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Abstract

The machining industry is constantly challenged through increasing demands for pro-

ductivity and stringent part quality requirements such as dimensional accuracy and surface

quality. Physics-based models are becoming more commonly employed in the manufactur-

ing industry for traditional machining processes like turning, milling, and drilling. By uti-

lizing such models, machining process planners can optimize productivity while preserving

or improving part quality, through virtual manufacturing of the components ahead of time

via realistic simulations. In this context, cutting force prediction models are essential for

machining process simulations. For traditional machining operations, where the cutter and

workpiece geometries and kinematics are simple, cutting forces can be calculated via ana-

lytical equations. However, in complex processes like 5-axis milling, turn-milling and gear

machining, the cutter-workpiece engagement is very complex and is best calculated using

geometric CAD modelers. This engagement information allows for cutting forces along

the cutting edge of the tool to be computed and summed up. Modeling the cutting forces

also provides insight into the torque/power requirement, elastic deformation, vibrations,

and machining stability (chatter) during the process, which are the primary factors that

contribute to dimensional inaccuracies, surface location errors, and poor surface finish. By

integrating these models, a comprehensive physics-based approach to machining processes

can be developed, allowing for accurate simulation, prediction, and optimization of part

quality. The main objective of this thesis is to establish the very first steps of such an inte-

grated simulation environment for the gear hobbing process, by investigating the efficient

prediction of cutting forces and elastic deformations.

Hobbing is a high-speed and accurate gear cutting process used extensively to pro-

duce external gears – which are essential components in power transmission, automotive,

aerospace, and automation (e.g., robotics) applications. The hobging process involves feed-

ing a rotating cutting tool (known as a ‘hob’) into a workpiece (referred to as blank gear)

that is rotating while the two are meshed together, as would be in worm-gear mechanism.

This results in the continuous removal of chips during the process. Unlike conventional ma-

chining operations, hobbing has complex tool and workpiece geometries, and complicated
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kinematics with multi-axis motions. In this thesis, a mathematical model of the hobbing

kinematics is developed and validated through collected CNC signals obtained using the

Siemens 840D controller of Liebherr LC500 hobbing machine.

The cutter-workpiece engagement is calculated using an efficient discrete geometric

modeler in tri-dexel format. Using Delaunay triangulation and alpha shape reconstruction,

the 2D cross-section of the uncut chip is created from its internal data. This cross-section

is then utilized to approximate the local chip geometry along the discretized cutting edge

of the tool. Each node along the cutting edge represents a generalized oblique cutting

force model with specific rake and inclination angles, and principal directions (i.e., tangen-

tial, feed, and radial). At each time step, the incremental forces for the engaged cutting

edge nodes are computed and ultimately integrated to obtain the total cutting forces. Us-

ing a rotary dynamometer, the proposed cutting force model has been validated through

cutting trials on a Liebherr LC500 CNC hobbing machine. The tests involved cutting

of several spur and helical external gears with varying process parameters in single and

two-pass processes. The model reasonably captures the overall behavior of the measured

forces, min/max force envelopes and cutting strokes with the RMS error being 7-21% for

roughing passes and 24-36% for finishing passes throughout the tests, which is reasonable

for machining process planning. In the finishing cut, due to the forces being smaller, the

signal-to-noise ratio and apparent prediction accuracy are worse.

The elastic deformation is modeled based on the static stiffness of the tooling and work-

piece assemblies. The stiffness is approximated from experimentally-measured mechanical

frequency response functions (FRFs). The expected elastic deformations are computed by

dividing the cutting forces by the static stiffness values. The calculated deflections are then

used to superpose the tool’s nominal position in the time-domain simulation of the gear

machining operation, thereby gears to be ‘virtually-machined’ with errors originating both

from the kinematics of the hobbing feeding process, as well as the mechanical elastic defor-

mations. The virtually-produced gears are then measured according to the ANSI/AGMA

standard for gear inspection, using the integrated gear cutting simulation and metrology

software developed at the University of Waterloo, and the prediction results are compared

with the quality inspection measurements taken from physically machined gears, using a
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GLEASON 300GMS Lead & Involute Checker. The lead deviation predictions showed

good correlation, while profile deviations require further research.

Overall, this thesis has achieved a detailed physics-based model for hobbing, which

focuses on the kinematics, chip geometry, cutting forces, and elastic deformation. Future

research will explore error sources in the cutting force model prediction, enhancing the

elastic deformation model, and developing models for vibrations and chatter.
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Chapter 1

Introduction

1.1 Background

Gear hobbing is a machining process that is used to produce accurate spur and helical

external gears. This process involves the use of the hob, which is a cutting tool with teeth

that shaped like those of a worm-gear. The hob is rotated and fed into a rotating blank

gear, cutting away excess material and leaving behind the desired gear shape (see Figure

1.1 which illustrates three of the most widely used gear machining processes).

Figure 1.1: Schematic overview of different gear-cutting processes
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In general, gear hobbing is a more efficient manufacturing process than gear shaping,

which loses time due to its reciprocating action, and it is also more rigid compared to gear

power skiving, which necessitates a motion delivery elements than introduce extra struc-

tural flexibility. However, due to the hob geometry and its alignment with the workpiece,

the hobbing process is not suitable for producing internal gears. Despite this limitation,

hobbing is a versatile operation that can be used to manufacture a variety of externally-

toothed gears, such as spur, helical, spiral, or worm gears [1].

It is crucial to have a thorough understanding of the underlying physics behind hob-

bing, given its extensive use in gear manufacturing. Gears are used in nearly every industry

sector, including automotive (e.g., E-vehicles), aerospace, energy production, automation

(e.g., robotics) and many others. By fully understanding a gear machining process, a

physics-based model can be developed which ultimately assists process planners to effi-

ciently design and optimize processes, in order to improve or maintain accuracy require-

ments, while reducing the cycle time, and energy consumption. This is also a step toward

Industry 4.0 objectives, where reliable production with minimum human interference can

be achieved [2].

1.2 Thesis Objective

Physics-based models for the gear hobbing operation have been developed with an empha-

sis on cutting force prediction. As with other metal cutting methods, the cutting force in

hobbing is directly proportional to the amount of material removed from the workpiece by

the cutter. Force prediction is also at the heart of predicting other process attributes and

outcomes, such as power/torque consumption, and final part quality. In machining termi-

nology, the geometry of the removed material is often referred to as the Cutter-Workpiece-

Engagement (CWE). In hobbing, most of the studies focus on the prediction of cutting

forces using solid modelers as CWE calculators. Although highly precise, in solid modeling

engines, complex equations (of the spline curves or surfaces) must be solved analytically to

obtain intersection information, which makes them computationally inefficient, especially
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as the complexity of the workpiece increases with successive cutting motions. Addition-

ally, physics-based models have not yet been developed to predict the elastic deformations,

vibrations, and their effect on the finished gear quality.

This thesis aims to develop a comprehensive hobbing model which uses a discrete

geometric modeler to calculate CWE. Discrete modelers approximate the cutter and work-

piece utilizing orthogonal lines (dexels) or cubes (voxels), which allow for simple and time-

efficient 3D intersection calculations. Discrete geometric modelers provide computational

efficiency which make them suitable to be used in CAD/CAM software and be successfully

embedded inside Industry 4.0 type systems. Motivated by these ideas, the main objectives

of this thesis have been to:

� Develop cutting force model for gear hobbing operation using a tri-dexel discrete

geometric modeler

� Model the elastic deformation of the cutter and workpiece, and their influence on the

finished gear quality

The components of the developed virtual model are shown in Figure 1.2.

1.3 Thesis Layout

The existing literature on conventional metal cutting operations as well as gear machining

is reviewed in Chapter 2. In conventional cutting operations (e.g., turning, boring, milling

and drilling), analytical expressions can be used to describe the uncut chip geometry. Thus,

the cutting forces can be predicted analytically. This allows the employment of analytical

methods to model elastic deformations, vibrations, chatter stability, and finished part

quality. However, analytical models are limited and inefficient in modeling processes where

the tool path or the workpiece geometry is complicated (e.g., in 5-axis machining of an

airfoil), and in operations where the CWE is complex (e.g., in gear cutting via generative

methods, like shaping, hobbing, and power skiving). In such processes, it is practical to use
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geometric modelers in extracting the CWE information. After reviewing the gear hobbing

literature, it has been found that there is a lack of a comprehensive physics-based model

which can be utilized efficiently and fast computational speeds.

The kinematic model of the gear hobbing is described in Chapter 3. The kinematic

model is a vital component in achieving the cutting force prediction, since it defines the

precise multi-axis cutting motion. The mathematical model is established based on the

geometry of the hob and workpiece, as well as the process parameters (e.g., cutting speed,

feeding strategy, feedrate values, depth of cut, number of passes). In this context, homo-

geneous matrix transformations are used to represent the position of each point located on

the cutting edge of the tool in different coordinate systems, such as the tool, workpiece,

and machine coordinate systems (TCS, WCS, and MCS). The simulated kinematic model

is compared with the captured CNC (Computer Numerical Control) data of a Liebherr

LC500 CNC hobbing machine during cutting trials and good agreement is observed. The

kinematic model is also coupled with the tri-dexel based simulation engine, which was then

verified to produce the expected gear geometries.

In Chapter 4, the calculation of CWE and the prediction of cutting force are explained.

This is the core chapter of this thesis. The chapter begins with extraction of the uncut

chip geometry, which is necessary for the calculation of the cutting forces. To simulate

the material removal process and CWE, the ModuleWorks engine is utilized, which is an

efficient and robust commercial tri-dexel discrete modeler, utilized in CAM (Computer-

Aided Manufacturing) software. At every time step, the CWE information is populated

as a 3D point cloud. The 3D point cloud encapsulated by contours is intersected with

the hob’s rake face to form a 2D point cloud. Then, Delaunay triangulation is applied

to the point cloud, creating a convex hull. Finally, alpha shape reconstruction is used

to estimate the uncut chip geometry in 2D. The chapter then proceeds to explain the

developed cutting force model. With the knowledge of the kinematics, the model is able

to successfully resolve the local inclination and normal rake angles along the discretized

length of the cutting edge, as required by the oblique cutting force model. The localized

2D chip geometry and cutting conditions (e.g., rake and inclination angles) are used in a

generalized oblique cutting force model to predict the forces in three principal directions
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(i.e., tangential, feed and radial) along each discretized node. The overall cutting forces

are obtained through the summation of these incremental force contributions.

Chapter 5 discusses the validation of the proposed cutting force model via gear hob-

bing cutting tests. Due to the complex geometric topology and kinematics of the hobing

process, direct measurement of cutting forces is very challenging and has rarely been im-

plemented in literature. In this thesis, the cutting forces were measured with a Kistler

9123C rotary dynamometer (originally designed for milling) that was attached with a spe-

cially designed apparatus to a Liebherr LC500 hobbing machine using. To compensate for

measurement distortions caused by the vibrations of the fixture/dynamometer assembly,

Kalman Filtering technique was implemented. Using a small portion of the data (i.e., only

40 seconds of a 200 second trial), the parameters of different cutting force models were

calibrated. The identified parameters were then used to simulate the forces for all of the

cutting trials, which involved spur and helical gears machining with different axial feed

rates in single- and two-pass processes. The prediction results are in good agreement with

the measurements throughout the cutting trials, with the root mean square (RMS) error

ranging from 7-20% for roughing passes and 24-36% for finishing passes, which is consid-

ered reasonable in industrial machining process planning. Additionally, the accuracy with

the three different cutting force models developed in Chapter 4 are compared, and it is

shown that the Kienzle model exhibited the best performance.

Chapter 6 introduces a model for calculating the elastic deformation of the hob and the

gear. The static stiffness of the hob and gear are determined through impact hammer test-

ing. This test provides an estimate of the stiffness, which is used to calculate the bending

deflection of the components based on the cutting forces. After production, gears from two

different setups were inspected on a GLEASON 300GMS Lead & Involute Checker and

compared with the virtual gear quality predictions obtained with the elastic deformation

model – as evaluated using University of Waterloo’s integrated gear cutting simulation and

virtual metrology software. The results from virtual gear metrology exhibited a good cor-

relation with the actual measurements in predicting the lead errors. However, additional

research is still necessary to enhance the predictions for profile deviations. Nevertheless,

this thesis presented for the first time an integrated hobbing process simulation environ-
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ment, based on discrete geometric modeling, which achieves both force and part quality

prediction.

Figure 1.2: Components of a comprehensive virtual model for gear hobbing
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This thesis makes the following contributions:

� Development of a cutting force model using a multi-dexel geometric engine, which

provides a comprehensive understanding of the forces involved in the hobbing process.

This model takes into account various factors such as tool and gear geometry, material

properties, and cutting parameters, allowing for accurate predictions of cutting forces.

� Development of an elastic deformation model, which considers the deflection of the

workpiece and tool during the hobbing process. This model helps to analyze the

effects of cutting forces on the manufactured gear quality, enabling a better under-

standing of the process and the potential for improving the machining performance.

� Measurement of cutting forces in hobbing using a rotary dynamometer, addressing

a gap in reported literature for this process. This has been achieved by developing

a specialized mounting fixture, applying dynamics (modal) analysis, and Kalman

filtering to correct for measurement distortions due to structural vibrations. Direct

cutting force measurements provided deeper insights into the hobbing process, and

also the validation of the developed simulation model.
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Chapter 2

Literature review

2.1 Introduction

Since the beginning of the new century, novel manufacturing techniques, along with ma-

terial sciences, more advanced automation, and computational capability, have achieved

significant progress [3]. While there have been improvements in additive and hybrid manu-

facturing, metal-cutting processes are still the preferred method in most manufacturing in-

dustries due to their higher productivity, better quality finished parts, and well-understood

physics. That being said, the perpetual demand of manufacturers for enhanced produc-

tivity while maintaining part quality, challenges researchers to advance beyond current

machining technology.

Several factors may limit the productivity and quality of the machined workpieces.

Among them, chatter vibrations, forced vibrations, and elastic deformations are of utmost

importance due to their catastrophic threats to the process productivity, quality of the

parts, and in severe cases the machine tool itself. To address these limitations, researchers

have created physics-based models that simulate machining processes to predict process

stability and finished part quality before cutting the actual part on a machine tool. These

models can eliminate the expensive process of trial and error and assist the machining

engineer in properly selecting the process parameters such as feed rate, depth of cut,
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and spindle speed. Physics-based models for the common cutting processes (e.g., turning,

boring, milling, and drilling) have been thoroughly developed, and systematically are being

applied in industry. The research in gear hobbing, however, is still in its nascent stages,

primarily because of the complicated geometry and kinematics of the process. This chapter

starts with reviewing the existing physics-based model for common metal cutting processes

in Section 2.1.1 and then continues with covering these models for gear cutting processes

in Section 2.1.2.

2.1.1 Common metal cutting processes

2.1.1.1 Cutter-workpiece engagement calculation

The primary objective of physics-based models has been to determine the uncut chip

geometry. Accurate resolution of uncut chip geometry allows for cutting forces, elastic

deformations, stability, and finished part quality predictions. In cutting processes wherein

the governing kinematics and cutter-workpiece engagement (CWE) are simple, uncut chip

geometry is approximated analytically. For example, in orthogonal turning of tubes, uncut

chip thickness is simply equal to the axial feed rate of the cutting tool. In turning operation,

however, the uncut chip thickness depends on the axial feed rate, depth of cut, and the

insert’s geometry as well (see Figure 2.1). For general turning, Enders [4] presented an

analytical expression for uncut chip thickness in which the effects of the insert’s true

geometry, axial feed rate and radial depth of cut, are considered (see Figure 2.2.a). As an

alternative approach, Ozlu [5] divided the cutting edge of the insert into small segments and

summed the uncut chip area of each segment to obtain the total chip area. The extraction

of uncut chip geometry in boring operation is similar to that of turning operation due to

their similar kinematics and CWE mechanism. Lazoglu [6], for instance, discretized the

cutting edge of the boring bar into several elements and determined the local uncut chip

area considering the effects of the axial feed rate, depth of cut, and the insert’s nose radius

and side edge cutting angle. Despite being a more complex and time-varying process, it is

possible to use a similar approach to calculate the CWE in milling. To achieve this, the
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Figure 2.1: (a) Turning operation, (b) True geometry of the insert [3]

length of the mill is discretized into smaller segments and at any time step (small rotation

of the cutter), the contribution of each segment to the total chip thickness is integrated

(see Figure 2.2.b). This method has been also applied to the face milling [7][8], helical end

milling [9][10] and ball end milling [11][12][13] operations. Despite the increased complexity

Figure 2.2: (a) uncut chip geometry in turning [4], (b) discretized helical end mill [3]

in the analysis of 5-axis milling, which involves the effects of the tilt and lead angle of the

mill, an analytical model for the uncut chip geometry is introduced by Ozturk [14]. A

similar approach is adopted in the extraction of the uncut chip geometry in drilling [15],
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orbital drilling operation [16] and multi-point thread turning [17]. Kaymakci [18] presented

a generic model for extraction of uncut chip geometry in turning, boring, drilling, and

milling operations with inserted tools. Analytical representations of uncut chip geometry

are available for various machining operations. It is worth noting though, it is necessary

to sufficiently simplify the geometries of the workpiece, cutter, and tool path in order to

obtain such models.

As an alternative to analytical approaches, geometric (also called solid) modeling ker-

nels which include exact and discrete-based engines can be used. These kernels are most

suitable to be embedded in CAD/CAD software wherein free-form geometries (e.g., airfoils

and turbine blades) are programmed to be machined in long and complicated tool paths.

In such operations, the kinematics of the process is complex, and therefore, the CWE is

irregular and time-varying rendering analytical derivation rather difficult. In exact solid

modelers (e.g., Parasolid and ACIS), the tool and workpiece are represented as continuous

volumes using mathematical equations. These representations can be mainly done in two

ways: (1) using Constructive Solid Geometry (CSG), and (2) using Boundary Represen-

tation (BREP) [19]. In the CSG-based CWE calculation, the swept volume is represented

by Boolean operations (i.e., union, difference, intersection) of primitive geometries such as

cubes, spheres and cylinders (for example, [20]). In the BREP-based CWE calculation,

the boundaries of the cutter and workpiece (e.g., surfaces, vertices, B-splines and circular

edges) are intersected analytically over the length of the tool path. For instance, Larue [21]

modeled the geometry of a tapered ball end mill analytically for the flank milling process

and determined the immersion angles over the course of the tool motion. Then, the CWE is

determined by intersecting the cutter surface with workpiece surface in ACIS. In a similar

manner, this method has been applied to the CWE calculation of 3-axis milling [22][23][24]

and 5-axis milling [25] (see Figure 2.3.a). In exact modelers, the engagement calculations

have to be performed at every cutter location point; hence, it requires intensive numerical

computations.

In contrast to exact modelers, discrete modelers represents the workpiece and tool

geometry approximately. One such discrete model is the multi-dexel representation in

which the workpiece and tool are represented using a series of orthogonal 3D line seg-
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Figure 2.3: (a) CWE calculation in 5-axes milling using BREP [25], (b) Representing the

workpiece geometry using the Z-buffer method [26]

ments. Based on the swept volume of the tool, the dexels of the workpiece are updated

(shortened, removed or split) [27], and then the engagement calculations are performed.

Dexel-based representation is the extension of the Z-buffer method [28] wherein a series

of one-dimensional lines determine the boundary of the geometries, as shown in Figure

2.3.b. Works of Fussell, [29] and [26], are the exemplary application of discrete modelers in

the CWE calculations of 3-axis and 5-axis milling using the Z-buffer method, respectively.

Recently, Comak [30] used MACHPro-Virtual Machining [31] software, which uses a tri-

dexel-based engine, to extract the CWE in turn-milling operation, which is more complex

than the conventional turning or milling due to the simultaneous rotation of the cutter and

workpiece. Due to the analytical schemes used in exact modelers, CWE can be accurately

determined at the expense of computational effort, whereas discrete modelers approximate

the CWE in a faster manner. The main advantage of these geometric kernels is realized

when they are coupled with physics-based cutting models in CAD/CAM software. When

implemented successfully, it allows complex geometries and tool paths to be virtually ma-

chined in parallel with the physics of the cutting process. This is a step toward meeting the

stringent requirements of the industry, as it enables precise process simulation, analysis,

and optimization.
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2.1.1.2 Cutting force models

With knowledge of the CWE and uncut chip geometry, the cutting forces are predicted

using available cutting force models. The magnitude of cutting forces are related to chip

thickness and width of cut by cutting force coefficients. The orthogonal cutting model is

the simplest model which is based on 2D mechanics of metal removal [32], and is often

used to explain the general case of cutting mechanics. For example in the simple case of

Figure 2.4: Orthogonal cutting force model (adopted from [3])

tube turning, the orthogonal cutting model can accurately capture the forces in the feed

(Ff ) and tangential (Ft) directions as shown in Figure 2.4.

Ft =Ftc + Fte = Ktcbh+Kteb

Ff =Ffc + Ffe = Kfcbh+Kfeb
(2.1)
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where b and h are the chip width and thickness, respectively. Also, Ktc, Kfc, Kte and Kfe

are cutting force and cutting edge coefficients in their respective directions.

Yet, most cutting operations are governed by 3D physics, and can only be accurately

modeled using the general oblique cutting model. In this model, the mechanics of cutting

process are described in three distinct directions (i.e., tangential (Ft), feed (Ff ) and radial

(Fr) as shown in 2.5) [3].

Figure 2.5: Oblique cutting force model (adopted from [3])

Ft =Ftc + Fte = Ktcbh+Kteb

Ff =Ffc + Ffe = Kfcbh+Kfeb

Fr =Frc + Fre = Krcbh+Kreb

(2.2)
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Above, Krc and Kre are the cutting force and cutting edge coefficients, respectively. The

tangential and feed equations and parameters are similar for the oblique and orthogonal

cutting force models.

There are two main approaches in determining the cutting force coefficients: a mecha-

nistic approach and an orthogonal-to-oblique transformation approach1[33]. In the mecha-

nistic approach, the coefficients are directly determined in cutting tests for each combina-

tion of workpiece material and tool geometry. In the orthogonal-to-oblique transformation

approach, fundamental of oblique cutting analysis is used in parallel with basic cutting

parameters from orthogonal database to establish coefficients for various tool geometries.

Although the mechanistic model is the most accurate, it requires a significant amount of

testing for each material-tool geometry pair. In contrast, the orthogonal-to-oblique trans-

formation method provides insights into the physics of the process, reduces the number of

testings, and can still yield acceptable results [33]. Cutting force models are simplified as-

sumptions of the cutting process, often neglecting nonlinearities or representing their effects

with bulk terms / parameters. However, these models and cutting force coefficients may

ultimately not be able to capture the complexities in full, leading to deviations between

predicted and actual forces. In such cases, having additional calibration data partially

ameliorates this shortcoming. While this section has provided an overview of the basic

principles, Chapter 4 will further discuss the available cutting force models and methods

for determining cutting force coefficients.

2.1.1.3 Form errors due to elastic deformations

Dimensional form errors are one of the main factors in finished part quality. In practice, the

tool and workpiece are not rigid, and therefore, they deviate from their nominal positions

during the cutting process causing poor part quality. For milling operation, Budak [34]

modeled the end mill as a cantilever beam and calculated the elastic deformation of the

tool under the static cutting forces (see Figure 2.6). The predicted deflection of the tool

is translated as dimensional errors on the workpiece. Later, Budak [35] improved the

1it is also called mechanics of cutting approach
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Figure 2.6: (a) Elastic deformation and imprinted surface in milling, (b) torsional and

bending stiffness modeling of an end mill [9]

model presented in [34] to account for the effects of varying workpiece dynamics during

peripheral milling of flexible plates. To achieve this, a Finite Element (FE) model of

the plate is created and nodal displacements are approximated from nodal cutting force

and stiffness matrices. In each feed location, the stiffness matrix is updated to include

the variable workpiece dynamics. Effects of different process parameters on the machined

surface are investigated which allowed for controlling the accuracy of the machined part

while maintaining the Material Removal Rate (MRR). Based on Budak’s works in [34]

and [35], several researchers attempted to improve the surface error predictions by using

higher order tool deformation theories [36], improving the FE model [37] and enhancing

the computational efficiency [38].

2.1.1.4 Vibrations in machining

Surface finish quality is also a decisive factor in determining the finished part quality. As

opposed to form errors, poor surface finish can originates from vibrations of the cutter

and workpiece. Vibrations may also lead to reduced productivity, and in severe cases may
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result in tool failure or machine tool damage. There are two main categories of vibrations

that occur during the cutting process: (1) chatter (regenerative or self-excited) vibrations;

and (2) forced vibrations.

Chatter is a self-excited vibration which initiates when one of the natural modes of the

system is excited by the cutting forces. Take orthogonal turning process as an example

as shown in Figure 2.7. When the cutting tool vibrates, it leaves a wavy surface on the

part (inner modulation) which will be cut in the next revolution of the workpiece (outer

modulation). The oscillations results in a time-varying chip thickness (also called dynamic

chip thickness h(t)), which in turn creates vibratory cutting forces. The phase difference

between in inner and outer modulation (ϵ) is the most important factor in the regeneration

process which depends on the cutting conditions and dynamic characteristics of the system

[39]. If the phase shift between the subsequent surface waves is very small, the system

will remain stable while producing a wavy-surfaced part. If the waves are out of phase,

however, the magnitude of the cutting force grows, and the system will become unstable.

Regenerative chatter can be modeled as a positive closed feedback loop block diagram (see

Figure 2.7). In this model, the vibration of the tool at the current time y(t) is subtracted

from its vibration at one revolution before y(t− T ) to obtain the dynamic chip thickness.

In Figure 2.7, Kf and a are the cutting force coefficient and depth of cut, respectively.

Also, m, c and k are the mass, damping and stiffness of the structure, respectively.

The theory of regenerative chatter was developed by Tlusty and Polacek [40] for a

simple but practical case of orthogonal turning, and then improved for milling [41]. To

improve the performance of these models, a truncated time-domain model was presented

in [42] that captured the real physics of chatter vibration in milling. For the first time,

Altintas and Budak [43] presented an analytical solution for the chatter problem in milling

by establishing a relationship between chatter frequency and spindle speed. By only in-

cluding the constant factor in the Fourier series expansion, which is called Zero Order

Approximation (ZOA), of time-varying terms they constructed the stability lobe diagrams

(SLD) in a fast manner2. The ZOA approximation only holds in milling with high im-

mersion cutting conditions. To develop the SLD for low immersion cutting cases, Budak,

2SLD assist the machinist to select a pair of the spindle speed and depth of cut to ensure a stable cut
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Figure 2.7: Self-excited chatter vibration in orthogonal cutting for a single degree of free-

dom system (adopted from [3])

in [44] and [45], included a higher number of harmonics in the Fourier series expansion

of the time-dependent factors. Using similar approaches, the chatter problem was also

investigated for 5-axis milling [46][14], turning [5][47], drilling [48][49] and boring [5].

The dynamics of the milling process can greatly affect its efficiency, with chatter being

a major cause of poor surface quality due to large forces and displacements. However, pro-

ductivity can also be restricted by forced vibrations that cause surface location errors, or

for a specific cutting process
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Figure 2.8: Regenerative chatter mechanism in milling operation [43]

inaccuracies in the geometric shape of the workpiece resulting from the tool’s dynamic dis-

placements during stable milling. In fact, every stable milling operation experiences forced

vibration in varying degrees. The synchronous vibration of the cutter results in surface

location error (SLE) as shown in Figure 2.9 [50]. As opposed to chatter, in synchronous

forced vibration, the tool is in the same position each time it creates a new surface, result-

ing in a smooth but overcut or undercut part. As the frequency of the forcing function

approaches a vibration mode of the system, the magnitude of SLE increases. The negative

effect of forced vibration during stable milling can be alleviated by modifying the tooth

passing frequency which can be accomplished by changing the spindle speed.
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Figure 2.9: Surface location error in milling [50]

2.1.2 Gear cutting process

In this section, the available literature for common gear manufacturing processes namely:

gear hobbing, power skiving, and gear shaping is presented. The main objective of this

part is to cover the processes of uncut chip extraction and cutting force prediction. It is

worth mentioning that there have been numerous studies on the tool wear and tool design,

as well as coating condition, in gear-cutting operations that are included briefly in this

study. A summary of this research is presented in a review paper [51] by Bouzakis.

2.1.2.1 Gear hobbing

The gear hobbing operation is a long-established gear manufacturing method, for which its

invention dates back to the late 19th century. Due to its high productivity and versatility,

the process has remained as one of the most prominent gear manufacturing methods. Chip

geometry and cutting forces in hobbing have been extensively investigated. Abood [52][53]

presented an analytical three-dimensional model to compute the cutting forces in gear

hobbing. Using homogeneous matrix transformations, the position of each point located

on the hob is represented in a fixed coordinate system on the gear blank. Later, the surface

generated by the hob motion in each instant is projected onto the xy plane of the gear
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and compared with the projected surface generated by the previous cutting tooth. Then,

the local chip area for each engaged point on the cutting edge is extracted and, ultimately

used to evaluate the cutting forces. The simulation results in [52] demonstrated a close

qualitative correlation with measured cutting forces. Due to the complicated kinematics

and CWE in hobbing, several researchers have employed exact geometrical modelers to

fully capture the uncut chip and machined gear geometry. Dimitriou [54][55] extracted

the uncut chip geometry for hobbing in a commercial CAD environment (BREP-based

modeler). In this method, the hob and gear geometries are fed into the CAD environment

wherein the hob trajectory follows the governing kinematics of the process. Then, by

sweeping the hob tooth profile along the trajectory, a 3D surface is generated for each

generating position. The uncut chip volume is extracted by removing parts of the workpiece

that are located outside of the generated surface. Next, the gear workpiece is updated by

performing a Boolean operation between the uncut chip volume and the previously-cut

workpiece geometry. Finally, the uncut chip volume is intersected with the cutting plane

(i.e., rake plane of the hob) to obtain 2D uncut chip geometry in each revolving position

of the hob.

Tapoglou [56] extended the works of Dimitriou to predict the cutting forces from 2D

uncut chip geometry in hobbing, and embedded the simulation code in a graphical user

interface software called HOB3D [57]. The 2D uncut chip geometry at each revolving

position is discretized into smaller elements and discretized cutting forces are calculated

using the Kienzle-Victor equation (see Figure 2.10). The predicted cutting forces are

compared with measured cutting forces obtained from hobbing of a one-gap gear blank.

Although this technique offers high accuracy, the calculations required to keep track of

every cut surface become time-consuming as the number of 3D analytical geometry entities

increases.

A more efficient approach was proposed by Klocke, who represented the workpiece ge-

ometry with a series of parallel planes that intersect with the tool rake face, in order to

compute the CWE and process forces in hobbing to investigate tool wear [58], process plan-

ning [59], gear quality prediction [60] and online process monitoring [61]. In these works,

the uncut chip geometry is calculated in a simulation tool (called SPARTApro [59]). In
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Figure 2.10: CAD-based extraction of uncut chip geometry and discretized force prediction

[56]

SPARTApro, the workpiece is represented by a series of equally-distant transverse sections,

whereas the tool is described by a spline curve. Then, the uncut chip volume is obtained

by calculating the geometrical penetration of the cutter inside the gear. Afterward, for

each hob rotation angle, chip thickness is discretized into smaller elements over the un-

rolled cutting edge of the hob to determine the discretized cutting forces and the required

spindle cutting torque. The simulated and measured spindle torques are compared, and it

is observed that there is a good agreement between the mean values while the amplitudes

differ.
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2.1.2.2 Gear power skiving

Power skiving is a productive and accurate gear-cutting method that has recently received

considerable attention in the industry, although it was originally developed in 1910 [62].

Several works have been done on the kinematics and modeling of power skiving. Stadtfeld

[63] presented the basic kinematics and chip formation in power skiving. Some other studies

extract analytical equations to define a cutting edge at a given tool position to analyze the

effect of tool geometry on the rake angle, clearance angle, and depth of cut, which is used

in the oblique cutting model [64].

Exact and discrete modelers are also employed for the extraction of CWE in power

skiving. Tapoglou [65] calculated the uncut chip geometry in a CAD-based simulation

engine called Skiv3D, in a simulation scheme similar to that of [54][55][56] developed for

hobbing. Klocke [66] used SPARTApro, which is a CWE simulation engine, to simulate

the kinematics of power skiving and extract uncut chip geometry. In [66], the effects of the

number of teeth on the cutter, cross-axis, and tilt angle on the maximum chip thickness

are demonstrated, and it is observed that there is a correlation between the maximum chip

thickness and the maximum tool wear. A few researchers have calculated the cutting forces

in the power skiving operation. Spath [67] presented an analytical method for determining

the depth of cut, cutting angle, and cutting speed at each workpiece rotation angle over the

course of the cutting process. The total cutting force measurements were compared with

calculated cutting forces, and the accuracy of the calculations was qualitatively confirmed.

Tachikawa [68] derived an analytical equation for predicting cutting forces in power skiving.

In Tachikawa’s paper, the frequency content of the simulated cutting forces is compared

with the power spectrum of the rotating workpiece measured at different speeds to select

a free-vibration spindle speed. McCloskey [69][70] extracted the uncut chip geometry from

cutter-workpiece engagement calculations using a tri-dexel geometric modeling engine (see

Figure 2.11) to be fed into the oblique cutting model to predict the cutting forces.
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Figure 2.11: Uncut chip representation using 3D dexels in power skiving [69]

2.1.2.3 Gear shaping

Gear shaping is mostly utilized in the manufacturing of internal gears. It can also be

applied for the finishing of hardened gears. There have been several studies on cutting

tool design in gear shaping. Bouzakis [71] investigated the influence of chip formation and

chip flow on the wear mechanism of the gear-shaping process. They realized that the chip

thickness distribution varies over the cutting edge of various shapers, resulting in different

thermal distributions and wear behavior. They concluded that the width of the shaper’s

teeth influence the wear mechanisms and need to be considered during tooling design.

Datta [72] developed a finite element model to calculate the stress values on the cutting

edge of the shaper. By applying different loading conditions, stress distribution on the

cutting edge over the width of the gear is determined. They concluded that the tips of

the shaper’s teeth experience the maximum stress and thus it is crucial to account for its

effect in designing the cutter. Tsay [73] presented a two-dimensional mathematical model

for a shaper which included protuberance, semi-topping, and the involute curve. Using the

meshing equation, the effects of protuberance and semi-topping on the machined gear are

illustrated. Until recently, there were few available studies on the cutting force predictions

in gear shaping process. Katz [74] used a tri-dexel discrete modeler to extract the uncut

chip geometry and cutting forces in gear shaping. The geometries of the cutter and the gear
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blank are created in a discrete modeler and then imported into the simulation engine. By

applying the governing kinematics, the tool is swept between two subsequent time steps and

then CWE is calculated. Later, the workpiece is updated accordingly. To obtain the 2D

uncut chip geometry, the rake plane of the cutter, halfway from its initial and final position

at a time step, is intersected with the CWE data. By applying Delaunay triangulation on

the points obtained from intersection calculations and eliminating the irrelevant triangles

(using alpha shape reconstruction), the attributed area to each node on the cutting edge is

calculated (see Figure 2.12.a). Finally, the corresponding area with each engaged node is

fed into the oblique cutting model to calculate the local cutting forces and integrated over

the cutting edge to achieve total cutting forces (see Figure 2.12.b). The simulated cutting

forces are validated with measured cutting forces obtained from the shaping of an internal

spur gear.

Katz [76] extended the model in [74] to include helical gears as well as external gears

in the cutting force model and, validated the simulation results with experiments. In [77],

Katz added the effect of elastic deformation of the shaper on the final machined gear

quality. By measuring the static stiffness of the shaper, in each time step, the shaper’s

deflection and its effect on the machined gear is determined. Subsequently, the width of

the gear is partitioned into cross-sections and deviation of each section with the nominal

geometry is calculated. Simulation results are presented based on common error termi-

nologies in standard gear metrology (i.e., profile and lead deviations, and pitch error) and

compared with CMM-measured gears. The algorithms and simulations developed by Katz

are embedded in a program called ShapePro[78] (see Figure 2.12.c) which is also used in

Chapter 6 to virtually measure the hobbed gears.
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Figure 2.12: (a) Extraction of 2D uncut chip geometry using tri-dexel based modeler [74],

(b) local cutting forces [75], (c) virtual metrology module for gear shaping [75]
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2.2 Conclusion

As evident from the reviewed literature, the uncut chip geometry, and the cutting forces in

gear hobbing have been previously investigated. However, the majority of studies are based

on CAD-based exact geometry modeling engines wherein the CWE is extracted accurately

by compromising the computational time.

� Previous research has shown that tri-dexel discrete geometric kernel engines strike

a balance between computational speed and prediction accuracy in simulating other

gear machining operations like shaping [74] and power skiving [70]. Hence, the pri-

mary and novel objective of this study is to develop a tri-dexel geometric engine in-

tegrated simulation model for the gear hobbing operation. Furthermore, rather than

computing only the CWE as in [59], tracking the full progression of the workpiece

geometry enables part errors, due to process-induced forces and elastic deformations,

to also be simulated and measured in a virtual process planning environment.

Furthermore, to the author’s best knowledge, there is no available study on the modeling

of elastic deformations, vibrations and their effect on machined gear quality in gear hobbing.

� This thesis introduces an elastic deformation model for hobbing and investigates its

effect on machined gears, providing insights into static deformations as a prerequisite

for modeling vibrations in hobbing.
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Chapter 3

Kinematics of gear hobbing

3.1 Introduction

This chapter presents a general kinematic model for the gear hobbing operation. The

kinematics of the process is uniquely complex due to the simultaneous rotation of the

cutter and gear, and the multi-axis motion of the components (i.e., axial, radial and in

some cases tangential feed motions). Accurate resolution of the kinematic model is achieved

by correct description of each axis motion and the relative velocity between the hob and

gear. Once the kinematic model is established, it is possible to determine the cutter-

workpiece engagement (CWE) data, which can be used to calculate the resulting cutting

forces.

In the remainder of this chapter, Sections 3.2-3.3 use common gear terminology to

describe the geometry of the gear and the detailed geometry of the hob. Section 3.4 pro-

vides a complete description of the kinematic model (e.g., process parameters, coordinate

systems, and cutting velocity) followed by the kinematic model validation in Section 3.5.
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3.2 Gear geometry

In order to understand the kinematics of hobbing, it is convenient to define some basic terms

related to the geometry of gears. These terms are used to describe the gear (workpiece) and

hob (cutter) using different notations. The geometry parameters denoted by a subscript

’g’ in this thesis refer to the gear, while those with a subscript ’c’ refer to the hob.

While there are several non-standard gear geometry which can be machined using a

gear hobbing machine, two types of cylindrical gears are considered in this thesis: (1)

external spur gears with teeth parallel to the rotation axis and (2) external helical gears

with teeth that are oriented along the helical path around the axial axis of the gear. As

displayed in Figure 3.1, the normal plane and transverse plane are defined for the gear

teeth. The plane that is perpendicular to the helix of the tooth is referred to as the normal

plane, whereas the transverse plane is perpendicular to the axial axis of the gear.

Figure 3.1: Normal and transverse planes in spur (a) and helical (b) gears

In the case of a spur gear, the normal and transverse planes align with each other;

however, in a helical gear, the two planes form an angle β with each other. In gear design,

it is common to define the geometry of the gear in the normal plane, but it can be helpful

to have them defined in the transverse plane when creating the profile of the gear teeth.

Figure 3.2 shows the basic geometry of external gears on the transverse plane.

The transverse module is an indication of the size of the gear teeth (measured in the

units of length) and is calculated from the normal module (mng) and helix angle (β) as
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[79]:

mtg =
mng

cos(β)
(3.1)

Profile of the gear teeth consists of an involute portion that is usually connected to

the tip and root of the gear with fillets. Establishing the pitch and base circles followed

by addendum and dedendum circles are the first steps in constructing the tooth profile.

The rolling action between the two mating gears (the cutter and gear) occurs on the pitch

circle, and its radius is given by [79]:

rpg =
Ngmtg

2
(3.2)

The involute section of the tooth begins at the base circle, and its radius is given by

[79]:

rbg = rpgcos(αtg) (3.3)

The transverse pressure angle of the gear is denoted by αtg, which is determined as the

angle that is tangent to the gear teeth’s profile at the pitch radius. The transverse pressure

angle is calculated by using the normal pressure angle according to the following equation:

αtg = tan−1

(
tan(αng)

cos(β)

)
(3.4)

The tooth profile begins at the dedendum circle (the root of the gear), and its radius

is:

rdg = rpg − hdg (3.5)

The involute section of the tooth ends at the addendum circle and its radius is given

by:

rag = rpg + hag (3.6)

Above, the addendum of a gear (hag) is the difference between the addendum radius

of the gear and the pitch circle radius which for a standard tooth profile is defined as:

hag = mtg [80]. The dedendum of the gear (hdg) is the difference between the pitch circle
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Figure 3.2: Basic gear tooth geometry definitions

radius and the dedendum circle radius of the gear. For a standard gear hdg = 1.25mtg [80].

In practice, however, these standard values can be modified as required by manufacturers to

create non-standard gear geometries. As the necessary circles and parameters are defined,

the involute section of the tooth is constructed by calculating tooth thickness (sr) at every

arbitrary radius rbg < r < rag [79]:

sr = r

[
sp
rpg

+ 2

(
inv(αtg)− inv(cos−1

(rbg
r

))]
(3.7)

Tooth thickness (sr) for a standard involute gear measures the length of an arc that

connects the two involute profiles that form one gear tooth. Above, the involute function,

inv(.), is the basis for the involute profile of the gear and is defined as [79]:

inv(αtg) = tan(αtg)− αtg (3.8)

Additionally, sp is the transverse circular tooth thickness at the pitch circle and is

expressed as:

sp = mtg
π

2
+ 2xmtg tan(αtg) (3.9)
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above x is the transverse profile modification factor which is zero for standard gear

geometries. However, in practice, cutters undergo several regrinding and resharpening

which results in producing gears that are profile-shifted [81]. Finally, the root and the

tip of the gear are usually connected to the flanks using fillets given by rroot and rtip,

respectively.

3.3 Hob and workpiece geometry

A hob is a cylindrical-shaped cutter having its cutting teeth following the helical path of a

worm gear. Over the length of the hob, several gashes are made for easier chip evacuation.

Alternatively, a hob can be perceived as a series of equally-spaced racks mounted on the

outer diameter of a cylinder where each rack is axially shifted from the previous rack by

axial lead (lc) over the number of flutes (gashes). The axial lead of the hob is given by:

lc =
πmncNc

cos(η)
(3.10)

where η, the lead angle of the hob, is defined as the angle between the helix thread and

a line perpendicular to the hob’s axial axis, and is expressed as follows:

η = sin−1

(
mncNc

2rpc

)
(3.11)

In equations 3.10 and 3.11, mnc and Nc are the normal module and the number of

starts on the hob, respectively. The number of starts is the simultaneous helical threads

around the hob. For each revolution of a single-start hob, the workpiece advances by one

gear gap. If a hob has two starts, then the workpiece must advance by two gear gaps

for each revolution of the cutter. Even though multi-start hobs offer higher productivity,

single-start hobs are widely used in industry due to their accuracy [82]. Additionally, the

axial pitch of the hob (pc) is the axial distance between the tips (or any two similar points

on the teeth profiles) of two adjacent teeth on the rack. The main geometrical parameters

of the hob are shown in Figure 3.3.
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Figure 3.3: Basic hob geometry

To manufacture an exact involute profile on the gear, the standard profile geometry of

the hob must be used. When the hob has axial gashes (which is typical of single and two-

start hobs), its actual profile will resemble the axial section of an involute helicoid worm,

as described [83]. However, since the profile of most gear hobs is very similar to that of a

standard basic rack, a simplified straight-sided profile will be used instead. Additionally,

few modifications such as protuberance and semi-topping are required on the rack profile

when a special gear profile is targeted [84]. The basic profile of a rack is demonstrated in

Figure 3.4. Half of the profile is generated and then mirrored about the Zc,tooth axis to

form the complete rack profile. The rack profile is divided into 5 regions (from AB to EF)

and in every region, the coordinate of each point on the hob is calculated. AB is a line

parallel to the axial axis of the hob which cuts the root of the produced gear. The fillet

section BC with radius ρ = 0.38mnc [80] is tangent to sections AB and CD. Region CD is a

straight line that is involved in forming the flank of the gear during the generating process.

The root chamfer (region DE) is angled by αc (usually 45◦) and its height (ch) and width

(cw) are less than 10% of the gear module [52]. EF region is parallel to the axial axis of the

hob and does not contribute to the cutting process. Prior to determining the coordinates

of each point on the rack profile, it is necessary to introduce several parameters. For a

basic rack profile [80], the addendum (hac = 1.25mnc) and dedendum (hdc = mnc) are used

33



Figure 3.4: Basic rack profile used in generating the hob geometry

to define the pitch radius of the hob (rpc = rac − hac), wherein rac is the addendum circle

radius (also the radius of the tip of the hob) which is usually provided along with the

module of the hob in the cutter’s geometrical specification. In addition, the thickness of

each tooth at the pitch radius is half of the axial pitch (pc = πmnt). In the following table,

an equation for each region on the hob profile is presented.

In the equations above, w and xD are defined as follows:

w =
πmn

4
−

(
hac − ρ

(
1− sin(αnc)

))
tan(αnc)− ρ cos(αnc) (3.12)

xD =
πmn

4
− (hdc − ch) tan(αnc) (3.13)

In selecting a hob, it should be noted that the hob must have a similar normal module
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Table 3.1: Coordinates of points on the basic rack profile (adopted from [52])

Region X Coordinate Z Coordinate

AB 0 ≤ x ≤ w z = rpc + hac

BC w ≤ x ≤ w + ρ cos(αnc) z = rpc + hac − ρ+
√

ρ2 − (x− w)2

CD w + ρ cos(αnc) ≤ x ≤ xD z = rpc − 4x− πmn

4 tan(αnc)

DE xD ≤ x ≤ xD + cw z = rpc − hdc − ch
tan(αnc)

− (x−D) tan(αnc)

EF xD + cw ≤ x ≤ πmn
2 z = rpc + hdc

(mnc) and normal pressure angle (αnc) with those of the manufactured gear. Usually, in

hobbing, the workpiece geometry is a cylinder with a bore, and its outer diameter must

have the tip diameter (addendum diameter) of the desired manufactured gear. The bore

diameter is decided based on the clamping setup and/or customer requirements.

3.4 Kinematics of hobbing

Three main coordinate systems, namely, the Tool Coordinate System (TCS), Workpiece

Coordinate System (WCS), and Machine Coordinate System (MCS), in addition to an

Auxillary Coordinate System (ACS) are introduced to determine the gear hobbing kine-

matics (see Figure 3.5). TCS is fixed on the hob head and its origin is located on the hob’s

axial axis. Similar to TCS, WCS is fixed to the center of the top face of the gear blank and

rotates with the worktable. MCS is stationary and shares a common origin and z axis with

the WCS. ACS coincident with the yz-plane of the MCS and is located at the midpoint of

the hob.
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Figure 3.5: Coordinate systems in the kinematics model

3.4.1 Process parameters

The hob and gear rotate synchronously about their axes with angular velocities ωc and ωg,

respectively. The hob is fed along the gear width with axial feed velocity (vf ).

The hob is positioned to cut a specific radial depth into the workpiece (dc), which is

referred to as the depth of cut. Usually, the cutting takes place in a one-pass process and,

the hob depth of cut is set to dc = 2.25mnc such that the final nominal center-to-center

distance is achieved. In practical applications, however, dc is often modified to rectify

tooth thickness errors or apply profile modifications in the finished gear. For gears that

will not undergo any additional finishing operations (such as grinding), multiple roughing
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and finishing passes are often utilized to enhance the surface and finish quality wherein each

pass has a specific depth of cut. Thus, it is convenient to introduce a reference position for

the hob (i.e., scrape distance) and calculate the radial position for each pass (i) as follows:

rend,i = rscrape −
i∑

n=1

dc,i (3.14)

where the scrape distance (rscrape) is the radial distance at which the outer diameter of

the hob touches the outer diameter of the gear such that no cutting action occurs, and is

defined as:

rscrape = rag + rac (3.15)

Conventional (i.e., vf < 0 ) and climb (i.e., vf > 0) are the two strategies to axially

feed the hob [54] through the workpiece. Although less common, the simultaneous axial

and tangential feeding approach can be applied especially in manufacturing large and wide

gears having coarse pitches [82]. In this thesis, however, the simultaneous feeding strategies

were not considered.

In a single-pass process, the hob starts at a clearance distance from the top of the gear

(i.e., approach length) and axially moves along the gear width (wg) at the axial feed rate

in the z axis of the WCS until it exceeds the bottom of the gear by a specific clearance

distance (i.e., overrun length) as shown in Figure 3.6. The approach length is the distance

from the initial contact of the hob with the gear to the point where the hob reaches the

full depth of cut and is given by [84]:

A =

√
dc

(
2(rac + rag)− dc

cos2(β)
− 2rag

)
(3.16)

The axial distance from the bottom of the gear to the point where the profiles of the

gear teeth are completely cut is the overrun length and is expressed as follows [84]:

O =
hag cos(β) tan(γ)

tan(αng)
(3.17)
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The total axial travel length is calculated as:

S = A+ wg +O (3.18)

Figure 3.6: Approach and overrun lengths (adopted from [84])

A radial infeed followed by an axial feed motion is also common in multi-pass processes.

The first pass is similar to a single-pass process (i.e., S = A + wg + O). However, in

the subsequent passes, instead of axially approaching the gear blank, the hob is radially

fed (usually at a constant rate) into the gear blank until it approaches its desired radial

position, and then axially travels along the gear width followed by the overrun length (i.e.,

S = wg +O).

The hob swivel angle (γ) is another process parameter that is typically adjustable on

gear cutting machines, which is defined as an angle by which the hob axis is tilted to mesh

the hob teeth with those of the gear being machined (see Figure 3.5). The hob swivel angle

is calculated based on the handedness of the hob and gear, as well as the gear helix angle:

γ = β ± η (3.19)
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In the equation above, (−) is used for a hob and gear of the same handedness while

(+) is used otherwise.

In planning a hobbing process, the angular speed of the hob (ωc) is calculated based

on the nominal cutting velocity (Vc) in (m/min) as follows:

ωc =
Vc

2πrac
× 2π

60
(3.20)

The workpiece rotational speed (ωg), however, is calculated based on the hob rotational

speed. In spur gears, it is based on the ratio of the number of the gear teeth (Ng) to the

number of hob’s starts (Nc). The following equation satisfies the meshing condition by

equating the linear velocities at the contact point on the pitch circle.

ωg =

(
Nc

Ng

)
· ωc (3.21)

In helical gears, an additional rotational term dθg is added to compensate for the axial

motion of the hob relative to the helix of the gear (see Figure 3.7). The helix must make

dθg within a distance equivalent to dz. If the axial feed rate in (mm/WR) is denoted as

vf , an additional rotational speed of dθg/dt is required:

dθg
dt

=
sin(β)vf
πNgmn

· ωg (3.22)

This will satisfy the necessary meshing condition.

ωg =

(
Nc

Ng

)
·
(
1− σ

|vf sin(β)|
πNgmn

)−1

ωc (3.23)

where σ = sgn(β) · sgn(η) · sgn(νf ) provides sign correction.

3.4.2 Coordinate system transformation

It is practical to describe the geometric and kinematic parameters, such as velocities,

axis motion, and chip geometry, along with the resulting process parameters, such as
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Figure 3.7: Additional rotation of the helical gear to ensure a proper meshing condition

cutting forces, cutting torques, and deflections, using any of the defined coordinate systems.

For instance, the multi-dexel geometric engine (ModuleWorks) requires the cutter and

workpiece geometries to be represented in the WCS. Additionally, the experimental forces

are typically measured according to the rotating WCS.

Figure 3.8 displays the hob and the gear at a specific time step with the defined coor-

dinate systems. With the knowledge of the homogeneous transformation matrix between

two coordinate systems, it is feasible to determine the coordinates of a given point in one

system by computing its coordinates in the other system. For example, a point along a

cutting edge of the hob can be expressed in the TCS with vector rc(t). The same point

can also be represented in the WCS as rw(t). The homogeneous transformations linking

rc(t) and rw(t) is expressed as:
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rw(t) = [HWCS
TCS ]rc(t) = [HWCS

TCS ]4×4


xc(t)

yc(t)

zc(t)

1


4×1

=


xw(t)

yw(t)

zw(t)

1


4×1

(3.24)

Figure 3.8: Principal kinematics and coordinate systems in hobbing

To determine [HWCS
TCS ], first, the transformation from the WCS to MCS is established.

Rz,θg(t) considers the rotation of the gear (and WCS) about the stationary z axis of MCS

41



by θg(t):

Rz,θg(t) =


cos (θg(t)) − sin (θg(t)) 0 0

sin (θg(t)) cos (θg(t)) 0 0

0 0 1 0

0 0 0 1

 (3.25)

The angular position of the gear is expressed with θg(t) as a function of time which

linearly increases at the rotational velocity of the gear (ωg):

θg(t) = ωgt (3.26)

As MCS andWCS share a common origin,Rz,θg(t) encompasses the total transformation

matrix between the WCS and MCS, thus:

[HMCS
WCS ] = Rz,θg(t) (3.27)

Establishing [HMCS
TCS ], however, is more complex and requires multiple translations and

rotation matrices. The center-to-center radial distance between the hob and gear (i.e.,

rend) is established with the translation Ty,dr(t) along the y axis of the ACS by dr(t):

Ty,dr(t) =


1 0 0 0

0 1 0 dr(t)

0 0 1 0

0 0 0 1

 (3.28)

When no radial infeed is planned, dr(t) = dr = rscrape −
∑i

n=1 dc,i. However, when ith pass

undergoes a radial infeed motion, dr(t) is calculated as:

dr(t) = rscrape −
i−1∑
n=1

dc,i −
∫ ti+tf

ti

vr dt (3.29)

Above, tf is the time required for the tool to accomplish the desired radial end position

(rend) at the constant infeed rate (vr) and is given:

tf =

rscrape −
i∑

n=1

dc,i

vr
(3.30)
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The total process time until ith pass is given by ti. When the radial infeed motion completes,

the cutter is radially positioned at rend = rscrape −
∑i

n=1 dc,i.

The hob’s axial feed motion da(t) along the z axis of the ACS is captured with the

translation Tz,−da(t):

Tz,−da(t) =


1 0 0 0

0 1 0 0

0 0 1 −da(t)

0 0 0 1

 (3.31)

da(t) for pass i is calculated based on the axial feed rate, total axial travel distance,

and CNC machine’s offset value (Do) as follows:

da(t) = Do −
∫ ti+ta

ti

vf dt (3.32)

In the equation above, ta is the required time to travel the total axial travel length (S)

and is given:

ta =
S

vf
(3.33)

Ry,γ captures the swivel angle for the hob by γ about the y axis of the ACS.

Ry,γ =


cos(γ) 0 − sin(γ) 0

0 1 0 0

sin(γ) 0 cos(γ) 0

0 0 0 1

 (3.34)

Tx,−H represents the hob’s translation along its x axis by the axial shift H. Axial

shifting is a common way to distribute wear on the hob uniformly [51].

Tx,−H =


1 0 0 −H

0 1 0 0

0 0 1 0

0 0 0 1

 (3.35)
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Finally, the rotation of the tool about its x axis is described by Rx,θc(t):

Rx,θc(t) =


1 0 0 0

0 cos (θc(t)) sin (θc(t)) 0

0 − sin (θc(t)) cos (θc(t)) 0

0 0 0 1

 (3.36)

The angular position of the hob is a function of time and linearly increases at the hob’s

angular velocity (ωc):

θc(t) = ωct (3.37)

Thus, the transformation matrix from the TCS to the MCS is determined as:

[HMCS
TCS ] = Ty,dr(t)Tz,−da(t)Ry,γTx,−HRx,θc(t) (3.38)

The final transformation from the TCS to the WCS can be derived by:

[HWCS
TCS ] = [HWCS

MCS ][H
MCS
TCS ] = [HMCS

WCS ]
−1[HMCS

TCS ] =

Rz,−θg(t)Ty,dr(t)Tz,−da(t)Ry,γTx,−HRx,θc(t)

(3.39)

3.4.3 Relative cutting velocity

The cutting velocity in hobbing refers to the speed at which the hobbing tool moves

along the gear teeth. This velocity is typically expressed in units of meters per minute

(m/min). In hobbing, an estimated cutting velocity (i.e., nominal cutting velocity) is

selected based on several factors, including the type of workpiece material being machined,

cooling conditions, and cutting tool coating. The nominal cutting velocity is assumed to

be purely due to the hob’s rotation and is constant throughout the process. However,

the actual cutting velocity (i.e., the relative velocity between the cutter and workpiece) is

changing along the cutting edge and over time due to the continuous rotation of the hob

and gear. The calculation of the relative velocity is required for determining the cutting

forces and their directions. Thus, a precise calculation is necessary.
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In the WCS, the tool appears to move in a circular path around the workpiece, with the

axis of the path being the center axis of the workpiece. This revolving motion along with

the rotation and the axial motions of the hob are the components of the cutting velocity

(see Figure 3.9) calculated as:

Vc = ωc × rpi,c − ωg × rpi,g + vf (3.40)

Above, Vc is the cutting velocity at point pi, which also represents the orientation of

the workpiece material flow on the cutting edge. ωc and ωg are the rotational velocity

vectors for the cutter and gear, respectively. rpi,c and rpi,g define vectors of the point pi

from the hob and gear axes of rotation, respectively. vf is the vector representation of the

axial feed velocity and ‘×’ designates the vector product.

Figure 3.9: Cutting velocity calculation
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3.5 Validation of the kinematic model

The feed axes for a Liebherr LC 500 hobbing machine [85], used in this study, are shown in

Figure 3.10. The kinematic model was validated by collecting position trajectories using

the machine’s CNC (Siemens 840D) during one-pass and two-pass hobbing trials. The

process parameters for the trials are listed in Tables 3.4 and 3.5, respectively.

Figure 3.10: Liebherr LC 500 servo axis representation (from [85])

For the exemplary process parameters in Table 3.2, 3.3 and 3.4, the measured and

model-predicted movements for the B1, C2, X1, and Z1 axes (which accomplish θc, θg, dr,

and da) are shown in Figures 3.11 and 3.12. Although B1 and C2 undergo monotonously

increasing (or decreasing) angular motion, the CNC registers their position into 0◦ ...

360◦ and -180◦ ... +180◦ intervals. The simulated profiles are shifted in time as well as
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Table 3.2: Workpiece geometry data

Parameters Value

Normal module mng [mm] 3.175

Number of teeth 30

Addendum diameter dag [mm] 102.25

Helix angle β [o] 0.0

Pressure angle αng [o] 20.0

Gear width wg [mm] 56.6

Material AISI 4320

Table 3.3: Tool geometry data

Parameters Value

Normal module mnc [mm] 3.175

Number of starts Nc 1

Number of flutes (gashes) 14

Addendum diameter dac [mm] 38.1

Pressure angle αnc [
o] 20.0

Length Lc [mm] 102.0

Material ASP 2052

Table 3.4: Cutting process data (one-pass process)

Parameters Value

Axial feed rate vf [mm/WR] 3.0

Depth of cut dc [mm] 7.143

Cutting speed Vc [m/min] 55.0

Axial feed strategy Conventional

Radial infeed strategy None
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Table 3.5: Cutting process data (two-pass process)

Parameters Pass one value Pass two value

Axial feed rate vf [mm/WR] 3.0 0.75

Depth of cut dc [mm] 6.743 0.4

Cutting speed Vc [m/min] 55.0 55.0

Axial feed strategy Conventional Conventional

Radial feed rate vr [mm/WR] 0 0.4

in the vertical axes in order to match the initial positions of the collected CNC signals

(which depends on the CNC machine’s offset values). Figure 3.12 displays the measured

and simulated feed axes motion for a two-pass hobbing process involving roughing and

finishing passes. Once the roughing pass finishes, the tool radially retracts back and then

axially moves upward until it reaches the top of the gear. While keeping the same axial

position, the tool is radially fed into the gear at a constant rate until it reaches the desired

depth (i.e., 0.4 [mm]). Overall, as can be seen in Figures 3.11 and 3.12, the feed drive

motions are accurately modeled and predicted, which is essential for the correct resolution

of the kinematics and CWE conditions.
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Figure 3.11: Axis trajectories: modeled and captured from the hobbing machine (one-pass

process)
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Figure 3.12: Axis trajectories: modeled and captured from the hobbing machine (two-pass

process)
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3.6 Conclusion

The presented mathematical model described the kinematics of hobbing process. The

model is based on the geometry of the desired gear and the hob, as well as the synchronized

rotation, and linear movements of the hob and gear axes. In one-pass processes, the hob

is positioned at the full depth of cut and cutting occurs during an axial feeding process.

In multi-pass processes, the hob is first fed radially towards the gear until it reaches the

desired depth of cut, and then cutting occurs during an axial feeding process. The model

uses the process parameters to predict the motion of the feed axes at any point during

the cutting cycle. The active feed drive axis movements in the model have been validated

experimentally using data from a Liebherr LC 500 CNC gear hobbing machine. In the

proceeding chapter, the cutting velocity vectors (obtained through the developed kinematic

model) will be used to resolve and predict the cutting force directions and magnitudes at

discretized elements along the cutting edge of the hob.
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Chapter 4

Cutter-workpiece engagement and

cutting force prediction

4.1 Introduction

This chapter describes the extraction of uncut chip geometry and cutting force predic-

tion in gear hobbing using a tri-dexel geometric engine integrated simulation model. The

kinematic model developed in previous chapter moves the hob in discrete time intervals

with respect to the gear. This motion is used to calculate the uncut chip geometry. The

proposed simulation uses the uncut chip geometry information together with an oblique

cutting force model, where the local inclination and normal rake angles vary along the

discretized length of the cutting edge. The chip geometry is computed at each time step

in three-dimensional space, and the force contributions from each discretization node are

summed to calculate the total force vector.

The remainder of this chapter are as follows: Section 4.2 introduces the cutting force

models used in this thesis. Section 4.3 through 4.6 deal with the cutter workpiece engage-

ment calculation and extraction of uncut chip geometry. Section 4.7 explains the extraction

of local cutting conditions and kinematics to predict the cutting forces in hobbing. Section
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4.8 introduces the integrated cutting and metrology simulation engine, within which the

hobbing process simulation was also implemented. Finally, the effects of time step and

dexel resolution on the cutting force prediction are studied in Section 4.9.

4.2 Cutting force models

4.2.1 Orthogonal cutting model

The majority of cutting operations are three-dimensional and have complex geometry.

However, to understand the fundamental mechanics of metal removal, a simpler but prac-

tical case of orthogonal (i.e., two-dimensional) cutting is often used. The mechanics of

more complex oblique cutting (i.e., three-dimensional) operations can be analyzed by ap-

plying proper geometric and kinematic transformations to the orthogonal cutting process

[3].

As shown in Figure 4.1, in orthogonal cutting, the material with a width of (b) and

thickness of (h) is removed by a cutting edge that is normal to the velocity of the workpiece

relative to the tool (Vc). The cut chip is then deformed and travels along the rake face of

the tool with a different thickness hc. The cutting forces in orthogonal cutting only act in

the direction of the velocity and uncut chip thickness and are known as tangential force

(Ft) and feed force (Ff ). The cutting forces comprise both the forces generated by shearing

(Ftc and Ffc) and the forces generated by ”ploughing” or ”rubbing” (Fte and Ffe) at the

flank of the cutting edge (sometimes referred to as edge forces). Therefore, the total force

components are the combination of the shearing and edge forces. The cutting forces are

linearly described as follows:

Ft =Ftc + Fte = Ktcbh+Kteb

Ff =Ffc + Ffe = Kfcbh+Kfeb
(4.1)

Above, Ktc and Kfc are the cutting force coefficients, and Kte and Kfe are edge force

coefficients. Cutting coefficients are influenced by various factors, including the workpiece
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Figure 4.1: Orthogonal cutting geometry (adopted from [3])

material, cutting tool geometry, the use of coolant, lubrication, the coating of the tool, and

the cutting speed. Therefore, they are usually determined mechanistically through cutting

tests with known conditions.

Other parameters in the model are the tool’s rake face angle (known as the tool rake

angle, αr), and the angle between the plane at which the material is being sheared and the

velocity of the cutting motion (known as the shear angle, ϕc). These parameters are directly

used in the orthogonal-to-oblique transformations which will be discussed in Section 4.2.3

4.2.2 Oblique cutting model

In the oblique cutting model, the cutting edge is no longer normal to the cutting velocity

and is positioned at an angle i, called inclination angle (see Figure 4.2).
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Figure 4.2: Oblique cutting geometry (adopted from [3])

There is also an additional force component in the radial direction (Fr) which is per-

pendicular to Ft and Ff . Like the orthogonal model, the radial force in this model linearly

depends on the uncut chip thickness, the width of the chip, and the cutting coefficients:

Ft =Ftc + Fte = Ktcbh+Kteb

Ff =Ffc + Ffe = Kfcbh+Kfeb

Fr =Frc + Fre = Krcbh+Kreb

(4.2)

Also, the cut chip flows at an angle (ηc) along the rake face (also called chip flow angle),

which is typically approximated as the inclination angle (i) [86]. The chip flow angle denotes

the angle between the cut chip velocity vector (Vchip) and the vector perpendicular to the

rake face. [3].

The normal rake angle of the tool (αn) is the angle between the feed direction and the
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rake face, as measured in the plane that is perpendicular to the cutting edge (referred to

as the normal plane).

4.2.3 Orthogonal to oblique cutting force coefficients

The cutting forces discussed in Section 4.2.1 and 4.2.2 are based on coefficients obtained

from cutting tests for each workpiece material and tool geometry. The orthogonal to oblique

transformation, however, uses experimentally-determined data from orthogonal cutting

tests to create a generic oblique cutting force analysis [33]. This approach eliminates the

need for separate calibration test for each cutter geometry and can be applied to more

complex tool geometries. The orthogonal cutting model equations, developed by Merchant

[32], are used to determine the shear angle (ϕc), shear stress (τs), and average friction angle

at the rake face (βa) by analyzing the measured cutting forces and chip length or thickness

ratios that are collected for each test. The shear angle is calculated as:

ϕc = tan−1(
rc cos(αr)

1− rc sin(αr)
) (4.3)

where rc = h/hc. The cutting analysis outlined here assumes that the chip is moving

along the tool’s surface with a consistent, average friction coefficient. However, in practice,

the chip sticks to the rake face for a brief moment before sliding with a steady friction

coefficient [87]. The friction coefficient is thus approximated as average value, and can be

calculated as follows:

βa = αr + tan−1(
Kfc

Ktc

) (4.4)

The shear stress on the shearing plane is calculated as:

τs =
Fs

As

=
Ftc cos(ϕc)− Ffc sin(ϕc)

bh

sin(ϕc)

= sin(ϕc)(Ktc cos(ϕc)−Kfc sin(ϕc)) (4.5)

Above, Fs is the shearing force and As is the cross-sectional area of the chip on the shear

plane. The oblique cutting coefficients are obtained by applying the orthogonal-to-oblique
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transformation [33]. The cutting force coefficients (Ktc, Kfc and Krc) are determined using

the following equations.

Ktc =
τs

sin(ϕn)

cos(βn − αn) + tan(i) tan(η) sin(βn)√
cos2(ϕn + βn − αn) + tan2(η) sin2(βn)

(4.6)

Kfc =
τs

sin(ϕn) cos(i)

sin(βn − αn)√
cos2(ϕn + βn − αn) + tan2(η) sin2(βn)

(4.7)

Krc =
τs

sin(ϕn)

cos(βn − αn) tan(i) + tan(η) sin(βn)√
cos2(ϕn + βn − αn) + tan2(η) sin2(βn)

(4.8)

In the context of orthogonal-to-oblique transformations, it is assumed that the normal

shear angle (ϕn), is equivalent to the identified shear angle (ϕc) in the orthogonal model,

and the normal friction angle (βn) is equivalent to the determined average friction angle

(βa) in the orthogonal model. It is also assumed that the normal rake angle (αn) which is

the projection of the oblique tool’s rake angle onto the normal plane, is equivalent to the

rake angle (αr) observed in orthogonal cutting conditions.

The tangential and feed edge force coefficients (Kte and Kfe) are taken to be the same

as the coefficients determined in the orthogonal cutting tests, and the radial edge coefficient

(Krc) is commonly assumed to be zero.

4.2.4 Kienzle cutting force coefficients

The previously-discussed cutting force models assumed a linear behavior between the uncut

chip area and cutting forces. Nevertheless, research has demonstrated that cutting forces

can behave non-linearly with respect to thin and small chip thickness [3]. As demonstrated

experimentally, when the chip thickness reaches zero, the cutting forces converge to a

non-zero value. As a result, researchers have used exponential force models wherein the

cutting force coefficients increase as chip thickness approaches zero [39]. This phenomenon

arises from the limited sharpness of the cutting edge, which causes the tool corner and

flank contact to plow some material. The nonlinear Kienzle cutting force model [88] is

57



an established model in the machining literature that uses an exponential term to relate

the cutting force coefficient to the uncut chip thickness. There is a friction force (Fu)

and a normal force (Fv) in Kienzle’s model, as shown in Figure 4.2. The normal force is

perpendicular to the rake face while the friction force acts on the rake face opposite to the

chip flow (and chip velocity vector) direction. The normal and friction forces are expressed

as follows:
Fu = Kuh

−ua = Kubh
1−u

Fv = Kvh
−va = Kvbh

1−v
(4.9)

Kienzle’s model parameters (i.e., Ku, Kv, u, and v) can be determined from cutting

tests. Furthermore, similar to orthogonal-to-oblique transformations, the Kienzle model’s

coefficients can be converted into oblique cutting coefficients through the transformation

presented in [18], as shown below:

Ktc = Kuh
−u

(
sin(i) sin(η) + cos(i) sin(αn) cos(η)

)
+Kvh

−v
(
cos(i) cos(αn)

)
(4.10)

Kfc = Kuh
−u

(
cos(αn) cos(η)

)
−Kvh

−v
(
sin(αn)

)
(4.11)

Krc = Kuh
−u

(
− cos(i) sin(η) + sin(i) sin(αn) cos(η)

)
+Kvh

−v
(
sin(i) cos(αn)

)
(4.12)

In the Kienzle model for cutting coefficients, it is generally assumed that the edge effects

are captured by the cutting coefficients themselves. As such, it is assumed that the edge

coefficients (Kte, Kfe, and Kre) are equal to zero. It is also assumed that Stabler’s rule for

chip flow angle approximation (η = i) is valid [86].

4.3 Cutter-workpiece engagement

In metal cutting operations, the magnitude of the cutting force is proportional to the

geometry of the material removed by the cutter. Similarly, the models discussed in the

previous section requires the thickness (h) and width (b) of the uncut chip geometry for

cutting force calculations. As mentioned in Chapter 2, in conventional cutting operations,
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the uncut chip geometry can be approximated analytically. However, in cutting processes

such as gear hobbing wherein the CWE is complicated and the governing kinematics are

complex, the analytical extraction of uncut chip geometry typically cannot be achieved

readily. Instead, geometric modeling kernels are used to obtain the uncut chip geometry.

Exact (e.g., BREP and CSG) and discrete (e.g., dexel and voxel-based) modelers are the

two main types of geometric kernels used for CWE calculation. In computer graphics and

simulations, both voxels and dexels are three-dimensional representations, but they have

distinct characteristics and applications, particularly in physics-based simulation. Vox-

els typically require more memory compared to dexels, but are suitable for representing

physical quantities or gradient with small control volumes. However, higher voxel reso-

lutions or larger volumes result in a significant increase in memory consumption in this

modeling format, which is not ideal for digital machining simulation of large workpieces.

While exact modelers provide the highest accuracy, the computations become increasingly

time-consuming with the large number of 3D analytical geometry entities that must be

constructed and updated to keep track of each cut surface feature. In discrete modelers,

the tool and workpiece are represented approximately; therefore, the CWE calculation can

be performed efficiently by partially compromising the accuracy of the calculations.

In recent studies, a tri-dexel discrete geometric kernel was demonstrated to achieve a

good trade-off between computational speed and prediction accuracy in the simulation of

other generative gear machining operations, like shaping [74] and power skiving [70]. Thus,

in this thesis, a similar efficient tri-dexel geometric kernel, ModuleWorks [89] that has been

tailored to the CAD/CAM industry, is employed to extract the uncut chip geometry in

hobbing.

4.4 Dexel representation

For the first time, Van Hook [28] represented a solid geometry using single-directional

dexels. The intersections of dexels with a solid 3D geometry are used to create line seg-

ments called “nails” that describe the shape of the 3D geometry. Single-dexel modeling
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is a popular method for NC machining simulation and virtual sculpting for its fast and

efficient Boolean operations, little memory consumption, and simple data structures for

real-time simulation [90]. However, this method can result in poor approximation in areas

where the surface normals are near-perpendicular to the nail direction. To improve the

representation of surfaces that are parallel to a dexel direction, multiple orthogonal dexel

directions are used in literature [91]. Figure 4.3 demonstrates the improvement in geom-

etry representation using two orthogonal dexel directions. The tri-dexel discrete volume

representation used in this thesis, therefore, is expected to demonstrate better accuracy

performance in predicting the 3-dimensional irregular and time-varying chip geometries

encountered in hobbing, compared to its one- or two-dimensional counterparts.

Figure 4.3: Dexel representation of a 2D geometry in one and two directions

4.5 Cutter workpiece engagement simulation

To set up the simulation, triangle mesh models of the hob and the gear blank are created

based on their geometric parameters. The triangle mesh model of the workpiece is con-

verted into dexel representation within the engine. In order to reduce the computational

load, each rack profile on the hob is modeled as a thin layer extruded with infinitesimal

thickness from its rake face. The gear blank is modeled as a cylinder. While the hobs in
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this thesis are designed using standard rack definitions, it is possible to adjust the nominal

geometric values in order to accurately represent a non-standard or modified hob provided

by the manufacturer of the tool.

Figure 4.4: 3D hob geometry for a single start hob with 8 flutes

The racks are equally distributed around the hob’s circumference. The angular distance

between rack i and the first rack (γi) is as follows:

γi = (i− 1)
2π

Zc

(4.13)

where Zc is the number of flutes (or gashes) on the hob. To create the full 3D profile of

a hob, the basic hob tooth profile is generated as shown in Section 3.3. This profile is

assumed to be located on the first flute. Next, a full rack profile is created by repeating

the basic tooth profile over the total length of the hob Lc. The start and end of the rack

profile are then connected by a line that is offset from the root of the hob by a distance
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of tr. Each profile is shifted axially by dx to account for the effect of the axial lead (lc as

shown in equation 3.10) on the hob:

dx =
lcγi
2π

(4.14)

Once the rack profile is generated for each flute, points on the rack are rotated around

the x axis of the hob in counterclockwise direction to generate the 3D hob:xi,j

yi,j

zi,j


︸ ︷︷ ︸

coordinates of
point j on flute i after rotation

=

1 0 0

0 cos(γi) − sin(γi)

0 sin(γi) cos(γi)


x0,i,j

y0,i,j

z0,i,j


︸ ︷︷ ︸

coordinates of
point j on flute i before rotation

(4.15)

After establishing the points at each flute, triangular connections are formed to link

all the defined points together. The triangulated cutter geometry is then utilized in the

ModuleWorks engine for gear hobbing simulation. Figure 4.5 illustrates the triangulation

employed to define the hobbing tool in the engine.

Figure 4.5: Triangular representation of hob teeth

After generating the hob and gear blank in the engine, the process parameters, (e.g.,

axial feed, infeed parameters, hob rotational speed, workpiece rotational speed, and feed-

ing strategy) are used by the kinematic model to simulate the relative motion of the hob
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Figure 4.6: Visualization of multi-dexel based hobbing simulation in WCS

with respect to the gear blank. At each time step, a cut is performed by linearly interpo-

lating the hob from its current position to the next one. Then, the CWE is determined

based on the interference calculation. The dexels are shortened, removed, or split accord-

ingly, resulting in the instantaneous gear blank geometry as shown in Figure 4.6. In this

setup, the workpiece is stationary and hob kinematics are described in the WCS using the

homogeneous transformations described in Equation 3.39.

The intersection of the cutter’s swept volume and the workpiece results in an uncut

chip geometry in 3D dexel format, as shown in Figure 4.7. This geometry, obtained from

the ModuleWorks engine, requires further geometrical processing in order to be compatible

with a cutting force model. The 3D dexel data must be intersected with the rake plane

of the cutter interpolated half-way between the current and next position to obtain a

cross-section of the uncut chip geometry.
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Figure 4.7: Dexel representation of 3D uncut chip geometry

4.6 2D cross-section of the chip

To construct the cross-section of the uncut chip from the 3D dexel format, a point cloud is

populated on a rake face plane of the hob. The point cloud includes i) the intersection of

the orthogonal x, y and z nails with the rake plane, ii) the intersection of the xy, xz and

yz contours, which encapsulates the 3D geometry, with the rake face and iii) the engaged

nodes along the rake face of the hob. This section will explain how each of these points

are generated.

4.6.1 Dexel nail intersection

First, the point cloud is filled with intersection points of the dexel nails and the rake face

plane. Each nail has two endpoints, denoted as p0 and p1, while the plane is established

with a normal vector (nrake) and a point (prake) lying on the rake face plane. The rake

face plane is the xz plane in the TCS, with the normal of the plane oriented in the y-

axis direction. As the CWE calculation is performed in the WCS the rake plane is also

64



represented in the WCS as follows:

nrake = [RWCS
TCS ]︸ ︷︷ ︸

interpolated
rotation matrix

1 0 0

0 cos(γi) − sin(γi)

0 sin(γi) cos(γi)


01
0

 (4.16)

prake = [HWCS
TCS ]︸ ︷︷ ︸

interpolated
transformation matrix


1 0 0 0

0 cos(γi) − sin(γi) 0

0 sin(γi) cos(γi) 0

0 0 0 1



0

0

rpc

1

 (4.17)

The intersection point is determined by first computing the projection distance of each nail

endpoint onto the rake plane. This can be expressed as:

d0 = (p0 − prake) · nrake (4.18)

d1 = (p1 − prake) · nrake (4.19)

Assuming that the endpoints are positioned on opposite sides of the plane, the intersection

point is obtained as follows:

px = p0 + |d0|
p1 − p0

|d0|+ |d1|
(4.20)

4.6.2 Contour intersection

It is possible to get an inaccurate estimate of the 2D cross-section, when the intersection

of the dexel nails are only considered, especially when the chip geometry is thin and the

resolution of the dexel nails are insufficient (see Figure 4.8.a).

In order to improve the representation of the 2D chip, a technique is used to generate

sets of contours by approximating the outer surface of the 3D dexels. This method is

based on a simplified version of a technique developed by Zhang [91] that reconstructs

3D surface from a tri-dexel data representation. The author applied this technique to

determine uncut chip geometry in hobbing, while it was initially developed by Andrew
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Figure 4.8: a) Poor approximation of intersection geometry only using dexel nail b) im-

proved intersection geometry approximation using xy contours along with dexel nail inter-

sections

Katz at the University of Waterloo. To create the xy contours, nails oriented in the x and

y directions at the same z height are grouped together and sorted by ascending dexel index.

Line segments are drawn between the endpoints of each nail and its neighboring nails, with

the additional step of drawing a line to the closest endpoint of any orthogonal nail that

intersects a neighboring nail before connecting to the neighboring nail’s endpoint. This

process is repeated until all subsequent nails are connected, resulting in a set of connections

on an xy plane known as an xy contour.

The outer geometry of the 3D chip is described using a contour generation method
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that is applied to every plane with dexel nails, including xy, xz, and yz. This results in

a set of contours that can be used to improve the estimate of the chip’s cross-section by

intersecting them with the rake face plane, as demonstrated in Figure 4.8.b. However,

there may still be discrepancies between the actual shape and the estimated shape defined

by the outer contours due to the limitations of the dexel nail resolution in the simulation,

which constrain the accuracy of the outer contours. For this reason, the dexel resolution

study has been carried out, as reported in Section 4.9.

4.6.3 Engaged nodes

The edge of the hob is divided into points called nodes as shown in Figure 4.4. For

each node, a 3D local force contribution, based on the oblique cutting force model, is to be

computed. The nodes are created on the full rack profile of the hob using its geometric data

(as discussed in section 4.5). In this study, no global rake angle is assumed on the hob and

thus, the nodes on the rake plane represent the discretized cutting edge. However, for hobs

with a global rake angle, the nodes on the rack plane must be transformed based on the rake

face model to represent the discretized cutting edge, as was previously demonstrated for

shaping [75] and power skiving [69] cutters. Nodes on the hob that fall within a particular

distance of a point in the point cloud are referred to as engaged nodes. The distance is

set to the dexel resolution (ddexel), which is the distance between two neighboring nails,

and is set when configuring the simulation. These engaged nodes are then combined with

the intersection points computed, as discussed in Sections 4.6.1 and 4.6.2 to establish a 2D

uncut chip geometry, which is explained in the following section.

4.6.4 Point cloud triangulation

The alpha shape method [92] is utilized to reconstruct the geometry of a chip from a point

cloud by determining the shape of a set of points on a plane. Initially, the Delaunay tri-

angulation is computed, which is a non-overlapping triangulation of the point set, wherein

the circumcircle of each triangle does not enclose any other point. A circumcircle is defined
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Figure 4.9: Encapsulation of 3D uncut chip geometry with contours

as the circle that passes through all three points defining a triangle, and its coordinates

(xc, yc) can be determined as [93]:

xc =
(x2

0 + y20)(y2 − y1) + (x2
1 + y21)(y0 − y2) + (x2

2 + y22)(y1 − y0)

2(x0(y2 − y1) + x1(y0 − y2) + x2(y1 − y0))

yc =
(x2

0 + y20)(x1 − x2) + (x2
1 + y21)(x2 − x0) + (x2

2 + y22)(x0 − x1)

2(x0(y2 − y1) + x1(y0 − y2) + x2(y1 − y0))

(4.21)

The circle radius (rc) is calculated below [93]:

rc =
√

(xc − x0)2 + (yc − y0)2 (4.22)

Several algorithms exist for computing the Delaunay triangulation, each with different

levels of efficieny and complexity. In this thesis, the Bowyer-Watson algorithm [94] is
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used for DT for its simplicity. The Delaunay triangulation is created by connecting all

the points in the given set using non-overlapping triangles, with the condition that the

circumscribed circles of each triangle do not contain any other points. To achieve this, a

’super triangle’ is formed which enclose all of the points in the given set. Subsequently, the

points are inserted one by one into the triangulation. Any triangle whose circumscribed

circle encompasses the new point is eliminated, and new triangles are formed utilizing the

vertices of the removed triangles and the new point. Once all of the points have been

inserted, the vertices of the ’super triangle’ that originally surrounded all of the points are

removed, as well as any associated triangles. After performing the Delaunay triangulation,

the next step in the alpha shape method is to set a size threshold (dα) to the triangles.

The Delaunay triangulation produces a convex hull that may not precisely reflect the

chip’s geometry. Thus, it is necessary to remove triangles whose longest edges exceed the

established alpha shape threshold thereby representing the cross-section of the uncut chip

accurately. Herein, the alpha shape threshold is chosen to be
√
2ddexel ≤ dα ≤

√
3ddexel

based on the orientation of the 3D rake plane. In the final triangulation of the chip’s uncut

cross-section, every triangle is associated with the node that has the shortest distance from

the center point of that triangle. The effective area of the chip associated with each node

is calculated by summing the areas of each associated triangle. This geometry of the chip

is used to predict the cutting forces. Heron’s formula [95] is used to calculate the area of

a triangle (∆) in three dimensions, given the coordinates of its three vertices:

∆ =
√
s(s− l01)(s− l02)(s− l12)

l01 =
√
(x2

0 − x2
1) + (y20 − y21) + (z20 − z21)

l02 =
√
(x2

0 − x2
2) + (y20 − y22) + (z20 − z22)

l12 =
√
(x2

1 − x2
2) + (y21 − y22) + (z21 − z22)

s =
l01 + l02 + l12

2

(4.23)

By adding up the areas of all triangles associated with a node, the local uncut chip

area is computed which is then utilized to determine the local tangential, feed, and radial

forces.
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Figure 4.10: Delaunay triangulation and alpha shape reconstruction performed on the 2D

point cloud

4.7 Cutting force calculation

4.7.1 Local cutting geometry and kinematics

The magnitude and orientation of local cutting forces vary along the cutting edge of the

tool. The orientation of the force components is determined based on the relative velocity

vector Vc, representing the direction of the workpiece material flow, and cutting edge

geometry. Furthermore, application of the orthogonal-to-oblique transformation requires

estimation of the local rake (αn) and inclination (i) angles, both of which influence the

local cutting force coefficients. Figure 4.11 shows the major vectors, angles, and orientation

required for the oblique cutting model as applied to an engaged node on the hobbing flute.

The tangential direction unit vector (t) is defined in the opposite direction of the relative

velocity unit vector of the cutting edge (Vc):

t = − Vc

|Vc|
(4.24)

The edge vector is defined to approximate the local cutting edge of the hob using the
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Figure 4.11: Principal cutting directions and local rake and inclination angles

engaged node (pi) and its neighboring nodes (pi−1 and pi+1) coordinates. A midpoint be-

tween the current and previous nodes (pi−0.5) and between the current and the subsequent

nodes (pi+0.5) is defined to establish the edge vector as follows:

en = pi+0.5 − pi−0.5 =
pi+1 + pi

2
− pi + pi−1

2
(4.25)

The unit edge vector (e) is then defined as:

e =
en

|en|
(4.26)

where |en| is the magnitude of the edge vector.

The uncorrected unit feed vector direction (fu) is then calculated as the cross-product

of the edge and tangential unit vectors:

fu = e× t (4.27)

The direction seed vector (ds) is used to ensure that the feed vector is pointing in the

right direction (i.e., angle between feed and seed vector is less than 180◦). Assuming the
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nodes go around the hob in the clockwise direction, the direction seed vector is defined as

a forward tangent vector connecting two neighboring nodes. Thus, the corrected unit feed

vector f becomes:

f =

fu, fu · ds > 0

−fu, fu · ds < 0
(4.28)

The local inclination vector (i) is calculated as the cross-product of feed and edge unit

vectors:

i = f × e (4.29)

Then, the local inclination angle (i), defined between the inclination vector and tangent

vectors, is calculated as follows:

i = cos−1(i · t) (4.30)

The (uncorrected) radial unit vector (ru) is perpendicular to the tangent and feed unit

vectors, and is calculated as:

ru = t× f (4.31)

However, the direction of ru must be corrected to ensure that the inclination unit vector

creates an acute angle (less than 180◦) with the radial unit vector (r):

r =

ru, ru · i > 0

−ru, ru · i < 0
(4.32)

The local chip width (b) is approximated by projecting the length of the edge vector

onto the radial vector using the inclination angle:

b = |e| cos(i) (4.33)

As shown in Figure 4.10, the local chip thickness (h) is approximated using the local

chip area and the chip width:

h =
a∆
b

(4.34)
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In the last step, the normal rake angle αn is calculated. The rake face geometry of the

hob influences the local rake angle. To capture this effect, a local rake unit vector (g) is

initially established by intersecting the normal plane (which is perpendicular to the cutting

edge, see Figure 4.11) and the rake plane. While the rake face geometry of the hob can

be a curved surface, in this thesis, only planar rake face geometry is considered. Thus, the

rake vector is calculated as:

g = nrake × nnormal plane (4.35)

Finally, the normal rake angle is defined as the angle between the unit feed direction

and the rake vector (g) evaluated at the normal plane.

αn = cos−1(g · f) (4.36)

The negative normal rake angle case occurs when g · i < 0, thus, the necessary sign

change must be applied to equation 4.36.

Figure 4.12 demonstrates the rake and inclination angle profiles at different nodes along

the cutting edge, for the process parameters defined in Tables 3.2, 3.3 and 3.4. Points A

and C are examples of the engaged nodes when the hob axis is 6.42 mm below the top

of the gear blank. Point B, however, represents a non-engaged node at the same axial

position. As seen, the variation of these angles along the cutter teeth is limited to only

a few degrees, whereas in certain other gear-cutting operations, like power skiving, their

variation can be tens of degrees [70]. Furthermore, αn and i remain nearly constant at

individual nodes during the cut. This enables the application of a simple 2D uncut chip

model. Similar to Figure 4.12, Figure 4.13 displays the variation of the local chip attributes

(i.e., area, width, and thickness) along the cutting edge while the hob travels downward

axially.

4.7.2 Local cutting forces

The unit vectors t, f , and r help orient the scalar cutting forces contributed by each

engaged node, to their respective directions. This allows for the force contributions across
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Figure 4.12: Distribution of inclination and rake angles over the cutting edge of the hob

all engaged nodes to be correctly added as vectors at each time step. The local tangential,

feed, and radial forces (dFt, dFf , and dFr) for each engaged node are calculated using the

generalized oblique model as follows:

dFt,f,r =

{
K(t,f,r)c(h, |Vc|, ...)

∑
associated
triangles

(∆)

︸ ︷︷ ︸
chip area, a∆

}
+

{
K(t,f,r)e(h, |Vc|, ...)b

}
(4.37)

Above, ∆ is the area of each triangle which is calculated in equation 4.23. In the context of

Kienzl’s force model, the effect of edge forces are included in the cutting force coefficients
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Figure 4.13: Distribution of local chip area (a), width (b), and thickness (c) over the

cutting edge of the hob
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and thus edge force coefficients are assumed to be zero. Finally, the total cutting force at

each time step is determined by adding the local cutting forces from each node:

F̄WCS =
∑

associated
nodes

(dFtt
WCS + dFff

WCS + dFrr
WCS) (4.38)

The tangential, feed and radial directions were defined in the tool coordinate systems,

thus they must be transformed into the workpiece coordinate system. The tangential unit

vector in the WCS is determined as:

tWCS︸ ︷︷ ︸
tangential

vector in WCS

= RWCS
TCS︸ ︷︷ ︸

rotation matrix
between tool
and workpiece

tTCS︸︷︷︸
tangential

vector in TCS
(4.39)

The feed and radial unit vectors in the WCS are calculated similarly:

fWCS = RWCS
TCS fTCS (4.40)

rWCS = RWCS
TCS rTCS (4.41)

4.8 Hobbing integrated simulation engine

The hobbing simulation engine developed in this thesis uses a time-domain simulation

that integrates the kinematic model, engagement geometry, and local cutting condition

calculations. At each time step, the tool’s position relative to the workpiece is determined

by the kinematic model. The 3D CWE geometry is then calculated and used to predict the

local cutting forces, which are summed to generate a final cutting force prediction. This

process is repeated until the final gear is produced. The simulation has been incorporated

inside an integrated gear machining and metrology simulation suite earlier developed at

the University of Waterloo [75]. Figure 4.14 shows the extracted chip geometry and the

simulated cutting forces for Trial 1 (introduced in Tables 3.2, 3.3, and 3.4).
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Figure 4.14: Simulated chip geometry and cutting forces for Trial 1

4.9 Dexel and time step resolution study

In the context of cutting force prediction using discrete geometric modelers, a dexel and

time step resolution study is crucial to ensure accurate and reliable results. On the one

hand, fine dexel and time step resolution are necessary for capturing the complex geometry

and physics of hobbing. On the other hand, the computational cost of the problem grows
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quickly if these parameters are unnecessarily chosen to be too fine. Figure 4.15 demon-

strates the cutting force simulation results for different dexel resolution values while the

time step of the simulation is kept constant as 1 ms (1 ms is equivalent to 1.38◦ of hob

rotation). As can be seen, by reducing the dexel resolution from 0.5 mm to 0.3 mm, the

simulation converges and becomes less dependent on the dexel resolution value (0.3 mm is

about 10% of the gear module).

Figure 4.15: Effect of dexel resolution on the cutting force prediction results

Figure 4.16 illustrates the impact of adjusting the time step on the simulation results,

with a dexel resolution of 0.1 mm. When the time step is set to 10 ms, the simulation is

mainly capable of predicting the low-frequency component of the forces. However, when the

time step is reduced to smaller values (5, 1, and 0.5 ms), the force prediction results begin

to converge and become less dependent on the time step. A time step of 1 ms corresponds

to approximately 18.6 simulation sample points for the highest frequency component in

the force profile, which is the tooth passing frequency, i.e., 53.66 Hz. In the simulation

performed to validate the cutting forces in Chapter 5, the dexel resolution and time step

were chosen to be 0.1 mm and 1 ms, respectively. Moreover, it is not possible to adjust
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the dexel resolution and time step separately. If the time step is set to a very small value

while the dexel resolution is low, there may not be enough CWE data during each time

step of the simulation, as shown in Figure 4.17. Thus, care must be taken when selecting

these parameters.

Figure 4.16: Effect of time step on the cutting force prediction results

Figure 4.17 displays the RMS error comparison of the different resolution values in

relation to the finest resolution simulated (i.e., dt = 1 ms and ddexel = 0.1 mm). The

results show that as long as dt ≤3 ms and ddexel ≥ 0.2 mm, the calculated RMS error for

chip area and cutting forces remains within 5% of the results with the finest resolution.
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Figure 4.17: Effect of dexel resolution and time step on the chip area and cutting force

prediction results
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4.10 Conclusion

This chapter presented the extraction of uncut chip geometry and cutting force predic-

tion for hobbing. The 3D uncut chip geometry is extracted during each time step of the

simulation using a tri-dexel based geometric modeler, ModuleWorks. A 2D uncut chip

cross-section is calculated by intersecting the rake plane of the hob with the 3D uncut chip

geometry. After resolving the local cutting conditions and kinematics, the calculated 2D

geometry is used in a generalized oblique cutting model to calculate the forces for each

individual engaged node on the cutting edge of the hob. Finally, the local cutting forces

are summed over the length of the cutting edge to calculate the total cutting force at that

time step. The next chapter will discuss the validation of the proposed model through

hobbing cutting trials.
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Chapter 5

Experimental validation of cutting

force predictions

5.1 Introduction

The experimental validation of the developed cutting force model is described in this chap-

ter. Cutting forces during several hobbing operations were measured for model validation.

In total, 9 cutting trials were conducted on a Liebherr LC 500 CNC hobbing machine [85].

Cutting force data was recorded during the machining of external spur and helical gears.

The measured data was processed to remove any parasitic signals introduced by the mea-

surement setup, such that only the pure cutting signature remained for comparison with

the predictions.

The remainder of this chapter is as follows: the experimental setup is introduced in

Section 5.2. Section 5.3 explains how the measured data was processed for comparison with

the predictions. The calibration of the cutting force coefficients are discussed in Section

5.4, continued by the discussion of the results in Section 5.5.
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5.2 Experimental setup

Since the cutter and workpiece are rotating simultaneously and undergo a large number of

rotations (B1 and C2 axes in Figure 3.11), the use of a stationary dynamometer to measure

force was not practical. To realize the direct measurement of the cutting forces rather

than relying on indirect estimation from the feed drive currents, a Kistler 9123C rotary

dynamometer was clamped on the worktable using a custom-developed fixture. This fixture

provides a precision-ground mating surface to the instrument’s conical tool-holder interface

and enables the adjustment of the clamping preload as needed. The signal is wirelessly

transmitted to the receiver and logged using a personal computer. The experimental setup

is shown in Figure 5.1.

Figure 5.1: Cutting force measurement setup on the Liebherr LC 500 CNC hobbing ma-

chine

The cutting trials involved the cutting of five spur gears and four helical gears, with

only one hob being used, geometry parameters of which are given in Table 5.1. One of the
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spur gears and one of the helical gears were cut using a two-pass process (i.e., finishing

and roughing), while the others were cut using a single pass process (i.e, only roughing).

The workpiece geometries for both spur and helical gears are shown in Tables 5.2 and 5.3,

respectively. The process parameters, including cutting speed, axial feed rate, and depth

of cut, are given in Tables 5.4 and 5.5, for spur and helical gear cases, respectively. Two

of the machined gears are shown in Figure 5.2.

Table 5.1: Tool geometry data (used in both spur and helical cases)

Parameters Value

Normal module mnc [mm] 3.175

Number of starts Nc 1

Number of flutes (gashes) 14

Addendum diameter dac [mm] 75.68

Dedendum diameter ddc [mm] 60.325

Pitch diameter dpc [mm] 68.263

Pressure angle αnc [
o] 20.0

Length Lc [mm] 102.0

Rake angle αr [
o] 0.0

Material ASP 2052
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Table 5.2: Workpiece geometry data (used in spur cases)

Parameters Value

Normal module mng [mm] 3.175

Number of teeth 30

Addendum diameter dag [mm] 102.250

Dedendum diameter ddg [mm] 87.316

Helix angle β [o] 0.0

Pressure angle αng [o] 20.0

Gear width wg [mm] 56.6

Material AISI 4320

Table 5.3: Workpiece geometry data (used in helical cases)

Parameters Value

Normal module mng [mm] 3.175

Number of teeth 29

Addendum diameter dag [mm] 102.25

Dedendum diameter ddg [mm] 87.70

Helix angle β [o] 15.0

Pressure angle αng [o] 20.0

Gear width wg [mm] 56.6

Material AISI 4320

Table 5.4: Cutting process for the spur gear trials

Trial number 1 2 3 4 5 5

roughing vs. finishing rough. rough. rough. rough. rough. finish.

vf [mm/WR] 3.0 1.5 0.75 3.0 3.0 0.75

dc [mm] 7.143 7.143 7.143 7.143 6.743 0.4

Vc [m/min] 55.0 55.0 55.0 30.0 55.0 55.0

vr [mm/WR] NA NA NA NA NA 0.4
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Table 5.5: Cutting process for the helical gear trials

Trial number 6 7 8 9 9

roughing vs. finishing rough. rough. rough. rough. finish.

vf [mm/WR] 3.0 1.5 0.75 3.0 0.75

dc [mm] 7.143 7.143 7.143 6.743 0.4

Vc [m/min] 55.0 55.0 55.0 55.0 55.0

vr [mm/WR] NA NA NA NA 0.4

Figure 5.2: Finished workpiece for spur(left) and helical (right) case studies
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5.3 Processing the measured cutting forces

5.3.1 Parasitic effect of tailstock axial preload

The dynamometer measures the raw cutting forces in the x, y, and z directions of the rotat-

ing WCS. Figure 5.3.a demonstrates the measured cutting forces in three axes. The rotary

dynamometer was registering a sinusoidal force signal of ±40 N in the x and y directions

even with no cutting action taking place. It is believed that the primary cause is internal

strains within the dynamometer induced by the automated tailstock preload system. This

force signal needed to be compensated from the actual machining measurement to only

account for pure machining force. The effect was compensated by synchronizing and then

subtracting the recorded air-cutting forces from the cutting trial force signals.

5.3.2 Drift compensation

Drift problem is typical in piezo-electric dynamometers. As can be seen, the Fz data is

susceptible to drift from its original value over time, which requires compensation. To

address this issue, a linear compensation technique is employed. This technique involves

selecting two time points during which no engagement occurs, and creating a line that

describes the drift between those points. The line is then used to eliminate the drift from

the data. Figure 5.3 demonstrates this approach and depicts the elimination of the drift

from the original force data.

5.3.3 Structural distortion compensation using Kalman filter

In hobbing, the cutting forces are periodic and occur at tooth passing frequency and its

harmonics. While the dynamometer bandwidth is sufficiently high (≈10KHz), the actual

bandwidth of the measurement is influenced by the structural resonances below ≈1KHz

originating from the measurement device assembly. These resonances can amplify the dy-

namometer measurements in the x -y-z directions of the rotatingWCS. To enable a practical
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Figure 5.3: Raw and processed force measurements

measurement band above the tooth passing frequency and its harmonics, a Kalman filter is

designed based on the technique introduced in [96]. The ultimate goal of the Kalman filter

is to reconstruct the actual force (Fa) acting on the gear from distorted dynamometer force

measurements, which will contain gain and phase aberration as a function of frequency.

The overview of the process can be seen in Figure 5.4.

5.3.3.1 Identification of the measurement distortion FRFs

To identify the measurement distortions, the force input (Fa) to force measurement (Fm)

frequency response functions (FRFs) were determined using impact hammer testing, by

exciting the workpiece along the x -y-z directions of the MCS, and acquiring the correspond-
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Figure 5.4: Overview of the application of Kalman filter for cutting force distortion com-

pensation

ing dynamometer outputs while the workpiece was stationary (see Figure 5.5.a). The tests

were performed in three orthogonal directions when the WCS and MCS axes were aligned.

The measured FRFs are identified for all axes by the peak-picking approach [97] in the

following transfer function format:

ϕ(s) =
Fm(s)

Fa(s)
=

mk∑
k=1

1

αk

ωn,k
2

s2 + 2ζkωn,k + ωn,k
2 (5.1)

where k is the mode number and mk is the total number of modes. αk, ζk, and ωn,k

are the modal contribution factor, damping ratio, and natural frequency for each mode,
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respectively. The identified modal parameters describing the transfer functions in the x

and y directions are given in Table 5.6 and 5.7, respectively.

Table 5.6: Identified modal parameters by fitting the measured FRF in x direction

Mode number (k) ωn ζ α

1 200 0.023 1.78

2 420 0.381 -0.42

3 495 0.077 -0.44

4 550 0.065 -0.40

5 610 0.079 1.01

6 750 0.024 -0.14

7 875 0.175 -0.40

Table 5.7: Identified modal parameters by fitting the measured FRF in y direction

Mode number (k) ωn ζ α

1 420 0.063 0.33

2 495 0.051 0.35

3 577 0.030 0.53

4 648 0.039 -0.50

5 820 0.061 0.28

The measured and fitted transfer functions in the x and y directions are provided

in Figure 5.5.b. While careful and proper grounding practices were followed during the

measurement conducted in the factory environment, unwanted parasitic noise artifacts at

frequencies such as 60 Hz and 120 Hz were still present. Despite these challenges, the

frequency response functions (FRFs) could still be measured and fitted successfully, as

shown in Figure 5.5.b. The z direction was significantly more rigid (≈ 50×), and the

cross-sensitivities (e.g., x − y, y − z) were also observed to be negligible (≈ 50×). It can

be seen that the measured and curve-fitted transfer functions are in good agreement. The
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resonances are attributing to the bending in the fixture adapter, dynamometer, and the

work holding assembly. The transfer function measurements suggest that the dynamometer

can effectively measure hobbing forces with harmonics below 100 Hz which is within the

tooth passing frequency. However, the higher harmonics of the tooth passing frequency

are amplified (for example 7 times around 600 Hz) and require compensation. While the

inverse of the transfer function can be used to compensate for the distortions, it can result

in the amplification of noise, or worse – an unstable filter if the identified dynamics is

non-minimum phase. A Kalman filter is a better alternative as it can reduce noise while

accounting for the effects of structural modes on the measured cutting forces.

Figure 5.5: a) Measurement of structural distortions affecting cutting force measurement

b) measured and fitted FRFs

5.3.3.2 State-space representation of the force measurement dynamics

To represent the dynamic system in the state-space form, equation 5.1 can be rewritten in

the polynomial form as follows:

ϕ(s) =
Fm(s)

Fa(s)
=

b1s
2mk−2 + b2s

2mk−3 + ...+ b2mk−1

s2mk + a1s
2mk−1 + ...+ a2mk−1s+ a2mk

(5.2)
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While higher order dynamics for the numerator could have been chosen, the order is chosen

to be -2 from denominator as shown in [96]. The polynomial coefficients for each axis are

calculated from the modal parameters reported in Tables 5.6 and 5.7. The transfer function

given in equations 5.1 and 5.2 is transformed into the state-space form:

ẋ(t) = Ax(t) +BFa(t)

Fm(t) = Cx(t)
(5.3)

The representation above, involves a state vector x(t) and the measured output force

Fm(t), with the actual applied force being denoted as Fa(t). The state space model in the

continuous time domain includes the normalized state A, the input B, and the output C.

The input transmission D matrix is zero. The representation of the disturbance transfer

function in the x direction, which is approximated using seven modes, is depicted below in

state-space form.
ẋ1

ẋ2

...

˙x14

 =



−a1 −a2 −a3 · · · −a14

1 0 0 · · · 0

0 1 0 · · · 0
...

...
. . .

...

0 0 · · · 1 0


︸ ︷︷ ︸

A14×14


x1

x2

...

x14

+


1

0
...

0


︸︷︷︸
B14×1

Fa,x

Fm,x =
[
0 b1 b2 · · · b13

]
︸ ︷︷ ︸

C1×14


x1

x2

...

x14



(5.4)

The state-space form of the disturbance transfer function in the y direction can be

derived similarly.

5.3.3.3 State-space representation of the expanded disturbance model

Equation 5.4 can be expanded to include the actual cutting force exerted on the gear,

which can be formulated as an unknown state. The cutting force measurement is taken
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at a high frequency (≈10 KHz), which is much faster than the tooth passing frequency

of 53.66 Hz. Therefore, it is reasonable to assume that the input forces remain constant

during the short sampling intervals. The dynamics of the input is then modeled as an

integrated white noise process, receiving the input of process noise (w).

Ḟa = 0Fa + w (5.5)

Thus, the state-space model which contains this ‘input’ dynamics can now be written,

for example for the x-direction, as

ẋ1

ẋ2

...

˙x14

˙Fa,x


︸ ︷︷ ︸
ẋe15×1

=



−a1 −a2 −a3 · · · −a14 b1

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 0 0


︸ ︷︷ ︸

Ae15×15



x1

x2

...

x14

Fa,x


+



0

0
...

0

1


︸︷︷︸
Γ15×1

w

Fm,x =
[
0 b1 b2 · · · b13 0

]
︸ ︷︷ ︸

Ce1×15



x1

x2

...

x14

Fa


+ v

(5.6)

The Kalman Filter estimates the ‘expanded’ state vector (xe), taking into account the

system model and known distribution of the measurement noise (v):

˙̂xe = Aex̂e +K(Fm − F̂a)

= Aex̂e +K(Fm − Cex̂e)

= (Ae −KCe)x̂e +Kz

F̂a = C0x̂e

(5.7)

Aboce, C0 =
[
0 0 · · · 0 1

]
1×15

and K is the Kalman gain. In equation 5.7 the actual

cutting force (Fa) is estimated as F̂a. The Kalman Filter’s transfer function can be obtained
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by using the state space representation presented in 5.7 as:

ϕk(s) =
F̂a(s)

Fm(s)
=

{
C0adj[sI − (Ae −KCe)]

det[sI − (Ae −KCe)]

}
K (5.8)

To determine the Kalman Filter gain, the state estimation error covariance (P = E[x̃x̃T ])

is minimized using the actual and estimated models. The estimated error (x̃) is defined as

the difference between the estimated state (x̂e) and the actual state (xe). The resulting

Kalman gain is obtained from this process:

K = PCT
e R

−1 (5.9)

The covariance matrix for the state estimation error is calculated using the Riccati

equation [98], as shown below:

Ṗ = AeP + PAT
e − PCT

e CeP
TR−T + ΓQΓ T (5.10)

The covariances of the process noise (Q = cov(w)) and sensor noise (R = cov(v)) were

determined as Q = 109 and R = 10.5, respectively. The covariance matrix for measurement

noise (R) is determined by the difference between dynamometer readings when the machine

is stationary and when air cutting is performed, in order to determine how much signal

contamination is caused by the hobbing machine’s feed drives. On the other hand, the

system noise covariance matrix (Q) was adjusted to improve the compensation by trial

and error.

The Kalman gains in the x and y directions were found to be:

Kx = [−1.2128 21.934 35.305 −56.478 −103.668

8.723 115.680 48.558 −99.925 −51.201

13.643 16.037 −1.578 −4.020 −31.623]× 104

Ky = [−0.600 0.103 2.167 0.152

−1.918 −0.499 0.791 0.362

−0.312 −0.107 −10.00 ]× 104
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The Kalman filter’s transfer function is converted into discrete-time domain using the

Tustin’s dicretization method, which is represented by the equation 2(z−1)/Ts(z+1). This

conversion is done at every sampling time interval of Ts = 9.7656× 10−5 seconds when the

cutting force (Fm) is measured. The actual forces (Fa) acting on the gear can be recon-

structed by applying the discrete-time version of the Kalman transfer function, as described

in equation 5.8, to the measured and processed forces from the rotary dynamometer.

The effectiveness of the Kalman filter in compensating for transmission aberrations

due to structural dynamics can be verified by checking whether the the product of the

Kalman filter and mechanical transmission transfer functions approaches 1 (one) over a

broad frequency range.

ϕKF (s)× ϕ(s) =
F̂a(s)

Fm(s)
× Fm(s)

Fa(s)
≈ 1 (5.11)

The structural measurement, modal fitting results, and the designed Kalman filter’s

compensation characteristics are shown in Figure 5.6. The Kalman filter enables a practical

measurement band up to 450 Hz while correcting for most of the distortions caused by the

resonances. This is around 8.3× that of the highest tooth passing frequency (53.66 Hz)

used in the experiments.

Figure 5.7 shows the measured cutting forces after applying the developed signal condi-

tioning and Kalman filter in the x and y directions of the WCS. As can be seen, the Kalman

filter effectively reduces high-frequency signal content and retains the overall pattern of the

forces resulting occurring at the tooth passing frequency and its few higher harmonics, as

evidenced from the successful reconstruction of the general force waveforms. By truncating

the modes, the assumptions regarding the unbiased estimate of the Kalman Filter (KF) is

expected to be preserved, as the roll-over (i.e., attenuation) and limited bandwidth of the

KF helps mitigate errors caused by unmodeled higher frequency modes.
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Figure 5.6: Developed Kalman filter and disturbance compensated FRFs in x and y direc-

tions
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Figure 5.7: Kalman filtered cutting forces in the WCS
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5.4 Calibration of cutting force coefficients

To enable the prediction of the hobbing forces using orthogonal and oblique models, a

portion of the measured force data from Trial 1 (20-40 s and 80-100 s) was selected to

calibrate the cutting force coefficients, which was then used to simulate the machining

operation for the entire process (20-220 s).

5.4.1 Orthogonal model

In this model, it is assumed that the cutting velocity is perpendicular to the cutting edge

of the hob. Thus, in the simulation, the effect of the axial feed rate and rotational velocity

of the gear are excluded from the cutting velocity, and only the rotation of the hob is

considered. As a result, the inclination angle is approximated to be zero and the cutting

force only comprises of tangential and feed components. Furthermore, as there is no global

rake angle on the hob, the local rake angle across the cutting edge is assumed to be zero.

The orthogonal cutting force model consists of four parameters: Ktc, Kfc, Kte and Kfe,

i.e., the tangential and feed direction cutting and edge force coefficients. The zero rake

and inclination angle also implies that the cutting and edge force coefficients are the same

at all point of contact along the cutting edges. To solve for the parameters, the measured

forces and simulated chip characteristics were used to formulate a least-squares problem

via linear regression. The data is collected from every sampled point during the process,

and the problem is formulated as follows:
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Fx

Fy

Fz


i=1

...Fx

Fy

Fz


i=S


︸ ︷︷ ︸
measured forces

=



[
nodes∑
n=1

at
nodes∑
n=1

af
nodes∑
n=1

bt
nodes∑
n=1

bf

]
i=1

...[
nodes∑
n=1

at
nodes∑
n=1

af
nodes∑
n=1

bt
nodes∑
n=1

bf

]
i=S


︸ ︷︷ ︸

regressors (from simulations)


Ktc

Kfc

Kte

Kfe


︸ ︷︷ ︸

cutting coefficients

(5.12)

Above, i is the sample point number, and S is the total number of samples used in the

calibration (i.e., 20-40 s, 80-100 s). t and f are tangential and feed direction unit vectors

that are calculated for each engaged node along the cutting edge of the hob. a and b are the

chip area and chip width associated with each engaged node. The least-squares problem

can be written as:

Y =
[
ϕc ϕe

] [θc
θe

]
(5.13)

Y is a 3S × 1 vector of measured forces, ϕc is a 3S × 2 matrix of regressors for cutting

coefficients, ϕe a 3S × 2 matrix of regressors for edge coefficients, θc and θe are vectors of

cutting force and edge force coefficients, respectively. The cutting coefficients are obtained

by solving the least-square problem shown in equation 5.13. The calibrated parameters

obtained from the experimental data are shown in table 5.8.

Table 5.8: Calibrated parameters of the orthogonal model

parameter calibrated value

Ktc 2466.8 [MPa]

Kfc 891.0 [MPa]

Kte 25.0 [N/mm]

Kfe 30.4 [N/mm]
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5.4.2 Oblique model

5.4.2.1 Orthogonal to oblique cutting force coefficient transformation

In hobbing, the cutting velocity is not actually perpendicular to the cutting edge, thus,

it is expected that the oblique model will demonstrate better performance (compared

to the orthogonal model) in predicting the cutting forces. The oblique model has six

parameters: cutting force coefficients (Ktc, Kfc and Krc), and edge force coefficients (Kte,

Kfe and Kre). The cutting force coefficients are determined through orthogonal-to-oblique

transformations (equations 4.6, 4.7 and 4.8) based on shear stress (τs), shear angle (ϕn),

friction angle (βn), and average rake and inclination angles. The process of estimating

shear stress, shear angle, and friction angle from experimental data involves defining a

3D search space and selecting candidate points from that space. The cutting coefficients

are then determined through the use of the average local inclination and rake angle via

the orthogonal-to-oblique transformation. As with the previous section, a least-squares

problem is formulated by utilizing the experimentally measured forces and simulated chip

characteristics to solve for the edge coefficients through linear regression. The model

prediction error for each candidate is evaluated, and the set with the lowest error is chosen.

The least squares problem is formulated as follows:
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Fx

Fy

Fz


i=1

...Fx

Fy

Fz


i=S


︸ ︷︷ ︸
measured forces

=



[
nodes∑
n=1

at̂
nodes∑
n=1

af̂
nodes∑
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ar̂
nodes∑
n=1

bt̂
nodes∑
n=1

bf̂
nodes∑
n=1
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]
i=1

...[
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n=1
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nodes∑
n=1

af̂
nodes∑
n=1
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nodes∑
n=1

bt̂
nodes∑
n=1

bf̂
nodes∑
n=1

br̂

]
i=S


︸ ︷︷ ︸

regressors (from simulations)



Ktc

Kfc

Krc

Kte

Kfe

Kre


︸ ︷︷ ︸

cutting coefficients

(5.14)

Similar to equation 5.12, i is the sample point number, and S is the total number of

samples used in the calibration (i.e., 20-40 s, 80-100 s). t, f and r are tangential, feed, and

radial direction unit vectors that are calculated for each engaged node along the cutting

edge of the hob. a and b are the chip area and chip width associated with each engaged

node. The least-square problem can be written as:

Y =
[
ϕc ϕe

] [θc
θe

]
(5.15)

Above, Y is a 3S × 1 vector of measured forces, ϕc is a 3S × 3 matrix of regressors for

cutting coefficients, ϕe a 3S×3 matrix of regressors for edge force coefficients, θc and θe are

vectors of cutting force and edge force coefficients, respectively. The cutting coefficients

are found by applying the orthogonal-to-oblique transformation on candidate points within

a pre-defined cubic search space of shear stress (400-1000 MPa), shear angle (10-50◦), and
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friction angle (10-50◦). Then, linear regression is used to determine the edge coefficients:

θe = pinvϕe(Y − ϕcθc) (5.16)

Here, the radial edge coefficient is usually considered negligible (Kre ≈ 0 ), so the

third column of ϕe is set to zero. The model prediction error for each set of coefficients is

evaluated using the root-mean-square (RMS) error of normalized forces as follows:

RMS =

√√√√ 1

3S

( S∑
i=1

(e2x + e2y + e2z)

)
(5.17)

where

ex =
Fx,measured − Fx,simulated

max(Fx,measured)

ey =
Fy,measured − Fy,simulated

max(Fy,measured)

ez =
Fz,measured − Fz,simulated

max(Fz,measured)

(5.18)

Other methods can also be used, such as cross-correlation for comparing the predicted

and measured forces, however, for the purpose of this research the RMS was found to be

sufficient.

The identified best set of coefficients is shown in table 5.9.

Table 5.9: Calibrated parameters of the oblique model

parameter calibrated value

ϕn 27.5 [◦]

βn 22.5 [◦]

τs 668.5 [MPa]

Kte 21.5 [N/mm]

Kfe 59.5 [N/mm]

Figure 5.8 demonstrates the variation of the total calculated error based on shear angle

and friction angle candidate points for the identified shear stress.
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Figure 5.8: Error surface plot for AISI 4320 steel for shear stress τs=668.5 MPa

5.4.2.2 Kienzle model cutting force coefficients

Kienzle model parameters were also adopted and identified in setting up the simulations.

Similarly, a portion of the experimental data (20-40 s and 80-100 s) of Trial 1 was selected to

calibrate the cutting force model’s parameter and then used to simulate the entire cutting

process (20-220 s). To use the Kienzle model, the local cutting conditions such as force

component directions (t, f and r), local rake (αn) and inclination angles (i), and local chip

width (b) and thickness (h) are extracted from the simulation. The Kienzle coefficients

(Ku, u, Kv, and v) candidates were populated in a four-dimensional search space. Each
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dimension consisted of equally spaced values for each of the Kienzle model’s parameters.

Ku = (200, 225, ..., 975, 1000)

u = (0, 0.05, ..., 0.95, 1)

Kv = (800, 825, ..., 1975, 2000)

v = (0, 0.05, ..., 0.95, 1)

(5.19)

The cutting force components acting on each local node j at time step i are calculated

as: Fx

Fy

Fz


j,i

=
[
tbh fbh rbh

]
j,i

Ktc

Kfc

Krc


j,i

(5.20)

where the cutting coefficients are transformed using equations 4.10, 4.11, and 4.12. The

total predicted cutting force at time step i is then computed by summing the local cutting

forces contributed by each engaged node:

Fi =
nodes∑
j=1

Fj,i (5.21)

As shown for orthogonal to oblique calibration in 5.4.2.1, for every set of candidates, a

normalized RMS error is calculated through sample-by-sample subtraction of the simulated

forces from their experimental counterparts. The set of coefficients that resulted in the

smallest total RMS value is selected as the best candidate. Table 5.10 shows the calibrated

parameters for the Kienzle model.
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Table 5.10: Calibrated parameters of the Kienzle model

parameter calibrated value

Kv 1300

v 0.3

Ku 400

u 0.1

5.5 Results and discussions

5.5.1 Accuracy performance of different cutting force models

The accuracy of the calibrated models is assessed by comparing the total root-mean-square

error of normalized forces, as shown in Table 5.11. The corresponding time-domain sim-

ulation results can be seen in Figure 5.10. Although all three models have comparable

accuracy, the Kienzle model is chosen for simulation as it slightly outperforms the others.

Table 5.11: Prediction accuracy of different cutting force models

Fx[N] Fy[N] Fz[N] total error (%)

Orthogonal model 100.3 (19.3%) 102.0 (19.6%) 170.5 (7.3%) (16.5%)

Oblique model* 90.9 (17.5%) 97.2 (18.0%) 170.5 (7.3%) (15.9%)

Oblique model** 84.2 (16.2%) 86.4 (16.6%) 212.6 (9.1%) (15.6%)

*cutting force coefficients are calculated using orthogonal-to-oblique transformations

**cutting force coefficients are calibrated from Kienzle’s model

Although simpler, the predictions of the orthogonal model are comparable to those

of the oblique model. This is because the assumptions made in the orthogonal model

align reasonably with the physics of the hobbing process. In hobbing, the cutting velocity

vector is composed of three components: the velocity of the hob and gear due to their

angular motions, and the axial feed of the hob. The tangential velocity of the cutting edge

originating from the hob’s angular motion accounts for 90% of the total cutting velocity,
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making the other two components less significant, as assumed in the orthogonal model.

This observation is further supported by the small and almost constant values of local

inclination and rake angles, as illustrated in Figure 4.12. However, this approximation

may not produce reasonable predictions when the other two components in the cutting

velocity vector are more significant (e.g., in scenarios with smaller hob RPMs and/or

aggressive axial feed rates). Additionally, with non-standard hobs (e.g., twisted or angled

rake faces), it is possible to have larger local inclination and rake angle over the length of

the cutting edge which reduces the accuracy of the orthogonal model predictions. Thus,

while the orthogonal model yields relatively accurate results in the presented cases studies,

it is prudent to establish a more general cutting force model that not only offers insight into

the physics of the process but also delivers better accuracy in various hobbing scenarios.
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Figure 5.9: Comparison of cutting force models in the WCS [Trial 1]
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5.5.2 Spur gear trials

The cutting forces observed in the spur and helical gear trials exhibit a consistent pattern

overall with slight variations. As a result, Trial 1 will be analyzed in depth to provide

a comprehensive understanding of the forces involved. Figure 5.10 shows the comparison

between the prediction and the measured cutting forces for Trial 1, single pass hobbing

process of an external spur gear. The forces are displayed for the x, y and z direction of

the rotating WCS and zoomed in two distinct windows. The sinusoidal behavior of the

measured cutting forces in x and y directions is attributed to the dynamometer rotating

with the gear, while the direction of the forces along the z direction remains unchanged.

The observed trend in cutting forces could be explained by breaking the cutting process

down into three distinct portions: entry, middle and exit. At entry stage, hobbing process

exhibits an intermittent behavior as the cutting edge of the hob enters the blank gear,

removes a small volume of the material and exits, resembling an impact force on the gear.

During the first engagement of the cutter with the flat face of the gear blank, only the tip of

1-2 adjacent teeth on the engaged flute are involved in the cutting action. The magnitude of

the cutting force gradually increases as the hob is moving downward, reaching its full depth

of cut. The comparison of the results for this stage reveals that the simulated forces in

the z direction, which mainly coincides with the tangential cutting direction, successfully

capture the most dominant force component. The forces in lateral x/y axes reflect the

influence of the local feed and radial cutting forces. While the simulation captures the the

general force envelopes, the influence of tooth passing strokes, and the repetitive nature of

the engagement, the maximum forces in each stroke are over-predicted.

As cutting progresses towards the middle of the process, the cutting edge consistently

removes material from the blank, creating a steady-state cutting condition where the max-

imum and minimum forces remain constant. At this stage, depending on the geometry

of the hob and gear, there are typically multiple engaged flutes simultaneously with each

having 2-3 teeth involved in the cutting process. The generative meshing pattern shown

in Figure 5.10 is due to the repetitive teeth engagement. When a tooth on an engaged

flute comes into contact with the gear blank, the material is first removed by the leading
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flank of the tooth, then by the leading flank and tip, and finally exits with only the trailing

flank cutting. This behavior can be used to explain how the chip thickness (and also the

cutting forces) start at a low value when the engaged flute first makes contact with the

gear, increase to a maximum when the leading flank and tip of the tooth are cutting, and

decrease to a minimum when only the trailing flank is cutting (see zoomed window A in

Figure 5.10). Similar trend is observed when comparing the simulated and measured force

profiles, with prediction in the z direction being the best captured component of the cut-

ting force. Furthermore, the general min/max envelopes and generative meshing pattern

in the predicted x/y forces are well-matched with the measurement.

The exit portion resembles the entry portion of the cut. The cutter-workpiece engage-

ment becomes intermittent with less uniform chip engagement distributed over multiple

engaged flutes. Similar behavior in the predicted cutting forces is observed.

Of course, the model prediction can be improved especially in the entry portion of the

cut where the it has a tendency to over-predict the forces in x/y directions. The reason for

over-prediction can be directly linked to the calibrated cutting force coefficients. While the

calibrated coefficients produced the lowest total error, there exist another set of coefficients

that yields a larger total error, but with a better prediction of the forces in the entry zone

and under-prediction in the steady state portion. Thus, if better performance is required,

different set of coefficients can be adopted for various cutting zones.

Moreover, it is expected that the accuracy of the prediction improves as the cutter and

workpiece are more accurately represented. In the presented results, the hob geometry is

generated from the tool manufacturer data. However, the hob had been used in several

other trials and may have been worn out or alternatively been re-sharpened or re-grounded,

causing its geometry to differ from the manufacturer-provided values. Also, in generating

the blank geometry, the actual outer diameter of the blank gear should be employed, rather

than the nominal values (i.e., πmn + dag). Since the extracted chip geometry during the

trials is quite thin (20-120 µm), even minor inaccuracies in these geometries may result

in significant changes in the force predictions. Equally important, the commanded (or

actual) axis motion of feed drives may not align with the nominal values derived from the
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NC codes because of internal compensations and CNC-specific optimization algorithms

that can slightly adjust the nominal values. One such example is temperature compen-

sation, which automatically modifies the center-to-center distance to account for thermal

distortions of the machine. Therefore, instead of relying on the developed kinematic model

to accurately capture the feed axes motion, the commanded CNC data (or actual CNC

data) can be directly input into the virtual model, resulting in improved chip geometry

predictions.

Overall, the model performed better in predicting the z forces compared to the other

axes. It is hypothesized that, in spite of removing the measurement distortions from the x/y

axis, the measured forces still included some additional readings that can be associated

with non-cutting sources, possibly originating from the CNC’s servo response. Further

research and measurement are needed to confirm this hypothesis, which is beyond the

scope and of this thesis.

The cutting forces for Trial 3, with a smaller axial feed rate of vf = 0.75 [mm/WR], are

shown in Figure 5.11. As expected, the cutting process takes longer and the magnitude of

the cutting forces is smaller compared to Trial 1. The behavior of the forces is generally

similar to that observed for Trial 1. The accuracy of the prediction, however, is worse as

the chips and apparent cutting forces are smaller. The primary cutting models are macro-

level and empirical. Therefore, more calibration and data would improve the results. The

poor performance in Trial 3 can thus be attributed to the assumption that the calibrated

cutting forces are independent of the feed rate values. Nevertheless, a new set of parameters

can marginally improve the accuracy of the predictions. Additionally, as the magnitude

of the cutting forces are much smaller, the noise and parasitic influences captured by the

the measurement device have a more dominant effect, thereby worsening the perceived

accuracy of the prediction.

110



Figure 5.10: Predicted and measured cutting forces in the WCS [Trial 1]
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Figure 5.11: Predicted and measured cutting forces in the WCS [Trial 3]

112



The accuracy performance of the prediction for spur gears across the cutting trials is

presented in Table 5.12. The RMS values are obtained from sample-by-sample subtraction

of every data point throughout the cut as shown in equation 5.17 and 5.18. As indicated,

Trial 1 achieved the highest accuracy, which is expected given that the calibration was

conducted on 25% of the cutting data specifically for this trial. Moreover, the cutting

forces were greater in Trial 1 due to the higher axial feed, resulting in lower levels of noise

compared to the force signal magnitudes.

The RMS values of the average and peak stroke forces for both axial (Faxial = Fz) and

bending (Fbending =
√

F 2
x + F 2

y ) forces are shown in Figure 5.13. To obtain these results,

the average and maximum forces were calculated for each hob stroke (i.e., tooth passing

period), and their RMS values were calculated over the entire set of strokes (see Figure

5.12).

The results from Trial 1, Trial 2, and Trial 3 demonstrate that the prediction error de-

creases in different axes with an increase in axial feed rate. Trial 1 and Trial 4 share similar

process parameters, except for the cutting velocity. The cutting coefficients are dependent

on the cutting velocity, as it is directly related to friction in the process. Therefore, using

the same coefficients that were calibrated for Vc = 55 [m/min] for a trial performed at a

lower cutting velocity of Vc = 30 [m/min] would result in under-predicted cutting forces.

In fact, the friction and apparent cutting forces observed in Trial 4 are larger than those

in Trial 1. This is also supported by the average and peak force prediction demonstrated

in Figure 5.13.

For the finishing cut in Trial 5, due to the forces being significantly smaller, the signal-

to-noise ratio and apparent prediction accuracy is the worst.

Overall, these results indicate that the model predictions and calibrated coefficients

are effective in predicting the general behavior (average, min/max envelopes) of the forces

across the cutting trials with varying conditions.
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Table 5.12: RMS of prediction error for spur gear cases

Fx[N] Fy[N] Fz[N]

Trial 1 84.2 (16.2%) 86.4 (16.6%) 212.6 (9.1%)

Trial 2 67.1 (17.7%) 68.14 (18.1%) 214.42 (14.2%)

Trial 3 43.2 (19.6%) 43.6 (19.8%) 188.9 (16.7%)

Trial 4 135.6 (19.1%) 137.4 (19.6%) 424.32 (13.6%)

Trial 5 (roughing) 96.2 (16.6%) 92.0 (17.2%) 246.2 (10.3%)

Trial 5 (finishing) 46.58 (29.3%) 36.4 (30.6%) 88.0 (24.1%)

114



Figure 5.12: Peak and minimum stroke forces

These results indicate that the model predictions and calibrated coefficients are effective

in predicting the general behavior (average, min/max envelopes) of the forces across the

cutting trials with varying conditions.
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Figure 5.13: RMS of average and peak cutting forces for spur gear trials
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5.5.3 Helical gear trials

The force profiles for helical gear cases in Trial 6 and 8 are displayed in Figures 5.14

and 5.15. Generally speaking, the forces have comparable profiles and magnitudes when

considered alongside their spur counterparts. Upon closer inspection, the force profiles

within each stroke are relatively flatter compared to spur cases. This is due to the fact

that the majority of the material is uniformly removed when the engaged flute is in the

middle of the stroke, while a minimal amount is removed when entering and exiting a gear

gap, resulting in a flatter force profile as opposed to the spur cases.

Moreover, the cutting forces in the x/y directions have a slightly greater magnitude,

whereas the z component of the cutting force is reduced in comparison to spur cases. This

is because the swiveled hob (i.e., γ=15◦-η) directs more of the tangential forces, which are

the most significant force components, to be projected into the x-y plane, causing Fx and

Fy to increase but Fz to decrease.

Table 5.13 lists the RMS of prediction errors for the helical cases studies, and similar

trend with the spur case studies are observed. Additionally, Figure 5.16 demonstrates the

same trend about the RMS of the peak and average stroke forces for the helical trials.

Table 5.13: Summary of prediction errors for helical gear cases

RMS of prediction error Fx[N] Fy[N] Fz[N]

Trial 6 147.3 (17.6%) 148.8 (17.8%) 361.8 (12.1%)

Trial 7 88.9 (18.0%) 88.4 (18.6%) 302.2 (15.9%)

Trial 8 61.4 (18.1%) 64.5 (18.6%) 261.1 (19.2%)

Trial 9 (roughing) 147.0 (17.3%) 154.8(18.1%) 368.8 (13.1%)

Trial 9 (finishing) 84.3 (36.2%) 71.1 (31.6%) 110.9 (24.1%)
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Figure 5.14: Predicted and measured cutting forces in the WCS [Trial 6]
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Figure 5.15: Predicted and measured cutting forces in the WCS [Trial 8]
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Figure 5.16: RMS of average and peak cutting forces for helical gear trials
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5.5.4 Limitation of the cutting force models

Cutting force models are simplified representations of the complex cutting process, often

assuming linearities and uniformities to facilitate analysis and prediction. However, it is

important to recognize that there are a variety of non-linearities in the cutting process

(e.g., non-uniform shear zone, complex and non-uniform contact and friction phenomena,

thermomechanical behavior of the workpiece material under extremely high strain rates,

tool wear, material heterogeneity etc.) that will not be fully captured by the cutting

force coefficient identification. These factors can lead to deviations between the predicted

cutting forces from the simplified models and the actual forces observed during machining.

Therefore, while cutting force models provide valuable insights, it is crucial to consider

and account for the potential non-linearities and limitations of these models. Some of the

best practices are to parameterize the validity envelope of such models and to refine them

with additional experimental data, when conditions allow.

5.6 Conclusion

In this chapter, the proposed cutting force model was validated through hobbing experi-

ments involving the cutting of external spur and helical gears using both single and two-

pass processes with varying process parameters. The trials were carried out on a Liebherr

LC 500 CNC hobbing machine tool, with cutting forces being measured using a rotary

dynamometer mounted via an adapter fixture. To ensure correct comparisons between

predicted and measured forces, the measured forces were first processed by removing any

distortions that may have arisen from non-cutting influences (e.g., repeating strain cycle

due to dynamometer mounting concentricity and alignment, as well as sensor drift). The

simulated forces were found to have a reasonable correlation with the measurements, al-

though more discrepancies were observed in the finishing passes, where the signal-to-noise

ratio is also smaller. Additional discrepancies in single pass processes are attributed to

inaccuracies in the representation of the hob and gear geometries, calibration errors in the

cutting force coefficients, CNC feed drive behavior, and the force measurement setup.
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Chapter 6

Elastic deformation and gear quality

prediction

6.1 Introduction

In the hobbing process, the cutting forces elastically deform the tool and the part assem-

blies. This deformation leads to inaccuracies in dimensions and leaves excess material on

the part, especially when hobbing gear profiles on long and slender shafts, which causes

transmission errors, vibrations, and operational noise later during their utilization [99]. To

understand and mitigate these effects, the effect of tool and part deflection is studied in

this chapter using the virtual gear measurement module of the integrated gear machining

simulation and metrology software, previously developed at the University of Waterloo

(UW) [75]. It is important to predict and possibly eliminate these sources of profile errors

to ensure the quality and reliability of the machined gears.

The chapter begins by discussing the proposed elastic deformation model in Section 6.2

and continues by introducing introducing the virtual gear inspection module of UW’s gear

machining and metrology suite in Chapter 6.3. The chapter concludes by validating the

predicted gear quality with the measured gear profiles in Section 6.4.
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6.2 Elastic deformation model

The hob and the workpiece assemblies can be modelled as elastic structures. The static

stiffness of the hob (c: cutter) and workpiece (g: gear) are measured in the x, y, and z

direction of MCS (i.e., Kc,x, Kc,y, Kc,z, and Kg,x, Kg,y, Kg,z). The rotational stiffness of

the components were assumed to be rigid relative to the bending stiffness. The predicted

cutting forces from the previous time step are used to calculate the hob and gear deflections

and then the deflections which are added to their nominal positions during the current time

step.

6.2.1 Static stiffness measurement

The static stiffness values of the cutter and gear sides are approximated by inverting the

receptance FRF value at zero frequency. To this end, the accelerance FRF (i.e., acceleration

over force) of the hob and gear were identified through impact hammer testing as shown

in Figure 6.1. The accelerance for a multi-mode system is defined as:

A(ω) =
Ẍ(ω)

F (ω)
=

mk∑
m=1

−Kmω
2

−ω2 + 2jζmωn,mω + ωn,m
2 (6.1)

Above, mk is the number of vibration modes, ωn,m and ζm are the mode’s natural

frequency and damping ratio, respectively. Km is the mode’s contribution factor and is

defined as:

Km =
ωn,m

km
(6.2)

where km is the modal stiffness. The accelerance FRF can be also written as receptance

FRF (i.e., displacement over force) as follows:

R(ω) =
X(ω)

F (ω)
=

A(ω)

−ω2 =

mk∑
m=1

ω2
n,m

km
−ω2 + 2jζmωn,mω + ωn,m

2 (6.3)
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The overall static stiffness of the system Kw,d is approximated as:

Kw,d =
1

R(0)
=

1
mk∑
m=1

1

km

(6.4)

Above, w is c or g (representing the cutter or gear), and d is x, y, or z (representing the

mechanical response direction). In this chapter, gears produced on two different experi-

mental setups were considered to assess the accuracy of the developed elastic deformation

model. While the first setup was also used to validate the cutting force model in Chapter

5, the second setup was only used in this chapter.

6.2.1.1 Setup I: Spur and helical gear case studies

The experimental setup used for the validation of cutting force prediction in the previous

chapter is considered in this case. Specifically, the cutting trials involving one spur gear

and one helical gear (Trial 1 and 6) are considered in this assessment. The process and

geometry parameters for these trials were previously reported in Tables 5.1, 5.2, 5.3, 5.4,

and 5.5. To estimate the static stiffness, the accelerance FRF of the workpiece and tool

were measured in the machine’s x, y and z directions. For the workpiece measurement,

the hammer excitation and acceleration measurement were conducted at the top of the

gear where cutting action takes place (see Figure 6.1.b). It was observed that moving the

actuation and sensor points on the workpiece has negligible effect on the resulting FRF,

implying the rigidity of the workpiece. After converting the accelerance to receptance (as

shown in equation 6.3), several modes were fit to the experimentally measured FRFs using

peak-picking technique. The estimated modal parameters are shown in Table 6.1. The

measured and fitted model receptance FRF for the workpiece in the x and y directions of

MCS are also shown in Figure 6.2. The part’s z direction and the cross FRFs (e.g., x-y,

y-z) were observed to be at least 8× more rigid, and thus ignored.

The hob measurements also followed a similar procedure, with the hammer excitation

and the acceleration measurement being performed at its midpoint (refer to Figure 6.1.a).
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Figure 6.1: Impact hammer testing on a) hob and b) gear structure (Setup I)

Figure 6.3 displays the measured and fitted model receptance FRFs of the hob in the x and

z directions of MCS. It was noted that the hob’s y direction was 9× more rigid, and the

cross sensitivities (such as x-y, y-z) were observed to be negligible (> 10× more rigid). In

the static stiffness calculations, the effect of negative modes that appear as positive peaks in

the imaginary component are ignored because they are believed to result from rotational

modes of the hob, rather than bending modes. The modal parameters are displayed in

Table 6.2.

In this study, the concurrent impact of workpiece and tool deformation will be taken

into account, given that they have comparable static stiffness (with the tool being only 2-3

times stiffer). It is probable that a considerable portion of the flexibility observed in the
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measured workpiece stiffness can be attributed to the additional fixturing that is required

to attach the rotary dynamometer to the gear worktable. Hence, the workpiece employed

in an actual production process would be considerably more rigid.

Table 6.1: Identified modal parameters by fitting the measured FRF in x and y directions

of the workpiece (Setup I)

m ωn [Hz] ζ [%] k × 108 [N/m]

x direction

1 120 2.08 10.694

2 205 1.71 8.866

3 284 4.23 4.703

4 329 2.89 7.137

5 423 3.08 3.133

6 503 2.29 7.585

7 576 2.26 2.913

8 642 5.84 1.800

9 813 4.67 9.336

10 1249 4.96 11.612

Kg,x = 0.476

y direction

1 381 3.94 5.731

2 421 4.16 4.037

3 491 3.16 5.747

4 583 9.26 0.881

5 850 3.24 19.758

6 1251 2.64 17.681

Kg,y = 0.543
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Figure 6.2: Measured and fitted model receptance FRF of the workpiece (Setup I)

Figure 6.3: Measured and fitted model receptance FRF of the tool (Setup I)
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Table 6.2: Identified modal parameters by fitting the measured FRF in x and z directions

of the tool (Setup I)

m ωn [Hz] ζ [%] k × 108 [N/m]

x direction

1 270 2.96 32.039

2 625 2.08 19.380

3 872.5 2.35 1.905

4 1728 4.86 -19.048

5 2553 9.48 -9.705

6 3286 3.90 29.233

7 4265 4.30 -108.41

Kc,x = 1.557

z direction

1 229 9.61 5.273

2 726 2.41 5.849

3 818 3.97 2.159

4 1351 3.77 -32.352

5 1631 2.85 -27.454

6 2355 2.74 -59.291

7 2577 3.61 -33.353

8 3166 2.54 -142.810

Kc,z = 1.214
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6.2.1.2 Setup II: Crown-hobbed gear case study

A shaft measuring 565.5 mm in length and 31.38 mm in diameter was machined through a

two-pass crown hobbing process to create a gear spline at the bottom of the shaft. Crown

hobbing is a manufacturing method for producing gears with high accuracy and surface

finish and is ideal for creating gears with complex tooth profiles and non-standard shapes.

This is typically achieved by adjusting the center-to-center distance between the hob and

gear as it is axially fed through the workpiece. In symmetrical crowning, this adjustment

follows a symmetrical parabolic relationship between the center-to-center distance and the

axial position of the hob. While the kinematics of the crown hobbing process can be mod-

eled and fed into the developed integrated simulation engine, the commanded CNC data

from the hobbing machine’s feed drive axes were collected and directly applied as inputs

to the hobbing simulation engine. The tool and gear geometries and process parameters

used for this setup are shown in Tables 6.3, 6.4 and 6.5, respectively.

Table 6.3: Tool geometry data (Setup II)

Parameters Value

Normal module mnc [mm] 2.116

Number of starts Nc 1

Number of flutes (gashes) 12

Addendum diameter dac [mm] 47.625

Dedendum diameter ddc [mm] 42.235

Pitch diameter dpc [mm] 44.765

Pressure angle αnc [
o] 30.0

Length Lc [mm] 47.625

Rake angle αr [
o] 0.0

Similar to the procedure applied for Setup I, the accelerance FRF was experimentally

measured in the machine’s x, y and z directions for the workpiece and hob. For the

workpiece measurements, the hammer excitation was performed at the top of the gear

spline (where the cutting action takes place) while the acceleration measurements were
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Figure 6.4: Impact hammer testing on a) hob and b) gear structure (Setup II)

taken 25 mm above the top of the gear where the sensors could be securely mounted (see

Figure 6.4.b). The measured and fitted model FRFs, and extracted modal parameters are

demonstrated in Figure 6.5 and Table 6.6, respectively. The hob measurements followed

a similar procedure, with the hammer excitation being performed at its midpoint and the

acceleration response measured near its end (refer to Figure 6.4.a). Figure 6.6 displays the

measured and fitted model receptance FRF of the hob in the x and z directions of MCS.

For both the hob and part, the axial directions and the cross FRFs were observed to be

negligible (> 8×). As in Setup I, the effect of negative modes are ignored in the static

stiffness calculations. The modal parameters are displayed in Table 6.7.

In this setup, only the influence of the workpiece deformation will be taken into account

130



Table 6.4: Workpiece geometry data (Setup II)

Parameters Value

Normal module mng [mm] 2.116

Number of teeth 14

Addendum diameter dag [mm] 31.377

Dedendum diameter ddg [mm] 27.48

Helix angle β [o] 0.0

Pressure angle αng [o] 30.0

Gear width wg [mm] 25.8

High point location [mm] 12.8

Lead crowning value [µm] 6.5

Material AISI 4140

Table 6.5: Cutting process parameters (Setup II)

Pass number 1 2

roughing vs. finishing roughing finishing

vf [mm/WR] 1.75 1.10

dc [mm] 2.31 0.4

Vc [m/min] 60 88

vr [mm/WR] NA 0.16

axial feed strategy climb climb

crowning method symmetrical symmetrical

since the tool is about 50-65 times stiffer than the workpiece.
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Figure 6.5: Measured and fitted model receptance FRF of the workpiece (Setup II)

Figure 6.6: Measured and fitted model receptance FRF of the tool (Setup II)
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Table 6.6: Identified modal parameters by fitting the measured FRF in x and y directions

of the workpiece (Setup II)

m ωn [Hz] ζ [%] k × 106 [N/m]

x direction

1 135 0.093 2.7131

2 471 1.33 70.355

3 507 2.27 88.433

Kg,x = 2.537

y direction

1 135 0.093 2.7751

2 472 1.63 80.285

3 511 2.69 40.095

Kg,y = 2.514
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Table 6.7: Identified modal parameters by fitting the measured FRF in x and z directions

of the hob (Setup II)

m ωn [Hz] ζ [%] k × 106 [N/m]

x direction

1 226 7.52 818.07

2 712 3.93 271.25

3 890 6.74 777.83

4 1308 2.94 -2012.4

5 1767 2.09 -3333.0

Kc,x = 161.43

z direction

1 246 5.79 3046.3

2 308 4.87 2219.3

3 621 1.85 853.02

4 807 9.29 165.09

5 1480 5.47 -601.97

6 1674 1.79 -3475.0

Kc,z = 124.87
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6.2.2 Deflection calculation

The gear errors are defined as the deviation of the actual surface from its intended, or

nominal one. The total deflection at a certain time step (d̄t), can be written as follows:

d̄t = δ̄c,t − δ̄g,t (6.5)

where δ̄c,t and δ̄g,t are the cutter and gear deflection at the current time step t. In a feedback

loop, the total deflection at the previous time step is added to the tool’s nominal position

at the current time step as shown below:

p̄t = p̄′t + d̄t−1 (6.6)

Above, p̄ and p̄′ are the actual and nominal position of the hob, respectively. d̄ denotes

the total deflection due to elastic deformations of the cutter and gear. The true deflection

at the current time step, which accounts for the deviation caused by cutting forces, is

calculated through a simulation process that involves updating the CWE and cutting force

calculations until the solution converges. This method, although accurate, is computation-

ally expensive. For efficiency purposes, the deflection is calculated based on the cutting

force from the previous time step. Reducing the simulation sampling period can decrease

the size of the error in this approach. For a typical gear hobbing process, the simulation

sampling period is set to a value lower than 10 milliseconds.

The cutter deflection is calculated by dividing the cutting force by the cutter’s static

stiffness. Before the calculation, the cutting force needs to be transformed from the work-

piece coordinate system, in which the cutting force prediction algorithm operates, to the

machine coordinate system wherein the modal testing was performed:

F̄MCS
t = [HMCS

WCS ]F̄
WCS
t (6.7)

Above, [HMCS
WCS ] is the rotation matrix between machine and workpiece coordinate systems

and is defined as:

[HMCS
WCS ] = Rz,θg(t) =

cos (θg(t)) − sin (θg(t)) 0

sin (θg(t)) cos (θg(t)) 0

0 0 1

 (6.8)
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Here, F̄MCS
t and F̄WCS

t are the cutting force vectors in the machine and workpiece

coordinate systems, respectively. Then, the cutter deflection is calculated by dividing each

element of the cutting force vector by its corresponding element in the stiffness vector (i.e.,

K̄MCS
c =

[
Kc,x Kc,y Kc,z

]
:

δ̄MCS
c,t = F̄MCS

t ⊘ K̄MCS
c (6.9)

Similarly, the gear deflection is calculated as:

δ̄MCS
g,t = −F̄MCS

t ⊘ K̄MCS
g (6.10)

Finally, the total deflection is transformed back into the workpiece coordinate system as

below:

d̄WCS
t = [HMCS

WCS ]
T d̄MCS

t = [HMCS
WCS ]

T F̄MCS
t ⊘ (K̄MCS

c + K̄MCS
g ) (6.11)

6.3 Virtual gear measurement

The virtual gear inspection module of UW’s gear machining simulation and metrology

software [75] was used to determine the impact of tool deflection on machined gear quality.

This module can predict the errors that are typically used in the gear industry to assess

gear quality, which are deviations in the profile and helix curves. The profile curve is the

flank curve of a gear tooth in the transverse plane, while the lead curve is the curve along

the width of the flank. For spur gears, the lead curve is a straight line, while for helical

gears, it is a helix. The lead curve is typically determined at the tolerance diameter, which

is halfway between the gear’s addendum and dedendum. The ANSI/AGMA 2015-1-A01

standards define the metrics used to develop virtual measurements, as shown in Figure 6.7

and Figure 6.8, as follows:

� Total error: distance between two nominal profiles that completely enclose the actual

profile
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� Form error: The form error is defined as the horizontal distance between two mean

profiles which enclose the actual profile where the mean profile is the line of best fit

of the unwrapped actual profile determined by least squares

� Slope error: horizontal distance between two points where the mean profile intersects

the evaluation range lines

� Pitch error: error in the position of each flank relative to the adjacent tooth’s corre-

sponding flank

� Index error: error in the position of each flank relative to a datum tooth (cumulative

pitch error)

The metrics used to measure profile deviations can also be used to assess lead deviations,

although they are only presented for profile deviations. By examining cross-sections of the

virtually manufactured gear established within the tri-dexel CAM engine (ModuleWorks),

the virtual gear measurement module can predict profile and lead deviations, as well as

their respective metrics.

Figure 6.7: Profile and lead curve measurement (from [75])
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Figure 6.8: Profile error in gear inspection (from [75])

6.4 Experimental validation

This study examines the impact of cutter and gear deflections on profile and lead deviations

of two case studies: two 3.175 mm module spur and helical gear which were produced on

Setup I (see Figure 6.1) in a one-pass conventional hobbing process. The study focuses on

the deviations on both sides of the gear (left flank and right flank) and compares the results

for a rigid and a flexible structure. The actual deviations were measured after production

using a GLEASON 300GMS Lead & Involute Checker to examine the manufactured gear

(see Figure 6.9) and then the virtually machined gear was examined with a virtual gear

measurement algorithm which replicates the standard gear metrology metrics (see Figure

6.10).

The gear inspection report produced by the Lead & Involute Checker was not available

in the discrete format (e.g., csv format) and only a PDF was generated. Thus, the provided

PDF report was digitized by automatically selecting each point on the curves in pixel

coordinates and then converting them back to actual coordinates. A typical gear inspection

report is shown in Figure 6.11.
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Figure 6.9: Gear inspection on GLEASON 300GMS Lead & Involute Checker

Figure 6.10: Virtual gear inspection via UW’s gear metrology software [75]
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Figure 6.11: A generated PDF gear inspection report
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Figures 6.12 and 6.13 display the lead and profile deviations of a spur gear manufac-

tured in a single-pass process on setup I. The deviations of the flanks for teeth 3, 10, 18,

and 25 are depicted. Furthermore, three error metrics (i.e., total, form and slope errors)

are illustrated for each tooth. Both the measured and simulated (including rigid and elastic

cases) deviations are presented, with only the horizontal axis being adjusted for an easier

comparison. Hence, the horizontal axis does not depict the actual error for a particular

height (for lead deviation) and flank radius (for profile deviation), but only the relative

error. Although the simulation has the ability to predict this offset, the provided measure-

ment report does not contain the actual offset values. It should be noted that the error

metrics (i.e., total, form, and slope errors) remain unaffected by the offset value.

The examination of Figure 6.12 reveals that there is a good correlation in the shape

and magnitude of the lead deviation on both of the right and left flanks. This is also

evident from the total and form error metrics. While there is clear mismatch between

the slope error prediction and measurement values, their magnitude is relatively smaller

in comparison to the form and total error. Figure 6.13 reveals a noticeable difference

between the predicted profile deviation and the measured one. It is apparent that other

forms of deformation exist, which lead to excess material being left on the machined gear

that the elastic deformation model does not account for. These deformations may include

individual tooth deformation on the hob and gear, as the current model translates the entire

tool profile due to cutting forces, whereas in actuality, each tooth on the hob and gear may

also deform relative to its neighboring tooth. Additionally, the hob and part may undergo

rotational deformation due to torque generated from the cutting force. Incorporating these

effects into the model could result in improved predictions. Profile error and tool wear on

the gear hob teeth can be some other sources of error, not accounted in the predictions.

Figures 6.14 and 6.15 present the lead and profile deviations of a helical gear that

was machined with a single-pass process on Setup I. A similar trend to the spur gear

case (illustrated in 6.12 and 6.13) is observed. Although the lead prediction correlates

well with the measurements, the profile deviation predictions could benefit from further

refinement of the elastic deformation model. It should be emphasized that the difference

in profile variation between helical gears and spur gears is more pronounced. This is
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unexpected because the static stiffness and cutting forces for both cases are nearly the

same. Additionally, in the preceding two cases, the elastic deformation model and the

rigid model produce comparable values, indicating that the dimensions of the virtually-

machined gear are primarily affected by the kinematics of the process, rather than the

bending deformation of the cutter and gear. For instance, the simulation model accurately

predicts the peaks and valleys on the lead deviation (depicted in Figures 6.12 and 6.14),

which originate from the process axial feed motion (3 [mm]/WR).

The lead and profile deviations of a spur gear machined using a two-pass process on

Setup II are shown in Figures ?? and ??. The predicted lead deviation for teeth on the left

flank closely matches the measured deviation in terms of shape and magnitude, while the

lead deviation on the right flank is smaller than the actual measurement. The simulation

with an elastic workpiece resulted in a better match between the simulated and measured

profile deviations compared to the simulation with a rigid workpiece, as evidenced in Figure

??, where the predicted profile total and form error metrics are closer to the measured

values. Despite the finishing operation having a light depth of cut (0.4 [mm]), the gear

shaft in Setup II was found to be significantly flexible, which caused noticeable elastic

deformation compared to the previous two cases.

In the best of the author’s knowledge, these results represent the first time where

hobbing process simulated in a multi-dexel environment is then used to predict the gear

quality errors. While some of the predictions show some promise, especially in the case of

pronounced part or tooling flexibility, and in the prediction of lead deviations, it is clear

that the modeling needs to be refined further to facilitate accurate profile predictions as

well.
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Figure 6.12: Measured and simulated lead deviation in a spur gear, Setup I (Teeth 3, 10,

18 and 25)

143



Figure 6.13: Measured and simulated profile deviation in a spur gear, Setup I (Teeth 3,

10, 18 and 25)
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Figure 6.14: Measured and simulated lead deviation in a helical gear, Setup I (Teeth 3, 10,

18 and 25)
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Figure 6.15: Measured and simulated profile deviation in a helical gear, Setup I (Teeth 3,

10, 18 and 25)
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Figure 6.16: Measured and simulated lead deviation in crown-hobbed gear, Setup II (Teeth

1, 4, 8 and 11)
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Figure 6.17: Measured and simulated profile deviation in crown-hobbed gear, SetupII

(Teeth 1, 4, 8 and 11)
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6.5 Conclusion

This chapter described a model for predicting hob and gear elastic deflection and their

impact on lead and profile deviations of hobbed gears. The hob and gear stiffness is

evaluated in the x, y, and z axes using tap testing. The measured stiffness along with

simulated cutting forces are then used to calculate hob and gear deflections in a feedback

loop, where the hob’s deflection from the previous time step is added to its nominal position

in the current time step. The virtual gear measurement module of UW’s gear machining

simulation and metrology software was employed to assess the impact of elastic deflections

on the quality of the manufactured gear by evaluating the profile and lead deviations.

The simulated lead deviation showed a reasonable correlation in different case studies.

However, discrepancies are observed, particularly for the profile deviation, suggesting that

there may be other significant sources of dimensional error that require further research.

This research provides a foundation for future investigations into quality prediction and

the simulation of vibrations during gear machining by hobbing.
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Chapter 7

Conclusions and future work

7.1 Conclusions

In this thesis, a comprehensive physics-based model for prediction of the uncut chip ge-

ometry, cutting forces, and elastic deformation in gear hobbing is presented. The outcome

of the thesis can play a key role in meeting the gear machining industry demands, by

enabling accurate process simulation, analysis, and optimization. Additionally, it is also

well-aligned with the long- term objectives of the Industry 4.0 initiative, towards digitaliza-

tion and intelligent manufacturing. The main contributions and conclusions of this thesis

are summarized as follows:

In Chapter 3, the kinematics of the hobbing process is mathematically modeled. The

kinematic model establishes the relative motion of the cutter with respect to the workpiece

at every point along the cutting edges, and thus is an essential component of the cutting

force model. The kinematic model was experimentally validated partially by comparing the

predicted feed drive movements with the collected position trajectories of a hobbing ma-

chine’s CNC (Siemens 840D). Another verification of the kinematic model was obtained by

coupling the position trajectories with the dexel-based geometric modeler, which succeeded

in producing correct gear geometries upon via subtractive Boolean operations.
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As the first main contribution of this thesis, a new method for predicting the cutting

forces in gear hobbing has been proposed in Chapter 4. In this model, the cutting edge

of the hob is discretized into nodes. Each of these nodes represents a generalized oblique

cutting force model with their local cutting condition and kinematics. By integrating the

kinematic model within a tri-dexel CWE calculator, the uncut chip geometry is extracted in

3D dexel format at each simulation time step. The 2D cross section of the chip geometry is

constructed using Delaunay triangulation and alpha shape reconstruction methods. Chip

are triangles were associated with their neighboring nodes to establish local uncut chip

attributes (i.e., thickness, width, and area). Finally, the incremental forces are summed

over the length of the cutting edge to determine the total cutting force at each time step.

The predictions of presented cutting force model were compared with the cutting force

measurements obtained from cutting external spur and helical gears in Chapter 5. To

measure the forces on a Liebherr LC 500 hobbing CNC machine, a rotary dynamometer

was adapted using a custom fixture. Before comparing the results, the parasitic effect of

harmonic tailstock axial force was removed and the vibratory structural distortion caused

by the measurement assembly itself was compensated using Kalman filtering. In the best

of the author’s knowledge, this is the first time in literature that such a force measurement

apparatus and data processing approach has been applied for hobbing. Excluding the fin-

ishing passes, the comparison revealed that prediction results are within 7-21% RMS error

from the measured forces, with forces in z direction (i.e., largest component) demonstrating

the least discrepancy. The accuracy of the prediction reduces when the magnitude of the

cutting forces are smaller (e.g., cutting with lower axial feed rates or depth of cut). For

example, the finishing passes showed the most discrepancy (24-36% RMS error) due to

forces being smaller, and the apparent signal-to-noise ratio. Nevertheless, the RMS of the

predicted peak stroke forces and average stroke forces matched closely with the measured

forces throughout the trials.

The second main contribution of this thesis is presented in Chapter 6. A model for

predicting the elastic deformation of the hob and gear based on the estimated static stiff-

ness of the machine is presented. The static stiffness is approximated from experimentally-

measured mechanical FRFs of the system, which were obtained from tap testing. The
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gear and hob deflection are calculated by dividing the cutting forces with the estimated

static stiffness, and then superposing the deflections on top of the the nominal position

of the tool. The effect of hob and gear deflection on the machined gear quality was vir-

tually investigated in UW’s integrated gear machining simulation and metrology software

following ANSI/AGMA gear error metrics. The simulated profile and lead deviations were

compared with the report obtained from GLEASON 300GMS Lead & Involute Checker.

The simulated lead deviation showed good correlation to its measured counterpart, through

capturing the effects of kinematics and elastic deformations. However, the profile devia-

tions demonstrated more discrepancy for which further research is required. Nevertheless,

in the best of the author’s knowledge, this study investigated for the first time the predic-

tion of gear quality errors due to kinematics and elastic deformations, through simulation

using a tri-dexel solid modeling engine.

7.2 Future work

There are several avenues of research that can be followed to improve the current devel-

opment with the cutting force and elastic deformation in the focal point. Although the

cutting forces may have been distorted by the dynamometer and its adapter fixture, im-

proving the accuracy of the hob and blank geometry representation is expected to enhance

the cutting force prediction. Due to the thin and small chip geometry in hobbing trials,

ranging from 20-120 µm, even a slight inaccuracy in the representation of the hob and

gear blank geometries, of the relative axis motions generated by the gear hobbing CNC

machine tool, can lead to significant changes in the CWE and chip geometry predictions.

For example, adopting more precise representations of the hob and workpiece geometry

(via direct measurement rather than through nominal specifications) may provide further

prediction accuracy.

Although most hobbing tools are produced without a global rake angle and with flat

flutes, the model can be expanded to incorporate hobs with a global rake angle and twisted

flutes in order to simulate a broader range of hobbing scenarios.
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The elastic deformation model employs a simplified elastic deformation model to de-

termine the hob and gear deflections. Although bending deflection may be the primary

mode of deformation, particularly in the analysis of long and slender shafts, the inclusion

of the torsional stiffness of the hob and gear can enhance the accuracy of the predictions. It

should be emphasized that installing an accelerometer on the flutes of the hob is challeng-

ing due to the hob’s complex geometry. Therefore, accurate characterization of the hob’s

flexibility and mode shapes is difficult. Additionally, directing a laser vibrometer beam

towards the cutting edge is difficult due to the limited accessibility within the hobbing

machine. Moreover, the elastic deformation model utilized in this study assumes that the

geometry of the hob and gear do not deform from their nominal geometries, and are simply

translated away from their nominal position. While this assumption may be a reasonable

approximation, in reality, the adjacent hob flutes may experience relative deformation.

Also, consideration of the rotational flexibility around multiple axes may help improve

the model fidelity. Therefore, further research could explore new deformation models that

incorporate the rotational degrees of freedom for rigid-body movement of the hob and

workpiece, as well as the deformation of the individual flutes and teeth.

Chatter vibration is a common problem in the hobbing of long and slender workpieces.

The measured FRF that was utilized for estimation of static stiffness can be used in the

time-domain modeling of forced and chatter vibrations in hobbing. Therefore, future stud-

ies can prioritize the development of a chatter model in the time domain with experimental

investigations. Simulating chatter in the time domain is more computationally intensive

than simulating static or elastic deformations, since it necessitates higher numerical in-

tegration frequencies. Consequently, it is crucial to explore stability issues using semi-

discretization and frequency domain methods, which naturally present another significant

avenue for future research.

To complete the virtual simulation of gear hobbing, optimization algorithms can be in-

corporated. In most cases, gears that do not require additional grinding undergo multi-pass

hobbing that includes roughing and finishing. Optimization can be conducted subjected

to controlling the cutting force, elastic deformations, number of finishing/roughing passes

or the final quality of the gear. However, it is important to note that these optimiza-
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tion methods entail running numerous hobbing simulations, which can be time-consuming.

Nevertheless, as this study has established a foundation for realistic prediction of hobbing

physics and process outcomes, its results can now be integrated with various optimization

algorithm for streamlining production planning in industry, and reducing energy consump-

tion and material waste due to physical trial-and-errors.

—————————————————————–

154



Letters of copyright permission

155



Figure 7.1: Copyright for Figures 2.1 and 2.2.b
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Figure 7.2: Copyright for Figures 2.2.a, 2.10 and A.4
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Figure 7.3: Copyright for Figure 2.3.a

158



Figure 7.4: Copyright for Figure 2.3.b
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Figure 7.5: Copyright for Figure 2.6

160



Figure 7.6: Copyright for Figure 2.8
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Figure 7.7: Copyright for Figure 2.9
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Figure 7.8: Copyright for Figure 2.11
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Figure 7.9: Copyright for Figure 2.12.a
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Figure 7.10: Copyright for Figures 2.12.b, 2.12.c, 6.7 and 6.8
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Figure 7.11: Copyright for Figure 3.10
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Appendix A

Comparison of the developed cutting

force model with the available

CAD-based model

In this section, the cutting force model developed in this thesis is compared with the

results presented in literature [56], obtained using a exact modeler based force simulation

for hobbing. Direct access to the hobbing simulation code used by the researchers of [56]

was not available. Therefore, results reported in [56] is used for qualitative comparison

with the developed dexel-based method.

In [56], no cutting force coefficients or depth of cut are directly reported, only the

material type is given as 16MnCr5BG. Additionally, the simulation results in [56] are

provided for the cutting of a single tooth gap, whereas in a realistic hobbing simulation,

multiple (simultaneous) tooth engagements need to be considered. Hence, these factors

make one-to-one duplication of the results in [56], and the comparison with the developed

model in this thesis, challenging. Nevertheless, the best effort was made to come up with a

comparison study to determine if the proposed model can replicate prediction results and

trends reported in [56].

A single tooth gap workpiece hobbing simulation was created, as shown in Figure
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A.1. The process parameters are summarized in Tables A.1, A.2 and A.3. The cutting

coefficients were obtained from the MAL Inc. (Manufacturing Automation Laboratories)

CutPRO material database for an equivalent North American steel (AISI 5115). Also, it

was assumed that the nominal root diameter is reached in a single pass hobbing process

(i.e., depth of cut = 8.5275 [mm]). It is important to note that only the steady-state part of

the process, in which the maximum cutting forces occur, is selected for simulation. This is,

again, due to results in [56] not being sufficiently clear about which phase of the operation

they were simulated for (i.e., entry, steady-state, or completion).

Table A.1: Tool geometry data (used in [56])

Parameters Value

Normal module mnc [mm] 3.79

Number of starts Nc 1

Number of flutes (gashes) 9

Addendum diameter dac [mm] 75.0

Dedendum diameter ddc [mm] 57.945

Pitch diameter dpc [mm] 67.42

Pressure angle αnc [
o] 20.0

Length Lc [mm] 100.0

Rake angle αr [
o] 0.0

Material P25
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Table A.2: Workpiece geometry data (used in [56])

Parameters Value

Normal module mng [mm] 3.79

Number of teeth 56

Addendum diameter dag [mm] 219.82

Helix angle β [o] 0.0

Pressure angle αng [o] 20.0

Gear width wg [mm] 150.0

Material 16MnCr5 BG

Table A.3: Cutting process data (one-pass process) (used in [56])

Parameters Value

Axial feed rate vf [mm/WR] 4.0

Depth of cut dc [mm] 8.528

Cutting speed Vc [m/min] 120.0

Axial feed strategy Conventional

Radial infeed strategy None
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Figure A.1: Hobbing simulation for a single tooth gap workpiece
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Figure A.2: Prediction results for the case study presented in [56]
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Figure A.3: Predicted cutting forces in different generating positions for the case study in

[56]

Comparison of the developed model predictions results and the predictions obtained in

[56] are shown in Figures A.3 and A.4. As can be verified, comparison between the force

profiles and magnitudes predicted with the proposed model and those in [56] generally show

good agreement. Nevertheless, there are also discrepancies, which may be attributed to the

cutting force coefficients that are used in the simulations, as well as further assumptions

that would be needed, to create a closer simulation to the conditions tested in [56].
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Figure A.4: Predicted and measured cutting forces in [56]
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