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Abstract

The Jacobian Conjecture is a long-standing open problem in algebraic geometry. Though the
problem is inherently algebraic, it crops up in fields throughout mathematics including perturbation
theory, quantum field theory and combinatorics. This thesis is a unified treatment of the combinatorial
approaches toward resolving the conjecture, particularly investigating the work done by Wright and
Singer. Along with surveying their contributions, we present new proofs of their theorems and motivate
their constructions. We also resolve the Symmetric Cubic Linear case, and present new conjectures

whose resolution would prove the Jacobian Conjecture to be true.
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Chapter 1

The Jacobian Conjecture

1.1 Introduction

The Jacobian Conjecture is one of the most well known open problems in mathematics. The problem
was originally formulated by Keller [5] in 1939. In the late 1960s, Zariski and his student Abhyankar
were among the main movers of the conjecture, and motivated research in the area. Since then, hun-
dreds of papers have been published on the subject, using approaches from many different areas of
mathematics including analysis, algebra, combinatorics and complex geometry. This thesis focuses on

the combinatorial approaches toward resolving the conjecture.

The first chapter provides an overview of the work done toward resolving the Jacobian Conjecture. In

this chapter, we give an overview of the material covered throughout the rest of the thesis.

The second chapter is dedicated to the pioneering work of Bass, Connell and Wright [2] in finding
a combinatorial means of presenting the Jacobian Conjecture. We first outline the work done by Ab-
hyankar [1] in establishing an easily expressible formal inverse for any multivariable polynomial with
complex coefficients. Using the formal expansion of the inverse, we detail how Bass, Connell, and
Wright found a combinatorial interpretation of its summands. This led to a combinatorial formulation

of the Jacobian Conjecture.

The third chapter investigates the combinatorial consequences of a reduction due to De Bondt and

Van den Essen [3]. We then show how Wright [I3] used this reduction to solve cases of the Jacobian



Conjecture. We also show how Wright’s work was used to formulate the Jacobian Conjecture in a

different light than the earlier approach by Bass, Connell and Wright [2].

In the fourth chapter, we see how Singer [9] used a more refined combinatorial structure than Wright
[11] to express the formal inverse of a function combinatorially. We show that this approach provides

a more systematic method for resolving cases of the Jacobian Conjecture than Wright’s method [I1].

1.2 Jacobian Conjecture

A function F' : C" — C" is defined to be polynomial if it is of the form F = (Fy,...,F,) where
F; € Clzy,...,zp] forall 1 < i < n. We define JF' to be the Jacobian of the function F. In other
words, JF' is the matrix in My, xn(Clz1,...,2,]) with JF; ; = D;F; where D; = 8%1 The determinant
of JF will be denoted |JF|. As an example, consider E : C> — C? given by E(x1,z2,23) = (221 +

23,23 — 23, (1 4 3i)28). Then E is polynomial, and

2 2x9 0
JE=1 0 323 —5x4 )
0 0 8(1+3i)x]

so |JE| = 48(1 + 3i)z3x].

Notice that for any polynomial function F, |JF| is a function from C" — C. It is an elementary
theorem in calculus that if F': C® — C" is invertible at a point a = (aq,...,ay) € C" then [JF|(a) is
non-zero. Using this, we can establish a necessary condition in order for a polynomial function F' to

be invertible on all of C™.

Theorem 1.2.1. [2] Let F: C" — C™ be a polynomial map. If F is invertible everywhere on C", then

|JF| is a non-zero constant.

Proof. We prove the contrapositive, so we assume that |JF| is either 0 or not constant. If |JF| = 0,
then |JF|(a) = 0 for all a € C", so F' is not invertible. If |JF| is not constant, then |JF| is a non-
constant polynomial in C[z1,...,x,]. Since C is algebraically closed, there exists a solution a € C™ to
the polynomial equation |JF| = 0. Thus |JF|(a) = 0, contradicting the invertibility of F' at the point
a. O



A natural question to then ask is whether or not the converse of Theorem [1.2.1]is true. This question

is easily answered when F' is a linear operator on C". Our proof is self-contained.

Theorem 1.2.2. A linear operator F' on C™ is invertible if and only if |JF| is a non-zero constant.

Proof. Since F is linear, JF € Myxn(C) and F(z1,...,2,) = (JF)z1---2,]". Assume |JF| is a
non-zero constant. Then from elementary linear algebra, JF' is invertible. Letting G : C" — C" be
defined by G(z1,...,z,) = (JF)_I[xl e xn]T, we see that G is the inverse of F. The converse follows
by Theorem [1.2.1 O

If we change certain conditions on F' in Theorem the converse will not necessarily be true.

Consider the following counterexamples:

Characteristic p # 0: Instead of working in the algebraically closed field C, consider working in Z,,.
It is not true that if F' : Zy — Zj; and |JF| is a non-zero constant then F' must be invertible.
As an example, consider the function F' : Z, — Z, given by F(z) = —a” + z. Then we have
JF = —pxP~! +1 =1, but F(z) is 0 everywhere by Fermat’s Little Theorem, and is therefore

not invertible.

Analytic Functions: Instead of restricting to polynomial functions, consider working with any ana-
lytic function F'. It is again not necessarily true that if |JF'| is a non-zero constant, then F' is
invertible. Consider F : C?> — C2, F} = €*', Fy = x9¢~%'. Then |JF| = 1 but F is not surjective

(it does not map to (0,y) for any y € C).

From these examples, it is natural to ask if polynomial functions on C™ are a class of functions
satisfying the converse of Theorem [[.2.1] In other words, it is natural to ask if every polynomial
function F' : C" — C" satisfying |JF| € C is globally invertible on C™. This problem, known as the

Jacobian Conjecture, is the crux of this thesis.

Conjecture 1.2.3. (Jacobian Conjecture) [3) Let F': C"* — C™ be a polynomial function. If |JF| is
a non-zero constant, then F is globally invertible on C™. That is, there exists a polynomial function

G :C" — C" such that F(G(z1,...,2p)) = (z1,...,2y) forall1 <i<n.

The following is an example supporting the Jacobian Conjecture. Let F : C?> — C2, F = (Fy, F»)

where F} = x1 + (21 + 372)2 and Fy = 2o — (21 + :cg)2.



The determinant of the Jacobian of F' is

% % 1+ 221 + 229 2x1 + 2x9
= =1.
on oo 211 — 2zy 1 — 221 — 229

Thus the Jacobian Conjecture predicts that F' has an inverse on all of C". Indeed it does. Notice that

Fi — (F1 4+ F)* = 1,
and

Fy+ (Fy + Fy)? = 1.
It follows that the inverse of the map F' = (Fy, F,) is the map G = (G, G3) defined by

Gi =11 — (21 +12)°, Gy = 2+ (21 + 22)°.

We now make some key remarks that will allow us to further restrict the set of functions we need
to consider for the Jacobian Conjecture. If T': C* — C" is invertible, then deciding whether F' is
invertible is equivalent to deciding whether T'o F' is invertible. Now let ' = I — F'(0), the operator that
translates each point in C™ by F'(0). Note that 7" is invertible. Moreover, we have that (7'o F')(0) = 0.
Thus, replacing F' by T o F', we can assume that F'(0) = 0, so F" has no constant term. Furthermore, if
we let 1) be the linear term of F, then F(;)y = JF(0)[x1 .. .xn]T. Under the conditions of the Jacobian
Conjecture, [JF|(0) # 0, so F{y) is invertible. Thus if we let 7" = (F(l))_l(F), we have that T(;) = I.
Thus T; = x; — H; where all terms in H; have degree > 2, 1 < i < n. In conclusion, we can assume

that F; = x; — H; where all terms in H; have degree > 2, 1 < i < n. We now state this as a theorem.

Theorem 1.2.4. [2] The Jacobian Conjecture holds if it is true for maps F : C* — C" satisfying
F = x — H where x = (x1,...,zy,), H = (Hy,...,Hy), and each H; has degree at least 2 for each

1< <n.

We have just seen that we can reduce the Jacobian Conjecture to a specific type of polynomial
function. Many of the major results toward resolving the Jacobian Conjecture are of this type. Other

results include the resolution of special cases. In the next section, we survey some of the early results.



1.3 History and Background

It is believed that the Jacobian Conjecture was first posed by O.H. Keller in 1939 [5]. One of the
first major results toward its resolution was due to Moh [7]. He used methods in algebraic geometry
combined with computer assistance to verify that the Jacobian Conjecture holds for the case when
n = 2 and the degree of F' is at most 100. Wang [10] generalized Moh’s result by proving that the
conjecture is true for all maps whose components have maximum degree 2, for every n. Oda and
Yoshida [8] provided a very short proof of Wang’s result. We outline Oda and Yoshida’s proof, but

first state a theorem that is essential to the proof.

Theorem 1.3.1. [Z Let F': C" — C" be a polynomial map with JF invertible. Then the following

are equivalent:

1. F is invertible.
2. F'is injective.

3. Clx1,...,xy,) s a finitely generated C[Fy, ..., F,]-module.

We now state the theorem of Wang [10] but provide Oda and Yoshida’s proof.

Theorem 1.3.2. [§] Let F' : C" — C" be a polynomial map with JF a non-zero constant. Further

assume that the degree of every component of F' is at most 2. Then F' is invertible.

Proof. To show that F' is invertible, we show that F' is injective, and the result follows by Theorem|1.3.1
Assume otherwise for contradiction. Then there exists a # b € C" such that F'(b) = F(a). Let ¢ = b—a.
Consider the function S : C" — C" given by S(z) = F(x + a) — F(x). Then S has degree at most
2 (since it is the difference of two quadratic functions) and S(c¢) = F(b) — F(a) = 0. Split S into its

homogeneous degree 1 and homogeneous degree 2 parts, say S(1) and S(y) respectively. Then we have

1
0=25(c) = Sule)+ Se(c) =Saq)(c) + 2(5)5(2) (c)
d d
= (St + Sy (@)]_y = 2 (S(te)l,-y
= JS(%) c
But ¢ # 0 and JS(5) # 0, a contradiction. O



Apart from the algebraic approaches we’ve seen thus far, Abhyankar attempted a different approach
to the Jacobian Conjecture. In all the cases we are considering, F'(0) = 0 and JF(0) is invertible, so F'
has a formal inverse G = (G1, ..., G,) where G; is in the formal power series ring Cl[x1, ..., x,]] for all
1 <4 < n. Thus the Jacobian Conjecture is the problem of whether or not the formal inverse of F' is in
fact polynomial in every component. In particular, assume F' = (Fy,..., F,) where F; € Clx1,...,xy,]
for all 1 <i <n. We can consider F; as lying in Cl[[x1,...,z,]]. We seek G1,...,G, € C[[z1,...,24]]
such that G;(F) = z; for all 1 < i < n and aim to prove that under the conditions of the Jacobian
Conjecture, G; € Clxy,...,z,] for all 1 < i < n. An advantage to this approach is that, in certain
cases, classical theorems can be used to arrive at an inverse immediately. For instance, consider when
F, = x;H;, H; € C|[[x1,...,x,]] for all 1 < i < n. Then G can be determined explicitly by using the
multivariable form of Lagrange’s Implicit Function Theorem. Such results convinced Abhyankar and
his student Gurjar [I] to seek a general inverse formula for F'. They succeeded, and their findings led

to the following result.

Theorem 1.3.3. (Abhyankar’s Inversion Formula) [1] Let F : C* — C" be a polynomial function,
F=x—-H. Lt G = (Gy,...,Gy) be the formal power series inverse of F. Then

DV ... DEn )
J— -1 = . . 1., Pn
Gi= 3 Sl )| H e HE)
peN
p=(p1,---Pn)

Abhyankar’s Inversion Formula sparked the movement toward a combinatorial approach to the
Jacobian Conjecture. To start this movement, Bass, Connell and Wright used the formula to find an
expression for the formal power series inverse of F. They showed that the inverse could be expressed
as a sum of products of differential operators acting on F', indexed by vertex-coloured trees. Before
introducing this formally, some notation and definitions are needed. We denote the set of rooted trees
by Ty If T € Ty, we denote by Aut(T) the automorphism group of 7' as a rooted ordered tree. If
v € V(T) we denote by v the set of children of v in T. That is, v™ is the set of vertices adjacent to v
whose distance from the root of 7' (which we denote by rt(T")) is greater than that of v. A colouring
of V(T) with n colours is a function ¢ : V(T) — {1,...,n}. We denote c(v") to be the multiset of
colours assigned to the vertices in v™. Finally, given a polynomial map F = z — H on C" we say F
is of homogeneous type of degree d if every component of H is homogeneous of degree exactly d. We

have the following inverse formula by Bass, Connell and Wright [2].

Theorem 1.3.4. (Bass-Connell-Wright Tree Inversion Formula)[Z] Let F = x — H be of homogeneous
type of degree d > 2, and let G = (G, ..., Gy) be the formal inverse of F. Then G = (x1+ Ny, ..., z,+



N,,) where

Z \Aut(T)| Z H Doty Hew)

T)—»{l, n}veV(T)
c(rtr)=1

In addition to the Bass-Connell-Wright Tree Inversion Formula, Bass, Connell, and Wright reduced

the Jacobian Conjecture to maps of homogeneous type of degree 3.

Theorem 1.3.5. (Cubic Reduction)[Z] The Jacobian Conjecture is true if it holds for maps F : C" —

C™ of homogeneous type of degree 3, for alln > 1.

Shortly after this, Druzkowski [4] showed that the reduction can be refined.

Theorem 1.3.6. (Cubic Linear Reduction)|f] The Jacobian Conjecture is true if it holds for maps

F : C" — C" of homogeneous type of degree 8 such that F; = wi—Lg’ where L; is linear for all1 < i <n.

Only a few cases of the Cubic and Cubic Linear Reductions have been settled. One of these cases was
established in 1993, when Wright [12] proved that the Cubic Reduction holds for maps from C3 to itself.
Further work by Hubbers [6] established that the Cubic Reduction holds for maps from C* to itself.
Though only a handful of cases were settled, combinatorial approaches to the Jacobian Conjecture were
still developing. In 2001, Singer [9] discovered an approach to the Jacobian Conjecture that expressed
the formal inverse of a function in terms of a sum of weight functions applied to Catalan trees (see
Chapter 4). Using this approach, he was able to find a different means of combinatorially attacking
the conjecture than that of Bass, Connell and Wright. He also found stronger results for special cases.

We summarize his results.

Theorem 1.3.7. [9 Let F : C" — C" be a polynomial map with F = x + H and |JF| a non-zero

constant. Then

1. If the polynomials H; are homogeneous of total degree 2 and (JH)3 =0, then HoHo H =0 and
F has inverse G = (G1,...,Gy), deg(G;) <6 for all1 <i <n.

2. If the polynomials H; are homogeneous of total degree at least 2 and (JH)2 =0, then Ho H =0,
and the inverse of F' is G =x — H.

In 2003, De Bondt and Van den Essen [3] reduced the Jacobian Conjecture to the case when the
Jacobian matrix is symmetric. Before introducing their theorem, we make a key observation. Recall

we can assume that any function F': C* — C" is of the form F' = x — H where every term in H; has



degree at least 2, 1 <1i < n (by Theorem. Now JF = I,,x,, — JH where I, «,, is the n X n identity
matrix, and JH is the Jacobian matrix of the map H = (Hy,..., Hy). Thus if JF' is symmetric, JH
is symmetric. Since JH is symmetric, for all 1 < ¢,j < n, a%iHj = %H, Thus JH is the Hessian
of some polynomial P € C[zy,...,z,]. Consequently, H = VP. The result of De Bondt and Van den

Essen can then be summarized as follows:

Theorem 1.3.8. (Symmetric Reduction)|3] The Jacobian Conjecture is true if it holds for maps F :
C" — C"™ with FF = x — H, H homogeneous of degree 3, and H = VP for some polynomial P €
Clxi,...,zy] of degree 4.

In [13], Wright simplified the Bass-Connell-Wright Tree Inversion Formula for the symmetric case. The

simplification is as follows:

Theorem 1.3.9. (Symmetric Tree Formula)[13] Let F : C" — C", F = x — VP, and let G =
(G1,...,Gy) beits inverse. Then G =z + VQ,
e=> > Il DPuwP
TeT c:E(T)—{1,....,n} veV(T)
where inc(v) is the set of edges {e1,...,er} incident to v, T is the set of isomorphism classes of

Dy

unrooted trees, and D,y = D

6(61) .. ek)'

Wright used the Symmetric Tree Formula to find combinatorial properties that emulate the conditions
given in the Jacobian Conjecture. He did this by developing a relationship between the tree formula
and a combinatorial algebra (the Grossman-Larson Algebra). By doing so, he was able to set up a
systematic computational method for solving the homogeneous degree 3 symmetric case. Because of
the Symmetric Reduction and the Cubic Reduction, the computational method provided a tractable

means of resolving the entire conjecture.

Notice the extent to which combinatorial approaches to the Jacobian Conjecture have led to signif-
icant reductions and the resolution of special cases. We can further our understanding of the problem
by studying these combinatorial approaches. This thesis does just that. In the second chapter, we
look at the development of the Bass-Connell-Wright Tree Inversion Formula and its combinatorial
implications. In the third chapter, we investigate Wright’s contributions, particularly those that have
resulted from the Symmetric Tree Formula and its relationship with the Grossman-Larson Algebra. In
the fourth chapter, Singer’s approach is detailed. We then look at extensions of these approaches, and

conclude with conjectures that arise from them.



Chapter 2

Bass-Connell-Wright Tree Inversion

2.1 Introduction

In this chapter we investigate the pioneering contribution to the development of a combinatorial ap-
proach to the Jacobian Conjecture. This development was due to Bass, Connell and Wright in their
paper “The Jacobian Conjecture: Reduction of Degree and Formal Expansion of the Inverse” [2]. In
the paper, Bass, Connell and Wright made a significant reduction to the Jacobian Conjecture. This is
discussed in Section 2.2. This reduction played a role in the development of the Bass-Connell-Wright
Tree Inversion Formula for polynomial functions. The Bass-Connell-Wright Tree Inversion Formula
led to the first successful presentation of the Jacobian Conjecture as a combinatorial problem. The
remainder of the chapter concentrates on the development of the formula. To develop the Bass-Connell-
Wright Tree Inversion Formula, Bass, Connell and Wright started by making direct use of Abhyankar’s
Inversion Formula [I]. In Section 2.3, we give a detailed the proof of Abhyankar’s Inversion Formula.
We then show how this was extended to a more detailed formal inverse formula. After this refinement,
we show how Bass, Connell and Wright found certain labelled trees that encoded all its important
information. We use this in Section 2.4 to develop the Bass-Connell-Wright Tree Inversion Formula.

We end in Section 2.5 with some observations and computations.



2.2 Reduction Theorem

Bass, Connell and Wright are credited for being the first to make major breakthroughs toward the
resolution of the Jacobian Conjecture. Their main contributions are presented in [2]. In this paper,
they accomplish two feats. First, they significantly reduce the problem to a special case. They establish
that in order to prove the Jacobian Conjecture, it suffices to prove it for maps of homogeneous type
of degree exactly 3. They further reduce the problem by showing that one can assume that if F' is
of homogeneous type of degree 3 with F' =  — H, then the map H = (Hy,..., H,) has a nilpotent
Jacobian matrix. That is, (JH)™ = 0 for some positive integer m (which is equivalent to (JH)" =0
since JH is an n x n matrix). The proof of this significant reduction has yet to provide combinatorial

insight. As a consequence, we state the theorem but omit its proof.

Theorem 2.2.1. (Reduction Theorem) [2 The Jacobian Conjecture is true if it holds for maps of
homogeneous type of degree 8 with a nilpotent Jacobian matriz. That is, the Jacobian Conjecture is

true if it holds for maps F : C* — C" with F = x — H , where H; is homogeneous of degree 3 for all
1<i<nand H= (H,...,H,) satisfies (JH)" = 0.

Though the proof of this theorem does not seem to provide any combinatorial insight into the Jacobian

Conjecture, it is necessary for refining Abhyankar’s Inversion Formula.

2.3 Abhyankar’s Inversion Formula

Before developing Abhyankar’s Inversion Formula, we need some notation. We define N to be the set

{0,1,2,...}. If p € N” with p = (p1,...,pn) we define

pl=pi!- - pp!
If a = (a1,...,ay) is an n-tuple of objects in any Q-algebra, define
D

a’ =ay' - abr.
Similarly, if D; denotes the differential operator 3%1, on C[zy,...,x,], then we define

DP = DP'... DPn

Now recall Abhyankar’s Inversion Formula (Theorem |1.3.3]).

10



Theorem 2.3.1. (Abhyankar’s Inversion Formula) [1] Let F : C" — C™ be polynomial, F' =z — H.
Let H = (Hy,...,H,), and let G = (Gy,...,Gy) be the formal power series inverse of F'. Then

1
Gi = —————DP(x; - |J(F)| - HP).
p%\]:n PR (@i - |[J(F)|- HP)

p=(P1,--:Pn)
In order to prove this theorem, we prove the following theorem, and show that Abhyankar’s Inversion

Formula is a corollary of it.

Theorem 2.3.2. (Abhyankar) [1] Let F : C* — C" be polynomial, F = x — H. For all U €
C[[$17"'7xn]]? deﬁne

<UF>= Y MDP(U(F).U(FN.HP). (2.1)
pEN" n

p=(p1,-Pn)

Then < U, F >=U.

Proof. (of Theorem [2.3.1)) Assume that the inverse of F' is G = (G1,...,Gy) as in Theorem
Let U = G; in Theorem [2.3.2] Then U(F) = G;(F) = w; since G is the inverse of F. Furthermore,

F =2 — H implies H = x — F. The result follows immediately from these observations. O
We now prove Theorem [2.3.2

Proof. (Theorem First, we experiment with the formula < U, F' > in a very simple case. We
assume that F' is a function in only one variable, say x, and U = x™ for some positive integer. By
the Reduction Theorem (Theorem [2.2.1]), we can assume that F' = x — H where H is a homogeneous
polynomial. Then U(F) = F™ = (z — H)™. Letting D = %, we see that since F' is a map in one
variable, |JF| = DF. Thus |JF| = D(x — H) =1— DH. Using these observations, we can apply

to get

<a™F>=)" l;p((a; — H)™(1— DH)HP). (2.2)
p=0 *

Our aim is to prove that the expression in (2.2)) is in fact equal to ™. This can be done directly. We

see that

11



o0

ZO l;!p((x — H)™(1 — DH)HP) =

Mg

_D m

Z ( ) m—i(Hp"‘i—Hp“DH)
p!

P =

Il
o

tllqg

n(p,m—i) ; _j
, DI . pp—i . 4
Z (—1>Z<n~l> AT (HPT = HPYDH)
1
Jj=

p‘oz; J! (p—J)!
_izm:mm( m 2)(_1)Z~ m!(m — i)
p=0i=0 =0 il(m —0)lj(p = j)!(m — i — j)!

~=J . pPYi(HPT — HPTY'DH).

Now substitute t =i+ j and ¢ = p — j. The sum can be re-written as

m t [o%e) '
Z Z Z m. 2™t DI(HI — HUY D)
I(t —1)lg!(m —¢)!

=0
i <t>< >zm D F(H™ — H™'DH)

q!
S0 () (o e
t i=0 ‘ q=0 ¢!
Two key observations are needed in order to establish the result we want. First, we know that

S (et (Zfzo( 1)" ( )) S (a1 - 1)". Indexed by ¢, the summands are 0 for t > 0
and ™ for t = 0. When t = 0, the sum indexed by ¢ becomes

o o
D4 DY D1 Hatl
> = (HY-H'DH)=)_ (Hq —D ( >>
= —\d ¢" \g+1
o +1
— Z (Dqu _ D1 Hq+l)
= q (¢g+1)!
=1.

Thus the only remaining term in the right hand side of (2.2)) is ™. We have thus proven the following

lemma.

Lemma 2.3.3. [ Let < U,F > be as defined in (2.1). Then < 2™, F >=z™

Lemma naturally generalizes to all functions. We establish this in steps. First, consider F' :

C"™ — C™ where F only alters one variable, say x;. That is, F = (F},x2,...,x,) for some function
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Fi. We make some important observations about < U, F > in this case. First, notice that JF is
zero everywhere except possibly in the first column and on the diagonal. Thus JF' is lower triangular,
so |JF| is the product of the diagonal entries of JF. But (JF);; = D1Fy and (JF);; = D;F; =1
for all 2 < ¢ < n. Thus |[JF| = D1F;. A second important observation is that for any p € N",
H? = (z — F)? =[], (x; — ;)" is zero unless p is of the form (p1,0,...,0) since for every i > 2,

x; — F; = x; — x; = 0. Using these two observations, we can simplify the expression < U, F' > to

> #Dfl(U(F) - DiFy - (= )P, (2.3)

Now factor out powers of x1 in U. That is, write

U= Un(@a,..., 202l

m=0
where each U, (z2,...,2y) € C[lx2,...,z,]]. Then we have
[e.e] o0 1
SUF>=Y Un(za,...,20) Y ED’fl(F{” - DiFy - (z1 — F1)PY)
p1=0"1""

co ) < @' Fy o> (by (2.1))

I

M8 1
o

5

g

m=0

=3 Un(aa,..,m)al  (by @2)
m=0

=U.

Thus we have established that < U, F' >= U for any function F' = (Fy,x9,...,x,) that alters only the
variable x1. Notice that we could have chosen to alter x; instead of x; for any i, 2 < i < n, and the
proof would remain the same. In other words, by changing indices, our proof shows that < U, F' >= U
for any F' = (z1,...,%i—1, F5, Tix1,...,2n), 1 <i <n. We now state these conclusions in the following

lemma.

Lemma 2.3.4. [2 Let F : C" — C", F = (z1,...,%i—1, F3,Tiy1, ..., x,) for some F; € Clxq, ..., x,).
Then using the notation from Theorem[2.3.4, < U,F >=U for all U € C[[z,...,z,]].

To show that < U, F >= U in general, we need two more steps. First, we show that the property
< U, F >=U is preserved under composition. That is, we show that if H and G satisfy < U, H >=U
and < U,G >=U forallU € C[[zy,...,zy]], then so does F' = H(G). Secondly, we will show that every

13



function F' we are considering is the composition of functions of the form in Lemma Combining

these two results proves that < U, F' >= U in general.

The proof of the first step is a relatively straightforward computation. Suppose that F' = H(G) where
<UH >=U and < U,G >=U for all U € C[[z1,...,2,]]. Then

DP

<UF>=) oy (UHG)) - JJHG)] - (= - H(G))")
peNn £
- > (vt 1@ 1E) T RN
-y o (U(H(G)) V@@ 3 G )
=y o ( o (vte) - 17a1G) -1 SO ) ))
qeNn reNn
— q ) (x —H)*
= %:n D <U(H) |J(H)| 4 ,G>
B . (x — H)?
-3 (vt ey )
—<UH>
For the second step, assume as usual that F' is of the form F' = (Fy,..., F,). Since F is invertible in
C[[z1,- .., 2n]], we can uniquely define a function T; € C[[z1, ..., z,]] by the condition that

E(:El,...,l‘i,FiJrl,...,Fn):Fi 1§Z§n

Now define H®) = (z1,...,2i-1,T;, Tit1,- - ., Tpn). We see that T,, = F,, by definition, and by induction

on n — i, we have that for all 1 <7 <n,

H(Z)OOH(n) = (x1>---7$i—17Fi7---aFn)-

Thus HV o---0 H™ = F, and so F is the composition of functions that alter only one variable. This

completes the proof of Abhyankar’s Inversion Formula. O
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2.4 Bass-Connell-Wright Tree Inversion Formula

In this section we are concerned with furthering Abhyankar’s Inversion Formula to establish a means of
expressing the inverse as a tree sum. To do this, we first relate the inversion formula to sums indexed
by functions on finite sets. These functions naturally give us our desired tree sums. To start off, we

let G be the inverse of the polynomial map F' = 2 — H and recall that by Theorem [2.3.1]

1
Gi: ZHDP({L'ZHP)

peN™
since we can assume |JF| = 1 by scaling F' appropriately. Now define G to be the homogeneous
degree d component of G;. Then it follows that
1
G = D" HP).

peN™
|p|=d

Since G; = ) d>0 G\, G, is polynomial if and only if G\ = 0 for sufficiently large d. We therefore

have the following proposition.

Proposition 2.4.1. [2 Let F : C* — C" be a polynomial map. Let G be the inverse of F in
Cllz1,...,zn]], and let G:'D be the degree d component of G;. Then F is invertible if and only if
G =0 for sufficiently large d, for oll i, 1 < i <mn.

The previous proposition motivates the in-depth study of the homogeneous polynomials G D,

2.4.1 A Functionally Indexed Formula for G;?

As claimed in the introduction of this chapter, to work toward the development of a tree formula for
the inverse G of a polynomial function F', we aim to express the expansion of G; as a sum indexed by
functions between finite sets. It will be useful to consider the functions G;(¥ separately when doing

this. To begin this process, we start off with a definition motivated by our known expansion of G;(%.

For any function L € C[[zy,...,z,]] we define
1
Lg=d > ﬁDP(L . HP) (2.4)
peN™
p|=d
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As examples, consider Ljg and Lp;;. We have that

L[l] = Z DP(LHP> = Z(DPL)HP +L- Z DpHp

p=1 p*1

_ZDLH + L - Trace(JH) Z

p=1 p=1
We also have
1

From these equations, we deduce that

GO =g, (2.7)
and

GV = H,. (2.8)
To continue toward our goal, we express Lig as a sum indexed over functions from {1,...,d} to

{1,...,n}.

Lemma 2.4.2. For L € C[[z1,...,2,]] and d > 0,

Ly = > Dy(L - Hy,).
r{l,..,d}—{1,....,n}

Here and in what follows, D, = D, --- D,,, H, = H,, --- H,, and r; = r(1).

Proof. For r: {1,...,d} — {1,...,n} define p(r) = (Jr=1(1)],...,|r'(n)|) where the i entry of p(r)
is the number of elements mapped to ¢ under the function . Note that D, = DP(") and H, = HP(),
so D, and H, are defined uniquely by p(r). It follows that the number of functions r that share the

same sequences of preimages p(r) = (p1,...,pn) is the multinomial coefficient W Thus

> D.(L-Hy) =) di!Dp(L - HP)

1. p |
T {17 d}_’{l ,,,,, n} peNn pl pn
|p|=d
=> dv— L-H?) = L.
peN™
|p|=d
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The summands in the new expression for Ly are set up in such a way that it is natural to expand
them using the product rule for derivatives. Before doing this, we need to introduce some notation.
For any subset S C {1,...,d} we denote S° to be the complement of S in {1,...,d}. Furthermore, we

use the natural notation D,y = [[;cq Dr;,- We now expand the summands of Lig.

Lemma 2.4.3. [Z Let L € C[[x1,...,2,]], and d > 0. Then

d
Lg=), (Z) > (DfL) - (Hy)g_gp-

e=0 f{1,..,e}—={1,...n}

Proof. For any d > 0, we have by Lemma [2.4.2

L[d] = Z DT(L : Hr)
r{l,..,d}—{1,...,n}

— > > (DysL)(Dyy H,)

ri{1,..dt—{1,...n} SC{1,....d}

Z Z Z (DyL)Dy(HyHy)

Sc{1,...,d} \[:S—{1,...n}¢g:S°—{1,...,n}

d
() = oo ¥ oumm)
e=0

fA{1,....e}—{1,...,n} g:{1,...,d—e}

Zd: <Cel> > (DyL) - (Hy)a—e)-

e=0 fA{1,...,e}—{1,...,n}

Notice that in Lemma [2.4.3) Lg is defined in terms of expressions of the form (H f)[ d—e]’ These expres-
sions can be further decomposed using the same lemma. The recursive nature of this decomposition

leads to an easy inductive proof of the following lemma.

Lemma 2.4.4. [2] Let L € C[[z1,...,zy]] and d > 0. Then

d
Lyg=>, >, (el,m,e) ) Les

h=1 ee{l,,d}h f:(f17'“’fh)
|e‘:d fj:{lw"ve]’}*){l:'“vn}

where le| = ey + ...+ e, and
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Ley=(DpL)(Dp,Hy) - (Dp, Hp, ) Hyp, -
Proof. This immediately follows by induction on d, applying Lemma O

Applying Lemma 4 t0 G549 we get the following result.

Proposition 2.4.5. [2] We have GO =g, ;M = H;, and for d > 2,

d
d!Gi(d) = Z (1 €2, ... €h> Z (Hi)e’f’

e=(ea,...,en) f=(f2,-.,fn)
14+eg+-+ep=d fj:{lvﬂzej}*){la'“vn}

where

(Hi)ey = (D Hi)(Dy, Hy,) - (Dy, Hy, ) Hp,.

Maintaining the spirit of expressing G;(? completely in terms of sums indexed by functions, we
aim to express (H;), ; in such a way. From the definition of (H;), ;, we see that we can express DyH,
as a sum indexed by functions. This can be done as follows. Assume f : {1,...,e} — {1,...,n} and

g:{1,...,¢'} = {1,...,n}. Then we have that

DyHg = > (Dru-1)Hg)) -+ (D1 Hy(er)) (2.9)
u:{l,...,e}—{1,....e’}

where Dy g = [[;cg D (i)- Now substituting (2.9) into Lemmam gives us our final desired expression
for G;(@.

Lemma 2.4.6. [2] Ford >0,
d
2GD=Y Ty (1 ) eh) (H). ;. (2.10)

where the indices range as follows:

e=(ez,...,€n), l+es+...+e,=d
f:(fQ,...,fh), fj:{l,...,ej}—>{1,...,n}

u:(uQ,...,uh), Uj:{1,...,€j}—>{1,...,€j_1}
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and

(Hi)e,f,u = (DfQHZ) ’ ((ng,uLv,*l(l)HfQ(l)) T (ng,U3*1(ez)Hf2 (62)))

. <<thyuh71(1)Hfh71(1)) T (thMh*l(eh—l)Hfh*l(ehfl))) . Hfh.

We have now developed an inverse formula for G;'Y whose summands are all indexed by functions.
This expression for G;(? will serve as the key to developing the Bass-Connell-Wright Tree Inversion

Formula, the focus of the next section.

2.4.2 Tree Inversion Formula

We aim to show that can be expressed as a sum indexed by labelled rooted trees. First, notice
that in , the index u only depends on the index e, so we can interchange the u-summation and
the f-summation. Now given indices (e, ) in the two inner sums of this rearranged sum, we construct
a vertex labelled rooted tree whose underlying structure is given by (e, u). The pair (e, u) gives rise to

the following sequence of functions:

{1, ent 5 {1, epgt 2225 2 e B {1t = {1) (2.11)

The sequence in can naturally be identified with a rooted tree T' = T, ,, with d vertices. The
vertex set V(T') will be the disjoint union of the sets {1,...,e;},1 < j <n. Foranyi e {1,...,e;}, we
create an edge between ¢ and u;(i). Furthermore, given any f in the outer sum of the altered version
of , we can use the maps f; : {1,...,e;} — {1,...,n} to colour the vertices in e;, 1 < j < h.
The construction of the vertex-coloured tree 7T is best illustrated in the example in Figure In this
figure, the colour of a vertex is written inside the vertex. The number outside any given vertex is the
element of e; corresponding to that vertex. We see that e3 = 4, e = 2 and e; = 1. The functions
ug : {1,2,3,4} — {1,2} and wug : {1,2} — {1} map any vertex (except the root) to its parent. For

instance, u3(4) = 2.

We now construct our tree T' = T¢, concretely with motivation from Figure First, define the
vertex set of T' to be V(T') = U?:1 Vi(T), Vi(t) = {vj1,---,Vje; } for all 1 < j < h. Here we see that
any vertex v;, is naturally associated with the rt" element of ej. Also, v11 naturally acts as the root
of this tree. The edge set E(T') consists of the pairs {vj7r,vj_17uj(r)} where 2 < j < h,1 < r <.

Thus E(T') is completely determined by the functions {ug,...,up}. Furthermore, f = (fa,..., fn) is a
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L)

Figure 2.1: Tree construction based on functions u,e, f.

colouring of V(T). In particular, f; : {1,...,e;} — {1,...,n}, so we can consider f as a function from

V(T) — {1,...,n} given by f(v;,) = fj(r), 2 < j < h, with the additional condition that f(vi 1) = 1.

For simplicity, we write f(v) as f, for any vertex v € V(T'). Recall by ([2.10]) that we have

(Hi)e,f,u = (Df2H7f) : ((ng,U3_1(1)Hf2(]‘)) U (Df37u3_1(62)Hf2 (62)))
o ((th,uh_l(l)Hfh—1 (1)) - 'thv“h_l(eh—l)Hfh—l(eh_1)> Hy,.

Each element of the form (Dy, ,,.—1x)Hy, ,(k)) in the product can be re-written as (Iwer+ Dr.) Hy, -
Thus if we define

Dy, = 11 P

wevt
and
Pry=TI (D, Hy)
veV(T)
then we have that
(Hi)eyo=Pry (T =Tew) (2.12)

We now have a tree formula parallel to that of (2.10). Using the same notation for indices in ([2.10))

we have

Lemma 2.4.7. For d > 0,

d
7}
(d)
D)3 3) 1 SRR Lo
h=2 e u f
where the ranges of indices are the same as those of Lemma 2.4.6 and

Pry=TI (D, Hy.).

veV(T)

We would like to write the sum in Lemma [2.4.7| as a sum indexed strictly by vertex-coloured trees T'

with root labelled ¢ and vertex-colouring given by the functions f. Thus, we need a way to eliminate
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the dependence of our trees on pairs (e, u). To do this, we consider the tree T = Tt ,,, and ask for the
number of pairs (¢/,u’) such that T, , and T, are isomorphic as rooted trees. Since e determines
V(T), we must have that e = ¢/. Furthermore, any isomorphism between 7 ,, and T,/ ,» must induce
a bijection from Vj(T¢) to Vj(Te 4), so that the children of a vertex in one is a permutation of the
children of its corresponding vertex in the other. The number of such isomorphisms is simply the size
of the automorphism group of T', |[Aut(T)|. Since there are e! total possible trees given by any e, we

arrive at the following:

d el
diGi :ZZZ<61,.. eh> |Aut(T)\PT’f'

h=2 T
Rearranging and simplifying, we have our final expression for G, We state this as a theorem in its
full generality. The conditions on the function F' in the theorem will be those given by the Reduction

Theorem (Theorem [2.2.1)).

Theorem 2.4.8. (Bass-Connell-Wright Tree Inversion Formula) [ Let F : C" — C™ be polynomial,
F = x—H, each H; homogeneous of a fized degree, and |JF| a non-zero constant. Let G = (G1,...,Gp)
be the formal inverse of F'. That is, G; € C|[x1,...,x,]| such that G;(Fy, ..., F,) = z; foralll <i<n.
Then G; = Zdzo G where G; = z;, ;Y = H; and

G, = Z Tt (D) ZPH (2.13)

TeTy

Here, Ty is the set of isomorphism classes of rooted trees with d vertices, £ varies over vertex-coloured

trees T with root labelled i, and

Pry=]] (DfU+va)-

veV(T)
Furthermore, G; is polynomial if and only if G =0 for sufficently large d, for each i, 1 <i <mn.
This concludes the development of the Bass-Connell-Wright Tree Inversion Formula (Theorem|2.4.8)).

The formula will be the basis of the material in the chapter to follow. In the next section, we focus

on computations involving the Bass-Connell-Wright Tree Inversion Formula in order to gain insight on

applying it.
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2.5 Computations

This section focuses on computational results arising from the Bass-Connell-Wright Tree Inversion
Formula. We look at evaluations of Pr; and Gi(d), and some properties of them. These results are

used throughout Chapter 3.

We start off by computing Pr s for some small trees. The simplest non-trivial tree to work with is Ks,
the complete graph on 2 vertices. Let T" be this tree with vertex set {vy,va}, v1 being the root vertex

coloured 7 . Then we have that

n

ZPTf =>_ 1l va+va Y. (DpwyHi) Hpwyy = Y (DjH)Hj.

I vev(T FV(T)—={1,.n} =1
f(v1)=i

Since K> is the only tree on two vertices up to isomorphism, and the size of its automorphism group

is 1, we conclude that
n

G = Z(DjHi)Hj-
j=1
We can similarly find an explicit expression for G;®). There are two rooted trees on three vertices up

to isomorphism. These trees are

We see that
— P — P = D;H;)(DyH;)H (D;jDyH;)H;H,
Z <|Aut(T1)| T, f + |Aut(T2)\ T27f> Z ( J 1)( k k5 9 Z k k-
f j=1k=1 j=1k=1
We therefore conclude that
n n 1 n n
B =3%" )(DyH; Hk+22 (D; Dy H;)H, Hy,.
j=1 :1 7j=1k=1

As we can see, computing G involves many sums and products of differential operators. In the next

chapter, we establish a compact method for computing these polynomials.

We can also make some observations on Pr s based on the structure of T'. A particular observation
is frequently used throughout Chapter 3, and is thus stated here as a theorem. The theorem is due to

Wright [13] but appears without proof.

Theorem 2.5.1. [13] Let T be a rooted tree. Assume there exists a vertex w € V(T') with up-degree
at least 4. Then Pr = 0.
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Proof. Recall that we can assume that each H; is homogeneous of degree 3 by the Reduction Theorem
(Theorem [2.2.1]). Now assume 7" has a vertex w with at least 4 children. Then for any function f,
Dy  Hy, = 0 since Dy . is the product of at least 4 differential operators acting on the degree 3

polynomial Hy, . Thus we have Pr = 0. O

This concludes our in-depth look at the development of the Bass-Connell-Wright Tree Inversion
Formula. In the next chapter, we see how this combinatorial development allows for the resolution of

special cases of the Jacobian Conjecture.
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Chapter 3

Symmetric Reduction

This chapter focuses on the influence of a recent reduction by De Bondt and Van den Essen [3] that
has led to the resolution of several cases of the Jacobian Conjecture. They proved that in addition to
the conditions of the Bass-Connell-Wright Reduction Theorem (Theorem [2.2.1]), one can also assume
that the Jacobian matrix of the function in question is symmetric. In Section 3.1 we present the
proof in full detail. In Section 3.2, we show how Wright used the symmetric condition to refine the
Bass-Connell-Wright Tree Inversion Formula. Using this refinement we provide a proof that a certain
class of functions are invertible. In Section 3.3, we use the refined tree inversion formula to annihilate
the sums indexed by certain classes of trees. This naturally leads to the introduction of a tree algebra
that will allow us to carry out calculations with the tree formulae. We use these developments to prove
a special case of the Jacobian Conjecture. To establish this special case, Wright used a theorem due
to Zhao in [I4]. We provide a different proof that is independent of Zhao’s Theorem. We conclude
the chapter in Section 3.4 by formulating the Jacobian Conjecture in terms of the Grossman-Larson

algebra as a means of establishing a computational approach to the problem.

3.1 Symmetric Reduction

In 2005, De Bondt and Van Den Essen [3] discovered the following reduction to the Jacobian Conjecture.

Theorem 3.1.1. (Symmetric Reduction) [3 The Jacobian Conjecture is true if it holds for all poly-

nomial maps ' = x — H where H is homogeneous of degree 3, JH is nilpotent, and JH is symmetric.

Note that in Theorem every condition except the symmetry of JH follows from the Bass-Connell-
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Wright Reduction Theorem (Theorem [2.2.1]), so De Bondt and Van Den Essen essentially proved that
one can assume that JH is symmetric. In this section, we will give a detailed presentation of the proof

of Theorem B.1.11

Before we begin the proof of Theorem [3.1.1] we make a few remarks and introduce some notation

and definitions. Firstly, JH is symmetric if and only if H is the gradient of some polynomial in

Clz1,...,zy]. This is known as Poincare’s Lemma (see [3]). Thus there exists f € Clzy,...,z,] such
that H =V f = (fz,,..., fz,) where f, = a%if for each i, 1 < i < n. In other words, JH = (az2a’;j>,

the Hessian of f. We use the notation h(f) to denote the Hessian of f. We now introduce the following

conjecture which is analogous to the Jacobian Conjecture.

Conjecture 3.1.2. (Hessian Conjecture) [3] Let f € Clxy,...,xyn]. If h(f) is nilpotent, then F =

x — Vf is invertible.

Notice that if we can prove that the Hessian Conjecture and the Jacobian Conjecture are equivalent,
then we have reduced the Jacobian Conjecture to the Symmetric Case. We show that these two

conjectures are in fact equivalent.

If the Jacobian Conjecture holds, it is immediate that the Hessian Conjecture holds as well. To see this,
let f € Clxy,...,zy] be such that h(f) is nilpotent, and set F' = (z1,...,2n) + (fz,5-- -, fz,,). Then
we have that A(f) = J(Vf) is nilpotent so by the Jacobian Conjecture, F' is invertible. It remains
to prove that the Hessian Conjecture implies the Jacobian Conjecture. We do this by proving the

following theorem.

Theorem 3.1.3. [3] The Jacobian Conjecture and the Hessian Conjecture are equivalent. That is, if
the Hessian Conjecture holds for 2n-dimensional maps, then every n-dimensional map F = x — H with

JH nilpotent is invertible.

Proof. We prove Theorem in two steps. First, we consider the function fi € Clx1,...,Zn, Y1, ., Yn)

given by

fuo=(—=0)Hi(z1 +iy1, ..., Tn +iyn)n + ...+ (=) Hp(x1 + Y1, . . ., T + 1Yn)Yn (3.1)

and show that the assumption that JH is nilpotent implies the nilpotency of h(fr). We then directly
show that the nilpotency of h(fr) implies the invertibility of F'.

To start, we construct an invertible linear map S : C** — C?" given by
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S($17“ . 7«”En7?/1w~7?/n) - (.’131 _iy17' R 7 iynvyla” . 7yn) (32)
and define gy = fgoS = Z?Zl(—i)Hl(xl, ..., xp)y;. If we partially differentiate gy twice with respect
to two y variables, the result is 0. If we partially differentiate with respect to an x variable and then

a y variable (or y then z), we get an entry from JH (or (JH)") with an extra factor of —i . Thus

« (=) (JH)"
hgn) = : (3.3)
(—i)JH 0
Now JH is nilpotent, and H is a function on n variables, so (JH)" = 0. Thus the characteristic
polynomial of the matrix JH as a variable in z must be z". In other words, |zI,, — JH| = z". Similarly,
|2I,—(JH)T| = z". To show that h(f) is nilpotent, we must show that |zIo, —h(fx)| = 22". Introduce

a new function p = % 2?21(1’3 + yJQ) Then h(zp) = zIs,, so by linearity of the Hessian,

h(zp — fu) = zI2n — h(fH). (3.4)

Now recall the invertible linear map S from (3.2]). Its matrix representation with respect to the
standard basis is upper triangular with 1’s along the diagonal, so |S| = 1. Thus if we compose the

function zp — f with S we have that

1((zp = fr) 0 S)| = [h(zp 0 S = g)| = |ST|A(zp = |50, S| = |h(z0 = Niseyy- (35

We can compute zp o S:

zpo S =z 52( — 1Y) +y]> =z §ij—2mjyj : (3.6)

j=1 j=1 j=1

We deduce that h(zpo S — gr) = h(zpo S) — h(gm) which from ) and (3.6) implies

x —izl, +i(JH)T
h(zpo S —gn) =
—iz+1JH 0

Consequently we have that
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\h(zpo S — gu)| = |21, — JH||zI,, — (JH)T|. (3.7)

Combining (3.5)), (3.7) and (3.6) we get

2Lon — h(fi)|s(ay) = 210 — JH||2L, — (JH)"| = 2*".
Hence h(fg) is nilpotent. This completes step 1.

In step 2, we show that F' = x — H is invertible if A(ff) is nilpotent, under the hypothesis that the
Hessian Conjecture is true. To do this, consider the function R = (z1 — (fu),,»---»%n — (fH),,,¥1 —
(ft)y,>--+Yn — (fH),,)- Since h(fu) is nilpotent, F' is invertible by the Hessian Conjecture. We
also know that the map S defined in is invertible. Thus in particular S~ o R o § must be
invertible. A straightforward computation shows that S™' o Ro S = (x1 — Hi(z1,...,%p),...,Tn —
Hp(x1,...,2,),%,...,%). Since the restriction of S~! o Ro S to the first n variables is invertible, F is

invertible. O

Wright discovered direct consequences of the Symmetric Reduction on the role of combinatorics in
resolving the Jacobian Conjecture. In the next section we detail Wright’s first major step in accom-

plishing this, a refinement of the Bass-Connell-Wright Tree Inversion Formula.

3.2 The Symmetric Tree Inversion Formula

Let I/ : C* — C™ be a polynomial map whose Jacobian matrix is symmetric. By the Symmetric
Reduction (Theorem , we can assume F' = ©—V P where P € Clxy,...,z,]. If G € C[[z1, ...,z

is the formal inverse of F', then we have the following theorem.

Theorem 3.2.1. (Symmetric Tree Inversion Formula) [15] G = x + VQ where

@= Z |Aut

TETH

and

QT,P = Z H Dmc (v)

LE(T)—{1,...,n} veV(T)

We frequently write Q as Q@ = QW + Q@ + Q®) + ... where QU™ is the homogeneous degree m

summand in Q. That is, Q™ = ZTeTm WQT,P
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Proof. To prove Theorem it suffices to show that for each i, 1 <i < n, G; = z; + D;Q). We have

that:
1
Di = Dz TA 2/ Dznc (v)
) POLTC TR PR
1
= Fra— Dz Dmc U
Z |Aut(T)]| Z H
TeT LE(T)—{1,...n} veV(T)
Now

D; H Dzncv)P = Z Dz 1nc(w H Dmcv

veV (T weV (T) veV(T)
vFW

We can write the expression DZ-(D,mC(w)P) as a sequence of differential operators indexed by the edge
labels of a new tree in the following way. We create a tree by adding an edge to the tree T" so that this
edge is incident with w, and incident to no other vertex. In other words, the end of this edge opposite

to w is exposed. We label this edge with the label . Our sum now becomes

1
a2 2 L Preossa? (38)

.n} weV (T) veV (T)
where inc(v) + 6, we; adds the exposed edge e; to the vertex w and to no other vertex. Now given any
TeT i:E(T)—{1,...,n}, and w € V(T), we create a vertex-labelled rooted tree T}, by modifying
T as follows: declare w to be the root, label w with the label 7, and label each vertex v by the label [(e)
of the edge e that is immediately before v on the unique wwv-path in T'. An intuitive way to understand
this process is to think of taking the tree T € T with edge-labelling | : E(T) — {1,...,n}, choosing a
vertex w € V(T'), adding an edge incident to w labelled with ¢ having an exposed vertex on the end
opposite w (as described just before ), and pushing each edge-label to the vertex incident to it
that is furthest from w. From this observation, if we let I, : V(T') — {1,...,n} be the vertex-labelling

of Ty, and ky,(v) be the multiset of labels of the parent vertices of v in T}, we have that

H Dzncv UweiP: H Dkw(v)Dl(v)P7 (39)

veV (T veV(T)

since the multiset of labels on the edges incident to w in the edge-labelling of T is precisely the same as

the multiset of vertex labels on the children of w, and w itself in T},. We use an example to illustrate
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these observations. Consider the edge-labelled tree

2
1
T=o0.

Since T" has 3 vertices, there are 3 candidates for T, precisely

1 %@ 2
T =), 15 = ; T3 = (1)

Using the process described above, the tree Tj is derived from the tree 7" by adding the following
exposed edge to T,
i
2
T = 1.

We then have
II Dincwytoswe P = (D1P)(D1D2P)(D2DiP)
veV(T")
and
Il DruwDiw)P = (D2DiP)(Da D1 P)(D1 P)
’UEV(Tg)

which are equal. This can be similarly verified for 77 and T5.

Therefore, using (3.9)), we can extend (3.8)) to become

1
T%Aut(m, 2. 2 1] DuwPi

T)—{1,...,n} weV(T) veV(T)
l(w) i

Z, (T)| Z Z H Dy () (VP) l(v)

TeT LV(T)—{1,....n} weV (T) veV (T)
l(w)=t

Z,A Z > II Drow(VP)

weV(T) LV (T)—{1,...,n} veV(T)
l(w)=i

Z | A Z Z Prvp;

TeT weV(T ) 1V (T)—{1,...n}

= Z Z Z |A HT PS,VP,i

S€eT,+ TET weV (T)
Tw2=S
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where Pr r; is as defined in Theorem Now fix an S € T,;. We are then summing over trees T'
which have a vertex w so that T rooted at w is isomorphic to S. If we let S’ be the tree obtained from

S by ignoring the root, then the only such unrooted tree T is S’ itself. Thus our sum becomes

{w € V(9)|S,>r,, S}
— P i = T P i
SEZTN wg:s, | Aut 5/ SV S;: | Aut(S")] SVP,

Sl,=r,, S
The automorphism group of S” defines an action on V(S’). The orbit of the root r is precisely the set
of vertices w € V(S') so that S,, and S are isomorphic as rooted trees. The stabilizer of 7 is the set
of automorphisms that fix r as a root, which is precisely the set of automorphisms of S. Thus by the

Orbit-Stabilizer Theorem, our sum becomes

IAut(S’)I
|Aut(S Z
Z 0 Psvpi-
By the Bass-Connell-Wright Tree Inversion Formula, the final expression is precisely Gj;. O

One consequence of Theorem that is needed throughout our discussion is the following theorem

by Zhao.

Theorem 3.2.2. (Zhao’s Formula) [1f] Let QU™ , m > 1, be the homogeneous summands of the
potential function Q as in Theorem |3.2.1. Then QW) = P and for m > 2,
Qm-_L (Vo - va®).

2(m o 1) k+Il=m
EI>1

From this theorem we have the following immediate corollary.

Corollary 3.2.3. (Gap Theorem) [1]] Let F be a polynomial function with symmetric Jacobian matric.
Using the notation in Theorem F is invertible (that is, G is a polynomial) if there exists a positive

integer M such that
Q(MH) _ Q(M+2) - .= Q(2M) =0.

We end this section by showing an example of the use of the Symmetric Tree Inversion Formula
(Theorem . Consider any function F' =  — VP where P = L*, L = Yo, a;x; for some positive

integer k, and
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> a’=0. (3.10)
=1

Since the coefficients aq, ..., a, are complex numbers, there are many maps that satisfy (3.10). Recall
now that we can assume we are working under the conditions in the Reduction Theorem (Theo-

rem [2.2.1)) so that VP is homogeneous of degree 3. Thus we can assume k is 4.

Before applying the Symmetric Tree Inversion Formula to our example we need a few definitions. For
any vertex v in a tree T', we denote the degree of v in T' by deg(v). We define Qine(v) t0 be the product
a, - --ai, where {l1,...,l,} is the multiset of labels in inc(v). Now consider a tree T" with |V (T")| > 2.
We can assume T has no vertex of degree more than 4, so (4).y(,) = 4(4 — 1)+ (4 — deg(v) + 1) is a
positive integer for all v € V(T'). We then have

QT,P - Z H Dmc (v)

LE(T)—{1,...,n} veV(T)

_ Z H ( 4)deg(v) Gine(w) [ A—deg(v)

LE(T)—{1,...,n} veV(T)
= Z L4|V(T)|7ZEEV(T) deg(v) H (4)deg(v)a’inc(v)

LE(T)—{1,...,n} veV(T)
= Z L2|V(T)|+2 H (4)deg(v) ine(v)
LE(T)—{1,...,n} veV(T)

— L2‘V(T)|+2 Z H deg (v) dinc(v)

LE(T)—{1,...,n} veV(T)

:L2‘V(T)|+2 H (4)deg(v) Z H Ainc(v)

veV(T) U:E(T)—A{1,....,n} veV(T)
|E(T)|
=22V T (@) 4000 (Zaz>
veV(T)

=0

by (3.10). Thus Q7 p = 0 for all trees 7" with more than one vertex. If T" has exactly one vertex, Q7 p

is trivially equal to P. This implies the following theorem which is not found in the literature.

Theorem 3.2.4. Let F = x — VP be such that P = (3.}, a;z;)* and S ,a? =0. Then F is
wnvertible with inverse G =z + VP.

Along the lines of this example, we continue by looking at consequences of the Symmetric Tree
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Inversion Formula in the next section. We focus on those examples that lead toward the resolution of

special cases of the Jacobian Conjecture.

3.3 Consequences of the Symmetric Tree Inversion Formula

3.3.1 The Symmetric Case when (JH)* =0

We use the Symmetric Tree Inversion Formula by Wright [I3] to solve cases of the Jacobian Conjecture.
The first example of this is the resolution of the symmetric case when (JH )3 = 0. By the Symmetric
Reduction (Theorem , we then have that F' = z — VP where (h(P))® = 0. In order to prove this
case, we first prove a theorem that gives us a class of trees T" such that Q7 p = 0. This class of trees

is a generalization of the trees we encountered in Section 2.5 when computing G;® and G;®.

We say that a tree T has a naked r chain if it contains a path on r vertices whose internal vertices have
degree exactly 2 and whose endpoints have degree at most 2. The following theorem characterizes the

relationship between trees containing a naked r chain and Q7 p.

Theorem 3.3.1. (Chain Vanishing Theorem) [13] Let P € C[[z1, ..., x,]] be homogeneous with (h(P))"

=0 for somer > 1. Let T be a tree which contains a naked v chain. Then Qrp = 0.

Proof. Let V(T') and E(T') denote the vertex set and edge set of T respectively. Let R be a naked r
chain in 7. First, assume that the endpoints of R both have degree 2. Then R can be written as an
alternating sequence of vertices and edges, say R = viey - --e€,_1v,, where v; € V(T) forall 1 <i <r
and e; € E(T) for all 1 < j <r —1. We also let ey and e, be the other edges incident to v; and v,
respectively. Partition F(T') into the disjoint union of {e1,...,e,—1} U E’ and V(T) into the disjoint
union of {v1,...,v,} UV’. We then have that

QT,P = Z H Dmc (v)

LE(T)—{1,...n} veV(T)

I:E'—{1,...n} l:{e1,....er—1}—{1,....,n} vEV’ ve{vy,...,ur}

= > 1 buwewP > I[I Dinew?
U:E'—{1,...,n} veV’ l:{er,....er—1}—{1,....n} vef{vr,...,v- }

= Z H Dinc(v)P Z (Dl’(eo)hp)(Dulzp) (D'L‘T72irflp)(Dir—ll/(e'r)P>' (3'11)
U:E'—{1,...,n} veV’ T yernylp—1
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th

The final summation is the (I'(eg)l’(e,))"" entry of (h(P))", which is 0 by assumption. Thus Q7 p = 0.

Now assume the endpoints of R do not necessarily both have degree 2. Without loss of generality we

assume that e, is present but eg isn’t. Then the inner summation of (3.11)) is
Z (Diy P)(Diyi, P) - - (Dir—zir—1P)(Dir,ll’(er)P)'
ZAla-nﬂ‘rfl

Since P is homogeneous, Euler’s formula says D;, P = d—il S 1 Djyi, P. We then have that the inner

ip=1
summation of (3.11)) is equal to

d—1 Z (Digiy P)(Diyi )"‘(Dir—zir—lp)(Dir—liz'(emp)’

10,815y 0r—1
which is 0 since (h(P))" = 0. Finally if both vy and v, have degree 1 (that is, both eg and e, are
absent), then (3.11)) becomes
Z (Di, P)(Diyin P) - -+ (Ds, i, P)(Di,_, P),
115eir—1

and applying Euler’s formula to D;, P and D;, _, P finishes the proof. O

We are now prepared to resolve the symmetric case when (JH )3 = 0.

Theorem 3.3.2. (Symmetric (JH)* =0 Case) Let F : C* — C" be such that F = x — H where H is

symmetric and homogeneous of degree 3 with (JH)3 = 0. Then F is invertible.

Proof. Since H is symmetric and homogeneous of degree 3, then we can assume F' = x — VP where
P is homogeneous of degree 4. Let G = x + V@Q be the formal inverse of F'. Then by Corollary
letting M = 3, it suffices to prove that Q®®) = Q™ = 0. We know by Theorem that Q®) =
ZT6T3 \ATI(TNQT,P' Up to isomorphism, there is only one unrooted tree on 3 vertices, a path on 3

vertices. Let Ty be this tree. Since JH = h(P), (h(P))* = 0, so by the Chain Vanishing Theorem
(Theorem , we have Qr, p = 0. Thus QB = 0. Now QW = > TeT, mQT,P- Up to

isomorphism there are 2 trees on 4 vertices, T and T3 in the diagram below:

"/
T, = Ty = {

Again, by the Chain Vanishing Theorem (Theorem , Q1,,p = 0. To show that QW =0, it then
suffices to show that Qp, p = 0. To do this, apply the operator . ,(D;P)D; to Qr, p. We get
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n n

0= (DiP)DiQr,,p =Y (D;P) [ Di > (D;P)(D;Dy,P)(DyP)
i=1 i=1 5k

= (DiP)(D:D;P)(D;DyP)(Dy,P) + > (D;P)(D; P)(D;D; D P)(Dy.P)
i,k i,k
+ (D;P)(D;Dy,P)(DD;P)(D; P).
i,k
From the last line we have 0 = Q7, p + Qry,p + Q1,,p. But @7, p = 0, so it follows that Qr, P = 0.
Thus Q™ = 0 and the result follows. O

To prove Theorem we wanted to find a positive integer M such that QM+1) = Q(M+2) —
.= QM) = (. To do this, we chose a value of M such that for all M +1 < m < 2M, Qr,p = 0 for all
T € Tpn. For T € {T1, T}, Qr,p = 0 immediately by the Chain Vanishing Theorem (Theorem [3.3.1]).
For T3, we tried to express ()7, p as a linear combination of the other trees, all of which satisfied the
conditions of the Chain Vanishing Theorem (Theorem . In order to find this linear combination,
we applied a differential operator to 717, a tree satisfying the conditions of the Chain Vanishing Theorem
(Theorem 3.3.1). This is the approach we use in more general cases. First, we find a set of trees that
satisfy the Chain Vanishing Theorem (Theorem , and aim to express all other trees as linear
combinations of these trees. In order to do this systematically, we invoke the use of an algebra that
mimics our calculations. In the next section, we introduce the algebra and show how computations in

it relate to the computations we need.

3.3.2 Grossman-Larson Algebra

In this section, we introduce the Grossman-Larson Algebra and establish its relationship to the ring of
differential operators on Clx1, ..., z,]. We use this relationship to establish special cases of the Jacobian
Conjecture. Before doing this, some notation and definitions are required. First, let {T%,...,T;} be
a multiset of trees in T,; with roots rtp,...,rtr, respectively, and let S be a tree in T U T,;. For

any sequence of vertices (v1,...,v,) € V(S)", we denote by (T1,...,T;)—0, S the tree formed

1»~~-7U'r)
by joining each 7; to S by adding an edge between rtr, and v;. Let ) be the Q—vector space spanned
by all rooted trees, where addition is formal. Let 2T be the Q—vector space spanned by all unrooted
trees. We can define actions of $ on 91 and $) itself in the following way. Let T" € T,; with root rtr,

and let S € TUT,;. Define DelRoot(T) = {T1,...,T,} to be the multiset of trees in T\{rtr}. We
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define the action

T-S = [(Tl, c. 7TT)_O(1)1,...,UT)S]' (312)
(V1,ee,0r ) EV(S)"

and extend this linearly on 9t and $. The following example illustrates the action of § on 9.

é : = \f + 2 (3.13)

Another example illustrates the action of §) on itself.

Y
%.T [

ééJrg)er@/ (3.14)

Notice that T'- S is an element in 9 if S € T and T'- S is an element of § if S € T,;. As a consequence,
$ has a ring structure on it whose product is defined by the action in , and 91 is endowed with an
$H-module structure defined by the same action. With this observation, the Chain Vanishing Theorem
(Theorem , and the Reduction Theorem (Theorem , it is natural to consider the following
$H-submodules of M. First, denote by C(r) the H-submodule of M generated by all trees containing a
naked r chain. Second, denote by V(s) the subspace of 9t generated by all trees containing a vertex
of degree at least s 4+ 1. Notice in particular that for any T' € $ and S € V(s), every tree in the sum
T - S contains a vertex of degree s + 1. Thus V(s) is an $)-submodule of 9. For positive integers
r, s, we define the $-submodule M (r, s) = C(r) + V(s), and finally define the quotient module 90(r, s)
= M/M(r,s). We also use the notation 9(r, c0) to denote M/C(r). For example, consider A € M

given by
A = + . (3.15)

Now consider ), the image of A after projection into 91(4,3). Any tree containing a vertex with degree
at least 4 or containing a naked 4 chain is annhilated, so A = 0 in (4, 3). Note that if we replace each

occurrence of a tree T" with Q7 p in the sum (3.15)), we get 0 as well by the Chain Vanishing Theorem
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(Theorem [3.3.1)) and the Reduction Theorem (Theorem [2.2.1). This gives strong evidence toward a
relationship between terms in 9 and sums with summands Q7 p. We now make this relationship

precise.

First, we define the homomorphism p, : M — Clx, ..., x,] by sending an unrooted tree T' to Q7 p
and extending linearly. Now let D[x1,...,x,] be the ring of differential operators on Clx1, ..., x,].
Given a rooted tree S let eq,...,e, be the edges adjacent to rtg. Now define the homomorphism

¢p: $H — D[x1,...,x,) where for each rooted tree S,

op(S) = > IT  Dincw)P | Dieryicen)-icen)-
LE(S)—{1,....,n} \veV(S)\{rts}

Notice that ¢,(S) mimics the definition of Q7 p for trees in T. The maps ¢, and p, are easily seen to

be compatible with the structures of 9 as an H-module and C[zy,...,z,] as a D[z, ..., z,]-module.

In other words, the following diagram commutes

H XM —_— m
l(prPp lpﬁ
D[r1,...,2y) X Clz1,...,25] —— Clz1,... 2]

where horizontal arrows are given by the module action. Thus we have established an explicit cor-
respondence between the structure of 9 as a $H-module and Clzy,...,z,] as a D[z, ..., z,]-module.

One immediate consequence of this correspondence is the following:

Proposition 3.3.3. [13 Let r,s be positive integers and P € Clxy,...,x,] be homogeneous of degree

s with (h(P))" = 0. Then p,(V(s)) = pp(C(r)) = 0.

Proof. Let T be a tree with a vertex of degree at least s+1. Then p,(T') = Q7,p = 0 since Dy P = 0.
By the compatibility of ¢, and pj, this extends to the entire module V(s). Thus p,(V(s)) = 0. Now
assume that 7" has a naked r chain. Then p,(T) = Q7,p = 0 by the Chain Vanishing Theorem
(Theorem . Again by the compatibility of ¢, and p,, this extends to the entire module C(r), so
op(C(1)) = 0. m

By Proposition pp induces a homomorphism p,(r, s) : M(r, s)— C[z1,...,,] that is compatible

with ¢,. That is, the following diagram commutes
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9 x M(r, s) —  M(r,s)
| wx7atr) |7t

D[x1,...,xp) X Clxy,...,zn] —— Clzy,..., 2]

where horizontal arrows are given by the module action. Using this, we can state sufficient conditions
for a function F' to be invertible in the case that F' has a symmetric Jacobian matrix. Let F' = x—V P,
and G = x+ V@ be its formal power series inverse (we can assume it has this form by Theorem .
Now define v, € 9 by

Notice that pp(v,,) = Q™. Thus pp(Tm) = Q™ in M(r, s). We conclude that if T, = 0 in M(r, s),

then Q™ = 0. The following proposition follows from these observations.

Proposition 3.3.4. [15 Let F : C" — C™ be a polynomial function with symmetric Jacobian matriz
and formal inverse G = x + VQ. Further assume (h(P))" = 0. Then using the notation from
Theorem if there exists a positive integer M such that vy, = 0 in M(n,4) for all m > M, then

F' is invertible.

Using the Gap Theorem (Corollary , we can state a weaker version of Proposition that

implies the Jacobian Conjecture is true.

Proposition 3.3.5. [15 Let F : C" — C™ be a polynomial function with symmetric Jacobian matriz
and formal inverse G = x + VQ. Further assume (h(P))" = 0. Then using the notation from
Theorem|3.2.1), if there exists a positive integer M such that vy, = 0 in 9 (n,4) for all M+1 < m < 2M,

then I is invertible.

Using Proposition we present an alternate proof of the Symmetric (JH )3 = 0 Case of the
Jacobian Conjecture using the Grossman-Larson Algebra. This proof is adapted from the original

proof by Wright [13].

Theorem 3.3.6. (Symmetric (JH)® = 0 Case Revisited) [13] Let F : C* — C" be such that F = x—H

where H is symmetric and homogeneous with (JH)3 = 0. Then F' s invertible.
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Proof. We are given that F' has a symmetric Jacobian matrix so we can assume F' = x — H where
H = VP for some P € Clzy,...,2,]. Now (JH)® = 0 implies (h(P))* = 0, so p,(C(3)) = 0 by
Proposition m By the same proposition, we also know that p,(V(4)) = 0 since P is homogeneous
of degree at most 4. Thus p, induces a homomorphism 7, on M(3,4) and 7,(7r;) = QU™ for all m > 1.
By the Gap Theorem (Corollary , it is sufficient to show that Q® = Q@ = 0. Thus, in the
Grossman-Larson Algebra, it suffices to show that p,(v3) = pp(v1) = 0 in M(3,4). Consider the trees
T1,T5 and T3 defined in Theorem By the definition of v,,,

vy =T, U4:T2—|—éT3.

We know that T} is a path on 3 vertices, so v3 € C(3). Thus 73 = 0 in (3, 4). Consider the product

p -y
) = + 2 ) (3.16)
&/

Let T be the rooted tree in this product. Then T -T; = 275 + T3. Since T} = 0, T - Ty = 0, so
2Ty + T3 = 0. But Ty € C(3) so Tp = 0. We conclude that T3 = 0 and hence

1
v =15+ 6T3 =0.

Thus 73 = v3 = 0 in 9(3, 4), implying p,(v3) = pp(v1) = 0. O

The proof of Theorem invoked the Gap Theorem (Corollary [3.2.3). We present a stronger

statement than that of Theorem [3.3.6] that proves Theorem [3.3.6] independent of the Gap Theorem
(Corollary [3.2.3]). The proof of this theorem is not found in the literature.

Theorem 3.3.7. [15 T € C(3) + V(4) for all trees T with at least 3 vertices.

An immediate corollary of Theorem [3.3.7]is the following:

Corollary 3.3.8. [13] Let F' : C" — C" be such that F' = x—H where H is symmetric and homogeneous
with (JH)* = 0. Then F is invertible.

Proof. (Corollary 3.3.8) Let G = x + V@Q be the formal inverse of F'. Since T' € C(3) + V(4) for all
trees T with at least 3 vertices, T, = 0 for all m > 3, so Q™ = 0 for all m > 3, implying F is

invertible. O
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We now prove Theorem [3.3.

Proof. (Theorem [3.3.7)) Consider any tree of either of the forms

SN, SN

where T € T is arbitrary. We have that

Q"g : i = O/T\o + 2 : (3.17)

T i

but we know that éand are both in C'(3). It thus follows by (3.17)) that O/ \ois in C(3) as well.

é : \f = A + 3 (3.18)

Moreover,

Q o]

We know that \( and o/ \Oe C(3) by our result from (3.17). Thus O/ \OE C(3) as well.

Now consider any tree 7" with |[V(T")] > 3. By Theorem we can assume vertices in 7" have
degree at most 4. Start a breadth-first tree for 7" at any leaf that is the end of a longest path and
consider the structure of 7" looking 2 levels into a breadth-first search. By our conclusions from
and , T’ will be of one of the following forms for some tree T' € T

v \Ko /T\X o/%\(\o O%\C\O f/ i\x_ (3.19)

It then suffices to show that all the trees in (3.19) lie in C(3) + V' (4).
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Firstly, we have that

(L : /I\ = 2 /T\ + + 3 i (3.20)

where the sum ranges over some set of trees. The unrooted tree being multiplied on the left hand side
and the trees in the summation on the right hand side of the (3.20]) are in C'(3) by our conclusion
from (3.17)). The middle tree on the right hand side of (3.20)) is in C'(3) as well by our conclusion from

I

3.18]). Thus C/ \O\ € C(3). We make a similar observation again from the equation

I

C;L} . A K/}‘O\OJF 3O/£\O\+ 25 A (3.21)

[e] e} e]
o}

o]

!

which implies o/ (L\ € C(3)+V(4) by the conclusion from (3.18) and the definition of V'(4). We also

Q\

o]

have

T

I
: = T + + g (3.22)
b SN A

o]

f

which by (3.18]) and the definition of C(3) implies / \O\ € C(3). Yet another product gives us
O

more information.
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I : I = T + /T\ + I\ +O/I\ + T
b I N SN ;./\o o\\ TN

[e]
o]

(3.23)

Using the conclusion from (3.20) and the definition of C'(3), we get O/ i\ € C(3). Finally, we have

N

o]

AN VAN

o)

LA A A A A
o) 0\ °

e]

From ([3.20)), (3.22), and the definition of C'(3), we get /ﬁ\ € C(3). Thus all the trees in (3.19

N

e}

belong to C'(3) + V(4), and we have our result. O

3.4 Computational Approach

Using the Grossman-Larson Algebra, we can set up the Jacobian Conjecture in a computational frame-
work. To do this, recall that to prove the Jacobian Conjecture, it suffices to find a positive integer M,
such that for all M, +1 < m < 2M,,, U, = 0 in M(n,4) (by Theorem. Now fix a positive integer
m. Let k be a positive integer with 1 < k < n. Assume T is a rooted tree with k vertices excluding
the root, and S € T,,_. Then T - S is a sum of trees in T),. Thus if S € C(n)+V(4), TS is a linear
combination of trees on m vertices, the linear combination being 0 in 9M(n,4). We can generate many
linear combinations in this way by choosing 7" arbitrarily and S to have a naked n chain or a vertex
with degree at least 5 (in order to ensure S = 0 in 9(n,4)). It then suffices to check if Ty, is in the
span of the linear combinations. As an example of how this computational process works, we switch

to looking at 9%(4,3) and consider vg in this quotient module.

Let A; and A be paths on 4 and 5 vertices respectively. Consider these paths along with the trees
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s=4 szi s =

Figure 3.1: Rooted Trees

from Figureand Figure We see that Ay, A9, By € C(4) and By, Bg € V(3). Thus Ay, Ag, B1, By
and Bg are all 0 in (4, 3). It follows that,

OZS/-A1:231+QB3:233
0=S5-A,=2B; +2By+ B3 =2By + B3

0=2S"-A; =2B; +6By+4B3 + 2B, + 2B5 = 6By + 4B3 + 2Bs.

Since By = By = Bg = 0 in M(4,3), T is a Q-linear combination of { By, By, Bs}. Now any Q-linear
combination of { By, B3, B5} can be written as a Q-linear combination of { B3, 2Bs+ B3, 6By+4B3+2B5 }
since the transition matrix between the two sets of vectors is triangular with no zeroes on the diagonal.
Thus 75 is a Q-linear combination of {Bs, 2By + B3, 6By + 4B3 + 2Bs}, all of which are 0 in (4, 3).
It follows that g = 0 in M(4, 3).

TYY X

Figure 3.2: Trees with 6 vertices

Li-Yang Tan [I3] created a computer program to assist Wright in expressing the values v,, as linear
combinations that are 0 in 9%(n,4) for various n. Using this computational method, another case of

the Jacobian Conjecture was resolved.

Theorem 3.4.1. [13] The Jacobian Conjecture is true for all maps F : C" — C" with F' =z — H,
JH symmetric, and (JH)* = 0.

The computer program in fact showed that all trees T' € T,, are 0 in 91(4,4) for m = 8,9, 10,11, 12, 14.

It turns out this is not true when m = 13, but v13 = 0, and so v,, = 0 for m = 8,9,10,11,12,13,14 in
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M(4,4). Thus Theorem follows from Proposition m

This concludes our investigation of the Symmetric Reduction and its influence on resolving the Jaco-
bian Conjecture. In the next chapter, we look at Singer’s approach to the conjecture which parallels
the work of Bass, Connell and Wright but uses a slightly different combinatorial setting to approach

the problem.
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Chapter 4

Catalan Tree Inversion

In this chapter, we detail the developments of Singer in [9]. In Section 4.1, we show how Singer used
Catalan trees to determine the formal power series inverse of polynomial functions. In Section 4.2,
we illustrate Singer’s combinatorial interpretation of the nilpotency condition. We also investigate
how Singer used this interpretation to pose the Jacobian Conjecture combinatorially. Using these
discoveries, in Section 4.3 we show how Singer developed a systematic method for approaching certain

cases of the Jacobian Conjecture, and how he resolved some of these cases.

4.1 Catalan Tree Inversion Formula

A Catalan tree is an ordered rooted tree such that every non-leaf vertex has up-degree at least 2. We
denote the set of Catalan trees by C' and the set of Catalan trees with p leaves by C),. For example,

('3 consists of the trees

\</ C\>/ V

In particular we have that

T\ Ty T}
&= U {]\i// LTy e Cyy1 < < kY. (4.1)

k>2
i1+...+ig=p

Ci=f} Co= {\/}

For example,



Thus by (4.1),

Cy = {X</, \>/, Ny

Moreover, we can vertex-colour trees in C'. Consider the set of vertex-coloured Catalan trees with root
coloured i. We denote by C'9) the subset of vertex-coloured Catalan trees with root labelled i where
the colours of the children of any vertex are weakly increasing from left to right. In other words, we

recursively define C'() as follows:

Ty T
o= U A R 1Ty € G, 1< i < kY. (4.2)
k>2
11+...+ip=p

1<l << <n

An example of a tree in C’S) is given in Figure

DD G
ORI )
@

Figure 4.1: A coloured Catalan tree in C§2)
Given a polynomial function F': C" — C", F' = ¢ — H, we can define a weight function on C'. Recall
that by Theorem we can assume H has no constant or linear terms, so for each 1 < i < n we can

write

Hi = Z hgj)ﬂz, ,ikxil .. xzk
k>2
Let V,(T) denote the set of leaves in V(T)). Define the weight function w : Jj—; CW — Clzy,. .., zy)

given by

I(v
w(T) = H hl((fz(;+))) H xl(v)- (4.3)
veV(T)\VL(T) veV(T)
As an example, if T is the tree from Figure then

w(T) = hf% hgihg%aaxgml.
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We can equivalently define (4.3)) recursively as follows:

w(@®) = z;
TiTy: 'Tk ) k
w( ]\C%/ ) = hEi)zzzk HW(TJ)
j=1

where T} € Cl) for all 1 < j < k. We now state and prove the Catalan Tree Inversion Formula which

gives us the inverse of F' in terms of w.

Theorem 4.1.1. (Catalan Tree Inversion Formula) [9] Let F : C* — C", F' = x — H (we can assume
H has no constant or linear terms). Let w be the weight function defined in . Let G be the formal

inverse of F'. Then for each 1 <i <mn,

TeCc®

Proof. We use the definition of w recursively on Gj.

IRVETRIIA
G= Y et Y w( )
TeC® k>2
1<ip << <n
TyeC) ... T, eClir)

k
_ (@)
=x; + Z hil,iQ,"',ik Z HW(E)
k>2 TyeCc(),.. TyeCln) j=1
1<i<~<ig<n LT hE

k
_ (@)
=it > by, > [Jw()
k>2 T eCcl) .. T.eclr) j=1
1< <-<ig<n P hE

k
ST i{ s
1<ii<ogipn’ | \BECW
k
_ (4)
=% Z hii,iQ,"' ik H Gij
k>2 j=1
1< <--<ig<n
=x; + Hi(Gl, ey Gn)
Thus Gzzxz—Hl(Gl,,Gn):Fl(Gl,,Gn) O

At times it will be convenient to ignore the vertex colours of a coloured Catalan tree T € C'® and

consider only its underlying tree in C, which we denote by shape(T). This leads to the definition of
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the weight function w; on C' given by

wiT)= Y w(S)
Ssec®
shape(S)=T

We can therefore express G; in terms of w; by

Gi= Y w@=> > wb9=> wD.
TeC®@ TeC sec®@ TeC
shape(S)=T

Using the weight function w;, we can state the Jacobian Conjecture in terms of Catalan trees.

Theorem 4.1.2. (Jacobian Conjecture - Catalan Tree Version) [9 Let F : C* — C™ be a polynomial
function. Let G = (G1,...,Gy) be the formal inverse of F. Then G is polynomial if and only if for

each 1 <i<n,

> wiT)=0 (4.4)
for sufficiently large p.
By the Reduction Theorem we assume H is homogeneous of degree d for some positive integer

d (we can further assume d = 3 but we consider general d for later arguments). From this we can

conclude that the weight of most Catalan trees is zero. The proof of this is not in the literature.

Proposition 4.1.3. [J Assume H is homogeneous of degree d. Let T' € T,. If there exists a vertex
v e V(T)\VL(T) such that the up-degree of v is not d, then w;(T) = 0.

Proof. We are given a tree T' with a vertex v such that v* = {vy,..., v}, k # d. Let | be a colouring
of V(T') with colours in {1,...,n} and root coloured i. The contribution of the vertex v to w(T') is
) k
hz(zl))l),...7z(uk) l_Ilw(Tk)
i=

where T} is the subtree of T rooted at v; for all 1 < j < k. Since H; is homogeneous of degree d # k,

hl(éz)n),...,l(vk) = 0. It follows from 1D and the definition of w; that w;(T") = 0. O

In the next section, we look at conclusions that can be made by assuming the nilpotency of the

Jacobian matrix.
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4.2 Jacobian Nilpotency and Catalan Trees

The condition that (JH)™ = 0 can be translated into a combinatorial property of a certain class of
Catalan trees. In order to establish this property, we need to define a new type of Catalan tree, and

introduce a formal multiplication between such trees.

4.2.1 Marked Catalan Trees

A marked Catalan tree is a pair (T,v) where T is a Catalan tree and v is a leaf of T. We denote the set
of marked Catalan trees by (C, ). This naturally leads to defining (C), *) and (C, ) as the marked
versions of C), and C® respectively. We additionally define C9) to be the set of trees in (C(i), %) with

marked vertex coloured j. Figure gives an example of such a tree in C§2’4).

SORONCIRE)
1 (2
@

Figure 4.2: A coloured Catalan tree in C§2’4), bulleted vertex coloured 4

We can naturally define a product on (C, x). Let (S,u), (T,v) € (C,*). We define the Catalan product

(S,u)(T,v) to be the marked Catalan tree obtained by replacing w in S by (T',v). As an example, if

(S, ) :\/. (T, ) :1

o &
N\

(S,u)(T,v) = ° . (4.5)

then it follows that

We can similarly define the product of (S,u) € (C,*) and T' € C to be the tree in C' obtained by
replacing u in S by T'. Given a tree S with n leaves, we also define the ordered product So(71,...,T,)
to be the tree obtained by replacing the i (in depth-first order) leaf of S by T;.

There is a certain class of marked trees that will be of particular interest. We say that (T,v) € (C, x)
has a chain of height k if T\V7(T) is a path on k vertices. We denote by C'Hj, the set of marked trees
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with a chain of height exactly k. As an example, the tree from (4.5)) is in C'Hy. We extend our weight
function w to the class C'J) by setting
1
wi(T,v) = — > w(S9) (4.6)

Z; o
(S,w)eChi)
shape(S,v)=(T,v)

In other words, we restrict w; to marked Catalan trees whose marked vertex is coloured j, and remove
the effect of the marked vertex on the weight. The motivation for this definition of w; ; is its compati-
bility with the product on (C, %) that allows for the following matrix-like identity, which is not proven

in the literature.

Theorem 4.2.1. [9] Let (S,u),(T,v) € (C,*). Then

wi i ((S,u)(T,v)) = wik(S, wwe (T, v). (4.7)
k=1

Proof. If (S,u), (T,v) € (C,*), we have

1
wi’j((s’ u)(T,U)) — ; Z w(R). (4.8)
fi o
(Rw)eC(®:9)
shape(R,v)=(Su)(T,v)

Given any (R,v) on the right hand side of , the vertex u may be coloured with any colour in
{1,...,n}. If u is coloured k, then split (R, v) into the product (S',u)(T",v) where (S',u) € CF) has
shape (S, u) and (T”,v) € C*J) has shape (T,v). We can therefore write as

— Z > w(R), (4.9)

TS (R)=(T (1 0)

where the inner sum runs over all (S’,u) € C*) (T’ v) € C*9) with shape(S',u) = (S,u) and
shape(T',v) = (T,v). By the definition of w(R) we see that if (R,v) = (S',u)(T",v) where (5',u) €
Ck) and (T',v) € C*9) then w(R) = w(S’)w(T/)i. Thus becomes

L Z — 3w szk S, w)wi (T, ).

LI =1 R (Row)=(57u)(T" v)

In conclusion,

wi (S, u)(T,0)) =Y wik(S, w)wy; (T, v).

k=1
O
When one of the trees is unmarked we have a similar theorem.
Theorem 4.2.2. [9] Let (S,u) € (C,x) and T € C. Then
= w;i k(S u)wp(T). (4.10)
k=1
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4.2.2 The Interpretation of (JH)" =0

We start our investigation of the relationship between the nilpotency of the Jacobian matrix and the
weight function w; ; on marked Catalan trees with the following lemma, whose proof is not contained

in the literature.

Lemma 4.2.3. [9

0H;
Oz = Z wm-(T, ’U).
T (TwyecH,

Proof. We show that there is a correspondence between monomials in gf? and summands on the
J

right hand side of the equation. We introduce this first with an example. Consider the monomial

3 . . 1 .
hg % 12233752323 in Hs. Its corresponding monomial in %—f; is

(3) 3.2
2 (h1,1,1,2,2,3,3331332373 .

This suggests there are exactly 2 trees (T,v) € CH; also lying in C32) with

_ 1 (3) 3,22
w(T) = h1,1,1,2,2,3,3501352373‘

In order for w(T') = hf}71’272’373x§x%x§, T must be the tree

OROYOROROEEIFE)

2 (4.11)

Furthermore, the only vertices in v that can be marked are the leaves coloured with the colour 2, of

which there are exactly two.

(@)

i1 i :
Vi T T The only unmarked tree in C'H;

In general, any monomial in H; is of the form h

with this as a weight is the tree T € C) whose non-root vertices are all leaves, and whose root rt

satisfies 7tT = {1,... n'»}. There are i; vertices in T coloured j. Thus T induces exactly i; trees
{1,...,T;;} in C9) that are also in CH; with weight hg?lnm az? ... Summing the weights of

these trees we have

o . 19 : . ,
w(T) + ...+ w(Ty) = Zjh%)l,,..,mnmlll ey = 2 O, (hgzi)17_,,7ninxlll " :L'?nn) .
J J

The result follows by extending this process to all monomials in H;. O

From Lemma we arrive at a connection between the nilpotency of the Jacobian matrix and

Catalan trees. This relationship is established in the next theorem. The proof is not in the literature.
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Theorem 4.2.4. [9] Let F: C" — C", F = x — H salisfy the conditions of the Reduction Theorem
(Theorem[2.2.1). Then

> wi(Tov) = (JH), =0,
(Tyw)eCHp

Proof. Denote by W the matrix defined element-wise by

Wi’j = Z wi’j<T,U>.

(Tyw)eCH;
We claim that
(Wn)” = Z wi; (T, v).
(Tw)eCHy,

Any (T,v) € CH,, can be decomposed as the product of two trees, one in CH,,_; and one in CH;. To
see how this works, refer to (4.5). Thus, by induction on n, using (4.7)),

(Wn>u = Z wi (T, v).

(Tw)eCHy,

From Lemma @4.2.3, we know that W; ; = %, so W = JH. It follows that
J

0= ((JH)")iy= > wig(Tv)

(Tyw)eCHy

4.2.3 The Degree 2 Case when (JH)* =0

In this section, we settle the degree 2, (JH )2 = 0 case of the Jacobian Conjecture. Though the develop-
ment of Wright [13] (see Chapter 3) gives a shorter proof, we provide a proof using the weight functions
on Catalan trees that motivates definitions and approaches needed for more general arguments beyond
this specific case. The proof requires us to consider isomorphism classes of Catalan trees, which we

now introduce.

Let T be a Catalan tree. We denote by [T] the set of Catalan trees isomorphic to T' as a rooted
tree. Any two trees in [T] are said to be equivalent. The number of trees in [T] is denoted sym(T).
For (T,v) € (C, %), we similarly denote by [T, v] the set of trees in (C,*) isomorphic to T as a rooted
tree where the isomorphism sends a marked vertex to a marked vertex, and denote by sym(T,v) the

number of trees in [T, v]. As an example, the four trees isomorphic to

o
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T1:\</ TQ:\</ T3:\>/ T4=\>/, (4.12)

so [T] = {T1,T»,T5,T4}. We naturally extend the weight functions w; and w; ; to the isomorphism

classes [T] and [T, v] respectively by setting

and

wi,j[T, 1}] = Z wz-,j(S, u)

(S,u)€(T,v]

Now that we have introduced equivalence classes of Catalan trees, we are prepared to prove the specific

case in question. The proof is adapted from the proof by Singer [9].

Theorem 4.2.5. [ Let F : C" — C", F = x — H, where H; is homogeneous of degree 2 for each
1<i<mn, and (JH)*>=0. Then Ho H =0, so F is invertible with inverse G = x + H.

Proof. Fix i € {1,...,n}. Since H; is homogeneous of degree 2, we can write H; as
_ (4)
H; = Z hil,izxilxi?
1<ii<iz<n

Thus we have that
Hy(Hy,....Hy)= > . Hy Hi,.
1<ii<ia<n
By substituting H;, and H;,, we see that monomials in (H o H), are of the form

h(i) h(il) h(iz)

i1,i2" iz ia Vs ig Tis Lia Lis Lig

where 1 <11 <i9<n,1<i3<i4<n,1<i5<ig<n. Consequently,

(H o] H)z = Z h(z) h(“) h(22) iz Lijy LijgLig = wz[\<>/]

11,52 "13,04" 15,16
1<i1<io<n
1<ig<is<n
1<is<ig<n

Thus, in order to prove H o H = 0, it suffices to show that

AV

By Lemma we know that (JH)? = 0 implies

Z wm(T, U) =0

(T,’U)ECHQ
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for all 1 <4,j <n. Since H is homogeneous of degree 2, w; ;(T,v) = 0 unless every non-leaf vertex in
T has up-degree exactly 2 (by Proposition [4.1.3]). There are only 4 marked Catalan trees in CHj in
which every non-leaf vertex has up-degree exactly 2. These are precisely the 4 trees in (4.12)). Thus

> wiy(Tow) = wiy [\</] =0. (4.13)

(Tw)eCH>

wi7j[x</]: > i(h(i) h(‘il)xi2$i4xj>

11,12 "j,i4
1<iy<ip<n "7
1<j<ia<n

_ (8 (1)
- Z hil 2 hj,i14 LigTig-

1<ii<iz<n
1<5<is<n

Now by definition,

Let p, g be indeterminates. We have

0“%ﬂ\<;/?<wﬂ4p+uhﬁyﬁqw-qwnMp+amﬁqu>
= % ] (bl o) (s +en (Y )

1< <ia<n

1<j<is<n
_ (@) 4 (1) ) (i2) . . ) (Ga) .. .
= E: hivislin | TieP + E hi i TisTigd | | Tip + E hig isTisTicd
1<i1<ia<n 1<is<ig<n 1<iz<ig<n

1<j<is<n

= wiy [\</]p2 T [w]pq ey [%]pq ey [\Xy]q?

So in particular, the pq coefficient is 0. That is,

Wi, j [\Q/] + Wi j [\X/] =0. (4.14)

Let M be the nxn matrix whose (4, 7)! entry is the expression in (4.14). By (4.10) we have the matrix

[
wp 9]
L
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and so by (4.14), for all 1 < i <n,

Ay [w] +wi [\X/] = 0. (4.15)

Let M’ be the nxn matrix whose entry (i, )" entry is w; ; [\</] Then we also have

wn| ] wp ]

Thus we get that

wi ]=0. (4.16)

Using both (4.15) and (4.16)) we conclude that

wi[w]:i 4wi[\<>f1+wi[%1 — 5 et

I
e

O]

The proof of Theorem [£.2.5] suggests a strategy for approaching other cases of the Jacobian Conjecture.
Recall from Theorem that to establish any case of the Jacobian Conjecture, it suffices to show
that

> wi(T)=0

TeC,
for sufficiently large p. In order to prove this, we can equivalently prove w;[T] = 0 for all T' € C,,, for
p sufficiently large. As motivated by the proof of Theorem [4.2.5] we can do this by finding a set of

linear combinations L of the form

chwi[Tj]v

J
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showing that w;[T] is a summand in each linear combination, and finally showing that members of L

are zero when (JH)" = 0. For instance, in Theorem [4.2.5 we had

L

L= {4wi [Tl] + w; [TQLWZ' [Tg]}.

and

All members of L were proven to be zero when (JH)? = 0 (by (4.15) and . and

w;[T1] € spangL.

We therefore need a systematic method for performing Gaussian elimination on linear combinations
of trees. To do this, we need an ordering on Catalan trees and a characterization of leading terms in

linear combinations of these trees. This is the focus of the next section.

4.2.4 Linear Combinations of Catalan Trees

In this section we define a partial order on Catalan trees, and find leading terms of linear combinations
of them with respect to this partial order. As mentioned in the previous section, the motivation for this
is to find a systematic method of performing Gaussian elimination on linear combinations of trees. We
also introduce definitions and constructs to deal with chains in trees, in order to exploit the nilpotency

condition.

Orderings on C' U (C, %)

We define a total ordering < on C'U (C, ) as follows. Let S,T € C'U(C,*). If S has fewer leaves than
T (or vice-versa), then S < T (S > T'). Otherwise, S and T have the same number of leaves. In this
case, we define < recursively as follows. As a base case, an unmarked tree with one vertex is defined

to be smaller than a marked tree with one vertex. Otherwise, if

$1Ss: S, T\ Ty T
o= X 1= N
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then S < T if and only if 515> ...S; is less than 7115 ... T} in lexicographic order. For example, we

ISR

Trees that are the largest in their equivalence class are called standard trees. These trees are used as

have that

equivalence class representatives. For example, the standard trees in C'5 are

\</ WV

Given a linear combination of trees {17,...,T} where T1 < ... < T}, we define T} to be the leading
term of the linear combination. We also define two orderings on multisets of trees. If My and M, are
multisets of trees, we say that M; < My if there is an injection ¢ : My — My so that T < ¢(T') for
each T' € M;. We also define the ordering < by setting M; < Ms if and only if S < T for all S € M;
and T € M.

Branch Words and Catalan Sums

Let (T,v) € (C,*). We recursively define the branch word B,(T) of (T,v) as follows. If (T,v) is a

single marked vertex, B, (T) is the empty word. Otherwise, we have

T\T>; Ty,
7= %

with v being a leaf of T; for some 4, 1 < i < k. We define B, (T) recursively by setting B, (T') = B,(T;) M

where M is the ordered multiset 7175 - - - T;_1T;11Ti40 - - Tk. As an example, if T is the tree

hod

By(T) = (Y}

where v is the marked vertex, then

Two branch words By = MM ... Mj, Bo = NiNa... N are said to be equivalent if j = k and there
is a bijection ¢; : M; — N; so that T' is equivalent to ¢;(T") for all T" € M;. In other words, M; is
a rearrangement of N; for each i, 1 < ¢ < k. The following theorem characterizes the equivalence of

marked Catalan trees based on their branch word. We omit its proof.
Theorem 4.2.6. [9] Let (S,u), (T,v) € (C,*). Then (S,u) = (T,v) if and only if By(S) = B,(T). O
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We now define sums of Catalan trees and establish properties of products of these sums. Let T €

C U (C,*). We denote by sum(T") the formal sum

sum(T) = Z T'.
T'=T

We multiply such sums in a natural way. If (S,v) € (C,%), T € C U (C, ), we set

sum(S,v)sum(T) = > (50T
(8" w")=(Sw)
T'=T

The following two lemmas establish product rules for these sums.
Lemma 4.2.7. [9 Let (R,u),(S,v) € (C,%) and (T,v) = (R,u)(S,v). Then

sum(R,u)sum(S,v) = sum(T,v).

Proof. Any term in the product is of the form (R, ')(S’,v") where (R',v) = (R,u) and (5',7') =
(S,v). By Theorem By(R') = B,(R) and B,/(S’) = B,(S). Thus,

By(T") = By(S')By(R') = B,(S)Bu(R) = B,(T).

Thus (T7,v") = (T, v), so any term in the product sum(R, u)sum(S,v) is equivalent to (T, v). Moreover,
any tree (T”,v") = (T,v) can be uniquely decomposed as (T7,v") = (R',u’)(S5’,v") where (R, v') = (R, u)
and (S’,v") = (S,v). To prove this, first note that the height of v/ from the root of 7" must be the
height of v from the root of T. Now choose the unique vertex «’ in (7”,v") on the path from its root
to v’ such that its height is the same as the height of u from the root of 7. This factors (77,v') into a
product (R, u')(S’,v"). We have that

By (S"YBy(R') = By (T") = By(T) = B,(S)By(R).

Thus B, (R') = By(R) and B,/ (S') = B,(S) so again by Theorem[1.2.6] (R’,u’) = (R, u) and (S',v’)
(S,v)

O

A similar rule holds if we assume S € C instead.

Lemma 4.2.8. [9 Let (R,v) € (C,%), S € C and T = (R,v)S. Then there exists a constant lp such
that

sum(R,v)sum(S) = lpsum(T).
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The proof of Lemma is similar to that of Lemma so we omit its proof. We can summarize

Lemma [4.2.8 and Lemma [£.2.7 in the following proposition.

Proposition 4.2.9. [J Let (R,v) € (C,*), S€ CU(C,x), T = (R,v)S. Then

_ sym(R,v)sym(S)

sum(R,v)sum(S) sym(T)

sum(T)

Proof. From Theorem and Theorem there exists a constant a such that
sum(R,v)sum(S) = asum(T)

and from this o must satisfy

sym(R,v)sym(S) = asym(T).

Chain Compositions

We refine CHy, by setting CH;, ;) to be the equivalence class of all trees in C'Hy having branch

word M7 M - - - M), where M; consists of i; single vertices. For example,

CHq 1y ={(C,v) € CHy : (C,v) :\>[}

Now let M = {Ti,...,T,} be a multiset of standard Catalan trees. Let ij,...,4; be a collection
of positive integers with i3 + ... + 4 = r. Then CH;, . ;) has exactly r leaves. We denote by
CH,,..ip) © M the multiset of trees formed in the following way: Choose a multiset of trees A =
{T},...,T.} such that TJI =T} for all 1 < j <r and replace each leaf of CH, by exactly one member

of A. We set B(;, . i) (M) to be the set of branch words M; - - M, which are multiset partitions of

-----

M with |Mj| = i;. The following theorem establishes an expression for the sum of weights of trees in

CH,,..i) © M. The proof is not found in the literature.

Proposition 4.2.10. [9] With the above notation,

Z (T,v) = TE! Z sum(T,v)

(Tw)eCH iy ... iy oM (T',v)€estandard(C,x*)
By(T)eBiy,..., zk)(M)
where « is the number of distinct rearrangements of {Th,...,T,}.
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Proof. Let (T,v) € CH( . There are exactly 2 trees in (1”,v) € (C, *) such that B,(T") = B,(T)

i1seesine)
(and consequently (7”,v) = (T,v) since all these trees are standard). These are precisely the trees
obtained by rearranging trees in the set A which are the same. Moreover, we can create a tree
(T,v) € CH;,,. 4y © M whose branch word is any given word in B;, ;. (M). To show this, let
M'"= M --- My be a word in By;, ;oM so that [M;| =i;. Choose a chain C € CHy;, . ;. Create
(T,v) by replacing each of the i; non-leaf vertices of height j by exactly one tree in M;. Then the

branch word of (7', v) is M'. Tt follows that

r! T
== Z sum(T,v).

(T,w)estandard(C,*)
By(T)EB(iy,...,i1,) (M)

From Proposition and Proposition £.2.9 we have the following theorem.

Theorem 4.2.11. [9 Let (R,u) € (C,*), T € CU(C,x*). Then

sum(R,u) Z (S,v) | sum(T)

,,,,,

oy By smT) e s )
St sym((R,u)(S,v)T)
By(S)EBy,, (M)

,,,,, ix)

The main purpose of Theorem |4.2.11]is that it can be used to generalize (4.14]). As in the arguments

leading up to (4.14)), we consider » 1y, wWa,b(T") (Which we denote by Cékb) (x1,...,xy) for simplicity)

as a function of x1,...,2,. By Theorem [£.2.4) we have that
k k
CW (a1, ... @a) = (JH)E,.

Let M be a multiset of trees. As in the computations leading to (4.14)), given indeterminates q1, ..., ¢,

we are interested in determining

k
w010 [ 3 wimlg . Y wlny
T;eM TjeM

Using Theorem [£.2.11] we find a slightly stronger result. The proof of this result is not in the literature.
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Theorem 4.2.12. [J

g1 ] Z wi ol R, v]Célfb) Z w1[T}]g5, - - - Z wn[Ti)g; | wolT] (4.17)
fswbsn TjeM TjeM
7! sym(R,w)sym(S,v)sym(T)
Ta i ) 5 T]. 4.1
@ . Z sym((R, u)(S,v)T) wil(R,u)(S,v)T] (4.18)
7‘1+"'+1sz
(S,v)estandard(C,*)

Bu(S)EB(sy ...i0) (M)

Proof. We first find an expression for

k
a1 alC) | S e, Y walTilg (4.19)
TjEM TjEM
=lg-al D waS) [ Y wilTlg -, D> walTylg; | - (4.20)
(S,w)eCHj, T,eM T,eM

The degree of any term in wg(S) is the number of unmarked leaves in S. It follows that the only
terms in the sum potentially having a non-zero ¢ - - - ¢, coefficient are those that have r unmarked

leaves. Thus (4.20]) can be restricted to

g1 gr] > wap(S) | D @ilTilgjs .- Y walTylg

TjEM TjEM

(S,’U)ECH(,Ll YYYY Zk) TjEM TjEM
11 +...Fig=r
= Z [Q1"'QT]wa,b(S) Z wl[Tj]Qja---a Z wn[Tj]Qj
(SW)ECH Gy, ...ip) TjeM T;eM
11 +...Fig=r

_ ) ) S wap(So(Th,...,Ty))

(S7U)€CH(’LI ,,,,, L) 0€6, TllETa(l),...,Tn,ETa(n)

11+...Fig=r
= Z wa7b|:S’ 1}].
(Sw)ECH ... iy oM
i1+ =T
Thus we have that
k
[ql...qr]cé’b) > wilTlgs, . Y walTjles | = > wa,p[S, v]. (4.21)
T;eM T;eM (SW)ECH ... iy ) oM
i1+...Fig=r
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Consequently,

1<a,b<n T;eM T;eM
= Y wilRuy > wab[S,v] | we[T]  (by
1<a,b<n (S,’U)ECH(,L-I YYYY zk)OM
11+ =T
=w; |sum(R,u) Z (S,v) | sum(T)
(SW)ECHy ... i) oM
L i1+...Fig=r
r! sym(R,w)sym(S,v)sym(T")
B R,u)(S,v)T| (by Th 1211
“la X T @G ST by Theorem E2IT
(S,v)€s7£z;nd§rd(0,*)
BU(S)GB(il ,,,,, zk)(M) J
7! sym(R, u)sym(S,v)sym(T)
= — 7 3 ) T
n> sym((B (s, o) BT
i1+...+ip=r

(S,v)estandard(C,x*)
By(S)E€DBiy ... .ip,) (M)

AAAAA

The following is an immediate corollary of Theorem whose proof is not in the literature.

Corollary 4.2.13. [9 If H; is homogeneous of degree d + 1 for each i and (JH)k =0, then

sym(S,v)
2 wil(R, u)(S,v)T] = 0.
(S,v)estandard(C,x*) Sym((R’ ’U,)(S’ U)T)
By(S)=B (M)

Proof. If (JH)" = 0 then by Theorem [4.2.4 C(If)(azl,...,a:n) =0 forall 1 < a,b < n. Thus by
Theorem [4.2.12

rl sym(R, u)sym(S,v)sym(T)

! 3 wil (R, w)(S,v)T] = 0. (4.22)
N R sym((R,w)(S,v)T)
Bv(S)EB(il ..... zk)(M)

Pick any tree (R',u')(S’,v")T from a summand of (4.22). Then

wi((R,u)(S )T = Y wilR, v )wa(S, v )ws(T).
1<a,b<n

If S has a non-leaf vertex of up-degree other than d + 1, then w,(S’,v") = 0 for all 1 < a < n, so
wi((R',u')(S",v")T) = 0. Thus we can restrict (4.22)) to trees where each non-leaf vertex has up-degree
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d+ 1. This implies i1 =iy =... =i = (d+ 1) — 1 =d, so B,(S) € Bg(M). Together with factoring
out sym(R,u) and sym(T) from (4.22), we have our result. O

Corollary presents a collection of linear combinations all of which are annihilated by w;. We
now need a method to find the leading term in such linear combinations in order to perform Gaussian
elimination as we did at the end of Section 4.2.3. In (4.22)), we summed over weights on equivalence

classes of trees. Thus, if (S",v') is the smallest standard tree with branch word in B;, (M), then

yeeeslik)
the leading terms in the sum are members of [(R,u)(S’,v")T]. It therefore suffices to find the smallest
standard tree (S’,v') with branch word in B, . ;,\(M). Singer does this in [9]. We omit the proof as

it is removed from the combinatorial focus of this thesis.

Theorem 4.2.14. [J Let iy, ..., i, be a collection of positive integers and M be a multiset of standard
trees of cardinality iy + ... +ig. Then the smallest standard tree in B, . ;)(M) is the tree (S',v')
with BU/(S/) =M - M and M7 < My < ... < M.

Combining Theorem [£:2.11] and Theorem [£.2.14] we have the following result.
Theorem 4.2.15. [J] Let M be a multiset of standard Catalan trees of cardinality v and (i1, ..., 1)

be a partition of r. Let (R,u) € (C,*), T € C. Then

sum(R, u) Z (S,v) | sum(T)

is a linear combination over equivalence classes of Catalan trees with leading terms from the equivalence

class [(R,u)(S’,v")T], where (S,0v") is the tree satisfying By,(S) = My -+ My, and My < My < ... < Mj.

We have set up linear combinations of trees that are annihilated by w;, and have found leading terms in

such combinations. This enables us tackle more cases of the Jacobian Conjecture in the next section.

4.3 Applications to the Jacobian Conjecture

In this section we use the developments from the previous section with regards to leading terms of
linear combinations to resolve a case of the Jacobian Conjecture. Before doing so, we identify certain

trees that are easily seen to be leading terms of linear combinations.

Let T' € C be a standard tree and let v be a leaf of T" such that B,(T) = M;---M;. If there is a

positive integer a such that M, = My+1 = ... = My1x—1 then we call T a k-good tree. Any standard
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tree that is not k-good is said to be a k-bad tree. If (T,v) is a marked tree and B,(T) = My - - - M
with M; < My < ... X My, then (T,v) is said to be an especially k-good tree. Note that any k-good
tree T' can be factored as (@, u)(R,v)S where (R, v) is especially k-good. Given this decomposition of
T, it immediately follows that T is the leading term of

sum(Q, ) Z (R, V) | sum(S).

(R/,’U’)GCH(Z-l 'Lk)OM

.....

by Theorem [4.2.15] We use this property to prove the following theorem.

Theorem 4.3.1. [J] The set of linear combinations of the form

sum(Q, u) Z (R,v) | sum(S)
(R,U)ECH(LLDOM
(Q,u)(R,v)SEBp

spans the set {sum(T') : T' € By} for p > 7 where B, is the set of binary Catalan trees with p leaves.

To prove Theorem we must show that every tree 7' € |J;2; By is a leading term in sums of the

form

sum(Q, u) Z (R,v) | sum(S).
(Rv)ECH (1 1,1y0M
(Q,u)(R,v)SeBy

Any 3-good tree is a leading term of some linear combination of this type since such a tree can be
factored as (Q',u')(R’,v")S where (R’,v’) is especially 3-good and hence is in CHy 1 1) o M. We refer
to such linear combinations as 3-good combinations. Thus it suffices to show that every standard
3-bad binary tree having at least seven leaves is the leading term of a linear combination of 3-good

combinations. Our first step is to characterize 3-bad standard binary trees having at least seven leaves.

Lemma 4.3.2. [J] Let T be a 3-bad standard binary tree with at least seven leaves. Then

Iy

where

T, € {v, }
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Proof. Since T is standard,

T:

where T7 =  and each T; is standard. We are given that T is 3-bad, so T can not be equal to .. Again,

11
b S\/ .
TQZ(\/.

If T35 > T5, then together with the chain in T', Ty, T5, T3 form an especially 3-good subtree, implying T’

since T is 3-bad, we must have that

Hence

is 3-good which contradicts that it is 3-bad. Thus T3 < T implying that 73 = .. Since 1" has at least

seven leaves, n must be at least 4. It follows that

.

Consider the two subtrees of T rooted at the root of Ty and its sibling. These two trees are

{ 7T4}'

In order for T to be standard,
T4 S )

otherwise we can switch these two trees to obtain a larger tree in the equivalence class of T'. For this

inequality to hold and for Ty to not be especially 3-good itself, we must have that

R ACAA
VA S
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then T itself will be 3-good. We therefore conclude that

Ty € {\/, %}

We are now prepared to prove Theorem [£.3.1]

Proof. (Theorem 4.3.1) By Lemma m every 3-bad standard binary tree having at least 7 leaves can
be factored as either (R,v)T; or (R, v)T; where

Ty

and

Ty =

If we show that 77 and Tb are leading terms of linear combinations of 3-good combinations, then
any tree of the form (R,v)T; and (R,v)T> will be a leading term of linear combinations of 3-good
combinations for any (R,v) € (C,*). Since every 3-bad binary tree is of one of the these two forms, it
suffices to show that T and Ty are leading terms of linear combinations of 3-good combinations. We

first show that T is a leading term of a linear combination of 3-good combinations. Let

S1 =

Sy is 3-good and can be factored in two different ways as (@, u)(S,v) R where (S, v) is especially 3-good.

S1 = (\y)(w)@

These factorizations are

and

S1 = (o)( )()-

66



Thus 57 is the leading term in both of the following linear combinations:

Ly = sum(.\y) Z (R,v) | sum(c)

(Rv)eCH (1 1,1) 0{0707\/}

Ly = sum(e) Z (R,v) | sum(e)
(Ryecganel ¥ ¥ N

We can now use Theorem to simplify these linear combinations. Let
— e, V).

There are precisely 3 trees in (S',v) € standard(C, x) with B,(S") € B(11,1y(M). These trees are

e Ny

For simplicity let @ = \yand Q' = .. The symmetry numbers of these trees are

sym(@Q) =2 sym(@) =1  sym(Ty) =16  sym(Ty) =8  sym(T5) = 8.
Moreover, we also know that

sym(QT3Q") =32 sym(QTuQ") = sym(S1) =8  sym(QT5Q") = sym(T1) = 4.

Applying Theorem we have

V

Ly = — | sum( ) + 2sum(S1) + dsum(T1)

Applying the same process to Lo we have

3!
Ly = Tsum(Sl).
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Hence

6L; — 8Ly = 24sum(T1) + 12sum( )
is a linear combination of 3-good combinations with leading term 77.

We repeat the process for the tree Ts. Let

Sy =

The tree Sy is 3-good and can be factored in the following ways:

S ( \/)(\<<>/)@

and

Thus Ss is the leading term in both L3 and L4 given below.

Ls = sum( \/.) Z (R,v) | sum(e)

o
(R,v)gCH(l,M)o{o,o,\/ }

Ly = sum(e) Z (R,v) | sum(e).

(R,U)GCH<1,1,1)O{°7C\</Q, }
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Applying Theorem we have

Ls = 35!(281;771(52) + dsum(Ts) + sum(w))

Ly= ;;(sum(Sg) + sum(@) + sum(%)—i—
sum( )+ gum(\%) N Sum(wn

Thus

L3 — 4Ly = 8sum/(Ts) — 25um(@) - 4sum(\<@/)
_ 4sum(\<<d/) — 4sum(\%) — 43um(%>

is a linear combination of 3-good combinations with leading term 75. This concludes the proof. O

and

The following is an immediate corollary of Theorem
Corollary 4.3.3. [9 If H; is homogeneous of degree 2 for all1 <i <n and (JH)3 =0, then w;[T] =0

for all T € U;OZ7 B,. Thus, the inverse F' is a polynomial system of degree at most 6.

Proof. If the set of linear combinations in Theorem span the set {sum(T") : T € By} for p > 7,

then each T € B, (p > 7) is a linear combination of 3-good combinations. Since (JH)®> = 0 and



deg(H;) < 2 for all 1 <14 < n, then by both Corollary |4.2.13| and Theorem 4.2.11} w;[T] = 0 for all
T e U;O:7 Cp. Thus if G; is the i'" component of G,

6

Gz’:z Z wi[T]ZZ wi[T].

p>0TEC, p=0TeC,

Thus deg(G;) < 6. O

The degree bound of 6 is independent of the number of variables in F'. This improves the degree bound

of 2"~ for n-dimensional polynomial functions due to Bass, Connell and Wright in [2].

Theorem gives insight on how to pose the Jacobian Conjecture using information about linear
combinations of Catalan trees. Since we have the Reduction Theorem (Theorem at our disposal,
we can assume F' = x — H where H is homogeneous of degree 3. It follows that the weight of any tree
with a vertex having up-degree other than 3 is zero. Consequently, we would restrict our attention to
ternary trees. Let T denote the set of ternary Catalan trees, and T, be the set of ternary Catalan trees
having p leaves. The following is a conjecture about linear combinations of ternary trees that parallels
Theorem and whose resolution would prove the Jacobian Conjecture to be true. This conjecture

is not presented in the literature.
Conjecture 4.3.4. Let k be a positive integer. The set of linear combinations of the form
sum(Q, u) Z (R,v) | sum(S)

(Rv)€CHyp oM
(Qu)(R,v)5€Ty

spans the set {sum(T') : T € %,} whenever p > f(k) (for some value f(k) dependent on k)
Proposition 4.3.5. If Conjecture[[.3.4 is true for every positive integer k, then the Jacobian Conjec-

ture s true.

Proof. Let F : C* — C* be a polynomial function. By the Reduction Theorem, we can assume
H; is homogencous of degree 3 for each 1 < i < k and that (JH)® = 0. By Theorem [4.2.11| and
Corollary 4.2.13) w;[T] =0 for all T' € ¥, with p > f(k). Thus

which is polynomial. O
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We have now seen various combinatorial formulations of the Jacobian Conjecture using different com-
binatorial structures. In the next and final chapter, we present ideas for potentially unifying these

approaches. We also ask various questions whose answers would give more insight on resolving the

Jacobian Conjecture.
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Chapter 5

Further Directions

In this thesis, we have seen that combinatorial properties of trees model the algebraic properties of
the formal power series inverse of certain polynomial functions. The main approaches we investigated
were due to Wright and Singer. In this concluding chapter, we pose questions in the context of these
approaches. In doing so, we resolve the Symmetric Cubic Linear case. Along with asking questions
that would resolve the Jacobian Conjecture, we pose questions whose answers would give us further

insight on combinatorial approaches to the conjecture.

5.1 Combinatorial Interpretation of Reductions

The first question we consider is whether or not other reductions of the Jacobian Conjecture have
combinatorial interpretations. In particular, we saw in Chapter 1 (Theorem that the conjecture
has been reduced to the case where H; = L? where L; is linear for all 1 < i < n. What are the
combinatorial consequences of restricting ourselves to such functions? Can the approaches of Singer
[9] or Wright [I3] help us find this out? Since Wright’s approach uses the Symmetric Reduction
(Theorem , incorporating his work would restrict us to the case when F' is symmetric and cubic
linear. Can we solve this case of the Jacobian Conjecture? In fact we can, and we establish this in
the proof of the following theorem. The statement and proof of the theorem do not appear in the

literature.

Theorem 5.1.1. (Symmetric Cubic Linear Case) The Jacobian Conjecture is true when F is sym-

metric and cubic linear.
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Proof. If JH is nilpotent and symmetric, then there exists some polynomial P € C[zy,...,x,] such
that F' =z — VP. Since H; = L?, D;P = L? for each 1 < i < n. Since L; is linear, P must be of the
form (ajx1 + ...+ a,nxn)4 for some constants ai, ..., a, € C. For simplicity, let P, = a1x1+...4+apxy

Now the Jacobian of H is
aja; -+ aian
JH = 12P}
anai -+ Gpanp
Let v = [a1,a2,...,a,) and M = vTv. Then JH = 12P?M. Thus (JH)™ = (12P})"M™ =
(12P3)" (a2 + ... + aQ)(m_l)M which is not zero unless a? + ...+ a2 = 0. In this case, F' is invertible

n

by Theorem 3.2.4. O

Another question about reductions arises naturally from the thesis. After the Symmetric Reduc-
tion in 2005, Wright [13] refined the Tree Inversion Formula as detailed in Chapter 3. Singer’s Catalan
Inversion Formula [9] was developed in 2001, before the Symmetric Reduction was proven. One would
therefore expect that there is a Symmetric Catalan Inversion Formula. As suggested by Wright’s
work, such an inversion formula could lead to more combinatorial insight on the problem. It could
also simplify the situation computationally, since Singer has a direct method for performing Gaussian
elimination on linear combinations. We suggest that in order to find a Symmetric Tree Inversion For-
mula, the relationship between the Bass-Connell-Wright Tree Inversion Formula and Singer’s Catalan

Inversion Formula should be investigated.

5.2 Combinatorial Questions

As we have seen in both Singer and Wright’s approaches, there are direct combinatorial questions that
can give us more insight on the Jacobian Conjecture. We discuss such questions that have yet to be

resolved.

In Singer’s approach from Chapter 1, we saw that proving the Jacobian Conjecture could be
reduced to proving that standard k-bad ternary trees are leading terms of linear combinations of k-good
combinations. In order to do this, one must characterize k-bad ternary trees. Is there a combinatorial
characterization of these trees? Are these trees abundant in the set of ternary trees? Singer [9] found
numerical evidence to suggest that k-bad standard binary trees decrease in density very rapidly in B,

as p increases. The author notes that through computation there are exactly 29 3-bad ternary trees.
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Along these lines, one can similarly ask for a complete characterization of sets of unmarked ternary
trees whose marked counterparts have branch words that are permutations of each other. This would

be beneficial in making the Gaussian elimination process more systematic.

In Wright’s approach from Chapter 3, we saw that certain submodules of 9t defined by combi-
natorial properties are intimately tied with algebraic properties. For instance, if JH is symmetric
and (JH)" = 0, then the submodule C(r) is the zero module. Furthermore, if H has degree 3, the
submodule V(4) is the zero module. A natural question to ask is whether or not there are other
combinatorially generated submodules of 91 that are annihilated by algebraic properties. This would

restrict the set of trees we must annihilate in the Grossman-Larson Algebra.

Proceeding with any of these suggested approaches is bound to uncover more of the rich combina-

torial information hidden within the Jacobian Conjecture.
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