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Abstract

In this thesis we first apply the 1+3 covariant description of general relativity to analyze n-fluid Friedmann-

Lemaı̂tre (FL) cosmologies; that is, homogeneous and isotropic cosmologies whose matter-energy content

consists of n non-interacting fluids. We are motivated to study FL models of this type as observations sug-

gest the physical universe is closely described by a FL model with a matter content consisting of radiation,

dust and a cosmological constant. Secondly, we use the 1 + 3 covariant description to analyse scalar, vec-

tor and tensor perturbations of FL cosmologies containing a perfect fluid and a cosmological constant. In

particular, we provide a thorough discussion of the behaviour of perturbations in the physically interesting

cases of a dust or radiation background.
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CHAPTER 1

INTRODUCTION

1.1 Cosmological Models

The goal of cosmology is to describe the large-scale structure, origins and evolution of the universe as a

whole. Within the framework of general relativity, a cosmological model, denoted (M, g, u) consists of

a differential manifoldM, a Lorentzian metric g (which describes the geometry of the space-time) and a

unit timelike vector field u,

giju
iuj = −1, (1.1)

that defines the world-lines of a family of fundamental observers. In cosmology one represents the matter

content as a smooth distribution (a continuum) whose particles represent galaxies in the present epoch.

The time-like vector field u is the 4-velocity of the particles in this continuum. One member of the

congruence of time-like curves defined by u, namely the world-line of our galaxy, plays a particularly

important role, since it is the position from which we make observations.

The evolution of the universe is assumed to be governed by the Einstein field equations (EFEs),

Rab − 1
2Rgab = Tab, (1.2)

where Rab is the Ricci tensor, R is the Ricci scalar (R = gabRab) and Tab is the energy-momentum tensor

of the distribution of matter and energy in the universe. Here and throughout we will use geometerized

units so that c = 1 and 8πG = 1, where c is the speed of light in vacuum and G is the gravitational

constant.

There are two fundamental assumptions that are used to construct models of the universe:

1



1.1. Cosmological Models 2

I. The universe is isotropic about our galaxy. More precisely, at any event on the world-line of our

galaxy, all directions orthogonal to the world-line are physically and geometrically equivalent, when

the universe is viewed on a sufficiently large scale.

A variety of cosmological observations (e.g. number counts of distant galaxies and peculiar velocity

surveys) provide support for assumption I in the present epoch. The strongest support is provided

by the temperature of the cosmic microwave background radiation (CMBR) which is isotropic to

within 10−5 (i.e. ∆T
T ∼ 10−5).

II. The Copernican Principle. This principle states that our galaxy is not in a preferred position in the

universe. Unlike assumption I, this assumption is philosophical, rather than observational.

Assumptions I and II together imply that the universe satisfies the so-called Cosmological Principle,

namely

i) the universe is isotropic about all fundamental world-lines, and

ii) the universe is spatially homogeneous, i.e. all physical and geometric quantities do not vary in

space.

It is a well-known consequence of assumptions I and II (we give a concise proof in Chapter 2; see

Theorem 2.1.1) that the metric gab can be written in the form of the Robertson-Walker (RW) metric,1

ds2 = −dt2 + `2(t)g̃αβ(xλ)dxαdxβ, (1.3)

where g̃αβ is a 3-metric of constant curvature. The preferred timelike vector field u is given by

u =
∂

∂t
. (1.4)

The Robertson-Walker metric provides the basis for the Friedmann-Lemaı̂tre (FL) cosmological mod-

els that play a central role in modern cosmology. A Friedmann-Lemaı̂tre cosmology2 is a cosmological

model (M, g, u) that satisfies the Einstein field equations (1.2) with a suitable energy-momentum tensor

Tab, with metric g and fundamental congruence u having the Robertson-Walker form (1.3) and (1.4).

In this thesis we study FL cosmologies and their perturbations within a general mathematical frame-

work. In section 1.2 we provide the necessary geometrical background for this study.

1Here we use Greek indices to denote spatial indices. They can take on the values 1, 2 or 3.
2The first explicit FL cosmological models were first discovered by Friedmann in 1929 (for some historical details, see Ellis

(1989)).



1.2. Geometrical Background 3

1.2 Geometrical Background

In this thesis we will make use of the so-called 1 + 3 covariant description of general relativity3 which

has been developed for use in spacetimes in which there is a preferred timelike congruence u, as in the

case of a cosmological model (M, g, u). The “1+3” refers to the fact that one performs a “time + space”

decomposition relative to u by projecting tensors and tensorial equations parallel to u and orthogonal to u.

The second aspect of the 1 + 3 description is to write a tensor as a sum of algebraically simpler parts, i.e.

to give an algebraic decomposition. For example, an arbitrary rank 2 contravariant tensor can be written

as the sum of a symmetric tracefree tensor, an anti-symmetric tensor and the trace multiplied by the metric

tensor.

The first step is to introduce the basic variables in the 1 + 3 description, which are defined by ap-

plying projection relative to u and algebraically decomposing the covariant derivative ∇bua, the energy-

momentum tensor Tab and the Riemann-Christoffel tensor as follows:

i) The covariant derivative of the fundamental 4-velocity, ∇bua, describes the kinematics of the con-

tinuum described by the vector field u. The so-called kinematic quantities are defined by writing

∇bua as a sum of simpler parts and projecting relative to u. We define these quantities in section

1.2.2.

ii) The energy-momentum tensor Tab describes the matter and energy content of the universe and so

gives rise to a set of quantities known as matter variables when decomposed relative to u. We

discuss this decomposition in section 1.2.3.

iii) The Weyl curvature tensor Cabcd, which is defined as the tracefree part of the Riemann curvature

tensor, is decomposed relative to u into two tracefree symmetric tensors, the so-called4 electric part

Eab and magnetic part Hab. We discuss this decomposition in section 1.2.4.

The second step is to derive evolution and constraint equations for the basic variables by using the

Ricci identities and Bianchi identities in conjunction with the Einstein field equations. We will discuss

this process in section 1.2.6.

3See, for example, Ellis (1973), Wainwright and Ellis (1997), p1-30, or Ellis and van Elst (1998), Chapter 2.
4There is a formal analogy with the decomposition of the electromagnetic field tensor Fab into an electric field Ea and a

magnetic field Ha.
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1.2.1 Projection and Differentiation

Projection parallel to u is achieved by simply contracting a vector or tensor with ua. Projection into the

3-space orthogonal to u is defined by the projection tensor

hab = gab + uaub, (1.5)

which satisfies the identities

h c
a h b

c = h b
a , h b

a ub = 0, h a
a = 3.

Corresponding to these two types of projection, two derivatives are defined.

The overdot ˙ denotes differentiation along the fundamental congruence, defined for scalars as

ḟ = f,au
a, (1.6)

and for tensors as

Ṫab···c = ud∇dTab···c, (1.7)

where∇a denotes covariant differentiation.

Following Maartens (1997), we use angle brackets to denote the orthogonal projections of vectors, the

orthogonally projected symmetric trace-free part of tensors, and their time derivatives, i.e.

X〈a〉 = ha
bX

b, T 〈ab〉 =
[
h(a

ch
b)

d − 1
3habhcd

]
T cd, (1.8)

Ẋ〈a〉 = ha
bẊ

b, Ṫ 〈ab〉 =
[
h(a

ch
b)

d − 1
3habhcd

]
Ṫ cd. (1.9)

Further, we will use the projection symbol ⊥ to identify orthogonal projection over all tensor indices, i.e.

(T ab
cd)⊥ = ha

ph
b
qh

r
ch

s
dT

pq
rs. (1.10)

The spatial covariant derivative ∇̂a is defined by projecting all free indices of the covariant derivative

(compare Ellis (1973), Ellis and Bruni (1989)). For example,

∇̂af = h b
a∇bf, ∇̂aT

bc
de = h p

a h b
q h c

r h s
d h t

e∇pT
qr

st. (1.11)

The covariant derivative of a scalar can then be decomposed into a derivative along the fundamental

congruence u and a spatial covariant derivative via

∇af = ∇̂af − uaḟ . (1.12)
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The totally skew pseudotensor is defined by

ηabcd = η[abcd], η0123 = (−g)−1/2, (1.13)

where

g = det(gab). (1.14)

The projected permutation tensor is then defined by (compare Maartens et al. (1995)),

εabc = ηabcdu
d. (1.15)

and is used to define the spatial curl of a vector by

curl Xa = εabc∇̂bXc. (1.16)

and the spatial curl of a rank 2 tensor by

curl Tab = εcd(a∇̂cT d
b) . (1.17)

1.2.2 Kinematic Quantities

We now focus on the decomposition of the covariant derivative of the fundamental 4-velocity. Following

Ellis (1973, p8-11), we decompose the covariant derivative of a unit timelike vector field u as

∇bua = σab + ωab + Hhab − u̇aub, (1.18)

with σab symmetric and trace-free, ωab antisymmetric, and

σabu
a = 0, ωabu

a = 0, u̇au
a = 0. (1.19)

It follows from (1.18) and (1.19) that

H = 1
3∇au

a, (1.20)

u̇a = ub∇bua, (1.21)

σab = ∇(aub) −Hhab + u̇(aub), (1.22)

ωab = ∇[bua] + u̇[aub]. (1.23)
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Here, H is the Hubble scalar5, u̇a is the acceleration vector, σab is the rate of shear tensor and ωab is the

vorticity tensor. In practice we will usually replace ωab by the vorticity vector, defined by

ωa = 1
2ηabcdubωcd (1.24)

which satisfies uaωa = 0. We can write the vorticity tensor in terms of the vorticity vector using the

relation

ωab = ηabcdωcud. (1.25)

The magnitude of the rate of shear tensor and the vorticity tensor are defined by

σ2 = 1
2σabσ

ab, ω2 = ωaω
a.

We now state two useful propositions concerning an irrotational vector field ua, i.e. ωa = 0.

Proposition 1.2.1 Given a vector field u, there exist scalar fields f(xa) and t(xa) such that6 ua = −ft,a

if and only if ωa = 0.

Proof: Given ua = −ft,a, it follows by differentiating that u[a,buc] = 0 and that ωa = 0, by (1.24). The

converse is a special case of Frobenius’ Theorem, which is usually stated in terms of differential forms

(see for example Flanders (1989), see the theorem on page 94). ¤

Comment: The significance of this result is that if ω = 0, then the 3-spaces orthogonal to ua at each

point form spacelike hypersurfaces given by t = constant, i.e. there is a one-parameter family of space-

like hypersurfaces orthogonal to the timelike congruence defined by u.

If we can further impose the condition of zero acceleration (u̇a = 0), we obtain the following result.

Proposition 1.2.2 ωa = 0, u̇a = 0 ⇐⇒ ua = −t,a, for some scalar field t(xa).

5The rate of expansion scalar Θ, defined by Θ = 3H , is often used in the expansion (1.18).
6The minus sign ensures that ṫ > 0, i.e. t increases into the future along the fundamental congruence.
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Proof: Given ωa = u̇a = 0, equation (1.23) implies u[a;b] = u[a,b] = 0. It then follows from Proposition

1.2.1 that f,[at,b] = 0. This in turn implies that f = g(t) and hence that one can redefine t to set f = 1. ¤

In this case, the scalar t that labels the hypersurfaces is clock time along the normal congruence.

1.2.3 Decomposition of the Energy-Momentum Tensor

The energy-momentum tensor Tab is a symmetric tensor that specifies the total matter-energy content of a

cosmological model. We use the standard decomposition of the energy-momentum tensor with respect to

a timelike vector field u (see Ellis (1973), p7):

Tab = µuaub + qaub + qbua + phab + πab, (1.26)

where

qau
a = 0, πabu

b = 0 πa
a = 0, πab = πba. (1.27)

In this equation, µ is the total energy density measured by an observer moving with fluid 4-velocity ua,

qa is the energy flux relative to ua (representing heat conduction and diffusion), p is the isotropic pressure

and πab is the trace-free anisotropic pressure (due to processes such as viscosity).

A perfect fluid with 4-velocity u is defined by

qa = 0, πab = 0, (1.28)

in which case the energy-momentum tensor (1.26) simplifies to

Tab = µuaub + p(gab + uaub). (1.29)

1.2.4 The Weyl Curvature Tensor

The Weyl conformal curvature tensor (or simply the Weyl tensor) is defined in terms of the Riemann tensor

and the Ricci tensor according to

Cabcd = Rabcd − 1
2(gacRbd + gbdRac − gbcRad − gadRbc) + 1

6R(gacgbd − gadgbc). (1.30)

(see, for example, Ellis 1973, p7). We note that the Weyl curvature tensor has all the symmetry properties

of the Riemann tensor and is in addition trace-free (Ca
bad = 0).
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It is helpful to view (1.30) as a decomposition of the Riemann tensor Rabcd, with its 20 independent

components, into a tracefree part Cabcd and the trace Rab:

Rabcd ←→ {Cabcd, Rab}, (1.31)

each of which have 10 independent components. The Ricci tensor is determined at each point by the

energy-momentum tensor through the field equations (1.2). On the other hand, as we shall see later, the

Weyl tensor governs the propagation of changes in the gravitational field, i.e. gravitational waves.

Within the 1+3 formalism the Weyl tensor can be decomposed further into an “electric part” Eab and

a “magnetic part” Hab by projecting Cabcd and its dual orthogonal to u:

Eac = Cabcdu
bud, Hac = 1

2η ef
ab Cefcdu

bud. (1.32)

We note that Eab and Hab are symmetric, trace-free and orthogonal to u:

Eabu
b = 0, Habu

b = 0. (1.33)

In addition, this decomposition describes the Weyl tensor completely since7

Eab = 0 = Hab ⇐⇒ Cabcd = 0. (1.34)

Note that through (1.30) Eab, Hab and Rab provide a full description of the space-time curvature as

described by the Riemann tensor.

1.2.5 Spatial Curvature

If u is irrotational, we have seen that there exists a family of hypersurfaces (i.e. 3-dimensional manifolds)

orthogonal to u. In this situation the projection tensor hab can be viewed as the 3-metric induced on these

hypersurfaces and the spatial covariant derivative ∇̂a can be viewed as the covariant derivative determined

by this 3-metric.

Analogous to the spacetime Ricci identities, the 3-space Ricci identities are given by

∇̂c∇̂dXa − ∇̂d∇̂cXa = (3)RabcdX
b, (1.35)

7The Weyl tensor can, in fact, be written in terms of Eab and Hab (see, for example, Ellis and van Elst (1998) eq. (22)).
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where (3)Rabcd is the spatial Riemann tensor and Xa is any vector field in the hypersurfaces, i.e. Xau
a =

0. It can be shown by applying (1.35) to an arbitrary vector field X that is orthogonal to u, expanding the

left hand side using (1.11) and (1.5) and introducing the spacetime Riemann tensor via

∇c∇dXa −∇d∇cXa = RabcdX
b, (1.36)

that (3)Rabcd is related to Rabcd via

(3)Rabcd = (Rabcd)⊥ −ΘacΘbd + ΘadΘbc, (1.37)

where Θab is the expansion tensor of the congruence u, defined by

Θab = σab + Hhab. (1.38)

Equation (1.37) is the well-known Gauss equation (see, for example, Ellis (1973), p33-4).

The spatial Ricci tensor and spatial Ricci scalar are then defined in the usual manner:

(3)Rab = hcd (3)Racbd,
(3)R = hab (3)Rab. (1.39)

Further, the trace-free spatial Ricci tensor is defined as

(3)Sab = (3)Rab − 1
3

(3)Rhab. (1.40)

We can obtain an expression for the spatial Ricci scalar and trace-free spatial Ricci tensor in terms of the

spacetime quantities from (B.5), incorporating the Weyl tensor through (1.30) and (1.32):

(3)R = R + 2Rbdu
bud − 6H2 + 2σ2, (1.41)

(3)Sab = Eab + 1
2R〈ab〉 −Hσab + σc

〈aσb〉c. (1.42)

Then using the field equations (1.2) in the form (A.2)-(A.5) to eliminate R and Rab, we obtain

(3)R = −6H2 + 2µ + 2σ2, (1.43)
(3)Sab = Eab + 1

2πab −Hσab + σc
〈aσb〉c. (1.44)

We conclude this section with a brief digression on spaces of constant curvature. A differentiable

manifoldM of dimension n with metric g is said to be a space of constant curvature if and only if

Rabcd = C(gacgbd − gadgbc). (1.45)
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It follows by contraction that

R = n(n− 1)C, and Rab − 1
nRgab = 0, (1.46)

i.e. the tracefree Ricci tensor Sab ≡ Rab− 1
nRgab is zero. In addition it follows from the twice contracted

Bianchi identities that if n > 2 then R is constant (see proposition 1.2.3). If n = 3, the Riemann tensor is

completely determined by the Ricci tensor according to8

Rabcd = 4h[d[bSa]c] + 1
3Rga[cgb]d. (1.47)

It follows that if n = 3 then (M,g) is a space of constant curvature if and only if Sab = 0. Within the

framework of the 1 + 3 covariant formalism this result can be stated as follows.

Proposition 1.2.3 Let u be an irrotational timelike vector field. The hypersurfaces orthogonal to u are

spaces of constant curvature if and only if
(3)Sab = 0. (1.48)

Further, if this condition holds, then

∇̂a
(3)R = 0. (1.49)

1.2.6 Evolution and Constraint Equations

In the 1+3 covariant formalism, the information contained in the EFEs is displayed in an indirect manner

by using the Ricci identities applied to the fundamental 4-velocity u,

∇c∇dua −∇d∇cua = Rabcdu
b, (1.50)

and the Bianchi identities,

∇[aRbc]de = 0. (1.51)

The latter can be written in divergence form by contracting once and then twice and using (1.30) to

introduce the Weyl tensor:9

∇dC
d

abc = −∇[aR
c
b] − 1

6δc
[a∇b]R, (1.52)

8See, for example, Ellis (1973) eq. (80).
9Also see Wainwright and Ellis (1997), p27.
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and

∇b(R b
a − 1

2Rδ b
a ) = 0. (1.53)

The Riemann tensor in (1.50) is likewise expressed in terms of the Weyl tensor and Ricci tensor using

(1.30). In all these identities, the Ricci tensor is expressed in terms of the energy-momentum tensor (1.26)

using the EFEs in the form

Rab = Tab − 1
2gabT

c
c, (1.54)

which introduces the fluid 4-velocity u into (1.52) and (1.53). Equation (1.18) is used to replace all

occurrences of ∇bua by the kinematic quantities and (1.32) is used to replace Cabcd by Eab and Hab.

Finally, one projects all three identities parallel to and orthogonal to u. The result is a set of evolution

equations giving the derivatives of H , σab, ωa, Eab + 1
2πab, Hab, µ and qa along the congruence u, and

a set of constraint equations that contain only the spatial covariant derivative ∇̂a. We refer the reader to

Appendix A for the complete list of equations that arise from this process.

1.3 Overview of the Thesis

The main goal of this thesis is twofold. Firstly, we analyze the dynamics of so-called n-fluid FL cos-

mologies, that is, homogeneous and isotropic cosmologies whose matter-energy content consists of n

non-interacting fluids. Secondly, we give a unified coordinate-independent discussion of perturbations

of FL cosmologies containing a perfect fluid and a cosmological constant. Some parts of this thesis are

new, while other parts provide a unified presentation of known results for these cosmologies. Our treat-

ment throughout is completely coordinate-independent since it is based on the so-called 1 + 3 covariant

description of general relativity and in this respect it differs from much of the current literature.

In Chapter 1, we introduce the 1 + 3 covariant description of general relativity and in Appendix A

we give the full system of evolution equations and constraint equations. In this sense the thesis is self-

contained. However, a reader who has no prior knowledge of the 1+3 covariant description will encounter

an initially steep learning curve. We assume the reader has a basic knowledge of general relativity and

some familiarity with dynamical systems theory (see, for example, Wainwright and Ellis (1997), Chapter

4).

Chapter 2 plays a supporting role. In this chapter we describe the geometrical, i.e. coordinate indepen-

dent properties of the Robertson-Walker metric, and give two characterizations of the Friedmann-Lemaı̂tre

models that highlight their very special nature.
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In Chapter 3, we give a complete qualitative description of the dynamics of n-fluid FL cosmologies.

A central role is played by a new formulation of the evolution equations for these models as a dynamical

system on a compact n-dimensional state space. The most important example is the 3-fluid model in

which the three fluids are radiation, pressure-free matter and a cosmological constant, since it provides a

model of the physical universe. Our discussion of this model is one of the highlights of this chapter.

In Chapter 4, we give a unified derivation of the governing equations for scalar, vector and tensor per-

turbations of FL cosmologies containing a perfect fluid and a cosmological constant, using the so-called

geometrical approach pioneered by Ellis et al (1989). We then analyze the behaviour of the perturbations

in various regimes using both exact and approximate solutions. In particular we determine how the pertur-

bations affect the so-called observational quantities that determine the extent to which a perturbed model

deviates from an exact FL model.

The Appendices contain a wealth of additional material relating to perturbations of FL universes, not

all of which is needed for the purposes of this thesis.



CHAPTER 2

THE FRIEDMANN-LEMAÎTRE

COSMOLOGIES

In this chapter we first derive the geometrical (i.e. coordinate independent) properties of the Robertson-

Walker metric within the framework of the 1 + 3 description of general relativity. We then give two

characterizations of the Friedmann-Lemaı̂tre cosmologies, firstly using the kinematic quantities and sec-

ondly using the Weyl tensor.

2.1 Properties of the RW Metric

In this section we show that the high symmetry of the RW line-element leads to strong restrictions on the

kinematic quantities of the fundamental congruence, on the Weyl tensor and on the Ricci tensor. We then

derive the RW line-element assuming that the Cosmological Principle holds.

Proposition 2.1.1 The kinematic quantities of the fundamental congruence (1.4) associated with the

Robertson-Walker metric (1.3) satisfy

σab = 0, ωa = 0, u̇a = 0, ∇̂aH = 0. (2.1)

Proof. For the RW line-element (1.3), the covariant derivative

∇bua = ua,b − Γc
abuc (2.2)

13



2.1. Properties of the RW Metric 14

simplifies to

∇bua = 1
2gab,0. (2.3)

Furthermore, it follows from the RW metric (1.3) that

gαβ,0 = 2
˙̀

`
gαβ , and ga0,0 = 0. (2.4)

Since the projection tensor hab has components hαβ = gαβ , ha0 = 0, it follows that

∇bua =
˙̀

`
hab. (2.5)

The decomposition (1.18) immediately implies σab = 0, ωab = 0, u̇a = 0 and

H =
˙̀

`
. (2.6)

Thus, H is purely a function of t, which implies ∇̂aH = 0. ¤

We now consider the restrictions on the spatial curvature associated with the Robertson-Walker metric.

Proposition 2.1.2 The spatial curvature of the RW metric satisfies

(3)Sab = 0, ∇̂a
(3)R = 0. (2.7)

Proof: Since the hypersurfaces orthogonal to u are spaces of constant curvature, the result follows

immediately from proposition 1.2.3. ¤

We now show that the Weyl tensor of the Robertson-Walker metric is zero.

Proposition 2.1.3 The Robertson-Walker metric (1.3) has zero Weyl tensor:

Eab = 0, Hab = 0 (2.8)
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Proof: We make use of the contracted Ricci identities in the form1

σ̇〈ab〉 = −2Hσab +∇〈au̇b〉 + u̇〈au̇b〉 − σ c
〈a σb〉c − ω〈aωb〉 − (Eab − 1

2R〈ab〉), (2.9)

0 = Hab − 2u̇〈aωb〉 − ∇̂〈aωb〉 − curl(σab). (2.10)

We note that Hab = 0 is an immediate consequence of (2.10), on applying proposition 2.1.1. If we apply

proposition 2.1.1 to (2.9) and 2.1.2 to (1.42), we obtain

Eab − 1
2R〈ab〉 = 0, Eab + 1

2R〈ab〉 = 0, (2.11)

which implies Eab = 0. ¤

Finally, we derive the restrictions satisfied by the Ricci tensor of the Robertson-Walker metric (1.3).

Proposition 2.1.4 The Ricci tensor of the Robertson-Walker metric (1.3) satisfies

Rabu
ahb

c = 0, R〈ab〉 = 0. (2.12)

Proof: We note that R〈ab〉 = 0 follows immediately from (2.11). In order to show Rabu
ahb

c = 0, we

make use of the contracted Ricci identities in the form2

0 = ∇̂bσab − 2∇̂aH − curl(ωa)− 2εabcu̇
bωc + Rbcu

bhc
a, (2.13)

Then on applying proposition 2.1.1 to (2.13), we obtain Rabu
ahb

c = 0. ¤

We conclude this section by showing that the Cosmological Principle, as stated in section 1.1, leads to

the RW metric.

Proposition 2.1.5 If the fundamental congruence of a cosmological model (M, g, u) satisfies

σab = 0, ωa = 0, u̇a = 0, ∇̂aH = 0, (2.14)

1These equations are an intermediate step in deriving (A.9) and (A.13), and follow from the Ricci identities, without use of

the field equations. In fact, on applying the field equations (1.2) in the form (A.2)-(A.5) to (2.9) and (2.10), we obtain (A.9) and

(A.13).
2This equation is an intermediate step in deriving (A.11), and follow from the Ricci identities, without use of the field

equations. In fact, on applying the field equations (1.2) in the form (A.2)-(A.5) to (2.13), we obtain (A.11).
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and the hypersurfaces orthogonal to u satisfy

(3)Sab = 0, (2.15)

then g and u can be written in the RW form (1.3) and (1.4).

Proof: By proposition 1.2.2, the fundamental 4-velocity u can be written as

ua = −t,a, (2.16)

where t is a scalar field. We then introduce co-moving coordinates xα, i.e. coordinates xα that are constant

along the world lines of the fundamental congruence. Then the metric and 4-velocity assume the form

ds2 = −dt2 + gαβ(t, xλ)dxαdxβ, u =
∂

∂t
. (2.17)

Next, using the metric (2.17), it can be quickly shown that

∇bua = 1
2gab,0. (2.18)

This equation, in conjunction with (1.5), (1.22), (2.14) and (2.16), leads to

gαβ,0 = 2H(t)gαβ. (2.19)

We introduce the length scale function `(t) via

H(t) =
˙̀

`
, (2.20)

and thus can integrate (2.19) to obtain

gαβ(t, xλ) = `(t)2g̃αβ(xλ). (2.21)

Since we have that (3)Sab = 0, it follows from proposition 1.2.3 that g̃αβ describes a 3-space of constant

curvature. Thus the metric (2.17) assumes the Robertson-Walker form (1.3). ¤

Theorem 2.1.1 (Derivation of the RW Metric) If a cosmological model (M, g, u) satisfies the Cosmo-

logical Principle relative to u, then g and u can be written in the RW form (1.3) and (1.4).
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Proof: The Cosmological Principle implies that any geometrically defined vector orthogonal to u must

be zero, since otherwise it would define a preferred direction orthogonal to u. In particular, we have

ωa = u̇a = ∇̂aH = 0. Likewise, any geometrically defined rank two symmetric tracefree tensor Xab that

is orthogonal to u (Xabu
b = 0) must be zero, since otherwise its eigenvectors would define a preferred

direction orthogonal to u. In particular we have σab = (3)Sab = 0. The desired result thus follows from

proposition 2.1.5. ¤

2.2 Characterizations of the FL Cosmologies

In this section we present two characterizations of FL cosmologies in terms of the kinematic quantities

and Weyl curvature.

2.2.1 The Kinematic Characterization

We now present the kinematic characterization of the Friedmann-Lemaı̂tre models.3

Theorem 2.2.1 A cosmological model (M,g,u) which satisfies the Einstein field equations with perfect

fluid source is a Friedmann-Lemaı̂tre cosmology if and only if the kinematic quantities of the fluid 4-

velocity u satisfy

σab = 0, ωa = 0, u̇a = 0. (2.22)

Proof. 4 If we assume the model is a FL cosmology, the kinematic restrictions (2.22) follow immediately

from proposition 2.1.1.

Conversely, assume that the restrictions (2.22) hold. Since the source is a perfect fluid with 4-velocity

u, equation (1.28) implies πab = 0 and qa = 0. Then the conditions (2.22) in conjunction with (A.9) imply

Eab = 0, which in turn implies (3)Sab = 0 via (1.44). The conditions (2.22) and qa = 0 in conjunction

with (A.11) imply ∇̂aH = 0. The desired result then follows from proposition 2.1.5. ¤

3One can replace the assumption u̇a = 0 in Theorem 2.2.1 by the assumption that the perfect fluid has a linear equation of

state p = (γ − 1)µ. However, the proof requires a more detailed analysis and is beyond the scope of this thesis (see instead

Collins and Wainwright (1983)).
4Krasinski (1997) gives the outline of a proof, referring to other sources for some parts (see page 11).
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2.2.2 The Weyl Characterization

We now present a characterization of the FL models using the Weyl tensor (see section 1.2.4).

Proposition 2.2.1 If a cosmological model (M, g, u) satisfies the Einstein field equations with perfect

fluid source having 4-velocity u and barotropic equation of state p = p(µ) with µ + p 6= 0, and has zero

Weyl tensor,

Eab = 0, Hab = 0, (2.23)

then the kinematic quantities satisfy

σab = 0, ωab = 0, u̇a = 0. (2.24)

Proof. On account of (2.23), equations (A.18), (A.20) and (A.21) simplify to

(µ + p)σab = 0, ∇̂aµ = 0, (µ + p)ωa = 0. (2.25)

Since (µ + p) 6= 0, (2.25) implies σab = 0 and ωa = 0. We now make use of the chain rule to write

∇̂ap =
dp

dµ
∇̂aµ = 0. (2.26)

Then using the perfect fluid condition, i.e. πab = 0 and qa = 0, it follows from (A.15) and (2.26) that

(µ + p)u̇a = 0, and hence u̇a = 0, which completes the proof. ¤

We can now present the main result of this section, which we shall refer to as the Weyl characterization

of the Friedmann-Lemaı̂tre models.

Theorem 2.2.2 A cosmological model (M,g,u), which satisfies the Einstein field equations with perfect

fluid source having 4-velocity u and barotropic equation of state p = p(µ) with µ+p 6= 0, is a Friedmann-

Lemaı̂tre model if and only if the Weyl tensor is zero:

Eab = 0, Hab = 0.
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Proof. This result follows immediately from proposition 2.1.3 and theorem 2.2.1 in conjunction with

proposition 2.2.1. ¤

We now present one final result which restricts the gradients of the physical and geometrical scalars

in an FL cosmology.

Proposition 2.2.2 A Friedmann-Lemaı̂tre cosmology satisfies

∇̂aµ = ∇̂ap = ∇̂aH = ∇̂a
(3)R = 0. (2.27)

Proof: We note that ∇̂aH = ∇̂a
(3)R = 0 follows immediately from propositions 2.1.1 and 2.1.2. Fur-

ther, it follows from (A.4), (A.5) and proposition 2.1.4 that qa = 0 and πab = 0. Hence, (A.15) and (A.20)

along with theorems 2.2.1 and 2.2.2 implies ∇̂aµ = ∇̂ap = 0. ¤



CHAPTER 3

DYNAMICS OF n-FLUID FL
COSMOLOGIES

The main goal of this chapter is a description of the dynamics of n-fluid FL cosmologies. In section 3.1,

using the results from chapter 1, we derive the basic evolution equations for n-fluid FL cosmologies and

describe their behaviour using dynamical systems techniques. In section 3.2, we describe the degrees of

freedom of the n-fluid FL cosmologies in two ways, firstly, using intrinsic parameters and secondly, using

observational parameters. In sections 3.3 and 3.4, we apply the general analysis to the case of 2-fluid and

3-fluid FL cosmologies. Finally, in section 3.5 we give a unified presentation of the known solutions of

the EFEs for single fluid and 2-fluid FL cosmologies, and relate them to the state space analysis in section

3.3.

3.1 Behaviour and Classification of n-Fluid FL Cosmologies

In this section we derive the evolution equations for n-fluid FL cosmologies without introducing local

coordinates and a line-element, by specializing the general evolution and constraint equations (appendix

A) using the restrictions derived in chapter 2. We formulate the evolution equations as ODEs for a set

of dimensionless variables in a compact state, which enables us to use dynamical systems methods to

describe the evolution of n-fluid FL cosmologies qualitatively.

20
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3.1.1 Basic Evolution Equations

We know from theorems 2.2.1 and 2.2.2 and proposition 2.1.4 that FL models have the following proper-

ties:

i) the kinematic quantities of the fundamental congruence u satisfy

σab = 0, ωa = 0, u̇a = 0, (3.1)

ii) the Weyl curvature is zero:

Eab = 0, Hab = 0, (3.2)

and

iii) the stress-energy tensor satisfies

πab = 0, qa = 0, (3.3)

i.e. it has the form of a perfect fluid.

The remaining non-zero physical and geometric variables that appear in the general evolution and

constraint equations in Appendix A (A.8)-(A.21) are the Hubble scalar H , the energy density µ and the

pressure p of the matter content. Propositions 2.1.1 and 2.1.4 show that these scalars have zero spatial

gradient

h b
a H,b = 0, h b

a µ,b = 0, h b
a p,b = 0, (3.4)

and hence are purely functions of clock time t along the fundamental congruence. With the above re-

strictions, the general evolution and constraint equations reduce to two evolution equations for µ and H ,

namely (A.8) and (A.14), which read

µ̇ = −3H(µ + p), (3.5)

Ḣ = −H2 − 1
6(µ + 3p), (3.6)

where the overdot denotes differentiation with respect to t. The spatial geometry of the model is deter-

mined by the Gauss equation in the form (1.43) and (1.44). It follows that the tracefree Ricci tensor is

zero,
(3)Sab = 0, (3.7)
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and that the spatial Ricci scalar is determined by H and µ according to

(3)R = −6H2 + 2µ. (3.8)

In order to obtain the standard evolution equations, we introduce the length scale function `(t), which

is defined by H , up to a constant multiple, according to

H =
˙̀

`
. (3.9)

This definition is consistent with the length scale defined by the RW metric (1.3).

To proceed we need the following result:

Proposition 3.1.1 In a Friedmann-Lemaı̂tre model the quantity

(3)R(t)`(t)2 (3.10)

is constant in time.

Proof. A straightforward calculation using (3.5)-(3.9) yields ((3)R`2)• = 0. ¤

Since ` is only defined by (3.9) up to a multiplicative constant, we may choose it to satisfy1

1
6

(3)R`2 = K = ±1, or 0, (3.11)

where K is the spatial curvature parameter. The value for K indicates whether (3)R is positive, negative

or zero. Models where K = −1, 0 and +1 are then referred to, respectively, as open FL models, flat FL

models and closed FL models.

It is important to note that if K = ±1, then `(t) is completely determined via eq (3.11), by the spatial

geometry, represented by (3)R. On the other hand, if K = 0, equation (3.11) does not restrict `(t), which

means that if K = 0 then `(t) can be rescaled with a multiplicative constant.

We now present the standard form of the evolution equations for FL models (see, for example, Wain-

wright and Ellis 1997, p52). Using (3.9) and (3.11), equations (3.5), (3.6) and (3.8) are rewritten as the

conservation equation,

µ̇ = −3
˙̀

`
(µ + p), (3.12)

1The factor of 1
6

is chosen for compatibility with the RW metric.
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the Raychaudhuri equation,
῭

`
= −1

6(µ + 3p), (3.13)

and the Friedmann equation,

3 ˙̀2 = µ`2 − 3K. (3.14)

Note that (3.13) is a consequence of (3.12) and (3.14) provided that ˙̀ 6= 0, as follows by differentiating

(3.14).

3.1.2 n-Fluid FL Cosmologies

In this chapter, we consider FL cosmological models whose matter content consists of n fluids with the

same four-velocity u. The total energy density and pressure are equal to a sum of the energy density and

pressure of the individual components:

µ =
n∑

i=1

µi, p =
n∑

i=1

pi. (3.15)

The fluids are assumed to be non-interacting, which means that each fluid component individually satisfies

the conservation equation (3.12), i.e.

µ̇i = −3
˙̀

`
(µi + pi). (3.16)

We further assume that each fluid obeys a linear equation of state with equation of state parameters γi

(i = 1, . . . , n), i.e.

pi = (γi − 1)µi, (3.17)

with

0 ≤ γi ≤ 2. (3.18)

The most important physical values are γi = 1 for pressure-free matter and γi = 4
3 for radiation. The

value γi = 0 can be used to represent a cosmological constant and γi = 2 is sometimes considered to

correspond to a so-called stiff fluid. For definiteness we order the equation of state parameters according

to

γ1 > γ2 > · · · > γn, (3.19)

and assume that γ1 ≥ 1, i.e. at least one matter component is matter with a non-negative pressure. The

conservation equations (3.16) then assume the form

µ̇i = −3
˙̀

`
γiµi. (3.20)
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As well, the Friedmann equation (3.14) and Raychaudhuri equation (3.13) assume the form

˙̀2 =
n∑

i=1

1
3µi`

2 −K, (3.21)

and
῭

`
= −1

6

n∑

i=1

(3γi − 2)µi. (3.22)

In summary, we will use the term n-fluid FL cosmology to refer to an FL cosmological model whose

matter content consists of n non-interacting fluids with the same 4-velocity u and equations of state given

by (3.17)-(3.19). Following Jantzen and Uggla (1992), we will use abbreviations such as RDC-universe

and RCΛ-universe to identify n-fluid FL cosmologies, where R denotes radiation, D denotes dust, C

denotes curvature and Λ denotes a cosmological constant.

We have shown that the state of an n-fluid FL cosmology as a function of time t is determined by

the functions (`, µ1, . . . , µn) which satisfy the system of ODEs (3.20) and (3.21). The state of an n-fluid

cosmology can equivalently be described by the variables (H , µ1, . . . , µn), which satisfy the evolution

equations

µ̇i = −3Hγiµi, (3.23)

Ḣ = −H2 − 1
6

n∑

i=1

(3γi − 2)µi. (3.24)

The first of these is a restatement of (3.20) using the definition (3.9) of H . The second follows from

(3.6) on using (3.15) and (3.17). Further, upon applying (3.9), the Friedmann equation (3.21) gives an

additional constraint that must be satisfied, namely

H2 = 1
3

n∑

i=1

µi − K

`2
. (3.25)

We note that this equation explicitly determines ` in terms of H and µ when K 6= 0.

At this stage, we present four simple and well-known solutions of equations (3.20)-(3.22) that play an

important role when we formulate the evolution equations (3.23)-(3.24)for the n-fluid FL cosmologies as

a dynamical system.

1. Flat FL universe (K = 0, 0 < γ ≤ 2). For a single fluid, the length scale, energy density and

pressure are

` = `0

(
t

t0

) 2
3γ

, µ =
4

3γ2t2
, p = (γ − 1)µ. (3.26)
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In the case of dust (γ = 1), this solution is the Einstein-de Sitter universe (Einstein and de Sitter

(1932)).

2. de Sitter universe (K = 0). The de Sitter universe can be thought of as the special case of the flat

FL universe when the single fluid is a cosmological constant (i.e. when γ = 0). The length scale,

energy density and pressure are

` = `0 exp

(√
Λ
3

t

)
, µ = Λ, p = −Λ. (3.27)

3. Milne universe (K = −1). The length scale, energy density and pressure are

` = t, µ = 0, p = 0. (3.28)

The Milne universe can be thought of as the open FL universe with zero matter content.

4. Einstein static universe (K = +1). This solution arises when we require that the length scale is

constant. The length scale, total energy density and total pressure are

` = `0, µ = 3`−2
0 , p = −`−2

0 , (3.29)

where `0 > 0 is constant.2 The matter-energy content can be interpreted as two, or more generally,

n non-interacting fluids. For example, for a 2-fluid model, the energy densities are given by 3

µ1 =
(

2− 3γ2

γ1 − γ2

)
`−2
0 , µ2 =

(
3γ1 − 2
γ1 − γ2

)
`−2
0 , (3.30)

where 0 ≤ γ2 < 2
3 < γ1 ≤ 2. Einstein’s choice was γ1 = 1 (pressure-free matter) and γ2 = 0 (a

cosmological constant) so that µ1 = 2`−2
0 , p1 = 0 and µ2 = `−2

0 = Λ, p2 = −Λ, where Λ is the

cosmological constant.

2The values of µ and p follow (3.13) and (3.14).
3These expressions are obtained by solving the linear system

µ1 + µ2 = 3`2, (3γ1 − 2)µ1 + (3γ2 − 2)µ2 = 0,

which follows from (3.21) and (3.22) with ` = `0 and n = 2.
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3.1.3 Hubble-Normalized Scalars

In this section we introduce so-called Hubble-normalized scalars, which form a set of dimensionless

variables that, together with the Hubble scalar H , describe the state of n-fluid FL cosmologies. These

dimensionless scalars also play an important role in relating the models to observations (see section 3.2.2).

Firstly, the density parameters Ωi, which describe the dynamical effect of the matter densities, are

defined by

Ωi =
µi

3H2
. (3.31)

The total density parameter Ω, which describes the dynamical effect of the total matter content, is defined

by

Ω =
µ

3H2
. (3.32)

It follows from (3.15) and (3.31) that

Ω =
n∑

i=1

Ωi. (3.33)

Lastly, the dynamical effect of the spatial curvature is described by Ωk, defined by

Ωk = −
(3)R

6H2
. (3.34)

It follows from (3.11) that

Ωk = − K

H2`2
. (3.35)

In terms of the parameters Ω and Ωk, the Friedmann equation (3.21) assumes the simple form

Ω + Ωk = 1, (3.36)

which may be further expanded in terms of Ωi as

n∑

i=1

Ωi + Ωk = 1. (3.37)

We note that (3.36) implies that Ω determines the spatial curvature as follows:

Ω < 1 ⇐⇒ open FL, (3.38)

Ω = 1 ⇐⇒ flat FL, (3.39)

Ω > 1 ⇐⇒ closed FL. (3.40)
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There is an additional dimensionless variable that plays a fundamental role, namely the deceleration

parameter q, defined by

q = −
῭̀

( ˙̀)2
. (3.41)

Clearly, if q < 0 then the expansion is accelerating (῭> 0) and if q > 0 then the expansion is decelerating

(῭ < 0). In an n-fluid FL model, q can be expressed in terms of the density parameters by using the

Raychaudhuri equation (3.22) with (3.9) and (3.31). We write

q = 1
2

n∑

i=1

(3γi − 2)Ωi. (3.42)

The quantities Ωi, Ω, Ωk and q are dimensionless, whereas H has dimensions of (length)−1. Together,

these variables are fundamental quantities in the FL models and more general models (see, for example,

Wainwright and Ellis (1997), section 5.2 and chapters 12 and 13).

The evolution equations for Ωi and Ωk can be obtained by differentiating (3.31) and (3.35) and apply-

ing (3.14), (3.23), (3.24) and (3.42). On performing this procedure, we obtain

dΩi

dt
= (2q − (3γi − 2))ΩiH, and

dΩk

dt
= 2qΩkH. (3.43)

3.1.4 A Compact State Space for n-fluid FL Cosmologies

The one drawback of using H-normalized variables is that they cannot give a unified description of models

that have both an expanding (H > 0) and a contracting (H < 0) epoch. In particular, when H = 0 the

density parameters (3.31) and (3.34) are undefined (i.e. Ωi → +∞ as H → 0). In order to circumvent

this difficulty, we introduce a set of variables which are bounded throughout the evolution of the model.

For an n-fluid FL cosmology, with total energy density

µ =
n∑

i=1

µi > 0, (3.44)

we define the dimensionless matter variables, which describe the relative significance of the different

matter components:

χi =
µi

µ
, µi ≥ 0. (3.45)

Then by (3.44) we have
n∑

i=1

χi = 1, 0 ≤ χi ≤ 1, (3.46)
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i.e. the χi are bounded.

Following Wainwright (1996, p124-5), we now introduce a curvature parameter Ω̃ so as to compactify

the state space:

Ω̃ = arctan

(√
3H√
µ

)
. (3.47)

It follows that Ω̃ satisfies

−π

2
< Ω̃ <

π

2
, (3.48)

and that

sign(Ω̃) = sign(H). (3.49)

This variable thus describes the state of expansion of a model. In addition, it describes the spatial curva-

ture, i.e. the deviation from flatness, as a consequence of (3.32) and (3.38)-(3.40). In particular, it follows

from (3.39) and (3.32) that Ω̃ = π
4 gives the flat FL models.

We now derive evolution equations for Ω̃ and the χi. It is convenient to introduce a quantity q̃ that

plays the role of the deceleration parameter q, but unlike q, is bounded when H = 0. Motivated by (3.42),

we define

q̃ = 1
2

n∑

i=1

(3γi − 2)χi. (3.50)

Together, (3.19) and (3.50) imply that q̃ is restricted by

1
2(3γn − 2) ≤ q̃ ≤ 1

2(3γ1 − 2). (3.51)

It follows from (3.15), (3.23), (3.45), (3.46) and (3.50) that the total energy density satisfies

dµ

dt
= −2(q̃ + 1)Hµ. (3.52)

The evolution equation for χi then follows from (3.23), (3.45), (3.50) and (3.52) and is given by

dχi

dt
= [2q̃ − (3γi − 2)]Hχi. (3.53)

Upon noting that (3.47) implies

H =
√

µ

3
tan Ω̃, (3.54)

we can rewrite (3.53) as
dχi

dt
=

√
µ

3
1

cos Ω̃
[2q̃ − (3γi − 2)](sin Ω̃)χi. (3.55)



3.1. Behaviour and Classification of n-Fluid FL Cosmologies 29

The form of (3.55) suggests defining a new time variable τ̃ by

dt

dτ̃
=

√
3
µ

cos Ω̃. (3.56)

It is essential to note that this change of variable is well-defined, since cos Ω̃ > 0 on account of (3.48). In

terms of τ̃ , (3.55) reads
dχi

dτ̃
= [2q̃ − (3γi − 2)](sin Ω̃)χi. (3.57)

In order to obtain the evolution equation for Ω̃ we need the evolution equations for µ and H . First, it

follows from (3.52) and (3.56) that

dµ

dτ̃
= −2

√
3µH(q̃ + 1) cos Ω̃. (3.58)

Secondly, equations (3.24), (3.45), (3.50), (3.54) and (3.56) lead to

dH

dτ̃
= −

√
µ

3
(tan2 Ω̃ + q̃) cos Ω̃. (3.59)

We differentiate (3.54) with respect to τ̃ and use (3.58). After simplifying using (3.54), we obtain

dΩ̃
dτ̃

= −q̃ cos 2Ω̃ cos Ω̃. (3.60)

Equations (3.57) and (3.60) are the desired evolution equations. The state space is the bounded n-

dimensional subset of Rn+1 described by (Ω̃, χ1, . . . , χn) and subject to the restrictions (3.46) and (3.48).

The state space is not compact due to the strict inequality in (3.48) and so we seek to compactify this

space, since then we can apply theorems from the theory of dynamical systems.

In order to compactify the space, we simply observe that the right hand sides of the ODEs (3.57) and

(3.60) are well-defined, in fact analytic, at the points Ω̃ = ±π
2 , which form part of the boundary of the

state space. We can thus extend the state space to include the points with Ω̃ = ±π
2 , thereby compactifying

it. Since

lim
|Ω̃|→π

2
−

µ = 0, (3.61)

as follows from (3.54), we interpret the sets Ω̃ = ±π
2 as representing FL cosmologies with µ = 0. It

follows from (3.14) that the set Ω̃ = ±π
2 represents the Milne universe, given by (3.28).
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State Space Representation of n-Fluid FL Cosmologies

State Space: (Ω̃, χ1, . . . , χn) ∈ Rn+1

n∑

i=1

χi = 1, 0 ≤ χi ≤ 1, −π
2 ≤ Ω̃ ≤ π

2 . (3.62)

Evolution Equations:

dΩ̃
dτ̃

= −q̃ cos 2Ω̃ cos Ω̃, (3.63)

dχi

dτ̃
= [2q̃ − (3γi − 2)] (sin Ω̃)χi, (3.64)

with

q̃ = 1
2

n∑

i=1

(3γi − 2)χi. (3.65)

Comments:

i) The ODEs (3.63) and (3.64) describe the essential dynamics of n-fluid FL cosmologies in terms of

the dimensionless variables (Ω̃, χ1, . . . , χn) and the dimensionless time τ̃ . Since the state space, as

defined by (3.62) is compact, the solutions of the ODEs are defined for all τ̃ ∈ R, and as a result

the ODEs define a dynamical system on the state space (see, for example, Wainwright and Ellis

(1997), p87, Corollary 4.1). The evolution of an n-fluid FL cosmology is thus described by an orbit

of the dynamical system (a solution curve of the ODEs). As a consequence, we are guaranteed the

existence of a past attractorA− of the ODEs (i.e. an invariant set to which all orbits, except possibly

a set of measure zero, are past asymptotic to as τ̃ → −∞) and a future attractor A+ (i.e. as a past

attractor, except as τ̃ → +∞). The past attractor describes the asymptotic regime at early times and

the future attractor describes the asymptotic regime at late times.

ii) This description of the evolution of n-fluid FL cosmologies as a dynamical system on a compact

state space is new. It generalizes the formulation given by Wainwright (1996) for the case n = 2.

iii) The physical state of an n-fluid FL cosmology is determined by the variables (H,µ1, . . . , µn),
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which are related to the dimensionless variables via the total density µ, according to

H =
√

µ

3
tan Ω̃, µi = µχi, (3.66)

(see (3.54) and (3.45)). On using (3.66) to eliminate H , (3.58) assumes the form

dµ

dτ̃
= −2(q̃ + 1)(sin Ω̃)µ. (3.67)

Then (3.67) determines µ as an integral in terms of Ω̃(τ̃) and χi(τ̃), up to an arbitrary constant.

This freedom implies that each orbit determines a 1-parameter family of cosmological models,

whose physical variables are related by a multiplicative constant. Since an n-dimensional dynamical

system has an (n−1)-parameter family of orbits, it follows that the class of n-fluid FL cosmologies

is labelled by n parameters. We will specify these parameters explicitly in section 3.2.

iv) Clock time t is related to τ̃ via the ODE (3.56) and can thus be expressed as an integral involving

Ω̃(τ̃) and µ(τ̃), the latter determined from (3.67). Clock time will take on values in an interval

ti < t < tf , (3.68)

where ti is finite or −∞ and tf is finite or +∞, depending on the model.

v) The dimensionless variables Ω̃, χi and q̃ are closely related to the Hubble-normalized scalars Ωi

and q when H 6= 0. From (3.32) and (3.47) we have

tan2 Ω̃ =
1
Ω

, −π
2 < Ω̃ < π

2 , Ω̃ 6= 0. (3.69)

Similarly, from (3.31), (3.32) and (3.45) we have

χi =
Ωi

Ω
. (3.70)

Finally, from (3.42), (3.50) and (3.70) we have

q̃ =
q

Ω
. (3.71)
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3.1.5 Invariant Sets and Equilibrium Points in the Compact State Space

Our goal in the rest of this section is to describe the qualitative behaviour of the orbits in the compact state

space, thereby understanding the dynamics of n-fluid FL cosmologies. Since the state space is compact,

it follows that every orbit has a past and future attractor (see, for example, Wainwright and Ellis (1997),

p99-100).

In general the attractors of a dynamical system are complicated invariant sets. But in the present

situation we will show that they are determined by the equilibrium points of the dynamical system (section

3.1.7), which we now present.

The form of the ODEs (3.63) and (3.64) determines three physically important invariant sets, given as

follows:

1) Flat FL set. This set is the n − 1 dimensional subset given by Ω̃ = ±π
4 (which corresponds to

Ω = 1, Ωk = 0 on account of (3.69) and (3.36)). The orbits in this set describe flat n-fluid FL

cosmologies, expanding if Ω̃ = π
4 and contracting if Ω̃ = −π

4 .

2) Milne set. This set is the n− 1 dimensional subset given by Ω̃ = ±π
2 (which corresponds to Ω = 0

and Ωk = 1 on account of (3.69) and (3.36)). The orbits in this set describe the Milne vacuum

solution.

3) m-fluid sets (1 ≤ m < n). These sets are determined by setting n − m of the χi variables to be

zero, with the m remaining χi variables being non-zero. The orbits in these sets describe m-fluid

FL cosmologies.

The equilibrium points are determined by setting the right hand side of equations (3.63) and (3.64) to

zero. If Ω̃ 6= 0, then (3.64) and (3.65) implies χi = 1, for one value of i, χj = 0, for j 6= i, and

q̃ = 1
2(3γi − 2) 6= 0. Then (3.63) implies cos Ω̃ = 0 (i.e. Ω̃ = ±π

2 ) or cos 2Ω̃ = 0 (i.e. Ω̃ = ±π
4 ). If

Ω̃ = 0 then (3.63) implies q̃ = 0, with q̃ given by (3.65). In this way, we obtain the following sets of

equilibrium points:

1) Flat FL points (F±
i ) are given by

Ω̃ = ±π/4, χi = 1, χj = 0 if j 6= i. (3.72)

These equilibrium points lie in the intersection of the flat FL set and the various 1-fluid sets.
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2) Milne points (M±
i ) are given by

Ω̃ = ±π
2 , χi = 1, χj = 0 if j 6= i. (3.73)

These equilibrium points lie in the intersection of the Milne set and the various 1-fluid sets.

3) Einstein static points (E) are given by

Ω̃ = 0,
n∑

i=1

(3γi − 2)χi = 0, (3.74)

and so constitute an (n− 2)-dimensional set of equilibrium points. These equilibrium points corre-

spond to the n-fluid interpretation of the Einstein static model (3.29) and only exist when γn < 2/3.

3.1.6 Classification of n-Fluid FL Cosmologies

In this section, we will prove that the n-fluid FL cosmologies that have an epoch of expansion (i.e. H > 0

in some time interval) form three qualitatively different generic4 subclasses, defined as follows:

1) Ever-expanding models satisfy H > 0 for all t.

2) Recollapsing models satisfy H(t∗) = 0, H > 0 for t < t∗ and H < 0 for t > t∗ for some t∗.

3) Bouncing models satisfy H(t∗) = 0, H < 0 for t < t∗ and H > 0 for t > t∗ for some t∗.

The variables Ω̃ and q̃ are particularly important in this analysis. We begin with the following propo-

sition on the behaviour of q̃.

Proposition 3.1.2 In any n-fluid FL cosmology with n > 1, q̃ is strictly decreasing (increasing) in an

epoch of expansion (contraction). Further, if n = 1 then q̃ is constant.

4Invariant sets of dimension n.
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Proof: By differentiating (3.50) with respect to τ̃ and using (3.57), we obtain5

dq̃

dτ̃
= 1

2

[
4q̃2 −

n∑

i=1

(3γi − 2)2χi

]
sin Ω̃. (3.75)

By the Cauchy-Schwarz inequality and (3.46) we have

4q̃2 =

[
n∑

i=1

(3γi − 2)χi

]2

≤
[

n∑

i=1

(3γi − 2)2χi

][
n∑

i=1

χi

]
=

n∑

i=1

(3γi − 2)2χi, (3.76)

with equality holding if and only if n = 1. 6

On recalling (3.49), it follows that

sign
(

dq̃

dτ̃

)
= −sign(H), (3.77)

which establishes the result. ¤

This proposition leads to a second result, presented here:

Proposition 3.1.3 For any non-static n-fluid FL cosmology, Ω̃(τ̃∗) = 0 is satisfied for at most one τ̃∗, and

in this situation dΩ̃
dτ̃ (τ̃∗) 6= 0.

Proof: We first show, by contradiction, that Ω̃(τ̃∗) = 0 is satisfied for at most one τ̃∗. Suppose

Ω̃(τ̃1) = 0 = Ω̃(τ̃2) and Ω̃ 6= 0 for τ̃ ∈ (τ̃1, τ̃2). Without loss of generality, we assume that Ω̃ > 0

for τ̃ ∈ (τ̃1, τ̃2). Then by proposition 3.1.2 it follows that q̃(τ̃2) ≤ q̃(τ̃1) since q̃ is strictly decreasing

whenever Ω̃ > 0. Further, by (3.60), we have that Ω̃ satisfies

Ω̃′(τ̃1) = −q̃(τ̃1), and Ω̃′(τ̃2) = −q̃(τ̃2), (3.78)

5This equation is equivalent to (14.15) in Wainwright and Ellis (1997), since q̃ = 1
2
(3w + 1). The proposition is equivalent

to c2
s − w > 0, if n > 1.
6Equality holds in (3.76) if and only if there exists c such that

(3γi − 2)
√

χi = c
√

χi, i = 1, 2, . . . , n,

which is possible if and only if n = 1.
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where the prime (′) denotes differentiation with respect to τ̃ . But Ω̃(τ̃) > 0 for τ̃ ∈ (τ̃1, τ̃2) implies

that Ω̃′(τ̃1) > 0 (i.e. q̃(τ̃1) < 0) and Ω̃′(τ̃2) < 0 (i.e. q̃(τ̃2) > 0) and so q̃(τ̃2) > q̃(τ̃1), which is a

contradiction.

Finally, it follows from (3.63) that if Ω̃ = 0, dΩ̃
dτ̃ = 0 is satisfied only when q̃ = 0, which is disallowed

for non-static models. ¤

The main result of this section now follows immediately.

Theorem 3.1.1 There are exactly three generic classes of n-fluid FL cosmologies (n > 1) that have an

expanding epoch, namely ever-expanding models, recollapsing models and bouncing models. Bouncing

models occur if and only if γn < 2
3 .

Proof: Since H = 0 if and only if Ω̃ = 0 on account of (3.47), proposition 3.1.3 states that the Hubble

scalar can be zero at most once, and that H changes sign if it becomes zero. Thus models with more

than one expanding epoch are excluded, which implies that the only possible classes are those given. If

γn > 2
3 , it follows from (3.19) and (3.50) that q̃ > 1

2(3γn − 2) > 0, and hence from (3.63) that bouncing

models are disallowed. ¤
To the best of the author’s knowledge, the classification theorem is new for n > 2, although it is a well

known result for n = 2, when the matter content is a perfect fluid (γ1 > 2
3 ) and a cosmological constant

(γ2 = 0) (see Rindler (1977), p234-8).

3.1.7 Asymptotic Behaviour of Solutions

In this section we determine the asymptotic behaviour of the three generic classes of n-fluid FL cosmolo-

gies identified in the previous section. We will first describe the behaviour of the length scale `(t) as a

function of clock time t in each of the three generic classes of FL cosmologies, and then use these results

to determine the past attractor and future attractor.

Important in this analysis is the set of orbits asymptotic to an Einstein static solution. In the following

proposition, we demonstrate that orbits of this type are non-generic.

Proposition 3.1.4 The set of orbits in the compact state space that are asymptotic to an Einstein static

equilibrium point has dimension n− 1.
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Proof: We can write the evolution equations (3.57) and (3.60) as a dynamical system of the form

dXi

dτ̃
= Fi(X0, X1, . . . , Xn), i = 0, . . . , n, (3.79)

on Rn+1, where X0 = Ω̃ and Xj = χj (j = 1, . . . , n). The physical state space is the hyperplane given

by (3.62), and hence is n dimensional. Consider the Jacobian matrix Jij = ∂Fj

∂Xi
. Upon evaluating Jij on

the Einstein static set, given by (3.74), we obtain

J00 = 0, J0i = −1
2(3γi − 2), Ji0 = −(3γi − 2)χi,E , Jij = 0, (3.80)

where i, j = 1, . . . , n and χi,E denotes the value of χi at the Einstein equilibrium point. The Jacobian

matrix, when restricted to the physical state space, has two non-zero eigenvalues

λ± = ±
√√√√1

2

n∑

i=1

(3γi − 2)2χi > 0, (3.81)

and n − 2 zero eigenvalues.7 It follows8 that each Einstein static equilibrium point has a 1-dimensional

stable manifold and a 1-dimensional unstable manifold. Thus the set of orbits future asymptotic to the

Einstein static set has dimension exactly one larger than the dimension of the Einstein static manifold, i.e.

dimension n− 1. ¤

In the next proposition, we establish the behaviour of the length scale ` as a function of time τ̃ , for

ever-expanding models.

Proposition 3.1.5 If Ω̃ > 0 for all τ̃ ∈ R and Ω̃ 6→ 0 as τ̃ → ±∞, then

lim
τ̃→−∞

`(τ̃) = −∞, and lim
τ̃→+∞

`(τ̃) = +∞. (3.82)

Proof: The length scale ` defines a time variable τ according to

` = `0e
τ . (3.83)

7The zero eigenvalues reflect the fact that the set of Einstein static equilibrium points has dimension n− 2.
8Using the Stable/Unstable Manifold Theorem. See, for example, Perko (1996, p107).
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It follows from (3.9) and (3.83) that
dt

dτ
=

1
H

. (3.84)

Then, using (3.54), (3.56) and (3.84), and the chain rule, we obtain

dτ

dτ̃
= sin Ω̃. (3.85)

Since Ω̃ > 0 for all τ̃ ∈ R and Ω̃ 6→ 0 as τ̃ → ±∞, (3.85) then implies

lim
τ̃→−∞

τ(τ̃) = −∞, and lim
τ̃→+∞

τ(τ̃) = +∞. (3.86)

This completes the proof, on applying (3.83). ¤

Proposition 3.1.6 For a recollapsing model, q̃(τ̃) > 0 for all τ̃ , and for a bouncing model, q̃(τ̃) < 0 for

all τ̃ .

Proof: For a recollapsing model, it follows from the definition that there exists τ̃∗ so that Ω̃(τ̃∗) = 0

and that Ω̃(τ̃) changes sign from positive to negative at τ̃∗, which implies dΩ̃
dτ̃ (τ̃∗) < 0 (strict inequality

follows from Proposition 3.1.3). The evolution equation (3.63) now implies q(τ̃∗) > 0. By Proposition

3.1.2, q̃ has a global minimum at τ̃∗, i.e. q̃(τ̃) ≥ q̃(τ̃∗) for all τ̃ , which gives the desired result. The proof

for bouncing models is similar. ¤

We now determine the asymptotic behaviour of clock time t (i.e. as τ̃ → ±∞). Let

ti = lim
τ̃→−∞

t(τ̃), tf = lim
τ̃→+∞

t(τ̃), (3.87)

where the dependence of t on τ̃ is determined via equation (3.56). Then ti and tf are finite or infinite

depending on the type of universe and during the evolution ti < t < tf . Clock time is related to the length

scale via the Friedmann equation. In particular, for any n-fluid FL cosmology, we can integrate (3.20) to

obtain9

µi`
2 = 3 (λi`)

−3γi+2 . (3.88)

9See p46.
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where λi is an integration constant whose inverse can be interpreted as the characteristic length scale of

fluid i. On substituting (3.88) into the Friedmann equation (3.21), we obtain

(
d`

dt

)2

=
n∑

i=1

(λi`)
−3γi+2 −K. (3.89)

Theorem 3.1.2 The following statements are true:

i) For an ever-expanding n-fluid FL model that is not asymptotic to the Einstein static universe, ti is

finite, tf =∞ and the length scale satisfies `(ti) = 0 for some ti and `→ +∞ as t→ +∞.

ii) For a recollapsing n-fluid FL model, ti and tf are finite, `(ti) = 0 and `(tf ) = 0.

iii) For a bouncing n-fluid FL model, ti and tf are infinite and `(t) satisfies `(t)→ +∞ as t→ ±∞.

Proof: Case i) In this case, we will make use of the following elementary results from calculus:

(I) If f(a) = O(ar) as a→ 0, and r > −1, then lim
a→0

∫ 1

a
f(ã)dã <∞, i.e. the integral converges.

(II) If f(a) ∈ O(ar), as a→∞, and r ≥ −1 then lim
a→∞

∫ a

1
f(ã)dã =∞, i.e. the integral diverges.

Recall that ever-expanding models satisfy H(τ̃) > 0 ∀ τ̃ . Thus by Proposition 3.1.5, solutions which

are not asymptotic to the Einstein static solution satisfy `→ 0 as τ̃ → −∞ and `→∞ as τ̃ →∞. Let

f(`) =
1√∑n

i=1 (λi`)
−3γi+2 −K

. (3.90)

For an ever-expanding model, this function is defined and continuous (for 0 < a < ∞) since H > 0

implies that the denominator is strictly positive (see (3.89)). Hence, we can integrate (3.89) to obtain

t(`) = t(1)−
∫ 1

`
f(˜̀)d˜̀, for 0 < ` < 1. (3.91)

Further, the integrand satisfies

f(`) = O
(
`

3γ1−2
2

)
, as `→ 0. (3.92)

Since γ1 > 2
3 it follows from result (I) that there exists some finite time ti, defined by ti = lim`→0 t(`),

such that `(ti) = 0.
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Similarly, we can integrate (3.89) to obtain

t(`) = t(1) +
∫ `

1
f(˜̀)d˜̀, for ` > 1. (3.93)

Further, the integrand satisfies

f(a) = O
(
`

3γn−2
2

)
, as `→∞. (3.94)

Since γn ≥ 0 it follows from result (II) t→∞ as `→∞.

For the following two cases we make use of the fact that q̃ and ῭are related by

῭

`
= −1

3µq̃, (3.95)

as follows from (3.22), (3.45) and (3.50).

Case ii) For a recollapsing model, Proposition 3.1.6 implies q̃(τ̃) > 0 for all τ̃ ∈ R. Then (3.95) implies

that `(t) is concave down on its domain and so we can conclude there exists ti and tf such that `(ti) = 0

and `(tf ) = 0.

Case iii) For a bouncing model, Proposition 3.1.6 implies q̃(τ̃) < 0 for all τ̃ ∈ R. Then (3.95) implies

that `(t) is concave up on its domain and hence `→∞ as τ̃ → ±∞. Since sign( ˙̀) = sign(H), it follows

that ` is minimal at τ̃∗. If we choose `min = `(τ̃∗), we have that `(τ̃) ≥ `min > 0 for all τ̃ ∈ R.

We must now show that ` does not go to infinity in finite time. Choose `0 so that H > 0 for ` ≥ `0.

Then f(`) in (3.90) is defined and continuous for ` ≥ 1. We can integrate (3.89) from ` = 1 to obtain

(3.93). Since the integrand satisfies

f(a) = O
(
`

3γn−2
2

)
, as a→∞, (3.96)

and γn ≥ 0, it follows from result (II) that (3.93) diverges, and so these models satisfy `→∞ as t→∞.

By symmetry, we have that `→∞ as t→ −∞. ¤

The past and future attractors of the dynamical system on the compact state space can now be deter-

mined using theorem 3.1.2.
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Theorem 3.1.3 The past and future attractors in the state space of n-fluid FL cosmologies with an ex-

panding epoch are

A− = F+
1 ∪ F−

n , and A+ = F−
1 ∪ F+

n , for γn < 2
3 , (3.97)

and

A− = F+
1 , and A+ = F−

1 ∪M+
n for γn > 2

3 ,. (3.98)

Proof: We begin by obtaining algebraic expressions for χi and Ω̃. From (3.88) we have

µi`
2 = 3 (λi`)

−3γi+2 . (3.99)

Then (3.45), (3.88) and (3.99) lead to

χi =
(λi`)−3γi+2

∑n
j=1(λj`)−3γj+2 (3.100)

Using (3.47), we write the Friedmann equation (3.25) in the form

1− tan2 Ω̃ =
3K

µ`2
. (3.101)

Then using (3.45) and (3.99) we have

1− tan2 Ω̃ =
K∑n

j=1(λj`)−3γj+2 . (3.102)

To determine the limits of (3.100) and (3.102) as `→ 0, we write

χ1 =
λ−3γi+2

1∑n
j=1 λ

−3γj+2
j `3(γ1−γj).

(3.103)

and, using (3.44), (3.99) and (3.100),

1− tan2 Ω̃ = Kχ1(λ1`)3γ1−2. (3.104)

It follows that

lim
`→0+

χ1 = 1, lim
`→0+

Ω̃ = ±π
4 , (3.105)

since γ1 − γj > 0 and γ1 > 2
3 .

Similarly, by writing

χn =
λ−3γn+2

n∑n
j=1 λ

−3γj+2
j `3(γn−γj)

, (3.106)
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and

1− tan2 Ω̃ = Kχn(λn`)3γn−2, (3.107)

we obtain

lim
`→+∞

χn = 1, lim
`→+∞

Ω̃ =

{
0, if γn < 2

3

±π
2 , if γn > 2

3 and K = −1.
(3.108)

It now follows from Theorem 3.1.2 and equations (3.72) and (3.73) that orbits describing models in

the three generic classes approach the equilibrium points given in table 3.1, as τ̃ → −∞ and as τ̃ → +∞.

¤

Comment: Since the orbits describing models in the three generic classes approach the equilibrium

points in table 3.1 as τ̃ → ±∞, it follows that the density parameters Ωi and Ωk approach their values at

the equilibrium points, which we give in table 3.2.
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Model Type τ̃ → −∞ τ̃ → +∞
Ever-expanding models

γn < 2
3 F+

1 F+
n

γn > 2
3 , K = −1 F+

1 M+
n

Recollapsing models F+
1 F−

1

Bouncing models (γn < 2
3 only) F−

n F+
n

TABLE 3.1: The past and future attractors of generic n-fluid FL cosmologies.

Equilibrium Point Behaviour

F±
1 Ωi → 0 for i 6= 1, Ω1 → 1, Ωk → 0,

F±
n Ωi → 0 for i 6= n, Ωn → 1, Ωk → 0,

M±
i Ωi → 0 for i = 1, . . . , n, Ωk → 1.

TABLE 3.2: Asymptotic behaviour of Hubble-normalized quantities in generic n-fluid FL cosmologies.
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3.2 Parameterization of FL Models

In this section we introduce the n essential parameters that label the family of n-fluid FL cosmologies,

namely a conformal parameter λ and n− 1 dimensionless mass parameters m1, . . . , mn−1, that we shall

refer to as intrinsic parameters. In section 3.2.2, we introduce an equivalent set of parameters, namely the

observational parameters Ωi,0 and H0 and show how they determine the intrinsic parameters. Finally, we

show that the evolution equations (3.57) and (3.60) admit n− 1 independent conserved quantities, which

characterize the orbits in the n-dimensional state space. In particular, we will show that the values of the

conserved quantities are determined in terms of the intrinsic parameters.

3.2.1 The Intrinsic Parameters

We now integrate the conservation equation and demonstrate that the constants of integration of this equa-

tion can be used to parameterize n-fluid FL cosmologies. As we have seen previously in (3.88), on

integrating (3.20), one obtains

µi`
2 = 3 (λi`)

−3γi+2 . (3.109)

The constants of integration λi have dimension (length)−1 and so each can be thought of as defining a

characteristic length scale for each fluid via λ−1
i . When (3.109) is substituted into (3.21), there results a

first order ODE for `(t): (
d`

dt

)2

=
n∑

i=1

(λi`)
−3γi+2 −K. (3.110)

In order to define a dimensionless length scale and time variable for n-fluid FL cosmologies, one needs

to choose a preferred λi that will play the role of an overall conformal factor. Typically we will choose λ

to be λn, which is a natural choice if γn = 0. In this case, it follows from (3.109) that

λ2 = 1
3Λ. (3.111)

The dimensionless length L and time T are then defined as

L = λ`, and T = λt. (3.112)

Equation (3.109) suggests defining a set of dimensionless parameters m1, . . . , mn−1 via10

mi =
(

λi

λ

)−3γi+2

, (3.113)

10For i = n, this equation states that mn = 1.
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so that

µi = 3λ2miL
−3γi . (3.114)

In dimensionless form, the Friedmann equation (3.110) then reads
(

dL

dT

)2

=
n∑

i=1

miL
−3γi+2 −K. (3.115)

For any choice of parameters mi > 0, i = 1, . . . , n− 1, along with the conditions

L(0) = 0, and
dL

dT
> 0, (3.116)

the DE (3.115) has unique solution (as shown in section C.2), given by

L = L(T, m1, . . . , mn−1). (3.117)

It then follows from (3.112) that `(t) can be written as

`(t) = λ−1L(λt,m1, . . . , mn−1). (3.118)

The line element then takes the form

ds2 = λ−2
(− dT 2 + L2dΣ2

)
, (3.119)

where L is given by (3.117) and dΣ2 is a metric of constant curvature. 11 From (3.9), (3.112) and (3.115)

we obtain

H2 = λ2

(
n∑

i=1

miL
−3γi −KL−2

)
. (3.120)

Further, using (3.31), (3.114) and (3.120) the density parameters Ωi are written as

Ωi =
miL

−3γi+2

∑n
j=1 mjL−3γj+2 −K

. (3.121)

In summary, equations (3.114) and (3.118) show that the n-fluid FL cosmologies form an n-parameter

family, labelled by a conformal factor λ and n− 1 mass parameters m1, . . . , mn−1. We will refer to these

parameters as the intrinsic parameters.

11Equations (3.114) and (3.119) illustrate the well-known scale-invariance of Einstein’s field equations: if gij is a solution,

then so is g̃ij = λ−2gij for any constant λ, with the matter terms scaling appropriately, e.g. µ̃ = λ2µ.
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3.2.2 The Observational Parameters

In this section we introduce the observational parameters associated with n-fluid FL cosmologies, based

on the current epoch t0, which represents the age of the universe. We denote the values of H , q, Ωi and

Ωk at t0 by

H0 = H(t0), q0 = q(t0), Ωi,0 = Ωi(t0), Ωk,0 = Ωk(t0),

where H0 is the Hubble constant. Then, the set of constants

{t0,H0, q0,ΩA,0, Ωk,0} , A = 1, . . . , n, (3.122)

are collectively referred to as the observational parameters (see, for example, Wainwright and Ellis

(1997), p55-8).

In addition, we require the parameter `0, which denotes the length scale at the present time, i.e `0 =

`(t0). This quantity is not an observational parameter, but if K 6= 0, `0 can be determined in terms of

observational parameters using (3.35) and (3.36), i.e. via

`2
0 =

−K

H2
0Ωk,0

=
−K

H2
0 (1−∑n

i=1 Ωi,0)
. (3.123)

In the case of zero curvature (K = 0), `0 can be chosen arbitrarily in order to fix the multiplicative factor

that determines ` (also see section 3.1.1).

We now present the observational formulation of the n-fluid FL cosmologies. In this formulation, the

dimensionless length scale and dimensionless time variable are given by

a =
`

`0
, and T = H0t. (3.124)

From (3.88) we have

µi = 3H2
0Ωi,0a

−3γi . (3.125)

Using (3.124) and (3.125), the Friedmann equation (3.14) assumes the form
(

da

dT

)2

=
n∑

i=1

Ωi,0a
−3γi+2 + Ωk,0. (3.126)

We use uniqueness of the solution to (3.126) under some appropriate initial conditions (see section C.2)

to conclude that in an expanding epoch the length scale is given by

` = `0 a(H0t,Ω1,0, . . . ,Ωn,0). (3.127)



3.2. Parameterization of FL Models 46

It follows from (3.9), (3.124) and (3.126) that the Hubble scalar assumes the form12

H2 = H2
0

[
n∑

i=1

Ωi,0a
−3γi + Ωk,0a

−2

]
, (3.128)

and further that the density parameters (3.31) and (3.45) assume the form

Ωi =
Ωi,0a

−3γi+2

∑n
j=1 Ωj,0a−3γj+2 + Ωk,0

, (3.129)

and

χi =
Ωi,0a

−3γi+2

∑n
j=1 Ωj,0a−3γj+2 . (3.130)

The parameters Ωk,0, q0, t0 in (3.122) can be related to the parameters {Ωi,0, H0}, as follows: First,

Ωk,0 is determined in terms of Ωi,0 via the Friedmann equation (3.37):

Ωk,0 = 1−
n∑

i=1

Ωi,0. (3.131)

Second, q0 is determined in terms of Ωi,0 via (3.42):

q0 = 1
2

n∑

i=1

(3γi − 2)Ωi,0. (3.132)

Third, knowing H0, we can obtain t0 by integrating (3.126) as

t0H0 =
∫ 1

0

1√
F (a,Ωi,0)

da, (3.133)

where

F (y, Ωi,0) = 1 +
n∑

i=1

Ωi,0(a2−3γi − 1), (3.134)

and Ωk,0 has been eliminated using (3.131). As a consequence, the only independent observational pa-

rameters are the n + 1 quantities defined by

{Ωi,0,H0}. (3.135)

12An expression of this form is given by Peacock (1999), eq. (3.8).
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It is useful to note that the normalized scale factor can be expressed in terms of the redshift z, defined

by

1 + z =
`0

`
=

1
a
, (3.136)

(see Wainwright and Ellis (1997), eq. (2.41)). One can thus use (3.128) and (3.129) to express H and Ωi

in terms of z.

We now present the link between the observational parameters and the intrinsic parameters. On sub-

stituting µi = 3H2Ωi (see (3.31)) into (3.109) at t = t0, we obtain

λ−1
i = `−1

0 (Ωi,0H
2
0 `2

0)
1

3γi−2 . (3.137)

3.2.3 Conserved Quantities

We now show that the evolution equations (3.57) and (3.60) admit n− 1 conserved quantities.

From (3.45) and (3.114) we have that

χi =
3λ2

µ
miL

−3γi . (3.138)

We now eliminate λ2/µ and L by taking products of powers of three distinct matter variables (we require

n ≥ 3). Indeed, it follows from (3.138) that

χ
γj−γk

i χγk−γi
j χ

γi−γj

k = m
γj−γk

i mγk−γi
j m

γi−γj

k . (3.139)

In the case of K 6= 0, we also obtain a conserved quantity describing the curvature of a model. We use

(3.9) and (3.47) to rewrite the Friedmann equation (3.14) as

|1− tan2 Ω̃| = 3
µ`2

. (3.140)

Then from (3.138) and (3.140), we have

χ
3γj−2
i χ−3γi+2

j |1− tan2 Ω̃|3(γi−γj) = m
3γj−2
i m−3γi+2

j . (3.141)

Since there can be only n− 1 independent conserved quantities, we must fix some of the values of i,

j and k in (3.139) and (3.141) to obtain a minimal independent set. We choose i = 1, k = n in (3.139)

(with 2 ≤ j ≤ n− 1) and i = 1 and j = n in (3.141) and so define 13

Mj(χ1, . . . , χn) ≡ χ
γj−γn

1 χγn−γ1
j χ

γ1−γj
n , (3.142)

13Observe that if we choose j = 1 or j = n in (3.142) we simply obtain M1 = 1 and Mn = 1.



3.2. Parameterization of FL Models 48

and

K(χ1, χn, Ω̃) ≡ χ
3γn−2

3(γ1−γn)

1 χ
− (3γ1−2)

3(γ1−γn)
n (1− tan2 Ω̃). (3.143)

Upon recalling that mn = 1, the conserved quantities are then determined by the intrinsic parameters

m1, . . . ,mn−1 according to

Mj(χ1, . . . , χn) = m
γj−γn

1 mγn−γ1
j , j = 2, . . . , n− 1, (3.144)

and

K(χ1, χn, Ω̃) = Km
3γn−2

3(γ1−γn)

1 . (3.145)

Comment: We have derived these conserved quantities algebraically, and it follows immediately from

(3.144) and (3.145) that
dMj

dτ̃
= 0,

dK
dτ̃

= 0. (3.146)

It involves a lengthy calculation to verify (3.146) using the ODEs (3.63) and (3.64).

If K = 0 (i.e. Ω̃ = π
4 ) then K = 0. As described in section 3.2.2, we can use the freedom to rescale

`0 to set

λ1 = λn, (3.147)

which implies m1 = 1. Then (3.144) gives

Mj = mγn−γ1
j , j = 2, . . . , n− 1. (3.148)

The conserved quantities (3.142) and (3.143) can also be expressed in terms of the density parameters,

as follows:

Mj(Ω1, . . . , Ωn) = Ωγj−γn

1 Ωγn−γ1
j Ωγ1−γj

n , j = 2, . . . , n− 1, (3.149)

K(Ω1, Ωn,Ωk) = −Ω
3γn−2

3(γ1−γn)

1 Ω
− 3γ1−2

3(γ1−γn)
n Ωk, (3.150)

The conserved quantities are thus related to the observational parameters by

Mj(Ω1, . . . , Ωn) = Ω(γj−γn)
1,0 Ω(γn−γ1)

j,0 Ω(γ1−γj)
n,0 , (3.151)

and

K(Ω1,Ωn,Ωk) = −Ω
3γn−2

3(γ1−γn)

1,0 Ω
− (3γ1−2)

3(γ1−γn)

n,0 Ωk,0, (3.152)

upon evaluating (3.149) and (3.150) at t = t0. We note that conserved quantities of this type have been

previously discovered, for example, by Ehlers and Rindler (1989) for RDCΛ FL universes, and more

generally by Lake (2006) for n-fluid FL universes, using a different method.
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3.3 2-Fluid FL Cosmologies - Qualitative Analysis

We now use the results of sections 3.1 and 3.2 to give a qualitative analysis of the dynamics of 2-fluid FL

cosmologies. The results of this section, in particular figures 3.1-3.3, are contained in Wainwright (1996),

although the use of the conserved quantity K is new.

3.3.1 General Features

The state space is two-dimensional, being described by the variables (Ω̃, χ1, χ2) subject to the restrictions

(3.46). We use (3.46) to eliminate χ1 via

χ1 = 1− χ2. (3.153)

The state space is then the rectangle in the (Ω̃, χ2)-plane given by

−π/2 ≤ Ω̃ ≤ π/2, and 0 ≤ χ2 ≤ 1. (3.154)

In accordance with theorem 3.1.1, there are two qualitatively different classes of 2-fluid FL cos-

mologies, depending on whether γ2 > 2
3 or γ2 < 2

3 (recall that γ1 and γ2 are assumed to satisfy

0 ≤ γ2 < γ1 ≤ 2). We will discuss these two classes in sections 3.3.2 and 3.3.3 using the two most

important examples from a physical point of view:14

i) Universes with radiation and dust (RDC-universes, γ1 = 4
3 , γ2 = 1),

ii) Universes with dust and cosmological constant (DCΛ-universes, γ1 = 1, γ2 = 0).

An important difference between these two cases is that if γ2 < 2
3 the Einstein static universe, repre-

sented by an equilibrium point E, is included in the family of models. The point E is given by15

χ2,E =
3γ1 − 2

3(γ1 − γ2)
, Ω̃ = 0, K = +1, (3.155)

(see equation (3.74)). A second related difference is the behaviour of the compact deceleration parameter q̃

as given by (3.65). If γ2 > 2
3 then q̃ is positive on the state space (3.62) and all models are decelerating. If

14Other choices are qualitatively similar
15The restriction γ2 < 2

3
ensures that χ2,E < 1, as required.
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γ2 < 2
3 then q̃ is negative on a subset of the state space. Figure 3.2 shows that the orbits of ever-expanding

models eventually enter this subset, and as a result the models are accelerating at late times.

The portraits of the orbits are drawn by first sketching the various invariant sets and equilibrium points,

as given in section 3.1.5, in particular the boundary of the state space (3.154) and the flat FL invariant set

Ω̃ = ±π
4 . In the case γ2 < 2

3 , the orbits that are past and future asymptotic to the Einstein static point

E should be drawn. At this stage, the orbits that have been drawn represent exceptional models and form

a “skeleton” for the state space. The orbits of typical models can now be drawn by noting the past and

future attractors as given in theorem 3.1.3. In drawing the portraits it is helpful to note that the evolution

equations (3.63) and (3.64) are invariant under the interchange

(Ω̃, τ̃)→ (−Ω̃,−τ̃), (3.156)

i.e. changing the sign of Ω̃ reverses the direction of time. In particular, the invariant set

−π
2 ≤ Ω̃ ≤ −π

4 represents cosmologies that evolve in the same way as those with π
4 ≤ Ω̃ ≤ π

2 , with the

difference that the direction of time is reversed. These models are contracting throughout their evolution

(Ω̃ < 0 implies H < 0) and hence are not potential models of the real universe.

In practice the state space can be sketched numerically16 using the conserved quantityK that is defined

by (3.143) for the family of 2-fluid cosmologies. On substituting (3.153) into (3.155) and choosing n = 2,

we obtain

K(Ω̃, χ2) = (1− χ2)
3γ2−2

3(γ1−γ2) χ
− (3γ1−2)

3(γ1−γ2)

2 (1− tan2 Ω̃). (3.157)

The orbits are given by

K(Ω̃, χ2) = constant. (3.158)

The value of K at E is denoted KE and is given by

KE = (1− χ2,E)
3γ2−2

3(γ1−γ2) (χ2,E)−
(3γ1−2)
3(γ1−γ2) . (3.159)

It follows that the equation

K(Ω̃, χ2) = KE (3.160)

describes the orbits that are past and future asymptotic to E, i.e. it describes the stable and unstable

manifolds of E.

The value of K determines whether a model is ever-expanding or not, as shown in the following table.

16For example, using the plots[implicitplot] command in Maple.
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Restriction on K Qualitative Behaviour

Case γ2 > 2
3

−∞ < K ≤ 0 Ever-expanding

0 < K < +∞ Recollapsing

Case γ2 < 2
3

−∞ < K < KE Ever-expanding

KE < K < +∞ Recollapsing or bouncing

Further, the sign ofK determines whether the model is open, flat or closed. We note that all generic classes

of FL models are covered by the given values of K.

In the case γ2 > 2
3 the critical value of K is Kcrit = 0, indicating that the flat FL models play an

exceptional role as regards to future evolution. In the case γ2 < 2
3 , Kcrit = KE and the exceptional

models are those that are past or future asymptotic to the Einstein static universe. This distinction is

clearly indicated by comparing figure 3.1 (RDC-universes) with figure 3.2 (DCΛ-universes).

We note that the conserved quantity K can also be expressed in terms of the density parameters. It

follows from (3.150) with n = 2 that

K(Ω1, Ω2, Ωk) = −Ω
3γ2−2

3(γ1−γ2)

1 Ω
− (3γ1−2)

3(γ1−γ2)

2 Ωk, (3.161)

with

Ωk = 1− Ω1 − Ω2. (3.162)

3.3.2 FL Cosmologies with Radiation and Dust (RDC-universes)

We now consider 2-fluid FL cosmologies containing radiation (γ1 = 4
3 ) and dust (γ2 = 1). The portrait of

the orbits, shown in figure 3.1 is drawn as described in the previous subsection.

For the RDC-universes, the expression (3.157) for the conserved quantity K becomes

K =
χr

χ2
d

(1− tan2 Ω̃). (3.163)

Equivalently, the expression (3.161) gives K in terms of the density parameters as

K = −ΩrΩk

Ω2
d

. (3.164)
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FIGURE 3.1: The (Ω̃, χ2) state space for 2-fluid FL cosmologies containing radiation (γ1 = 4
3 ) and dust

(γ2 = 1), showing regions of expansion (H > 0, i.e. Ω̃ > 0) and regions of contraction (H < 0, i.e.

Ω̃ < 0).

The value of K is infinite or zero on the skeleton of the state space:

K = +∞ if χd = 0 and |Ω̃| < π
4 ,

K = 0 if χd = 1 or |Ω̃| = π
4 ,

K = −∞ if Ω̃ = ±π
2 , or χd = 0 and |Ω̃| > π

4 .

Note thatK is indeterminate at the past attractorA− = F+
r (χd = 0, Ω̃ = π

4 ) and at the future attractor

A+ = F−
r ∪M+

d (χd = 0, Ω̃ = π
4 ; χd = 1, Ω̃ = π

2 ). This indeterminacy arises since infinitely many

orbits meet at A− and A+.

Discussion: Typical models differ qualitatively depending on the value of K, which determines where

the orbit lies in the state space. Firstly, for ever-expanding models if the orbit passes close to M+
r , the

dust component will never be significant dynamically (i.e. Ωd ¿ 1) and this will correspond to K being
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large and negative. On the other hand if the orbit passes close to F+
d then Ωd will attain a maximum value

close to 1, corresponding to K being negative and close to zero. Secondly, recollapsing models differ

quantitatively by how close the orbit comes to F±
d , i.e. by the maximum value of χd, which in turn will

depend on K. One can determine the dependence on K explicitly, as follows:

i) For ever-expanding models, we obtain

Ωd|max =
1

1 + 2
√−K , K < 0. (3.165)

ii) For recollapsing models an expression for χr|min and χd|max can be obtained by setting Ω̃ = 0 in

(3.163) and solving the resulting second degree polynomial. We obtain

χd|max =
2

1 +
√

1 + 4K , χr|min = 1− χd|max , K > 0. (3.166)

3.3.3 FL Cosmologies with Dust and Cosmological Constant

We now consider 2-fluid FL cosmologies containing radiation (γ1 = 4
3 ) and dust (γ2 = 1). The portrait of

the orbits, shown in figure 3.2 is drawn as described in section 3.3.1.

For the DCΛ-universes, the expression (3.157) for the conserved quantity K becomes

K(Ω̃, χΛ) = χ
−2/3
d χ

−1/3
Λ (1− tan2 Ω̃). (3.167)

Equivalently, the expression (3.161) gives K in terms of the density parameters as

K = −Ω−2/3
d Ω−1/3

Λ Ωk. (3.168)

The critical value of χΛ, i.e. the value of χΛ at the Einstein static equilibrium point, is given by (3.155) as

χΛ,E = 1
3 . (3.169)

It then follows from (3.159) that the critical value of K is

KE =
(

4
27

)−1/3
. (3.170)

The value of K is infinite or zero on the skeleton of the state space:
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K = +∞ if |Ω̃| < π
4 and χΛ = 0 or 1,

K = 0 if Ω̃ = ±π
4 ,

K = −∞ if Ω̃ = ±π
2 or |Ω̃| > π

4 and χΛ = 0 or 1.

Note that K is indeterminate at the past attractor A− = F+
d (χΛ = 0, Ω̃ = π

4 ) and at the future

attractor A+ = deS+ ∪ F−
d (χΛ = 1, Ω̃ = π

4 ; χΛ = 0, Ω̃ = −π
4 ).
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FIGURE 3.2: The (Ω̃, χ2) state space for 2-fluid FL cosmologies containing dust (γ1 = 1) and cosmolog-

ical constant (γ2 = 0), showing regions of expansion (H > 0, i.e. Ω̃ > 0), regions of contraction (H < 0,

i.e. Ω̃ < 0), regions of acceleration (q̃ < 0) and regions of deceleration (q̃ > 0) in relation to the Einstein

static solution E, which satisfies H = 0 and q̃ = 0.



3.3. 2-Fluid FL Cosmologies - Qualitative Analysis 55

F- F+ Mr
+

MΛ
+MΛ

-

Mr
-

deS- deS+

1

6b

6a

Ω~

Χ2

3

2

1

5

4

E

1 2 3

4 5 6a 6b

E deS+ F+ M+

FIGURE 3.3: The (Ω̃, χ) representation of the state space for the FL models with matter, a cosmological

constant and spatial curvature. The thumbnail plots depict the length scale `(t) of FL models correspond-

ing to orbits in each region of the state space and to each equilibrium point. Cases (1), (2) and (3) represent

the three generic families of FL models, i.e. their orbits fill an open subset of the state space (2-parameter

families). They represent, respectively, ever-expanding models, recollapsing models and bouncing mod-

els. On the other hand, cases (4), (5), (6a) and (6b) correspond to a single orbit in the state space (a

1-parameter family), while the cases in the third row represent the unique solutions corresponding to the

equilibrium points.
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Discussion: Firstly, ever-expanding models differ qualitatively depending on the magnitude and the sign

of the curvature scalar Ωk. If the orbit stays close to flat FL (Ω̃ = π
4 ), the curvature will never be significant

dynamically (i.e. Ωk ¿ 1) and this will correspond to K being close to zero. Secondly, recollapsing

models (and bouncing models) differ qualitatively by how close the orbit comes to the Einstein static

model, i.e. by the maximal (or minimal) value of χΛ. Since χΛ < χΛ,E in recollapsing models (see

(3.155)), the cosmological constant will never be the dominant fluid. Similarly, since χΛ > χΛ,E in

bouncing models, there will be no dust dominant epoch, i.e. χd ≈ 1. One can determine the dependence

on K explicitly, as follows:

i) For ever-expanding models, we obtain

|Ωk|max =
|K|

KE −K , K < KE . (3.171)

ii) For recollapsing and bouncing models, an expression for χΛ|max and χΛ|min can be obtained by

setting Ω̃ = 0 in (3.167) and solving the resulting third degree polynomial.

3.4 3-Fluid FL Cosmologies - Qualitative Analysis

We now use the results of sections 3.1-3.3 to give a qualitative analysis of the dynamics of 3-fluid FL

cosmologies in which the matter content is radiation, dust and a cosmological constant (Λ > 0) (labelling

the χi as χr, χd and χΛ). The analysis given in this section is new.

3.4.1 General Features

The state space is three-dimensional, being described by the variables (Ω̃, χr, χd, χΛ) subject to the

restriction (3.46). We use (3.46) to eliminate χr via

χr = 1− χd − χΛ. (3.172)

The physical state space is then a solid triangular prism in R3 given by

−π

2
≤ Ω̃ ≤ π

2
, 0 ≤ χd, χΛ ≤ 1, χd + χΛ ≤ 1. (3.173)

We can construct a “skeleton” for the state space using various invariant subsets, as shown in figure

3.4. The choice of χi = 0 for any one fluid gives a 2-fluid FL cosmology, identified as follows:
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χΛ = 0 RDC-universes,

χd = 0 RCΛ-universes,

χr = 0 DCΛ-universes.

Further, the orbits in the planes Ω̃ = ±π
4 represent the flat 3-fluid universes.

The Einstein static universe is represented by a line segment of equilibrium points denoted ErEd,

which is the intersection of the planes Ω̃ = 0 and q̃ = 0. The stable manifold S+ of the set of Einstein

static points is a surface through the line segment ErEd terminating at deS− when χΛ = 1 and at the line

segment F+
r F+

d when χΛ = 0. This surface can be described by an equation of the form

Ω̃ = f(χd, χΛ), (3.174)

with χd and χΛ restricted as in (3.173). Because of the symmetry (Ω̃, τ̃) → (−Ω̃,−τ̃) (see (3.156)), the

unstable manifold S− is the surface

Ω̃ = −f(χd, χΛ). (3.175)

We know from theorem 3.1.1 that there are three generic classes of RDCΛ FL universes. Their orbits

are contained in invariant subsets bounded by the surfaces S±, as follows:

Ever-expanding universes Ω̃ > |f(χd, χΛ)| (the subset to the right of S+ and S−),

Recollapsing universes (the subset between S+ and S− and below the plane q̃ = 0),

Bouncing universes (the subset between S+ and S− and above the plane q̃ = 0).

The planes Ω̃ = 0 and q̃ = 0, although not invariant sets, play an important role in describing the

dynamics. The plane Ω̃ = 0 divides the state space into a region of expansion (Ω̃ > 0) and a region of

contraction (Ω̃ < 0). The variable q̃ is given by (3.65) which here specializes to

q̃ = χr + 1
2χd − χΛ. (3.176)

On using (3.172) to eliminate χr, we find that q̃ = 0 on the plane

χd + 4χΛ = 2. (3.177)

Equation (3.177) then divides the state space into a region of acceleration (q̃ < 0) and a region of deceler-

ation (q̃ > 0) as follows:
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Region of acceleration χΛ > 1
4(2− χd),

Region of deceleration χΛ < 1
4(2− χd).

It follows from the general discussion in section 3.2.3 that there are two conserved quantities for the

RDCΛ FL universes, defined by

M =
(

χ3
rχΛ

χ4
d

)1/3

, and K =
1− tan2 Ω̃
(χrχΛ)1/2

. (3.178)

Using (3.172) we can eliminate χr from these equations and hence obtainM and K in terms of Ω̃, χd and

χΛ. The values ofM and K at the Einstein static equilibrium points E are denotedME and KE and are

obtained on substituting (3.177) into (3.178). We have

ME =
[
(3χΛ − 1)3χΛ

16(1− 2χΛ)4

]1/3

, 0 ≤ME <∞, (3.179)

KE = [(3χΛ − 1)χΛ]−1/2 , 2 ≤ KE <∞. (3.180)

The orbits of typical models are described by the equations

K(Ω̃, χd, χΛ) = constant, and M(χd, χΛ) = constant, (3.181)

i.e. the orbits are the intersections of these two families of surfaces in the state space. As a special case

the flat universes satisfy K = 0 (i.e. Ω̃ = π
4 ) and then the equation

M(Ω̃, χd, χΛ) = constant (3.182)

describes the orbits in the invariant set Ω̃ = π
4 and can be used to numerically sketch them, as in figure

3.5.

Discussion: Knowing the past attractor A− = F+
r and the future attractor A+ = F−

r ∪ deS+ one can

visualize the orbits of typical universes. For example, the orbits of ever-expanding models join F+
r to

deS+. The models will differ qualitatively depending on whether they come close to F+
d (Ωd ≈ 1 in

a neighbourhood of F+
d ) and whether they come close to the Milne set (Ω̃ = π

2 ) or to the surfaces S±,

in which case there will be an epoch in which spatial curvature is dominant (i.e. |Ωk| ≈ 1). One can

determine the points in state space at which |Ωk| and χd attain a maximum value, as follows. If K 6= 0, it

follows from (3.36) and (3.69) that Ω̃ and |Ωk| are simultaneously extremal. Since in an ever-expanding
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model Ω̃ is extremal when q̃ = 0, we conclude that |Ωk| is extremal on the plane given by (3.177). The

matter variable χd will attain a maximum when χ′d = 0, which implies q̃ = 1
2 , as follows from (3.64) and

(3.65). After substituting (3.172) to eliminate the χr term in (3.176), we conclude that χd will attain a

maximum on the plane

χd + 4χΛ = 1. (3.183)

One can then determine the dependence of χd|max onM explicitly from (3.172), (3.178) and (3.183), as

follows:

χd|max =
33/4

4M3/4 + 33/4
. (3.184)

3.4.2 A Model of the Physical Universe

In this section we discuss the RDCΛ FL universes as viable models for the large scale dynamical be-

haviour of the physical universe. Current observations of distant galaxies, type Ia supernovae and the

cosmic microwave background radiation support the following conclusions:

i) The universe is expanding in the present epoch (H0 > 0).

ii) The universe is accelerating in the present epoch (q0 < 0).

iii) The early universe was radiation-dominated (hot big-bang).

iv) Pressure-free matter (baryonic matter and dark matter) is dynamically significant in the present

epoch.

v) The spatial geometry is close to flatness in the present epoch.

These conclusions suggest modelling the physical universe as an RDCΛ FL cosmology, with obser-

vational parameters

Ωr,0, Ωd,0, Ωk,0, ΩΛ,0, q0, H0, and t0. (3.185)

Equations (3.131)-(3.133) limit the number of independent quantities in this set to four, as expected for

an RDCΛ model. Values for these parameters have been determined using observations, such as high

redshift galaxy surveys (for example, by 2dF and SDSS; see Spergel et al. (2006) for detailed references)

and analyses of the power spectrum of the cosmic microwave background (for example, by WMAP). We
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refer the reader to Spergel et al. (2006) and Tegmark et al. (2004) for an analysis of recent observational

data, leading to the following values:

H0 = 71.0± 4.0km s−1 Mpc−1, (3.186)

Ωr,0 = (4.9± 0.5)× 10−5, (3.187)

Ωd,0 = 0.27± 0.03, (3.188)

ΩΛ,0 = 0.73± 0.04, (3.189)

Ωk,0 = −0.010± 0.014. (3.190)

Using the observational values (3.186)-(3.190), one can apply (3.63)-(3.65) and (3.69)-(3.71) to nu-

merically obtain the past and future behaviour of all matter quantities χi and the curvature indicator Ω. We

present the results of one such numerical simulation in figure 3.6, along with computed epochs of note.

The conserved quantities in the RDCΛ universe, as given by (3.178), can be expressed in terms of the

density parameters as

M =
(

Ω3
r ΩΛ

Ω4
d

)1
3

, (3.191)

and

K = Ω
− 1

2
r Ω

− 1
2

Λ Ωk, (3.192)

(see (3.149) and (3.150)). Then using (3.187)-(3.190), we obtain

M = (2.63± 0.07)× 10−3, (3.193)

and

K = −1.72± 1.91. (3.194)

The values of these conserved quantities, which were fixed at the end of the inflationary epoch, determine

a small subset of RDCΛ universes that can potentially describe the real universe. The value of M
ensures the occurrence of a matter-dominated epoch that is sufficiently long, but not too long (see equation

(3.184)). The value of K ensures that Ωk is close to 0 in the past and also into the future.
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FIGURE 3.6: Past and future evolution of the RDCΛ model of the physical universe, depicting the matter

variables (top), Hubble-normalized energy density (bottom) and epochs of primary interest.
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3.5 Explicit FL Cosmologies

In this section we give a unified description of the known solutions of the Friedmann DE that can be

expressed in terms of elementary functions, for 1-fluid and 2-fluid FL cosmologies. In these cases, the

Friedmann DE can be transformed to the form
(

dL
dT

)2

= Q(L,m, K), (3.195)

where Q is a quadratic function in L, m is a dimensionless mass parameter and K is the curvature

indicator. Here L is a function of the length scale factor ` and the variable T is either proportional to

conformal time η (in the case Λ = 0) or proportional to clock time t (in the case Λ > 0).

Recall that the n-fluid Friedmann equation can be written as a DE of the form (3.110), reproduced

here for convenience: (
d`

dt

)2

=
n∑

i=1

(λi`)−3γi+2 −K. (3.196)

We are primarily interested in expanding models, which begin at a big-bang singularity, i.e. the length

scale satisfies `(ts) = 0 at some time ts, and d`
dt > 0 in some interval. Since the DE (3.196) is autonomous,

it is invariant under the change t → t + C. We will use this freedom to set ts = 0, thereby fixing the

constant of integration that arises in solving (3.196). We will thus solve (3.196) subject to the requirement
d`
dt > 0 and the initial condition

`(0) = 0. (3.197)

Using conformal time (D.1), equation (3.196) becomes a first order ODE for `(η):

1
`2

(
d`

dη

)2

=
n∑

i=1

(λi`)−3γi+2 −K. (3.198)

The solution `(η) can in principle be expressed in terms of clock time t using the equation (D.1). As with

(3.196), when solving (3.198) for `(η), we will impose the requirement d`
dη > 0 and the initial condition

`(0) = 0. (3.199)

In the following sections we consider five classes of models in which either (3.196) or (3.198) can

be transformed into (3.195). The solution of (3.195) subject to the requirement dL
dT > 0 and the initial

condition L(0) = 0 is given in Appendix C. In each case, we give the solution for `(t) or `(η) and note

that the corresponding expressions for the energy densities and pressure are given by equation (3.15),

(3.17) and (3.114).
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3.5.1 Single Fluid FL Cosmologies

In this case we consider solutions to the Friedmann equation with n = 1, 2
3 < γ ≤ 2 and arbitrary curva-

ture. We choose the conformal factor to be λ = λ1. The Friedmann DE (3.198) assumes the form

1
`2

(
d`

dη

)2

= (λ`)−3γ+2 −K. (3.200)

We perform the change of variable

L = (λ`)1/β, T =
η

β
, (3.201)

with

β =
2

3γ − 2
, (3.202)

so as to obtain (
dL
dT

)2

= 1−KL2. (3.203)

Then from (C.3) and (C.4), the solution is

L = SK(T ), (3.204)

where

SK(T ) =





sinh(T ), open FL (K = −1),

T , flat FL (K = 0),

sin(T ), closed FL (K = +1).

(3.205)

Thus,

`(η) = λ−1
[
SK

(
η
β

)]β
. (3.206)

Using (3.114), the energy density is given by

µ = 3λ2L−3γ , L = λ`. (3.207)

This solution, for arbitrary γ, was first given by Harrison (1967) (see equations (152), (18) and (32)

in Harrison (1967), for open, flat and closed models, respectively). Specific cases were discovered earlier,

however. Friedmann (1922) gave this solution in the case of dust and positive curvature (i.e. γ = 1 and

K = +1) and Tolman (1931) gave this solution in the case of radiation and positive curvature (i.e. γ = 4
3

and K = +1).
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These solutions describe two qualitatively different classes of models: ever-expanding models if K =

−1 or 0, and recollapsing models if K = +1. In this case, it follows from (3.205) and (3.206) that

recollapse (i.e. `→ 0 as η → ηf ) will occur at

ηf = βπ. (3.208)

For flat FL (K = 0) we can obtain ` = `(t) explicitly by integrating (3.196) with n = 1 and K = 0.

The result is

`(t) = λ−1

(
3γ

2
λt

) 2
3γ

. (3.209)

The parameter λ is not essential, since by rescaling ` it can be assigned any value. Equation (3.209) thus

represents the unique flat FL universe with a single fluid.17

In the case of radiation (γ = 4
3 , β = 1) one can integrate (D.1) to obtain,

t =





λ−1(cosh η − 1), open FL (K = −1),

λ−1(1− cos η), closed FL (K = +1).
(3.210)

Substituting back into (3.204) and rearranging yields

`(t) = λ−1
[
2λt−K(λt)2

]1/2
. (3.211)

We note that the second term here represents the contribution to the solution from spatial curvature, i.e.

the drift from flat FL. If K = −1, the limit λ → ∞, gives the Milne solution (given in section 3.1.2,

equation (3.28)).

In the case of dust (γ = 1, β = 2) one can integrate (D.1) in closed form, but cannot invert the

expression in terms of elementary functions. In this case t and η are related by

t =





1
2λ−1(sinh η − η), open FL (K = −1),

1
2λ−1(η − sin η), closed FL (K = +1).

(3.212)

17That (3.209) does define a unique solution is confirmed by the fact that the physical quantities H and µ do not depend on λ,

being given by

H =
2

3γ
t−1, and µ =

4

3γ2
t−2,

on using (3.9), (3.32) and the fact that Ω = 1.
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3.5.2 FL Vacuum Cosmologies

In this case we solve the Friedmann equation where the only fluid component is a cosmological constant,

i.e. n = 1, γ1 = 0. We choose the conformal factor to be λ = λ1, which leads to

λ =
√

1
3Λ, (3.213)

(see equation (3.111)). The Friedmann equation (3.196) in this case is

(
d`

dt

)2

= (λ`)2 −K. (3.214)

We perform the change of variable

L = λ`, T = λt, (3.215)

so as to obtain (
dL
dT

)2

= L2 −K. (3.216)

This DE can only be solved subject to L(0) = 0 and dL
dT > 0 in the case of open FL, with the solution

given by (C.3). For the case of non-negative curvature, we instead require that L(0) = 1 and that L is

increasing for all T > 0. It follows that (3.216) has a unique solution in each case, leading to

`(t) =





λ−1 sinh(λt), open FL (K = −1),

λ−1 exp (λt) , flat FL (K = 0),

λ−1 cosh (λt) , closed FL (K = +1),

(3.217)

where λ is given by (3.213). The energy density is constant and given by

µ = 3λ2 = Λ. (3.218)

These solutions were first given by Robertson (1933), de Sitter (1917) and Lanczos (1922) in the case

of negative, zero and positive curvature, respectively. They correspond to the orbits M+ → deS+ for

K = −1, deS+ for K = 0 and deS− → deS+ for K = +1, along the 1-fluid cosmological constant

manifold in figure 3.3. In the case of flat FL, (3.217) gives the de Sitter solution, described in section

section 3.1.2, equation (3.27).
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Often, in the case of the de Sitter solution, it is preferrable to use conformal time instead of clock time.

In particular, when K = 0 this choice of time variable is defined on an interval (−∞, ηf ) (see Appendix

D). Upon defining

η̃ = ηf − η, (3.219)

the length scale (3.217) for a flat background is simply

`(η) =
1
λη̃

. (3.220)

3.5.3 Flat FL with a Single Fluid and Λ

In this case we solve the Friedmann equation with n = 2, γ1 = γ arbitrary, γ2 = 0 and zero curvature (i.e.

K = 0). We choose the conformal factor to be λ = λ2, which leads to (3.213). As described in section

3.2.2, we can use the freedom to scale ` to set λ1 = λ. The Friedmann equation (3.196) then takes the

form (
d`

dt

)2

= (λ`)−3γ+2 + (λ`)2. (3.221)

We apply the change of variable

L = (λ`)
3
2
γ , T = 3

2γλt (3.222)

so as to write (3.196) as (
dL
dT

)2

= 1 + L2. (3.223)

Then using (C.3), we obtain

L = sinh T , (3.224)

and so

`(t) = λ−1

[
sinh

(
3γ

2
λt

)] 2
3γ

. (3.225)

Using (3.114), the energy density is given by

µ = µf + µΛ = 3λ2L−3γ + Λ, L = λ`. (3.226)

These solutions were first given by Harrison (1967) in equation (23). They represent ever-expanding

models and correspond to the orbit F+ → deS+ along the K = 0 invariant set, as in figure 3.3.



3.5. Explicit FL Cosmologies 68

3.5.4 FL Cosmologies with Radiation and Dust (RDC-Universes)

In this case we solve the Friedmann equation with n = 2, γ1 = 4
3 and γ2 = 1. We choose λ = λ2 as the

conformal parameter. Then, by (3.113), the single mass parameter is given by

m = mr =
(

λr

λ

)−2

. (3.227)

The Friedmann equation (3.198) assumes the form

1
`2

(
d`

dη

)2

= m(λ`)−2 + (λ`)−1 −K. (3.228)

We apply the change of variable

L =
1√
m

(λ`), T = η, (3.229)

which gives (
dL
dT

)2

= 1 +
1√
m
L −KL2. (3.230)

Using (C.3) and (C.4), the solution is

L = SK(T ) +
1√
m

SK(1
2T )2, (3.231)

and so

`(η) = λ−1
(√

mSK(η) + SK(1
2η)2

)
, (3.232)

where SK is given by (3.205). Using (3.114), the energy density is given by

µ = µr + µd = 3λ2mL−4 + 3λ2L−3, L = λ`. (3.233)

In this case, one can integrate (D.1) so as to obtain an expression for the clock time t = t(η), but cannot

invert this expression to obtain ` = `(t):

t =





λ−1
(√

m(cosh η − 1) + 1
2(sinh η − η)

)
, open (K = −1),

λ−1
(

1
2

√
mη2 + 1

12η3
)
, flat (K = 0),

λ−1
(√

m(1− cos η) + 1
2(η − sin η)

)
, closed (K = +1).

(3.234)

The solution (3.232) contains the one-fluid dust and radiation solutions given in (3.206) as special cases.

One can see this by writing (3.232) in terms of parameters λr = λ1 and λd = λ2,

`(η) = λ−1
r SK(η) + λ−1

d SK(1
2η)2, (3.235)
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and letting λr →∞ or λd →∞.

These solutions were first given18 by Chernin (1966). They describe all orbits in the state space for

RDC-universes with H > 0 in some epoch (see figure 3.1) and hence describe two qualitatively different

classes of models: ever-expanding models if K = −1 (the orbits F+
1 → M+) or K = 0 (the orbit

F+
1 → F+

2 ) and recollapsing models if K = +1 (the orbits F+
1 → F−

1 ). The dimensionless parameter

m determines key physical properties of the models. First, it determines the epoch of matter-radiation

equality (µr = µd) according to

Leq = m, (3.236)

as follows from (3.233). Second, for recollapsing models, m determines the time of recollapse, according

to

ηf = 2(π − arctan(2
√

m)), (3.237)

as follows from (3.232).

3.5.5 FL Cosmologies with Radiation and Λ (RCΛ-Universes)

In this case we solve the Friedmann equation with n = 2, γ1 = 4
3 , γ2 = 0 and arbitrary curvature. We

choose the conformal factor to be λ = λ2 so that (3.213) holds. Then, by (3.113), the single mass

parameter is given by

m = m1 =
(

λ1

λ

)−2

. (3.238)

The Friedmann equation (3.196) then takes the form

(
d`

dt

)2

= m(λ`)−2 + (λ`)2 −K. (3.239)

Upon making a change of variable according to

L =
1√
m

(λ`)2, T = 2λt, (3.240)

we obtain (
dL
dT

)2

= 1− 1√
m

KL+ L2. (3.241)

18Harrison reports that in the case K = +1 this solution was given by Lemaı̂tre (1927), but we have not verified this reference.
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Using (C.3), the solution is

L = sinh T − 1√
m

K sinh2(1
2T ), (3.242)

and so

`(t) = λ−1
[√

m sinh(2λt)−K sinh2(λt)
]1/2

. (3.243)

Using (3.114), the energy density is given by

µ = µr + µΛ = 3λ2mL−4 + Λ, L = λ`. (3.244)

The solution (3.243) contains the CΛ vacuum solutions given in (3.217) and the one-fluid radiation solu-

tion given in (3.211) as special cases. One can see this by writing (3.243) in terms of parameters λr = λ1

and λΛ = λ2,

`(η) =
[
λ−1

r λ−1
Λ sinh(2λΛt)−Kλ−2

Λ sinh2(λΛt)
]1/2

, (3.245)

and letting λr → ∞ or λΛ → 0. Also, in the case of zero curvature (K = 0), (3.243) reduces to (3.225)

with γ = 4
3 .

This solution was first given by Harrison (1967) (see equations (59) and (38), for the case of negative

(K = −1) and positive (K = +1) curvature, respectively). It describes all orbits in the state space

for RCΛ-universes with H > 0 in some epoch (see figure 3.2) and an initial singularity. Hence, this

solution describes both ever-expanding models and recollapsing models. The parameter m determines

key physical properties of the models. First, it determines the epoch of radiation-cosmological constant

equality (µr = µΛ) according to

Leq = m
1
4 , (3.246)

as follows from (3.213) and (3.244). Second, for recollapsing models, m determines the time of recollapse

according to

tf = λ−1arctanh(2
√

m). (3.247)

This result follows upon rewriting (3.243) using standard hyperbolic identities as

`(t) = λ−1
[

1
2 sinh(2λt)

(
2
√

m−K tanh(λt)
)]1/2

. (3.248)

We note that at the critical value of m, denoted m∗ and given by m∗ = 1
4 , the solution (3.243)

simplifies to

`(t) = λ−1
[

1
2(1− exp(−2λt))

] 1
2 . (3.249)

This solution is future asymptotic to the Einstein static solution and corresponds to the orbit F+ → E in

figure 3.2.
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3.5.6 Explicit Solutions in Terms of Observational Parameters

In sections 3.5.1-3.5.5, we have presented the explicit solutions using intrinsic parameters, namely, a

conformal factor λ, the curvature indicator K and, for the 2-fluid solutions with non-zero curvature, a

dimensionless mass parameter m, which describes the relative significance of the two fluids.

In order to link with observations it is desirable to write the solutions in terms of the observational

parameters. In order to do so we need to use the formula that relates the intrinsic parameters λi to the

observational parameters, derived in section 3.2.2. In the case of K 6= 0, we can use equations (3.123)

and (3.137) to write

λ−2
i = `2

0

(
Ωi,0

|Ωk,0|
) 2

3γi−2

. (3.250)

One can think of (3.250) as relating λ−1
i , the length scale determined by the ith fluid, to `0, the length scale

determined by the spatial curvature. In particular, we will need the following special cases of (3.250):

λ−2
r = `2

0

(
Ωr,0

|Ωk,0|
)

, Radiation (γr = 4
3 ), (3.251)

λ−2
d = `2

0

(
Ωd,0

|Ωk,0|
)2

, Dust (γd = 1), (3.252)

Note that the Friedmann equation (3.36), evaluated at t0 gives

Ωk,0 = 1− Ω0, (3.253)

where Ω0 is the total density parameter evaluated at t0. In the case of a cosmological constant (i.e. γ = 0),

we can obtain an expression for λΛ directly from (3.137), as follows:

λ−2
Λ =

1
ΩΛ,0H2

0

=
3
Λ

, (γΛ = 0). (3.254)

In the case of K = 0 and n > 1, we use the freedom to scale ` in order to set λ1 equal to λn. Then, as

a result of (3.137), the length scale `0 is determined explicitly in terms of Ωi,0 and H0 according to

(`0H0)6(γ1−γn) = Ω3γn−2
1,0 Ω−(3γ1−2)

n,0 . (3.255)

The intrinsic parameters λi are then obtained via (3.137).

There is no work to be done in writing the densities in observational form, since they are given in

general by equation (3.125), which we repeat for convenience:

µi = 3H2
0Ωi,0a

3γi , (3.256)
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where a = `/`0.

In order to illustrate this process we give the length scale function for the RDC-universes in terms of

the observational parameters. We first rewrite `(η) in (3.232) in terms of λr and λd:

`(η) = λ−1
r SK(η) + λ−1

d SK(1
2η)2. (3.257)

Then (3.251) and (3.252) immediately give

`(t) = `0

[(
Ωr,0

|1− Ω0|
)1/2

SK(η) +
(

Ωd,0

|1− Ω0|
)

SK(1
2η)2

]
, (3.258)

where Ω0 = Ωr,0 + Ωd,0. Then Ωr,0 = 0 gives the DC-universe and Ωd,0 = 0 gives the RC-universe.

Peacock (1999) refers to the terms

Ωd,0

2|1− Ω0| , and
Ωr,0

2|1− Ω0|
as the “dimensionless masses” (p79), when discussing RDC-universes. Note that these quantities are

closely related to those given in (3.251) and (3.252), upon applying (3.253). These quantities also appear

in the DC- and RC-universes as given by Coles and Lucchin (1995) (see p39, eq (2.4.2) for dust in terms

of η and p41, eq (2.5.2) for radiation in terms of t).

3.6 Discussion

We summarize the principal features of the dynamics of n-fluid FL universes.

i) n-fluid FL universes have at most one epoch of expansion (H > 0) and at most one epoch of

acceleration (q < 0, or equivalently, w < −1
3 ). These results depend crucially on the assumption

that the fluids are non-interacting. We refer to Tolman (1934), p402 and p429-431, and to Clifton

and Barrow (2007) for a discussion of models in which this assumption is not made.

ii) On approach to a singularity (either initial or final, `→ 0) the 1-fluid is dominant (i.e. χ1 → 1) and

the matter content dominates the spatial curvature (Ω → 1, Ωk → 0). In a typical ever-expanding

model (` → ∞) the n-fluid is dominant (χn → 1), and the matter content dominates the spatial

curvature if and only if γn < 2
3 .

iii) The n-fluid FL cosmologies admit n − 1 conserved quantities formed from the density parameters

Ω1, . . . , Ωn. In particular, they admit one curvature quantity and n− 2 matter quantities.
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We now comment on an important difference between n-fluid FL cosmologies with n > 2 and 2-

fluid cosmologies. For a 2-fluid FL model, there are two essential parameters, a conformal parameter

λ and a mass parameter m1, or equivalently, two observational parameters Ω1,0 and Ω2,0. There is also

one conserved quantity K that keeps track of the spatial curvature. For a 3-fluid FL model there is an

additional mass parameter m2, and hence three observational parameters Ω1,0, Ω2,0 and Ω3,0. There is

also a second conserved quantityM. The new dynamical feature that arises in generalizing from a 2-fluid

model to a 3-fluid model relates to the intermediate dynamics. In an ever-expanding 3-fluid model the

additional degree of freedom is the maximum value attained by χ2, which indicates the extent to which

fluid-2 becomes dominant during the evolution (recall that fluid-1 is dominant at early times (χ1 → 1) and

fluid-3 is dominant at late times (χ3 → 1)). In an RDCΛ-model of the physical universe, the maximum

value of χdust is close to unity, which ensures that there is an extended matter-dominated epoch.

The dynamical systems analysis of the n-fluid FL universes leads to an interesting conclusion regard-

ing the behaviour of the spatial curvature, as follows. For any ε > 0, there is an open set of n-fluid FL

universes with γn < 2
3 whose spatial curvature scalar Ωk satisfies |Ωk| < ε throughout the evolution. In

other words, if γn < 2
3 , in particular, if fluid n is a cosmological constant, the total matter-energy content

“controls” the spatial curvature throughout the evolution. This result is a consequence of the fact that

generic ever-expanding models satisfy Ωk → 0 as ` → 0 and since γn < 2
3 , Ωk → 0 as ` → +∞. It

follows that |Ωk| attains a maximum value ε which depends on the orbit in question. By restricting to

orbits that lie within a sufficiently small neighbourhood of the flat FL invariant set Ωk = 0, the value ε

can be made arbitrarily small. The above result has been found using different methods by Lake (2005),

for DCΛ FL universes. He indicates that the result will also hold for RDCΛ universes (see also Lake

(2006)). Lake comments on the significance of this result in connection with the so-called flatness problem

(Lake (2005)).

One of the main results of this chapter is the analysis of the RDCΛ FL universes and the comparisons

with observations. Discussion of these models dates back to the 1930’s. Our analysis is novel in that it

gives new insight into the dynamics of these models, by representing the evolution as orbits in a compact

state space. We now give a brief survey of previous work on these models.

Tolman (1934) gives the Friedmann equation for closed RDCΛ universes (equation (106.3), p408)

and states that de Sitter has studied the integration of this equation (de Sitter (1930), (1931), not read-

ily available). He gives the special solutions of this DE that represent universes that are past or future

asymptotic to the Einstein static universe, in the form t = f(`) [equations (161.8) and (161.4)].
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Coquereaux and Grossman (1982) give a detailed qualitative discussion of the Friedmann equation for

closed RDCΛ-universes using elliptic and Weierstrass functions. Debrowski and Stelmach (1986) extend

the analysis to open RDCΛ-universes. They give an explicit solution in terms of elementary functions

when the parameters are suitably restricted.

The work that is closest to ours is that of Ehlers and Rinder (1989), who give a dynamical systems

analysis of RDCΛ-universes, using Hubble-normalized variables. They give the explicit expressions for

the density parameters as functions of the scale factor [equation (19)] and also show the existence of

two conserved quantities [equation (29)]. Their state space representation is inevitably incomplete since

the Hubble-normalized variables are undefined at the instant of maximum expansion in recollapsing and

bouncing models.



CHAPTER 4

PERTURBATIONS OF FL MODELS

The high degree of isotropy of the cosmic microwave background (CMB), when combined with the Coper-

nican Principle, provides strong support for the belief that the large scale structure of the observable

universe is very well described by the Friedmann-Lemaı̂tre universes, which are exactly isotropic and

spatially homogeneous. The real universe is, of course, not exactly isotropic and spatially homogeneous,

since there is complex structure associated with the observed distribution of galaxies, the overall expan-

sion may not be exactly isotropic, and there may be primordial gravitational waves. But the current belief

of most cosmologists is that the deviations from an exact FL cosmological model are sufficiently small

that they can be described by considering linear perturbations of the FL models.

4.1 Historical Development

In this section we briefly discuss the history of the theory of linear perturbations of FL cosmologies. There

are two main approaches, which we shall refer to as the metric approach and the geometrical approach.

4.1.1 Metric Approach

The metric approach to perturbations of the FL models was introduced by Lifshitz (1946) and subsequently

discussed in greater detail by Lifshitz and Khalatnikov (1963). In the metric approach, one distinguishes

a background spacetime, which is a FL model, and a perturbed spacetime, which represents the physical

universe. The metric for the perturbed spacetime is written in the form

gab = g(0)ab + δgab, (4.1)

75
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where g(0)ab is the metric of the FL model and δgab is a small perturbation, i.e. |δgab| ¿ |g(0)ab|. The

fluid 4-velocity and energy density in the perturbed spacetime are likewise written in the form

ui = ui
(0) + δui, (4.2)

µ = µ(0) + δµ. (4.3)

The density contrast is defined by

δ =
δµ

µ(0)
. (4.4)

The problem of gauge

In defining a perturbation, one is effectively establishing a one-to-one correspondence between points

in the physical spacetime and points in the background spacetime. However, this correspondence is not

unique: one may make an infinitesimal change in the correspondence keeping the background coordinates

fixed. Such a transformation is called a gauge transformation. A quantity that is unchanged by an in-

finitesimal gauge transformation is said to be gauge-invariant. We recommend Ellis and Bruni (1989) for

a detailed explanation of gauge-invariance.

The problem of gauge invariance has plagued the study of linear perturbations since the pioneering

work of Lifshitz (1946), resulting in authors publishing contradictory predictions on the behaviour of

perturbations of FL cosmologies. The reason is that the metric perturbation δgab, the velocity perturbation

δui and the density contrast δ are not gauge-invariant quantities, and hence their time evolution can depend

on the choice of gauge.

A result due to Stewart and Walker (1974) gives a useful criteria for identifying gauge-invariant quan-

tities:

Theorem 4.1.1 (Stewart-Walker Lemma) Let T(0) be a tensor field on a background spacetime and let

T = T(0) + ∆T be the corresponding tensor on a perturbed spacetime. If T(0) = 0 then T is gauge-

invariant.

In 1980 Bardeen reformulated the metric approach using gauge-invariant variables. He did not make

use of the Stewart-Walker Lemma in choosing the gauge-invariant variables. Instead, he wrote out the

transformation laws for the perturbations δgab, δua and δ under an infinitesimal gauge transformation
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and then, by inspection, formed linear combinations of the perturbations and their derivatives that were

invariant.

This approach placed the analysis of perturbations of Friedmann-Lemaı̂tre models on a sounder math-

ematical foundation and has been used in much subsequent research.1 Nevertheless, the metric approach

still possesses several shortcomings:

i) First, it is not clear what physical quantities Bardeen’s gauge-invariant quantities correspond to.

Indeed, a gauge-invariant quantity can have different physical interpretations in different gauges.

The most important ambiguity concerns the density contrast δ, as defined by (4.4). Bardeen defines

two gauge-invariant quantities in terms of δ, denoted by εm and εg. The first equals the density

contrast δ when one uses the so-called co-moving gauge, while the second equals δ in the so-called

Newtonian gauge (see Bardeen 1980, p22).

ii) Second, as emphasized by Hawking (1966), the metric tensor is not a physically significant quantity

since one cannot measure it directly.

4.1.2 Geometrical Approach

The geometrical approach has its origins in a paper by Hawking (1966). Instead of using the components

of a perturbed metric as basic variables, he proposed using the evolution equations for the kinematic

quantities, the Weyl curvature and the matter density to study how perturbations evolve. Although this

paper initiated a significant new approach to studying linear perturbations of FL, the analysis of density

perturbations was flawed and the paper had little impact. Subsequently, motivated by Hawking’s paper,

Lyth and Mukherjee (1988) used the evolution equations for µ and H to study density perturbations in an

FL cosmology, although they did not do so in a fully gauge-invariant way. The decisive step was taken

by Ellis & Bruni (1989), when they proposed using the spatial gradient of the matter density (∇̂aµ) as

the basic variable to describe density perturbations. Unlike the density contrast δ, the spatial gradient is a

gauge-invariant quantity by the Stewart-Walker lemma, since it is zero in any FL model (see proposition

2.1.4). The first comprehensive discussion of the geometrical approach was given by Bruni, Dunsby and

1We refer to Mukhanov (2005) as a recent text that uses a simplified version of the Bardeen approach, restricting considera-

tions to perturbations of flat FL (see chapter 7).
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Ellis (1992)2. They also related the Bardeen approach to the geometrical approach, and gave clear physical

interpretations of his gauge-invariant variables.

In this chapter we give an introduction to the geometrical approach to linear perturbations of FL

models.

4.2 The Linearized Einstein Field Equations

The geometrical approach is based on the conviction that one should use variables that have a direct

physical or geometric meaning, and are both coordinate-independent and gauge-invariant. One thus uses

tensorial quantities that are identically zero in an FL universe, and hence gauge-invariant, on account of

the Stewart-Walker lemma.

We shall see that a complete set of tensorial quantities is the following:

i) The density and Hubble gradients: ∇̂aµ, ∇̂aH

ii) The fluid kinematic quantities: σab, ωa

iii) The Weyl curvature: Eab, Hab

These variables have two additional advantages:

a) they directly describe the deviation of the physical universe from an idealized FL universe, and

b) they are, in principle, observable, when normalized to be dimensionless using a power of H . We

refer in particular to the fundamental paper of Sachs and Wolfe (1967), who analyzed the observa-

tions of distant galaxies from this point of view, and Maartens et al. (1995b), who used the cosmic

microwave background observations to bound these quantities.

In the geometrical approach one thus replaces the EFEs for the metric tensor components by the

equivalent system of evolution equations and constraints, satisfied by the tensorial quantities i)-iii), as

given in Appendix A.

For simplicity we will assume the matter content consists of a perfect fluid with barotropic equation

of state p = p(µ) and a cosmological constant Λ. We will use the standard notation,

w =
p

µ
, c2

s =
dp

dµ
, (4.5)

2The name “geometrical approach” was introduced in this reference. This approach is also referred to as “the gauge-invariant

and covariant (GIC) approach”.
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where cs is the speed of sound.

4.2.1 The Linearization Process

In order to derive the governing equations for linear perturbations of a FL cosmology, we must distinguish

between quantities which are non-zero in the background (referred to as zero-order quantities) and those

which are zero in the background (referred to as first-order quantities). For a FL background, the zero-

order quantities are

µ, w, c2
s and H. (4.6)

It follows from propositions 2.1.1-2.1.4 that the quantities

∇̂aµ, ∇̂aH, σab, ωa, Eab, Hab, (4.7)

are first order. For sake of brevity, we define

Xa = ∇̂aµ, (4.8)

and

Za = 3∇̂aH. (4.9)

We note that the acceleration u̇a is not an independent quantity, since it can be expressed in terms of

the density gradient Xa via (A.17), on using (4.5) and (4.8):

u̇a = − c2
s

(1 + w)µ
Xa. (4.10)

The evolution equations for the zero-order quantities are simply the evolution equations for a FL

cosmology with a single fluid and cosmological constant, given by (3.5) and (3.6), with µ replaced by

µ + Λ and p by p−Λ to make the cosmological constant explicit. We also include the evolution equation

for w, which follows from (4.12) and (4.5).

Zero-Order Evolution Equations

Ḣ = −H2 − 1
6(1 + 3w)µ + 1

3Λ, (4.11)

µ̇ = −3H(1 + w)µ, (4.12)

ẇ = −3H(1 + w)(c2
s − w). (4.13)
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Note: The Friedmann equation (3.8) plays an auxiliary role in that if K 6= 0, it serves to express `(t) in

terms of the zero-order quantities. We use (3.11) to write (3.8) as follows:

H2 = 1
3(µ + Λ)− K

`2
. (4.14)

The evolution equations for the first order quantities are obtained from the general system of evolution

equations and constraints in Appendix A, by a process of linearization. There are three aspects to the

linearization procedure:

L1) Drop all products of the first order quantities (4.7) and their spatial derivatives in the general non-

linear evolution equations.

L2) The resulting equations form a coupled system of linear PDEs for the first order quantities, whose

coefficients depend on the zero order quantities. For example, there are terms such as HXa, HEab

and µσab. The linearization process involves replacing the zeroth order quantity by its value in the

background FL model in each of these products.

L3) The resulting equations also contain the projected spatial covariant derivative operator ∇̂a acting

on first order quantities. The linearization process involves replacing ∇̂a, which is defined on the

physical spacetime, by the corresponding operator on the background FL spacetime.

4.2.2 The Linearized Evolution and Constraint Equations

We now derive the governing equations for linearized perturbations by applying the linearization proce-

dure L1 to the general system of evolution equations and constraint equations in Appendix A.

One aspect of the linearization process, namely dealing with the terms ∇̂〈au̇b〉, curl(u̇a) and ∇̂a(∇̂bu̇b)

involving the spatial derivative of u̇a, requires particular attention. First, it follows from (4.10) and L1

that3

∇̂〈au̇b〉 =
−c2

s

(1 + w)µ
∇̂〈aXb〉. (4.15)

3Since p = p(µ), we can use (4.5) to write

∇̂a
c2

s

(1 + w)µ
= F (µ)∇̂aµ = F (µ)Xa,

where F (µ) is a function of µ whose specific form is unimportant. Then the term F (µ)XaXb is dropped.
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Second, it follows in a similar manner from (4.10), (4.8) and L1 that

curl(u̇a) =
−c2

s

(1 + w)µ
curl(∇̂aµ). (4.16)

Applying (E.25) with f = µ and using (A.16) gives

curl(u̇a) = 6c2
sHωa. (4.17)

Finally, it again follows from (4.10) and repeated application of L1 that

∇̂a(∇̂bu̇b) =
−c2

s

(1 + w)µ
∇̂a(∇̂2µ). (4.18)

Then the commutation property (E.18) with f = µ and the evolution equation (A.16) for µ leads to

∇̂a(∇̂bu̇b) =
−c2

s

(1 + w)µ

(
∇̂2 − 2K

`2

)
Xa − 6c2

sHcurl(ωa). (4.19)

The evolution equations for the first order quantities are now obtained from (A.9) (A.10), (A.18),

(A.19), (A.25) and (A.26) on applying the linearization procedure L1 and using (4.15), (4.17) and (4.19)

to eliminate terms involving spatial derivatives of u̇a.

First-Order Evolution Equations

Ẋ〈a〉 = −4HXa − (1 + w)µZa, (4.20)

Ż〈a〉 = −3HZa − 1
2Xa − c2

s

(1 + w)µ

(
∇̂2 +

K

`2

)
Xa − 6c2

sH curl(ωa), (4.21)

σ̇〈ab〉 = −2Hσab − c2
s

(1 + w)µ
∇̂〈aXb〉 − Eab, (4.22)

ω̇〈a〉 = (3c2
s − 2)Hωa, (4.23)

Ė〈ab〉 = −3HEab + curl(Hab)− 1
2(1 + w)µσab, (4.24)

Ḣ〈ab〉 = −3HHab − curl(Eab). (4.25)

Similarly, constraints on the first-order quantities are obtained on applying the linearization procedure

L1 to (A.11), (A.12), (A.13), (A.20) and (A.21).
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First-Order Constraint Equations

∇̂bσab = 2
3Za + curl(ωa), (4.26)

∇̂aωa = 0, (4.27)

∇̂〈aωb〉 = Hab − curl(σab), (4.28)

∇̂bEab = 1
3Xa, (4.29)

∇̂bHab = (1 + w)µωa. (4.30)

There are two additional constraints involving the curls of the spatial gradients Xa and Za. Indeed,

using (4.10), (4.16) and (4.17) leads to

curl(Xa) = 6(1 + w)µHωa. (4.31)

This equation is in fact a consequence of the main system of evolution equations and constraints and hence

we list it as an auxiliary equation. There is an analogous equation for curl(Za) which we shall not need.

Comments:

i) The evolution equations (4.20)-(4.25) and constraints (4.26)-(4.30) form a closed system of linear

first order PDEs for the first order quantities (4.7). The coefficients µ, w, c2
s and H are zero-order

quantities and are evaluated in the background FL model. Note that if K 6= 0 the term K/`2 in

(4.21) is given in terms of zero order quantities by the constraint (4.14).

ii) It can be shown that the system of evolution equations and constraints is consistent: that is, the time

derivatives of each constraint equation (4.26)-(4.30) are identically satisfied as a consequence of the

other equations. As a result, once a set of initial data is chosen to satisfy the constraint equations,

these equations will hold at all later times (see Bruni et al. (1992), p42).

iii) Equations (4.20)-(4.25) and (4.26)-(4.30) form the basis for the geometrical approach to the analysis

of linear perturbations of FL models with a barotropic perfect fluid and cosmological constant as

source. They can be extracted from Bruni et al. (1992) by specializing their more general equations
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to the case of a barotropic perfect fluid (set qa, πab and E to zero in equations (50)-(54), (57)-(62)).

Most authors, however, do not make use of the full system of evolution and constraint equations.

4.3 Harmonic Decomposition

Before proceeding, we must discuss the fundamental role of spatial harmonics in the geometrical theory.

The harmonic decomposition is analogous to a Fourier decomposition of a quantity that is defined along

the background 3-spaces. Hence, harmonics are defined so as to be constant along flow lines (i.e., inde-

pendent of proper time) and orthogonal to the fluid 4-velocity u. We refer the reader to Appendix F for a

complete discussion of spatial harmonics in the geometrical approach.

The key idea behind the harmonic decomposition is that a scalar, vector or tracefree symmetric rank 2

tensor orthogonal to ua can be written as a linear combination of scalar, vector and tensor harmonics with

purely time-dependent coefficients. In the literature it is tacitly assumed that the harmonics are complete

in some appropriate space of tensor fields.

The expansions are as follows:

T =
∑

k

T(0,k)Q
(0), (4.32)

Ta =
∑

k

T(0,k)Q
(0)
a +

∑

k

T(1,k)Q
(1)
a , (4.33)

Tab =
∑

k

T(0,k)Q
(0)
ab +

∑

k

T(1,k)Q
(1)
ab +

∑

k

T(2,k)Q
(2)
ab . (4.34)

This decomposition has two consequences: Firstly, it decouples the temporal and spatial dependence of

each field, since all coefficients are purely functions of time and harmonics are constant along flow lines,

i.e. T(d,k) = T(d,k)(t) and Q̇ = 0 for all harmonics Q (see Appendix F). Second, in the framework of

linear perturbation theory, it removes any co-dependence between scalar, vector and tensor harmonics. As

in Bruni et al. (1992, p51), the summation in (4.32)-(4.34) can be over a discrete set or an integral over a

continuously varying index.

We note that the scalar decomposition (4.32) is analogous to the 3-dimensional Fourier transform

for scalar fields. The vector decomposition (4.33) is similarly analogous to the Fourier transform, ex-

cept applied to the curl-free (scalar) component and the divergence-free (vector) component of the vector

field. The tensor decomposition (4.34) separates the curl-free divergent (scalar) component, the remaining

divergent (vector) component and the divergence-free (tensor) component of the vector field.
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Using this decomposition, it is natural to consider the kinematic quantities and Weyl tensor compo-

nents of the real universe to be the fundamental description of the linear perturbations (since they are each

gauge-invariant, each of these components can be expanded using the harmonic basis functions).

The decoupling of the perturbation types is extremely important in the linearized theory since it allows

us to consider scalar, vector and tensor perturbations independently. For each perturbation type, we will

proceed as follows: First, we first define a basic variable. Second, we use the linearized evolution equa-

tions (4.11)-(4.30) to derive a second order differential equation which describes the evolution of the basic

variable, which we shall call the governing DE. Finally, we use the linearized evolution and constraint

equations to express all kinematic quantities and Weyl tensor components in terms of the basic variable,

hence providing a complete solution to the linearized equations for each type of perturbation.

4.4 Scalar Perturbations

We first focus on scalar perturbations, which are defined as solutions of the linearized equations (4.11)-

(4.30) that can be expanded in terms of the scalar harmonics Q(0), Q
(0)
a and Q

(0)
ab , defined by equations

(F.3), (F.5) and (F.6). Following Ellis et al. (1989), we choose the basic quantity for scalar perturbations

to be the fractional density gradient Da, defined as

Da =
`∇̂aµ

µ
, (4.35)

or equivalently, using (4.8),

Da =
`

µ
Xa. (4.36)

We also rescale Za according to Za = `Za, i.e.

Za = 3`∇̂aH. (4.37)

4.4.1 The Governing DE

In this section we derive the governing DE for scalar perturbations, following Ellis et al. (1990) (also see

Wainwright and Ellis (1997, p290-3)). Since we are considering scalar harmonics, we can write

Da =
∑

k

D(k)Q
(0,k)
a . (4.38)
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Since (4.38) and (F.8) imply curl(Da) = 0, and hence curl(Xa) = 0, (4.31) gives

ωa = 0. (4.39)

It follows that equations (4.20) and (4.21) decouple from the remaining linearized evolution equations.

Expressing these equations in terms of the rescaled variables Da and Za leads to

Ḋ〈a〉 = 3wHDa − (1 + w)µZa, (4.40)

Ż〈a〉 = −2HZa − 1
2µDa − c2

s

(1 + w)µ

(
∇̂2 +

K

`2

)
Da. (4.41)

These equations can be combined to give a second order evolution equation for Da. On differentiating

(4.40) and using (4.11)-(4.13), (4.14) and (4.41), we obtain

D̈〈a〉 +AHḊ〈a〉 + BH2Da − c2
s

(
∇̂2 − 2K

`2

)
Da = 0, (4.42)

where

A = 2− 3w − 3(w − c2
s), (4.43)

and

B = −3
2(1− w)(1 + 3w)Ω− 6wΩΛ + 3(w − c2

s)
(

K

H2`2
− 3

)
. (4.44)

We now expand each term in terms of scalar harmonics. The derivatives of Da along the fundamental

congruence are obtained by differentiating (4.38) and noting Q̇
(0,k)
a = 0 (see (F.10)), as follows:

Ḋ〈a〉 =
∑

k

Ḋ(k)Q
(0,k)
a , D̈〈a〉 =

∑

k

D̈(k)Q
(0,k)
a . (4.45)

In order to remove the Laplacian term from the evolution equation (4.42), we use the identity (F.13), which

can be written as (
∇̂2 − 2K

`2

)
Q(0)

a = −k2

`2
Q(0)

a . (4.46)

On applying (4.45) and (4.46) to (4.42), we obtain

D̈(k) +AHḊ(k) +
(
B +

c2
sk

2

H2`2

)
H2D(k) = 0, (4.47)
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where A and B are given by (4.43) and (4.44). This is the governing equation for scalar perturbations, in

terms of clock time t. This equation is equivalent4 to (73) in Bruni et al. (1992), upon specializing to the

case of a perfect fluid, and (214) in Ellis and van Elst (1998), in the case of Λ = 0.

4.4.2 Kinematic Quantities and Weyl Curvature

We now write the kinematic quantities and Weyl curvature in terms of the density gradient coefficients

D(k) and the scalar harmonics Q(0). Since we are considering scalar harmonics, Za and σab can be

expanded as

Za =
∑

k

Z(k)Q
(0,k)
a , σab =

∑

k

σ(k)Q
(0,k)
ab . (4.48)

We can use (4.40) to express Z(k) in terms of D(k) and Ḋ(k), and since ωa = 0 it follows from (4.26) and

(F.16) that

Z(k) =
(k2 − 3K)

k
σ(k). (4.49)

Next, it follows from (4.48) and (F.8) that curl(σab) = 0. Hence, using (4.28) we have that

Hab = 0. (4.50)

Expanding Eab in terms of scalar harmonics via

Eab =
∑

k

E(k)Q
(0,k)
ab , (4.51)

and using (F.16) leads to

`∇̂bEab =
∑

k

2
3k

(k2 − 3K)E(k)Q
(0,k)
a . (4.52)

The coefficients E(k) can then be expressed in terms of D(k) via the constraint (4.29). We thus obtain

the following expressions for the harmonic coefficients of the non-zero Hubble-normalized first-order

quantities:

4Bruni et al. (1992) make use of the scalar quantity M= ∇̂aDa instead of D(k), defined in this manner so as to restrict

considerations to scalar perturbations without it being necessary to resort to a harmonic expansion. This choice of scalar quantity

automatically removes all vector harmonic components from Da since vector harmonics are divergence-free by definition (F.22).
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Z(k) = − 1
(1 + w)

[
−3wHD(k) + Ḋ(k)

]
, (4.53)

σ(k) = − k

k2 − 3K
Z(k), (4.54)

E(k) =
k

2(k2 − 3K)
µD(k). (4.55)

At this stage, we have satisfied all of the linearized evolution equations and constraint equations except

for (4.22) and (4.24). We can now verify that Da, σab and Eab, as given by (4.38), (4.48), (4.51) and

(4.53)-(4.55) satisfy (4.22) and (4.24) (via Maple). We have thus established the following result:

Proposition 4.4.1 For any solution D(k) of the governing DE (4.47), the first order quantities given by

(4.38), (4.48), (4.51) and (4.53)-(4.55) satisfy the complete set of linearized evolution and constraint

equations (4.20)-(4.30).

4.5 Vector Perturbations

In this section we focus on vector perturbations, defined as solutions of the linearized equations (4.20)-

(4.30) that can be expanded in terms of the vector harmonics Q
(1)
a and Q

(1)
ab . Vector perturbations are

closely associated with vorticity, and so we choose the basic quantity for vector perturbations to be the

co-moving vorticity vector, defined by

Wa = `ωa. (4.56)

4.5.1 The Governing DE

In this section, we derive the governing DE for vector perturbations. On differentiating (4.56) along the

fundamental congruence and using (4.23), we obtain

Ẇ〈a〉 − (3c2
s − 1)HWa = 0. (4.57)

We expand (4.57) in terms of the associated vector harmonics P
(1,k)
a as

Wa =
∑

k

W(k)P
(1,k)
a . (4.58)
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On substituting (4.58) into (4.57), we obtain

Ẇ(k) − (3c2
s − 1)HW(k) = 0. (4.59)

This equation is the governing DE for vector perturbations, in terms of clock time t.

4.5.2 Kinematic Quantities and Weyl Curvature

We now write the kinematic quantities and Weyl curvature in terms of the co-moving vorticity coefficients

W(k) and vector harmonics Q(1). By the definition of vector perturbations, all quantities can be expanded

in terms of vector harmonics and associated vector harmonics, as follows:

Da =
∑

k

D(k)Q
(1,k)
a , Za =

∑

k

Z(k)Q
(1,k)
a , σab =

∑

k

σ(k)Q
(1,k)
a ,

Eab =
∑

k

E(k)Q
(1,k)
ab , Hab =

∑

k

H(k)P
(1,k)
ab . (4.60)

From (4.31), (4.36) and (F.23), we can express D(k) in terms ofW(k), and hence obtain Z(k) in terms

ofW(k) from (4.20), (4.36) and (4.37). Further, using (F.34), the divergences of σab, Eab and Hab can be

written as follows:

`∇̂bσab =
∑

k

1
2k

(k2 − 2K)σ(k)Qa, (4.61)

`∇̂bEab =
∑

k

1
2k

(k2 − 2K)E(k)Qa, (4.62)

`∇̂bHab =
∑

k

1
2k

(k2 − 2K)H(k)Qa. (4.63)

We can now use (4.26), (4.29) and (4.30) to determine the coefficients σ(k), E(k) and H(k) in terms of

W(k). We thus obtain the following expressions for the harmonic coefficients of the first-order quantities:

D(k) = 6(1 + w)H`W(k), (4.64)

Z(k) = −3`−1
[
2K − (1 + w)µ`2

]W(k), (4.65)

σ(k) =
2k

k2 − 2K
`−1

[
(k2 − 2K) + 2(1 + w)µ0`

2
]W(k), (4.66)

E(k) =
4k

k2 − 2K
(1 + w)µH`W(k), (4.67)

H(k) =
2k

k2 − 2K
(1 + w)µW(k). (4.68)



4.6. Tensor Perturbations 89

At this stage, we have satisfied all of the linearized evolution equations and constraint equations except

for (4.22), (4.24), (4.25) and (4.28). We can now verify that Da, Za, σab, ωa, Eab and Hab, as given by

(4.60) and (4.64)-(4.68) satisfy (4.22), (4.24), (4.25) and (4.28) (via Maple). We have thus established the

following result:

Proposition 4.5.1 For any solution W(k) of the governing DE (4.59), the first order quantities given by

(4.60) and (4.64)-(4.68) satisfy the complete set of linearized evolution and constraint equations (4.20)-

(4.30).

4.6 Tensor Perturbations

In this section we focus on tensor perturbations, defined as solutions of the linearized equations (4.11)-

(4.30) that can be expanded in terms of the tensor harmonics Q
(2)
ab . Tensor perturbations are interpreted as

gravitational waves, described by a coupling of the electric and magnetic Weyl curvature.

As regards to the choice of basic variable, we shall see that for tensor perturbations the only non-zero

first order quantities are σab, Eab and Hab. On the grounds of mathematical simplicity we choose the

comoving shear tensor as the basic variable, denoted Xab and defined by

Xab = `σab. (4.69)

4.6.1 The Governing DE

In this section, we derive the governing DE for tensor perturbations.5 It is a consequence of applying

tensor harmonics that rank two tensors have zero spatial divergence, i.e.

∇̂bσab = 0, ∇̂bEab = 0, ∇̂bHab = 0. (4.70)

It then follows from the constraints (4.26), (4.29) and (4.30) that all vector quantities are zero, i.e.

Da = 0, Za = 0, and ωa = 0. (4.71)

Using (4.71), the shear evolution equation (4.22) can be rewritten in terms of Xab as

Ẋ〈ab〉 = −HXab − `Eab. (4.72)

5A similar derivation was given by Dunsby et al. (1997).
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We now use (4.24) to calculate (`Eab)˙⊥, noting that ˙̀ = H`. We use the constraint (4.28) to eliminate

Hab and then apply (E.31) to the “curl curl Xab” term. The result is

(`Eab)˙⊥ = −2H(`Eab) +
(
−1

2(1 + w)µ +
3K

`2

)
Xab − ∇̂2Xab. (4.73)

We can now combine these equations to give a second order DE for Xab (differentiate (4.72) using (4.11)

and (4.73), and then use (4.72) to eliminate Eab from the resulting equation). After expressing the coeffi-

cients of Xab in terms of the density parameters Ω and ΩΛ (see 3.31), we obtain6

Ẍ〈ab〉 + 3HẊ〈ab〉 +
[
−(3w + 1)Ω + 2ΩΛ +

2K

H2`2

]
H2Xab − ∇̂2Xab = 0. (4.74)

We now expand Xab in terms of tensor harmonics according to

Xab =
∑

k

X(k)Q
(2,k)
ab . (4.75)

Substituting (4.75) into (4.74) and using (F.38) yields

Ẍ(k) + 3HẊ(k) +
[
−(3w + 1)Ω + 2ΩΛ +

k2 + 2K

H2`2

]
H2X(k) = 0. (4.76)

This is the governing equation for tensor perturbations, in terms of clock time t.

4.6.2 Kinematic Quantities and Weyl Curvature

We now write the kinematic quantities and Weyl curvature in terms of the dimensionless shear coefficients

X(k), tensor harmonics Q
(2)
ab and associated tensor harmonics P

(2)
ab . Since (4.70) confirms that σab, Eab

and Hab can be expanded in terms of tensor harmonics, we can write

σab =
∑

k

σ(k)Q
(2,k)
ab , Eab =

∑

k

E(k)Q
(2,k)
ab , Hab =

∑

k

H(k)P
(2,k)
ab , (4.77)

6It should be noted that the evolution equation (22) given in Dunsby et al. (1997, p1219) contains two errors. The original

equation should instead be written as

∆σab + 5
3
Θσ̇ab +

ˆ
1
9
Θ2 − 1

6
µ(9γ − 10)

˜
σab = 0,

where ∆σab = σ̈⊥ab − ∇̂2σab, so as to be consistent with the remainder of that paper. This equation is then equivalent to (4.74)

for Λ = 0 on recalling that Xab = `σab and Θ = 3H .
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where 7

Pab = `curl(Qab). (4.78)

Then using (4.69), (4.22) and (4.28) we can write σab, Eab and Hab in terms of X(k). We thus obtain the

following expressions for the harmonic coefficients of the non-zero first-order quantities:

σ(k) = `−1X(k), (4.79)

E(k) = −`−1
(
Ẋ(k) + HX(k)

)
, (4.80)

H(k) = `−2X(k). (4.81)

At this stage, we have satisfied all of the linearized evolution equations and constraint equations except

for (4.24) and (4.25). We can now verify that σab, Eab and Hab, as given by (4.77) satisfy (4.24) and (4.25)

(via Maple). We have thus established the following result:

Proposition 4.6.1 For any solution X(k) of the governing DE (4.76), the first order quantities given by

(4.77) and (4.79)-(4.81) satisfy the complete set of linearized evolution and constraint equations (4.20)-

(4.30).

4.7 Dynamics of the Linear Perturbations: General Features

In this section we discuss the dynamics of the linear perturbations. We first discuss the importance of

conformal time in analyzing perturbations of FL and rewrite the governing DEs for each perturbation type

in terms of this time variable. Finally, we examine the dependence of the first-order quantities on the

solutions to the governing DEs.

4.7.1 Conformal Time and the Particle Horizon

It is a consequence of propositions 4.4.1, 4.5.1 and 4.6.1 that the spatial gradients, kinematic quantities

and Weyl tensor components can be determined directly from the set of solutions of the governing DEs.

As a consequence, we turn our attention to the behaviour of solutions to these equations.

7See definition in section F.3.
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We make the choice of conformal time η as the independent quantity, defined in terms of the length

scale ` and clock time t by
dη

dt
=

1
`
. (4.82)

Under this choice of time variable, the Roberson-Walker line element (1.3) can be written in the form

ds2 = `2(η)(−dη2 + g̃αβdxαdxβ), (4.83)

where g̃αβ is a 3-metric of constant curvature.

Conformal time is directly linked to the notion of the particle horizon, defined as the boundary of the

part of the universe that is visible to us. In terms of conformal time, the distance to the particle horizon

(see figure 4.1) is given by

dH = `(η)η. (4.84)

Since the wavelength λ for a perturbation of mode k at some fixed time η is given by

λ(η) =
(

2π

k

)
`(η), (4.85)

then from (4.84) we obtain the key relation

λ

dH
=

2π

kη
. (4.86)

Hence, if kη ¿ 1 the wavelength of the perturbation mode is large compared to the distance to the particle

horizon (since λÀ dH ). In this situation it is customary to say that the perturbation is outside the horizon.

Conversely, if kη À 1 the wavelength of the perturbation mode is small compared to the distance to the

horizon (since λ ¿ dH ). Similarly, in this situation it is customary to say that the perturbation is inside

the horizon.

The range of the conformal time variable varies depending on the characteristics of the FL model, as

shown in Appendix D. A summary of the behaviour of conformal time and clock time for each of the

generic classes of FL model with an initial singularity is given below:

FL Model Range of η Range of t

Ever-expanding models, Λ = 0 0 < η < +∞ 0 < t < +∞
Ever-expanding models, Λ 6= 0 0 < η < ηf 0 < t < +∞
Recollapsing models, Λ arbitrary 0 < η < ηf 0 < t < tf
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η = η2

η = η1

η = 0

dH(η1)

dH(η2)

FIGURE 4.1: The relation between the distance to the particle horizon, denoted dH(η) and the conformal

time parameter η.

4.7.2 Governing DEs Using Conformal Time

We now present the governing DEs for scalar, vector and tensor perturbations in terms of conformal time

and specialized to a γ-law equation of state, i.e. p = (γ − 1)µ. It follows from (4.5) that

w = c2
s = γ − 1. (4.87)

The three governing DEs, given by (4.47), (4.59) and (4.76) in terms of clock time t, assume the following

form in terms of conformal time. The change of variable can be performed simply by using these identities:

`
d

dt
=

d

dη
, `2 d2

dt2
=

d2

dη2
−H`

d

dη
, (4.88)

which follow from (4.82).
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Governing DEs for Perturbations using Conformal Time

Scalar

D′′(k) + (4− 3γ)H`D′(k) +
(
−3

2(2− γ)(3γ − 2)Ω− 6(γ − 1)ΩΛ +
c2
sk

2

H2`2

)
H2`2D(k) = 0. (4.89)

Vector
W ′

(k) − (3γ − 4)H`W(k) = 0. (4.90)

Tensor
X ′′(k) + 2H`X ′(k) +

(
−(3γ − 2)Ω + 2ΩΛ +

k2 + 2K

H2`2

)
H2`2X(k) = 0. (4.91)

In the case of vector perturbations, the governing DE (4.90) can be integrated directly, on applying8

H =
`′

`2
. (4.92)

We then obtain

W(k) = C(λ`)3γ−4. (4.93)

In the case of scalar and tensor perturbations, the second-order governing DEs can be transformed into

normal form by making a change of dependent variable. In both cases the resulting DE9 has the following

form, in terms of a constant frequency ω and a potential U(η):

Y ′′
(k) +

[
ω2 − U(η)

]
Y(k) = 0. (4.94)

The wave number k enters only into the frequency, which also depends on the curvature index K, and, in

the case of scalar perturbations, on the equation of state. The potential U(η) depends on the background

FL model (H , `, Ω and ΩΛ). The specific DEs, given in the table below, are obtained by making the

indicated change of variable in the governing DEs (4.89) and (4.91). In order to simplify the subsequent

analysis we use the notation

β =
2

3γ − 2
, or, equivalently, β =

2
3w + 1

, (4.95)

8This expression is obtained from (3.9) on making the change of variable (4.88).
9To the best of the author’s knowledge, this similarity between tensor and scalar perturbations has not been noted before.



4.7. Dynamics of the Linear Perturbations: General Features 95

as in Bardeen (1980).

Normal Form of Governing DEs for Scalar and Tensor Perturbations

Scalar

Change of variable: D(k) = (λ`)
1
β
−1D̂(k), (4.96)

Governing DE: D̂′′(k) +
[
ω2 − U(η)

] D̂(k) = 0, (4.97)

with

ω2 = c2
sk

2 + 1
β2 (β − 1)2 K, (4.98)

U(η) = 1
β2 (1 + β) (βΩ + ΩΛ) H2`2. (4.99)

Tensor

Change of variable: X(k) = (λ`)−1X̂(k), (4.100)

Governing DE: X̂ ′′(k) +
[
ω2 − U(η)

] X̂(k) = 0. (4.101)

with

ω2 = k2 + 3K, (4.102)

U(η) = 1
β (1 + β)ΩH2`2. (4.103)

Note: Here λ is the constant conformal parameter introduced in section 3.2.1, having dimension (length)−1.

Remark: Writing the governing DEs in normal form has several advantages. Firstly, it gives insight into

the qualitative behaviour of the solutions. In particular, if ω2 À U(η) the solutions will be approximated

by oscillatory solutions of frequency ω, while if ω2 ¿ U(η), the solutions will be approximated by power
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law solutions. Secondly, if the background FL model has Λ = 0, the general solution can be written in

terms of Bessel or Legendre functions, as we now show.

4.7.3 General Solutions for Scalar and Tensor Perturbations with Λ = 0

In the case Λ = 0, the potential U(η) in the governing DEs is given by

U(η) =
1
β

(1 + β)ΩH2`2 (4.104)

for both scalar and tensor perturbations (see equations (4.99) and (4.103)). The background solution is

(3.206):

`(η) = λ−1 [SK(T )]β , T =
η

β
, (4.105)

where

SK(T ) = (T, sinhT, sinT ), (4.106)

for K = (0,−1, +1). On noting that ΩH2`2 = 1
3µ`2, it follows from (3.207) that

ΩH2`2 = (λ`)−
2
β . (4.107)

Thus, using (4.105) we obtain

ΩH2`2 = [SK(T )]−2 . (4.108)

Observe now that the governing DEs in normal form (equations (4.97) and (4.101)) coincide with the

Bessel DE or the Legendre DE, as given in Appendix H (see equations (H.1)-(H.6)), with the parameters

determined as follows:

Curvature DE Type Parameters

K = 0 Bessel DE µ = β + 1
2 a = ω

K = −1 Legendre (Toroidal) DE µ = β + 1
2 ν = −1

2 + iβω

K = +1 Legendre (Conical) DE µ = β + 1
2 ν = −1

2 + βω

The value of ω, as given by (4.98) and (4.102) distinguishes between scalar and tensor perturbations. The

solutions of the three DEs are given by (H.2), (H.4) and (H.6), in terms of Bessel and Legendre functions.

The resulting expressions for D(k) and X(k), obtained from (4.96), (4.100) and (4.105) are listed in the

following table
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General Solution of the Governing DEs for Scalar and Tensor Perturbations When Λ = 0

Flat FL (K = 0)

Scalar D(k)(η) = η
3
2
−β

Tensor X(k)(η) = η
1
2
−β

} [
C+Jβ+ 1

2
(aη) + C−Yβ+ 1

2
(aη)

]
, (4.109)

where

a = (csk, k) (4.110)

for scalar and tensor perturbations, respectively.

Open FL (K = −1)

Scalar D(k)(η) =
(
sinh η

β

) 3
2
−β

Tensor X(k)(η) =
(
sinh η

β

) 1
2
−β





[
C+Qµ

ν

(
cosh η

β

)
+ C−Pµ

ν

(
cosh η

β

)]
, (4.111)

where

µ = β + 1
2 , ν + 1

2 = iβω, (4.112)

and the frequency ω is given by (4.98) and (4.102) respectively.

Closed FL (K = +1)
Replace hyperbolic functions by trigonometric functions in the solutions (4.111) for open FL, and

use

ν + 1
2 = βω. (4.113)

Remark: The physically important cases, namely when the matter content is dust (i.e. γ = 1, β = 2)

or radiation (i.e. γ = 4
3 , β = 1) require comment. For dust, the scalar solution is not valid since

c2
s = γ − 1 = 0. We will derive the solution in this case in section 4.8. The tensor solution is valid,

however, and the relevant Bessel and Legendre functions are in fact elementary and are given in section
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4.8.4. For radiation, both the scalar and tensor solutions are elementary. We will give them in section 4.9.

One can use asymptotic approximations of the Bessel and Legendre functions (Appendix H) to obtain

approximate solutions in restricted regimes.

4.7.4 Functional Dependence of First-Order Quantities

We are interested in describing to what extent a perturbed FL cosmology deviates from an exact FL

cosmology.

It is known that cosmological observations place bounds on the first order quantities, specifically

on dimensionless quantities formed by dividing the first order quantities by an appropriate power of the

Hubble scalar. The specific quantities are

Kinematic quantities:
σab

H
,
ωa

H
, (4.114)

Spatial gradients:
∇̂aµ

Hµ
,
∇̂aH

H2
, (4.115)

Weyl tensor:
Eab

H2
,
Hab

H2
. (4.116)

The first analysis of this type was due to Sachs and Wolfe (1967) who showed that observations

of distant galaxies could, in principle, place bounds on these quantities. More recently, Maartens et al

(1995a,b) have shown that the high isotropy of the CMBR (∆T
T ≈ 10−5) places strong bounds on these

quantities.10

It is natural to use these Hubble-normalized quantities as a measure of how close the physical model

is to an idealized FL model, and we will thus calculate their time dependence for the three perturbation

types. A growing mode is an indication of an instability in the background FL model.

We now briefly mention the connection between the geometrical approach and Bardeen’s gauge-

invariant metric approach to cosmological perturbations (Bardeen (1980)). In Bardeen’s approach, the

basic variables are gauge-invariant linear combinations of the metric perturbations. However, it turns out

that Bardeen’s metric potentials ΦH , Ψ and H
(2)
T have the same time dependence as certain expressions

10The analysis is complicated and subject to assumptions being imposed on the time derivatives of the multipoles of the

CMBR.
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formed from the basic variables in the geometrical approach. It can be shown that11

ΦH v ΩH2`2D(k) (scalar), (4.117)

Ψ v ΩH2`2W(k) (vector), (4.118)

H
(2)
T v 2H`X(k) + X ′(k) (tensor). (4.119)

We refer the reader to Bruni et al. (1992, p45-9) for an overview of the relation between the geometrical

framework and Bardeen’s metric approach.

Using the results in sections 4.4.2, 4.5.2 and 4.6.2 we can obtain the dependence of the Hubble-

normalized quantities (4.114)-(4.116) on the basic variables D(k), W(k) and X(k) in terms of conformal

time. In order to enable comparisons to be made, we also include Bardeen’s metric potentials ΦH (4.117)-

(4.119). These results are provided in table 4.1.

11This result relies on comparing the governing DEs for D(k), W(k) and X(k) with the governing DEs defined in Bardeen’s

approach (Bardeen equation (4.9), (4.13) and (4.14)) and noting that the paired quantities (D(k), εm), (W(k), Vc) and (X(k),
d

dη
H

(2)
T ) satisfy the same evolutions equation. Equations (4.117)-(4.118) then follow from Bardeen (4.3) and (4.12).
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Functional dependence of first-order quantities.

Quantity Scalar Perturbations Vector Perturbations Tensor Perturbations

σab

H
v −3(γ − 1)D(k) +

D′(k)

H`

[
k2 − 2K

H2`2
+ 6γΩ

]
H`W(k)

X(k)

H`

ωa

H
v 0

W(k)

H`
0

∇̂aµ

Hµ
v

D(k)

H`
W(k) 0

∇̂aH

H2
v 1

H`

[
3(γ − 1)D(k) −

D′(k)

H`

] [
2K

H2`2
− 3γΩ

]
W(k) 0

Eab

H2
v ΩD(k) ΩH`W(k)

X(k)

H`
+
X ′(k)

H2`2

Hab

H2
v 0 ΩW(k)

X(k)

H2`2

ΦH v ΩH2`2D(k) - -

Ψ v - ΩH2`2W(k) -

H
(2)
T v - - 2H`X(k) + X ′(k)

∇̂a
(3)R

H3
v

[
3
2γΩ− 3(γ − 1)

] D(k)

H`
+
D′(k)

H2`2

K

H2`2
W(k) 0

(3)Cab

H3
v 0 0 2

X(k)

H2`2
+
X ′(k)

H3`3

TABLE 4.1: Expressions for the first order quantities in terms of the basic variable for each perturbation

type.
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4.8 Perturbations of FL Models with Pressure-Free Matter

For the case where the background FL model contains dust and possibly a cosmological constant, the

analysis of scalar perturbations simplifies significantly since one can avoid performing the harmonic de-

composition. The evolution equation (4.42) for the fractional density gradient Da simplifies to

D̈〈a〉 + 2HḊ〈a〉 − 3
2ΩH2Da = 0. (4.120)

Since (4.10) implies u̇a = 0 for a dust background, a short calculation using (1.5) and (1.18) reveals

ḣab = 0, and hence that

Ḋ〈a〉 = Ḋa, and D̈〈a〉 = D̈a. (4.121)

Namely, we use the fact that the fluid 4-velocity is a geodesic in the case of dust. Thus, we can drop the

spatial projections from (4.120) and so obtain

D̈a + 2HḊa − 3
2ΩH2Da = 0. (4.122)

Although it follows that Da does not depend on the perturbation mode k, a harmonic decomposition is

required in order to obtain expressions for the shear and electric Weyl tensor (see, for example, (4.54) and

(4.55)).

4.8.1 The General Solution in Integral Form for Scalar Perturbations

A second simplification is that the evolution equation (4.122) has a first integral, which we derive as

follows, using the spatial gradients Da, Za andRa.

In the case of dust, the evolution equations, given in (4.40), (4.41) and (B.13) simplify significantly,

and can be written as

Ḋa = −Za, (4.123)

(`2Za)˙ = −1
2µ`2Da, (4.124)

(`2Ra)˙ = −4KZa. (4.125)

Note that these DEs are not independent, since the 3 spatial gradients are linearly dependent. This result

can be seen upon taking the spatial gradient of (1.43) and linearizing so as to obtain

Ra = −4HZa + 2µDa. (4.126)
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Observe that the quantity C̃a, defined by12

C̃a = `2Ra − 4KDa. (4.127)

satisfies
d

dt
C̃a = 0. (4.128)

We can rewrite (4.127) in terms of Da Ḋa using (4.123), (4.126), (3.31) and (3.35), so as to obtain

C̃a = 4`2(HḊa + (3
2Ω + Ωk)H2Da). (4.129)

This equation is in fact a first integral of the evolution equation (4.122), since (4.122) is a consequence of

(4.123) and (4.124).

On noting that, in the case of dust, (4.11) can be rewritten as

Ḣ = −(3
2Ω + Ωk)H2, (4.130)

we can further simplify (4.129) to read

d

dt

(Da

H

)
=

C̃a

4H2`2
. (4.131)

The solution of (4.131) is thus

Da(t) = C(+)
a H

∫ t

0

dt̃

H2`2
+ C(−)

a

H

λ
, (4.132)

for time-independent vectors C
(−)
a and C

(+)
a , with C

(+)
a = C̃a. For simplicity, we define

D(+)(t) = H

∫ t

0

dt̃

H2`2
, D(−)(t) =

H

λ
, (4.133)

and so write (4.132) as

Da(t) = C(+)
a D(+)(t) + C(−)

a D(−)(t). (4.134)

In terms of conformal time η, the growing mode D(+)(η), as given by (4.133), reads

D(+)(η) = H

∫ η

0

dη̃

H2`
. (4.135)

12Also see Bruni et al. (1992), eq (38).
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Equation (4.135) can often be used to gain insight into the asymptotic behaviour of dust perturbations.

If H → 0 or H →∞ as η → η∗ (where η∗ = ±∞ is allowed), we can rewrite D(+) as

D(+) ∼

(∫ η
0

dη̃
H2`

)
(

1
H

) . (4.136)

On applying L’Hôpital’s rule, in the limit as η → η∗, we obtain

D(+) ∼ − 1
H ′`

. (4.137)

Then (4.130) gives an expression for the asymptotic behaviour of the growing mode in terms of zero-order

quantities:

D(+)(η) ∼ 1
3
2ΩH2`2 −K

, as η → η∗. (4.138)

Although the general solution (4.133) cannot always be obtained in closed form, one can analyze the

asymptotic behaviour of these solutions. We are primarily interested in three asymptotic epochs, namely

flat FL (η ≈ 0), Milne (η À 1, Ωk ≈ 1) and de Sitter (η ≈ ηf , ΩΛ ≈ 1). The general behaviour of

perturbations within these epochs shall be discussed in detail in section 4.10.

4.8.2 Scalar Perturbations with Λ = 0

We now use the general solution (4.135) to obtain the solution for a dust background with Λ = 0. The

length scale (4.105), when specialized to the case of dust, is given by

λ` = (SK(η/2))2 , (4.139)

and the Hubble parameter by H = `′/`2 and (4.139),

H` =
CK(η/2)
SK(η/2)

, (4.140)

where CK(T ) is defined analogous to SK(T ) to be

CK(T ) = (1, coshT, cosT ), (4.141)

for K = (0,−1, +1).

We now consider the case of K 6= 0 separately. In this case, the growing mode can be determined

from (4.135), (4.139) and (4.140), on integrating

D(+)(η) =
H

λ

∫
SK(η/2)4

CK(η/2)2
dη. (4.142)
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This integral is elementary and can be expressed in terms of H and ` after a short calculation:

D(+) =
1
λ`

(2− 3
2ηH`) + H2`2. (4.143)

It follows from (4.107) with β = 2 that

ΩH2`2 =
1
λ`

, (4.144)

which allows us to rewrite the Friedmann equation (3.36) as

H2`2 = −K +
1
λ`

. (4.145)

We can now eliminate the H2`2 term in (4.143), obtaining

D(+) =
3
λ`

(1− 1
2ηH`)−K. (4.146)

The solution of (4.122) for K 6= 0 is then

Da = C(+)
a

[
3
λ`

(1− 1
2ηH`)−K

]
+ C(−)

a

(
H

λ

)
, (4.147)

where H and ` are given by (4.139) and (4.140).

In the case of K = 0, the integral (4.142) evaluates to

D(+) = 1
10η2, (4.148)

where the coefficient 1
10 is chosen so as to be asymptotic to the growing mode solution for K 6= 0 when

η → 0. The solution for a flat FL background is then

Da = C(+)
a

(
1
10η2

)
+ C(−)

a (8η−3). (4.149)

We depict the growing and decaying mode solutions in figure 4.2.

We note that the solution (4.147) can also be derived from the governing DE (4.122), upon applying

the general solutions (H.2), (H.34) and (H.35).
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Da

η

D(+)

D (-)

Da

η

D(+)

D (-)

Da

η

D(+)

D (-)

ηf

FIGURE 4.2: A depiction of the qualitative behaviour of the growing and decaying mode solutions of

(4.122) when Λ = 0. From left to right, the plots depict negative (K = −1), flat (K = 0) and positive

(K = +1) curvature.

4.8.3 Scalar Perturbations with Λ > 0, K = 0

In the case Λ > 0 with flat spatial geometry (K = 0), the general solution (4.133) can be given in terms of

toroidal Legendre functions with clock time as the time variable, as follows. We transform the governing

DE (4.122) to normal form by means of the change of variable

Da = (λ`)−1D̂a. (4.150)

The result is

D̂ä −H2D̂a = 0, D̂a = (λ`)−1Da. (4.151)

The length scale of the background solution is given by (3.225). We calculate H using H = ˙̀/`. The

results are

` = λ−1(sinhT )2/3, H = λ cothT, (4.152)

where

T = 3
2λt, and λ =

√
Λ
3

. (4.153)

We substitute (4.152) into (4.151) and use T as the independent variable. After applying a standard

identity, we obtain

d2

dT 2
D̂a − 4

9

[
1 +

1
sinh2 T

]
D̂a = 0, Da =

[
sinh

(
1
2

√
3Λt

)]−2/3
D̂a. (4.154)
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This DE is the toroidal Legendre DE (H.3) with µ = 5
6 and ν = 1

6 whose solution is given by (H.4). Thus,

we have

Da(t) = (sinhT )−
1
6

[
C(+)

a Q
5/6
1/6(coshT ) + C(−)

a P
5/6
1/6 (coshT )

]
. (4.155)

The second term of this solution is in fact an elementary function due to the identity13

(sinhT )−
1
6 P

5/6
1/6 (coshT ) = A coth(T ), (4.156)

for A constant. It follows from (4.152) that (4.155) can be rewritten as

Da(t) = C(+)
a (sinhT )−

1
6 Q

5/6
1/6(coshT ) + C(−)

a

H

λ
, (4.157)

where T is given by (4.153). Observe that the second term corresponds to the second term in the general

solution (4.132). However, the growing mode in (4.157) does not correspond to the growing mode given

in the general solution (4.132), since it diverges as t→ 0+ (see (H.39)). Thus the growing mode D(+)(t)

in (4.132) must be a linear combination of the two solutions in (4.157):

D(+) = H

∫ t

0

dt

H2`2
= a1(sinhT )−

1
6 Q

5/6
1/6(coshT ) + a2

H

λ
. (4.158)

The growing mode defined in this way will satisfy

lim
t→0
D(+) = 0. (4.159)

We depict the growing and decaying mode solutions in figure 4.3.

4.8.4 Tensor Perturbations for Λ = 0

The solution for X(k)(η) is obtained in terms of Bessel and Legendre functions by choosing β = 2 in the

general solution (4.109), (4.111) and (4.113). Since the index has the value µ = 5
2 , these solutions are

elementary functions, given by (H.20)-(H.25). Upon comparing the functional dependence in each case,

we obtain the following unified form of the solution:

X(k)(η) =
1
λ`

[
c+X+

(k)(η) + c−X−(k)(η)
]
, (4.160)

13This result is obtained from Abramowitz and Stegun (1970), equations (8.5.1) and (8.6.16).
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Da

t

D(+)

D (-)

FIGURE 4.3: A depiction of the qualitative behaviour of the growing and decaying modes in an FL

cosmology for density perturbations with dust and cosmological constant.

where

X+
(k)(η) = (4n2 −K − 3H2`2) sin(nη) + 6nH` cos(nη), (4.161)

X−(k)(η) = (4n2 −K − 3H2`2) cos(nη)− 6nH` sin(nη), (4.162)

and n2 = k2 + 3K. Here, the coefficients c+ and c− are constants that depend on k.

Tensor perturbations describe the propagation of gravitational waves, which are represented by the

electric and magnetic Weyl tensor, Eab and Hab. We specialize the solution (4.160) to K = −1 and

use (3.206) and H = `′/`2 to determine ` and H . On applying (4.80) and (4.81), we can determine the

asymptotic behaviour of Eab and Hab in three asymptotic regimes: The first regime (η ¿ 1 and kη ¿ 1)

describes long wavelength perturbations that occur outside the particle horizon close to the singularity;

the second regime (η ¿ 1 and kη À 1) describes perturbations within the particle horizon close to the

singularity; lastly, the long term behaviour of the perturbation, when spatial curvature is significant, is

described in the third regime (η À 1).

η ¿ 1 and kη ¿ 1 η ¿ 1 and kη À 1 η À 1

Eab/H2 c+η2 + c−η−3 A cos(nη + φ) Ae−η cos(nη + φ)

Hab/H2 c+η3 + c−η−2 A sin(nη + φ) Ae−η sin(nη + φ)

Here c±, A and φ are arbitrary constants that depend on k. In the first regime we can see that the
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tensor perturbations do not represent gravitational waves since they have a power law dependence on η.

We depict the behaviour of E(k)/H2 in figure 4.4, for three given choices of n.

4.9 Perturbations of Radiation-Filled FL Models

We now derive the general solution of the governing DEs for a radiation fluid with zero cosmological

constant (Λ = 0) in terms of elementary functions.

The solution for D(k)(η) is obtained by choosing β = 1 in the general solution (4.109), (4.111) and

(4.113). Since the index has the value µ = 3
2 , these solutions are elementary functions, given by (H.14)-

(H.19). Upon comparing the functional dependence in each case, we obtain the following unified form of

the solution:

D(k)(η) = c+D(+)(η) + c−D(−)(η), (4.163)

where

D(+)(η) = H` sin(cskη)− csk cos(cskη), (4.164)

D(−)(η) = H` cos(cskη) + csk sin(cskη), (4.165)

and

H` =





coth η Open FL (K = −1),

η−1 Flat FL (K = 0),

cot η Closed FL (K = +1).

(4.166)

The coefficients c+ and c− are constants that depend on k.

The solution for X(k)(η) is obtained by choosing β = 1 in the general solution (4.109), (4.111) and

(4.113). Since the index has the value µ = 3
2 , these solutions are elementary functions, given by (H.14)-

(H.19). Upon comparing the functional dependence in each case, we obtain the following unified form of

the solution:

X(k)(η) =
1
λ`

[
c+X+

(k)(η) + c−X−(k)(η)
]
, (4.167)

where

X+
(k)(η) = H` sin(nη)− n cos(nη), (4.168)

X−(k)(η) = H` cos(nη) + n sin(nη), (4.169)

(4.170)



4.9. Perturbations of Radiation-Filled FL Models 109

10
−4

10
−3

10
−2

10
−1

10
0

10
1

−1

−0.5

0

0.5

1

η

−1

−0.5

0

0.5

1−1

−0.5

0

0.5

1

FIGURE 4.4: Tensor modes of the Hubble-normalized electric Weyl tensor E(k)/H2 for an open FL

background (K = −1) with dust. From top to bottom, the eigenmodes in each plot are n = 10, n = 100

and n = 1000.
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and n2 = k2 + 3K. The coefficients c+ and c− are constants that depend on k.

As with perturbations of a dust background, we specialize the solution (4.163) to K = −1 and use

(3.206) and H = `′/`2 to determine ` and H . On applying (4.80) and (4.80), we can determine the

asymptotic behaviour of Eab and Hab in three asymptotic regimes.

η ¿ 1 and kη ¿ 1 η ¿ 1 and kη À 1 η À 1

Eab/H2 c+η2 + c−η−1 Aη cos(nη + φ) Ae−η cos(nη + φ)

Hab/H2 c+η3 + c− Aη sin(nη + φ) Ae−η sin(nη + φ)

Here c±, A and φ are arbitrary constants that depend on k. We depict the behaviour of E(k)/H2 in

figure 4.5, for three given choices of n.
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FIGURE 4.5: Tensor modes of the Hubble-normalized electric Weyl tensor E(k)/H2 for an open FL

background (K = −1) with radiation. From top to bottom, the eigenmodes in each plot are n = 10,

n = 100 and n = 1000.
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4.10 Perturbations in Asymptotic Epochs of FL Models

In this section we give approximate solutions of the governing ODEs for scalar and tensor perturbations

in three asymptotic epochs for FL cosmologies. We also give the behaviour of the spatial gradients,

kinematic quantities and Weyl tensor components for these approximate solutions. Further, to facilitate

comparisons, we give the Bardeen (1980) gauge-invariant metric potentials for the approximate solutions.

The three asymptotic epochs are as follows:

Flat FL. The flat FL background is described by

Ω = 1, ΩΛ = 0, Ωk = 0, λ` =
(

η

β

)β

, H` =
β

η
. (4.171)

This solution approximates the dynamics of any FL cosmology with an initial singularity with cosmolog-

ical constant and arbitrary curvature at early times, since these models satisfy

lim
η→0

(Ω, ΩΛ, Ωk) = (1, 0, 0). (4.172)

(see table 3.2).

Milne. The Milne background is described by

Ω = 0, ΩΛ = 0, Ωk = 1, λ` = eη, H` = 1. (4.173)

This solution approximates the dynamics of any open FL cosmology with zero cosmological constant at

late times, since these models satisfy

lim
η→∞(Ω, ΩΛ,Ωk) = (0, 0, 1). (4.174)

(see table 3.2).

de Sitter. The de Sitter background is described by

Ω = 0, ΩΛ = 1, Ωk = 0, λ` =
1
η̃
, H` =

1
η̃
, (4.175)

where η̃ is defined by (3.219):

η̃ = η − ηf . (4.176)
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This solution approximates the dynamics of any ever-expanding FL cosmology with cosmological con-

stant and arbitrary curvature at late times, since these models satisfy

lim
η→ηf

(Ω, ΩΛ, Ωk) = (0, 1, 0). (4.177)

(see table 3.2).

Remark: The approximate solution for the case of flat FL with kη ¿ 1 (Table 4.2) have been given by

Goode (1989). To the best of the author’s knowledge, the other results are new.
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4.10.1 The Flat FL Asymptotic Epoch

The solutions of the governing equations in the flat FL background are obtained by substituting (4.171)

into (4.109) and (4.93) and are given by

D(k)(η) = η
3
2
−β

[
c+Jβ+ 1

2
(cskη) + c−Yβ+ 1

2
(cskη)

]
, (4.178)

W(k)(η) = Cη2(1−β), (4.179)

X(k)(η) = η
1
2
−β

[
c+Jβ+ 1

2
(kη) + c−Yβ+ 1

2
(kη)

]
. (4.180)

In the expressions for D(k)(η) and X(k)(η) we can identify two asymptotic regimes, namely kη ¿ 1

and kη À 1. The restriction kη ¿ 1 means that the perturbation mode corresponding to k is outside

the particle horizon, while kη À 1 means the perturbation mode is inside the particle horizon (see sec-

tion 4.7.1). The approximate solutions subject to these restrictions can be obtained from the asymptotic

expressions for the Bessel functions in Appendix H.4.

These approximate solutions will also be valid for an open or closed FL background, for the following

reason. If K = ±1 and kη ¿ 1, it follows that η must satisfy η ¿ 1 since k > 1 – see (F.11), (F.32) and

(F.43). It thus follows from (4.172) that
Ωk

Ω
¿ 1, (4.181)

i.e. the spatial curvature is dynamically negligible in the regime kη ¿ 1.

The approximate solutions and the resulting time dependence of the first order quantities are given in

table 4.2 (kη ¿ 1) and table 4.3 (kη À 1).
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Perturbations of FL models subject to kη ¿ 1 and Ωk/Ωm ¿ 1.

Quantity Scalar Perturbations Vector Perturbations Tensor Perturbations

D(k) v {η2, η1−2β} - -

W(k) v - {η2−2β} -

X(k) v - - {η, η−2β}

σab

H
v {η2, η1−2β} {η1−2β} {η2, η1−2β}

ωa

H
v 0 {η3−2β} 0

∇̂aµ

Hµ
v {η3, η2−2β} {η2−2β} 0

∇̂aH

H2
v {η3, η2−2β} {η2−2β} 0

∇̂a
(3)R

H3
v {η3, η4−2β}† 0 0

Eab

H2
v {η2, η1−2β} {η1−2β} {η2, η1−2β}

Hab

H2
v 0 {η2−2β} {η3, η2−2β}

ΦH v {1, η−1−2β} - -

Ψ v - {η−2β} -

H
(2)
T v - - {1, η1−2β}‡

TABLE 4.2: This table describes perturbations of any FL model subject to kη ¿ 1 and Ωk/Ωm ¿ 1. For

open and closed FL models the second restriction requires that η ¿ 1, which is necessarily satisfied on

account of the first restriction, since k > 1.

† The second mode in this case is obtained directly from the exact solution and is zero in the case of dust.
‡ The second mode in this case cannot be obtained from the asymptotic behaviour of X(k).
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Perturbations of FL models subject to kη À 1 and Ωk/Ωm ¿ 1.

Quantity Scalar Perturbations (γ 6= 1)† Vector Perturbations Tensor Perturbations

D(k) v η1−β sin(cskη + φ) - -

W(k) v - η2−2β -

X(k) v - - η−β sin(kη + φ)

σab

H
v η2−β cos(cskη + φ) η3−2β η1−β sin(kη + φ)

ωa

H
v 0 η3−2β 0

∇̂aµ

Hµ
v η2−β sin(cskη + φ) η2−2β 0

∇̂aH

H2
v η3−β cos(cskη + φ) η2−2β 0

∇̂a
(3)R

H3
v η3−β sin(cskη + φ̃) 0 0

Eab

H2
v η1−β sin(cskη + φ) η1−2β η2−β cos(kη + φ)

Hab

H2
v 0 η2−2β η2−β sin(kη + φ)

ΦH v η−1−β sin(cskη + φ) - -

Ψ v - η−2β -

H
(2)
T v - - η−β cos(kη + φ)

TABLE 4.3: This table describes perturbations of flat FL with kη À 1, and open and closed FL with

kη À 1 and η ¿ 1. For open and closed FL models the second restriction requires that Ωk
Ω ¿ 1. The first

restriction then requires that k is sufficiently large.

† For the case of γ = 1 see table 4.2.
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4.10.2 The Milne Asymptotic Epoch

The governing DEs in the Milne background are obtained by substituting (4.173) into (4.97), (4.90) and

(4.101) and are given by

D̂′′(k) + ω2D̂(k) = 0, D(k) = e
−(1− 1

β
)ηD̂(k), (4.182)

W ′
(k) + 2

β (β − 1)W(k) = 0, (4.183)

X̂ ′′(k) + n2X̂(k) = 0, X(k) = e−ηX̂(k). (4.184)

where

ω2 = c2
sk

2 − (1− 1
β )2 (4.185)

holds for scalar perturbations and

n2 = k2 − 3 (4.186)

holds for tensor perturbations. For scalar perturbations there are two cases, namely ω2 > 0 and ω2 ≤ 0.

The second case includes dust (i.e. c2
s = γ − 1 = 0, β = 2), while the first case includes radiation (i.e.

γ = 4
3 , β = 1). In addition, the condition ω2 > 0 is satisfied for all perfect fluids other than dust (i.e.

1 < γ < 2) provided that the wave number k is sufficiently large, i.e. k > kcrit. We will restrict our

considerations to the cases ω2 > 0 and dust.

The solutions are

D(k)(η) =

{
Ae

−(1− 1
β

)η sin(ωη + φ), if γ > 1, k > kcrit,

c+ + c−e−η, if γ = 1,
(4.187)

W(k)(η) = C e
−2(1− 1

β
)η

, (4.188)

X(k)(η) = Ae−η sin(nη + φ), (4.189)

where A is an arbitrary constant amplitude.

In order to calculate the approximate expression for Eab we need an approximate expression for Ω

subject to η À 1. A simple calculation using (3.206) and (3.207) yields the approximate asymptotic

behaviour

Ω = exp
(
− 2

β η
)
¿ 1. (4.190)

The approximate solutions and the resulting time dependence of the first order quantities are given in

table 4.4.
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Perturbations of Milne.

Quantity Scalar Perturbations Vector Perturbations Tensor Perturbations

γ = 1 γ > 1, k2 > k2
crit

D(k) v {1, e−η} e
−(1− 1

β
)η sin(ωη + φ) - -

W(k) v - - e
−2(1− 1

β
)η -

X(k) v - - - e−η sin(nη + φ)

σab

H
v {ηe−η, e−η}† e

−(1− 1
β

)η sin(ωη + φ̃) e
−2(1− 1

β
)η

e−η sin(nη + φ)

ωa

H
v 0 0 e

−2(1− 1
β

)η 0

∇̂aµ

Hµ
v {1, e−η} e

−(1− 1
β

)η sin(ωη + φ) e
−2(1− 1

β
)η 0

∇̂aH

H2
v {ηe−η, e−η}† e

−(1− 1
β

)η sin(ωη + φ̃) e
−2(1− 1

β
)η 0

∇̂a
(3)R

H3
v {e−η, e−η} e

−(1− 1
β

)η sin(ωη + φ̃) e
−2(1− 1

β
)η 0

Eab

H2
v {e−η, e−2η} e

−(1+ 1
β

)η sin(ωη + φ) e−2η e−η cos(nη + φ)

Hab

H2
v 0 0 e−2η e−η sin(nη + φ)

ΦH v {e−η, e−2η} e
−(1+ 1

β
)η sin(ωη + φ) - -

Ψ v - - e−2η -

H
(2)
T v - - - e−η sin(nη + φ)

TABLE 4.4: This table describes perturbations of open FL models with η À 1 and Ωk/Ωm À 1 and

hence kη À 1.

† In the case of γ = 1 the growing mode is obtained from the growing mode for dust in an open FL background, given by

(4.146).
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4.10.3 The de Sitter Asymptotic Epoch

The governing DEs in the flat de Sitter background are obtained by substituting (4.175) into (4.97), (4.90)

and (4.101) and are given by

D̂′′(k) +
[
c2
sk

2 − 1
β

(
1 + 1

β

) 1
η̃2

]
D̂(k) = 0, D(k) = η̃

1− 1
β D̂(k), (4.191)

W ′
(k) + 2

(
1
β − 1

) 1
η̃
W(k) = 0, (4.192)

X̂ ′′(k) + n2X̂(k) = 0, X(k) = η̃X̂(k), (4.193)

where the prime (′) denotes differentiation with respect to η̃ and n2 = k2 + 3 – see (F.43). The solutions

to these equations are given by14

D(k)(η) =





η̃
3
2
− 1

β

[
c−J 1

2
+ 1

β
(cskη̃) + c+Y 1

2
+ 1

β
(cskη̃)

]
, if γ 6= 1

c−η̃2 + c+, if γ = 1
(4.194)

W(k)(η) = c η̃
2− 2

β , (4.195)

X(k)(η) = c−η̃ sin(nη̃) + c+η̃ cos(nη̃). (4.196)

As in the case of the flat FL background, we can distinguish two regimes, depending on the wave

number, i.e. kη̃ ¿ 1 and kη̃ À 1. These results are valid also for K = ±1, but require that Ωk/ΩΛ ¿ 1,

which holds for η̃ ¿ 1 on account of (4.175).

In order to calculate the approximate expression for Eab we need an approximate expression for Ω

subject to η̃ ¿ 1. A simple calculation using (3.225) and (3.226) yields the approximate asymptotic

behaviour

Ω ∼ η̃3γ . (4.197)

The approximate solutions and the resulting time dependence of the first order quantities are given in

table 4.5 (kη̃ ¿ 1) and table 4.6 (kη̃ À 1).

14Observe that (4.191) is Bessel’s DE (H.1) in normal form with a = csk and µ2 − 1
4

= 1
β
(1 + 1

β
), i.e. µ = 1

2
+ 1

β
.
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Perturbations of de Sitter subject to kη̃ ¿ 1 and Ωk/ΩΛ ¿ 1.

Quantity Scalar Perturbations Vector Perturbations Tensor Perturbations

D(k) v {η̃1− 2
β , η̃2} - -

W(k) v - η̃
2− 2

β -

X(k) v - - {η̃, η̃2}

σab

H
v {η̃3− 2

β , η̃2}† η̃
3− 2

β {η̃2, η̃3}
ωa

H
v 0 η̃

3− 2
β 0

∇̂aµ

Hµ
v {η̃2− 2

β , η̃3} η̃
2− 2

β 0

∇̂aH

H2
v {η̃4− 2

β , η̃3}† η̃4 0

∇̂a
(3)R

H3
v {η̃4− 2

β , η̃3} 0 0

Eab

H2
v {η̃3, η̃

2(2+ 1
β

)} η̃3 {η̃4, η̃3}
Hab

H2
v 0 η̃4 {η̃3, η̃4}

ΦH v {η̃, η̃3γ} - -

Ψ v - η̃2 -

H
(2)
T v - - {1, η̃3}

TABLE 4.5: This table describes perturbations of any FL model that is future asymptotic to de Sitter,

subject to kη̃ ¿ 1.

† Due to cancellation of higher order terms, the growing mode must be obtained from the exact solution (4.194).
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Perturbations of de Sitter subject to kη̃ À 1 and Ωk/ΩΛ ¿ 1.

Quantity Scalar Perturbations (γ 6= 1) Tensor Perturbations

D(k) v η̃
1− 1

β sin(cskη̃ + φ) -

X(k) v - η̃ sin(nη̃ + φ)

σab

H
v η̃

2− 1
β cos(cskη̃ + φ) η̃2 sin(nη̃ + φ)

ωa

H
v 0 0

∇̂aµ

Hµ
v η̃

2− 1
β sin(cskη̃ + φ) 0

∇̂aH

H2
v η̃

3− 1
β cos(cskη̃ + φ) 0

∇̂a
(3)R

H3
v η̃

3− 1
β cos(cskη̃ + φ) 0

Eab

H2
v η̃

3+ 1
β sin(cskη̃ + φ) η̃3 cos(nη̃ + φ)

Hab

H2
v 0 η̃3 sin(nη̃ + φ)

ΦH v η̃
1+ 1

β sin(cskη̃ + φ) -

H
(2)
T v - η̃ cos(nη̃ + φ)

TABLE 4.6: This table describes perturbations of any FL model that is future asymptotic to de Sitter, with

kη̃ À 1 and η̃ ¿ 1. In the case of scalar perturbations with γ = 1 or vector perturbations, the behaviour

is identical to that given in table 4.5.
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4.11 Discussion

We now summarize the principal features of linear perturbations of FL cosmologies.

i) For each perturbation type the complete system of linearized evolution and constraint equations

is reduced to a single ODE for the harmonic modes, together with expressions for the Hubble-

normalized quantities (4.114)-(4.116). Solutions of the governing DE for vector perturbations can

always be determined explicitly in terms of ` according to (4.93).

ii) When written in normal form using conformal time, the governing DEs for scalar and tensor per-

turbations are essentially the same if Λ = 0, i.e. they are governed by the same potential U with a

different frequency ω, but differ significantly if Λ > 0.

iii) We have given a unified derivation of the known explicit solutions of the governing DEs for scalar

and tensor perturbations in (4.109)-(4.113). Solutions are given in terms of Bessel functions if

Λ = 0 and K = 0 with γ arbitrary. Solutions are given in terms of Legendre functions if Λ = 0

and K = ±1 with γ arbitrary. In the case of dust (γ = 1) and radiation (γ = 4
3 ), solutions for all

perturbation modes can be written in terms of elementary functions.

We now give a brief overview of the behaviour of scalar and tensor perturbations when the matter

content is dust or radiation and possibly with a cosmological constant.

Scalar perturbations, as described by the spatial density gradient Da, have a growing mode and a

decaying mode in the regime kη ¿ 1. For pressure-free matter these two modes persist for all η. The

growing mode is bounded in the Milne regime, i.e. if Λ = 0 and K = −1, and in the de Sitter regime, i.e.

if Λ > 0.

For radiation (or more generally if the barotropic index satisfies w > 1), scalar perturbations are

wavelike in the regime cskη À 1 (interpreted as sound waves with speed of propagation cs). The spatial

density gradient is wavelike with constant amplitude in the Milne regime (unbounded if w > 1
3 ) and in

the de Sitter regime (with kη̃ ¿ 1) it has a growing and unbounded mode and a decaying mode (more

generally this occurs if w > 0).

Tensor perturbations, as described by the electric and magnetic Weyl curvature, have a growing mode

and a decaying mode in the regime kη ¿ 1. In the regime kη À 1 where Ωk/Ωm ¿ 1 the behaviour is

sinusoidal, with power-law amplitude.
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In tables 4.2-4.6 we summarize the time-dependence of the Hubble-normalized kinematic quantities,

Hubble-normalized Weyl tensor components and metric potentials in three asymptotic epochs for FL

cosmologies. Tables 4.2 and 4.3 show clearly that the flat FL model is unstable, both with respect to long

wavelength and short wavelength perturbations. This instability is not revealed by the gauge invariant

metric potentials. Tables 4.4 - 4.6 show that spatial curvature has a stabilizing effect, as does the presence

of a cosmological constant.



APPENDIX A

EVOLUTION AND CONSTRAINT

EQUATIONS

As discussed in section 1.2.6, when the Ricci identities (1.50) and Bianchi identities (1.51) are applied to

the Einstein field equations (1.2), we obtain a set of evolution and constraint equations for the kinematic

quantities and Weyl tensor components. For an outline of the derivation of these equations see Ellis (1973,

p24-30) and Ellis and van Elst (1998, p10-12).

Projected Field Equations. The Einstein field equations (1.2) can be rewritten as

Rab = Tab − 1
2Tgab. (A.1)

We contract (A.1) with hab and ua and use (1.26) in order to obtain the following relations:

R = µ− 3p, (A.2)

Rabu
aub = 1

2(µ + 3p), (A.3)

Rabu
ahb

c = −qc, (A.4)

R〈ab〉 = πab, (A.5)

(see Ellis (1973), p24). Using (1.30) we also obtain two important relations relating the Riemann curvature

tensor and Weyl tensor components:

Racbdu
cud = Eab − 1

2R〈ab〉 + 1
3habRcdu

cud, (A.6)
1
2η ef

ac Refbdu
cud = Hab + 1

2ηabcdR
c
eu

due. (A.7)
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Ricci Identities

Ḣ = −H2 + 1
3(∇̂au̇

a + u̇au̇
a − 2σ2 + 2ω2)− 1

6(µ + 3p), (A.8)

σ̇〈ab〉 = −2Hσab + ∇̂〈au̇b〉 + u̇〈au̇b〉 − σ c
〈a σb〉c − ω〈aωb〉 − (Eab − 1

2πab), (A.9)

ω̇〈a〉 = −2Hωa + σabω
b − 1

2curl(u̇a), (A.10)

0 = ∇̂bσab − 2∇̂aH − curl(ωa)− 2εabcu̇
bωc + qa, (A.11)

0 = ∇̂aωa − u̇aωa, (A.12)

0 = Hab − 2u̇〈aωb〉 − ∇̂〈aωb〉 − curl(σab). (A.13)

The twice-contracted Bianchi identities (1.53) lead to the following evolution equations:

µ̇ = −3H(µ + p)− ∇̂aq
a − 2u̇aq

a − σa
bπ

b
a, (A.14)

q̇〈a〉 = −4Hqa − ∇̂ap− (µ + p)u̇a − ∇̂bπab

−u̇bπab − σabqb + εabcω
bqc. (A.15)

We are primarily interested in the case of a perfect fluid, where these equations reduce to

Twice-Contracted Bianchi Identities (Perfect Fluid Source)

µ̇ = −3H(µ + p), (A.16)

0 = (µ + p)u̇a + ∇̂ap. (A.17)

For simplicity, the equations obtained from the full Bianchi identities (1.51) are presented here in the

case of a perfect fluid source.
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Bianchi Identities (Perfect Fluid Source)

Ė〈ab〉 = −3HEab + 3σ c
〈a Eb〉c − 1

2(µ + p)σab + curl(Hab)

+εef(a(2u̇
eH f

b) − ωeE f
b) ), (A.18)

Ḣ〈ab〉 = −3HHab + 3σ c
〈a Hb〉c − curl(Eab)

−εef(a(2u̇
eE f

b) + ωeH f
b) ), (A.19)

0 = ∇̂bEab + 3ωbHab + εabcσ
beH c

e − 1
3∇̂aµ, (A.20)

0 = ∇̂bHab − 3ωbEab − εabcσ
beE c

e − (µ + p)ωa. (A.21)

Spatial Gradients of Zero-Order Quantities. In order to derive the governing equations for linear

perturbations of FL, it is necessary to derive evolution equations for the spatial gradients of the matter

density µ and the Hubble parameter H , defined by (4.8) and (4.9). By propositions 2.1.4 and 2.1.1, these

quantities are zero in the background and hence gauge-invariant by the Stewart-Walker lemma.

We make use of the fact that the Raychaudhuri equation (A.8) can be rewritten as

Ḣ = 1
3T − 1

2(µ + p), (A.22)

where

T = −3H2 + µ + Λ + ∇̂au̇
a + u̇au̇a − 2σ2 + 2ω2. (A.23)

In order to proceed, we require an identity which permits the interchange of the ˙ derivative and the

spatial derivative ∇̂a when applied to a scalar field f . A straightforward calculation using (1.18) yields

(∇̂af)˙⊥ = −H∇̂af + (∇̂a + u̇a)ḟ − (σ b
a + ω b

a )∇̂bf, (A.24)

for any scalar f (also see equation (92) in Ellis et al. (1990)).

We now derive evolution equations for Xa and Za, following Ellis and van Elst (1998, p56). Substi-

tuting f = µ into (A.24) and using (4.8), (4.9), (A.16) and (A.17) yields the evolution equation for Xa. If

we instead choose f = H in (A.24) and use (4.8), (4.9), (A.22), (A.16) and (A.17) we obtain the evolution

equation for Za. The results of these derivations are given as follows:
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Spatial Gradients of Zero-Order Quantities

Ẋ〈a〉 = −4HXa − (σ b
a + ω b

a )Xb − (1 + w)µZa, (A.25)

Ż〈a〉 = −3HZa − (σ b
a + ω b

a )Zb − 1
2Xa

+T u̇a + ∇̂a(∇̂bu̇b + u̇au̇a − 2σ2 + 2ω2). (A.26)



APPENDIX B

SPATIAL CURVATURE

In this appendix we introduce the 3-curvature when the fundamental congruence has non-zero vorticity.

This analysis leads to a generalization of the Gauss equation (1.37), the 3-Ricci tensor (1.39) and 3-Ricci

scalar.

B.1 The Generalized Gauss Equation

We note that the projected covariant derivative ∇̂a, defined in (1.11), is a non-commutative operator on

the space-time manifold when vorticity is present, i.e. ωa 6= 0. After a short calculation using (1.5), (1.11)

and (1.18), we obtain

∇̂a∇̂bf − ∇̂b∇̂af = −2ωabḟ . (B.1)

We now derive a similar identity for tensors with one or more index.

On projecting (1.18) orthogonal to ua and applying (1.11), we obtain

∇̂bua = kab, (B.2)

where kab is defined by

kab = ωab + σab + Hhab, (B.3)

(see Ellis et al. (1990), eq. (76)).

Upon performing a similar computation as in (B.1) and using (1.50), we obtain the expression

∇̂a∇̂bXc − ∇̂b∇̂aXc = −2ωabẊ〈c〉 +(3)RabcdX
d, (B.4)
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where (3)Rabcd is defined by

(3)Rabcd = (Rabcd)⊥ − kackbd + kadkbc, (B.5)

(see Ellis et al. (1990), eq. (79)). We note that this definition reduces to the 3-Riemann tensor given in

(1.37) when ua is irrotational. A similar identity to (B.4) can be obtained for tensors with two or more

indices, generalized according to

∇̂[a∇̂b]Scd···ef = −ωabṠ⊥cd···ef + 1
2( (3)RscbaT

s
d···ef + · · ·+ (3)RsfbaT

s
cd···e ). (B.6)

On contracting (B.5), we can obtain an expression for the spatial Ricci scalar and trace-free spatial

Ricci tensor in terms of the spacetime quantities from (B.5), incorporating the Weyl tensor through (1.30)

and (1.32):

(3)R = R + 2Rbdu
bud − 6H2 + 2σ2 − 2ω2, (B.7)

(3)Sab = Eab + 1
2(h c

a h d
b − 1

3hcdhab)Rcd −Hσab −Hωab

−2
3(σ2 − ω2)hab + σ c

a σcb + ω c
a ωcb + ω c

a σcb + σ c
a ωcb. (B.8)

Using the field equations (1.2) in the form (A.2)-(A.5) to eliminate R and Rab, we obtain

(3)R = −6H2 + 2µ + 2σ2 − 2ω2, (B.9)
(3)Sab = Eab + 1

2πab −Hσab −Hωab − 2
3(σ2 − ω2)hab

+σ c
a σcb + ω c

a ωcb + ω c
a σcb + σ c

a ωcb. (B.10)

B.2 The Spatial Gradient of the 3-Ricci Scalar

The spatial gradient of the 3-Ricci scalar is defined by

Ra = ` ∇̂a
(3)R. (B.11)

An evolution equation for Ra is obtained in the same manner as for Da and Za, defined in (4.35) and

(4.37), respectively. If we choose f = (3)R in (A.24) and use (4.9), (A.22), (A.16) and (A.17) we obtain

Ṙ〈a〉 = −2HRa − (σ b
a + ω b

a )Rb − 4
3T Za

−4`T u̇a + `∇̂a(∇̂bu̇b − 2σ2 + 2ω2). (B.12)
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Further, we can obtain an auxiliary equation describing the evolution of Ra from (B.12) and (4.19),

presented here for completeness:

Ṙ〈a〉 = −2HRa − 4K

`2
Za + 4H

c2
s

(1 + w)

(
∇̂2 +

K

`2

)
Da + 24c2

sH
2` curl(ωa). (B.13)



APPENDIX C

SOLUTIONS OF THE FRIEDMANN

EQUATION

In this appendix we list the solutions of the three first order quadratic DEs that arise by transforming the

Friedmann DE. In the first two cases, the solution is uniquely determined by requiring dL
dT > 0 and the

initial condition

L(0) = 0. (C.1)

In the third case we require that

L(0) = 1, and L′(T ) > 0 for T > 0. (C.2)

Differential Equation Solution

Case 1
(

dL

dT

)2

= 1 + 2αL + L2, L = sinhT + 2α sinh2(1
2T ). (C.3)

Case 2
(

dL

dT

)2

= 1 + 2αL− L2, L = sinT + 2α sin2(1
2T ). (C.4)

Case 3
(

dL

dT

)2

= L2 − 1, L = coshT. (C.5)
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There are four known cases where the Friedmann equation can be transformed into the quadratic form

(3.195) via a change of variable:

i) 1-fluid plus spatial curvature.

ii) 2-fluid flat FL.

iii) 2-fluid FL plus arbitrary curvature. The equation of state parameters must satisfy

γ1 = 2
3 + 2∆γ, γ2 = 2

3 + ∆γ, (C.6)

where ∆γ is constant.

iv) 3-fluid FL. The equation of state parameters must satisfy

γ1 > γ2 > γ3, γ1 − γ2 = γ2 − γ3 = ∆γ, (C.7)

where ∆γ is constant.

C.1 Solutions with a Stiff Fluid

There are three known cases where we can obtain a solution to the Friedmann equation where one fluid is

a so-called stiff fluid, i.e. γs = 2. In this section we briefly present each of these solutions.

SD-Universes. We choose the conformal parameter to be λ = λd, which, on using (3.113), leads to a

single mass parameter defined by

ms =
(

λs

λ

)−4

. (C.8)

In this case the Friedmann equation reads
(

d`

dt

)2

= (λs`)−4 + (λd`)−1. (C.9)

We apply the change of variable

L =
λ4

s

λ
`3, T = 3

λ2
s

λ
t, (C.10)

obtaining (
dL
dT

)2

= 1 + L. (C.11)
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Subject to the IC L(0) = 0, the solution is

L(T ) = 1
4T 2 + T , (C.12)

or equivalently

`(t) = λ−1
[

9
4(λt)2 + 3

√
ms(λt)

]1/3
. (C.13)

SRC-Universes. We choose the conformal parameter to be λ = λr, which, on using (3.113), leads to a

single mass parameter defined by

ms =
(

λs

λ

)−4

. (C.14)

In this case the Friedmann equation reads
(

d`

dη

)2

= (λs`)−4 + (λr`)−2 −K. (C.15)

We apply the change of variable

L = λ2
s`

2, T = 2η, (C.16)

obtaining (
dL
dT

)2

= 1 +
1√
ms
L −KL2. (C.17)

Subject to the IC L(0) = 0, the solution is

`(t) = λ−1
[√

msSK(2η) + SK(η)2
]1/2

. (C.18)

SDΛ-Universes. We choose the conformal parameter to be λ = λΛ, which, on using (3.113), leads to

two mass parameters defined by

ms =
(

λs

λ

)−4

, md =
(

λd

λ

)−1

. (C.19)

In this case the Friedmann equation reads
(

d`

dη

)2

= (λs`)−4 + (λd`)−1 + (λ`)2. (C.20)

We apply the change of variable

L = λ2
sλ`3, T = 3λt, (C.21)
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obtaining (
dL
dT

)2

= 1 +
md√
ms
L+ L2. (C.22)

Subject to the IC L(0) = 0, the solution is

`(t) = λ−1
[√

ms sinh(3λt) + md sinh2(3
2λt)

]1/3
. (C.23)

C.2 Existence-Uniqueness for the Friedmann Equation

In this section we prove existence-uniqueness of solutions to the Friedmann DE (3.115), given by
(

dL

dT

)2

=
n∑

i=1

miL
−3γi+2 −K, (C.24)

for any choice of parameters mi > 0, i = 1, . . . , n− 1 and subject to the conditions

L(0) = 0, and
dL

dT
> 0, (C.25)

We can rewrite (C.24) as
(

dL

dT

)2

= L−(3γ1−2)

[
n∑

i=1

miL
3(γ1−γi) −KL3γ1−2

]
. (C.26)

Since γ1 > γ2 > · · · > γn and γ1 > 2
3 , this DE is of the form
(

dL

dT

)2

= L−(3γ1−2)F (L), (C.27)

with

F (0) = m1 > 0. (C.28)

Since dL
dT > 0, we can rewrite (C.27) as

dT

dL
=

L
1
2
(3γ1−2)

F (L)1/2
, L ≥ 0. (C.29)

The general solution to (C.29) is then, for all mi > 0,

T = G(L) + C, (C.30)

where G(L) is the antiderivative of the RHS of (C.29). The requirement that T = 0 when L = 0 fixes C,

and hence gives a unique solution.



APPENDIX D

CONFORMAL TIME

The conformal time variable η is defined in terms of clock time t and the length scale ` via

dη

dt
=

1
`
. (D.1)

Unlike clock time, conformal time is not necessarily unbounded into the future for ever-expanding

models. In fact, the presence or absence of certain types of fluids determines the behaviour of the confor-

mal time variable. We present the following theorem:

Theorem D.1 Let (M, g, u) be an ever-expanding n-fluid FL cosmology whose length scale satisfies

`(0) = 0 and where each fluid satisfies a linear equation of state (3.17) with equation of state parameters

γi ordered according to γ1 > γ2 > · · · > γn. It follows that η satisfies the following constraints:

(a) η is bounded below iff γ1 > 2
3 .

(b) η is bounded above iff γ2 < 2
3 .

Proof. It follows from the definition of an ever-expanding model (see section 3.1.6) that

d`

dt
> 0 ∀ t > 0. (D.2)

Using the chain rule we expand (D.1) so as to obtain

dη

d`
=

[
`
d`

dt

]−1

. (D.3)

It then follows from (D.2) and (D.3) that η is a strictly increasing function of ` for t > 0.

135



136

Let η0 and η∗ be the value of conformal time at `0 and `∗, respectively. We now integrate (D.3) over

(η0, η∗) so as to obtain

η∗ − η0 = F (`∗) =
∫ `∗

`0

[
`

(
d`

dt

)]−1

d`. (D.4)

Since η is strictly increasing, we note that η∗ is bounded above if and only if F (`∗) is bounded as `∗ →
+∞. Similarly, we note that η∗ is bounded below if and only if F (`∗) is bounded as `∗ → 0+. We now

prove the two results separately:

(a) Assume that condition (a) is not met. It then follows from (3.196) that ∃ a constant C > 0 such that
d`
dt < C ∀ t < t0. The integral (D.4) then takes the form

η∗ = η0 −
∫ `0

0

[
`

(
d`

dt

)]−1

d` < η0 − 1
C

∫ `0

0

d`

`
, (D.5)

which is unbounded.

If condition (a) is met it then follows from (3.196) that ∃ constants C > 0 and ε > 0 such that
d`
dt > C`−ε ∀ t < t0. The integral (D.4) then takes the form

η∗ = η0 −
∫ `0

0

[
`

(
d`

dt

)]−1

d` > η0 − 1
C

∫ `0

0

d`

`1−ε
, (D.6)

which is bounded.

(b) Assume that condition (b) is not met. It then follows from (3.196) that ∃ a constant C > 0 such that
d`
dt < C ∀ t > t0. The integral (D.4) then takes the form

η∗ = η0 + lim
`∗→+∞

∫ `∗

`0

[
`

(
d`

dt

)]−1

d` > η0 + lim
`∗→+∞

1
C

∫ `∗

`0

d`

`
, (D.7)

which is unbounded.

If condition (b) is met it then follows from (3.196) that ∃ constants C > 0 and ε > 0 such that
d`
dt > C`ε ∀ t < t0. The integral (D.4) then takes the form

η∗ = η0 + lim
`∗→+∞

∫ `∗

`0

[
`

(
d`

dt

)]−1

d` > η0 + lim
`∗→+∞

1
C

∫ `∗

`0

d`

`1+ε
, (D.8)

which is bounded.

Thus, we conclude that the constraints hold, completing the proof. ¤
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We note that this theorem also holds in the case of closed FL as long as d`
dt > C, where C is a constant

satisfying C > 0. This constraint prevents models which recollapse or whose length scale tend to a

constant as t→ +∞.



APPENDIX E

COVARIANT DIFFERENTIAL IDENTITIES

In this appendix, we present a list of useful differential identities involving the derivative operators used

in this thesis. This list represents an extension of the list given in Ellis et al. (1990) Appendix A by

incorporating identities involving the Laplacian and curl operators.

Zero-order 3-curvature quantities for FL models: Before proceeding, we must first obtain zero order

expressions for the background curvature. It quickly follows from (3.11), (1.40) and (1.47) that, to zero

order, the background 3-curvature quantities satisfy the following relationships:

`2 (3)Rabcd = K (hachbd − hadhbc), (E.1)

`2 (3)Rac = 2K hac, (E.2)

`2 (3)R = 6K. (E.3)

We now present a list of linearized identities, derived using (1.7), (1.11), (1.16)-(1.17), (B.1) and

(B.6). In all of the following relations, we shall assume that ∇̂af , Xa and Tab and all their derivatives are

first order quantities. Further, we assume that Tab is symmetric and trace-free.

First-order time derivatives: The following set of linearized identities are used when interchanging

the derivative along the fundamental congruence (˙) with ∇̂, curl(·) or ∇̂2:
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∇̂a(ḟ)− (∇̂af) ⊥̇ = H∇̂af − ḟ u̇a, (E.4)

∇̂a(Ẋb)− (∇̂aXb) ⊥̇ = H∇̂aXb, (E.5)

∇̂a(Ṫbc)− (∇̂aTbc) ⊥̇ = H∇̂aTbc. (E.6)

`∇̂a(ḟ) = (`∇̂af) ⊥̇ − `ḟ u̇a, (E.7)

`∇̂a(Ẋb) = (`∇̂aXb) ⊥̇, (E.8)

`∇̂a(Ṫbc) = (`∇̂aTbc) ⊥̇. (E.9)

curl(Ẋa)− (curl(Xa))˙ = Hcurl(Xa), (E.10)

curl(Ṫab)− (curl(Tab))˙ = Hcurl(Tab). (E.11)

`curl(Ẋa) = (`curl(Xa)) ⊥̇, (E.12)

`curl(Ṫab) = (`curl(Tab)) ⊥̇. (E.13)

∇̂2(Ẋa) = (∇̂2Xa) ⊥̇ + 2H∇̂2Xa, (E.14)

∇̂2(Ṫab) = (∇̂2Tab) ⊥̇ + 2H∇̂2Tab. (E.15)

`2∇̂2(Ẋa) = (`2∇̂2Xa) ⊥̇, (E.16)

`2∇̂2(Ṫab) = (`2∇̂2Tab) ⊥̇. (E.17)

Laplacian identities: The following linearized identities are used when interchanging the Laplacian

operator ∇̂2 with ∇̂ or curl(·):

`2∇̂a∇̂2f = `2∇̂2∇̂af − 2K∇̂af − 2ḟcurl(ωa), (E.18)

`2∇̂a∇̂2Xb = `2∇̂2∇̂aXb − 2K
[∇̂aXb + ∇̂bXa − ha

b∇̂cXc

]
, (E.19)

`2∇̂a∇̂2Tbc = `2∇̂2∇̂aTbc − 2K
[
∇̂aTbc + ∇̂bT

a
c + ∇̂cT

a
b − ha

b∇̂sTsc − ha
c∇̂sTbs

]
,

(E.20)
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`2∇̂a∇̂2Xa = `2∇̂2∇̂aXa + 2K∇̂aXa, (E.21)

`2∇̂b∇̂2Tab = `2∇̂2∇̂bTab + 4K∇̂bTab, (E.22)

∇̂2curl Xa = curl(∇̂2Xa), (E.23)

∇̂2curl Tab = curl(∇̂2Tab). (E.24)

Curl identities: Finally, the following linearized identities are used when interchanging the curl operator

curl(·) with ∇̂:

curl(∇̂af) = −2ωaḟ , (E.25)

curl(∇̂aXb) = ∇̂(acurl(Xb)), (E.26)

curl(∇̂(aXb)) = 1
2∇̂(acurl(Xb)), (E.27)

∇̂acurl(Xa) = 0, (E.28)

curl(∇̂bTab) = 2∇̂bcurl(Tab), (E.29)

Further, we obtain the following linearized identities for the curl of a curl, in the linearized context:

`2curl curl Xa = −`2∇̂2Xa + `2∇̂a∇̂bXb + 2KXa, (E.30)

`2curl curl Tab = −`2∇̂2Tab + 3
2`2∇̂〈a∇̂cTb〉c + 3KTab, (E.31)



APPENDIX F

COVARIANT HARMONICS

In this appendix, we present an overview of general identities and results related to the covariant harmon-

ics. We extend the results of Bruni et al. (1992) Appendix B by introducing the notion of associated vector

and tensor harmonics.

As in Hawking (1966), we define the spatial harmonics Q
(n)
ab···c as eigenfunctions of the spatial Laplace-

Beltrami operator:

∇̂2Q
(k)
ab···c +

k2

`2
Q

(k)
ab···c = 0, (F.1)

where k is known as the wavenumber of the harmonic. Further, using (F.1) we impose that the Q(k)

quantities are constant in time:

Q̇
(k)
ab···c = 0. (F.2)

See Bruni et al. (1992, Appendix B) for the relation between the metric harmonics Y and the covariant

harmonics Q. Hereafter, as we are working in the geometrical formalism, the use of the term harmonics

will refer to the covariant harmonics defined by (F.1) and (F.2). For the problem at hand, we only require

scalar harmonics, vector harmonics and two-index tensor harmonics (which, for purposes of brevity will

be referred to as tensor harmonics).

We briefly discuss notation for harmonics and quantities derived from harmonics. The 0 superscript of

the harmonic quantity Q(0,k) denotes that it is a scalar harmonic. Similarly, we use 1 and 2 to denote vector

and tensor harmonics, respectively. It is common in the literature to drop the wavenumber k when writing

a harmonic quantity, so writing Q(0,k) as Q(0) instead. The wavenumber of the harmonic being used is

instead implicitly defined by the equation where the harmonic appears. Further, here and elsewhere, we

shall use Q to denote the whole set of harmonics and the standard quantities constructed from Q: we have
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scalar harmonics Q(0), Q
(0)
a , Q

(0)
ab , vector harmonics Q

(1)
a , Q

(1)
ab and tensor harmonics Q

(2)
ab .

We now give the definitions and properties of each of these three classes of harmonic types.

F.1 Scalar Harmonics

Scalar harmonics are defined as solutions of

∇̂2Q = −k2

`2
Q, (F.3)

that satisfy the time-independence constraint

Q̇ = 0. (F.4)

Each scalar harmonics Q defines a vector and a trace-free symmetric tensor via

Qa = − `

k
∇̂aQ, (F.5)

and

Qab =
`2

k2
∇̂b∇̂aQ + 1

3habQ. (F.6)

Since it follows from (F.4) and (B.1) that Q satisfies

∇̂[a∇̂b]Q = 0, (F.7)

it can be quickly shown that Qa and Qab satisfy the curl-free constraint,

curl(Qa) = 0, curl(Qab) = 0, (F.8)

congruence-orthogonality,

uaQa = 0, uaQab = 0, ubQab = 0, (F.9)

and time invariance,

Q̇a = 0, Q̇ab = 0. (F.10)

We are restricted in our choice of k2 to the eigenvalues determined by Lifshitz (1946), which in turn

are determined by the spatial curvature according to

k2 = n2 −K

{
n > 0 if K = −1, 0,

n = 3, 4, . . . if K = +1.
(F.11)
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We note that it is common to include n = 2 as a possibly harmonic mode in the case of K = +1, but it

can be shown via the constraint equation (4.29) and identity (F.16) that this mode is unphysical. In fact,

this mode is gauge-dependent and associated with the freedom of choice of the velocity field ua.

Some important identities involving the vector quantity Qa can be derived using the differential iden-

tities in Appendix E and (F.3)-(F.5):

`∇̂aQ
a = kQ, (F.12)

`2∇̂2Qa = −(k2 − 2K)Qa, (F.13)

`∇̂bQa = −k(Qab − 1
3habQ), (F.14)

`2∇̂[a∇̂b]Qc = 1
2K(hacQb − hbcQa). (F.15)

Similarly, some important identities involving the tensor quantity Qab can be derived using the differ-

ential identities in appendix E and (F.3)-(F.6):

`∇̂bQab = 2
3k−1(k2 − 3K)Qa, (F.16)

`2∇̂a∇̂bQab = 2
3(k2 − 3K)Q, (F.17)

`2∇̂b∇̂cQac = −2
3(k2 − 3K)(Qab − 1

3habQ), (F.18)

`2∇̂2Qab = −(k2 − 6K)Qab, (F.19)

`2∇̂[a∇̂b]Qcd = 1
2K

[
(hacQbd − hbcQad) + (hadQbc − hbdQac)

]
. (F.20)

F.2 Vector Harmonics

Vector harmonics are defined as solutions of

∇̂2Qa = −k2

`2
Qa, (F.21)

where Qa is divergence-free and time-independent,

∇̂aQa = 0, Q̇a = 0. (F.22)

Every vector harmonic Qa defines an associated vector harmonic Pa via

Pa = ` curl(Qa), (F.23)
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which can be shown to satisfy (F.21) and (F.22) using (E.23), (E.28) and (E.12). On taking the curl of

(F.23) and applying (F.21) and (E.30), we obtain Qa in terms of Pa,

Qa = (k2 + 2K)−1 ` curl(Pa). (F.24)

The vector harmonics Q and associated vector harmonics P then define trace-free symmetric tensor quan-

tities via

Qab = − `

k
∇̂(aQb), (F.25)

and

Pab = − `

k
∇̂(aPb). (F.26)

These tensor-valued vector harmonics are defined in order to satisfy zero second divergence,

∇̂a∇̂bQab = 0, ∇̂a∇̂bPab = 0, (F.27)

congruence orthogonality,

uaQab = 0, ubQab = 0, uaPab = 0, ubPab = 0, (F.28)

and time invariance,

Q̇ab = 0, Ṗab = 0. (F.29)

The tensor-valued vector harmonics are related using (F.25), (F.26) and (E.24), as follows:

` curl(Pab) = 1
2(k2 + 2K)Qab, (F.30)

` curl(Qab) = 1
2Pab. (F.31)

As with scalar harmonics, we are restricted in our choice of k2 to the eigenvalues determined by

Lifshitz (1946), according to

k2 = n2 − 2K

{
n > 0 if K = −1, 0

n = 3, 4, . . . if K = +1
. (F.32)

Again, it is common to include n = 2 as a possibly harmonic mode in the case of K = +1, but it can be

shown via the constraint equation (A.21) that this mode is unphysical.
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Using the differential identities in Appendix E and (F.21)-(F.23) we can derive the following identity

for the vector harmonics Qa and associated vector harmonics Pa (in this case, we may replace Qa with

Pa to obtain a second identity):

`2∇̂[a∇̂b]Qc = 1
2K(hacQb − hbcQa). (F.33)

Some identities involving the tensor-valued vector harmonics Qab and associated tensor-valued vector

harmonics Pab can be derived using the differential identities in appendix E and (F.21)-(F.26). In each of

the following identities, the pair (Qab, Qa) may be replaced with (Pab, Pa):

`∇̂bQab = 1
2k−1(k2 − 2K)Qa, (F.34)

`2∇̂(a∇̂cQa)c = −1
2(k2 − 2K)Qab, (F.35)

`2∇̂2Qab = −(k2 − 4K)Qab, (F.36)

`2∇̂[a∇̂b]Qcd = 1
2K

[
(hacQbd − hbcQad) + (hadQbc − hbdQac)

]
. (F.37)

F.3 Tensor Harmonics

Tensor harmonics are defined as solutions of

∇̂2Qab = −k2

`2
Qab, (F.38)

where Qab is divergence-free, trace-free and time independent:

∇̂bQab = 0, Qa
a = 0, Q̇ab = 0. (F.39)

As with vector harmonics, every tensor harmonic Qab defines an associated tensor harmonic Pab via

Pab = `curl(Qab). (F.40)

It can be shown that Pab satisfies the definition of a tensor harmonic (F.38)-(F.39) using (E.24), (E.29)

and (E.13). It then follows immediately from (F.38) that the quantities Qab and Pab satisfy congruence

orthogonality:

uaQab = 0, ubQab = 0, uaPab = 0, ubPab = 0. (F.41)

Upon taking the curl of (F.40) and applying (F.38) and (E.31), we obtain Qab in terms of Pab:

Qab = (k2 + 3K)−1`curl(Pab). (F.42)
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As with scalar and vector harmonics, we are restricted in our choice of k2 to the eigenvalues deter-

mined by Lifshitz (1946):

k2 = n2 − 3K

{
n > 0 if K = −1, 0

n = 3, 4, . . . if K = +1
. (F.43)

We can obtain an important identity for Qab and Pab using (B.6) and (E.1), as follows (the identity for

Pab is identical, except with Qab replaced with Pab):

`2∇̂[a∇̂b]Qcd = 1
2K

[
(hacQbd − hbcQad) + (hadQbc − hbdQac)

]
. (F.44)



APPENDIX G

THE 3-COTTON-YORK TENSOR

In this appendix we introduce the 3-Cotton-York tensor, which is useful in the analysis of tensor pertur-

bations. Specifically, we are interested in using the 3-Cotton-York tensor in place of the co-moving shear

Xab in developing a governing DE for tensor perturbations. It is of interest in this regard due to its relation

with Bardeen’s metric potential H
(2)
T . We will further show that the coefficients of the shear and Weyl

tensor components can be rewritten in terms of C(k). To the best of the author’s knowledge, this analysis

of tensor perturbations in terms of the 3-Cotton-York tensor is new.

In terms of the trace-free spatial Ricci tensor (1.40), the 3-Cotton-York tensor is defined as (see, for

example, van Elst and Uggla (1997, p2680-1))

(3)Cab = curl((3)Sab), (G.1)

and hence is symmetric and tracefree. In the linearized context, we can use (B.10) and (4.28) to obtain an

alternative first-order expression for (3)Cab in terms of the Weyl tensor components, namely

(3)Cab = −HHab + curl(Eab). (G.2)

We note that an important property of this quantity is that it has zero spatial divergence in the linear theory.

Indeed, upon taking the divergence of (G.2) and applying (4.31), (4.29), (4.30) and (E.29), we obtain, to

first order,

∇̂b (3)Cab = 0. (G.3)

The evolution equation for (3)Cab then follows upon taking the time derivative of (G.2) and applying

(4.11), (4.24), (4.25) and (E.11), giving

(3)Ċab = −3H (3)Cab +
2K

`2
Hab − ∇̂2Hab + 2∇̂〈a∇̂cHb〉c. (G.4)
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G.1 Evolution Equation for the 3-Cotton-York Tensor

Instead of choosing the co-moving shear to be the basic quantity for tensor perturbations (as in section

4.6), we can instead choose the basic quantity to be the dimensionless 3-Cotton-York tensor, defined by

Cab = `3 (3)Cab. (G.5)

Upon recalling from (G.3) that the 3-Cotton-York tensor has zero divergence, it quickly follows that

Cab also has zero divergence, i.e.

∇̂bCab = 0. (G.6)

Hence, Cab can be expanded purely in terms of associated tensor harmonics, according to

Cab =
∑

k

C(k)P
(2)
ab , (G.7)

The derivatives of Cab along the fundamental congruence are obtained by differentiating (G.7), giving

Ċ〈ab〉 =
∑

k

Ċ(k)P
(2,k)
ab , C̈〈ab〉 =

∑

k

C̈(k)P
(2,k)
ab . (G.8)

Upon differentiating (G.5) and using (3.9) and (G.4) we obtain

Ċab = `3

(
2K

`2
− ∇̂2

)
Hab. (G.9)

Differentiating again and applying (G.5) and (E.17) yields

C̈ab + 3H Ċab +
(

2K

`2
− ∇̂2

)
Cab = 0. (G.10)

We now expand each term of this equation in terms of tensor harmonics using (G.7) and (G.8), applying

(F.38) to remove the Laplacian term, obtaining

C̈(k) + 3H Ċ(k) +
1
`2

(
k2 + 2K

) C(k) = 0. (G.11)

This is then the second-order DE governing the evolution of the 3-Cotton-York tensor. In terms of confor-

mal time, this DE reads

C′′(k) + 2H`C′(k) + (k2 + 2K)C(k) = 0, (G.12)

which is identical to Bardeen’s DE for the metric potential H
(2)
T , given in Bardeen (1980) equation (4.14).
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G.2 Tensor Perturbations

We now show the relation between (G.11) and the governing DE for tensor perturbations (4.76). We

note that it follows by (G.3) that the 3-Cotton-York tensor is purely tensorial, i.e. the scalar and vector

contributions to (3)C(k) are exactly zero. Expanding (3)C(k) in terms of associated tensor harmonics yields

(3)Cab =
∑

k

(3)C(k)P
(2)
ab . (G.13)

The coefficients (3)C(k) can then be determined in terms of X(k) and the tensor harmonics via (G.2) upon

applying (4.77), (4.80), (4.81) and (F.40). We obtain

(3)C(k) v − 1
H2`2

(
Ẋ(k) + 2HX(k)

)
. (G.14)

If we expand (G.9) in terms of tensor harmonics using (4.77), (F.38) and (G.8), we obtain

Ċ(k) = `
(
k2 + 2K

)
H(k), (G.15)

and hence using (4.81) that

X(k) =
1

k2 + 2K
`Ċ(k). (G.16)

Now using (G.16), we can rewrite (4.79)-(4.81) as

σ(k) =
1

k2 + 2K
Ċ(k), (G.17)

E(k) = − 1
k2 + 2K

[
C̈(k) + 2H Ċ(k)

]
, (G.18)

H(k) =
1

k2 + 2K
`−1Ċ(k). (G.19)

Thus, we obtain the coefficients of the shear and Weyl tensor components in terms of the coefficients of

the 3-Cotton-York tensor C(k).



APPENDIX H

BESSEL AND ASSOCIATED LEGENDRE

FUNCTIONS

In this appendix we present solutions of the Bessel DE, toroidal Legendre DE and conical Legendre DE,

which are used in solving the governing DEs for scalar and tensor perturbations. In section H.1 we present

the normal forms of the Bessel and associated Legendre DEs and their general solutions in terms of Bessel

and associated Legendre functions. As discussed in section H.2, these solutions can be written in terms

of elementary functions in certain special cases. Further, resonant solutions of the Legendre DE appear

in certain cases, as discussed in section H.3. Finally, the asymptotic behaviour of the general solutions is

given in section H.4.

H.1 Normal Forms of Bessel and Associated Legendre DEs

In this section we present the normal forms of Bessel’s DE, the toroidal Legendre DE and the conical

Legendre DE along with their general solution in terms of Bessel functions and associated Legendre

functions. Formally, the toroidal and conical Legendre functions are defined as the composition of the

associated Legendre functions with cosh and cos, respectively.

Bessel’s DE Normal Form:
d2X

dT 2
+

[
a2 − (µ2 − 1

4)
T 2

]
X = 0. (H.1)
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Solution:

X(T ) = T
1
2 [c1Jµ(aT ) + c2Yµ(aT )] . (H.2)

Legendre DE (Toroidal) Normal Form:

d2X

dT 2
+

[
−(ν + 1

2)2 − (µ2 − 1
4)

sinh2 T

]
X = 0. (H.3)

Solution:

X(T ) = (sinhT )
1
2 [c1P

µ
ν (coshT ) + c2Q

µ
ν (coshT )] . (H.4)

Legendre DE (Conical) Normal Form:

d2X

dT 2
+

[
(ν + 1

2)2 − (µ2 − 1
4)

sin2 T

]
X = 0. (H.5)

Solution:

X(T ) = (sinT )
1
2 [c1P

µ
ν (cosT ) + c2Q

µ
ν (cosT )] . (H.6)

H.2 Special Solutions of the Governing DEs

For certain values of γ, µ and ν, the Bessel functions and associated Legendre P functions reduce to

closed-form trigonmetric expressions. Further, in each of these cases we can derive a second linearly

independent solution Q̃ of the associated Legendre DEs (H.3) and (H.5) that is defined so as to reduce to

Jµ(bz) in the limit z → 0. This solution is a preferred choice, since it emphasizes the relation between

solutions for K = ±1 and solutions with K = 0 in the early time limit. In this section, we present

the first few instances of this behaviour and its importance in modelling perturbations with a given fluid

background.

For brevity, we shall make use of the notation

C(z) = cos(z), S(z) = sin(z), (H.7)

and use the tilde v to denote dependence up to a multiplicative constant.
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µ = 1
2 , ν = −1

2 +
√

Kb Describes evolution of (C, γ = 4
3 ).

z1/2 · Yµ(bz) v C(bz), (H.8)

z1/2 · Jµ(bz) v S(bz), (H.9)

(sinh z)1/2 · Pµ
ν (cosh z) v C(bz), (H.10)

(sinh z)1/2 · Q̃µ
ν (cosh z) v S(bz), (H.11)

(sin z)1/2 · Pµ
ν (cos z) v C(bz), (H.12)

(sin z)1/2 · Q̃µ
ν (cos z) v S(bz). (H.13)

µ = 3
2 , ν = −1

2 +
√

Kb Describes evolution of (C, γ = 1), (X , γ = 4
3 ), (D, γ = 4

3 ).

z1/2 · Yµ(bz) v z−1C(bz) + bS(bz), (H.14)

z1/2 · Jµ(bz) v −z−1S(bz) + bC(bz), (H.15)

(sinh z)1/2 · Pµ
ν (cosh z) v (coth z)C(bz) + bS(bz), (H.16)

(sinh z)1/2 · Q̃µ
ν (cosh z) v −(coth z)S(bz) + bC(bz), (H.17)

(sin z)1/2 · Pµ
ν (cos z) v (cot z)C(bz) + bS(bz), (H.18)

(sin z)1/2 · Q̃µ
ν (cos z) v −(cot z)S(bz) + bC(bz). (H.19)

µ = 5
2 , ν = −1

2 +
√

Kb Describes evolution of (C, γ = 1
3 ), (X , γ = 1).

z1/2 · Yµ(bz) v (b2 − 3z−2)C(bz)− 3bz−1S(bz), (H.20)

z1/2 · Jµ(bz) v (b2 − 3z−2)S(bz) + 3bz−1C(bz), (H.21)

(sinh z)1/2 · Pµ
ν (cosh z) v (b2 − 3 coth2 z + 1)C(bz)− 3b(coth z)S(bz), (H.22)

(sinh z)1/2 · Q̃µ
ν (cosh z) v (b2 − 3 coth2 z + 1)S(bz) + 3b(coth z)C(bz), (H.23)

(sin z)1/2 · Pµ
ν (cos z) v (b2 − 3 cot2 z − 1)C(bz)− 3b(cot z)S(bz), (H.24)

(sin z)1/2 · Q̃µ
ν (cos z) v (b2 − 3 cot2 z − 1)S(bz) + 3b(cot z)C(bz). (H.25)
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H.3 Resonant Solutions of the Legendre DE

For certain special cases, the associated Legendre functions P and Q are no longer linearly independent

(see Abramowitz and Stegun p333, eq. (8.1.8)). One such example is the case of scalar perturbations with

a dust background (γ = 1), where a second solution must be determined through alternative means. We

now give the first five examples of resonance in the Legendre DE and give the second resonant solution

of the Legendre DE for each case, denoted by Rµ
ν (z). The toroidal solutions are given below. Conical

solutions are obtained by replacing hyperbolic functions with trigonometric functions.

µ = 1
2 , ν = −1

2

(sinh z)1/2 · P 1/2
−1/2(cosh z) v 1, (H.26)

(sinh z)1/2 ·R1/2
−1/2(cosh z) v z. (H.27)

µ = 3
2 , ν = −1

2

(sinh z)1/2 · P 3/2
−1/2(cosh z) v coth z, (H.28)

(sinh z)1/2 ·R3/2
−1/2(cosh z) v z coth z − 1. (H.29)

µ = 5
2 , ν = −1

2

(sinh z)1/2 · P 5/2
−1/2(cosh z) v 2(coth z)2 + (sinh z)−2, (H.30)

(sinh z)1/2 ·R5/2
−1/2(cosh z) v z

(
2(coth z)2 + (sinh z)−2

)− 3(coth z). (H.31)

µ = 3
2 , ν = 1

2 ,−3
2

(sinh z)1/2 · P 3/2
−3/2(cosh z) v (sinh z)−1, (H.32)

(sinh z)1/2 ·R3/2
−3/2(cosh z) v z(sinh z)−1 − cosh z. (H.33)

µ = 5
2 , ν = 1

2 ,−3
2

(sinh z)1/2 · P 5/2
−3/2(cosh z) v (coth z)(sinh z)−1, (H.34)

(sinh z)1/2 ·R5/2
−3/2(cosh z) v 3z(coth z)(sinh z)−1 − ((cosh z)2 + 2)(sinh z)−1. (H.35)
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H.4 Asymptotic Behaviour

We now present the asymptotic behaviour of the Bessel functions and associated Legendre functions, both

for early times and late times.

Bessel Functions

Ju(t→ 0) ∼
{

t|u| u integer

tu u noninteger
Yu(t→ 0) ∼

{
t−|u| u 6= 0

ln(t) u = 0
(H.36)

Ju(t→ +∞) ∼ t−1/2 sin(t + φ) Yu(t→ +∞) ∼ t−1/2 cos(t + φ) (H.37)

Associated Legendre Functions (t→ 1)

Pµ
ν (t→ 1) ∼





1 µ = 0

(t− 1)|µ|/2 µ integer

(t− 1)−|µ|/2 µ noninteger

(H.38)

Qµ
ν (t→ 1) ∼





ln(t− 1) µ = 0

(t− 1)−|µ|/2 µ integer

(t− 1)−|µ|/2 µ noninteger

(H.39)

Toroidal Legendre Functions (t→∞)

For the case

ν = −1
2 + ib, b > 0, (H.40)

the asymptotic behaviour of the toroidal Legendre functions is given by

Pµ
ν (cosh(t→∞)) ∼ exp(−t/2) cos(bt + φ), (H.41)

Qµ
ν (cosh(t→∞)) ∼ exp(−t/2) sin(bt + φ), (H.42)

as t→∞.
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[9] Demiański, M., Zdzislaw, A.G. and Woszczyna, A. (2005). Evolution of density perturbations in a

realistic universe, Gen. Relativ. Gravit. 37, 2063-2082.

155



BIBLIOGRAPHY 156

[10] Dunsby, P.K.S., Bassett B.A. and Ellis, G.F.R. (1997). Covariant analysis of gravitational waves in a

cosmological context, Class. Quan. Grav. 14, 1215-22.

[11] Ehlers, J. and Rindler, W. (1989). A phase-space representation of Friedmann-Lemaı̂tre universes

containing both dust and radiation and the inevitability of a big bang, Mon. Not. R. Astr. Soc. 238,

503-21.

[12] Einstein, A. and de Sitter, W. (1932). On the relation between the expansion and the mean density of

the universe, Proc. Natl. Acad. Sci. USA 18, 213-14.

[13] Ellis, G.F.R. (1973). Relativistic Cosmology. In Cargèse Lectures in Physics Physics, Volume 6, ed.
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