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Abstract

Commutative Grobner bases theory is well known and widely used. In
this thesis, we will discuss thoroughly its generalization to noncommutative
polynomial ring k<X > which is also an associative free algebra. We intro-
duce some results on monomial orders due to John Lawrence and the author.
We show that a noncommutative monomial order is a well order while a one-
sided noncommutative monomial order may not be. Then we discuss the
generalization of polynomial reductions, S-polynomials and the characteriza-
tions of noncommutative Grobner bases. Some results due to Mora are also
discussed, such as the generalized Buchberger’s algorithm and the solvability
of ideal membership problem for homogeneous ideals. At last, we introduce
Newman’s diamond lemma and Bergman’s diamond lemma and show their

relations with Grobner bases theory.
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Chapter 1

Introduction

Grobner bases and Buchberger’s algorithm were introduced by B.Buchberger
in 1965[2]. Today they are well-known and widely applied to many problems
in mathematics, computer science and engineering. For a basic example in
commutative algebra, ideal membership problem for commutative polyno-
mial rings, or equivalently saying, word problem for commutative algebra
presentations can be solved by Grébner bases theory(see section 2.5). Since
Buchberger’s Grobner bases theory mostly concerns commutative algebra,
we call it commutative Grobner bases theory.

In 1978, G.M.Bergman introduced his diamond lemma for ring theory
[3], which is an analogue and strengthening of Newman’s diamond lemma
[5]. As T.Mora has pointed out in [9], Bergman’s diamond lemma essentially
contains a generalization of commutative Grobner bases theory to general
noncommutative polynomial rings which are also associative free algebras.
In [9](1986) and [10](1994), T.Mora made the generalization precise. In this

thesis, we call this generalization! noncommutative Gréobner bases theory.

!There are different generalizations of Grobner bases theory to noncommutative areas.
See [1] and “introduction” in [4].



The aim of this thesis is to discuss thoroughly the above noncommutative
Grobner bases theory and show explicitly the relations among commutative
Grobner bases theory, noncommutative Grobner bases theory, Bergman’s
diamond lemma and Newman’s diamond lemma.

The thesis is organized as follows.

In chapter 2, we give a brief introduction to commutative Grobner bases
theory as the background. Most important definitions, results and algorithms
of the theory are included but some proofs are omitted. Interested readers
are referred to [12] [8] [7] for more information on this theory.

In chapter 3, we generalize the definitions, results and algorithms given
in chapter 2 to general noncommutative polynomial rings. Most results are
based on Mora’s work [9] [10], but we give more complete proofs of the re-
sults and explain more details of the generalization such as non-commutative
polynomial reductions and noncommutative S-polynomials. In particular, we
believe the results on monomial orders are new and they are due to my su-
pervisor Prof. John Lawrence. We show a result about monomial partial
order and then we prove that a noncommutative monomial order is a well or-
der. We also give an example which shows that a one-sided noncommutative
monomial order may not be a well order.

In chapter 4, we introduce Newman’s diamond lemma firstly and then
Bergman’s diamond lemma. After that we show the relation between Grobner
bases theory and diamond lemma(s). We give a brief comment on the re-
lation between Grobner bases theory and Newman’s diamond lemma and
then deduce most characterizations of noncommutative Grobner bases from
Bergman’s diamond lemma.

We need point out that, the emphasis of this thesis is on theoretical aspect



not on computational aspect, although the latter is also very important,
especially in practice. All the algorithms in this thesis are only explanatory,
not written in formal programming languages. Topics on how to improve
the efficiency of related algorithms are not covered. Readers are assumed to
have a basic knowledge of rings(especially polynomial rings), vector spaces,

modules and algebras.



Chapter 2

Commutative Grobner Bases
Theory

2.1 Notations and Basic Definitions

We let N denote the set of natural numbers with 0 € N. Let k£ be a field,
klx1,xa,...,x,| denote the commutative polynomial ring in n variables over

k,n e N—{0}. For k[xy, s, ..., x,], the following facts are known:
t
(1) Vf € k[xy,xa,...,x,] — {0}, f = Zcmﬁﬁ@ﬁig P,
i=1

where t € N—{0},¢; € k—{0},3;, € N,1 < j <n,1 <i <t Conventionally,

LAY I .xjﬁif ... 2% is called a term, c; is called the coefficient of the

term, 2% 25% .. .x]ﬂii ...z, n is called a monomial, Z?:l f3;, is called the
degree of the monomial. For any monomial m, the degree of m is denoted by
deg(m). The set of all monomials in n variables is denoted by M,, or simply
M when n is not necessary to be indicated. Note that Vj with 1 < 57 < n,
we let 2;° =1 € M. Given my, mg € M, if Ims € M such that my = mamy,

we say may is a multiple of mq, or my divides mgy, denoted by my | ma.

(2) Vf € k[xy, 29, ...,2,] — {0}, after all possible coalescence and cancel-
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lation of terms, f has the unignue form as follows,

=1

where t € N—{0},¢; € k— {0}, m; € M and m; # m; V1 <i # j < t. Here,

the uniqueness is up to a permutation on the terms in the form.

Next, before introducing the definition of monomial order, let’s look at
some prerequisite definitions.
Definitions 2.1.1. (i) Let S be a nonempty set, S x S denote the set of all
ordered pairs (a,b) of elements a,b in S. A subset R of S is called a (binary)
relation on S. Usually, when (a,b) € R, we write aRb.
(ii) Relation < on S is called a partial order if it satisfies the following

properties:
- reflexivity : a < a, Ya € S,
- transitvity :a <bandb<c = a=<c¢, Va,b,ce€ S,
- antisymmetry :a <bandb<a = a=0>, Ya,be S.

The strict part of <, denoted by <, is defined by a < b < a <X band a # .
The inverse of <, denoted by >, is defined by a = b < b < a.

(iii) A partial order on S is said to be a total order ,usually denoted by <,
if it satisfies: Va,b € S, a < b or b < a. A total order < on S is said to be
a well order if it satisfies descending chain condition(DCC'), i.e.,there is no

infinite strictly descending chain a; > ay > ... in S with respect to(w.r.t.)
<.

(iv) Let < be a partial order on S, T'C S, if for some t € T, t < aVa € T,

we say t is a least element of T'. Then a well order on S is also defined by
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a partial order < with each nonempty subset of S having a least element
w.r.t. <.

Remarks 2.1.2. (i) For the proof of equivalence of two definitions of well
order, see [8]. (ii) Usually, S is said to be partially ordered(totally ordered,
well ordered) by =<, if < is a partial order(total order,well order) defined on
S. The ordered set S w.r.t. < is denoted by (S, <).

Now let’s return to kf[zy, xs, ..., ).
Definition 2.1.3. < is said to be a monomial order on the set of all mono-
mials M, if it satisfies the following conditions:

(i) M is totally ordered by <;

(i) 1 <m, Vm € M,

(iii) mqy < mg = mmy < mmgy, Ym,my,my € M.

Let < be a monomial order on M, suppose mi,ms,m3z € M, and my =
msmy, by the above condition(ii) 1 < mgs, then by the condition(iii) m; <

msmy = ms. Hence we can say my|mg = m; < mgy. This shows the

monomial order relation is an extension of the division relation.

Examples 2.1.4. Let <y be the natural order on N. The following are three
frequently used monomial orders. (Verifications of conditions (i)(ii)(iii) in the
above definition are omitted.)

(1)The lexicographical order(abbreviated as lex) on M with z1 > x5 >
...> x,. Inthelex, 1%22%% ... 2,%" < 272,72 2,7 & ap = F, a0 =
Boy ... o = B, 401 <n Bi41, for some [.

(2)The degree lexicographical order(abbreviated as deglez) on M with
Ty > T9 > ... > x,. In the deglex, for all mi,ms in M, m; < my <

either deg(my) <y deg(ms) or deg(my) = deg(ms) and my <je; Mo, where



<jex 1s the lexicographical order with 1 > a9 > ... > x,.

(3)The degree reverse lexicographical order(abbreviated as degrevlez) on
M with ©; > x9 > ... > x,. In the degrevlex, let m; = x1“'22%? ... 2,%",
my = 1My . x,Pr ) then my < my & either deg(my) <y deg(msy) or
deg(mq) = deg(ms) and o, = B, n1 = Bn-1,..., 04 = B, q_1 >N Bi_1, for

some .

Given any nonzero polynomial f, f can be written in the unique form
(2.1.1). Now let M be totally ordered by some monomial order <, clearly
there is a permutation on all terms in (2.1.1) such that f = >_'_, ¢;m;, and
my > mg > ... > my. In this case, we call ¢y, the leading term of f,
denoted by It(f); my the leading monomial of f, denoted by Im(f); ¢; the
leading coefficient of f, denoted by lc(f).

Definition 2.1.5. Given any subset G of k[zy,xs,...,2,]|, we define the

leading monomial ideal of G w.r.t. some monomial order < to be
Im(G): = <Im(g)geG>
t
= {Z film(g;)| t € N—={0}, fi € k[z1, 20, ..., 2,],9; € G}
i=1

Definition 2.1.6. Given a monomial order on M, let G be a finite subset
of k[zy,za,...,2,), if Im(G) = Im(< G >), we say G is a Grébner basis
(of the ideal < G >). 1If a finite set G C ideal I C k[xy,za,...,x,] and
Im(G) =Im(I), G is called a Grdbner basis of I.

Remarks 2.1.7. (i) We do not need I =< G > in the above definition.
Instead, we will prove Im(G) = Im(l) = [ =< G > in theorem 2.2.11.
(ii) Grobner basis has different characterizations (see section 2.4) and every

characterization can work as the definition.

Next, let’s discuss some fundamental results.

7



2.2 Noetherian Rings and Dickson’s Lemma

We start from general commutative rings. Let R always denote a commuta-
tive ring in this section.

Definition 2.2.1. Ring R is said to be Noetherian if it satisfies the ascending
chain condition(ACC') on ideals i.e.,there is no infinite properly ascending
chain of ideals Iy C I, € ... in R.

Definition 2.2.2. An ideal [ of ring R is said to be finitely generated, if

Jay, as,...,as € I, such that [ =< ay,a9,...,as >={>_;_,ma; | r; € R}.

Lemma 2.2.3. Ring R is Noetherian iff every ideal of R is finitely generated.
Proof:“=" Zero ideal is trivially finitely generated. Suppose a nonzero ideal
I is not finitely generated. Select a; € I, then < ay >C I. Next select
ay € I— < a; >, we see < a; >C< aj,as >C I. Then we can select
az € [— < ay,as >, ... Obviously, since [ is not finitely generated, the pro-
cess can be continued without termination. Hence we would have an infinite
ascending chain of ideals < a; >C< aj,as >C ...in R. But R is Noetherian,
a contradiction. So every ideal of R is finitely generated.

“«<” Suppose R is not Noetherian, then there is an infinite chain I; C Io € ...
in R. Let I = (J2,I;, it’s easy to see I is also an ideal of R. Then
Jay, as,...,as € I, such that I =< aq,as,...,as >. Notice that for some
sufficient large [, aq,a9,...,as € I}, then I C [; C I,y C I. It’s a contradic-
tion. Therefore R is Noetherian. [

The next theorem is well-known and a complete proof for it is not short,
thus the proof is omitted here. Readers can refer to [11] or [12] for the proof.
Theorem 2.2.4.(Hilbert Basis Theorem) If R is Noetherian, so is R[z].

Notice that k[xy, za, ..., x,]= klx1, 29, . . ., Xp1][zn] VR € N—{0} and the



field k is trivially noetherian, by applying Hilbert Basis Theorem recursively,
we can see the polynomial ring k[z, z9, ..., x,] is Noetherian Vn € N—{0}.
By combining this result with lemma 2.2.3, we have the following theorem.

Theorem 2.2.5. Vn € N — {0}, the polynomial ring k[xy,zo,...,z,] is

Noetherian and every ideal of k[xy,xs,...,z,]| is finitely generated.

Corollary 2.2.6. Let I be a nonzero ideal of k[z1,xs,...,z,], suppose I is
generated by a nonempty set S, then 3 finite S C S such that I =< S >
=< S >.

Proof: By theorem 2.2.5, Jaq, as,...,a; € I, such that I =< aq,as,...,a; >.
Since I =< S >, 4 finite S; C S such that a; €< S; >,Vi. Then let S’ =
U;l S;, clearly finite S’ C S and I =< aq,a9,...,a; >C< ' >C< S >= 1.
We're done. [

If we let the set S in corollary 2.2.6 contain only monomials, we have a
result called Dickson’s Lemma.
Theorem 2.2.7.(Dickson’s Lemma) Let S be a nonempty set of monomials
in k[zq,x9,...,2,], then 3 finite S” C S such that < S >=< §" >, or
equivalently saying, 3 finite 8" C S, Vm € S,3dm’ € S’ such that m is a
multiple of m’.
Proof: The first statement < S >=< 5’ > is obvious by the corollary 2.2.6.
Notice the fact that

t
me<sS > = m:Zciaimi
i—1

where a;, m; are monomials, m; € S’, ¢; € k and ¢; = 0 except for those i with
a;m; = m, then we can see m €< S’ > < m is a multiple of some member
m’ of S’. Therefore the second statement is equivalent to < § >=< 5’ >.
O



Next we prove some results based on Dickson’s Lemma.

Theorem 2.2.8.(Existence of Grobner Bases for Ideals) For any nonzero
ideal I of k[zy,xs,...,x,], given any monomial order < on M, there exists
some finite G C I such that Im(G) = Im([)

Proof: By definition, Im(I) =< S > where S = {Im(f) | f € I}. By
Dickson’s Lemma, 3 finite S" = {Im(f1),Im(f2),...,Im(f;)} € S such that
<S>=< 8> Let G={fi, fo,..., i}, clearly G C I and Im(G) = Im(I).
O

Theorem 2.2.9. Every monomial order < on M is a well order.

Proof: Let S be a nonempty subset of M, we will show S has a least element
w.r.t. <, then by the definition 2.1.1(iv), < is a well order.

By Dickson’s Lemma, 3 finite S” C .S, Vm € S, d3m’ € S’ such that m is a
multiple of m’. Because S’ is finite, < is known to be a total order, then S’
has a least element mg. Now Vm € S,3dm’ € S’ such that m = m’h, where
h € M. Clearly h > 1 by condition(ii) in the definition 2.1.3. By condition
(iii), m = m’h > m’ > my. Hence my is a least element of S. We're done. [J
Remark 2.2.10. In chapter 3 we will give another proof of the above theo-

rem that does not use the Dickson’s Lemma or Hilbert Basis Theorem.

Theorem 2.2.11. Let < be a monomial order on the set of all monomials
M and let I be an ideal of k[xy,zs, ..., x,]. If a finite set G satisfies G C [
and Im(G) = Im(I) (so G is a Grobner basis of the ideal I), then I =<G >.
Proof: Given any f € I — {0}, do the following process: Let f; = f, fi €
I, im(fi) € Im(I) = Im(G) = 31 € G C I, ¢4 € M, &1 € k— {0},
such that It(f1) = lt(cigiqn). Let fo = fi — cigiqu, clearly fo € I, when
fo# 0, Im(fy) € Im(I) =1Im(G) = 3go € G C I, g2 € M, 5 € k— {0},
such that It(fs) = lt(cagaqa). Let f3 = fo — cagago, clearly f3 € I, and when
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f3 # 0, we can move to fj...
Notice that Im(f1) > Im(f2) > Im(f3) > ..., the process must terminate,
since the monomial order < is a well order. Moreover, the last f; must be 0,

otherwise, we would be able to continue the process to f;1;. Hence we have

0 = fi = fisi—ao1g1@-1 = fico — —2@i—2Gi—2 — Q-1Gi-1Q1—1 = - ..
-1
= fi— Zcigi%'-
i=1

So f=/fi= Zii ¢i9:;q; €< G >. This implies I C< G >. It’s obvious that
< G >C I. Therefore I =< G >. O

At last we point out the following fact about the Dickson’s Lemma and

the theorem 2.2.5.

Claim 2.2.12. Theorem 2.2.5 < Dickson’s Lemma.

Proof: “=" We have shown that Theorem 2.2.5=-Corollary 2.2.6=Theorem
2.2.7(Dickson’s Lemma).

“<"” We can define some monomial order on M. Notice that Dickson’s
Lemma=-Theorem 2.2.8(Existence of Grébner Bases for Ideals). Also Dick-
son’s Lemma=-Theorem 2.2.9=Theorem 2.2.11. Therefore, every ideal of
k[xy,xg,...,x,] is finitely generated (by its Grobner basis). The theorem
2.2.5 is proved. [

2.3 Polynomial Reduction

We assume a monomial order < has been defined on M in the following
discussion.
Definition 2.3.1. For any f,g € k[zy,xs,...,2,], if Im(g) divides some

nonzero term c¢m in f, let h = f — %g, then it’s easy to see the term cm
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in f is replaced by a linear combination of monomials < m. We call this
manipulation a polynomial reduction, denoted by f < h, and say f reduces
to h modulo g.

Definition 2.3.2. If there is a finite sequence of polynomial reductions
2 h 3 hy... 2 hy, where g; € finite set G C klxi, 29, ..., x,] and g;
not necessarily pairwise distinct for 1 < ¢ < ¢, we say f reduces to hy modulo
G, denoted by f % h,.

Definition 2.3.3. Polynomial r is called reduced or in the reduced form
w.r.t. some finite set G C k[z1, X9, ..., 2,], if r = 0 or no monomial occurring
in the unique form (2.1.1) of r is divisible by Im(g) Vg € G. If f S, r and
r is reduced w.r.t. G, we say r is a reduced form of f w.r.t. G. When the
reduced form of f w.r.t. G is unique, we denote it by R(f,G). In particular,
when f is reduced w.r.t. G, R(f,G) = f.

Remarks 2.3.4. (i) In our definition of polynomial reductions(Definition
2.3.1), g is assumed in the unique form (2.1.1) but f is not. In general we do
NOT require the polynomial which is to be reduced is given in the unique
form. But in the case we need consider the leading monomial of f (such as
the case in the following algorithm 2.3.6), clearly f will be assumed in the
unique form.

(ii) The equivalence “monomial m € Im(G) < Jg € G, Im(g)] m” is
often used in our discussion. For example, when we say r # 0 is reduced
w.r.t. G, it is equivalent to say no monomial in the unique form of r is in
Im(G).

(iii) Given a finite set G C k[zq, 2o, ..., x,], we let M(G) denote the set
of all monomials in Im(G),i.e., M(G) = M (Im(G), let kr(G) denote the

set of all reduced polynomials w.r.t. G, then it’s easy to verify that kr(G) =
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spang{M — M(G)} as a k-vector space.

By the above definitions, the following proposition is obvious.
Proposition 2.3.5. Given polynomials f and r, if r is a reduced form of f
w.r.t. some G, then either f =r or 3s € N—{0},¢, € k— {0}, m, € M, g, €

G and not necessarily pairwise distinct V u, 1 < u < s, such that

F=Y"cugum, +r. (2.3.1)
u=1

Algorithm 2.3.6.(Reduction Algorithm) Given a nonzero polynomial f and
a finite G = {g1,92,....9;,---, 91} C k[x1,29,...,2,], the following algo-
rithm provides one way to compute a reduced form of f w.r.t. G.
1:=1,r:=0,f:=f
(x )while f; # 0 do
if 3lm(g;)| Im(f;), choose the least j such that Im(g;)| Im(f;) and do
fin = fi — %gj
i:=1i+1 and goto (*)
else r:=r+1t(f;)
fivr = fi = 1t(f2)
i:=1i+1 and goto (x) O
Remarks 2.3.7. (i) Notice that in the above algorithm Im/(f;) > Im(fi+1)Vi,
since the monomial order < is a well order, the algorithm must terminate.
Moreover, when it terminates at some i = ¢, f; must be 0 and every monomial
occurring in the final r is not divisible by any Im(g),g € G. Therefore the
final r is a reduced form of f w.r.t. G.

(ii) It’s not hard to see the algorithm actually produces the following

13



representation for f:
= cuglma+, (2.3.2)

where s € N(when s =0, f =7r), ¢, € k— {0}, m, € M, g, € G and
not necessarily pairwise distinct V u, 1 < u < s, r is the reduced form of
fwr.t. G, and Im(f) = max{lm(g;)m;, lm(g,)ms, ..., lm(gl)mg, lm(r)}.
(Compare with 2.3.1)

In particular, when r = 0 in the above representation, (2.3.2) is said to
be a standard representation of f w.r.t. G.

(iii) In the algorithm, we always choose the least j such that Im(g;)| Im(f;).
This implies that when we change the index order of elements in GG, the final
r produced by the algorithm may change too, hence the reduced form of a
polynomial w.r.t. a general G may not be unique.

Example 2.3.8. Let f = 2223, G = {2? z129 — 23}, < be the lex with

1 > To. Apply the algorithm 2.3.6, we have
F el — a2 =0, (2.3.3)

N R 21.
when G = {g; = 27, g2 = 129 — 25 }; or

2 2
T1T2—Ty T1X2—T5
f—= 232) — (2129 — 23) 1105 = 1105 —— 1175 — (0109 — 23)TH = 3,

(2.3.4)
when G = {91 = 7122 — 23,90 = 2?}. That is to say, 0 and z3 are two
different reduced forms of f w.r.t. G.

Moreover, from (2.3.3) we see f €< G >, then from (2.3.4) we see x5 =
[ = (vimg — 23)x125 — (1129 — 23)23 €< G >, but clearly z3 is reduced
w.r.t. G. Then zj is in Im(< G >) but not in Im(G). This implies that G

is not a Grobner basis.
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2.4 Characterizations of Grobner Bases

We need a new definition before introducing the characterizations of Grobner
bases. Given my,my € M, it is known there exists the least common mul-
tiple of my; and ma, denoted by lem(my, msy), such that mq| lem(mq, ms),

ms| lem(my, my) and Vm € M with m| m and ms| m, lem(mq, my)| m.

Definition 2.4.1. Let f,g € k[z1,x9,...,2,] — {0}, L = lem(Im(f),Ilm(g)),
then S(f, g) = ﬁf — ﬁg is called the S-polynomial of f and g. Clearly,

Theorem 2.4.2.(Characterizations of Grobner Bases) Given a finite G =
{91, 92, -, 95,9} C k[z1,29,...,2,) and ¢g; # 0 Vj = 1,2,...,1, let
I =< G > be the ideal generated by G, let < be a monomial order on M.
The following conditions are equivalent:

(a) Im(G) = Im(I);

(b) Vf eI —{0}, 3j € {1,2,...,1}, such that Im(g;)| Im(f);

(c) fel < R(f,G)=0;

(d) f € I & f has a standard representation w.r.t. G;

(e) Vf € k[x1, s, ..., 2,], the reduced form of f w.r.t. G is unique;

(f) As k-vector spaces, k[z1,za, ..., 2, = kr(G) @ I;

(8) Vo1,95 € G, R(S(91,95), G) = 0;

(h) Yd¢i, 95 € G, S(g}, g5) has a standard representation w.r.t. G.

Proof: The proof can be found in [12] [8]. Or you may refer to chapter 3 for
the proof of the characterizations of noncommutative Grobner bases. The

basic idea of that proof also works here. [J

Remarks 2.4.3. (i) In these characterizations, (a) and (b) are essentially

the same. When G is a Grobner basis of the ideal <G >(or I), (c) and (d)
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show the property of elements in the ideal < G > and (c) is used to solve
the word problem (see problem 2.5.4). By (e) and (f), when G is a Grébner
basis, every polynomial f in k[zq,s,...,2,] has a unique representative
R(f,G) in the quotient ring k[x, zs, ..., z,]/ <G>, and as k-vector spaces,
k[xy,xg,...,2,]/ < G > is isomorphic to kr(G) which is spanned by the
monomials not in [m(G). Characterizations (g) and (h) are the foundations
of Buchberger’s Algorithm.

(ii) In the theorem, the condition “g; # 0 Vj = 1,2,...,1” has no effect
on the characterizations but deletes trivial element in our Grobner basis. In
fact, we can add more conditions to G such that the Grobner basis of an
ideal I is unique w.r.t. the idea I and the monomial order <. This Grobner
basis is called a reduced Grébner basis. In this thesis, we won’t discuss this

subject. See [12] [8] [7] for more information.

2.5 Buchberger’s Algorithm and One
Application

Given a finite G = {¢1,92,..-,9j,---- G} C k[z1,22,...,2,) and g; #0Vj =
1,2,...,1, let I =<G > be the ideal generated by G, let < be a monomial
order on M. The example 2.3.8 shows G is not necessary to be a Grobner
basis of the ideal I. However, the theorem 2.2.8 and theorem 2.2.11 tell us
there does exist some finite G’ C I such that [ =<G’> and Im(G’) = Im(1).
In this section we will introduce Buchberger’s algorithm which can decide
whether the given G(= Gy) is a Grobner basis of < G > and find out a
Grobner basis G'(= G;) of <G> if G is not.

Algorithm 2.5.1.(Buchberger’s Algorithm)
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i:=1G1:={91,92 - a}, H = {(9j1:95:)952: 9j» € G1,1 < j1 < j2 <
1}
(x )while H # 0 do
choose (g1, 912) € H, then let H := H — {(g11,910)}
do algorithm 2.3.6 to compute a reduced formr of S(gjy, gis) w.r.t. G;
if r # 0 then
Hi= HU{(g.1)] g € Gi)
Gip1 = G U{r}
=141
goto (x) O
Claim 2.5.2. The Buchberger’s algorithm terminates at some i, ¢ > 1, and
the final GG; is a Grobner basis of the ideal < G >.
Proof: Suppose the algorithm doesn’t terminate, then for each ¢, we must
have some r # 0 and Im(r) € Im(G;;1) but not in Im(G;). This implies we
would have an infinite properly ascending chain in k[xy, 2, . .., x,]: Im(G1) C
Im(Gs) € .... But k[z1,29,...,2,] is Noetherian, this is impossible. Hence
the algorithm terminates at some 1.
Clearly when the algorithm terminates, H = (). We have two cases:
Case 1: the initial H = (), the algorithm ends at ¢ = 1 without doing
anything. H = () implies [ = 1, 7.e., G} contains a single element g. Clearly
S(g,9) = 0, thus by the characterization (g) or (h), G; = {g} is a Grébner
basis of < g >.
Case 2: the initial H # () and the algorithm ends at ¢« > 1. Obviously,
Gy C G; €< Gy >, then I =< G; >=< G; >. From the algorithm,
we can see the reduced form of S(¢g}, g5) that is produced by the algorithm
2.3.6 must be 0, V¢i,g, € G;. Then every S(g},g5) must have a standard
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representation w.r.t. G;. By the characterization (h), G; is a Grébner basis of
<G;>=<G;> 0O

Remark 2.5.3. The proof actually gives us more information. (i) When
the algorithm terminates at ¢ = 1, GG; is a Grobner basis. Otherwise, the
algorithm terminates at ¢ > 1 and Im(G1) C Im(Gy) € ... € Im(G;) =
Im(I). (ii) A generator of a principle ideal of k[zy,xs,...,2,] is a Grébner

basis of that ideal.

At last, we introduce a basic application of commutative Grobner bases
theory.
Problem 2.5.4.(Word Problem for Commutative Algebra Presentations)
For a k-algebra presentation R = k[z1,x9,...,2,])/ < G1,92,--.,q1 >, 18
there an algorithm which, given f € k[xy, s, ..., 2,], decides whether f =0
in R? (Clearly, f=0in R< f €< g1,99,...,q1 >, s0 it is actually an ideal
membership problem for k[z1, xs, ..., z,)]).
Solution: f = 0 is trivial. If f # 0, let I =< ¢1,92,...,9; > and define a
monomial order < on M. Then, apply the Buchberger’s algorithm to com-
pute out a Grobner basis of I, denoted by G. Given G, apply the reduction
algorithm 2.3.6 to compute a reduced form of f w.r.t. G. By the charac-
terization (e), the reduced form is unique, then by the characterization (c),

R(f,G)=0<fel. O
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Chapter 3

Generalization to
Noncommutative Polynomial
Rings

In this chapter, we generalize the commutative Grobner bases theory to gen-
eral noncommutative polynomial rings which are also associative free alge-
bras. We will mainly discuss the generalization for two-sided ideals(called
ideals simply). The generalization for one-sided ideals can be discussed in a

similar way thus is omitted mostly.

3.1 Notations and Basic Definitions

Let < X,, > denote the free monoid generated by set X,, = {z1,z9,...,2,},

let 2;°=1€<X,> V1<j<n, then

<Xp,>= {xﬁlejxﬁ] Z‘Zl| BieNx;, € X,, 1 <j<I,leN-{0}}.

15

When n is not important, we simply write <X > instead of < X,, >. A
typical element xiﬁlx@? a2 i <X> s called a monomial, 22:1 B;

1 Vig ij i

is called the degree of the monomial. For any monomial m, the degree of m
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is denoted by deg(m). Each m € <X> — {1} can be written as ujus . .. us,
where u; € {x1,29,...,2,},1 < i < s, € N— {0} and deg(m) = s. In
addition, for my,my € <X >, if Il,r € <X> such that my = Imyr, we say
ms is a multiple of my, or my divides ms, denoted by m;| mso.

Let k£ be a field, we use k<X,,> or simply k<X > to denote the asso-
ciative free k-algebra generated by set X,,. When n = 1, the algebra is also
a commutative polynomial ring in one variable. In the following discussion,
we always assume n > 2, then k<X > is known to be a noncommutative

polynomial ring. For k<X >, we have the following facts:

(1) Vf € k<X>— {0}, f = >7_,esmy, where s € N —{0},¢; € k —
{0}, m; € <X>,1< i< s Wecall ¢gm; a term, ¢; the coefficient of the
term.

(2) Vf € k<X> — {0}, after all possible coalescence and cancellation of

terms, f has the unique form,

f=> cm, (3.1.1)
=1

where t € N—{0},¢; € k — {0}, m; € <X> and m; # m; V1 < i # j < .

The uniqueness is up to a permutation on the terms.

Definition 3.1.1. < is said to be a (noncommutative) monomial order on
<X >, if it satisfies the following conditions:

(i) <X > is totally ordered by <;

(ii) 1 <m, Vm € <X>;

(iii) my < mg = Imyr <lImgr, VI, r,my,myg € <X>.

Let < be a monomial order on <X>, suppose mi,ms € <X>, and

my = Imyr for some [,r € <X>. By the above condition(ii) 1 < [ and
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1 <r, then by the condition(iii) m; < Im; < Imyr = my. Hence we can say
mi|me = my < ma, i.e., the generalized monomial order is still an extension
of the division relation.

Examples 3.1.2. We let m; = wjus...us, and mo = vivy...v; denote
two monomials in <X >, where u;,v; € {1, 22,...,2,}, 1 <i<s,1 <5<t

and s,t € N. In particular, we let s = 0(¢ = 0) imply m; = 1(mg = 1).
(1)In the lex on <X > with 7 > 29 > ... > x,,

my = Ul ... Usg < Moy = V1V2 ...V

Uy = V1, Uy = Vg, .., U = VU4 < Upgp, 0K <S5 or,
SL0<s<t and uy =vi, Uy = Vo, ..., Us = Vs, or,
s=0<t.

Now let m1 = woxox1, mo = xoxq, then mq = x9x9x1 < T9x; = My since
Ty < x1. But this contradicts with conditions (ii) and (iii) in definition 3.1.1
which require that my = 1- 2521 < x5- 2921 = my. Hence the lexicographical
order is NOT a monomial order on <X >.

(2)In the deglex on <X> with 1 > z9 > ... > z,,

mp = UUy ... Usg < My = V1Vg ...Vt
deg(my) = s <t = deg(ma); or,
deg(my) = s =t =deg(ms) and my <jex Ma2;
where the <., is the lexicographical order on <X > with xy > x5 > ... > x,,.

(3)In the degrevler on <X > with x1 > x9 > ... >z,

deg(my) = s <t = deg(ma); or,
t =deg(ms) and wus>vs or,
deg(my) = s =t =deg(ms) and

Us = Vg, ..., U1 = Uppp, U > v, 1 << s.

21



It’s easy to verify the deglex and the degreviex are still monomial orders

on <X>.

Given any nonzero noncommutative polynomial f, f can be written in
the unique form (3.1.1). Again we can arrange the terms by a monomial
order, such that f = 22:1 c;my;, and mq > me > ... > m;. In this case, we
call ¢ymy the leading term of f, denoted by It(f); my the leading monomial
of f, denoted by Im(f); ¢ the leading coefficient of f, denoted by lc(f).
Definition 3.1.3. Given any G C k<X >, we define the leading monomial

tdeal of G w.r.t. some monomial order < to be
Im(G): = <lIm(g)|lgeG>
t
= {D_ film(gi)hi| t € N={0}, i, hi € k<X >, g; € G}
i=1

Definition 3.1.4. Given a monomial order on <X >, let G be a subset of
k<X>, if Im(G) = Im(< G >), we say G is a Grébner basis (of the ideal
<G>). Ifaset G Cideal I C k<X> and Im(G) = Im(I), G is called a
Grobner basis of 1.

Remark 3.1.5. Unlike commutative Grobner bases, noncommutative Grobner
bases are allowed to be infinite. There are two reasons for this.

Firstly, finite Grobner bases do not exist for some ideals in k<X >. In
the next section we will show that some ideals of k<X > cannot be finitely
generated. Clearly those ideals have no finite Grobner bases(see theorem
3.3.8). Moreover, in section 3.4 we will explain why there even exist finitely
generated ideals which have no finite Grobner bases.

Secondly, there do exist infinite sets of noncommutative polynomials
which can play the same role as finite Grébner bases in our theory(see claim

3.4.15 and theorem 3.7.6).
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3.2 Infinitely Generated Ideals of k<X >

Recall that we based most fundamental results of commutative Grobner bases
theory on the fact that k[xy,xs,...,z,] is Noetherian. For noncommutative

polynomial ring k<X >, things are not as nicely behaved.

Definition 3.2.1. A noncommutative ring R is said to be left(right) Noethe-
rian if R satisfies the ACC' on left(right) ideals. R is said to be Noetherian
if R is both left and right Noetherian.

Lemma 3.2.2. Noncommutative ring R satisfies the ACC' on ideals(left
ideals, right ideals) iff every ideal(left ideal, right ideal, respectively) of R is
finitely generated.

Proof: For ideals, the proof of lemma 2.2.3 still works here. For left and right

ideals, only appropriate modification on terminologies are needed. [

Next we give an example of infinite properly ascending chain of ideals in
k<X >. Since ideals are both left and right ideals, the example shows that
k<X > satisfies ACC neither on left nor on right ideals.

Example 3.2.3. For convenience, we use x, y to denote two noncommutative
variables in k<X >. Vi € N, define [; to be the (two-sided) ideal generated
by the set {xy/z|0 < j < i}, ie., I; =< 2% zyx,...,zy'x >. Obviously,
xy o € T4, but not in I;, and I; C I;,4, for all i € N. Hence we have an

infinite ascending chain in k<X>: I) C b C -+ [; C [;yq---.

By the definition 3.2.1 and the above example, we have the claim:
Claim 3.2.4. k<X > is neither left nor right Noetherian, thus not Noethe-

rian.

By the lemma 3.2.2 and the above example, we have the claim:

23



Claim 3.2.5. In k<X > there exists an ideal(left ideal, right ideal) which
cannot be finitely generated. (We call such an ideal an infinitely generated

ideal.)

Actually, in the proof of lemma 2.2.3, we suggest a way to construct
explicitly an infinitely generated ideal.
Example 3.2.6. Let I = |J°,;, where I; is the ideal defined in the
example 3.2.3. It’s easy to see [ is also an ideal of k<X>. Suppose
day,as,...,as € I, such that I =< aq,a.,...,as >, then for some sufficient
large [, all ay,a9,...,as € I, then I C I; C [;,; C I. This is impossible.
Therefore, the ideal I of k<X > cannot be finitely generated.

Clearly we can find many other infinitely generated ideals of k<X > in

the same way.

Notice that the above ideal I is actually generated by a set of monomials
S = {xy'z|i € N}, but I cannot be generated by any finite subset of S. So
example 3.2.6 is also a counter example in k<X > for Dickson’s Lemma.

Claim 3.2.7. Dickson’s Lemma doesn’t hold in k<X >.

3.3 Discussion on Monomial Orders

In this section we will show the generalized monomial order on <X > is still
a well order, although k<X > is not Noetherian and the Dickson’s Lemma
doesn’t hold in k<X >.

First, let’s see a result about monomial partial order on <X >, which is
given by Prof. John Lawrence.
Definition 3.3.1. < is said to be a monomial partial order on <X >, if it

satisfies the following conditions:
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(i) <X > is partially ordered by =;
(i) 1 <= m, Vm € <X >;

(iii) mq1 X mg = Imyr < lmar, Y I, 7,mq,my € <X>.

Theorem 3.3.2. Let < be a monomial partial order on the free monoid

<X,>=<x1,Z2,...,2,>. When n =2, (<X, >, <) satisfies DCC.

Before proving the above theorem, we introduce the following lemma.
Lemma 3.3.3. Let {a,}22, be a sequence in the well-ordered set (A4, <).
Then there exists a subsequence {a,;)}32, of {an}pl, such that a,g) <
an(j+1) V7 € N
Proof: Since < is a well order, we can find a least element a,) in the
sequence {an}52,, then we define a,(; recursively to be a least element in

{an}ol, 1)1, for all j > 0. Clearly {a,;)}72, is non-descending. [

Proof of Theorem 3.3.2: (Due to John Lawrence) To simplify notations, we
let < Xy>= A =<wu,v>. Suppose we have an infinite properly descending
chain of monomials in (A, <): wy > w; > ---. Multiply each monomial of
the chain by u on the left. By the property of the monomial partial order, the
chain wwy > wwy > --- is still infinite properly descending. Hence, without
loss of generality(WLOG), assume w; starts with the same variable u, for all
1€ N.

For any monomial w € A, define ¢(w) to be the number of times “uv”
occurs in w, e.g., ¢p(uvuv) = 2, ¢(uuvv) = 1 and ¢(uuu) = 0. Now we have
two cases for {o(w;)}52,.

Case 1: {¢(w;)}2, is unbounded. Let wo = y1y2-- -y, y; € {u,v}(yo =
u), 1 < j <. Then 3t > 0 such that ¢(w;) > [. Clearly, w; can be written as

Wy = u- - uvmauvms - - - uvmy, where m; € A, 1 < j <. Then y; < uvm;
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for all 1 < 7 <[. Hence wy < wy, a contradiction.

Case 2: {¢(w;)}32, is bounded.

Claim: there exists a subchain of wgy > w; > -- -, denoted by w( > w} >
-+, and some s > 1, such that, Vi € N, w] = u®tp*2y®sp®i4 . . . i@s=1)¢%is)
a;; € N, 1 < j < 2s, and Vj, the sequence {a;;}7°, is non-descending.

Proof of the claim: Let’s start with the original chain wy > w; >

Since {¢(w;)}2, is bounded, clearly there is some bound s > 1,
such that Vi € N, w; = u®to*2y®syp® ... q%@s-0p%es)  where a;; € N,
1 < j < 2s. Suppose for some j = J, the sequence {a;;}5°, is not non-
descending. Since it is a sequence in (N, <y) and the natural order <y is
a well order on N, by the lemma 3.3.3, there exists a non-descending sub-
sequence {p)stoey of {@is}is,. Hence, there exists a subchain of wy =
wy = ---, denoted by wj;) = wiq) = ---, such that Vp € N, w;y,) =
UNIPIYERYKEI YN -y M@ DY) ayp; € Ny 1 < j < 2s and
Qipys < Qipt1)s. Clearly, after repeating the above and applying lemma
3.3.3 recursively at most 2s times, we can get the subchain required in the
claim. Thus the claim is proved.

In the claim, a;; < a(41); for all 4, j. By the property of the monomial

partial order, this implies that, in the subchain, for all ¢ € N,

w; = qQilgQi2q, Qi3 i | L g Yi(25—1) )Yi(25)
< w§+1 =  OGHDI X EHD2 X HD3 X+ D4 L L X+ (25—1) X (i+1)(2s) |
It’s impossible since w(, = wj > --- is properly descending.

To sum up, it’s impossible to have an infinite properly descending chain

of monomials in (A, <), so (< Xy>, <) = (A, X) satisfies DCC. O

Theorem 3.3.4. Every monomial order < on <X,,> is a well order. (As
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we have pointed out earlier, we always assume n > 2.)
Proof: We prove the statement by induction on n.

Assume n = 2. Let < be a monomial order on < X5 >. Obviously, it is
also a monomial partial order on < X5 >, then by theorem 3.3.2, (< X5 >, <)
satisfies DC'C'. Since the monomial order < is a total order, it is a well order.

Suppose the statement is true for n = [ (n > 2,n € N), let’s look at
n =1+ 1. Let < be a monomial order on < X;,1 >=<x1,%9,...,211 >.
Since < is a total order, WLOG, we assume x;; > x;,Vi = 1,2, ..., + 1.
Let < X; > denote the free monoid generated by {z1,zs,...,2;}. Obviously
< X; >C< X471 > and < is also a monomial order on < X; >. By our
induction hypothesis, < is a well order on < X;>.

For any w €< Xy >, define ¢(w) to be the number of “x;.;” occurring
in w. For example, ¢(27, ;) = 2, ¢p(x1211122) = 1 and ¢(z122) = 0. Suppose
we have an infinite properly descending chain of monomials in (< X >, <):
wo > wy > ---. Then for {o(w;)}2,, we still have two cases.

Case 1: {¢(w;)}2, is unbounded. Let wy = ujus---us, where u; €
{x1,29, -+ ,2151}, 1 < j < s. Then 3t > 0 such that ¢(w,) > s. Clearly, w;
can be written as wy = Mix;L1MaT41 - - MsTi41Msq1, Where m; € < X; >,
1<j<s+1 Then u; <mjz forall j =1,2,...,sand 1 < mgy;. Hence
woy < wy, a contradiction.

Case 2: {¢(w;)}2, is bounded. Then there is some bound b > 1, such
that Vi € N, w; = milxlﬁflmiﬂffl . ~mibwlﬁf1mi(b+1), where m;; €< X; >
for all j = 1,2,...,b+ 1, and §;; € {0,1} for all j = 1,2,...,b. Notice
that for all j, {m;;}2, is a sequence in the well-ordered set (< X; >, <),
{xﬂ 7122, is a sequence in the well-ordered set ({1, 41}, <), we can apply

I+1

lemma 3.3.3 recursively with finite times, like we did in the proof of theorem
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3.3.2, and find a subchain of wy > wy; > ---, denoted by wj > wj > ---,

. o B, B 1B
such that Vi € N, w; = mjyx;imix; 3 - - myr

mg(bﬂ) and for all j, the
sequence {mj;}72, and {xlﬁfl};ﬁo are non-descending. But by the property of

the monomial order, this implies that, for all i € N,

/ / !
- 1P r BPio 1 By
Wi = My T Mgy 5y s My My 1)
B, By, By,
/ _ / (i+1)1 7 G+v2 7 (i+1)b 1
S Wi = M Tyy o Mgl M livr - Mi41)(b+1)"
It’s impossible since wj > w} > - -- is properly descending.

Hence when n = [ + 1, the statement still holds.

By induction on n, the statement holds for all n > 2. [
Corollary 3.3.5.(Theorem 2.2.9.) Every monomial order < on M (the set
of commutative monomials) is a well order.
Proof: Tt can be proved in the same way as above. (Here we do not need the

Hilbert Basis Theorem or Dickson’s Lemma.) [

It is known that every partial order can be refined to a total order. We
may ask the following question: can every monomial partial order =< be
refined to a monomial (total) order <? If the answer is yes, then, by the
theorem 3.3.4, < satisfies DC'C' on <X, > for all n > 2, so would <. Hence
the statement in theorem 3.3.2 could be proved true for all n > 2 in this way.
However, the following example gives a negative answer to our question.
Example 3.3.6.(Due to Bergman [3]) Consider <X> =< w,v,z,y >, let
= be a monomial partial order which is generated by the basic relations
yu < zu and xv < yv. Then < can be refined to a total order but can NOT
be refined to a monomial order. Because either x < y or y < z will bring
about contradiction with yu < xu or xv < yv respectively.

Remark 3.3.7. Recently Prof. John Lawrence has proved a generalized
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Dickson’s Lemma for finitely generated free monoids. We point out that, as
a corollary of that new result, the statement in theorem 3.3.2 does hold for
all n. Then theorem 3.3.4 and corollary 3.3.5 (theorem 2.2.9) are immediate

results from the complete version of theorem 3.3.2.

Next let’s apply theorem 3.3.4 to prove the noncommutative version of
theorem 2.2.11.
Theorem 3.3.8. Let < be a monomial order on <X > and let I be an ideal
of k<X >. If a set G satisfies G C I and Im(G) = Im(I) (so G is a Grobner
basis of the ideal I), then [ =<G>.
Proof: The proof is similar to the one for theorem 2.2.11.

Given any f € I — {0}, do the following process: Let f; = f, f1 €
I, Im(fi) € lm(I) = Im(G) = 31 € G C I, Iy, € <X>, ¢1 € k— {0},
such that lt(f1) = lt(cilygir1). Let fo = fi — cilygiry, clearly fo € I, when
fa # 0, Im(fy) € m(I) = 1Im(G) = g, € G C I, ly,1g € <X>, 3 €
k — {0}, such that lt(fy) = lt(calagars). Let fs = fo — calagars, clearly f3 € I,
and when f3 # 0, we can move to fy. ..

Notice that Im(f1) > Im(fy) > Im(f3) > ..., since we have proved the
monomial order < is a well order, the process must terminate at some f; = 0.
Hence we have

0 = fi=fiei—alisigioari—r = fimo — aoli—ogi—or1—2 — 11 li1g1-171-1
-1

= ... :fl_zciligiri-

i=1
So f=fi= Zi;i cil;gir; €<G>. This implies I C< G >. It’s obvious that
<G >C [. Therefore I =<G>. O

We now show that a one-sided noncommutative monomial order on <X >

may not be a well order.
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Definition 3.3.9. < is said to be a right monomial order on <X >, if it
satisfies the following conditions:

(i) <X> is totally ordered by <;

(i) 1 <m, Vm € <X>;

(iii) my < mg = myr < mor, ¥ my,mg,r € <X>.(But my < my
doesn’t imply Imy < Img, for some my, my,l € <X>.)
Example 3.3.10.(Due to John Lawrence) Let’s consider the free monoid
A =< z,y >. For any m € A, define deg,(m) = the number of “x” occurring
in m, define ¢(m) = the number of “y” which is to the right of an “z” in m.
For example, let m = yxyzyy, then deg,(m) = 2 and ¢(m) = 3.

Now for any two monomials m, my € A, we define a total order < on A

by my < Mo
rdegx(ml) < aegxz(ma); or,
dega(my) = degu(ms) and  ¢(my) > ¢(m);
(m1)

mi) = ¢(mz) and deg(mi) < deg(mo); or,

where <., is the lexicographical order on A with y < x.

It’s easy to verify that the above order < satisfies the conditions of the
definition 3.3.9, i.e., < is a right monomial order on A. But we have an
infinite properly descending chain in (A, <): z > zy > zy? > ---. (Notice
that deg,(ry’) = deg,(zy"™) = 1 but ¢(xy’) =i < ¢(zy'™') = i+1, therefore
zy' >y Vi € N).

Hence the right monomial order < is not a well order.
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3.4 (Generalization of Polynomial Reduction

Let < be a monomial order on <X >, we will discuss noncommutative poly-
nomial reductions in this section.

Definition 3.4.1. For any f, g € k<X >, if Im(g) divides some nonzero term
emin f, then 31, r € <X > such that em = c¢-1-lm(g)-r. Let h = f— @lgr,
then it’s easy to see the term cm in f is replaced by a linear combination of
monomials < m. We call this manipulation a polynomial reduction, denoted
by f 2 h, and say f reduces to h modulo g.

Definition 3.4.2. If there is a finite sequence of polynomial reductions
f by B oy S hy, where g; € G C k<X> and g; not necessarily
pairwise distinct for 1 <7 < t, we say f reduces to hy modulo G, denoted by
FE

Definition 3.4.3. Polynomial d is called reduced or in the reduced form
w.r.t. some G C k<X>, if d = 0 or no monomial occurring in the unique
form (3.1.1) of d is divisible by Im(g) Vg € G. If f S, d and d is reduced
w.r.t. G, we say d is a reduced form of f w.r.t. G. When the reduced form
of f w.r.t. G is unique(in general it is not, see examples 3.4.16), we denote
it by R(f,G). In particular, when f is reduced w.r.t. G, R(f,G) = f.
Remarks 3.4.4. (i) We do NOT require f in the definitions to be in the
unique form except in the case we need consider its leading term or leading
monomial, like in the following reduction process.

(ii) The equivalence “monomial m € Im(G) < 3g € G, Im(g)| m” is still
true. Hence, when we say d # 0 is reduced w.r.t G, it is equivalent to say no
monomial in the unique form of d is in Im(G).

(iii) Given G C k<X>, let M(G) denote the set of all monomials in
Im(G), i.e., M(G) = <X>(Im(G) and let kr(G) denote the set of all re-
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duced polynomials w.r.t. G. Then it’s easy to verify that, as a k-vector space,
kr(G) = spani{<X>— M(G)}, i.e.,kg(G) is spanned by monomials not in
Im(G).

By the above definitions, the following proposition is obvious. It will be
useful in proofs.
Proposition 3.4.5. Given polynomials f and d, if d is a reduced form of
f w.r.t. some G, then either f = d or 3s € N — {0},¢, € k —{0},1,, 7, €

<X >, g, € G and not necessarily pairwise distinct V u, 1 < u < s, such that

f= zs: CuluGury + d. (3.4.1)
u=1

Next we introduce a reduction process which shows that, for any nonzero
polynomial f and a set G C k<X >, the reduced form of f w.r.t. G always
exists.
Reduction Process 3.4.6.

1:=1,d:=0,f;:=f

(x )while f; # 0 do

if 3g; € G, l;,r; € <X> such that Im(f;) =1; - Ilm(g;) - r;, do

Jiv1 = fi— éig;lzgzrz
i:=1i+1 and goto (*)
else d:=d~+1t(f;)
fiv1 = fi = 1t(fi)
i:=1i+1 and goto (x) O
Remarks 3.4.7. (i) In the above process Im(f;) > Im(fi+1)Vi, since the
monomial order < is a well order, the process must terminate at some ¢ = ¢

and f; = 0. It’s easy to see every monomial occurring in the final d is not
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divisible by any Im(g),g € G. Therefore the final d is a reduced form of f
w.r.t. G.

(ii) The process actually shows that f has the following representation:

f = Z Culuguru + d; (342)
u=1

where s € N(when s =0, f =d), ¢, € k—{0}, Ly, 7, € <X>, g, € G and
not necessarily pairwise distinct V u, 1 < u < s, d is the reduced form of f
w.r.t. G, and Im(f) = max{l;lm(gq)r1, l2lm(ga)ra, ..., Llm(gs)rs, Im(d)}.
(Compare with 3.4.1)

In particular, when d = 0 in the above representation, (3.4.2) is said to
be a standard representation of f w.r.t. G.

(iii) Obviously, the process is a generalization of reduction algorithm 2.3.6.
But we don’t call the above process an “algorithm”. When we apply the
process to reduce f modulo some infinite (G, we may not be able to decide
whether “Gg; € G,l;,r; € <X> such that Im(f;) = ;- Im(g;) - r;” or not,
although one of two cases must be true theoretically. In other words, the
process only shows the reduced form of f exists in theory, but in practice we

may not be able to compute it for some infinite G.

Next let’s explain why there does exist such an infinite G in k<X >.
Problem 3.4.8.(Word Problem for Noncommutative Algebra Presentations)
For a k-algebra presentation R = k<X>/ < g1,92,...,q1 >, is there an
algorithm which, given f € k<X >, decides whether f = 0 in R ? (Clearly,
f=0inR<& fE€<q,go,...,q >,s0itis also an ideal membership problem
for k<X>).

Claim 3.4.9. The word problem for noncommutative algebra presentations,

or the ideal membership problem for k<X >, is unsolvable in general.
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Proof: See [1].

Theorem 3.4.10. Let G C ideal I C k<X>, Im(G) = Im(I),i.e.,G is a
Grobner basis of the ideal I, then f € I < R(f,G) = 0.

Proof: See the characterizations of noncommutative Grobner bases.

By the above results, there exists a finitely generated ideal [ C k<X >
for which the ideal membership problem is unsolvable. [ can be regarded
as an infinite set and by our definition [ is a Grobner basis of itself. Now
suppose the reduction process 3.4.6 could compute a reduced form of any
given f w.r.t. I, then by theorem 3.4.10, we could decide whether f € [
or not. Hence the ideal membership problem would be solved. This is a
contradiction. Therefore we have the following claim:

Claim 3.4.11. (i) There exists an infinite G C k<X > such that the re-
duction process 3.4.6 cannot be implemented. (ii) There exists a finitely
generated ideal I of k<X > for which we cannot find a finite Grobner basis.

Moreover, with the above results, the following claim is also obvious.
Definition 3.4.12. For a set G C k<X >, if given any f € k<X >, one can
compute a reduced form of f w.r.t. G, then we say G is computable.

Claim 3.4.13. For any ideal I of k<X>, if we can find a computable
Grobner basis of I, then we can solve the ideal membership problem for that
ideal. On the other hand, there does exist an ideal I in k<X > whose ideal
membership problem is unsolvable. For such an ideal I, there is no algorithm

which can find a computable Grébner basis of 1.

Now let’s focus on the computable sets in k<X >. Clearly, finite sets
are always computable. Given a finite set G = {¢1,92,...,9;,..., 0}, the

reduction process 3.4.6 can be refined to the following algorithm.

Algorithm 3.4.14.(Reduction Algorithm)
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1:=1,d:=0,f; = f
(x )while f; # 0 do
if 3tm(g;)| Im(f;), choose the least j from 1 to l, l;,r; € <X > such
that Im(f;) = l;lm(g;)r:, and do

fiv1 = fi— fz((;;ligjﬁ
i:=1i+ 1 and goto (x)
else d:=d+It(f;)
fir1 = fi = 1t(fi)
i:=1i+1 and goto (x) O
For infinite sets, we have the following claim.

Claim 3.4.15. Given an infinite G C k<X >, if for any D € N, the subset
G(D) = {g € G| deg(lm(g)) < D} is finite and every element of G(D) can
be calculated explicitly, then G is computable.
Proof: In the reduction process 3.4.6, to decide whether “dg; € G,[;,r; €
<X > such that Im(f;) = l;lm(g;)r;” or not, we only need compare Im(f;) to
every Im(g) with deg(g) < deg(f;) and g € G, i.e., we only need know every
element in G(D), where D = deg(f;). Clearly G in our claim is satisfactory.
Then given any f in k<X >, we can apply the reduction process 3.4.6 to

compute a reduced form of f w.r.t. G, i.e., G is computable. [

At last, we give some examples which show that the reduced form of f is
not unique w.r.t. general computable G.
Examples 3.4.16. (1) Let f = z2wox; — 22311, G = {91, 92} C k<X>,
where ¢; = x% — X1%2,Jo = T1ToXT1 — Tox1Xo2. Let < be the deglex with
T1 > To, then Im(f) = zixoxy, Im(gy) = 23, Im(gs) = 112971 Applying the

algorithm 3.4.14 to reduce f modulo {g1, g2} and {gs, g1}, we have
5 f—qirars =0 (3.4.3)
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and

28 f—x1go = 21200125 — 11737 2z, (f —192) — oy = —11 0501 + 207175,
(3.4.4)

That is to say, we find two different reduced forms of f w.r.t. G, 0 and
—xlx%xl + xgxlxg.

Moreover, from (3.4.3) we see f €< G >, then from (3.4.4) we see d =
—X1 T3, + o172 = f — 192 — gote €< G >, then Im(d) € Im(< G >) but
clearly not in im(G). Hence Im(G) C Im(< G >), so G is not a Grobner
basis.

(2) Let f =z}, G = {g = 23 —x5}. If they are considered in commutative
Grobner bases theory, G will be a Grobner basis since it contains a single
polynomial(see remark 2.5.3(ii)). Then by a characterization of commutative
Grobner bases, the reduced form of f w.r.t. G will be unique.

But now, let’s consider them in noncommutative polynomial rings. Let
< be the deglex with x; > xo, then Im(f) = z3, Im(g) = 2. We apply the
algorithm 3.4.14 to reduce f modulo G. Clearly we have only one choice of
g; such that Im(g;)| Im(f;), but we do have different choices of I;, ; such that
Im(f;) = lLilm(g;)r;. Thus we have the following results.

f ER f—mg= a:? — xl(x% — Ty) = T1T9, (3.4.5)

and
o f—gr =at — (a2 — zp)a1 = mom. (3.4.6)
That is to say, we find two different reduced forms of f w.r.t. G, x129 and

Tol1.

Moreover, from (3.4.5) and (3.4.6), we see that
T1Ty — Loy = g1 — 19 E<GE> (3.4.7)
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Therefore, Im(z129 — x221) = X129 € IM(< G >) but z124 is not in Im(G),

hence Im(G) C Im(<G>), so G is not a Grobner basis.

3.5 Noncommutative S-polynomials

This section is devoted to the generalization of S-polynomials(see definition
2.4.1). Two problems arise. Firstly, given my, my € <X >, it’s often impossi-
ble to find the least common multiple of my, ms like we did for commutative
monomials. For example, both zyxr and yxy are common multiples of zy
and yx, but we cannot find lem(xy,yx), such that lem(xy,yx)| zyxr and
lem(xzy,yx)| yry. Secondly, for noncommutative my, ms, even if we have
found L = lem(my, ms), the expression m% (or m%) is ambiguous since we
may have different choices of I, such that L = lmyr (or L = lmgyr). In the
example 3.4.16(2), we have seen the ambiguity of % caused by two possibil-

s 3 _ 2 2
1ties ] = x1 - ] Oor X7 - 1.

For the first problem, we will investigate all cases of common multiples
of my, msy. Instead to look for a least common multiple, we try to find out
the minimal common multiple in each case. To avoid the ambiguity in the
second problem, for an ordered pair of monomials (m;,my) € <X>2, we
let T'(my, my) denote the set of 4-tuples (I, 71,1y, 75) € <X>* satisfying

llmlrl = lgmg’l“g.

The Cases of Common Multiples of m; and ms
Given an ordered pair of monomials (1, mg) € <X>2,if (Iy,71,15,13) €
T(mq,my), then according to the relative locations of m; and ms in the

common multiple W, we have the following three cases.

Case 1: Jw € <X > between m; and ms.
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Case 1-1: W = l[ymjwmesrs, the minimal common multiple is mjwms.

Case 1-2: W = lymowmyry, the minimal common multiple is mowm;.

Since w can be any monomial, we have an infinite set of minimal common
multiples in Case 1. Fortunately, in later discussion, we will see that we don’t

need the generalization of S-polynomials for this case.

Case 2: There is no w between m; and my. The monomials mq,mo
overlap but no one contains the other.

Case 2-1: 3(1, Ry, Lo, 1) € T(my,mg), Ry # 1, Ly # 1 such that m; Ry =
Loms = mg. Then W = [ymgry, the minimal common multiple is my.

Case 2-2: 3(Ly, 1,1, Ry) € T'(my,my), Ly # 1, Ry # 1 such that Lym; =
molRy = mgy. Then W = lymgry, the minimal common multiple is my.

Since my, mg overlap, deg(mg) < deg(mq)+deg(ms), hence we have finite

minimal common multiples of m; and my in case 2.

Case 3: There is no w between m; and mo, and one contains the other.

Case 3-1: my contains my. Then the minimal common multiple is mg =
my, W = lymery and 3(1,1, Ly, Ry) € T(my,ms) such that mg = my; =
LomyRs.

Case 3-2: my contains m;. Then the minimal common multiple is mg =
mo, W = lomgre and 3(Lq, Ry,1,1) € T(my,ms) such that mg = my =
LimRy.

Clearly, we have finite minimal common multiples in case 3.

With the above discussion, we can define noncommutative S-polynomials.
Definition 3.5.1. Given an ordered pair of monomials (my,my) € <X>2,
the set of matches of (mq,ms), denoted by MS(my, my), is the finite set of
all ordered 4-tuples (Li, Ry, Lo, R2) € T(my, my), such that, either
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(1) (L1, Ry, Lo, Ro) = (1, Ry, Lo, 1) with Ry # 1, Ly # 1 and Jw # 1 such
that wR, = my and Low = my;

or (ii) (L1, Ry, Lo, Re) = (L1,1,1, Re) with L; # 1, Ry # 1 and Jw # 1
such that wRy = my and Liw = mo;

or (iil) (L1, Ry, Lo, Re) = (1,1, Lo, Ry) with my = Loms Ra;

or (iv) (L1, Ry, Lo, Ry) = (L1, Ry, 1,1) with my = Lymy R;.

Definition 3.5.2. Given f, g € k<X>—{0}, if MS(Im(f),lm(g)) # 0, then

1 1
MLlle - @L2QR2

is called an S-polynomial of f and g w.r.t. (L1, Ry, Lo, Ry), where
(L1, R1, Lo, Ro) € MS(Im(f),Im(g)).

S(f?.g)[Ll,Rl,Lg, RQ] =

Remarks 3.5.3. (i)The four cases in the definition of M S(m;, ms) clearly
corresponds to minimal common multiples in cases 2-1, 2-2, 3-1 and 3-2.
By the discussion there, MS(mq, ms) is finite. Note that MS(x,y) may be
empty.

(ii) By symmetry,

(Lth, LQ,RQ) € MS(lm(f), lm(g)) = (LQ,RQ,Ll, Rl) € MS(lm(g), lm(f)),
thus S(f, g)[L1, Ry, Lo, Ro] = —S(g, f)[L2, Ra, L1, Ry].

We conclude the discussion in this section with the following observation.

Theorem 3.5.4. For any polynomial

1 1
mllfrl - @@97’27

where (l1,71,l2,72) € T(Im(f),lm(g)), f,g9 € k<X>—{0} and liIm(f)r =

lolm(g)ro = W, we have the following three cases.
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Case 1: Jw € <X> such that W =1y - Im(f) - w - Im(g) - r2.
Case 2: Jw € <X > such that W =1y - Im(g) - w - Im(f) - r1.
Case 3: Jl,r € <X>, (L1, Ry, Lo, Ry) € MS(Im(f),lm(g)), such that

W = U(Lim(f)Ry)r = I(Lalm(g) R2)r, and

[y

ﬁhfﬁ - @bgrz =1-5(f,9)[L1, R, L2, Ra] - 7.

Proof: By our previous discussion, the result is obvious. [

3.6 Characterizations of Noncommutative
Grobner Bases

In this section we will prove several characterizations of noncommutative
Grobner bases.
Theorem 3.6.1.(Characterizations of Noncommutative Grébner Bases)Given
G C k<X >, assume 0 is not in G, let I =< G > be the ideal generated by G,
let < be a monomial order on <X >. The following conditions are equivalent:

(a) Im(G) =Im(I);

(b) Vf € I — {0}, g € G such that Im(g)| Im(f);

(c) fel s R(f,G)=0;

(d) f € I & f has a standard representation w.r.t. G;

(e) Vf € k<X>, the reduced form of f w.r.t. G is unique;

(f) As k-vector spaces, k<X> = kr(G) P I;

(8) Y(91,92) € G?, V(L1, Ry, Lo, Rz) € MS(Im(g1),1m(gz)),
R(S(91,92)[L1, Ry, Lo, Ro], G) = 0;

(h) Y(g1,92) € G* V(Ly, Ry, Ly, Ry) € MS(Im(g1),1m(g2)),
S(g1,92)[L1, R, Lo, Ro] has a standard representation w.r.t. G.
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Proof: We show the cycle (a)=(b)=-(c)=(f)=(e)=(g)=(h)=(d)=(a)
as follows.

(a)=(b): If f € I — {0}, then Im(f) € Im(I) = Im(G).

(b)=-(c): By prop.3.4.5, R(f,G)=0= f=0or f=>"_, culugury, where
se€N—-{0},¢c, € k—{0}, 1Ly, 1y € <X>,g, € G. Clearly, f € I.

Conversely, when f = 0, R(f,G) = f =0. For f € I —{0},ifd # 0
is a reduced form of f w.r.t. G, again by prop.3.4.5, d = f € I — {0} or
d=f=>2"_, culugury € I—{0}, then by (b), 3g € G such that im(g)| Im(d).
But d is reduced w.r.t. G, a contradiction. So the reduced form of f w.r.t. G

must be 0 and thus must be unique, i.e., R(f,G) = 0.

(c)=(f): Vf € k<X >, the process 3.4.6 shows that f = d+>_"_, c,luguru(see
(3.4.2) in remark 3.4.7(ii)), where d is a reduced form of f w.r.t. G. Hence,
k<X> = kr(G)+ I. We only need show kr(G)(I = {0}. Vd € kr(G)( I,
d € kr(G) = d = R(d,G); also, d € I = R(d,G) = 0 by (c). Therefore
d=0,i.e., kr(G)NI={0}.

(f)=(e): Vf € k<X>, if f is reduced w.r.t. G, then R(f,G) = f. When
f is not reduced, let d; and ds be two reduced forms of f w.rt.G. By
prop.3.4.5, f = 320 culuguru +dy = S\ _ Ll glr! + dy (see 3.4.1). Then

dl - d2 = Zf;:l Cful,lug; 'Iu - 22:1 Culuguru € kR(G> ﬂI By (f)a dl - d2 = 0.

Hence, the reduced form of f w.r.t. G is unique.

(e)=(g): Y(g1,92) € G* V(Ly, Ry, Ly, Ry) € MS(Im(g1),Ilm(gs)), by (e),
the reduced form of S(g1, g2)[L1, Ry, L2, R2] w.r.t. G is unique. We only need
show it is zero.

Let W = Lylm(g1) Ry = Lolm(g2)Ra, hy = W — @nglRl, hy =W —

@nggRg. By reduction process 3.4.6, there exist two finite sequence of
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reductions as follows:(Although we possibly cannot compute them out, they

do exist!)

and

2 1 21
W Z hy =W — Il )LQgQRQL...%dQZR(W,G).
(g2

Then for S(g1, g2)[L1, R1, L2, Ro], there is a finite sequence of reductions:

S(91,92)[L1, Ry, Lo, Ro] = hy — hy 05 he — dy zZL 002, dy — dy.
(3.6.1)
Since R(W,G) is unique, ds — d; = 0, hence,

R(S(g1,92)[L1, R1, Ly, Ry, G) = 0.

(g)=(h): By (g), R(S(g91,92)[L1, R1, Lo, Rs], G) = 0, then by remark 3.4.7(ii),
each corresponding S(gi, g2)[L1, R1, L2, Ro] has a standard representation

w.r.t. G.

(h)=-(d): Obviously, “f has a standard representation w.r.t. G 7= “f €
I7(see 3.4.2 in remark 3.4.7(ii)). We only show “f € I "= “f has a standard
representation w.r.t. G 7.

Now 0 has a trivial standard representation w.r.t. G. Vf € I — {0},
I is generated by G, thus f can be written as f = Zzzl ¢iligiri, where
te N—{0},¢; € k—{0},l;,m € <X>,9; € G. Then

r — {{gaé{l m(g:) - ri}| f = Zc“gm,teN {0},
c,-Ek:—{O},li,ri€<X>,gi€G}
# 0.
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Since the monomial order < is a well order, I" has a least element m. This

implies, there is a representation of f such that,
t
f= Z ciligiri, (3.6.2)
i=1
t e N—{0}, ¢; € k—{0}, l;,r; € <X>, g; € G, and

{2%{[2‘ ~lm(g;) - i} = m.

Claim: the above (3.6.2) is a standard representation of f w.r.t. G.
Proof of the claim: Obviously, Im(f) < m. By the definition of standard

representation, we need show Im(f) = m. WLOG, assume
li-lm(gi) - ri 2> ligr - Im(giva) - 1ig1,Vi=1,2,...,t — 1, in (3.6.2).

Let J = max{i| l; - Im(g;) - r; = m,1 < i < t}, then (3.6.2) looks like

t

f=cligiri+---+cylygry+ Z ciligirs, (3.6.3)
i=J+1

where

m:lllm(g’L)TMVZ:l?QaJ‘]?

and
m > 1; lm(gz) ST > li+1 lm(gﬂ_l) '7’1'+1,VZ' =J+ 1,...,t—1.

Let a; = lc(g;), Vi=1,2,...,J. If J=1o0r cia; + -+ + cyay # 0, since
m cannot be canceled on the right side of (3.6.3)(i.e.,(3.6.2)), Im(f) has to
be m. Then (3.6.3)(i.¢.,(3.6.2)) is a standard representation of f.

43



Assume now that J > 2 and cjay + - - - + cya; = 0. Let’s show this case

is impossible. Notice that (3.6.3) can be rewritten as follows.

1 1 1 1

[ = caa(—hgrs — —lagora) + (cr101 + coa2)(—lagors — —l3g3r3)
ay a2 a2 a3

+--F (e + -+ eyjrag-1)( lyi—1gs-1ry—1 — —ly9577)
aj-1 ay

t
1
+(erag + -+ egay)—lygry + E ciligir.
aJ i=J+1

Since cia; + - -+ cyay; = 0, we have

1 1 1 1
[ = cai(—hgir1 — —lagora) + (c1a1 + coaz)(—lagors — —l3g3rs)
ai s a2 as

1 1
+- A+ (e + -+ egrag1)( ly—1gs-1rm5-1 — —ly977)
aj—-1 Qg
t
i=J+1

Now consider

1 1
—ligir; —
a; Ait1

liyigivariv,Vi=1,2,...,J — 1.
Since
m =1l -Im(g;) - i = liy1 - Im(giy1) -1ip1, Vi=1,2,...,J = 1,

by theorem 3.5.4, we have three cases.

Case 1: Jw € <X> such that m =1{; - Im(g;) - w - Im(gi+1) - 7i+1. Then

ry = w- lm(gzﬂ) * T, (365)
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Notice that the unique forms(see (3.1.1)) of g; and g, 41 look like:

131
g = alm(g;)+ Z CipMip (3.6.7)
p=2
to
givr = ipalm(gic1) + Y ClrgMiistyg - (3.6.8)
q=2

where t1,t, € N — {0}, cip, ciy1)g € kK — {0}, mip, m(i11)4 € <X > and

Im(g;) > myp > mpeq, Vp=2,...,t; — 1,
Im(git1) > M(i41)g > M(i4+1)(g+1)s VG =2,..., 3 — 1.

With (3.6.5)—(3.6.8), we have

1 1
—ligiri — ——liy1Gi+17i41
a; Qit1

1

= {ligiwaiﬂlm(giﬂ)ﬁﬂ - liailm(gi)w9i+1ﬁ+1
a;Aj41

Higiwgis1rip1 — ligiU}giJrlriJrl}

1
= {li l9i — ailm(gi)|wgir1mit1 — Ligiw[giv1 — ai+1lm(gi+l)]ri+1}
;A4
1 t1 [2)
= l; [Z Cipmip]w9i+17“i+1 — ligiw[z C(z’+1)qm(z‘+1)q]7“i+1
AiQi+1 > —2
where
li -y - w - Im(gis1) - Tiv1 < li-Im(gi) - w-Im(giy1) - 1ip1 = m,
i - Im(gi) - w - Meig1)g - Tigr < li - Im(g;) - w - Im(giy1) - ria = m,
forallp=2,...,t;, and ¢ = 2,...,t5. In other words, we have rewritten
1 1
—Ligiri — —linginrin = »_ ¢ligr; (3.6.9)
a; i1 =
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where s; € N— {0}, ¢; € k — {0}, [;,r; € <X>, g; € G, and

ax {l; - Im(g;) - 15} < m.
Case 2: Jw € <X > such that m = l;41 - Im(g;41) - w - Im(g;) - ;. Clearly
this case is symmetric to the case 1. With the same method, we also can

rewrite

1 1
a—iligm — i —li19i1Tip1 = ZCJ 3957 (3.6.10)

where s; € N— {0}, ¢; € k — {0}, l;,r; € <X>, g; € G, and

max {l; - Im(gj) - 75} < m.
Case 3: Jl,r € <X> and I(Ly, Ry, Lo, Re) € MS(Im(g;),lm(gi+1)), such
that

1 1
—ligiri —
a; @41

liv1Gis1miz1 =L+ S(% gi+1)[L17 Ry, Lo, R2] T

The condition (h) says that S(g;, giy1)[L1, R1, L2, Ro] has a standard rep-
resentation w.r.t. G, as does [ - S(g;, gis1)[L1, R1, Lo, Ro] - r. Hence we can

rewrite

1 1
a—iligm - ?H lix19iv17i41 = Z Cj 39]7“3 (3-6-11)

where s; € N— {0}, ¢; € k — {0}, l;,r; € <X>, g; € G, and

1 1
1%85;{5 ( j) : Tj} = lm(a—iligﬁi - rﬂli—i—lgi—i—lri—&-l) <m.

With above results, let’s revisit (3.6.4). Foralli =1,2,...,J—1, we can

rewrite
1 1
—ligir; —
a; Q41

lz‘+1gz‘+17"i+1
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to the form (3.6.9) or (3.6.10) or (3.6.11). For alli = J+1,... ¢, it is known
i -lm(g;) - ri < m.

Hence (3.6.4) can be rewritten as
tl
f=2_dlig; (3.6.12)
j=1

where t' € N — {0}, ¢j € k — {0}, I/, 1} € <X>, g; € G, and

LR

/ ’ A
1%%/{@ Im(g;) -y} =m' <m.

Obviously, m’ € T', but m is the least element of I', it’s impossible that
m' < m.

Therefore the case “J > 2 and cia; + -+ + cyay = 07 is impossible for
(3.6.3)(i.e.,(3.6.2)). Then (3.6.3)(i.e.,(3.6.2)) is a standard representation of
f w.r.t. G. The claim is proved, thus “(h)=-(d)” is proved.

(d)=(a): Vf € I, by (d), f has a standard representation w.r.t. G, then
Im(f) =1; - lm(g;) - r; for some g; € G, l;,r; € <X>. Then Im(f) € Im(G),
which implies Im(I) C Im(G). It’s obvious that Im(G) C Im(I). Thus
Im(I) =1Im(G). O

Remark 3.6.2. As we can see, the above theorem is almost the same as its

counterpart in chapter 2. In chapter 4, we will explain why.

3.7 Generalization of Buchberger’s Algorithm

As we have pointed out, in noncommutative polynomial ring k<X >, there

are ideals which cannot be finitely generated. For such an ideal I, we do not
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know if there is an algorithm which can find an infinite computable Grobner
basis G of I when G does exist. For a finitely generated ideal of k<X >,
we have the following semi-decision algorithm, which is a generalization of
Buchberger’s algorithm and is one of the best results known so far.
Algorithm 3.7.1.(Generalized Buchberger’s Algorithm Due to Mora)
i:=1, H :=F, Gy :=F, (F is a given finite subset of k<X>)
(x )while H; # 0 do
Hip =10
B :={(f,9,L1,R1, Lo, Ro)|f € Gi,g € Hy;, (L1, Ry, Lo, Rs) €
MS(im(f), lm(g))}
(x Jwhile B; # () do
choose (fi1, fo, L1, Ry, Lo, Ry) € B;
B;:=B; — {(f17f2, Ly, Ry, Lo, Rz)}
f= @LLﬁRl - @Lﬁﬂ%
do reduction algorithm 3.4.14 to compute a reduced form d
of fwrt G;|JH;1
if d # 0 then H;1 := H; 1 U{d}
goto (%)
Giyr =G UHin
i:=1+1 and goto (x) O
In the above algorithm, we assume F'is nonempty and a monomial order

< has been defined on <X >. About the above algorithm, we now make the

following claims.

Claim 3.7.2. Vi € N — {O}, V(fl,f2> S GZQ, v<L1,R1, LQ, Rg) S
MS(Im(f1),Im(f2)), S(f1, f2)[L1, R1, L, Ro] has a standard representation
w.r.t. Gip1. (If the algorithm terminates at i, let G; = G;,Vj > i.)
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Proof: We prove the statement by induction on .

Consider i = 1. Notice that Gi7 = Hy, Y(f1, f2) € G1 x G = Gy X
Hy, Y(L1, Ry, Lo, Ry) € MS(Im(f1),lm(f2)), the algorithm reduces f =
S(f1, f2)[L1, Ry, L2, Ro] to a reduced form d w.r.t. Gy | Hy. If d = 0, clearly,
f has a standard representation w.r.t. Go O G1|J Hs. If d # 0, then d € G,
again, f has a standard representation w.r.t. Gs.

Suppose the statement holds for 7, let’s prove that it holds for i + 1.

If the algorithm terminates at ¢ + 1, H;; 1 = 0, and G2 = Giy1 = G,
Then by our induction hypothesis, V(f1, f2) € G7,, = G7,V(L1, R1, Lo, Ry) €
MS(Im(f1),Im(f2)), S(f1, f2)[L1, R1, Lo, R2] has a standard representation
w.r.t.G;y2 = G;11. The statement is true.

If the algorithm doesn’t terminate at i + 1, G;11 = G;|J H;11, we then
have two cases.

Case 1: (f1,f2) € Giy1 X Hiyq. Like the case ¢ = 1, the algorithm
will reduce f = S(f1, f2)[L1, R1, L2, Ro] to d. Whether d = 0 or not, the
algorithm ensures f has a standard representation w.r.t.G; ».

Case 2: (f1, f2) € Giz1 x G;. We have two sub-cases:

Case 2-1: (f1, f2) € G;xG;. By hypothesis inductions, every S-polynomial
of (f1, f2) has a standard representation w.r.t.G; o 2O Gi11.

Case 2-2: (f1, f2) € Hiy1 X G;. Then (fy, f1) is in the case 1, every S-
polynomial of (fs, f1) has a standard representation w.r.t.G;,2. By remark
3.5.3(ii), so does every S-polynomial of (f1, f2).

Hence, the statement holds for ¢ + 1. By induction, the statement holds
foralle. O

Claim 3.7.3. (i)The algorithm terminates at some i+ 1, i € N— {0}, if and
only if, GG; is a finite Grobner basis of the ideal I =< F'>.
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(ii)If the algorithm never terminates, then | J;°, G; is an infinite Grébner
basis of the ideal I =<F'>.
Proof: Notice that F=G; C...CG; C...C [ =<F>. Then

<F>C ... C<G;>C...C<F>.

Hence, <G;>=1 =< F >, Vi € N—{0}.

(i) If the algorithm terminates at some ¢ + 1, then H;,; = (), and G;41 =
G;UH;y1 = G;. By claim 3.7.2, V(f1, fo) € G?, every S-polynomial of
(f1, f2) has a standard representation w.r.t.G;;; = G;. Since <G;>= I, by
the characterization (h), G; is a Grobner basis of 1. Obviously, G; is finite.

Conversely, if GG; is a finite Grobner basis of the ideal I, then H;,, will
be empty since all d = R(f,G;|J Hi+1) = 0. Thus the algorithm terminates
at ¢ + 1.

(ii) If the algorithm never terminates, let G = |J;=, G;, then V(fi, f2) €
G?, there is sufficient large J such that (i, f) € G%, then every S-polynomial
of (f1, f2) has a standard representation w.r.t.G ;.1 C G. Obviously <G >=
I, then by the characterization (h), G is a Grébner basis of the ideal /. Since

the algorithm never terminates, G; C G;11, G must be infinite. [

Claim 3.7.4. If I =< F > has a finite Grobner basis w.r.t. <, then the
algorithm must terminate.

Proof: Let G' ={g1,92,...,q:} be a finite Grébner basis of I w.r.t. <. Sup-
pose the algorithm never terminates. By claim 3.7.3(ii), G = (J;2, G, is an
infinite Grobner basis of /. Then Vj = 1,2,...,l, 3J(j) € N — {0} such
that Im(g;) € Im(Gy(j)). Let J = maxi<;{J(J)}, then Im(I) = Im(G") C
Im(Gy) CIm(I), thus Im(G;) = Im(I), i.e., G; is a finite Grobner basis of
I. By claim 3.7.3(i), the algorithm terminates, a contradiction! Hence the

algorithm does terminate. [
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Given a finitely generated ideal, if algorithm 3.7.1 terminates and pro-
duces a finite Grobner basis of the ideal, then we can solve the ideal member-
ship problem for the ideal by characterizations of noncommutative Grobner

bases, like we did for problem 2.5.4.

In the last part of this chapter, we show that when the ideal is finitely
generated by homogenous polynomials, the ideal membership problem is still
solvable even if the algorithm 3.7.1 never terminates.

Definition 3.7.5. A polynomial f € k<X > is said to be homogeneous if in
the unique form (3.1.1) of f,

¢
f= Zcimi, deg(m;) = deg(m;) V1 <i# j <t,

i=1
i.e.,f is a linear combination of monomials of the same degree. If an ideal is

generated by homogeneous polynomials, it is said a homogeneous ideal.

Theorem 3.7.6. Given a homogeneous ideal I =< fi, fo,..., i>C k<X >,
given a monomial order < on <X >, algorithm 3.7.1 always produces a com-
putable Grobner basis of the ideal I. (Thus the ideal membership problem
for the ideal is solvable.)
Proof: 1f the algorithm terminates, then by claim 3.7.3(i), it produces a finite
Grobner basis G of the ideal I. Clearly G is computable.

Next we assume the algorithm never terminates. By claim 3.7.3(ii),
G = U2, G; is an infinite Grébner basis of the ideal I. We will show that
G satisfies the conditions in claim 3.4.15; i.e.,“for any D € N, the subset
G(D) = {g € G| deg(lm(g)) < D} is finite and every element of G(D) can
be calculated explicitly”, thus G' will be computable by the claim.

For convenience, if ¢ is a homogeneous polynomial, we let deg(g) denote

the degree of the leading monomial of g, i.e., deg(g) = deg(lm(g)). By
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computing, it’s easy to see the following claim is true.
Claim 1: If f;, fo are homogeneous, then f = S(f1, f2)[L1, R1, Lo, Rs] is
homogeneous Y(Lj, Ry, Lo, Ry) € MS(Im(f1),lm(fs)), and

deg(f) = deg(L1f1R1) = deg(La foR2) > max{deg(f1),deg(fa)}-

Claim 2: If G’ is a finite set of homogeneous polynomials and f is homoge-
neous, then d, which is the reduced form of f w.r.t. G’ produced by reduction
algorithm 3.4.14, is also homogeneous and deg(d) = deg(f) if d # 0.

Proof of the claim 2: Notice that in reduction algorithm 3.4.14, there

le(fi) g
le(gy) Li

“d:=d+1t(f;)", or “fir1:= fi — lt(f;)” preserves deg(f) and homogeneity.

are totaly three types of computation, either “f;,; = f; — gjri’, or

Hence the claim is true.

Now let’s look at G;, H; in algorithm 3.7.1.

Claim 3: Vi € N— {0}, G;41 = GiUHiH (i.e., Gi11 is a disjoint union of
G; and H;1). Moreover, Vd, € H;1 and Ydy € H;, Im(dy) # Im(ds).

Proof of the claim 3: By the algorithm, G;,; is a union of G; and H; ;.
Vd, € H;.1, since d; is a reduced form of f w.r.t. G;|J H;11 and d; # 0,
clearly, d; is not in G;. So the union is disjoint. Also, notice that H; C G;
and obviously there is no g € G; such that Im(g)|lm(d,), so there is no
dy € H; with Im(dy) = Im(dy). Thus the claim 3 is proved.

Applying claims 1 and 2 recursively, we can see all elements in G; and
H; are homogeneous. Then all elements in the infinite Grobner basis G are

homogeneous. Moreover, by claim 3, we can see

G = H1(G1)UH2U s UHiUHiJrl T

i.e., G is a pairwise disjoint union of H;, i € N — {0}. Define D; :=
min{deg(d)| d € H,}.
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Claim 4: D; < Dy, Vi € N—{0}.

Proof of the claim 4: Vd € H;., since d is the reduced form of f
w.r.t. G;|J Hi11 and d # 0, where f = S(f1, f2)[L1, R1, Lo, Ro] with f; € G,
fo € H;, by claims 1 and 2,

deg(d) = deg(f) > max{deg(f.), deg(f2)} = deg(f2) = D.

Hence, D; < D;4.

Now let’s prove G is computable. Since the algorithm 3.7.1 never termi-
nates, D; > Dy > 1, Vi € N—{0}. Thus G(0) is empty. Given D € N — {0},
suppose Vi € N — {0}, D; < D, then there is at least one d; in H; such that
deg(d;) < D. By claim 3, Im(d;) # Im(d;) for all i # j, then we would have
infinite different monomials with degree < D. This is impossible. Hence,
there exists some J € N — {0} such that D; > D. By claim 4, D; > D for
all i > J. Hence, G(D) = {g € G| deg(lm(g)) < D} C U;:llHZ =Gy
Clearly, G(D) is finite and every element of G(D) can be calculated explicitly
by algorithm 3.7.1. [

Remark 3.7.7. In practice, since we need check each D;, we need modify
algorithm 3.7.1 to make it pause after computing out each G;. That is easy

to realize and not the topic of this thesis.
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Chapter 4

Diamond Lemma(s)

4.1 Newman’s Diamond Lemma

Newman’s diamond lemma was firstly introduced by M.H.A.Newman in [5].
Readers are referred to [6] for an introduction to the lemma in the termi-
nology of graph theory. In this section, we will introduce the lemma in
the terminology of reduction theory. Our introduction is based on [8]. We
also point out that [8] actually has shown the relations between Newman’s
diamond lemma and commutative Grobner bases theory.
Definition 4.1.1. We define a general reduction on a nonempty set S to be
a strictly antisymmetric relation on S, i.e., a reduction on S is a subset R
of § x S such that (a,b) € R = (b,a) not in R, ¥(a,b) € R.
Notations 4.1.2. For a reduction relation R on nonempty set S, we will
write:

(iJa = b< (a,b) € R.

(i)

a=>b when n =0,

a’b(neN) e < orJag,a,...,a, €S, such that

a=ay—a — - —a, =b when n > 1.
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(iii)a = b < In € N,a = b.
(ivie =b<sa—b or b—a.
(v)
a=>o when n =0,
ab(neN) s < orJag,ar,...,a, €S, such that
a=ayg<>a <>« a,=>o when n > 1.
(via < b« 3n € Nya & b.
(vii)b «— a — ¢ < a — ¢ and a — b. (This notation rule also applies to
% and —.)
(viii)a | b < Jc € S such that a = ¢ < b.
The following claim is obvious.

. * . . .
Claim 4.1.3.“<” is an equivalence relation on S.

Definition 4.1.4. Let — be a reduction defined on a nonempty set S.

(i) If there is no infinite reduction chain w.r.t. — in S,i.e., every reduction
chain in S is finite, then we say — satisfies DCC'.

(ii) Let S’ be a nonempty subset of S, an element a € S’ is called a
minimal element of S” w.r.t. — if there is no b € S’ such that a — b. In
particular, if a is a minimal element of S, we say a is a normal form or in
normal form w.r.t. —. If @ = b and b is in normal form, we say b is a normal

form of a.

Lemma 4.1.5. Let — be a reduction defined on nonempty set S. If —
satisfies DCC, then every element a € S has at least one normal form in S.
Proof: For any a € S, define S'(a) = {b € S|a = b}, then a € S'(a) # 0.
Since — satisfies DCC, S’(a) has a minimal element by w.r.t —. (Otherwise,
we would have an infinite reduction chain in S’(a)). Suppose by is not minimal

in S, then we would have by — b;. But then a = b, implies b; € S’(a). Since
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bo is minimal in S’(a), this is impossible. Hence by is minimal in S,i.e.,by is

a normal form of . O

The following theorem is introduced in [8] as “Newman’s lemma”, which
is essentially a variation of Newman’s diamond lemma.
Theorem 4.1.6. Let — be a reduction defined on nonempty set S. If —
satisfies DC'C, then the following conditions are equivalent:
(i) Local confluence(diamond condition): b «—a— ¢ =b | ¢,Va,b,c € S.
(ii) Confluence: b <~ a = c=b | ¢,Ya,b,c € S.
(iii)Every element in S has a unique normal form.
(iv) Church-Rosser property: a <> b= a | b,Va,b € S.
Proof: see [8].

Theorem 4.1.7.(Newman’s Diamond Lemma)Let — be a reduction defined
on nonempty set S. If — satisfies two conditions (i) DCC' and (ii)diamond
condition, then every equivalence class of <> contains a unique normal form.
Proof: Let a < b. By lemma 4.1.5, a has a normal form ag, b has a normal
form by. By (iii) in theorem 4.1.6, ag, by are unique respectively of a and
b. By transitivity of equivalence relation, ag <> by. Then by (iv) in theorem
4.1.6, ag | by, i.e.,3c € S such that ay — ¢ < by. Since ag, by are normal
forms, ag = ¢ = by. Since a, b are arbitrary, every equivalence class of <

contains a unique normal form. [

4.2 Bergman’s Diamond Lemma

In this section we still let <X > denote the free monoid generated by set

X, but X is allowed to be any nonempty set. Let k<X > denote the free
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associative k-algebra on X, where k is allowed to be any commutative asso-
ciative ring with 1. Without causing confusion, we will still use terminologies
introduced in previous chapters, such as monomials, terms, polynomials, etc.
In particular, we assume all polynomials are written in the unique form,
i.e. Vf € k<X>— {0}, t
f= Z Cillyg,
i=1

where t € N—{0},¢; € k — {0}, m; € <X>and m; #m; VI <i#j <t 0
is the unique form of 0.

Notice that k<X > is also a k-module, we have the following definitions.
Definitions 4.2.1.(i) For k<X >, we define a reduction system S to be a set
of pairs o = (m,, f,) where m, € <X> and f, € k<X>. For any o € 5,
any [,r € <X>, we define a reduction R, by a k-module endomorphism of
k<X> which, given any element f of k<X >, sends the monomial im,r in
f to lf,r but fixes all other monomials.

(i) Let f € k<X>. If the coefficient of Im,r in f is 0, then R,.(f) = f
and we say Ry, is trivial on f. If every reduction under S is trivial on f,
i.e., f = 0 or no monomial in f is divisible by any m,, o € S, we say f
is reduced under S or S-reduced. It’s easy to see all S-reduced elements of
k<X> form a k-submodule, which is denoted by kg(S).

(iii) Let f € k<X >, if there is a finite sequence of reductions Ry, R, ..., R,
under S such that R;... RoRi(f) = d and d is S-reduced, then we say d is a
reduced form of f under S.

(iv) Let f € k<X >, if for every infinite sequence of reductions Ry, R, . . .,
i € N such that Vj > i, R;;; is trivial on R;... RoRi(f), then we say f
is reduction-finite. It’s easy to see, all reduction-finite elements form a k-

submodule of k<X > and if f is reduction-finite, f has a reduced form. We
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call f reduction-unique if it is reduction-finite and has a unique reduced form.
The unique reduced form of f under S is denoted by Rg(f).
Remark 4.2.2. A reduction system S actually defines a reduction relation

— on k<X> by
f lor, g o€ S Ire<X> Ry (f)=gand Ry, is not trivial on f.

Hence we will make use of notations 4.1.2 to simplify the following discussion.
Definitions 4.2.3. (i) A 5-tuple (o, 7,l,m,r) witho,7 € S, [,m,r € <X>—
{1}, such that m, = Im, m, = mr, is called an overlap ambiguity of S. If
for | lf;, we say the overlap ambiguity is resolvable.

(ii) A 5-tuple (o,7,l,m,r) with o,7 € S, 0 # 7, [,m,r € <X>, such
that m, = m, m, = lmr, is called an inclusion ambiguity of S. If Lf,r | f;,

we say the overlap ambiguity is resolvable.

Definitions 4.2.4.(Weaker Monomial Partial Order) (i) In this chapter, by

a monomial partial order we mean a partial order < on <X >such that
my < mg = Imqyr < Imor, VI, r,my,mg € <X>.

(ii) We say < satisfies DCC' if there is no infinite properly descending
chain in <X> w.r.t. <.

(iii) Given a reduction system S, if for all o = (m,, f,) € S, f, is a linear
combination of monomials < m,, then the monomial partial order < is said
to be compatible with S.

Definition 4.2.5. Let < be a monomial partial order on <X > and compat-
ible with the reduction system S. For any m € <X >, define I,,, to be the
submodule of k<X > spanned by all I[(m, — f,)r such that Im,r < m. For an
overlap(inclusion) ambiguity (o, 7,1, m, r), if for—01f; € L (I for—fr € L),

then we say the ambiguity is resolvable relative to <.
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Lemma 4.2.6. Let < be a monomial partial order on <X > and compatible
with the reduction system S. If < satisfies DC'C' on <X >, then every element
of k<X > is reduction-finite.

Proof: Since reduction-finite elements form a k-submodule of k<X >, we

only need show every monomial is reduction-finite. Assume that
N :={m € <X>| m is not reduction—finite} # 0,

then there is a minimal monomial mgy in N, since < satisfies DC'C. Then
there is some Ry, which is not trivial on mg such that Ry.(mg) = [f,r.
By the compatibility of < with S and the minimality of my in N, [f,r is a
linear combination of reduction-finite monomials < mgy. Then my must be
also reduction-finite, a contradiction. Hence N = (), i.e., every monomial is

reduction-finite. [

Lemma 4.2.7.(i) Vf,g € k<X>, ¢ € k, if f,g are reduction-unique, so is
cf +g. Hence reduction-unique elements also form a k-submodule of k<X >.
Moreover, Rg(cf +¢g) = cRs(f)+ Rs(g), thus we can regard Rg as a k-linear
map from this submodule to the submodule kg(S) of S-reduce elements.

(i) Let f,g,h € k<X>, if for all monomials my, my, my occurring in
f, g, h respectively, m¢mgmy, is reduction-unique, then for any finite compo-
sition of reductions, denoted by R for short, fR(g)h is reduction-unique and
Rs(fR(g)h) = Rs(fgh).
Proof: A complete proof of (i) can be found in [3]. Here we give a complete
proof of (ii).

Claim 1: Vmg, my, m. € <X >, if m,mym, is reduction-unique, then for a
single reduction R, m,R(m;)m, is reduction-unique too and Rg(m,R(m;)m.)

= Rg(mgmpme).
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Proof of the claim 1: Let R = R;,,, notice that
maRl0r<mb)mc = }%malarmC (mambmc>a

thus mg Ry, (my)m. must be reduction-finite. Moreover, suppose there is a
finite composition of reductions R’ such that R’ (mg R (my)m.) is S-reduced,

then
R/(maRlar(mb>mc) = R,RmalarmC (mambmc) = RS<mamme)'

Hence R'(mgRjs-(mpy)m,) is unique and is Rg(mg,myme).

The following two claims are immediate results from (i) and claim 1.

Claim 2: Let f,g,h € k<X>, if for all monomials my,mg, m; occurring
in f, g, h respectively, msmgmy, is reduction-unique, then for a single reduc-
tion R, for all monomials my, mpg(g), my occurring in f, R(g), h respectively,
mgmpg(g) My, is reduction-unique.

Claim 3: Let f, g, h € k<X>, if for all monomials m ¢, my, m; occurring in
f, g, h respectively, m¢mymy, is reduction-unique, then for a single reduction
R, fR(g)h is reduction-unique and Rs(fR(g)h) = Rs(fgh)

Now given a finite composition of reductions, by claim 2, we can apply

claim 3 recursively, hence (ii) is proved. [

Lemma 4.2.8. Let < be a monomial partial order on <X > and compatible
with the reduction system .S, then any resolvable ambiguity is resolvable
relative to <.

Proof: The following fact is useful:
9= f—g=c(m, — fo)r, (4.2.1)
where c € k — {0}, 0 € S and [,r € <X>.
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Now for a resolvable overlap ambiguity (o, 7,1, m,7), f,r | [f. implies

for = fio—= fu—...— fia. = fo
lfr=foo—=fa—...— fn = fo

Hence

a

for — fo= Z Cili(mai - fm')ﬁ', and

=1

b
Ur = fo=_ ¢ili(mo; — fo))r:
j=1

Since f,r and [f, are linear combinations of monomials < m,r = Imr or
< Im; = Imr, each [;m,;7; < lmr and each ljm,;r; < Imr. Hence f,r—1f; €
Iy, i.e., the ambiguity is resolvable relative to <.

For a resolvable inclusion ambiguity, proof will be similar thus is omitted.
OJ
Example 4.2.9. The following example shows the converse of the above

lemma is not true. Let
S = {ol = (23,27),02 = (23, 71),03 = (27, 2122)}

be a reduction system of k<X >, where <X > =<ux;,x9>. < is the deglex
with 1 < x5 < 7. Clearly < is also a monomial partial order and compatible

with S. Consider the overlap ambiguity (01,01, z9, 73, x5). Since we have

f01$2 - $2fal = x%@ - xzxf = $2($§ - 1‘1)$1 - (:L% - $1)$2$1

+w129(25 — 21) — 21 (23 — 71)2 € L

the ambiguity is resolvable relative to <. However, the only possible non-
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trivial reduction sequences on f,i1x2 and x5 f,1 are as follows:

2 o3x2 102 9 03
fo1Ta = X9 —= T1T2Ty —— T] — X129,

9 x203
I2fal = XXy — L2X1T2.

Therefore, we cannot have finite compositions of reductions such that f,jxo |
o fs1, 1.€., the ambiguity is not resolvable.

In fact the above example can be illustrated by the following figure. No-
tice that in order to make the ambiguity resolvable, we need f,1zo | x3f,1,
i.e., we need two finite sequences of reductions leading from f,122 and x5 f,q
to a common element of k<X >, but for the ambiguity resolvable relative to
<, by the fact (4.2.1), we only need f,1x2 and xsf,1 are connected by finite

reductions staying “below” z3. Clearly the latter is a more general condition.
ymg 2

5
/132 \
IL‘lfL’% JZ%ZL‘l
fo172 = xiTo 17271 Tox] = Tafo1

2 ToT1X

175 2T1 T2
2

Ty
T1T2

Theorem 4.2.10.(Bergman’s Diamond Lemma) If S is a reduction system

for k<X >, < is a monomial partial order on <X > and compatible with S,
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< satisfies DCC', then the following conditions are equivalent:
(a)All ambiguities of S are resolvable;
(a’)All ambiguities of S are resolvable relative to <;
(b)All elements of k<X > are reduction-unique under S;

(c)As k-modules, k<X > = kr(S) @ I, where I is the two-sided ideal of
k<X> generated by {m, — f,|oc € S}.
Sketch of Proof: We follow the proof given by Bergman. Firstly, by lemma

4.2.6, every element of k<X > is reduction-finite, thus has a reduced form.
(b)=(c): By lemma 4.2.7(i), Rg is a k-linear map from k<X > onto kg(.S).
Hence, we only need show ker(Rg) = I, i.e.,

fels Rs(f)=0. (4.2.2)

By lemma 4.2.7(i)(ii), Rs(l(ms — fo)r) = Rs(Imyr) — Rg(lf,r) = 0, thus
“=" of (4.2.2) is proved. The other direction in (4.2.2) can be proved by the
fact (4.2.1). Thus (b)=(c) is proved.

(c)=(b): Let Rs(f) = f1 or fo, then by the fact (4.2.1), it’s easy to see that
fi = fo € INkR(S) = {0}.

(b)=-(a): Given any overlap or inclusion ambiguity, by (b) we will have
for = Re(lmr) < If, or 1f,r = Rg(lmr) < f,,

thus the ambiguity is resolvable.

(a)=(a’): Use lemma 4.2.8.

(a’)=(b): By lemma 4.2.7(i), it’s sufficient to show all monomials are

reduction-unique. Assume that

N :={m € <X>| m is not reduction —unique} # 0,
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then there is a minimal monomial mq in N, since < satisfies DCC'. If for
any o,7 in S, ly,r,ly, 9 in <X > such that mg = lymsry = lom,ry and

Ry or, (Mg) # Riyrry (My), we still have

RS(R110T1 (m())) = RS(R12TT2 (m0)>7 (423)

then my would be reduction-unique which leads to a contradiction.

To prove (4.2.3), we assume without loss of generality that deg(l;) <
deg(ly), then we have three cases for mg = lymy,ry = lom,ro,

Case 1: Jw € <X> such that mg = lym,wm,ry. Then (4.2.3) can be
proved by lemma 4.2.7(ii).

Case 2: 3 an overlap ambiguity (o, 7,1, m,r) such that mg = lylmrrs.

Then by (a’), we can show
= Rior (mo) — Riyrry (mO) € I,, and RS(f) =0,

hence (4.2.3) is proved.

Case 3: The ambiguity is an inclusion ambiguity. The discussion is similar
to the case 2. [

Remark 4.2.11. Comparing with Newman’s diamond lemma, the strength-
ening of Bergman’s diamond lemma lies in two aspects.

(i) We don’t need verify DCC' or diamond condition for all elements in
k<X>. Instead, we only need DC'C' of a monomial partial order and the di-
amond condition on “minimal nontrivial ambiguously reducible monomials”.

(ii) From the discussion in the example 4.2.9, we can see the condition
(a’) in Bergman’s diamond lemma is a further improvement of the diamond

condition.
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4.3 Relations between Grobner Bases and Di-
amond Lemma(s)

Firstly, we give a brief comment on the relation between Grobner bases theory

and Newman’s diamond lemma.

T. Becker and V. Weispfenning have combined general reduction theory
and Newman’s diamond lemma in their introduction of commutative Grobner
bases theory [8]. The techniques used there are actually applicable to both
commutative and noncommutative Grobner bases theory.

1. We need to define polynomial reductions more carefully by requiring
all polynomials given in the unique forms(see (2.1.1)(3.1.1)), then it’s easy
to see, w.r.t. a given set G and a given monomial order, the new definition
of polynomial reductions does define a strictly antisymmetric (reduction)
relation on k[z1, 29, ..., x,] or k<X>, denoted by G,

2. To apply Newman’s diamond lemma, we need some techniques to de-
duce the DCC' of the reductions from the DC'C' of the monomial order. We
can apply Bergman’s technique which regards a reduction as an endomor-
phism and then proves every element is reduction-finite(see lemma 4.2.6).
Or, we can extend the monomial order to a partial order or a quasi-order <

on all polynomials(see [8]) such that < satisfies DCC' and
f i> h = f ~ hv vagah € ]f[ZEl?l‘Q, s )xn] - {O} (Ol” k<X> — {0})7

then we have DC'C on all reductions.

3. After the above preparations have been done, we can apply New-
man’s diamond lemma and get some new characterizations of Grobner bases.
The following result is for noncommutative Grobner bases. For commutative

Grobner bases, see [8].
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Theorem 4.3.1. Given G C k<X >, let < be a monomial order on <X >,
let < denote the polynomial reduction modulo G w.r.t. <. The following
conditions are equivalent:

(1) S, satisfies local confluence condition(diamond condition);

(2) S, satisfies confluence condition;

(3) Every element in k<X > has a unique reduced form w.r.t.G;

(4) 9, satisfies Church-Rosser property.
Proof: See theorem 4.1.6(a variation of Newman’s diamond lemma). O

Clearly, the above (3) is the characterization (e) in theorem 3.6.1. But
notice that in the proof (e)=-(g) in theorem 3.6.1, we did selective poly-
nomial reductions when reducing hs — hy. That is allowed there but not
allowed by our new definition of polynomial reductions, since the new defi-
nition requires us to do coalescence and cancellation of terms to get unique
forms of related polynomials before each reduction. However, even under
the new definition, we will show that all the conditions in theorem 3.6.1 are
still equivalent(see theorem 4.3.4 and remark 4.3.5(i)). Therefore, the above
(1)(2)(3)(4) are indeed equivalent to characterizations (a)—(h) in theorem

3.6.1 and are new characterizations of noncommutative Grobner bases.

From the above, we can see, among the characterizations (a)—(h) in the-
orem 3.6.1, only (e) is obviously contained in Newman’s diamond lemma.
Next let’s turn to Bergman’s diamond lemma. We will see that most impor-
tant characterizations in theorem 3.6.1 are contained in Bergman’s diamond
lemma.

Let k<X > denote the general noncommutative polynomial ring, where
k is a field and <X > is a free monoid generated by X,, = {x1,z9,...,2,}.

To apply Bergman’s diamond lemma, we assume all polynomials are given
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in the unique forms. Let < be a monomial order on <X >. Let G C k<X >.
Notice that: if G is a Grobner basisin k<X > w.r.t. <, then so is G’ =
{@!ﬂ g € G}. Hence, without loss of generality, we assume all g in G is

monic, i.e., lc(g) = 1,Vg € G. Define a reduction system S w.r.t. < and G,

S={o=(m, =1m(g), for =Im(g) —g)l g € G}.

Clearly < is compatible with S and each polynomial reduction modulo G
corresponds to a Bergman’s “endomorphism” reduction under S. This im-
plies that we may translate definitions and results in section 4.2 to our
discussion here. In fact, most translations are obvious. For example, “S-
reduced” is equivalent to “reduced w.r.t. G7, kr(S) = kr(G) and Rg(f) =
R(f,G). In particular, let’s see the correspondence between ambiguities and

S-polynomials.

Correspondence Between Ambiguities and S-polynomials

Given an S-polynomial of (g1, ¢2) € G?,
S(g1,92)[ L1, R1, Lo, Ro| = L1gi Ry — Loga R,

where (L, Ry, Lo, R2) € MS(Im(f),lm(g)).

Case 1: (L1, Ry, Lo, Ry) = (1, Ry, Lo, 1), 3w # 1 such that wR; = Im(gs)
and Low = Im(g;). This corresponds to an overlap ambiguity (o, 7, Lo, w, Ry)
such that m, = Im(gy), m, = Im(go). Notice that

for = 1lfr = —5(91,92)[L1731,L2,Rz]-

Case 2: (Ll,Rl,LQ, RQ) = (Ll, 1, 1, Rg), Jw # 1 such that ng = lm(gl)
and Liw = Im(gs). This corresponds to an overlap ambiguity (o, 7, L1, w, Ry)

such that m, = Im(gs), m, = Im(g;). Notice that
for = 1f> = S(g1, 92)[L1, Ry, Lo, R
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Case 3: (L1,R1,L2,R2) = (1,1,L2,R2), lm(gl) = Lzlm(gg)Rg. This
corresponds to an inclusion ambiguity (o, 7, Lo, Im(gs), Re) such that m, =

Im(gs), m, = lm(gy). Notice that

lfor — fr = 5(91,92)[L1, Rl,Lz,Rﬂ-

Case 4: (Ll,Rl,LQ,RQ) = (Ll,Rl,l,l), lm(gg) = Lllm(gl)Rl. This
corresponds to an inclusion ambiguity (o, 7, L1,lm(g;), R1) such that m, =

Im(g1), m, = lm(go). Notice that

lfor — fr = (91,92)[L1731,L2,R2]

Conversely, given an overlap ambiguity (o, 7,1, m,7), by the definition of
S, 391,92 € G such that m, = Im(g;) = Im, m, = Im(g2) = mr. Then
(1,7,1,1) € MS(Im(g1),lm(g2)) and notice that

far - lfT - (gl 92>[1 T,l, 1]

Given an inclusion ambiguity (o, 7,1, m,r), 391,92 € G such that m, =
Im(g1) = m, m,; =Im(ge) = lmr. Then (I,r,1,1) € MS(Im(g1),lm(g2)) and
notice that

lfar - f'r - (gl gQ)U r, 1; 1]

Although the above correspondences are not required to be one-to-one,
they are sufficient for us to deduce the following equivalence.
Claim 4.3.2.(i) All ambiguities of S are resolvable. <

V(g1,92) € G% Y(Ly, Ry, Lo, Ry) € MS(Im(g1),1m(g9)),

Li(lm(g1) — g1) R | La(lm(ga) — g2) Ro.
(ii) All ambiguities of S are resolvable relative to <. &
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Y(g1,92) € G*, VY(L1, R, Lo, Ry) € MS(Im(g1),1m(ga)),

t
5(91792)[[/17 Ry, Lo, RQ] = Z ciligir; and
i=1

max{l;im(g;)ri} < Lilm(g1) Ry = Lalm(g2)R;,

1<i<t
where t € N — {0}, ¢; € k — {0}, l;;r; € <X>, ¢; € G and not necessarily

pairwise distinct Vi, 1 <7 < t.

With the above results, we can translate Bergman’s diamond lemma as
follows.
Theorem 4.3.3. Given G C k<X >, let I =< (G > be the ideal generated
by G, let < be a monomial order on <X>. The following conditions are
equivalent:

(1) Y(g1,92) € G*, Y(L1, Ry, Ly, Ry) € MS(Im(g1),1m(gz)),

Ll(lm(gl) - 91)R1 ! Lz(lm(g2) - 92)R2.

(2) v(91792) € G27 v<L1>R17 LQa R2) € MS(”"(Ql)a lm(QQ))a
t

S(g1,92)[L1, Ry, La, Ry] = Z ciligiri and
i=1
11rr<132§{lilm(gi)ri} < Lilm(g1) Ry = Lolm(g2) Ry,
where t € N — {0}, ¢; € k — {0}, l;,;r; € <X>, ¢g; € G and not necessarily
pairwise distinct Vi, 1 <17 < t.
(3) Vf € k<X>, the reduced form of f w.r.t. G is unique;
(4) As k-vector spaces, k<X> = kg(G) P I.

Proof: By the above discussion, the proof of Bergman’s diamond lemma has

actually shown that (3)=(4)=(3) and (3)=(1)=(2)=(3). O

Moreover, in the proof of Bergman’s diamond lemma, (b)=-(c) contains

the following condition(see (4.2.2)).
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(5) fels R(f,.G)=0.

By the proof there, we can see (3)=-(5)=(4)=(3).

Notice that all S-polynomials are in the ideal I, hence (5) implies the
following condition.

(6) V(g1,92) € G V(L1 Ry, Lo, Ro) € MS(Im(g1), Im(go)),
R(S(g1,92)[L1, R, Ly, Ry, G) = 0.

From (6), it’s easy to deduce a condition about standard representations.
(7) (91, 92) € G*, ¥(Ly, Ry, Lo, Ry) € MS(Im(g1),1m(g2)),
S(g1,92)[L1, R1, Lo, Ry] has a standard representation w.r.t. G.
Notice that (7) actually is a strengthening of (2), so (7) implies (2)
obviously. Therefore we have a cycle (3)=(5)=(6)=(7)=(2)=(3).
So far, most important characterizations of noncommutative Groébner

bases have been deduced from Bergman’s diamond lemma.

At last, we conclude our discussion by listing all characterizations we have

found for noncommutative Grébner bases and summarize the proof based on
diamond lemmas.
Theorem 4.3.4. Assume (%) all polynomials of k<X > are given in the
unique forms (3.1.1). Given G C k<X >, let [ =<G > be the ideal generated
by G, let < be a monomial order on <X >, let ©, denote the polynomial
reduction modulo G w.r.t.<. The following conditions are equivalent:

(1) v(glaQQ) € G2’ V(LlaRla L?v R?) € MS<lm(gl)7 lm(QQ))a

Ll(lm(gl) - 91)R1 ! Lz(lm(g2) - 92)32.
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(2) v(glaQQ) € G2’ V(LlaRla L?v R?) € MS<lm(gl)7 lm(QQ))a

t

S(g1,92)[L1, R, Lo, Ro] = Z ciligir;  and

i=1
{Q%{lilm(%)ri} < Lilm(g1) Ry = Lalm(g2) R,

where t € N — {0}, ¢; € k — {0}, l;,m; € <X>, g; € G and not necessarily
pairwise distinct Vi, 1 <17 < t.

(3) Vf € k<X>, the reduced form of f w.r.t. G is unique.

(4) As k-vector spaces, k<X> = kg(G) P I.

(5) fel< R(f,G)=0.

(6) V(g1,92) € G*, V(L1 Ry, Lo, Ry) € MS(Im(g1), Im(g2)),

R(S(g1,92)[L1, R1, La, Ry, G) = 0.

(7) Y(g1,92) € G*, V(Ly, Ry, Ly, Ry) € MS(Im(gy1),Im(gs)),
S(g1,92)[L1, R1, Lo, Ry] has a standard representation w.r.t. G.

(8) S, satisfies local confluence condition(diamond condition).

(9) S, satisfies confluence condition.

(10) Y, satisfies Church-Rosser property.

(11) Im(G) = Im(1).

(12) Vf € I — {0}, 3¢ € G such that Im(g)| Im(f).

(13) f € I & f has a standard representation w.r.t. G.

Proof: From Bergman’s diamond lemma, we have deduced

8)=(5) = (4)= (3),
3)=1)=(2)=(3) and
(8) = (5) = (6) = (7) = (2) = (3).

Hence (1)< (2)<(3)=(4)<(5)<(6)<(7).
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Newman’s diamond lemma ensures (3)<(8)<(9)«<(10).

The proofs in theorem 3.6.1 for (11)=-(12)=-(5) and (13)=-(11) are
still effective under the assumption (x). It’s obvious that (5)=-(13). Hence,
(11)=(12)e(5) < (13)<(11).

To sum up, all the conditions are equivalent. [l
Remarks 4.3.5. (i) The above theorem contains all characterizations in the-
orem 3.6.1. This implies that theorem 3.6.1 is still true under the assumption
(x). In other word, the assumption (%) has no effect on the characterizations
of Grobner bases.

(ii) Newman’s diamond lemma and Bergman’s diamond lemma actually
form a common theoretical foundation of characterizations of both commu-
tative and noncommutative Grébner bases. This explains why theorem 2.4.2

and theorem 3.6.1 are almost the same.
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List of Notations

N
klxy, xa, ... o,
M, or M

<X,>or <X>

k<X, >or k<X>

<X>?

<X>*
<G>
S xS
lex

deglex

degreviex

set of natural numbers including 0, page 4
commutative polynomial ring, page 4
set of commutative monomials, page 4

set of noncommutative monomials(free monoid),
page 19, page 56

noncommutative polynomial ring(free algebra)
page 20, page 56

set of ordered pairs of elements in <X >, page 37
set of ordered 4-tuples of elements in <X >, page 37
ideal generated by G, page 7, page 22

set of ordered pairs of elements in set .S, page 5
lexicographical order, page 6, page 21

degree lexicographical order, page 6, page 21

degree reverse lexicographical order, page 7, page 21
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deg(m)
deg(g)
1t(f)
Im(f)
le(f)

Im(G)

degree of monomial m, page 4, page 20
degree of leading monomial of g, page 51
leading term of f, page 7, page 22
leading monomial of f, page 7, page 22
leading coefficient of f, page 7, page 22

leading monomial ideal of set GG, page 7,
page 22

set of all monomials in Im(G), page 12,
page 31

set of all reduced polynomials w.r.t. G,
page 12, page 31

f reduces to h modulo g, page 11, page 31

f reduces to h; modulo G, page 12, page 31

unique reduced form of f w.r.t. G, page 12,
page 31

least common multiple, page 15
S-polynomial of f and g, page 15

set of 4-tuples (I, 71,1y, 1) € <X >*
satisfying lymyr1 = lamarsy, page 37

set of matches of m; and msy, page 38
noncommutative S-polynomial of f and g,

page 39
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U

alb ash, ete

Rlar
kr(S)

Rs(f)

lor

f—y9
(o, 7,l,m,r)

Im

G
—

DCC

ACC

disjoint union, page 52

page 55

endomorphism reduction, page 57

set of all S-reduced elements, page 57
unique reduced form of f under S, page 58
Ri(f) = g, page 58

overlap or inclusion ambiguity of S, page 58
page 58

polynomial reduction modulo G, page 65,
page 66

descending chain condition, page 5, page 55

ascending chain condition, page 8, page 23
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