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Abstract

Many complex phenomena like shock-shock interactions, shock-vortex interactions,
stratified flows, etc., are governed by nonlinear hyperbolic conservation laws. Higher order
numerical schemes like the discontinuous Galerkin (DG) method are increasingly being
used in computational fluid dynamics (CFD) codes to solve such conservation laws. Os-
cillations often develop in the numerical solutions obtained using higher-order methods.
These spurious oscillations can lead to numerical instabilities and eventual degradation of
the solution. Slope limiting is one of the mechanisms used to suppress such oscillations, and
thus, stabilize the numerical solution. Slope limiters were originally introduced for finite
volume (FV) methods, where the reconstructed slope in an element is modified to prevent
oscillations while maintaining second-order accuracy and stability of the numerical solu-
tion. Limiters tailored specifically for the DG method have also been proposed. However,
developing efficient higher order limiting techniques for the DG method on unstructured
meshes remains an open problem. Many factors influence the design of a suitable limiter
for the DG method, e.g., the domain discretization involved, the basis functions used to
approximate the solution, the choice of limiting directions, and the neighborhood used to
reconstruct the solution coefficients, to name a few.

In this work, we propose high-order moment limiters for the DG method on un-
structured two-dimensional (triangular, quadrilateral, curvilinear triangular) and three-
dimensional (tetrahedral) meshes. The limiters work by relating the solution coefficients
(moments) to directional derivatives along specified directions and limiting said direc-
tional derivatives independently using a one-dimensional slope limiter. The limiting is
performed hierarchically starting at the highest moment and stops on reaching a set of
moments/derivatives that remains unchanged, thereby preventing overlimiting.

To use available computational resources efficiently, simulations often employ run-time
adaptive mesh refinement strategies. In this thesis, we present a high-order limiter for the
DG method on nonconforming triangular meshes that arise in such adaptive computations.
Moreover, we also propose a simple algorithm to update the reconstruction stencil of ele-
ments in an adaptively refined triangular mesh. Our algorithm is implemented entirely on
the graphics processing unit (GPU) and avoids race conditions.

We provide numerical examples to show that limited solutions retain the theoretical
rate of convergence and are robust in the presence of discontinuities. Finally, we perform
wall clock studies to analyze the performance of the proposed limiter for the computational
cost involved in executing the limiter.

iv



Acknowledgements

I would like to thank my supervisor, Lilia, for her continued guidance and support
throughout my time in Waterloo. Next, I would like to thank Andrew for his valuable time
and for helping me out with the code. Finally, I would like to thank Abdullah, Harley, and
Michael for showing me, by example, what kindness can be.

v



Table of Contents

List of Figures xi

List of Tables xviii

1 Introduction 1

1.1 Slope Limiters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Discontinuous Galerkin method . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Limiting on adaptively refined nonconforming triangular meshes 15

2.1 Limiting algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.1.1 Moment limiter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.2 Stability constraints for linear advection . . . . . . . . . . . . . . . . . 20

2.2 Reconstruction neighborhood . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.1 Vertex database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.2 Updating the vertex neighborhood . . . . . . . . . . . . . . . . . . . . . 29

2.2.3 Updating the reconstruction stencil . . . . . . . . . . . . . . . . . . . . 30

2.3 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3.1 Advecting Pulse. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3.2 Advecting Hill. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.3.3 Rotating shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.3.4 Isentropic vortex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

vi



2.3.5 Double Mach test case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.3.6 Shock-vortex interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3 High-order moment limiter on unstructured triangular meshes 46

3.1 Limiting algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1.1 Directional derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1.2 Derivation of the moment limiter . . . . . . . . . . . . . . . . . . . . . . 52

3.1.3 Third order limiter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.1.4 Implementation of the moment limiter . . . . . . . . . . . . . . . . . . 59

3.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.1 Advecting hill. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.2 Limiting directions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.2.3 Rotating shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2.4 Isentropic vortex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.2.5 Shock shock interactions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.2.6 Double Mach test case. . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4 Slope limiter on quadrilateral meshes 74

4.1 Limiting algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.1.1 Stability analysis for linear advection . . . . . . . . . . . . . . . . . . . 77

4.1.2 Stability analysis for scalar nonlinear conservation laws . . . . . . . . 85

4.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.2.1 Sinusoidal Wave. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.2.2 Rotating Shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.2.3 Isentropic vortex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.2.4 Shock shock interactions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.2.5 Double Mach re
ection. . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

vii



5 Moment limiter on quadrilateral meshes 96

5.1 Limiting algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.1.1 Stability analysis for linear advection . . . . . . . . . . . . . . . . . . . 104

5.1.2 Scaling Coe�cients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.1.3 Geometric constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.2.1 Sinusoidal Wave. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.2.2 Rotating shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.2.3 Isentropic vortex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.2.4 Shock shock interactions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.2.5 Double Mach re
ection. . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6 High-order moment limiter on quadrilateral meshes 124

6.1 Limiting algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.1.1 Directional derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.1.2 Generalized moment limiter . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.1.3 Implementation strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.1.4 Second order limiter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.2.1 Sinusoidal Wave. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.2.2 Rotating shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.2.3 Isentropic vortex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.2.4 Shock-vortex interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.2.5 Strong shock interactions. . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.2.6 Double Mach re
ection. . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

6.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

viii



7 High-order moment limiter on curvilinear triangular meshes 147

7.1 Limiting Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7.1.1 Directional derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7.1.2 Reconstructing directional derivatives . . . . . . . . . . . . . . . . . . . 150

7.1.3 Third order limiter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7.1.4 Implementation Strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7.2.1 Advecting hill. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7.2.2 Rotating shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

7.2.3 Isentropic vortex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

7.2.4 Shock-cylinder interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . 169

7.2.5 Strong shock interactions. . . . . . . . . . . . . . . . . . . . . . . . . . . 170

7.2.6 Double Mach re
ection. . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

7.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

8 Slope limiter on tetrahedral meshes 176

8.1 Limiting Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

8.1.1 Second order accuracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

8.1.2 Stability analysis for linear advection . . . . . . . . . . . . . . . . . . . 179

8.1.3 Stability analysis for scalar nonlinear conservation laws . . . . . . . . 182

8.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

8.2.1 CFL veri�cation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

8.2.2 Advecting hill. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

8.2.3 Rotating Shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

8.2.4 Shock-bubble interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . 191

8.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

8.4 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

8.4.1 Proof of Proposition 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

8.4.2 Proof of Proposition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

ix



9 High-order moment limiter on tetrahedral meshes 199

9.1 Limiting Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

9.1.1 Directional derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

9.1.2 Derivation of the moment limiter . . . . . . . . . . . . . . . . . . . . . . 201

9.1.3 Third order limiter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

9.1.4 Implementation of the moment limiter . . . . . . . . . . . . . . . . . . 214

9.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

9.2.1 Advecting hill. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

9.2.2 Rotating Shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

9.2.3 Shock-bubble interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . 218

9.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

10 Conclusion 223

References 225

Appendices 231

A 231

A.1 Fourth order moment limiter on triangles . . . . . . . . . . . . . . . . . . . . . 231

B 235

B.1 Third order moment limiter on quadrilaterals . . . . . . . . . . . . . . . . . . . 235

x



List of Figures

1.1 Cross-section aty � 0:5 of an advecting square pulse att � 0:5, obtained
with a second order numerical approximation. . . . . . . . . . . . . . . . . . . 2

1.2 Numerical solution (density) at t � 2: for the Noh test case with a second
order DG approximation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Reconstruction of the slopes of the solution using slope limiting. . . . . . . . 4

1.4 Stability regions for commonly used one dimensional slope limiters [1]. . . . 5

1.5 Mapping of 
 i to the canonical triangle 
 0 by (1.12). . . . . . . . . . . . . . . 8

1.6 Mapping of 
 i to the canonical square 
0 by (1.19). . . . . . . . . . . . . . . . 9

1.7 Mapping of 
 i to the canonical 
 0 by (1.29) (A) for q � 2 and (B) for q � 3. 11

1.8 Mapping of 
 i to the canonical tetrahedron 
0 by (1.34). . . . . . . . . . . . 12

2.1 Examples of conforming and nonconforming triangular meshes. . . . . . . . 16

2.2 Reference triangular element 
0. . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 Reconstruction neighborhood and stencil for 
i . . . . . . . . . . . . . . . . . . 19

2.4 Mapping of 
 i to the canonical triangle 
 0 by (1.12). . . . . . . . . . . . . . . 21

2.5 Simpli�ed set of inequalities for nonconforming element 
i . The shaded
region is the the admissible region for scaling factors~l. . . . . . . . . . . . . . 24

2.6 Interpolation points should lie outside the shaded region in order to maintain
the second order accuracy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.7 The connectivity and the vertex database for a nonconforming triangular
mesh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.8 Re�nement of element 
i (shaded). . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.9 Adding newly created vertices and initialising their element ID list. . . . . . 27

xi



2.10 Updating the element ID list for primary vertices of element 
i . . . . . . . . 28

2.11 Updating the element ID list for secondary vertices of 
i . . . . . . . . . . . . 29

2.12 Reconstruction neighbourhood for vertex neighbourhood limiter. . . . . . . . 30

2.13 Updating the reconstruction neighbourhood for moment limiter on noncon-
forming mesh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.14 Reconstruction neighbourhood for moment limiter. . . . . . . . . . . . . . . . 33

2.15 Element sizehi � minˆH i; 1; H i; 2; H i; 3• [2]. . . . . . . . . . . . . . . . . . . . . . . 34

2.16 Initial nonconforming mesh of 15,912 triangles for the advecting pulse problem. 35

2.17 Solutions of the advecting hill problem withp � 1. . . . . . . . . . . . . . . . . 37

2.18 Initial set-up for the rotating shapes test case. . . . . . . . . . . . . . . . . . . 38

2.19 Solution of the rotating shapes test case att � 1. . . . . . . . . . . . . . . . . . 38

2.20 Solution pro�les for the rotating shapes test case att � 1. . . . . . . . . . . . 39

2.21 Initial nonconforming mesh A for isentropic vortex problem. . . . . . . . . . . 39

2.22 The initial set-up for the double Mach re
ection test case. . . . . . . . . . . . 41

2.23 Density isolines att � 0:2 for the double Mach test case obtained using a
second order approximation with moment limiter on a �nal mesh of 156; 114
triangles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.24 Density isolines att � 0:2 for the double Mach test case obtained using a
second order approximation with moment limiter, on a �nal mesh of 156; 114
triangles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.25 Initial set-up for the shock vortex test case. . . . . . . . . . . . . . . . . . . . . 43

2.26 Density isolines att � 0:7 for the shock vortex test case, obtained using a
second order approximation and moment limiter on a �nal mesh of 181; 057
triangles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.1 Limiting directions v1 and v2 on the canonical element 
0. . . . . . . . . . . . 48

3.2 
 i and the mesh elements sharing a vertex with it. Elements used in limiting
are shaded. Limiting directionsv i; 1 and v i; 2 are shown as arrows. Backward
and forward interpolation points are shown as solid squares. Linear inter-
polation of directional derivatives at the interpolation points is performed
over the segments shown as thick lines. . . . . . . . . . . . . . . . . . . . . . . 51

3.3 (A) Limiting stencil along v i; 1, (B) Limiting stencil along v i; 2. . . . . . . . . . 52

xii



3.4 Element sizehi � minˆH i; 1; H i; 2; H i; 3• [2]. . . . . . . . . . . . . . . . . . . . . . . 60

3.5 Solutions of the advecting hill problem withp � 2. . . . . . . . . . . . . . . . . 62

3.6 Limiting directions on 
 i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.7 Initial condition for the rotating shapes problem. . . . . . . . . . . . . . . . . 64

3.8 Rotating shapes att � 1 on an unstructured mesh of 12;792 triangles. . . . . 66

3.9 Solution of the rotating shapes problem att � 1 without limiting on an
unstructured mesh of 12; 792 triangles. . . . . . . . . . . . . . . . . . . . . . . . 68

3.10 Initial condition for the 2D Riemann problem. . . . . . . . . . . . . . . . . . . 68

3.11 Density isolines att � 0:8 for the shock-shock interaction example with (A)
p � 1, (B) p � 2, and (C) p � 3, on a mesh of 320; 000 triangles. . . . . . . . . . 69

3.12 The initial set-up for the double mach re
ection test case. . . . . . . . . . . . 70

3.13 Density isolines att � 0:2 for the double Mach test case obtained using
second order approximation with moment limiter. . . . . . . . . . . . . . . . 71

3.14 Density isolines att � 0:2 for the double Mach test case obtained using third
order approximation with moment limiter. . . . . . . . . . . . . . . . . . . . . 71

3.15 Density isolines att � 0:2 for the double Mach test case obtained using
fourth order approximation with moment limiter. . . . . . . . . . . . . . . . . 72

3.16 Density isolines att � 0:2 for the double Mach test case obtained using
second (top), third (middle), and fourth order (bottom) approximations
with moment limiter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.1 Possible limiting neighborhoods for a quadrilateral element. The �lled disks
denote the center of masses of the elements while the �lled squares represent
the limiting points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.2 Reference square element 
0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.3 Quadrature or limiting points on the edges of element 
i . . . . . . . . . . . . 81

4.4 In
ow con�gurations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.5 Con�guration with two in
ow and two out
ow edges. . . . . . . . . . . . . . 83

4.6 Con�guration with one out
ow edge. . . . . . . . . . . . . . . . . . . . . . . . . 84

4.7 Element sizehi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.8 Initial condition for the rotating shapes problem. . . . . . . . . . . . . . . . . 89

xiii



4.9 Isolines and pro�les of the solution for the rotating shapes problem att � 1
on an unstructured mesh of 6472 quadrilaterals. . . . . . . . . . . . . . . . . . 91

4.10 Initial condition for the 2D Riemann problem. . . . . . . . . . . . . . . . . . . 92

4.11 Density isolines att � 0:8 for the shock-shock interaction example forp � 1
on a mesh of 160; 660 quadrilaterals. . . . . . . . . . . . . . . . . . . . . . . . . 93

4.12 The initial set-up for the double Mach re
ection test case. . . . . . . . . . . . 94

4.13 Density isolines att � 0:2 for the double Mach test case forp � 1 with limiter
on a �nal mesh of 230; 266 quadrilaterals. . . . . . . . . . . . . . . . . . . . . 94

4.14 Density isolines att � 0:2 for the double Mach test case forp � 1 with limiter
on a �nal mesh of 230; 266 quadrilaterals. . . . . . . . . . . . . . . . . . . . . . 94

5.1 The canonical rectangle 
0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.2 Reconstruction stencil for the second order moment limiter. . . . . . . . . . . 99

5.3 Reconstruction stencil for the second order moment limiter. . . . . . . . . . . 102

5.4 Element sizehi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.5 Simpli�ed set of inequalities for element 
i . The shaded region is the region
of admissible scaling coe�cients~l i . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.6 The interpolation points should lie outside the shaded region for second
order accuracy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.7 Initial condition for the rotating shapes problem. . . . . . . . . . . . . . . . . 117

5.8 Rotating shapes att � 1, on a quadrilateral mesh with 6472 elements. . . . . 119

5.9 Modi�ed initial condition for 2D Riemann problem. . . . . . . . . . . . . . . . 120

5.10 Density isolines att � 0:8 for the shock-shock interaction example forp � 1
with moment limiter on a mesh of 160; 103 quads. . . . . . . . . . . . . . . . . 121

5.11 The initial set-up for the double mach re
ection test case. . . . . . . . . . . . 122

5.12 Density isolines att � 0:2 for the double Mach test case forp � 1 with
moment limiter on a �nal mesh of 230;266 quads. . . . . . . . . . . . . . . . 122

5.13 Density isolines att � 0:2 for the double Mach test case forp � 1 with
moment limiter on a �nal mesh of 230;266 quads. . . . . . . . . . . . . . . . . 122

6.1 The canonical rectangle 
0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

6.2 Reconstruction neighborhood for 
i . Elements used in limiting are shaded.
Limiting directions v i; 1 and v i; 2 are shown as arrows. Backward and forward
interpolation points are shown as hollow disks. . . . . . . . . . . . . . . . . . . 126

xiv



6.3 Element sizehi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.4 Initial condition for the rotating shapes problem. . . . . . . . . . . . . . . . . 136

6.5 Rotating shapes att � 1 on a quadrilateral mesh with 6389 elements. . . . . 138

6.7 Initial set-up for the shock vortex interaction example. . . . . . . . . . . . . 139

6.6 Rotating shapes att � 1 on a quadrilateral mesh with 6389 elements. . . . . 140

6.8 Density isolines att � 0:7 for the shock vortex interaction example on an
unstructured mesh of 110; 774 quads. . . . . . . . . . . . . . . . . . . . . . . . 142

6.9 Modi�ed initial condition for 2D Riemann problem. . . . . . . . . . . . . . . . 142

6.10 Density isolines att � 0:8 for the shock-shock interaction example for a)
p � 1, b) p � 2, on a mesh of 160;103 quadrilaterals. . . . . . . . . . . . . . . . 143

6.11 The initial set-up for the double mach re
ection test case. . . . . . . . . . . . 144

6.12 Density isolines att � 0:2 for the double Mach test case on a �nal mesh of
230;266 quads. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6.13 Density isolines att � 0:2 for the double Mach test case on a �nal mesh of
230;266 quads. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.1 Limiting directions v1 and v2 on the canonical element 
0. . . . . . . . . . . . 148

7.2 
 i and the mesh elements sharing a vertex with it. Limiting directionsv i; 1

and v i; 2 are shown as arrows. Backward and forward interpolation points
are shown as solid squares. Linear interpolation of directional derivatives at
the interpolation points is performed over the thick line segments. . . . . . . 151

7.3 (A) Limiting stencil along v i; 1, (B) Limiting stencil along v i; 2. . . . . . . . . . 152

7.4 Mesh A, consisting of 240 second-order triangular elements, for the advecting
hill problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.5 Initial condition for the rotating shapes problem. . . . . . . . . . . . . . . . . 162

7.6 Second-order curvilinear mesh of 12; 800 elements, for the rotating shapes
problem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

7.7 Rotating shapes att � 1 with limiting on a curvilinear mesh with 12; 800
triangular elements of orderq � 2. . . . . . . . . . . . . . . . . . . . . . . . . . . 165

7.8 Rotating shapes att � 1 without limiting on a curvilinear mesh with 12; 800
triangular elements of orderq � 2. . . . . . . . . . . . . . . . . . . . . . . . . . . 167

7.9 Rotating shapes att � 1 with limiting on a curvilinear mesh with 12; 800
triangular elements of orderq � 3. . . . . . . . . . . . . . . . . . . . . . . . . . . 169

xv



7.10 Density isolines att � 0:3 for the shock cylinder interaction example on an
structured polar mesh of 209; 300 second-order triangular elements. . . . . . 172

7.11 Modi�ed initial condition for 2D Riemann problem. . . . . . . . . . . . . . . . 172

7.12 Density isolines att � 0:8 for the shock-shock interaction example for a)
p � 1, b) p � 2, on a mesh of 247;688 second-order triangular elements. . . . . 173

7.13 The initial set-up for the double mach re
ection test case. . . . . . . . . . . . 173

7.14 Density isolines att � 0:2 for the double Mach test case on a �nal mesh of
252;232 second-order triangular elements. . . . . . . . . . . . . . . . . . . . . 174

7.15 Density isolines att � 0:2 for the double Mach test case on a �nal mesh of
252;232 second-order triangular elements. . . . . . . . . . . . . . . . . . . . . . 174

8.1 Reference tetrahedral element 
0. . . . . . . . . . . . . . . . . . . . . . . . . . . 177

8.2 Decomposition of cube into tetrahedra. . . . . . . . . . . . . . . . . . . . . . . 186

8.3 The edge neighborhood for element 
i . . . . . . . . . . . . . . . . . . . . . . . . 188

8.4 Isosurfaces of the limited solution to the rotating shapes problem forz @0
at t � 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

8.5 Isolines and pro�les of the solution for the rotating shapes problem, with and
without limiting, at t � 1 on an unstructured mesh of 3; 150;670 tetrahedras. 191

8.6 Initial setup for the bubble-shock interaction case. . . . . . . . . . . . . . . . . 192

8.7 Density pro�le along z � 0 for the bubble shock interaction case on an
unstructured mesh of 11;530;455 tetrahedra. . . . . . . . . . . . . . . . . . . . 192

8.8 Isosurfaces of density for the bubble shock interaction case, att � 0:125 on
an unstructured mesh of 11;530; 455 tetrahedra. . . . . . . . . . . . . . . . . . 193

8.10 Mapping of face quadrature points by (1.34). . . . . . . . . . . . . . . . . . . . 197

9.1 Limiting directions v1, v2 and v3 on the canonical element 
0. . . . . . . . . . 200

9.2 The reconstruction stencil for 
i . Limiting directions v i; 1, v i; 2, and v i; 3 are
shown as arrows. Backward and forward interpolation points are shown as
solid squares. Linear interpolation of directional derivatives at the interpo-
lation points is performed over the shaded triangular regions. . . . . . . . . 202

9.3 (A) Limiting stencil along v i; 1, (B) Limiting stencil along v i; 2, (C) Limiting
stencil alongv i; 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

9.4 Isosurfaces of the limited solution to the rotating shapes problem forz @0
at t � 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

xvi



9.5 Rotating shapes att � 1 on an unstructured mesh of 3;150; 670 tetrahedra. . 218

9.6 Solution of the rotating shapes problem att � 1 without limiting on an
unstructured mesh of 3; 150;670 tetrahedra. . . . . . . . . . . . . . . . . . . . . 220

9.7 Initial setup for the bubble-shock interaction case. . . . . . . . . . . . . . . . . 220

9.9 Density pro�le along z � 0:02 for the bubble shock interaction case using
p � 2 DG approximation on an unstructured mesh of 11;530;455 tetrahedra. 220

9.8 Density pro�le along z � 0:02 for the bubble shock interaction case using
p � 1 DG approximation on an unstructured mesh of 11;530;455 tetrahedra. 221

9.10 Isosurfaces of density for the bubble shock interaction case, att � 0:125 using
p � 2 DG approximation on an unstructured mesh of 11;530;455 tetrahedra. 221

B.1 Reconstruction stencil for moment limiter on quadrilateral mesh. . . . . . . . 238

xvii



List of Tables

2.1 Values of the linear basis functions evaluated at the midpoints of the edges
of 
 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2 Values of the basis functions evaluated at (A) the quarter and (B) three
quarter points of the edges of 
0. . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Global bounds of solution averages att � 0:1 on a nonconforming mesh of
15,912 triangles for the advecting pulse problem with limiter (2.27) devel-
oped for nonconforming meshes and limiter (2.32) developed for conforming
meshes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.4 L1 errors for the advecting hill problem for limited and unlimited solutions
at t � 0:5. The convergence rates are given in parentheses. . . . . . . . . . . . 36

2.5 L1 errors for the isentropic vortex problem for limited and unlimited solu-
tions at t � 0:5. The convergence rates are given in parentheses. . . . . . . . . 40

2.6 States to the left and right of the initial shock for the double Mach test case. 40

2.7 Wall clock timings (seconds) for the double Mach test case run untilt � 0:2
using a second order approximation on an initial unstructured mesh of 1; 953
triangles with the mesh re�ned every 10 timesteps, and the maximum level
of re�nement set at seven. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.8 Wall clock timings (seconds) for the double Mach test case run untilt � 0:2
using a second order approximation on an initial unstructured mesh of 1; 953
triangles with the mesh re�ned every 2 timesteps, and the maximum level
of re�nement set at seven. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.1 L1 errors for the advecting hill problem for limited and unlimited solutions
at t � 0:5. Convergence rates are given in parentheses. . . . . . . . . . . . . . . 61

3.2 L1 errors for the advecting hill problem att � 0:5 with three di�erent vertex
ordering, p � 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

xviii



3.3 L1 errors for the advecting hill problem att � 0:5 with three di�erent vertex
ordering, p � 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.4 L1 errors in the density for the isentropic vortex example att � 0:5. Con-
vergence rates are shown in parentheses. . . . . . . . . . . . . . . . . . . . . . . 66

3.5 Limiting time for the shock-shock interaction example. The limiting time
as a percentage of the total run time is given in parenthesis under "Limiting
time". . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.6 States to the left and right of the initial shock for the double Mach test case. 70

4.1 L1 errors for the advecting sinusoidal wave problem att � 0:5 with and
without limiting. The numbers in parentheses are the observed rates of
convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.2 L1 errors in energy for the stationary isentropic vortex test case att � 0:5
on unstructured quadrilateral mesh. The numbers in parentheses are the
observed rates of convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.3 States to the left and right of the initial shock for the double Mach test case. 93

5.1 Values of the basis functions evaluated at the midpoints of the edges of
canonical element 
0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.2 L1 errors for the linear advection of a sinusoidal wave att � 0:5 on an un-
structured quadrilateral mesh. The numbers in parentheses are the observed
rates of convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.3 L1 errors in density for the stationary isentropic vortex example att � 0:5
on unstructured quadrilateral mesh. The numbers in parentheses are the
observed rates of convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.4 States to the left and right of the initial shock for the double Mach test case. 121

6.1 L1 errors for the linear advection of a sinusoidal wave att � 0:5 on an un-
structured quadrilateral mesh. The numbers in parentheses are the observed
rates of convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.2 L1 errors in density for the stationary isentropic vortex example att � 0:5
on unstructured quadrilateral meshes. The numbers in parentheses are the
observed rates of convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.3 Limiting time for the shock-shock interaction example forp � 1; 2; and 3
DG approximations on a mesh of 160;103 quadrilaterals. The limiting time
as a percentage of the total run time is given in parenthesis under "Limiting
time". . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

xix



6.4 States to the left and right of the initial shock for the double Mach test case. 144

7.1 L1 errors for the linear advection of an advecting hill att � 0:4 on an
unstructured curvilinear triangular mesh of orderq � 2. The numbers in
parentheses are the observed rates of convergence. . . . . . . . . . . . . . . . . 161

7.2 L1 errors for the linear advection of an advecting hill att � 0:4 on an
unstructured curvilinear triangular mesh of orderq � 3. The numbers in
parentheses are the observed rates of convergence. . . . . . . . . . . . . . . . . 162

7.3 L1 errors for the isentropic vortex problem att � 0:5 on an unstructured
curvilinear triangular mesh of orderq � 2. The numbers in parentheses are
the observed rates of convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . 169

7.4 L1 errors for the isentropic vortex problem att � 0:5 on an unstructured
curvilinear triangular mesh of orderq � 3. The numbers in parentheses are
the observed rates of convergence. . . . . . . . . . . . . . . . . . . . . . . . . . . 170

7.5 States to the left and right of the initial shock for the shock cylinder inter-
action test case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

7.6 States to the left and right of the initial shock for the double Mach test case. 171

7.7 Limiting time for the double Mach re
ection example forp � 1; 2; and 3 DG
approximations on a mesh of 252;232 second-order triangular elements. The
limiting time as a percentage of the total run time is given in parenthesis
under "Limiting time". . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

8.1 Global bounds of solution averages untilt � 0:25 on a mesh of 1;296; 000
tetrahedra for the advecting spherical pulse problem. . . . . . . . . . . . . . . 186

8.2 L1 errors for the advecting hill problem att � 0:25 with and without limit-
ing, using vertex neighborhood and face midpoints as limiting points. The
numbers in parentheses are the observed rates of convergence. . . . . . . . . . 187

8.3 L1 errors for the advecting hill problem att � 0:25 with and without limiting,
using vertex neighborhood and second degree quadrature points as limiting
points. The numbers in parentheses are the observed rates of convergence. . 187

8.4 L1 errors for the advecting hill problem att � 0:25 with and without lim-
iting, using edge neighborhood and face midpoints as limiting points. The
numbers in parentheses are the observed rates of convergence. . . . . . . . . . 188

8.5 The initial states for the shock-bubble interaction test case. . . . . . . . . . 192

9.1 L1 errors for the advecting hill problem for limited and unlimited solutions
at t � 0:25. Convergence rates are given in parentheses. . . . . . . . . . . . . . 215

xx



9.2 The initial states for the shock-bubble interaction test case. . . . . . . . . . 219

9.3 Limiting time for the bubble-shock interaction example. The limiting time
as a percentage of the total run time is given in parenthesis under "Limiting
time". . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

xxi



Chapter 1

Introduction

Nonlinear hyperbolic conservation laws can be used to model several complex physical
phenomena like shock-vortex interactions, strati�ed 
ows, 
ows around a turbine, etc.
Closed-form analytical solutions do not exist for many of these problems, thus making it
necessary to rely on numerical simulations to obtain approximate solutions. Many of these
simulations, for example modeling atmospheric 
ows for weather forecasting, simulations
of oceanic surface waves and their interaction with coastlines, etc. involve large variations
in length and time scales. Moreover, we require high accuracy in the numerical solution to
e�ciently capture complex phenomena over such large scales. Using traditional techniques
like a simple �nite volume (FV) formulation often prove to be computationally expensive,
especially to achieve the required high accuracy of the solution. Therefore, higher order
numerical schemes are being progressively used in computational 
uid dynamics (CFD)
codes to solve nonlinear conservation laws. Due to its compact computational stencil and
ease in handling adaptive re�nement (of both the computational element and the polyno-
mial numerical approximation of the solution in an element) over complex geometries, the
discontinuous Galerkin (DG) method o�ers an attractive alternative to traditional schemes.

Numerical solutions obtained from high order methods often develop spurious oscilla-
tions near solution discontinuities which can lead to numerical instabilities and eventual
degradation of the solution. For example, consider the linear advection equation

u t � a1
@

@x
u � a2

@
@y

u � 0; (1.1)

with ˆa1; a2• � ˆ1; 0• and the initial condition uˆx; 0• � u0ˆx• given by

u0ˆx• �
¢̈
¨
¦
¨̈
¤

1:0; SxSB0:25;SySB0:25;

0:0; otherwise;
(1.2)
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in the domain 
 � � � 1; 1� � � � 1; 1� . Figure 1.1 compares the cross-section of the exact
solution of the advecting square pulse att � 0:5 with the numerical solution obtained
using a second order DG approximation. We can clearly observe spurious oscillations,
also referred to as "Gibbs oscillations", near the discontinuities atx � 0:25 and x � 0:75.
These spurious oscillations are undesired as they often lead to numerical instabilities and
reduced accuracy in regions where solution is smooth. The issue is further exacerbated

Figure 1.1: Cross-section aty � 0:5 of an advecting square pulse att � 0:5, obtained with
a second order numerical approximation.

for nonlinear hyperbolic conservation laws, where the presence of oscillations can lead to
nonlinear instabilities. Consider the Noh test case [3] for the two-dimensional Euler system
of equations given by

@
@t

’
–––
”

�
�u
�v
E

“
———
•

�
@

@x

’
–––
”

�u
�u 2 � p

�uv
ˆE � p•u

“
———
•

�
@
@y

’
–––
”

�v
�uv

�v 2 � p
ˆE � p•v

“
———
•

� 0; (1.3)

where� is the density, �u and �v are thex- and y-direction momenta,E is the energy, and
the pressure,p, is given by the equation of statep � ˆ 
 � 1• ‰E � �

2ˆu2 � v2•Ž. The test case
involves the time evolution of a symmetric circular shock structure. Figure 1.2 shows how
spurious oscillations have severely deteriorated the numerical approximation of density,
obtained using a second order DG approximation. In certain situations, these oscillations
can potentially lead to nonphysical values for the numerical solution, for example, negative
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values for density, energy, and/or pressure. Therefore, it is imperative that we suppress
such spurious oscillations and stabilize the solution.

Figure 1.2: Numerical solution (density) att � 2: for the Noh test case with a second order
DG approximation.

Designing e�cient and robust techniques to control such spurious oscillations near
solution discontinuities remains one of the challenges in developing robust higher order
methods for solutions of nonlinear hyperbolic conservation laws. Several techniques have
been successfully developed to suppress numerical oscillations resulting from higher order
discretizations employed in traditional methods like �nite volume methods, �nite di�erence
methods, etc. Many of these techniques, for example, arti�cial viscosity methods [4, 5],

ux limiters [4, 6, 1], spectral �lters [7, 8, 9], weighted essentially non oscillatory (WENO)
reconstruction [10, 11], and slope limiters [12, 1, 13, 14] have been successfully applied to
the DG formulation.

1.1 Slope Limiters

Slope limiting, originally proposed for FV methods, is one of the techniques used to sup-
press oscillations by controlling the gradient of the solution in an element. It is a natural
limiting method for second order formulations, especially in the context of FV methods as
it involves reconstructing the slope without altering the average value in an element. For
example, consider the one-dimensional hyperbolic conservation law given by

@
@t

u �
@

@x
f ˆu• � 0: (1.4)
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Let the approximate linear solutionUi in an element 
 i be

Ui � U i � Ûi � ˆx � x0•; (1.5)

where U i is the solution average in 
i , Ûi is the gradient of the solution in the element,
and x0 is the element centroid. As shown in Figure 1.3, slope limiting reconstructs the

Figure 1.3: Reconstruction of the slopes of the solution using slope limiting.

slope of the solution resulting in a modi�ed solution given by

~Ui � U i � � ˆR•Ûi � ˆx � x0•; (1.6)

whereR �
U i � 1 � U i

U i � U i � 1
is the ratio of the forward and backward di�erences inU. Figure 1.4

shows some of the commonly used one-dimensional slope limiters.

E�cient limiters [6, 15, 16, 17] based on the total variation diminishing (TVD) prop-
erty have been successfully developed for second order methods in one-dimension. However,
TVD schemes reduce solution accuracy near smooth extrema [18] to �rst order and, thus,
are at most second order accurate. Through numerical examples, it was shown in [19]
that limiters based on the TVD property on two-dimensional Cartesian grids can achieve
an accuracy of at most �rst-order. Recently, using an isotropic de�nition for total vari-
ation, it was shown numerically in [20] that the limited second order DG solutions of
two-dimensional hyperbolic equations are TVD in the means. However, due to a limited
theoretical basis for the TVD property in high dimensions, most practical limiters were

4



Figure 1.4: Stability regions for commonly used one dimensional slope limiters [1].

developed using geometrical arguments or by direct extension of ideas rigorously developed
in one dimension, e.g., requiring solution values at speci�ed points not to exceed solution
averages in a chosen neighborhood [21, 13]. More recently, the local maximum principle
(LMP) of the solution averages,

min
k>N i

U
n
k BU

n� 1
i Bmax

k>N i
U

n
k ; (1.7)

has been employed to develop newer limiters for second-order methods [22, 2, 23]. For scalar
problems, the LMP guarantees that solution averages remain bounded for all computational
time.

Designing limiters in higher dimensions comes with its own speci�c challenges. Unlike
in one dimension, there is no unique set of directions in which to limit solution gradients.
The number of components of the gradient to be limited also increases in higher dimensions.
For high-order methods, mixed derivatives appear, which further complicates the limiting
process.

One of the �rst limiters on unstructured meshes in higher dimensions was proposed in
[21] for FV methods. The solution gradient is limited by scaling it with a constant coe�-
cient � >�0; 1� . A less di�usive limiter was proposed in [24], where the components of the
gradient were scaled by separate multipliers. Limiters from the FV framework have been
successfully extended to the DG method. Limiters tailored speci�cally for the DG method
have also been proposed [12, 25, 10, 11, 26, 22, 23, 27]. For example, the WENO recon-
struction in [11], hierarchical limiting using a local Taylor series expansion in [28, 29, 13],
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and limiting in the directions of the medians [26] have been proposed for the DG method
on unstructured triangular and quadrilateral meshes. A high-order hierarchical moment
limiter for the DG method on Cartesian grids was proposed in [25]. More recently, a second
order moment limiter for the DG method was proposed in [2] for unstructured triangular
meshes and in [23] for tetrahedral meshes. They limit the numerical solution by �nding the
directions in which the linear solution moments decouple and reconstructing the gradient
along these directions using a one-dimensional limiter. In three-dimension, a WENO re-
construction [30], and an a posteriori sub-cell �nite volume limiter [31] have been proposed
for the DG method on tetrahedral meshes. Limiters designed to preserve speci�c properties
of the solution, e.g., positivity preservation [32, 33, 34] and entropy stability [35, 36, 37, 38]
for nonlinear system of equations have also been proposed. However, limiters present in the
literature for the DG method on unstructured meshes are either computationally expen-
sive, too restrictive or not robust, i.e., they involve problem-dependent tuning parameters.
Therefore, developing compact and robust limiting techniques for the higher order DG
method on higher dimensional and unstructured meshes remains an open problem.

Traditional limiting techniques [25, 10, 2, 27, 29] were designed for conforming meshes,
i.e., meshes where an edge is shared between only two elements. Nonconforming meshes,
i.e., meshes where an element shares an edge with more than one neighboring element, of-
ten arise in simulations employing run-time adaptive mesh re�nement [39, 40, 41, 42, 43].
Adaptive computations allow us to e�ectively use computational resource where they are
needed the most, e.g., to better capture the �ne features of the solution. To ensure numer-
ical stability and maintain accuracy of a high-order DG discretization, it is necessary to
use limiting techniques compatible with nonconforming meshes. It is known that applying
conventional limiters on nonconforming or nonuniform meshes might lead to oscillations.
For example, it was shown in [1] that in one dimension applying a second-order TVD lim-
iter developed for uniform grids to non-uniform grids leads to overshoots/undershoots in
the solution. A limiter taking into account mesh structure was shown to eliminate this
problem. In [44], a direction-aware slope limiter for �nite volume (FV) methods on three-
dimensional adaptively re�ned cubic grids was proposed. Extensions of limiters for the DG
method to adaptively re�ned meshes have been proposed in [45, 46, 47]. In order to limit
the solution in an element 
 i , solution values in the neighboring elements are projected
onto a ghost element with either the same re�nement level or similar cell size as 
i . Then,
the numerical solution is limited by reconstructing solution gradients using the projected
solutions. While such approaches are shown to work well, they are computationally ex-
pensive and di�cult to implement on unstructured meshes. Before discussing limiters in
detail, we provide a brief description of the DG formulation in the next section.
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1.2 Discontinuous Galerkin method

Consider a hyperbolic conservation law

u t � © � Fˆu• � 0; (1.8)

where the vector of conserved variablesuˆx; t• is de�ned on 
 � � 0; T� , 
 is the spatial
domain, T is the �nal time, and Fˆu• is the 
ux function. Additionally, assume that the
initial condition uˆx; 0• � u0ˆx• is provided along with relevant boundary conditions.

The discontinuous Galerkin method is constructed by splitting the domain 
 into a
mesh of elements 
i , such that 
 � � i 
 i . The elements can be triangles, quadrilaterals or
curvilinear triangles in two-dimensions or tetrahedras in three-dimensions. A weak form
of the conservation law is obtained by multiplying (1.8) by a test functionv >H 1ˆ 
 i • and
integrating on 
 i . Using the following identity

S

 i

v© � Fˆu•dx � � S

 i

Fˆu• � ©vdx � S

 i

© � ˆvFˆu•• dx; (1.9)

and applying the divergence theorem, we obtain

S

 i

u tvdx � S

 i

Fˆu• � ©vdx � S
@
 i

vFˆu• � ndl � 0; ¦ v >H 1ˆ 
 i •; (1.10)

wheren � ˆnx ; ny• is the outward facing unit normal on element 
i 's boundary @
 i .

The exact solution on 
 i is approximated by U i , a linear combination of the basis
functions ^' m of degree up top, i.e.,

U i �
P

Q
m� 0

Û i;m '̂ m ; (1.11)

where Û i;m are the degrees of freedom (DOFs) andP is the number of the degrees of
freedom. The basis functions ^' m can be de�ned locally on element 
i , for example by using
a local Taylor series expansion or a local Lagrange basis. However, to obtain a simple set
of semi-discrete equations (shown below) it is more convenient to use orthonormal basis
functions de�ned on a canonical reference element 
0.

We give a brief description of the mappings, basis functions and the �nal set of semi-
discrete equations for the mesh elements considered in subsequent chapters. For triangular
elements, we map 
i to the right unit triangle 
 0 � ˜ 0 Br; s B1; 0 Br � s B1• (Figure 1.5)
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Figure 1.5: Mapping of 
 i to the canonical triangle 
 0 by (1.12).

using the transformation

’
–
”

x
y
1

“
—
•

�
’
–
”

x i; 1 x i; 2 x i; 3

yi; 1 yi; 2 yi; 3

1 1 1

“
—
•

’
–
”

1 � r � s
r
s

“
—
•

; (1.12)

whereˆx i;k ; yi;k •; k � ˜ 1; 2; 3• , are the vertices of 
i . The Jacobian of the transformation is

Ji � Œ
x i; 2 � x i; 1 x i; 3 � x i; 1

yi; 2 � yi; 1 yi; 3 � yi; 1
‘ : (1.13)

On 
 0, the Dubiner basis [48]

' l
kˆ r; s• � C l

k2kL kˆ
2s

1 � r
� 1•ˆ 1 � r •kP2k� 1;0

l ˆ2r � 1•; 0 Bl � k Bp; (1.14)

forms an orthonormal set with respect to theL2 inner product. Above,C l
k are normaliza-

tion constants, L kˆx• is the Legendre polynomial of degreek [49]

L kˆx• �
ˆ � 1•k

2kk!
dk

dxk
�ˆ 1 � x2•k � ; (1.15)

and P2k� 1;0
l ˆx• is a Jacobi polynomial of degreel [49]

P2k� 1;0
l ˆx• �

ˆ � 1• l

2l l !
ˆ1 � x• � ˆ 2k� 1• dl

dxl
�ˆ 1 � x2• l ˆ1 � x•2k� 1� : (1.16)
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With the basis functions (1.14), the numerical solutionU i is written as

U i ˆ r; s; t • �
p

Q
l � k� 0

Û l
i;k ˆ t• ' l

kˆ r; s•: (1.17)

As continuity of the solution at element interfaces is not imposed, the solution can be
multivalued at the boundary between two neighboring cells. Therefore, a numerical 
ux
F‡ˆU i ;U j • is introduced to allow communication between the neighboring elements 
i

and 
 j . Choosingv to be ' l
k , equation (1.10) under the map (1.12) becomes

d
dt

Û l
i;k � S


 0

FˆU i • � ˆ©' l
kJ � 1

i • dr �
1

detJi
Q

j >N e
i

S
@
 i;j

� l
kF‡ˆU i ;U j • � n i;j dl; 0 Bk � l Bp;

(1.18)
whereJi is the Jacobian given by (1.13),N e

i is the list of indices of the elements that share
an edge with 
 i , @
 i;j is the edge shared by 
i and 
 j , and � l

kˆx• � ' l
kˆ r; s•.

Figure 1.6: Mapping of 
 i to the canonical square 
0 by (1.19).

For quadrilateral elements, we map 
i to a unit square 
 0 � ˜ � 1 B�; � B1• (Figure 1.6)
using the transformation

x i ˆ �; � • � x i; 1
ˆ1 � � •ˆ 1 � � •

4
� x i; 2

ˆ1 � � •ˆ 1 � � •
4

� x i; 3
ˆ1 � � •ˆ 1 � � •

4
� x i; 4

ˆ1 � � •ˆ 1 � � •
4

;

(1.19)

wherex i;k � ˆx i;k ; yi;k •; k � ˜ 1; 2; 3; 4• , are the vertices of 
i . Regrouping the terms, (1.19)
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can be simpli�ed to get

x i ˆ �; � • � Ci; x 0 � Ci; x 1� � Ci; x 2� � Ci; x 3��; (1.20)

where the coe�cients Ci; x are

Ci; x 0 �
1
4

ˆx i; 1 � x i; 2 � x i; 3 � x i; 4• ; Ci; x 1 �
1
4

ˆx i; 2 � x i; 3 � x i; 1 � x i; 4• ;

Ci; x 2 �
1
4

ˆx i; 3 � x i; 4 � x i; 1 � x i; 2• ; Ci; x 3 �
1
4

ˆx i; 1 � x i; 3 � x i; 2 � x i; 4• :
(1.21)

The Jacobian of the transformation is

Ji � Œ
x � x �

y� y�
‘ � Œ

Ci;x 1 � Ci;x 3� C i;x 2 � Ci;x 3�
Ci;y 1 � Ci;y 3� C i;y 2 � Ci;y 3�

‘ ; (1.22)

and the determinant of the Jacobian is

detJi � detJi; 0 � detJi; 1� � detJi; 2�; (1.23)

where the coe�cients detJi;j ; j � ˜ 0; 1; 2• , are

detJi; 0 � Ci;x 1Ci;y 2 � Ci;x 2Ci;y 1; detJi; 1 � Ci;x 1Ci;y 3 � Ci;x 3Ci;y 1;

detJi; 2 � Ci;x 3Ci;y 2 � Ci;x 2Ci;y 3:
(1.24)

On 
 0, the tensor product basis

' k
j ˆ �; � • �

»
ˆ2j � 1•ˆ 2k � 1•

2
L j ˆ � •L kˆ � • (1.25)

forms an orthonormal set with respect to theL2 norm, whereL j ˆx• is the Legendre poly-
nomial of degreej [49]. With basis functions (1.25), the numerical solutionU i is written
as

U i ˆ �; � • �
p

Q
j � 0;k� 0

Û k
i;j ' k

j ˆ �; � •: (1.26)

Choosingv to be ' k
j , the equation (1.10) under the map (1.19) becomes

p

Q
r � 0;s� 0

m k;s
i;j;r

d
dt

Û s
i;r � S


 0

FˆU i • �ˆ©' k
j J � 1

i • detJi dr � Q
v>N e

i

S
@
 i;v

' k
j F‡ˆU i ;U v• �n i;v dl; (1.27)

where 0Bj; k Bp, detJi is the determinant of the Jacobian (1.23),N e
i is the list of indices

of elements that share an edge with 
i , @
 i;v is the edge shared by 
i and 
 v, and n i;v is
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the outward pointing unit normal on @
 i;v . The mass matrixM i on 
 i , whose entries are
given by

m k;s
i;j;r � S


 0

' k
j ' s

r detJi dr ; (1.28)

is computed during the pre-processing stage and stored.

Figure 1.7: Mapping of 
 i to the canonical 
 0 by (1.29) (A) for q � 2 and (B) for q � 3.

For curvilinear triangular elements, we map the element 
i to a unit triangle 
 0 � ˜ 0 B
r; s B1• (Figure 1.7) using the transformation

x i ˆ r; s• �
q

Q
l � k� 0

x̂ l
i;k ' l

kˆ r; s•: (1.29)

The coe�cients x̂ i depend on how the nodesx i;k � ˆx i;k ; yi;k •; 1 B k B 1
2ˆq � 1•ˆ q � 2•, on


 i are mapped to nodes on 
0 (Figure 1.7). Moreover, the above coe�cients can be easily
computed in the pre-processing stage by plugging the nodesx i;k on 
 i and their corre-
sponding mappings on 
0 into (1.29) and solving the resulting linear system of equations.
The Jacobian of the transformation (1.29) is

Ji � Œ
xr xs

yr ys
‘ ; (1.30)

and the determinant of the Jacobian is

detJi � Sxr ys � xsyr S; (1.31)

With the basis functions (1.14), the numerical solutionU i is written as in (1.17). Choosing
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v to be ' k
j , the equation (1.10) under the map (1.29) becomes

p

Q
r � 0;s� 0

m k;s
i;j;r

d
dt

Û s
i;r � S


 0

FˆU i • �ˆ©' k
j J � 1

i • detJi dr � Q
v>N e

i

S
@
 i;v

' k
j F‡ˆU i ;U v• �n i;v dl; (1.32)

where 0Bj; k Bp, detJi is the determinant of the Jacobian (1.30),N e
i is the list of indices

of elements that share an edge with 
i , @
 i;v is the edge shared by 
i and 
 v, and n i;v is
the outward pointing unit normal on @
 i;v . The mass matrixM i on 
 i , whose entries are
given by

m k;s
i;j;r � S


 0

' k
j ' s

r detJi dr ; (1.33)

is computed during the pre-processing stage.

Figure 1.8: Mapping of 
 i to the canonical tetrahedron 
0 by (1.34).

Finally, for tetrahedral elements, we map 
i to the reference tetrahedron 
0 � ˜ 0 B
r; s; t B1• (Figure 1.8) using the a�ne transformation

’
–––
”

x
y
z
1

“
———
•

�

<@@@@@@@>

x i; 1 x i; 2 x i; 3 x i; 4

yi; 1 yi; 2 yi; 3 yi; 4

zi; 1 zi; 2 zi; 3 zi; 4

1 1 1 1

=AAAAAAA?

’
–––
”

1 � r � s � t
r
s
t

“
———
•

; (1.34)

where x i;k � ˆx i;k ; yi;k ; zi;k •; k � ˜ 1; 2; 3; 4• , are the vertices of 
i . The Jacobian of the
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transformation is

Ji �
’
–
”

x i; 2 � x i; 1 x i; 3 � x i; 1 x i; 4 � x i; 1

yi; 2 � yi; 1 yi; 3 � yi; 1 yi; 4 � yi; 1

zi; 2 � zi; 1 zi; 3 � zi; 1 zi; 4 � zi; 1

“
—
•

: (1.35)

On 
 0, the Dubiner basis [48]

' l;m
k ˆ r; s; t • � C l;m

k 22k� lL k ‹
2t � s � r � 1

1 � s � r
• ˆ 1� s� r •kP2k� 1;0

l ‹
2s � r � 1

1 � r
• ˆ 1� r • lP2k� 2l � 2;0

m ˆ2r � 1•;

(1.36)
where 0B k � l � m B p, forms an orthonormal set with respect to theL2 inner product.
Above, C l;m

k are normalization constants,L kˆx• is the Legendre polynomial of degreek
[49] andP2k� 1;0

l ˆx• is a Jacobi polynomial of degreel [49]. With the basis functions (1.36),
the numerical solutionU i is written as

U i ˆ r ; t• �
p

Q
l � k� m� 0

Û l;m
i;k ˆ t• ' l;m

k ˆ r •: (1.37)

Choosingv to be ' l;m
k , equation (1.10) under the map (1.34) becomes

d
dt

Û l;m
i;k � S


 0

FˆU i •�ˆ©' l;m
k J � 1

i • dr �
1

detJi
Q

j >N e
i

S
@
 i;j

� l;m
k F‡ˆU i ;U j •�n i;j dl; 0 Bk� l � m Bp;

(1.38)
whereJi is the Jacobian given by (1.35),N e

i is the list of indices of the elements that share
an edge with 
 i , @
 i;j is the face shared by 
i and 
 j , and � l;m

k ˆx• � ' l;m
k ˆ r •.

The volume and boundary integrals in (1.18), (1.27), (1.32), and (1.38) are evaluated
using appropriate numerical quadratures. Finally, we use an explicit Runge-Kutta (RK)
method of orderˆp � 1• to solve the above semi-discrete system of equations in time.

1.3 Outline

This thesis is concerned with the design and implementation of compact, robust, and e�-
cient limiting techniques for the DG method on higher dimensional unstructured meshes.
In Chapter 2, we describe a second order moment limiter for the DG method on adap-
tively re�ned triangular meshes. Further, we also discuss a simple algorithm to update the
limiting neighborhood under adaptive mesh re�nement. In Chapters 3 and 6, we propose,
respectively, an arbitrarily high-order moment limiter for the DG method on unstructured
triangular and quadrilateral meshes. Next, we present and analyze the stability of a class
of second order slope limiters in Chapter 4 and a second order moment limiter in Chapter
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5 for the DG method on quadrilateral meshes. In this process, we propose a new measure
of cell size for quadrilateral elements. In Chapters 7 and 9, we discuss how to extend the
high-order moment limiter for the DG method on triangles to isoparametric curvilinear tri-
angular meshes and three-dimensional tetrahedral meshes, respectively. Finally, we present
and analyze the stability of a class of second order slope limiters for the DG method on
tetrahedral meshes in Chapter 8.
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Chapter 2

Limiting on adaptively re�ned
nonconforming triangular meshes

In this chapter, we present a second order limiter for DG approximations on adaptively
re�ned nonconforming triangular meshes. The limiter works by decoupling linear solution
coe�cients along two pre-determined directions in an element and limiting the gradients
along these directions using a one-dimensional minmod limiter. The limiter is an extension
of the second order moment limiter proposed in [2] for the DG method on unstructured
triangular meshes. Limiting the numerical solution in an element 
i requires access to
solution averages in some neighborhood of 
i , for example, a vertex neighborhood (shaded
polygon, Figure 2.1b). The vertex neighborhood of an element in a nonconforming mesh
usually contains more elements (of varying sizes) compared to a conforming mesh (Figure
2.1a). Further, when the mesh is adaptively re�ned, with every re�nement (and coarsen-
ing), the vertex neighborhood can change its composition and the number of elements in
it. Therefore, updating the limiting neighborhood of an element in an adaptively re�ned
nonconforming mesh is necessary.
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(a) Conforming mesh. (b) Nonconforming mesh.

Figure 2.1: Examples of conforming and nonconforming triangular meshes.

A direct approach to maintaining and updating an element's limiting neighborhood,
sayLN i , requires storing a list of IDs of all elements inLN i . This list is modi�ed whenever
the elements in it undergo re�nement or coarsening. This process is straightforward in
serial computing. However, a parallel implementation on a GPU leads to race conditions,
i.e., reading from and writing to the same memory location simultaneously, which can
lead to an incorrect neighborhood. Alternatively, we propose an approach that entails
maintaining a vertex to element and element to vertex connectivity, i.e., for each element

 i , we store the list of IDs of the vertices associated with it, and for each vertexvi , we
store the list of IDs of elements that share vertexvi and update the corresponding IDs
with every re�nement (coarsening).

2.1 Limiting algorithm

In this section, we describe the proposed second order moment limiter for the DG method
on nonconforming triangular meshes. The limiter works by decoupling linear solution co-
e�cients along two speci�c directions and limiting the slopes along said directions using a
one-dimensional minmod limiter. The choice of the limiting directions and the reconstruc-
tion stencil are described below.
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2.1.1 Moment limiter

The second order DG approximation on 
i can be written in terms of computational
variablesˆr; s• as

Ui ˆ r; s• � Û0
i; 0' 0

0 ˆ r; s• � Û1
i; 0' 1

0 ˆ r; s• � Û0
i; 1' 0

1 ˆ r; s• : (2.1)

The basis functions' are given by

' 0
0 ˆ r; s• �

º
2;

' 1
0 ˆ r; s• � � 2 � 6r;

' 0
1 ˆ r; s• � � 2

º
3 � 2

º
3r � 4

º
3s:

(2.2)

Figure 2.2: Reference triangular element 
0.

Consider the vectorsv1 �
2

º
5

ˆ1; � 1~2• and v2 � ˆ0; 1• in the computational space

(Figure 2.2). The linear solution coe�cients Û1
i; 0 and Û0

i; 1 can be expressed, respectively,
as the directional derivatives alongv1 and v2 as

Û1
i; 0 �

º
5

12
D v1 Ui ; (2.3)

Û0
i; 1 �

1

4
º

3
D v2 Ui ; (2.4)

i.e., the linear solution coe�cients decouple along these directions. Using (1.12) for 
i ,
we map the vectorsv1 and v2 from the computational to the physical space and, after
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normalization, obtain the following unit vectors

v i; 1 �
Ji v1

YJi v1Y
; v i; 2 �

Ji v2

YJi v2Y
; (2.5)

whereJi is given by (1.13). Using the mapping (1.12) and the Jacobian (1.13), (2.5) can
be simpli�ed to

v i; 1 �
1

hi; 1
‹ x i; 2 �

1
2

ˆx i; 1 � x i; 3•• ; v i; 2 �
1

hi; 2
ˆx i; 3 � x i; 1• ; (2.6)

where

hi; 1 � \ x i; 2 �
1
2

ˆx i; 1 � x i; 3•\ ; hi; 2 � Yx i; 3 � x i; 1Y: (2.7)

Using (1.12), (2.5), and (2.6) in (2.3), the linear solution coe�cients can be expressed
as directional derivatives alongv i; 1 and v i; 2 as

Û1
i; 0 �

hi; 1

6
D v i; 1 Ui ; (2.8)

Û0
i; 1 �

hi; 2

4
º

3
D v i; 2 Ui : (2.9)

Therefore, we can limit the solution coe�cientsÛ1
i; 0 and Û0

i; 1 separately by comparing them
to the forward and backward di�erences alongv i; 1 and v i; 2, respectively. The di�erences
are reconstructed using the solution averages on neighboring elements in the reconstruc-
tion stencil shown in Figure 2.3 (shaded elements). Computing these di�erences requires
interpolated solution valuesUf

i;k and Ub
i;k at the forward and backward interpolation points

x f
i;k and xb

i;k , k � ˜ 1; 2• (black squares in Figure 2.3a).
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(a) Reconstruction neighborhood. (b) Reconstruction stencil along v i; 1.

Figure 2.3: Reconstruction neighborhood and stencil for 
i .

To �nd the interpolation points, we �rst form a polygon by joining the cell centroids
of elements that share a vertex with 
i . Next, we construct two lines passing through
the centroid of 
 i and parallel to v i; 1 and v i; 2 (Figure 2.3a). The points where these two
lines intersect the polygon give the required interpolation pointsx f

i;k and xb
i;k . Finally, the

solution values at the interpolation pointsx f
i;k and xb

i;k are obtained using linear interpola-
tion of cell averages from the closest neighboring elements. For example, the forward and
backward interpolated solution valuesUf

i; 1 and Ub
i; 1 along v i; 1 are given by (Figure 2.3b)

Uf
i; 1 � � f

i; 1Um � ˆ1 � � f
i; 1•Un ; Ub

i; 1 � � b
i; 1U j � ˆ1 � � b

i; 1•Uk ;

where� f
i; 1; � b

i; 1 >�0;1� are linear interpolation weights.

After computing the forward and backward di�erences, we use (2.8) and (2.9) to limit
solution coe�cients or moments as follows

~U1
i; 0 � minmod

’

”
l f
i; 1

hi; 1

6

Uf
i; 1 � U i

df
i; 1

; Û1
i; 0; lb

i; 1
hi; 1

6

U i � Ub
i; 1

db
i; 1

“

•
;

~U0
i; 1 � minmod

’

”
l f
i; 2

hi; 2

4
º

3

Uf
i; 2 � U i

df
i; 2

; Û0
i; 1; lb

i; 2
hi; 2

4
º

3

U i � Ub
i; 2

db
i; 2

“

•
;

(2.10)

where the scaling coe�cientsl f
i;k ; lb

i;k , k � ˜ 1; 2• , are nonnegative,U i is the cell average

in 
 i , and df
i;k and db

i;k are, respectively, the distances of the interpolation pointsx f
i;k and
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