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Abstract

In this thesis we first apply the 14-3 covariant description of general relativity to analyze n-fluid Friedmann-
Lemaitre (FL) cosmologies; that is, homogeneous and isotropic cosmologies whose matter-energy content
consists of n non-interacting fluids. We are motivated to study FL models of this type as observations sug-
gest the physical universe is closely described by a FL. model with a matter content consisting of radiation,
dust and a cosmological constant. Secondly, we use the 1 + 3 covariant description to analyse scalar, vec-
tor and tensor perturbations of FL cosmologies containing a perfect fluid and a cosmological constant. In
particular, we provide a thorough discussion of the behaviour of perturbations in the physically interesting

cases of a dust or radiation background.
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CHAPTER 1

INTRODUCTION

1.1 Cosmological Models

The goal of cosmology is to describe the large-scale structure, origins and evolution of the universe as a
whole. Within the framework of general relativity, a cosmological model, denoted (M, g, u) consists of
a differential manifold M, a Lorentzian metric g (which describes the geometry of the space-time) and a
unit timelike vector field u,

giju'n? = —1, (1.1)

that defines the world-lines of a family of fundamental observers. In cosmology one represents the matter
content as a smooth distribution (a continuum) whose particles represent galaxies in the present epoch.
The time-like vector field u is the 4-velocity of the particles in this continuum. One member of the
congruence of time-like curves defined by u, namely the world-line of our galaxy, plays a particularly
important role, since it is the position from which we make observations.

The evolution of the universe is assumed to be governed by the Einstein field equations (EFEs),
Rap — %Rgab = Tab, (1.2)

where R, is the Ricci tensor, R is the Ricci scalar (R = gabRab) and T}y, is the energy-momentum tensor
of the distribution of matter and energy in the universe. Here and throughout we will use geometerized
units so that ¢ = 1 and 87G = 1, where c is the speed of light in vacuum and G is the gravitational
constant.

There are two fundamental assumptions that are used to construct models of the universe:
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I. The universe is isotropic about our galaxy. More precisely, at any event on the world-line of our
galaxy, all directions orthogonal to the world-line are physically and geometrically equivalent, when

the universe is viewed on a sufficiently large scale.

A variety of cosmological observations (e.g. number counts of distant galaxies and peculiar velocity
surveys) provide support for assumption I in the present epoch. The strongest support is provided
by the temperature of the cosmic microwave background radiation (CMBR) which is isotropic to
within 1072 (i.e. 5 ~ 107°).

I. The Copernican Principle. This principle states that our galaxy is not in a preferred position in the

universe. Unlike assumption I, this assumption is philosophical, rather than observational.

Assumptions I and II together imply that the universe satisfies the so-called Cosmological Principle,

namely
i) the universe is isotropic about all fundamental world-lines, and
ii) the universe is spatially homogeneous, i.e. all physical and geometric quantities do not vary in
space.

It is a well-known consequence of assumptions I and II (we give a concise proof in Chapter 2; see

Theorem 2.1.1) that the metric g, can be written in the form of the Robertson-Walker (RW) metric,!

ds? = —dt? + (2(t) Jap (2 )dz®dz®, (1.3)
where g, is a 3-metric of constant curvature. The preferred timelike vector field u is given by
0
= —. 1.4
T (14

The Robertson-Walker metric provides the basis for the Friedmann-Lemaitre (FL) cosmological mod-
els that play a central role in modern cosmology. A Friedmann-Lemaitre cosmology* is a cosmological
model (M, g, u) that satisfies the Einstein field equations (1.2) with a suitable energy-momentum tensor
T.p, with metric g and fundamental congruence u having the Robertson-Walker form (1.3) and (1.4).

In this thesis we study FL cosmologies and their perturbations within a general mathematical frame-

work. In section 1.2 we provide the necessary geometrical background for this study.

"Here we use Greek indices to denote spatial indices. They can take on the values 1, 2 or 3.
The first explicit FL cosmological models were first discovered by Friedmann in 1929 (for some historical details, see Ellis
(1989)).
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1.2 Geometrical Background

In this thesis we will make use of the so-called 1 + 3 covariant description of general relativity’> which
has been developed for use in spacetimes in which there is a preferred timelike congruence u, as in the
case of a cosmological model (M, g, u). The “1+3” refers to the fact that one performs a “time + space”
decomposition relative to u by projecting tensors and tensorial equations parallel to u and orthogonal to u.
The second aspect of the 1 + 3 description is to write a tensor as a sum of algebraically simpler parts, i.e.
to give an algebraic decomposition. For example, an arbitrary rank 2 contravariant tensor can be written
as the sum of a symmetric tracefree tensor, an anti-symmetric tensor and the trace multiplied by the metric
tensor.

The first step is to introduce the basic variables in the 1 + 3 description, which are defined by ap-
plying projection relative to u and algebraically decomposing the covariant derivative Vyu,, the energy-

momentum tensor 7}, and the Riemann-Christoffel tensor as follows:

i) The covariant derivative of the fundamental 4-velocity, Vyu,, describes the kinematics of the con-
tinuum described by the vector field u. The so-called kinematic quantities are defined by writing
Vug as a sum of simpler parts and projecting relative to u. We define these quantities in section
1.2.2.

ii) The energy-momentum tensor T, describes the matter and energy content of the universe and so
gives rise to a set of quantities known as matter variables when decomposed relative to u. We

discuss this decomposition in section 1.2.3.

iii) The Weyl curvature tensor Cgypeq, Which is defined as the tracefree part of the Riemann curvature
tensor, is decomposed relative to u into two tracefree symmetric tensors, the so-called* electric part

F,, and magnetic part H,;,. We discuss this decomposition in section 1.2.4.

The second step is to derive evolution and constraint equations for the basic variables by using the
Ricci identities and Bianchi identities in conjunction with the Einstein field equations. We will discuss

this process in section 1.2.6.

3See, for example, Ellis (1973), Wainwright and Ellis (1997), p1-30, or Ellis and van Elst (1998), Chapter 2.
“There is a formal analogy with the decomposition of the electromagnetic field tensor Fl;, into an electric field F, and a

magnetic field H,.
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1.2.1 Projection and Differentiation

Projection parallel to u is achieved by simply contracting a vector or tensor with ©®. Projection into the

3-space orthogonal to u is defined by the projection tensor
hab = Gab + UaUp, (1.5)
which satisfies the identities

hehb=hnrl,  hluy=0, h2=3.

a

Corresponding to these two types of projection, two derivatives are defined.

The overdot * denotes differentiation along the fundamental congruence, defined for scalars as

f= faus, (1.6)

and for tensors as
Tab--~c = udvdTabmca (L.7)

where V, denotes covariant differentiation.
Following Maartens (1997), we use angle brackets to denote the orthogonal projections of vectors, the

orthogonally projected symmetric trace-free part of tensors, and their time derivatives, i.e.
X = g x?, T = [nn”, = Shthea| T, (1.8)

c

X = o X0, 10 — [Rn”), — Shethe| T (1.9)
Further, we will use the projection symbol _L to identify orthogonal projection over all tensor indices, i.e.
(T 4) L = h%hP h b5 TP (1.10)

The spatial covariant derivative V, is defined by projecting all free indices of the covariant derivative
(compare Ellis (1973), Ellis and Bruni (1989)). For example,

Vof = hiVf,  VaT% g = BPRORSDGRIV, T, (1.11)

The covariant derivative of a scalar can then be decomposed into a derivative along the fundamental

congruence u and a spatial covariant derivative via

Vof = Vaof — uaf- (1.12)
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The totally skew pseudotensor is defined by

nabcd _ n[abad} 70123 — (—g)_1/27 (1.13)

)

where
g = det(gap). (1.14)

The projected permutation tensor is then defined by (compare Maartens et al. (1995)),
€abe = Uabcdud- (1.15)
and is used to define the spatial curl of a vector by
curl X, = e VP XC. (1.16)
and the spatial curl of a rank 2 tensor by
curl Tup = €cq(a VT3 (1.17)

1.2.2 Kinematic Quantities

We now focus on the decomposition of the covariant derivative of the fundamental 4-velocity. Following

Ellis (1973, p8-11), we decompose the covariant derivative of a unit timelike vector field u as
Vg = b + Wap + Hhgp — Uqup, (1.18)
with o, symmetric and trace-free, w,;, antisymmetric, and
ogpu® =0, wepu® = 0, Uqu® = 0. (1.19)

It follows from (1.18) and (1.19) that

H = 1V, (1.20)
e = u'Viyug, (1.21)
Oab = V(aub)—Hhab-l-iL(aub), (1.22)

Wab = V[bua]+u[aub]. (1.23)
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Here, H is the Hubble scalar’, i, is the acceleration vector, o4, is the rate of shear tensor and wgy, is the

vorticity tensor. In practice we will usually replace wgp, by the vorticity vector, defined by
w* = LNy, (1.24)

which satisfies u*w, = 0. We can write the vorticity tensor in terms of the vorticity vector using the
relation
w® = pebedyy . (1.25)

The magnitude of the rate of shear tensor and the vorticity tensor are defined by

o’ = %aaba“b, w? = wawt.

We now state two useful propositions concerning an irrotational vector field u?, i.e. w, = 0.

Proposition 1.2.1 Given a vector field u, there exist scalar fields f(z®) and t(z®) such that® u, = —ft ,
if and only if w, = 0.

Proof: Given u, = — ft 4, it follows by differentiating that Ulq,pUe = 0 and that w, = 0, by (1.24). The
converse is a special case of Frobenius’ Theorem, which is usually stated in terms of differential forms

(see for example Flanders (1989), see the theorem on page 94). U

Comment: The significance of this result is that if w = 0, then the 3-spaces orthogonal to u“ at each
point form spacelike hypersurfaces given by ¢ = constant, i.e. there is a one-parameter family of space-
like hypersurfaces orthogonal to the timelike congruence defined by u.

If we can further impose the condition of zero acceleration (2, = 0), we obtain the following result.

Proposition 1.2.2 w, = 0,1, =0 <= u, = —t 4, for some scalar field t(z*).

SThe rate of expansion scalar ©, defined by © = 3H, is often used in the expansion (1.18).

The minus sign ensures that ¢ > 0, i.e. t increases into the future along the fundamental congruence.
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Proof: Givenw, = 1, = 0, equation (1.23) implies u[q;p] = u[qp) = 0. It then follows from Proposition

1.2.1 that f 4t 5 = 0. This in turn implies that f = ¢g(t) and hence that one can redefine t to set f = 1. [J

In this case, the scalar ¢ that labels the hypersurfaces is clock time along the normal congruence.

1.2.3 Decomposition of the Energy-Momentum Tensor

The energy-momentum tensor 7y, is a symmetric tensor that specifies the total matter-energy content of a
cosmological model. We use the standard decomposition of the energy-momentum tensor with respect to
a timelike vector field u (see Ellis (1973), p7):

Top = pugup + gty + quq + phap + Tap, (1.26)

where

gau® =0, Tapul = 0 7 =0, Tab = Tha- (1.27)

In this equation, y is the fotal energy density measured by an observer moving with fluid 4-velocity u?,
qq 18 the energy flux relative to u® (representing heat conduction and diffusion), p is the isotropic pressure
and 7y, is the trace-free anisotropic pressure (due to processes such as viscosity).

A perfect fluid with 4-velocity u is defined by
ga =0, Tap = 0, (1.28)
in which case the energy-momentum tensor (1.26) simplifies to
Tap = puaup + P(gab + Ualip). (1.29)

1.2.4 The Weyl Curvature Tensor

The Weyl conformal curvature tensor (or simply the Weyl tensor) is defined in terms of the Riemann tensor

and the Ricci tensor according to

Cabed = Ravea — 5 (9acRoa + gvaRac — goeRad — JaaRoc) + § R(JacGbd — Gadloc)- (1.30)

(see, for example, Ellis 1973, p7). We note that the Weyl curvature tensor has all the symmetry properties

of the Riemann tensor and is in addition trace-free (C',,; = 0).
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It is helpful to view (1.30) as a decomposition of the Riemann tensor R4, with its 20 independent

components, into a tracefree part Cypg and the trace Rgyp:
Rabcd — {CabcdyRab}7 (1.31)

each of which have 10 independent components. The Ricci tensor is determined at each point by the
energy-momentum tensor through the field equations (1.2). On the other hand, as we shall see later, the
Weyl tensor governs the propagation of changes in the gravitational field, i.e. gravitational waves.

Within the 1 4 3 formalism the Weyl tensor can be decomposed further into an “electric part” E,; and

a “magnetic part” H,;, by projecting Cyp.q and its dual orthogonal to u:
Eoc = C’abcdubud7 Hye = %naffcefcdubud' (132)
We note that F,;, and H,;, are symmetric, trace-free and orthogonal to u:

Egub =0, Hyu’ = 0. (1.33)

In addition, this decomposition describes the Weyl tensor completely since’

Eab =0= Hab < Cabcd =0. (1.34)

Note that through (1.30) F,,, Hyp and Ry, provide a full description of the space-time curvature as

described by the Riemann tensor.

1.2.5 Spatial Curvature

If u is irrotational, we have seen that there exists a family of hypersurfaces (i.e. 3-dimensional manifolds)
orthogonal to u. In this situation the projection tensor h,; can be viewed as the 3-metric induced on these
hypersurfaces and the spatial covariant derivative V, can be viewed as the covariant derivative determined
by this 3-metric.

Analogous to the spacetime Ricci identities, the 3-space Ricci identities are given by

@c@an - @d@ch = (3)Rabchba (135)

"The Weyl tensor can, in fact, be written in terms of Ep, and H,y, (see, for example, Ellis and van Elst (1998) eq. (22)).
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where (3)Rabcd is the spatial Riemann tensor and X, is any vector field in the hypersurfaces, i.e. X, u® =
0. It can be shown by applying (1.35) to an arbitrary vector field X that is orthogonal to u, expanding the

left hand side using (1.11) and (1.5) and introducing the spacetime Riemann tensor via
VeVaXa — ViVeXa = RapeaX?, (1.36)
that (S)Rabcd is related to R,p.q Via
O Rapea = (Raved) L — ©acOa + ©adOte, (1.37)
where Oy, is the expansion tensor of the congruence u, defined by
Oab = 0ab + Hhap. (1.38)

Equation (1.37) is the well-known Gauss equation (see, for example, Ellis (1973), p33-4).

The spatial Ricci tensor and spatial Ricci scalar are then defined in the usual manner:
GRup = b CORopa,  OR =1 BR,, (1.39)
Further, the trace-free spatial Ricci tensor is defined as
S = CRyp — 2 ORhy,. (1.40)

We can obtain an expression for the spatial Ricci scalar and trace-free spatial Ricci tensor in terms of the

spacetime quantities from (B.5), incorporating the Weyl tensor through (1.30) and (1.32):

GR = R+ 2Ruu® — 6H? + 202, (1.41)
®Sup = Eap + 3Rayy — Hoap + 0,00)c- (1.42)

Then using the field equations (1.2) in the form (A.2)-(A.5) to eliminate R and R, we obtain

GR = —6H?+2u+ 202, (1.43)
Swp = Eap+ 37 — Hoap + 0,03 (1.44)

We conclude this section with a brief digression on spaces of constant curvature. A differentiable

manifold M of dimension n with metric g is said to be a space of constant curvature if and only if

Roped = C(9acGbd — GadGbe)- (1.45)
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It follows by contraction that
R=n(n—1)C, and Rg — *Rge =0, (1.46)

i.e. the tracefree Ricci tensor Sy = Rgp — %Rgab is zero. In addition it follows from the twice contracted
Bianchi identities that if n > 2 then R is constant (see proposition 1.2.3). If n = 3, the Riemann tensor is

completely determined by the Ricci tensor according to®
Rapea = 4h[d[bSa]c] + %Rga[cgb}d' (1.47)

It follows that if n = 3 then (M, g) is a space of constant curvature if and only if Sy, = 0. Within the

framework of the 1 + 3 covariant formalism this result can be stated as follows.

Proposition 1.2.3 Let u be an irrotational timelike vector field. The hypersurfaces orthogonal to u are

spaces of constant curvature if and only if
)8, = 0. (1.48)

Further, if this condition holds, then
V.®R =0. (1.49)

1.2.6 Evolution and Constraint Equations

In the 1 + 3 covariant formalism, the information contained in the EFEs is displayed in an indirect manner

by using the Ricci identities applied to the fundamental 4-velocity u,
VeVaua — VgVeug = Rabcduba (1.50)

and the Bianchi identities,
ViaBdae = 0. (1.51)

The latter can be written in divergence form by contracting once and then twice and using (1.30) to

introduce the Weyl tensor:’

VaCope' = —VuR% — 09, Vy R, (1.52)

a

8See, for example, Ellis (1973) eq. (80).
? Also see Wainwright and Ellis (1997), p27.
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and
V(R = L1Rs ) = 0. (1.53)

The Riemann tensor in (1.50) is likewise expressed in terms of the Weyl tensor and Ricci tensor using
(1.30). In all these identities, the Ricci tensor is expressed in terms of the energy-momentum tensor (1.26)
using the EFEs in the form

Rap = Tup — 59T, (1.54)

which introduces the fluid 4-velocity u into (1.52) and (1.53). Equation (1.18) is used to replace all
occurrences of Vyu, by the kinematic quantities and (1.32) is used to replace Cypeq by Eqp and H .
Finally, one projects all three identities parallel to and orthogonal to u. The result is a set of evolution
equations giving the derivatives of H, o4, wg, Eqp + %ﬂ'ab, H,p, 1 and g, along the congruence u, and
a set of constraint equations that contain only the spatial covariant derivative V. We refer the reader to

Appendix A for the complete list of equations that arise from this process.

1.3 Overview of the Thesis

The main goal of this thesis is twofold. Firstly, we analyze the dynamics of so-called n-fluid FL cos-
mologies, that is, homogeneous and isotropic cosmologies whose matter-energy content consists of n
non-interacting fluids. Secondly, we give a unified coordinate-independent discussion of perturbations
of FL cosmologies containing a perfect fluid and a cosmological constant. Some parts of this thesis are
new, while other parts provide a unified presentation of known results for these cosmologies. Our treat-
ment throughout is completely coordinate-independent since it is based on the so-called 1 + 3 covariant
description of general relativity and in this respect it differs from much of the current literature.

In Chapter 1, we introduce the 1 + 3 covariant description of general relativity and in Appendix A
we give the full system of evolution equations and constraint equations. In this sense the thesis is self-
contained. However, a reader who has no prior knowledge of the 1+ 3 covariant description will encounter
an initially steep learning curve. We assume the reader has a basic knowledge of general relativity and
some familiarity with dynamical systems theory (see, for example, Wainwright and Ellis (1997), Chapter
4).

Chapter 2 plays a supporting role. In this chapter we describe the geometrical, i.e. coordinate indepen-
dent properties of the Robertson-Walker metric, and give two characterizations of the Friedmann-Lemaitre

models that highlight their very special nature.
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In Chapter 3, we give a complete qualitative description of the dynamics of n-fluid FL. cosmologies.
A central role is played by a new formulation of the evolution equations for these models as a dynamical
system on a compact n-dimensional state space. The most important example is the 3-fluid model in
which the three fluids are radiation, pressure-free matter and a cosmological constant, since it provides a
model of the physical universe. Our discussion of this model is one of the highlights of this chapter.

In Chapter 4, we give a unified derivation of the governing equations for scalar, vector and tensor per-
turbations of FL cosmologies containing a perfect fluid and a cosmological constant, using the so-called
geometrical approach pioneered by Ellis et al (1989). We then analyze the behaviour of the perturbations
in various regimes using both exact and approximate solutions. In particular we determine how the pertur-
bations affect the so-called observational quantities that determine the extent to which a perturbed model
deviates from an exact FL. model.

The Appendices contain a wealth of additional material relating to perturbations of FL universes, not

all of which is needed for the purposes of this thesis.




CHAPTER 2

THE FRIEDMANN-LEMAITRE
COSMOLOGIES

In this chapter we first derive the geometrical (i.e. coordinate independent) properties of the Robertson-
Walker metric within the framework of the 1 + 3 description of general relativity. We then give two
characterizations of the Friedmann-Lemaitre cosmologies, firstly using the kinematic quantities and sec-

ondly using the Weyl tensor.

2.1 Properties of the RW Metric

In this section we show that the high symmetry of the RW line-element leads to strong restrictions on the
kinematic quantities of the fundamental congruence, on the Weyl tensor and on the Ricci tensor. We then

derive the RW line-element assuming that the Cosmological Principle holds.

Proposition 2.1.1 The kinematic quantities of the fundamental congruence (1.4) associated with the
Robertson-Walker metric (1.3) satisfy

Oy =0, wa=0, Ug=0, V.H=0. 2.1)

Proof. For the RW line-element (1.3), the covariant derivative

Vg = tap — I'pue (2.2)

13
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simplifies to
Vitla = 59ab0- (2.3)
Furthermore, it follows from the RW metric (1.3) that
‘
gag,() = QZQQB, and ga070 =0. (2.4)
Since the projection tensor A, has components ha3 = gag, hao = 0, it follows that
/
Vg = Zh“b' (2.5)
The decomposition (1.18) immediately implies o4, = 0, wgp = 0, %, = 0 and
i
H=-. 2.6
7 (2.6)

Thus, H is purely a function of ¢, which implies VoH =0.0

We now consider the restrictions on the spatial curvature associated with the Robertson-Walker metric.

Proposition 2.1.2 The spatial curvature of the RW metric satisfies

®)s, =0, V,®R=0.

2.7

Proof: Since the hypersurfaces orthogonal to u are spaces of constant curvature, the result follows

immediately from proposition 1.2.3. [J

We now show that the Weyl tensor of the Robertson-Walker metric is zero.

Proposition 2.1.3 The Robertson-Walker metric (1.3) has zero Weyl tensor:

Eab = 07 Hab =0

(2.8)
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Proof: We make use of the contracted Ricci identities in the form!

Gy = —2H0ap+ V qly) + lglin) — 015 0ye = Wiawh) — (Bab — 5 R(at)); (2.9
0 = Hap— 2wy — Vwy — curl(og). (2.10)

We note that H,, = 0 is an immediate consequence of (2.10), on applying proposition 2.1.1. If we apply
proposition 2.1.1 to (2.9) and 2.1.2 to (1.42), we obtain

Eap— 5Riay =0,  Eap+ 3R =0, 2.11)
which implies F,, = 0.
Finally, we derive the restrictions satisfied by the Ricci tensor of the Robertson-Walker metric (1.3).
Proposition 2.1.4 The Ricci tensor of the Robertson-Walker metric (1.3) satisfies

Ryu®h’, =0, Ry =0. (2.12)

Proof: We note that R<ab> = 0 follows immediately from (2.11). In order to show Rabuahbc =0, we

make use of the contracted Ricci identities in the form?
0= V04 — 2V H — curl(wg) — 2eqpeti’w® + Ryculh®,, (2.13)
Then on applying proposition 2.1.1 to (2.13), we obtain Rabu“hbc =0.0

We conclude this section by showing that the Cosmological Principle, as stated in section 1.1, leads to
the RW metric.

Proposition 2.1.5 If the fundamental congruence of a cosmological model (M, g, u) satisfies

oab =0, we=0, 1,=0, V.H=0, (2.14)

'These equations are an intermediate step in deriving (A.9) and (A.13), and follow from the Ricci identities, without use of
the field equations. In fact, on applying the field equations (1.2) in the form (A.2)-(A.5) to (2.9) and (2.10), we obtain (A.9) and
(A.13).

This equation is an intermediate step in deriving (A.11), and follow from the Ricci identities, without use of the field
equations. In fact, on applying the field equations (1.2) in the form (A.2)-(A.5) to (2.13), we obtain (A.11).
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and the hypersurfaces orthogonal to u satisfy
)5, =0, (2.15)

then g and u can be written in the RW form (1.3) and (1.4).

Proof: By proposition 1.2.2, the fundamental 4-velocity u can be written as

Uqg = —tq, (2.16)

)

where ¢ is a scalar field. We then introduce co-moving coordinates x®, i.e. coordinates £ that are constant

along the world lines of the fundamental congruence. Then the metric and 4-velocity assume the form

0

ds® = —dt® + gag(t,l')‘)dl’adl"g, u=o. (2.17)
Next, using the metric (2.17), it can be quickly shown that
Vitla = 39ab,0- (2.18)
This equation, in conjunction with (1.5), (1.22), (2.14) and (2.16), leads to
9aB0 = 2H (t)gas- (2.19)
We introduce the length scale function /() via
H(t) = ﬁi, (2.20)
and thus can integrate (2.19) to obtain
Gap(t,2) = L(t)*Gap(z). 2.21)

Since we have that (®)S,;, = 0, it follows from proposition 1.2.3 that Jap describes a 3-space of constant
curvature. Thus the metric (2.17) assumes the Robertson-Walker form (1.3). [J

Theorem 2.1.1 (Derivation of the RW Metric) If a cosmological model (M, g, u) satisfies the Cosmo-
logical Principle relative to u, then g and u can be written in the RW form (1.3) and (1.4).




2.2. Characterizations of the FL Cosmologies 17

Proof: The Cosmological Principle implies that any geometrically defined vector orthogonal to u must
be zero, since otherwise it would define a preferred direction orthogonal to u. In particular, we have
Wa = Ug = @GH = 0. Likewise, any geometrically defined rank two symmetric tracefree tensor X that
is orthogonal to u (Xqu® = 0) must be zero, since otherwise its eigenvectors would define a preferred
direction orthogonal to u. In particular we have o, = (3)Sab = 0. The desired result thus follows from

proposition 2.1.5. [J

2.2 Characterizations of the FL. Cosmologies

In this section we present two characterizations of FL cosmologies in terms of the kinematic quantities

and Weyl curvature.

2.2.1 The Kinematic Characterization

We now present the kinematic characterization of the Friedmann-Lemaitre models.?

Theorem 2.2.1 A cosmological model (M,g,u) which satisfies the Einstein field equations with perfect
fluid source is a Friedmann-Lemaitre cosmology if and only if the kinematic quantities of the fluid 4-
velocity u satisfy

oap =0, wq = 0, g = 0. (2.22)

Proof. * If we assume the model is a FL cosmology, the kinematic restrictions (2.22) follow immediately
from proposition 2.1.1.

Conversely, assume that the restrictions (2.22) hold. Since the source is a perfect fluid with 4-velocity
u, equation (1.28) implies 7,4, = 0 and g, = 0. Then the conditions (2.22) in conjunction with (A.9) imply
E, = 0, which in turn implies *)S,; = 0 via (1.44). The conditions (2.22) and ¢, = 0 in conjunction
with (A.11) imply VoH = 0. The desired result then follows from proposition 2.1.5. [J

*One can replace the assumption 1., = 0 in Theorem 2.2.1 by the assumption that the perfect fluid has a linear equation of
state p = (v — 1)u. However, the proof requires a more detailed analysis and is beyond the scope of this thesis (see instead
Collins and Wainwright (1983)).

*Krasinski (1997) gives the outline of a proof, referring to other sources for some parts (see page 11).
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2.2.2 The Weyl Characterization

We now present a characterization of the FL. models using the Weyl tensor (see section 1.2.4).

Proposition 2.2.1 If a cosmological model (M, g, u) satisfies the Einstein field equations with perfect
fluid source having 4-velocity u and barotropic equation of state p = p(u) with pn + p # 0, and has zero

Weyl tensor,
Eqw =0, Hgp =0, (2.23)

then the kinematic quantities satisfy

oa =0, wap = 0, g = 0. (2.24)

Proof. On account of (2.23), equations (A.18), (A.20) and (A.21) simplify to

(L +p)og =0, Vau =0, (1 + p)wg = 0. (2.25)
Since (p + p) # 0, (2.25) implies o,, = 0 and w, = 0. We now make use of the chain rule to write

~ dp -~
Vap = L= 0. (2.26)
dp

Then using the perfect fluid condition, i.e. 7, = 0 and ¢, = 0, it follows from (A.15) and (2.26) that

(1 + p)iq = 0, and hence 7, = 0, which completes the proof. (J

We can now present the main result of this section, which we shall refer to as the Weyl characterization

of the Friedmann-Lemaitre models.

Theorem 2.2.2 A cosmological model (M,g,u), which satisfies the Einstein field equations with perfect
fluid source having 4-velocity u and barotropic equation of state p = p(u) with u+p # 0, is a Friedmann-

Lemaitre model if and only if the Weyl tensor is zero:

Eab = 07 Hab = 0.
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Proof. This result follows immediately from proposition 2.1.3 and theorem 2.2.1 in conjunction with

proposition 2.2.1. [J

We now present one final result which restricts the gradients of the physical and geometrical scalars

in an FL cosmology.
Proposition 2.2.2 A Friedmann-Lemaitre cosmology satisfies

Vait = Vap = Vo H = V, ¥R = 0. (2.27)

Proof: We note that V,H = V,®R = 0 follows immediately from propositions 2.1.1 and 2.1.2. Fur-
ther, it follows from (A.4), (A.5) and proposition 2.1.4 that g, = 0 and 7., = 0. Hence, (A.15) and (A.20)
along with theorems 2.2.1 and 2.2.2 implies @a,u = @ap =0.0




CHAPTER 3

DYNAMICS OF n-FLUID FL
COSMOLOGIES

The main goal of this chapter is a description of the dynamics of n-fluid FL. cosmologies. In section 3.1,
using the results from chapter 1, we derive the basic evolution equations for n-fluid FL cosmologies and
describe their behaviour using dynamical systems techniques. In section 3.2, we describe the degrees of
freedom of the n-fluid FL cosmologies in two ways, firstly, using intrinsic parameters and secondly, using
observational parameters. In sections 3.3 and 3.4, we apply the general analysis to the case of 2-fluid and
3-fluid FL cosmologies. Finally, in section 3.5 we give a unified presentation of the known solutions of
the EFEs for single fluid and 2-fluid FL cosmologies, and relate them to the state space analysis in section
3.3.

3.1 Behaviour and Classification of n-Fluid FL. Cosmologies

In this section we derive the evolution equations for n-fluid FL cosmologies without introducing local
coordinates and a line-element, by specializing the general evolution and constraint equations (appendix
A) using the restrictions derived in chapter 2. We formulate the evolution equations as ODEs for a set
of dimensionless variables in a compact state, which enables us to use dynamical systems methods to

describe the evolution of n-fluid FL cosmologies qualitatively.

20
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3.1.1 Basic Evolution Equations

We know from theorems 2.2.1 and 2.2.2 and proposition 2.1.4 that FL. models have the following proper-

ties:

i) the kinematic quantities of the fundamental congruence u satisfy

Oab =0, we=0, =0, (3.D
ii) the Weyl curvature is zero:
Egp =0, Hqp =0, (3.2)
and
iii) the stress-energy tensor satisfies
Tab =0, ¢a =0, (3.3)

i.e. it has the form of a perfect fluid.

The remaining non-zero physical and geometric variables that appear in the general evolution and
constraint equations in Appendix A (A.8)-(A.21) are the Hubble scalar H, the energy density  and the
pressure p of the matter content. Propositions 2.1.1 and 2.1.4 show that these scalars have zero spatial
gradient

heHy=0, hiuy=0, hlpy=0, (3.4)

and hence are purely functions of clock time ¢ along the fundamental congruence. With the above re-
strictions, the general evolution and constraint equations reduce to two evolution equations for p and H,
namely (A.8) and (A.14), which read

o= —3H(p+p), (3.5)
H = —H?—§(u+3p), (3.6)

where the overdot denotes differentiation with respect to ¢. The spatial geometry of the model is deter-
mined by the Gauss equation in the form (1.43) and (1.44). It follows that the tracefree Ricci tensor is
zZero,

S =0, 3.7)
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and that the spatial Ricci scalar is determined by H and u according to
G)R = —6H? + 2. (3.8)

In order to obtain the standard evolution equations, we introduce the length scale function £(¢), which
is defined by H, up to a constant multiple, according to
/
H=-. 3.9
7 (3.9)
This definition is consistent with the length scale defined by the RW metric (1.3).

To proceed we need the following result:

Proposition 3.1.1 In a Friedmann-Lemaitre model the quantity
GIR()e(t)? (3.10)

is constant in time.

Proof. A straightforward calculation using (3.5)-(3.9) yields (®)R¢?)® = 0. O

Since / is only defined by (3.9) up to a multiplicative constant, we may choose it to satisfy!

LORE = K = £1, or 0, (3.11)

where K is the spatial curvature parameter. The value for K indicates whether (3) R is positive, negative
or zero. Models where K = —1,0 and +1 are then referred to, respectively, as open FL models, flat FL
models and closed FL models.

It is important to note that if ' = +1, then £(¢) is completely determined via eq (3.11), by the spatial
geometry, represented by (®)R. On the other hand, if K = 0, equation (3.11) does not restrict ¢ (t), which
means that if K' = 0 then £(t) can be rescaled with a multiplicative constant.

We now present the standard form of the evolution equations for FL. models (see, for example, Wain-
wright and Ellis 1997, p52). Using (3.9) and (3.11), equations (3.5), (3.6) and (3.8) are rewritten as the

conservation equation,

¢
o= —3E(M+P)> (3.12)

The factor of é is chosen for compatibility with the RW metric.
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the Raychaudhuri equation,

i
7= ~5(n+3p), (3.13)
and the Friedmann equation,
30?2 = u? — 3K. (3.14)

Note that (3.13) is a consequence of (3.12) and (3.14) provided that I # 0, as follows by differentiating
(3.14).

3.1.2 n-Fluid FL Cosmologies

In this chapter, we consider FL. cosmological models whose matter content consists of n fluids with the
same four-velocity u. The total energy density and pressure are equal to a sum of the energy density and

pressure of the individual components:

p=3 mi = b (3.15)
=1 1=1

The fluids are assumed to be non-interacting, which means that each fluid component individually satisfies

the conservation equation (3.12), i.e.

fi; = —35(/% + i) (3.16)
We further assume that each fluid obeys a linear equation of state with equation of state parameters -;
(t=1,...,n),le
pi = (v — (3.17)
with
0<y <2 (3.18)
The most important physical values are y; = 1 for pressure-free matter and v; = % for radiation. The
value ; = 0 can be used to represent a cosmological constant and v; = 2 is sometimes considered to
correspond to a so-called stiff fluid. For definiteness we order the equation of state parameters according
to
Y>> > Y, (3.19)
and assume that y; > 1, i.e. at least one matter component is matter with a non-negative pressure. The

conservation equations (3.16) then assume the form

. J4
i = —32%%‘- (3.20)
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As well, the Friedmann equation (3.14) and Raychaudhuri equation (3.13) assume the form

P =>"iml’ - K, (3.21)
=1
and .
/ 1
e DI (3.22)
=1

In summary, we will use the term n-fluid FL cosmology to refer to an FL. cosmological model whose
matter content consists of n non-interacting fluids with the same 4-velocity u and equations of state given
by (3.17)-(3.19). Following Jantzen and Uggla (1992), we will use abbreviations such as RDC-universe
and RC'A-universe to identify n-fluid FL cosmologies, where R denotes radiation, D denotes dust, C'
denotes curvature and A denotes a cosmological constant.

We have shown that the state of an n-fluid FL cosmology as a function of time ¢ is determined by
the functions (¢, i1, ..., ) which satisfy the system of ODEs (3.20) and (3.21). The state of an n-fluid

cosmology can equivalently be described by the variables (H, pq, ..., ity), which satisfy the evolution
equations
fi = —3Hyu, (3.23)
n
H = —H>—31) (3y; —2)u. (3.24)
i=1

The first of these is a restatement of (3.20) using the definition (3.9) of H. The second follows from
(3.6) on using (3.15) and (3.17). Further, upon applying (3.9), the Friedmann equation (3.21) gives an

additional constraint that must be satisfied, namely
n
K
H? =1 - 7 (3.25)
i=1

We note that this equation explicitly determines ¢ in terms of H and ¢ when K # 0.
At this stage, we present four simple and well-known solutions of equations (3.20)-(3.22) that play an
important role when we formulate the evolution equations (3.23)-(3.24)for the n-fluid FL cosmologies as

a dynamical system.

1. Flat FL universe (K = 0,0 < v < 2). For a single fluid, the length scale, energy density and

pressure are

t 4

2
3y
€=£o<to> TN ok p=(y— 1D (3.26)
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In the case of dust (v = 1), this solution is the Einstein-de Sitter universe (Einstein and de Sitter
(1932)).

2. de Sitter universe (K = 0). The de Sitter universe can be thought of as the special case of the flat
FL universe when the single fluid is a cosmological constant (i.e. when v = 0). The length scale,

energy density and pressure are

= {yexp <\/§t) , uw=A, p=—A. 3.27)

3. Milne universe (K = —1). The length scale, energy density and pressure are
{=t, u=0, p=0. (3.28)
The Milne universe can be thought of as the open FL universe with zero matter content.

4. Einstein static universe (K = +1). This solution arises when we require that the length scale is

constant. The length scale, total energy density and total pressure are
0= 1l, p=302  p=-{2 (3.29)

where ¢y > 0 is constant.” The matter-energy content can be interpreted as two, or more generally,

n non-interacting fluids. For example, for a 2-fluid model, the energy densities are given by 3

2—3 _ 3vi—2\ _
m:( ”) o2 M2=( & ) 02 (3.30)
Y1 — 72 Y1 — 2

where 0 < 19 < % < 71 < 2. Einstein’s choice was v; = 1 (pressure-free matter) and v = 0 (a
cosmological constant) so that p; = 2/, 2 p1 = 0 and po = £y 2 = A, po = —A, where A is the

cosmological constant.

The values of w and p follow (3.13) and (3.14).

3These expressions are obtained by solving the linear system
p + p2 = 30, 3y —2)p1 + (3y2 — 2)p2 = 0,

which follows from (3.21) and (3.22) with £ = {p and n = 2.
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3.1.3 Hubble-Normalized Scalars

In this section we introduce so-called Hubble-normalized scalars, which form a set of dimensionless
variables that, together with the Hubble scalar H, describe the state of n-fluid FL cosmologies. These
dimensionless scalars also play an important role in relating the models to observations (see section 3.2.2).

Firstly, the density parameters §2;, which describe the dynamical effect of the matter densities, are

defined by
0, — Hi
" 3H?
The fotal density parameter (), which describes the dynamical effect of the total matter content, is defined
by

(3.31)

7
Q=—. .32
3H? (3-32)
It follows from (3.15) and (3.31) that
n
Q=) 0. (3.33)
i=1
Lastly, the dynamical effect of the spatial curvature is described by €2, defined by
GR
O, = ———. 3.34
k I (3.34)
It follows from (3.11) that "
In terms of the parameters €2 and €2, the Friedmann equation (3.21) assumes the simple form
Q40 =1, (3.36)
which may be further expanded in terms of {2; as
n
Z Qi+ =1. (3.37)
i=1
We note that (3.36) implies that 2 determines the spatial curvature as follows:
Q<1 <= openFL, (3.38)
Q=1 <« flatFL, (3.39)

Q>1 <= closed FL. (3.40)
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There is an additional dimensionless variable that plays a fundamental role, namely the deceleration
parameter q, defined by )

i

()

Clearly, if ¢ < 0 then the expansion is accelerating (¢ > 0)and if ¢ > 0 then the expansion is decelerating

q= 3.41)

(¢ < 0). In an n-fluid FL model, ¢ can be expressed in terms of the density parameters by using the
Raychaudhuri equation (3.22) with (3.9) and (3.31). We write

q=73> (37 —2)%. (3.42)
=1

The quantities 2;, 2, €, and q are dimensionless, whereas H has dimensions of (length)~'. Together,
these variables are fundamental quantities in the FL. models and more general models (see, for example,
Wainwright and Ellis (1997), section 5.2 and chapters 12 and 13).

The evolution equations for €2; and €2, can be obtained by differentiating (3.31) and (3.35) and apply-
ing (3.14), (3.23), (3.24) and (3.42). On performing this procedure, we obtain

asy;
dt

o
(2¢ — (37 — 2))4H, and d—t"’ = 29 H. (3.43)

3.1.4 A Compact State Space for n-fluid FL. Cosmologies

The one drawback of using H-normalized variables is that they cannot give a unified description of models
that have both an expanding ( > 0) and a contracting (H < 0) epoch. In particular, when H = 0 the
density parameters (3.31) and (3.34) are undefined (i.e. €); — +o00 as H — 0). In order to circumvent
this difficulty, we introduce a set of variables which are bounded throughout the evolution of the model.

For an n-fluid FL cosmology, with total energy density
n
p=7 >0, (3.44)
i=1

we define the dimensionless matter variables, which describe the relative significance of the different
matter components:
Xi=—, M =>0. (3.45)

Then by (3.44) we have

doxi=1,  0<xi<l, (3.46)
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i.e. the x; are bounded.
Following Wainwright (1996, p124-5), we now introduce a curvature parameter Qsoas to compactify

the state space:

~ H
) = arctan @ . (3.47)
N
It follows that €2 satisfies
™ ~ ™
Q< 3.48
2 << 5 ( )
and that
sign(Q) = sign(H). (3.49)

This variable thus describes the state of expansion of a model. In addition, it describes the spatial curva-
ture, i.e. the deviation from flatness, as a consequence of (3.32) and (3.38)-(3.40). In particular, it follows
from (3.39) and (3.32) that Q= 7 gives the flat FL. models.

We now derive evolution equations for Q and the xi- It is convenient to introduce a quantity ¢ that
plays the role of the deceleration parameter g, but unlike g, is bounded when ' = 0. Motivated by (3.42),

we define

i=73» (3% — 2. (3.50)

n

7

Together, (3.19) and (3.50) imply that q is restricted by

[y

1Bm—2)<G<3(B3n—2). (3.51)
It follows from (3.15), (3.23), (3.45), (3.46) and (3.50) that the total energy density satisfies

d _
dt

The evolution equation for x; then follows from (3.23), (3.45), (3.50) and (3.52) and is given by

—2(G+1)Hp. (3.52)

dxi .
dt

(24 — (3vi — 2)|Hx;. (3.53)

H= \/g tan (), (3.54)

dxi _ fp 1 o .
o \/;cosfl[zq (37 — 2)](sin Q) x;. (3.55)

Upon noting that (3.47) implies

we can rewrite (3.53) as
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The form of (3.55) suggests defining a new time variable 7 by

dat_ \F cos €. (3.56)
dar I

It is essential to note that this change of variable is well-defined, since cos Q > 0 on account of (3.48). In

terms of 7, (3.55) reads
dXi _
dr
In order to obtain the evolution equation for Q we need the evolution equations for 4 and H. First, it
follows from (3.52) and (3.56) that

24 — (37 — 2)](sin ) xi. (3.57)

d ~
di; = —2/3uH (G + 1) cos Q. (3.58)
Secondly, equations (3.24), (3.45), (3.50), (3.54) and (3.56) lead to
H - ~
f; ’ _\/g(tarﬂ A+ ) cos . (3.59)

We differentiate (3.54) with respect to 7 and use (3.58). After simplifying using (3.54), we obtain

% = —§cos 20 cos Q. (3.60)

Equations (3.57) and (3.60) are the desired evolution equations. The state space is the bounded n-
dimensional subset of R”*! described by (Q, X1, ---» Xn) and subject to the restrictions (3.46) and (3.48).
The state space is not compact due to the strict inequality in (3.48) and so we seek to compactify this
space, since then we can apply theorems from the theory of dynamical systems.

In order to compactify the space, we simply observe that the right hand sides of the ODEs (3.57) and
(3.60) are well-defined, in fact analytic, at the points Q = +Z, which form part of the boundary of the
state space. We can thus extend the state space to include the points with Q = +Z thereby compactifying
it. Since

lim =0, (3.61)
Q=5
as follows from (3.54), we interpret the sets Q= +7 as representing FL. cosmologies with y = 0. It

follows from (3.14) that the set Q= +75 represents the Milne universe, given by (3.28).
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State Space Representation of n-Fluid FL. Cosmologies

State Space: (Q, X155 Xn) € R?H
Y xi=1, 0<x<1l, -3<Q<3. (3.62)
i=1
Evolution Equations:
Q . .
d—N = —gcos2{cos, (3.63)
dar
dxi - -
X = 2 (3 - 2) Gin D) (3.64)
with .
i=3%Y (3% —2)x (3.65)
i=1
Comments:

)

i)

iii)

The ODEs (3.63) and (3.64) describe the essential dynamics of n-fluid FL cosmologies in terms of
the dimensionless variables (Q, X1, - - -, Xn) and the dimensionless time 7. Since the state space, as
defined by (3.62) is compact, the solutions of the ODEs are defined for all 7 € R, and as a result
the ODEs define a dynamical system on the state space (see, for example, Wainwright and Ellis
(1997), p87, Corollary 4.1). The evolution of an n-fluid FL. cosmology is thus described by an orbit
of the dynamical system (a solution curve of the ODEs). As a consequence, we are guaranteed the
existence of a past attractor A~ of the ODE:s (i.e. an invariant set to which all orbits, except possibly
a set of measure zero, are past asymptotic to as 7 — —oo) and a future attractor AT (i.e. as a past
attractor, except as 7 — +00). The past attractor describes the asymptotic regime at early times and

the future attractor describes the asymptotic regime at late times.

This description of the evolution of n-fluid FL. cosmologies as a dynamical system on a compact

state space is new. It generalizes the formulation given by Wainwright (1996) for the case n = 2.

The physical state of an n-fluid FL cosmology is determined by the variables (H, u1, ..., in),
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which are related to the dimensionless variables via the total density u, according to

H:ngﬂl [ = [iXi, (3.66)
(see (3.54) and (3.45)). On using (3.66) to eliminate H, (3.58) assumes the form

i _

= = 27+ D(sin Q). (3.67)

Then (3.67) determines y as an integral in terms of Q(7) and ;(7), up to an arbitrary constant.
This freedom implies that each orbit determines a I-parameter family of cosmological models,
whose physical variables are related by a multiplicative constant. Since an n-dimensional dynamical
system has an (n — 1)-parameter family of orbits, it follows that the class of n-fluid FL cosmologies

is labelled by n parameters. We will specify these parameters explicitly in section 3.2.

Clock time ¢ is related to 7 via the ODE (3.56) and can thus be expressed as an integral involving

Q(7) and u(7), the latter determined from (3.67). Clock time will take on values in an interval
i <t< tf, (3.68)

where ¢; is finite or —oo and ¢ is finite or +oo, depending on the model.

The dimensionless variables €2, x; and ¢ are closely related to the Hubble-normalized scalars §2;
and ¢ when H # 0. From (3.32) and (3.47) we have

~ 1
mﬁgzﬁ,—g<9<ﬂ Q#0. (3.69)
Similarly, from (3.31), (3.32) and (3.45) we have
Q;
P = —. 3.70
Xi =g (3.70)
Finally, from (3.42), (3.50) and (3.70) we have

jg=—. 3.71)

Q=
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3.1.5 Invariant Sets and Equilibrium Points in the Compact State Space

Our goal in the rest of this section is to describe the qualitative behaviour of the orbits in the compact state
space, thereby understanding the dynamics of n-fluid FL cosmologies. Since the state space is compact,
it follows that every orbit has a past and future attractor (see, for example, Wainwright and Ellis (1997),
p99-100).

In general the attractors of a dynamical system are complicated invariant sets. But in the present
situation we will show that they are determined by the equilibrium points of the dynamical system (section
3.1.7), which we now present.

The form of the ODEs (3.63) and (3.64) determines three physically important invariant sets, given as

follows:

1) Flat FL set. This set is the n — 1 dimensional subset given by Q= +7 (which corresponds to
Q =1, Q = 0 on account of (3.69) and (3.36)). The orbits in this set describe flat n-fluid FL

cosmologies, expanding if Q= 7 and contracting if Q= -1

2) Milne set. This set is the n — 1 dimensional subset given by Q= +3 (which corresponds to 2 = 0
and ©; = 1 on account of (3.69) and (3.36)). The orbits in this set describe the Milne vacuum

solution.

3) m-fluid sets (1 < m < n). These sets are determined by setting n — m of the ; variables to be
zero, with the m remaining y; variables being non-zero. The orbits in these sets describe m-fluid

FL cosmologies.

The equilibrium points are determined by setting the right hand side of equations (3.63) and (3.64) to
zero. If Q # 0, then (3.64) and (3.65) implies x; = 1, for one value of ¢, x; = 0, for j # 4, and
G =1(3v; —2) #0. Then (3.63) implies cosQ =0 (i.e. Q==%F)orcos2Q=0 (ie. Q==£7). If
Q = 0 then (3.63) implies ¢ = 0, with ¢ given by (3.65). In this way, we obtain the following sets of

equilibrium points:
1) Flat FL points ( FijE ) are given by
Q=+7/4, xi=1, x;=0ifj#i. (3.72)

These equilibrium points lie in the intersection of the flat FL set and the various 1-fluid sets.
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2) Milne points ( Mf ) are given by
Q=+I, Xi =1,x; = 0if j # . (3.73)
These equilibrium points lie in the intersection of the Milne set and the various 1-fluid sets.

3) Einstein static points (E) are given by

Q=0, > Bu-2x-=0, (3.74)
=1

and so constitute an (n — 2)-dimensional set of equilibrium points. These equilibrium points corre-

spond to the n-fluid interpretation of the Einstein static model (3.29) and only exist when ,, < 2/3.

3.1.6 Classification of n-Fluid FL Cosmologies

In this section, we will prove that the n-fluid FL. cosmologies that have an epoch of expansion (i.e. H > 0

in some time interval) form three qualitatively different generic* subclasses, defined as follows:
1) Ever-expanding models satisfy H > 0 for all £.
2) Recollapsing models satisty H (t.) = 0, H > 0 fort < t, and H < 0 for ¢ > t, for some ¢,.

3) Bouncing models satisfy H(t,) =0, H < 0fort < t, and H > 0 for ¢t > t, for some ¢,.

The variables  and § are particularly important in this analysis. We begin with the following propo-

sition on the behaviour of q.

Proposition 3.1.2 In any n-fluid FL cosmology with n > 1, q is strictly decreasing (increasing) in an

epoch of expansion (contraction). Further, if n = 1 then q is constant.

“*Invariant sets of dimension 7.
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Proof: By differentiating (3.50) with respect to 7 and using (3.57), we obtain®

n

= =3 [451”2 =Y (3% -2

=1

S

sin Q. (3.75)

By the Cauchy-Schwarz inequality and (3.46) we have

n 2 n n n
4G% = [Z(i’)% — 2))@'] < [2(3% - 2)2X1;] [Z Xz] = 2(3% - 2)%x4, (3.76)

=1 =1 =1 =1

with equality holding if and only if n = 1. ©
On recalling (3.49), it follows that
dé
sign <d§') = —sign(H), (3.77)

which establishes the result. [J

This proposition leads to a second result, presented here:

Proposition 3.1.3 For any non-static n-fluid FL cosmology, Q)(7.) = 0 is satisfied for at most one T, and
in this situation %(7’*) # 0.

Proof: We first show, by contradiction, that Q(i’*) = 0 is satisfied for at most one 7.. Suppose
Q(ﬁ) =0= Q(ﬁ) and Q # 0 for 7 € (71,72). Without loss of generality, we assume that Q>0
for 7 € (71,72). Then by proposition 3.1.2 it follows that G(72) < ¢(71) since § is strictly decreasing
whenever Q > 0. Further, by (3.60), we have that Q satisfies

Q7)) =—4(71), and () = —G(R), (3.78)

SThis equation is equivalent to (14.15) in Wainwright and Ellis (1997), since § = %(Bw + 1). The proposition is equivalent
toc2 —w > 0,ifn > 1.
Equality holds in (3.76) if and only if there exists ¢ such that

(SV’L_Z)VXZZC Xi, i:1727"'7n7

which is possible if and only if n = 1.
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where the prime (/) denotes differentiation with respect to 7. But Q(7) > 0 for 7 € (1, 7) implies
that Q'(7) > 0 (i.e. G(71) < 0) and V(%) < 0 (i.e. G(72) > 0) and so G(72) > §(71), which is a
contradiction.

Finally, it follows from (3.63) that if Q =0, % = 0 is satisfied only when ¢ = 0, which is disallowed

for non-static models. []
The main result of this section now follows immediately.

Theorem 3.1.1 There are exactly three generic classes of n-fluid FL cosmologies (n > 1) that have an
expanding epoch, namely ever-expanding models, recollapsing models and bouncing models. Bouncing

models occur if and only if v, < %

Proof: Since H = 0 if and only if Q = 0 on account of (3.47), proposition 3.1.3 states that the Hubble
scalar can be zero at most once, and that H changes sign if it becomes zero. Thus models with more
than one expanding epoch are excluded, which implies that the only possible classes are those given. If
Yn > %, it follows from (3.19) and (3.50) that § > %(3% —2) > 0, and hence from (3.63) that bouncing
models are disallowed. [

To the best of the author’s knowledge, the classification theorem is new for n > 2, although it is a well
known result for n = 2, when the matter content is a perfect fluid (vy; > %) and a cosmological constant
(72 = 0) (see Rindler (1977), p234-8).

3.1.7 Asymptotic Behaviour of Solutions

In this section we determine the asymptotic behaviour of the three generic classes of n-fluid FL. cosmolo-
gies identified in the previous section. We will first describe the behaviour of the length scale £(t) as a
function of clock time ¢ in each of the three generic classes of FL cosmologies, and then use these results
to determine the past attractor and future attractor.

Important in this analysis is the set of orbits asymptotic to an Einstein static solution. In the following

proposition, we demonstrate that orbits of this type are non-generic.

Proposition 3.1.4 The set of orbits in the compact state space that are asymptotic to an Einstein static

equilibrium point has dimension n — 1.
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Proof: We can write the evolution equations (3.57) and (3.60) as a dynamical system of the form

dX;
= = F(Xo. X1, X)), =0, (3.79)
=

on R, where Xy = Q and X i = x; (4 = 1,...,n). The physical state space is the hyperplane given
by (3.62), and hence is n dimensional. Consider the Jacobian matrix .J;; = %. Upon evaluating J;; on

the Einstein static set, given by (3.74), we obtain
Joo=0, Joi=-303v%-2), Jio=—-0Cv—-2)xip Jij=0, (3.80)

where 4,5 = 1,...,n and x; g denotes the value of x; at the Einstein equilibrium point. The Jacobian

matrix, when restricted to the physical state space, has two non-zero eigenvalues

n
A =13 (3% —2)% >0, (3.81)
=1

and n — 2 zero eigenvalues.” It follows® that each Einstein static equilibrium point has a 1-dimensional
stable manifold and a 1-dimensional unstable manifold. Thus the set of orbits future asymptotic to the
Einstein static set has dimension exactly one larger than the dimension of the Einstein static manifold, i.e.

dimensionn — 1. OJ

In the next proposition, we establish the behaviour of the length scale ¢ as a function of time 7, for

ever-expanding models.

Proposition 3.1.5 IfQ > 0 forall 7 € Rand Q /4 0as 7 — o0, then

lim 4(7) = —o00, and lim {4(7) = 4o0. (3.82)

T——00 T——+00
Proof: The length scale ¢ defines a time variable T according to

0= toe’. (3.83)

"The zero eigenvalues reflect the fact that the set of Einstein static equilibrium points has dimension n — 2.
8Using the Stable/Unstable Manifold Theorem. See, for example, Perko (1996, p107).
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It follows from (3.9) and (3.83) that

dt 1
— = —. 3.84
dr H ( )
Then, using (3.54), (3.56) and (3.84), and the chain rule, we obtain
d -
YT sinQ. (3.85)
dr
Since Q > 0 forall 7 € R and Q 4 0 as 7 — 400, (3.85) then implies
lim 7(7) = —o00, and lim 7(7)= +4o0. (3.86)

T——00 T—400

This completes the proof, on applying (3.83). U

Proposition 3.1.6 For a recollapsing model, ¢(7) > 0 for all 7, and for a bouncing model, ¢(7) < 0 for

all 7.

Proof: For a recollapsing model, it follows from the definition that there exists 7, so that Q(%*) =0
and that (7) changes sign from positive to negative at 7,, which implies %(ﬁ) < 0 (strict inequality
follows from Proposition 3.1.3). The evolution equation (3.63) now implies ¢(7.) > 0. By Proposition
3.1.2, g has a global minimum at 7, i.e. ¢(7) > ¢(7.) for all 7, which gives the desired result. The proof

for bouncing models is similar. []

We now determine the asymptotic behaviour of clock time ¢ (i.e. as 7 — +00). Let

ti = lim ¢(7), ty = _lim ¢(7), (3.87)

T——00 T—400

where the dependence of ¢ on 7 is determined via equation (3.56). Then ¢; and ¢ are finite or infinite
depending on the type of universe and during the evolution ¢; < ¢ < t. Clock time is related to the length
scale via the Friedmann equation. In particular, for any n-fluid FL. cosmology, we can integrate (3.20) to
obtain’

pil® = 3 (M) 32 (3.88)

°See p46.
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where ); is an integration constant whose inverse can be interpreted as the characteristic length scale of

fluid 7. On substituting (3.88) into the Friedmann equation (3.21), we obtain

AR 3y 42
<ﬁ> = (\ib) ~- K. (3.89)

i=1
Theorem 3.1.2 The following statements are true:

i) For an ever-expanding n-fluid FL model that is not asymptotic to the Einstein static universe, t; is

finite, t; = oo and the length scale satisfies {(t;) = 0 for some t; and { — +00 as t — +oc.
ii) For a recollapsing n-fluid FL model, t; and t are finite, {(t;) = 0 and {(ts) = 0.

iii) For a bouncing n-fluid FL model, t; and t are infinite and ((t) satisfies {(t) — +o0 as t — Fo0.

Proof: Case i) In this case, we will make use of the following elementary results from calculus:

1
(D If f(a) =0(a") asa — 0,and r > —1, then lin%) f(a)da < oo, i.e. the integral converges.
a—

a

a

(ID) If f(a) € O(a"),as a — oo, and r > —1 then lim f(a)da = oo, i.e. the integral diverges.
a—0o0 1
Recall that ever-expanding models satisfy H(7) > 0V 7. Thus by Proposition 3.1.5, solutions which
are not asymptotic to the Einstein static solution satisfy £ — 0 as 7 — —oo and £ — oo as T — o0. Let

1
VI T - K

For an ever-expanding model, this function is defined and continuous (for 0 < a < o0) since H > 0

f0) =

(3.90)

implies that the denominator is strictly positive (see (3.89)). Hence, we can integrate (3.89) to obtain

1
t() =t(1) —/ f(0)ae, for0< ¢ <1. (3.91)
L
Further, the integrand satisfies
3v1—2
ﬂ@:O@fﬁ),mﬁﬁ& (3.92)

Since y; > % it follows from result (I) that there exists some finite time ¢;, defined by ¢; = limy_. £({),
such that £(t;) = 0.
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Similarly, we can integrate (3.89) to obtain

Z ~ ~
H) = t(1) + / F(@)dl, fort > 1. (3.93)
1
Further, the integrand satisfies
fla)=0 (eL’é‘Q) asl — oo (3.94)

Since 7y, > 0 it follows from result (Il) ¢ — oo as £ — oo.

For the following two cases we make use of the fact that § and £ are related by

i _
7 = ~5kd; (3.95)

as follows from (3.22), (3.45) and (3.50).

Caseii) For arecollapsing model, Proposition 3.1.6 implies G(7) > 0 for all 7 € R. Then (3.95) implies
that /() is concave down on its domain and so we can conclude there exists ¢; and ¢ such that £(¢;) = 0
and {(ts) = 0.

Case iii) For a bouncing model, Proposition 3.1.6 implies ¢(7) < 0 for all 7 € R. Then (3.95) implies
that £(t) is concave up on its domain and hence ¢ — oo as 7 — Fo0. Since sign (/) = sign(H), it follows
that ¢ is minimal at 7. If we choose i, = ¢(7«), we have that £(7) > {,;, > 0 for all 7 € R.

We must now show that ¢ does not go to infinity in finite time. Choose ¢y so that H > 0 for £ > ;.
Then f(¢) in (3.90) is defined and continuous for ¢ > 1. We can integrate (3.89) from ¢ = 1 to obtain

(3.93). Since the integrand satisfies
fla)=0 <EL’E_2> . asa — oo, (3.96)

and vy, > 0, it follows from result (II) that (3.93) diverges, and so these models satisfy £ — oo as t — oo.

By symmetry, we have that { — oo as t — —oo. [J

The past and future attractors of the dynamical system on the compact state space can now be deter-

mined using theorem 3.1.2.
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Theorem 3.1.3 The past and future attractors in the state space of n-fluid FL cosmologies with an ex-
panding epoch are
A" =FUF,, and A* = F] UE}, fory, <3, (3.97)

and
A™ =Ff, and AT = FT UM,S fory, > 2, (3.98)
Proof: We begin by obtaining algebraic expressions for y; and Q. From (3.88) we have
pil? = 3 (\l) it (3.99)
Then (3.45), (3.88) and (3.99) lead to
(\i g)—3vz-+2

= 3.100
DSV T (3100
Using (3.47), we write the Friedmann equation (3.25) in the form
~ 3K
1—tan®Q = "—. (3.101)
wl
Then using (3.45) and (3.99) we have
~ K
i 2 e
1 —tan“ Q) Z?:l(Aj€)73’yj+2' (3.102)
To determine the limits of (3.100) and (3.102) as £ — 0, we write
/\1—3%—1—2
= 3.103
- 2 -1 AJ% 2030 -), G109
and, using (3.44), (3.99) and (3.100),
1 —tan® Q = Ky (A 0)*1 2, (3.104)
It follows that
li =1, lim Q=+Z, 3.105
oo Xt Pave st 4 ( )
since y1 —; > 0 and vy, > %
Similarly, by writing
)\_3’771"!‘2
Xn = . (3.106)

n —3’yj+2 3 )
Zj:l )\j £3(rm—;)
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and
1 —tan® Q = Ky, (M) 2, (3.107)
we obtain
s 0, ify,<?2
lim yn=1, lim Q= = (3.108)
=00 =00 +Z, ify, > Zand K = —1.

It now follows from Theorem 3.1.2 and equations (3.72) and (3.73) that orbits describing models in

the three generic classes approach the equilibrium points given in table 3.1, as 7 — —oo and as 7 — 4-00.
O

Comment: Since the orbits describing models in the three generic classes approach the equilibrium
points in table 3.1 as 7 — =00, it follows that the density parameters {2; and €2, approach their values at

the equilibrium points, which we give in table 3.2.
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Model Type T——00 T — 400
Ever-expanding models
Vo < % F Ff
Y>3, K =-1 o M;F
Recollapsing models Ff F
Bouncing models (v, < % only) E F,f

TABLE 3.1: The past and future attractors of generic n-fluid FL cosmologies.

Equilibrium Point Behaviour
FiE Qi —0fori#l, O —1, Qp—0,
Fif Q; —0fori#n, Q,—1, Qp —0,
M* Qi —0fori=1,...,n, O — 1.

)

TABLE 3.2: Asymptotic behaviour of Hubble-normalized quantities in generic n-fluid FL. cosmologies.
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3.2 Parameterization of FL. Models

In this section we introduce the n essential parameters that label the family of n-fluid FL. cosmologies,
namely a conformal parameter A and n — 1 dimensionless mass parameters my, . . . , m,—1, that we shall
refer to as intrinsic parameters. In section 3.2.2, we introduce an equivalent set of parameters, namely the
observational parameters ); o and Hy and show how they determine the intrinsic parameters. Finally, we
show that the evolution equations (3.57) and (3.60) admit n — 1 independent conserved quantities, which
characterize the orbits in the n-dimensional state space. In particular, we will show that the values of the

conserved quantities are determined in terms of the intrinsic parameters.

3.2.1 The Intrinsic Parameters

We now integrate the conservation equation and demonstrate that the constants of integration of this equa-

tion can be used to parameterize n-fluid FL cosmologies. As we have seen previously in (3.88), on
integrating (3.20), one obtains

pil® = 3 (\0) PNt (3.109)

The constants of integration )\; have dimension (length)~! and so each can be thought of as defining a

characteristic length scale for each fluid via )\i_l. When (3.109) is substituted into (3.21), there results a

first order ODE for £(t):
<‘M>2 = Zn: (\0) 72 — K (3.110)
dt e ' '
In order to define a dimensionless length scale and time variable for n-fluid FL cosmologies, one needs
to choose a preferred )\; that will play the role of an overall conformal factor. Typically we will choose A

to be \,,, which is a natural choice if v, = 0. In this case, it follows from (3.109) that
A2 = %A, (3.111)

The dimensionless length L and time 7" are then defined as

L=XM, and T =\t (3.112)
Equation (3.109) suggests defining a set of dimensionless parameters my, . .., m,_1 via'®
\s —3vi+2
m; = <)\> : (3.113)

OFor i = n, this equation states that m,, = 1.
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so that
i = 3\2m; L3, (3.114)

In dimensionless form, the Friedmann equation (3.110) then reads

AN
<dT> => m L™ — K. (3.115)
i=1
For any choice of parameters m; > 0,7 = 1,...,n — 1, along with the conditions
dL
L(0)=0 d —>0 3.116
(0)=0, an a7 > Y ( )

the DE (3.115) has unique solution (as shown in section C.2), given by
L=L(T,my,...,mup_1). (3.117)
It then follows from (3.112) that /() can be written as
) = AL\, ma, .. M), (3.118)
The line element then takes the form
ds* = A\7%(— dT? + L?d¥?), (3.119)

where L is given by (3.117) and d¥? is a metric of constant curvature. '! From (3.9), (3.112) and (3.115)

we obtain
n
H? = )\? (Z m; L3 — KL—2> . (3.120)
i=1
Further, using (3.31), (3.114) and (3.120) the density parameters €); are written as
_ miLfS’yiJrQ
BT AT S @121

In summary, equations (3.114) and (3.118) show that the n-fluid FL. cosmologies form an n-parameter
family, labelled by a conformal factor A and n — 1 mass parameters my, . .., my_1. We will refer to these

parameters as the intrinsic parameters.

"Equations (3.114) and (3.119) illustrate the well-known scale-invariance of Einstein’s field equations: if gij is a solution,

then so is g;; = )\’2gij for any constant )\, with the matter terms scaling appropriately, e.g. ji = \?p.
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3.2.2 The Observational Parameters

In this section we introduce the observational parameters associated with n-fluid FL. cosmologies, based
on the current epoch ty, which represents the age of the universe. We denote the values of H, ¢, {2; and
Q. at tg by

Ho= H(to), qo=q(to), Quo=:(to), ko= %to),

where Hy is the Hubble constant. Then, the set of constants
{t07H07q07QA,079k,0}7 A= 17"'7“7 (3122)

are collectively referred to as the observational parameters (see, for example, Wainwright and Ellis
(1997), p55-8).

In addition, we require the parameter ¢y, which denotes the length scale at the present time, i.e ¢y =
{(tp). This quantity is not an observational parameter, but if & # 0, ¢y can be determined in terms of
observational parameters using (3.35) and (3.36), i.e. via
9 -K -K

Q= = - .
YOHike  HF(1- 3L Qip)

(3.123)

In the case of zero curvature (K = 0), £y can be chosen arbitrarily in order to fix the multiplicative factor
that determines ¢ (also see section 3.1.1).
We now present the observational formulation of the n-fluid FL cosmologies. In this formulation, the

dimensionless length scale and dimensionless time variable are given by

and T = Hyt. (3.124)

a =

%7
From (3.88) we have
i = 3HEQ, 0a” 31 (3.125)

Using (3.124) and (3.125), the Friedmann equation (3.14) assumes the form

da\® &
<d;> = Qioa P 4 Q. (3.126)
=1

We use uniqueness of the solution to (3.126) under some appropriate initial conditions (see section C.2)

to conclude that in an expanding epoch the length scale is given by

= 60 a(H()t, QLQ, cee ;Qn,O)- (3127)
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It follows from (3.9), (3.124) and (3.126) that the Hubble scalar assumes the form'?

n
H? = H? Z Qi 00”3 4+ Qa2 (3.128)
i=1

and further that the density parameters (3.31) and (3.45) assume the form

(X 0a73%‘+2
O, = b 3.129
DY ETUTT AR VNS (3129
and
QO nq=3it+2
104 (3.130)

Xi = Z?:l Qj70a_37j+2 ’
The parameters €2, o, qo, to in (3.122) can be related to the parameters {€2; o, Ho}, as follows: First,

0 is determined in terms of €; o via the Friedmann equation (3.37):
n
Qpo=1- ZQLO. (3.131)
i=1

Second, qo is determined in terms of €2; o via (3.42):

g =3y (3% —2)Qio. (3.132)
i=1

Third, knowing Hj, we can obtain ¢ by integrating (3.126) as

1
1
toHy = / ————da, (3.133)
0 F(CL, Qi,(])
where .
Fly, Qo) =14 Qig(a® " 1), (3.134)

i=1
and 2 o has been eliminated using (3.131). As a consequence, the only independent observational pa-

rameters are the n + 1 quantities defined by

{Qio,Ho}. (3.135)

"2 An expression of this form is given by Peacock (1999), eq. (3.8).
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It is useful to note that the normalized scale factor can be expressed in terms of the redshift z, defined

by
6o 1

=2z (3.136)
J4 a

(see Wainwright and Ellis (1997), eq. (2.41)). One can thus use (3.128) and (3.129) to express H and §2;

in terms of z.

1+ 2

We now present the link between the observational parameters and the intrinsic parameters. On sub-
stituting p; = 3H 2Q); (see (3.31)) into (3.109) at ¢ = ¢(, we obtain

1
N =0y (i oHF )2, (3.137)

3.2.3 Conserved Quantities

We now show that the evolution equations (3.57) and (3.60) admit n — 1 conserved quantities.
From (3.45) and (3.114) we have that

Xi = —m; L~ (3.138)
7]

We now eliminate A% /p and L by taking products of powers of three distinct matter variables (we require
n > 3). Indeed, it follows from (3.138) that

Xivrwc ijk —i erw _ mivrwc m}k—% mzrw_ (3.139)

In the case of K # 0, we also obtain a conserved quantity describing the curvature of a model. We use
(3.9) and (3.47) to rewrite the Friedmann equation (3.14) as

~ 3
1 —tan®Q| = —.. 3.140
1 tan® 0 = (3.140)
Then from (3.138) and (3.140), we have
X?w—QXj—?mHH — tan? QPPOi—) = mfw_2m;3%+2. (3.141)

Since there can be only n — 1 independent conserved quantities, we must fix some of the values of ,
j and k in (3.139) and (3.141) to obtain a minimal independent set. We choose i = 1, £ = n in (3.139)
(with2 <j<m—1)and? = 1and j = nin (3.141) and so define N

Mi(xts - xn) = x0T (3.142)

BObserve that if we choose j = 1 or j = n in (3.142) we simply obtain M; = 1 and M,, = 1.
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and
- 3yn—2 _ (3v1—2) ~
IC(Xl, Xns Q) = Xf(“u*w) n 3(v1—n) (1 _ tan2 Q) (3.143)
Upon recalling that m,, = 1, the conserved quantities are then determined by the intrinsic parameters
mi, ..., My_1 according to
M;(x1,--+, Xn) :m?_%mznfﬂ“, j=2,....,n—1, (3.144)
and
~ 3vn—2
K(x1: Xn, ) = Kmj " . (3.145)

Comment: We have derived these conserved quantities algebraically, and it follows immediately from

(3.144) and (3.145) that
dM; dK
=0 — =0. 3.146
dr ’ dr ( )
It involves a lengthy calculation to verify (3.146) using the ODEs (3.63) and (3.64).

IfK =0 (e Q= 7) then K€ = 0. As described in section 3.2.2, we can use the freedom to rescale

£y to set
Al = An, (3.147)
which implies m; = 1. Then (3.144) gives
M =mj"" T, j=2,...,n—1. (3.148)
The conserved quantities (3.142) and (3.143) can also be expressed in terms of the density parameters,
as follows:
Mi(Q, .., Q) = QP QT j=2,...,n—1, (3.149)
3yn—2 __3m=2
K(Ql, Qs Qk) — _Qf(’Yl*’Yn) 0, 3(v1—n) Q. (3.150)
The conserved quantities are thus related to the observational parameters by
Mj(,..., Q) = QM abnm gl =), (3.151)
and
3vyn—2 _ (3m—2)
K(Q1, Q, Q) = Q7' Q, 5777 Qg (3.152)

upon evaluating (3.149) and (3.150) at ¢ = t3. We note that conserved quantities of this type have been
previously discovered, for example, by Ehlers and Rindler (1989) for RDCA FL universes, and more
generally by Lake (2006) for n-fluid FL universes, using a different method.
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3.3 2-Fluid FL Cosmologies - Qualitative Analysis

We now use the results of sections 3.1 and 3.2 to give a qualitative analysis of the dynamics of 2-fluid FL
cosmologies. The results of this section, in particular figures 3.1-3.3, are contained in Wainwright (1996),

although the use of the conserved quantity K is new.

3.3.1 General Features

The state space is two-dimensional, being described by the variables (€, x1, x2) subject to the restrictions
(3.46). We use (3.46) to eliminate y; via

X1 =1-—x2. (3.153)
The state space is then the rectangle in the «Q, Xx2)-plane given by
—7/2<Q<7w/2, and 0<yy<1. (3.154)

In accordance with theorem 3.1.1, there are two qualitatively different classes of 2-fluid FL cos-
mologies, depending on whether v > % or 7o < % (recall that v, and 72 are assumed to satisfy
0 <y <v <2). We will discuss these two classes in sections 3.3.2 and 3.3.3 using the two most

important examples from a physical point of view:'*

i) Universes with radiation and dust (RDC'-universes, y; = %, Yo = 1),

ii) Universes with dust and cosmological constant (DC A-universes, 71 = 1, y2 = 0).

An important difference between these two cases is that if yo < % the Einstein static universe, repre-
sented by an equilibrium point E, is included in the family of models. The point E is given by
31 —2

—L ~ . 0=0, K=-+1, (3.155)
3(7 — 72)

X2,E =

(see equation (3.74)). A second related difference is the behaviour of the compact deceleration parameter g

as given by (3.65). If v» > % then q is positive on the state space (3.62) and all models are decelerating. If

4Other choices are qualitatively similar

"The restriction 72 < 2 ensures that X2,z < 1, as required.
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Yo < % then ¢ is negative on a subset of the state space. Figure 3.2 shows that the orbits of ever-expanding
models eventually enter this subset, and as a result the models are accelerating at late times.

The portraits of the orbits are drawn by first sketching the various invariant sets and equilibrium points,
as given in section 3.1.5, in particular the boundary of the state space (3.154) and the flat FL invariant set
Q= +7. In the case 72 < %, the orbits that are past and future asymptotic to the Einstein static point
FE should be drawn. At this stage, the orbits that have been drawn represent exceptional models and form
a “skeleton” for the state space. The orbits of typical models can now be drawn by noting the past and
future attractors as given in theorem 3.1.3. In drawing the portraits it is helpful to note that the evolution

equations (3.63) and (3.64) are invariant under the interchange
(Q,7) = (=, —-7), (3.156)

i.e.  changing the sign of Q reverses the direction of time. In particular, the invariant set
-5 < 0< —7 represents cosmologies that evolve in the same way as those with 7 < Q < T, with the
difference that the direction of time is reversed. These models are contracting throughout their evolution
(Q < 0 implies H < 0) and hence are not potential models of the real universe.

In practice the state space can be sketched numerically'® using the conserved quantity K that is defined
by (3.143) for the family of 2-fluid cosmologies. On substituting (3.153) into (3.155) and choosing n = 2,

we obtain
~ 3yp—2  _ B3m—2 -
K€, x2) = (1 — x2) 1772 x, "7 (1 — tan® Q). (3.157)
The orbits are given by
K (€2, x2) = constant. (3.158)
The value of I at E is denoted K g and is given by
379 —2 _ (83m1-2)
’CE = (1 — X27E)3(71*72) (XQ,E) 3(v1—72) | (3159)
It follows that the equation
K(Q,x2) =Kg (3.160)

describes the orbits that are past and future asymptotic to E, i.e. it describes the stable and unstable
manifolds of F.

The value of K determines whether a model is ever-expanding or not, as shown in the following table.

!SFor example, using the plots [implicitplot] command in Maple.
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Restriction on K

2
Case v2 > 5

—0 < K<0
0< K<+

2
Case 2 < 5

—00 < K< Kg
Kg <K < 4+

Qualitative Behaviour

Ever-expanding

Recollapsing

Ever-expanding

Recollapsing or bouncing

Further, the sign of K determines whether the model is open, flat or closed. We note that all generic classes

of FL. models are covered by the given values of K.

In the case v > % the critical value of /C is /C.r;y = 0, indicating that the flat FL. models play an

exceptional role as regards to future evolution. In the case vo < %, Kerie = Kp and the exceptional

models are those that are past or future asymptotic to the Einstein static universe. This distinction is

clearly indicated by comparing figure 3.1 (R DC-universes) with figure 3.2 (DC A-universes).

We note that the conserved quantity /C can also be expressed in terms of the density parameters. It

follows from (3.150) with n = 2 that

K(Q,Q9,9) = —Q01772q 50172 )

with

Qp=1-0 — Q.

3v9—2

(3v1—2)

(3.161)

(3.162)

3.3.2 FL Cosmologies with Radiation and Dust (R DC'-universes)

We now consider 2-fluid FL. cosmologies containing radiation (y; = %) and dust (72 = 1). The portrait of

the orbits, shown in figure 3.1 is drawn as described in the previous subsection.

For the RDC'-universes, the expression (3.157) for the conserved quantity X becomes

K= X—;(l — tan? Q).

Xd

(3.163)

Equivalently, the expression (3.161) gives K in terms of the density parameters as

K=—

0,0,
%

(3.164)
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Contracting Expanding
H<0 X H>0
- - i + +
Ma Fad i Fa Ma
* . 9

Closed FL
K =+1

Open FL
K=-1

FIGURE 3.1: The (Q, x2) state space for 2-fluid FL. cosmologies containing radiation (y; = %) and dust
(72 = 1), showing regions of expansion (H > 0, i.e. Q> 0) and regions of contraction (H < 0, i.e.
Q < 0).

The value of X is infinite or zero on the skeleton of the state space:

K =+o00 ifxd:Oand\Q]<§,
K=0 if yg=1or|Q =1,
K=-c0 iff)z:l:g,orxclzoand\§~2|>

A~

Note that K is indeterminate at the past attractor A~ = F. (xq = 0, Q= 7 and at the future attractor
AT = F- UMY (xqg =0, Q= Toxa =1, Q) = Z). This indeterminacy arises since infinitely man
r d X 1> X 2 y y y
orbits meet at A~ and A™.

Discussion: Typical models differ qualitatively depending on the value of }C, which determines where
the orbit lies in the state space. Firstly, for ever-expanding models if the orbit passes close to M,", the

dust component will never be significant dynamically (i.e. 25 < 1) and this will correspond to KC being
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large and negative. On the other hand if the orbit passes close to Fj then 2, will attain a maximum value
close to 1, corresponding to K being negative and close to zero. Secondly, recollapsing models differ
quantitatively by how close the orbit comes to Fdi, i.e. by the maximum value of x4, which in turn will

depend on K. One can determine the dependence on X explicitly, as follows:

i) For ever-expanding models, we obtain

1

Q = IC < 0. 3.165
d‘max 1+2m ( )

ii) For recollapsing models an expression for X;|min and Xq|maes can be obtained by setting Q=0in

(3.163) and solving the resulting second degree polynomial. We obtain
2

Xd|max - m7 Xr‘min =1- Xd’mam ’ K> 0. (3.160)

3.3.3 FL Cosmologies with Dust and Cosmological Constant

We now consider 2-fluid FL cosmologies containing radiation (y; = %) and dust (2 = 1). The portrait of
the orbits, shown in figure 3.2 is drawn as described in section 3.3.1.

For the DC'A-universes, the expression (3.157) for the conserved quantity X becomes

K(Q,xa) = XC;2/3XX1/3(1 — tan? Q). (3.167)

Equivalently, the expression (3.161) gives K in terms of the density parameters as
K =—-0,2P0 . (3.168)
The critical value of x4, i.e. the value of X at the Einstein static equilibrium point, is given by (3.155) as
XAE = 3. (3.169)

It then follows from (3.159) that the critical value of I is

Ke= (&) (3.170)

The value of C is infinite or zero on the skeleton of the state space:
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K = 400 if]Q\<%andXA:00r1,
K=0  ifQ==+T,
K=-o00 ifflzi%or[ﬁ|>%andx/\:00r1.

Note that /C is indeterminate at the past attractor A~ = Fj (xa = 0, Q = ) and at the future
attractor AT = deSTUF; (xa =1, Q= Tixa =0, Q= -.

Contracting Expanding
H<0 xn H>0
- _ : +
Ma deS i dest Ma
Accelerating
q<0
Decelerating
q>0
.......... o)

FIGURE 3.2: The (£, x2) state space for 2-fluid FL cosmologies containing dust (y; = 1) and cosmolog-
ical constant (72 = 0), showing regions of expansion (H > 0, i.e. Q> 0), regions of contraction (H < 0,
ie. Q< 0), regions of acceleration (¢ < 0) and regions of deceleration (¢ > 0) in relation to the Einstein

static solution F, which satisfies H = 0 and ¢ = 0.
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X2
Mr des” des’ M
6a
£ DIN©,
"\ 60
__________ Q1.
M = : Ft M

2

E de:l/ V !

FIGURE 3.3: The (€2, x) representation of the state space for the FL models with matter, a cosmological
constant and spatial curvature. The thumbnail plots depict the length scale ¢(¢) of FL models correspond-
ing to orbits in each region of the state space and to each equilibrium point. Cases (1), (2) and (3) represent
the three generic families of FL. models, i.e. their orbits fill an open subset of the state space (2-parameter
families). They represent, respectively, ever-expanding models, recollapsing models and bouncing mod-
els. On the other hand, cases (4), (5), (6a) and (6b) correspond to a single orbit in the state space (a
1-parameter family), while the cases in the third row represent the unique solutions corresponding to the

equilibrium points.
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Discussion: Firstly, ever-expanding models differ qualitatively depending on the magnitude and the sign
of the curvature scalar 2. If the orbit stays close to flat FL. (Q = ), the curvature will never be significant
dynamically (i.e. €2, < 1) and this will correspond to K being close to zero. Secondly, recollapsing
models (and bouncing models) differ qualitatively by how close the orbit comes to the Einstein static
model, i.e. by the maximal (or minimal) value of xA. Since xp < xa,g in recollapsing models (see
(3.155)), the cosmological constant will never be the dominant fluid. Similarly, since xA > xa,g in
bouncing models, there will be no dust dominant epoch, i.e. x4 =~ 1. One can determine the dependence

on /C explicitly, as follows:

1) For ever-expanding models, we obtain

K]
Q = —— . 3.171
| k|maa: ICE_IC’ K<Kg ( )

ii) For recollapsing and bouncing models, an expression for XA |maz and X |min can be obtained by

setting Q = 01in (3.167) and solving the resulting third degree polynomial.

3.4 3-Fluid FL Cosmologies - Qualitative Analysis

We now use the results of sections 3.1-3.3 to give a qualitative analysis of the dynamics of 3-fluid FL
cosmologies in which the matter content is radiation, dust and a cosmological constant (A > 0) (labelling
the x; as X, xq and x ). The analysis given in this section is new.

3.4.1 General Features

The state space is three-dimensional, being described by the variables «, Xr» Xd» XA) subject to the

restriction (3.46). We use (3.46) to eliminate Y, via
Xr=1—=Xa—xa- (3.172)
The physical state space is then a solid triangular prism in R3 given by
P s
—5 ==, 0=xexa=l,  xatxasl (3.173)

We can construct a “skeleton” for the state space using various invariant subsets, as shown in figure

3.4. The choice of x; = 0 for any one fluid gives a 2-fluid FL. cosmology, identified as follows:
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xa =0 RDC-universes,
xd =0 RCA-universes,
Xr =0 DCA-universes.

Further, the orbits in the planes Q= +7 represent the flat 3-fluid universes.

The Einstein static universe is represented by a line segment of equilibrium points denoted E, F,
which is the intersection of the planes Q = 0 and § = 0. The stable manifold St of the set of Einstein
static points is a surface through the line segment E,. F/; terminating at deS~ when xx = 1 and at the line

segment F/ F j when yp = 0. This surface can be described by an equation of the form

Q= f(Xa>xnr)s (3.174)

with yg and y restricted as in (3.173). Because of the symmetry (Q, T) — (—Q, —7) (see (3.156)), the
unstable manifold S~ is the surface
Q= —f(xa» xa)- (3.175)

We know from theorem 3.1.1 that there are three generic classes of RDC A FL universes. Their orbits

are contained in invariant subsets bounded by the surfaces S¥, as follows:

Ever-expanding universes € > | f(xa, xa)| (the subset to the right of ST and S~),
Recollapsing universes (the subset between St and S~ and below the plane ¢ = 0),

Bouncing universes (the subset between ST and S~ and above the plane § = 0).

The planes Q=0and g = 0, although not invariant sets, play an important role in describing the
dynamics. The plane Q = 0 divides the state space into a region of expansion (Q > 0)and a region of

contraction (Q < 0). The variable ¢ is given by (3.65) which here specializes to
= Xr+3Xd— XA- (3.176)
On using (3.172) to eliminate x,, we find that ¢ = 0 on the plane
Xd +4xa = 2. (3.177)

Equation (3.177) then divides the state space into a region of acceleration (¢ < 0) and a region of deceler-

ation (¢ > 0) as follows:




3.4. 3-Fluid FL Cosmologies - Qualitative Analysis 58

Region of acceleration y > i(2 — Xd)s

Region of deceleration xz < (2 — Xq)-

It follows from the general discussion in section 3.2.3 that there are two conserved quantities for the
RDCA FL universes, defined by

3 1/3 2 Q)

1 — tan“ 2

M = <XT§A> 5 and K = (81)11/2 (3178)
Xd XrXA

Using (3.172) we can eliminate ., from these equations and hence obtain M and K in terms of Q, X4 and
xA- The values of M and K at the Einstein static equilibrium points F are denoted Mg and K and are
obtained on substituting (3.177) into (3.178). We have

1/3
(3xa — 1)*xa
= |22 2 A2 0< 3.179
Kp = [(3xa — Dxal 2, 2 < Kp < oo, (3.180)
The orbits of typical models are described by the equations
KC(€2, xa, xa) = constant, and M (xg, xa) = constant, (3.181)

i.e. the orbits are the intersections of these two families of surfaces in the state space. As a special case

the flat universes satisfy L = 0 (i.e. Q= 1) and then the equation
M(Q,Xd,XA) = constant (3.182)

describes the orbits in the invariant set = 7 and can be used to numerically sketch them, as in figure
3.5.

Discussion: Knowing the past attractor A~ = F." and the future attractor AT = F,~ U deS™ one can
visualize the orbits of typical universes. For example, the orbits of ever-expanding models join F to
deS™. The models will differ qualitatively depending on whether they come close to Fd+ (g = 1lin
a neighbourhood of Fj) and whether they come close to the Milne set (Q = %) or to the surfaces ST,
in which case there will be an epoch in which spatial curvature is dominant (i.e. || ~ 1). One can
determine the points in state space at which || and y, attain a maximum value, as follows. If K # 0, it

follows from (3.36) and (3.69) that Q and || are simultaneously extremal. Since in an ever-expanding
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model € is extremal when § = 0, we conclude that |2%| is extremal on the plane given by (3.177). The
matter variable x4 will attain a maximum when x/; = 0, which implies ¢ = %, as follows from (3.64) and
(3.65). After substituting (3.172) to eliminate the x, term in (3.176), we conclude that x4 will attain a
maximum on the plane

Xd +4xa = 1. (3.183)

One can then determine the dependence of 4|maz on M explicitly from (3.172), (3.178) and (3.183), as

follows:
33/4

TN et (3.184)

Xd|ma;t —

3.4.2 A Model of the Physical Universe

In this section we discuss the RDCA FL universes as viable models for the large scale dynamical be-
haviour of the physical universe. Current observations of distant galaxies, type I, supernovae and the

cosmic microwave background radiation support the following conclusions:

i) The universe is expanding in the present epoch (Hy > 0).
ii) The universe is accelerating in the present epoch (gg < 0).
iii) The early universe was radiation-dominated (hot big-bang).

iv) Pressure-free matter (baryonic matter and dark matter) is dynamically significant in the present

epoch.

v) The spatial geometry is close to flatness in the present epoch.

These conclusions suggest modelling the physical universe as an RDCA FL cosmology, with obser-
vational parameters
o, Qapo, Qwo, a0, g, Ho, and to. (3.185)

Equations (3.131)-(3.133) limit the number of independent quantities in this set to four, as expected for
an RDC'A model. Values for these parameters have been determined using observations, such as high
redshift galaxy surveys (for example, by 2dF and SDSS; see Spergel et al. (2006) for detailed references)

and analyses of the power spectrum of the cosmic microwave background (for example, by WMAP). We
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Contracting Expanding
H<O0 Xn H>0

Mn deS”

_In
Mr T
[ L 4 L 4 o
Open FL T Closed FL T Open FL
K=-1 K =+1 K=-1
Flat FL Flat FL
K=0 K=0

FIGURE 3.4: The skeleton of the state space for RDC'A cosmologies, using Q, x4 and xa as variables,
with x, =1 — xg — XA-

Xa+4Xr=1 (9=0)

FIGURE 3.5: The invariant set {) = 7 in the state space for the RDC A universes, describing the expand-
ing flat FL models.
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refer the reader to Spergel et al. (2006) and Tegmark et al. (2004) for an analysis of recent observational

data, leading to the following values:

Hy = 71.0+4.0km s ! Mpc?, (3.186)
Qo = (49+0.5)x 1077, (3.187)
Qa0 = 0.2740.03, (3.188)
Qa0 = 0.7340.04, (3.189)
Qro = —0.010=£0.014. (3.190)

)

Using the observational values (3.186)-(3.190), one can apply (3.63)-(3.65) and (3.69)-(3.71) to nu-
merically obtain the past and future behaviour of all matter quantities ; and the curvature indicator 2. We
present the results of one such numerical simulation in figure 3.6, along with computed epochs of note.

The conserved quantities in the RDC'A universe, as given by (3.178), can be expressed in terms of the

density parameters as

1
QB Op\3
M:( L ) , (3.191)
Q
and
1 1
K=, 2Q,*Q, (3.192)

(see (3.149) and (3.150)). Then using (3.187)-(3.190), we obtain
M = (2.63 £0.07) x 1073, (3.193)

and
K=-1.72+1.91. (3.194)

The values of these conserved quantities, which were fixed at the end of the inflationary epoch, determine
a small subset of RDCA universes that can potentially describe the real universe. The value of M
ensures the occurrence of a matter-dominated epoch that is sufficiently long, but not too long (see equation

(3.184)). The value of IC ensures that {2, is close to 0 in the past and also into the future.
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FIGURE 3.6: Past and future evolution of the RDC'A model of the physical universe, depicting the matter

variables (top), Hubble-normalized energy density (bottom) and epochs of primary interest.
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3.5 Explicit FL. Cosmologies

In this section we give a unified description of the known solutions of the Friedmann DE that can be
expressed in terms of elementary functions, for 1-fluid and 2-fluid FL. cosmologies. In these cases, the
Friedmann DE can be transformed to the form
2
<3§,) =Q(L,m, K), (3.195)
where () is a quadratic function in L, m is a dimensionless mass parameter and K is the curvature
indicator. Here £ is a function of the length scale factor ¢ and the variable 7 is either proportional to
conformal time 7 (in the case A = 0) or proportional to clock time ¢ (in the case A > 0).
Recall that the n-fluid Friedmann equation can be written as a DE of the form (3.110), reproduced
here for convenience: N2 .
<dt> => ()oK (3.196)
i=1
We are primarily interested in expanding models, which begin at a big-bang singularity, i.e. the length
scale satisfies /(t5) = 0 at some time ¢, and % > 0 in some interval. Since the DE (3.196) is autonomous,
it is invariant under the change ¢ — ¢ + C. We will use this freedom to set t; = 0, thereby fixing the
constant of integration that arises in solving (3.196). We will thus solve (3.196) subject to the requirement
?Tf > 0 and the initial condition

£(0) = 0. (3.197)
Using conformal time (D.1), equation (3.196) becomes a first order ODE for ¢(7):

1 <Cw>2 = f:(w)—?’%? - K (3.198)
2 ? . .
2 \ dn —

The solution £(n) can in principle be expressed in terms of clock time ¢ using the equation (D.1). As with

(3.196), when solving (3.198) for ¢(n), we will impose the requirement % > 0 and the initial condition
£(0) = 0. (3.199)

In the following sections we consider five classes of models in which either (3.196) or (3.198) can
be transformed into (3.195). The solution of (3.195) subject to the requirement %— > 0 and the initial
condition £(0) = 0 is given in Appendix C. In each case, we give the solution for £(¢) or £(n) and note
that the corresponding expressions for the energy densities and pressure are given by equation (3.15),

(3.17) and (3.114).
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3.5.1 Single Fluid FL. Cosmologies

In this case we consider solutions to the Friedmann equation with n = 1, % <~y < 2 and arbitrary curva-

ture. We choose the conformal factor to be A = A;. The Friedmann DE (3.198) assumes the form

1 [ de\? ~
z (dn> = (M) K. (3.200)

We perform the change of variable

c=00v8,  1="1 (3.201)
B
with 5
= 3.202
8 3y —2’ ( )
S0 as to obtain )
dL
—) =1-K[2 2
< 7 T) L (3.203)
Then from (C.3) and (C.4), the solution is
L= Sk(T), (3.204)
where
sinh(7), open FL (K = —1),
Sk(T) = T, flat FL (K = 0), (3.205)
sin(7), closed FL (K = +1).
Thus,

() = A7 [SK (g)r. (3.206)

Using (3.114), the energy density is given by
w=3\L737, L =M. (3.207)

This solution, for arbitrary -y, was first given by Harrison (1967) (see equations (152), (18) and (32)
in Harrison (1967), for open, flat and closed models, respectively). Specific cases were discovered earlier,
however. Friedmann (1922) gave this solution in the case of dust and positive curvature (i.e. v = 1 and
K = +1) and Tolman (1931) gave this solution in the case of radiation and positive curvature (i.e. ¥ = %

and K = +1).
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These solutions describe two qualitatively different classes of models: ever-expanding models if K =
—1 or 0, and recollapsing models if K = +1. In this case, it follows from (3.205) and (3.206) that

recollapse (i.e. £ — 0 asn — ny) will occur at

ny = pBr. (3.208)

For flat FL (K = 0) we can obtain ¢ = £(t) explicitly by integrating (3.196) with n = 1 and K = 0.

The result is 5
3 3y
o) = At (;M) i (3.209)

The parameter ) is not essential, since by rescaling ¢ it can be assigned any value. Equation (3.209) thus

represents the unique flat FL universe with a single fluid.!”

In the case of radiation (v = %, (8 = 1) one can integrate (D.1) to obtain,

A !(coshn—1), openFL (K = —1),

= (3.210)
A7H1 — cosn), closed FL (K = +1).

Substituting back into (3.204) and rearranging yields

1/2

0t) = A7t 20t — K(At)?] (3.211)

We note that the second term here represents the contribution to the solution from spatial curvature, i.e.
the drift from flat FL. If K = —1, the limit A — oo, gives the Milne solution (given in section 3.1.2,
equation (3.28)).

In the case of dust (y = 1, § = 2) one can integrate (D.1) in closed form, but cannot invert the

expression in terms of elementary functions. In this case ¢ and 7 are related by

$A7l(sinhn —n),  openFL (K = —1),

t= (3.212)
A~Y(n —sinn), closed FL (K = +1).

o[

"That (3.209) does define a unique solution is confirmed by the fact that the physical quantities H and z do not depend on \,

being given by
2 -1 4 —92
H=_—t d =t
3y » an H 372 ’

on using (3.9), (3.32) and the fact that 2 = 1.
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3.5.2 FL Vacuum Cosmologies

In this case we solve the Friedmann equation where the only fluid component is a cosmological constant,

i.,e. n =1,y = 0. We choose the conformal factor to be A = A1, which leads to

A =/3A, (3.213)

(see equation (3.111)). The Friedmann equation (3.196) in this case is

AN
(dt> = (\)? - K. (3.214)
We perform the change of variable
L=MN, T =M\t (3.215)
S0 as to obtain )
d
(;) =L K. (3.216)

This DE can only be solved subject to £(0) = 0 and % > 0 in the case of open FL, with the solution
given by (C.3). For the case of non-negative curvature, we instead require that £(0) = 1 and that £ is

increasing for all 7 > 0. Tt follows that (3.216) has a unique solution in each case, leading to
A~ 1sinh(\t), open FL (K = —1),
0t) =< X lexp(At), flat FL (K = 0), (3.217)
A~ Lcosh (M), closed FL (K = +1),

where ) is given by (3.213). The energy density is constant and given by
p=3)\=A. (3.218)

These solutions were first given by Robertson (1933), de Sitter (1917) and Lanczos (1922) in the case
of negative, zero and positive curvature, respectively. They correspond to the orbits M+ — deS™ for
K = —1,deS™ for K = 0 and deS~ — deS™ for K = +1, along the 1-fluid cosmological constant
manifold in figure 3.3. In the case of flat FL, (3.217) gives the de Sitter solution, described in section
section 3.1.2, equation (3.27).
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Often, in the case of the de Sitter solution, it is preferrable to use conformal time instead of clock time.

In particular, when K = 0 this choice of time variable is defined on an interval (—oo, n¢) (see Appendix
D). Upon defining

n=mng—n, (3.219)

the length scale (3.217) for a flat background is simply

o(n) = —. (3.220)

3.5.3 Flat FL with a Single Fluid and A

In this case we solve the Friedmann equation with n = 2, 1 = ~y arbitrary, 72 = 0 and zero curvature (i.e.
K = 0). We choose the conformal factor to be A = A9, which leads to (3.213). As described in section

3.2.2, we can use the freedom to scale £ to set Ay = A. The Friedmann equation (3.196) then takes the

form
dr\? —3y+2 2
) = (N7 4+ (M)“. (3.221)
We apply the change of variable
L=\,  T=3yx (3.222)
so as to write (3.196) as
dac 2—1+£2 (3.223)
ar ) ' )
Then using (C.3), we obtain
L =sinh 7T, (3.224)
and so )
3 3y
ot) = A1 [sinh <;)\t>] " (3.225)

Using (3.114), the energy density is given by
p=pup+pa = 3NTLT A, L =M. (3.226)

These solutions were first given by Harrison (1967) in equation (23). They represent ever-expanding

models and correspond to the orbit '™ — deS™ along the K = 0 invariant set, as in figure 3.3.
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3.5.4 FL Cosmologies with Radiation and Dust (2 DC'-Universes)

In this case we solve the Friedmann equation with n = 2, v; = % and y5 = 1. We choose A = )\, as the

conformal parameter. Then, by (3.113), the single mass parameter is given by

A\ 2
m=m, = () ) (3.227)
A
The Friedmann equation (3.198) assumes the form
1 [/ deN? ) .
=1 = - - K. 22
5 ( dn) m(A) "2 + (ML) (3.228)
We apply the change of variable .
= T = 22
L \/m()\é), n, (3.229)
which gives
ac\’® 1
) =14+ —L—- K[> 2
< d’]') + \/ﬁﬁ L (3.230)
Using (C.3) and (C.4), the solution is
1
L=Sk(T)+ ﬁSK(%T)Q, (3.231)
and so
(n) = A" (VmSk(n) + Sk (31)%) , (3.232)

where Sk is given by (3.205). Using (3.114), the energy density is given by
= pr + pg = 3NmL £ 3N2L73, L=\ (3.233)

In this case, one can integrate (D.1) so as to obtain an expression for the clock time ¢ = ¢(7), but cannot

invert this expression to obtain ¢ = /(t):
A (v/m(coshn — 1) 4+ 3(sinhn — 1)), open (K = —1),
t=< A (Svmn?+ 57%) . flat (K =0), (3.234)

A7 (Vm(1 = cosn) + (n —sinn)) , closed (K = +1).

The solution (3.232) contains the one-fluid dust and radiation solutions given in (3.206) as special cases.

One can see this by writing (3.232) in terms of parameters A\, = A1 and Ay = Ag,

() = A1k (n) + A7 Sk (3m)7, (3.235)
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and letting \,, — 0o or Ay — o0.

These solutions were first given'® by Chernin (1966). They describe all orbits in the state space for
RDC-universes with > 0 in some epoch (see figure 3.1) and hence describe two qualitatively different
classes of models: ever-expanding models if K = —1 (the orbits F1+ — M™) or K = 0 (the orbit
Ff“ — F2+ ) and recollapsing models if K = +1 (the orbits Ffr — F7). The dimensionless parameter
m determines key physical properties of the models. First, it determines the epoch of matter-radiation
equality (i, = pq) according to

Leq =m, (3.236)

as follows from (3.233). Second, for recollapsing models, m determines the time of recollapse, according

to
ns = 2(w — arctan(2y/m)), (3.237)

as follows from (3.232).

3.5.5 FL Cosmologies with Radiation and A (RC'A-Universes)

In this case we solve the Friedmann equation with n = 2, y; = %, v2 = 0 and arbitrary curvature. We
choose the conformal factor to be A = Ay so that (3.213) holds. Then, by (3.113), the single mass

parameter is given by

A\
m—m = (L) . (3.238)
A
The Friedmann equation (3.196) then takes the form
dey? -2 2
o) = m(A)"" + (M)” — K. (3.239)

Upon making a change of variable according to
1

L=m

(M2, T =2\, (3.240)

we obtain

2
1
(Zﬁ) =1- ﬁKﬁ + L2 (3.241)

"8Harrison reports that in the case K = +1 this solution was given by Lemaitre (1927), but we have not verified this reference.
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Using (C.3), the solution is

1
£ =sinh7 — ﬁ[( sinh?(17), (3.242)
and so
0(t) = A1 [/msinh(2xt) — K sinh?(At)]"/” . (3.243)
Using (3.114), the energy density is given by
W= pir + pa = 3NEmL™ + A, L =M. (3.244)

The solution (3.243) contains the C'A vacuum solutions given in (3.217) and the one-fluid radiation solu-
tion given in (3.211) as special cases. One can see this by writing (3.243) in terms of parameters A, = \;
and Ay = g,
11 9 . 192 1/2
£(n) = [N\ Ay ! sinh(2Aa8) — KA sinh?(A\z0)] 77, (3.245)

and letting A\, — oo or Ay — 0. Also, in the case of zero curvature (K = 0), (3.243) reduces to (3.225)
with v = 3.

This solution was first given by Harrison (1967) (see equations (59) and (38), for the case of negative
(K = —1) and positive (K = +1) curvature, respectively). It describes all orbits in the state space
for RC A-universes with H > 0 in some epoch (see figure 3.2) and an initial singularity. Hence, this
solution describes both ever-expanding models and recollapsing models. The parameter m determines
key physical properties of the models. First, it determines the epoch of radiation-cosmological constant
equality (i, = pa) according to

1

Leg = mA, (3.246)

as follows from (3.213) and (3.244). Second, for recollapsing models, m determines the time of recollapse
according to
tp = A arctanh(2y/m). (3.247)

This result follows upon rewriting (3.243) using standard hyperbolic identities as

0(t) = A" [Lsinh(2Mt) (2/m — K tanh(At))] /7. (3.248)
We note that at the critical value of m, denoted m* and given by m* = %, the solution (3.243)
simplifies to
1
0) = AT [A(1 — exp(—2A1))] 2. (3.249)

This solution is future asymptotic to the Einstein static solution and corresponds to the orbit '+ — E in
figure 3.2.
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3.5.6 Explicit Solutions in Terms of Observational Parameters

In sections 3.5.1-3.5.5, we have presented the explicit solutions using intrinsic parameters, namely, a
conformal factor ), the curvature indicator K and, for the 2-fluid solutions with non-zero curvature, a
dimensionless mass parameter m, which describes the relative significance of the two fluids.

In order to link with observations it is desirable to write the solutions in terms of the observational
parameters. In order to do so we need to use the formula that relates the intrinsic parameters \; to the
observational parameters, derived in section 3.2.2. In the case of K # 0, we can use equations (3.123)
and (3.137) to write

2
A2 :eg( 0 ) A (3.250)
Q%0

One can think of (3.250) as relating )\;1, the length scale determined by the it" fluid, to £, the length scale

determined by the spatial curvature. In particular, we will need the following special cases of (3.250):

_ Q, _

A, 2 = f% <\Qk(())!> , Radiation (v, = %), (3.251)
—92 2 Qd,O 2

AT =45 ol ) Dust (74 = 1), (3.252)

Note that the Friedmann equation (3.36), evaluated at ¢( gives
Qg0 =1— o, (3.253)

where () is the total density parameter evaluated at ¢o. In the case of a cosmological constant (i.e. v = 0),
we can obtain an expression for Ay directly from (3.137), as follows:
1 3

_ (va = 0). (3.254)

M=
AT QaoHE A

In the case of K = 0 and n > 1, we use the freedom to scale ¢ in order to set A; equal to A,. Then, as
aresult of (3.137), the length scale ¢, is determined explicitly in terms of €2; o and Hy according to
(€oHo)®01 =) = 20, 6172, (3.255)

The intrinsic parameters \; are then obtained via (3.137).
There is no work to be done in writing the densities in observational form, since they are given in

general by equation (3.125), which we repeat for convenience:

i = 3H3Q, 00>, (3.256)
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where a = ¢/{.
In order to illustrate this process we give the length scale function for the RDC'-universes in terms of

the observational parameters. We first rewrite /() in (3.232) in terms of A, and Ay:
0(n) = A Sk (n) + Ay Sk (3m)*. (3.257)

Then (3.251) and (3.252) immediately give

Qr 0 1/2 Qcl 0 1,\2
_— S —— | Sk(s 3.258
(g ) swln+ (ts ) sth?|. (3.258)
where g = €2, 0 + Q4. Then Q. = 0 gives the DC-universe and {139 = 0 gives the RC-universe.
Peacock (1999) refers to the terms

0t) = by

_Sao g S

21— Qo 2[1 = Qo
as the “dimensionless masses” (p79), when discussing RDC-universes. Note that these quantities are
closely related to those given in (3.251) and (3.252), upon applying (3.253). These quantities also appear
in the DC- and RC-universes as given by Coles and Lucchin (1995) (see p39, eq (2.4.2) for dust in terms
of 17 and p41, eq (2.5.2) for radiation in terms of t).

3.6 Discussion

We summarize the principal features of the dynamics of n-fluid FL universes.

i) n-fluid FL universes have at most one epoch of expansion (H > 0) and at most one epoch of
acceleration (¢ < 0, or equivalently, w < —%). These results depend crucially on the assumption
that the fluids are non-interacting. We refer to Tolman (1934), p402 and p429-431, and to Clifton

and Barrow (2007) for a discussion of models in which this assumption is not made.

ii) On approach to a singularity (either initial or final, / — 0) the 1-fluid is dominant (i.e. x; — 1) and
the matter content dominates the spatial curvature (2 — 1, 2 — 0). In a typical ever-expanding
model (¢ — oo) the n-fluid is dominant (y,, — 1), and the matter content dominates the spatial

curvature if and only if v, < %

iii) The n-fluid FL cosmologies admit n — 1 conserved quantities formed from the density parameters

Q1,...,Q,. In particular, they admit one curvature quantity and n — 2 matter quantities.




3.6. Discussion 73

We now comment on an important difference between n-fluid FL cosmologies with n > 2 and 2-
fluid cosmologies. For a 2-fluid FL model, there are two essential parameters, a conformal parameter
A and a mass parameter m;, or equivalently, two observational parameters €21 o and €23 9. There is also
one conserved quantity /C that keeps track of the spatial curvature. For a 3-fluid FL. model there is an
additional mass parameter m2, and hence three observational parameters €21 g, {229 and {23 9. There is
also a second conserved quantity M. The new dynamical feature that arises in generalizing from a 2-fluid
model to a 3-fluid model relates to the intermediate dynamics. In an ever-expanding 3-fluid model the
additional degree of freedom is the maximum value attained by 2, which indicates the extent to which
fluid-2 becomes dominant during the evolution (recall that fluid-1 is dominant at early times (x; — 1) and
fluid-3 is dominant at late times (x5 — 1)). In an RDC A-model of the physical universe, the maximum
value of x4, 1S close to unity, which ensures that there is an extended matter-dominated epoch.

The dynamical systems analysis of the n-fluid FL universes leads to an interesting conclusion regard-
ing the behaviour of the spatial curvature, as follows. For any ¢ > 0, there is an open set of n-fluid FL
universes with v, < % whose spatial curvature scalar Qy, satisfies || < € throughout the evolution. In
other words, if ~,, < %, in particular, if fluid n is a cosmological constant, the total matter-energy content
“controls” the spatial curvature throughout the evolution. This result is a consequence of the fact that
generic ever-expanding models satisfy {2 — 0 as £ — 0 and since v, < %, Qp — 0as ¢ — 4o0. It
follows that || attains a maximum value e which depends on the orbit in question. By restricting to
orbits that lie within a sufficiently small neighbourhood of the flat FL invariant set {2, = 0, the value €
can be made arbitrarily small. The above result has been found using different methods by Lake (2005),
for DCA FL universes. He indicates that the result will also hold for RDCA universes (see also Lake
(2006)). Lake comments on the significance of this result in connection with the so-called flatness problem
(Lake (2005)).

One of the main results of this chapter is the analysis of the RDCA FL universes and the comparisons
with observations. Discussion of these models dates back to the 1930’s. Our analysis is novel in that it
gives new insight into the dynamics of these models, by representing the evolution as orbits in a compact
state space. We now give a brief survey of previous work on these models.

Tolman (1934) gives the Friedmann equation for closed RDC'A universes (equation (106.3), p408)
and states that de Sitter has studied the integration of this equation (de Sitter (1930), (1931), not read-
ily available). He gives the special solutions of this DE that represent universes that are past or future

asymptotic to the Einstein static universe, in the form ¢ = f(¢) [equations (161.8) and (161.4)].
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Coquereaux and Grossman (1982) give a detailed qualitative discussion of the Friedmann equation for
closed RDC'A-universes using elliptic and Weierstrass functions. Debrowski and Stelmach (1986) extend
the analysis to open RDC'A-universes. They give an explicit solution in terms of elementary functions
when the parameters are suitably restricted.

The work that is closest to ours is that of Ehlers and Rinder (1989), who give a dynamical systems
analysis of RDC'A-universes, using Hubble-normalized variables. They give the explicit expressions for
the density parameters as functions of the scale factor [equation (19)] and also show the existence of
two conserved quantities [equation (29)]. Their state space representation is inevitably incomplete since
the Hubble-normalized variables are undefined at the instant of maximum expansion in recollapsing and

bouncing models.




CHAPTER 4

PERTURBATIONS OF FLL. MODELS

The high degree of isotropy of the cosmic microwave background (CMB), when combined with the Coper-
nican Principle, provides strong support for the belief that the large scale structure of the observable
universe is very well described by the Friedmann-Lemaitre universes, which are exactly isotropic and
spatially homogeneous. The real universe is, of course, not exactly isotropic and spatially homogeneous,
since there is complex structure associated with the observed distribution of galaxies, the overall expan-
sion may not be exactly isotropic, and there may be primordial gravitational waves. But the current belief
of most cosmologists is that the deviations from an exact FL cosmological model are sufficiently small

that they can be described by considering linear perturbations of the FL. models.

4.1 Historical Development

In this section we briefly discuss the history of the theory of linear perturbations of FL. cosmologies. There

are two main approaches, which we shall refer to as the metric approach and the geometrical approach.

4.1.1 Metric Approach

The metric approach to perturbations of the FL models was introduced by Lifshitz (1946) and subsequently
discussed in greater detail by Lifshitz and Khalatnikov (1963). In the metric approach, one distinguishes
a background spacetime, which is a FL. model, and a perturbed spacetime, which represents the physical

universe. The metric for the perturbed spacetime is written in the form

Gab = 9(0)ab + 9ab, 4.1)

75
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where g(g)qp is the metric of the FL. model and dg,y, is a small perturbation, i.e. [0gap| < |g(0)ap|- The

fluid 4-velocity and energy density in the perturbed spacetime are likewise written in the form

u' = g + U, 4.2)
po= fio) +op. (4.3)
The density contrast is defined by
5= 1 (4.4)
H(0)

The problem of gauge

In defining a perturbation, one is effectively establishing a one-to-one correspondence between points
in the physical spacetime and points in the background spacetime. However, this correspondence is not
unique: one may make an infinitesimal change in the correspondence keeping the background coordinates
fixed. Such a transformation is called a gauge transformation. A quantity that is unchanged by an in-
finitesimal gauge transformation is said to be gauge-invariant. We recommend Ellis and Bruni (1989) for
a detailed explanation of gauge-invariance.

The problem of gauge invariance has plagued the study of linear perturbations since the pioneering
work of Lifshitz (1946), resulting in authors publishing contradictory predictions on the behaviour of
perturbations of FL. cosmologies. The reason is that the metric perturbation d g, the velocity perturbation
du’ and the density contrast § are not gauge-invariant quantities, and hence their time evolution can depend
on the choice of gauge.

A result due to Stewart and Walker (1974) gives a useful criteria for identifying gauge-invariant quan-

tities:

Theorem 4.1.1 (Stewart-Walker Lemma) Let 1) be a tensor field on a background spacetime and let
T = Ty + AT be the corresponding tensor on a perturbed spacetime. If T(q) = 0 then T is gauge-

invariant.

In 1980 Bardeen reformulated the metric approach using gauge-invariant variables. He did not make
use of the Stewart-Walker Lemma in choosing the gauge-invariant variables. Instead, he wrote out the

transformation laws for the perturbations §g,p, du® and § under an infinitesimal gauge transformation
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and then, by inspection, formed linear combinations of the perturbations and their derivatives that were
invariant.

This approach placed the analysis of perturbations of Friedmann-Lemaitre models on a sounder math-
ematical foundation and has been used in much subsequent research.! Nevertheless, the metric approach

still possesses several shortcomings:

i) First, it is not clear what physical quantities Bardeen’s gauge-invariant quantities correspond to.
Indeed, a gauge-invariant quantity can have different physical interpretations in different gauges.
The most important ambiguity concerns the density contrast §, as defined by (4.4). Bardeen defines
two gauge-invariant quantities in terms of 9, denoted by ¢,, and €,. The first equals the density
contrast § when one uses the so-called co-moving gauge, while the second equals ¢ in the so-called

Newtonian gauge (see Bardeen 1980, p22).

ii) Second, as emphasized by Hawking (1966), the metric tensor is not a physically significant quantity

since one cannot measure it directly.

4.1.2 Geometrical Approach

The geometrical approach has its origins in a paper by Hawking (1966). Instead of using the components
of a perturbed metric as basic variables, he proposed using the evolution equations for the kinematic
quantities, the Weyl curvature and the matter density to study how perturbations evolve. Although this
paper initiated a significant new approach to studying linear perturbations of FL, the analysis of density
perturbations was flawed and the paper had little impact. Subsequently, motivated by Hawking’s paper,
Lyth and Mukherjee (1988) used the evolution equations for x4 and H to study density perturbations in an
FL cosmology, although they did not do so in a fully gauge-invariant way. The decisive step was taken
by Ellis & Bruni (1989), when they proposed using the spatial gradient of the matter density (@a,u) as
the basic variable to describe density perturbations. Unlike the density contrast J, the spatial gradient is a
gauge-invariant quantity by the Stewart-Walker lemma, since it is zero in any FL model (see proposition

2.1.4). The first comprehensive discussion of the geometrical approach was given by Bruni, Dunsby and

"'We refer to Mukhanov (2005) as a recent text that uses a simplified version of the Bardeen approach, restricting considera-
tions to perturbations of flat FL (see chapter 7).
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Ellis (1992)%. They also related the Bardeen approach to the geometrical approach, and gave clear physical
interpretations of his gauge-invariant variables.
In this chapter we give an introduction to the geometrical approach to linear perturbations of FL

models.

4.2 The Linearized Einstein Field Equations

The geometrical approach is based on the conviction that one should use variables that have a direct
physical or geometric meaning, and are both coordinate-independent and gauge-invariant. One thus uses
tensorial quantities that are identically zero in an FL universe, and hence gauge-invariant, on account of
the Stewart-Walker lemma.

We shall see that a complete set of tensorial quantities is the following:

i)  The density and Hubble gradients: @au, VoH
ii)  The fluid kinematic quantities: Tab, Wa

iii) The Weyl curvature: E., Hyp
These variables have two additional advantages:

a) they directly describe the deviation of the physical universe from an idealized FL universe, and

b) they are, in principle, observable, when normalized to be dimensionless using a power of H. We
refer in particular to the fundamental paper of Sachs and Wolfe (1967), who analyzed the observa-
tions of distant galaxies from this point of view, and Maartens et al. (1995b), who used the cosmic

microwave background observations to bound these quantities.

In the geometrical approach one thus replaces the EFEs for the metric tensor components by the
equivalent system of evolution equations and constraints, satisfied by the tensorial quantities i)-iii), as
given in Appendix A.

For simplicity we will assume the matter content consists of a perfect fluid with barotropic equation

of state p = p(p) and a cosmological constant A. We will use the standard notation,

d
wobt 2_d

=" 4.5)
Jz dp

>The name “geometrical approach” was introduced in this reference. This approach is also referred to as “the gauge-invariant
and covariant (GIC) approach”.
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where ¢ is the speed of sound.

4.2.1 The Linearization Process

In order to derive the governing equations for linear perturbations of a FL. cosmology, we must distinguish
between quantities which are non-zero in the background (referred to as zero-order quantities) and those
which are zero in the background (referred to as first-order quantities). For a FL background, the zero-
order quantities are

w, w, ¢ and H. (4.6)

S

It follows from propositions 2.1.1-2.1.4 that the quantities

Vaﬂy @GH7 U(lb? Waa E(lba Hab7 (47)
are first order. For sake of brevity, we define
Xa = Vap, (4.8)

and
Zy = 3V, H. (4.9)

We note that the acceleration 1, is not an independent quantity, since it can be expressed in terms of

the density gradient X, via (A.17), on using (4.5) and (4.8):

C2

Ug = —mXa. (4.10)

The evolution equations for the zero-order quantities are simply the evolution equations for a FL
cosmology with a single fluid and cosmological constant, given by (3.5) and (3.6), with u replaced by
1+ A and p by p — A to make the cosmological constant explicit. We also include the evolution equation

for w, which follows from (4.12) and (4.5).

Zero-Order Evolution Equations

H = —H?-L(1+3w)u+iA, (4.11)
—3H(1 +w)u, (4.12)
w = —3H(1+w)(c—w). (4.13)

=
|
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Note: The Friedmann equation (3.8) plays an auxiliary role in that if K # 0, it serves to express £(¢) in

terms of the zero-order quantities. We use (3.11) to write (3.8) as follows:

H? = L(u+A) (4.14)

-7
The evolution equations for the first order quantities are obtained from the general system of evolution

equations and constraints in Appendix A, by a process of linearization. There are three aspects to the

linearization procedure:

L1) Drop all products of the first order quantities (4.7) and their spatial derivatives in the general non-

linear evolution equations.

L5) The resulting equations form a coupled system of linear PDEs for the first order quantities, whose
coefficients depend on the zero order quantities. For example, there are terms such as H X, H E;,
and pogp. The linearization process involves replacing the zeroth order quantity by its value in the

background FL model in each of these products.

L3) The resulting equations also contain the projected spatial covariant derivative operator Va acting
on first order quantities. The linearization process involves replacing V., which is defined on the

physical spacetime, by the corresponding operator on the background FL spacetime.

4.2.2 The Linearized Evolution and Constraint Equations

We now derive the governing equations for linearized perturbations by applying the linearization proce-
dure L; to the general system of evolution equations and constraint equations in Appendix A.

One aspect of the linearization process, namely dealing with the terms Wauw , curl(i,) and Va (@bub)
involving the spatial derivative of 1,, requires particular attention. First, it follows from (4.10) and L,

that?

2
A . —C A
V<aub> = WVwXb). (4.15)
3Since p = p(u), we can use (4.5) to write
2
A CS o A o
At wip F(u)Vap = F(p)Xa,

where F'(u) is a function of o whose specific form is unimportant. Then the term F'(11) X X5 is dropped.
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Second, it follows in a similar manner from (4.10), (4.8) and L that

2
—C ~
(1) = —— curl(Vu). 4.16
curl(tg) AT curl(Vgu) (4.16)
Applying (E.25) with f = p and using (A.16) gives
curl(ity) = 62 Hw,. (4.17)

Finally, it again follows from (4.10) and repeated application of L; that

Vo(VPip) = ﬁ%(?%)- (4.18)

Then the commutation property (E.18) with f = y and the evolution equation (A.16) for x leads to

@(@b')—i 2= ) v emeur(w,) (4.19)
(V7 = Utwp 7 o — 6c;Heurl(wg). .

The evolution equations for the first order quantities are now obtained from (A.9) (A.10), (A.18),
(A.19), (A.25) and (A.26) on applying the linearization procedure L; and using (4.15), (4.17) and (4.19)

to eliminate terms involving spatial derivatives of 1.

First-Order Evolution Equations
X = —4HX,— (1+w)uZ,, (4.20)
Z SHZ, — 1X c 2 By 62 H cunl(wy) 421
= - a~ 5%a T T N -5 a — OCg4 Wa ), .
{a) 2 (1+w)p Iz
2
C A
Ty = —2H0w — "V, Xp) — Ew, 4.22
O (ab) Tab (w0 b (4.22)
Wy = (3¢2 —2)Huw,, (4.23)
By = —3HEg + curl(Hyp) — (1 +w)poa, (4.24)
Hypy = —3HHg, — curl(Ey). (4.25)

Similarly, constraints on the first-order quantities are obtained on applying the linearization procedure
Ly to (A.11), (A.12), (A.13), (A.20) and (A.21).
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First-Order Constraint Equations

Vbow = 27,4+ curl(w,), (4.26)
Vi, = 0, (4.27)
Viewsy = Hap— curl(og), (4.28)
VPE, = iX,, (4.29)
VPHy, = (14 w)pw,. (4.30)

There are two additional constraints involving the curls of the spatial gradients X, and Z,. Indeed,
using (4.10), (4.16) and (4.17) leads to

curl(X,) = 6(1 4+ w)pHuw,. 4.31)

This equation is in fact a consequence of the main system of evolution equations and constraints and hence

we list it as an auxiliary equation. There is an analogous equation for curl(Z,) which we shall not need.

Comments:

i) The evolution equations (4.20)-(4.25) and constraints (4.26)-(4.30) form a closed system of linear
first order PDEs for the first order quantities (4.7). The coefficients y, w, ¢ and H are zero-order
quantities and are evaluated in the background FL model. Note that if K # 0 the term K//? in

(4.21) is given in terms of zero order quantities by the constraint (4.14).

ii) It can be shown that the system of evolution equations and constraints is consistent: that is, the time
derivatives of each constraint equation (4.26)-(4.30) are identically satisfied as a consequence of the
other equations. As a result, once a set of initial data is chosen to satisfy the constraint equations,

these equations will hold at all later times (see Bruni et al. (1992), p42).

iii) Equations (4.20)-(4.25) and (4.26)-(4.30) form the basis for the geometrical approach to the analysis
of linear perturbations of FL. models with a barotropic perfect fluid and cosmological constant as

source. They can be extracted from Bruni et al. (1992) by specializing their more general equations
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to the case of a barotropic perfect fluid (set g, 7, and & to zero in equations (50)-(54), (57)-(62)).

Most authors, however, do not make use of the full system of evolution and constraint equations.

4.3 Harmonic Decomposition

Before proceeding, we must discuss the fundamental role of spatial harmonics in the geometrical theory.
The harmonic decomposition is analogous to a Fourier decomposition of a quantity that is defined along
the background 3-spaces. Hence, harmonics are defined so as to be constant along flow lines (i.e., inde-
pendent of proper time) and orthogonal to the fluid 4-velocity u. We refer the reader to Appendix F for a
complete discussion of spatial harmonics in the geometrical approach.

The key idea behind the harmonic decomposition is that a scalar, vector or tracefree symmetric rank 2
tensor orthogonal to u® can be written as a linear combination of scalar, vector and tensor harmonics with
purely time-dependent coefficients. In the literature it is tacitly assumed that the harmonics are complete
in some appropriate space of tensor fields.

The expansions are as follows:

k

I, = Z Ti0.4) QY + Z T @5, (4.33)
k k

T = D Tiow@uw + 2 TanQu +_ TenQu (4.34)
k k 3

This decomposition has two consequences: Firstly, it decouples the temporal and spatial dependence of
each field, since all coefficients are purely functions of time and harmonics are constant along flow lines,
i.e. Tiqpy = Tiax(t) and Q = 0 for all harmonics @ (see Appendix F). Second, in the framework of
linear perturbation theory, it removes any co-dependence between scalar, vector and tensor harmonics. As
in Bruni et al. (1992, p51), the summation in (4.32)-(4.34) can be over a discrete set or an integral over a
continuously varying index.

We note that the scalar decomposition (4.32) is analogous to the 3-dimensional Fourier transform
for scalar fields. The vector decomposition (4.33) is similarly analogous to the Fourier transform, ex-
cept applied to the curl-free (scalar) component and the divergence-free (vector) component of the vector
field. The tensor decomposition (4.34) separates the curl-free divergent (scalar) component, the remaining

divergent (vector) component and the divergence-free (tensor) component of the vector field.
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Using this decomposition, it is natural to consider the kinematic quantities and Weyl tensor compo-
nents of the real universe to be the fundamental description of the linear perturbations (since they are each
gauge-invariant, each of these components can be expanded using the harmonic basis functions).

The decoupling of the perturbation types is extremely important in the linearized theory since it allows
us to consider scalar, vector and tensor perturbations independently. For each perturbation type, we will
proceed as follows: First, we first define a basic variable. Second, we use the linearized evolution equa-
tions (4.11)-(4.30) to derive a second order differential equation which describes the evolution of the basic
variable, which we shall call the governing DE. Finally, we use the linearized evolution and constraint
equations to express all kinematic quantities and Weyl tensor components in terms of the basic variable,

hence providing a complete solution to the linearized equations for each type of perturbation.

4.4 Scalar Perturbations

We first focus on scalar perturbations, which are defined as solutions of the linearized equations (4.11)-
(4.30) that can be expanded in terms of the scalar harmonics Q(©), ng) and le])), defined by equations
(E.3), (F.5) and (F.6). Following Ellis et al. (1989), we choose the basic quantity for scalar perturbations
to be the fractional density gradient D,, defined as

(Va
p, = Natt (4.35)

or equivalently, using (4.8),
D, = —X,. (4.36)

We also rescale Z, according to Z, = £Z,, i.e.
Z, = 3(V,H. (4.37)

4.4.1 The Governing DE

In this section we derive the governing DE for scalar perturbations, following Ellis et al. (1990) (also see

Wainwright and Ellis (1997, p290-3)). Since we are considering scalar harmonics, we can write

Do =Y DiQLP. (4.38)
k
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Since (4.38) and (F.8) imply curl(D,) = 0, and hence curl(X,) = 0, (4.31) gives
wa = 0. (4.39)

It follows that equations (4.20) and (4.21) decouple from the remaining linearized evolution equations.
Expressing these equations in terms of the rescaled variables D, and Z, leads to
Dy = 3wHD, — (1+w)pZ,, (4.40)

2
. _ 1 c: -0 K
Z<a> = —QHZa - 5/.,62)(1 - m <V + 62) Da. (441)

These equations can be combined to give a second order evolution equation for D,. On differentiating
(4.40) and using (4.11)-(4.13), (4.14) and (4.41), we obtain

D(a) + AHD o) + BH*Dq - ¢ (@2 - 2;5) D, =0, (4.42)
where
A=2-3w-3w-d), (4.43)
and .
B=-3(1 _w)(1+3w)9—GwQA—i-?:(w—cg)(W —3). (4.44)

We now expand each term in terms of scalar harmonics. The derivatives of D, along the fundamental

congruence are obtained by differentiating (4.38) and noting Q,(lo’k) = 0 (see (F.10)), as follows:
Dy =Y D@, D= D@ (4.45)
k k

In order to remove the Laplacian term from the evolution equation (4.42), we use the identity (F.13), which

can be written as

., 2K k2
(V2 - gg> QY = -5 (4.46)
On applying (4.45) and (4.46) to (4.42), we obtain
.. ) c§k2 9
D(k) + .AHD(k) +(B+ 20 H 'D(k) =0, 4.47)
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where A4 and B are given by (4.43) and (4.44). This is the governing equation for scalar perturbations, in
terms of clock time ¢. This equation is equivalent* to (73) in Bruni et al. (1992), upon specializing to the
case of a perfect fluid, and (214) in Ellis and van Elst (1998), in the case of A = 0.

4.4.2 Kinematic Quantities and Weyl Curvature

We now write the kinematic quantities and Weyl curvature in terms of the density gradient coefficients
D(k) and the scalar harmonics Q(O). Since we are considering scalar harmonics, Z, and o4, can be
expanded as
Z.=Y ZQ0, o= opQY. (4.48)
k k
We can use (4.40) to express Z(y, in terms of D) and Zj(k), and since w, = 0 it follows from (4.26) and

(F.16) that

(k* — 3K)
k

Next, it follows from (4.48) and (F.8) that curl(o,,) = 0. Hence, using (4.28) we have that

H, =0. (4.50)

Expanding E,;, in terms of scalar harmonics via

Ea =Y EnQ%", 4.51)
k
and using (F.16) leads to 0
(VP Egp =) ﬁ(kQ — 3K) By Q"F). (4.52)
k

The coefficients Ej) can then be expressed in terms of Dy via the constraint (4.29). We thus obtain
the following expressions for the harmonic coefficients of the non-zero Hubble-normalized first-order

quantities:

“Bruni et al. (1992) make use of the scalar quantity A= VD, instead of D(y), defined in this manner so as to restrict
considerations to scalar perturbations without it being necessary to resort to a harmonic expansion. This choice of scalar quantity

automatically removes all vector harmonic components from D,, since vector harmonics are divergence-free by definition (F.22).
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1 .

) —~3wHDy + Dy | (4.53)
k

U(k) = —7k2_3KZ(k), (454)
k

At this stage, we have satisfied all of the linearized evolution equations and constraint equations except
for (4.22) and (4.24). We can now verify that D,, o, and E;, as given by (4.38), (4.48), (4.51) and
(4.53)-(4.55) satisfy (4.22) and (4.24) (via Maple). We have thus established the following result:

Proposition 4.4.1 For any solution Dy, of the governing DE (4.47), the first order quantities given by
(4.38), (4.48), (4.51) and (4.53)-(4.55) satisfy the complete set of linearized evolution and constraint
equations (4.20)-(4.30).

4.5 Vector Perturbations

In this section we focus on vector perturbations, defined as solutions of the linearized equations (4.20)-
(4.30) that can be expanded in terms of the vector harmonics le) and QEL?. Vector perturbations are
closely associated with vorticity, and so we choose the basic quantity for vector perturbations to be the
co-moving vorticity vector, defined by

Wa, = lw,. (4.56)
4.5.1 The Governing DE

In this section, we derive the governing DE for vector perturbations. On differentiating (4.56) along the

fundamental congruence and using (4.23), we obtain
Wiay — (3¢2 —1)HW, = 0. (4.57)
We expand (4.57) in terms of the associated vector harmonics Pél’k) as

Wa=>_ WuyPHh. (4.58)
k
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On substituting (4.58) into (4.57), we obtain
Wik — (32 = 1)HW,y,y = 0. (4.59)

This equation is the governing DE for vector perturbations, in terms of clock time .

4.5.2 Kinematic Quantities and Weyl Curvature

We now write the kinematic quantities and Weyl curvature in terms of the co-moving vorticity coefficients
W) and vector harmonics Q. By the definition of vector perturbations, all quantities can be expanded

in terms of vector harmonics and associated vector harmonics, as follows:

Da =) Dy Qi Zo=) ZmQi", o= 0@,
Eq = Z E(k)Qg,’k), Hyy = Z H(@Pég’k). (4.60)
k k

From (4.31), (4.36) and (F.23), we can express Dy in terms of WV, and hence obtain Z(;) in terms
of W) from (4.20), (4.36) and (4.37). Further, using (F.34), the divergences of o4, E, and H,, can be

written as follows:
1

oy = Z ﬂ(lﬁ — 2K)0 3y Qa, (4.61)
k
) 1
VPE,, = Z ﬁ(ﬁ — 2K)E(1)Qa, (4.62)
k
(V' Hyy = ) i(k? — 2K)H 1) Qa. (4.63)
k

We can now use (4.26), (4.29) and (4.30) to determine the coefficients o), E() and H ) in terms of

W) We thus obtain the following expressions for the harmonic coefficients of the first-order quantities:

Dy = 6(1+w)HOWy, (4.64)
Zgy = =30 [2K — (1+w)ul®] W, (4.65)
oy = %z-l [(k* = 2K) + 2(1 4+ w) o l®] Wi, (4.66)
Eg = %(1 +w)uH W, (4.67)
Hyy = %(1 + w) W) - (4.68)
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At this stage, we have satisfied all of the linearized evolution equations and constraint equations except
for (4.22), (4.24), (4.25) and (4.28). We can now verify that D,, Z,, 04, Wa, Eqp and Hgp, as given by
(4.60) and (4.64)-(4.68) satisfy (4.22), (4.24), (4.25) and (4.28) (via Maple). We have thus established the

following result:

Proposition 4.5.1 For any solution Wy, of the governing DE (4.59), the first order quantities given by
(4.60) and (4.64)-(4.68) satisfy the complete set of linearized evolution and constraint equations (4.20)-
(4.30).

4.6 Tensor Perturbations

In this section we focus on tensor perturbations, defined as solutions of the linearized equations (4.11)-
(4.30) that can be expanded in terms of the tensor harmonics Qﬁ). Tensor perturbations are interpreted as
gravitational waves, described by a coupling of the electric and magnetic Weyl curvature.

As regards to the choice of basic variable, we shall see that for tensor perturbations the only non-zero
first order quantities are o, Egup and Hyp,. On the grounds of mathematical simplicity we choose the

comoving shear tensor as the basic variable, denoted X;; and defined by

Xy = Loap. (4.69)

4.6.1 The Governing DE

In this section, we derive the governing DE for tensor perturbations.’ It is a consequence of applying

tensor harmonics that rank two tensors have zero spatial divergence, i.e.
Vo =0, V°Eu=0, V°H, =0. (4.70)
It then follows from the constraints (4.26), (4.29) and (4.30) that all vector quantities are zero, i.e.
Dy=0, Z,=0, and w,=0. 4.71)
Using (4.71), the shear evolution equation (4.22) can be rewritten in terms of X, as

KXiapy = —HXop — (Eqy. 4.72)

3 A similar derivation was given by Dunsby et al. (1997).
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We now use (4.24) to calculate (¢E,;) |, noting that ¢ = H{. We use the constraint (4.28) to eliminate
H,;, and then apply (E.31) to the “curl curl X3 term. The result is

3K .
((Ey) L = —2H((Ey) + < (1 +w)p+ z?) X — V2 Xy 4.73)

We can now combine these equations to give a second order DE for X, (differentiate (4.72) using (4.11)
and (4.73), and then use (4.72) to eliminate F; from the resulting equation). After expressing the coeffi-

cients of X, in terms of the density parameters €2 and €25 (see 3.31), we obtain®

2K
H2¢?

Xiapy + 3H X p) + [—(Sw + 1)Q + 20 + ] H?*X,, — V2 Xy = 0. (4.74)

We now expand X, in terms of tensor harmonics according to

Z Xy QM. (4.75)

Substituting (4.75) into (4.74) and using (F.38) yields

k? + 2K

2
g | H Xy = 0. (4.76)

Xy +3HX, + [—(310 +1)Q+ 204 +

This is the governing equation for tensor perturbations, in terms of clock time ¢.

4.6.2 Kinematic Quantities and Weyl Curvature

We now write the kinematic quantities and Weyl curvature in terms of the dimensionless shear coefficients
X(1), tensor harmonics Qg) and associated tensor harmonics Pég). Since (4.70) confirms that o, Fgp

and H,;, can be expanded in terms of tensor harmonics, we can write

Tab = Z 0(k>Qf£’k’, Eap = Z E(k)Q,(j,’k), Z Hy, P(2 g 4.77)
k k

®1t should be noted that the evolution equation (22) given in Dunsby et al. (1997, p1219) contains two errors. The original

equation should instead be written as
Avay + 2064 + [0 — Lu(9y — 10)] gy = 0,

where Aoy = G1ap — @QJab, s0 as to be consistent with the remainder of that paper. This equation is then equivalent to (4.74)
for A = 0 on recalling that Xy, = £oqp and © = 3H.
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where 7
Pab = ECUI’|(QG5). (4.78)

Then using (4.69), (4.22) and (4.28) we can write o4, Egp and Hgp, in terms of X(k). We thus obtain the

following expressions for the harmonic coefficients of the non-zero first-order quantities:

o = X, (4.79)
Buy = (R + HXy), (4.80)
Hyy = (X, (4.81)

At this stage, we have satisfied all of the linearized evolution equations and constraint equations except
for (4.24) and (4.25). We can now verify that o4, E,p and H, as given by (4.77) satisfy (4.24) and (4.25)
(via Maple). We have thus established the following result:

Proposition 4.6.1 For any solution X, of the governing DE (4.76), the first order quantities given by
(4.77) and (4.79)-(4.81) satisfy the complete set of linearized evolution and constraint equations (4.20)-
(4.30).

4.7 Dynamics of the Linear Perturbations: General Features

In this section we discuss the dynamics of the linear perturbations. We first discuss the importance of
conformal time in analyzing perturbations of FL and rewrite the governing DEs for each perturbation type
in terms of this time variable. Finally, we examine the dependence of the first-order quantities on the

solutions to the governing DEs.

4.7.1 Conformal Time and the Particle Horizon

It is a consequence of propositions 4.4.1, 4.5.1 and 4.6.1 that the spatial gradients, kinematic quantities
and Weyl tensor components can be determined directly from the set of solutions of the governing DEs.

As a consequence, we turn our attention to the behaviour of solutions to these equations.

"See definition in section F.3.
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We make the choice of conformal time 7 as the independent quantity, defined in terms of the length
scale ¢ and clock time ¢ by

dn 1

— = 4.82

dt ¢ (4.82)

Under this choice of time variable, the Roberson-Walker line element (1.3) can be written in the form

ds? = C(n)(—dn? + Japdz®dz®), (4.83)

where g, is a 3-metric of constant curvature.

Conformal time is directly linked to the notion of the particle horizon, defined as the boundary of the
part of the universe that is visible to us. In terms of conformal time, the distance to the particle horizon
(see figure 4.1) is given by

dig = £(n)n. (4.84)

Since the wavelength A for a perturbation of mode k at some fixed time 7 is given by

2w
Ao = (%7 ) eon. @55)
then from (4.84) we obtain the key relation
A 2w
IAR—— 4.86
g (4.86)

Hence, if kn < 1 the wavelength of the perturbation mode is large compared to the distance to the particle
horizon (since A >> dp). In this situation it is customary to say that the perturbation is outside the horizon.
Conversely, if kn > 1 the wavelength of the perturbation mode is small compared to the distance to the
horizon (since A < dg). Similarly, in this situation it is customary to say that the perturbation is inside
the horizon.

The range of the conformal time variable varies depending on the characteristics of the FL. model, as
shown in Appendix D. A summary of the behaviour of conformal time and clock time for each of the

generic classes of FL. model with an initial singularity is given below:

FL Model Range of n Range of ¢

Ever-expanding models, A = 0 O<n<+4+o0o 0<t< 400
Ever-expanding models, A #£ 0 0<n<n 0<t<+o0
Recollapsing models, A arbitrary 0 <n <7y 0<t <ty
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du(n2)

du(na)

RN

. o o o ¥ o o o N o o o N
M ’l.\' ’l." ’l." ’l." ’l." ’l." ’l." ’l." ’l." ’l." ’l." ’l." .

FIGURE 4.1: The relation between the distance to the particle horizon, denoted dz(77) and the conformal

time parameter 7).

4.7.2 Governing DEs Using Conformal Time

We now present the governing DEs for scalar, vector and tensor perturbations in terms of conformal time

and specialized to a y-law equation of state, i.e. p = (7 — 1)pu. It follows from (4.5) that
w=c=y—1. (4.87)

The three governing DEs, given by (4.47), (4.59) and (4.76) in terms of clock time ¢, assume the following

form in terms of conformal time. The change of variable can be performed simply by using these identities:

d d 2 2 d
(— = — 2 = _HI— 4.88
dt  dn’ dt2  dn? dn’ (4.88)

which follow from (4.82).
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Governing DEs for Perturbations using Conformal Time
Scalar
/" / 3 Csz 292
(k) + (4— SV)HED(,C) + | —5@2=7)0By—-2)Q—6(y —1)Qx + 1202 H*0*Dyy =0. (4.39)
Vector
Wiy — (37 — ) HEW,y = 0. (4.90)
Tensor 124 oK
+
Xy + 2HLX) + (—(37 —2)Q 420, + H2€2> H* X3,y = 0. 4.91)

In the case of vector perturbations, the governing DE (4.90) can be integrated directly, on applying®

él
H = ek 4.92)
We then obtain
Wiy = C(A)*4 (4.93)

In the case of scalar and tensor perturbations, the second-order governing DEs can be transformed into
normal form by making a change of dependent variable. In both cases the resulting DE? has the following
form, in terms of a constant frequency w and a potential U (n):

"
Y

+ [w* = U(n)] Yy = 0. (4.94)

The wave number £ enters only into the frequency, which also depends on the curvature index K, and, in
the case of scalar perturbations, on the equation of state. The potential U (n) depends on the background
FL model (H, ¢, 2 and 24). The specific DEs, given in the table below, are obtained by making the
indicated change of variable in the governing DEs (4.89) and (4.91). In order to simplify the subsequent

analysis we use the notation

2 ivalently, §— —>
or, equivalently, =
3y 2 quivatently 3w+ 1

8= , 4.95)

8This expression is obtained from (3.9) on making the change of variable (4.88).

°To the best of the author’s knowledge, this similarity between tensor and scalar perturbations has not been noted before.
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as in Bardeen (1980).
Normal Form of Governing DEs for Scalar and Tensor Perturbations

Scalar
Change of variable: ~ D, = (Aﬁ)%flﬁ(k), (4.96)
Governing DE: DE’,C) + [w? = U(n)] Dy = 0, (4.97)

with
W= AR+ 5 (8- 1)?K, (4.98)
Un) = z (1+08) (82 + Q) H*. (4.99)

Tensor
Change of variable: X = (M) Xy, (4.100)
Governing DE: X} + [w? — U(n)] Xy = 0. (4.101)

with
w? = k?+3K, (4.102)
Ulm) = 41 +8)QH. (4.103)

Note: Here ) is the constant conformal parameter introduced in section 3.2.1, having dimension (length)~!.

Remark: Writing the governing DEs in normal form has several advantages. Firstly, it gives insight into
the qualitative behaviour of the solutions. In particular, if w? > U(n) the solutions will be approximated

by oscillatory solutions of frequency w, while if w? < U (), the solutions will be approximated by power
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law solutions. Secondly, if the background FL. model has A = 0, the general solution can be written in

terms of Bessel or Legendre functions, as we now show.

4.7.3 General Solutions for Scalar and Tensor Perturbations with A = 0

In the case A = 0, the potential U(n) in the governing DEs is given by

1
B
for both scalar and tensor perturbations (see equations (4.99) and (4.103)). The background solution is
(3.2006):

U(n) (1+ B)QH?¢* (4.104)

() =X S T =7, (4.105)
where
Sk(T) = (T,sinhT,sinT), (4.106)
for K = (0, —1,+1). On noting that QH2¢? = £u(?, it follows from (3.207) that
22 -2
QH2% = (\)75. (4.107)
Thus, using (4.105) we obtain
QH?0? =[Sk (T)] 2. (4.108)

Observe now that the governing DEs in normal form (equations (4.97) and (4.101)) coincide with the
Bessel DE or the Legendre DE, as given in Appendix H (see equations (H.1)-(H.6)), with the parameters

determined as follows:

Curvature DE Type Parameters

K=0 Bessel DE ,u:ﬂ—i—% a=w
K=-1 Legendre (Toroidal) DE w=p0+ % v= —% + 18w
K=+1 Legendre (Conical) DE uw=p0+ % v= —% + Bw

The value of w, as given by (4.98) and (4.102) distinguishes between scalar and tensor perturbations. The
solutions of the three DEs are given by (H.2), (H.4) and (H.6), in terms of Bessel and Legendre functions.
The resulting expressions for Dy and Xy, obtained from (4.96), (4.100) and (4.105) are listed in the
following table
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General Solution of the Governing DEs for Scalar and Tensor Perturbations When A = 0

Flat FL (K = 0)

3
Scalar D(k) (n) = ng*ﬂ
Cydgyi(an) +CYg 1 (an)|, 4.109
Tensor X(k)(n) :77%—6 [ + ﬁ+%( n) ﬂ+%( n) ( )
where
a = (csk, k) (4.110)

for scalar and tensor perturbations, respectively.

Open FL (K = —1)

I
/
2]
.
=
=
S
—
N
|
iy

Scalar D(k:) (?7)

5, [cumgg<coﬂn%)«+<7_I¢L(cog1g)}, 4.111)
_ . n 2
Tensor  X(4y(n) = (smh 3)
where
p=P0+3  v+g=ibuw, 4.112)

and the frequency w is given by (4.98) and (4.102) respectively.

Closed FL (K = +1)
Replace hyperbolic functions by trigonometric functions in the solutions (4.111) for open FL, and

use
v+ 3= fw. (4.113)

Remark: The physically important cases, namely when the matter content is dust (i.e. v = 1, § = 2)

or radiation (i.e. v = %, B8 = 1) require comment. For dust, the scalar solution is not valid since

2

c; = v—1 = 0. We will derive the solution in this case in section 4.8. The tensor solution is valid,

however, and the relevant Bessel and Legendre functions are in fact elementary and are given in section
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4.8.4. For radiation, both the scalar and tensor solutions are elementary. We will give them in section 4.9.
One can use asymptotic approximations of the Bessel and Legendre functions (Appendix H) to obtain

approximate solutions in restricted regimes.

4.7.4 Functional Dependence of First-Order Quantities

We are interested in describing to what extent a perturbed FL cosmology deviates from an exact FL
cosmology.

It is known that cosmological observations place bounds on the first order quantities, specifically
on dimensionless quantities formed by dividing the first order quantities by an appropriate power of the

Hubble scalar. The specific quantities are

. . .. Oagb Wq
K t tities:  —, — 4.114
inematic quantities 7 ( )

. . @a,u @QH

Spatial gradients: 4.115
patial gradients Hy' HE ( )

E. H
Weyl tensor: HaQb , ?(121; 4.116)

The first analysis of this type was due to Sachs and Wolfe (1967) who showed that observations
of distant galaxies could, in principle, place bounds on these quantities. More recently, Maartens et al
(1995a,b) have shown that the high isotropy of the CMBR (% ~ 107°) places strong bounds on these
quantities.'”

It is natural to use these Hubble-normalized quantities as a measure of how close the physical model
is to an idealized FL model, and we will thus calculate their time dependence for the three perturbation
types. A growing mode is an indication of an instability in the background FL. model.

We now briefly mention the connection between the geometrical approach and Bardeen’s gauge-
invariant metric approach to cosmological perturbations (Bardeen (1980)). In Bardeen’s approach, the
basic variables are gauge-invariant linear combinations of the metric perturbations. However, it turns out

that Bardeen’s metric potentials ® 5, ¥ and Hj(?) have the same time dependence as certain expressions

19The analysis is complicated and subject to assumptions being imposed on the time derivatives of the multipoles of the
CMBR.
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formed from the basic variables in the geometrical approach. It can be shown that'!

Sy~ QH?*Dy, (scalar), (4.117)
U QH2PWy, (vector), (4.118)
HY - 2HUX + X, (tensor). (4.119)

We refer the reader to Bruni et al. (1992, p45-9) for an overview of the relation between the geometrical
framework and Bardeen’s metric approach.

Using the results in sections 4.4.2, 4.5.2 and 4.6.2 we can obtain the dependence of the Hubble-
normalized quantities (4.114)-(4.116) on the basic variables D), W) and X(3) in terms of conformal
time. In order to enable comparisons to be made, we also include Bardeen’s metric potentials ® 7 (4.117)-
(4.119). These results are provided in table 4.1.

""This result relies on comparing the governing DEs for D(k), Wy and X1y with the governing DEs defined in Bardeen’s
approach (Bardeen equation (4.9), (4.13) and (4.14)) and noting that the paired quantities (D(x), €m), W), Ve) and (X,
%H (TQ)) satisfy the same evolutions equation. Equations (4.117)-(4.118) then follow from Bardeen (4.3) and (4.12).
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Functional dependence of first-order quantities.

Quantity Scalar Perturbations Vector Perturbations Tensor Perturbations
D k2 — 2K X,
Oab (k) (k)
52 =3(y = 1)Dgy + Tl [I‘IQEQ + 679} HW I
Wq W(k)
H 0 HY 0
Vapt D
Hu H Wi 0
V.H 1 D 2K
7 Hi [:”(7 73 [HZEQ B 379] W 0
Eup X X
72 QD) QHIWV ) e T e
Hgp Ak
2 0 Wk 202
Oy QH?(*Dyy, - :
v - QH Wy, -
Y - . 2HIX ) + X
T (k) (k)
Vo @R 3 Du) , Py K
H3 [ffVQ —3(y - 1)] Fot + 202 H202 Wik 0
!/
(C,, . . X,
H?3 H?02 ~ H363

TABLE 4.1: Expressions for the first order quantities in terms of the basic variable for each perturbation

type.
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4.8 Perturbations of FLL Models with Pressure-Free Matter

For the case where the background FL. model contains dust and possibly a cosmological constant, the
analysis of scalar perturbations simplifies significantly since one can avoid performing the harmonic de-

composition. The evolution equation (4.42) for the fractional density gradient D, simplifies to

Dy + 2HDy,y — $QH?D, = 0. (4.120)

Since (4.10) implies u, = 0 for a dust background, a short calculation using (1.5) and (1.18) reveals

hqp = 0, and hence that
Dy =Da, and Dy, = D,. (4.121)

Namely, we use the fact that the fluid 4-velocity is a geodesic in the case of dust. Thus, we can drop the

spatial projections from (4.120) and so obtain
Do+ 2HD, — 3QH?*D, = 0. (4.122)

Although it follows that D, does not depend on the perturbation mode k, a harmonic decomposition is
required in order to obtain expressions for the shear and electric Weyl tensor (see, for example, (4.54) and
(4.55)).

4.8.1 The General Solution in Integral Form for Scalar Perturbations

A second simplification is that the evolution equation (4.122) has a first integral, which we derive as
follows, using the spatial gradients D,, Z, and R,
In the case of dust, the evolution equations, given in (4.40), (4.41) and (B.13) simplify significantly,

and can be written as

D, = —2Z,, (4.123)
((’Z,) = —3ul’D,, (4.124)
(PR, = —4K2Z,. (4.125)

Note that these DEs are not independent, since the 3 spatial gradients are linearly dependent. This result

can be seen upon taking the spatial gradient of (1.43) and linearizing so as to obtain

Ro = —4HZ, + 2uD,. (4.126)
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Observe that the quantity Cy,, defined by!?

C, = PR, — AKD,. (4.127)

satisfies J
L6 =0 4.128
dtC 0 ( )

We can rewrite (4.127) in terms of D,, Da using (4.123), (4.126), (3.31) and (3.35), so as to obtain
Co = 4C(HD, + (30 + Q) H?D,). (4.129)

This equation is in fact a first integral of the evolution equation (4.122), since (4.122) is a consequence of
(4.123) and (4.124).

On noting that, in the case of dust, (4.11) can be rewritten as

H=-(3Q+0,)H? (4.130)
we can further simplify (4.129) to read

d (D, Ca

(2 = e 4.131

dt ( H > 4H?2¢? ( )
The solution of (4.131) is thus

HH
Da( HH — 4.132

for time-independent vectors C’,S_) and C,SH , with Cc(lﬂ = C’a. For simplicity, we define

) = 2L
H/ mp POW=7 (4.133)

and so write (4.132) as
D,(t) = CHDH (1) + ¢HID (). (4.134)

In terms of conformal time 7, the growing mode D) (1)), as given by (4.133), reads

n dN
) (1) — an
D) (n) H/o 3 (4.135)

12 Also see Bruni et al. (1992), eq (38).
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Equation (4.135) can often be used to gain insight into the asymptotic behaviour of dust perturbations.

If H— 0or H— ooasn — n* (where n* = 400 is allowed), we can rewrite D(*) as

(+) ( ) %)
D)~ A L (4.136)
()

On applying L"Hopital’s rule, in the limit as 7 — n*, we obtain

1
D) ~ ~H (4.137)
Then (4.130) gives an expression for the asymptotic behaviour of the growing mode in terms of zero-order
quantities:
DH () ~ 3; asn — 1" (4.138)
SQH2? - K

Although the general solution (4.133) cannot always be obtained in closed form, one can analyze the
asymptotic behaviour of these solutions. We are primarily interested in three asymptotic epochs, namely
flat FL (n ~ 0), Milne (n > 1, Q;, ~ 1) and de Sitter (n =~ 1y, {2y ~ 1). The general behaviour of

perturbations within these epochs shall be discussed in detail in section 4.10.

4.8.2 Scalar Perturbations with A = 0

We now use the general solution (4.135) to obtain the solution for a dust background with A = 0. The
length scale (4.105), when specialized to the case of dust, is given by

M = (Sk(n/2))?, (4.139)

and the Hubble parameter by H = ¢/ /¢? and (4.139),
Ck(n/2)

Hl = : (4.140)
Sk(n/2)
where C'i (T) is defined analogous to Sk (7T') to be
Ck(T) = (1,coshT,cosT), (4.141)

for K = (0,—1,+1).
We now consider the case of K # 0 separately. In this case, the growing mode can be determined
from (4.135), (4.139) and (4.140), on integrating

4
D) = % / ZI;((% 3))2(177, (4.142)
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This integral is elementary and can be expressed in terms of H and ¢ after a short calculation:

1
D) = 2 SnHC) + H* (2 (4.143)

It follows from (4.107) with G = 2 that
QH? = % (4.144)

which allows us to rewrite the Friedmann equation (3.36) as

1
H*? = —K + —. 4.145
v, ( )
We can now eliminate the H2¢? term in (4.143), obtaining
3
DY) = (1= gnHl) - K. (4.146)
The solution of (4.122) for K = 0 is then
3 H
Dy=CH |2 -InHO) ~K|+C (=), (4.147)
A A
where H and / are given by (4.139) and (4.140).
In the case of K = 0, the integral (4.142) evaluates to
D) — %01727 (4.148)

where the coefficient %0 is chosen so as to be asymptotic to the growing mode solution for K # 0 when

1 — 0. The solution for a flat FL. background is then
Do = O (Ln?) + CL (8n73). (4.149)

We depict the growing and decaying mode solutions in figure 4.2.
We note that the solution (4.147) can also be derived from the governing DE (4.122), upon applying
the general solutions (H.2), (H.34) and (H.35).
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o™ g

N, "

FIGURE 4.2: A depiction of the qualitative behaviour of the growing and decaying mode solutions of
(4.122) when A = 0. From left to right, the plots depict negative (K = —1), flat (K = 0) and positive
(K = +1) curvature.

4.8.3 Scalar Perturbations with A > 0, K =0

In the case A > 0 with flat spatial geometry (K = 0), the general solution (4.133) can be given in terms of
toroidal Legendre functions with clock time as the time variable, as follows. We transform the governing

DE (4.122) to normal form by means of the change of variable
D, = (M) D,. (4.150)

The result is
Dy — H*D, =0, D, = (MN)7'D,. (4.151)

The length scale of the background solution is given by (3.225). We calculate H using H = ¢ /{. The

results are
¢ =X"'(sinhT)¥3,  H = XcothT, (4.152)

[A
T=3X, and \= 3 (4.153)

We substitute (4.152) into (4.151) and use T as the independent variable. After applying a standard

where

identity, we obtain

2 1 . —2/3
%Da _¢ [1 n h2T] D,=0, D,= [sinh (%\/3/\75)] D,. (4.154)
Si1n
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This DE is the toroidal Legendre DE (H.3) with p = % andv = é whose solution is given by (H.4). Thus,
we have

Du(t) = (sinh T) 75 |CDQY o (cosh T) + CL PP (cosh T)] . (4.155)

The second term of this solution is in fact an elementary function due to the identity'3

(sinhT) ~sp>/S

1 /6 (coshT) = Acoth(T), (4.156)

for A constant. It follows from (4.152) that (4.155) can be rewritten as
) H

Dy(t) = CP) (sinh T) 6 Q5 (cosh T') + '~ T

6 (4.157)

where 7' is given by (4.153). Observe that the second term corresponds to the second term in the general
solution (4.132). However, the growing mode in (4.157) does not correspond to the growing mode given
in the general solution (4.132), since it diverges as t — 07 (see (H.39)). Thus the growing mode D(Jr)(t)

in (4.132) must be a linear combination of the two solutions in (4.157):

p g [ _, (sinh T)~$ Q5 (cosh T) + ap 22 (4.158)
- o H22 1 1/6 2N .
The growing mode defined in this way will satisfy
lim D) = 0. (4.159)

t—0

We depict the growing and decaying mode solutions in figure 4.3.

4.8.4 Tensor Perturbations for A = 0

The solution for X4 (n) is obtained in terms of Bessel and Legendre functions by choosing 3 = 2 in the
general solution (4.109), (4.111) and (4.113). Since the index has the value y = % these solutions are
elementary functions, given by (H.20)-(H.25). Upon comparing the functional dependence in each case,

we obtain the following unified form of the solution:

1
Xy (n) = 35 [e4 Xy () + e X ()], (4.160)

3This result is obtained from Abramowitz and Stegun (1970), equations (8.5.1) and (8.6.16).
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Da

FIGURE 4.3: A depiction of the qualitative behaviour of the growing and decaying modes in an FL

cosmology for density perturbations with dust and cosmological constant.

where

Xiy(n) = (4n? — K — 3H?(*)sin(nn) + 6nH{ cos(nn), (4.161)

Xiy(n) = (4n? — K — 3H?() cos(nn) — 6nH sin(nn), (4.162)

and n? = k? 4 3K. Here, the coefficients c and c_ are constants that depend on k.

Tensor perturbations describe the propagation of gravitational waves, which are represented by the
electric and magnetic Weyl tensor, F,;, and H,,. We specialize the solution (4.160) to K = —1 and
use (3.206) and H = ¢'/¢? to determine £ and H. On applying (4.80) and (4.81), we can determine the
asymptotic behaviour of F,;, and H,;, in three asymptotic regimes: The first regime (n < 1 and kn < 1)
describes long wavelength perturbations that occur outside the particle horizon close to the singularity;
the second regime (n < 1 and kn > 1) describes perturbations within the particle horizon close to the
singularity; lastly, the long term behaviour of the perturbation, when spatial curvature is significant, is

described in the third regime (n > 1).

n<KLlandkn <1 | n<«land kn>1 n>1
E.,/H? cyn? +e_n3 Acos(nn + ¢) Ae~"cos(nn + @)
H,,/H? cin® +cn? Asin(nn + ¢) Ae "sin(nn + ¢)

Here c4, A and ¢ are arbitrary constants that depend on k. In the first regime we can see that the
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tensor perturbations do not represent gravitational waves since they have a power law dependence on 7.

We depict the behaviour of Ey,) /H? in figure 4.4, for three given choices of n.

4.9 Perturbations of Radiation-Filled FL. Models

We now derive the general solution of the governing DEs for a radiation fluid with zero cosmological
constant (A = 0) in terms of elementary functions.

The solution for D(k) (n) is obtained by choosing 3 = 1 in the general solution (4.109), (4.111) and
(4.113). Since the index has the value p = %, these solutions are elementary functions, given by (H.14)-
(H.19). Upon comparing the functional dependence in each case, we obtain the following unified form of

the solution:

Dy (1) = e+ DH () + - D (), (4.163)
where
DH)(n) = Hlsin(cskn) — csk cos(cskn), (4.164)
D)) = Hlcos(cskn) + csksin(cskn), (4.165)
and

cothn Open FL (K = —1),
H{=S n! Flat FL (K = 0), (4.166)
cotn Closed FL (K = +1).
The coefficients c; and c_ are constants that depend on k.
The solution for X4 (n) is obtained by choosing 3 = 1 in the general solution (4.109), (4.111) and
(4.113). Since the index has the value p = % these solutions are elementary functions, given by (H.14)-
(H.19). Upon comparing the functional dependence in each case, we obtain the following unified form of

the solution:

1 _
Xy (n) = 7 e Xy (m) + e X, ()], (4.167)
where
Xioy(n) = Hesin(nn) — ncos(nn), (4.168)
X)) = Hecos(nn) + nsin(nn), (4.169)

(4.170)
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FIGURE 4.4: Tensor modes of the Hubble-normalized electric Weyl tensor E;)/H 2 for an open FL
background (K = —1) with dust. From top to bottom, the eigenmodes in each plot are n = 10, n = 100
and n = 1000.
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and n? = k? 4+ 3K. The coefficients ¢, and c_ are constants that depend on k.

As with perturbations of a dust background, we specialize the solution (4.163) to K = —1 and use
(3.206) and H = ¢'/¢? to determine ¢ and H. On applying (4.80) and (4.80), we can determine the
asymptotic behaviour of E,;, and H; in three asymptotic regimes.

n<<landkn <1 | n<Klandkn>1 n>1
E.,/H? cyn? +e_nt Ancos(nn+ ¢) | Ae " cos(nn + ¢)
H,,/H? cind 4 c_ Ansin(nn + ¢) | Ae "sin(nn + ¢)

Here ci, A and ¢ are arbitrary constants that depend on k. We depict the behaviour of Ey, /H? in
figure 4.5, for three given choices of n.
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FIGURE 4.5: Tensor modes of the Hubble-normalized electric Weyl tensor E;)/H 2 for an open FL
background (K = —1) with radiation. From top to bottom, the eigenmodes in each plot are n = 10,
n = 100 and n = 1000.
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4.10 Perturbations in Asymptotic Epochs of FL. Models

In this section we give approximate solutions of the governing ODEs for scalar and tensor perturbations
in three asymptotic epochs for FL. cosmologies. We also give the behaviour of the spatial gradients,
kinematic quantities and Weyl tensor components for these approximate solutions. Further, to facilitate
comparisons, we give the Bardeen (1980) gauge-invariant metric potentials for the approximate solutions.

The three asymptotic epochs are as follows:

Flat FL. The flat FL background is described by

n\" B
Q=1 Qx,=0, Q =0, M:(), Hi =2, (4.171)

B n

This solution approximates the dynamics of any FL cosmology with an initial singularity with cosmolog-

ical constant and arbitrary curvature at early times, since these models satisfy
lin%(Q,QA,Qk) = (1,0,0). (4.172)
7]—)

(see table 3.2).

Milne. The Milne background is described by
Q=0, QA=0, Q=1 M=¢€", H(=1. (4.173)

This solution approximates the dynamics of any open FL cosmology with zero cosmological constant at

late times, since these models satisfy
lim (92, Qp, Q%) = (0,0,1). (4.174)
n—00

(see table 3.2).

de Sitter. The de Sitter background is described by

: (4.175)

where 7 is defined by (3.219):
n="mn-"nf. (4.176)
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This solution approximates the dynamics of any ever-expanding FL. cosmology with cosmological con-

stant and arbitrary curvature at late times, since these models satisfy

lim (€, Qx, Q) = (0,1,0). (4.177)
n—"nf

(see table 3.2).

Remark: The approximate solution for the case of flat FL. with kn < 1 (Table 4.2) have been given by
Goode (1989). To the best of the author’s knowledge, the other results are new.
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4.10.1 The Flat FL Asymptotic Epoch

The solutions of the governing equations in the flat FL. background are obtained by substituting (4.171)
into (4.109) and (4.93) and are given by

3_
D(k)(n) = N2 ﬁ|:C+Jﬁ+%(csk77>+C—Yﬁ+%(cskn)]7 (4.178)
Wayn) = Cn*=9), (4.179)
1
Xap(n) = 037 e Typa (hm) + Y1 (k)] (4.180)

In the expressions for D(;) (1) and X(;)(n) we can identify two asymptotic regimes, namely kn < 1
and kn > 1. The restriction kn < 1 means that the perturbation mode corresponding to % is outside
the particle horizon, while kn >> 1 means the perturbation mode is inside the particle horizon (see sec-
tion 4.7.1). The approximate solutions subject to these restrictions can be obtained from the asymptotic
expressions for the Bessel functions in Appendix H.4.

These approximate solutions will also be valid for an open or closed FL background, for the following
reason. If K = +£1 and kn < 1, it follows that 1 must satisfy n < 1 since k£ > 1 —see (F.11), (F.32) and
(F.43). It thus follows from (4.172) that

Q
— 1 4.181
q <L (4.181)

i.e. the spatial curvature is dynamically negligible in the regime kn < 1.
The approximate solutions and the resulting time dependence of the first order quantities are given in
table 4.2 (kn < 1) and table 4.3 (kn > 1).
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Perturbations of FL. models subject to k7 < 1 and /2, < 1.

Quantity Scalar Perturbations  Vector Perturbations Tensor Perturbations
Dyy - {n*,n' %"} - -
Wy = - {* 2%} :
X(k) A - - {777 7772/8}
Oab 2 . 1-28 1-28 2 . 1-28
- v {7} {n" "} {7}
w _
= 0 {7 0
Val _ _

g - W ("%} 0
VoH _ -
e {0, n*2%} {n*27} 0

V.®R
s7E R Ul 0 0
Eap - - _
7z {n*,n'*°} {n' 2%} {n*,n' 2%}
Hy _ _
Ha2 - 0 {772 2ﬂ} {7737772 2ﬁ}
oy - {11729} - -

0 “- - {77_25} -
2 _
oy : : {120y

TABLE 4.2: This table describes perturbations of any FL model subject to kn < 1 and /€2, < 1. For
open and closed FL models the second restriction requires that 17 < 1, which is necessarily satisfied on

account of the first restriction, since k > 1.

T The second mode in this case is obtained directly from the exact solution and is zero in the case of dust.

% The second mode in this case cannot be obtained from the asymptotic behaviour of Xwy-
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Perturbations of FL. models subject to k7 > 1 and /9, < 1.

Quantity Scalar Perturbations (y # 1)T  Vector Perturbations Tensor Perturbations
Dy = 0 Psin(eshn +¢) - -
Wy - : n* :
X - - - n~ P sin(kn + ¢)
% . 0?77 cos(cskn + ¢) A 'V sin(kn + ¢)
Ya 3-28
—a “- 0 0
H T’
Z;;j g i~ sin(eskn + ¢) U 0
VoH _ -
rE n° 7 cos(cshn + ¢) Ui 0
V.®R L 5
o sin(ehn+9) 0 0
E 8. _ .
2o P sin(edn +0) y P cos(ln + )
Hy _ B .
7z 0 U n° " sin(kn + ¢)
—1-8
oy - n " Usin(cskn + ¢) - -
i} “— - 77—25 -
H(Q) N - - -5 k
T " cos(kn + ¢)

TABLE 4.3: This table describes perturbations of flat FL with k7 > 1, and open and closed FL with
kn > 1 and < 1. For open and closed FL models the second restriction requires that % < 1. The first

restriction then requires that k is sufficiently large.

' For the case of v = 1 see table 4.2.
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4.10.2 The Milne Asymptotic Epoch

The governing DEs in the Milne background are obtained by substituting (4.173) into (4.97), (4.90) and
(4.101) and are given by

,ZA)EI]C) + wQ'ZA)(k.) = 07 D(k) — 67(1*%)77'[)(’6)7 (4182)
Wik + 58 =)Wy =0, (4.183)
Xipy + Xy = 0, Xy = e "X (4.184)
where
W' =Gk — (1 %) (4.185)

holds for scalar perturbations and
n® =k -3 (4.186)

holds for tensor perturbations. For scalar perturbations there are two cases, namely w? > 0 and w? < 0.

The second case includes dust (i.e. cg =~ —1=0, 8 = 2), while the first case includes radiation (i.e.

v = %, B =1). In addition, the condition w?

> () is satisfied for all perfect fluids other than dust (i.e.
1 < v < 2) provided that the wave number k is sufficiently large, i.e. k > k.. We will restrict our
considerations to the cases w? > 0 and dust.

The solutions are

Dy~ | AT st 0), 0> 1k > e .
(1 et +c_e™ | ify=1, '

Way(n) = Ce 20790, (4.188)

Xay(n) = Ae "sin(nn+ ¢), (4.189)

where A is an arbitrary constant amplitude.

In order to calculate the approximate expression for E,;, we need an approximate expression for 2
subject to > 1. A simple calculation using (3.206) and (3.207) yields the approximate asymptotic
behaviour

0 = exp (—%n) < 1. (4.190)

The approximate solutions and the resulting time dependence of the first order quantities are given in
table 4.4.
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Perturbations of Milne.

TABLE 4.4: This table describes perturbations of open FL models with 7

hence kn > 1.

Quantity Scalar Perturbations Vector Perturbations Tensor Perturbations
y=1 v > 1,k% > kfm-t
Dy - {1,e7} e_(l_%)n sin(wn + ¢) - -
Wry - - - o20=5)n )
) < - - - e Tsin(nn + @)
(;zlb w {ne " e M e (=5 sin(wn + @) e~ 20150 e Tsin(nn + ¢)
% B 0 0 o 20=5)n 0
Z;/’j - {1,e7"} e~ (=g sin(wn + ¢) e 201=5)n 0
i‘;f w {pe M e MY e (=3 sin(wn + @) ¢ 2050 0
@2?}2 - fe e (=5 sin(wn + @) o—201=%)m 0
%21) w {eT e el sin(wn + @) e 2 e "cos(nn + ¢)
]Z[azb - 0 0 e 2 e Tsin(nn + @)
by w {e e} e_(1+%)n sin(wn + ¢) - -
v - - - e 2 -
H:(F2) - - - - e~ Tsin(nn + @)

> 1 and Q/Q,;, > 1 and

T In the case of ¥ = 1 the growing mode is obtained from the growing mode for dust in an open FL background, given by

(4.146).
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4.10.3 The de Sitter Asymptotic Epoch

The governing DE:s in the flat de Sitter background are obtained by substituting (4.175) into (4.97), (4.90)
and (4.101) and are given by

o 1 ~ 11 A
Diay + [Cik? -3 (1+4) 772] Dy =0, Dgy =i "Dy, (4.191)
1
Wiy +2 (4 -1) Wy =0, (4.192)
9‘?(/1/@) + 02X =0, Xy = 1 X), (4.193)

where the prime (') denotes differentiation with respect to 7 and n? = k2 + 3 — see (F.43). The solutions
to these equations are given by!#

3_1
2

N2 7 le_Ji 1(cskn) +eiYi a(eskn)|, ify#1
Day(n) = 25 27 } (4.194)
c_? + g, ify=1
_2
W) = ci’ s, (4.195)
Xy(n) = c_isin(ng) + c41 cos(ni). (4.196)

As in the case of the flat FL background, we can distinguish two regimes, depending on the wave
number, i.e. k7 < 1 and k7 > 1. These results are valid also for K = +1, but require that 25 /Qp < 1,
which holds for 77 < 1 on account of (4.175).

In order to calculate the approximate expression for E,;, we need an approximate expression for 2
subject to 7 < 1. A simple calculation using (3.225) and (3.226) yields the approximate asymptotic
behaviour

O~ 7. (4.197)

The approximate solutions and the resulting time dependence of the first order quantities are given in
table 4.5 (k77 < 1) and table 4.6 (k77 > 1).

“Observe that (4.191) is Bessel’s DE (H.1) in normal form with a = c.k and p? — i = %(1 + %), ie pu= % + %
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Perturbations of de Sitter subject to k) < 1 and Q;/Q) < 1.

Quantity Scalar Perturbations  Vector Perturbations Tensor Perturbations
1-2
Dw - {n 5,7} - .
2—2
Wiy = - e -
Xy - - - {7, 7°}
Oab 3—2 _ .3-2 -2 ~
R U e 7o {7*,7°}
% - 0 ﬁ?’_% 0
\Y 2 _2
R (e i 0
7
@ H 4-—2 ~
TR e ! 0
@ (3)R 42
(;;13 - {i» 773} 0 0
Equ -3 -2(2+1) 3 4 -3
7z {77 } 7 {77}
Hy - 3
qz 0 it {i, i}
LI {7,777} - -
/] “- - i -
2 -
) - : : {17}

TABLE 4.5: This table describes perturbations of any FLL model that is future asymptotic to de Sitter,

subject to knp < 1.

 Due to cancellation of higher order terms, the growing mode must be obtained from the exact solution (4.194).




4.10. Perturbations in Asymptotic Epochs of FL Models 121

Perturbations of de Sitter subject to k7 > 1 and Q;/Q) < 1.

Quantity Scalar Perturbations (v # 1)  Tensor Perturbations
1
Dy - @i Psin(eski+¢) -
X - - fsin(ny + @)
Oab 21 ~ 9 . -
- i 7 cos(cski] + ¢) 7° sin(nij + @)
\Y 1
P;;‘ 7P sin(cokii + ) 0
V.H 1
132 - i g cos(cskn + ¢) 0
V.OR 1
%3 - i 5 cos(cskn + @) 0
Eab 3+1 ~ ~3 ~
7 “ 7°" 5 sin(eski] + @) 7° cos(ni + ¢)
H -3 . -
= 0 i sin(nij + ¢)
1
Oy - 7 sin(cskii + ¢) -
Héz) - - 7 cos(ni + @)

TABLE 4.6: This table describes perturbations of any FL model that is future asymptotic to de Sitter, with
kn > 1 and 17 < 1. In the case of scalar perturbations with v = 1 or vector perturbations, the behaviour

is identical to that given in table 4.5.
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4.11 Discussion
We now summarize the principal features of linear perturbations of FL cosmologies.

i) For each perturbation type the complete system of linearized evolution and constraint equations
is reduced to a single ODE for the harmonic modes, together with expressions for the Hubble-
normalized quantities (4.114)-(4.116). Solutions of the governing DE for vector perturbations can

always be determined explicitly in terms of ¢ according to (4.93).

i) When written in normal form using conformal time, the governing DEs for scalar and tensor per-
turbations are essentially the same if A = 0, i.e. they are governed by the same potential U with a

different frequency w, but differ significantly if A > 0.

iii) We have given a unified derivation of the known explicit solutions of the governing DEs for scalar
and tensor perturbations in (4.109)-(4.113). Solutions are given in terms of Bessel functions if
A = 0 and K = 0 with y arbitrary. Solutions are given in terms of Legendre functions if A = 0
and K = =£1 with ~ arbitrary. In the case of dust (v = 1) and radiation (y = %), solutions for all

perturbation modes can be written in terms of elementary functions.

We now give a brief overview of the behaviour of scalar and tensor perturbations when the matter
content is dust or radiation and possibly with a cosmological constant.

Scalar perturbations, as described by the spatial density gradient D,, have a growing mode and a
decaying mode in the regime kn < 1. For pressure-free matter these two modes persist for all 7. The
growing mode is bounded in the Milne regime, i.e. if A = 0 and K = —1, and in the de Sitter regime, i.e.
it A > 0.

For radiation (or more generally if the barotropic index satisfies w > 1), scalar perturbations are
wavelike in the regime c;kn > 1 (interpreted as sound waves with speed of propagation c,). The spatial
density gradient is wavelike with constant amplitude in the Milne regime (unbounded if w > %) and in
the de Sitter regime (with k7 < 1) it has a growing and unbounded mode and a decaying mode (more
generally this occurs if w > 0).

Tensor perturbations, as described by the electric and magnetic Weyl curvature, have a growing mode
and a decaying mode in the regime k7 < 1. In the regime kn > 1 where 2/, < 1 the behaviour is

sinusoidal, with power-law amplitude.
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In tables 4.2-4.6 we summarize the time-dependence of the Hubble-normalized kinematic quantities,
Hubble-normalized Weyl tensor components and metric potentials in three asymptotic epochs for FL
cosmologies. Tables 4.2 and 4.3 show clearly that the flat FL. model is unstable, both with respect to long
wavelength and short wavelength perturbations. This instability is not revealed by the gauge invariant
metric potentials. Tables 4.4 - 4.6 show that spatial curvature has a stabilizing effect, as does the presence

of a cosmological constant.




APPENDIX A

EVOLUTION AND CONSTRAINT
EQUATIONS

As discussed in section 1.2.6, when the Ricci identities (1.50) and Bianchi identities (1.51) are applied to
the Einstein field equations (1.2), we obtain a set of evolution and constraint equations for the kinematic
quantities and Weyl tensor components. For an outline of the derivation of these equations see Ellis (1973,
p24-30) and Ellis and van Elst (1998, p10-12).

Projected Field Equations. The Einstein field equations (1.2) can be rewritten as

Rop = Tap — %Tgab- (A.D)

We contract (A.1) with hy, and u, and use (1.26) in order to obtain the following relations:

R = pu—3p, (A.2)
Rapuu’ = §(u+ 3p), (A3)
Rapu®h’, = —qe, (A4)

Ry = Tab, (A.5)

(see Ellis (1973), p24). Using (1.30) we also obtain two important relations relating the Riemann curvature

tensor and Weyl tensor components:

Racbducud = Eg — %R(aw + %habRcducud; (A.6)
00 Reprautu® = Hep + dnapea RS uus. (A7)
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Ricci Identities

H = —H*+ (V" + 0" — 20% + 20%) — L+ 3p), (A.8)
Glayy = —2Hoay+ V gty + gl — 01 0bye — Wiawpy — (Fab — 3Tab), (A.9)
Wy = —2Hw,+ ogw’ — Leurl(i,), (A.10)
0 = Vlou —2VoH — curl(w,) — 2€qp0i°w® + qa, (A.11)
0 = V%, — 1w, (A.12)
0 = Hup— 20wy — Viaws — curl(ogp). (A.13)
The twice-contracted Bianchi identities (1.53) lead to the following evolution equations:
[ = —3H(u+p)— Vag® — 2iaq® — o%nt,, (A.14)
q(“) = —4Hqq — ﬁap — (p+p)itg — @bﬂ'ab
—iPmay — 0%qp + €qpew®qC. (A.15)
We are primarily interested in the case of a perfect fluid, where these equations reduce to
Twice-Contracted Bianchi Identities (Perfect Fluid Source)
o= —3H(p+p), (A.16)
0 = (u+p)ia—+ Vap. (A.17)

For simplicity, the equations obtained from the full Bianchi identities (1.51) are presented here in the

case of a perfect fluid source.
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Bianchi Identities (Perfect Fluid Source)

E(ab) = —3HEu + 30( Eb>c 5(p+ p)oapy + curl(Hgp)
e p(a(20° H ) (A.18)
Hyy = —3HHg + 30<a Hb>c —curl(Eg)
€l (zueE{ +w6Hb{ ), (A.19)
0 = V’Eu + 3w Hyp + €aped™H. — 1Vap, (A.20)
0 = V'Hy — 3w’ Eay — €abe0™ES — (11 + p)wa. (A21)

Spatial Gradients of Zero-Order Quantities. In order to derive the governing equations for linear
perturbations of FL, it is necessary to derive evolution equations for the spatial gradients of the matter
density 1 and the Hubble parameter H, defined by (4.8) and (4.9). By propositions 2.1.4 and 2.1.1, these
quantities are zero in the background and hence gauge-invariant by the Stewart-Walker lemma.

We make use of the fact that the Raychaudhuri equation (A.8) can be rewritten as
H=3T - (u+p), (A22)
where
T = —3H? + p+ A + Vot + 0%g — 202 + 202, (A.23)

In order to proceed, we require an identity which permits the interchange of the * derivative and the

spatial derivative V. when applied to a scalar field f. A straightforward calculation using (1.18) yields
(Vaf)'L = =HVaf + (Va +ia)f = (0, + @)V, (A.24)

for any scalar f (also see equation (92) in Ellis et al. (1990)).

We now derive evolution equations for X, and Z,, following Ellis and van Elst (1998, p56). Substi-
tuting f = p into (A.24) and using (4.8), (4.9), (A.16) and (A.17) yields the evolution equation for X,. If
we instead choose f = H in (A.24) and use (4.8), (4.9), (A.22), (A.16) and (A.17) we obtain the evolution

equation for Z,. The results of these derivations are given as follows:
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Spatial Gradients of Zero-Order Quantities

X = —4HX,— (o) +w) X, — (1 +w)pZa,
Z<a> = —3HZ, - (O-ab + wab)Zb - %Xa

+T 0 + Vo (VP + 0 — 207 + 207).

(A.25)

(A.26)




APPENDIX B

SPATIAL CURVATURE

In this appendix we introduce the 3-curvature when the fundamental congruence has non-zero vorticity.
This analysis leads to a generalization of the Gauss equation (1.37), the 3-Ricci tensor (1.39) and 3-Ricci

scalar.

B.1 The Generalized Gauss Equation

We note that the projected covariant derivative Va, defined in (1.11), is a non-commutative operator on
the space-time manifold when vorticity is present, i.e. w, # 0. After a short calculation using (1.5), (1.11)
and (1.18), we obtain

VaVof = VeVaf = —2waf. (B.1)

We now derive a similar identity for tensors with one or more index.

On projecting (1.18) orthogonal to u* and applying (1.11), we obtain
Vitta = Kab, (B.2)

where k,;, is defined by
kap = Wap + 0ap + Hhgp, (B.3)

(see Ellis et al. (1990), eq. (76)).

Upon performing a similar computation as in (B.1) and using (1.50), we obtain the expression

VaViXe — ViVaXe = =20 X () +&) Rupea X ?, (B.4)
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where (3)Rabcd is defined by
GRaped = (Raved) L — kackbd + Kadkve, (B.5)

(see Ellis et al. (1990), eq. (79)). We note that this definition reduces to the 3-Riemann tensor given in
(1.37) when u® is irrotational. A similar identity to (B.4) can be obtained for tensors with two or more

indices, generalized according to
?[aﬁb} Scd~--ef = _wabSJ_cdmef + %( (3)RscbaTSd...ef +---+ (S)RsfbaTcd..-eS)- (B6)

On contracting (B.5), we can obtain an expression for the spatial Ricci scalar and trace-free spatial
Ricci tensor in terms of the spacetime quantities from (B.5), incorporating the Weyl tensor through (1.30)
and (1.32):

GR = R+ 2Rubu? — 6H? + 20° — 202, (B.7)
®Sw = Bap+ 2(hShy — 1hhy) Rog — Hoy — Hwa,

—%(02 — W) hay + 000 + Wl + W low + 0 L. (B.8)

Using the field equations (1.2) in the form (A.2)-(A.5) to eliminate R and R;, we obtain

GR = —6H?+2u+20% — 207 (B.9)
(3)Sab = Eu+ %ﬂ-ab —Hogy — Hwgp — %(02 - wz)hab
+0, 06 + Wy wep + W, Och + Oy Wep- (B.10)

B.2 The Spatial Gradient of the 3-Ricci Scalar
The spatial gradient of the 3-Ricci scalar is defined by
Re =1V, PR, (B.11)

An evolution equation for R, is obtained in the same manner as for D, and Z,, defined in (4.35) and
(4.37), respectively. If we choose f = G)R in (A.24) and use (4.9), (A.22), (A.16) and (A.17) we obtain

Ry = —2HR.—(0)+w))Ry—3TZ,
— AT 01 + OV o (VP — 202 + 20%). (B.12)
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Further, we can obtain an auxiliary equation describing the evolution of R, from (B.12) and (4.19),

presented here for completeness:

. 4K c?
Rip = —2HR, — —Z, +4H—2
(@) 2 Cuy




APPENDIX C

SOLUTIONS OF THE FRIEDMANN
EQUATION

In this appendix we list the solutions of the three first order quadratic DEs that arise by transforming the
Friedmann DE. In the first two cases, the solution is uniquely determined by requiring % > 0 and the

initial condition

L(0) = 0. (C.1
In the third case we require that
L(0)=1, and L'(T)>O0forT > 0. (C.2)
Differential Equation Solution
dL\” 2 : 1201
Case 1 ) = 1+2aLl+ L7, L = sinh T + 2asinh”(57). (C.3)
dr\? 2 : 201
Case 2 ) = 1+2aL — L7, L =sinT + 2asin®(57). (C4)
dL\?
Case 3 (dT> =I1%—1, L =coshT. (C.5)
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There are four known cases where the Friedmann equation can be transformed into the quadratic form

(3.195) via a change of variable:
i) 1-fluid plus spatial curvature.
ii) 2-fluid flat FL.
iii) 2-fluid FL plus arbitrary curvature. The equation of state parameters must satisfy
Mm=35+20y,  mw=3+A, (C.6)
where A+ is constant.

iv) 3-fluid FL. The equation of state parameters must satisfy

1> 2 > Vs, Y1 -2 =72 — 3 = Ay, (C.7)

where A+ is constant.

C.1 Solutions with a Stiff Fluid

There are three known cases where we can obtain a solution to the Friedmann equation where one fluid is

a so-called stiff fluid, i.e. v = 2. In this section we briefly present each of these solutions.

S D-Universes. We choose the conformal parameter to be A = A\g, which, on using (3.113), leads to a

single mass parameter defined by

—4
ms = <);\S> . (C.8)
In this case the Friedmann equation reads
AW
<dt> = (AD)H+ (Mg0) 7L (C.9)
We apply the change of variable
DY A2
L= 7563, T =35, (C.10)

obtaining

2
(Cw> =1+L. (C.11)
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Subject to the IC £(0) = 0, the solution is
L(T)=1T"+T, (C.12)

or equivalently

1/3

0t) = AT [F(A)? + 3y/ms(At)] (C.13)

SRC-Universes. We choose the conformal parameter to be A = \,., which, on using (3.113), leads to a

single mass parameter defined by

A\
== ) C.14
me= (%) c.14)
In this case the Friedmann equation reads
de\’ 4 »
— | =)+ (M) = K. (C.15)
dn
We apply the change of variable
L= N2 T =2, (C.16)
obtaining
acy® 1
— ) =1 L—KL2 C.17
(%) -1+ o= ©17)

Subject to the IC £(0) = 0, the solution is

1/2

0(t) = 27" [VmsSk(2n) + Sk (n)?] (C.18)

SDA-Universes. We choose the conformal parameter to be A = Aj, which, on using (3.113), leads to

two mass parameters defined by

A\ AN
ms:</\> , md:<)\d> : (C.19)

In this case the Friedmann equation reads

e\’
(dn> — D)+ () + (M2, (C.20)
We apply the change of variable

L£=N\3, T = 3\, (C.21)
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obtaining
dL\? ma )
— | =1 . C.22
(57) =1+ Jcc €22)
Subject to the IC £(0) = 0, the solution is
0(t) = A1 [y/ms sinh(3Xt) + mgsinh?(3Ae)] /. (C.23)

C.2 Existence-Uniqueness for the Friedmann Equation

In this section we prove existence-uniqueness of solutions to the Friedmann DE (3.115), given by

dL ’ = Zn:m-L—?’%‘Jr? -K (C.24)
ar) ’ ’ ‘
i=1
for any choice of parameters m; > 0,7 = 1,...,n — 1 and subject to the conditions
dL
L(0)=0 d —>0 C.25
=0, and >0, (25)
We can rewrite (C.24) as
dL\? -
ab ) s (3y1-2) 73(—vi) _ 3y1—2
< dT) = [~ Bn [Z} m; L3 — gr3n—2| (C.26)
1=
Since y; > 2 > - -+ > vy and 1 > % this DE is of the form
AL\ >
=) 1~ Gn-2p(r, C.27
with
F(0) =mq > 0. (C.28)

Since % > 0, we can rewrite (C.27) as

AT L3Bm—2)

= — L>0. C.29
dL F(L)Y/2” - ( )

The general solution to (C.29) is then, for all m; > 0,
T=G(L)+C, (C.30)

where G(L) is the antiderivative of the RHS of (C.29). The requirement that 7" = 0 when L = 0 fixes C,

and hence gives a unique solution.




APPENDIX D

CONFORMAL TIME

The conformal time variable 7 is defined in terms of clock time ¢ and the length scale ¢ via

dn 1
— = D.1

dat ¢ ©.

Unlike clock time, conformal time is not necessarily unbounded into the future for ever-expanding

models. In fact, the presence or absence of certain types of fluids determines the behaviour of the confor-

mal time variable. We present the following theorem:

Theorem D.1 Let (M, g, u) be an ever-expanding n-fluid FL cosmology whose length scale satisfies
£(0) = 0 and where each fluid satisfies a linear equation of state (3.17) with equation of state parameters

v; ordered according to vy > y2 > - -+ > Yp. It follows that 1 satisfies the following constraints:

(a) n is bounded below iff v, >

wiN

(b) n is bounded above iff vo <

wInN

Proof. It follows from the definition of an ever-expanding model (see section 3.1.6) that

d
Lo oveso. D2
a0 (D-2)

Using the chain rule we expand (D.1) so as to obtain

d de] 1
i=|al

de | dt (D-3)

It then follows from (D.2) and (D.3) that 7 is a strictly increasing function of £ for ¢ > 0.
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Let 79 and 7, be the value of conformal time at £y and £, respectively. We now integrate (D.3) over

L, -1
mmrea= [ ()] oo
Lo

Since 7 is strictly increasing, we note that 7, is bounded above if and only if F'(¢,) is bounded as ¢, —

(10, Ms) SO as to obtain

+o00. Similarly, we note that 7, is bounded below if and only if F'(£,) is bounded as £, — 0%. We now

prove the two results separately:

(a) Assume that condition (a) is not met. It then follows from (3.196) that 3 a constant C' > 0 such that
% < C'Vt < tg. The integral (D.4) then takes the form

A 1 [fode
« = T — — - — —, D.
= Mdt)] wem=g |G ®)
which is unbounded.

If condition (a) is met it then follows from (3.196) that 3 constants C' > 0 and ¢ > 0 such that
% > C0™°Vt < tg. The integral (D.4) then takes the form

b rdeN] ™! 1 % dr
. =10 — — - = —, D.
e /0 Mdt)] Mg ), w= 00

which is bounded.

(b) Assume that condition (b) is not met. It then follows from (3.196) that 3 a constant C' > 0 such that
‘é—f < CVt > ty. The integral (D.4) then takes the form
1 [ ae

l —1
* dl
. = li | = da¢ lim — , D.7
=t Mm ), [(M RNl (DD

which is unbounded.
If condition (b) is met it then follows from (3.196) that 3 constants C' > 0 and ¢ > 0 such that
% > CU¢ V't < tg. The integral (D.4) then takes the form

¢ -1 ¢
* al 1 * dl
L = li P e lim = [ —— D.8
e =m0+ lm A [ (dt)] >Uo+€*ir£mc/go Jive (D.8)

which is bounded.

Thus, we conclude that the constraints hold, completing the proof. [J
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We note that this theorem also holds in the case of closed FL as long as Z—f > (', where C'is a constant
satisfying C' > 0. This constraint prevents models which recollapse or whose length scale tend to a

constant as t — +o0.




APPENDIX E

COVARIANT DIFFERENTIAL IDENTITIES

In this appendix, we present a list of useful differential identities involving the derivative operators used
in this thesis. This list represents an extension of the list given in Ellis et al. (1990) Appendix A by

incorporating identities involving the Laplacian and curl operators.

Zero-order 3-curvature quantities for FL models: Before proceeding, we must first obtain zero order
expressions for the background curvature. It quickly follows from (3.11), (1.40) and (1.47) that, to zero

order, the background 3-curvature quantities satisfy the following relationships:

P ORuped = K (hachbd — hadhse), (E.1)
2 OR,. = 2K hge, (E.2)
?BR = 6K. (E.3)

We now present a list of linearized identities, derived using (1.7), (1.11), (1.16)-(1.17), (B.1) and
(B.6). In all of the following relations, we shall assume that @a f, X, and T, and all their derivatives are

first order quantities. Further, we assume that 7} is symmetric and trace-free.

First-order time derivatives: The following set of linearized identities are used when interchanging

the derivative along the fundamental congruence (*) with V., curl (+) or V2
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Valf) = (Vaf)L = HVaf — fita, (E4)
Va(Xp) = (VaXp) L = HV.Xp, (E.5)
Va(The) = (VaToe) L = HVThe. (E.6)

NVa(f) = (OVaf)L — ftia, (E.7)

Va(Xp) = (VX)L (E.8)

No(The) = ((VoThe) L (E.9)
curl(X,) — (curl(X,)) = Heurl(X,), (E.10)
curl(Ty) — (curl(Ty))” = Heurl(Tyy). (E.11)

leurl(X,) = (Ceurl(X,)) L, (E.12)
leurl(Ty) = (Ceurl(Tpp)) L. (E.13)

V2(X,) = (V2X,)' L + 2HV?X,, (E.14)

VA(Tw) = (V*To)'L + 2HV? Ty, (E.15)
PV3(X,) = (PV2X,) L, (E.16)
OV (Tw) = (CVPTwp) 1 (E.17)

Laplacian identities: The following linearized identities are used when interchanging the Laplacian

operator V2 with V or curl(-):

PV = PVEVOF - 2KV f — 2fcurl(w,), (E.18)
PVVEX, = VEVUX, - 2K VX, + VPX, — h4 VX, (E.19)
PV, = VIV, — 2K [WTbc F VT 4 VT, — VAT, — hWSTbS] :

(E.20)
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?VeviX,
2NNATL, =

Veurl X,
Veurl Tup

PVPVAX, + 2KV X,
VAT, + 4K VT,

curl(V2X,),
curl(V2Ty).

(E.21)
(E.22)

(E.23)
(E.24)

Curlidentities: Finally, the following linearized identities are used when interchanging the curl operator

curl(+) with V:

curl(Vof)
curl(VoX3)
curI(V(aXb))
Vecurl(X,)

)

curI(VbTab

_2Waf7

( urI(Xb)),
ﬁ( curl(Xy)),

1
2
0,

2VPeurl(T,

b)v

(E.25)
(E.26)
(E.27)
(E.28)
(E.29)

Further, we obtain the following linearized identities for the curl of a curl, in the linearized context:

Ceurlcurl X, = —0V%X, + PV, VX, + 2K X,
Pcurl curl Tw = _£2@2Tab + %£2@(a@ch)c + 3K Ty,

(E.30)
(E.31)




APPENDIX F

COVARIANT HARMONICS

In this appendix, we present an overview of general identities and results related to the covariant harmon-
ics. We extend the results of Bruni et al. (1992) Appendix B by introducing the notion of associated vector
and tensor harmonics.

As in Hawking (1966), we define the spatial harmonics ng)c as eigenfunctions of the spatial Laplace-

Beltrami operator:

. k2
VQuc T 3 Qe = 0, (ED)

ab---c

where k is known as the wavenumber of the harmonic. Further, using (F.1) we impose that the Q%)
quantities are constant in time:
o® —o. (F2)

ab---c

See Bruni et al. (1992, Appendix B) for the relation between the metric harmonics Y and the covariant
harmonics (). Hereafter, as we are working in the geometrical formalism, the use of the term harmonics
will refer to the covariant harmonics defined by (F.1) and (F.2). For the problem at hand, we only require
scalar harmonics, vector harmonics and two-index tensor harmonics (which, for purposes of brevity will
be referred to as tensor harmonics).

We briefly discuss notation for harmonics and quantities derived from harmonics. The 0 superscript of
the harmonic quantity Q(°%) denotes that it is a scalar harmonic. Similarly, we use 1 and 2 to denote vector
and tensor harmonics, respectively. It is common in the literature to drop the wavenumber k when writing
a harmonic quantity, so writing QF) as Q) instead. The wavenumber of the harmonic being used is
instead implicitly defined by the equation where the harmonic appears. Further, here and elsewhere, we

shall use () to denote the whole set of harmonics and the standard quantities constructed from @): we have
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F.1. Scalar Harmonics 142
scalar harmonics Q(©), ng), QEL%), vector harmonics Q((ll), Qg)) and tensor harmonics Qﬁ).
We now give the definitions and properties of each of these three classes of harmonic types.
F.1 Scalar Harmonics
Scalar harmonics are defined as solutions of
5o k2
VoQ = —72627 (E3)
that satisfy the time-independence constraint
Q=0. (F4)
Each scalar harmonics () defines a vector and a trace-free symmetric tensor via
J2N
Qa = _Eanv (E5)
and 2
Qab = ﬁﬁbﬁaQ + %habcl (F.6)
Since it follows from (F.4) and (B.1) that () satisfies
VieVy@Q =0, (E7)
it can be quickly shown that @), and @ satisfy the curl-free constraint,
curl(Q,) =0, curl(Qqp) =0, (F.8)
congruence-orthogonality,
u'Qa=0, u'Quw=0, uQu=0, (E9)
and time invariance,
Qa=0,  Qu=0. (F.10)

We are restricted in our choice of k? to the eigenvalues determined by Lifshitz (1946), which in turn

are determined by the spatial curvature according to

2o g >0 if K = —1,0,
n=34,.. ifK=+1

(F11)
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We note that it is common to include n = 2 as a possibly harmonic mode in the case of K = +1, but it
can be shown via the constraint equation (4.29) and identity (F.16) that this mode is unphysical. In fact,
this mode is gauge-dependent and associated with the freedom of choice of the velocity field u®.

Some important identities involving the vector quantity ), can be derived using the differential iden-
tities in Appendix E and (F.3)-(E.5):

V.Q* = kQ, (F.12)
2V2Q, = —(k*—2K)Q, (F.13)
ViQa = —k(Qab — $hab@); (F.14)
OV Qe = 3K (haeQb — hucQa). (F.15)

Similarly, some important identities involving the tensor quantity Q45 can be derived using the differ-
ential identities in appendix E and (F.3)-(F.6):

VQuy = 27Nk - 3K)Qu, (E.16)
VNV Qw = 2(k* - 3K)Q, (F.17)
CVNVQae = —5(K =3K)(Qus — 5har@), (F.18)

CV2Qay = —(k* = 6K)Qap, (F.19)
OV ViQed = 1K|[(haeQbd — hocQad) + (hadQbe — hbaQac)]- (F.20)

F.2 Vector Harmonics

Vector harmonics are defined as solutions of

2o k2
VoQa = —E—QQa, (F21)
where (), is divergence-free and time-independent,
VeQu =0, Q,=0. (F22)

Every vector harmonic @), defines an associated vector harmonic P, via

P, =l curl(Qy), (F.23)
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which can be shown to satisfy (F.21) and (F.22) using (E.23), (E.28) and (E.12). On taking the curl of
(F.23) and applying (F.21) and (E.30), we obtain @), in terms of P,,

Qo = (K* +2K) L curl(R,). (F.24)

The vector harmonics ) and associated vector harmonics P then define trace-free symmetric tensor quan-

tities via

Qab = —2%% (F.25)
and

Py, = —%WGPZ,). (F.26)

These tensor-valued vector harmonics are defined in order to satisfy zero second divergence,

VeVPQu =0,  V*VPP, =0, (E27)
congruence orthogonality,
wQuw =0, uQup =0, u'Py=0, u’Py=0, (F.28)
and time invariance,
Qa =0,  Pup=0. (F29)

The tensor-valued vector harmonics are related using (F.25), (F.26) and (E.24), as follows:

Ceurl(Py) = 3(k* 4+ 2K)Qu, (F.30)
Caur(Qu) = 3Pup (F31)

As with scalar harmonics, we are restricted in our choice of k? to the eigenvalues determined by
Lifshitz (1946), according to

>0 if K = —1,0
Ren?_2k " ! L (E32)
n=34,. .. ifK=+1

Again, it is common to include n = 2 as a possibly harmonic mode in the case of K = +1, but it can be

shown via the constraint equation (A.21) that this mode is unphysical.
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Using the differential identities in Appendix E and (F.21)-(F.23) we can derive the following identity
for the vector harmonics (), and associated vector harmonics P, (in this case, we may replace ), with

P, to obtain a second identity):
626[11@1)]@0 = %K(hach - hcha)' (F.33)

Some identities involving the tensor-valued vector harmonics Q) and associated tensor-valued vector
harmonics P, can be derived using the differential identities in appendix E and (F.21)-(F.26). In each of
the following identities, the pair (Q) 4, (J,) may be replaced with (P, Py):

NQuw = k7K - 2K)Q,, (F.34)
CVVQae = —5(K = 2K)Qu, (F35)
CVQu = —(K = 4K)Qu, (F36)
OV VQed = 3K [(haeQbd — hoeQad) + (hadQbe — hbaQac)]- (F.37)

F.3 Tensor Harmonics

Tensor harmonics are defined as solutions of

. k2
V2Qup = 7 Qab, (F.38)

where @), is divergence-free, trace-free and time independent:
VPQaw =0, Q%=0,  Qu=0. (F.39)
As with vector harmonics, every tensor harmonic () defines an associated tensor harmonic Py, via
Py, = Leurl(Qup)- (F.40)

It can be shown that P, satisfies the definition of a tensor harmonic (F.38)-(F.39) using (E.24), (E.29)
and (E.13). It then follows immediately from (F.38) that the quantities (), and P, satisfy congruence
orthogonality:

U Qqp = 0, uPQup = 0, uPy = 0, ub Py = 0. (F41)

Upon taking the curl of (F.40) and applying (F.38) and (E.31), we obtain ), in terms of Pp:

Qap = (K* + 3K) " ecurl(Py). (F42)
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As with scalar and vector harmonics, we are restricted in our choice of k? to the eigenvalues deter-
mined by Lifshitz (1946):

>0 it K = —1,0
Ren?_3k " ! . (F43)
n=3.4.. . ifK=+1

We can obtain an important identity for (), and P, using (B.6) and (E.1), as follows (the identity for
P, is identical, except with ), replaced with P,):

EZ@[a@b]ch = %K[(hachd - hchad) + (hadec - hbanC)] . (F44)




APPENDIX G

THE 3-COTTON-YORK TENSOR

In this appendix we introduce the 3-Cotton-York tensor, which is useful in the analysis of tensor pertur-
bations. Specifically, we are interested in using the 3-Cotton-York tensor in place of the co-moving shear
Xap in developing a governing DE for tensor perturbations. It is of interest in this regard due to its relation
with Bardeen’s metric potential Hq(?). We will further show that the coefficients of the shear and Weyl
tensor components can be rewritten in terms of C(z). To the best of the author’s knowledge, this analysis
of tensor perturbations in terms of the 3-Cotton-York tensor is new.

In terms of the trace-free spatial Ricci tensor (1.40), the 3-Cotton-York tensor is defined as (see, for
example, van Elst and Uggla (1997, p2680-1))

G, = curl(®)Sy), (G.1)

and hence is symmetric and tracefree. In the linearized context, we can use (B.10) and (4.28) to obtain an

alternative first-order expression for (®))C.;, in terms of the Weyl tensor components, namely
G0, = —HHyy, + curl(Eg). (G.2)

We note that an important property of this quantity is that it has zero spatial divergence in the linear theory.
Indeed, upon taking the divergence of (G.2) and applying (4.31), (4.29), (4.30) and (E.29), we obtain, to
first order,

Vb B0y, = 0. (G.3)

The evolution equation for (®)C,; then follows upon taking the time derivative of (G.2) and applying
(4.11), (4.24), (4.25) and (E.11), giving

- 2K . .
G, = —3H Gloy, + 7 Ha — VZHq, + 2V, VCHy.. (G.4)
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G.1 Evolution Equation for the 3-Cotton-York Tensor

Instead of choosing the co-moving shear to be the basic quantity for tensor perturbations (as in section

4.6), we can instead choose the basic quantity to be the dimensionless 3-Cotton-York tensor, defined by
Cap = €3 B0, (G.5)

Upon recalling from (G.3) that the 3-Cotton-York tensor has zero divergence, it quickly follows that
Cap also has zero divergence, i.e.
VP, = 0. (G.6)

Hence, C,;, can be expanded purely in terms of associated tensor harmonics, according to
(2)
Cav =D CiyFuy (G.7)
k
The derivatives of C,; along the fundamental congruence are obtained by differentiating (G.7), giving
. . 2’k: .. .. 27k:
Cany =D CorPa ™ Clany =D Cobay”- (G8)
k k
Upon differentiating (G.5) and using (3.9) and (G.4) we obtain

. 2K N
Cop = £ <£2 — v2> Hap. (G.9)

Differentiating again and applying (G.5) and (E.17) yields

. 2K -
Cop + 3HCop + <£2 - v2> Cap = 0. (G.10)

We now expand each term of this equation in terms of tensor harmonics using (G.7) and (G.8), applying
(F.38) to remove the Laplacian term, obtaining
1

C(k) + 3HC(k) + 72

(k* +2K) Cjy = 0. (G.11)

This is then the second-order DE governing the evolution of the 3-Cotton-York tensor. In terms of confor-
mal time, this DE reads
Clyy + 2HLC(yy + (K + 2K)C(py = 0, (G.12)

which is identical to Bardeen’s DE for the metric potential H:(F2), given in Bardeen (1980) equation (4.14).
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G.2 Tensor Perturbations

We now show the relation between (G.11) and the governing DE for tensor perturbations (4.76). We
note that it follows by (G.3) that the 3-Cotton-York tensor is purely tensorial, i.e. the scalar and vector

contributions to (3)C(k) are exactly zero. Expanding (3)C(k) in terms of associated tensor harmonics yields
0w =" Cog Py (G.13)
k
The coefficients (3)0( k) can then be determined in terms of Xy, and the tensor harmonics via (G.2) upon
applying (4.77), (4.80), (4.81) and (F.40). We obtain

1 /s
3
O -~ i (X(k) + 2HX(k)> : (G.14)

If we expand (G.9) in terms of tensor harmonics using (4.77), (F.38) and (G.8), we obtain

Ciry = € (K +2K) Hy, (G.15)
and hence using (4.81) that .
Now using (G.16), we can rewrite (4.79)-(4.81) as
1 .
1 . .
By = ~mag |G+ 2HC) . (G.18)
1 —15

Thus, we obtain the coefficients of the shear and Weyl tensor components in terms of the coefficients of
the 3-Cotton-York tensor C(y).




APPENDIX H

BESSEL AND ASSOCIATED LEGENDRE
FUNCTIONS

In this appendix we present solutions of the Bessel DE, toroidal Legendre DE and conical Legendre DE,
which are used in solving the governing DEs for scalar and tensor perturbations. In section H.1 we present
the normal forms of the Bessel and associated Legendre DEs and their general solutions in terms of Bessel
and associated Legendre functions. As discussed in section H.2, these solutions can be written in terms
of elementary functions in certain special cases. Further, resonant solutions of the Legendre DE appear
in certain cases, as discussed in section H.3. Finally, the asymptotic behaviour of the general solutions is

given in section H.4.

H.1 Normal Forms of Bessel and Associated Legendre DEs

In this section we present the normal forms of Bessel’s DE, the toroidal Legendre DE and the conical
Legendre DE along with their general solution in terms of Bessel functions and associated Legendre
functions. Formally, the toroidal and conical Legendre functions are defined as the composition of the

associated Legendre functions with cosh and cos, respectively.

Bessel’s DE  Normal Form:
NED¢
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H.2. Special Solutions of the Governing DEs 151

Solution:
X(T) = T2 [e1.],(aT) + c2Y,,(aT))] (H.2)

Legendre DE (Toroidal) Normal Form:

d*X 112 (qu - i)
et e WV 4y, H.3
gz | T ey (H-3)
Solution:
X(T) = (sinh T)2 [e; P*(cosh T) + c2Q(cosh T)] . (H.4)
Legendre DE (Conical) Normal Form:
d?X 112 ( - %)
W + (V + 5) - Sin2T X =0. (HS)
Solution:
X(T) = (sinT)2 [e1 P*(cos T) + c2Q"(cos T)] . (H.6)

H.2 Special Solutions of the Governing DEs

For certain values of +, u and v, the Bessel functions and associated Legendre P functions reduce to
closed-form trigonmetric expressions. Further, in each of these cases we can derive a second linearly
independent solution Q of the associated Legendre DEs (H.3) and (H.5) that is defined so as to reduce to
J,,(bz) in the limit z — 0. This solution is a preferred choice, since it emphasizes the relation between
solutions for K = =1 and solutions with K = 0 in the early time limit. In this section, we present
the first few instances of this behaviour and its importance in modelling perturbations with a given fluid
background.

For brevity, we shall make use of the notation
C(z) = cos(z), S(z) = sin(z), (H.7)

and use the tilde -~ to denote dependence up to a multiplicative constant.
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,u:%,yz—%+\/gb Describes evolutionof(C,fy:%).
22V, (b2) w C(b2),
2P Tu(bz) o S(b2),
(sinh 2)Y/2 . PP(coshz) « C(b2),
(sinh 2)Y/2 . Q(coshz) « S(bz),
(sinz)'/2. Pt(cosz) « C(bz),
(sinz)'/2 . QM(cosz) « S(bz).

0= %, V= —% + /Kb Describes evolution of (C, vy = 1), (X, v = %), (D, = %).

« 271C(b2) + bS(b2),

v —2718(b2) + bC(bz),

« (coth z)C(bz) 4+ bS(bz),
« —(coth 2)S(bz) + bC (bz),
w (cot 2)C(bz) + bS(bz),

w —(cot 2)S(bz) + bC(b2).

(sinh z)'/2 . P#(cosh z
(sinh 2)'/2 - Q"(cosh z
(sinz)Y/2 . pr

(sinz)'/? .

1/2 ( >

1/2 ( >

b? — 3272)C(bz) — 3bz71S(bz
b’ —3272)S(bz) + 3b21C(bz
b? — 3coth? z + 1)C(bz) — 3b(coth 2)S
b? — 3coth? z +1)S(bz) + 3b(coth 2)C

b? — 3cot? z — 1)C(bz) — 3b(cot 2)S(bz)
b? — 3cot? z — 1)S(bz) + 3b(cot 2)C (bz).

) );
) );
(sinh 2)1/2 . P#(cosh z) (
(sinh 2)'/2 . Q"(coshz) (
(sin z)'/2 . P (cos 2)
)

1/2

9

~~ N N~ /N

(sin z) )M (cos z

bz),
bz),

(H.8)

(H.9)
(H.10)
(H.11)
(H.12)
(H.13)

(H.14)
(H.15)
(H.16)
(H.17)
(H.18)
(H.19)

(H.20)
(H21)
(H.22)
(H.23)
(H.24)
(H.25)
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H.3 Resonant Solutions of the Legendre DE

For certain special cases, the associated Legendre functions P and () are no longer linearly independent

(see Abramowitz and Stegun p333, eq. (8.1.8)). One such example is the case of scalar perturbations with

a dust background (y = 1), where a second solution must be determined through alternative means. We

now give the first five examples of resonance in the Legendre DE and give the second resonant solution

of the Legendre DE for each case, denoted by R,(z). The toroidal solutions are given below. Conical

solutions are obtained by replacing hyperbolic functions with trigonometric functions.

n= %’ V= _%
(sinh z)1/2 . Pi/lz/z(cosh z) « 1,
(sinh z)/2 . Ri/12/2(cosh z) « oz
n= %a V= _%
(sinh 2)%/2 . Pf/f/z(cosh z) « cothz,
(sinh 2)%/2 . Ri/f/Z(cosh z) « zcothz—1.
H=5v =3
(sinh z)'/2 . PE/12/2(cosh z) « 2(coth z)? + (sinh 2) 2,
(sinh 2)/2 - R5_/12/2(COSh z) « z(2(coth 2)? 4 (sinh z)_2) — 3(coth 2).
p=dv=4-3
(sinh 2)!/2 - P?],(coshz) ~ (sinhz)7",
(sinh z)1/2 . Ri/;/Q(cosh z) «  z(sinhz)™! — cosh 2.
_5,_1_3
H=32V=73 "3

(sinhz)l/Q'PE?/Q(coshz) « (coth z)(sinh z) 71,

(sinh 2)%/2 . Ri/??/z

(coshz) « 3z(cothz)(sinh z)~! — ((cosh 2)? 4 2)(sinh z) 1.

(H.26)
H.27)

(H.28)
(H.29)

(H.30)
(H.31)

(H.32)
(H.33)

(H.34)
(H.35)
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H.4 Asymptotic Behaviour

We now present the asymptotic behaviour of the Bessel functions and associated Legendre functions, both

for early times and late times.

Bessel Functions

¢lul integer ¢l
Ju(t — 0) ~ wimes Yu(t — 0) ~
t“  w noninteger In(t)
Ju(t — +00) ~ t 72 sin(t + ¢) Yo (t — +00) ~ t~ Y2 cos(t + ¢)
Associated Legendre Functions (t — 1)
1 pw=20

Pt —1) ~ (t —1)IM/2 1 integer
(t — 1)~I#/2 " 14 noninteger

(In(t-1) =0
QLt—1) ~ (t — 1)~ 1/2 1 integer
(t —1)~1#1/2 1 noninteger

Toroidal Legendre Functions (t — c0)

For the case
V= —% + b, b>0,

the asymptotic behaviour of the toroidal Legendre functions is given by

P

v

Q5

sh(t — o0)) ~ exp(—t/2)cos(bt + ¢),

cosh(t — 00)) ~ exp(—t/2)sin(bt + ¢),

ast — oo.

(H.36)

H.37)

(H.38)

(H.39)

(H.40)

(H.41)
(H.42)
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