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Abstract

In this research, we investigated the non-linear motion and magnetic forces in a chain
of magnetic pendulums with cylindrical magnets to eventually better understand the be-
haviour of Josephson junction-effect devices. We studied the nonlinear motions of our
system through the interaction forces between the magnets and analytically derived the
equations of motion with the aim of simulating the dynamics of the system. To obtain the
natural frequencies of our analytical system, we used the Fast Fourier transform. Finally,
we validated the accuracy of our simulated system’s response by comparing its behaviour
to that of an experimental setup consisting of two coupled magnetic pendulums.

Ultimately, we solved for the equations of motions of our magnets and integrated the
magnetic forces from the magnetic field function. We also experimentally validated the
nonlinear response of the system as well as its equilibrium points and natural frequency.
The results we obtained through comparing the simulated system response and the de-
signed experiment response indicated that our analytical model can accurately predict the
behaviour of such a system.
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Chapter 1

Introduction

Coupled magnetic oscillator systems are very interesting not only for energy harvesting
but also for helping researchers have a better understanding of the vibration of atoms
in a lattice. Magnetic pendulums are a type of coupled magnetic oscillator system and
consist of oscillating pendulums with magnets attached at their ends hence coupled mag-
netically. Studies have suggested using coupled magnetic pendulums to better understand
the Josephson junction which is used for coupling energy between two superconductors.
Josephson junction weak links are interesting because of their wide variety of existing and
potential applications such as in quantum computing. With memory cell circuit design in
quantum computing being based on coupled arrays of Josephson junctions, studying cou-
pled magnetic pendulums can ultimately help better understand this fairly new and more
efficient computing technology. Therefore, our goal is to create a mechanical analogue of
Josephson junction that can be used to better understand quantum computing.

1.1 Overview

Quantum computing is a fairly new technology that has gained a lot of interest because
it make information processing faster and more efficient partly due to its dissipation-less
nature. It can make a big positive difference in various fields such as finance, military and
intelligence applications, drug design and discovery, aerospace design, utilities (nuclear
fusion), polymer design, machine learning and artificial intelligence (AI) [8]. In this thesis,
we study the motion of a system of magnetic oscillators to provide a mechanical analog of
memory cells used in quantum computing.
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Coupled oscillators can be categorized into two types: linearly coupled and nonlinearly
coupled. Nonlinear oscillators have more interesting dynamics than the linear ones which
is why they will be our focus here. Coupled magnetic oscillators belong to the latter class
[9].

The goal of this research is to devise a model of magnetic pendulums in a chain and
investigate the nonlinear dynamics of the model and the interaction forces among the
pendulums. The pendulums are used in the model to better understand coupled Josephson
junctions which form the basis of memory cell circuit design in quantum computing. Our
analytical model was created using Mathematica and will be compared to the behaviour
of the system examined experimentally to ensure its accuracy.

In order to write the equations of motion for our system, we evaluated the interaction
forces between the magnets while taking their geometry into account. To evaluate the
validity of the model, we designed and constructed a system of coupled magnetic pendulum
constituted of a suspension system holding two pendulums with cylindrical magnets at their
ends. The equations of motion of the magnetic pendulums were used to simulate the system
response and compared to the results of experimental testing in order to tune the model
parameters. Ultimately, we were able to numerically solve the equations of motion and
validate the nonlinear response of the system including its equilibrium points and natural
frequency.

1.2 Literature Review

This section provides background on quantum computing and how the motion of coupled
magnetic oscillators could be used to improve this fairly new technology. The first subsec-
tion 1.2.1 describes the history of quantum computing and its advantage for information
processing. Subsection 1.2.2 covers quantum computing component memory cells, Joseph-
son Junctions and the mechanics of their motion. Finally, subsection 1.2.3 highlights how
the motion of coupled magnetic oscillators relates to that of Josephson Junctions, and thus
memory cells.

1.2.1 Quantum Computing

Quantum computing is the use of quantum-mechanical systems for information process-
ing. With the emergence of nanotechnology, quantum computing is becoming increasingly
predominant in the development of more compact and efficient computers [2]. In general,
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energy dissipation is common in computing with every irreversible operation causing bit
losses and consequently energy loss. However, in quantum computing, the quantum logic
circuits are reversible which helps avoid energy loss when processing a bit.

History of Quantum Computing

Quantum computing is not a new concept. In fact, so far, many people have suggested
the ideas of quantum computers and formalized their models. The idea of using quantum
mechanics for computational purposes has been explored as early as 1980 where Benioff
[10] noted that constructing a computer based on quantum mechanics is possible and
proposed building it. He started out by making smaller logic circuits thus showing that
atomic-scale circuit as one of the components of quantum computers can be built. Benioff
suggested representing every two binary digits using spins of elementary particles making
computation fully quantum-mechanically performed without consuming energy [11].

That same year, Manin [12] also proposed the idea of quantum computers in his book
“Computable and Non-Computable”. In 1981, Feynman [13] in his lecture “Simulating
Physics with Computers”, described a quantum computer that can simulate physics. He
argued that regular computers cannot adequately simulate complex quantum mechanical
phenomena:

...nature isn’t classical, dammit, and if you want to make a simulation of na-
ture, you’d better make it quantum mechanical, and by golly it’s a wonderful
problem, because it doesn’t look so easy...

He pointed out the key features for quantum computers which generally should be useful
and obey laws of quantum mechanics.

After Benioff, Manin, and Feynman introduced the concept of quantum computers,
researchers started proposing models for such computers and the nature of the algorithms
that could be run on them [14]. Deutsch [15] proposed a model called the quantum computer
which is considered the first computational model for quantum computing. In this work,
he describes what a quantum algorithm would look like and predicts that “one day it
will become technologically possible to build quantum computers.” To further his point,
Deutsch also developed a sample algorithm that would run faster on a quantum computer.

In 1993, Vazirani and Bernstein [16] elaborated on Deutsch’s work by proposing the
universal quantum Turing Machine which generalizes Deutsch's model. This algorithm
showed clear quantum-classical separation even when small errors are allowed. They also
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described a quantum version of the Fourier transform, which was used [16] to develop an
algorithm to factor large numbers. This algorithm, also known as Shor’s algorithm, factors
numbers with a quantum computer that would involve six qubits and thus further proving
the possibilities of quantum computers.

In 1996, Grover [17] proposed a quantum search algorithm that would speed search
functions on quantum computers. This algorithm can search data in unstructured database
in the order of

√
n.

The first model of a quantum computer was only implemented in 1998 by Chuang
and Gershenfeld [18]. The 2-qubit quantum computer is based on chemical applications of
Nuclear Magnetic Resonance (NMR). In 2000, Knill, Laflamme, and Martinez [19] were able
to develop a seven-qubit NMR quantum computer while implementing Shor’s Algorrithm.

Currently, it is possible to develop quantum computers with more than 10-qubits. Many
fundamental theories for applications of quantum computing have also been established
[11].

Characteristics of Quantum Computing

As we can see, research on quantum computing has been gaining interest. The speed
of classical computing being still insufficient to satisfy the constantly increasing needs
of technology, quantum computation could make information processing much faster and
more practical.

Quantum computers process information by using atoms at the micro level and the
properties quantum-mechanical systems. The basic unit of information used in quantum
computers is the quantum bit also called a qubit. It is based on a the principle of Quantum
Superposition, that the 0 and 1 states can overlap [11]. While in regular computers, infor-
mation is represented by means of a bit which can have only one value of 0 or 1, quantum
computers use qubits which can represent more information than in bits as illustrated in
Figure 1.1.

Some scientist have already constructed quantum computers that can carry out basic
operations [2]. Many of these quantum computers adopt quantum mechanics by using
quantum logic gates to avoid redundant theories and algorithms.

A quantum gate is a basic quantum circuit operating on a small number of qubits
[2]. There are various quantum gates with different functionalities most notably the NOT,
CNOT, controlled-V, and controlled-V+ gates as seen in Figure 1.2(V gate is the square
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Figure 1.1: Classical qubits are zero or one. Qubits are a superposition of zero and one [1].

root of NOT gate). In this figure, the colored dot represents the control, while the circle
represents the target, and the contact qubits are illustrated by the vertical lines.

As opposed to classical computing, neither AND, OR, XOR, NAND or FANOUT can
be used in quantum computing. The AND, OR, XOR and NAND gates are not reversible
while the FANOUT involves duplication or cloning of states. Additionally, in quantum
computing, the number of outputs must equal the number of inputs. For reference, Fig-
ure 1.3 represent an example of a circuit in classical computing and quantum computing
respectively that performs addition/subtraction also know as a full-adder.

Although the two-level qubit systems is the most generally used to build quantum
computers, there are other types of quantum computing architectures. For example, it
is possible to build a quantum computer with qutrits which are three-level systems with
states of 0, 1 or 2 or a superposition of those states.

1.2.2 Memory Cells

Just like for any computing device, depending on the computing task at hand, there are
two main components in quantum computing needed for the device to operate properly:

5



Figure 1.2: Basic Quantum gates [2].

(a) Classical computing [14]. (b) Quantum computing [20].

Figure 1.3: Full-adder circuit in different computing.

a long-lived memory and a fast data-bus for communication between different registers or
processors [21]. The cells of the memory unit have to be well isolated from the rest of
the system. Several types of memory cells have been developed by tunnelling Josephson
junctions. The main advantages of using a Josephson junction as a qubit (classical bit) is
that it is not only easily controllable by an applied magnetic field [22], but also helps create
a system with states that can be manipulated and well protected against decoherence.

Another advantage of using a Josephson junction as a memory cell is the resemblance
of its dynamics to that of a pendulum under an applied torque. This allowed many re-
searches to use the motion of pendulum systems under constant torque to better understand
Josephson junction-effect devices.

Figure 1.4 shows the circuit diagram of a Josephson Junction (JJ). The Josephson
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Figure 1.4: Schematic diagram of a circuit with a Josephson junction.

voltage-phase relationship defines the instantaneous voltage across the junction V in terms
of the rate of ϕ which is the phase difference that the two superconductors of the junction
will be driven apart at [23]:

V =
h

2e
ϕ̇ (1.1)

where h is Planck’s constant and e is the electron charge. In cases where the maximum
current realizable by the JJ I is larger than the bias current IDC , the current through the
JJ is limited to:

Ij = Ic sinϕ

Noting that the voltage drop across all branches of the circuit is equal to Vout, we apply
Kirchhoff’s current law to the circuit and set the sum of the currents through the capacitor
C, the resistor Rn and the junction equal to the bias current IDC [23]:

CV̇out +
Vout
Rn

+ I sinϕ = IDC (1.2)

Using the relationship between the junction voltage and phase in Equation (1.2), it reduces
to:

hC

2e
ϕ̈+

h

2eRN

ϕ̇+ I sinϕ = IDC (1.3)

Equation (1.3) is analogous to the equation of motion of a damped pendulum under a
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constant torque T , namely:

mL2θ̈ + bθ̇ +mgL sin θ = T (1.4)

wherem is the pendulum effective mass, L is its distance from the suspension point, b is the
viscous damping coefficient, and g is the acceleration of gravity. This mechanical analog
has been use by many in visualizing the dynamics of Josephson junctions; the earliest being
Anderson and Rowell [24] in 1963.

1.2.3 Josephson Junctions and Coupled magnetic systems

Different magnetic pendulum models have been used to better understand the Josephson
coupling energy between two superconductors. Sullivan and Zimmerman [3] model seen
in Figure 1.5 is an example of a mechanical analog of a single (point) Junction. In this
model, an electric motor produces a constant torque source that rotates magnet-studded
disk which in turn moves the pendulum at the right end. The constant torque represents
the constant current source of a Josephson Junction.

Figure 1.5: Sullivan’s mechanical analog of a point JJ1.

A year later, Hansma and Rochlin [4] based their mechanical analog, illustrated in
Figure 1.6, on that of Sullivan and Zimmerman. Their system contains a pair of masses
fixed to the disc at the right end which are used as pendulum bobs. These two masses can
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be changed and used to vary the effective pendulum mass without altering the moment of
inertia [4].

Figure 1.6: Hansma and Rochlin’s mechanical analog of a point JJ2.

Another interesting model [5] illustrated in Figure 1.7 presents a mechanical analogue
of the Josephson transmission line. The constant torque that moves the disks seen in the
figure is produced by the air that passes through the nozzles at the top which is blown
against the edges of each aluminum disks. Similarly to Hansma and Rochlin’s model, the
two masses symmetrically fastened on each disk are used as pendulum bobs to the same
end. Again, the constant torque is analogous to a constant current source.

Figure 1.7: Mechanical analogue of a JJ transmission line3.

Blackburn et al. [25] experimentally investigated the motion of a damped pendulum
driven by linear motor that serves as a mechanical analogue of a current biased JJ. The
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results confirmed the existence of separate regions of periodic and chaotic pendulum mo-
tions. The system also served as an experimental probe of biased Josephson devices whose
characteristic time scales were approximately 1012 shorter than those of the pendulums.
This research represents one of the first direct and accurate measurement of chaos in a real
physical system rather than simulations.

More recently, Luca et al. [26] demonstrated the analogy between an over-damped
pendulum and an over-damped JJ and analyzed their corresponding properties. They
noted that the current-voltage characteristics of the JJ device can be found by deriving an
analytical expression for the normalized driving moment of the pendulum as a function of
the time average of the angular frequency.

Altshuler and Garcıa used a system of pendulums and pulleys [6] to investigate the
magnetic field dependence on the maximum JJ current I. The picture in the left panel
of Figure 1.8 shows a three-pendulum experiment that corresponds to the applied field
associated with the maximum critical current. The three pictures on the right represent
the analogs for the cases of: (a) Ij = 0, (b) 0 ≤ Ij ≤ I and (c) Ij ≈ I.

Figure 1.8: Altshuler and Garcia’s model4.

Many researchers adopted under-damped pendulums as a mechanical analogue for ar-
rays of discrete JJs. Watanabe et al. [27] analyzed a system of periodic sine-Gordon
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equations representing an array of coupled under-damped pendulums hanging from a com-
mon support rod under constant torque as well as an array of discrete JJs. They found
travelling waves in the system dynamics comparable to experimental measurements of the
current-voltage characteristics of a ring of eight under-damped JJs. The waves were clas-
sified in to two categories: low-velocity kinks and high-velocity whirling modes. In each
case, they found that the measured voltage locations of the resonant steps were in good
agreement with model predictions.

1.3 Thesis Layout

The thesis is organized in five chapters. In Chapter 2, the system of magnetic pendulums is
introduced in details presenting each the design of each component. Chapter 3 covers the
derivation the equations of motion governing a system of two magnetic pendulums. Chapter
4 discusses the interaction forces related to the response of the system and compares the
results of the analytical model to the experimental results. Finally, conclusions and future
work are discussed in Chapter 5.

1.4 Contribution

An initial model by Saeidi Hosseini [9] used an ideal point source model to represent the
magnets and derive the pendulums’ equations of motion. The current work builds on that
by replacing the point source magnet model with a three dimensional magnet model and
taking its geometry into account. Mr. Carl Azzi [28] redesigned the pendulum system to
increase its resistance to out-of-plane bending. The prototyping and manufacturing of the
coupled magnetic oscillator system was revised by Mr. Del Rosso [29] under the supervision
of Professors Glenn Heppler and Eihab Abdel-Rahman.
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Chapter 2

Pendulum Array

In this chapter, we describe the experimental set up of the pendulum array under study.
It is composed of a set of identical magnetic pendulums. Section 2.1 describes the overall
system, the materials used, and the process of making the custom parts. Section 2.2 looks
into the pendulum arm component of our system, while section 2.3 discusses the suspension
system. Finally, section 2.4 describes the testing and data collection process.

2.1 Materials and Design

The physical system consists of an array of eight identical magnetic pendulums suspended
at equidistant points along a rod. The pendulums can be arranged such that the magnets
are in repulsive or attractive interaction. For the context of this work, we only used two
pendulums in our system mounted such that there is repulsive interaction between them.
In a typical experiment, a pendulum would be released from a 90◦ degrees angle with
respect to the vertical line while the second pendulum is stationary and aligned with the
vertical line and the two pendulums would be allowed to oscillate freely until they settle
down. We record the motions of the pair of pendulums using a video camera and we
measure the angles of the two pendulums make with the vertical line by dividing the video
recording into individual frames.

The first prototype of the system, developed by Saeidi Hosseini [9] is shown in the left
panel of Figure 2.1. The second prototype with improved suspension system, pendulum
design, and materials is shown in the right panel of the figure. The magnets were kept
unchanged, as DA2-N52 magnets [7], in the prototype # 2 due to their strength compared
to their size.
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Figure 2.1: Prototypes # 1 and #2 of the pendulum array

The final magnet dimensions and properties are listed in Table 2.1. We compute the
magnetization of our magnet by dividing the residual flux density by the permeability of
free space. The permeability of free space µ0 being a physical constant equal to 4π× 10−7

H/m.

Table 2.1: The dimensions and properties of DA2-N52 magnets [7]

Description Symbol Value

Diameter D 15.875mm

Thickness h 3.175mm

Volume V = π
4
D2h 628mm3

Mass mm 4.71× 10−3 kg

Residual flux density Br 1.275Tesla

Magnetization M◦ =
Br

µ◦
1.01342× 106 A/m

There are three main components of the overall new prototype supporting the pendulum
array: the suspension system, the crossarms, and the pendulums. The suspension system
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is our new prototype consists of two trapezoidal shaped legs made from acrylic holding
a 500 mm long suspension rod. The trapezoidal legs provide a full view of the moving
pendulums from the front of the system and the suspension rod was chosen such that no
bending will occur due to the pendulums’ weight or magnetic force.

The pendulums that go into the rod and are help by it consist of an acrylic arm with
a cylindrical magnet at the end. In our new prototype, the length of the pendulum was
changed to be 121 mm. This length allows a clear visibility of the motion of the magnets
while still avoiding bending due to the magnetic force. To keep the distance between the
magnets uniform, we used spacer of either 35 or 40 mm length and placed them in the
suspension rod between the pendulums.

Wherever possible parts were made from aluminum and acrylic to avoid disturbing the
magnetic field and reduce cost. The custom acrylic parts can be fabricated using laser and
waterjet cutting. Although laser cutting is cheaper and faster turnout, we chose waterjet
cutting to obtain higher dimensional accuracy for the thickness of the parts (thickness
being 1/2”).

Figure 2.2: System at maximum alongside minimum extension

Another new feature of prototype #2 is that the distance between the pendulums
can be altered by either changing the spacers set between the pendulum arms along the
suspension rod or removing them altogether to obtain the minimum distance. Since the
suspension rods as well as the ones connecting the trapezoidal legs from the bottom are
fixed to the legs with nuts, the location of the nuts can be accordingly shifted so that the
distance between the legs is closer or further apart as shown in the Figure 2.2. We use this
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attribute in our experiments to see how changing the distance between the magnets affects
the equilibrium angles.

2.2 Pendulum Design

The next components of the system are the pendulums. One of the main features of the new
pendulum design is that magnets can be added or removed without complete disassembly
of the system through the removable magnet covers. Since the magnet covers are only fixed
at one spot, they can be spun upwards such that the spacers and magnet can be pushed
out from the side as shown in Figure 2.3. This provides a quick way to alter the system
without completely removing the pendulum from the suspension rod.

Figure 2.3: Pendulum arm with removable magnet covers.

As seen in the figure, the upper loop holds a bearing that will connect the pendulum to
a beam to a circular rod. Meanwhile, the loop at the bottom side holds our magnet that
will be responsible for the interaction forces between our pendulums. Table 2.2 presents
the dimensions of the pendulum arms. We consider the acceleration due to gravity g to be
9.80665 m/s2 and use it in the next section to compute the weight of the magnet and later
on as one of our parameters in the equation of motion.
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Table 2.2: Dimensions and parameter values for the pendulum arm.

Description Symbol Value

Pendulum separation distance a 35 or 40 mm

Distance from center of gravity to origin d 83.78 mm

Pendulum length ℓ 121 mm

Pendulum thickness t 12.5 mm

Pendulum mass m 24.51× 10−3 kg

2.3 Suspension System

As seen in Figure 2.2, the design we ended up going with for our suspension system were
the trapezoidal legs as they gave a full view of the pendulums’ motion from a front-side
angle. This suspension system is designed for lab use where videos need to be taken of
the pendulums full travel in order to collect motion data and later compare it to the
simulations.

The choice of the shaft was based on the bearing which has an inner diameter of 5mm,
so the shaft should have the same diameter. We also chose two different spacers that
will separate the pendulums on the shaft: a 35mm and a 40mm spacer. After that, we
calculated the deflection to see if the shaft can support eight pendulums each separated by
a 35 mm or 40 mm distance. To make sure the suspension rod can hold all our pendulums,
we compute the maximum deflection using the following equation

δmax = − 5qL4

384EI
(2.1)

where q is the distributed load on the rod, L the length, E Young’s modulus of elasticity
of the rod as seen on Table 2.3, and I the area moment of inertia of the cross section. The
distributed load q can be found by dividing the total weight applied on the rod by all eight
pendulums, Wtotal, by the rod’s total length, Ltotal:

q =
Wtotal

Ltotal
=
Mtotalg

Ltotal
(2.2)
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As seen in Figure 2.4, the distance between the magnetic pendulums, a, and the distance
between the first and last magnetic pendulums to the supports are either 35 mm and
40mm. We will compute the total distributed load for both cases.

Figure 2.4: Side view of the rod loaded by eight equally spaced magnetic pendulums.

• Case 1: a = 35mm
According to the figure, the total length of the rod when the separation distance
between the magnets is 35 mm is

Ltotal = 9× 35 = 315mm = 0.315m

The chosen magnet’s mass is 4.71 g and the identified pendulum’s total mass is 31.96
g. Therefore, the total distributed load is

q =
Mtotalg

Ltotal
= 0.9953N/m (2.3)

With the area moment of inertia of the rod cross section derived using:

I =
πD4

dr

64
= 63.62mm4 (2.4)

where Ddr is the 5 mm drill rod diameter with a Young’s modulus elasticity of
E = 193Gpa. Using all these parameters, the maximum deflection is found

δmax = − 5qL4

384EI
= −1.039× 10−5m = −0.0104mm (2.5)
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• Case 2: a = 40mm
According to the figure, the total length of the rod when the separation distance
between the magnets is 40 mm is

Ltotal = 9× 40 = 360mm = 0.360m

The chosen magnet’s mass is 4.71 g and the identified pendulum’s total mass is 31.96
g. Therefore, the total distributed load is

q =
Mtotalg

Ltotal
= 0.87091N/m (2.6)

Using the same area moment of inertia of the rod cross section and Young’s modulus
elasticity as the previous case. Using all these parameters, the maximum deflection
is found

δmax = − 5qL4

384EI
= −1.187× 10−5m = −0.012mm (2.7)

At the end, the deflection for both cases was smaller than 1 mm making the rod selected
proper for the design. The table 2.3 shows all the characteristics of the shaft.

Table 2.3: Dimensions and parameter values for the Suspension Rod.

Description Symbol Value [SI]

Drill Rod Diameter Ddr 6 mm

Drill Rod Length L 500 mm

Drill Rod Moment of Inertia I =
πD4

dr

64
63.62 mm4

Drill Rod Young’s Modulus E 193 GPa

2.4 Testing and Data Collection

To test the balance of our system, we did a visual check to ensure that with 35mm and
40mm spacers the pendulum arms did not bend due to magnetic forces. The trapezoidal
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design was carried around the lab from various locations on the system over the course of
a week and no signs of stress or failure appeared. Test parts were cut from ½” acrylic using
a laser cutter. The oscillation of each pendulum was timed to ensure they ran for the same
amount of time ±5 seconds.

Once the testing was complete, we gathered our experimental data by taking a video
of the system’s full oscillation from the front. In this research, we focused on a system
consisting of two pendulums. Once the video was taken and slowed down for each of
our separation distance cases, we divided the videos into multiple frames per seconds and
measured the angles of both pendulum using an online protractor.
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Chapter 3

System of Equations

In this chapter, we investigate the nonlinear equations of motion of a system of two mag-
netically interacting pendulums. To that end, we compute the magnetic field between the
magnets and ultimately evaluate the magnetic force.

Firstly, section 3.1 describes the frames of reference used to write the equations, two
body fixed frames F i and F j and an inertial frame Fo. In this section, we find the
transformation matrices from the body frames to the inertial frame. We also describe the
transformation matrices from cylindrical frames where the magnetic force is evaluated to
Cartesian frames where the equations of motion are written. Section 3.2 describes the
magnetic field then use it to find the magnetic force between the magnets. Finally, section
3.3 presents our equations of motion for a system made of two magnetically interacting
pendulums.

3.1 Geometry

3.1.1 Frames of Reference

We describe three frames of reference are presented in Figure 3.1:

• An inertial Cartesian frame Fo with basis vectors î, ĵ and k̂ fixed at point O along
the pendulum suspension axis

• A body fixed Cartesian frame F i attached to pendulum i at the center of its magnet
with basis vectors îi, ĵi and k̂i
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• A body fixed Cartesian frame F j attached to pendulum j at the center of its magnet

with basis vectors îj , ĵj and k̂j

where the z-axes of all three frames will remained aligned at all times, such that

k̂ = k̂i = k̂j

The locations of pendulums i and j are described in terms of:

• θi and θj the angles they make, respectively, with respect to the vertical x-axis. Or
in other words θi and θj are the angles between the global î basis vector and the îi
and îj basis vectors.

• θij the angle of pendulum j makes with respect to pendulum i such that θji = θj− θi

ri

iθ

jθ

i i

ji

k
i k j

jj
ij

rj

ij

k

rij

θij

θ

Ο

i

j

Figure 3.1: Perspective view of pendulums i and j.

Let F cn be a companion cylindrical frame attached to the centre of the magnet of
pendulum n with basis vectors ρ̂cn , ϕ̂cn and k̂cn . It is assumed that the origin of the
inertial frame is situated so that pendulum n is positioned at a distance of zn = nd from
the origin of the inertial frame where d is the distance between two successive pendulums.
This guarantees that zn − hm

2
> 0 for n = 1, 2, ..., N .
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3.1.2 Transformation Matrices

To be able to write the equations of motion in a common frame, we will establish trans-
formation matrices among those frames. Since the z-axes are always aligned, all transfor-
mation matrices will reduce to rotations around k̂. The transformation matrix from the
inertial frame F⃗o to pendulum i's body fixed frame F⃗ i is

Cio =

 cos θi sin θi 0
− sin θi cos θi 0

0 0 1

 (3.1)

its inverse gives the transformation matrix from F⃗ i to F⃗o is

Coi =

cos θi − sin θi 0
sin θi cos θi 0
0 0 1

 (3.2)

Similarly, the transformation matrix from F⃗o to F⃗ j is

Cjo =

 cos θj sin θj 0
− sin θj cos θj 0

0 0 1

 (3.3)

and its inverse giving the transformation matrix from F⃗ j to F⃗o is

Coj =

cos θj − sin θj 0
sin θj cos θj 0
0 0 1

 (3.4)

Since θji = θj − θi, the transformation matrix from F⃗ j to F⃗ i is

Cij =

 cos (θj − θi) sin (θj − θi) 0
− sin (θj − θi) cos (θj − θi) 0

0 0 1


=

 cos θji sin θji 0
− sin θji cos θji 0

0 0 1

 (3.5)
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and its inverse, the transformation from F⃗ i to F⃗ j, is

Cji =

 cos (θi − θj) sin (θi − θj) 0
− sin (θi − θj) cos (θi − θj) 0

0 0 1


=

 cos θij sin θij 0
− sin θij cos θij 0

0 0 1


=

cos θji − sin θji 0
sin θji cos θji 0
0 0 1


=CT

ij

(3.6)

where
θij = θi − θj

Let Cici be the transformation matrix from the cylindrical F⃗ ci to the Cartesian F⃗ i frames
attached to pendulum i such that

Cici =

cosϕi − sinϕi 0
sinϕ cosϕi 0
0 0 1

 (3.7)

so that the inverse transformation from F⃗ i to F⃗ ci is

Ccii =

 cosϕi sinϕi 0
− sinϕi cosϕi 0

0 0 1

 (3.8)

Similarly Cjcj is given by

Cjcj =

cosϕj − sinϕj 0
sinϕj cosϕj 0
0 0 1

 (3.9)

so that the inverse transformation from F⃗ j to F⃗ cj is

Ccjj =

 cosϕj sinϕj 0
− sinϕj cosϕj 0

0 0 1

 (3.10)
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3.1.3 Magnets Position Vectors

With reference to Figure 3.1, r⃗i is the position vector of the center of magnet of pendulum
i with respect to the inertial origin. Going from the fixed initial frame to frame Fi

r⃗i = F⃗T
o rio

= F⃗T
o

xiyi
zi


= F⃗T

i Cio

xiyi
zi


= F⃗T

i

 xi cos θi + yi sin θi
−xi sin θi + yi cos θi

zi


= F⃗T

i

ℓi0
zi



(3.11)

where li is the length of pendulum i from the pivot point to the center of its magnet such
that

xi = ℓi cos θi and yi = ℓi sin θi

Also note that F⃗o and F⃗ i are the vectrices for frames Fo and Fi given by

F⃗o =

 îo
ĵo
k̂o

 and F⃗ i =

 îi
ĵi
k̂i
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Similarly to r⃗i, r⃗j represents the position of magnet of pendulum j with respect to the
origin O such that

r⃗j = F⃗T
o rjo

= F⃗T
o

xjyj
zj


= F⃗T

j Cjo

xjyj
zj


= F⃗T

j

 xj cos θi + yj sin θi
−xj sin θi + yj cos θi

zj


= F⃗T

j

ℓj0
zj



(3.12)

with ℓj being the length of pendulum j such that

xj = ℓj cos θi and yj = ℓj sin θi

Since the position of the center of each circular magnet with respect to the inertial origin
O is given by r⃗i and r⃗j, the relative position of centre of magnet i with respect to center
of magnet j is given by

r⃗ij = r⃗i − r⃗j

= F⃗T
o rijo

= F⃗T
o

xi − xj
yi − yj
zi − zj


= F⃗T

o

xijyij
zij


= − r⃗ji

(3.13)

Figure 3.2 is a top down view of a two pendulum system, where the black rectangles
represent the magnets and the small blue and green rectangles represent their center of
mass. As seen in the figure, r⃗ij can be split into two components; s⃗ij and z⃗ij in the i⃗0 − j⃗0
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Figure 3.2: Top Down view of pendulums i and j.

plane and k̂0 direction respectively

r⃗ij = s⃗ij + z⃗ij (3.14)

With

s⃗ij = F⃗T
o

xijyij
0

 and z⃗ij = F⃗T
o

 0
0
zij

 = F⃗T
o

 0
0

(i− j) d


where d is the distance between each pendulum and we assume is the same throughout the
system. We also assume that all pendulums have the same length ℓ so that the magnitude
of r⃗ij is

|r⃗ij| =

√(
2ℓ sin

θij
2

)2

+ d2 (3.15)

and the magnitude of s⃗ij is

|s⃗ij| = 2ℓ sin
θij
2

(3.16)
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Finally, with our magnet being cylindrical and homogeneously magnetized along the axial

direction, we care about the flat surfaces of the magnets. As a result , we consider h⃗−i and

h⃗+i as the positions of the center of the back and front faces respectively of magnet i with

respect to the center of magnet j. With hm being the the thickness of the magnets, h⃗−i
and h⃗+i can be expressed as

h⃗−i = F⃗T
i h

−
i = F⃗T

i

 0
0

−hm
2

 (3.17)

and

h⃗+i = F⃗T
i h

+
i = F⃗T

i

 0
0
hm
2

 (3.18)

3.2 Magnetic Forces

3.2.1 Magnetic Fields

The magnetic forces happen when one of the pendulums is present in the magnetic field
of the other. Let’s use Pendulum j as our reference. Both pendulums are identical with
magnetization:

M⃗ = F⃗T
j

 0
0
Mi

 = F⃗T
j

 0
0
M0

 (3.19)

where the fixed frame for pendulum j is

F⃗T
j =

ijjj
kj

 , j = 1, 2, ...N (3.20)

and N represents the number of identical pendulums.

According to the work of Bernal and Linares Garćıa [30], the magnetic field due to
pendulum j is:
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B⃗j = F⃗T
cj

Bρj

0
Bzj

 (3.21)

where ρj is the radial coordinate in F⃗ T
cj

the fixed frame cylindrical coordinate system at

the center of magnet j where k̂j and k̂cj align such that

F⃗T
cj
=

 ρjϕj
Kj

 (3.22)

With Bϕ being 0 due to the nature of our cylindrical magnets, we’ll compute Bρ and Bz

using Equations (3.23) and (3.24) of [30]:

Bρ (ρj, z) =
µ0M0Rm

2

∫ ∞

0

(
e−k||z

+|| − e−k||z
−||
)
J1 (kRm) J1 (kρj) dk (3.23)

and

Bz (ρj, z) = µ0M0

(
ρ, z−

)
+
µ0M0Rm

2

∫ ∞

0

(
e−k||z

+|| − sgn
(
z−

)
sgn

(
z+

)
e−k||z

−||
)
J1 (kRm) J0 (kρj) dk

(3.24)
where z−, being the smaller z-value, represents the location of an influence point with
respect to the back face of magnet j such that

z− = z −
(
zj −

hm
2

)
= z − zj +

hm
2

(3.25)

while z+ is the larger z-value and the location of an influence point with respect to the
front face of the magnet
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z+ = z −
(
zj −

hm
2

)
− hm

= z −
(
zj +

hm
2

)
= z − zj −

hm
2

(3.26)

As can be seen, both Bρ and Bz are independent of ϕ and the variable ρ represents the
radial coordinate of the magnet j in its fixed cylindrical frame, also identified as ρj.

Bρ Magnetic Field

Starting with the magnetic field in the radial direction as it is the only one that affects
the equation of motion of the system of interest. The integral in (3.23) is evaluated using
(3.28) from Luke [31] which states that, for a > 0 and b > 0, integrals of the form

I (µ, ν;λ) =

∫ ∞

0

e−pktλJµ (ak) Jν (bk) dk (3.27)

with inputs of µ = 1, ν = 1 and λ = 0, evaluate to

I (1, 1; 0) =
2

πκ
√
ab

((
1− 1

2
κ2
)
K (κ)− E (κ)

)
for κ2 =

4ab

p2 + (a+ b)2
(3.28)

with K(κ) being the complete elliptic integral of the first kind, and E(κ) the complete
elliptic integral of the second kind defined by

K(κ) =

∫ π
2

0

dϕ√
1− κ2 sinϕ

E(κ) =

∫ π
2

0

√
1− κ2 sinϕ dϕ

Assuming that all pendulums are equally spaced with a distance d and that pendulum i
is located at zi = id. To get the forces on magnet i due to magnet j of the Bρj magnetic
field will be evaluated both at the front and back face. Evaluating over the front face of
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the magnet in pendulum i with z = zi +
hm
2

the magnetic field yields

Bρj (ρj, z)
∣∣
zi+

hm
2

=
µ0M0Rm

2

∫ ∞

0

(
e−k||z

+|| − e−k||z
−||
)
J1 (kRm) J1 (kρj) dk

∣∣∣∣
zi+

hm
2

=
µ0M0Rm

2

∫ ∞

0

(
e−k||(i−j)d|| − e−k||(i−j)d+hm||) J1 (kRm) J1 (kρj) dk

=
µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J1 (kρj) dk

− µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d+hm||J1 (kRm) J1 (kρj) dk

(3.29)
now evaluating over the back face of the magnet in pendulum i at z = zi − hm

2
yields

Bρj (ρj, z)
∣∣
zi−hm

2

=
µ0M0Rm

2

∫ ∞

0

(
e−k||z

+|| − e−k||z
−||
)
J1 (kRm) J1 (kρj) dk

∣∣∣∣
zi−hm

2

=
µ0M0Rm

2

∫ ∞

0

(
e−k||(i−j)d−hm|| − e−k||(i−j)d||

)
J1 (kRm) J1 (kρj) dk

=
µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d−hm||J1 (kRm) J1 (kρj) dk

− µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J1 (kρj) dk

(3.30)
Ignoring the case where i = j because that corresponds to self influence, we integrate the
Bρ using equation (3.28) with inputs:

a =Rm, b = ρj,

p1 = || (i− j) d||, p2 = || (i− j) d− hm||, p3 = || (i− j) d+ hm||
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which gives for p1, p2 and p3 respectively

κ21 =
4ab

p21 + (a+ b)2

=
4Rmρj

(i− j)2 d2 + (Rm + ρj)
2

κ22 =
4ab

p22 + (a+ b)2

=
4Rmρj

|| (i− j) d− hm||2 + (Rm + ρj)
2

κ23 =
4ab

p23 + (a+ b)2

=
4Rmρj

|| (i− j) d+ hm||2 + (Rm + ρj)
2

Thus equations (3.29) and (3.30) respectively become

Bρj (ρj, z)
∣∣
zi+

hm
2

=
µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J1 (kρj) dk

− µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d+hm||J1 (kRm) J1 (kρj) dk

=
µ0M0Rm

π
√
Rmρj

(
1

κ1

((
1− 1

2
κ21

)
K (κ1)− E (κ1)

))
−

(
1

κ3

((
1− 1

2
κ23

)
K (κ3)− E (κ3)

))
(3.31)
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Bρj (ρj, z)
∣∣
zi−hm

2

=
µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J1 (kρj) dk

− µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d+hm||J1 (kRm) J1 (kρj) dk

=
µ0M0Rm

π
√
Rmρj

(
1

κ2

((
1− 1

2
κ22

)
K (κ2)− E (κ2)

))
−

(
1

κ1

((
1− 1

2
κ21

)
K (κ1)− E (κ1)

))
(3.32)

and by subtracting (3.31) and (3.32)

Bρj|zi+hm
2
− Bρj|zi−hm

2
=
µ0M0Rm

π
√
Rmρj

[
1

κ1

((
1− 1

2
κ21

)
K (κ1)− E (κ1)

)
−

1

κ3

((
1− 1

2
κ23

)
K (κ3)− E (κ3)

)
−

1

κ2

((
1− 1

2
κ22

)
K (κ2)− E (κ2)

)
−

1

κ1

((
1− 1

2
κ21

)
K (κ1)− E (κ1)

)]
=
µ0M0Rm

π
√
Rmρj

[
2

κ1

((
1− 1

2
κ21

)
K (κ1)− E (κ1)

)
−

1

κ2

((
1− 1

2
κ22

)
K (κ2)− E (κ2)

)
−

1

κ3

((
1− 1

2
κ23

)
K (κ3)− E (κ3)

)]

(3.33)

Bz Magnetic Field

Now for completeness let’s compute the magnetic field Bz. Evaluating the integral in (3.24)
using the equation the same equation (3.27) from Luke [31] with inputs µ = 1, ν = 0 and
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λ = 0, 

I (1, 0; 0) = − pκK(κ)

2πa
√
ab

+ Λ0(α,β)
2a

if a < b

I (1, 0; 0) = −pκK(κ)
2πa2

+ 1
2a

if a = b

I (1, 0; 0) = − pκK(κ)

2πa
√
ab

− Λ0(α,β)
2a

+ 1
a

if a > b

(3.34)

with

sin(α) = κ, κ2 = 4ab
p2+(a+b)2

, sin(β) = p√
(a−b)2+p2

where K is the complete elliptic integral of the first kind, defined by

K(κ2) =

∫ π
2

0

dϕ√
1− κ2 sin2 ϕ

E the complete elliptic integral of the second kind, defined by

E(κ2) =

∫ π
2

0

√
1− κ2 sin2 ϕ dϕ

and Λ0(α, β) is Heuman’s [32] complete elliptic integral of the third kind, defined as follows:

Λ0(α, β) =
2

π
Λ(α, β)

and that Laplace’s form of the complete elliptic integral of the third kind is

Π(α, q) =

∫ π
2

0

1

(1− q sin2 ψ)
√
1− κ2 sin2 ψ

dψ

where κ = sinα and q is determined from the relation

sin2 β =
q − κ2

κ′2 q
where recall κ′

2
= 1− κ2

provided that κ2 ≤ q ≤ 1. Solving for q yields

q =
κ2

1− (1− κ2) sin2 (β)

33



With reference to Heuman [32], Π(α, q) has different forms depending on the value of q
and that of

τ(q) = q (q − κ2) (q − 1)

If τ(q) = 0, by q = 0, κ2 or 1, then the integral Π(α, q) can be expressed by integrals of
the first and the second kind, together with elementary functions.
If τ(q) < 0, it means we have a circular form so that either κ2 < q < 1 or q < 0, Heuman
only deals with the circular case.
The hyperbolic form arises when τ(q) > 0 so that either 0 < q < κ2 or q > 1.
For κ2 < q < 1, Heuman next defines Q as

Q =
κ′2 cos β sin β√
1− κ′2 sin2 β

where

sin2 β =
q − κ2

κ′2 q
and cos2 β =

(1− q)κ2

κ′2 q
(3.35)

where, for the complementary modulus κ′ =
√
1− κ2, Finally, using the relations above,

we can express Heuman’s complete elliptic integral of the third kind as follow

Λ(α, β) = QΠ(α, q)

so that

Λ0(α, β) =
2

π
QΠ(α, q)

which is what appears in the integral tables provided by Yudell [31]. This means that
(3.34) can be written as

I(1, 0; 0) =



− p κK(κ)

2π R
√
ρj R

−
2
π
QΠ(α,q)

2R
+ 1

R
for ρj < R

−p κK(κ)
2π R2 + 1

2R
for ρj = R,

− p κK(κ)

2π R
√
ρj R

+
2
π
QΠ(α,q)

2R
for ρj > R

(3.36)

where here
κ′

2
= 1− κ2

Q =
κ′2 cos β sin β√
1− κ′2 sin2 β
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Keeping the same assumptions as for Bρ with regards to the uniform spacing and pendulum
i located at zi = id. To get the forces on magnet i due to magnet j of the Bz, magnetic
field will be evaluated both at the front and back face. Evaluating over the front face of
the magnet in pendulum i with z = zi +

hm
2

the magnetic field yields

Bzj (ρj, z)
∣∣
zi+

hm
2

=µ0M0

(
ρj, z

−)+
µ0M0Rm

2

∫ ∞

0

(
e−k||z

+|| − sgn
(
z−

)
sgn

(
z+

)
e−k||z

−||
)
×

J1 (kRm) J0 (kρj) dk|zi+hm
2

=µ0M0 (ρj, (i− j) d+ hm)+

µ0M0Rm

2

∫ ∞

0

(
e−k||(i−j)d|| − sgn ((i− j) d+ hm)

sgn ((i− j) d) e−k||(i−j)d+hm||) J1 (kRm) J0 (kρj) dk

=µ0M0 (ρj, (i− j) d+ hm)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J0 (kρj) dk−

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d−hm||J1 (kRm) J0 (kρj) dk

(3.37)
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Evaluating over the back face of the magnet in pendulum i with z = zi− hm
2

the magnetic
field yields

Bzj (ρj, z)
∣∣
zi−hm

2

=µ0M0

(
ρj, z

−)+
µ0M0Rm

2

∫ ∞

0

(
e−k||z

+|| − sgn
(
z−

)
sgn

(
z+

)
e−k||z

−||
)
×

J1 (kRm) J0 (kρj) dk|zi−hm
2

=µ0M0 (ρj, (i− j) d)+

µ0M0Rm

2

∫ ∞

0

(
e−k||(i−j)d−hm|| − sgn ((i− j) d+ hm)

sgn ((i− j) d) e−k||(i−j)d||
)
J1 (kRm) J0 (kρj) dk

=µ0M0 (ρj, (i− j) d)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d−hm||J1 (kRm) J0 (kρj) dk−

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J0 (kρj) dk

(3.38)

Ignoring the case where i − j = 0 because that’s when ρj = 0, we integrate the Bz using
equation (3.34) with inputs:

a =Rm, b = ρj,

p1 = || (i− j) d||, p2 = || (i− j) d− hm||, p3 = || (i− j) d+ hm||
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which gives for p1, p2 and p3 respectively

α1 = arcsin (κ1)

α2 = arcsin (κ2)

α3 = arcsin (κ3)

β1 = arcsin

 p1√
(a− b)2 + p21


β2 = arcsin

 p2√
(a− b)2 + p22


β3 = arcsin

 p3√
(a− b)2 + p23


Thus the Bz integrations in (3.37) and (3.38) become

• When ρ > Rm :

Bzj (ρj, z)
∣∣
zi+

hm
2

=µ0M0 (ρj, (i− j) d+ hm)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J0 (kρj) dk−

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d+hm||J1 (kRm) J0 (kρj) dk

=µ0M0 (ρj, p3)−

µ0M0Rm

4a

(
p1κ1K (κ1)

π
√
ab

− Λ0 (α1, q1) −

p3κ3K (κ3)

π
√
ab

+ Λ0 (α3, β3)

)

(3.39)
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Bzj (ρj, z)
∣∣
zi−hm

2

=µ0M0 (ρj, (i− j) d)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d−hm||J1 (kRm) J0 (kρj) dk−

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J0 (kρj) dk

=µ0M0 (ρj, p1)−

µ0M0Rm

4a

(
p2κ2K (κ2)

π
√
ab

− Λ0 (α2, β2)−

p1κ1K (κ1)

π
√
ab

+ Λ0 (α1, q1)

)

(3.40)
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Subtracting (3.39) from (3.40)

Bzj

∣∣
zi+

hm
2

− Bzj

∣∣
zi−hm

2

=
µ0M0Rm

4a

(
p1κ1K (κ1)

π
√
ab

− Λ0 (α1, β1)

− p3κ3K (κ3)

π
√
ab

+ Λ0 (α3, β3)

)
−

µ0M0Rm

4a

(
p2κ2K (κ2)

π
√
ab

− Λ0 (α2, β2)−

p1κ1K (κ1)

π
√
ab

+ Λ0 (α1, β1)

)
=
µ0M0Rm

4a

(
p1κ1K (κ1)

π
√
ab

− Λ0 (α1, β1)−

p3κ3K (κ3)

π
√
ab

+ Λ0 (α3, β3)−

p2κ2K (κ2)

π
√
ab

+ Λ0 (α2, β2) +
p1κ1K (κ1)

π
√
ab

− Λ0 (α1, β1)

)
=
µ0M0Rm

4a

(
2
p1κ1K (κ1)

π
√
ab

− 2Λ0 (α1, β1)−

p2κ2K (κ2)

π
√
ab

+ Λ0 (α2, β2)−

p3κ3K (κ3)

π
√
ab

+ Λ0 (α3, β3)

)
(3.41)
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• When ρ < Rm:

Bzj (ρj, z)
∣∣
zi+

hm
2

=µ0M0 (ρj, (i− j) d+ hm)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (KRm) J0 (Kρj) dk

− µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d+hm||J1 (KRm) J0 (Kρj) dk

=µ0M0 (ρj, p3)

− µ0M0Rm

4a

(
p1κ1K (κ1)

π
√
ab

+ Λ0 (α1, β1)− 2−

p3κ3K (κ3)

π
√
ab

− Λ0 (α3, β3) + 2

)

(3.42)

Bzj (ρj, z)
∣∣
zi−hm

2

=µ0M0 (ρj, (i− j) d)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d−hm||J1 (KRm) J0 (Kρj) dk−

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (KRm) J0 (Kρj) dk

=µ0M0 (ρj, p1)−

µ0M0Rm

4a

(
p2κ2K (κ2)

π
√
ab

+ Λ0 (α2, β2)− 2−

p1κ1K (κ1)

π
√
ab

− Λ0 (α1, β1) + 2

)

(3.43)
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Subtracting (3.42) from (3.43)

Bzj

∣∣
zi+

hm
2

− Bzj

∣∣
zi−hm

2

=
µ0M0Rm

4a

(
p1κ1K (κ1)

π
√
ab

+ Λ0 (α1, β1)

−p3κ3K (κ3)

π
√
ab

− Λ0 (α3, β3)

)
−

µ0M0Rm

4a

(
p2κ2K (κ2)

π
√
ab

+ Λ0 (α2, β2)

−p1κ1K (κ1)

π
√
ab

− Λ0 (α1, β1)

)
=
µ0M0Rm

4a

(
p1κ1K (κ1)

π
√
ab

+ Λ0 (α1, β1)−

p3κ3K (κ3)

π
√
ab

− Λ0 (α3, β3)−

p2κ2K (κ2)

π
√
ab

− Λ0 (α2, β2)+

p1κ1K (κ1)

π
√
ab

+ Λ0 (α1, β1)

)
=
µ0M0Rm

4a

(
2
p1κ1K (κ1)

π
√
ab

+ 2Λ0 (α1, β1)−

p2κ2K (κ2)

π
√
ab

− Λ0 (α2, β2)−

p3κ3K (κ3)

π
√
ab

− Λ0 (α3, β3)

)

(3.44)
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• When ρ = Rm:

Bzj (ρj, z)
∣∣
zi+

hm
2

=µ0M0 (ρj, (i− j) d+ hm)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (KRm) J0 (Kρj) dk−

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d−hm||J1 (KRm) J0 (Kρj) dk

=µ0M0 (ρj, p3)−

µ0M0Rm

4

(
p1κ1K (κ1)

πa2
− 1

a
− p3κ3K (κ3)

πa2
+

1

a

)
(3.45)

Bzj (ρj, z)
∣∣
zi−hm

2

=µ0M0 (ρj, (i− j) d)+

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d−hm||J1 (kRm) J0 (kρj) dk−

µ0M0Rm

2

∫ ∞

0

e−k||(i−j)d||J1 (kRm) J0 (kρj) dk

=µ0M0 (ρj, p1)−

µ0M0Rm

4

(
p2κ2K (κ2)

πa2
− 1

a
−

p1κ1K (κ1)

πa2
+

1

a

)

(3.46)
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Subtracting (3.45) from (3.46)

Bzj

∣∣
zi+

hm
2

− Bzj

∣∣
zi−hm

2

=
µ0M0Rm

2a2π
(p1κ1K (κ1)− p3κ3K (κ3))−

µ0M0

2aπ
(p2κ2K (κ2)− p1κ1K (κ1))

=
µ0M0

2aπ
(p1κ1K (κ1)− p3κ3K (κ3)−

p2κ2K (κ2) + p1κ1K (κ1))

=
µ0M0

2aπ
(2p1κ1K (κ1)− p2κ2K (κ2)− p3κ3K (κ3))

(3.47)

3.2.2 Integration of Forces

According to Eq 3.9 from Avila Bernal and Linares Garcia [30], we consider the force on
magnet i due to magnet j to be

F⃗ij =

∮ (
M⃗i.n⃗i

)
B⃗jdsi (3.48)

where si is the surface of magnet i. In our system, all the magnets are arranged with the
k̂i vectors all parallel to k̂0 thus getting Mi =M0 so

F⃗ij =

∮
±M0B⃗jdsi (3.49)

The plus and negative signs in the equation above refer to the normal vector pointing to
the negative direction at zi − hm/2 and the normal vector points to the positive direction
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at zi + hm/2. Therefore, the full force equation becomes

F⃗ij =

∫∫
M0B⃗jρ dρ dϕ

∣∣∣∣
zi+

hm
2

−
∫∫

M0B⃗jρ dρ dϕ

∣∣∣∣
zi−hm

2

= F⃗T
i

∫∫
M0

Bxj

Byj

Bzj

 ρ dρ dϕ
∣∣∣∣∣∣
zi+

hm
2

− F⃗T
i

∫∫
M0

Bxj

Byj

Bzj

 ρ dρ dϕ
∣∣∣∣∣∣
zi−hm

2

= F⃗T
i

FijxFijy
Fijz


(3.50)

Magnetic Field Transformation Matrices

Using transformation matrices from (3.5) and (3.9), we can write B⃗j in Frame F⃗i as
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B⃗j = F⃗T
i CijCjcj

Bρj

0
Bzj


= F⃗T

i

 cos θji sin θji 0
− sin θji cos θji 0

0 0 1

 cosϕj sinϕj 0
− sinϕj cosϕj 0

0 0 1

Bρj

0
Bzj



= F⃗T
i

 cos θji sin θji 0
− sin θji cos θji 0

0 0 1

cosϕjBρj

sinϕjBρj

Bzj



= F⃗T
i

 cos θji cosϕjBρj + sin θji sinϕjBρj

− sin θji cosϕjBρj + cos θji sinϕjBρj

Bzj



= F⃗T
i

(cos θji cosϕj + sin θji sinϕj)Bρj

(cos θji sinϕj − sin θji cosϕj)Bρj

Bzj



= F⃗T
i

Bxj

Byj

Bzj



(3.51)

We need this transformation matrix to calculate the force acting on magnet i due to magnet
j when investigating B⃗j. The integration is in the sense of a Riemann integral so it can be
thought of as the sum of infinitesimal vectors and to do that everything must be expressed
in the same frame.

Integration of Fijx

Using equations (3.50) and (3.33), we can find Fijx . The integration for both ρ and ϕ will
depend on the sign of θij. From the cases mentioned in Appendix A, the limit of integration
over ρ can be simplified to be from R + |sij| to |R− |sij|| for all cases.
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As for the limits of integration over ϕ, or in other words over ψ, they can be
∫ π
ψj(ρj)

dψ if sij < 0

∫ ψj(ρj)

0
dψ if sij > 0

(3.52)

where ψj (ρj) is given by equation (A.2), with

sij = 2ℓ sin

(
θij
2

)
Using the transformation matrices, and integrating over ψ instead of ϕ yields

Fijx =

∫∫
M0Bxjρ dρ dψ

∣∣∣∣
zi+

hm
2

−
∫∫

M0Bxjρ dρ dψ

∣∣∣∣
zi−hm

2

=

∫ |R−|sij ||

R+|sij |

∫
M0 (cos θij cosϕj + sin θij sinϕj)Bρj

∣∣∣∣∣
zi+

hm
2

ρj dρj dψ

−
∫ |R−|sij ||

R+|sij |

∫
M0 (cos θij cosϕj + sin θij sinϕj)Bρj

∣∣∣∣∣
zi−hm

2

ρj dρj dψ

=

∫ |R−|sij ||

R+|sij |

∫
M0 (cos θij cosϕj + sin θij sinϕj)

(
Bρj

∣∣
zi+

hm
2

− Bρj

∣∣
zi−hm

2

)
ρj dρj dψ

(3.53)
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Now using equation (A.4) through (A.8) we get

Fijx =



2

∫ |R−|sij ||

R+|sij |
M0

[(
cos θij

(
− cos

(
θij
2

+ ψj (ρj)

)
− cos

θij
2

)
if sij < 0

+ sin θij

(
− sin

(
θij
2

+ ψj (ρj)

)
− sin

θij
2

)]
×

(
Bρj

∣∣
zi+

hm
2

− Bρj

∣∣
zi−hm

2

)
ρj dρj

2

∫ |R−|sij ||

R+|sij |
M0

[
cos θij

(
cos

(
θij
2

+ ψj (ρj)

)
− cos

(
θij
2

))
if sij > 0

+ sin θij

(
sin

(
θij
2

+ ψj (ρj)

)
− sin

(
θij
2

))]
×

(
Bρj

∣∣
zi+

hm
2

− Bρj

∣∣
zi−hm

2

)
ρj dρj

0 if sij = 0
(3.54)

Integration of Fijy

Similarly to Fijx , we use the transformation matrices in (3.51) and integrating over ψ
instead of ϕ yields
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Fijy =

∫∫
M0Byjρ dρ dψ

∣∣∣∣
zi+

hm
2

−
∫∫

M0Byjρ dρ dψ

∣∣∣∣
zi−hm

2

=

∫ |R−|sij ||

R+|sij |

∫
M0 (cos θij sinϕj − sin θij cosϕj)Bρj

∣∣∣∣∣
zi+

hm
2

ρj dρj dψ

−
∫ |R−|sij ||

R+|sij |

∫
M0 (cos θij sinϕj − sin θij cosϕj)Bρj

∣∣∣∣∣
zi−hm

2

ρj dρj dψ

=

∫ |R−|sij ||

R+|sij |

∫
M0 (cos θij sinϕj − sin θij cosϕj)

(
Bρj

∣∣
zi+

hm
2

− Bρj

∣∣
zi−hm

2

)
ρj dρj dψ

(3.55)
Now again with equations (A.4) through (A.8), we get

Fijy =



∫ |R−|sij ||

R+|sij |
M0

[(
cos θij

(
− sin

(
θij
2

+ ψj (ρj)

)
− sin

θij
2

)
if sij < 0

− sin θij

(
− cos

(
θij
2

+ ψj (ρj)

)
− cos

θij
2

)]
×(

Bρj

∣∣
zi+

hm
2

− Bρj

∣∣
zi−hm

2

)
ρj dρj

∫ |R−|sij ||

R+|sij |
M0

[(
cos θij

(
sin

(
θij
2

+ ψj (ρj)

)
− sin

θij
2

)
if sij > 0

− sin θij

(
cos

(
θij
2

+ ψj (ρj)

)
− cos

θij
2

)]
×(

Bρj

∣∣
zi+

hm
2

− Bρj

∣∣
zi−hm

2

)
ρj dρj

0 if sij = 0
(3.56)
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Integration of Fijz

For completeness, we compute the Force over the k̂-direction. Since the k̂-direction doesn’t
require a transformation matrix from cylindrical to Cartesian coordinates, the integration
over ψ is much simpler

F⃗ijz =

∫∫
M0Bzjρ dρ dϕ

∣∣∣∣
zi+

hm
2

−
∫∫

M0Bzjρ dρ dϕ

∣∣∣∣
zi−hm

2

=

∫ |R−|sij ||

R+|sij |

∫
M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ρj dρj dψ

(3.57)

Integrating this when sij > 0

Fijz =

∫ |R−|sij ||

R+|sij |

∫ ψj(ρj)

0

M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ρj dρj dψ

=

∫ |R−|sij ||

R+|sij |
M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ψj (ρj) ρj dρj

(3.58)

and in the case when sij < 0

Fijz =

∫ |R−|sij ||

R+|sij |

∫ 0

ψj(ρj)

M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ρj dρj dψ

=

∫ |R−|sij ||

R+|sij |
M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
(π − ψj (ρj)) ρj dρj

(3.59)

As for when sij = 0, we get

Fijz =

∫ |R−|sij ||

R+|sij |

∫ 2π

0

M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ρj dρj dψ

=2π

∫ |R−|sij ||

R+|sij |
M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ρj dρj

(3.60)
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Therefore, we can summarize Fijz as

Fijz =



∫ |R−|sij ||

R+|sij |
M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
(π − ψj (ρj)) ρj dρj if sij < 0

∫ |R−|sij ||

R+|sij |
M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ψj (ρj) ρj dρj if sij > 0

2π

∫ |R−|sij ||

R+|sij |
M0

(
Bzj|zi+hm

2
− Bzj|zi−hm

2

)
ρj dρj if sij = 0

(3.61)
We use equations (3.41), (3.44) and (3.47) for the magnetic field for each cases respectively,
and where again

ψj (ρj) = arccos

(
ρ2j + s2ij −R2

m

2sijρj

)
with

sij = 2ℓ sin

(
θij
2

)

3.3 Equations of motion

3.3.1 Point-mass model

The equation of motion for pendulums i and j respectively are

mℓ2θ̈i + ciθ̇i +mgℓ sin θi = ℓFijy

mℓ2θ̈j + cj θ̇j +mgℓ sin θj = −ℓFijy
(3.62)

Let i = 1 and j = 2, we introduce the state variables

x1 = θ1

x2 = θ̈1

x3 = θ2

x4 = θ̈2

(3.63)
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to rewrite the equations of motion as

ẋ1 = x2

ẋ2 = − c1
mℓ2

x2 −
g

ℓ
sinx1 +

1

mℓ
F12y

ẋ3 = x4

ẋ4 = − c2
mℓ2

x4 −
g

ℓ
sinx3 −

1

mℓ
F12y

(3.64)

where

F12y =



2

∫ |R−|s12||

R+|s12|
M0

[(
cos θ12

(
− sin

(
θ12
2

+ ψ2 (ρ2)

)
− sin

θ12
2

)
− sin θ12

(
− cos

(
θ12
2

+ ψ2 (ρ2)

)
− cos

θ12
2

)]
×(

Bρ2 |z1+hm
2
− Bρ2|z1−hm

2

)
ρ2 dρ2 if s12 < 0

2

∫ |R−|s12||

R+|s12|
M0

[(
cos θ12

(
sin

(
θ12
2

+ ψ2 (ρ2)

)
− sin

θ12
2

)
− sin θ12

(
cos

(
θ12
2

+ ψ2 (ρ2)

)
− cos

θ12
2

)]
×(

Bρ2 |z1+hm
2
− Bρ2|z1−hm

2

)
ρ2 dρ2 if s12 > 0

0 if s12 = 0

(3.65)

with

ψ2 (ρ2) = arccos

(
ρ2j + s212 −R2

m

2s12ρj

)
and

s12 = 2l sin

(
θ12
2

)
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and (3.33) gives

Bρj|zi+hm
2
− Bρj|zi−hm

2
=
µ0M0Rm

π
√
Rmρ2

[
2

κ1

((
1− 1

2
κ21

)
K (κ1)− E (κ1)

)
−

1

κ2

((
1− 1

2
κ22

)
K (κ2)− E (κ2)

)
−

1

κ3

((
1− 1

2
κ23

)
K (κ3)− E (κ3)

)] (3.66)

and for i = 1, j = 2

a = Rm, b = ρ2,
p1 = || − d||, p2 = || − d− hm||, p3 = || − d+ hm||

which gives for p1, p2 and p3 respectively

κ21 =
4Rmρ2

d2 + (Rm + ρ2)
2

κ22 =
4Rρ2

(−d− hm)
2 + (Rm + ρ2)

2

κ23 =
4Rmρ2

(−d+ hm)
2 + (Rm + ρ2)

2

3.3.2 Distributed-mass model

For the distributed-mass model, the equations of motion for pendulums i and j respectively
become

mr2g θ̈i + ciθ̇i +mgℓg sin θi = Fijyℓ

mr2g θ̈j + cj θ̇j +mgℓg sin θj = −Fijyℓ
(3.67)

Where rg is the radius of gyration is found by dividing the mass moment of inertia by the
mass of the pendulum and lg is the distance from the point of rotation to the center of
gravity of the pendulum.
Similarly to the point-mass model, we consider i = 1 and j = 2 and introduce the state
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variables
x1 = θ1

x2 = θ̈1

x3 = θ2

x4 = θ̈2

(3.68)

and rewrite the equation of motion

ẋ1 = x2

ẋ2 = − c1
mr2g

x2 −
gℓg
r2g

sinx1 +
ℓ

mr2g
F12y

ẋ3 = x4

ẋ4 = − c2
mr2g

x4 −
gℓg
r2g

sinx3 −
ℓ

mr2g
F12y

(3.69)

where the force and magnetic field are expressed similarly to the previous section.
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Chapter 4

Results

In this chapter, we validate the results from our analytical system by solving the equation
of motions numerically and comparing those results to the experimental results. Section
4.1 identifies the parameters needed to get numerical solutions of the rigid body model
equations of motions experimentally. Section 4.2 shows a magnetic field simulation of the
field lines in the î ĵ-plane.

In Section 4.4 and 4.5, we investigate the equilibrium points and the magnetic forces.
Furthermore, to have a better understanding of the magnetic pendulums interactions, we
create a diagram of the simulated magnetic forces acting on the first pendulum along with
the response of the first and second pendulums over time as well as the basin of attraction
of the system.

4.1 Parameter Identification

Using the parameters from our experimental design summarized in Table 4.1, we calculate
the damping coefficients needed for our Mathematica simulation. These parameters include
physical constants such as the acceleration due to gravity g and permeability of free space
µ0. For both the point-mass and distributed-mass models, to determine the response of
our rigid body system, we use the equations of motions derived in Equation (3.64) and
(3.69) where the damping coefficient of each pendulum is different c1 ̸= c2.

In order to determine the damping coefficient c1, we performed an experiment with
two pendulums at separation distances of 35 mm and 40 mm respectively. We released
the pendulum of interest from a 90◦ initial condition and allowed it to oscillate freely.
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Table 4.1: Model parameter values

Description Symbol Value [SI]

Acceleration due to gravity g 9.804 m/s2

Magnet mass m 24.51× 10−3 kg

Magnet radius R 7.9 mm

Magnet thickness hm 3.17 mm

Magnet residual flux density Br 1.275 T

Permeability of free space µ0 12.56637× 10−7 N/A

Magnet magnetization M0 = Br/µ0 1.0146× 106 A/m

Pendulum mass moment of inertia Izz 248.467× 10−6 kg.m2

Pendulum length ℓ 121 mm

Distance from center of gravity to origin ℓg 83.78 mm

Pendulum separation a 35 or 40 mm

Meanwhile, the second pendulum starts at an initial condition at the vertical axis. We
measured the amplitude of oscillation over seven periods and used them to calculate the
logarithmic decrement using the formula

δ =
1

n− 1
ln
X1

Xn

(4.1)

where Xn is the displacement at the nth peak. Using the logarithmic decrement, we
compute the damping ratio with the following equation

ζ =
1√

1 + (2π
δ
)2

(4.2)

Finally, the damping coefficient is found using

c = 2ζJzzωn (4.3)
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where Jzz is the mass moment of inertial found with

Jzz =
mgd

ω2
n

(4.4)

where d is the distance from the center of gravity to origin and ωn is the natural frequency
of the system. ωn is found using the first period of the damped oscillation τd to get the
damped natural frequency

ωd =
2π

τd
(4.5)

The natural frequency is then found

ωn =
ωd√
1− ζ2

(4.6)

Using the oscillation amplitude measured over seven period for a separation distance
of35 mm and 40 mm respectively seen in Tables 4.2 and 4.3, we estimate the damping
coefficient of each pendulum for both cases.

4.2 Magnetic Field

Using the input parameters in Table 4.1 in equation (3.33) found in the previous chapter,
we create a simulation of the magnetic field in Mathematica. Figure 4.1 represents the
magnetic field generated in the xy-plane viewed from the front of our system. The black
and blue circles represent our magnets viewed from the front. The black magnet in the
figure is stationery in the vertical plane and the blue magnet is at an angle θ with respect
to the vertical axis.

The colour scheme of the field line goes from blue to yellow. The colder the colour,
the weaker the magnetic field, hence blue represents the weakest part of the magnetic field
and yellow the strongest. As can be seen, the strongest magnetic field lines are the ones
coming out of the magnets and they get weaker as we move away from the magnet centers.
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Figure 4.1: Magnetic field in the î ĵ-plane.

4.3 Pendulum Forces For Point-mass Model

After computing the damping coefficient and using the design dimensions and parameters
mentioned in the previous section, we simulate the responses of our pendulums with the
following initial conditions:

θ1(0) = 90◦ , θ̇1(0) = 0

θ2(0) = 0◦ , θ̇2(0) = 0

Figures 4.2 and 4.6 represent the simulated motion of our pendulums for a separation
distance of 35 mm and 40 mm respectively using the point-mass model where we can see
position in degrees with respect to the time in seconds. We give one of the pendulums
presented by the blue line an initial condition of 90 degrees and we let it oscillate freely.
The pendulum, represented by the yellow line, starting at 0 degrees start oscillating as the
other pendulum continuously crosses it. We notice that as the first pendulums crossed the
second, there is an energy exchange resulting in the pendulum initially being stationary to
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start moving. Then as both pendulum loose energy around the same time, they settle at
different equilibrium points and opposite angles with respect to the vertical axis.

Overall, the first few oscillations following the first pendulum release resemble those of
a simple single pendulum system due to the dominance of gravitational potential energy
over the magnetic potential energy. Meanwhile, the second pendulum gains kinetic energy
from the first pendulum and starts to oscillate due to the magnetic interaction. As a
result, we notice that the first pendulum oscillations diminish while those of the second
pendulum grow. The magnetic potential energy dominates gravitational potential energy
and a second harmonic appears in the oscillations of the first and second pendulums. As the
first pendulum looses most its energy, we notice the second pendulum reaching maximum
motion before giving it back to the first pendulum.

• When a= 35 mm:

Table 4.2: Measured amplitudes of the first pendulum over seven periods for 35 mm sepa-
ration distance.

X1 X2 X3 X4 X5 X6 X7

90◦ 87◦ 85◦ 84◦ 82◦ 79◦ 75◦

θ1(0) = 90◦ , θ̇1(0) = 0 , C1 = 2.75× 10−5kg.m2.s−5

θ2(0) = 0◦ , θ̇2(0) = 0 , C2 = 5.25× 10−5kg.m2.s−5

We also notice when comparing the figures of the two separation distance that when
the distance is 40 mm the oscillations take longer to stop than with the separation being
35 mm. That can be explained with the magnetic force between the magnets being weaker,
therefore not hindering the motion as much. There is also a difference in the equilibrium
points that the pendulums settle at between the two cases. While a separation distance
of 35 mm lets the pendulums settle at around ±6.7◦, a distance of 40 mm results in ±5.8◦

equilibrium angles. This can also be explained by the weakening of the magnetic force due
to distance increase and is discussed more in the next section.

To validate that the simulation and experiment responses are in good agreement, we
consider figures 4.3, 4.4, 4.7 and 4.8. As we can see, with the right input damping coeffi-
cients, the simulation and experiment follow a very similar path.
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Figure 4.2: The blue line and the yellow line represent a simulation using the point-mass
model of the angular displacement θ1 and θ2 with respect to time with 35 mm separation
distance.

Figure 4.3: The simulated red line for the point-mass model and the measured blue line
represent the angular displacement θ1 of the first pendulum with respect to time with
35 mm separation distance.
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Figure 4.4: The simulated red line for the point-mass model and the measured blue line
represent the angular displacement θ2 of the second pendulum with respect to time with
35 mm separation distance.
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Figure 4.5: Simulated Fast Fourier Transform of the angular displacement θ1 and θ2 of the
first and second pendulum respectively.

Finally, taking the Fast Fourier Transform (FFT) of the first and second pendulum’s
simulated responses for both separation distances 35 mm and 40 mm are shown in Figures
4.5 and 4.9.

For the 35 mm separation distance, the experimental natural frequency of the first
pendulum is 1.264 Hz. Meanwhile, as seen in Figure 4.5, the simulated natural frequency
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is relatively close at 1.3 Hz making a difference of 2.8 percent. The experimental natural
frequency of the second pendulum is 1.352 Hz and the simulated natural frequency is
1.34 Hz with a difference of 0.9 percent. This frequency corresponds to the dominant
harmonic in the first stage of the pendulums’ oscillations.

• When a= 40 mm:

Table 4.3: Measured amplitudes of the first pendulum over seven periods for 40 mm sepa-
ration distance.

X1 X2 X3 X4 X5 X6 X7

90◦ 85◦ 79◦ 76◦ 74◦ 73◦ 70◦

Table 4.3 represents the measured first amplitudes of the first pendulum that starts at an
initial condition of 90 Degree. With a separation distance of 40 mm, we kept the damping
coefficients identical to the ones used when the separation distance is 35 mm. As seen
in Figures 4.7 and 4.8, with those damping coefficients, the pendulums in the point-mass
simulation gives a very similar output to the experimental results.

θ1(0) = 90◦ , θ̇1(0) = 0 , C1 = 2.75× 10−5kg.m2.s−5

θ2(0) = 0◦ , θ̇2(0) = 0 , C2 = 5.25× 10−5kg.m2.s−5

For the 40 mm separation distance, the experimental natural frequency of the first
pendulum is 1.25 Hz. Meanwhile, as seen in Figure 4.5, the simulated natural frequency is
relatively close at 1.31 Hz making it a difference of 4.6 percent. The experimental natural
frequency of the second pendulum is 1.263 Hz and the simulated natural frequency is
1.32 Hz with a difference of 4.4 percent.

4.4 Pendulum Forces For Distributed-mass Model

Similarly to the point-mass model, after finding the damping coefficient, we simulate the
responses of our pendulums with the same initial conditions. Figures 4.10 and 4.15 repre-
sent the simulated motion of our pendulums for a separation distance of 35 mm and 40 mm
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Figure 4.6: The blue line and the yellow line represent the angular displacement θ1 and θ2
with respect to time with 40 mm separation distance.

Figure 4.7: The simulated red line and the measured blue line represent the angular dis-
placement θ1 of the first pendulum with respect to time with 40 mm separation distance.
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Figure 4.8: The simulated red line and the measured blue line represent the angular dis-
placement θ2 of the second pendulum with respect to time with 40 mm separation distance.
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Figure 4.9: Simulated Fast Fourier Transform of the angular displacement θ1 and θ2 of the
first and second pendulum respectively.

respectively using the distributed-mass model where we can see position in degrees with
respect to the time in seconds. The pendulum follows a very similar path as described in
the previous section. In this section, we also compare the distributed-mass model’s output
with that of our previous model outlined in Razieh’s work [9]. For this model, the damping
coefficients for both separation distance cases have been changed to get a better fit. The
change in those damping coefficient values is due to the differences in the equations of
motion.
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• When a= 35 mm:

θ1(0) = 90◦ , θ̇1(0) = 0 , C1 = 1.90× 10−5kg.m2.s−5

θ2(0) = 0◦ , θ̇2(0) = 0 , C2 = 3.63× 10−5kg.m2.s−5

Figure 4.10: The blue line and the yellow line represent the angular displacement θ1 and
θ2 with respect to time with 35 mm separation distance.

Overall, we notice that although the motion of the pendulums follow a similar path with
the same frequency as the point-mass model, we see that the energy exchange between the
pendulums and settling at the equilibrium points comes much sooner than the experimental
results. The main differences therefore lies in the damping coefficient and the accuracy
of the outputs in comparison to the point-mass model and experimental results. Another
difference is in the equilibrium points where, in this case, a separation distance of 35 mm
lets the pendulums settle at around ±8.1◦, while a distance of 40 mm results in ±7.5◦

equilibrium angles. This can also be explained by the weakening of the magnetic force due
to distance increase and is discussed more in the next section.

To compare the the distributed-mass simulation and experiment responses, we consider
figures 4.11, 4.12, 4.16 and 4.17. It is important to note that the disagreement seen is
due the parameters inputs such as that of the damping coefficient and mass moment of
inertia. We can obtain better agreement with better parameter identification. Another
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Figure 4.11: The simulated red line and the measured blue line represent the angular
displacement θ1 of the first pendulum with respect to time with 35 mm separation distance.

Figure 4.12: The simulated red line and the measured blue line represent the angular
displacement θ2 of the second pendulum with respect to time with 35 mm separation
distance.

reason behind the disagreement is, as with the point-mass model, our damping model is
too simple to capture all the complex friction and damping mechanisms that affect our
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system.

Figure 4.13: The simulated black line line and the measured red line represent the angular
displacement θ1 of the second pendulum with respect to time with 35 mm separation
distance.

Figure 4.14: The simulated black line line and the measured red line represent the angular
displacement θ2 of the second pendulum with respect to time with 35 mm separation
distance.

Finally, we take the Fast Fourier Transform (FFT) of the first and second pendulum’s
simulated responses for the distributed-mass model for both separation distances 35 mm
and 40 mm. We notice a very similar output as with the point-mass model and experimental
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results for both separation distances. For the 35 mm separation distance, the experimental
natural frequency of the first pendulum is 1.264 Hz. Meanwhile, the simulated natural
frequency is relatively close at 1.31 Hz making a difference of 3.5 percent. The experimental
natural frequency of the second pendulum is 1.352 Hz and the simulated natural frequency
is 1.34 Hz with a difference of 0.89 percent. This frequency corresponds to the dominant
harmonic in the first stage of the pendulums’ oscillations.

• When a= 40 mm:

Table 4.4: Measured amplitudes of the first pendulum over seven periods for 40 mm sepa-
ration distance.

X1 X2 X3 X4 X5 X6 X7

90◦ 85◦ 79◦ 76◦ 74◦ 73◦ 70◦

θ1(0) = 90◦ , θ̇1(0) = 0 , C1 = 3.70× 10−5kg.m2.s−5

θ2(0) = 0◦ , θ̇2(0) = 0 , C2 = 5.15× 10−5kg.m2.s−5

Figure 4.15: The blue line and the yellow line represent the angular displacement θ1 and
θ2 with respect to time with 40 mm separation distance.
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Figure 4.16: The simulated red line and the measured blue line represent the angular
displacement θ1 of the first pendulum with respect to time with 40 mm separation distance.

Figure 4.17: The simulated red line and the measured blue line represent the angular
displacement θ2 of the second pendulum with respect to time with 40 mm separation
distance.
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Figure 4.18: The simulated black line line and the measured red line represent the angular
displacement θ1 of the second pendulum with respect to time with 40 mm separation
distance.

Figure 4.19: The simulated black line and the measured red line represent the angular
displacement θ2 of the second pendulum with respect to time with 40 mm separation
distance.

For the 40 mm separation distance, the experimental natural frequency of the first
pendulum is 1.25 Hz. Meanwhile, the simulated natural frequency is relatively close at
1.32 Hz making it a difference of 5.4 percent. The experimental natural frequency of
the second pendulum is 1.263 Hz and the simulated natural frequency is 1.33 Hz with a
difference of 5.4 percent as well.
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With the same inputs and damping coefficient, we compare the quality of the distributed-
mass simulation to our previous model [9]. As seen in Figures 4.13 and 4.14 for 35 mm
separation distance, and 4.18 and 4.19 for 40 mm, we see that our new model gives closer
simulation to the experimental results. With same input parameters, we notice an even
lager difference between the old model’s simulation with respect to the experimental re-
sults. Our new model takes in consideration the cylindrical shape and dimensions of the
magnets, while in the previous work, a magnetic point source magnet model was used.

4.5 Equilibria

Another aspect of our system was the equilibrium points for its stability. To determine
the equilibrium points of the two-pendulum system, we set the time derivatives θ̇1, θ̈1,
θ̇2 and θ̈1 in Equation (3.64) equal to zero. Solving these algebraic equations, we find
the equilibrium points for different separation distances from the minimum distance being
4 mm (the height of our cylindrical magnet) to 55 mm where the magnetic force becomes
insignificant. By doing this, we checked how the separation distance between the magnets
affects the pendulum equilibrium points.

As seen in Figure 4.20, we get a parabolic shape where the maximum equilibrium angles
occur when the separation distance is around 22 mm. There results are governed by the
conservation property of magnetism and are due to the magnetic field getting stronger but
narrower with the separation distance decreasing. To check the validity of these results,
we looked into similar research with cylindrical uniformly magnetized magnets.

The system presented by Mahmud et al. [33] consists of two permanent magnet groups
arranged in a triangular array fashion with groups of three cylindrical magnets in each
corner of the triangle. With their system, they checked how both the lateral and axial
force changes with axial and lateral distance respectively 1. The measured and calculated
results showed that as the axial separation distance decreases the axial force (Fz) increases.
However, the lateral forces (Fx and Fy) change following a parabolic shape which is in line
with our results.

1Lateral force/displacement represent those in the î ĵ-plane while the axial force/displacement refer to
the one in the k̂-direction
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Figure 4.20: Change in equilibrium angle in degrees with respect to the separation distance
in mm.

4.6 Basins of Attraction

After checking the equilibrium points both experimentally and analytically, we checked
the basin of attraction of the two equilibrium points of our system based on those values.
After running a simulation for initial conditions of the first pendulum going from -90◦ to
90◦ and for initial conditions of its angular velocity going from -800◦/s to 800◦/s. Figure
4.21 shows the basin of attraction of the system where the blue colour indicates that it’s
landing on the negative equilibrium and the yellow on the positive equilibrium.
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Figure 4.21: Basin of Attraction of the system.
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Chapter 5

Conclusions and Future Work

In conclusion, a system consisting of a chain of magnetic pendulum is interesting to study
due to their equation of motion and its similarity to the Josephson junction governing
equation. In our case, our designed system will be used to better understand the behaviour
of memory cells of quantum computing as they are developed by tunneling Josephson
Junction.

This research built on previous work to develop an improved system model and inves-
tigate the nonlinear motion and magnetic forces of a chain of magnetic pendulums with
cylindrical magnets. We analytically derived the equations of motion for a system of two
pendulums with the aim of simulating its dynamics. We considered two models: a point-
mass model and a distributed-mass model. The distributed-mass model provides an overall
better simulation tool as it provides higher fidelity. The models were deployed to study the
interaction forces between the magnets and the nonlinear motions of the system. To obtain
the natural frequencies of the constituent pendulums, we used the Fast Fourier Transform.

Finally, we were able to validate the accuracy of our system of equations using a Math-
ematica simulation response and comparing its behaviour to that of an experimental setup
consisting of two coupled magnetic pendulums. The project resulted in a fully adjustable,
portable magnetic oscillator that could be switched between injection locking and injec-
tion pulling without disassembly of the entire system. Ultimately, the results we obtained
through comparing the simulated system response and the designed experiment response
indicated that our analytical model can accurately predict the behaviour of such a system.

In future work, it would be interesting to investigate systems with minimal distance
between the magnets and shorter pendulums to explore the system dynamics under stronger
magnetic coupling and at higher response frequencies, respectively. It would also be useful
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to reduce energy losses in the system to explore more interesting dynamics. Eventually, the
pendulum system will be deployed as an analog of individual (point) or arrays of JJs by
adding stationary magnets to represent DC current (constant moment) and / or a motor
that moves an external magnet at a fixed rate to represent AC current (moment).
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publica on.  This informa on can be contained in a footnote or reference note; or 
a link back to the ebook abstract (via DOI); and 
if prac cal and IN ALL CASES for works published under any of the Crea ve Commons
licences the words “© IOP Publishing.  Reproduced with permission.  All rights
reserved”” 

The material will not, without the express permission of the author(s), be used in any way
which, in the opinion of IOP Publishing, could distort or alter the author(s)’ original inten on(s)
and meaning, be prejudicial to the honour or reputa on of the author(s) and/or imply
endorsement by the author(s) and/or IOP Publishing. 
Payment of £0 is received in full by IOP Publishing prior to use. 

This permission does not apply to any material/figure which is credited to another source in our
publica on or has been obtained from a third party.  Express permission for such materials/figures
must be obtained from the copyright owner.

Kind regards, 
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Sophie
Copyright & Permissions Team
Sophie Bri ain - Rights & Permissions Assistant 
Cameron Wood - Legal & Rights Adviser
Contact Details
E-mail: permissions@ioppublishing.org 

For further informa on about copyright and how to request permission:
h ps://publishingsupport.iopscience.iop.org/copyright-journals/
See also:  h ps://publishingsupport.iopscience.iop.org/
Please see our Author Rights Policy h ps://publishingsupport.iopscience.iop.org/author-rights-
policies/
Please note: We do not provide signed permission forms as a separate a achment. Please print this
email and provide it to your publisher as proof of permission. Please note: Any statements made by
IOP Publishing to the effect that authors do not need to get permission to use any content where IOP
Publishing is not the publisher is not intended to cons tute any sort of legal advice. Authors must
make their own decisions as to the suitability of the content they are using and whether they require
permission for it to be published within their ar cle. 

 

From: Mariam Lahlou <mlahlou@uwaterloo.ca> 
Sent: 15 July 2022 19:17
To: Permissions <permissions@ioppublishing.org> 
Subject: Request to reuse figure from IOP Publishing

Hello,

My name is Mariam Lahlou and I am currently comple ng my thesis as a Master student in the
University of Waterloo. I want to request reusing a figure from Hafiz Md Hasan Babu's Quantum
Compu ng: A Pathway to quantum logic design. I was hoping to reuse Figure 2.1 for my thesis tled
 Interac on Forces of Coupled Magne c Pendulums.

Please let me know what the process is to reuse the figures or if you need any addi onal informa on
from me

Sincerely,
Mariam
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RE: Request to reuse figure

AIPRights Permissions <Rights@aip.org>
Tue 7/26/2022 3�56 PM

To:Mariam Lahlou <mlahlou@uwaterloo.ca>

Dear Mariam Lahlou,
 
Thank you for reques�ng permission to reproduce material from AIP Publishing publica�ons.
 
Material for which permission is requested:
D. B. Sullivan and J. E. Zimmerman, “Medical analogs of �me dependent Josephson phenomena,” Am. J. Phys.
39(12), 1504-1517 (1971), doi:10.1119/1.1976705, Figure 5.
P. K. Hansma and G. I. Rochlin, “Josephson weal links: shunted-junc�on and mechanical-model results,” J. Appl.
Phys. 43(11), 4721-4727 (1972), doi:10.1063/1.1660994, Figure 3.
Koji Nakajima, Tsutomu Yamashita, and Yutaka Onodera, “Mechanical analogue of ac�ve Josephson
transmission line,” J. Appl. Phys. 45(7), 3141-3145 (1974), doi:10.1063/1.1663738, Figure 2.
Ernesto Altshuler and R. Garcia, “Josephson junc�ons in a magne�c field: Insights from coupled pendula,” Am.
J. Phys. 71(4), 405-408 (2003), doi:10.1119/1.1533052, Figure 5.
 
To be reproduced in the following new work:  Alexander Horn, forthcoming ar�cle, to be published.
 
Permission is granted subject to these condi�ons:
 
1. AIP Publishing grants you non-exclusive world rights in all languages and media. This permission extends to
all subsequent and future edi�ons of the new work.
 
2.  The following no�ce must appear with the material (please fill in the informa�on indicated by capital
le�ers):
 
“Reproduced from [FULL CITATION], with the permission of AIP Publishing.” (for the ar�cles from J. Appl. Phys.)
 
“Reprodiced from [FULL CITATION], with permission of Anerican Associa�on of Physics Teachers.” (for ar�cles
from Am. J. Phys.)
 
When reusing figures, photographs, covers, or tables, the no�ce may appear in the cap�on, in a footnote, or in
the reference list.  
 
In cases where the new publica�on is licensed under a Crea�ve Commons license, the full no�ce as stated
above must appear with the reproduced material.
 
3. If the material is published in electronic format, we ask that a link be created poin�ng back to the abstract
of the ar�cle on the journal website. This can be accomplished using the ar�cle’s DOI.
 
4.  This permission does not apply to any materials credited to another source.
 
For content reuse requests that qualify for permission under the STM Permissions Guidelines, which may be
updated from �me to �me, the STM Permissions Guidelines supersede the terms and condi�ons contained in
this license.
 
For future permission requests, we encourage you to use RightsLink, which is a tool that allows you to obtain
permission quickly and easily online. To launch the RightsLink applica�on, simply access the appropriate ar�cle
on the journal site, click on the “Tools” link in the abstract, and select “Reprints & Permissions.”
 
Please let us know if you have any ques�ons.
Sincerely,
Brian McKenna
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This is a License Agreement between Mariam Lahlou- University of Waterloo ("User") and Copyright Clearance

Center, Inc. ("CCC") on behalf of the Rightsholder identi�ed in the order details below. The license consists of the

order details, the Marketplace Order General Terms and Conditions below, and any Rightsholder Terms and

Conditions which are included below.

All payments must be made in full to CCC in accordance with the Marketplace Order General Terms and

Conditions below.

LICENSED CONTENT

REQUEST DETAILS

NEW WORK DETAILS

ADDITIONAL DETAILS

REUSE CONTENT DETAILS

Order Date 20-Jul-2022

Order License ID 1249582-1

ISBN-13 9783030832735

Type of Use Republish in a

thesis/dissertation

Publisher Springer International

Publishing

Portion Image/photo/illustration

Publication Title Quantum Computing: An

Applied Approach

Author/Editor Hidary, Jack D.

Date 11/03/2021

Language English

Country Switzerland

Rightsholder Springer

Publication Type Book

Portion Type Image/photo/illustration

Number of images /

photos / illustrations

1

Format (select all that

apply)

Electronic

Who will republish the

content?

Academic institution

Duration of Use Current edition and up to

5 years

Lifetime Unit Quantity Up to 499

Rights Requested Main product

Distribution Canada

Translation Original language of

publication

Copies for the disabled? No

Minor editing privileges? No

Incidental promotional

use?

No

Currency CAD

Title Interaction Forces of

coupled magnetic

pendulums

Instructor name Glenn Heppler and Eihab

Abdel-Rahman

Institution name University of Waterloo

Expected presentation

date

2022-08-10

Order reference number N/A The requesting person /

organization to appear

on the license

Mariam Lahlou- University

of Waterloo
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RIGHTSHOLDER TERMS AND CONDITIONS

A maximum of 10% of the content may be licensed for republication. The user is responsible for identifying and seeking

separate licenses for any third party materials that are identi�ed anywhere in the work. Without a separate license, such

third party materials may not be reused.

If you are placing a request on behalf of/for a corporate organization, please use RightsLink. For further information visit 

http://www.nature.com/reprints/permission-requests.html and 

https://www.springer.com/gp/rights-permissions/obtaining-permissions/882. If the content you are requesting to reuse is

under a CC-BY 4.0 licence (or previous version), you do not need to seek permission from Springer Nature for this reuse

as long as you provide appropriate credit to the original publication. https://creativecommons.org/licenses/by/4.0/

STM Permissions Guidelines STM Permissions Guidelines (2022) - STM (stm-assoc.org) will complement the Terms &

Conditions on this page CCC Payment T&Cs (copyright.com)

Marketplace Order General Terms and Conditions

The following terms and conditions (“General Terms”), together with any applicable Publisher Terms and Conditions,

govern User’s use of Works pursuant to the Licenses granted by Copyright Clearance Center, Inc. (“CCC”) on behalf of the

applicable Rightsholders of such Works through CCC’s applicable Marketplace transactional licensing services (each, a

“Service”).

1) De�nitions. For purposes of these General Terms, the following de�nitions apply:

“License” is the licensed use the User obtains via the Marketplace platform in a particular licensing transaction, as set

forth in the Order Con�rmation.

“Order Con�rmation” is the con�rmation CCC provides to the User at the conclusion of each Marketplace transaction.

“Order Con�rmation Terms” are additional terms set forth on speci�c Order Con�rmations not set forth in the General

Terms that can include terms applicable to a particular CCC transactional licensing service and/or any Rightsholder-

speci�c terms.

“Rightsholder(s)” are the holders of copyright rights in the Works for which a User obtains licenses via the Marketplace

platform, which are displayed on speci�c Order Con�rmations.

“Terms” means the terms and conditions set forth in these General Terms and any additional Order Con�rmation Terms

collectively.

“User” or “you” is the person or entity making the use granted under the relevant License. Where the person accepting the

Terms on behalf of a User is a freelancer or other third party who the User authorized to accept the General Terms on the

User’s behalf, such person shall be deemed jointly a User for purposes of such Terms.

“Work(s)” are the copyright protected works described in relevant Order Con�rmations.

2) Description of Service. CCC’s Marketplace enables Users to obtain Licenses to use one or more Works in accordance

with all relevant Terms. CCC grants Licenses as an agent on behalf of the copyright rightsholder identi�ed in the relevant

Order Con�rmation.

3) Applicability of Terms. The Terms govern User’s use of Works in connection with the relevant License. In the event of

any con�ict between General Terms and Order Con�rmation Terms, the latter shall govern. User acknowledges that

Rightsholders have complete discretion whether to grant any permission, and whether to place any limitations on any

grant, and that CCC has no right to supersede or to modify any such discretionary act by a Rightsholder.

4) Representations; Acceptance. By using the Service, User represents and warrants that User has been duly authorized

by the User to accept, and hereby does accept, all Terms.

5) Scope of License; Limitations and Obligations. All Works and all rights therein, including copyright rights, remain the

sole and exclusive property of the Rightsholder. The License provides only those rights expressly set forth in the terms

Title, description or

numeric reference of the

portion(s)

Figure 2.1. Basic Quantum

Gates

Editor of portion(s) N/A

Volume of serial or

monograph

N/A

Page or page range of

portion

Page 2-2

Title of the

article/chapter the

portion is from

Chapter 2 Basic de�nitions

of quantum logic

Author of portion(s) Hidary, Jack D.

Issue, if republishing an

article from a serial

N/A

Publication date of

portion

2021-11-03

80



9/19/22, 9:57 AM https://marketplace.copyright.com/rs-ui-web/mp/license/3bf215d6-a7cd-4ab7-8836-36db45cc33da/f90f605f-c79e-4e95-bbc3-55006f7f57b6

https://marketplace.copyright.com/rs-ui-web/mp/license/3bf215d6-a7cd-4ab7-8836-36db45cc33da/f90f605f-c79e-4e95-bbc3-55006f7f57b6 3/7

and conveys no other rights in any Works

6) General Payment Terms. User may pay at time of checkout by credit card or choose to be invoiced. If the User

chooses to be invoiced, the User shall: (i) remit payments in the manner identi�ed on speci�c invoices, (ii) unless

otherwise speci�cally stated in an Order Con�rmation or separate written agreement, Users shall remit payments upon

receipt of the relevant invoice from CCC, either by delivery or noti�cation of availability of the invoice via the Marketplace

platform, and (iii) if the User does not pay the invoice within 30 days of receipt, the User may incur a service charge of

1.5% per month or the maximum rate allowed by applicable law, whichever is less. While User may exercise the rights in

the License immediately upon receiving the Order Con�rmation, the License is automatically revoked and is null and void,

as if it had never been issued, if CCC does not receive complete payment on a timely basis.

7) General Limits on Use. Unless otherwise provided in the Order Con�rmation, any grant of rights to User (i) involves

only the rights set forth in the Terms and does not include subsequent or additional uses, (ii) is non-exclusive and non-

transferable, and (iii) is subject to any and all limitations and restrictions (such as, but not limited to, limitations on

duration of use or circulation) included in the Terms. Upon completion of the licensed use as set forth in the Order

Con�rmation, User shall either secure a new permission for further use of the Work(s) or immediately cease any new use

of the Work(s) and shall render inaccessible (such as by deleting or by removing or severing links or other locators) any

further copies of the Work. User may only make alterations to the Work if and as expressly set forth in the Order

Con�rmation. No Work may be used in any way that is defamatory, violates the rights of third parties (including such third

parties' rights of copyright, privacy, publicity, or other tangible or intangible property), or is otherwise illegal, sexually

explicit, or obscene. In addition, User may not conjoin a Work with any other material that may result in damage to the

reputation of the Rightsholder. User agrees to inform CCC if it becomes aware of any infringement of any rights in a Work

and to cooperate with any reasonable request of CCC or the Rightsholder in connection therewith.

8) Third Party Materials. In the event that the material for which a License is sought includes third party materials (such

as photographs, illustrations, graphs, inserts and similar materials) that are identi�ed in such material as having been

used by permission (or a similar indicator), User is responsible for identifying, and seeking separate licenses (under this

Service, if available, or otherwise) for any of such third party materials; without a separate license, User may not use such

third party materials via the License.

9) Copyright Notice. Use of proper copyright notice for a Work is required as a condition of any License granted under

the Service. Unless otherwise provided in the Order Con�rmation, a proper copyright notice will read substantially as

follows: "Used with permission of [Rightsholder's name], from [Work's title, author, volume, edition number and year of

copyright]; permission conveyed through Copyright Clearance Center, Inc." Such notice must be provided in a reasonably

legible font size and must be placed either on a cover page or in another location that any person, upon gaining access to

the material which is the subject of a permission, shall see, or in the case of republication Licenses, immediately adjacent

to the Work as used (for example, as part of a by-line or footnote) or in the place where substantially all other credits or

notices for the new work containing the republished Work are located. Failure to include the required notice results in

loss to the Rightsholder and CCC, and the User shall be liable to pay liquidated damages for each such failure equal to

twice the use fee speci�ed in the Order Con�rmation, in addition to the use fee itself and any other fees and charges

speci�ed.

10) Indemnity. User hereby indemni�es and agrees to defend the Rightsholder and CCC, and their respective employees

and directors, against all claims, liability, damages, costs, and expenses, including legal fees and expenses, arising out of

any use of a Work beyond the scope of the rights granted herein and in the Order Con�rmation, or any use of a Work

which has been altered in any unauthorized way by User, including claims of defamation or infringement of rights of

copyright, publicity, privacy, or other tangible or intangible property.

11) Limitation of Liability. UNDER NO CIRCUMSTANCES WILL CCC OR THE RIGHTSHOLDER BE LIABLE FOR ANY DIRECT,

INDIRECT, CONSEQUENTIAL, OR INCIDENTAL DAMAGES (INCLUDING WITHOUT LIMITATION DAMAGES FOR LOSS OF

BUSINESS PROFITS OR INFORMATION, OR FOR BUSINESS INTERRUPTION) ARISING OUT OF THE USE OR INABILITY TO USE

A WORK, EVEN IF ONE OR BOTH OF THEM HAS BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES. In any event, the

total liability of the Rightsholder and CCC (including their respective employees and directors) shall not exceed the total

amount actually paid by User for the relevant License. User assumes full liability for the actions and omissions of its

principals, employees, agents, a�liates, successors, and assigns.

12) Limited Warranties. THE WORK(S) AND RIGHT(S) ARE PROVIDED "AS IS." CCC HAS THE RIGHT TO GRANT TO USER THE

RIGHTS GRANTED IN THE ORDER CONFIRMATION DOCUMENT. CCC AND THE RIGHTSHOLDER DISCLAIM ALL OTHER

WARRANTIES RELATING TO THE WORK(S) AND RIGHT(S), EITHER EXPRESS OR IMPLIED, INCLUDING WITHOUT LIMITATION

IMPLIED WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR PURPOSE. ADDITIONAL RIGHTS MAY BE

REQUIRED TO USE ILLUSTRATIONS, GRAPHS, PHOTOGRAPHS, ABSTRACTS, INSERTS, OR OTHER PORTIONS OF THE WORK

(AS OPPOSED TO THE ENTIRE WORK) IN A MANNER CONTEMPLATED BY USER; USER UNDERSTANDS AND AGREES THAT

NEITHER CCC NOR THE RIGHTSHOLDER MAY HAVE SUCH ADDITIONAL RIGHTS TO GRANT.

13) E�ect of Breach. Any failure by User to pay any amount when due, or any use by User of a Work beyond the scope of

the License set forth in the Order Con�rmation and/or the Terms, shall be a material breach of such License. Any breach
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not cured within 10 days of written notice thereof shall result in immediate termination of such License without further

notice. Any unauthorized (but licensable) use of a Work that is terminated immediately upon notice thereof may be

liquidated by payment of the Rightsholder's ordinary license price therefor; any unauthorized (and unlicensable) use that

is not terminated immediately for any reason (including, for example, because materials containing the Work cannot

reasonably be recalled) will be subject to all remedies available at law or in equity, but in no event to a payment of less

than three times the Rightsholder's ordinary license price for the most closely analogous licensable use plus

Rightsholder's and/or CCC's costs and expenses incurred in collecting such payment.

14) Additional Terms for Speci�c Products and Services. If a User is making one of the uses described in this Section 14,

the additional terms and conditions apply:

a) Print Uses of Academic Course Content and Materials (photocopies for academic coursepacks or classroom

handouts). For photocopies for academic coursepacks or classroom handouts the following additional terms apply:

i) The copies and anthologies created under this License may be made and assembled by faculty members

individually or at their request by on-campus bookstores or copy centers, or by o�-campus copy shops and other

similar entities.

ii) No License granted shall in any way: (i) include any right by User to create a substantively non-identical copy of

the Work or to edit or in any other way modify the Work (except by means of deleting material immediately

preceding or following the entire portion of the Work copied) (ii) permit "publishing ventures" where any

particular anthology would be systematically marketed at multiple institutions.

iii) Subject to any Publisher Terms (and notwithstanding any apparent contradiction in the Order Con�rmation

arising from data provided by User), any use authorized under the academic pay-per-use service is limited as

follows:

A) any License granted shall apply to only one class (bearing a unique identi�er as assigned by the institution,

and thereby including all sections or other subparts of the class) at one institution;

B) use is limited to not more than 25% of the text of a book or of the items in a published collection of essays,

poems or articles;

C) use is limited to no more than the greater of (a) 25% of the text of an issue of a journal or other periodical

or (b) two articles from such an issue;

D) no User may sell or distribute any particular anthology, whether photocopied or electronic, at more than

one institution of learning;

E) in the case of a photocopy permission, no materials may be entered into electronic memory by User except

in order to produce an identical copy of a Work before or during the academic term (or analogous period) as

to which any particular permission is granted. In the event that User shall choose to retain materials that are

the subject of a photocopy permission in electronic memory for purposes of producing identical copies more

than one day after such retention (but still within the scope of any permission granted), User must notify CCC

of such fact in the applicable permission request and such retention shall constitute one copy actually sold for

purposes of calculating permission fees due; and

F) any permission granted shall expire at the end of the class. No permission granted shall in any way include

any right by User to create a substantively non-identical copy of the Work or to edit or in any other way

modify the Work (except by means of deleting material immediately preceding or following the entire portion

of the Work copied).

iv) Books and Records; Right to Audit. As to each permission granted under the academic pay-per-use Service,

User shall maintain for at least four full calendar years books and records su�cient for CCC to determine the

numbers of copies made by User under such permission. CCC and any representatives it may designate shall have

the right to audit such books and records at any time during User's ordinary business hours, upon two days' prior

notice. If any such audit shall determine that User shall have underpaid for, or underreported, any photocopies

sold or by three percent (3%) or more, then User shall bear all the costs of any such audit; otherwise, CCC shall

bear the costs of any such audit. Any amount determined by such audit to have been underpaid by User shall

immediately be paid to CCC by User, together with interest thereon at the rate of 10% per annum from the date

such amount was originally due. The provisions of this paragraph shall survive the termination of this License for

any reason.

b) Digital Pay-Per-Uses of Academic Course Content and Materials (e-coursepacks, electronic reserves, learning

management systems, academic institution intranets). For uses in e-coursepacks, posts in electronic reserves, posts

in learning management systems, or posts on academic institution intranets, the following additional terms apply:

i) The pay-per-uses subject to this Section 14(b) include:
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A) Posting e-reserves, course management systems, e-coursepacks for text-based content, which grants

authorizations to import requested material in electronic format, and allows electronic access to this material

to members of a designated college or university class, under the direction of an instructor designated by the

college or university, accessible only under appropriate electronic controls (e.g., password);

B) Posting e-reserves, course management systems, e-coursepacks for material consisting of photographs

or other still images not embedded in text, which grants not only the authorizations described in Section

14(b)(i)(A) above, but also the following authorization: to include the requested material in course materials

for use consistent with Section 14(b)(i)(A) above, including any necessary resizing, reformatting or modi�cation

of the resolution of such requested material (provided that such modi�cation does not alter the underlying

editorial content or meaning of the requested material, and provided that the resulting modi�ed content is

used solely within the scope of, and in a manner consistent with, the particular authorization described in the

Order Con�rmation and the Terms), but not including any other form of manipulation, alteration or editing of

the requested material;

C) Posting e-reserves, course management systems, e-coursepacks or other academic distribution for

audiovisual content, which grants not only the authorizations described in Section 14(b)(i)(A) above, but also

the following authorizations: (i) to include the requested material in course materials for use consistent with

Section 14(b)(i)(A) above; (ii) to display and perform the requested material to such members of such class in

the physical classroom or remotely by means of streaming media or other video formats; and (iii) to "clip" or

reformat the requested material for purposes of time or content management or ease of delivery, provided

that such “clipping” or reformatting does not alter the underlying editorial content or meaning of the

requested material and that the resulting material is used solely within the scope of, and in a manner

consistent with, the particular authorization described in the Order Con�rmation and the Terms. Unless

expressly set forth in the relevant Order Conformation, the License does not authorize any other form of

manipulation, alteration or editing of the requested material.

ii) Unless expressly set forth in the relevant Order Con�rmation, no License granted shall in any way: (i) include

any right by User to create a substantively non-identical copy of the Work or to edit or in any other way modify the

Work (except by means of deleting material immediately preceding or following the entire portion of the Work

copied or, in the case of Works subject to Sections 14(b)(1)(B) or (C) above, as described in such Sections) (ii)

permit "publishing ventures" where any particular course materials would be systematically marketed at multiple

institutions.

iii) Subject to any further limitations determined in the Rightsholder Terms (and notwithstanding any apparent

contradiction in the Order Con�rmation arising from data provided by User), any use authorized under the

electronic course content pay-per-use service is limited as follows:

A) any License granted shall apply to only one class (bearing a unique identi�er as assigned by the institution,

and thereby including all sections or other subparts of the class) at one institution;

B) use is limited to not more than 25% of the text of a book or of the items in a published collection of essays,

poems or articles;

C) use is limited to not more than the greater of (a) 25% of the text of an issue of a journal or other periodical

or (b) two articles from such an issue;

D) no User may sell or distribute any particular materials, whether photocopied or electronic, at more than

one institution of learning;

E) electronic access to material which is the subject of an electronic-use permission must be limited by means

of electronic password, student identi�cation or other control permitting access solely to students and

instructors in the class;

F) User must ensure (through use of an electronic cover page or other appropriate means) that any person,

upon gaining electronic access to the material, which is the subject of a permission, shall see:

a proper copyright notice, identifying the Rightsholder in whose name CCC has granted permission,

a statement to the e�ect that such copy was made pursuant to permission,

a statement identifying the class to which the material applies and notifying the reader that the material

has been made available electronically solely for use in the class, and

a statement to the e�ect that the material may not be further distributed to any person outside the class,

whether by copying or by transmission and whether electronically or in paper form, and User must also
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ensure that such cover page or other means will print out in the event that the person accessing the

material chooses to print out the material or any part thereof.

G) any permission granted shall expire at the end of the class and, absent some other form of authorization,

User is thereupon required to delete the applicable material from any electronic storage or to block electronic

access to the applicable material.

iv) Uses of separate portions of a Work, even if they are to be included in the same course material or the same

university or college class, require separate permissions under the electronic course content pay-per-use Service.

Unless otherwise provided in the Order Con�rmation, any grant of rights to User is limited to use completed no

later than the end of the academic term (or analogous period) as to which any particular permission is granted.

v) Books and Records; Right to Audit. As to each permission granted under the electronic course content Service,

User shall maintain for at least four full calendar years books and records su�cient for CCC to determine the

numbers of copies made by User under such permission. CCC and any representatives it may designate shall have

the right to audit such books and records at any time during User's ordinary business hours, upon two days' prior

notice. If any such audit shall determine that User shall have underpaid for, or underreported, any electronic

copies used by three percent (3%) or more, then User shall bear all the costs of any such audit; otherwise, CCC

shall bear the costs of any such audit. Any amount determined by such audit to have been underpaid by User

shall immediately be paid to CCC by User, together with interest thereon at the rate of 10% per annum from the

date such amount was originally due. The provisions of this paragraph shall survive the termination of this license

for any reason.

c) Pay-Per-Use Permissions for Certain Reproductions (Academic photocopies for library reserves and interlibrary

loan reporting) (Non-academic internal/external business uses and commercial document delivery). The License

expressly excludes the uses listed in Section (c)(i)-(v) below (which must be subject to separate license from the

applicable Rightsholder) for: academic photocopies for library reserves and interlibrary loan reporting; and non-

academic internal/external business uses and commercial document delivery.

i) electronic storage of any reproduction (whether in plain-text, PDF, or any other format) other than on a

transitory basis;

ii) the input of Works or reproductions thereof into any computerized database;

iii) reproduction of an entire Work (cover-to-cover copying) except where the Work is a single article;

iv) reproduction for resale to anyone other than a speci�c customer of User;

v) republication in any di�erent form. Please obtain authorizations for these uses through other CCC services or

directly from the rightsholder.

Any license granted is further limited as set forth in any restrictions included in the Order Con�rmation and/or in

these Terms.

d) Electronic Reproductions in Online Environments (Non-Academic-email, intranet, internet and extranet). For

"electronic reproductions", which generally includes e-mail use (including instant messaging or other electronic

transmission to a de�ned group of recipients) or posting on an intranet, extranet or Intranet site (including any

display or performance incidental thereto), the following additional terms apply:

i) Unless otherwise set forth in the Order Con�rmation, the License is limited to use completed within 30 days for

any use on the Internet, 60 days for any use on an intranet or extranet and one year for any other use, all as

measured from the "republication date" as identi�ed in the Order Con�rmation, if any, and otherwise from the

date of the Order Con�rmation.

ii) User may not make or permit any alterations to the Work, unless expressly set forth in the Order Con�rmation

(after request by User and approval by Rightsholder); provided, however, that a Work consisting of photographs

or other still images not embedded in text may, if necessary, be resized, reformatted or have its resolution

modi�ed without additional express permission, and a Work consisting of audiovisual content may, if necessary,

be "clipped" or reformatted for purposes of time or content management or ease of delivery (provided that any

such resizing, reformatting, resolution modi�cation or “clipping” does not alter the underlying editorial content or

meaning of the Work used, and that the resulting material is used solely within the scope of, and in a manner

consistent with, the particular License described in the Order Con�rmation and the Terms.

15) Miscellaneous.

a) User acknowledges that CCC may, from time to time, make changes or additions to the Service or to the Terms, and

that Rightsholder may make changes or additions to the Rightsholder Terms. Such updated Terms will replace the
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prior terms and conditions in the order work�ow and shall be e�ective as to any subsequent Licenses but shall not

apply to Licenses already granted and paid for under a prior set of terms.

b) Use of User-related information collected through the Service is governed by CCC's privacy policy, available online

at www.copyright.com/about/privacy-policy/.

c) The License is personal to User. Therefore, User may not assign or transfer to any other person (whether a natural

person or an organization of any kind) the License or any rights granted thereunder; provided, however, that, where

applicable, User may assign such License in its entirety on written notice to CCC in the event of a transfer of all or

substantially all of User's rights in any new material which includes the Work(s) licensed under this Service.

d) No amendment or waiver of any Terms is binding unless set forth in writing and signed by the appropriate parties,

including, where applicable, the Rightsholder. The Rightsholder and CCC hereby object to any terms contained in any

writing prepared by or on behalf of the User or its principals, employees, agents or a�liates and purporting to govern

or otherwise relate to the License described in the Order Con�rmation, which terms are in any way inconsistent with

any Terms set forth in the Order Con�rmation, and/or in CCC's standard operating procedures, whether such writing

is prepared prior to, simultaneously with or subsequent to the Order Con�rmation, and whether such writing appears

on a copy of the Order Con�rmation or in a separate instrument.

e) The License described in the Order Con�rmation shall be governed by and construed under the law of the State of

New York, USA, without regard to the principles thereof of con�icts of law. Any case, controversy, suit, action, or

proceeding arising out of, in connection with, or related to such License shall be brought, at CCC's sole discretion, in

any federal or state court located in the County of New York, State of New York, USA, or in any federal or state court

whose geographical jurisdiction covers the location of the Rightsholder set forth in the Order Con�rmation. The

parties expressly submit to the personal jurisdiction and venue of each such federal or state court.
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Appendix A

Magnetic Force integration between
the faces of the magnets

A.1 Integrations over the surface of the magnet

Now that we have the force general equation, it is necessary to determine the limits of
integration. The task is to integrate over the surface of one the cylindrical pendulum i
with respect to the origin of the other pendulum j. With reference to Figure A.1, we find

max

i ĵ
i i
^

ρ

ψ

min
ψ

ρ

s
ij

j,max
φ

φ
j,min

R

R

β

Figure A.1: View of the upper and lower limit of ρ.
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the upper and lower limit for ρ as follow

ρ = sij cos (ψ)±
√
R2 − s2ij sin

2 (ψ) (A.1)

where

sij = 2l sin

(
θij
2

)
and the angle ϕj ranges from 0 to ϕmax such that

ϕmax = arcsin

(
R

sij

)
However, for simplicity reasons, we choose to integrate over ψ first. Since executing the area
integral is for a fixed point in time, we can consider θij fixed and consequently dψij = dϕij.
Therefore, we need to write ψ in term of ρ Using Equation A.1, we rearrange it and square
both sides

ρ− sij cos (ψ) = ±
√
R2 − r2ij sin (ψ)

2

(ρ− sij cos (ψ))
2 = R2 − s2ij sin (ψ)

2

ρ2 + s2ij cos
2 (ψ)− 2sijρ cos (ψ) = R2 − s2ij sin (ψ)

2

Using the identity sin2 (ϕ) + cos2 (ϕ) = 1, we get

ρ2 + s2ij − 2sijρ cos (ψ) = R2

cos (ψ) =
R2 − ρ2 − s2ij

−2sijρ

Then ψ is given by

ψ = arccos

(
ρ2 + s2ij −R2

2sijρ

)
(A.2)

A.2 Different cases

Now that the formulation of ψ is found, the limits of integration will be determined on
case by case basis according to the positions of the magnets with respect to one another.
Consequently, we note five main cases as follow
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• Case 1: θij > 0, sij ≥ R

The first case illustrated in the figure bellow. When we integrate over ψj first from
0 to ψj, the limit of integration over ρ is from sij −R to sij +R. However, to avoid

j R

O
j

O
i

ψ
j

ρ

Figure A.2: Case 1: θij > 0 and sij ≥ R

getting imaginary numbers for ψj, we need the Arccos argument to be on the interval
[−1, 1]. Therefore, solving the two equations

ρ2 + s2ij −R2

2sijρ
= −1, and

ρ2 + s2ij −R2

2sijρ
= 1

we find
ρj = {−R− sij, R− sij} and ρj = {−R + sij, R + sij}

Due to the Elliptic integrals present in the magnetic fields, we need ρj > 0. We
choose the two positive pairs.

• Case 2: θij > 0, sij < R

In this case the centre of magnet j is inside the perimeter of magnet i as illustrated
in Figure A.3. For this, we integrate ψj from 0 to ψj and ρ from R− sij to sij +R.

• Case 3: θij = 0, sij = R

Here, with θij being 0, ϕj is independent of ρj. So when integrating over ϕj, we
simply get 2π.

• Case 4: θij < 0,−R < sij < 0

Similarly to case 2, here the center of magnet j is inside the perimeter of magnet i.
But here sij < 0 so we integrate ψj from ψj to π and ρ from R + sij to −sij +R.
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ij

S

ρ
j

ψ

Figure A.3: Case 2: θij > 0 and sij < R

R

ψ
j

O
i

O
j

ρ
j

Figure A.4: Case 3: θij = 0 and sij = R

• Case 5: θij < 0, sij ≤ −R
Finally, the last case illustrated in Figure A.6 is when θi < θj. So that ψj is integrated
from ψj to π and ρ from −R− sij to −sij +R.

A.3 Integrations over ϕj

As mentioned earlier, we can consider θij fixed so that dψij = dϕij. In the cases mentioned
above, ψ only covers the upper half of the circle. To cover the full surface of the magnet,
we will need to integrate from 0 to ϕ (ρ) twice such as

2

∫ ψj(ρj)

0

F⃗ij dψj (A.3)
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Sij O
j
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i

ψ

Figure A.5: Case 4: θij < 0 and −R < sij < 0

j

R

O
i O

j

ψ
j

ijS

ρ

Figure A.6: Case 5: θij < 0 and sij ≤ −R

One important difference to note between Fijx , Fijy and Fijz is that the latter is not a
function of ϕj. This means the the integration of Fijz over ϕj can easily be done separately.
However, the integration of Fijx and Fijy will require evaluating trigonometric functions
over ϕj of the form ∫

cos (ϕj) dϕj and

∫
sin (ϕj) dϕj

Considering Figure A.7, we have ϕj =
π
2
+

θij
2
+ψj. In cases 1 and 2, when θij > 0, we get
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ijR
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j

s

j

j

s

Figure A.7: View of the two pendulums.

the following integration limits∫ ψj(ρj)

0

cos (ϕj)dϕj =

∫ ψj(ρj)

0

cos

(
π

2
+
θij
2

+ ψj

)
dψj

= − sin

(
π

2
+
θij
2

)
+ sin

(
π

2
+
θij
2

+ ψj (ρj)

)
= − cos

(
θij
2

)
+ cos

(
θij
2

+ ψj (ρj)

)
= cos

(
θij
2

+ ψj (ρj)

)
− cos

(
θij
2

)
(A.4)

and ∫ ψj(ρj)

0

sin (ϕj)dϕj =

∫ ψj(ρj)

0

sin

(
π

2
+
θij
2

+ ψj

)
dψj

= cos

(
π

2
+
θij
2

)
− cos

(
π

2
+
θij
2

+ ψj (ρj)

)
= − sin

(
θij
2

)
+ sin

(
θij
2

+ ψj (ρj)

)
= sin

(
θij
2

+ ψj (ρj)

)
− sin

(
θij
2

)
(A.5)
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In case 3, where θij = 0 ∫ 2π

0

sin (ψj) dψj =

∫ 2π

0

cos (ψj) dψj = 0 (A.6)

And when θij < 0, the integrals range as follow∫ π

ψj(ρj)

cos (ϕj)dϕj =

∫ π

ψj(ρj)

cos

(
π

2
+
θij
2

+ ψj

)
dψj

= sin

(
π

2
+
θij
2

+ π

)
− sin

(
π

2
+
θij
2

+ ψj (ρj)

)
= cos

(
θij
2

+ π

)
− cos

(
θij
2

+ ψj (ρj)

)
= − cos

(
θij
2

)
− cos

(
θij
2

+ ψj (ρj)

)
(A.7)

and ∫ π

ψj(ρj)

sin (ϕj)dϕj =

∫ π

ψj(ρj)

sin

(
π

2
+
θij
2

+ ψj

)
dψj

= − cos

(
π

2
+
θij
2

+ π

)
+ cos

(
π

2
+
θij
2

+ ψj (ρj)

)
= sin

(
θij
2

+ π

)
− sin

(
θij
2

+ ψj (ρj)

)
= − sin

(
θij
2

)
− sin

(
θij
2

+ ψj (ρj)

)
(A.8)
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