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Abstract

In 1994, Thomassen famously proved that every planar graph is 5-choosable, resolving
a conjecture initially posed by Vizing and, independently, Erdés, Rubin, and Taylor in
the 1970s. Later, Thomassen proved that every planar graph of girth at least five is 3-
choosable. In this thesis, we introduce the concept of a local girth list assignment: a list
assignment wherein the list size of a vertex depends not on the girth of the graph, but
rather on the length of the shortest cycle in which the vertex is contained. We state and
prove a local list colouring theorem unifying the two theorems of Thomassen mentioned
above. In particular, we show that if G is a planar graph and L is a list assignment for G
such that |L(v)| > 3 for all v € V(G); |L(v)| > 4 for every vertex v contained in a 4-cycle;
and |L(v)| > 5 for every vertex v contained in a triangle, then G admits an L-colouring.

Next, we generalize a framework of list colouring results to correspondence colouring.
Correspondence colouring is a generalization of list colouring wherein we localize the mean-
ing of the colours available to each vertex. As pointed out by Dvordk and Postle, both of
Thomassen’s theorems on the 5-choosability of planar graphs and 3-choosability of planar
graphs of girth at least five carry over to the correspondence colouring setting. In this
thesis, we show that the family of graphs that are critical for 5-correspondence colouring
as well as the family of graphs of girth at least five that are critical for 3-correspondence
colouring form hyperbolic families. Analogous results for list colouring were shown by Pos-
tle and Thomas. Using results on hyperbolic families proved by Postle and Thomas, we
show further that this implies that locally planar graphs are 5-correspondence colourable;
and, using results of Dvordk and Kawarabayashi, that there exist linear-time algorithms for
the decidability of 5-correspondence colouring for embedded graphs. We show analogous
results for 3-correspondence colouring graphs of girth at least five.

Finally we show that, in general, slightly stronger hyperbolicity theorems imply that
the associated family of planar graphs have exponentially many colourings. The existence
of exponentially many colourings has been studied before for list-colouring: for instance,
Thomassen showed (without using hyperbolicity) that planar graphs have exponentially
many 5-list colourings, and that planar graphs of girth at least five have exponentially many
3-list colourings. Using our stronger hyperbolicity theorems, we prove that planar graphs of
girth at least five have exponentially many 3-correspondence colourings, and that planar
graphs have exponentially many 5-correspondence colourings. This latter result proves
a conjecture of Langhede and Thomassen. As correspondence colouring generalizes list
colouring, our theorems also provide new, independent proofs that there are exponentially
many 5-list colourings of planar graphs, and 3-list colourings of planar graphs of girth at
least five.
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Chapter 1

Introduction

Section 1.1 introduces the basic terminology and notation that will be used throughout the
thesis. Readers familiar with graph theory basics may wish to skip Section 1.1, and refer
to it only when necessary. Section 1.2 introduces the main topics and results in the thesis,
and provides an overview of the history of the subjects and related results. Sections 1.3,
1.4, and 1.5 explore the ideas and challenges surrounding the proofs of the most important
results in Chapters 2, 3, and 4, respectively. Section 1.6 provides an outline of the rest of
the thesis.

1.1 Notation and Nomenclature

We begin by introducing basic terminology and notation used throughout the thesis. For
further information, the reader may wish to consult the standard textbook of Diestel [9];
the PhD thesis of Postle [32] for additional history and background on embedded graphs
not provided in this thesis; and the textbook of Thomassen and Mohar [30] for more
information on embedded graphs and surfaces.

A graph G is a set V(G) of objects called vertices together with a set E(G) of objects
called edges. An edge e € E(G) is a subset of V(G) of size exactly two. We typically
represent vertices as points, and each edge as a line joining the two points it contains. For
simplicity, we use the notation uv (equivalently, vu) to denote the edge {u,v}. If there
exists an edge uv in a graph GG, we say the vertices u and v are adjacent, and that they are
each incident to uv (and similarly that uov is incident to each of u and v). If two vertices
are adjacent, we say also that they are neighbours. The neighbourhood of a vertex is the



set of vertices adjacent to that vertex. The degree of a vertex v is the number of edges
incident to v, and is denoted deg(v). We say two graphs G and H are isomorphic if there
exists a bijection f : V(G) — V(H) such that for every pair of vertices u,v € V(G), we
have that f(u)f(v) € E(H) if and only if wv € E(G).

Given a non-negative integer k, a path of length k is a graph isomorphic to the graph
with vertex-set {vg, vy, , v} and edge-set {v;v;11 : 7 € {0,--- ,k —1}}. We denote the
path with vertex-set {vg, vq, -+ , v} and edge-set {v;v;41 : 1 € {0,--+ ,k—1}} by vovy - - - vy,
and generalize this notation to other paths in the natural way: for instance, a path with
vertex-set {v,u,w} and edge-set {vu,vw} is denoted vuw. Given an integer k > 3, a
cycle of length k is a graph isomorphic to the graph with vertex set {vg, v, - ,v5_1} and
edge-set {v;v;41 : 1 € {0,---k —1}} where the indices are taken modulo k. We denote this
cycle as vovy - - - vkvp, and generalize this notation to other cycles in the natural way: for
instance, the cycle with vertex-set {u,v,w} and edge-set {uv,vw,wu} is denoted uvwu.
A walk in a graph G is a sequence of alternating edges and vertices vge;v1e9v3 - - - v Where
{vo, -, vk} C V(G); where {ey,...,ex} C E(G); and where for each i € {1,2,...,k}, we
have that e; = v;_jv;. A walk is closed if vy = v,. The length of the walk is the number of
edges (not necessarily distinct) that appear in the walk.

We say a graph is connected if there exists a path between every pair of vertices.
Otherwise, it is disconnected. Given a graph G, a subgraph of G is a graph H with
V(H) C V(G), and with E(H) C E(G). A maximal connected subgraph is a component.
Given a graph G, a cutverter of G is a vertex v in G whose removal increases the number
of components in the graph. We denote graph obtained by the removal of v as G — v or
G\ {v}. A graph is 2-connected if it is connected, contains at least three vertices, and
contains no cutvertices.

A surface is a connected, compact, 2-dimensional manifold. By the Classification The-
orem for surfaces, every surface can be obtained from the sphere by adding a handles and
b crosscaps for non-negative integers a and b. The precise definition of handle and crosscap
will not be required for this thesis; again, we encourage the reader to consult [32] and [30)]
for further information. If a surface ¥ is obtained from the sphere by adding a handles
and b crosscaps, the (Euler) genus of ¥ is defined as 2a + b. Given a surface X, an arc in
¥ is the image of a continuous injective function f : [0,1] — X. A graph G is embedded
in ¥ if the vertices in V(G) are distinct elements in 3, the edges in E(G) are arcs in X,
and for each arc in F(G), its interior is disjoint from the other arcs in E(G) as well as
the vertices in V(G). An embedded graph is a pair (G,X), where ¥ is a surface and G
is a graph embedded in . A topological space X is arcwise connected if there exists an
arc between every two elements in S. An arcwise connected component of X is a maximal
arcwise connected subspace of X. Given an embedded graph (G, Y), a face of G is an
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arcwise connected component of ¥ — G. The boundary walk of a face is the shortest closed
walk (or, if the boundary of the face contains more than one component, the smallest set
of shortest closed walks) containing every vertex and edge in the boundary of the face.

1.2 Context and Main Results

All graphs considered in this thesis are simple and finite. A colouring of a graph G is a
function ¢ : V(G) — C that assigns to each vertex v of G a colour ¢(v) € C such that
for every edge uwv € E(G), ¢(u) # ¢(v). If |C| < k, ¢ is called a k-colouring; and if G
has a k-colouring, we say it is k-colourable. The chromatic number of G is the minimum
number £ such that G is k-colourable. We say a graph is planar if it can be embedded in
the plane such that no vertices overlap, and edges meet only at their endpoints. A plane
graph is a planar graph together with a fixed embedding in the plane. We refer the reader
to [30] and [32] for definitions not covered here.

In 1976, Appel and Haken [2, 3] proved the following result, settling a conjecture over
a century old. It is arguably the most famous theorem in the field of graph colouring.

Theorem 1.2.1 (Four Colour Theorem [2, 3]). Every planar graph is 4-colourable.

The Four Colour Theorem is of course tight: there exist planar graphs that are not
3-colourable (for instance K, the complete graph on four vertices). However, in 1959
Grotzsch [21] showed that a stronger bound on the chromatic number of planar graphs is
obtained by forbidding the triangle as a subgraph.

Theorem 1.2.2 (Grotzsch’s Theorem [21]). Every triangle-free planar graph is 3-colourable.

This thesis further investigates the problem of colouring planar graphs: in particular,
of list colouring and correspondence colouring planar graphs.

List colouring is a generalization of colouring introduced in the late 1970s by Vizing
[16] and, independently, by Erdds, Rubin, and Taylor [17].

Definition 1.2.3. Given a graph G, a list assignment L for G is a function that assigns
to each v € V(G) a list L(v) of colours. L is a k-list assignment if |L(v)| > k for every
v € V(G). An L-colouring of G is a colouring ¢ such that ¢(v) € L(v) for each vertex
v € V(G). We say G is L-colourable if there exists an L-colouring of G, and that G is
k-choosable (or k-list-colourable) if G is L-colourable for every k-list assignment L for G.



As compared to ordinary colouring, we think of a list assignment as localizing the pos-
sible images of the colouring function to each vertex: i.e., of localizing the available colours
for the vertices in the graph. This notion arises quite naturally in many graph colouring
proofs wherein we colour part of the graph, delete it, and later colour the remainder of the
graph without creating colour conflicts between the remaining and deleted vertices.

Correspondence colouring is a natural generalization of list colouring introduced by
Dvorak and Postle in 2018 [15]. It is defined as follows.

Definition 1.2.4. Let G be a graph. A k-correspondence assignment for G is a k-list
assignment L together with a function M that assigns to every edge e = uv € E(G) a
partial matching M, between {u} x L(u) and {v} x L(v). An (L, M)-colouring of G is a
function ¢ that assigns to each vertex v € V(G) a colour ¢(v) € L(v) such that for every
e =uv € E(G), the vertices (u, p(u)) and (v, p(v)) are non-adjacent in M,. We say that G
is (L, M)-colourable if such a colouring exists, and that G is k-correspondence-colourable
if G is (L, M)-colourable for every k-correspondence assignment (L, M) for G.

A correspondence assignment can be thought of as a further localization of colour-
ing: just as list colouring localizes the notion of what colours are available at a vertex, a
correspondence assignment localizes the meaning of these colours.

The following notation will be useful in proving results about correspondence assign-
ments.

Definition 1.2.5. Given a graph G with correspondence assignment (L, M), if uv € E(G)
and (u,d)(v,c) € My, we write d = ufv,c] and ¢ = v[u,d]. We say d € L(u) corresponds
to ¢ € L(v) and symmetrically ¢ € L(v) corresponds to d € L(u). Given ¢ € L(v), if there
does not exist a colour d € L(u) with (u,d)(v,c) € M, we write u[v, c] = 0.

As correspondence colouring generalizes list colouring generalizes ordinary vertex colour-
ing, it is perhaps unsurprising that many theorems that hold for ordinary colouring do not
hold for list colouring; and similarly that many list colouring results do not hold for cor-
respondence colouring. We note a few important instances in which they differ: though
even cycles have list chromatic (and ordinary chromatic) number two, their correspondence
chromatic number is three. (In Figure 1.1, we demonstrate a 2-correspondence assignment
(L, M) for a 4-cycle G such that G does not admit an (L, M )-colouring.) In [1], Bernshteyn
and Kostochka give an example of a planar bipartite graph with correspondence chromatic
number four; and by a result of Alon and Tarsi [1], every planar bipartite graph has list
chromatic number at most three. Perhaps most relevant to this thesis: in 1993, Voigt [17]
showed that the Four Colour Theorem does not carry over directly to list colouring by
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constructing a planar graph that is not 4-choosable. However, Thomassen [10] showed in

1994 that lists of size five suffice, thus answering a conjecture posed by Vizing [10] and
Erdés, Rubin, and Taylor [17] in the 1970s.

Theorem 1.2.6 (Thomassen, [10]). Every planar graph is 5-choosable.

U1

Figure 1.1: An illustration of a 4-cycle vjv9v3v4v1 together with a 2-correspondence (L, M)
for which the 4-cycle does not admit an (L, M)-colouring. Fach oval represents a vertex
in the 4-cycle. The dots within these vertices represent the colours in vertices’ lists. The
edges between vertices correspond to the matchings in M.

In the paper in which they introduce correspondence colouring, Dvoidk and Postle [15]
point out that Thomassen’s proof of the choosability result above also holds for correspon-
dence colouring.

Theorem 1.2.7 (Dvorak and Postle, [15]). Every planar graph is 5-correspondence-colourable.

A natural question to ask is the following: by ruling out certain substructures in planar
graphs, can we further restrict vertices’ list sizes and still obtain list or correspondence
colourings of the resulting class of graphs? For instance: what if we rule out certain short
cycles? As noted prior, this paradigm works for ordinary colouring: triangle-free planar



graphs can be 3-coloured (Theorem 1.2.2). As we will explain below, something similar
holds for list and correspondence colouring. Recall that the girth of a graph G is the
minimum number k such that G contains a cycle of length k. Since planar graphs of girth
at least four (i.e. triangle-free planar graphs) are 3-degenerate!, a simple greedy argument
shows that they are 4-choosable (and indeed 4-correspondence-colourable). Voigt [13]
showed in 1995 that there are triangle-free planar graphs that are not 3-choosable: thus
Grotzsch’s Theorem does not carry over directly to list colouring. However, Thomassen
[11] showed in 1995 that if we also exclude 4-cycles, lists of size three suffice as follows.

Theorem 1.2.8 (Thomassen, [11]). Every planar graph of girth at least five is 3-choosable.

Theorem 1.2.8 carries over to correspondence colouring, as pointed out by Dvotrak and
Postle in [15]. Thomassen later gave a shorter proof of Theorem 1.2.8 in 2003 [13].

Though these bounds on the choosability number are tight, there is hope of strength-
ening Thomassen’s theorems by allowing larger list sizes only where they are required in
the graph. In Chapter 2 we explore this idea. We introduce the concept of local girth
choosability, wherein the list size of a vertex depends not on the girth of the graph, but
rather on the length of the shortest cycle in which that vertex is contained. We provide a
formal definition below, following a few other necessary definitions.

Definition 1.2.9. Let G be a graph. The girth of a verter v € V(G) is denoted gg(v) and
is defined as the minimum number k such that v is contained in a k-cycle. If the graph G
is clear from context, we will often omit the subscript and write g(v) instead of gg(v). If
v is not contained in a cycle in G, we set gg(v) = oo.

Note that if G’ C G and v € V(G’), then go/(v) > gg(v). We define a local girth list
assignment as follows.

Definition 1.2.10. Let G be a planar graph. A local girth list assignment for G is a list
assignment L such that:

e |L(v)| >3 for all v € V(G) with g(v) > 5,
e |L(v)| >4 for all v € V(G) with g(v) = 4, and

e |L(v)| > 5 for all v € V(G) with g(v) = 3.

LA graph is d-degenerate if every subgraph contains a vertex of degree at most d.



We say a planar graph G is local girth choosable if G admits an L-colouring for every
local girth list assignment L.

Our first main result (and the topic of Chapter 2) is the following theorem.

Theorem 1.2.11. Fvery planar graph s local girth choosable.

We note that Theorem 1.2.11 is a joint strengthening of Theorems 1.2.6 and 1.2.8.

The idea of restricting the list size of vertices based on the structure that surrounds
them is not a new one. Indeed, many list-colouring theorems admit a local version: that
is, a version where list sizes depend on the local structure rather than a global property
of the graph. For instance, Borodin, Kostochka and Woodall [6] proved a local version
of Galvin’s Theorem [20] that the List Colouring Conjecture holds for bipartite graphs,
where the size of an edge’s list depends on the maximum degree of its endpoints. In a
similar vein, Bonamy, Delcourt, Lang, and Postle [5] proved a local asymptotic version of
Kahn’s Theorem [24] on list-edge colouring. In [20], Kelly and Postle proved a local epsilon
version of Reed’s Conjecture [38], where list sizes are lower-bounded by a linear combination
of vertices” degrees and the size of the largest clique in which they are contained. In
[7], Davies, de Joannis de Verclos, Kang, and Pirot gave an asymptotic theorem for list-
colouring triangle-free graphs, where again vertices’ list sizes are bounded by a function of
their degree.

In Section 1.3, we will discuss the main ideas and innovations behind the proof of
Theorem 1.2.11.

Our next main result concerns correspondence colouring embedded graphs, which is
the main topic of Chapter 3. The precise avenue of research is inspired by the theory of
hyperbolic families developed by Postle and Thomas [37].

As a graph is planar if and only if it embeds in the sphere, Theorem 1.2.7 can be
rephrased as follows.

Theorem 1.2.12 (Theorem 1.2.7, rephrased). There does not ezist a graph that embeds
in the sphere and 1s not 5-correspondence-colourable.

Phrased this way, Theorem 1.2.7 suggests a fresh avenue of study. Namely: given a
surface Y other than the sphere, what are the colouring properties of the set of graphs that
embed in ¥ and are not 5-correspondence-colourable? To partially answer this question,
we required the following definitions.



Definition 1.2.13. A non-contractible cycle in a surface is a cycle that cannot be contin-
uously deformed to a single point. An embedded graph is p-locally planar if every cycle
(in the graph) that is non-contractible (in the surface) has length at least p.

This is closely related to the concept of edge-width. Recall that the edge-width of an
embedded graph is the length of the shortest non-contractible cycle; thus if a graph is
p-locally planar, it has edge-width at least p.

Since the study of locally planar graphs is a straightforward generalization of the study
of planar graphs to graphs that embed in other surfaces, it is therefore natural to wonder
whether results that hold for planar graphs similarly hold for locally planar graphs. In
2006, DeVos, Kawarabayashi, and Mohar [¢] showed that for every surface X, there exists
a constant p = 290, where ¢ is the Euler genus of %, such that every p-locally planar
graph that embeds in 3 is 5-list-colourable. A similar result for 5-colourability (rather
than choosability) was proved by Thomassen in 1993 [39]. Per the work of Postle and
Thomas [37], analogous results for 5-choosability, 4-choosability of graphs of girth at least
four, and 3-choosability of graphs of girth at least five with p = (log(g)) for are implied
by the hyperbolicity of certain associated families of graphs. Hyperbolicity is defined below.

Definition 1.2.14. Let F be a family of embedded graphs. We say that F' is hyperbolic
if there exists a constant ¢ > 0 such that if (G,X) € F is an embedded graph, then for
every closed curve n : S' — X that bounds an open disk A and intersects G only in
vertices, if A includes a vertex of GG, then the number of vertices of G in A is at most

c([{z € S : n(x) € V(G)}| — 1). We say that c is a Cheeger constant for F.

In [37], Postle and Thomas give a theorem known as the hyperbolic structure theorem,
which characterises the structure of graphs in hyperbolic families. We state the theorem
below informally to help give the reader intuition regarding hyperbolicity, and to better
explain the implications of hyperbolicity for locally planar graphs. For more information
(and a more formal description of what is meant below), we encourage the reader to consult
[37]-

Theorem 1.2.15 (Theorem 6.29, [37] (informally stated)). Let F be a hyperbolic family
of embedded graphs, and let (G,%) € F. Let g be the Euler genus of ¥. The graph G

decomposes into a graph with O(g) vertices together with a set of O(g) cylinders of edge-
width O(1).

This theorem together with the hyperbolicity of certain families of graphs is enough to
prove that, given a surface ¥ with genus g, there exists an integer p with p = O(g) such
that p-locally planar graphs embeddable in ¥ are list-colourable. To explain this further,
we again require a few definitions.



Definition 1.2.16. Let GG be a graph, and k a positive integer. We say G is critical for
k-colouring if every proper subgraph of GG is k-colourable, but G itself is not.

The study of critical graphs was instigated by Dirac in 1951 [10], and since then, critical
graphs have attracted much attention [18, 19, 23, 28, 27, 31]. As every graph that is not
k-colourable contains a subgraph that is critical for k-colouring, the study of critical graphs
is a very natural way to approach the study of non-k-colourable graphs. Indeed, to decide
whether or not a graph G is k-colourable, it thus suffices to show that G contains no
k-critical subgraph.

For list and correspondence colouring, one could also define critical graphs as being
minimal graphs for which there exists a list (or correspondence) assignment such that the
graphs are not colourable. However, since when proving list colouring results we typically
work with fixed list assignments, it is more natural and useful to define critical graphs as
follows.

Definition 1.2.17. Let G be a graph, k a positive integer, and L a k-list assignment for
G. We say G is L-critical if every proper subgraph of G admits an L-colouring, but G
itself does not. If there exists a k-list assignment L’ such that G is L'-critical, we say G is
critical for k-list colouring.

Definition 1.2.18. Let G be a graph, k a positive integer, and (L, M) a k-correspondence
assignment for G. We say G is (L, M)-critical if every proper subgraph of G admits
an (L, M)-colouring, but G itself does not. If there exists a k-correspondence assignment
(L', M") such that G is (L', M')-critical, we say G is critical for k-correspondence colouring.?

In 2013, Dvordk and Kawarabayashi [12] showed the family of embedded graphs of
girth at least five that are critical for 3-choosability is hyperbolic. Postle and Thomas
showed the same for the family of embedded graphs of girth at least four that are critical
for 4-choosability [37]; and in 2016 [35], for the family of embedded graphs that are critical
for 5-choosability.

We now demonstrate how Theorem 1.2.15 can be used to show that, given a surface
Y with Euler genus g, there exists an integer p with p = O(g) such that p-locally planar

2Note that a graph that is critical for k-list colouring may contain a proper subgraph that is also critical
for k-list colouring. Similarly, a graph that is critical for k-correspondence colouring may contain a proper
subgraph that is also critical for k-correspondence colouring. This is not the case for graphs that are
critical for k-colouring. To decide whether G is k-list-colourable (or k-correspondence-colourable), it is
enough to show G contains no minimal subgraph that is critical for k-list colouring (or k-correspondence
colouring). To decide if G is colourable for a fixed list or correspondence assignment, it suffices to show G
contains no subgraph that is critical with respect to this specific assignment.



graphs embeddable in ¥ are 5-choosable. To see this, let (G, %) be an embedded graph
that is not 5-choosable. Then G contains a subgraph H that is critical for 5-choosability.
By the work of Postle and Thomas [35], the family F of embedded graphs that are critical
for 5-choosability is hyperbolic, and so by the Hyperbolic Structure Theorem (Theorem
1.2.15), H can be decomposed into a graph with O(g) vertices together with a set of O(g)
cylinders of edge-width O(1). If this set is nonempty, then H has edge-width O(1) and
hence so does G; otherwise, H has at most O(g) vertices and since F contains no plane
graphs by the definition of hyperbolic, it follows that H has edge-width O(g) and hence so
does G. In either case, G has edge-width O(g).

Thus locally planar embedded graphs are 5-choosable. Since the associated families of
critical graphs are hyperbolic, it follows similarly that locally planar embedded graphs of
girth at least four are 4-choosable, and locally planar embedded graphs of girth at least five
are 3-choosable [37]. In [37], Postle and Thomas showed that with more work, hyperbolicity
in fact implies analogous results with p = (log(g)) instead of O(g). As discussed in [37],
this bound is best possible.

We are interested in generalizing these results to the framework of correspondence
colouring. The main result of Chapter 3 is a technical theorem (Theorem 3.4.7) that
implies the following.

Theorem 1.2.19. The family of embedded graphs that are critical for 5-correspondence
colouring is hyperbolic.

Theorem 3.4.7—which implies Theorem 1.2.19—uses similar ideas to that of the anal-
ogous theorem for list colouring of Postle and Thomas (Theorem 4.6, [35]); however, a
number of new ideas and reductions are needed in order to make the proof go through in
the correspondence colouring framework.

Per the work of Postle and Thomas [37], Theorem 1.2.19 implies the following.

Theorem 1.2.20. For every surface X, there exists a constant p > 0 such that every
p-locally planar graph that embeds in 3 is 5-correspondence-colourable.

We note that this result is new, and without hyperbolicity, it is unclear how one would
prove it. For the theorem above, p = Q(log(g)) where g is the Euler genus of 3. See
Chapter 3 for further details. We note this bound for p is best possible: since (as noted
above) this bound is best possible for list colouring, it immediately follows that it is best
possible for correspondence colouring.

We draw a connection between this and our previously discussed work: recall that our
local girth choosability theorem (Theorem 1.2.11) implies that in the case of planar graphs,
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the structures that influence how many colour choices are needed to ensure colourability
are local structures. In the same vein, Theorem 1.2.20 further suggests that for graphs
that appear at least locally to be planar, it is again only the local structures that dictate
the colouring properties of the graphs.

Before discussing other implications of hyperbolicity, we pause briefly to discuss k-list
colouring (and k-correspondence colouring) embedded graphs when k& > 6. Recall that
Postle and Thomas showed that the family of embedded graphs that are critical for 5-
choosability is hyperbolic [35]. It follows from the definition of critical for k-choosability
and k-list assignment that every graph that is critical for k-choosability is also critical for
{-choosability for each positive integer ¢ < k, since a k-list assignment is also an /¢-list
assignment: thus it follows from the work of Postle and Thomas that, for each k > 6, the
family of embedded graphs that are critical for k-choosability is also a hyperbolic family.
In the same vein, Theorem 1.2.19 also implies that for each k£ > 6 the family of embedded
graphs that are critical for k-correspondence colouring is a hyperbolic family.

The theory of hyperbolic families developed by Postle and Thomas [37] has many
interesting implications aside from those for locally planar graphs. We highlight two more
of these below.

In [35], Postle and Thomas show that the list-colouring analogue to Theorem 3.4.7 has
implications for the precolouring extension problem for planar graphs. The problem can
be stated as follows: given a planar graph G with a list assignment L, a subgraph C' C G
and an L-colouring ¢ of C', when does ¢ extend to G? (Similarly: given a planar graph G
with a correspondence assignment (L, M), a subgraph C' C G and an (L, M )-colouring ¢
of C', when does ¢ extend to G7)

Alternatively, we might phrase this without ¢ as part of the input: given a planar graph
G with list (or correspondence) assignment L (or (L, M)) and subgraph C' of G, when does
an arbitrary L (or (L, M)) colouring of C' extend to G?

One way to approach this problem is to describe the structure of C' that ensures an
arbitrary colouring of C' will to extend to a colouring of the whole graph. For instance,
Thomassen showed (see Theorem 2.1.9) that if G is a plane graph of girth at least five with
3-list assignment L and C'is a path of length at most three in the outer cycle of GG, then
every L-colouring of C' extends to an L-colouring of G.

A different, natural way to approach the problem is to try to quantify the amount of
computation required to determine whether or not the colouring will extend. In particular:
can we bound the size of a subgraph H with H C G such that every colouring of C' that
extends to H also extends to GG? Note that a subgraph H with this property always
exists: (G is such a subgraph. To limit the computation required to answer the decidability
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question presented above, it is useful to study the minimal subgraphs H with this property.
These subgraphs serve as small certificates for the decidability problem.

Postle and Thomas show the following, settling a conjecture of Dvoidk et al. [14].

Theorem 1.2.21 (Postle and Thomas, [35]). Let G be a plane graph with outer cycle C,
let L be a 5-list assignment for G, and let H be a minimal subgraph of G such that every

L-colouring of C' that extends to an L-colouring of H also extends to an L-colouring of G.
Then H has at most 19|V (C)| vertices.

In 1997, Thomassen [12] proved a similar theorem for ordinary colouring, showing
\V(H)| < 5VOP In 2010, Yerger [19] improved Thomassen’s bound to O(|V(C)[?). We
note that a linear bound in terms of the number of vertices in the precoloured subgraph is
asymptotically best possible.

In 2011, Dvotak and Kawarabayashi gave an analogous theorem to Theorem 1.2.21 for
3-choosability below.

Theorem 1.2.22 (Dvoidk and Kawarabayashi, [I1]). Let G be a plane graph of girth at
least five and with outer cycle C, let L be a 3-list assignment for G, and let H be a minimal
subgraph of G such that every L-colouring of C that extends to an L-colouring of H also
extends to an L-colouring of G. Then H has at most 3|V (C)| vertices.

These theorems suggest that, given these graphs and list assignments, there is a small
subgraph H that encodes the answer to the precolouring extension problem for cycles:
that is, if a cycle C' in a plane graph G is precoloured and we wish to determine whether
this colouring extends to GG, there exists a small subgraph H such that it suffices to check
whether the colouring extends to H. Like Theorem 1.2.11, this too suggests that in the case
of planar graphs, local structure alone is enough to glean valuable colouring information.

We show in Chapter 3 that Theorem 3.4.7 implies the following result.

Theorem 1.2.23. Let G be a plane graph with outer cycle C, let (L, M) be a 5-correspon-
dence assignment for G, and let H be a minimal subgraph of G such that every (L, M)-
colouring of C' that extends to an (L, M)-colouring of H also extends to an (L, M)-colouring
of G. Then H has at most 51|V (C)| vertices.

The final implications of hyperbolicity that will be discussed in Chatper 3 involve
algorithms for the decidability of the colouring problem for embedded graphs: Dvorak and
Kawarabayashi [12] also gave linear-time® algorithms for the decidability of 3-choosability

3The algorithms’ running times are linear with respect to the number of vertices in the graph.
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of embedded graphs of girth at least five. Their algorithms can be modified to allow
the precolouring of a subgraph H, at the cost of increasing the time complexity of the
algorithm to O(|V (GQ)|F9+9)+1) where k is some absolute constant, g is the genus of the
surface in which the graph is embedded, and s is the number of components in H. This
modification ensures the algorithms find a colouring, should it exist. Theorem 1.2.15
helps guide the structure of the algorithms: the algorithms roughly attempt to decompose
embedded graphs into subgraphs as described in Theorem 1.2.15, and find colourings that
extend to these subgraphs via dynamic programming. For details, see [12]. The algorithms
rely on Theorem 1.2.22; and per [12], these algorithms can be adapted to other settings
where a linear bound analogous to that in Theorem 1.2.22 holds.*

In particular, Theorem 1.2.21 thus implies the existence of linear algorithms for deciding
the 5-choosability of embedded graphs, and Theorem 1.2.23 implies the following.

Theorem 1.2.24. Let X be a fized surface. There exists a linear-time algorithm that takes
as input an embedded graph (G,%) and 5-correspondence assignment (L, M) for G with
lists of bounded size and determines whether or not G is (L, M)-colourable.

Theorem 1.2.25. Let ¥ be a fized surface. There exists a linear-time algorithm that takes
as input an embedded graph (G, %) and determines whether or not G is 5-correspondence-
colourable.

Note that in Theorem 1.2.24 the correspondence assignment (L, M) is fixed, whereas
in Theorem 1.2.25 it is not. We note that these algorithmic results are new; and in fact,
prior to this thesis, it was not known whether there existed poly-time algorithms (let alone
linear algorithms) for the decidability of 5-correspondence colouring embedded graphs.

As mentioned prior, we obtain Theorem 1.2.23 as a consequence of a more technical
theorem (Theorem 3.4.7), the proof of which constitutes the bulk of Chapter 3. We delay
the statement of Theorem 3.4.7 until Section 3.4, when we will have built up the necessary
background and terminology.

We further observe in Chapter 3 that the embedded graphs G of girth at least five that
are critical for 3-correspondence colouring form a hyperbolic family. This follows from
observing that the proof for list colouring in [34] also holds for correspondence colouring
with only minor modifications. This is discussed further in Chapter 3.

As discussed above, the hyperbolicity of such a family of graphs (as well as related
theorems) has many interesting implications. As in the case for 5-correspondence colouring,
we highlight the following three.

4This is explained further in Chapter 3 (in particular, in Section 3.6), which contains a brief description
of the algorithms.
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Theorem 1.2.26. Let X be a fixed surface. There exists a linear-time algorithm that
takes as input an embedded graph of girth at least five (G,%) and a 3-correspondence
assignment (L, M) for G with lists of bounded size and determines whether or not G is
(L, M)-colourable.

Theorem 1.2.27. Let ¥ be a fized surface. There exists a linear-time algorithm that takes
as input an embedded graph of girth at least five (G,3) and determines whether or not G
18 3-correspondence-colourable.

Theorem 1.2.28. For every surface X, there exists a constant p > 0 such that every
p-locally planar graph of girth at least five that embeds in 3 is 3-correspondence-colourable.

In Section 1.4, we discuss the main ideas behind the proof of Theorem 1.2.23.

As demonstrated above, many questions in the field of graph colouring involve deter-
mining whether or not a graph with specific structure is colourable (for some notion of
colouring). Changing track, we might ask the following: given that a graph is colourable,
how easy is it to find a colouring?

One way to answer this question is to investigate how many distinct colourings of
the graph there are, which brings us to the topic of Chapter 4: counting correspondence
colourings of planar graphs. This sort of question has already been studied extensively
for list and ordinary colourings. For instance, Thomassen [1] proved in 2007 the theorem
below. The proof is approximately ten pages, and required new ideas and insights to those
used for the proof of Theorem 1.2.6 (which says that planar graphs are 5-choosable).

Theorem 1.2.29 (Thomassen, [11]). If G is a planar graph with 5-list assignment L, then
G has at least 2"°52 distinct L-colourings.

In a later paper, Thomassen proved the following. The proof is roughly eight pages,
and required substantially new ideas to those present in [11] and those used for the proof
of Theorem 1.2.8 (which says that planar graphs of girth at least five are 3-choosable).

Theorem 1.2.30 (Theorem 4.3, [15]). If G is a planar graph of girth at least five and L
is a 3-list assignment for G, then G has at least 2o distinct L-colourings.

In [34] and [37], Postle and Thomas generalized these results to other surfaces as follows.
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Theorem 1.2.31 ([31], [37]). There exist constants €, > 0 such that the following holds.
Let G be a graph embedded in a surface ¥ of genus g, and let H be a proper subgraph of
G. If either

e L is a 5-list-assignment for G, or

o (G has girth at least 5 and L is a 3-list assignment for G,

then if ¢ is an L-colouring of H that extends to an L-colouring of G, then ¢ extends to at
least 26UV (@)=alg+ VD) distinct L-colourings of G.

In 2018, Kelly and Postle later proved an analogous theorem for embedded triangle-free
graphs with 4-list assignments.

Theorem 1.2.32 (Theorem 7, [25]). There exist constants e, > 0 such that the following
holds. Let G be a triangle-free graph embedded in a surface ¥ of genus g, and let L be a
4-list-assignment for G. If H is a proper subgraph of G and ¢ is an L-colouring of H that
extends to an L-colouring of G, then ¢ extends to 2sWV(@I=alg+VUDD) distinct L-colourings

of G.

Finally, in 2021, Langhede and Thomassen [29] prove a result analogous to Theorem
1.2.29 for Zs-colouring, defined below. Recall that an orientation of an edge uv is a mapping
f of uv to an element of {(u,v), (v,u)}. If f(uv) = (u,v), we say u is directed towards v.

Definition 1.2.33. Let GG be a graph together with an orientation of its edges. Let ¢ :
E(G) — {0,1,2,3,4} be a labelling of the edges of G. Let (L, M) be a 5-correspondence
assignment for G, where L(v) = {0, 1,2, 3,4} for each v € V(G) and where My is defined as
follows: for each edge uv where u is directed towards v, we let M, = {(u,a)(v,b) :a—b=
¢(uv)}, where the equivalence is taken modulo 5. We call (L, My) a Zs-assignment. We
say G is Zs-colourable if G admits an (L, My)-colouring for every labelling ¢.

Theorem 1.2.34 (Langhede and Thomassen, [29]). If G is a planar graph with Zs-

V(G

assignment (L, M), then G has at least 29 L distinet (L, My)-colourings.

It follows from their definitions that 5-correspondence colouring generalizes Zs-colouring;
thus if one could show that planar graphs have exponentially many® 5-correspondence
colourings, this would imply the same for Zs-colourings. Indeed, Langhede and Thomassen
conjectured the following.

5Unless otherwise specified, we mean by this that the number of colourings is exponential in the number
of vertices in the graph.
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Conjecture 1.2.35 (Langhede and Thomassen, [29]). Planar graphs have exponentially
many 5-correspondence colourings.

In Chapter 4, we prove Conjecture 1.2.35. In fact, another contribution of this thesis is
to show that Theorems 3.4.7 and 3.7.2—our technical theorems that imply our results on
hyperbolicity—are themselves enough to prove that there are exponentially many corre-
spondence colourings of planar graphs. That these results follow from Theorems 3.4.7 and
3.7.2 suggests an overall technique for tackling these sorts of colouring-counting problems,
rather than the more ad hoc approaches used by Thomassen in [11] and [15].

In particular, we prove in Chapter 4 that Theorem 3.4.7 implies the theorem below.

Theorem 1.2.36. If G is a planar graph with at least three vertices and (L, M) is a 5-

correspondence assignment for G, then G has at least oM distinet (L, M)-colourings.

For planar graphs of girth at least five, we show the following as a consequence of
Theorem 3.7.2.

Theorem 1.2.37. If G is a planar graph with at least two vertices and girth at least five
and (L, M) is a 3-correspondence assignment for G, then G has at least oM distinct

(L, M)-colourings.

As correspondence colouring generalizes list colouring, this improves upon the bound
given for list colouring by Thomassen in 2007 (Theorem 1.2.30). In Section 1.5, we discuss
the main ideas behind the proofs in Chapter 4.

Postle and Thomas show in [37] that, given a graph G with outer cycle C' and 5-list
assignment L, if ¢ is an L-colouring of C' that extends to an L-colouring of GG, then there
are in fact exponentially many extensions of ¢ to G. Their proof relies as a base case on
a technical theorem of Thomassen (Theorem 4, [11]) which implies Theorem 1.2.29. One
of our main theorems of Chapter 4 —Theorem 4.2.6, which implies Theorem 1.2.36 —also
implies that there are exponentially many extensions of ¢ to C', but completely sidesteps
the use of this theorem of Thomassen. In fact, we show that it is enough that Theorem 3.4.7
(which implies that the family of graphs that are critical for 5-correspondence colouring is
hyperbolic) holds. Indeed, our theorem gives an independent proof of Thomassen’s result
that there are exponentially many 5-list colourings of planar graphs.

Analogously for 3-list colouring, Postle shows in [34] that given a graph G of girth at
least five with outer cycle C' and 3-list assignment L, if ¢ is an L-colouring of C' that
extends to an L-colouring of GG, then there are in fact exponentially many extensions of ¢
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to G. Again, this proof relies on a technical theorem of Thomassen which implies Theorem
1.2.30. Our other main theorem of Chapter 4 —Theorem 4.3.5, which implies Theorem
1.2.37 —also implies that there are exponentially many extensions of ¢ to C', but sidesteps
the use of this theorem of Thomassen. We show that it is enough that Theorem 3.7.2 (which
implies that the family of graphs of girth at least five that are critical for 3-correspondence
colouring is hyperbolic) holds.

As mentioned above, Theorems 1.2.36 and 1.2.37—along with being the first results
showing there are exponentially many correspondence colourings of planar graphs —also
provide independent proofs that there are exponentially many 5-list colourings of planar
graphs, and 3-list colourings of planar graphs of girth at least five, respectively. More-
over, that our results follow from Theorems 3.4.7 and 3.7.2 further motivates the study of
hyperbolic families.

Finally, we note that an easy consequence of the definition of hyperbolicity is that
hyperbolic families do not contain planar graphs: for instance, the family of graphs that
are critical for 5-correspondence choosability does not contain a planar graph. As every
graph that is not 5-correspondence-colourable contains a subgraph that is critical for 5-
correspondence colouring, it follows that every planar graph is 5-correspondence-colourable.
This motivates the following question.

Question 1.2.38. Is the family of embedded graphs that are critical for local girth choos-
ability (or local girth correspondence colouring) hyperbolic?

In particular, we ask the following.

Question 1.2.39. Does there exist an analogous theorem to Theorem 3.4.7 for local girth
correspondence colouring?

A positive answer to Question 1.2.39 would simultaneously imply all the results in this
thesis (though perhaps with worse constants in the case of the theorems on hyperbolicity
and counting colourings in Chapters 3 and 4), as well as all implications of the hyperbolicity
of the family of 5-correspondence critical graphs; of 4-correspondence critical graphs of girth
at least four; and of 3-correspondence critical graphs of girth at least 5. Moreover, it would
of course imply results analogous to these for local girth correspondence colouring, and local
girth choosability. This problem, however, seems difficult: as evidence, we highlight the
intricacies involved in the proof of Theorem 3.4.7 for 5-correspondence colouring as well
as the fact that even the proof of Theorem 1.2.11 for local girth choosability does not
seem to admit any obvious modification to allow an analogous theorem for correspondence
colouring. However —though no doubt difficult —given the results proved in this thesis,
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proving a theorem like that described in Question 1.2.39 now seems possible. For more
open questions inspired by the work in this thesis, we encourage the reader to consult
Chapter 5.

Sections 1.3, 1.4, and 1.5 elaborate on some of the challenges faced in the hardest proofs
of Chapters 2, 3, and 4, respectively. Section 1.6 gives an outline of the rest of the thesis.

1.3 Local Girth Colouring

The proof of Theorem 1.2.11 is inspired by those of Theorems 1.2.6 (that planar graphs
are 5-choosable) and 1.2.8 (that planar graphs of girth at least five are 3-choosable). To
prove those theorems, Thomassen instead proved more technical theorems (Theorems 2.1.7
and 2.1.9, given in Chapter 2) involving precolouring paths on the outer face boundary of
plane graphs, and extending these to colourings to the whole graph. In Theorems 2.1.7 and
2.1.9, list sizes are restricted still further than in Theorems 1.2.6 and 1.2.8: in particular,
vertices on the outer face boundary of the graphs have smaller lists than the others. It is
precisely these stronger restrictions that allow the theorems to be proven inductively: a
subset of the vertices of a vertex-minimum counterexample to each theorem are coloured,
their colours removed from the lists of neighbouring vertices, and the coloured vertices
deleted. If this is done carefully, the resulting graph will still satisfy the premises of the
technical theorem, allowing the proof to be completed by induction. Like Thomassen, we
also prove our main colouring result (Theorem 1.2.11) via a more technical theorem. Our
main technical theorem is Theorem 2.1.6, which implies both of Thomassen’s technical
theorems, Theorems 2.1.7 and 2.1.9, and hence implies both of Theorems 1.2.6 and 1.2.8.

Unfortunately, the proofs of Theorems 1.2.6 and 1.2.8 cannot be readily combined to
prove Theorem 1.2.11. The proof of Theorem 2.1.7 (which implies Theorem 1.2.6) relies
on the fact that we may delete up to two colours in the lists of vertices not on the outer
face boundary of the graph without making their lists too small. The same is not true
for a graph with a local girth list assignment. The proof of Theorem 2.1.9 (which implies
Theorem 1.2.8) of course relies on the fact that every vertex in the graph has girth at
least five: this ensures that in colouring and deleting a path of length at most one on the
outer face boundary of the graph, the vertices that were adjacent to these deleted vertices
form an independent set (a condition required for the technical inductive statement to go
through).

Though many of our lemmas are similar in spirit to those used by Thomassen, the main
colouring argument is quite different: in our proof, we colour and delete an arbitrarily long
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path on the outer face boundary of the graph. The path in question is determined by the
lists of the vertices on the outer face boundary. Since the structure of the graph under
study is more complex than that of a simple near-triangulation or a graph of girth at least
five, a stronger inductive statement and more structural lemmas are needed than for either
of the proofs of Theorems 1.2.6 or 1.2.8. Indeed for our proof, we even have to generalize
Thomassen’s characterization of when a precoloured path of length two does not extend to
a colouring (Theorem 2.1.8) to the local setting. Unfortunately then, the stronger inductive
statement given in Theorem 2.1.6 gives rise to a number of exceptional graphs which render
the analysis more difficult: when working through inductive arguments, we will have to
argue why these exceptional cases do not arise.

It is perhaps surprising that there is a single theorem that unifies both Theorems 1.2.6
and 1.2.8. After all, the proofs of the Four Colour Theorem and Grotzsch’s Theorem (Theo-
rem 1.2.2)—which are in a sense the analogous theorems for ordinary vertex colouring—are
very different. That Theorem 1.2.11 (a local, unified version for list colouring) holds hints
perhaps at something fundamental about planar graphs and the relation between colouring
and short cycles.

1.4 Hyperbolicity

One of the main results of Chapter 3 is Theorem 1.2.23, which implies that the family
of graphs that are critical for 5-correspondence colouring is hyperbolic. Our proof of
Theorem 1.2.23 follows the basic framework laid out by Postle and Thomas in [35] to prove
the analogous theorem for list colouring: we focus on a stronger, more technical theorem
—Theorem 3.4.7—which bounds the number of vertices in terms of the sum of the sizes
of large faces (a notion Postle and Thomas call “deficiency”). The proof of Theorem 3.4.7
also involves counting the number of vertices that share an edge or a face with vertices in
the outer cycle of the graph. In keeping track of these quantities, we are able to perform
various reductions, showing a minimum counterexample to Theorem 3.4.7 must have a
very specific structure and ultimately that a minimum counterexample cannot exist.

The bulk of the arguments present in the proof of Postle and Thomas’ list colouring
version of Theorem 3.4.7 carry over to correspondence colouring with only minor modifi-
cations. This is largely due to the fact that many of the arguments are structural, and
do not rely on the specific list assignment. However, there are a few key points at which
the arguments fail for correspondence colouring. In particular, Claims 5.23 and 5.24 in
[35] argue that the lists of specific vertices in a minimum counterexample are subsets of
one another. For a triangle uxs2ou in a minimum counterexample with list assignment
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S, Claim 5.23 shows that S(u) C S(z3). Claims 5.27 and 5.28 then use the fact that
S(z2) \ (S(z2)US(u)) = S(29)\ S(xg). This (along with an argument showing S(z3) \ S(z2)
is non-empty) implies that it is possible to colour z; from S(z2) while avoiding the lists of
both x5 and u. This argument crucially does not hold for correspondence colouring: an
analogous argument to that in Claim 5.23 shows merely that for a correspondence assign-
ment (S, M), we have |M,,,| = |S(u)|, which of course implies nothing about M.,,. As a
consequence of this, we are unable to use the reductions found in [35], and must instead
develop an entirely new set of reductions that can be performed in the correspondence
colouring framework. This adds considerable length and intricacy to the proof.

A more detailed overview of the proof will be given in Chapter 3.

1.5 Counting Colourings

The main results in Chapter 4 are Theorems 4.2.6 and 4.3.5, both of which count the
number of extensions of a precoloured subgraph S of a planar graph G to a colouring of G
itself. Theorem 4.2.6 concerns extending a 5-correspondence colouring of S to GG; Theorem
4.3.5 concerns extending a 3-correspondence colouring of S to a graph G of girth at least
five. The proofs of both theorems use several key results from a recent paper of Postle
[33], in which the theory of hyperbolicity is extended by the introduction of the notion
of deletable subgraphs. This concept will be defined in Chapter 4. We note the results
from [33] used were originally written for list colouring and adapted in this thesis to the
correspondence colouring framework.

Both proofs proceed by induction on |[V(G)| — [V (S)], and use the key observation
(Claims 39 and 40, respectively) that there does not exist a subgraph H with S C H C G
and |V(9)| < |[V(H)| < |[V(G)]| such that every colouring of H extends to a colouring of
G. Otherwise —the proof goes —by our choice of G, since |[V(S)| < |V(H)| < |[V(G)|
and S C H C G, we have that both that |V (H)| — [V(S)| < |V(G)| — |[V(5)| and that
V(@) — |V(H)| < |[V(G)| = |V(S)]. We then prove the main counting theorem by first
counting the extensions of the colouring of S to H, and then of each colouring of H to G.

Both proofs require separate, careful analysis of the cases where |V(G)| — [V (9)] is
at most two. As will become apparent to the reader, for both theorems the case where
[V(G)] —|V(S)| =1 is what determines the denominator in the exponent of the theorem
statements.

20



1.6 Thesis Outline

In each chapter of this thesis, we will study a particular type of object called a canvas. A
canvas is a tuple consisting of a graph G, a list (or correspondence) assignment for GG, and
a selection subgraphs of G that we wish to keep track for various reasons (e.g. a subgraph
we think of as being precoloured, a subgraph whose vertices have otherwise restricted lists,
etc.). The precise definition of canvas varies depending on the chapter. The working
definition will be given explicitly in the chapter introduction.

In Chapter 2, we introduce the notion of local girth colouring and give a proof of The-
orem 1.2.11. We prove Theorem 1.2.11 via a more technical theorem —Theorem 2.1.6
—which involves extending a precolouring of a short path or cycle in the outer face bound-
ary walk of a planar graph. The majority of the chapter is dedicated to the proof of
Theorem 2.1.6.

In Chapter 3, we pivot our attention to correspondence colouring. The main result is
Theorem 3.4.7, a technical theorem which in turn implies Theorem 1.2.23, Theorem 3.6.4,
and —perhaps most importantly —Theorem 3.6.5, that the family of graphs that are crit-
ical for 5-correspondence colouring is hyperbolic. Using the theory of hyperbolic families
developed by Postle and Thomas [37], we then show that for every surface X, there exists a
constant p > 0 such that locally planar graphs are 5-correspondence-colourable (Theorem
1.2.20). Using the ideas of Dvordk and Kawarabayashi in [12], we further observe that
there exist linear-time algorithms for the decidability of the 5-correspondence colouring for
embedded graphs. In addition, in Chapter 3 we state Observation 3.7.3, which implies that
the family of graphs of girth at least five that are critical for 3-correspondence colouring
is hyperbolic (Corollary 3.7.4). This implies that locally planar graphs of girth at least
five are 3-correspondence-colourable (Corollary 1.2.28). Observation 3.7.3 also implies the
existence of linear-time algorithms for the decidability of the 3-correspondence colouring
problem for embedded graphs of girth at least five (again using the ideas in [12]). Obser-
vation 3.7.3 follows from Observation 3.7.2; the proof of which is nearly identical to that
of an analogous theorem of Postle (Theorem 3.9, [31]) for list colouring. We include a
short discussion of why precisely this theorem of Postle goes through for correspondence
colouring, when the analogous theorem of Postle and Thomas for 5-choosability (Theorem
4.6, [35]), which uses very similar tools and ideas, does not.

In Chapter 4, we show that Theorem 3.4.7 has another interesting implication beyond
those discussed in Chapter 3: namely, that if G is a planar graph with 5-correspondence
|V (G)|+306

assignment (L, M), then G has at least 2 or  distinct (L, M)-colourings (Theorem
1.2.36). Similarly, we show that Observation 3.7.2 can be used to show that if G is a
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planar graph of girth at least five and (L, M) is a 3-correspondence assignment for G, then
[V (G)|+890

G has at least 27 292~ distinct (L, M)-colourings (Theorem 1.2.37).

The introduction of Chapter 2, Chapter 3, and Chapter 4 each contain a more detailed
overview of the contents of the chapter, including overviews of each chapter section.

In Chapter 5, we give a brief summary of our main results and leave the reader with
some open problems suggested by the work in this thesis.
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Chapter 2

Local Girth Colouring Planar Graphs

2.1 Introduction

Subsection 2.1.1 contains an overview of the main results of this chapter, along with nec-
essary definitions. Subsection 2.1.2 provides an outline of the remainder of the chapter.

2.1.1 Results

The main result of this chapter is Theorem 1.2.11, restated below for convenience.

Theorem 1.2.11. Every planar graph s local girth choosable.

As described in Sectioin 1.3, we prove Theorem 1.2.11 via a more technical theo-
rem —Theorem 2.1.6 —involving precolouring paths on the outer face boundary of plane
graphs, and extending these to colourings to the whole graph. In Theorem 2.1.6, vertices’
lists are restricted further still than a local girth list assignment. In particular, vertices on
the outer face boundary of the graphs have smaller lists than the others. Before we present
Theorem 2.1.6, we give a few required definitions.

The outer face of a plane graph is its infinite face. Let G be a plane graph, and let
E and V be the set of edges and vertices, respectively, in the boundary walk of the outer
face of G. Let H be the subgraph of G with V(H) =V and F(H) = E. We say a path
(or cycle) S is on the outer face boundary of G if S C H.

Definition 2.1.1. Let G be a plane graph, and let S = vjvs ... v, be a path in G. We say
S is an acceptable path if one of the following holds.
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e k<3 or
o k=4, g(vy) >4, and g(v3) >4, or

e k=4, and either g(v2) > 5 or g(v3) > 5.

An acceptable cycle is a cycle S in G where S contains an edge e such that S — e is an
acceptable path in G.

Note that in the above definition, we allow S to be the empty path. Moreover, note
that if S is an acceptable path in a graph G, S; is a subpath of S, and G, is a subgraph
of GG that contains S, then S is an acceptable path of G.

Theorem 2.1.6 below —the proof of which constitutes the bulk of this chapter —charac-
terizes precisely when a colouring of an acceptable path or cycle extends to a list colouring
of the whole graph. The list assignment described in the theorem is a restriction of a local
girth list assignment. Under this list assignment, the list sizes depend in part on whether
or not the vertices are on the outer face boundary of the graph. For this reason (among
others), the following definition is useful.

Definition 2.1.2. Let G be a plane graph, and let C' C G be a cycle. We define Int(C) as
the subgraph of GG induced by the vertices of GG in the interior of C'. Similarly, we define
Int[C] to be the subgraph of G containing precisely the vertices and edges inside and on

C.

If the graph under study contains one of a specific set of subgraphs, a colouring of
an acceptable path is only guaranteed to extend to a colouring of the whole graph if
the acceptable path is short. Among these problematic subgraphs are the broken and
generalized wheels, defined below. We take the definitions and associated terminology from
Thomassen in [11].

Definition 2.1.3. A broken wheel is either a cycle vivqvsv; or the graph formed by a
single cycle vivy ... v,0;1 together with edges vovy, V905, . . ., v2v,. The path vivev3 is called
the principal path of the broken wheel. A wheel is a cycle vivs ... v,v; together with a
single vertex v and edges vvy,vvs, ..., vv,. Again, we say vjvevs is the principal path of
the wheel. If v;v9v3 is the principal path of a wheel or broken wheel, we call v1v, and vov3
the principal edges.

Definition 2.1.4. A generalized wheel is defined recursively as follows. Every wheel and
broken wheel is a generalized wheel. If W is a generalized wheel with principal path vv9v3
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and W' is a generalized wheel with principal path wjusus, then the graph obtained from
W and W’ by identifying a principal edge of W with a principal edge in W’ in such a way
that vy and wusy are identified is also a generalized wheel. Its principal path is the path
formed by the principal edges in W and W’ that were not identified.

Note that if W is a generalized wheel and C'is the outer cycle of W, then either C' has
a chord, W is a wheel, or W is a 3-cycle. Moreover, note that as there may be multiple
ways to construct a generalized wheel W, there maybe several possible principal paths for
W. Unless W is a triangle or a wheel, these paths are edge-disjoint. Finally, note that
every vertex in a generalized wheel has girth 3.

As mentioned earlier, Theorem 2.1.6 describes when a list colouring of an acceptable
path S in a graph G extends to a list colouring of the entire graph. Below, we define a
canvas, which will allow us to concisely keep track of the graph, acceptable path, and list
assignment.

Definition 2.1.5. Let G be a plane graph, and let C' be the subgraph whose vertex- and
edge-set are precisely those of the outer face boundary of G. We say (G, L, S, A) is a canvas
if S is a subgraph of C'; A\ V(95) is an independent set of vertices with A C V(C) \ V(5)
such that g(v) > 5 for each v € A, and L is a list assignment whose domain contains V(G)
such that:

.‘L

(v)] > 1 for all v € V(S),
(
| L(v
(
(

| =2forallve A\ V(S5),

| >3 forallveV(G)\ (AUV(S)),

v)| > 4 for all v € V(G) \ V(C) such that g(v) = 4, and
G) \ V(C) such that g(v) = 3.

h

()

)
)
)
)

&~

|
|L(v)| > 5 for all v € V(

We say (H,L,SNH, ANV (H)) is a subcanvas of a canvas K = (G, L, S, A) if H C G and
S N H is connected. In this case, we denote (H,L,S N H, ANV (H)) by K[H]. Note that
K[H] is a canvas.

We think of the vertices of S as being precoloured, and we say a canvas K = (G, L, S, A)
admits an L-colouring if G admits an L-colouring. It might seem more natural to require
that A (and not A\ V(5)) is an independent set of vertices with lists of size two; this defini-
tion is more convenient, since when working through inductive arguments the precoloured
vertices are sometimes elements of A. Having established the required definitions, we give
our technical theorem below.
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Theorem 2.1.6. Let G be a plane graph, and let S be either an acceptable path vivy - - - vy
or acceptable cycle vyvy---vgvy. If (G, L, S, A) is a canvas, then every L-colouring ¢ of
G[V (S)] extends to an L-colouring of G unless one of the following occurs:

(i) k = 4; there exists a vertex uw € A\ V(S) that is adjacent to both vy and vy; and
L(u) = L(wx) U L(va), or

(i) k = 4; there exists a vertex u € A\ V(S) such that, up to reversing the names of
the vertices of S, u is adjacent to vy; there ezists a vertex w ¢ V(S) on the outer
face boundary of G such that uw € E(G); vivqw is the principal path of a generalized
wheel W where the vertices on the outer cycle of W are on the outer face boundary
of G; every vertex v in the outer cycle of W except vy and vy has |L(v)| = 3, or

(i1i) k = 3; S is the principal path of a generalized wheel W where the vertices on the
outer cycle of W are on the outer face boundary of G; every vertex v in the outer
cycle of W except vy, ve, and vs has |L(v)| = 3.

We say (G, L, S, A) is an exceptional canvas of type (i), type (ii), or type (iii), if it is
described by (i), (ii), or (iii), respectively, above. If a canvas is not an exceptional canvas
of any type, we say it is unezxceptional. Note that an exceptional canvas of type (ii) or (iii)
might still admit a colouring, depending on L. Examples of exceptional canvases that do
not admit an L-colouring are given in Figure 2.1, below. We note that there is precisely
one case where (G, L, S, A) is unexceptional and there exists an L-colouring of S but not
necessarily of G[V'(5)]: this is the case where S is a path of length three and V'(S) induces
a 4-cycle.

While Theorem 2.1.6 is not an if and only if statement, it is rather straightforward to
characterize the list assignments of exceptional canvases that do not admit a colouring (see
[11] and [30] for such details).

As a corollary to Theorem 2.1.6, we immediately obtain Theorem 1.2.11: to see this,
note that if (G, L, S, A) is a canvas, then by definition L is a restriction of a local girth
list assignment. Moreover, if |V(S)| < 2 (that is, if at most two vertices on the outer face
boundary of G are precoloured), then (G, L, S, A) is unexceptional and so G admits an
L-colouring.

We highlight the similarity between our technical theorem and the technical theorems
used by Thomassen in proving Theorems 1.2.6 and 1.2.8: these technical theorems are
rephrased below using our terminology.
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Figure 2.1: Exceptional canvases of type (i), (ii), and (iii), together with potential partial
list assignments. Vertices in S are black; vertices in A are drawn as four-pointed stars. W
indicates the presence of a generalized wheel subgraph.

Theorem 2.1.7 (Thomassen [10]). If (G, L, S, A) is a canvas where G is a near-triangulation*
and S is a path of length at most one in the outer face boundary of G, then G admits an
L-colouring.

This theorem implies Theorem 1.2.6, that every planar graph is 5-choosable, and is
implied by Theorem 2.1.6. We note that in a near-triangulation, every vertex has girth
three. Consequently, in the above theorem A = ) by definition of A.

Thomassen also characterized the set of canvases (G, L, S, A) where G is a near-triangula-
tion and S a path of length two that do not necessarily admit an L-colouring. Thomassen’s
original theorem is Theorem 3 in [11]. We state it below in the language of canvases.

Theorem 2.1.8 (Thomassen [11]). If K = (G,L,S,A) is a canvas where G is a near-
triangulation and S is a path of length two in the outer face boundary of G, then G admits
an L-colouring unless K is an exceptional canvas of type (iii).

We note that Theorem 2.1.8 is also a special case of Theorem 2.1.6 where G is a near-
triangulation (and so A = 0).

One technical theorem that may be used to establish Theorem 1.2.8 is as follows.

!That is, a plane graph where each face with the possible exception of the outer face has a boundary
walk of length three.
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Theorem 2.1.9. If K = (G, L, S, A) is a canvas where S is an acceptable path and every
vertexr in G has girth at least 5, then every L-colouring of S extends to an L-colouring of
G unless K is an exceptional canvas of type (i).

Thomassen’s true technical theorem forbids edges between S and A, but allows S to
have up to six vertices. However, as mentioned in the conclusion of [13], this is essentially
equivalent to Theorem 2.1.9. Note that Theorem 2.1.9 is a special case of Theorem 2.1.6,
and it implies Theorem 1.2.8 (and moreover Grotzsch’s Theorem, as is shown in [13]).

A specific type of exceptional canvases of type (iii) appears frequently in the induction
arguments in this chapter. The following lemma will allow us to deal with them painlessly.
It is Lemma 1 by Thomassen in [11].

Lemma 2.1.10 (Thomassen [11]). Let W be a generalized wheel but not a broken wheel
with outer cycle C' = v1vavs ... vy. If L is a list assignment for W such that every vertex
v € Int(C) has |L(v)| > 5 and every very vertex v € V(C) \ {v1,va,v3} has |L(v)| > 3,
then there is at most one colouring of vi, vy, vs that does not extend to an L-colouring of

G.

Note that Lemma 2.1.10 and Theorem 2.1.6 together give us the following lemma. It
is an analogous lemma to Lemma 2.1.10 for local girth list assignments.

Lemma 2.1.11. Let G be a plane graph, and let S = wvivous be a path on the outer
face boundary of G. Suppose G contains a subgraph W that is a generalized wheel whose
principal path is vivavs such that the vertices on the outer cycle of W are on the outer face
boundary of G. Let (G, L,S,A) be a canvas. If W is not a broken wheel, then there is at
most one L-colouring of G[V (S)] that does not extend to an L-colouring of G.

We will not use Theorem 2.1.11 in this thesis: our inductive arguments will allow us to
use Theorem 2.1.10 directly.

We require one more definition.

Definition 2.1.12. Let G be a connected plane graph with outer face boundary walk C'.
Let P be a path with endpoints u, v, where {u,v} C V(C). We say P separates G into
two plane graphs G1 and G5 if the following hold.

e (1 and G5 inherit the embedding of G,
L] G1 N G2 = P7
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Gl U G2 == G,
for each i € {1,2}, we have that V(G) \ V(G;) # 0,

both G; and (G5 are connected, and

P is in the outer face boundary walk of both G; and Gb.

2.1.2 Outline of Chapter

Theorem 2.1.6 is proved in Section 2.3, by supposing the existence of a minimum coun-
terexample. To that end, for the remainder of the chapter we let K = (G,L,S,A) be
a counterexample to Theorem 2.1.6, chosen such that |V(G)| is minimized over all coun-
terexamples of Theorem 2.1.6; and subject to that, such that 3 .y ) |L(v)[ is minimized.
In Section 2, we establish necessary structural properties of K. Note that by our choice of
K, it follows that S contains at least one vertex. We may assume that there exists at least
one colouring of G[V(S)] that does not extend to a colouring of G, as otherwise there is
nothing to prove. Since K is chosen to minimize }_ .y ) |L(v)], it follows that [L(v)| =1
for each vertex v € V(S). To derive a contradiction (and hence prove Theorem 2.1.6), it
thus suffices to show that G admits an L-colouring.

2.2 Describing Our Minimum Counterexample

Recall that K = (G,L,S,A) is a counterexample to Theorem 2.1.6. We may assume
without loss of generality that V' (S)NA = (). Let C be the subgraph of G whose vertex set
and edge set is precisely that of the outer face boundary walk of G. It is straightforward
to verify the theorem holds if |V (G)| = [V (S)]|, so we assume |V (G)| > |V(S)|. We note
the following.

Observation 2.2.1. If K is an unexceptional canvas and K' is a subcanvas of K, then
K’ is also unexceptional.

This follows from the fact that whether or not a canvas is exceptional depends in part
on L, and that every vertex in a generalized wheel has girth three: thus if the outer face
boundary of K’ contains a vertex v not in the outer face boundary of K with g(v) = 3,
then |L(v)| > 5. We will use this observation repeatedly throughout this chapter.
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2.2.1 Section Overview

We now give an overview of the results of this section. As this subsection is purely a
summary of this section’s results compiled for the reader’s convenience, the reader should
feel free to skip ahead to Subsection 2.2.2 if desired.

In Subsection 2.2.2, we give a few lemmas establishing basic properties of K: namely,
Lemma 2.2.2 shows that G is 2-connected (and thus, that C' is a cycle); and Lemma
2.2.3, that its outer cycle C' is chordless. These first two lemmas allow us to make useful
assumptions about the structure of GG later on.

The majority of Subsection 2.2.3 describes the interiors of certain cycles in G of length
up to six. In particular, Lemma 2.2.4 shows that G does not contain cycles of length three
with vertices in their interior. Observation 2.2.5 argues that we may assume no vertex
in C' has more than three colours in its list. This allows us to argue explicitly about the
lists themselves in Subsection 2.2.6 and in our final colouring argument in Section 2.3.
Lemma 2.2.6 shows that G does not contain cycles of length four with vertices in their
interior. Observation 2.2.7 shows that |V(S)| > 3. Lemma 2.2.8 shows that if H C G is a
5-cycle with at least one vertex in its interior, then all vertices in V' (H) have girth three;
and finally, Lemma 2.2.9 shows that if H C G is a 6-cycle with at least one vertex in its
interior, then no vertex in V' (H) has girth at least five. These lemmas are used to establish
more complicated structural properties of G (in particular, to rule out the existence of
certain generalized wheel subgraphs in Subsection 2.2.5).

In Subsection 2.2.4, we characterize the set of short paths in G' whose endpoints lie in
C and whose interior vertices do not. We think of these paths as separating paths: such
a path neatly divides G into two subgraphs whose intersection is the path (see Definition
2.1.12). In particular, we show in Lemma 2.2.10 that G does not contain a separating path
of length two that has at least one vertex of girth at least four, and in Lemma 2.2.11 we
describe exactly the structure surrounding separating paths wujususus where both us and
us have girth at least five.

Subsection 2.2.5 uses the structure established in previous subsections to rule out the
existence of certain generalized wheel subgraphs in G, and to bound the size of others.
We note that whether or not a generalized wheel subgraph can be ruled out depends not
only on its structure, but also its list assignment. Lemma 2.2.12 shows that if @) is a
separating path of length two whose vertices all have girth three, then () is the principal
path of a broken wheel in G. Lemma 2.2.13 shows that upon identifying certain vertices
in a generalized wheel, the girth of the remaining vertices in the graph does not change
too much: every vertex with girth at least five in G still has girth at least five after the
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identification, and every vertex with girth four in G still has girth at least four after the
identification. This allows us in Lemma 2.2.14 to rule out some large broken wheels in G.
Lemma 2.2.15 rules out yet another type of broken wheel in G, and will be used in Section
3 to show that, after performing our main reductions, what remains is not an exceptional
canvas of type (iii).

Finally, Subsection 2.2.6 establishes the remainder of the structure required for the
proof of Theorem 2.1.6 in the next section. In particular, Lemma 2.2.16 shows that C'
contains at least three vertices other than those in S, and Lemma 2.2.17 shows that if
there is a vertex in A adjacent to a vertex in .S, then this lower bound can be raised to
four. Lemma 2.2.20 describes the lists of these non S-vertices. Lastly, we give the definition
of a particular type of path contained in C' called a deletable path: this path comprises the
main reducible configuration for the proof of Theorem 2.1.6 in Section 2.1.6. We end the
section by showing that K contains a deletable path.

2.2.2 Groundwork Lemmas

We begin by showing that G is 2-connected. Note that G is connected: otherwise, since
K is a minimum counterexample to Theorem 2.1.6 we obtain an L-colouring of G by
applying Theorem 2.1.6 to each component of G. Moreover, since K was chosen to minimize
> vev(a) | L(v)]; we may assume without loss of generality that [V (S)| > 2. Since G[V(S5)]

has an L-colouring by assumption, we may further assume that |V (G)| > 3.

Lemma 2.2.2. G is 2-connected.

Proof. Suppose not. Since |V (G)| > 3, there exists a cut vertex u € V(G) such that the
path u separates G into two graphs G; and G2 (as in Definition 2.1.12). For i € {1,2},
let S; be the subgraph of S contained in G;. Suppose without loss of generality that
[V (S1)| > [V(S2)|. Since S is a path or cycle in the outer face boundary of G, it follows
that either S; NSy =0, or S; N Sy = u. By Observation 2.2.1, K[G4] is an unexceptional
canvas. By the minimality of K, G thus admits an L-colouring ¢;. Let L’ be a list
assignment for Gy obtained by setting L'(v) = L(v) for all v € V(G2) \ {u} and setting
L'(u) = {¢(u)}. Note that since Sy C S and S is an acceptable path or cycle, Sy U u
is an acceptable path. Since |V (S;)| > |V(S2)], it follows that [V(S2)| < 2 and so that
(G, L', Sy Uu, ANV (Gy)) is an unexceptional canvas. Thus Gy admits an L'-colouring
¢2. By construction, ¢; and ¢, agree on wu, and so ¢; U ¢y is an L-colouring of G, a
contradiction. O
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Since G is 2-connected by Lemma 2.2.2, it follows that C' is a cycle. We now show this
cycle is chordless.

Lemma 2.2.3. C is chordless.

Proof. Suppose not, and let uw be a chord of C. Thus the path uw separates G into two
graphs G; and Gy. Suppose S is a cycle. Since C has a chord, |[V(C)| > 4. Thus S is
a 4-cycle. But then at least one vertex in S has girth at least four by the definition of
acceptable cycle. Thus C' is chordless—a contradiction. It follows that S is a path.

Suppose now that S C (7. Note that since K is unexceptional, it follows from Obser-
vation 2.2.1 that K[G] is also unexceptional. Since K is a minimum counterexample to
Theorem 2.1.6 and |V (Gy)| < |V(G)], it follows further that K[G;] admits an L-colouring
¢. Let L' be a list assignment for Gy obtained from L by setting L'(v) = L(v) for all
v e V(Ge) \{u,w}, and L'(v) = {p(v)} for v € {u,w}. Note that SNV (Gs) C {u,w}, and
so that Ky = (Ge, L', uw, ANV (Gy)) is a canvas. Moreover, uw is an acceptable path for
(G5 since it contains only two vertices. This also implies that K is unexceptional. Since
|V (G2)] < |[V(G)|, we have by the minimality of K that G2 admits an L'-colouring ¢'. This
is a contradiction since ¢ U ¢’ is an L-colouring of G.

Thus S € G, and symmetrically S € Gs. Suppose there is no vertex of S contained in
V(G2)\V(Gy). Then since S € Gy, it follows that there is an edge e of S in E(Gs)\ E(G)
but that both endpoints of S are in GG;. Since G; N Gy = ww, it follows that e = uv, a
contradiction since uv € F(G1). Thus there exists a vertex of S contained in V' (G1)\V (G2),
and symmetrically, a vertex of S contained in V(G3) \ V(G1). It follows that |V(S)| > 3,
and one of v and w is an internal vertex of the path S. We may assume without loss of
generality that w is an internal vertex of S. Note that u is not contained in V'(S) since
otherwise |V (S)| = 4 and S contains a subpath of length 2 containing only vertices of girth
3, contradicting the definition of acceptable path. Let S; and Sy be subpaths of S such
that [V (S1)] < [V(S2)]; S1 U Sy = S; and S; NSy = w. Note that both S; and Sy are
acceptable paths in G, since a subpath of an acceptable path is itself acceptable. We may
assume without loss of generality that S; C G and S5 C Gs.

First suppose that |L(u)| > 4. Since K[G}] is a subcanvas of K and K is unexceptional,
it follows from Observation 2.2.1 that K[G,] is also unexceptional. By the minimality of
K, K[G;] admits an L-colouring ¢;. Let L’ be a list assignment for GG; obtained by setting
L'(v) = L(v) for all v € V(Gy) \ {u}, and setting L'(u) = L(u)\ {¢1(u)}. Since |L(u)| > 4,
it follows that |L'(u)| > 3 and so that (Gy, L', S1, ANV (G1)) is a canvas. Note that since
[V(S1)| < |V(S2)| and |V (S)| < 4, we have that |V (S1)] < 2. Thus (Gy, L', S1, ANV (Gy)) is
unexceptional. By the minimality of K, there exists an L’-colouring ¢ of (G1, L', S1, AN
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V(G1)). Let L” be a list assignment for G5 obtained by setting L”(v) = L(v) for all
v € V(Gy) \ {u}, and L"(u) = {¢1(u), p2(u), ¢1(w)}. Note that since S is an acceptable
path and w is an interior vertex of S, either |V (S3)| = 2, or |V(S2)| = 3 and Sy contains
a vertex of girth at least four. In either case, (Go, L”, S5, ANV (G5)) is an unexceptional
canvas and, by the minimality of K, admits an L”-colouring ¢. Note that ¢(u) # ¢1(w),
since ¢ is an L"-colouring. If ¢(u) = ¢1(u), then ¢ U ¢; forms an L-colouring of G.
Otherwise, ¢(u) = ¢o(u) and so ¢ U ¢y forms an L-colouring of G. In either case, this is a
contradiction.

We may therefore assume that |L(u)| < 3. For each i € {1,2}, since K[G,] is a
subcanvas of an unexceptional canvas, by Observation 2.2.1 K[G;] admits an L-colouring
¢i. Let L; be the list assignment for G; obtained by setting L;(v) = L(v) for all v €
V(G;) \ {u}, and L;(u) = {¢3_i(u)}. For each i € {1,2}, let S! be the path obtained
from S; by adding the edge uw, and let K; = (G, L;, S;, AN V(G;)). Note that both K;
and K5 are canvases. Suppose there exists some i € {1,2} such that K; is unexceptional.
Then G; admits an L;-colouring ;, and v¢; U ¢3_; together form an L-colouring of G —a
contradiction. Note that since |V(Sy)| < [V (Sq)|, it follows that [V(S])| < 3 and so that
K is not an exceptional canvas of type (i) or (ii).

We may therefore assume that K is an exceptional canvas of type (iii). If K is also
an exceptional canvas of type (iii), then since |L(u)| < 3, we have that K is an exceptional
canvas of type (iii) —a contradiction. If K is an exceptional canvas of type (i), then since
K is an exceptional canvas of type (iii) we have that K is an exceptional canvas of type
(ii) —a contradiction. Thus we may assume that K, is an exceptional canvas of type (ii)
and thus contains a generalized wheel subgraph W with principal path ujusus, where us
and one vertex in {u;,us} are contained in S}, and the remaining vertex in {uy,us} forms
a chord with us in the outer cycle of G5. Note that since K is an exceptional canvas of
type (ii), we have that |V (S2)| = 3. Recall that every vertex in a generalized wheel has
girth three. Suppose uw is not a subpath of ujusus. Then every vertex in V (Ss) \ {w} has
girth three. Since K is an exceptional canvas of type (iii), every vertex in V'(57) has girth
three. But then S is not an acceptable path, as it contains four vertices of girth three.
Thus we may assume that uw is a subpath of ujusus. But then K is an exceptional canvas
of type (ii), a contradiction. O

2.2.3 Separating Cycle Lemmas

In Lemmas 2.2.4-2.2.9, we describe a set of reducible configurations for K: together, Lem-
mas 2.2.4 and 2.2.6 show that G does not contain a cycle of length at most four with
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vertices in its interior. Lemmas 2.2.8 and 2.2.9 show that every cycle of length at most six
with vertices in its interior is composed of vertices of relatively low girth.

Lemma 2.2.4. If T is a triangle in G, then Int(T) = ().

Proof. Suppose not, and let T' = ujususu; be a counterexample. By the minimality of K,
we have that G —Int(7") admits an L-colouring ¢. Let G’ be the graph obtained from Int[T’]
by deleting uz. Let C” be the outer cycle of G'. Let L’ be the list assignment obtained from
L by removing the colour ¢(us) from the lists of all neighbours of ugz in Int(C'). Finally,
let L'(u;) = {¢(u;)} for i € {1,2}. Note that every vertex v € V(C’) \ {u1,us} with
g(v) € {3,4} has |L'(v)| > 3, since |L(v)| > 4. Let A’ be the set of vertices v € V(")
with |L'(v)| = 2. By the above, every vertex in A’ has girth at least five. Moreover, A’
is an independent set, since every vertex in A’ is adjacent to uz in G. Thus since ujus is
an acceptable path for G’ and contains only two vertices, it follows that (G’, L, ujuq, A’)
is an unexceptional canvas. Since |V(G")| < |V(G)[, by the minimality of K we have that
G’ has an L'-colouring ¢’. But ¢ U ¢’ is an L-colouring of GG, a contradiction. ]

Our colouring arguments will be more straightforward if we assume that for every vertex
ve V(C)\ (AUV(Y)), we have |L(v)| = 3. Unfortunately, deleting extra colours from
lists in V(C) \ (AUV(S)) might result in the creation of an exceptional canvas of type (ii)
or (iii). We show below that this does not occur.

Observation 2.2.5. Fvery vertex in S has a list of size one. Every vertex in A has a list
of size two. Every vertex in V(C) \ (V(S) U A) has a list of size three.

Proof. Suppose not, and let v € V(G) be a counterexample. Since K was chosen to
minimize Y, v gy [L(u)], it follows that |L(u)| = 1 for every u € V/(S). Since ANV(S) = 0,
by the definition of canvas every vertex in A has a list of size two. Thus v € V(G)\ (V(S)U
A), and so [L(v)| > 4. Since K was chosen to minimize i) |L(v)], it follows that the
canvas K’ obtained from K by deleting a colour from the list of v is an exceptional canvas.
Since C'is chordless, K’ is not an exceptional canvas of type (ii). Since |L(v)| > 4, we have
further that K’ is not an exceptional canvas of type (i). Thus K’ is an exceptional canvas of
type (iii), and so contains a subgraph W that is a generalized wheel with principal path S
such that the vertices in the outer cycle of W are in the outer face boundary of G and have
lists of size at most 3. Since C' is chordless by Lemma 2.2.3, W is a wheel and moreover
the outer cycle of W is the outer cycle of GG. Since every triangle in G' has no vertices in
its interior by Lemma 2.2.4, it follows that W = G. Since v € V(C') and W is a wheel,
we have further that deg(v) = 3. By the minimality of K, G — v admits an L-colouring ¢.
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But then since |L(v)| > 4 and deg(v) = 3, it follows that ¢ extends to an L-colouring of G
by choosing ¢(v) € L(v) \ {¢(u) : uw € N(v)}, a contradiction. O

This observation allows us more easily to argue explicitly about the list assignment L
in Subsection 2.2.6 and Section 3.

In a similar vein as Lemma 2.2.4, we have the following.

Lemma 2.2.6. If T is a 4-cycle in G, then Int(T) = 0.

Proof. Suppose not, and let T" = ujusuzusuq, be a counterexample. By the minimality of
K, we have that G — Int(7T") admits an L-colouring ¢. Let G’ be the graph obtained from
Int[T] by deleting ug and u4, and let C’ be the boundary walk of the outer face of G'. Let
L’ be the list assignment obtained from L by removing the colour ¢(u;) from the lists of
all neighbours of w; in Int(7"), for i € {3,4}. Finally, let L'(u;) = {¢(u;)} for j € {1,2}.
Note that every vertex v € V(C") \ {uy, us} with g(v) = 3 has |L/(v)| > 3, since |L(v)| > 5.
Moreover, every vertex v in V(C") \ {uy, us} with g(v) = 4 has |L'(v)| > 3, since |L(v)| > 4
and every such vertex v is adjacent to at most one of ug and w4 in G. Finally, let A’ be the
set of vertices v € V(C”) \ {uy, us} with lists of size at most two. By the above, g(v) > 5
for every v € A’. It follows that very vertex in A’ is adjacent to exactly one of uz and uy in
G, and moreover that A’ forms an independent set. Thus |L'(v)| = 2 for all v € A’, since
|L(v)| > 3 for all v € A". It follows that K’ = (G', L', ujug, A’) is a canvas. Since ujus
contains only two vertices, ujuy is an acceptable path and moreover K’ is unexceptional.
By the minimality of K we have that G’ has an L'-colouring ¢'. By construction, ¢ U ¢’ is
an L-colouring of GG, a contradiction. O]

Note that by Theorems 2.2.4 and 2.2.6, we have immediately that S is not a cycle,
and that V(C) \ V(S) # 0. Thus S is a path; for the remainder of the chapter, let
S = v1vy... v, and let C = vy ... VkUky1 ... Y401. As noted in Subsection 2.2, we may
assume without loss of generality that £ > 2. Below, we show that in fact £ > 3.

Observation 2.2.7. We may assume that S contains at least three vertices.

Proof. Suppose not. Thus |V(S)| = 2. First suppose |V(C)| < 4. Then every vertex in
V(C) has girth at most four, and so A = (). By definition of canvas, we have that |L(v)| > 3
for allv € V/(C)\ V(S). Since C' is chordless by Lemma 2.2.3, it then follows that G[V (C)]
has an L-colouring ¢. Since V(Int(C)) = @ by Lemmas 2.2.4 and 2.2.6 with T = C| it
follows further that G = C' and so that ¢ is an L-colouring of GG, a contradiction.

35



Thus we may assume that |V(C)| > 5. Let ¢ be a colour in L(vs) \ L(vg). Let L’ be
a list assignment for G defined by L(vs) = {c} and L'(v) = L(v) for all v € V(G) \ {v3}.
Since S has only two vertices by assumption, S + vyvs is an acceptable path. Moreover,
K' = (G,L', S + vov3, A) is a canvas. Since K was chosen to minimize } v g [L(v)], it
follows that K’ is an exceptional canvas; and since |V (S + vqv3)| = 3, K’ is an exceptional
canvas of type (iii), and thus contains a subgraph W that is a generalized wheel with
principal path S + v9vs such that the vertices on the outer cycle of W are on the outer
cycle of G and have lists of size at most three under L’. Since C is chordless by Lemma
2.2.3 and |V(C)| > 5, it follows that W is a wheel and moreover that the outer cycle of W
is the outer cycle of GG. Since every triangle in G has no vertices in its interior by Lemma
2.2.4, we have that W = (G. Let w be the unique vertex not on the outer face boundary of
G. Note that N(v3) = {ve, v, w}.

Since vs is in a wheel, g(vs) = 3 and so |L(v3)| = 3. Let X C L(vs3) \ L(v2) be a set
of size two, and let L’ be a list assignment for G — v3 obtained by setting L'(v) = L(v)
for all v € V(G — v3) \ {w} and L'(w) = L(w) \ X. Note that since w € V(Int(C)) and
g(w) = 3, it follows that |L(w)| > 5 and so that |L'(w)| > 3. Thus K" = (G —v3, L, S, A)
is a canvas. Since |V(S)| = 2, it is moreover unexceptional. By the minimality of K, we
have that K” admits an L’-colouring ¢. But ¢ extends to an L-colouring of G' by setting
d(v3) € X \ {¢(vy)}, a contradiction. O

The following two lemmas show that only certain types of 5- and 6-cycles with vertices
in their interior exist in G.

Lemma 2.2.8. If P is a 5-cycle in G and Int(P) contains a vertex, then every vertez in
V(P) has girth three.

Proof. Suppose not, and let P C G be a counterexample with P = ujususususu;. Suppose
without loss of generality that g(uz) > 4. By the minimality of K, we have that G —Int(P)
admits an L-colouring ¢. Let G’ be the graph obtained from Int[P] by deleting the vertices
uy and us, and let C’ be the outer face boundary of G'. Let L’ be the list assignment
obtained from L by removing the colour ¢(u;) from the lists of all neighbours of u; in
Int(P) for i € {4,5}, and setting L'(u;) = {¢(u;)} for j € {1,2,3}. Note that every vertex
v e V(C)\ {uy,uz,us} with g(v) < 4 has |L'(v)| > 3, since vertices in Int(C') of girth
three have |L(v)| > 5, and vertices in Int(C') of girth four have |L(v)| > 4 and are adjacent
to at most one of uy and us. Finally, let A’ be the set of vertices v € V(C”) \ {u1, ug, uz}
with lists of size at most two under L'. By the above, g(v) > 5 for every v € A’. It follows
that that A’ forms an independent set, and moreover that each vertex in A’ is adjacent
to at most one of uy and us. Thus |L'(v)| = 2 for each v € A’. Note that ujugus is an
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acceptable path for G, as it has only three vertices. By the minimality of K, we have that
(G', L' uququs, A') is a canvas. Since g(us) > 4, it is unexceptional and thus G’ has an
L’-colouring ¢'. By construction, ¢ U ¢’ is an L-colouring of G, a contradiction. O

We end this subsection with the following lemma, characterizing the separating cycles
of length six.

Lemma 2.2.9. If H is a 6-cycle in G and Int(H) contains a vertez, then V(H) does not
contain a vertex of girth at least five.

Proof. Suppose not, and let H C G be a counterexample with H = ujus - - - ugu;. Suppose
without loss of generality that g(us) > 5. By the minimality of K, we have that G —Int(H)
admits an L-colouring ¢. The argument proceeds in a way similar to that of Lemmas 2.2.4-
2.2.8: we aim to delete a path of vertices in H and argue about the resulting graph. Which
vertices we delete from H will depend on the structure of Int(H).

First, suppose that there is no vertex in V(Int(H)) adjacent to wuy, us, and ug; that
there is no vertex w in V(Int(H)) with g(w) = 4 such that w is adjacent to both us and
ug; and that there do not exist vertices wy,wy in V(Int(H)) such that g(w;) > 5 and
g(ws) > 5 and {wyuy, woug, wiwe} C E(G). In this case, let G’ be the graph obtained
from Int[H] by deleting vertices ug4, us and ug, and let C’ be the outer cycle of G'. Let L'
be the list assignment obtained from L by removing the colour ¢(u;) from the lists of all
neighbours of u; in Int(H) for ¢ € {4,5,6}. Let L'(w;) = {¢(u;)} for i € {1,2,3}. Note
that every vertex v € V(C') \ {uy, ug,us} with g(v) = 3 has |L/'(v)| > 3, since vertices in
Int(C) of girth three have |L(v)| > 5 and are adjacent to at most two of w4, us, and ug by
assumption. Moreover, every vertex v € V(C') \ {uy, us, ug} with g(v) =4 has |L'(v)| > 3
since vertices in Int(C) of girth four have |L(v)| > 4 and are adjacent to at most one of
uy, us, and ug by assumption. Finally, let A’ be the set of vertices v € V/(C") \ {1, uz, us}
with lists of size at most two under L'. By the above, g(v) > 5 for every v € A’. Tt follows
that every vertex in A’ is adjacent to exactly one of uy, us, and ug, and so that |L'(v)| = 2
for each v € A’ (since |L(v)| > 3). Finally, we note that A’ forms an independent set
by assumption. Thus (G', L', ujugus, A’) is a canvas. Since ujugug contains only three
vertices, it is an acceptable path; and since g(u3) > 5, we have that (G, L, ujusug, A’) is
unexceptional. By the minimality of K, we have further that G’admits an L’-colouring ¢'.
By construction, ¢ U ¢’ is an L-colouring of (G, a contradiction.

Thus we may assume that there is a vertex in V(Int(H)) adjacent to w4, us, and ug;
or that there is a vertex w in V(Int(H)) with g(w) = 4 such that w is adjacent to both
uy and ug; or finally that there exist vertices wy, ws in V(Int(H)) such that g(w;) > 5 and
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g(wy) > 5 and {wyug, woug, wywe} C E(G). We break into cases depending on which of
these occur.

Case 1: Either there is a vertex w in V(Int(H)) with g(v) = 4 such that w is
adjacent to both us and ug, or there exist vertices wy,wy in V(Int(H)) such that
g(wy) > 5 and g(wy) > 5 and {wjuy, woug, wywe} C E(G). Note that by the planarity
of G and by Lemmas 2.2.6-2.2.8, it follows that there does not exist a vertex in V (Int(H))
adjacent to us. In this case, let G’ be the graph obtained from Int[H] by deleting uy, us,
and ug, and let C” be the outer cycle of G'. Let L' be the list assignment obtained from L
by removing the colour ¢(u;) from the lists of all neighbours of u; in Int(H) for i € {1,5,6}.
Let L'(u;) = {¢(u;)} for i € {2,3,4}. Note that since no vertex in Int(H) is adjacent to
us, there does not exist a vertex w in Int(H) adjacent to ui,us, and ug. Similarly, there
does not exist a vertex w in Int(H) with g(w) = 4 such that w is adjacent to u; and ws.
Finally, there do not exist vertices wy,wsy in Int(H) such that g(w;) > 5 and g(ws) > 5
and {wuy, wous, wiws} C E(G). Let A’ be the set of vertices v € V(C') with g(v) > 5
and |L'(v)] = 2. It follows as in the previous cases that A’ is an independent set, and
moreover that (G, L', ugusuy, A’) is a canvas. Since g(uz) > 5, it is unexceptional. By the
minimality of K, we have that G’ admits an L’-colouring ¢. By construction, ¢ U ¢ is an
L-colouring of GG, a contradiction.

Case 2: there is a vertex w in Int(H) adjacent to uy, us, and ug. First suppose w
is not adjacent to u;. In this case, as in Case 1 we delete uy,us, and ug. The argument
is nearly identical as that for Case 1, with one caveat: w is adjacent to us. However, by
Lemma 2.2.4, it is the only vertex in Int(H) adjacent to us, and since g(w) = 3, we have
that |L(w)| > 5. This ensures |L'(w)| > 3 in the argument for Case 1. We may thus
assume w is adjacent to u;. In this case, by Lemmas 2.2.4 and 2.2.8 (noting g(us) > 5),
it follows that w is the only vertex in the interior of H. By the minimality of K, we have
that G — w admits an L-colouring ¢. Since g(u3) > 5, we have that w is adjacent to only
uy, ug, us, and ug on H. As |L(w)| > 5, it follows that ¢ extends to an L-colouring of G, a
contradiction. ]

2.2.4 Separating Path Lemmas

The proofs of many of our lemmas take the following basic shape: we colour and delete
vertices in V(C) \ V(.5), modifying lists where appropriate, and argue about the structure
of the resulting canvas (G’, L', S’; A’). The following lemma shows that in doing this, as
long as the set of precoloured vertices does not change (i.e. as long as S’ = 5), we do
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not create an exceptional canvas of type (i). Moreover, it shows that there are no edges
between vertices in A’ and vertices in A. We will use this lemma extensively throughout
the remainder of the chapter.

Lemma 2.2.10. If v is a vertex in V(Int(C)) that is adjacent to two wvertices u,w in
(V(C)Y\V(9)) U{vy, v}, then g(x) = 3 for every x € {u,v,w}.

Proof. Suppose not. The path uvw separates G into two graphs G; and Gy (note that
since g(z) > 4 for at least one z € {u,v,w}, it follows that for each i € {1,2}, we have
that V(G;) \ V(G3—;) # 0). Since neither u nor w is an internal vertex of the path S, we
may assume without loss of generality that S C G.

Note that since K is unexceptional, it follows from Observation 2.2.1 that K[G4] is an
unexceptional canvas. By the minimality of K, we have that G; admits an L-colouring
¢. Let L' be a list assignment for Gy defined by L'(x) = ¢(z) for x € {u,v,w}, and
L'(v) = L(v) for x € V(Gy) \ {u,v,w}. Since uvw has only three vertices, it is an
acceptable path for Go. Note that (Ge, L', uvw, ANV(Gs)) is a canvas, and since g(x) > 4
for at least one vertex z € {u,v,w}, it is moreover unexceptional. Since |V (Gs)| < |V (G)|
and K is a minimum counterexample to Theorem 2.1.6, Gy admits an L’-colouring ¢'. But
then ¢ U ¢’ is an L-colouring of G, a contradiction. O

In a similar spirit, we have the following lemma which partially describes the structure
of G surrounding separating paths of length three whose inner vertices have girth at least
five.

Lemma 2.2.11. Ifv and w are vertices in V(Int(C)) such that:

e g(v) >5 and g(w) > 5,
e vw € F(Q),
e v is adjacent to a vertex v' € (V(C)\ V(95)) U{vy, v}, and

e w is adjacent to a vertex w' € (V(C)\ V(5)) U {v1, v},
then there exists a verter u € A that is adjacent to both v’ and w'.

Proof. The proof is nearly identical to that of Lemma 2.2.10: suppose not. Note that
w' # v and w'v' € E(G) since g(v) > 5. Thus the path w'wvv’ separates G into two
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graphs GG; and (G5. Since neither w’ nor v’ is an internal vertex of the path S, we may
assume without loss of generality that S C G.

Since K is unexceptional, by Observation 2.2.1 so too is K[G1]. By the minimality of
K, we have that G; admits an L-colouring ¢. Let L’ be a list assignment for G5 defined by
L'(x) = ¢(x) for x € {w',w,v,v'}, and L'(z) = L(x) for x € V(Gs) \ {w',w,v,v'}. Note
that since g(z) > 5 for both z € {v, w}, it follows that w'wvv’ is an acceptable path for Gs.
Note that Ky = (Go, L', w'wvv’, ANV (G3)) is a canvas. If K; is an exceptional canvas of
type (i), then there is a vertex u € A adjacent to both v" and w’, a contradiction. Moreover,
K, is not an exceptional canvas of type (ii) since both w and v have girth at least five
and every vertex in a generalized wheel has girth three. Finally, K5 is not an exceptional
canvas of type (iii) since its precoloured path has four vertices. Since |V (Gs)| < |V(G)]
and K is a minimum counterexample to Theorem 2.1.6, G5 admits an L’-colouring ¢’. But
then ¢ U ¢’ is an L-colouring of G, a contradiction. n

2.2.5 Broken Wheel Lemmas

The next lemma restricts the set of possible generalized wheels contained in G.

Lemma 2.2.12. Suppose u is a vertex in Int(C) that is adjacent to two distinct vertices
v; and v; on C, where {i,7} N{2,...,k —1} =0 (so that neither v; nor v; is an internal
vertezx of the path S). Let Q) be the path in C with endpoints v; and v; containing no edges
of S. Then G contains a subgraph W which is a broken wheel with principal path v;uv;
such that Q) is in the outer face boundary of W.

Proof. Suppose not. Note that by Lemma 2.2.10, v;, u, and v; all have girth three. The
path v;uv; separates G into two subgraphs G; and Gs. (By Observation 2.2.7, S contains
at least three vertices and so it follows that V(G;) \ V(Gs—;) # 0 for each i € {1,2}.)
Since neither v; nor v; is an internal vertex of the path S, we may assume without loss
of generality that S C G;. By Observation 2.2.1, K[G;] is an unexceptional canvas. By
the minimality of K, it follows that (G; admits an L-colouring ¢. By assumption, G5 does
not contain a subgraph W that is a broken wheel with principal path v;uv; such that
the vertices on the outer cycle of W are on the outer cycle of GG5. Suppose GG does not
contain a generalized wheel W with principal path v;uv; such that the vertices on the
outer cycle of W are in the outer cycle of G5. Let L' be a list assignment for G5 obtained
from L by setting L'(v) = {¢(v)} for v € {v;,u,v;}, and L'(v) = L(v) otherwise. Then
Ky = (G, L', viuvj, ANV (Gy)) is a canvas. Note that since v;uv; has only three vertices,
it is an acceptable path. If K5 is unexceptional, then (G admits an L’-colouring ¢’; but
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then ¢ U ¢’ forms an L-colouring of GG, a contradiction. Thus K5 is exceptional, and since
v;uv; has only three vertices, K is an exceptional canvas of type (iii).

It follows that G5 contains a subgraph W that is a generalized wheel but not a broken
wheel such that the vertices on the outer cycle of W are on the outer cycle of G5. By
Lemma 2.2.3, every chord of the outer cycle of GG has u as an endpoint. Thus all edges on
the outer cycle of W are on the outer cycle of G5. By Lemma 2.2.4, every triangle in G5 has
no vertices in its interior. It follows that W = G, and so that G5 is a near-triangulation.
By Theorem 2.1.10, there is at most one colouring of v;uv;, say ¢, that does not extend
to a colouring of Gy. Let L*(u) = L(u) \ ¢(u), and L*(v) = L(v) for all v € V(G) \ {u}.
Note that since g(u) = 3 and v € V(Int(C)), we have that |L(u)| > 5. It follows that
L (w)] > 4

Since K[G] is unexceptional and |L*(u)| > 4, it follows that (Gy, L*,S, ANV (Gy))
is an unexceptional canvas. By the minimality of K, we have that G; admits an L*-
colouring ¢*. Let L** be the list assignment for Gy obtained by setting L**(v) = {¢*(v)}
for all v € {v;,u,v;} and L**(v) = L(v) otherwise. By Theorem 2.1.10 and the fact that
©*(u) # (u), we have that (Gq, L™, viuv;, AN V(G;)) admits an L**-colouring ¢**. As
©* U e*™ is an L-colouring of GG, this is a contradiction.

]

The following lemma provides some insight into the structure surrounding the broken
wheels described by Lemma 2.2.12. It will be useful in bounding the size of certain broken
wheels in G.

Lemma 2.2.13. Suppose W C G is a broken wheel with outer cycle wwyws ... waw and
principal path wyww; such that w € V(Int(C)); V(W) \ {w} C (V(C)\ V(S)) U {v1,v};
andt > 3. Let 1 < j <t —2, and let G’ be the graph obtained from G by identifying w;
and wjio to a new vertex z and deleting wj1. Let x € V(G') \ {z}. The following both
hold.

1. If go(x) > 5, then gor(z) > 5.

2. If go(x) =4, then go(z) > 4.
Proof. Suppose not. Then gg(z) > 4, and go(z) < gg(x). Moreover, x & V (W), since
every vertex in a broken wheel has girth three. By Lemma 2.2.3, every chord of the outer

cycle of W has w as an endpoint. Thus all edges on the outer cycle of W other than ww,
and ww; are in F(C). Moreover, every triangle in G —and so in particular, every triangle
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in W —has no vertex in its interior by Lemma 2.2.4. Let H’ be a smallest cycle in G’
containing z. Note that H' is induced. Since go(z) < go(z), it follows that z € V(H').
First suppose that w € V(H'). Then since z € V(H’) and H' is an induced cycle it follows
that zw € E(H’). Let w' # w be a neighbour of z in H'. Since z is the identification of w;
and w, o, it follows that G contains a cycle P obtained from H’ by replacing the path wzw’
with one of ww;w" and ww;;ow’. This is a contradiction, since then |V (P)| = |V(H")|, but
by assumption |V (H')| < gg(x).

Thus we may assume that w ¢ V(H'). It follows that {wy,...,w} \ {wj, wj w2} C
V(H'). Let H be the cycle in G obtained from H' by replacing z by the path w;w; 1w;o.
Since every triangle in W has no vertices in its interior and w ¢ V(H), it follows that
w € V(Int(H)). Note that |V(H')| > 3, and so |V(H)| > 5. If |V(H)| = 5, this contradicts
Lemma 2.2.8 since gg(x) > 4 by assumption and x € V(H). Thus |V (H)| > 6, and so that
that |V(H')| > 4. If |V(H)| > 7, then |V(H')] > 5 and so ge/(x) > 5, a contradiction.
Thus we may assume that |V (H)| = 6, and so that |V (H')| = 4. It follows that gg(x) > 5.
But then this contradicts Lemma 2.2.9, since z € V(H).

]

We are now equipped to bound the size of certain broken wheels in G.

Lemma 2.2.14. Suppose that W C G s a broken wheel with outer cycle wwiws - - - wyw
and principal path wyww; such that w € V(Int(C)); V(W) \ {w} C V(C)\ V(5); and
t > 3. There does not exist an index 1 < j <t —2 such that L(w;) = L(wj42).

Proof. Suppose not. Let j be an index with 1 < j < ¢ — 2 and L(w;) = L(wj12). By
Lemma 2.2.3, every chord of the outer cycle of W has w as an endpoint. Thus every
edge on the outer cyce of W other than ww; and ww; is in E(C'). Moreover, note that
every triangle in W has no vertices in its interior by Lemma 2.2.4. Let G’ be the graph
obtained from G by identifying w; and wj;s to a new vertex z and deleting w;;. Note
that G’ is planar, and inherits the embedding of G. Set L(z) = L(wj;). Since w; is in a
broken wheel in G, go(w;) = 3. Since w; ¢ V(5), it follows from Observation 2.2.5 that
|L(w;)| = |L(2)| = 3. (Similarly, |L(w;41)| = |L(wj12)| = 3.) By Lemma 2.2.13, we have
that for all x € V(G') \ {2z}, if go(x) > 5, then ge(z) > 5; and that if go(z) = 4, then
[iled (l’) = 4.

It follows from this that K’ = (G',L,S,A) is a canvas. Moreover, it follows from
Lemma 2.2.13 that S is an acceptable path in G’. If K’ is unexceptional, then since
K is a minimum counterexample it follows that G’ admits an L-colouring ¢. This is a
contradiction, since ¢ extends to an L-colouring of G by setting ¢(w;) = ¢p(wji2) = ¢(2),
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and choosing ¢(wji1) € L(wjy1) \ {o(w;), dp(w)}. (Since g(w;+1) = 3, it follows that
|L(w;4+1)| = 3 and so that w;; receives a colour.)

Thus K’ is an exceptional canvas. Since C' is chordless by Lemma 2.2.3, it follows
that K’ is not an exceptional canvas of type (i) or (ii). Thus we may assume that K’ is
an exceptional canvas of type (iii), and so that G’ contains a generalized wheel W’ with
principal path S such that the vertices on the outer cycle of W’ are on the outer cycle of G'.
Again because C' is chordless it follows that the outer cycle of W’ is the outer cycle of G,
and that the outer cycle of G’ is also chordless. Since the outer cycle of every generalized
wheel that is not a wheel or a triangle has a chord, we have that W' is a wheel. It follows
that every triangle in G’ corresponds to a triangle in G (replacing z by w; or w2 where
appropriate). By Lemma 2.2.4, we have that W' = G’; and since w € V (Int(C)), it follows
further that w is the only vertex in W’ not in the outer cycle of G’. But then G too is a
wheel with principal path S, and since |L(w;+1)| = 3 by Observation 2.2.5, it follows that
K is an exceptional canvas of type (iii) —a contradiction. O

To close this subsection, we give one last lemma: it restricts still further the set of broken
wheel subgraphs in G. It is used in Section 3 to argue concisely that upon performing our
main reductions (colouring and deleting a subset of the vertices of GG, and adjusting lists
where appropriate), what remains is not an exceptional canvas of type (iii).

Lemma 2.2.15. If S has length two and contains only vertices of girth three and |V (C)| >
5, then V(Int(C)) does not contain a vertex w adjacent to vs, vy, and vs.

Proof. Suppose not. By Lemma 2.2.4, triangles in G have no vertices in their interior, and
so Int(wvgvgw) = 0 and Int(wvgvsw) = O. Thus N(vy) = {vs,vs, w}. Since vy has girth
three, it is not contained in A. Thus by Observation 2.2.5, we have that |L(vs)| = 1 and
|L(vy)| = 3. We claim L(vs) C L(vy). To see this, suppose not. Let G* be the graph
obtained from G by deleting vs, and let L* be a list assignment for G* obtained by setting
L*(v) = L(v) for all v € V(G) \ Ng(vs), and L*(v) = L(v) \ L(vs) for all v € Ng(vs).
Let C* be the graph whose vertex- and edge-set are precisely those of the outer face
boundary of G*. Let A* be the set of vertices with lists of size two under L*. We now show
that K* = (G*,L*,S — v3, A*) is a canvas. To see this, note that |L*(vs)| = |L(vs)| by
assumption, and that every vertex v € V(C*) \ V(C) satisfies |L*(v)| > |L(v)| — 1. Thus
every vertex v in A*\ A has |L(v)| = 3 and hence has girth at least 5 in G. Since every
vertex in A*\ A is adjacent to vs, follows from Lemma 2.2.10 that A* is an independent
set. Finally, S —v3 has only two vertices; hence S — v3 is an acceptable path in G* and K*
is unexceptional. By the minimality of K there is an L-colouring ¢ of K* which extends
to an L-colouring of K by setting ¢(v3) € L(vs), a contradiction. This proves the claim.
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Thus L(vs) C L(vs). By assumption, g(vy) = 3 and so |L(v4)| = 3. Without loss of
generality we may assume that L(vs) = {1} and that L(vy) = {1,2,3}. Let L’ be the list
assignment obtained from L by setting L'(w) = L(w) \ {2,3}, and L'(v) = L(v) for all
v e V(G)\{w}. Let C”" be the graph with vertex- and edge-set precisely those of the outer
face boundary walk of G —v,. (Thus C" is the cycle obtained from C' by replacing the path
v3v4v5 by the path vswwvs.) Note that since w € V(Int(C)) and g(w) = 3, it follows that
|L(w)| > 5 and so that |L'(w)| > 3. Thus K’ = (G — vy, L/, S, A) is a canvas.

If K’ is unexceptional, then by the minimality of K we have that G — v4 admits an L'-
colouring ¢ which extends to an L-colouring of G by choosing ¢(vs) € L(vy)\{é(v3), #(vs)},
a contradiction.

Thus we may assume that K’ is an exceptional canvas. Since S is a path of length
two, we have further that K’ is an exceptional canvas of type (iii). Thus G — v, contains
a subgraph W that is a generalized wheel with principal path S such that the vertices
on the outer cycle of W are on C’. Since V(C’) \ {w} C V(C) and K is unexceptional,
we have that w € V(W) and moreover that w is in the outer cycle of W. Let u be the
neighbour of w in the outer cycle W with u # v3. Note that v € V(C). Thus the path
vswu separates G into two graphs GG; and Gy where without loss of generality S C G,
and since C' is chordless by Lemma 2.2.3, the outer cycle of 1 is the outer cycle of W.
By Lemma 2.2.4, every triangle in W (and thus in G) has no vertex in its interior and so
(g1 is a near-triangulation. By Lemma 2.2.12, w is adjacent to every vertex in the subpath
of C' with endpoints v3 and u containing no edges of S and hence by Lemma 2.2.4, GG5 is
a near-triangulation. Thus G is a near-triangulation. Since K is not exceptional, we have
by Theorem 2.1.8 that G admits an L-colouring, a contradiction.

]

2.2.6 Towards a Deletable Path

In this subsection, we give several lemmas necessary for establishing the existence of our
main reducible configuration, called a deletable path. We end this subsection with the
precise definition of the path. Recall that S = vyvy... v, and that C' = vivy - - vg - - - V401
Moreover, we have assumed that G[V(S)] has an L-colouring. By Lemmas 2.2.4 and 2.2.6
and the fact that k& < 4 by definition, it follows that S is not a cycle: that is, ¢ # k.
Lemma 2.2.16 shows that in fact C' contains several non-S vertices: in particular, that
q > k+ 3. In Lemma 2.2.17, we show that if vy, 1 € A, then in fact ¢ > k + 4. Lemma
2.2.20 partially describes the list assignment of vy, 1, vkye, and vi 3. Corollary 2.2.21
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restricts A N {vgi1, Vkt2, Vkts, Vk+a} and is used in showing that G contains a deletable
path, formally defined in Definition 2.2.22.

Lemma 2.2.16. ¢ > k + 3.

Proof. Suppose not. Asnoted above, k # g. We claim that G[V (C')] admits an L-colouring.
To see this, suppose that V(C) \ V(S) contains only vertices with lists of size two. Then
by definition V(C) \ V(S) € A —and since A is an independent set in G, it follows that
[V(S)| =4, and A contains only a single vertex that is adjacent to both v; and vy. This is a
contradiction, since K is not an exceptional canvas of type (i). It follows that V(C)\ V(.5)
contains a vertex with a list of size three. Since C'is chordless by Lemma 2.2.3, we have
then that G[V(C)] is L-colourable. Therefore since G does not admit an L-colouring,
V(Int(C)) # 0.

First assume ¢ = k + 1. Note that £ = 4 since otherwise one of Lemmas 2.2.4 and
2.2.6 gives a contradiction. By Lemma 2.2.8, every vertex in C' (and so in particular, every
vertex in V'(S)) has girth three. But then S is not an acceptable path, a contradiction.

Next, assume ¢ = k + 2. Similar to the previous case, if & = 1 then C' contradicts
Lemma 2.2.4. If £ = 2, then C' is a 4-cycle with a vertex in its interior, contradicting
Lemma 2.2.6. If £ = 3, then since C' is a 5-cycle with a vertex in its interior, by Lemma
2.2.8 every vertex in S has girth three. Note that since C' is chordless by Lemma 2.2.3, C'
admits an L-colouring. Let ¢ be an L-colouring of C', and let G’ be the graph obtained from
G by deleting v, and vs. Let C’ be the graph whose vertex- and edge-set are precisely those
of the outer face boundary of G'. Let L’ be the list assignment for G’ obtained from L by
setting L' (v) = {¢(v)} for every v € V(S) and L'(v) = L(v) \ {¢(x) : * € Ng(v) N{vy,vs5}}
for all v € V(G") \ V(95).

Let A’ be the set of vertices in V(C")\ V(.S) with lists of size at most two under L. Note
that every vertex v € V(C') \ V(S) of girth at most four has |L'(v)| > 3, since vertices
in Int(C) of girth three had lists of size at least five and lost at most two colours, and
vertices in Int(C') of girth four had lists of size at least four and lost at most one colour.
Thus the vertices in A" all have girth at least five, and so A’ is an independent set. Note
no vertex in A’ is adjacent to both vs and vs in G for this reason: thus |L/(v)| = 2 for all
v € A'. Furthermore, (G', L', S, A’) is a canvas and does not admit an L'-colouring ¢', as
otherwise ¢ U ¢’ forms an L-colouring of GG, a contradiction. By the minimality of K, it
follows that (G', L', S, A’) is an exceptional canvas of type (iii): in other words, G’ contains
a generalized wheel W with principal path S such that the vertices on the outer cycle of
W are on the outer face boundary of G’, and no vertex in the outer cycle of W has a list of
size more than three. By the definition of generalized wheel, all vertices in the outer face
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boundary of W have girth three. It follows that all vertices in the outer cycle of W that
are not in V(C) are in Int(C), have girth three, and (as they have lists of size at most three
under ') are adjacent to both vy and vs. Since triangles in G have no vertices in their
interiors by Lemma 2.2.4, it follows that there exists exactly one vertex u € V(Int(C))
that is adjacent to both u, and wus, and therefore only u is in the outer cycle of W and not
in V(C). Thus u is adjacent vy, v3, v4 and vs in G. Since 4-cycles in G have no vertices
in their interiors by Lemma 2.2.6 and g(ve) = 3 since vy is in a generalized wheel W, it
follows that w is also adjacent to vo. But then G is a wheel, and K is an exceptional canvas
of type (iii) —a contradiction.

Thus we may assume k = 4, and so that ¢ = 6. In this case, let ¢ be an L-colouring of
C. Let G’ be the graph obtained from G by deleting vg and vs, and let C” be the outer cycle
of G’. Let L’ be the list assignment for G’ obtained from L by setting L'(v) = {¢(v)} for
every v € V(S) and L'(v) = L(v) \ {¢(z) : © € Ng(v) N{vs,v6}} for all v € V(G") \ V(9).

Note that every vertex v € V(C”) \ V(S) of girth at most four has |L'(v)| > 3: to see
this, note that if v has girth three in G, then |L(v)| > 5; similarly, if v has girth four in G,
then |L(v)| > 4 and v is adjacent to at most one of vs and vg in G.

Let A” C V(C")\ V(S) be the set of vertices v with |L'(v)| < 2. Note that A’ contains
only vertices of girth at least five by the foregoing paragraph. It follows that A’ is an
independent set, since every vertex in A’ is adjacent to one of v5 and vg in G. Furthermore,
since every vertex in A’ has girth at least five, |L'(v)| = 2 for all v € A’. Thus (G', L', S, A")
is a canvas. Finally, no vertex in A’ is adjacent to either of v; or vy, again because every
vertex in A’ has girth at least five and is adjacent to one of vs and vg. Thus (G', L/, S, A)
is not exceptional of type (i) or (ii), and since |V (S)| =4, (G', L', S, A’) is not exceptional
of type (iii). By the minimality of K, it follows that G’ admits an L’-colouring ¢’. By
construction, ¢ U ¢ is an L-colouring of (G, a contradiction. O

If vg41 € A, then Lemma 2.2.16 can be strengthened. This is shown below.

Lemma 2.2.17. Ifv,, € A, then q # k + 3.

Proof. Suppose not. Note that we may assume |V(S)| = 4, as otherwise since g(vgy1) > 5,
we obtain a contradiction to one of Lemmas 2.2.6-2.2.9. We break into cases, depending
on whether or not v 3 is in A.

Case 1: v, 3 is in A. In this case, let ¢ be a colouring of C'. Note that ¢ exists, since
C' is chordless by Lemma 2.2.3 and vgyo € A. Thus V(Int(C)) # (. Let G’ be the graph
obtained from G by deleting vy.1, vrye, and viy3. Let L' be the list assignment for G’
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obtained from L by setting L'(v) = {¢(v)} for every v € V(S) and L'(v) = L(v) \ {¢(x) :
r € Ng(v) N {vkt1, Vgta, Ukys}} for every v € V(G') \ V(S). Let C" be the graph whose
vertex- and edge-set are precisely those of the outer face boundary of G’, and let A’ be the
set of vertices in V(C”) \ V(S) with lists of size at most two under L. We now show that
K' = (G',L',S,A") is a canvas. Note that every vertex z € V(Int(C)) is adjacent to at
most one of Vg1, Vg0, and vy 3: this follows immediately from the fact that both vy, and
vk+3 are in A, and so by definition have girth at least five. Thus |L/(z)| > 4 for every vertex
x of girth three in V(C") \ V(5). Similarly, |L'(x)| > 3 for every vertex x of girth four in
V(C")\ V(S). Thus A’ contains only vertices of girth at least five, and moreover every
vertex v in A’ satisfies |L/(v)| = 2. It remains only to show that A’ is an independent set.
Suppose not: then there exist vertices ay, ay in A" such that {ajaq, 143, asvg11} C E(G).
But by Lemma 2.2.8, V(Int(ajaovk110k120k4301)) = 0 since g(a;) > 5. This implies that
deg(vg12) = 2, which is of course a contradiction since |L(vgi2)| = 3 and K is a vertex-
minimum counterexample. Thus K’ is a canvas. We now show it is unexceptional. It is
not exceptional of type (iii) since |V (S)| = 4. Moreover, it is not exceptional of type (i)
since every vertex in A" has girth at least five and is adjacent to one of vy, 1, Vkyo, and vy 3
in G. Finally, as noted above each vertex z € V(C”") \ V(S) with g(x) = 3 has |L/'(z)| > 4.
Since K is unexceptional, it thus follows that K’ is not an exceptional canvas of type (ii).

Case 2: v, 3 is not in A. Since A is an independent set and vy € A, it follows that
Vgre & A and so that |L(vgyo)| = 3. Thus vy o contains a colour ¢ not in the list of vy, 1. Let
¢ be a colouring of vg o and vyy3, where @(vgyo) = ¢ and ¢(vgi3) € L(vgss) \ ({c} U L(v1)).
Let G’ be obtained from G by deleting v 2 and vg, 3. Let L’ be the list assignment for G’
obtained from L by setting L'(v) = {¢(v)} for every v € V(S) and L'(v) = L(v) \ {¢(z) :
z € Ng(v) N {vgya, vki3}} for every v € V(G') \ V(S). Note that by our choice of ¢,
we have that L(viy1) = L'(vgy1). Let A’ be the set of vertices v € V(G') \ V(S) with
|L'(v)| <2, and let C" be the graph whose vertex- and edge-set are precisely those of the
outer face boundary of G’. As in the previous case, we will argue that (G', L', S, A") is
an unexceptional canvas. First, note that since every vertex v € V(C') \ V(S) of girth
three has |L(v)| > 5, it follows that for each such vertex |L/(v)| > 3. Similarly, since every
vertex v € V(C") \ V(S) with g(v) = 4 is adjacent to at most one of vy o and vy, 3 in G,
it follows that each such vertex has |L'(v)| > 4. Thus every vertex in A’ has girth at least
five. Note furthermore that every vertex in A’ has at least two colours in its list under L/,
since ¢ € L(vgy1) and every vertex in A’ is adjacent to at most one of vgyo and vgy 3. We
claim moreover that A’ is an independent set: again, this follows easily from the fact that
every vertex in A" has girth five and is adjacent to one of vy, o and vy, 3.

Thus (G', L', S, A’) is a canvas; it remains only to show it is unexceptional. That it is
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not exceptional of type (i) follow from the facts that vy € A" and C is chordless (thus
v € E(G)), and that no vertex in A’ \ A is adjacent to both v; and v, since every
vertex in A"\ A is adjacent to one of vg1o and vg3. Suppose now that (G, L', S, A) is
exceptional of type (ii). In this case, there exists a vertex v € V(Int(C')) of girth three
that is adjacent to a vertex u in A" and |L'(v)| = 3. Since |L(v)| > 5, it follows that v is
adjacent to both vy, 3 and v,o. Since every vertex in A’ is adjacent to one of vy, 3 and
Uk42 in G and has girth at least five, this is a contradiction. Finally, (G', L', S, A") is not
an exceptional canvas of type (iii) since S contains four vertices. By the minimality of K
and the fact that |V(G")| < |V(G)|, we have that G’ admits an L’-colouring ¢’. This again
is a contradiction, since ¢ U ¢ is an L-colouring of G. O]

We make the following definitions for convenience.

Definition 2.2.18. Let &£’ be an index defined as follows: if vy, € A, then &' = k + 1.
Otherwise, k' = k.

Definition 2.2.19. The available colour ¢ at vy is defined as follows: if k = k/, then
c € L(vy), and if &' =k + 1, then ¢ € L(vy) \ L(vg).

By Observation 2.2.5, |L(v)| = 1 and if vy € A, then |L(vp)| = 2. We will show
below in Lemma 2.2.20 (1) that the available colour at vy is uniquely determined.

By Lemmas 2.2.16 and 2.2.17, there exist vertices vg i1, Vg 42, Vg3 € V(C)\V(S). The

following lemma partially describes their list assignments.

Lemma 2.2.20. The following hold.

(1) Lv) C L(vk41),
(2) L(vpi1) \ {c} C L(vp o), where ¢ is the available colour at vy, and
(3) L(vi42) © L(vp+3).

Proof of (1). Suppose not. That is, suppose L(vg) ¢ L(vg41). Recall that by Observation
225, |L(v)| = 1. Let G" = G — v, and let L' be a list assignment for G’ defined by
L'(v) = L(v) \ L(v) for all v € Ng(vg), and L'(v) = L(v) for all v € V(G’) \ Ng(vg). Note
that L(vgy1) = L' (vgk41) since L(vg) ¢ L(vg41). Let A" be the set of vertices in V(G')\V (S)
that have lists of size at most two under L. Since L(vgy1) = L'(vgy1), it follows that
Vg1 & A\ A. Since C is chordless by Lemma 2.2.3, it follows that A’\ A C V(Int(C)).
Thus every vertex v € A"\ A is a neighbour of v, in G and has |L(v)| = 3, and so every
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vertex v € A’ \ A satisfies both |L'(v)] = 2 and g(v) > 5. Since every vertex in A has
girth at least five by definition, it follows that every vertex in A’ has girth at least five.
Since every vertex in A"\ A is adjacent to vy in G and is in V(Int(C)), it follows from
Lemma 2.2.10 that A’ is an independent set. Thus (G’, L', S — vy, A’) is a canvas. Note
that S — vy is an acceptable path in G’, since a subpath of an acceptable path is itself
acceptable. Furthermore, note that |V (S — v;)| < 3; and if |V(S — vi)| = 3, then by the
definition of acceptable path S — v contains a vertex of girth at least four. It follows
that (G’, L', S — v, A') is unexceptional. By the minimality of K, we have that G’ admits
an L’-colouring ¢. But ¢ extends to an L-colouring of G by setting ¢(vy) € L(vg), a
contradiction. O

Proof of (2). Suppose not. That is, suppose there exists a colour ¢ € L(vgy1) \ ({c} U
L(vg42)). Let G' = G — vp 41, and let L' be a list assignment for G’ defined by L'(v) =
L(v) \ {c'} for all v € Ng(vg11) \ {vr}, and L'(v) = L(v) for all other v € V(G’). Let A’
be the set of vertices in V(G') \ V(S) that have lists of size at most two under L’. Since
d & L(vp2), it follows that L'(vgy2) = L(vgy2). Since C' is chordless by Lemma 2.2.3,
we have further that A\ A C V(Int(C)). We claim K’ = (G', L/, S, A") is a canvas; the
argument is identical to that in the proof of (1).

First suppose K’ is unexceptional. Then by the minimality of G we have that G’ admits
an L'-colouring ¢. By the definition of available colour at vy, it follows that ¢(vy) = c.
Since ¢ # ¢, we have that ¢ extends to an L-colouring of G by setting ¢(vpy1) = ¢, a
contradiction. Thus we may assume that K’ is exceptional.

Suppose next that K’ is an exceptional canvas of type (i). Then there exists a vertex
u € A’ adjacent to v; and vs. Since K is unexceptional, we have that u ¢ A. Thus
u e A"\ A; but vjuvy contradicts Lemma 2.2.10, since u € V(Int(C')) and g(u) > 5.

Next, suppose (G', L', S, A") is an exceptional of type (ii). Then there exists a vertex
v € V(G \ V(S) with g(v) = 3 and |L'(v)| = 3 such that v is adjacent to one of vy
and vs. Since C' is chordless, v € V(Int(C)), and so |L(v)| > 5. But then |L'(v)| > 4, a
contradiction.

Thus we may assume that K’ is an exceptional canvas of type (iii), and therefore that
G’ contains a generalized wheel W such that the vertices on the outer cycle of W are on the
outer cycle of G’ and have lists of size at most three under L’. Since K is unexceptional, it
follows that there exists a vertex w on the outer cycle of W that is not on the outer cycle
of G. Since w € V(W), we have that g(w) = 3 and so |L(w)| > 5. But then |L'(w)| > 4,
a contradiction. O]
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Proof of (3). Suppose not. That is, suppose there exists a colour ¢ € L(vp12) \ L(vg43).
Let ¢ be an L-colouring of vgp4o and vpy; where ¢(vpi2) = ¢ and where ¢(vpy1) €
L(vi41) \ {c, '}, where ¢ is the available colour at vy,. Note that since A is an independent
set, |L(vi4+1)| = 3 and so ¢ exists as described.

Let G’ be the graph obtained from G by deleting vgyy1 and vy 4o, and let C” be the
subgraph of G’ with vertex-set and edge-set equal to that of the outer face boundary
walk of G'. Let L’ be a list assignment obtained from L by setting L'(vy) = L(vy), and
L'(v) = L)\ {¢(v;) : i € {K' + 1,k + 2} and v; € N(v)} for all v € V(G') \ {vp'}. Let
A" be the set of vertices in V(G') \ V(S) with lists of size at most two under L'. Note
that by assumption, L'(viy3) = L(vp43) and so since C' is chordless by Lemma 2.2.3 it
follows that every vertex v € V(C) \ {vp41, p42} satisfies L(v) = L'(v). We claim that
K' = (G L' S, A") is a canvas. To see this, note that every vertex v € V(Int(C)) with
g(v) = 3 satisfies |L(v)| > 5 and thus |L/(v)| > 3. Similarly, every vertex v € V(Int(C))
of girth four is adjacent to at most one of vy 41 and vy 4o in G and so satisfies |L'(v)| > 3.
It follows that every vertex v € A’ has girth at least five and so has exactly two colours
in its list under L’. Finally, we note that A’ is an independent set. To see this, observe
that every vertex in A"\ A has girth at least five and is adjacent to one of vy 1 and vy 1o
in G. Thus A"\ A is an independent set, and it follows from Lemma 2.2.10 that there are
no edges between vertices in A"\ A and vertices in A. This proves the claim that K’ is a
canvas.

First suppose that K’ is unexceptional. By the minimality of K, we have that G" admits
an L’-colouring ¢'. But then ¢ U ¢’ is an L-colouring of GG, a contradiction. Thus we may
assume K’ is exceptional.

Suppose next that K’ is an exceptional canvas of type (i). Then there exists a vertex
u € A’ adjacent to v; and wvy. Since K is unexceptional, we have that u ¢ A. Thus
u € A"\ A; but vyuvy contradicts Lemma 2.2.10 since u € V (Int(C)) and g(u) > 5.

Next, suppose that K’ is an exceptional canvas of type (ii). Then there exists a vertex
w e V(G")\ V(S) with g(w) = 3 and |L'(w)| = 3 such that w is adjacent to one of vy and
vg and to a vertex u € A’. Since C' is chordless, w € V(Int(C)). Since |L'(w)| = 3 and
w € V(Int(C)), it follows that w is a neighbour of both vy 1 and vy in G. If u € A,
then wwwg 41 contradicts Lemma 2.2.10 since g(u) > 5. Thus u € A"\ A, and so it follows
that u is adjacent to a vertex v in {vp i1, vp42}. This is a contradiction, since g(u) > 5
and uvwu is a cycle of length 3.

Thus we may assume K’ is an exceptional canvas of type (iii). Then k£ = 3, and §
contains only vertices of girth three. Moreover, G’ contains a generalized wheel W such
that the vertices on the outer cycle of W are on the outer cycle of G’ and have lists of
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size at most three under L'. Let vivovswy ... wsv; be the outer face boundary walk of .
Since |L'(w)| = 3, it follows that |L(w;)| > 3. Thus w; ¢ A. Moreover, wy # vj41 since
vp1 € V(G'). Tt follows that w; # v4, and so that wy; € V(Int(C)). Thus |L(w)| > 5;
and since |L'(wy)| = 3, we have that w; is adjacent to both vg 41 and vp 4o in G. Since
5 € {k + 1,k + 2}, we have that wyvs € E(G). Since w, is adjacent to vs, it follows from
Lemma 2.2.12 that w; is also adjacent to vy in GG. This contradicts Lemma 2.2.15. O

We require one final corollary, which will be used to show that G contains our main re-
ducible configuration. The corollary shows that AN{vg11, Vkt2, Vkts, Vkra} E {{Vk+1, Vkta},

{vrss}}

Corollary 2.2.21. v 3 ¢ A.

Proof. Suppose not. Since vp43 € A, it follows that |L(vg43)] = 2. Since A is an inde-
pendent set, vpio A and so by Observation 2.2.5 we have that |L(vg42)| = 3. But this
contradicts Lemma 2.2.20 (3).

]

Since A is an independent set, we thus have that if vy 1 € A, then AN{ vy 2, Vg3, Vpya} €
{0, {vks3}}. Similarly, if vy € A, then AN {vgi1, Viro, virs} € {0, {vri2}}. To summa-
rize: AN {vpi1, Vpryo, Vias} € {0, {vpia}}.

We now define our main reducible configuration. It follows from Lemmas 2.2.16 and
2.2.17 that ¢ > k' + 3. Recall that by Observation 2.2.5, every vertex in V(C)\ (V(S)UA)
has a list of size three.

Definition 2.2.22. Let P = vj41U42 . .. v; be a subpath of C' satisfying the following set
of conditions:

L. je{k+3,...,q},
2. either V(P)N A = {vpi2} or V(P)NA =10,
3. L(vi—1) C L(v;) for all ¥ +3 <i < j, and
4. L(vj) € L(v( mod g)+1)-
We call P a deletable path.

By Corollary 2.2.21, we have that A N {vgy1, Vpra2, Va3t € {0, {vri2}}. Thus we
immediately have the following.

Corollary 2.2.23. G contains a deletable path.
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2.3 Proving Theorem 2.1.6

Before proceeding, we give a brief overview of this section. This section contains a proof
of our main technical theorem, Theorem 2.1.6. Recall that K = (G, L, S, A) is a coun-
terexample to Theorem 2.1.6, where |V(G)| is minimized over all counterexamples to the
theorem, and subject to that, where >y [L(v)| is minimized. By Corollary 2.2.23, G
contains a deletable path P = vy v 42 ... v;.

Most of the lemmas in this section take the following basic shape: we colour and
delete P, and argue about the structure of what remains. In Lemma 2.3.1, we show that
V(P)N A = {vpi2} and argue that there exists a separating path as described in Lemma
2.2.11, where the endpoints of the path are vy; and vgr 3.

From there, Lemma 2.3.2 establishes that no vertex in Int(C') is adjacent to two vertices
on P at distance at least two in P. This will be useful in arguing that upon deleting P
and modifying lists where appropriate, what remains is a canvas: that is, no list loses too
many colours. Finally, in Lemma 2.3.3, we colour and delete P as well as the separating
path described in Lemma 2.3.1 and argue via a series of claims that what remains is an
unexceptional canvas. By induction, this canvas admits an L-colouring —and so G admits
an L-colouring. This shows that K is not a counterexample to Theorem 2.1.6, completing
the proof.

We begin with the following lemma.

Lemma 2.3.1. V(P) N A = {vgia}, and there exist distinct vertices ui,us € V(Int(C'))
with g(uy) > 5 and g(ug) > 5 such that uy is adjacent to vg 1, us is adjacent to vy 3, and
uy 1S adjacent to us.

Proof. Suppose not. Let ¢ be an L-colouring of P such that: ¢(vj) € L(v( mod q)+1);
d(vp41) € L(virs1) \ {c}, where ¢ is the available colour at vy; if viio € A, then ¢ is a
2-colouring of P — v 41; and if vpio € A, then ¢ is a 2-colouring of P — vgpry1 — Upria.
Note that ¢ exists: by Observation 2.2.5 and the definition of deletable path we have that
L(vgry3) = L(v;) for all i € {k' +4,...,7}, and if vpo € A, then L(vgi2) = L(vpy3) as
well. By Observation 2.2.5 and Lemma 2.2.20 (1), the available colour at vy is unique.

Let G’ be the graph obtained from G by deleting V' (P), and let L’ be the list assignment
for G' obtained from L by setting L'(vy) = L(vy) and L'(v) = L(v) \ {¢(z) : z € V(P) N
Ng(v)} for all v € V(G') \ {vp}. Let C” be the subgraph of G’ whose vertex- and edge-set
are precisely those of the outer face boundary walk of G’ and let A’ be the set of vertices
in V(G")\ V(S) with lists of size at most two under L'.

We now show the following.
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Claim 1. (G', L', S, A’) is a canvas.

Proof. Suppose not. Note that by our choice of L', every vertex v € V(S) satisfies |L'(v)| =
1. First suppose there exists a vertex v € V(C") \ V(S) with g(v) = 3 and |L'(v)| < 3.
Note that if v € V(C) \ V(5), then since C is chordless by Lemma 2.2.3 and ¢(v;) ¢
L(V(j mod q)+1) by our choice of ¢, it follows that |L'(v)| > 3, a contradiction. Thus we
may assume v € V(C")\ V(C), and so that v € V(Int(C)). Since g(v) = 3, we have by the
definition of canvas that |L(v)| > 5. Since |L'(v)| < 3, it follows that v is adjacent to at least
three vertices in V(P); and in particular, since ¢ is a 2-colouring of P — vj/1o — V11, that
either vug 11 € E(G) or vugyo € E(G). Let £ be the smallest index such that vv, € E(G)
and ¢ € {k'+1,k"+2}. Let m be the largest index such that v,, € Ng(v) NV (P). Since v
neighbours at least three vertices in P, it follows that m > ¢+2. By Lemma 2.2.12, since v is
adjacent to v, and v,,, we have that v is also adjacent to voy 1, vpio, ..., Un_1. Thus for each
i€{l,...,m}, we have that g(v;) = 3. Since i < k' + 2 < m, it follows that g(vi42) = 3
and so that vg,o € A. Thus by the definition of deletable path, L(vgy2) = L(vgys). It
then follows from Lemma 2.2.14 that ¢ = k' + 1 and m = k' + 3.

Hence v is adjacent to vg/41, Vgry2, and vg13. Note that by Lemma 2.2.4,
V(Int(vog 10k 42v)) = V(Int(vog ovp43v)) = 0. Let G” be the graph obtained from G by
identifying vy 11 and vy 13 to a new vertex z and deleting vy 5. Let L(z) = L(vgy1). Note
that by Lemma 2.2.20 (2) and (3), we have that L(viy1) \ {¢} C L(vp43), where ¢ is the
available colour at vy, By Lemma 2.2.13, for every vertex z € V(G"), if gg(x) > 5, then
gor(x) > 5, and similarly if gg(x) = 4, then ggr(z) > 4. It follows that S is an acceptable
path in G”. Note that K" = (G”, L, S, A) is a canvas; in particular, |L(z)| = 3.

First suppose K" is unexceptional. By the minimality of K, we have that K" admits an
L-colouring ¢. Note that by definition of available colour, ¢(z) # ¢, where ¢ is the available
colour at v. But then ¢(z) € L(vp13), and so ¢ extends to an L-colouring of G by setting
P(vrt1) = p(vk4s) = @(2) and (vp42) € L(vws2) \ {©(2), ¢(v)}, a contradiction.

Thus we may assume that K” is an exceptional canvas. Since C'is chordless by Lemma
2.2.3, z ¢ A, and K is unexceptional, we have that K" is not an exceptional canvas of type
(i) or (ii). We may therefore assume that K" is an exceptional canvas of type (iii), and thus
that G” contains a subgraph W that is a generalized wheel with principal path .S such that
the vertices on the outer cycle of W are on the outer face boundary of G” and all have lists
of size at most three under L. Again because C' is chordless it follows that the outer cycle
of W is the outer cycle of G”, and that the outer cycle of G” is also chordless. Since every
generalized wheel that is neither a triangle nor a wheel has a chord in its outer cycle, it

follows that W is either a triangle or a wheel. Note that since K is unexceptional, we have
that z € V(W). Since |V (W)| > |V(S9)| + |{z}| = 4, we have that W is a wheel. It follows
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that every triangle in G” corresponds to a triangle in G (replacing z by vy 41 or vg 43 where
appropriate). By Lemma 2.2.4, we have that W = G”; and since v € V(Int(C')), it follows
further that v is the only vertex in W not in the outer cycle of G”. But then G too is a
wheel with principal path S, and since |L(vg42)| = 3 by Observation 2.2.5, it follows that
K is an exceptional canvas of type (iii), a contradiction. Thus we may assume that every
vertex in V(C") \ V(S) of girth three has a list of size at least three under L'.

Next suppose that there exists a vertex v € V/(C")\ V(S) with |L'(v)| < 2 and g(v) = 4.
Note that by our choice of ¢ and the fact that C is chordless by Lemma 2.2.3, we have
that L'(v) = L(v) for all v € V(C). Thus we may assume that v € V(C") \ V(C), and
so that v € V(Int(C)). Thus |L(v)| > 4. By Lemma 2.2.10, since g(v) = 4 we have that
v is adjacent to at most one vertex in V(P) and thus since |L(v)| > 4, it follows that
|L'(v)| > 3, a contradiction. Thus we may assume that every vertex in V(C’) \ V(5) of
girth four has a list of size at least three under L'.

It follows from the above that every vertex in A" has girth at least five. Suppose now
that there exits a vertex v € A’ with |L/(v)| < 1. Note that if v € V(C'), then by our choice
of ¢ and the fact that C' is chordless by Lemma 2.2.3 it follows that L(v) = L'(v). Thus we
may assume that v € V(C") \ V(C), and so that v € V(Int(C')). By Lemma 2.2.10, since
g(v) > 5 we have that v is adjacent to only one vertex in V(P) and so that |L'(v)| > 2,
a contradiction. Thus we may assume that every vertex in V(C") \ V() of girth at least
five has a list of size at least two under L'.

Since we assumed K’ is not a canvas, it follows that A’ is not an independent set. Thus
there exist distinct vertices uy,us € A’ such that ujus € E(G). (Note that ANV (P) = 0,
and so that in particular vy o & {u1,us}.) Since C' is chordless, {u;,us} € A. Suppose
that exactly one of u; and uy is in A. This contradicts Lemma 2.2.10, since g(u;) > 5
for each i € {1,2} and every vertex in A"\ A is adjacent to a vertex in V(P). Thus we
may assume that {u;,us} C A"\ A, and so that {uy,us} C V(Int(C)). Recall that by the
definition of deletable path, either V(P)N A =0 or V(P)N A = {vp42}. Since g(ui) > 5
and g(us) > 5 and each of u; and us is adjacent to a vertex in V(P), it follows from Lemma
2.2.11 that V(P)NA = {vp 42}, and that, up to relabelling u; and us, both wjv 11 € E(G)
and usvg 43 € E(G). Thus the hypotheses of Lemma 2.3.1 hold, a contradiction. O

Thus K' = (G', L', S, A") is a canvas by Claim 1. First suppose K’ is unexceptional.
Then by the minimality of K we have that K" admits an L’-colouring ¢’. But then ¢U¢’ is
an L-colouring of G, a contradiction. We may therefore assume that K’ is an exceptional
canvas.

Suppose next that K’ is an exceptional canvas of type (i). Then there exists a vertex
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u € A" adjacent to v; and vy. Since K is unexceptional, u ¢ A. Thus u € A"\ A, and so
uw € V(Int(C)). But then vyuvy contradicts Lemma 2.2.10, since g(u) > 5.

Next suppose that K’ is exceptional of type (ii). Then |V(S)| = 4, and moreover G’
contains a vertex w € V(G') \ V(S) of girth three with |L'(w)| = 3 adjacent to one of vq
and v3, and a vertex u € A" adjacent to w and one of v, and v;. Since |L'(w)| = 3 and C
is chordless by Lemma 2.2.3, it follows that w € V(C") \ V(C), and so that w is adjacent
in G to at least two vertices on P. If u € A, then w contradicts Lemma 2.2.10 since w is
adjacent to u and a vertex on P and g(u) > 5. Thus we may assume u € A"\ A. But then
since u is adjacent to one of v; and vy, again this contradicts Lemma 2.2.10, since every
vertex in A"\ A is adjacent to a vertex on P and g(u) > 5.

Thus we may assume K’ is an exceptional canvas of type (iii). Then k& = 3, and §
contains only vertices of girth three. Moreover, G’ contains a generalized wheel W such
that the vertices on the outer cycle of W are on the outer cycle of G’ and have lists
of size at most three under L'. Let vjvovsws ... wv; be the outer cycle of W. Since
|L'(wy)| = 3, it follows that |L(wy)| > 3. Thus wy ¢ A. Moreover, w; # vp 41 since
v € V(G'). Tt follows that wy # vy, and so since C' is chordless by Lemma 2.2.3 we
have that w; € V(Int(C)). Since g(w;) = 3, we have further that |L(w)| > 5; and since
|L'(wy)| = 3, we have that w, is adjacent to at least two vertices in V' (P). Since w; is also
adjacent to wvs, it follows from Lemma 2.2.12 that w is adjacent to v4 and vs in G. This
contradicts Lemma 2.2.15. [

Following Lemma 2.3.2, our final lemma—Lemma 2.3.3—will also involve colouring
and deleting P, restricting lists where appropriate, and arguing that what remains is an
unexceptional canvas. Lemma 2.3.2 shows that in doing so, the vertices in Int(C') lose at
most one colour from their list.

Lemma 2.3.2. There does not exist a vertex v € V(Int(C)) such that v is adjacent to two
vertices in V(P) at distance at least two in P.

Proof. Suppose not, and let v be a vertex adjacent to two vertices of P at distance at least
two. Let ¢ be the smallest index with &' +1 < i < j—2 such that v; € Ng(v)NV(P). Let m
be the largest index with &' +3 < m < j such that v,, € Ng(v)NV(P). By Lemma 2.2.12,
v is adjacent to every vertex in {v;, vii1,. .., Uy }: that is, vuv;41 ... v, is the outer cycle
of a broken wheel with principal path v,,vv;. By Lemma 2.3.1, V(P) N A = {vg42}. Since
g(vg42) > 5, it follows that ¢ > &'+ 3. By the definition of P, we have that L(v,,) = L(v;).
Since m > i + 2, this contradicts Lemma 2.2.14. O]
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Uk'+1

Uk’ 42

Uk'+3
Uz

Figure 2.2: The final cases considered in Lemma 2.3.3. Vertices in S are black; vertices
in A are drawn as four-pointed stars. On the left, v 1 € A and so k = k’. On the right,
since vy € A, it follows that &' = k 4+ 1. Recall that by definition, the deletable path P
begins at vg41; recall moreover that by Lemma 2.2.8, since g(u;) = 5 it follows that the
5-cycles in the figure have no vertices in their interior.

The following lemma concludes the proof of Theorem 2.1.6 (and moreover this chapter

of the thesis). See Figure 2.2 (below) for an illustration of the cases considered in Lemma
2.3.3.

Lemma 2.3.3. K s not a counterexample to Theorem 2.1.6.
Proof. Suppose not. By Corollary 2.2.21, G contains a deletable path P, and by Lemma
2.3.1, V(P) N A = {vg42} and there exists an edge ujus in E(Int(C)) such that both u,

and uy have girth at least five, and {ujvp 41, usvp13} C F(G). By Lemma 2.2.8, we have

o6



that Int(ujugvg 30k 12Vk41u1) = 0, and so that Ng(vpy2) = {vpr41, Vot We first show
the following.

Claim 2. There exists an L-colouring ¢ of G[{u1,us} UV (P)UV(S)] such that:

® 0(vj) € L(VG mod q)+1), and

o O(vpy1) is not the available colour at vy

Proof. Note that by Lemma 2.2.10, since g(u;) > 5 it follows that vy is the unique
neighbour of uy in V(P) U {vy,v,}. Similarly, since g(us) > 5, we have that vy 3 is the
unique neighbour of uy in V(P)U{vy, v }. Since each of u; and uy have girth at least five,
it follows that at most one of u; and us has a neighbour in V(.5).

Since |L(vg41)| = 3 and C' is chordless by Lemma 2.2.3, we have that G[V (P) UV (S)]
admits an L-colouring ¢ as described in the statement of the claim (by first colouring S
and then the vertices of P in decreasing order of index). Moreover, as argued above there
exists ¢ € {1,2} such that w; has degree at most two in H = G[{uy,uz} UV (P)UV(9)].
After colouring G[V(P) U V(S)], we then colour uz_; with a colour ¢(us—;) € L(us—;) \
{é¢(x) : x € Ny(uz—_;)}. Note that uz_; has at most two neighbours in H — u;, and so
since |L(us—_;)| > 3, we have that ¢(us_;) exists. Finally, we colour u; with a colour in
L(u;) \ {¢(x) : © € Ng(u;)}. Since u; has at most two neighbours in H and |L(u;)| > 3,
this is possible. O

Let ¢ be as in the statement of Claim 2, and let G’ be the graph obtained from G by
deleting V(P) U {uy,us}. Note that by Lemma 2.2.8 and the fact that g(u;) > 5, we have
that Int(vg 410k 420k 13UtV 1) = 0. Let C” be the graph whose vertex- and edge-set are
precisely those of the outer face boundary of G’. Let L’ be the list assignment obtained
from L by setting L' (vy) = L(vp ) and L'(v) = L(v)\{é(z) : z € (V(P)U{uy,us})NN(v)}
for all v € V(G') \ {vi}. Let A’ be the set of vertices in V(G’) \ V(S) with lists of size at
most two under L'.

Claims 3 and 4 will be used repeatedly to argue that (G’, L', S, A") is a canvas.
Claim 3. Every vertez v € V(C") satisfies L(v) = L'(v).

Proof. Let v € V(C"). Note that that since ujvp 41 € E(G) and g(uy) > 5, it follows from
Lemma 2.2.10 that w; is not adjacent to v. Similarly, us is not adjacent to v. By Lemma
2.2.3, C'is chordless and so no internal vertex of P is adjacent to v. Moreover, note that
L'(vy) = L(vy) by definition of L. Thus we may assume that v = v(; mod ¢)+1, as otherwise
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L(v) = L'(v). By Claim 2, ¢(v;) € ¢(v(j mod g)+1), and s0 L(v(j mod g)+1) = L'(V(; mod g)+1),
as desired. [

(1) (2)

Figure 2.3: Cases considered in Claim 4. Vertices in A are drawn as four-pointed stars.
Both u; and usy have girth five. Recall that by Lemma 2.2.8; since g(u;) = 5 it follows that
the 5-cycles in all figures have no vertices in their interior.

Claim 4. There does not exist a vertex in V(Int(C)) \ {u1,us} adjacent to a vertex in
V(P) and a vertex in {uy, us}.

Proof. Suppose not, and let v € V(Int(C)) \ {u1,u2} be a counterexample. Let i be an
index such that &' +1 < i < j and v is adjacent to v;. Since g(ug) > 5 and v is adjacent
to one of u; and ug, it follows that ¢ > k' + 4. See Figure 2.3 (below) for an illustration of
the cases considered in this claim.

First suppose v is adjacent to u;. In this case, the path vy jujvv; separates G into
two graphs G; and Gy where without loss of generality S C G;. By Observation 2.2.1,
K[G4] is an unexceptional canvas. By the minimality of K, it follows that G; admits an
L-colouring 1. Let L” be a list assignment for Gy obtained from L by setting L"(z) =
{Y(2)} for x € {vpry1,u1,v,v;}, and L (x) = L(z) for x € V(G2) \ {vp11,u1,v,v;}. Since
g(uy) > 5, it follows that vpjujvv; is an acceptable path for G5. Note that Ky =
(Ga, L, v yqugvv;, AN V(Gy)) is a canvas. If Ky is unexceptional, it follows from the
minimality of K that G5 admits an L”-colouring '. But then ¢ U’ forms an L-colouring
of GG, a contradiction. Thus we may assume K5 is an exceptional canvas.
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First suppose K is an exceptional canvas of type (i). Since AN V(G3y) = {vp4a}, it
follows that v .o is adjacent to v;. This is a contradiction, since ¢ > k' + 4 and C is
chordless by Lemma 2.2.3.

Next, suppose K, is an exceptional canvas of type (ii). Note that g(u;) > 5, and every
vertex in a generalized wheel has girth three. Thus there exists a vertex w & {uy, vp 1}
such that G5 contains a subgraph W that is a generalized wheel with principal path wvv;
such that the vertices on the outer cycle of W are on the outer face boundary of G5 and
have lists of size at most three under L”. Moreover, there exists a vertex in A N V(Gs)
adjacent to w and vy 1. Recall that ANV (Gg) = {vp o}, and Ng(vkio) = {vpa1, Uiz}
It follows that w = wvpi3. But vugsusuiv is a cycle of length four and g(us) = 5, a
contradiction.

Thus we may assume that K, is an exceptional canvas of type (iii). But this too is a
contradiction, since vy 1ujvv; is a path of length three.

Thus we may assume instead that v is adjacent to us. In this case, the path vg3usvv;
separates G into two graphs G; and G as above. Note here that i > k45 since g(uz) > 5.
The argument is the same as in the previous case, except that here V(G3) N A = (), and so
we have immediately that the canvas (G, L”, vp 1 3usvv;, ANV (Gy)) is unexceptional and
thus that G5 admits an L”-colouring, a contradiction. O

We now prove (G, L, S, A’) is an unexceptional canvas via the following claims.

Claim 5. Every vertezx v € V(C") \ V(S) with g(v) = 3 satisfies |L'(v)| > 3.

Proof. Suppose not, and let v € V(C") \ V(S) be a counterexample. By Claim 3, we have
that v € V(Int(C)) and so that |L(v)| > 5. Since |L'(v)| < 2, it follows that v is adjacent
to at least three vertices in V' (P)U{u, us}. It follows from Lemma 2.3.2 that v is adjacent
to at least one of u; and uy. But this contradicts Claim 4. ]

Claim 6. Every vertex v € V(C") \ V(S) with g(v) = 4 satisfies |L'(v)| > 3.

Proof. Suppose not, and let v € V(C”) \ V(S) be a counterexample. It follows from Claim
3 that v € V(Int(C')) and so that |L(v)| > 4. Since |L'(v)| < 2, it follows further that v is
adjacent to at least two vertices in V' (P) U {uy,us}. By Lemma 2.3.2, since g(v) > 3 we
have that v is not adjacent to two vertices in V(P). Since g(v) = 4, it follows that v is
adjacent to exactly one of u; and us and a vertex in V(P). This contradicts Claim 4. [
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From Claims 5 and 6, it follows that every vertex in A’ has girth at least five. The
following lemma completes the proof that (G', L', S, A") is a canvas. After this, it will
remain only to show that it is unexceptional.

Claim 7. A’ is an independent set, and if v € A’, then |L'(v)| = 2.

Proof. First, we show that every vertex in A" has two colours in its list under L. Suppose
not; let v € A’ have a list of size at most one. It follows from Claim 3 that v € A"\ A, and
so that v € V(Int(C)) and |L(v)| > 3. Since |L'(v)| < 1, we have that v is adjacent in G
to at least two vertices in V(P) U {uy,us}. Since g(v) > 5, we have that v is adjacent to
at most one of u; and uy. By Claim 2.2.10, we have furthermore that v is adjacent to at
most one vertex in V(P). Thus v is adjacent to exactly one of u; and uy, and exactly one
vertex in V' (P). This contradicts Claim 4.

It remains to show that A’ is independent. Suppose not: let v, w be two vertices in A’
with vw € E(G). Since A is an independent set, it follows that at least one of v and w is
in A"\ A. Without loss of generality, let v € A"\ A.

First suppose w € A. Note that v is not adjacent to a vertex in V(P), as otherwise v
contradicts Lemma 2.2.10. Since every vertex in A"\ A is adjacent to a vertex in V(P) U
{uy,us}, it follows that v is adjacent to a vertex u € {uj,us}. If u = wuy, define Q =
WoU Uk 1. If u = ug, define Q = wvusvp 3. In either case, since g(uy) > 5 and g(uy) > 5,
by Lemma 2.2.11 there exists a vertex © € A adjacent to both endpoints of ). This is a
contradiction, since A is an independent set and w € A is an endpoint of Q).

Thus we may assume that both v and w are in the set A"\ A. Note that if each of v and w
is adjacent to a vertex in V(P), then by Lemma 2.2.11 we have that without loss of general-
ity v is adjacent to vr41 and w is adjacent to vgy3. Since g(vg42) > 5, we have by Lemma
2.2.8 that Int(uy vk 10k 12Uk 43Uty ) = 0. Thus {uy, us} C V(Int(uvgy1vp 20k 43w)). This
is a contradiction, since g(vy42) > 5 and so by Lemma 2.2.8 we have that
Int(wuvg 1V 12Uk 3w) = 0.

Thus at least one of v and w is adjacent to a vertex in {uj,us}; moreover, since
g(v) > 5 and g(w) > 5, exactly one of v, w is adjacent to a vertex in {uy, us}. Without loss
of generality, we may assume v is adjacent to one of u; and us, and so that there exists an
index 7 such that w is adjacent to a vertex v; € V(P).

Case 1. i < k' + 4. Note that in this case, we may assume i = k' + 4. To see this,
suppose not. First assume v is adjacent to uy. If ¢ = k' + 1, then since g(u;) > 5 we
have by Lemma 2.2.8 that Int(vwug juiusv) = 0. Since Int(uguy Vg1V 12Uk 3u2) = B by
the same lemma, it follows that deg(u;) = 2. This is a contradiction, since |L(ui)| >
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3 and K is a vertex-minimum counterexample. It further follows from the fact that
Int(ugu1 Vg 41V 12Uk 13u2) = 0 that ¢ # k' + 2. Thus we may assume i = k' + 3. But
this is a contradiction, since vwuvg 4 3uzv is a 4-cycle and g(v) > 5. Symmetrical arguments
show that if v is adjacent to uy, then i & {k' + 3, k' + 2, k' + 1}.

We may therefore assume that i = & + 4. If v is adjacent to u;, then by Lemma
2.2.9 we have that Int(ujvwug 4ok isusuy) = 0 since g(uy) > 5. By Lemma 2.2.8,
Int(ugu1 Vg 41Uk 12Uk 13u2) = B, and so up has degree two. Since |L(ug)| > 3 and K is
a vertex-minimal counterexample, this is a contradiction since every L-colouring of G — us
extends to an L-colouring of G. Thus we may assume that v is adjacent to uy. See Figure
2.4 (1), below, for an illustration of this case.

Let ¢ be an L-colouring of v, 1 and vy 12, where ¢(vg41) is not the available colour at
vp. Let G" = G — vy — vpryo, and let L” be a list assignment for G” obtained from L by
setting L (viy) = L(vg), and L"(v) = L(v) \ {o(v;) 17 € {K' + 1,k + 2} and v; € Ng(v)}
for all v € V(G") \ {vx}. Let A” be the set of vertices in V/(G") \ V(S) with lists of size
at most two under L”. Note that A"\ A C Ng(vk41) U{vw13} and by definition of P, we
have that vy, 3 € A”.

By definition of P, since i = k' + 4 we have that vy,4 & A. Moreover, since C is
chordless by Lemma 2.2.3 there are no edges between vy 3 and vertices in A U {vy,v4}.
Since g(vp13) > 5 and vgryy € A, it follows from Lemma 2.2.10 that A” is an independent
set, and so that K" = (G”,L",S, A”) is a canvas. It further follows from Lemma 2.2.10
that there are no edges between A” \ A and {vy, v4}.

First suppose that K” is unexceptional. Since |V(G")| < |V(G)|, we have by the
minimality of K that G” admits an L”-colouring ¢”. But then ¢ U ¢” is an L-colouring of
G, a contradiction. Thus we may assume K" is exceptional.

Suppose that K” is an exceptional canvas of type (i), and so that there exists a vertex
u € A” adjacent to both v; and vy. Since K is unexceptional it follows that u € A” \ A.
This is a contradiction, since as noted above there are no edges between A”\ A and {vy, v4}.

Suppose now that K” is an exceptional canvas of type (ii). Then there exists a vertex
u € A” adjacent to one of v; and v, and to a vertex y such that either v vsy or vivoy is
the principal path of a generalized wheel W; where the vertices on the outer cycle of W,
are on the outer face boundary of G” and have lists of size at most three under L”. Note
that every vertex in a generalized wheel has girth three, and for every vertex = € V(G")
with gg(z) = 3, if |L(z)| > 3 then |L(z)| > 5 and so |L"(x)| > 4. It follows that every
vertex in the outer cycle of W is in the outer cycle of G. Since K is unexceptional, we
thus have that u € A”\ A. This is a contradiction, since there are no edges between A”\ A
and {vy,v4}.
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(1)

Uk/+4

(2)

Figure 2.4: Cases considered in Claim 7 of Lemma 2.3.3. Vertices in A are drawn as four-
pointed stars. The vertices v, w, u;, and uy all have girth at least five. Recall that by
Lemma 2.2.8, since g(u;) = 5 it follows that the 5-cycles in all figures have no vertices in
their interior.

Thus we may assume that K” is an exceptional canvas of type (iii) and thus that there
exists a subgraph W, that is a generalized wheel with principal path S such that the
vertices on the outer cycle of Wy are on the outer cycle of G” and have lists of size at most
three under L”. As noted above, for every vertex z € V(G”) with gg(x) = 3, if |L(z)| > 3
then |L(z)| > 5 and so |L"(x)| > 4. It follows that every vertex z in the outer cycle of
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W3 is in the outer cycle of G and has |L(z)| = |L”(z)|. Since K is unexceptional, this is a
contradiction.

Case 2. i > k' + 5. See Figure 2.4 (2) and (3), above, for an illustration of these cases. If
v is adjacent to uy, define Q) = vy uvwy;. If v is adjacent to us, define Q) = vy 3usvWY;.
In either case, the path () separates G into two graphs H; and Hy; where without loss
of generality S C H;. By Observation 2.2.1, K[H;] is an unexceptional canvas. By the
minimality of K, we therefore have that H; admits an L-colouring .

Let L” be a list assignment defined by L”(z) = L(x) for all z € V(H,) \ V(Q), and
L' (x) = {p(x)} for all z € V(Q). Note that Hj is 2-connected. Let Cy be the outer cycle
of Hy. By Claim 2.3.2 and the fact that g(w) > 5, we have that Ng(w) N V(P) = {v;}.
Similarly, Ng(u1) NV(P) = {vp41} and Ng(uz) NV (P) = {vg43}. Since v is adjacent to
one of u; and wuy, it follows from Lemma 4 that that Ng(v) N V(P) = (. Finally, since
g(x) > 5 for all x € {uy,us,v,w}, it follows that Cy is chordless. Since ¢ > k' + 5 and
V(P)N A= {k + 2}, it follows from Observation 2.2.5 that |L(v;,_1)| = 3.

Thus H,[V (Cs)] admits an L”-colouring ¢’ obtained by extending ¢ to Cy by colouring
the vertices of V/(C) N V(Cs) in increasing order of index. Let Hj be obtained from Hy
by deleting the vertices in V(Cy) NV(C). Let CY be the graph whose vertex- and edge-set
are precisely those of the outer face boundary of H), and let S = Q — C. Let L" be the
list assignment obtained from L by setting L"”(v) = L(v) \ {¢(x) : * € Np,(v)} for all
ve V(H)\V(S), and L"(u) = {¢'(u)} for all u € V(5). Let Ay C V(C%) \ V(S’) be
the set of vertices with lists of size at most two under L. Note that S’ is an acceptable
path, since it has exactly three vertices. We claim (Hj, L, S’, Ay) is a canvas. To see this,
note that since every vertex x € V(C5) \ V(S’) of girth three has |L(z)| > 5 and every
vertex y € V(C)) \ V(5') has |L(y)| > 4, it follows from Lemma 2.3.2 that every vertex
ue V(C)\ V(') with go(u) € {3,4} has |L"(u)| > 3. Thus A, contains only vertices of
girth at least five in G. Note that Ay N A = (), and hence |L(u)| > 3 for every u € Ay. Tt
therefore follows from Lemma 2.3.2 that every vertex in A, has a list of size exactly two
under L. It remains to show that A, is an independent set. To see this, suppose not.
Then there exists an edge y1y2 € E(Gy) with {y1,y2} C As. Note that every vertex in As
is adjacent in G to a vertex in V(P). Since gg(y1) > 5 and gg(y2) > 5, it follows from
Lemma 2.2.11 and the fact that V(P) N A = {vp12} that one of y; and vy, is adjacent to
V41 But since gg(uq) > 5, by Lemma 2.2.8 we have that V' (Int (uj ugvg 305420k 11)) = 0.
Thus no vertex in A, is adjacent to vy in G, a contradiction.

Thus K, is a canvas. Recall that w € V(5’) has girth at least five. Since V(S') = 3,
it follows that K5 is unexceptional. By the minimality of K, we have that H) admits an
L"-colouring ¢”. But then ¢” U ¢’ U@ is an L-colouring of GG, a contradiction. ]
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By the previous claims, we have that K’ = (G’, L', S, A’) is a canvas. We now show it
is unexceptional.

Claim 8. K’ is unexceptional.

Proof. Suppose not. First suppose K’ is an exceptional canvas of type (iii). Then G’
contains a generalized wheel W such that the vertices on the outer cycle of W are on the
outer cycle of G' and have lists of size at most three under L’. Let vivovsw; ... wvy be the
outer cycle of W. Since |L'(wy)| = 3, it follows that |L(w;)| > 3. Thus w; € A. Moreover,
wy # V41 since vy € V(G'). Tt follows that wy # vy, and so that w; € V(Int(C)). Thus
|L(wq)] > 5, and so we have that w; is adjacent to at least two vertices in V (P)U{uq, us}.
Since both u; and uy have girth at least five, it follows that w; is adjacent to a vertex vy
in V(P), with ¢ > k' 4+ 3. Since w; is adjacent to v, by Lemma 2.2.12 we have that w; is
also adjacent to vg/y1,Vpo,...,v_1. This contradicts the fact that vy o € A by Lemma
2.3.1, and thus g(vg12) > 5.

Next, suppose that K’ is an exceptional canvas of type (i). Then there exists a vertex
u € A" adjacent to v; and vy. Since K is unexceptional, u ¢ A. Thus u € A"\ A. By Claim
3, every vertex x € V(C) \ V(S) has L(z) = L'(x), and hence u ¢ V(C). It follows that
u € V(Int(C)). But then vyuv, contradicts Lemma 2.2.10.

We may thus assume that K’ is exceptional of type (ii): and in particular, that there
exists a vertex u € A’ such that u is adjacent to either v; or vy; and such that u is adjacent
to a vertex w € V(C') \ V(S) where vyvsw or vivew is the principal path of a generalized
wheel W where the vertices on the outer cycle of W are on the outer cycle of G' and all
have lists of size at most three under L’. Note that since C' is chordless by Lemma 2.2.3,
it follows that w ¢ V(C) and so that w € V (Int(C)).

First suppose that u € A. Since g(w) = 3 and w € V(Int(C)), it follows that | L(w)| > 5:
thus in G, w is adjacent to two vertices in V' (P) U {uy, us}. Note that since each of u; and
uo have girth at least five, it follows that w is adjacent to at most one of u; and us, and
thus that w is adjacent to a vertex v; in P. But since u € A and w is adjacent to both v;
and u, this contradicts Lemma 2.2.10.

Thus we may assume that v € A"\ A, and so that u is adjacent to a vertex = €
V(P) U {uy,uz}. If z € V(P), this contradicts Lemma 2.2.10 since u is also adjacent to
one of vy and vy. Thus u is adjacent to one of u; and wus.

First suppose u is adjacent to uy. If u is adjacent to vy, then by Lemma 2.2.11 applied
to u and u; we have that v; is adjacent to vy, 2. Thus ¢ = k' 4+ 2, a contradiction to either
Lemma 2.2.16 or Lemma 2.2.17. Thus we may assume that v is adjacent to vs, and by
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Figure 2.5: A case considered in Claim 8. Vertices in A are drawn as four-pointed stars.
Both u; and uy have girth five. Recall that by Lemma 2.2.8, since g(u;) = 5 it follows that
the 5-cycles in all figures have no vertices in their interior.

Lemma 2.2.11 applied to u and u;, we have that v5 € A. Thus in this case &' = k+ 1 =5.
See Figure 2.5, below. Note that since |L'(w)| = 3, we have that in G, w is adjacent to
two vertices in V(P) U {uy,us}. Since u; has girth five and w is adjacent to uy, it follows
that w is adjacent to a vertex v; € V(P). We claim ¢ > 8: this follows from the fact that
ug has girth five. The path vjuwv; separates G into two graphs GGy and Go, where without
loss of generality S C G;. By Observation 2.2.1, K[G}] is an unexceptional canvas. By the
minimality of K, it follows that GG; admits an L-colouring . Let L” be the list assignment
for G5 obtained from L by setting L”(v) = L(v) for all v € V(G3) \ {v4, u, w, v;} and setting
L"(v) = {p(v)} for all v € {vy, u,w,v;}. Note that since g(u) > 5, we have that vjuwv;
is an acceptable path for Gy. Moreover, Ky = (G, L”, vjuwv;, AN V(Gs)) is a canvas.
Since ANV (G3) = {vs,v7} and @ > 8, it follows from the fact that C' is chordless (Lemma
2.2.3) that K, is not an exceptional canvas of type (i). Since G is planar, we have that
w is not adjacent to vg. Since g(u;) > 5, we have furthermore that u is not adjacent to
vg. It follows that K, is not an exceptional canvas of type (ii). Finally, K is trivially not
an exceptional canvas of type (iii) since v uwv; has four vertices. Since |V (Gs)| < |V(G),
it follows from the minimality of K that Ky admits an L”-colouring ¢”. As ¢” U ¢ is an
L-colouring of G, this is a contradiction.

We may thus assume u is adjacent to us. Recall that w is adjacent to one of vy and
v3, and so since G is planar u is not adjacent to v;. Thus u is adjacent to v4. By Lemma

65



2.2.11 applied to us and u, there exists a vertex in A adjacent to vy and v, 3. Since C'is
chordless by Lemma 2.2.3, this is a contradiction. O]

Since K is a minimum counterexample to Theorem 2.1.6 and |V (G')| < |[V(G)|, it
follows that G’ admits an L'-colouring ¢’. Recall that by the properties of ¢ described in
Claim 2, we have that ¢(vg11) is not the available colour at vy, and so ¢ (vi) # G(Vkr41)-
But then ¢U¢’ is an L-colouring of GG, contradicting that K is a counterexample to Theorem
2.1.6. O
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Chapter 3

Hyperbolicity Theorems for
Correspondence Colouring

Subsection 3.1.1 lists the main results of this chapter. In Subsection 3.1.2, we outline the
content of the chapter. Finally, in Subsection 3.1.3 we give a brief overview of the main
proof of Chapter 3: the proof of Theorem 3.4.7.

3.1 Introduction

3.1.1 Results

The main result of this chapter is Theorem 3.4.7. We will delay the statement of Theorem
3.4.7 until later on in the chapter, when we will have defined the necessary terminology.
As covered in Chapter 1, Theorem 3.4.7 implies several other results; for instance, the
theorem below (which will be proved in Section 3.6).

Theorem 1.2.23. Let G be a plane graph with outer cycle C, let (L, M) be a 5-correspon-
dence assignment for G, and let H be a minimal subgraph of G such that every (L, M)-
colouring of C' that extends to an (L, M)-colouring of H also extends to an (L, M)-colouring
of G. Then H has at most 51|V (C)| vertices.

Theorem 1.2.23 is the correspondence colouring analogue to the following theorem of
Postle and Thomas [35], which settled a conjecture of Dvordk et al. [14]
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Theorem 1.2.21 (Postle and Thomas, [35]). Let G be a plane graph with outer cycle C,
let L be a 5-list assignment for G, and let H be a minimal subgraph of G such that every

L-colouring of C' that extends to an L-colouring of H also extends to an L-colouring of G.
Then H has at most 19|V (C)| vertices.

Theorem 3.4.7 also implies that the family of embedded graphs G that are 5-correspondence
critical is hyperbolic (see Definition 1.2.14). We will delay the proof of this fact until Section
3.6, where we will also discuss the implications of the hyperbolicity of this family of graphs.

In particular, we will show that locally planar graphs are 5-correspondence-colourable
(Theorem 1.2.20), and observe that there exist linear-time algorithms for the decidability
of 5-correspondence colouring of embedded graphs (Theorems 1.2.24 and 1.2.25).

Finally, in Section 3.7 we also observe that the family of embedded graphs G of girth
at least five that are critical for 3-correspondence colouring is hyperbolic (Theorem 3.7.4).
This follows from observing that the analogous proof for list colouring in [34] also holds
for correspondence colouring with very minor modifications. This in turn has several
interesting implications: we observe as in the girth three case that locally planar graphs
of girth at least five are 3-correspondence-colourable (Theorem 1.2.28), and that there
exist linear-time algorithms for the decidability of 3-correspondence colouring of embedded
graphs of girth at least five (Theorems 1.2.26 and 1.2.27).

Chapters 3 and 4 make use of the following theorem, due to Thomassen.

Theorem 3.1.1 (Thomassen [10]). Let G be a planar graph with outer face boundary walk
C. Let S be a path of length at most one contained in C. Let (L, M) be a correspondence
assignment for G where |L(v)| > 5 for allv € V(G) \ V(C), and where |L(v)| > 3 for all
ve V(C)\V(S). Every (L, M)-colouring of S extends to an (L, M)-colouring of G.

Thomassen originally stated this for list colouring (see Theorem 2.1.7). However, as
pointed out by Dvorak and Postle in [15], the proof carries over to correspondence colouring.

3.1.2 Chapter Outline

Subsection 3.1.3 gives a brief overview of the proof of the main theorem of this chapter
(Theorem 3.4.7). In Section 3.2, we establish a few basic results and definitions used in
the proof of Theorem 3.4.7. Section 3.3 introduces the notion of deficiency, a critical
measurement that will be used throughout the rest of the thesis. Section 3.4 establishes
yet more useful definitions and results, and concludes with the statement of Theorem 3.4.7.
Many proofs in these sections are taken from [35], where they were originally written for
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list colouring. We include them for completeness, adapting them to the correspondence
colouring framework when required. Section 3.5 contains the proof of Theorem 3.4.7. We
note that Section 3.5 itself contains several subsections; Section 3.5 will begin with an
overview of the contents of each subsection.

3.1.3 Main Proof Overview

The proof of Theorem 3.4.7 constitutes the bulk of this chapter. The proof 3.4.7 has two
main parts: the first involves purely the structure of a minimum counterexample G to
Theorem 3.4.7, and the second involves arguing about the specific matchings {M, : e €
E(G)} of the correspondence assignment (L, M) of G. Several of our structural results
are taken directly from the analogous theorems for list colouring in [35]. Some of these
arguments involve the set of vertices X; that have at least three neighbours in the outer
cycle C of G, as well as the set of vertices X, with at least three neighbours in V(C') U X;
and at least one neighbour in X;. Informally, we think of the sets X; and X, as “layers”
near the outer cycle C. These two layers alone do not provide us with enough freedom to
force a contradiction in the second part of the proof, unlike in the proof of the analogous
theorem for list colouring given in [35]. Our analysis thus involves moving one layer further
into the graph, and considering the structure surrounding vertices in the set X3 of vertices
with at least three neighbours in V(C') U X; U X5 and at least one neighbour in X,. The
proof before this point is very similar to that of Postle and Thomas in [35]. It is from this
point on —the introduction of this third “layer”, X3 —that the proof diverges substantially.

In the second part of the proof, we argue about the matchings in the correspondence
assignment. In particular, Claim 37 establishes very precisely the matchings between
vertices x1 € X1, 19 € X5, and z3 € X3 as well as their other neighbours in the graph. We
use this claim to finish the proof, showing that for one edge e € FE(G), we have that M,
is not a matching. This contradicts the definition of correspondence assignment, and thus
dispels the existence of a minimum counterexample to Theorem 3.4.7.

3.2 Ciritical Subgraphs

In this section, we establish a few basic definitions and results that will be used throughout
the rest of the chapter. As mentioned above, several results in this section are already
proved in [35] for list colouring instead of correspondence colouring. In all cases, the
results are easily adapted for correspondence colouring. For cohesion, we have included
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the proofs here as well, along with a few proofs that were omitted from [35]. Whenever a
proof is taken directly from [35], we will say so explicitly.

We will need the following definitions.

Definition 3.2.1. Let G be a graph. For a set X C V(G), we denote by N(X) the set
(UveX N(U)) \X

Definition 3.2.2 (S-critical). Let G be a graph, S C G a subgraph of G, and (L, M) a
correspondence assignment for G. For an (L, M)-colouring ¢ of S, we say that ¢ eztends to
an (L, M)-colouring of G if there exists an (L, M)-colouring ¢ of G such that ¢(v) = ¥ (v)
for all v € V(S). The graph G is S-critical with respect to (L, M) if G # S and for every
proper subgraph G’ C G such that S C G’, there exists an (L, M)-colouring of S that
extends to an (L, M)-colouring of G’, but does not extend to an (L, M)-colouring of G. If
the list assignment is clear from the context, we shorten this and say that G is S-critical.

Note that the following definition of canvas differs from that used in Chapter 2. We
will use the definition given below until Section 3.7.

Definition 3.2.3. We say the triple (G, C, (L, M)) is a canvas if G is a 2-connected plane
graph, C'is its outer cycle, and (L, M) is a correspondence assignment for the vertices of G
such that |L(v)| > 5 for all v € V(G)\ V(C) and there exists an (L, M)-colouring of C. We
say a canvas (G, C, (L, M)) is critical if G is C-critical with respect to the correspondence
assignment (L, M).

These definitions match those given for list colouring in [35], with the appropriate
adjustments for correspondence colouring instead of list colouring.

In addition to being used below to establish helpful corollaries regarding subgraphs of
critical canvases, the following lemma will be used in Section 3.6 to show that the family of
embedded graphs that are critical for 5-correspondence colouring form a hyperbolic family.

Lemma 3.2.4 (Proof taken from Lemma 2.3, [35]). Let T' be a subgraph of a graph G that
is T-critical with respect to the correspondence assignment (L, M). Let G = (A, B) be a
separation of G such that T C A and B # (). Then G|V (B)] is A[V(A) NV (B)]-critical.

Proof. Let G' = G[V(B)] and S = A[V(A) N V(B)]. Since G is T-critical, every isolated
vertex of GG belongs to T', and thus every isolated vertex of G’ belongs to S. Suppose for
a contradiction that G’ is not S-critical. Then, there exists an edge e € E(G') \ E(S5)
such that every (L, M)-colouring of S that extends to G’ \ e also extends to G’. Note
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that e ¢ E(T). Since G is T-critical, there exists a colouring ® of 7' that extends to an
(L, M )-colouring ¢ of G'\ e, but does not extend to an (L, M)-colouring of G. However,
by the choice of e, the restriction of ¢ to S extends to an (L, M)-colouring ¢’ of G'. Let
¢” be the colouring that matches ¢’ on V(G’) and ¢ on V(G) \ V(G’). Observe that ¢" is
an (L, M)-colouring of G extending ®, which is a contradiction. O

Our main theorem characterises planar graphs that are outer cycle-critical (and so pla-
nar graphs whose outer face boundary walk is bounded by a cycle). Note that though
canvases are 2-connected by definition, the same is not true for critical graphs. The obser-
vation below motivates restricting our attentions to 2-connected graphs.

Observation 3.2.5 (Proof taken from Lemma 2.5, [35]). Let G be a plane graph with outer
cycle C, and let (L, M) be a correspondence assignment for G such that G is C-critical
with respect to (L, M). Then (G,C, (L, M)) is a canvas.

Proof. By the definition of canvas, it suffices to show that G is 2-connected. Suppose not.
Then G contains two subgraphs A and B such that AUB =G, C C A, [V(ANB)| <1,
and V(B)\ V(A) # 0. By Lemma 3.2.4, we have that G[V(B)] is A[V (A) NV (B)]-critical.
This contradicts Theorem 3.1.1. L]

Before stating the implications of Lemma 3.2.4, we give the following definition.

Definition 3.2.6. Let T = (G,C, (L, M)) be a canvas, and let G’ be a plane graph
obtained from G by adding a (possibly empty) set of edges. If C” is a cycle in G', we let
G(C") denote the subgraph of G U C’ contained in the closed disk bounded by C’. We let
T(C") denote the canvas (G(C"),C", (L, M)). Similarly, if G’ is a subgraph of G and f is
a face of G’, we denote by G(f) the subgraph of G contained in the closed disk given by
the boundary walk of f, and let T'(f) = (G(f),Cy, (L, M)), where Cy is the cycle given by
the boundary walk of f.

Note that the boundary walk of f is indeed a cycle since T is a canvas (and is thus
2-connected). The following useful corollary follows from Lemma 3.2.4.

Corollary 3.2.7 (Proof taken from Corollary 2.7, [35]). Let T = (G,C, (L, M)) be a
critical canvas. If C' is a cycle in G such that G(C") # C", then T'(C") is a critical canvas.

Proof. Let B = G(C") and A = G\ (B \ C’). By applying Lemma 3.2.4, it follows that
G(C") is C'-critical. O
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We will require the following definition.

Definition 3.2.8. Let T'= (G, C, (L, M)) be a canvas and G’ C G such that C' C G’ and
G’ is 2-connected. We define the subcanvas of T induced by G’ to be (G',C, (L, M)) and
we denote it by T[G].

Note that in the above definition, the outer cycle of G’ is the outer cycle of G.

The proof of the following helpful fact is omitted from [35]; we have included it here
for completeness.

Proposition 3.2.9 (Proposition 2.9, [35]). Let T = (G,C, (L, M)) be a canvas such that
there exists a proper (L, M)-colouring of C' that does not extend to G. Then T contains a
critical subcanvas.

Proof. Let ¢ be an (L, M)-colouring of C' that does not extend to G. Let X be the set
of subgraphs H of G containing C' such that ¢ does not extend to H. Note that X is
non-empty, since G € X. Let G’ € X be chosen to minimize |V (G’)| and subject to that,
to minimize |E(G")|. By our choice of G’, we have that ¢ extends to every proper subgraph
of G’ but not to G’ itself, and so that G’ is C-critical. Thus (G, C, (L, M)) is a critical
subcanvas of T'. O

Below, we establish some of the structure of critical canvases.

Theorem 3.2.10 (Proof taken from Theorem 2.10, [35]). (Chord or Tripod Theorem) If
T=(G,C,(L,M)) is a critical canvas, then either

1. C has a chord in G, or

2. there exists a vertex of G with at least three neighbours on C, and at most one of the
internal faces of G[{v} UV (C)] includes a vertex or edge of G.

Proof. Suppose C' does not have a chord. Let X be the set of vertices with at least
three neighbours in V(C'). Let G’ be the subgraph of G defined by V(G') == C U X
and E(G") .= E(G[C U X]) \ E(G[X]). We claim that if f is a face of G’ such that f
is incident with at most one vertex of X, then f does not include a vertex or edge of
G. To see this, suppose not. Let C’ be the boundary of f. Since C has no chords and
every edge with one end in X and the other in C' is in E(G’), it follows that C’ has no
chords. Since T is critical, there exists an (L, M)-colouring ¢ of G \ (V(G(C")) \ V(C"))
which does not extend to G. Hence the restriction of ¢ to C’ does not extend to V(G(C")).
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Let G" = G(C") \ V(C), let S = V(C") \ V(O), let L'(v) = {¢(v)} for v € S and
L'(v) = L(v) \ {v[z,¢(x)] : x € V(C)N N(v)} for v € V(G”)\ S. Note that |L'(v)| > 3 for
all v € S by definition of X. By Theorem 3.1.1, there exists an (L', M)-colouring ¢’ of G”.
But then ¢’ U ¢ is an (L, M )-colouring of G, a contradiction. This proves the claim.

Since T is critical, G # C. Since C' has no chords, it follows from the claim above that
X # (. Let F be the set of internal faces of G’ incident with at least two elements of
X. Consider the graph H whose vertices are X U F, where a vertex z € X is adjacent to
f € F if x is incident with f. By planarity, H is a tree. Let v be a leaf of H. By the
definition of H, we have that v € X. Hence at most one of the faces of G[{v} UV (C)] is
incident with another vertex of X. Yet all other faces of G[{v} UV (C)] are incident with
only one element of X, namely v, and so by the claim above these faces do not include a
vertex or edge of (', as desired. O

The following easy facts are very useful and will be used throughout the proof of
Theorem 3.4.7. The proofs are omitted from [35], but we have included them here for
completeness.

Proposition 3.2.11 (Proposition 2.11, [35]). If T = (G,C, (L, M)) is a critical canvas,
then

1. for every cycle C" of G of length at most four, V(G(C")) =V (C"), and
2. every vertex in V(G) \ V(C) has degree at least five.

Proof. We begin with the first statement. Suppose not, and let C’ be a cycle in G of
length at most four such that V(G(C")) # V(C). Let C" = vjvqusvy if C” is a triangle,
and C' = vyvgvgvguy if C7 is a 4-cycle. Since G is C-critical, there exists an (L, M)-
colouring ¢ of C' that extends to every proper subgraph of G but not to G itself. Then
¢ extends to an (L, M)-colouring ¢' of G\ V(Int(C")). Let (L', M’) be a list assignment,
for G' = G[V (Int[C"]) \ {vs,v4}] where L'(v;) = ¢(v;) for i € {1,2}, where L'(v) = L(v) \
{v[u, p(u)] : v € {vs,vs} N N(v)} for all v € V(G’) \ V(C"). Then by Theorem 3.1.1, G’
admits an (L', M)-colouring ¢”. But ¢" U ¢’ is an extension of ¢ to G, a contradiction.
We now prove that every vertex in V(G) \ V(C) has degree at least 5. To see this,

suppose not: let v € V(G)\ V(C) have degree at most 4. Since G is C-critical, there exists
an (L, M)-colouring ¢ of C extends to every proper subgraph of G but not to G itself.

Thus ¢ extends to an (L, M)-colouring ¢’ of G —v. Since |L(v)| > 5 and deg(v) < 4, it
follows that ¢’ extends to v, a contradiction.

]
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3.3 Deficiency

This section introduces deficiency, a measure defined by Postle and Thomas in [35]. Our
main theorem —Theorem 3.4.7 —concerns the deficiency of critical canvases.

Definition 3.3.1. Let GG be a plane graph, and let C' be the subgraph of G whose edge-
and vertex-set are precisely those of the outer face boundary walk of G. We call a vertex
v € V(Q) internal if v € V(G)\ V(C). We denote by v(G) the number of internal vertices
of G. If T'=(G,C,(L,M)) is a canvas, we define v(T) = v(G). We denote by F(G) the
set of finite faces of G; given a face f of G, we denote by |f| the length of the boundary
walk of f.

Definition 3.3.2. Let G be a plane graph, and H C G. The deficiency of G with respect
to H is defined as def(G|H) := |E(G) \ E(H)| = 3|V(G) \ V(H)|. When H is clear from
context, we sometimes omit it and speak only of the deficiency of G, denoted def(G). Given
a canvas T' = (G,C, (L, M)), we define def(T) := def(G|C) = |E(G) \ E(C)| — 3v(G).

Lemma 3.3.3 (Proof taken from Lemma 3.4, [35]). Let G be a 2-connected plane graph
with outer cycle C, and let G' be a 2-connected subgraph of G containing C'. Then

def(G) = def(G') + ) def(G
feEF(G)

Proof. The lemma follows from the fact that every internal vertex of GG is an internal vertex
of exactly one of G’ and G(f) for each f € F(G"), and the same holds for edges not incident
with the outer face. O

Theorem 3.3.4 (Proof taken from Theorem 3.5, [35]). If T = (G, C, (L, M)) is a critical
canvas, then def(T) > 1.

Proof. We proceed by induction on the number of vertices of G. We consider each outcome
of Theorem 3.2.10 applied to T": first suppose that C has a chord, e. Let C and C5 be
the cycles of C' + e other than C. Hence |V (Cy)| + |V (Cy)| = |V(C)| + 2. For i € {1,2},
let T; = T(C;) = (G;,Cy, (L, M)). By Lemma 3.3.3 applied to G' = C' + e, we have that
def(T) = def(Ty) + def(Ty) + 1. By Corollary 3.2.7, for i € {1,2} either T; is critical or
G; = C;. It G; # C;, then def(T;) > 1 by induction. If G; = C;, then def(T;) = 0 by
definition. In either case, def(7) > 0+ 0+ 1 > 1, as desired.

We may therefore assume that C' is chordless, and so by Theorem 3.2.10 there exists
an internal vertex of G with at least three neighbours in V(C') such that at most one of
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the faces of G[V(C) U {v}] contains an edge or vertex of G. Let G' = G[V(C) U {v}].
First suppose that none of the faces of G’ contains an edge or vertex of (G, and hence that
V(G) = V(C)U{v}. Since G is C-critical, it follows from Proposition 3.2.11 (2) that v has
degree at least 5. Thus def(7") > 5—3-1 = 2, as desired. Thus we may assume that exactly
one of the faces of G’ contains a vertex or edge of G. Let C” be the cycle of G’ bounding
that face. Note that by Corollary 3.2.7, T(C") is a critical canvas, and so by induction
def(T(C")) > 1. Moreover, we claim def(T) > def(T(C")). To see this, note that by
definition def(T(C")) = |E(G")\ E(C")|—3v(G") < |E(G)\ E(C)|—3—(deg(v)—3(v(G)+1)
since v has at least three neighbours in V' (C). Again using the definition of deficiency, we
have that def(T(C")) > def(T"), and so combining these results def(7") > def(T(C")) > 1,
as desired. [

The following inequality will be helpful in dealing with critical canvases with at most
seven internal vertices.

Lemma 3.3.5 (Proof taken from Lemma 3.6, [35]). Let T = (G,C, (L, M)), where G is
a 2-connected plane graph with outer cycle C and every internal vertex of G has degree at
least five. Then

def(T) > 20(G) — [E(G\ V(C))],

with equality if and only if every vertex of G has degree exactly five.

Proof. Note that

def(T) = |E(G) \ E(C)| — 3v(G)
> 5u(G) — |[E(G\V(C))| —3v(G) as internal vertices have degree > 5 by assumption
)l

= 20(G) = [E(G\ V(

)

with equality if and only if every vertex of G has degree exactly five. O]

3.4 Linear Bound for Cycles

In this section, we build towards stating Theorem 3.4.7, the proof of which constitutes the
bulk of this chapter. We begin with a few necessary definitions.

Definition 3.4.1. Let G be a plane graph. We say vertices v and v in V(G) are cofacial
if there exists a face f of GG that is incident to both u and v.
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Definition 3.4.2. Let G be a 2-connected plane graph with outer cycle C. We define the
boundary of G, denoted B(G), as N(V(C)). We define the quasi-boundary of T, denoted
by Q(T), as the set of vertices not in C' that are cofacial with at least one vertex of C' (and
so B(T) C Q(T)). We let b(t) := |B(T)| and ¢(T) := |Q(T)|. If T = (G,C, (L, M)) is a
canvas, then we extend the above notions to 7" in the obvious way, defining B(T) := B(G)

and Q(7T) := Q(G).

For the remainder of the chapter, let € and « be fixed positive real numbers. Theorem
3.4.7 depends on € and « and holds as long as these two numbers satisfy three inequalities
listed in the theorem statement. In Section 3.6, we will make a specific choice of € and «
in order to optimize the constant in Theorem 1.2.23. Before proceeding, we need one final
definition.

Definition 3.4.3. Let G be a 2-connected plane graph with outer cycle C. We define
s(G) :=e-v(GQ) + a(b(G) + q(G)) and d(G) := def(G|C) — s(G). U T = (G,C, (L, M))
is a canvas, we extend these notions to 7" in the obvious way, defining s(7") := s(G) and
d(T) :=d(G).

Below, we establish useful properties of the quantities introduced in the above defini-
tions.

Proposition 3.4.4 (Proof taken from Proposition 4.3, [35]). Let G be a 2-connected plane
graph with outer cycle C, and let G' be a 2-connected subgraph of G containing C' as a
subgraph.

[
=

Proof. For f € F(G'), let Cy denote the cycle bounding f. The first assertion follows from
the fact that every vertex of V/(G)\V(C') is in exactly one of G'\V(C') and G(f)\V (CYy) for
f € F(G'), and every vertex in one of those sets is in V(G) \ V(C). The second assertion
follows from the claim that B(G) C B(G') UU;cx(ry B(G(f)). To see this claim, suppose

76



that v € B(G). Now v € B(G) if and only if v has a neighbour w in V(C). If v € V(G),
then v € B(G’). So we may assume that v is a vertex of G(f)\ V(C}) for some f € F(G").
Then v € V(Cy) and hence v € B(G(f)). The third assumption follows from the claim
that Q(T) C Q(G") UUjerey @(G(f)). That claim follows from the same argument as
above, except that v € V(C) is cofacial with v instead of a neighbour of v. The fourth
statement follows from the first three. The fifth statement follows from the fourth and
Lemma 3.3.3. O

As a corollary to this, we obtain the following.

Corollary 3.4.5 (Proof taken from Corollary 4.4, [35]). Let G be a 2-connected plane
graph with outer cycle C. If e is a chord of C and Cy, Cy are the cycles of C' + e other
than C', then

d(G) = d(G(C1)) +d(G(C)) + 1.

If v is a vertex with two neighbours ui,us € V(C) and Ci,Cy are cycles such that
C1 N Cy = ugvug and C7 U Cy = C 4 uqvusg, then

d(G) > d(G<C1>) + d(G<CQ>) —1- (2a + 8).
Proof. Both formulas follows from Proposition 3.4.4 applied to G’ := C; U Cs. O]

It will be convenient to be able to refer to the facts below, which follow directly from
the definition of d(-).

Proposition 3.4.6 (Proposition 4.5, [35]). Let T = (G, C, (L, M)) be a canvas.
(i) If v(G) =0, then d(T) = |E(G) \ E(C)].
(i) If v(G) =1, then d(T) = |E(G) \ E(C)| —3 — (2a + ).

Having defined all necessary quantities, we are now equipped to state the main theorem
of this chapter. We remind the reader that the definition of canvas used in Chapter 3 differs
from that in Chapter 2: see Definition 3.2.3.

Theorem 3.4.7. Let ¢, a,y > 0 satisfy the following:

(I1) 2 < a

(12) 14+ 7e < 7, and

(13) v+ 6a+ 3¢ < 1

If T'=(G,C,(L,M)) is a critical canvas and v(G) > 2, then d(T) > 3 — 7.
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3.5 Proof of Theorem 3.4.7

This section contains a proof of Theorem 3.4.7. Throughout this section, let T'= (G, C,
(L, M)) be a counterexample to Theorem 3.4.7 such that |E(G)| is minimum; subject to
that, such that > v [L(v)] is minimum; and subject to that, such that > pqy [Me| is
maximum. Recall that by Lemma 3.2.11, there is no cycle C’ in G of length at most four
with G(C") # C’; and moreover that deg(v) > 5 for all internal vertices v of G.

The following claim establishes that G contains at least eight internal vertices. A similar
claim (showing v(G) > 5 instead of v(G) > 8) can be found in [35] as Claim 5.1.

Claim 9. v(T) > 8.

Proof. Suppose not. Note that s(G) < v(G)(e+2a), and hence d(G) > def(G) —7(2a+¢).
Since 14a + 7e < v by (I12) and T is a counterexample to Theorem 3.4.7, it follows that
def(G) < 3. Since deficiency is integral, def(G) < 2.

Let m = |E(G \ V(C))|. By Lemma 3.3.5, def(G) > 2v(G) — m, and if equality holds
every vertex of G has degree exactly 5. With this in mind, we consider the inequality

2 > def(G) > 2v(G) — m for each value of v(G) € {2,3,...,7}.

Since 2 > def(G) > 2v(G) —m, if v(G) = 2 this implies m > 2. This is a contradiction,
since G is a simple graph. Similarly, since 2 > def(G) > 2v(G) — m, if v(T) = 3 this
implies m > 4. This too is a contradiction.

Thus we may assume that v(G) > 4. If v(G) = 4, then 2 > 2-4 —m and so m > 6.
This implies G'\ V(C) is a complete graph; and singe G is planar, the outer face boundary
walk of G\ V(C) is a triangle. This contradicts Proposition 3.2.11 (1).

If o(T) =5, then 2 > 2-5—m and som > 8. If m > 9, then G\ V(C) is a triangulation,
contradicting Proposition 3.2.11 (1). Thus we may assume that m = 8. It follows that the
outer face boundary walk of G \ V(C) is not a 5-cycle, as otherwise m < 7. If it is a cycle
of length at most 4, this contradicts Proposition 3.2.11 (1). Thus the outer face boundary
walk of G\ V(C) is not a cycle; but then m < 6, a contradiction.

Thus we may assume that v(G) € {6,7}. If v(T) = 6, then 2 > 2-6—m and so m > 10.
If m > 11, the outer face boundary walk of G\ V(C) is a 4-cycle, contradicting Proposition
3.2.11 (1). Thus we may assume m = 10, and moreover that the outer face boundary walk
of G\ V(C) is not a cycle of length at most 4. If it is a cycle of length 6, then m < 9, a
contradiction. If the outer face boundary walk of G\ V(C') is not a cycle, then m < 7, again
a contradiction. Thus we may assume the outer face boundary walk of G\ V' (C) is a 5-cycle;
and by Lemma 3.3.5, every vertex of G has degree exactly 5. Thus G\V(C) is a 5-wheel. We
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claim that every (L, M)-colouring of C' extends to G. To see this, fix an (L, M )-colouring
¢ of C. By adding a (possibly empty) set of edges to matchings in M, we may assume that
|M.,| = min{|L(u)|, L(v)|} as this only makes the task of extending a colouring harder.
Let the outer cycle of the 5-wheel G\ V(C) be vjvsvsvavsv, and the central vertex vg.
Let S(vq) := L(v1) \ {d : (v1,d)(u, p(u)) € My, and u € N(v;) NV (C)}. By our choice of
counterexample 7" and since v; has degree 5 in G, it follows that |S(vy)| = 3. Thus there
exists a choice of colour ¢ € L(uvg) such that (¢, vg)(d,v1) & My, for all d € S(vy). But
then ¢ extends to G by first colouring vg with ¢, and then colouring vy, vs, v4, v5, and vy in
that order. This contradicts the fact that T is critical.

We may therefore assume that v(7') = 7. Then 2 > 2.7 —m, and so m > 12. By
Proposition 3.2.11 (1), the outer face boundary walk of of G\ V(C) is not a cycle of length
at most 4. Suppose first that it is a 5-cycle. Then m < 13. But since m > 12 and G
is planar, at least one internal vertex of G \ V(C') does not have degree 5, contradicting
Proposition 3.2.11 (2). Next, suppose the outer face boundary walk of G \ V(C) is a 6-
cycle. Them m < 12, and so m = 12. By Lemma 3.3.5, every vertex in G \ C has degree
exactly 5. But then m < 11, a contradiction. Suppose now the outer face boundary walk
of G\ V(C) is a 7-cycle. Then m < 11, a contradiction. Finally, suppose the outer face
boundary walk of G\ V(C) is not a cycle. Then m < 10, again a contradiction. O

3.5.1 Proper Critical Subgraphs

Many of our proofs will involve passing to a smaller canvas whose underlying graph and
outer cycle are strictly contained within G. It is useful for inductive purposes to be able to
bound the deficiency and d(-) of one such canvas in terms of another; the following lemma
allows us to do this.

Claim 10 (Proof taken from Claim 5.2, [35]). Suppose Ty = (G, Co, (Lo, My)) is a critical
canvas with |E(Gy)| < |E(G)| and v(Go) > 2, and let G' be a proper subgraph of Gy such
that for some correspondence assignment (L', M"), the tuple (G',Cy, (L', M")) is a critical
canvas. Then

(1) d(Ty) > 4 -, and
(2) d(Ty) >4 —2(2a+¢€) if |[E(Go \ E(G")| > 2 and |E(G") \ E(Cy)| > 2, and
(3) d(Ty) > 5—2a—e— if |[E(Go)\ E(G")| > 2 and |E(G")\ E(Cy)| > 2 and v(Gy) > 3.
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Proof. Note that the inequality in (3) implies the inequality in (2) implies the inequality in
(1) by inequalities (I12) and (I3). Given Proposition 3.4.6 and the fact that 7" is a minimum
counterexample, it follows that for each f € F(G’), we have d(To(f)) > 0 and moreover
that if f includes a vertex or edge of Gy then d(Tp(f)) > 1. In addition, since G’ is a
proper subgraph of Gy there exists at least one f € F(G’) such that f includes a vertex
or edge of G. Furthermore, if |E(Go) \ E(G")| > 2, then either there exist two such fs or
d(To(f)) > 2 — (2a + ¢) for some f € F(G') by Proposition 3.4.6.

Now d(1p) = d(G') + 3_ e r(qn ATo(f)) by Proposition 3.4.4. But as noted above,
> rerey A(To(f)) is at least 1 and is at least 2 — (2a +¢) if |E(Go) \ E(G")| > 2. Further-
more, if v(TH(f)) > 2 then d(Ty(f)) > 3 — v by the minimality of 7.

Assume first that v(G’) > 2. Then d(G’') > 3 — v as T is a minimum counterexample
and |E(G")| < |E(Gy)| < |E(G)|. Hence d(Ty) > 4—~ if |E(Go) \ E(G")| = 1 and (1) holds
as desired. Otherwise d(Tp) > 5 — (2a+¢) — v and (2) and (3) hold as desired.

So we may assume that v(G’) < 1. Suppose v(G') = 1. Then d(G’") > 2 — (2a +¢) by
Proposition 3.4.6 and criticality. Moreover, there exists f € F(G”) such that v(To(f)) > 1.
If v(To(f)) > 2, then d(To(f)) > 3 — v as T is a minimum counterexample. As above,
d(Ty) > d(G") + d(To(f)) > 5 — (2 + €) and (3) holds, as desired. If v(Tp(f)) > 1,
then d(To(f)) > 2 — (2a + €) by Proposition 3.4.6. As above, d(Ty) > d(G") + d(T{f) >
22— (2a—¢)) =4 —2(2a+¢) and (1) and (2) hold, as desired. Yet if v(Ty) > 3, there
must be two such faces if no face has at least two internal vertices. In that case then,
d(Th) > 3(2— (2a+¢€)) =6 — (3(2a + €) which is at least 5 — (2a 4 €) — v by (12) and so
(3) holds, as desired.

So suppose v(G') = 0. As G' # Cp, we have that d(Tp[G']) > |E(G) \ E(Cy)| by
Proposition 3.4.6. As v(Ty) > 2, either there exists f € F(G’) such that v(Ty(f)) > 2,
or there exist faces fi, fo € F(G') such that v(To(f;)) > 1 for i € {1,2}. Suppose the
first case holds. Then d(Tp(f)) > 3 — v as T is a minimum counterexample. Hence
d(Ty) > |E(G")\ E(Cy)|+3—7. Since |E(G")\ E(Cy)| > 1, we have that d(Ty) > 4 — and
so (1) holds, as desired. If |[E(G") \ E(Cy)| > 2, then d(T) > 5 — v and (2) and (3) hold,
as desired. So suppose the latter case holds. Then d(Ty(f;)) > 2 — (2a+¢) for i € {1, 2},
and d(Tp) > 1422 — (2a+¢)) =5 —2(2a + ¢) and all three statements hold as desired,
since 2a + ¢ < 7 by (12). O

Claim 11 (Proof taken from Claim 5.3, [35]). There does not exist a proper C-critical
subgraph G" of G.

Proof. This follows from Claim 10 applied to Ty = T. O]
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In addition, we have the following claim which will simplify the colouring arguments in
Section 3.5.3.

Claim 12. If wv € E(G) \ E(C), then | My, = min{|L(v)|, |L(x)|}.

Proof. Suppose not. Then there exist colours ¢; € L(u) and ¢y € L(v) such that both ¢,
and ¢y are unmatched in M,,. Let M’ be obtained from M by setting M. = M, for all
e # uv, and setting M, = My, U{(u,c1)(v,c2)}. Let 7" = (G,C,(L,M’)). Note that
[V(T)| = |V(T")], and that the sum of the list sizes of the vertices in 7" is the same as
that in 7. Since (G, C, (L, M)) was chosen to maximize ) gy |Me|, it follows that T
is not a counterexample to Theorem 3.4.7. Otherwise, since def(7”) = def(7"), we have
that T contradicts our choice of T'. Thus 7" is not a critical canvas. Since T is C-critical,
there exists an (L, M')-colouring of C' that does not extend to G. By Proposition 3.2.9,
T" contains a critical subcanvas (G', C, (L, M’)); and since T" is not critical, G’ is a proper
subgraph of G. But this contradicts Claim 11. m

Claim 13 (Proof taken from Claim 5.4, [35]). There does not exist a chord of C.

Proof. Suppose there exists a chord e of C. Let G' = C' Ue. As v(T) # 0, it follows that
G' is a proper subgraph of G. Yet G’ is C-critical, contradicting Claim 11. m

3.5.2 Dividing Vertices

In this subsection, we prove a few claims regarding dividing vertices, defined below. Namely,
we show that if G is a critical canvas with at most | E(G)| edges, if G contains a true dividing
vertex (Claim 14) or a strong dividing vertex (Claim 15) then d(G) is relatively high. These
claims will be useful in the following section in showing that certain canvases obtained from
T (called relazations) do not contain true or strong dividing vertices. This in turn is useful
in arguments showing that when passing to these relaxations, the size of the boundaries
and quasiboundaries of the resulting canvases are at least b(G) and ¢(G).

Definition 3.5.1. Let GGy be a 2-connected plane graph with outer cycle Cy. Let v be a
vertex in V(G) \ V(C), and suppose there exist two distinct faces fi, fo € F(Gp) such that
for ¢ € {1,2} the boundary of f; includes v and a vertex of Cy, say u;. Let us assume that
uy # usg, and let G’ be the plane graph obtained from G by adding the edges uiv, ugv if
they are not present in GGy. Consider the cycles Cy,Cy of G', where C; N Cy = ujvuy and
C1 U Cy = CopUuyvuy. If for both i € {1,2}, |[E(T(C;)) \ E(C;)| > 2, then we say that
v is a dividing vertex. If for both i € {1,2} |V(T(C;)) \ V(C;)| > 1, we say v is a strong
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dividing vertex. If v is a dividing vertex and the edges uiv, usv are in G, then we say that
v is a true dividing vertex. If Ty = (Gy, Cy, (Lo, Mp)) is a canvas, then by a dividing vertex
of Ty we mean a dividing vertex of Gy, and similarly for strong and true dividing vertices.

Claim 14 (Proof taken from Claim 5.6, [35]). Suppose Ty = (Go, Co, (Lo, My)) is a critical
canvas with e(Gy) < e(G) and v(Gy) > 2. If Gy contains a true dividing vertex, then

1. d(Ty) > 3 —-2(2a+¢), and

2. d(Ty) >4 —2a —e — v if v(Gy) > 3.

Proof. Note the inequality in (2) implies the inequality in (1) by (I3). Let uy,uq, Cy, Cy,
and v be as in the definition of true dividing vertex. Since v is a true dividing vertex, u;v
and uov belong to Gy. Let G’ = C; UCy. Hence G/, C1, and Cy are subgraphs of Gy. Thus
d(Ty[G']) = =2 — (2 + €) by Proposition 3.4.6 (ii).

Note that by Corollary 3.2.7, both Ty(C4) and Ty(Cy) are critical canvases. If v(Tp(C1)) =
0, then d(75(C41)) > 2 by Proposition 3.4.6 (i), because |E(T(C4)) \ E(CY))| > 2 by Propo-
sition 3.4.6 (ii). If v(Tp(C1)) > 2, then d(T5(C)) > 3 — v as T is a minimum counterex-
ample. In any case, d(To(Ch)) > 2 — (2a+¢€) as v < 1+ (2a+ ¢) by (I3). Similarly,
d(To(C)) > 2 — (2a +¢).

By Proposition 3.4.4, d(Ty) > d(To[G']) + d(To{(C1)) + d(To{(Cs)). Now let us choose v
such that a = min{v(T(C})),v(To{C>))} is minimized. Note then that a # 1, as otherwise
there exists another true dividing vertex, contradicting the minimality of a. First suppose
that @ > 2 and hence

d(Tp) > (-1 - (2a+¢)+23—7v)=5—-2y— (2a+¢).
Then (1) and (2) hold by inequality (I13), as desired. So we may assume that a = 0. Hence
d(Ty) > (-1 — (2a+¢e)) +2+2— (2a+¢e) =3 — 220 + &),
and so (1) holds, as desired. Yet if v(7p) > 3, then
dTp) > (-1 - (2a+¢)+24+3-—y=4—7—-(2a+¢),

and (2) holds, as desired. O

The following proof is nearly identical to the analogous result in [35], with a few minor
changes to the colouring arguments to ensure they hold for correspondence colouring.
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Claim 15 (Proof adapted from Claim 5.7, [35]). Suppose Ty = (Gy, Co, (Lo, My)) is a
critical canvas with |E(Gy)| < |E(G)|. If Gy contains a strong dividing vertez, then d(Ty) >
4 — 2.

Proof. Let uy,us,C1,Cs, and v be as in the definition of strong dividing vertex. As v is a
strong dividing vertex, it follows that v(7p) > 3 and v(Tp(C4)) > 1. If v(To(C4)) = 1, then
the unique vertex in V(T5(C1)) \ V(C) is a true dividing vertex and hence

dTy) >4 —20c—e—y>4—2y

by Claim 14 and (I2), as desired. So we may assume that v(7p(C})) > 2 and similarly that
U(T0<CQ>) Z 2.

Let Gj, be the graph obtained from G|, by adding vertices z1, z2 not in V(G) and edges
U121, 210, V29, ZouUs. Similarly let G’ be the graph obtained from Cy by adding vertices
v, z1,, and zp and edges wujzg, 210, V29, and zove. Let L{(x) = Lo(z) for all x € V(Gy),
and let Lj(z1) = L{(22) = R, where R is a set of five new colours. Let M| be defined as
(M{)uw = (Mp)y for all xzy € E(G}) with {z1, 20} N {z,y} = 0, and (M{),, = 0 for all
zy € E(Gl) with {z1, 20} N {z,y} # 0. Let T = (G}, Co, (Ly, M}y)). Now

def(G") = |E(G")| — |E(Cy)| — 3v(G") =4 —3-3 = —5.

Since Gy is Cy-critical, there exists an (Lg, Mp)-colouring ¢y of Cy that does not extend
to Gg. By Claim 10 the graph G does not have a proper Cj critical subgraph, and hence
¢o extends to every proper subgraph of Go by Proposition 3.2.9. For every ¢ € Ly(v), let
Oe(V) = ¢, pe(21) = Pe(22) € R, and ¢.(x) = ¢o(x) for all x € Cy. Let C] and C4 be the
two facial cycles of G’ other than Cj. Since ¢y does not extend to an (Lg, My)-colouring of
G, for every ¢ € Ly(v) the colouring ¢. does not extend to an (L, M/)-colouring of either
GH(C1) or GL{(CY). Since |Lo(v)| > 5, there exists i € {1,2} such that there exist at least
three colours ¢ € Ly(v) such that ¢. does not extend to an (L, M)-colouring of Gj. We
may assume without loss of generality that i = 1. Let C be the set of all colours ¢ € L(v)
such that ¢, does not extend to an (Lg, My)-colouring of G,(C4). Thus |C| > 3.

Let G| be the graph obtained from G{(C]) by adding the edge 21z, inside the outer face
of GL{(C). Let C7 = (C] \ v) + z129. Let L'(z1) = {e1}, L'(22) = {2}, and L'(z) = Ly(x)
for every z € V(Gy) \ {v}. Let L'(v) = CU{c1,ca}. Let M’ be defined as follows: we set
(M,,, = M) for all 2y € E(Go) with {2, y}N{z1, 22} = 0; we set M, = () for all 2y € E(Gy)
with v ¢ {z,y} and {x,y} N {z1, 22} # 0; and finally we set M, = {(v,c;)(2;,¢;)} for
i€ {1,2}.
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We claim that the canvas T} = (G, CY, (L', M")) is a critical canvas. To see this, let H
be a proper subgraph of G| that includes C? as a subgraph. Let us extend ¢, by defining
¢o(z1) = 1 and ¢p(22) := co. We will show that (the restriction to C7 of) ¢, extends to H
but not to G. If ¢y extended to G, then ¢o(v) & C by definition of C and ¢o(v) & {c1,ca}
because v is adjacent to both z; and 2z, a contradiction. Thus ¢y does not extend to
G'. To show that ¢y extends to H assume first that H \ {21, 22} is a proper subgraph of
Go(C1). Then (H \ {21, 22}) U Go(C%) is a proper subgraph of Gg, and hence ¢y extends
to it, as desired. So we may assume that H \ {z1,22} = Go(C"). Since H is a proper
subgraph of G we may assume from the symmetry that vz; € E(H). Now ¢g extends
to an (L', M')-colouring of Gy \ {v}. Letting ¢o(v) = ¢; shows that ¢y extends to H, as
desired. This proves the claim that T} is critical. As v(77) > 2, we find that d(77) > 3 —~
by the minimality of 7. Similarly, since v(T{(C%)) > 2, we find that d(T{(C%)) > 3 — .
Let us now count deficiencies. By Lemma 3.3.4,

def(Ty) = def(TH[Gp]) + def(TH(C1)) + def(To(C3)) = —5 + def(T(C1)) + def(T5(C3)).
Yet def(Tp) = def(T]) + 2. Furthermore, def(T{(C})) = def(T1) + 1. Hence,
def(Tp) = def(Tp(Cy)) + def(Ty(Cs)) — 3 = def(T1) + def(T3(C5)) — 2.

Next we count the function s. We claim that s(7y) < s(77) + s(T{(C%)). This follows as
every vertex of V(Gp) \ V(Cp) is either in V(G7) \ V(CY) or V(GH(C4)) \ V(CY). Moreover
every vertex of B(Tp) is either in B(T}) or B(T§(C%)) and similarly every vertex of Q(Tp)
is either in Q(T7) or Q(T{(CY)).

Finally putting it all together, we find that
A(Ty) > d(Ty) + d(T3(C) —2 > 2(3—) —2 = 4— 29,
as desired. O

3.5.3 Tripods

An easy consequence of Theorem 3.1.1 is that if (G, C, (L, M)) is a C-critical canvas with
v(G) > 2, then there exists a vertex in V(G)\ V(C) with at least three neighbours in V(C).
Otherwise, every (L, M)-colouring of C' extends to an (L, M)-colouring of G, contradicting
the fact that G is C-critical. Much of our analysis will involve performing certain reductions
around specific vertices in GG that have precisely three neighbours in C, arguing about the
deficiency and d(-) of the resulting canvas, and extrapolating from that about def(7T") and
d(T). To that end, it is convenient to define the following.
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Definition 3.5.2. Let Gy be a plane graph with outer cycle Cy, and let v € V(Gg) \ V (Cp)
have at least three neighbours in Cy. Let wuy, us,--- ,u; be all the neighbours of v in
listed in a counterclockwise order of appearance on Cy. Assume that at most one face of
Go[V (Cp) U {v}] includes an edge or vertex of Gy, and that if such a face exists, then it is
incident with u; and u,. If £ = 3, then we say that v is a tripod of G, and if k > 4, then
we say that v is a quadpod of Gy. The tripod or quadpod v is reqular if there exists a face
of Go[V (Cp) U{v}] that includes an edge or vertex of Gy. If such a face exists, then we say
that wy,ug, - -, ug are listed in standard (counterclockwise) order. Note that every tripod
of degree at least four is regular.

If v is a regular tripod or quadpod, we let Cy & v denote the boundary of the face of
Go[V (Cy) U{v}] that includes an edge or vertex of Gy, and we define Gy @ v := Go(Co D).
If X is a set of tripods or quadpods of Gy and there exists a face of G|V (Cp) U X] that
includes an edge or vertex of GGy, then we let Cy @ X denote the boundary of such a face
and define Gy @ X := Go(Cy & X).

If Ty = (Go, Co, (Lo, My)) is a canvas, then we extend all the above terminology to Tg
in the natural way: thus we can speak of tripods or quadpods of Ty, we define Ty & X =
To[Go @ X], etc.

Claim 16 (Proof taken from Claim 5.9, [35].). Let Ty = (Go, Co, (Lo, My)) be a canvas
with v(Go) > 2, and let v € V(Gy) \ V(Cy) have at least three neighbours in Cy. Then v is
either a reqular tripod of Ty, or a true dividing vertex of Ty.

Proof. Let uq,us, ..., u, be all the neighbours of v in Cy listed in their order of appearance
on Cy and numbered such that the face f of Go[V(Cp) U {v}] incident with u; and wuy
includes a vertex of Gy. If another face of Go[V(Cy) U {v}] includes an edge or vertex of
Gy or if k > 4, then by considering the vertices u; and u; we find that vy is a true dividing
vertex of Ty. Thus we may assume that £ = 0 and that f is the only face of Go[V (Cy)U{v}]
that contains a vertex or edge of Gy. It follows that v is a tripod, as desired. n

Definition 3.5.3. Let Ty = (Go, Co, (Lo, My)) be a canvas. We say that 7Tj is a O-relaxation
of Ty. Let k > 0 be an integer, T, be a (k — 1)-relaxation of T, and v be a regular tripod
for Tj. Then we say that T{ @ v is a k-relazation of Tj.

By Proposition 3.2.11 (2), every tripod of a critical canvas is regular. As a consequence,
if v is a tripod of a critical canvas T}, then Ty @ v is well-defined. Moreover, Ty @ v is itself
a critical canvas by Corollary 3.2.7, and v(7y @ v) > 2 by Proposition 3.2.11 (2). Thus for
all £ > 1, a k-relaxation T} of a critical canvas is well-defined; T} is critical; and v(7}) > 2.
Claims 17 and 18, below, establish useful results about canvas relaxations.
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Claim 17 (Proof taken from Claim 5.11, [35]). If T} is a k-relazation of a canvas Ty, then
d(Ty) > d(T}) — k(2a + ¢).

Proof. We proceed by induction on k. We may assume that & > 1 (as otherwise the claim
trivially holds) and that the claim holds for all integers strictly smaller than k. Let Tj_;
be a (k — 1)-relaxation of T and v a regular tripod of Ty_; such that 7] is a 1-relaxation
of Ty_1. By induction, d(Tpy) > d(Ti-1) — (k — 1)(2a+¢). Yet def(Ty—1) = def(7]) while
V(Ti—1) = v(Ty) + 1, b(T—1) < b(Ty) + 1, and q(Tx—1) < ¢(T}) + 1. Thus d(Ty—1) >

d(T}) — (2a + €) and the claim follows. O

The following claim is analogous to Claim 5.12 in [35]. However, Claim 5.12 in [35]
makes no mention of the case when k > 3, or of £ > 2 for strong dividing vertices, as these
cases were not necessary for the resulting analysis for list colouring.

Claim 18. Let k € {0,1,2,3,4} and let T" be a k-relaxation of T. Then T does not have
a true dividing vertex, and if k < 3, it does not have a strong dividing vertex.

Proof. Suppose not. By Corollary 3.2.7, T" is critical, and v(7”) > 3 by Claim 9. If 7" is a
true dividing vertex, then by Claim 17 we have that d(7') > d(T") — 4(2a + ¢). By Claim
14 (2), we have moreover that d(7") > 4 — 2a — ¢ — 7. Thus

d(T) > d(T) —42a+¢)
>4—2a0—ec—v—8a—4e
=3—79+ (1 —10a — 7e¢)
>3 -7
where the last line follows because 10+ 7e < 1 by inequalities (I12) and (I3) (which imply
together that 20ac+10e < 1). Thus we may assume that k£ < 3 and 7" has a strong dividing
vertex. By Claim 17 we have that d(7T") > d(T") — 3(2a + ). By Claim 15, we have that
d(T") > 4 — 2~. Thus
d(T) > d(T') — 3(2a +¢)
>4 —2v—6a— 3¢
=3—7+ (1 —v—6a—3e).

But by (I3), v+ 6a + 3¢ < 1. Thus d(T") > 3 — v, a contradiction. O

Claim 19 (Proof taken from Claim 5.13, [35]). If z1 is a tripod of T, then letting T =
T & xy, either
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1. deg(xy) =5, or,

2. deg(z1) = 6, the neighbours of x1 not in C' form a path of length two and the ends
of that path are in B(T), b(T) = b(T"), ¢(T) = q(T") and d(T) > d(T") — ¢.

Proof. Note that as v(T) > 8 by Claim 9, then v(7") > 7. By Proposition 3.2.11 (2),
deg(z1) > 5. If deg(xy) = 5, then (1) holds as desired, so we may assume that deg(x;) > 6.
By Claim 3.2.7, T" is a critical canvas, and so by the minimality of T, we have that
d(T") > 3 —~. Moreover, v(T) = v(T") + 1 and since x is a tripod of T, def(T") = def(T).
Thus d(T) = d(T") —e+a(b(T") —b(T) +q(T") — q(T). Let ¢y, ca, and c3 be the neighbours
of 1 in V(C) listed in standard order, and let ¢y, 2, ¢3,¢q1, - - ., q2 be all the neighbours of
x1 listed in their cyclic order around x;.

Let R = N(x1) \ {c1,¢2,¢3,q1, 42} We claim that RN Q(T) = (). Suppose not, and let
g € RNQ(T). Then g is a dividing vertex of T7”. Given the presence of ¢; and ¢, ¢ is a
strong dividing vertex of 7", contrary to Claim 18. This proves that RN Q(T') = 0, and
implies that RN B(T') = 0 as well since B(T) C Q(T).

Note that R C B(T") € Q(T"). Thus ¢(T") > ¢(T)+|R|—1, and b(T") > b(T)+|R| —1.
Hence if |R| > 2, then d(T) > d(T") — e + 2a > d(T") > 3 — 7y since 2a > ¢ by (I1), a
contradiction. So |R| =1 and so deg(x;) = 6. Thus ¢(7") > ¢(T) and b(7") > b(T). Now
it follows that ¢(T) = ¢(T") and b(T) = b(T") as otherwise d(T') > d(T') —e+a >3 —~
since a > ¢ by (I1), a contradiction. Hence d(T) > d(T") — e.

Let ¢ € R. The conclusions above imply that Q(7") \ {¢} = Q(T") \ {z1} and B(T") \
{q} = B(T)\ {z1}. The latter implies that {q1, g2} € B(T'). The former implies that ¢;qqs
for a path, for otherwise there would exist a vertex other than ¢, ¢;, and ¢, that is cofacial
with z; and therefore belongs to Q(7"); yet that vertex also then belongs to Q(7) and so
is a strong dividing vertex of 7", a contradiction as above. Thus (2) holds as desired. [J

The following claim is analogous to Claim 5.14 in [35]; however, the result in [35] is
weaker in that £ < 3. The proof is nearly identical.

Claim 20. Fork € {0,1,2,3,4,5,6}, if T is a k-relaxation of T, then there does not exist
a proper critical subcanvas of T".

Proof. Suppose not. By Claim 9, v(7") > 1. Then by Claim 10, we have that d(7") > 4—~.
By Claim 17, d(T) > 4 — v — 6(2ac+¢). By (I2), this is at least 3 — v, a contradiction. [
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For the remainder of this chapter, let X; be the set of internal vertices of G with at
least three neighbours in C'. The following claim combines Claims 5.15, 5.16, and 5.17 in
[35], and establishes several some of the structure surrounding vertices in Xj.

Claim 21 (Proofs taken from Claims 5.15-5.17, [35]). The following all hold.

1. X1 # 0 and every member of X, is a tripod of T.
2. T ® Xy is well-defined and is a critical canvas.

3. The graph G ® X does not have a chord of C @ X;.

Proof. We begin by proving (1). By Claim 13, there does not exist a chord of C', and hence
X, # () by Theorem 3.2.10. By Claims 16 and 18 every member of X is a tripod of T'.

Next, we prove (2). By Proposition 3.2.11 (2) every tripod of G is regular, and hence
T & X, is well-defined. It is critical by Corollary 3.2.7.

Finally, we prove (3). Suppose not. Let vjvy be a chord of C' @ X;. As C has no
chord by Claim 13, we may assume without loss of generality that v; € V(C). Thus v; is
a tripod of C. Hence vy is also a tripod, as otherwise v; is not a tripod. But then v, is a
true dividing vertex of T' @ v; because v(T') > 4 by Claim 9, contradicting Claim 18. [

For the remainder of this chapter, let X, be the set of vertices v € V(G) \ (V(C) U X7)
with at least three neighbours in C'@ X;. The first part of the following claim corresponds
to Claim 5.19 in [35]; the following two parts are analogous to parts (2) and (3) of Claim
21, above.

Claim 22. The following all hold.

1. (Claim 5.19, [75].) We have Xy # 0. Furthermore, let x5 € Xo, and let uy, ug, - - -, ug
be the neighbours of xo in C' @ Xy listed in standard order. Then k = 3, and uy €
V(C). In particular, every member of X is a tripod of C & X;.

2. (T ® X,) ® Xy is well-defined and is a critical canvas.

3. The graph (G & X1) @ Xy does not have a chord of (C @& X;) & Xs.
Proof. We begin by proving (1). By Claim 21 (3), there does not exist a chord of C' & X,
and hence from Claim 21 (2) and Theorem 3.2.10 it follows that X5 = (). Let x5 € X,
and uy,usg, ..., u; be as stated. Let i € {2,3,--- ,k — 1}. If u; € Xy, then since u; has no
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neighbours in X; by Claim 21 (3), we have that u; has three neighbours in C' and is adjacent
to x5 but has no other neighbours, contrary to Proposition 3.2.11 (2). Thus u; € V(C).
We may assume that k > 4, as otherwise (1) holds. Since x5 ¢ X;, we may assume from
the symmetry that vy € X;. By considering the vertices u; and uy we find that x5 is a
true dividing vertex of either T'@® uy (if ugy € V(C)) or T & {uy, us} (if ugy ¢ V(C)), either
case contradicting Claim 18.

We now prove (2). By Claim 21 (2), we have that T'@® X, is well-defined. By Claim 22
(1), every member of X5 is a tripod of C'@® X;, and so by Proposition 3.2.11 we have that
(T ® X1) ® Xy is well-defined. It is a critical canvas by Claim 3.2.7.

Finally, we prove (3). Suppose not. Let v1v9 be a chord of (C'® X;)® X;. By Claims 13
and 21 (2), we may assume without loss of generality that v; € X5. Since every member of
X is a tripod of C'® X by (2), it follows that ve € Xs. Let uy, us, uz be the neighbours of
vy in C'@ X listed in standard order, and let wy, wsy, w3 be the neighbours of v, in C' ® X;
listed in standard order. Since v; and vy are not in X3, at least one of u; and ug (say ;)
is in X7; and similarly, at least one of w; and ws is in X;. Let Y = {wy, w3} N X;. First
suppose that {wy, w3} N{uy, us} = 0. Recall that by (1), us and wy are in V(C'). Then since
deg(vy) > 5 and deg(vy) > 5 by Proposition 3.2.11 (2), it follows that v; is a true dividing
vertex of T'@ u; &Y @ vy, contradicting Claim 18.

Thus we may assume that {wy,ws} N {uy,us} # . Without loss of generality, suppose
that ug = ws. Then again since deg(vy) > 5 and deg(vy) > 5 by Proposition 3.2.11 (2), it
follows that vy is a true dividing vertex of T @Y @ vy (if uy € Xy) or T DY & uy & vy (if
uy € X1), again contradicting Claim 18. ]

It follows from the definition of critical canvas that there exists an (L, M )-colouring of
C' that does not extend to an (L, M )-colouring of G. For the remainder of the proof, let ¢
be one such fixed (L, M )-colouring of C'.

Claim 23 (Claim 5.20, [35]). The colouring ¢ extends to every proper subgraph of G' that
contains C as a subgraph.

Proof. This follows from Proposition 3.2.9 and Claim 11. ]

For v € V(G) \ V(C), we let S(v) := L(v) \ {v[u,¢(u)] | v € N(v)nV(C)}. The
following claim is analogous to Claim 5.21 in [35], with the appropriate changes for corre-
spondence colouring.

Claim 24 (Claim 5.21, [35]). For allv € V(G)\V(C), |L(v)| =5 and |S(v)| =5—|N(v)N
V(O)l.
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Proof. Suppose for a contradiction that |L(v)| > 6 for some v € V(G)\V(C). Let ¢ € L(v),
and let L' be defined by L'(v) : L(v) \ {c¢} and L'(x) := L(x) for all x € V/(C) \ {v}. Then
(G,C,(L',M)) is a canvas, and ¢ clearly does not extend to an (L', M)-colouring of G.
By Proposition 3.2.9 the canvas (G,C, (L', M))) has a critical subcanvas (G',C, (L', M)).
Since T" was chosen to minimize Yy |L(v)| subject to | E(G)| being as small as possible,
it follows that G’ is a proper subgraph of GG. That contradicts Claim 10 applied to Ty = T
and G'.

To prove the second statement, suppose for a contradiction that |S(v)| > 5 — |[N(v) N
V(C)| for some v € V(G) \ V(C). Thus by our choice of minimum counterexample, it

follows that either v has a neighbour w; such that v[wi, ¢(w;)] = 0, or that v has two
distinct neighbours w; and wsy in V/(C') such that v|wy, ¢(w;)] = v[ws, ¢(ws)]. But then ¢
does not extend to G \ vwy, contradicting Claim 23. O
22
Zl ) $2
Uy
N\ N\ O N\ N\ N\
U9 Uus
%)
21 ) L2 Us
U1

Figure 3.1: Vertices 21, 25 as described in Claim 34.
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The following claim is nearly identical to Claim 5.22 in [35], and establishes some of
the structure surrounding X; vertices that neighbour X, vertices. See Figure 3.1 for an
illustration of the vertices described in the claim.

Claim 25 (Claim 5.22, [35]). Let x € Xo, and let U = N(z) N X;. If u € U, then
deg(u) = 6 and there exist adjacent vertices z1,z2 & V(C) such that 2z is adjacent to u
and is in B(T), and zy is adjacent to u and x.

Proof. By Claim 19 applied to T" and u, we find that deg(u) < 6 and the claim follows
unless deg(u) = 5. So suppose for a contradiction that deg(u) = 5.

Let ¢" = (C @ U) @z, and T(C") = (G',C',(L,M)). Let z € V(G") \ V(C’) be a
neighbour of u. We claim that G\ uz has a C’-critical subgraph. To see this, we extend ¢
to an (L, M)-colouring ¢’ of G\ uz as follows. For v € V(C), let ¢'(v) = ¢(v). Since x & X;,
we have that |S(z)| > 3, and |S(u)| = 2 by Claim 24 since v € X; and every vertex in X
is a tripod of 7" by Claim 21 (1). We may therefore choose ¢'(x) with u[x, ¢'(z)] & S(u).
Now if ¢’ extends to an (L, M)-colouring ¢” of G’ \ uz, then by re-defining ¢”(u) to be a
colour in S(u)\ u[z, ¢"(2)], we obtain an extension of ¢ to G, a contradiction. Thus ¢’ does
not extend to an (L, M)-colouring of G\ uz, and so by Proposition 3.2.9 this proves our
claim that G’ \ uz contains a C’-critical subgraph, say G”. But G” is a proper C’-critical
subgraph of G’, contradicting Claim 20. O

For the remainder of this chapter, let X3 be the set of vertices v € V(G) \ (V(C) U
X7 U X3) with at least three neighbours in (C'® X;) @ X5. Having established that every
vertex u € N(Xz) N X; has degree 6, we are now equipped to prove the following claim.
The claim is analogous to Claim 5.19 in [35] (or equivalently Claim 22 (1), above), with
X3 playing the role of X,. Note that none of the proofs in [35] require the introduction of
this third layer of tri- and quadpods Xs.

Claim 26. We have X3 # (). Furthermore, let 3 € X3, and let uy,us,...,u, be all the
neighbours of x3 € (C & X;) ® Xy listed in standard order. Then k =3, and uy & Xs.

Proof. By Claim 22 (3), there does not exist a chord of (C' @ X;) @ X», and by Claim 22
(2), (T ® X1) ® X, is a critical canvas. Thus by Theorem 3.2.10 it follows that X3 # (). Let
x3 € Xz and ug, ..., u; be as stated. Let ¢ € {2,...,k—1}. Suppose that u; € Xs. If both
w;—1 and u;;q are in Xy, then since there are no edges in F(G) with both endpoints in X5
by Claim 22, it follows that deg(w;) < 4 as u; is adjacent to x3 and w; has exactly three
neighbours in C' @ X; by Claim 22 (1). Thus at least one of w;_; and u;y; is not in Xy. If
neither u;_; nor u;, 1 is in Xy, then given the existence of u; and the fact that deg(x3) > 5 by
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Proposition 3.2.11 (2) it follows that x3 is a true dividing vertex of T'® ({u;—1, ui+1} N X1),
contradicting Claim 18. Thus exactly one of u;_; and u;;4 is in X5. By symmetry, we may
assume u;—1 € Xo. Let W = N(u;41) N X;. Note that |[W| < 2 by Claim 22 (1). Then
again we find that x3 is a true dividing vertex: either of T@& W @ u; 1 P uiyq (if uig € Xy)
orof T@&W G u;—y (if ujpq € V(C)), either way contradicting Claim 18.

We may assume that & > 4, as otherwise the claim holds. Since z3 ¢ X5, we may
assume by symmetry that u; € X,. By above, ug, ..., u;—1 € V(C) N X;. Recall that by
Claim 21 (3) and (1), there are no edges with both endpoints in X; and every member
of X has exactly three neighbours in V(C'). In addition, by Proposition 3.2.11 (2) every
vertex in X; has degree at least 5. By Claim 25, if a vertex u € X; is adjacent to a vertex
in X, then it follows that deg(u) = 6. Thus {ug,us,...,ux—1} C V(C), and moreover,
|IN(u1) N Xy = 1. Similarly, if u, € X3 then |N(ug)| = 1. Then since deg(u;) > 5 and
deg(ug) > 5 by Proposition 3.2.11 (2) and every vertex of X, is a tripod of C' & X, it
follows that x5 is a true dividing vertex of either (T'@® (N(u1) N X1)) @ uy (if up € V/(C));
or of (T'® (N(u1)NX1))Duy) Dug (if up € Xyq); or finally of ((T'® (N(uy)NX1)) Duy) D
(N(up) N X1)) @ ug (if up € X3). Since as argued above |N(uy) N Xy =1 and if vy, € X5
then |N(ug) N X;| = 1, it follows that x5 is a true dividing vertex of a k-relaxation with
k < 4, contradicting Claim 18. O]

Let Xy := V(C). It will be convenient to be able to succinctly describe the structure
surrounding vertices in X, and X3. To that end, we make the following definition.

Definition 3.5.4. Let ¢ € {2,3}, and let x; € X;. Let uy, us, ug, ... be the neighbours of x;
listed in standard counterclockwise order. We say x; is of type (7, k, ¢) with j, k, ¢ € {0,1,2}
if ug € Xj, us € X, and us € X,.

By Claim 26, there exists a vertex x3 € X3. For the remainder of the proof, we will fix
such an x3. Since x3 € Xo, it follows that x3 has at least one neighbour in X5. By Claim
26, if z3 is of type (j, k, £), then k # 2. Up to reflection of the graph, we may assume that
xg is of one of the following types: (2,0,0), (2,0,1), (2,1,0), (2,1,1), (2,0,2), (2,1,2). The
following claims allow us to rule out several of these types.

Claim 27. The vertex x5 is not of type (2,0,1).

Proof. Suppose not. Let xq, xg, 1, ... be the neighbours of x5 in standard counterclockwise
order. Note that by Claim 21 (1), x; is a tripod of T, and since z5 ¢ X, it follows that
x9 has at most two neighbours in V(C'). Thus by Claim 24, |S(z3)| > 3 and |S(z1)| = 2.
Moreover, since x5 is adjacent to a vertex in V(C'), we have that |S(z3)| = 4. Thus there
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exists a colour ¢; € S(x1) and a colour ¢g € S(z3) such that z3[xy, ¢;] = w3[r1, o). Set
o(z;) = ¢; fori € {1,2}. Let U = N(zo) N Xy, and let 7" = T(((C @ U) ® x2) ® x1) =
(G',C",(L,M)). We claim that G’ — z3x5 has a C’-critical subgraph. To see this, note
that if ¢ extends to an (L, M )-colouring of G, then by our choice of ¢(z1) and ¢(x9) this
extension is also an (L, M)-colouring of G. Thus ¢ does not extend to an (L, M )-colouring
of G' — x319, and so by Proposition 3.2.9 we have that G’ — x3x9 contains a C’-critical
subgraph. But this subgraph is a proper subgraph of G’; and by Claim 22 (2), |U| < 2 and
so T" is a k-relaxation of T' with k& < 4, contradicting Claim 20. O]

Claim 28. The vertex x5 is not of type (2,1,0).

Proof. Suppose not. Let x9, 21, 2o, ... be the neighbours of x3, listed in standard counter-
clockwise order. Note that z; has exactly three neighbours in V(C') since z; is a tripod
of T by Claim 21 (1). If x5 is adjacent to xy, then since G is planar and z; is adjacent to
x3, it follows that deg(z;) = 5. But this contradicts Claim 25 since zyz5 € E(G). Thus
we may assume that o is not adjacent to z1, and so since x; has degree at least five by
Proposition 3.2.11 (2), there exists a vertex x| € X; with 22y € E(G) and z\x; € E(G).
But this contradicts Claim 21 (3), since G does not contain an edge with both endpoints
in Xl. ]

Claim 29. The vertex x3 is not of type (2,1,1).

Proof. Suppose not. Let xq, 21,27, ... be the neighbours of z3 listed in standard counter-
clockwise order. Note that z; has exactly three neighbours in V(C') by Claim 22 (1), and
that x; is not adjacent to x} by Claim 21 (3). If 2 is not adjacent to x5, then since z; is
adjacent to xs it follows that deg(z1) < 4, contradicting Proposition 3.2.11 (2). Thus we
may assume that x; is adjacent to xy. But then deg(xs) < 5, contradicting Claim 25. [J

Claim 30. The vertex x3 is not of type (2,0,2).

Proof. Suppose not. Let x9,xq, 25, ... be the neighbours of z3 listed in standard coun-
terclockwise order. Note that x5 is of type (1,0,0) and % is of type (0,0,1), as otherwise
a vertex in X; adjacent to either x5 or zf, has degree at most 4, contradicting Claim
25. Let z; and 2| be the unique neighbours of x, and xf, respectively, in X;. By
Claim 24, |S(z2)| = |S(24)| > 3. Moreover, since x3 is adjacent to a vertex in V(C),
we have that |S(z3)] = 4. Thus there exists an extension ¢’ of ¢ to C'U {xq, x4} where
valirn, ¢ (22)] = 2y, (). Let T' = (&', ', (L, M) = T{((C & {1, 24}) & {2, 55}).
We claim G’ — x3x5 has a (C’-critical subgraph. To see this, note that if ¢’ extends to
an (L, M)-colouring of G, then by our choice of ¢(zs) and ¢(x}) this extension is also an
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(L, M)-colouring of G that extends ¢. Thus ¢’ does not extend to an (L, M )-colouring of
G' — x319, and so by Proposition 2.9 G’ — x3x5 contains a C’-critical subgraph. But this

subgraph is a proper subgraph of G/, and G’ is a 4-relaxation of G, contradicting Claim
20. ]

Claim 31. The vertex x3 is not of type (2,1, 2).

Proof. Suppose not. Let xq, z1, 25, ... be the neighbours of z3 listed in standard counter-
clockwise order. By Claim 21 (1), x; has exactly three neighbours in V(C'). By Proposition
3.2.11 (2), x; is adjacent to at least one of x5 and x5. But then by Claim 25, it follows that
x1 is adjacent to both z5 and x}. By Claim 24, |S(z2)| > 3, |S(x%)] > 3, and |S(x1)| = 2.
Thus there exists an extension ¢’ of ¢ to C'U{xy, 24} where x[z2, ¢'(22)] ¢ S(x1) and simi-
larly x; [}, ¢/ (x})] & S(x1). Let U = (N(z2) UN(24)) N Xy, and let 7" = (G, C', (L, M)) =
T(C & U & {x9,24}). We claim G' — z3x; has a C’-critical subgraph. To see this, note
that if ¢’ extends to an (L, M )-colouring of G, then redefining ¢'(x;) € S(x1) \ ¢'(x3) we
obtain an (L, M)-colouring of G that extends ¢. By Proposition 3.2.9 G’ — x5z contains a
('-critical subgraph. But this subgraph is a proper subgraph of G’, and G’ is a k-relaxation
of G with k <5 (since z; € N(x2) N N(z))), contradicting Claim 20.

It follows from Claims 27-31 that z3 is a vertex of type (2,0,0). For the remainder of
the proof, let x5 be the neighbour of z3 in Xs.

Claim 32. The vertex x4 is of type (1,0,0).

Proof. Suppose not. Note that since o € X, we have that x4 is adjacent to at least one
vertex in X;. By Claim 22 (2), since x5 is not of type (1,0, 0), it follows that x5 is of type
(1,0,1). Let 27 and z/ be the neighbours of xs in X;. Since G is planar, one of z; and ]

has degree at most 5, since it is adjacent to three vertices in V(C') by Claim 21 (1); to x;
and possibly to x3. This contradicts Claim 25. O]

O
For the remainder of the proof, let x; be the neighbour of x5 in Xy, let T} =T & x4,

and let Ty = T} @ x5. The following claim is similar to Claim 19, and establishes some of
the structure of 75.

Claim 33. FEither:

o deg(zy) =5, or
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e deg(zy) = 6, the neighbours of xs not in X1 or C' form a path of length two with the
ends in B(T @ 1), b(Ty) = b(T), q(Tx) = q(T), and d(T) > d(Ts) — 2e.

Proof. Suppose not. Note that we may assume deg(z2) > 6, since every vertex in V(G) \
V(C) has degree at least five by Proposition 3.2.11 (2) and deg(zs) # 5 by assumption.
Moreover, by Claim 9 we have that v(7") > 8 and so v(73) > 6. By Claim 3.2.7, T5 is a
critical canvas, and so by the minimality of 7" it follows that d(73) > 3 — 7. In addition,
since z; is a tripod of T" and x5 is a tripod of T'® z1, we have that def(T") = def(T3), and
v(T) = v(T3) + 2. Tt follows that

d(T) = d(Ty) — 2¢ + a(b(Ty) — b(T) + q(Ts) — ¢(T)).

By Claim 25, deg(x;) = 6 and there exist adjacent vertices z1, 2o € V(C) such that z; is ad-
jacent to x1 and is in B(T"), and 2 is adjacent to x; and xo. Let x1,us, us, g1, - , 20 be the
neighbours of x5 listed in their cyclic order around z5. Let R = N(x9) \ {z1, u2, us, g1, 22}
We claim that RN Q(T)) = (). To see this, suppose not: let ¢ be a vertex in RN Q(T}).
Then given the presence of the path z; 2,29 and the fact that z; € B(T), it follows that ¢
is cofacial with a vertex in V(C). Given the existence of ¢, this implies that ¢ is a strong
dividing vertex of T5. Since Ty is a 2-relaxation of T', this contradicts Claim 18. Thus
RNQ(Ty) = 0; and since B(Tz) C Q(T3), it follows that RN B(T}) = (. Since deg(z;) =6
by Claim 25, Claim 19 implies that b(7") = b(T}), q¢(T) = ¢(T1), and d(T) > d(T}) — e.
Since RN Q(Tz) = 0, it follows that ¢(Ts) > ¢(T1) + |R| — 1, and b(Ty) > b(Th) + |R| — 1.
Moreover, def(Ty) = def(T}), and v(Ty) = v(Ts) + 1. Thus

d(Ty) = d(Ty) — e + a(b(Tz) — b(T1) + q(T) — q(TY)), (3.5.1)
and so
d(Ty) > d(Tz) — e+ a(b(Ty) + |R| — 1 = b(Th) + q(Th) + |R| — 1 — ¢(T1))
> d(Ty) — e + a(2|R| — 2).

Since d(T') > d(Ty) — e by Claim 19, it follows that
d(T) > d(T3) — 2e + a(2|R| — 2)

If |R| > 2, then d(T") > d(T%) — 2¢ + 2. This is a contradiction, since by the minimality
of T" we have that d(Ty) > 3 — 7, and ¢ < a by (I1), implying that d(T) > 3 —~. Thus
|R| = 1, and so deg(z2) = 6, q(Ts) > q(T1), and b(T2) > b(T}). If equality does not hold in
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both of these expressions, then in Equation (3.5.1) we have

d(Tl) > d(Tg) -+«
d(T) > d(Th) — € > d(Ty) — 2e + « since d(T') > d(T}) — € by Claim 19
>3 —v—2+aq,

where the last line follows from the fact that by the minimality of 7', we have d(T5) > 3—7.
This is a contradiction, since o > 2¢ by (I1). Hence ¢(71) = q(T»), and b(Ty) = b(T3).
Note this implies b(T") = b(1») and ¢(T") = ¢(T32) by Claims 25 and 19. Moreover, d(73) >
d(Ty) — e; and since d(T') > d(1}) — € by Claim 19, it follows that d(T) > d(T3) — 2e.

Now, let ¢ € R. From the above, Q(T») \ {¢} = Q(T1) \ {z2}, which implies that ¢;qq
forms a path as otherwise there would exist a vertex x & {q, 1, g2} with x € Q(T3)NQ(T1).
But then z is a strong dividing vertex of 7}, contradicting Claim 18. Similarly, B(72)\{q} =
B(Ty) \ {2}, implying that {q1, ¢} C B(T1). O

29 <3

L1 T2 x3

)
N

N

Figure 3.2: Vertices 21, 22, and z3 as described in Claims 34 and 36. For each i € {1, 2, 3},
the vertex z; is in X;. Moreover, x5 is of type (1,0,0), and z3 is of type (2,0,0).

The following claim establishes that deg(zs) = 6. See Figure 3.2 for an illustration of
the vertices described in the claim. For the remainder of the proof, let T5 = T5 ® x5, with
T3 = (G?n 037 (L7 M))

Claim 34. The following both hold.

o deg(z2) =6, and
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e there exist adjacent vertices zo, z3 € V(C) such that z9 is adjacent to xo and x1, and
23 15 adjacent to xo and x3.

Proof. By Claim 33, this holds unless deg(z2) = 5. Let z € V(G3)\V(C3) be a neighbour of
x9. We claim G\ {x22} has a Cs-critical subgraph. To see this, we start by extending ¢ to a
partial (L, M)-colouring of C'UCj as follows: first, note that since z; € X; is a tripod of T
by Claim 21 (1), Claim 24 implies that |S(z1)| = 2. Similarly, since x5 is of type (1,0,0) by
Claim 32, we have that Claim 24 implies that |S(z2)| = 3. Since z3 is of type (2,0,0), again
Claim 24 implies that |S(z3)| = 3. By Claim 12, |M,,4,| = |Ma,2,| = 5. Thus there exists
a colour ¢; € S(z1) and a colour ¢z € S(x3) such that z3]xy, ¢1] = zo[xs, c3]. Set p(x;) = ¢;
for i € {1,3}. If ¢ extends to an (L, M)-colouring ¢' of G5 \ x2z, then ¢ extends to an
(L, M )-colouring of G by redefining ¢'(x3) to be a colour in S(x9) \ {za[z1, c1], 2]z, ¢’ (2)]}.
Since |S(z2)| = 3, such a choice exists —a contradiction, since ¢ does not extend to G.
Thus ¢ does not extend to an (L, M)-colouring of G3 \ x2z, and thus by Proposition 3.2.9,
we have that G3 \ x2z has a Cs-critical subgraph, G%. But then G} is a proper Cs-critical
subgraph of G3 (since 92z ¢ F(GY)). Since T3 is a 3-relaxation of 7', this contradicts Claim
20. [

For the remainder of the proof, let 21, 25, and 23 be as in Claims 25 and 34.

Claim 35. Neither z nor z3 have a neighbour in V(C).

Proof. Note that N(z2) N V(C) = (), as otherwise given the existence of z; and z3, we
have that 25 is a strong dividing vertex of 77, contradicting Claim 18. Moreover, note that
deg(x3) > 5 by Proposition 3.2.11 (2); and so, given that x3 is a tripod of T, by Claim
26, there exists a vertex ¢; € N(x3) such that ¢, z3, 25 is part of the cyclic ordering of the
neighbours of z3 and ¢; € V(C'). Thus N(z3) NV(C) = () by Claim 35, as otherwise given
the existence of z5 and ¢;, we have that z3 is a strong dividing vertex of T3, contradicting
Claim 18. ]

The following claim bounds d(7") in terms of d(73) and establishes that deg(z3) = 6.
Claim 36. deg(z3) =6 and d(T') > d(T5) — 3e.

Proof. Suppose not. First suppose that deg(z3) > 6. Note that since x; is a tripod of T’
since x9 is a tripod of 77; and since 3 is a tripod of Ty, it follows that def(7") = def(7}) =
def(T,) = def(T3). Moreover, by Claim 9, v(73) > 5. Thus by the minimality of 7', we
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have that d(73) > 3 — 7. In addition, note that v(73) = v(13) — 1, that v(T3) = v(1T}) — 1,
and that v(T}) = v(T) — 1. Thus, letting Ty := T, we have that

d(Ti1) = d(T3) — e + a (b(T3) = b(Tia) + ¢(T2) — q(Tiv)) (3.5.2)

for each i € {1,2,3}.

Let 23,2, u1,us2,q1,qa, ... be the neighbours of z3 listed in their cyclic order around z3,
where {uy,us} C V(C). Let R = N(x3) \ {23, T2, u1, u2,q1}. We claim no vertex r € R is
in the quasiboundary of T5; otherwise, given the existence of z3 and ¢;, we have that r is
a strong dividing vertex of T3, contradicting Claim 18.

Note that R C B(T3) € Q(73). Thus since x5 € Q(T3) \ Q(13) and R C Q(T3) \ Q(T%),
it follows from Equation 3.5.2 that

d(Tz) > d(T3) — e+ 2a(|R| — 1).

By Claims 33 and 34, d(T) > d(T») — 2¢.

Combining these results, we have that
d(T) > d(T») — 2

> (d(T3) — e +2a(|R| — 1)) — 2e.

Suppose that deg(x3) > 7, and so that |R| > 2. Then d(T') > d(T3) — 3¢ + 2a. Since

d(T3) > 3 — , this implies d(T") > 3 — v — 3¢ + 2. This is a contradiction, since 3¢ < 2«

by (I1). Thus |R| = 1, and so deg(x3) = 6 and d(T") > d(T3) — 3¢, as desired.

Suppose now that deg(z3) < 6, and so that deg(x3) = 5 by Proposition 3.2.11 (2).
Recall that by Claim 22 (1), x; is a tripod of T'. It follows from Claim 24 that |S(z;)| = 2;
and moreover since x5 is a tripod of 77 by Claim 22 (1), we have further that |S(z2)| = 3.
Thus there exists a colour ¢o € S(z3) such that [z, co] & S(z1). Let ¢p(x2) = co. Note
that N(z2) NV(C) = 0 by Claim 35. Thus by Claim 24, |S(x2)| = 5, and so there exists
two distinct colours d; and ds in S(z3) such that x1[z0,d;] & S(x1) and x5]z, d;] # co for
ie{1,2}.

Furthermore, N(z3) NV (C) = () by Claim 35. Thus by Claim 24, |S(z3)| = 5. It follows
that there exists an ¢ € {1, 2} such that S(z3)\ ({23[22, di], z3[®2, ca] FU{23]23,¢] : ¢ € S(x3)})
is non-empty, since |S(z3)| = 5 and z3]z2,d1] # z3(22,d2]. Without loss of generality,
suppose that i = 1. Let d3 € S(z3) \ ({23]22,di], z3[x2, 2]} U {2z5(x3,¢) : ¢ € S(z3)}).
Finally, let ¢(22) = dy and ¢(z3) = ds.
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Let C’ be obtained from C3 by deleting x5 and adding the vertices z,, 23 as well as edges
T129, 2023, and zzx3. Let TV = T(C") = (G, C", (L, M)). We claim that G' —{x3q1, x121 } has
a C'-critical subgraph. To see this, note that if ¢ extends to G'—{x3q1, x121 }, then ¢ extends
to an (L, M)-colouring of G by redefining ¢(x;) as a colour in S(zq) \ z1[21,¢(21)] and
¢(x3) as a colour in S(x3) \ {z3[q1, #(q1)], z3]x2, ca]}. Such choices exist, since |S(z1)| = 2
and |S(z3)| = 3 by Claim 24 since z3 has exactly two neighbours in V(C) by Claims
27-31. This contradicts the fact that ¢ does not extend to G. Thus ¢ does not extend
to an (L, M)-colouring of G’ — {x3¢1,%121}, and so by Proposition 3.2.9 we have that

— {x3q1, 2121} has a C’'-critical subgraph G”. Note that v(7”) > 2 by Claim 9, and
|E(G")\ E(G")| > 2. Moreover, we claim that C” is chordless: this follows easily from the
facts that C' is chordless by Claim 13; that neither z; nor z3 have a neighbour in V(C) by
Claim 35; that 2123 ¢ FE(G) since G is planar; and that zez3 ¢ E(G) since z3 has degree
at least five by Proposition 3.2.11 (2). Thus |E(G") \ E(C")| > 2.

(
By Claim 10 (3) applied to 7" and G”, we find that d(7") > 5 — (2a+¢) — . Moreover,
v(T") = v(Ty) + 3, b(T") > b(Tz) — 3, and similarly ¢(7") > q(Tz) — 3. Thus s(T7") >
s(Ty) — (3¢ + 6ar). Furthermore, def(7") = def(75,) + 1. Putting all of this together,

5— (20 +¢) — (T
ef(T") — s(T")
(def(T3) + 1) — (s(T2) — (3¢ + 6a))

(T3) + 1+ (32 + 6av),

IA A CIA |/\
Q-&

=8

which implies that d(73) > 4 — v — (8a. + 4¢). By Claim 33, d(T") > d(T3) — 2¢, and so
d(T) >4 —~ — (8a+ 6¢). This is a contradiction, since 8a + 6 < 1 by (I2) and (I3). O

We will complete the proof of Theorem 3.4.7 by showing that z3 is not of type (2,0,0),
thereby arriving at a contradiction. Before we do this, we need the following key claim
which establishes some of the correspondence assignment in the graph near .

Claim 37. The following both hold.

(i) The vertex z, has exactly one neighbour in V(C'), and there do not exist colours
dy € S(z1) and dy € S(x2) such that zs[xy,d1] = 23|22, ds].

(i) Let T\ = (G1,C4, (L, M)). Let ¢(x1) € S(xy), let S'(v) = S(v) for allv € V(G') \
N(zy), let S'(v) = S(v) \ v[zy, @(x1)] for each v € N(x1). The vertex zo has exactly
one neighbour in V(C"). Moreover, there do not exist colours dy € S'(x2) and ds €
S'(x3) such that zs3|xs, do] = z3[xs, ds].
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Proof. We begin by proving (i). First we will show that z; has exactly one neighbour in
V(C). To see this, suppose not. Since z; is in the boundary of 7" by Claim 25, it follows
that z; has at least one neighbour in V(C'). Thus z; has at least two neighbours in V' (C).
Since z7 is adjacent to z; and there are no edges in F(G) with both endpoints in X; by
Claim 21 (3), it follows that that z; ¢ X; and so that z; has exactly two neighbours in
V(C). Thus by Claim 24 we have that |S(z1)| = 3. Similarly, since x5 is a tripod of T} by
Claim 22 (1), by Claim 24, |S(z2)| = 3. Since x; is a tripod of 7" by Claim 21 (1), we have
further from Claim 24 that [S(z1)| = 2. Thus there exists a colour ¢; € S(z1) and a colour
¢y € S(g) such that x1[z1, ¢1] € S(x1) and 1 [xs, co] & S(x1). Let C' = Cdx1® 2z Do, and
let ¢(21) = ¢1 and ¢(x2) = co. Let T" = (G',C", (L, M)) = T(C"). We claim G’ —x12, has a
('’-critical subgraph. To see this, note that if ¢ extends to an (L, M)-colouring of G’ — 1 2,,
then by redefining ¢(x;) to be a colour in S(z1) \ 21[22, #(22)] we obtain an extension of ¢
to an (L, M)-colouring of G, a contradiction. Thus ¢ does not extend to G’ — 123, and so
by Proposition 3.2.9, we have that G’ — x12, contains a C’-critical subgraph G”. But G”
is a proper subgraph of G', and 7" is a 3-relaxation of T'. This contradicts Claim 20.

Thus z; has exactly one neighbour in V(C'), and so by Claim 24 we have that |S(z1)| = 4.
Since |S(z1)| = 2, there exist two distinct colours ¢; and ¢y in S(z1) with @121, ¢1] € S(z1)
and x1[zq, o] & S(z1).

We now proceed with the rest of the claim. Suppose for a contradiction that there exist
dy € S(x1) and dy € S(x3) such that zp[xy,d;] = 2]x2,ds]. Since z; has no neighbours
in V(C) by Claim 35, by Claim 24 we have that |S(z2)| = 5, and so there exists a colour
c3 € S(z2) and an i € {1,2} such that ¢35 # z2[21, ¢;], such that z[zq, c3] & S(x1), and such
that xs[zo,c3] & S(x2): that is, there is a colour choice ¢; for z; that avoids S(z;), and a
colour choice ¢3 € S(22) that avoids ¢; € S(z1) as well as S(z1) and S(z2). See Figure 3.3
for an illustration of the matchings described. Let C” be obtained from (C' @z @ x2) \ {x1}
by adding the vertices z; and 2o as well as edges yz1, 2129, 2222, where y € N(z1) NV (C).
Let 7" = (G",C",(L,M)) = T(C"). Recall that deg(xzs) = 6 by Claim 22 (2); and
N(w2) \ (V(C") U{z1}) = {23, 23}

We claim that G”\ {223, 2273} has a C"-critical subgraph. To see this, choose ¢(z1) =
¢i, and ¢(zq9) = c3. If ¢ extends to an (L, M)-colouring of G” \ {z1,z2}, then ¢ extends to
an (L, M)-colouring of G by first choosing ¢(z2) € S(z2) \ {x2[23, P(23)], x2[23, P(23)]}, and
then choosing ¢(x1) € S(z1) \ {z1[xe, ¢(x2)]}. Note this is possible, since |S(z1)| = 2 and
|S(z2)] = 3. This is a contradiction, since ¢ does not extend to G by assumption. Thus
¢ does not extend to an (L, M)-colouring of G” — {x1, x5}, and so by Proposition 3.2.9
we have that G” \ {223, Tox3} has a C”-critical subgraph. But then G” contains a proper
C"-critical subgraph G*. Note that |E(G")\ E(G*)| > 2, and by Claim 9, v(T") > 3.
Finally, we claim |E(G*)\ E(C")| > 2. To see this, note that since C'is chordless by Claim
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Figure 3.3: The matchings between S(z1), S(x2), S(21), and S(z2), as described in Claim
37. The matching M,,,, is omitted for clarity. We assume there exists a colour d; € S(z1)
and dy € S(z3) such that z3[xq, d;] = 29[z, d3]. Without loss of generality, we may assume
that the solid edges in the matchings are as shown. No matter the remainder of the edges
in M,,,, and M,,.,, there exist colours ¢; € S(21) and ¢3 € S(z2) such that ¢; is unmatched

in M,,.,, such that ¢z is unmatched in M, ., and M,,.,, and such that c3 # 29[z, ¢;].

13; since z; has exactly one neighbour y in V(C') as shown above; since neither z; nor
z3 have a neighbour in V(C) by Claim 35; and since z;zo ¢ E(G) since G is planar, it
follows that C” is chordless. Thus |E(G*) \ E(C")| > 2. By Claim 10 (3) applied to 7"
and G*, we find that d(T") > 5 — (2a + ) — 7. In addition, s(T3) < s(T") + 2(2a + ¢),
def(Ty) > def(T”)—1, and so d(T3) > d(T") —1—2(2a+¢). Thus d(T3) > 4—~—3(2a+e¢).
By Claim 33, d(T) > d(Tz) — 2¢ and so d(T') > d(Ty) — 2e > 4 — v — (6 + 5¢). But then
d(T) > 3 — ~ since by (I2) and (I3) we have that 6a + 5e < 1. This contradicts the fact
that T' is a counterexample.

The proof of (ii) is nearly identical. For each uwv € E(G"), let M/ be the restriction of
M., to S’(u) and S’(v). Recall that by Claim 12, we have that |M.,,,,| = 5. Note that 25 is
not adjacent to a vertex in V' (C) by Claim 35. Thus as z, is adjacent to x;, we have that
25 has exactly one neighbour in V(C') @ z;, and so by Claim 12, we have that |S’(z2)| = 4.
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Similarly, |S'(z2) = 2|. Thus there exist two colours ¢y, co € S’(29) such that for i € {1,2},
we have that z3[xs, ¢;] € S'(x2). Moreover, since |S’(z2)| = 2 and |S(23)| = 5, by Claim 12
we have that that M, . | = 2. Recall that |S(z3)| = 2 by Claim 24 and that |S(z3)| = 5 by
Claims 35 and 24. Since G is planar, neither z3 nor z3 is adjacent to ;. Thus [M, | = 3.
Suppose for a contradiction that there exist colours dy € S'(x2) and d3 € S’(x3) such that
23]x9, do] = z3[x3,ds]. Then there exists a colour ¢3 € S'(z3) and an ¢ € {1,2} such that
c3 # z3]22, ¢;], such that z5(z3, c3] & S'(x2), and such that z3[z3, c3] & S'(x3): that is, there
is a colour choice ¢; for z; that avoids S’(x3), and a colour choice ¢z € S’(z3) that avoids
¢; € 8'(z2) as well as S'(z2) and S'(x3). See Figure 3.4 for an illustration of the matchings
involved. Let C” be obtained from (C} @ z2 @ x3) \ {z2} by adding the vertices zo and z3 as
well as edges x129, 2023, 2323. Let T" = T(C") = (G',C", (L, M)). Recall that deg(zs) =6
by Claim 36. Let N(x3) \ (V(C) U {xs, 23}) = {24, 25}

S'(m) e S'(23)

x2[$1,¢<$1)] O S ()

Figure 3.4: The matchings between S’(x2), S'(x3), S’(22), and S’(z3), as described in the
proof of the second statement in Claim 37. The matching M, . is omitted for clarity. We
assume there exists a colour dy € S’(x2) and d3 € S’(x3) such that zp[xs, ds] = 25[x3, d3).
Without loss of generality, we may assume that the solid edges in the matchings are as
shown. No matter the matching M, , there exist colours ¢; € S'(22) and c3 € S'(22) such
that ¢; is unmatched in M’ such that cs is unmatched in M’ . and M’ and such

Toz22) T2Z3 r3z3’
that C3 7é Z3 [22, Ci]~
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We claim that G'\ {324, v325} has a C'-critical subgraph. To see this, choose ¢(z2) = ¢;,
and ¢(z3) = c3. If ¢ extends to an (L, M)-colouring of G \ {xs, 3}, then ¢ extends to an
(L, M)-colouring of G by first choosing ¢(x3) € S'(x3) \ {z3[24, ¢(24)], 23[25, 9(25)]}, and
then choosing ¢(z3) € S'(x2) \ {za]z3, d(x3)]}. Note this is possible, since |S’(x2)| = 2 and
|S’(x3)] = 3. This is a contradiction, since ¢ does not extend to G by assumption. Thus
¢ does not extend to an (L, M )-colouring of G’ — {z3, 3}, and so by Proposition 3.2.9 we
have that G" \ {x324, 2325} has a C’'-critical subgraph. But then G’ contains a proper C’-
critical subgraph G*. Note that |E(G’) \ E(G*)| > 2, and by Claim 9, v(7") > 3. Finally,
we claim that C” is chordless: this follows from the facts that C' is chordless by Claim 13;
that neither 2z nor zz have neighbours in V(C) by Claim 35; and that z32; ¢ V(C') since
G is planar. Thus |E(G*) \ E(C")| > 2. By Claim 10 (3) applied to 7" and G*, we find
that d(T") > 5 — 2a+¢) — .

In addition, s(73) < s(T")+2(2a+¢), and def(T3) > def(7”) — 1. Thus d(T3) > d(T") —
1—2(2a+¢), and so since d(T") > 5 — (2a+¢) —~, we have that d(T3) > 4—~v—3(2a+¢).
By Claim 36, d(T") > d(T3) — 3e. Thus d(T') > 4 — v — 6a — 6. But this is a contradiction,
since by (I2) and (I3) we have that 6 + 6 < 1. O

We now show z3 is not of type (2,0,0), thus completing the proof of Theorem 3.4.7.

Claim 38. z3 is not of type (2,0,0).

Proof. Suppose not. By Claim 21 (1), we have that z; is a tripod of T. By Claim 24,
it follows that |S(x1)| = 2. Let |S(z1)| = {c1,c2}, and for each ¢ € {1,2}, let ¢; be
an extension of ¢ to x; with ¢;(x1) = ¢; let Si(z2) = S(xq) \ z2]x1, ¢;]; and similarly
let S;(z3) = S(z3) \ z3[x1,¢]. Note that Sj(xg) # Sa(x2) since ¢; and ¢y are distinct.
Furthermore, note that z3 is not adjacent to x; since z3 is a tripod of T3 of type (2,0,0):
thus S;(z3) = S(x3) is a fixed set that does not depend on i. Let M. . be the restriction
of M., to S;(z3) and S;(x2). Finally, let S = S(z3) \ {z3]xs,d] : d € Si(x3)}. Since S;(x3)
is fixed, so too is S.

Note that by Claim 12, we have that |M | = 2 for each i € {1,2}, and moreover by
Claim 37 (2) there does not exist a colour d3 € S;(x3) and a colour dy € S;(x5) such that
z3[wa, da] = 23[w3, d3]. Since S is fixed, this implies that M!(z3z5) = M?(2315). This is a
contradiction, since Sy(x2) and Sy(x2) are distinct sets of size two. O
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3.6 Hyperbolicity and Implications

In this section, we prove Theorem 1.2.23, and discuss the implications of this result. We
will need the following equivalent definition for the deficiency of a graph.

Lemma 3.6.1 (Proof taken from Lemma 3.3, [35]). If G is a 2-connected plane graph with
outer cycle C', then

def(G) = [V(O)| =3~ > (If] =3).

feF(G)

Proof. Using Euler’s formula for planar graphs, we have that |V (G)| — |E(G)|+ (| F(G)| +
1) = 2; equivalently, |V(C)| +v(G) + |F(G)| + 1 = |E(G)| + 2. Hence

V(O =3= > (1/1-3)=V(O) - 3- QIE@G)| - [EQC)]) +3|F(G)))
feF (@)
=2|V(C)| = 2|E(G)| — 3+ 3|E(G)| = 3|V(C)| — 3v(G) + 3
= [E(G)\ E(C)] = 30v(G) since |E(C)] = [V(C)]
= def(G), by definition.

Theorem 3.4.7 implies the following.
Theorem 3.6.2. If T'= (G,C,(L,M)) is a critical canvas, then

EVIANVO+ Y (1fl=3) < V()] -4

FEF(G)

Proof. It T = (G,C, (L, M)) is a critical canvas, then it follows from Lemma 3.6.1 that
d(T) = [V(O) =3 =2 e r(ey (|1 =3) = 0(G) = a(b(T) +¢(T)). Thus d(T) < |V(C)| =3~
> rery([fl =3) —ev(G). By Theorem 3.4.7, if v(T') > 2 then 3 — v < d(T). If v(T) < 1,
then by Proposition 3.4.6 d(T) > 1. Thus 1 < [V(C)| =3 =3_ 7 (|| —3) —cv(G), and
SO
VANV + Y (1f1=3) < V(O)] -4,
feF (@)
as desired. ]

Omitting the €|V (G) \ V(C)| term, we obtain the following.
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Corollary 3.6.3. If (G,C,(L,M)) is a critical canvas, then every internal face f of G
satisfies |f| < |C| — 1.

Omitting instead the face sizes from Theorem 3.6.2 gives the theorem below.

Theorem 3.6.4. If (G,C, (L, M)) is a critical canvas and ¢ is as in Theorem 3.4.7, then
V(G| < ==V

Proof. By Theorem 3.6.2, we have that [V(G) \ V(C)| < i|[V(C)|. Thus |V(G)|

<
LHV(C)| +|V(C)], and so the result follows. O

To obtain the best possible bound in Theorem 3.6.4, we wish to maximize € subject
to inequalities (I1-13). To that end, we choose gives a = %, € = %, and v = %, giving
V(G) < 511V(C)| in Theorem 3.6.4.

Theorem 1.2.23 follows from Theorem 3.6.4 as shown below.

Proof of Theorem 1.2.23. Let G,C, (L, M), and H be as in Theorem 1.2.23. We claim
that H is C-critical. Suppose not. Then there exists a proper subgraph H' of H such
that every (L, M)-colouring of C' that extends to H' also extends to H. But since every
(L, M)-colouring C' that extends to H also extends to G, we have that H’ contradicts
the minimality of H. Thus H is C-critical, and so by Theorem 3.6.4 we have |V(H)| <
51|V (C)|, as desired. O

We now discuss the implications of Theorem 3.6.4. To begin, we show how Theorem
3.4.7 implies that the family of graphs which are critical for 5-correspondence colouring
forms a hyperbolic family. Note the theorem below is merely a more explicit version of
Theorem 1.2.19. Following this, we discuss the implications of the hyperbolicity of a family
of graphs as described by Postle and Thomas in [37].

Theorem 3.6.5. The family F of embedded graphs that are critical for 5-correspondence
colouring is hyperbolic with Cheeger constant 50.

Proof. Let G be a graph that is (L, M)-critical, where (L, M) is a 5-correspondence colour-
ing. Note that G is connected, as otherwise since every subgraph of G admits an (L, M)-
colouring, it follows that each component of G admits an (L, M)-colouring and thus so
does G itself, contradicting the definition of (L, M)-critical. Suppose that G is embedded
in a surface X, and let A : S — X be a closed curve intersecting G in only its vertices
and bounding an open disk A. Let Y be the set of vertices of G’ that are intersected by
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A, and let X be the set of vertices in A. The theorem follows from showing that if X is
non-empty, then | X| < 50(]Y| —1). Let G; := G[X UY], and let Gy := G\ G;. Since
G is critical for 5-correspondence colouring, there exists a colouring of Gy that extends
every proper subgraph of G' containing G5 but not to G itself. Since X # 0, it follows
that Gy is G[Y]-critical. By Theorem 1.2.7, it follows that |Y| > 3. Let vy, v1, v, - , v
be the vertices of Y appearing in a cyclic order along A. Let C be the cycle vgvy - - - vivp.
Since G, is G[Y]-critical, it follows that G; U C is C-critical. By Lemma 3.2.5, Gy U C
is 2-connected, and hence (G1,C, (L, M)) is a canvas. By Theorem 3.6.2 with ¢ = 5—10, we

have that |V (G1) \ V(C)| < 50(|V(S)| — 4). The result follows. O

Showing that such a family of critical graphs is hyperbolic has many interesting impli-
cations, as described in [37]. We highlight a few in particular below, following a definition.

Definition 3.6.6. A non-contractible cycle in a surface is a cycle that cannot be continu-
ously deformed to a single point. An embedded graph is p-locally planar if every cycle (in
the graph) that is non-contractible (in the surface) has length at least p.

In [37], Postle and Thomas show the following.

Theorem 3.6.7 (Postle & Thomas, [37]). For every hyperbolic family F of embedded
graphs that is closed under curve cutting there exists a constant k > 0 such that every
graph G € F embedded in a surface of Euler genus g has a non-contractible cycle of length
at most klog(g+1).

Using this, we obtain the following theorem as a corollary to Theorem 3.6.5.

Theorem 1.2.20. For every surface X, there exists a constant p > 0 such that every
p-locally planar graph that embeds in 3 1s 5-correspondence-colourable.

Proof. Let ¥ be a fixed surface, and let g be the Euler genus of 3. Let F be the family
of embedded graphs that are critical for 5-correspondence colouring. By Theorem 1.2.19,
F is a hyperbolic family. By Theorem 3.6.7, there exists a constant k£ > 0 such that every
graph G € F embedded in ¥ has a non-contractible cycle of length at most klog(g + 1).

Let p > klog(g+ 1), and let G be a p-locally planar graph that embeds in . Suppose
for a contradiction that G is not 5-correspondence-colourable. Then G contains a subgraph
H in F. But then H contains a non-contractible cycle of length at most klog(g+ 1). This
is a contradiction, since H C G and G is p-locally planar. m
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In addition, following the work of Dvofdk and Kawarabayashi in [12], Theorem 1.2.23
implies the following. Note that by linear-time algorithms, we mean algorithms whose
run-time is linear in the number of vertices in the graph.

Theorem 1.2.24. Let ¥ be a fized surface. There exists a linear-time algorithm that takes
as input an embedded graph (G,%) and 5-correspondence assignment (L, M) for G with
lists of bounded size and determines whether or not G is (L, M )-colourable.

Theorem 1.2.25. Let X be a fized surface. There exists a linear-time algorithm that takes
as input an embedded graph (G,%) and determines whether or not G is 5-correspondence-
colourable.

We note that the correspondence assignment in Theorem 1.2.24 is fixed, whereas in
Theorem 1.2.25 it is not.

The algorithms in the theorems above are the same as those given by Dvordk and
Kawarabayashi in [12]. We refer to [12] for a complete description of the algorithms and
the proof of correctness. Following a necessary definition, a brief overview is given below
to give the reader an overall sense of the algorithms.

Definition 3.6.8. Given a graph G, a tree decomposition is a tree T where V(T) is a set
of subsets of V(G) and T satisfies the following properties:

* Upev(inU = V(G),
e for each uwv € F(G), there exists some W € V(T') such that {u,v} C W, and

o for each V,U € V(T), if there exists a vertex w € V(G) with w € VNU, then w € Y
for each vertex Y € V(T') in the unique path from V to U in T.

The width of T is defined as minycy (ry |V| — 1. The tree-width of G is the minimum width
across all tree decompositions of G.

The idea behind the algorithm in Theorem 1.2.24 is the following: given an embedded
graph (G,X), we first find a subgraph H of G of tree-width linear in the genus of X
such that each component of G — H is connected to H via a cut of bounded size. This
subgraph H has specific structure in G: namely, H has a bounded number of components,
each component of G — H is locally planar, and H is formed by the union of short, non-
contractible cycles connected by paths of bounded distance. The graph H can be found via
a linear-time algorithm of Dvorédk, Kral’, and Thomas [13]. Using Theorem 1.2.23, one can
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show that H-critical graphs in the components of G — H have logarithmic distance to H.
If a component of G — H contains an H-critical subgraph G’; we claim G’ has tree-width
logarithmic in |V(G)|. To see this, it suffices to add a new vertex v adjacent to all vertices
in H N G’. Note this increases the genus of (H N G') U {v} by at most 2k, where k is the
number of components of H NG’. We then use the following result of Eppstein.

Theorem 3.6.9 (Eppstein, [10]). There exists a constant ¢ such that every graph G of Euler
genus g and radius r has tree-width at most c(g + 1)r. Furthermore, a tree decomposition
of this width can be found in time O((g + 1)r|V(G)]).

Thus G’ has tree-width O(r), and since r is logarithmic in |V (H)| and |V (H)| < |V(G)],
it follows that G’ has tree-width logarithmic in |V (G)|. We find a tree decomposition of
this width, and use a standard dynamic programming algorithm (see for instance [22]) to
colour H, and extend this colouring to the components of G' — H. As G’ has bounded
tree-width, the algorithm runs in O(|V(G")|) time.

The algorithm in Theorem 1.2.25 is similar in spirit, but requires checking not only
whether an (L, M)-colouring extends, but whether (L, M’)-colourings extend for all pos-
sible sets of matchings M’. Note that a graph G is 5-correspondence colourable if and
only if it is 5-correspondence colourable for every 5-correspondence assignment (L, M)
with |L(v)| = 5 for all v € V(G) and |M,,| = 5 for all uv € E(G). It thus suffices to
check matchings M’ satisfying these requirements. Since the lists are of bounded size, the
dynamic programming algorithm mentioned above runs in O(|V(G)|) time. Note further
that in correspondence colouring (as opposed to list colouring) we may assume that the list
assignment is the same set of five colours for each vertex: the matchings between adjacent
lists determine the meaning of these colours.

3.7 The girth at least five case

For this final section of Chapter 3 (and indeed for the remainder of the thesis), we expand
the notion of canvas as follows.

Definition 3.7.1. We say the triple (G, S, (L, M)) is a canvas if G plane graph, S is any
connected subgraph of G, and (L, M) is a correspondence assignment for the vertices of G
such that there exists an (L, M)-colouring of S and

e cither |L(v)| > 5 for all v € V(G) \ V(95), or
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e G has girth at least five and |L(v)| > 3 for all v € V(G) \ V(5).

To close this chapter, we observe the following.

Observation 3.7.2. Let e, > 0 satisfy the following:

(I1) 9¢ < «
(12) 250+ 5.5 < 1
(I3) 11e + 1 < 3av.

If T'=(G,S, L) is a critical canvas where:

e (G has girth at least five,
e (G is not composed of exactly S and one edge not in S,

o (G is not composed of exactly S together with one vertex of degree 3, then
then 3e(T) — (54 ¢e)v(T) — aq(T) > 3.

This is the correspondence colouring analogue of a nearly identical theorem for list
colouring of Postle: Theorem 3.9, [31]. Beyond the change from list colouring to cor-
respondence colouring, the key difference between the statements of Theorem 3.7.2 and
Theorem 3.9 in [31] is that S is connected (as opposed to having at most two compo-
nents). This change allows us to use Theorem 2.11 in [34] (which describes structures
arising from critical canvases (G, S, (L, M)) where S is connected, and which holds for cor-
respondence colouring) in lieu of Theorem 2.12 (which allows S to have two components,
and which is not currently known to hold for correspondence colouring). Otherwise, the
proof of Theorem 3.9 in [31] carries over to the correspondence colouring framework with
only standard, minor changes: namely, when we perform reductions (colouring a strict
subgraph of a minimum counterexample, deleting this subgraph, and removing vertices’
colours from neighbours’ lists), we delete corresponding colours from neighbouring lists,
rather than identical colours.

The proof is similar in spirit to that of Theorem 3.4.7. However, as noted in Section 1.4,
Postle and Thomas’ list colouring theorem in the 5-choosability case does not carry over
to correspondence colouring. The colouring arguments in Postle and Thomas’ theorem for
5-choosability rely on the fact that for a triangle uzszou in a minimum counterexample
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with list assignment S, if S(u) C S(z3), then S(zq2) \ (S(z2) U S(u)) = S(z2) \ S(x2).
This implies that it is possible to colour z; from S(z3) while avoiding the lists of both
and u. This argument crucially does not hold for correspondence colouring: an analogous
argument to that in shows merely that for a correspondence assignment (S, M), we have
|M,u| = |S(u)|, which of course implies nothing about M.,,,. Crucially, the proof in
the 5-choosability case involves keeping track of lists along a cycle. This is not the case in
Postle’s proof for 3-choosability: the colouring arguments involve only deleting vertices and
removing their colours (or in the correspondence framework, their corresponding colours)
from the lists of neighbours, and do not keep track of what these colours correspond to.
Moreover, no arguments rely on keeping track of what colours are or are not available in
a cycle: the colouring arguments involve only trees branching from vertices in S in the
minimum counterexample.

Theorem 3.7.2 implies the following, which is the correspondence colouring analogue of
Theorem 1.8 in [31].

Observation 3.7.3. Let G be a plane graph of girth at least five, let (L, M) be a 3-
correspondence assignment for G, and let C' be a facial cycle of G. If G is C-critical with
respect to (L, M), then |V (G)| < 89|V (C)|.

Observation 3.7.3 in turn implies the corollary below.

Corollary 3.7.4. The graphs of girth at least five that are critical for 3-correspondence
colouring form a hyperbolic family.

Proof. Let (G, X) be an embedded graph of girth at least five that is (L, M)-critical, where
(L, M) is a 3-correspondence colouring. Note that G is connected, and by Theorem 4.3.4,
¥ is not the plane. Let A : S' — ¥ be a closed curve intersecting G in only its vertices
and bounding an open disk A. Let Y be the set of vertices of G' that are intersected by
A, and let X be the set of vertices in A. The theorem follows by showing that if X is
non-empty, then | X| < 395(]Y|—1). Let Gy := G[XUY], and let G5 := G\ G;. Since G is
critical for 3-correspondence colouring, there exists a colouring of G that extends to every
proper subgraph of G containing G5 but not to G itself. Since G; \ Y # (), it follows that
G is G[Y]-critical; and by Theorem 4.3.4, |Y| > 3. Let vy, vy, ..., v be the vertices in Y
appearing in a cyclic order along A. Working modulo k+1, for each i € {0, ..., k} and each
non-adjacent pair v;, v;11, let P; be the path v;u;u;1v;11. For each adjacent pair v;, v; 11, let
P, = vivi1q. Let C = UY_ P, Since G, is G[Y]-critical, it follows that Gy U C' is C-critical.
By Observation 3.7.3, |V (G U C)| < 89|V (C)]; or equivalently, that |V (Gy)| < 88|V (C)|.
Since |V (C)| < 3|Y]|, it follows that |V (Gy)| < 264|V(Y)[; and since G; = G[X U Y], we
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have further that | X| < 263|Y|. Since |Y'| > 3, we have that 263 < 132(]Y| — 1), and so
| X <263(|]Y] —1) +132(]Y] — 1). Thus | X| < 395(]Y| — 1), as desired. O

Corollary 3.7.4 gives the theorem below. The proof is identical to that of Theorem
1.2.20.

Theorem 1.2.28. For every surface X, there exists a constant p > 0 such that every
p-locally planar graph of girth at least five that embeds in 3 is 3-correspondence-colourable.

Per the work of Dvotrdk and Kawarabayashi in [12], Observation 3.7.3 implies the fol-
lowing. Note that by linear-time algorithms, we mean algorithms whose run-time is linear
in the number of vertices in the graph.

Theorem 1.2.26. Let > be a fixed surface. There exists a linear-time algorithm that
takes as input an embedded graph of girth at least five (G,X) and a 3-correspondence
assignment (L, M) for G with lists of bounded size and determines whether or not G is
(L, M)-colourable.

Theorem 1.2.27. Let ¥ be a fized surface. There exists a linear-time algorithm that takes
as input an embedded graph of girth at least five (G,3) and determines whether or not G
18 3-correspondence-colourable.

We note that the correspondence assignment in Theorem 1.2.26 is fixed, whereas in
Theorem 1.2.27 it is not.
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Chapter 4

Counting Correspondence Colourings

4.1 Introduction

4.1.1 Results

Using the results of the previous section as well as several key lemmas from [33], we will
show that if G is a planar graph and (L, M) is a 5-correspondence assignment for G, then
G has exponentially many (L, M)-colourings. This proves a conjecture of Langhede and
Thomassen [29].

In particular, we will show the following.

Theorem 1.2.36. If G is a planar graph with at least three vertices and (L, M) is a 5-
correspondence assignment for G, then G has at least 9MHAEE istinet (L, M)-colourings.

An analogous result (with better exponent) for list colouring was proved by Thomassen

[44]-

Theorem 4.1.1 (Thomassen, [11]). If G is a planar graph and L is a 5-list-assignment
V(G|

for G, then G has at least 279 distinct L-colourings.

As correspondence colouring generalizes list colouring, our theorem also implies that
every planar graph with 5-list assignment L has exponentially many L-colourings. Though
the bound in Theorem 1.2.36 is worse than that given by Thomassen in Theorem 4.1.1,
our proof has the advantage of being shorter and less technical than that of Thomassen’s.
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Our proof uses Theorem 3.6.4; by using a theorem of Postle and Thomas [35] instead of
Theorem 3.6.4, we obtain a better constant than that in Theorem 1.2.36 for list colouring
—though still not matching the constant in Theorem 4.1.1.

Theorem 4.1.2. If G is a planar graph with at least three vertices and L is a 5-list
V(G)|+114
5

assignment for G, then G has at least 2 2 distinct L-colourings.

In Section 4.3, we prove the following theorem for planar graphs of girth at least five.

Theorem 1.2.37. If G is a planar graph with at least two vertices and girth at least five
G
and (L, M) is a 3-correspondence assignment for G, then G has at least 9™ distinct

(L, M)-colourings.

Theorem 1.2.37 strengthens the following list colouring result of Thomassen in both that
it holds for correspondence colouring, and in that the exponent in the theorem statement
is better.

Theorem 4.1.3 (Thomassen, [15]). If G is a planar graph of girth at least five, L is a
3-list assignment for G, and |V (G)| > 2, then G has at least oo distinct L-colourings.

(The above is directly implied by Theorem 4.3 in [15].)

4.1.2 Outline of Chapter

Subsection 4.1.3 contains useful definitions and key results from [33] which will be used in
proving the main results of this chapter.

Theorems 1.2.36 and 4.1.2 are corollaries to a more technical theorem (Theorem 4.2.6)
involving counting the number of extensions of a precoloured subgraph. The bulk of Section
4.2 is dedicated to the proof of Theorem 4.2.6. We will delay the proof of Theorems 1.2.36
and 4.1.2 until the end of Section 4.2, following the proof of Theorem 4.2.6.

Similarly, Theorem 1.2.37 is a corollary of a more technical theorem (Theorem 4.3.5),
the proof of which constitutes the bulk of Section 4.3. Consequently, the proof of Theorem
1.2.37 is found at the end of Section 4.3.
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4.1.3 Tools and Nomenclature

We begin with a few necessary definitions. In this chapter, we will extend the notion of
canvas to include triples (G, S, (L, M)) as described below.

Definition 4.1.4. We say the triple (G, S, (L, M)) is a canvas if G is a plane graph, S is
any connected subgraph of G, and (L, M) is a correspondence assignment for the vertices
of G such that there exists an (L, M)-colouring of S and

e cither |L(v)| > 5 for all v € V(G) \ V(5), or
e (G has girth at least five and |L(v)| > 3 for all v € V(G) \ V(.5).

Definition 4.1.5. Let G be a graph, and let H C G. We define v(G|H) := |V(G)\V (H)|,
and e(G|H) := |E(G) \ E(H)].

Definition 4.1.6. Let G be a graph of girth at least g € {3,5}, and let H C G. We define
ety (GIH) = (g — 2)e(GIH) g - u(GIH).

Note that when g = 3, this matches the definition of deficiency given in Chapter 3. In
addition to deficiency, we will need the following quantity.

Definition 4.1.7. Let G be a graph, and H a subgraph of G. For g € {3,5} and £ > 0, we
define dy . (G|H) := (9—2)e(G|H)—(g+¢)v(G|H). Equivalently, d, .(G|H) := def,(G|H)—
ev(G|H).

When g = 3, this nearly matches the definition of d(-) given in the previous chapter,
ignoring the boundary and quasiboundary terms. We will also need the following notion,
defined for list colouring in [33].

Definition 4.1.8. Let G be a graph, and let H be an induced subgraph of G. We say
H is r-deletable if for every correspondence assignment (L, M) of H such that |L(v)| >
r—(degqs(v) —degy (v)) for each v € V(G), the graph H has an (L, M)-colouring no matter
the correspondence assignment (L, M).

If H is an r-deletable subgraph of G, then every (L, M)-colouring of G\ V(H) extends
to an (L, M)-colouring of H. In fact, the definition above captures an even stronger
notion: for an r-deletable subgraph H C G, an (L, M)-colouring of G'\ V(H) extends to

an (L, M)-colouring of H no matter the correspondence assignment (L, M) and no matter
the structure of G\ V(H).
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4.2 The girth three case

In this section, we prove Theorem 4.2.6 which we will show afterwards implies Theorems
1.2.36 and 4.1.2.

We will need the following three results, which are the correspondence colouring ana-
logues of Theorem 5.20, Proposition 5.21, and Lemma 5.22 in [33].

Lemma 4.2.1. There exists € > 0 such that following holds: If G is a plane graph and H
is a connected subgraph of G such that G is H-critical with respect to a 5-correspondence
colouring, then ds (G|H) > 0.

This is implied by Theorem 3.4.6 in the case where v(G|H) < 1. For list colouring,
the v(G|H) > 2 case is implied by Theorem 4.6 in [35] with ¢ = &. For correspondence
colouring, the v(G|H) > 2 case is implied by Theorem 3.4.7, by ignoring the boundary and

1

quasiboundary terms in the expression for d(G). For correspondence colouring, € = ;.

The proof of the following proposition is nearly identical to that of Proposition 5.21 in
[33]; we include the proof for the purposes of cohesion.

Proposition 4.2.2. Let G be a graph and H a proper subgraph of G such that V(H) #
V(G). If G=V (H) is not r-deletable in G, then there exists a subgraph Gy of G containing
H such that Gy is H-critical for r-correspondence colouring.

Proof (Adapted from Proposition 5.21, [73]). Since G—V (H) is not r-deletable in G, there
exists a correspondence assignment (Lo, My) such that |Lo(v)] > r — degy(v) for each
veV(G)\V(H) and G — V(H) is not (Lo, Mp)-colourable. Define a new correspondence
assignment (L, M) of G as follows. For each v € V(H), define ¢, to be a new colour
not appearing in any other list. Define R to be a set of »r — 1 new colours distinct not
appearing in any other list or in U,evmy{c.}. Set L(v) = {¢,} U R for each v € V(H).
For each u € V(G) \ V(H), let L(u) = Lo(u) U{c, : v € N(u) N V(H)}. For each
w &€ E(H), set My, = (My)u,. For each uv € E(H), set M,, = (. Finally, for each uv
with v € V(G) \ V(H) and v € V(H), set M,, = {(u,¢,)(v,¢,)}. Now (L, M) is an r-
correspondence assignment of G. Let ¢ be the colouring of H given by ¢(v) = ¢, for every
v e V(H). Since G—V(H) is not (Lg, My)-colourable, it follows that ¢ does not extend to
an (L, M)-colouring of G. Let G’ be an inclusion-wise minimal subgraph of G containing
H such that ¢ does not extend to an (L, M)-colouring of G’. By the minimality of G’,
we have that ¢ extends to an (L, M)-colouring of every proper subgraph of G’ containing
H. Thus G’ is H-critical with respect to (L, M). Hence by definition, G'is H-critical for
r-correspondence colouring, as desired. O
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The lemma below is nearly identical to that of Proposition 5.22 in [33], where it was
originally written for list colouring rather than correspondence colouring. We include the
proof for the purposes of cohesion.

Lemma 4.2.3 (Lemma 5.22, [33]). Let € be as in Lemma 4.2.1. If G is a plane graph with

girth at least g € {3,5} and H is a connected subgraph of G such that there does not exist
X CV(G)\V(H) such that G[X] is (8 — g)-deletable in G, then d,.(G|H) > 0.

Proof. We proceed by induction on v(G|H)+e(G|H). f V(H) = V(G), then d, .(G|H) > 0
as desired. So we may assume that V(H) # V(G). By assumption, G — V(H) is not
(8 — g)-deletable in G. By Proposition 4.2.2, it follows that there exists a subgraph Gy
of G containing H such that Gq is H-critical for (8 — g)-correspondence colouring. Note
that H is a proper subgraph of GGy by definition of H-critical. By Theorem 4.2.1, we have
that dy.(Go|H) > 0. By definition of critical, since H is connected it follows that Gy
is connected. Note that v(G|Go) + e(G|Gy) < v(G|H) + e(G|H). Hence by induction,
d,(G|Go) > 0. By definition of d, ., we have that d, .(G|H) = d,.(G|Go) + dy.(Go|H) >
040 =0, as desired. O

We make the following easy observation which follows directly from the definitions of

defs and d, ..

Observation 4.2.4. Let G be a graph, and H a subgraph of G. If d3.(G|H) > 0, then
v(G|H) < e def3(G|H).

Proof. By definition, d3 (G|H) = def3(G|H) — ev(G|H). Since d3(G|H) > 0, it follows
that 0 < def3(G|H) — ev(G|H). Note that ¢ > 0; by isolating v(G|H), we obtain the
desired result. O

Finally, we will need the following theorem, due to Thomassen. This theorem was
originally written in the language of list colouring; however, as pointed out by Dvoidk and
Postle in [15], the proof also carries over to the realm of correspondence colouring.

Theorem 4.2.5 (Thomassen, [10]). Let G be a plane graph. Let C' be the subgraph of G
whose edge- and vertez-set are precisely those of the outer face boundary walk of G. Let
(L, M) be a correspondence assignment for G where |L(v)| > 1 for a path S C C with
[V(S)| < 2; where |L(v)] > 3 for all v € V(C)\ V(S); and where |L(v)| > 5 for all
v e V(G)\V(C). Then every (L, M)-colouring of S extends to an (L, M)-colouring of G.

The proof of Theorem 4.2.6 follows. The reader may find it helpful to consult Figure
4.1 while reading for a depiction of the cases considered in the proof.
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G

Figure 4.1: The cases to consider for Theorem 4.2.6. First, the case where V(G) =
V(S) U {v}; here, we consider each possible value of deg(v). For the case where |V(G)| >
[V(S)| + 2, we let H =5+ v. Note then that |V(G)| — [V (S)] > |[V(G)| — |V(H)| and
V(@) = V(S > [VH)] = [V(S)].

Theorem 4.2.6. Let € be as in Lemma 4.2.5. Let G be a plane graph, let S be a connected
subgraph of G, and let (L, M) be a 5-correspondence assignment for G. If ¢ is an (L, M)-
colouring of S that extends to an (L, M)-colouring of G, then

v(G|S) — (7! + 1)def3(G|S)

log, E(¢) >
Og2 (¢) - 67 3

where E(¢) is the number of extensions of ¢ to G.

Proof. We proceed by induction on v(G|S). We may assume that v(G|S) # 0, as otherwise
there is nothing to prove. First suppose that v(G|S) =1, and let v € V/(G) \ V(S). Then

v(G|S) — (7' + 1)def5(G|S) 1 — (g7 +1)(deg(v) — 3)
67 N 67

Note that when deg(v) > 4, the right hand side is negative since e! > 0. Since

¢ extends to an (L, M) colouring of G by assumption, it follows that log, F(¢) > 0,
and so log, E(¢) > ”(G|S)7(€_16;1)def3(c|s) holds as desired. We may therefore assume that
deg(v) < 3. Since |L(v)| > 5 it follows that E(¢) > 5 — deg(v). Therefore it suffices to
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—(e7? eg(v)— . _(e—1 eo(v)—
show that log, (5—deg(v)) > =C +1g§d 8W)=3) o1 equivalently, that 67 > (fogi;—)gideggég)))) 2.

The right hand side is maximized when deg(v) = 0, in which case it is easy to verify that

154
07> Ge-

We may therefore assume that v(G|S) > 2.

Before proceeding with the remainder of the case analysis, we will need the following
claim.

Claim 39. There does not exist a graph H C G with S C H and |V(S)| < |V(H)| < |[V(G)|
such that G — V(H) is a 5-deletable subgraph of G.

Proof. Suppose not. Let G' = G—V(H). Note that G’ is an induced subgraph of G. Since
[V(S)| < |V(H)| < |[V(G), we have that v(H|S) < v(G|S), and so it follows by induction
that there are at least 2" "2 oxtensions of ¢ to H. By definition of 5-deletable
subgraph, since G’ is 5-deletable each of these extensions of ¢ to an (L, M)-colouring of
H extends further to an (L, M) colouring of G’, and thus to G. Since |V (S)| < |V(H)| <

[V(G), it follows that v(G|H) < v(G|S), and so by induction for each extension of ¢ to

. v(GIH)— (e~ 4+1)def5 (G| H)
an (L, M) colouring ¢’ of H there are at least 2 o

extensions of ¢ to G.

Therefore
log, E(6) > v(HI|S) — (Sg;r 1)def5(H|S) N v(G|H) — (e;; 1)defs(G|H)
_ v(H[S) +u(G|H) — (7" + 1)(defs(H|S) + defs(G|H))
67
~ v(G|S) = (g7 + 1)def3(G|S)
a 67 )
as desired. -

Among all vertices in V(G) \ V(S) that have a neighbour in S, choose a vertex v that
maximizes |N(v) NV (S)|. Let H = S+ v. Since ¢ extends to an (L, M)-colouring of G,
there is at least 1 = 2° extension ¢’ of ¢ to H where ¢’ extends further to an (L, M)-

colouring of G. Since ¢’ extends to G and v(G|H) < v(G|S), by induction there are at
| ¢ Qu(G|H)—(5*1+1)def3(c\H)
eas o7

extensions of ¢’ to G. Therefore

tog, E(0) > 0+ UCIH = (g;; 1)defy(GIH)
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Moreover, since v(G|H) = v(G|S) — 1 and def3(G|H) = def3(G|S) — degy (v) + 3, it
follows that
v(G|S) — 1 — (7! + 1)(def3(G|S) — degy (v) + 3)

logy, E(¢) > 67 .

If degy(v) > 4, the desired result immediately holds since € > 0. Thus we may assume
degy(v) < 3. First suppose degy(v) < 2. Since |L(v)| > 5, there are at least 5 —
degy (v) extensions of ¢ to an (L, M) colouring of H. We claim each of these extensions
extends further to an (L, M)-colouring of G. To see this, let ¢’ be an extension of ¢ to
an (L, M)-colouring of H. Let G' = G — V(H). Note that G’ is induced. Let (L', M)
be a correspondence assignment for G' 4+ v where for each v € V(G'), we set L'(u) =
L(u) \ {ulw, ¢'(w)] : w € V(S)N N(u)}. Let C be the graph whose vertex- and edge-set
are precisely those of the outer face boundary walk of G’ 4+ v. Note that since we chose v
to maximize |[N(v) NV (S)| and degy(v) < 2 by assumption, every vertex u in V' (C) has
|L(u)| > 3. Moreover, every vertex u in V(G’) \ V(C) has |L'(u)| > 5 since L is a 5-list
assignment for G and no vertex in V(G') \ V(C) is adjacent to a vertex in S since G is
planar. By Theorem 4.2.5, it follows that ¢’ extends to G’ 4+ v, and thus to G. Since ¢’ was
an arbitrary extension of ¢ to H, it follows that G’ = G — V(H) is a 5-deletable subgraph
of G; and since |V (9)| < |V(H)| < |V (G)|, this contradicts Claim 39.

We may therefore assume that degy(v) = 3.

By Claim 39, there does not exist X C V(G) \ V(H) such that G[X] is 5-deletable in
G. Thus by Lemma 4.2.3, we have that

ds.(G|H) > 0. (4.2.1)

It follows from Observation 4.2.4 that
v(G|H) < e 'defs(G|H). (4.2.2)
Moreover, since v(G|S) = 1 + v(G|H) and def;(G|S) = defs(G|H) + defs(H|S), it
follows that

v(G|S) — (67! + 1)def3(G|S) _ 1+o(GlH) - (e7! + 1)(def3(G|H) + def3(H|S))
67 67
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By definition of def;(G|S), we have that defs(H|S) = degy(v) — 3, and so
v(G|S) — (e7' + 1)def5(G]S) 14 v(G|H) — (e + 1)(def5(G|H) + degy(v) — 3)

= 67
o —1
1+v(G|H) (567 + 1)def5(G|H) since degy (v) = 3
1 _ (1
_ 1eldehy(GIH) 67(5 + DAh(GIH) | Obs. 424

_ 1—defy(GIH)
= 67

By Lemma 4.2.3, we have that def;(G|H) > v(G|H)e, and since v(G|S) > 2, it follows
that v(G|H) > 1 and so def3(G|H) > e. Since def3(G|H) is integral, defs(G|H) > 1, and
thus the right hand side above is at most 0. It follows that

v(G|S) — (e7! + 1)def5(G|S)
67
But since ¢ extends to an (L, M)-colouring of G, log,(E(¢)) > 0. Thus

<0.

v(G|S) — (7! + 1)def3(G|S)
67 ’

as desired. O

log, E(¢) >

Using essentially the same proof technique as Theorem 4.2.6 (but with ¢ = L) we

18
obtain the following result.

Theorem 4.2.7. Let G be a planar graph, S a connected subgraph of G, and L a 5-list

assignment for G. If ¢ is an L-colouring of S that extends to an (L, M)-colouring of G,

then
G|S) — 19def3(G|S)

25 ’
where E(¢) is the number of extensions of ¢ to G.

log, B(9) >

As a corollary to Theorem 4.2.6, we obtain Theorem 1.2.36, restated and proved below.
Theorem 1.2.36 proves a conjecture of Langhede and Thomassen [29].

Theorem 1.2.36. If G is a planar graph with at least three vertices and (L, M) is a 5-
correspondence assignment for G, then G has at least oM istinet (L, M)-colourings.
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Proof. Let S be the empty graph, and ¢ a trivial colouring of S. Let E(¢) be the number
of extensions of ¢ to G. Since G is planar, we have that |[E(G)| < 3|V(G)—6. By Theorem
4.2.6,

V(G)] = (50 + D(E(G)] = 3[V(G)])

—51 —6—
L V(G =5 (3|Véc7?)| 6 =3VIO Gnce () < 30(C) — 6
[V(G)[ + 306
== 67 )
as desired. :

Similarly, as a corollary to Theorem 4.2.7 we obtain Theorem 4.1.2, restated below.

Theorem 4.1.2. If G is a planar graph with at least three vertices and L is a 5-list
4
assignment for G, then G has at least oM distinct L-colourings.

(As mentioned in the introduction, Theorem 4.1.2 is not the strongest such result:
Thomassen proved a similar theorem with a bound of 25" [44].)

4.3 The girth at least five case

We now prove an analogous result to Theorem 4.2.6 in the case of planar graphs of girth
at least five. The proof is similar in spirit to that of the girth three case, but requires a
stronger version of Lemma 4.2.1. In particular, we will need the following lemma.

Lemma 4.3.1. Let G be a plane graph with girth at least five and let H be a connected
subgraph of G such that G is H-critical for 3-correspondence colouring. Setting € = %, we
have that ds .(G|H) > 3.

Proof. For v(G|H) > 2 or v(G|H) = 1 and e(G|H) # 3, this is directly implied by
Observation 3.7.2, ignoring the quasiboundary term. Suppose now that v(G|H) = 0.
Since G is H-critical, it follows that H is a proper subgraph of G and so that e(G|H) >
Thus d3. >3—-0=3. Ifv(G|H) =1 and ¢(G|H) =3, thend;. =3-3—5-1—¢-1=4—

1.
€.
This is at least 3, since ¢ = %. O
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Using this, we now establish a stronger version of Lemma 4.2.3. The proof is identical
to that of Lemma 4.2.3.

Lemma 4.3.2. Let € be as in Lemma 4.5.1. If G is a plane graph with girth at least 5 and
H is a connected subgraph of G such that there does not exist X C V(G)\ V(H) such that
G[X] is 3-deletable in G, then d5.(G|H) > 3.

Similar to the case of Observation 4.2.4, this trivially implies the following.

Observation 4.3.3. Let G be a graph of girth at least 5, and H a subgraph of G. If
ds(G|H) > 0, then v(G|H) < e~' - (defs(G|H) — 3).

Finally, we will need the following theorem, due to Thomassen. As in the girth 3 case,
this theorem was originally written in the language of list colouring; however, as pointed
out by Dvoték and Postle in [15], the proof also carries over to the realm of correspondence
colouring.

Theorem 4.3.4 (Thomassen, [13]). Let G be a plane graph of girth at least five. Let
C be the subgraph of G whose edge- and vertex-set are precisely those of the outer face
boundary walk of G. Let (L, M) be a correspondence assignment for G- where |L(v)| > 1
for each vertex v in a path or cycle S C C with |V(S)| < 6; where |L(v)| = 2 for each
vertex v in an independent set A of vertices in |V (C) \ V(S)|; where |L(v)| > 3 for all
v e V(G)\ (AUV(S)); and where there is no edge between vertices in A and vertices in
S. Then every (L, M)-colouring of S extends to an (L, M)-colouring of G.

We now prove the following theorem, which is the girth at least five analogue to Theorem
4.2.6. The reader may find it helpful to consult Figure 4.2 while reading for a depiction of
the cases considered in the proof.

Theorem 4.3.5. Let G be a plane graph of girth at least five, let S be a connected subgraph
of G, and let (L, M) be a 3-correspondence assignment for G. If ¢ is an (L, M)-colouring
of S that extends to an (L, M)-colouring of G, then

G|S) — 89def5(G|S
10g2E(¢)2U( | ) 28265( | )

Proof. We proceed by induction on v(G|S). We may assume that v(G|S) # 0, as otherwise
there is nothing to prove. First suppose that v(G|S) =1, and let v € V(G) \ V(S). Then

v(G]S) — 89defs(G|S) 1 —89(3deg(v) — 5)
282 N 2892 '
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Note that when deg(v) > 2, the right hand side is negative. Since ¢ extends to an
(L, M)-colouring of G by assumption, it follows that log, F(¢) > 0, and so

v(G|S) — 89def5(G|S)
>
log, B(¢) > 3 ,

as desired. Thus we may assume that deg(v) < 1. Since |L(v)| > 3, we have that
E(¢) > 3 —deg(v). Therefore it suffices to show that log,(3 — deg(v)) > %; or,
equivalently, that

1— _
282 > 89(3 deg(v) — 5)
logy(3 — deg(v))
When deg(v) = 0, the right hand side equals —22L. < 282. When deg(v) = 1, the right

logs(3)
hand side equals 179, which again is less than 982. Thus the inequality above holds.

We may therefore assume that v(G|S) > 2.

S

G

Figure 4.2: Two of the cases to consider for Theorem 4.3.5. First, the case where V(G) =
V(S) U {v}; here, we consider each possible value of deg(v). The case where |V (G)| =
[V (S)| + 2 is easily dealt with, and is not pictured. For the case where |V(G)| > |V (5)| +
3, we let H = S 4 u+ w. Note then that |V(G)| — |V(S)| > |[V(G)| — |[V(H)| and
V(@] = V(S| > [V(H) = [V(9)]

Before proceeding with the remainder of the case analysis, we will need the following
claim.

Claim 40. There does not exist a graph H C G with S C H and |V (S)| < |V(H)| < |V(G)|
such that G — V(H) is a 3-deletable subgraph of G.
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Proof. Suppose not. Let G' = G — V(H) be a 3-deletable subgraph. Note that G’ is
induced. Since S € H and H € G and |V(5)| < |[V(H)| < |[V(G)], it follows that
)

. . v(H|S)—89defs (H|S .
v(H|S) < v(G|S). By induction, there are at least 2 282 extensions of ¢ to H.
Since G’ is a 3-deletable subgraph of G, by definition each of these extensions of ¢ to an

(L, M)-colouring of H extends further to an (L, M) colouring of G', and therefore to G.

Since H C G and S C H and |[V(S)| < |V(H)| < |[V(G)|, we have that v(G|H) <
v(G|S), and so by induction for each extension of ¢ to an (L, M) colouring ¢’ of H there

v(G|H)—89defs (G| H)
282

are at least 2 extensions of ¢’ to GG. Therefore

o(H|S) ~ 89defs(H|S) | o(G|H) — 80defs(G|H)

log, B(¢) 282 282
~ v(HI[S) +v(G|H) — 89(defs (H|S) + defs (G| H))
N 282
_ v(G|S) — 89def5(G|S)
N 282 ’
as desired. ]

Among all vertices in V(G) \ V(5) that have a neighbour in S, choose a vertex v that
maximizes |N(v) NV(S)|. Let H = S + v. Since ¢ extends to an (L, M)-colouring of G,
there is at least 1 = 2° extension ¢/ of ¢ to H where ¢ extends further to an (L, M)-
colouring of G. Since ¢’ extends to G and v(G|H) < v(G|S), by induction there are at

v(G|H)—89defs (G| H) . ’
least 2 282 extensions of ¢’ to G. Therefore

v(G|H) — 89def; (G| H
o B19) 2 0+ MCIH) = BCR(GIiT)

Since def;(G|H) = def;(G|S) — 3degy (v) + 5, it follows that

v(G|S) — 1 — 89(def5(G|S) — 3degy (v) + 5)
282
v(G|S) — 1 —89def5(G|S)  89(5 — 3degy(v))

282 282

log, E(¢) > =

If degy(v) > 2, then log, E(¢) > ”(G‘S)flgsgdeﬂ"(G'S), as desired. Thus we may assume
degy(v) < 1. If degy(v) = 0, we claim G — V(H) is 3-deletable. To see this, let ¢’ be
an extension of ¢ to an (L, M)-colouring of H. By Theorem 4.3.4, G’ admits an (L', M)-

colouring ¢”. Note that since v was chosen to maximize N(v) NV (S) and degy(v) = 0, it
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follows that every vertex in V(G) \ V(H) has no neighbours in V(.S), and so that ¢" U¢' is
an extension of ¢’ to G. Thus G — V(H) is 3-deletable, contradicting Claim 40. We may
therefore assume that degy(v) = 1.

Suppose now that v(G|S) = 2, and let {u} = V(G) \ V(H). Since v € V(G) \ V(S)
was chosen to maximize |N(v) NV (S)|, it follows that |N(u) N V(S)] < 1. But then
IN(u) N V(H)| < 2; and since |L(u)| > 3, it follows that G \ V(H) = u is 3-deletable,
contradicting Claim 40.

Thus v(G|S) > 3. Let X be the set of vertices in V(G) \ V(S) with at least one
neighbour in S. Note that v € X. By our choice of v, since degy(v) = 1 it follows that
every vertex in U has exactly one neighbour in §. If X is an independent set, we claim
that G — V(H) is a 3-deletable subgraph of G. To see this, let ¢/ be an extension of
¢ to an (L, M)-colouring of H. Let (L', M) be a list assignment for G — V(H), where
L'(u) = L(u) \{ulw, ¢'(w)] : w € V(H)N N(u)}. By Theorem 4.3.4, G —V(H) is (L', M)-
colourable; and so G — V(H) is 3-deletable, contradicting Claim 40.

Thus X is not an independent set, and so there exist vertices u,w € X such that
uww € E(G). Let H = S 4 u + w. Since every vertex in X has exactly one neighbour in
S, it follows that e(H'|S) = 3. Thus defs(G|H') = def5(G|S) + 1; and by Claim 40, there
does not exist X C V(G) \ V(H’) such that G[X] is 3-deletable in G. Thus by Lemma
4.3.2, ds -(G|H') > 3, and so by Observation 4.3.3, defs(G|H') > ¢ - v(G|H') + 3. Thus
def5;(G|S) > 2+ - v(G|H'). It follows that

v(G|S) — 89defs(G]S) < v(G|S) — 89(2 + v(G|H))
v(G|S) — 89(2 + =(v(G|S) — 2))
v(G|S) — 892 - v(G|S) — 89(2 — 2¢).

Ase =1

55> the above is negative. Thus

v(G|S) — 89def5(G|S)
0> 530 )

Since ¢ extends to an (L, M)-colouring of G, it follows that log, F(¢) > 0, and so
logy, E(¢) > ”(G‘S)fgzgef"’(c‘s), as desired. O

As an easy corollary, we obtain Theorem 1.2.37.
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Proof of Theorem 1.2.37. Let S be the empty graph, and ¢ a trivial colouring of S. Let
E(¢) be the number of extensions of ¢ to G. If G has two vertices, then G has at least 5 x 4
colourings, and so E(¢) > 20 > 2%, as desired. If G has three vertices, then since GG has
girth at least five |[E(G)] < 2 and so E(¢) > 5 x 4 x 4 > 232 Thus we may assume G has
at least four vertices. Since G is planar and has girth at least five, 3|E(G)| < 5|V (G)| — 10.
By Theorem 4.3.5,

V(G)| =893 E(G)| = 5]V(G))
logy, E(¢) > 980
_ IV(6)] —89(~10)
- 282
V(G)| + 890
N 292 ’

as desired. O

since 3|E(G)| — 5|V (G)| < —10
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Chapter 5

Conclusion and Open Problems

Many of the results in this thesis suggest that what determines the difficulty of colouring
problems in planar graphs is really only local structure, rather than the global structure of
the graph. For instance, our local choosability result (Theorem 1.2.11) shows that, given
a planar graph, if even a single vertex is not contained in a short cycle, then already the
colouring problem becomes easier. Indeed, it is not colouring planar graphs with short
cycles that is difficult (in the sense that it requires lists of larger size): rather it seems to
be colouring the short cycles themselves within the planar graphs. Theorem 3.6.4 suggests
that, in order to determine whether a (5-correspondence) colouring of a subgraph C' extends
to a colouring of the whole graph, it is enough to check whether it extends to a relatively
small neighbourhood of C'. In a similar vein, our results on locally planar graphs (Theorems
1.2.20 and 1.2.28) suggests that even in the case of certain classes of non-planar graphs,
if the graphs’ local structure is planar, then that is enough to ensure planar-like colouring
properties.

As we demonstrate in Chapter 3 (and as is shown by Postle and Thomas in [37]), show-
ing a family of graphs is hyperbolic is a clear avenue to pursue to obtain results on locally
planar graphs (among other things). Following the work of Dvoidk and Kawarabayashi
[11], hyperbolicity theorems can also be used to prove algorithmic results: indeed, for the
decidability problem of colouring graphs embedded on fixed surfaces we obtain algorithms
that are not only poly-time, but linear-time. These questions —whether locally planar
graphs are colourable, as well as the existence of the algorithms described —are very nat-
ural and interesting in their own right, but barring hyperbolicity, there seems to be no
general method or obvious strategy for tackling them. This is in part the reason for prov-
ing hyperbolicity theorems like Theorems 3.4.7 and Observation 3.7.2: they provide a clear
path for studying these natural questions.
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In Chapter 4, we demonstrate that these stronger hyperbolicity theorems have yet
another fascinating implication: they can be used to show there exist exponentially many
colourings of planar graphs. This too is an interesting and natural question, and the fact
that it too falls under the umbrella of implications of hyperbolicity further motivates the
study of hyperbolicity theorems like Theorem 3.4.7.

This thesis answers many interesting questions, and raises many others. For instance,
we note the proof of Theorem 1.2.11 does not hold for correspondence colouring. In par-
ticular, Lemma 2.2.14 relies on a colouring argument that does not translate to the corre-
spondence framework, and it is not immediately obvious how to get around this.

Question 5.0.1. Let G be a planar graph, and let (L, M) be an arbitrary correspondence
assignment for G where L is a local girth list assignment. Is G (L, M)-colourable?

It would also be interesting to investigate whether Theorem 1.2.11 extends to graph
classes beyond planar graphs. In particular, we ask the following.

Question 5.0.2. For every surface ¥, does there exist a constant p > 0 such that every
p-locally planar graph that embeds in 3 is local girth choosable?

It would also be interesting to investigate whether the analogous correspondence colour-
ing result holds. As correspondence colouring generalizes list colouring, this would of course
imply a positive answer to Question 5.0.2.

We are also interested in algorithmic questions.

Question 5.0.3. For graphs embedded in a fized surface, does there exist a poly-time
algorithm for the decidability problem of local girth choosability?

Again, it would be interesting to investigate the answer to the analogous question for
correspondence colouring.

In light of Theorem 1.2.11, we raise the question below.

Question 5.0.4. Given a planar graph G with at least three vertices and a local girth list
assignment L for G, do there exist exponentially many distinct L-colourings of G'¢

Though each of the questions above is interesting in its own right, perhaps most inter-
esting of all are the following two.

Question 5.0.5. Does there exist a theorem analogous to Theorem 3.4.7 for local girth
choosability?
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Question 5.0.6. Does there exist a theorem analogous to Theorem 3.4.7 for local girth
correspondence colouring?

As mentioned in the introduction, a positive answer to this last question would simulta-
neously imply all the results in this thesis. In addition, it would imply a positive answer to
all of the questions raised thus far (with the possible exception of Question 5.0.4; however,
it seems very likely that our method described in Chapter 4 could be used to to answer
Question 5.0.4 assuming a theorem like that alluded to in Question 5.0.6.

In addition to hyperbolicity, Postle and Thomas also introduce the notion of strong hy-
perbolicity. While hyperbolicity implies a bound on the number of vertices in an open disk,
strong hyperbolicity bounds the number of vertices in an open annulus. In addition to all
the implications of hyperbolicity, strong hyperbolicity has further interesting implications:
we refer the reader to [37] for details. We leave the reader with the following family of
problems: it would be interesting to investigate whether there exist strong hyperbolicity
theorems for the families of correspondence-critical graphs described in this thesis. Given
the intricacies involved in the proofs of our hyperbolicity results, these questions seem
especially daunting.
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