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Abstract

The stability and boundedness theories are developed for impulsive differential equations with
time delay. Definitions, notations and fundamental theory are presented for delay differential
systems with both fixed and state-dependent impulses. It is usually more difficult to investigate
the qualitative properties of systems with state-dependent impulses since different solutions have
different moments of impulses. In this thesis, the stability problems of nontrivial solutions of
systems with state-dependent impulses are “transferred” to those of the trivial solution of sys-
tems with fixed impulses by constructing the so-called “reduced system”. Therefore, it is enough
to investigate the stability problems of systems with fixed impulses. The exponential stability
problem is then discussed for the system with fixed impulses. A variety of stability criteria are
obtained and numerical examples are worked out to illustrate the results, which shows that im-
pulses do contribute to the stabilization of some delay differential equations. To unify various
stability concepts and to offer a general framework for the investigation of stability theory, the
concept of stability in terms of two measures is introduced and then several stability criteria are
developed for impulsive delay differential equations by both the single and multiple Lyapunov
functions method. Furthermore, boundedness and periodicity results are discussed for impulsive
differential systems with time delay. The Lyapunov-Razumikhin technique, the Lyapunov func-
tional method, differential inequalities, the method of variation of parameters, and the partitioned
matrix method are the main tools to obtain these results. Finally, the application of the stability
theory to neural networks is presented. In applications, the impulses are considered as either
means of impulsive control or perturbations. Sufficient conditions for stability and stabilization

of neural networks are obtained.
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Chapter 1
Introduction

Impulsive delay differential systems arise naturally from a wide variety of applications such as
orbital transfer of satellites, impact and constrained mechanics, sampled-data systems, spacecraft
control, ecosystem management, and inspection processes in operations research [11, 74, 112].
For instance, impulsive phenomena was observed in Bautin’s shock model of a clock mechanism
([13]), Kruger-Thiemer’s study of drug distribution in the human body ([53]), Liu and Rohlf’s
control of Lotka-Volterra models ([78]), just to name a few. In fact, various physical processes
undergo abrupt changes of state at certain moments of time between intervals of continuous evo-
lution. The duration of these changes is often negligible in comparison with that of the entire evo-
lution process and thus the abrupt changes can be well-approximated in terms of instantaneous
changes of state, i.e. impulses. On the other hand, time delay occurs frequently in many applica-
tions as diverse as economics, feedback control, secure communication and population dynamics
[20, 32, 35, 38, 40, 54, 55]. For example, model of population growth can be described by an
impulsive delay differential equation when maturity and management are considered, where the
time delay characterizes the retarded effect of reproduction or the interaction within or between
species and the impulses describe some abrupt factors such as emigration, immigration, disease
and the like ([34, 77]). While in the application to secure communication, impulsive delay dif-
ferential equations are used to model the error dynamics, where time delay, which occurs in the
differential system as well as in the impulses, describes the delay caused by transmission and
sampling; and impulses are utilized to stabilize the error dynamics ([45, 46, 47]). When both
time delay and impulses are involved, impulsive delay differential systems become a natural
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framework for mathematical modelling of many such physical phenomena.

An impulsive delay differential equation usually consists of three elements: namely, a contin-
uous system of delay differential equations, which governs the motion of the dynamical system
between impulsive or resetting events; a discrete system of difference equations, which con-
trols the way the system states are instantaneously changed when a setting event occurs; and a
criterion for determining when the states of the system are to be reset [56, 84, 85, 87]. Conse-
quently, the solutions of an impulsive system with time delay are normally piecewise continuous,
which causes a number of difficulties. For instance, if z(¢) is piecewise continuous, x; may be
discontinuous everywhere as a function of ¢; many simple functionals which are continuous on
R, x C([—T,0],R™) cannot be extended continuously to R, x PC([—, 0], R™); and some prop-
erties of solutions, such as existence, uniqueness, stability, and boundedness, may be changed
greatly by impulses [10, 75, 76, 77, 94].

Despite the wide applications, the study of impulsive delay differential equations is in its
relative infancy [12]. An early article on this subject was published in 1986 by Anokhin [2]. In
addition, the investigation history of impulsive ordinary differential equations is not long. Early
work on impulsive ordinary differential equations was published in 1960 by Milman and Myshkis
([96]). Since then, quite a few classical results on ordinary differential equations have been
extended to impulsive differential equations ([56]). Compared to impulsive ordinary differential
equations, delay differential equations has been studied for a much longer time, as far back
as the eighteenth century by many well-known mathematicians such as Euler, Lagrange and
Laplace [102]. After many generations of mathematician’s efforts, the theory of delay differential
equations has matured a great deal and a number of monographs are dedicated to this subject,
see [14, 20, 28, 35, 36, 50, 97, 134] for example.

The study of impulsive delay differential systems has been slow due to some technical diffi-
culties. Recent research work has tended to focus on special classes of equations such as delay
differential difference equations with impulses [8, 129], linear or scalar impulsive delay differen-
tial equations [4, 19, 34, 91, 133], first-order or second-order impulsive delay differential systems
[22, 41, 65, 131]. However, there have appeared some papers that focus on more general impul-
sive delay differential systems and aim at revealing the essential difference caused by impulses
([75, 77, 109, 126, 128, 129]).

Existence and uniqueness are the most fundamental qualitative properties of impulsive sys-
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tems with time delay. Early research results on existence and uniqueness have been obtained by
Krishna and Anokhin [51], and Shen [103, 105] for some special class of equations. Results on
these subjects for more general systems have been published by Ballinger and Liu [10, 76].

In recent years, stability and its applications to differential equations have been extensively
studied [21, 26, 27, 29, 30, 37, 42, 48, 49, 57, 58, 59, 67, 89, 95, 99, 100, 101, 127, 132].
Furthermore, many results have been extended to impulsive differential equations ([1, 6, 7, 8,
56, 61, 104, 125]). Significant progress on stability of impulsive delay differential equations has
been made during the past decade, see [18, 68, 74, 75, 81, 90, 93, 106, 113, 120, 121, 131, 133]
and the references therein.

The study of stability of differential systems with delay is usually more challenging than
that of systems without delay. Nonetheless, most of the tools such as the Lyapunov functional
method, Razumikhin techniques, and the comparison method have been successfully applied
to the study of impulsive delay differential systems ([75, 106, 108]). Quite recently, a number
of interesting results on uniform asymptotic stability were obtained, where some restriction on
the derivative of the Lyapunov function is relaxed. The non-positiveness requirement of the
derivative of the Lyapunov function along solutions of equations has been regarded as necessary
for uniformly asymptotic stability in the literature. But now it is allowed to be positive (see
[75, 126]) even though this kind of assumption normally causes instability for delay differential
systems without impulsive effects ([72, 108]). Nevertheless, to the best of our knowledge, these
kinds of conditions had not been developed to obtain exponential stability until recently [87, 118].

Exponential stability is one of the most investigated problems in the stability analysis of
impulsive systems since it has played an important role in many areas such as designs and ap-
plications of neural networks, population growth models and synchronization in secure com-
munications ([23, 25, 44, 72, 88, 119]). However, results on exponential stability for impul-
sive delay differential system are very few compared to those on uniform stability and asymp-
totic stability. Most of the early works mainly focuse on specific classes of equations such
as scalar equations and linear equations. Even less work is done on impulsive stabilization
[17, 65, 71, 83, 94, 118, 126, 128]. In this thesis, assumptions allowing the derivatives of Lya-
punov function or functional to be positive are used to impulsively stabilize delay differential
equations.

Compared to the stability of trivial solution, there is little work done on the stability of non-
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trivial solutions of delay differential equations with state-dependent impulses due to some theo-
retical and technical difficulties [1, 61, 86]. In the classical stability theory, stability of nontrivial
solutions can be converted to that of the trivial solution by change of variables. However, this
method can not be extended to delay differential equations with state-dependent impulses be-
cause different solutions may have different moments of impulses. We have solved this problem
recently by introducing the reduced system and utilizing the definition of quasi-stability. Be-
cause moments of impulsive effect of a nontrivial solution z(¢) of a system with state-dependent
impulses need not be the same as those of a neighboring solution z(t), demanding that the differ-
ence of x(t) and z(t) be small for all ¢ > ¢, seems unreasonable. So it is natural to require that
the difference be small for all ¢ > ¢, except a small neighborhood of each impulse point. This
leads to the concept of quasi-stability, see reference [61]. We will discuss this issue thoroughly
in the later chapters.

To unify a variety of stability concepts and to offer a general framework for investigation of
stability theory, introducing the concept of stability in terms of two measures has been proven
to be very useful, see [62, 63, 85, 119] and references therein. This concept has generated
renewed interest among many researchers recently and some interesting results have appeared in
the literature [31, 73, 79, 85, 123, 130]. In this thesis, we obtain several stability criteria in terms
of two measures by single and multiple Lyapunov functions method combined with Razumikhin
technique and apply some of the results to the Lotka-Volterra system.

On the other hand, boundedness theory has played a significant role in the existence of peri-
odic solutions and it has many applications in areas such as biological population management,
secure communication and chaos control, [9, 45, 46, 47, 73, 77]. The theory has been greatly
developed during the past decades (see [15, 16, 52, 69, 70, 80, 84, 92, 107] and the references
therein). In this thesis, we have established several boundedness criteria for delay differential
equations with fixed and state-dependent impulses. Those results are applicable to population
growth dynamics and impulsive synchronization for secure communication.

One of the interesting applications of stability is to design neural networks with good stability
properties, see [5, 24, 33, 39, 66, 83, 114, 115, 117, 122, 124, 135]. We have applied some of the
exponential stability results and techniques to cellular neural networks (CNNs) and high order
Hopfield type neural networks. We have discussed possible effects of impulsive perturbations
on stability of neural networks and have obtained some stability criteria to keep the stability
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property of delayed neural networks under impulsive disturbance. We have also developed some
results to impulsively stabilize neural networks.

Various methods, such as LMI tools, the method of variation of parameters, differential in-
equalities, Laplace transform, Lyapunov functional or function method (combined with Razu-
mikhin technique) and so on, have been successfully utilized in the investigations of the stability
and boundedness, see [3, 4, 16, 18, 43, 64, 82, 87, 98, 108, 109, 110, 116] for example. Most of
our results in this thesis are established by using some of these methods.

There are many challenging and important problems still largely unexplored about impul-
sive delay differential systems. But I shall mainly focus on some qualitative properties and their
applications in this thesis. In the next chapter, some definitions, notation and basic theory for
impulsive delay differential systems will be presented. Then, in Chapter 3, the stability prob-
lems of nontrivial solutions of delay differential equations with state-dependent impulses are
“transferred” to those of trivial solution of systems with fixed impulses by the construction of
the “reduced system”. Thereafter, in Chapter 4, we establish some exponential stability criteria
for delay differential equations with fixed impulses. We also obtain conditions to impulsively
stabilize delay differential equations. Meanwhile, numerical examples are presented to illustrate
the results. Several theorems on the stability in terms of two measures are developed in Chap-
ter 5 based on the single and multiple Lyapunov functions method together with Razumikhin
technique. We also apply some results and techniques to obtain stability criteria for the Lotka-
Volterra system. Several boundedness results are presented for delay differential equations with
both fixed and state-dependent impulses in Chapter 6. Periodicity results are established for sys-
tem with fixed impulses by use of the Horn’s fixed point theorem. In Chapter 7, the applications
of stability to neural networks are presented, where impulses are considered either as means of
perturbations or control. Numerical examples illustrate that impulses do contribute to the stabi-

lization of neural networks. Finally, in Chapter 8, conclusions and research plan are given.






Chapter 2
Preliminaries

This chapter summarizes some basic general information on impulsive delay differential equa-

tions and introduces concepts and fundamental theory.

2.1 Impulsive Delay Differential Equations

Impulsive delay differential equations differ greatly from ordinary differential equations in the
sense that the state undergoes abrupt changes at certain moments and the derivative of the state
depends not only on time and the present state, but also on the past states. Thus an impulsive
delay differential equation is usually defined as a delay differential equation coupled with a
difference equation. In order to introduce a general impulsive delay differential system, we need
the following notation.

Denote R the set of real numbers, R, the set of nonnegative real numbers, R" the n-
dimensional real space equipped with any vector norm || - ||, and N the set of positive integers,
ie, N={1,2/---}. Let \pax(Q) (or Apin(Q)) denote the maximum (or minimum) eigenvalue
of a symmetric matrix (). For any matrix A, let A7 represent the transpose of A, and || A de-
note the norm of A induced by the Euclidean vector norm, i.e., || A| = [Amax(ATA)]2. Denote
Y(tT) = lim, 4+ ¢(s) and ¥ (t) = lim,_4- ¢(s). For a,b € R with a < b and for S C R", we
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define the following classes of functions.

PC([a,b],S) = {@b :la,b] — S ‘ P(t) = (tT),Vt € [a,b);(t) exists in S, Vit
€ (a,b], andp(t™) = 1(t) for all but at most a finite number of

points t € (a,b]},

PC(la,b),S) = {w :a,b) — S ‘ P(t) = (1), Vt € [a,b);9(t) exists in S, Vit
€ (a,b), and(t™) = 1(¢) for all but at most a finite number of
points ¢ € (a,b)},
and

PC([a,0), S) = {1/1  [a,00) — S ‘ Ve > a, )0 € PC’([a,c],S)}.

Given a constant 7 > 0, we equip the linear space PC([—, 0], R") with the norm || - ||, de-

Ullr = lllee = sup_socsco ()

fined by |||, = sup_,,<q |[¢)(s)|. For the case 7 = o0,
for any ¢ € PC((—o0,0],R").
Consider the impulsive delay differential equation with state-dependent impulses

() = f(t,xy), t # 1 (z(t7)), (2.1a)
Ac(t) = I,(x(t7)). = ny(a(t)), .15

where f : Ry x PC([-7,0],R") — R", t € Ry, 7, € C(R",R,), Ax(t) = z(t") — z(¢t7),
I, € C(R",R"), k € N, and x; € PC(|—,0],R") is defined by z:(s) = x(t + s) for —7 <
s < 0. Here we assume z(t*) = z(t). In other words, we assume solutions of (2.1) are right-
continuous.

The initial condition for system (2.1) is given by

Tiy = ¢, 2.2)

where ¢ty € R and ¢ € PC([—7,0],R").
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We use the notation A\ B to denote the difference of two sets A and B (i.e. AAB = {t |t €
Aandt ¢ B}). Let J C R, be an interval of the form [a, b) where 0 < a < b < oo and let
D C R" be an open set. We first introduce the following definitions from [12].

Definition 2.1.1 A function x € PC([ty — T,to + «], D) where o > 0 and [ty,to + o] C J is
said to be a solution of (2.1) if

(i) thesetT = {t € (to,to+a] | t = me(x(t7)) for some k} of impulse times is finite (possibly
empty);

(ii) x is continuous at each t € (to,to + a]\T;

(iii) the derivative of x exists and is continuous at all but at most a finite number of points t in
(to, t[) —I— Oz),'

(iv) the right-hand derivative of x exists and satisfies the delay differential equation (2.1a) for
all t € [to,to + a)\T; and

(V) x satisfies the delay difference equation (2.1b) for allt € T..

If in addition, x satisfies the initial condition (2.2), then it is said to be a solution of (the
initial value problem) (2.1) & (2.2) and we write x(t) = z(t, to, ¢).

Definition 2.1.2 A function x € PC([to — 7,1ty + ), D) where 0 < 3 < oo and [to,to+ ) C J
is said to be a solution of (2.1) (solution of (2.1) & (2.2)) if for each 0 < « < (3 the restriction
of x to [ty — 7,1y + | is a solution of (2.1) (solution of (2.1) & (2.2)) and if f < oo, then the
derivative of x exists and is continuous at all but at most a finite number of points t in (ty, to+ [3)
and the set T = {t € (to,to + B) | t = 7.(x(t7)) for some k} is finite.

Definition 2.1.3 If x and y are solutions of (2.1) on the intervals J, and Js, respectively, where
Jo properly contains J; and both intervals have the same closed left endpoint, and if x(t) = y(t)
fort € Jy, then y is said to be a proper continuation of x to the right, or simply a continuation
of x. A solution x of (2.1)defined on J; is said to be continuable if there exists some continuation
y of x. Otherwise x is said to be noncontinuable and the interval J is called a maximal interval

of existence of .
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Definition 2.1.4 A solution x(t) = z(t,to, ) of (2.1)-(2.2) is said to be unique if given any other
solution y(t) = y(t, to, @) of (2.1)-(2.2), x(t) = y(t) on their common interval of existence.

A special case of system (2.1)-(2.2) that we will mainly focus on in later chapters is the delay

differential equation with fixed impulses

' (t) = f(t,zy), t # ty, (2.3a)

Ax(t) = I(z(t7)), t=t,, keN, (2.3b)

Ty = 6, (2.3¢)

where the ¢, are constants and satisfy 0 < #y < t; < ty < --- < t < ---, with {; — o0 as

k — oo.

Definition 2.1.5 A function x € PC([ty — 7,ty + ], D) where o > 0 and [to,to + o] C J is
said to be a solution of (2.3) if

(i) x is continuous at each t # t;. in (tg,to + «;

(ii) the derivative of x exists and is continuous at all but at most a finite number of points t in
(to, to + );

(iii) the right-hand derivative of x exists and satisfies the delay differential equation (2.3a) for
all t € [to,to + a);

(iv) x satisfies the delay difference equation (2.3b) at each ty, € (to,to + a;

(v) x satisfies the initial condition (2.3c).

Definition 2.1.6 A function x € PC([to — 7,19+ ), D) where 0 < 3 < oo and [to,to+ 3) C J
is said to be a solution of (2.3) if for each 0 < « < [3 the restriction of x to [ty — 7,1y + ] is a
solution of (2.3).

The definitions of continuation and uniqueness of solutions of system (2.3) are the same as
Definitions 2.1.3 and 2.1.4 for system (2.1)-(2.2), respectively (see [10]).
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2.2 Fundamental Properties

Existence, continuation and uniqueness are the most important fundamental properties of a dy-
namical system. In this section, we introduce some results for system (2.1)-(2.2) and (2.3) from
[10] and [76].

Definition 2.2.1 A functional f : J x PC([—7,0],D) — R" is said to be composite-PC, if
foreach ty € Jand 0 < o < oo, where [ty,tg + ) C J, ifx € PC([to — 7,t0 + ), D),
then the composite function g defined by g(t) = f(t,x;) is an element of the function class
PC([to, to + a),R™).

Definition 2.2.2 A functional f : J x PC([—7,0], D) — R" is said to be quasi-bounded, if for
each ty € J and o > 0, where [tg, to + o] C J, and for each compact set F C D, there exists
some M > 0 such that || f(t,¢)| < M forall (t,v) € [to, to + a| x PC([—7,0], F).

Definition 2.2.3 A functional f : J x PC([—7,0], D) — R™ is said to be continuous in v, if
for each fixedt € J, f(t,) is a continuous function of y» on PC([—7,0], D).

Definition 2.2.4 A functional f : J x PC([—7,0], D) — R" is said to be locally Lipschitz in
W, if for each ty € J and o > 0, where [tg, to + «| C J, and for each compact set F' C D, there
exists some L > 0 such that ||f(t,1) — f(t, V)| < Ll|Yy — sl forall t € [ty, to + o] and
U1, e € PO([=7,0], F).

Theorem 2.2.1 (Local Existence [76]) Assume that f is composite-PC, quasi-bounded and con-
tinuous in 1) and that 7, € CY(D,R,) for k = 1,2,.... Furthermore, assume that whenever
t* = 1.(x*) for some (t*, x*) € Jx D and some k, then there exists a § > 0, where [t*,t*+0] C J,
such that

V(e (t) - f(t.2,) # 1, (2.4)

forallt € (t*,t* + 6] and for all functions x € PC([t* — 7,t* + §], D) that are continuous
on (t*,t* + 0| and satisfy x(t*) = z* and ||z(s) — x*|| < d for s € [t*,t* + 0|. Then for each
(to, ¢) € Jx PC([—7,0], D), there exists a solution x = x(to, ¢) of (2.1) & (2.2) on [to—T, ty+[]
for some 3 > 0.
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Theorem 2.2.2 (Continuation [76]) Assume that f is composite-PC, quasi-bounded and con-
tinuous in v and that 7, € CY(D,Ry) for k = 1,2,... and the limit limy_., 7(z) = oo is

uniform in x. Furthermore, assume that

Vre(¥(0)) - f(t4) <1, (2.5)
forall (t,7) € Jx PC([-7,0],D) and k = 1,2, .. .. Finally, assume that 1)(0) + I},(¢)(0)) € D

and

Te(¥(0) + Le(¥(0)) < 7(4(0)), (2.6)
for all v € PC(]—,0], D) for which ¢)(0~) = v(0) and for all k = 1,2,.... Then for ev-

ery continuable solution x of (2.1), there exists a continuation y of x that is non-continuable.
Moreover, any solution x of (2.1) can intersect each impulse hyper-surface (in the sense that

t = 1.(xz(t7))) at most once.

Theorem 2.2.3 (Uniqueness [76]) Assume that f is composite-PC and locally Lipschitz in 1.
Then there exists at most one solution of (2.1) & (2.2) on [ty — 7,1y + ) where 0 < 3 < oo and
[t07t0 + ﬁ) C J

The following results are presented for system (2.3).

Theorem 2.2.4 (Local Existence [10]) Assume that f is composite-PC, quasi-bounded and con-
tinuous in its second variable. Then for each (ty, ¢) € J x PC([—7,0], D) there exists a solution
x = x(to, @) of (2.3) on [ty — 7, 1o + (] for some (3 > 0.

Theorem 2.2.5 (Continuation [10]) Assume that f is composite-PC, quasi-bounded and con-
tinuous in its second variable. Let (ty, ) € J x PC([—7,0], D) and let v = z(ty, p) be any
solution of (2.3). If x is defined on a closed interval of the form [ty — T,ty + o, where o > 0 and
[to, to + «| C J, then x is continuable. If x is defined on an interval of the form [ty — T,to + [3),
where 0 < 3 < oo and [ty,to + ] C J, and if x is noncontinuable then for every compact set
G C D there exists a sequence of numbers {t;} withty < t;, <ty < to+ ffork =1,2,...
and limy_ . t, = to + [ such that x(t;,) ¢ G.

Theorem 2.2.6 (Uniqueness [10]) Assume that f is composite-PC and locally Lipschitz in its
second variable. Then there exists at most one solution of (2.3) on [ty — 7,1y + () where 0 <
B < oo and [ty, to + 3) C J.
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These theorems on existence, continuation and uniqueness represent the groundwork upon
which further qualitative analysis can be performed on the wide class of impulsive delay differ-
ential equations considered in this thesis.

In Chapter 4-6, we assume that f(¢,1) is composite-PC, quasi-bounded and continuous
in 1) so that the initial value problem (2.3) has a solution x (¢, to, ¢) = x(t) existing in a max-
imal interval /. In Chapter 4, we also assume f(¢,0) = I;(0) = O for all ¢ € Ry and
k € N so that system (2.3) admits the trivial solution. In Chapter 6, we also suppose that f
is locally Lipschitz in 1 so that (2.3) has a unique solution.

2.3 Notation and Definitions

In this section, we introduce notation and definitions that will be useful in this thesis.
In order to make use of Lyapunov method in our theorems, we must first define the following
properties [12], [75].

Definition 2.3.1 A function V(t,z) : Ry x R" — R, belongs to class vy if

(A1) V is continuous on each of the sets [ty_1,tx) X R" and for all z, y € R" and k € N,
lim gy e oy V(Ey) = V(1 @) exists;

(A2) V(t,x) is locally Lipschitz in x € R™, and for all t > ty, V(t,0) = 0.

Definition 2.3.2 A functional V : R, x PC([—7,0],R") — R, is said to belong to the class
vo(+) (a set of Lyapunov like functionals) if

(B1) V is continuous on [t;_1,t;) x PC(|—7,0],R") and for all ¢, ¢ € PC([—1,0],R"), and
ke N limg -4 V(t, ) =V(t,, o) exists;

(B2) V(t,4) is locally Lipschitz in v in each compact set in PC([—1,0], R™), and for all t > t,
V(t,0) = 0.

Definition 2.3.3 A functional V (t,v) : Ry x PC([—1,0],R™) — R belongs to class vj(-) if
V(t, ) € vy(-) and for any x € PC([to — 7,00),R"™), V(t,x4) is continuous for t > t,.
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Definition 2.3.4 Given a functional V' € v{(+), the upper right-hand derivative of V with respect
to system (2.3) is defined by

Dy V(1) = linsup 3 V(1 + b, zesn(t, 1)) — V(1,)],

h—0t+

for (t,¢) € Ry x PC([—1,0],R™).

Definition 2.3.5 Given a function V : R, x R" — R, the upper right-hand derivative of V'
with respect to system (2.3) is defined by

D, 5V (t,4(0)) = limsup %[V(t +h, (0) + hf(t¥)) = V(E,4(0))],

h—0t

for (t,) € Ry x PC([—,0],R™).

Note that in Definition 2.3.5, D(BB)V(t, 1(0)) is a functional whereas V' is a function. More-
over, Definition 2.3.5 is consistent with the earlier definition of the derivative of a functional in
Definition 2.3.4.

In later chapters, we may drop the subscript and simply write DV or V’ where it is under-
stood which system the derivative of V' is with respect to.

Next, we define stability for the impulsive system (2.3).

Definition 2.3.6 The trivial solution of system (2.3) is said to be

(S1) stable if for every ¢ > 0 and ty € Ry, there exists some § = (to,€) > 0 such that
if o € PC([—7,0],D) with ||¢|l; < § and x = x(to, ¢) is any solution of (2.3), then
x(t, to, @) is defined and ||z(t, to, )| < € forall t > to;

(S2) uniformly stable if ¢ in (S1) is independent of t,;

(S3) asymptotically stable if (S1) holds and for every t, € R, there exists some n = n(ty) > 0
such that if € PC([—,0], D) with ||¢||- < n, then lim;_, (¢, to, ¢) = 0;

(S4) uniformly asymptotically stable if (S2) holds and there exists some n > 0 such that for
every v > 0, there exists some T = T(n,~) > 0 such that if p € PC([—,0], D) with
9]l < . then ||z (t, to, §)|| < 7 fort > to+ 1T}
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(S5) unstable if (S1) fails to hold.

Definition 2.3.7 The trivial solution of system (2.3) is said to be exponentially stable, if for any
initial data x,, = ¢, there exists an o > 0, and for every € > 0, there exists 6 = §(g) > 0 such
that

|z(t, to, @)|| < ee @) forall t > t,, 2.7)

whenever ||¢||. < 6, to € Ry and ¢ € PC([—,0],R").

Definition 2.3.8 The trivial solution of system (2.3) is said to be globally exponentially stable if,
for any initial data x,, = ¢, there exist constants o > 0, M > 1 such that

(. to, )| < M|[pll.e 1)t > 1,
where ty € Ry, ¢ € PC([—7,0],R").

We define the following sets for later use.

S(p) = {zeR"||lz]| < p, for p > 0},

PC(p) = (€ PO(-n.0LR") | ] < p},

G = {(t0)|teRy, ¥ PO()).

K, = {H € C(Ry,Ry) | H(0)=0, and H(s) >0 for s >0},

K = {g e K } g is strictly increasing in s },

K = {YeK |¢(s)<sfors>0},

K, = {peK | ¢(u) >uforu>0},

K3 = {g € Ky ‘ g is nondecreasing in s},

K, = {g€ K| g(s) — oo as s — oo},

Q = {w(t,u) | we C([te—1.t) x R4, Ry, k €N; for each z € R, and

ke N, mg )4 w(t,u) = w(t,,r) exists },

I'  ={heCRy xR Ry)|infyq h(t,z)=0},
Ty = {ho: Ry x PC([—7,0],R") — Ry |ho(t,¢) = sup_,.,<o hO(t + s,8(s)),
where h° € '},
CK = {acCR; xR, Ry) ‘ a is nondecreasing with respect to the
second variable, and a(-,0) = 0}.






Chapter 3
Systems with State-dependent Impulses

This chapter discusses the stability problems of nontrivial solutions of delay differential equa-
tions with state-dependent impulses. It is well-known that the stability of a nontrivial solution of
a delay differential equation with fixed impulses can be transferred to the stability of the trivial
solution by a change of variable. However, this is invalid for a system with state-dependent im-
pulses. The objective of this chapter is to solve this problem. We finally “transfer” the stability
problems of systems with state-dependent impulses to those of systems with fixed impulses by
introducing the concept of quasi-stability and constructing the so-called “reduced system”.

The remainder of this chapter is organized as follows. In Section 3.1, we introduce the
concept of quasi-stability and some other notation and definitions. In Section 3.2, we construct
the reduced system, a medium to relate systems with state-dependent impulse effect and systems
with fixed impulse effect. Finally in Section 3.3, we obtain criteria on quasi-stability by using

some known results for systems with fixed impulses.

3.1 Quasi-stability

For systems with state-dependent impulses, impulse moments of a nontrivial solution Z(¢) need
not be the same as those of a neighboring solution z(¢). Thus to demand that the difference of
x(t) and Z(t) be small for all ¢ > ¢, seems unreasonable. And hence it is natural to require that
the difference be small for all ¢ > ¢, except in a small neighborhood of each impulse point. This
leads to the concept of quasi-stability [62, 63].

17
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Let 7' C R be a fixed interval. Then PC(T,R") denotes the set of functions U : T" — R",
which are piecewise continuous with discontinuity of the first kind. Assume that a set of points
of discontinuity of every function v € PC(7T,R") is no more than countable and does not have

a finite limit point.

Definition 3.1.1 A function us € PC(T,R") is said to belong to an e-neighborhood of u; €
PC(T,R") if

(i) every point ty, of discontinuity of uy(t) lies in an e-neighborhood of some discontinuous

t, — £k| < €

point tr of uy(t), ie.,

(ii) for all t € T which are not in an e-neighborhood of the point of discontinuity of uy(t), the
inequality ||uy(t) — ua(t)|| < € holds.

The following definitions on quasi-stability are in the spirit of [62, 63].

Definition 3.1.2 The solution z(t) of system (2.1) is said to be

(S1) quasi-stable if for every € > 0 and ty € R, there exists § = (to,€) > 0 such that for
every solution x(t) of equation (2.1), (x4, — T4,) € PC(6) implies that x(t) belongs to an
e-neighborhood of T(t) when t > to;

(S2) quasi-uniformly stable if § in (S1) is independent of t,;

(S3) quasi-asymptotically stable if (S1) holds and for every ¢ > 0 and ty € R there exists
some n = n(ty) > 0 and T(ty,€) > 0 such that for every solution x(t) of equation (2.1),
(x4, — Ty,) € PC(n) implies that x(t) lies in an e-neighborhood of ©(t) whent >ty + T

(S4) quasi-uniformly asymptotically stable, if (S2) holds and there exists some 1 > 0 such that
for every € > 0, there exists some T = T'(n, €) > 0 such that (z;, — T1,) € PC(n) implies
that z(t) lies in an e-neighborhood of T(t) when t > to + T';

(S5) quasi-unstable, if (S1) fails to hold.

For convenience, we list the following assumptions to be satisfied in later sections.

(A1) f(t,1) is composite-PC.



CHAPTER 3. SYSTEMS WITH STATE-DEPENDENT IMPULSES 19

(A2) f(t,1) is locally Lipschitz in 1.

(A3) There exists some 0 < p; < p such that z € S(p;) implies that = + [(x) € S(p) for all
ke N.

(A4) There exist u € K and positive constants L, € R such that for any z,y € S(p) and k € N,
11k(z) = L)l < plllz =yl 7e(e) = ()l < Lille =y

(AS5) 7(x + I(x)) < () forall k € Nand x € S(p).
(A6) Tpi1(z + Ix(x)) > mx(x) forall k € Nand z € S(p).

(A7) Forany (t,7)) € Gp = {(t,¥) | t € [ty t], ¥ € PC(p), where t;, = inf,cs(,) 7(x) and
tx = SUp,cg(,) Tk(7)}, there exists My > 0 such that

sup 1f ()| = My, < oo. (3.1)

(A8) to < 1i(x) < ma(x) < -+, limg_ o Tk(x) = oo is uniform in z.
(A9) 7, € CY(D,R,), and for any k € N, there exists a > 0 such that

Remark 3.1.1 If (A2) holds, then clearly f is also continuous in 1. If in addition, (A1) holds,
then f is also quasi-bounded [10, 76].

Remark 3.1.2 [t was shown in the previous chapter that if conditions (A1), (A2) and (A9) hold,
the initial value problem (2.1)-(2.2) has a unique solution x(t, to, ¢) existing on some interval I,
which can be extended to a maximal interval if (A5) holds. Furthermore, if (A8) holds, then any

solution of (2.1) intersects each impulse hyper-surface at most once.
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3.2 Reduced System

In this section, we shall convert, by constructing a reduced system, the stability problem of a
nontrivial solution of the state-dependent impulsive system to that of the trivial solution of the
system with fixed impulses.

Let z(t) be a given solution of equation (2.1) with points of discontinuity at ¢, i.e. ¢, =
T(Z(t,)), k € N. Let 2(¢) be any solution of equation (2.1) with points of discontinuity at sy,
ie. s = me(x(s;)), k€N,

For any fixed & € N, we construct a map ®; : G — R” as follows. There are two cases to
consider.

Case 1: t, < sp.

Given any x € R", denote ay(t), t € [ty, si] the solution of

.T/(t) = f(ta xt)7 (33)

which passes through the point (¢, z); and b (t), t € [tx, si] the solution of equation (3.3) which
passes through the point (s, ax(sx) + Ix(ax(sk))), see Figure 3.1. Then we have

(Zk(t) =+ j:; f(sa aks)d87 S [tka 8k]7
bk(t) = ak(sk) + ]k(ak(sk)) + fstk f(S, bks)ds, t e [tk, Sk],

where a(s) = ax(t + s) for =7 < s < 0 and by (s) = by (t + s) for —7 < s < 0.
Define

Op(x) = bi(ty) — ar(ty) = br(ty) —
— f;k f(t, ag,)dt + fst: ft, bey)dt + I (z + ftik F(t, agy)dt).

Case 2: 1 > s;.

Given any x € R™, denote a(t), t € [sk, tx] the solution of z/(t) = f(t, x;) without impulse
effect at t = sy, which satisfies a;(sx) = x; and by (), t € [sy, tx] the solution of z/(t) = f(¢, x)
with impulse effect at ¢ = s, which starts at the point (s, ax(sx) + Ix(ax(sk))), see Figure 3.2.
Then

ap(t) = z+ fstk f(s ans)ds, t € [sk,ty],
be(t) = a(se) + Ii(ax(sk) + [1 f(s, brs)ds
= x+ Ij(z) + fstk f(s,brs)ds, t € [sk,tr].
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X0 x(t)
-------------------- y(®
ak(n)
bx(t)
0 t
tk Sk
Figure 3.1: Reduced system, case 1: {5 < s.
We define

Pr(y) = br(tr) —ar(ty) = bu(tn) —y
= Ik(x) + fst: f(S, bks)ds + j;ik f(S, aks)ds
= 25 f(s,are)ds + [F f(s,brs)ds + Te(y + [ f(s, ans)ds),

where y = ai(t,) = = + fst: f(s,aps)ds.
Now we consider the system with fixed impulses

y/(t) = f(tv ?Jt)7 13 7é tk7

(3.4)
Ay‘tZtk = (bk(y)a ke N7

S F(t ar)dt + [ F(Ebr)dt + Ly + [ F(t ai,)dt),
Dr(y) = 7 o
]k(y>, tk = Sk-

System (3.4) is called the reduced system of system (2.1).
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x(1)

a (1)

be() |

"’k tk
Figure 3.2: Reduced system, case 2: t; > s.

Remark 3.2.1 By the definition of ®y(y), we see that ®y(y) and its reduced system are well-
defined and lim, ., @1 (y) = I (y).

Definition 3.2.1 System (2.1) is said to be quasi-equivalent to system (3.4) on G, if for every
solution x(t) : [to, f) — R", B € Ry with (t,z(t)) € G of system (2.1), there exists a solution
y(t) of system (3.4) with y,, = x, such that

x(t) =y(t), forall t € [to,3)\Uren < t, sk >, (3.5)

where < ty, s, > denotes [ty, sg] if ty < sg; otherwise, it denotes [sy, ty];
and
z(ty) =y(ty), =(sk) =ylsk), if tr < s,
z(tr) =y(te), (sp) =y(sk), if te > s
Conversely, for every solution y(t) : [to, ) — R"™, § € Ry of system (3.4) with (t,y(t)) €
G, there exists a solution x(t) of system (2.1) with x;, = y, which satisfies (3.5) and (3.6). x(t)
(or y(t)) is said to correspond to y(t) (or x(t)) by quasi-equivalence.

(3.6)
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Lemma 3.2.1 Foranyx € R" and k € N,

|@1(0) — (o) < Ts il = T8+ e e = 3 -

Proof. Let us assume t;, < s;. From previous statement (Case 1), for any fixed x € R",

ak(t) =x + j:; f(S, ak5>d87 t e [tk, Sk],
be(t) = ar(sk) + Tu(ar(sk) + [) f(s,bra)ds, €€ [ty, i),

Then we have

~,— t ~,—
Jas(t) = F(6)| = o+ fi fls,ar)ds = 7(t7)] o)
< H.T} — E(t,;)H + M, - |Sk — tk|, te [tk,Sk].
Thus by (3.7) we obtain
sk =tk = |m(an(se)) — Te(Z(t;)]

< Ly - |lar(sk) — (2]

< Ly - [lo = 2() | + LMy - |si — til.
Therefore,

Ly - o — ot
— 1] < . .

sk — te| < I L, (3.8)

Similarly, we can prove that inequality (3.8) holds for the case t;, > s.
Then,

[@k(x) — I(2)]]
= [|bx () — ax(tx) — Lx(2)]|
= || [25 f(t a)dt + [F F(tbr)dt + T + [ (¢, ap)dt) — Tu()]|
<L FEar)dt] + ] 2 & be)dt] + [Tu(z + [ f(t ap)dt) — T(z)|
< 2My|sg — tg| + p(Mg|sk — ti])

< i lle = FEOI + ne2ems e = 2.
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3.3 Stability Criteria

In this section, we establish stability theorems by transferring the stability of nontrivial solutions
of a state-dependent impulsive system to that of the trivial solution of a system with fixed impulse
effect. As we will see, the reduced system is a bridge to connect these two impulsive functional
differential equations.

It is obvious that Z(t) is a solution of both system (2.1) and system (3.4). Let z(t) be a
solution of system (2.1)-(2.2), y(¢) be a solution of system (3.4) which corresponds to z(t) by
quasi-equivalence, and u(t) = y(t) — z(t). Then u(t) satisfies the following system

u(t) = F(t,u), t # ty, (3.9)
Au = Jp(u(t™)), t=tx, k€N,
where
F(t,u) = f(t,7 +u) — f(t,7), (3.10)
Jelw) = OyEE) + u) — L(F ().
Obviously, we have F'(t,0) = 0, J;(0) = 0. Thus system (3.9) possesses the trivial solution
u(t) = 0.

We denote J;(u) in equation (3.10) as Jk( ) = Pi(u) + Qx(u) for later use, where Py (u) =
L(2(ty) +u) = Le(2(ty)) and Qr(u) = P (T(1,) +u) — L(Z(t;) + u).

Lemma 3.3.1 ||Qx(u)|| < he(||u]|), where hi(s) = ﬁs + u(ms).

Proof. From Lemma 3.2.1, equation (3.10) and the assumption L;M; < 1, we can easily obtain
our result. ]

Now we introduce some stability results of the trivial solution of the delay differential equa-
tion with fixed impulses (2.3) from [75] and [108].

Lemma 3.3.2 ([108]) Assume that there exist Vi (t, x) € vy, Va(t, ) € Vi(+), wi, we € K and
U € Kq such that

(i) wi([[L0)])) <V (£, ) < wa([[4]l-),
where V (t, 1) = Vi(t,4(0)) + Va(t, ¥) € w(-);
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(ii) Vi(ty, x + Ii(z)) — Vi(t,,z) < =Xt (Va(ty, , x)), for any x € S(p1) and k € N, where
e = 0with > 70 | A\, = 00;
(iii) for any solution x(t) of equation (2.3), the upper right-hand derivative of V satisfies
D+V(t7 xt) S 07

and for any t > to and o > 0, there is some 3 > 0 such that V(t,x;) > « implies
Vi(t, z(t)) = 3.

Then the trivial solution of equation (2.3) is uniformly stable and asymptotically stable.

Theorem 3.3.1 Assume that there exist Vi(t,z) € vy, Va(t,v) € V§(-), w1, wy € K and
Y1 € Ko such that

(i) wi(lLO)) < V(t,4) < wa([[¢[l-), where V(t,10) = Vi(t,4(0)) + Va(t, ) € vo(-);
(ii) there exists vy € K such that, for any x € S(py) and k € N,
Vilte,  + Pi(x)) = Va(ty, z) < —aa([lz])),

and
Ly - hg(|lz]]) = aa(fl=]]) < =M (Va(ty;, @),

where \;, > 0 with Z,;“;l A\, = oo and Ly > 0 is the Lipschitz constant of V1,
(iii) for any solution x(t) of equation (3.9), the upper right-hand derivative of V' satisfies
D+V(t7 l't) S Oa

and for any t > to and o > 0, there is some 3 > 0 such that V(t,z,;) > « implies
Vi(t, z(t)) = 6.

Then the nontrivial solution T(t) of equation (2.1) is quasi-uniformly stable and quasi-asymptotically
stable.
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Proof. We shall first show uniform and asymptotic stability of the trivial solution of equation
(3.9):
By condition (i7) and Lemma 3.3.1, we have

Viltr, x + Ji(2)) = Vilty,2) = (Vilty, x + Ji(2)) — Vi(ty, 2 + Pi(2)))
+(Vi(tg, © + Pp(x)) — Vi(ty , x))
< L - [|Qi(@)]| — ea(|z]]) < Ly - hye(||z]]) — ca(J|]])
< =M (Vilty,, x)),

which implies that condition (i) of Lemma 3.3.2 holds. By Lemma 3.3.2, we know that the
trivial solution of equation (3.9) is uniformly stable and asymptotically stable.

From the construction of system (3.9) and the definition of stability, we know the nontrivial
solution Z(t) of equation (3.4) is uniformly stable and asymptotically stable.

Now, we show quasi-uniform stability of solution z(t) of equation (2.1):

Because of the uniform stability of solution Z(t) of equation (3.4), we have, for any ¢ > 0 and
to € Ry, lete; = e-infren{l, 1_i’zM"’}. There exists 0 = d(e) > 0 such thatif y(t) = y(¢, to, 1)
is a solution of equation (3.4), then ||¢; — ¢||, < § implies ||y(t) — Z(t)|| < €1, t > to.

Let x(t) = x(t, to, ¢1) be a solution of equation (2.1), which corresponds to y(t) by quasi-

equivalence. Then by quasi-equivalence of y(¢) and z(t), we have
lz(t) =z < e, t & [th,s), kEN, (3.11)

where sy, is the impulse point of x(¢). Assume, without loss of generality, that s;, > tj.
Then
sk—te = Te(@(sy)) — w(Z(ty)) < Ly - [|(sy,) — 28|
< Ly ([lz(t) = (@) + lle(sy) — 2 (te)[])
< Li - (l2(ty) = 26 + M(sk — te)),
ie.

Sp—tp < (3.12)

which implies quasi-uniform stability of the nontrivial solution z(t) of equation (2.1).

Next, we shall show quasi-asymptotic stability of the nontrivial solution Z(¢) of equation
(2.1):
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From the quasi-uniform stability of Z(¢), we know Z(t) is quasi-stable. From the asymptotic
stability of the nontrivial solution Z(¢) of equation (3.3), for any ¢ > 0 and ¢y € Ry, let ¢; =
€ - infren{1, %} There exists some n = n(tg) > 0 and T" = T'(e, ty) > 0 such that if
y(t) = y(t, to, ¢1) is a solution of equation (3.3), then ||¢; — ¢||, < n implies

lyt) —z@t)|| < e, t>to+T. (3.13)

Let z(t) = z(t, to, ¢1) be a solution of equation (2.1) with impulse points s, (k € N), which
corresponds to y(t) by quasi-equivalence. Then by quasi-equivalence of y(¢) and x(t), we have

|lz(t) —z(t)|| < e, t>to+T and t & [ty, sk), k € N. (3.14)

Similarly proceeding as in the proof of quasi-uniform stability, we can obtain (3.12), which
completes our proof. [ ]

Lemma 3.3.3 ([108]) Assume that there exist Vy(t,x) € vy, Va(t,¢) € 5(-), w1, we € K and
c(s) € K such that

(i) wi([[Y(O)])) <V (E, ) < wa(([¥ll7),
where V (t,1) = Vi(t,¢(0)) + Va(t, ¢) € v(-);

(ii) |Vi(te,x + Ii(z)) — Vit ,x)| < Bk - Vi(ty,x), for any x € S(p1) and k € N, where
O, > 0 with 2:021 B < 00;

(iii) for any solution x(t) of equation (2.3), the upper right-hand derivative of V satisfies
DTV (t, ) < —g(t)e(V(t, 7)),

where g € C(J,R) and satisfies

/Oog(t)dt = .

to

Then the trivial solution of equation (2.3) is uniformly stable and asymptotically stable.

Theorem 3.3.2 Assume that there exist Vi(t,x) € vy, Va(t,v) € V§(-), w1, wy € K and
c(s) € Ky such that



28 STABILITY AND BOUNDEDNESS OF IMPULSIVE SYSTEMS

(D) wi([[P(O)[) < V(E,¢) < walllll7), where V(¢ 9) = Vi(t,(0)) + Va(t, ¥) € wo(-);

(ii) for each x € S(p1) and k € N,
Li(hee(llzl) + p(llzl) < B Valty ),
where (3, > 0 with 21?;1 B < 0o and Ly is the Lipschitz constant of Vi;
(iii) for any solution x(t) of equation (3.9), the upper right-hand derivative of V' satisfies
DYVt x,) < —g(t)e(V (¢, 1)),

where g € C(J,R,) and satisfies

/Oog(t)dt = 0.

to

Then the nontrivial solution T(t) of equation (2.1) is quasi-uniformly stable and quasi-asymptotically
stable.

Proof. By condition (iz), we have

Vi(te, z + Ji(2)) — Vi(ty o)

< |Vi(tk, z + Ji(z)) — Vi(te, x + Pr(x))|
+Vilte, x + Pi(x)) = Vilty,, )]

< Li - | Qu(@) | + Lal| Pe(@)|| < L - (hae(ll2]]) + pe([|]]))

< B - (Valty, @),

which implies condition (7i) of Lemma 3.3.3 holds. By Lemma 3.3.3 we know the trivial solution
of equation (3.9) is uniformly stable and asymptotically stable. This means the nontrivial solution
z(t) of equation (3.4) is uniformly stable and asymptotically stable. We can use the same method

as we have done in the proof of Theorem 3.3.1 to obtain our results. u

Lemma 3.3.4 ([75]) Assume that there exist functions V (t,x) € vy, a,b,c € K, g € K3 and
p € PC(R,,R,) such that

(i) b([lx])) < V(E,z) < al[|]), for all (t, ) € [=T,00) x S(p);
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(ii) the upper right-hand derivative of V' with respect to system (2.3) satisfies
DTV (t,4(0)) < p(t)e(V(t,4(0)),for all t # ty in Ry and ¢ € PC([—7,0],S(p)),
whenever V (t,1(0) > g(V(t + s,v¢(s)) for s € [—7,0];

(i) V(ty,¥(0) + I(¥)) < g(V(t,,(0))), for all (t,1) € Ry x PC([-7,0],S(p1)) for
which ¢ (0~) = ¥(0), and

. t+1 . S
(iv) T = Supkez{tk_tk—l} < oo, M; = SuP;>q ftJr p(s)ds < oo, and My = infg>o fgq(q) ((st;

ds > M.

)

Then the trivial solution of equation (2.3) is uniformly asymptotically stable.

Theorem 3.3.3 Assume that there exist functions V (t,z) € vy, a,b,c € K, p € PC(R,,R})
and g € K3 such that

(i) b([lzll) < V(¢ z) < a(|x

), for all (t,x) € [—7,00) x S(p):
(ii) the upper right-hand derivative of V' with respect to system (3.9) satisfies
DYV (t,0(0)) < p(t)e(V (t,4(0)), for all t £ ty, in R, and ¢ € PC([—,0], S(p)),
whenever V (£, 1(0) > g(V (t + s,(s)) for s € [-7,0);

(i) V(tx,¥(0) + Jr(¥)) < g(V(t;,¥(0))), for all (ty,v) € Ry x PC([—T,0],S(p1)) for
which ¢ (0~) = ¥(0), and

. t+1 . ds
(iv) T = supye {ti—tp—1} < o0, My = SUP;>g ft p(s)ds < oo, and My = inf =g fgq(q) ((c(sg)

ds > M;.

Then the nontrivial solution T (t) of equation (2.1) is quasi-uniformly asymptotically stable.

Proof. By Lemma 3.3.4, we obtain the uniformly asymptotical stability of the trivial solution of

equation (3.9), which implies the uniformly asymptotical stability of the nontrivial solution of

equation (3.4). Then by a proof similar to that of Theorem 3.3.1, we can obtain our result. ]
Now we introduce an instability result for the trivial solution of system (2.3) from [108].
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Lemma 3.3.5 ([108]) Assume that there exist Vi(t,x) € vy, Va(t, ) € §(-), wy € K and
V1 € Ky such that 1 is nondecreasing and the following assumptions hold:

(D) wi(llz])) < Vi, z);
(ii) for any solution x(t) of equation (2.3), the upper right-hand derivative of V' satisfies
DYV (t,x;) >0, whereV =V; + Vj,

and for all t > ty and o > 0, there is some [ > 0 such that V (t,z;) > « implies

()]l = 5;
(iii) for each k € N and x € S(py),
Vilte, © + Li(2)) = Vilty, @) = Mehr (Va(t, , ),
where N\, > 0 with > 7~ | Ay = 00.
Then the trivial solution of equation (2.3) is unstable.

Theorem 3.3.4 Assume that there exist Vi(t,u) € vy, Va(t,u) € V5(+), w1 € K and ¢, € K,

such that 1 is nondecreasing and the following assumptions hold:
(D) wi([lull) < Vi(t, w);
(ii) for any solution u(t) of equation (3.9), the upper right-hand derivative of V' satisfies
DYV (t,u;) >0, whereV =V; + Vs,

and for all t > ty and o > 0, there is some 3 > 0 such that V (t,u;) > « implies

[u(t)]] = 5;
(iii) for each k € N and u € S(p1),
Vilte, u+ Ji(u) — Vi(ty,u) > Mbr (Va(ty,, u),

where N\, > 0 with Y7~ | Ay = 00.
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Then the nontrivial solution T (t) of equation (2.1) is quasi-unstable.

Proof. From Lemma 3.3.5 we obtain the instability of the trivial solution of equation (3.9), which
implies that the nontrivial solution Z(t) of equation (3.4) is unstable. That is, there exists €y > 0,

and for any ¢ > 0, there exists some t* > ¢, such that ||¢; — ¢||, < J implies

||y(t*7t07 ¢1> - g(t*’tﬂ)gb)n > €. (315)

If this t* € Ty = {t | [t — t| > €y, k € N}, then we obtain the quasi-instability of solution Z(t)
of equation (2.1); otherwise, we have, for any € > 0, all points ¢t* which make (3.15) hold are not
in any e-neighborhood of ¢;, &k € N, which implies the quasi-stability of Z(¢) of equation (2.1).
Next, we will show that this case could not happen. Suppose not. Then ||u(¢)|| < € holds for all
t > tgand |t — tx| > € whenever ||¢||, < ¢, where u(t) = u(t,ty, @) is a solution of equation
(3.9). Let Vi(t) = Vi(t,u(t)), Va(t) = Vi(t,u) and V (t) = Vi(t) + Va(t). By conditions (i)
and (7i7), we have
V(ty —€) — V(tg—1 +¢€) > 0.

Let ¢ — 0. By the continuity of V'(¢) on the interval [t;_1,t;), we have
V(t,) > V(te-1).
Furthermore,
V(te—1) = V(te_y) = Viltim1) = Vi(t_y) = Mematn(Vi(te_y))-

It is obvious that V' (¢) > V/(t¢) for all ¢ > . Then by condition (7i), there is a # > 0 such that
|lu(t)|| > B fort > to, and thus Vi (t, ;) > wi(||u(t,_;)||) > wi(B). Then we have

V(tr) = V(te—1) = M1t (we(B)),

which implies

V(tr) > V(tm) + ¢1(wi(8)) Y Aj—o00, ask— oo

j=m+1

This contradiction shows that solution Z(t) of equation (2.1) is quasi-unstable. u
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Theorem 3.3.5 Assume that there exist Vi (t,x) € vy, Va(t, ) € v5(-), w1 € K and ), € K

such that 1, is nondecreasing and the following assumptions hold:
(i) wi(|lzl]) < Vi(t, 2);
(ii) for any solution x(t) of equation (3.9), the upper right-hand derivative of V' satisfies
DYV (t,x;) >0, whereV =V; + Vs,

and for all t > ty and o > 0, there is some [ > 0 such that V (t,z;) > « implies

[z(@)[| = B;
(iii) for each k € N and x € S(p),
Vi(te,  + Py(2)) = Vi(ty, 2) > M (Vi(ty, @) + L - hee([|2])),
where \;, > 0 with Z,;“;l \i = 00, and L is the Lipshitz constant of V1.

Then the nontrivial solution T (t) of equation (2.1) is quasi-unstable.

Proof. By condition (iii) we have

Vilte, x + Ji(2)) — Vi(ty . @)
= (Viltr, z + Jx(2)) — Vi(te, @ + Pi()))

+(Vi(tk, © + Pe(2)) — Va(ty, x))
> —Ly - || Qr(@) || + (Valts, x + Pilz)) — Valty,, @)
> —Ly - hi([l2l) + M (Va(t, @) + L - hae(]]]])
> Mi(Va(ty, @),

which implies condition (iz) of Theorem 3.3.4 holds. By Theorem 3.3.4, we know the nontrivial

solution Z () of equation (2.1) is quasi-unstable. u

Theorem 3.3.6 [f there exists some M > 0 suchthat || f(t,¥)|| < M holds for allt € [ty—T, 00)
and ) € PC([—,0],R"™), then the quasi-stability of the solution T(t) of system (2.1) implies the
stability of solution Z(t) of system (3.4).
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Proof. Forany e > O and to € Ry, lete; = e- (1 +4M)Pand Ty = {t € Ry | |t — t;| >
€1, k € N}. The quasi-stability of Z(¢) implies that there exists some 0 = d(e1, ) > 0 such that
61 — 6ll, < & implies

lz(t) —z@)| < e, teTh,

and
lte — si| < e, k€N,

where z(t) = z(t,to, ¢1) is a solution of system (2.1) with initial value z;, = ¢, and s, k € N
are impulse points of x(t).

Let y(t) be a solution of system (3.4) with initial value y,, = =4, = ¢1, which corresponds to
x(t) by quasi-equivalence. Then we have

ly(t) —z(@t)|| < e <€, foralltel.

Let ¢ ¢ T}, which means |t — t| < €, for some k € N. Denote ¢ = t; + ¢;, then € T and
|t — £| < 2¢1, thus we have

y(t) = a(f) and |ly(t) —z@)| < .
Thus for all ¢ ¢ Ty, we have
ly() = O = lly(E) + f F(s,ys)ds — T(E) — [} f(s,T))ds]|
< lly(@®) = ZON + 11 J; f(s.9:)ds = [; £(s,7.))ds|
<€ +4Me =€,
which completes our proof. u

Remark 3.3.1 Theorem 3.3.6 is established to guarantee stability by avoiding solutions having
drastic changes in each e-neighborhood of any impulse point, which may cause instability though

solutions are quasi-stable.






Chapter 4
Systems with Fixed Impulses

In this chapter, we obtain exponential stability criteria for the trivial solution of a system with
fixed impulses (2.3), since we have solved the stability problems of systems with fixed impulses
in the preceding chapter. Based on the Lyapunov function and functional method, conditions to
impulsively stabilize delay differential equations and to maintain the exponential stability under
impulsive perturbations are obtained. Numerical examples are also worked out to illustrate our

results.

4.1 Global Exponential Stability

In this section, we develop Lyapunov-Razumikhin methods and establish several exponential
stability theorems which provide sufficient conditions for maintaining the exponential stability

property of the trivial solution of a delay differential system without impulses.

Theorem 4.1.1 Assume that there exist a function V' € vy, and constants p > 0, ¢; > 0, co >
0, A >0, dp >0, k €N, such that the following conditions hold.:

(i) erl|zl]P < V(7)) < o

P,
(ii) the upper right-hand derivative of V' with respect to system (2.3) satisfies

DYV (t,p(0)) < —m(t)V (t,¢(0)), forall t # t;, in R,

35
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whenever V (t,p(0)) > V (t+s, o(s))e” Jier &) for s € [—,0], where m(t) € PC([to—
7,00), Ry) and infi>yy—r m(t) > A;

(iii) V (te,(0) + Te(0)) < (L+ di)V(t);, 0(0)), with 32,7, di < 00, and p(07) = ¢(0).
Then the trivial solution of system (2.3) is globally exponentially stable.

Proof. Let x(t) = z(t, 1o, ¢) be a solution of system (2.3) and V' (¢) = V (¢, z(t)). We shall show
k-1
V(t) < e [T+ dlglize o™, e [t ty), kEN,
i=0
where dy = 0. Let

) = { V(t) — e IT5 (L +d, >||¢Hze‘ffo MOt te [ t), KEN,
V(1) ~ callgflze o, L€ [ty — 7 to].
We need to show @Q(t) < 0 for all ¢t > ¢,. Itis clear that Q(t) < 0 for t € [ty — T, 1], since
Q(t) < V(t) — e2f|#]|2 < 0 by condition (7).

Take k = 1. We shall show Q(t) < 0 for ¢ € [ty,t;). In order to do this we let « > 0 be
arbitrary and show that Q(t) < a for t € [to, t1). Suppose not, then there exists some t € [tg, t1)
so that Q(t) > a. Lett* = inf{t € [to,t1) : Q(t) > a}. Since Q(t) <0 < afort € [ty — T, to],
we know t* € (¢, t1). Note that )() is continuous on [t, t1), then Q(¢*) = a and Q(t) < « for
t €[ty —7,t%). *

Notice V (t*) = Q(t*) + c2||¢||Pe” fio ™% and for s € [—7, 0], we have

Q" +5) + caljgllpe o™

@t collglpe o

(a+ sl gllze™ T )= ST mieras
V(t*)e S m(s)ds

So by condition (i), we have DTV (t*) < —m(t*)V (¢*). Thus we obtain

V(t* + s)

VAN VAN

DTQ(t) = D*V(t*)+m(t*)02||¢||g€*ftfm(s)ds
—m(t)(V () = eol|g|pe %)

—m(t*)a

0,

IN

A
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which contradicts the definition of ¢*, and so we obtain Q(¢) < « forall ¢ € [to,t;). Letaw — 0.
We have Q(t) < 0 fort € [tg,t1).

Now we assume that Q(t) < 0 for ¢t € [t,tn), m > 1. We shall show that Q(¢) < 0 for
t € [to, tmi1)-

By condition (i), we have

Qtm) = V(tm) —ca[1o(1+d)|@lPe” Jim m(s)ds |
(14 dp)V(t5) — e [T (1 + di) || p||Pe ™ Jra” ™)
= (1+dn)Q(t,)
0.

IN

IA

Let & > 0 be arbitrary. We need to show Q(t) < a fort € (t,,,t,+1). Suppose not. Let
t* = inf{t € [tm,tm+1) : Q(t) > a}. Since Q(t,,) < 0 < «, by the continuity of Q(t), we
obtain, t* > t,,, Q(t*) = aand Q(t) < afort € [to,f*]-

Since V(t*) = Q(t*) + c2 [ [1- (1 + d;)[|0]|Pe Jio ™) then for any s € [—,0], we have

VIt +5) < QU +5)+ o [Tmy(1+di)[[gflze o " me

o+ o [Ty + dy) gl o m)e

(o + 2 TTo(1 + dy) ] [peFio ™) fi2 T mis)as
_ V(t*)eff**,Tm(s)ds.

A

IA

Thus by condition (i7), we have DV (t*) < —m/(¢*)V (¢*). Thus we have

D"’Q(t*) = D+V(t*) +m(t*)62 Hf;o(l‘i‘dz)H(nge_ft? m(s)ds
< —m(E) V() = e TTE(1 + do)gflze™ o %)
= —m(t")a

< 0.

Again this contradicts the definition of ¢*, which implies Q(t) < « for all t € [t,,, tm41). Let
a — 07. We have Q(t) < 0 for all t € [t tm1). So Q(t) < Oforall t € [tg, tymy1). Thus by

the method of induction, we obtain

k
V() <o [T+ di)gllre ™%t [ty y,ts), keN.

I
_

I
o
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By condition (4)-(i27), we have

k1
allelP < V() < e [T+ dllolze 5™ < coMllgfze=), ¢ = 4o
1=0
which yields
coM | 1 —2(t— to)
Il < (Z=) ol s b > h,
where M = [[.2,(1+d;) < cosince ) ;- dy < oo. Thus the proof is complete. u

Example 4.1.1 Consider the impulsive nonlinear delay differential equation

P(t) = —a(t)e(t) + odmr(t —7), t>1tg =0, t £,
r(tr) = (1+cp)x(ty), te=k, k€N, (4.1)
Ltg - Qba

where constants T, ¢, > 0 with Y ;- ¢ < oo, functions a € C(R,Ry), b € C(R,R), ¢ €
PCO([-7,0],R™). Ifa(t) > |b(t)|e™" + X\, A > 0, then the trivial solution of system (4.1) is
globally exponentially stable.

Proof. Set V(z) = V(t,x) = |x|, m(t) = A forall t > ¢ty — 7, where A > 0 is a constant, then

we have

DV (t, (0)) n((0))[=a(t)2(0) + - Br50(—7)]

<sg
< —a(®)]0)| + [b()] - (=) (4.2)
< —a®V((0)) + [b(t)] - V(p(=7)).

For any solution x(t) of equation (4.1) such that
V(£,4(0)) > V(t+ 5,0(s))eli-s "% for s € [~7,0],
we have V (p(—7)) < e 2V ((0)). Therefore,
DYV (t,(0)) < [~a(t) + b(t)e ]V (10(0)).
Since a(t) > |b(t)|e=*" + A, it follows that

DYV (t,(0)) < =AV((0)) < —m(t)V((0)),
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whenever V (¢, 0(0)) > V (t + s, <p(s))efttfr m($)4ds for s € [—7,0], i.e., condition (i) of Theorem
4.1.1 holds.
Moreover,
Vi, 9(0) + Ii(p)) = (1 + )V (t;, £(0)).
Thus by Theorem 4.1.1, the trivial solution of system (4.1) is globally exponentially stable.The

numerical simulation of this example with initial function

{ 0, te[-1,0),

#t) = 17,  t=0,

and A =7 =1, b(t) =2, a(t) =2+ %, ¢, = 5 is given in Figure 4.1.

1.8 T T T T
160 2
141\ 4

12t | .

o8 | || .

04k L"«. \ i

Figure 4.1: Numerical simulation of Example 4.1.1, impulsive system.

It should be noted that when 1 + 22 is omitted, system (4.1) becomes the well-known linear

case which has been studied by several authors, see for example, [34, 126]. |

Corollary 4.1.1 Assume that there exist function V (t,x) € vy and constants p > 0,q > 1,¢; >
0,c0>0,6 >1,A>0,d, >0,k €N, such that
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(i) crflz)” < V(t x) < el ]|P;
(ii) the upper right-hand derivative of V' with respect to system (2.3) satisfies
DYV (t,0(0)) < =AV(t,0(0)), forall t # t; in R,
whenever qV (t,p(0)) > V(t + s, ¢(s)) for s € [—7,0];
(iii) V(t, 0(0) + Ie()) < (1 +di)V (ty, 0(0)), with 372, dj, < o0, and p(07) = ¢(0).
Then system (2.3) is globally exponentially stable.

Proof. The conclusion follows by setting m(¢) = A and ¢ = ¢*" in Theorem 4.1.1. u
Next, we shall apply Corollary 4.1.1 to some special cases of system (2.3).
Consider the impulsive delay system of the form

$(t> = g(tv I(t)v I(t - hl(t»?x(t - hQ(t))v T 7I(t - hm(t))), te [tk—latk)v
Ax(t) = Iy(z(t™)), t=tpkeN, (4.3)

xto = ¢7

where g € C(R, x R™(m+1) R™) and the function hy(t) is continuous, and ¢ — hy(t) is strictly
increasing on R, and satisfying 0 < hy(t) < 7 fort € R,.

Corollary 4.1.2 Assume that conditions (i), (iii) of Corollary 4.1.1 hold, while condition (ii) is
replaced by

(ii)* there exist positive constants X > 0, \; > 0,4 = 1,2, -+ ,m, such that, forall (t,z,y,- -,
ym) < [tk—lytk) X Rnx(m+1)7 keN,

=1

If X is chosen such that X > %" | \;, then system (4.3) is globally exponentially stable.

Proof. If A > >~ ' \;, we know that the equation
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has a unique root satisfying

1l<g< A
< <=m -
Zi:l Ai
Thus, for ¢ € C([—7,0],R"), and t € [ty_1,tx), k € N, if
V(t+0,0(0) < qV(t,¢(0), -1 <0 <0,
then, by condition (i7)*, we have

< AV (¢, 0(0)) + Z AV (= hi(t), p(=hi(1)))

This implies by Corollary 4.1.1 that the trivial solution of system (4.3) is globally exponentially
stable. ]

Example 4.1.2 Consider the following nonlinear impulsive delay system

(t) = Ax(t) + F(t,z(t),z(t — 7)), t>ty=0, t#ty,

Ax(t) = Crx(t™), t=t, keN, 4.4)
Ty = ¢7
where
—10 0 3
A= 0 -—-15 8 )
3 8§ —24

o1 (t—1 : T .
and F(t,z(t),z(t — 7)) = ﬁ(m To(t — 7) sin(z3(t)) @2(t — 7) cos(zs(t)))", 7 is
a positive constant.

Because A is Hurwitz, there exist positive definite symmetric matrices () and P such that

ATQ 4+ QA= —P. (4.5)
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Let
-3 158 74 —148
Q=2 5 0 |, P= 74 150 =70 |,
-3 0 3 —148 —-70 162
so that equation (4.5) holds.
Let V(t,x) = 27 Qx, then
DtV(t,x) =27 Qx+27Qax" = —a"Px+22TQF

2 2 2
— L[| + QI [ + I F[]7)

2 2 2 2
el +10FIP < —llal®+ Slle(t - 7]
_/\Ina:;L((Q) Vit x) + 12)\m1in(Q) Vit =7,z —7))
LVt z)+ 5Vt -T2t —71)),

(VAN VAN VAN VAN

which implies that condition (i1)* of Corollary 4.1.2 holds.
Choose d;, = %%4 and

1 3
2k 2k+1 0
_ 3 1 1
Co=| —35r —5+z 0|, kEN,
3
0 2%

then condition (iii) of Corollary 4.1.2 holds. Thus by Corollary 4.1.2, system (4.4) is globally
exponentially stable. The numerical simulation of this example with T = % , ty = k is given in
Figure 4.2.

Next, we shall consider two special cases of g.
Case 1.

g(t,z,y1, - ym) = Az + G(t,z,y1,- -+ ,ym), forall(t,z) € Ry xR, (4.6)

where A € R™ " is a Hurwitz matrix, and G € C(R, x R™(m+1) Rn),
Since A is a Hurwitz matrix, there exists a unique positive definite symmetric matrix () such
that

QA+ ATQ =—1, 4.7)

where [ is the identity matrix.
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18]
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Figure 4.2: Numerical simulation of Example 4.1.2, impulsive system.

Corollary 4.1.3 Let p > 2. Assume that conditions (4.6) and (4.7) hold and the matrix A
is Hurwitz. If there exist nonnegative real numbers o;,v = 0,1,2,--- ,m, such that for all
(t, 2,91, Ym) € [tee1, te) X R™"D k€ N, the following conditions hold:
(i) .
G 2,51, ym) || < aollzl + D eillysll; (4.8)
i=1

(ii)

- pt

2)\max(Q) Amin(Q) (/\m1n<Q)) min(Q)) 2

(iii) there exists a sequence {dy} with dj, > 0, and Y .- dy < oo, such that for all p €
PC(]—,0],R™, the following inequality holds:

P aop)\max(Q) (p - 1>>\max(Q) = Amax(@) &
_ - o — ———— a; > 0; (4.9)
D2 )T

10(0) + Z(2(0)]| < (1 + dy)» ;mn_(g))

max (

1 (O)]] (4.10)
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Then system (4.3) is globally exponentially stable.

Proof. Let V(z) = (xTQx)g, where () is the matrix given by equation (4.7). Then, for all
(t,x) € [ti—1,tx) X R", and y; = x(t — hy(t)),k € N;i =1,2,--- ,m, we have

DV (t,z) = p («7Qx)* " 2T Qy(t,w y1, -, Ym)
= p (¢7Qu) T Q(Ax + Gt w -  ym)
< § (" Qr) ™ 2" (QA + ATQ)x + p (+7Qx) " ] (aouxu + Zaiuyin)
=1

% aﬂp)\max(Q) %
(@ Qn)* + =Ry (et @)

M (@)Y i (27 Q) el (4.11)
=1

2/\max

In order to estimate the last term of (4.11), we shall make use of the following well-known
inequality
a'b* " < pa+ (1 —p)b, forall a,b>0,0<pu< 1. (4.12)

From (4.12), we have

(27Q)* el wil] € ————(="Qx)"7 |1y

—[("Qx)E)T (i)

—1 p 1
(=" Qa)t + i)

>
£
=}
<
[NIE
’B

ya
2

p—1 7 )5 1
S oy WO

Substituting (4.13) into (4.11), we obtain

Vo) £ (- @0 Dam@ 5
D V(t’ )S (QAmax(Q) )\min(Q) <)\mm(Q Zz:; l

(v/ Qu:)?). (4.13)

Amax (@) B o
(@) 2 V= )t = (1) @14
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On the other hand, by condition (7ii), we obtain

[N4S)

V(b 9(0) + L()) = {(w(O) L) Q(0) + mo))}

I3

2

< {Amx@ww(m +Ik<so>uz}2 < {(1 +dk>ixmm<@>||so<o>u?}

P

2

<1+ dk>{(so<o>)T@(go<o>)}
(1+ dk)V(t,:,ga(O)). (4.15)

Thus, the conclusion of the corollary follows readily from Corollary 4.1.2. L]
Case 2.

gty ym) = gtz x, - 2)+ Gz, y1, -0 ym), forall (¢,z) € Ry xR", (4.16)

where G(t,z,y1, - ,Ym) = 9(t,z,y1, -, Ym) — g(t,x,z,--- ,x). In this case, the time delay
helps to stabilize the system.

Corollary 4.1.4 Let p > 2. Assume that (4.16) holds and there exist nonnegative real num-
bers A > 0 and «;,i = 1,2,--- ,m, such that for all (t,z,y1,  ,Ym), &, T, 1, ,Ym) €
[tr1,tr) x R k€ N, the following conditions hold:

(i)
(ii)
=1
(iii)
pA—((p=1+2°)> ;>0 (4.19)

=1
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(iv) forall ¢ € PC([—7,0],R"), and dy, > 0 with )2 dj, < o0,

l(0) + L(@(O)I| < (14 di)? [ 9(0)]] (4.20)

Then system (4.3) is globally exponentially stable.

Proof. Let V(t,x) = ||z||’. Then, for all (¢,z) € [ty_1,tx) X R™ and y; = z(t — h(t)), k €

N,i=1,2,---,m, we have

D+V<t Q’J) _p”pr g (t x, Y1, 7ym)

= pHpr ? T(g(t,:li‘,%, T 737) + G<t7xay17 T 7yM))
< —pAllzllP+p> " ail|z )Pz = wil. (4.21)

i=1

From (4.12), we obtain

p_
p
(p—1)+207"

3=

el e = will = (i) (llz = wll?)* <

1
[ ]l” + [l = will”
p

<p_1

2r—1 op—1
[[” + T(Ilelp + llill") = lell” + == lwll”. 422

Substituting (4.22) into (4.21), it follows that

D*V(t,x) < — (p)\ —(p—-1)+2r ) Z ai) V(t,x)+2r" Z oV (t— hy(t), z(t — hs(1))).

Thus, the conclusion of the corollary follows readily from Corollary 4.1.2. n
When the functions g, I, k € N are linear, then for m = 1, system (4.3) reduces to the

following linear impulsive delay system

fb(t) = Az ( )+ Bx(t = h(t)), T € [thatr),
( )= Cia(t™), t=ty,keN, (4.23)

where ¢ — h(t) is strictly increasing on R, and 0 < h(t) < 7.
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Corollary 4.1.5 Assume that A + AT is negative definite and for some constant q > 1,

1
———Amax (A + AT) > || B]|. (4.24)

2q2
Furthermore, assume that Cy, k € N, and for some dy, > 0 with Z;o:() dy, < o0,

11+ Gyl < (14 dy)2. (4.25)
Then system (4.23) is globally exponentially stable.
Proof. 1t follows from Corollary 4.1.1 by choosing V (z) = ||z]|?. u

Example 4.1.3 Consider the following linear impulsive delay system

i(t) = Az(t) + Bx(t — $(1+¢e™"), t#k, keN,

Az(t) = Crx(t™), t=k, keN, (4.26)
Ty = @,
where
—13 20 0 -15 1 0
A= 7T =35 15 , B= 1 =03 0.5 ;
0 14 =20 0 1 =01
and
g0
Ci=| ~% —d+z 0
0 0 2

Choose q =2, 0 =2and T = % Then we have

1
—FAmaX(A + A7) =239 and ||B|| = [Amax(BTB)]2 = 2.15,
qQ
so inequality (4.24) holds.
Furthermore, choose d;, = 2,6—1,4 Then for all k € N, we have

1T+ Crll - = Pamax(T + Ci) (1 + Ci))2
=143 < (1+dy)z.
Then we know from Corollary 4.1.5 that system (4.26) is globally exponentially stable. The

numerical simulation of this example is given in Figure 4.3.



48 STABILITY AND BOUNDEDNESS OF IMPULSIVE SYSTEMS
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Figure 4.3: Numerical simulation of Example 4.1.3, impulsive system.

Theorem 4.1.2 Assume that there exist a function V€ vy, constants p > 0,q > 1,¢1 > 0,¢c9 >
0andn > lan such that

(i) erllzll? < V(t2) < eofle

D
(ii) the upper right-hand derivative of V' with respect to system (2.3) satisfies
DV (t,0(0) < —V(1,(0)), forall t b, in R,
whenever qV (t,p(0)) > V(t + s, (s)) for s € [—,0];

(iii) V (tr, ¢(0) + Ix(p)) < ¥u(V(t,,(0))), where o(0~) = (0), and ¢y (s) is continuous,
0 < Yplas) < ay(s) and (s) > s hold for any a > 0 and s > 0, and there exists
H > 1 such that

Ur(WVp_1 (- (1(s))---)) /s < H, s>0, keN.
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Then the trivial solution of system (2.3) is globally exponentially stable.

Proof. Choose g = e > 1 for some A > 0. We shall show

V(1) < Upa (ral - (1 (@o(V (1)) -+ )e Tt € [t ta), KEN,
where 1y(s) = s for any s € R. Let

V(1) = o1 (P2 (- (o (V (tg))) - -+ ))e M=)t e [tp_q, ty), k €N,
Q(to), t e [tQ_T,tU].

When k£ = 1, we shall show Q(t) < 0 for all t € [to, ;). In order to do this, we shall show
that Q(t) < « for any arbitrarily given o > 0. Suppose that there exists some ¢ € [tg,t1) so
that Q(t) > a. Let t* = inf{t € [to,t1) : Q(t) > a}, since Q(ty) < V(ty) — V(ty) =0 < «
and hence Q(t) < afort € [ty — T,to], we know t* € (to,t1). Note that Q(¢) is continuous on
[to,t1). Then Q(t*) = aand Q(t) < afor t € [ty — 7, t"].

Since V (t*) = Q(t*) + V (ty)e "%, then for s € [—7, 0], we have

V(t*+s) Q(t* + ) + V(tg)e A1)

< a—i—V( ) A(t"—to) pAT
< (a+Vit)e —A(t*—to)>e)\r
= V(t*)e

< V().

So by condition (i), we have DTV (t*) < —nV (¢*). Then we have

DFQ(t*) = DTV (") + AV (tg)e A" o)
< =V (1*) + AV (tg)e M)
< AV = V(tg)e M —to)
= -\
< 0,

which contradicts the definition of ¢*, so we obtain Q(t) < « for all ¢ € [tg,t;). Let « — 0.
We have Q(t) < 0 fort € [tg,t1).

Now we assume that Q(t) < 0 for ¢t € [to,tx), K > 1. Then we shall show Q(¢t) < 0 for
t € [to,try1)- Let a > 0 be arbitrary. We shall show Q(t) < « fort € (tg,tr+1). Suppose not.
Let t* = inf{t € [ty, tr41) : Q(t) > a}.
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By condition (i), we have

Qtr) = V(te) = (troa(- - (to(V(to))) - -+ ))e A tet)
< Ue(V(E) — b1 (- - (Wo(V (tg))) - - ) )e Mtemt0)
< (e (- (Wo(V(£0))) - - ) B10)) — by (1 (- - - (o (V (£9))) - - - ) e Atrto)
< e M)y (W (- (o(V () -+ +)) — Yk (Wr—1 (- (¥o(V (tg))) - - - ))e M te—to)
< 0.

Since Q(tx) < 0 < a, by the continuity of Q(t), we have t* > t;, Q(t*) = aand Q(¢) < «
fort € [to — T,t*].

Since V (t*) = Q(t*) + vp(Vr_1(- - - (Wo(V (to))) - -+ ))e %) when t* + s > t; for all
s € [—T,0], we have, for any s € [—7,0],

V(t*+5) = Q" +5) + (-1 (o(V(t))) - -))e X Hst0)

< a4 Yp(hraa (- (o(V(to))) - -+ ) )e A=)

< (a+r(Wpa (- (ho(V(to))) - - ))e M)y
S V(t*)e/\T

< qV ().

When t* + s < t;, for some s € [—, 0], note that 0 < 9x(as) < abx(s) and Y, (s) > s hold for
any a > 0 and s > 0. Then we have, for any s € [—7,0] and m < k withm, k € N,

o (hna (- Wo(V (1)) -+ ))e ™60 < (-~ (V) -+ ))e X

So in this case, we can also obtain that V (t* + s) < ¢V (¢*) holds for all s € [—7,0]. Thus
by condition (7i), we have DTV (t*) < —nV (t*), and then we have

DTQ(t") = D*V(t) + Mou(r_1(- - Wo(V(to))) - -+ ))e M —to)
< =V () + Mo (Wroa (- - (Wo(V (k) - -+ ) )e A —Ho)
< =AV(E) = Ye(Wr-a (-~ (ho(V (t0))) - - - ))e 0]
< A
< 0.

Again this contradicts the definition of ¢*, which implies Q(t) < « for all t € [ty,tx1). Let
a — 07. We have Q(t) < 0 forall t € [tg,txr1). So Q(t) < 0 forall t € [tg,tr+1) Which
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proves, by the method of induction, V (t) < tp(¢p_1(--- (¥o(V (tg)))---))e ) for t €
tr-1,t), k € N.
By condition (iii), we obtain

(k-1 (- - (Po(V(t))) -+ ))e 2700 =y (g1 (- - (1 (V (ko)) - - - ) ) AH0)
< HV (to)e M10) 1>t

Thus by condition (i), we have
allz? S V() < coH|lple )t > t,

i.e.
A(t—tg)

1 _
VPllolle™ 7, >t

CQH
C1

Izl < (

which completes our proof. u

Example 4.1.4 Consider the impulsive nonlinear delay differential equations

¢(t) =—y(t)sin(x(t —1)) —4ax(t) +y(t —1), t#k, k€N,
y'(t) =x(t)sin(x(t — 1)) — 3y(t), t#k, keN,
q z(t) = (14 3)z(t;), t=k, keN, (4.27)
y(te) = (1-Z)yty), =k, keN,
o = o1, Yt = P2, to =0,

\

where ¢; € PC(|—1,0],R") for i = 1,2. Then the trivial solution of system (2.3) is globally

exponentially stable.
Proof. Choose V (z,y) = V(t,z,y) = > + y?, then

D*V (it 1,02) = 1(0)(—2(0) sin(p1(—1)) — 4¢1(0)
+@a(=1)) + 2(0) (=91 (0) sin(p1(—=1)) — 3¢2(0))
= —4p7(0) + @1(0)p2(—1) — 3¢3(0)
< —4¢3(0) + 5(#3(0) + 3(—1)) = 33(0)
< —=6V(1(0), 02(0)) + V(p1(=1), p2(=1)).
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Let ¢ = 2, n = 4, whenever ¢V (¢1(0), ¢2(0)) > V(1(0), p2(0)) for s € [—1,0]. We have

DYV(t, o1,02) < =6V (01(0),02(0)) + V(p1(—1), p2(—1))
—6V (¢1(0), ¢2(0)) + 2V (¢1(0), ¢2(0))

—4V (01(0), ¢2(0)

i.e., condition (7i) of Theorem 4.1.2 holds.

At last, to check condition (i), let 14 (s) = (1 4+ %)(s), k € N, s € R, then for any k € N,

IA AN A

~—

I

V(1(0) + %¢1(0),02(0) = 292(0)) = 5((1+ %)*1(0) + (1 — 3)%¢3(0))

i.e., condition (i77) is satisfied. Thus by Theorem 4.1.2, the trivial solution of system (4.27) is

globally exponentially stable. The numerical simulation of this example with initial function

0, tel—1,0), 0, tel—=1,0),
(bl(t):{ 2.7 ti[() ) @(t):{ _921 ti[() )

is given in Figure 4.4.
]

Corollary 4.1.6 Assume that conditions (i), (ii) of Theorem 4.1.2 hold and, condition (iii) is
replaced by

(iii)* V(tk, 0(0) + Lu(w)) < Un(V (L, 0(0))), where p(07) = ¢(0) and y.(s) = (1 + j5)s
forall k € N.

Then the trivial solution of system (2.3) is globally exponentially stable.

Proof. Notice
k 1

V(s) = (1+ k3—+32)8 <s|(1+ @)a

then by Theorem 4.1.2, the result holds. ]

keN,
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— —x()
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Figure 4.4: Numerical simulation of Example 4.1.4, impulsive system.

4.2 Stabilization via Lyapunov-Razumikhin Method

In this section, we establish several criteria for global exponential stability of impulsive delay
differential equation (2.3), which are then used to impulsively stabilize delay differential equa-

tions.

Theorem 4.2.1 Assume that there exist function V' € vy, constants p,cy,co, A > Oand o« > T
such that

(i) arflz]” < V(tz) < el

P foranyt € Ry and x € R";

(ii) the upper right-hand derivative of V with respect to system (2.3) satisfies
DYV (t,p(0)) <0,forall t € [ty_1,t;), k € N,

whenever qV (t,(0)) > V(t + s,¢(s)) for s € [—T,0], where g > ¢** is a constant;
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(iii) V (ti, ¢(0) + I1(¢)) < diV(t,, ,(0)), where dj, > 0, Vk € N are constants;
(iv) T <tp —tp_1 < aandIn(dy) + A < —A(tgy1 — tr).

Then the trivial solution of the impulsive system (2.3) is globally exponentially stable with con-

vergence rate ﬁ.
Proof. Choose M > 1 such that
call gl < MplEe™ "7 < gea |7 (4.28)

Let z(t) = x(t, t, ¢) be any solution of system (2.3) with x;, = ¢, and v(t) = V (¢, z). We shall
show
o(t) < M|g||Pe ")t € [ty i), k €N. (4.29)

We first show that
u(t) < M|[g|[Pe 1)t € Jto, 1) (4.30)

From condition (i) and (4.28), we have, for ¢t € [t, — 7, %],
v(t) < el < eol|glIE < Ml|g|[re ),
If (4.30) is not true, then there must exist some ¢ € (g, ¢;) such that
v(t) > M|gl[e 7 > |92 = v(ty + 5), s € [-7,0], (4.31)
which implies that there exists some t* € (tg,t) such that

v(t?) = M||glle=>" =), and v(t) < M]|g||ze 21,
forto—T Stgt*’

(4.32)
and there exists t** € [to, t*) such that
V(™) = c2||0]|2, and v(t) > cal|@||B, for t** <t < 7. (4.33)

Then we obtain, for any t € [t™, "],

v(t +5) < M| p||Pe 2 17t) < gey |62 < qu(t), s € [—T,0]. (4.34)
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Thus by condition (7i), we have D" v(t) < 0 for ¢ € [t**,t*], and then we obtain v(t**) > v(t*),
i.e., col|@|[2 > M||g|[Pe=* =) which contradicts (4.28). Hence (4.30) holds and then (4.29) is
true for k = 1.

Now we assume that (4.29) holds for k =1,2,--- ,m, i.c.

v(t) < M||g||Pe X7t e [ty ty), k=1,2,--- ,m. (4.35)
We shall show that (4.29) holds for k = m + 1, i.e.
v(t) < M|jg|pe Xm0t € [t tnia)- (4.36)
For the sake of contradiction, suppose (4.36) is not true. Then we define
[ =nf{t € [tm, ts1)[v(t) > M]|g|[2e~ 27100}

By the continuity of v(t) in the interval [¢,,,t,,+1), we have

t — M p 7)‘(tm+17t0) d
() = Mijole an wsn
o(t) < M|g|[ze=En1=0), for t € [t F).
Since
v(ty,) < dyu(t,)
< 6_/\Q€_>\(tm+1_tm)M||¢||£€_)‘(tm_t0)
< Mgz i)
i.e.
0tm) < €M BlReAEm 17 < o(f),
which implies that there exists some t* € (t,,,t) such that
v(t*) > e M| g|[Pe Emr1=t) and  DTu(t*) > 0. (4.38)

Then we know t* + s € [t,,_1,t) for s € [—7,0] since 7 < t; — t5_1 < . By (4.35) and (4.37),
we obtain

M||g|[peAltm=to)

— MH¢"ge—A(tmﬂ—to)eA(thrl—tm)

M o0

qu(t*), se€[—T,0].

v(t* +s)

VAN

IAINA
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Then from condition (7i), we obtain D" v(t*) < 0, contradicting (4.38). This implies that the
assumption is not true, and hence (4.29) holds for £ = m + 1. Thus by mathematical induction,
we obtain that (4.29) holds, so we have

o(t) < M|jglpe0), t € [ty ta).
Hence by condition (), we have
P
Izl < M| gllre™ Tt € [t ty), k€N,

where M* > max{1, [%]%} This implies that the trivial solution of system (2.3) is globally
exponentially stable with convergence rate ]—A). ]

Remark 4.2.1 It is well-known that, in the stability theory of functional differential equations,
the condition DTV (t,z) < 0 can not even guarantee the asymptotic stability of a functional
differential system (see [38]). However, as we can see from Theorem 4.2.1, impulses have played

an important role in exponentially stabilizing a functional differential system.

Example 4.2.1 Consider the following impulsive delay differential system

(1) = aa(t) — 0.001z,(¢), t >0, t £k,

/
1
rh(t) = —x1(t) — 0.001ao(t) + 23(t), t >0, t £k,
25(t) = —(0.005 + zq + t2sin®(z,(t)))xs(t) (4.39)
+0.00123(t — 0.07), t > 0, t # k,
1
| z(k) = dfz(k), keN,

where © = (11,19, 23)T, dy, T > 0. Assume that dy, satisfies
dp < em(@FDA (4.40)

where o, A > 0 are constants. Then the trivial solution of (4.39) is exponentially stable with

convergence rate %

Proof. Choose V (t,x) = L||z||?> = L 37| |2,|? so that condition (i) of Theorem 4.2.1 holds for

— 1 —
Cl—CQ—E,p—Q.
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Calculate the upper right-hand derivative of V' with respect to equation (4.39)

DTV(t,x(t) = w1(8))(t) + za(t)zy(t) + 2s(t)z5(t)
S 001(|w1(t) 2 4 12(8)]2) — 0.005|a5 (1)
2sin® (21 (t))23(t) + 0.001z3(t)x3(t — 0.07)
< —O.()Ol”:zc(zf)H2 t2sin? (1 (¢))22(t) + 0.000522(t — 0.07).

Choose A = 0.25, a =1, ¢ = 2 > %5 = 1.6487. Whenever ¢V (t,(0)) > V(t + s, p(s)) for
€ [—0.5,0], ie., ||z(t + 9)||* < 2||z(¢)]|? for s € [-0.07, 0], we have

DtV (t,z(t)) —0.001||z(¢)]|* — t2sin® (21 (t))22(t) + 0.001]|x(t) |
—tZsin? (2, (t))23(t)

0,

VAN VANVAN

which implies condition (i7) of Theorem 4.2.1 holds.
Furthermore, we have
vl(kv ZE(]C)) = dle‘(]f_),

which, together with (4.40), yields that condition (¢i7) and (iv) of Theorem 4.2.1 hold. Then
by Theorem 4.2.1, the trivial solution of (4.39) is globally exponentially stable, and its con-
vergence rate is % The numerical simulation of this delay differential equation with 7 = 0.5,
a = 1, = 0.25 and initial functions ¢;(t) = ¢2(t) = ¢3(t) = 0 for t € [-0.07,0) and
$1(0) = 0.8, ¢2(0) = —0.5, ¢3(0) = 2.502 is given in Figure 4.5; while the simulation of the
impulsive system with d = 0.36, t;, = k for £ € N is given in Figure 4.6. [

Remark 4.2.2 The trivial solution of the corresponding delay differential equation (4.39) with-
out impulses is stable but not asymptotically stable (see Figure 4.5), as we can see in Example
4.2.1, impulses do contribute to the exponentially impulsive stabilization of the system (see Fig-
ure 4.6).

Theorem 4.2.2 Assume that there exist function V' € vy and constants p,c,cy,co > 0and o > T,
A > c such that

(i) erlzl|? < V(t ) <

P foranyt € Ry and x € R";



58 STABILITY AND BOUNDEDNESS OF IMPULSIVE SYSTEMS

— ¥

— —x3

Figure 4.5: Numerical simulation of Example 4.2.1, system without impulses.

(ii) the upper right-hand derivative of V' with respect to system (2.3) satisfies
DTV (t,0(0)) < cV(t,9(0)), forallt € [t;_1,t1), k €N,
whenever qV (t,(0)) > V(t + s,¢(s)) for s € [—T,0], where q¢ > ¢** is a constant;
(iii) V (ti, ¢(0) + Ir(¢)) < diV(t ,(0)), where dj, > 0, Vk € N are constants;
(iv) 7 <ty —tr1 < aandIn(dy) + A\a < =A(tpp1 — tg).

Then the trivial solution of the impulsive system (2.3) is globally exponentially stable and the

convergence rate is ?.
Proof. Choose M > 1 such that

collolll < Ml[gllpe e < M]|g||2e N1 70) < gesll ]2 (4.41)
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Figure 4.6: Numerical simulation of Example 4.2.1, impulse-stabilized system.

Let z(t) = x(t, to, ¢) be any solution of system (2.3) with x;, = ¢, and v(t) = V (¢, z). We shall
show
u(t) < M[g|Pe 70t € [ty 1, 1), k € N. (4.42)

We first show that
v(t) < Ml|g|[2e 17t € [to, th). (4.43)

From condition (7) and (4.41), we have, for t € [ty — T, t¢],
v(t) < colle|l” < callgll2 < Mjglpe e,
If (4.43) is not true, then there must exist some ¢ € (g, ¢;) such that
o(B) > Mgle N0 > Mgfpe 0t
> ool > vty +5s), se[-T,0], (4.44)
which implies that there exists some t* € (tg, ) such that

u(t) = M||g|[Le ) and v(t) < M||¢|re M)t — 7 <t <t (4.45)
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and there exists t** € [to, t*) such that
(™) = c2||6]|2, and v(t) > eoll@|B, <t <t (4.46)
Then we obtain, for any ¢ € [t**, ¢*],
u(t +5) < M|j|he 70 < geol| |2 < qut), s € [-7,0], (4.47)

thus by condition (iz), we obtain DT v(t) < cv(t) for t € [t**,t*], and then we have v(t**) >
v(t*)e ™, ie., c||@||P > M||¢|[Pe N t—t)e=2¢ which contradicts (4.41). Hence (4.43) holds
and then (4.42) is true for k£ = 1.

Now we assume that (4.42) holds for k = 1,2,--- ;m(m € N, m > 1), i.e.

U(t) < M|’¢H£e_)\(tk_t0)v te [tk—lutk)7 k= L2, ,m. (4.43)
From condition (7i7) and (4.48), we have

V(tm) < dnv(t))
< e—Aae—A(tm+1—tm)M”¢|’f_e—>\(tm—t0) (4.49)
< Mg|jpeemni=to),

Next, we shall show that (4.42) holds for k = m + 1, i.e.
v(t) < M|[g||Pe =)t € [ty tinga). (4.50)
For the sake of contradiction, suppose (4.50) is not true. Then we define
t=inf{t € [t tmsr)[v(t) > M7 Emer 100},
From (4.49), we know t # t,,. By the continuity of v(¢) in the interval [t,,, t,,.1), we have
v(t) = M||¢|[Pe M tmr1=t) and w(t) < M||¢|Pe M imr1=t) ¢ e [t,,,1]. (4.51)

From (4.49), we have
0(tm) < €M BlReAEm17) < o(f),

which implies that there exists some t* € (t,,,t) such that

v(tY) = e MM ||g|[Pe M tmr1—t) and  o(t*) < u(t) < v(f), t e [t71]. (4.52)
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Then we know ¢t + s € [t,,_1,t] fort € [t*,¢] and s € [—7, 0] since 7 < ¢}, — t_1 < . By (4.48)
and (4.51), we have, for t € [t*, 1],

v(t+5) < M|g|peim=to)
- MH¢"£€_A(tm+l_t0)e>‘(tm+1—tm)

< o fgfen
= ePt*) < qu(t), se€[-T,0].

Then from condition (i), we obtain Dt v(t) < cv(t); since A > ¢, we have
o(f) < 0(t)e = e [pllze N e < (),

a contradiction with (4.52). This implies the assumption is not true, and hence (4.42) holds for
k = m + 1. Thus by mathematical induction, (4.42) holds. Hence,

o(t) < M|jglpe ), t € [ty ta).
Then by condition (7), we obtain
A
HZEH < M*|’¢HT€ »( tO)u te [tk*htk% ke N7

where M* > max{1, [%]%} This implies that the trivial solution of system (2.3) is globally
exponentially stable with convergence rate ]—A). ]

Remark 4.2.3 [fthe condition A > cis removed in Theorem 4.2.2, then we require ¢ > max{e®,
e} in condition (ii) and condition (iv) to be strengthened. The details are stated in the fol-

lowing result whose proof'is similar and thus omitted.

Theorem 4.2.3 Assume that there exist function V € vy and constants p,c,cy,co, A > 0 and
a > T such that

(i) ci|lz||P < V(t,x) < co||x||P, forany t € Ry and x € R™;
(ii) the upper right-hand derivative of V' with respect to system (2.3) satisfies
DYV (t,0(0)) < cV(t,9(0)), forallt € [t_1,t1), k €N,

whenever qV (t,0(0)) > V(t + s,¢(s)) for s € [—7,0], where ¢ > max{e®,e***} is a
constant;
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(iii) V (ti, ¢(0) + I1(¢)) < diV(t,, ,(0)), where dj, > 0, Vk € N are constants;
(iv) T <ty —tr_1 < aandn(dy) + (A + c)a < =A(tgs1 — tr).

Then the trivial solution of the impulsive system (2.3) is globally exponentially stable and the

A

convergence rate is 'S

Remark 4.2.4 It is well-known that, in the stability theory of delay differential equations, the
condition DYV (t,x) < ¢V (t,z) allows the derivative of the Lyapunov function to be positive
which may not even guarantee the stability of a delay differential system (see [75, 94] and Ex-
ample 4.2.2). However, as we can see from Theorem 4.2.2 and 4.2.3, impulses have played an

important role in exponentially stabilizing a delay differential system.

Next, we shall apply the previous theorems to the following linear impulsive delay system

t(t) = Ax(t) + Bx(t — 7(t)), t € [tr_1,tr),
Al’(t = Ckl'(tf), t=ti, keN, (4.53)

Ty, = ¢,
where ¢t — 7(t) is strictly increasing on R, and 0 < 7(¢) < 7.
Corollary 4.2.1 If there exist constants «, A > 0 such that
(i) for some constant ¢ > €2, Apax(A) + ¢2 || B|| < 2;

(i) T <ty —tp_1 < aand

Ao A
In ||] + Ck” + 7 < —§(tk+1 — tk). (454)

Then system (4.53) is globally exponentially stable and its convergence rate is %

Proof. 1t follows from Theorem 4.2.2 by choosing V (x) = ||=||?. u

Corollary 4.2.2 [f there exist constants o, A > 0 such that

(i) for some constant ¢ > 0, ¢ > max{e®, e2**}, where ¢ = 2(Amax(A) + ¢2 || B

);
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(i) T <t —tp_1 < aand

p
lnHI+CkH+%()\+c) < =St — ). (4.55)

Then system (4.53) is globally exponentially stable and its convergence rate is %

Proof. 1t follows from Theorem 4.2.3 by choosing V (x) = ||=||?. u

Now we give an example and its simulation to illustrate our results.

Example 4.2.2 Consider the following linear impulsive delay system

i(t) = Az(t) + Ba(t — (1 +e™), t>ty=0, t#k,
Ax(t) = Cpa(t™), t=k, keN, (4.56)

$t0:¢7
where
0.1 02 -0.1 —0.12 0.03 0
A=102 015 03 |, B= 0.12 —-0.2 0.05 [,
0 024 0.1 0 0.14 —-0.1
and
—-05 0 0
Cp = 0 —-08 0 ,
0 0 —-04

then Amax(A) = 0.4388, [|B| = [Mmax(BBT)]z2 = 0.2905 and ||I + C)|| = 0.6. Choose
q=2, A\=1.7, 7 =0.05, a = 0.2. The conditions of Corollary 4.2.1 hold:

(i) ¢ =2 > e = 1.9739, Amax(A) + ¢2 | B|| = 0.8496 < 2 = 0.85;
(i) 0.05 =7 <tp—tj1 < a =02, In||I+Cy||+22 = —0.6808 < —3 (tp41—tr) = —0.17.

Thus by Corollary 4.2.1, the trivial solution of (4.56) is globally exponentially stable with
convergence rate 0.85.
Furthermore, the conditions of Corollary 4.2.2 also hold:

(i) ¢ = 2(Amax(A) + ¢2||B||) = 1.6992, ¢ = 2 > max{e“®, e2*} = 1.9739;
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(i) 0.05 =7 <t —tp1 <a =02 In|[l+Cxl + 252 = 01709 < —2(typ1 — ti) =
—0.17.

Thus from Corollary 4.2.2, it follows that the trivial solution of (4.56) is globally exponentially
stable with convergence rate 0.85.

The numerical simulation of this impulsive delay differential equation with the initial func-
tion (3.7H(t), —2.1H(t),2.502H (t))T, where H(t) is the Heaviside step function, is given in
Figure 4.7, the graph of the solution of the corresponding system without impulse is given in

Figure 4.8.

— 3
ks ¢
—— %3

Figure 4.7: Numerical simulation of Example 4.2.2, impulse-stabilized system.

Remark 4.2.5 As we see from Figures 4.7 and 4.8, the trivial solution of system (4.56) without
impulse is unstable; however, after impulsive control, the trivial solution becomes globally ex-
ponentially stable. This implies that impulse may be used to exponentially stabilize some delay

differential systems.
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Figure 4.8: Numerical simulation of Example 4.2.2, system without impulses.

4.3 Stabilization via the Lyapunov Functional Method

In this section, the Lyapunov functional method is proposed in the context of impulsive stabi-
lization problems of delay differential systems. We improve or generalize some known results in
[3, 65].

Our first two results show that an unstable system can be made exponentially stable by ap-

propriate sequence of impulses.

Theorem 4.3.1 Assume that there exist Vi € vy, Vo € 15(-), 0 < p1 < po, and constants
a,l, e e, 00,03 >0, d, >0, k€N, such that

(i) aillz[r < Vit,z) < efle]” 0 < Va(t, o) < esfl9fff2 t € Ry, z € R?, 4 €
PC([—T,0],R"™);

(ii) foreach k € Nand x € R",
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(iii) for V(t,v) = Vi(t,4(0)) + Va(t, ©), the upper right-hand derivative of V' with respect to
system (2.3) satisfies

DYV (t, ) < cV(t,y), forallt € [ty_1,tx), v € PC([—7,0],R"), k € N;

(iv) forany k € N, 7 <t —tp_1 <1, and In(d} + %e(%_l)cm) < —(a+c)l

C1

Then the trivial solution of system (2.3) is exponentially stable.

Proof. Let z(t) = x(t,ty,¢) be any solution of system (2.3) with ||¢||, < 0. Let vi(t) =
Vi(t,z(t)) and va(t) = Via(t,z¢), v(t) = wvi(t) + va(t). For any given ¢ € (0, 1], choose
0 = 0(g) > 0 such that

CoOP' + 3072 < cqePre (@t

From condition (7i7), we have
v(t) < v(tg_1)et% =1 fort € [ty_1,tk), k € N. (4.57)
We shall prove

v(t) < crePre(@FOkleclt=to) = and

< (t—tp)

4.58
le@)] < e mE0 t et ), keN. (+:38)

For k = 1, we obtain, by conditions (i), (iv) and (4.57),

v(t) < v(ty)ectt—to)
< (026171 + 035102)60@*%)
< Clgplef(aJrc)lec(tfto)

Y

and thus
1
[z@)[[P* < o(?)
< 6P1€—(Ot+0)lec(t1—t0)

; ePre~ol < gh1e—alti—to) (4.59)
< ghrgalt—to), 1€ [to, th).
Hence
le@)] < ee™m 1t e fto, 1),
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Suppose (4.58) holds for k£ = j, i.e.

U(t) < Clgpl —(Oé+c)jl C(t—t())’ and

4.60
2l < e HE, te [tyt), 22 o0
We shall prove (4.58) holds for k£ = j + 1.
From condition (7) and (4.60), we have, for ¢t € [t;_1,,),
1 1 ~ ()il e(t;—to)
[z(O)["" < —vi(t) < —o(t) < eMe T et (4.61)
C1 1
and thus
_ate; _
o Nl = sup_la(t; + )] < se” o Tem T,
J —7<s5<0
By condition (i7) and the continuity of v(t) at each ¢;, we obtain
vi(t;) < djui(ty) < dju(ty) < djciee ~(ate)ilgelti=to)
and
p. -
va(t;) = va(t;) < c;;Ha:t |72 < c3eP2e m pr (@l g prelti=to),
Thus, in view of p; < p,, we obtain
u(t;) = vilty) + va(ty)
< diciePre—(a+e)ilge(t;— )%_C 8p26 P2 (ake)jl 2 e(t;—to)
7 ’ (4.62)

< 01€p1 (atc _]l

c C(t'—to)

(djectto) 4 saeFietts=)

< ciePre” (atc) jl(d 4 C3€ Pl )C]l> C(tj_t()).
By condition (iv), we obtain

U(tj) < lepl6_(a+c)jl6_(a+6)l66(tj —to) « Cl€p1e—(a+c)(j+1)l€c(tj —to)

By (4.57) and (4.62), we have, for t € [t;,t;11),
v(t) < U(tj)ec(t_tf) < Clgme—(oz+c)(j+1)l€c(t—t0)‘
Thus
p1 p1o—(+1)(ato)l pe(t—to) < op1p—(3+1)(ate)l seltj+1—to)
[Edeall <elle e < egPle e
< ghie *(J'+1)(a+c)l c(j+1)l < gplef(jJrl)al
<€p1 aftjyi—tj+tj—tj_14+-+t1—to)
< gp1e—a(tj+1—t0)

S €p16_a(t_t0), t e [tj7 tj+1),
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which implies (4.58) holds for £ = j + 1. Thus we conclude by induction that (4.58) holds for
all £ € N. Hence, we obtain
le(@) < ee = ¢ > 4,

1.e., the trivial solution of system (2.3) is exponentially stable. u

Remark 4.3.1 I should be noted that condition (iii) allows DYV (t,4)) > 0 for all t € R,
and ¥ (0) # 0, which means that the underlying continuous system may be unstable. On the
other hand, condition (iv) means that the impulses must be frequent and their amplitude must be
suitably related to the growth rate of V. The constant cs in condition (1) is usually a function of

the delay 7. In such a case, the result is delay-dependent.

Corollary 4.3.1 Assume that there exist V| € vy, Vo € v(+) and constants p, a1, ¢, ¢y, ¢, 3 >
0, d, >0, k €N, such that

(i) ciljz[|? < Vi(t,z) < eoflx
PC([—,0],R™),

p, 0 S ‘/2(t7¢> S C3||¢

Pt e Ry, x € R, ¢ €

(ii) for each k € Nand v € R™, Vi (ty, v + I(x)) < dpVi(t, , x);

(iii) for V (t,v) = Vi(t,¥(0)) + Va(t, 1), the upper right-hand derivative of V with respect to
system (2.3) satisfies

DYV (t, ) < cV(t,y), forallt € [ty_1,tx), v € PC([—7,0],R"), k € N;

(iv) forany k € N, 7 <ty — t)_1 < I, and In(dy + i—?) < —(a+ o)l
Then the trivial solution of system (2.3) is exponentially stable.

Proof. Let p; = ps = p in Theorem 4.3.1. u

Theorem 4.3.2 Assume that conditions (i)-(iii) in Theorem 4.3.1 hold, and condition (iv) in
Theorem 4.3.1 is replaced by

b2

() forany k € N, t, —t)_1 <1, ln(wj—seim) < —(a+ o)l

1

Then the trivial solution of system (2.3) is exponentially stable.
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Proof. Let z(t) = x(t,ty,¢) be any solution of system (2.3) with ||¢|, < J. Let vi(t) =
Vi(t,z(t)) and vo(t) = Va(t,xt), v(t) = vi(t) + va(t). For any given ¢ € (0, 1], choose

§ = 6(g) > 0 such that cy071 + c3072 < c1ePte™ @+ From condition (744 ), we have

’U(Zf) S U(tk_l)ec(t_tk_l), fort € [tk—la tk), k € N.

We shall prove

le(®)] < ee 7Tt e [ty te), k€N

For k = 1, we obtain, by conditions (i), (iv)" and (4.63),

v(t) < w(ty)ectt—to)
< <625p1 + CS5P2)ec(t—to)
< 01€p1 e—(a—l—c)lec(t—to) 7

and thus
||I(t)||p1 < éy(t) < gP1 p—(ato)l pe(ti—to)
< ghreml < gp1p—alti—to)
< SPle—a(t—to)’ t € [to, t1).
Hence

lz(t)|| <ee m )t ety t).

Suppose (4.64) holds for k£ = j, i.e.

le()]| < ee "t e [t ty), § > 2

We shall prove (4.64) holds for £ = j + 1.
From condition (¢) and (4.66), we have, for t € [t;_1,t;),

vi(t;) < eoflz(ty)]|”
< cpePreolti=to),
and
[l = sup_r<oco ll2(t; + 5|
' (tj—to—7)

< ee r )

By condition (i7) and the continuity of v,(t) at each ¢;, we obtain

U1 (tj) < del (t;) < dj62€p1 e*a(tj*to)’

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)
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and
= —P24(t—tg) P24
va(ty) = wa(ty) < C3H$t;||§2 < cqePre ottt gpiaT,

Thus, in view of condition (iv)" and the fact p; < p,, we obtain

u(t;) = vi(ty) + va(ty) ) )
< djcpePremotimto) 4 cyerze” m Tt pre
p
< (cadj + c;»,eﬁm)gple_a(tf‘t())
< Cléfple_(a+c)l6_a(tj_t0).

(4.68)

Then by (4.63) and (4.68), we have, fort € [t;,t;11),

o(t) < o(t;)et=t) < ¢iepre(atalgmalti—to) peli=t))
S Clgpl e_ale—a(tj—tg)
S Clgple_o‘(t_tj)e—a(tj—to)

< Clgpl e—a(t—to) .

Thus

la()] < e m "™ b€ [t,1500),

which shows that (4.64) holds for £ = 7 + 1. Thus we conclude by induction that (4.64) holds
for all £ € N. Hence, we obtain

lz(t)]] < et >t
i.e., the trivial solution of system (2.3) is exponentially stable. ]

Remark 4.3.2 It should be noted that in condition (iv)' of Theorem 4.3.2, we removed the lower
bound of the impulsive interval length, which means we may add impulses more frequently to
relax the condition on dy in the case ps > pi (see Example 4.3.2); but in the case p; = po,

condition (iv) of Theorem 4.3.1 is sharper than condition (iv)" of Theorem 4.3.2 (see Example
4.3.1).

Next, we shall discuss the application of our results to impulsive stabilization of second-order

linear delay differential equations. Some examples are also worked out to illustrate our results.
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Consider the following second-order linear delay differential equation

() + b()2' () + a(t)x(t —7) =0, ¢ > to,
{ x(t) = o(t), 2'(t) =(t), to— T <t < to, (4.69)

and the corresponding equation with impulses

() + o)’ (t) +a(t)x(t —7) =0, t>to, t#ty,
x(ty) = Le(z(ty)), o' (ty) = Ju(@'(t;)), (4.70)
x(t) = o(t),  a'(t) = o(1), to —7 <t <t

where tg < t; < -+ <ty < - -,k € N, limy_ oty = +o0 and Iy, Ji, ¢, ¥ € C(R,R) with
I(0) = J,(0) =0, k € N.

Definition 4.3.1 System (4.69) is said to be exponentially stabilized by impulses, if there exist
a sequence {t} and function sequences {I} and {Jy} such that the solutions of (4.70) are

exponentially stable.
Let z1(t) = x(t), xo(t) = 2(t). We rewrite system (4.69) in vector form
/
x1(t) _{0 1 x1(t) 0 O x1(t —7) ‘ @71
xo(t) 0 —b(t) xo(t) —a(t) 0 xo(t — )
Proposition 4.3.1 If a,b € C([ty,+00),R) and |a(t)
(A, B > 0), and there exists some constant o« > 0 such that

b(t)| < B forallt € [ty,+00)

In(dy, + A1) < —(a+ 1+ A+2B)l, 4.72)

where Ii(u) = Jy(u) = \/ Zuforanyu € R, 7 < tj, — tj_y < L.
Then systems (4.69) and (4.71) can be exponentially stabilized by impulses.

Proof. Let 2(t) = (z1(t),72(t))T, choose V(t,z) = Vi(t,z) + Va(t, 2), where Vi(t,z) =
22(t) + a3(t), Valt, ) = [, la(s + 7)|a3(s)ds. Then, [[z(t)[* < Vi(t,2) < [[z(1)]? and
0 < Vi(t, z;) < Atl|z(t)||?, which implies condition (i) of Corollary 4.3.1 holds with ¢; = ¢y =
1, c3=Ar,and p = 2.
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We calculate DV along the solution of (4.69) and (4.71)
DYV (t,z) = 2w1(t)a)(t) + 22(t)7)(t) + |alt + 7)|21(t) — [a(t)]23(t — 7)
= 2z(t)2'(t) — 20(t)2"*(t) — 2a(t)z’ (t)x(t — 7) + |a(t + 7)|22(1)
—la(t)|2*(t = 7)
< 2%(8) + 2(t) + 2[b(8) |2 (t) + |a(t)|(2"(t) + 2°(t — 7))
Ha(t + 7)]a?(t) — |a(t)|2*(t — 7)
< (14 A+2B)(2%(t) + 2™(t))
<(1+A+2B)V(t, z),
which implies condition (iii) of Corollary 4.3.1 holds with ¢ = 1 + A + 2B. Condition (¢7) and
(1v) of Corollary 4.3.1 come from the assumptions of our proposition. Thus by Corollary 4.3.1,
the solutions of (4.70) are exponentially stable. ]

Remark 4.3.3 Let b(t) = 0 (in system (4.69)) for all t € [ty,+00). Then B = 0 (in Proposition
4.3.1). Choose d;, = %AT. Then At < e~ A7 from (4.72). This also shows that system (4.69)
can be exponentially stabilized by impulses by Theorem 1 in [65].

Remark 4.3.4 If we apply condition (iv)' of Theorem 4.3.2 instead of condition (iv) of Theorem
4.3.1 in Proposition 4.3.1, then dj, must satisfy

In(dy + A1e*") < —(a+ 1+ A+ 2B)l,

instead of (4.72) to exponentially stabilize the same system, which is more restrictive than (4.72).

Thus in the case py = pa, condition (iv) in Theorem 4.3.1 is better than (iv)" in Theorem 4.3.2.

Example 4.3.1 Consider the following linear impulsive delay differential system

2(t) 4+ 0.0122/(t) — 0.122(t —0.05) =0, ¢ >0, t £k,
(4.73)
w(k) = \/de(k), 2/(k) = /42 (), keN,
where d = 0.28.
Let zq(t) = x(t), x2(t) = 2'(t). We rewrite system (4.73) as
(a0 1] o 0] [m-00s)
| o(t) | [ —0.012 0 || @a(t) 0.12 0 | | oyt —0.05) |
(4.74)

[ 21 (k) ] (03742 0 ] [xl(k) ]
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It is known that the corresponding equation without impulses is unstable. The numerical

simulation of this delay differential equation with initial function

0, t € [~0.05,0), 0, t € [~0.05,0),
t) = t) =
o1(l) { 91, t=0, @a(t) { 2102, t=0,

is given in Figure 4.9.

30 T T T

—=l
- X2

20f |

Figure 4.9: Numerical simulation of Example 4.3.1, unstable system without impulses.

However, if we choose A = 0.12, B =0.012, [ =1, 7 = 0.05, a = 0.1, then
d + AT = 0.286 < e~ (@F1+AF2B) — () 9882

which implies (4.72) holds. Hence by Proposition 4.3.1, the unstable equation =" (¢)40.0122"(¢)—
0.12z(t — 0.05) = 0 can be exponentially stabilized by impulses, see Figure 4.10.

Remark 4.3.5 Theorem 5.2 in [3] can not be applied effectively to system (4.74). Actually, we

can find
0 0 0 -1
Ailt) = [ —0.12 0 ] - All) = [0.012 0 ] !
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Figure 4.10: Numerical simulation of Example 4.3.1, impulse-stabilized system.

which gives us ||A1(t)|| = 0.12, ||A2(t)|| = 1. Moreover, we have § = 0.05, p =0 =1, B =

0.3742, which yields
—0.37422

In(0.3742)
i.e. one of the conditions in Theorem 5.2 ([3]) does not hold.

(0.12 + 1)( +2) =2.3995 > 1,

Example 4.3.2 Consider the following impulsive nonlinear delay differential system

. COSs $3 —T
2(t) = (4 + smgt))x(t) + O elen — 1a3(t),  t>0, t #0.05k, @)
2(0.05k) = 22d; 2:(0.05k ™), keN,

where T > 0 is constant and dj, > 0. Assume that d;, satisfies
dy, < 6—0.05(oc+5.5) . 2761'5QT. (476)

Then the trivial solution of (4.75) is exponentially stable.
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Proof. Choose Vi (t,x) = 2 and Va(t, ;) = %fi 25(t + s)ds. Then condition (7) of Theorem
4.3.2 holds for ¢; = ¢ = }L, c3 = %7’, p1 =4, and py = 6.
Calculate the derivative of 1 along equation (4.75)

DtV (t,x;) = DTVi(t,z) + DTVa(t, )
= 23(t)a! (t) + a2°(t) — $25(t — 7)
< 5t (t) + ()2 (t — ) — 2a%(t — 7)
< 5t (t) + at(t)
< 5.5V (t, ),

which implies condition (iii) of Theorem 4.3.2 holds with ¢ = 5.5.
Moreover, we have
1
Vi(te, x + Iy(2)) = o' (k) = dia(ty) < dVa(ty s 2(ty),
which, together with (4.76), implies that conditions (ii) and (iv)" of Theorem 4.3.2 hold. Then
by Theorem 4.3.2, the trivial solution of (4.75) is exponentially stable. The numerical simulation

of this delay differential equation with 7 = 0.1, & = 0.1, dj = 0.5, and initial function

B 0, t e [-0.1,0),
W)_{ —1.45,  t=0,

is given in Figure 4.12.

Remark 4.3.6 From Example 4.3.2 we can see impulses are used to stabilize an unstable system
(see Figure 4.11 and Figure 4.12). And the allowance of p1 # ps in the conditions of our results
makes the choices of Lyapunov functionals wider. Note Theorem 4.3.1 can not apply here since
p2 > p1. By condition (iv), we need dj, + 0.2e%137% < =028 It is impossible to find such a

series {dy } to satisfy this relationship as k gets larger and larger.

]
Our next result shows that impulses can contribute to make a stable system exponentially
stable.

Theorem 4.3.3 Assume that there exist Vi € vy, Vo € V3(+), constants py,pa > 0 with p; < po,
and o, c1,c9,c3 > 0, dp > 0, k € N such that
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Figure 4.11: Numerical simulation of Example 4.3.2, unstable system without impulses.

(i) ezl < Viltz) < allz|, 0 < Va(t¥) < asllvlz t € Ry, z € R, ¢ €
PC(]—7,0],R");

(ii) foreach k € N and x € R",

Vilty, z + Ii(x)) < dpVi(ty, x);

(iii) for V (t,v) = Vi(t,¥(0)) + Va(t, 1), the upper right-hand derivative of V with respect to
system (2.3) satisfies

DYV (t,4) <0, forallt € [t)_y1,t), ¥ € PC([-7,0],R"), k € N;

(iv) forany k € N, In(dj, + i—fe%T) < —aftper — tg).

Then the trivial solution of (2.3) is exponentially stable.
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Figure 4.12: Numerical simulation of Example 4.3.2, impulse-stabilized system.

Proof. Let z(t) = xz(t,ty,¢) be any solution of system (2.3) with ||¢|; < J. Let vi(t) =
Vi(t,z(t)) and vy(t) = Va(t,x¢), v(t) = vi(t) + va(t). For any given ¢ € (0, 1], choose § =
d(g) > 0 such that

Co0P! + 307% < clsple_a(tl_t").

From condition (i7i), we have
v(t) <v(ty—y), fort € [ty_1,tx), k €N. 4.77)
Now we shall prove

v(t) < cpePre =0)  fort € [ty_1,t), k € N. (4.78)
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When k = 1, from (4.77) and the choice of §, we obtain

v(t) < w(te) < wvilty) + va(to)
S CQ(Spl + 036p2
< ¢pePre—alti—to)

< cePre ) - for t € [to, t1).
Suppose (4.78) holds for k£ = j, i.e.
v(t) < cePre ) fort € [t 1, t;), § > 2. (4.79)

We shall prove (4.78) holds for k = j + 1.
By (4.79) and condition (i), we obtain

U1 (tj) < del (tj_) < djclﬁple_a(tj_to). (480)

From (4.79) and condition (7), we have

t t
|z < wu(t) < v ePre= ()t e [t 0, t), (4.81)
C1 C1
which yields
[ |72 = sup_r< o [l2(t; + )72
< gpze*%z(trtwﬂ

ap2 _oP2 (4.
<err e w0,

Then by condition () and the continuity of vy (%) at each ¢;, we obtain

’U2(tj) = UQ(t]_) < C3H$tf“f-2 < 636%7—51026_%(%_%).
J

(4.82)
Thus, in view of (4.80), (4.82) and the fact p; < ps, we obtain

o(ty) = wi(ty) +va(ty)
—alt:—t P2 - 7ﬂ(t'7t0)
< cydjePre= i) 4 caeni TePze” w1
< ClEpl(dj 4 gbh2p1 E_?e 1 )6 a(tj—to)

< P1(d c3 %1)127 —a(tj—to)
< el (dj + Ser e :
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Then by condition (iv) we have v(t;) < c;ePre~*ti+17%) which, together with (4.77), gives
v(t) So(ty) < cePrem T < eePtem ) e [ty t4).

This implies (4.78) holds for £ = j + 1. Thus we conclude by induction that (4.78) is true. Then
by condition (7), we obtain
lz(t)]| < et > 1,

which implies that the trivial solution of system (2.3) is exponentially stable and the proof is

complete. u

Remark 4.3.7 From condition (iv) of Theorem 4.3.3, we see that when the underlying continu-
ous system is stable (but not asymptotically stable) impulses are not required to be very frequent.

Thus the upper bound on the time interval between consecutive impulses is removed.

Example 4.3.3 Consider the following impulsive delay differential system

2i(t) =a2(t), 25(t) = —m(t) + 23(1), t>0,t#k,
ah(t) = —(5+ a9 + t¥sin®(x1(t)))ws(t) + bas(t —7), t>0, t#k, (4.83)
o(k) = dz(k), keN,

where ¥ = (11,9, 23)", dy, T > 0. Assume that dy, satisfies
dp < e *—57%, (4.834)

where o > 0 is a constant.

Then the trivial solution of (4.83) is exponentially stable.

Proof. Choose Vi (t,x) = ||z|* and Va(t,2,) = 5 [, _x3(s)ds so that condition (i) of Theorem
4.3.3 holds for ¢y = cy = 1, c3 = d7 and p; = py, = 2.
Calculate the derivative of V' with respect to equation (4.83)

DtV (t,z;) = DtVi(t,x) + Dt Va(t, ;)
= 2a(t)x () + 2:62( J25(t) + 223(t)25(t) + 523(t) — ba3(t — 7)
= 103 (t) — 2> sin? (a1 (t))a2(t) + 10z5(t)a3(t — 7)
+522(t) — 5x3(t —7) <0,
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which implies condition (¢ii) of Theorem 4.3.3 holds.

Furthermore, we have
Vik,z(k)) = dxx(k™),

which, together with (4.84), yields that condition (77) and (7v) of Theorem 4.3.3 hold. Then by
Theorem 4.3.3, the trivial solution of (4.83) is exponentially stable. The numerical simulation
of this delay differential equation with 7 = 0.07, « = 0.2, d; = 0.36, and initial functions
O1(t) = ¢o(t) = ¢3(t) = 0 for t € [—0.07,0) and ¢1(0) = 0.8, ¢2(0) = —0.5, ¢3(0) = 2.502
is given in Figure 4.13.

3 T T T T T T

—xi

2O ——-%3H

Figure 4.13: Numerical simulation of Example 4.3.3, impulse-stabilized system.

Remark 4.3.8 The trivial solution of the corresponding delay differential equation (4.83) with-
out impulses is stable but not exponentially stable (see Figure 4.14). As we can see in Example

4.3.3, impulses do contribute to the exponentially impulsive stabilization of the system.
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Figure 4.14: Numerical simulation of Example 4.3.3, system without impulses.

Example 4.3.4 Consider the following impulsive delay differential system

() = a(t)z®@t)+bt)z*(t—7), t>0,t#k, (4.85)
w(k) = disin(z(k7)), keN, '
where a(t) < =9, b(t) <0, 0,7 > 0 are constants and dj, > 0. If dj, satisfies
d, < 4e™ — 2077, (4.86)

then the trivial solution of (4.85) is exponentially stable.

Proof. Choose Vi (t,x) = "’“"Tf and Vo(t, zy) = %fi 25(t 4 s)ds. Then condition (i) of Theorem

4.3.3 holds for ¢; = ¢3 = 1, ¢5 = 167, py = 4, and p, = 6.
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Calculate the derivative of V' with respect to equation (4.85)

D+V(t7 xt) - D+‘/1(t7 l’) + D+‘/2(t7 xt)

= *(t)a’(t) + 52°(t) — 52°(t — 7)

= 23(t)[a(t)23(t) + b(t)2*(t — 7)] + Sab(t) — Sz G(t 7)

< a(t)aS(t) + Lad(t) + 2ab(t - ) 36(t) — 2aS(t — 1)
= (a(t) + "5 + §)a°(t) — 5(6 — b(1))a"(t — 7)

<0,

which implies condition (iii) of Theorem 4.3.3 holds.

Moreover, we have

Vit o + Iy(z)) = ta*(k) = % sin z(k™)
< Gat(k) < PNlt (),

which, together with (4.86), implies that conditions (ii) and (iv) of Theorem 4.3.3 hold. Then
by Theorem 4.3.3, the trivial solution of (4.85) is exponentially stable. The numerical simulation
of this delay differential equation with a(t) = —2¢', b(t) = 1.5sin(t), § = 2, 7 = 0.25,
a = 0.01, d, = 1.8, and initial function

0, t € [-0.25,0),
t) =
#(t) { ~1.45, t=0,

is given in Figure 4.15.
]

Remark 4.3.9 From Example 4.3.4 we can see that impulses are used to keep the stability prop-
erties of the system. And the allowance of py # ps in the conditions of our results makes the

choices of Lyapunov functionals wider.

On the other hand, a well-behaved system may lose its (asymptotic) stability due to un-
controlled impulsive inputs. Thus it is necessary to have a criterion under which the stability
properties of a system can be preserved under impulsive perturbations. The following theorem
provides a set of sufficient conditions.
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Figure 4.15: Numerical simulation of Example 4.3.4, impulsive system.

Theorem 4.3.4 Assume that there exist Vi € vy, Vo € v(+), and constants py, pa, ¢, ¢y, Ca, C3 >
0, d, > 1, k € N such that

(i) ezl < Viltz) < allz|, 0 < Va(t,9) < asllvlz t € Ry, @ € R, ¢ €
PC(]—7,0],R");

(ii) foreach k € Nand x € R",

Vilte, z + Ip(x)) < dpVi(t,, x);

(iii) for V(t,v) = Vi(t,¥(0)) + Va(t, ), the upper right-hand derivative of V' with respect to
system (2.3) satisfies

DYV (t, ) < =V (t, ), forallt € [ty_1,ty), ¥ € PC([-7,0|,R"), k € N;

(iv) forany k € N, In(dy,) < §(tp — tg—1).
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Then the trivial solution of (2.3) is exponentially stable.

Proof. Let z(t) = x(t,ty,¢) be any solution of system (2.3) with ||¢|; < J. Let vi(t) =
Vi(t, z(t)) and va(t) = Va(t, ¢), v(t) = v1(t) +ve(t). For any given € > 0, choose 6 = d(g) > 0
such that

0P + 30P% < 1Pt
From condition (7i7), we have
v(t) < v(tp_y)e =1 fort € [tp_1, 1), k € N. (4.87)
From condition (77) and the fact dj, > 1, we have

o(ty) = vilty) + va(ty)
<dgv(t;), VkeN.

From (4.87) and (4.88), we obtain

k-1
v(t) < [[div(to)e™ =), t € [tiy, ti). (4.89)
=0
By condition (iv), we have
k-1
Hdi < esltr1—tk—2)+(th—2—tr—3)++(t1—t0)] < e%(tk71*t0)7
i=0

which, together with (4.89), gives

’U(t) S e%(tk—l_to)v(to)G*C(tfto) S eg(t_to)v(t0>eic(tit0)
< w(to)e™ 2710 < (v (to) + va(tg))e (1)
< (207 4 3072 )e2(0)

< Clﬁple_é(t_to), t e [tk—la tk)
Hence by condition (), we obtain
le®) < e 2t >,

which implies that the trivial solution of system (2.3) is exponentially stable and the proof is
complete. [
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Remark 4.3.10 Theorem 4.3.4 tells us to what extent we can relax the restriction on impulses to

keep the exponential stability property of a system (see Example 4.3.5).

Example 4.3.5 Consider the impulsive functional differential equation

() = 1+e x(t) + =5 ft _x(s)cos(z(s))e "ds, >0, t # 2k, (4.90)
Ji(tk) —[k:( ( k))? thZk, k’EN,
where I.(z) € C(R,R), 7 € (0, ¢?.

Let V(t,x;) = Vi(t, z) + Va(t, z;), where Vi (t, z) = |x| and

t
Va(t, 1) = 0.02 / € — (t — 8)]e~ 9 |a(s)|ds.
t—T1
Since 7 > 0, we have
t
/ 2 —(t—s)]eTVds=e*(1—e ) +e " (1-7)—1>0, t>0.
t—r1

Thus condition (7) of Theorem 4.3.4 holds with ¢; = ¢, = 1, p; = py = 1 and ¢3 = 0.02[e?*(1 —
e )+e T(1—71)—1].
For any solution z(t) of (4.90), we have

DTV (t,z) <0.02[—(1+ e*)|z(t |+ft e |z (s )|ds+e2|x( )]
650;”35(75_7""50ft7 —1—¢? +(t—s)] | (s)|ds]
<~ &llo O + J 1~ (¢ — ) Ia(s)lds] — ot — )]
< —0.02V(t, 7).

which implies condition (#7i) of Theorem 4.3.4 holds with ¢ = 0.02.
Now if we suppose |I;(z)| < di|x|, where d), > 0 and satisfies dj, < €2, then by Theorem
4.3.4 we know that the trivial solution of (4.90) is exponentially stable. The numerical simulation

of this delay differential equation with 7 = 1.6, d;, = 1.01 and initial function

B 0, t e [-1.6,0),
¢@y_{ 0.82, t=0,

is given in Figure 4.16.
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Figure 4.16: Numerical simulation of Example 4.3.5, impulsive system.



Chapter 5
Stability in Terms of Two Measures

In this chapter, we use the Lyapunov-Razumikhin technique to investigate the stability problem
in terms of two measures for impulsive functional differential equations utilizing the ideas de-
veloped in [75, 89, 109]. We first obtain several Razumikhin-type stability criteria for impulsive
functional differential equations via a single Lyapunov function. These criteria are applied to
obtain partial stability, uniform stability and uniform asymptotical stability for a class of impul-
sive functional differential equations. Then the stability criteria via two Lyapunov functions are

derived and the results are applied to obtain stability properties of the Lotka-Volterra system.

Definition 5.0.1 Let h € I', hg € I'y. Then system (2.3) is said to be

(S1). (ho, h)-equi-stable (equi-S for short), if for each € > 0 and ty > 0, there exists some
d = d(e,tg) > 0, such that ho(to, ¢) < 0 implies h(t,z(t)) < € for t > t,, where
x(t) = x(t, to, @) is any solution of system (2.3);

(S2). (hg, h)-uniformly stable (US for short), if the ¢ in (S1) is independent of to;

(S3). (ho, h)-equi-asymptotically stable (equi-AS for short), if (S1) holds and for each ¢ > 0
and ty > 0, there exist some 6 = §(tg) > 0 and T = T (e, ty) > 0, such that hy(to, $) <
implies h(t,x(t)) < efort >ty +T;

(S4). (ho, h)-uniformly asymptotically stable (UAS for short), if (52) holds and for each v > 0
and ty > 0, there exist some n = n(y) > 0and T' = T(vy) > 0 such that ho(to, ¢) < n
implies h(t,x(t)) <y foranyt > to+T.

87
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Based on the Definition 5.0.1 and the usual stability concepts, it is easy to formulate other
kinds of stability in terms of two measures (hg, k) [60]. We shall give a few examples of the
two measures (hg, i) to demonstrate the generality of the Definition 5.0.1. It is obvious that

Definition 5.0.1 reduces to

(1) the stability of the trivial solution of (2.3) if

h(t,z) = ho(t, z) = ||z|[;

(2) the stability of the nontrivial solution Z(¢) of (2.3) if

h(t,x) = ho(t, ) = ||z = 2(1)];

(3) the stability of an invariant set A C R", if
h(t,x) = ho(t,x) = d(x, A);
where d is the distance function;
(4) partial stability of the trivial solution of (2.3) if
h(t,z) = |||, 1<s<mn, and ho(t,x) = ||z||;
where 28) = (Zyn,, Timys =+, T, )T With 1 <m; <nand 1 <i < s;
(5) the stability of conditionally invariant set B with respect to A, where A C B C R", if

h(t,x) =d(xz,B) and ho(t,z) =d(z, A).
Several other combinations of choices are possible for (h,hy) in addition to those given
above.
5.1 Single Lyapunov Function Method

In this section, we state and prove our main results via a single Lyapunov function. The first
result is on US.
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Theorem 5.1.1 Assume that there exist functions V € vy, w, w; € K, i = 1,2, and constant
p > 0 such that

(i) V(t,¢(0)) < waho(t,)) and wy(h(t,$(0))) < V(t, #(0)), where p € PC(|—,0],R"),
if h(t,#(0)) < p; and h(to, $(0)) < w(ho(to, ¢));

(ii) V(tg,x + Ii(x)) < (14 b))V (ty,x), if h(t,x) < p; where b, > 0 with Y| by < 00y

(iii) for any solution x(t) of (2.3), D™V (t,x(t)) < 0, whenever V (t,z(t)) > V(s,x(s)) for
t > sand h(t,z(t)) < p;

(iv) there exists some py € (0, p) such that h(ty, ) < po implies h(ty, x + Ix(x)) < p.
Then (2.3) is (ho, h)-US.
Proof. Since ), | by < o0, it follows that [[;~ (1 +bx) = M and 1 < M < co. For any given

e € (0, po), choose § > 0 such that Mw,(d) < wy(e) and w(d) < e. Let x(t) = x(t, to, ¢) be
any solution of (2.3). We shall show hy(to, ¢) < ¢ implies

h(t,x(t)) <e, Vt>t.

By the choice of 0, h(to, z(ty)) < €.
We claim that
h(t,ﬂf(t)) <eg, t e [to,tl). (5.1

Suppose (5.1) is not true. Then there is a t* € (to, t1) such that h(t*, 2 (t*)) = cand h(t, z(t)) <
for t € [to,t*). Since £ < py < p, by condition (i), we have

V(E5,2(t7) = wi(h(t", z(t))) = wi(e)

>
> MU)Q((S) Z w2(5)
> V(s,x(s)), fors e [ty — 7,10l (5.2)

Let U(t) = sup,epy—rq V (8, 2(s)). Then by (5.2), we have

U(t") > ws(0) = U(to), (5.3)
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which implies there exists some ¢ € [to, t*] such that D*U (t) > 0, where DU (%) = lim sup,, o+
LU +a) - U@

We now show DU (t) = 0 for all ¢ € [to,t*].

For t € [ty,t*], we have U(t) > V (¢, z(t)) by the definition of U(¢). If U(t) > V (¢, x(t)),
then by continuity of V' (¢, z(t)), there exists some o > 0 such that V(¢ + h,z(t + h)) < U(t)
for 0 < h < 0. Thus U(t + h) = U(t) for 0 < h < o, which implies D*U(t) = 0. If
U(t) = V(t,z(t)), then V (¢, z(t)) > V(s,z(s)) fort > s, so DTV (t,z(t)) < 0 by condition
(7i1) and the fact that h(t,z(t)) < e < py < pforall t € [to,t*]. This implies V (¢t + h, x(t +
h)) < V(t,z(t)) and hence U(t + h) < U(t) for h > 0 sufficiently small. Thus DTU(¢t) < 0,
which, together with DU (t) > 0, gives DTU(t) = 0 for all ¢ € [t,t*]. This contradicts
DYU(t) > 0, € [to, t*] and thus (5.1) is true.

Since h(t,z(t)) < e fort € [to,t1), it follows DYU(t) = 0, t € [to,t1) in view of the
argument that proves DU (t) = 0 for ¢ € [to, t*]. Hence

V(t,z(t) < U(t) = Ulto) < wa(d), 1€ [to,t1), (5.4)
and so
wi(h(ty, z(t))) < V(i x(t)) < (L4+b0)V (I, 2(t7)) < (14 b)ws(d) < wile),

which implies A(t1, z(t1)) < e.
Next, we shall show
h(t,x(t)) <e, tE€ [t ta).
If not, then there exists some t* € (t,t5) such that A(t*, z(t*)) = € and h(t,z(t)) < € for
t € [t1,t). Since € < py < p, by condition (7),
V(e 2(t) > wn(h(E, 5() = wi(e)
> Vi(s,z(s)), fors € [tg— T, t1],

so U(t*) > (1 + by)wy(8) > U(ty), which implies there exists some ¢ € [t1,*] such that

DtU(t) > 0. By the same argument that proves (5.1), we obtain h(t, z(t)) < e for t € [t1,t5).
Further more, we have

V(ty, z(t2)) < (1 +02)V (L5, 2(ty)) < (14 bo)(1 + by)wy(0).



CHAPTER 5. STABILITY IN TERMS OF TWO MEASURES 91

Thus it follows, by repeating the same argument,
h(t,xz(t)) < e, fort > t,

which completes the proof. u
The second result is on equi-AS, where the function V' is assumed to diverge to infinity as ¢
tends to infinity and A(t, x) < p.

Theorem 5.1.2 Assume that there exist functions V € vy, w € K and constant p > 0 such that

(l) V(t7¢<0)) S CL(tu hO(t7¢)>7 lfh(t7¢(0)) < P h(t07 ¢(O)) S a1<t07 h0<t07 (b))’ where 925 S
PC([-71,0],R™), a, a; € CK;

(i) V(t,z) > &(t)w(h(t,x)), for t > toand h(t,z) < p;
where £(t) is a continuous and strictly increasing function such that £(0) = 1, limy_, ;. £(%)

= 400;
(iii) V(ty, x4+ Ix(x)) < (L+b,)V(ty,x), if h(t,x) < p; where by, > 0 with Y, | by < 00;

(iv) for any solution x(t) of (2.3), DTV (t,z(t)) < 0, whenever V (t,xz(t)) > V (s, z(s)) for
t > sand h(t,z(t)) < p;

(v) there exists some py € (0, p) such that h(ty,x) < po implies h(ty, z + Ix(z)) < p.
Then (2.3) is (ho, h)-equi-AS.
Proof. From condition (i7), we know, for t > ¢, and h(t, z(t)) < p,
V(t,x) > Et)w(h(t,x)) > w(h(t,z)).
Then, for any given £ > 0 and ¢, > 0, by choosing § = §(tg, &) > 0 such that
a(ty,0) < Mw(e) and ai(ty,d) < e,

where M = [];2,(1 + bx). Similarly to the proof of (hg, h)-US in Theorem 5.1.1, the (hq, h)-
equi-S of (2.3) can be obtained, i.e., for py > 0, there exists &g = do(to, po) > 0 such that
ho(to, ®) < dp implies

h(t,xz(t)) < po, ¥t >ty, (5.5)
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where z(t) = z(t, to, ¢) is any solution of (2.3).

Moreover, we can obtain
V(t,l’(t)) S MCL(to, (50), W Z to.
Since lim;_, o &(t) = 400, then for any € € (0, pg), there exists 7' = T'(¢,ty) > 0 such that

Ma(t(], (50)
£t) > R CH
From condition (i7) and (5.5), (5.6), fort > tq + T,

V(t,z(t)) < Maf(tg, do)
f e CUE
which implies (2.3) is (ho, h)-equi-AS. u

, for t>ty+T. (5.6)

w(h(t, z(1))) <

Remark 5.1.1 It should be noted that Theorem 5.1.1 and Theorem 5.1.2 are applicable to sys-

tems with infinite delay.

Example 5.1.1 Consider the following impulsive delay differential equations

) = —ylt) cos(eO(t — b)) — 72, ¢ Ak,

y'(t) = 2(t+h+ 3)z(t) cos(z(t)y(t — h)), t#k,

x(k) = 1+ &z(k™), keN, (5.7)
y(k) = (1 -5)yk), keN,

Tty = Q1 Yoo = P2,

where h > 0, and ¢1, ¢o € PC([—h, 0], R™). Then the trivial solution of (5.7) is equi-asymptotically

x-stable.

Proof. Let hy(t,z(t)) = |[2(t)[n = sup_jp<s<o l[2(t +s)|| and A(t,2(t)) = |=(t)|, where
z(t) = (x(t),y(t))T, then (5.7) is (hg, h)-equi-AS reduces to the trivial solution of (5.7) is
equi-asymptotically z-stable (see [42] and [63]).

Let V(t,z(t),y(t)) = 2[2*(¢)+4y2(t)]+ (t+h+1)22(t), a(t, s) = (t+h+2)sand a; (¢, s) = s

for any s, t > 0 and by = 75 + 77. Then, we have

Vit a(0)y(t) = 50+ 0) + (¢ +h+ D)
< @+t
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and

Vit o) o(t)) = Sl20) + 2B + Ok + o+ Da?(k)
= 0+ g+ )P ) 4 (L= 2+ )

4 4 _
+(k;+h+1)(1+ﬁ+ k;4) 2(k7)
4 4 _ _
< [+ 72 + 1A }V(tkax(tk ), y(t).
Thus conditions () and (#ii) of Theorem 5.1.2 are satisfied.
The derivative of V' along solutions of (5.7) is given by

DYV (t,z(t),y(t) = x@)2'(t) +y@t)y () +2*(t) +2(t + h+ 1)z (t)2' (1)
I O N
2(t+h+1) = 7

y(O)] + (t+ h+ 1)2%(t) > £(t)w(|x(t)]), where

t) +
)I?. And for any p > 0, choose pg = §. If h(ty,z) =

Moreover, V (¢, z(t),y(t)) = 3[z?
) =

(
(

§(t) = 5 w(lz@®)]) = (A + Dt
|z| < po, then h(ty, z + Ix(z)) = (14 %)|z| < 4po = p. So conditions (i) and (v) of Theorem
5.1.2 hold.

Thus, by Theorem 5.1.2, the trivial solution of (5.7) is equi-asymptotically x-stable. ]

The next result is on UAS where the upper right-hand derivative of V' is not assumed to be

negative.

Theorem 5.1.3 Suppose (2.3) is (ho, h)-US, and there exist functions V(t,z) € vy, w; €
K, 1 =1,2 and constant p > 0 such that

(i) wl(h(t’x)) < V(t,l’) < w2(h(t’m))7 if h(t’l‘) <p;

(ii) V(tg, v + Ix(x)) < p(V(ty,x)), if h(t,z) < p; where o, € C(Ry,R), ¥y(s) > s

and WT(S) is nondecreasing for s > 0, and for any a; > 0, there is a constant M so that

i W —1 = M < o
k=1
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(iii) there exist constants T* > 0 and g € C(R,R.) such that for any solution z(t) of (2.3)

DYV (t,x(t)) < —F(t,h(t,z(t))) + g(t), t>T%,

whenever h(t,xz(t)) < p, and P(V(t,z(t))) > V(t + s,z(t + 5)), —7 < s < 0, where
P e C(R4,Ry), P(s) > sfors>0and F(t,h(t,z(t))) > ¥(t,n) > 0 for h(t,z(t)) >

n > 0, where 1(t,n) is measurable;

(iv) for any given n > 0, lim,_, infi>g ffﬂow(s, n)ds = oo and [ g(t)dt =Q < .

Then (2.3) is (ho, h)-UAS.

Proof. Since (2.3) is (ho, h)-US, for any 5 € (0, p), there exists a 0 > 0 independent of ¢,, such
that ho(to, ) < & implies h(t,z(t)) < § for all t > to; then by condition (i), if ho(tg, ) < 6,

we have
V(t,z(t)) <ws(B), Vt>to.

Thus, for all t > to, h(t, z(t)) < B < p.
For any € € (0, ), choose

0 < 2a < min {w; (), inf {P(s) — s}}.

216 <s<uny ()

Since S0 | [“:l%) _ 1] < oo, there exists K* € N such that

al

i [¢k<a1) _ 1] < a

. @ 2wy (3)

From [ g(t)dt = €, there exists T > 0 such that

/ g(s)ds < ¢
t0—|—'f' 2

By condition (iv), for n = w, 1(“’12(5) ), there exists 7' > 0 such that

t+T
/+ Dt n)dt > Q4+ wa(B)(1+ M), Vi >ty

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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Let NV be the first positive integer such that
wy(fB) < wi(e) + Na.

We shall show that, forany i = 0,1,--- , V,

V(t,z(t)) < wi(e) + (N —i)a, t>to+tge +T +i(T +7).

It is clear that (5.14) holds for ¢ = 0, since from (5.8) and (5.13),
V(t,z(t)) < ws(B) <wi(e) + Na, Vt>t.
Suppose (5.14) holds for i = k, k € {0,1,--- | N — 1}, i.e.
V(t,z(t)) <wi(e) + (N —k)a, t> 7,

whereTk:to+tK*+f+k(f+T), ke{0,1,--- ,N —1}.
We shall show (5.14) holds fori = k+ 1, k € {0,1,--- | N — 1}, i.e.

V(t,z(t)) <wi(e) + (N —k—1)a, t> Tpy1.
Let I}, = |7 + 7, Trp1). We claim that there exists some t* € I, such that
V(" z(t") <wi(e) + (N — k —2)a.
Otherwise, for all ¢ € I, we have
V(t,xz(t)) > wi(e) + (N — k — 2)a.
From (5.9) we have a < “”T(E) By (5.8), (5.18) and £k < N — 1, we obtain

wi(€)

<V(t,x(t) <ws(B), VteI.

Then by (5.9), (5.15), (5.18) and (5.19), we have, for any ¢ € I},

P(V(t,x(t))) > V(t,z(t)) + 2a
> wi(e)+ (N —k—2)a+2a
> wyi(e) + (N —k)a
> V(t+s,z(t +s)), Vs € [—T,0].

95

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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From condition (iii), we have, for any ¢ € I,

DYV (t,z(t)) < —F(t,h(t,z(t))) + g(t). (5.20)
On the other hand, condition (i) and (5.19) imply that, for any ¢ € I,
walh(t, (1) 2 V(t,2(0) > 1,
ic.
bt 2() > wy () =y > 0 (5.21)

2
From (5.21) and the assumption on F', we have

F(t,h(t,z(t))) = ¢(t,n) >0,
which, together with (5.20), gives
DTV (t,z(t)) < —(t,n) +g(t), VteE . (5.22)

Integrating (5.22) from 7; + 7 to 741, and noticing Ty = T + 7 + f, from (5.8), (5.18),
conditions (77) and (iv), we have

V(ter1, 2(1h41)) < Vi(me+7a(me+7)) — h (s, m)ds + /Tk+1 g(s)ds
Ti+T Tr+T
+ Y (Vi aty) = V(L ()

T +7<tg STk+1

w() - [ T o mds + [ st

VAN

V()
e Ve Y
< w@)= [ pemdsn
< e(w2(5))
run(p) S (22020
1 wa(/3) |
Tk-’-T—‘rT
< wg(ﬁ)(lﬂw)_/+ b(s,n)ds + Q

< 0.
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This contradicts V (¢, z(t)) > 0, so (5.17) holds.

Now we prove, for all t > t*,
V(t,z(t) <wi(e) + (N —k—1)a. (5.23)

Assume t* € [t,, t,41) for some ¢ > K*. We first show that (5.23) holds for ¢ € [t*, t,.1).
toen) D VIt z(t) > wi(e) +(N—k—1)a},
and then by the continuity of V' (¢, z(t)) on [t*,f,41) we have

Suppose not. Then there exists some t= {infycpe

V(t,z(t)) =wi(e) + (N —k —1)a, (5.24)
and ¢ > t*, since V (t*, 2(t*)) < wy(e) + (N — k — 2)a. Thus we have
V(5 z(t") < wi(e) + (N —k —2)a < V(t,z(1)),
which implies that there exists some ¢ € (¢*, 1) such that

V(t,z(t)) = wi(e) + (N —k —2)a, and
V(t,x(t)) < V(t,z(t)) < V(t z(t), forallte 1.

Then as for (5.19), we can obtain

Thus for all ¢ € [t, ], we have

PV (t,x(t) > V(t,z(t))+2a>V(t,z(t)) + 2a
= wi(e)+ (N —k—2)a+2a
= wi(e) + (N —k)a
> V(t+s,z(t +s)), Vs € [—T,0].

By the same argument to obtain (5.21), we know (5.21) holds for ¢ € [ﬁ,ﬂ. Then by condition
(1), we have
DYV (t,x(t)) < —F(t, h(t, (1)) + g(t) < g(t). (5.25)
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Integrating both sides of (5.25) from ¢ to t and using (5.11) and the fact £ >ty + T , We obtain

V(Ea@) < V(L) + f; g
< w(e )+(N—k—2 a+ﬁzcjrfg(s)ds
<wi(e) + (N —k—2)a+ %
<wr(e)+ (N —k—1)a,
which contradicts (5.24) and shows that (5.23) holds for any ¢ € [t*,¢,41).

Next, we prove that (5.23) holds for any ¢ > ¢,,,. Suppose not. Then there exists some
t* = {inf;>y,, : V(t,2(t)) > wi(e) + (N — k — 1)a}, and we have

V(i 2(t) > wi(e) + (N — k —1)a. (5.26)

So t** >ty > 1. Lett = {sup,cpe ) © V(L 2(t)) < wile) + (N —k — 2)a}. Then
t < t**, and either V (¢, x(t)) = wy(e) + (N — k — 2)a, t # t;, forany k € N; or V (¢, 2(t)) <
wi(e) + (N — k — 2)a, t = t, with some p > q.

By the definition of £, in both cases, we have

V(t,2(t)) > wi(e) + (N — k — 2)a > w12<5), te [ft]. (5.27)

By (5.8) and (5.27), we have

D) <Vt 0(0)) < wald), Vi€ 0],
which, together with (5.9), (5.15) and (5.27), implies that for every ¢ € [f,**],

PV(t,x(t) > V() +20 = wi(e) + (N —k—2)a+2a
= wi(e)+ (N —k)a>V(t+s,z(t+s)), Vs € [—,0].

Then by condition (7ii), we know that
DTV (t,2(t)) < —F(t, h(t,z(t)) + g(t), tel[t,t”].

By condition (i) and (5.27), we know h(t, z(t)) > wy ' (*2 (E)) =1 > 0 holds for ¢ € [t,t**]. By

condition (#i7), we have

DYV (t,x(t)) < —o(t,n) +g(t) < g(t), te[t,t™]. (5.28)
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For the first case, i.e., V(t,x(t)) = wy(e)+ (N —k—2)a and t # ¢, for any k € N, by integrating
both sides of (5.28) from ¢ to ¢** and using (5.10), (5.11),

V(i z(t™)) < V(f,x(f))—i—/t g(s)ds

+ 3 [Vitealte) = Vit () ],

N o = u(wn(8)
< wi(e) + (N —k —2)a + (s)ds + wa(B) > [H ) ]
: /g 21; ws (B)
< wi(e) + (N —k—2)a+ g + w(B) - ij(ﬁ)

< wi(e)+ (N —k —1)a,

which contradicts (5.26).
For the second case, i.e., V(f,z(t)) < wi(e) + (N — k — 2)a and t = t, with some ¢ > p,
integrating both sides of (5.28) from ¢ to t** gives

Er*

$H*

/ D+V(t,as(t))dt:/_ D*V(t,x(t))dt:/t** D*V(t,x(t))dtg/ g(s)ds,

q

T

and by (5.10) and (5.11), we have

V(™ a(t™) < Vit a(t)) + [Vitg, (ty) — Vit z(t,)) ]

[ gt Y Vitkatt) - Vit o)
wn (€ —k—2)a h s)ds +w 3 Vulwa(8)
<)+ (V= k=2at [ go)ds +un®)3 [ -

which also contradicts (5.26).
For both cases, we obtain a contradiction, which shows that (5.23) holds for any ¢ > t*. And
hence (5.16) is true since t* < 7,4.
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So by induction, (5.14) holds for ¢ € {0,1,--- ,N}. Leti = N in (5.14). We have
wy(h(t,z(t))) < V(t,z(t) <wi(e), Vt>1n =to+T",

ie.
h(t,l‘(t)) < g, Vit > TN = 1o +T*,

where T* = tgn + T+ N (T + 7) is independent of ¢y. The proof is complete. L

Corollary 5.1.1 Suppose (2.3) is (ho, h)-US, and there exist functions V(t,x) € vy, w; €
K, 1=1,2,3, and constant p > 0 such that

(i) wi(h(t,x)) < V(t,2) <wa(h(t, ), if h(t,z) < p;
(ii) V(tg, x + Ii(x)) < (14 b))V (t,,x), if h(t,x) < p, where b, > 0and Y ;> by < o0;
(iii) for any \ > 0, there exist constants T* > 0 such that for any solution x(t) of (2.3),
DTV (t,x(t)) < =b(t) [ws(h(t,x(t))) = AL, ¢ =T,

whenever h(t,x(t)) < p, and P(V(t,z(t))) > V(t + s,z(t + 5)), —7 < s < 0, where
P e C(Ry,Ry), P(s) > sfors>0,b(t)>0;

(iv) limy_, infi>g ftHT b(s)ds = oc.
Then (2.3) is (ho, h)-UAS.

Proof. Let ¢y, (s) = (1+0by)s in condition (77) of Theorem 5.1.3 with b, > Oand > ;- by < oo.
Then condition (i) of Theorem 5.1.3 holds. Let A = ng(cr) for any o > 0. We have

U)g(O') é ~

bt) [ws(o) = A] = b(H)=57 £ (ko) V=T

Then condition (7ii) of Theorem 5.1.3 can be rewritten so that there exist constants 7 > 0 such
that for any solution x(t) of (2.3)

DYV (t,x(t)) < —b(t) [ws(h(t,x(t) — X] & —F(t, h(t,x(t), t>T*
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whenever h(t,z(t)) < p, and P(V (t,z(t))) > V(t + s,z(t + 5)), —7 < s < 0, where P €
C(R.,R,), P(s) > sfors > 0and F(t h(t,z(t))) > ¢(t,0) > 0 for h(t,z(t)) > o > 0.
Together with condition (iv), we know condition (iv) of Theorem 5.1.3 holds. This completes
the proof. [ ]

Let b(t) = 1 in Corollary 5.1.1. Then condition (7i7) becomes the one used in [93] to obtain
UAS, and we can obtain the following result.

Corollary 5.1.2 Suppose (2.3) is (hg, h)-US, and there exist functions V(t,x) € vy, w; €
K, 1=1,2,3, and constant p > 0 such that

(i) wi(h(t,z)) < V(t,z) < wa(h(t,z)), if hit,z) <p;
(ii) V(tg, x + Ii(x)) < (L + b))V (L, z), if h(t,z) < p, whereby, > 0and ;> b, < o0;
(iii) for any \ > 0, there exist constants T* > 0 such that for any solution xz(t) of (2.3),

DYV (t,z(t)) < —ws(h(t,z(t))) + N, ¢ >T%

whenever h(t,z(t)) < p, and P(V(t,x(t))) > V(t + s,z(t +s)), —7 < s < 0, where
PeCRy,R,), P(s) > sfors> 0.

Then (2.3) is (ho, h)-UAS.

Example 5.1.2 Consider the scalar impulsive delay differential equation

2(t) = —a(t)x(t) +b(t)a(t —ro(t) + [1c(t,s,x(s))ds, t > to, t # t,
z(ty) = (L+by)a(ty), k€N, (5.29)
Lty - d)u

where a,b € C(R.,R), c(t,s,z) € C(Ry x R x R R), g € C(R,,R,) and ro(t) < 79, and
b, > 0and ) ;. by < 00, ¢ € PC((—o0,to], R"). Suppose

(i). there exists function q¢ € L'[0, 00) such that

le(t, s, )| < alt)q(t — s)lxl, (5.30)
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(ii). there exists constant o > 0 such that

b(t)| < aa(t), and o+ /OO q(s)ds < 1, (5.31)
0

(iii). limp_o infyso [/ a(s)ds = +o0.

Then (5.29) is US and U AS.

Proof. Let ho(t,z(t)) = ||z(t)||- = sup_,<,<q |2(t + s)| (When 7 = oo, ||z(t)||; = sup_, .,

|z(t + s)|) and h(t, z(t)) = |x(t)|. Then (5.29) is (ho, h)-US (or (hg, h)-UAS) reduces to the

trivial solution of (5.29) is uniformly stable (or uniformly asymptotically stability), see [63, 62].
Let V (t,z) = |z(t)|. Then we have

Vit 2(tk)) = (L bp)a(ty) < (1+bi)l=(t,)],
ie.
Vit 2(tk)) < (14 0)V (8, 2(Ly)).
By (5.30) and (5.31), we have, whenever V (s, z(s)) < V(t,z(t)) for s < ¢,
t

DYV (t,z(t)) < —a(t)|z(t)] + |b(t)||x(t — 7())] —i—/ c(t, s, z(s))ds

—00

ﬂwﬁ1—a—/ alt — $)ds)V (¢, (1))

—0o0

IN

< 0

Thus from Theorem 5.1.1, we obtain (5.29) is U S.
From condition (7) and (i7), we have q(s) € L'[0,00) and there exists constant p > 1 such

that [eS)
821 plat / a(s)ds) > 0. (532)
0

Since (5.29) is US, let |z(t)| < L. Then for any o > 0, there is some 7' > 0 such that

/jo q(s)ds < % (5.33)

T
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In order to apply Corollary 5.1.1, choosing 7 = max{y, T} and using (5.32) and (5.33), we
calculate DTV (¢, z(t)) again

DV(talt) < —a){1=pa—p [ alt=5)ds}la(t)

+La(t) /t_T q(t — s)ds

—00

IN

—a(t){l — por — p/ooo q(s)ds}]x(t)] + La(t) /OO q(s)ds
< —a(t){Blx(t)| — o},

whenever pV' (¢, z(t)) > V(t + s,2(t + s)) for s € [—7,0].
So all conditions of Corollary 5.1.1 are satisfied and then (5.29) is U AS. u

5.2 Multiple Lyapunov Functions Method
We state and prove stability in terms of two measures via two Lyapunov functions in this section.

Theorem 5.2.1 Suppose (2.3) is (ho, h)-US, w; € K, V, H € vy such that

(i) 0 < V(t,z) <wy(h(t,x)) and
wa(h(t,x)) < H(t,z) < ws(h(t,x)), if h(t,z) < p;

(ii) V(te, x + Ii(2)) < eV (ty, x)) and H(te, x + Ii(2)) < Ou(H(t,2)), i h(t, x) < p,
where 1, € C(R,Ry), Yr(s) > s and w’“T(S) is nondecreasing for s > 0, and for any
ay > 0, there is a constant M so that

) LA | QU VA

= ¢
(iii) there exist constants T* > 0 and g € C(R,R) such that for any solution z(t) of (2.3)
andt > T,
DYV (t,x(t)) < —F(t h(t z(t)) +9(t),
DTH(t,x(t)) < —Fi(t,h(t,z(t))),
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whenever h(t,x(t)) < p and P(H(t,z(t))) > H(t + s,z(t + s)) for —7 < s < 0,
where P € C(Ry,R;), P(s) > sfors > 0and F(t,h(t,z(t))) > ¥(t,n) > 0 for
h(t,z(t)) > n >0, where ¢(t,n) is measurable; Fy(t, h(t,xz(t))) > 0;

(iv) for any givenn > 0, lim,_,, inf;> fttﬂ?w(s? n)ds = oo and fooo gt)dt =Q < oo;
(v) there exists some 0 < py < p such that h(ty,x) < py implies h(ty, x + Ix(z))< p.
Then (2.3) is (ho, h)-UAS.

Proof. Since (2.3) is (hg, h)-US, then for py > 0, there exists a 6 > 0 independent of ¢y, such
that ho (o, ¢) < & implies h(t,z(t)) < po forall £ > ty. Choose a 5 > 0 so that w3(3) = wa(pp).
Then if ho(to, ¢) < J, we have

H(t,z(t)) <ws(B) and V(t,z(t)) < wi(po), Yt > to. (5.34)

Thus, for any ¢ > ¢y, we have h(t,z(t)) < py < p.
For any ¢ € (0, min{pg, 3}), choose

0 < 2a < min {w,(e), inf {P(s) — s}}. (5.35)

©208) << (B)

Since S0 | [“:l%) _ 1] < oo, there exists K* € N such that

al

i gela) g @ (5.36)

e @ ws ()

By condition (iv), for n = wy 1[w22(8)], there exists 7' > 0 such that

/tHT@b(t, n)dt > Q +wy(po)(1 + M), Vit >t (5.37)

Let NV, be the first positive integer such that
ws3(B) < wa(e) + Noa. (5.38)

We shall show that, forany ¢ = 0,1,--- , N,

H(t,z(t)) < ws(e) + (Ng — i)a, t>to+txe+i(T+7). (5.39)
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It is clear that (5.39) holds for ¢ = 0 since from (5.34) and (5.38),
H(t,z(t)) < ws(B) < wsa(e) + Noa, Yt > to.
Suppose (5.39) holds for ¢ = k, i.e.
H(t,z(t)) <ws(e)+ (No—k)a, t>m, k=0,1,--- Ny —1,

where 7, =ty + tg~ +k(f+7), k=0,1,--- Ny — 1.
We shall show (5.39) holds fori = k + 1, i.e.

H(t,xz(t)) <ws(e)+ (No—k—1)a, t> 7k, k=0,1,--- Ny— 1.
Let I}, = |74 + 7, Try1), We claim that there exists some t* € Iy, such that
H(t", x(t")) < wy(e) + (Ng — k — 2)a.
Otherwise, for all ¢ € I, we have
H(t,x(t)) > wa(e) + (Ng — k — 2)a.
From (5.35) we have a < MQT(E) noticing k < Ny — 1, (5.34) and (5.43), we obtain

202(5)
2

Then by (5.35), (5.40) and (5.44), we have, for any ¢ € I,

< H(t,z(t)) <ws(B), Vte .

P(H(t,z(t))) > H(t,z(t)) + 2a
> wq(e) + (Ng — k —2)a+ 2a
> wo(e) + (Nog — k)a
> H(t+ 5, 2(t + 5)), Vs € [—,0].
From condition (iii), we have, for any ¢ € I,
DYV (t,x(t)) < —F(t, h(t,z(t))) + g(t).
On the other hand, condition () and (5.44) imply, for any ¢ € I,

102(8)

wy(h(t,a(0)) = H(t.x(t) = 27,

105

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
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i.e.

h(t,z(t)) > wgl(w22(6)) =n>0. (5.46)
From (5.46) and the assumption on F’, we have
F(t, h(t, x(t))) = o(t,n) = 0,
together with (5.45), we obtain
DYV (t,z(t)) < —(t,n) +g(t), Vte . (5.47)

Integrating (5.47) from 74, + 7 to 741, and noticing 7x41 = T, + 7 + f from (5.34), (5.37) and

conditions (77) and (iv), we have

) = [T (s, mds + [0 g(s)ds
+ Zm+7<tkgmi1(v(tkv z(tr)) — V@I;? (tk )

< wi(po) — f;ijHTz/)(s nds + [° g(s)ds
+ Lrretizny, Vol >>[§V(;k—x(;:k);” 1

< wi(po) — fTT:jTHT (s, m)ds + Q2
+wi(po) ZZ;[% -1

< wi(po)(1+ M) — [T (s, p)ds + Q

< 0.

V(i1 2(Tet1)) < Vme+70(m+ 7

This contradicts V (¢, z(t)) > 0, so (5.42) holds.
Now we prove, for all ¢ > t*,

H(t,z(t)) < wa(e) + (No — k — 1)a. (5.48)

Assume t* € [t,, t,41) for some ¢ > K*. We first show that (5.48) holds for t € [t*,t,41).
Suppose not. Then there exists some ¢ = {infyepe 1,00y« H(t,2(t)) > wa(e) +(No—k—1)a},
and then by the continuity of H (¢, xz(t)) on [t*,t,41) we have

H(t, 2(f)) = wa(e) + (No — k — 1)a, (5.49)
and t > t*, since H(t*, z(t*)) < wy(e) + (Ny — k — 2)a. Thus we have

H(t", x(t")) < wa(e) + (Ng — k — 2)a < H(tA, :C(tA)),
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which implies that there exists some ¢ € (¢*, 1) such that

H{(t, (1))

2(8) + (NO —k— )CL, and

=w
H(t,x(t)) < H(t,x(t)) < H(t,2(F), forallt € [t1].
Then as for (5.44), we can obtain

ws(€)

= < H(t () Swg(B), Vie [,

Thus for all ¢ € [t, 1], we have

P(H(t,z(t))) > H(t,z(t))+ 2a > H(t,z(t)) + 2a
wa(e) + (Nog — k —2)a+ 2a

ws(e) + (No — k)a

H(t+ s,z(t +s)), Vs € [-7,0].

v

Then by condition (7i7), we have
DYH(t,x(t)) < —Fi(t, h(t, () < 0. (5.50)

Then we have H (¢, z(t)) < H(t,z(t)), which is a contradiction and shows that (5.48) holds for
any t € [t*,tg41).

Next, we prove that (5.48) holds for any ¢ > ¢,,,. Suppose not. Then there exists some
t = {inf,>y ., H(t,2(t)) > wa(e) + (No — k — 1)a}, and we have

H(t™, x(t™)) > wa(e) + (No — k — 1)a. (5.51)

So t** > tyy1 > t°. Letl = {sup;cpp gy H(t,2(t)) < wae) + (Ng — k — 2)a}. Then
t < t**, and either H (¢, z(t)) = wa(e) + (Ng — k — 2)a, t # t forany k € N; or H(t,z(t)) <
wy(€) + (No — k — 2)a, t = t, with some p > q.

By the definition of ¢, in both cases, we have

wsy(€)
2

H(t,z(t)) > wa(e) + (Ng — k — 2)a > .t e[t t). (5.52)
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By (5.34) and (5.52), we have

"LUQ(E)
2

< H(t,x(t) < ws(P), Ve[t ¢7],
which implies that for every t € [f, t**],

P(H(t,z(t))) > H(t,z(t)) +2a > wy(e) + (No — k — 2)a+ 2a
= wy(e)+ (No— k)a> H(t+ s,z(t + s)), Vs € [—,0].

Then by condition (7ii), we know that
DYH(t,z(t)) < —Fi(t,h(t,z(t))) <0, teltt]. (5.53)

For the first case, i.e., H(t,2(t)) = wa(e) + (No — k — 2)a and t # t;, for any k € N, by
integrating both sides of (5.53) from ¢ to ¢** and using (5.36),

H(E™,2(t7) < HE2@) + 3 [Htwa(t) = Htg2(0) ],
< wz(g) + (No —k— 2)(1 + wz(ﬂ) Z [M — 1]
Py wa(/3)

2uwy(f)

< w2(€) + (No —k— 2)(1 + 'LUZ(ﬁ)

< wy(e) + (Ng — k — 1)a,

which contradicts (5.51).
For the second case, i.e., H(f, z(t)) < wa(e) + (No — k — 2)a and = t; with some ¢ > p,
integrating both sides of (5.53) from ¢ to t** gives

/t** DYH(t,z(t))dt = /t** DYH(t,x(t))dt = /t** DYH(t,z(t))dt <0,
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and by (5.36), we have

H(t™,2(t™)) < H(ty,x(t,)) + [ H(tg, 2(tg) — H(t,, x(t;)) ]

+ Y [Htka(t)) — Ht,z(t;)]

k=q+1

V(w2 ()

q

< wz( )+(N0—k—2)a+w2(ﬁ) [ —1}
: kzq w2(ﬁ)
< wy(e) + (Ng — k — 2)a + wy(p) - Qw:L(ﬁ)

< wy(e) + (No — k — 1)a,

which also contradicts (5.51).

Thus we know (5.48) holds in both cases, and hence (5.41) is true since t* < 7, 1.
So by induction, (5.39) holds forz = 0,1, -, Ny. Let : = Ny in (5.39). We have

wo(h(t,z(t)) < H(t,z(t)) <ws(e), Vt>71n,=to+T",

i.e.

h(t,l’(t)) < g, Vit > TNy = to +T*,

where 1™ =t~ + NO(T + 7) is independent of ty. The proof is complete.
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Corollary 5.2.1 If condition (iii) and (iv) of Theorem 5.2.1 are replaced by (iii’) and (iv')

respectively,

(13i") for any \; > 0(i = 1,2), there exist constants T* > 0 such that for any solution x(t) of

(2.3)and t > T™,

DYV (t,x(t))
D H(t, (1))

IAIA
|
o
—~
N
S
ot
=
S
8
~
~—
~—
|
>
()

whenever h(t,xz(t)) < p, and P(V(t,z(t))) > V(t + s,z(t + 5)), —7 < s < 0, where

P e CRy,Ry), P(s) > sfors>0,b(t), c(t) > 0;

(1v") limp_ o inf>g ftHT b(s)ds = oc.
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Then the result is still true.

Proof. Let \; = w4(” for any o > 0, we have

b(t) [wa(o) = A ] =b(t)

so condition (#7i) of Theorem 5.2.1 can be rewritten so that there exist constants 7% > 0 such
that for any solution z(t) of (2.3),

DTV (t,x(t)) < —b(t) [wa(h(t, z(t))) — M ] +g(t)
S _R(th(t,z(t) +g(t), t=>T"

whenever h(t,z(t)) < pand P(V(t,z(t))) > V(t + s :U(t +35)), —7 < s <0, where P €
C(R.,R,), P(s) > sfors > 0and F(t h(t,z(t))) > ¢(t,0) > 0 for h(t,z(t)) > o > 0.
Moreover, let Fy(t, h(t,z(t))) = c(t) [ ws(h(t, z(t))) — A2 |, then Fy (¢, h(t, z(t))) > 0. Together
with condition (7v’), we know condition (iv) of Theorem 5.2.1 holds. This completes the proof.

n

Remark 5.2.1 In Corollary 5.2.1, if we let ho(t, x(t)) = ||x(t)]., h(t,z(t)) = [|z(t)]
| - || is any norm in R", and let x + Iy(x) = x, then we can obtain the same UAS result in
Theorem 2.1 in reference [98].

Corollary 5.2.2 If condition (ii) of Theorem 5.2.1 is replaced by (i1'),

(@) V(tex + In(z)) < (14 b)V(ty,2) and H(ty,z + Li(x) < (1 + b H(t;,2), if

h(t,x) < p, where b, > 0 and ;- | by, < 0.

Then the result is still true.

Proof. Let 9;(s) = (1 4 by)s in condition (ii) of Theorem 5.2.1, together with b, > 0 and
Y pe, by < oo, then condition (4i) of Theorem 5.2.1 holds. n
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5.3 Application to the Lotka-Volterra System

Functional differential equations are frequently used to model population dynamics. The Lotka-
Volterra equation for predator-pray problems or competing species has often been considered
([54, 31, 98]). When population levels repeatedly undergo changes of relatively short duration
(due, for instance, to stocking or harvesting of species), these events may be more suitably mod-
elled by an impulsive functional differential equation (see [77] and references therein). In this
section, we apply the results in the previous section to the stability analysis of the time-delayed
Lotka-Volterra equations.

Consider the following Lotka-Volterra system subject to impulsive effects

wi(t) = bi(wi () {ri(t) — ai(t)a(t) + Z/_t 2;(s)dpij(t, s)}, t > 1o =0, t # by, (5.54a)

xi(ty) = ciwzi(t,) + (L —cp)zy, i=1,--- |n, (5.54b)
z(0) = ¢(0), 6 e (—o0,0], (5.54¢)
where z* = (27,23, -+ ,2}) is assumed to be a positive equilibrium of system (5.54a) and

(5.54¢), and the initial functions satisfy
¢:i(0) >0, ¢;(0)>0, fori=1,2,--- n. (5.55)

Suppose forz, 7 =1,2,--- ;n, k € N, the following conditions hold

(Al). Constants ¢;; € [0, 1] and functions b; € Ky and for any 0 < § < 1, foﬁ % = +00;

(A2). 7;(t) > 0 and a;(t) > 0 are continuous functions;

(A3). pi;(t, s) have bounded variation for any ¢ € R and s < ¢, and satisfy

| nt.9)] < afe)in ),

— 0o
where f1;;(t,u)(u < t) are nondecreasing with respect to u, and there exist constants

vi; > 0 with v; < 1 such that /i;;(¢,¢) < ~;;, and for any ¢ > 0, there exists constant
h > 0 such that ji;;(t,t —h) < e, Vt > 0.
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Remark 5.3.1 From Lemma 3.1 ([98]), we know the solutions of (5.54a) and (5.54c) are positive
in their maximal interval of existence. So the solutions of (5.54) are positive in their maximal

interval of existence, since ¢y, € [0,1] foranyi=1,--- n, k€ N.

Theorem 5.3.1 Assume conditions (Al)-(A3) hold, and

(i). b;(s) are nondecreasing and forany i =1,--- . n,andt € R,
t+p
lim a;(s)ds = 4o0;
p——+00 t

(ii). I'y is an M-matrix, where

=y —e —Vin
_ 1— — Yo
T, — V21 Y22 V2
_’Ynl _7n2 1 ’Ynn

Then x* is uniformly asymptotically stable.

Proof. Rewriting system (5.54a) and (5.54b), we obtain

yi(t) = bi(yi(t) + ) — as(t)ys(t) + Z/_ yj(s)dpi(t, s)}, t >0, t #ty,  (5.56a)

where y;(t) = x;(t) — 27,7 = 1,--- ,n. Since I'; is an M-matrix, there exist positive constants
d;, 1 =1,--- . n, such that
di(1 — 75) > Zdj%'j, i=1,---,n. (5.57)
i]
Choose

H(y(t)) = max{d;'[yi(t)| : 1 <i<n},
NH = {Z € {1727”' ’n} : H(y(t)) = dz_1|yz(t)|7 13 Z 0}
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For any i € Ny, using (5.57), we calculate D+ H (y(t))

< bi(ﬂii(t)){ — a;(0)]yi (1) + 25—y [L o (s Hduu(f s)|}
< - l{d ’Yn - Zz#] J%j}al y<t)) (5.58)
< 0;

DT H(y(t))

whenever H (s, y(s)) < H(t,y(t)) for s < t.
And
H(y(ty) = max{d; |ys(t)| : 1<i<n}
= max{d; ‘ealy(t;)| 1 1 <i<n}
< H(y(t,)):

Thus we know from Theorem 5.1.1 that the trivial solution of (5.56) is uniformly stable.

Now eoose (1 (1)) = () =51 coco { masicocn 7 (t-5) A 0) =
ly() ||l = maxi<i<n{d; |ys(t)|}, then for any given € > 0, there exists § = §(¢) > 0 such that
|olloo < & implies |y;(t)| < efort >1ty, 1 =1,2,--- n.

Then for ¢ > tg, let

|yl U
V(y(t)) = max {d;lm-(t), where V(t) :/0 o d (Wu)}, (5.59)

1<i<n iz + sgn
and
Ny ={ie{1,2,---,n}: V(yt)) = di'Vi(t), t > 0}.
1 .
We have m > ( since

i +u > >0, ify; >0,
i —u>zi+y =2 >0, ify <O,

i +sgn(y:)u = {

so V(y(t)) > 0.
And we have V (y(t)) < V(y(t;)) since

cirlyi(ty)| "
V) = [ s < V)

in view of ¢;; € [0, 1].
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Moreover, choose p > 0 such that p < min;<;<,{d; 'z}, then there exists > 0 such that

p < min {d;" (& —)}.

1<i<n

Thus, together with (5.59), we have, for i(t, y(t)) = ||ly(t)|l. < p,

di (@7 —n) = p > [ly®)]la > d; (1)),
i.e. 27 — |y;(t)| > n. Since b;(s) are nondecreasing, we have
1 < 1
bi(x} + sgn(yi)u) ~ bi(ﬂ?”‘ = ly:(®)])

<L vue oo,

1
bi(n)’

which implies V (y(t)) < max;<i<p {b |yl )|} when h(t,y(t)) < p, thus condition (i) of
Corollary 5.2.1 holds.
By assumption (A3), for any given o; > 0, there exists & > 0 such that

62% h) <oy, fori=1,2,---,n. (5.60)
By (5.57), there exists p; > 1 such that

d; > p1 Zdj’}/ij, 1=1,2,--- n. (5.61)

j=1
By assumption (A2) and inequalities (5.60) and (5.61), for any i € Ny, we have
DV (y(t)) = —d;  a;(t)]y:(t)] + >0y d M S h+f " Hys(s)dpis (2, 5)]
—d; a; () {H(y(t))[di — p1 37—, djvig] — o1},
whenever H(y(s)) < p1H(y(t)) for s € [t — h,t|. Similarly, we obtain

DY H(y(t)) < —bi(zi(t))ai( I{H )Ndi — plZdJ%J =

whenever H (y(s)) < p1H(y(t)) for s € [t — h,t]. Choose P(s) = p;s. Then all conditions of
Corollary 5.2.1 are satisfied, and hence the equilibrium z* of system (5.54) is uniformly asymp-
totically stable.



Chapter 6
Boundedness and Periodicity

This chapter discusses boundedness for system with fixed and state-dependent impulses. Some
periodicity results are also obtained for system (2.3).
We first introduce some boundedness definitions.

Definition 6.0.1 Solutions of system (2.3) (or (2.1)) are said to be

(B1) uniformly bounded (UB for short) if for every By > 0, there exists some By = Bo(By) >
0 such that if ty € Ry and ¢ € PC([—1,0],R™) with ||¢||, < B, then any solution
x(t,to, @) is defined and ||x(t,to, @)|| < B forall t > ty;

(B2) uniformly ultimately bounded (UUB for short) with bound B if (B1) holds and for every
Bs > 0, there exists some T = T(Bs) > 0 such that if € PC(|—,0],R") with ||¢], <
Bs, then for any ty € Ry, ||z(t,t9,9)|| < Bfort >ty +T.

6.1 Systems with Fixed Impulses

In order to investigate boundedness and periodicity for system (2.3), we make the following

assumptions.
(1) f(t+T.v) = f(t, ) forany t € R, and v € PC([~,0],R");

(2) there exists a positive integer ¢ such that ¢, = t; + 7" and I;,(x) = I(z) for z € R”
and k € N.

115
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We now present the Horn’s fixed point theorem for later use.

Lemma 6.1.1 (Horn’s Theorem [111]) Let Sy C S1 C Sy be convex subsets of the Banach
space X, with Sy and Sy compact and Sy open relative to Sy. Let P . Sy — X be a continuous

mapping such that, for some integer m > 0,
(a) PI(S)) C Sy 1<j<m-—1,and
(b) PI(S;) C So,m <j<2m-—1.

Then P has a fixed point in \S,.

Theorem 6.1.1 If solutions of system (2.3) are UUB with bound B at ty = 0, then (2.3) has a

T-periodic solution.

Proof. There is a By > B such that ||¢||, < B, ¢ € PC([-7,0],R"), ¢t > 0 imply that
|x(t,0,0)|| < By forall t > 0. There exists By > By + 1 such that ||¢||, < B; + 1, ¢ €
PC([—7,0],R™), t > 0 imply that ||z(¢,0,¢)|| < Bs,. Also, there is a positive integer m such
that ||¢||, < By + 1, ¢ € PC(|—7,0],R"), t > mT — 7 imply that ||z(¢,0, ¢)|| < B. Finally,
there exists L > 0 such that ||¢||, < By, ¢ € PC([-7,0,R"),0 < ¢t < mT imply that
|2(t,0,0)|| < L. Let

So = {¢p € PC([-7,0L,R") : [|¢[l; < B, [[¢(u) — ¢(v)|| < Llu — v, u,v € [ty-1,tk)},
S = {9 € PC([-=7,0L,R") : [¢]l- < Ba, [|¢(u) — ¢(v)|| < Llu— v, u,v € [ty1, 1)},
and

St = {qﬁ e PC([-7,0l,R™) : ||o]l, < By + 1} ) Sa.

Then one may easily prove that S;, (: = 0, 1, 2) are convex, and \5; is open in S;. By Lemma 2.4
in [7], we find that Sj and S, are compact.
Define P : Sy, — PC([—,0],R") by

Pp=x(s+T,0,0), forp €Sy, —17<s<N0.
Now z(t + T, 0, ¢) is a solution for t > 0 and its initial function is P¢. Hence

2(t+T,0,) = «(t,0,Pp), t> -, ©.1)
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by the uniqueness theorem.
Similarly, since
P’p =x(s+T,0,Pp), —7<s5<0,

we obtain
x(t+1T,0, Pp) = z(t,0, P*¢), t> —r. (6.2)

Now in (6.1), let ¢ be replaced by ¢ + T, so that by (6.2),
z(t+2T,0,¢) = x(t +T,0, Po) = x(t,0, P*¢).
In general, by induction we have
Plg=ux(s+jT,0,¢), —7<s<0, j=1,23,-.

We claim that
PI(S)) C Sy, forj=1,2,3,---.
In fact, for each ¢ € S;, we know that
|x(s+ jT,0,0)|| < By, forallj=1,2,3,---,
which implies || P7¢|| < Bo.

For u, v € [ty_1, 1)), we have

I(P7¢)(w) = (o))l = [lz(u+jT,0,¢) — z(v +jT.0,9)|
< 26,0, 9) Ju — v < Lju =],

where £ is between v + 7 and v + 57T
Hence P'¢ € Sy, for ¢ € S;and j =1,2,3,--- , and we conclude that P?(S;) C S,.
Next, by choice of m, using a similar argument to the above we conclude that

PI(S)) C Sy, forj>m.

So all the conditions in Horn’s theorem are satisfied, and thus P has a fixed point ¢ € .Sy,
i.e., P¢ = ¢. This shows that z(¢,0, ¢) and z(t + T, 0, ¢) are both solutions of (2.3) with the

same initial function. By uniqueness we conclude that

x(t+T,0,¢) = x(t,0,¢), forallt> —r.
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Example 6.1.1 Consider the impulsive delay differential equation

Z(t) = —a(t)z(t) + ftt_T c(t —s)x(s)ds + f(t), t >0, t #ty,

z(ty) = bx(ty), keN, (6.3)

where —1 < b <1, a, ¢, and f are continuous functions in R, and a(t +T) = a(t), c(t + T) =
c(t), and f(t+T) = f(t) for some T > 0, and there is a positive integer q such that ty, = t;+T.
Suppose

t
—a(t) +/ le(u)|du < —a, «a > 0.
0

Then by Example 4.2 in [93], the solution of (6.3) is uniformly ultimately bounded. Therefore by
Theorem 6.1.1, system (6.3) has a T-periodic solution.

Next, we establish a new result on boundedness for system (2.3) using a Lyapunov like func-

tion with the Razumikhin method.

Theorem 6.1.2 Assume that there exist functions V € vy, wy, we € K, ¥ € Ky, and G € K,

with G nondecreasing such that

(i) wi([lz]]) V(¢ x) < wa]l]

);
(ii) There exists a real number H > 0 such that for any solution x(t) = x(t,ty, ¢) of (2.3),
DV (t,2(t) < g()G(V (t, x(t))),

ifV(t,z(t)) > H and V(s,z(s)) < v YV (t,z(t))) forallt > toandt — 7 < s < t,

where g : [tg,00) — R is locally integrable;
(iii) Forall k € N and x € R",
Vity, © + Ie(x)) < 9(V(t,, 1));

(iv) There exist \o > \1 > 0 and A > 0 such that for all k € N and ;1 > 0,

P du
() G(u)

12
A<ty =t < Ag, / —/ g(s)ds > A.
P th—1
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Then the solutions of (2.3) are UUB.

Proof. First we show UB. Let B; > w, '(H) be given, for any t, > 0 and ||¢|, < Bj. Let
x(t) = x(t, to, ¢), V(t) = V(t,2(t)) and wi(Bz) = ¢~ (w2(B1)). Then

wi((lz(@®)]) < V(1) < wolllz(t)]]) < wa(Br) < ¥~ (wa(B1)) = wi(Ba), to =7 <t < to.

We claim that
V(t) <o Hwa(By)), to<t <ty (6.4)

If (6.4) does not hold, then there exists a ¢ € (¢, 1) such that
V(1) > ¢~ (wa(B1)) > wa(B1) = V(to),
which implies that there is a ¢ € (¢, #) such that
V() =y (wa(B)), V() ¢ (wa(By)), to—7<t<H,
and there exists £ € [to,?) such that
V() = wy(By), V(t)>ws(By), t<t<L.
Therefore, for all ¢ € [f,#], we have V() > H and
V(s) <o (wa(By)) Sv7H(V(1), t—T<s<t.
By condition (i) we have

DTV (t) < gt)G(V (1), t<t<H,

vl gy i t1
— < s)ds < / s)ds.
/V(t“) G(u) /t g(s) to ats)

On the other hand, from condition (iv) we obtain

/V(f) du /¢1(w2(31)) du /tl (5 ) V) du
_— = 2 gls dS + > / )
V(f) g(u) wa(B1) G(u) to V(g) G(u)

and so
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which is a contradiction, and so (6.4) holds. From (6.4) and condition (7ii) we have
V(t) <P(V(E)) < wa(Bi). (6.5)
In a similar way to the proof of (6.4) and (6.5) we obtain
V(t) <y Hwa(By)), t1 <t <ty V(t2) <wy(By).
By simple induction, we can prove, in general, that

V(t) < Y Hwa(Bh)), tipn <t < tigo,
V(ti-‘rQ) S w2<Bl)7 i:O71727"' .

Therefore we have
wi ([Jz(t)]]) S V(1) <9~ Hwa(Br)) = wi(Bg), t = to.

This proves UB.

Next we shall prove UUB. Let B = w; (¢~ (¢v"'(H))) and Bs > w; ' (H). In view of
the proof of UB, we know that there exists By = w; ' (¢~ (wy(Bs))) such that ||¢||, < Bs and
to € Ry imply that

V(t) < ¢ N (wa(Bs)) = wi(By), t>to—T.

Let /Vy be the smallest positive integer such that
U (wa(B3)) < ¢(wi(B)) + NoAG (¢(wi(B))). (6.6)

Setm; = min {k € N: ¢ —t,,_, >7},i=1,2---,No. Here mgp = 0. Since V(t;) <
Pp(V(t,)) < V(t,) forall k& € N, it is easy to see that for each interval J; = [t ,,tm,],
sup;e;, V() = L; exists and either L; = V(t,,,_,) or L; = V(r;") for some 7; € (tm,_,,tm,]
(here V(r;") = V(r;) when r; is not an impulse point). We assume, without loss of generality,
that L; =V (r;),i=1,2,--- , No. When L; = V (t,,,_,) forsome i € {1,2,---, Ny}, the proof
is similar and is omitted.

Let m™* be the smallest positive integer such that m*A\; > 7. It is clear that Zf\i’l(tm —

tm,_,) < m*NoAa. Let v = m* NyAy. We will prove that

lz@)l < B, t>to+7. (6.7)
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To that end, we first show that if for some i € {1,2,---, Ny} we have

V(ry) < ¢(wi(B)),
then
V() <wi(B), t>t

mNO .

In fact, in view of (6.8), we obtain that
V(t) < (wi(B)) <wi(B), tm, , <t <tp,.

Next we prove that
V(t) <wi(B), tn, <t<t

mMi41-°

If (6.11) is not valid, then there exists ¢ € (¢,,,, tm,,,) such that

V() > wi(B) > d(wi(B)) = V(tm,),

which implies that there is a £ € (t,,,, f] such that

V() =w(B), V() <wi(B), tm, <t<t,
and there exists € [t,,,, 1) such that
V(i) = d(wi(B)), V(t)=d(wi(B)), t<t<t

From (6.10), (6.12), and (6.13), we obtain that, for < ¢ < ¢,
V(s) <wi(B) <y Y V(t), t—7<s<t,

and
V(t) > (wi(B)) =y~ (H) > H.

Condition (47) implies that
DTV (t) < gt)G(V (1), t<t<t,

and so

&
=
&
g

IA

o @<ﬁw1)@+A

wl

¢(w1 fV ) G

IN
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(6.8)

(6.9)

(6.10)

6.11)

6.12)

(6.13)
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This is a contradiction, and so (6.11) holds. From (6.11) and condition (7iz), we have

Vitm) <OVt,,,,)) < yw(B)).

By induction, we obtain that

and
V(tmi+k~+1) S @D(wl(B))’ k= Oa 17 27 Tt (614)

This shows that if (6.8) holds for some ¢ € {1,2,---, Ny}, then (6.9) holds.
Now we prove that (6.8) holds for some i € {1,2,---, Ny}. If this is not true, then V(r;") >
Y(wy(B)) foralli =1,2,---, Ny. We claim that

where V(ry ) = 1~ (wz(B3)). Obviously (6.15) holds for i = 0. Assume that (6.15) holds for
some 0 < 7 < Ny. To prove that (6.15) holds for j 4 1, we first show that

V() < V(). (6.16)
In fact, since
V(t) SV(r;), tm_, <t<tm,
and
Vitm;) < (V) <V (r))),

it follows, in a similar way to the proof of (6.14), that

<t<t

Myjtht17

and
V(thkH) < w(V(rj_)), k=0,1,2,---

By induction, (6.16) holds.
Next we consider two possible cases.

Case 1. v(wi(B)) < V(rs,) < o(V(r;).
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It follows that, by condition (iv), we have

V()
/ +1) du > A
V( G (u)

Tit1)

and so

V(rjia) (;+1))— G(i(wi(B)))
V(ry) = AG(¢(wi(B)))

vV
V) — (G + DAG((wn (B).
9.

IA AN A

Case 2. (V' (r;)) < V(rjy,) < V(r;
Letr;.q1 € (¢ t ke NUO. If k£ = 0, then

mj+k+1]’

Vitm;,) = Vitm,) < (V(t,,) <o(V(ry)).

Mj+k?

If £ > 0, then we also have
Vitm,,) SOV(ty,,,)) <9(V(rL)) < o(V(ry).
Therefore, there exists an 7 € [t,,,,,,7;41) such that
V(r) =V (ry)), (6.17)

and
OV (r;) S V() <o N (wa(Bs), T<t<rj, (6.18)

which, together with (6.16), implies that for ¢ <t < rj1,
V(s) <V(ry) <y (V(), t—T7<s<t.
By condition (77), we have

DTV(t) <g()G(V(T), T<t<rjm,

< g(s)ds < g(s)ds.
V(F) G(u) 7 tm.

itk

thus,
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From (6.16) and condition (iv), we have
V(i) V()
/ +1) du S/ du A
sy Gu) ™ Jywery Glu)
V(ry)
/ du > A
V(ri,) G(u)

Viria) < Vi) — AG((wi(B)))
< V(rg) = (7 + DAG(W(wi(B))).
In view of cases 1 and 2, (6.15) holds for 2 = 7 + 1. Then by induction, we have that (6.15) holds
forall: =0,1,2---, Ny. Therefore, by (6.6) and choosing : = Ny in (6.15), we obtain that

and so

Therefore,

Viry) < V(rg) = NoAG(¢(wi(B)))
= 7N (w2(Bs)) — NoAG(¢(wi(B)))
< P(wi(B)).
This contradicts V (r; ) > i (wy(B)) for all i = 1,2,--- | Ny. Therefore, there exists some
i€{1,2,---, Ny} such that (6.8) holds, and thus (6.9) holds.
Since ty + v = tg + m*NoAg > g » WE have

willz@) < V() <wi(B), t=>to+7,

which implies that
|lx(@®)|| < B, t>to+7.

Example 6.1.2 Consider the impulsive delay differential equation

() = a(t)z(t)+bt)x(t—71), t>0,t#1,

x(ty) = cx(ty), keN, (6.19)

where T > 0, a(t), b(t) € C(R,R) with a(t) < a and b(t) < b for some a, b € R, there
exists T > 0 such that a(t +T) = a(t), b(t + T) = b(t), and ty+, = tx, + T for some q € N,
0=ty <t <ty <---<tpwitht, — oo ask — oco. Assume that the following conditions are
satisfied
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(i) 0 <c<1landa+2bc™" > 0;
(ii) ty, —ty—1 < (—1lnc) \ (a + V2bc™") forall k € N.

Let V(t,xz) = V(z) = 327 ¥(s) = 3¢*s, and G(s) = s. Then

V(e + (o)) = Vier) = 5% = p(V(2).
For any solution x(t) of system (6.19) that satisfies V (x(t+s)) < v (V(z(t))) for —7 < s <0,
we have |x(t — 7)| < V2c | x(t)|. Therefore,

DVGt) < ata(t) + Hos(ta(t -7
< az?(t) + V2be a?(t)
g(t)G(V(2)),

where g(t) = 2(a + v/2bc™') > 0. Let A = In 2. Then for any pi > 0 and k € N, we have

u ¢ u nc _
fzf(u) % - t:_l g(s)ds > C’éu dg + a:/libc,l (a+ V/2be 1

= In2—-2Inc+2lnc = A.

Thus, by Theorem 6.1.2, we know that the solutions of system (6.19) are UUB, and thus by
Theorem 6.1.1, system (6.19) has a T-periodic solution.

Remark 6.1.1 When a(t) = a > 0, b(t) = b > 0, the solutions of the equation
y'(t) = ay(t) + by(t — 7), (6.20)

are unbounded for any initial function ¢ % 0, and so system (6.20) has no non-zero periodic
solution [36]. Thus, the impulsive perturbations in system (6.19) are responsible for the periodic

solution in the above example.

6.2 Systems with State-dependent Impulses

In this section, we establish some boundedness criteria for delay differential equations with state-
dependent impulses (2.1). Some examples are also discussed to illustrate the effectiveness of our
results.

We assume the following hypotheses hold.
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(A1) f(t, ) is composite-PC, continuous in v and quasi-bounded.

(A2) 7, € CY(D,R,) for k = 0,1,---, and for each t* € J, there exists some § > 0, where
[t*,t* 4 0] C J such that
Vre(9(0)) - f(t,9) # 1, (6.21)

for all (¢,v) € (t*,t* + ] x PC([—7,0],D)and k =0, 1,---.

Remark 6.2.1 From Chapter 2, we know that if conditions (A1) and (A2) hold, the initial value

problem (2.1) has a solution x(t,tq, ¢) existing in a maximal interval I.

Our first two results utilize the Lyapunov-Razumkhin technique and the last result employs

the Lyapunov functional method.
Theorem 6.2.1 Assume that there exist V (t,z) € vy, W1, Wy € Ky, W3 € Ky such that

(i)
Wi(l[z]l) < V(¢ z) < Wa(lz]]);

(ii) for any x € R" and 1, € C'(R",R,),
V(me(x), x + Ix(z)) < (1+bp)V(7, (2),2), k=0,1,---,
where by, > 0 with )"/~ | by, < 00;
(iii) there exists some constant p > 0 such that for any solution xz(t) of system (2.1),
DTV(t,x(t)) < =Ws([z@®)]),

whenever ||z(t)|| > p and P(V (t,x(t))) > V(s,z(s)) for s € [t — T,t] and t > ty, where
P e C(Ry,Ry) and P(s) > Ms for s > 0, where M = [];2, (1 + by).

Then the solutions of (2.1)-(2.2) are UUB.

Proof. We first show uniform boundedness. Let 5; > 0 and assume, without loss of generality,
that B; > p. Choose By = W, '(MW,(By)). For any t, € R, and |||, < By, let 2(t) =
x(t, to, ©) be a solution of (2.1)-(2.2), which exists in a maximal interval I = [t, — 7,y + [3).
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If 3 < oo, then there exists some ¢ € (to,ty + () for which ||x(t)|| > Bs. We will prove that
||x(t)|] < B which in turn will imply that 5 = oo and hence the solutions of (2.1)-(2.2) are
uniformly bounded.

For simplicity, let 7y = ¢, € R, be the initial time and denote impulse moments 74 (z(7,, ))
for k=1,2,--- , by t; when there is no confusion.

In order to prove uniform boundedness, we first show

V(t) < 35 (14bg) -+ (1 +by)Wi(Bs), tn <t <tpys1; and 6.22)
V( m+1) < ﬁ(l‘l'bO) (1+bm)(1+bm+l)W1(B2)a m:Oa17'“ ) .
where V (t) = V(t,z(t)) and by = 0.
Now we shall show (6.22) holds for m = 0, i.e.
1
V(t) < Mwl(Bg), to <t <t (623)
Forty — 7 <t <ty we have
1
Wi(l|lz(@)|]) < V() < Wa(||lz(t)]]) < Wa(By) = MWl(B2)' (6.24)
If (6.23) does not hold, then there is some ¢ € (¢, t1) such that
1 1 _
V(t_) = Mwl(Bg) and V( ) MW1<BQ>, t() —7<t< t,
and
DYV (t) > 0. (6.25)
Thus

P(V(t) > MV (t) > V(s), t—1<s<t,
and from Wy (||z(?)||) > V(£) = Wi (Bs) = Wa(B;) we have
lz@) = By = p,
then by assumption (iii), we obtain

DTV(t) < =Ws([lz(®)l) <0
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which contradicts (6.25), and hence (6.23) holds. By (6.23) and assumption (ii), we have
Vit)) = V(t,a(ty) + In(ty, 2(t1)))
(L+b)V (it 2(t)) = (L + b))V ()
1
< —(1 B
< 7L+ 0)Wi(B),

IA

which implies that (6.22) holds for m = 0.
Now suppose that (6.22) holds form < ¢ —1and: = 1,2,---. We prove that (6.22) holds

form =1, 1.e.

V(t) < 37(14+bo) -+ (14 b)Wi(Bs), t; <t <t;11; and

} , (6.26)
V(ti) < 2(14bg) - (1+b)(1+bsy)Wi(By), i =1,2,--- .

First we prove that
Vi) < %(1 Fbo) - (L4 b)Wi(Ba), ti <t < tin. 6.27)
If (6.27) does not hold, then there is some ¢ € (¢;, t;41) such that
V(t) > %(1 +bo) -+ (1 +b:)Wi(B2) 2 V (1),

and so there exists a t* € (¢;, ] such that

1

V() 2 (1 +bo) - (1) WA(By), and V() SV(E), ¢ =7 <t <t

and
DYV (t*) > 0. (6.28)
Then we have
P(V()) > MV(£) > V(s), t*—7 <5<,
and
lz(t*)|| = B1 > p,
since WQ(HI‘(t*)”) > V(t*) > M71(1 + bo) R (]_ + bl)Wl(Bg) > M71W1(BQ) = WQ(Bl) By

assumption (i),
DTV (t") < =Ws(|lz(t)]]) <0,
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which contradicts (6.28) and so (6.27) holds.

From (6.27) and assumption (ii), we have

Vtiv1) < V()14 bisa) < %(1 +bo) -+ (1+ bi1)Wi(Bz),

which implies that (6.26) holds for m = ¢, and hence (6.22) holds forall m = 0,1, - -.
Therefore, we have

Wi(l[lz@)]) < V(t) < Wi(Be), t=to.

This proves uniform boundedness.

Now we will prove UUB.

Let B = W, Y(MWs,(p)). Then Wy (B) = MW,(p). Let B3 > p be given. By the preceding
arguments, we can find a By > B such that ||¢||, < Bs implies

V(t) < Wi(By), t>ty.
Let

1
0<d<inf{P(s) — Ms: MVVl(B) < s < Wi(By)},

and NV be the first positive integer such that
Wi(B) + Nd > MW,(By).
Set v = inf ,<s< 5, W3(s). Then y > 0. We first show that
V(t) <Wi(B)+ (N —=1d, t>ty+h, (6.29)

where h > max{(1 + A)Wi(By)/7. 7}, A= 1 by
Suppose for all t € I} = [to, o + h],

Vi) > %[Wl(B) (N =1)d.

Then MW, (B) < V(t) < Wi(By) for t € I,. Thus, for t € I, we have

P(V(t) > MV(t)+d> %[Wl(B) + (N —1)d +d
= Wi(B)+Nd>Wy(B) >V(s), t—7<s<t,
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and
|z(®)[] > p,

since Wy (||z(t)||) > V(t) > M~ W, (B) = Ws(p). By assumption (i7i), we have for ¢t € I,
DYV (t) < =Ws(llz(®)ll) < -7,
and so

V(t) < Vi) =yt —to)+ Y [V(t;) = V(E))]

to<t;<t

< Wi(By) —A(t—to) + Y biV(t;)

to<t; <t

Lett =ty + h. We have
1+ A)W,(By)

Vito+ h) < (14 AWy (By) — 7 - (

=0.
r‘)/
This is a contradiction, thus there is a t* € I; such that
1
V() < M[Wl(B) + (N —1)d].
Let ¢ = inf{k € N : ¢, > t*}. We claim that
1
V(t) < —=[Wi(B)+ (N —1)d], t*<t<t,. (6.30)

M
Otherwise, there is a t € (t*,t,) such that
1

V(E)>M

(Wh(B)+ (N —1)d] > V(t").

This implies that there is a £ € (+*, %] such that

and
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Thus

and
l=@®ll = p,
since Wy (||z(£)|]) > V(t) > MW, (B) = Wy(p). By assumption (iii),

DYV (t) < =Wa([lz(®)]]) < 0.

This is a contradiction and so (6.30) holds. From (6.30) and assumption (iz), we have

1

Vi(ty) < (1+b)V(t,) < M(l +by)[Wi(B) + (N — 1)d|.

Similarly, we can prove that

1

V(t) < M<

1+ b)) [Wi(B) + (N — 1)d], t, <t <ty

and
Vi{tn) < 2701+ b)) (14 by WA(B) + (N — 1)d].

By induction, we can prove in general that
(140 (L4 b ) Wi(B) + (N = D, s < ¢ < fyrinn,

and

1 .
V(tgrin) < 371 +0g) -+ (1 + bgrit) [W1(B) + (N = 1)d], i=0,1,2,---.

Thus (6.29) holds. Similarly, we may prove that
V(t) < Wi(B)+ (N —2)d, t>ty+ 3h,
and by induction, we have

V() <Wi(B)+ (N —j)d, t>to+(2j—1h, j=1,2,---,N.

131
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Thus we obtain
Wi(llz(@®)[)) < V() <Wi(B), t >t + (2N —1)h.

Let T = (2N — 1)h. Then
lz@)|| < B, t>ty+T.

This proves UUB. u

Example 6.2.1 Consider the scalar equation

{() (0)e(0) + [ Ot = s)(s)ds + (1) 1 (t) +F, 631)
x(ty) — x(ty) = bra(ty), t_:c(t)+k;, keN,

f()| < L for some L > 0. For the impulsive
perturbations, we assume that by, > 0 and y ;- | by < co. Suppose A(t) < 0 and

A(t) + M/ |IC'(u)]du < —a,
0
where o > 0 and M = [[,- (1 + bg). Let V (t,z) = |z| and q¢ > 1 such that
T a
A+ Mg [ 1C@ldu < -5,
0
and let P(s) = Mgs. Then for any solution x(t) = x(t,tq, @) such that
P(V(t,z(t))) > V(s,z(s)) fort >0, t — 7 < s <,

we have

DYV (t,x(t)) < A(L‘)|x(t)|+Q/OT\C(U)H37(t—U)|dU+If(t)!

4L
< L—gle)| < =S, it =(t)] > H=—,

and
V(tr, x + Ii(x)) = |z + bpz| = (1 + b))Vt , 2).

By Theorem 6.2.1, we obtain UUB for (6.31).
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Next we shall establish a Razumikhin-type theorem on boundedness by using Lyapunov func-

tionals.

Theorem 6.2.2 Assume that there exist Vi (t,x) € vy, Va(t,¢) € vi(-) and Wy, Wy, W3 € K,
such that

(D) Wi(l[l¢Q0)[) < V (£, ¢) < Wa([[¢ll+), where V (L, ¢) = Vi(t, 6(0)) + Va(t, ¢) € vo(-);
(ii) foreach x € R" and 1, € C*(R",R,), k € N,
Vi(re(z), 2 + Ix(z)) < (1 + bp)Vi(7y, (%), 2),
where by, > 0 with )"/~ | by, < 00;
(iii) for any solution x(t) = x(t,to, p) withty € Ry, p € PC(|—7,0],R"),
DYV (t,xi(to, ) < A, if V(t,2i(to, 0) > Walllglls) for to <t <to+T;
and
DYV (t, zi(to, 0)) < A= Ws(V(t, 24(to, ), if
PV (t,z(to, ) > V(s,xs(to, ), for t>to+1, t—7<s5<t,
where A > 0 is a constant and P(s) is defined as in Theorem 6.2.1.

Then the solutions of (2.1)-(2.2) are UUB.

Proof. First, we prove the uniform boundedness.

Let B; > 0 and assume, without loss of generality, that B, > W, '(MW;*(A)). Choose
B, > 0 such that ;W (By) = M(W»(B,) + At). Forany ¢y € R and |¢||, < By, let z(t) =
x(t, to, p) be a solution of (2.1)-(2.2), which exists in a maximal interval I = [ty — 7, ¢y + [3).
We will prove that ||z(¢)|| < Bz which implies that 3 = oo and hence the solutions of (2.1)-(2.2)
are uniformly bounded.

For simplicity, let 7o = ¢, € R, be the initial time and denote impulse moments 7 (z(7, ))
fork =1,2,---, by t; when there is no confusion.

Letx(t) = x(t, to, ), Vi(t) = Vi(t, x(t)), Va(t) = Va(t, z(to, @) and V(1) = Vi (L) + Va(2).
Obviously,

Vi(to) < Wa(llellr) < Wa(By).
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For each t € [tg,to + 7], if V(t) < Wa(|l¢|l+), then V (t) < Wy(By); While if V(¢) >
Wa(||ll+).then by assumption (izi), DTV (t) < A. Since V,(t) is continuous, it then follows
from assumption (i7) that

V(tk) = V(t,) = Vilts) = Vaty) < beValty) < bV (t;).
Suppose that ¢y, to, - - - , t,,, are all impulse points situated in (¢, to + 7| such that
to<ti <tlo< -+ <ty <tlog+T.
Then we obtain for tg <t < tq+ T,
DYV(t) < A, t+#t,,
( ) — Y # B . (6.32)
V() < (1+b)V(t7), i=0,1,---,m
We claim that for tqg <t <tg+ T,
V() <Vite) J] (1+b) / IT (1 +0:)Ads. (6.33)
to

to<t; <t s<t; <t
Lett € [to, ;). Then from (6.32) we obtain,
V(t) < Vi(to) + At —to),
and
V(ty) < (1+0b)V(t7) < (14 b1)[V(to) + At — to)].
Hence (6.33) is true for t € [tg,t;]. Fort € [t,t2), we have from (6.32) that
V() < V(t1)+A(t—t)
< (L4b1)[V(to) + At — to)] + At — t).

Now assume that (6.33) holds for ¢ € [to,t;), (I < j < m). Then fort € [t;,t;11), it follows
from (6.32) and the induction hypothesis that

V) < V() + At —t;)
< (L+0)V(E) + At —t))

IN

(1+b;) | V(t) (1+b;) / (1+b)Ads | + A(t —t,)

to<ti <tj L to s<t;<tj

= V(o) [ 1+0) / IT (t+5) Ads+/ T (1 +b:)Ads.

to<t; <t to s<t;<t ti s<t;<t
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This implies that (6.33) holds for ¢t € [to,t;+1). By induction, we see that (6.33) holds for
to <t <ty+ 7. Thus

Wi(lz(@)]) < V(t) < M(Wy(By) + A1) = MW (By), to <t <ty+T.
Next, we will prove that
Vi) < %Wl(Bg), b7 <t < s, 6.34)
If (6.34) does not hold, then there exists a t € (tg + 7, t,,+1) such that

V() > Wi (B) > Vit +7),

V() <V(), to<t<t,
and DTV (t) > 0. Then P(V(t)) > MV (t) > V(s) fort — 7 < s < . Hence by assumption
(i),

DYV (f) < A—Wy(V(1)).
Since DTV (t) > 0, it follows that

V() < W (A) < W(BY) < = Wi(By).

This is a contradiction and so (6.34) holds. From (6.34) and assumption (47), we have

V(tm-H) = Vl(tm+1>+V2(tm+l)
< (1 b ) Va(tn) + (14 D1 Va(tmg)
<

= (14 b))V () < (14 bu) 3 W (B,

N

Similarly, we may prove

1+ bm+1

V() < —;

Wi(Bz), tmi1 <t <tmyo,

1
V(tmre) < 371+ bnga) (1 + bins2) Wi (B).

By induction, one may prove in general that

1
Vi(t) < M(l +0pg1) - (L b)) Wi (Ba2), tgs <t < it
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1 )
V(tmgit1) < M(l +bmt1) o (L4 bgir 1) Wi(Bg), i=1,2,---

Thus we have
Wi([lz(t)]) < V() < Wi(Ba), for t > tq,

or

|lx(t)]| < Bg, for t > t.

This proves uniform boundedness as required.

Next we show UUB. Let B = Wi ' (MW; ' (A+1)). Then V (t) > W1 (B) = W5 ' (A+1)
implies DV (t) < —1 by assumption (ii7). Let B3 > 0 be given with By > W, 1(W; ' (A)),
and choose By > max{Bs, B} such that for any t, € R, and p € PC(B3),

Let

1
0 <d<inf{P(s) — Ms: MWI(B) < s <Wi(By)},

and NV be the first positive integer such that

LWA(B) + Nd] > Wi(By).

We first show that
V(t) <Wi(B)+ (N—-1d, t>ty+h, (6.35)

where

h > max{W,(B,)(1 + M*), 7}, M* = Z b
Suppose that for all ¢ € [to, to + h] = Ji,
1
V(t) > M[W1(B) + (N —1)d].

Then for t € J,, M~'W,(B) < V(t) < Wy (B,). Thus

P(V(t)) > MV(t)+d
> %[WI(B)+(N—1)d]+d:W1(B)+Nd
> Wh(By) >V (s), t—17<s<t.
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By assumption (iii),we have for t € .J;,

DYV(t) < A—W,(V(t) < -1,

and so
V(t) svw%wwmwlggwm—vwﬂ
< Wl(B4)—(t—to)j JZ< Vi(t;) — Va(t;)]
< Wi(By) = (t —to) + to;:_t bV (t;)
< Wi(By)(1+ M*) — (:fittit)
Thus

Vto+h) < Wi(By)(1+ M*) — Wi(By)(1 + M*) = 0.

This is a contradiction and so there exists some t* € J; such that
1
V(t*) < M[Wl(B) + (N —1)d].
Let m = inf{k € N : ¢, > t*}. We claim that

V) < —[Wy(B) + (N — 1)d], t*<t<t,,

M
If (6.36) does not hold, then there is a ¢ € (¢, ¢,,) such that
1
V() > < IWi(B) + (N — 1)d] > V(")

137

(6.36)

Thus, there must be a ¢ € (¢*, ] such that D*V () > 0 and V() > M~ [Wy(B) + (N — 1)d].

Thus

P(V(t) > MV({t)+d>Wi(B)+(N—-1)d+d
t

= Wi(B)+ Nd>W,(By) >V(s), t—7<s<Ht.

By assumption (iii) we have

DYV (i) < A-Ws(V(D) < -1
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This is a contradiction and so (6.36) holds. From (6.36) and assumption (iz), we obtain

V(tm) = Vl(tm) + %(tM)
< (14 bm)Va(t,) + (14 b)) Va(tm) = (14 0)V(15,)
< (1+by)M ' Wi(B)+ (N —1)d].
Now we prove
Vi(t) < ! me (Wi(B) + (N — 1)d], tpm <t<tp. (6.37)

Suppose there is a t € (t,,, t,,+1) such that

1+ by,
M

V() > [Wi(B) + (N = 1)d] = V(tm)-

Then there must be a ¢ € (t,,, ] such that D*V/ (£) > 0 and

14 b,
M

V(t) > [(W1(B) + (N — 1)d].
Thus

P(V(t) > MV(t)+d> (1+b,)[Wi(B)+ (N —1)d +d
> Wi(B)+Nd>Wy(By)>V(s), t—7<s<t

By assumption (iii) we have
DV(i) < A= Wy(V(D) < —1.
This contradiction shows that (6.37) holds. Thus
V{t) < (U b))V (tys) < 304 ) (14 bs) I (B) + (N — 1))

By induction, one may prove in general that

V(t) < %(1 +bm) - (L4 b)) [Wi(B) + (N = 1)d], tipior ST <ty
Vi{tri) € 27 (14 b) -+ (Lt b )W (B) + (N = ), i =1,2,+
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Thus (6.35) holds.

Next we prove that
V(t) < Wi(B)+ (N —2)d, t>ty+ 3h. (6.38)

Suppose that for all ¢ € [ty + 2h, ty + 3h] =

1
V(t) > M[WI(B) + (N —2)d].
Then for ¢ € J,, we have, by (6.35),

PV(t) > MV(t)+d>Wy(B)+ (N —-2)d+d
= Wi(B)+(N—-1)d>V(s), t—7<s<t.

By assumption (7ii), we have, for t € Js,

DYV(t) < A—-W3(V(t)) < —1,

and so
V() < Vltg+2h)—(t—to—2h)+ Y [V(t;) = V()]
< Wi(By) = (E—to—2h)+ ) [‘;1(15;->—V1(t;)]
to+2h<t;<t
< Wi(By) —(t—to—20)+ > V()
< Whi(Bg)(14+ M*) = (t—to 0— 2h)?_
Thus

Vi(to +3h) < Wi(By)(1 4+ M") = Wi(By)(1+ M*) = 0,

which is a contradiction and so there exists some ¢* € .J, such that

1
V(t") < M[Wl(B) + (N —2)d].
Let m = inf{k € N : ¢, > t*}. We claim that

V(t) < M[W}(B) (N=2)d], t*<t<tp. (6.39)
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If (6.39) does not hold, then there is a ¢ € (¢*,¢,,) such that

V() > 2 Wa(B) + (N —2)d] > V().

Thus, there must be a ¢ € (¢*,7] such that D*V(£) > 0 and V (£) > M~ [Wy(B) + (N — 2)d].
Thus
P(V(#)>MV#E) +d>Wi(B)+(N-1)d>V(s), t —7<s<t

By assumption (i7i) we have
DTV () < A—-W3(V(f) < —1.
This is a contradiction and so (6.39) holds. From (6.39) and assumption (i), we have

V(tm) = Vl(tm) + VQ(tm)
< (T 4+bn)VA(t,) + (14 b)) Val(tnm) = (1 + b))V (2,,)
< (L4 bn) M7 [Wi(B) + (N = 2)d).

By induction, one may prove in general that

1
V(t) < M(l +bm) - (L4 b)) [Wi(B) + (N = 2)d], tpps <t <tmpiv,

1
V(tmriv) < M(l +bm) - (L4 b)) [WA(B) + (N = 2)d], i=0,1,2,---.
Thus (6.38) holds. Similarly, one may prove that

V(t) < Wi(B)+ (N —3)d, t>ty+ 5h.
By induction, one may prove in general that
V() <Wi(B)+ (N —id)d, t>to+(20—1)h, i=1,2,--- N.
Thus we obtain that
Wi(|lx(t)]]) < V(t) < Wi(B), t>to+ (2N — 1)h.

Let T'= (2N — 1)h. Then ||z(t)|| < B fort > ty + T. This proves UUB and so the proof is
complete. [ ]
Next we shall establish a theorem on boundedness by using Lyapunov functionals.
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Theorem 6.2.3 Assume that there exist V (t, ¢) € vi(-), Wi, Wy € Ky, W3 € C(R4,R,) and
constants dy, ex, > O with > ;- dy < ccande =, e, < 0o such that

(i)
Wi(lle(0)l]) < V(t, ¢) < Wa([|oll);

(ii) for each x € R" and 1, € C*(R",R,), k € N,

Vi(mk(z),z + I(x)) < (14 di)V (T, (x), ) + e;

(iii) for any solution x(t) = x(t, to, @) with to € Ry, p € PC(]—1,0],R"),

DYV (t,z) < =Ws([lo(0)])).

Then solutions of (2.1)-(2.2) are UB.
If, in addition, we have W5 € K, liminf,_ ., W3(s) > 0, and 7, — 7,—1 > L for some L > 0 and
k € N, then solutions of (2.1)-(2.2) are UUB.

Proof. First, the uniform boundedness follows by the fact that V' (¢, ¢) is non-increasing in each
interval between impulse moments and mathematical induction, if we let B; > 0 and choose
By > 0 such that W1 (Bs) = d(W5(B1) +e), where d = [ [~ (1 + dy).

For any ty € R, and ||¢||, < By, let x(t) = z(t, to, p) be a solution of (2.1)-(2.2), which
exists in a maximal interval [ = [to — T, to + ). Again, we let 7y = £y € R be the initial time
and denote impulse moments 7 (x (7, )) for k = 1,2, --- | by t; when there is no confusion.

Next we shall show UUB.

Let B} = By(1) where B, is defined as in the first part by By(B;) = W, *(d(Wa(B) + e)).
Next let B = By(B7) and note that B > Bf > 1.

Let V(t) = V(t,z;), By > 0. By our assumption on f there exists a constant M = M (B;) >
|| f(t, ¢)| forall (¢,¢) € Ry x PC([—7,0],R™) with ||¢||, < Bs(By). Without loss of generality
let us assume that M/ > max{1/7,1/L}. Let N = N(DBj) be some positive integer satisfying
N > 2M[2Ws(By) + d*d(Wa(B1) + e) + €]/W5(1/2), where d* = >"° | dy, and define T' =
T(B;) = 2(N +1)7. We know ||z(t)|| < By(B) fort € [ty — 7, 00) from the first part. We will
show that ||z(¢)|| < B for ¢t >ty + 1. We consider two cases:
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Case 1: If ||xp||, < 1 for some t* € [to,to + 1] then either t* # ¢, for any k in which
case ||[z(t*)]| < ||ze|l- < 1 < Bf orelse t* = t, for some k in which case Wi (||z(t*)||) <
V(t*) < (1+d)V(Et)+e, < dV(E)+e) < dWa(||lz@)|) +e) < d(Wa(1) + e)

implying ||z(t*)|| < W, '(d(W5(1) + €)) = B}. So either way ||z(¢*)|| < B}. The restriction

of x to [t*, 00) is a solution of (2.1) with ||a;+||, < Bj and initial time ¢* and so by the uniform

boundedness results we know ||z(t)|| < B = By(B7) for t > t* — 7 and in particular for
t>to+T.

Case 2: Suppose ||z¢||, > 1 for all ¢ € [ty,ty + T]. Then on every interval [¢t,t + 7] C
[to, to + T there exists some ¢ € [t,t + 7] such that ||z(f)|| > 1 and moreover we may assume,
without loss of generality, that ¢ # t; for any k. Thus for j = 1,2,..., N, there exists some
ti € [to + (2] — 1)7,to + 2j7] with ; # t, for any k and ||z(;)|| > 1. Note that t;,, —; > T
for all j. For each j consider the interval [t; — 1/(2M),¢; + 1/(2M)]. Since M > 1/7, these
intervals are non-overlapping and each is contained in [to,fy + 7'. Each interval has length
1/M < L and so can contain at most one impulse time ;. Suppose that there are no impulse
times in [f;,%; + 1/(2M)]. Since ||z(t)|| < By(By) for all t > t; — 7 then ||z;|, < By(B)
for t € [t;,1; + 1/(2M)] which implies ||2’(t)|| = || f(t,z:)|| < M at almost all points in this
interval. Thus ||z(¢)|| > 1/2 on this interval. This in turn implies D"m/(t) < —WS3(1/2) on this
interval and so V'(¢) decreases by at least W3(1/2)/(2M). A similar argument shows that V()
decreases by at least W3(1/2)/(2M) on [t; — 1/(2M), ;] if this interval is free from impulses.

On [to, to + T, V/(t) is of bounded variation since it is non-increasing except possibly at the
discrete impulse times ¢, where it may undergo a jump discontinuity. Since V'(¢) decreases by
at least W5(1/2)/(2M) on either [t;,1; + 1/(2M)] or [t; — 1/(2M), 1,] for each j, the negative
variation of V' (t) on [to, ty + T'] must be no less than NW3(1/2)/(2M). Since V (ty) < Wa(By)
and V' (t) < d(Ws(By)+e) on [tg, to+ T, the positive variation of V'(¢) on [to, ¢y + 7] is bounded
above by V'(to) + 3. tke(to,tg—i-T)(de(tk) +ep) < Wa(B1) + 2 tk,e(to,t0+T)(dk(d(WQ(Bl) +
e)) + er) < Wa(By) + d*d(W2(By) + €) + e. Since the difference between the positive and
negative variations is V' (to+71") — V' (to), V(to+T) < V(to) + Wa(B1) +d*d(Wa(By)+e)+e—
NWs5(1/2)/(2M) < 2Wy(B1) + d*d(Wa(By) + e) + e — NW3(1/2)/(2M) < 0 by our choice
of NV, which is impossible.

Since case 2 cannot occur, then case 1 must be satisfied in which case we have already
established that for our choice of T'(B;) we have ||z(t)|| < B fort > tq + T'. This proves UUB.
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]
Example 6.2.2 Consider the scalar impulsive delay differential equation
7 = —pt)x(t) +qt)r(t — 1) +w(t), t £ 2°(t) + 2k, (6.40a)
Az(t) = hga(t), t=a23(t) + 2k, (6.40b)
where T > 0, p, ¢ € PC(R.,R), w is a square integrable function on R, (i.e. fo 2(t)dt <

o0), hi, > 0 for k € Nand Y;° | hy, < oo. Assume that for some M; > 1/2 and 0 < M, <
M, —1/2, p(t) > My and |q(t)| < M, for all t € R,. We will show that the conditions of The-
orem 6.2.3 are satisfied and thereby conclude that solutions of this impulsive delay differential
equation are uniformly ultimately bounded.

To begin with we note that [ satisfies assumption (Al).

Define the Lyapunov functional V' by

0 00
V(t,zp):zp?(o)Jng/_ wz(s)ds—i-/t w?(s)ds. (6.41)

Clearly V satisfies condition (i) of Theorem 6.2.3 with Wy(s) = s? and Wy (s) = (1 + My1)s?
Jo° w?(t)dt. Differentiating V along solutions of (6.40) gives us

D40V (1) = 20(0) [=p(£)9(0) + q()1b(=7) + w(t)]
+M; [2(0) — ?(—7)] — w?(t)
< (=2M; + My)p?(0) + 2Ma|1h(0)3h(—7)|
+2¢(0)w(t) — Map*(—7) — w?(t)
< (=2M; + My + 1)92(0) + 2Ms|1p(0)3h(—7)|
— Moyp?(—7)
< —K4?*(0),

(6.42)

where K = 2M; — 2My — 1 > 0. Thus condition (iii) of Theorem 6.2.3 is satisfied with
Ws(s) = Ls?.
Finally, let us check condition (it). If ty € R, and x € PC([ty — T,00), R) with discontinu-

ities occurring only at impulse times, then

t 0
V(t,z) = 2%(t) + Mg/ 2% (s)ds + / w?(s)ds (6.43)
t—r t
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is also continuous at all points except possibly impulse times. Moreover,

V(te 2y,) = (1+ hi)22(t) + My [ 2?(s)ds + [ w?(s)ds

(6.44)
< (L4 7))V (e, 2,) = (1 + di)V (5, 2,),

where dj, = 2hy, + hi > 0. Since Y _po | hiy < 00, > ey di < 00.

We can therefore conclude in light of Theorem 6.2.3 that solutions of system (6.40) are uni-
formly ultimately bounded. Note that in this example, the boundedness conclusion is independent
of the delay term 7. Also, what is interesting is that solutions are uniformly ultimately bounded

despite the fact that the state x increases in magnitude at each impulse time.



Chapter 7
Applications to Neural Networks

Neural networks have been successfully employed in various areas such as pattern recognition,
associative memory, and combinatorial optimization. The stability analysis of neural networks
has allowed them to become an important technical tool in recent years.

One of the most investigated problems in the study of neural networks is global exponential
stability of the equilibrium point. If an equilibrium of a neural network is globally exponentially
stable, it means that the domain of attraction of the equilibrium point is the whole space and the
convergence is in real time. This is significant both theoretically and practically. Such neural
networks are known to be well-suited for solving some class of optimization problems. In fact, a
globally exponentially stable neural network is guaranteed to compute the global optimal solution
independently of the initial condition, which in turn implies that the network is devoid of spurious
suboptimal responses.

In this chapter, we investigate the exponential stability of neural networks by applying the

stability criteria and techniques in the previous chapters to neural networks.

7.1 Impulsive Stabilization

We discuss the global exponential stability of cellular neural networks via Lyapunov functionals
and functions in this section.
Denote the norm ||z|| = (3_)-, |xi|p)% with z = (21,29, ,2,)T and p = 1 or 2.
Consider the impulsive delayed cellular neural networks described by the following impulsive
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delay differential equations

el = () + Xy ai fi(us(8) + 5 b (st = 1)

+J; t € [tr—1,tr), a1
Aui(ty) = Lip(ui(ty)), k€N,
Uiy, = ¢, 1=1,2,---,n,

where u;(-) is the state representing the membrane potential of the i" unit; .J; is a constant denot-
ing the external bias or input from outside the network to the ' unit; a;;, b;; are constants; where
7;, bounded by 7, are constants denoting the transmission delay; n corresponds to the number of
units in a neural network; f; : PC([—7,0],R) — R is the activation function satisfying

| filwi)| < N, Vu; €R, (7.2)

0 < Ll filw) < 7. Vu; # v, u,v; €R, 1 =1,2,--+ . (7.3)

And ¢; € PC([—7,0],R) is the initial function; I;;, € PC([—T,0], R) represents the effects of
impulsive control or perturbation; ¢ is impulse momentand 0 <ty <t; <to < -+ <t < ---,
with t, — oo as k — o0o; Au;(t) = u;(t+) — w;(t7); and uyy, uy- € PC([—7,0],R) are defined
by u;(s) = wi(t + s), uiy-(s) = w;(t~ + s) for —7 < s < 0, respectively.

From [10], we know that system (7.1) without impulses (or I;;(s) = s for any s € R) has
at least one equilibrium point if conditions (7.2) and (7.3) hold. Denote one of the equilibrium
points by u* = [u},u},- -+ ,u]?. We shall investigate the global exponential stability of this
equilibrium point u*.

Define z;(-) = u;(-) — u} and then system (7.1) can be simplified as

L) = () + 0 a4 (i () +ub) — fi(u))

0 i (fi(a (= 15) +up) = fi(u3)),  t>to, tF# b,
Axi(ty) = Lig(xi(ty) +uf), keN,
Tit, =¢; —u; 1=1,2,--- ,n.

79

(7.4)

Assume [;x(uf) = 0 so that system (7.4) admits the trivial solution. Then the stability problem
of the equilibrium point u* of system (7.1) is equivalent to the stability problem of the trivial
solution of system (7.4).

The following results focus on impulsive stabilization of neural networks via Lyapunov func-
tionals.
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Theorem 7.1.1 Assume that there exist constants [, o, d > 0 such that 7 < t, — tp_1 < |,
|Li(y +ul) +y| <dly|foranyy € Randi=1,2,---  n with

In(d+ A1) < —(a + )l

where ¢ = maxi<icn{—ci + Y (laji| + |bj])Li} > 0, and A = maxi<j<n{d 7, [bij|L;}-
Then the equilibrium point u = u* of system (7.1) is globally exponentially stable.

Proof. Choose the Lyapunov functional

n

Vi) = Sl + 30l [ (o))

=1 J

Then the upper right-hand derivative of V' with respect to system (7.4) is

n

DYV (t,z) < Z[_Ci‘xi(t”+Z’aij‘[/j’xj(t)|

=1

+Z |bij| Ljl(t — 75)| + Z |bi| L (|25 ()| — [2;(t — 75)])]

= Z[—ci + Z(|ajz’| + [bjs] ) L] |4(t) |

i=1
< AVt xy), t € [ty_1,tr), kK €N,
where ¢ = max<i<n{—ci + Y5, (laji| + [bji|) Li} > 0. Thus we have
V(t,x) < V(tg_1, 2, )e %Dt €ty1,t), k €N. (7.5)
Then, for ¢ € [ty,t1),

V(t, ) V(to, 14 )ectt0)

o (to) | + maxi<j<n {320, 1031 Ly} 7o — u?|l-]et =) (7.6)

<
<
< (14 M7)||¢p — ut|| ettt

where A = maxi <<, {3, [byy|L;} and ||z (t)[| = 372, || and so

lz(t)|| < V(tz) < Mg —u*|l,e U0t € [ty, ), (7.7)
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where M = (1 + A7)elct®)!, So from (7.6), we have

2D < (14 A7) — u|ecti=to),

<
= T (7.8)
lzzll- - < (T4 AT)[I@ — wr et

Therefore we obtain

V(tl’xtl) = Zz 1(|x2(t1)| + Z] 1 |bz]|L ftl ) |5E] |d$)

dllz(t)|| + Zi:l Zj:l |bZJ|L]‘x]t;|TTj

dllz(t)]| + T2l < (d+ A7)z |- (7.9)
(d+ Ar)(1 + A7) 6 — |l ecr—0

Mg — u e

IAIN N IA

Thus, for t € [t1,ts),

Vt,z,) < V(ty,x,)et) <Vt xy, e
< e M|p — u*|l;
< M||¢p — u*|| ettt

and hence
z(t)]| < Mg — u|le )t € [ty ).

Next we shall show that
V(ti, o) < e UM ¢ —u*|,, ieN. (7.10)
We know (7.10) holds for : = 1 in view of (7.9). If we assume that it holds for i = k, i.e.
V(ty,ay,) < e Mg — ', kEN,
then we have, for ¢t € [ty, tx11),

V(t,x) V(t, xtk)ec(t_t’“) < V(ty, xy, e

<
S 67(k+1)o<lM||¢ o U*HT,

and
lz(t)]| < V() < e *FUM ¢ — u|-,
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ol < Vit.a) < e ®D0 g — ] .

Therefore

Vit 2(tesn) = S0 la(ter)| + 305 byl Lyl [ J2s(s)lds]
< dll(ti, )|+ Al |-
< (d+ Mr)eEHEDA M || — u¥|,
< el =
< e_(k+2)ale_ClMH(b _ U*H‘r?

which implies that (7.10) holds for ¢ = k£ + 1, and hence (7.10) holds for any ¢« € N. So we have

lz@)]| < V(t,z(t)) < V(t, x(t))etH
< em @M g — ||,
S MH(b - 'U/*HTe_OC(t—tO)’ t e [tl,tl+1>7 Z e N’

which, together with (7.7), yields the global exponential stability of u*. ]

If we change the proof in Theorem 7.1.1 a little bit, we have the following result in which
the lower bound of the length of the successive impulses is relaxed, but the restriction on the

amplitude of impulses is stronger than in Theorem 7.1.1.

Theorem 7.1.2 Assume that there exist constants |, «, d > 0 such that t;, — t_1 <1,
uy) +y| < dly| for any y € R with

Ii(y +

In(d 4+ A\7e®”) < —(a + ¢)l,

where ¢ = maxi<i<p{—c; + 220, (|ajil + [bji) Li} > 0, and A = maxi<j<n{D i, [bi]L;}.
Then the equilibrium point u = u* of system (7.1) is globally exponentially stable.

Proof. By choosing the same Lyapunov functional and using the same argument as in Theorem
7.1.1, we obtain that DV (t,z;) < cV(t,z;) for t € [tx_1,t;) and k € N, and [|z(t)]] <
M||¢ — u*||,e*t=%) for t € [ty,t,). Next we shall show by mathematical induction that

|z(t)|| < M||¢ — u*|,e %)t tiiy,t;), i €N. (7.11)
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We have that (7.11) holds for ¢ = 1 by the same argument in Theorem 7.1.1. Then assume it
holds for i = £, i.e.

|z(t)|| < M||¢ — u*|l,e™*E) ¢ € [tpy, tr). (7.12)
We show that (7.11) holds for i = k + 1:
2O < Mlj¢ — w*|le )t € [t, try)-

From (7.12), we obtain
lz(t)| < Mg — uF|| e~ "),

and
|z llr < Mlj¢ — u*|eomem> 10,

and hence
V(ty, vy, :Zz 1[|x2(tk)|+zj 1 [is] L ftk —7 |25(s) (s)ds|]
<> ildlz(ty, >|+Z] 1 1bij] Ly fk |5EJ (s)ds]
< dlz(t)l| + Atz |-
< M(CH—)\T@‘”)HQS—U | et —to)
<e” (atc)l MH¢—U HTe—a(tk to)'

Then for t € [tg, t;41), we have

V(t,zy) < V(tk,xtk)ec(t_tk) < V(ty, xy, )e
< e—alM||¢ . U*H e—a(tk—to)
< Mg —ur|| et

This gives
lz(O)] < V(t,20) < M||¢—u[l,e ), t € [ty tin),
which implies (7.11) holds for all ¢ > ¢, and completes the proof. ]

When c is non-positive, the method in Theorem 7.1.1 can not be applied. Instead, using a
method similar to the one used to prove Theorem 7.1.2, we can obtain the following result.
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Theorem 7.1.3 Assume that there exist constants «, d > 0 such that max;<;<, {—cl-—l-zg-l:l (lajil

+1bji|)Li} £ ¢ < 0and |I;(y + u}) + y| < dly| for any y € R with

In(d 4+ A1e?") < —a(ty — tr—1), k€N,
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where A\ = maxi<j<,{> . |bij|L;}. Then the equilibrium point v = u* of system (7.1) is

globally exponentially stable.

Proof. Choosing the same Lyapunov functional and using the same argument as in Theo-
rem 7.1.1, we obtain that DTV (t,x;) < ¢V (¢,x;) for t € [tx_1,t;). Since ¢ > 0, we have

DV (t,x;) < 0fort > to. Then similarly to Theorem 7.1.1, we have

[z(O)]| < V(t,2) < V(to, )
< (L4 A7)[|¢ — vl
S M||¢ - U*HTe_a(t_tO)? t e [t07t1>7

where M = (14 A7)e®. And hence we have
lz(t])|| < M||¢ — u*|| et

and
|z, [l < M|¢ — u[|reTem ),
Then for t € [t1,t,), we obtain
V(t,x) <Vt 2) <dlz(t)]+ Az, ll-
< (d+ Are )M ||¢ — u?|| et
S e—a(tg—tl)MH(b _ u*HTe—a(t1—t())
< Mg — ur[|remet=t),

which gives
le @)l < V(t,20) < Mo — u[lre™C ), 1€ [t t).

Similarly, we can prove that
lz(@)l < V(t2) < Mg —u|lre™ ) b€ [t ty), k€N,

and so the result follows.

By using the same method in Theorem 7.1.1 and a different Lyapunov functional, we have

the following result.
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Theorem 7.1.4 Assume that there exist constants [, o, d > 0 such that 7 < t, — tp_1 < |,
|Li(y + ul) 4+ y| < d|y| for any y € R with

In(d® 4+ A1) < —(c + 2a)l,

where ¢ = maxlgign{—Qci + Z?:1<|aji|Li + |aij]Lj + |bﬂ|LZ + |bZJ|LJ)} > O, and A =
maxi<j<n{Y iy |bij|L;}. Then the equilibrium point w = u* of system (7.1) is globally ex-
ponentially stable.

Proof. Choose the Lyapunov functional
Vit =Y 20 + Z byIL, / 2(s)ds).
=1 t—7;

Then the upper right-hand derivative of V' with respect to system (7.4) is

n

DTV (t,x) = 2[25151 WH—ciz;(t ZG’U fiw;(t) +uj) — f(u3)) + zn:bij
=1

i=1

X (f3(;(t = 75) +u3) = f3(u5))} + Z b | Ly (25 () — 25(t = 75))]

< > [—2cia? +Z2|xl \lai;| L;|z; (¢ \+22|m1 1635 L;
i=1 j=1
X (¢ |+Z|bw|L (l;(t) |xj<t_7—j)|2)]
<Y el 0 Sl + )+ 30D bl
=1 =1 j5=1 =1 j=1
X (i (&) + | (¢ = ) +ZZ\%\L (i () = [as(t — 7))
=1 j=1
< D =26+ > (lagil Li + lagg | Ly + [bjil Li + [big| L) s (1)
i=1 j=1
S CV(t,xt>, S [tk—17tk>7 LS N7



CHAPTER 7. APPLICATIONS TO NEURAL NETWORKS 153

where ¢ = maxlgign{—26¢ + Zyzlﬂaﬁ][@ + |aij]Lj + |bﬂ|Ll + |b1j|L])} > (). Thus we have
V(t,x) <V(tg_1, 2, )e %0 t€tp1,t), k€N (7.13)
Then, fort € [to, tl),
V(t, :L't) < V(to, :L‘t()) C(tito)
< [llx(to)[I* + maxy <jcn { Doy [big | L7l — || 7) et =) (7.14)
< (L4 A7)[|¢p — ur||2ecttr=to),
n 1
ij a:(t)|| = (Zizl |xi|2)2- Then
e < VV () < Mg — u*|le )t € [t 1), (7.15)
where M = /1 + Are(z1t)L, So from (7.14) and (7.15), we have
< (L4 A7) [|¢ — u||2ecttr o),
||xt;\|2 < (14 27)||¢ — ur|Pect=to),

T

where A = max; <<, {d_._

(7.16)

Therefore we obtain

V(tl, ZEtl)

S (lza(t) P+ 5y byl Ly [, |s(s)]Pds)
Pl () 1P+ 200 Zj:l ’bZJ’LJ|mJt; 27
||z (817 + TAllz 7 < (& + A7) ||z, |12
(@ + A7) (L + A7) || — u|[Fectr=ro)
RN — e

VANRVARRVANNVAN

Thus we have, for t € [t1,12),

V(t,z) < V(ty,m,)ett=1) < V(t, xy,)e
S 6_4alM2“¢ U*HQ
= M?||¢ — u*|2e —2a(t—to),

and hence we obtain
lz(®)]] < Mll¢ — u[l-e %), ¢ € [tr, 1),
Similarly to the proof that used in Theorem 7.1.1, we can derive
2@l < Mllg = [l ¢ > 1o,

which completes the proof. u



154 STABILITY AND BOUNDEDNESS OF IMPULSIVE SYSTEMS

Remark 7.1.1 Compared to Theorem 7.1.1, the result in Theorem 7.1.4, if both theorems are
applicable (i.e. ¢ > 0), seems less restrictive for small values of o and . Hence we expect a
larger bound on the impulse amplitude d from Theorem 7.1.4 in the stability analysis of the same
problem; however, for big values of c, either the difference is small or we can obtain a larger
bound on the impulse amplitude d from Theorem 7.1.1, see Example 7.1.1.

Example 7.1.1 Consider the following cellular neural networks with time delay

(0 = —ul() 2 f (1)) + 2f(uQ( ) — 2 f(u(t —0.01))
3 f(us(t — 0 075)) + t>0:;
et = 0 51@( )+ 5.f(u 1(t)) + f(U2( )) — f(uy(t —0.01)) (7.17)
Lf(ug(t — 0. 075)) + >0
To = cb,

\
where f(s) = %(|s + 1| — |s — 1|) forany s € R, ¢ € PC([—0.01, 0], R?).

By direct computation, we know that u* = (0.5, 4.5) is the unique equilibrium point of the
cellular neural networks (7.17).
It is easy to check that the condition in Corollary 3 ([24]) does not hold since

1 < aii| + |aia| + [b11| + |b12;
co < lagi| 4 |ae| + |bar| + |ba2l,

and the condition in [5] is not satisfied since the matrix —(A + A”) is not positive definite, so
the equilibrium point ©* might not be exponentially stable. Actually, the numerical simulation
shows that ©* is not even asymptotically stable. See Figure 7.1 for graphs of the solutions with
different initial functions ¢ = (—0.1H (t),4H (t))", (2H(t),6H (t))T, (6 H(t), —5H (t))”, where
H (t) is the Heaviside step function.

Letc =3 >0, )\— , 7 =0.01. Choose o = 0.1 and [ = 0.5. Then by Theorem 7.1.1, the
estimate for the impulse amphtude which can stabilize this cellular neural network is

d < e (atol _ \r < 0.1872.

Thus we can choose the impulse control functions I;(s) = —0.85s + 0.85u; for any s € R to
stabilize cellular neural network (7.17). See Figure 7.2 for the numerical simulations with the
same initial functions as in Figure 7.1.
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Figure 7.1: Numerical simulation of Example 7.1.1, system without impulses.

However, if we use Theorem 7.1.4 instead, we obtain ¢ = 5.5 > 0 and an estimate for the

impulse amplitude which can stabilize this cellular neural network is

d < Ve Q2atal _ A7 < 0.1669,

which allows a smaller bound for the impulse amplitude. If we choose smaller [/, for example,
[ = 0.25 in both theorems, then from Theorem 7.1.4 we obtain d < 0.4588, which is a larger
bound for the amplitude of impulsive control than the result d < 0.4357 from Theorem 7.1.1.
This verifies the prediction in Remark 7.1.1.

Using the same Lyapunov functional as in Theorem 7.1.4 and a similar method as in Theorem
7.1.2 and Theorem 7.1.4, we have the following result.

Theorem 7.1.5 Assume that there exist constants |, «, d > 0 such that t;, —
uf) +y| < dly| for any y € R with

iy +

In(d* + A1) < —(c + 2a)l,
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Figure 7.2: Numerical simulation of Example 7.1.1, system with impulsive control.
where ¢ = maxi<j<n{—2¢;+> i (laji| Lit|aij| Lj+]bji| Li+|bi| L;) } > 0, A = maxi<j<n{d i,
|bij|L;}. Then the equilibrium point u = u* of system (7.1) is globally exponentially stable.

Using the same Lyapunov functional as in Theorem 7.1.4 and a similar method as was used
to prove Theorem 7.1.3 and Theorem 7.1.4, we have the following result.

Theorem 7.1.6 Assume that there exist constants o, d > 0 such that max;<;<y, {—2@—#2?:1 (L;
|aji| + laij| Ly + |bji|Li + b1 L)} = ¢ < 0and | I;(y + u}) + y| < dly| for any y € R with

In(d? + A7e**7) < —a(ty — 1), k€N,

where X\ = maxi<j<,{> i |bij|L;}. Then the equilibrium point v = u* of system (7.1) is
globally exponentially stable.

Remark 7.1.2 Notice that the cellular neural networks without impulses might be stable when
c < 0in Theorem 7.1.6 and Theorem 7.1.3, see Example 7.1.2.
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In Example 7.1.1, we show how Theorem 7.1.1 and Theorem 7.1.4 can be applied to stabilize
the unstable neural network (7.17). Next we shall try to use Theorem 7.1.3 to determine the
stability of neural networks. In fact, when ¢ < 0, the neural network without impulses might be

stable, as the following example indicates.

Example 7.1.2 Consider the following cellular neural networks with time delay

WO = —9uy () + 2f (ua(t) + Lf (ua(t)) + £ f (us(t — 0.01))
+5 f(uz(t — 0.075)) + 3, t>0;
P = —2up(t) + §f (D) + & f(ua(t)) + §f (wi(t - 0.01)) (7.18)
+2 fus(t — 0.075)) + 2.5, t>0;
\ Zo = Cb,

where f(s) = 3(|s + 1| —|s — 1|) forany s € R, ¢ € PC([—0.01, 0], R?).

By direct computation, we know that u* = (2.5,2.25) is the unique equilibrium point of the
cellular neural networks (7.18). Moreover, ¢; = 2 = 37 (laz| + |bji|)Li = 5 227, (|ai| Li +
la;;|L; + |bji|Li + |b;j|L;), which yields ¢ = 0 in Theorem 7.1.3 and Theorem 7.1.6. The simu-
lations, with initial functions ¢ = (—5H (¢),5H (t))", (2H(t),3H(t))", (3H(t),2H (t))T (see
Figure 7.3), show that the equilibrium point «* of this system might be globally exponentially
stable.

7.2 Exponential Stability

This section investigates the problem of exponential stability for a class of impulsive cellular
neural networks with time delay. By dividing the network state variables into subgroups accord-
ing to the characters of the neural networks, some sufficient conditions for exponential stability
are derived by Lyapunov functionals and the method of variation of parameters. These conditions
are given in terms of some blocks of the interconnection matrix, which extend and improve some
of the known results in the literature. Our results show that impulses may be used to stabilize
the cellular neural networks with time delay if they are not stable (or exponentially stable). On
the other hand, if impulses are input disturbances, criteria on the magnitude and frequency of
the impulses are also established to maintain the stability property of the original system. Our



158 STABILITY AND BOUNDEDNESS OF IMPULSIVE SYSTEMS

Figure 7.3: Numerical simulation of Example 7.1.2, stable system when ¢ = 0.

results generalize and improve some of the known results. Two numerical examples are given to
illustrate our results.

T*

Given a constant 7* > 0, we equip the linear space PC([—7*,0], R") with the norm || -
defined by [|¢)][z+ = sup_r.<,< [[9(s)]]-

Consider the impulsive delayed cellular neural networks described by the following impulsive

delay differential equations

WO — —o(t) + Af () + Bf(a(t — 7)) 4w, tE [ty ta),

o(t) = L(z(t), b=t kEN, (7.19)
Ito = ¢7
where z(-) = [x1(-), 22(), -+, 2,(+)]7 is the state vector representing the membrane potential
of theunits ¢ = 1,2, -+ ,n; u = [uy, ug,- -+ ,uy,]” is a constant vector denoting the external bias

or input from outside the network to the units; A, B € R"*" are feedback matrices; z(t — 7) =
[21(t — 11),29(t — 7o), -+ , 2 (t — 7)]T, where 7;, bounded by 7*, are constants denoting the
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transmission delay; f : PC([—7*,0],R™) — R" is the activation function given by f;(z;(-)) =
s(zi() + 1] = |a(-) = 1)), @ = 1,2,-+- ,n; ¢ € PC([—7%,0],R") is the initial function;
I, € PC([—7*,0],R") represents the effects of impulsive control or perturbation; ¢ is impulse
moment and 0 < tg < t; <ty < -+ <t < ---,withty — occas k — oo; Ax(t) = z(t) —
z(t7); and x4, z;- € PC([—7*,0],R") are defined by z;(s) = z(t + s),x4-(s) = x(t~ + s) for
—7* < 5 <0, respectively.

From [10, 135], we know that system (7.19) without impulses (or I (z) = x for any z € R")
has at least one equilibrium point. Denote one of the equilibrium points by z* = [z%, x5, -+, 27]T.
We shall investigate the exponential stability of this equilibrium point x*. The concept of expo-
nential stability is defined as follows.

Definition 7.2.1 An equilibrium x* of system (7.19) is said to be exponentially stable, if for any
initial function xy, = ¢ € PC(|—7%,0],R"), there exists some M, o > 0 such that

|z(t,to, @) — 27| < M||¢p — 2*||;oe U forall t > t,, (7.20)
where ty € R,

Define y(-) = z(-) — * and then system (7.19) can be simplified as

W= —y(t) + Af(y(t) + 27) = f(@) + B(f(y(t = 7) + %) = f(z"),
t>ty, t £t k€EN, 721
y(it) =Li(y(t")+z*)—a*, t=tg keN,
Yy =0¢—a"
Let us divide the set I = 1,2,--- ,n into subsets I;, I, I3 such that [ = I, U I Ufg, where
L={iel|lzt>1},L={icl||lz;|]<1}and Iy = {i € I|a} < —1}. Then we rearrange
the order of y;, xf and let z = {21, 22, - , 2,,} equate the rearranged ¥ = {vi,, Vi, -+ » Yin }»
o* = {7, 95, -+ , ¢} equate the rearranged ¢ = {¢;,, ¢ip, -+, ¢i, fand 2" = {2}, 25, -+ 25}
equate the rearranged * = {z; ,z},,--- , 2} } such that L={1,2rhL={r+1r+
2., r+m}, I = {r+m+1,r+m+2 --- n}, where r, m are nonnegative integers. In

order to introduce the method, we assume that TQ # (). Let
2 (t)
2(t) = 22 (¢)
2(3) (t)
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where

20() = (a(t), (), 2 (1)7,

22) = (201 (t), 22 (t), - 2o ()7,

2O(t) (Zr+m+1(t) Zrame2(t), s za(t)T
Assume that I (y(t7) + 2*) — o* = [IL (N (7)), 1L (22 (7)), 1L (23 (t7))]7, where I, €
C(R",R"), Iy, € C(R™,R™), ng e C(R™" ™ R ™) with I;;(0) = 0 fori = 1,2, 3. Then
system (7.21) is rewritten by

(L0 0+ Aug<z<l><t>> + Apg(zP() + Aug(=0) (1))
+B119(2(1)(t — 7)) + Brag(z?(t — 7)) + 3139(2 Wt —71)), t > to,t #ty,
RO = (1) + A21g<z<l><t>> + Agg (22 (1)) + Assg (=3 (1))
+B21g<z<”<t — 7)) + Bag(zP(t — 7)) + 3239(2 Wt —=71)), t > to,t # ty, 7.22)
EOW — 2O (1) + Agg(=C ><t>> + Apg(zO (1)) + Assg(2(2)) |
+Bglg(2(1)(t —7))+ ngg( )(t 7))+ ngg(z (t — 7)), t >to,t #ty,
W(ty) = Lie(z20(t)), 2P () = Lw(z2(t})),
L 2O(t) = I (2® (t.), 20 =0"—2", kEN,

where [T (200()), g (=2 (), g (OO = F(() + =) — ().

Let ¢ = min{min, 7 (z; — 1), min, 7 (=1 — zj)}, then ¢ > 0. Assume that the initial
function ¢ satisfies sup;, . <;<, |¢i(t) — 27| < gfori =1,2,---  n. Then by continuity, there
exists a 7' > 0, such that |zz( )| < qfort € [—7;,T). By the choice of ¢ it is easy to verify that
if 2} € I], then z;(t) + z; € ] forj =1,3andt € [ty — 7, T); thus for any ¢ € [ty, T'), we have

filzi(t) + 27) = fi(z) =0, filzi(t —7) + =) — filz)) =0, Vie L I,

and then g(zV(-)) = g(2®)(-)) = 0. Hence for any ¢ € [0, T), system (7.22) is equivalent to

((E00 — (1) + Apg(2 (1) + Brag(z@(t — 7)), t > to, t £ by,
EOW — @) + Asag(zP (1)) + Baag(zP(t — 1)), t > to, t £ ty,
EOO — 2O() + Apg(2D (1) + Bag(z@(t — 7)), t > to, t # t, (7.23)
W(ty) = Le(z0(t), 2P () = L (22 (t;))
2Ot) = Lr(z¥()), 2, = ¢* — 2%, k e N.

Next, we shall discuss the exponential stability of the equilibrium point z* of system (7.19).
In the theorems, we first obtain an exponential estimate of the second group of the neurons
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by employing Lyapunov functionals. Then we obtain exponential estimates of the other two
groups of neurons by using the method of variation of parameters. For convenience, we shall use
|| — z*||.« instead of ||¢p* — 2*
other.

- in the following presentations, since they are equal to each

Theorem 7.2.1 Assume that I, = I3, = E with E representing the identity map, and there exist
constants |, «, dop, > 0 such that 7* < t;, — t—1 < land || Iox(x)| < dok||z| for any x € R™
and k € N with

In(dy; + 7| Baz|)) < —(a+ o)L,

where ¢ = 2(||Agal| + [|Baz|| — 1) > 0. Then the equilibrium point x = x* of system (7.19) is

exponentially stable.

Proof. Choose Lyapunov functional

r4+m

Vi) = I 0F + 18l Y [ 2

j=r+1
Then the upper right-hand derivative of V' with respect to the second equation of system (7.23)
is
DYVt 2”) = 207 = 220) + Ang(:P(1))
+Bang (@ (t = 7))] + | Bl ([P O = 122t = 1)I?)
< 2(= 1+ Azl + | B2l) 1220
< Vit yY), t € [tir,te) (o, 1), k€N,

where ¢ = 2(|| Agz|| + || B2z2|| — 1) > 0. Thus we have
V(t,27) < Viteor, 20 et ™0t € [ty 1) (lto, T), k € N. (7.24)
Then, we obtain that, for ¢ € [to, t1) ([to, 1),

V(t, %) < Vito, 2 )) lt=to)
< (¢ -2 + HBzzHT*W—
(1+T*H322H) Ul —
< M?p — a*|ReemC tO)

T ‘2r* )ecl

(7.25)
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where M = /(1 + 7*|| Baa||)e(ct)L, so we have

1222 < V(Et, 2 < M?|¢p —

2eme70) e [t ) [([to, 7).

i.e.
122 @) < Mg — a*||re 2070t € Jto, t1) [ [to, T). (7.26)
And we have
Vit 2?) = 12O @) + || Baal S02m, [ 22(s)ds

Jj=r+1 Jt1—7;

= &y [|2D )P + || Bao| 520 [ 23(s)ds (7.27)

j=r+1 t;—’l'j J
< dgy [P (D)1 + (| Bazl| 71122 (87)

2* .
By (7.25) we have

(2)

12212, < V(t,2) < (1477 Basl)e? |6 — 2

T*
< Mo — o el

2
T*

Then by inequality (7.26) and the assumptions, we have

2 « 2

Vit 2) < (dgy + 1 Baallr)ll=
< (d3; + | Baa||[7%) M?||¢p — | 2.em =00 (7.28)

< e—(a+6)lM2||¢ _ x*“z*e—a(tl—to)'

2
T*

Thus by (7.24) and (7.28), we have

V(t, z,§2)) < V(t, Zt(f))ec(t_tl)
< M2||¢ —x* 72_*6704(7&*750)6*0‘[ (7.29)
< M?|| ¢ — a*||2eemmt0) -t e [ty t) N[to, T).

So we have

1220 <V (t,22) < M?||¢ — a*

2e o)t e [ty ty) ([t T),

i.e.
122 < M|j§p — a*[|ree™ 2070t € [ty ) [ [to, T)- (7.30)
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Similarly, we can obtain
1220 < Mg — a*||ree 207t € [ty ti) (it T), Vk €N, (7.31)

which implies
122 ()] < M||¢p — 2*|-e” 20t € [t, T). (7.32)

By the assumption, z(!)(¢) and z®®)(¢) are continuous for ¢ € [to,T). Then by equation (7.23)

and the method of variation of parameters, we have

t
Z0) = 20(tg)e 1) 4 / e (=) (Aizg(z(z)(s)) + Biog(2P (s — 7)))ds,
to

for t € [to,T), i=1,3. (7.33)

Using the estimate of 2(?)(¢) (i.e. (7.32)), we have

t

[ERIOIE= HZ‘”(to)\|6‘“‘t°)+/ "I ([ Anllll=® ()]

to

HIBizll2* (s — 7)) ds

t
< Jlo =l (e-“—m) + [ ()l
to
+HB¢2H€3T*)63(StO)d8)
< 6= <e<“0> et M ([ Al + | Balles™)

t
X / esi(sw)ds), tety,T), i=1,3. (7.34)
to
By direct calculation, we obtain from (7.34) that
(1) when o = 2, fort € [tg,T), i = 1,3, we have

1Y@ < Nlp = @[l [1+ MT(| Aiel| + || Biolle™ )] e,

(2) when0 << 2,ie. 1 =5 >0,fort € [ty,T), i = 1,3, we have

200 < 6 - a*l- |1+ 212l 1Bl g,
)
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(3) whena > 2,ie. 1 —5 <0,fort € [to,T), i = 1,3, we have

| Al + || Bialle2™

— 6_(t_t0).
a1

1PN < Ml — 2™l {1+ M

In summary, we have
12O < 36— 2*llee ™), e fto,T), i=13,

where @ = min{1, §} and

W = maxgoa {1+ MT(| Al + | Balle™), 1+ Mldatsiaict”
1+ M|\Ai2||+g€z‘12“€77 }

This, together with (7.32), implies that
2O < max{ L, MY6 — a*lloee ™, 1€ [10,T), i =1,2,3

o < m, then ||z (¢)|| < ¢ for any t € [to,T) and i =
1,2,3. Thus by repeating these procedures, we can show that the same result holds for any
t e [T,1Th), [Th,Ts), -+ ,[Th-1,T),) with T,, — 0o ast — oo. So under the assumptions of

the theorem, the interval of existence of the solution of system (7.23) is [ty, c0) and the trivial

If we choose ¢ — z*

solution of system (7.23) is exponentially stable, and hence the equilibrium point z* of system
(7.19) 1s exponentially stable. ]

Remark 7.2.1 Notice that in Theorem 7.2.1, the neural networks (7.19) without impulses might
be unstable under the condition ||Asz|| + ||Baa|| > 1, see Example 7.2.1 and [135]. Thus the
impulses here play an important role to stabilize the neural networks. According to the method
we used in this theorem, it is good enough to control the second group of neurons z\? (t). Hence
in Corollary 7.2.1, we obtain sufficient conditions on impulses of the other two groups of neurons

such that the stability property is maintained for certain impulsive perturbations.
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Example 7.2.1 Consider the following cellular neural networks with time delay

(480 — —1(t) = 2i(21 (1) + Falea(t)) + S falat)) + 2fa(aa(t = 0.25))
+3falaa(t = 0.5)) + 2 fs(ws(t —03)) +3, >0,
B2l = o (t) + 3f1(21(t) + 2 falwa(t)) + falwa(t) + L fa(21(t — 0.25))
—1fa(ma(t = 0.5)) + 5fs(xs(t — 0.3)) + 3, >0, (7.35)
W =y (t) — fulan(t)) + L falea(t) + falws(t) — 21 (a1t — 0.25))
+3 fo(za(t — 0.5)) + f(zs(t — 0.3)) + 3, t>0,
Zo = §b

\

By direct computation, we know that z* = (2,0, —2) is an isolated equilibrium point of the
cellular neural networks (7.35). Since 27 € I; fori = 1,2,3, 20(-) = y;(-). Lety = x — 2, for
l0i — 27llos <0 =1,

Yi||l~ < 1, and then system (7.35) is simplified as

Wl — (1) + g(a(t) + Lg(ya(t — 0.5)), >0,

W) — _yo(t) + S9(ya(1)) — Sglys(t — 05)), >0, 236
WO — _ys(8) + Lg(ya(t)) + L f (22t —0.5), >0, '
Yo =¢—x",

where g(y2(-)) = fa(y2(-) + 23) — fa(23).

We notice that ¢; = 1 < Z?Zl(|aij| + |b;;]) for i = 1,2,3, so Corollary 3 in [24] cannot be
used. And || Ags||+|| B2z|| = 1.75 > 1, Theorem 1 in [135] cannot be applied. In fact, the equilib-
rium z* is not stable, see Figure 7.4 for the simulation of the non-impulsive system with the initial
functions ¢ = (2.05H(t),0.15H(t),—1.85H(t))", ¢ = (1.9H(t),—0.2H(t),—2.2H(t))" and
¢ = (2.2H(t),—0.4H(t),—2.4H (t))T, where H(t) is the Heaviside step function. From the
graph, we can see that the solutions starting from the neighborhood of z* all go away from z*
and converge to another equilibrium point (3.5, 1.25, —1.25)7.

By Theorem 7.2.1, applying the impulsive control y»(k) = 0.02y»(k~) will stabilize the
delayed cellular neural networks with do;, = 0.02, 7* = 0.5, @ = 0.5, ¢ = 1.5. The simulations
of the impulsive cellular neural networks with time delay and the same initial functions are given
in Figure 7.5.
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Figure 7.4: Numerical simulation of Example 7.2.1, system without impulses.

Theorem 7.2.2 Assume that there exist constants b;;, > 0 with 220:1 by < oo fori=1,2,3and
k € N such that ||Asa|| + || Baz|| < 1 and

| LGP < (A +bg) |29, i=1,2,3, keN;

where z1) € R”, 22 € R™ and 2®) € R" "™, Then the equilibrium point x = x* of system
(7.19) is exponentially stable.

Proof. Since || Aga|| + || Baz|| < 1, there exists some « € (0, 1) such that
2 — 2||Aga|l — (1 +€*™)||Baa|| — a > 0. (7.37)

Choose the Lyapunov functional

r+m

t
V(t2?) = 2@ @) + || Baall > / 2 (s5)e ) ds.

j:T'+1 tiT]
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Figure 7.5: Numerical simulation of Example 7.2.1, system with impulsive control.

Then the upper right-hand derivative of V' with respect to the second equation of system (7.23)

1S

DV (t, 2"

Hence we have

IN

VAN VAN

2e°" 2T (1) (= 2P (1) + Apg(zP(1)) + Baag () (t — 7))

r4+m
—I—a||z(2) (t)H2€at + ||ng|| Z (Z](2)(t)€a(t+rj) _ ZJ@) (t B Tj)eo‘t)
j=r+1

—(2— o = 2| Aol — €7 || Baal[) [ 22 (1) 7€

+26|| Boa[[|22 () |12 (8 = )| = [| Baz || 22 (£ — 7)€
—(2 = a = 2| Agl| — || Ball — "7 || Bo2l) |2 () |Pe

0, t € [ter.ty)(lto. T), k €N.

V(t2) < Vit ), t€ [t tin) [ito 7). k € {0} JN.
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From the hypothesis, we have

2 aty rTm t a(s+T1;
Vitg,22) = 2@ @) [Pet + | Baall S350, f1% 22(s)e+)ds
< (14 ba) 2O 2628 + | Boall K57 JiE 22 (s)ee+ds
< (1 + by V(15 <2>), k€N,

SO
V(t.7") <Via,) <1 +0a)V(t,2)

IN

<TI0 (1 + b))V (o, 212
< MyVi(to, 2?), € [te tirr) Nlto. T), k € {0}UN,

where My = [[72, (1 + by;) < oo. Then we obtain

Hz(Q)(t)H2€at < V(t,Zt(Q)) < MQV(to,zg))
< Mpe® (14 Le )¢

t € [t terr) Nto, T),

i.e.
[XOON < Mo =l 507, 1€ [ty tusn) it T). 738)

where M; = \/M2(1 + Leam || By ).
By equation (7.23) and the method of variation of parameters, we have

t
20 = 20(t)e ) 4 / e (Apg(2?(s)) + Bing(z® (s — 7)))ds,
123
for t € [ti, tpr) [ |lto. T), i=1,3. (7.39)
In view of (7.39) and the hypothesis, we have

rMWM|sw<wwe@%+L R (EE IOl
+ Ball2® (s — 7)) ds
<¢Tﬁmv<ane<
+[| Bl 2 (s — 7)) ds
u+wmwuww<“w+ﬁe“$w&ﬂw Ol
+||Bill|2®(s = 7)|)ds, fort € [ty, tyr1) Nto, T), i =1,3,

MR (A RO
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which, together with

i) (4— i —(t; —tp— ty  —(t;—s
IO < 129 (t)lle™ B )+ e (|| Asg[|2® ()]
HBaallllz® (s — 7))ds, i= 1,3,

yields

| | _ oo
[ERIOIE (1+bik)[IIZ(Z)(tk—l)He‘“’f‘t’“)+/ e (|| A |22 (s)]

tk—1

t
HIBiz ]| (s — T)II)dS] et +/ e ([ Anlll =@ ()l

tg

HIBiz |2 (s — 7)) ds

t
(14 big) 12 () [l ™80 4 (1 + by / e (|| A

te—1

IN

<[2@ ()] + 1 Biall 12 (s = 7)) ds
t

< (U ba) (1 bae ) 129 (B fle 70 (1 + b / e (79

tp—1

(1Al ()] + 1Bizlll2* (s — 7)]])ds. (7.40)

Then by (7.39) again, we have

1221 < @+ bi) (1 + big—a) [[120 (trs) e ™002) +/ e i)

te—2

(| Al 12® ()| + || Biz |||z (s — 7)) ds] e~ ~=1) 4 (1 + by,)

t
< [ eI Al 2D )]+ |Bal | - 7)) ds

tk—1

t
< (14 D) (L4 big) 129 (tr—2) e 12+ / e 79

tp—2

x (|| Asllll2# ()| + | Bill|2® (s — 7)|) ds].



170 STABILITY AND BOUNDEDNESS OF IMPULSIVE SYSTEMS

It follows by induction

to

k t
12() H + by) [Hz(%( o)lle” ”0>+/ eI (| w12 (s)]]
+\|Bizuuz<2><s—T>H>ds}
t
M0l 4 [ e (a2

to

+||BZQ||||Z(2)<S — T)||)d8:| 5 fort € [tk, tk—i—l) m[tO,T)7

IA

where M; = H;;(l + bij), i = 1,3. By (7.40) and the estimate of 2(?)(t) (i.e. (7.38)), we have

t
129@1 < Mz{HZ(Z( o)lle” ”°)+/ eI ([ Alllz® ()]
to

Bl —T>||)ds]

t
< Milp—a ||T( g [ e (4
to
+||Bzz||€(217*)e_g(s_t())als)
< Milp—a|- ( ) 4 053 (| All + [ Balle3™)

t
X / e53<5t0>ds>, te[te,T), i=1,3. (7.41)
to
By direct calculation, we obtain from (7.41) that
(1) when o = 2, fort € [tg,T), i = 1,3, we have

1200 < Mille

* T* |:1 + MQ*T(HAZZH —+ ||BZ2||67—*)} 6_(t_t0);

(2) when0 < a < 2,ie. 1 -5 >0,fort € [ty,T), i = 1,3, we have

[ Al + 1Balle™] s,

12O < Millg — ||~ |1+ M; - ;
2
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(3) whena > 2,ie. 1 —5 <0,fort € [to,T), i = 1,3, we have

[Aill + || Biolle=™

- 6_(t_t0).
g

1Y) < Millé — 2

N Vs

In summary, we have
120()|| < Mg — 2*||pee 50t € [ty, T), i=1,3,
where @ = min{1, §} and
M= maxgoys ML+ MET(| Al +[|Bafle”)],
ML+ My MalsiBoled” )
M;[1 + Mé“—”A”@%f”e%T* I}
This, together with (7.38), implies that
12O < max{Ms, M}||¢ — a*||-e ¢t € [t, 7).

If we choose [|¢ — z*

o < m, then ||z (¢)|| < ¢ for any t € [ty,T) and i =
1,2,3. Thus by repeating these procedures, we can obtain that the same result holds for any
te T, 1Y), [11,T2), -+ ,[Th-1,T,) with T,, — oo as t — oco. So under the assumptions of the
theorem, the existing interval of the solution of system (7.23) is [¢y, c0) and the trivial solution
of system (7.23) is exponentially stable, and hence the equilibrium point x* of system (7.19) is
exponentially stable. u

Remark 7.2.2 Theorem 7.2.2 is a generalization of Theorem 1 in [135], when I;;(x) = x,
Theorem 7.2.2 is reduced to Theorem 1 in [135]. This result gives some sufficient conditions

under which the stability property will not be destroyed by impulsive perturbations, see Example
7.2.2.

Similarly to Theorem 7.2.1 and 7.2.2, we can prove the following result.

Corollary 7.2.1 Assume that all the conditions of Theorem 7.2.1 hold except the assumption:
L, = I3, = E with E representing the identity map, is changed to
(i") there exists by, > 0 with >~ | by, < oo such that

(2P < (2 +ba)I27)°, i=1.3, keN;

where zV) € R” and z®) € R* "™ then the same result holds.



172

STABILITY AND BOUNDEDNESS OF IMPULSIVE SYSTEMS

Next, we discuss an example to illustrate our previous result.

Example 7.2.2 Consider the following cellular neural networks with time delay described by

(dn® _ g 4 +0.6f1(:c (t)) — fa(xa(t)) + 0.8 f3(x3(t))

=2 =-<®()+24fﬂxﬂw)—fﬂxﬂﬂ)+05ﬁtman
—0.1fa(a(t — 0.2)) + 0.5 f3(23(t — 0.1)) + 3, t>0,
Dol — _pg(t) — 1.2f1(21(8)) + 0.7 fal2(t)) + 0.3 fs(ws(t))
—0.6f1(x1(t —0.1)) + 0.2f5(z5(t — 0.1)) + 1, t>0,
Zo = ¢

(7.42)

By simple computation, we know that z* = (1.46,4.1, —0.2) is a unique equilibrium point

of the cellular neural networks (7.42). Since z},z3 € I, and 2% € I, we have z(1(.) =
(W1(),2( )T = (@1() — 27, 22() — 23)" and 2®)() = y3(-) = 23(-) — 25. So we can rewrite
system (7.42) as

(

where

(1)
W — _2O) + Ayg(20()) + Arg(z? (1)) + Brag(zV(t — 7))
+Bi1og(z®(t —0.1)), t>0,
. (2)
EE = =20 + Ang(z0(0) + Ang (1) + BugzW(t — 7)) (T43)
—|—B22g(2’(2) (t - 01))a t 2 0,
20 - ¢ - Z*a
0.6 —1 0.8
Ay = , Ay = :
1 24 —1 ] 12 0.5
0.6 —0.5 04
By = By = 7
1 0 —0.1 ] 12 0.5
Aglz[—12 07], AQQZ[O.B],
BQ :[ 06 0], B222[0.2],

and g(2(-)) = f(z()) + 2) = f(z").
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Then for ||¢; — 27|02 < ¢ = 0.46, ||z, < 0.46, system (7.43) is simplified as

EOWO 0 (t) 4 Ag(zO (1)) + Biag(z2(t —0.1)), >0,

-(2)

E2W T — 2@(1) 4 Apg(2@ (1)) + Bag(z@(t —0.1)), >0, (7.44)
20 = gb — 2"

Notice that ¢; < Z?:1<‘aij’ + |bi;]) for i = 1,2,3, so Corollary 3 in [24] can not de-
termine the stability of system (7.42). However, the condition of Theorem 1 in [135] holds
since ||Age| + || B2l = 0.5 < 1, which implies that the equilibrium z* of system (7.42)
is exponentially stable, see Figure 7.6 for the simulation of the non-impulsive system with
the initial functions ¢ = (1.6H(t),3.7H(t),0.2H (¢)), ¢ = (1.2H(t),4.2H(t),0)T and ¢ =
(2H(t),4.5H(t), —0.5H (t))", where H(t) is the Heaviside step function. From the graph, we

can see that the solutions starting from the neighborhood of z* converge to x*.

4.5 ~ T T T

_ B ; : ' i —id
AR e T E = e ———— - x3 H

: : : : : —

: ! : ] ; mx2

: . : . . —ix]

; ; H : ; e X2

X :
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15+ 7A; -
1 TR .
05-- S . B
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=5 1 I I 1 I
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Figure 7.6: Numerical simulation of Example 7.2.2, system without impulses.

By Theorem 7.2.2, the impulsive perturbation z;(k) = (14 (—1)'Z5)z; (k™) will not affect the
stability property of delayed cellular neural networks. The simulations of the impulsive cellular
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neural networks with time delay and the same initial functions are given in Figure 7.7.
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Figure 7.7: Numerical simulation of Example 7.2.2, impulse-disturbed system.

Remark 7.2.3 Theorem 1 in [5] can not determine the stability of the equilibrium point x* of
system (7.42) because condition (i) : —(A + AT) is positive definite does not hold. In fact,
the eigenvalues of —(A + AT) are -1.729, -1.0442, and 2.9732, which implies that —(A + AT)
is neither positive definite nor negative definite. Moreover, Corollary 3 in [24] can not apply
to Example 7.2.2 since ¢; < Z?Zlﬂaij\ + |bij|)u; for i = 1,2,3. While by Theorem 7.2.2, the
equilibrium point x* of system (7.42) is exponential stable with I;(s) = s for i = 1,2,3 and
ke N.

7.3 High Order Hopfield Type Neural Networks

It is known that high-order neural networks have stronger approximation property, faster conver-
gence rate, greater storage capacity, and higher fault tolerance than lower-order neural networks.
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In this section, we discuss the exponential stability of high-order neural networks with time-
varying delays.

We consider the impulsive high order Hopfield type neural networks with time-varying delays
described by

Ciuj(t) = =480 + 30| Pyg;(u;(t —7;(t))+

> i1 2 Pingi(ui(t — 75(0))gi(wi(t — (1)) + Ly t € [tr—1,tr),
Aui(te) = duus(ty) + 35 Wi by (uy(8;)

3 S Wk (u(6) (i (7)), k€N,

wheret =1,2,--- ,n,

(7.45)

Au,i(ty) = wi(ty) — wi(ty), wi(ty) = lm w(t), k €N,

t—t,

the time sequence {t;} satisfies 0 < to < t; < ty < +-+ < g < tgo1 < ---,and l}Lr{}o t, = 00;
C; > 0, R; > 0, and [; are, respectively, the capacitance, the resistance, and the external input
of the ith neuron; Pj;, W;; and P;;;, W;j are, respectively, the first and second order synaptic
weights of the neural networks; and 7;(¢), (i = 1,2,--- ,n), is the transmission delay of the ith
neuron such that 0 < 7;(¢) < 7, where 7 is a constant.

The initial condition for system (7.45) is given by

ul(s) = 77Z)i<8)’ s € [tO -7, t0]7 (7.46)
where ¢; : [to — 7,to) = R, (i =1,2,---,n), is a piecewise continuous function.
We assume throughout that the neuron activation functions g;(u), h;(u), i = 1,2,--- ,n, are

continuously differentiable and satisfy the following conditions:

0< 9i(ui)=gi(vi) K. and 0< h(ui)=h(vi) ~ L.
— U; — V5 - ? - .ui—vi — 2 (748)
YVu; # v, upv; ER, i=1,2--- n.
Remark 7.3.1 It follows from Theorem 1 in [122] that system (7.45) has an equilibrium point if
conditions (7.47) and (7.48) hold.
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Define
M = [M17M27"' JMYL]T’ N = [N17N27”' 7Nn]T7 (749)
and
L =diag(L1, Lo, ,Ly), K =diag(K, Ko, -, Kp). (7.50)
Let u* = [u},u3, -+ ,u’,]” be an equilibrium point of system (7.45), and set
zi(t) = u(t) —u;, i=1,2,--- n,
diu; + > WPhi(w) + 3N Wl (uh)h(u) =0, Vk €N,
j=1 j=1 =1
filai(t = 7i(t))) = gi(wi(t — 7:(1))) — gi(u7),
and

@l(xl(t)) = hl(ul(t)) - hi(u:)a 1=1,2,---,n

Then, foreacht=1,2,--- ,n

1fi(2)| < K |z], and zfi(z) >0, Vz€R, (7.51)
lpi(2)| < L; |z|, and z¢;(2) >0, ¥z €R. (7.52)

System (7.45) may be rewritten as follows.

_ —w;;:ui( 3 W+Pm><)f]< =i (O)s 1€ [t ta),

n

_ dikxi<t;>+z(wi2’“ S, %) o)(s(t)), k€N,

=1

(7.53)

where i = 1,2,--- ,n; ( is between g;(w;(t — 7;(t))) and g;(u}), and §; is between h;(u;(t;))

and hy(u;)).
Define

O:diag(Cl,Cg,--~ ,Cn>, R:diag(R17R2,"' ,Rn),

Dy, = diag(diy, do, -+, dyie)y WE = (W)sns P = (Pij)nsns
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W = (Wi wens Pi = (Pt 1= 1,2, ,m,

% ijl

PH:(P1+P1Tv P2+P2Ta7Pn+PT?)Ta

[1]

B =+ W W DT
p(@(t7)) = [er(a(t7)), - palzat))]",
fla(t = (1) = [filer(t — (1), falza(t — ()],
(=[0G Gl T=diag(¢ ¢, 0)y =68, &l
A = diag(€,¢&,--+,€), Ax = [Axy, Axy, -+, Ax,]7,

ot —7(t) = [11(t = 71(1)), 2t — 72(t)), -+ 2wt — (1))

Then, system (7.53) may be written in the following equivalent form.

2(t) = —C'R'z(t)+ CHP+TTPy)f(x(t —7(¢))), t € [ty—1,tx), (7.54)
Ax(t) = Dyalty) +(W® + ATS)p(a(t;)),  keN. |
The initial condition for system (7.54) is given by
z(t) = ¢(t), t € [to — 7, o], (7.55)
where
o(t) = [¢1(1), da(t), -+, 9n(t)]T, t € [to — 7, to],
and

Gi(t) = Yi(t) —ul, t € [to— 1, t0], i =1,2,--+ ,n.
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In this section, we denote with || - || eiither any vector norm or the induced matrix norm. In
addition, let ||(t) ||,y = (X0, |2(¢)[P) ? for any z(t) € R and p = 1, 2.

Next, we shall apply the results in the previous chapters to obtain some sufficient conditions
for the globally exponential stability of Hopfield type neural networks with time-varying de-
lays. The theorems and Example 7.3.1 show that some Hopfield type neural networks may be
exponentially stabilized by impulses.

Let u* = [u},u}, -+ ,u’]” be an equilibrium point of system (7.45). Then x = [0,0,--- ,0]"
is an equilibrium point of system (7.53) or (7.54). To obtain the global exponential stability of the
equilibrium point v* of system (7.45), it is sufficient to establish the global exponential stability

of the trivial solution of system (7.53) or (7.54).

Theorem 7.3.1 Let a = Apin(R71C7Y), A = (aij)nxns aij = |Pijl + > [Pk + Pirs| My
k=1

foranyi,j = 1,2,--- ,nand k € N, and b, > [||I + Dyl|2) + maxlﬁign{Lz‘}(HW(k)H(g) .
IEkll [IN[@)]? k€N, if

(i) a > %,u, forany q > e, where \, a > 0 are constants, |1 = A\ypax(B)and

0 C'AK
KATC! 0

I

(i) T <ty —ty_1 < aandIn(by) + Ao < —A(tgy1 — ty) forany k € N.

Then the equilibrium point u* of system (7.45) is globally exponentially stable with convergence

A
rate 9

Proof. Choose the Lyapunov function V' (¢, z(t)) to be
1 D
V(L o) = S0l = 5 30 a20).
i=1

Then condition (¢) of Theorem 4.2.1 holds with ¢; = ¢, = 5 and p = 2. For ¢ # ¢, by computing
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the upper right-hand derivative of V' (¢) along the trajectories of system (7.53), we obtain

DV(ta(t) = =3 F8+ 33 (P + X (Por+ Pyl
<t -nO)
s - 1I£11§nn (R,C'i) z:zlx22<t> " 2:21]; (|P”|
+ Z | Pije + Pig | My) & |:(8)] |5 — 75(2)))
Denote a = A\pin(R71C7Y), |2(t)] = [ [z ()], |w2(t)], -, |wa(t)] }Tand
lz(t — 7(1))| = [ 21 (t =7 (0)], -, @t — (1)) f

We rewrite the above expression in the following matrix form

T
t)| |z(t)|
DTV (t,z(t)) < —a x; ¢ B ,
Z |z(t — 7(1))] |zt — 7(¢))]
1AK
where B = 0 ¢ . Since B is symmetric, let ;1 = Apax(B). We have
KATC! 0

DYV (t,z(t)) < —2aV (¢, z(t)) + uV (¢, z(t)) + uV(t — 7(t), z(t — 7(¢))).
Whenever V (t + s, x(t + s)) < ¢V (t,z(t)) for s € [—, 0], we obtain from condition (7) that
DTV (t,a(t) < —[2a — p(1+ q)]V(t,z(t)) <0,

which implies that condition (77) of Theorem 4.2.1 holds.
From (7.54), we have

Vit z) = gllelt)lly = slet) + Azt
= I+ Doa(ty) + (WE + ATZ)p( (b))%

< U+ Dellllz)lle) + WPl + 1A @120 @)
xlo(z(t)ll2)?
< 5+ Dilly + maxi<ia{ L (WP 2 + 12kl |V ]| 2))?

x|z ()1
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By condition (7) and the assumptions ||¢(z(t))||2) < maxi<i<n{Li}||2(t)](2), ATA — ”5”%2)[
and [|£[/(2) < || V]| (2), we obtain

Vit,) < [+ Dilley + maxy<ica{ Ls IW P 2) + |Zk [l 2) IV || 2)]?
xV(t,,x)
S ka(tZ,l‘),

which, together with the condition (77), implies that the conditions (iii) and (iv) of Theorem
4.2.1 hold, so we obtain that the trivial solution of system (7.53) or (7.54) is globally exponen-
tially stable with convergence rate ’5\, i.e., the equilibrium point u* of system (7.45) is globally

exponentially stable with convergence rate % ]

Theorem 7.3.2 Let ¢« = min { } b = maxlgign{ E(IPZ]| —+ z |P1]k -+ P7,k]|Mk‘%)}’
j=1 k=1

1<i<n
a”dfor any k € N, b, > maXlSignﬂl + dig|} + maxi <<, {0, (WD + S0, (WY
le |N1>L } [f

(i) a > gbwith ¢ > e***, where \, o > 0 are constants;
(i) T <ty —ty_1 < aandlIn(by) + Ao < —A(tyy1 — ty) forany k € N.

Then the equilibrium point u* of system (7.45) is globally exponentially stable with convergence

rate \.

Proof. Choose the Lyapunov function V' (¢, z(¢)) to be

n

V(t,x(t) = lle®lla) = Y lai(t)].

=1

Then condition (i) of Theorem 4.2.1 holds with ¢; = ¢ = p = 1. For t # ty, the upper
right-hand derivative of V() along the trajectories of system (7.53) is

DisyV(ta(t) = — é i sgn(x,(1))
= _;:Rz | ()H—zéé( U—l—Z( Piji + Pir;)Cr)
x%sgn(ml(t ).
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By (7.51) we have

n

Dy V(t:2(0) < = % glglos(]+
K;

X My) gt (t — 75(1)]

12111%1” R,C, } Z:ZI |z; (t)] + maxlgign; (1P|

n K; n
+ kX_:l | Pyjre + Pirg| M) g2 20—y i (t = 75(1)]-

n

21 (1P5] + kZ(\Pijk + Purjl)
‘]:

‘ —1

IN

By condition (7), we have
D sy V(t,x(t) < —aV(t) + bV (t+5) < —(a—bg)V(t) <0,

whenever V' (t + s, z(t + s)) < ¢V (t,x(t)) for s € [—7,0]. This implies that the condition (%)
of Theorem 4.2.1 holds.
By condition (i), we have, from (7.53)

Vitea) = Sl = S0 10+ dadzi(ty) + X0, (Wi
+ 3 (W + WiD&) iz, (t:)]
< maxycin {1+ dinl} 0 ()] + maxicic, [ S0, (W)
+ 3 W+ WIN) L) S ()
< b V(t,, ),

which, together with condition (i), implies that conditions (¢ii) and (iv) of Theorem 4.2.1 hold,
so we obtain that the trivial solution of system (7.53) or (7.54) is globally exponentially stable
with convergence rate ), i.e., the equilibrium point u* of system (7.45) is globally exponentially

stable with convergence rate \. ]

Remark 7.3.2 Theorems 7.3.1 and 7.3.2 also give the relation between the measure of strength

of the impulse by, and the upper bound of the impulsive interval o:
b < e 2% XA>0. (7.56)

Note that 7.56 is sufficient but not necessary for the impulsive stabilization of the neural network
(7.45).
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Now, we discuss an example to illustrate our results.

Example 7.3.1 Consider the following impulsive high order Hopfield type neural networks

(W (t) = —0.2u(t) — tanh(0.1uy (t — 0.5¢7"))
+0.6 tanh(0.1uy(t — 0.5)) + 0.6, t € [tr_1,t1),
uh(t) = —0.1852uy(t) + 0.9 tanh(0.1uy (t — 0.5)) (7.57)

—0.9 tanh(0.1uy(t — 0.5)) + 0.067, t € [tg_1,tx),
| Aui(k) = dip(wi(k™) —uj), k€N

7

By computation, system (7.57) has a unique equilibrium point (u},u3)? = (2.2017,0.9530)7.
In the notation of Theorem 7.3.1, we have C = I, R™' = diag(0.2,0.1852), g1(u) = go(u) =
tanh(0.1u), I; = 0.6, I, = 0.067, 7 = 0.5, My = My = 1, K1 = Ky = 0.1, P, = (Pyi;)ax2 =
Py = (Pyj)ax2 = 0, and

~1 06
P = (P)ayy = .
(Pig)2x2 [o.9 —0.9]

By simple calculation, we have a = A\ (R™'C™1) = 0.1852 and

0 0 0.1 0.06
0 0 0.09 0.09
0.1 006 O 0
0.09 0.09 0 0

Y

50 [t = Amax{ B} = 0.0213. Then

1
a=0.1852 > %u — 0.0215,

where ¢ = €% = 1.0202.
Choose hy(u) = —@ and hy(u) = ul;% W% =0, Dy = diag(dyy, do,) = diag(—0.5, —0.5)

ijl

d —d —0.5 0.5
W(k) _ (V[/i(jlc))QX2 _ 1k k| _ 7
do  doy -0.5 —0.5

then Ny = 1.6, Ny =0.6and L1 = L, = 0. Let « =1 A = 0.01, t, = k for any k € N. Choose
b, = 0.65, then by, < e Met1=t) = (0.9802 and
T + Dill2) + maxi<icn{ L} (W H [ 2) + 1Ex ]l @) [ V[l 2))]?
=0.25 < b, = 0.65.

and
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Then the conditions of Theorem 7.3.1 hold, and the equilibrium point u* of system (7.57) is
globally exponentially stable with convergence rate 0.005.

Moreover, the conditions of Theorem 7.3.2 also hold:
(1) a = minj<;<y % =5 > ¢gb=1.0202 x 1.8,

(2) maxi<ien{|1 + dig|} + maxicien {7 (WP + S0 (WS + WEIN)L} = 0.5 <

by =065, 7=05<t), —ty_1=1<a=1and b, < e M A1t = (.9802.

Thus by Theorem 7.3.2, the equilibrium point u* of system (7.57) is globally exponentially
stable with convergence rate 0.01. As is apparent from the conditions laid out above, on the
basis of both theorems in this section, global exponential stability is obtained for system (7.57).
As predicted by the forerunning analysis, the faster convergent speed is achieved in the case of
Theorem 7.3.2.

The numerical simulation of this impulsive delay differential equation with initial functions

0, t € [—0.5,0),
t) =
“1(t) 9.1, =0,
0, t e [~0.5,0),
t pr—
@a(1) 1.1, t=0,

is given in Figure 7.8, the graph of solution of the corresponding system without impulse is given
in Figure 7.9.

Remark 7.3.3 As is shown from the above pictures, the equilibrium point v* = (2.2017,0.9530)
of system (7.57) without impulse is stable but not asymptotically stable, however, after impulsive
control, the equilibrium point of this system becomes globally exponentially stable, which implies
that impulse can be used to exponentially stabilize some high order Hopfield type neural networks

with time-varying delays.

The next theorem shows that to what extent impulsive perturbation Hopfield type neural net-

works (7.45) or (7.54) can endure without destroying the globally exponential stability property.

—_—

Theorem 7.3.3 Assume that there exist constant ¢ > 1 and matrices P, Dy, ww, =, e
R™ " Yk € N with P > 0 such that
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Figure 7.8: Numerical simulation of Example 7.3.1, system without impulses.

. maxi<;<n{Ki Y — Y —
(i) 5= — (1+ @)= S== B (| PCLP o) + | PC Y| )| M o)1 P | ) > 22

(i) 2O 14Dy ) +maxscicn (Lo} (WO ) + 12l [N ) < 14ty where by > 0
forallk € Nand > ;" | b, < 0.

Then the equilibrium point u* of system (7.54) is globally exponentially stable.

Proof. Let A = —C~'R™1, A is Hurwitz, then there exists a unique positive definite symmetric

matrix P such that
PA+ ATP =—1. (7.58)

Choose the Lyapunov function V (t, z(t)) = 2T (t)Pxz(t), P is given by equation (7.58). For any
(t,x) € [tp_1,tr) X R™, we obtain that

DYV (t,z) = 227 (t) P2/ (t)

< S+ B IPC Pl (7.59)

+HIPCT @ Ml @I Prll @) le” () Pa(t) + 27 (t — 7) Pa(t — 7)),
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Figure 7.9: Numerical simulation of Example 7.3.1, impulsive system.

whenever ¢V (t,z(t)) > V(t + s,x(t + s)) for any s € [—~7,0], i.e., 27 (t + s)Px(t + s) <
2T (t) Px(t), we get

max; <i<n{Ki}
DV(t) < ~[5 5 — =555 (1PC Pl 7.60)
HIPCH )| M @)l Prll ) (1 + 92T () P(t) < —nV(t,a(t)),
maxi<;<n{Ki
where 1) = 5Lz — ZEELE (| PO P[5y + | PC7Y| )| M || )| Parll2)) (1 + ). And by

condition (7), n > h“l , so the condition (i7) of Theorem 4.1.2 holds.
By condition (“) and [|p(2())]l2) < maxi<icn{ Li}|2(t)ll2)s ATA = (|| I, and [|€]] () <
| N[ (2), we have
V(ty, x) = ' (tx) Px(ty)
= (x(ty) + Aty )" Pla(ty) + Ax(ty))
< izj:((lf) [l + Dyll2) + maxi<i<n{L;}
(WS ) + 1Exll IN [PV (t; , )
< (1 + bk)v(tlz7 ZE),
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i.e., condition (ii¢) of Theorem 4.1.2 holds with ¢y (s) = (14bs)s and H = [ [, (1+bs). Hence
from Theorem 4.1.2, we obtain that the trivial solution of system (7.54) is globally exponentially
stable, i.e., the equilibrium point ©* of system (7.45) is globally exponentially stable. L]

Example 7.3.2 Consider the following impulsive high order Hopfield type neural networks

Cruj(t) == 1+ 570 | Pyg(us(t — 7(6)) + 0, Sy P
xg;(u;(t — 75()))gi(wi(t — 7(t))) + Liy t € [te-1,te), 1= 1,2,
A (k) = digu; (k >+ S Wby (u(k~ — 7(k)))
+Z] 125 1 z]l (u](k_ - Tj(k)))hl(ul(t; —7(te))), i=1,2, k€N,

(7.61)
where C' = diag(2,3), R = diag(2.5,1.8), g1(u) = tanh(0.12u), go(u) = tanh(0.4u), I, =
1.2, I =0.2and

01 0.03
P = (P.)owy =
(Pij)22 [0.12 —0.05]
0.08 —0.1
P, = (Py)ays —
! (Pris)2c2 0.1 0.06]
—0.06 04
Py = (Pyi)oxs =
a2 e Y —0.05]

then My = M, = 1, K; = 0.12, Ky = 0.4, and system (7.61) has an equilibrium point
(uy,uz)’ = (2.954,0.404)T.

By simple calculation, we have P = diag{2.5,2.6998}, A = —~C~'R~! = diag{—0.2, —0.1852},
and

0.16 0

0 0.12
PHZ(P1+P1T,P2+P2T)T_ 012 0|

0 —0.1

and PC~! = diag{1.25,0.8999},

PC P =

—0.125 0.0375
0.108 —0.045
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50 Amax{ P} = 2.6998 and Apin{P} = 2.5, |Pull2) = Amax(PLPr))2, ||[PCY ) = 1.25,
|PC~*P||(2) = 0.175, and then

maxi<;<n{ i =y =y
s — S| PCP| o) + | PC | M ]| 2

|| Pl 2] (1 +¢) = 0.231 > 0.1 > 2009

where ¢ = 1.05 > 1.
Choose hy(u) = —@ and ho(u) = LQUQ W% =0, D, = diag(dys, day,) and

ijl

Wk — (W'(‘If))2X2 _ di, —d
Y dop  dog
1 1
_ [ —0.2 + 55 02—@]
1 1 3
—0.2+ 2k(k+1) 0.2+ 2k(k+1)

then Ny = 1.8, Ny =1.3and L, = L, = 0, and we have

)\max p
sl B[)1 7+ Dyl 2y + maxs cizn{ Li (WO |+

Zrll@ IV )] = [2552(0.8 + 52)]* < 1+ 7.

Then the conditions of Theorem 7.3.3 hold, and the equilibrium point v* of system (7.61) is
globally exponentially stable.

The numerical simulation of this impulsive delay differential equation with initial functions
¢1(t) = ¢a(t) = 0 fort € [—0.5,0), and ¢1(0) = —2.1, ¢o(0) = 1.1 is given in Figure 7.10, the
graph of solution of the corresponding system without impulse is given in Figure 7.11.
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Figure 7.10: Numerical simulation of Example 7.3.2, system with impulsive disturbances.
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Figure 7.11: Numerical simulation of Example 7.3.2, system without impulses.



Chapter 8
Conclusions and Future Research

The stability and boundedness theories of impulsive systems with time delay have been devel-
oped in this thesis. Impulses have been treated as either perturbations or a means of controls.
Conditions to maintain or to obtain the desirable stability or boundedness properties of delay dif-
ferential systems have been given. Various methods, such as Lyapunov-Razumikhin technique,
Lyapunov functional method, variation of parameters, and differential inequalities, have been
utilized.

After introducing some important definitions, notation and fundamental results for impul-
sive delay differential equations in Chapter 2, the stability problem of nontrivial solutions of
delay differential systems with state-dependent impulses has been solved in Chapter 3. By con-
structing the “reduced system”, the stability of systems with state-dependent impulses has been
“transferred” to that of systems with fixed impulses.

In Chapter 4, many (global) exponential stability criteria have been established. Our results
have revealed the essential role that impulses may play in stabilizing delay differential equations.
Several numerical examples have been also worked out to illustrate the theorems. Stability cri-
teria in terms of two measures have been established for impulsive delay differential equations
in Chapter 5. Some results have been applied to Lotka-Volterra systems with time delay and
impulsive effects.

Boundedness results have been obtained for impulsive delay differential equations with both
fixed and state-dependent impulses in Chapter 6. Those results are applicable to population

growth dynamics and impulsive synchronization for secure communication.
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The application of stability theory to neural networks has been discussed in Chapter 7. We
have applied the results and techniques in Chapter 4 to obtain (global) exponential stability of
cellular neural networks and high order Hopfield type neural networks with time delays and
impulsive effects. We have discussed possible effects of impulsive perturbation on stability of
neural networks and have obtained some stability criteria to keep the stability property of de-
layed neural networks under impulsive disturbance. We have also developed some results to
impulsively stabilize neural networks with time delay.

In addition to the work dedicated to the stability and boundedness theory in this thesis, there
are still many interesting problems unexplored in the theory of impulsive delay differential equa-
tions and its applications.

Based on the Lyapunov method and some known results on stability and robust stability,
I plan to study necessary and sufficient conditions of optimality for optimal impulsive control
problems as well as the design of robust controls that will guarantee the stability and robust sta-
bility of the closed-loop system. There are basically two ways of using the Lyapunov method for
impulsive control design. The first technique involves hypothesizing one form of control law and
then finding a Lypapunov function to justify the choice. The second technique requires hypoth-
esizing a Lyapunov function candidate and then finding a control law to make this candidate a
real Lyapunov function. In design, one often has the freedom to deliberately modify the dynam-
ics through designing an appropriate controller in such a way that a chosen function becomes a
Lyapunov function for the “closed-loop system”, so the application of the Lyapunov theory to
the design of stabilizing controllers for impulsive control systems can be very rewarding.

While the Lyapunov method has been used to investigate stability in terms of two measures
for impulsive delay differential equations, boundedness criteria in terms of two measures for
impulsive (abstract) delay differential equations could be similarly established. The techniques
from the stability investigations of impulsive systems can also be applied to switching systems,
since both systems have some common properties.

Boundedness is an important property of a dynamical system. It has played a crucial role in
the existence of periodic solutions. It would be interesting to work on boundedness for impulsive
systems with finite and infinite time delay, and then explore further applications to population
growth models. Moreover, boundedness, together with attractivity, gives rise to the concept of
Lagrange stability. This concept has been used in chaos synchronization for secure communi-
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cation. It would be very useful to obtain some results on Lagrange stability for impulsive delay
systems and explore the applications of impulsive synchronization for secure communication
based on the work that we have done on boundedness and stability of impulsive delay differen-

tial equations.
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