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1. Introduction

A standard and important strategy in mathematics is to classify the elements of a
given set up to some form of equivalence. For elements A and B of the algebra M, (C)
of n X n complex matrices, the two most important forms of equivalence are similarity:
B = S7!'AS for some invertible matrix S € M,,(C), and unitary equivalence: B =
U*AU where U € M, (C) is unitary. As is well-known, the Jordan form provides a
complete invariant for the similarity orbit S(A) := {S7*AS : S invertible in M,,(C)} of
A € M, (C). For unitary equivalence, the invariant is somewhat more delicate, and is
due to Specht [30]. In particular, he shows that two matrices A and B in M,(C) are
unitarily equivalent if and only if tr(w(A, A*)) = tr(w(B, B*)) for all words w(z,y) in
two non-commuting variables 2 and y. A result of Pearcy [20] shows that in fact one
need only consider words of length at most 2n?. A nice and complete (up to 1990) survey
of Specht-Pearcy trace invariants can be found in [27].

The question of extending Specht’s Theorem to elements of von Neumann algebras
has been considered before. For example, in [20], Pearcy showed that if are operators
in a finite Type I von Neumann algebra R, then A and B are unitarily equivalent (via
a unitary operator in R) if and only if D(w(A4, A*)) = D(w(B, B*)) for all words w
in two non-commuting variables, where D denotes Dixmier’s canonical centre-valued
trace on R. We thank the referee for pointing out the reference [21], in which Pearcy
and Ringrose considered the similar question for type I/; von Neumann algebras. As
noted by the referee, since the hyperfinite 11 fact is singly generated as a von Neumann
algebra, and since it admits outer automorphisms, it follows from Theorem 5 of [21] that
Specht’s Theorem cannot hold in that setting. As we shall see below (cf. Proposition 2.3),
in the C'*-algebra setting, approximate unitary equivalence is the more natural condition
to consider, given that two approximately unitarily equivalent elements of a unital C*-
algebra which admits a trace must always satisfy Specht’s trace condition, and as shown
in Example 2.2, approximate unitary equivalence and unitary equivalence are distinct
concepts, even in dealing with the case of normal elements of UHF C*-algebras.

Our goal in the present article is to examine to what extent Specht’s trace condition
above characterises approximate unitary equivalence in C*-algebras. Because Specht’s
trace condition requires a family of traces that separates projections, we shall focus our
attention on uniformly hyperfinite C*-algebras (UHF-algebras), or very closely related
approximately finite C*-algebras (AF-algebras). Recall that the universal UHF-algebra
Q is the UHF-algebra whose supernatural number is divisible by any positive integer
— or equivalently, it is the UHF-algebra whose Kgy-group is divisible. As we shall see
below (Theorem 3.2), in the case of the universal UHF-algebra Q, given two elements
a,b € Q, if a and b satisfy Specht’s trace condition and C*(a) satisfies the UCT, then
a is approximately unitarily equivalent to b. We shall also see that this fails for more
general UHF-algebras (even under the assumption that both C*(a) and C*(b) satisfy the
UCT), and in particular for the CAR algebra Mas (Theorem 3.8).
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The idea of characterising approximate unitary equivalence of single elements in var-
ious C*-algebras is not new. Of course, in B(#), this problem has a long history, of
which we cite only [13,33], and characterising the (necessarily closed) unitary orbits
of normal elements of the Calkin algebra B(H)/KC(H) is the content of the celebrated
Brown-Douglas-Fillmore Theorem [6]. Passing to approximate unitary equivalence in
subalgebras of B(#H), Sherman [28] obtained a description of the norm- and strong*-
closures of a normal operator in a von Neumann algebra, and Skoufranis [29] has
characterised approximate unitary equivalence classes of normal elements of unital, sim-
ple, purely infinite C*-algebras whose Ki-groups are trivial. We emphasise that while
many of these results focus on approximate unitary equivalence of normal elements of
the algebra under consideration, our results will apply to general elements of Q. Having
said this, it is worth noting that there is a vast and relevant literature dealing with
approximate unitary equivalence of *-homomorphisms between C*-algebras, led in large
part by H. Lin (see [17] and its references).

In Section 4 we establish a relation, which we refer to as the approximate absolute value
condition (AAVC), which coincides with Specht’s trace condition for UHF-algebras, but
which may be formulated in any C*-algebra, regardless of the presence or absence of a
trace. Theorem 4.7 below shows that two bounded linear operators A and B acting on
a complex, separable Hilbert space are approximately unitarily equivalent if and only if
they satisfy the AAVC.

In Section 5, we produce an interesting consequence of our work on UHF-algebras
by demonstrating the existence of positive integers n and k, and two n x n complex
matrices A and B such that the distance between the unitary orbits of A% := I, ® A
(where I, € M}, (C) is the identity matrix) and B*) in M,,;(C) is strictly smaller than
the distance between the unitary orbits of A and B in M, (C).

Let us now establish some definitions and notations which will be used throughout
the remainder of the paper.

Given a unital C*-algebra A, we shall denote by U(.A) the unitary group of A; that
is, U(A) = {u € A: v*u =1 = wu*}. If a € A, the unitary orbit of a is the set
U(a) :=={u*au : u € U(A)}. When A is finite-dimensional, U (.A) is compact and U(a) is
necessarily closed. In general, however, U(a) is not closed. By As, we denote the set of
all hermitian elements of A.

We denote by Wy the set of all words in two non-commuting variables x and y. There
is a natural action of W5 on A given by [w(z,y)] ® a := w(a,a*) for all w € W, a € A.
This action naturally extends to an action of the complex algebra P, of all polynomials
in two non-commuting variables spanned by W, on A.

We shall assume that the reader is familiar with the notion of a UHF-algebra A
as an inductive limit of full matrix algebras M, (C), k¥ > 1 and the fact that UHF-
algebras are classified up to isometric *-isomorphism by their supernatural numbers s(A);
equivalently by their ordered Ky-group Ky(.A). We also assume that the reader is familiar
with approximately finite, or AF-algebras as inductive limits of finite-dimensional C*-
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algebras and their classification [11] in terms of K-theory. The reader may refer to [10]
for more details if required. Finally, we shall also assume that the reader is familiar with
K K- and K L-theory as found in [17,22].

Specht’s Theorem mentioned above says that given two matrices A and B in M,,(C),
A is unitarily equivalent to B if and only if

tr(w(A, A*)) = tr(w(B, B*)) for all w € W;. (%)

We shall refer to equation (%) and its analogue for a pair of elements a,b in a general
C*-algebra A possessing a unique tracial state 7 as Specht’s trace condition.

Let us also remind the reader that if A is a C*-algebra and 7 is a tracial state on A,
then one can always extend 7 to a tracial state 7,, on M,,(A) by setting 7, := 7 @ tr,
ie., m([a;]) = %Z?:l T(@i;)-

We require the following definition.

Definition 1.1. Let 4 and B be two C*-algebras and ¢ : A — B be a linear map. The
n-fold ampliation

@(") =idm, ¢ : My(A) — M,(B)
[aij] = [p(aij)]

is also linear. It is well-known and easy to verify that if ¢ is a *-homomorphism, then
©™ is also a *~homomorphism.

2. Preliminary results

The principal result of this section is Theorem 2.5, which will be the key to proving
our main theorems in Section 3. Recall that given an algebra A and an invertible element
s € A, we denote by ad, : A — A the continuous linear map ad,(a) = s~ tas.
Definition 2.1. Let A be a separable, unital C*-algebra and a,b € A. We say that a and
b are

(a) unitarily equivalent, written a ~ b, if ad, (a) = b for some unitary u € A, and that
they are

(b) approximately unitarily equivalent, in symbols a ~, b, if there is a sequence (u, )32,
of unitaries in A such that nh_{]go ad,,, (a) =b.

(¢c) If B is another unital C*-algebra and ¢ and v are two unital *~homomorphisms from
B to A, we say that ¢ and 1 are approximately unitarily equivalent if there exists
a sequence (u,)5; of unitaries in A such that (b) = nli_}rr;oadun (p(b)) for all b € B.

It is routine to verify that both unitary equivalence and approximate unitary equiv-
alence are indeed equivalence relations on A, and that two elements a,b € A satisfy



L.W. Marcouz, Y. Zhang / Journal of Functional Analysis 280 (2021) 108778 5

a ~, b if and only if U(a) = W . When A is finite-dimensional, the unitary group of
A is compact, in which case unitary equivalence and approximate unitary equivalence
coincide. That these concepts are in general different is demonstrated by the following
example, the existence of which is surely known to the experts in the field. Since it is
difficult to trace the origin or a reference for this example, we provide the construction
for the benefit of the reader.

Example 2.2. We shall produce two positive elements a and b of a UHF C*-algebra which
are approximately unitarily equivalent but not unitarily equivalent.

Let (m;);>1 be a sequence of integers each greater than or equal to three, and define
ky, :=[Ii—, mi, n > 1. Consider the UHF C*-algebra

A= nglen ((C),

where M, (C) is identified with the subalgebra My, (C) & I, , of My, ,(C) for each
n > 1. That is, given X = [z, ;| € My, (C), we identify it with the element [z; ; I, +1] €
My, (C). Let {el(-z) :1<14,j <k,} denote the standard matrix units of My, (C), and
for n > 2, set

q;n) = el(:,,)—l,kn—v qén) = el(c:)—Q,kn—?

Then q%n), qén) are projections in A — unitarily equivalent to each other via a unitary in
My, (C) — and

Next, define

a=3 %q%n)v b= %qén)-

n>2 n>2

Then a, b are positive elements in A with o(a) = o(b) = {5+ : 2 < n}U{0}. Moreover, qgn)
(resp. qén)) is the spectral projection for a (resp. for b) corresponding to the measurable
set E,, = {5 }.

To see that a and b are approximately unitarily equivalent, we set, for each N > 2,
an = EnN:2 z%qgn) and by = 271:/:2 %qén). Since tr(qYL)) = tr(qén)) for all n > 2, we see
that — viewing ay and by as elements of My, (C) — they are selfadjoint, have the same
spectrum, and each of the eigenvalues is repeated with the same multiplicity. As such,
they are unitarily equivalent in My, (C) via a unitary element, say ujayuy = by. It is
routine to verify that a = limy_, ., ay and similarly that b = limy_ .o by. A standard

application of the triangle inequality

16— uyaun[l < |[b=bn |l + Io~ — ujanun| + [luy(an — a)un]
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then shows that a ~, b in A.

We claim that a and b are not unitarily equivalent in A. Otherwise, there exists a
unitary u € U(A), such that u*au = b. By the continuous functional calculus for normal
elements in A4, it is then easy to show that

u*qgn)u = qén), Vn € N.

Since u € A, there exists N € N, such that
. 1
dist(u, M, (C)) < 3

Choose such a t = [t; ;] € My, (C) C A for which ||u —t|| < %. As noted above, in

2
My, (C) € A, we identify ¢ with [t; ; @ 1y, ]-

(N+1), _ uqéN-&-l)

Now ¢; U , and so

N+1 N+1 N+1 N+1 N+1
=g e = 1@ g

1= ||uq£ ugs 2

On the other hand, a simple computation reveals that

N+1 N+1
qg )[tiJ ® ImN+1]qé )= 0.
But then
1 N+1 N+1
5 > =t > 1™ P = [ty © Ly Das™ VI 2 1-0=1,

an obvious contradiction. Thus a and b are not unitarily equivalent.

Given a tracial state 7 on a C*-algebra A, a € A and u € U(A), we see that 7(u*au) =
7((au)u*) = 7(a), so that 7 is constant on unitary orbits. In fact, by continuity, 7 is
constant on closures of unitary orbits. From this observation, we obtain the following
Proposition.

Proposition 2.3. Let A be a unital C*-algebra, a,b € A, and 7 be a tracial state on A. If
a ~4 b, then for each word w € Wa, we have that 7(w(a,a*)) = 7(w(b, b*)).

Proof. Bearing in mind the statement preceding this Proposition, we see that it suffices
to prove that if a ~, b, and if w € W, then w(a,a*) ~, w(b,b*). This is a relatively
simple consequence of the continuity of words as functions on A x A.

Indeed, fix w € Whs, and choose a sequence (u,)52; € U(A) such that
b = lim,,ad,, (a). As w defines a continuous function on A x A, and as b* =
lim,, 00 ad,,, (a*), we see that

w(b,b*) = nh_)ngo w(Uy, QU , Uy @ Up,) = nh_{rgo urw(a, a*)uy,.
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In other words, w(a, a*) ~, w(b,b*), completing the proof. O

In light of the above Proposition, the best one might hope for in trying to generalise
Specht’s Theorem to the C*-algebra setting would be to replace “unitary equivalence” by
“approximate unitary equivalence”. That is, the most straightforward conjecture might
be that the converse of Proposition 2.3 holds. As the next example shows, however, even
when the ambient C*-algebra is simple, unital and admits a unique, faithful tracial state
7, this generalisation of Specht’s Theorem may fail.

Example 2.4. As shown in [22, p24], there exists a simple, unital AF algebra A with a
unique faithful tracial state 7, and a pair of projections p, ¢ in A, such that 7(p) = 7(q),
and yet p and ¢ are not unitarily equivalent. Observe that for each word w,

7(w(p,p)) = 7(p) = 7(q) = T(w(g,q%))-

On the other hand, it is well-known that two projections in a C*-algebra are approxi-
mately unitarily equivalent if and only if they are unitarily equivalent. Thus p and ¢ are
not approximately unitarily equivalent either.

The problem highlighted by the above example is that in many (simple, unital) C*-
algebras, the tracial states (even if there happens to be only one and it is faithful) need
not distinguish inequivalent projections. Without this, a direct generalisation of Specht’s
Theorem is impossible. As we shall now see, however, Specht’s trace condition on two
elements a and b of a C*-algebra A with a faithful tracial state is sufficient to show that
a and b are algebraically equivalent. (Recall that two elements a and b of a C*-algebra A
are said to be algebraically equivalent if there exists a *-isomorphism ® : C*(a) — C*(b)
satisfying ®(a) = b.)

Theorem 2.5. Let A be a unital C*-algebra with a faithful tracial state T, and a,b € A.
Assume that for each two-variable word w € Wa, T(w(a,a*)) = 7(w(b,b*)). For each
polynomial p € Ps in two non-commuting variables, define ®(p(a,a*)) = p(b,b*). The
following conclusions hold.

(a) |Ip(a,a®)|| = ||p(b,b*)|| for all polynomials p € Ps.

(b) ® is well-defined and extends in a unique way to an isomorphism from C*(a) onto
C*(b) which implements the algebraic equivalence of a and b.

(c) o(a) =a(b).

(d) If1 <k €N and [a;;] € Mp(C*(a)), then

7e([aig]) = (@) ([a; 5])).

(e) Suppose furthermore that a and b are normal and denote X = o(a) = o(b). If
F € My(C(X)) then
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(™ (F)) = (™ (F)),

where @, : C(X) — A are defined via o(f) = f(a) and ¢(f) := f(b) for all
[ elC(X).

Proof. (a) Firstly, consider the case where a,b are normal elements of 4. Suppose that
there exists A € o(b) \ o(a).

Let Y = o(a)Uo(b), and note that Y is a compact set of C. As A ¢ o(a), by Urysohn’s
Lemma, there exists f € C(Y), such that

() =0, Vueola)

and

fA) =1, f(Y)cl[o,1].

By the continuous functional calculus, f(a) = 0, while f(b) is normal with

Lea(f(b) = f(a(b)) C[0,1].
In particular, f(b) is nonzero positive element. Since 7 is linear, the hypothesis that

T(w(a,a*)) = 7(w(b,b*)) for all w € Wy implies that 7(p(a,a*)) = 7(p(b,b*)) for all
p € P. Since 7 is continuous on A, it follows that

On the other hand, clearly 7(f(a)) = 7(0) = 0, while the fact that 7 is faithful and b
is a non-zero positive element implies that 7(f(b)) > 0, a contradiction. It follows that
o(b) C o(a). By symmetry,

Next, given a general pair a,b € A with 7(w(a,a*)) = 7(w(b,b*)) for each word
w € Wh, fix an element p € Py and define

x = pla,a*)*pla,a”) y = p(b,b")*p(b,b").
It follows that x and y are positive elements of A, and for each word w € Ws,
T(w(z,2%)) = 7(w(y, y*)).

By the above argument, o(x) = o(y), from which it follows that ||z|| = ||ly||. From the
C*-equation we deduce that
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Ip(a, a®)|| = [lp(b,0%)],

as required.

(b) Suppose that p(a,a*) = ¢q(a,a*). Then
®(p(a,a”)) — ®(q(a,a”)) = p(b,0*) — q(b,0") = (p — q)(b,0").
Observe that

(p = a)(a,a”) =0,

and
1(p = @) (a,a™)] = [I(p = @) (b, 6|,
whence
(p = q)(0,0%) = 0.
Hence

®(p(a,a”)) = ®(q(a,a”)).

Thus, ® is well-defined and isometric, and as such, it extends in a unique way to an
isomorphism from C*(a) onto C*(b). That ®(a) = b is clear.

(c) Note that ® is a unital isomorphism, and unital isomorphisms always preserve
spectrum.

(d) Given [a; ;] in M (C*(a)),
k
rellosl) = 3 rlass) = D0 r(@las) = (@), )

(e) Let F = [F, ;] € M (C(X)). Then

k

(e W(F) =) 7(e(Fia)) = Y m((Fi) = (P (F). O

i=1 i=1

The above Theorem yields the following mild improvement of a result of Schaf-
hauser’s [25, Corollary 6.6]. In his case, he required o(a) = o(b) and 7(f(a)) = 7(f(b))
for all f € C(o(a)). These conditions follow automatically from our weaker assumption.
The hypothesis that 7 is faithful is also automatic.
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We recall that an abelian group (G, +) is said to be divisible if for each n € N,
G = nG; i.e. given g € G, there exists h € G such that g = h+ h+ --- + h (n times).
In the case of UHF-algebras A, Ky(A) is divisible if and only if A = Q, the universal
UHF-algebra.

Corollary 2.6. Suppose that B is a simple, unital AF-algebra with a unique trace T and
divisible Ky-group. Two normal operators a and b in B are approximately unitarily equiv-
alent if and only if T(w(a,a*)) = 7(w(b, b*)) for allw € Ws, and for every compact, open
set U C o(a), the spectral projections xy(a) and xu(b) are unitarily equivalent.

Proof. Since B is a simple unital AF-algebra with a unique trace 7, B is both nuclear
and has stable rank one. Thus 7 is faithful by [19, Theorem 5.

By Theorem 2.5, o(a) = o(b) and 7(f(a)) = 7(f(b)) for all f € C(c(a)). The remainder
of the proof therefore reduces to that of Schathauser’s [25, Corollary 6.6]. O

Example 2.4 shows that even in a relatively nice C*-algebra (i.e. a simple, unital AF-
algebra with a unique trace), we cannot expect Specht’s trace condition to characterise
approximate unitary equivalence, even for normal elements. If we turn our attention to
UHF C*-algebras, however, there is still some hope. In particular, if A is a UHF C*-
algebra with unique tracial state 7, then two projections p and ¢ in A are known to
be unitarily equivalent in A if and only if 7(p) = 7(g). Thus, in Corollary 2.6 above,
Specht’s trace condition implies that 7(xy(a)) = 7(xu (b)), whence xy(a) ~ xu(b) for
all compact, open subsets U C o(a).

In the UHF-algebra setting, when dealing with normal elements, it turns out that the
divisibility of the Ky-group is not essential, as we shall now see.

Proposition 2.7. Let A be a UHF-algebra. Suppose that m,n, € A, and that m is normal.
Then m ~q n if and only if T(w(m, m*)) = 7(w(n,n*)) for all w € Ws.

Proof. That Specht’s trace condition is necessary follows from Proposition 2.3.

As for its sufficiency, by Theorem 2.5 (b), n is normal and o(m) = o(n). Let
X := o(m). Observe that by Corollary 7.5.4 of [15], Ko(C(X)) and K;1(C(X)) are free
abelian groups. We may therefore apply Theorem 23.1.1 of [4] (the Universal Coefficient
Theorem) to conclude that (up to isomorphism),

KK*(C(X), A) = Hom (K, (C(X)), K.(A)).

Note, however that since A is a UHF-algebra, K7(A) = 0 [24], and thus (up to isomor-
phism)

KK(C(X), A) = Hom(K(C(X)), Ko(A)).
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Define two maps ¢ and ¢ from C(X) to A via

o(f) =f(m), o) =f(n), felX)

Then ¢ and @ are monomorphisms and by Theorem 2.5(e),
Ko(p) = Ko(¢) in Hom(Ko(C(X), Ko(A))).

We conclude that KK (p) = KK (). As KL(C(X), A) is a quotient of KK (C(X), A), a
fortiori, KL(¢) = KL(1). Also note that

7(f(m)) =7(f(n)) for all f € C(X).
By [12, Theorem 2.15], ¢ ~, v, and in particular,
m>~,n. 0O

One of the keys to the proof of Proposition 2.7 is that projections in UHF-algebras are
determined (up to unitary equivalence) by their trace. If A is a simple, unital AF-algebra
with a unique tracial state 7, and if A satisfies Blackadar’s FCQ1 [5] (that is, given two
projections p and ¢ in A, 7(p) < 7(q) if and only if p < ¢), then this is also the case.

As such, Proposition 2.7 extends mutatis mutandis to this setting.

3. The good, and the ugly

In trying to extend Proposition 2.7 to more general elements of a UHF-algebra, we
shall appeal to an interesting recent result of Schafhauser:

Theorem 3.1. /25, Theorem D] If A is a separable, unital, exact C*-algebra satisfying the
UCT and having a faithful, amenable trace, and B is a simple, unital AF-algebra with a
unique trace and divisible Ko-group, then the unital, trace-preserving *-homomorphisms
A — B are classified up to approximate unitary equivalence by their behaviour on the
Ky-group.

As previously mentioned, for UHF-algebras, divisibility of the Ky-group implies that
we are dealing with the universal UHF-algebra Q. The following is our main result.

Theorem 3.2. Let a,b € Q and suppose that C*(a) satisfies the UCT. Then a ~, b if and
only if T(w(a,a*)) = 7(w(b,b*)) for all w € Ws.

Proof. The necessity of Specht’s trace condition follows from Proposition 2.3.
Consider now the sufficiency of this condition. Since Q is a nuclear C*-algebra, the
unique (faithful) tracial state 7 on Q is amenable [7, Proposition 6.3.4]. Next, C*(a) is
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exact, being a C*-subalgebra of a nuclear C*-algebra, and by [7, Proposition 6.3.5 (a)],
T|c+(a) is amenable (and clearly faithful) as well. For each polynomial p € Py, define
®(p(a,a*)) = p(b,b*). By Theorem 2.5, ® is well-defined and extends uniquely to an
isomorphism from C*(a) onto C*(b). Let ¢ : C*(a) — Q denote the inclusion map. Notice
that ® and ¢ are trace-preserving and by Theorem 2.5(d), ®. = ¢, as homomorphisms
from Ko(C*(a)) to Ko(Q). By Theorem 3.1, ¢ ~, ®. In particular,

a=1t(a) ~, ®(a)=>b. O

As was the case with Proposition 2.7, the above result also extends to all simple,
unital AF-algebras satisfying Blackadar’s FCQ1, possessing a unique tracial state, and
admitting a divisible Ky-group. But a result of Blackadar’s [3, Theorem 3.9] shows that
a simple, unital AF-algebra A4 with a unique tracial state 7 and a divisible K group
satisfies FCQ1 if and only if there exists a countable (possibly finite) set of positive
real numbers {r,},, linearly independent over Q, such that Ky(A) =< U,r,Q > (the
smallest additive subgroup of R containing r,Q for all n), equipped with the natural
order it inherits as a subset of R.

It was shown by Topping [32] that UHF algebras are always singly generated. Since
they automatically satisfy the UCT (a fact which follows from [22, Proposition 2.4.7],
for example), the next corollary is an immediate consequence of the above theorem.

Corollary 3.3. Let a and b be generators of the universal UHF C*-algebra Q. Then a ~, b
if and only if T(w(a,a*)) = T(w(b,b*)) for allw € Ws.

Unlike the case for normal elements of a UHF-algebra A, when dealing with a pair a, b
of not-necessarily normal elements of A, the divisibility of A’s Ky-group now presents
a bona fide obstruction to extending Specht’s Theorem in the manner of Theorem 3.2.
Our present goal is to exhibit, in the CAR algebra My, two elements a and b which
satisfy Specht’s trace condition but which fail to be approximately unitarily equivalent.

Notation 3.4. We define I3 := {f € M3(C[0,1],C) : f(0), f(1) € CI3}. Given f € I3,
there exist A, u € C such that f(0) = A3 and f(1) = uls. We also define f(0) = A, and

f(1) =p.
As always, we denote the identity matrix in M, (C) by I,,, n > 1.

Theorem 3.5. There exist two injective homomorphisms ®, U : I3 — Mo such that

(a) for each f €13, T(®(f)) = 7(V(f)), although
(b) ®,¥ are not approzimately unitarily equivalent.

Proof. Let {f1, f2, -} be a countable dense set of the unit ball of I3. For n € N, set
En 1= 2% Since each f; is uniformly continuous, we may choose 2 < d,, € N such that
for 1 <i <mn,
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[1£i(t) = fils)l| <en

whenever s,t € [0,1] and |s — | < 7~. Without loss of generality, we may assume that

o0
n=1

the sequence (d,,) is strictly i 1ncreasmg

Set, for each n € N,

_ 49n_q _ 1 _ 3
ln =" Tn = .71 = 3@ +2
t;n) =j-rpforj=0,1,2,--- 1, My, = 4%n+1=dn

and observe that [,, € N for all n, and 0 < t§-n) <lforalln>1,0<j<l,.
Define ¢, : I3 — Mya, (C) by

palf) = diag(£(0); S, (1)),
and oy, : Mya, (C) = Mya,, (C) by
an(a) =ty 1 (I, ® @)tny1,
where y41 is a unitary in M,a,,, (C) such for each a € My~ (C) of the form
a = diag(A; a1,a2, -+ ,a;,), where A€ C, a; € M3(C), j=1,2,--- 1,
we have

U:LJrl(Imn ® a)unJrl = diag([mn QN Iy, ®ar, Im, ®az,...,In, ® (lln)-

It is easy to check that A := lim (Myd, (C),ay,) o~ M.

n—oo

Define s,, := " L

fe{flvaa"' afn}v

et © on(f)=ns1 (N =
| diag(£(0); I, ® f(0), In, © f(1), ... I, @ F(2™))
— diag(f(0); F(£" V), LTI

n+1

Our immediate goal is to show that this quantity is at most &,,.
The following three calculations, while tedious, are routine, and are left to the reader.

(i) For 1 <j < sy, [t 0] <070 <y < L
(ii) For 0<j <1, t(" < ¢t

(iii) For 0 < j <l,, ti"ﬁ?n < tyjr)l-



14 L.W. Marcouz, Y. Zhang / Journal of Functional Analysis 280 (2021) 108778

It follows from item (i) that for 1 < j < s,,

| diag(£(0); I, ® £(0)) — diag(f(0); FH" ™), F(S), ., FEFI)| < e
Meanwhile, from (ii) and (iii) we find that for 1 < j <1,

(n) (n+1) (n+1) (n+1) (n)
i = snt(i—1)mn < t8n+(j—1)mn+1 < St tgm, St

Since t( ) tg”) < t(n 1 and t] +1 t;@l =2r, < i, this allows us to infer that

1
(n+1 (n .
|tsn+(3 Dmnti ~ b )| < i for all 1 <i < my,,
whence
. +1 +1
”dlag(f(t:ﬂ;—l)mﬁl)f" S ) = (FE) @ L) < en
Thus

lan 0 @n(f) = @nt1(F)Il < en-
From this, one easily deduces that the diagram

id id id

L — L s o I
lgm JSOQ ltps
Miya, (C) —2— Mya, (C) —22— Myuy (C) —2— ... Mgoe

is approximately commutative.

Now > e, = 1 < co. By Theorem 1.10.14 of [17], this diagram induces a *-
homomorphism ® : I3 — Ma. Suppose that f € I3 satisfies ®(f) = 0. Let € > 0. Since
f is uniformly continuous on [0, 1], as before, we may find § > 0 such that s,¢ € [0, 1]
and |s — t| < ¢ implies that || f(s) — f(t)|| < 5. Choose n* € N such that

(iv) [len=(f )H < £, and *
(v) [0,1] € Uy (87 — 6,477 1 6).

If t € [0,1], say

(n7) (n")

by " —0<t<t, " +9,
then

1F() = £ ) < 5
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and thus
IFON < IFES I+ 5 < llew (DIl +5 =
Since t € [0, 1] is arbitrary,
IfIl <e.

But ¢ > 0 was also arbitrary, and so f = 0. In other words, ® is injective.

Similarly, define 1, : I3 — Mya, (C) by

Ua(f) = diag(F(t"), - F017): L)),
Define 8, : Mya, (C) = My, 4, (C) by
Bnla) = vy, yq diag(ln, @ a)vpy1,
where v, 11 is a unitary in Myn+1(C) such for each a € My~ (C) of the form
a = diag{a1,as, -+ ,a;,; A}, where A€ C, a; € M3(C), j=1,2,---,lp,

we have

5 Imn ® )\)

n?

vy diag(l, ® a)vpgr = diag(lp, ® a1, I, @ az, ..., Iy, @ q

Once again, it is routine to check that lim (Mya, (C), 8,) ~* Mae
n—oo
Using an analogous argument to that used in STEP 3 above, one constructs the fol-
lowing approximately commutative diagram:

id

1[3 e Hg e ]13 ]Ig
le Jrlbz lws
B1 B2 B3
M4d1 ((C) —_— M4d2 (C) —_— M4d3 (C) Mgoo

As before, since > £, = 1 < 0o, [17, Theorem 1.10.14] shows that this diagram
induces an injective *-homomorphism ¥ : I3 — Me.

Note that for any unit vector f € I3 (using the unique normalised trace 7 on Mg
restricted to Mia, (C) C Mg~ ) and any n > 1,

i (on(f)) — (m( )] < LI 2
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Therefore

T(®(f)) =7(¥(f)) forall fels.

Define §; : I3 — C, 0;(f) = f(j). By [8, Page 605], KK (do) # K K(61) in KK(I3,C).
Define 6,, : I3 — M4, _1(C) by

0n(f) = diag(f(t{™), -, f(t")),

and 1y, : I3 — Mya, (C) by

Dn(f) = 01(f) ® 0, (f)-

Since the unitary group of My, (C) is path connected, it follows that ¥y, is homotopic to
¥, and thus KK (¢,) = KK (¢,) in KK (I3, Mya, (C)) = KK(I3,C).
Note that

Yn =0 @ enﬂzn =01 @0,

Hence KK (¢,) # KK (¢,) = KK (1) in KK (I3, Mya, (C)) = KK(I3,C).

Suppose that KK (®) = KK(¥) in KK (I3, Ma~). Noting that KK (a,) = KK(5y,)
in KK (Mya, (C),M,4,, (C)) for all n € N, we may apply [8, Proposition 2.5] to obtain
the existence of n* € N such that KK (¢,+) = KK (1) in KK (I3,C), a contradiction.
We conclude that KK(®) # KK(¥) in KK (I3, Mae).

As Ko(I3) = 0, K1(I3) = Z/3 are both finitely generated, by [9, Proposition 2.4],
KK (I3,Ma=) = KL(I3,Mae). This implies that KL(®) # KL(V) in KL(I3, Mo ).
By [23, Proposition 5.4], ®, ¥ are not approximately unitarily equivalent. O

We wish to translate the result above to a result about singly-generated subalgebras
of M. To that end, we consider the following definition.

Definition 3.6. Let A be a C*-algebra. We denote by gen(A) the minimal number of
self-adjoint generators of A; i.e., gen(A) the smallest number n € {1,2,--- 00} such
that A contains a generating subset S C Ag, of cardinality n.

Two self-adjoint elements a,b generate the same C*-algebra as the single (non-self-
adjoint) element a + ib. Therefore, a C*-algebra A is said to be singly generated if
gen(A) < 2.

Proposition 3.7. For n > 1, My« (I3) is singly generated.
Proof. Note that by [31, Remark 2.3], gen(Cy(0,1),C) = 2, and by [31, §2.1(4)],

gen(Mj3(Co(0,1),C)) = 1.
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Consider h, g € M3(C[0,1],C) defined by h(t) = (1—¢)Is, g(t) = tIs. Then, for all f € I,

we have
f € Spa‘n{ga h7k k€ M3(CO(03 1)76)}

Hence, gen(I3) < 3. Again, by [31, §2.1(4)], for each n > 1, Man(I3) is singly gener-
ated. O

We are now in a position to show that the generalisation of Specht’s Theorem to the
universal UHF-algebra Q which we presented in Theorem 3.2 does not extend to all
UHF-algebras. We note that My (I3) satisfies the UCT, by virtue of the fact that it is a
type I C*-algebra [26].

Theorem 3.8. Let 7 denote the unique, faithful tracial state on Mas. There exist a,b €
My such that C*(a) and C*(b) both satisfy the UCT, T(p(a,a*)) = 7(p(b,b*)) for each
polynomial p € Pa, and yet a and b are not approximately unitarily equivalent in Mg .

Proof. By Proposition 3.7, we can choose fy € My (I5) to be a generator and define a =
(idm, @) (fo), b = (idm, @) (fo) € Mo(Mae ), where ® and U are the injective, unital
*-homomorphisms from Proposition 3.5. By that Proposition, we have the following
(recall that 7 = tr ® 7):

(1) for each two variable polynomial p, 72(p(a,a*)) = 1 (p(b, b*));
(11) the injectivity of ® and ¥ (and hence of idy, ®® and of idyg, ®¥) implies that
C*(a) =2* My(I3) =* C*(b). As such, C*(a) and C*(b) satisfy the UCT;
(1) @ and b are not approximately unitarily equivalent in Mo (Mg ).
To see this, we argue by contradiction. Suppose to the contrary that there exists a

U u .

sequence U, = 9 900 ) SUC a = My, 00 Uy, AUy, .

s | € Ma(M h that b =1 *
n,3 n,4

Since fj is a generator of M (I3), we see that for all g1, g2, g3, g4 € I3,

{‘11(91) \If(gz)]

Yo Wo) Uy, 1 U:‘z,g} [@(91) @(92)} |:Un,l un,2:|.

= 1. *
”L‘H;O {unﬂ “7*1,4 O(g3) P(ga)| |Un3 Una

In particular, taking g1 = 1, go = g3 = g4 = 0, and recalling that both ® and ¥ are
unital, we find that

* * ] r 1
10 = lim un,l un,S 10 Un,1  Un,2
O O_ n—oo _u;;’z U;;:‘)4_ _0 O_ _un’?, un74_ ’
and
- - r ok « T R -
00 = lim un,l U’n,S 0 0 Up,1 Up,2
_0 1 n—00 u;:,Z u;kLA 0 1 | Un,3  Un4 | '
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A routine calculation shows that this implies that lim, o tun,2 = 0 = lim, o0 Un 3,
and thus there exist unitary elements v,, 1 and vy, 4 of Mlaee such that lim,, oo up,1 —
Up,1 = 0 =limy 00 Up g — Vn 4.

From this we deduce that for all g; € I3, ¥(g1) = lim,, o0 vy, 1 (g1)vn 1, implying
that ® and ¥ are approximately unitarily equivalent, a contradiction of Theo-
rem 3.5.

Of course, since Ms(Maeo ) ~* Mas, we may view a and b as elements of My~ under
this identification. 0O

4. A non-tracial formulation of Specht’s condition

Obviously, to state Specht’s trace condition for a pair a, b of elements in a C*-algebra
A requires that the C*-algebra admit a tracial state. Many interesting C*-algebras,
including the algebra B(H) of all bounded linear operators on a complex, separable
Hilbert space H, do not. We now consider the generalisation of a relation first studied
in [18] which we shall demonstrate to coincide with Specht’s trace condition for UHF-
algebras, but which can be formulated in an arbitrary C*-algebra.

Definition 4.1. Let A be a C* algebra and a,b € A. We shall say a,b satisfy the ap-
proximate absolute value condition (AAVC) if for any polynomial p € P, |p(a,a*)| is
approximately unitarily equivalent to [p(b,b*)| in A.

We emphasise the fact that in the definition of the AAVC, the sequence (up), of
unitaries implementing the approximate unitary equivalence of a given pair |p(a,a*)|
and |p(b, b*)| depends upon the polynomial p.

It is routine to verify that if a,b € A are approximately unitarily equivalent in A4,
then a and b satisfy the AAVC.

If A is finite-dimensional, then this relation agrees with the “absolute value condi-
tion” (AVC) studied in [18], which replaces approximate unitary equivalence by unitary
equivalence in the above definition. It was shown there [18, Proposition 4.2 and Theorem
4.6] that two matrices A, B € M,,(C) satisfy the AVC if and only if they are unitarily
equivalent. A fortiori, two matrices A, B € M,,(C) satisfy the AAVC if and only if they
are unitarily equivalent.

We recall that two elements a and b of a C*-algebra A are said to be algebraically
equivalent if there exists a *-isomorphism ¢ : C*(a) — C*(b) satisfying ¢(a) = b.

Proposition 4.2. Let A be a C* algebra, and suppose that a,b € A satisfy the AAVC.
Then the well-defined map ® : p(a,a*) — p(b,b*) extends in a unique way to a unital
isomorphism from C*(a) onto C*(b) which send a to b. In other words, a and b are
algebraically equivalent.
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Proof. Let p € P2 be a fixed polynomial. Since |p(a, a*)*p(a,a*)| and |p(b, b*)*p(b, b*)|
are approximately unitarily equivalent by hypothesis, it follows that

lp(a, a*)II* = ll|p(a, a*)*p(a, a®)| || = I|p(b,6")*p(b, b*)|I| = lIp(b, b)]*.

To see that ® is well-defined, note that for general p,q € P, if p(a,a*) = q(a,a*), we
then have

0= lp(a,a”) = q(a,a™)|| = [I(p = @) (a, a™)|| = [I(p — @) (b, 0%)|| = [[p(b, b") — q(b,b")]|.
Hence p(b, b*) = q(b,b*), as required.
Clearly ® is linear, isometric and has dense range in C*(b), and thus ® extends in a

unique way to a unital isomorphism from C*(a) onto C*(b) which send a to b. O

Proposition 4.3. Let A be a C*-algebra with a tracial state 7, and suppose that a,b € A
satisfy the AAVC. Then a,b satisfy Specht’s trace condition, i.e.,

7(p(a,a*)) = 7(p(b,b*)) for allp € Ps.
Proof. By Proposition 4.2 above, we know that the map ® : p(a,a*) — p(b,b*) extends
in a unique way to a unital isomorphism from C*(a) onto C*(b) which sends a to b.

Let 0 # 2 = a* € C*(a). There exists a sequence (p,,), of polynomials in Py such
that

z = lim p,(a,a”).
n—oo
Without loss of generality, we may assume that p,(a,a*) is self-adjoint, and

Ipn(a,a®) [ < 2[|2[.

(Otherwise, we replace py,(a,a*) by Rep,(a,a*) for all n > 1 and scale as required.) It
follows that (pn(a,a*) + 2||z|), is a sequence of positive elements in C*(a). Meanwhile,

B(@) +2]z] = D) + 2] ()] = B( im pu(a.a”)) +2[S()] = lim p, (5.5°) +2P()].
Since a, b satisfy the AAVC,

Pn(b,0%) + 2[|z|| = [pn (b, 0%) + 2]||||
and

pnla,a) +2|jz]| = [pn(a,a”) + 2[j]||
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are approximately unitarily equivalent, and so x + 2||z|| and ®(z + 2||z||) are also ap-
proximately unitarily equivalent. As 7 is a tracial state,

T(x +2||zl)) = 7(®() + 2([=])),
that is,
T(z) = 7(®(2)).
From this we immediately see that for arbitrary y € C*(a),
m(y) = T(2(y)).
In particular,
7(p(a,a™)) = 7(p(b,b*)) forall pe Py. O

Corollary 4.4. Let A be a UHF-algebra, a,b € A, and 7 denote the unique trace of A.
The following are equivalent:

(a) a,b satisfy the AAVC; and
(b) a and b satisfy Specht’s trace condition: i.e. T(w(a,a*)) = 7(w(b,b*)) for all w € W.

Proof. That (a) implies (b) is the content of Proposition 4.3.
To see that (b) implies (a), let p € Ps, and define

a:= |p(a*7a)|27 and E = |p(b*,b)|2
Note that for any word w € W,
T(w(a,a")) = 7(w(b, b)),

and hence it is routine to check that

for any word v € Ws. By Proposition 2.7, @ ~, b, whence

Ip(a®, a)| ~q |p(b*,b)]. O

Corollary 4.5. There exist a pair a,b € Mo which satisfy the AAVC but which are not
approzimately unitarily equivalent in Mae. Furthermore, C*(a) and C*(b) satisfy the
UCT.
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Proof. This follows immediately from Corollary 4.4 and Theorem 3.8. 0O

As mentioned above, the AAVC makes sense in all C*-algebras, including B(H), when
‘H is a complex, separable Hilbert space. To examine it there, it will be useful to first
recall the following result of Hadwin based on Voiculescu’s non-commutative Weyl-von
Neumann Theorem [33].

Proposition 4.6. [13, Corollary 3.7] Suppose A, B € B(H). Then A ~, B if and only
if there is a representation w : C*(A) — C*(B) such that m(A) = B and rank(S) =
rank(7(S)) for every S € C*(A).

The following result may be viewed as a version of Specht’s Theorem for B(#).

Theorem 4.7. Let A, B € B(H). Then A and B satisfy the AAVC if and only if A, B are
approzimately unitarily equivalent.

Proof. As mentioned following Definition 4.1, if A and B approximately unitarily equiv-
alent, then they satisfy the AAVC.

Conversely, suppose that A and B satisfy the AAVC in B(H). By Proposition 4.2, A
and B are algebraically equivalent via an isomorphism ® : C*(A) — C*(B) with ®(A4) =
B. There remains only to show the rank condition for elements of C*(A). To that end,
let S € C*(A), and suppose that S = nlLH;CpR(A,A*). Set T := ®(S) = nILII;op”(B’B*)'

It follows that

|S| = lim |p,(A, A™)]| and |T| = lim |p,(B, B*)|.
n—oo n—oo

For each n > 1, since |p, (4, A*)| ~, |pn(B, B*)|, we can find a unitary operator U,, €
B(H) such that

| [pn (B, B¥)| = Uy lpn(A, A%)|Un|| < %
From this and an easy application of the triangle inequality we see that
Jim || 1T] = U7 18I0, =0,
Since the rank function is weakly lower semicontinuous (see [14, Appendix]),
rank(|7]) < Hnniiorolf rank(U,|S|U) = rank(]S]).
Therefore, by symmetry,

rank(]S|) = rank(|T),
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and thus
rank(S) = rank(T).
The theorem now follows from Proposition 4.6. O

While Specht’s trace condition for two elements a and b in a UHF-algebra A is
not always sufficient to imply approximate unitary equivalence of a and b, it is strong
enough to imply approximate unitary equivalence of their images under a unital, faithful
*_representation of A.

Corollary 4.8. Let A be a UHF-algebra, a,b € A, and denote by T the unique trace of A.
Suppose that

T(w(a,a*)) = 7(w(b,b*)) for all w € Whs.

If p: A— B(H,) is a unital, faithful *-representation of A acting on a separable Hilbert
space H,, then

pla) ~a p(b).

Thus, if ® : C*(a) — C*(b) implements the algebraic equivalence of a and b as in
Theorem 2.5, then p|c=(a) ~a po P

C*(a) .

Proof. By Corollary 4.4, a and b satisfy the AAVC in A. It is straightforward to check
that this implies that p(a) and p(b) satisfy the AAVC in B(H,). The result now follows
from Theorem 4.7. O

Unfortunately, the situation is not as nice in the Calkin algebra B(H)/IC(H).

Example 4.9. Let 7 : B(H) — B(#H)/K(H) denote the canonical homomorphism from
B(H) to the Calkin algebra B(H)/K(H). Consider s := m(S), and ¢t := s s =7(S D 5),
where S denotes the unilateral forward shift in B(?). Then

(a) sand ¢ satisfy the AAVC in B(H)/K(#H). Note that |p(s, s*)| and |p(t, t*)| are positive
elements in B(H) and that they have the same spectrum. By the Brown-Douglas-
Fillmore Theorem [6], we deduce that |p(s,s*)| and |p(¢,t*)| are unitarily equivalent
in B(H)/K(H).

(b) s and ¢ are not approximately unitarily equivalent in the Calkin algebra. Indeed,
suppose otherwise. Since s and t are normal elements of B(H)/IC(H), their unitary
orbits are closed (again, by the BDF Theorem) and as such, s and ¢ must be unitarily
equivalent. But then they must share the same index function. However,

ind(s —0) = —1 # —2 = ind(¢t — 0),
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a contradiction.

In the Calkin algebra, the obstruction encountered in Example 4.9 is the index, re-
flected in the fact that K;(B(H)/KC(H)) = Z. Note that for the Cuntz algebra O, we
have that Ko(Oz) = K;1(Oz) = 0, which effectively removes any index obstruction. It
seems natural to ask whether the AAVC implies approximate unitary equivalence in this
setting, and indeed, it does.

Example 4.10. Let a,b € Oy be a pair which satisfies the AAVC. By Proposition 4.2,
C*(a) is isomorphic to C*(b) via a unital *-isomorphism ® which sends a to b. Since
C*(a) is unital, separable, and exact, by [22, Theorem 6.3.8], ¢ and ® are approximately
unitarily equivalent, where ¢ denotes the inclusion map from C*(a) to Os. In particular,

a=t(a) ~, ®(a) =b.
5. The distance between unitary orbits of ampliations of matrices

One of the more interesting and unexpected (at least to us) consequences of Theo-
rem 3.8 is the following result concerning distances between unitary orbits of ampliations
of matrices. Note that for non-empty sets S and 7 of M,,(C) — or more generally of B(H)
for some complex Hilbert space H — the distance considered below is the usual metric
space distance

d(S,T):=inf{||S-T|:5€S,TeT}

When A, B € B(H), it is clear that d(U(A),U(B)) = d(A,U(B)) = d(U(A), B).
Theorem 5.1. There exist positive integers n and k, and a pair A, B € M,,(C) such that
dUAD),u(B®)) < dU(A),U(B)).

Proof. The inequality
AU(A®),u(BW)) < dWU(A),U(B))

clearly holds for all n, k > 1 and pairs A, B € M,,(C). To prove our result, we shall argue
by contradiction. Suppose otherwise; that is, suppose that

dUAR),U(B®)) = dU(A),U(B))

for all integers n,k > 1 and pairs A,B € M,,(C). Let Q denote the universal UHF-
algebra. It is well-known that under the standard trace preserving inclusion map ¢ from
M into Q, My may be viewed as a unital subalgebra of Q. Let a,b € Mo C Q
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be the elements in the statement of Theorem 3.8. Without loss of generality, we may
assume that |lal| = 1 = [|b]|. Since C*(a) satisfies the UCT, we know that a and b are
approximately unitarily equivalent in Q. Let ¢ > 0 and choose a unitary element u € Q
such that ||b — u*au|| < e.

Now a,b € Ms= implies that we can find an integer n > 1 and a pair A,, B, €
M (C) € Mg such that |4, —al| < e and || B, —b|| < €.

Moreover, there exists a positive integer k£ > 1 and a unitary U, € Man.;x(C) C Q
such that |Upr — u|| < e. Note that (without loss of generality) Mgon(C) embeds in
M. (C) via the standard embedding X + X ),

A standard (multiple) application of the triangle inequality then shows that

|BY — Uz o AP, k|| < 5e.
But then from our assumption it follows that
dU(An),U(B,)) = dUAP),U(B, ™)) < 5e.
That is, we can now find a unitary V,, € Mign (C) C M=~ such that
|Br, = VAV, < be.
Once again, a standard application of the triangle inequality yields
|b — V>iaV,| < Te.

Since € is arbitrary, this implies that a and b are approximately unitarily equivalent in
My, a contradiction. O

Unfortunately, the proof Theorem 5.1 does not give us any idea how to find the integers
n,k > 1 and the pair A, B € M,,(C) in the statement above. Indeed, it is an interesting
and difficult question to decide for which integers n and k and pairs A, B € M,,(C) the
distance remains invariant. The following two results were obtained in conjunction with
H. Radjavi, and we are grateful to him for allowing us to include their proofs here.

Proposition 5.2. Let P be a rank one projection in Ma(C), and let R € M2(C) be a
normal matriz with eigenvalues \, u. For any k € N,

d(R,U(P)) = d(R™ . u(P™)).

Proof. Since d(R,U(P)) = d(U(R),U(P)), there is no loss of generality in assuming that
R = {6‘ 2] If Q € My (C) is any projection of rank k, then we can find an isometry

W = Bﬂ from C* to C2* such that
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s [XT v v [XX* XYY
QWW[Y][X Yr] = [YX* YY*]

Of course, W*W = X*X 4+ Y*Y = I;. Decomposing X and Y into their polar decom-
positions X = UM and Y = VN where M = |X| and N = |Y| and U,V € M (C) are
unitary, we see that M? + N? = I;, and in particular 0 < M and 0 < N commute, since
N = (I, - M?*)'/2,

Thus

0= U 0 M? MN u* 0
|10V MN N? 0o V|
Set Z = diag(U, V). Then Z € My (C) is unitary and Z*R*®Z = R*®). Thus

Since M, N are commuting normal matrices, we can simultaneously diagonalise them,
say M = diag(aq, o, ...,ar) and N = diag(S1, fa, . .., Bk)-

. M? -\ MN
IQ - R™|| =1z QZ—R(’“)H:H[ MN NQ/LIk]

a2
Since M2 + N? = I}, each o? + 32 = 1, and thus for each 1 <i <k, [ 5 égl} i

a rank one projection. Thus

)\I MN
IR® — Q| = || [ M~ M } =

N2 — ul, ax || [ a}A 5‘55#] | > d(R,U(P)).

1<z<k

Of course, any element ofU(P(k)) is a projection of rank &, and so the above argument
shows that

AR, u(P™)) > d(R,U(P)).
As previously mentioned, the reverse inequality is trivial. O

The next result shows that the matrices A and B from Theorem 5.1 cannot be normal
matrices in My (C).

Theorem 5.3. Let A and B be normal matrices in My(C). For any k € N,
d(A,U(B)) = (AW, U(BWM)).
Proof. A moment’s thought shows that it suffices to consider the case where A =

diag{c, 8} and o # B. Then A = B, + (o — B)P, where P = diag{1,0}. By the
previous proposition,
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d(A,U(B)) = d((a — B)P,U(B — S13))
B~ Bl
——77D
B — Bl

5)“»
(((a ﬂ))“U«BfMQWD
(((r = B)P + BL)™M, u(B™))
=d(A® uB®Y). o

= [or = B d(P,U(

= lo— Bl AP, u((=

d
d

It would be most interesting to know if Theorem 5.3 extends to arbitrary pairs A and
B of normal matrices in M,,(C) for n > 3. One of the problems with extending such
a result lies in the fact that — even in the case of normal operators A, B € M, (C) -
when n > 3, calculating the distance d(A,U(B)) is a highly non-trivial task. If A and
B are normal matrices in M, (C) with eigenvalues {a1,as,...,an} and {51, B2,...,5n}
respectively, we define the spectral distance between A and B to be

spd(A4, B) := 5161392 (1I<n];cm§ |l — Bo(r) |)

where S,, denotes the symmetric group of all permutations of the set {1,2,...,n}. An
alternative way of viewing spd(A, B) is to first diagonalise both A and B with respect
to a fixed orthonormal basis {ej,es,...,e,} for C™. The symmetric group S, acts on
this basis in the obvious way via permutation unitaries: for o € Sn, Uy(ex) = ep(k)s
1 <k <n. Then

spd(A, B) = Inin |A—U;BU,|.

While spd(A, B) = d(A4,U(B)) when A, B € My(C) are normal (see, for example, [2]
or [16]), it was shown by Holbrook [16] that there exist normal 3 x 3 matrices A and B
such that

d(A,U(B)) < spd(4, B).

We remark that Bhatia, Davis, and Koosis [1] have shown that for all integers n > 2
and all A, B € M,,(C) normal matrices,

spd(A4, B) <2.91 d(A,U(B)).
We leave the following as an open question for the interested reader.

Question 5.4. Let n > 3 be an integer and A, B € M,,(C) be normal matrices. If k > 2

is an integer, is
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d(A,U(B)) = d(A®  u(B™))?

We remark that if we set k = Xy, the question admits a negative answer, as is easily
seen by taking A = diag(1,0,0) and B = diag(1, 1,0).
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