CYCLICITY OF FINITE DRINFELD MODULES

WENTANG KUO AND YU-RU LIU

ABSTRACT. Let A = F4[T] be the polynomial ring over the finite field Fq, k = Fq(T) the
rational function field, and K a finite extension of k. For a prime 9 of K, we denote
by O the valuation ring of B, by Mg the maximal ideal of Oy, and by Fy the residue
field Op/My. Let ¢ be a Drinfeld A-module over K of rank r. If ¢ has good reduction
at P, let ¢ ® Fyp denote the reduction of ¢ at 3, and let ¢p(Fyp) denote the A-module
(¢ @ Fp)(Fyp). If ¢ is of rank 2 with Endz(¢) = A, we obtain an asymptotic formula for
the number of primes P of K of degree z for which ¢(Fy) is cyclic. This result can be
viewed as a Drinfeld module analogue of Serre’s cyclicity result on elliptic curves. We
also show that when ¢ is of rank r > 3, a similar result follows.

1. INTRODUCTION

Let A = F,[T] be the polynomial ring over the finite field F, and & = F,(T") the rational
function field. An A-field L is a field L equipped with a morphism ¢ : A — L. The prime
ideal to which is the kernel of ¢ is called the A-characteristic of L. We say that L has
generic A-characteristic if wo = (0); otherwise we say L has finite A-characteristic.

Let L be an A-field, and let 7 be the Frobenius endomorphism relative to Fy, i.e.,
7(X) = X% In the ring Endz(G,) of all L-endomorphisms of the additive group scheme
Gq|L, by identifying the element b € L with the endomorphism defined by multiplication
by b, T generates a subalgebra L{7}. It is a non-commutative polynomial algebra in 7
subject to the rule 76 = ber for all b € L. We have two homomorphisms, € : L — L{7}
defined by €(b) = b and D : L{r} — L defined by D(3_7 ,b;7") = by.

A Drinfeld A-module ¢ over L is an algebra homomorphism
¢:A— L{r} CEnd;(G,), ar ¢,

such that « = Do ¢ and ¢ # e o . Let deg, ¢, denote the degree of ¢, in 7 and dega the
degree of a in T'. There exists a unique positive integer r such that deg. ¢, = r - dega for
all @ € A with a # 0 (see [4, Proposition 2.1]). The integer r is called the rank of ¢. Let
B be an L-algebra. Then the composition

A = Endy(G,) — End(Gu(B))

gives B another A-module structure, which we denote by ¢(B).

Date: September 24, 2023.
2000 Mathematics Subject Classification. Primary 11G09; Secondary 11R45, 11N36.
Key words and phrases. Drinfeld modules, cyclic components.
The research of the first author was supported by an NSERC discovery grant.
The research of the second author was supported by an NSERC discovery grant.
1



2 WENTANG KUO AND YU-RU LIU

We now consider an A-field K, which is a finite extension of k of degree d. Let Fx
be the constant field of K, which is of degree dx over F,. Given a prime B of K,
let Ogp be the valuation ring of 8 and My the maximal ideal of Op. Let Fyp denote
the residue field Op/Msgp. Throughout this paper, we use “primes” to denote monic
irreducible polynomials of A and “primes” to denote discrete valuations of K.

Let ¢ be a Drinfeld A-module over K of rank r. For all but finitely many primes P8
of K, ¢ has good reduction at ‘B (see [10, Definition 4.10.1, p88]). Let Py be the set of
primes of K at which ¢ has good reduction. For a prime 33 € Py, we can consider ¢ ® Fys,
the reduction of ¢ at*B. Then we write ¢(Fy) to denote the A-module (¢ @ Fy)(Fyp).

Since ¢(IFp) is a finite A-module and A is a principal ideal domain, we have
(1) d(Fp) ~ AJwi A X AJwaA x -+ x AjwsA,

where w; € A\ F, (1 <i <s) satisty w;|w;—1 (2 <i <'s). We call each A/w;A a cyclic
component of ¢(Fy). The Euler-Poincaré characteristic x4(B) of ¢(Fy) is the ideal of A
equal to

Xo(B) = wiwy - - ws A

in this case. In the following, we will abuse notation by using x4(9) to denote both the
ideal x () and its monic generator in A.

Given the finite A-module ¢(Fq), one can consider the number of its cyclic components.
For m € A with m # 0, let ¢p[m] denote the m-division points of ¢ ® Fy in the algebraic
closure Fqg of Fg. Let p =P N A and let p € A be the prime with pA = p. If ¢ is of rank
r and (m,p) = 1, we have [4, Proposition 2.2]

dp[m] ~ (A/mA)".
Since ¢(Fy) is finite, there exists a polynomial m € A with m # 0 such that ¢(Fyp) C
¢p[m]. It follows that s <7 in (1).

Consider the special case when K = k and ¢ = C, the Carlitz A-module over k (i.e.,
¢r =TT + 7 and 7 = 1). For a prime [ € A and [ = [A, we see from (1) that C(F) is
cyclic. One can indeed show that [9, Theorem 5.1]

O(F) ~ A/(l —1)A.

Although the structure of C(Fy) is well-understood, for a general ¢ and a prime P € P,
it is difficult to write down explicitly the cyclic components of ¢(IFy). In the case that ¢
is of rank r = 2, ¢(IFp) contains at most two cyclic components. One may ask how often
¢(Fy) is a cyclic module. Define

f(2.0) = f5(@,0) = # {P € Py| degye ¥ = & and ¢(Fy) is cyclic},

where degy P = [Op/B : Fi]. Note that when there is no ambiguity, we will drop the
superscript K for f& (z,¢) as above. In this paper, we will provide an asymptotic formula
for the quantity f(x, ).

Our estimate for f(x,¢) can be generalized to any ¢ of rank r > 2. In general, if ¢ is of
rank r > 2 and ¢(Fy) can be decomposed as in (1) with s <7, we say ¢(Fyp) has at most
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(r — 1) cyclic components. For x € N, we consider the quantity
flz,0) =# {‘B € Py ‘ degy P = = and ¢(Fy) has at most (r — 1) cyclic components}.

Let Endz(¢) denote the endomorphism ring of ¢ over the algebraic closure K of K. Let
#[m] be the m-division points of ¢ in the algebraic closure K of K. By adjoining to K
the m-division points of ¢, we obtain K (¢[m]), the m-division field of ¢. We write r,, to
denote the degree of the constant field of K (¢[m]) over Fg, i.e., rp, = [K(¢[m])NFg : Fg],
where Fy is the algebraic closure of Fg. Let 7k (z) denote the number of primes of K of
degree x. We will prove that

Theorem 1. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endz(¢) = A. For
x € N, we have

@, ) = cola) T (x) + Oy ((a7) %),

where
r’HAr—2 .93
_ 2r242p <
(2) Ar—{?;; 0> 4
and
fig(m) T ()
3 prm— f—
) W) =@ = 2 Ko K

m is monic

with pg(-) denoting the Mébius function in A and

ron(z) = {rm if |z,

0 otherwise.

Note that when there is no ambiguity, we will drop the superscript K for cﬁf as above.
As a direct consequence of Theorem 1, we have

Corollary 2. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endg(¢) = A.
Suppose that all division fields of ¢ are geometric. For x € N, we have

f(@,0) = comr(z) + Op ((q"<7) %),

where A, is defined as in (2) and

_ _ Hg(m)
“= 2 [Kighm) K

meA
m 1S monic

Let E be an elliptic curve of conductor N defined over Q. For a rational prime p with
p 1 N, let E(F,) denote the set of rational points on E defined over the finite field F,,.
Define

g(z,E) =# {p’p <z,p{N, and E(F)) is cyclic}.
Let liz = [} @ and

N~ M)
@) "= QEW) QI
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where p(+) denotes the Mébius function in Z and Q(E|[n]) denotes the n-division field of
E. In [17] (see also [12, Theorem 2]), Serre proved that if E is an elliptic curve without
complex multiplication, assuming the generalized Riemann hypothesis (GRH), we have

g(z,E) = cglix + error(z, F),

where

x
E) =0 ).
error(z, E) = o g e

The error term in Serre’s estimate has recently been improved by Cojocaru and R. Murty
in [2, Theorem 1.1], where they obtained

error(z, F) = Op <x5/6 (log ar:)2/3).

Let ¢ be a Drinfeld A-module over K of rank 2 with Endz(¢) = A. Suppose that all
division fields of ¢ are geometric. From Corollary 2, we have

fz,0) =# {213 € Py ‘ degi P = x and ¢(Fy) is cyclic}
=Cy WK(.T) + O¢((qux)5/6).

Hence, this special case of Theorem 1 provides an unconditional Drinfeld module analogue
of Serre’s cyclicity result on elliptic curves. Due to a better version of the Chebotarev
density theorem for function fields, the above error term is modestly sharper than the
result of Cojocaru and R. Murty

For an elliptic curve E/Q, Serre proved that the constant cg defined in (4) is positive
whenever Q(E[2]) # Q (see [2, Section 6]). One could consider the positivity of the
value cg(x) defined in (3). Since cy(r) depends on the field K, the number x, and the
division fields of ¢, it seems difficult to give a general solution to this problem. However,
in the special case when K = k, the rational function field, and all division fields of ¢ are
geometric, we have a definite answer to this question.

Theorem 3. Let ¢ be a Drinfeld A-module over k of rank r > 2 with Endz(¢) = A.
Suppose that all division fields of ¢ are geometric. Let cy be defined as in Corollary 2.
Then cy is positive if and only if k(¢[a]) # k for all a € A of degree 1.

Despite the similarity amongst elliptic curves and Drinfeld modules, there are still
several intrinsic differences between their structures. For example, an elliptic curve E
over Q corresponds to a Drinfeld A-module ¢ over k of rank r = 2, whose division fields
are all geometric. Theorem 1 holds for any Drinfeld A-module ¢ over a finite extension
K of k, ¢ can be of any rank r > 2, and the division fields of ¢ are not necessarily
geometric. Thus modifications of the proofs of Serre and Cojocaru-Murty are required
in order to derive this more general result. Furthermore, for an elliptic curve E/Q, to
prove the positivity of the constant cg, one utilizes the relation between division fields
of F and cyclotomic number fields to estimate certain quantities. For a general Drinfeld
A-module ¢ over K, its associated rank 1 A-module over K is not necessarily the Carlitz
A-module C. Hence we can not apply analogous properties of cyclotomic function fields
(i.e., division fields of C') in our proof. To overcome this difficulty, we axiomatize the proof
of [2, Corollary 6.2] to obtain the result in a more abstract setting (see Lemma 14), and
this allows us to prove Theorem 3.
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In the next section, we state a theorem on the adelic openness for Drinfeld modules
and recall the Chebotarev density theorem for function fields. In Section 3, we prove
some results concerning division fields of ¢ which are required in the proof of Theorem 1.
We prove Theorem 1 in Section 4, and we conclude this paper by proving Theorem 3 in
Section 5.

In this paper, we only consider a Drinfeld A-module ¢ over K, where Endz(¢) = A
and the A-field K is of generic characteristic. One could also estimate the quantity f(z, ¢)
when End;(¢) # A or when K is of finite characteristic. Moreover, Serre’s cyclicity result
can be viewed as a subproblem of a conjecture of Lang and Trotter on primitive points
on elliptic curves. Thus one could ask an analogous question for Drinfeld modules. We
intend to return to these matters in future papers.

Notation For z € N, let f(x) and g(x) be functions of z. If g(x) is positive and there
exists a constant ¢ > 0 such that |f(x)| < cg(x), we write either f(z) < g(x) or f(z) =

O(g(z)). If ILm féxg = 0, we write f(z) = o(g(x)). We will take the convention here
z—o0 g(x

that when we write < or O, the implicit constant depends only on the field K. If the
implicit constant also depends on the module ¢, then we write <4 or Oy.

2. PRELIMINARIES

The most important ingredients in our proof are the theorem of Pink and Riitsche on
the adelic openness for Drinfeld modules and the Chebotarev density theorem for function
fields. In this section, we recall some related results.

Let L be an A-field with A-characteristic to, and let ¢ be a Drinfeld A-module over L of
rank r. For m € A with m # 0 and m is coprime to tv, we denote by ¢[m| the m-division
points of ¢ in the algebraic closure L of L. By adjoining to L the m-division points, we
obtain L(¢[m]), the m-division field of ¢, which is a finite Galois extension of L. We have
[4, Proposition 2.2]

¢lm] ~ (A/mA)".

By choosing a basis, we have a natural injection

,, : Gal(L(g[m])/L) — Aut(¢[m]) ~ GL,(A/mA).

For a prime | € A coprime to tv, let
o[ = | oli",
neN

be the direct limit of the ["-division points of ¢. Let A; and k; be the completion of A
and k at [ respectively. The l-adic Tate module of ¢, T;(¢), is defined to be

Ti(¢) = Homuy, (ki /A, ¢[I77]),

which is a free A;-module of rank r. By choosing a basis, we have the [-adic representation
p1¢ of ¢ defined by

pro  Gal(L*P /L) — Aut(Ty(¢)) ~ GL,(A)),
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where L*°P is the maximal separable extension of L. By putting together the l-adic repre-
sentations p;, we obtain a continuous representation

po =[] pro - Gal(L*P/L) — GL,(A),
l

where A is the profinite completion of A. The following theorem is about the openness
of py. The case r = 2 is proved by Gardeyn and Pink, and the general case is recently
obtained by Pink and Riitsche.

Theorem 4. (Gardeyn[7, Remark 3.15] [8, Remark 1.16], Pink [13, Theorem 0.1], Pink
and Riitsche [14, Theorem 0.1]) Let L be a finitely generated A-field of generic A-characteristic,
and let ¢ be a Drinfeld A-module over L Endf(¢) = A. Then the image of py is open.

Now we come back to our original setting. Let A = F,[T] and k = F(T"). Consider the
A-field K, which is a finite extension of k of degree d. Let Fx be the constant field of K,
which is of degree di over F, . Let ¢ be a Drinfeld A-module over K, and let P, be the
set of primes of K at which ¢ has good reduction.

The following lemma is a direct consequence of Theorem 4.

Proposition 5. Let ¢ be a Drinfeld A-module over K with Endz(¢) = A and of rank
r > 2. There exists B(¢p) € A (depending only on ¢) such that for every m € A with
(m, B(¢)) =1, the map ®,, is an isomorphism.

For a prime P of K, let p =P N A and let p € A be the prime with pA =p. Let I € A
be a prime with (I,p) = 1. By the work of Drinfeld [4] on the theory of good reduction,
which is analogous to the classical result of Ogg-Néron-Shafarevich for elliptic curves, ¢
has good reduction at B if and only if K (¢[I*°])/K is unramified at B for all primes [ € A
with (I, p) = 1. In this case, let o be the Artin symbol of B in Gal(K (¢[I*°])/K), and let
¢ ® Fyp be the Drinfeld module over Fy which is the reduction of ¢ at . Then one can
identify Tj(¢) and Tj(¢ ® Fy), and the action of oy is the same as that of the Frobenius
of Fyz. Moreover, the characteristic polynomial of o on Tj(¢) is independent of I (see [9,
Corollary 3.4] and [19, Theorem 2(b)]), and we denoted it by Py 4(X).

Proposition 6. (|9, Theorem 5.1]) Let B be a prime in Py. Then as ideals of A,
p7¥ = Ppy(0)A and Xo(P) = Pp.o(1)A4,
where myp = [Fy : A/p].
We remark here that by Proposition 6, p™® (resp. x(B)) and Pyp 4(0) (resp. Py (1))

differ by at most an element of F}; as polynomials of A. Also, since [¢(Fsy)|, the cardinality
of ¢p(Fyp), is equal to |Fop|, degx P = [Fyp : F], and [Fg : Fy] = dg, we have

(5) di degye P = deg xo(F) = deg Pp4(1),
where deg x4(B) and deg Py 4(1) are the degrees of x4(P) and Pyp 4(1) in T', respectively.

We now state the Chebotarev density theorem for function fields. For a finite Galois
extension L/K, we denote by G the Galois group of L/K and by C a union of conjugacy
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classes of G. For z € N, define
7Tc(.'L', L/K) = #{Qﬂ degy P =z, B is a prime unramified in L/K, and o C C},
where og is the Artin symbol of 9 in Gal(L/K). Let r, = [LNFg : Fg.

Theorem 7. ([5, Proposition 6.4.8]) Let L/K be a finite Galois extension with Galois
group G. Let C C G be a conjugacy class whose restriction to Fy, is the a-th power of the
Frobenius automorphism of Fx. Then for x € N, if x # a (mod r1), we have

7I-C(va/]{) = 0.
If £ = a(mod r1), we have
Cl g™
T x,L K —TL 757
(e 1/1) 12
2|C
< xy’(;” (61 +gure) (@) 1G] 2gxc + 1)) +grrr + |Glddic ).

where gr, and gi are the genus of L and K, respectively.

Let mx(z) denote the number of primes of K of degree . Applying Theorem 7 with

L =K, we get
drgx drx\1/2
rrea) = +O<(q ) >
T x

Moreover, in the special case when C consists only of the identity element in Gal(L/K),
we have a = 0 and m¢(z, L/K) counts the number of primes P of K of degree x which
split completely in L. As a direct consequence of Theorem 7, we have

Theorem 8. Given a Drinfeld A-module ¢ over K, let mi(z, L/K) denote the number of
primes P € Py such that degi P = x and P splits completely in L. Then for v € N, if
rr 1 x, we have

m(x,L/K) = 0.

grrL (q™r)'/?
| ) [ - —
(%)=

If rp|x, we have

mi(z,L/K) — T (z)

1
rL —
|G
where the implicit constant depends only on K.
In order to estimate the error term in Theorem 8 when L = K(¢[m]), we need the
following result.

Proposition 9. ([6, Corollary 7]) There exists a constant D(¢) (depending only on ¢)
such that for each m € A\ Fy,

9K (gim) < D() - [K(¢[m]) : K] - degm,
where the implicit constant depends only on the field K.

The following proposition shows that the degrees over Fg of the constant fields of
K (¢[m]) are bounded absolutely.
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Proposition 10. ([3, Lemma 3.2]), [10, Remark 7.1.9]) Let ¢ be a Drinfeld A-module
over K, and let Ky be the field obtained by adjoining to K all division points of ¢. Then
we have

E(¢) = [Ky NFg : Fg] < oo.

We remark that although in [3, Lemma 3.2] Gekeler proved the above result only for
K =k, his argument can be extended to a finite extension K of k without modification.

3. DIVISION FIELDS OF ¢

Let ¢ be a Drinfeld A-module over K, and let Py be the set of primes of K at which ¢
has good reduction. In this section, we prove some properties about division fields of ¢.
We will need these results later in our proof of Theorem 1. For a prime P € Py, write

¢(Fq3) ~ A/wlA X A/’wQA X oo X A/wSA,
where w; € A\ F, (1 < i <s) satisfy w;|lw;—1 (2 <i<s). Form € A and n € N with
n < s, if m|w,, then
(A/mA)" x (AJA) ™ CAJugAx - X AJwpA X AJwpi1A X -+ X AJwA.
In this case, we say that ¢(Fyp) contains an (A/mA)"-type submodule.

Proposition 11. Let K be a finite extension of k of degree d, and let Fx be the constant
field of K, which is of degree di over Fy. Let ¢ be a Drinfeld A-module over K of rank
r > 2. For a prime P € Py, let p ="PNA and let p € A be the prime with pA = p.

(i) For m € A with (m,p) = 1, the finite A-module ¢(Fy) contains an (A/mA)"-type
submodule if and only if B splits completely in K (¢[m]).

(i) The module ¢(Fyp) contains at most (r — 1) cyclic components if and only if B does
not split completely in K(¢[l]) for all primes | € A with | # p.

(ili) Let Pypgy(X) be the characteristic polynomial of B with respect to ¢. If B splits
completely in K(p[m]), then m"|Py 4(1).

Proof: (i) For a prime B € Py, let

7y ¢(Fp) — ¢(Fp)
be the Frobenius of Fy; thus the kernel ker(npg — 1) = ¢(Fg). Since (m,p) = 1, we
have ¢q[m] ~ (A/mA)" [4, Proposition 2.2]. Hence ¢(Fy) contains an (A/mA)"-type
submodule if and only if its m-division points ¢q[m] are contained in ¢(Fy) = ker(rp —1).
In other words,
(6) (A/mA)" C ¢p(Fp) <= 7y acts trivially on ¢gp[m)].
For a prime ‘B € Py with (m,p) = 1, ‘B is unramified in K(¢[m]) and we write oy
to denote the Artin symbol of K(¢[m])/K. From the work of Drinfeld [4] on Drinfeld
module analogues of the classical results of Ogg-Néron-Shafarevich for elliptic curves, 7y
acts trivially on ¢p[m] if and only oy acts trivially on ¢[m], i.e.,
(7) Ty acts trivially on ¢p[m] <= P splits completely in K (¢[m]).

Combining (6) and (7), Statement (i) follows.
(ii) Note that the subscheme of p-torsion points is non-reduced, and hence the p-torsion of
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¢(F) is of rank at most r — 1 for any A-field F' of characteristic p. Hence, to conclude that
¢(Fyp) has at most (r — 1) cyclic components, it is equivalent to have (A/lA)" Z ¢(Fqp) for
all primes [ € A with ({,p) = 1. Then (ii) follows from (i).

(iii) From (i), if *P splits completely in K (¢[m]), then m" divides x4(*8). By Proposition
6, (iii) follows.

Proposition 12. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endz(¢) = A,
and let B(¢) be defined as in Proposition 5. For a monic polynomial m € A, we can write
it uniquely as m = mimsg, where mi,mo € A are monic, m1 composed of primes which
are divisors of B(¢), and my composed of primes which are coprime to B(¢). Let n(m)
denote the cardinality of the Galois group Gal(K (¢[m])/K). We have

n(m) 3> p(mg) gD e,

where p(mg) = ’(A/mQA)*| is the Euler o-function of mg € A.

Proof: We ﬁrst note that K (¢[me]) C K(¢[m]). Since (mqo, B(¢)) = 1, by Proposition 5,

we have n(mg) = |GL,(4/m2A)|. Hence we have
1 1 1
n(m) > n(m2) = qT ? degma H (1 B qdegl) (1 B q2degl> o (1 - qrdegl)
llme
= p(my) (r?—1) deg mo H 1_; 1_;
=wlmz2)q q2degl quegl ’
llma

where the product is over distinct primes I|mg. Since

1 1
H (1_q2degz>'”<1_ rdegl>>> H < 2degl> "(1_qrdegl> > 1,

llma l: prime

the proposition follows.

4. PROOF OF THEOREM 1

Let K be a finite extension of k of degree d, and let Fx be the constant field of K,
which is of degree di over IF,. Given a Drinfeld A-module ¢ over K, in this section, we
provide a proof of Theorem 1 for it. Although the error term which we state in Theorem
1 depends on ¢, it can be made more precise in our proof. In the following, we will prove:

Theorem 1’. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endz(¢) = A,
and let B(¢), D(¢), and E(¢) be defined as in Propositions 5, 9, and 10. For x € N, we
have

f(@,¢) = co(x) T (2) + error(, §),

where
o pom) ()
A= 2 Kol K
and m 1S monic

error(z,8) < D(G)E(6) (@) + E(¢)a loga(qe*)rg' 5.
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Here, the implicit constant depends only on K, A, is defined as in (2), and

—3r247r—2 e
(8) 5= . Hr=28
r —ritr+l if r > 4.

Before starting the proof of Theorem 1’, we need to introduce more notation. Let K {7}
be the non-commutative polynomial algebra in 7 defined by 76 = b7 for all b € K. Let
¢ be a Drinfeld A-module over K of rank r, and let M (¢) be the A-motive associated to
¢ as defined in [18, Definition 2.1]. In [18, Corollary 3.2.3], van der Heiden showed that
there exists an A-module ¢4 over K of rank 1 such that as K{7}[T]-modules, the exterior
product Ay M (¢) is isomorphic to the A-motive M (1)y). Using the existence of 14, he
constructed a “Weil paring” - an r-multilinear map like a determinant object - for ¢ (see
[18, Section 5]).

For m € A with m # 0, by using the Galois-invariance of the Weil pairing, one can
derive from [18, Theorem 5.3] that the m-division field of vy, K(14[m]), is contained in
K (¢[m]). Thus, given a Drinfeld A-module ¢ of rank r, we can associate to it a Drinfeld
A-module 94 of rank 1 satisfying

K(1pg[m]) € K(¢[m])

for all m € A with m # 0. As a consequence, if ¢ has good reduction at a prime 8 of K,
then 1)y also has good reduction at . For ‘P € Py, we denote by By 4(X) and By 4, (X)
the characteristic polynomials of the Frobenius of Fy acting on the Tate modules of ¢ and
g, respectively.

For a finite extension L/K, let
T (x, L/K) = #{‘,}3 € Py | degy P = x and ‘P splits completely in L/K}

be defined as in Theorem 8. Also, for a monic polynomial m € A, we denote by n(m)
the cardinality of the Galois group Gal(K(¢[m])/K) and by g(m) the genus of the field
K(¢[m]). We recall that if r,, = [K(¢[m]) NFg : Fg|, then

o) = {rm if vy,

0 otherwise.

Now, we are ready to prove Theorem 1°.

Proof: We recall that [K : k| = d. Let > denote a sum over monic polynomials m of A.
By Proposition 11(ii) and the inclusion-exclusion principle, we have

f@,0) = D nglm)mi(z, K(¢[m))/K).
meA
By Proposition 11(iii), a prime 9 splits completely in K (¢[m]) implies that m"|Py 4(1).
Since deg Py 4(1) = di degy B = drx (see (5) in Section 2), it suffices to consider m € A
with degm < dgz/r. Let y = y(x) € N with y < dxz/r (a choice of y will be made later).
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Then we can write

flad)= > pglm)m(z, K(¢[m])/K)

degm<dgz/r

= > pglm)m(e, K@m)/K)+ Y ng(m)m(z, K(o[m])/K)
degm<y y<degm<dgx/r

= main + error (say).

The first sum in (9) will be the dominant term. From Theorem 8, we have

main = Z fiq(m) (WK(Q;) rm(®) + O<<g(m)rm(x) + 1) (qu)wﬂ))

deniey n(m) n(m) x

By Propositions 9 and 10, since y < dgx/r < x, we have

> (W +1> < ) D(¢)E(¢) degm < D(¢) E(d) z¢".

Hence, it follows that

(10) main = 7 (z) ( 3 W) + O(D(¢) E(9) qdé”'w).

n(m

deg m<y degm<y

degm<y

We now estimate the error term in (9). Let p =P N A and let p € A be the prime with

pA = p. By Proposition 6, we have
P‘B,q&(X) =X"+ ar,17¢(‘}3)X7"*1 +---+ am(‘B)X + Ufppmm
and
Py, (X) = X + vpp™,
where a; 4(B) € A (1 <i <r—1) and ug, vy € Fy. Let
by(B) = ar—1,6(F) + -+ +a14(P).

For a fixed m € A, u,v € F, and b € A, define

Supp(m,z) = {‘B € Py ‘ degr P =z, up = u, vp = v, by(P) =0,
and P splits completely in K (¢[m])/K }

Since degx P = = and [Fx : Fy] = dg, from [9, Theorem 5.1], we have degby(B) <
L dgx. Also, since K (¢y[m]) C K (¢[m]), if B splits completely in K (¢[m]), then it also
splits completely in K (¢4[m]). By Proposition 11(iii), we have m"| Py 4(1) and m|Byp 4, (1).
Hence, if P € S, »p(m, x), we have m”|(1 + b+ up™*) and m/|(1 + vp™*). It follows that
m|(1 + b — uv?t), where v~! is the inverse of v in [Fg. Let 3" denote a sum over monic
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polynomials m of A which are square-free. Then we have

error < Z/ Z Z #(Su,v,b(ma 33))

y<degm<dxxz/r u,veFy degb<(r—1)dgz/r

/
< > ) ) ) 1
y<degm<dxx/r u,veFy degb<(r—1)dgxz/r deg P=z

m|(14+b—uv~t)  up=u,vp=v,by(P)=b
m”|(1+b+up™®)

/
< X ) > > 1
y<degm<dgz/r u,vEF} degb<(r—1)dgz/r degy P=z

m|(1+b—uv~1)  up=u, vp=v, by (P)=b
1+b—uv ™10 m”|(1+b+up™®)

/
+ D > > ) 1
y<degm<dxxz/r uw,vEFy degb<(r—1)dgz/r degy P=z

1+b—uv—1=0 up=u, vp=u, by (P)=b
| (1+b+up™® )

= error 1 + error 2 (say).

Consider the innermost sum in error 1. Since degy (B) = = and myp = [Fyp : A/p], we
have degp™® = dxx. For fixed b € A and u € Fy, there are at most gdrr=rdeem primes
p € A of degree dix such that m”|(1 + b+ up™*). Moreover, for each fixed prime p € A,
there are at most d primes P of K such that PN A =p = pA. It follows that

Z 1< dqu:rfrdegm < quazfrdegm.
degy P=x,
up=u, vp=u, by (P)=b
| (1+b+up™® )
Thus we have

/ .
error 1 < Z Z (q rl de—degm) (qux—rdegm>

y<degm<dgx/r u,vEF}

! dg(@r=1) z—(r+1)degm
(11) < ) a
y<degm<dgx/r
dp (2r—1) dp(2r—1)
< qu — T Z q—('r—i-l)n 'qn < qu ~ z—ry.
y<n<dgz/r
Also,

error 2 = Z/ Z Z 1

y<degm<dgz/r u,vEF} degy P=x
up=u, v =v, by (P)=uv "1 -1
(v~ ™)

< Z/ <qux—r degm)

y<degm<dgx/r

(12)

< qu$_(T_1)y.
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Comparing the error terms in (10), (11), and (12), there are two cases:

x (2r—1)
(i) If r = 2,3, we choose y such that qd%ﬂ’ = qu o Y e,
3r—2
13 = ———dgu.
(13) Y 2r(r+1) K
(ii) If r > 4, we take
1
(14) y=—dgx;
r

thus the error term in (9) becomes trivial.
Combining (9), (10), (11), and (12) with this choice of y, we obtain

fq( VA
a5  f@8) =k ( > )) +0(D(@)E)(g™*)>),
degm<y
where A, is defined as in (2).
To prove the theorem, it remains to consider
16) 7l ( Y ))=c¢<x>wK< — ( o bl )>
degm<y deg m>y

For m € A, write m = mymeo as in Proposition 12. We note that if m is square-free, so is
my. Applying Propositions 10, 12, and the fact p(mz) > ¢°8™2 /log deg ma, we have

1 orm(2) ' E(¢)

Z < Z Z r2—1) degm:
degm>y n(m) m1  deg ma>(y—degm1) SD(mQ) q( Jdegma
m=mimz

< Z/ Z E(¢)logdeg me.

q7"2 deg mao
m1  degmao>(y—degmsi)

Consider the innermost sum in the above expression. We have

E(¢) log degmy E(¢)logn
Z r2 deg mao < Z q(r2—1)n
deg mo>(y—degmi) n>(y—degm1)

E(9)logy oL

— (r*=2)(y—degmi) q

E(¢)logy

q(r?=1)(y—degmi)’

n>(y—degmi)

<

Combining the above two inequalities we obtain

! Tm(l‘) logy 7"271 degm
Z n(m) q(’f‘2 1 Z ® '

deg m>y
m=mimso

¢)logy _
(7"2 1)y H (1 T4 S degl)
1 1B(9)
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where the product is over primes [ € A with I|B(¢). Note that

(r?—1)degl _ _(r?—1)degl 1
l+q =4 (1 + q(rzfl) degl

— €, 1
- q(r2 1) deg B(¢) (1 + m)

Thus, using the fact that 1 +y < ¢¥ for y > 0, we have
Z’ rm(r) _ E(¢)logy 471 deg B(0) 11 (1 i 1 )

n(m) - q(r2_1)y q(rz—l)degl

deg m>y
m=mims

1|B(#)

M (r?~1)deg B(¢) 2 11B(¢) g~ ("2 -1 deg!
2_ q q
q(’" Ly

E(¢) logy r2 deg B(¢)
q(’"Q—l)y '

The last inequality follows from the facts that q*(Tzfl)degl < 1 and the number of primes
l € A with l|B(¢) is bounded by deg B(¢). Thus from (16), we have

(17) 7k(x < > pa(m n( )> :C¢(x)WK(x)+O(E(¢)quI logmqr2deg3(¢)>.

(r2-1)y
degm<y rq

Plugging the choice of y in (13) or in (14) into the above equation, we obtain

T uq ))

(18) deg m<y
= C¢(.’L’) 7TK(.’L’) +0 <E(¢) ! log (qux)5r- qu deg B(¢)> ,

where ¢, is defined as in (8). Combining (15) and (18), Theorem 1’ follows.

5. PROOF OF THEOREM 3

In this section, we will prove Theorem 3. We begin by stating a theorem of Poonen,
which is an analogue of Mazur’s result on the torsion subgroup of elliptic curves over Q.

Theorem 13. ([15, Theorem 1 & Theorem 9]) Let K be a finite extension of k and ¢ a
Drinfeld A-module over K. Define

(K )tors = {0 € K |¢hq(e) =0 for some nonzero a € A}.

For any fized positive integer d, there is a uniform bound on # (K )iors as K ranges over
extensions of k with [K : k] < d and 1 ranges over rank 1 Drinfeld A-modules over K. As
a consequence, there exists a positive constant Ck (depending only on [K : k|) such that
for all a € A with dega > Ck, K(¢[a]) # K. In the special case when K =k and a are
primes, the constant C}, can be taken to be 1.

The main goal of this section is to prove the following theorem, which is a generalization
of Theorem 3.
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Theorem 3°. Let K be a finite extension of k and ¢ a Drinfeld A-module over K of rank
r > 2. Let cy(x) = cg(x) be defined as in Theorem 1.

(1) If K(¢[a]) = K for some non-constant a € A, then cy(x) = 0.

(2) Let Ck be defined as in Theorem 13. Suppose that Endg(¢) = A and all division
fields of ¢ are geometric, i.e., do not contain non-trivial constant field extensions. Suppose
further that K(¢[a]) # K for all non-constant a € A with dega < Ck. Then cy(z) is
positive.

Note that if all division fields of ¢ are geometric, cg(x) is independent from x. Thus
we can write ¢, = c4(x) as in Corollary 2. In addition, when K = k, we have seen in
Theorem 13 that Cj, = 1. Thus Theorem 3 is a direct consequence of Part (2) of Theorem
3.

In order to prove Theorem 3’, we need the following result from [2, Lemma 6.1]. We
note that although the statement in [2, Lemma 6.1] is for number fields, by making typo-
graphical changes, we can extend that result to the following setting.

Lemma 14. ([2, Lemma 6.1]) Let £ and L' be sets of primes in A with L' C L. Let
K = (K1)ier and K' = (K],)regr be two families of finite geometric Galois extensions of K
indexed over primes | € L and l" € L', respectively. For monic square-free polynomials m
and m' composed of primes of L and L', respectively, let K., and K| , be the compositum
of K with llm and | € L and of K], with l'|/m' and l' € L' respectively. Also, let s(m) =
(K : K, s'(m) = K], : K],

_ Hq (m) N Hq (m/)
§(K) = ; 2] and S(K) = Z )
llm=leL l’|m’7:n$l’eﬁ’

where s(1) = §'(1') = 1. Suppose that
(1) K covers K', that is, for any l' € L', there exists | € L such that K], C K;, and for
any l € L, there exists ' € L such that K], C K.

(2) We have
/ 1 / 1
— < and < o0,
2 Smy <% ! 2 <
llm = leL U'|m! T:n> el

where Y denotes a sum over monic square-free polynomials in A.
Then it follows that
5(K) > 5(K).
In particular, if the fields K, in K' are mutually independent (i.e., Kl/’l N l’,2 = K for any
1 e LN with 1 #1,), then

50 = T (1~ s/(1y)>'

el

To prove Theorem 3’, we also need the following lemma.

Lemma 15. Let L be a set of primes in A, and let K = {K; }ier be a family of non-trivial
finite (geometric) Galois extensions of K. Suppose that all but finitely many fields K; in K
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are mutually independent. Then there exists a set of primes L in A and a corresponding
family K' = {K|, }verr of non-trivial finite (geometric) Galois extensions of K such that
L' CL, K covers K', and all fields K, in K' are mutually independent.

Proof: Write L = G LU £, a disjoint union of G and £, where G is an index set whose
indexed fields are mutually independent and & is the exceptional set. Since all but finitely
many fields K in K are mutually independent, without loss of generality, we can assume
that |£|, the cardinality of £, is finite.

We will construct £’ and K’ by induction on the cardinality of £. If |£] = 0, we can
take £/ = £ and K’ = K, and then the result follows. Now suppose |£| > 1. For a prime
e € &, there are two possibilities for K.

(1) Suppose that K, is mutually 1ndependent from all fields indexed by primes in G. Then
we can write £ = G U &, where G = G U {e} and £ = &\{e}. Since || = |€] — 1, by
induction, there exist £ and K’ satisfying the required conditions. Thus the result follows.
(2) Suppose that K, is not mutually independent from all fields indexed by G. Then there
exists a prime g € G such that K, N K, # K. Note that K. N K, is a non-trivial finite
(geometric) Galois extension of k. For h € G \ {g}, since K, is mutually independent
from Kj, it follows that K. N K, is mutually independent from Kj,. In this case, we take
L =G U E with £ = £\{e}, and we construct a new family K = (Ri)iei of non-trivial
finite (geometric) Galois extensions of k as follows:

- Define K'g =K.NK,.

- For h € G\ {g}, define K}, = K,.

-Forice g, define K; = K;.

Then all but finitely many f( - in K are mutually independent. Now, since || = €] — 1,
it follows by induction that there exist £’ and K’ satisfying the required conditions Wlth
respect to K. Since £ C £ and K covers K, we have £/ C £ and K covers K’. Thus the
lemma follows.

Remark We note that from the above construction, if £ = G U &, we can take £’ =
G U & U &y, where G C G, & U & = &, and & and & are the sets of primes from
possibilities (1) and (2) of the proof of Lemma 15, respectively. In particular, the sets &;
and & are not canonical; they depend on the choices made in the proof. Now we have
that K, = Ky for I" € G’, that Kl/’ = Ky for I} € &, and that Kl’,2 # K for I} € &. Since

G'CGand [K):K]>2forl' € 51 L &, by Lemmas 14 and 15, we have

0= () TT (- ) > () L0 )

l'eg

Now, we are ready to prove Theorem 3’.

Proof: (1) Suppose that K(¢[a]) = K for some non-constant a € A. Since ¢la] ~ (A/aA)"
[4, Proposition 2.2], it follows that ¢ (K )¢or contains a subgroup of the form (A/aA)". Since
A(K)tor € ¢(Fyp) for all but finitely many primes P of K, there are only finitely many
¢(Fg) which have at most (r — 1) cyclic components. Thus we have cg(z) = 0.

(2) Suppose that ¢ satisfies all conditions stated in (2). We recall that since all division
fields of ¢ are geometric, c4(x) is independent from x. In the following, we will write ¢y =
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cy(x). To apply Lemma 14, let £ be the set of all primes of A and K = (K; = K(¢[l]))icc.
Since the fields K (¢[l]) are finite geometric Galois extensions of K, we have

Cp = (5(/(:)
Let B(¢) be defined as in Proposition 5 and [1,ly € £ be distinct primes with ({1, B(¢)) =
1= (l2,B(¢)). By Proposition 5,
(K (¢llla)) : K] = |GLo(A/lilaA)| = |GL.(A/ly A)| - |GL,(A/1,A)|
= [K(¢[h]) : K- [K(o[l2]) : K].
It follows that K(¢[l1le]) = K(é[l1], ¢[l2]). Thus the division fields K (¢[l]) are mutually
independent for primes [ € £ with [ { B(¢). Also, they are non-trivial extensions of K.

For a prime | € £ with [|B(¢), we will now show that K(¢[l]) is also a non-trivial
extension of K. Let 14 be the rank 1 Drinfeld A-module associated to ¢ via Weil’s paring.
By Theorem 13, K(14[l]) are non-trivial extensions of K for primes | with degl > Ck.
Since K (14[l]) € K(¢[l]) and K(¢[a]) # K for all non-constant a € A with dega < Ck,
it follows that K (¢[l]) # K for all primes [ € L.

Now, we have KL = (K (¢]l]))ier, a family of non-trivial finite geometric Galois extensions
of K. Since the division fields K (¢[l]) are mutually independent for primes [ with [ 1 B(¢),
we can take £L =G U &£, where

G={1ec|itB©)} and e={iecliB©)}.
We note that for primes [ with [ B(¢),
s() = [K(¢[l]) : K] = |GL,(A/1A)] > ¢~ desl.

11 (1—5(1”> > 1.

1B ()
Also, for a monic square-free polynomial m € A, we write m = mims as in Proposition
12. Then s(m) > s(mg) and it follows that

Z o ( < H 1+1 J[ <l—|—8(1l))<oo.

B(¢ B
”mileﬁ llm=leL 4 UB(#)

Let K' = (K,)yer be the family associated to K as defined in Lemma 15. Since the fields

K], are mutually independent for primes I’ € £ and §'(I') = s(l) > ¢"* 8! for all but
finitely many primes ', we have

> - 11 (“s’(lz')) <o

/ l/eﬁ/

Thus we have

m
Ulm! =1U'eL’

Moreover, since |£] < deg B(¢), by the remark after Lemma 15, we have

co = 8(K) > (%)degw) HB[([QS) (1- S(ll)) > 1.

This completes the proof of Theorem 3’.
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In the remaining part of the paper, we will discuss the case when division fields of ¢
are not all geometric. We need the following proposition to prove our result.

Proposition 16. ([16, Proposition 8.13)) Let K be a finite extension of k and P a prime
of K. Let L be the constant field extension of K with [L : K| = n. Then B splits into
(n,degy B) primes in L. In particular, if n|degy B, then P splits completely in L. In
addition, if P is a prime of L lying over B, then deg; P = degy P/ (n,degy B).

Theorem 17. Let K be a finite extension of k and let ¢ be a Drinfeld A-module over
K of rank v > 2 with Endg(¢) = A. Let E(¢) be defined as in Proposition 10 and
define E(¢)* = Hp:prime,p|E(¢) p, the squarefree kernel of E(¢). Let L be the constant field
extension of K with [L : K] = E(¢) and let Cr, be defined as in Theorem 13. Suppose
that L(¢pla]) # L for all non-constant a € A with dega < Cp,. Then for all x € N with
(E(9) - E(¢)")|z, cg(:):) is positive.

Proof: By the construction of L, all of its division fields are geometric. Thus, by Theorem
3’(2), there is a positive constant cé such that for any y € N,

P, 8) =Y ng(m)mi(y, L(gm]) /L) = chmi(y) + o(mL(y)),
meA
where 71 (y, L(¢[m])/L) is the number of primes of L which are of good reduction, of
degree y, and splitting completely in L(¢p[m]).

For every m € A, we have the following diagram.
m])

L(¢]

ge(y Want

L K(¢[m])
c@ Kmetric

L0 K(¢[m])
constant

K

Consider only the constant field extensions. We have
[L(¢[m]) : K(¢[m])] - [L N (¢[m]) : K] = [L : K] = E(¢).

Claim 1: Let B be a prime of K of degree E(¢)y for some y € N. Then B splits
completely in K (¢[m]) if and only if every prime of L lying over 3, which is of degree y,
splits completely in L(¢[m]).

Proof of Claim 1: Since [LNK (¢[m]) : K| | E(¢), degg B is divisible by [LNK (¢[m]) : K].
By Proposition 16, B splits completely in L N K(¢[m]), and the primes of L N K(¢p[m])
lying above ‘B are of degree E(¢)y/[L N K (¢[m]) : K]. Similarly, since degy B is divisible
by E(¢), P splits completely in L, and the primes of L lying above ‘B are of degree y.
Suppose that 9 splits completely in K (¢[m]). Let P be a prime in LNK (¢[m]) lying above
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P, and P a prime in K (¢[m]) lying above P. Since K (¢[m])/L N K (¢[m)]) is a geometric
extension, we have

deg s (gpmp) P = degrar(spm P = E(@)y/[L N K(g[m]) : K] = [L(¢[m]) : K(¢[m])]y.

Since deg (g[m)) P is divisible by [L(¢[m]) : K(¢[m])], by Proposition 16, P splits com-
pletely in L(¢[m]). We now see that B splits completely in K (¢[m]) if and only if B splits
completely in L(¢[m]), if and only if every prime P of L lying over 9 splits completely in
L(¢[m]). This completes the proof of Claim 1.

Claim 2: Every prime P of L, which is of degree y with E(¢)*|y, lies over a prime 3 of K
which is of degree E(¢)y.

Proof of Claim 2: To show that degy B = F(¢)y, by Proposition 16, it suffices to show
that degy B is divisible by E(¢). Let p be a rational prime divisor of F(¢). If the exponent
of p in degy P is less than or equal to that in E(¢), by Proposition 16, y = deg; P has
no p factor, which contradicts the fact that E(¢$)*|y. Thus the exponent of p in deg; P
must be greater than that in E(¢) and it follows that E(¢)|degy B. This completes the
proof of Claim 2.

Combining the above two claims, for x = E(¢)y with E(¢)*|y, we have

E(¢) - mi(z, K(¢[m])/K) = m1(y, L(¢[m])/L).
It follows that

R @0) = Y p(m)m(e, K (¢[m)/K)

meA

= Zﬂq m)m(y, L(¢[m])/L)

mGA

_ ;;(1@05“@) + o(m(y))
= Cé(ﬂ'K(-T) + O(WK($))'

In particular, cf (z) = cg L /E(¢) is positive. This completes the proof of Theorem 17.
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