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Abstract

A multi-agent system (MAS) is a dynamic system that consists of a group of interacting
agents distributed over a network. In the past decades, the study of distributed coordi-
nation of multi-agent systems has been widely attracted by many groups of researchers
such as mathematicians, engineers, physicists, and others. This is partly due to various
applications in many areas, including spacecraft formation flying, multiple robot coordi-
nation, flocking, consensus or synchronization, cooperative control of vehicle formations,
etc. As one of the most important problems in distributed coordination, consensus means
that a group of agents achieves an agreement on a common value by designing the control
law which is based on the information received by interacting with neighbors. There are
many consensus methods that have been studied in recent years. Some problems focused
on seeking the consensus of continuous-time (CT) multi-agent systems or discrete-time
(DT) multi-agent systems, the others considered consensus problems on hybrid systems
which are dynamical systems involving the interaction of continuous and discrete dynam-
ics. Most consensus algorithms have been proposed for the multi-agent systems, but most
results of consensus analysis are on the situation that all agents are continuous-time or
discrete-time dynamic behavior. There are, however, some practical problems that the
discrete-time and continuous-time dynamic agents coexist and interact with each other
at the same time. Thus, it is reasonable to study consensus problems in such hybrid
multi-agent systems (HMASSs).

Generally, the consensus protocols are designed to ensure that the states of all agents
converge to a common value. However, up to date, in many practical problems, the states
of agents may converge to prescribed ratios rather than a common value, such as com-
partmental mass-action systems, water distribution systems, and multiscale coordination
control between spacecrafts and their simulating vehicles on ground. To deal with this
problem, the scaled consensus problem has been introduced, where all agents will converge
to the assigned proportions. Different from the standard consensus, where a group of agents
seek to agree on a common quantity depending on the states of agents, scaled consensus
implies that the state of each agent will approach prescribed ratios in the asymptote.

So this work aims to study the (scaled) consensus problems in hybrid multi-agent
systems under fixed and switching topologies including linear and nonlinear dynamics.
Furthermore, we study consensus problems with communication delays, external pertur-
bations, finite-time (scaled) consensus problems and also apply to the random networks.
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Chapter 1

Introduction

1.1 Motivations

An agent is a computational mechanism like a computer program or a robot, which can
interact with its neighbors or environment, and also adapt when its environment changes.
During to the ability of adaptation and interaction, it is considered as an autonomous
agent. An agent has appeared in several areas depending on the purpose of applications
such as in medicine, military, agriculture, transportation and other areas (see e.g.,in Figure
1.1).

Figure 1.1: An autonomous agent



A multi-agent system is a dynamical system consisting of a group of agents which can
interact with each other or their environment (see e.g.,Figure 1.2).

Figure 1.2: Muti-agent systems

Over the past decades, multi-agent systems have been broadly studied due to its wide
applications, such as in 1980s and 1990s, many scientists, especially in computer science,
have actively studied in multi-agent systems, typically referred to software agents. More-
over, multi-agent systems can be applied to artificial intelligence. Since most problems can
be simplified by dividing into subproblems, so it is important to study how all agents work
together as a team to reach the goal. In particular, Weiss (1999, [110]) replaced the single
agents by the multi-agent systems as the computing paradigm in artificial intelligence.



Furthermore, in robotic society, multi-agent systems are referred to multi-robot systems
(as the agents can be robots), and have been extensively studied since the early 1990s. For
example, Sugihara and Suzuki (1990, [92]) studied the distributed motion coordination of
multiple robots (see e.g.,Figure 1.3).

Figure 1.3: Multi-robots

In the recent years, many research topics in multi-agent systems have been actively
studied, such as consensus or agreement problems (2007, [73]), flocking (2006, [72]), forma-
tion control (2009, [117]), coverage control (2004, [10]), containment control (2011, [10]),
distributed estimation (2008, [126]), and others (see e.g., Figure 1.4).

Figure 1.4: Formation control



In mathematics, a hybrid multi-agent system can be represented as a communication
network or directed graph [78], where all agents are regarded as the nodes and the inter-
action between two agents has been represented by the edge in a graph. This implies that
(vi,v;) € € corresponds to an available information link from agent i to agent j. Besides,
each agent updates its current state based on the information received from its neighbours
(see e.g., Figure 1.5).

Figure 1.5: A communication network of a multi-agent system

As one of the most fundamental and important research topics in multi-agent coordina-
tion, consensus algorithms have received significant attention. The objective of consensus
algorithm is to design an appropriate control input based on the local information that
enables all agents to reach an agreement on some common features, which can be velocities,
positions, attitudes, and many other quantities. The original work of consensus problems
was proposed by Degroot (1974, [18]). In the recent years, many consensus algorithms
were proposed based on the dynamic model of agents. In 1995, for example, Vicsek et al
[98] presented the discrete time model of agents moving with the same speed and proved
by simulation that all agents can move to one direction. In 2003, Jadbabaie et al [10] used
the nearest neighbor rules for proving the model of Vicsek in [98]. Moreover, Wang et
al (2007, [116]) proposed the new method for solving consensus problem in discrete time
multi-agent systems with time-delays, more results about consensus seeking in discrete
time multi-agent systems can be seen in ([55], [0]) and references therein.

For continuous time dynamic agents, many consensus algorithms have been proposed,
such as in 2004, Olfati-Saber and Murray [71] showed the consensus results of continuous
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time dynamic agents with switching topology and time-delays. In addition, Ren and Beard
(2005, [80]) also studied the consensus in continuous time multi-agent systems and used
some concepts from graph theory and matrix theory to extend the results in [74], which
gave more relaxation conditions than the previous works. More results about consensus
seeking in continuous time multi-agent systems can be seen in ([122], [79]) and references
therein. Inspired by the result of Halloy et al ([32], 2007) who studied a group decision-

30 mm

Figure 1.6: Group decision-making between robots and cockroaches [32]

making between animals and autonomous robots by proving that the group of autonomous
robots mixed with cockroaches can share shelter together under some conditions(see e.g.,
Figure 1.6). Hence, it is reasonable to study consensus problems in the dynamical systems
involving the interaction of continuous-time and discrete-time dynamics, which is typically
called as the hybrid systems (Antsaklis(2000), [1]). In particular, the study of consensus
problems under switching topologies have been actively attracted by many researchers, such
as in 2008, Sun et al [95] showed the average consensus results of dynamic agents with
switching topologies and time-varying delays. Moreover, Zheng and Wang (2015, [133])
studied the consensus of switched multi-agent systems. See more results for consensus
seeking of switched multi-agent systems in ([137], [124]) and extensive references.

According to the above discussion, most consensus problems have been studied only
when all the agents are discrete-time or continuous-time dynamic behaviours. As a re-
sult, Zheng et al (2017, [132]) introduced the consensus problems of hybrid multi-agent
systems (HMASs), where the continuous-time and discrete-time dynamic agents coexist
and interact with each other. This system has actively been studied my many groups of
researchers, such as, Zheng et al [131] who extended the consensus results of [132] into
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the second order case in 2019. Furthermore, the consensus problems of hybrid multi-agent
systems with heterogeneous dynamics have been studied by Zhao et al [131] in 2020. See
more results about consensus problems in hybrid multi-agent systems in [67, , 87, 37]
and references therein.

However, in some real multi-agent systems, a state of agents may encounter some abrupt
changes (or agents exchange information to their neighbors instantaneously) at a certain
time moments and cannot be considered continuously, which the continuous-time consensus
algorithms cannot be applied. To deal with this problem, impulsive consensus protocols
have been introduced. The primary idea of the impulsive consensus method is based on
the strategy of impulsive control which is to change the state instantaneously at certain
instants, so it can reduce control cost and the amount of transmitted information dramat-
ically. Furthermore, impulsive control can deal with systems that cannot be controlled by
the continuous control methods or impossible to provide continuous control inputs. For
example, consider a multi-agent system where each agent represents a deep-space space-
craft. A consensus problem is to design a control law that allows all spacecrafts reach an
agreement upon certain quantity of interests, such as velocity, position, and direction. If
each spacecraft has only limited fuel supply, it cannot leave its engine on and exchange
information with the others continuously. Hence, it is more practical for the spacecrafts to
communicate with their neighbors once in a while at discrete moments which can be mod-
eled by impulsive consensus protocols. Consequently, impulsive consensus protocols have
been rapidly developed lately (see, e.g., [12, 26, 130, 127, 129, 65, 66, 68, 24, 107, 114, 115]).

The aforementioned works primarily focus on complete consensus problems, that is,
the consensus protocols are designed to ensure that the states of all agents converge to
a common value. However, up to date, in many practical problems, the states of agents
may converge to prescribed ratios rather than a common value, such as compartmental

mass-action systems [30], water distribution systems, and multiscale coordination control
between spacecrafts and their simulating vehicles on ground [28, 58]. In order to deal with
this problem Roy (2015, [¢1]) introduced a new type of consensus called ”scaled consensus”.

Different from the standard consensus that a group of agents seek to agree on a common
quantity depending on the states of agents, scaled consensus implies that the state of each
agent will converge to prescribed ratios in the asymptote.

In the recent years, scaled consensus problems have been attracted by many researchers,
for instance, scaled consensus problem of multi-agent systems under fixed and strongly
connected topology have been studied by Roy[%1] in 2015. In 2017, Ebrahimkhani et al
[20] applied the idea of [31] to the descriptor multi-agent systems. Moreover, since time-
delay cannot be avoided in some real applications, some people extended scaled consensus
to the delayed multi-agent systems, such as Aghoblagh et al (2015, [1]), Aghoblagh et al
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(2016, [2]), Shang (2017, [341]), Ebrahimkhani and Hashemzadeh (2018, [21]), Xing and
Deng (2018, [123]).

On the other hand, scaled consensus problems have been broadly investigated in switch-
ing networks. For example, Meng and Jia (2016, [09]), Shang (2019, [¢6]), Chen et al (2020,
[11]), and Li et al (2020, [18]). Furthermore, scaled consensus problems have been extended
to heterogeneous systems by Liu et al (2016, [61]), and to the multiple non-identical lin-
ear autonomous agents by Cheng-Liu and Liu in 2017[62] and other problems (see, e.g.,

[ ? ? ? ? ? ? ? ])

In the actual network, it can be seen that each agent receiving information from its
neighbors may has time delays induced by the distance among them, and sometimes has
self-delay obtained by processing its information. These delays will lead in general to a
reduction of the performance or instability of the system. Therefore, investigating the
time-delay problem of the multi-agent system comes to be important (see e.g.,[108, ,

, 63, 69)).

In some practical applications, it is important to drive the multi-agent systems (MASs)
to a desirable state as soon as possible. Therefore, the convergence rate is an important
indicator in the design of protocols. It is often required that the eventual consensus is
reached in a finite time, whether or not this depends on the initial configuration of the
system. Hence, the finite-time consensus problems have been actively studied in hybrid
dynamic systems, specifically, the switched system that consists of continuous-time and
discrete-time subsystems. For example, Jiang and Wang (2009, [11]) proved that the
multi-agent system under nonlinear interaction can reach the consensus state in finite
time. Lin, Yu and Chen (2016, [61]) proposed switching protocols to solve the finite-time
consensus of multi-agent systems. Besides, in 2017, Lin and Zheng [56] proposed the finite-
time consensus protocol to guarantee reaching consensus of switched multi-agent systems in
finite time and also studied fixed-time consensus problems of switched multi-agent systems.
See more works about finite-time consensus problems in MASs in [118, , 13, 94].

It is motivated by above discussion, this thesis aims to investigate some problems
in HMASs under such as (scaled) consensus problems and finite-time (scaled) consensus
problems, see the contributions of the thesis in the next section.



1.2 Contribution of the thesis

The main contributions of this thesis are summarized as follows:

1. The considered hybrid multi-agent system is quite general as the system consists
of a group of continuous-time discrete-time dynamics agents that can interact with
each other which can be utilized to model the practical networking agent systems.
Furthermore, it can be seen that if there is no continuous (or discrete) time dynamic
agents, the system is a discrete (or continuous) system. Moreover, we also investigate
the (scaled) consensus problems of nonlinear (hybrid) multi-agent systems.

2. According to above discussion, the consensus results are guaranteed only on the
situation that the interactions among agents occur at the sampling times t; [132],
but in real applications the communications among continuous-time dynamic agents
can happen in real time. To deal with this problem, we introduce the impulsive
consensus protocols and show that the system reaches consensus under appropriate
conditions.

3. Since time-delay and external perturbations cannot be avoidable in some practical
problems and the communication delays have not been studied in hybrid multi-agent
system yet, so the consensus problems of hybrid multi-agent system with communi-
cation delays and impulsive delays have been studied. In addition, scaled consensus
problems of multi-agent systems with external perturbation are also investigated.

4. Compared with the usual consensus problems focus on reaching an agreement on a
common quantity, the scaled consensus problem means that the state of each agent
will converge to a prescribed ratio in the asymptote, which implies the generalization
of consensus. In addition, by selecting appropriate scalar scales, the scaled consensus
problem can solve the group consensus problems, bipartite consensus problems, etc.

5. As mentioned above, an impulsive control method is a powerful control method,
in particular, when an agent exchanges information instantaneously and cannot be
considered continuously. To the best of our knowledge and from the previous works
[81, 20, 1, 2, 84, 21, 123, 69, 86, 11, 48, 61, 62, 83, 85, 128, 34, 35, 44], the impulsive
control has not been studied on scaled consensus problems yet. This work aims to
investigate scaled consensus problems by using the impulsive consensus protocols.



6. Inspired by the above discussion and aforementioned works [118, , 13, 94, 64, 56],
this work also studies the finite-time scaled consensus problems of hybrid multi-agent
systems via impulsive control and multi-agent systems with impulsive perturbations,
respectively.

7. The communication among agents may change over the time because of link or node
failure, package drops etc, which can happen randomly and cannot avoid in some
practical problems. Hence, in this work, we extend the scaled consensus ideas to the
hybrid multi-agent systems over random networks.

1.3 Thesis Organization

The organization of this thesis is summarized as follows.

In Chapter 1, the introduction of this thesis is given. Chapter 2 introduces the nota-
tions, the mathematical background information of algebraic graph theory, matrix theory
and the Kronecker product, hybrid multi-agent systems, and consensus problems. More-
over, the stabilization, Razumikhin techniques, impulsive mechanism, some useful defini-
tions, lemmas, and properties are also provided in this chapter.

In Chapter 3, consensus problems of hybrid multi-agent systems including with the
nonlinear and linear dynamics have been investigated. Moreover, the consensus of hybrid
multi-agent systems with and without communication delays have also been studied.

In Chapter 4, we study scaled consensus problems of hybrid multi-agent systems with
and without communication delays, scaled consensus problems of multi-agent systems un-
der fixed and switched topologies via impulsive protocols and also for the systems with
external perturbations.

In Chapter 5, the finite-time consensus and finite-time scaled consensus problems of hy-
brid multi-agent systems have been studied, respectively. Moreover, the finite-time scaled
consensus of multi-agent systems with impulsive perturbations have also been studied in
this chapter.

In Chapter 6, we apply the ideas of scaled consensus problems into the hybrid multi-
agent systems over random networks.

In Chapter 7, we summarize the results and also discuss some future research directions
along the line of this thesis.



Chapter 2

Background

This chapter establishes the basic knowledge and notations to understand the thesis. Con-
sensus is usually studied through graph theoretical methods and matrix theory. Hence, a
short summary on the subjects are presented as follows.

2.1 Notations

Throughout the thesis, we denote by R the real number set, N the positive integer set,
R" the n— dimensional real vector space. For a given vector y = [y1, s, ..., %] € R", yT
denotes its transpose. A vector is non-negative if all its elements are non-negative. The
Euclidean norm (also called the vector magnitude, Euclidean length, or 2-norm) of a vector
y with n elements is defined by |ly|| = />, y¥?. The 1,, and 0,, are the column vector
with all entries are equal to one and zero, respectively. I, is an n—dimensional identity
matrix and the diagonal matrix with diagonal elements being aq, as, ..., a, is denoted by
diag {ay,as, ..., a,}.

Furthermore, R™*" stands for the set of n x n matrix, for the matrix B = [b;|nxn €
R™" BT and B! denote its transpose and inverse of the matrix B, respectively. The
spectral norm of B is defined by ||B|| = 1/ Amaz(BB”?). A matrix B = [b;;],xn is said to
be non-negative, denoted by B > 0, if all its entries are non-negative. If B > 0, then B is
symmetric positive definite, i.e., x' Bx > 0, for all x € R",x # 0. The notation ® denotes
the Kronecker product.
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2.2 Algebraic Graph Theory

Generally, the consensus problem is strongly related to graph theory and use intensely
graph theoretical methods for description and analysis of networks (e.g., [74, 80, 73]).
Hence, some basic notions of the subject are presented based on the quoted works and
specialized books as [15, 39] in this section. The following definitions are modified for the
purpose of this thesis from the standard notions of graph theory.

Definition 2.2.1. A directed graph (or digraph) with n nodes is denoted by G = (V, £, A),
where

oV =1{v1,vs,...,0,} is a set of vertices,
o &={e;j = (v;,v;)} TV xVisaset of edges, and

o A = [aij]nxn is a weighted adjacency matrix.
Note that in a directed graph, all edges have unique direction and each edge is described
as an ordered pair of vertices (v;,v;) representing and edge that starts at vertex i and

terminates at vertex j, and there is one-way adjacency between the ordered pairs (see
Figure 2.1 for the example of a directed graph).

\2
\/
Yo

Figure 2.1: A directed graph G with 6 vertices
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On the other hands, an undirected graph is described to be a graph with collection of
vertices connected in a way where all the edges are bidirectional, and there is no orientation.
In other words, if we consider the ordered pair (v;,v;) is the same as (v, v;). Figure 2.2
shows the example of the undirected graph.

Figure 2.2: An undirected graph with 6 vertices

In the context of this thesis, the nodes correspond to agents, and the information flow
from agent ¢ to j is represented by the edge of a communication network denoted by e;;
or (v;,v;). Moreover, in this thesis we do not consider information flow from an agent to
itself and assume that underlying information graph is simple.

Definition 2.2.2. The in-degree of node v; denoted by deg;,(v;) is defined as the number
of edges which are coming into v; and the out-degree of v; denoted by degy:(v;) is the
number of its outgoing edges.

Definition 2.2.3. A graph is said to be balanced if the out-degree and in-degree of each
node are equal i.e., degi, (v;) = degou(v;), for all v; € V.

Definition 2.2.4. The set of all neighbors of a node v; € V in a directed graph G is
denoted by N; = {j : (v;,v;) € E}.

Definition 2.2.5. A directed path of G is a sequence of edges (vq,vz), (v2,v3), (v3,v4), - ..
in a digraph G.

Definition 2.2.6. A digraph G is said to be strongly connected if there is a directed path
connecting any two arbitrary nodes in G.

12



Definition 2.2.7. A directed tree is a digraph such that there is only one root (that is, no
edge points to this vertex) in it, and every vertex except the root has exactly one parent.
Moreover, if a directed tree connects all the vertices of a graph G, it is called as a directed
spanning tree. Obviously, a graph may have more than one spanning tree ( Figure 2.3
shows an example of a spanning tree of a digraph G in Figure 2.1).

w

Figure 2.3: A spanning tree of G in Figure 2.1

Furthermore, an undirected tree is the undirected graph where all the nodes can be
connected by the way of a single undirected path. A directed tree is defined as spanning
when it connects all the nodes in the graph and a graph is said to have or contain a
directed spanning tree if a subset of the edges forms a directed spanning tree. This is
equivalent to saying that the graph has at least one node with directed paths to all other
nodes. For undirected graphs, the existence of a directed spanning tree is equivalent to
being connected. However, in directed graphs, the existence of a directed spanning tree is
a weaker condition than being strongly connected. A strongly connected graph contains
at least one directed spanning tree.

13



Associated with the communication graph is its adjacency matrix denoted by A =
[@;;]nxn, Where the element a;; denotes the connection between the agent ¢ and agent j. As
mentioned earlier, in our work graph is simple (there is no self-loops) and therefore a;; = 0.
Thus, for ¢ # j,

0, otherwise.

0y = {1, if (vi,v;) €€

It can be seen that the structure of a weighted graph can be represented by adjacency
matrix. Hence, one can study, using algebraic graph theory, all the properties of a graph
by only looking at its associated adjacency matrix. Two of these properties are weighted
in-degree and out-degree of node v; that are defined respectively as follows

degm(vl-) = Z Clji
i=1

and

degou (Vi) = Z ;-
i=1

Additionally, if the adjacency matrix of a graph is symmetric, then the graph is undi-
rected. Another matrix that we may assign to a weighted graph is Laplacian matrix
and it is one of the most important matrices in studying of multi-agent systems. It is
denoted by £ = D — A, where D denotes diagonal weighted out-degree matrix defined by
D = [dij]nxn, where

4= {degm(z’), if i=j

0, otherwise.
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For example, consider the undirected graph G with 6 vertices as shown in Figure 2.4.
Then,the degree matrix of G can be demonstrated as follows:

Figure 2.4: An undirected graph G with 6 vertices

0 3 0 0 @ 0
00 3 0 0 0
006 9 3 6 0
0O 0 0 0 0
0 0 0 0 0O

[
(R}
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Hence, the Laplacian matrix of G can be calculate as follows:

1 00000 [0o00010 [t 0 0 0 -1 0]
030000 [001110 B 8 4 -1 1 @
;_[003000 _Jo1o0o101|_|0 -1 3 -1 0 -1
000300  [01100°1 0 -1 -1 3 0 -1
000020 [t10000 |-1-10 0 2 0
ooo0o002 (001100 |0 0 -1 -1 0 2|

The following properties are some characteristics of the Laplacian matrix for undirected
connected graph G that are applicable to the multi-agent systems obtained from [113]:

e [ is a symmetric matrix.

e L consists of n non-negative, real-valued eigenvalues (0 = A\ < Ay < -+ < A,),
where the minimum eigenvalue is zero.

e Row sum of the Laplacian matrix for each row is equal to zero i.e., £1,, = 0 with a

vector 1,, = (1,...,1)T. In addition, since G is undirected and connected, the column
sum of the Laplacian matrix for each column is equal to zero i.e., 12£ = 0, where
1,=(1,...,1)T.

2.3 Matrix Theory

In this section, some mathematical notations and basic definitions from matrix theory that
will be used in the remainder of this thesis are provided. The main references in this section
are [39, 60].

2.3.1 Stochastic Matrix

For the set of nonnegative matrices, we define an order as follows:

e The matrix A = [a;;] is said to be a non-negative matrix if all the elements of A are
equal to or greater than zero i.e., a;; > 0 for all , j.
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e If A and B are non-negative matrices, then A > B implies A — B is a nonnegative
matrix.

e A is a stochastic matrix if A is non-negative and all its row sums are equal to one.

e A stochastic matrix P is called indecomposable and aperiodic (SIA) if there exists
a column vector y such that limy_., P* = 1,,y7, where 1, = (1,1,...,1)T isan x 1
vector.

The following results are interesting lemmas corresponding to the Stochastic matrix and
the STA matrix that will be used in this thesis.

Lemma 2.3.1. [80] Let A = [a;j]nxn be a stochastic matrix. If A has an eigenvalue A = 1
with algebraic multiplicity equal to one, and all the other eigenvalues satisfy |A| < 1, then
A is STA, that is,

lim A" = 1,7,

k—o0

where y satisfies ATy =y and 11y = 1. Furthermore, each element of y is non-negative.
Lemma 2.3.2. [132] Let H = diag{hi, ha,...,h,} and 0 < h; < d%-z-’ i € I,. Then,

I, —HLis SIA, ie, lim[I, - HL)" = 1,y"
—00
if and only if graph G has a spanning tree. Furthermore, [I, — HL]'y =y, 17y = 1 where
each element of y is non-negative.
2.3.2 Kronecker product

The Kronecker product is an operation performed on two matrices or vectors with a random
size in which results in a block matrix. This operation is denoted with symbol ®. For
example, let A = [a;;] € R™" and B = [b;;] € RP*9. Then, the Kronecker product of A
and B denoted by A ® B is defined as follows [91]:

CLHB CL12B cee @1nB
CLQ%B CLQ?B . O,QT‘LB (21)
amlB amZB T amnB

Let A = [a;] € R™™ B = [b;] € RP*4 C = [¢;;] € R™* and D = [d;;] € R?*", some
important properties of the Kronecker product used in this thesis are as follows [39]
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A®B+C)=AgB+A®C

A+B)®C=A®RC+B®C

BA)©B=A®(SB)=fA®B
A®B)®C=A® (B&C)

AB) '=A"1B!

(

(

( )
(AB)"=AT@B"
( )"

(

A ®B)® (C®D)=AC®BD

If A and B are (semi-)positive definite, then A ® B is also (semi-)positive definite.

2.4 Multi-agent systems

In this section the correlation between algebraic graph theory and cooperative control of
multi-agent is presented. To introduce hybrid multi-agent systems we first need to define
agents.

Definition 2.4.1. An agent is a dynamical system with a state vector which evolves
through time based on its past value and a control input vector. Here, the state of the
agents is not dependent on any other agent, but control input is a function of the agent
and some other agents state vectors.

Definition 2.4.2. A multi-agent system is a set of agents that exchange information and
collaborate to each other based on a common control strategy to achieve a goal as a single
entity which cannot be done by each agent alone.

As mentioned in the previous chapter, multi-agent systems have been attractively stud-
ied in the recent years because of various applications in many areas (see [92, 16, 72, 73,

, 10]). If the communication among agents allows continuous information sharing, the
system could be modelled as a continuous-time multi-agent system and the dynamics of
each agent can be described as follows[30)]:

i(t) = wi(t), (2.2)
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on the other hand, if the communication among agents allows discrete-time information
sharing, the system could be modelled as a discrete-time multi-agent system and the dy-
namics of each agent can be described as follows[30)]:

where z;(t) € R and u;(t) € R are the state and control input of agent i at time ¢,
respectively.

Next, we introduce the formal definition of hybrid multi-agent systems based on the
continuous-time and discrete-time dynamics agents as follows.

Definition 2.4.3. A hybrid multi-agent system is a set of agents consisting of continuous-
time dynamics agents and discrete-time dynamics agents that can exchange information
and collaborate to each other based on a control strategy to achieve a goal.

2.5 Consensus problem

According to the previous section, one of the most attractive problems in multi-agent
systems is consensus that aims to design distributed control protocols to drive a group
of agents to achieve agreement on states, such as position and velocity[30]. Next, some
important definitions from [30] that are the key to understand consensus algorithm are
introduced.

Definition 2.5.1. (Distributed Control Protocols [$0]):

The control given by w; = g¢;(x;,, xi,, . .. ,ximl,) for some function g;(-) is said to be dis-
tributed if m; < N for all 7, that is, the control input of each node depends on some proper
subset of all the nodes. It is said to be a protocol with topology G if w; = ¢;(z;, z;|j € N;),
that is, each node can obtain information about the state only of itself and its neighbors
in N;

Definition 2.5.2. (Consensus Problem [30]): Find a distributed control protocol that
drives all states to the common value, that is, z; = x;, V¢, j: this value is called consensus
value.

Definition 2.5.3. The protocol u; is said to solve the consensus problem if for any initial
conditions,

lim [|z;() — z;(¢)|| =0, for all 4.
t—o00

In the recent years, many consensus algorithms were proposed to solve the consensus
problems based on the dynamic model of agents [10, , b5, 6].
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2.6 Useful Definitions Lemmas and Properties

In this section, we introduce some useful definitions, Lemmas and properties that are used
in this thesis.

Definition 2.6.1. [26] (Mirror Graphs) Let G = (V, £, A) be a weighted digraph and &£
be the set of reverse edges of G obtained by reversing the order of nodes of all the pair in
E. The mirror of G is denoted by G = v, g, .,Zl) with the same set of nodes as G, the set of
edges € =& &, and the symmetric adjacency matrix A= [@5]nxn With elements

L G tag

AZ" = Q;; = > 0.
a;; = a; 5 >
Definition 2.6.2. [I5] Let G be an undirected graph with the Laplacian matrix £, the
algebraic connectivity is defined as
Tr
Ao(L) = min il

20, 1Ta=0 T2’
where A\y(L) is the second smallest eigenvalue of L.

Definition 2.6.3. [23] Let A be a Hermitian positive definite matrix of size n. For n
nonzero vectors py,...,pn € R" if

< Apiapj >= 07 i 7&]7 Z?] = 1,2,...,7’)’1,,
then py, ..., py, is called A-conjugate, where < -,- > denote the vector inner product.

Proposition 1. [32] Let G = (V,&,A) be a digraph with an adjacency matrix A = [a;;]
satisfying a; = 0, Vi. Then, all the following statements are equivalent:

i) G is balanced,

i) 17£ = 0, and

iit) Yo u; =0, VreR"with u=—Lx.

Lemma 2.6.1. [71] Let L be the Laplacian matrix of a directed graph G and G be the mirror
graph of G. Then

A 1
L =Sym(L) = §(£ + L7
is a valid Laplacian matrix for G if and only if G is balanced.

Next, lemmas regarding the properties of the Laplacian matrix and having a spanning
tree of a network play an important role in the analysis of consensus of multi-agent systems:
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Lemma 2.6.2. [79] Given a directed graph G with Laplacian Matrix £, £ has at least one
zero eigenvalue with an associated eigenvector 1,, and all the nonzero eigenvalues are in
the open right half plane. Furthermore, £ has exactly one zero eigenvalue if and only if
the G contains a directed spanning tree.

Lemma 2.6.3. [I11] Let Py, P, ..., P, be a finite set of STA matrices with the property that,

for each sequence P;, P,, ..., P, of positive length, the matrix product F;, - P, --- F;, is

SIA. Then, for each infinite sequence P, P,,,..., P, ..., there exists a column vector y
such that limy_,o0 P, - Py, -+ Py = 1,97,

k-1
k

Lemma 2.6.4. [10] Let G be a digraph and G;,, G,,, . .., G;, be directed graphs. If U Gi, CG

7j=1
has a spanning tree, then the matrix product P, - B, --- P is SIA, where B, is a

stochastic matrix corresponding to each directed graph G;..

Lemma 2.6.5. [10] Let G be a set of all possible interaction graphs for the multi-agent
k

networks based on the impulsive system. If U Qi], C G has a spanning tree and P, is
j=1

a stochastic matrix corresponding to each directed graph G, then the matrix product
ePBth . P 1 Ali—1 L oPy At ig QTA - where At; > 0 are bounded.

Lemma 2.6.6. [30] A stochastic matrix has algebraic multiplicity equal to one for eigenvalue
A =1 if and only if the graph associated with matrix has a spanning tree. Furthermore, a
stochastic matrix with positive diagonal elements has the property that |A\| < 1 for every
eigenvalue not equal to one.

Lemma 2.6.7. [80] Let A = [a;j]nxn be a stochastic matrix. If A has an eigenvalue A =1
with algebraic multiplicity equal to one, and all the other eigenvalues satisfy |A| < 1, then
A is SIA, that is, lim;_. A* = 1,y” ,where y is nonnegative and satisfies ATy =y,
17y =1.

Lemma 2.6.8. [11] Suppose function ¢ : R?* — R satisfies ¢(z;, ;) = —¢(xj,2;), i,j €
In,1 # j. Then, for any undirected graph G and a set of numbers y1, s, ..., yn,

N
1
DY aiyio(ag, w) = —3 > ai(y — vi) ol m).
i=1 jEN; (vi,vj)€€
Lemma 2.6.9. [19] For x; e R, i=1,2,...,n, 0<p<1, then

n n n
p p
(Xhl)” < Sl <n'#( Xkl )
=1 =1 =1
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Lemma 2.6.10. [72] For a connected undirected graph G, the Laplacian matrix £ of G has
the following properties.

1. For any x = [x1,...,7,|T € R",
I 1o
x'Lx = 3 Z aij(z; — x;)* = 3 Z Z aij(z; — ;)%
ij=1 i=1 jEN;

2. 0 is a simple eigenvalue of £ and 1,, is the associated eigenvector;

3. If the eigenvalues of £ are denoted by 0 < A\; < Ay < -+ < )\, then the second
smallest eigenvalue Xy > 0. Furthermore, if 17x = 0, then x7£x > XoxTx.

Lemma 2.6.11. [135] Let £ be the Laplacian matrix of a connected undirected graph G
with N vertices and 0 < A\ < Ay < -+ < Ay be the eigenvalues of £. Then,

(1) the eigenvalues of £ are 0 < A\ < A2 < -+ <\,

(2) if n > 1, then £? < nAxL.

Lemma 2.6.12. [73] Consider a network of agents x;(k + 1) = z;(k) 4+ u;(k) with topology
G applying the distributed consensus algorithm

z(k+1) =z;(k) + hzaz’j[l‘j(k) — z;(k)],

where 0 < h < 1/A and A is the maximum degree of the network.

Let G be a strongly connected digraph. Then,

(i) a consensus is asymptotically reached for all initial states;

(ii) the group decision value is z = ), w;x;(0), where ) . w; = 1;

(iii) if the digraph is balanced, an average-consensus is asymptotically reached and z =

%in(oy

Lemma 2.6.13. [5] Let A be a Hermitian positive definite matrix of size n. Then the
conjugate gradient algorithm finds the solution of Ax = b within n iterations in the
absence of roundoff errors.

Lemma 2.6.14. [15, 71] Let L be the Laplacian of an undirected graph G with N vertices,
A < Ag < --- < Ay be the eigenvalues of £. Then

(1) 0 is an eigenvalue of £ and 1y is the associate eigenvector, that is, L1y = 0;

(2) If G is connected, then A; = 0 is the algebraically simple eigenvalue of £ and

(3) If 0 is the simple eigenvalue of £, then it is an n—multiplicity eigenvalue of £ ® I,, and
the corresponding eigenvalues are 1y ® e;,2 =1,2,...,n.
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2.7 Stabilization

As one of the most crucial issues in dynamical system analysis, stability of solutions of the
dynamical systems has been widely studied in the dynamic systems and control commu-

nity(see, c.g., [ s Iy ) ’ ) ) ) ])

Generally, solving consensus problem in multi-agent systems, we can always transform
the network models into the equivalent consensus error system, then study the asymptotic
stability of the trivial state of the error system. It has been shown that the Lyapunov’s sta-
bility method can be extended to analyze the stability of dynamical systems by employing
a positive definite function V' (¢). Thus, the consensus problem of hybrid multi-agent sys-
tems becomes the stability problem of the error system. However, due to the complexities
of node dynamics and topological structures of networks, all the nodes cannot achieve the
goal themselves. Therefore, appropriate consensus protocols are introduced to guarantee
reaching consensus of the systems.

2.7.1 Stability via Razumikhin techniques

In this section, we introduce the stabilization of the systems via Razumikhin techniques
being used to prove one of our main results.

Let tg < t1 < tg < -+ < t < .-+ with limp_tx = 00. Consider the impulsive
functional differential equation

{x’(t) = f(t, ), > to,
I(tk> = Jk(x(t,;)), ke N,

where N is the set of all positive integers, f : [tg,00) x PC' — R™ and Ji(z) : S(p) — R" for
each k € N, and PC = PC([-7,0],R") = {¢ : [-7,0] — R™, ¢(t) is continuous everywhere
except at a finite nuber of points ¢ at which ¢(¢7) and ¢(¢7) exist and ¢(t") = o(¢)},
S(p) ={z € R": |z| < p}, and 2/(t) denotes the right-hand derivative of z(t).
For each t > tq, x; € PC is defined by z(r) = x(t + r), —7 < r < 0. For ¢ € PC, the
norm of ¢ is defined by ||¢|| = sup_..,-o|®(r)|, where | - | denotes the norm of the vector
in R™ -

Throughout this work, we assume that there exists a p; > 0, p; < p such that x € S(p;)
implies Ji(x) € S(p) for all k € N. Let K, K*and € be defined by

K ={w e C(R",R"), strictly increasing and w(0) =0},

K*={y € K,9{(s) < s for s > 0},

Q={HeC(R",R"),H(0) =0,H(s) >0 for s > 0}.

(2.4)
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Lemma 2.7.1. [125]Assume that there exist functions V € Vj, wy,ws € K,¢ € K* and
H € Q) such that

(i) wa(|z]) < V(t,2) < wy([z]), for (¢, 2) € [to, 00) x S(p)
(ii) for all z € S(p;) and k € N,

V(tk, Je(x)) < (V(E,, 1))

(iii) For any solution z(t) of Eq.(2.4), V(t + s, z(t + s)) < =YV (t,z(t))),
—7 < s <0, implies that

DV (t,x(t) < g(t)H(V (t,2(1))),

where g : [tp,00) — R* locally integrable, ¢! is the inverse function of 1.
(iv) H is nondecreasing and the exist constants s > a3 > 0 and 7 > 0 such that for
all k€ N and p > 0,

b du b ()
algtk—tk_lgozgand/ —/ g(s)ds > n.
v H(w)

Then, the zero solution of Eq.(2.4) is uniformly asymptotically stable.

2.7.2 Impulsive mechanism
Discrete-time linear impulsive system

Consider the following impulsive system

{x(tk+1) = Ax(ty), ty # 1,

2.5
Az(t) = x(t]) —x(t]) = Bez(t), tr=1t, k,l€N, (2:5)

where z(t;) € R", A, B, € R™". The discrete time instant ¢, satisfy 0 < ¢y < t; <
by < -+ <t < ...and limg oo b, = 00. Az(ty) = () — z(ty), z(t)) = lim x(t;) and
t

—t,
x(ty) = lim x(t;). Without loss of generality, we assume that hrn x(ty) = x(tx), which
t—t, t—>t
implies that the solution z(¢,ty, zo) is right continuous at time ty. Then,
k
x(t,to, xo) = AU T (I, + B AU~'1x(0), (2.6)
=1
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where t, <t < tpi1,k € N .

Lemma 2.7.2. [16] All solutions of system (2.5) are asymptotically stable if the following
conditions are satisfied:

(Hl) O<ag <t —tp1 <y < 00,

(H2) ||(I,, + Bp) A=t < b < 1,k € Ny.

Continuous-time linear impulsive system

Consider the following impulsive system

x(t) = Az(t), t # ty, (2.7)
Al‘(tk) = BkCL’(tk>, keN, .
where z(t) € R", A, B, € R"™"™. The discrete time instant ¢, satisfy 0 < tg < t; <
ty < - <t <...and limg ooty = 00. Az(ty) = z(t]) — z(ty,), z(t]) = lirr}r z(t;,) and
t—tf

x(t,) = lim x(t;). Without loss of generality, we assume that 1iII_l~_ x(tr) = z(tg), which
=i, t—t;

implies that the solution z(t,to, x¢) is right continuous at time ¢;. Then,

k
2(t, to, xo) = "W T (I, — B;)e='=12(0), (2.8)
=1
where t, <t < tht1, ke N+.

Lemma 2.7.3. [16] All solutions of system (2.7) are asymptotically stable if the following
conditions are satisfied:

(Hl) O<ap <t —tp1 < g < 00,

(H2) ||(I,, + By)er®—t-1)|| < b < 1,k € N,.

Lemma 2.7.4. [70] Consider the nonlinear impulsive dynamical system given by

{)’((t) = f.(x(1), x(0) = 20, (t,x(t)) ¢S for t €Ty, 2.9

Ax(t) = fa(x(t)), (t,x(t)) €S,
where t > 0, z(t) € D C R", D is an open set with 0 € D, f. : D — R" is continuous,

fa: S — R™ is continuous, and & C [0,00) x D is the resetting set.
Assume there is a continuously differentiable function V : D — R, satisfying
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V(0)=0, V(x) >0, z€D, x#0, and
{ V() f00) < (V)" x ¢ 2. (210
V(x+ falx) <V(x), x€Z,

where Z C D, v > 0, a € (0,1). Then the zero solution x(¢) = 0 to (2.9) is finite-time
stable. In addition, if D = R"™, V/(-) is radially unbounded, then the zero solution x(¢) = 0
to (2.9) is globally finite-time stable.
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Chapter 3

Consensus of Hybrid multi-agent
systems

This chapter studies consensus problems of hybrid multi-agent systems (HMASs) under
fixed topologies. By introducing the impulsive consensus protocols to the continuous-
time dynamics agents with and without communication delays, the consensus problems of
HMASS are, respectively, solved in Section 3.2 and Section 3.3. In Section 3.2, the consensus
protocol for hybrid multi-agent systems with no communication delays is proposed. In
Section 3.3, the consensus protocol for hybrid multi-agent systems with communication
delays is studied. In particular, we assume that the communication between continuous-
time dynamic agents have delays, but the communication among discrete-time dynamic
agents has no delay and the communication between the discrete-time dynamic agents and
the continuous-time dynamic agents has also no delay. In addition, we also study consensus
problems when the dynamics of agents are linear (called linear hybrid multi-agent systems
(LHMASs)) and nonlinear (called nonlinear hybrid multi-agent systems (NHMASs)) in
Section 3.4 and Section 3.5, respectively. In Section 3.6, numerical examples are provided
to illustrate the effectiveness of the theoretical results.

3.1 Problem formulation

In this section, we assume that the hybrid multi-agent system consists of n agents
which are continuous-time and discrete-time dynamic agents, labelled 1 through n, where
the number of continuous-time dynamic agents is ¢, ¢ < n. Without loss of generality,
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we assume that agent 1 through c are continuous-time dynamic agents. Moreover, Z. =
{1,2,3,...,c}, Z,\Z. = {c+ 1,c+ 2,¢+ 3,...,n}. Then, each agent has the dynamics as
follows:

J/’Z(t) = Uz(t), for 7 € ZC,

3.1
l’l(tk+1> = ZL‘l(tk) + ul(tk), t, =kh, keN for [ € In\IC, ( )

where h is the sampling period, z; € R and u; € R are the state and control input of agent
i, respectively. The initial conditions are z;(0) = z;0, and x(0) = |21, T20, .-, Tno)” -

Moreover, the hybrid multi-agent system (3.1) is modelled as a connected directed
graph, where all agents are regarded as the nodes and the interaction between two agents
has been represented by the edge in a graph. This implies that (v;,v;) € € corresponds
to an available information link from agent 7 to agent j. Besides, each agent updates
its current state based on the information received from its neighbours. Furthermore, we
suppose that there exists communication behaviour as in hybrid multi-agent system (3.1),
that is, there are agent 7 and agent j which make a;; > 0.

Definition 3.1.1. The hybrid multi-agent system (3.1) is said to reach consensus if for
any initial conditions,

tlim |zi(ty) — z;(te)|| =0, for i,j €Z,, (3.2)
Jo—>00
and
tlim |lz:i(t) — z;(t)|| =0, for 4,5 €. (3.3)
—00
According to the results of Zheng et al.[132], two classes of consensus protocols were

proposed for solving consensus in hybrid multi-agent systems if all agents communicate with
their neighbours and update their control inputs in the sampling time ;. In this section,
the consensus problems of hybrid multi-agent systems with and without communication
delays have been studied when the continuous-time dynamic agents can interact with their
neighbors in real time. By using graph theory, matrix theory and Lyapunov method, the
consensus results of hybrid multi-agent systems can be guaranteed under some necessary
and sufficient conditions.
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3.2 Consensus of HMASs with no communication de-
lays

In this section, we assume that all continuous-time dynamic agents communicate with
their neighbours and update their control inputs in real time, while all discrete-time dy-
namic agents communicate with their neighbours and update their control inputs at a
sampling time t;. In addition, the interactions between the discrete-time dynamic agents
and the continuous-time dynamic agents happen only at ¢ = .

In this work, we assume that the hybrid multi-agent system (3.1) has been modelled as
a connected digraph G = G.U Gy U G’, where G., G;, G’ are the communication networks
of continuous-time dynamic agents, discrete-time dynamic agents, and the interactions
between each other, respectively. Then the consensus protocol for the hybrid multi-agent
system (3.1) is defined as follows: for ¢ € (tx_1, tx],

wit) =Y agle(t) — ()] + )Y alfa(t) — ai(1))o(t — 1), for i€,

JEN; k=1 seN]
wi(te) = by byla(te) — zu(t)], for 1 €T,/T,
JEN,
(3.4)
where A = [a;;] and B = [bj;] are the weighted adjacency matrices associated with the

graph G. UG’ and G;UG’, respectively. Moreover, h = t;, — t;_; is the sampling period, N
and N are the neighbor sets of i in G. U G’ at time t # t; and t = t;, respectively. N is a
neighbor set of agent [ in Gy U G’ at time ¢;, and (-) is the Dirac delta function; i.e.,

1, t=t
5(t—tk):{0 t%tz

To establish our main results, some assumptions are provided as follows:
1
(A1) 0<h <

mazier, {dii}’
(A2) there exists a constant 0 < a < 1 such that

I—a)—L -7 +27C <o,

where £’ is the Laplacian matrix of G. UG’ at t = ¢y,

Now, we are in the position to introduce our main result.
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Theorem 3.2.1. Let G be a directed connected communication network of the hybrid multi-
agent system (3.1). Assume that the assumptions (A1) and (A2) hold. Then, the hybrid
multi-agent system (3.1) with the protocol (3.4) reaches consensus if and only if G. U G’
and G, UG are both balanced and contain a spanning tree.

Proof. (Sufficiency) First of all, consider for each i € Z.. Without loss of generality, we
assume that all discrete-time dynamic agents have interacted with some continuous-time
dynamic agents. Hence, the system (3.1) with the protocol (3.4) can be described as an
impulsive system on the communication network G.UG" with n nodes, where n = |G.UG'|.

For simplicity of presentation, agents which maintain communication with agent ¢ for
a period of time are called as regular neighbors of agent ¢, while the agents which maintain
information exchange at impulsive time are called impulsive neighbors of agent i. The
sets of regular neighbors and impulsive neighbors of agent i are denoted by N; and N,
respectively. In addition, let D be diagonal matrix with the out-degree of each vertex along
the diagonal, where the out-degree of node i is denoted by > jen; Gij- Then, the Laplacian
matrix of G, UG’ at t # ¢, is denoted by £ = [l;;]xn, defined as £L =D — A, where

Z Qij =7
lz’j = JEN;
_aija [ 7& j
On the other hand, for t = t, the out-degree of node 7 is denoted by » N a;;. Then, the
Laplacian matrix of G. U G at t =t} is denoted by L' = [l;j]mn, where

/ s .
§ Q55 =]

li; = § 3eN!

_a;j ) i 7é j :
Hence, for i € Z,, the system (3.1) with the protocol (3.4) can be written as an impulsive
system on the communication network G. U G’ with n nodes as follows:

Bi(t) =) ailr(t) —@i(®)], t# b,

JEN;

Azite) = Y ajlr(te) — zi(ty)],

JEN]

(3.5)

where t € R, z;(t) € R is the state of agent ¢ at time ¢, i = 1,2, ..., Az;(tx) = z;(¢]) —
zi(ty): zi(t)) = lim 2;(tx + €) and z;(t;,) = lim x;(tx — €).
e—0t e—0t
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This implies that an agent i can intermittently update its state on the basis of the state
information of itself and its neighbours at time ¢;. Without loss of generality, we assume
that lim z;(ty — €) = x;(tg), that is, z;(t) is left-continuous. The sequence {t;} satisfies

e—0

0<t; <ty <---<tp<---and limy_, tp = 00.
Letting z = (1,7, ..., z,)7 € R", the system (3.5) can be written as the form:
=—-L t#1
():—E/(), t=ty, keN

where £ and £ are the Laplacian matrix of G, U G’ when t # t;, and t = t;, respectively.
Since G. U G’ is balanced, from the consequence of Proposition 4 [18], then T = Ave(x) =

- E x; 1s Invariant quantity 1.e.,
j=1

which is not true for an arbitrary digraph. The invariant of z allows decomposition of x;
for e = 1,2,...,n as in the following equation:

ni(t) = x;(t) —z, t € (tp_1,tx),

ni(65) = zi(tF) — 7 and n;(t;)) = mi(tx), i =1,2,3,...,n, with initial conditions z(tg) =

z(0) = [710, 20, -, ll?no]T, wheren = (1, ... ,nn)T is the error vector or disagreement vector.
Thus,
n(t) = —Ln(t), t# ty (37)
n(th) =M0—Ln(te),  t=ty, keN. ‘

Consider the Lyapunov function candidate as follows:

Vi(n)=n"n.

Let V(1) =: V(n(t)). Since G. UG’ is balanced, by Lemma 2.6.1 [71] £ = Sym(L) =
(L + LT)/2, the total derivation of V' (n) with respect to (3.7) is

V() =" (t)n(t) + ( )ii(t)
' (LT + L)
)

Z—QUT(t( n () t € (te1,tr)-
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Since the mirror graph G of G- U G’ is a connected undirected graph, the definition 2.6.2

, o' Lx A
[15] gives us a:;é(]mll%la: i = X\o(L). Hence,

V(t) < =20 (L)V(t) for t e (typ_q,t1),
which implies that, for t € (tx_1, tx],
V() < 6_2)‘2(@@_%_1)‘/(75;,1)-

On the other hand, when t = t;,_;, by using (1—a)I— £ — £+ £7£ <0, for 0 < a < 1,
one obtains

V() =0 (te) (T = L) (T = L) (te-1)
= (b)) [T = L7 = L'+ L7 — ol + od]n(ty_,)
=" (te-)[(1 = )T = £ = L'+ L7 L(ty1) + an” (tx-1)n(te-1)
< an” (tr-1)n(te-1)
= aV (ty—1).

In general, for t € (tj_1, tx),

V(t) < aF e 20— (1)

Hence, for t € (t;_1, k],

1)) < @D/ 2e O (1)

Thus,

|z:(t) = Z|| = 0 as t — oo or tlim x(t) =1z, Viel.
—00

This implies that, for t € (tx_1, t],

lim ||z;(¢) — x;(t)|| =0 for i,j € T.. (3.8)

t—00

Now, we will show that

lim |jz;(tx) — x;(tx)| =0 for 4,5 € Z,.

t—00
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Consider, for i,j € Z,,
i (tk) — 25 ()| < [ls(tn) — @) + () — 25 (O + [l (8) — 5 ()] (3.9)

The proof can be separated into three cases as follows:
Case 1. If i, j € Z., the above discussion gives

— 00

tp—00

This implies that

lim |jz;(ts) — x;(te)|| =0 for 1,5 € Z. C Z,. (3.10)

t—00

Case 2. If 1,5 € Z,\Z. = {c+ 1,c+ 2, ...,n}, the problem can be simplified by considering
the communication network of Gy U G’. Since the discrete-time dynamic agents interact
with their neighbours at time ¢t = ¢, one obtains

Tiltien) = @i(te) + b Y byl () — @i(te), (3.11)
(i,9)€&’

where h = t;, — t;_1 is a sampling period, £’ is the set of edges and B = [b;;],«, is the
adjacency matrix of Gy U G’, where |Gy U G’'| = r < n is the number of the discrete-time
dynamic agents and continuous-time dynamic agents that interact with them.

Letting x(ty,) = [z1(tx), 22(tg), ..., z-(t)]T, the equation (3.11) can be written as

x(tk+1) = [Ir - hﬁd]x<tk)7

where [, is an identity matrix and L4 is the Laplacian matrix of G, U G'.

According to Lemma 2.3.2, since G;UG' has a directed spanning tree and h <

mazier, {dii}’
there exists a column vector y such that
Jim [T, hLg)® = 1y" where [I, —hLy"y =1y.
—00
Thus,
lim x(t) = lim [I, — hL4)*z(0) = 1y"2(0) and LIy =0.
tp—00 k—o0
This implies that
lim ||z;(tg) — x;(tx)|| =0 for 4,5 € Z,\Z.. (3.12)

tr—00
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Moreover, there exists a column vector y such that

lim z;(ty) =y z(0) for all i€ Z,\Z.
t—00

Case 3. If j € Z,\Z. and i € Z. (or i € Z,\Z. and j € Z.), we consider, for
i,l €. and j € Z,\Z.,
[2:(t) =z @) < llwi(t) — zi(@e)ll + [lzi(te) — 2t + lz;(te) — @i (te) |
+ |z (te) — (@)
Since, for i,l € 7.,
lim ||z;(t) — x;(¢t)|| =0, and tlim zi(t) =z, Viel.
—00

t—o00

When ¢ — oo, we have t;, — oo. Thus,

t—r00 t—00

This implies that lim ||z;(tx) — z;(tx)| = 0 and lm ||z;(tx) — zi(tx)| = 0.
t—00 t—00
Hence,

tlim |lzi(ty) — z;(tx)|| =0, for jeZ,\Z. and i€ Z.
k00

From Case 1,2 and 3, we can conclude that

lim |jz;(ty) — x;(tx)| =0 for 4,5 € Z,. (3.13)
—00

tg
Therefore, from (3.8) and (3.13), the hybrid multi-agent system (3.1) with protocol (3.4)
reaches consensus.

(Necessity) Suppose that G. U G" and G5 U G are not balanced and do not contain a
spanning tree. Then, by Lemma 2.3.2, we have klim [I— hLy)* # 1y". Hence,
—00

t—00
This implies that the hybrid multi-agent system (3.1) cannot achieve consensus. O

Remark. Tt can be seen that if ¢ = n, then the hybrid multi-agent systems can reduce as
a continuous-time dynamic system. On the other hand if ¢ = 0, the hybrid multi-agent
systems is a discrete-time dynamic system.

Remark. It is easy to see that the results from Theorem 3.2.1 are more general than the
results of Zheng et al [132], the interactions among agents are assumed to occur only at
the sampling time .
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3.3 Consensus of HMASs with communication delays

In this section, the consensus problems of hybrid multi-agent systems with communication
delays have been studied, where the information ( from v; to v; for all i,j € Z.) passes
through edge (v;,v;) with the coupling time delays 7(¢). Here, we assume that the com-
munications among discrete-time dynamic agents have no delays and the communications
between the discrete-time dynamic agents and the continuous-time dynamic agents have
also no delays. Then, the consensus protocol for hybrid multi-agent system (3.1) is defined
as follows: for t € (tx_1, tx),

(ui(t) = ) ayla;(t = 7(t) — xi(t = 7(1))]
JEN;
3O dlfr(t) — w(D)0(t — i), for i€, (3.14)
k=1 se,/\/’i’
w(te) = b)Y biyla(te) — z(t)), for 1€ Z,\Z.,
\ JEN,
where A = [a;;] and B = [bj;] are the weighted adjacency matrices associated with the

graph G.UG" and G;UG’, respectively. Moreover, h = t;, — t;_; is the sampling period, N
and N are the neighbor sets of i in G. U G’ at time t # t, and t = t;, respectively. N is a
neighbor set of agent [ in G; U G’ at time ¢, and J(-) is the Dirac delta function.
To establish our main reiults, some assumptions are provided as follows:
(A0 <h< matier, {di}’
(A2) there exists positive constants «, 5 such that for all £ € N the following
conditions are satisfied:
(1) [142X2(L) + A(LLT)] - |£]] < o
(ii) In[1 4 2X5(L) + XM (L'LT)] — aty, — te_y) > > 0,
where L is a symmetric matrix of £, which has zero row sums ; £ and £’ are the Laplacian
matrices of G. UG’ when t # t;, and t = ¢, respectively.
Now, we are in the position to introduce our main result.

Theorem 3.3.1. Let G be a communication network of the hybrid multi-agent system (3.1),
which is undirected. Assume that the assumptions (A1) and (A2) are satisfied. Then,
the hybrid multi-agent system (3.1) with the protocol (3.14) reaches consensus if and only
it G is connected.

Proof. (Sufficiency) Consider a communication network G = G. U G; U G’ defined as a
previous section. Since there are interactions among discrete-time dynamic agents and

35



continuous-time dynamic agents. Hence, for i € Z., the system (3.1) with the protocol
(3.14) can be described as an impulsive system on the communication network G. UG’ with
r nodes, where |G. U G'| = r < n as follows:

i(t) = ) aglai(t —7(0) — it —7(t)], t € (b, t),
JEN;
Azi(te) = > alyw;(te) — za(t)),
JEN]
where t € RT, x;(t) € R is the state of agent i at time ¢, i = 1,2,...,r. Az;(t;) =
zi(tF) — zi(ty): zi(th) = lim x;(tx + h) and z;(¢;) = lim z;(tp — h).
h—0+ h—0+

(3.15)

Letting = (21, %9, ..., x,)T € R", the system (3.15) can be written as the form:

{x’(t) = —La(t—7(t), t#t,

3.16
Ax(t) = —L'z(t), t=t, keN (3.16)

where £ and £’ are the Laplacian matrix of G, U G' when t # ¢, and t = t;, respectively.
Since G. UG’ is connected, from the consequence of Proposition 4 [18], then z = Ave(x) =

N

1 . . o

- E x; 1s Invariant quantity 1.e.,
Jj=1

(t) = 2(0) = 3" a,00),

which is not true for an arbitrary digraph. The invariant of z allows decomposition of x;
for e = 1,2,...,r as in the following equation:

fz(t) = I‘Z(t) —x, te€ (tk—htk]a

&G(ty) = mi(ty) — = and &(8) = &(tr), ¢ = 1,2,3,..,r, with initial conditions
z(tg) = 2(0) = [x10, T20, .., T,0] L, Where € = (&4, ..., )T is the error vector or disagreement
vector. Thus,

{é(t) =—LE(t-T(1),  t#En (317

Since the graph G. UG’ is connected, it follows from Lemma 3.3 in [¢0] that the Laplacian
L’ has exactly one zero eigenvalue and the rest n—1 eigenvalues all have positive real-parts.
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s 1
Furthermore, £ = 5(5’ + £'7) is a symmetric matrix and has zero row sums. Thus, the

cigenvalues of matrices £ and £/£7 can be ordered as
0= (L) < Ao(£) < < ML),
and
0=M(LLT) < (L'LT) << N(L'LT).
On the other hand, since L and £'L'7 are symmetric, by definition 2.6.2, we know

¢TLE

Xo(L) = mi .
2(£) &40, 1Te=0 €7€

(3.18)

M (L'L7T) = min w

3.19
20, 17¢=0  ET¢ (3.19)

Consider the Lyapunov function candidate as follows:

V(t,6()) = 5€T (e
For t = ty, for all £(t) € S(p1), 0 < p1 < p, we have
Nt )E(ty) = & (t) (I + L) + L)E(t)
=& ()T + L'+ L7+ LTLE ()
> [1+2X2(L) + Aa(L'L7)] 7 (t)E(tr). (3.20)

That is
1

V(tr, (1)) < (14 229(L) + Ao (£/L7)]

Vit &(t).
Let
t
[1+2X(L) + N (L£LT)]
then ¢ (t) is strictly increasing and (0) = 0 with ¥(t) < ¢ for all ¢ > 0. Hence, the

2
condition (ii) of Lemma 2.7.1 is satisfied. Also, by letting wy (|z|) = we(|z|) = %, the

U(t) =

condition (i) of Lemma 2.7.1 is satisfied. For any solution of (3.17), if
V(=) = (1)) < o7 (V£ E())),
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by calculating the upper Dini derivative of V() along the solutions of Egs. (3.17) and
using the inequality 2Ty + yTz < ex’x + e 1yTy, one obtains

DV (t) = —€" () LE(t — (1))
< Ll - [V (t.6#) + Sup<tV(S,£(8))}

t—r<

A

[142X2(L) + A (LLT)] - IL|V(,6(2))

<
< aV(t,E(t)). (3.21)

Letting ¢g(t) = 1 and H(t) = at. Thus, the condition (iii) of Lemma 2.7.1 is satisfied.
Moreover, the condition (A2)(ii) implies that

H du 2% B l . . u ) )
v H(w) /tk_l glo)ds = Aini) = [1 +2X(L) + AQ(DM)]} (e tie)
_In[1+ 2A2(£L+ X (L'LT)] b — o)
= g > (3.22)

The condition (iv) of Lemma 2.7.1 is satisfied. Therefore, all the conditions of Lemma
2.7.1 are satisfied. This implies that, for ¢ € (tx_1, tx,

lim ||lz;(t) — x;(t)|| =0 for i,j € T.. (3.23)
t—o0
On the other hand, since the communication of discrete-time dynamic agents has no delay
and the communication between the discrete-time dynamic agents and the continuous-time
dynamic agents has also no delay, then showing that

t—00
can be done by using the similar way of proving in Theorem 3.2.1. Hence, the remain
part will be omitted. Therefore, the hybrid multi-agent system (3.1) with protocol (3.14)
reaches consensus.

(Necessity) Suppose that G. U G" and G; U G’ are not connected, which implies that
there is no any spanning tree. Then, using similar idea in the proof of Necessity part of
Theorem 3.2.1, the hybrid multi-agent system (3.1) cannot achieve consensus. O]
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3.4 Consensus of LHMASSs via impulsive protocols

Consider a linear hybrid multi-agent system (LHMAS) consisting of N agents which are
continuous-time and discrete-time dynamic agents, labelled 1 through /N, where the number
of continuous-time dynamic agents is ¢, ¢ < N. Without loss of generality, we assume that
agent 1 through ¢ are continuous-time dynamic agents. Moreover, Z. = {1,2,3,...,c},
IN\Z.={c+1,c+2,¢+3,...,N}. Then, each agent has the dynamics as follows:

(t) = Az'(t) + u'(t), for i € Z., (3.24)

.Ti(thrl) = Cl’z(tk) -+ u"(tk), tk = kh, for i€ IN\IC, '
where h is the sampling period, x%(t) = [xi(t), z(t), ..., 2. (1)]7 € R™ and u' € R" are the
state and control input of agent 7 at time ¢, respectively. In this work, we assume that
there exists communication behaviour as in hybrid multi-agent system (3.24), that is, there
are agent ¢ and agent j which make a;; > 0 and the following assumption is provided to
obtain the main results:

(A1): ||A]| # 0 and ||C|| # 0, where A, C € R™™.

Definition 3.4.1. The hybrid multi-agent system (3.24) is said to reach consensus if for
any initial conditions,

Jim 2" (tx) — 27 (ty)|| = 0, for 4,5 € Iy, (3.25)
—>00
and
tlim |z (t) — 2/ (t)|| =0, for 4,5 € T.. (3.26)
— 00

Assume that all agents communicate with their neighbors only at the sampling time
tr, then the dynamics of each agent is designed as

ul(t) =) 0(t—t)Bi Y ay(al(t) — 2'(t)), for i€ 1,

hl JEN: (3.27)
u'(t) =Y 6t —t)Cr Y ay(a’(t) — 2'(t), for i € Iy\I.,

k=1 JEN;

where B, € R"*" and C, € R™" are impulsive matrices to be determined later. The
discrete time instant t; satisfy 0 < tqg < t; <ty < --- <t < ... and klim tp = 00, §(t) is
—00
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the Dirac delta function.

To establish our main results, the following assumptions are provided:
(A2) There exist positive constants g, s such that 0 < oy <t —tp_1 < g < 00,
(A3) (T = X¢By)e -1 < ag < 1,k € N, for some ag > 0,
(A4) [|(T+ MC AW < oy < 1,k € Ny, for some ay > 0,
where \¢ and \? are the eigenvalues of the Laplacian matrix £, = £(G.UG’)
and Lo = L(G4 U G'), respectively.

Theorem 3.4.1. Let G be a directed connected communication network of (3.24). Assume
that the assumptions (A1)-(A4) hold. Then, the hybrid multi-agent system (3.24) with
the protocol (3.27) reaches consensus if G. UG’ and G; U G’ are both balanced and contain
a spanning tree.

Proof. Assume that a digraph G. U G’ and G; U G’ both balanced and contain spanning
tree. For i € Z., it can be seen that the system (3.24) with the protocol (3.27) can be
described as an impulsive system on the communication network G, U G’ with r nodes,
where |G.UG'| =r < N. WLOG, we assume that all discrete-time dynamics agents have
a communication with some continuous-time dynamics agents. Thus, » = N and the
dynamics of each agent can be described as follows:

ii(t) = Axi(t), t £ ty,
Azi(ty) =By Y ay(2? (i) —a'(th), k€N (3.28)
JEN;

Let z(t) = [x'(t), 2%(t), ..., 2™ (t)]T, then the system (3.28) can be written as

{sfz(t) = (Iy ® A)z(t) tA b,

A:L‘(tk) = (IN &® Bk)é—ﬁl &® In)x(tk), k € N. (329)

Since G.UG' is strongly connected and balanced, then £; = £(G.UG') is symmetric. Then,
there exists an orthogonal matrix U € RV*¥ such that

UL, U =UL U =D =diag{){, XS, ..., 2§},
where {X{, } = (L) is the spectrum of £;. Inspired by Wang et al (2008)[99], let

#(t) = (U® L)z (t).
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Thus
r(t) = (Uel,) 'z(t) = (Ut eL,)z(t).
Using the Kronecker product properties, we have when t € [ty, tx11), k € N,

) _ (e L)
=(UxIL)(Iy® A)x(t)
(U®I JIxy ® A) (U @ 1,)x(t)
(U U™ @ (L,AL)Z(t)
= (Iv ® A)z(?)
and
Az(ty) = (U L) Az(ty)
= (U L,)(Iy @By (£ @ L,)z(t,)
= (UeL)(Iy@By) (£, L) (U '®L,)z(t,)
= (-UIyL,U™Y) @ (I,BLL.L,)z(t;)
= (-D® By)z(t;), keN,.
From (3.30) and (3.31), the system (3.29) becomes
dz(t) -
7 = (IN®A)JI(t), t#tk,
AZ(ty) = (D ®@ By)z(t,), ke N,.
Therefore 455 (1)
o = AT(1), t# ty,

AT (ty) = (=X\Bp)Z'(t;), i=1,2,...,N, keN,.

(3.30)

(3.31)

(3.32)

(3.33)

Since G. U G’ contains a spanning tree, then \{ = 0 is the algebraically simple eigenvalue

of £, and A{ are positive for 7 > 1. Thus, we have

0=X < XS <o <A

Assume that the lim Z(t) = Z(t) i.e., the solution Z(t) is right continuous at time ¢j.

+
t—t,

Then

(t to, xO A(t—ty) H /\CB A(ti_ti—l)x(O)’
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where t, <t <{tpi1, ke N,.
Hence, by the assumptions (A1), (A2) and Lemma 2.7.3, the system (3.33) is asymptot-
ically stable i.e., 7i(t) = 0 ast — oo, i =2,..., N. It can be verified that

(L1 @L)zt)=(UeL,)(UL)(L:®L)(U'eL,)zt)
=(UeL) ' (Dal,)x(t)
=U® In)‘l[o N2 (L) - - - )\ﬁviN(t)]T.

Because 7'(t) - 0ast — o0, i=2,...,N.So, (£;®L,)z(t) — 0 as t — oo. Since G.UG’
contains a spanning tree, by Lemma 2.6.14, 0 is the eigenvalue of £; ® I,, with multiplicity
n. The n linearly independent eigenvalues associated with the eigenvalue 0 of £; ® I,, are
1y®e;, i=1,2,...,n. Therefore

n
z(t) = 1y ® s, as t — o0; SZZaiei, a, €R, i=1,2,...,n.
i=1
This implies that

lim [|2'(t) — 27 (¢)|| =0, Vi, j € L.

t—o00

Next, we will show that
lim 2" (ty) — 27 (t1)|| = 0, Vi, j € Zy.

The proof can be separated into three cases as follows:

Case 1. If i, j € Z., the above discussion gives

lim [|2'(ty) — 2/ (t)]| =0, Vi, j € Z.
t—r00

Case 2. If i, € IN\Z. = {c+ 1,¢ + 2,..., N}, the problem can be simplified by
considering the communication network of G; U G’. For each i € Zy\Z,, the dynamics of
agent ¢ can be described as the discrete-time linear multi-agent system (DLMAS) on the
communication network G, U G’' with d nodes where |G, U G'| = d < N. For simplicity, we
assume that all continuous-time dynamic agents have communications with some discrete-
time dynamic agents. Thus, |G U G'| = d = N. From 3.24 and protocol 3.27, for each
i € In\Z. we have

xi(tlﬂ) = CLCZ(tl) + i5<tl - tk)Ck Z aij(xj(tl) — xi(tl)), for i€ IN (335)

k=1 JEN;
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Let z(t) = [21(t),2%(t), ..., 2N (¢)]T, then the system (3.24) can be written as

{l’i(tzH) = Iy ® C)z(t), te 7 t, (3.36)

AZE(U) = (IN &® Ck)(—EQ & In)fb(tl), k‘,l € N.

Since G4UG'" is strongly connected and balanced, then Lo = £(G;UG’) is symmetric. Then,
there exists an orthogonal matrix W € RV*¥ such that

WL,W ™ = WLWT =P = diag{\{, s, ..., \%},
where {\¢} = o(L,) is the spectrum of £,. Motivated by Wang et al.(2008), let
z(t) = (W L,)x(l).
Thus
()= (Wel)'z¢t)= (W 'eL)i(t).
Using the Kronecker product properties, we have when t; # t; for k,l € N

T(tir) = (W @ In)a(tig)
= (W L)(Iy®C) (W' oL)z(t)
= (Iy ® C)z(t) (3:37)

and when t; = t; for k,l € N, , we have

AZ(t) = (W L,)Az(t)
= (W L)1y ®Cp) (L @ L) (W @ L,)z(t)
= (-P®Cy)z(ti), leN,. (3.38)

From (3.37) and (3.38), the system (3.36) becomes

T(ti) = (In ® C)2(t), ti # ti, (3.39)
AZ() = (-P® Cp)z(t), [€N,. '
Therefore 4 '
fz(le) = Cfla(ltz)a - | t # ti, (3.40)
A:L‘l(tl) = (—)\Z-Ck)l‘l(tl), 1=1,2,...,N, leN,.
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It can be seen that A\¢ = 0 is the algebraically simple eigenvalue of £, and the others are
positive since G, U G’ contains a spanning tree. Thus, we have

0=XM <M< .. <\

Assume that the lim z(t) = z(ty) i.e., the solution Z(t) is right continuous at time t.
st}

Then

(I —X\ICp)Cliti-1g(0), (3.41)

1

k
z(t, to, zo) =t

7

where t; <t <11, €N,
Hence, by the assumptions (A1), (A2) and Lemma 2.7.2, the system (3.40) is asymptot-
ically stable i.e., Z'(¢;) — 0 as t; — oo, i=2,..., N. It can be verified that

(LyoL)zt) = (WeL) (UL)(L:® L) (W !aL,)zt)
=(WeL) ' (Pal)z(t)
= (WaL) 0 MNz21t) - 2z ()]
Because 7(t;)) — 0 as t; — oo, i =2,...,N. So, (Lo @ I,)x(t) — 0 as t — oo. Since
Gq U G’ contains a spanning tree, by Lemma 2.6.14, 0 is the eigenvalue of £, ® I, with

multiplicity n. The n linearly independent eigenvalues associated with the eigenvalue 0 of
Lo®]1, are 1y ®e;, i=1,2,...,n. Therefore

a:(tl)—>1N®s,astl—>oo;s:Zaiei, g eR, i=1,2,...,n

i=1
This implies that

lim ||2'(ty) — 2/ (tx)|| =0, Vi,j € Iy\Z..

t—00

Case 3. If j € Iy\Z. and i€ Z. (or i € Iy\Z. and j € Z.),
we consider, for i, € Z. and j € Zy\Z,,

() — 2" ()] < [l"(t) — 2" ()]l + |2 (t) — 27 (t) | + 127 (t) — 2 (8
+ |2 (t) — 2" ().

Since, for i,l € 7,

lim ||z°(t) — 2'(t)|| = 0, i.e., tlim zi(t) =¢q, Viel,
—00

t—o00
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where ¢ is a constant. When ¢t — oo, we have t;, — o0o. Thus,

. i\ i _ : ! ol _
Jim[l2'(t) = o' (t) | =0 snd T o' (1) — 2'(8)] = 0.

This implies that lim ||2*(ty) — 27(t)|| = 0 and lim |27 (t;) — 2" (t4)|| = 0.
tr—00 t—00
Hence,

lim ||2°(t;) — 2/ (ty)]| =0, for j € Iy\Z. and i€ Z..

t—00
From Case 1, Case 2 and Case 3, we can conclude that
tlim 2" (te) — 27 ()| = 0 for i,j € Iy. (3.43)
k00

This completes the proof.

3.5 Consensus of NHMASs via impulsive protocols

Consider a nonlinear hybrid multi-agent system (NHMAS) consisting of N agents which are
continuous-time and discrete-time dynamic agents, labelled 1 through N, where the number
of continuous-time dynamic agents is ¢, ¢ < N. Without loss of generality, we assume that
agent 1 through ¢ are continuous-time dynamic agents. Moreover, Z. = {1,2,3,...,c},
IN\Z. ={c+1,c+2,c+3,..., N}. Then, each agent has the dynamics as follows:

{:&i(z) = [t zi(t) + w(t), for i €T,

zi(ti1) = x;i(t) + hf(t, zi(t)) + wi(ty), for i€ In\Z,, (3.44)

where h is the sampling period, z; € R and u; € R are the state and control input of
agent ¢ at time ¢, respectively. f(-,) is a nonlinear function. The initial conditions are
7;(0) = w0, and z(0) = [z10, T20, ---, Tnvo)] L -

In this work, we assume that all agents can update their states and interact with their
neighbours only at the sampling time ¢ = t;. Thus, the impulsive consensus protocols can
be described as follows:

wi(t) =Y 0(t = t)Bi Y ay(x;(t) — xi(t)), for i e,

2 JEN: (3.45)
wit)) =Y 6t — te)Cr Y aglay(t) — ai(t)),  for i € Iy/T.,

k=1 JEN;
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where B;, € RY*N and C;, € RV*N are impulsive matrices to be determined later. The
discrete time instant ¢, satisfy 0 < tqg <t; <ty <--- <t <... and klim ty = 00, 0(t) is
—00
the Dirac delta function.
To establish our main results, the following assumptions are provided:

(A1) For any x(t),y(t) € Q C R", there exists a constant (3, such that
(2(t) —y@)" (f(t,2(t) = f(t,y(1))) < Ba(t) —y(®)" (x(t) — y(1)),

where (2 is a bounded set.
(A2) There exist two constants 71 and 75 such that 0 < 7 < t),—t_1 < 79 < 00,k € N,
(A3) There exist some constants 0 < a; < 1 and 0 < v < 1 such that
(1 — )L — 20, LL + (by)?LLL <0
and
el teti1) < vy<1l,keN,
where L is the Laplacian matrix of G. U G'.
(A4) There exist some constants > 0 such that

(f(k, x(k)) = f(k,y(k))) < a(z(k) —y(k)),k €N,
where f(-) is a nonlinear function.
Theorem 3.5.1. Let G be a directed connected communication network of the hybrid multi-
agent system (3.44). Assume that the assumptions (A1)-(A4) hold. Then, the multi-agent

system (3.44) with the protocol (3.45) reaches consensus if G. UG’ and G; U G" are both
balanced and contain a spanning tree.

Proof. Assume that a digraph G. U G" and G; U G’ both balanced and contain spanning
tree. For i € I., it can be seen that the system (3.44) with the protocol (3.45) can
be described as an impulsive system on the communication network G. U G’ with r nodes,
where |G.UG'| = r < N. WLOG, we assume that all DT agents have a communication with
some CT agents. Thus, » = N. For simplicity, in the following we choose B, = b, I,k € N
and the dynamics of agents can be described as follows:

i(t) = f(t,2(t)), t # tr,
Azi(te) =bp > aylw;(t;) — 74(ty)),  keN. (3.46)
JEN;
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Let x(t) = [z1(t), 72(t), ..., zx(t)]7, then the system (3.46) can be written as

() = F(t,x(t)), .
{Ax(tk> = (=bpL)x(t), k €N, (3.47)

where F(t, z(t)) = (f(t,z1(1)), f(t, z2(1)), ..., f(t,zn(t)))T. Then, we have

x(t5) = (I — b L)x(t;), k€N, '
where L is the Laplacian matrix of G. UG'.
Let Vi(x Z ai;(x;(t) — 2:(t))" (x;(t) — 24(t)). Consider the Lyapunov function

JEN;
candidate

Taking the Dini derivative of V(x(t)) for t € [ty_1,tx), k € Ny, by the assumption (A1),
we obtain

D"V (x ZDW

=2ZZ% (5(t) — (1) (i5(t) — (L))

i=1 jeN;

2y > ay(as(t) — () (F(ta; () = f(tai(t)))

i=1 jEN;

<28 Y aylay(t) —ilt) (1) — (1))

=1 jeN;

= 2BV (x(t))-
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Then
V(x(t)) < X0V (x(tf ), t € [te1,tr), k € N, (3.49)

On the other hand, when k € N, , by the assumption (A3), we have

V() = X7 () Cx(t)
=x" (t)[(1 — ap)L — 20, LL + (bp)*LLLIXT (£,
=x" (t)[(1 — ap)L — 20, LL + (bp)*LLL — ap LIXT (1) + apx” (¢, ) LT (2;))
< apV(x(t,)).

By mathematical induction, one obtains that, for t € [tx_1,tx), k € Ny &k > 2,

k—1
V(x(t)) < 20D T aye® G50V (x(8])). (3.50)

i=1
It follows from (A2) and (A3) that
V(x(t) < PPV (x(E])),  tE [t t) k€ No k> 2.
Hence, V(x(t)) — 0 as t — oco. Since G is connected, one obtains that

lim [[z;(t) — ;1) =0,  Vi,j € L.

t—o0

Next, we will show that
hrn llzi(ty) — x;(te)|| =0, Vi,j € Iy.

te—

The proof can be separated into three cases as follows:
Case 1. If i, j € Z., the above discussion gives

lim [J(ty) — 2;(t)]| = 0, Vi, j €T,
t—r00

Case 2. 1fi,j € Zy\Z. = {c+1,c+2, ..., N}, the problem can be simplified by considering
the communication network of G;UG’, where |G, UG’| = d < N. For simplicity, we assume
that all CT agents have communications with some DT agents. Thus, |GoUG'| =d = N.
From (3.44) and protocol (3.45), for each i € Zy\Z., we have

i(tin) = 2i(t) + hf (b, xa(t) + Y6t — te)Cr Y ag(a(ty) — i(h)). (3.51)

k=1 JEN;
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For simplicity, we choose Cy, = cxl,k € N. Thus, by the definition of the Dirac delta

function, we get
ri(tiv)  =wxi(t) + hf(t,zi(t)), 4 # t,
Azi(tk) = hf(te,xi(te)) +wi(te), k€N

Let x(t) = [z1(t), 22(t), ..., zx(t)]7, then the system (3.52) can be written as

X(tl—H) = X(tl) + hF(tl, X), i 7& tr,
X(thrl) = (I — CkEI)X(tk) + hF(tk, X), k e N.

where F(t;,x) = (f(t;,z1), f(ti,2), ..., f(t;,zn))T.

(3.52)

(3.53)

It follows from the results of Han [33] that the system (3.53) can achieve exponential

consensus, that is, there exist two constants My > 0 and ¢ > 0 such that
lzi(te) — a(t)]| < Mpe=t710),
which leads to

tp—00

Case 3. If j € Zy\Z, and i €Z. (or i € Iy\Z. and j € Z.),
we consider, for i, € Z. and j € Iy\Z,

[s(t) = 2@ < [lzi(t) = za(t)l] + [lza(tn) — 2@l + lz;(Er) = 2]
+llz(ts) — @]

It follows from Case 1 that for 1,1 € Z,,
lim [le(t) - (0] = 0.
As t — oo, we have t, — oco. Then, we get

lim ||z;(t) — x;(tg)]| =0 and  lim ||z (tg) — x(t)|| = 0,
t—r00 t—00

which gives us lim ||z;(tx) — z;(¢x)| = 0 and lim ||z;(¢x) — 2i(tx)]| = O.
t—00 t—00

Therefore,

lim ||z;(ty) — x;(tx)|| =0, for j€ZIny\Z. and i€ .

t—00
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It follows from Case 1,2 and 3 that

t—r00

This completes the proof.

3.6 Simulations and Discussion

In this section, two examples have been provided to demonstrate the effectiveness of the-
oretical results in this work. With out loss of generality, we assume that all discrete-time
dynamic agents have interactions to some continuous-time dynamic agents and for simplic-
ity, we consider the equidistant impulsive interval ¢, — t,_1 = h.

Example 1. Assume that there are 8 agents consisting of six continuous-time dynamic
agents and two discrete-time dynamic agents, denoted by 1 — 6 and 7 — 8, respectively.
In the following, all networks with 0 — 1 weights will be needed. Let z(0) = [-6 4 —
2 1 —1 2 —4 6|7 and h = 0.3. The communication network G is shown in Figure
3.1, where the dashed lines mean that each agent exchanges information at time t = ¢.

0____+@____*w_

" |
|
|
|
: !
¥

o o o

Figure 3.1: A connected directed network G.

Consider a communication network G in Figure 3.1, it can be seen that G. U G" and
Gq U G’ are balanced and contain a directed spanning tree with d,,.. = 2. The Laplacian
matrix of a network G.U G’ is described as following;:

20



1 -1 0 0 O 0 0 0]
0O 1 -1 0 0 0 0 O
0O 0 2 -1 0 0 0 -1
o 0O 0 0 2 -1 0 -1 0
O 0 0O 0O 1 =1 0 0
-1 0 0 0 0 1 0 0
O 0 0 -1 0 0 2 -1
0 0 -1 0 0 0 -1 2]

Choosing the sampling period h = 0.3 < 0.5 = (d,n42) " and by using MATLAB, it easy

to calculate that
l—a)—L -7 +L27C <o,

for some appropriate a. Thus, the assumption (A1) and (A2) are satisfied. By using the
consensus protocol (3.4), the state trajectories of all agents are shown in Figure 3.2, which
is consistent with the sufficiency of Theorem 3.2.1.

agent1
agent?
“agent3 |
agentd
agents
agent
agent? | |
— — —agentd

State

20 25 30

Time

Figure 3.2: The state trajectories of all agents using consensus protocol (3.4) for h = 0.3.
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In addition, it can be seen that if h = 0.675 > 0.5, which implies that the condition
(A1) is not satisfied, and hence the consensus protocol (3.4) cannot guarantee achieving
consensus as shown in Figure 3.3.

30

201

L L i |II| |||I||J{ lll Jil'ut J|' ”l i ! L
' I ] || || I

State
[=]

. r'nm"‘ Rk i
[-l-]-I-I-l..'.'.l.,H,IFi'"' ” i l'i!!nlll"n.

||||1 r||||

il |' :_ ML f

gaur e

=30

Time

Figure 3.3: The state trajectories of all agents using consensus protocol (3.4) for h = 0.675

Example 2. Assume that there are 8 agents consisting of six continuous-time dynamic
agents and two discrete-time dynamic agents, denoted by 1 — 6 and 7 — 8, respectively. In
the following, all networks with 0 — 1 weights will be needed and let z(0) = [-6 4 —
21 -1 2 —4 6]T. The communication network G is shown in Figure 3.02, where
the dashed lines mean that each agent exchanges information at time t = t.

----0

Figure 3.02: A connected undirected network G.
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It is easy to see that G.UG" and G4UG’ are both connected with d,,., = 3. By choosing the
sampling period h = 0.15 < 0.33 < L and for some appropriate o (using MATLAB),

mazt_; dg;
we have
(1—a) —2L'+ L7 <.

Thus, the assumption (A1) and (A2) hold. According to Theorem 3.2.1, the consensus
problems can be solved and the state trajectories of all agents are shown in Figure 3.4.

agent!
agent2
~agentd|
agentd
agents
agentt
agent? | |
— — —agentd

State

30 40 50 60
Time

Figure 3.4: The state trajectories of all agents using the consensus protocol (3.4) under
the communication network G with A = 0.15.
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Furthermore, if some conditions are not satisfied, the system (3.1) cannot reach con-
sensus under protocol (3.4), for example, pick h = 0.57 > 0.33, then the state of agents
cannot converge (see Figure 3.5).

30

agent!
agent2
agent3
20 agentd

agents l '
agentf . | | l J
10 *  agent? ||| i

— — —agent8 ’ (1

,uus-»ummmolmmmmmm“m"mm m ”mm

LITERb
“]H H

State

-10 \||

=20

Time

Figure 3.5: The state trajectories of all agents using the consensus protocol (3.4) under
the communication network G with A = 0.57.

Next, we will show the effectiveness of Theorem 3.3.1. Consider the networked topology
G which has the dynamics as in Figure 3.02 with 0 — 0.345 weights and assume that the
communication delays process only in the impulsive interval (¢;_1,tx), which implies that
there is no delays at the sampling time ;. It can be seen by using MATLAB that there
exists positive constants «, 5 such that for all k € N,

[1+2X0(L) + M(L£'L7)]-1.38 < a

and
In[1 4 2X5(L) + Mo (L' L] — aulty, — tyy) > 8> 0.
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If we choose the sampling period h = 0.2 and 7 = 3.4, then all conditions are satisfied.
Hence, by Theorem 3.3.1 under protocol (3.14), the consensus problem is solved and the
state of all agents are as in Figure 3.6.

agentt
agent2
—agent3| J
agentd
agents
agentt
agent? | |
— — —agentd

State

0 10 20 30 40 50 60 70 80 a0 100
Time

Figure 3.6: The state trajectories of all agents using the consensus protocol (3.14) for
h=0.2and 7 = 3.4.

However, the consensus protocol (3.14) cannot guarantee solving consensus problem if
all conditions are not satisfied. For example, choosing h = 0.5 and 7 = 3.4, obviously the
assumption (A1) is not satisfied, and hence the state of agents are shown as in Figure 3.7.
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agent!
agent2
| —agent3
4 agentd

L agents
agenté

2 *  agent?
— — —agent8

State

Time

Figure 3.7: The state trajectories of all agents using the consensus protocol (3.14) for
h=0.5and 7 = 3.4.

Discussion

In this chapter, consensus problems of hybrid multi-agent systems under fixed topology
with and without communication delays have been studied. We assume that all continuous-
time dynamic agents communicate with their neighbors and update their own states in real
time, while the discrete-time dynamic agents communicate with their neighbors and update
their own states at time t;. Firstly, we assume that the hybrid multi-agent system (3.1)
described as a graph G = G. U G, U G’, where G., G4, G’ is the communication network
of continuous-time dynamic agents, discrete-time dynamic agents, and the interactions
between each other, respectively. If the sampling period 0 < h < (dpaz) ', Where h =
tr — tx—1, k € N and the assumption (A2) holds, Theorem 3.2.1 and protocol (3.4) shows
that the hybrid multi-agent system (3.1) reaches consensus if G. U G’ and G; U G’ are
balanced and contain a spanning tree. Obviously, the protocol (3.4) is a generalization of
[132]., where the interactions among agents occur only in the sampling time t; (see Case
1 and Case 2).

Secondly, the impulsive consensus protocol has been introduced to solve consensus prob-
lems of hybrid multi-agent systems with communication delays based on the continuous-
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time dynamics. Theorem 3.3.1 under the protocol (3.14) shows that the consensus can
be guaranteed if the sampling period 0 < h < (dqe)™' and the condition (A2) holds.
However, if one of conditions in our theorems is not satisfied as showed in the examples,
our protocols cannot guarantee consensus.

Finally, the linear and nonlinear hybrid multi-agent systems are introduced in this

chapter, and the impulsive consensus protocols have been proposed to solve the consensus
problems.
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Chapter 4

Scaled consensus of Hybrid
multi-agent systems

As one of the fundamental problems in multi-agent coordination, consensus means that all
agents reach an agreement on some common features, which can be velocities, positions,
attitudes, and many other quantities. In this chapter, we aim to extend the results of
[132] to more general problems called scaled consensus problems, where all agents are not
necessary to achieve on the same value. In section 4.1, we employ the same methodology as
Roy[31] to extend the results of [132] by introducing the scaled consensus protocols for the
HMASs with no communication delays. Section 4.2.2 studies scaled consensus problems of
MASs under fixed and switched topologies via impulsive protocols. In Section 4.2.3, the
scaled consensus problems of HMASs with external perturbations via impulsive mechanism
have been investigated. Finally, in Section 4.2.4, we investigate the scaled consensus of
MASs with impulsive time delays under fixed and switching topologies.

4.1 Scaled consensus problems in Hybrid multi-agent
systems

4.1.1 Problem formulation

Consider the hybrid multi-agent system consists of n agents which are continuous-time and

discrete-time dynamic agents, labelled 1 through n, where the number of continuous-time

dynamic agents is ¢, ¢ < n. Without loss of generality, we assume that agent 1 through c
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are continuous-time dynamic agents and the scalar scaled of agent ¢ is denoted by f;, 5; # 0.
Moreover, Z, = {1,2,3,...,c}, Z,\Z. = {c+ 1,c+2,c+ 3, ...,n}. Then, each agent has the
dynamics as follows:

{ﬁiii(t) = u(t), for ¢+ € I,

4.1
Bixi(tir1) = Bixi(ty) + ui(ty), tp = kh, for i € Z,\Z., (4.1)

where h is the sampling period, z; € R, u; € R and 8; € R/{0} are the state, control input
and the scalar scale of agent i, respectively. The initial conditions are x;(0) = z;0, and
2(0) = [x10, Ta0, -y Tno) T -

Moreover, the hybrid multi-agent system (4.1) is modelled as a connected directed
graph, where all agents are regraded as the nodes and the interaction between two agents
has been represented by the edge in a graph. This implies that (v;,v;) € € corresponds
to an available information link from agent i to agent j. Besides, each agent updates
its current state based on the information received from its neighbours. Furthermore, we
suppose that there exists communication behaviour as in hybrid multi-agent system (4.1),
that is, there are agent 7 and agent j which make a;; > 0.

Definition 4.1.1. Given any scalar scale 3; # 0 for the agent i, the hybrid multi-agent

system (4.1) is said to reach scaled consensus to (f1,. .., 3,) if for any initial conditions,
we have
Jim (Bt — By, ()] =0, for 15 €T, (1.2
and
Jim 3iai(t) — By (0)] =0, for ij € L. (13

Remark. If a scalar scale §; = 1 for all 7, the scaled consensus can reduce to the standard
consensus.

The following Lemma is one of the most important Lemmas that will be used to prove
our main results in this thesis.

Lemma 4.1.1. Given the scalar scale B = (081,82,...,0n), 8i # 0. Define fBae =

1
m(lxlgign‘ﬂiL H = diag{hl,hg,...,hn} such that 0 < hz < W, 1 € I’m and
|B| = diag(|51],|P2], ---, | Bn]). If the communication network G contains a spanning tree,

then I, — H|B|L is SIA, i.e., there exists a column vector y such that
lim [I, — H|B|L]" = 1,y
k—o0
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Proof. Since h € (0, ), one obtains

dmamﬁmax
1, — H|B|L = (I, — H|B|D) + H|B|A

is a stochastic matrix with positive diagonal entries, where D = diag(ds,...,d,) and A
are the degree matrix and adjacency matrix of G, respectively. Obviously, for all i, 7 € Z,;
i # j, the (i, 7)th entry of I, — H|B|L is positive if and only if a;; > 0. Then, G is the graph
associated with I,, — H|B|L. Since G contains a spanning tree, it follows from Lemma 2.6.6
and Lemma 2.6.7 that

lim [I, — H|B|L]" = 1,y

k—o0

for some a column vector y.

4.1.2 Consensus results

In this section, the scaled consensus problems of hybrid multi-agent system (4.1) have been
studied under two kinds of control inputs (consensus protocols), respectively.

Case I: We assume that all agents communicate with their neighbours and update their
control inputs in a sampling time ;. Then, the consensus protocol for hybrid multi-agent
system (4.1) is defined as follows:

u(t) = |Bi Z aij[Bix;(tr) — Bii(te)], for ¢ € (ty,tra], i €L,
JENF
: (4.4)
ui(ty) = h-|6; Z ai[Biz(tr) — Bixi(ty)], for i € Z,\Z,
JEN;

where A = [a;;] is the weighted adjacency matrices associated with the graph G, h = h; =
try1 — ty for all ¢ is the sampling period.
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Theorem 4.1.2. Let G be a directed connected communication network of the hybrid multi-

agent system (4.1) and f3; # 0 be any scalar scale of agent i. Assume that 0 < h < W
and G contains a spanning tree. Then, the hybrid multi-agent system (4.1) with the

protocol (4.4) reaches scaled consensus to (S, ..., Bn)-

Proof. Let 5; # 0 be any scalar scale of agent i, we first show that equation (4.2) holds.
From (4.4) we have, for t € (tx, tx41],

Bixi(t) = Bixi(ty) + (t — te)| 5l Z ai;|Bixi(ty) — Biwi(ty)], for i €L,

JEN (4.5)
Bixi(tis1) = Bixi(ty) + b Z ai;[Bjxi(tr) — Biwi(te)], for i € Z,\Z..

JEN;
Therefore, it follows that

Bixi(tes1) = Bizi(ty) + h|Bi] Z ai;[Bix;(tr) — Biws(te)], for i €I, (4.6)

JEN;

Let z(ty) = (z1(te), z2(tr), ..., zu(tr))t € R™, B = diag(Bi, Bo, ..., Bn) € R™" |B| =
diag(|61], 152, -, |Bn|) € R™™ and H = diag(hy,ha,...,h,). Then, equation (4.6) can
be written as

Ba(tin) = [L, — H|B|L]Bx(t,). (4.7)

Since G has a directed spanning tree and 0 < h < , by Lemma 4.1.1, we have

1
dmaa:ﬁmax
limy 00T, — H|B|L]* = 1,,y7, where y is a column vector. Thus

lim Ba(ty) = lim [T, — H|B|L])*Bx(0) = 1,y Bx(0).

k—o0

As a consequence, equation (4.2) holds. Furthermore,

1tlim Bizi(ty) = y' Bz(0) for i€ Z,. (4.8)
Je—>00
Now, we will show that

tli}m | Bixi(t) — Bxi(t)]| =0 for 4,5 € Z..
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Consider, for i, 7 € Z. and any (; # 0,

|Bizs(t) — Bz (t)|| < [|Bixi(t) — Biwi(te) || + || Bizi(te) — Biz;(t)||
+ [|1Bj25(te) — Bz ()| (4.9)

From equation (4.5), one obtains, for t € (tx, tgi1],

|Bii(t) — Bixs(te)|| < hl|Bi] Z aij|| Bz (te) — Bizi(te) ||

JEN;

As t — oo, we have t, — oco. Thus,
I [ Bizs(t) — Bizs(te)[| =0 for 4,5 € Ze.
Taking the limit as ¢ — oo on both sides of equation (4.9), one obtains
tlgglo |Bii(t) — Bjz;(t)]| =0 for 4,7 € Z..
Furthermore,

t—o00

lim fizi(t) = lim fii(ty) = y' Br(0) for i€,

which implies that equation (4.3) holds. Therefore, the hybrid multi-agent system (4.1)
with protocol (4.4) reaches scaled consensus.

O

Case II: All agents communicate with their neighbours and update their control inputs
in a sampling time t;. However, different from Case I, we assume that each continuous-
time dynamic agent can observe its own state in real time. Then, the consensus protocol
for hybrid multi-agent system (4.1) is defined by:

U/l(t) = |BZ| Z aij [BJIJ@k) — ﬁzl'l(t)], fOl” t - (tk, tk+1], 7 € IC
JEN
, (4.10)
Uz(tk) =h- |BZ| Z aij[ﬁjxj(tk) — ﬁzl’z(tk)], for 1 - IR\IC,
JEN;

where A = [a;;] is the weighted adjacency matrices associated with the graph G, h = h; =
tgr1 — tg for all ¢ is the sampling period.
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Theorem 4.1.3. Let G be a directed connected communication network of the hybrid multi-

agent system (4.1) and f3; # 0 be any scalar scale of agent i. Assume that 0 < h <

dmawﬁma:c
and G contains a spanning tree. Then, the hybrid multi-agent system (4.1) with the pro-
tocol (4.10) achieves scaled consensus to (5, ..., ), where
1 — e~ Xi=1a15lBilh 1 — e~ 2j=19cjlBelh
H:diag{ - ceey —~ ,h, ,h}
Zj:l aij| 4] Zj:l acj| Bel

Proof. We first show that equation (4.2) holds. From (4.10) we know that for t € (tg, tx41],

( Bizi(t) = Biwi(ty)

‘5 | <1 — e 2=t az‘jﬁi|(t—tk)> Z [5 ( ) 5 ( )] ¢ 7
+\0; 7 a;i|0ixi(ty) — Bix;(tr)], for 1 €1,
S aal ) &t

Bixi(tir1) = Bixi(ty) + b Z a;;|Bixi(ty) — Bixi(ty)], for i€ I,\Z.

\ JEN;

(4.11)
Accordingly, at time #;, 1, the states of agents are

(Bizi(tes1) = Bizi(te)
_ o 2j=1 ijlBilk
+18i] (1 < > Z aij[Bjxi(ty) — Biwi(te)], for i€,
JEN;

Zyzl azj|6z|
Bii(trer) = Bixi(ty) + h|Bi Y aylBizi(ty) — Biwi(ty)], for i € T,\T..
\ JEN;
(4.12)
Letting z(tx) = (21(tx), v2(tr), ..., zu(tr))T € R, B = diag(By, Ba, .., Bn) € R,
|B| = diag(|51], |82, -y |8n|) € R equation (4.12) can be written as
Bx(tg1) = [L, — H|B|L]|Bx(t), (4.13)

h H d {]_ — 6_ Z;-Lzl alj‘ﬁl‘h 1 . 6_ Z;L:I acj‘,80|h h h}

where H = diag heo
R S el

11— e Timaulf

Since —

1
< -
Zj:l CLZ]|/BZ| dzz|ﬁz‘ dmaxﬁmax

1
0< h; < TR for H. Since G has a spanning tree, by Lemma 4.1.1, I, — H|B|L is an
SIA | ie., tggﬁe g}?fsts a column vector y such that

lim [I, — H|B|L]" = 1,y
k—o00

, one obtains

fori € Z., and h <
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Thus

Jlim Ba(ty) = lim [T, - H|B|L)"Bx(0) = 1,y Bx(0).
—00 —00

As a consequence, equation (4.2) holds. Moreover,

i Bzi(ty) = y'Bz(0) for i€ T,. (4.14)
k—>00
Now, we will show that

1tlim |Bizi(t) — Bz (t)]| =0 for 1,7 € Z..

—00

From equation (4.11), one obtains, for t € (tx, tg11],

= > aill B () — Bt |- (4.15)

1Bizi(t) — Bixi(te)ll < =27
Sl 2
As t — oo, we have t, — oo. Thus,

—00

Consider, for i, 7 € Z. and any (; # 0,

18iws(t) — Bz ()| < ||Bizi(t) — Bizi(te) || + | Bizi(te) — Bjwi(te)ll + | Bj25(tr) — Bz (t)]].
(417)

Thus, by (4.16), we get
— 00
Furthermore,

lim Biz;(t) = lim Biz;(ty) =y’ Bx(0) for i€ I,

t—o00 t—00

which implies that equation (4.3) holds. Therefore, the hybrid multi-agent system (4.1)
with protocol (4.10) reaches scaled consensus.

O
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4.1.3 Simulations and Discussion

In this section, two examples have been provided to demonstrate the effectiveness of the-
oretical results in this work.

Example 1. Assume that there are 8 agents consisting of six continuous-time dynamic
agents and two discrete-time dynamic agents, denoted by 1 —6 and 7 — 8§, respectively. Let
r(0)=[-6 4 —2 1 —1 2 —4 6]7. The communication network G with 0 — 1
weights is shown in Figure 4.1, where the dashed lines mean that each agent exchanges
information at time t = #.

@ 0 0
o o 6

Figure 4.1: A connected directed network G.

Consider a communication network G in Figure 4.1, it can be seen that G is balanced
and contains a directed spanning tree with d,,., = 2 and the Laplacian matrix of a network

g as

1 -1 0 0 0 0 0 0
0 1 -1 0 0 0 0 0

0 0 2 -1.0 0 0 -1
s_|0 0 0 2 -1 0 -1 0
0 0 0 0 1 -1 0 0

-1 0 0 0 0 1 0 0

0 0 0 -1 0 0 2 -1

0 0 -1 0 0 0 -1 2]
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Let the scalar scales be (2,-2,1,—1,3,1.5,—-2,—1), once obtains that G, = 3.
Clearly, h = 0.02 < (2-3)™' = (dmazPmaz) "' By using the consensus protocol (4.4),
the state trajectories of all agents are shown in Figure 4.2, which is consistent with the
sufficiency of Theorem 4.1.2.

agent1
agent2
| - -agent3
\ agent4
agent5
agent6
agent7
—— —-agent8

State

Figure 4.2: The state trajectories of all agents using the consensus protocol (4.4) with
h =0.02.
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Furthermore, the Figure 4.3 shows the state trajectories of all agents with scalar scales
(2,-2,1,—1,3,1.5,—2, —1) using the consensus protocol (4.4) and communication network
G with h = 0.02.

8
:.fth
] .12x2
:'133(3
4r ;
;J4x4
JSXE
o .-'J'Gxa
b 4.
2 *7
£ e :J‘sxa
B
@
5
w
-10
-12 5
0 1 2 3 4 5 6 7 8 9 10

Figure 4.3: The state trajectories of all agents with scalar scales (2, —2,1,—1,3,1.5, =2, —1)
and h = 0.02.
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Moreover, If the scalar scale 5; = 1 for all i, the state trajectories of all agents under
the consensus protocol (4.4) can be shown as in Figure 4.4.

agent1
agent2
~agent3| |
agent4
agent5
agent6
agent7
— — —-agent8

-

State

0 2 4 6 8 10 12 14

Figure 4.4: The state trajectories of all agents with scalar scales (1,1,1,1,1,1,1,1) and
h =0.02.
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In addition, if the sampling period h = 0.4 > 0.33 = (dynaeBmaz) " the state trajectories
of all agent under the consensus protocol (4.4) are divergent as in Figure 4.5.

250 T T T T T T

agent1 ¥

200 agent2 B

agent3

150 agent4 7

agent5

100 - agent6 b

*  agent?
50 r — — —-agent8 B
@ .
T 0 et E
P .

50 | 4
-100 =
-150 b
-200 - T
_250 1 1 1 1 1 1

0 2 4 6 8 10 12 14

Time

Figure 4.5: The state trajectories of all agents with scalar scales (2, -2,1,—1,3,1.5, =2, —1)
and h = 0.4.
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Example 2. Assume that there are 8 agents consisting of six continuous-time dynamic
agents and two discrete-time dynamic agents, denoted by 1 —6 and 7—8, respectively. The
communication network G with 0 — 1 weights is shown in Figure 4.6, where the continuous-
time dynamic agents can observe their own state in real time, while the interactions among
agents happen in the sampling time ¢;. It can be seen in Figure 4.6 that a network G is

Figure 4.6: A connected directed network G.

balanced and contains a spanning tree with d,,.. = 2. Moreover, the Laplacian matrix of
G can be described as following;:

1 =10 0 0 0 0 0
0 1 -1 0 0 0 0 0

0 0 2 -1 0 0 0 -1
s_|0 0 0 2 -1 0 -1 0
0 0 0 0 1 -1 0 0
1.0 0 0 0 1 0 0

0 0 0 -1 0 0 2 -1

0 0 -1 0 0 0 -1 2
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Let the initial states of all agents be z(0) = [-6 4 -2 1 —1 2 —4 ¢6]"
and the scalar scales be (2,—2,1,—1,3,1.5, =2, —1). Thus, S = 3 and by selecting the
sampling period h = 0.02 < (2-3)™! = (dynazBmaz) ', all conditions of Theorem 4.1.3 are
satisfied. Hence, the consensus protocol (4.10) can guarantee reaching scaled consensus
of the system and the state trajectories of all agents are shown in Figure 4.7, which is
consistent with the sufficiency of Theorem 4.1.3.

agent1
agent2
' agent3
agent4
agent5
—— agent8

agent7?
— — —-agent8

State

Figure 4.7: The state trajectories of all agents using the consensus protocol (4.10) and
communication network G with h = 0.02.
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In addition, the state trajectories of all agents with scalar scales (2, —2,1,—1,3,1.5, =2, —1)
using the consensus protocol (4.10) and communication network G with A = 0.02 are de-
scribed as in Figure 4.8.

4 [

Fa¥s
g%y
P5%s
—_:')’6)(6

.-'J?x?,

———-Og%y

State with scale

6 kg 8 9 10

Figure 4.8: The state trajectories of all agents with scalar scales (2, —2,1,—1,3,1.5, =2, —1)
under protocol (4.10) and h = 0.02.
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Furthermore, if the scalar scales 8; = 1 for all i, the state trajectories of all agents
under the consensus protocol (4.10) with A = 0.02 can be described as in Figure 4.9.

agent1
I agent2

4 ~agent3| |
agent4

agent5

agent6
agent7
— — —-agent8

State

|
10 12 14

Figure 4.9: The state trajectories of all agents with scalar scales (1,1,1,1,1,1,1,1) and

h = 0.02.
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Moreover, if the sampling period A = 0.42 > 0.33 = (dnazBmaz) " the state trajectories
of all agent under the consensus protocol (4.10) are divergent as in Figure 4.10.

150 T T T T T
agent1
agent2
agent3 _ '
100 agent4 I
agent5 g | II
agent6 . / [
50 agent7 . TR T =
— — — -agent8 « R RIS 'f
ST O LI T I T
§ . T I | I . i | 8 T
O = R T . AU\ ]
E 0 *"‘——-—;.{,_’,;-_; =N o - A L . ."i-—\__. : l;_:’niq,._,r',—ﬁ‘/w._."zﬂmﬂ LA l' e
o . S .S ERTRYRY
\y N 1% i A
: I cJ ) L) L |
: T |
-50 § VA
b
’.'
-100 g
-150 ; ; ' : ' :
0 2 4 6 8 10 12 14
Time

Figure 4.10: The state trajectories of all agents with scalar scales

(2,-2,1,-1,3,1.5,—2, —1) under protocol (4.10) with i = 0.42.
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Discussion

In this section, scaled consensus problems for the hybrid multi-agent system (4.1) con-
sisting of directed communication networks have been studied. Two consensus protocols
are proposed based on the interactions among agents. Firstly, we assume that the directed
communication networks G contains a spanning tree with 0 < h < (dynezfmaez)”* and inter-
actions among agents occur in the sampling time ¢;. Hence, by Theorem 4.1.2 and protocol
(4.4), the hybrid multi-agent system (4.1) achieves scaled consensus to (51, ..., 3,). Sec-
ondly, assume that the directed communication networks G contains a spanning tree with
0 < h < (dmazPmaez) " and interactions among agents occur in the sampling time ¢, but the
continuous-time dynamic agents can observe their own states in real time. By Theorem
4.1.3 and protocol (4.10), we show that the hybrid multi-agent system (4.1) achieves scaled
consensus to (51, ..., ).

Moreover, under the consensus protocols (4.4) and (4.10), we see that if §; = 1 for all
1, the state trajectories of all agents are as in Figure 4.4 and Figure 4.9. This shows that
our scaled consensus results are more general than the consensus results of Zheng [132].

In addition, if the sampling period 0 < h < (dyaeBmaz) ', Theorem 4.1.2 and Theorem
4.1.3 can guarantee reaching scaled consensus to (S, ..., 3,) as shown in Figure 4.2 and
Figure 4.7. However, if h > (dyazBmaz) ", the hybrid multi-agent system (4.1) cannot
achieves scaled consensus to (f1,...,0,) under protocols (4.4) and (4.10) as shown in
Figure 4.5 and Figure 4.10.
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4.2 Scaled consensus problems in Multi-agent systems

In this section, scaled consensus problems of multi-agent systems have been investigated
by using impulsive consensus protocols

4.2.1 Scaled consensus of Nonlinear Multi-agent systems

In this section, we study scaled consensus problems of nonlinear multi-agent systems by
using impulsive consensus protocols

Consider a nonlinear multi-agent system (NMAS) consisting of N agents labelled 1
through N. Then, each agent has the dynamics as follows:

where (; # 0 is a scalar scaled of agent i, z; € R and u; € R are the state and control
input of agent 7 at time ¢, respectively. f(-) is a nonlinear function. The initial conditions
are 7;(0) = x;9, and x(0) = [0, T20, ---, Tno]" -

In this work, we assume that all agents can update their states and interact with their

neighbours only at the sampling time ¢t = ¢;. Thus, the impulsive consensus protocols can
be described as follows:

wi(t) = 6(t — t)BylBi| > aij(Bjws(t) — Biwi(t)), for i € Ly, (4.20)

1 JEN;

o]
k=

where B;, € R¥Y is an impulsive matrix to be determined later. The discrete time
instant ¢, satisfy 0 <ty <t; <ty <--- <ty <... and klim t = 00, d(t) is the Dirac delta

— 00
function.
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Theorem 4.2.1. Let G be a directed connected communication network of the multi-agent
system (4.19). The nonlinear multi-agent system (4.19) under protocol (4.20) reaches
consensus if the following conditions are satisfied:

(1) G contains a spanning tree;

(73) For any z;(t), z;(t) € Q C R™ i # j there exists a constant v > 0, such that

(Bixi(t) = By ()T (f(t, Biwi(t)) — F(E, Bia(8)) < v(Biwa(t) — Bja; (1) (Biwi(t) — B (1));
(7i1) There exist two constants 71 and 75 such that 0 < 74 <t —tp_1 <7 < 00,k € Ny

(iv) There exist some constants by, 0 < ag, < 1 and 0 < 1 < 1 such that
(1 — aw)|B|L — 26y (|BIL)* + (0x)*(IB|£)* < 0

and
&kew(t’“’t’ﬁl) <n<1lkeN,
where L is the Laplacian matrix of G and €2 is a bounded set.

Proof. Let By, = byIy, where by is a constant. Then, the system (4.19) with protocol (4.20)
can be written as

Pidi(t) = f(t, xi(t)), t # tr,
Aﬁzmz( = bk‘ﬁz| Z Qjj BJ«T] tk‘) Bzxz(t;)), k € N. (421)
JEN;

Let BX(t) = [61&71(t), 62.172(25), e 5N1‘N(t)]T, B= diag(ﬁl,ﬂg, cee 61\]) < RNXN,
H = diag(hy, ha, ..., hy), and |B| = diag(|31],|B2], ..., |Bn]) € RY*YN then the system
(4.21) can be written as

{BﬂO:F&@j% ) t by, (422)
ABx(t,) = (—bi|BIL)Bx(t;), k€N,

where F(t,z(t)) = (f(t,21(2)), f(t,22(1)), ..., f(t,2n(t)))T. Then, we have

x(t) = F(t,x(t)), £t
{B (1) = (Iy — b B|L)Bx(t;),  keN. (4.23)
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Let Vi(t) := Vi(Bx(t)) = |5 Z ai;(Bx;(t) — Bixi(t))" (Bjx;(t) — Bixi(t)). Consider the
JEN;
Lyapunov function candidate

N

= wa

= |Bil Z Z aij (B (t) — Biwi ()T (Bj; (1) — Bii(t))
i=1 jEN;

= (Bx(t))" (IB|L)(Bx(t)).

Taking the Dini derivative of V'(t) for t € [tx_1,tx), k € N4, by condition (ii), one obtains
DYV (1) Z DYV(t

= 2| Z Z aij(By;(t) — Biwi ()" (B5d5(t) — Biis(t))
< 27V(S-1 .
Then
V(x(t)) < ePUEt-DV ()t € [t te), k € Ny (4.24)

On the other hand, when k& € N, by the condition (iv), we have

V() = (Bx(t)))"|1BIL(Bx(t))
= (Bx(t;)"[(1 — ax)|BIL — 2b,(|B|£)* + (bx)*(IBI L)) (Bx(t,,))
= (Bx(t; )" [(1 = ap)|BIL — 264 (IB|L)? + (bx)*(IBIL)* — cw| B L](Bx(t;,))
+ o (Bx(t;,))"|BIL(Bx(t,))
< aiV(t).

By mathematical induction, one obtains that, for t € [tx_1,tx), k € Ny, k > 2,

k—1
V(t) < i) T aye B 50V (x(8)). (4.25)

=1

78



It follows from the conditions (7i7) and (iv) that
V(t) < PImphy(x(t3)),  t€ [teor,tr), k€ N k> 2.
Hence, V(x(t)) — 0 as t — oco. Since G is connected, one obtains that

t—o00

4.2.2 Scaled consensus of Multi-agent systems

In this section, scaled consensus problems of directed multi-agent systems with fixed and
switching topologies have been studied.

Fixed topology

Consider a multi-agent system consists of n agents which are continuous-time dynamic
agents, labelled 1 through n, and let Z,, = {1,2,3,...,n}. Then, the dynamics of each
agent with a scalar scale can be described as follows:

ﬁle@) = Uy, fOI' Z € In; (426)

where §; # 0, z; € R and u; € R are the scalar scale, state and control input of agent 1,
respectively. The initial conditions are z;(0) = 9, and x(0) = [z10, T20, ---, Tno]" -

Definition 4.2.1. Given any scalar scale §; # 0 for the agent i, the multi-agent system

(4.26) is said to reach scaled consensus to (f31, ..., [,) if for any initial conditions,
lim [|Bias(t) — By (0] = 0, for ij € T,, (4.27)
— 00

Remark. It can be seen that the scaled consensus problem is more general than the usual
consensus problems, that is, if 3; = 1 for all 4, then the scaled consensus problem can
reduce to the standard consensus problems that have been studied in |

) I I I I

) b Y 9 ) ]’

Assuming that the multi-agent system (4.26) has been modelled as a connected digraph
G=WEA =G UG where G¢ = (V¢,£¢ A) and G¢ = (V4,EL A); V¢ = V4 =V are

the communication networks of system (4.26) at time ¢ # t called ’continuous graph’ and
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at time t = t; called ’discrete graph’, respectively. Given any scalar scales 3; # 0 for
i = 1,2,...,n, the scaled consensus protocol of multi-agent system (4.26) based on the
continuous graph and discrete graph is defined as follows: for ¢t € (¢;_1, 1],

w(t) =16 Y By () — Bixa(t)]

JEN;

+h 1B Y aplBan(t) — Bis()]6(t — 1), for i€ Ty, (4.28)

k=1 1eN]

where f3; is the scalar scale of agent i; h = t; — t;_; is a sampling period; A = [a;j]
(or A" = [a}]) is the weighted adjacency matrices associated with the graph G¢ (or G%)
and 0(-) is the Dirac delta function. Thus, for each scalar scale 5; # 0, the multi-agent
system (4.26) with protocol (4.28) can be written as:

Bidi(t) = |8 Y ais[Bia;(t) — Biai(t)]

JEN;

+RIBY Y ah[B(t) — Bixi(t)]6(t — ), for i€ L, (4.29)

k=1 leN]

By the definition of the Dirac delta function, the system (4.29) can be described as the
impulsive system:

Bidit) = 18l Y aylBya; (1) = Biwa(D)], T € (thorste),

JEN: 4.30
ABai(te) = HBI S dylf(te) — Buaslts), (4:30)

leN]

where ABiz; (1) = Bixi (L)) —Bizi(ty,) : mi(t]) = hlirgl+ zi(tg+h) and x;(t;) = hlirél+ x;i(tk—h).

With out loss of generality, we assume that the solution of system (4.30) is left con-
tinuous, that is, Bix;(t;) = Biwi(tr) and let z(t) = (x1(t), x2(t),...,z,(t))T € R", B =
diag(ﬁl, Ba, ... 7ﬁn> e R H = diag(hl, hoy ..., hn>, and |B| = dlag(|51‘7 |B2|, RN |Bn|) €
R™ ™. Then, the system (4.30) can be written as the form:

(4.31)

Bi(t) = —|B|LBx(t), t# t,
Ba(tf) = (I, — HIB|L')Bx(ty), keN.
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Theorem 4.2.2. Let G be a directed connected communication network of the multi-agent
system (4.26) and f; # 0 be a scalar scale of agent i. The multi-agent system (4.26)

with protocol (4.28) reaches scaled consensus to (31, ..., 3,) if the following conditions are
satisfied:
(1) G°U G? are both balanced and contain a spanning tree;
1) 0 < h< ———;
(ZZ> dmazﬁmax

(17i) there exists a constant 0 < o < 1 such that
(1—a)l, — H|B|L' — (HIB|L)T + £ (H|B|)*L' <0,

where d,,q, = max;{d;} and B4, = max;{|5;|}, for i € Z,,, L is the Laplacian matrix of
GeUG?at t = ty.

Proof. Since G¢U G? is balanced, from the consequence of [15], then

1 o 1
T = Ave(x) = - ij is invariant quantity i.e., Z(t) = z(0) = - Zajj(O), which is not
=1

j=1
true for an arbitrary digraph. The invariant of z allows decomposition of z; fort =1,2,...;n
as in the following equation:

Bi0i(t) = Bixi(t) — Bi®, t € (th—,ts],

Bibi(th) = Biwi () — iz and B;0,(t; ) = Bidi(t), i =1,2,3,...,n, with initial conditions
z(tg) = 2(0) = [x10, T20, -, Tno| ", where § = (01, ...,d,)7 is the error vector or disagreement
vector. Thus,

{B5(t — —|B|LB(t), £ b (4.32)

)
Bé(t}) = [L, — H|B|L'|Bd(ty), t=t,, kel
Consider the Lyapunov function candidate as follows:
V(8) = (B&)T(BY).
Let V(§) =: V(§(t)). Since G¢ U G? is balanced, by Lemma 2.6.1 [74], we have

T
£ = Sym(c) = £ 4—25
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and by definition 2.6.2 [15], the total derivation of V'(§) with respect to (4.32) is

V(t) = (B8) (B5) + (Bs)" (B3)
= —(B6)"((1BIL)" + |BI.L)(B5)
= —2(B5)"(|B|L)(B6)

—2Xo(IBIL)V (t).

This implies that, for t € (tx_1, t],

Vi(t) < 672A2(\B|ﬁ)(t—t,€,1)V(ﬁg_l).

On the other hand, when ¢ = ¢;_1, using the fact from the condition (7ii) that there exists
0 < o <1 such that

(1—a)l, — H|B|L' — (HB|L)T + £'7(H|B|)*L' <0,
one obtains that
(L, — H|B|L")" (1, — H|B|L")(BS)(t)-1)
[, — (H|B|L)" — HIB|L' + £/ (H|B|)*L — al, + ol,](B5)(t_1)
(1 — o)L, — (H|B|L" — H|B|L + £ (H|B|)*L')(B5) (t-1)

~1)(B0)(tx-1)
~1)(BO)(tx-1)

—

For t € (to, tl],

V(t) < 6—2>\2(|B|£)(t—t0)v(t8‘)’

which leads to X
V(tf) < a672A2(|B|5)(t1*t0)V(tg).
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Similarly, for ¢t € (¢, ts],

V(t) < 672A2(\B\£)(t7t1)v(t1+)

< ae_Q)‘Q(lB'L)(t_tO)V(tO’L).

In general, for t € (tx_1, tx], we have

V(t) < aflem2e(BOE Y (1),

Hence, )
16(t)] < ak=D/2e=22(BIOW=t0) 5 (15| t € (tr_y, t].

Therefore,
|Bizi(t) — BiZ|| - 0 as t — o0 or tlgglo Bixi(t) = Biz, Vi€ I,.
This implies that, for t € (tx_1, t],
lim [|Biai(t) = By (0] =0 for i) € T,

TThis completes the proof. O

Switching topologies

In this section, the consensus problems of multi-agent systems under switching topologies
described by the impulsive systems have been studied. Using similar notations, the scaled
consensus protocol for multi-agent system based on the scalar scale §; # 0 under switching
topology is defined as follows: for t € (tx_1, tx],

wit) =161 Y ai(o(t)[Ba(t) — Bii(t)]

JENi(o (1))

Fh B D di(sk)[Bin(t) = B (1)]o(t — ty,), for i€ T, (4.33)

k=1 leN(s(k))

where h = t},—1;_; is a sampling period; A = [a;] (or A" = [a;;]) is the weighted adjacency
matrices associated with the graph G¢ (or G¢) and §(:) is the dirac delta function.
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Furthermore, for some r,m € N, o : [0,00) — {1,2,3,...,r} is a piecewise constant
function and s : N — {1,2,3,...,m} is a constant function called the continuous-time
switching signal and discrete-time switching signal, respectively.

In this work, we assume that there is no switching on each impulsive interval, that is,
o(t) = o(k) for t € (tx_1,tx]. Consequently, for any ; # 0, the multi-agent system (4.26)
with protocol (4.33) can be written as

w(t) =16 Y ay(o(k)[Bz;(t) = Biwi(®)], t € (b, tn),

JENi(o (k)

Az;(ty) = h - |5 Z ag (s(k))[Bixi(te) — Bizi(te)]-

1N (s(k))

(4.34)

Let x(t) = (21(t), 22(t), ..., 2, (t))" € R", H = diag(hy, hs, ..., h,), and
|B| = diag(|51], |82, -y |Bn|) € R™ ™ | the system (4.34) can be written as the form:

{Baz(t) = —|B|LowBr(t), t#t,
t)

(4.35)
ABu(t) = —H|B|L,, Ba(t), t=ty,  keN,

where L,y and L, (x) are the Laplacian matrix of G¢ U G%. The time sequence t;, satisfies
D<) <ta<ta< - <t <--- ,tlim tr = oo. Without loss of generality, we assume that
—00

lim x;(t, — h) = z;(tx), that is, z;(t;) is left-continuous.
h—07t

Then, the system (4.35) can be written as

{ch(t = —[B|LowBx(t), t#t, (4.36)

)
Ba(t}) = (L, — H|B|C. ) Ba(ti), k€N

Theorem 4.2.3. Let G be a directed connected communication network of the multi-agent
system (4.26). The multi-agent system (4.26) under protocol (4.33) reaches scaled consen-
sus to (B, ..., Bn) if the following conditions are satisfied:

(i) G¢ U G4 are both balanced and contain a spanning tree;

(1) 0 < h <

dmum /Bmax ;
(7i7) there exists constants 0 < «; < 1 such that

(1 — o)L, — H|BIL g1y — (H|B|L s3e-1))" + [,’Z(,C_l)(H|B|)2£’S(k,1) <0,

where dpq, = max;{d;} and 5,0, = max;{|3;|}, for ¢ € I,,; L'5,—1) is the Laplacian matrix
of GFUGY at t = ty.
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1 n
Proof. Let (;0;(t) = Bixi(t) — Biz, for t € (ty_1,tx|, where T = —ij(O); Bioi(th) =
n
j=1
Bizi(t)) — Bix and B;6;(t,) = Bidi(tx), @ = 1,2,3,...,n, with initial conditions x(ty) =
2(0) = [210, T20, .-, Tno] L, Where § = (41, ..., 6,)T is the error vector or disagreement vector.
Thus,

{35@) = —|B|L,1)Bi(t), t# b (4.37)

Bi(tf) = (L, — H|B|L, ) Bo(ty), t=ty, keN.
Consider the Lyapunov function candidate as follows:
V(6) = (BT (BS).
Let V(&) =: V(§(t)). Since G¢ U G is balanced, by Lemma 2.6.1 [74] we have

A

1
L= Sym(L) = 5(L+LT).
Hence, the total derivation of V(4) with respect to (4.37) is

V(t) = (B5) (BS) + (BS)" (BS)
= —(BS)T((I1BILoww)" + 1B|Lowr) (BS)
= —2(B6)" (IB| L)) (B)
< =20(BILow)V(E),  t € (b tr).

Then, for t € (ty_1, tx),
V(t) < e PelBllau)t=teny (¢ ),

On the other hand, when ¢ = t;_1, from the condition (ii7), there exists 0 < «; < 1 such
that

(1 — @)L, — HIBIL o1y — (HIBIL sgo1))" + L'y (HIB|)*L' g1y < 0.
One obtains that

V(i) = (B0)" (tr—1) (Lo — HIB|L' sge—1))" (T — H|BIL s(-1)) (BY) (ti-1)
< Qg(—1)(BO) " (tr—1)(B6) (tr—1)
= asp-1)V (tr—1).
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Then, for t € (tk’—lv tk],
V(t) < agmyas) - as(k,l)6_2)‘2(|B|£0(’“>)(t_t’“‘1) e e—2>\2(|3|£a(2>)(t1_t0)V(tar).

Let a = ml?x{as(k)} and Ay (|B|L) = mkin{/\g(|l’>’|ﬁo.(k))}, then we have

V(t) < ak71€f2>\2(|3|5)(t*to)V(tSr).
This implies that, for ¢ € (tx_1, tx],
8(8)] < @t 2 B0 5 1))
Therefore,
|Bizi(t) — B;x|| — 0 as t — oo or tliglo Bixi(t) = Biz, Vi€ L,.

This implies that, for t € (tx_1, t],

—00

Theorem 4.2.4. Let G be a directed connected communication network of the multi-agent
system (4.26) with the sampling period 0 < h < (dmazBmaz) *- Assume that for k = 1,2, ...
the interval (tx_1,%x] are uniformly bounded. Then, the multi-agent system (4.26) under
the protocol (4.33) achieves scaled consensus to (31, ..., 3,) if G°UG? contains a spanning

tree.

Proof. For any t > 0, there exists a positive integer k such that ¢t € (tx_1,tx]. Then the
solution of (4.36) with initial conditions z(¢ty) = x(0) can be obtained by Mathematical

induction: for ¢ € (t_1, tg],

Ba(t) = " FIFewC=ta)(1, — H|B|L ;) X
w e IBlLo(k—1)(th1—tk—2) . . (In _ H’B’ﬁg(l))e—\swa(n(tl—to)Bx(())’

and

Ba(t)) = (L, — H|B|L,,)e FIrememta)(L, — H|B|L . )%
x ¢ 1Bt (1 =te2) (T, — H‘B|£/S(1))€—|B|£(,(1)(t1—to)3x(0)_
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Since (tg_1,t;] are uniformly bounded for £k = 1,2,..., then by Lemma 2.6.5 we have
e~ IBlLowm (e =t—1) g g stochastic indecomposable and aperiodic (SIA) matrix. Furthermore,
Lemma 4.1.1 implies that (In—H|B|£;(k)) is also STA because 0 < h < (dmaeBmaz) " giving
the other eigenvalues of H|B|L' are less than 1 except one simple eigenvalue 0. Using the
Lemma 2.6.3 and 2.6.4, there exists a column vector y such that

lim ¢ B1e (0] (T, — H|B| L)) 18160 (10 By (0) = 1y

t—o00

and

lim (I, — H|B|£’ e —IBILo () (te—te—1) . . . (I, — H|B|E;(l))G—IBIEU(D(h—to)Bx(O) = 1y7.

t—r00

Therefore, the multi-agent network described by system (4.37) reaches scaled consensus to

(51, . ,ﬁn)
[

4.2.3 Scaled consensus of MASs with external perturbations

In some practical applications, the external perturbations or noises often exist in communi-
cations between agents. In this section, we study scaled consensus problem in MASs with
external perturbations. The dynamic of agent ¢ with a nonzero scalar scale [; is defined
as follows:

where w;(t) is an external disturbance for agent ¢ and

wi(t) =181 Y ay(o(®)[B;(t) — Biwi(t)]

jEN‘( ®)

+h- WZ D dy(s(k)[Bni(t) — Bii()]o(t — ti), for i €L,

k=1 LN (s(k))

where t € (tx_1,tx] and S; is a nonzero scalar scale of agent i is the control input.
By the definition of Dirac delta function, (4.38) can be described as

@(t) = —|B|LowBx(t) +w(t), tF#t,
{Bw( i) = (L. — HIB|C, ;) Ba(ty), k€N (4.39)
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where x(t) = (x1(t), 22(t), ..., z,(t))" and w(t) = (wi (), wy(t), ..., w,(¢))T € R",
H= diag(hla h27 tt hn)? and ‘Bl = dZG’Q(’Bl’? ‘BZL S} ’Bn') € R™™.

To suppress disturbances in the network and make all agents reach consensus, we define
1 n
an output function z;(t) = Bm;i(t) = Bix; — Bz, i = 1,2,...,n, where T = — E z;(0).
n
j=1

Then, system (4.39) can be described as

577(75) = _|B‘£U(k)8n(t) + W(t)a 14 7é i

Bn(tf) = (I, — H|B|[,;(k))l3n(tk), t=t,, keN (4.40)
z(t) = Bn(t),

Br(ty) = Bn(0)

where z(t) is the controlled output, ¢y > 0 is the initial time and n = (91,12, ...,7,)7 is
an error vector.

For the disturbance signal w(-) € R", define

il = [ [ tweonpa] = [ [ wiorsoa] "

where T > 0 is an arbitrary constant. Then, w(¢) is said to belong to Ly [0, T, if ||w||r < oo.
Throughout this work, it is assumed that the disturbance input w(t) € Lo[0, 7.

Then, the robust H,, problem to be addressed can be formulated to achieve the fol-
lowing objectives:
i) System (4.40) is exponentially stable when w(t) = 0.
ii) Under the zero-initial condition, the controlled output z(t) satisfies

1z(®)[lz < yl[w(t)llr,

for any nonzero w(t) € L[0,T], where v > 0 is a prescribed scalar. Moreover, the above
conditions are often called robust H, criteria for system (4.40).

Theorem 4.2.5. Let G be a directed connected communication network of the multi-agent
system (4.38) with the sampling period 0 < h < (dyaeBmaz) ' If there exist positive
scalars \,v,0 < «a, < 1 and positive-definite matrices P; such that

1
EPZP@-T —Pi|B|L; — (|B|L)"P; +2\P; +1,, < 0 (4.41)
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and
<1n - H|B|£’> 'p, (In . H|B|£’> —a,P, <0, (4.42)

where i, = 1,2,...,l and j = 1,2,...,m, then, the impulsive system (4.40) satisfies the
robust H, criteria i) and ii).

Proof. For the system (4.40), the Lyapunov functions candidate can be defined as
Vo) (8) = (Bn)"Pouy(Bn),

where B = diag(f1, B2, ..., Bn) € R™*" and o(k) € {1,2,...,1}.
Let Vo) =: Vo (n(t)), n =: n(t) and define

Voag(t) = Vo) + 20V () + [l2]* =+ wl]*
It follows from (4.40) and (4.41) that

Yoo (1)
= (Bn)T< — Pg(k)‘B‘ﬁg(k) — (|B|£U(k))TPU(k) + 2)\Pg(k) + In> (877) + (Bn)TPJ(k)W<t)
+w(t) Py (Bn) —v*w(t) w(t)
= —(rw(t) — T PL(Bn)) (ywlt) — LT, (8n))
gl Y

1
+ (Bn)T (;PJ(;C)PZ(M — Pg(k)|8‘£g(k) - (|B|£g(k))TPg(k) + 2)\P0(k) + In> (677)

1
< (Bn)" (?Pd(k)PZ(k) — Poy|BILoy — (IBLo(k) Pogry + 2APor) + In) (Bn)
<0, te (tk—latk]-

Namely, for t € (tr_1, ],
Vo) + 22V (1) + 12> = [ w]* < 0. (4.43)

It follows from (4.43) that for t € (tx_1, txl,

ti .
[ (Voo + 20V 0) + il = 2wl < 0 (4.44)

th—1
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For any T' € (tx_1,tx] we denote that

Ay = Z / Voo (t)dt + / Vo (t
A = Z / 2V, ()i + / 2AV 5 (1) (t)dlt
i=1 Yti-1 t

k-1

T
Aa= [ (el = 2wl at

to
Applying (4.44) successively on each subinterval from ¢y to 1" with n(ty) = 0 gives
A+ A+ A3 <O. (4.45)
It follows (4.42) from
Vo (1) = Vo (te-1)
T / T 1

— B(ti1))" (T = HIBIL 4 1)) Pogey (T~ HIBIL ) ) (Br(ti 1))

— (Bn(tr—1))" Poge—1)(Br(te-1))

= (Bn(te-1))" (I — H|B|L s-1)) " Py (L — HIBIL 1))

~ P ](Bn(tk )

= (Bn(tkfl))T (In - H|B’£/S(k,1))TPU(k) (In - H‘B“C/s(kfl))

- O‘cr(k)Pa(k—l)_ (Bn(te—1)) + (Bn(ts—1))" (o) Pot—1) — Pow—1)) (Bn(ts-1))
—(1 — Oza(k))va(k_l)(tk_l), k=1,2,...

i1 .
/ Vo) (t)dt + - / Vo) (t)dt + / Vo
to

= Vo (T) — . (Va(iﬂ)(t:r) — Vo (tz)>

that
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Therefore,

k-1 t; . T . k—1 ti T
Z/ Vo) (t)dt + / Vo) (t)dt + Z/ 22V, (t)dt + / 2AV o (t)(t)dt > 0.
=1 ti—1 th—1 i=1 ti—1

tr—1
(4.46)
It follows from (4.45) and (4.46) that
|z[7 = ~*[[wllz <0, (4.47)
which immediately yields that ||z||z < v||w]|z.
If w =0, it follows from (4.43) that
Vo(k’) +2AV, ) (t) <0, t € (tr-1,ts]
which implies that for t € (tx_1, tg],
Vo (t) < Vo (i, )e 201, (4.48)
At time instant ¢ = ¢},
T
Vo (1) = Bn(t)) (Lo = HIBIL 1)) Pogesny (Lo — HIBIL ) ) (Bu(ts)
< (k) Vo) (tr). (4.49)
The following results come from (4.48) and (4.49). For t € (to, 1],
Vo)1) < Vo (tg)e 210,
which leads to
Vo (t) < Vo (tg)e A=),
and
Vo) (t) < o) Vo (t) < Vo (8 )Jagme 7).
In general, for t € (ty_1, tx],
Vo (t) < Vo) (t) o)+ - geonye 210
That is, system (4.39) is exponentially stable. This completes the proof. O
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Simulations and Discussion

In this section, two examples have been provided to demonstrate the effectiveness of the-
oretical results in this work.

Example 1. Assume that there are 4 agents denoted by 1 — 4 and the initial conditions

are denoted by z(0) =[1 —1 2 —2]T. Consider the fixed communication network G
shown in Figure 4.11, where the dashed lines mean that each agent exchanges information

at time ¢t = 1.

A
|
|
|
|

I
I
I
I

¥

° o

Figure 4.11: A connected directed network G at time t # ¢, and t = £, respectively.

It is obviously that G¢ U G? is balanced and contain a directed spanning tree with
dmaz = 1. Let scalar scales 8 = (1 0.4 1.5 — 2)T and choose the sampling period
h=0.2, then h = 0.2 < 0.5 = (Bnaedmaz) "+ and by using MATLAB, one obtains

(1—a)l, — H|B|L' — (HIB|L)T + (H|B|)*L" £ <o,

for some appropriate «. Thus, the assumption (ii) and (ii7) are satisfied.
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Thus, using Theorem 4.2.2 and consensus protocol (4.28), the scaled consensus problem
is solved and the state trajectories of all agents are shown in Figure 4.12.

3 T . .
—X1
—X2
X3
x4
Jab]
I
I
0 10 20 30 40

Time

Figure 4.12: The state trajectories of all agents using scaled consensus protocol (4.28) with
scalar scales = (1 0.4 1.5 —2)T for h =0.2.
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In addition, it can be seen that if h = 0.84 > 0.5, which implies that the condition (i7)
is not satisfied, and hence the consensus protocol (4.28) cannot guarantee achieving scaled
consensus to 3= (1 04 1.5 —2)T as shown in Figure 4.13.

10

A HIHHH

<22
:?-'="""'
:;_-__...-

State

=

_-_:-. -
e =

HH" n " e b ]
X1 ARR |
ol '
X3
x4
_1D i i i
i) 10 20 30 40

Time

Figure 4.13: The state trajectories of all agents using scaled consensus protocol (4.28) with
scalar scales = (1 0.4 15 —2)T for h=0.84.
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Moreover, if the scalar scales of all agent are equal to one i.e., 5; = 1 for all 7, the state
trajectories of agents under protocol (4.28) with A = 0.2 can be described as in Figure

4.14.

K3
x4

State

0 10 20 30 40
Time

Figure 4.14: The state trajectories of all agents using scaled consensus protocol (4.28) with
scalar scales f=(1 1 1 1)T and h = 0.2.
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Example 2.  Consider the communication networks of the multi-agent system (4.26)
with switching topologies consisting of 4 agents denoted by 1 — 4 as shown in Figure 4.15.
Assume that the impulse and switching occur simultaneously at the sampling time ¢, and
the switching happens in order of {G1, Go, G3} and {G}, G5}, respectively.

CERE

* o @
b /.,‘r hS
i - b
kY ) ~
b Y

s

. ~
s ™ .,
s * ™~
r \_* ~
*____ @ @ @
! !
Y Y

Figure 4.15: Switching topologies.

Clearly, each digraph of {Gi, Gs,G3} and {G}, G5} is balanced and contains a spanning
tree. Given scalar scales 3 = (1 0.4 1.5 — 2)7 and the initial conditions z(0) =
1 —1 2 —2]7, then Bhee = 2 and dpae = 1.
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Choosing the sampling period h = 0.34 < 0.5 = (Bazdmaez) " and for some suitable o;
(using MATLAB), we have

(1= a), = HIB|L sm1) — (HIBIL o))" + L 51y (HIBJ)L sy < 0.

Thus, the assumption (i) and (éi7) hold. Hence, the scaled consensus problem is solved
by using protocol (4.33) and the state of all agents are as in Figure 4.16.

o 21
E L'JJHI
U] .-I -r.|| :.“ 1
II —:':'2
0 %3 ||
x4
-1 d
_2 i i i i i
0 5 10 156 20 258 30

Time

Figure 4.16: The state trajectories of all agents using the consensus protocol (4.33) with
scalar scales = (1 0.4 1.5 —2)T and h =0.34.
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—2)T it can be seen that the

However, if we choose h = 0.2 and = (1 0.5 9.45
assumption (i7) is not satisfied. This implies that the consensus protocol (4.33) cannot

guarantee solving scaled consensus problem if all conditions are not satisfied (see Figure

4.17 for state trajectories).

200 -

State

-500
100 150 200
Time

Figure 4.17: The state trajectories of all agents using the consensus protocol (4.33) with
scalar scales 8= (1 0.5 9.45 —2)T and h =0.2.
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4.2.4 Scaled consensus problems of MASs with impulsive time
delays

Fixed topology

In this section, the scaled consensus problems of multi-agent systems under fixed topology
have been studied.

Assuming that the multi-agent system (4.26) has been modelled as a connected digraph
G=WEA =G UG where G¢ = (V¢ A) and G¢ = (V4,EL A); V¢ = V4 =V are
the communication networks of system (4.26) at time ¢ # t; called ’continuous graph’
and at time t = t; called ’discrete graph’, respectively. Given any scalar scales §; # 0
for i = 1,2,...,n and Z,, = {1,2,...,n}, the scaled consensus protocol of multi-agent
system (4.26) based on the continuous graph and discrete graph is defined as follows: for
t € (th-1,trl,

wit) = 18] Y ay[Bya;(t) — Biai(t)]

JEN;
Hh (B Y dy[Bai(t — 7) — Bt — 7))6(t — ti), for i €Z,,  (4.50)
k=1 leN!
where f3; is the scalar scale of agent i; h = t; — t;_; is a sampling period; A = [a;;]

(or A’ = [a}]) is the weighted adjacency matrices associated with the graph G¢ (or G%);
7 is the time-delay as processing the impulsive information according to graph G¢ and 4(-)
is the dirac delta function.

Thus, for each scalar scale 3; # 0, the multi-agent system (4.26) with protocol (4.50)
can be written as:

Bidi(t) = 1B D ais[Bia; () — Bii(t)

JEN;

+h|ﬁi|ZZa;l[ﬁml(t—7) — Bixi(t — 7)]0(t — ty), for 1 €Z,. (4.51)

k=1 leN]
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By the definition of the delta function, the system (4.51) can be described as the
impulsive system:

Bidi(t) = |8 Y ai;[Biw;(t) — Biwi(t)], ¢ € (kv tr),

JEN
ABiz;(ty) = h|Bi] Z ay Bty — 7) — Biwi(ty, — 7)),

leN]

(4.52)

where AB;x;(t) = Bixi(6)) — Biwi(ty, ): xi(t]) = irn+ z;(ty+h) and z;(t;) =

1 i(te—h).
i i, @it —1)

h—0

With out loss of generality, we assume that the solution of system (4.52) is left con-
tinuous, that is, Biz;(t;) = Biwi(tr) and let z(t) = (x1(t), x2(t),...,z,(t))T € R", B =
diag(ﬁl, Ba, ... 7ﬁn> e R H = diag(hl, hoy ..., hn), and |B| = dlag(|51‘, |B2|, RN |Bn|) €
R™ ™ Then, the system (4.52) can be written as the form:

{B:t(t = —|B|LBz(t), t#ty,

)
Ba(t{) = (I, — H|B|L)Ba(ty, — 1), kel (4.53)

To establish our main results, the following assumptions are provided:

(A1) e~ BIE" — H|B|L' is a stochastic matrix with positive diagonal entries;

(A2) G°U G? contains a spanning tree,
where £’ is the Laplacian matrix of G U G? at t = t;,.
Theorem 4.2.6. Let G be a directed connected communication network of the multi-agent
system (4.26) with the sampling period 0 < h < (dnazBmaz) ' Assume that the assumption
(A1) and (A2) hold and for k = 1,2,... the interval (¢;_1,tx] are uniformly bounded,
that is, there exist positive constants t,,;, and t,,,, such that ¢,.;, < ty — ti_1 < tmas-
Then, the multi-agent system (4.26) under the protocol (4.50) reaches scaled consensus to

(617 s 7ﬁn)

Proof. For any initial conditions z(ty) = 2(0) and for ¢ > 0, the solution of system (4.53)
is as the form (by Mathematical induction):

Bx(t) = e"B‘L(t_t’“*l)(e_‘BlﬁT — H|B|L')
< €—|B|£(Atk_1—r) L. (6—\B|Lr . H|B|£/)€—|B|L(At1—r)8x(0)7 (4‘54)

where t € [tkfl,tk) and AtZ = tz — tifl.

It can be seen that the protocol (4.50) solves scaled consensus problems if and only if
Bx(t) — 1€ as t — oo, for some £ € R.
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Next, we will show that Bx(t) — 1€ as t — oo is equivalent to G¢ U G¢ containing a
spanning tree.

Since e~1BI£t is a stochastic matrix with positive diagonal entries (SPD) for any ¢ > 0.
Furthermore, for any ¢ > 0,

(€f|8|£‘r - H|B|£I>67|B\£t > c[(e*‘BlﬁT . H|B|£/) + €7|B|[lt]7

where c is a positive constant. In addition, from (A1), (e”!BIfT — H|B|L') is SPD, and
hence
(€—|B|£T . H|B|£/)6—\B|Et

is also SPD when ¢ > 0.
Next, we claim that (e"1BI¥7 — H|B|L")eBI** has a spanning tree. Let d,,q, = max{d,}

and M = dpe,1, — |B|L, then for each i # j, the (i, j)th entry of M is a;; which implies
the graph G¢ and M have the same edge set. For any ¢t > 0, there exists p > 0 such that
e IBIEL — g=dmastoMt > 5N and hence the edge set of G¢ is a subset of the edge set of a
graph associated with e~ /BI£t,

On the other hand, the graph of G¢ and the graph of H|B|L' share the same edge
set. Hence, the union of G¢ and G¢ has a spanning tree implies that the union of elBI£7
and H|B|L' has a spanning tree. This implies that e/BI¥7 — H|B|L’ has a spanning tree.
Therefore, (e~1BI™ — H|B|L")e 1BIFt contains a spanning tree.

Based on the above discussion, we have shown that (e=181€7 — H|B|L")e~BI£t for t > 0
is SPD and the graph of it contains a spanning tree. Thus, by Lemma 2.6.1 and Lemma
2.6.3, (e7IBIET — H|B|L)e IBIE is STA.

Let = = {(e71BIET — H|B|L")e 1BIEt - t € [timin, tmas)}- Since the time interval [ty_1,ty)
are uniformly bounded, for £ € N, then = is compact and all of its elements are SIA
matrices. Thus, there exists a column vector y such that

khm (6—\B\ET . H|B|£/)€—|B|£(Atk,1—r) . (6—\B|/:-r . H|B|£/)€—|B|£(At1—r)
—00
= 1nyT
Since e~ IBIEE—t-1) is a stochastic matrix, we have e IBIF(¢—t-1)1 = 1 . Thus, for any
t— tk—l S [tmi’ru tmax]a
lim €f|8|£(t7tk,1)(67|8\£r . H‘B‘£I)€7|B|£(Atk,177) . (67\8\57 . H|B‘£/)€7|B|L(At177)6x(0)

t—00
= 1,y"Bz(0).
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This implies that
lim Bz (t) = 1,y" Bz(0).

t—o00

Switching topologies

In this subsection, the consensus problems of multi-agent systems under switching topolo-
gies described by the impulsive system have been studied. Using similar notations, the
scaled consensus protocol for multi-agent system based on the scalar scale §; # 0 under
switching topology is defined as follows: for ¢t € (t;_1,tx],

w(t) =181 D ay(o(®)[Ba(t) — Biwi(t)]

JENi(a(t))

Fh 181" 3T d(s(k) Bt — 7) — Bt — T)0(t — ti), for i€ T,
k=1 1N (5(h)
(4.55)

where h = t; — t;_ is a sampling period; A = [ay] (or A" = [a};]) is the weighted
adjacency matrices associated with the graph G¢ (or G%); sgn(-) is the signum function
defined as above and §(-) is the dirac delta function. Furthermore, for some r,m € N,
o:10,00) = {1,2,3,...,r} is a piecewise constant function and s : N — {1,2,3,...,m} is
a constant function called the continuous-time switching signal and discrete-time switching
signal, respectively.

In this work, we assume that there is no switching on each impulsive interval, that is,
o(t) = o(k) for t € (tx—1,tx]. Consequently, for any ; # 0, the multi-agent system (4.26)
with protocol (4.55) can be written as

w(t) =181 D aylo(k)Bm;(t) = Bis(t)], t € (b, ti),
JEN; (o (k)
Azy(ty) = h- 18] Y ay(s(k) Bty —7) = Bty — 7).
1N (s(k))
Multiplying both sides of (4.56) by 3; and letting x(t) = (z1(t), z2(t), ..., z,(t))T € R", B =

diag(B1, B2y ..y Bn) € R H = diag(hy, ha, ..., h,), and |B| = diag(|p1], |52, .-, |On]) €
R™™ | the system (4.56) can be written as the form:

Bl’(t) = _|B|£U(k)8$(t)7 13 7& lk,
ABr(t) = —H|B|LL, Br(t —7), t=t,, k€N,

(4.56)

(4.57)
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where L;(;) and E’s(k) are the Laplacian matrix of G¢U G¢ at the impulse instant ¢,. The
time sequence t; satisfies 0 <t <ty <t3 < -+ <t < --- ,tlim tr = oo. Without loss of
—00

generality, we assume that lim x;(ty —h) = x;(tx), that is, z;(t) is left-continuous. Then,
h—0

the system (4.57) can be written as

Bi(t) = —|B|LowBx(t), t#t,
(4.58)
Bu(tf) = (L — H|BIL. ) Br(ty — 1), keN.

Now, we are in the position to introduce our main result.

Theorem 4.2.7. Let G be a directed connected communication network of the multi-agent
system (4.26) with 0 < h < (dpmazBmaz) - The switched multi-agent system (4.58) under
the protocol (4.55) is said to reach scaled consensus to (S, ..., 3,) if the following condi-
tions are satisfied:

(i) G¢U G4 is balanced and contains a spanning tree;

(ii) D;j == e B — H|B |L’; is a stochastic matrix with positive diagonal entries, where
L' is the Laplacian matrix of G¢ U G¢ at t = t;

(iii) there exist positive constants t,,;, and t,,., such that ¢, <ty — tp—1 < tnee and
To(k) < ty —tp_y for k=1,2,...;

(iv) there exists a subsequence ¢, C t, such that (tx_1,t] for j € N are uniformly
bounded from above.

Proof. Condition (ii) implies that initial conditions x(0) = x( is well-defined for system
(4.58) and it can be obtained from condition (iii) that there exists a positive constant T’
such that t, —tx,_, < T for all j € N. Then, for any interval (tx,_,,%,], the following
matrix

—1

K
H Dg(ti),s(i)e_w'ﬁ"“i)(A(ti)_ (1)) (4.59)
’L:k’jfl'ﬁ-l

is a product of finite number of matrices.

Following the similar argument in Theorem 4.2.6, we have the matrix (4.59) is SIA
since the union of graphs across the interval (t,_,,%,] has a spanning tree. Next, define
the following set

l
Q= {H Dpi7qie_|8|£”i(A"_Tqi)|l €Z,1 <1 <T/tmin; Ai € [tmin, tmaz) for i=1,2,...1;
i=1

the union of graphs G,,,G,,,...,G,, and G

/ / .
009419, has aspanning tree}.
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As discussed for matrix (4.59), we can see that € is an STA matrix set.
I

Furthermore, since all A;’s belong to a closed interval and Z A, is bounded, the set € is
i=1

compact. For any ¢ > 0, there exist non-negative integers k and j such that ¢t € (¢, tx11] C

(tk;»tkgﬂL and then for ¢t € (ty,tx11], the solution z(t) can be obtained by mathematical

induction, and then combine the matrices product according to each interval (¢, s, ] to

get the form:

k;
Ba(t) = (¢t T Dy e 1FEren(B0770))

’i:kj,1+1
J—1 ki1
x (Z H Da(ti)’s(i)e_ww”(ti)(A(ti)_Ts(”))B$(0)- (4.60)
§=0 i=k;+1
k41
Since H Dy Dot BE=0) € O for j > 0, then, by Lemma 2.6.3, there exists
i=kj+1
a column vector y such that
i=1 kit
lim Doy spye BlEenBt)—Twm) — 1 o7 4.61
;AWZ.H (t),5(0) y (4.61)
J=0 i=k;+1
In addition, tk3-+1 — tk}, < T implies that
K
6*\B|£a(tk+1)(t*tk) H Da(ti)’s(i)e_uglﬁo(ti)(A(i)_Ts(i)) (4.62)
i:k}j,1+1

is bounded. Moreover, the matrix (4.62) is a stochastic matrix since it is a product of
stochastic matrices. This implies that

kj
o~ |BlLo s ) (t=tk) H Da(ti),s(i)t?_'lg‘ﬁv(ti)(A(i)_Ts(o)1n =1,. (4.63)
i:kjfl"rl
From (4.61) and (4.63), it follows that tlim Bx(t) = 1,y" Bx(0), i.e., the protocol (4.55)
—00

solves scaled consensus problems.
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Simulations and Discussion

In this section, two examples are provided to show the effectiveness of theoretical results
in this work.

Example 3. Assume that there are 4 agents denoted by z1,xs9, x3, 4 and the initial

conditions are denoted by z(0) =[1 —1 2 —2]T. Consider the fixed communication
network G shown in Figure 4.18, where the dashed lines mean that each agent exchanges

information at time t = .
© © 0 O

- @ O O

G* i

————>

T

Figure 4.18: A connected directed network G at time t # ¢, and t = t;,, respectively.

It can be seen that G¢ U G? is balanced and contains a directed spanning tree with
dmaz = 1. Let scalar scales 8 = (1 0.4 1.5 — 2)T and choose the sampling period
h =0.22, then h = 0.22 < 0.5 = (Braedmaz) "
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Moreover, choosing 7 = 6, it can be seen by MATLAB that the condition (i7) are sat-
isfied. Therefore, the scaled consensus problem is solved by Theorem 4.2.6 under protocol
(4.50) and the state trajectories of all agents are shown in Figure 4.19.

3
5 —x
—12 -
®3
x4
N ]
=
()
_2 i i i i
o 20 40 60 80 100

Time

Figure 4.19: The state trajectories of all agents using scaled consensus protocol (4.50) with
scalar scales = (1 0.4 1.5 —2)T for h =0.2.
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In addition, if h = 0.83 > 0.5 = (Bnac@dmaz) ', it can be seen that the consensus
protocol (4.50) cannot guarantee achieving scaled consensus to 3 = (1 0.4 1.5 —2)T as

shown in Figure 4.20.

20 T T '
=1
> Al
1077 ¥ ||| | || | i
RTTRARAA |
g g .'!'!"."'*'*"“""' il (FH I H.I.l.“ LMMM.‘ M|'||
2 Y Wb
A0t .
1]
=0 i 2;]' 4II:|' E-ID' 80 100

Time

Figure 4.20: The state trajectories of all agents using scaled consensus protocol (4.50) with
scalar scales = (1 0.4 15 —2)T for h=0.83.
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Moreover, if the scalar scales of all agent are equal to one i.e., 5; = 1 for all 7, the state
trajectories of agents under protocol (4.50) with A = 0.2 can be described as in Figure 4.21

=%

x3
x4

State

40 60 8O 100
Time

Figure 4.21: The state trajectories of all agents using scaled consensus protocol (4.50) with
scalar scales f=(1 1 1 1)T and h = 0.2.
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Example 4. Consider the communication networks of the multi-agent system (4.26)
with switching topologies consisting of 4 agents denoted by x1, 9, x3, x4 as described in
Figure 4.22.

@@:
& @

Crfn G—®

Y
b
“ . R

P "
r ™ N,
£ * ",
ra "_* A
! !
G G4

Figure 4.22: Switching topologies.

Assume that the impulse and switching occur simultaneously at the sampling time ¢
and the switching happens in order of {G, G2, G3} and {G], G}, respectively. Clearly, each
digraph of {G1,Gs,G3} and {G}, G}} is balanced and contains a spanning tree.
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Given scalar scales 8 = (1 2.1 1.5 —2)T and the initial conditions z(0) = [1 —
1 2 — 2]T. It can be seen that d,,., = 2 and 8,4, = 2.1, by choosing the sampling period
h = 0.2, one obtains that h = 0.2 < 0.23 = (Bpnaedmaez) ' Selecting 7 = 6, we can see
by MATLAB that the assumption (i) is satisfied. Hence, the scaled consensus problem is
solved by using protocol (4.55) and the states of all agents are as in Figure 4.23.

3' T T
2} = _
g il
UE'; *1
ot —
x3
xd
-1 [‘/f
_2 i i i
i 10 20 30 40

Time

Figure 4.23: The state trajectories of all agents using the consensus protocol (4.55) with
scalar scales = (1 2.1 1.5 —2)" and h=0.2.
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—2 1T it follows that h = 0.2 >

However, if we choose h = 0.2 and = (5 1.5
0.1 = (ﬁmaxdmax)_l, which implies the consensus protocol (4.55) cannot guarantee solving

scaled consensus problem (see Figure 4.24 for state trajectories).

100

State

-100
0 10 20 30 40

Time

Figure 4.24: The state trajectories of all agents using the consensus protocol (4.55) with

scalar scales f=(5 1.5 —2 1)T and h =0.2.
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In addition, if the scalar scales of all agents are equal to 1, the state trajectories of all
agents under protocol (4.55) with h = 0.2 can be described as in Figure 4.25.

2 T T
=%1
— %7
11 x5
e
[k}
E J
(g
_2 ' i i
i 10 20 30 40

Time

Figure 4.25: The state trajectories of all agents using the consensus protocol (4.55) with
scalar scales S =(1 1 1 1)T and h =0.2.
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Chapter 5

Finite-time consensus problems in
Hybrid multi-agent systems

In this chapter, we study the finite-time (scaled) consensus problems in HMASs by us-
ing the impulsive consensus protocols. In Section 5.1, the impulsive consensus protocols
have been proposed to solve finite-time consensus problems in HMASs. In Section 5.2.1,
finite-time scaled consensus problems of HMASs have been studied by using the impulsive
consensus protocols. Furthermore, the finite-time scaled consensus of MASs with impul-
sive perturbations have been studied in Section 5.2.2. Finally, the numerical examples are
illustrated in the last section to show the effectiveness of our main results in Section 5.3.

5.1 Finite-time consensus of Hybrid multi-agent sys-
tems

In this section, finite-time scaled consensus problems of hybrid multi-agent systems via
impulsive control have been studied.

Problem formulation
In this section, we assume that the hybrid multi-agent system consists of n agents which are

continuous-time and discrete-time dynamic agents, labelled 1 through n, where the number
of continuous-time dynamic agents is ¢, ¢ < n. Without loss of generality, we assume that
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agent 1 through ¢ are continuous-time dynamic agents. Moreover, Z. = {1,2,3,...,c},
Z\Z. = {c+1,c+2,c+3,...,n}. Then, each agent has the dynamics as follows:

{xz(t) = u,, for i € 1., (5.1)

Tj(ter1) = @5 (tk) + ui(t), e = kh, for j € Z,\Z.,
where h is the sampling period, z; € R and u; € R are the state and control input of agent
i, respectively. The initial conditions are z;(0) = x4, and x(0) = [219, Z20, ..., Tno|~ -
Definition 5.1.1. The hybrid multi-agent system (5.1) is said to reach finite-time consen-
sus if for any initial conditions, there is a setting time 7" such that

tlinjlj |lzi(ty) — x;(te)]] =0, and x;(ty) = z;(ty), Vtp >T for i,5 € Z,, (5.2)
—
and
}in% |lzi(t) —z;(t)|| =0, and wz;(t) =z;(t), YVt >T  for i,j € L. (5.3)
ﬁ

Now, we are in a position to present our protocol that solves the consensus problem in
finite time:

.

ui(t) =a Z agp(zi(t) — zi(t)) + c2 Z ag(zi(t) — xi(t))"
Oolej\/i lEN;
+D 0t —ti)g(t) Y dy(m(t) — (1), for i€, (5.4)
k=1 l€./\/i/
wity) = h Y bulm(te) —x;(ty)], for j€T\L,
\ leN;

where A = [a;;] and B = [b;;] are the weighted adjacency matrices associated with the
graph G.UG’ and G4 UG’, respectively. Moreover, h = t;, — t,_1 is the sampling period and
N; is the set of neighbours of i. Moreover, ¢;, ¢y > 0, ¢ = min{ecy, ¢o }; the odd function ¢(-)
satisfying that y-p(y) > y?T1 > 0, vy € R\ {0}, ©(0) = 0; «, 3 are ratios of odd integers
with a4+ € (—2,2); the discrete instant t,, k € Ny satisfy 0 <t <ty <--- <t <---and
limy o0 tx = 00 and §(-) is the Dirac delta function.

Assume that there exist two constants r; and 7 such that 0 < ry <t 1 —tr <19 < 00;
g(t) is a function to be designed later. Define the left and right value of the state at time
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ti as follows:

zi(t)) = hli)lg[)l+ zi(ty + h) and z;(t;) = hli%ﬂ zi(ty —h), h>0.

Equivalently, the system (5.1) with the protocol (5.4) can be written as follows:

(i) =1 > anp(@i(t) —zi(t) + 2 Y au(zi(t) — z:(8)", t# by,
IEN; leN;
Azi(ty) =Y ahfan(ts) — zi(te)], for i €T,
leN]
xj(tk+1) = mj(tk) +h Z bjl [xl(t/f) - mj(tk)]a for j € In\ICa
\ leN;

(5.5)
where z;(t) € R is the state of agent ¢ at time ¢, =1,2,...,n. Az;(ty) = 2;(t)) — z:(ty,).

To obtain our main results, some assumptions are provided as follows:
(A1) Let p1,...,pn € R™ be C-conjugate and for any initial value z(0) € R", the
discrete-time dynamic protocol algorithm is designed as: for k =1,2,...,n

<b—CzxF 1 pp >
< Cpy,pr >

r(k) =x(k—1)+ pk, C=pl+ Ly, b=px*, 0<p<l;

1
maX;ez, {dz} ’

2
(A3) 0= g(t) < 3= v =1,

(A2) 0<h <

1 m
where L, is the Laplacian matrix of G, UG’ and z* = — E z;(0), m = |Gy UG'| is the
m
j=1

convergence value of average consensus.

Theorem 5.1.1. Let G be an undirected communication network of the hybrid multi-agent
system (5.1). Assume that (A1)-(A3) are satisfied, then the hybrid multi-agent system
(5.1) with the protocol (5.4) reaches consensus in finite time if and only if G. U G" and
G, UG’ are connected.

Proof. (Sufficiency) Let G = G. U G; U G’ be an undirected communication network of
the hybrid multi-agent system (5.1), where G., G4, G’ are defined as previous discussion.
Firstly, consider for each ¢ € Z.. Without loss of generality, we assume that all discrete-
time dynamic agents interact with some continuous-time dynamic agents.
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Thus, the system (5.1) with the protocol (5.4) can be described as an impulsive system on
the communication network G.UG" with r nodes, where |G.UG'| = r < n. Hence, for each
i € Z., the system (5.1) with the protocol (5.4) can be written as an impulsive system on
the communication network G. U G’ as follows:

Ei(t) = c1 > anp(ai(t) — zi(t) + c2 Y au(zi(t) — :(t)%, t# b,

lEN; IEN; (5 6)

Al‘z(tk) = Z agl[xl(tk) - xi(tk)L

leN!
where z;(t) € R is the state of agent ¢ at time ¢, ¢ = 1,2, ...,7. Ax;(ty) = z:(t)) — z:(t;,):
z;(t)) = lUm 2;(t; + h) and z;(t; ) = lim x;(tx — h).
h—0+ h—0t

Letting z(t) = (21(t), 22(t), ..., z,.(t))T € R", the system (5.6) can be written as:

#(t) = F(t,2(@t), tF# tx,
Az(ty) = —g(tr) L'z (), keN,

where F(t,2(t)) = (fi(t,2(t)), ..., f,(t,2(t))T and

filt,z(t)) = Z agp(z(t) — (1)) + 2 Z ag(x(t) — z;(t))".

leEN; leN;

Here, we assume that z;(t; ) = x;(t), which implies that the solution is left continuous
at time ¢;. Then, one obtains

)= (L — g(t) (), kEN, (58)

where £ and £’ are the Laplacian matrix of G, U G" when t # t; and t = t;, respectively.
1 T
Let z(t) = - E z;(t), which is time-invariant, i.e. = = Z(t) = z(0) = Ave(z(0)) =
r
=1

1 T
—(Z x;(0)). As a results of the invariant of Z(t), it allows the decomposition of z; as
,
i=1
follows

ni(t) =z;(t) —z, for i=1,2,... 7
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Consider the Lyapunov function:

where 7 = (91,72, ...,n,)7 is the error vector.

For t # t;, from Lemmas 2.6.8-2.6.10, one obtains that
= Z n:(£)ni(t)
- Z mi(en Y aupnt) = ni(®) + e Y aulm(®) = m(6)")

leN; lEN;

= —-cl Z >~ au(ni(t) = m()e(ni(t) — m(t)) — % > D aalm(t)

=1 LN i=1 leN;
< ——cl Z Z ;] m - —02 Z Z Q; Uz ))aﬂ

i=1 leEN; i=1 leN;

< L3S a0 — () + () = m(e))

i=1 leN;
< —QZ Z ai(ni(t) —m(t)) a+§+2 _C< Z a+£+2 N m(t))2>

i=1 leEN; i=1 lEN;

= (2 OLen(1) < —c(LaV)

atB+2 atp+2
a+6+2

— .2 (Ag(cB)) ! -(V(t)) o

—mu(t)**!

at+pB+2
4

where A\o(Lp) is the second smallest eigenvalue of Lg; Lp is the Laplacian matrix of graph

G(B), and B = [a ”6”] e R™".
On the other hand, by conditions of the theorem, one has

<29i(tk) - %Ng?(tk)>£ > 0.
It follows from Lemma 2.6.11 that

2gi(tr) L — g7 (ty) L% > 0,
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or 9
(L~ tn)£) <1

As t = t;,, one obtains

V() = 5 SR = i ()

= S (6T — gt L)t
< S ()t
:% 2(te) = V (k).

Hence, from Lemma 2.7.4, we have n = 0 is finite-time stable, i.e., there is a time T" such
that z;(t) =z, YVt >T, Vi€ Z.. Thus, the consensus can be achieved in finite time with
the protocol (5.4). This implies that, for ¢ € (51, tg],

tlin% |lzi(t) —z;(t)]| =0 and z;(t) = x;(t), Vt>T for i,5 € Z.. (5.9)
_>
Now, we will show that

tlimT llzi(ty) — z;(te)]| =0, and z;(ty) = x;(tx), V& >T  for i,j €Z,.
k—

Consider, for 7,7 € Z,,
i (tr) =z (tr) || < llas(tr) = 2O + |23 () — 25O + [l (8) — () - (5.10)
The proof can be separated into three cases as follows:
Case 1. If i, j € Z., the proof can be done by the above discussion.

Case 2. If i,j5 € Z,\Z. = {c+ 1,c+ 2,...,n}, the problem can be simplified by con-
sidering the communication network of G; U G’. Since the discrete-time dynamic agents
interact with their neighbours at time ¢ = ¢, one obtains

ziltesn) = wi(tn) + b Y biley(ty) — @i(ty)], (5.11)
JEN;

where h = ¢, — t;_; is a sampling period and B = [b;;]nxm is the adjacency matrix of
Ga UG’ where |Gy U G’| = m < n is the number of the discrete-time dynamic agents and
continuous-time dynamic agents that interact with them.
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According to Lemma 2.6.12, applying the distributed consensus algorithm (5.11) and
(A2), then a consensus is asymptotically reached for all initial states. Let the convergence
value be equal to z*. Since G is balanced, the average consensus is asymptotically reached

and z* = 1 zm:xi(()), i=1,2,...,m. Let tx — oo, then equation (5.11) can be rewritten
s i
=" — hlyx™, (5.12)
where £, is the Laplacian matrix of G; U G’. Furthermore, (5.12) can be simplified for
Lox™ = 0. (5.13)

By (A1), we have an arbitrarily small positive constant p, which satisfies 0 < p < 1 such
that C' = pI + L, and b = pz*. Moreover, equation (5.13) is equivalent to the following
equation

Cz* = (pl + Lo)z" = px* =b.

According to the above discussion, we can easily get that C' is a symmetrical positive
definite matrix. By Lemma 2.6.13, the consensus of the multi-agent system can be reached
in a maximum of n step. Let an iterative step be a time unit, then the consensus of the
discrete multi-agent system can be reached in finite-time n = T” i.e., there is a time T
such that

lim ||z;(tx) — z;(te)|| = 0 and z;(tx) = 2, Vi >T', Vi,j € T,\Z..

t—T
Case 3. If j € Z,\Z. and i € Z., we consider i,l € Z. and j € Z,\Z,,
[:(t) = z(O)|| < llzi() — @)l + llzi(tr) — ()| + llzi(te) — 2l + [[z(tr) — zu(D)]]-
Since, for 1,1 € T,

lim ||z;(t) — 2 (t)|| =0 and z;(t) =2z, Vt>T, Viel.

t—T

When t — oo, we have t,, — oo. Thus, for any i,[ € 7,
tim (1) — ()] = 0, lim [l (t4) — (5] = .

and
zi(t) =x(t) =2, Vt>T.
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By choosing 7% = max{T,T"}, then there exists a real number z such that

Jim [l (8) = 2(8)[| = 0, lim [l (t) — 2i(8)[| = 0,

and
zi(t) =x;(t) =x(t) =2, Vt>T".
Hence, for each j € Z,\Z. and i € Z,,

tlin% |zi(ty) —z;(te)|| =0, and z;(ty) = x;(ty) =z, Vi, > T (5.14)
k=T

Claim that x = z* = z. Consider, for each j € Z,\Z, and i € Z,,

i (t) — ()] < [lai(te) — Tl + |7 — 27| + 2" — 2 () || (5.15)

Taking the limit on both sides of equations (5.15) as t, — T, one obtains

*

r—2z"| =0, ie, T=2a"

lim
tp—T*

It follows form Case 1,2 and 3 that there is an T™ such that

tlin% llzi(ty) — z;(te)|| =0, and z;(ty) = x;(ty) =&, Vi, >T*, for i,j€Z, (5.16)
k=T
Therefore, the hybrid multi-agent system (5.1) with protocol (5.4) reaches consensus in
finite time.
(Necessity) Suppose that G.UG’ and G; UG’ are not connected. Then, by Lemma 2.6.12,
we have tlim x;(ty) # x* for some i € Z,,\Z.. Hence, there exist i, 7 € Z,\Z. such that

e —>00

i [lzi(t) = ()] 0.

This implies that the hybrid multi-agent system (5.1) cannot achieve consensus. O]

Remark. The results in this paper establish a unified viewpoint for the finite-time consensus
of continuous-time and discrete-time multi-agent systems. In other words, if ¢ = n, the
hybrid multi-agent system (5.1) becomes a continuous-time multi-agent system. And if
¢ = 0, the hybrid multi-agent system (5.1) becomes a discrete-time multi-agent system.
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5.2 Finite-time scaled consensus problems in Multi-
agent systems

5.2.1 Finite-time scaled consensus of M ASs via impulsive proto-
cols

In this section, we study finite-time scaled consensus problems of multi-agent systems by
using the impulsive consensus protocols.

Consider a multi-agent system consists of n agents, labeled 1 through n. Let Z, =
{1,2,3,...,n} and (3; # 0 be a constant, then the dynamics of each agent with scalar scale
is as follows:

Biti(t) = u;, for i€, (5.17)

where 8; € R/{0}, z; € R and u; € R are the scalar scale, state and control input of agent
i, respectively. The initial conditions are z;(0) = x4, and x(0) = [10, T20, -, Tno|” -

Definition 5.2.1. The multi-agent system (5.17) is said to reach finite-time scaled con-
sensus to (B, ..., [,) if for any initial conditions, there is a setting time 7" such that

—

Now, we are in a position to present our protocol that solves the scaled consensus
problem in finite time:

wi(t) = a1l i Y aup(Bai(t) — Biwi(t)) + cal Bl Y au(Brara(t) — B (t))°

lENi ZENL'
Hh (B 6t —t) > ay(B(t) — Bii(t),  for i€ I, (5.19)
k=1 lEN!
where f3; is a nonzero scalar scale of agent i, A = [a;] and A" = [a};] are the weighted

adjacency matrices associated with the graph G and G’, respectively. Moreover, h =
tr — trp_1 is the sampling period and N; is the set of neighbors of 7.

Furthermore, ¢, ¢y > 0, ¢ = min{ci, c2}; the odd function ¢(+) satisfying that y-¢(y) >
v >0, Vy € R\ {0}, ¢(0) =0; «,v are ratios of odd integers with a + v € (=2, 2);
the discrete instant t,, k € N, satisfy 0 < t; <o < -+ <t < ---and limg ot = 00
and 6(+) is the Dirac delta function.
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Assume that there exist two constants r; and 7 such that 0 < ry <t 1 —t, <19 < 00.
Equivalently, the system (5.17) with the protocol (5.19) can be written as follows:

Bita(t) = alBil D aap(Ban(t) — Biwi(t) + ol B D an(Bian(t) — Biwi(1)®, t # t,

leN; leN;
Apizi(ty) = h- |8 Z ag (B (tr) — Bixi(tr)), for k€N
leN]

(5.20)
where z;(t) € R is the state of agent i at time ¢, i = 1,2,...,n. ABx;(ty) = Bixi(t]) —
Bizi(ty,); Bixi(t]) = hliIgl+ Bixi(ty, + h) and Bix;(t,) = hliIélJr Bixi(ty —h), h> 0.

— —

Theorem 5.2.1. Let G be a communication network of the multi-agent system (5.17) and
B; # 0 be a scalar scale of agent i. The multi-agent system (5.17) with the protocol (5.19)
is said to reach scaled consensus to (fi,...,,) in finite time if the following conditions
are satisfied :
) 0 < h < ——F—;
<7/) dmaxﬁmax

(1) there exists a constant 0 < € < 1 such that
(1— eI, — H|B|L — (H|B|LT + £ (H|B|)>L' < 0;

(731) G UG’ is connected,
where d,,., = max;{d;;} and 5. = max;{|5;|}, for i € Z,,; L is the Laplacian matrix of
g U Q’ at t = tk.

Proof. (Sufficiency) For simplicity, we denote that ;(¢) =: B;z;(t) for all 4.
Then, the system (5.20) can be written as

di;t(t) = 1|5 Z ayp(Zy(t) — 24(t)) + c2|Bi] Z an(Z(t) — 2:(4))%, t # ty,
S = (5.21)
Aii(te) = h-|5i] Z ay(@(ty) — &(ty)),  for keN.
leN]

Assume that z;(t, ) = z;(fx), which implies that the solution is left continuous at time ¢
and denote Z(t) = (21(t), 2(t), ..., 2,(t))T € R", H = diag(h,h, ..., h),

B = diag(p, Pa, .., Bn) € R™™ and |B| = diag(|1], |B2], ---, |Bal) € R™™™. Then, the system
(5.21) can be described as:

di(t) )
= F(t,&(t), t#ty, (5.22)
i(tf) = (L, — HIBIL)i(t),  keN
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where F'(t,2(t)) = (f{ (t, (), f (£, (1)), .. £ (£, 2(1)))";
filt, #() = eal Bl D aup(@i(t) — 2:(t) + ol Bi] Y an((t) — #:(1)%;

leN; leN;

L and L' are the Laplacian matrices of G U G’ when ¢ # t;, and t = t;, respectively.

Let z(t Z Biz;(t) and denote that

nl<t> = i‘l<t> - 1_:7 S (tkflu tk]?

ni(t5) = 2;(t)) — = and nl(tk) =n;(ty), i=1,2,3,...,n, with initial conditions
i’(to) = i’(O) [i’lo, 20, -- an] ThUS
t,n(t t#£1
ilt) = Flt.(), ‘o )
n(ty) = Lo — HIBILM(t),  t=ts, keN

Consider the Lyapunov function:
. 1~
V) = g0 (On(t) =5 >0l (),
i=1

where 7 = (11, ...,m,)7 is the error vector or disagreement vector.
For t # ty, using the fact from Lemmas 2.6.8-2.6.10, one obtains

= Zm(tm(ﬂ
- Zm (crl 1 Y aapm(t) — m(e)) + ol Y aulm(t) - m(6))")
leN; leN;
= __01|6z| Z Z 27 Th ))90(77@( ) nl(t))
i=1 leN;
~ seals 33 aulnlt) = m(®)™
=1 leN;
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< __Clyﬁz‘ Z Z 27 771

i=1 leN;

< —%QW’ Z Z % (mi(t)

i=1 IEN;

< =B Y au(mi(t) -

=1 lENi

(S

i=1 lEN;

Y (2nT(t)£Bn(t)> o

a+'y+2

= —c|fB;| - 2

< |l (Da(La)V (1))

(i)

’y+1 - _62|51| Z Z a; 771

i=1 leN;

— m(®) + Gt) — m($)")

aty+2

() 2

aty+2
4

—m(t)) )

aty+2
4

(ve)

()™

where \y(Lp) is the second smallest eigenvalue of Lp, where L5 is the Laplacian matrix

of graph G(B), and B = [a;7 "] €
0 < e <1 such that

(1- eI, — H|B|L —

Hence,

(H1B|L")"

+ £ (H|B|)*L < 0.

V(1) = g (1) (L — HIBIE) (L, — HIBIL)n(t 1)

]‘ /
= o' ()L, — H|BIC" ~

1
= 50" (ten)[(1 = L, — H|B|L™ — H|B|C' +

1
+ 5677T(tk—1)77(tk—1)

1
< €§nT(tk71>77(tk—1)
= EV(tkfl).

R™™, On the other hand, when t = t,_4, there exists

H|B|IL + (H|B|)2L" L — €I, + eL]n(te1)

(H|B2L" £Tn(tr-1)

Thus, by Lemma 2.7.4, one obtains that n(t) = 0 is finite-time stable i.e., there exists a
time 7" such that #;(t) = fix;(t) = z, Vt > T, Vi € T,. Therefore, the scaled consensus

can be achieved in finite time.
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Remark. 1t is obvious that if §; = 1 for all ¢, then the scaled consensus protocol (5.19) can
be written as

ui(t) = a1 Z agp(zi(t) — z:(t)) + c2 Z ag(zi(t) — xi(t))"

leN; leN;
+he > St —t) Y ay(m(t) —w(t),  for i€,
k=1 leN]

Moreover, if 5; = 1 for all  and there is no intermittent communications among agents (at
time 1), the protocol (5.19) can be reduced as

wit) = cr Y aap(mi(t) — zi(t)) + o Y an(ai(t) — z:(h)",
lEN; leN;

which was studied in [11].

5.2.2 Finite-time scaled consensus of M ASs with impulsive per-
turbations

Consider a group of n identical agents described as in (5.17), in this section, the finite-time
scaled consensus problems of multi-agent system with impulsive perturbations have been
studied. To solve the finite-time scaled consensus problems, the scaled consensus protocol
is designed as follows:

wit) = 18 Y aisgn(Bia;(t) — Biws(t)|Ba;(t) — Bis(t)]

JEN;
+ > B ()3t —t),  for i€, (5.24)
k=1

where 3; is a nonzero scalar scale of agent ¢ and 0 < v < 1; a;; is the element in the
adjacency matrix of digraph G; sgn(-) is a signum function defined as above; pp > 0, k €
Z. denotes the impulsive perturbation coefficient; §(-) is the Dirac delta function and
is an impulsive instant for k € Z, satisfying 0 = t) < t; <ty < -+ < tx < ---, which
limy ooty = 00.

By the definition of the Dirac delta function, the system (5.17) with protocol (5.24)
can be written as the impulsive differential equation as follows:

Bii(t) = 5] Y asysgn(Bia;(t) — Bis(1)|8j;(t) — B (B)]7, ¢ # t,
JEN; (525)
ABixi(ty) = peBizi(ts), for keN,

125



—
lim B;z;(ty —h), h>0.
h—0+

Without loss of generality, we assume that the solution x(t) is left-continuous i.e.,
z;(t;) = x;(tx). Thus, system (5.25) can be written as:

Bia(t) =B Y aizsgn(Bia;(t) — Biws(t))|Bj;(t) — Biwa(D)[7, ¢ # t,
JEN; (5.26)
Bixi(t5) = (14 pr)Bizi(tr), for ke N.

Theorem 5.2.2. Let 3; be a nonzero scalar scale of agent i. The multi-agent system (5.17)
under protocol (5.24) is said to reach scaled consensus to (i, ..., 3,) in finite time if the
following assumptions are satisfied:
(A1) The communication network G is balanced and contains a spanning tree;
(A2) There exist constant v € (0,1), pr > 0, and « € [1, 00) such that

2
(1 +2pk) <ais,

1 n
Proof. Let i(t) = =3 Bizi(t). ;=
roof. Let Z(t) - Zﬁﬂ;z(t) It follows from (A2) that Z a;j Z aji
i=1 JEN; iEN
Thus,

D (t) = % > DT Bi(t)
=1

= 181 D2 S agsgn(Bay () — B 1574(0) — B0

=1 jeN;
1 n n
=16l DD aysgn(Biay(t) — Biwi(t))|8;(t) — Bias(t)]”
i=1 j=1
= %Wﬂ DO aisgn(Bia;(t) — Biwa(1)|Biw; () — Bii(t)]
=1 j=1
o181 D0 S ausgn(Bye; (1) — BBy (1) — B0
i=1 j=1
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= 16 Z (Zawsgn Biei(t) = Bizi(D) B () — B (8)]
+ Z asgsgn(Bizi(t) — B (6) |Biwi(t) — B, (D))

= %Wﬂ Z (Zaijsgn(ﬁjxj(t) — Biwi (1)) |85 (t) — Bias (£)]

n

— Z ai;sgn(Bx;(t) — Bixi(t))|Bixi(t) — ﬁjxj(t>|7)
—0, (£t ke,

Similarly, it holds that AZ(t) = 0. This implies that Z is time-invariant, i.e.
T = z(t) = 2(0) = Ave(x Z Bix;(0
The invariance of z allows decomposition of f;x; for i = 1,2, ...,n as in the following

equation:

ni(t) = Bixi(t) — , t € (thr, i),

ni(t5) = Biwi () — z and n;(t;) = mi(tr), i =1,2,3,...,n, where n = (11,...,m,)" is the
error vector or disagreement vector. Hence, the error system between f;z;(t) and  can be
written as

= |Bi] Z aizsgn(n; —ni)ln; — nil”, t# tk
JEN; (5.27)

ni(th) = (14 pe)ni(te), t=1ty, keN.

Consider the Lyapunov function:

Vi) = > (). (5.28)
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It follows from (A2) that when ¢t = #;_4,
1 n
+ 0y 204+
V(ti,) = B ;m (ti_1)

_ (4 zn: 2 (te_r)

2 ,
=1

2

< a7V (te1). (5.29)

On the other hand, by calculating the upper right-hand Dini derivative of V() along
the state trajectory of system (5.27) as t # t;, k € N, we get

DYV(t) = Z n:(t)n:(t)

= > (181 Y agsonln(t) = m()lny (1) = m(o)]")

JEN;

= 181 S waysgnln(t) — )l (t) ~ (o)

i=1 j=1

510D S mtasgnny () — m(e)) s (1) — m (1)

i=1 j=1

= 21813 (X mBhausgnln(t) — m(O)las(t) — (o)

i=1  j=1

+ > ni(azsgn(n(t) = i)l = ni(6)]")

=1

= 318 (3 moyasgsgn(ny () = )y 0) — ()

= > niBazisgn(n (1) = m(®) mi(t) = ni (0)]")

j=1

_ _%W D> i) = mi(t))aszsgn(n;(t) — na(£)) () — mi(6)]”

i=1 j=1
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= __|62’ZZGU|T]J ()7

< __wz (ZZGWHV t) —mi(t ))2>2
i=1 leN;
- Ll (L)
< 218 (40(L,)) R (v<t>)H’, (5.30)

where A\o(L,) is the second smallest eigenvalue of £, £, is the Laplacian matrix of graph
g(V)’ and v = [ "/+1] c Rnxn

Therefore, by Lemma 2.7.4, the multi-agent system (5.17) with the protocol (5.24)
reaches scaled consensus to ([, ..., ,) in finite time.

]

129



5.3 Simulations and Discussion

In this section, two examples have been provided to demonstrate the effectiveness of
theoretical results in this work.

Example 1. Consider the multi-agent system (5.17) under protocol (5.19) with 4 agents
described as in Figure 5.1.

Figure 5.1: A communication network G at time t # ¢, and t = t;, respectively.

It is easy to see that the Laplacian matrices of G and G’ are as follows:

1 -1 0 O 2 -1 0 -1
-1 2 -1 0 / -1 2 -1 0
L= 0 -1 2 1 £ 0o -1 2 -1
0 0 -1 1 -1 0 -1 2

According to the Laplacian matrix £, the eigenvalues are A\; = 0, Ay = 0.5858, \3 =
2, Ay = 3.4142. Let the initial conditions z(0) =[2 1 0 — 1]7 and scalar scales ) =
—2, Bo=1, B3=2, By=—1.5. By choosing a =3/5,8=1/3,0(y) =y°,c1 = cy =2,
and h = 0.1, one obtains that 0 < i < (Bpneedmaez) " = 0.25.
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Hence, all conditions of Theorem 5.2.1 are satisfied. Thus, the multi-agent system
(5.17) reaches scaled consensus under protocol (5.19) and the states of all agents can be

seen in Figure 5.2.

2r
X1
1154 —
%3
x4
gk
Ha] X 0.673

Y -0.00598 744

State

0 0.1 02 03 04 05 06 07 08 0.9 1
Time

Figure 5.2: The state trajectories of all agents under protocol (5.19) with scalar scales
g=(-2,1, 2, —1.5).
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Moreover, if the scalar scales 3; = 1 for all 4, the state trajectories of all agents under
protocol can be described as in Figure 5.3.

2
[ =
16- X2
X3
X4
n
DIS_IL& X 0.299
o : Y 0.0345037
T off *
2
05
AH
45}
_2 i i i i i i i i i i
0 01 02 03 04 05 06 07 08 09 1

Time

Figure 5.3: The state trajectories of all agents under protocol (5.19) with scalar scales
g=(1,1, 1, 1).
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On the other hand, if h = 0.45 > , which implies that the assumption (A1)

1
dmamﬂmax
is not satisfied. Hence, the multi-agent system (5.17) cannot reach scaled consensus under

protocol (5.19) and the states of all agents are described in Figure 5.4.

. «10™ :
X1

§r — 2
X3

4 X4

5k

2 .

State
= i

0 0.1 02 03 04 05 06 07 08 0.9 1
Time

Figure 5.4: The state trajectories of all agents using scaled consensus protocol (5.19) with
h = 0.40.
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In addition, if @ = v = 1, the finite-time scaled consensus protocol (5.19)

wi(t) = alBil D anp(Biar — Biwi) + ol Bil Y au( By — Bis)

leN; LEN;
+h |5 Z St — ty) Z ay (B — Bixy), for 1 € Z,. (5.31)
k=1 leN]

Thus, by choosing h = 0.1 together with g = (=2, 1, 2, —1.5), the state trajectories of

all agents are described in Figure 5.5

ar

X1
16+ —
X3
X4
Y
i X 0.654

Y -0.00356593

State

04 05 06 07 08 0.9 1
Time

Figure 5.5: The state trajectories of all agents under protocol (5.31) with scalar scales
g=(-2,1, 2, —1.5).
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If scalar scales f5; = 1 for all 7, the state trajectories of all agents under protocol (5.31)
can be depicted as in Figure 5.6.

2
[ =
16- i‘;
X4
i1k
b X 0.396
© - Y 0.0185228
8 or
5 of,
0510
A H
A5}
_2 i i i i i i i i i i
0 01 02 03 04 05 06 07 08 09 1

Time

Figure 5.6: The state trajectories of all agents under protocol (5.31) with scalar scales
g=(1,1, 1, 1).
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If there is no instantaneous communications among agents, the consensus protocol
(5.19) can be considered as follows:

ui(t) = c1|Bil Z agp(Bixy — Bix;) + c2| Bil Z ay (B — Bix)”. (5.32)

leN; leN;

By selecting h = 0.1 and § = (=2, 1, 2, —1.5), the state trajectories of all agents
under protocol (5.32) can be seen as in Figure 5.7.

2571

| /
1.5 e
1t
X1
0.5
- — X2
E ok X3
o x4
0.5
Ak
s %
_25 i i i i i
] 0.5 1 1:5 2 25 3 3.5 4

Figure 5.7: The state trajectories of all agents under protocol (5.32) with scalar scales
g=(-2,1, 2, —1.5).
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Moreover, if scalar scales § = (1, 1, 1, 1) and h = 0.1, the state trajectories of all
agents under protocol (5.32) can be depicted as in Figure 5.8.

2_
X1
15+ —
%3
x4
X 0.765
© Y 2.08179e-05
IS
[4)]
1 15 2 25 3 35 4

Time

Figure 5.8: The state trajectories of all agents under protocol (5.32) with scalar scales
g=(1,1, 1, 1).
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If there is no instantaneous communications among agents and o = 8 = 1, the consensus
of system (5.17) can be achieved asymptotically under the linear scaled consensus protocol
(5.17) as follows:

u;(t) = c- sgn(B;) Z ay(Bizy — Bix;). (5.33)

leEN;

If the sampling period h = 0.1 and scalar scales are § = (=2, 1, 2, —1.5), the state
trajectories of all agents under protocol (5.33) can be described in Figure 5.9.

257
2 /
15

05 X1
—X2
X3
X4

State
[=]

05T

25 B . . . . i
0 0.5 1 1.6 2 25 3 3.5 4
Time

Figure 5.9: The state trajectories of all agents under protocol (5.33) with scalar scales
B=(-2 1,2, —15).
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If the sampling period h = 0.1 and the scalar scales §; = 1 for all 7, The state trajectories
of all agents under protocol (5.33) can be described as in Figure 5.10.

X1
16t —

X3
X4

State

Time

Figure 5.10: The state trajectories of all agents under protocol (5.33) with scalar scales
g=(1, 1,1, 1).
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Example 2. Consider the communication networks of the multi-agent system (5.17) with
impulsive perturbations under protocol (5.24) consisting of 4 agents denoted by 1, 9, T3, 24
as described Figure 5.11. Assume that the perturbation p, = 5 x 1076 for all £ and the

Figure 5.11: A communication network G of system (5.17).

initial states are z(0) = [3,0,2, —1]7, then there exists some constants « and 7 which
satisfy the assumption (A2). Moreover, it is obvious that the digraph G is balanced and
contains a spanning tree, thus the assumption (A1) also satisfies. Hence, Theorem 5.2.2
under protocol (5.24) can guarantee achieving scaled consensus.
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By choosing v = 0.2, the states of all agents with scalar scales f = (-2, 1, 2, —1.5)
are described in Figure 5.12.

X1
—X2
X3

3_
\ X4

State

N -

-2

Time

Figure 5.12: The state trajectories of all agents under protocol (5.24) with scalar scales
g=(-2,1, 2, —1.5).
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Moreover, if the sampling period h = 0.1 and the scalar scales 3; = 1 for all 7, The
state trajectories of all agents under protocol (5.24) can be described as in Figure 5.13.

3571

X1
— X2
x3
x4

State

Figure 5.13: The state trajectories of all agents under protocol (5.24) with scalar scales
g=(1,1, 1, 1).
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However, if the perturbation is not small enough, the Theorem 5.2.1 under protocol
(5.24) cannot guarantee reaching scaled consensus. For example, choosing pr = 5 x 1073
and scalar scales § = (=2, 1, 2, —1.5), the states of all agents are divergent (see Figure

5.14).

300 ¢
X1 Fi
— X2
200 | X3
X4
100 |
1]
T o0
w
00
200 :
b
i
\\
—BDD i i i i i i
0 1 2 3 4 5 & 7 8 9 10

Figure 5.14: The state trajectories of all agents using scaled consensus protocol (5.24) with
Pk = O X 1073,

143



Chapter 6

Applications to Hybrid Multi-agent
systems over random networks

In some practical problems, the communication among agents may change over the time
due to link failures, packet drops, node failure, etc. Such variations in the network can
happen randomly, which attracts researchers’ great attention concerning random networks.
For instant, in 2005, Hatano and Mesbahi [30] studied consensus problem of multi-agent
systems under random networks. In 2007, Porfiri and Stilwell [77] extended the results of
Hatano and Mesbahi (2005) by introducing the relaxable conditions to solve the consensus
of MASs under random networks. Moreover, in 2008, Tahbaz-Salehi and Jadbabaie [90]
gave some necessary and sufficient conditions to solve consensus problem for stochastic
discrete-time linear dynamical systems. Other research topics of consensus problems under
random networks have also been addressed in [13, 59] and extensive references.

This chapter studies the scaled consensus problem of hybrid multi-agent systems (HMASs)
over random networks. Two scaled consensus protocols are introduced depending on the
communication among agents. Firstly, we assume that all agents communicate with their
neighbours and update their control inputs in a sampling time t;. Secondly, we study
scaled consensus problem when all agents communicate with their neighbours and update
their control inputs in a sampling time ¢, where each continuous-time dynamic agent can
observe its own state in real time.
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6.1 Scaled Consensus of Hybrid Multi-agent systems
with random networks

Network Topology

In this subsection, we present some basic concepts of algebraic graph theory and random
networks that will be used in this thesis.

The information flow among the nodes of an undirected random network can be de-
scribed by a sequence of undirected random graphs G;. At each time 4, the random
graph is G; = (V,&;), where V = {v;,i = 1,...,n} is the determinate vertex set and
& ={e;;} TV xV is the set of edges where e;; denotes that agent ¢ and j communicate
with each other. In the random graph on n vertices, we assume that the existence of e;; € &;
is determined randomly and independently of other edges with probability p;; € [0, 1], for
i,7=1,2,...,nand i # j (not consider self-loops and multiple edges). We define the edge
probability matrix P = PT € R™" 0 < p;; < 1 and p; = 0. The adjacency matrix of g;
is denoted by A; = [a;;] € R™", where

1,  with probability p;;,
Qij = . -
! 0,  with probability 1 — p;;,
for ¢ # j and a; = 0, Vi. The degree matrix denoted by D; € R™*™ is a diagonal matrix with
d;; = Z a;; and maw;ez, {d;} is maximum degree of agent under any random network.
JEN;
The Laplacian matrix of G; is £; = [lij|lnxn = Di — Ai. Due to the nature of A;, the
Laplacian matrix £; is also random. Moreover, it can be seen that £;1 = 0 and 17£; = 0.

Let G, A, L denote the sample space of all random space of all random graphs, all
adjacency matrices and all Laplacian matrices, respectively. The following properties are
used in this thesis [57]:

e The expected value of the adjacency matrix of G; is denoted by A = E[A,].

e The expected value of the Laplacian matrix is denoted by £ = E[L;] = [lij]nxn, Where

n
- Zpija if 1= j7
lij = j=1

—Dijs otherwise.
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e Matrix £ corresponds to graph G which does not necessary to belong to G.
e G is the expected graph i.e., the average graph over time.

e G is connected if and only if \y(£) > 0.

o 0=X\(L;) < X(Ly) <o < \(Ly).

e [; is positive semi-definite and has a simple zero eigenvalue when G; is a connected
undirected graph.

If Ae RV A=E[A € R a,; = E[A;].

E[A+ B] =E(A) + E(B); A, B € R™".

ElaA] = aE[A],a € R.

Problem Formulation

In this work, we assume that the hybrid multi-agent system consists of n agents which are
continuous-time and discrete-time dynamic agents, labelled 1 through n, where the number
of continuous-time dynamic agents is ¢, ¢ < n. Without loss of generality, we assume that
agent 1 through ¢ are continuous-time dynamic agents. Moreover, Z. = {1,2,3,...,c},
Z\Z. = {c+1,¢+2,¢+3,...,n}. Then, the dynamics of agent ¢ with non-zero scalar scale
5; are as follows:

{lez(t) = Ui, for ¢ € I,

6.1
ﬁ,;d]i(tk_;,_l) = ﬁzl’z(tk> + Ui(tk), i, = k’h, keN for 7 € In\IC, ( )

where h is the sampling period, z; € R and u; € R are the state and control input of agent
i, respectively. The initial conditions are z;(0) = x4, and x(0) = [10, T20, -, Tno|” -

Definition 6.1.1. The hybrid multi-agent system (6.1) is said to reach scaled consensus

to (f1,...,,) in mean square if for any initial conditions, we have
Jim E(|5iei(t) ~ s ()) =0, for i € T, 6:2)
and
lim E(|Ber(t) - By, (0] =0, for ij € L. (6.3
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Definition 6.1.2. The hybrid multi-agent system (6.1) converges scaled consensus to

(b1, ..., By) in almost surely if for any initial conditions, it holds that
P{Jim [|Beri(te) — o, (6]l = 0} = 1, for ij €T, (6.4)
and
P{tliglo | Bixi(t) — Bz (t)|| =0} =1, for i,j € L. (6.5)

Remark. It is obvious that reaching scaled consensus in mean square (almost surely) can
guarantee reaching standard consensus in mean square (almost surely) when scalar scales
B; = 1 for all i.

6.1.1 Consensus results

In this section, the scaled consensus problems of hybrid multi-agent system (6.1) have been
studied under two kinds of control inputs (consensus protocols), respectively.

Case 1

In this section, we assume that all agents communicate with their neighbours and update
their control inputs in a sampling time t;. Then, the consensus protocol for hybrid multi-
agent system (6.1) is defined as follows:

wi(t) = 18i] Y aiglBim;(te) — Biwi(te)], for ¢ € (g, tpr1], i €ZLe
JENT 6.6
wilty) =h- |81 Y ay(Biz;(te) — Bwi(ty)],  for i € T\L,, (60
JEN;

where A = [a;;] is the weighted adjacency matrices associated with the graph G, h = h; =
tgi1 — tg for all ¢ is the sampling period.
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Theorem 6.1.1. Let B; # 0 be any scalar scale of agent ¢ and assume that 0 < h <
(dmawBmaz) " Then, the hybrid multi-agent system (6.1) with the protocol (6.6) reaches
scaled consensus to (31, ..., 3,) in mean square if and only if G is connected.

Proof. (Sufficiency) Let 5; # 0 be any scalar scale of agent i, we first show that equation
(6.2) holds. From (6.1) and (6.6), one has, for t € (tx, tgr1],

Bixi(t) = Bixi(ty) + (t — te)| Bl Z ai;|Bixi(ty) — Biwi(ty)], for i €L,

JEN;
. (6.7)
Bixz’(tk—&-l) - @'%’(Uz) + h|Bi‘ Z Q5 [53'96’3' (tk) - @;Ii(tk)], for 7 € In\Ic-

JEN;
Therefore, it follows that
Bixi(ter1) = Biwi(tr) + hBi| Z aij[Bjx;(t) — Bixi(ty)], for i €I, (6.8)
JEN;

Let z(ty) = (z1(tg), v2(tg), ..., zn(tx))T € R™, B = diag(By, b2, ..., Bn) € R, |B| =
diag(|p1l, |Pals -y |Bn]) € R™™ and H = diag(hy,ha,...,h,). Then, equation (6.8) can
be written as

Bx(tyi1) = [I, — H|B|L|Bx(ty), (6.9)
which is equivalent to
Bx(t,) = [1, — H|B|L])"Bx(0). (6.10)
_ 1
Since G is connected and h < XA by Lemma 4.1.1, we know that [L, — H|B|L] is

SIA. Then, by Lemma 2.6.3, one obtains

Wi, = L, — H|B|L]*

1T
n
% are as the

is also SIA. Moreover, it follows from [57] that the eigenvalues of W;, —

form

A= (1= HN(BIL )™, i=2,...n.

Since L,, is a symmetric positive semi-definite matrix, so all its eigenvalues are non-negative
and

0= M(IB[Ls,) < Ma(|B[Ly,) < --- < Au(|B|Ly,). (6.11)
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1
It follows that Ay (W;,) = 1 with the corresponding eigenvector u; = —=1,,. Also,

vn

1,17

p(Wtk — ) = max (|)\2(VVtk)|,...,|)\n(Wtk)|). (6.12)
By Lemma 2.4 [57], we have
- 2 1,1, 112
1Bz (ts1) — 2||* < p*(We, — Bz (ty) — x| (6.13)
which implies that
112 2 1,1, 2 1,1 112
1Bz (ty) — z||* < p* (Wi, — ) 0?(We, — )[[Bz(0) — . (6.14)

n

Taking the expectation on both sides of (6.14) and using the independent property of
random matrix W, , we have

1,17 1,17

E(|Bz(te) — 7]*) < E(p*(Wy — =) - E(p* (Wi, — =) [1B(0) — 71",

1,17

2
= z‘:or,rll,?.)li—lE(p (Wti B

) (1B2(0) — 1% (6.15)

In order to prove that the state vector sequence of system (6.15) converges in mean square,
1,17

)) <1fori=0,1,.... By Lemma 2.2 [57],
1,17

we only need to prove that E(,o2 (Wti —

it can be seen that the eigenvalues of W, — are \;, where

A = (1 - h/\ti(|B|[rti))di, 1=2,3,...,n.

Based on Gersgorin Disc Theorem [19], we have the sampling period

0<h< 1 < 1
dmaxﬂmur B 5\7’1

with non-zero probability where ), = _ nax 1{)\n(£ti)}. This implies that

1,17
(1 - h)‘tz(|‘8|£tz))dl >0 and pz(Wti - =

) = (1= hXo(|BIL,,)) < 1.
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Since the expected graph G is connected, there is at least one graph G with non-zero
probability for Ag(L) > 0. Thus,

1,17
(1 —hN(IBIL))* <1 = E(p* (W), — —2

)) < 1.

Hence, til_{rcl)o]E[HBx(tk) —z|]*] = 0. ie,

tii_EnOOE[Hﬁixi(tk) — Bjz;(ty)|]?] =0, for i,j €L, (6.16)

Now, we will show that
lim B(|| B (t) — Biz;(1)?) =0 for 4,5 € Z..
— 00
Consider, for i,j € Z. and any 3; # 0,

|Bii(t) — Biw; ()| < | Biws(t) — Biwi(tr)|| + || Bizi(tr) — Bz ()]
+ |18z (tr) — Bz (t)]]. (6.17)

It is obvious that

1Bii(t) = B ()I* < [|Biwi(t) — Biwa(t)|* + | Biwi(ti) — By (te)|I”

+ |18 (te) — Biz; (1), (6.18)
and hence
E[llBixi(t) — Biz;(®)|1?] < E[l|Biwi(t) — Biws(tp)ll?] + E[|| Biai(te) — Bja;(te)]?]
+ E[11 85 (tk) — Bz; (1)]7]. (6.19)

From equation (6.7), one obtains, for t € (t, txr1],

1Bii(t) = Biwi(t) > < RIBi D ail| Biw; (tx) — Bii(t) |1* (6.20)

JEN;

Hence,

E[||Bii(t) — Biwat)l’] < hIBi| Y aiE[B5;(t) — Bixa(ti) %] (6.21)

JEN;
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As t — oo, we have t; — oco. Thus,
—00
Taking the limit as ¢ — oo on both sides of equation (6.19), one obtains
lim E||Bzi(t) - Biz(®)|] =0 for i,j € L.
Therefore, the hybrid multi-agent system (6.1) with protocol (6.6) reaches scaled consensus.

(Necessity) If the expected graph is G which is not connected, there exist at least two
components with zero probability of communication between each other. This implies that
there is no path between two components. Hence, the information of these two components
cannot reach consensus for any initial condition. O

Theorem 6.1.2. Assume that the sampling period 0 < h < Then, the HMAS

dm[lfﬂ/BmCLx .
(6.1) reaches scaled consensus to (f,...,3,) almost surely if and only if the expected

graph G is connected.

Proof. (Sufficiency) Assume that G is connected. Let x(t) = [z,(t),...,z,(t)]7, as a
result of Markovapo’s inequality, for any a > 0, we have

P{||Bz(t) — z|* > a*} < E[Hﬁx(i’? —z||”]

. (6.22)

Because ||Sx(t,) — z||* > a? is equivalent to ||Bx(t) — Z|| > a, inequality (6.22) can be
written as

E[||Bx(tr) — 7|°]

P(w(te) — ] > a} <~ Z T (623
It follows from Theorem 6.1.1 that
B0(t101) = 717 < (W, — 2222) (1) - 3.
Therefore,
> F{loln) 2 a} < E“'ff((f’“_) ;f”z], (6:24)
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1,17

—_— 2 j—
where a@ = 1:0{111?.?2—1{E (P> (W,

P{||px(ts) — Z|| > a i.0.} = 0. Thus, we conclude that agents reach scaled consensus
almost surely. i.e.,

)]}. Using the Borel-Cantelli Lemma leads to

P{lim_[|Bi(te) = By ()| =0} =1, for i,j €T,

or fx;(ty) = Bixi(tx) almost surely for all 4, j € Z,.
Consider, for i,j € Z. and any ; # 0,

|Biws(t) — Bjz; (t)|| < || Biwi(t) — Bawa(te) || + ||Bizi(te) — Bjx;(te)||
+ 1Bj25(te) — Bz ()| (6.25)

From equation (6.7), one obtains, for t € (t, tx+1],
1B (t) — Bus(te) || < RIB Y assll B (t) — Biwi (). (6.26)
JEN;

As t — o0, t — oo and from the previous discussion, we know that 5;z;(tx) — Bizi(tx)
almost surely for all 7,7 € Z,. It can be seen from (6.26) that 5;z,(t) — S;x;(t;) almost
surely for all 4, j € Z. as t — oo. And hence, from (6.25) , one obtains §;x;(t) — Bxi(t)
almost surely for all 7,57 € Z, as t — oc.

(Necessity) The proof is similar to the argument used in Theorem 6.1.1. O

1
Corollary 6.1.2.1. Assume that the sampling period 0 < h < W and the expected
_ max/~max
graph G is connected. Then, the following statements are equivalent

(a) the HMAS(6.1) reaches scaled consensus in mean square;
(b) the HMAS(6.1) reaches scaled consensus almost surely.

Proof. Based on Theorem 6.1.1 and Theorem 6.1.2, it is obvious that (a) <= (b). O
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Case 11

In this section, we assume that all agents communicate with their neighbours and update
their control inputs in a sampling time ¢, where each continuous-time dynamic agent
can observe its own state in real time. Then, the scaled consensus protocol for hybrid
multi-agent system (6.1) is defined by:

wi(t) = |81 Y ai By (te) — Bi(t)), for t € (tp, trs], i €L,
JEN
| (6.27)
wite) = h- 8 Y ailBa;(te) = Biwi(ty)],  for i € T\L,
JEN;

where A = [a;;] is the weighted adjacency matrices associated with the graph G, h = h; =
tgi1 — tg for all ¢ is the sampling period and f; # 0 is a scalar scale of agent i.

Theorem 6.1.3. Let 5; # 0 be any scalar scale of agent ¢ and
1 — e~ Xj=1915|Bilh 1 — e~ 2j=19cjlBelh
— — h, h}

doimaylBil T D00 aglBel

1
Assume that 0 < h < ————. Then, the hybrid multi-agent system (6.1) with the

dmaxﬁmax
protocol (6.27) achieves scaled consensus to (f1,. .., 3,) in mean square if and only if the

expected graph G is connected.

H = dz'ag{

Proof. (Sufficiency) We first show that equation (6.2) holds. From (6.27) we know that
for ¢t € (tkathrl],

(Bizi(t) = Bixi(ty) - e
_ o e aig|Bil(E—t
+|5i] (1 < ) Z aij|Bir;(ty) — Bivi(ty)], for 1€,
JEN;

E}lzl az]|52|
Bizi(tir1) = Bii(tr) + h|fi| Z aij[Bj;(te) — Bizi(ty)], for i € T,\I..
\ JEN;
(6.28)
Accordingly, at time t;,1, the states of agents are
(Biwi(tepr) = Bizi(te)
8 \(1 - Z'B) S a8 (1) — Bialty)], for i €T
+|D; ) Qi i (ty) — 1xlt s or 1€ c
Soaglsl ) ST g (6.29)
Bizi(t1) = Biwi(tr) + h|Bi| Z aij|Bjx;(ty) — Bizi(ty)], for i € T,\I..
\ JEN;
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Letting z(ty) = (21(t), v2(tr), ..., 2o (tr))T € R, B = diag(By, Ba, ..., Bn) € R,
|B| = diag(|51], |52], - | Bn|) € R™™, equation (6.29) can be written as

Bx(tys1) = (I, — H|B|L|Bx(tx) (6.30)
which is equivalent to

Bx(ty) = [I, — H|B|L]*Bx(0), (6.31)

1 — e~ Xj=1915lB1lh 1 — e~ 2j=19cjlBclh
where H = dmg{ S c ,h, ,h}

doimaylBl T YT aglBel
1 — e~ Xj=19ijlBilh . 1
21 @ij|Bi] diz| B

1 1
andh<m,that0<hi<mfor[{.

Because the expected graph G is connected, by Lemma 4.1.1 and Lemma 2.6.3, one obtains

It follows from

for 1 €7,

Uy, = (I, — H|B|L)"

117"
is STA. In addition, we know from Lemma 2.2[57] that the eigenvalues of U;, — — are
n

A= (1—HN(BIL), i=2,...,n.

Since L is a symmetric positive semi-definite matrix, all its eigenvalues are non-negative
and

0= M(BIL) < M(BIL) < - < M(IBIL). (6.32)

1
It follows that Ay (U, ) = 1 with the corresponding eigenvector u; = —1. Also,

NG

(U — %) = max (MU, s PalT3))- (6.33)

By Lemma 2.4 [57], we know that

_ 1,17
182 (thsr) — 2> < p* (U, —

) 1B (t) — 2 (6.34)
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which implies that

1,17 1,17

n

1B(ts) — Z|* < p* (Us, — )0 (Vs — )18z (0) — z]|*. (6.35)

Taking the expectation on both sides of (6.35) and using the independent property of
random matrix Uy, , we have

1,17 1,17

(| An(te) - 71%) < E(p* (U — 202)) - B (2 (U, — ) Aa(0) — o
1,17 _
< _max E(p*(U, = =))"|82(0) — 2| (6.36)
From [57], we know that the eigenvalues
i = (1—hX\,(|1BI1L)%, i=2,3,...,n.

Based on Gersgorin Disc Theorem [19], we have the sampling period

0< h< 1 < 1
dmax@maw B 5\7’7,

with non-zero probability where )\, = _ nax I{An(ﬁti)}. This implies that

1,17
BlLu)™ 20 and p*(Ur, — =) = (1= hAo(|B]L£0))*" < 1.

(1 - h'>\tz(

Indeed, the expected graph G which is connected shows that there is at least one graph G
with non-zero probability for A\y(L£) > 0. It is obvious that

1,17
(1—hN(BIL)* <1 = E(p*(U,, — —2

)) < 1.

Thus, tlim E[||8z(tx) — Z|*] = 0. This implies that
L —00

Jim E[|Bizi(ty) — Bjz;(tr)|]?] =0, for i,j € T, (6.37)
k—>00

Now, we will show that

tli}m E(Hﬁzxz(t) — ﬁJLCJ(t)H2> =0 for Z,_] € Ic.

155



Consider, for i, 7 € Z. and any (; # 0,

|Bizs(t) — Bz (t)|| < [|Bixi(t) — Biwi(te) || + || Bizi(te) — Biz;(t)||
+ 1Bj25(te) — Bz ()| (6.38)

It is obvious that

1Bii(t) = Bz (O < N|Bii(t) — Biwa(ta)II* + | Biwi(ti) — By (ta) I

+ |18 (te) — Biz; (1), (6.39)
and hence
E[llBixi(t) — Biz;(0)|1?] < E[l|Biwi(t) — Biws(te)ll?] + E[|| Biai(te) — Bia;(te)]?]
+ E[11825(tr) — Bia; (1)]17]. (6.40)

From equation (6.28), one obtains, for t € (tg, txi1],

18iwi(8) = Bas(t)I* < RIBi D aijll By (te) — Biws(t) I (6.41)

JEN;

Hence,

E[||Bi:(t) = Bixs(t)|I*] < BB D auB[[1852;(t) — Bia(te) 7] (6.42)

JEN;
As t — oo, we have t, — oo. Thus,
tli)rgoE[Hﬁle(t) — Bizi(ty)]]?] =0 for 4,7 € I..
Taking the limit as t — oo on both sides of equation (6.40), one obtains
tlgcr)loE[Hﬁle(t) — Biz;(1)]*] =0 for i,j € Z..
Therefore, the hybrid multi-agent system (6.1) with protocol (6.27) reaches scaled consen-
sus.

(Necessity) The proof is similar to the necessity part of the previous theorem, so it is
omitted. [
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Theorem 6.1.4. Assume that the sampling period 0 < h < . Then, the HMAS

dmawﬁmax
(6.1) with protocol (6.27) reaches scaled consensus to (i, ..., 3,) almost surely if and only

if the expected graph G is connected.

Proof. (Sufficiency) Assume that G is connected. Let x(t) = [z1(t),...,2,(t)]T, as a
result of Markovapo’s inequality, for any a > 0, we have

P{||Bx(ts) — 7|* = a”} < E[”ﬁ””(zﬂ; —7|’]

. (6.43)

Because ||fz(t,) — Z||* > a? is equivalent to ||Bz(tx) — Z|| > a, inequality (6.43) can be
written as

E[||8(t:) — 7|

P{l|Ba(ty) — 7]l = a} < e : (6.44)
By Theorem 6.1.3, it is easy to know that
_p) 2 1,1, P
B2 (tksr) = 2|* < p* (Wo, — =) |8 (ti) — 2"
Therefore,
- _ ElllBz(ts) — z||°]
S B{ () - 7 > a} < S , (6.45)
— a’(1 — «)

1,17

where @ = max {E[p*(W,, —

_Jnax )} }. Using the Borel-Cantelli Lemma leads to

P{||Bz(tx) — Z|| > a i.0.} =0.
Thus, we conclude that agents reach scaled consensus almost surely. i.e.,
P{Jim ||Bizi(ts) — Bjz;(te)ll =0} =1, for 4,5 € I,
or B;x(ty) — Bixi(ty) almost surely for all i, j € Z,,. Consider, for i, j € Z. and any 3; # 0,

|Bsi(t) — B ()| < | Biws(t) — Bixs(tr)|| + || Bii(tr) — By (tr) ||
+ |18z (tr) — Bz (t)]]. (6.46)
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From equation (6.28), one obtains, for t € (tx, txr1],

1Bii(t) = Biwi ()| < Al Y asl| By (1) — Bt - (6.47)

JEN;

As t — o0, ty — oo and from the previous discussion, we know that §;x;(ty) — Bizi(ty)
almost surely for all ¢,5 € Z,. It can be seen from (6.47) that 5;z,(t) — Sixi(t;) almost
surely for all ¢,j € Z. as t — oo. And hence, from (6.46), one obtains f;x;(t) — B;z;(t)
almost surely for all 7,7 € Z. as t — oo.

(Necessity) The proof is similar to the argument used in Theorem 6.1.3. [

1
Corollary 6.1.4.1. Assume that the sampling period 0 < h < W and the expected
graph G is connected. Then, the following statements are equivalent

(a) the HMAS(6.1) with protocol (6.27) reaches scaled consensus in mean square;
(b) the HMAS(6.1) with protocol (6.27) reaches scaled consensus almost surely.

Proof. Based on Theorem 6.1.3 and Theorem 6.1.4, it is obvious that (a) <= (b). O
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Chapter 7

Conclusions and Future Research

In this chapter, we summarize the results of this thesis and suggest possible future work
related to the topics that we have studied in the thesis. In the present thesis, some
consensus problems of hybrid multi-agent systems have been studied as follows.

In Chapter 3, consensus problems of directed hybrid multi-agent systems under fixed
topology with (and without) communication delays have been studied. We assume that
all continuous-time dynamic agent communicate with their neighbors and update their
own states in real time, while the discrete-time dynamic agents communicate with their
neighbors and update their own states at time t5. Our results show that the hybrid multi-
agent system system (3.1) reaches consensus if G.UG" and G;UG" are balanced and contain
a spanning tree under the sampling period 0 < h < (de.) " and some conditions.

In Chapter 4, scaled consensus problems for the hybrid multi-agent system have been
investigated by using impulsive consensus protocols if the directed communication networks
G contains a spanning tree with 0 < h < (dmaxﬁmax)_l. Moreover, the scaled consensus
problems of multi-agent systems under fixed and switching topologies have been studied
by introducing impulsive protocols together with some appropriate conditions. In addi-
tion, scaled consensus problems have been studied in multi-agent systems with external
disturbances, some conditions are introduced to guarantee reaching scaled consensus and
satisfy robust H,, performance. Furthermore, our results show that the scaled consensus
can be guaranteed if the sampling period h is bounded by some values depending on the
scalar scales and degree of networks.

In Chapter 5, finite-time scaled consensus problems of multi-agent system have been
studied. By using Lyapunov finite-time consensus theorem, algebraic graph theory and
matrix theory, some conditions are provided to guarantee achieving scaled consensus in
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finite time. Firstly, a scaled consensus protocol have been proposed for solving finite-time
consensus problems of hybrid multi-agent systems via impulsive control. Secondly, the
finite-time scaled consensus of multi-agent systems with (impulsive) perturbations have
been investigated and the impulsive consensus protocols are introduced which can guaran-
tee reaching scaled consensus if the perturbations are small enough.

In Chapter 6, the scaled consensus problems of hybrid multi-agent systems have been
studied in random networks. Two scaled consensus protocols are introduced depending on
the communication among agents. Firstly, we assume that all agents communicate with
their neighbours and update their control inputs in a sampling time t;. Secondly, we study
scaled consensus problem when all agents communicate with their neighbours and update
their control inputs in a sampling time t;, but continuous-time dynamic agent can observe
its own state in real time.

In the future, it might be possible to study the scaled consensus problems of hybrid
multi-agent systems under nonlinear protocols, partial scaled consensus problems, complex
consensus problems and examine how to apply the idea of scaled consensus into edge
dynamics problems.
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