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Abstract

Main focus is to extend the analysis of the ruin related quantities, such as the surplus
immediately prior to ruin, the deficit at ruin or the ruin probability, to the delayed
renewal risk models.

First, the background for the delayed renewal risk model is introduced and two
important equations that are used as frameworks are derived. These equations are
extended from the ordinary renewal risk model to the delayed renewal risk model. The
first equation is obtained by conditioning on the first drop below the initial surplus
level, and the second equation by conditioning on the amount and the time of the first
claim.

Then, we consider the deficit at ruin in particular among many random vari-
ables associated with ruin and six main results are derived. We also explore how the
Gerber-Shiu expected discounted penalty function can be expressed in closed form
when distributional assumptions are given for claim sizes or the time until the first
claim.

Lastly, we consider a model that has premium rate reduced when the surplus level
is above a certain threshold value until it falls below the threshold value. The amount
of the reduction in the premium rate can also be viewed as a dividend rate paid out
from the original premium rate when the surplus level is above some threshold value.
The constant barrier model is considered as a special case where the premium rate is
reduced to 0 when the surplus level reaches a certain threshold value. The dividend
amount paid out during the life of the surplus process until ruin, discounted to the

beginning of the process, is also considered.
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Chapter 1

Background

1.1 Introduction

Much active research has been going on in the area of ruin theory, more specifically
renewal risk processes, since the introduction of the expected discounted penalty func-
tion suggested by Gerber and Shiu in their paper in NAAJ in 1998, which marked an
epoch in the area. It started in the framework of the classical Poisson model where the
inter-claim times have exponential distributions. This model is attractive in the sense
that the memoryless property of the exponential distribution makes calculations easy.
Then the research was extended to ordinary Sparre-Andersen renewal risk models
where the interclaim times have other distributions than the exponential distribution.
Dickson and Hipp (1998, 2001) considered the Erlang-2 distribution, Li and Garrido
(2004a) the Erlang-n distribution, Gerber and Shiu (2005) the generalized Erlang-n
distribution (a sum of n independent exponential distributions with different scale pa-
rameters) and Li and Garrido (2005) looked into the Coxian class distributions. One

difficulty with these models is that we have to assume that a claim occurs at time 0,
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which is not the case in usual settings.

The delayed or modified renewal risk model solves this problem by assuming that
the time until the first claim has a different distribution than the rest of the inter-claim
times. Not much research has been done for this model at this stage. Among the first
works was Willmot (2004) where a mixture of a ”generalized equilibrium” distribution
and an exponential distribution is considered for the distribution of the time until
the first claim. Special cases of the model include the stationary renewal risk model
and the delayed renewal risk model with the time until the first claim exponentially
distributed.

The stationary or equilibrium renewal risk model is a special case of the delayed
renewal risk model where the time until the first claim has an equilibrium distribution
of the other inter-claim times’ distribution. The motivation for choosing this distribu-
tion is that it is the limiting distribution of the time until the next claim occurs, i.e.
the forward recurrence time, in an ordinary renewal process. See Karlin and Taylor
(1975) for details. Willmot and Dickson (2003) have looked into the Gerber-Shiu dis-
counted penalty function in general and Willmot et al. (2004) into the deficit at ruin
for this model in particular.

Another special case of the delayed renewal risk model where the time until the
first claim is exponentially distributed is of much interest. This is the simplest delayed
renewal risk model that we consider yet with an important property. Because of the
memoryless property of the exponential distribution, we do not need to know the time

of the last claim before time 0. This model will be explored in chapter 5 of this paper.

Our main focus is to extend the analysis of the ruin related quantities such as the
surplus immediately prior to ruin, the deficit at ruin or the ruin probability to the

delayed renewal risk model. The background for the delayed renewal risk model is
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introduced in section 1.2. In chapter 2, we derive two important equations that will
be used as a framework for later chapters. These equations are extended from the
ordinary renewal risk model to the delayed renewal risk model. The first equation is
obtained by conditioning on the first drop below the initial surplus level in section
2.1, and the second equation by conditioning on the amount and the time of the first
claim in section 2.3. Chapter 3 considers the deficit at ruin in particular among many
random variables associated with ruin and six main results are derived. Chapter 4 and
5 show how the Gerber-Shiu expected discounted penalty function can be expressed
in closed form when distributional assumptions are given for claim sizes and the first
interclaim times, respectively. In chapter 6, we consider a model that has premium
rate reduced when the surplus level is above a certain threshold value until it falls
below the threshold value. The amount of the reduction in the premium rate can
also be viewed as a dividend rate paid out from the original premium rate when the
surplus level is above some threshold value. The constant barrier model is considered
as a special case where the premium rate is reduced to 0 when the surplus level reaches
a certain threshold value. The dividend amount paid out during the life of the surplus
process until ruin, discounted to the beginning of the process, is also considered in

Chapter 6.

1.2 The Delayed Renewal Risk Model

In the delayed renewal risk model, the number of claims process {N(t);t > 0} is
assumed to be a delayed renewal process, with V; the time until the first claim occurs,
and V; the time between the (i —1)th and the ith claim for i = 2, 3,4, .... It is assumed
that {V4, V3, ...} is a sequence of independent and identically distributed (IID) positive
random variables with common distribution function (DF) K (t) = 1— K (t) = Pr(V <
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t), probability density function (PDF) k(t) and the mean E(V) = [ vdK (v) < oo,
where V' is an arbitrary V; for ¢ = 2,3,4,.... The random variable V; is also assumed
to be positive and independent of {V5, V3, ...} but with a (possibly) different DF K (t)
and PDF k().

If K(t) = K(t), then the above model becomes the ordinary (or equivalently the
Sparre-Andersen) renewal risk model. Also a special case of the delayed model, the
equilibrium or stationary renewal risk model can be defined if the PDF of the time
until the first claim is ky(t) = k.(t) = K(t)/E(V).

Individual claim sizes {Y1, Y5, ...}, independent of N(¢) and {V}, V4, ...}, are posi-
tive IID random variables with DF P(y) = 1 — P(y) = Pr(Y < y), PDF p(y) and
moments E(Y7) fo y/dP(y) < oo, where Y is an arbitrary Y;, and Y; is the size
of the ith claim. The associated equilibrium DF is defined as Py(y) = 1 — P,(y) =

Jo P&)dt/E(Y).

The surplus of the insurer at time t is defined as

N(t)
Uy=u+ct—» Y, t>0, (1.1)

i=1

where u = Uy > 0 is the initial surplus, ¢ = (1+60)E(Y)/E(V) is the constant premium

rate per unit time received continuously, and € > 0 is the relative security loading.

Let Ty = inf{t : Uy < 0} be the time of ruin, where T;; = oo if U; > 0 for all ¢ > 0.
Two important non-negative random variables in connection with the time of ruin are
the deficit at ruin |Ur,| and the surplus immediately prior to ruin U, -, where T~
is the left limit of 7y. The sum of the two random variables, {Ur,~ + |Ur,|}, is the

amount of the claim causing ruin. These random variables are depicted in the figure
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below with a sample path of a surplus process.

A Ut

Y ~+

Figure 1.1: Graphical representation of the surplus process U,

For the delayed renewal risk process, the widely known Gerber-Shiu expected dis-

counted penalty function (Gerber and Shiu, 1998) is given by

mi(w) = E{e " w(Uy,|Ur, ) I(Ts < 00)| Uy = u} (1.2)

where w(z1, z5) is a non-negative function for z; > 0 and x5 > 0, and I(A) =1 if A is
true and I(A) = 0 otherwise. The parameter ¢ may be viewed as a Laplace transform
argument for the time of ruin or as a discount factor. The ruin probability ¥%(u) can

be obtained from the above function by letting w(zy,22) = 1 and § = 0:
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Y4 u) = B{I(Ty < 00)| Uy = u} = Pr(Ty < oo| Uy = u), u > 0. (1.3)

We also need to introduce the Gerber-Shiu function of the ordinary renewal risk
process since the Gerber-Shiu function in the delayed renewal risk process is expressed
in terms of it. This is natural considering that the delayed renewal risk process fol-
lows an ordinary renewal risk process after its first claim. The Gerber-Shiu function
in the stationary renewal risk process is also introduced because the process is the
most widely used special case of the delayed renewal risk process. The correspond-
ing Gerber-Shiu expected discounted penalty function for the ordinary renewal risk

process and the stationary renewal risk process, respectively, are as follows:

ms(u) = E{e Tw(Up—, |Up|) (T < o0)| Uy = u}, (1.4)

m§(u) = E{e " w(U,-, |Ur,

V(T, < o0)| Uy = ul. (1.5)

where T" and T, are random variables of the time of ruin for the ordinary and the

stationary renewal risk process, respectively.

Some special cases of the Gerber-Shiu function obtained by specifying the penalty
function are widely used in later chapters, particularly when we have information on
the distribution function for the claim sizes. These special cases of the Gerber-Shiu
function allow us to obtain explicit forms in some situations where it is difficult to

d

analyze the general Gerber-Shiu function m§(u). The first special function we consider

is m§ ,(u) with the penalty function w(z,y) having the form w(z,y) = e **w,(y). In
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the delayed renewal risk process it is defined as

—0T;—sU___
mi (u)=E{e T wy(|Ur,|)I(Ty < 00)| Uy = ul}. (1.6)

The corresponding functions in the ordinary renewal risk process and the stationary

renewal risk process are

ms.s(u) = E{e T =Ur—w,(|U:) (T < o0)| Uy = u}, (1.7)
m(u) = B{e "1 wy (UL ) (T, < 00)| Uy = u}, (1.8)

respectively.

The second special function we consider can be seen as a special function of the
first special function with s = 0. The penalty function is a function of the deficit only,
with no information regarding the surplus prior to ruin. The Gerber-Shiu function in

the delayed renewal risk process reduces to

mio(u) = E{e™ wy(|Ur, ) (Ty < 00)| Uy = u} (1.9)

and the corresponding functions in the ordinary renewal risk process and the station-

ary renewal risk process are

mso(u) = E{e™Twy(|Urp|) (T < 00)| Uy = u}, (1.10)

m§o(u) = E{e""Twsy(|Ur,

V(T < 00)| Uy = ul, (1.11)



CHAPTER 1. BACKGROUND 8

respectively.

1.3 Preliminaries

(1)Dickson-Hipp Transform

We will define the Dickson-Hipp transform (Li and Garrido, 2004) which is used often
in later chapters. Let h(x) be a real valued continuous function with Laplace transform
(L)
h(s) = /OO e h(zx)dz. (1.12)
0

Then a Dickson-Hipp function of h(t) is defined as

h(z) = Toh(z) = €™ / T e th(t)ydt, 2> 0 (1.13)

for r that satisfies |h(r)| < oc.

The LT of a Dickson-Hipp function h,(x) is

hy(s) = /000 e *h.(z)dr = hlr) = hs) (1.14)

sS—7T

by integration by parts.
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We can generalize the definition of Dickson-Hipp transform to functions where they

are not continuous. If H(x) = 1— H(x) is a distribution function then a Dickson-Hipp

Stieltjes transform can be defined as

he(z) =T.h(x) =€ /00 e ""dH(t), x >0, (1.15)

analogous to defining a Laplace Stieltjes transform (LST) as

h(s) = /000 e **dH (z). (1.16)

(2)Lundberg Adjustment Coefficient

Let —Rs be a negative root of the generalized Lundberg’s fundamental equation (de-

fined in the ordinary renewal risk model), i.e. Rs satisfies

k’(5 + CRg)ﬁ(—Rg) =1 (1.17)
) bs(—Ry) = ! 1.18
s(—Rs) = 5 (1.18)

where bs(u) is the PDF of the discounted ladder-height random variable and ¢5 =
G5(0) = E{e°TI(T < o0)| Uy = 0}, in the ordinary renewal risk model.

It is shown (Rolski et al., 1999, pp.255-9) that the two equations are equivalent
when 6 = 0. In particular, when 6 = 0 let kK = Ry. Landriault and Willmot (2007)

show the equivalence of the two equations for any non-negative value of ¢ in section
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3.2 of their paper.
(3)Compound Geometric Convolution

Let function G(z) = 1 — G(z) = Y07, (1 — ¢)¢"F*"(z), * > 0, be a compound
geometric tail and function A(x) = 1 — A(z), x > 0, be a distribution function with
A(0) = 0. Then the tail of a compound geometric convolution function W (z) is de-

fined as
W(x) = /OO dA * G(y) = A(x) + /01‘ G(z — y)dA(y), = > 0. (1.19)

Of course, the role of A and G can be interchanged in the above convolution. This
type of convolution is frequently used in chapter 3, when we talk about the deficit at
ruin in particular.

Willmot and Lin (2001, Section 9.3) show that W (x) satisfies a defective renewal

equation
—6 [ Wla = aPl) + 6P (@) + (1 - ) Ala). (1.20)

Also, Willmot(2002b) shows that the equilibrium distribution of W (y), denoted by

Wi(y), is also a convolution DF with Laplace-Stieltjes transform
W) = [T =g A0+ 1 -0m) 12
0

where

) 0 J5" F
¢ [;° F(t)dt + ( 1— fo

(1.22)



CHAPTER 1. BACKGROUND 11

and g(s) = [;7 e ¥dG(y fo e=Vd Ay (y) = {1-a(s)}/{s [;" A(t)dt}, fi(s) =
I e‘sydﬂ(y) ={1- }/{5 fo (t)dt}.

1.4 Laplace Transform of the Time of Ruin in the
Ordinary Model

This section expands the ideas of Willmot and Woo (2007) and Willmot (2007). The
derivation in section 2.1 of Willmot and Woo (2007) can be extended to the case where
some of the weights, p;.’s, are negative as long as all the weights sum up to 1 since
none of the arguments necessitate the weights being positive. As a result, the Coxian
class distribution can be expressed in a form of combination of Erlangs. Also, the
expression of the Laplace transform of the time of ruin in Example 3.2 of Willmot

(2007) that is derived for mixture of Erlangs holds for combination of Erlangs as well.

Assume that claims are of countable scale and shape mixture of Erlangs, i.e.,

iy e
p(y) = Zzpikw7 y>0 (1.23)
where n € {2,3,...}, pir € R, D0 > oo pi = 1, and (1.23) is a proper distribution.

Then following the same idea and procedure as in section 2.1 of Willmot and Woo
(2007), since the derivation does not require p;,’s to be positive, p(y) can be expressed

in the exact same form;

e —Bny

Z ﬁjyj e, (1.24)
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where we can assume 3, > (; for i =1,2,...,n — 1 without loss of generality and

Zszk(]_l) §n> (1- g;)" s i=1,2,.... (1.25)

=1 k=1

Note that g;’s could be negative but » 3> g; = 1 and thus (1.24) is a combination
of Erlangs.

Now, we follow the idea of Example 3.2 in Willmot (2007). Define the Erlang-j PDF

B(By) e

T L i=1,2,.. ., (1.26)

7(y) =

and from (1.24)

prty) = Y ap Yo
=1 '

= g ZT] ZQZTlfj#l(x)
Jj=1 l=j

= B IZ qj+k— 1Tk y)

7=1 k=1

where the last equality is obtained by replacing [ by k =1 — 7 + 1.
Thus p(z + y) can be expressed as

y) = Zm(w)n(y), >0,y >0 (1.27)
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where

=g ZCJﬁquk(l')- (1.28)
k=1

Willmot (2007) shows that when p(x + y) admits this factorization the discounted
ladder height PDF bs(y) satisfies

bs(y) = Zﬁj,ﬂj(y) (1.29)
7=1
where
x()
o= = / ()22 ’ (1.30)

and f5(x]0) is the discounted defective marginal density of the surplus prior to ruin
(x), given Uy = 0.

He also shows that the Laplace transform of the time of ruin
Gs(u) = E{e™TI(T < o0)| Uy = u} (1.31)
satisfies

@5(u) = ¢ P Z Cmﬁ% (1.32)
m=0 '

where C,, 5 = Ziozmﬂ ces and {cps;k = 0,1,2,...} has compound geometric gener-

ating function

o 1 o
> st = Of‘s —. (1.33)
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Note that n;(x) and 7; 5 can be negative and thus the discounted ladder height PDF
bs(y) is a combination of Erlangs and {cxs;k = 0,1,2,...} has compound geometric
generating function, instead of compound geometric probability generating function.
All the arguments we used also hold for these negative values and the results we
derived are extended to combination of Erlangs from mixture of Erlangs. Thus, the
Laplace transform of the time of ruin when claims are of Coxian-class type, can be

expressed in the form of equation (1.32).



Chapter 2

Two Framework Equations

In this section, we derive two equations that are used as a framework for solving
specific problems. The first equation is derived by conditioning on the first drop
below its initial surplus level (section 2.1) and the second equation by conditioning on
the first claim (section 2.3).

Li and Garrido (2005, Section 6.) show how the defective renewal equation ap-
proach of Gerber and Shiu (1998) can be extended to the ordinary renewal risk process.
In section 2.1, we are going to see how the general form of the defective renewal equa-
tion is modified for the delayed renewal risk process. In section 2.2, we derive another
expression for the distribution function of the ladder-height random variable, in addi-
tion to the one obtained in section 2.1. The former is expressed in terms of the Laplace
transform of the time of ruin and the DF of the ladder-height random variable in the
ordinary renewal process, whereas the latter in terms of the defective joint PDF of the
surplus prior to ruin, the deficit at ruin and the time of ruin, with the distribution of

the claim size.

15
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2.1 Adapted General Defective Renewal Equation

The motivation of the derivation in this section comes from the corresponding deriva-

tion in the classical Poisson model in Gerber and Shiu (1998).

Lemma 2.1 The general form of the modified defective renewal equation in the de-

layed renewal risk process is

ms(u) = b5 /0“ mg(u—y)b(gd(y)dy—f—/oo /Ooow(x—i—u,y—u)px(y)fgd(ﬂ 0)dzdy. (2.1)

In (2.1),
o5 = / fi(z] 0)dz (2.2)
and .
b = [t e 23)
with
fil(x] 0) = / / ez, y, 1] 0)dedy (2.4)

where f4(x,y,t|0) is the defective joint PDF of the surplus prior to ruin (z), the deficit

at ruin (y) and the time of ruin (t), given initial surplus 0.

Proof:
By conditioning on the first drop in surplus below its initial level u, we obtain the
following equation. The first term in the equation explains the case where ruin does

not occur in the first drop whereas the second term explains the case where ruin does
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occur due to the first drop. If the first drop is less than u, then ruin does not occur and
the process starts again with an ordinary renewal process since the first claim should
have already occurred by this time, with reduced new initial surplus v — y where y is
the amount of the first drop. If the first drop is greater than u, ruin occurs with the
deficit y — u and the surplus prior to ruin v + x where x is the surplus gained above

the initial level u before the first drop.

wiw = [ [ [ e matu— ) o] 0)dtdndy

/ / / w(z +u,y —u) f(z,y,t| 0)dtdrdy

- / / ms(u — y) (2, y] O)dedy
/ / Wz + u,y — u) fA(z, ) 0)dady.

where

f(a,y| 0) = /0 e fz, . 1] 0)dt. (2.5)

Thus, we can rewrite mg(u) as
=6t [ msw— iy [ [ wtuy - ofile] 0dedy - (26)
0 u 0

where

:/OOo /Ooo fd(x,y| 0)dady (2.7)

and

bi(y) = ¢i / fi(z,y| 0)de. (2.8)
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This choice of ¢§ makes bf(y) a probability density function, i.e., [;~ bi(y)dy = 1.

Note that ¢¢ and b%(y) can be expressed in a different form using the argument of
Gerber and Shiu (1998, p.53). Using the conditional probability formula of Bayes’

rule,

P(A(B) = P(B|A), (2.9)

the joint PDF of U(T,;—), |U(Ty)| and Ty at the point (z,y,t) can be written as the
joint PDF of U(T;—) and T, at the point (z,t) multiplied by the conditional PDF
of |U(Ty)| at y, given U(Ty—) = x and T = t. The deficit at ruin, |U(T})|, depends
on the claim sizes and the time of ruin, Ty = t, depends on the interclaim times but
since the claim size random variables are independent of the interclaim time random
variables, |U(T},)| does not depend on T,; = ¢t. And the conditional PDF of |U(7})| at
y, given U(Ty—) =z is

p(:v +y) _ pz+y)
Tt ) 5o (2.10)
Thus,
fU @yt 0) = fi%(z,t] 0) pa(y) (2.11)

where f,%(z,t| 0) is the joint PDF of the surplus prior to ruin and the time at ruin,

and p,(y) = p(x +y)/P(x).

The discounted joint PDF of the surplus and the deficit becomes
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fi(a,y| 0) = / e fa, 1] 0)dt = pa(y) (] 0)

where

(x| 0) :/ e O f1%(x,t] 0)dt
0
is the discounted density of the surplus, given zero initial surplus.

Then,

19

(2.12)

(2.13)

ol = | ) / " paly) f5 (x| 0)dady = / 5l 0) [ bty - / " ] ),

00
0

d/y fooopm(y)féd<x| 0)dx [ f5d(I| 0) .
by (y) = o — / Pl (7 b

and the expression for ms?(u) in equation (2.6) can be reexpressed as

(2.14)

(2.15)

mat(u) = 5 / " s — y)bs(y)dy + / ) / " wle +uyy — wpa(y) fs' (2] 0)dady

Q.E.D.

(2.16)

Note that ¢3¢ < ¢ = ¥*0) and bs(y) is a mixture PDF over z of p,(y). Also,

bs*(y) has the same mixture form as in the ordinary renewal risk model (Willmot,

2007) but with different mixing weights. The mixing weights in bs(y) shown in Will-

mot (2007) are discounted density of the surplus in the ordinary renewal process, i.e.,
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fO pz {fa(fl?\ 0)}d5(:

Equation (2.1) is not a renewal equation since ms?(u) is expressed in terms of
ms(u) but we name it ”general defective renewal equation adapted to the delayed
renewal risk process” because the logic and the form of the equation are similar to
those of the corresponding equation in the ordinary renewal risk process.

The general form of bs?(y) we just derived is very useful in obtaining the explicit

PDF of bgd(y) in some special cases, as we can see from the following examples.

Example 2.1.1 Exponential claim size distribution

In the special case where p(y) = Be=%, it is easy to see that

p(z+7) B 66*5($+y)
P(z) e

px(y) = = Be™ (2.17)

and

') = [ nuto ){f”' Do = peon [ {f5 Nydw = pev. (218)

Thus, p.(y) = bs*(y) = p(y). &

Example 2.1.2 Combination of Erlangs with countable scale and shape pa-

rameters for the claim size distribution

More generally, let’s assume the claim sizes have a distribution with PDF of the form

Bi(Biy) e
ZZ R !

i=1 j=1
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where a;;’s are weights that could be negative or positive but Zle > oy aij = 1. This

includes a combination of exponentials when a;; = 0 for j > 2 and also an Erlang

mixture with single scale parameter when k£ = 1.

Then

where

k

- ﬁ@ ﬁl ) Le=Biy
1 o~ im > (Bix)™ f5% (x| 0)
5" mg )

To show this, we begin with p(z + y) to derive p,(y) and use it to obtain the form of

b5 ().

p(r+y)

and this leads to

p=(y) =

S a2 + yn e ey
azm
i=1 m=1 - 1)

P& m,—Bi(z+y) ML _
Zzaimﬁl e 1 'y (m ‘ 1)xm—1—jyj
i=1 m=1 (m - ) =0 J

k 0o m

Bie Bt (m - 1) ——
Z Z dim . x Y
— 2=

i=1 m=1 (m 1) j=1 J 1

koo ; _ i
B R e
i=1 j=1 (7 =1 m—j (m — j)!

LS %0 V=i BBy )i— LBy
Z Z{e_ﬁil‘ Z Qim (ﬁzx) — }ﬂl (ﬁzy) 6'
i=1 j=1 —j (m —j)! (j—1!

ﬂy J Lo=Biy
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where
0 (z) = e_‘m - o (Biz)™
5 = By 2
Thus,
ko ; )
i~ [T o BBy e P fst(w] 0)
') = [ (0Dt M
k oo .
B Bi(Biy)? e b
- ;;%d@ G-1)
where

o0 —ﬁzl‘ o T m—j
w'(0) = o5 [ @ntel 0t = =5 [T g o) 52 WO e

_ (Bi)"” ff5 (21 0)
- Wz / @)

Notice that p,(y) is a PDF of the same form as p(y) but with a,; replaced by a;;(x),
and that b§(y) is also of the same form but with a;; replaced by af;(0). &

As shown in the examples, the form of b¢(y) in (2.3) makes b3(y) to have the same
form of distribution as the original claim size distribution. This mixing representation
of b¢(y) also preserves the DFR property. If p(y) is DFR, the residual lifetime distri-
bution p,(y) is also DFR. Noting that b%(y) is a mixture of p,(y) over x, it preserves
the DFR property (p.10, Willmot and Lin, 2001).



CHAPTER 2. TWO FRAMEWORK EQUATIONS 23

2.2 Another Expression for bg(y)

Let Ggl(u) be the Laplace transform of the time of ruin in the delayed renewal process,

Gi(u) = E{e™M1 (T < o0)| Uy = u}. (2.19)

Using equation (2.1) with the argument w(x,y) = 1, we obtain an equation for G¢(u),
expressed in terms of G5(u), the Laplace transform of the time of ruin in the ordinary
renewal process and BZ(y), the DF of the ladder-height random variable in the delayed

renewal process.
Gl(u) = ¢ / Gs(u — t)bi(t)dt + ¢1BI(u). (2.20)
0

Out of this equation we get an expression for B¢(u) that is simpler than the one we

obtained in the previous section.

Lemma 2.2 Bl(u) satisfies

u G¢(u—t)

o asBi(u) — S gy [ S aBy(t)
B§(u) = b —1

(2.21)

Proof:
Taking Laplace transforms on both sides of (2.20), we obtain

by (s)

[ et = o) [ G i) e22)
0 0 5

and isolating b%(s), we get
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s fooo e_suég(u)du

-1
~ d
bi(s) = ——20 .
(s) s [, e~uGs(u)du — 1

It is convenient to work in terms of the tail, so we rearrange (2.23) to get

~ 00 _suA © e=sv G (u)du
1—b(s) Jo e Gs(u)du — i (DL P il

s s [0 e Gs(u)du — 1

Noting that
Gs(u) = 65" (1 — ¢5)Bs™" (u)
n=1

24

(2.23)

(2.24)

(2.25)

where Bjs(u) is a distribution function of the ladder-height random variable in the

ordinary renewal process (Willmot and Lin, 2001), [~ e *“Gs(u)du can be expressed

as
/ e *"Gs(u)du = 1{1 - 1_—?5}
0 s 1 — ¢sbs(s)
and again
s/ e Gs(u)du — 1 = %—il.
0 1 — psbs(s)

Substituting (2.27) into (2.24) gives

~ 00 _su/A e~ G (u)du
1 —bd(s) fo e”*Gs(u)du — Jo” e ) P .
B e
1—¢sbs(s)

(¢f§l fOOO e_suéé<u>du - f()oo e_suég<u)du)(1 - ¢565(3)>

¢3(¢s — 1)

(2.26)

(2.27)
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Expanding the numerator of the right hand side and inverting the Laplace-Stieljes

transform we get

[5G s(u) — G§(u) — ¢s¢5 [ Go(u — 1)bs(t)dt + ¢s [ Gh(u — )bs(t)dt]

Biw) = 85— 1)
C_?(;(u) — ¢5 fou C_TY(S(U — t)bg(t)dt _ Gg(u) — ¢5 fou Gg(u — t)bg(t)dt
¢s — 1 Pd(ds — 1)
¢sBs(u)  G§(u) — ¢5 [y G§(u — 1)bs(t)dt
¢s — 1 P§(ps — 1)
Q.E.D.

Note that rearrangement of (2.21) will give the defective renewal equation for
G%(u). This will be shown and discussed in detail in section 3.1.

In particular, when 6 = 0, (2.21) simplifies to

_ b(0)Bo(u) — L 4 4(0) [ LWDp (1) dt
d o 14(0) 0 ¢4(0)
By(u) = 50— 1 (2.28)

as

Gi(u) = E{I(T; < 00)|Uy = u} = ¢ (u) (2.29)

and

b= [ [ [ sy toysdya = vt0), (2.30)
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B(u) is not in a nice simple form and involves the ruin probabilities of both the
ordinary and the delayed renewal risk process but is a useful form in solving other
problems such as obtaining the asymptotic formula for the proper distribution of the
deficit as we will see in Chapter 3. But when 1%(u) can be expressed in terms of ¥ (u),
the expression of B(u) will only involve 1) (u) and we can obtain an explicit expression

for Bd(u) if 1(u) has explicit form, as can be seen in the next example.

Example 2.2.1 k(t) specified as in Willmot (2004)
Let

fat f ayk,

f(t) =1 Jo e K(y )dy

Yy (1—q)ae " t>0 (2.31)

where a > 0if 0 < ¢ < 1, and —oc0 < a < ¢ if ¢ = 1. Motivation for this choice of
k1(t) can be found in Willmot (2004).

It is shown that the ruin probability in this case satisfies

Y (u) = le/ (u—y)p1(y )dy+/ e a(t*”)/cp(t)dt (2.32)

where
olt) = 2ot + 20y - BOBW [ pppar. )

Then

w0 = [ enttyit = Tepl0) (2:31)
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and from (2.28)

B4 —; Bo(u) — Bu ’ u—
Bg(u) = o00) _1[1/1(0)30( ) — B( )+¢(0)/0 B(u — t)bo(t)dt] (2.35)
where
Tap(u
Blu) = 1+0 / (u—y)p1(y)dy + T [P)EO; (2.36)

We can see that our interest now narrows down to obtaining the ruin probability
for the ordinary process. It is entirely expressed in terms of the quantities from the

ordinary process.

Suppose that the claim amount distribution is a hyperexponential (or a mixture

of exponentials) with a tail of the form

Ply)=qe ™+ (1—qe ™, y>0,

where 0 < ¢ < 1, and without loss of generality we can assume A < . With this
assumption, Willmot (2002a) shows that the ruin probability in the ordinary renewal

process is explicitly expressed as
Y(u) = Cre™ ™" + Ce™ ™", u > 0, (2.37)

where r; and r, are the two distinct positive roots of the Lundberg equation k(cr)p(—r)

1 which satisfies 0 < r; < A <ry < 3, and

ro(A —11)(B —11)

r1(rg = A)(B = 12)
Aﬁ(rz—ﬁ) .

¢ = N3(rs — 1)

(2.38)

7C2:
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After some tedious calculation,

BOER [ ot - ity

t
_ ka(0) / (Cre ) 4 Che 2=V ge™™ 1 (1 — g)e~™}dy
0

k1(0)

{Ale_”t + A2€_T2t + Ble_M —|— Bge_ﬂt}

where

_C{aB+(A—gA—n} _raf{af+ (1 —gA—r}
(A=r)(B —r) AB(ry — 1) ’
_C{gB+ (A —gA—r} _ —ri{af+ (1 — A -}
(A =12)(B —12) AB(ro —11) ’
Ciry + Cory — (C1 + Coy) A q

RAR g S 15 S e,

Ay

Ay

and

o ClT2+C2T1_<Cl+CQ)6:_(l_q)
L (S Ry i

Using (2.39),

k1(0
o) = (Co-2 012( )A1>6_”t + (%02 -

k
1)67” 4 (

O_/k/'l (0)

c2

Ag)e_”t
Oékl (0)

and

Tap(u) = ec e < p(t)dt

c

J— (aCl akléO) Al ) —Triu (aCQ ale(O)A2 —Tra2u
B o+ crp ‘ o+ cry
+(k1(0)q — O‘le(mBl)e—Au (kl(O)(1 q) — ot 2)e 0
o+ cA a+cf

28

(2.39)

(2.40)
(2.41)

(2.42)

(2.43)

(1—q)— 2 By)e P}, (2.44)
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Thus, from (2.32), the ruin probability is
aCy +r1ki(0) Ay Jeriv (OZCQ + 79k1(0) Ay

viu) = (
o+ cr o+ cry
N (k1(0)qa—l-+)\cl<:;(0)81 oy (kl (0)(1 —aqi tﬂﬂkl(O)Bz "

Willmot (2002a) also shows that the ladder-height distribution has tail

—rou
e 2

Bo(u) = qe M+ (1-— ql)e’ﬁ“ (2.46)

where
6()\ — 7"1)(7”2 — )\)
(B =AN(AB —rima)

Since we have explicit expressions for ¥(u), ¥%(u), and by(u), (2.28) can be ex-

(2.47)

q1 =

pressed in explicit form in the case where claims are of hyperexponential. We can see

that Bg(u) is expressed as sum of exponential terms.

2.3 Equation Conditioning on the First Claim

There is another expression for m&(u) that is used often as a framework for solving

more specified problems. By conditioning on the time(t) and the amount(y) of the first
claim, we can write mg(u) as follows. Assume the time of the first claim is ¢. Then the
accumulated surplus up to that time point is u + ¢t. Thus ruin occurs if the amount
of the first claim is greater than u + ¢t with the surplus prior to ruin being u + ct,
the deficit at ruin y — u — ct, and thus the Gerber-Shiu discounted function becomes
e %w(u + ct,y — u — ct). Otherwise ruin does not occur and the process would start
again as an ordinary renewal process with new reduced initial surplus v + ¢t — y and

o

thus the Gerber-Shiu discounted function in this case is e *'mgs(u+ ct —y). Therefore,
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[e'¢] u-+tct
mi(u) = /0 e /0 ms(u+ ct — y)p(y)dy

+/ w(u+ct,y —u—ct)p(y)dy ke (t)dt
u+-ct

1.e.

mé(u) = /00 e os(u + ct)k, (t)dt (2.48)

where

/ ms(t — y)dy + /too w(t,y — t)p(y)dy. (2.49)

Note that og(t) is the same as in the ordinary renewal risk process since it does

not involve ki (t).

We can also breakdown o5(t) into

/m5 (t — y)p(y)dy + alt) (2.50)

where

alt) = [ wit.y— tp(s)dy 2.51)
t
Then «(t) is a function which does not depend on §.

With a change of variable from ¢ to r = u + ct, m$(u) can be rewritten as
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> reu r—u. dr
mg(u) = / e o (r)ka ( )—

C Cc

]_ o t—u t_
_ 2 / e s () (Lt (2.52)
u C

c

Usually (2.52) is used more often than (2.48) as the form of the function k;(t) is as-

sumed and we can substitute =% in the function.

In the stationary renewal risk model, using equation (2.52), Willmot and Dickson

2003) show that the Gerber-Shiu discounted penalty function m§ may be expressed as
5

i) = T / ma(u — )Py (1) + q(u) (2.53)
where

Q(U) _ e((S/C)u /OO —(d/¢) t{

y)dPy(y) }dt

and
1

T(t) = W/t w(t,y —t)p(y)dy.

When 6 = 0, the Gerber-Shiu function simplifies further to

th t t dydt. (2.54
1+0/m0u 1) 1+9 // Y — )y (5)



Chapter 3

The Deficit at Ruin in the General
Delayed Model

In section 1.2, we have introduced several quantities that are associated with ruin.
The deficit at ruin, in particular, is our focus for this chapter. Willmot (2007) has
studied the discounted moments of the deficit in the ordinary Sparre Andersen model
and Willmot et al. (2004) have studied the proper distribution of the deficit, stochastic
decomposition of the residual lifetime of L. (the maximal aggregate loss in the sta-
tionary model) involving the deficit, and asymptotic distribution of the proper deficit
in the case of the stationary renewal risk model. These results are extended to the
delayed renewal risk model.

If w(z,y) = wa(y), a function of deficit only, m;s%(u) in equation (2.6) simplifies to

mst(u) = ¢s° /Ou ms(u — y)bi(y)dy + /OO wa(y — u) /Ooo fi(x,y| 0)dzdy
= gy / s — )by)dy + 65 / "y — W)y, (3.1)

u

32
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The analysis of the deficit at ruin starts with this nice simpler equation.

3.1 Laplace Transform of the Time of Ruin
As already introduced in section 2.2, if wq(z9) = 1, then

ms’(u) = G§(u) = E{e"""1(T; < o0)| Uy = u}
satisfies

Gi(u) = ¢5° / " Gt — y)b(y)dy + 65 B w).

Equation (3.2) can be rewritten as
Gi(u) = ¢5"As(u)

where

As(u) = /Ou Gs(u — y)bi(y)dy + By (u)

is a tail of a compound geometric convolution.

Note that this can also be written as

/_X(;(u) = P’I”{L(;—i—Xgl > u}

33

(3.2)

(3.3)

(3.4)

(3.5)

where X¢ has DF Bf(z) = Pr{X¢ < z} and is independent of Ls, where L; satisfies

Pr{L; > x} = Gs(z).

Thus, the Laplace transform representation, in PDF form, of (3.4) is

As(s) = bl(s)E(e3).



CHAPTER 3. THE DEFICIT IN THE GENERAL DELAYED MODEL 34

When § = 0, (3.4) simplifies to

Ao(u) = /Ou Y(u—)bd(t)dt + Bl(u) = Pr{L + X* > u} (3.7)

where X¢ has DF Bé(x) = Pr{X% < x} and is independent of maximal aggregate loss

L in the ordinary renewal risk process.

Willmot and Lin (2001) show that a tail of a compound geometric convolution
satisfies a defective renewal equation, as discussed in section 1.3 of this paper. This,
in turn, implies that G¢(u) satisfies a defective renewal equation since it is just a
matter of multiplying by the constant ¢ = G4(0) which is less than 1.

The explicit form of the defective renewal equation can be obtained as follows.

Take Laplace transforms on both sides of (3.2) to obtain

. A 1— (s)
—SU 1—-¢5bs(s) 11 -

| e G = s {— 205 ) + g,

0

Now we multiply by {1 — ¢5l~)5($)} to get

{1 — ¢sbs(s)} /O Y el dy = gt Pbos) = g?(s) + ¢sb3(s)

VN k| SRR el O

S S

and thus
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OO —su ~d 7 OO —su A~d d 1_65
G ) = osby(s) [ e Clupd + ¢i{os -2
0 0

Inverting the Laplace transform gives us

u) = s /Ou Gi(u—y)bs(y)dy + ¢3{dsBs(u) + (1 — ¢5)Bi(w)}.  (3.9)

We already know in the ordinary renewal risk process that 0 < ¢5 < 1 and bs(y) is a
PDF (see Willmot, 2007). This implies that (3.9) is a defective renewal equation for
G4(u).

For the solution of the renewal equation, asymptotic estimate and bounds can be
obtained using the results in Willmot, Cai and Lin (2001). If x > 0 satisfies the

Lundberg condition

~ 1
bs(—k) = —, (3.10)
s
then the Cramer-Lundberg asymptotic formula yields
_ d e B 1 —1)B d

f Z/B“yba( )dy

and the bounds are

or(u)yr(u)e”™ < Gd( ) < ou(u)y(u)e™™ (3.12)
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where
_d o Bg(z)
vl = AR e B
o) = o1+ (fos—1)  mf DGy s

0<2<u,Bs(2)>0 Bs(2)
K]ZB(S( )

oy(u) = sup et u >0,
0<2<u,Bs(2)>0 f e™bs(y)dy
K'/ZB
op(u) = inf o(2) , u>0.

0<z<u,Bs(2)>0 [ ebs(y)dy

Lin (1996) has analyzed oy (u) and o (u) for many reliability classes.

The asymptotic estimate is helpful in observing the behavior of large u’s, whereas

the bounds give insight into the behavior of small u’s.

3.2 Discounted kth Moment of the Deficit

If wy () = af, then ms®(u) = 7 ;(u) = E{e*T*|Up,|*I1(Ty < 00)| Uy = u} satisfies
st =o' [ mslu— o0t + ot [ - wmay 61
0 U

Now, let pys = ;- y*dBs(y) where Bs(y) is the ladder-height DF in the ordinary
renewal risk process. Also define the kth order equilibrium DF By 5(y) = 1 — B{ 5(y)

recursively by
fo Blccl 15(t>dt
Jo" Bi_y s(t)dt

Bils(y) = L k=1,2,.., (3.14)
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where Bf 5(y) = B§(y), as long as [~ Bf_, 5(t)dt < co. Then Hesselager et al. (1998)

show that the representation in (3.14) could be rewritten as

I T
Bg,é(y) = fooo tkbg(t(;dt ,

k=12, ... (3.15)

If we define the DF of the compound geometric convolution Hy s(u) = 1 — Hy 5(u) by
Huslw) = [ Gslu— 9)dBra(y) + Bra(u) (3.16)
0

where By s(y) is the kth order equilibrium DF of the ladder-height DF Bj(y) in the
ordinary renewal risk process, Willmot (2007) shows that

¢5Mk+1,5

rs(u) = (1= o)k + 1)hk+1,6(u) (3.17)

where hj415(u) is the density of Hjiq5(u).

Using equation (3.17) and (3.15), (3.13) results in

d u 00
) = 2T [ w005 [ B (319

From Theorem 4.1 of Willmot (2007), the above equation can be expressed in terms
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of stop loss moments. Hence,
st = 6 [ st - @y + o[- 0¥y
0 u
k
o5 D50 (k)
= ——u(u) — —— , _isvi(u
1— oy K(w) 1_%; j pi—j605 ()

i / (v — u)*b(y)dy

where
s = [ [ = w-nyaGiama
- / “(Crslu—y) / " 0G0y dy

since the tail of the kth order equilibrium DF of G5(y), G s(y) satisfies

St = y)rdGs(t)
Jo~ thdGs(t)

Gras(y) =

and thus
vj() = / PdCy(t) / G, 5(u — y)b(y)dy.
0 0

The Laplace transform of v;(u) can be obtained as

v;(s) = /OOO t7dGs(t)bg(s) Zpk(j){l - §5(z)bk,5(5)

k=1

}

38

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



CHAPTER 3. THE DEFICIT IN THE GENERAL DELAYED MODEL 39

using corollary 4.1. of Willmot (2002b), i.e.
j ~
3i(5) = 3(5) ) _ pi(i)bi.a(s) (3.25)
k=1
where {p1(7),p2(j),...,p;(j)} is a discrete probability measure and by s(s) is the
Laplace transform of the kth equilibrium density of bs(y).

Example 3.2.1 Erlang mixture claim size distribution

When claim sizes are of mixed Erlang type, i.e.

s i=1e=By
ply) = ;%%7 (3.26)

Willmot (2007) shows that the stop-loss moments of the compound geometric distri-

bution satisfy

/ Tl Gy = 3, 0 (3.27)

m!
m=0

where Y = 87307 Cninsl (j + n)/T(n) and again ¢, is defined by (1.33) in
section 1.4, except that {c,s;n = 0,1,2,...} now has compound geometric probabil-
ity generating function, instead of compound geometric generating function, since the

mixing weights in the ladder-height DF are all positive and sum to 1, i.e.,

o0

C(z) =Y ™ = P{Q(2)}, (3.28)

n=0

where P(z) is the probability generating function of the geometric distribution and

Q(z) is the probability generating function of the mixing weights for Erlangs in the
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ladder-height distribution.

Also, b¥(y) is known in this case from example 2.1.2 with k = 1.

o0 I=1o=By
i) = Y a0 (3.20)

where {a{(5),ad(d),...} are constants depending on 4.

Thus, substitution of (3.27) and (3.29) into equation (3.21) gives

Blyt—te Py

R S e i y
0 m=0 ’ =1 )
& ﬂerl

e mZ:O’Ym,JZal((S)m!(l_l)!/o (u —y)™y' " dy.

=1

Using Beta type integration, [ (u—y)™y' 'dy = v 'T(m~+1)L(1)/T(m+1+1), v;(u)

becomes

. ﬁu m—+l
Uj(u) = e’ ZVmJZ Em-)i-l)'

=1

_ ﬁuzfym] Z a _( )r

r=m+1

co r—1
(B
= Y ) ;?

r=1 m=0

— e Pu i Bj,r(a)@—lfy (3.30)

where B;,.(8) = S0 ~,.5a%_,.(8). The second equality is obtained from changing
variables by letting » = m + [ and the third equality from changing order of summa-

tions.
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Also the last term in equation (3.19) can be simplified in the case of Erlang mixture

claim sizes.

/Oo(y —u)*bi(y)dy =

/ :
[
Zal

The integral [;* 2"

And thus,

(x4 u)t

/ (x4 u) e P dr
0

/Oo(y —u)*bi(y)dy =

bda:+

_gu

u

(z + u)—te=Alatu)

(—1) d

5l
—1)!

e Prdx can be evaluated as

k?—l—l'ﬁlklell

e~ — il —1—14)!
=0
- - k+z' 6u)l_"_1
—Bu
S S
1 1=0
00 -1
G (k+1—7r—1)!(Bu)
’ Zagl(a) < (-7 -1 ol

Y d

r=0 l=r+1

6—ﬁu Z Ak,r((s) (ﬁu)

k+l—7’—1) (Bu)"
5’“[—7“—1) r!

/ ¥ (x +u) e dr,
0



CHAPTER 3. THE DEFICIT IN THE GENERAL DELAYED MODEL

where Ay (8) = Y5°, ., af(0)(k 41— r — DB 7 — 1)),

Therefore,

d
ris(u) = 1 fé% _BUZBM (ﬁu)
r=1 '

P50 _Bu
S (S

_|_¢d fﬁuZAkr (ﬁu)

= My [—— % B G5 Z( )uk MBJT((S)]M

—1 1-— ¢§ 1 - ¢5 r!
#3040 (ﬁj)

= e f: Dy (5) %

where

Dypr(6) = { #Acold) T

By, (8) — B9 SR (Y 5By (6) + G AL(6) T=1,2,..

which is a damped exponential series.de

42
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3.3 Discounted Distribution Function of the Proper
Deficit

When wy(x9) = I(z2 > y), the Gerber-Shiu expected discounted penalty function
becomes the discounted defective survival function of the deficit.

Then, m;4(u) = G4(u,y) = E{e *TaI(|Ur,| > y)I(Ty < 00)| Uy = u} satisfies

[e.9]

G§(u,y) s /0 ' Gs(u —t,y)b3(t)dt + @5 / I(t —u > y)bg(t)dt

= ¢ /0“ Gs(u—t,y)bg(t)dt + ¢5° /00 b (t)dt

u+y

1.e.

G3(u,y) = s /0 Gs(u — t,y)bL(t)dt + 35 B (u + ). (3.32)

Further, if we let 6 = 0, then

mo(u) = G(u,y) = E{I(|Uz,] > y)I(Tys < 00)| Uy = u} (3.33)

satisfies
u

G (u,y) = ¥(0) / Gilu — 1) ()t + 64(0) B(u + ) (3.34)

where 1)%(0) = ¢ is the ruin probability in the delayed renewal risk process with initial
surplus 0.
Equation (3.34) can also be argued probabilistically. When the first drop below

its initial surplus level occurs it may cause ruin. Otherwise ruin does not occur and
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the process starts again in the ordinary renewal risk process with initial surplus v — ¢
where t < u. If ruin occurs, for the deficit to be greater than y when the initial surplus
is u, the drop amount should be greater than u + y. The first term in (3.34) explains
the case where ruin does not occur on the first drop and the second term explains the
case where ruin occurs. Since the argument conditions on the first drop below initial

surplus level, the probability for the occurrence of it is multiplied.

Theorem 3.1 The discounted proper distribution function of the deficit, G_’gm(y), 18

expressed as

G§.(y) =

G5(0) Jy Bsu—t(y)Bs(u — t)dAs(t) + (1 — G5(0)) BY.,(y) B (u)
G5(0) Jy Bs(u —)dAs(t) + (1 — G5(0)) B (u)

(3.35)

where Bsy(x) = 1 — Bsy(x) is the residual lifetime DF of Bs(x), i.e., Bsi(z) =
Bs(t + )/ Bs(t).

When 6 = 0, the proper distribution function of the deficit, G4(y), is

G*(u,y)
P (u)
¥(0) [ Bou—t(y)Bo(u — t)dAo(t) + (1 —4(0))Bg,(y) B§ (u)
P(0) fy Bo(u —t)dAo(t) 4 (1 —(0)) Bg(

Glly) =




CHAPTER 3. THE DEFICIT IN THE GENERAL DELAYED MODEL 45

Proof:

The Laplace transform of Gs(u), in PDF form, can be written as

o) = Ble ) = 12 (337

where ¢; = G;5(0) and using Proposition 2.1. of Willmot (2002a) we obtain

Gi(u,y) = 1 f‘s ry /0 ' Bs(u + y — t)dGs(t) (3.38)

where G(;(t) =1- G(;(t) = P(L§ S t).

Using equation (3.38), we want to rewrite (3.32) in terms of simpler functions

Bs(x), Bd(z) and Gs(x).
The LT of [ Gs(u —t,y)b§(t)dt in equation (3.32) is

/ e / Go(u — t, y)be(t)dtdu = B(s) / Gy y)du.  (3.39)
0 0 0

Using (3.38),

/ e Gs(u,y)du = ﬂ/ e " Bs(u + y)du/ e *dGs(u)
0 1 =95 Jo 0
= % E(e_SL“)/ e 5" Bs(u + y)du.
1- ¢6 0
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Thus, equation (3.39) becomes

46

/ 6_5“/ Gs(u —t,y)bd(t)dtdu = bl(s) és E(e k) / e *Bs(u + y)du
0 0 1- ¢6 0
Y ¢5 > —su R
= As(9) e *"Bs(u + y)du.
1 —as Jo
By inversion of the LT, we have
/ Gs(u —t,y)bd(t)dtdu = 1 ¢5¢ / Bs(u + 1y — t)dAs(t) (3.40)
0 — @5 Jo
and thus equation (3.32) becomes
Gitu) = 42 [ Buluy—0ans(o) + iBiury). @AY
0
The discounted ruin probability can be obtained by letting y = 0,
Gitu) = Gi(w,0) = i [ Bulu—0)dslt) + 0iBiw). 342
0

If we denote the discounted proper distribution function of the deficit by @g’u(y), it is

expressed as
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Giuly) = Géé?uij)
s Jy Bs(u+y — )dAs(t) + (1 — ¢5) B (u +y)
s Jo Bs(u—t)dAs(t) + (1 — ¢5)Bj(u)

(3.43)

s [y Bsu—t(y)Bs(u — t)dAs(t) + (1 — ¢5) By, (y) By (u)
s Jo Bs(u —t)dAs(t) + (1 — ¢5) B (u) '
Q.E.D.

Note that the discounted proper distribution function of the deficit, Gg’u(y) is a
mixture of the residual lifetime DF’s Bj,(y) for 0 <t < u and of B, (y). The proper
distribution function of the deficit in the delayed renewal risk model has the same form
as in the stationary renewal risk model (see Willmot et al., 2004, eq.(2.5), p.245), with
the change of the ladder-height DF of the stationary model, which is the equilibrium
DF of the claim sizes (P;(y)), replaced by that of the delayed model.

The associated probability density function can be obtained by taking the deriva-
tive of G¢,,(y) with respect to y.

Corollary 3.2 The discounted probability density function of the proper deficit is

sy Ol bsut(y) Bs(u — t)dAs(1) + (1 — )b, (y) Bé(u)
Ioull) = 05 [ Bs(u — t)dAs(t) + (1 — o5) BE(u) ’

(3.44)

which is a mizture of residual lifetime probability densities bs,—¢(y) and bg’u(y).

We can identify the proper distribution function of the deficit easily using the mix-

ture representations above in some special cases.



CHAPTER 3. THE DEFICIT IN THE GENERAL DELAYED MODEL 48

Example 3.3.1 Exponential claim size distribution

When claim sizes are exponentially distributed, i.e., p(y) = Be ™Y, we know from Ex-
ample 2.1.1 that b%(y) also has the same exponential distribution and it is easy to see

that

bs fou e—ﬁ(“ﬂ/—“dAg(t) +(1 - ¢5)6—6(u+y)
¢5 fou €_f6(“_t)dA5(t) -+ (1 — ¢5)6_6u

_ efﬂy_

Thus, the discounted proper distribution function of the deficit in this example has
the same exponential distribution as the claim size distribution function, regardless of

the first interclaim time distribution function. &

Example 3.3.2 Coxian - Class claim size distribution

More generally, let’s assume that the claim sizes have a distribution function of Coxian
- class with PDF of the form as in Example 2.1.2. Then we also know from the same

Example that

(i)~ Le—Biy
i) = 323 a0 Y

i=1 j=1 (7= D!

where
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1 im > i m=j fy¢ 0
aijd(o)_— - . /0 (ﬁ:l:‘)eﬁﬂg(éx()x\ >d:1:.

Then bd(x + y) satisfies

J; + y) Lo—Bi(z+y)
bolz+y) = Z Z%

i=1 j=1 (j - 1)'
— Z Za —efﬂi(xﬂ/) f G-t gi—m=lym
zl]l v j_l) m= m'(j_m_1>'
o BT BiBy) e
= ;;aijd e T;) j _ _1 m
k T i )
. (ﬁ )m 1o—Biy
- St 3 B A

i=1 j=1 m=1

and changing the order of summation between j and m gives

bz +y) = iii%d(o e miﬁzx) d (ﬁ<y)7i 11> ~Biy

i=1 m=1j=m
AL —j i iy
= S (o) s O BBy e

—_

i=1 j=1 m=j m—j)! (= 1) 7
le.
J L 5 y)] 1o—Biy
bo(z +y) = ZZO(] ) (3.45)
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where

al(x) = e P y ad (Bix)y™
z]( ) Z im (0) (m_])'

m=j

And by the analogy between bd(y) and by (y),

J—1lp—Biy
o(z +y) = ZZ i ( B]y)_w )

i=1 j=1

where

From equation (3.44),

(0) Jy bo(u —t+ y)dAo(t) + (1 — (0))b(u + y)

d —
9uv) = =70, o Bo(u — t)dho(t) + (1 — (0)) Bd(u)

and substitution of (3.45) and (3.47) into (3.49) leads to

50

(3.46)

(3.47)

(3.48)

(3.49)

9u(y)
_ <o>f0“zlez§:1aij< D733 (y)dAo (1) + (1= $(0) 20, 327, ()73 ()
(0) J§" Bo(u = )dAo(t) + (1 = (0)) B ()
$(0) Jy aisn = )dAo(t) + (1 = p(O)afi(w)
23 50 ¥ Bolu — 0kt + (1= 00 )

=1 j5=1
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where
(3.2~ 1,—Biy
sz(y) = ﬁ <ﬁ£;y)_ 1; )
1.e. i
T (B2~ 1po—Biy
AOED 9) SABEE
i=1 j=1
where

51

(3.50)

(3.51)

Therefore, g¢(y) is of the same form as the claim size distribution, which is Coxian

- class, with weights changed. &

As already shown in section 2.1 for b¢(y), the mixture representation of ggu(y)

in (3.44) also makes gg{u(y) to have the same form of distribution as the discounted

ladder-height distributions b3(y) and b(y), which in turn makes g§,(y) to have the

same form of distribution as the original claim size distribution. Also with the same

logic already mentioned at the end of section 2.1 for b4(y), mixing representation of

95..(y) also preserves the DFR property if b§(y) and b3(y) are DFR (p.10, Willmot and

Lin, 2001). Thus, if the claim size distribution p(y) has DFR property, the discounted

ladder-height distributions b¢(y) and b3(y) do as well (section 2.1) and so does the

discounted proper distribution of the deficit g, ().
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3.4 Asymptotic Distribution of the Proper Deficit

In this section we will examine what will happen when the DF of the proper deficit is
asymptotic in the initial surplus u. We can guess that it will be a mixture represen-
tation as in Section 3.3 but with simpler mixing weights, since the weights in Section
3.3 are functions of u and these should converge for an asymptotic formula to exist.
It is not straightforward to take the limit of u from the proper distribution derived
in Section 3.3, so we follow the idea of Theorem 2.3 in Willmot, Dickson, Drekic and

Stanford (2004).

Theorem 3.3 The asymptotic distribution of the proper deficit is

_ _ > GHtBQ (y + t)dt foo BHtBQ t(y)Bo (t)dt
lim Gi(y) = lim G, :fooo ~ = . (352
Jfim Guly) = Jim Gu(y) JoX ent By(t)dt Ji7 extBy(t)dt (3:52)
Proof:

Multiplying by e where x is the adjustment coefficient defined as in Section 1.3 and

taking the limit as u — oo on both sides of the equation (3.34), we obtain

lim e"G%(u,y) = ¢*(0) lim e““/ G(u—t,y)dBJ(t) +%(0) lim ™ Bi(u + y).
0 Uu—0o0

(3.53)
By Lundberg’s inequality in the ordinary renewal risk model,
e Glu,y) < eip(u) < 1, (3.54)

and by dominated convergence, equation (3.53) can be rewritten as
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lim e™G%(u,y) = wd(O) {hm e G (u,y) e dBL(t) + ¢(0) ILm e Bl (u+ ).

(3.55)
By equation (2.28),
_ d ” w—
_ ¥(0)Bo(w) — i) o 5 dBo(1)
Jim e Bi() i e 350
and since (1.18) holds,
lim " By(u) < lim e™dBy(y) =0, (3.57)

u

the first term in equation (3.56) disappears and the equation reduces to

Jim ) = o [ ety da()
1

— im e ().
[0(0) — (o) V)

The Lundberg’s adjustment coefficient,  satisfies by(—k) = 7 (0) and lim, o "% (u)

is a constant (Willmot and Lin (2001), Theorem 11.4.3). These lead to

lim e B (u)

U—00
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Also,
0 < lim e®™Bf(u+y) < lim e™Bi(u) =0

implies that
lim e Bl(u+1y) = 0.

Now, equation (3.55) becomes

lim *“G(u,y) = ¥*(0)b5(—r){ lim ™G (u,y)}

U— 00

and since
- G'(u,y)
Giy) = =——
.~ lim, oo eG4 u,y)  limy, o ™G (u,y) ~
] Gd _ uU—00 7 ; _ U—00 T\ -] Gu
i u() lim, o eG4 u,0)  lim,_ e*G(u,0) e v)
QE.D.

o4

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

Theorem 3.3 shows that the asymptotic distribution of the proper deficit as the

initial surplus u goes to oo in the delayed renewal risk model is still of the same mix-

ture form as in the ordinary or the stationary renewal risk model, independently of

the distribution of the first interclaim time. This is because large u implies large ¢,

and as the initial surplus u gets large, the effect of the assumed distribution for the

time until the first claim becomes insignificant. Also note that the asymptotic DF of

the proper deficit is a mixture of the residual lifetime DF’s By(y) for ¢ > 0 as in the
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previous section but with much simpler mixing weights.

3.5 Stochastic Decomposition of the Residual Life-
time of Lgi

Let L¢ be the maximal aggregate loss in the delayed renewal risk model and ¢%(u) =
1 —%(u) be the distribution function of L% Let’s extend this to the case where § > 0
and define L¢ to be a random variable with DF G%(u) = 1 — G¢(u)

Theorem 3.4 The conditional survival function of L} satisfies

P(L§ > u+y|Ly > u) = P(Ls + X§,, > y) (3.63)

fory > 0, where ngu 1s a random variable statistically independent of Ls with distri-

bution function G§ ,(y).

Proof:

We will first give probabilistic proof in the case when § = 0 for better understanding of
the equation, where the interpretation is clear. In much the same way as in Theorem
2.2 of Willmot et al. (2004) we can argue as follows. Suppose the initial surplus level
is u +y. The event {L? < u + y} can be divided into two mutually exclusive and
exhaustive events {L¢ < u} and {u < L? < u + y}. The probability of the first event
is p?(u) and the surplus always remains above y. For the second event to happen,
the surplus level should fall below level y at some point in time to a level y —¢ > 0

with probability dG%(u,t) but then ruin should not occur after that with probability
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©(y —t). Hence,
ot y) = o) + / oy — 1)AG u, t),

and equivalently,

1 gt y) = 1 — ) + / (1= oy — )G . t),

and

B+ ) = Pu) / " 4G ) + / "y — £)dG(u, 1)

Divide both sides with ¥4 (u) to get
U (u+y) d d
— = dGa( —t)dGS(
g = 1= [ et [Tt - it
— Gl + [ v nacio),

which is (3.63) when § = 0.

o6

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

Now, we will give an analytic proof which can be applied for all values of non-

negative d, by following the idea of Theorem 2.1. in Willmot and Cai (2004).

Divide both sides of (3.41) by ¢¢ to obtain

D) o [ Bty - 0in(0) + B+
0
s

= Biluty) + 1o

Bsly {/ By (1 — )dAs(1)}

where Bs,(t) is the residual lifetime tail of B;(t) defined by
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By, (1) = 2+t (3.69)

Bs(y)

And interchanging the role of B;, and As in the convolution,

B — Bt + 2 B[ o= 0B, (0)+ By = Ss)
= Blut o)+ 72 [ Ralu— 0Bty + )+ Bolu ) = Ko o)
= Bt + 72 ([ Rauty— 0Bs(0) + Botu ) - Rs(wBs(n))

Since (3.3) holds, equation (3.9) is equivalent to
Astu) = és [ R = p)bs(u)dy +0sBs(u) + (1 09) Bl (3:70)
0

and using (3.70) with u replaced by u + y leads to

ol [ oty = 0Ba(0) + Bt 1))

= ¢5{/0u+y Ag(u +y— t)ng(t) -+ Bg(u -+ y)} — Qs /Oy Ag(u +vy— t)ng(t)

= R(u+y) — (1— ¢5) Bl(u+y) — 5 / " Ralu+y — )dBs (D)
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Thus,
G?(?y) = Bj(u+y)+ : _1¢6{/_\5(u—|—y) (1 ¢s)Bluty))  (3.71)
1_%{/ As(u+ 1y — t)dBs(t) + As(u)Bs(y)}
- - _1¢6A5(u—|—y)
1 %{/ As(u+1y —t)dBs(t) + As(u)Bs(y)} (3.72)

Divide both sides of (3.72) by As(u) and this results in

1 Giu+y)
L—¢5 Gi(u) 1—%

G () = (f Gl “*y Gty =t p )+ By}, (373)

It follows by taking LT that

1-B(e™¥ 1 ¢ - * GGl uty) s 1—Dbs(s)
s _{1—</55 1—¢5b6(8)}/0 e G (u) 4y l—¢s s 7
(3.74)

and rearranging that

d
o - 1-B(e *Xou) b5 1-bs(s)
/ e—sy G?Eu + y) dy — S + 1—(3156 36
0 Gfsl(u) —1_1‘15“55(5)
—¢s

L= 65— (1= 6s) E(e”"%) + &5 — dsbs(s)
s(1 — ¢sbs(s))
1= gs(s)E(e”*¥)
S

By the uniqueness of the LT, the theorem is proved.
Q.E.D.
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As a result of equation (3.63), the mean and the moments of the discounted

(proper) deficit can be calculated as in the following corollary.

Corollary 3.5 The mean of the discounted proper deficit is

Bt = B+ X4 - (L) = [ (DG
When 6 = 0, this simplifies to
B = B+ X - B0 = [ (Y v 679

the same form as in the ordinary or the stationary renewal risk model.

The second and higher moments can be calculated recursively, i.e.
n—1
dyn dyn n dyk n—k
B(OC = B+ x07 - 3 () OB, e
k=0
since E{(XH)kLF} = BE{(XHEYE(L™*) by independence of X2 and L.

3.6 Joint Distribution of the Surplus and the Deficit

Let § be non-negative and w(x,y) = e **~*¥. Then the Gerber-Shiu expected dis-

counted penalty function, md(u) in this case, can be expressed in terms of the dis-

counted joint distribution of the surplus and the deficit, i.e.
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—5Td—sUTd_ —z|Ur]|

mg‘l(u) = F{e I(Ty < 00)|Uy =u} = /0 e_sx/o e_zyfgl(x,y|u)dyd$

(3.78)

where f{(x,ylu) is the discounted joint distribution of the surplus and the deficit in

the delayed renewal risk process.

On the other hand, we can obtain alternative expression for mg(u) in this case

using the equations in Section 2.3. Using equation (2.49),

u—+tct o0
os(u+ct) = / ms(u+ ct — y)p(y)dy + / w(u+ ct,y —u — ct)p(y)dy
0 u+ct
u—+tct )
= / ms(v)p(u + ct — v)dv + / e slutet) g==ly=u=chy) (1)) gy
0 u+ct

u+-ct 00 00
= / / e " / e fs(x,ylv)dydep(u + ct — v)dv
0 0 0

+es(utet) / ey + u+ ct)dy
0

00 00 u-+tct
- / e " / e_zy{/ fs(z,ylv)p(u + ct — v)dv}dydz
0 0 0

tes(uted) / e p(y +u+ ct)dy
0

and thus from equation (2.48),
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/OO e os(u + ct)ky (t)dt

/ / / Zy{/um (2, y|v)p(u + ct — v)dv}dydzk, (t)dt

/ st —sct/ ply + u + ct)dyk, (t)dt

/ / _Zy{/ /um (2, yl0)p(u + et — v)doky ()dtydyda

1
/ e e ”/ p(y + u + @)y (— ) ~dydz

/ / _zy{/ /um (2, yl0)p(u + et — v)doky (£)dtydyda
R

)e";(mcu —dydx. (3.79)
c

Comparing (3.78) with (3.79), we obtain

fil(z, ylu) =

fo u+ct fs(z, ylv)p(u + ct — v)dvk, (t)e % dt
for 0 <z <u
S S fi, ylo)p(u + ot — v)duks (£)e=dt + Lp(a +y)e =

T—u

)kl(w—u) '

[

forxzu
\

(3.80)

Once we have the discounted joint density of the surplus and the deficit in the ordinary

renewal risk process, we can solve for the discounted joint density of the surplus and

the deficit in the delayed renewal risk process.

The discounted marginal defective density of the surplus can be easily obtained

from the above equation by integrating with respect to the deficit y, which is
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13 (xlu)

/ F (e, ylu)dy

fo S fs(wlo)p(u A+ et — v)dve =k (t)dt
for0<z<u
IS u+ct fs(@|v)p(u + ct — v)dve ™'k (t)dt + L P(z)e

(I—’U,
c

\for:cZu

From Gerber and Shiu (1998, p.53) we know that the following holds in the ordi-

nary renewal risk process;

plr +y
flaple) = folalo) 5 381

and thus

[ 05 o)ttt = o)doe 1

J for0<z<u
f5 () = [ u+ctf ot L p(g) e
0 s(x y|v) x+y)p(u + ct —v)dve™ "k (t)dt + £ P(x)e
for x > u
| >

1.e.

fi(alu) = fi(e ylu) st or S ylu) = fi(olu) 5 (3.82)

(1’711,
C
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The same relationship between the discounted joint density of the surplus and the
deficit and the discounted marginal density of the surplus holds in the delayed renewal

risk process as in the ordinary renewal risk process.

Example 3.6.1 Exponential claim sizes and Coxian class interclaim times

in stationary model

In the stationary renewal risk model with § = 0, from equation (2.54), f¢(z,y|u) can

be written as

o0

Oo 1
[z, ylu) = 1+9/ [z ylu = 2)dPi(z) + /u W/t w(taz—t)p(z()dZdt
3.83)

Using the expression of f(z,y|u) when interclaim times have a Coxian distribution
in section 7. of Li and Garrido (2005) with the assumption of exponential claim sizes

(p(y) = Be™"Y), we can show

G Plrte s by 2B (oo — ), 0 <w<u

fla,ylu) = o = Ve R;j,fj o me . (3.84)
Be~ > i1 bje” (R+peJ—Ré+pje ), x>u

Thus after substitution and simplification
1 B(z+y) B Rox _ ,—pjz\,—Rou

fe(x’y‘lo: (lte)ﬁe Zg 1bJR0+pJ(6; e )eRO ) 0<z<u .

e PE T bje it gl (et — e ) + B), @ >
(3.85)

Note that the deficit at ruin is also exponential and is independent of the surplus

immediately prior to ruin, for both ordinary and stationary renewal risk models, when
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claims follow exponential distribution. This also holds for the delayed renewal risk
model as well as with penalty function w(z,y) = e~ **ws(y) where wy(y) is an arbitrary
function of deficit at ruin. This is shown in Section 4.1.

The marginal densities are

Flal) = Awf%%yWMy

1 — R, — D —R
_ w2 b Roiﬂj (7% — emPim)emton, 0<z<u
1 - —p; , “R
e T e p]xRoipj (ePr —e™M0%) + B}, x> w

and

o (yls) = Amf%&ywwx
1

— —By ,—Rou
(1+9)66 <

Also when the initial surplus is 0,

1
(1+0)

F(,y10) = ~ (3.86)

J

5e—ﬂ(m+y) h.ePi%
{jzl J RO



Chapter 4

Distributional Assumptions for

Claim Sizes

We have made assumptions about the distributions of the claim sizes and the inter-
claim times in the examples of the previous chapters for specific expressions of interest.
This and the next chapter deal with more general penalty functions and Gerber-Shiu
functions and provides comprehensive and unified results. In Chapter 4, assumptions
are made for DF’s of the claim sizes with arbitrary DF’s of the interclaim times, and
vice versa in Chapter 5. These chapters also provide insight into the nice properties

of assumed distributions used for derivation.

4.1 Exponential Claim Sizes

4.1.1 Delayed Renewal Risk Process

When claim amounts follow an exponential distribution, bs*(y) = p(y) = Be=? for

y > 0 as shown in Example 2.1.1.

65
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Also when w(z,y) = wsy(y), using equation (3.1), m;%(u) satisfies

mao'(u) = 95" / mso(u —y)(Be™™)dy + ¢5° / wa(y — u)(Be”™)dy
0 u
= ¢5d/ mso(u —y)(Be”?)dy + ¢5d/ ws(t)Be P gt
0 0
B %d/ meso(u— y)(Be™)dy + ¢s'e ™ E{w,y(Y)}
0

where E{ws(Y)} = [;™ wa(y)p(y)dy.

In the ordinary renewal risk process, Willmot (2007) shows that

meso(u) = gb(;E{wg(Y)}e_’g(l_%)“ (4.1)
mio(u) = (1— %)E{wQ(Y)}e‘RW (4.2)

where —Rj is a negative root of the generalized Lundberg’s fundamental equation
defined as in section 1.3, i.e. Ry satisfies
~ 1 Rs

HO+elfs) = s =1- 77, (4.3)

and R5 = ﬂ(l - ¢5)

Thus, mso%(u) becomes
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mg’o(u) = gbg(l — %)E{wg(Y)} /Ou e_R5(“_y)ﬁe_’8ydy + qﬁgde_ﬁ“E{wg(Y)}

= (badeRauE{wQ(Y)}/u(ﬁ_ Ré)ef(ﬁfRé)ydy_i_gbédefBuE{wQ(Y)}
0

= Psle Bt E{wy (V)1 — e O Fu] 4 psle P E{wy (Y)}

1.e.

mio(u) = 5" E{wa(Y) e~ ", (4.4)

But conditioning on the amount and the time of the first claim, we get
mio(u) = / ¢S5 (u -+ ety (1)dt (4.5)
0

where
t )
7st) = [ maolt = )dP) + [ wsly — 0P = B{us(V))e ™ (46)
0 ¢
after some simple algebra.

Now, substitute equation (4.4) and (4.6) into (4.5) to get

PLE{wo (V) e Fou = /O h e E{wy(Y) Je Bolute (1)t (4.7)

and this leads to the result that
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b5 = / e~ OreR) L (£)dt = ky (6 + cRs) (4.8)
0

1.e.

mso®(u) = k1 (0 + cRs) E{wy(Y) Je~fov. (4.9)

Note that when claims are exponentially distributed,
mso(u) = b5 E{wy(Y)}e i (4.10)
in the ordinary renewal risk process and
mso®(u) = 5" B{wy(Y) e~ o (4.11)

in the delayed renewal risk process and thus the ratio of the two functions are not a

function of u but just a constant;

mso?(u) _ qﬁ_(;d _ k1(6 + cRs)

—. 4.12
mso(u) @5 k(6 + cRs) (4.12)

When wy(Y) = 1, (4.9) becomes
G4(u) = k(6 + cRs)e Fov. (4.13)

Note that (4.13) also satisfies (3.2) and equating Laplace transforms of (4.13) and
(3.2) yields

d

o5 dhds Eg(s)+¢gl1%m (4.14)

S+R5 _S+R5
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from which it follows that

TIRVE: b5 ):1 1

s s+ Rs S_S+R5

and using ¢5 = 1 — %, l;f;l(s) reduces to

g

i) =

which immediately yields that
bs(y) = Be~ .

Define
G (u,y) = Pr(|Ur,| <y, Ty < 00| Uy = u),

then with wy(x) = I(z < y),
Blua(V) = [ 1o < y)dP(e) = P

and with § = 0, m{ ;(u) = G*(u,y) is obtained from (4.9), i.e.

G(u,y) = P(y)v(u)

where

Y (u) = @g(u) = l%l(cRo)e_RO“.
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(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)



CHAPTER 4. DISTRIBUTIONAL ASSUMPTIONS FOR CLAIM SIZES 70

Also note that the proper distribution function of the deficit is also exponential, i.e.

G (u,y)
2L = P(y). 4.22
= P) (4.22)
Now, let’s consider the function w(x,y) has the form of w(x,y) = e *Fws(y),

extended from w(z,y) = wy(y). Then the Gerber-Shiu expected discounted penalty

function is defined as

—0Ty—sU, _

mi () = Bfe” 0wy (U, ) I(Ty < o0)| Ug = u} (4.23)

and the solution to this can be found in the following way.
Conditioning on the time (¢) and the amount (y) of the first claim, we obtain

mg(u) = /O e os,s(u+ ct)ky (t)dt (4.24)

where

05,5(t) = /t N w(t,y —t)p(y)dy + /O t ms,s(t — y)p(y)dy. (4.25)

Noting that o5 4(¢) is same for ordinary and delayed renewal processes, we can use the

result already derived in Willmot (2007),
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oas(t) = (E{ws(Y)} — Bis(s))e P+ 1 %ﬁa(S)Gs(t)

where

_ E{wg(Yg}INC{(S +c(B+ s)}
s+ BE{d+c(B+s)}

ps(s)

Substitution of (4.26) into (4.24) yields,

mid (u) = (E{wa(Y)} — Bos(s)) / T e Br g, (1)

+£ﬁ5(s> /0°° e Gy(u+ ct)dKy (t)

= (E{ws(Y)} — Bps(s))e” Pk {6 + (B + 5)}
+3p5(8)k1 (0 + cRs)e v

B{ws(V)}ski{d +¢(B+ )} _(31a
s+ Pk{d+c(B+s)}

E{ws()}IRS+ B+ )} e o o n,
* s+ Bk{6 +c(B + )} £1(0 + cRg)e™™",

mi () = BE{wy(Y)}a(d,s)ki{d + c(B+ s)} e T
+(1 — (8, 8))k1{0 + cB(1 — ¢5) Je P12y

where
s

s+ Bk{0+c(B+s)}

a(d,s) =
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(4.26)

(4.27)

(4.28)

(4.29)
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m;“,s(u) can be viewed as an weighted average of E{wz(Y)}lél{é + (B + 5) e (BHo)u
and E{ws(Y) 1 {6 + cB(1 — ¢5) e PU-9o),

Example 4.1.1 Assumption of exponential distributions for interclaim times

In addition to the assumption of exponential claim sizes, assume that the interclaim
times also follow exponential distributions; k() = Aje™* and k(t) = Ae™*. Then
using (4.28) and (4.29), it is easy to see that
BA e—B(—¢s)u
cs®+ (A +0+cB)s+ BN A +0+cB(1— ds)
cs? + (AN + 0+ cf)s e~ (B+s)u ]
cs?4+ (A+0+cB)s+BN M+o+ce(B+s)

mg,(u) = ME{w(Y)}[

When Ay = A, m§ (u) further reduces to

mi () = o))

T T O 0+ g g Al T R e (430)

and this coincides with the formula derived in Example 3.1 in Willmot (2007).

We know that the deficit and the surplus at ruin are independent of each other
when claims are from exponential distribution. This implies that the LT of the dis-

counted surplus at ruin is

A
s+ (A + 5+ cf)s + BA

Es{e "m0 |Uy = u} (8 — Rs)e T 4 se=(B+9u]  (4.31)
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where the expectation is taken with respect to the defective PDF of the discounted
surplus when the initial surplus is u, fg(z|u). This is shown when § = 0 in the follow-

ing. From Willmot (2005, p.24), the marginal defective density of the surplus is

{Yu—2)=d()}, z<u
{1-v(u)}, x>
and from Klugman et al. (2004), the exact ruin probability can be obtained with

o) = 220

e P

: (4.32)

exponential claims in classical Poisson model, which is

1
—— e, (4.33)

v =177

Then,

sU,.—

Ele Ta|Uy=u} = / e f(z|u)dz
0
— %{/ 6—(s+ﬁ)w(67$ﬁ(ufrﬂ) _ efloﬁﬂu)dx
v Jo

+/ e (] 4 9 — e T dy )

i{< 146 1
" 1+0)s+5 s+0
+(1—|—9_ 146
s+06 (1+0)s+p
A ﬁ -2 Bu
— _{ e 140
c (1+6)s>+(2+6)3s+ 2

1+9) —(s+B)u
1+0)s2+(2+0)3s+ 5 o (4.34)

Je~ i

)e—(s—i-ﬂ)u}

Using ¢ = O?” and Ry = %ﬁ, (4.34) becomes

—sU,_— A
Ele " Uy = u) =
fe el =ub =757 (A + cB)s + B

(B — Ry)e Tov 4 se=(BHs, (4.35)
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which is (4.31) when 6 = 0. &

Alternatively, m§ (u) can be rewritten as

mf{s(u) = ps(s) ]%1((;:;(55:;))) se— (B 4 ﬁ5(3)6%1(5 + cRy)e v
i.e., using (4.13),
d - k(6 + c(B+ s))

mi () = fs(s) { % s 4 BG)). (4:36)

k(04 c(B+s))

4.1.2 Special Case : Stationary Renewal Risk Process

Using the generalized Lundberg equation (4.3), the Laplace transform of the equilib-

rium inter-claim time distribution may be expressed as

~ N 1—/€((5+CR5) - R
Fe(d + clts) = (6 +cR)E(V)  BE(V)(6 + cRs)’

(4.37)

and with SE(V) = (14 6)/c, (4.37) may be reexpressed as

~ 1 CR5
kel0 +eBs) = g5 emy

(4.38)

For the stationary process, (4.9) thus becomes

e _ E{wy(Y)} cRs g,
Mo () = 1+6 5+cR56 '

(4.39)
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When ¢ = 0, (4.39) becomes

i - P, »
whereas when wy = 1, (4.39) becomes
The stationary ruin probability is
V8 () = Gylu) = ——e o, (1.42)

T 1496
which agrees with a known result (See Willmot and Lin (2001), p.230) and also with

the exact ruin probability with exponential claims in classical Poisson model.

As explored in this section, assumption of exponential claim sizes gives great simpli-
fication to many functions derived from the Gerber-Shiu expected discounted penalty
function, even in the delayed renewal risk model. We can easily obtain exact values
for these functions, when assumptions for the time until the first claim and for the

interclaim times are made, not worrying about the bounds and asymptotics.
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4.2 Infinite Mixture of Erlangs with Single Scale
Parameter

Assume that the distribution of the claim sizes is of the form
—  B(By) e
b =20 e 20 (1.43)
j=1 ‘

where Y37, ¢; = 1.

Finite mixtures of Erlangs are special cases of the Coxian-class, but infinite mix-
tures of the above form do not belong to Coxian-class. One example of this is the sum
of two Chi-square distributions, where it can be expressed as an infinite mixture of

Erlang but not in a form of Coxian-class distribution.

4.2.1 Delayed Renewal Risk Process

From Example 2.1.2 we know that p,(y) = p(z + y)/P(z) is of the form

> J—le—By o
o) = 3@ = = S () (444
where , ‘
i} B e~ B > ﬁﬂ?mi]
1) = By mZ::] T (4.45)
and . 5
7i(y) = Blouy” e (4.46)
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Also, since p(z +y) = P(x)p.(y) = Y272, P(x)n;(z)m(y),
plz+y) = ni)m(y) (4.47)
j=1

where n;(x) = P(z)ni(z).

As in the previous section, assume that the penalty function is of the form w(zx,y) =
e *wy(y). Willmot (2007) has shown that, in the ordinary renewal risk process,

me.s(u) satisfies

msa(u) = e Y byals) () + 3 () D0 7 (”+,’j_1)fn+k+j<u>} (4.48)

j=1 k=0 ] 19
where
biste) = [ B [Pt et e, (@)

and a probability distribution {cps,c14, 24, ...} is defined in terms of the compound

geometric probability generating function

Z Cpo2" = 1~ (4.50)

Using equation (2.1) with w(z,y) = e **ws(y),

md (u) = o / ol — y)by)dy + of (u) (4.51)
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where

by = /prx@){f@(x’o / {Z Ej;'o)}dx

- i{/w (@ EE10 Zw

00 4 d(x
with 7¢5 = [ 'r]j(a:)f‘*;g‘o)daz
and
) = e [T e ialo) [ s~ wpa)dyds
0 u
—ou [ e ~ plx+y+u
= e [T el [ g
0 0 P(z)
= ey s(s)7i(u)
j=1
with bM = [ e *S“””f‘s x|0 J5~ wa(y)n; (@ + y)dyda.

Note that b%(y) and vé7s(u) are sums of damped exponential series.

Now, using (4.48) and (4.52),
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(4.52)

(4.53)
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/0 ' mss(u—y)b§(y)dy = / " emstuw) Z bjs(s){7;(u —y)
+Z Z (T rasa - )

x Z ﬁgn,éTm(y)dy
m=1
= ) bials )Zﬁi,a{/ e7i(u — y)To(y)dy
j=1 m=1 0
= "\ Cus [Ntk — 1)
+
S ("
/ Vst (1 — )7 (y)dy) (4.54)
0
Using the beta-type integral,
/ ey~ y)rn(y)d poe / S — )y iy iy
eri(u— Y Tn(y)dy = - -
0 ’ (=D m —1)! J
ﬁj-i-me—ﬂu

_ Oos_i i i
B (j—l)!(m—l)[zoi!/()(u Y)Yy dy

— Freme i (G —Dim+i—1)! e
(7 —Dl(m—1)! il (J+m+4i—1)!
=\ s (mti—1

= 2(5)( ; )Tj+m+i(u), (4.55)

1=0
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and thus

“ R m+i—1
/m(s,s(u—y)b?(y)dy = e bis(s ana ﬁ ( )
0 =1 i
Cn,5
— +z zl_ .

(" )Tm+i+n+k+j<u>}. (456)

Finally,

e - m+1—1
i) = et e G (M)
=1 =0
> 3 Cn, n+k—1
X{Tj+m+i(u) + Z d ( L )Tm+z+n+k+j( )}

e Z b4 5(s)75(u), (4.57)

which is in a form of damped exponential series.

When s = 0, the penalty function becomes w(z,y) = ws(y) and

mhol) = 653 b an{mm W+ 3 TG e} + B0
- Z Z méz Cn. T]+m+n )+Zz};{5(0)7j(u) (4.58)

the second line follows since co5 = 1 — ¢5 from (4.50).
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Let [ = m + n and interchange the order of summation to get,

Z maz S Ta+m+n(u) = Zﬁm,(szlcl_—rgl%‘ﬂ(u)

00 n—j

wdo = 33 s 00055 +ij5 )7i(u

n=2 j=1 m=1

o
et eiﬁu
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(4.59)

(4.60)

(4.61)
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where

65"() for 1=0

Bb41,5(0) + D5y Yoty by s(0)057%, 5= for i =1,2,3, ...
(4.62)

d _
Ris =

Thus, mg,(u) is a damped exponential series, as in the ordinary renewal process.

4.2.2 Special Case : Stationary Renewal Risk Process

Let § = 0 in the Gerber-Shiu function in the stationary renewal risk process; m§(u) =

E{w(Ug, |Ur,

VI(T, < 00)|Uy = u}. In this case, from (2.54) we know that

e

mi(u) = 1+e/mou— D0+ // w(t,y — Oply)dydt.
(4.63)

ST

Also let w(z,y) = e **ws(y) as before. Then the double integration in the second

/uoo /too w(t,y —t)p(y)dydt = /uoo /too e~ wy(y — t)p(y)dydt
= /u et /0 ) wy(y)p(y + t)dydt.

term is
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Using (4.47), a property of Erlang mixtures, we obtain

/uoo /too w(t,y = Op(y)dydt = il/()oo ws(y)7i(y)dy /uoo et (t)dt

_ S . - —st—pt - (615)771—]
= 2 Betv)] | e >
= ~ gmBm
= LBt Y Y e
0o (ﬁ + S)m*j+1tmfj€*(ﬁ+s)t
/ m—t
= D Ej[wn(Y)]) ] gmBm e T x
J=1 m=j
m—j (ﬁ + S)kz—m-i—]—luk
k!
k=0
0o 00 k _
— S Z E] [w2 (Y)] Z Z (k) ﬁqsk ‘Q’uk Bu
j=1 k=0 q=0 q k
PO LIRS
m=k+j
o) oo k ( )k—q
= Y Bl Y ) 2 %
=1 k=0 q=0 (k—q)
> BB+ s () (4.64)
m=k+j

Now, using the form of myg in Willmot (2007) when claims are of mixed Erlang
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type, the integral in the first term of (4.63) is
/ mao,s(u — y) P(y)dy
0
= [ S sl
0 i=1

= sloo Cho (n+1-1 = Brqy* 5
+ZZ(;<B) Z 1— ¢0 < l )TnJrlJri(u - y)} Z::qj k! € ydy

n=1 j=1 k=0
e j—1 oo ~ u kyk
=D ) D bio(s){ | emi(u—y) e My
j=1 k=0 i=1 0
S = Cho [(n+l-—1 “ Fyk
+ (—)l < )/ eV Tnvi(u —y) e dy
; 3 2 1—go\ ! 0 o !

Using beta-type integral (4.55), we obtain

u gk = k+h
/0 eVri(u — y)ﬁk—!yeﬁydy = %hzzo(%)h( J}; )Ti+k+h+1(“)-

Thus,

k=0 i=1 biolo) hi?(%)h <k Z h) {Tithrnir(u)

=1
S e Cp n+il—1
# G 2 (" T ben)

84

(4.65)
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Therefore, using (4.65) and (4.64) we obtain

mg,(u)
i 9 {/ mo,s(u — y)P(y)dy +/ / e *wy(y — t)p(y)dydt
00 j—1 oo 0o
k+h
srrormin s S ()
]:1 k=0 i=1
LS — Cn, n+l—1
{Tithgnr(w) + Z ZZ T (;0 ( ] )Tn+l+i+k+h+1(u)} +
=0 n=1
00 oo k su)k q 00 . '
Z Ej[wa (Y Z Z , Z G (B+ 8) " g (u) (4.66)
j=1 =0 ¢=0 k q) m=k+j

When s = 0, the penalty function w(z,y) = wa(y) is a function of the deficit only,

and the Gerber-Shiu function simplifies to

) B eiﬁu S j—1 oo ~ oo Cno (ﬁu)n+i+k
mgo(u) = 1+ 0EX) ;qﬂ‘[]; ;b@"(o) ; 1—¢o (n+i+k)

<
o

o B
k lu

+3 " Enfuws(Y)] | (4.67)

k=

ey

0
Further simplification by letting wo(y) = 1 leads us to the ruin probability

W (u) =

o0 00 Cno )itk ‘ k—1,k
HIII) PEGCIEEL TRy ans)

(4.68)
Note that ¥¢(u) is a compound geometric convolution, which is already known

from Willmot and Dickson (2003) by

1+9/‘¢u— )dP.(y) + 9P() (4.69)

and that l;i,o(O) can be evaluated easily when interclaim times are of Coxian-type, as

mentioned in Example 3.2 of Willmot (2007).
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4.3 Coxian Class

In this section, assume that the claim size distribution p(y) belongs to the Coxian

class, i.e. the Laplace transform p is of the form

N+ s0(s)
[Tim (s + )

with \* =[], A; for A; > 0 and (s) is a polynomial of degree n — 2 or less.

Bs) = (4.70)

Li and Garrido (2005) show that if Aj, Ag, ..., A, are distinct then, using partial

fractions,

/\*—l—sﬁ

p(s) = T ) 1(5+A 2 (4.71)
where a; = (A" — NiB(=Ni)/ [ 121 jz (N — N
Also, if some of the A; are not distinct, then (4.70) can be rewritten as
p(s) = X+ sB(s) (4.72)

H§:1 (54 Ag)m

where A, Ao, ..., \; are distinct, \* = Hle A" and n = ng +no + ... + ng. Using

partial fractions,

i(s) = N+ s03(s) = Z ' : ai,j(#)j (4.73)

where

|s=—x00 (4.74)




CHAPTER 4. DISTRIBUTIONAL ASSUMPTIONS FOR CLAIM SIZES 87

and, hence,

k n;
i )\1]1/\

}:Xy” Y i . (4.75)
Jj=1 N

=1

We will assume that p(s) is of the form as in (4.72) with A1, Ao, ..., A distinct, since

it actually includes (4.71) when all n;’s equal to 1.

Landriault and Willmot (2007) have considered an ordinary renewal risk process
with arbitrary interclaim times and Coxian-distributed claim sizes. When the penalty
function of the Gerber-Shiu is a function of the deficit only, they have shown that the

Gerber-Shiu expected discounted penalty function in this case,
mso(u) = Ele™Twy(|U(T)) (T < o0)|Up = ul, (4.76)
is

mso(u Z me' (4.77)

where {7, }]-; satisfy the system of linear equations

n i ) 00 A\ pi—le—Xix
e - d 4.78
Sonl ) = [ e e (4.78)

fori =1,...,kand j = 1,...,n;, and R, = Ry(6) for [ = 1,...,n are all the roots on
the left-half complex plane (i.e. Re(R;(d)) < 0 for [ = 1,2,...,n) of the Lundberg’s

generalized fundamental equation, k(6 — ¢s)p(s) = 1.
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In the delayed renewal risk process, m§,(u) satisfies
mio(w) =6} [ maolu— @iy +0f [ waly - i)ty (@79)
0 U

where bi(y) = [ pe() {225 Yo

From Landriault and Willmot (2007), when claim sizes are Coxian-distributed, we

know that p,(y) is of the form

k n;—1
J AJ"F ]
=53 bi(a y— (4.80)
i=1 j=0 !
where b; ;(z) = S a;;’(’gj ™ ,\;nej?m’ and hence,
k n;—1 1
- AJ"F yJ
By =) bg,j,&(O)T (4.81)
i=1 j=0 ’

where bw 5(s) = [y~ efswbi,j(x)fg(g:lm dx.

Using equations (4.77) and (4.81), equation (4.79) becomes
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k n;—1

89

]

d d AJHyje_Azy
i) = [ me e S S0
i=1 j=0
k n;—1
v >\]+ y.]e_ Y
d
+¢5/ wly —u) Y > b0 Tdy
=1 7=0
k nizl w (. i+1,d o—(Ni+ Ry
— Rju Jj+1 ()\Z + RZ)] y € d
%Zme PILHCL, | k y
d k nizl >\j+1yje_>\iy
+¢dzzb”5 / w?(y—u)le?/
=1 7=0
k n;—1
Z u Ai (N + Ry)u)he” Gt R
- S0 ey - (B
i=1 j= =1 h=0 )
k n;—1
Y0 e
i=1 5=0 h=0
00 ] )\gfh+l(y _ u)j—he—)\i(y—u)
X/u wg(y—u)(h> j! dy
4 k omni—1 " 1 J )\ +Rl> )h —(Ai+Ry)u
- Y 0wy -3
i=1 j=0 =0
k ni—1 J )\u he=Au
+05 > Y b0 Z ke
i=1 5=0 h=0
k nz—l~ n )\
= YY) met
i=1 j=0 =1 v !
ni—1 J h,—Aiu n
> (Aiu)"e™ Aiioht
o> D 500 i — Y il ).
i=1 =0 ’ h—0 h! P Ai + Ry

By (4.78), the second term on the right hand side disappears and thus
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i

mgo(u) = ¢ b 5(0 ZﬂleRlu m)jH
=1 7=0 =1
k n;—1
= Z 77l¢5 Z Z i.d, 6 )\ + Rl )J+1]6Rlu
=1 7=0

= Z nlefie (4.82)

n;—1 i i
where 77l _771% Zz 12 bf;é( )(,\i/\TRlVH-

Rju»

Note that mg,(u) has the same form of linear combination of ef"’s, as in the

ordinary renewal risk model.



Chapter 5

Distributional Assumptions for the

Time until the First Claim

In this chapter, we are going to solve m$(u) directly from the equation conditioning
on the time and the amount of the first claim, for different distributions of time until
the first claim. We expand the argument from a simple distribution (exponential) to

a more complicated distribution (Coxian class).

5.1 Exponential

Let’s look at the simplest cases, the exponential distribution. Assuming that the time
until the first claim has a exponential distribution in the delayed renewal risk model
seems to be useful and convenient. This is because the memoryless property of the
exponential distribution takes care of the difficulty in observing the last claim before
time 0. When the classical Poisson renewal risk process was extended to the ordinary

Sparre-Andersen renewal risk process this useful property was lost.
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The distribution of the time until the first claim, k;(¢), is

ki(t) = de ™ (5.1)
with a LT of
~ A
k = ) 2
(3) = (52)

As introduced in section 2.3, mé(u) can be expressed as
mé(u) = /00 e a5 (u + ct)ky (t)dt
0
= /OO e os(u + ct) e Mdt
0
= A /OO e~ s (u + ct)dt
0
where N
t

oult) = [ Cms(t = )AP(y) + [ ity - irw) (53)

With a change in the variable x = u + ct, m&(u) results in

A o A
mi(u) = S / e o5 (t)dt = “Tassors(u). (5.4)

That is, mg(u) is a Dickson-Hipp transform of o4(¢). In later section it is necessary
to use the LT of m¢(u) and invert back to obtain an analytic solution for m¢(u), but in
the exponential case it is straightforward to obtain an explicit form out of the equation

derived in section 2.3.
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5.2 Combination of Exponentials

The second simplest distribution in this chapter is a combination of exponentials.
It loses the nice memoryless property that the exponential distribution has, but the
explicit form of the Gerber-Shiu expected discounted penalty function can still be

obtained without using LT.

This PDF is of the form

= Zpi)\iei/\it. (55)
i=1

where p;’s are real numbers and >, p; = L.

Following the same approach as in the previous section we get an explicit solution

expressed as a combination of Dickson-Hipp transforms, i.e.

sz_‘e*i‘s/ e ()t — Zpl [Tyssos(u).  (5.6)

Both (5.4) and (5.6) are expressed in nice simple forms, a Dickson-Hipp transform and
a combination of Dickson-Hipp transforms. If we can obtain an explicit expression for

os(t), also can we for mé(u) in these cases.

5.3 Coxian Class

Let’s assume that the distribution of the time until the first claim has a PDF of the

form
T n; )\]yj 16 iy

=22 P

i=1 j=1

(5.7)
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with a LT of

roon;

B = 30D ) 53)

i=1 j=1

Now, we are going to solve m$(u) directly from the equation conditioning on the time
and amount of the first claim. This method was used in Li and Garrido (2005) for the

ordinary renewal risk model.

Once again using (2.48) and (2.49) introduced in section 2.3,

mé(u) = /000 e tos(u+ ct)ky (t)dt (5.9)

where
o
t

%@%=A7m@—yﬂpw%+/ wlt,y — )dP(y).
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Then, the LT of mé(u) is

mi(s) = /o 6_8“/0 e os(u + ct)ky (t)dtdu
= / e‘”kl(t)/ e *os(u+ ct)dudt
0 0

= / e_atk:l(t)/ e~ gy () dydt
0 c

t

g

= / e(‘scs)tkl(t)/ e Yos(y)dydt
0 c

t

Yy

= [ easty) [T b eydray
0

0

t

— / e os(t) / S e O (y)dydt.,
0 0
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Note that
t r n; )\'j %
/ 6—(6_cs)yk1(y)dy _ Zzpij . i o / y]—le—(Ai-‘v-cS—cS)ydy
Zz{p](ki+5—cs>
=1 j=1

: . — Jyi=1o—(Ni+d—cs)y
/ (N +0—cs)y’ e '}
0 (j—1!

1-> = - }

T ng ( )\Z )]
= Dij
pur Ai+0—cs
T n; 7—1 m—j/t\m
. A+ (A +0—es)" (%)
Y Y =
i=1 j=1 m=0
= k(0 —cs)
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Therefore,
mi(s) = / e tos(t)ky (6 — cs)dt
0

mei gy

—/00005 XT: EEVELH szj)\ Z )\+5—cs) J(c

dt

= d5(s)k1(6 — cs)

- (Ni+d—cs)" 7 [ ;
SN Z ol [ e ooy

=1 j=1

- I (N0 —es)" T (1) " (A2

= Gy()ki(6 = cs) ZZPWZ lc

=1 j=1

= 0ds(s)k1(6 — cs)

B SR TS CS
Pis i + 5 —cs c m! ’

i=1 j=1 m=0
i.e.
L i1 ~ (m) [ Aitd
_ ~ Aivm Ai m0s ()
m(s) = G5(s)k1(8 — cs) — pij ) (=) (—F——=2) . (5.10)
p e e SR Ai+d—cs m!
Note

(L)j—m _ (=Xife))™™  (j—m—1)!
Ai+0—cs G—m—=1l(s— (N+0)/c)ym

(5.11)
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and inverting this gives

wmle T (5.12)

Thus, inverting equation (5.10) gives

TN N /c)) T
wit) = [ o) 3D e ey

21]1

T Z i G (NPT s,
p” c m' (] —m — 1)‘

i=1 j=1 0
! i )\z j ’\z+5u i1 (j:d( )(Azjé) j—m—1
S DRIV gt WA
i=1 j=1 m=0 J

ie.
~~ (NS as,
m?(ﬂ):ZZpijﬁe e dij(u) (5.13)
i=1 j=1 :
where
j—1
_2ts —1\ ., Ni+0 .
gt = [ty - Y (7 e Bt
0 =
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When r = 1 and n; = 1, ki(x) is an exponential distribution and equation (5.13)

becomes

A o0
mi(u) = 2 / el (1)t = 2 Tas g (u), (5.15)

which is the same equation as we derived in section 5.1.

When n; = 1 for all i’s, ki(z) is a combination of exponential distributions and

equation (5.13) reduces to

- Aiy Aitd ROP Ve - Ai
mie) = S e [ e e = Y p S Tassotw), (5.10
i=1 v i=1

which also coincides with the equation derived in section 5.2.

5.4 Impact of the Dist. of the Time until the First
Claim

In this section, we explore how different distributions of the time until the first claim
have impacts on the ruin probabilities. In particular, we consider short-tail distribu-
tion and long-tail distribution along with the exponential distribution, for the time
until the first claim. The examples we use for the short-tail distribution, which has
coefficient of variation (CV) less than 1 and increasing failure rate (IFR), are sum
of exponentials and Gamma distribution with shape parameter equal to or greater
than 1. For examples of the long-tail distribution, which has CV greater than 1 and

decreasing failure rate (DFR), we use mixture of exponentials and Inverse Gaussian
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distribution. For definitions, see Willmot and Lin (2001) and references therein.

For simplification, we assume that the claims and the interclaim times are of ex-
ponential, i.e., p(y) = Be ¥ and k(t) = Ae. Then from (4.9), by letting § = 0 and

wy(y) = 1, we know

wd(u) = ki(ck)e " (5.17)

And with the assumption that k(t) = Ae*, k can be solved as

K= L
1446
and the ruin probability in (5.17) is
G(u) = kr(A0)e T, (5.18)

The first case we consider is k1 (t) = Ae*, where the process reduces to the classical
Poisson process. Note that the exponential distribution has both DFR and IFR and

has a CV of 1. In this case, the ruin probability is

P(u) = e 1o, (5.19)

The second case we consider is the sum of two exponentials, where the LT of k;(t)

has the form
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D YEED
kl(S) N ()\1 +8)()\2 + S

), (5.20)

and thus

)\1 )\2 _ B9 .,
1 . 21
IS VAS W VI (5:21)

(u) = (

The last case we consider is the mixture of two exponentials, where k;(t) =

ghie 1t + (1 — g)Aoe™ 2! and the ruin probability in this case is

A1 Ao _ 80
1-— “, .22
WY + ( Q))\2+/\9}€ L+ (5.22)

v (u) = {q

To further simplify the calculation, let 3 = X =1 and 8 = 0.2. The parameters )\,
and A\, are also chosen so that the mean of the time until the first claim is 1.

For the sum of two exponentials, Ay = Ay = 2. Note that this is Erlang-2 and has
the smallest CV among all the possible combinations of A’s. The CV is 0.707.

For the mixture of two exponentials, \; = 0.2, A = 2 and ¢ = 1/9. The CV in
this case is 2.236.

It can be seen from table 5.1 that the short-tail distribution brings lower ruin
probability and the long-tail distribution higher ruin probability, when the mean of
these distributions are the same. As pointed out in Landriault and Willmot (2007),
this is due to the greater variance of the increment cWW; — Y] of the surplus process

for long-tail distribution. The greater the variance of this increment, the higher the
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ki(t)

u Exponential Sum of Exponentials Mixture of Exponential
0 0.833333333 0.826446281 0.863636364
0.1 0.819559545 0.812786325 0.849361710
0.5 0.766703679 0.760367285 0.794583813
1 0.705401437 0.699571673 0.731052399
5 0.362165174 0.359172073 0.375334816
10 0.157396336 0.156095540 0.163119839
20 0.029728328 0.029482639 0.030809358
30 0.005614956 0.005568551 0.005819136
50 0.000200308 0.000198652 0.000207592

Table 5.1: Calculation of the ruin probability, ¢¢(u), for Different Distributions of Time

until the First Claim

probability of ruin. Also the higher ruin probability associated with long-tail distri-
bution can be explained with more probability being shifted to the left for long-tail
distribution. When a long-tail distribution has the same mean as a short-tail distribu-
tion, the probability on small values of the long-tail distribution should be more than
that of the short-tail distribution to relax the effect of the large values of the long-tail
distribution. This can be shown by comparing the values of the cumulative distri-
bution function (CDF). In our case, the CDF of value 1 for mixture of exponentials
(long-tail) is 0.788732 whereas the CDF of value 1 for sum of exponentials (short-tail)
is 0.593994. This translates into the likelihood of earlier claim occurrence for long-tail

distribution and thus higher ruin probability.

The same results can be observed from table 5.2, where Gamma (5, 5) is used
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for short-tail distribution and Inverse Gaussian (1, 0.2) for long-tail distribution, for
the time until the first claim. Gamma (5, 5) has mean of 1, CV of 0.447 and ruin

probability

e 1o, (5.23)

and Inverse Gaussian (1, 0.2) has mean of 1, CV of 2.236 and ruin probability

wd(u) _ 6[0.2(17(1+2/\9/0.2)0'5)]e—%u. (5.24)
k1 (t)
u Exponential Gamma(5,5) Inverse Gaussian(1,0.2)
0 0.833333333 0.821927107 0.863803332
0.1 0.819559545 0.808341847 0.849525918
0.5 0.766703679 0.756209444 0.794737431
1 0.705401437 0.695746275 0.731193734
5 0.362165174 0.357208048 0.375407380
10 0.157396336 0.155241978 0.163151375
20 0.029728328 0.029321422 0.030815314
30 0.005614956 0.005538101 0.005820261
50 0.000200308 0.000197566 0.000207632

Table 5.2: Calculation of the ruin probability, wd(u), for Different Distributions of Time

until the First Claim




Chapter 6

Two-Step Premium and

Discounted Dividends

In this chapter, we employ the dividend strategy to the models we have studied. De
Finetti (1957) first proposed this strategy into the insurance risk models. There is
an active on-going research in this topic these days. Lin et al.(2003) have studied
the constant barrier strategy where all the premium is paid out as a dividend as
soon as the surplus level reaches the barrier level, in a classical compound Poisson
model. Lin and Pavlova (2006) have extended this idea to the threshold dividend
strategy model where only part of the premium is paid out as a dividend, instead
of the whole premium being paid out. Other authors have extended the constant
barrier problem from the classical Poisson model to the Sparre Andersen model. Li
and Garrido (2004b) have extended to the model where the interclaim times have
Generalized Erlang (n) distribution and Landriault (2007) studied the case where the
interclaim times follow Coxian distribution. But for the threshold dividend strategy

model not much research has been done outside of the classical Poisson model.

104
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6.1 Two-Step Premium and Barrier

Our goal is to see how the delayed renewal risk process can be expressed in term of
the ordinary renewal risk process that follow after the first claim, with the presence
of a dividend barrier.

Define Ty, as the time of ruin when the threshold dividend strategy is present
with threshold level b, in the delayed renewal risk process and Tj the corresponding
random variable in the ordinary renewal risk model. Then the Gerber-Shiu expected

discounted penalty function in each case, m&(u;b) and mgs(u;b), can be written as
m§(u;b) = E{e™ " w(Uy(Ty,), |Up(Tup)|) I (Tay < 00)|U(0) = u}, (6.1)

and

ms(u; b) = E{e“Swa(Ub(Tb’), \Up(Ty)|) I (T, < 00)|U(0) = u}, (6.2)

respectively.

We assume that the premium rate is ¢; when the surplus level is below the threshold
level b, and the premium rate changes to ¢, as soon as the surplus level is above b.
Thus the dividend is paid out in the amount of ¢; — ¢o when the surplus level is above
the threshold level and the surplus process under the threshold dividend strategy,

Uy(t), can be described as
cpdt —dS(t) for Uy(t) <b
dU,(t) =4 Q )<t (6.3)
codt —dS(t) for Uy(t) > b
Figure 6.1 depicts a sample path of the surplus process with a threshold dividend
strategy.
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} Uy(t) /

/

v / Up(Ty,)

0 Ty

|Up(Tap)|

premium rate : premium rate
Cr < &) >

Figure 6.1: Graphical representation of the surplus process Uy(t)

6.1.1 Threshold Dividend Strategy Model

Let’s now derive an equation for m¢(u;b) conditioning on the time and the amount of
the first claim. md(u;b) behaves differently depending on whether the initial surplus

level u is above or below b. Thus m%(u;b) should be considered in two disjoint cases,

YD) mi(u) for 0<u<b (6.4)
md(u) for u>b

The Gerber-Shiu function in the ordinary renewal risk process with threshold div-

idend strategy will also take the same form as above.

mi(u) for 0<u<b
mg(u; b) = . (6.5)
ma(u) for u>1b
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When we derive an equation for the threshold dividend strategy conditioning on
the first claim, there is one more step to consider compared to the corresponding
equation without a threshold. Since the premium level changes depending on where
the surplus level is at, we have to consider whether the first claim will occur before
the surplus level reaches the threshold level b or after exceeding it.

Let’s first consider the case 0 < u < b. When u is below the threshold level b,
the premium rate is ¢; and if the first claim occurs before the surplus level reaching
b, u + c1t < b and thus ¢ should be in the range of 0 < ¢ < bc’—lu Otherwise, i.e.
when ¢ > bc_—lu, the surplus level will exceed b. Once the surplus level exceeds b, the
premium rate changes to ¢y, and the accumulated surplus at time ¢ for ¢ > bc_—lu will

be b+co(t— bc_—lu) where t — bc_—lu is the time elapsed right after the surplus level exceeds b.

Thus, when 0 < u < b, m&(u;b) can be written as

mi(ut) = mi(w

u
/(;]

+/ w(u+ ety —u — crt)p(y)dy| ki (t)dt

u+-ci1t
eat[/ mg(u +at — vy, b)p(y)dy
0

“+ci1t
00 btea(t—t2%) b—u
+ / e / ms(b+ st — ——2) — y; bYp(y)dy
b—u 0 Cl
00 b—u b—u
4 w(b+ eyt — ),y —b—cat — ))p(y)dylk: (t)dt
b+02(t71’;—lu) 1 C1

b—u

= / o 6_6t0'5(u + Clt; b)kﬁl (t)dt
0

oo b_
+ / e as(b+ calt — — 0 b)Yk (t)dt (6.6)
b—u 1
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where
5(t;b) = / ms(t — y; b)p(y )dy+/ w(t,y — )p(y)dy. (6.7)
Change of variables, © = w + ¢t in the first term of equation (6.6) and =z =
b+ ca(t — °2*) in the second term leads to
d 1 b —5(E=w) r—U
mi(u) = — [ e e los(x;b)k( )dx
C1 ” C1
1 > _s(z=b_ b—u —b b—
b2 [ S g 0 (B2 + 2 e (6.8)
C2 Jp C2 1

When u > b, the surplus level will always stay above the threshold level b until the

first claim occurs. Thus,

mé(u;b) = mi(u) = /OO e os(u + cot; b)ky (t)dt. (6.9)

Or by change of variable, x = u + ¢t

)dz. (6.10)

Example 6.1.1 Exponentially distributed first interclaim time

If the first interclaim time is exponentially distributed, i.e. ki(t) = Ae™*!, then for
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0<u<h,
ay _ A ownz [0 ooz
mi(u) = e a [ e cros(x;b)dx
1 u
)\ 2 u—0 & — x
4+ 200 +09) qb}/ e % g5 (2 b)da
Co b

and for u > b,

)\ o ee — z
mé(u) = 6_26(/\4-6)62/ e (A+5)0205(x;b)dx.&

Ruin Probability

109

In this section, the probability of ultimate ruin is studied. Let 6 = 0 and the penalty

function w(z,y) = 1 to obtain the ruin probability from equation (6.8) and (6.10).

Then the ruin probability ¢ (u; b) satisfies

Yi(u) for 0<u<b

Y (u; b) = :
Yd(u) for wu>b
where
W = = [ vt = bty + Pk (o
b [T vt = bt + P e
and
i == [ vt = w bty + P (),

(6.11)

(6.12)

(6.13)
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Example 6.1.2 Erlang mixture for the time until the first claim, Exponen-

tial interclaim times, and Exponential claim sizes

Let k(1) =32, q Aaty et k(t) = Ae™™, and p(y) = Be PY.

j=141 G-1)!
Then from section 6. of Lin and Pavlova (2006), we know that
u) =1 — q(b) + Y pru for 0<u<b
Wl b) = Y1 (u) 1 q(b) (1+671) b b T (6.14)
Ua(u) = gyl — a(b) + q(b)e™” Je=r2(=b for u > b
where p; = %3 for i = 1,2 and ¢(b) = (1+61)67
Pi = 1+0; o q T (01—02)e PO (14601)02 "

Equation (6.12) and (6.13) require the evaluation of f; ¢ (x—y; b)p(y)dy. Since ¥ (u;b)
is a piecewise function, the form of it changes depending on the range of the variable

and thus,

z z—b z
| o=ttt = [ vate—sptidn+ [ e —wpay. (615)

The first term on the right hand side of (6.15) is evaluated as

z—b

Ya(z — y)p(y)dy
0
_ p —p1b] ,—p2(z—b) o —(B—p2)y
= =) + gl e sy

0
1

— g L= )+ a1 = e

- M2 2
= (1= q(b) + glo)e (e P — D) (6.16)

And the second term is evaluated as

[ wnta =ty

x b x
— [1 _ q(b)] 5€fﬂydy + L)efmxﬁ e*(ﬁ*pl)ydy
z—b I+ (91 z—b

=[1—q(b)le 7 {e” — 1} + q(b)e {7 — 1} (6.17)
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From (6.16) and (6.17),

111

/Ox Ul —ybp(y)dy = {1 —qb)He 0D — e} 4 g(b){em el — om0y

= {1 —q(b)}e @0 L g(b)errpmp)b _ o=Fa

= 20— q(b) + q(b)e "} — e
_ by (61 — Ba)e ™" + (1 4 01)bpe "
(61 — 62)e=rb + (14 6;)6,
01(1 + 65)
(01 — O3)e=P0 + (1 + 6;)0,
_ q(b)ﬂe—pz(a&—b)—mb _ e
P2

— r2(z=b)=pib

and

' T —; P(x)} = Pl ~(p1—p2)b—paa
([ vl = wptiy + P@)} = a2

Now, substituting (6.18) into equation (6.12), we obtain

I — L[> —b
wf(u) = Q<b)&ei(prp2)b{— €7p2zk1($ u)d:v + — efp”lcl(x
P2 1 Ju C1 C2 Jp Co

poe

(6.18)

b—u

&1

)dx
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T—u
C1

The first integration, with the change of variable from z to z = , is

b J—
/ e_p”kl(x u)dx

C1

b—u

_ e
= e "2“/ e P2y (2)dz
0

00 : b—u C _

A c
— —p2u A S d
o ;qj (A1 + c1p2)? /0 (j—1) :

(o9 i [e'e) k(b—u\k
— 616_92UZ ]( )\]1 Z ()\1 +Clp2) (?) 6_()‘1+Clp2)(b;1u

)

— AL+ C1p2)J P k!
0 i 0o (A k k
S By — oy P2 (07w gt (6.19)
- (A + crpr)? — k!
=j
And the second integration, with the change of variable from z to z = &= 4 &=
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/ 6_p2%1(x—b+ b_u)dx
b

Co C1

= cpe OG- e~ PPy (2)dz

b—u

—P2(b—* (b—u))
=c
2¢ 2 )\1 + Czpz

y / ()\1 + 62)02) (>\1+02,02)
b—u (] — 1)'
1

— oo P2l (b-w)
2€ Z (M + capa)? +02P2

J
= )\1+C2P2 (

dz

) —(Ateap2)(BY)

c1

Finally,

o - mz i G e

O

113

(6.20)

(6.21)

Also, substituting (6.18) into equation (6.13) and changing the variable from z to
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z = % we obtain
Cc2

1 * -
o) = e [

Co P2 Ca

= q(b)%e—(m—m)b/ e_p2(622+“)k1(2)dz
2 0

= q(b)PRer=r2) e P2 6.22
()7 Z; A1+C2p2 ) (6.22)

6.1.2 Constant Barrier Model

Constant Barrier model is a special case of the threshold dividend strategy model
when ¢ = 0 and thus the surplus level can never go above b. Dividends are paid
continuously at rate c¢; once the surplus level reaches barrier b, until a new claim
occurs.

In the threshold dividend strategy model, only a proportion of the premium re-
ceived is paid out, whereas in the constant barrier model, the whole amount of the
premium received is paid out as a dividend when the surplus level reaches b. As
pointed out by Lin et al. (2003), the time of ruin is finite and thus the ultimate ruin
probability is 1 in constant barrier model. This is intuitive in a sense that the total
surplus level is always limited at b whereas the total claim amount to be paid increases
to infinity as time goes on. Since there is only one premium rate for this model, we
will use premium rate ¢ instead of ¢;.

The surplus process, Uy(t), reduces to

cdt —dS(t) for Uy(t) <b

dU,(t) = (6.23)
—dS(t) for Uy(t) =0
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A Ub(t)

b

N / /
Ub(TJ,b)

0 Ty +
< >
\Up(Tap)|
)

Figure 6.2: Graphical representation of the surplus process U, (t) in constant barrier model

and the Gerber-Shiu function, mé(u;b) also reduces from (6.6) to

mg(u;b) = mi(u)

b—u

= /C e as(u + ct; D)k (t)dt
0

+ / e as(b; b)ky (t)dt
b

b—u
c

1 [f° o emu —
- -/ e ) g (s b) ey ()

Cc C

+05(b; b) ﬁoo ey (t)dt (6.24)

—u
c

for 0 <wu <b.

m$(u) does not exist in the constant barrier model since u cannot go above b.
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When u = b,

mé(b;b) = a5(b; b) /0 h e Ok (t)dt, (6.25)

and thus

(6.26)

Example 6.1.3 Generalized Erlang (n) distribution for interclaim times af-

ter the first claim

Lin et al.(2003) show that the Gerber-Shiu expected discounted penalty function with

a constant barrier in a classical Poisson model satisfies

mj(b; 00)

o/ (0) v(u), 0<u<b (6.27)

ms(u; b) = mg(u; 00) —

where mg(u; 00) is the corresponding Gerber-Shiu function without a barrier and v(u)
is a function that is a solution to the homogeneous integro-differential equation, which

is part of the nonhomogeneous integro-differential equation satisfied by ms(u;b),

v'(u) = —— /Ou v(u—y)p(y)dy. (6.28)

Li and Garrido (2004b) extends the argument to the case where the interclaim

times follow generalized Erlang(n) distribution and show mg(u; b) can be expressed as
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ms(u; b) = ms(u; 00) + Z n;v; (u) (6.29)

=1

where {v;(u)}", are n linearly independent solutions to the homogeneous integro-

differential equation
z 4] c “
H[(l + —)— —Djv(u) = / v(u — x)p(z)dx (6.30)
j Aj )‘j 0

if we define I, D to be the identity operator and the differentiation operator, respec-

tively, and 7;’s are chosen to satisfy the boundary conditions,
m®(b:b) =0,k =1,2,..n (6.31)
5 (0;0)=0,k=1,2,..n. :

Especially when the claim size Y is rationally distributed, i.e.

~ o mel(s)
p(S) - Qm(s)

, Re(s) € (hy,0) (6.32)
where m € N*, hy :=inf{s € R : E[e™*"] < oo}, Q,, is a polynomial of degree m
with leading coefficient 1, ),,_1 is a polynomial of degree m — 1 or less, and @,, and

Qm—1 do not have any common zeros, v;(u)’s satisfy
n m
V; (U) = Z ozz-jepj“ + Z ﬁikG_Rku (633)
j=1 k=1

where p1, po, ..., pn are all the roots with positive real parts to the generalized Lund-

berg’s equation

T+ %) - s =) (6.34)

J=1
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and — Ry, —R,, ..., — R, are the roots with negative real parts to the equation. Also,

_ Mg A, —dz‘(Pj)Qm(Pj)
e TLE (R4 pi) TTZy 0z (e = p)

(6.35)

AtAg - Ay, di(—Ry) Qm (—Ry)
Bir, = 0 o : 6.36
* cr [T2 (B + o) T2 e (B2 — Ry) (6:36)
and
=Y Buus™, i=12,.n (6.37)

where 374 Brs™ = [T, [(1 4 (/7)) = (¢/A)s].

Thus,
a5(w;0) = / ms(x = y; b ()dy+/oow(x,y—x)p(y)dy
= [t o)+ Yt~ wlotady+ [ ey pto

= +Zm/ vix = y)p(y)dy

= Y | (> ety # 3 e
i=1 0 j=1

= 05($>+Z?7¢{Zaij/ e e=Vp dy‘i‘Zﬁzk/ R Ep(y)dy}
=1 j=1

If p(y) = Be~"Y, then the claim size Y is rationally distributed with m = 1 and o4(z; b)
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reduces to

os(z;b) = 05($)+Z Z(mai]ﬂ fpj

i=1 j=1

He e —eony,

){epjx_e_ﬂx}+Z(77iﬁi1 3 _ﬁ 7
=1

(6.38)

When the time until the first claim also follows an exponential distribution, i.e.

ki(t) = Ae ™, m&(u;b) can be written as

e}

b
/6_(A+5)(Izu)05($;b)dl’+)\Ug(b;b)/ e~ Mgy

b—u

mi(u;b) =

A+6

e %05 (2 b)da +

os5(b; b)e_(H‘s)(b_Tu)

A+0

22 (2;b)da + m(b; b)e” OO,

The integration in the first term, with the substitution using equation (6.38), leads

to

b b
/e(xié)xaa(:v;b)dw = /e(kjé)‘r%(x)dx

u

U 1 (A v (M,
+ZZ%[E{€ (B mpiu _ o= (555 —ps)bY

i=1 j=1 J

1 (M8 3y, e
_M&Jrﬁ{e (S48 _ o= (55 +ﬁ)b}]
" ]_ A+6 A+46
+§ big [~ e*(fc +R1)u _e*( TS+ Ry)b
i=1 1[/\? + Rl{ }
1

0

—xm e O e G
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where we define a;; and b;; to be a;; = niaijﬁ%_ and b;; = Th’ﬁil%.
J

And finally the Gerber-Shiu function mg(u; b) becomes

A b
mé(u;b) = md(b; b)e_(xté)(b_“)%——e(kj&)“/ e_(kjé)xa(g(x)dx
c u

= - Aa j A+3 )
v pju (25°2)(b—u)+pjib
+ZZA+(5—C,0]{6 ‘ }
=1 j=1
- Abiy —Riu — (2 (b—u)+Ryb
+ Z A + ) + CR1 ¢ }

_ Z /\(ijl Gij + bzl) {e—ﬁu _ e—(xré)(b—u)—ﬁb}.

Other than the second term, all the rest are in exponential form with respect to u. The
second term needs to be evaluated from the function that comes from the ordinary

process without a barrier, which can be found.d

6.1.3 Stationary Renewal Risk Model with Threshold Divi-

dend Strategy

When the time until the first claim has an equilibrium distribution, i.e. ki(t) =

g(—(‘i)), the delayed renewal risk model with threshold dividend strategy reduces to the
stationary renewal risk model with threshold dividend strategy. Let T¢; be the time
of ruin when the threshold dividend strategy is present with threshold level b, in

the stationary renewal risk process. Also the Gerber-Shiu expected discount penalty
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function will be defined as
mg(u; b) = E{e” " w(Uy(T_,,), |Up(Tep)|) I (Tep < 00)|U(0) = u}, (6.39)

and this will be composed of two functions

‘(u:b) m{(u) for 0<u<b (6.40)
m§(u) for u>1b

Theorem 6.1 The two functions, m{(u) and m§(u), in a threshold dividend strategy

model can be solved as

. S (hw) 1 L A
ml(u) =€ 4 ml(b) + ClE—(‘/) e “t {U(s(t, b) — ml(t)}dt (641)
where
1 o _
mf(b) = E—‘/) /0 e 6t05(b + Cgt; b)K(t)dt (642)
and
c ~2(b-u), e 1 b i .
ms(u) =e =" “ms(b) + BV . e {ma(t) — os(t;b) }dt (6.43)

Proof:

For 0 < u < b, from equation (6.8), we know that
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1 b —5(E=w) — T —U
H = °1 0K d
miw = —r [ o E (s
1

+

/ 676(%“51“)05@; b)f((x — + b= u)dx. (6.44)
b

C2 &

CQE(V)

We usually would use Laplace Transform argument to obtain a solution but in the
threshold dividend strategy problem this is not possible for m$(u) or m§(u) since these
are only defined with a range that is not (0,00). In section 7. of Lin et al. (2003)
they show a different way of obtaining a solution in a constant barrier model that
works within the stationary renewal risk settings. Following their idea, we can solve
for m§(u) and m§(u) in a threshold dividend strategy model.

First let’s differentiate equation (6.44) with respect to u to get

mi () = gmi<u)—clE—1<V)afs<u;b>f‘<<o>

T —Uu

1 " sz
_— c bk d
+C%E(V)/u e 1 os(x;b)k( ” )dx

1 % _g(z=bybou r—b b—u
- 2 S s bk d
e | e+
' 1 |
= —mi(u) — —=~=05(u; b) + ——=m1(u). (6.45)

C1 ! ClE(V)

0
Changing the variable u to ¢ and multiplying ¢ =1’ on both sides of the equation

lead us to
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Notice that the left hand side is equal to %[e_%tmf(t)]. Integrating both sides

from u to b, we get

_3 _3., 1 b5
eImi() — ¢ mi(w) = 2 E(V)/ () — op(t b)Y, (647)
1 u
and thus the solution to m{(u) is
¢ S (b)) 1 L AP
mi() = ¢ i) + / R o by —mi ()}t (6.48)
where
1 > —5(z=b) _x—>b
(b)) = E b K d
ml() CQE(V) ) € 2 0-5(1‘7 ) ( Co ) L
1o, _
- | e K
E(V)/O e O’g(b—FCgt,b) (t)dt
Now, for u > b, from equation (6.10), we know that
. 1 0 _g(z=u _ T —u
me () — CQE—(V)/ sl R () da, (6.49)

Applying the same idea as before, differentiate with respect to u to get

J

mg,(u) = gmg(u) _ CQE(V)

5 (1 ) + ————ma (1) (6.50)
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)
Changing the variable u to ¢, multiplying e ="' on both sides of the equation and

moving the first term on the right hand side to the left yields

Integrate both sides with respect to ¢ from b

and we obtain the solution

ms(u) = efg(bfu)mg(b) +

1 /" 5
e °2
C2E(V) b

6.2 Discounted Dividends

———{ma(t) — os(t;b)}. (6.51)

to u, rearrange to isolate for ms§(u)

O ma(t) — o5t )}t (6.52)

One interest that arises in connection with the threshold dividend strategy model is

the value of the dividend payments. For 0 < u < b, dividends will be paid as soon as

the surplus reaches b and for v > b dividends are paid from the beginning at rate ¢

until the surplus level falls below the threshold level b. Let V(u,b) be the expected

present value of dividend payments at force of interest o, until ruin occurs in the or-

dinary renewal risk process and V¢(u,b) the corresponding quantity in the delayed

renewal risk process. Then as in the previous section, we can see V' (u,b) will consist

of two functions, i.e.
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Vi(u,b) for 0<u<b
V(u;b) = . (6.53)
Vo(u,b) for u>b

Also, in the delayed renewal risk process,

J Vi(u,b) for 0<u<b
V(u;b) = . (6.54)
Vi (u,b) for u>b

Since our focus is on the dividend and not the premium rate change above the
threshold level, we will use different notations than the ones used in the previous
section. We denote ¢ as premium rate when the surplus level is below the threshold
level and ¢ as dividend rate that is paid out when the surplus level is above the
threshold level. Then, comparing with the rates used in the previous section, ¢ = ¢;
and ¢ = ¢; — ¢o.

The Gerber-Shiu function which provides unified approach in analyzing quantities
related to ruin and is used throughout the paper cannot be used for the analysis in this
section since dividends are paid during the survival of the process but the Gerber-Shiu
function conditions on the occurrence of ruin. Thus we need to derive an equation
that is suitable for V(u, b) and that relates V¢(u,b) to V (u,b).

Dickson and Drekic (2006) study V' (u,b) in a classical compound Poisson model
with threshold dividend strategy and show that for 0 < u < b, V' (u, b) satisfies

Vi(u,b) =V (b,b)Elexp{—0Tys}] (6.55)

and for u > b,
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. 00 b
Va(u,b) = =(1 — E[e™Te=2]) + V (0, b)/o e_(st/o w(u — by, t)Elexp{—0Tp—y}|dydt

(6.56)

S o

where Tu is the time to ruin with initial surplus u and premium rate ¢ — ¢, T, is
the time of the first upcrossing of the surplus process through b from u without ruin
occurring, and w(u,y,t) is the defective density of the time (t) and severity (y) of
ruin, from initial surplus u, when premium rate is ¢ — ¢.

Landriault (2007) studies V' (u,b) in a Sparre Andersen model with the assump-
tion that interclaim times follow Coxian distribution when constant barrier is present.
The approach in this paper is different from the approach used in Dickson and Drekic
(2006). He derives an equation for V' (u,b) conditioning on the first claim. We will
follow this idea and apply it to the threshold dividend strategy model in deriving a
relation for V4 (u, b) with V (u,b).

6.2.1 Threshold Dividend Strategy Model

Conditioning on the time and the amount of the first claim we obtain the following
equation. Let’s first consider the case 0 < v < b. When u is below the threshold
level b, the surplus will accumulate at a rate of ¢ as long as the surplus level does not
reach the threshold level b. If the first claim occurs before the surplus level reaching
b, it means that ¢ should be in the range of 0 <t < b_T“ When the first claim occurs
within the range, no dividends are paid out and the process will start over again with
an ordinary renewal risk process with new initial surplus u + ¢t — y where y is the
amount of the first claim. Otherwise, i.e. when ¢ > ’)_T“, the surplus level will exceed

b and dividends are paid out at rate ¢ beginning at time I”T“ When the first claim
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occurs, the process will start again with the ordinary renewal process with the new
initial surplus b+ (¢ — ¢)(t — ©=*) — y. The ordinary renewal risk process starts as
long as the first claim amount does not bring ruin, i.e. y is less than the accumulated
surplus level at the time of first claim occurrence. Otherwise, when ruin occurs, there

is no more dividends in the later process. Thus, for 0 < u < b,

b;" u-+ct
Vi(u,b) = Vil(u,b) = / [ Vil — otk o)
0

- bt(c—e) (t—2=2)
/ {e K catbu—I—e‘St/
0

by bp(y)dy bk (1)t (6.57)

V(b+ (c—¢&)(t—

where

t —ot
1 —
dﬂ prng / 675{1‘d$ g €
0 o

and the second term on the right hand side can be rewritten as

The third term on the right can also be elaborated as
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Lo e x—b T —u
-2 / ¢~ / Vbt (e — )(E2) — g, bply)dyks (- ) da
0
1 [ amuy [O(EOCTY) x—b r—u
_! / e-3(E) / Vilh+ (c — &) (2= — g, b)ply)dyks (=) da
CJb (c—&)(E2)
1 [ . (C*é)(zzb) R —b I —u
b [ [T W = ) o)yl
b 0

Let’s now consider the case where v > b. When the initial surplus level is above b,
dividends are paid from the beginning of the process and when the first claim occurs,
the ordinary renewal process will start. In this situation we don’t have to divide up
the range of the time of the first claim occurrence as before since the surplus process

will always stay above b until we get the first claim. Thus, for u > b,

Vu,b) = V3'(u,b)
9) () +(c—@é)t
— / cag ki (t)dt + / e‘”/ V(u+ (c— &)t —y,b)p(y)dyk: (t)dt
0 0 0

— g/ (1 — e Y ky(t)dt
0
1 oo

<= [TV — g, bp(y)dyh (2

v [ [ Vb (=

_ Cali L [T s [y T u
= S0k + = [ [ Vil -y b ()

1 0o s(emuy r—b T —u
[ = Va(z =y, 0)p(y)dyk: (— )d. (6.58)

c—¢ 0 c—¢
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6.2.2 Constant Barrier Model

We can reduce the threshold dividend strategy model to the constant barrier model
by letting ¢ = ¢. Then the initial surplus u can only take values in the range of [0, b]

and the expected discounted dividend V¢(u, b) is

1 [° N
Vi(ub) — —/e4h>/ mu—%wmm@m<
u 0

C

1 00 - b .
s [T e [y bty (s
b 0

c

T —Uu

)dx

) e _1/00 —) g (g 6.59
+5€ 1(0)5b6 1(c)$ (6.59)

for 0 <wu <b.

6.2.3 Stationary Model with Threshold Dividend Strategy

If we reduce the delayed renewal risk process to the stationary renewal risk process,
then our expected discounted dividends in the threshold dividend strategy model can

be written as, for 0 < u < b,

b x —u
Vi) = V) = s [ e [ -y bipldyR (s

cE(V) 0 c
A\ x—b
1 0 (=) /b+(c—c)( =) B r—b B
*wmfe 0 Vib+ (- () —y.b)
— U
p(y )dyK( )dx
e
tSEO) / Kt c5E(V)/ ¢ K(— —)d,
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and for u > b,

Ve(u,b) = Vy(u,b)
¢ 1 — k(6)
i SE(V) )

cC—¢C

Y eTHET 1( / W“/va;—y, (y)dy K (Z—2)d.

c—¢)E(V

(6.61)

We can obtain a solution in the case of the stationary renewal risk model by differ-

entiating the equations given above since the differentiation of K (¢) gives k(¢), which

makes it possible to express some terms in ordinary renewal risk process.

Theorem 6.2 The solutions to V(u,b) and Vi (u,b) are

—S(b—u)y e 1 u
Vi) = i)+ s [t [

for 0 < u < b, where

e 1= k() 1 szt
i) = 50=5gay = aEm) / -

(y)dy — Vi(t,b)}dt

(6.62)
)dyK(‘Z:i)dx.

(6.63)
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and

. ¢
+

for u > b, where V5(b,b) = V(b b).

Proof:
Differentiate equation (6.60) with respect to u to get

d e g e 1 1 “
%Vl (u,b) = EV1 (u,b) + cE—(V)Vl(u’ b) — W/o Vi(u —y,b)p(y)dy  (6.65)
for 0 <wu <b.

Applying the same method used in the previous section, we change the variable u

to t and multiply e~ ¢t on both sides, we obtain

_9y _4y
c c

—étd e 5—ét e €
—VE(t,b) ——e <'VE(t, b)) = ——=Vi(t,0) —
€ dt 1(7 ) Ce 1(7 ) CE(V) 1(7 ) CE(V)

/O Vilt—y, bp(y)dy. (6.66)

tdyie(t, b) — %e‘gt‘/f(t, b) and integrating with re-

_d
c

Noticing that %[e‘gtVf(t, b =e
spect to t from u to b will lead us to

—3 —%
c

b b
=Spyre Y € ¢ €
< "VE(b,b) —e™ <"V b) = Vi(t,b)dt —
= Vi = [ [

/0 Vit — g, b)ply)dydt.
(6.67)




CHAPTER 6. TWO-STEP PREMIUM AND DISCOUNTED DIVIDENDS 132

Thus, isolating for V/¢(u,b) gives

b s t
/ 6‘6“‘“){/0 Vi(t =y, b)p(y)dy — Vi(t, b)}dt

e _ —%(b—u) (b b
Vvl(uﬁb) € ‘/1( ) >+CE(V)
(6.68)

for 0 < u < b, where

Vi) = 51— SE(V)

For u > b, differentiate equation (6.61) with respect to u, and we get
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Vit =~y | Ve w
. A;E(V) /uoo e =) /OI V(e = y.)ply)dyK (—)da
oo A)le(V) /u“’ = /0 Viz— y,b)p(y)dyk(i - Z)dx
~ = | Ve w
PV ) - 50 - )
Ve h) - 50RO
T C : FVi(wb) + sE(V)VQ(“’ 0 -3 ‘ :
= | Ve b (6.70)
Changing the variable u to ¢t and multiply e <—¢' on both sides,
s, d ) s i ¢ 5
LS - e E ) = i) - e
-
. A;Eiv) it vty

Integrating ¢ from b to u and rearranging the terms we get a solution for Vi (u, b),

Vi(u,b) = <(1—e ae ) 4 emaeC-ye(p )

t

@%)E(V)/bu 6“56“_“){‘/2(25,5)—/0 V(t =y, b)p(y)dy}dt
(6.71)

+ | o
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for u > b, where V5 (b,b) = VF(b,b).
Q.E.D.



Chapter 7

Summary and Highlights

In Chapter 2, we derived two framework equations (2.1) and (2.48) that are used
throughout the later chapters. The former is derived conditioning on the first drop
in surplus below its initial level u, whereas the latter is derived conditioning on the
first claim that occurs in the process. Both of the equation uses the property that
the process starts over again with the ordinary renewal risk process in those points in
time. And thus, these equations show relationship between the delayed and ordinary
renewal risk processes. The widely used stationary renewal risk process is a special
case of the delayed renewal risk process and the results derived in this thesis can all
be applied to the stationary renewal risk process. Section 2.2 expresses the ladder
height distribution Bg(u) in terms of G§(u) and Bs(u), where the expression of it is
different from section 2.1. This expression may not be of much interest by itself but

was a useful tool in proving the theorem in section 3.4.
Chapter 3 provides a valuable overview of many quantities and distributions related

to the deficit at ruin in detail; the discounted kth moment of the deficit, the discounted

distribution function of the deficit, the asymptotic distribution of the proper deficit,

135
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stochastic decomposition of the residual lifetime of L¢ which is possible using the
random variable from the discounted DF of the discounted proper deficit, and the
discounted joint distribution of the surplus and the deficit. We also discuss about the
Laplace transform of the time of ruin at the beginning of Chapter 3. It is included in
Chapter 3, since not only can it be obtained by simplifying equation (3.1) which is a
starting point for the chapter but also let us define As(u) which is essential function
used in later sections where we present the DF of the deficit at ruin (section 3.3)
and the stochastic decomposition of the residual lifetime of L¢ (section 3.5). The dis-
counted kth moment of the deficit at ruin in delayed renewal risk model (section 3.2)
is an extension of the result in section 4 of Willmot (2007) in the ordinary renewal
risk model. Section 3.3, 3.4 and 3.5 extend the ideas of Willmot et al. (2004) for DF
of the proper deficit, from the stationary renewal risk model to the delayed renewal
risk model. In section 3.3 and 3.5, we further extend the argument to the case where
0 > 0. The discounted joint PDF of the surplus and the deficit at ruin is derived in the
delayed renewal risk process, in section 3.6, and the important relationship between
the joint density of the surplus and the deficit and the marginal density of the surplus,
(3.82), is proved.

We assume particular distributions for claim sizes and derive the general form of
the Gerber-Shiu expected discounted penalty function in Chapter 4. The most general
penalty function that we work with is w(z,y) = e **ws(y), which has a useful property
in a sense that the function of the surplus and the function of the deficit is separated.
This is a nice extension of the widely used penalty function w(z,y) = ws(y), since it
contains more information than the penalty function of the deficit only. When claims
are from exponential distribution (section 4.1), m§ (u) is expressed a weighted aver-

age of two exponential terms. When claims are from Erlang mixture of single scale

parameter (section 4.2), m§ (u) is of damped exponential series form.
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In Chapter 5, the distributional assumption is made for the time until the first
claim but the distribution of the claim sizes are left to be arbitrary. When the time
until the first claim is of exponential or combination of exponentials, the derivations
of the Gerber-Shiu function mg(u) are straightforward and have simple Dickson-Hipp
transform of o4(t), or combination of Dickson-Hipp transforms of os(t), respectively.

Coxian class distributions are also considered in section 5.3.

Chapter 6 is concerned with the threshold dividend strategy in the delayed renewal
risk process, where part of the premium is paid out as a dividend when the surplus level
reaches the barrier level. Unlike in other chapters, now the Gerber-Shiu function be-
haves differently depending on the surplus level. The general form of the Gerber-Shiu
function in the delayed renewal risk process, in terms of that of the ordinary renewal
risk process, is derived in section 6.1.1. Section 6.1.2 contains the simplified result
for constant barrier model which is a special case of the threshold dividend strategy
model. The stationary renewal risk process with the threshold dividend strategy is
also considered in section 6.1.3. Finally, the values of the dividend payments under

all three models considered in section 6.1 are studied in section 6.2.

One of the difficulties in dealing with the delayed renewal risk model is that the
functions in this model are expressed in terms of the functions from the ordinary re-
newal risk process and thus we can not obtain a renewal equation which is a convenient
tool. But we were able to obtain equation (2.1), where the logic and the form of it is
similar to the defective renewal equation in the ordinary renewal risk process. From

this equation, many subsequent results were derived.
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