresponding affine Dynkin diagram g(".

11111

6.6 Chern-Simons with Unitary and Orthogonal groups

In this section we compute several traces on the torus Hilbert space of Chern-Simons theories
over simply-connected Lie groups. These traces are useful when studying more complicated

1201y writing this we use the duality (Gz2); > U(2)3,1 and the notation U(2)g0 = SO(3)3 x S.
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theories over non-simply-connected groups.

6.6.1 G = SU(n)

Consider the algebra A,,_; = su,. The comarks are all a) = 1. Plugging this into (6.4.11) we
get the generating function as

Z(SU(n),q) =(1—q)", (6.6.1)

and, by expanding, the untwisted trace

k= 1) . (6.6.2)

trsu(n), (1) = ( f

This is the number of integrable representations of SU(n)y, that is, the dimension of the
torus Hilbert space of this Chern-Simons theory. This result will be useful when we discuss
the Chern-Simons theory over the unitary group U(n), see section 6.4.2.

6.6.2 G = Spin(2n + 1)

Consider the algebra B,, = $0s,,11. The comarks are a) = 1 for i = 0,1,n, and a) = 2 for
i=2,...,n— 1. Plugging this into (6.4.11) we get the generating function as

Z(Spin(2n +1),q) = (1 — ¢)3(1 — ¢*)~ "2, (6.6.3)

and, by expanding, the untwisted trace

n—+k n+k—1
trSpin(%H)%(l)_( L )+3( E—1 )’

n+k—1 n+k
trspin(2n+1)2k+1(]‘> - ( k—1 )+3< k )

This is the number of integrable representations of Spin(2n + 1)y, that is, the dimension

(6.6.4)

of the torus Hilbert space of this Chern-Simons theory. For future reference, it is also useful
to break up the states into the tensors and spinors. In other words, we shall be interested in
knowing how many of the states of Spin(2n + 1) are tensorial representations, and how many
are spinorial representations. These are defined by A, = even and )\, = odd, respectively,
which yields the following:

i +k n+k—1
‘Z\[Spm(Qn—ﬁ—l)g;C _ n
tensor k + k‘ -1 )

NSpin(2n+1)2k _ 2(n + k — 1) ’

spinor E—1
| i (6.6.5)
]

Spin(2n-+1)2p41 n+k n+k—1
N —
spmer ( k ) ( k—1 ’

338



so that
trSpin(2n+1)k(1) = ]\[Sp1n(2n+1);C + ]VSpln(ZnJrl);c . (666)

tensor spinor

For a more interesting example, let us now compute the partition function of SO(2n+1); =
Spin(2n + 1) /Zsy, which corresponds to the algebra s0s,,1 extended by the simple current
x = [0,k,0,...,0]. This current has spin h, = k/2, and so the extension is fermionic for odd
k. The current acts on a given representation [Ag, A1, ..., A\,] as Ag <> A1,

Consider first the case of even k, so that SO(2n + 1), makes sense as a bosonic theory.
The extension has two effects: first, it projects out all the spinors, and second, it organizes
the tensors into Zy-orbits. Such an orbit may have length two or one; the latter corresponds
to a fixed-point under spectral flow, i.e., to a tensor with \y = \;, which splits into two
primaries in the quotient. The number of fixed-points corresponds to the number of solutions
to Ao+ A1 +2(Ae+ -+ A1) + A = k with \g = Ay and A, even, i.e., (”’Lk/Q_l). Therefore,

k)2
the number of conformal blocks is

1 in(2n+1)s n+k—1 n+k—1
trSO(2n+1)2k(1) = 5 (]\/vtserr)lso(r2 Tk ( k )) + 2( e ) . (667)

Let now k be odd, which makes SO(2n + 1), a spin theory. The total number of states is
the same on every spin structure, so we shall count the bosons and fermions in the Ramond
sector (which is the richest case, as only this sector may contain fermions). The total number
of states is the sum, while the Witten index is the difference. In the Ramond sector, the
quotient projects out the tensors, and it organizes the spinors into Zs-orbits. The bosons are
the length-two orbits, and the fermions are the fixed-points. The latter are the representations
with Ao + A +2(A2 + -+ Aymi) + Ay = k with Ag = Ay and ), odd, which has ("¢~ 1/2"1)

(k—1)/2
solutions. Thus, the number of bosons and fermions is

NSO@n+)aki1 _ l(NSpin(Qn-i—l)zk_‘_l B (n +k— 1)) 7

boson spinor
2 p k
(6.6.8)
SO@n+1)kn _ (T k—1
fermion k 5
from where it follows that
SO(2n+1 SO(2n+1
t50(@n+1)an 11 (1) = t50@n+ 1), (1) = Nbosfm T2k Nfemgioj Va1
_(ntk (6.6.9)
— N ,
for all spatial spin structures, except for the odd structure for which
SO(2n+1 SO(2n+1
trSO(2n+1)2k+l(—1)F = Nbosgn +)ok+1 fern(lion+ )2k+1

_(nzk>_2(n+/]§_l>' (6.6.10)
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We see that tr(1) is invariant under n <> k, as required by level-rank duality. Similarly,
tr(—1)% is invariant up to a sign, which is due to the difference in the framing anomalies (i.e.,
the precise level-rank duality [112] is SO(2n+1)9x11 <> SO(2k+1)_g,—1 XSO((2n+1)(2k+1))1,
with the invertible factor contributing with a global factor of (—1)"+)E+1) = _1 to the
trace, cf. (6.3.25)).

6.6.3 G = Spin(2n)

Consider the algebra D,, = $0s,,. The comarks are a =1 for i =0,1,n — 1,n, and a} = 2
for i = 2,...,n — 2. Plugging this into (6.4.11) we get the generating function as

Z(Spin(2n),q) = (1 — q) (1 — ¢*)~ =¥, (6.6.11)

and, by expanding, the untwisted trace

trSpin(Zn)gk(l):< i )+6( E—1 >+( k—2 )’

n+k n+k—1
trSpin(2n)2k+1(1> = 4( k > +4( kE—1 ) ’

This is the number of integrable representations of Spin(2n)y, that is, the dimension of
the torus Hilbert space of this Chern-Simons theory. For future reference, it is also useful to

(6.6.12)

break up the states into the tensors and spinors. In other words, we shall be interested in
knowing how many of the states of Spin(2n) are tensorial representations, and how many
are spinorial representations. These are defined by A\,_; + A\, = even and \,_; + \,, = odd,
respectively, which yields the following:

i +k n+k—1 n+k—2
]\[Spm(2n)2;C _ n 9
tensor k + k o 1 + k - 2 )

- v E—1
Nopan2 = 4 (" 6.6.13
spinor E—1 ) ( )
in(2n in(2n k k -1
e (M EE (e
so that
E25pin(zn), (1) = N % + N2 (6.6.14)

For a more interesting example, let us now compute the partition function SO(2n); =
Spin(2n)x/Zs, which corresponds to the algebra so0,, extended by the simple current xy =
[0,k,0,...,0]. This current has spin h, = k/2, and so the extension is fermionic for odd k.
The current acts on a given representation [Ag, A1, ..., A,] as Mg <> A\p and \,_1 <> \,.

Consider first the case of even k, so that SO(2n), makes sense as a bosonic theory. The
extension has two effects: first, it projects out all the spinors, and second, it organizes the
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tensors into Zs-orbits. Such an orbit may have length two or one; the latter corresponds to a
fixed-point under spectral flow, i.e., to a tensor with \y = Ay and \,_; = A,, which splits
into two primaries in the quotient. The number of fixed-points corresponds to the number of

solutions to )\0 + /\1 + 2(/\2 + -+ >\n—2) + /\n—l + >\n = k with )\0 = )\1 and )\n—l = )\n, i.e.,
(n+k/272

K2 ) Therefore, the number of conformal blocks is

1 in(2n k —2 ]{3 -2
trSO(Qn)Qk(]-) - 5 (Nts(;lr)lsog"2 2 - (n * k )) + 2(” + e ) . (6615)

Let now k be odd, which makes SO(2n); a spin theory. The number of states is the
same on every spin structure, so we shall count the bosons and fermions in the Ramond
sector (which is the richest case, as only this sector may contain fermions). The total number
of states is the sum, while the Witten index is the difference. In the Ramond sector, the
quotient projects out the tensors, and it organizes the spinors into Zs-orbits. The bosons
are the length-two orbits, and the fermions are the fixed-points. Note that the spinors have
An—1 + A, = odd, which is incompatible with the fixed-point condition \,_; = \,, and so
there are no fixed-points. Thus, the number of bosons and fermions is

NSO(Zn)2k+1 . 1 Spin(2n)2k+1

ZO(“ | g e ’ (6.6.16)
2n
Nfermion2k+1 - 07
from where it follows that
SO(2n)ap
trSO(Qn)2k+1(1) = trSO(Qn)2k+1<_1)F = Nbos<()n )2k+1 ) (6617)

for all spatial spin structures. Note that the equality of tr(1),tr(—1)¥ on all spin structures
was in fact expected from the level-rank duality SO(2n)ex11 <> SO(2k +1)_s,, the r.h.s. being
fermionic only due to a trivial SO(2n(2k + 1)); = {1,¢} factor (which contains an even
number of fermions, so not even the sign of tr(—1)¥ may depend on the spin structure).

6.7 The Exceptional Groups

In this section we gather the different indices for the exceptional groups, whose domain wall
theory is yet to be identified. Any given proposal for the dynamics of such walls ought to be
consistent with the indices below. By particle-hole symmetry, the indices satisty I} = +1;_,,
and therefore we only show the first [h/2] indices, so as to avoid repetition.

We compute the untwisted indices, and the indices twisted by the zero-form and one-form
symmetries (see table 6.1). The symmetries c € C = Z, and g € I' = Z3 act on the Dynkin
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diagram of Fj as follows:

(

Using these diagrams we find:

.EG:
Z(q) =1—-3q+7¢° —3¢* — 6¢° + - --
7)) =1—q—-2¢+ ¢ +q" +2¢" + -
Z8(q) =1—2¢*+ -
.E7I
Z(q) =1—2q—2¢* +4¢* + 3¢* — 7¢° — 4¢" + 5¢* + 4¢° + - --
Z8q) =1-2¢" —q¢"+3¢° + ¢+ - -
.Egi
Z2(q)=1-q—2¢+q¢" +4¢ + ¢* — 3¢
—6¢° — ¢"° + 4¢'2 + 5¢" + 5¢" + - .-
.F4:

Z(q)=1-2q— ¢ +3¢ +q" +-
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Appendix A

Review and background.

In this appendix we review some basic facts about QFT that will be useful for the rest of
this thesis.

A.1 Fermions in various dimensions.

We begin by collecting the properties of fermions in various dimensions. A useful reference
is [323] (see also [324]).

In general dimension d = s + t, where s is the number of space dimensions and ¢ is
the number of time dimensions, the different fields are classified by the finite-dimensional
irreducible representations of the Lorentz group Spin(s,t). Fermions are always assumed
to transform according to the smallest spinorial representation, unless specified otherwise.
Here, spinorial means that the representation is odd with respect to the central element
(—1)F € Spin(s, t), i.e., that it is charged under the Z, subgroup that defines the extension
SO(s,t) = Spin(s,t)/Zs.

We take the mostly plus metric, with the first ¢ components carrying —1 sign and the
other s components a +1 sign. Classical fermions are valued in the algebra of Grassmann-
odd numbers; consequently, quantum-mechanical fermions are operator fields that satisfy
anti-commutation relations.

One dimension. Ind =0+ 1 (i.e.,, t = 1,5 = 0) the Lorentz group is Spin(1) = Z,.
There are two irreducible representations, both one-dimensional. The trivial representation
classifies bosonic fields, and the sign representation fermionic fields. Therefore, fermions
in d = 1 are described by one-dimensional spinors, (). Lorentz transformations are just
(—=1)F: 4b(t) — —1)(t), a map that commutes with the condition v (t) = 1 (¢)*. Therefore, the
reality (Majorana) condition is compatible with Lorentz transformations, which means that
spinors can be taken to be real.
In conclusion,
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The minimal spinor in d = 1 + 0 is a real-valued one-dimensional field ().

As Spin(1, 0) is identical to Spin(0, 1), a euclidean fermion v (z) is formally identical to a
Lorentzian one 1)(t).

Two dimensions. Ind=1+1 (i.e, t =s = 1), the Lorentz group is Spin(1,1) = R,
hence irreducible representations are one-dimensional. These representations are labelled by a
weight w € R such that, under a group element 1 € R, a field transforms as O — e*"Q. Here
7 is called the rapidity of the Lorentz transformation, and is related to the more common
notation as coshn = 1/4/1 — 42, with [ the speed.

Bosons are, by definition, fields with integral weight; and fermions are fields with half-
integral weight. The minimal half integers are +1/2, hence we take fermions to transform
as

P ey (A1.1)

If a spinor transforms with minus sign, it is said to be a left-mover, and if with plus sign, a
right-mover.

Note that (A.1.1) commutes with complex conjugation, which means that fermions can
be taken to be real.

In conclusion,

There are two types of minimal spinors in d = 1+1: left-moving fermions and right-moving
fermions. They are both real-valued.

One can also derive these results via the standard gamma matrix approach (Clifford
algebra). A basis of gamma matrices in d = 1 + 1 can be taken to be

70 =0y, V=0, (A.1.2)

which satisfy (7°)? = —1, (4!)? = +1 and °y! + v17® = 0. These matrices act on two-

wl _i‘*’W'Y““fV wl
(%) o (w)
B efw/Q 0 wl
(o o) ()

Note that this transformation commutes with the “third” gamma matrix v, = v = 0.

dimensional fermions as

(A.1.3)

Therefore, one may project to eigenspaces of v, in a way that is consistent with Lorentz
transformations. As 72 = +1, the eigenvalues are +1, and the reducibility condition reads
Y = +1). A spinor with sign +1 is said to be a left-mover, and one with sign —1 a right-
mover. We thus recover the previous classification under the renaming vy — ¥, ¥ — Vg,
with w =n.
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The euclidean Lorentz group d = 2 + 0 (i.e., t = 0,s = 2) is instead Spin(2) = U(1).
Representations are still labelled by a weight w € R, with transformation law O s e®“70.
Left-movers are fields with w = —1/2, and right-movers fields with w = +1/2. Note that
Lorentz transformations no longer commute with complex conjugation, and therefore these
two types of fermions are now complex. Naturally, one can break up these fermions into their
real and imaginary parts, and then the minimal fermions are real and two-dimensional.

The euclidean gamma matrices can be taken as

Y=oy, =0 (A.1.4)

where now both matrices square to +1. A Lorentz transformation now becomes

eiw/? 1
()= (o o) () A1

and the chirality matrix is v, = i7%y! = 0,. Hence, the irreducible spinors satisfy v, = 41),
and we recover the left- and right-movers above. Instead, one can work in a basis where the
gamma matrices are real, for example

WY = o, v =0, (A.1.6)

in which case Lorentz transformations read

2 si 2
(0 = c'osw/ sinw/ (o (A1.7)
(0 —sinw/2 cosw/2) \1s
This now commutes with complex conjugation, and therefore the spinor can be taken to be
real. But in this basis the chirality matrix is v, = 0,, whose eigenvectors are complex, and
therefore one cannot impose the chirality condition v,1) = +v at the same time as the reality

condition ¥ = ¢*. Euclidean spinors in d = 2 can be taken to be either Weyl or Majorana,
but not both.

Three dimensions. Ind =241 (i.e., t =1, s = 2), the Lorentz group is Spin(2,1) =
SL(2,R), hence the irreducible representations are labelled by a half-integer j € Zx, such that
the dimension is 2j + 1. The minimal representation has j = 1/2, i.e., it is two-dimensional.

Under an element (a Z) € SL(2,R) (with ad — be = 1), a spinor transforms as
c

(Zl) ~ (Z Z) (Z;) (A.1.8)

Note that this is real, hence one can impose the reality condition ¢y = ¥* consistently with
Lorentz transformations.
In conclusion,
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The minimal spinor in d = 2 + 1 has two components, and it is real-valued.

One can also establish these conclusions by looking at the gamma matrices. As d is odd,
one can obtain a basis of gamma matrices by adjoining the chirality matrix v, tothed =141
matrices, i.e., one can take

70 = Z.O-y7 '71 = 0Oy, 72 =0, (Alg)

(These matrices generate the algebra su(1, 1); this is nothing but the statement that SL(2, R) =
SU(1,1).) A Lorentz transformation now reads

(1) et ()

inh Q2
= |:COShQ 1, + S (Wo,004 + twy 10y — WI,OUZ):| (d}l)
9] o

where ) := \/ wi o +wsy —ws,;. Note that this matrix has unit determinant and three free

(A.1.10)

. : a b
parameters w o, wa 0, wa,1, hence it can be written as ( d) € SL(2,R), as above.
c

If we look instead at the euclidean Lorentz group Spin(3) = SU(2), the minimal spinor
is the two-dimensional representation of SU(2), which is pseudo-real. One cannot impose a
reality condition on the fermion (such a condition can be imposed on the direct sum of two
fermions, hence the field effectively has four real degrees of freedom).

Four dimensions. Ind =341 (ie, t =1, d = 3), the Lorentz group is Spin(3,1) =
SL(2, C), hence the irreducible representations are labelled by two half-integers (ji, j2) € 22207
whose dimension is (2j; +1)(2j2 + 1). The minimal representations are (j;, j2) = (1/2,0) and

(j1,72) = (0,1/2), both two-dimensional. Under an element X = (Z Z) € SL(2,C) (with

ad — bc = 1), the two irreducible spinors transform as
P — X, or = XY (A.1.11)

(The map X +— X* is the unique outer automorphism of SL(2, C); it interchanges j; <+ jo. It is
more common to let the second action be ¢ — (XT)~14¢), which is an equivalent automorphism
obtained by conjugating by the epsilon tensor, i.e., o,X*0, = (XT)71.)

The matrix X is generically complex, and therefore Lorentz transformations do not
commute with a reality condition ¢* = v; the fermions are necessarily complex. That being
said, note that if ¢ transforms according to ¥ — X1, then ¢* transforms as ¢* — X*. In
this sense, we do not need to keep track of the two possibilities above; either can be obtained
from the other by complex-conjugating the fermion. In particle-physics terminology, one can
write down 3 + 1 dimensional theories using left-handed spinors alone.

In conclusion,
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The minimal spinor in d = 3 + 1 has two components, and it is complex-valued.

Naturally, one can break such spinor into its real and imaginary parts, so the minimal
spinor can also be taken to have four real-valued components.
In terms of the gamma matrix approach, this is reproduced as follows. The gamma

= (0 0“) (A.1.12)

ot 0

matrices can be taken as

where o# = (15,7) and # = (15, —). The “fifth” gamma matrix is v, = —iy?y!y?y® =

1, ® (—1s).

As v = +1, we can consider the eigenspaces v, = 41, which yield two-component
complex fermions. Instead, if we change basis via the unitary matrix %(O’Z R0, —i0, ®
0y — 10, @ 0, — 0, ® 0,), the gamma matrices become purely imaginary, whence Lorentz
transformations are real, and the Majorana condition * = 1 can be imposed.

If we look instead at euclidean spinors (i.e., t = 0,s = 4), the Lorentz group becomes
Spin(4) = SU(2) x SU(2). This group is just two copies of the Lorentz group in d = 3 + 0
dimensions, so the properties of spinors are immediate.

A.2 Fermion kinetic term.
Here we discuss a few important properties of the fermion kinetic term
L = ipy"d, (A.2.1)

where 1) = 1)T1?. We only consider Lorentzian fermions here.

The gamma matrices satisfy 7# = v* (i.e., the time-like component is anti-hermitian
and the space-like components are hermitian); therefore, iyﬂﬁuw is anti-hermitian and the
inclusion of ¢ renders the Lagrangian real-valued, as it should be.

Note that in d = 0+ 1 and d = 3 + 1 we could write the gamma matrices as purely
imaginary, while in d =1+ 1 and d = 2 4+ 1 we could find matrices that were purely real. In
general we write v** = ny*, where n = +1 depends on the number of spacetime dimensions.
(This identity is valid in a suitable basis where v# is either real or imaginary; for general
bases the condition is replaced by y** = nBy*B~! for a certain matrix B [323].)

Time-reversal. A symmetry of (A.2.1) that shall play a special role in this work is time-
reversal. Such transformation takes t — —t, hence it is anti-hermitian (as ¢Ht¢ must be
invariant). The most general anti-linear transformation is

T2 () > My(—t) (A2.2)
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for some unitary matrix M. Performing this transformation in the fermion Lagrangian yields
the condition MTy%*~y#*M = ~4#~0  In the Majorana basis where 7** = ny* this becomes
MOy M = A#40 from where it follows that v°M commutes with v%*. In odd dimensions
this requires Y°M to be proportional to the unit matrix, while in even dimensions it must be
a linear combination of the identity matrix and the chirality matrix ~,.

Multiplication by the chirality matrix constitutes an independent, unitary symmetry by
itself, so if we count unitary symmetries separately, we do not need to count both the unit
matrix and the chirality matrix in T; either of them can be obtained from the other by
composing with the unitary symmetry generated by the chirality matrix. Therefore, for even
and odd d, the basic time-reversal transformation is M o 4°. Finally, in order to preserve
the reality properties of ¢» one must have M* = M, i.e., M = £n'/?~°. Again, multiplication
by —1 is nothing but the unitary symmetry (—1)¥": 1) — —1), so if we count this separately
we can take without loss of generality, say, the plus sign. In conclusion,

Time-reversal symmetry acts on fermions as

T:(t) — 771/2701D(—t) (A.2.3)

Note that T2 = 4949 = —5. Therefore, if n = 1 this becomes T? = (—1)F while if n = —1
it reads T? = 1.

Of course, if the spinors carry internal indices (either flavor or gauge), then the most
general transformation involves an orthogonal transformation on those indices.

Commutation relations. Another piece of important information contained in the fermion
kinetic term is the canonical anti-commutation relations. In fact, these relations depend only
on the time-derivatives, so it is enough to look at the first term only:

L =i o)+ (A.2.4)

As far as the canonical formalism is concerned, we can focus without loss of generalization
on the one-dimensional case d = 1; the generalization to higher d just requires adding the
spatial dependence &' throughout, and suitable spinorial indices. Finally, by breaking complex
fermions into their real and imaginary parts, we can take all fermions to be real, ¥* = .
Real fields are often rescaled as ¢ — ¢/v/2 so that the kinetic term carries the standard
factor of 1/2 in front. With this in mind, the Lagrangian reads

L= %z/zﬁtw (A.2.5)
The conjugate momentum is
oL i
=i =5 (4.2:6)



(Here we use a right-derivative.) As we cannot use this relation to solve for Y, it is to be
regarded as a constraint, [325]

x=7— %¢ (A.2.7)

which must vanish on-shell, x ~ 0.
Note that the Poisson bracket of the constraints is {x, x} = —i¢, and hence the Dirac
bracket [326] is

[0, 0} = {6, 0} — {6, ) {0} = —i (A.2.8)

?

The quantum theory is obtained by promoting the Dirac bracket into an anti-commutator,

{9} = i{y,¥}p=1 (A.2.9)

The generalization to higher dimensions is straightforward:

The canonical anti-commutation relations for free fermions is

{wa,i(t7 f)? ¢ﬂ,j (ta ?j>} = 5a,ﬁ5ij5<f - :J) (A210)

where «, 8 are spinor indices and i, j are flavor indices. Complex fields can be written as
the sum of two real fields, ¥ = \%(@/Jl + i1)9), hence their canonical anti-commutators
read

{Wailt, ), Vg i(t,9)} =0, {Vai(t,2), ¥5,;(,9)} = 0apdid (T —y)  (A.2.11)

Canonical quantization. Here we describe the quantization of a system described by real
fermions 1); subject to the canonical anti-commutation relations

{ahi, b} = 65 (A.2.12)

where 7,7 = 1,2,...,n. We can think of the fields v; as describing actual 0 + 1 dimensional
fermions, or the space of zero-modes for higher-dimensional fermions on a compact spatial
manifold. This is also the rank-n real Clifford algebra so the fermions can also be regarded
as the gamma matrices in n euclidean dimensions.

We begin by considering the case n = 1. Here the algebra is ¢ = 1/2, which has two
one-dimensional representations, namely

W =+1/2 (A.2.13)

They are clearly inequivalent, and any other representation is a direct sum of these. Note also
that neither of these two representations admits an action of (—1)f": ¢ +— —). The operator
(—1)¥ should be represented as a matrix that anti-commutes with ), which is impossible
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for 1 x 1 representations. This means that the vector space that realizes either of the 1 x 1
dimensional representations of the canonical algebra is not a Z,-graded vector space; the
system does not admit a good notion of fermion parity. One could consider, instead, the
direct sum of these two representations, which now does admit an action of (—1)¥, but the
corresponding vector space is not an irreducible module for the canonical algebra.

Consider now the n = 2 case, with algebra ¥} = ¢2 = 1/2 and 11 + P9th; = 0. Tt is
clear that there are no 1 x 1 representations, but there is an obvious candidate for a 2 x 2
representation, namely

1 1
—=0g, =
\/§ ¢2

These are hermitian matrices that square to 1/2 and anti-commute with each other. There

Wy = o, (A.2.14)

are more options, such as using o, instead of o,, but it is not hard to convince oneself that
any other representation is equivalent to the one above. Furthermore, this representation
admits an action of (—1)¥, namely (—1)" = o.,.

We can now tackle the general case. As the fermions are all independent, the Hilbert
space of n 4+ m fermions is the tensor product of the Hilbert space of n fermions and the
Hilbert space of m fermions. Hence, given a representation of n fermions, we can obtain one

for n + 2 fermions as follows. The first n matrices can be taken as
P =y A i=1,2,....n (A.2.15)

while the last two as
Yy =198, P =10C (A.2.16)

for some matrices A, B, C' that realize a representation of the n = 2 case, e.g., A = o,
B = \/Liaz, C = %ay. It is easily checked that the matrices ¢§n+2) satisfy the canonical

anti-commutation relations if ¢§") do. Finally, given a representation for (—1)¥ on the n
fermions, one can obtain one for the n 4+ 2 fermions via

(-7 " =~ " e D (A.2.17)

n+2

for some matrix D. Requiring that (—1)f anti-commutes with all 1)("*? and squares to +1,

we get the conditions
D* =1, [A, D] =0, {D,B}={D,C}=0 (A.2.18)

with solution D = o,. Note that A, B, C, D are 2 x 2 matrices, which means that going from
n to n 4+ 2 doubles the number of states; and, as D = ¢, has one +1 eigenvalue and one —1
eigenvalue, n — n + 2 adds as many bosons as it adds fermions.

The conclusion is that, if a suitable representation of n fermions exists, then there is
also one for n + 2 fermions, whose dimension is twice as large. The converse is obviously
also true, just by looking at a subset of the operators. By counting degrees of freedom it is
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not hard to convince oneself that these are irreducible representations, and with a little bit
more work one can show that the construction exhausts all the representations, up to unitary
equivalence. So to summarize,

e The real Clifford algebra of odd rank has two inequivalent irreducible representations,
of dimension 2("~1/2. Neither of these representations admits an action of (—1) on
it, so it is not a Zg-graded vector space. The direct sum of these two representations
does admit an action of (—1)¥, but the module does not furnish an irreducible

representation of the algebra.

e The real Clifford algebra of even rank has a unique irreducible representation, of
dimension 2/2. This representation admits an action of (—1)* on it, so the module
is a Zy-graded vector space. The module contains 2*/2~! even states (bosons) and
2"/2=1 odd states (fermions).

In either case, a possible choice for the representation matrices is

1
%2) = —=0¢ ¢(n+2) = ¢(n) & 02, [ <n

) 7

1
) -4 -
vUEEs

-5

, 1
3 = P — —1®o0, (A.2.19)

V2

1
n+2
P = —1®0,

V2

—0

ﬁy

with (—1)F‘(n+2) = (—1)F|(n) ® 0, if n is even.

It is useful to rederive these conditions from a different point of view. When the number
of fermions is even, one can break them up into two groups and use them to define complex
fermions, say

1
U, = (g +ithy),  i=1.2, ... .n/2 A.2.20
\/5(%02 1+ 11y;) / ( )

whose commutators are

Note that now ¥? = 0, which means that it is consistent to define the vacuum |0) as the
state annihilated by all the fermions:

T,0) =0 (A.2.22)

The rest of states are now defined by acting with U* on |0). In particular, given an arbitrary
state |v) created by these n fermions, the space of states for n+2 fermions is either of the form
[v) or ¥} »|v), which explains why the dimension is doubled when going from n to n + 2,
and why half of the new states are bosons and the other half are fermions. Furthermore, these
two sets of states are identical as far as the first n fermions is concerned, except that ¥

*

n/2+1
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) g g

similarly, given that the last two fermions can be written as 1,11 = \/Li(\lln Jo41 + VU /2 +1) and

anti-commutes with such fermions, which explains the general structure ¢§”

Upio = (\Iln s241 — U /2 +1) this also explains the appearance of the Pauli matrices o, 0,

in wn";f = \[1 ® o, and wan = ﬁl ® o,. Finally, these considerations also explain why
it is impossible to define a suitable Hilbert space for odd n: the complex fields ¥ are only
defined when n is even.

One final perspective that is also quite illuminating is to try and solve the system via the
path integral. Generically, a path integral on a time-circle with radius g and anti-periodic
boundary conditions around it computes the trace tr(e "), while the same path integral
with periodic boundary conditions computes tr((—1)"e ##). In our system the Hamiltonian
vanishes and therefore these path integrals compute the total number of states in the Hilbert
space, and the number of bosons minus the number of fermions, respectively.

The path integral is easily evaluated:

Pf(id,)" H A" (A.2.23)

where \ are the eigenvalues of i0; with the appropriate boundary conditions. In particular,
A=k+1/2 or A =k, with k € Zs, if the boundary conditions are anti-periodic or
periodic, respectively. For periodic boundary conditions the product vanishes due to the
zero mode k = 0. For anti-periodic boundary conditions the product can be computed using

HA”: "GO (o, (s Z)\S (A.2.24)

where in our case (g, (s) = Y ,s0(k + 1/2)7° = (2° — 1)((s), whence (,,(0) = —3log?2.
Collecting results, we conclude that

zeta-regularization,

tr(1) =272, tr(-1)F =0 (A.2.25)

This is consistent with our previous observations. The Hilbert space is only well-defined
when n is even, in which case the total number of states is 2/2, and half of these are bosons
and the other half fermions. For odd n the would-be dimension 2"/? is fractional.

In order to get a non-zero result for the periodic case we must insert fermions to compensate
for the zero-modes. In particular, the (unnormalized) correlation function

(Y1t - 1hn) (A.2.26)

is non-vanishing. For n even this is a bosonic operator, so a non-zero vacuum expectation
value is perfectly fine; but for n odd this is a fermion, so its vacuum expectation value is
inconsistent with the symmetry (—1)¥, under which it is charged, which means that this
symmetry is not realized on the Hilbert space.
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Fermion Hilbert space. We just reviewed the construction of the Hilbert space for a
system of n free d = 1 Majorana fermions. One thing we noticed was that, when n is odd,
this Hilbert space is somewhat ill-defined. Here we would like to be more explicit about
what exactly goes wrong. Note that this is a question of practical interest, since given any
system in d dimensions that has non-trivial fermionic zero-modes — and these are surprisingly
common — the full Hilbert space will contain a subsector isomorphic d = 1 free fermions, and
hence the lack of Hilbert space is inherited to the full theory.

The general conclusion from the previous discussion was that, when n is odd, there are
two inequivalent irreducible representations of the canonical algebra, and neither admits

Fie., an operator that anti-commutes with all the fermions. The direct

an action of (—1)
sum of these two representations does admit an action, but this representation is no longer
irreducible. This is not a good thing, for several reasons. The one that is most pertinent given
the theme of this thesis is the fact that an action on the canonical operators does not induce a
unique action on the Hilbert space. In other words, if we define some operation via its action
on the fields, OO~ := v’ and the Hilbert space realizes an irreducible representation of
the canonical algebra, the action of O on the Hilbert space is uniquely specified by this
information, while if the representation is reducible, the action of O on it is not unique.

This is easily illustrated by considering the action of time-reversal, which is a recurring
symmetry in this thesis, so it is useful to use it again here. Time-reversal is defined by its
action on the fermions as Ty(¢)T~! := ¢)(—t) (cf. (A.2.3)). When n is even, this fixes an
action of T on the Hilbert space uniquely, up to an irrelevant global phase. For example,
for n = 2 we showed that the irreducible representation could be taken as ¥; = 0,./ V2 and
Py = o,/ V2. Time-reversal should act as a certain 2 x 2 matrix 7 which, by definition,
satisfies 7¢; = 7, which has solution 7 o o,, which is unique (up to an overall phase). On
the other hand, when n is odd, this definition of time-reversal does not specify an operator
on the Hilbert space. For example, when n = 1, the irreducible representations of the Hilbert
space were ¢ = #1/+/2, and the reducible representation that admits an action of (—1)¥ was
the direct sum of these, namely 1) = o, /+/2. Time-reversal should satisfy 7¢ = ¢/*7, which
now has general solution 7 = diag(z1, 22), where z; are two arbitrary phases. Here we see
that the operation is not uniquely defined (and the undetermined parameters are not just a
global phase).

Extrapolating to the general case, an action on the algebra of operators induces a unique
action on the Hilbert space if and only if such space realizes an irreducible representation of
the canonical commutation relations. In the case of d = 1 fermions (or zero-modes for general
d), the symmetries have a unique action on the Hilbert space if and only if the number of
fermions is even. When this number is odd, the action depends on several arbitrary choices.

That being said, there are some aspects of the action of T (or other operations in the
general case) that are in fact specified, even if the representation is reducible. For example,
in the n = 1 case above, we saw that 7 = diag(z1, z2), where z; are two arbitrary phases.
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Note that T? = 77* = 1, and therefore time-reversal squares to +1 for any choice of z;. So
even if the action of T is not uniquely defined, its square is. On the other hand, this system
has (—1)F = 0., and one can check that, if we choose z; = 429, then (=1)I'T = £T(-1)T".
Therefore, whether time-reversal commutes or anti-commutes with fermion parity can be
fixed by an arbitrary choice. For arbitrary odd n, the pattern is

[T. (=" | T
n=1 modS8 +1 +1
n=3 mod 8 +1 +1 (A.2.27)
n = mod 8 +1 —1
n=7 mod8 +1 F1

where [A, B]l = AB + BA. For a given n, the sign on the second column can be chosen
arbitrarily, but this choice then fixes the sign in the third column (i.e., the two signs in a given
row are not independent). A common choice is to let T and (—1)F always commute, in which
case one gets T> = +1 for n = 1,7 mod 8, and T? = —1 for n = 3,5 mod 8 (see e.g. [242]).
Another useful choice (which we implicitly make in chapter 1) is T(—1)" = (=1)»=1D/2(—1)F'T,
in which case T? = (—1)»=D(=3)/8; this is useful because, in this case, the second column
measures the second binary digit of n and the third column its first binary digit. In other
words, given n = ng+ 2n, +4ny mod 8, the digit ng tells us whether (—I)F exists; ny tells us
whether time-reversal commutes or anti-commutes with (—1)"; and ny whether time-reversal
squares to +1 or —1.
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Appendix B

Useful data for Lie groups and
representations.

In this appendix we collect some useful results concerning simple Lie groups and their
representations. These groups arise as either the symmetry group or gauge group of a certain
theory, and the representation specifies how it acts on the fields. Specifically, given a group
G and a representation R, the group element g € G acts on a field ¢ as ¢ — R(g)®, where
we think of ¢ as a column vector and R(g) as a matrix.

A very useful physics-oriented reference is [150]. A more technical but still readable source
is [327]. For quick computations one can use e.g. the Mathematica package LieART [196] or
simply look at the extensive tables in [197].

It is a key result of Lie-representation theory that an arbitrary irreducible finite-dimensional
representation can be labelled via rank(G) non-negative integers, known as the Dynkin labels
of the representation. These integers (A1, A2, ..., Aank(cr)) are the coordinates of the highest
weight of R with respect to the basis of fundamental weights. One can also label the
representation via a Young diagram Y = Y (), which is a diagram that has \; columns of
i boxes, aligned on top and ordered by column height from left (largest column) to right

(smallest column). For example the labels A = (2,0,1) yield a diagram with two columns
O

with a single box, and one column with three boxes, i.e., Y =

Given a representation R, two useful group-theoretic objects are its dimension dim(R)
and its Dynkin index T'(R). The dimension is just the size of the matrix R(g), i.e., the
number of components of ¢». The Dynkin index is defined as 6% tr R(g) = T(R)&* tr g, where
0 denotes the differential at the origin ¢ = 1, and tr the matrix trace. In general it will be
useful to count real fields, so dim(R) and T'(R) are rescaled by a factor of 2 if the field 1) is
complex.

To be concrete we shall mostly concentrate on G = SU(N),SO(N), Sp(NV), although we
will make some remarks about other groups below. As these groups admit a natural definition
in terms of matrices, they have an obvious representation, viz. R(g) = g, the fundamental
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representation. There is also the anti-fundamental representation R(g) = ¢*, although it is
often useful to think of “anti” fields as being row vectors instead of column, i.e., fundamental
indices are upper indices and anti-fundamental indices are lower indices; in this convention,
the anti-fundamental representation acts from the right and it reads R(g) = g.

The representation R(g) = ¢ is clearly faithful, hence any representation of G =
SU(N),SO(N),Sp(N) is contained in the tensor product of some number 7, of fundamentals,
and 79 anti-fundamentals. The number r = r{ + ry is the rank of the representation. In other
words, an arbitrary representation is of the form

R(g): =iy o= gy g% gy,
X (gf)jii’l (QT)jéz‘g s (QT)jT2 il

]
Jij2--Jrq .
X 3Gyt

(B.0.1)

where g € G. (By contrast, the fundamental representation of Spin(/V) is not faithful and
thus it does not generate the set of spinorial representations; in general the lack of faithfulness
of a given representation is conveniently captured by its charge under the center of the group.)

In the case of SO(N) and Sp(N) we have the invariant symbols 6 and Q¥ which allow
us to raise and lower indices, which means that we can take without loss of generality ro = 0,
so that all indices are upper indices. The group SU(NV) has invariant symbol 5;, which does
not raise or lower indices, so fundamental and anti-fundamental indices are truly distinct.
That being said, this group also has invariant symbol €%~ whence we can exchange r
anti-symmetrized fundamental indices for N — r anti-symmetrized anti-fundamental ones.
In other words, we can replace in its Young diagram any column with N + ¢ boxes for one
with ¢ boxes. It is notationally convenient to extend this to negative ¢ so, for example, a
column of N — 1 boxes is equivalent to one with “—1 boxes”, which are drawn below the
Young diagram. Specifically, we draw the usual Young diagram for the upper indices, and an
inverted diagram for the lower indices, such that for example the representation 1y is drawn
as -}, with the “anti-box” on the left standing for a column with N — 1 regular boxes.

A given representation can be either complex or self-conjugate. The latter can be
further subdivided into real and pseudo-real representations. We denote the field over which
the representation is defined as K. Complex, real, and pseudo-real representations have
K = C, R, H, respectively. Note that complex representations occur only when the Dynkin
diagram of G has a Z reflection symmetry, i.e., A, and D, (and also Eg). This outer
automorphism acts on the Dynkin labels of the representation as it acts on the nodes of the
diagram.

In order for R to be irreducible we must impose suitable (anti)symmetrization on all
the indices. Finally, we must subtract traces using invariant symbols, if possible. We next
summarize the basic properties of all the representations of SU(N),SO(N),Sp(N) up to
rank-4.
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B.1 Summary of representations.

SU(N): For a given representation with Dynkin labels (Ay, A, ..., Ay_1), the complex con-
jugate representation is the representation with reversed Dynkin labels: (Ay_1, An_2,...,A1).
The representation is self-conjugate if and only if it is equal to its conjugate representation
(i.e., if the Dynkin labels form a palindrome). A representation has the same dimension and
index as its conjugate. A self-conjugate representation is pseudo-real if N =2 mod 4 and
Any2 is odd; otherwise it is real. (In what follows K denotes the “generic case”, i.e., valid for
most N; for some specific N a representation labelled as C may in fact be R or H, such as
e.g. the rank-r anti-symmetric for N = 2r).

The center of the group is Z(SU(n)) = Zy, and it acts on an arbitrary representation as
¥ — p" "2, which can also be written in terms of Dynkin labels as r; — r9 = Ay + 29 +
3A3+ -+ (N —1)Ay_1 mod N; this number also agrees with the number of boxes minus
the number of anti-boxes.

Rank 1: The representation is the fundamental representation:

Y A dimg(\) Te(\) K

O (1,0,...,0) 2N 1 C

Under sug,p — suy @ sup, this representation decomposes as

O—0Re+e®O (B.1.1)

Rank 2: We have the symmetric and anti-symmetric, which satisfy % = 47" and ¥ =
_1/}]'1':
y A dime())  Te(\) K

™ (2,0,0,...,0) N(N+1) N+2 C

H (0,1,0,...,0) N(N—1) N—2 C

We also have a traceless representation, namely the adjoint, which satisfies (¢%;) = 94,
and 1%; = 0:

Y A dimp(\) Te()) K

-+ (1,0,...,001) N*-1 N R
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Under sus,p5 — suy & sup, these representations decompose as

[D—MQe+IQ0+ e ®LD
H-Hee+o®Oo+e®H (B.1.2)
- fH®e+O00+exe+00+ 0@ H

Rank 3: We have the symmetric, anti-symmetric and mixed. The first one is completely

symmetric with respect to its three indices, the second one completely anti-symmetric,
and the third one satisfies 1% = 7% and % + kit 4 ohki = ()

Y A dimg()\) Ta(N) K

o (3,0,0,0,...,0) IN(N+1)(N+2) L(N+2)(N+3) C

N(N-1)(N-2) YN-2)(N-3) C

SN

H (0,0,1,0,...,0)
H' (1,1,0,0,...,0) 2N(N+1)(N —1) N2 -3 C

We also have two traceless representations:

Y A dimg(\) Tr(N) K

f= (2,0,0,...,0,1) N(N-1)(N+2) 3(N+2)3N-1) C
H0,1,0,...,0,1) N(N=2)(N+1) 3(N-2)3N+1) C

These satisfy 1%, = +17%, and ¥¥;, = —1)7%,, respectively, together with 1/ ;=0.
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Under sus,p5 — suy & sup, these representations decompose as

ON—OMNOKe+[MIKRKO+IOROI+ @ @]
H>—> previous line, transposed
EF‘I—>EF‘®0
+Heoo+oeH
+MO®O0+0®CO
+edH! (B.1.3)
B Bo.
+Heo+oRe+exn+0H
+Heo+o®H

+0®EE

- — previous line, transposed

Rank 4: The representations are as follows:

(4,0,0,0,0,...,0) SN(N+1)(N+2)(N+3) :(N+2)(N+3)(N+4) C
(2,1,0,0,0,...,0) sN(N-=1)(N+1)(N+2) I(N+2)(N*+N-4) C

(N—2)(N2—N—-4) C

N[

1T
H:D
£ (1,0,1,0,0,...,0) IN(N = 2)(N = 1)(N +1)
[ (0,2,0,0,0,...,0)  ANYN—1)(N+1) IN(N=2)(N+2) C

(0,0,0,1,0,...,0) LN(N —1)(N=2)(N—3) LN —-4)(N-3)(N-2) C

which satisfy

Q'Dijkﬁ _ ¢ ijk)f, ¢ijk€ + ¢€jki + ¢i€kj + ¢ij€k -0
wijk@ _ ¢[ijk:}€ ¢ijk€ . ¢€jki . wiﬂkj i ¢ij€k -0 (B14)
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respectively. We also have representations with one trace removed:

T (3,0,0,0,...,0,1) IN(N—1)(N+1)(N+3) 2(N+2)(N+3)2N-1) C

DHJ (1,1,0,0,...,0,1)  2N2(N —2)(N +2) EN(N-2)(N+2) C

(0,0,1,0,...,0,1) IN(N=3)(N=1)(N+1) 2(N-3)(N-2)2N+1) C

1
3

which satisfy the symmetry properties of the corresponding rank-3 representation (such
as e.g. ¥7F, = k), and ¢"*; = 0 for the first representations), and representations
with two traces removed:

A dimg () Ta()\) K

(0,1,0,...,0,1,0)

Y

BED (2,0,0,...,0,1,0)
o

mag

N%(N = 3)(N + 1) N%(N — 3) R

1
4

IIN=2)(N=1)(N+1)(N+2) 2N(N-2)(N+2) C
(0,1,0,...,0,0,2) LN —=2)(N—1)(N+1)(N+2) 2N(N-2)(N+2) C
(2,0,0,...,0,0,2) INZ(N —1)(N + 3) N?(N + 3) R

which satisfy the symmetry properties of the corresponding pair of rank-2 representations,
together with the appropriate hermiticity condition, if real. (For example, the first
representation satisfies 1"y, = ¢, = ¢4 and ¢V, = 0, together with (¢)7y,)" =
¢Mij)'
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Under sus,p — suy @ sup, these representations decompose as

O0M—OIMKRKe +[MTTHX O+ MR M+ ORI+ e QI

E — previous line, transposed

Fo-Hee
+O00® 0+ MR+ 0O
+Heoo+Hem+me H+ooH

+exHH
Hj&—) previous line, transposed
H-Hee+Heoo+mem+HeoH+ooH +eoH]
- H®e

+OO0RKO+MRKe+0RO+ e QI+ 0O QI

+ oo+ FHeom+meFP+oefH
+ e

EEf—) previous line, transposed

DHJHDH]®.
+Heoo+mee+00+exm+ 0O H
+EE®D+DD®D:|+D®D+D:|®EP+D®EE

+BeP+oefH+fPen+ef

+H® e+ e
+o

- g
+H’eo+Hef+080+e0e+n00+HoH+00[

+ deg+Pee+PaP+eeP+0s [

+0®EF|

- — previous line, transposed

e P
+fe0+Hem+mef+oed
+Heo+HeoP+oef-

+FPee+i@O+O0R0+ e

+0®E|I|

. : 390
E — previous line, transposed
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SO(IN): Consider a representation (Ay, Ag,..., A|ny2j) of Spin(V). It is self-conjugate
except if N = 4n+ 2, in which case its conjugate is obtained by permuting the last two labels:
(A, A9,y Ao 1, Aopa1, Ao ). A self-conjugate representation is pseudo-real if N = 3,5
mod 8 and A(y_1)/2 is odd, or if N =2 mod 8 and A(n/2)—1 + Any/2 is odd; otherwise it is
real. A representation of Spin(/N) descends to a representation of SO(N) if and only if N is
odd and A(n_1)/2 is even, or if N is even and A(ny/2)—1 + Any2 is even.

The symmetry properties of the tensors is the same as in the SU(N) case, except that we
subtract a trace for every pair of symmetrized indices. All the representations are real. Also,
SO(N) has no center if N is odd, and a Z, center if N is even. In the latter case it acts as
¥ — (—1)"1; this number also agrees with the number of boxes.

Rank 1: The representation is the fundamental representation:

Y A dimg(\) Te(\) K

0 (1,0,...,0) N 1 R
Rank 2: We have the symmetric and anti-symmetric, which satisfy % = +¢7* and ¥ =

—p7*) respectively. Also, the symmetric is traceless: ¢%§; = 0. With this, the
representations are as follows:

o (2,0,0,...,0) %(N—l)(N—I—2) N+2 R
H (0,1,0,...,0) IN(N —1) N-2 R
Rank 3: We have the symmetric and anti-symmetric, and mixed:

Y A dimg () Tr(N) K

am (3,0,0,0,...,0) iN(N—1)(N+4) L(N+1)(N+4) R

H (1,1,0,0,...,0) iIN(N-2)(N+2) (N-2)(N+2) R

wl

H (0,0,1,0,...,0) IN(N=1)(N-2) L(N-2)(N-3) R

which satisfy the same symmetry properties as the SU(N) representations, but we also
impose tracelessness for every pair of symmetrized indices (e.g., the first representation
satisfies Y7* = @k and 5, = 0).
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Rank 4: We have

o (4,0,0,0,0,...,0)  H{N(N-1)(N+1)(N+6) (N+1)(N+2)(N+6) R
H2 (2,1,0,0,0,...,0) s(N—1)(N—=2)(N+1)(N+4) (N-2)(N+1)(N+4) R
H(1,0,1,0,0,...,0)  INN-D(N-3)(N+2) LN-2(N-3)(N+2) R

HH (0,2,0,0,0,...,0) %N(N—3)(N+1)(N+2) (N=3)(N+1)(N+2) R

Wl

(N—2)(N—3)(N—4) R

=

24

E (0,0,0,1,0,....0)  LN(N—1)(N—2)(N—3)

which again satisfy the same symmetry properties of the corresponding SU(N) repre-
sentation, with traces removed.

The representations decompose under s04.5 — 504 b s0p the same as in suy, with
the following extra representations:

M= FoeRe
OO0 - -+0X e+ e

H—- - +o0e+exO
(IO~ -+ MO e+0Q0+ e e+ ¢ QLM
Hl— +mee+000+ e ®

+ Hoe+ooo+ex H
-+ Boe+ooo+eof
H— - +mee+n00+exe+ e D

(B.1.6)

Sp(IN): All the representations (A1, g, ..., Ay) are self-conjugate. A given representation
is pseudo-real if A\; + A3+ A5 + ... is odd, and real otherwise; equivalently, it is pseudo-real if
its rank is odd, and real otherwise. The representations are as follows:

Rank 1: The representation is the fundamental representation:

Y A dimp(\) Te(\) K

O (1,0,...,0) 2N 1 H



Rank 2: We have the symmetric and anti-symmetric. The latter is Q-traceless: ¢7€Q;; = 0.
Thus,

m (2,0,0,...,0) N@N+1) N+1 R
B (0,1,0,...,0) (N—1)2N+1) N—1 R

Rank 3: We have the symmetric, anti-symmetric, and mixed:

o4 (3,0,0,0,...,0) %N(N+1)(2N+1) (N+1)(2N+3) H
H' (1,1,0,0,...,0) gN(N—l)(N—i—l) AN-1)(N+1) H
H (0,0,1,0,...,0) 2N(N=2)2N+1) (N-2)2N-1) H
which have the same symmetry properties as the SU(N) representations, but with

a tracelesssness condition on every pair of anti-symmetrized indices (e.g., the last
representation satisfies 1% = [ and 7*Q,; = 0).

Rank 4:

Y A dimg () Tr(A) K

(4,0,0,0,0,...,0) EN(N +1)(2N +1)(2N +3) s(N+1)(N+2)(2N+3) R

(2,1,0,0,0,...,0)  IN(N —1)(2N +1)(2N +3) (N-1)(N+1)(2N+3) R

(0,2,0,0,0,...,0) sN(N —1)(2N —1)(2N + 3) s(N-1)(2N -1)(2N +3) R

(0,0,0,1,0,...,0) N(N=3)2N-1)2N+1) LWN-3)(N-1)(2N-1) R

3

=

EEEN
Eum
£ (1,0,1,0,0,...,0) (N -2)(N+ 12N -1)@N+1) (N-2)(N+1)2N-1) R
H
]

where again the symmetry properties are identical to those of the SU(/V) representations,
with traced removed as appropriate.
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The representations decompose under sp,, 5 — sp, @ spp the same as in suy, with
the following extra representations:

H— - +oexe
Ho - +0@e+e@D

H—- - +o00e+e®n

=t HQe+0RX0+eR e+ 0
E ] ] (B.1.7)
HE = +mee+000+e®mMm

H:'H---+D:|®0+D®D+o®|:|:|

+ He®e+O®O+e® [
He— -+ Hoe+o®O+eRe+ex [

B.2 Group characters.

In this section we write the characters of the basic representations of SU(N), SO(N), Sp(V).
The group characters are defined as

Xr(g9) = trr(g) :==tr R(g) (B.2.1)

where in the last expression tr denotes the regular matrix trace. Note that, by definition,
characters are class functions, i.e., they only depend on the conjugacy class of g. In other
words, we can assume without loss of generality that ¢ is inside a maximal torus of GG, which
in practice essentially means that it is diagonal. Hence, xg(g) can be expressed as a certain
polynomial (of degree r) in the eigenvalues of g.

The most fundamental character is the character of the fundamental representation,
namely x(g) = trg. This character can be expressed as a sum of eigenvalues of g. Any
other character can be expressed as a certain linear combination of monomials of the form
xo(g™)™ for integers m, n. In practice, one can use e.g. the Weyl character formula [327],
which gives an explicit expression of g in terms of the eigenvalues of g, which can then be
reorganized as a linear combination of the monomials x(¢™)". In what follows we present
the end result of this little exercise for the first few representations of G.

394



e SU(N)

ti(9) = 5~ tr(g?) + tx(9)")
() = 55 (+26x(g?) + 3tx(g?) trlg) + tr()?)
trEP(g) = %(— tr(g°) + tr(g)?)
o) = (4286 = Btx(g?) ta(g) + tr(9)°)
trTle) = 5 (H6tr(g) + 8tx(g?)tr(g) + B tr(g?)’

+6tr(g?) tr(g)? + tr(g)")

trpprls) = (-2t(g") + 2t(6?) r(9)° - tx(g?)? + (o))
trHE‘ 1 (—4tr(g?) tr(g) + 3tr(g*)* + tr(g)")
) = §<+2tr<g4> —201(¢%) tr(g)* — tr(?)? + ()"

trE(g) il( 6tr(g*) +8tr(g*) tr(g) + 3tr(g*)?

— 6tr(g?) tr(g)* + tr(g)")
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We also have the representations with traces removed:
tI'EP =tr(g)tr(g” ) — 1
1 _ _
tr_rmlg) = 5(+tr(9)” tr(g ") + tr(g”) trlg™) — 2tx(g))
1 _ _
trcﬁ(g) = 5(+t(g) tr(g™") — tr(g”) tr(g ™) — 2tx(g))

tr_ () = 5+ (o) (™) + 31r(?) tr(g) g ™)
+2tr(g®) tr(g") — 3tr(g9)* — 3tr(g?))

" ) = S0 (g ™) — (g g ™) — Bx(g)?)

tr 0g) = ~(+ tr(g)? tr(g ™) — Btr(g?) tr(g) tr(g ™)
ﬂ 6 (B.2.3)

+2tr(g®) tr(g™") + 3tr(g?) — 3tx(9)?)

r gl9) = 3 (P e — () g™ = trlg)* (g

—4tr(g) tr(g™h) + tr(g?) tr(g72))

) - L tr(9)? (g ™) — tr(g?) tr(g ™) + 1r(0)? (g ~?)

+tr(g?) tr(g %) +4tx(g)tr(g™1)) — 1
o) = (00 (g™ + () g+ (o) taly )
+r(g?) trlg) — 4tr(g) r(g ™)

As a simple check, it is easy to see that these characters are consistent with the decompo-

sitions under su,p — sus d sug in (B.1.3), e.g.,

trr(91 © g2) = trem(g1) + trg(gr) tro(g2) + trem(ge) (B.2.4)

as expected from [ +— I® e + O0® O+ e ® 1. Similarly, the characters are also consistent
with the dimensions of the representations, e.g.,

trBj 1 —N + N?) (B.2.5)

as expected from dimg(H) = 2N (N + 1)(N —1).
We can also use the character to compute the index. For example, if we denote by ¢ the
differential at g = 1, then

5 traj —9 4 3tr(1)%)6% tr(1) (B.2.6)
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whence Tr(HY) = —3 + N2, as expected.

e SO(N)
The result is identical to the SU(N) case, with the following extra terms:

brp(g) =1
trrm(g) = - — tr(g)
tI'Hj(g) = —tr(g)
() = - 5(tx()? + (6?))
2 (B.2.7)
trH:D(g) = - (1tr(g) —1)
tre(g) = -+ = 5(tr(g)® + tr(g”))
S GO
e Sp(IV)
The result is identical to the SU(N) case, with the following extra terms:
() = - 1
trEP(g) = —tr(g)
tra(g) = —tr(g)
1 2 2
tgmlg) = — ?(tr(g) +1tr(g)) (B.2.8)
o) = -~ 3 (1x(9)" — ()
traj(g) == (tr(g)* = 1)
gl = - 31100 — t1(4)
o GG,
The maximal torus sits inside SO(7), say with
g=R(0) BR(0:) BR(O;) ®1, 01405 +0;=0 (B.2.9)

cosf sind

where R(0) = ( ) As (G5 has rank 2, the characters are polynomials in two

—sinf cos6
variables. These are non-unique, as we can always add a polynomial that vanishes at g above,
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e.g., —gtr(g)® + 3 tr(g)* + 1 tr(g?) tr(g) + tr(g) + & tr(g?) — 5 tr(g®). All the expressions below
are just one of the infinitely many possibilities.
The fundamental representation (1,0) has real dimension 7, and character

X@,0) = tr(g) = 2(cos 0y + cos by 4 cosb3) + 1 (B.2.10)

The next few representations have

X(0,1) = %tr(g)2 —tr(g) — %tr(f)

Xeo = 5 (9 + 5 (g~ 1

X1 = %tr(g)?’ —tr(g)® — %tr(g?’) +1
X(30) = %tr(g)2 +tr(g”) tr(g) + %tT(QQ)
X(02) = %tr(g)4 —tr(g)° — %tr(gg) tr(g)?

. (B.2.11)

_ %mg)? tr(g) + A%tr(g?)? ~ 5 tr(e?)
X21) = itr(g)4 — tr(g)® — %tr(g)2 — tr(g°) tr(g)

1 1
+2tr(g) — 7 tr(9°)” + 5 tr(g”)

1 4
X0) = =7 tr(g)* + 3 tr(g)® + tr(g®) tr(g)* — 3tr(g)

1 2
+7tr(g?)’ = 2tr(g”) + 3 tr(g”)

all of which are real, and have real dimensions 14, 27,64, 77,77,189, 182, respectively. For
completeness, their indices are 4,9, 32,44, 55, 144, 156, respectively.

L] F4
The maximal torus is free of rank 4, and it sits inside SO(26), say with

g1 =R(0) ® (én(yi)) ® (@R(%(Gl + 0y + 0 194))) (B.2.12)

where the second sum runs over the 23 = 8 choices of sign, for a total of 2 x (8 +4 + 1) = 26
matrix elements. One can also realise the torus inside e.g. SO(52), with

i<jE
where the sum has 2 x 6 = 12 terms, for a total of 26 +2 x (12 + 1) = 52.
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These two realizations correspond to two of the four fundamental weights (0, 0,0, 1), (1,0,0,0),
respectively, whose associated characters are

4
X(0,0,0,1) = tr(gs) = 2 (1 + Z cos 0; + Z cos 3 (0 £ 0, £ 0, + (94)>
= * (B.2.14)

X(1,0,0,0) = tr(g1) = tr(ga) + 2 (1 + Z cos(6; £ Hj))

i<jE
The next few representations are
tr(1,0,00) = tr(g1)
t1(0,0,0,1) = t1(94)

1 1
tro,1,00 = — tr(g1) + B tr(g1)” — B tr(g?)

1
tr(0,0,1,0) = §(tr(g4)2 —2tr(g1) — tr(g3))

1
tr(0,00.2) = 5(—2 — 2tr(ga) + tr(g4)* + tr(g3))

1
oo = (=3 tr(gs)? + tr(gs)” + 12tr(g1) — 3tr(g1)?

+31tr(gy) — 3tr(ga) tr(gy) + 3tr(gy) + 2tr(gy))

1
2000 = 5(2tr(g1) = tr(gs)? + tr(g1)* — tr(gF) + tr(g))

1 B.2.15
0003 = 5(=61r(92)” + tr(ga)’ + 6 tr(g1) ( )
+3tr(ga) tr(g3) + 2tr(g3))
1 1
tr0,01,) = 1 — tr(ga) — 5 tr(gs)” + 6 tr(gs)® — 2tr(g1)
1 1 1
T3 tr(g1)” — B tr(gy) + 3 tr(ga) tr(gs)
1 2
3 tr(gy) — 3 tr(gs)
1 1
tr(1,0,1,0) = tr(ga) + tr(ga)* — 3 tr(ga)° + 21 tr(ga)*
1 1 1
5 tr(g1)* — 1 tr(ga)” tr(gy) + 3 tr(gs)*
Loy Lo 50 1 SN !
— 5 tr(gr) + 2 trgy) + 5 tr(ga) tr(gy) — 7 tr(gs)
2 3 3 4
[ ] E6
The maximal torus is free of rank 6, and can be realised inside SU(27), with
g = diag<e—%967eéesﬂ:@i’6%(:|:91:|:92:|:93:‘:94:|:95)—%96) (B.2.16)
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where in the last term we take all combinations of signs such that there is an odd number of
negative signs. In total, there are 1 +2 X 5 4+ 16 = 27 terms.
Another realisation of the maximal torus is inside SU(78), with

g6 = 1o + diag(eieiﬂj e%(ieliegiegie4ie5ieﬁ)> (B.2.17)
where ¢ < j in the second term, and we take all signs combinations in the third term, such
that the number of negative signs is odd. In total, there are 6 + 10 x 4 4+ 32 = 78 terms.

The first few characters are as follows:

X(1,0,0,0,0,0) = t1(g1)

1 1
X(0,1,0,0,0,0) = 2 tr(91)2 ) tr(gf)

1
X01000) = 5(tr(g)” = 3tr(g7) tr(gn) +2tr(g))
X(0,0,0,0,0,1) = t1(9gs)

(tr(gy ") + tr(g;?) — 2tr(g1))

X(1,0,00,1,0) = t1(g1) tr(gy') — tr(gs) — 1

X(1,0,0,00,1) = %tr(gl) tr(gs)® — 5 tr(gr) tr(g3)
~ st 5 tr(f) trlon)? 5 e(g) () (B219
—tr(g1) + %tr(gﬁ) - %tr(gll)2
X(00000) = 3 tr{2) e(gs)? + tr(n) tr(gs) + 3 tr(ga) te(g3) + tr(cf)
~ tr{g0) tr(g ) + 5 tr{g)* + 5 tr(g0)* — 3 tr(a?) tr(on)
— 5 () () + 5 tr() trlon) + 5 tr(g?) + 21x(g5)
X(3,0,0,0,0,0) = %(—6 tr(ge) tr(gr ') + tr(gr)” + 3tr(g7) tr(g)
+21tr(g7) + 6tr(gs))
o FE;
The maximal torus is free of rank 7, and can be realised inside Sp(28), with
g6 = diag(eei, eei—07’ e%(91+92+93+94+G5+96_3G7), e%(ieli€2i93i04i95i96+67)) @ c.c. (B.2.19)
where ¢ = 1,...,6 and, in the last term, we take all combinations of signs such that there are

exactly two “+”7 signs. All in all, 6 + 6 + 1 + 15 = 28 terms.
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One can also realise the maximal torus inside SO(133), with

g1 = 17 S¥) R(Q?) S5 R(‘gl — HJ) D R(@Z + Qj - 07)
® R(5(+01 £ 05 + 05 £ 04 + 05 + 05 + 07)) (B.2.20)
® R(5(+01 £ 0 + 05 £ 04 + 05 £ 05 + 367))

where in the first line 1 <i < j <6, and in the second line we take all combinations of signs
such that there are either one or three “+” signs, and in the third line exactly one “+” sign.
Allin all, 742 x (1+2 x 154 26 + 6) = 133 elements.

Finally, it is also convenient to introduce a second pseudo-real realisation of the torus,
sitting inside Sp(456), this time using the seventh fundamental representation:

_ @3
g7 =9¢ D

. vy 0.0, vy 1 B
dlag(eﬁl:té)]:té’k’e&-i—ﬂj—&—@k 297,ei91i07i9’“+07,62(01+ +66 597)7

(B.2.21)

o3 (£01£-+06+307) 6%(:|:91:I:~-~:F0\i:|:--~:|:06+307—30j) 6%(:|:91:|:-~~:F9\i:|:~~~:|:6'6—97+39]')
b b )

e%(el+~-+06—97)_29j7 e%(el+---+(96—97)7 e%(:l:€1:|:--~:t€6+97)) & c.c.
where 1 <17 < j < k < 6, and we take all the sign combinations for which the number of “4”s is
as follows: in the first term, either zero or one; in the third term, either zero or one; in the fifth
term, two; in the sixth term, one; in the seventh term, two; and finally in the tenth term, four.
Allin all, the number of terms is 3 X 56+3x 2041 x20+4x204+14+154+6x5+6x 10+6+1+15 =
456.
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The rest of characters can easily be expressed in terms of these. For example,

X(0,0,0,0,0,1,0) = tr(ge)
X(1,0,0,0,0,0,0) = tr(gl)
X(0,0,0,0,0,0,1) = tr(g7)

1 1
X(0,0,0,0,0,2,0) = +§ tr(gg) + 5 tr(gs)* — tr(g1)

1 1
X(0,0,0,0,1,0,0) = — % tr(gg) + = tr(ge)* — 1

> >
X(1,0,0,00,1,0) = +t1(gs) tr(g1) — tr(gs) — tr(gr)

X(2,0,0,0,0,0,0) = +% tr(gg) — %tr(%)Q + %tr(gf) + %tl"(gl)Z (B.2.22)
X(0,1,0,0,0,0,0) = —% tr(gy) + %tf(91)2 — tr(g1)

Xoon00 =+ rlgd) + 5 tr(6) r(ge) — tx(ge) r(gn) + g tr(g0)* + tr(g7)

X(000.000 = +3 tr(g2) — £ tr() trlge) + 5 tr(go)® — tr(e)

X(0000011) =+ tr(62) + tr(gs) rlr) — 3 tr(go)? + 3 tr(e) — 5 (e1)? +1

X(0,0,1,0,0,0,0) = ‘ié tr(g;) — %tr(gf) tr(g:) + %tr(gl)g — tr(g1)” + tr(g1)

of dimension 56,133,912, 1463, 1539, 6480, 7371, 8645, 24320, 27664, 40755, 365750, respec-
tively.

e Eg The maximal torus is free of rank 8. We will not discuss this group here.
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