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Abstract

Modeling the critical points of a Gaussian random field is an important challenge in stochas-
tic geometry. In this thesis, we focus on stationary Gaussian random fields and study the
locations and types of the critical points over high thresholds. Under certain conditions,
we show that when the threshold tends to infinity and the searching area expands with a
matching speed, both the locations of the local maxima and the locations of all the critical
points above the threshold converge weakly to a Poisson point process. We then discuss
the local behavior of the critical points by looking at the type of a critical point given there
is another critical point close to it. We show if two critical points above u are very close
one to each other, then they are most likely to be one local maximum and one saddle point
with index N — 1. We will further discuss the modeling of the critical points when the
threshold is high but not very high. The proposed model has a hierarchical structure that
can capture the positions of the global maxima and other critical points simultaneously.
The performance of the proposed model is evaluated by the comparisons between the L
functions.
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Chapter 1

Introduction

This thesis deals with the critical points and the excursion sets of stationary Gaussian
random fields. Gaussian random fields, defined by the multivariate normality on any
finite subset of some region S C RY, play an important role in the modeling in various
areas such as astronomy ([0], [10]), biomedical imaging ([12], [19]), geography ([38], [5],
[7]), ete. The topological information hidden in the high-dimensional parameter space of
the Gaussian random field is considered from both Bayesian and frequentist perspectives.
Especially, researchers are interested in the topological structure of the domain where the
underlying Gaussian random field is above a predetermined threshold. This domain is
called an excursion set (see Figure 1). More specifically, let {X(¢t),t € RV} (N > 1) be a
Gaussian random field indexed by RY. For any u € R and S C R¥, the excursion set of
X with threshold u and search region S is defined by

A X, 8)={teS: X(t) > u}.

For a sample function f of X possessing up to second order partial derivatives, its
gradient and Hessian matrix are denoted by V f and V2f, respectively. A point t € RY is
said to be (the position of) a critical point of f if

vf(t)=0.
If it further satisfies
det (V?f(t)) #0 and index (V?f(t)) = k,

where 0 < k < N and index (-) stands for the number of negative eigenvalues of a square
matrix, then ¢ is said to be a non-degenerate critical point of f with index (or type) k.

1



(d) u=2 (e) u=2.5 (f) u=3

Figure 1.1: Excursion sets of a Gaussian random field indexed by R3. The Gaussian random
field is centered with covariance function E[X (£)X (s)] = e =5l where || - ||5 denotes the
3-dimensional Euclidean norm. The colored part is the excursion set in the search region
[0,1]* above the threshold u, where a warmer color stands for a higher value.

For each connected component of A,(f,RY), by Morse theory ([20]), its topology can be
characterized by the number and types of the non-degenerate critical points it contains.
Therefore, studying the distribution of non-degenerate critical points above u can be very
useful for understanding the excursion set.

In general, we study the distribution of the critical points of a stationary Gaussian
random field above a threshold from two aspects. The first aspect is to study the Poisson
limit of the critical points as the threshold tends to infinity. When the threshold is very
high, this result can provide a model for the critical points in the excursion set. However,
this model cannot capture the local structure of the Gaussian random field near a high
critical point. When the threshold is high but not very high, capturing such local structure
plays an important role in modeling the critical points. Therefore, a correction is needed
for this model. Thus, the second aspect is to study the interactions between high critical
points to provide a theoretical basis for such a correction. In particular, for two high critical
points, we will see the effect of their indices on the interaction between them. From the
above two aspects, we propose a model for the critical points when the threshold is high



but not very high.
The remainder of the thesis is organized as follows.

In Chapter 2, we introduce three important mathematical tools used in this thesis:
Gaussian random fields, Point processes and Morse theory. In particular, we introduce
the “metatheorem” ([]), which is a generalization of Rice’s formula ([33]), allowing us to
derive an integral expression for the expected number of the critical points in an excursion
set with a given index when N > 1. This result has profound implications for many
subsequent studies and also plays an important role in this thesis.

In Chapter 3, we study the Poisson limits of the critical points of a stationary Gaussian
random field in the excursion set as the threshold tends to infinity. If a critical point has
full index, we call it a local maximum of X. If it is also the position of the global maximum
of X in the connected component containing it, we call it a global maximum. Then we
can construct three point processes using only the global maxima above the threshold,
only the local maxima above the threshold, and all the critical points above the threshold,
respectively. As u increases, the search region is expanded to keep the mean number of
the local maxima at a constant level. We will then show that as u — oo, these point
processes will all converge weakly to the same stationary Poisson point process. This
generalization is mentioned in [1], but never formally proved. We further prove that the
number of connected components of the excursion set will converge weakly to a Poisson
random variable as u — oo.

In Chapter 4, we explore the interactions between the critical points above a high
threshold for an isotropic Gaussian random field. This is achieved by studying the local
behavior of the underlying random field in the vicinity of the origin, provided that a
critical point above the threshold is located at the origin. We get the densities of the
mean measures of the critical points with different indices. We then use these densities to
construct two ratios and study their limiting behaviors. Combining our results for the two
ratios, we find an important relationship between different types of critical points: a pair
of very close critical points above a high threshold must consist of one local maximum and
one critical point with index N — 1.

In Chapter 5, with the help of our previous results, we propose a model for the critical
points in the excursion set when the threshold is high but not very high. In order to capture
the global maxima and other critical points simultaneously, the model has a hierarchical
structure which represents three components of the interactions under study. We evaluate
its performance empirically on two isotropic Gaussian random fields with different covari-
ance structures by checking their L functions, where the stationary Poisson point process
model serves as a benchmark.



Chapter 2

Preliminaries

This chapter consists of three parts: Gaussian random fields, point processes and a brief
introduction to Morse theory. For Gaussian random fields, we will mainly focus on two
types of continuity and differentiability, and the metatheorem. For point processes, we will
formally define Poisson point processes and the weak convergence of point processes. A
sufficient condition for the existence of the weak limit of a series of point processes will
also be given. Finally, we will define Morse functions and introduce Morse inequalities on
an excursion set.

Since we are working on Gaussian random fields indexed by RY (N > 1), the following
notations will be used throughout this chapter. Let (€2,.A4, P) be the probability space on
which the random objects are defined. For any n > 1, endow R" with the usual Euclidean
norm || - ||,. We often drop the subscript n when the dimension can be easily seen from
the context. Denote by A, the n-dimensional Lebesgue measure, and by B(R™) the Borel
o-field on R™. For any open or closed set T C R denote by C*(T) (k > 1) the set of all
real-valued functions on 7" with continuous up to k-th order derivatives.

2.1 Gaussian Random Fields

2.1.1 The Definition of Gaussian Random Fields

A random field {X(t),t € RV} is said to be a Gaussian random field indexed by RY if for
any non-empty finite subset {t;,1 <i < n} C RY, the distribution of (X (¢1),..., X (¢,)) is



multivariate Gaussian. X is said to be a Gaussian random field on RY with mean function
u(+) and covariance function r(-,-) if for any s,t € R,

pu(t) :=E[X(¢t)] and r(s,t) = Cov [X(s), X(t)].

From the above definition and Appendix A.1, we see that

1. X can be fully characterized by its behavior on the non-empty finite subsets of RY;
2. X on any non-empty finite subset follows a multivariate Gaussian distribution;

3. Any multivariate Gaussian distribution can be fully characterized by its mean vector
and covariance matrix.

Therefore, the distribution of X can be fully characterized by its mean function p(-) and
covariance function r(-, ).

A Gaussian Random Field X is said to be homogeneous or stationary if its mean
function u(-) is a constant and there exists a real-valued function p(t),t € RY, such that

r(s,t) = p(s — 1)

for any s,t € RY. With some abuse of notations, we still use r(-) instead of p(-) to denote
the covariance function, i.e., in stationary cases,

r(s—t)=Cov [X(s), X(t)].

If it is also true that r(s,t) is a function of the Euclidean distance ||s — t|| only, then X
is also called isotropic. As we mentioned before, without loss of generality, we will often
work on the centered, stationary Gaussian random fields with unit variance, i.e.,

r(0) =1 and pu(t)=0

for any ¢ € RY. In this case, it is easy to see that |r(t)] < 1 for any ¢ € RY. While
Cov[X(s), X (t)] is defined on RY x RY, r(s — t) is defined on R" only. In the isotropic
case, we shall go even further, and write Cov [X (s), X (¢)] = r(||s — t||), where r(||s — t||)
is defined on [0, 00).



2.1.2 Almost Sure Continuity and Differentiability

Given a compact subset 7' C R¥, a random field X is said to be almost surely continuous
on 7' if it has a continuous sample function on 7" with probability one, i.e.,

P [ lim | X(¢) - X(s)| =0,VteT| =1.
seT,||t—s||—0

Suppose that X is a centered, stationary Gaussian random field with unit variance and
covariance function 7(-). For any given compact subset 7' C RY define

pr(u) == \/ max (1 —r(t—s)).

S,tGT,”t*S”SU

[1] introduced a sufficient condition for the almost sure continuity of X (¢) as follows.
Lemma 2.1.1. (Theorem 1.4.1, [/]) If for some 6 > 0, either

/j(—log(u));de(u) < oo or /;OpT (e’“2> du < o0, (2.1)

then the Gaussian random field X has an almost surely continuous modification on T. A
sufficient condition which makes (2.1) hold is that for some 0 < v < 00, «, 8 > 0 and any
s,t € RN with 0 < ||t — s|| < B3,

E [(X(t) — X(5))*] < v|log([[t — s])] """ (2:2)

Note that the sufficient condition (2.2) only depends on the covariance function of X.
This is an advantage for studying centered Gaussian random fields: all of their properties
only depend on the covariance structure. Also note that this condition is actually inde-
pendent from the choice of T. We will say X is almost surely continuous on R¥ if it is
almost surely continuous on any compact subset 7 C R¥. In Example A.2.1, we show that
a centered Gaussian random field with covariance function r(t) = eIt ¢ € RN satisfies
all the conditions in Lemma 2.1.1.

A random field X is said to be almost surely k times continuously differentiable on an
open subset 7' C RY if its sample function has up to k-th order continuous derivatives in
T with probability one, i.e.,

P[X eCHT)] =1.
At each point t € T', these derivatives are called almost sure derivatives of X at t since they
exist as almost sure limits. Similarly, X is said to be almost surely & times continuously
differentiable on a subset A C RY if it is almost surely k times continuously differentiable
on an open set containing A. In the next subsection, we will also introduce a sufficient
condition for almost sure differentiability.



2.1.3 Mean Square Continuity and Differentiability

Another mode of continuity, which is more popular in the theory of random fields is the
continuity in mean square. Given a point ¢ € RV, a random field X is said to be continuous
at t in mean square if for any sequence {t,,n > 1} in RY which satisfies lim,, o ||t — .|| =

0, we have
lim E [(X(t) - X(ta))*] =0. (2.3)

For any A C RY, if (2.3) holds for all ¢ € A, then the random field X is said to be
continuous on A in mean square.

Compared with the almost sure continuity, an important advantage of the mean square
continuity is that it relates the continuity of a random field with the continuity of its
covariance function. This can be explained by the following lemma.

Lemma 2.1.2. (Theorem 2.2.1, [1]) A random field X is continuous in mean square at
a given point ty € RY if and only if its covariance function 7(s,t) is continuous at the
point s =t = ty. Therefore, if r(s,t) is continuous on every diagonal element s =t in
RY x RY, then X is continuous in mean square on RY.

Correspondingly, we can define mean square differentiability. Here we follow the def-
inition in [4]. Choose a point ¢ € RY and k non-zero vectors #;,...,¢, in RY. Let
t = (t,...,t,) € ®@"RY, the k-fold tensor product of RNY. For any vector H =
(hi,...,hy) € RE denote by ty = (hit],..., ht}). Then a random field X is said to
have the kth-order mean square (partial) derivative in the direction ¢ = (¢, ...,t}) at t if
the limit

) 1
lim

Fyult, th) (2.4)

exists in the mean square sense, where

FX,k(t,t,) = Z (—1)16_2?21 @i X <t + ZCLJ;) (25)

at,...,ap€{0,1} =1

for any t € RY and ¢ € ®"RY, and the mean square limit in (2.4) is interpreted se-
quentially, i.e., first send h; to 0, then hg, etc. Furthermore, X is said to be k times
differentiable in the mean square sense on A C R¥ if its kth-order mean square derivatives
exist in all directions at any point in A.



Example 2.1.1. When k =1, it is easy to get the mean square limit

When k = 2, this is

Dt,l ,téX(t)
— lim X(t+ hat] + hoty) — X(t+ hat)) — X(t + hoth) + X(2)
o hl,h2—>0 h1h2
1 X 1 ) — X 4 X N—-X
~ lim - (hm (t+ It + hoty) = X(¢+ haty) - X (4 Iuty) <t>) |
ho—0 hg h1—0 hl h1—0 hl

Note that the only difference from the almost sure first-order directional derivative in the
direction t' is that the limit here is in the mean square sense. The cases for k > 2 are
simalar.

From Example 2.1.1, we see that if the almost sure derivative and the mean square
derivative at the same order in the same direction both exist, then they will coincide
with each other almost surely. This can be easily derived from the fact that almost sure
convergence and mean square convergence of a sequence of random variables will both
result in convergence in probability, and therefore their limits are the same almost surely.
For a Gaussian random field, by Lemma A.1.1, if an almost sure derivative exists, then the
mean square derivative at the same order in the same direction also exists.

In general, for some directions t},t, € RY, point ¢ € RY and random field X (t), the
equation
Dt’pt’ZX(t) = Dtg,t’lx(t)- (2.6)

does not hold. However, we can derive the commutativity as in (2.6) from the coincidence
of mean square derivatives and almost sure derivatives if almost sure differential operators
are commutable for X.

By (A.5) and (2.4), the following result is not surprising.

Lemma 2.1.3. ([/]) Let X be a centered Gaussian random field on RY. If some mean
square derivative of X exists in RY, then this mean square derivative is also a centered
Gaussian random field on RY. Moreover, let Z,(t) = X (t), and let Zo(t), ..., Z,(t) (n > 2)
be any n — 1 mean square derivatives of X att € R. Then for any ti,ts,...,t, € RY,
(Z1(t1), Z2(ta), ..., Zu(ty,)) is a centered Gaussian n-vector.



The following lemma explains why the mean square derivatives are so popular in the
theory of random fields. Let e;, 1 <7 < N be the N-vector with all zeros except for a one
at the i-th coordinate. For 1 < k£ < N and any 1 < 4;,...7, < N, denote by X;, ,; the
k-th mean square derivative of X in the direction (e;,,...,e; ). Let X;, , = X if k= 0.

Lemma 2.1.4. (Section 5.5, [/]) Let {X(t), t € RN} be a Gaussian random field with
covariance function

r(s,t) := Cov [X(s), X (t)],

where 8 = (s1,...,sn)T and t = (t,...,tx)T.

(i) For any positive integers k and iy,...,1; € {1,2,..., N}, the k times mean square
0%k (s,t)

exists and is
Siq 88% 8t1‘1 atzk

derivatives Xy, 4, (t) exists if and only if the derivative
finite at the point (t,t) € R*V.

9%k r(s,t)
sil~-~8sik8tjl--~8tjk
finite for any s,t € RY and iy,... i, j1,.- -,k € {1,2,..., N} (by (i), this implies
all the mean square derivatives of X up to k-th order at any t € RN exist). Then we
have for any 0 < ki, ko < k and s,t € RY,

(ii) For some positive integer k, suppose that the derivative exists and is

k1-+ko
Cov X, 10 (5), X O r(s,t) (2.7)

1y (B) Dsiy - Osiy Oy, - Oy,

Consider a centered, stationary random field {X(¢),t € RY}. The following theorem
shows that its covariance function r(¢) has an integral representation. For completeness,
this theorem is stated in the framework of complex-valued random fields. Let C be the set
of complex number. For any z € C, denote by Z the complex conjugate of z. Then the
covariance function r of X is defined by

r(t—s)=E [X(s)m} :

A well-known property of the covariance function r is its positive semi-definiteness, i.e.,

forany n>1, z1,...,2, €C,and t1,...,t, € RY, we have
Z Zﬂ”(tZ - tj)Ej Z 0.
1<ij<n

Theorem 2.1.5. (Theorem 5.4.1, [/]) For a continuous function r(t), t € RY the follow-
ing are equivalent:



1. r is positive semi-definite;

2. there exists a finite measure v on the Borel o-field B(RY) such that

r(t) = / ety (dx),
RN
where < -, - > denotes the inner product of two vectors.

By Theorem 2.1.5 and the bounded convergence theorem, we can further calculate (2.7)
in Lemma 2.1.4 by

B Otk (t — g)
8Si1 s (95% 8tj1 cee thkQ
ak1+k2 ei<tfs,m>

RN 6si1 s &sikl 6tj1 s 8t

Cov Xil...ikl (S)a Xj1-~~jk2 (t)]

v(dx)

Jkg

_ (_1)k1ik1+k2 /RN T e xikl Tj '.CEij €i<t—s,m>y(dw)‘

Then by the symmetry of the covariance function, any odd-ordered partial derivative of
the continuous covariance function r(t) at ¢ = 0 is zero. Immediately, in Lemma 2.1.4, we
have

Cov [X(t), X;(t)] = r;(0) =0 and Cov [X;(t), Xge(t)] = rixe(0) =0 (2.8)

for any 1 <14, k,¢ < N, which will be very useful in the following chapters.

Recall that in (2.5), we actually defined a real-valued function Fx (¢,t’) on the space
RY x ®k RY for each sample function of X. Endow the space RY x ®k RY with the norm

1@ ) vk = It + N1 [l
Denote

k
Bri((t, 1), h) = {’v eRY x QR : lu— ()| wx < h}

and
Ay = Ax A : |t € (1= p, 1+ p)}

for any subset A C RY and p > 0. Now we are well prepared to introduce a sufficient
condition for the almost sure continuous differentiability by the existence of mean square
derivatives.
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Theorem 2.1.6. (Theorem 1.4.2, []]) Let X be a centered Gaussian random field on
any open subset A C R™ with kth-order mean square partial derivatives in all directions
everywhere inside A. If there exist constants 0 < K < oo and p,d,hyg > 0 such that for
0 < m1,m2, h < hy,

E |(Fxu(t,mt) — Fxu(s,m28"))"| < K (=log (| (,¥) — (5, 8)||np + [m — )"
(2.9)
for all
{((t,t),(5,8)) € Ay x Ary 2 (5,8)) € Ba((t, ), 1)},

then X has an almost surely k times continuously differentiable modification, i.e.,

P[X e C*A)] =1.

In Example A.2.2, we show that a centered Gaussian random field with covariance
function r(t) = e I*I*, ¢ € RV satisfies all the conditions in Theorem 2.1.6.

2.1.4 The Metatheorem

The construction of the point process we study in this thesis requires some knowledge of
the expected number of the critical points with different indices in a Gaussian excursion
set. The book [1] derived an important theorem which provides an integral expression in
a more general setting. To introduce the theorem, we need the following concepts. The
modulus of continuity wp of a real-valued function F on (R™,]| -||) is defined as

wr(d) = sup |F(t) — F(s)], &> 0.

lt—sl|<é
The diameter of a set B C RY is
diam (B) :=sup{||t — s|| : s,t € B}.

The Hausdorff dimension of a set A C RY is given by

el0

7

Hgim(A) := inf {a :liminf ) (diam B;)* = 0} ,
where the infimum is taken over all collections {B;} of open balls in RY such that

11



1. Ac, B

2. diam (B;) < ¢ for any i.

For some N, K > 1, let f := (f',...,f") and g := (¢%,...,¢") be RY- and R¥-
valued random fields indexed by R¥ respectively. Since we have used subscripts to denote
the derivatives of random fields, here we use superscripts to denote components of vector-
valued random fields. In this section, all the derivatives are supposed to exist in the almost
sure sense. The gradient V f is defined as

where o
7 ot

for 1 <4i,7 < N. For any u € R", we are interested in the number of points ¢ € T', written
as Ny (f,g;T, B), for which

f(t) =u and g(t) € B C R¥, (2.10)

where T C R¥ is a compact subset with \ N-1(0T) < oo and B C R is an open set whose
boundary dB has Hausdorff dimension K — 1.

Theorem 2.1.7. (Theorem 11.2.1, [/]) Let f,g,T and B be as in (2.10) and pi(x, ', y)
be the density of (f(t),VF(t),g(t)). Suppose that the following conditions hold for some
u € RY:

(1) Continuities of sample paths:

(a) All components of f, Vf, and g are almost surely continuous and have finite
variances over T

(b) The moduli of continuity with respect to the usual Fuclidean norm for each
components of f, VF, and g satisfy

Plw(d) >el=0(6") as6 10
for any € > 0.

(2) Continuities of densities:

12



(a) For allt € T, the marginal densities pi(x) of f(t) are continuous at x = w.

(b) The conditional densities py(x|V f(t),g(t)) of f(t) given g(t) and vV f(t) are
uniformly bounded from above and uniformly continuous at € = w for allt € T'.

(¢) The conditional densities py(z|f(t) = x) of det (Vf(t)) given f(t) = x are con-
tinuous for z and x in some neighborhoods of 0 and w, respectively, uniformly
mtel.

(d) The conditional densities pi(y|f(t) = x) of g(t) given f(t) = x are continuous
for all y and for  in a neighborhood of w, uniformly int € T.

(3) The moment condition:

A N
sup max B [|7§(8)]"] < o0

holds.

Then we have

E[Nu(f,g: T, B)] = / / / det ()] Lo (y)pe(u, ', y)da' dyt,
T JRK RN(N+1)/2

Lo(y) e {1 ify € B,

where

0 ifyé¢B.

Note that in Theorem 2.1.7, the set B is forced to be open. This condition can be
weakened by the following lemma.

Lemma 2.1.8. (Lemma 11.2.12, [/]) Let f, g, T and B be as in (2.10). Suppose that
conditions (1), (2a), and (2d) of Theorem 2.1.7 holds. Then, with probability one, there is
no point t € T satisfying f(t) —u =0 and g(t) € 0B.

Also note that the continuities of densities and the moment condition will be automat-
ically satisfied if f and g are both vector-valued Gaussian random fields such that the
distribution of (f(t), Vf(t),g(t)) is non-degenerate. In fact, by the condition of Theorem
2.1.7, if we let h(t), t € RY be the remaining components of (V f(t), g(t)) after removing
all the components of g(t) which are also components of V f(t), then we only need the
distribution of (f(t), h(t)) to be non-degenerate. Moreover, in Lemma 2.1.1, we have seen
that the continuity of sample paths of a Gaussian random field can be fully controlled
by its covariance structure. Therefore, [1] also derived the following corollary which looks
more friendly for the setting of this thesis.

13



Corollary 2.1.9. (Corollary 11.2.2, [/]) Let f and g be centered Gaussian random fields
over T, asin (2.10), and let h be as described above such that for each t € T, the distribu-
tions of (f(t), h(t)) are non-degenerate. Denote by C’f;;(s,t) the covariance function of f;
for1 <i,5 < N. Similarly, denote by C’g;_(s,t) the covariance function 0fg§ for1 <i<K
and 1 < j < N. Suppose

max [ (t,2) + Cps(s,5) = 20 (s,8)| < K log(t — s])| "0+,

1<i,j<N

v _ _ _ _ —(14+a)
max |Cys(6.8) + Cyy(s,8) = 20, (s,8)] < K log([t — ]|+,

(2.11)

for some finite K > 0, some a > 0, and all s,t € T such that ||t — s|| is small enough.
Then for any u € RY,

E[Nu(f,9:T, B)] = / / / det ()] L (y)ps (u, @, y)da' dydt.
T JREK JRN(N+1)/2

Let T C RY be a compact subset whose boundary has finite (N — 1)-dimensional
Lebesgue measure. Let {X(t), t = (t,...,tx)T € T} be a centered Gaussian random field
on T possessing up-to second-order almost sure derivatives. Its gradient V.X and Hessian
matrix V2X are defined as

VX = (Xl, e ,XN) and V2X = <Xij)1§i,j§N7
respectively, where for 1 <i,5 < N,

0X 92X
Xi=20 and X, = 2
o, 0 T oo,

For any t € T', a real-valued random vector
a(t) = (a1(t),...,anpvi12(t)"
is said to be the usual vectorization of V2X () if
Aitj(i—1)/2(t) = Xi;(t) for any integers 1 <i < j < N.

(Note that if X;;, 1 <4,j < N are all continuous on 7', which is always the case in the main
results of this thesis, then V2X is symmetric and can be fully characterized by its usual
vectorization) For convenience, we will not distinguish the N x N matrix V2X from its
usual vectorization in notations, but one can easily distinguish them from a given context.
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By Lemma 2.1.3, (V2X (¢), VX (¢), X (t)) is a centered Gaussian vector. Denote by N, p(T)
the number of points t € T', such that

VX(t)=v and (V?X(t),X(t)) € B, (2.12)

where v € RY and B ¢ RNWH+D/2+1 §5 an open set whose boundary has the Hausdorff
dimension N(N + 1)/2. Then by letting f = VX and g = (V2X, X) in Corollary 2.1.9,
we have the following lemma.

Lemma 2.1.10. (Corollary 11.2.2, []]) Let X, T, v and B be as above. Suppose that
the distribution of (V2X(t),VX(t), X(t)) is non-degenerate for any t € T. For anyi,j €
{1,...,N} and s,t € T, denote

Cij(s,t) := Cov [X;;(s), X;;(t)] .
Suppose

max |Cy(t.t) + Cij(s, s) — 2Ci;(s, t)| < K|log([[t — s[)|""*, (2.13)

1<i,j<N

for some finite K > 0, some a > 0, and all s,t € T such that ||t — s|| is small enough.
Then we have

E [Ny.5(T)] = / / det ()] pe(a”, v, o) da"dudt,
teT J (x',x)eB

where py(x”, @', x) is the density of the Gaussian vector (V2X (t), VX (t), X(t)).

Remark 2.1.11. As discussed in the paragraphs just below Theorem 11.2.1 in Page 268
of [1], Condition (2.13) is only used to ensure that Condition (1) in Theorem 2.1.7 holds.
If X satisfies all the conditions in Lemma 2.1.10 except that the mean function of X is
non-centered and continuously twice differentiable on 7', then one can easily follow these
paragraphs to show that Condition (1) in Theorem 2.1.7 still holds. As a result, Lemma
2.1.10 still holds for such a non-centered Gaussian random field.

Remark 2.1.12. By taking f(t) = VX(t) and g(t) = (V?X(t),X(t)) for t € T in Lemma
2.1.8, we have

Pl#{teT: X(t)>u vX(t)=0,det (V°X(t) =0} =0] = 1.

Therefore, with probability one, all the critical points in the excursion set A,(X,T) are
non-degenerate.
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When X is also stationary, the following Lemma gives a sufficient condition for (2.13)
to hold.

Lemma 2.1.13. Let {X(t),t € RN} be a stationary Gaussian random field possessing
up-to second-order almost sure derivatives. Let r(t), t € RY be the covariance function of
X. Suppose that all of the sizth-order partial derivatives of r(t) exist at t = Oy. Then
Condition (2.13) holds for all s,t € RN such that ||t — s|| is small enough.

Proof. See Appendix A.2.3. O

In Example A.2.3, we take f = VX and g = (V2X,X), where X is a centered,
stationary Gaussian random field with covariance function r(t) = e I*I’ t ¢ RY. Then we
show that f and g satisfy all the conditions in Lemma 2.1.10.

2.2 Point Processes

2.2.1 Point Processes and Random Measures

In this section, we will review the basic concepts for point processes on RY (N > 1). Endow
RY with the usual Euclidean norm. Denote by K(R”) the set of all compact subsets of RV,
A measure p on (RY, B(RY)) is said to be locally finite if u(K) < oo for all K € K(RY).
On (R, B(RY)), denote by M (R") the set of all locally finite measures and by M,(R")
the subset of M| (RY) whose elements take values in N, = {0,1,2,...,00}, i.e.,

M, (RY) :={pe M, (RY): w(B) e N;,BeB(R")}.
The next step is to endow the space M, (RY) and M,(RY) with o-fields. For M, (RY),
it is reasonable to consider that the mappings u — u(B) for any u € M, (RY) and

B € B(RY), should be all measurable with respect to this o-field. Therefore, the o-field,
M (RY), can be simply taken as the smallest o-field containing the sets of the form

{pe M, (RY): u(B)eG} for BeB(R"Y) and G € B([0,00]).

Similarly, we can also endow the space M,(R") with the o-field M, (R") which is the
smallest o-field containing the sets of the form

{pe M, RY): u(B) e G} for Be B(RY) and G € B([0,00]).
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A random measure or a point process on R” is defined to be any measurable map-
ping from the probability space (Q, F, P) to (M, (RY), M (RY)) or (M,(RY), M,(RY)),
respectively. We shall allow a point process to take values outside N, with probability
zero. Therefore a point process can be considered as an almost surely N, -valued random
measure. The following lemma shows a decomposition of a point process.

Lemma 2.2.1. (Lemmas 2.1 and 2.3, [15]) A point process & on RN can be decomposed

as y
£=> B,
j=1

where v is a random variable taking values in Ny, 5;,1 < 7 < v, are random variables
taking values in {1,2,...}, 7,1 < j < v, are random elements in (RY, B(RY)), and

- 154

for any t € RY and A € B(RY).

A point process ¢ on R is said to be simple if its distribution concentrates on the
simple point measures of M,(R"):

P¢({t}) <1lforallteRY] =1.

A Radon measure (the measure of compact sets is always finite) p is said to be the mean
measure (or the intensity measure) of £ if it satisfies

1(B) = E[¢(B)] for any B € B(RY).

Thus, if u(B) = oo, then {(B) = oo almost surely.

2.2.2 Weak Convergence of Random Measures

To establish the weak convergence of random measures, the first step is to show that
the space (M (RY), M (RY)) is metrizable, i.e., we can find a metric on M, (R") such
that the o-field M (RY) can be induced by this metric. To this end, we need to first
topologize M, (RY) by introducing the so-called vague convergence. Let F(RY) be the
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set of measurable mappings from (RY, B(R")) to ([0, oo], B([0, oc])). For any locally finite
measure 4 € M, (RY) and function f € FT(R"), we can define the following integral

u(f)= [ Femias)

Denoted by C}t(RY) the set of continuous, nonnegative functions with compact support.
For pu,, pu € M,y (RY), we say u, vaguely converges to i if for all f € Cz(RY),

lim g1, (f) = ().

n—0o0

Then a sub-base of the vague topology on M, (R”") consists of the sets of the form

{1 e My(RY) = u(f) € (s,1)}

for some f € CL(RY) and s < t. Let B(M(RY)) be the Borel o-field generated by vaguely
open subsets of M (R"), and let MY (R") be the smallest o-field containing the sets of
the form

{pe M. (RY):pu(f) € G} for f e CL(RYN) and G € B([0,0]).

So far, we have established three o-fields, M, (R"Y), B(M(R")) and M4 (R"Y), on
M, (RY). The following lemma shows the relationship between them.

Lemma 2.2.2. ([7/]) We have the following relationships:
1. Mﬁr(RN) = M, (RY);
2. M,(RY)={ANM,(RY): A€ /\/li(]RN)};
3. M,(RY) is vaguely closed in M (RY);

4. ME(RY) = BOM.(RY)),

The second item in Lemma 2.2.2 implies that M,(RY) is the same as the smallest
o-field containing the sets of the form

{peM,(RY):u(f) e G} for feCLHRY) and G € B([0,0]).

The third item in Lemma 2.2.2 implies that the topological information about M, (R")
can actually be inherited by M,(R"). So far, we have restated M (R") in terms of vague
convergence. The following lemma shows that M (RY) is metrizable.
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Lemma 2.2.3. (Proposition 3.17, [3/]) The vague topology on M,(RY) or M (RY) is
metrizable as a complete, separable metric space.

Remark 2.2.4. 1t is complicated to actually give the metric. One can refer to the proof of
Proposition 3.17 in [34] for more details.

Now denote by C'(M,(RY)) the bounded, continuous real-valued functions on the com-
plete, separable metrizable space (M, (RY), M (RY)). Then for random measures &, and
¢ on RV, we say that &, converges weakly to & (written as &, = &) if lim,, o E[f(&,)] =
E[f ()] for any f € C(M, (RY)). Since we are more concerned about the weak convergence
of point processes, the following lemma will be useful in the Chapter 3.

Lemma 2.2.5. ([18]) Let J be a basis of relatively compact sets such that J is closed
under finite unions and intersections. Let & be a simple point process on RN such that for
any I € J, P[£(OI) = 0] = 1. Suppose that &,,n > 1, are point processes on RY and for
adll € J

o lim, o P[E (1) = 0] = P[E(I) = 0];
e limsup, . E[.(I)] <E[E(])] < co.

Then as n — o0,

Here P[£(-) = 0] is called the avoidance functional of €& on B(RY). The book [31]
introduced the following result which shows the importance of avoidance functionals in
characterizing point processes. Let J be a basis of relatively compact sets such that J
is closed under finite unions and intersections. Suppose that &, & are two simple point
processes on RY such that

Pl&i(I) = 0] = P[&(I) = 0]
for any I € J. Then & and & have the same distribution.
At the end of this section, we would like to introduce a useful application of the weak

convergence of random measures. For any f € FT(RY), denote by D; the set of all
discontinuity points of f.

Lemma 2.2.6. (Lemma 4.4, [15]) Let £,&,&, ... be random measures on RN such that
&, = & Then for every bounded function f € FT(RYN) with bounded support and satisfying
E(Dy)=0 almost surely, we have &,(f) converges to £(f) weakly as n — oo.
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2.2.3 Poisson Point Processes

A point process € on RY is called a Poisson point process or a Poisson random measure if
there exists a Radon measure p on B(RY), such that

1. For any B € B(RY) and k € {0,1,2,...},

if u(B) < o0
0 if u(B) = oc.

2. Foranyn > 1,if By, ..., B, € B(RY) are mutually disjoint sets, then £(B;),1 <i < n
are mutually independent random variables.

It is easy to see u is the mean measure of £. To show a Poisson limit for a series of point
processes &, on RY, we can further simplify Lemma 2.2.5 as follows.

Lemma 2.2.7. ([18]) Let J be the set of bounded open N-dimensional cubes and their
finite unions and intersections. Suppose that &,, n > 1, are point processes on RN and
there exists a locally finite measure p € M, (RYN) such that for all I € J

o lim, o P&, (1) = 0] = exp{—pu(I)};

o limsup, ., E[,()] < pu(l).

Then &, converges weakly to a Poisson point process with mean measure (i, as n — oQ.

2.3 Morse Functions and Inequalities

Let G be a non-empty open subset of the norm space (RY || - ||) (V> 1). In this section,
we temporarily drop randomness and focus on a real-valued function f € C?*(G). By
convention, we denote the gradient and the Hessian matrix of f at ¢ € G by V f(t) and
V2 f(t), respectively. Then a point ¢ € G is said to be (the position of) a critical point of
f with index (or type) k for some integer 0 < k < N if

Vf(t)=0 and index (V?f(t)) =k,
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where for any square matrix A € R"*"  the index (A) is defined to be the number of its
negative eigenvalues counted with their multiplicities. Moreover, a point t € G is said to
be a (strict) local maximum of f if there exists a neighborhood Ny C G of ¢, such that

F(8) = f(s) (f(B) > f(s)) for amy s € N,

By treating f as a sample path, we can easily define the critical points and the local maxima
of a two times almost surely differentiable random field indexed by G. Immediately, we
can observe that a local maximum of f is also a critical point of f, and a critical point
of f with index N must be a strict local maximum. A critical point ¢ of f is said to be
non-degenerate if

det (V2f(t)) # 0.
Then f is said to be a Morse function or non-degenerate on the open set G if every critical
point of f in GG is non-degenerate.

To formally state Morse inequalities, we need to first introduce some concepts in differ-
ential topology. One can refer to [26] and [1] for more details. M is said to be a topological
N-manifold (N > 1) if it is Hausdorff, second countable, and for any ¢ € M, there exists
an open neighborhood of ¢ which is homeomorphic to an open subset of RY. A chart (U, ¢)
on the topological space M is defined as an open subset U C M together with a homeo-
morphism ¢ from G to an open subset of R™. For any two charts (Uy, ¢1) and (Us, ¢3) on
M such that U; N Uy # 0, the compositions g; 0 g;* and go 0 g; ' are called the transition
maps of these two charts. If a collection of charts on M forms a cover of M, then this
collection is called an atlas of M. Furthermore, if all of the transition maps in this atlas
are k times differentiable, then this atlas is called a C*-atlas (k > 0). Two C*-atlas on M
are said to be compatible if their union is still a C*-atlas on M. An atlas on M is said
to be maximal if it is only compatible with itself. Then the topological N-manifold M
together with an maximal C*-atlas on M forms an N-dimensional differentiable manifold
of class C*.

A compact set K C R¥ is said to be a regular C2-domain in R¥ if its boundary 0K is a
regular (N — 1)-dimensional differentiable manifold of class C? possessing a finite number
of connected components (see [20], Chapters 1-5, for the formal definition of the regularity
of a C%-manifold). With the above definitions, we can further define the concept of being
“admissible relative to a regular C?-domain” as follows.

Definition 2.3.1. ([20]) A real-valued function f(t), t € RY (N > 1) is said to be
admissible relative to a regular C?-domain K C RV if

1. f € C?*(@G) for some open set G D K;
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2. f has no critical points on 0K;

3. the restrictions of f to K and 0K, f|x and f|sx are both non-degenerate.

For a regular C%-domain K C R¥, denote by 0K the open subset of 0K for which the
directional derivative of f in the direction of the outward normal to 0K at t is positive.
For any integer 0 < i < N, let M(f, K,i) be the number of the critical points of f with
index 7 in K, and let CC(K) be the number of connected components of K. Similarly,
we can let M(f|ox+,0K",i), 0 <i < N — 1 be the number of the critical points of f|ax+
with index 7 in OK . The following theorem is a partial result of Morse inequalities which
discusses the relationship between the number of critical points of a Morse function and
the number of connected components of the area it lives on.

Theorem 2.3.2. (Theorem 10.2, [20]) Let f(t), t € RN (N > 1) be a Morse function on
an open set containing the reqular C?-domain K C RY. Suppose that f is also admissible
relative to K. Then we have

M(f, K, N) + M(flor+,0K", N —2) — M(f, K, N — 1) — M(f|ow+, 0K+, N — 1)
< CC(K) < M(f,K,N)+ M(flox+, 0Kt N —1)

for N > 2, and

M(f7K7N)_M(f7K7N_1)_M(f|8K+7aK+7N_1)
< CO(K) < M(f, K, N) + M(f|oxs, 0K, N — 1)

for N = 1.

Remark 2.3.3. One can refer to Theorem 10.2 in [20] for a full version of Morse inequalities
which contains /N inequalities and one equation. We only provide a partial result here since
its full version involves deep background in differential topology which is not essential to
this thesis.

Theorem 2.3.2 is very general since it can be applied to any regular C*-domain to
which f is admissible relative. In this thesis, our interest is only focused on Morse-like
inequalities of a connected component of an excursion set. More specifically, for the real-
valued function f(t), t € RY, the excursion set of f in the search region S C R¥ above
the threshold u € R is defined by

AJf,8) ={tes: f(t)>u}.
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Then the connected component D of the excursion set A,(f,S) is said to be interior if
DNosS =0.

However, from Definition 2.3.1, it is easy to see that any real-valued function f can never
be admissible relative to D (if D is a regular C*-domain) since f|sp is always constant
and thus degenerate on dD. This means that we cannot directly apply Morse inequalities
to such a connected component of the excursion set A,(f,S). Fortunately, [1] provides a
modification of Morse inequalities for the excursion set A,(f,S) when the search region S
is a regular stratified manifold (see Definition 9.2.2 in [1]). Since DNAS = (), the boundary
condition of the search region S in this modification can also be omitted, and finally, we
have a very concise result as follows.

Theorem 2.3.4. (Corollary 9.3.5, [/]) Let f be a Morse function on an open set G C RY
(N >1),i.e feC*Q) and every critical point of f in G is non-degenerate. Suppose that
D is a bounded connected component of A,(f,G) for some u € R, such that 9D N IS = ().
Then

M(f,D,N)—M(f,D,N —1) < CC(D) < M(f,D,N).

Remark 2.3.5. Although Corollary 9.3.5 in [1] only corresponds to the last equation of
Theorem 10.2 in [20], its proof also works for other N inequalities.
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Chapter 3

Poisson Limits of the Connected
Components and Critical Points

3.1 Introduction

When N = 1, there is rich literature for the functionals concerning the topological struc-
tures of excursion sets of a Gaussian process, such as the number of level crossing points,
the number of local maxima, the height of maxima, etc. However, some of these function-
als are hard to characterize for a general N > 1. This chapter is therefore dedicated to
developing a new asymptotic theory for the extension of certain important functionals to
high-dimensional parameter space under reasonable assumptions.

In this chapter, the functionals we are interested in are the numbers of the local maxima
and connected components of the excursion set of a stationary Gaussian random field above
a given threshold (see Figure 3.1). We define a family of point processes by the number
of the local maxima in the excursion set when the threshold tends to infinity and the
search region expands with a matching speed. Our first aim is to show that these point
processes will converge weakly to a Poisson point process. While the techniques needed
to rigorously prove this result are complicated, the basic intuition goes back to the well-
known Poisson approximation to binomial distribution in which the relationship between
the number and the probability of successes is selected to maintain a constant mean. In
our context, considering that the increasing threshold will decrease the number of the local
maxima above the threshold while the expanding region will work in the opposite direction,
the matching speed is then selected to maintain a constant mean measure.
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Figure 3.1: Connected components of an excursion set. The blue surface is a sample
function of the random field, and the grey square is the search region. There are seven
connected components and six local maxima in the excursion set.

To establish a Poisson limit, we define a “grid-block system” where the compatibility
between the covariance structure of the underlying Gaussian random field, the matching
speed of the expanding search region with the increasing threshold, and the existing results
we use in our proof are fully considered. The system only needs quite mild compatibility
conditions, which empower our theory to have a broad application. Although the underly-
ing Gaussian random field is continuously parameterized, the grid-block system equips us
with a powerful weapon to approximate continuity by discretization. This coincides with
the spirit of the definition of the continuous-time Gaussian random field. Moreover, the
asymptotic independence in the convergence to a Poisson limit can be fully captured by
applying the normal comparison lemma ([23]) on the grids in blocks.

We also introduce a family of events with probability increasing to 1. By conditioning
on these events and using a fundamental inequality, the avoidance functional of the local
maxima in the excursion set can be related to the tail distribution of the maximum on
an expanding region at an increasing value. This critical technique greatly simplifies our
question and also plays an important role when we relate the number of local maxima with
the number of connected components.

As mentioned above, our second aim is to show the Poisson limit for the number of
connected components of the excursion set by relating it with the number of local max-
ima. Compared with local maxima, connected components cannot be characterized locally,
and therefore resulting in the failure to construct a corresponding point process. Instead
of constructing point processes directly by connected components and proving the weak
convergence of point processes, we show the weak convergence of the number of connected
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components on expanding regions, i.e., the weak convergence of random variables. Then
we only need to bound its distribution from both sides at the same threshold and prove
that both sides will converge to the same value of a Poisson distribution. To achieve this
objective, we construct another point process by the global maximum in each connected
component and show that these point processes share the same Poisson limit with the point
processes of the number of local maxima we have studied. In general, our theory actually
provides a framework for the Poisson limit of functionals on the Gaussian excursion set
which can be characterized either locally or nonlocally.

This work has a clear and immediate motivation from biostatistics. The choice of
the functionals that we study is determined by a need to set the prior distribution in a
Bayesian model ([19]). More precisely, in scalar-on-image regression models for brain imag-
ing, researchers are interested in investigating the relationship between a scalar response,
for example cognitive score, and brain images. In Bayesian literature, the conditional
distribution of the scalar response Y;, 1 < ¢ < n, for n objects are modeled by

q Pn
(Y;‘VVH Xi> &, Ba 02) ~ N (Z akm,k +p7:1/2 Z B(SJ)XZ'JW Uz) )
k=1 j=1

where N(u,0) denotes a normal distribution with mean p and covariance o?, W; =
(Wii,...,Wix) is the vector of related scalar covariates, X; = (X;1,...,X;,,) is the
intensity value of the image measured at the locations sy,..., s, , and p, is the number of
voxels or pixels in the image. The choice of the prior distribution of regression coefficients
(B(s1),...,08(sp,)) is limited by the following observations

1. The locations sy, ..., s,, are actually from a 2 or 3-dimensional lattice determined
by the resolution of the image. Therefore [ should distribute spatially.

2. The total effect of an image should not increase to infinity as the resolution increase.
This results in the sparsity in regression coefficients, i.e., 5(s;) = 0 for the majority
of 1 <1< p,.

To capture the sparsity and spatiality of regression coefficients simultaneously, [19] sug-
gested using a soft-thresholded Gaussian random field as the prior of 5, where the support
of B are modeled as the excursion set of the Gaussian random field indexed by R? or R3.
However we still need some rule for the selection of the threshold to match the prior degree
of sparsity. Here the sparsity may be characterized by certain functionals of the activated
regions of the brain, such as the number of the connected components and the number
of the local maxima above the threshold, which are known from biology. Essentially, this
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chapter contributes to predict these random quantities in the Gaussian random field model
for any given high threshold, hence helps to choose the prior distribution for the Gaussian
random field in a Bayesian procedure.

The remainder of this chapter is organized as follows.

Section 3.2 mainly serves as the literature review of some existing results about Gaussian
random fields. These results can be classified into two categories which correspond to the
first two subsections. Section 3.2.1 starts from Corollary 3.2.1 which gives an integral
expression for the expected number of the local maxima in a Gaussian excursion set. One
simple asymptotic expression of this integral is shown in Lemma 3.2.2 which provides a
theoretical basis for the expanding rate of the search region as we have discussed earlier.
In Section 3.2.2, we introduce two other powerful asymptotic results of the global maxima
of Gaussian random field in certain expanding systems. These asymptotic results are used
to estimate the avoidance functional of the point process we construct. Finally, we will
also introduce some useful results in Section 3.2.3 which are not about random fields.

In Section 3.3, we will construct a family of point processes for the local maxima of a
qualified Gaussian random field on an expanding search region above an increasing thresh-
old. The main result in this section, Theorem 3.3.2, shows the existence of a Poisson limit
for this series of point processes when the expanding rate g, for the search region matches
the increasing threshold u. Our strategy is to approximate a continuously parameterized
Gaussian random field and control its correlation structure by its values on the grid-block
system we defined. Since the proof for Theorem 3.3.2 is very complicated, we also provide
a clear outline of this proof in Section 3.3.2 for reader as a road map.

In Section 3.4, instead of directly working on a family of point processes, we study the
number of connected components of a Gaussian excursion set with the expanding region
g.,S for any qualified S C RY when the threshold u is high. In Section 3.4.1, we study
the asymptotic behavior of the expected number of the connected components touching
the boundary of the search region. In Section 3.4.2, the Poisson limit of the number of
connected components of a Gaussian excursion set is derived from the relationship between
the number of connected components and the number of local maxima, combined with the
main results in the previous section. To further analyze the behavior of the number of
connected components when the threshold is high, we first derive an asymptotic result
about the expected number of the critical points in Theorem 3.4.5. Then in the last
part of this section, a stronger relationship between the number of connected components
and the number of local maxima will be clarified based on Theorem 3.4.5 and the Morse
inequality of the excursion set we discussed in Section 2.3.
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3.2 Literature Review

There is rich literature of functionals of Gaussian random fields indexed by R¥. In this
section, we mainly review some existing results about characterizations and asymptotic
behavior of extremes of Gaussian random fields. We will also introduce some very useful
results which are not about random fields in the last part of this section.

Throughout this section, endow RY(N > 1) with the Euclidean norm ||-||, and denote by
Ay the N-dimensional Lebesgue measure. For a symmetric matrix V' = (v;;)nxny € RV*V,
we say W = (w1, ..., Wn(n11)2) € RNV+1)/2 {5 4 usual vectorization of V if

wi—l—j(j—l)/? = Vij for any integers 1 S 7 S] S N.

Any vectorization of a symmetric matrix appearing in this section will follow the same
way. We will not distinguish a matrix from its usual vectorization in notations, but one
can easily distinguish them from a given context.

3.2.1 The Expected Number of the Local Maxima with Full In-
dex above a Threshold

Let the random field { X (t), ¢ € R} be almost surely two times continuously differentiable,
and let S be a compact subset of RY with Ay_;(9S) < co. Denote by M, (X, S) the number
of the local maxima of a Gaussian random field X above the threshold w in the set S of
the form:

{teS:X(t)>u vX(t) =0,index (V’X(t)) = N},
xS = [te5:X(t) > u,vX(£) = 0,index (V2X(£)) = N},

where the index of a matrix is defined as the number of its negative eigenvalue, and #
stands for “the cardinality of”. Note that given a particular realization of X, M, (X,S)
is not necessarily equal to the true number of the local maxima of the random field X (¢),
t € RY above the threshold u in the search region S. This is because some local maximum
t* of the random field X can be degenerate, i.e.,

det (VX (t*)) = 0.

We further assume that {X(¢),t € S} satisfies all the conditions in Lemma 2.1.10,
where T'=S. Then by Remark 2.1.12, M, (X, S) is almost surely the number of the local
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maxima in the excursion set A,(X,S). Note that
M,(X,S)=#{t e S: X(t) >u, vX(t) =0,index (V’X(¢)) = N}.
In (2.12), if we let v =0y, T'= S, and
B ={(z" z) € RNWTI/21 index (2") = N,z > u},
then we have the following important corollary.

Corollary 3.2.1. (Lemma 11.7.1, [/]) Let X and S be as above. Then

(X, 9)] // / |det (2")| ps(2”, 0, x)dx" dxdt,
Dy

where py(x”, 2’ x), (2", @', r) € RVNNVFTD/2 xRN xR is the density function of the Gaussian
vector (V 2X( ), VX(t),X(t)) for anyt € S, and

Dy = {x" € RYWFD/2 sindex (2”) = N}.
Corollary 3.2.1 provides an explicit integral expression for E[M, (X, S)]. However, it
is still too complicated to calculate this integral due to the awkwardness of the domain

Dy. A simplification of E [M, (X, S)] will be very useful. In Corollary 3.2.1, if we further
assume that X is stationary, then we have

E [M,(X, / /D (det ()| po(a”, 0, x)da"dz. (3.1)
N

We see that the remaining integral in (3.1) is actually independent of the choice of S. This
integral can be further estimated by the following lemma.

Lemma 3.2.2. (Theorem 6.3.1, [1]) Let X and S be as in Corollary 3.2.1. Suppose that

X s also stationary with variance o®. Then

A (S)det (Ay)/? a1 u?
O e s P (1+0(u™)),

where Ax is the covariance matriz of VX, and O(u™') is independent of the choice of S.
More specifically, if we let

e X /2, N-1 u2
Du(X, §) = 2n(S)det (Ax) exp (--) , (3.2)

E[M,(X,S5)] =

(2m)(N+1)/252N -1 202
then there exists a finite constant C' > 0, which is independent of the choice of S, such that
E [M.(X, 5)] 1
——= 1| < Cu .
D, (X, S) =
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3.2.2 Some Asymptotic Results of Maxima

In this section, we will introduce two asymptotic results about the maxima of a Gaussian
random field over a compact search region expanding with an increasing threshold. Recall
that in Lemma 2.2.7, J is defined as the set of bounded open N-dimensional cubes and
their finite unions and intersections. Here we define

7::{T:T€j},

where T is the closure of T. Therefore, any element, say J, of J is a non-empty compact
set whose boundary 0.J is piecewisely smooth (or more specifically, piecewisely flat) and
An-1(0J) < oo. The first asymptotic result involves the definition of blowing-up systems
as follows.

Definition 3.2.3. ([31]) A system {T},,u € R}, T, € J, is said to blow up, if

1. An(T) = o0 as u — 00;

2. there exist finite constants L; > 0 and 9; > 0 such that for any v € R and N-
dimensional ball B(0y, R) with radius R > 1 and centered at the origin,

M (T, @ B(Oy, R)) — An(To) < LiRN (An_1(0T,)) ™, (3.3)
where the symbol @ denotes a Minkowski summation operator,

ApB={xz+y:zcAvyc B} (3.4)

3. there exist finite constants Ly > 0 and « € R such that

a(l+4d1) <1 and Any_1(0T,) < LoAn(T,)". (3.5)

The following lemma also serves as an example for blowing-up systems.

Lemma 3.2.4. ([71]) For any K € J and o, — 00 as u — oo, {a,K,u € R} is a
blowing-up system with 6 =0 and a = (N —1)/N.

Lemma 3.2.5. (Theorems 14.1 & 14.2, [71]) Suppose that {T,,u > 0} is a blowing-up
system. Let {X(t),t € R™} be a centered, stationary, three times differentiable in the
mean square sense, Gaussian random field with covariance function r(t) := E[X(0)X (¢)]
and constant variance 0. Suppose that there exists a finite constant o > 0 such that

/ Ir(t)|*dt < oo.
RN
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Then for any x € R,

P max (c7'X(t) — lxm,) lx 1, < x| =exp{—exp{—z}},

where x 1, s the largest solution to the equation

Ay (T,)det (Ax)"?

(21 )(N=1)/2gN/2

N lexp {—02/2} =1, (3.6)

and Ax 1is the covariance matriz of VX.

It is worth mentioning that D, (X, S) in (3.2) and the left part of (3.6) are very similar.
We will make the most of this point in the following section.

The second asymptotic result involves the definition of slowly blowing-up systems as
follows.

Definition 3.2.6. The system {T,,,u € R}, where T,, C R" is closed with Ay (9T;,) = 0 for
any v € R, is said to blow up slowly with rate x > 0 if each T, contains an /N-dimensional
unit cube and

v(T,) =0 (exp {KJU2/2}> as u — 00.

Remark 3.2.7. Note that the rate in Definition 3.2.6 is not unique. If the system {7, u € R}
blows up slowly with rate kg > 0, then it also blows up slowly with rate s for any x > k.

Lemma 3.2.8. (Theorem 7.2, [71]) Let {X(t),t € RN} be a centered, stationary Gaussian
random field with covariance function r(t). Suppose that the following conditions hold:

1. there exists a non-degenerate matriz Qx and a finite constant 3 > 0 such that
r(Qxt) =1~ |1t +o(It]") as [t — 0, (3.7)
2. r(t) =0 as|t| — oo.

Then there exists a finite constant kx > 0 such that for any slowly blowing-up system
{T,u € R} with rate kx,

P {maxX(t) > u} = HyAn(T,)det (Q)u™N U (u)(1 + o(1)) as u — oo,

teTy

where Hg is a Pickands’ constant (see [70] and [71]). Especially, Hy = 7=N/2.

31



When [ = 2, the relationship between Ax in Lemma 3.2.5 and Qx in Lemma 3.2.8
can be derived as follows. Note that by a Taylor’s expansion at 0 and the definition of the
mean square derivatives,

1
r(t)=1- 5tTAXt + o(||t]?),
while by (3.7),
r(Qxt) =1 — [[¢]* + o([[]*).
Thus, we can take Q) x such that

1
§Q§AXQX = Iy,
where Iy is the identity matrix of size N. Therefore,
det (Qx) ™' =27V 2det (Ax)"2. (3.8)

Example 3.2.1. Let {X(t),t € RV} be a centered, stationary Gaussian random field with
covariance function r(t) = e 11° Since r(t) has any order partial derivatives, by Lemma
2.1.4, X is three times differentiable in the mean square sense on RYN. We also have

N
/ Ir(t)| dt = / eIt gt = (/ e_t%dh) = 7V? < 0.
RN RN R

Therefore, X satisfies all the conditions in Lemma 3.2.5. By Lemmas 2.1.3 and 2.1.4, X;
15 also a centered, stationary Gaussian random field with covariance function

rx, (t) = —rj(t) = 2(1 — 2t2)e 7,

Denote by agfj the variance of X;. Then

ag(j = —1;;(0) = 2.

Let rx,jox, (t) be the covariance function of X;/ox,. Then

/.

"'Xj/ox; (t)‘ dt = / ‘1 — 2t§| eIt 7¢

RN

2 N-1 2
= (/ e_tldtl) / }1 — 225]2.’ el dt;
R R

< p(N-1/2 / (1+22)e " dt,
R
= o7 N/?

< oQ.
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Therefore, X;/ox, also satisfies all the conditions in Lemma 3.2.5. Moreover, by a Taylor’s
expansion of the function e, z € R at x = 0, we have for any t € RV*1,

r(t) = e M = 1 — ¢ + o [|2]*)
and for any 1 < j < N,
rx,jox, (@it) = =03 ri;(Qut) = e 719 (1 —262/3) = 1 — |[£]* + o(|[#]]*),

where Q, € RN*N is a diagonal matriz with all diagonal elements equal to one except for
a 1/v/3 at the j-th column. Finally, it is easy to see that

r(t) — 0 and TX;/ox, (t) — 0

as ||t|| — oo. Therefore, both X and X;/ox, satisfy all the conditions in Lemma 3.2.8.

3.2.3 Some Useful Lemmas

In this section, we will introduce three existing results which will play important roles
in the proofs of the main results in this chapter. The first lemma gives a bound for the
difference between the joint distribution functions of two sets of Gaussian random variables
by their covariances.

Lemma 3.2.9. (Theorem 4.2.1, [23]) Let Y1,...,Y, and Zy, ..., Z, be standard Gaussian
random variables with covariance matrices A = (\;;) and I' = (v;5), respectively. Denote
pi; = max(| |, |vi;|) for any 1 <i,j <n. Then

Py <ty,....Y, <t -Pl[Zi<t,...,Z, < t,]

1 12 1 +)
< o Z (Nij = i) " (1_P?j) Y2 exp <_21+—puj ;

1<i<j<n

where (z)* := max(z,0) for any x € R.
Let A € RY*Y be a diagonal matrix with positive diagonal elements. Define
Dy za = {v € RV :index (v — zA) = k}.
The second lemma can deal with the asymptotic behavior of Dy, A as x — 0.
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Lemma 3.2.10. (Lemma 6.3.1, [1]) Suppose that

V is an N x N symmetric matrix;

W is the usual vectorization of V' with length L := N(N +1)/2;

A is a diagonal matriz with positive diagonal elements;

Y, € R is defined by

W €Y, is equivalent to 'V —ul 1is negative definite.

Then there exists a finite constant C' only determined by A, such that for each pair (r,u)
satisfying u > C'r,
BL(O, 7“) CcY,,

where Br(0,7) = {t e R : ||t]| < r}.

3.3 The Number of Local Maxima above a Threshold

In Section 3.2, we have defined
M,(X,S)=#{teS:X(t) >u, VX (t) =0,index (V?X(t)) = N},

where the index of a matrix is defined as the number of its negative eigenvalues. By Remark
2.1.12 and Corollary 3.2.1, we do not need to distinguish M, (X, S) from the corresponding
true number of the local maxima as long as the conditions in Corollary 3.2.1 are all satisfied.

With the help of the above definition, we will construct a series of point processes by
expanding the search region for an increasing threshold. Then we will show the existence
of a Poisson limit for this series of point processes when the rate of the expansion for the
search region matches the rate of the increase of the threshold in a specific way. Throughout
this section, for N > 1, we endow RY with the Euclidean norm || - ||. Denote by Ay the
N-dimensional Lebesgue measure and by B(R") the Borel o-field of (RY, || -||). Denote by
& the Minkowski summation operator (see (3.4)). For any a > 0 and A C RY, we define

aA:={at:t e A},

and let 104 be the interior of A. For any A, B C R, define A — B := AN B¢, i.e.,
A—B:={a€A:a¢ B}.
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Moreover, as in Section 3.2.2, let J be the set of N-dimensional cubes and their finite
unions and intersections and define

J ={T:TecJ},

where T' denotes the closure of 7. Note that Ay_;(0K) < oo for any K € J.

3.3.1 Main Results

Let {X(t),t € RV} (N > 1) be a centered, stationary Gaussian random field with covari-
ance function r(t). Suppose that the following conditions hold:

1.

- L N

the distribution of (V2X, VX, X), written as p(x”, ', z), is non-degenerate;
X is almost surely three times continuously differentiable;
X is four times differentiable in the mean square sense;

there exist finite constants aq, ap > 0 such that

/ ()] dt < oo,
RN

/.

and for any 1 <i < N,

a2

2
Or(t) dt < oo;

R

. X satisfies the conditions of Lemma 3.2.8, i.e., there exists a non-degenerate matrix

Qx such that
r(@Qxt) =1 —[It|*> +o([[t]*) as [t]| =0,

and
r(t) — 0 as |[t]| — oc;

. denote by Jg(j(axj > 0) the variance of X;, 1 < j < N, and then we assume that

X /ox, also satisfies the conditions of Lemma 3.2.8, i.e., there exists a non-degenerate
matrix Qx; Jox, such that

P jos, (@xiox,8) = 1= 817+ o([16]) as [1]] =0,

and
X, /ox, (t) = 0 as [[t|| — oo,

where 7x; Jox; (t), t € RY is the covariance function of X/ ox;;
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7. since r(t) — 0 as ||t|| — oo, we can properly define

7(x) := max |r(t)] (3.9)

[t =

for any x > 0. Assume that there exists some finite constant 8 > 0 such that
(B, u) = uw*N 7 ((25“2) — 0 as u — o0. (3.10)

Example 3.3.1. Let {X(t),t € RV} be a centered, stationary Gaussian random field with
covariance function r(t) = e I’ Then it is easy to see that Condition (3.10) holds.
Moreover, from Examples 3.2.1, A.2.2 and A.2.3, we see that X satisfies all the above
conditions.

Since {X(¢),t € RV} is stationary and almost surely three times continuously differen-
tiable, all of the sixth-order partial derivatives of r(t) exist at ¢ = 0. Then by Lemma
2.1.13, we are allowed to apply Corollary 3.2.1 to the Gaussian random field X on any
compact set S C RY with Ay_;(0S) < co. From Section 3.2, we see that the above condi-
tions also allow us to apply Lemmas 3.2.5 and 3.2.8 to the Gaussian random field X, and
Lemmas 3.2.5 and 3.2.8 to Gaussian random fields Xj/an, 1 < j < N. In this section,
we first fix a mean constant ¢ > 0. Then by Corollary 3.2.1 and (3.1), we can choose a
function, written as g,, of u such that

E[M,(X, 9. K)] = Ay (K) (3.11)

for all u € R and any bounded subset K € B(RY) with Ay_;(0K) < oo. Here we actually
define a family of point processes { M, (X, g,+),u € R} on RY. For convenience, we say the
pair (X, g,) (or the triple (X, gy, ¢) if we need to emphasis the mean constant ¢ in (3.11))
is qualified if X and g, satisfy all of the above conditions. By Lemma 3.2.2, we do not

need to distinguish M, (X, ¢,K) and M, (X, g,K) for K € J since
E[M,(X, 0.0K)] = 0.
The following are the main results in this section.
Theorem 3.3.1. Let (X, g,,c) be a qualified triple. Then
Jim P [M, (X, g,K) = 0] = exp {—cAn(K)}

for any K € J.
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Theorem 3.3.2. Let (X, gu,c) be a qualified triple. Then M,(X, g,-) converges weakly to
a Poisson point process with mean measure cAy as u — 00.

Proof. This is an immediate consequence of Theorem 3.3.1, Lemma 2.2.7 and (3.11). O

In the rest of this section, we will provide a poof for Theorem 3.3.1. To this end, we
have to first define a grid-block system as follows.

Definition 3.3.3. Let the pair (X, g,) be qualified. {(Gy, B,) € 28" x 28" 4 € R} is said
to be a grid-block system adapted to (X, g,) if there exist functions b,, d,, and f, of u € R
such that

1. G, =d,Z"N.
2. Buy:=10," (fu[—0.5,0.5]N & {k}) for any k € ZV, and B, := J,, Bux-

3. As u — oo, we have

I .
m:ﬁmm{l,/ﬁx,ﬁ;{j,lg]g]\f}, (3.12)

where xx and kx, are only determined by X (see Lemma 3.2.8);

(f)

U2

147 2guby (1= 1)) } -0

VTt (1 e { -
where 7 is defined in (3.9).

4. For any sufficiently large u,
gub ' 7N < d,ZN .
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guBu,U M Gu

guAu,O —

guBu,O

Figure 3.2: A part of the grid-block system {(G,, B,),u € R} with the expanding rate g,.
For the blocks (squares) in the top-left corner of this part, the bigger one is g,A, 0, the
smaller one is ¢, By 0, and (g,By0) N Gy, consists of all the marked points in the figure.

Remark 3.3.4. Let e, = di/*>. Then from Condition 3(a), we have
u’ldglau —o00 and e,u — 0
as u — 00. This property of ¢, will be very useful in the following sections. Define
Ay = b, ([-0.5,05" @ {k}). (3.13)

For example, Figure 3.3.1 shows the relationship between g,A, 0, guBuo and (g, Buo) NGy.
Conditions 3(b)-3(d) actually imply that as u — oo, B, ¢ will be dominating in A, o, g, Bu.0
will be dominating in RY, and the shortest distance between expanded blocks g, By,
k € RY will increase to infinity. Condition 4 ensures that the center of each expanded
block g, Bk, k € Z" is a grid point in G,,, which implies that
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and the joint distribution of {X(t),t € (g,Bux) NGy} is the same as the joint distribution
of {X(t),t € (9.Buo) NG,} for any k € Z".

The following lemma shows the existence of the grid-block system for every qualified
pair (X, gu).
Lemma 3.3.5. Every qualified pair (X, g,) possesses an adapted grid-block system.

Proof. See Appendix B.1.1. n

Immediately, we can construct a blowing-up system (see Definition 3.2.3) by a grid-
block system. For K C RV, let

Bu(K) = Ua, .ckkezy Buk. (3.14)
Then we have the following lemma.

Lemma 3.3.6. Suppose that (X, g,) is a qualified pair with the adapted grid-block system
{(Gu, By),u € R}. Then for any non-empty K C J, g,Bu.(K) is a blowing-up system.

Proof. From (3.14), we see that B,(K) is the union of finite number of disjoint identical
sets By k, k € ZN . Therefore, it suffices to show that guB. 0 1s a blowing-up systems. Note
that

GuBuo = gub, " fu[—0.5,0.5".

By Definition 3.3.3, we have
gubglfu — o0

as u — oo. It is easy to see that [—0.5,0.5]" € J. Then the proof is completed by directly
applying Lemma 3.2.4 on [—0.5,0.5]". O

In preparation for the proof of Theorem 3.3.1, there is the following lemma. This
important lemma shows that a qualified search region can be approximated by a family of
increasing sets in J from the inside of the search region and a family of decreasing sets in
J from the outside of the search region.

Lemma 3.3.7. For any bounded set S C RN (N > 1) with Ay_1(9S) < 0o, we can always
find Jy4(S), J2u(S) C T for any u € R large enough, such that

]. Jl,u(S) - g C S C J2,u<S>7'
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2. An(J24(S) — J1.u(S)) = 0 as u — oo;

3. {gud2u(S) — J1.u(S),u € R} is a blowing-up system.

Proof. See Appendix B.1.2. n

3.3.2 The Outline for the Proof of Theorem 3.3.1

To make the proof for Theorem 3.3.1 easy to understand, we will first provide an outline
of the proof. For space reasons, the proofs for the new lemmas appearing in the outline
and the formal proof of Theorem 3.3.1 are all relegated to Appendix B.1.3. Given K € 7,
we use the following notations for convenience:

L. H,(K) = {max,c, =77 X (t) < u}, where J1,(K) is as defined in Lemma 3.3.7.

2. Writefu%guif|fu—gu|—>0asu—>oo.

3. Let n,(K) be the number of A, defined in (3.13) fully contained in K. Note that
{A,k, k € RV} forms a cover of RY for each u € R, Ay(Au g, N Ayk,) = 0 for any
ki, ky € ZV, and Ay(A,x) = b,V — 0 as u — oo for any k € Z". Therefore, it is
easy to see that

b Ny (K) =~ A (K). (3.15)

Consider the following fundamental inequality. For any two events A and B with P[A] > 0,
we have

|P[B] — P|B|A]| = P[B]P[A] — P[BA] ‘

PlA]
| (P[BA] + P[BA*])P[A] — P|BA] ’
PlA]
P[BA9|P[A] — P[BA]P|A]
PlA]
P[BA]P[A]
PlA]

(3.16)

= |P[BAY] -

< P[A9].

The outline for the proof of Theorem 3.3.1 is as follows.
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. Prove
PH,(K)] —1 asu— oo.

. Show
P[M,(X, g, K) = 0] = P [M,(X,g,B.(K)) = 0],

where B, (K) is defined in (3.14).

. By (3.17) and Inequality (3.16), we have
P [M,(X, g, Bu(K)) = 0] & P [M,(X,9,B,(K)) =0 | H,(K)]

:P[ max X (t) <u Hu(K)].

tEgu By (K)

. Again, by (3.17) and Inequality (3.16),

Q=

P { max  X(t) <u
teguBu(K)

(%)

tEgu By (K)
. Show

P{ max X(t)gu]%P{ max X(t)gu—d}/Q].
teguBu(K) te(guBu(K))mGu

. Since By (K) = Ua, . c ik kezN Buk, we have

P max X(t) <u-— dim}
| tE€(guBu(K))NGy

. N { max X(t)gu—d;ﬂ}

tc By x)NG
Ay kCK keZN (9uBu k)G

. Show

P X(t) <u—dif?
ﬂ {te(gu%jf)mu () < u—dy

Ay 1k CK keZN

H Pl max X(t)gu—di/z}.
te(

Ay i CKkEZN guBuk)NGu
u,k 3

&=
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(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)



8. By the stationarity of X and Condition 4 in Definition 3.3.3, we have

11 P[ max X(t)éu—d}/z}

A orimegy  [BE@uBukINGy
u,k )

= (P { max d1/2}>
te(guBu,o)mG

n,(K)P [maxte (guBa.0)N X(t) >u— 1/2]

Ny (K)

—[1=

9. Show

bfyP{ max X(t)>u—di/2]%bfyP[ max X(t) >u

te(guBu,O)mGu teguBu,O

— C as u — Q.

10. By (3.15) and (3.25), we have

”u(K)P{ max X (t) > u—d}/ﬂ

t€(guBu,0)NGu

= b, Vn, (Kb P [ ( max  X(t) >u— d}/z]
te

u
guBu,O)mGu

— cAy(K) as u — 0.

11. Finally, combining (3.18)-(3.24) and (3.26) implies

PMy(X, guK) = 0] = exp{—cAn(K)}.

(3.24)

(3.25)

(3.26)

3.4 The Number of Connected Components of the

Excursion Set

Let the pair (X,g,) be qualified. For any given search region S C RY (N > 1) and
threshold u € R, we can define the excursion set A,(X,S5) = {t € S : X(t) > u}. In
the last section, we have established the Poisson limit of the series of point processes
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M,(X,g,). This actually implies that for any give S € B(RY), M,(X,g,S) follows a
Poisson distribution as u — o0, i.e., the number of the local maxima of X with index N
in the excursion set A, (X, g,S) follows a Poisson distribution as u — oc.

By Lemma 2.2.1, any point process £ on RY corresponds to a preset {7;,1 < j < v}
which is independent of the choice of the set to be measured by £. Since the number of
the connected components can not be described locally, it does not correspond to such a
set in R, and therefore, we cannot directly construct point processes from it. Instead of
directly working on point processes, we study the number of the connected components
of X in A,(X,g,S) for any qualified S C RY. Tts Poisson limit is then derived from the
relationship between the number of the connected components and the number of the local
maxima, combined with the main results in the last section. To this end, some notations
will be inherited from the last section. Recall that we studied the avoidance functional
P [M,(X,g,)=0] on J, ie., the set of bounded open cubes and their finite unions and
intersections. For any bounded set S C RY (N > 1) with Ay_1(9S) < oo as in Lemma
3.3.7, we can also define the event

H,(S) = { max  X(t) < u} : (3.27)

t€guS—J1,u(S)

where J; ,(5) is defined in Lemma 3.3.7. The above notations will also play important
roles in this section. Also recall that

M,(X,S) :=#{te€S: X(t) >u,vX(t) =0,index (V’X(t)) = N},
where the index of a matrix is defined as the number of its negative eigenvalue. To indicate

the index, we define the number of the critical points of X with index 0 < k < N above
the threshold u € R in the search region S C R¥ (or equivalently, in the excursion set

AL (X, 9)) as
My(X, S, k) :=#{te€S:X(t)>u vX(t) =0, index (VX (¢)) = k}.

Obviously, we have
M, (X,S,N) = M,(X,5).

Immediately, Corollary 3.2.1 can be generalized for any M, (X, S, k), 0 <k < N.

Corollary 3.4.1. (Lemma 11.7.1, [/]) Let {X(t),t € RN} be the same as in Corollary
3.2.1 and let S be a compact subset of RN with A\y_1(S) < co. Then for any 0 < k < N,

]E[MU(X,S,]C)]:// / |det (2")| pe(2”, 0, x)dx" dxdt,
S Ju Dy

Dy :={a" € RVYNVHD/2 - index (") = k}.

where
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3.4.1 Expectation of the Number of Connected Components of
the Excursion Set

Throughout this section, let {X(t),t € RV} be a Gaussian random field satisfying the
conditions in Corollary 3.2.1, and let g, satisfy (3.11). For any K € J, K is an open set
and 0K can be decomposed as
N-1
ok =J U 7

=0 JeK;

where K; is the set of i-dimensional open facets of K. Here “open” means that K; is an
open subset of the i-dimensional Hyperplane H; endowed with the usual Euclidean norm.
Let Ky := {K}. From the definition of 7, we have

#K; < 0 (3.28)

for 0 <i < N, where “#” stands for “the cardinality of”. For any 0 <:¢ < N and J € K,
the facet boundary of J, written as F)y, is defined as

;- .
FJ — U[)gjgifl,J’EKj,J’ is a facet of J J if 1 S v S N’
0 if i = 0.

Obviously, we have 0K = F. Asfor 0 <i < N—1and J € K;, since 9J = J in the space
(RM, ]| - |]), we do not have &J = F;. Since each J € K;, 0 <i < N — 1 is an open subset
of the i-dimensional Hyperplane H; endowed with the usual Euclidean norm, it is easy to
check that restriction X |, is also a Gaussian random field indexed by H;, and satisfies all
the conditions in Corollary 3.2.1, where we substitute RY with H;. Similarly, we denote
by M,(X|#,,S:, k) the number of the critical points of X|g, with index 0 < k < i above
the threshold u € R in the search region S; C Hy, i.e.,

M (X|u,, Si k) =#{t € S;: X|u,(t) > u, VX|y,(t) = 0,index (VX |y, (t)) = k} .

We also denote by MVU(X\HJ7 S;) the true number of the local maxima of X|g, in S; C H,
over u € R. Forany 0 < < N, J € K; and u € R, we define that

o CC(A.(X,guJ)) is the number of the connected components of A, (X, g,J);

o Ct(A.(X, g,J)) is the number of the connected components of A,(X, g,J) touching
Fj (i.e., its intersection with F; is not empty);
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e Cn(A,(X,gyJ)) is the number of the connected components of A, (X, g,J) not touch-
ing F; (i.e., its intersection with F; is empty).

From the above definitions, it is easy to see that

1. if J € Ky, then F; = () and Ct(A.(X, g,J)) = 0;
2. CC(A (X, g.])) = Ct{Au(X, guJ)) + Cn(Au(X, guJ)).

Given u € R, the following are some useful observations about these quantities.

e For any 0 < i < N and J € K;, each connected component of A,(X, g,J) touching
g, F'; must contain at least one connected component of A, (X, g, F)), while obviously
each connected component of A,(X,g,F;) cannot be the subset of two different
connected components of A, (X, g,J) touching g, F}, simultaneously. Thus, we have

Ct(Au(X, guJ)) < CC(AL(X, guF))). (3.29)

e Each connected component of A,(X,¢,0K) must contain at least one connected
component of A,(X,g,J) not touching g,F; for some 0 <7 < N —1and J € K,
while obviously each connected component of A,(X,¢g,J) cannot be the subset of
two different connected components of A, (X, g,0K) simultaneously. Thus, we have

N-1

CO(A(X, g0K)) <Y Y Cn(Au(X, g.7)). (3.30)

1=0 JeK;

e Forany 1 < i < N and J € K, let X|y, be the restriction of X on J. Note
that X (t) = u when t is in the boundary of a connected component of A,(X,g,J)
not touching ¢, F;. Thus, the global maximum of each connected component of
Ay (X, guJ) not touching g, F; must exist and be a local maximum of X|g,, which
implies

Cn(Au(X, gu ) < M(X] 11, 9u7).
Similarly, by Remark 2.1.12, we have

Cn(Au(X, gud)) < Mu(X|u,, gud) (3.31)

almost surely.
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gu KK

Figure 3.3: An example of A, (X, g,0K) for some u € R. The interior of the shaded part
is the search region g,K, and the interior of each circle, written as C;, 1 < i < 4 is a
connected component of A, (X, RY).

Example 3.4.1. Figure 3.3 is an example of A, (X, g.0K) for some u € R, where

4
Au(X, 9,0K) = J(Ci N g,0K) .
i=1
From Figure 3.3, we have
1.3 ek, Ct(AUX, guK)) = 3;
2. CC(A.(X, g 0K)) = 4;
8. Y e, On(Au(X, 9u))) = 3;
4 Dser, On(Au(X, guJ)) = 1.
Therefore, we can see that both (3.29) and (3.30) hold in this example.

Now we have made enough preparation for the following theorem.
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Theorem 3.4.2. Let X satisfy the conditions in Lemma 3.2.2, and let g, satisfy (3.11).
Then for any K € J,
lim E [Ct(A.(X, 9.K))] = 0.

U—00

Proof. By (3.28), (3.29) and (3.30), we only need to show that for any 0 <i < N — 1 and
J € K;,
lim E [Cn(A.(X, g.J))] = 0.

u—yo0
If + =0, then
E[Cn(A.(X,g.J))] = P[X(0) >u] -0, asu— oo.
If1<i<N—1, then by (3.31),
Cn(Au(X, gut)) < Mu(X]n,, gut)

almost surely, where X|p, is the restriction of X on J. Thus, we only need to show that
forany 1 <i< N —1and J € K;

lim E[My(X|1,,g.J)] = 0.

U—00

By Lemma 3.2.2 and (3.11), we have

U—00 2

w2
lim ¢~ u™"!exp (——) =C.

for some constant C. Then by Lemma 3.2.2, g, > occ asu — oo, and 1 <i < N — 1, we
have

12
Ni—1(gyJ)det (AX|HJ> utt

u? N
E [My(X |1y, 9u)] = T e (=) (14 00)
/2 .
N N1 U2 )\i_l(J)det <AX\HJ) gql;NulfN 1
=g, u" Texp (—?> (22 (1+O0(w™)

—0 asu— oo,

which completes the proof. n
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3.4.2 Poisson Limit for the Number of Connected Components
of the Excursion Set

Let the pair (X,g,) be qualified. Endow RY with the Euclidean norm || - ||. For any
ty = (tkr,- .- tkn) € RY, k = 1,2 such that t; # t,, t; is said to be less than ¢, in the
lexicographical order on RY if t1, < ts, for some 1 < n < N and t;; =ty if 1 < i <n
and n > 1. Since each bounded connected component of the excursion set A, (X, RY) is
a non-empty open set and X (t) = u for all t € 9A,(X,RY), the global maximum of X
in this connected component must exist and be a local maximum. Note that there can be
more than one global maximum taking the same value in this connected component. In
this case, we only consider the global maximum with the smallest lexicographical order in
this connected component. Denote by G, (X) the set of the global maxima in A,(X,RY)
as above. Then by Remark 2.1.12 and Lemma 3.2.2, we have for any compact set T', with
probability one, G,(X) NT is a finite set, and for any t € G,(X) N T, X(¢) is a strict
local maxima of X with index N. Thus, we can define a new family of point processes
{N.(X,gu"),u € R} such that for any S € B(RY), N,(X,S) counts the number of points
in G,(X)NS. From the above, it is easy to see that for any S € B(RY),

N, (X, g.5) < min {CC(A.(X, g.9)), M (X, .5)} (3.32)
almost surely. The following theorem establishes the Poisson limit of N, (X, g,-) as u — co.

Theorem 3.4.3. Let (X, gu,c) be a qualified triple, and let N, (X, g,-) be as above. Then
as u — 00, Ny(X, gu+) converge weakly to a Poisson point process with mean measure cAy.

Proof. Note that for any K € J, the following two events are equivalent:
L ANW(X, guI) = 0} N H,(K);
2. {M,(X, g, K) = 0} 1 H, (K).
Therefore,
PNu(X, 9uK) =0 | Hy(K)] = P [My(X, 9. K) = 0 | Hy(K)].
Then by Inequality (3.16) and Lemma B.1.5, we have
Jim P[Ny(X,g,K) = 0] = lim P [Ny(X,g,K) =0 | Hy(K)]
= lim P[M,(X, 9.K) = 0| H.(K)
— Tim P M, (X, guK) = 0]

U—00

(3.33)
—cAn (K )

=€
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Moreover, by (3.32), it is easy to see that for any K € 7,

limsup E [N, (X, ¢, K)] < lim E [M,(X, g.K)] = cAy(K) < o0. (3.34)
U—+00 U—00
Finally, combining (3.33), (3.34) and Lemma 2.2.7 completes the proof. O

Combining Lemma 2.2.6, Corollary 3.2.1 and Theorem 3.4.3, we have for any bounded
S € B(RY) with Ay_1(0S) < oo and non-negative integer k,

k k

u—00 u—00 k! ’

(3.35)

where, in Lemma 2.2.6, we let

o-r ) e

In consequence, we can study the Poisson limit of the number, denoted by CC(A, (X, g.5)),
of the connected components of the excursion set A,(X, g,S) by (3.35) and the relation-
ship between N, (X, ¢,S) and CC(A,(X,g,S)) for any bounded set S € B(RY) with
)\N_l((?S) < Q.

Theorem 3.4.4. Let (X, gy, c) be a qualified triple. For any bounded set S € B(RY) with
An_1(0S) < 00, CC(AL(X, guS)) converge weakly to a Poisson random variable with mean
C)\N(S)

Proof. Note that for any bounded set S € B(RY) with Ay_1(0S) < oo and any non-
negative integer k, the following events are equivalent:

L. {Nu.(X,9.5) =k} N H,(S);
2. {CC(AL(X,gu5)) =k} N H,(5).
Therefore,
PNu(X, gu5) = k | Hu(S)] = P[CC(Au(X, guS)) = k | Hu(S5)].
By Lemmas 3.3.7 and B.1.5, we have

lim P[H,(S)] = 1. (3.36)

U—00
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Then by Inequality (3.16), (3.35) and (3.36), we have

lim P[CC(Au(X,guS)) = k] = lim P[CC(Au(X, guS)) = k | Hu(S)]

U—00 UuU—00

= lim P[N,(X,9.5) =k | H,(5)]

U— 00

= lim P[N,(X,g.S) = k]

U—00
(S) FAn(9)"
k!

_ €*C>\N

for any non-negative integer k, and hence the proof is completed. O

3.4.3 A Further Relationship between the Number of Local Max-
ima and the Number of Connected Components

In this section, we will show some asymptotic results about the number of the critical
points over some threshold. We will also relate these results to the number of the connected
components of an excursion set we have discussed in the last section.

Lemma 3.4.5. Let the pair (X, g,) be qualified. Then for any bounded set S C RN with
An-1(05) < o0, we have
lim E [M,(X, g.S k)] =0

U—00

for every0 <k <N —1.

Proof. See Appendix B.1.4. n

Theorem 3.4.6. Let (X, g,,c) be a qualified triple. Then as u — oo, Zi\;o M,(X, gy, k)
converge weakly to a Poisson point process with mean measure cAy .

Proof. Follow the proof of Theorem 3.4.3 and use Lemma 3.4.5. n

The following lemma is a simple application of Theorem 2.3.4. Recall that we have
defined Morse functions in Section 2.3.

Lemma 3.4.7. Let f be a Morse function on an open set containing the compact set
S C RN (N >1). Suppose that D is a connected component of A,(f,S) for some u € R
such that 9D N IS = (). Suppose that py, ps € D are two local maxima of f with index N.
Then there exists a critical point of f in D with index less than N.

20



Combining Lemma 3.4.5 with Lemma 3.4.7, we can further get the following closer
relationship between the number of the connected components and the number of the local
maxima with index N when the threshold is very high.

Theorem 3.4.8. Let the pair (X, g,) be qualified, and let the set S C RY (N > 1) be
bounded with A\y_1(0S) < oco. Then

lim P[CC(Au(X, guS)) = My(X, g.S) = Nu(X, g.5)] = 1.

U— 00

Proof. By Lemma 3.4.5, we have

=2

-1

lim E

U— 00

MU(X7 guS7 k)] = 07

e
I

0

which implies that

lim P

U—00

N-1

Y M(X, 9.5, k) —0] 1.
k=0

By Lemmas 3.3.7 and B.1.5, we have

lim P [H,(S)] =1,

U— 00

where H,(S) is defined in (3.27). Then by the Inequality (3.16), we have

N-—
lim P kz_: (X, 9,5, k) =0 H(S)] = 1.
By Lemma 3.4.7, it is easy to see that the event {3~ ' M, (X, g.S, k) = 0}N H,(S) implies

the event {CC(A,(X, g.5)) = Mu(X, g.S) = Nu(X, gu )}ﬂH (S). Thus,

lim P[CC(Au(X, guS)) = Mu(X, 9u5) = Nu(X, gu5) | Hu(S)] = 1.

U— 00

Finally, again by Inequality (3.16), we have

lim P[CC(A.(X, gu.5)) = My (X, g.5) = Nu(X, g.5)] = 1.

U— 00
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Chapter 4

Local Behavior of Critical Points

4.1 Introduction

In Section 3.4.3, we have explored that the critical points of a stationary Gaussian random
field indexed by RY above an extremely high threshold behave very similarly to a Poisson
point process on RY, and each connected component of the excursion set tends to contain
only one critical point which is the global maximum of the Gaussian random field in this
connected component. However, when the threshold is high but not extremely high, the
possibility for a connected component to contain more than one critical point increases. In
this case, the main difference between the critical points above the threshold and a Poisson
point process lies in their local behaviors which can be characterized by the interactions
between different critical points. In fact, there are many excellent results on the local
structure of a Gaussian random field near a high excursion point ([24], [10], [3]). In this
chapter, this excursion point is chosen to be a critical point with unknown index, and we
are interested in its impact on other critical points nearby.

When the Gaussian random field is isotropic, we can simply choose the origin as the
given high critical point without loss of generality. Then conditional on the event that

the origin is a critical point above the threshold w,

we can define f,x(t), t € RY as the density of the mean measure of the critical points
above u with index k£ (0 < k < N). The existence of these densities are guaranteed by
Lemma 2.1.10 as shown later.
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Note that all of these densities of mean measures will decrease to zero as u — oo since
a higher threshold can always screen out more critical points. Thus, their relative values
carry more information about the interactions. In this chapter, we mainly consider two
ratios. The first ratio is
Zk even nyk (t)

Zk odd fu,k(t> ’

which reflects how a high critical point affects the signs of the determinants of the Hessian
matrices of others. We will see its limiting behavior as ||t|| — 0 for any v € R. The second

ratio is Voo
> ket Jur(t)
fun—1(t) + fun(t)’

which reflects whether the critical points with index greater than or equal to N — 1 are
more likely to appear than others near a high critical point. We will establish its limiting
behavior as u — oo on a compact region. The combination of the results on these ratios
reveals a profound relationship between the local maxima and critical points with index
N — 1 above a high threshold. This relationship also serves as a part of the intuition for
the next chapter.

The remainder of this chapter is organized as follows. Section 4.2 reviews some existing
results about Gaussian random fields and matrix perturbations. Section 4.3 introduces
basic settings including notations and the conditions on the underlying Gaussian random
field in this chapter. For convenience, we still call a Gaussian random field qualified if it
satisfies these conditions. One should not confuse a “qualified” Gaussian random field with
a “qualified triple” in Chapter 3. Next, there is a covariance matrix playing an important
role in the construction of our theory, and we collect some useful properties of it in Section
4.4. Based on these properties, Sections 4.5 and 4.6 state and prove our main results about
the two ratios above, respectively.

4.2 Literature Review

Let {X(t),t € RV} be a centered, isotropic Gaussian random field. Endow RY with the
usual Euclidean norm || - ||. Due to isotropy, there exists some function p : [0,00) — R
such that the covariance function of X can be written as

E[X(s)X(t)] = p(||t — s|?) for any s,t € RY.

Lemma 4.2.1. (Proposition 5.3, [11]) Let {X(t),t € RN} be a centered, isotropic Gaus-
sian random field possessing almost sure derivatives of up to second order and satisfying
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Condition (2.13) in Lemma 2.1.10. Then the Gaussian vector (V2X(t), VX (t), X(t)) is
non-degenerate if and only if

(2)<0) N
(0) £ 0 and £ > .
p(0) # 0 an S0~ N 12
For any positive integer n, endow R™ ™ with the spectral norm || - |5, i.e., for any
A e R™"

|Alls = max{\/V : v is an eigenvalue of AT A}

Lemma 4.2.2. (Pages 405 and 411, [17]) Let C,, be the set of all positive semi-definite
matriz in R™". Then for any 3 € C,, there exists a unique matrix A in C,, such that
> = AAT. Here A is called the non-negative square root of ¥ and can be written
as B2, Moreover, let f, : C,, — C,, where f(X) = B2, Then f, is continuous on the
interior of C,,.

Lemma 4.2.3. (Theorem 5.1, [20]) Let T : R — R™™ be continuous on A C R. Then
there exist continuous functions iy, ..., f, on x € A such that

T(z) = P(z)A(x)P" (z),
for any x € A, where A(x) := diag (uy (), ..., un(x)) and P(z)P?(z) = I,.

4.3 Basic Settings

In the following sections, we will make heavy calculation of matrices and their sub-matrices.
Let N:={0,1,...} and Z* := {1,2,...}. For any matrix M € R™"™ (m,n € Z"), denote
by M; its i-th row and by MU) its j-th column fori =1,...,mand j = 1,...,n. For any
a,b € Z* such that a < b, denote by a : b the set of all integers in [a, b]. For any S; C 1:m
and Sy C 1 :n, denote by M[Sy, Ss| the sub-matrix of M formed by the entries with row
indices in S; and column indices in Sy. For a real vector @ € R" (row or column), we use
ali] to denote its i-th coordinate for i = 1,...,n. Denote by I,, the identity matrix of size
n, by 0, the origin of R", and by 0,,x, the origin of R™*". All vectors are column vectors
by default.

The following conventional notations will frequently appear in this chapter. The Kro-
necker delta is defined by
0 ifi#y
b, — { #J

1 ifi=j"
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For any n € Z*, let A\, (n € Z*1) be the n-dimensional Lebesgue measure, and let || - ||, be
the usual Euclidean norm of R". For conciseness, We often drop the subscript n when the
dimension can be easily seen from the context. For any matrix M € R™ ™ (m,n € Z1),
denote by Rank (M) the rank of M. Given a vector space V over R, for any S C V,
denote by span (S) the linear span of 5, i.e.,

span (S) := {Z kv,

i=1

HEN,]@'ER,'I%ES}.

For any two non-negative real-valued functions h(z) and g(z), z € R, we write
h(z) = O(g(z)) as ¢ — oo
if there exist positive constants ki, ke and C such that for any x > C,

kig(x) < h(x) < kog(x).

For any two times differentiable function f:RY — R, let Vf and V2f be the gradient
and the Hessian matrix of f, respectively. Recall that in Section 2.3, the point ¢ € RV
is said to be a critical point of f if Vf(t) = 0. The index or type of a critical point ¢
is defined to be the number of negative eigenvalues (counted with their multiplicities) of
V2 f(t). For example, a local maximum is typically a critical point with index N.

Recall that for any symmetric matrix M = (m;;) € RV*N a vector a € RNWV+1/2 jg
said to be the usual vectorization of M if

ali+j(j —1)/2] = my forany 1 <i < j < N.

Definition 4.3.1. (Matriculation) A matrix M € R¥*¥ is said to be the N-th order
matriculation of a vector @ € R* (n > N(N + 1)/2), written as M = Matri y(a), if
all : (N(N +1)/2)] is the usual vectorization of M.

It is noticeable that different vectors, with different coordinate values or even different
lengths, can share the same N-th order matriculation since only the first N(N + 1)/2
elements of them are considered.

Definition 4.3.2. An isotropic Gaussian random field X (t), t € RY (N > 2) with covari-
ance structure

p(lIt = s]|*) = R(t — s) == Cov [X(s), X ()]

is said to be qualified if the following conditions are satisfied:
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(1) X is centered with unit variance, i.e., E[X(0)] = 0 and p(0) = 1.
(2) X has almost surely partial derivatives of up to second order.

(3) The sixth derivative of p(x) at x = 0 exists, which implies there exists a constant
d, > 0 such that the fifth-order derivative of p(z) exists and is bounded on z € [0, 67].

(4) The distribution of
(V2X(t),vX(t),X(t),vX(0), X(0))

is non-degenerate for any ¢ € R™ \ {Oy}, and the distribution of (X;1;(0), VX (0)) is
also non-degenerate (note that by Lemma 2.1.4 and Condition (4), the mean square
derivative X111(0) exists).

Remark 4.3.3. The above conditions allow us to apply Lemma 4.2.1 to X (see Lemma
2.1.13). If p(z) is four times continuously differentiable on a compact set T C RY \ {0y}
with Ay_1(0T") < oo, then Conditions (1), (2) and (4) allow us to apply Lemma 2.1.10 to
the Gaussian random field X (¢) conditional on {VX(0) = Oy, X(0) = z} for any z € R
(see Appendix C.2 and Remark 2.1.11). Condition (3) is critical in the calculation of the
asymptotic expansion of ¥(t) as ||| — 0 introduced later. Conditions (3) and (4) are also
associated with the convergence speeds of those ordered eigenvalues of ¥(t) converging to
0 as ||t|| = 0.

Remark 4.3.4. Indeed, the assumption that X is qualified imposes some constraints on the
derivatives of p. Let p(x), z > 0 and i > 1 be the i-th derivative (if exists) of p at
x. Firstly, by Condition (4) in Definition 4.3.2, X, X7; and Xjq; are all non-degenerate.
Then by Lemma 2.1.4 and (C.1),

—2pM(0) = Var[X;(0)] > 0,

by (C.4),
’ 12p¥(0) = Var[X11(0)] > 0,

and by (C.5),
—120p®(0) = Var[X1,,(0)].

This implies
pP(0) <0, p@(0) >0 and p®(0) < 0. (4.1)

Secondly, let a = p(0)~!p?(0)? and 8 = p®(0). Then by Condition (4) in Definition
4.3.2 and the Cauchy-Schwarz inequality,

(Cov [X111(0), X1(0)])* < Var[X1,1(0)]Var[X,(0)].
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By Lemma 2.1.4, (C.2), (C.4) and (C.5), this is equivalent to

(120?(0))” < (=120p®)(0))(—=2pM(0)) -
Then by pV(0) < 0, we have

a> 0. (4.2)
3
Moreover, for any r > 0 and t € RY let B(t,r) be the N-dimensional open ball centered
at t with radius r. Then by the Cauchy—Schwarz inequality, we have for any 1 < < N
and t € B(Oyn,d,) (see 0, in Definition 4.3.2),

|Cov [X;(t), X:(0)]] < v/ Var[X,(¢)]Var[X;(0)].
By Lemma 2.1.4 and (C.2), this is equivalent to
=PV (1El?) = 262 @ ([[£]*)] < —pD(0).

Note that the equal sign in the above inequality holds if and only if X;(¢) and X;(0) are
linearly dependent, which is impossible for any t € B(0Oy,d,) \ {Ox} by Condition (4) in
Definition 4.3.2. Thus, for any 1 <i < N and t € B(0y,6,) \ {On},

oV ([181%) = 222 ([1#]*)] < —p'(0). (4.3)
Then for any 2 € (0,67], by taking t := (0,...,0,\/x) € RY and i = 1 in (4.3), we have
PV (@)] < (0. (4.4

Finally, by Lemma 4.2.1, we see

> > 0.
3p)(0) 3N~

Let X be qualified and L := N(N +1)/2+ 2. For any t € RV \ {Oy}, by Lemma 2.1.4
and Appendix A.1,

(VZX(t), X(t), X(0)|VX () = VX(0) = Oy)

(ie., (V2X(t), X(t), X(0)) conditional on VX (t) = VX(0) = Oy) is a Gaussian L-vector,
and let 3(¢) be its covariance matrix. By (A.8) and Condition (4) in Definition 4.3.2, 3(t)
is positive-definite for any ¢ € RY \ {Oy}. Let

ME) = Xa(t) > > M) > 0 (4.5)
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be the ordered eigenvalues of 3(t). Then an eigen-decomposition of 3(t) is given by
X(t) = P()A(R)P(2),

where P(t) is an L x L orthogonal real matrix and A(t) := diag (A\:(t),...,AL(¢)). One
should note that P(t) in the above eigen-decomposition may be not unique since the
ordering in (4.5) is not strict.

For any t € RV \ {0y}, denote
A(t) := P(t)AY2(t) = P(t)diag (A}“’(t), o )\IL/Z(t)> .
Immediately, we have for any ¢ € RV \ {Oy},
%(t) = A(t)AT(¢),

and A(t) can be uniquely determined by a version of P(t).

Denote by S¥~! the unit (N — 1)-sphere. Since X is isotropic, we will focus on the
behavior of X (ur) along a given direction w = (uy,...,uy)? € S¥=1 for r > 0. Thus, it
would be more convenient and comprehensible to adopt the notations:

Yu(r) :=2u(r), Au(r) = Au(r), Pu(r):= P,(r), and Ayu(r) := Ay(r),

which emphasize on them being the matrix-valued functions of 7.
Let M (R) be the space of all L x L real symmetric matrices endowed with the Frobenius

norm || - ||g, ie., for any A = (a;;) € ML(R), ||Allp = y/>.F._, a. Endow RY with the

ij=1 %ij-
usual Euclidean norm. The following lemma describes the behavior of 3, (r) as r — 0.

Lemma 4.3.5. Let X be qualified. Then for any direction u = (uy,...,uy)? € SN71,
3.(0) := lim, | 3, (r) exists, and the function 3,(-) : [0,00) — ML(R) is continuous on
0,0,], where 0, is as defined in Definition 4.3.2. In addition, we have as r — 0,

2u(r) = B0 + Zuor? +o(r?),

where 3y, 0, Xy 2 € ML (R) satisfy

1. ¥y = 2,(0) is positive semi-definite;
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2. forany 1 <i3 < j1 < N and 1 <iy < jo < N, we have

Buolin + 5101 = 1)/2,i2 + ja(j2 — 1) /2]

= 4p@(0) (0131101 o + 0iyin0js s — Oy g Wiy Wiy — iy Uy Uiy (46

— Gy jy Wiy Wiy — Oiy iy Wiy Wy + 20y Uy Wiy Uy )
+ §P(2)(0)(5i1,ﬁ = Wiy g, )0y — Uiy W)
and
Euolin+ 5101 — 1)/2,i2 + j2(j2 — 1) /2]
(Qa - 56) iy 1 Oiz o (4a - 35) Oig o Uiy Ujy + <4a — %B) iy 1 Win Uy
(2a = 603) 9;, jy Uiy Wiy + (200 — 63) 0, jyujy wiy + (20 — 63) 84y 4, Uiy Uj,

4
(20[ - 66) i1 igujlujz + ?/Builu‘jlumu‘j?’
(47)
where oo = pM(0)~p(0)? and 5 = p™(0);

3. for any 1 <i; < j; < N, we have

. . . . 4
Suolis +j1(j1 —1)/2, L] = Zupoliv + j1(jh — 1)/2,L — 1] = gﬂ(l)(o)(%m — Ui, Uj, )

(4.8)
and . o
Suplin + 151 — 1)/2, L] = Zplin + j1(j1 — 1)/2, L — 1]
1 2 14

= (g - _ﬁ) 11,J1 (ga/ - ?6,) Uiy Ujy s

where o/ = p(0) and 5" = p™M(0)p@(0)~p®(0);
4.
YuolL—1,L—1]=3,0[L, L —1] =%,0[L —1,L] = X, 0[L, L]
1 _ (4.9)
=1 - 3002 (0)"

and

Suoll = 1,L —1] = Syo[L, L — 1) = Sun[L — 1, L] = Sus[L, I
1 5

= oW 0)22(0)72,3)(0).
: > 0020 (0) 250
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Proof. Since the proof is long and computationally heavy, we include it in Appendix C.3.
]

From Lemma 4.3.5, we see that the elements of X,,(r) are at least two times continuously
differentiable in r at 0. Intuitively, one may also expect that the diagonal matrix A, (r) of
its ordered eigenvalues and the corresponding matrix P, (r) consisting of its eigenvectors
to have the similar properties. In particular, when p(x), x > 0 is real analytic on a
neighborhood of 0, we can simply follow the proof of Lemma 4.3.5 to show that 3, (r) is also
real analytic on that neighborhood. Then by the first theorem in [22], both the eigenvalues
and eigenvectors of 3, (r) can be parameterized real analytically on a neighborhood of 0.
As for the ordering of these eigenvalues, by noting the fact that zeros of a real analytic
function indexed by R are isolated (see Corollary 1.2.5 in [21]), we can also show that
A, (r) and P,(r) can be both real analytic on a neighborhood of 0.

However, the above result relies heavily on the assumption that p is real analytic, and
is not guaranteed even when p is infinitely differentiable (see more explanation in [20]).
Thus, the following condition can be regarded as a generalization of real analyticity of p
on a neighborhood of 0, such that both the ordered eigenvalues and the corresponding
eigenvectors of ¥, (r) can change smoothly enough under perturbation.

Definition 4.3.6. (Perturbation Condition) Let X be qualified, and let ¥(t), P(t) and
A(t), t € RV \ {Oy} be the matrices as defined above. Then X is said to be qualified
under perturbation if there exists a version of P(t) and A(t), such that for any direction
w=(uy,...,uy)’ € SN,

1. both P,(0) := lim, o P, (r) and A, (0) := lim, o A, (r) exist;

2. there exists a constant d,. € (0,0,] such that P,(r) and A, (r) are both continuous
on r € [0, 0pcl;

3. Py(r) = Pyuo+ P,ir +o(r) asr — 0 for some P,, P, € RF*L;

4. Ay (1) = Ayo+ Ay ar + Ay or? +0o(r?) as r — 0, where A, j, j =0,1,2 are all L x L
real-valued diagonal matrices. More specifically, this is equivalent to

)\u,i(r) = /\u,i,O + )\u71‘717" + /\u,i,2T2 + O(TQ),

where Ay, ; € Rfori=1,...,L and j = 0,1,2, such that A, = diag (Ayi0,7 =
1, ce ,L), Au71 = dlag ()\u,i,hi = 1, ceey L), and Au72 = dlag (Au,i,%i = 1, e ,L)
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In the following sections, if X is qualified under perturbation, then P(t) and A(t) are
selected to be a version satisfying all the four conditions in Definition 4.3.6 by default.

Remark 4.3.7. Let X be uahﬁed under perturbation and w € S¥=!. Then by Definition
4.3.6, Ay(r) == Py (r)AJ*(r), r > 0 is also continuous on r € [0,4,,] and there exist
Au’(), Au71/2, Au’1 € RLXL such that s

Ay(r) = Auo+ Au,1/27"1/2 + Ayar+o(r)

as r — 0. In particular, we have A, o= A,(0).

In addition, by the continuities of 3, (7), Ay (7), Pu(r) and Ay (r) on r € [0, d,], it is
easy to see

(i) P, is orthogonal;
(ii) X0 has the eigen-decomposition

T .
Eu,O - Pu,OAu,OPmo:

(iii) Auo= PuoAs.

4.4 Covariance Structure

4.4.1 General Covariance Structure

The following lemma collects some useful results from Lemma 4.3.5 and Definition 4.3.6.

Lemma 4.4.1. Let X be qualified under perturbation and w € S¥=1. Then for any 1 <
1 < L, we have

(i) (PLY)TP) =0;
(/LZ) )\'Ua,l',l == O, Z’-e., A_u71 = OLXL)'
(iti) if Aio = 0, then Ayis = (P S0 s P

(iv) EuOP 1—)\1“0P @
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Proof. By Definition 4.3.6 and the orthogonality of P,(r) for any » > 0, we have

I, =P,(r)"P,(r)
= (Pyg+ Pyyr+0(r))" (Puo+ Pyar +o(r))
=1I,+ (PlyPu1+ PL P,g)r+o(r),
which implies
P:ZI:OPu,l + P'Z:lPu,O =0rxz-
Thus, for any 1 <i < L,

(PO)TPY, = - (PL, Py, + PL P,o) [i,i] = 0.

N —

For (ii), note that
B (r)Pu(r) = (Zu,o + By + 0(r2)) (P( Dy P( )17“ + o(r ))
= S Pl + (ZuoP)) 740 (1)
and

Au,i(T)Pu(T)(i) = ()‘u,i,O + Awin?” + Auior® + 0(7”2)) <P1% + P(z)lr + o(r ))

| | (110)
= )\u’hopéjz) + <)\u i OP 1 + )\u ZJP,,S'%) T+ O( )
Then by X4,(r) Py (r)® = \yi(r) Pu(r)@, we get
Aui0 P + Nit Py = o P (4.11)

By left-multiplying (Pﬁ%)T on the both sides of (4.11), (i) of this lemma, (i) and (ii) in
Remark 4.3.7, and the symmetry of 3, , we have for any 1 <¢ < L,

)\u,i,l = <P(Z)

T -\ T .
0 S0Pl = (P) SuoPlh = huso (PI2) Ph =0

For (iii), by (ii) and Ay ;0 = 0, Equation (4.10) becomes
Aui (1) Pu(r)® = (Aui2r® + o(r%)) (Pf) P(Z)lr + o(r ))
_)\uz2P 07” +0< )
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Similarly, by X, (1) Py (1)® = Ay i(r) Py (1), we can get
Sus Pl = AuiaPLY. (4.12)

Then by left-multiplying (PE%)T on the both sides of (4.12), we have for any 1 <i < L,

\T .
Miiz = (PU) SuaPl
Finally, taking (ii) into Equation (4.11) yields (iv). O

Remark 4.4.2. Let X be qualified under perturbation and w € S¥~1. By (ii) of Lemma
4.4.1, it is easy to see the matrix A, 1/, in (iii) of Remark 4.3.7 is O, and then we have

Ay(r) =Auo+ Ayr+o(r)
as r — 0. In addition, by Definition 4.3.6 and (ii) of Lemma 4.4.1, we have

>\ .
)\i/? + w,i,2
ANy = PO 2(Ay0) 12

u,l

r2 4o (7“2) , for any 1 <i < Rank (2,,);
AZ?QT +o(r), otherwise.

Then by Definition 4.3.6, Remark 4.4.2, and A, (r) = P,(r)A*(r), we have

0 )‘11L/,1’2,0P15Z;)17 for any 1 <7 < Rank (3,0);
Ay = \Y2 pl) . (4.13)
w2 w0 otherwise.

Forany 1 <i<j<N,1<k<Nandu=(up,...,uy)t € S¥71 define H(u) =
(hie(u)) € RVXE by

hk7i+j(j,1)/2(’u,) = (5j7kui -+ (1 — 5j,k)6i,kuj and th,l(u) = th(u) =0. (414)
For example, when N = 3, we have
up ug 0 ug 0 0 0 O
H(’U,) = 0 Uy U2 0 us 0 0 0
0 0

0 0 0 Uy Uz U3

The following lemma collects some useful results about H (u).
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Lemma 4.4.3. Let X be qualified under perturbation and uw € SN=1. Then

(i) if M € RN*N s the N-th order matriculation of a vector a € R* (n > N(N+1)/2),
then
H(u)a = Mu;

(ZZ) 2u70HT(U) = 0L><N7'

(i1i) H(u)Ay(r)D =0y +o(r) asr — 0 for any 1 < i < Rank (Z0).
Proof. One can directly check (i) by (4.14). As for (ii), one can note that the expressions in
(4.6) and (4.8) are both symmetric in i; and 7;. As a result, for any 1 <14 < L, the elements

in Matri ((2%0)(“) for which the row number i, is greater than the column number j; will
also be described by these expressions. Thus, for any 1 <i < L,

Matri ((Eu,o)(i)) u=0y.
Then by (i) of this lemma and 3, = X, ,
(Buo) o HT (u) = (H(1)(Zuo)®)" = (Matri (Zuo)®) u) = 0F.
As for (iii), by (ii) of this lemma, we have
H(u)Auo =Onxr. (4.15)
Then by Remark 4.4.2, it suffices to show that for any 1 < i < Rank (X,,0),

H(u)AY, = 0y. (4.16)

w,l —

Note that Ay ;0 # 0 for any 1 < < Rank (%,). By (ili) in Remark 4.3.7 and (4.15), we
have for any 1 < i < Rank (3,),

H(w) P =\, iH(u) A = oy. (4.17)

u u,2,0
By (4.13), we have
AV =2\ P

u,7,0" u,l’

which, together with (iv) of Lemma 4.4.1, implies for any 1 < i < Rank (2,),

A9, & span {P, ..., PLC )
Then by (4.17), (4.16) is immediate, and hence completes the proof. O
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4.4.2 Properties of the Covariance Matrix along a Coordinate
Axis

In the last section, we have explored some properties of 3, (r) for any u € S¥=1. Let
ug := (0,...,0,1)7 € RE which is the direction of the last coordinate axis. By Lemma
4.3.5, 34,,(0) has a simple form. This would be helpful in solving problems that depend
on ¥,(0) but are independent of the choice of w € S¥~!. In this section, we focus on the
properties of the covariance matrix X,,,(r), 7 > 0. For conciseness, we will drop u, from
subscripts.

By Lemma 4.3.5, it is easy to see the form of 33 can be very simple after swapping some
of its rows and the corresponding columns. For example, for N = 4 and p(x) = exp(—x),
x > 0, i.e., the covariance function R(t) = p(||t]|*) = exp(—|t||?), t € R*, we have

32
2.0 % 00 %2 0000 -3 —3
0 4 0 00 0 0000 0 O
£ 0 200 2 0000 -1 —1
0 00 40 0 0000 0 O
0 0004 0 0000 0 O
8 8 32 4 4
20:30500?0000_5_3
0 00 00O 0 0D0O0DO 0O O
0 00 0OO 0 00O0DO0O 0O O
000 0O0O 0 00O0DO0O 0O O
000 0O0O 0 0D0O0DO 0O O
-0 -4200 20000 2 2
by b0t o000 22
3 3 3 3 3
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After swapping some rows and the corresponding columns, it is turned into

w
N

o l00we 00w |
| s looes |Besloo

[SCIISNGVI N

| o |Eeelo0usloo
|
|

[GL NGV FNULT AN

[SCIFSNGVI N

|

cCoococo oo
cCoococo oo
cCoococo oo
o0 OO O Ouwee |
oo OO O Ouwees |
cCoococ oo RO OO
===l eR=N=R=R=N=
=== Y=R=R=N=R=R=N=
=R =R=R=R=R=R=R=R=R=N<=
cCoococooo0cocoo00o oo
cCoococooococoo00 oo
cCoococooo0cococo00o oo

Indeed, one can easily check that 3 is the limit of the covariance matrix of

(Xn(uor), XQQ(’U,QT), X33(’U,0’I“), X(U,Q’I“), X(O), Xlg(’l.l,o’l"), X13(’U,0’T‘), X23(’U,07“),
X14(UO7"), X24(’U,07‘), X34(’U,07”>, X44(’U,0T)‘VX(’U,0T) = VX(O) = 0]\[)

as r — 0. In general, we can rearrange the elements of the random vector
(V2X(t), X(t), X(0)|[VX(t) = VX(0) = Oy)

such that the limiting covariance matrix 3, of the random vector after the rearrangement
has the form
B, B, 0 0
B B; 0 0
0O 0 By 0 ’
0 0 O Oyxn

where BO c ]R(N—l)x(N—l)7 B1 c R(N—l)(N—Q)/Qx(N—l)(N—Q)/27 B2 c R(N—l)xQ’ and B3 c R2%2
satisfy that

> = (4.18)

2
BO[Z.()?].O} =4 <§ + 257;07]0) p(2)(0> for any 1< iOij < N — ]-7

Bi[i1, ju] = 4p®(0)5;, 5, for any 1 <'iy, 5y < (N —1)(N —2)/2,
4

Byliz, jo] = gp(l)(o) for any 1 <ip < N —1land 1 <j, <2,
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and . )
p1(0)
3p2(0)

Indeed, By corresponds to the elements in (4.6) with 1 <y, 1,142,752 < N — 1, 4; = j; and
ia = ja; By corresponds to the elements in (4.6) with 1 <y, 1,142,752 < N — 1, 4; < j; and
iy < ja; By corresponds to the elements in (4.8) with 1 <i; = j; < N — 1; Bj corresponds
to the elements in (4.9). It is noticeable that 3, and X share the same eigenvalues (but
different eigenspaces). The following lemma introduces some properties of the eigenvalues
and eigenvectors of 3.

Bsliz, j3] =1 — for any 1 < i3, j3 < 2.

Lemma 4.4.4. Let

w o= ¢ b c R2%2
' c d ’

where
_8

o
3p ( )7

a:g%+&N—%m@@,b

i 1 (0
c= g(N —1)pW(0) and d =2 (1 - gP(Q)(O)) .

Then we have
(i) The eigenvalues

d++/(a—d)?+4b
A+_a+ + (Z )2+ ¢ oy

a+d—/(a—d)?+4bc
2

of W' are also two different eigenvalues of ¥y, i.e., there exist integers 1 <[l < s < L
such that
)\170 = )\+ and )\570 = A_.

Moreover, we have

Ao > 8p(2)(0) and Aso # 0.
(i1) 0 is an eigenvalue of o with multiplicity N + 1 and its eigenvector, py, must satisfy
poli +j(j —1)/2| =0 forany 1 <i < j< N —1
and

polL — 1] + po[L] = 0.
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(iii) 4p2)(0) is an eigenvalue of Xo, and if Ay # 4p?(0), then the multiplicity of 4p®(0)
as an eigenvalue of 3¢ is (N — 1)(N — 2)/2.

(iv) 8p2)(0) is an eigenvalue of 2o, and if Ao # 802 (0), then the multiplicity of 8p3)(0)
as an eigenvalue of 3o is N — 2.

(v) For any nonzero eigenvalue of Xy, its eigenvector, p,,, must satisfy

Pus[L — 1] = py:[L] (4.19)

and
Pzt + N(N —1)/2] =0 for any 1 <i < N. (4.20)

(vi) If Nso & {4p?(0),8pP(0)}, then any eigenvector, p., of 4p*(0) or 8p@(0) must
satisfy
p«|L — 1] = p.[L] = 0.

(vii) If Aso ¢ {4p@(0),8p)(0)}, then for Ao and \so as eigenvalues of g, any eigen-
vector, p, of them must have the form:

pli+j(j —1)/2] = bz, foranyl <i<j<N-—1,
pli+ N(N —1)/2] =0 for any 1 <i < N, and p|L — 1] = p[L] = v,
where x and y are both non-zero.
(viii) There exists a constant C' > 0 such that
Aso < 452(0),
where 5\3,0 is the analog of s defined using the rescaled covariance function
pUIEI1P) = p(CIIt]*) for any t € RY \ {Ox}.

Proof. In (4.18), denote
~ (B0 B (N+1)x (N+1)
B = <Bg Bg> eR .

Since det (B — A y41) = 0 for some A € R implies det (X{ — AI) = 0, for (i), it suffices to
show that an eigenvalue of W must also be an eigenvalue of B . Let ¢ := (Gy,...,qn+1)" €
RN\ {0y, 1} and X € R satisfy

(B—My1)G = 0. (4.21)
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It is easy to see that (4.21) implies

q1="---=(qn-1 and ¢n = qn1-
Then (4.21) is equivalent to
(W — AL)(G1,Gn)" = 0,

Thus, Ay and A_ are both eigenvalues of Xy. Since bc > 0 and p®(0) > 0 (see Remark
4.3.4), we have

)\170 — )\570 > V4be > 0

and

d —d)?+4b d —d
no = ARVl Z AR, el ax(a,d) > 809/0)
Moreover, if ;o = 0, then ad = bc. By some calculation, this implies

pPA0) _ N
P02 S N12

However, by Lemma 4.2.1 and Condition (4) in Definition 4.3.2, we can get

)
(

P00 N

pD(0)2 ~ N +2°

which leads to a contradiction. Thus, Aso # 0.
As for (ii), we can observe from (4.18) that

L — N —2 < Rank (%) = Rank (X)) <L - N —1,

and the only uncertainty of Rank (¥Xj) comes from B, where the last two rows (and
columns) are the same, and hence, one of them can be dropped in the subsequent dis-
cussion. Thus,

Rank (2) = L — N — 1 if and only if B[1 : N,1: N] is non-degenerate.

By solving the equation é[l : N,1: N]g =0y for ¢ = (q1,...,qn)"T € RY, we see that
the non-degeneracy of B[1 : N,1: N] is equivalent to the equation W (qy, qn)*
having any non-trivial solutions, i.e.,

= 05 not

det (W) = )\170)\370 7& O,
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which is obvious by (i). Thus, Rank (¥y) = L — N — 1, and then the multiplicity of 0 is
N + 1. By (4.18) and solving the equation Xopy = 07, for py € RY, we have

poli+j(j—1)/2 =0forany 1 <i<j<N-—1 (4.22)

and
po[L — 1] + po[L] = 0. (4.23)

As for (iii), similarly, we can observe from (4.18) that

1 1
5V =DV = 2) =1 < Rank (3 — 4p?(0) ) < (N = 1)(N - 2),
and the only uncertainty of Rank (2, — 4p®(0)I;) comes from Rank (B[l : N,1: N] —
1P (0)I), Le.,
Rank (2o — 4p®(0)I) = L(N — 1)(N — 2) if and only if B[1: N,1: N] — 4p®(0)I is
non-degenerate.

1
2

By solving the equation (B[1: N,1: N]—4p®(0)Iy)q’ = Oy for ¢ = (¢,,...,qy)" € R,
we see that the non-degeneracy of B[l : N,1: N] — 4p®(0)Iy is equivalent to

det (W — 4pP(0)I,) # 0.
Then by (i), this is equivalent to A, o # 4p(®(0) as we desired. Note that the proof for (iv)
is only an analog of (iii) by replacing 4p((0) with 8p()(0).

As for (v), note that 7 = (0,...,0,1,—1)T € R’ is in the eigenspace of 0. Thus,
by the orthogonality of eigenspaces, any eigenvector, p,.., of a nonzero eigenvalue satisfies
Dnz[L—1] = py.[L] as stated in (4.19). Then by (4.19), (4.22), (4.23) and the orthogonality
of eigenspaces, (4.20) is immediate.

As for (vi), let pry, 1 <k <l < N —1be (N —1)(N —2)/2 vectors in R* such that
Preli +7(7 —1)/2] = 0; 30,0 for any 1 <i < j < N —1,

Pre[i + N(N —1)/2] =0 for any 1 <i < N,

and
Pre[L — 1] = pre[L] = 0. (4.24)

Then by (iii) and (4.18), it is easy to check that pyy, 1 <k < ¢ < N —1 are linearly inde-
pendent and form a basis of the eigenspace of 4p(?)(0). By the orthogonality of eigenspaces
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and (4.20), this implies for any eigenvalue of Xy not equal to 4p®(0), its eigenvector, p/,
must satisfy
pli+j(j—1)/2]=0for1 <i<j<N. (4.25)

Let p}, 1 <k < N —2be N — 2 linearly independent vectors in RY such that for any
1<k<N-2

Zpg[i+i(i—1)/2] =0, pi[N+N(N—-1)/2] =0, (4.26)

pili+j(j—1)/2]=0forany 1 <i<j <N,
and
PiIL —1] = pi[L] = 0. (4.27)

Then by (iv) and (4.18), it is easy to check that p}, 1 < k < N — 2 form a basis of the
cigenspace of 802 (0). Then combining (4.24), (4.27) and the orthogonality of eigenspaces
yields (vi).

As for (vii), by the orthogonality of eigenspaces, (vi), (4.20), (4.25) and (4.26), we have
for any nonzero eigenvalue of X not equal to 4p(0) or 8p(?(0), its eigenvector, p must
have the form

pli+7( —1)/2] = 6i;z, (4.28)
for a constant z € R and any 1 < ¢ < j < N — 1. By (4.19), (4.20) and (4.28), the only
thing left is to show zy # 0. Let p;, p, € RY be eigenvectors of A g and ), respectively,
such that

pili +7(j —1)/2] = 6;jay, forany 1 <i<j < N —1,

psli +7(j —1)/2] = 6; jos, forany 1 <i < j < N —1,
oL — 1] = p[L] = y; and ps[L — 1] = ps[L] = ys.

Then it suffices to show x;yxsys # 0. Suppose xyxsys = 0. By the orthogonality of
eigenspaces,
(N — 1)xzs + 2yys = 0.

Then we must have
s = y1ys = 0.

Without loss of generality, suppose x; = 0. Then y; # 0 since p; is nonzero. By checking
the first rows of the both sides of the equation (X9 — A\ oI)p; = 0z, (4.8) and (i), we have

8
30w = (Zo[l, L= 1] + So[L, L)y = 0.

71



This implies p(Y)(0) = 0, which leads to a contradiction with Remark 4.3.4. Therefore,
ryirsys 7 0 as we desired.

As for (viii), note that for any C' > 0

i+d—/(a—d)?+4bc

s,0 — 9 )

>
|

where 8
3<32+8< 2))C%p(0), 6:§Op<“<0>,

_ ()2
= il(N —1)Cp™M(0) and d = 2 (1 - gp@g(g()))) .

Then we can define

ky:=aC™ 2, ky:=bC"", ky:=cC ', and ky :=d,

and by Remark 4.3.4, we have k; # 0 for i = 1,2, 3,4. In particular, we have
1
ky = 5(32 + 8(N —2))p@(0) > 8p@(0).

Then by (i), the inequality X, o < 4p®(0)C? holds if and only if

k1C? + ky — /(1 C? — ky)? + dkoksC? < 8P (0)C2,
Thus, it suffices to have
F(O) := ((ky — 8pP(0))C? + ky)? — (k1 C? — ky)? — 4kyksC? < 0.
Note that f is a polynomial of C' with degree four and its coefficient of C* is
(k1 — 802 (0))? — k2 = —16p P (0)k1 + 64p@(0)% = 16p? (0)(4p®(0) — k1) < 0.

Thus, there exists a constant Cy > 0 such that f(C) < 0 for any C' > Cp. This implies
Aso < 4pP(0)C? = 45P(0) for any C > Cp, and hence proved. O

Remark 4.4.5. Recall that L = N(N+1)/2+2. By Lemma 4.4.4, the sum of multiplicities of
0, 4p2(0), 8p@(0), As 0, and A is equal to L, which implies they are the only eigenvalues
of ¥y. The condition in (vii) of Lemma 4.4.4, i.e.,

Aso & {4p19(0),8p(0)},
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ensures that these eigenvalues are distinct.

However, if the problem of interest is independent of the choice of C' in the covariance
function R(t) = p(C||t||?), t € RY, then by (viii) of Lemma 4.4.4, we can assume that this
condition always holds, since it can be achieved by a suitable rescaling.

Lemma 4.4.6. Let X be qualified under perturbation. Then

(1) there exists an integer L — N <1 < L such that ;5 > 0;

(1) there exists an integer L — N < i < L such that A\;» = 0.
Proof. By (ii) of Lemma 4.4.1 and (ii) of Lemma 4.4.4, \;o = A\;; = 0 for any L — N <
t < L. Then by Definition 4.3.6,
Ar) — A A
Mg = lim 2T = X0 — daar

r—0 7“2 r—0 7“2

Thus, for (i), it suffices to show \; 2 # 0 for some L — N <i < L. Let p € R satisfy

plk] = dpnyn(v—1y2 for k=1,... L.
Then p” = H(uo)n), and by (ii) of Lemma 4.4.3,
p' Sop = 0.
Recall that in Lemma 4.3.5 and Remark 4.3.4, a = p(0)~!p?(0)? and 38 = p®(0). Then
p ' 3op = [N + N(N —1)/2,N + N(N —1)/2] = 18a — 308 # 0,

which implies

p'X(r)p=0O(r*) as r — 0. (4.29)
By p” = H (ug)(n), (iil) of Lemma 4.4.3, and (ii) of Lemma 4.4.4, we can also get
p'X(r)p
=@ (A(r)1: L1 (L=N—-1}A(r)[1: L, (L= N): L]))
(PT(A()[1: L,1: (L= N -1} A@)[1: L, (L-N): L))"
= (P"(A()[1: L, (L-N): ])) (pT(A('f’)[ L(L-N):L])" +o(r?
= (p"P(r)AV*(r)[1: L, (L L) (p"P(r)AV*(r)[1: L, (L — N) : L])" + o(r?)
— (p"P(r)) diag (0,...,0, AL_N(T), A (P P()T + o(r?)
= (p"P(r)) diag (0,...,0,A\p_na,. -, Ar2) (P P(r)) " 12 + 0(r?),
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where the semicolons represent juxtaposition operations on matrices. If A\;o = 0 for all
integer L — N < ¢ < L, then from the above equation, we see p” X(r)p = o(r?), which
contradicts with (4.29).

As for (ii), by Lemma 4.3.5, we see
El()HN(Nfl)/z) =0p forany 1 <i < N,

which contributes O(r?") in det (X(r)), and

?

=Y =2 and =Y = =
which contribute o(r?) in det (X(r)). Since X(r) = g + Zar? + 0o(r?), we have
det (X(r)) = o (r**?) asr — 0.

Thus, there must be an integer L — N < i < L such that \;(r) = o(r?), which implies
Ai2 = 0 as desired. O

Lemma 4.4.7. Let X be qualified under perturbation. Denote j := (0,...,0,1,—1)T € RE.
Then
Aig >0 forany L— N <i<L—1, and A2 = 0.

Moreover, PO(L) and 3 are linearly dependent.

Proof. Note that by (ii) of Lemma 4.4.6, there exists an integer L — N < i, < L such that
Ai,2 =0, and by (4.7),

SH[(N(N —1)/241) : N(N +1)/2,(N(N —1)/2+1) : N(N +1)/2]
= diag (2a — 60, ...,2a — 64, 18a — 308) nxnN-

Then by (iii) of Lemma 4.4.1 and (ii) of Lemma 4.4.4, we have

CNT .
0= (P") =P
N-1
= (20— 68) Y Poli + N(N = 1)/2,4,)* + (18c — 308) Py[N + N(N — 1)/2,.]*.
i=1
(4.30)
By Remark 4.3.4, we have 18a — 305 > 0 and 3 < 0, which implies 2ac — 65 > 0. Then by
(4.30), we have
Pyli,i,) =0 forany 1 <i < N(N +1)/2,
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and by (ii) of Lemma 4.4.4,
Py L —-1,i]+ Py[L,i,] =0.
Since Py is non-degenerate, we have
Po(i*) and 7 are linearly dependent.

Note that this property holds for any column L — N < i < L satisfying \; 2 = 0. However,
by the non-degeneracy of Py, there can only be one column of P, satisfying this property.
This means that there exists a unique integer L — N <4, < L such that A;, » = 0. By the
continuity of P(r) at » = 0 and (4.5), we have i* = L. O

4.5 Asymptotic Behavior as » — 0

4.5.1 Main Result 1

Let X be qualified under perturbation. Then for any z € R and compact set T C RV\ {0y}
with Ay_, (8T) < oo,

X(t) conditional on VX (0) =0y and X (0) = =

is still a Gaussian random field on ¢ € T" and satisfies all the conditions in Lemma 2.1.10
except that it may not be centered. By (A.6), Condition (2) in Definition 4.3.2 and Lemma
2.1.4, one can easily check that for any z € R, the mean function of this new random field
is continuously twice differentiable. Then by Remark 2.1.11, the result in Lemma 2.1.10
still holds for this new random field.

Consider a set T C RY \ {0y} such that TU {0y} is compact. Since T is not compact,
we cannot directly apply Lemma 2.1.10 to get the expected number, denoted by n(T), of
the critical points in T' for this new Gaussian random field. However, if we take T, :=
T\ B(Oy,27™) for m > 1, where B(t,r) is the N-dimensional open ball centered at ¢ with
radius 7 for any ¢ € RY and r > 0, then these T}, (if non-empty) are all compact and
form an increasing sequence of sets. This means that we can get the expected number,
denoted by n(T,,), of the critical points in each T,, by Lemma 2.1.10, and then n(T") =
lim,,, oo 7(T,). To explore the integral expression of n(7") given by Lemma 2.1.10, we need
to define some notations.
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For any 0 < k < N, define

Dy, = {m c RNIN+D)/2 :Matri y(x) is non-degenerate

and has exactly k negative eigenvalues}.

Let p(2), 2 € R be the density of X(0), let p(z), z € RY be the density of VX (0), and
let p(z,2), (2,2) € RY x R be the density of (VX(0), X(0)). Then by Lemma 2.1.4,
(VX(0),X(0)) are Gaussian with

Cov [X;(0),X(0)] =0
for any 1 <i < N, and thus, for any (z,z) € RY x R,

p(z,2) = p(2)p(2).

For any t € RV \ {On}, let pi(x, 2), (z,2) € RY x RY be the density of (VX (¢), VX(0)),
and let p(z”, @', 2,2, 2), (2", 2',2,2,2) € RNVHI/2 x RN x R x RY x R be the density
of (V32X (t),VvX(t), X(t),vX(0),X(0)). For any 2’ € RY and z € R, let pi(z”, ', 7|2, 2),
(", x',2) € RNOVHFD/2 5 RV x R be the density of (V2X(t), VX (t), X(t)) conditional on
vX(0) =2 and X(0) = z.

Similarly, for any ¢ € RY \ {Ox}, @', 2" € RN, let py(2”, 2, 2|2, 2'), (2", 2,2) €
RNVHD/2 x R x R be the density of (V2X(t), X(t), X(0)) conditional on VX (t) = =’ and
VX(0) = 2’. In particular, the covariance matrix of the Gaussian density p;(x”, z, 2|0, 0)
is 3(t) which we carefully studied in the previous sections. In addition, by Lemma 2.1.3
and (A.6), the mean vector of py(x”, x, 2]0,0) is 0. Thus, we have

1
V/ (2m)Edet

1 " =1/ T
=) exp <—§(w 2, 2)5(t) (2", 7, 2) > . (4.31)

pt(w”a z, Z‘O, O) =

By Lemma 2.1.10, we have for any 0 < & < N and u € R, the density, f,x(t) of the
mean measure of the (non-degenerate, but we have mentioned in Remark 2.1.12 that a
sample function on a compact set T C RY with A\y_;(0T) < oo does not have degenerate
critical points with probability one) critical points of X above u with index k, conditional
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on VX(0) =0y and X(0) > wu, is given by

fu,k(t)
= P(X(0) > u)_l/ / |det (Matri y(2"))| pe(x”,0, 2|0, 2)p(z)dx" dzdz
z,z2>u J Dy

= P(X(0) > u)_l/ / |det (Matri y(2”))| ps(x”,0, 2,0, 2)p(0, 2) " 'p(2)dx" dvdz
z,z>u J Dy

— P(X(0) > u)p(0)1py(0, 0) / / (det (Matri y ()| pe(2”, 2, 2]0, 0)da"dxds.
z,z>u J D
' (4.32)
We can further define

fur®) = > fur(t)

and

fu,f(t) = Z fu,k(t)a

i.e., to replace Dy, in (4.32) with {x” € RYW+D/2 . det (Matri y(2”)) > 0} and {x” €
RNW+D/2: det (Matri y(2")) < 0}, respectively. It is trivial to show that f, 1 (t) are both
continuous functions of ¢ € RV \ {Oy}. The following is our first main result.

Theorem 4.5.1. Let X be qualified under perturbation. Then for any u € R,

lim Jut(?)

wahJﬂzl

4.5.2 Preparation for Main Result 1

Let X be qualified under perturbation. In this section, we only consider t = wugr, r > 0.
Based on the knowledge of the covariance 3(r) in the previous sections, we can establish
two lemmas suggesting the asymptotic symmetry between the domains

1
D, (r):= {y c RL- A(r) -1y > u, A(r) )y > u, ;det (Matri y(A(r)y)) > 0}
and
1
D, _(r):= {y cRE: A(T)(L_l)y > u,A(T)(L)y > u, ;det (Matri ny(A(r)y)) < 0}
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as r — 0. This asymptotic symmetry plays an essential role in our first main result.

We first introduce an important matrix. For any r > 0, let a;;(r) be the element of A(r)
on the i-th row and j-th column for any 1 < 4,5 < L. Define the map 7: {1,...,N}? —
{1,...,N(N +1)/2}, where for any 1 <i < j <N,

7(j, i) =7(i,j) =i+ 35 —1)/2.

Then for any v = (vy,...,vn)T € {1,...,L}¥ and r > 0, we can define B¥(r) :=
(sz(r))lgingj\/, Where fOI' any 1 S ’l,j S N,

b3 (r) = ar(i gy, (7).
For example, when N = 3,

a1, (T) 2,0, (7”) Q4,0 (T)
BY(r) := | a2, (1) a30,(r) a5,0,(7)
4,03 (T) as,vg (r) a6,vs (T)

In particular, if taking v; = --- = vy =i for some 1 < ¢ < L, then we have
B”(r) = Matri y (A(r)(i)) .
In general, for any r > 0, B¥(r) can be written in the form:
Matri n (A(r)®))

B*(r) = : . (4.33)
Matri N(A(T'>(UN))(N)

Let IIy be the set of permutations on {1,...,N}. For any o € Ily, define a map
:{1,..., LYY = {1,..., L}, where for any v € {1,..., L},
6('0) = (’UU(l), c. 7U0'(N))'

With slight abuse of notation, we still write 6 as o, but one can easily distinguish them by
the object it works on.

Now we can explain why BY(r) is important in the asymptotic symmetry between
D, (r) and D, _(r). Note that for any y € R” and integers 1 <4,j < N,

~

Matri x(A()Y)[i, 1] = D ar(og) ().

k=1
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Then by the definition of determinant, we have

det (Matri y(A(1)y))

= > (== ] (Z“T(n,a(n»,k(ﬂyk)

o€lly 1<n<N \k=1

= > D U0 (1) oo (D)o Yoy

ve{l,...,L}N o€lly

- Z Z (_1)Sign (U)bf,o(l)(r) T bvN,cr(N)(T)ym Yoy (4'34)

ve{l,...,L}N o€lly

= Z det (BY(7))4v, - Yoy

ve{l,..,L}N
1 o(v
:ﬁ Z (ZdetB( ))ym"‘yvz\r'
" we{l,..., L}V \o€lly

This implies that the asymptotic symmetry between D, . (r) and D, _(r) is determined
by the asymptotic behavior of the coefficients, > det (B°®)(r)), of 4y, - Yoy, V €
{1,...,L}N asr — 0. To study asymptotic properties of 3 ., det (B°™)(r)), the pertur-
bation condition in Definition 4.3.6 will be intensively used, and we also need the following

notations:
Vi ={(ve,...,oy) €{1,..., L} : L —-N <wv <L,

1<v;<L—-N—1forany?2<i<N}
and

Vy :={ve{l,...,L}" :o(v) € Vy for some o € Iy}

Lemma 4.5.2. Let X be qualified under perturbation. Then

max
'UE{I ..... L}N\VN

det (B°®) (r))‘ =o(r) asr — 0.

o€elly
Proof. For any v = (vy,...,o5)T € {1,... ,L}N\VN, there are only two possible situations:

(1) 1<y, <L-N-1fori=1,...,N;

Y

(2) there exist integers 1 <4, j < N such that i # j and L — N <wv;,v; < L.
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Since these two situations (as two separated subsets of {1,..., L} \ Vi) are closed under
permutations in Ily, it suffices to show that as r — 0,

det (B?(r)) = o(r)

for any v in these two situations.

For Situation (1), note that by (ii) of Lemma 4.4.4,
Rank (3p) =L - N — 1.
By (i) and (iii) of Lemma 4.4.3, for any 1 <i < N,

Matri (A(r)(””)) uy = (H(uO)A(r)(”i)) = 0% +o(r) as r — 0.

(@) (@)

Then by (4.33),
BY(r)™) = B¥(r)ug = Oy + o(r) as r — 0.
This implies det (B*(r)) = o(r) as r — 0.

As for Situation (2), by (ii) of Lemma 4.4.1, (4.33) and that A(r) = P(r)AY?(r), there
are two rows of BY(r) converge to Oy with the speed O(r) as » — 0. This also implies
det (BY(r)) = o(r) as r — 0. O

Lemma 4.5.3. Let X be qualified under perturbation. Then

det (B"(”)(r))

o€lly

=0O(r) asr — 0. (4.35)

max
veVyN

Proof. The basic idea of this proof is to select a suitable v € Vi such that

Z det (B°™)(r)) = O(r) as r — 0.

O'GHN

First of all, we need to define some notations. For any 1 < j < L, define

M7 (0) := Matri y (A((Jj)> , M (r) := Matri y (A(?")(j)) ,

M (0) := Matri y (Po(j)> , and Mj(r) := Matri y (P(r)(j)) .
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Indeed, M7 (0) and M?(0) are the left limits of M7 (r) and M?(r) as r | 0, respectively.
According to Remark 4.4.5, since the problem is independent of the rescaling of the co-
variance function, it is safe to use (vii) of Lemma 4.4.4 in this proof. By (i), (ii), and (vii)
of Lemma 4.4.4, we can find an integer 1 < v* < L — N — 1 such that

Poli +j(j—1)/2,v"] = 0; jx, forany 1 <i<j < N —1,
Pyli+ N(N —1)/2,v"] =0 for any 1 <i < N, and Py[L — 1,v"] = Py[L,v"] = yy~,

where x,+ and y,+ are both non-zero. Then

MV (0) = Matri <A[()v*)> = diag <xv*)\11)4720, ey Ty )\11)1720, 0> . (4.36)

Our next step is to calculate ) det (B°®)(r)) for a general v € Vy using the above
notations. By (4.33), for any v € {1,..., L},

Z det (B"(”)(r)) = Z det

o€lly o€lly MUCF(N> (/,’-)(N)

= > (=1 et

O'EHN MUN (r)(o'fl(N))
| M (1) o)
_ Z (_1)51gn(cr)det .

oelly M (1) (v,
Note that for any matrix A = (a; ;) € RNV,

det (A) = Z (=17 Dy 51y -+ anov)-

O'EHN
Similarly, we can define an operation f on any symmetric matrices A;,..., Ay € RV*V
by
A (A1)
F(AL - Ax) =) (—1)7 ) det :
= Z (_1)sign(a)det ((Al)("(l)),--- 7(AN)(U(N)))-

oelly
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Then in our context, we have for any r» > 0,

Z det (B (r)) = f(M"(r), -+, M (r)).

o€elly

Note that by Remark 4.4.2, we have

M) M 0)+O(r), forany1<i<L— N —1;
r)= .
)‘2,/227”MZ(7”) +o(r), otherwise.

For any v € ‘71\/, there exists an integer 1 < k < N such that L — N < v, < L. Then

Z det (B"(”)(r))

o€elly
= NLrd (M), MU (1), M (), MO () M (1)) o ofr)
= (=DM (M), M), MO (), M) )+ ofr)

= (NN (M(0), - MU0, MP(0), MPH(0)) + o(r),
where the hat over a component of a vector means that component is discarded.
From the above calculation, we see that it suffices to show

AL (MP(0), o Mo (0), - MY (0), M (0)) #0

for some v € ‘7N (with L — N < v < L for some 1 < k < N). To take the advantage of
(4.36) and by noting that A;o > 0 for any L — N < ¢ < L —1 and A2 = 0 (see Lemma
4.4.7), we select v having the form: v = (v*,... v* vy) for some L — N < vy < L — 1.

Then it suffices to show that there exists an integer L — N < vy < L — 1 such that

F(MY(0), - MY (0), M™(0)) #0.
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To this end, we first observe that
7 (M), M (0), M™(0))

= 3T (1Ot (MY ()0 M (0) 7N, AT (0) 7))

oelly

= ) (—1)"E O M(0)[N, o(N)]

det (M7 (0)@) oo M(0) NI 1 (N —1),1: (N —1)])
'Z NI M™(0)[N, 5]

det ((M”*(O)(l), e ,J\m)(j), e ,M”*(O)W)) [1:(N—1),1:(N— 1)])
MY (0)q)
= (N — 1)!det Mi*<('))(N_1) :
M”O(O)(N)

where the second equation follows from the fact that MY (0)y) = Oy (see (4.36)), and
the last equation is given by Laplace’s expansion.

Now if f(M?"(0),---, M (0), M*(0)) = 0 for any integer L — N < vy < L — 1, then
MY (0)q)
det - : =0,
M ()
Mo (0)( N)
which, together with (4.36), implies
M™(0)[N, N] = ul M (0)uy = 0.
Then by (i) of Lemma 4.4.3, we have for any L — N < vy < L — 1,
ul H(uo) P = ul M (0)uy = 0.

Note that (u{ H(ug))" = (H(uo)(n))" is non-zero, and by (ii) of Lemma 4.4.3, it is in

the zero space of ¥y which is expanded by PO(LfN), cee PO(L). Thus, the above equation
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implies (H (ug)(n))" and PO(L) must be linearly dependent. Then by Lemma 4.4.7, we get
H (uo)(n) and (0,...,0,1,—1) € R” are linearly dependent, which contradicts (4.14). This
completes the proof. O

Let X be qualified under perturbation. By (4.34), Lemmas 4.5.2, and 4.5.3, we have

the following important observation: for any y = (y1,...,y)? € RE,
L
limr~*det (Matri y(A(1)y)) = Z vl (1, - Yn—N-1), (4.38)
r—0
i=L—N

where each of K;(y1,...,yr-n-1), 2= L— N,..., L is either a homogeneous polynomial of
Y1,---,Yr_n_1 with degree N —1 or a zero function, and at least one of K;, L— N <i< L
is not a zero function. Thus, Zz’L:L—N vilKi(y1, ..., yr—n—_1) is a homogeneous polynomial

of y1,...,yr with degree N. For any » > 0 and y € R”, define

h.(y) :=r~'det (Matri y(A(r)y)) . (4.39)
We can also define 5
h0<y) = Z leZ(ylv s ayL—N—l)- (440)
i=L—N

Then h,(y), r > 0 are all polynomials of vy, ...,yr, and (4.38) becomes for any y € RE,

ho(y) = lim h,.(y). (4.41)

r—0

Since A(r) is continuous on r € [0, d,. (Definition 4.3.6), we have for any y € RZ, h,(y)
is a continuous function of r € [0, d,.].

For any u € R, r >0 and ¢t = L — 1, L, define
Hiu(r) = {y eR": A(r)yy > u}. (4.42)
For any » > 0, we also define
Gi(r):={y eR": h(y) >0} and G_(r) := {y e R" : h,(y) < 0}.

With the above notations, the domains D, 4 (r) mentioned at the start of this section can
also be defined as

Dy +(r):=Hp_1,(r) N Hp(r) NGy(r), (4.43)
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for any r > 0. In particular, by A(0) = P(0)A'/2(0), (ii) and (v) of Lemma 4.4.4,
A-1)(0) = A (0).

Then we have
Hp_1,(0) = Hp,(0),
which implies
Dud:(O) = HLM(O) N Gi(O) (444)

The following lemma reveals the most important idea in this section: the asymptotic
symmetry between D, 4 (r) as r — 0. Let b > a. For any ry € [a,b] and A, C R (n > 1),
r € [a,b], define

liminf A, := U ﬂ A, and limsup A, := ﬂ U A,.

T—T0 —
§>0 |r—ro|<§ T 6>0 [r—ro|<é

Lemma 4.5.4. Let X be qualified under perturbation. Then for any u € R, we have

(Z) Zf (yh cee ayL) S Du,:t(o)? then (yh -y Yr—N-1, “YL-N,-- -, _yL) S Du,:F(O);
(i) D, +(0) are both non-empty open sets;
(111) for any ro € [0, 0y, we have

lim Ip, ,(Y) = Ip, . (o) (y) for almost all y € R,

=70

where I stands for the indicator function of a set.

Proof. For (i), let y = (y1,...,yr) € Dyy(0) and y' = (y1,. .., yr-N-1, —Yr-N,-- -, —YL).
Then by (4.44),
Any(0)y > u and ho(y) > 0.

Note that by A(0) = P(0)AY2(0) and (ii) of Lemma 4.4.4, A(0)®) =0 for any L — N <
i < L, which implies A()(0)y’ > u. In addition, by (4.40),

L

ho(y') = Z(—yi)K(yl, o Yr-n-1) = —ho(y).

L—-N

Thus, y' € D, (0). The proof of the other part is similar.
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As for (ii), it is easy to see D, +(0) are both open. By (i), D, +(0) are either both
empty or both non-empty. Since

D, +(0)UD,_(0) = Hr,(0)\ {y € R" : ho(y) = 0},

their union is non-empty. Thus, D, 1 (0) are both non-empty open sets, as required.

As for (iii), fix 7o € [0, d,]. By the continuity of A(r) on r € [0, d,], it is easy to see

H;(ro) C liminf H;,(r) C limsup H;,,(r) C H;u(r0) U0H, (o)

r—To r—10
fori=L—1,L, and

G+(rg) Climinf GL(r) C limsup G+ (r) C Gx(ro) U 0GL(r0),

r—70 r—7ro

where 0 stands for the boundary of a set. This implies

D, +(ro) C liminf D, 4 (r) C limsup D, +(r) C Dy +(ro) U Qo, (4.45)

r—7o r—ro

where

Qo = OH_1,(ro) UOHL ,(r9) UIGL(ry),
and it is easy to see A (Qo) = 0. Note that for any y € (liminf, ., Dy +(7)) N Dy +(70),

Ip, .oy(y) =1for any n > 1 and Ip, ,()(y) = 1,
while for any y € (liminf,_,,, D5, . (r)) N Dg, 4 (ro) = (limsup, _,, Dy+(r))° N D;, 4 (r0),
Ip, .(y) =0for any n > 1 and Ip, . () (y) =0,

where by (4.45),
(lim inf Du,i(r)> N Dy,+(10) = D+ (10)

=70
and ¢ c
<lim sup Duvi(r)) N Dy, 4 (ro) = (lim sup Dui(r)) D Dy, 4 (ro) N QY.

T—=T0 =70

Combining all of the above, we have for any y € Qf, lim,_., Ip, . (¥) = Ip, o) (Y)-
This completes the proof of the lemma.

]
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Definition 4.5.5. For any n > 1, a function ¢ : R® — R is said to be regular if it can be
written in the form:

9(y) = |a(y)| exp(—B(y)),

where a(y) is a non-zero polynomial of yy,...,y, and 8(y) = y’ Xy for some positive-
definite matrix 3 € R™*".

Remark 4.5.6. It is easy to check that a regular function on R™ must be non-negative,
bounded and integrable. Moreover, the integral of a regular function on a non-empty open
set must be positive.

Let X be qualified under perturbation. For any » > 0 and y € R”, define

9:(y) = |he(¥) | pL(y), (4.46)
where h,(y) is as defined in (4.38)-(4.41) and

1 1 .
pr(y) = i &P (—§y y) : (4.47)
For any r > 0, since h,(y) is a nonzero polynomial of y1, ..., yr, g-(y) is a regular function

of y € RY. In addition, since A(r) is continuous on r € [0,d,.] (where §,. is as defined
in Definition 4.3.6), all the coefficients of the polynomial h, are continuous, and then
uniformly bounded on 7 € [0, d,.]. Then by the triangle inequality, there exists a constant
C > 0 such that for any r € [0, 0,],

hT<y) SC Z |yU1"'yUN|'

Thus, for any r € [0,d,. and y € RE,

@) <C >y e P (W), (4.48)

where the right-hand side is a finite sum of regular functions.

4.5.3 Proof of Theorem 4.5.1

Proof. Fix u € R. Since X is isotropic, we only need to show

fu,Jr(uOT)

=1.
r—0 fu77(u07")
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For any r > 0, since X(r) is positive-definite and X(r) = A(r)AT(r), A(r) is invertible.
By the change of variable y = A7 (r)(z", z, 2)T, (4.31) and (4.47), we have

1 1
pu(a”, 7, 2/0,0) = _oxp (—§<m",x,z>z<t>—1<m”,x, z>T)

B wzw)L;et =@ (_?’ y)

1
= mh(y)'

Then the ratio becomes

Fue (ugr) /. o Jotet (Matri ()0 |det (Matri y(2"))| pe(x”, z, 2|0, 0)dx" dxdz
Ju—(uor) (@))<0 |det (Matri y(2”))| pe(2”, z, 2|0, 0)dx" dzdz

Z>U fdet (Matri v (

Ja
B J () |det (Matri n(A(r)y))|pe(y)dy
N fD%_(r) |det (Matrin(A(r)y))|pe(y)dy
N )
- )
J

) [r~tdet (Matri x(A(r)y))| pr(y)dy

Da._ () |77 det (Matri x (A(r)y))] pr(y)dy
_Jp ,+(r)|h( Y)lpr(y)dy
N fDu (r) \he(y)pe(y)dy

Jpusiry 9 W)y

fDu r)gT'( y)dy

~ Jre oW Ip, o (y)dy
 Jar W), ) (y)dy’

(4.49)

where D,, 1 (r) are the same as in Lemma 4.5.4 (see also (4.43)), h,, ¢, and py, are as defined
n (4.39), (4.46) and (4.47).

Note that by (iii) of Lemma 4.5.4, for any o € [0, 6], 9-(¥)Ip, . ()(y) converges almost
everywhere on R” to g, (y)Ip, . () (y) as 7 — 1o, and g,(y)Ip, . (- (y) is dominated by the
right-hand side of (4.48) which does not depend on r and is integrable over RY. Then by
the dominated convergence theorem, we have

=70 RL

lim [ g.(y)Ip,. . (y)dy = / 9ro(Y) D, s (ro) (Y)dy = / 9ro(y)dy.
RL Dy +(10)
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Moreover, by (i) and (ii) of Lemma 4.5.4 and Remark 4.5.6, we have

/ 9o(y)dy = / 9o(y)dy > 0.
Du+(0) Du,—(0)

Then ‘
 fus(uer) Mmoo [ o @Ay [, ) 90(y)dy
lim — = - ’ = ’ =1
=0 fu,* (’U,OT) hmr—)O fDu,,(r) gr(y)dy fDuy,(O) gO(y)dy
This completes the proof of the theorem. n

Remark 4.5.7. In fact, the result in Theorem 4.5.1 also holds for N = 1. Following the
proof of Lemma 4.3.5, one can easily check that the expression of 3y and X5 in Lemma
4.3.5 also holds for N = 1. Then for N = 1, all the results in Section 4.4.1 hold, and we
have

EOZ

o O O
QL O
Q 2 O

where a := 1 — 1p1(0)%p?(0)~!, and by Lemma 4.2.1, we have a > 0. By solving the
equation det (X9 — AI3) = 0 for any A € R, we have

Ay = diag (2a,0,0),
which implies A(()Q) = A(()S) = 0;. Then by X = AgAl, we have
0 00
AO - \/a O O
va 0 0

Thus,
A(r)ay = Air + o(r).

As N =1, Matri n(A(r)y) = A(r)a)y. Then by Remark 4.4.2,

limr~*det (Matri y(A(r)y)) = lim 1A(T)(l)y = (A1) Y.

r—0 r—0 7

Note that by Remark 4.4.2,

1/2 (i .
A _ No P, i=1
1 )\1/2P(i) .

2 By, 1=2,3.
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Thus,

limr~Ldet (Matri v (A(r)y)) = Mo Pi1, yr + M5 Po[l, 2lys + Ay Py, 3lys.  (4.50)

r—0

Note that the dimension of the elgenspace of 2a, as an eigenvalue of ¥, is one. Thus, an
eigenvector of 2a must have the form kP for some k # 0. By (iv) of Lemma 4.4.1, P; )
is either 03 or an eigenvector of 2a. Then by (i) of Lemma 4.4.1, we have

Note that 0 i 1s an elgenvalue of Ay with multiplicity NV 4+ 1 for N = 1. In addition, since
2(1) =03, X %) and 2&2) = 2&3), we can also get

det (3(r)) = o (r**?)

for N = 1. Then we can follow the proof of Lemma 4.4.6 to show that it also holds for
N = 1. This 1mphes )\272 > 0 and )\ng = 0.

Therefore, (4.50) becomes

limr~tdet (Matri y(A(r)y)) = A5 Po[1, 2]y

r—0

Note that by Lemma 4.3.5,
5 5
18a—308 o =36 o —3p

e U A b |,
/ !
o - 28 —b —b

where b := 1p1(0)— 2 p(1(0)%p*(0)72p*(0), and by (4.2), we have b > 0. Since SoP® =

0, we have
Py[2,3] + Py[3,3] = 0.

Then by (iii) of Lemma 4.4.1,
@\ 5. p®
0=Ags = (PO ) %, P!

= (18a — 308)Py[1,3]2 + 2 (o/ - gﬁ) Py[1,3](Py]2,3] + Py[3,3))

— b(Py[2,3] + Py3,3])2
= (18a — 308) Py[1, 3)°.
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Since 18« — 305 > 0, we have Py[1,3] = 0 (and thus, Lemma 4.4.7 also holds for N = 1).
By (2o — 2aI)P" = 0 and a # 0, we have Py[1,1] = 0. Thus, if Py[1,2] = 0, then from
the above, we can get (P)a) = (0,0,0). This implies Py is degenerate, resulting in a
contradiction. Thus, we have

Py[1,2] # 0.

Therefore, for N = 1, we can define
ho(y) == Ayl Po[1, 2y

which is a non-zero polynomial of y with degree one. Then we can also define D, . (r) as
in (4.43). Since (y1,y2,y3) € D, +(0) is equivalent to (y1, —y2, —y3) € D, +(0), one can
follow the proof of Lemma 4.5.4 and show that it also holds for N = 1. The remaining
proof is the same as that of Theorem 4.5.1.

4.6 Asymptotic Behavior as u — oo

4.6.1 Main Result 2

Let X be qualified under perturbation. Recall that Condition (3) in Definition 4.3.2 implies
p(z) is four times continuously differentiable on [0,67], which makes 3(r) continuous on

r € [0,0,] (see Lemma 4.3.5). Indeed, for any &, > 0 such that

p(x) is four times continuously differentiable on [O, 52], (4.51)

we can show that 3(r) is continuous on r € [0, Sp] by a similar proof of Lemma 4.3.5.

Suppose that (4.51) holds for some 5,, > 0. For any r > 0, let Av('r) be the non-negative
square root of 3(r). Recall that this means A(r) is the unique positive semi-definite matrix
such that L

S(r) = A(r)AT(r).

Then by Lemma 4.2.2, fi(r) is continuous on r € (0,5,)]. In addition, for any r > 0, we
can get

A(r) = A(r)P"(r). (4.52)
Then by Definition 4.3.6,

lim A(r) = A(0).

r—0
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Thus, A(r) is continuous on r € [0, 5,)-

To establish our second main result, we also need
S(r)k+k(k—1)/2,i] <0

forany 1 <k < N—1,r>0andi=L—1,L. Note that by Lemma 4.3.5, 3(0)[k + k(k —
1)/2,i) = 2pV(0) < 0 for any 1 <k < N—1andi= L —1,L. Thus, it is equivalent to
requiring that the above inequality to hold for any r > 0. By the proof of Lemma 4.3.5
(see (C.10), (C.11), (C.46) and (C.47)), this is equivalent to

k1 ('U,()T’) >0and 1— /{31(’11,07“)]{3*(11,07“) — k;(uor)r4 > 0,

for any r € (0,0,], where for any t € RV,

(11212 @) (||1£]12
bn(t) = 0 hatt) = 2 and ke (6) = ) + k(o)
i.e., for any = € (0, Sg],
PO <0 and (@) + 250 (@ @) + AP @ < GOO)R (15

Example 4.6.1. For any a > 0, we can show that condition (4.53) is satisfied when
p(x) =e % x >0. Since condition (4.53) is invariant under rescaling, it is equivalent to
check this condition when a = 1. Note that pV(z) = —e™* < 0 and pP(z) =™, 2 > 0.
Thus, it suffices to check for any x > 0,

e* > 1 — 2z + 422,
i.e., for any t > 0,
e >1—t+t%
Note that et = >_°° & Thus, for any t > 0,

n=0 n!"

1 1
t 2 3
>1+t t t
e +t+ +

1 1
=(1—t++¢ %+ —t3 — —¢2
( + )+< +5t" 5 )

>1—t+t%
where the last inequality follows from the fact that 2t + %t‘q’ > %t‘* > %tQ for anyt > 0.
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Recall that by (4.32),

fur(t) == P(X(0) > u)_lp(O)_l/ / |det (") |pe(x”, x, 2|0, 0)p:(0, 0)da" dzdz,
z,z>u J Dy
where
Dy = {CL‘ € RYWHD/2 Matri y(2) is non-degenerate
and has exactly k negative eigenvalues}.

For any 0 < k < N, f,x(t) is positive and continuous (by the dominated convergence
theorem) on t € RV \ {0y}

For any u > 0 and t € RY \ {Oy}, define

s fu(®)
V) = =+ fun(®)

Then ¥, (t) is also continuous on t € RY \ {Oy}. The following theorem describes the
limiting behavior of ¥, (t) as [|t|| — 0 or u — 0.

Theorem 4.6.1. Let X be qualified under perturbation. Assume that X also satisfies
(4.51) and (4.53) for some §, > 0. Then we have

1) For any u > 0, the limit U,(0) := limy4—o Vu(t) exists (and thus, W, (t) s well-
lIt]—
defined and continuous on t € RY ).

(ii) Asu— o0,
max U, (t) — 0.
tcB(0n,6,)

4.6.2 Preparation for Main Result 2

By replacing A(r) in (4.42) with A(r), we can similarly define

Hiu(r) = {y ERY: A(r) oy > u} , (4.54)
for any r > 0, u >0 and ¢ = L — 1, L. It is noticeable that

e by (4.52) and (v) of Lemma 4.4.4, [:{TL,M(O) and f[Lu(O) coincide;
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e by the continuity of A(r) on r € [0, Sp], fori=L—-1,L,

H;,(0) € liminf H;,(r) C limsup Ho(r) © Hiu(0) UOH,.(0), (4.55)
r—

r—0

e for any r > 0, since 3(r) is non-degenerate, the two (L — 1)-dimensional hyper-planes
OHp_1,(r) and O0H/ ,(r) cannot be parallel, and thus, 0H_1,(r) N OHL (1) # 0.

By convention, the closure of a set A C R” is denoted by A. For any r > 0 and u > 0,
let Vi, (r) == Hp_1,(r) N Hpu(r). Since V,(r) is a convex set, the point in V. (r) which
minimizes the distance between the origin and a point in V,(r) is unique. Thus, we can
define

Yu(r) := argmin ||y||. (4.56)
yeVu(r)

Let g;u(r), ¢ = L — 1,L be the projection of the origin on the (L — 1)-dimensional
hyper-plane 81'?@“(7“), and let yr_1,.(r) be the projection of the origin on the hyper-
plane OH L—1u(r) N oH Lu(r) (when r > 0, this hyper-plane is (L — 2)-dimensional, where
L=N(N+1)/2+ 2> 2). Obviously, for any » > 0 and u > 0, we have

gu(r) € {gLfl,u(T% yL,u<T)’ QLfl,L,u(r)} ) (457)

and in particular,
9u(0) = 91-1,(0) = 91..(0). (4.58)

Recall that the index of a critical point is defined to be the number of negative eigen-
values of its Hessian matrix.

Lemma 4.6.2. Let X be qualified. Assume that X also satisfies (4.51) and (4.53) for
some 8, > 0. Let 4, (), Yr—1.(7), Yru(r) and g1 1.(r) be as defined above. Then for
any u > 0,
(1) Matri M(Av(r)g)m(r)), i =L —1,L has at least N — 1 negative eigenvalues for any
re[0,6,);

(ii) Matri N(A(r)Yr—1,0..(r)) has at least N — 1 negative eigenvalues for any r € (0,9,].

These, together with (4.57) and (4.58), imply that Matri x (A(r)gu(r)) has at least N — 1
negative eigenvalues for any r € [0,0,)].
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Proof. For (i), fix u > 0 and r € [0,0,]. Since 9;,(r) is the projection of the origin on the

hyper-plane 0H, ,(r) for i = L — 1, L, it is easy to see

R T
Gia(r) = Ba(r) (Ao
for some real number §;,(r) # 0. Then

0 < u= AW)dulr) = bl | Ao || = Beutr)S0)1 1)

Since X(r) is positive semi-definite, we have §; ,(r) > 0 for i = L — 1, L, and then

. A . e o T
Matri y (A(r)yivu(r)> = [;u(r)Matri x (A(r) (A(r)(i)> )
= ﬁi,u(r)MatriN (E(T)(l)) .
Note that by (i) and (ii) in Appendix C.4, (C.29) and (C.30), it is easy to check that

Matri 5 (2(r)®) is diagonal with the first N — 1 diagonal elements equal to X(r)[1, ] for
i = L —1,L. In addition, by Condition (4.53), we have X(r)[1,i] < 0 for i = L — 1, L.

Thus, Matri y(A(r)y;.(r)), i = L — 1, L has at least N — 1 negative eigenvalues.
For (i), fix u > 0 and 7 € (0,4,]. It is casy to sece

A(T)(LA)QL—LL,U(T) = A(T’)(L)QL—l,L,u(T) =u,

and for any € R” such that Av(r)(L,l)w = A(r) iz = u,

yga,L,u(T)(w —Yr-1,0.(r)) = 0.

This implies

G10a() = Fy1r) (AN en) +800) (AN

for some constants 37, ,(r) and 8} ,(r). Then for i = L — 1, L,

u=A(r)iYr-1,0,u(r)
= A(r) (52_1,u(7“) <AV(T><L—1)>T + Br.a(r) <AV<7')(L))T)
= 01 1u(r)B(r)[i, L — 1] + B, (r)B(r)[i, L],
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ie.,

() = s - n - (1), .

u

Denote
a(r) :=3(r)[L —1,L — 1] = X(r)[L, L],

where the equality comes from the symmetry between X (0) and X (uor) in the definition
of 3(r), and
b(r) :=3(r)[L—1,L] = X(r)[L, L — 1].

Since 3(r)[(L — 1) : L, (L — 1) : L] is positive-definite, we have
a(r) > 0 and a?(r) — b*(r) > 0.
Then by (4.59), we have

u u

ﬁlL—l,u(T) = B'L,u(r) = m(a(r) - b<7")) = a(r) T b(_T) > 0.

Thus,
MatriN (AV<T)QL—1,L,u(r)>
L Matriy (A(r) (A A
— ———Matri _
ey Mty ( ) (A + A )
u
= ——— (Matri y (Z(r) =) + Matri y (2(r)P
a(r)—l—b(r)( atri y (2(r) ) 4+ Matri v (2(r)'"))
u . e A _ . e N
- —a(r) 0 (/BL_iLu(T)MatrlN(A(T)yL—l,u(T)) + BLVL(T)MatmN(A(r)yLvu(r))> ,
which is diagonal and has at least NV — 1 negative eigenvalues by the proof of (i), and hence
proved. O

Recall that in Section 4.5.1, we have defined for any 0 < k < N,
Dy, = {ac € RYWHD/2 :Matri y () is non-degenerate
and has exactly k negative eigenvalues}.

For any 0 < k < N and r > 0, define
N N N
Gi(r) == {y cRF:A(r)y € U Di} :
i=k
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and let B N
Gi(0) := hgl_}lglf G (r).

Then for any u > 0,0 < k < N and r > 0, we can further define

Doi(r) == Hp_1.(r) 0 Hpo(r) N G(r). (4.60)

The following lemma describes the behavior of D, (1) as r — ro for any ry € [0, 3],
which is important for our second main result.

Lemma 4.6.3. Let X be qualified under perturbation and satisfy (4.53) for some 5,) > 0.
Then for any u > 0, we have

(i) 5uk(0) has a non-empty interior for any 0 < k < N —1;
(ii) for any 1o € [0,8,] and 0 < k < N,

lim 75 (y) =15 (y) for almost all y € R”.

r—rg Du,k(r) Du,k(ro)

Proof. Fix uw > 0. Without loss of generality, we can assume 5,) < 6,. For (i), since
D,;(0) C Dy ;(0) for any 0 < < j < N — 1, it suffices to show that D, y_1(0) contains
a non-empty open set. By (i) of Lemma 4.6.2, Matri x(A(0)gL..(0)) has at least N — 1
negative eigenvalues. Note that by Lemma 4.2.3 and the continuity of A(r) on r € [0, d,),
the eigenvalues of Matri y(A(r)y) are continuous on (r,y) € 0,0,] x RE. Thus, there

exist constants 6 > 0 and v > 0, such that Matri y(A(r)y) has at least N — 1 negative
eigenvalues for any r € [0,0) and y € B(y..(0),7), the L-dimensional open ball centered
at 9. (0) with radius . Note that for any y’' € R, if there exists 7/, | 0 such that

det (MatriN (AV (r’) y’)) =0 for any n > 1,
then by (4.38)-(4.41), (4.52) and the continuity of P(r) on r € [0, d,],

ho (P*(0)y') = lim h,, (P"(r),)y’) = lim i,det (Matriy (A (r},) P"(r),)y')) = 0.

n—00 n—oo T,

Then by the orthogonality of P(0), we have
Yy cQy = {P(O)y cy € RE hy(y) = O} )
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Combining all of the above, we have

B(?)L,u(o)7 7) \ Qh C éN—l(O)'

Then by (4.55),
Dy n—1(0) = liminf Dy vy (r)
r—0
= liminf H;_4,(r) Nliminf Hy ,(r) N Gn-1(0)

r—0 r—0

> (Hra(0) N B(14(0).7)) \ Qn.

Since ﬁL7u(O) is open and yr,.(0) € 8[:&7”(0), we have H,,(0) N B(§1.,(0),7) is a non-
empty open set. Since hg(y) is a non-degenerate homogeneous polynomial of yy,...,yL
with degree N, we have @, is closed and A (@) = 0. Thus, (ﬁ[Lu(O) NB(yr.(0),7))\ Qn
is also a non-empty open set, and hence (i) is proved.

As for (ii), we also fix 0 < k& < N. Since the eigenvalues of Matri y(A(r)y) are all
continuous on (r,y) € [0,0,] x RE, we have

Dy x(0) € lim inf Dy i(r) C limsup Dy x(r) € Dyg(0) UOHL,(0) U Q. (4.61)
r— r—0
The rest of the proof is only an analog of the proof of (iii) of Lemma 4.5.4. ]

The following lemma is the last preparation for the second main result.

Lemma 4.6.4. For any a,b > 0

1,22 1
sup  e2fv / exp (——y'Ty') dy’ — 0 as u — oo.
ky>aka—k1>b > ko 2

Proof. By the change of variable for spherical coordinates, we get

1 R
/ exp (——y'Ty’) dy =C (/ 62’"21”L1dr> ,
e 2 hau
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where C' is positive and independent of ky. Thus, we have

e%k%zﬂ/ exp (_ly/Ty/> dy/ —C (/ e—é(ﬂ—k%zﬂ),r,L—ldT)
IR 2 kau
C (/ e—é(r—i—klu)(r—klu)rL—ld,r)
kou
C (/ €_$(T+klu)bu’f’L_1d7’)
kou
— Ce—%k’lbu2 (/OO e—éburrL—ld,r)
kou
< ezt ( / e%bwr“dr> :
(a+b)u

which is independent of ki, ks, and converges to 0 as u tends to infinity.

IN

4.6.3 Proof of Theorem 4.6.1

Proof. The proof of (i) is similar to that of Theorem 4.5.1. Fix u > 0. Since X is isotropic,
it suffices to show that U, (ugr) converges as r — 0. By the change of variable

y=A"(r)(a" z,2)",
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and (4.52), we have for any r > 0,

N, (’LI,OT) Zk 0 fu ].;(’U;o?“)
fun—1(wor) + fun(uor)
Joeou fug_—OQDk |det (z")|pe(x”, 2, 2|0, 0)p, (0, 0)dx" dxdz,

_LDJ@AWU®MMWMWJzmmmwomwmm
fﬁ%o(r)\ﬁu,N_l(r) T_ldet (MatI'lN < >> ‘ pL
fﬁqu*l( r—1ldet (MatriN< (7“) ))‘ L(y)
S BusenBun s [P et (Matri v (A(r)PT(r)y)) [ pr (PT(r)y) dy
- J@WJWV"%%<M%HN<<wPW>wﬂp<Pw>>dy
_ fﬁuo ("\ D, N—1(r )gT (PT(T)y) dy
S5 s 9 (PT(r)y) dy
fDu,o(r)\Du,N,l(r) gr(y)dy
ff)u,N,l(r) gr(y)dy

where D, (1), 0 < k < N — 1 are the same as in Lemma 4.6.3 (see also (4.60)), g, and py,
are as defined in (4.46) and (4.47), and for any y € R and r > 0,

3-(y) = g, (P"(r)y). (4.63)

The fourth equality follows from the fact that pr(y) = pr(PT(r)y). Then we can use (ii)
of Lemma 4.6.3, which plays the role of (iii) of Lemma 4.5.4 in the proof of Theorem 4.5.1,
to show that |3 () gr(y)dy, 0 < k < N — 1 are continuous functions of r € [0,6,]. In

addition, by Remark 4.5.6 and (i) of Lemma 4.6.3, we have for any 0 < k < N — 1,

tﬁ Goly)dy > 0.
Du,k(o)

im0 5, o0\ Buw 1) I Y 5,000\ Bu 10 W)Y
hm?"—)o fﬁu,N—l(T) gr(y)dy ff)u’]\]_l(o) go(y)dy

(4.62)

Then

lim W, (ugr) =
r—0

As for (ii), it suffices to show that for any € > 0, there exists a constant U > 0 such
that for any r € [0,0,] and u > U,

U, (uer) < e.

100



To this end, we need to introduce some notations and concepts.

We start from g, (r), u > 0 and r > 0 as defined in (4.56). It is easy to see g,(r) =
ugy(r) for any w > 0 and r > 0. By Lemma 4.6.2, there exists a positive function ~(r)
of r € [0,4,] such that for any y € B(g:(r),y(r)), Matri v (A(r)y) has at least N — 1
negative eigenvalues. Since A(r) is continuous on r € [0,6,], {g1(r),r € [0,6,]} is compact
and covered by { B(9,(r),v(r)),r € [0,5,]}. Then by the Heine Borel theorem, there exists
a finite open subcover {B(91(r), y(r)),7 € {r1,...,ra}} of {§(r) : 7 € [0,6,]} for some
positive integer n and rq, ..., 7, € [0, 5,,]. Let 7/ be the distance between the two compact
sets {g1(r),7 € [0,5,]} and O(Uj_ B(g1(rs), 7)), ie.,

7' = min {nfgm —yliyeo (U B(@(rk),m») and r € [0, Sp]} S (a6)

k=1

It is easy to see 4/ > 0. Then for any r € [0,0,] and y € B(#:(r),~), Matri v (A(r)y)
has at least N — 1 negative eigenvalues. Therefore, for any v > 0, y € B(y.(r),'u) and
r € [0,6,], Matri n(A(r)y) also has at least N — 1 negative eigenvalues.

The next step is to define some useful distances. For any u > 0 and r € [0, SPL let yo..(r)
be the distance between the origin and the compact set 0B (g, (r),y'w) N O(Hp_1.(r) N
Hpo(r)), let
Yo.u(r) = gu(r)],
and let

1
Yu(r) = 5(70,u(7") + Y2,u(7)).
It is easy to see for any u > 0, v, ,(r), ¢ = 0, 1,2 are all positive and continuous on r € [0, Sp]
with 7; () = 71 (r)u. Thus, for any v > 0 and i = 0, 1,2, we have

min 7, ,(r) > 0. (4.65)
rel0,0,]

Illustrations of these distances with ﬁL,Lu(r), ﬁL’u(T’), B(gu(r),y'u) and B(0r, y2,.(r)) are
provided in Figure 4.6.3.

Fix r € [0,0,] and u > 0. We have some results about these distances. Firstly, note
that

1 ,Y/ZUQ ’}//2U2

P2a(r) = (1) = 5 (2(r) = Y0u(r)) = 2(v2,u(r) +70u(r)) g Amax, o 5,1 72.1(7)

> 0.
2

(4.66)
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Ju(r), 7'u)

OHL_1.4(r)

AHLu(r)

Figure 4.1: Illustrations of 81:-vIL_1,u(r), 81:-vIL,u(r), B(yu(r),v'u) and B(0p,y2,,(r)) when
Yu(r) = Yr—1,0..(r) (left) and g, (r) = yr_1..(r) (right).

From geometry, it easy to see

Voul(r) = You(r) + 770",

In addition, for any y € RY such that Av(uor)(i)y > fori=L—1,L and ||y|| < y2..(r),
suppose ||y — g, (7)]| > ~'u, then

1YlI* < 22.(r) = Y6 (r) + 70 < [[Ga(r)II* + lly — gu(r)].

By discussing each case in (4.57), this means that the origin and y are on the same side of
the (L — 1)-dimensional hyper-plane 0Hp_1,(r) or 0Hp ,(r). Then we get A(r)-1)y < u

or A(r))y < u, resulting in a contradiction. Thus, we must have ||y — g.(r)|| < v,
which implies

Hy_1(r) 0 Hpo(r) O B(gu(r),Y'w) D Hp—1.4(r) N Hyo(r) N B(OL, y0u(r).  (4.67)
or equivalently,
Hy1.4(r) N Hpo(r) 0 B (Gu(r),v'u) € Hp—1.4(r) N Hp () 0 B0, ya.(r)).
Then by (4.64),
5u,0(7”) \ ﬁu,N—l(T) C ﬁL—l,u(T) N ﬁL,u(T) N B(Yu(r),y'u) C B4(0r, y2u(r)),  (4.68)

where recall 5%;6(7“), 0 <k < N —1 was defined in (4.60).
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Now we further define some useful subsets of R*. For any r € [0,0,] and u > 0, define

Cu(r) := Hy 1 u(r) N Hpu(r) N B0, y1.u(r)). (4.69)

It is easy to see Cy(r) = uCy(r), AL(Ci(r)) > 0, and AL(Ci(r)) is a continuous function of
r € [0,6,]. Then we have
Cis, = min A (Ci(r)) > 0. (4.70)

7€[0,6,]

For any 7 > 0 and y € RL, let

hy(y) = h. (PT(r)y),
where h, is as defined in (4.39) and (4.40). Indeed, by (4.46) and (4.63), we have

§r<y) =

For any r > 0, define

()| poly) = 7" [det (Matrix (A(r)y) )| pe(y). (4.71)

Q, = {y e RE : ho(y) = O}
Since h,.(y) is a polynomial of y, we have
Az (Qr) =0. (4.72)

By the continuity of A(r) on r € [0,4,), T(y) is continuous on r € [0,0,] for any y € R"
(not just continuous on [0, d,c| as h, (y)) By (4.66) and (4.67), we also have

Co(r) C Hy_1(r) N Hyo(r) N B(0g,Y2.4(r))
C Hy_1.(r) N Hyo(r) N B(gu(r), y'u) (4.73)
C DuN I(T) U Qrv

where D, y_1(r) is as defined in (4.60). For any ¢ > 0, denote
I = {r €0,5,]: A <C’1(r) N {y cRL: }(y)‘ > g}) IAL(C(r)) < 0.5} L (474)

It is also easy to see A (Cy (r)N{y € R : |h,(y)| > €}) is a continuous function of € [0,4,].
Then I, is compact for any ¢ > 0. Suppose I. # 0 for any € > 0, then {I,/,,n > 1} forms
a decreasing sequence of non-empty compact set. By Cantor’s intersection theorem, this
implies

m Il/n 7é ®7
n=1
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i.e., there exists a constant ry € [0, Sp] such that for any n > 1,

AL (OI(TO) N{yeR":

hny(y)] > 1/n}) < 0.50(Cr (o))

By taking limits on the both sides of the above inequality as n — oo, we have

AL (OI(TO) N{y e R":

oo (9)] > 0F) < 0.50,(Ca (o). (4.75)
However, by (4.70), (4.72) and (4.75), we have
0<Cp; < A(Ci(ro)) < A (Cl(ro) N {y cRL:

— L <Cl('r0) N {y cRL:
< 0.50(C1 (o)),

hna(w)] > 0}) + Ac(@n)
?zm(y)‘ > 0})

resulting in a contradiction. Therefore, there exists some 7 > 0 independent of u such that
I, = 0. For any u > 0 and r € [0,4,], let

T.(r) == Cyu(r)n {y c RE:

BT(y)’ > nuN} . (4.76)
By (4.39), (4.40) and (4.69), it is easy to see

T, (r) = Ty (r)u”.
Then by (4.74),
C, 5 uf (4.77)
By (4.73) and n > 0, we also have

Tu(r) C Dyn—1(r). (4.78)

Now we return to the proof of (ii). Given £ > 0, we can choose U (as mentioned at
the start of the proof of (ii)) as follows. Firstly, choose 6 € (0, 1). Note that there exists a
constant C' > 0 such that for any r € [0,0,] and y € R”,

() <C Y e Yol



Thus, there exists U; > 0 such that
- 1 -
he(y) < exp ( 5097y ) (4.79)

for any 7 € [0,0,] and y € R satisfying |ly| > U, min ¢, 51 72,1(s) (see (4.65)). Then by
(4.65), (4.66) and Lemma 4.6.4 with ko = v21(r) and k; = ~, 1(r), there exists Uy > 0 such

that .
_L T
(L =077 [ipeopmmatry &P (-39 Y) dy/

31C 5, ul N exp (=577, (r)u?)

for any u > U,. Then we can simply take U := max(Uy, Usz). Indeed, for any r € [0,6,)]
and u > max(Uy, Us),

<, (4.80)

\IIU(UOT)
D D gr Y dy
)dy
DuN 1

_ JBustn\ P 1< )B (y)exp (—39"y) dy
- fD N1l )exp( %yTy) dy
b0 25000 h <y) exp (—3y"y) dy
fTu ") h.(y) exp (—3y"y) dy

< 000,00 ©P (=3 (1 = 0)y"y) dy
T N e (—3y"y) dy
LU= 0% i 0umatry P (-39
< 2770 ultN exp (_172,1(7“)U2
<eg, (by (4.80))

as desired.

(by (4.71))

(by (4.68) and (4.78))

(by (4.76) and (4.79))

T

(by y' = V1 — By, (4.69), (4.76), (4.77))

y') dy'
)

4.6.4 A Corollary of the Main Results

Note that (ii) of Lemma 4.6.3 holds for £k = N. Then by a similar proof for (i) of Theorem
4.6.1, the limit of #J% as ||t]| — 0 also exists for any u > 0. The following is an
immediate corollary of Theorems 4.5.1 and 4.6.1.
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Corollary 4.6.5. Let X be qualified under perturbation and satisfy Condition (4.53). Then

fu,N(t) 1

lim lim = —.
u=oo [¢]=0 fun—1(t) + fun(t) 2

Remark 4.6.6. Since we are conditioning on having a critical point at the origin with
unknown index, the ratio in Corollary 4.6.5 being very close to % implies that a pair of
very close critical points should consist of one local maximum and one critical point with

index N — 1.

Intuitively, a connected component of a high excursion set most likely contains exactly
one critical point (one global maximum) or three critical points (two local maxima and
one critical point with index N — 1). Thus, for a connected component containing three
critical points, Corollary 4.6.5 predicts that the critical point with index N — 1 will be very
close to one of the two local maxima.
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Chapter 5

Modeling Critical Points

5.1 Introduction

Modeling the critical points of a Gaussian random field, X, is an important challenge
in stochastic geometry and has various applications in astronomy ([6], [10]), biomedical
imaging ([12], [19]), geography ([35], [5], [7]), etc. It is noticeable that many of these
applications only consider critical points above a high threshold, u, i.e., the critical points
in the excursion set

A (X, S)={teS: X(t) > u},
for some search region S.

If the underlying Gaussian random field is known, then one can simply obtain a sample
of the critical points in an excursion set by locating the critical points on the generated
sample functions of the underlying Gaussian random field. However, in practice, one may
only be able to observe critical points from a high excursion set, lacking information of
the underlying Gaussian random field. In this case, it may not be practical to generate
a sample function, as this requires estimating the mean and covariance functions of the
underlying Gaussian random field, which can be very difficult. In this case, an above-
threshold critical point model that does not require much information about the underlying
Gaussian random field would be very useful. Moreover, generating a sample function of the
underlying Gaussian random field, even if feasible, would be very time-consuming, while
many real-world problems often require to produce a large number of samples of critical
points in a short period of time but allowing concessions for the accuracy. Therefore, a
relatively accurate but more efficient model can be better adapted to the needs of the
practice.
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From Theorem 3.4.3, we have learnt that as the threshold u tends to infinity and the
search region expands with a matching speed, the point process consisting of (the position
of) the global maximum of a Gaussian random field in each connected components of the
excursion set will converge weakly to a stationary Poisson point process. An intuitive ex-
planation for this convergence is that distances between the global maxima above u will
increase as u increases, resulting in the approximate independence of these global maxima.
By Theorem 3.4.6, the above convergence also holds for the point process consisting of the
critical points of the Gaussian random field, and the Poisson limits in these two conver-
gences have the same intensity. This is because when the threshold is extremely high, the
critical points with index smaller than N should be much less compared with the local
maxima as shown in Lemma 3.4.5, while Morse theory asserted that a connected compo-
nent cannot have more than one local maximum without other types of critical points, and
thus, the majority of the critical points above the threshold are the global maxima. This
implies when wu is extremely high, a Poisson point process can be a suitable model for these
critical points above u.

It is natural to ask whether a Poisson point process can still be a suitable model for the
critical points of a Gaussian random field above a not-so-high « which is more commonly
met in practice. Indeed, under this setting, we can observe from simulations that not only
the interactions between the global maxima can be nonnegligible, which causes the global
maxima to deviate from a Poisson point process, but also a connected component of the
excursion set is more likely to have a complicated structure in the sense that it contains
more than one critical point, which further compromises the accuracy of modeling the
critical points by a Poisson point process. The emergence of these phenomena poses a
challenge to the modeling of the critical points.

Considering that some topological features of a sample function on an excursion set
may not be detectable due to the limitation of measurement accuracy, and are often in-
terpreted as noises in persistent homology (see [2]), only the critical points corresponding
to detectable topological features are worth studying from both practical and theoretical
perspectives. For convenience, we call such critical points persistent.

In this chapter, we will construct a model for the persistent critical points of an isotropic
Gaussian random field indexed by RY (N > 2) above a high but not very high threshold
with the help of the results that we have obtained in the previous two chapters. Since wu is
still high, one should expect the Poisson heuristic still hold to certain degree. Moreover,
the deviation from it comes from different mechanisms as discussed above. Therefore, the
basic idea is to first study the underlying Poisson structure, the interactions between global
maxima, the interactions within connected components separately, and then integrate them
into one single model. This gives the model a hierarchical structure which allows to capture
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the global maxima and other critical points simultaneously. To the best of our knowledge,
there is no similar study on the modeling of the critical points of a Gaussian random field
above a threshold.

The remainder of this chapter is organized as follows. Section 5.2 introduces the hard-
core process which serves as the starting point of the model, and the L function which is
used to evaluate the performance of the model in the empirical study. Section 5.3 mainly
defines the persistent critical points and some other useful concepts. The intuitions behind
these concepts are also discussed. Section 5.4 elaborates in detail the construction of
the model. To better understand the hierarchical structure of the model, we divided the
construction into three stages which correspond to the underlying Poisson structure, the
interactions between global maxima, and the interactions within connected components as
mentioned above. The relationships between these stages and the intuitions behind them
are also clarified. Section 5.5 explains the estimation of the parameters in the proposed
model, and Section 5.6 checks the performance of the model using two isotropic Gaussian
random fields indexed by R2.

5.2 Preliminaries

5.2.1 Hard-core Processes

A hard-core process is a point process whose points maintain a predetermined minimum
distance rg > 0 from one another. This distance is usually called the hard-core distance
or the radius of the hard core. In practice, one can simulate a hard-core process by thinning
an underlying process, i.e., deleting some points of the underlying process according to the
hard-core distance and some thinning rules. For example, [25] introduced two hard-core
processes, the first and the second Matérn processes, by thinning a Poisson point process.
The constructions of the two Matérn processes both start from detecting all the pairs of
points of a Poisson point process with distance less than ry. However, their thinning rules
are slightly different: the first Matérn process requires to delete the whole pair, while the
second Matérn process only requires to delete the point with the lower height, where the
heights of points are independently and identically sampled from the uniform distribution
on [0,1] (written as U(0,1)) and also independent of other source of randomness in this
construction.

More specifically, equip RY with the usual Euclidean norm || - ||. For any t € RY and
r > 0, let B(t,r) be the N-dimensional open ball centered at ¢t with radius r, and let
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B(t,r) := B(t,r)\ {t}. A point s € RY is said to be an r-neighbor of t if s € B(t,r).
The intensity of a stationary point process on RY is defined to be the average number of
its points in a unit of area. Let {¢;,7 > 1} be the points of a Poisson point process on R
with intensity pp > 0. Let {h;,7 > 1} be a random sample from U(0,1), and h; is called
the height of t;. The thinning rule of a second Matérn process with hard-core distance
rg > 01is

a point t; is only retained if it has no ry-neighbors in {¢;,7 > 1}

5.1
that are higher than or equal to it. (5:1)
Based on [29], the intensity py of this second Matérn Process is given by
1= e
pg = ——5—. (5.2)

Ty

5.2.2 L Functions

Denote by B(R") the Borel o-field of RY. Let £ be a point process on RY with the intensity
function p : RY — [0, 00), i.e., for any B € B(RY),

E[6(B)] = /B u(s)ds.

Then the Ripley’s K function (see [35] and ([36])) of £ at a point t € RY is defined by

Ky(r) == ﬁ lim B {g (é(t,r)) ‘5 (B(t, h))} >0, (5.3)

If £ is stationary, then the values of pu(t) and K;(r) are independent of ¢, and thus, the
subscript t can be omitted. In particular, if £ is a stationary Poisson point process, its
Ripley’s K function is

K(r)y=nr* r>0, (5.4)

which is independent of its intensity.

In practice, points of £ are collected on a bounded search region, S. For any n > 1, let
A, be the n-dimensional Lebesgue measure. Let M := £(S), and let £% := {¢;,1 <i < M}
be the points of £ in S. By (5.3), it is straightforward to estimate Ripley’s K function
by the average number of r-neighbors over all the points in ¢° per unit area. This is the
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intuition behind the classical empirical K function, K (r), on S, suggested by [35] and [30].
More specifically,

1 M M
E Z Z Ljjti—t;)1<r)
i=1 j=1 i
M M-1
Z > Ts-tl<rs
i=1 j=1,j#i
where I stands for the indicator function of an event, and the estimator fi := of the
intensity p (instead of using fi := %(S)) is suggested by [12] for technical reasons.

However, the classical empirical K function on S at r fails to consider the r-neighbors
outside S, which leads to the so-called edge effect bias. A correction method for this bias is
called the border correction. This correction method requires shrinking the original search
region to the extent that for any point in the search region, its r-neighbors are all included
in the original one, and hence, the edge effect does not occur. However, when r is large, the
border correction method may dramatically reduce the available data due to a significant
shrinkage of the search region. In this case, a more efficient correction method needs to be
considered.

To this end, we choose the isotropic correction method from several candidates sug-
gested by [37]. This correction method can eliminate the edge effect bias without reducing
available data. For any set A € R, let A be the boundary of A. The empirical K
function on S with the isotropic correction is defined by

M M-1

_ )\N
Ko (7”) L= — 1 Z Z wz]I{||t1—th<r}7 r >0,

1=1 j=1,j#1

where w;; represents the weight of the ordered pair (¢;,t;) and is defined by

Av-1(0B(t, [[8: = 45])
An-1(0B(t;, ||t — ¢5]) N 5)

Wi =

In fact, Ay (S)"' 2, Z;\/‘;lﬁéz Wi I{|¢,—¢,|<r} 13 an unbiased estimator of x*K (r) when r
is small relative to S (see [35] and [30]). Thus, for any r > 0, K (r) is an asymptotically
unbiased estimator of K(r ) as S expands to RY. In particular, when S is a rectangle,

An(S)™ ZZ 1 Z] iz Wiil{jt,—t;|<ry 15 an unbiased estimator of ;?K(r) when r is less
than or equal to half of the dlagonal of S. In this case, an explicit formula for w;; is
provided in [15].
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When ¢ is a Poisson point process on R? with intensity y, [37] provided an approximate
variance of its empirical K function on S with the isotropic correction as S expands to R2,

)\1(85)7’5
M©) T @ e )

R 2 3
Vare ()] ~ % < r 0.96\;(0S)r

This implies the variance of Kis (r) on a fixed search region will explode as r increases,
which makes it unsuitable for a graphical comparison. A workaround is to use the L
function ([3])

7
This transformation, inspired by Ripley’s K function of a stationary Poisson point process
in (5.4), can stabilize the variance of the estimator. Since the L function of any stationary
Poisson point process is the zero function, one can easily compare a point process with a
stationary Poisson point process by comparing its L function with zero.

Let &, 1 <1 < ¢ be independent copies of £ conditional on £(S5) > 2, and let Kiso i(r)
be the empirical K function of & on S with the isotropic correction. Then we can define

the L function
. -
7 ; Kiso 7
L(r) = \/—2121 ir) r, r>0.
I

From the above discussion, it is easy to see for any r > 0, L(r) is an asymptotic unbiased
estimator of L(r) as S expands to R and £ — oo. To reduce the bias of L(r), one needs
to select S as large as possible to reduce the bias of Kig, ;(r).

Let K ::_% S | Kisw.(r). Since the variance of K can be estimated by Var(K) :=

C R ()= . = . ST
Z":l(i&‘j’l() ) K)z, the variance of L(r) can be estimated by Var(K) and the delta method,
ie.,

o /= “N237 T lLlKisoir_KQ
Var (L(r)) :== K (K)" Var (K) = 47:]_( iz (W ’_(1; ) ;

where h(y) = /%, y > 0.

5.3 Basic Settings

Let {X(t),t € RY} be an isotropic Gaussian random field and satisfy the conditions
of Lemma 2.1.10. Assume that the covariance function Cov[X(s), X (¢t)] > 0 for any
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s,t € RY. Define the excursion set, A4,(X, S), of X at the threshold u € R in the search
region S C RY by
A X, 8) ={teS: X(t) > u}.

Given u € R, the point ¢ € R" is said to be a (component) global maximum of X if it is the
position of the global maximum of X in a bounded connected component of A,(X,RY).
When u is reasonably high, all the connected components are almost surely bounded. Also,
we call a connected component of A,(X,RY) “a connected component at u”.

335 335 337 338 338
| | | |

Figure 5.1: A sample function of a Gaussian random field above a high threshold. The
connected component has three critical points: two local maxima (blue) and one saddle
point (red).

Let f be a sample function of X. Recall that in Section 2.3, a point ¢t € R¥ is said to
be a critical point of f with index k& (0 < k < N) if

Vf(t)=0 and index (V*f(t)) =k,

where V f(t) and V2f(t) denote the gradient and the Hessian matrix of f respectively, and
index () denotes the number of negative eigenvalues of a square matrix. A critical point ¢
of f is said to be non-degenerate if

det (V2f(t)) # 0.

By Remark 2.1.12, with probability one, all the critical points of X in a bounded search
region are non-degenerate. Thus, we can focus only on non-degenerate critical points of X
in the remainder of this chapter.
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Now let us review our previous results about critical points of an isotropic Gaussian
random field above a high threshold u. In Lemma 3.4.5, we have shown that the majority
of the critical points above u are local maxima. In Corollary 4.6.5, we have shown that if
two critical points above u are very close one to each other, then they are most likely to
be one local maximum and one saddle point with index N — 1. These results imply that
the number of the critical points with index less than N — 1 should be negligible compared
with the number of local maxima or the number of the saddle points with index N — 1.
Thus, when wu is reasonably high, most of the connected components at u only contain
local maxima and saddle points with index N — 1. By Morse theory (see Corollary 9.3.5 in
[1] and Theorem 9.1 in [26]), such a connected component typically contains either exactly
one critical point which is its global maximum, or three critical points consisting of one
global maximum, one local maximum and one saddle point with index N — 1.

A connected component at u is said to be

e simple if it contains exactly one critical point which is its global maximum,;

e typical if it is simple, or contains exactly three critical points: one global maximum,
one local maximum and one saddle point with index N — 1, which form a family of
three at u.

One should note that, a family of three at u may not be a family of three at u' when
u' # u. This is because if u’ > u, then a family member may be lower than u'; if v’ < u,
the connected component at «' which contains the whole family may have more than three
critical points (be non-typical).

Assume that f is a sample function of X, u; € R, and C,, is a typical connected
component of A, (f,RY). Let uy := maxsec,, f(t). For any u € [uy, u,), define

Co = A, (L,RY)NC,,.

Then as u increases, we can observe the change in the topology of C,, as follows. If C,, is
a simple connected component, then C,, will gradually shrink to the position of the global
maximum of f in C,, and there is no change of the topology of €, during this process.
However, if C,, contains a family of three at u;, then the change is more complicated.
When wu just passes the value of the saddle point in the family of three, C, will split
into two simple connected components at u such that one of them contains the global
maximum and the other one contains the local maximum. As u further increases until
it just passes the value of the local maximum, the connected component containing the
local maximum will disappear. Such changes of the topology of C', can be captured by the
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so-called persistence barcode (see [11]) which is a widely used tool in persistence homology.
Furthermore, if the difference between the values of the saddle point and local maximum
are small and u is interpreted as time, then the simple connected component containing
the local maximum can only “survive” for a short time, which corresponds to a short bar
on the persistence barcode. Note that in persistence homology, a short bar, corresponding
to a short-lived topological feature, is usually interpreted as noise (see [2]). We will follow
this idea to eliminate these noises in our data.

More specifically, a family of three is said to be short-lived if the difference between
the values of the local maximum and the saddle point is less than some predetermined
small value d,. Let u, be our target threshold. Considering that in practice, it is often
hard to distinguish a typical connected component containing a short-lived family of three
from a simple connected component, and in order to eliminate the interference of noises
from short-lived topological features, it is more realistic and reasonable to modify every
short-lived family of size three at any u € [u, 00) (u is from low to high) into a single point,
by deleting the local maximum and the saddle point in the family. After this modification,
all the critical points above wu; are called persistent.

In summary, given an isotropic Gaussian random field X indexed by R™ and a target
threshold u; > 0 which is high but not very high, we are interested in the simulation of
the persistent critical points of X above u;.

5.4 Modeling Critical Points Using a Clustering Pro-
cess

We call a persistent critical point typical if it is contained by a typical (after the modifica-
tion) connected component at u;. From the last section, we have learnt that the majority of
the connected components at u; are typical. As such, we will focus only on the distribution
of persistent and typical critical points above u; in our model design. In the remainder
of this chapter, denote by fft the point process on RY consisting of persistent and typ-
ical critical points above u;, by ﬂff the point process on RY consisting of the persistent
and typical global maxima above u;, and for convenience, we will not distinguish a point
process from the set of its points. Then it is easy to see £}/ C £C.

When the target threshold u; is very high, Sections 3.4.2 and 3.4.3 suggest that the
difference between fg and its subset 53{ is negligible, and both of them can be approximated
by a Poisson point process in distribution. However, this is not the case when u; is high
but not very high. Figure 5.2 shows that the estimates of the L functions (see Section
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5.2.2) of fi and fﬂf both obviously deviate from the zero function, which is the theoretical
L function of a stationary Poisson point process. Thus, more subtle models for fgt and 3{
should be considered in this case.

1.0

L of critical points
— L of global maxima

:

0.5

-1.0

M

Figure 5.2: Estimates of L functions of the critical points fft and the global maxima

for the covariance function C(r) = exp(—4r?), r > 0 and u; = 3.5.

A stochastic process is called a clustering process on RY if it can be constructed by
the following procedures:

e generate a parent process on RY which may or may not be observed;

e cach parent point produces a random number of observed daughter points, and these
numbers are independently and identically distributed;

e the positions of daughter points relative to their respective parents are also indepen-
dently and identically distributed.
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For a clustering process, we call it a clustering process of order one if its parent process
is not a clustering process. As an immediate generalization, we can define a clustering
process of order n (n > 2) iteratively by letting its parent process be a clustering process
of order n — 1. One can also refer to [28] for a similar generalization of the Neyman—Scott
process to higher orders.

In particular, a clustering process of order n with parents points being observed in
every iteration can be divided into n + 1 different groups. These groups are also called
generations and denoted by G; for: = 1,... ,n+ 1. For any 1 < k < n, Gy, is called
the daughter of the accumulative union Ule G;, and each point in G, can only have one

parent in JI_, G..

In essence, the proposed model for the critical points §uct is a clustering process of order
two on RY with parent points being observed in every iteration. This means that the
model consists of three observed generations, G;, i = 1,2, 3 such that G5 is the daughter
of GG1, and (3 is the daughter of G; U Gs.

The intuition behind the model is that one can find a similar structure in ﬁft . We
first look at its subset 53{ . When w; is high but not very high, the Poisson characterization
should be largely kept between points of fé\f which maintain a minimum distance, 7/, from
one another due to the decreasing dependence in distance. In fact, these points form a
hard-core process with hard-core distance r’;, and can be considered as the first generation,
denoted by G, in 52’1 . Thus, the behavior of G should be close to a second Matérn process
with the same hard-core distance. Since points of 5{2{ are all born with natural heights (i.e.,
the values of X at these points), we can identify G/ from §£{ by applying the thinning rule
(5.1) to &}'. An advantage of this thinning rule is that for each point in &)/ \ G}, it has
at least one rj-neighbor in G, and then its closest 77,-neighbor in G} (by Lemma 3.2.2,
with probability one, there are only finite local maxima in a bounded subset of RY) can
be considered as its parent. Thus, §fx[ \ G} is the second generation, denoted by G5, in 55’1 .
Finally, if a global maximum in G} UG} = & is the member of a family of three in £,
then it can be considered as the parent of other family members, the local maximum and
the saddle point. Thus, §uct M consisting of the local maxima and saddle points of the

ut ?
families of three at w;, can be considered as the third generation, denoted by G%, in gt .

From the above intuition, we see that each generation G; can be considered as a model
for G for i = 1,2,3. Moreover, note that the accumulative unions GG (a hard-core process
consisting of global maxima), G| U G} (i.e., &) and G1 U G, U G} (ie., ) are all well-
defined point processes with explicit geometric meanings. Thus, it is more helpful to divide
the construction of our modeling into three stages, so that each stage can be considered as
(and also named by) the modeling of one of these point processes.
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5.4.1 Stage 1: Obtaining Global Maxima not Affected by the
Hard-core Thinning

Let € be a stationary Poisson point process on RY with intensity pup > 0. Then we can
apply the thinning rule (5.1) to £ to generate a second Matérn process with hard-core
distance ry > 0. This second Matérn process is GG5.

5.4.2 Stage 2: Modeling Other Global Maxima

In this stage, we will construct a model for é’i‘f which is essentially a clustering process of
order one. This model consists of two generations: G, the second Matérn process in Stage
1, and G, the daughter of G;. Our algorithm to produce G5 from G, is as follows.

For each parent in Gy, a Bernoulli trial with success rate p; > 0 is run to determine
whether it produces daughters in its neighborhood: if successful, it produces one daughter;
otherwise, it does not produce any daughters. These Bernoulli trials are mutually inde-
pendent and also independent of all other randomness in the model. Once the Bernoulli
trial succeeds, a distribution on RY is needed to determine where to produce its daughter.
Since the underlying random field is isotropic, this distribution can be characterized by
the distance R between the daughter and the parent. More specifically, if the parent is at
P c RY, then the position, D, of its daughter can be given by

Vv
D=P+R—, 5.5
il (5:5)

where V' is a Gaussian N-vector with zero-mean and identity covariance matrix.

As far, the only thing left to determine G is the distribution of R. Let p(r), r > 0 be
the probability density function of R. Intuitively, we see that p(r) should be a model for
the distribution of the distance, R’, between a random point in G and its parent in G7,
and R’ <ry. Thus, it is reasonable to assume

p(r) =0 for any r > ry.

Note that the distribution of R’ is naturally weighted by Ay_1(0B(0x, 7)) at R’ = r. Thus,
equivalently but more naturally, we can consider the density function



where “ox” means “is proportional to”. This should give us the “density” of finding a
member of Gy(r) at any given point with distance r from its parent.

Intuitively, the interaction between a point in G and its daughter in G (as defined in
our intuition) is similar to the interatomic interaction since as the distance increases, they
both go through the following three stages:

1. Strong repulsion at a very short distance: consider the situation where two global
maxima above u; are very close one to each other. The two global maxima should
be both contained by a connected component at w which is still high (just slightly
lower than u;). By Morse theory, there must be a critical point in this connected
component at u such that its index is smaller than N and its value is between u
and u;. However, from Lemma 3.4.5, we have learnt that the critical points above u
with index smaller than N are very few compared with the local maxima above wu.
Therefore, such a situation should be rare, which corresponds to the strong repulsion
at a very short distance.

2. Relatively strong attraction at a short distance: since the covariance function is
positive, a high global maximum may have some “lifting” effect on other points
nearby. Thus, it is more likely to get another global maximum above u; at a small
distance from a high global maximum.

3. Decreasing attraction as the distance increases: as the distance increases, the “lift-
ing” effect will diminish due to the decreasing dependence, and the critical points
behave more and more like in a Poisson point process.

Due to the similarity in the interactions discussed above, we turn to particle physics
for a suitable model. An influential model to describe the interatomic interaction is the
Morse potential ([27]) possessing the form

Vir(r) == D (1 — e =N >0,

where D, a and c are all positive constants. This is in terms of the energy (potential). To
turn energy into probability density, we use the Gibbs measure ([13]), which has the form

qc(r) < exp(=pV (r)), r >0,

where 5 > 0 and the function V' is often interpreted as potential energy in physics appli-
cations. Then we can define the Gibbs-Morse density by

qar(1) < Ljocraryy exp(—=Var(r)), > 0.
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Plots of gqgr(r) with rg = 2 are provided in Figure 5.3. Finally, the density of R in the
model is defined by

p(r) = CTN’1[{0<T<TH} exp(—=Vu(r)), r >0,

C = (/OH PN exp(—VM(r))dr) -

where

1.5

— D=0.9,a=4,¢=0.5
—— D=0.1,a=4, c=0.5

D=0.9, a=2, c=0.5
—— D=0.9, a=4, c=0.8

1.0

Gibbs-Morse density
05

0.0
1

Figure 5.3: Plots of the Gibbs-Morse densities with ry = 2.

5.4.3 Stage 3: Modeling Critical Points

In this stage, we will construct a model for §5’: consisting of the clustering process G; UG,
of order one in Stage 2 and its daughter process G3. Our algorithm to produce Gj from
G UG, is as follows.

For each point in G; U G5, a Bernoulli trial with success rate ps is run to determine
whether it produces daughters in its neighborhood: if successful, it produces two daughters;
otherwise, it does not produce any daughters (intuitively, if a global maximum is the
member of a family of three, then it has two daughters: a local maximum and a saddle
point in the same family; otherwise, it has no daughters). These Bernoulli trials are
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mutually independent and also independent of all other randomness in the model. Then
G is defined as the set of the daughters produced in this way.

In fact, a parent in G; U G5 and its two daughters in GG3 also form a family of three
in the model, which can be considered as the counterpart of a family of three in fg’: . In
each such family, denote by 0 the parent, by 1 and 2 the two daughters, by A012 the
triangle formed by these three points, and by 7;; the distance between members ¢ and j
for i,7 = 1,2,3. Denote by a; € (5, 7) the interior angle of A123 at 1. An illustration of
a family of three of the model is provided in Figure 5.4.

o1 ri2
A012

0° °2

ro2

Figure 5.4: An illustration of a family of three of the proposed model.

Let 0, := Way, where W is a Rademacher random variable. These Rademacher random
variables are mutually independent and also independent of all other randomness. Note
that by the law of sines,

sin(¢1)  sin(Way) = W

- I
02 T02 2R;93

where Ryo3 is the radius of the circumscribed circle of A123. If %23 is integrable, we must

have
1ﬂﬁﬁﬁzﬁwm[l}za

02 2Ry93

Then we set the distribution of (log(re1),log(ro2), S”;(()—Zl)) to be a multivariate Gaussian

distribution, N (v, X), with mean vector v := (11, 112,0) and covariance matrix

2
o1 p12011022 0
o 2
3= | p12011022 Ti9 0],
0 0 o3,

where (I/l,l/2> € RQ, P12 € (—1, 1), and (0'11,0'22,0'33) < (O, 00)3.
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The motivation of the above setting comes from both theoretical analysis and simulation
results. More precisely, the Rademacher random variable is a result of the symmetry
implied by the isotropy. The joint normality and independence between (log(ro1), log(roz))
and % are observed in simulation (for their counterparts in 5% ) with several different
covariance functions.

Note that 7oy, 792 and 6, derived from the above Gaussian distribution, can only
determine the shape of a family of three. We still need some directions to fully determine
the positions of the two daughter points 1 and 2 relative to their parent 0. Since the
underlying random field is isotropic, a uniform random direction, together with rg, can
determine the position of the daughter 2, but the daughter 1 can still be located at any
point of a sphere of dimension N —2. The (N — 1)-dimensional plane containing the sphere
is perpendicular to Oé, and the sphere is centered at the intersection of the plane with the
line of 02. Therefore, we need another random vector uniformly distributed on the sphere
to determine the position of the daughter 1. This completes the construction of our model.

5.5 Estimation of Parameters

In this section, we will illustrate the estimation of the parameters in the proposed model in
two examples where the Gaussian random fields are defined on R? with specific covariance
structures. In total, there are 13 parameters in the proposed model, and we can divide
them into the following groups to make the structure of this section clearer:

1. p; in Stage 2 and py in Stage 3;
2. ry and pp in Stage 1;
3. 8 :=(D,a,c) in Stage 2;

._ 2 2 2y - : :
4. v := (v1, o, p12,011, 049, 033), 1.€, the parameters in v and ¥ in Stage 3.

First of all, we need to make some preparations.

5.5.1 Selections of the Hard-core Distance for an Isotropic Gaus-
sian Random Field

The first preparation is to determine a range for the hard-core distance 77;.
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Recall that 77, should be large enough to ensure the interaction between two points of

G, are weak. Since the random field is Gaussian, this interaction is characterized by their

covariance. Thus, to control this interaction, for a centered isotropic Gaussian random

field X on R? with covariance function p(]|t||?) := Cov [X(0), X(¢)], t € R? we require
that 77, satisfy

p(rip) < a, (5.6)

for some a > 0.

5.5.2 Range of the Threshold

As stated earlier, our goal is to model the critical points when the threshold u is high but

not very high. In our model, this is translated into requiring almost all the critical points

above u to be still typical (see the beginning of Section 5.4). As a result, a value of u which

would allow a satisfactory approximation using the proposed model should make the ratios
P& (B(Oy, 1)) > 2) P&,/ (B(Oy, 7)) > 3)

U U

PEM(BOx, i) = 1) " PEM(B(Oy, ) = 2)

Ut ut

both very small. Note that in the above two ratios, if replacing 53{ with a stationary
Poisson point process, then both of them are almost proportional to the intensity of this
Poisson point process. Considering that the behavior of fﬂf should not be too far from
that of a stationary Poisson point process when wu, is high, we can control these two ratios
by controlling the expectation E[¢) (B(0n,17))].

Since a global maximum must be a local maximum, it is sufficient to control the ex-
pected number E[M,,, (X, B(0Oy,77;))] of the local maxima of X in A,, (X, B(Oy,7%)). Re-
call that an integral expression of E[M,, (X, B(Oy,77))] is provided in Corollary 3.2.1.
Since there is no simple expression of this integral, one can use a numerical method to get
an approximation of this integral. Alternatively, one can use the asymptotic expression of
this integral in Lemma 3.2.2, by which 7, and u; can be selected to satisfy

, v (B(On,7%5))1/det (A)ul = u?
M(ry,w) = === SN /agaw T %P < (5.7)

_t

202

for some 3 > 0, where ¢ and A are as defined in Lemma 3.2.2.

In fact, (5.6) and (5.7) jointly determine a lower bound of the threshold to be considered
as “high but not very high”. In the following treatments, we take

a = 0.0003 and 8 = 0.15. (5.8)
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According to our empirical studies, the performance of the proposed model is not sensitive
to the changes of o and § when they are both reasonably small.

5.5.3 Border Effect

To correctly identify G, ¢ = 1,2,3 in the search region S, we need to generate sample
functions of X on a larger region S’ O S such that with a very large probability,

1. for every local maximum in S, the connected component it lies in is fully contained

in S’;

2. for any global maximum ¢ € S, we have B(t,r}) C S'.

5.5.4 Estimation of p; and p,

For i = 1,2, 3, denote by p; the intensity (i.e., the average number of points in a unit of
area) of G;, and by p! the intensity of G;. Based on the definitions of p; and py in Stages
1 and 2 respectively, we can derive that

P11 = 2 and D2 = s (5.9)

I H1+ e

For i =1,2,3,let Y; = {Yi, ..., Yi,} be independent copies of G%(S)/An(S), and let Y; be
the average of Y;. For convenience, we also define Y, := {Y11 + Yor, ..., Y1, + Y3, }, and
similarly, let Y be the average of Y, (i.e., Yy =Y; + Y3). Then it is easy to see

E[Yy] = u;

forany 1 <i <4 and 1 < 75 < n. Thus, we can use the sample mean Y; to estimate i
Then, by (5.9), the consistent estimators of p; and ps can be
.Y 1Y

= — and py = ==, 5.10
N % nd p2 27, ( )
respectively.

For i = 1 2,3,4, let 52 = ﬁzy_: (YVi; — Y;)% For any 1 <y, iy < 4 and 4 # iy, let
Sy vi, = e = Z; (Y Yll)(Y;w Yi,). Then the consistent estimators (see [13]) of the
variances of p; and p, can be

—_ . 1
Var(p,) := - <

JE vy

532/2 + E2S}2/1 2Y25Y1Y2>
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and

. 1 (SE  Y2SZ 2Y3Sy.y.
RGN )

respectively.

5.5.5 Estimation of ry and up

Since the hard-core process GG is modeled by the second Matérn process Gy and they share
the same thinning rule, it is natural to set rg = ;.

As for the estimation of pp, by (5.2), we have

1= e

M1 = g = 2

Since Y; can be the estimator of 11, we set the estimator of up

_log (1 — WT}%Y})

/lP = 12 '

It is easy to see @(Yl) ;= S}, /n is an unbiased estimator of the variance of the sample
mean Y;. Then using the delta method, an estimator of the variance of fip is

2
Sy,

n(1- 7'('7”}_2[?1)27

Var (jip) := ¢’ (V1)* Var (Vi) =

where g(y) := —M, y > 0.

7T’I“H

5.5.6 Estimation of D, ¢ and ¢

We use the maximum likelihood estimation to estimate the parameters 8 = (D,a,c) €
(0,00)? in the density

p(r) = C(g)rN*1[{0<T<TH} exp <—D (1 — e*a(rfc))2> >0,

C(0) = (/OH P exp (=D (1- e 079)?) dr) o
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Let Ry, ..., Ry be independent copies of R, the distance between a random point in G,
and its parent in G (see Stage 2). Note that p(r) is a model for the density of R'. Then
the log-likelihood function of p(r) based on Ry, ..., Ry is

k
(OIRy, ., Re) = Klog(C(0)) + 3 ((N = 1)log(Ry) — D (1 — e 0-9)%).

j=1
Then the maximum likelihood estimator of @ is defined by

6 := argmax ((0|Ry, ..., Ry).
6c(0,00)3
In practice, the maximum likelihood estimate of @ can be numerically solved. By the
asymptotic efficiency of the maximum likelihood estimator ([9]), the inverse of the Hessian
matrix of the log-likelihood function at the maximum likelihood estimate can be used as
the estimate of the covariance matrix of 6.

5.5.7 Estimation of Parameters in v and X

Let ' := R*x(—1,1) x (0, 00)3. We also use the maximum likelihood estimation to estimate
the parameters
~ = (v1, V2, P12, 0%y, 0o, 033) € T, (5.11)

i.e, the parameters of the multivariate Gaussian distribution N (v, X) with density

1 1 Tx—1 3
p3(z|y) = 2o (3) exp (—§(z —v) ¥ (z— 1/)) , z€R’ (5.12)

where ()7 represents the transpose of a matrix,

2
011 P12011022 0

_ _ 2
v = (v1,1,,0) and 3 = | p1201102 022 0
0 0 o2y

Let Z; = (Zi1, Zin, Zi3), 1 < i < m be a random sample from the distribution of the
counterpart of (log(ro1), log(rez), 221 in ¢ (see 5.4.3). Then by (5.12), the log-likelihood

To2
function based on this random sample is

__3m _m NNz sz -
Uy Zy,..., 2Zy) = 5 log(27) 210g(det(2)) 2;(& v)' X (Z;,—v).
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Then the maximum likelihood estimator of « based on Z,..., Z,, is defined by

A = argmax ((y|Zy,...,Z,,).
~el
Similarly as in Section 5.5.6, we can obtain the maximum likelihood estimate of v by a
numerical method, and the inverse of the Hessian matrix of the log-likelihood function at
the maximum likelihood estimate can be used as the estimate of the covariance matrix of

A~

Y.

5.6 Empirical Analysis

5.6.1 Collecting Data from a Grid

In this section, we apply the proposed model to centered and isotropic Gaussian random
fields indexed by RY. Two covariance functions are considered in this empirical study. The
first one is a Gaussian covariance function (or a squared exponential covariance function)

of the form
Ci(r) := exp(—4r?) r > 0.

The second one is a Cauchy covariance function of the form

1

Cy(r) = m

Figure 5.5 shows how they decrease as r increases. Since Cj(r) decreases much faster
than Cy(r), the interactions between two critical points can be very different in these two
configurations, which allows us to verify the general applicability of the proposed model.
In addition, for both covariance functions, the sample functions of the Gaussian random
fields can be generated fast and easily using R ([32]) and the R package “RandomFields”
([39]). This makes it possible to later evaluate the performance of our model by comparing
its outcome with the average of a large number of sample functions of the random fields.

According to Constraints (5.6) and (5.7), for each of the two covariance functions, say
C(r), we can select the hard-core distance r%; and threshold u; such that C(r%) = p(rf3) <
a = 0.0003 and M (7%, u;) < B = 0.15, as suggested in (5.8).

We also select 6, = 0.01 for the modification in Section 5.3 to get the persistent critical
points above u;. Note that the global maximum of a simple connected component at wu,
could also be the local maximum of a short-lived family of three at u for some u < u;. To
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Figure 5.5: Covariance functions C;(r), i = 1, 2.

remove the effect of all the short-lived topological features from our data, we need to select
a threshold u, < u; and then modify every family of three at every u € [uy, 00) (from low
to high). Here we select u, = 3.2 for both covariance functions.

Let S’ = [0,100]?. This region should be as large as possible, such that it allows a
large search region S to diminish the bias of the estimator of a Ripley’s L function (see
Section 5.2.2). For Ci(r), i = 1,2, we generate 12000 and 6000 sample functions on S,
respectively. Then based on these sample functions, S can be set as [12, 88]% such that the
two properties in Section 5.5.3 hold. The selection results are all exhibited in Table 5.1.

Cov |7y | p(r3) | ue | M(rly,ug) | up | 6 S’ S n

p
Ci(r) | 2 [0.0000 | 35| 0.0069 |3.2]0.01L]][0,100] | [12,88]% | 12000
Co(r) | 4 |0.0002 | 35| 0.1466 | 3.2 0.01 | [0,100]% | [12,88]% | 6000

Table 5.1: Selections of 'y, us, up, 6,, S’, S and the sample size n for C;(r), i = 1, 2.

Let H := {(%w %8) ,1,] € Z}. Since we can only generate sample functions on a finite
set, we take S’ N H as a discretization of S’ and generate sample functions on it. Thus,

for any u > u, and K C S, a generated excursion set of a sample function f at u in K is

For a connected component C, of A,(f,RY), let my, 0 < k < N be the number of
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non-degenerate critical points of index k in C,. By the definition of typical connected
components, even if my = 2 and my_; = 1, C,, may not be typical since it may have
my, > 0 for some 0 < k < N — 2. However, when N = 2, by Corollary 9.3.5 in [1] and
Theorem 9.1 in [20], we have

mg—m1+m0:1—b1§1, (513)

where b; > 0 is the 1st Betti number, a concept in homology and can be interpreted as the
number of one-dimensional holes of C,,,. Note that a typical connected component always
satisfies mg — my = 1 before or after the modification (see Section 5.3). Then by (5.13),
we have my = 0. This means that to locate all the persistent and typical critical points
above wu;, it suffices to locate all the local maxima and saddle points above w;.

Intuitively, for each sample function f, we can locate all the critical points in A, (f, S)N
H by locating the positions where the gradients of f are very “close” to the zero vector.
We call this the derivative method. However, it is hard to determine a unified threshold
for the gradient to be close enough to 0 which works for every sample function. Inspired by
the discussion on persistent critical points in Section 5.3, we can determine the positions,
denoted by PTy(S,u;), of all the persistent and typical critical points in A,,(f,S) N H by
the following steps:

1. Two points in A, (f, S")NH are considered to be in the same connected component if
the distance between them is less than or equal to five grid distances. In this way, we
can determine all the connected components of A,, (f, S")NH. Then we can determine
the positions and values of the global maxima of these connected components.

2. Let Cy, be a connected component of A,,(f,S’) not touching the boundary of S’.
Define

Cll'=C,, NH and u,, = txggg) f(t).

For any u € (up, up,), define
cl={teCl:ft)>u}.

As in Section 5.3, we look at the change of the number of connected components of
CH as u increases from uy to u,,. The difference is that in practice, we can only
increase u in a discrete manner: in the i-th iteration (i > 1),

(a) count the number, denoted by n,, of the connected components of C'¥;
(b) increase u by 0.001;

129



(c) if u > u,y,, then stop.

Here we only increase u by a very small value 0.001 in each iteration. This is to
ensure as much as possible that there is at most one critical point of C,, whose value
is between v and u 4 0.001, and thus, n, can increase or decrease by at most one in
each iteration.

. Assume that the above algorithm stops at the k-th iteration (k > 1). Let u; be the
value of u in the i-th iteration for 1 < i < k with u; = wy,. It is easy to see {C’i}lgigk
forms a decreasing sequence of finite sets. For any A C RY and t € R”, the distance,

d¢(A) between t and A is defined by

dg(A) == /Sigg”t — 5|2

e if n,, = ny,_, +1, we can find a saddle point in C' \ C}’_: there must be only
one connected component of Cfff,l splitting into two connected components of

C’g , denoted by A; and By, and then the position of the saddle point is set to
be a member of the set

Then for any 2 <1 < k,

argmin \/dt(A1)2 + d¢(B1)?
teciNcl |
since it should be very close to both connected components.

e if n,, = n,, , — 1, we can find a local maximum in C’g \ Cﬁ_lz there must be
only one connected component of C’I{_l whose values are all less than u;, and
then the local maximum can be located at the global maximum of f in this
connected component.

. As far, we have obtained the positions of all the local maxima and saddle points in
Ay, (f,S")N H. Then we can

(a) modify all the short-lived families of three at w in S from u = uy, to u = oc;
(b

) remove the points whose values are less than u;
(c) remove the points in the non-typical connected components at u;
)

(d) remove the points outside S

to get the set PTy(S,u;) of positions of all the persistent and typical critical points
in A, (f,S)NH.
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The above algorithm cannot determine the number and positions of the local minima
above u; since n, will not change when the threshold u passes the value of a local minimum.
However, to measure the performance of our model, we still need to locate the positions
of all the local minimum to obtain an estimate of the L function of the persistent critical
points above u; (which can be local minima). However, note that local minima can only
appear in non-typical connected components at u; whose number is very small. As such,
we omit these connected components when estimating the L function.

In fact, PT(S, u;) represents a realization of Gy UG5,UGY in S. One can also identify G
in S from PTy(S, u;) using the information of all the critical points in S’ in Step 2. However,
to identify G (and also GY) in S from PT%(S,u;), one needs more information outside S.
More specifically, this requires to first apply the thinning rule (5.1) to PT¢(S’, u;) to identify
the first generations in S’ (not just S), and then only retain the first generations in S. One
should note that the identification of the first generation in S’ \ S may not be accurate
since it still needs information outside S’ (see Section 5.5.3). However, the identification
in S is accurate since for any point in P77 (.S, u¢), all of its r;-neighbors in PT;(S’, u¢) can
be correctly identified.

Applying the above steps on every generated sample function gives a sample of (dis-
cretized) G;(S) for i = 1,2,3. Base on these samples, we can obtain the estimates of p,
pa (see Section 5.5.4), pup (see Section 5.5.5), and their variances.

When applying the thinning rule (5.1) to PT¢(S’,u,;), for each deleted point, if its
parent is in S, then the distance between them will be recorded. The collection of all these
distances over all the sample functions forms a sample of R’ which can be used to estimate
D, a, ¢ and their variances as in Section 5.5.6.

In the above steps, we can find all the families of three at u; whose global maxima are
in S. By decorating a “/’ on each symbol (as shown in Figure 5.4), we can also define
symbols for a family of three in £ where 0/, 1’ and 2’ represent the global maximum, the
saddle point and the local maximum, respectively. Define

0" = sign ((xo — x1)(y2 — y1) — (22 — 21) (o — y1)) ],

where (z;,y;) is the position of the point i’ for ¢ = 1,2,3. Then from these families, we can

obtain a sample of (log(r{,), log(ry,), Sirigf)’l)) which can be used to estimate parameters in
02

v, ¥ and their variances as in Section 5.5.7.

5.6.2 Estimation Results

The estimation results of the parameters in our model are exhibited in Table 5.2.
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Ci(r) Ca(r)
est. s.d. est. s.d.
A | 0.003889 | 0.000008 | 0.002856 | 0.000010
p1 | 0.024123 | 0.000308 | 0.088697 | 0.001029
D | 0.134664 | 0.037141 | 1.380521 | 0.038231
a | 3.991681 | 0.361824 | 2.549077 | 0.087810
¢ | 0.754681 | 0.029225 | 0.665931 | 0.009528
po | 0.002531 | 0.000098 | 0.009082 | 0.000304
v; | -1.189444 | 0.010756 | -1.151694 | 0.010121
vy | -0.688618 | 0.009082 | -0.672078 | 0.008687
p12 | 0.875685 | 0.008909 | 0.867642 | 0.008178
o2, | 0.079131 | 0.004272 | 0.093530 | 0.004373
055 | 0.056422 | 0.003044 | 0.068901 | 0.003221
o3, | 0.138004 | 0.007462 | 0.227393 | 0.010643

Table 5.2: The estimates (est.) of the parameters and their standard errors (s.d.).

Recall that in Stage 2, we use the Gibbs-Morse distribution to model the distribution of
de-weighted R’. Based on the estimates of D, a and ¢, we provide a comparison between the
fitted Gibbs-Morse distribution and the empirical distribution of de-weighted R’ for each
selected covariance function in Figure 5.6. One can see that for both covariance functions,
the Gibbs-Morse distribution has an impressively good fit.

In Stage 3, we have the following hypotheses:

(i) (log(ro1),log(re2), %) is normally distributed;

(i1) (log(ro1),log(rez)) and Sir;(—al) are independent;

02

(ifi) B[] = o,

T02

One should not that (i) and (ii) are the settings of our model, but (iii) only serves as the
motivation for our model (and its version with all the “/” removed can be derived from
the construction of the model). These hypotheses can be tested based on the sample of

(log(rpy),log(r4s), Sijﬁ"’l’) obtained from the last section. We adopt the Henze-Zirkler Test
02

([16]) for (i), the distance correlation test ([41]) for (ii), and one sample t-test for (iii). The

p-values and sample sizes are all exhibited in Table 5.3, and there are no rejections of the

null hypotheses at the significance level 5%.
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Ol<7’) CQ(T)
p-value | n | p-value n
HZ 0.17 [684| 024 |913 (1)
dcor | 0.19 | 684 | 0.96 |913 (1)
t 028 |684| 0.95 |913(1)

Table 5.3: The p-values and sample sizes of the hypothesis tests based on the sample
The number of outliers which have being removed in each

sin (0"
of (log(rfy), log(rfy), Z5).

hypothesis test is shown in the parentheses.
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For each selected covariance function, we have generated 20000 samples of the critical
points from the proposed model using the parameters estimated in Table 5.2. The quality
of simulation are evaluated by a comparison between the L function of the proposed model
and the L function of the critical points 551 . Since the proposed model has three stages,
we can also compare the L functions of G, G; U Gy with the L functions of G}, G} U G,
(= M), respectively. All the L functions are estimated by the L functions (see Section
5.2.2), and all these comparisons, together with the estimated 95% confidence band, are
shown in Figures 5.7 and 5.8. We also use the stationary Poisson point process as the
benchmark model, and recall that its theoretical L function is simply the zero function.

From Figures 5.7 and 5.8, we see that for every selected covariance functions and every
stage, our model has an impressively good fit to the corresponding point process of the
critical points of the isotropic Gaussian random field above a not-so-high threshold. In
Figure 5.8, we see that there are still some small discrepancies between the estimated L
functions of the proposed model and the estimated L functions of persistent critical points.
These discrepancies start to get bigger from the hard-core distance. This may be because
the Cauchy covariance function Cy(r) decreases so slow with increasing distance that some
interactions are not captured by the model, and also an L function, by its definition, will
accumulate the discrepancy as distance increases.
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Figure 5.7: Comparisons between the estimated L functions of Ule G; and the estimated

L functions of |J{_, G/, for k = 1,2, 3 respectively, where the covariance function is C (r) =
exp(—4r?), r > 0.
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identify the critical points.
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Appendix A

Appendix for Chapter 2

A.1 Properties of Gaussian Random Vectors
A real-valued random variable X : (9,4, P) — (R,B(RY)) is said to be Gaussian (or
normally distributed) if its probability density function, ¢x(z), can be written as

)2
L (A.1)

ox(z) =

2ro

for some constants © € R and ¢ > 0. Then by some calculations, it is easy to show that
E[X] =p and Var[X] = o”.

From above, we see that the distribution of the Gaussian random variable X can be fully
characterized by its mean and variance, and thus, we can write X ~ N(u, 0?), where “N”
stands for “normally distributed”. Especially, X is said to be a standard normal random
variable, written as X ~ N(0,1), when E[X] = 0 and Var[X]| = 1. Then its probability
density function will become X
382
o(x) - \/%e :
An important fact is: if X ~ N(u,0?) for some y € R and o > 0, then o7 (X — u) ~
N(0,1). The simple transformation in this fact implies that many studies working on gen-
eral normal distributions can actually be constrained on the standard normal distribution
without loss of generality. Similar arguments will also apply when we introduce Gaussian

random fields.
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The characteristic function of X ~ A (u,0?) is defined by

242

px(t) :=E [e"] = eith30 (A.2)

Due to the simple structure of the characteristic function of a Gaussian random variable,
we have the following lemma.

Lemma A.1.1. Let X, ~N(0,0}), k > 1. Then as k — oo,

(1) if Xy converges to X in distribution, then
Xoo ~ N(0,03,),

2 .1 2
where o5, = limy_,, 0}, < 00.

(1) Xy converges to X in probability if and only if X) converges to X, in the mean
square sense.

Proof. For (i), by the Lévy’s continuity theorem, we have for any ¢t € R,
lim ox, (1) = ©x., (1)
k—o00

By (A.2), ¢x.. (t) must have the form

_1,242

g,
SOXoo<t):e 27 )
h 2 =1 2
where o, 1= llMg_yo0 O, < Q.

As for (ii), the “if” direction is trivial. For the “only if” direction, by (i),

lim E [X;] =3 lim 0}, = 305, < oco.
k—ro0 k—o0

Then it is easy to show {(X} — X )% k > 1} is uniformly integrable. Since (X — X)?
also converges to 0 in probability, we have (X} — X )? converges to 0 in L', as desired. [

Denote by W(x) the tail distribution function of a standard Gaussian random variable

X ~N(0,1), e,

U(x):=P[X > 7] :/ o(u)du. (A.3)
It is easy to see that
lim ¥(x) = 0.
T—00
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However, researchers are more concerned about the speed of this convergence in many
asymptotic theories. Since there is no explicit expression for ¥(z), alternatively, we choose
to bound W(x) by the following inequality (see also (1.2.2) in [1])

<l — l) o) < U(z) < éqﬁ(az). (A.4)

x a3

To show the lower bound in (A.4), we need to make the change of variable u = z + v/x.
Then by the fact that e™¥ > 1 — y for all y > 0, we have

/ eujdu:/ gl (@2t /a?)/2 g,
T 0
:[E_16_z2/2/ e—(2v+v2/z2)/2dv
0

> xlexz/Q/ e (1 —v*/(22%))dv
0
> mflefﬁ/z(l _ xfz)

— _ 2
= (z7 =2 e "/

o 2 oou 2 5
_u _u — —
/ e 2du§/ —e 2du:xle$/2,
x X x

which implies the upper bound in (A.4). This inequality is rough but enough for the thesis.

Moreover, observe that

A random n-vector X = (Xy,...,X,)%T,n > 1, is said to be multivariate Gaussian
distributed (or a Gaussian n-vector) with mean vector u € R™! and covariance matrix
3 € R™" written as X ~ N, (u,X), if every linear combination of its components { X,
1 <i < n} is almost surely a constant or follows a univariate Gaussian distribution. More
specifically, for every a € R™!, we have

a’X ~ N(a'n,a’Za),

where the univariate normal distribution N (x,0) with mean p € R and zero variance
denotes a point mass on u (almost surely equal to ). The above definition implies that any
multivariate Gaussian distribution can also be fully characterized by its mean vector and
covariance matrix. By taking a; € R", 1 <7 < n, as the n-vector with all coordinates being
zeros except for a one at the i-th coordinate, we see that each marginal X; = al X follows
the univariate Gaussian distribution N (u;,0%). Especially, if 3 is positive-definite, then

0

144



X = (Xy,...,X,)T,n > 1, is said to be non-degenerate multivariate Gaussian distributed
(or a non-degenerate Gaussian n-vector), and the joint density function of Xj,..., X, at
any point £ € R™*! can be written as

1 1 Tx—1
L {—§<t TR m} .

The following facts (see Section 1.2, [1]) about Gaussian n-vectors will be very useful in
the thesis.

ox(t) =

1. Let X ~ N, (u,X), i.e., X is a column Gaussian n-vector with mean vector g € R"*!
and covariance matrix 3 € R™*". Then for any A € R™*", we have

AX ~ N, (Au, A AT).

2. Let Xy ~ N, (g, i), k > 1. Assume that the sequence { X }3°, converges in mean
square, i.e., there exists a random n-vector X such that

lim E [|| X, — X 7] =o. (A.5)

Then there exist a n-vector u € R™! and a positive semi-definite matrix ¥ € R™*",
such that
[t — pll,, = 00 and || — X| » — o0

as k — oo, and

X ~ N, (1, X).
3. Let X = (Xy,...,X,)T be a Gaussian n-vector (n > 2) with mean vector p =
(1, -, i)t € R™1 and covariance matrix X € R™*". We separate the coordinates

of X into two parts
X, =(Xy,....X,)" and Xo = (Xpq1,..., X0)"
for some integer 1 < n; < n. Let
pr= (1, s finy) and po = (Lo 1, - - -5 Hn)-
Let 3;; be the cross-covariance matrix of X; and X, 7,5 = 1,2, i.e.,
i =E|(Xi — ) (X; — Hj)T] :
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Then we have
X ~ an(ltb 211), Xy ~ annl (M2, 222)7

Y Y
Y= )
(221 3o2
Moreover, for 7,5 = 1,2 and ¢ # j, the conditional distribution of X; given X, = «;
is Ny, (i), i), where

and

pij; = pi + XS0 (@ — py), (A.6)
3 = Ba — XX, Ty, (A7)
and Ej_jl is a generalized inverse of X;;, i.e., Ej_jl satisfies
2585 =2y

Note that if 39 is non-degenerate, then
X X
D
(221 Y99

:( I, 21222_21>( i 0k><(n—k)>< I, 0k:><(n—k)>
Opm-myxk  In—k Op—myxk 222 5% Iy )

where I,,, is the identity matrix of size m for any positive integer m, and 0;; is the
1 X 7 matrix of zeros for any positive integers ¢ and j. Thus, if ¥ is non-degenerate,
then X, is also non-degenerate.

(A.8)

4. Let (Xy,...,X,,Y1,...,Y,) be a non-degenerate Gaussian (n + m)-vector. Let
X = (Xy,....X)T and Y := (Y1,...,Y,,)T. Then X is a non-degenerate Gaus-
sian n-vector, and Y is a non-degenerate Gaussian m-vector. Let ¢x, ¢y and ¢x vy
be the probability density functions of X, Y and (X,Y), respectively. Assume
Cov[X;,Y;]=0forany 1 <i<nand1<j<m. Then

1y 1y
oxy(T,y) = ox(x)ox(y) (A.9)
for any € € R® and y € R™.

Here Fact 1 also implies a similar transformation as in univariate cases. Let X be a non-
degenerate column Gaussian n-vector with mean vector pu and positive-definite covariance

matrix X. Since ¥ is a real positive-definite symmetric matrix, we can always find a matrix
Q € R™™ such that

QXQ" =1,.
Then
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A.2 Examples for Chapter 2

A.2.1 An Example for Lemma 2.1.1

Example A.2.1. Suppose r(t) = eIt ¢ € RN. It is easy to see that 1 — e < x for
any x >0, and v < (—log(z))™2 for any 0 <z < 1. If0 < ||t — s|| < 1, then

E[(X(t) - X(s))’] =2 (1—ele-=I")
<2t - s|”
<2 (— log (Ht — 5H2))72

1 .
= 5 [log (|l = sl))] i

Therefore, (2.2) holds for a« = 1 and v = 3 and any s,t € RN with 0 < ||t — s|| <
1. By Lemma 2.1.1, we conclude that a centered, stationary Gaussian random field with
covariance function r(t) = e_”tHZ, t € RY, is almost surely continuous on RY.

A.2.2 An Example for Theorem 2.1.6

Example A.2.2. Let X be a centered Gaussian random field with covariance function
r(t) = e‘”t”2, t € RY. For any positive integer k, we now show that X satisfies all the
conditions in Theorem 2.1.6. Since r(t) has any order partial derivatives, by Lemma 2.1.4,
X is k times differentiable in the mean square sense on RY. Let p > 0, § = 3, hy = % and
K = k22*+3(1 + p)2. The only thing left is to check (2.9) for any 0 < ny,ne, h < hy and

{(t. 1), (s,8)) €RY xRY :(s,8) € Buy((t,t),h)},

such that ||(t, ') — (s,8')|3, # 0. Since hg = 3, it is easy to see
1
0 < 18, #) — (3, )3+ b —mal? <% <1
Since x < (—log(z))™2 for any 0 < z < 1,
(It ) = (.8 1N + Im — m2f)
—4

< (108 (e, = (. )30+ I — m:P?)) (A.10)
< (~log (| (£, &) — (5.8l + |m — 1)) ™"
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Then by (2.5), 0 <m < 1, ||8|lkv < 1+ p, kK > 1, and the fact that 1 — e Y <y for all
y > 0, we have

E [(Fx,k(tﬂht’) — Fxi(s, 7728'))2}

k k 2
< ok Z E <X (t—l—mZait;)—X(s—l—ngz:ais;))

a;€{0,1},1<i<k i=1 i=1
k k 2
k+1 ! /
=2 g 1l —expq — t—i—mE aiti—s—ngg a;S;
a;€{0,1},1<i<k i=1 i=1

k
<Mty (1—exp{—2 <||t—3||2+k’za?||771t§—7723§||2> })
a;€{0,1},1<i<k =l

< 9%+l ( exp{ -2 (|t—3H + K lmt’ — nas’ ||kN)})
< 2% (1 mp{40u—a|+kmw—mwum+mes—nﬁ”m>D

< 22 (1 —exp {=4b(1 +0)? (|1t = sl + ¢ = i + b = P) })
< K231+ p)? (|t ) — (5, 8) v + [ — m2]?)

< k2% 31+ p)? (—log (|| (8. t) — (5, 8) v + [m — ma])) ™

— K (—log (||(t, ) — (s, ") ||vw + |m — ma))" "+

A.2.3 Proof of Lemma 2.1.13

Proof. Since X is stationary, it suffices to show that there exist finite constants K > 0 and
a > 0 such that

max N |ri1i2i3i4 (0) — Tiqigizia (t)| < K| 10g(||t||)|_(1+a)

1<i1,i2,i3,04<

for all ||| > 0 small enough. Since z < (—log(z))™2 for any 0 < z < 1, we have
It < (=log(||t]]))™> when 0 < ||t|| < 1. Thus, it suffices to show that there exists a
constant C' > 0 such that

Max — |Tiyiyigis (0) — Tiyigisis (B)] < CJE| (A.11)

1<y i2,i3,i4a <N

for all ||t]] > 0 small enough. Since all of the sixth-order partial derivatives of r(t) exist at
t = 0, there exists a constant € > 0 small enough such that for any 1 < 7y, s, 13,144,175 < IV,

148



N-dimensional open ball centered at the origin with radius €. Then by the mean value
theorem, (A.11) is immediate, and hence proved.

]

A.2.4 An Example for Lemma 2.1.10

Example A.2.3. Let X be a centered, stationary Gaussian random field with covariance
function r(t) = e‘”tH2, t ¢ RY. By Lemma 2.1.4, X has any order mean square partial
derivatives. From Example A.2.2, we see that X is almost surely k times differentiable for
any positive integer k. Let f = VX and g = (V?*X,X). Let T be a compact set as in
Lemma 2.1.10. In this example, we will show that f and g on T satisfy all the conditions
in Lemma 2.1.10.

We first note that all of the sixth-order partial derivatives of r(t) exist at t = 0. Then
by Lemma 2.1.13, Condition (2.13) holds for all s,t € T such that ||t — s|| is small enough.
The only thing left is to show that the joint distribution of (f,h) = (VX, V32X, X) is non-

degenerate. For anyp > 1 and 1 <iy,... 15, < N, define r;, . ; (t) := 8;?7.(;; .t e RN,
21 p

By Lemma 2.1.3 and (2.8), the joint distribution of (VX,V*X, X) is Gaussian, and for
any 1 <i,k, 0 < N andt € RY,

-----

Cov [X(t), X;(t)] =r;(0) =0 and Cov [X;(t), Xk(t)] = ri1e(0) = 0.

Therefore, we only need to show that the joint distribution of (V?X(t), X(t)) and the dis-
tribution of VX (t) are non-degenerate for any t € RY. Suppose

aX(t)= > ayX;(t)

1<ij<N

for some t € RN, a,a;; € R, 1 < i,j < N, where for any 1 < 4,5 < N, a;; = aj; and
lal +> 1 <ijen laij] # 0. Then for any 1 <k, ¢ <N,

Cov [aX(t), ng(t)] = T’k[<0) = —2a5kg
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and simultaneously,

Cov [aX (t), Xee(t)] = > airijue(0)

1<ij<N

=4 Z Qi <5z’j5kl + 5jk5il + 5ik5jl) .

1<ij<N

= 4 Z aii5kl + SCLM.

1<i<N
Thus for any 1 < k, ¢/ < N,

—2a0, = 4 Z @;i0k1 + Sake,

1<i<N

and then,

a 1
Qpp = — (Z + 5 Z aii) 5kg. <A12)

1<i<N

From (A.12), we have ay, = 0 when k # (. Taking summation over all k,{ such that
1 <k =/{¢<N on the both sides of (A.12), we have for any 1 <k < N,

If a # 0, then
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for any t € RY. Therefore,

1 =r(0)
1 ) > ¥
= —— COV u ka(t)]
(2<N + 2> 1<i<N 1<k<N
= Z > ra(0
(2 N + 2 1<i<N 1<k<N
:4(2N+2) > 2. (1426
1<i<N 1<k<N
1 2
=4 ———) (N?24+2N
(2<N+2>> (N7 +2N)
N
N +2
<1,

which leads to a contradiction. If a = 0, then by Lemma 2.1./, we have

0= Z Cov [X4(t) X ()]

1<i<N

1<i<N

— 2N,

which also leads to a contradiction. Therefore, the joint distribution of (V2X(t), X (t)) is
non-degenerate for any t € RN, If Y i<icn @iXi(t) = 0 for some t € RY, then for any
1 <75 <N, we have

0 = Cov [ Z az‘Xi(t)an(t)]

1<i<N

= — ) airy(t)

1<i<N

= —2aj,

which implies that the joint distribution of VX (t) is non-degenerate for any t € RY.
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Appendix B

Appendix for Chapter 3

B.1 Proofs for Sections 3.3 and 3.4

B.1.1 Proof of Lemma 3.3.5

Lemma B.1.1. Every qualified pair (X, g.) possesses an adapted grid-block system.

Proof. Let b, = g "™* and 1 — f, = ga"/*, where x are defined in (3.12). Then Conditions
3(b)-3(d) in Definition 3.3.3 automatically hold. As for Condition 3(e), note that by Lemma
3.2.2, we have

Tim gy u™ e = L, (B.1)

for some finite constant Ly > 0. Thus
gi\/ < L1U7N+1QUQ/2
for some finite constant L; > 0. Then

gub1:1 = 95/2

-0 <(UN+1€u2/2> K/(2N))

—0 (u(fN+1)n/(2N)enu2/(4N)>

=0 (e““2/2> .
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Let d, = u=2y (B, 2,)"*N) where v(8,u), u > 0 is defined in Condition (3.10), and z, > 0

satisfies /7 = QQU/ . It is easy to see that z,, — 0o as u — o0o. Then by Condition (3.10),

we have
wdyt = (B, ,) VY = 00

as u — oo, which is Condition 3(a). For Condition 3(f), note that from (B.1), we also have
€€u2 S LQQU

for some 0 < € < 1/(2N) and some finite constant Ly > 0. Then

2 12\""
L2—166u S gu — (565$u> ,

u’ =0 (z2)
as u — oo. Again by Condition (3.10), we have

u T(qu (1 — fu))

which implies

(29:"%)

(s (%))
()N“‘( )

u
O
O

as u — 0o, and then

u2

1+T(29u (1_fu))}

(u‘””uwv(ﬁ, 7)1 (29,001 (1= fu)) ex { 1U+T (?éq;u ((1 —f;”i;) })
(u2<N+l>—<2 b (L= f)(Bya) )
< (N+1)7
(v(8
(1)

NN (29,57 (1~ fu))exp{

7(5axu)_1/2>
(B, 70) 1/2)

I
QQOOO

as u — oo. Therefore, Condition 3(f) holds. Finally, to meet Condition 4 in Definition
3.3.3, we only need to change d, to d,, by

d; = gubgl/tgubgld;”?
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where for any € R, |z] denotes the largest integer less than or equal to xz. Let N, =

|gubyd;"]. Then
—-17-1 _ N

where 0 < g,b;'d;;' — N, < 1. This implies

as u — 00. Then we have

u

1+7 (29u (l_fu))}

u2

1+ 7 (29,0511 — fu))}

N () V(29,5 (1 — £.) exp {—

< NN F(2g,07 (1 fu))eXp{
=o(1)

as u — oo, and

d
> 2dt u
U A (gub i — 1)
— 00
as u — 00. Il

B.1.2 Proof of Lemma 3.3.7

Lemma B.1.2. For any bounded set S C RY (N > 1) with Ay_1(0S) < 0o, we can always
find Jyu(S), Jou(S) C T for any u € R large enough, such that

1. J1u(S) C S C8C Jpul(S);
2. An(J2u(S) = J1u(S)) = 0 as u — oo;

3. {gud2u(S) — J1.u(S),u € R} is a blowing-up system.
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Proof. For any positive integer i and k € Z", let
Al =27 ([0,11" @ {k}),

where the prime on the superscript is used to distinguish this notation from (3.13). Then
each A, is an N-dimensional cube with the side length 27%. For any positive integers n
and 7, let

Coi={t=(t1,....ty) RV : ;€ [0,27"] for 1 <j<n, andt; =0forn<j < N}.

Then each C,,; is an n-dimensional cube with side length 27*. For the consistency of the
notations in following, we let Cy; = {0}, where 0 is the origin in RY. Then we have the
following facts:

1. for n >0, \,(C) =27,
2. forn>1, X\,_1(0C,,;) = by 1271171 = pintitd,

3. for n > 1, we have

n—1

A((aCh1) ® Bu(0, R)) = Ay(Bo(0,R)) +2 ) by1 xR A (Cri)a”
k=0

for any a > 0,

n

where for any integer 0 < k < n, b, = on—k (k) is the number of k-dimensional faces of
Cyiitn>1, and b,y := 0 if n = 0. Immediately, we have

/
Ai,O = CN,i

for any positive integer 7.

For any positive integer ¢, we can define
K(8) = {A’ e {Al L keZV} A C S} :
By the definitions above, it is easy to see that

GK1,1<S) C ;%. (B2)

155



For any t € S, there exists some neighborhood N; of ¢t such that Ny C S, and then
we can find some A" € {A}, :i € {1,2,...},k € Z"} such that A’ C N;. Therefore,
te A C U2 K ,(5), which together with (B.2) implies

UKlz =

Note that Ay_1(0S) < oo implies that
An(0S) = 0.

Thus,

lim An(K1i(5)) = An (U KLZ’(S)) = An(95). (B.3)

i=1
Moreover, let K7 0(S) = 0, and for any positive integer i, define
Li(S) := K1,;(S) — K1,i-1(5)
and
=#{AN e {AjkeZ"} N CLi(S)}.

where “#” stands for “the cardinality of”. Then by Fact 1, for any positive integer m, we

have

m m

Kim(S) = JLi(S) and Ay(K1m(S Z An (L = a;(9)27 < An(S) < 0.

i=1 i=1
By the subadditivity of Ay_1, for any positive integer m, we have

Avot (0K 1m(S)) € Avot (0K 1 1(S) UL (S)).
< Avei1 (OK 1 1 (8)) + Ayt (DL (S)) .

Note that by Fact 2, for any positive integer ¢, we have
Aot (OLi(8)) < ay(S)N2 N+l

and then



Since S is bounded, we can find a positive integer b > 0 such that S C [-2° 2°]¥. Then
Sy 1= [—20+ 20HN — G s also a bounded set with

Av—1(09) < Av—1 (0[=2"T1,271Y) + Ay_1(0S) < <.
The choice of S} ensures that
a1-2°, 2" C Ky 1(S).
For any positive integer m, define
Ko (S) i=[-2°, 21N — K1 ,,(Sh).

Then it is easy to see that

Kym(S), Kzpn(S) € T and Ky m(S) C S C 8 C Kom(S).
By (B.3), we also have
AN(K2m(5)) = AN(S) = An (K2 (S) — )
=y (([-2° 2]V = 8) — K1,n(S))
< Ay (([_2b+172b+1}N . S) _ Kl,m(&)))
= AN (S — K1,m(Sh))
— 0 as m — oo,

which together with (B.3) implies that

lim Ay (Kam(S)) — An(K1m(S)) = 0. (B.4)

m—ro0

Given any 0 < r < N~7! we can find a positive-integer valued function n,(u), u € R
increasing slowly enough as u — oo, such that

9,72 < (A (B2, 0(5)) = Ax (K, )(S)))™ (B.5)
for sufficiently large u, where ag = (N — 1+ 7)/N. The definition of n, also implies that
1/

gilLv)‘N(KQ,nr(u)(S) - Kl,m(u)(s)) Z giv (g;r2"’"(“))

]X,(ivlil) Nngy(u)
= gu T ON—I+r

— 0
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as u — oo, and
—1
gu2—nr(u) — gi—’f (g;TQnr(u)) 00 (B6)

as u — 00. Now let Jy ,(S) = K, (u)(S) and Jo,(S) = Koy, ) (S). So far we have shown
that

L. Ji.(S) C ScSc J2.u(5);
2. An(J2u(S) — J1.u(S)) — 0 as n — oo;

3. AN(Gud2.u(S) — J1u(S)) — 00 as n — oo.

The only thing left is to show that the system {g,J2.(S) — J1..(S5),u € R} satisfies Con-
ditions (3.3) and (3.5). For Condition (3.5), by (B.5) and Facts 1 and 2, we have

)\N—l (guajl,u(s))
= >\N—1 (guaKl,nT(u)(S))
nr(u)
<2Ngy ' Y ()27 Y
=1
nr(u)

=2Ng Y (g, 20 ai(S)27 (B.7)

=1

—~

nr(u)

< QNgzleilJrr ()\N (KQ,nr(u)<S)) - >\N (Kl,nr(u)<s)))a0 ai(S)27iN

™

)

< 2NN (S) (g (A (K200 () = AN (K1 npw)(S)))
= QN)\N(S))\N <gqu,u(5) - Jl,u(S)>a0

0

Q -

Note that
Koy w)(9) = [=2°,2°1N — Ky 0, (Sy) and 0[—2°, 2] C Ky, () (Sh).-
Then by the subadditivity of A\y_1, we have

A=t (0K, ) (S)) < Av=t (0K, ) (Sh)) -
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Similarly, we have

)\N—l (guaJZU(S))
= Ay (guaKan(u)(S))
< An-1 (9uOK 1, (u)(Sh))

< QNQ'JMV_H_T (/\N (K2,nr(u)(8)) - )‘N (Kl,nr(u)(s))>a0 Z ai(Sb)Q_iN

@Q

< 2N (S (9u2u(S) = ()

Again, by the subadditivity of Ay_; and combining (B.7) with (B.8), we have

M-t (9u0T20(8) = T1al(S)) < Aot (9u02.0(8) U 9u01.(S)
S )\Nfl (guaJZ,u(S ) + )\Nfl (guajl,'u(‘s)) (B9>

=0 <>\N (guJZ,u(S) - Jl,u(S)>a0> :

)
)

As for Condition (3.3), from the construction of J; ,,(S) and J5,(S), we see that if

c (gujg,uw) - JI,U(S)) @ Bx(0, R) — guJon(S) — J1u(9)

for some R > 0, then

Bx(t,R) N (guaJQ,u(S) - JLU(S)> £0.

From the construction of J; ,(S) and J5,(S), we see that there exists a finite set G, (S) C
Z~N such that

J2,u<S) - Jl U U Anr(u) k-
keGu(

Therefore,

A (00 (8) = 11u(8)) @ By (0, R)) = A (9uT2(5) = J1(5))
< ((907(8) JMS))@BNO R))
)

< )\N 1 (guaJ2u( ) Jlu(5>
B AN-1 (guON 1,np( u))

((guCN 1,n, u)) S5 BN(O,R)) .
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Then by Facts 1 and 3 and (B.6), we have

A ((972008) = 1a(8)) @ B0, R)) = A (guFou(5) — 10(5)
M-t (9u0724(8) = 114(5) )
AN-1 (guON—l,nr(u))

— Avs (guajz,uw) . Jl,u(S))

N ((guCNfl,nr(u)) D BN(Oa R))

AN(By(0,R)) 4230 by 16 RY A (Cron, () 95
Nﬁl)\N 1 (CNfl nr(u))

gh- 1>\N 1 CN 1,n, (u))

(gu2nr<u>)—<N—1—k>>

N-1

= RO <>\N_1 (guﬁJzu — J1u(S >

Zﬁ
Lk

— RNO ()\Nl (guaJQ,u(S) . Jlm(S))

k=0

= R¥0 (W1 (0u072u(8) = 1ulS)) )
(B.10)
Finally, combining (B.9) with (B.10) implies that {g,J2.(S) — J1..(S), v € R} is a blowing-
up system with 0; = 0 and a = ag in Definition 3.2.3.

]

B.1.3 Proof of Theorem 3.3.1

Throughout this section, let (X, g,) be a qualified pair with the adapted grid-block system
{(G., B,) € 28" x 28" 4 € R} as defined in Definition 3.3.3.

Lemma B.1.3. Let H(x) = 2Nt exp{—22/2}, and z,,y, — o0 as u — co. Then

1. if H(zy)/H(yu) — 00 as u — 0o, we have

2 _ 2 :
Y, — T, —» 00  as u — O0;

2. if H(xy,)/H(yy) = C for some constant C' > 0 as u — oo, we have

160



Proof. For the first part, we assume that there exist a finite constant C' > 0 and a subse-
quence u, 1 oo such that y2 —a2 < C. Since H(x,)/H(y,) — 00, we can also assume
Ty, < Yy, for sufficiently large n. Then

) (1) g f i) <o (O}
—_— 0 = — X — X - y

which leads to a contradiction. For the second part, if there exists a subsequence u,, T oo
such that z,, /y,, T 0o, then for sufficiently large n,

2
X X X
( ”") — 1> >

X
2 2 Un,

and therefore
x

Un

Then we have

ea) (1) o (e ih) () o () g sy
= | — exp < — eXp § — as n o,

which leads to a contradiction. The other half, y, = O(x,), can be proved symmetrically
by observing H(y,)/H(x,) — 1/C. O

Recall that by Lemma 3.2.5 and Lemma 3.3.6, {x ¢, B, (k) denotes the solution of (3.6)
for the blowing-up system {g,B.(K),u € R} and the Gaussian random field X, where
K € J. Similarly, for 1 < j < N, / X;.9.K denotes the solution of (3.6) for the blowing-up

system {g,K,u € R} and Gaussian random field X ;. Then we have the following lemma.

Lemma B.1.4. There exist some finite positive constants ¢; and co such that as u — oo,

H(Eijgu?)

1 —p

— C1;

2. H(ZX,guBu(K))

H(u) — Ca.

In general, for any blowing-up system {T,,u € R}, there exists a finite constant cz3 > 0

such that
H(lx1,) An(Ty) N
H(u) g ’

as u — O0.
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Proof. The proof of this lemma makes use of the similarity between Lemmas 3.2.5 and
3.2.2. Note that by Lemma 3.2.2 and the definition of g, (see (3.11)), we have as u — oo,

H(u)An(9.K) = K (B.11)
for some finite constant k; > 0. By Lemma 3.2.5, we have
H(ly, 4,7) AN (9uK) = ka2, (B.12)
H(lx g, 5. (1)) AN (9uBu(K)) = k3 (B.13)
and
H(Cx 1, )AN(Tu) = ks (B.14)

for any 1 < j < N and some finite constants ko, k3, k4 > 0. By 0 < f, — 1 and (3.15), we
have

/\N(Bu(K))
—— — L. B.15
(&) (19
Finally combining (B.11)-(B.15) completes the proof. O

Lemma B.1.5. Let {T,,u € R} be a blowing-up system. If
lim g, ¥ An(T,,) =0,
U—00

then
lim P [maXX(t) > u] = 0.

U—00 teT,

Proof. Let Zx 1, = maxger, (X(t) — lx1,) {x1,. Then it suffices to show as u — oo,
(Zxr1./lxm1, + gX,Tu)2 —u? 5 —0Q,

where “%” denotes the convergence in probability. According to Lemma 3.2.5, Z X.T,
converges in distribution. Note that ¢x 7, — 00 as u — oo. Then it suffices to show
u® — 0%, — 00 as u — 00. Since

lim g, ¥ An(T,) = 0,

U— 00

by Lemma B.1.4, we have
H(lx1,)

W—)OO as u — 0OQ.

Then by Lemma B.1.3,
u2—€§(,Tu — 00 as u — 09,

and hence the proof is completed. O
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Lemma B.1.6. For any 1 < j < N,

e if hy/u — 0o as u — oo, then
lim P {max|Xj(t)| > hu] =0;
e for any blowing-up system {T,,u € R}, if hy/lx; 1, — 00 as u — oo, then

lim P {max|Xj(t)| > hu} = 0.
U—00 tely
Proof. Let Zy g =max,, (aj’lXj (t) — ng,gu?) lx, 9.+ Where o; = Var[X;(0)]. Ac-

cording to Lemma 3.2.5, Zy % converges in distribution and £y 7 — 00 as u — oo.
By Lemma B.1.4, we have

H(KX] 79u?)

() — 1 as u — 00.

Then by Lemma B.1.3, we have

Since hy/u — 00 as u — 00,
hU/EXj,QuF _> o

as u — 0o, which implies that

Zx,9.5/x, 9.8 T Ux, 9.8 = 05 hu = —00

as u — 0o0. Then we have

P | max | X;(t)] > hu] <P [maxxj(t) > hu] +P {min X;(t) < —hu]

tegu K tegu K tcg K

=2P [maXXj(t) > Dy
tegu K

— 0 as u — oo.

The proof for the second part is similar. O]
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Lemma B.1.7.
PIM,(X,g.K)=0]~ P[M,X, g.Bu.(K)) = 0]

Proof. By (B.15) and Lemma 3.2.2, it is easy to see that

as u — 00, where D, (X, -) is defined in (3.2). Note that the constant C' in Lemma 3.2.2 is
independent of the choice of search regions. Then

’E [Mu(X, gu )] — B [Mu(X, guBu(K))] ’ E [My(X, 9. K)]

_ 'E [MU(Xv guK)] —E [Mu<X7 guBu(K))] ‘
Dy(X, g.K)
(E [Mu(X, 9.K)] = Du(X, g.K)) N ’ (B [Mu(X, guBu(K))] — Du(X, gu(Bu(K)))] ’
B DU(X, guf) Du(X7 guf)
_C (Du(X, guK) + Du(X, gu(Bu(K))) u™ N ‘DU(X, 9u(Bu(K)) — D, (X, guf))
B DU(X, guF) Du(X7 guf)

— 0 as u— oo.

Thus, we have
| M (X, guIC) — My (X, g Bu(K))| %0

as u — 00, which implies
P [My(X, g K) = 0] = P [My(X, g Bu(K)) = 0]

< P[My(X, guK) — My(X, guBu(K)| > 0.5]
— 0 as u — oo.

]

Lemma B.1.8. Let {T},,u € R} be a blowing-up system. Suppose e, bx 1, — 0 as u — oco.
Then

P u—5u<£ne%xX(t)§u —0 asu— oo.
€T,
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Proof. Let F(z) = e . Then F'(z) = e~ (¢ "+ F/(z) = —e~ (¢ "+2)(1 — ¢7), and the
Lipschitz constant of F(x) is e, Let F,(z) = P[(maxier, X(t) — x1,)lx1, < 7|. By
Lemma 3.2.5, we have

lim F,(x) = F(x)

U— 00

for any continuity point x of F. Since F' is continuous on R, by the monotonicity of F,
and F', we have F, converge to F' uniformly. Thus, for any given € > 0, there exists a
finite constant U such that when u > U, we have |F,(z) — F(z)| < ¢/3 and e, lx 1, < ec/3.
Then

teTy,

P {u—au < max X (t) < u]

teT,

=P {(maxX(t) - ﬁx,Tu) Cxr, < (u— EX,Tu)ngTu:|

- P {(maxX(t) — ZX,T1L> gX,Tu < (u — &y — KX,Tq)éX,Tu:|

teTy,
= Fu (v = Uxp)lxm,) — Fu (v — o — Ix,)lxm,)
< 2/34 |F (- bxg)xr) — F (4 — 2w — bxm)oxm)
<2/3+e e lxr,
<e.

Lemma B.1.9.

P| max X(t)gu}%P[ max X(t) <u—d/?|.
t€guBu(K) t€(guBu(K))NGy

Proof. Let h, = 2N~1dy"/?. Recall that in Definition 3.3.3, we have hy/u — 00 as u — 0o.
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Then

‘P{ max X(t)gu—dll/z]—P[ max X(t)gu]

t€(guBu(K))NGy tE€guBu(K)

§P[ max X(t) <u—dY? max X(t)>u}
t€(guBu(K))NGu t€gyBu(K)

+P [u—d}ﬂ < max X(t) < u}
teguBu(K)

SP{ max ||VX(t)||>2N_1/2d;1di/2]+P{u—d11/2< max X(t)gu}

tegyBu(K) tE€gu Bu(K)

<P [max maxK) | X;(t)] > hu] +P [u —d/? < max X(t) < u}

1S]§N teguBu( tEQuBu(K)

N
<) P X;(t Plu—d)/? X(t) <
<X s PO > ] P [u =< e, x0) <

N
< P |max |X;(t)] > hy| + P |u—dY? < max X(t <u]
- ]Zl [teguK| j( )‘ :| |: teguBu(K) ( ) o

where the second “<” is derived from the mean value theorem and the fact that for any
t € RY, there exists a grid point ¢, € G, such that

Ht - tu“ < duNl/Q/Zv

and the last convergence is derived from Lemmas B.1.6 and B.1.8. Note that to use Lemma
B.1.8, we still need to show d}/QKX,guBu(K) — 0 as u — oo. By Lemma B.1.4, we have

H(lx.g,8,(Kx))

H(w) — Co.

Then by Lemma B.1.3, we have
dy/*Cx g..00) = O (d,/*u)
= o(1),
where the last line is from Definition 3.3.3. [
Lemma B.1.10.

vy p max X(t)>u—d11/2] %Z)ij[ max X(t) >u| —c.

te(guBu,O)mGu tEQuBu,O
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Proof. Let h, = 2N—*d;"*. Then

‘P[ (max X(t)gu—dim} —P{ max X(t)gu}
te

guBu,O)mGu teguBu,O

<P max  X(t) <u—d/?

e B J max X(t) > u
uDu,0 u

tEguBu,0

+ P {u—diﬂ < max X(t) gu}

tegu Bu,O

< P| max |[VX(?)| > 2N_1/2d;1d11/2} + P [u—dll/2 < max X(t) < u}

_‘L‘GguB%o teguBu70

< P | max max |Xj(t)|>hu}+P[u—d71/2< max X(t)ﬁu}

| 1<4<N t€guBu,o t€guBu,0

N
SZP[ max |Xj(t)|>hu} —I—P[u—di/2< max X(t)gu]

tEQuBu,O teguBu,O

N
= 4 /2 <
237 | s, 0 > b+ [u < e X0 <.

Recall that in Definition 3.3.3, we have

e h,/u— 00 as u— oo

e g.b,! = O(exp{ru?/2}) for

1
H:ﬁmin{laﬁx,ﬁxj,lﬁjﬁf\f}’

where kx and kx;, 1 < j < N, is defined in Lemma 3.2.8.

Then we have
ha U (hy)

uN U (u)
where W is the tail distribution function of standard Gaussian distribution (see (A.3)),
g7 = Ofexplrxu?/2}) and g7 = Ofexplux,h2/2))
By Lemmas 3.2.2, 3.2.8, (A.4) and (3.8), we have

-0, (B.16)

vy p [ max X (t) >u1
teguBu,O

= 0N Ho A (gub; [0, 11M)u¥ 27N 2det (Ax )2 W (u)(1 + o(1))

— C as u — Q.
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By Lemmas 3.2.2, 3.2.8, (A.4) and (B.16), we have
buNP[ max X()>hu]
teguBuO

_ N 1 -1
=b, P Ler;l%xuoax X,(t) > O'thu:|

1/2
= 0 Ho A (9 [0, 1Y )o ¥ hY 2~ 2 de (AX],/UX) U (hy)(1 + o(1))

<hN\I/(h o)

_b HayAn (92050, 1] Jox NyNo—N/2qet <AX Jox, WV ( >)(1+o(1))

\If
WU (hy >

1/2
:HQO')_(jVZ_N/Qdet (AXj/an> NN (u (uN\If

< Hao N2~/ det (AXj/UXj>1/ u™N(u) ( <(;>>) (1+0(1))

— 0 as u — 0.

Now the only thing left is to show
buNP{ —dY/? < max X()<u}—>0 as u — 00.
tEguBu o]

Note that by Definition 3.3.3,
920, = Olexp{Nru’/2})
= O(exp{rx (u— dql/2)2 /2}).
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Then by Lemma 3.2.8,

bivP{ —d}/? < max X()<u]

teguBu 0

:buNP{ max X(t)>u—d11/2} —bf:[P{ max X(t)>u}

tcguBu,0 tcguBu,0

= b Hod (guBuo)2~/?det (A;/ 2) (u—d?)" W (u— dY/?) (1+ o(1))

— B Hody(gu Bu )2~ V/2det (A*W) uN U (u)(1 + o(1)) (B.17)
— b Hodw (guBuo)2~ Y/ 2det <A‘1/2> (\p (u— dY?) (u—dy2)™ - \I/(u)uN>

+o (g, (u—d,/*) u™)

No—N/2 -1/2 1/2 1/2\N N
= HygY fN2~ det(AX >(\If(u—du ) (u—d)/?) —‘Il(u)u>
o(giV\I/ (u—diﬂ) uN) .

Since di/*u — 0 as u — 0o (see Definition 3.3.3), by (A.4), we have

\I/<u—d11/2) <u—d11/2)N 6*( 1/2) /2 (u—dl/Q)N 1
—-1<

U (u)ulN ~ (1 —u2)e /2 ulN-1 -1
' <u _ di/2>N—l
— e imu du/2 1
1 — u-2 uN-1
=o(1).

Note that by Lemma 3.2.2, ¢ = O(u=*'¢**/2). Then for the first term in (B.17), we
have

Hagl) £Y27 et (A7) (W (u—dlf?) (u—di/?)" = w(u)u®)

Y o\
= Hog fNo~N/2det (A;/?) W (u)u qj<u d;z)gzv o 2> 1

=0 (g,iV\I/(u)uN)

o <U—N+1€u2/26—u2/2uN—1>
=o(1).
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For the second term in (B.17), similarly, we have
B o ) = g0 (0 ) o P )
=0 (u (u — dzl/Q)_1> o) <€d71/2ufdu/2>
= 0(1),

and then
0 (gi\’\p (u — dll/Q) uN) = o(1).

Lemma B.1.11.

F X(t) < u— dYi/?
ﬂ {te(gu%lua,f)ﬁGu ( ) > u i
Au,kCK,kEZN

~ I »p [ max  X(t) <u-— d}/Q} ‘
te(

Ay kCK,kEZN JuBu k)NGu
Proof. By Definition 3.3.3, we have,
gub (1= fu) = 00

as u — 00, and thus,
(29,0, (1= fu)) = 0
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as u — 00. Then by Lemma 3.2.9 and Definition 3.3.3,

P X(t) < u— di?
A {tagfﬁii%mcu (8) <u—d,

Ay 1k CK,keZN

- 11 P[ max X(t)gu—diﬂ]

Ay kCK kEZN t€(guBu,k)NGu
—( 72 ~1/2

<u - d}/2>2

Py TR 20, = )
<u B d1/2>
(u— dql/2>
=0 | ¢2Nd,*"7(29.b," (1 — f.)) exp 1 +7 (29,0511 = £))

-0 (a0 0 - Lo { -
— (1),

where, for shortness, we let m = #((guBu0) N Gu), i.e., the number of grid points in each
block, and let v = n,(K). Here it is easy to see that mv = O(gYd; ™). O

L+7 (2guu2 M1 = fu)) })

Now we have prepared well for a formal proof of Theorem 3.3.1.

Proof. If AN(K) =0, then by Lemma 3.2.2,

P [M,/(X,g,K)=0]=exp{—cAy(K)} =0.
If AN(K) > 0, let Hy(K) = {max,., 777 X(t) < u}, where Ji,(K) is defined in
Lemma 3.3.7. Thus ’

PH(K)]>P| max  X(t)<u|.
teguJz,u(K)—J1,u(K)
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Then by Lemmas B.1.5 and 3.3.7, we have
lim P[H,(K)] = 1. (B.18)

U—00

By Lemma B.1.7,
P[My(X,9.K) = 0] % P [My(X, guBu(K)) = 0],
where B, (K) is defined in (3.14). Then by (B.18) and Inequality (3.16), we have
P [My(X, g Bu(K)) = 0] & P [M(X, g, Bu(K)) = 0 | H,(K)] .

:P[ max  X(t) <u
t€guBu(K)

Hu(K)} .
Again, by (B.18) and Inequality (3.16),

P { max X(t) <wu
teguBu(K)

Hu(K)] ~ P{ max  X(t) < u} .

tEgyu Bu(K)

By Lemma B.1.9,

P{ max X(t)gu]éP{ ( max X(t)ﬁu—dtﬂ]
te

t€guBu(K) guBu(K))NGy

Since B,(K) = U, , ck.kezN Buk, we have

P Xt)<u—d/f*| =P X(t) <u—d/?
LG( max (t) <u u] m {te( max (t) <u-—dy

guBu(K))mGu AukaK,kEZN guBu,k:)mGu

By Lemma B.1.11,

i A { max X(t)éu—d}f}

te(guBy k)NG
Ay kCK,keZN (g Bu, )G

~ H P{ max X(t)gu—diﬂ}.

A K kEZN te(guBu,k)mGu
u,k )
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By the stationarity of X and Condition 4 in Definition 3.3.3,

11 P[ max X(t)éu—d}/z}

A orimegy  [BE@uBukINGy
u,k )

:(P[ max X(t)gu—di/ﬂ)

t€(guBu,0)NGu

1/2 nu(K)
n,(K)P [maxte(guBu,o)mGu X(t) > u—dy ]

e TLU(K>

By Lemma B.1.10,

te(guBu,o)ﬂGu t€guBu,o

bJuVP[ max X(t)>u—d}/2]%b1uvP[max X(t) >u

— C as u — Q.

Then by (3.15),

1y (K)P { max  X(t) >u— d}/ﬂ = b, Vn, (K)bY P [ max  X(t) >u— d}/z]

t€(guBu,0)NGuy te(guBu,0)NGy
— cAy(K) as u — oo.

Finally, combining all of the above implies

lim P [M,(X, g, K) =0] =exp{—cAn(K)}

U—00

for any K C J. m

B.1.4 Proof of Theorem 3.4.5

Theorem B.1.12. Let the pair (X, g,) be qualified. Then for any bounded set S C RN
with Ax—1(05) < oo, we have

lim E [My(X, guS, k)] =0

U— 00

for every0 <k < N —1.
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Proof. This proof is a generalization of the proof of Theorem 6.3.1 in [1]. By Lemma 3.2.2
and A\y_1(05) < oo, it suffices to show that as u — oo,

E [M,(X, g,S, N)]
E |30 My(X, guS, k) + Myu(X, guS, N)

— 1

for any compact S C RY with Ay_1(0S) < oo.
Step 1:

Without loss of generality, we can assume that the various first-order partial derivatives
are uncorrelated. If this is not the case, it can be achieved by an appropriate orthogonal
transformation of the parameter space without changing E [M, (X, g,S, k)]. More specifi-
cally, note that X is stationary, let Ax be the covariance matrix of VX (0) and let r(¢),
t € RY be the covariance function of X. Since (X, g,) is qualified, we have

Cov [X;(t), X;(t)] = —ri;(0)

for any 1 < 4,57 < N. Since the joint distribution of VX (t) is non-degenerate for any
t € RV, Ay is positive-definite and we can find an orthogonal matrix Qx € RY*¥ such
that

QXAXQ§ = dlag (ﬂl; s >,uN)7
where p;, 1 <7 < N are the eigenvalues of Ax. Define

XOx(t) := X(Qxt)

for any t € RV*1. Then X9x(t), t € RV*! is also a centered, stationary random field with

covariance function
rx(t) = r(Qxt)

for t € RN, It is easy to check that the pair (X9, g,) is also qualified, and we have
VX9 = QyVX.

Thus, the covariance matrix of VX9 (¢), written as Ag,, can be calculated by

Agy = E[7XO@)VX (1] = QxAxQY = diag (... i),
which implies the uncorrelatedness between the various first-order partial derivatives of

X@x. Moreover, note that the function f@x(t) = Qxt, t € RY is a homeomorphism.
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Thus, for any 0 < k < N, t, is a critical point with index k of X®X is equivalent to that
Qxty is a critical point with index k of X. For any Lebesgue measurable set A C RV, let

fOX(A) = {Qxt: t e RV}
Since det (Qx) = 1, we have
Av (f9X(A)) = Ax (4).

Let «” be the vectorization (see the second paragraph in Section 3.2) of the symmet-
ric matrix (z;5)1<; <y and let ¢(a”,a’,x) be the joint probability density function of
(V2X, VX, X), where V?X is also vectorized in the same way, and we drop the parameter
t € RY in this density function since X and its derivatives are all stationary Gaussian
random fields. Similarly, let ¢(x), ¢(x'), ¢p(x”,z) and ¢(x”|x) be the probability density
functions of X, VX, (V2X, X), and (V?X|X), respectively. Then by Corollary 3.4.1 and
the stationarities of X®x and X, we have

E[Mu(X,gu&k)]:/ / / |det (2")|p(2", 0, x)dx" dxdt
teguS Ju Dy,

= AN (guS)/ / det (2")|od(2”, 0, 2)dz" dzx
u Dy
= AN (gquX (S)) / / \det (:l:")|<z§(m",0,x)dw”dx
Dy,
/ / / |det (2")|p(2", 0, x)dx" dxdt
tegu fIX (S Dy,
IE[M XQX . fo )k‘)},

where D, ¢ RVNW+1/2 ig defined in Corollary 3.4.1.
Step 2:
By (A.9) and (2.8), we have

o(x”,0,2) = ¢p(x", 2)9(0)

for any z € R and ” € RYW+1/2) Then by Corollary 3.4.1 and the stationarity of X, we
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have

E [My(X, 9.5, k)] = An(9u.S) /OO/D |det (2")|p(2", 0, z)dx" dx
—w(08) [ [ et (@)o(a", 2)6(0)de" da
—w(@8) [ [ et @)o(eo)o()o(0)da"ds

= A (guS)(27) "M 2det (Ax) Y2 /OO gb(x)/D |det (2")|p(2"|z)dx" dx

k

for any 0 < k < N. Note that p;,1 < j < N is the eigenvalue of Ax on the j-th column.
For 1 <1i,5 < N, we make the change of variables

Vij = Tij + Ty,

where §;; is the Kronecker delta. Then by (A.6),
/ 6(z) / det (2)[6(|2)da"dz = (—1)* / 6(z) / det (v — 2A )¢ (v)dvdz,
u Dy, u Dk:,ac

where Dy, C RN (N+1)/2 is the region over which v—z A x has exactly k negative eigenvalues,
and ¢*(v) is a zero-mean Gaussian density independent of u and k. We can write

N

det (v — zAx) =Y by(v)a’,

£=0

where by, 0 < ¢ < N are multivariate polynomial functions of v;;, and particularly by (v) =
(—1)Mdet (Ax). Furthermore, for any 0 < k < N and = > u, we can write

N
(—1)k/ det (v — xAx)p*(v)dv = ch,x,g:ce,
Dk,x /=0

where

Cens = (—1)F /D by (0) 6" (0)dw
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for 0 < ¢ < N. Therefore
E [M, (X, guS, N)]
E [ Mu(X, 9uS, k) + My(X, g, S, N)
S o) (=N fDN det (v — zAy)¢* (v)dvda

B S () ) Sl fD det (v — zAx)¢*(v)dvdx
T @) ol enaentda

fuoo o(x) Zivzo Eé\;o Crz ot dx
_ > oo [ enppd(x)atdn

Zévzo chvzo fuoo ckwyw(m)xfdx'

Since by, 0 < ¢ < N are multivariate polynomial functions of v;;, we have for any 0 <
k,¢ < N and x > u,

‘Ck,m,é‘ =

/D )@

< / Ibe(v)| " (v)do
RN(N+1/2)
= 121;2:\/ /RN(N+1/2) ‘bj(v)‘(b (’U)d'v

< 00,

and especially,

|CN,x,N| =

/DM by (v)o*(v)dv

= |det (Ax)| ¢*(v)dv

DN,Q:

/ & (v)dw
RN(N+1)/2

where the last limit is given by Lemma 3.2.10. Therefore all of |y . ¢| are uniformly bounded
from above and all of |cy . | are bounded from below for = large enough. This implies

— |det (Ax)]

as r — 00,

lim

T—00

=00 (B.19)

N
CNaz,NT '
Ch,w 0"
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forany 0 <k < N and 0 < ¢ < N — 1. Then by L’Hospital’s rule and (B.19),

lim

u—oo [ éV:—Ol M,(X, 9.5, k) + M, (X, g.S, N)]
lim Zévzo fuoo chx,m(a;)xedx
oo SN S [ Chaed(x)atda
ZévoCNw(b( ) ¢

= lim
umree Zé Ozk 0 Chued(u)u’
CNu,N
= lim

. fDN by (v)o* (v)dv

umee Zk 0 ka by (v)*(v)dv

- fD 1)"det (Ax)¢* (v)dv
umee Zk 0 fD 1)Ndet (Ax)¢*(v)dv
lim fDN’"

w0 Y (= 1)V fD,m ¢*(v)dv

> lim Ip,. ¢ (v)dv

U0 fRN(N+1)/2 o* ( )d'v
— ]_’

where the last limit is again given by Lemma 3.2.10.
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Appendix C

Appendix for Chapter 4

C.1 Derivatives of the Covariance Function

Let p@(||t]|?), t € R and 1 < i < 6 be the i-th derivative (if exists) of p at ||¢]|?. Let
77777 i (t) be the partial derivative of R(t) at t € R along the directions 41, ...,i,, for
i1y yim € {1,2,..., N}. Let II,, be the set of permutations on {1,...,n} for any n > 1.
Then we can get the expressions of all partial derivatives of R(t) up to the sixth order in
terms of p(¥ as follows. For any iy,...,is € {1,2,...,N} and t € RV,

Ry, (t) = 2t;, PV (|[¢]%), (C.1)
Riliz (t) = 2p(l)(Ht”2)5Z1,12 + 4t11tl2p(2)(”t”2)7 (02)
Riﬂ'zis (t) = 4(t2'352'1,i2 + ti15i2,i3 + tlzdllyls)p@)(HtHQ) + 8t11t12t13p(3)("t"2)7 (CB)

Ri1i2i3i4 (t)
=4 (52'171'25@'3,@'4 + 57l2,i36i1,i4 + 5i1,i35i2,i4) P(2)(HtH2)
+8 (tistial 5i1,i2 + tilti4 5i27i3 + tizti4 51'171'3 + 251'2 tisdil,m + til ti35i2,i4 + ti1 tiz §i3,i4) p(?))(”tHQ)

+ 16t tiytiti, o ([[E])%),
(C.4)
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and
Riisiyiainia®) = PPN D iy ioOiny ing Oing iy + f (1), (C.5)
(pl...,p5)€H5
where f(t) is a real-valued function of t € RY such that f(0) = 0.

C.2 Discussion on the Conditions in Definition 4.3.2

By Appendix A.1, for any z € R and any compact set T C R\ {0y} with A\y_1(97T) < oo,
{(X(t)|[vX(0) = 0y, X(0) = z),t € T} is a Gaussian random field. In this section, we
will explain why the conditions in Definition 4.3.2 allow us to apply Lemma 2.1.10 to this
Gaussian random field when p(z) is four times continuously differentiable on 7'
In the remainder of this section, fix a compact set T C R¥\ {0y} with Ay_1(0T) < cc.
It suffices to show
max [Cy(t,t) + Cij(s, s) — 20;(s, t)] < K|[log(|[t — s|)| -4+

1<i,j<N

for some finite K > 0, some « > 0, and all s,¢t € T such that ||t — s|| is small enough,
where for any i,j € {1,...,N} and s,t € T,

Cij(S,t> = COV [Xz(S),Xz](tNVX(O) = ON,X(()) = Z] .

Since z < (—log(x))~2 for any 0 < z < 1, we have ||t|| < (—log(|[t]]))> when
0 < ||t|| < 1. Thus, it suffices to show that there exist constants 5 > 0 and 0 < € < 1 such
that for any s,t € T satisfying ||t — s|| < ¢,
(Dax [Cy5(t,2) + Cij(s, 8) — 2Cy5(s, t)] < BI|t — 5.
Fix s,t € T, 2 € R, and 1 < i,j < N. Let Y; := (X;;(s), X;;(t))" and Yy :=
(vX(0), X(0))T. By Lemma 2.1.3, Y; and Y5 are both centered and Gaussian. Consider
Gaussian 2-vector (Y1|Yz = (On, 2)7). By (A.7), we have

Y= X1 — DTS Mo S0 (C.6)

where Xy}, is the covariance matrix of (Y;|Yz = (Oy, 2)"), 215 is the covariance matrix of
Y., X5, is the covariance matrix of Y5, and X5 is the cross-covariance matrix of Y; and
Y; (ie., 12 = E[Y1Y,]). By (2.7) and (2.8), we have

R; 1(0) R; z(t - 3)) -1 <_%IN Ole)
D= jij jij D > g 2o (0) 7
H (Rim(t —s)  Riy;(0) > 01xn 1
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and
5, = (—Rm(s) o —Ryn(s) Rz‘j(s))
g(t) - —Ryn(t) Ry(t))’
where Ry i, p = 2,3,4 and 1 s...,4 < N are the same as in Section C.1 (one
should note that by Condltlon (2) in Deﬁnition 4.3.2 and (i) of Lemma 2.1.4), R; iy, (t),
1<ip...i4 < N exist for any t € RY). Then,

_ a b
21222212?2: <b c)

| /\

where
2 1 a 2 2 1 - 2
a:= Ri;(s)” — 2,0(0) (; Riji(s) ) , = Ri(t)? — 3,0(0) (; Riji(t) )

and

N
b= Ri;(s)Ri(t) (ZRU;C Riji( )
k=1

By Condition (3) in Definition 4.3.2, p® (z) is bounded on z € [0, §?]. Then there exists
a finite constant Cp; > 0 such that for any s,t € T satisfying ||t — sH < min(d,, 1) and
any 1 <i4,7 <N,
2(Ri5ij(0) — Rijij(t = 8)) < Cralt — s].

Since Ryjre(t), 1 <1, j,k, ¢ < N are all continuous on ¢t € T" and 7" is compact, there exists
a finite constant Cro > 0 such that for any s,t € T'and 1 <4, 5,k < N,

[Rij(s) = Rij(t)] < Cryl[t — sl and |Rijk(s) — Rije(t)] < Crallt — s]|.

Note that by (4.1), p™(0) < 0. Then

HMZ

a+c—2b=(R;(s)— Rij(t)) (

N 2 2

Uk mk<t>>2>
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Finally, for any s,t € R" satisfying ||t — s|| < min(d,, 1), we have

max ’Cz]a;,t) -+ Cij(S, S) — 20@'(8, t)‘

1<i,j<N

N
<cnlle—sl+ (1- g

N 2
< (0n+ (1= g ) ¢42) =)

Crallt — s

and hence proved.

C.3 Proof of Lemma 4.3.5

Fix N > 2. For any r > 0 and t € RY | let B(t,r) be the N-dimensional open ball centered
at t with radius 7. Since p(z) is four times continuously differentiable on = € [0, 7] (see d,,
in Definition 4.3.2), all the partial derivatives of R(t) up to fourth order are continuous on
t € B(On,6,). Recall that L = N(N+1)/2+2. For convenience, we will not distinguish the
N x N matrix V2X from its usual vectorization in notations, but one can easily distinguish
them from a given context. For any ¢t € B(0n,d,) \ {Ox}, denote

1. Vii(t) € REXE: the covariance matrix of the random L-vector (VZX (t), X (t), X (0));

2. Vio(t) € RE*2N: the covariance matrix between random vectors
(V2X(t), X(t),X(0)) and (VX(t),vX(0));
3. Vao(t) € R*V*2N: the covariance matrix of the random (2N)-vector
(VX(t),vX(0)).
Since X(t), t € RV \ {Oy} is the covariance matrix of the random L-vector
(V2X(t), X(t), X(0)|VX(t) = VX(0) = Oy),
by (A.7), we have for any t € B(0y,9,) \ {On},

B(t) = Vii(t) — Via(t) Viy ' (£) V5 (2).
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C.3.1 The Blocked Covariance Matrix

Let N > 2. For convenience, we adopt the following notations for ¢t € B(On,6,) \ {On}:

1. GOO t) .= Cov [X(O),X(t)] = R(t)a

2. Goi(t) := Cov [X(0), VX (£)] = —Cov [vX(0), X(£)] = (Ri(£),..., Rx(t));

):=C

):=C

) i= Clov [72X(0), X(£)] = Cov [X(0), V2X ()] € RE-2%1,

) := Cov [v2X(0), VX (t)] = —Cov [VX(0), VX (t)] € RE-2xN,
):=C

5. G ov [V2X(0), V2 X (t)] € RE-2x(1-2),

Their relationships with the covariance function R are given by Lemma 2.1.4. In particular,
by (C.1)-(C.4), we have

1. Goo(0 ov [X(0), X(0)] = R(0);

2. G01 0 ov [X(O), VX(O)] = (Rl(()), ey RN(O)) = 01><N;

(0):=C
(0):=C

3. Gy(0) := Cov [V2X(0), X(0)] € RE—2)xL,
(0) := Cov [V2X(0), VX (0)] = 0(1_2)xn;
(0):=C

ov [V2X(0), v2X(0)] € RE-2)x(L=2),

Immediately, we have

and

(Gm(o) G21(t)) (O(LZ)XN G21(t))

Vis(t) = | =G (0) —Gopi(t) | = Oy —Goi(t) | . (C.8)
Goi(t) O1xn

As for Vi, '(t), by (C.2), we have

Cov [VX(0), VX (0)] = —2pM(0) Iy
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and
Cov [VX(t), VX(0)] = —2p(||t]|*) I — 4p® (J|t]*)tL".

Since pV(0) < 0 (Remark 4.3.4), we can define

Fa(t) = %‘(ﬂ’;) and ky(£) = %%‘)’2),
for any ¢ € B(Oy,6,) \ {Ox}. Thus,
Valt) =200 (g e 1)
and then
V' (t) = S ( Iy ., ki(t) Iy + kz(t)ttT) - |
2pM(0) \ k() Iy + ko (2)tt Iy

To further calculate Vi, (t), we need the following two facts which can be easily checked:

1. for any symmetric matrix B € R¥*¥ such that Iy — B? is invertible,
Iy B\ ' [ (Ix—B?' —B(Iy—-B1'\
B Iy) \-(In—-B*)'B (Ix-B*"' )’

2. (The Sherman—Morrison Formula) for any w, v € RY such that 1 + vTw # 0,

T
I =1 _ 1y — L.
(Iy +wov?) M+ oTw
By taking B = ki (t)Iy + ko(t)tt” in Fact 1, we get
Iy — B* = (1-k{(t)) (In — ks(t)tt"), (C.9)

where by letting k.(¢) := ki(¢) + k2(¢)||t]|* for any t € B(0n,6,) \ {On},
o = 2ROk (t) + K@ _ ko (t) (ki () + K. (2))

lt): LB ey
By (4.4),
s (600 = (V]
1= 12(t) = OO >0 for any ¢ € B(Oy,5,)\ {Ox}.  (C.10)
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Thus, k3(t) is well-defined for any t € B(On,6,) \ {On}. To apply Fact 2 to the right-hand
side of (C.9), we still need to show 1 — k3(¢)||t]|* # 0 for any t € B(0y,6,) \ {Ox}. One
can easily check that

(L= ks@®)[1tl*) (1= ki(8)) = 1 — k(2.
(0,...,0,][t])) and by (4.3), we have

POUIEN?) + 27 @ (1E])

Taking t' := (), t5,...,ty)

[u(t)] = [k (8)] = |Ra(8) + [[E]*Ra(t)| = 50(0) <1
Thus, for any ¢t € B(On,6,) \ {On},
1 — ks(t)|[t]* = 1:—:%8 > 0. (C.11)
Then by Fact 2, we have
g1 o ()"
(=B = e (B )
1 T
=T (In + ka(t)E") |
where
ka(t) = ka(t) (L= k§(t)) ks(t) _ ka(t)(ki(t) + Ki(2))
T T = k()12 1—k3(¢) 1—k3(¢)
Then
(Iy — B)"'B = B(Iy — B!
1 T T
T ®m (In + ka(t)tt") (k1 (t)In + ka()EL")
1 2 T
“TEw (k1 (t)In + (ka2(8) + k1 (8)ka(t) + ko (8)ka(t)]E]]) ELT)
1 T
T Rm (k1 (t)In + ks(t)EE")
where

ks(t) 1 = ka(t) + ko (£)ka(t) + k2 (€)ka(D)[|E])?




It is easy to see k;(t), i = 1,2,...,5 are all well-defined for any ¢ € B(0y,9d,) \ {On} (see
d, in Definition 4.3.2). In summary, for any ¢t € B(0y,9,) \ {On}, we have

—2pM(0) V35 (¢)
ki (8) Fa(t) ks (t)
. ( 113%((1:))IN _llkf(t)IN> i ( 1 23(())ttT 1 ?e%(t)ttT)
- k1(t ks (t
—rrpIy eIy ettt T Bl it (C.12)
! Iy —h®L), 1 k(BT ks (t)tt”
1=k \“k@®)Iy Iy 1— k() \—ks(O)tt"  ka(t)et" )’
vhere O (¢
Pt _2p (]t B 9
ki(t) = 00y ka(t) = “00) ko(t) = ki(t) + k2 (B) |27,
ko(t)(k1(t) + K.(t)) ko ()(1 + Ky (t)k.(t))
ky(t) = d ks(t) = ,
U 7 B N S 0]

Here one should note that

ks(t) — k() = 280 ‘l’f_l(g)(g k(t))
AOREA0) (©13)
1+ k()

— 0 as ||t|| = 0.

In consequence, by (C.7), (C.8) and (C.12),
= 2p0(0)(1 — K7 (8)) Via (8) Vi () Vi (1)

_ O((L)f?)xN :gﬂgg Iy —ki(0)INY (Onxi—2) Onxa G (1)
1xN 01 k() Iy Iy —GL(t) -G (t) Onsxa
G(]l(t) O1xn

(s 5 o ) o 2 )

_ T T T T
GOI (t) O1xn k5<t>tt k4( )tt G21( Gm(t) Onx1

G2 ()G (t) G2 (t)G(¢) k1(t)Gar(8) G,y (t)
= Goi(t)GL (1) Goi ()G, (t) k() G01 Ggl
ki(t)Goi(t)GL(t) ki(t)Go(8)GE () Gou(t

(t
k()G ()t G5, (t)  ka(t) G (B)E" G\ ( ) ) 21 ()t Gy, (t)

+ (k4(t)G01(t)ttTG2Tl( ) ka(t)Gor(t)tt" GG (t) K (t) 01(t)ttTG§1(t)) :
ks(t)Goi ()t G5, (t) ks (t)Goi (B)tt" G (t)  ka(t)Goi (B)tt" G, (t)
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and then the blocked version of ¥(t) is given by

N(t) = Viu(t) — Vi () Viy ' (B) V35 (8) = M (t) + 250 (0) (1 ~R0) (M, (t) + Ma(t)),
(C.14)
where Gn(0) G(0) Giao(t)
Mo(t) = (G2To(0) GOO(O) Goo(t)),
G(t) Gi(t) Go(0)
G2 (t)G (t) G ()G (t)  ki(t)Gau(t)Gy ()
M, (t) = ( Goi (t)G3,(t) G (t)Gi, (t) kl(t)G01(t)GoT1(t))
k1(t)Goi ()G, (t) ki(t)Goi(8)GGy(t)  Goi(t) G, (t)

and

ki(t)Gor (1) ttTGL (t) ka(t)Gor ()T GE (8) ks(t)Goy (£t G (t

ky(t)Go (D) ttTGE () ka(t)Gor (0t GE () K5 (8)Gay ()t G (t)
M,(t) = ).
(k5(t)G01(t)ttTGg1(t) ks(t)Goy(t)tt" GG, (t) k4(t)G01(t)ttTGoT1(t))

Fix a direction u € S¥=!, then by (C.14), each element in the covariance matrix X (ur) is
a continuous function of r € [0, 4,].

In the following sections, we will calculate the asymptotic expansion of 3(t) as ||t|| —
0. To make the following proofs better organized, we will first calculate the asymptotic
expansions associated with coefficients k;(t), i = 1,...,5 as ||t|| — 0. Then the calculation
will be performed separately for each of the three parts in (C.14):

1. the main part
X)1:(L—2),1:(L—-2)]

= G2(0) + 2p(1)(0)<i — k%@))Gzl(t)Ggl(t) +

2. the side part

S#)[1:(L—2),L—1]
1 ka(t)

= G(0) + 250 (1 I t))Gzl(t)GOTl(t) MO (t))Gm(t)ttTGOTl(t)
and

S (L-2),1)
= Goolt) + .(?) Go1(t)GL (t) + k5(?) G ()t GL (¢);
S 200(0)(1 = k(1)) T 200 (0)(1 -k (8)) ne
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3. the corner part
1

= G0+ 5 i =y G + 5 me 0 e F O G )
and

S)[L—1,L] = S()[L, L — 1]

Guo(t) + ———1 g man@ + g el ).

200 (0)(1 = K2(t))

C.3.2 Asymptotic Expansions of Coefficients
Note that by Condition (3) in Definition 4.3.2, we have

1 1
p(x) = p(0) + P(l)(U)x + 5,0(2) (0)2? + ép(g’)(O)x?’ +o(x) as x | 0.

In this part, we would like to use the above expansion to expand

- 1£]12
W) sme0ro

;s ka(t) 8]
(i) 50—

AN O
(i) smea-km)

: ks (8) 1]
) Zmia-men:

For (i), note that
(0P0) + pV([[E%) " = (6(0) + p(0) " = (pV(0) + pP(0)) " PP (O)1ElI* + o(|1£])%)
= (2pM(0)) " — (260(0)) " PP (O)[IE]12 + o([1¢]1?)

and

42 (2200) = oV (FI) ™ = =1l (2 Ol + 569 el + ot

:—(ﬁmmw+;ﬁWMMW+oww%)_

1 B
=—p@0)" + §P(2)(0) 2P (0)[1]1* + o([1E]1).
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Then we have
[]]?
20 (0)(1 — ki (t))

= SO (507 — oV (ely)

= 5700) (o0(0) + P (12) ™ Il (6 (0) — o ()
= 5000 (200) = @A) O o) ()

(-0 +

— 20200 + 1 (PV(0)7 + p2(0) 2 () ]2 + o))

%p@)(o) ~2p3(0)[[¢))* + o(]|t]|? ))

4 8
=: ag + bol[¢l[* + o([[¢]),
where 1 |
ap = _Z'O(Q)(O)_l and by = S <p(1)(0)—1 + p(2)(0)_2p(3)(0)) .

For (ii), we first note that
ku(t) = ku(t) + ka(8)][]]*
= PO (PP + 202 (1) 1))

— W[ ,m 24 Lo “to
p(0) (P (0) + P O)[¢]1* + 5o (O)[#]1* + 22 (O)[£]]* + o(1£] )) (C.16)

_ 5
= (0) (p(l)(0)+3p(2)( It + 2/) DO)[E)* + olIt]* )>
5
= 14300 o O + 2oV 0) oD O] + o( £,
which is followed by
Fa(t) + ku(t) = 2+ 4p0(0) " 2 (0) [ + 3010 (0) 7' p(0) [1#]]* + o([12]*)

and
1—k2(t)

2
5
—1- (1 +3p0(0) POt + 25V (0) O Ol + o<\|t||4>)
— —6p1(0) " p 2 (O)1£]2 = (50 (0) P (0) + 991 (0) 262 (0)%) [1¢]* + o([E]1).
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and thus
[e)*(1 = &2 ()~
= — (6p™(0) 7 p@(0) + (50D (0)" 6™ (0) + 9pM (0) 26 (0)?) [[8]12 + o(|It]%))
= — (6p'V(0)~1p(0)) (C.17)
+(6pM(0)1p(0) (5p0(0) 0™ (0) + 99 (0) 2P (0)2) [[E][> + o( 1 £]]?)

= 50+ (OO0 + 7 ) P + ol

1
= ko () (ki (t) + ko (t
)

(=5 @20 + (0820 2910) + 1 ) 141 + ol )

— 200(0) (62(0) + pDO)]1¢]2 + o(£]2) (C.18)
(24 460 (0) O (O) 12 + 30 (0) 6D O) ¢ + o([1¢]"))
L)) + (§—6p<1><o>p<2><o>—2p<3><o> ; i) P + o<||tu2>)
= =24 (=300 - 520500 ) el? + o)
Therefore, by (C.15) and (C.18),
14 (2)
200 (0)(1 — k(D)
— (a0 + bollt]2 + o([1¢]2)) -

(_g ; (—§p<l><o>1p<2><o> - §p<2><o>1p<3><o>) I + o<|rtu2>)

=t ap + byt ]|* + o|[t]?),

where



and

For (iii), by (C.15),
[£]1*K1 (2)
2pM(0)(1 — ki(2))
= (1+p(0) pPO)1El1 + o(1£1%)) (a0 + bolIt]* + o([[£]*)) (C-20)
= ag + (aop'™(0) ! p®(0) + bo) [I£* + o([[£]1?)
= ag + by []1* + o([[£]),

where .
ag = ag = —ZP@)(O)_l
and ] ]
by = =102 0PV (0) 2 (0) + 5 (1(0)7F + o (0)72p(0)
= 5 (A0 + 20 2P0)
For (iv), by (C.13), (C.15) and (C.19),
[t hs(t) [£]]*%4(2) 2]l (ks (2) — Ka(2))
2pW(0)(1 = ki(t))  20(0)(1 —kE(t)) 200 (0)(1 — kE(¢))
Itk () 2 (C.21)
= 20001 ke U
= ap + by [t])* + o(|[t]]*),
C.3.3 Asymptotic Expansions of the Main Part
In this part, we would like to get the asymptotic expansion of
S(#)1:(L—2),1:(L—2)]
= G2(0) + ! G (t)Gh(t) + ka(t) Go (1) ttTGL ()
2p0(0)(1 - K2(2)) 2T 500 0)(1 - K (D)) 21(0 )

as |[t|| — 0. To this end, we still need to expand
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. T
(1) Gar() (441 G1-1)/2) (Gzl(t)(izﬂz(jrl)/?))

(i) Gau(t)tt" G, (t) [ix + ji(j1 — 1)/2,42 + ja(j2 — 1)/2]

for any integers 1 <i; < j; < Nand 1 <y < jo < N.
Note that G (t) = —Cov [V2X(t), VX (0)] can be written in the form:

Bii(t) Bia(t) -+ Bin()
Gon(£) = 321(75) 32?@) BQJ:V@) |
Bui(t) Bus(t) --- Bun(t)
where by (C.3),
Ryji(t)
Bialt): = R2j:k(t)
Rjji(t)
01 t 01k t
a0 [ | | o | | s |
55) 5 t
for any integers 1 < j,k < N. For any integers 1 <1 <7< Nand1<k<N,
Gan(t) [i-+ 752 k] = Bato)il = Ruce. (C.23)

Let vy = (014, -.-,0nk)", k=1,2,...,N. Then by (C.3) and (C.23),

Riji(t)
T Ri‘2(t)
(Gm(t)(w@)) = " = 4pP(|[£]*) (3 58 + tiv; + ty;) + 8p@ (|[¢]]*)tit ¢
Rijn(t)
=4 (p®(0) + PP (0)[E[|?) (8:5 + tiv; + t;vs)

+ 8030ttt + o(|[t]%).
(C.24)
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Note that for any integers 1 <i,7 < N, since vat = t; and v]v; = §; ;, we have
(0,587 + tioT + tol )t = 6,51 + 2tt;.
Then for any integers 1 <i; <73 < N and 1 < iy < jo < N, we have

T
G (t) nmm—l /2) (Gzl( ) (ia+72(ia—1)/2))

=16 (" ( ) (0)||t\| 2" (83, tT + ti v, +t5,0;,) (i ot + ti ), +5,05,)
+32p1% ( +P3) O)I[£1%) (5, ]1tT+tllvj1 + 5,7t
+ 3207 (0)ti,t5, (p(0) + PP (O)[81%) (610,328 + tiy 0], + 00 ) + o([1E]]*)
— 16 (o <o> ¥ 2p<2><o> )82 (B 117 + 28425) 3
+ 16 (p@(0)2 + 202 (0) 0@ (0)[[E12) (iy 41 tit s + Sy jatistis + Oir jatsnti)
+16 (2 (0)* + 202 (0)p@(O)[EI1*) (8iy s tintso + iz i tintss + G intintss)
+32p9(0) (P(0) + p(‘” OVI1Z) (S i tint o [N + G o 18] + 4tzltht12t12)
+o([[¢[l)
=t ai ||t + oufl* + o([12])"),
(C.25)
where
a; = 16p?@(0)? (57;17‘7'151‘2?‘]‘2 + 205, jy Ui Wy, + 204, 5, Ui U,
+ 0y o Wiy Uiy + 0y iy Uiy Uiy + iy gy Uiy Uy + 5i1,i2Uj1Uj2)
and

by = 2p(2)(0)_1p(3)(0)a1 + 32P(3)(0)P(2)(0) (5i17j1ui2uj2 + 5i27j2ui1uj1 + 4ui1uj1ui2uj2>
= 32P(3)(0)P(2) (O) (5i1,j1 5i27j2 + 35i2,j2ui1uj1 + 35i17j1ui2uj2
+ 5]1,j2ui1ui2 + 5i17j2uj1 Ujy + 51'27]'1 Uiy Uy + 52’1,2'2 Uy Ugy + 4ui1 Uy Uiy ujz)'
By (C.24), we also have
G21 () ir+1 G172t = (Ga1(0)E) (1, i 51 —1)2)
— (D20t + 0! + t07) + 8o (e[t t7) ¢
= ApP (||t]1*) (0 1El|* + 2t:t;) + 8p@ ([[]|*)tat;]1E])?
— 4(p(0) + pDO)IE]2) (3, IE]2 + 2t:8,) + 80D 01t ]2 + o IE])

(C.26)
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and thus
G (t)tt" G, (¢) [ix + j1 (1 — 1)/2, 02 + ja(j2 — 1)/2]
= 16( (0 )+P(3)( )||t||2)2( 0iy o 1|2 +2ti1t91)(522jz||t||2+2tl2t]2)
+4(p2(0) + pD(0)[[E]1%) (81, 117 + 2ti,25,)80 (0}, [ £
+4 (p(0) + p@(0)[E]17) (Tig, B + 2t:,1)80") (0t [
+8p® (O)tnthtH 8™ (0)ti,t, 1] + o([[£]°)
=16 (p®(0)* + 20 (0) 0 (0)[[¢]|* + p' (O)[[B[1*) (8iy o 111> + 2ti125,) (S 3o 11 + 28t )
+32p™(0) (o (0) + 3)(0)||1*»|!2) (Bi g 117 + 2ttt |12
+32p%(0) (0(0) 4+ p® (O)IEN%) Biauo 117 + 28,5, )tir 1, 1] + o([[£]]°)
=t as|[t]|* + bo[t]° +0(HtH ),

(C.27)
where
as = 16p®(0)*(8i, 5, + 2us s, ) (8iy 5 + 2uiyus,)
and
bo = 320 (0)p™(0) (81,51 + 2us,15,) (64, + 2us,)
+ 32p(2)(0),0(3)(0) (61'1,]'1 Uiy U + §i27j2ui1uj1 + 4ui1ujlui2uj2)
= 32p(0)p®@(0) (841, 0z o + 3611 s Wiy + Bsy o Uiy gy + Sty gy sy -
By (C.4),

G22(0) [i1 + 71(j1 — 1) /2,42 + j2(j2 — 1) /2] = Ri1j1i252(0)
= 4p2(0) (651,51 81 o + Giz i i o + G 120172 -
(C.28)
Finally, by (C.15), (C.19), (C.22), (C.25), (C.27) and (C.28) we have for integers 1 < i; <
J1 < Nand1<iy<jy <N,
3(t) [i1+j1(J1 — 1)/2,i9 + J2(jo — 1)/2]
= 4p2(0) (851,51 Gis o + Giz i O + G 220152
+ 18172 (a0 + bolltl|* + o(1£]1*)) (ar[[t]1* + bu[[E]]* + o([[2]]))
+ 1817 (ag + oIl + o(1£1%) (azllt]* + ball]l° + o([2]%))
= 4p( )(0) (511 ]16Z2 .]2 + 612 .71611 .]2 + 511 125J1 .72)
+ (a0 + bol[tl” + o[[£]1*)) (a1 + balltl]* + o([[£]|*))
+ (ab + BollEl” + o[[£]1*)) (a2 + balltl]* + o([[E]|*))
=: a3 + bs[t[|* + o([[£]?),
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where ) ,
ag = 4p"7(0) (8, 4, 0ig.jo + Oia.jr 01 jo T 0ir i1 ja) + G001 + agaz

= 40 (0) (843,101 o + Oiria 01 g — Oy g Wia Wiy, — Oy jo Wiy Uiy

— Oigjy Uiy Wiy — Oy iy Uy Uy + 205, Uy Uiy U, )
+ gp(z)(o)(éile = Wiy g, )0z, — Uiy U ),
and by letting a := pM(0)7'p(0)2 and B := p®(0),
bs = agby + boay + agbs + byas
= <2a — %B) iy j10ig.jn + <4a — %B) iy jo Wiy Ujy + (4a — %ﬁ) iy jr Wi Uiy
+ (200 — 603) 0, jp iy Wiy, + (20 — 60) 6y jywj Uiy + (200 — 63) 04y 5y Wiy U,
+ (200 — 603) 4y iy uj ug, + %ﬁuilujlumuh,

which can be verified by lengthy but straightforward calculation.

C.3.4 Asymptotic Expansions of the Side Parts

In this part, we would like to get the asymptotic expansion of

S#)[1:(L—2),L—1]
1

= G(0) + 2 T(0)(1 = k%(t))Gzl(t)GOTl(t) + 2 T(0)(1 k%(t))Gzl(t)ttTGOTlEt) |
C.29
and
S(¢)[1: (L —2),1]
= Galt) + 1 (?) G (£)GL (1) + k5(?) G ()t G ()
S 200 (0)(1 = k() T 200(0)(1 — K3(t)) 01( )
C.30

as |[t|| = 0. To this end, we still need to expand

() Ga@®)]i+j( —1)/2],
(i) (Gu(t)GG )i+ (i —1)/2],
(iii) (G ()t G, (8)[i +j(j —1)/2]
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for any integers 1 <i < j < N.
By (C.2), we have

G20(0)[i +j(j —1)/2] = Ri;(0) = 2oV (0)d; (C.31)
and
Gn(t)i +j(j —1)/2]
= Ry;(t)
= 20 (|[¢]1%)6:.; + 4tit; ) (|[£]1%)
=26;; (p™M(0) + pP O)[EI* + o([[£]1%)) + duguy[[£]]* (o2 (0) + o (O)]1E]* + o([[£]]%))
= 20;,;p(0) + (26:; + 4usu;) p2 (0)[[E]1* + o([IE]|*).
(C.32)
By (C.1),
Goi(t) = (Ra(t),..., Rn(2)) = 200 (|[2]*)E". (C.33)

Then by (C.26) and (C.33),

(Gm G0T1 )) i+ —1)/2]
= 20V (1t1*) Gor (8 i1y /20t
= 200 ([1£11%) (4p® (17 (85111 + 2t )+8p Yttt l11%)
=2(p™(0) + pP () [tl* + oll[#l1*)) (40 (ILI*) B l1#1* + 2tit;) + 8o (£t 12]1*)
=8 (p(0)p*(0) + (p®(0)* + p(0)p')(0)) lI#l1%) (8 + 2uiu;) £
+ 1691 (0)p*) (0)uzus [£[]" + o |[£][*)
= altll” + bllt]* + o1£l1"),

(C.34)
where
a = 8p"(0)p®(0)(6;,; + 2usu;)
and B
b =8 (p?(0)* + p(0)p1(0)) (65 + 2usu;) + 16p(0)p™ (0)usu.
y (C.33),
t"GLL(t) = 20 ([1E117) 1% (C.35)
Then we have
(@) G (1) i 505 = 1/2) = 20 )G Ot

=: Go|t[|* + baI]|® + o(|[£]|®),
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where by (C.34),

ag :Zil and gg :,51.

Now combining (C.15), (C.19), (C.29), (C.31), (C.34) and (C.36) implies for any inte-
gers 1 <i<j <N,

S@)i+56—1)/2 L 1]
— 2p0(0)815 + (a0 + bolltl1* + o(l1E]%)) (@ + Billel* + o([1¢]2))
+ (a + Bl + o(Il1)) (@2 + Bl + o([¢]))
= + b [£]* + o(I£]2),
where
a3 = 20 (0)8;; + apdy + alds
= 200055+ 85 0) 7 0015+ 2uy) (=320 + 570

4
= gﬂ(l)(O)(tsi,j — uiuy),

and by 51 = 52 and 51 = /52,
63 = ao’gl + boal + ai),l;g + ngig
1 1
= (=Zp@ )+ Z )@ ()L
(-3020 + 520)
(8 (1(0)* + P (0)p'(0)) (85 + 2uity) + 1691 (0)p™ (0)uisu;)

1

+ (% (p(l)(o)—l + P(z)(o)‘Qp(?’)(O)) _ EP@)(O)_QP(?,) (O))

(801(0)p'(0)(65 5 + 2usuy))

1 1 2 14
= (50/ — §ﬁ/) 5i,j -+ (ga/ — Eﬁ/) uin,

where o/ := p®(0) and ' := p™1(0)p(0)~1p®(0). Also combining (C.20), (C.21), (C.30),

197



(C.32), (C.34) and (C.36) implies for any integers 1 <i < j < N,
B0+ 507 — 1)/2, L] = 20V(0)85 + (2855 + duug) o (0) 18| + o([[¢]]*)
(B2 + o E12) (0 + Bl + o))
+ (a + Wl + o(I1l1%)) (@ + Bellel* + o(1£1%))
=ty + balt]]* + o([|t]*),
where by ag = ag,
ay = 2pM(0)6,; + afar + ahay = 2pV(0)8;; + agdy + ahds = ds,
and by (26; ; + duu;)p? (0) + bia, = boay,

54 = (20i + duyuy) /)(2)(0) + aggl + byar + a652 + byas = aog1 + boay + aé)gz + byas = 53.

C.3.5 Asymptotic Expansions of the Corner Part

In this part, we would like to get the asymptotic expansion of

S#)L—1,L -1 = ()L, L]
ka(t)

1 T T ~T
= Go(0) + 250 (0)(1 = k%(t))Gol(t)Gm(t) + 29 (0Y(1 — k%(t))Gm(t)tt Gy (t)

(C.37)

and

Go (t)tt" G (t)
(C.38)

as ||t|| — 0. To this end, we still need to expand

(1) GOO(t)a
(i) Goi(t)Gg, (8),
(iii) Go(t)tt'GL(¢).
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For (i), it is easy to see
Goo(t) = R(t) = p(0) + p(0)[[E]]* + o(|[¢]|*) and Goo(0) = R(0) = p(0).
For (ii), by (C.33), we have

2
Goi ()G (t) = 4 (P (0) + pP (O)[1£]1* + o(I[£]*))” [1£]1”
= 4p(0)?[[¢]1* + 8o (0)p (0)[E]" + o([IE]")
=t an[t]* + b [£l]* + o(lI2]"),

where -
ay = 4pM(0)% and b, = 8pV(0)p(0),
By (C.35),
Gor(£)8£7 G (£) = 4P (02 8] + 8p0(0)p® O£ + o 1£])
=: @o|t]|* + baI]|® + o(|[£]®),
where

y = 4p1(0)? and by = 8p1(0)p(0).
Therefore, combining (C.15), (C.19), (C.37), (C.39), (C.40) and (C.41) implies
()L —-1,L—1]=3%(¢)[L, L]
= p(0) + (a0 + bollt* + of|1¢]%)) (@ + bul[¢]* + oIl
(Bl + o 812)) (@ + Bl + o( 1)
—=: Gy + bs 1t + ol [|¢]]*),

where R R R
as = p(0) + apar + agas

— p(0) + (——p<2><o>1 + L0 <o>1) 4pM(0)?

1

S0 0202(0)!
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and by a; = @y and 31 = 32,
33 = ao/l;l + boal + CLE)BQ + bgag

= (ap + a})by + (by + b})a,

1

= (320 4 520 ) 500 0)

= =5pV(0) + 5P (0% (0) 72 (0).
Also, combining (C.20), (C.21), (C.38), (C.39), (C.40) and (C.41) implies
SO —1,L) = S@®)[L, L — 1]
= p(0) + p (0[] + o([12]*)
o+ (af + 01 + (1) (@ + Bullel® + o(18)))
+ (Bl + o)) (@2 + Bale]? + o8] )
= Gy + balt])” + o([[¢]]?),
where by a¢ = a,
a4 = p(0) + agay + apas = p(0) + agay + apas = az,
and by p™M(0) + bja, = boay,
by = p(0) + allby + blay + allby + Gy = apby + bedy + alby + by = b.

Hence the proof of Lemma 4.3.5 is completed.

C.4 Features of the Side Parts

Fix N > 2. Let X be qualified. Suppose that X also satisfies (4.51) for some 5,, > 0.
Recall in Section 4.5.2, ug = (0,...,0,1) € RY. In this section, we would like to calculate
the side parts (C.29) and (C.30) when t has the form t := ugr for any r € [0,4,]. Recall
that by (C.31)

Gao(0)[i + (5 — 1)/2] = 2p(0)6, 5, (C.42)

200



by (C.32)

Gaol)li + 77 — 1)/2] = 20025, + atit; o (18], (C.43)
by (C.34)
(Ga1(6)Goy () [i +5(j — 1)/2] (C.44)
= 2p0(1e2) (4O (1812) (6 12 + 26i) + 8pO ()t 1) |
and by (C.36)
(Ga(®)tt Gy (1)) [ + 5 (5 — 1)/2] (C.45)

=20 ([E1)1IE17 (40" (111*) (i 1E1* + 2tit;) + 8o ([[¢]]*)tat; |1£1]%)
for any t € B(0On,6,) \ {On} and integers 1 < i < j < N. Then by taking ¢ := u,r into
(C.42)-(C.45), one can easily check
(i) for any integers 1 <i < j < N
G (0)i +j(j —1)/2] =0,
Gao(t)i+j(j —1)/2] =0,
(GG (#)) i+ —1)/21 =0,
and
(Gu(®)tt Gy (1)) [+ —1)/2] = 0;
(ii) for any integer 1 <k < N —1
G20 (0)[k + k(k — 1)/2] = 2pM(0),
Goo(t) [k + k(k —1)/2] = 2oV (1),
(G (6)GGy(8)) [k + k(k —1)/2] = 8oV (%) pP ()72,

and
(Gan ()8t Gy (8)) [k + k(k —1)/2] = 8oV (%) @ (r2)r;
(iii) when k = N
Gao(0)[k + k(k — 1)/2] = 20(0),
Goo(t)[k + k(k —1)/2] = 2p0 (1?) + 4 p®) (%),
(Ga1(®)GG () [k + k(k — 1) /2] = 24p0 (%) p® (r2)1% + 16p') (1) ()1,
and

(Gzl(t)ttTGOTl(t)) k+k(k—1)/2] = 24p(1)(7"2)p(2)(7°2)7°4 + 16p(1)(r2)p(3) (r*)r®.
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Then by (C.29) and (C.30), we have for k =1,2,... ;N —1

S (uor)[k + k(k —1)/2,L — 1]
1
2pM(0)(1 — k% (uor))

k}4('U/0T) D o ) o
3 T0) (1= Rug ) P
1+ ky(ugr)r?

2o (0)(1 — ki (uor)) (C.46)
1 + k4 UOT )

— Zp(l)(()) + 80(1)(7’2)p(2)(r2)r2

_|_

= 2p(1)(0) + gp(l)( 2r2p3 (12)

— 2p(1)(0) (1 + Ky (wor) ko (wgr)r? 2 uor)

)

i (P )

" X (uor) [k + k(k —1)/2, L]

k1 (UOT)
2pM(0)(1 — (uor))
: )

ks (uor) 20,0
2pM(0)(1 — %(uor)) ( P (r )

=20 (r?) + 8p (r?)r?p (1 )3 <1 or) + ks (uor)r?

— 2p(1)(r2) + (1)( )0(2)(7'2)7'2

_|_

1(0)(1 — k¥ (uor)) (C.47)
]f (wor) + ks(uor)r?
s war) (1  haluar)r 2L 14;2('2(07“;) | )
ko (uor )k, (ugr)r?

0)k:( 1

1U0T(+ = k2(ugr)

0)k1 (w 1 — ki (uor)k.(uor)

T)
B 1-— k2 ’U,QT
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